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1 Motivation and Introduction of
Concepts

Patterns often arise in technical applications or in nature, such as the formation of
patterns on the skin of animals [Mur93], e.g., of giraffes, zerbras, fish, or as veg-
etation patterns [vHMSZO1]. In technical applications pattern formation can be
applied, e.g., to form prestructures of semi—conductor wafers with pre—defined wave
length, or to transmit information in optical systems [ABR99].

In order to describe pattern formation from the theoretical point of view, one devel-
ops models with the goal to reproduce and characterize the occurring patterns. In
this thesis, we focus on pattern formation in the Swift-Hohenberg equation [SH77]
(SHE). The SHE is an evolution equation for a real-valued order parameter that
describes systems in the vicinity of a bifurcation in which a critical wave number k.
becomes unstable. The Swift-Hohenberg equation was first derived by J. Swift and
P. C. Hohenberg to describe convection patterns which have been experimentally
observed in the Rayleigh-Bénard system (Fig. 1.1). Since then, apart from hydro-

Figure 1.1: Experimental observation of convection patterns in the Rayleigh-Bénard
system [BPAO0O]. From left to right: a) rolls, b) hexagons, c) squares.

(b) (c)

dynamics, the Swift-Hohenberg equation has been used in a variety of problems,
e.g., in nonlinear optics [LMN94], biology [LM99] and chemistry [SSM98]. We will
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analyze the properties and solutions of the Swift-Hohenberg equation in detail in
chapter 2.

Depending on the context, certain system states can be more desirable than others
and therefore one is interested in setting the system parameters accordingly, which
can be a nontrivial task. Whereas parameters can be freely chosen in theory, in
nature or experiment some parameters are fixed or can only be varied within certain
limits. Therefore, in some cases, setting up the right parameter values to obtain a
certain result can be impossible or can involve a disproportionate effort. Further-
more, it may be desirable to enforce a particular behaviour which is not intrinsic to
the system. To solve these problems, an external control mechanism can be used.

In general, a control mechanism introduces a control-scheme—based contribution to
components or parameters of the system in order to manipulate the system state.
Since there is no general mechanism which is applicable to every type of system and
which fulfills all requirements, various control mechanisms have been proposed and
investigated. An overview of suitable control mechanisms for the control of chaos
can be found in [SS08|, whereas [MS06] provides an overview of control techniques
in chemical systems.

In this thesis, we investigate the so—called time delayed feedback (TDF) control mech-
anism, also known as Pyragas control or autosynchronization, which was first pro-
posed by Pyragas [Pyr92]. We aim to characterize its influence on the dynamical
behaviour of spatially extended systems in chapters 3 and 4. Figure 1.2 illustrates
the TDF mechanism for a general dynamical system. Let & denote the state of a
system with input h(t) and output s(zx,t). The system output s(x,t) as a function
of system state x is re—injected into the system as follows: The difference between
the system output at times ¢ and ¢ — 7 is multiplied with a coupling matriz K and
is re-injected into the system. Thereby, the coupling matrix K allows to couple dif-
ferent components of the state vector & within the feedback loop. The mechanism
can be summarized as

Ox = Flx| + K (s(x,t) — s(x,t — 7)), (1.1)

where F'[x| describes the intrinsic dynamics of the dynamical system and 7 denotes
the delay time.

Time delayed feedback has been widely applied in experiments, especially but not
only in the control of chaos, and has been extensively studied for nonlinear ordi-
nary differential equations. Examples include the control of chaotic Taylor-Couette
flow with TDF [LWPO01], time-delay autosynchronization of the spatiotemporal dy-



h(t) s(t)=g[x(t)]

s(t—1) —

Figure 1.2: Setup of time-delayed feedback control [JBvLO04] for a system with sys-
tem state @, input signal h(t) and output signal s(x,t). The coupling
matrix K allows to couple different components of the system within the
feedback loop.

namics in resonant tunneling diodes [UAJS03], or the self-stabilization of high-
frequency oscillations in semiconductor superlattices by time-delay autosynchroniza-
tion [SAJT03].

In recent years, a new area of research has emerged which analyzes the impact of
TDF in spatially extended systems, both from the point of view of control and
for systems in which delayed feedback naturally arises, e.g., for systems in which
the evolution of a quantity depends on its history. Examples include the spon-
taneous motion of cavity solitons induced by delayed feedback in nonlinear op-
tics [TVPT09,PVGT13], TDF control of localized structures in a reaction—diffusion
system [Gurl3], dynamics of Turing structures in the Lengyel-Epstein model with
TDF [ITSO13], delay—driven irregular spatiotemporal patterns in a predator—prey
model for plankton in biology [TZ13], control of spatiotemporal patterns in the
Gray—Scott model [KBHS09], TDF control in excitable media [SSD09], and the in-
vestigations of pattern transitions due to TDF [LHO7].

The suggested control scheme (1.1) has the following advantages and problems to
solve:

Advantages:

e This control mechanism is typically easy to set up from the experimental point
of view, and requires little to no knowledge of the underlying system processes.

e The stability of solutions can be changed via a suitable choice of TDF control
parameters.
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e The control scheme is non—invasive, which means the set of steady state solu-
tions does not change, since the control term vanishes once the final state is
reached. The same holds for periodic solutions, if the delay time 7 is a multiple
of the period of the periodic orbit.

Disadvantages and Problems to Solve:
e A theoretical description requires the analysis of delay differential equations.

e The dynamics takes place in an infinite dimensional phase space [Hal93], even
for ordinary differerential equations.

Within this thesis, we provide a general analysis for systems subjected to linear
TDF, and then consider the Swift—Hohenberg equation with TDF, in order to illus-
trate how the obtained results can be applied and interpreted for this special case.
For general systems subjected to linear TDF, we derive the conditions on which the
stability of a given system state changes, and characterize the properties of the cor-
responding bifurcation. The results hold both for ordinary and partial differential
equations with TDF.

This thesis is organized as follows: Chapter 2 provides an introduction to the Swift—
Hohenberg equation. Chapter 3 addresses stability properties of general systems
subjected to time delayed feedback control and aims to characterize the linear time
delayed feedback control mechanism from the theoretical point of view. Chapter
4 illustrates how these results apply to the Swift-Hohenberg equation with TDF
and investigates the arising TDF—induced patterns. To conclude, we summarize the
obtained results and outline open problems for future investigations in chapter 5.
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2.1 Introduction

In this chapter, we consider the Swift-Hohenberg equation and characterize its so-
lutions and properties. To account for different phenomena, various modifications
and variants of the classical Swift-Hohenberg equation have been proposed and stud-
ied. Here, we consider a generalized Swift-Hohenberg equation with an additional
quadratic nonlinearity and analyze it as a model equation. The basic argumentation
of this chapter will follow standard literature, such as [Bes06] and [CH93|.

2.2 Structure and Properties

Let ¢ (r,t) denote the order parameter of interest in a 2D spatially extended system,
depending on space r = (z,y) and time t € R..

Consider a system which is described by the Swift-Hohenberg equation
Op(r,t) = [e = (k2 + AP (r, 1) + 8- p(r,0)? — (7, 1)%, (2.1)

with the most unstable wave number! k. and Laplace operator A = V2 = 92 + 83.
Equation (2.1) contains two parameters € and 6 which specify the strength of the
linear and quadratic contribution, respectively.

For ¢ # 0, inversion symmetry @ — —1 is broken and system states ¢ with the
same sign as § are favoured on average. In general, the arising asymmetric solutions
are called bright (6 > 0) or dark (§ < 0) structures.

For a partial differential equation, suitable boundary conditions have to be specified,
and within this work, we consider periodic boundary conditions with periodicity
L, and L,. Therefore, the domain of definition of the space variable r is r €
0, L] x [0, L] and periodicity yields:

¢(T + Lyey, t) = w(T» t)> (2'2)
Y(r + Lyey,t) = (r,t).

Without loss of generality, the most unstable wave number k. can be set to k. = 1 by a rescaling
of variables. Nevertheless, it is useful to symbolically keep it as a point of reference.
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Tranlational Invariance

The Swift-Hohenberg equation (2.1) is invariant to translations » — r + R with
translation vector R, since the gradient V, as well as powers V" of V, are invariant
to translations. This can be shown by iterative application of the chain rule.

Rotational Invariance

A rotation of r by an angle ¢ corresponds to rotation of the coordinate system by
the angle —¢p, which is a change of basis. The Laplace operator A is invariant to
rotations, since it is the trace of the Hessian matrix? and the trace is basis invariant.
Therefore, the Swift-Hohenberg equation (2.1) is invariant to rotations r — R 7
with the rotation matrix .

Gradient System and Implications
The Swift-Hohenberg equation (2.1) is a gradient system, i.e., its dynamics can be
expressed as a functional derivative of a Lyapunov functional [Bes06]:

Oro(r,t) = [e = (k2 + AP o(r,1) + 8- v, 1) = (r, 1)?

_ 0Lyl
with the Lyapunov functional L[¢]:
J
LWl = [~ Sutr, 0+ 5 [(82 4+ A)p(r,0)]” = S0 + polr )tar. (25)

The existence of a Lyapunov functional for a non-equilibrium system, like the Swift-
Hohenberg equation, imposes strong restrictions on the system dynamics:

e Analogous to the minimization of free energy in equilibrium thermodynamics,
long term solutions settle down to steady state solutions, which are given by
the minima of the Lyapunov functional.

o Furthermore, the system is restricted to monotonous dynamics and the eigen-
values of the eigenvalue problem, which determines the linear stability of a
system state, are real-valued3.

e The possibility of oscillations or periodic solutions is ruled out.

Since the long term behaviour is governed by the steady states, we proceed with the
analysis of steady states and their stability.

2The Hessian matrix H of a multivariate function f(z) is the generalized second derivative, defined
as Hiyj = Bzﬁzjf

3In a rigorous proof, one can show that for every gradient system, the linearized operator is
self-adjoint and therefore has real eigenvalues.
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Y(x,y)
-0.3 0.0 0.3
. N : _
> 16 + g
O 1
0 16 32
T

Figure 2.1: Homogeneous steady state ¥ (x,y) = 0 obtained by numerical simulation
of Eq. (2.1). Parameters are: e = —1, § = 0.

2.3 Steady State Solutions and Linear Stability

Steady state solutions of Eq. (2.1) are the homogeneous steady state, stripes*
and hexagons, which can be found by numerical simulations.

Figure 2.1 shows a numerical simulation of the homogeneous steady state 1(r) =0
and Fig. 2.2 shows non-trivial solutions with and without defects. Following [CH93],
we denote patterns that contain only one orientation as ideal patterns, and denote
patterns that consist of domains of ideal patterns with different orientations as real
patterns. For real patterns, due to topology, there is a mismatch at the boundaries
of the domains which creates defects. Real patterns are more likely, especially for
large growth rates or large systems, when the growth of domains is faster than the
interaction which aligns them. Before investigating real patterns, the ideal patterns
of which they consist have to be understood.

Therefore, within this thesis, we focus on ideal patterns and their linear stability.

