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Abstract. Light-scattering properties of cosmic dust particles depend on the structure and

composition of the particles. A common model assumption of cosmic dust particles that is

consistent with observational data is to describe them as aggregates consisting of irregularly

shaped, inhomogeneous, submicron-sized monomers. It is necessary for a study of their

optical properties to apply a proper light-scattering theory, in which we can fully take this

shape and structure of particles into account. Among currently available light-scattering the-

ories, the discrete-dipole approximation (DDA) with the lattice dispersion relation (LDR)

is the best method to simulate light scattering by aggregates of such complex structures. We

investigate the accuracy of the LDR-DDA method with large aggregates consisting of spher-

ically shaped, homogeneous, identical monomers of 0.1 µm in radius, for which rigorous

solutions are known. The asymmetry parameter and single-scattering albedo of these aggre-

gates are here computed with the LDR-DDA method as well as the superposition T-matrix

method. We find that the conditions previously given in the literature to calculate cross sec-

tions of spherical particles within the accuracy of a few percent are also suitable for large

aggregates. Finally we discuss the required computer memory that restricts simulating the

optical properties of the considered aggregates.
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1. Introduction

Dust particles scatter, absorb, and emit electromagnetic radiation, the amount of which is deter-

mined by their optical properties. Astronomical observations provide information about cosmic

dust, but interpretation of observational results is often ambiguous due to missing data for com-

parison from model calculations and laboratory measurements. Modeling optical properties of

dust strongly depends on the assumption of their shape and structure as well as composition. As

an approximation, we may describe cosmic dust as aggregates consisting of irregularly shaped,

inhomogeneous, submicron-sized monomers. This picture is consistent with interplanetary dust

particles (IDPs) collected in the stratosphere of the earth (Brownlee, 1985; Jessberger et al.,

2001). Similarities in the properties between IDPs and cometary dust suggest the presence of

cometary dust in IDPs, though the source of the single IDPs may not be clearly identified (see

Hanner & Bradley, 2004). We expect that our model of cosmic dust well describes cometary dust

and presumably interstellar dust, which has been incorporated into comets during the formation

of the solar system.

It is important to apply a light-scattering theory that is appropriate to the electromagnetic

scattering problem of interest. Mie theory provides a rigorous solution to the light-scattering at an

obstacle of certain defined shape by expanding the scattered electromagnetic wave into spherical

harmonics. While Mie theory with an effective medium approximation has frequently been used

in previous studies with porous grains, this does not properly describe the optical properties

of aggregates, especially in the case of transparent materials (Lumme & Rahola, 1994; Köhler

& Mann, 2004). Purcell & Pennypacker (1973) developed the coupled-dipole approximation,

which, following Draine (1988), is hereafter referred to as the discrete-dipole approximation

(DDA). The DDA simulates a solid particle by a finite array of polarizable elements (dipoles)

and is therefore applicable for particles of arbitrary shape, structure, size, and composition. Each

dipole acquires a dipole moment in response to the electric field of an incident plane wave and

the electric fields generated by the other dipoles. The electromagnetic scattering problem for an

incident wave interacting with the dipole ensemble is then solved rigorously once the location of

dipoles and a prescription for their polarizabilities are specified.

Doyle (1989) derived the polarizability for a sphere from Mie theory and Okamoto (1996)

applied this polarizability to DDA for an aggregate consisting of spheres that are then replaced

by single dipoles. Dungey & Bohren (1991) and later Lumme & Rahola (1994) also used this

polarizability but with the refractive index derived from an effective medium theory. Initially

Purcell & Pennypacker (1973) determined the polarizability of a dipole by using the Clausius-

Mossotti relation, which is exact in the zero frequency limit but is not exact at finite frequencies.

Therefore Draine (1988) modified the Clausius-Mossotti relation so that each dipole is exposed to

a radiative reaction electric field (‘radiative reaction term‘). An additional non-radiative term was

introduced, for example, by Hage & Greenberg (1990) whose prescription for the polarizability

was adopted by Kozasa et al. (1993). Draine & Goodman (1993) studied plane electromagnetic
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waves propagating and being scattered on an infinite cubic lattice of polarizable points. They

formulated the lattice dispersion relation (LDR) between the refractive index of a solid particle

and the polarizability of dipoles located on an infinite cubic lattice. This method was found to

give the best numerical results (Draine & Flatau, 1994). The LDR appears to be not only valid

for infinite targets but also a good choice for single spheres and two touching spheres (Flatau et

al., 1993).

