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Abstract. This article deals with various topics related with Grothendieck
groups, invariant distributions, parabolic and compact inductions... for
a p-adic groupG. The main result is a description of theK0 of the Hecke
algebraH of G in terms of discrete series of Levi subgroups, which has
an interesting behavior with regard to parabolic restriction and induction.
A similar description – but no more compatible with these parabolic func-
tors – is obtained forH = H/[H,H ] and the Hattori rank map gets an
easy description in this dictionary.

We follow a beautiful idea of J. Bernstein consisting in comparing two
natural filtrations on these objects, one of combinatorial nature and one of
topological nature. The combinatorial filtrations are related to the structure
of Levi subgroups inG and have counterparts concerning many classical
objects of interest as the Grothendieck group of finite lengthG-modules
R(G), the setΩsr of regular semi-simple conjugacy classes, and the variety
Θ(G) of infinitesimal characters. These filtrations will turn out to be “com-
patible”, in a sense to be specified, with regard to all the classical operations
or morphisms between these objects.
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1 Introduction

As already said in the abstract, this article investigates some “level 0 lin-
earizations” of the Hecke algebra of ap-adic groupG with regard to its Levi
structure. In this “introductory” part, we will begin with a collection of the
many results on the subjects (published or unpublished). The main sources
are articles from Bernstein ([7], [6], [5]), Kazhdan ([23]), Schneider-Stuhler
([25], see also Bezrukavnikov [8]), Vignéras [27] and Blanc-Brylinsky [9],
etc...

The second part deals with “combinatorics” – as named by Bernstein –
on parabolic restriction and induction. Assume fixed some set of standard
Levi subgroups inG, then for each of the three objectsA = K0, H or R
(see abstract) and for all towerM < L < G of standard Levi subgroups the
functors of “standard” parabolic restriction and induction induce morphisms
A(M)

//
A(L)oo . Taking up all these morphisms and the relations they

fulfill, we can equip these objects with an additional structure, called “Hopf
system” (from ideas of Zelevinski), of modules over some quiver. Then,
inspired by [6, 5.5] we define the so-called combinatorial filtrations; they
are filtrations in the category of Hopf systems. Adding some assumptions
on the Hopf system, so that we can use (slight generalization of) the results
of [6, 5.5], we can describe the associated graduates of these filtrations as
“trivial Hopf systems”– by definition induced from some simpler quiver.

The third part introduces the filtration “à la Harish-Chandra” of the set
of regular semi-simple conjugacy classes and investigates its compatibility
with the combinatorial filtrations previously defined. We are also lead to
give a generalization of a result of Kazhdan which had been expressed for
groups with compact center; as a matter of fact, we are faced with a constant
problem: in order to use induction on the depth of Levi subgroups, we must
get rid of this compactness assumption on the center.

In the fourth part, following ideas of Bernstein, is investigated theK0
of the p-adic groupG, i.e. the Grothendieck group of finitely generated
projective G-modules. Among the profusion of Bernstein’s ideas which
will be used, the fundamental one may be that of introducing a topological
filtration (the “d́evissage” of [10] applied to the variety of infinitesimal
characters) on thisK0 and studying it with combinatorial tools. This idea has
been spreading through conferences (see [18]) and private communications
for a few years. It has lead Bernstein to prove some important properties in
K -theory as the injectivity of the so-called “rank map” or the fact thatK0 is
generated overQ by induced modules from compact open subgroups, etc...
Here we (try to) give the detailed proofs of these facts. Then we proceed
to get an explicit description ofK0 ⊗ Q as explained in the abstract; this
is actually a description of the Hopf system structure, hence including the
behavior with regard to parabolic induction and restriction.

The fifth part adapts the discussion of part four to the case ofH . Cer-
tainly some results are contained in [18] where the topological filtration is
also used, but it seems that we go further. In particular, starting from a cat-
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egorical definition ofH we show the existence of a short exact sequence
for H with regard to quotient categories similar to the “localization exact
sequence” forK0 (but unfortunately with heavy assumptions...). Then we
get a description ofH(G) similar to that ofK0(G), but unfortunately not
compatible with induction and restriction: as a Hopf system, we actually
only get a description of the graduate module associated to the topological
filtration.

The sixth part is an evidence of the author’s ignorance. It was intended to
provide a proof of the innocent-looking statement of 4.13; the strategy con-
sisted in studying representations ofG over “big fields” (actually fields of
functions of complex algebraic varieties) by means of direct image in alge-
braicK-theory. It was redacted before the conference [18], which contained
a much shorter argument (although incompletely stated), was revealed to
the author by G. Henniart. The interest of this part is to define “discrete”
infinitesimal characters for arbitrary fields and to show that they are actu-
ally closed points of the variety of discreteC-infinitesimal characters. It is
completely independent of the rest of this work.

AcknowledgementsI am indebted to J. Bernstein for explaining me some of his ideas.
Special thanks are due to Peter Schneider: this work started from a discussion during a stay
at Münster and his comments were a constant motivation. Finally I thank my advisor Marie-
France Vigńeras for her support and for supplying me with the proof of 1.6.

From now on,G is a reductive group over a non-archimedean local
field F. We will have soon to assume its characteristic to be zero although
certainly in many places it may be avoidable.G-modules are smooth and
the coefficient field isC unless it is specified. We writeMod(G) for the
category they form andModf (G) for the category of finitely generatedG-
modules. We writeH(G) for the convolution algebra of locally constant
measures with compact support. We fix a minimal parabolicP0 with Levi
decompositionM0.U0 and we writeM < G for “ M is a standard Levi
subgroup ofG”. G0 will be the subgroup generated by compact elements and
Ψ(G) = HomZ(G/G0,C∗) will be the torus of unramified characters ofG.
For a compact open subgroupH, we write H(G, H) for the convolution
sub-algebra ofH(G) of bi-H-invariant functions andV H for the subspace
of H-invariants elements in theG-moduleV. Recall from [7, 3] that there
exists a system of neighborhoods of 1G formed by open compact subgroups
H enjoying the property:

(∗) : The full subcategory

ModH(G) = {V ∈ Mod(G), V H generatesV}
is abelian and the functor

ModH(G)→ H(G, H)−Mod
V 7→ V H

is an equivalence of categories.
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1.1 The objects: Here are the main heroes

• K(G): The Grothendieck group of finitely generated projective
G-modules. Since the category ofG-modules was shown (by Bernstein,
see [27, Prop. 37]) to be of finite cohomological dimension, we are al-
lowed to identifyK(G) with the Grothendieck groupK(Modf (G)) of
finitely generatedG-modules. If H satisfies condition(∗), then
K(H(G, H)) is naturally a direct summand ofK(G) and we have
K(G) = lim−→K(G, H).

• H(G) := H/[H,H ] = HG theG-coinvariants quotient ofH . We have
H(G) = lim−→H(G, H), the limit being taken over thoseH ’s satisfy-

ing (∗). Moreover for such aH, H(G, H) is a direct summand ofH(G)
(see [24]).
• R(G): The Grothendieck group of finite lengthG-modules.

It will be convenient to consider the complex groupsKC := K ⊗ZC and
RC := R⊗ZC. They are connected by different morphisms:

1.2 The relations:

• The rank map:Rk : K(G) −→ H(G) which sends a finitely generated
projectiveP to the image inH of the trace of the idempotent ofMn(H)
defining it as a quotient ofH n. (One can pass through some ringH (G, H),
H satisfying(∗) to recover the standard situation of a unital algebra).
• The canonical pairing (up to the choice of a Haar measure):

<,>: H(G)×RC (G)→ C
( f, π) 7→ Θπ( f )

whereΘπ is the character of the finite lengthG-moduleπ.
• The Euler-Poincare map:

EP : R(G)→ K(G)
π 7→ [π ⊗ C[G/G0]] =∑k

i=1(−1)i [Pi ]
where we letG act diagonally on the tensor product and

0−→ Pk −→ · · · −→ P0 −→ π ⊗ C[G/G0] −→ 0

is any finitely generated projective resolution ofπ ⊗ C[G/G0].

1.3 Alternative description ofH (G): (See [27]) By general theory of rings
with units and the propertyH(G) = lim−→H(G, H), we have the following

description ofH(G): it is the freeC-vector space with basis the pairs(P,u)
where P is a finitely generated projectiveG-module andu ∈ EndG (P),
modulo the relations:
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• (P⊕ P′,u⊕ u′) = (P,u)+ (P′,u′)
• (P,u)+ (P, v) = (P,u+ v) and(P, λ.u) = λ(P,u)
• (P, fg) = (P′, g f ) if f : P′ −→ P andg : P −→ P′

In this context the mapRk is just P 7→ (P,1P) and we have

< (P,u), π >= Tr(u|HomG(P, π))

In particular when the center ofG is compact, we have the following: for
any irreducibleG-modulesπ, π ′:

< Rk◦EP(π), π ′ >=
∑

k

(−1)k dim(Extk(π, π ′)).

Note that the property of finite cohomological dimension implies that we can
forget the word “projective” in the definition above (see 5.2). In particular
we may consider the followingH-theoretic analogue of the mapEPabove
(λ ∈ C[G/G0] acts as aG-equivariant endomorphism onπ ⊗C[G/G0] by
right multiplication):

EP : R(G)⊗ C[G/G0] → H(G)
π ⊗ λ 7→ [π ⊗ C[G/G0], λ] =∑k

i=1(−1)i [Pi , λi ]
for any endomorphism of finitely generated projective resolutions

0 // Pk
//

��
λk

// P0
//

��
λ0

π ⊗ C[G/G0] //

��
λ

0

0 // Pk
// // P0

// π ⊗ C[G/G0] // 0 .

Now we give known properties of these objects and relations.

Theorem 1.4 (Trace Paley-Wiener, see [6]) The pairing<,> provides
a morphismH(G) −→ RC (G)∗ whose image is the space of linear forms
φ onRC (G) satisfying:

i) There exists a compact open subgroupK such that(φ, π) = 0 if πK = 0.
ii) For each Levi subgroupM and finite lengthM-moduleσ , the map

Ψ(M)→ C
χ 7→ (φ, iGM (σ.χ))

is algebraic.

We now discuss the injectivity of the morphism of 1.4. It is obviously
equivalent to the following “spectral density property”

(SDP) ∀ f ∈ H(G), (∀π ∈ R(G),< f, π >= 0)⇒ f ∈ [H(G),H(G)]
This property has a geometric analogue: letΩsr be the set of conjugacy
classes of regular semi-simple elements inG. For f ∈ H(G) andω ∈ Ωsr,
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we will write Φ( f, ω) for the orbital integral off onω (The same notation
will be used for f ∈ H(G) since it doesn’t depend on the choice of
a representative functionf of f in H(G)). The Haar measure onω will
be specified in the context but we will mainly be concerned with vanishing
of such orbital integrals. We will call “geometrical density property” the
following property:

(GDP) ∀ f ∈ H(G),
(∀ω ∈ Ωsr, Φ( f, ω) = 0

)⇒ f ∈ [H(G),H(G)]

Theorem 1.5 i) Assume CharF = 0, then (GDP) holds forG.
ii) Assume CharF = 0 or G is split, then (SDP) holds forG.

The standard proof of i) is [20, Thm 10] although it is given there only for
Lie Algebras. As for ii) it is proved via a Global Trace Formula argument
in [23, Appendix] for characteristic 0 and via Close Fields in [24] with this
split assumption that is certainly not necessary.

Now we turn to the properties ofRk; the main result is the so-called
abstract Selberg principle of Blanc and Brylinsky:

Theorem 1.6 The image of Rk is contained in the setHc(G)of f ∈ H(G)
such thatΦ( f, ω) = 0 for any conjugacy classω of a regular non-compact
element. It is equal to this set whenever (GDP) holds forG.

Proof: The inclusionim Rk⊂ Hc(G) is the most difficult assertion here
and is proven in [9]. To show the reversal inclusion, we give an argument of
Vignéras (see [28]): letL be a set of representatives ofG-conjugacy classes
of maximal open compact subgroups, then in the following commutative
diagram,

KC (G) //Rk
H(G)

⊕
L∈L KC (L) //Rk

OO∑ indG
L ⊕

L∈L H(L)

OO ∑extGL

where extGL is the extension by zero, the bottom map is an isomorphism.
Hence it is sufficient to show that given anyf ∈ Hc(G), one can construct
a sum fc =∑L∈L fL with fL ∈ C∞(L) such thatΦ( f, ω) = Φ( fc, ω) for
any regular semi-simple conjugacy class and then apply (GDP). To do this,
let Ωsr

c be the set of compact regular semi-simple elements. We can cover
the setSupp f ∩ Ωsr

c by a finite disjoint union of sets of the formgYg−1

with g ∈ G and such thatY is open in a certainL ∈ L. Then define

fL(x) =
∑

gYg−1

x∈Y⊂L

f(g−1xg).

ut
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As a consequence, we see that the image ofKC (G) in H(G) and that
of the subspace ofKC (G) generated by compact induced representations
coincide. This fact will be useful later. It will also be shown later on thatRk
is injective.

1.7 Parabolic induction: In this paragraph, the symbolA may stand for
any of the symbolsH ,K,R. Given a standard Levi subgroupM, one can use
the exact normalized functors of parabolic induction (resp. restriction) to get

morphismsA(M)
iGM−→ A(G) (resp.A(G)

rMG−→ A(M)). Indeed, it is known
that these functors respect the following properties of representations:

• To be Finitely generated:Immediate forrM
G and [7, 3.11] foriGM.

• To be Projective:Frobenius reciprocity forrM
G and Bernstein’s “second

adjunction” theorem in [4, Main Theorem] foriGM.
• To be of finite length:Jacquet’s first lemma forrM

G and [2, 2.8] foriGM .

Similarly we will write iGM andrM
G the morphisms obtained from induction

and restriction along the opposite parabolicM.P0 of M.P0. Then Frobenius
reciprocity and Bernstein’s second ajunction theorem yield the adjunction
formulas

< rM
G (P,u), σ >M =< (P,u), iGM(σ) >G and(1.8)

< iGM(Q,u), π >G =< (Q,u), rM
G (π) >M

From [6] we have the following equality

rN
G ◦ iGM =

∑
w∈WNM

G

iN
N∩Mw ◦w ◦ rM∩Nw

−1

M(1.9)

whereWNM
G is the set of representatives ofWN\WG/WM of minimal length

(see [2, 2.11]).
The definition of the morphismsi andr for A = H implicitly uses the

alternative description ofH . But we can formulaterM
G in terms of functions

using the adjunction property, 1.3 and Van Dijk’s formula ([26]):

Proposition 1.10 Let M < G and assume (SDP) holds forM. If f ∈ H(G)
has representativef ∈ H(G), then the smooth function onM defined by

rM
G ( f )(m) = δP

1
2 (m)

∫
Rad(M.P0)

∫
K

f(kmnk−1)dk.dn

whereK is a maximal open compact subgroup, is a representative of rM
G f ∈

H(M) in H(M).
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2 Combinatorics and filtrations

2.1 Hopf systems1: As was already pointed out in the last paragraph, there
are common features between the objectsR, K andH with respect to the
structure of Levi subgroups in the reductive groupG. We can make this
formal with the following definition (which may appear somewhat heavy):

Definition 2.2 We will call Hopf-system onG any data(A(.), r, i, w) con-
sisting of a family of abelian groups(A(N))N<G together with morphisms

• iM
N : A(N) −→ A(M) and rNM : A(M) −→ A(N) for any N < M

(induction and restriction).
• w : A(N) −→ A(Nw) for anyw ∈ WG such thatNw = w(N) < G

(conjugation).

satisfying the properties:

i) i M
N ◦ iN

L = iM
L and rLN ◦ rN

M = rL
M for any triplesL < N < M.

ii) r L
M ◦ iM

N =
∑

w∈WNL
M

iL
L∩Nw ◦ w ◦ rN∩Lw

−1

N if L, N < M < G.

iii) w′ ◦w = (w′w) : A(N) −→ A(Nw′w) if w(N) < G andw′w(N) < G.
iv) Anyw ∈ WN acts trivially onA(N). Moreover ifw(N) < G andw has

minimal length inwWN then (see 2.12 i))w◦i N
M = iw(N)w(M)◦w andw◦rM

N =
rw(M)w(N) ◦w.

A morphism of Hopf systems is naturally defined as a family of morphisms
A(N) −→ A′(N) which commute with induction, restriction and conjuga-
tion.

Remarks:

• Our main examples will be of courseR, K andH ; the only property that
wasn’t yet checked is iv). Note thatw ∈ WG has minimal length inwWN
if and only if w(N ∩ P0) ⊂ P0 and in our cases of interest,iN

M andrM
N

are induced by usual parabolic induction and restriction functors, more
precisely , ifV ∈ Mod(M)

w(iN
M(V)) = w(IndN

M.(P0∩N)(δ.V)) ' Indw(N)w(M).(P0∩w(N))(δ
wVw) = iw(N)w(M)(V

w).