4Stripes are the 2D analogue of 3D rolls. One obtains stripes by considering a cross-section of
rolls.
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Y(z,y) P(x,y)
0.8 0.0 0.8 -1.0 0.0 1.0

0 16 32 64 128
x x
(a) Stripes without defects (b) Stripes with defects

(c) Hexagons without defects (d) Hexagons with defects

Figure 2.2: Snapshots of non-trivial solutions of the Swift-Hohenberg equation (2.1)
with and without defects. Parameters are: a), b): e =0.3,§ =0c¢): € =
0.05, § = 0.5, d): € =0.05, 6 = 1. Initial conditions: ¢(r,0) = O0+noise.
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—_—e=—05 — €= 0.0 e=+0.5

~2.0- ‘ ‘ ‘
0.0 0.5 1.0 1.5

k

Figure 2.3: Growth rate p vs. wave number k for different values of €. The plane
wave perturbation grows if g > 0 and decays otherwise.

2.3.1 Homogeneous Steady State

The homogeneous steady state is given by G (r) = 0. To analyze its linear stability,
we substitute

d(r,t) = O 4 (1) (2.6)

in the Swift-Hohenberg equation (2.1) and derive the linearized equation for the
small perturbation 7:

On(r,t) = [e = (k2 + A n(r, 1), (2.7)

To solve the above equation, we consider plane wave perturbations n(r,t) with wave
vector k and growth rate p

n(r,t) = ette kT c.c., (2.8)

where c.c. denotes the complex conjugate of the preceding term. The resulting
growth rate (e, k)
ple,k) = ¢ — (k2 — k22 (2.9)

is shown in Fig. 2.3 for different values of €. Figure 2.3 illustrates that the homoge-
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- K
k, 2
- ky
K,
. I{6

ks

Figure 2.4: Representation of hexagons and stripes as a superposition of plane waves
with wave vectors lgj, j =1,..,6. Two plane waves with opposite wave
vectors yield stripes and a superposition of three stripe patterns yields
hexagons. The six wave vectors have length |E| = k.. Figure taken
from [Bes06].

neous steady state is linearly stable if
e<O0 (2.10)

and unstable if
€ > 0. (2.11)

Therefore, the paramater € can be considered as the distance from the bifurcation
point, where linear stability of the homogeneous steady state changes.

2.3.2 Competition between Stripes and Hexagons - a General Ansatz

Numerical simulations reveal that stripes and hexagons arise for different values
of € and ¢ and therefore we analyze under which conditions they exist and under
which conditions they are stable. To investigate the competition between stripes
and hexagons, we make a general ansatz which incorporates both patterns as a spe-
cial case. Then, we derive amplitude equations [Seg69] which allow us to conclude
existence and stability properties for the particular pattern. To this end, a super-
position of stripes with wave vectors k; is considered, in which the wave vectors k;
are arranged in a hexagonal form. The basic idea is illustrated in Fig. 2.4.

Since the wave vectors pairwise only differ in sign, it is sufficient to consider either

10
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the wave vectors with odd or even indices in Fig. 2.4. Taking the wave vectors® Ej
with odd indices and renaming them as k;, j = 1,2, 3, one obtains the ansatz

3
br,t) =3 &ekim 4 ce. (2.12)
=1
j3
= Z &5] cos(kjr + ¢;), (2.13)
j=1

with amplitudes ;(t) € C and wave vectors k;:

ky = ke <é> L ky = % (\‘é) kg = % (_‘%) . (2.14)

The amplitudes §;(t) € C can be complex and their phases ¢; shift the corresponding
pattern along the direction of their wave vectors k;. This ansatz contains both
stripes and hexagons. When considering

&) = [&] = [&3] (2.15)

one obtains hexagons, whereas

&) #0, €| = &3] = 0. (2.16)

yields stripes. The non-zero amplitude |£;| # 0 can be arbitrarily chosen.

To investigate the competition between stripes and hexagons, a criterion can be
derived which specifies under which conditions the system state converges to the
stripe solution (2.16) or to the hexagon solution (2.15). To this end, we derive
amplitude equations, i.e., evolution equations for the complex amplitudes ;(t) € C,
without assuming stripes or hexagons yet. This can be done by a mode projection
technique. The basic idea is to make an ansatz for the relevant modes® and focus on
the system dynamics in the subspace which is spanned by the modes of the ansatz.
Technically, the system dynamics is projected on the subspace and the dynamical
behaviour in the subspace is analyzed. In the present case the mode projection
technique works as follows:

1. The ansatz for stripes and hexagons (2.12) is substituted in the Swift-Hohenberg
equation (2.1).

5Two different notations are used, in order to formally distinguish between all possible wave vectors
which build the hexagon, denoted as E]', and the relevant, non-redundant wave vectors k;.

5By definition, the relevant modes govern the system dynamics. The utility of the method crucially
depends on the ansatz and the identification of these modes.

11
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2. Thereby, the nonlinear terms in the Swift-Hohenberg equation (2.1) gener-
ate interactions between different plane waves and also lead to higher order

contributions.

3. The resulting equation is projected on the subspace, which is spanned by the

plane waves eiksT.

&(t).

The projection of a term A can be either carried out by evaluating (e

This results in evolution equations for their amplitudes

ikj'l" ’A> eikﬂ“’

with the L? scalar product (-|-), or by collecting terms of order (’)(eikir) within A.

The resulting amplitude equations read [Bes06]:

& = €€ + 206565 — 36 [|&a? + 26l + 215

& = et + 206561 — 36 [20612 + |6l + 206

€ = et + 206165 — 36 [20a1? + 206 + &2

(2.17a)
(2.17b)

(2.17¢)

For further analysis of the amplitude equations (2.17), it is convenient to represent
the complex amplitude &;(t) € C as &(t) = R;(t)e’*® and split the amplitude
equations (2.17) into the real amplitude R;(t) and phase ¢;(t), which yields:

Rl =eRy +20- RoR3 COS((pl + @2 + (pg) — 3R, {R% + QR% + QRg} ,
Ry = Ry +25 - RyRy cos(p1 + @2 + p3) — 3R |2RY + R3 + 2R3,

Ry = Ry +25 - RiRycos(p1 + g2 + 3) — 3Ry |2RY + 2R3 + R3],

Rip1 = =26 - ReRgsin(ip1 + 2 + ¢3),
Ropy = =26 - R3Ry sin(p1 + 2 + ¢3),
Rsps = —260 - Ry R sin(¢1 + @2 + 3).
Equation (2.18) can be written in vector form
By
Ry
R
Ri¢q
Ropo
R3ps
— &= F[x],

represent as

= F[Rl, RQ,R?)a ©P1, P2, @3]’

12

(2.19)

(2.20)
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with the multivariate vector-valued function F[Ry, R, R3, v1, 2, @3] defined as the
right hand side of Eq. (2.18).

Let Rg-o), cpé.o) , 7 = 1,2,3 be the stripe or the hexagon steady state solution of
Eq. (2.18). To analyze their stability, we consider

R;(t) = R + §R;(1), (2.21)
0
pilt) = o + 35 (1), (2.22)
with small perturbations of amplitude dR;(t) and phase d¢;(t). The evolution of
the small perturbations is determined by the linearization F’ of F', being evaluated

at the steady state. Representing the steady state by a(?) and perturbations by dx,
the linear stability problem can be written as

o =F' - iz. (2.23)

The linearization F” of F'[x] is given by the Jacobian matrix evaluated at the steady
state

OF;
/ )
F = (awj) . (2.24)
/L7.]

where F; and x; are the i'" and j* component of F' and x, respectively. In the
context of linear stability analysis, the Jacobian matrix evaluated at the steady
state (0 is also referred to as the stability matrix S.

The general solution dx of Eq. (2.23) is given in terms of eigenvectors v; and eigen-
values p; of S

dx(t) =) Cjetit vy, (2.25)
j

with constant amplitudes C;. The steady state solution x(© is linearly stable if
dx — 0 and unstable otherwise. In terms of eigenvalues p;, the steady state solu-
tion (© is stable if all w1 < 0 and unstable if any p; > 0.

To investigate the competition between stripes and hexagons, we analyze under
which conditions they are stable, i.e., under which conditions the corresponding
linear stability problem has negative eigenvalues p; < 0.

13
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2.3.3 Stripes

The stripes steady state solution is determined by Eq. (2.16) and by the steady state
condition ({; =0 <> R; =0, ¢; = 0) for Eq. (2.18). It is given by:

RO =5 B =R =0, (2.26a)
cpgo) : random, <p§0),g0§0) : indeterminate. (2.26b)

Since the amplitude REO) must be real-valued, stripes only exist for
e> 0. (2.27)

The random phase ¢ reflects the translational invariance. As the shifted solution
has the same stability properties as the unshifted solution, we consider the solution
with

w1 =0, (2.28)

and analyze the corresponding linear stability problem.

Amplitude Perturbations

For the small perturbations dR;(t) of the real amplitude Rgp), one obtains:
g [0B:(®) —2e 0 0 OR1(t)
=R [ =] 0 —  25-R"V | |6R() | . (2.29)
SRs(t) 0o 20-R® ¢ SRs(t)

=Sk

The eigenvalues ,uf and eigenvectors 'vf of the stability matrix S R are:

1

plt = —2e, vlt=10], (2.30)
0
0

pht = —e—26- Rgo), vl = -1], (2.31)
1
0

pl=—et25 R o =|1]. (2.32)
1

14



2.3 Steady State Solutions and Linear Stability

Before analyzing the stability properties, we want to give an intuitive interpretation
of the eigenvectors U;»%. Consider a setting in which the stripes solution is stable and

parameters are changed such that one of the eigenvalues uf becomes positive. Then,

the coeflicients of the corresponding eigenvector 'Uf specify which perturbations J R;
grow and towards which solution the system state is driven.

e If uf* > 0, then perturbations dR; to the amplitude Rgo) start to grow.

o If uf' > 0 or ¥ > 0, then perturbations Ry and §R3 start to grow.

R

; and eigenvalues ,uf therefore suggests that

A closer inspection of the eigenvectors v
for
pit >0 | g >0 [ pgf >0

the system is driven towards the following states, respectively:
homogeneous | dark hexagons | bright hexagons

Further analysis will show that this is the case and will give additional information
about the resulting states.

To analyze the stability of stripes, we consider on which condition all eigenvalues
uf are negative. This yields:

p<0ee>0, (2.33)
pf o <0se> %52. (2.34)

To sum up, stripes are stable, if
€> %52. (2.35)

Phase Perturbations

For a small perturbation dp1(t) of phase (pgo) one obtains:

% Sp1(t) =0-85p1(t) = 0. (2.36)

The eigenvalue p# of the phase problem is
u? =0, (2.37)

which denotes neutral stability with respect to phase perturbations, as a result of
translational invariance.

15
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2.3.4 Hexagons

The hexagon steady state solution is determined by Eq. (2.15) and by the steady
state condition (§; =0 <> R; =0, ¢; = 0) for Eq. (2.18). It reads:

of. 1
R = RY) = B Ry = = ((-1)"0 £ V& + 15¢) (2.38a)
o+ + o) =nm, nez (2.38b)

Since the hexagon steady state amplitude Ry, is real-valued, hexagons only exist for
1
> —— 4% 2.39
‘=15 (2.39)

We want to emphasize a detail which typically is not relevant, but in this case creates
a paradox, the resolution of which contains valuable information about the structure
of hexagons.