DDA calculations of the optical properties of aggregates consisting of spherical monomers

were previously carried out: Xing & Hanner (1997) used the LDR method for aggregates con-

sisting of a small number of large monomers, but the structures of the aggregates are not re-

produceable. Lumme & Rahola (1994) considered small aggregates consisting of small porous

pseudo-spheres that do not necessarily stick together. Wright (1987) introduced the concept of

fractal aggregates to the applications to cosmic dust. Although the particles are not identical for

a given procedure of construction their properties like the fractal dimension are reproduceable.

Kozasa et al. (1992, 1993) calculated the light-scattering properties of fractal aggregates with

monomers of only 0.01 micrometer and only in one case for 0.03 micrometer. West (1991) used

fractal aggregates that consist of a small number of large monomers or that consist of a large

number of small monomers. What is required for a systematic study of light-scattering proper-

ties of cosmic dust is considering large fractal aggregates with large monomer sizes (Lumme et

al., 1997; Kimura, 2001; Kimura & Mann, 2004).

Prior to a study of light scattering by large aggregates consisting of irregularly shaped in-

homogeneous grains, we first need to examine whether the LDR-DDA method is suitable to

calculate their optical properties. To test the accuracy of the LDR-DDA method for aggregates,

we carry out LDR-DDA computations with large aggregates consisting of homogeneous spher-

ical monomers of 0.1 µm in radius, for which we determine also exact solutions with the su-

perposition T-matrix method (Mackowski & Mishchenko, 1996). Then we seek the condition

that the LDR-DDA method provides numerical solutions with a sufficient accuracy for the ag-

gregates. With the derived condition, we present numerical results for the asymmetry parameter

and single-scattering albedo of the aggregates in order to demonstrate the dependences of optical

properties on the shape, size and material of the aggregates. Finally we discuss the applicability

of the LDR-DDA method to calculate optical properties of large aggregate particles consisting

of irregularly shaped inhomogeneous polydisperse grains.

2. Discrete-dipole approximation

2.1. Formulation

In the DDA, a solid particle is replaced by an array of N polarizable elements ( j = 1, ...,N) with

complex polarizabilities α j and positions r j. Each dipole has a dipole moment P j = α jE j where

the electric field E j at location r j is the sum of the incident wave Einc, j plus the electric fields

resulting from the other N − 1 dipoles. The electromagnetic scattering problem is then written as
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a system of 3N complex linear equations:

N∑

k = 1

A jkPk = Einc, j, (1)

where −A jkPk is the electric field at r j induced from the dipole Pk at rk (see Draine & Flatau,

1994). Once a self-consistent set of dipole moments P j is known, it is straightforward to evaluate

the asymmetry parameter g and the cross sections of extinction Cext and scattering Csca (Draine,

1988). We calculate the single-scattering albedo a = Csca/Cext using the cross sections averaged

over orientation.

2.2. Dipole polarizabilities

The LDR provides the connection between the dipole polarizability α and the refractive index m,

when N dipoles are located on a cubic lattice with the interdipole spacing d (Draine & Goodman,

1993). The LDR prescription for the dipole polarizabilities to terms of order (kd)3 is given by

α =
α(0)

1 +
(
α(0)/d3) [(b1 + m2b2 + m2b3S

)
(kd)2 − (2/3) i (kd)3

] ,

(2)

where b1 = −1.891531, b2 = 0.1648469, b3 = −1.770004 are coefficients independent of the

wave number k and of the dipole spacing d, and S =
∑3

j=1(â jê j)2, â and ê being unit vectors

for the propagation direction of the incident radiation and its polarization state, respectively (see

Draine & Goodman, 1993). The zeroth order polarizability α(0) is determined by the Clausius-

Mossotti relation (Purcell & Pennypacker, 1973):

α(0) =
3d3

4π

(
m2 − 1
m2 + 2

)
. (3)

The accuracy of LDR-DDA depends on the value of |m|kd where we hereafter fix the wave

number k = 2π/λ with a wavelength of λ = 0.6 µm. Two different values of the refractive index

are adopted in the following numerical computations: m = 1.68 + i 0.03 for amorphous silicate

given by Laor & Draine (1993) and m = 1.99 + i 0.23 for amorphous carbon by Rouleau &

Martin (1991).