The same remark works for restriction hence the property iv) is fulfilled
by R, K andH .
• Note thatRk is an example of morphism of Hopf systems.
• The definition above enables to speak of the category of Hopf systems

on G. It is quite clear that it is an abelian category. See 2.13 for a more
“modern” interpretation in terms of quivers.

1 This terminology comes from the works of Bernstein and Zelevinski
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2.3 Filtrations: Let A be a Hopf system onG, then the family of mor-
phismsr andi yields the following filtrations onA. For a Levi subgroupM
put d(M) = dimΨ(M). Then we define

• Ai (G) =∑d(M)>i im iGM (decreasing)
• Ai (G) =⋂d(M)>i ker rM

G (increasing)

We also writeAd(G)(G) = AI (G) andAR(G) = Ad(G)(G). These filtra-
tions have the following easy properties:

• They are respected by any morphism of Hopf system.
• iGM (A

i (M)) ⊂ Ai (G) and all other combinations with lower or upper
filtrations, induction or restriction hold true. The proof of the non-trivial
cases uses property 1.9. Hence these are actually filtrations in the category
of Hopf systems onG.

2.4 Combinatorics: Strengthening a little the discussion in [6, 5.5], we
can give a more handy definition of the filtrations above. We first define for
eachM < G

TM = iGM ◦ rM
G andPM = |NWG(M)/WM|

whereWG stands for the Weil group ofG. Then we have to choose (and fix
throughout the paper) for eachd an orderingod = (M0,M1, · · ·Mnd) of the
set of Levi subgroups of given depthd(M) = d, and putTd = Td(od) :=∏nd

i=0(TMi − PMi ) then define

Ad = Ad(o) := Td(M0)−1 ◦ · · · ◦ Td andAd = Ad(o) = Td ◦ · · · ◦ Td(M0)−1

Note that all these morphisms respect both filtrations.

Proposition 2.5 Here,A is aQ-Hopf system onG (i.e.A(N) is aQ-vector
space for eachN< G):

i) Assume iGw(M) ◦w = iGM for any M < G,w ∈ WG such thatw(M) < G.
Then there exist an integerPd and rationalscd(M) ∈ 1

Pd
Z such that

Ad = Pd(1−
∑

d(M)>d

cd(M)TM)

Moreover the endomorphismπd := 1
Pd

Ad is a projector andAd(G) =
ker πd (note that imπd a priori depends on the chosen ordering).

ii) Assume rw(M)G = w◦ rM
G for anyM < G,w ∈ WG such thatw(M) < G.

Then there exist an integerPd and rationalscd(M) ∈ 1
PdZ such that

Ad = Pd(1−
∑

d(M)>d

cd(M)TM)

Moreover the endomorphismπd := 1
Pd Ad is a projector andAd(G) =

im πd.
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iii) Assume the two conditions above are satisfied, thenAd = Ad and
A(G) = Ad ⊕Ad.

Proof: i): From the hypothesis, we have the following multiplication rule
concerning theTM ’s (see [6, 5.4]):

TNTM =
∑

w∈WNM
G

TMw

whereMw = M ∩ Nw. This shows the existence ofPd and thecd(M)’s,
hence the implicationAd X = 0⇒ X ∈ Ad. Moreover, the discussion in
[6, 5.5] shows thatAd annihilatesAd (Note the notations are different from
that of [6]). Hence

Ad ◦ Ad = Pd.Ad − Ad ◦ (
∑

d(M)>d

cd(M)TM)) = Pd.Ad

and the projector property follows.
ii ): The proof is exactly “dual” to that ofi). In particular we get the

multiplication rule
TNTM =

∑
w∈WNM

G

TNw

and the equalityim Ad = Ad.
From the latter and calculatingAd ◦ Ad by two different ways, we find

Pd.Ad = Pd Ad. From the definition, theP’s are easily seen to coincide and
iii ) follows. ut
Proposition 2.6 i) RC (G) fulfills condition i) in 2.5.
ii) If (SDP) holds for anyM < G, thenH(G) fulfills condition ii) in 2.5.
iii) If (GDP) holds for anyM < G, thenKC (G) fulfills iii) in 2.5.

Proof: i) is well known for complex representations, a proof is given in [6,
5.4]. ii) follows immediately by the adjunction property 1.8. iii) is much
deeper and will be shown later. It should hold only under (SDP) assumption.

ut
Remarks:

• From now on, if a Hopf system is said to fulfill condition i), ii) or iii) of
2.5, it should be understood that it satisfies this condition for anyN< G
(and not onlyG): in particular there are analoguous projectorsπd

N or πN
d

defined just as forG: note that in general they dependa priori on the
choice of an ordering of the set ofd-deep Levi subgroups inN. Anyway,
if we are in the case of condition iii), thenπd

N andπN
d coincide and are

actually “canonically” defined by the propertiesAd(N) = im πd
N and

Ad(N) = ker πN
d . In this case we hence have equalities

πG
d ◦ iGN(X) = iGN ◦ πN

d (X) andrN
G ◦ πd

G(Y) = πd
N ◦ rN

G(Y)
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so that we may view the system(πd
N)N<G as an endomorphism of Hopf

system.
• As for the filtrationR•

C
(G), in a previous version of these notes, I wrote

that

Rd
C
(G) =

⊕
d(Θs)6d

RC (G,Θs)

(With the notations of 4.1). Thinking more carefully to this, it didn’t
appear so evident to me. In fact I think this can be shown forGL(n), using
techniques (Zelevinski’s theory of segments, or types and representation
theory of Hecke algebras) that won’t fit in a more general case but I don’t
see any general argument.

2.7 Trivial Hopf systems: There is an easy way to construct Hopf systems
on G. Let us first define the following object for anyM, L < N< G:

WN(M, L) := {w ∈ WN, w(M) < L}

Now, assume given for eachM < G an abelian groupAM , and a system of
isomorphismsAM

w−→ AMw (if w(M) < G) compatible with multiplication
in WG and such thatWM acts trivially onAM (see also 2.13). Then we may
put for anyN < G

A(N) :=
(⊕

M<N

AM

)
/ ∼N

where∼N is the equivalence relation identifying(M, x) and(Mw, xw) for
M < N, x ∈ AM andw ∈ WN such thatw(M) < N. Then we define
induction and restriction by:

iGN(M, x) := (M, x) andrN
G(M, x) :=

∑
w∈WG(M,N)

1

|WN(Mw, N)| (M
w, xw)

(the reader will check that they are well defined). As for conjugation mor-
phisms, supposew(N) < G and writew for the minimal length elem-
ent inwWN, then from 2.12,w carries standard Levi subgroups ofN to
standard Levi subgroups ofw(N) and thus induces our desired morphism
w : A(N) −→ A(Nw). Now we claim:

Lemma 2.8 The system thus obtained is a Hopf system and will be noted
H(M 7→ AM).

Proof: The only nontrivial things to be checked are the transitivity of re-
striction and the compositionr ◦ i (the compatibility of conjugation with
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muliplication inWG is insured by 2.12 ii)). For the first one, we have

rL
N ◦ rN

G(M, x) =
∑

w∈WG(M,N)

1

|WN(Mw, N)|
∑

y∈WN(Mw,L)

1

|WL (Myw, L)| (M
yw, xyw)

=
∑

z∈WG(M,L)

1

|WL (Mz, L)|
∑

y∈WN(Mz,N)

1

|WN(My−1z, N)| (M
z, xz)

=
∑

z∈WG(M,L)

1

|WL (Mz, L)| (M
z, xz)

where the second line is obtained by resummation. As for the composition
r ◦ i , fix Levi subgroupsM < N < G andL < G andx ∈ AM , on one hand
we have

rL
G ◦ iGN(M, x) =

∑
w∈WG(M,L)

1

|WL(Mw, L)|(M
w, xw),

on the other hand, puttingNy = N ∩ L y−1
, we have∑

y∈WNL
G

iL
L∩Ny ◦ y ◦ r

Ny

N (M, x) =
∑

y∈WNL
G

∑
z∈WN(M,Ny)

1

|WNy(Mz, Ny)|(M
yz, xyz)

Now sinceWL-conjugates are identified inA(L), the right hand side above
is also equal to∑

y∈WNL
G

∑
z∈WN(M,Ny)

∑
wl∈WL (Myz,L)

1

|WL(Myz, L)|
1

|WNy(Mz, Ny)|(M
wl yz, xwl yz)

Hence the claim follows from the following fact:

Fact 2.9 Everyw ∈ WG(M, L) can be decomposed into a productw =
wl yzwith y ∈ WNL

G , z ∈ WN(M, Ny) andwl ∈ WL(Myz, L). Moreover, any
other such decompositionw = w′l y′z′ verifies

• y′ = y
• There exists somet ∈ WNy(M

z, Ny) such thatz′ = tz and w′l =
wl yt−1y−1.

Proof: (of the fact) Letl be the length function on the Weyl groupWG . Using
[2, 6.3] and [11, ch.IV, ex 1.3], we know that for any pair of Levi subgroups
L, N< G, eachx ∈ WG decomposes as a productx = xl yxn with xl ∈ WL ,
y ∈ WNL

G , xn ∈ WN andl(x) = l(xl)+ l(y)+ l(xn). So start applying this to
ourwwith respect to the pairL,M, hencew = wl y1wm. From the properties
of WML

G we gety1wm(M) = y1(M) < L, hencew−1
l ∈ WL(Mw, L). Now

apply again the decomposition property toy1 with respect to the pairL,M:
we gety1 = yl yyn, but the length equality above together with the fact that
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y1 is of least length inWL y1 imply thatyl = 1. Hence puttingz= ynwm, we
get a decompositionw = wl yz satisfyingyz(M) = w−1

l w(M) < L ∩ Ny,
hencez(M) < M ∩ L y−1

andwl ∈ WL(Myz, L) as required.
Now the remaining assertion follows from the fact thatWLN

G is a set of
representatives of the double classesWL xWN in WG and from the equality

WN ∩Wy−1

L = WNy (see [12, 2.7,pp 64-65]). ut
ut

Remark:It is a kind of “trivial” Hopf system. It may be checked that it
fulfills the property iii) of 2.5.

As was noticed before, the terms of both filtrationsA∗ andA∗ are again
Hopf systems so that we may attach to any Hopf systemA the associated
graduategr∗A := ⊕

d Ad/Ad−1 and gr∗A =
⊕

d Ad−1/Ad, which are
again Hopf systems. Then we have the following fact:

Proposition 2.10 LetA be aQ-Hopf system,

i) If A fulfills 2.5 i), then gr∗(A) ' H (M 7→ A(M)/AI (M)).
ii) If A fulfills 2.5 ii) then gr∗(A) ' H (M 7→ AR(M)

)
.

iii) If A satisfies both conditions, thenA ' gr∗(A) ' gr∗(A).

Proof: We begin proving point ii). We first notice that ifx ∈ Ad(M)(M) and
w(M) < G, theny = iGM(x) − iGw(M) ◦ w(x) ∈ Ad(M)−1(G): as a matter of
fact, if N < G andd(N) = d(M), then

rN
G y =

∑
y∈WG(M,N)/WM

xy −
∑

z∈WG(Mw,N)/WMw

xzw = 0.

Hence the following map:

αG :
(⊕

M<G Ad(M)(M)
)→ gr∗A(G)

(M, x) 7→ iGM (x)

induces a well-defined map(
⊕

Ad(M)(M))/∼ −→ gr∗KC (G) still denoted
by αG.

Conversely, note that the morphismπd
G defined in 2.5 (see also the remark

below 2.6) induces the canonical projectiongr∗A(G) −→∑
i6d gri A(G)

and define

βG : gr∗A(G)→ (⊕
M<G Ad(M)(M)

)
/∼

X 7→∑
M<G

|WM |
|WG(M,G)|

(
rM

G ◦ πd(M)
G (X)

)
Then an easy computation shows thatβG ◦ αG = Id, whereas the following
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facts:

• πd
G − πd−1

G is the canonical projectorgr∗A(G) −→ grd A(G).
• X =∑d(π

d
G − πd−1

G )(X)
• grd A(G) = ⊕

d(M)=d ker(TM − PM) (M in a set of representatives of
association classes): this is a corollary of the proof of 2.5 ii).

show thatαG◦βG = Id. Now we have to check compatibility with restriction
and induction: for the latter this is quite easy since forM < N < G and
x ∈ AR(M) we have

αG ◦ iGN(M, x) = αG(M, x) = iGM(x) = iGN ◦ αN(M, x)

As for restriction, first note thatrM
G ◦πd(M)

G = πd(M)
M ◦rM

G ongr∗A(G), hence

βN ◦ rN
G(X) =

∑
M<N

|WM |
|WN(M, N)|π

d(M)
M ◦ rM

G (X)

whereas

rN
G ◦ βG(X) =

∑
M<G

|WM |
|WG(M,G)|

 ∑
w∈WG(M,N)

1

|WN(Mw, N)|w
(
π

d(M)
M ◦ rM

G (X)
)

=
∑
M<G

|WM |
|WG(M,G)|

 ∑
w∈WG(M,N)

1

|WN(Mw, N)|π
d(M)
Mw ◦ rMw

G (X)


=
∑
M<N

|WM |
|WN(M, N)|

 ∑
y∈WG(M,G)

1

|WG(M,G)|π
d(M)
M ◦ rM

G (X)


(We get the second line thanks to property ii) of 2.5 and the third one by
resummation.) Hence we get the compatibility required. It remains to prove
compatibility with conjugation, so chooseM < N andw ∈ WG such that
w(N) < N, assume moreover thatw has minimal length inwWN, so that
w(M) < w(N) by 2.12 i), we have for allx ∈ Ad(M)(M):

w ◦ αN(M, x) = w
(
iN
Mx
) = iNw

Mwxw = αNw(M
w, xw)

from axiom iv) in the definition of Hopf systems.
The proof of point i) is parallel to the foregoing one and will be omitted.

As for point iii), note first that i), ii) and the isomorphismAd(M)(M) '
A(M)/Ad(M)(M) provided by the direct sum decomposition of 2.5 iii)
imply thatgr∗A ' gr∗A, hence it remains only to show thatA ' gr∗(A).
For this we can use the remark below 2.6 which asserts that for eachd,
the collection(πd

N)N<G provides an endomorphism notedπd of the Hopf
systemA, hence from the multiplication ruleπd′ ◦ πd = πd ◦ πd′ = πd if
d 6 d′, we get formallyA =⊕d im(πd − πd−1) ' gr∗A. ut
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2.11 About minimal length representatives:As was already pointed out
and used, the length function on the Weyl groupWG enables to have nice
representatives in right, left or double classes modulo a subgroupWN for
N < G. As an example, recall the definition ofWG(M, L) in 2.7 for
M, L < G, and set

WG(M, L) := {w ∈ WG(M, L), w has minimal length inwWM},
we record here the following fact:

Fact 2.12 i) If w ∈ WG(N,G) and M < N, thenw(M) < w(N).
ii) The multiplication in WG induces a well-defined mapWG(N, L) ×

WG(M, N) −→ WG(M, L).

Proof: Just observe that ifw ∈ WG(N,G), thenw ∈ WNNw
G , hence in

particular for anyM < N, w ∈ WMNw
G so that from [2, 2.11 ii)],w(M) ∩

w(N) = w(M) < w(N), hence i). As for ii), recall thatw has minimal
length inwWN if and only if w(N ∩ P0) ⊂ P0 ([2, 2.11]), hence taking
(y, z) ∈ WG(N, L) ×WG(M, N), we getyz(M ∩ P0) ⊂ y(N ∩ P0) ⊂ P0
and by i),Mz < N⇒ Myz < Ny < L hence we get ii). ut
2.13 Quivers: The remark below the definition of Hopf systems claimed
that the latters form an abelian category. Actually we can formalize this
a little more and define a quiver with relationsL such that the category of
Hopf systems identifies with the category ofZL-modules (this has only an
aesthetical interest and this paragraph can be completely omitted). Indeed,
define the set of vertices ofL as the set of standard Levi subgroups, assign to
eachw ∈ WG(M, N) an arrowwN

M : M → N and an arrowwM
N : N→ M

and require the relations (using fact 2.12 ii))

i) vL
N ◦ wN

M = (vw)LM andwM
N ◦ vN

L = vwM
L for any M, N, L < G and

(w, v) ∈ WG(M, N) ×WG(N, L).

ii) 1
L
M ◦ 1M

N =
∑

w∈WNL
M
wL

N∩Lw−1 ◦ 1
N∩Lw

−1

N for anyL, N < M.

iii) wM
Mw = (w−1)MMw for anyw ∈ WG(M,G).