It can be seen that for certain n, § and ¢, the amplitude R;p) of the steady state
hexagon solution can be negative. It seems counterintuitive, since the amplitude of
a complex number is also referred to as its absolute value, which by definition is
positive. To resolve this problem, consider the following two representations of a
complex number &:
_ 10 _ % _ i(p+m
£ = Re" = Re'¥ . (—1) - (—1) _:gew ).
=R

The same complex number £ can be represented by amplitude R > 0 and phase ¢,
but also with negative amplitude R <0 and phase ¢ + m. Though both representa-
tions yield the same result, it is convention to use the first representation and fully
encode orientation within the phase .

We see that for the hexagon steady state solution both representations naturally

arise at the same time and from the point of view of convention, negative R§~0)

respond to a phase shift ¢(©) — »(© 4 7. This view is self-consistent, as thereby

Cor-

n changes from odd to even or vice versa and thereby ensures that Rﬁ-o) remains
positive.

The =+ sign in R

; reflects that there is a large amplitude solution and a small
amplitude solution which both build a hexagonal lattice.

The large amplitude solution corresponds to the spots’ which build the hexagonal
lattice. Bright spots arise for § > 0 and dark spots for § < 0. Therefore, the pat-

tern they build is termed as bright or dark hexagons. The small amplitude solution

"The spots can either have large positive or large negative amplitude and are called bright or dark
spots, respectively.

16



2.3 Steady State Solutions and Linear Stability

represents the gaps in between these spots, which also build a hexagonal lattice.
The occurrence of the spots and gaps both building a hexagonal lattice was already
observed in the numerical simulation in Fig. 2.2¢, which shows bright hexagons.

In the hexagon steady state solution, two of three phases are random and the third
phase is determined by the steady state condition. The two independent phases can
be set to arbitrary values, which reflects translation symmetry in the 2D system. As
the shifted solution has the same properties as the unshifted solution, we consider
the solution with

Y1 = 0, Y2 = 0, (2.40)
=3 = 0. (2.41)

To analyze the stability of hexagons, we consider the corresponding linear stability
problem.

Amplitude Perturbations

For the small perturbations dR;(t) of the amplitudes R§~O), one obtains

o (FRa() A B B\ [6R\()
Z|0Bs(t) | =B A B|-|6Ro(t) |, (2.42)
SR3(t) B B A} \6Rs(t)

where A =€ —21R? and B = 20 - R;, — 12R2. The eigenvalues Mf and eigenvectors
vf of the stability matrix éR are:

-1

p=A-B, oit=|(0], (2.43)
1
~1

pf=A-B, of=1|1], (2.44)
0
1

p=A+2B, of=11]. (2.45)
1

The eigenvectors vf determine how hexagons can become unstable and towards
which solution the system state is driven according to linear stability analysis:

17



2 The Swift-Hohenberg Equation

o If uff = ¥ > 0, the system is driven towards the stripe solution.
o If uf! > 0, the system is driven towards the homogeneous solution.

To analyze the stability of hexagons with respect to perturbations to their amplitude,
we consider under which conditions all eigenvalues are negative. This yields:

16
pl=plt<0ee< 352, (2.46)
1
pl <0 e e> —552. (2.47)

To sum up, hexagons are stable with respect to perturbations dR; if

1 16
— 8 <e< 62 2.48
150 == 73 (2.48)
Notice that on the bifurcation curve e = —%562 < 0, hexagons arise in a subcritical

bifurcation with finite amplitude Rj, = § and are supercritical for ¢ > 0 [Bes06].

Phase Perturbations
(0)

For the small perturbations d;(t) of the phases ¢ ;»one obtains the following linear

stability problem:

d 5()01(t) 111 5901(t)
Sloea | =2 B 1 1 1| 50 |- (2.49)
deps(t) 111 dep3(t)

-1
py =0, =101, (2.50)
1
-1
ps =0, vy =111, (2.51)
0
1
ps = —66Ry, vi=|1]. (2.52)
1
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2.4 Results of Linear Stability Analysis
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62

Figure 2.5: Stability regions of the homogeneous steady state, stripes and hexagons
on the (82, ¢) plane. For given € and & the corresponding region specifies
which solutions are stable. The stability boundaries are obtained by
linear stability analysis.

The eigenvectors v] and v indicate tranlations in space and the eigenvector v is
a non-trivial representation of a zero-translation and represents a closed loop. This
artefact arises since we have chosen three wavevectors kj,j = 1,2,3 to represent
2D hexagons and therefore only two out of three k; are linearly independent and
k1 + ko + k3 = 0 represents a closed loop.

To conclude, the steady state hexagons are neutrally stable with respect to transla-
tions as expected from translational symmetry.

2.4 Results of Linear Stability Analysis

We want to summarize the results obtained for the linear stability of steady state
solutions of the Swift-Hohenberg equation (2.1). The steady state solutions are
neutrally stable with respect to translations and their stability with respect to am-
plitude perturbations depends on the parameters ¢ and §. Analogous to [Bes06],
Fig. 2.5 shows bifurcation curves and stability regions of the homogeneous steady
state, stripes and hexagons vs. system parameters ¢ and §. Note that although
a bistable region of stripes and hexagons is predicted according to linear stability
analysis, for long times only the state which minimizes the Lyapunov functional L
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2 The Swift-Hohenberg Equation

persists.

2.5 Direct Numerical Simulation

For a direct numerical simulation of the Swift-Hohenberg equation (2.1), we use a
pseudo-spectral method [Boyl3] in space and a semi—implicit Euler scheme [SK09]
for time stepping.

To this end, we split the Swift-Hohenberg equation into the contributions which are
linear in ¢ and which are nonlinear in ¢ and denote them as L(A)y and N[v],
respectively. In real space one obtains:

ib(r,t) = [e = (k2 + AP [ (r )+ 50 (7, 1) = (r,t)?

= LA Y+ N3], (2.53)

In Fourier space, this yields:

ap(k,t) =  L(—K2)  o(k,t)+ N(k,1), (2.54)

where N = FT[N] is the Fourier transform of N.

The basic idea of the pseudo-spectral method is the observation that it is advan-
tageous to treat the linear contribution L(—k:Q)J in Fourier space and to treat the
nonlinear contribution N[¢] in real space and therefore to switch between both
spaces as necessary. The advantages are:

e In Fourier space the linear part L(—k?)y is local and its computation can
be caried out by a multiplication instead of an application of a differential
operator.

e In real space the nonlinearity N[¢] is local and can be carried out by a multi-
plication, whereas in Fourier space it would involve convolutions whose com-
putation is time consuming.

e Making use of the Fast Fourier Transformation allows to switch between spaces
very efficiently in O(nlog(n)) operations instead of O(n?).

The pseudo—spectral method can be combined with the semi—implicit Euler time
stepping as follows: Let dt denote the time step in the time discretization and
consider the spatial Fourier transform ¢ (k,t) of a field ¢ (r,t). Then, the semi-
implicit Euler time stepping in Fourier space reads

Uk, t+dt) — Pk, )

dt = L(=k*)(k, t + dt) + N (k, 1), (2.55)
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2.5 Direct Numerical Simulation

Y(r, 1) — N[ (r,t)]

Y(k, ) N(k,t)
Dl +dt) = —— —1L(—k;2) [w(Z; ) +N(k:,t)]
\L FT-!
b(r,t+ dt)

Figure 2.6: Data flow of the numerical treatment. We use a pseudo-spectral method
in space and a semi—implicit Euler time stepping for time integration.

which explicitly yields the next time step J(k, t + dt):

- U(k,t) + dt - N(k,t)

Dk, t +dt) = & L) (2.56)

Switching from Fourier space back to real space then yields the next time step
Y(r,t + dt). The semi-implicit Euler scheme inherits the unconditional numerical
stability which is typical for implicit numerical schemes, but still yields an explicit
form of the new time step as is typical for explicit schemes. Figure 2.6 illustrates
the data flow of our numerical treatment.

All simulations are done with the following discretization for space r = (z,y) and

time ¢:
dex =0.1, dy =0.1, dt =0.1
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3 General Systems with Time Delayed
Feedback Control

3.1 Motivation and Introduction

In this chapter, we investigate the influence of the linear time delayed feedback con-
trol mechanism on the stability properties of general systems.

Let 1 (7,t) denote a system state which depends on space r € R™ and time ¢ in
a spatially extended system. We consider the case in which the re-injected signal
s(v) is equal to the system variable 1, i.e., s(4) is given by the identity function
s(¢) = 1. Then, the corresponding feedback signal s(v) is linear and we denote
the mechanism as linear time delayed feedback control. Equation (1.1) then becomes

Op(r,t) = Flyp] + K ((r,t) —3p(r,t — 7)), (3.1)

where the non-linear operator F[t)] represents the intrinsic system dynamics. We
denote the special case where K is a scalar matrix KX = « -1 as scalar coupling or
scalar TDF and denote the general case as non—scalar coupling or non-scalar TDF.
The factor « in the scalar TDF describes the strength of the delayed feedback and
therefore is denoted as delay strength «. For scalar coupling, Eq. (3.1) results in:

Oup(r,t) = Flyp] + - 1 (4(r,1) = p(r,t —7)). (3:2)

In this chapter, we consider the limit of small delay times 7 for scalar TDF, and
perform a linear stability analysis for scalar and non—scalar coupling for a general
system.

When performing a linear stability analysis for a general system state subjected to
TDF, one can calculate under which conditions a given eigenmode ¢; changes sta-
bility and calculate the corresponding eigenvalue A;. However, the interpretation
of ¢; changing stability can only be made in the context what the eigenmode ¢;
represents in the particular system.

For the sake of concreteness, after deriving the general results, we apply our approach

for the Swift—Hohenberg equation (2.1) with time delayed feedback. Note that for
the special case of a one—component system, the system state 1 as well as the
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3.2 Limit of Small Delay Times

coupling matrix K become scalars and the results for TDF with scalar coupling
matrices can be applied.

3.2 Limit of Small Delay Times

Consider the time delayed feedback control term in equation (3.2) for small delay
times 7. Let the delay time 7 be small enough, such that the approximation by a
Taylor expansion up to first order can be justified, and expand the control term at
time ¢:

W(r,t) = p(r,t = 7) = p(r,t) — ($(r,t) = 79 (r,1) + O(r))
= 10p(r,t) + O(r2). (3.3)

We neglect O(72) terms and apply the approximation (3.3) on Eq. (3.2). After
rearranging terms, this yields:

(1 — ar)dap = Fy] (3.4)
sop=— Flyl

1—ar

Note that the change of the system variable 0;t» becomes infinitely fast when ap-
proaching a7 = 1 and has opposite signs for a7 < 1 and a7 > 1. This implies a
change of stability, which can be understood as follows:

Consider an uncontrolled system in which the system state is attracted to or repelled
from a certain solution. As the sign of the growth rate di1p can be changed by time
delayed feedback, in principle one can turn attraction into repulsion and vice versa
and thereby change the stability of the system state.