2.3. Dipole locations

Each cluster of spheres is constructed by either ballistic cluster-cluster aggregation (BCCA) or

ballistic particle-cluster aggregation (BPCA) processes (see Mukai et al., 1992). We assume that

constituent spheres (monomers) of aggregates are identical in composition and size with a radius

of 0.1 µm (cf. Greenberg & Hage, 1990; Mann et al., 2004). This monomer radius is comparable

to the components of collected IDPs in the stratosphere, which are mostly 0.1–0.3 µm in size

(Rietmeijer, 1999). Each monomer is first replaced by single primary dipoles on the nearest grid

sites from the center of the monomers. Further dipoles are then arranged around the primary

dipoles so that all the grid sites within the radius of the monomers from the location of primary
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dipoles are occupied by dipoles. Once the condition for |m|kd is given, the minimum number of

dipoles to properly simulate the light scattering is determined. Figure 1 shows the resulting array

of dipoles at |m|kd = 0.26 and |m|kd = 0.6 for BCCAs and BPCAs consisting of 32 monomers.

2.4. Numerical recipes

We determine the asymmetry parameter g and the single-scattering albedo a in the LDR-DDA

method using the F code DDSCAT 6.0 given by Draine & Flatau (2003). The stabilized

bi-conjugate gradient method with preconditioning is used to iteratively solve the system of com-

plex linear equations with the error tolerance h = 10−5. The DDSCAT code incorporates the

fast-Fourier-transform method of Temperton (1992) to accelerate iteration and to provide more

accurate solutions for an array of dipoles located on a cubic lattice (Goodman et al., 1991). We

calculate first the asymmetry parameter and the cross sections of extinction and scattering in

7 × 7 × 7 orientations, a value for which we reach convergence in all cases. We then calculate

the orientation-averaged values by numerical quadrature of the fixed-orientation values. These

LDR-DDA results are compared with the rigorous solutions from the superposition T-matrix

code for multi-sphere clusters in random orientations (see Mackowski & Mishchenko, 1996).

This is possible since we obtained orientation averaged values. The fractional errors of the asym-

metry parameter and the single-scattering albedo are considered for comparison.

3. Calculations

In Figs. 2 and 3 we plot the fractional errors of the single-scattering albedo and the asymmetry

parameter versus the radius of spheres having the same volume as aggregates. Three different

|m|kd values are chosen for aggregates composed of astronomical silicate (top panel) and of

amorphous carbon (bottom panel). The left figures show the errors for BCCA particles and the

right figures show the errors for BPCA particles. For the here considered aggregate, the fractional

errors decrease with increasing number of dipoles as expected from the principle of the DDA. The

fractional errors of the albedo a lie within a few percent for aggregates composed of astronomical

silicate if the condition |m|kd < 1 is fulfilled. For aggregates of amorphous carbon, the fractional

errors are larger, but stay within 10% as long as |m|kd < 1. In the case of the asymmetry parameter

g even the condition |m|kd < 1 results in the fractional errors up to 10% for spheres and up to

15% for small aggregates. Nevertheless, the fractional errors in g for large aggregates usually do

not exceed 7%, irrespective of the shape and composition of the aggregates.

We apply the condition |m|kd ≤ 0.6 to the following numerical calculations based on

the LDR-DDA method, where the fractional errors are expected to stay within 7%. The

single-scattering albedo and asymmetry parameter for aggregates versus the radius of volume-

equivalent spheres, rV, are shown in Figs. 4 and 5, respectively. The left figures show the calcu-

lated values for BCCA particles and the right figures show the calculated values for BPCA parti-

cles. There are only minor dependences of the single-scattering albedo and asymmetry parameter
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on the structure of particles. Both the single-scattering albedo and the asymmetry parameter in-

crease with aggregate radius rV in the range of 0.1 ≤ rV ≤ 0.2 µm and show only small changes

at rV > 0.2 µm. The single-scattering albedo is calculated to about a ≈ 0.7 for large aggregates

of amorphous carbon and about a ≈ 0.9 for large aggregates of amorphous silicate. The value of

the asymmetry parameter is about g ≈ 0.8 for large aggregates, nearly independent of material

composition, and increases slightly with the radius of volume-equivalent spheres.