In the dictionnary between Hopf systems and modules onL, wN
M corres-

ponds toiN
w(M) ◦w andwM

N corresponds tow−1 ◦ rw(M)N .
Now define a quiverQ by keeping the same set of vertices as that ofL

and deleting each arrowM −→ N such thatM is not associated toN. Keep
the same relations as above (but note the second one becomes empty): we
get a quiver whose connected components are association classes of Levi
subgroups and whose representations are exactly the familiesM 7→ AM
used in 2.7 to construct “trivial” Hopf systems. Now letPL and PQ be
the quotient-path algebras associated to these quivers with relations; by
definition we have a morphismPQ −→ PL. Then it can be checked that
our recipe to get “trivial” Hopf system is just induction, that is:

H(M 7→ AM) ' PL ⊗PQ (M 7→ AM).
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3 Some harmonical analysis

3.1 A filtration on the set of conjugacy classes:RecallΩsr is the set of
semi-simple regular conjugacy classes inG. For any integerd we define the
increasing filtration

Ωsr
d = {ω ∈ Ωsr, ∀M < G, d(M) > d⇒ ω ∩ M = ∅}

Note thatΩsr
d(G) is the set of elliptic conjugacy classes and will also be

denoted byΩsr
ell.

The following result shows that the filtrationsH
•

andRC • are “com-
patible” in a certain sense with the pairing<,> and relate them with the
filtration on conjugacy classes above.

Theorem 3.2 Writing E⊥ for the orthogonal ofE w.r.t the pairing<,>,
we have

i) Adjunction property: we can choose orderingso and o′ of Levi sub-
groups ofG in 2.5 such thatAd = Ad(o) and Ad = Ad(o′) be adjoint
w.r.t the pairing<,>:

∀( f, x) ∈ H(G)×RC (G), < Ad f, x >=< f, Adx > .

ii) H
d
(G)⊥ = RC d(G) andRC d(G)⊥ = H

d
(G) if (SDP) holds for any

M < G.
iii) H

d
(G) = { f ∈ H(G),∀ω ∈ Ωsr \Ωsr

d , Φ( f, ω) = 0} if (GDP) holds
for any M < G.

Proof: For i) choose first an arbitrary orderingod = (M0,M1, · · ·Mnd)
of d-deep Levi subgroups and puto′d = (w0(M0),w0(M1), · · · , w0(Mnd))

wherew0 stands for the longest element inWG. Now putTM = iGM ◦ rM
G ; we

have
TM = iGw0(M)

◦ w0 ◦w0
−1 ◦ rw0(M)

G = Tw0(M)

Hence from the adjunction formulas in 1.8 and the fact thatiGM and iGM
coincide onR(M), we see thatTM andTM – henceTd(od) andTd(o

′
d) – are

adjoint w.r.t the pairing<,> hence we get i). As a consequence, ii) follows
from the projector properties of 2.5 i) and ii) which hold true sinceRC (G)
andH(G) fulfill the conditions respectively required there.

As for iii) we will need the following well known result: supposex ∈
Gsr ∩ M for M < G. Thenx ∈ Msr, and writingωM(x) (resp.ωG(x)) for
the conjugacy class ofx in M (resp.G), we can normalize suitably the Haar
measures onωG andωM to have:

∀ f ∈ H(G), Φ( f, ωG(x)) = Φ
(
rM

G f, ωM(x)
)

From this, the inclusion⊂ in iii) is clear. For the other inclusion⊃, suppose
f is in the RHS of the equality of iii) and fixM < G such thatd(M) = d.
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It is clear that for anyx ∈ M ∩ Gsr we have from the above formula
Φ(rM

G f, ωM(x)) = 0. In order to getrM
G f = 0 we have to prove the same

vanishing for anyx ∈ Msr and then use (GDP). So choose such ax and also
a Cartan subgroupΓ containingx. It is known (cf. [26]) that the function
defined onΓ ∩ Msr by

γ 7→ |DM(γ)| 12
∫

M/Γ
(rM

G f )(mγm−1)dm∗

wheredm∗ is some invariant measure onM/Γ is locally constant onΓ∩Msr.
But since it is zero onΓ ∩Gsr and since the latter is dense inΓ ∩ Msr, this
function is actually zero. HenceΦ(rM

G f, ωM(x)) = 0 for anyx ∈ Msr and
rM

G f = 0. ut

Note that in the case whereG has compact center andd = d(G) = 0,
this result specializes to a well known result of Kazhdan ([23]). Actually in
this case, one has more precise results. We will be mainly interested in the
following one which describes the compositeRk◦EP (recall that as in 2.3,
AR(G) = Ad(G)(G) andAI (G) = Ad(G)(G)):

Theorem 3.3 (Kazhdan-Schneider-Stuhler) AssumeG has compact center
and Char(F) = 0. Then Rk◦EP induces an isomorphism:

Rk◦EP : RC (G)/RC I (G)
∼−→ H

R
(G)

We will need in the next section the following generalization of this result;
we also assume the characteristic ofF to be zero but it may be of course
replaced by the assumption that (GDP) holds for anyM < G.

Theorem 3.4 Assume Char(F) = 0, and defineH
R
c (G) to be the subspace

of f ∈ H(G) such thatΦ( f, ω(x)) = 0 for x non compact or non elliptic,
then:

i) ker (Rk◦EP) = RC I (G) + ker ResG
0

G and im(Rk◦EP) = H
R
c (G)

where ResG
0

G is the morphismR(G) −→ R(G0) induced by the re-
striction functor Mod(G) −→ Mod(G0).

ii) ker (EP) = RI (G) ⊗ C[G/G0] + 〈ψπ ⊗ ψλ− π ⊗ λ〉π,λ,ψ where the
last summand is the space generated by all elements as in the brackets
and we letΨ(G) act onC[G/G0] by (ψλ)(g) := ψ(g)λ(g). Moreover

im EP= H
R
(G).

Proof: Note first that sinceRk◦EP(π) = EP(π⊗1), assertioni) is a formal
consequence (a particular case) of assertionii ). The proofs of the image
assertion and the inclusion⊃ in the kernel assertion make use of some
results of Sects. 4 and 5 and so will be given in 5.13. We are thus here only
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interested in the inclusion⊂ of the kernel assertion ofii ). However we will
need the following simple remark: since the morphism

π ⊗ C[G/G0] → ψπ ⊗ C[G/G0]
v⊗ µ 7→ v⊗ ψµ

is aG-isomorphism which conjugatesλ ∈ EndG(π⊗C[G/G0]) andψ.λ ∈
EndG(ψπ⊗C[G/G0]), we have as a matter of fact〈ψπ ⊗ ψλ− π ⊗ λ〉π,λ,ψ
⊂ ker EP. Now, we introduce some new notations.

3.5 Fixing a central character: Let Z be the group ofF-points of the
connected component of the center ofG. We fix a continuous characterχ
of Z and consider the objects:

• Modχ(G): the full subcategory ofMod(G) consisting of thoseG-modules
V on whichZ acts throughχ.
• Rχ(G) = {π ∈ R(G), χπ = χ} whereχπ is the central quasi-character

of π.
• Hχ(G) the algebra of locally constant functionsf with support compact

modulo the center such thatf(zg) = χ−1(z) f(g) and equipped with the
convolution product associated to the Haar measured∗g onG/Z induced
by that onG (call it dg) and the Haar measure onZ assigning volume 1
to the maximal open compact subgroupZ0 of Z.
• Kχ(G) the Grothendieck group of projective objects inModχ(G).

There is a canonical epimorphism of algebras:

rχ : H(G)→ Hχ(G)
f 7→ g 7→ ∫

Z χ(z) f(zg)dg

which induces a morphismrχ : H(G) −→ Hχ(G) := Hχ/[Hχ,Hχ].
Moreover, the system of idempotentseH in H(G) for H varying among
compact open subgroups ofG gives rise to a system of idempotentsrχ(eH)
in Hχ(G)which enables to identify the categoryModχ(G)with the category
of Hχ(G)-modules whose elements are fixed by some idempotentrχ(eH). It
was shown in [25] that this category is of finite cohomological dimension,
hence we can defineEPχ : Rχ(G) −→ Kχ(G) and also a mapRkχ :
Kχ(G) −→ Hχ(G).

Moreover, the alternative description of 1.3 is still valid forModχ(G):
this is for example implied by the fact that the results of [7] are true for
a central extension of ap-adic group by a finite group (see [7, p. 16]). Hence
we can give an alternative expression forrχ : letCχ be the one-dimensional
module ofH(Z) corresponding toχ, then if P is a f.g. projective module
of Mod(G), the modulePχ = P ⊗H(Z) Cχ is a f.g. projective object of
Modχ(G) on which anyu ∈ EndG (P) induces an endomorphismuχ ∈
EndModχ(G)(Pχ ). Thenrχ is just induced by the map(P,u) 7→ (Pχ,uχ).

We need two lemmas.
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Lemma 3.6 Letπ ∈ Irr (G) and letχπ be the character ofZ afforded byπ,
then for any continuous characterχ of Z, we have

i) If χ|Z0 = χπ |Z0, then

rχ(EP(π ⊗ λ)) =
∑

ψ|Z=χ.χπ−1

ψ(λ)Rkχ ◦EPχ(ψπ)

.
ii) If χ|Z0 6= χ ′|Z0, thenrχ(EP(π ⊗ λ)) = 0.

Proof: We begin with a review ofthe resolution of Schneider and Stuhler.
Recall we have mentioned the fact that in [25] the categoryModχπ (G) was
shown to be of finite cohomological dimension. Actually a more precise
fact is proven there: there exists a projective resolution inModχπ (G):

0−→ PsG −→ · · · −→ P0 −→ π −→ 0

wheresG is the semi-simple rank ofG and eachPi is a sum

Pi =
di⊕

k=1

indG
K̃i,k
(̃τi,k)

where theK̃i,k’s are open subgroups containing the centerZ and compact
modulo this center, and thẽτi,k’s are smooth finite dimensional representa-
tions of theK̃i,k’s such that(̃τi,k)|Z is a multiple ofχπ .

Mackey formulas:We fix a pair(K̃ , τ̃) as above and callK the maximal
open compact subgroup of̃K , τ the restriction of̃τ to K andτZ the restriction
of τ̃ to KZ. Now put nK̃ = [G : G0K̃ ], then sinceV ⊗ C[G/G0Z] =
indG

G0Z ◦ ResG
0Z

G V we deduce from the Mackey formulas ([29, I.5.5]):

indG
K̃
(̃τ)⊗ C[G/G0] ' indG

K (τ)
nK̃

In particular,indG
K̃
(̃τ) ⊗ C[G/G0] is a projective object inMod(G) hence

the sequence obtained with the notations of the last paragraph above

0−→ PsG ⊗ C[G/G0] −→ · · ·
−→ P0⊗ C[G/G0] −→ π ⊗ C[G/G0] −→ 0

is a projective resolution ofπ ⊗ C[G/G0] in Mod(G) which provides
a formula forEP(π ⊗ λ):

EP(π ⊗ λ) =
∑

k

(−1)k[Pk ⊗ C[G/G0], λ]

Now we turn to the proof itself: letV be any finitely generated object
of Modχπ (G) thenV ⊗C[G/G0] is a finitely generatedG-module and it is
elementary to see that for any continuous characterχ of Z, we have:



190 J.-F. Dat

• (V ⊗ C[G/G0])⊗H(Z) Cχ ' V ⊗ indG
G0Z (χχπ

−1) if χ|Z0 = χπ |Z0.
• (V ⊗ C[G/G0])⊗H(Z) Cχ = 0 if χ|Z0 6= χπ |Z0.

In the first point,χχπ−1 is viewed as a character ofG0Z thanks to the
projectionG0Z −→ Z/Z0.

Now using the Schneider-Stuhler resolution ofπ and the resolution of
π ⊗ C[G/G0] deduced from it as above, and given the equalityrχ[P,u] =
[Pχ,uχ], we see that:

rχ(EP(π ⊗ λ)) =
∑

k

(−1)k[Pk ⊗ indG
G0Z(χ.χπ

−1), λ] ∈ Hχ(G)

whereλ acts on the right side of the tensor products. Now from standard
representation theory of commutative groups, we have a direct sum decom-
position

Pk ⊗ indG
G0Z (χ.χπ

−1) =
⊕

ψ|G0Z=χ.χπ−1

ψ.Pk

whereλacts on the summandψ.Pk by the scalarψ(λ). Hence the Lemma 3.6.
ut

Let Gell be the set of elliptic elements inG, then we can associate to
f ∈ Hχ(G) the locally constant function onGell defined by:

f ∨(x) =
∫

G/Z
f(gx−1g−1)d∗g .

SinceHχ(G) is also theG-coinvariant quotient ofHχ(G) (G acting by
conjugation), f ∨ actually doesn’t depend on the class off in Hχ(G).

Let Θπ be the character function associated to an admissible represen-
tation. Then we have:

Lemma 3.7 Letπ ∈ Rχ(G), then Rkχ ◦EPχ(π)∨ = Θπ |Gell .

Proof: This “lemma” is actually a very deep result which was conjectured
by Kazhdan and first showed by Schneider-Stuhler in [25]. Another inde-
pendent proof is given in [8]. Unfortunately both proofs are given in the
particular context of a reductive group with compact center. What we need
here is a slight generalization to the context of a fixed central character,
or equivalently to the case of a central extension of a reductive group by
a finite subgroup. It is not clear whether the arguments in [8] extend to this
case. But the proof of [25] makes use of a particular resolution ofπ which
is defined in general. Actually, all the objects of [25, III-4.9-III-4.16] can
be directly adapted to the central character situation, so that all arguments
shall apply. Anyway, we won’t check here the details since it would be
a considerable digression to enter the world of [25]. Note however that the
only “extra” result needed in [25] is prop. III.4-15 which is still true in the
fixed character context, thanks to the existence ofRkχ , already mentioned
above. ut
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Now we can give the proof of the inclusion⊂: supposeX =∑i xi⊗λi ∈
ker(EP). First assume that thexi ’s afford the same continuous character
of Z0. Hence, adding something in〈ψπ ⊗ ψλ− π ⊗ λ〉π,λ,ψ, we may as-
sume thatxi ∈ Rχ0(G) for some characterχ0 of Z. Now using Lemma 3.6
for some fixed characterχ of Z and Lemma 3.7, we see that the (trace)-
character of the element

∑
i

∑
ψ|Z=χχ0

−1 ψ(λi)(ψ.xi ) of R(G) is zero on the
elliptic set. Hence by Theorem 3.2 ii) and iii), this actually means that∑

i

∑
ψ|Z=χχ0

−1

ψ(λi )(ψ.xi ) ∈ RC I (G) .

Sincey ∈ RC I (G) ⇒ ψ.y ∈ RC I (G) for anyψ ∈ Ψ(G), we get varying
theχ:

EP(X) = 0⇒ ∀ψ1 ∈ Ψ(G),
∑

i

∑
ψ|Z=1

(ψ1ψ)(λi )(ψ.xi ) ∈ RC I (G) .

Now fix ψ1, then we can write

[G : G0Z]X =
∑
ψ|Z=1

∑
i

ψ.xi ⊗ ψλi modulo 〈ψπ ⊗ ψλ− π ⊗ λ〉π,λ,ψ

=
( ∑
ψ|Z=1

∑
i

(ψ1ψ)(λi)(ψ.xi )

)
⊗ 1

+
∑

i

∑
ψ|Z=1

ψ.xi ⊗ (ψλi − (ψ1ψ)(λi ).1)

∈ RI (G)⊗ C[G/G0] +R(G)⊗ ker ψ1 .

Note that from assertionii ) of Lemma 3.6 this is still true when we no
longer assumeX to afford a unique continuous character ofZ0. Hence we
get for anyψ1 ∈ Ψ(G):

ker EP= 〈ψπ ⊗ ψλ− π ⊗ λ〉π,λ,ψ+RI (G)⊗C[G/G0]+R(G)⊗ker ψ1 .

Thus the kernel assertion of 3.4 follows from an application of Nakayama’s
lemma. ut

4 Topological filtration on K(G)

4.1 The central algebra: We freely use some standard facts of the theory
of complex representations ofp-adic groups. The main references are [7]
and [6]. We writeΘ(G) for the variety of infinitesimal characters ofG and
S(G) for the set of inertia classes of cuspidal pairs. So we have

Θ(G) =
⋃

s∈S(G)
Θs andZ(G) =

∏
s∈S(G)

Zs
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where Zs = O(Θs). This leads to a decomposition of the category
Mod(G) = ∏s∈S Mod(s) and of course to the corresponding decomposi-
tionsK(G) =⊕sK(G,Θs)and the same forR(G)andH (G). Moreover,
we have a decomposition:

R(G,Θs) =
⊕
θ∈Θs

R(G,Θs, θ)

with evident notations. Bernstein gives also in [3, Thm 31] a nice interpre-
tation ofMod(s): let (M, ρ) ∈ s and put

Ps = iGM (ρ ⊗C[M/M0]) andHs(G) := EndG (Ps)

Then the isomorphism class ofPs doesn’t depend on the choice of(M, ρ) ∈ s
([3, Thm 37]) andHs is aZs-algebra, finitely generated as aZs-module
such that the functor

Mod(s)→ Hs −Mod
V 7→ HomG(Ps,V)

is an equivalence of categories.