If the state 1) is stable (unstable) for a7 < 1 and unstable (stable) for a7 > 1, it
must be neutrally stable at ot = 1. For future reference, we want to put emphasis
on the following distinction between two cases of neutral stability:

e If neutral stability only occurs for certain parameter values, e.g. ar = 1,
it is related to criticality as a result of a change of stability. These special
parameter values a7 = 1 define a neutral stability curve 7(a) = a~! on which
the system dynamics changes qualitatively by a bifurcation.

e If the occurring neutral stability arises for all parameters values, it is a result of
symmetry properties. Relating this to the above case, neutral stability occurs
not only for parameters which lie on a curve, but for all parameter values in
control parameter space. For instance, this was observed for the solutions of
the Swift—-Hohenberg equation, which are always neutrally stable with respect
to spatial translations as a result of translation symmetry.
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3 General Systems with Time Delayed Feedback Control

It is interesting to note that in the limit of small delay times 7, one obtains only
one curve at which the stability of a system state changes, regardless of its linear
stability analysis and regardless of which eigenmode of the system is considered.

When performing a linear stability analysis, one can analyze under which conditions
any of the eigenmodes becomes unstable and derive neutral stability curves for them.
As we only obtained one curve, namely ar = 1, or 7(a) = o~ !, within the limit of
small delay times 7, the question arises if the change of stability of all eigenmodes
is captured by this one curve (within the limit of small 7), or if it only holds for
certain eigenmodes, if at all. It will be shown that, although not being equal, all
change of stability curves of the eigenmodes approach ar = 1 in the limit of small 7.

3.2.1 Time Constants and Delay—Induced Adiabatic Elimination

We observed that the change of the system variable 9,4 will be infinitely fast for
at — 1 and therefore immediately respond to changes, as can be seen from Eq. (3.4).
To understand and interpret the infinitely fast response for ar = 1, it is instructive
to consider the concept of time constants.

Usually, time constants arise in multi-component systems, for example in the two
component system:

T,0wu = F(u,v),
T, 0w = G(u,v).

The factors! T, and T}, are called the time constants or relaxation times of compo-
nents u and v, respectively. They represent the relative time scales of the compo-
nents u and v and are a measure how fast the corresponding component responds
to changes. The limit T; — 0 is called an adiabatic elimination of the variable
i € {u,v} and is related to an instantaneous response of this component.

For the TDF control, one can identify a time constant which depends on the delay
control parameters a and 7, and which is introduced by the TDF control mecha-
nism. To do this, we consider the one component system for the time evolution of a
variable v

TyO0w = f(’l)), (35)
and compare it to Eq. (3.4). Thereby, we obtain

Ty(o,7) =1—ar. (3.6)

!Time can be rescaled to set one of the constants to one, e.g. T, = 1, and thereby the other time
constant becomes the fraction of both time constants of the unscaled case.
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3.2 Limit of Small Delay Times

It is interesting to note that this time constant not only depends on delay control
parameters, but also can change its sign. For the same reason as stated for d,1 in
Eq (3.4), it can be seen that the sign change of the time constant 7 corresponds
to a change of stability. Furthermore, the infinitely fast response is described by a
vanishing time constant T, = 0 at a7 = 1 and involves a delay—induced adiabatic
elimination. To show this explicitly, we split

Ty = |Ty| - sign(Ty) = |1 — ar| - sign(l — ar)
and rewrite Eq. (3.4) as

Ty Op = Fap],
& [Ty| Opp = sign(Ty) - F[ep], (3.7)

where we used sign(T},)~! = sign(7}) and in which we can observe that a sign
change of T, reverses stability.

3.2.2 Evidence of Spontaneous Symmetry Breaking at a7 =1

When analyzing the limit of small delay times 7 for general systems subjected to
scalar TDF, one finds that the stability changes at ar = 1, but the analysis does
not provide information about the scope of this result. It does not indicate if it
also arises for other situations and if yes in which. However, there is evidence that
ar = 1, or 7(a) = a~!, may be a universal curve for general systems in which
symmetry can be spontaneously broken in the presence of linear TDF, and can also

arise outside the limit of small 7.

For example it was observed for Turing structures in the Lengyel-Epstein model with
TDF [ITSO13], for the spontaneous motion of localized structures in the Swift—
Hohenberg equation with TDF [TVT*10], as well as for localized structures in a
reaction—diffusion system with TDF [Gurl3].

All above examples perform a linear stability analysis for an inhomogeneous solu-
tion, in which an eigenmode with eigenvalue u = 0 exists because of translation
symmetry. All these references have obtained that the neutrally stable eigenmode of
the uncontrolled system state changes its stability when crossing a7 = 1 in control
parameter space, thus causing a spontaneous symmetry breaking. The first reference
treats this case implicitly and the latter two focus on the eigenvalue p = 0.

To understand this in general, consider an uncontrolled system state which has a
neutrally stable eigenmode with eigenvalue p = 0 for all parameter values as a result

25



3 General Systems with Time Delayed Feedback Control

of symmetry, e.g. translation symmetry, and turn on linear time delayed feedback
with the control parameters o and 7. Note that TDF does not explicitly break
this symmetry. With the application of TDF, the following two scenarios can arise:
Either the neutrally stable eigenmode is completely unaffected for all control param-
eter values, if the symmetry properties are not influenced by TDF and the eigenvalue
always remains zero, or the application of TDF allows spontaneous symmetry break-
ng.

In the following analysis, we will prove the occurrence of spontaneous symmetry
breaking at am = 1 for general systems subjected to linear TDF.

3.3 Linear Stability Problems with TDF: Scalar Coupling

In this section, we perform a linear stability analysis for a system state w(o) of a
general system subjected to linear TDF with scalar coupling matrices, as given by
Eq. (3.2). To do this, we assume? the existence of a basis of eigenfunctions for the
linearized operator F’.

First, consider the general system without TDF control:
Op(r,t) = F(¢). (3.8)

Let zp(o) be its steady state solution and denote the small perturbation to zp(O) as
01 (t). The linear stability problem is then given by

O 6¢(r,t) = F - 6¢(r, 1), (3.9)
where I is the linearized operator evaluated at the steady state 1/)(0).
If F' is diagonalizable, a basis of eigenvectors or eigenfunctions ; exists, which is
finite dimensional for an ordinary differential equation and infinite dimensional for

a partial differential equation. If this basis exists, the general solution of the linear
stability problem is given by

oY(r,t) = ZCje“jtcpj(r), (3.10)

where the p; denote the corresponding eigenvalues of eigenfunctions ¢; with respect
to F’, and C; are constant amplitudes. The steady state solution ¢(0) is linearly

21f this is not the case, one needs to find generalized eigenvectors / eigenfunctions, but this scenario
is out of the scope of this thesis. Currently, it is not yet investigated whether the following
analysis can be generalized to cope with this scenario.
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3.3 Linear Stability Problems with TDEF: Scalar Coupling

stable if d1p — 0 and unstable otherwise. In terms of eigenvalues, 1[)(0) is stable if
all eigenvalues satisfy Re p; < 0 and unstable if any Re p; > 0.

Now consider the scenario of linear time delayed feedback with a scalar coupling
matrix K = « -1, in which K and F’ commutate for trivial reasons. Then, the
eigenfunctions of the problem with delay are the same as the eigenfunctions without
delay. For scalar TDF, the controlled system is given by Eq. (3.2) and its linear
stability problem with TDF is given by

O 6¢(r,t) = F' ¢(r,t) + a - L(8¢(r,t) — d¢(r,t — 7)), (3.11)
where F” is the linearized operator evaluated at the steady state ¢(0).

By assumption, there exists a basis of eigenfunctions ¢; of F’ with corresponding
eigenvalues f1j, which allows to make the following ansatz for the perturbation dp
in the presence of TDF

Sp = CieMlep;. (3.12)
j

Here, A\; are the yet unknown eigenvalues of the linear stability problem with TDF
with scalar coupling matrices, and C; are constant amplitudes. Substituting this
ansatz in Eq. (3.11) yields:

ZC’j)\jeAjtcpj = ZCJ [ekjtg-F -
J J

[I=

(eAJ't - e’\f(t_T))] oy (3.13)
= Z C; {eAjt,uj +a-l (eAjt - e)‘j(t_T))} P (3.14)
J

Since the eigenfunctions ¢; build a basis, they are linearly independent and one can
compare coefficients of the above equation. This yields a solvability condition for
the ansatz (3.12):

Aj = pj +a (1 — e_’\jT) (3.15)

Equation (3.15) determines the eigenvalues A; of the linear stability problem with
time delayed feedback and is called the characteristic equation. It links the eigen-
values of the stability problem with TDF, denoted as A;, to the eigenvalues of the
stability problem without TDF, denoted as f;.

It is interesting to note the self-similarity of linear TDF: The same characteristic
equation arises for every eigenvalue y; of the uncontrolled system state.
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3 General Systems with Time Delayed Feedback Control

3.4 Solutions of the Characteristic Equation

We solve the characteristic equation (3.15) for the eigenvalues A; of the stabil-
ity problem with TDF. This can be done in terms of the Lambert—-W function
[CGH'96], which is the multi-valued inverse of the function ze?, z € C. First, we
solve the characteristic equation for A; and then give a brief introduction to the
Lambert—W function, which covers the relevant details for our further analysis. For
an extensive review, refer to Ref. [CGH96].

The characteristic equation (3.15) can be rearranged to
{(Nj — pj — )7} ettt} — _ g re=(Hite)r (3.16)

where the left hand side is of the form ze* with z = (\; — p; — «)7. Applying
the Lambert-W function and solving for the eigenvalues A; of the linear stabilty
problem with TDF yields

1
Nj(n, pj, o) = pj+a+ =Wy, (—om'e*(“ﬁa)T) , MEZL, (3.17)
T

where n is the branch index of the Lambert—W function. As usual, the real part
Re A; specifies the growth rate of perturbations and the imaginary part Im A; de-
termines its oscillation frequency.

Note that every eigenvalue p; of the linear stability problem without TDF induces an
infinite number of eigenvalues Aj(n), n € Z of the stability problem with TDF. This
is a consequence of the aforementioned infinite dimensional phase space [Hal93] for
delay differential equations. To sum up, the solution for the ansatz (see Eq. (3.12))
we made for the perturbation d1 of the linear stability analysis with TDF reads:

p =3 > Cieh i aTle, (3.18)
7 n

In the limit & — 0 or 7 — 0, the TDF control term vanishes, which can also be
observed for the eigenvalues \;(n, p1;, o, 7):

) I n=>0
lim A\;i(n, pj,a,7) = . 3.19
a0 j(n, 1 ) {—oo 0 (3.19)

As expected by physical intuition, in the limit of vanishing TDF control, only one
of the infinite number of branches persists and the infinite sum

a—0
T—0 M1
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3.4 Solutions of the Characteristic Equation

reduces to the element with the eigenvalue p; of the uncontrolled system. Details
of taking this limit will be explained when discussing the Lambert—-W function in
section 3.4.1.

Furthermore, in order to understand how the stability of Q/J(O) is influenced by TDF,
it is instructive to consider the reverse situation:

Regard an uncontrolled system state as a system state to which a vanishing TDF
control is applied, i.e., « = 0 or 7 = 0 holds. Consider an eigenvalue p of this un-
controlled system state, and apply TDF control by varying a and 7. When applying
TDF, an infinite number of branches n € Z arises due to the infinite dimensionality
of phase space of delay differential equations [Hal93]. One of these branches, namely
n = 0, starts at p, while the other infinite number of branches n € Z \ {0} start at
—o00, all belonging to the same eigenvalue p.