4. Discussion

Draine & Flatau (2003) suggest the requirement |m|kd < 0.5 for calculating phase functions and

|m|kd < 1 for calculating cross sections in order to give a sufficient accuracy for the optical

properties of single spheres and two touching spheres. With our calculations of the asymmetry

parameter and the single-scattering albedo we find that the condition of |m|kd < 1 is in gen-

eral suitable to calculate optical properties of large aggregates. The LDR-DDA method with

this condition allows us in future to calculate the optical properties of aggregates consisting of

inhomogeneous, irregularly shaped, polydisperse monomers.

It is worthwhile noting that we cannot fully describe the spherical shape of monomers with an

finite array of dipoles and the larger the |m|kd values are the more the monomer’s shape deviates

from spherical. We realize in fact that each monomer is no longer spherical at |m|kd = 0.6

where we use only 19 dipoles to represent a monomer. However, small fractional errors with

|m|kd = 0.6 for large aggregates imply that this nonspherical shape does not play a major role

in determining the optical properties. In contrast, Xing & Hanner (1997) have shown that optical

properties of aggregates consisting of spherical homogeneous monomers deviate from those of

aggregates consisting of tetrahedral shaped monomers. They carried out their DDA computations

with the same wavelength λ = 0.6 µm but larger radii (rm = 0.25 µm) than used in this paper

(rm = 0.1 µm) and they use aggregates of 4 and 10 monomers. In our study in contrast, the shape

of monomers is still similar to the spheres so that differences in the results are small. These

studies are valid for aggregates consisting of monomers of 0.1 µm in radius.

Calculations for large aggregates consisting of monomers of different shapes will be carried

out in a future work. The present study shows that the LDR-DDA method is applicable for these

calculations. As concluding remarks, we note the limitation of the LDR-DDA method due to

its computational requirements. The memory requirements increase nearly exponentially with

increasing number of monomers for both aggregates in the range of monomer numbers con-

sidered in this paper. Therefore, the LDR-DDA method is computationally intensive for large

aggregates; substantial computer memory and computing time are necessary to determine the

light-scattering properties. For example, LDR-DDA calculations with BPCA particles of 512

spheres are performed with approximately 1.5 GB of memory. In other words, the LDR-DDA

method is currently limited to the size-parameter range X < 10 with 2 GB of memory for aggre-
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gates consisting of 0.1 µm-radius grains. Therefore, numerical simulations of light scattering by

even larger cosmic dust aggregates are still not feasible with modern personal computers.
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Fig. 1. Aggregates with 32 monomers consisting of an array of dipoles for |m|kd = 0.26 (top) and |m|kd =

0.6 (bottom); left: ballistic cluster-cluster aggregates; right: ballistic particle-cluster aggregates.

Fig. 2. Fractional errors of the LDR-DDA method for calculations of the single-scattering albedo a. The left

figure indicates the errors for ballistic cluster-cluster aggregates and the right hand figure the errors for bal-

listic particle-cluster aggregates. Top: aggregates of amorphous silicate; bottom: aggregates of amorphous

carbon. The upper horizontal axes indicate the number of monomers, the lower axes indicate the radii of

volume-equivalent spheres of the aggregates. Note that the smallest values correspond to spherical grains,

in other words, aggregates consisting of one monomer.

Okamoto, H. 1996, in Physics, Chemistry, and Dynamics of Interplanetary Dust, eds. B. Å. S.

Gustafson, & M. S. Hanner (San Francisco: Astronomical Society of the Pacific Press), 423

Purcell, E. M., & Pennypacker, C. R. 1973, ApJ, 186, 705

Rietmeijer, F.J.M. 1999, in Planetary Materials, Papike, J.J., (Washington, D. C.: Mineralogical

Society of America), 2-1

Rouleau, F., & Martin, P. G. 1991, ApJ, 377, 526

Temperton, C. 1992, SIAM J. Sci. Statistic. Comp., 13, 676

West, R. A. 1991, Appl. Opt., 30, 5316

Wright, E. L. 1987, ApJ, 320, 818

Xing, Z., & Hanner, M. S. 1997, A&A, 324, 805
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Fig. 3. Fractional errors of the LDR-DDA method for calculations of the asymmetry parameter g. The

symbols and axes are the same as Fig. 2.

Fig. 4. The single-scattering albedo a is plotted versus the radius of volume-equivalent spheres for ballistic

cluster-cluster aggregates (left panel) and ballistic particle-cluster aggregates (right panel).

Fig. 5. The asymmetry parameter g is plotted versus the radius of volume-equivalent spheres for ballistic

cluster-cluster aggregates (left panel) and ballistic particle-cluster aggregates (right panel).