4.2 An other filtration onK(G): Let V be a finitely generatedG-module
and consider it as aZ(G)-module. DefineSupp(V) to be the support of the
associated quasi-coherent sheaf. Note it is actually the support of a coherent
sheaf, namely that associated toV H whereH is a sufficiently small open
compact subgroup, hence it is closed and has finitely many irreducible
components. LetModi (G) be the abelian category generated by thoseV
satisfying:dim Supp(V) 6 i . We then put:

FiK(G) := im
(
K(Modi (G)) −→K(G)

)
This defines an increasing filtration ofK(G), whose associated graded
structure we noteGiK(G) := FiK(G)/Fi−1K(G).

We get more into details: letY be ad(Y)-dimensional irreducible sub-
variety ofΘ(G) and letMod(G,Y) be the full abelian subcategory of f.g.
G-modulesV such thatZ(G) acts onV via its quotientC[Y] (note it is
a stronger requirement thanSuppV ⊂ Y). Mod(G,Y) is Morita-equivalent
to the category of modules over aC[Y]-algebra of finite type, namely
Hs(G) ⊗Z(G) C[Y] wheres is the unique inertia class such thatY ⊂ Θs.
Let K(G,Y) be the Grothendieck group ofMod(G,Y) : it is equipped with
a filtration in the same way asK(G) and the natural inclusion induces

a filtered morphismK(G,Y)
iY∗−→ K(G). Moreover we classically have:

Lemma 4.3 GdK(G) =∑d(Y)=d i Y∗ (GdK(G,Y)) .
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Proof: It is a standard fact thatFdK(G) is generated by the[V]’s for V
of irreducible supportY of dimensiond (see [10, lemme 17] for example
or [14, 5.9.2] in an equivariant setting). So the only thing to show is that
such a[V] is in the image ofi Y∗ . This is also standard; let4 be the defining
ideal ofY, then,V being finitely generated, there is an integern such that
4 nV = 0. So looking at the filtration 0= 4 nV ⊂ · · · ⊂ 4V ⊂ V, we
see that inK(G) we have[V] =∑i [4 i V/4 i+1V]. Now4 i V/4 i+1V, being
annihilated by4 is an object ofMod(G,Y), hence[4 i V/4 i+1V] is in the
image ofi ∗Y. ut

4.4 Specialization to the generic point:In this paragraph we specify the
field of coefficients, e.g.Mod(G,Y) becomesMod(G,C,Y). We have the
following “generic fiber” morphism:

Mod(G,C,Y)→ Mod(G,C(Y), θY)
V 7→ V ⊗Z(G) C(Y)

where the symbols have the following meanings:

• C(Y) is the quotient field ofC[Y]. The tensor product is taken w.r.t the
canonical morphismi ∗Y : Z(G) −→ C[Y] −→ C(Y). Hence the functor
is actually exact.
• Mod(G,C(Y), θY) is the category of those finitely generatedGC(Y)-

modules such thatZ(G) acts via the morphismi ∗Y above.θY is thus a
C(Y)-infinitesimal character defined overC(Y) in the sense of 6.1 ii).

In this context, we have the following fundamental result:

Proposition 4.5 The functor above induces an isomorphism:

Gd(Y)K(G,Y)
∼−→ R(G,C(Y), θY) .

Proof: This is a consequence of the standard “localization exact sequence”
of [1, IX.(6.1)]: the only finiteness result required is the noetheriannity of
H(G) which has been known since [7] and we can recover the situation of
an algebra with unit, finitely generated as aC[Y]-module by working within
Mod(s) wheres is the unique inertia class such thatY ⊂ Θs and by using
the equivalence of 4.1. ut
Remark:Look at the caseY = Θs for some inertia classs = [M, ρ]G. The
previous discussion enables to describe the “top” quotient of the topological
graduation:

K(G,Θs) −→ Gd(M)K(G,Θs) ' R(Hs ⊗Zs C(Θs)) .

As a matter of fact, [7, 3.14] implies thatHs ⊗Zs C(Θs) is a finite dimen-
sional central simple algebra overC(Θs), hence its Grothendieck group is
justZ. The mapK(G,Θs) −→ Z thus obtained is the same as that in [17]
which was the starting point of these investigations.
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4.6 Moving parabolically: We can define similar filtrations onK(M) and
it can be checked thatiGM and rM

G are filtered morphisms. This is a direct
consequence of [6, prop 2.4] as well as the following lemma:

Lemma 4.7 The functorTM = iGM ◦ rM
G commutes with the action ofZ(G)

on Mod(G).

Corollary 4.8 Let Y be an irreducible subvariety ofΘ(G). The system
of functors(TM)M<G induce onK(G,Y) as well as onR(G,C(Y), θY)
a system of (combinatoric) filtration-preserving endomorphisms(TM)M<G
which commute withi Y∗ and the isomorphism of 4.5.

Proof: This is straightforward from the definitions and the previous lemma.
ut

Now we state the starting point of the theory ofK(G):

Theorem 4.9 The filtrationsK•
C
(G) and F•KC (G) coincide.

Proof: We begin with the inclusionF•K(G) ⊂K•(G), it follows from the
next lemma.

We write Z for the set ofF-points of a maximalF-split torus lying in
the (algebraic) center ofG. There is a canonical morphism

H(Z) −→ Z
which provides, thanks to the inclusionC[Z/Z0] ⊂ H(Z), a morphism
Θ(G) −→ Ψ(Z) and we noteSuppZ V the image ofSuppV for a finitely
generatedG-moduleV (it need not be closed in general).

Lemma 4.10 Let V ∈ Mod(s) be a finitely generatedG-module. If
dim SuppZ V< d(G) then[V] = 0 in K(G).

Proof: The hypothesis in the lemma imply that we can find a one-parameter
subgroupC∗ α−→ Ψ(Z) such thatdim(im α∩SuppZ V) = 0. Nowα comes

from a morphism of groups:Z/Z0 α∗−→ Z. Put Z′ := ker α∗. Recall thatV
is finitely generated overG0.Z sinceG/G0Z is finite. Moreover the choice
of α implies that only a finite number of characters ofZ/Z′ appear in the
action ofZ/Z′ onV viaC[Z/Z′] ⊂ H(Z), and this implies thatV is finitely
generated overG0.Z′.

We haveG/G0.Z′ ' Z⊕ finite groupand we define G’ to be the kernel
of the projection on the factorZ. V is finitely generated overG′ so that
V ⊗ C[G/G′] = indG

G′ (V) is G-finitely generated. Now writeC[G/G′] =
C[X, X−1], we have the following exact sequence

0−→ V ⊗ C[G/G′] ×(X− 1)−→ V ⊗ C[G/G′] X 7→ 1−→ V −→ 0

which shows[V] = [V ⊗ C[G/G′]] − [V ⊗ C[G/G′]] = 0 in K(G). ut
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Remark:The latter result could be seen in the following intuitive way:
there is an action ofΨ(G) on each object of interest for us
(R(G),H(G),Θ(G), · · · ) and in particular onK(G), but the latter is
a discrete set whereasΨ(G) is continuous hence this action has to be
trivial. In other words: for any finitely generatedG-module V, we have
∀ψ ∈ Ψ(G), [ψV] = [V] in K(G). Now sinceSupp(ψ.V) = ψ SuppV,
it can be deduced that forV not to be 0 inK(G), SuppV must be stable
underΨ(G) hence of dimension at leastd(G).

Corollary 4.11 F•K(G) ⊂K•(G) .

Proof: Let V be a f.g.G-module such thatdim SuppV = d andM a stan-
dard Levi subgroup such thatd(M) > d, thendim Supp rMG (V) < d(M), so
that[rM

G (V)] = 0 in K(M) by the lemma above. ut
Before dealing with the reversal inclusion, we have to investigate a little

more the geometry ofΘ(G).

4.12 A filtration onΘ(G) : Here we want to precise 4.3, using the notion
of discrete infinitesimal characters. The definition of “discrete” we will use
slightly differs from that in [6]: a discrete infinitesimal character is here an
element of:

Θdisc(G) := {θ ∈ Θ(G), RC (G, θ) 6= RC I (G, θ)}
and we will call “quasi-discrete” any element of

Θqdisc(G) := {θ ∈ Θ(G), R(G, θ) 6= RI (G, θ)} .
Note that we have:

(θ non-discrete) if and only if
(
Ad(G) = 0 onR(G, θ)

)
and forGL(N) the two notions are actually equivalent, but they may differ
in general. Now recall that the setΘ

qdisc
s = Θqdisc(G) ∩ Θs was shown

in [6] to be a finite union ofΨ(G)-orbits, hence is a closed subvariety of
dimensiond(G). The same result holds of course forΘdisc

s .
Now we define for anyd:

Yd :=
⋃

d(M)=d

iGM(Θ
disc(M))

This is a closed subvariety ofΘ(G) of pure dimensiond (note thatYd ∩Θs

is either empty ifd> d(Θs) or has finitely many irreducible components).
We have the following characterization of these subvarieties:

Θ(G) \ (Yd(G) ∪ · · · ∪ Yd) = {θ ∈ Θ(G), RC (G, θ) = RC d(G, θ)}
This follows from the definition. Now, the fundamental tool is the following
result:
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Proposition 4.13 Let Y be an irreducible algebraic subvariety ofΘ(G)
such thatAd = 0 on RC (G,C, θ) for θ in an open subset ofY. Then
Ad = 0 onRC (G,C(Y), θY).

Proof: There are two ways to prove this statement. Here we explain what is
suggested in [18]. In part 6, we give a proof using direct image in algebraic
K -theory, which is more natural but also longer than the following argument.

First we can choose a subfieldKofC, finitely generated overQ satisfying
the two conditions:

• The morphismY ↪→ Θs is defined overK (i.e. comes from a morphism
Y −→ Θs of reduced geometrically irreducible schemes defined overK).
• TheZs-algebraHs comes from aZKs -algebra (whereΘs = Spec(ZKs )),

i.e.Hs = HK

s ⊗ZKs Zs.
Since the field of functionsK(Y) at the generic point ofY is also finitely
generated overQ, we can choose aK-embeddingθ : K(Y) ↪→ C. It
provides thus a complex closed point ofY (still notedθ). It is known that
the set of complex closed points ofY which can be obtained in this fashion is
Zarisky-dense inY = Y(C) (indeed, call this setc(Y) ⊂ Y(C); by Noether’s

normalization lemma one can find a finite epimorphismY
φ−→ Ad (the affine

space of dimensiond = d(Y)), then one easily sees thatφ−1(c(Ad)) ⊂ c(Y)
and c(Ad) is dense inCd since it contains the set of those points whose
coordinates are transcendant overK. Hence the closure ofc(Y) is at least
d-dimensional and thus equalsY(C) sinceY is irreducible). In particular,
by the hypothesis we can chooseθ such thatAd vanishes onRC (G,C, θ).

Now from the fact thatC is algebraically closed of infinite transcendence
degree overQ, we can extendθ to aK-embedding of fields:θ : C(Y) −→ C.
As a matter of fact, choose a transcendence basis(xi )i∈I of C overθ(K(Y))
(resp.(yj ) j∈J of C(Y) overK(Y)). SinceI andJ have the same cardinality
we can embedK(Y)((yj ) j∈J) intoC and extend to such aθ as above since
C(Y) is algebraic overK(Y)((yj ) j∈J). Hence from the isomorphism(

HK

s ⊗ZKs C(Y)
)⊗C (Y),θ C ' Hs ⊗Zs,θ C

we can form the following diagram

RC (G,C(Y), θY) // RC (G,C, θ)

RC

(
HK

s ⊗ZKs C(Y)
)

//⊗C(Y)
RC (Hs ⊗Zs,θ C)

where the bottom map is given by base extension viaθ. We thus get a mor-
phism (the dotted one):

θ∗ : RC (G,C(Y), θY) −→ RC (G,C, θ)
which is injective by general theory of finite-dimensional algebras (see
Appendix B) and obviously commutes with theTM ’s. ut
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Corollary 4.14 For anyd, we have

GdKC (G) =
⊕

Y⊂Yd,d(Y)=d

i Y
∗ (G

dKC (G,Y)) .

Proof: The meaning of this assertion is essentially that in order for an
irreducible subvarietyY to provide a non-zero contribution in the formula
of 4.3, it is necessary thatY be contained inYd. Taking this for granted, the
sum of 4.3 becomes a direct sum because for eachs ∈ S(G) the variety
Yd ∩ Θs has finitely many irreducible components which are in fact its
connected components.

Now fix d and letY be ad-dimensional closed irreducible subvariety
of Θ(G) which is not contained inYd. The characterization ofYd together
with the previous proposition show thatAd is zero onRC (G,C(Y), θY).
Hence, from the expansion formula ofAd (see 2.5) and the Corollary 4.8,
the operator

Pd(1−
∑

d(M)>d

cd(M)TM)

vanishes oni Y∗GdK(G,Y). As a consequence we get

Pd.i
Y
∗GdK(G,Y) ⊂

∑
d(M)>d

iGMGdK(M) = 0

sinceGdK(M) = 0 for d(M) > d by Corollary 4.11. Hence, killing the
torsion by tensorizing withC (or Q), we see thatGdKC (G,Y) provides
a non-zero contribution in 4.3 only ifY is ad-dimensional subvariety ofYd.

ut

4.15 End of the proof of 4.9: Going on with the above discussion, we see
that for any irreducibleY:

Ad(Y)−1 is zero onRC (G,C(Y), θY)

So letV be a finitely generatedG-module inMod(G,Y)whose contribution
is non zero in 4.3,i.e.i Y∗ [V] 6= 0 in Gd(Y)K(G). We know from Lemma 4.10
that i Y∗ [V] ∈ Kd(Y)(G). Suppose that there exists somed< d(Y) such that
i Y∗ [V] ∈Kd(G) then from the expansion formula

Ad(Y)−1 = Pd(Y)−1(1−
∑

d(M)>d(Y)−1

cd(Y)−1(M)TM)

and the commutationAd(Y)−1i Y∗ = i Y∗ Ad(Y)−1, we see thatAd(Y)−1i Y∗ [V] =
Pd(Y)−1i Y∗ [V] (sinced(Y) > d), hencePd(Y)−1i Y∗ [V] is zero inGd(Y)K(G).
At this point we loose again the torsion tensorizing withC orQ to deduce
i Y∗ [V] = 0 in Gd(Y)KC (G). This completes the proof of 4.9. ut
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4.16 Level d(G): Once we have the equality of the combinatorial and
topological filtrations onKC (G), we can use induction on the depth of
Levi subgroups to investigate the properties ofKC (G). But one has first to
explicit the leveld(G). WriteKC (G)Y = i Y∗KC (G,Y), then from 4.14 and
the fact thatFd(G)KC (G) = Gd(G)KC (G), we get:

Fd(G)KC (G) '
⊕

Y∈Θdisc(G)/Ψ(G)

KC (G)Y(4.17)

From now on we fix aΨ(G)-orbit Y in Θdisc(G) and an elementθ ∈ Y. We
write NY for the normalizer ofθ in Ψ(G) (since it doesn’t depend on the
choice ofθ ∈ Y). Note that the action ofΨ(G) onR(G) induces an action
of NY onRC (G, θ). Then we claim

Proposition 4.18 There exists an isomorphismφ : RC (G,C(Y), θY)
∼−→

RC (G, θ)NY such that the following diagram is commutative:

RC (G, θ)NY //EP
KC (G)Y

RC (G,C(Y), θY)

OO

φ

KC (G,Y)

OO

iY∗

oooo

Proof: First we observe the following general fact: assumeY′ φ−→ Y is an
étale morphism such that the extensionφ∗ : C(Y) ↪→ C(Y′) is Galois of
automorphism groupΓ(Y′/Y) and splits (see Appendix B) the finiteC(Y)-
dimensional algebraHs ⊗Zs,θY C(Y). Then tensorizing viaφ∗ we get an
isomorphism

RC (G,C(Y), θY)
∼−→ RC (G,C(Y′), θY′)

Γ(Y′/Y)

(whereθY′ = φ∗θY). This is easily deduced from the point iv) of Appendix B.
Now letY′ = Ψ(G). We define the “universal” unramified characterψun

of G with values inC(G/G0) by ψun(g) = g := 1gG0. If π ∈ Irr C (G), let
π ⊗ ψun be the simpleC(G/G0)-representation ofG obtained by letting
G act on both terms of the tensor product. Then ifπ has infinitesimal
characterθ, it is clear thatZ(G) acts onπ⊗ψun via a morphismZ(G)

ω−→
C(G/G0) characterized by the properties

• im ω ⊂ C[G/G0]
• For anyψ ∈ Ψ(G) = HomC−alg (C[G/G0],C), we have the equality
ψ ◦ ω = ψ.θ where the dot stands for the action ofΨ(G) onΘ(G).