Initially, all branches n # 0 are on the left half—plane of the complex plane, and the
branch n = 0 is on the

left half-plane, if Re u <0,
right half-plane, if Re > 0.

When varying TDF control parameters, the eigenvalues A(n, u, a, 7) may switch
their half-plane for certain parameter values, thus causing a bifurcation.

To understand the infinite number of branches and other properties of our solution,
we give a brief introduction to the Lambert—W function, which covers the multi-
valuedness, the near—conjugate symmetry and its behaviour in complex plane.

3.4.1 The Lambert—W Function

The Lambert-W function [CGH96] is defined as the multi-valued inverse of ze?,
z € C, where the multi-valuedness results from ze® being non-injective.

To illustrate this multi-—valuedness, consider the function ze?, z € C, and represent
the first complex factor as z = |z|e’®s and the latter as z = zr + izr:

ze® = ]z\ewz e*rtiz1

= |z|e*Rrel(@st21) (3.20)

We can identify the phase of the complex number ze® as ¢, + z1. Since only values
of the phase modulo 27 are relevant, ranges of phase values ¢, + z; from different
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3 General Systems with Time Delayed Feedback Control

intervals
2 - [n,n+1], neZ

are mapped to the same complex number ze®. This results in different branches n
that belong to these intervals, when considering the inverse of z — ze?®.

Furthermore, the branches of the Lambert—W function have near—conjugate sym-
metry [CGH'96], which for the case of real-valued z can be interpreted as follows:
Every non-real branch of W, (z) has a corresponding conjugate branch and these
branches build near—conjugate branch pairs. For details on the general case, refer to
Ref. [CGH™96].

Except for n = 0 and n = —1, all branches n of W, (z) are always complex, and
Woy(z) and Wi(z) are only real for certain ranges of z. The real-valued case for ze?
and W, (z) vs. z is shown in Fig. 3.1 and the complex—valued cases are shown in
Fig. 3.2 and 3.3. Figure 3.2 shows the real and imaginary part of W, (z) vs. z and
Fig. 3.3 shows W, (z) in the complex plane. It can be seen that at z = 0,

0 n=20
lim Re W, (z) =
z—0 —© n#0
and that the imaginary part has a jump—discontinuity, at which the pairing of the
corresponding near—conjugate branch pairs shifts by one element.

Note that in general
Wh(z€e*) # z. (3.21)

This only holds for the branch n in which the phase of ze?, namely ¢, + z;, lies
within the aforementioned interval 27[n,n + 1].

3.4.2 Neutral Stability Curves

Our goal is to solve the characteristic equation (3.15) for the neutral stability curves
Te(), at which the stability of the eigenmode ¢; changes. To this end, we consider
the delay strength « as a parameter and solve (3.15) for the delay time 7 = 7.(«)
at which the corresponding eigenvalue \; crosses the imaginary axis in the complex
plane, thereby changing the sign of its growth rate Re A;. Crossing the neutral
stability curves 7.(«) in control parameter space leads to a bifurcation of the system
state ¢(0). They can be determined by the condition:

Re \j(n, pj, o, 7e(ar)) = 0. (3.22)
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2.0

1.0f :

zét

0.5} :

0.0;

—0.5} ]

25 -4 -3 2 -1 0 1 2

— n=-1

— n=0

-1.0-05 00 05 10 15 20
z
(b)

Figure 3.1: Real-valued function ze* and its inverse Wy,(z) on the real line. a)
ze® vs. z for z € R. b) W,,(2) vs. z for the two real branches n = 0
and n = —1. Inverting ze” results in a split at the minimum (-1, —e™1),
which becomes the so—called branch point of W,,, at which both branches
intersect. The diagram only shows ranges of z for which the W), are real—
valued.
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Figure 3.2: Real and imaginary parts of W,,(z) for the branches —3 < n < 2. Corre-
sponding near—conjugate branch pairs have the same real part, whereas
their imaginary parts have opposite signs. The pairing of near—conjugate
branch pairs shifts by one element due to a jump—discontinuity at z = 0.
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Figure 3.3: Complex plane representation of the complex—valued W, (z) for the
branches —3 < n < 2 and z € [—5,5]. The upper edge of each curve be-
longs to —5 , and the lower edge belongs to +5. This can be concluded,
since at the jump—discontinuity the imaginary part jumps downwards.
In comparison with Fig. 3.2, one can observe that when z crosses z = 0,
the real parts of branches with branch index n # 0 have a singularity and
go to —oo and their imaginary parts have a jump—discontinuity at which
the pairing of the corresponding near—conjugate branch pairs shifts by
one element. The branches n = 0 and n = —1 intersect at the branch
point, where both branches change from real- to complex—valuedness.
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Since there is an infinite number of branches of eigenvalues \j(n), n € Z, one
obtains neutral stability curves that depend on the branch index. The stability of
¢; changes, if the TDF control parameters (a, 7) can be chosen, such that

T > Te(@). (3.23)

We analytically derive the neutral stability curves 7.(«) for the general case of
complex—valued ;1 € C, and their associated oscillation frequency Im A; on the neu-
tral stability curve. The implicit equation for the neutral stability curves has been
recently obtained in [Gurl4]. Our goal is to explicitly solve it and derive properties
of the solution. Note that the eigenvalues X of the linear stability problem with TDF
can also be complex, even if u € R, because of the properties of the Lambert-W
function.

For convenience, we drop the index j of p;, A; and ¢, since all eigenvalues satisfy
the same equation and the following analysis holds for each of them. Then, the
characteristic equation (3.15) becomes

A=p+a (1 - e_’\T) . (3.24)

One can obtain the neutral stability curves 7.(«) and the oscillation frequency Im A
on the neutral stability curve as follows: The eigenvalue A = ¢ + iw and the charac-
teristic equation (3.15) are split into their real and imaginary parts:

o=Re p+a—ae 7" cos(wr) (3.25a)
w=1Im p+ ae” 7" sin(wr) (3.25b)
Setting ¢ = 0 and rearranging terms yields
R
cos(wT) = M, (3.26a)
a
w=Im p+ asin(wr). (3.26D)

Solve for oscillation frequency w:
Rearranging Eq. (3.26a) for wr

Re p+a . Re p+a
oy — Farccos (701 ) 4+ 2mm, m € Z, if =L ‘ <1 (3.27)
undefined else
and substituting it in Eq. (3.26b) yields:
R
w=1Im p+ asin (iarccos (W) + 27rm> , meZ. (3.28)
a
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3.4 Solutions of the Characteristic Equation

By applying trigonometric identities, we obtain the oscillation frequency w on the
neutral stability curve:

w= io‘vl_<w)2“m“ if [fegte] <1 (3.29)

undefined else

Solve for neutral stability curve 7.(a):
Combining equations (3.27) and (3.29) yields

2
+arccos (W> +2mm = j:on'\/l - <Re,u+oz> + 7 Im p, (3.30)
a a

which can be solved for the neutral stability curve 7 = 7.(«):

Re p+a
arccos(ig )2i27rm i |Re ZJFQ‘ <1
ro(m, 1y @) = § ay/1-(R2 )k (3.31)
undefined else

where we divided by the + sign and rearranged terms.

Although this is a mathematically allowed solution for all m and both cases of 4, the
index m and the + cases have to be adapted accordingly to ensure a physically cor-
rect solution. Due to causality, the delay time 7 and 7.(«) have to be positive, and
therefore the nominator and the denominator of Eq. (3.31) must have the same sign.

For the indices m for which this physical requirement can be satisfied, a neutral
stability curve exists and the stability of the corresponding branch changes when
crossing this curve in control parameter space.

It is unclear how the £m in the neutral stability curves are related to the branch
index n of our eigenvalues A(n) for complex p € C, whereas they can be related for
@ € R. For notational convenience, we eliminate the sign in +27m in the neutral
stability curves, by defining a new index m by m = +sign(a)m. It turns out that
the index m is the index of conjugate branch pairs of the Lambert—W function,
which can be understood as follows: Consider the argument z which is supplied to
the Lambert—W function in the eigenvalues A:

1
A=+ o+ =W, (—areltom)
T —_———

=z
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3 General Systems with Time Delayed Feedback Control

For © € R, z has the opposite sign of a. Comparing this to Fig. 3.2, we see
that for (& < 0 «» z > 0) the pairing of conjugate branches is m = +n and for
(¢ > 0 ¢ z < 0) the pairingis (m =0+ n =0,-1), (m =1 < n =1,-2),
etc. The above asymmetry arises since the pairing of corresponding near—conjugate
branch pairs of the Lambert-W function shifts by one element when crossing W, (0).

The solvability condition

When solving for the neutral stability curves 7.(a) and the oscillation frequency
w = Im A on the neutral stability curve, we encountered that the solution only
exists, if

‘Reu—i—a‘_’Reu

+ 1’ <1 (3.32)
(6]

(07

This solvability condition specifies under which condition a change of stability can
occur in the presence of TDF. Rearranging it yields:

{Reu+1§1]/\Reu+12_1}
a e
<:>|:Reu<0]/\ReM>_2]
« | «
- . R N
& [sign(Re ) - sign(a) = —1] A ||a| > Slgn(O;) ep | e;u!

=:1
=:1II
Term I specifies that in order to get a stability change, the delay strength o and the
real part of eigenvalue p; of the uncontrolled system state must have opposite signs,
which specifies how the delay strength « has to be chosen:

stabilization scenario: Rep>0, a<0, (3.33)
destabilization scenario: Re p <0, a > 0. '
Term II determines the minimum delay strength for a stability change:
R
o] > |e’2“| (3.34)

Spontaneous symmetry breaking at ar =1

Relating to the evidence of spontaneous symmetry breaking at ar =1 (see section
3.2.2), the question arises, if the obtained neutral stability curves 7.(«) include this
special case. Therefore, we consider an uncontrolled system state which has an
eigenmode with corresponding eigenvalue p = 0 as a result of symmetry, and turn
on TDF. When crossing the neutral stability curve, if it exists, the corresponding
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3.4 Solutions of the Characteristic Equation

eigenmode becomes unstable and the symmetry is spontaneously broken. To invest-
gate this, we take the limit g — 0 of Eq. (3.31):

arccos(%):t?wm i ‘Re Z—HX’ <1
lim 7.(m, u,a) = lim a\/lf(W)gi Im p
pn—0 n—0
undefined else
]_ .
= ifm=0
=¢% , (3.35)
oo ifm#0
where we applied I’Hopital’s rule to take the limit. The case differentiation can
be dropped, since the solvability condition is always satisfied for pu = 0, since
lim [Reste| —1 <1,
n—0 @

To sum up, the eigenmode with eigenvalue p = 0 in the uncontrolled system state
loses its stability if 7 > 7.(a) = a~!, since the branch with index m = 0 crosses
the imaginary axis, thus destabilizing this eigenmode. Thereby, we demonstrated
that symmetry is spontaneously broken at ar = 1 for a general system subjected to
linear TDF with scalar coupling matrices.

Oscillation frequency w at the bifurcation

Consider the oscillation frequency w in Eq. (3.29). Since the solvability condition

Re ;Hroz)
«

2
guarantees that ( < 1, the oscillation frequency w on the neutral stability

curve reads:
w=Impy, ifRep=0 (3.36)
w#Imp, if Rep+#0 (3.37)
It can be observed that the oscillation frequency w at the delay—induced bifurca-
tion is the same as the oscillation frequency Im g of the uncontrolled system, if the

eigenvalue p of the uncontrolled system lies on the imaginary axis in the complex
plane, and that they differ otherwise.

For an eigenmode ¢ with real-valued eigenvalue i € R, the oscillation frequency is
zero, i.e., Im p = 0, and one obtains:

w=0 if Reu=0, (3.38)
w#0, if Re p#0, (3.39)

Since the oscillation frequency of the eigenmode is zero by assumption, at the change
of stability, one obtains a TDF—-induced oscillation frequency w for all eigenvalues
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3 General Systems with Time Delayed Feedback Control

i # 0, whereas the frequency is zero, if the eigenvalue p is zero.

On the one hand, this means that neutrally stable eigenmodes with corresponding
eigenvalue pu = 0 lose stability in a bifurcation which is of not oscillatory type, i.e.
the growth of the perturbation is monotonous in time. On the other hand, this
states that all stable eigenmodes with corresponding eigenvalue p < 0 lose stability
in a bifurcation of oscillatory type.

For future reference, we underline that eigenvalues u = 0 belong to eigenmodes
which represent symmetry operations. If the eigenvalue u = 0 changes stability, the
corresponding perturbation grows monotonously in time and breaks the symmetry.
We shall see that for the Swift-Hohenberg equation with TDF, this situation arises
and creates a drift bifurcation which breaks the translational symmetry.

3.4.3 Implications for Real-Valued ;1

We can show that for systems whose linear stability problem with TDF is governed
by the characteristic equation (3.15), system states with real-valued eigenvalues
i € R can be destabilized, but not stabilized.

For Im g = 0, the neutral stability curves (see Eq. (3.31)) become:

arccos ( w ) +27m

re(mo i a) =4 ay/i-(Reate)?
undefined else

[0}

if‘Re“+"“<1 50
3.40

We rewrite the case for which it is defined, by factoring out the sign(«):

sign(«) [arccos (W) + 27rm]

‘a| 1 (Reg+a>2

Te(m, p, @) =

Note that 7. > 0 must hold due to causality and that the range of arccos(z) € [0, 7].
Since the denominator is positive, the nominator must be positive, which yields:

e For the destabilization scenario (1 < 0, a > 0), the solution exists for all m
by choosing the correct sign out of +; all branches start on the left half-plane
of the complex plane and change half-plane when 7 > 7.

e For the case (u > 0, a < 0), the solution only exists for m # 0, that is
the branches starting from —oo on the left half—plane can change half—planes,
which would lead to a destabilization, but the branch with m = 0, which starts
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3.5 Linear Stability Problems with TDF: Non—Scalar Coupling

at p > 0, never changes half-planes. It can be observed, that the eigenvalue
approaches the imaginary axis, but it never crosses it.

Therefore, a stabilization of eigenmodes with eigenvalue . € Ry is impossible with
the chosen type of TDF control in Eq. (3.2), whereas complex eigenvalues p € C
with positive real part can be stabilized, as seen in Ref. [Gurl4]. Fig. 3.4 shows a
representative example of neutral stability curves for the destabilization of stable
eigenmode with negative eigenvalue y = —1.

A given system state 1(?) is destabilized, if any of its eigenmodes becomes unstable.
The critical delay time 7, at which the first eigenmode becomes unstable is given
by the first curve which is crossed in control parameter space when varying « and
7, which is reflected by

Tu(@) = min 7.(m, p, @). (3.41)

m,p

3.5 Linear Stability Problems with TDF: Non—Scalar
Coupling

In this section, we perform a linear stability analysis for a system state 'z,b(o) in a
general system subjected to linear TDF with non—scalar coupling matrices K. The
following analysis is based on the assumption that the coupling matrix K and the
linearized operator i’ commutate.

As usual, we denote the steady state solution of the general system without TDF
control

Op(r,t) = F(¢) (3.42)

as 1/)(0), and denote the small perturbation to zp(o) as 0t(r,t). The linear stability
problem is given by

O J’Qp(’l" t) = g ) 6¢(Ta t)? (343)

and can be solved in terms of eigenvalues uf " and eigenfunctions @, of I
s =3 Ciels o, (3.44)
J

with constant amplitudes C}.

Now consider the non—scalar TDF control mechanism, which is given by Eq. (3.1).
The corresponding linear stability problem for non—scalar coupling reads:

o0 = F' - 8¢ + K (69(r,t) — dp(r,t — 7)) . (3.45)
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Figure 3.4: Neutral stability curves 7.(m, u, ) vs. « for fixed 4 = —1 and branches

—5 < m < 5. The different plotranges illustrate the overall behaviour,
and the asymptote at apmin = &2”' for all branches m.
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3.5 Linear Stability Problems with TDF: Non—Scalar Coupling

We can solve Eq. (3.45), provided that its right hand side can be diagonalized. For
this case, £’ and K have to be simultaneously diagonalizable, which is equivalent to
the assumption that F' and K commutate. Note that this is a generalization of the
case of scalar coupling matrices K = a1, in which F’ and K = - 1 commutated

for trivial reasons, since the identity matrix commutates with all matrices.

If they commutate, there exists a common basis of eigenfuctions ¢; with correspond-
ing eigenvalues uf " and ,qu of matrices I and K, respectively:

F o;=ui ¢ (3.46)

K o; =1 ¢;, (3.47)

We change the basis to the eigenbasis of common eigenfunctions ¢; by making the
ansatz

oY = ZCje)‘ftcpj, (3.48)
J

where \; are the yet unknown eigenvalues of the stability problem with non-scalar
TDF. Substituting this ansatz in Eq. (3.45) yields:

ZCj)\je’\jtcpj = ch {eAjtqué (eAjt - e)‘j(t_T)>] Pjs (3.49)
J J

=Y C; {e’\jt,uf/ + MJK (eAjt — e’\f(t’T))} P (3.50)
J

Since the ¢ build a basis of common eigenfunctions, they are linearly independent
and one can compare coefficients in the above equation. This results in the following
characteristic equation for non—scalar TDF:

Nj=pd (= eV (3.51)

Compared to the characteristic equation for scalar TDF (3.15), it looks like v was
replaced by the eigenvalues of M]K of K, although it is the other way round and all
eigenvalues ,uJK are equal to «, when considering the special case of scalar matrices:

pf:a Vi, fK=a-1

The same results as for the scalar TDF apply, when replacing a@ — /L]K . If the

eigenvalues ,uf can be freely chosen, this allows an individual control of the eigen-
mode ;.

41



4 The Swift—Hohenberg Equation with
Time Delayed Feedback Control

4.1 Introduction

In this chapter, we illustrate how the results obtained for general systems in chap-
ter 3 can be applied for the Swift-Hohenberg equation (SHE) with time delayed
feedback (TDF). We characterize the influence of TDF on the stability of patterns
in a SHE in two dimensions and investigate which types of patterns emerge.

Since the Swift—-Hohenberg equation without TDF is a gradient—system, all eigen-
values of the corresponding linear stability problem p are real-valued. It was shown
in chapter 3 that for © € R system states can be destabilized by TDF, but not
stabilized, therefore we focus on possible destabilization scenarios.

We extend the Swift—-Hohenberg equation by introducing the TDF control term as
an additional contribution, and obtain the Swift—-Hohenberg equation with TDF,
which also is denoted as the Delayed Swift-Hohenberg equation (DSHE) [TVT*10]:

0l ) = [e = (k2 + 92)°| wlrut) + 8- 06 = (1)
+ a(r,t) —(r,t —71)], (4.1)

where o denotes the delay strength and 7 denotes the delay time. For delay dif-
ferential equations, the initial condition g(r,t) has to be specified on the interval
[—T,0]:

Y(r,t) =g(r,t), tel-7,0]. (4.2)

The DSHE transforms back into the SHE in the limit of vanishing control, i.e., for
a — 0 or 7 — 0, whereas for a # 0 the gradient structure property is lost due to
TDF. This allows complex eigenvalues and non—-monotonous system dynamics, and
gives rise to interesting spatio—temporal behaviour.

As discussed in chapter 3, in the presence of TDF, the set of steady state solutions
persist, but their stability may change. We therefore consider stability properties of
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4.2 Numerical Treatment

the homogeneous steady state, stripes and hexagons in the DSHE, after giving an
introduction to its numerical treatment.

4.2 Numerical Treatment

The direct numerical simulations (DNS) of the DSHE can be carried out with the
same technique as used for the Swift—-Hohenberg equation (see section 2.5). In sum-
mary, we used a pseudo—spectral method in space and a semi—implicit Euler time

stepping.

The linear part remains the same as for the SHE without TDF, whereas the contri-
bution of the TDF control term is supplemented to the non-linear term:

Dib(r,t) = [e = (K2 + AP ]l )+ 3 (r,)® = v¥(r,8) + a0o(r,8) = $(r,t = 7)]

| S ——
= L(A) P(r, )+ N[y.

With this modified non-linear part N[ which now includes the contribution of the
TDF control, the same numerical scheme can be applied, as explained in section 2.5.

4.3 Homogeneous Steady State

For the Swift—-Hohenberg equation without TDF, the linear stability analysis for the
homogeneous steady state 19 (r) = 0 was performed in section 2.3.1. We obtained
the eigenvalue p of the uncontrolled system state

nle,k) = e — (k2 — k)2, (4.3)

when considering eigenfunctions eikr, beeing plane waves. The critical wave number
was rescaled to k. = 1. Since the eigenvalue u(e, k) depends on the parameter e and
on the wave number k, the eigenvalue X of the corresponding linear stability problem
in the DSHE also depends on these parameters and Eq. (3.17) becomes

A(n,p(e, k), o, 7) = p(e, k) + a+ an (—are*(“(e’kHa)T) , MEZ, (4.4)
T

To illustrate the dependence of A on these parameters, we consider a stable homo-
geneous state
e=—1— ule, k) <O0.

and try to destabilize it by the application of TDF with control parameters o and
7. Since pu(—1,k) < 0Vk, the delay strength o must be chosen with positive sign,
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4 The Swift-Hohenberg Equation with Time Delayed Feedback Control

in order to be able to achieve a destabilization (see solvability condition in sec-
tion 3.4.2). To get a first insight, it is instructive to map a reasonable choice of

sets {n,k,a, 7} — A(n,u(e = —1,k),, 7), in order to get an overview of the spec-
trum {\}, depicted in Fig. 4.1. Thereby, we can identify the branches n with the
largest growth rate Re A as n = 0 and n = —1, and furthermore shall see that

they are the first branches which cross the imaginary axis and thus destabilize the
homogeneous steady state. As expected from Eq. (3.29), all branches n have a non—
vanishing oscillation frequency w := Im A # 0, when crossing the imaginary axis.

To classify the physical behaviour, our goal is to identify the fastest growing wave
number ky,q., since it will determine the length scale of the occurring pattern, and
the branches n which cross the imaginary axis and thereby destabilize the homoge-
neous steady state. Since the parameter space is high dimensional, this can only be
made successively.