Put in other words, letφθ be defined by

φθ : Y′ = Ψ(G)→ Y
ψ 7→ ψ.θ
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then the mapπ 7→ π ⊗ψun induces a morphism

R(G,C, θ) −→ R(G,C(Y′), θY′)(4.19)

whereθY′ = φ∗θ θY. This map is obviously an isomorphism, being the com-
position of the standard base extension fromC toC(G/G0) and the torsion
by the universal unramified characterψun.

The mapφθ is a Galoiśetale covering with Galois groupNY = NΨ(G)(θ).
The action ofψ ∈ NY onC(G/G0) is given bygψ := ψ(g)g. Hence it is
clear that(ψπ)⊗ψun = (π⊗ψun)

ψ , or in other words, the isomorphism 4.19
is NY-equivariant for the Galois action onR(G,C(Y′), θY′) and the usual
action onR(G,C, θ). The existence of the isomorphism of the proposition
thus follows.

We defineK(G,Y′) by K(G,Y′) =K(Hs ⊗Z(G),φ∗θ C[Y′]) wheres is
the unique inertia class such thatY ⊂ Θs, and the morphismRθ by

Rθ : K(G,Y′) −→ R(G,C(Y′), θY′)
Tθ−→ R(G, θ)

whereTθ is the inverse isomorphism of 4.19. Now consider the following

diagram wherei Y′∗ is induced byY′
φθ−→ Y ↪→ Θ(G)

K(G,Y)

��
|NY|.iY∗

//
φ∗θ

K(G,Y′)

xx iY
′
∗qq

qq
qq
qq
qq
q

��
Rθ

K(G) R(G, θ) .oo
EP

It is clear that the lower triangle is commutative (from the definitions). The
upper one is also commutative sincei Y′∗ = i Y∗ ◦ φθ∗ andφθ∗ ◦ φθ∗ is just the
multiplication by|NY| because we haveC[G/G0] ' C[Y][NY] as aC[Y]-
module. Now the commutative square thus obtained induces the following
one wherei Y′

Y = 1
|NY|(−⊗C [Y] C(G/G0)):

KC (G,Y)

��
i∗Y

//
iY
′

Y
RC (G,C(Y′), θY′)

��
Tθ

KC (G) RC (G, θ)oo
EP

Now the commutative diagram announced in the proposition follows from
the facts thatim i Y′

Y = RC (G,C(Y), θY) and thatTθ induces an isomorph-
ismRC (G,C(Y), θY) ' RC (G,C, θ)NY , as checked above. ut

From now until the end of this section we will assume that CharF = 0
in order to use the piece of 3.4 we have already shown.

Corollary 4.20 Rk is injective.
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Proof: We first prove thatRk|Fd(G)KC(G) is injective: so letY andθ as in
Proposition 4.18 andX ∈ KC (G)Y. By this proposition, we can write
X = EP(x) for somex ∈ RC (G, θ)NY . Now Rk(X) = 0 implies thatx ∈
ker(Rk◦EP) and by Theorem 3.4 we getx ∈ RC I (G), i.e Ad(G)(x) = 0,
becauseRC (G, θ)NY ∩ ker ResG

0

G = 0. Hence we have 0= Ad(G)(X) =
Pd(G)X (sincerM

G is zero onFd(G)KC (G) for any properM < G) and thus
X = 0.

We treat the general case: letX ∈ GdKC (G) and M < G with depth
d(M) = d such thatrM

G (X) 6= 0 (Theorem 4.9 gives the existence of such
a M) thenrM

G ◦ Rk(X) = Rk(rM
G (X)) 6= 0 because of the discussion above

applied toM, soRk(X) 6= 0. ut
Corollary 4.21 Let M < G and w ∈ WG such thatw(M) < G then
w ◦ rM

G = rw(M)G in KC (G).

Proof: This comes from the same property onH(G). This should remain
true onK(G). ut
Corollary 4.22 KC (G) is generated by compactly induced representations
of open compact subgroups.

Proof: Use the discussion of the proof of Theorem 1.6. Note that one can
deduce thatK(G)⊗ZQ is generated by such induced representations but
it is not precise enough to get the result forK(G). ut
Corollary 4.23 Let M < G and w ∈ WG such thatw(M) < G then
iGw(M) ◦ w = iGM onKC (M).

Proof: (i) We call “M-pair” any couple(J, τ) with J an open compact
subgroup ofM andτ an irreducible smooth representation ofJ and write
Vτ = HomJ (τ,V) for any V ∈ Mod(M). Then from Corollary 4.22 and
Theorem 4.20 we see it is sufficient to show:

For any finite lengthG-moduleπ and anyM-pair (J, τ) we have

dimC

(
rM

Gπ
)
τ
= dimC

(
w−1 ◦ rw(M)G π

)
τ
.

(ii ) Now we claim:It is enough to treat the caseM maximal inG. As
a matter of fact one can decomposew as a product of elementary maps in
the sense of [2, 2.17]. In this way we are reduced to the caseM maximal.
(iii ) We assumeM maximal. We writerM

G for induction with respect to
the opposite parabolicP−0 . By (i) we are reduced to show that for any finite
lengthG-module and anyM-pair (J, τ) we have:

dim
(
rM

Gπ
)
τ
= dim

(
rM

Gπ
)
τ
.

We writeρ+ the Hermitian contragredient of a representationρ. It is a con-
sequence of [13, 4.2.5] that ifπ is admissible thenrM

G (π
+) = (rM

Gπ)
+.
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(It was generalized to any representation by Bernstein). Hence we have

dim
(

rM
Gπ
)
τ
= dim

(
rM

Gπ
+)

τ+ , but sinceτ is unitarizable hence isomorphic

to τ+, we are reduced to prove

dim
(
rM

Gπ
)
τ
= dim

(
rM

Gπ
+)

τ
.

Now, we fix a standard Levi subgroupN of G and an irreducible tempered
representationρ of N. We write B = C[N/N0] and consider the smooth
B,M-representationV = rM

G ◦ iGN(ρ⊗ B). It is B-admissible. Moreover one
can see thatVτ is projective finitely generated as aB-module. (For example
chooseH an open subgroup of the conductor ofτ andHG a G-cover ofH.
Then from the Stabilization theorem of Bernstein ([4, 5.3]), we see that
V H , henceVτ , is a direct factor ofiGN(ρ⊗ B)HG which by standard Mackey
formulas (see [29, I.5.6]) is free overB.)

HenceVτ has aB-rank r and for any unramified characterχ of N,
identified with a character ofB, we have

dimC rM
G (i

G
N (ρ.χ))τ = r .

Now ρ is unitary, being tempered, thus is isomorphic to its Hermitian
contragredient, so that:rM

G (i
G
N(ρ.χ))

+ = rM
G (i

G
N(ρ.χ

+)). Hence we are done
with the caseπ = iGN (ρ.χ). By Langlands’ theory,R(G) is generated by
such representations and this completes the proof. ut
4.24 Description ofKC (G): Now we give what seems to be the most
explicit way of describingKC (G); viewed as a Hopf system, it turns out
to be isomorphic to some “trivial” Hopf system as in Lemma 2.8. LetE
be anyC-vector space with an algebraic action of a complex torusT, we
noteET the space of coinvariantsi.e. ET := E/< te− e>e,x. In particular
for a standard Levi subgroupM of G, the action ofΨ(M) on RC (M) is
algebraic and induces an action onRC (M) = RC (M)/RC I (M). Now if
w ∈ WG is such thatw(M) < G, then conjugation byw induces a well-
defined isomorphismRC (M) −→ RC (Mw) which sendsRC I (M) onto
RC I (Mw). Sincew(ψπ) = w(ψ).w(π), the isomorphismw induces an
isomorphismRC (M)Ψ(M) −→ RC (Mw)Ψ(Mw) as well as an isomorphism
RC (M)Ψ(M) −→ RC (Mw)Ψ(Mw).

Theorem 4.25 There exists an isomorphism of Hopf systems

Φ : KC

∼−→ H (M 7→ RC (M)Ψ(M)
)
.

In particular we get the isomorphism

ΦG : KC (G)
∼−→

(⊕
M<G

RC (M)Ψ(M)

)
/∼G

where(M, x) ∼G (M′, x′) if and only if∃w ∈ WG, M = w(M′) andx =
w(x′).
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Proof: Since the abstract work has been done in part 2, we only have to use
2.10 iii) together with the next lemma. ut
Lemma 4.26 EP induces an isomorphismRC (G)Ψ(G)

∼−→ Fd(G)KC (G).

Proof: Fix θ ∈ Θdisc(G) and recall the morphism

R(G, θ)NY
EP−→KC (G)Y

from Proposition 4.18 and with the same notations. From this proposi-
tion it is surjective. On another hand it is clear that induced elements
are in its kernel and actually 4.20 shows thatker EP = RC I (G, θ)NY .
Now defineRC (G,Y) as the subspace ofRC (G) generated by those irre-
ducibleπ ∈ Irr (G) such thatθ(π) ∈ Y. We clearly have an isomorphism
RC (G, θ)NY ' RC (G,Y)Ψ(G) so thatEP turns out to induce an isomorph-

ism RC (G,Y)Ψ(G)
∼−→ Fd(G)KC (G,Y) which is more precise than what

we had claimed. ut

4.27 Remark on the “integrality” of the properties ofK: The properties
of K(G) have been set up here for the complexifiedKC (G). Of course
they all remain valid if we consider onlyK(G) ⊗ Q, since we only had
to kill some torsion problems. It may be interesting to have a “bound” on
these torsion problems,i.e. find someNG such that these properties carry
on forK(G)⊗Z[ 1

NG
]. For that, we list up the points which required to kill

the torsion:

i) Each time we had to use projector property of 2.5 and thus to invert
the Pd’s. For this, it is sufficient to require|WG| to be invertible. More
precisely Proposition 2.5 may be rephrased for the ground ringZ[ 1

|WG| ]
in the same words as forC. In particular the variousRd(G)⊗ Z[ 1

|WG| ]
are direct factors inR(G) ⊗ Z[ 1

|WG| ] so that quasi-discrete characters
are killed just as in the “complexified” case and don’t contribute to
K(G)⊗ Z[ 1

|WG| ].
ii) In the proof of 3.4 (see below Lemma 3.7). It only requires that|G/G0 Z|

be invertible.
iii) In the first displayed isomorphism of the proof of 4.18. The problem is

the Schur indicesmi of Appendix B point iv), but they must divide the
order of the Galois group, hence in our case it is sufficient that|G/G0Z|
be invertible.

Now put NG = |WG|[G : G0Z]: we see that 4.9 is valid withC replaced by
Z[ 1
|WG| ], while 4.18 remains true onZ[ 1

NG
]. HenceRk is an embedding of

K(G)⊗Z[ 1
NG
] intoH(G), and 4.21 carries on. Remark thaton the contrary

our arguments do not insure the validity of 4.22 onK(G)⊗Z[ 1
NG
]. We can

only say that the quotient ofK(G)⊗Z[ 1
NG
] by the submodule generated by
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compactly induced projectives is a torsion abelian group and this is enough
to get 4.23. Now replacingNG by the lowest common multiple of theNM ’s
for M < G, we see that the structure result is valid onZ[ 1

NG
].

5 Topological filtration on H(G)

This filtration has already been described in [18] (it is named there
“dévissage”). Our treatment here will follow that of the previous section.

5.1 Categorical cocenter: (see [18]) LetA be an abelian, locally nothe-
rian (in the sense of [19, p.356]) category such that the subcategoryA f

of notherian objects be a small category. The cocenterH(A) is defined
analogously to 1.3 as the quotient of the free abelian group on the symbols
(V,u) whereV is a noetherian object ofA andu ∈ EndA (V) modulo the
relations

• (V,u) = (V1,u1)+ (V2,u2) for any short exact sequence

0−→ V1
f−→ V

g−→ V2 −→ 0

such thatfu1 = u f andgu= u2g.
• (V,u)+ (V, v) = (V,u+ v)
• (V, fg) = (V ′, g f ) if f : V ′ −→ V andg : V −→ V ′

It is a covariant object: ifA −→ A′ is an exact noetherian functor (i.e.map-
ping notherian objects on noetherian objects), then it induces a morphism
H(A) −→ H(A′).

If Z(A) is the categorical center ofA, we let it act onH (A)byz(V,u) :=
(V, zu) and get a structure ofZ(A)-module. In particular, ifA is R-linear
for some commutative ringR, H(A) is a R-module. IfA′ is a full abelian
subcategory ofA then the morphismH(A′) −→ H(A) associated to the
inclusion functor isZ(A)-equivariant.

If A is the category of modules of some ringA, we shall abbreviate
H(A) := H(A−Mod).

5.2 Examples:

• For A = Mod(G) this definition coincides with that of 1.3 since the
categoryMod(G) is of finite cohomological dimension.
• AssumeA is a split2 finite dimensionalK-algebra. Then it is easy to see

thatH(A) = R(A) ⊗ZK. Note it is clear whenA is semi-simple since
one is reduced to the caseMn(K). In the general case, one has to express
any(V,u) as a sum of(πi , λi ) with πi irreducible andλi ∈ K. To do this
we may proceed by induction on the length ofV, noting that the socle of
V must be stable byu so that(V,u) = (Socle(V),u)+ (V/Socle(V),u),
and using the desired property for the semisimple modules.

2 That is,EndA(V) = K for any simpleA-moduleV
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• In the case whereA is no more assumed to be split, we may choose
a finite Galois extensionK′ splitting A and letGal(K′/K) act diagonally
onH(A⊗K′) = RC (A⊗K′)⊗K′. Then we have

H(A) ' (RC (A⊗K′)⊗K′)Gal(K′ /K)

as we can easily see by reducing first to the semi-simple case. This is
also isomorphic as aK-vector space to

⊕
π Z(EndA(π)) where theπ ’s

are the isomorphism classes of simpleA-modules.

Complete proofs of the latter facts are given in A.5 for finite categories.

5.3 The filtration on H(G): As in 4.2 we define FiH(G) :=
im(H(Modi (G)) −→ H(G)) and noteG∗H(G) the gradedZ(G)-module
associated to thisZ(G)-filtration. We will use the notationsH(G,Y),
H(G,C(Y), θY), H(G,C, θ) for the cocenters of the respective (and al-
ready defined) categoriesMod(G,Y), etc... The first trick is the following
analogue of 4.3:

Lemma 5.4 GdH(G) =∑d(Y)=d i Y∗ (GdH(G,Y)) .

Proof: The arguments are the same as for 4.3. ut
As in 4.4, we have a “generic fiber” morphismH(G,Y) −→

H(G,C(Y), θY). Note that the left hand side is aC[Y]-module whereas
the right hand side isC(Y)-vector space. The analogue of 4.5 is:

Proposition 5.5 The “generic fiber” morphism induces a monomorphism

Gd(Y)H(G,Y) ↪→ H(G,C(Y), θY)

and an isomorphism:

Gd(Y)H(G,Y)⊗C [Y] C(Y) ∼−→ H(G,C(Y), θY)

Proof: We need an analogue to [1, IX.(6.1)] with respect toH . Here is the
result we will prove (A is again a locally notherian abelian category)

Proposition 5.6 LetS be a localizing subcategory (in the sense of [19]) of
A such that the quotientA/S is locally finite (i.e is inductively generated by
finite length objects, see [19, p.356]), and assumeA andA/S areZ-finite
andQ-linear (see appendix), then the sequence

H(S) −→ H(A) −→ H(A/S)

is exact.

Proof: See appendix. ut
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Now we may apply this to our situation:A is the category of all left
modules overHs ⊗Zs C[Y], S is the category of allC[Y]-torsion modules
in A. ThenS is a localizing subcategory ([19, III.5] for example) so that
A/S is equivalent (see [1, IX.6]) to the category of all left modules over
the finite dimensionalC(Y)-algebraHs ⊗Zs C(Y), hence is locally finite.
Moreover the quotient functor is just tensorization byC(Y).

Thus we get the monomorphism and the injectivity of the isomorphim
of 5.5. As for the surjectivity, it is quite clear since for any finitely generated
object ofA we have:

EndA/S (V ⊗ C(Y)) ' C(Y)⊗C [Y] EndA(V).

ut
Now we shall apply the same discussion as for the topological filtration

of K, after noting that Corollary 4.8 applies word for word to the case ofH :

Theorem 5.7 The filtrationsH
•
(G) and F•H(G) coincide.