4.3.1 The First Unstable Branch

First, we investigate which branch is the first branch that becomes unstable, when
varying TDF control parameters («, 7). To this end, we consider the growth rate

max Re A(n, p(e, k), o, 7)  vs. (a,7)

for fixed € and at the wave number k4, which maximimizes it (see Fig. 4.2). Figure
4.2 shows that the first unstable branches are n = 0 and n = —1, which we denote
as the leading branches as they govern the primary destabilization of ().

Since Fig. 4.2 shows only values with Re A > 0, the boundary of these regions satisfy
Re A = 0 and are given by the obtained neutral stability curves for u € R from Eq.
(3.40), provided that their construction was appropriate and their indices m match
the branch indices n of our solution in terms of the Lambert—W function. To provide
a proof of concept, Fig. 4.3 shows the leading branches n = 0 and n = —1 and the
corresponding neutral stability curve 7.(m, u, ) with index m = 0, which shows
good agreement.

4.3.2 Fastest Growing Wave Number £k,,,. and Bifurcation Type

The classical method to determine the fastest wave number k,,,; and the type of
bifurcation, being of monotonic or oscillatory nature, is to consider Re A and Im A
vs. k (see Fig. 4.4), from which this information is clear from inspection. From
Fig. 4.4, we can conclude the existence of a traveling wave bifurcation with wave
number k., and its special case, the homogenous Hopf background oscillation at
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Re A

(a)

\l/ zoom for Re A > 0

Im A
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Figure 4.1: Spectrum A(n, u(—1, k), a, 7) for a set of {n, k, o, 7}. Parameter ranges
are k € [0,3], « € [0,10], 7 € [0,10] for branches —3 < n < 2. Since
the spectrum continously depends on the control parameters, it would
cover the whole area if visualized for continous parameters. Therefore,
the chosen paramater ranges are discretized as Ak = 0.3, Aa = 0.5
and A7 = 0.5. Branches appear in the legend in order of grouping of
near—conjugate branch pairs. a) It can be observed that the branches
n build near—conjugate branch pairs, as expected from the Lambert—W
function. Branches with largest growth rate Re A are n = 0 and n = —1.
b) When eigenvalues A\ cross the imaginary axis due to destabilization
of 4 € R_, their corresponding oscillation frequency w := Im A # 0 is
non—zero, as expected from Eq. (3.29).
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Figure 4.2: Re A(n, (€, kmaz), o, 7) vs. (o, 7) for fixed ¢ = —1 and at fastest growing
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wave number k;,q., which was found by numerical maximization with
respect to k. Only values with Re A > 0 are shown. It can be observed,
that the branches n = 0 and n = —1 are the first branches that become
unstable (see top panel), when varying o and 7, whereas n =1, n = —2
become unstable for larger o and 7 (see bottom panel).



4.3 Homogeneous Steady State

Re A(n,u(e,kpax) s, ) fOor n = 0, € = -1 Re A(n,u(€,kpax) s, ) for n = -1, e = -1

3
. 2
1
0
a a
Figure 4.3: Leading branches n = 0, n = —1 with neutral stability curve. Since only

values with Re A > 0 are shown, the boundary of these regions satisfy
Re A = 0. By construction, the curve which describes the boundary shall
be the neutral stability curve for ;4 € R as obtained from Eq. 3.40. The
neutral stability curve 7.(m, u, &) for m = 0, represented by the green
line, shows good agreement with this boundary and therefore indeed
describes the change of stability.
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4 The Swift-Hohenberg Equation with Time Delayed Feedback Control

k = 0 for a selection of o and 7.

Since the parameter space is high-dimensional, this approach can only be performed
for particular choices of & and 7, and therefore does not provide information for all
and 7 at once. It was observed in Fig. 4.4 that the fastest growing wave number k4,
could depend on « and 7 and on the particular branch n. Therefore, it is instructive
to consider a global method to find kp,uq(n, o, 7); similar to the consideration of
the spectrum {A} in Fig. 4.1, which revealed that all unstable branches have a
non—vanishing oscillation frequency Im A when crossing the imaginary axis.

To this end, Fig. 4.5 shows an extension of Fig. 4.2 to the third dimension, specifying
kmaz- It can be seen that the overall fastest growing wave number is kpyqp = ke = 1
for branch n = 0. Presumably the fastest growing wave numbers k4, # 1 of other
branches are not relevant, since the destabilization is dominated by k4. = 1 for
branch n = 0, which has the overall largest growth rate Re A of all branches.

Combining the global information about the spectrum from Fig. 4.1 and the fastest
growing wave number k., from Fig. 4.5, it can be stated that the destabilization
of the homogeneous steady state 1)(©) (r) = 0 occurs via a traveling wave bifurcation,
since predominantly the fastest growing wave number is k. = 1 and its corre-
sponding oscilation frequeny Im A is non—zero. Figure 4.6 compares our analytical
prediction to a direct numerical simulation of the discussed destabilization scenario
for p(—1, k), which shows good agreement.

4.4 Stripes and Hexagons

The linear stability analysis of stripes and hexagons in the DSHE is analogous to
the performed analysis for the SHE without TDF, as presented in section 2.3.2. In
summary, we make a general ansatz, which incorporates both stripes and hexagons
as a special case; derive the amplitude equations for the complex amplitude §; € C by
the mode projection technique; split the amplitude equations into the real amplitudes
R; and phases ¢; and then consider the linear stability problem for the special case of
stripes or hexagons. The following analysis therefore focuses on the relevant details.
In Fig. 2.4, we illustrated the motivation for making the following ansatz:

fje’kjr +c.c. (4.5)

<

&

a3
I

<
Il
—

I
NE

|| cos(kjr + ¢j), (4.6)

<
Il
—_
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Figure 4.4: Real (left) and imaginary (right) parts of A(n,u(—1,k), o, 7) vs. k for
the leading branches n = 0, n = —1. The bifurcation type is clear

from inspection: a) o = 1.9, 7 = 0.8: Traveling wave bifurcation with
kmaz = 1. b) a = 2, 7 = 2: Traveling wave bifurcation at k4, = 1 with
Hopf background oscillations with £ = 0. ¢) a = 4, 7 = 4: Traveling
wave bifurcation at k4, = 1 for branch n = 0, traveling wave bifurcation
at kmazr &~ 1.6. A homogeneous Hopf oscillation arises for both branches.
The merging of branches n = 0 and n = —1 is a result of crossing the
branch point of the Lambert—W function; the merging arises before the
transition through zero in Re A(k).
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(b)y n=-1

Figure 4.5: kpmaz(n, a, 7) vs. (o, 7) for e = —1. This is an extension of Fig. 4.2 to the
third dimension, specifying the local maxima of Re A with respect to k.
The viewpoint is chosen such that the splitting of k4 can be observed.
Colours specify the values of Re A(n, (€, kmaz ), @, 7). a) For the branch
n = 0, the fastest growing wave number is k4, = 1 for all (o, 7). b)
For the branch n = —1, the fastest growing wave number is ke, = 1
at the bifurcation curve and depends on parameters («, 7) further away
from the bifurcation.
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10

Figure 4.6: Comparison of analytical predictions with a direct numerical simulation
of a destabilization scenario of the homogeneous steady state for fixed
e = —1. Green (red) points indicate that the homogeneous steady state
is stable (unstable), when subjected to TDF with delay strength « and
delay time 7. The change of stability is well described by the obtained
neutral stability curve 7.(o) from Eq. (3.40). The red dotted curve
was obtained from the consideration of the limit of small delay times
T in section 3.2, and it can be observed that the neutral stability curve
converges to it. Simulation parameters are: ¢ = —1 , § = 0, initial
cond.= 0 + noise, TDF turned on at time T' = 0.
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4 The Swift-Hohenberg Equation with Time Delayed Feedback Control

with complex amplitudes ;(t) € C and wave vectors k;:

k1= ke (é) . ko= % (&é) . kg = % (_‘\%) . (4.7)

As stated earlier, this ansatz contains both stripes and hexagons. One obtains
hexagons by considering

1€1] = |&2| = &3] (4.8)

and stripes by setting

&1l # 0, [&] =& =0. (4.9)

The non-zero amplitude |¢;| # 0 can be arbitrarily chosen.

When substituting the ansatz (4.5) in the Swift—-Hohenberg equation with TDF
(4.1) and projecting on the modes etRiT of the ansatz, one obtains the amplitude
equations for the complex amplitudes &; € C in the presence of TDF. They read:

& = 1 + 206385 — 361 |6 + 2P + 2P| +a(G®) - &t —7),  (4.10a)
& = 6o + 206561 — 362 2012 + | + 2162 + 2 (&) — &t — 7)), (4.10b)
& = ey + 206165 — 363 21612 + 206 + 16| + a (&) — &t = 7). (4.10¢)

One can observe that these are our earlier obtained amplitude equations from
Eq. (2.17) being extended by TDF control terms. The TDF control terms add lin-
early to the amplitude equations, since the control mechanism is linear and additive,
and the ansatz consist of a linear superposition of plane waves.

If, at this point, we would consider stripes in Eq. (4.10), this would result in the
same amplitude equation as found in [ITSO13], beeing derived for stripes in the
the Lengyel-Epstein model with TDF. Pursueing our more general ansatz, we split
the complex amplitudes &;(t) = R;(t)e**® in Eq. (4.10) into their real amplitudes

92



4.4 Stripes and Hexagons

R;(t) and phases ¢;(t), which yields:

Rl =eRy + 20 RoR3 COS((pl + Y9 + (pg) — 3R, R% + QR% + 2R§-
+ a[Ri(t) — Ri(t — 1) cos(p1(t) — p1(t — 7)], (4.11a)

Ry = €Ry 4 26 - R3Ry cos(p1 + @ + p3) — 3Ry _2R% + R3+ 2R§_
+ a[(Ra(t) — Rao(t — 7) cos(pa(t) — pa(t — 7)], (4.11Db)

Rg =eR3+ 20 - R1Ry COS((pl + @9 + (pg) —3R3 QR% + QR% + R%
+ a[R3(t) — Ra(t — 7) cos(ps(t) — p3(t — 7)), (4.11c)
Rip1 = —26 - RaR3sin(p1 + 2 + ¢3) + aRq(t — 1) sin(p1 () — ¢1(t — 7)), (4.11d)
Ropa = —26 - R3Ry sin(p1 + w2 + ¢3) + aRa(t — 1) sin(pa(t) — a(t — 7)), (4.11e)
Rsps = —26 - R1 Ry sin(gpl + 2 + @3) + O[Rg(t — 7') sin(gpg(t) — (pg(t — 7')), (411f)

Since the TDF term vanishes at the steady states, the stripe and the hexagon steady

state solution persist, but their stability may change due to TDF'. The linear stabil-
ity analysis for both solutions is straightforward and allows to clarify the stability
properties of stripes and hexagons in the Swift-Hohenberg equation with TDEF.