Proof: As a matter of fact, Lemma 4.10 is still valid as well as its proof,
hence we get as in Corollay 4.11:F•H(G) ⊂ H

•
(G).

Now we can use the fact thatH(G,C, θ) ' RC (G,C, θ) insured by 5.2
to get the following equality:

Θ(G) \ (Yd(G) ∪ · · · ∪ Yd) = {θ ∈ Θ(G), Ad = 0 onH(G,C, θ)} .

As a consequence we can repeat the proofs of 4.13, 4.14, etc... withRC and
KC replaced byH (note that we don’t have any more torsion problems) to
get the theorem as well as the following decomposition

GdH(G) =
⊕

Y⊂Yd,d(Y)=d

i Y
∗ (G

dH(G,Y)) .(5.8)

ut

5.9 Level d(G): As in the case ofKC (G) we begin with the bottom of the
filtration. Again we writeH(G)Y := i Y∗H(G,Y) and from 5.8 we get:

Fd(G)H(G) '
⊕

Y∈Θdisc(G)/Ψ(G)

H(G)Y .(5.10)

Hence we fix aΨ(G)-orbit Y in Θdisc(G) and an elementθ ∈ Y and, as in
the case of 4.18, we writeNY for the normalizer ofθ in Ψ(G). The analogue
of 4.18 is
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Proposition 5.11 There exists an isomorphismφ : GdH(G,Y)
∼−→

(RC (G, θ) ⊗ C[G/G0])NY such that the following diagram is commuta-
tive:

(RC (G, θ)⊗ C[G/G0])NY //EP
H(G)Y

GdH(G,Y)

OO

φ

H(G,Y)

OO

iY∗

oooo

Proof: The proof will follow that of 4.18 but we have a little work to

do. AssumeY′ φ−→ Y is a Galoisétale covering (and not only ańetale
morphism) with Galois groupΓ(Y′/Y) then we claim that the morphism
induced by tensorization

τ : H(G,Y)→ H(G,Y′)
[V,u] 7→ [V ⊗C [Y] C[Y′],u⊗ 1]

provides an isomorphism

Gd(Y)H(G,Y)
∼−→ Gd(Y)H(G,Y′)Γ(Y

′/Y).

(Recall thatH(G,Y′) by definition isH(Hs ⊗Z(G),φ∗ C[Y′])). First we
have to precise the action ofΓ on H(G,Y′): this Galois group acts by
automorphisms ofC[Y]-algebra onC[Y′], hence by automorphisms 1⊗γ of
algebra onHs⊗ZsC[Y′] ' HC [Y] ⊗C [Y]C[Y′]. Hence this action extends to
an action by automorphisms on the categoryMod(G,Y′) and then induces
an action onH(G,Y′) by γ [W, v] := [Wγ , v]. RecallH(G,Y′) carries
a natural structure ofC[Y′]-module; it turns out that the action ofΓ is
Γ-semilinear (i.e.γ(zX) = zγ γ(X), ∀z ∈ C[Y′], X ∈ H(G,Y′)).

SinceC[Y′] is a finitely generatedC[Y]-module, the forgetful functor
Mod(G,Y′) −→ Mod(G,Y) is well defined (i.e. carries f.g. modules on
f.g. modules) and induces the map

κ : H(G,Y′)→ H(G,Y)
[W, v] 7→ [W, v] .

Now from the fact thatC[Y′] is free overC[Y] of rank |Γ| we get

κ ◦ τ = |Γ| Id .

And from the isomorphismW ⊗C [Y] C[Y′] ' ⊕
γ∈Γ Wγ for any W ∈

Mod(G,Y′) (follows from Galois theory) we get

τ ◦ κ = TrΓ .

WhereTrΓ[W, v] :=∑γ∈Γ γ [W, v]. The two last displayed formulas imply

thatτ induces an isomorphismH(G,Y)
∼−→ H(G,Y′)Γ and the claim fol-

lows from the fact thatτ andκ obviously preserve the respective topological
filtrations.
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Now we shall apply this to the caseY′ = Ψ(G)
φθ−→ Y already defined

in the proof of 4.18. First we have to computeGd(Y)H(G,Y′); we will
use the Proposition A.6 in the case whereA f = Mod(G,Y′), S is the
category ofC[Y′]-torsion modules, so that(A/S) f is equivalent to the
categoryMod(G,C(Y′), θY′) (see the proof of 4.18 for definition ofθY′).
Proposition A.6 says that

Gd(Y)H(G,Y′) '
⊕

V∈Irr (G,C (Y′ ),θY′ )
E(V)

where

E(V) =
∑

V∈Mod(G,Y′)
V⊗C(Y′)'V

im(EndG,C [Y′ ](V) −→ EndG,C (Y′ ) (V)) .

In our present case we know from 4.18 thatMod(G,C(Y′), θY′) is equivalent
to a split finite dimensional algebra overC(Y′) henceEndG,C (Y′ ) (V) =
C(Y′) andE(V) is integral overC[Y′]. Since the latter is integrally closed
in C(Y′), we get:

Gd(Y)H(G,Y′) ' R(G,C(Y′), θY′)⊗ C[Y′] .
Now using the discussion around 4.19, we can state that the map

R(G, θ)⊗ C[G/G0] → Gd(Y)H(G,Y′)
π ⊗ λ 7→ [π ⊗ C[G/G0], λ](5.12)

where we letG act diagonally onπ ⊗ C[G/G0] andλ act on the right
term of the tensor product, is an isomorphism. Moreover, if we letNY
act diagonally onR(G, θ)⊗ C[G/G0] and by Galois action onH(G,Y′),
this isomorphism turns out as in 4.18 to beNY-equivariant. Hence the
isomorphism announced in the proposition. The rest of the proof is exactly
as for 4.18. ut

5.13 Proof of Theorem 3.4:First we deal with the kernel assertion. Recall
it remains only to proveRI (G)⊗ C[G/G0] ⊂ ker EP but if π = iGM (σ) in
RC (G) thenEP(π ⊗ λ) = iGM ([σ ⊗ C[G/G0]|M, λ]) and by 5.7 must be
zero.

Now we turn to the image assertion of 3.4. But from 5.7 again, we have
H

R
(G) = Fd(G)H(G) hence it is clear thatim EP⊂ H

R
(G) and the sur-

jectivity follows from the previous proposition. ut
Now we give a way to explicitH(G) similar to that of Theorem 4.25:
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Theorem 5.14 There exists an isomorphism of Hopf systems:

G•H ∼−→ H (M 7→ (R(M)⊗ C[M/M0])Ψ(M))
)
.

In particular, letd be an integerd(G) 6 d 6 d(M0), then:

GdH(G) '
 ⊕

d(M)=d

(
RC (M)⊗ C[M/M0])

Ψ(M)


/∼

where(M, x) ∼ (M′, x′) if and only if∃w ∈ WG, M = w(M′). Moreover
the rank mapGd Rk : GdKC (G) −→ GdH(G) is just induced by the map
π 7→ π ⊗ 1.

Proof: Once again, we use the formalisation of part 2, more specifically
2.10 ii) together with the fact thatEP induces an isomorphism(R(G) ⊗
C[G/G0])Ψ(G) ∼−→ Fd(G)H(G) which is proven as Lemma 4.26. ut
Remark:This property enables to get an expression similar to that of 4.25
for the wholeH(G) as a vector space. Anyway, we won’t write it down
since this expression won’t be compatible with induction and restriction
in the sense that the Hopf systemH(.) is not isomorphic to the “trivial”
Hopf system obtained from the family(R(M) ⊗ C[M/M0])Ψ(M),M < G
as in Lemma 2.8. The reason for this is the dependence of induction on the
parabolic subgroup (property ii) of 2.5). Understanding the behaviour of
induction in the dictionnary of the right hand side above may be an inter-
esting question, somewhat mysterious –to the author– since it is connected
to the upper filtration ofR(G), itself being connected to a good knowledge
of the character-trace of a Jacquet module. It is likely that, whereas the
lower filtration ofR(G) has turned out to be linked with “Harish-Chandra’s
filtration w.r.t ellipticity” (see 3.2), the upper one be linked to “Deligne-
Casselman-Clozel’s filtration w.r.t compactness” (as in [15]).

6 Representations ofG over an arbitrary extension ofC

6.1 The isomorphism 4.5, the proof of 4.9 and 4.25 were motivations
to investigate some aspects of the representation theory ofG on a field
extensionK of C. We fix an algebraic closureK of K and putΓK =
Gal(K/K). The first easy remarks are:

i) Defining Z(G,K) as the center ofMod(G,K), it is clear from the
propertyZ(G,K) = lim←− Z(H(G, H) ⊗ K) (see [7, 1.5 ii)]) where

the limit is taken over a system ofH ’s satisfying the condition(∗)
of the introduction and from the isomorphismZ(H(G, H) ⊗ K) '
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Z(H(G, H))⊗K (see [16, (2.38)] with the notheriannity of [7, 3.12])
that

Z(G,K) '
∏
s

Zs ⊗C K.

In other words, Bernstein’s decomposition of the categoryMod(G,K)
into blocs remains parameterized by the same set of inertia classes,i.e.
(M, ρ) 7→ (M, ρ ⊗C K) yields a bijection between inertia classes of
cuspidal pairs and the equivalences of categories of 4.1 and(∗) carry
on overK. In particular every simpleK-module isK-admissible.

ii) K-infinitesimal characters:Consider Θ(G) as a reduced scheme
overC. Let Θ(G,K) be the set of allK-points ofΘ(G). As usual,
such a point is said to bedefined overK′ if it is actually a K′-
point of Θ(G). SinceΘ(G) is a union of algebraic schemes, each
K-point is defined over a finite extensionK′ of K. Define now the
set ofK-infinitesimal charactersΘ(G,K) to be the set ofΓK -orbits
in Θ(G,K) (in other words, the set of closed points in the topo-
logical spaceΘ(G) ×SpecC Spec(K)). We justify such a terminol-
ogy: suppose first thatK = K then by direct analogy with the com-
plex case, we can attach to each simpleG,K-module an “infinites-
imal character”θ(π) ∈ Θ(G,K) and we have the decomposition
R(G,K) =⊕θ∈Θ(G,K ) R(G,K, θ). Now for anyK, letπ ∈ Irr K (G).

Then by admissibilityπ ⊗ K is a finite lengthG,K-module, hence
affords a finite subsetθ(π) ⊂ Θ(G,K) of infinitesimal characters. Ex-
plicitly, the centralizerEndG (π) = D is a finite dimensional division
algebra overK so that the action of the centerZ(G,K) on π gives
a morphismκ : Z(G,K) −→ Z(D) andθ(π) is the set of various em-
beddingsim(κ) ↪→ K. This set is aΓK -orbit inΘ(G,K) so that we get
a well defined “infinitesimal character map”Irr K (G) −→ Θ(G,K)
and a decomposition

R(G,K) =
⊕

θ∈Θ(G,K)
R(G,K, θ)

which justifies our definition.
iii) Algebra attached to an infinitesimal character:Let θ be aK-infini-

tesimal character,κ ∈ θ a point in Θ(G,K) viewed as a map
Z(G,K) −→ K ands the unique inertia class such thatκ|Zs 6= 0. De-
fineH θ := Hs(G,K)/(ker κ). This is a finite dimensionalK-algebra
whose isomorphism class depends only onθ and by the equivalences
of 4.1,R(G,K, θ) identifies with the Grothendieck groupR(H θ) of
finite lengthH θ-modules. This enables to define thesplitting field of
an infinitesimal characteras such a one for this algebra. Note that
even if θ is single point inΘ(G,K) (and consequentlyθ is defined
overK), it need not be split overK.
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iv) Base change: let θK ∈ Θ(G,K) andK′ ⊂ K a finite extension ofK.
Then writing θK = ∪iθ

i
K ′ as a finite union ofΓK ′ -orbits, the base

change fromK toK′ gives a morphism

R(G,K, θ) ⊗K′−→
⊕

i

R(G,K′, θ i
K ′ )

which, thanks to the algebra interpretation in the preceding paragraph
and Appendix B, turns out to be a monomorphism. For example,
whenθ is a single point orbit we get a monomorphismR(G,K, θ) ↪→
R(G,K, θ)which is an isomorphism ifθ is split overK. As a (almost)
particular case, supposeθ is a point ofΘ(G,K) defined overC, then
the tensorizationπ 7→ π ⊗C K gives an isomorphismR(G,C, θ) '
R(G,K, θ). This is a consequence of the absolute irreducibility of
elements inIrr (G,C).

v) Restriction of scalars:Let K′ ⊂ K be a finite extension ofK, then
any finite lengthG,K′ module may be viewed as a finite lengthG,K-
module. LetθK ′ be aK′-infinitesimal character andθK be theΓK -orbit
containingθK ′ , we get in this fashion a morphism of “restriction of
scalars”:

RK ′ /K : R(G,K′, θK′ ) −→ R(G,K, θK ) .

Thanks to the algebra interpretation and Appendix B, this morphism
turns out to be of finite cokernel. More precisely for anyσ ∈ Irr K (G)
there exists aπ ∈ Irr K ′ (G) and an integernπ such thatRK ′ /K [π] =
nπ[σ ].

vi) Properties: It is rather clear that induction and restriction commute
with base change and restriction of scalars. In particular, letM be
a standard Levi subgroup ofG, Lemma 4.7 shows thatTM stabilizes
R(G,K, θK ) for any θK , and we haveRK ′ /KTM = TM RK ′ /K and
−⊗K K′ ◦ TM = TM ◦ − ⊗K K′.

vii) DiscreteK-infinitesimal characters:Langlands’ parametrization of
irreducible representations no longer makes sense here, since square-
integrable, unitary, tempered are not defined. However, the word “dis-
crete” can be given a sense following [23] and [6]:x ∈ R(G,K) is
discrete if and only if it is not induced,i.e x /∈ RI (G,K). Turning to
K-infinitesimal characters, we will distinguish betweenK-discreteand
K-quasi-discretecharacters, the definition being the same as in 4.12.
Note however that we cannot yet use the criterion of vanishing of the
operatorAd(G) since 2.6 i) is not known forK-representations. One
of our aims here is to determine the setΘdisc(G,K) of K-discrete
infinitesimal characters.

viii) Linear independence of characters:Supposeθ is a single-pointΓK -
orbit (i.e. a K-point) of Θ(G,K) and that θ is split over
K (see iii)). Identify R(G,K, θ) with the Grothendieck group of
H θ = Hs(G)⊗Z(G),θK via the equivalence of category of 4.1. We may
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attach to each irreducible, and hence to each element inR(G, θ,K)
a trace function onH θ . Then by [16, 3.41], we have

∀x ∈ R(G,K, θ), ∃ f ∈ H θ, Trx( f ) 6= 0

ix) Varieties attached toK-infintesimal characters:Let θK ∈ Θ(G,K),
κ ∈ θK , ands the unique inertia class such thatκ(Zs) 6= 0. The kernel
of κ in Zs is a prime ideal which depends only onθK (and not on
the choice ofκ ∈ θK ), hence is the defining ideal of an irreducible
C-subvarietyY = Y(θK ) of Θs.

Many problems arise when we quit the ground fieldC. Especially for all the
statements whose published proofs make heavy use of Langlands’ theory
or unitary arguments, etc.... Hence the following result, which may appear
rather obvious actually requires some attention.

Theorem 6.2 With all the foregoing notations:

i) Let M < G andw ∈ WG such thatw(M) < G then iGw(M) ◦ w = iGM on
R(M,K).

ii) For a K-point θ of Θ(G), the following properties are equivalent:
(a) θ isK-discrete.
(b) θ isK′-discrete ifK′ is a splitting field forθ.
(c) Y(θ) ⊂ Θdisc(G). (see ix)
(d) θ is aK-point ofΘdisc(G).
Moreover, ifθK is a discreteK-infinitesimal character, then everyκ ∈ θK
enjoys these properties.

Remark:ii) is generally false if we replace “discrete” by quasi-discrete,
even ifθK is supposed to beK-split.

Proof: (Begining): i) will be shown in 6.14. In ii) standard arguments give
the equivalence of (a) and (b). The implication(c) ⇒ (d) is a tautology.
The implications(b)⇒ (c) and(d)⇒ (a)will be shown in 6.11. As for the
last point, it is a consequence of the surjectivity (after killing the torsion) of
restriction of scalars (see v)) and the commutation of this restriction with
induction. ut

6.3 Aim: Let θK be aK-infinitesimal character, we would like to relate
R(G,K, θK ) with theR(G,C, θ)’s for θ describing the associated variety
Y = Y(θK ) as in ix). Roughly speaking, we would like to have an imbedding

R(G,K, θK ) ↪→
∏
θ∈Y

R(G,C, θ)

in order to move known properties ofC-modules toK-modules. As is
suggested by the injectivity of base change, we will assume thatθK is
a singleK-point inΘ(G).
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Lemma 6.4 There exists ańetale morphismY′ φ−→ Y of algebraic varieties
such that:

i) The extensionC(Y) φ∗−→ C(Y′) splits the finite dimensionalC(Y)-
algebraH(G)⊗Z(G),θKC(Y).

ii) Y′ is a smooth variety.
iii) The algebraHY′ := Hs(G)⊗Z(G),φ∗◦θKC[Y′] is locally free as aC[Y′]-

module.