4.4.1 Linear Stability of Stripes

First, we consider the corresponding linear stability problem for stripes. For the

. . . 0) (e T
small perturbations dR;(?) of the real stationary amplitudes R;” = (?,0,0)
(see Eq. (2.26)), one obtains

g [Ba(®) —2¢ 0 0 SRy (t) SRy(t) —OR (t —7)

2| orat)| = | 0 —¢  25-R” |- [6Ra(t) | + -1 | 6Ra(t) — 6Ro(t — 7)

dR3(t) 0o 20-R” ¢ dRs3(t) ORs(t) — 6Rs(t — 7)
=Sk

The matrix S R is the same as in the linear stability problem of amplitude perturba-
tions dR; without TDF which we obtained in Eq. (2.29), and we already calculated
its eigenvalues pft @ uff = —2¢, o = — — 26 - Rgo) and pf = —e+ 265 - Rgo). The
phase stability problem for the small perturbation d¢q(t) of the phase <pg0) yields:

d

- 0p1(t) = 0 1 (1) + a(Fp () — S (t — 7).

The eigenvalue of the linear stability problem for the phase perturbation is u¥ = 0.
One can see that both equations are prototypes of TDF control with scalar coupling
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4 The Swift-Hohenberg Equation with Time Delayed Feedback Control

matrices X = « -1 and our analysis applies, since it was already shown that the
matrix S R is diagonalizable.

Relating to the observations for the oscillation frequency w :=Im A at the onset of
the bifurcation (see section 3.4.2), the following TDF-induced bifurcation scenarios
can be identified:

e Since ,uf < 0Vj7 holds for stable stripes, we know that the occurring instability
is of oscillatory type and that the fastest growing wave number is k = k., since
is was part of our ansatz with which we derived the amplitude equations.
Therefore, a destabilization of an eigenvalue ,uf < 0 via TDF results in a
traveling wave bifurcation.

e As explained, a destabilization of the eigenvalue u¥ = 0 of the phase linear
stability problem involves a drift bifurcation at ar = 1, which is observed to
be the first bifurcation for the DSHE.

Figure 4.7 compares our analytical prediction to a direct numerical simulation of a
destabilization scenario of stripes, which shows good agreement.

4.4.2 Linear Stability of Hexagons

We consider the corresponding linear stability problem for hexagons. For the small
perturbations dR;(t) to the real stationary amplitudes R§O) =R, (1,1,1)T, R, =

T15 ((—1)n5 + \/524-7156), one obtains

g [0R(®) A B B SR1(t) ORy(t) — 0R(t —7)

% (5R2(t) =|B A B 5R2(t) +a- i (5R2(t) — (5R2(t — T)

SR3(t) B B A SR3(t) dR3(t) — 0 R3(t — 1)
=:gF

with the abbreviations A = ¢ — 21R?L and B = 20 - Ry, — 12R%L. For the small

(0)

perturbations d¢;(t) to the phases ¢; ', one obtains:

g [0e1(®) 111 d1(t) dp1(t) — dpr(t — 1)
T Opa(t) | ==26-Rp |1 1 1] |dpa(t) | +a-1|dpa(t) —dpa(t —7)
dp3(t) 111 dp3(t) dp3(t) — dps(t — 1)

=:5%

Our analysis applies, for the same reasons as stated for stripes. It was already shown
that the matrices éR and S¥ can be diagonalized and one can calculate the eigen-
values pf and ,uf, respectively. Again, one obtains a traveling wave bifurcation if
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1O
- Tcrit(,uzo): a!

Figure 4.7: Comparison of analytical predictions with a direct numerical simulation
of a destabilization scenario of stripes. Green (red) points indicate that
the stripes steady state is stable (unstable), when subjected to TDF
with delay strength « and delay time 7. The change of stability is well
described by the obtained neutral stability curve 7.(a) from our analyt-
ical considerations. The first eigenvalue that becomes unstable is y = 0,
which creates a drift bifurcation. Simulation parameters are: € = 1,
0 = 0, initial cond.= 0 + noise, TDF turned on at time T' = 500 after
the stripes have fully developed.
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Figure 4.8: Comparison of analytical predictions with a direct numerical simulation
of a destabilization scenario of hezxagons. Green (red) points indicate
that the hexagon steady state is stable (unstable), when subjected to
TDF with delay strength « and delay time 7. The change of stability
is well described by the obtained neutral stability curve 7.(«) from our
analytical considerations. The first eigenvalue that becomes unstable is
u = 0, which creates a drift bifurcation. Simulation parameters are:
e =1, § = 1, initial cond.= 0 4+ noise, TDF turned on at time 7" = 500
after the hexagons have fully developed.

any of the ,uf < 0 is destabilized via TDF, whereas a drift bifurcation sets in when
u¥ =0 is destabilized.

Figure 4.8 compares our analytical results with a numerical simulation of a destabi-
lization scenario of hexagons, and confirms our theoretical predictions.

4.5 Common and Uncommon Arising Numerical Solutions
The homogeneous steady state 1/)(0)(r) = 0 always loses stability in a traveling wave

bifurcation, which then obviously can lead to a traveling wave pattern (see Fig. 4.9).
However, for some TDF control parameter values («, 7) further away from the bi-

o6
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furcation curve, numerical solutions were found in which an oscillation between two
opposite states was observed for larger times (see Fig. 4.10).

The inhomogeneous solutions, namely stripes and hexagons, lose stability in a drift
bifurcation at a7 = 1, when the phase eigenvalue u? = 0 is destabilized via TDF;
followed by a traveling wave bifurcation, when the amplitude eigenvalue pf* < 0 is
destabilized. Numerical solutions for TDF control parameter values which cause a
traveling wave bifurcation are qualitatively the same as shown in Fig. 4.9.

However, the most interesting scenarios are those where TDF control parameters
lie in—between the drift and the traveling wave bifurcation curve, i.e., where an
eigenmode with eigenvalue p = 0 is destabilized, but eigenmodes with eigenvalues
p < 0 are not. For instance, we observed a drift bifurcation of hexagons (see Fig.
4.11), but also unexpected numerical solutions for stripes, such as the following:

e Starting with stripes with wave number k = k., we observed a ZigZag instabil-
ity of stripes which then started to drift (see Fig. 4.12), although the parameter
setting is not ZigZag—unstable in the Swift—-Hohenberg equation without TDF.

e Starting with stripes with £ > k. which would result in an Eckhaus instability
in the Swift—-Hohenberg equation without TDF, we observed a drift bifurcation
of these stripes (see Fig. 4.13), when subjected to TDF.

Therefore, according to numerical observations, it can be concluded that the Eckhaus
and ZigZag instability, or in general the Benjamin—Feir instability, is influenced by
TDF and their regions of instability became larger in parameter space.

o7



4 The Swift-Hohenberg Equation with Time Delayed Feedback Control
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Figure 4.9:
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Snapshot of a traveling wave solution, as a result of destabilizing the
homogeneous steady state by TDF. The white circle is a reference point
and shows that the traveling wave moves towards the top right corner.
Paramaters are: e = —1, § = 0, a = 1.9, 7 = 0.8, start with 0 + noise,
TDF turned on at T' = 0.



4.5 Common and Uncommon Arising Numerical Solutions

4.0
3.0
2.0
1.0
0.0
-1.0
-2.0
-3.0
-4.0

4.0
3.0
2.0
1.0
0.0
-1.0
-2.0
-3.0
-4.0

Figure 4.10: Snapshots of an oscillation between two opposite states, as a result of
destabilizing the homogeneous steady state by TDF. Parameters are:
e=—1,6 =0, a =4, 7 = 4, start with 0 + noise, TDF turned on at

T=0

99

Y(z,y)

Y(x,y)



4 The Swift-Hohenberg Equation with Time Delayed Feedback Control

Figure 4.11: Snapshot of a drift bifurcation of hexagons. The white circle is a ref-
erence point, which allows to identify the movement to the left top.
Parameters are: ¢ = 0.1, § = 1.0, a = 0.5, 7 = 2.2, start with 0+ noise,
TDF turned on after hexagons relaxed in their steady state.
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Figure 4.12: Snapshot of a drift bifurcation of a ZigZag pattern. The white circle
is a reference point, which allows to identify the movement to the left.
Parameters are: ¢ = 1, 6 =0, a = 0.5, 7 = 2.2, start with sin(k.y),
where k. = 1 is the critical wave number. TDF was turned on after the

relaxation into stripes.
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Figure 4.13: Snapshot of a drift bifurcation of Eckhaus unstable stripes. The white
circle is a reference point, which allows to identify the movement to the
bottom. Parameters are: ¢ = 1, § = 0, a = 0.6, 7 = 2, start with
sin(1.178z), TDF turned on at 7' = 0.



5 Summary and Outlook

In this thesis, we analyzed the linear stability properties of general systems subjected
to linear time delayed feedback. In particular, we considered TDF with scalar cou-
pling matrices K = « - 1, and derived the characteristic equation which determines
the eigenvaluesj\j of the linear stability problem with TDF. We showed that the
characteristic equation can be solved in terms of Lambert—W functions, and char-
acterized properties of the solution. It was observed that every eigenvalue p; of the
uncontrolled system state induces an infinite number of complex eigenvalues A;(n),
n € Z of the linear stability problem with TDF, all of which satisfy the same char-
acteristic equation.

Furthermore, we derived neutral stability curves which specify for which delay
strength o and delay times 7 a given eigenmode ¢; changes stability, and analyzed
the implications for eigenvalues p; € R of the uncontrolled system state. It was
shown that with the linear TDF control mechanism with scalar coupling matrices
K = a1, eigenvalues p; € R can be destabilized, but not stabilized. The analysis

for p; € Cis yet to be done, which presumably can be obtained by a generalization
of the methods so far.

The analysis of TDF with scalar coupling matrices was then generalized to a certain
subclass of non—scalar coupling matrices K, namely these in which the non—scalar
coupling matrix commutates with the linearized operator F’ of F. Here, F' denotes
the non—linear operator that describes the intrinsic system dynamics of the uncon-
trolled system.

To confirm our analytical predictions and also to study the influence of TDF on
a particular system, we considered the Swift—Hohenberg equation with TDF. We
analyzed the TDF-induced instability of the homogeneous steady state, stripes and
hexagons from the theoretical point of view. To this end, we derived and analyzed
the order parameter equations for stripes and hexagons in the presence of TDF'. It
was demonstrated that the homogeneous steady state loses stability in a traveling
wave bifurcation, whereas stripes and hexagons lose stability via a drift bifurcation,
followed by a traveling wave bifurcation for larger values of a and 7. Comparing our
analytical predictions with direct numerical simulations (DNS) showed good agree-
ment.
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5 Summary and Outlook

Although all obtained numerical solutions so far lose stability at the expected bi-
furcation curves, the explanation of some of the resulting dynamical behaviour was
out of the scope of our current analysis, such as a drift of Eckhaus unstable stripes
or drifting ZigZag patterns. For instance, we observed stripes being destabilized by
TDF and resulting in a drift of a ZigZag pattern, although the same scenario would
not create a Zigzag instability in the system without TDF. Also, in the presence of
TDF, we observed a drift bifurcation of stripes which would be Eckhaus unstable
in the Swift-Hohenberg equation without TDF. Therefore, we conclude that TDF
influences the boundaries of these so—called second instabilities of stripes (so—called
Benjamin—Feir instability), which provides a good starting point for further analysis.
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