Note that the only difficult thing to get is iii). We postpone the proof and
derive some consequences. We fix such anétale morphism and writeθY′ for

theC(Y′)-infinitesimal characterZ(G)
θK−→ C[Y] φ∗−→ C(Y′). We callK′

the compositumK.C(Y′), then we have the following properties where all
morphisms are given by tensorization (see 6.1 iv)):

• R(G,K, θK ) −→ R(G,K′, θK ) is a monomorphism.

• R(G,C(Y′), θY′)
∼−→ R(G,K′, θK ) .

Concerning theAim above, it is thus sufficient to deal withK = C(Y′) and
θK = θY′ .

6.5 Definition ofr : Let y ∈ Y′, we want to define a kind of “reduction
moduloy”:

R(G,C(Y′), θY′)
ry−→ R(G,C, φ(y)) .

To do that we use classical restriction morphisms in algebraicK -theory; we
put K(G,Y′) := K(HY′) so that we have the analogue of 4.5

Gd(Y)K(G,Y′) ' R(G,C(Y′), θY′) .

RecallY′ is regular, thus for anyy ∈ Y′, there exists a finiteC[Y′]-locally
free resolution ofCy. Hence, ifV ∈ Mod(HY′), for any integerk > 0, the
kth Tor spaceTorC [Y

′ ]
k (V,Cy) inherits a structure ofHY′ ⊗Cy-module (that

doesn’t depend on the locally free resolution), hence ofG-module and lies
in Mod(G,C, φ(y)). We thus define:

r y : K(G,Y′)→ R(G,C, φ(y))
[V] 7→∑

k(−1)k[TorC [Y
′ ]

k (V,Cy)] .(6.6)

Now, from iii) in the Lemma 6.4, we can give a more convenient way of
calculatingr y. Let V be anyHY′-module, we can form an exact sequence:

H
nd(Y)

Y′
pd(Y)−→ H

nd(Y)−1

Y′ −→ · · · −→ Hn0
Y′

p0−→ V −→ 0 .

But then Hilbert’s syzygy theorem on the smooth varietyY′ implies that
ker pd(Y) is a locally freeC[Y′]-module so that we get aC[Y′]-locally free
HY′ resolution:

0−→ Ld(Y) −→ · · · −→ L0 −→ V −→ 0 .
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Hence we get the formula:

r y[V] =
∑

i

(−1)i r y[Li ] =
∑

i

(−1)i [Li ⊗ Cy] .(6.7)

Now we can state:

Lemma 6.8 In the context above:

i) The above morphismr y annihilates Fd(Y)−1K(G,Y′) so that we get
a morphism:

R(G,C(Y′), θY′)
ry−→ R(G,C, φ(y)) .

ii) The product morphism:r = ∏
y∈Y′ r y : R(G,C(Y′), θY′) −→∏

y∈Y′ R(G,C, φ(y)) is injective.

Proof: For aHY′-moduleV, we fix a resolution(L .) as above. Fixy ∈ Y′

and choose an open neighborhoodUy of y in Y′ such thatL
Uy

i = Li ⊗C [Y]
C[Uy] is free overC[Uy] for eachi . Then one can speak of the trace of a

C[Uy]-operator onL
Uy

i and define:

tV : H
Uy

Y′ → Uy

f 7→∑
i (−1)i Tr( f |LUy

I )
.

On one hand we get, tensorizing withC(Y′),

tV( f ) = Tr[V⊗C (Y′ )]( f ) .

On the other hand, 6.7 implies

∀x ∈ Uy, x(tV( f )) = Trrx[V] x( f ) .

Now, suppose thatSuppV  Y′, thenV ⊗ C(Y′) = 0, hencetV = 0. But
the the mapH

Uy

Y′
x−→ HY′ ⊗Cx is surjective henceTrrx[V] = 0 and 6.1 viii)

implies thatrx[V] = 0. This proves i).
Now, supposeX = ∑k nk[Vk] ∈ K(G,Y′) and choose aUy as above

such that each given resolution of theVk’s be free and definetX by linearity.
Then if r(X) = 0, in particular for anyf ∈ H

Uy

Y′ , x(tX( f )) = 0 for any

x ∈ Uy hencetX( f ) = 0. ButH
Uy

Y′ generatesHY′ ⊗C(Y′) as aC(Y′)-space,
henceTrX⊗C (Y′ ) = 0 andX⊗ C(Y′)=0. This shows ii). ut
6.9 Proof of Lemma 6.4: Step1: Recalls is the inertia class such that
Y ⊂ Θs and choose(M, ρ) ∈ s. The algebraHs of 4.1 has a structure of
C[M/M0]-module and is easily seen to be free for this structure. Indeed

Hs(G) = EndG(i
G
M (ρ ⊗ C[M/M0]))

' HomM (r
M
G (i

G
M (ρ ⊗ C[M/M0])), ρ ⊗ C[M/M0])
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hence by the Geometric Lemma in [2],Hs admits aC[M/M0] filtration
with quotients isomorphic toHomM (w(ρ ⊗ C[M/M0]), ρ ⊗ C[M/M0])
hence free asC[M/M0]-modules, so that the whole is free overC[M/M0].

Step2: Now recall thatΘs is the algebraic quotient ofΨ(M) by a certain
finite groupWs: letπ be the projection andYM for the inverse imageπ−1(Y):
it is a closed subset ofΨ(M) of pure dimensiond(Y). Consider the subset
of YM

UM = {x ∈ Ψ(M), π is flat atx} .
It enjoys the following properties:

• UM is open (by [21, III ex 9.4.]).
• UM is non empty. It is a consequence of (the much deeper fact) [21,

III.10.5] applied to one of the irreducible components ofYM.
• UM is Ws-invariant. In particular, the setU := π(UM) is open and we

haveUM = π−1(U).

Step3: Now we can choose ańetale morphismY′ φ−→ Y satisfying i)
and ii) in Lemma 6.4 and such thatφ(Y′) ⊂ U. We then putY′M := YM×Y Y′
andπ ′ : Y′M −→ Y′ the extension ofπ. By Step 1,HY′ has a structure of
freeC[Y′M]-module. But Step 2 implies that:

π ′ : Y′M = UM ×U Y′ −→ Y′

is flat and finite,i.e.C[Y′M] is locally free overC[Y′] (it is a consequence of
[21, III.9.2.(e)]). This completes the proof. ut
Lemma 6.10 The morphismr y of 6.6 commutes with the respective endo-
morphismsTN, N < G onR(G,C(Y′), θY′) andR(G,C, φ(y)).

Proof: The “respective” endomorphisms are those provided by Lemma 4.7.
More precisely,s being as above, the equivalence of categories of 4.1
provides functorsTN on Hs −Mod which commute with the action ofZs,
hence which induce functors onHY′ −Mod. Now to get the lemma (and
sinceTN is exact) it is sufficient to show that aC[Y′]-locally free HY′-
module is mapped on aC[Y′]-locally freeHY′-module underTM. In fact it
is even sufficient to show the latter forHY′ itself since applyingTN to the
resolution below 6.6 and using again Hilbert’s syzygy theorem, we could
conclude. Now recall the pro-generatorPs of Mod(s) from 4.1. From the
Geometric Lemma of [2], we see thatTN(Ps) has a filtration indexed by
thosew ∈ WMNG such thatw(M) ⊂ N and whose quotients are of the form
iGw(M) (w(ρ ⊗ C[M/M0])) hence isomorphic toPs by 4.1.

As a consequence, going back toHY′ by the equivalence of 4.1 and the

mapY′ φ−→ Θs, we see thatTM(HY′) has a filtration whose quotients are
isomorphic toHY′ , hence it is locally free. ut
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6.11 Proof of 6.2 ii): We begin proving the following thing: ifθK is a dis-
creteK-infinitesimal character, thenY(θK ) ⊂ Θdisc(G). From the lemma
above, we see thatr commutes with theAd’s defined in 2.4. Now suppose
thatY is not contained inΘdisc(G): from the fact thatAd(G) is zero on the
open subsetY \ Θdisc(G) and the injectivity ofr , we see thatAd(G) anni-
hilatesR(G,K, θK ) henceθK is not discrete. Hence in order forθK to be
discrete, we must haveY(θK ) ⊂ Θdisc(G).

Now the implications(a)⇒ (b)⇒ (c)⇒ (d) are clear and it remains
to get (d) ⇒ (a). But as was already mentioned, the setΘdisc(G) was
shown in [6] to be a finite union ofΨ(G)-orbit. This implies, sinceK is
algebraically closed that the setΘdisc(G,K) of K-points of Θdisc(G) is
in turn a finite union ofΨ(G,K)-orbits. In particular, everyK-point of
Θdisc(G) is conjugate underΨ(G,K) to aC-discrete infinitesimal character
hence must be discrete as aK-infinitesimal character. ut

6.12 Discrete orbits: Here are discussed the consequences of the fact that
a discrete infinitesimalK-character is conjugate underΨ(G,K) to a discrete
infinitesimalC-character. Maybe it should be stressed that aK-point ofΘdisc

need not be conjugate underΨ(G,K) (i.e.unramified characters with values
in K) to such aC-point. Actually, assumeθK is aK-point of Θdisc(G) and
chooseψ ∈ Ψ(G,K) such thatψθK is aC-point. WriteKψ for the field
generated byK and the image ofψ inK. Then the following diagram shows
thatKψ is a splitting field forθK and thatR(G,K, θK ) may be embedded
in R(G,C, ψθK ) :

R(G,K, θK )

���
�

�

� � //⊗
R(G,Kψ, θK )

⊗ψ

R(G,C, ψθK ) R(G,Kψ,ψθK ) .

The bottom equality comes from 6.1 iv). The following lemma is used in
the proof of 4.18 and is a consequence of Appendix B:

Lemma 6.13 Let F be a Galois extension ofK which splits the infinitesi-
malK-characterθ. Then Gal(F/K) acts onR(G,F, θ) (and permutes the
irreducible) and the tensorization−⊗K F gives an isomorphism (overQ)

RC (G,K, θ)
∼−→ RC (G,F, θ)Gal(F/K ) .

6.14 Proof of 6.2 i): We only give a sketch of the proof since this result is
not fundamental for our purposes. Actually it requires minor refinements of
Lemma 6.4. LetM < G andw ∈ WG such thatw(M) < G. Fix a cuspidal
pair (N, ρ) with N < M and writesM , resp.s, for the N-(respG-)inertia
class of(N, ρ). In the sequel the double arrow symbol means that we
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use either the morphismiGM or the morphismiGw(M) ◦ w; thus we get two
morphisms

K(HsM (M))
//
// K(Hs(G)) .

Remark:The above morphisms come from corresponding functors car-
ried fromMod(M),Mod(G) toHsM −ModandHs −Modvia the equiva-
lence of 4.1. Actually these functors come from morphisms of
algebra HsM

//
// Hs . More precisely, recall the notations of 4.1: there

exist projective generatorsPsM , (resp.Ps) in Mod(sM), (resp.Mod(s)) such
that

• HsM = EndM (PsM ) andHs = EndG(Ps)
• ∀w ∈ WG such thatw(M) < G, there is an isomorphismiGw(M)P

w
sM
' Ps,

unique up to composition with an invertible element ofHs.

This provides a collection of morphismsHsM
iw−→ Hs (defined only up

to composition with an inner automorphism ofHs) and it can be checked
using the two adjunction theorems that for anyHsM -moduleV,(

iGw(M) ◦ w
)
V ' Hs ⊗HsM ,iw V.

Step1: Let A be anyZsM (M) algebra, then the remark above (or alter-
natively and more simply [6, prop 2.4]) insures thatiGM andiGw(M) ◦w induce
well defined morphisms:

K(HsM ⊗ZsM
A) //

// K(Hs(G)⊗Zs A)

where the RHS tensor product is taken w.r.t the morphismZs −→
ZsM −→ A. (Note that the two morphismsiG

M, iGw(M)◦w :Θ(M) //
// Θ(G)

by definition coincide.)
Step2: Assumeσ ∈ R(M,K, θK,M ) for someK-infinitesimal character

θK,M of M and callθK,G = iGM(θK,M ): this is aK-infinitesimal character
of G. We also writeYM = Y(θK,M ) ⊂ ΘsM (M) for the associated variety as
in 6.1 ix) andY = iGM(YM) = iGw(M) ◦w(YM). Then we claim

i) We can choose a morphismY′M
φM−→ YM satisfying conditions i) ii)

and iii) of Lemma 6.4 for the pair(M, θK,M ), such that the composite

Y′M
φM−→ YM

iGM−→ Y also satisfies these conditions for the pair(G, θK,G )
and such that moreover the twoC[Y′M]-modules

Hs ⊗ZsM
C[Y′M]

obtained by tensorizing w.r.t the two morphismsZsM

//i1
//

iw
Hs (see

theremarkabove) be locally free.
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ii) In order to see thatiGM and iGw(M) ◦ w coincide onR(M,K, θK,M ), it is
enough to check it for the pair(K = C(Y′M), θK,M = θY′M ) whereθY′M
is theC(Y′M)-infinitesimal character given by the compositeZ(M) −→
C[YM]

φ∗M−→ C[Y′M].
Step3: We shall apply Step 1 to the algebraA = C[Y′M]. DefineHY′M :=

HsM (M) ⊗Z(M) C[Y′M] andHY′ := Hs(G) ⊗Z(G) C[Y′M] and callθY′ =
iGMθY′M : this is theC(Y′M)-infinitesimal character ofG given by the composite

Z(G) −→ Z(M)
θY′M−→ C(Y′M). Then applying (a variant of) 4.5 we get

a diagram

K(HY′M )
//
//

����

K(HY′)

����
R(M,C(Y′M), θY′M )

//
// R(G,C(Y′M), θY′)

which is obviously commutative.
Step4: Now fix y ∈ Y′M, applying the construction ofr y (see 6.6), we

get a diagram:

K(HY′M )
//
//

��
ry

K(HY′)

��
ry

R(M,C, φM(y))
//
// R(G,C, iGM ◦ φM(y)) .

To get the commutativity of this diagram we proceed as in the proof of 6.10:
it is enough to show thatiGM(HY′M ) (resp.iGw(M) ◦ w(HY′M )) is locally free
as aC[Y′M]-module; but this is exactly what is required in condition i) of
Step 2.

Step5: We have thus obtained the following commutative diagram:

R(M,C(Y′M), θY′M )� _

��

∏
ry

//
iG

M

//
iG
w(M)◦w

R(G,C(Y′M), θY′)� _

��

∏
ry∏

y∈Y′M
R(M,C, φM(y))

//
iG

M

//
iG
w(M)◦w

∏
y∈YM

R(G,C, iGM ◦ φM(y))

which finishes the proof of 6.2 ii) since we know thatiGM and iGw(M) ◦ w
coincide onR(M,C).
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A A short exact sequence forH

Our sources will be [19] and [1]. We begin with giving an equivalent
definition ofH(A). To an abelian categoryA we may associate the abelian
categoryAN defined by

AN := category with objects the pairs(V,u) with V ∈ A and
u ∈ EndA(V)and morphisms are:
HomAN((V,u), (V

′,u′)) := { f ∈ HomA(V,V ′), u′ f = fu}
= Fonc(N,A) whereN is the single object category with

End
N
(•) = N.

Now assumeA is locally noetherian and letA f be the abelian subcategory of
noetherian objects. Note that we have a canonical full embedding(A f )

N ↪→
(AN) f which is not “surjective” at all in general (for example(Z[ 1p], 1

p) is

noetherian inAbN ...). We will noteA f
N := (A f )

N from now on. We define
F (A) to be the free abelian group with basis the set of isomorphism classes
of objects inA f

N . There is a canonical epimorphismF (A) −→K(A f
N).

Now put
E(A) :=

⊕
V∈Ob(A f )/∼

EndA(V)

whereEndA(V) = EndA(V)/[EndA(V),EndA(V)] (note that the definition
is licit since EndA(V) and EndA(V ′) are canonically isomorphic when
V and V ′ are isomorphic). Once again there is a canonical epimorphism
F (A) −→ E(A). Then we can expressH(A) as a fiber coproduct:

Lemma A.1 We haveH(A) ' E(A)
∐

F (A) K(A f
N) as aZ(A)-module

(letting the latter act on the left hand term of the coproduct).

Proof: Consider the groupB(A) defined as the quotient of the free group
on the symbols(V,u) modulo the relations

• (V,u) = (V1,u1)+ (V2,u2) for any short exact sequence

0−→ (V1,u1)
f−→ (V,u)

g−→ (V2,u2) −→ 0 in AN

• (V,u)+ (V, v) = (V,u+ v) .

Then we have to show that inB(A), the subgroup generated by commutators〈
(V, fg)− (V ′, g f ) with f : V ′ −→ V andg : V −→ V ′

〉
coincides with the subgroup〈

(V,u)− (V ′,u′) with (V,u) ' (V ′,u′) in AN
〉
.

The inclusion of the second one in the first one is obvious, so fix a pair of

mapsV
g−→ V ′ f−→ V. We have inB(A):
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• (V, fg) = (ker g,0) + (V/ ker g, f g) = (V/ ker g, f g) where g :
V/ ker g −→ V ′ and f : im g −→ V/ ker g are canonically obtained
from g and f .
• (V ′, g f ) = (im g, g f )+ (V ′/ im g,0) = (im g, g f ) .

But g realizes an isomorphism(V/ ker g, f g) ' (im g, g f ) hence we are
done. ut

Now assumeS is a localizing subcategory ofA, let T : A −→ A/S be
the quotient functor and choose a left adjointS. From [19, III.prop.10],S f is
a thick subcategory ofA f and the canonical functorA f /S f −→ (A/S) f is
an equivalence. On another handS f

N is easily seen to be thick insideA f
N

and we have a canonical exact functorA f
N/S f

N −→ (A/S) f
N so that we

get the following diagram

K
(
S f

N
)

// K
(
A f

N
)

// K
(
A f

N/S f
N
)

��

// 0

K
(
(A/S) f

N
)

where the line is exact by [1, VIII.(5.5)]. Note that there is again a canonical
mapF (A) −→K(A f

N/S f
N) so that we can consider the fiber coproduct

map:

E(A)
∐

F (A)

K
(
A f

N
) −→ E(A)

∐
F (A)

K
(
A f

N/S f
N
)
.

From standard properties of coproducts, this map is surjective and its kernel
is the image of the map

K
(
S f

N
) −→ E(A)

∐
F (A)

K
(
A f

N
) = H(A)

which factors through the mapH(S) −→ H(A). On another hand, there
is canonical map

E(A)
∐

F (A)

K
(
(A/S) f

N
) −→ E(A/S)

∐
F (A/S)

K
(
(A/S) f

N
) = H(A/S)

given by the commutative diagram

F (A) //

��

F (A/S)

��
E(A) // E(A/S) .
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Summing this up, we have obtained the following diagram

H(S) // H(A) // E(A)
∐

F (A)K
(
A f

N/S f
N
)

��
φ

// 0

H(A/S)

where the line is still exact. Now our goal is to show thatφ is injective.

Lemma A.2 The canonical functorA f
N/S f

N −→ (A/S) f
N is a full em-

bedding of the first category onto a thick subcategory of the second one.

Proof: Keeping the notations above, there is a natural transformationT ◦
S −→ IdA/S which is an isomorphism of functors (see [19, III.2]). Now
consider the functorsTN : AN −→ (A/S)N and SN : (A/S)N −→ AN .
Then TN is exact and right adjoint toSN , and the natural transformation
above induces an isomorphism of functorsTN ◦SN −→ Id(A/S)N. Moreover
it is clear that the subcategoryker TN identifies withSN . Now we can apply
Proposition 5 of [19, III.2] to deduce thatSN is a localizing subcategory of
AN such thatTN induces an equivalence

AN/SN ' (A/S)N.
We may, as is easily checked from the definitions, identifyA f

N/S f
N as

a full and thick subcategory ofAN/SN and the canonical functor of the
lemma with the restriction ofTN , which concludes the proof. ut

From now on we assume that(A/S) is a locally finite category, so that
(A/S) f is the subcategory of finite length object inA/S. Let 4 be the set
of isomorphism classes of simple objects inA/S. The categories(A/S) f

N

andA f
N/S f

N are finite and we have the following description of simple
objects:

Lemma A.3 The simple objects of(A/S) f
N are of the form(Vn,u) with

V simple inA/S and u ∈ EndA (V
n) = Mn(EndA (V)) leaving no sub-

object ofVn stable. The subcategoryA f
N/S f

N identifies with the category
of finite length objects in(A/S) f

N whose simple subquotients are of the
form (Vn,u) with (Vn,u) ' (TV, Tv) for some(V, v) ∈ Ob(A f

N).

Proof: The assertion aboutA f
N/S f

N follows readily from the first assertion
and the previous lemma, so we only deal with the first assertion. LetX be an
object in(A/S) f andSoc(X) be the maximal semi-simple subobject ofX
(its socle). Then it is clear that anyu ∈ EndA/S(X) leavesSoc(X) stable so
that (Soc(X),u|Soc(X)) is a subobject of(X,u) in (A/S) f

N . Now suppose
X = Soc(X) and letXV be theV-isotypic part ofX for any simple object
V of A/S, then obviouslyXV is stable underu and isomorphic to some
powerVn. This implies the first assertion. ut



On theK0 of a p-adic group 221

Going on with this discussion, we see that for any finite length objectX in
A/S there are morphisms

(pSoc(X), pSoc(X)) : EndA/S (X) −→
EndA/S (Soc(X))⊕ EndA/S (X/Soc(X))

and for any semi-simple finite length object

(pV)V∈4 : EndA/S (X) −→
⊕
V∈4

EndA/S (XV ) .

We will use the same symbols (pSoc(X), etc...) for the morphisms induced
on theEndA/S (•).

Let V be any object of(A/S) f . Define E(V) as the subgroup of
EndA/S (V) generated by all the imagesim(EndA(V) −→ EndA/S (V))
whereTV ' V:

E(V) :=
∑

TV'V

im
(

EndA(V) −→ EndA/S (V)
)

This only depends, as well asEndA/S (V), on the isomorphism class ofV.

Lemma A.4 There exists a unique system of morphismsΦX :
EndA/S (X) −→ ⊕

V∈4 EndA/S (V) for X any finite length object inA/S
satisfying:

• ΦX = ΦSoc(X) ◦ pSoc(X) +ΦX/Soc(X) ◦ pSoc(X) for any X.
• ΦX =∑V∈4 ΦXV ◦ pV for any semi-simple objectX.
• ΦVn is the usual trace map

ΦVn : EndA/S (X) 'Mn(EndA/S (V))→ EndA/S (V)
u 7→ Tr(u)

Moreover, for anyX we haveΦX(E(X)) ⊂⊕V∈4 E(V).

Proof: The existence of this system is obvious by induction on the length
of X. As for the last assertion, fix a noetherian objectW of A and define
S(W) := W×S◦T(W)S(Soc(TW))where the morphismW −→ S◦T(W) is the
adjunction morphism (see proof of lemma A.2). ThenS(W) is stable under
anyw ∈ EndA(W) sinceSoc(TW) is stable underTw. This implies that for
any X as in the lemma,pSoc(X)(E(X)) ⊂ E(Soc(X)) and pSoc(X)(E(X)) ⊂
E(X/Soc(X)). Now returning toW, and assumingTW to be semi-simple,
we may define for eachV ∈ 4 the subobjectWV := W×S◦T(W) S((TW)V).
Again eachWV is stable underEndA (W) and this implies that for anyX
as in the lemma,pV(E(X)) ⊂ E(XV). Now return toW and assume there
exists (and fix) a decompositionTW' Vn =⊕n

i=1 Vi whereVi is a copy
of V. Then defineWi := W×S◦T(W) S(Vi); we haveT(Wi ) ' V. Now fix
w ∈ EndA(W) and let(Tw)ii ∈ EndA/S (Vi ) be the(i, i) matrix coefficient
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of Tw in the previously fixed decomposition ofTW, thenw × S((Tw)ii )
defines an endomorphism ofWi and(Tw)ii = T(w× S((Tw)ii )) so that we
get:ΦVn(E(Vn)) ⊂ E(V). ut

The following result has nothing to do with localization and is true for
any finite category, but we express it forA/S:

Proposition A.5 There is an isomorphismH(A/S) '⊕V∈4 EndA/S (V).

Proof: We first define a morphismδ : H(A/S) −→ ⊕
V∈4 EndA/S (V)

thanks to the universal property of coproducts and the following diagram:

F (A/S) //

��

K
(
(A/S) f

N
)

!!

Ψ

DD
DD

DD
DD

DD
DD

DD
DD

DD
DD

D

��
E(A/S) //

++

Φ

WWWW
WWWW

WWWW
WWWW

WWWW
WWWW

W H(A/S)

((

δ ⊕
V∈4 EndA/S (V)

where Φ = ⊕
X ΦX and Ψ([Vn,u]) = ΦVn(u) for any simple object

(Vn,u) in (A/S) f
N . By definition this map is surjective. We could show

“by hand” that it is injective (see next proof) but here the morphism
γ : ⊕V∈4 EndA/S (V) −→ H(A/S) induced by the canonical inclusion⊕

V∈4 EndA/S (V) ↪→ E(A/S) is clearly inverse toδ. ut

We shall say that a locally noetherian categoryC is Z-finite if for any
noetherian objectX in C, EndC (X) is finitely generated as aZ(C)-module
(Z(C) being the center ofC). It is said to beQ-linear ifZ(C) is aQ-algebra.

Proposition A.6 There is a commutative diagram

E(A)
∐

F (A)KC

(
A f

N/S f
N
)

//φ

��
δ′

H(A/S)

��
δ⊕

V∈4 E(V) � � // ⊕
V∈4 EndA/S (V)

whereδ is an isomorphism andδ′ is an isomorphism ifA and A/S are
assumed to beZ-finite andQ-linear.
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Proof: To constructδ′ we use similar diagram and universal property as in
the previous proof:

F (A) //

��

K
(
A f

N/S f
N
)

��

Ψ′��
E(A) //

,,

Φ′

YYYYY
YYYYY

YYYYY
YYYYY

YYYYY
YYYYY

YYYYY
YYY E(A)

∐
F (A) KC

(
A f

N/S f
N
)

))

δ′ ⊕
V∈4 E(V)

where Ψ′ is the restriction of theΨ of the previous proof andΦ′ =⊕
W∈Ob(A f )

ΦTW ◦ T. Note that from Lemma A.4 the image ofΨ′ and

Φ′ are equal to
⊕

V∈4 E(V) so thatδ′ is surjective. To see that it is also
injective, we have to show that any element in the kernel ofΨ′ gives zero
in E(A)

∐
F (A)KC (A f

N/S f
N). Note thatker Ψ′ is generated by elements

of the form

[Vn1,u1] − [Vn2,u2] − [Vn3,u3],(A.7)
with ΦVn1 (u1) = ΦVn2(u2)+ΦVn3(u3) .

Here we use ourZ-finiteness assumption: it implies thatEndA/S (V) is
a division algebraD of finite dimension over its centerK (its degree will
be notednD). In particular, for(Vn,u) to be simple inA/S, it is necessary
thatK[u] ⊂ Mn(D) be a field. LetZ ⊂ K be the image of the canonical
morphismZ(A) −→ D, we have the following criterion

Lemma A.8 Let u ∈ EndA/S (V
n), then(Vn,u) is an object ofA f

N/S f
N

if and only ifu is an integral element ofMn(D) over Z.

Proof: That the condition is necessary is obvious from theZ-finiteness
hypothesis onA. For the sufficicency, take any noetherian subobjectW of
SVn such thatTW' Vn. SinceZ[Su] ⊂ EndA(SVn) is finitely generated
overZ(A), the subobjectZ[Su](W) of SVn is noetherian and stable under
Suso that(Vn,u) ' (TW, TSu). ut
We go back to the situation of A.7 and we identify theu′i s with elements
of Mni (D). Note that there is an isomorphismK ' D ' EndA/S (V) such
that the mapsΦVni coincide with the corresponding reduced trace maps
Mni (D) −→ K. Now we use the following fact from the theory of central
simple algebras: there exists a Galois extensionE of K with degreeN.nD
such that eachni dividesN and:
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i) For eachi there is a commutative diagram:

K[ui ] � � //
� _

��

Mni (D)� _

��
E

� � // MN(D)

ii) Let Γ = Gal(E/K), there exists aE-base(eγ )γ∈Γ of MN(D) such that
the multiplication law is given by:

(
∑

xγeγ )(
∑

yγeγ ) =
∑
γ,δ

kγ,δ.xγ .γ(yδ).eγδ

for some family(kγ,δ) ∈ E∗Γ
2
. (See [22, 2.6])

iii) For each(γ, δ) ∈ Γ2, kγ,δ is a root of unity. (See [22, 2.13.14]: here we
use theQ-linearity which implies that CharK = 0)

The diagram ofi) above enables to identify theui ’s with elements ofE
(notedvi ...) which are integral overZ by the previous lemma. LetEZ be the
sub-Z-algebra ofE generated by thevi ’s, thekγ,δ’s and all their conjugates
underΓ. By properties of integral elements, it is finitely generated as a
Z-module. Moreover, from the multiplication law ofii ), the submodule
AZ =⊕γ∈Γ EZeγ is a subring ofMN(D)which is finitely generated as aZ-

module. Note that for eachγ ∈ Γ, the inverse ofe−1
γ is γ−1(k−1

γ,γ−1k−1
e,e)eγ−1,

hence lies inAZ.
Now consider the elementv = n1v1 − n2v2 − n3v3 ∈ EZ ⊂ AZ ⊂

MN(D), the assumption on the traces in A.7 implies that the trace ofv as an
element ofMN(D) (or as an element ofE) is zero, that is:

∑
γ∈Γ γ(v) = 0. As

a consequence of the multiplication law ofii ), we haveeγ v(eγ )−1 = γ(v),
thus we get (recallQ ⊂ Z)

v = 1

|Γ|
∑
γ∈Γ
(v− eγ v(eγ )

−1) .

that is:v ∈ [AZ, AZ]
Now we view thevi ’s as endomorphisms ofVN and fix a noetherian

subobjectW of SVN stable underS(AR). SinceSv = 0 in EndA(W), and
(TW, TSvi ) = (VN, vi ), we getn1[VN, v1] − n2[VN, v2] − n3[VN, v3] = 0
in E(A)

∐
F (A) KC (A f

N/S f
N) and, as we have[VN, vi ] = N

ni
[Vni ,ui ] in

K(A f
N/S f

N), we have proven:

[Vn1,u1] − [Vn2,u2] − [Vn3,u3] = 0 in E(A)
∐

F (A)

KC

(
A f

N/S f
N
)
.

ut
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Now we have completed the proof of Proposition 5.6:

Corollary A.9 With the foregoing assumptions, the sequenceH(S) −→
H(A) −→ H(A/S) is exact.

B A little review of finite dimensional algebras

This is intended to collect the numerous references on the subject that
are needed in the text. The reference book will be [16]. LetK be a field,
K′ a separable finite extension andA a finite dimensionalK-algebra. Put
A′ := A⊗K K′ and M′ = M ⊗K K′ = M ⊗A A′ for any A-moduleM.
Also Rad(A) for the Jacobson radical ofA and A := A/Rad(A). Then we
recall the following facts:

i) Rad(A′) = Rad(A)′ andA′ = A
′
. See [16, 7.9].

ii) M is A-semi-simple if and only ifM′ is A′ semisimple. See [16, 7.8].
iii) Let {M1, · · · ,Ms} be a set of representatives of isomorphism classes of

irreducibleA-modules and writeM′i =
⊕

j Nij the decomposition ofM′i
into simpleA′-modules. Then every simpleA′-module is isomorphic to
someNij and if Nij = Ni ′ j ′ theni = i ′. See [16, 7.9]

iv) We can precise the latter point in the case whereK′ is Galois extension
of K and splits the algebraA. In this case we can write

M′i = (
⊕

k

N′ik)
mi

where theN′ik are non-isomorphic simpleA′-modules which are per-
muted by the action ofGal(K′/K) on the classes of isomorphism of
A-modules.

Consider now the restriction of scalars; for aA′-moduleM the composition

A' A⊗ 1 ↪→ A⊗K K′ −→ EndK′ (M) ↪→ EndK (M)

provides a structure ofA-module onM which is notedR(M).

Lemma B.1 Let M be a simpleA′-module, thenR(M) is a multiple of some
simpleA-module. Moreover any simpleA-module occurs in the restriction
of some simpleA′-module.

Proof: Note first that from point i) above,Rad(A) ⊂ Rad(A′) acts as zero
on R(M), so that the latter is semi-simple. Now ifN is a simpleA-module
occurring inR(M) then

0 6= HomA(N, R(M)) = HomA′ (N
′,M)

so thatM occurs inN′. Now from point iii), this fixes the isomorphism class
of N. ut
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