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Chapter 1

Introduction

Proteins are one of the main building blocks of life as we know it. Within a

living cell they perform a wide variety of functions. Enzymes play an impor-

tant role in catalysing chemical reactions, other proteins provide structural

stability, be it inside the cell as part of the cytoskeleton, or outside, e.g. in

hair. Yet another function they provide is transport inside the body, such

as haemoglobin transporting oxygen from the lungs to the other organs.

Proteins are composed of many amino acid residues, whose sequence is coded

into the DNA. This sequence is called the primary structure of the protein.

Each amino acid is bounded to its neighbour by a peptide bond. The func-

tions a protein fulfils are however not simply governed by the sequence of

amino acids that build it, but by the larger structures these macromolecules

build. Of high interest is here the so called tertiary structure, meaning the

three-dimensional structure of a protein. This functional structure is assem-

bled by a process called protein folding. Understanding these folding pro-

cesses is highly relevant in understanding the functions of certain proteins.

The misfolding of certain proteins is for example associated with neurode-

generative diseases such as Alzheimer’s or Parkinson’s [12]. Knowing what

is going wrong on the molecular level could provide a path to healing these

diseases.

To this end simulations of folding processes are the best option of under-

standing the molecular details. These simulations are typically performed

as Molecular Dynamics (MD) simulations. These MD simulations produce
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time series of a nanosecond length. They involve solving Newton’s laws of

motion for each atom in the molecule simulated. From a physical point of

view this forms a vastly high dimensional system. Aβ42, the largest of the

molecules investigated in this thesis, is comprised of 627 atoms, each with

3 cartesian coordinates. Typically these large systems are simulated using

supercomputers.

An important part of analysing these systems is identifying metastable states

that are highly populated by the system. In order to obtain the correct dis-

tribution of these states, long time series are necessary since a system can

stay in one metastable state for a long time and rarely jumps to another.

These long time series are very expensive to calculate using molecular dy-

namics. However an alternative was proposed by Hegger and Stock [11],

based on initial work on the estimation of drift and diffusion coefficients

by Friedrich et al. (see [9, 10, 22]). Their Langevin algorithm can model

a time series of, e.g. the dynamics of a molecule, from local information

about the drift and stochastical driving. Due to only taking into account

local information, this algorithm does not need statistically converged input

data in order to produce the correct distribution of metastable states. The

library data used by the algorithm can be composed from several short MD

trajectories that together cover the phase space of the system. These will

however not represent a Boltzmann weighted distribution. The production

of a long time series is then the task of the Langevin algorithm, which can

run on a standard PC. The algorithm involves a nearest neighbour search

at each time step, which becomes highly inefficient at higher dimensions.

This is one of the problems related to the term curse of dimensionality. It is

mainly due to data in high dimensional space being inherently sparse. The

Langevin algorithm therefore runs much more efficiently in low dimensional

space. This algorithm presents a method to bridge the gap between the

time scale of MD simulations of a few nanoseconds and that of, e.g. folding

processes of proteins, that take place in the order of microseconds. It has

been applied to a number of short peptides (see [11, 20, 18]).

The molecules considered in this thesis are, as described above, represented

by the 3N coordinates of their N atoms. These are however not the degrees

of freedom of the system since the atoms are tightly bound to each other by
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different intramolecular bonds, such as covalent or hydrogen bonds. There-

fore it should be possible to find suitable collective reaction coordinates that

enable a low dimensional description of the system. Commonly used empir-

ical coordinates are, e.g. the radius of gyration Rg or the fraction of native

contacts Q. Other options to reduce the dimensionality are of a more general

nature and do not need any previous knowledge about the system analysed.

The best known dimension reduction algorithm in this context is probably

the Principal Components Analysis [1]. It is a fast and reliable algorithm,

but has limitations due to being a linear method.

Many nonlinear dimension reduction algorithms have been developed in the

context of machine learning, where they perform a feature extraction before

e.g. pattern recognition is applied. One of these nonlinear methods is the

ISOMAP algorithm [23]. Itself and various derivatives have been used in

fields ranging from motion recognition [2] and classification of emotional

states from EEG data [25] to finding reaction coordinates of a folding protein

[5]. Other nonlinear dimension reduction methods are diffusion maps [4],

sketch map [3] and locally linear embedding [17].

Dimension reduction not only enables the Langevin algorithm to be used

efficiently, it is also an important tool for human understanding of high

dimensional systems. To this end a good dimension reduction algorithm

should be able to distinguish between different metastable states and capture

the reaction pathways leading from one such state to another. It should

reveal the internal structure of the system.

The combination of dimension reduction and step-wise drift-diffusion esti-

mation is of course not restricted to molecular systems. In general any high

dimensional dynamical system can be studied using these methods. Possi-

ble other applications range from systems such as the human body, studying

different vitals such as EEG data, heart or respiratory rates etc., to larger

systems, such as environmental parameters in climate research.

In this thesis time series of three different peptides, trialanine [11], Trp-cage

[14] and Aβ42 [12], are investigated. In a first step both dimension reduction

algorithms, PCA and ISOMAP, are performed on a single time series of each

of these molecules (section 3) and the results are compared to each other.

Leading towards the usage of multiple short trajectory, the trialanine time
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series is used as a simple non-trivial toy system (section 4.1). It is split into

several short time series which are then reassembled, in order to test the

performance of the dimensionality reduction algorithms on data that is not

continuously sampled. The dimension of multiple short time series of the

Trp-cage and Aβ42 molecules is subsequently reduced by both algorithms

and again their performance is compared.

Finally the data-driven Langevin algorithm by Hegger and Stock is used on

the obtained time series of reduced dimensionality. In order to validate the

code written for this thesis, the results from [11] are reproduced in section

5.1.2. The trialanine time series is then again split into shorter time series

and used as a toy system to test the performance of the Langevin algorithm

on library data comprised of multiple short time series. In sections 5.2 and

5.3 this is then applied to multiple time series of the larger peptides, Trp-

cage and Aβ42. For each of these molecules a 40 µs time series is estimated

using the data-driven Langevin algorithm with library time series whose

dimensionality was reduced using the ISOMAP algorithm.

In the last chapter, the results of this thesis are summarized and starting

points for further investigation of the methods used here are given.



Chapter 2

Methods

2.1 Dimension Reduction

Data from molecular dynamics (MD) simulations is usually presented in

cartesian coordinates. A molecule comprised of N atoms is therefore de-

scribed by 3N cartesian coordinates. The underlying problem however is

not necessarily a 3N -dimensional one. The degrees of freedom of this sys-

tem are constrained by e.g., covalent bonds or hydrogen bonds etc., this

leads to a necessary dimensionality reduction. This dimensionality reduc-

tion needs to condense the dynamics of the system to as few dimensions

as possible, without discarding relevant properties of the dynamics. The

methods to achieve dimensionality reduction can be classified into linear

and nonlinear methods.

One of the best known linear methods is the Principal Components Analysis

(PCA), where a transformation matrix is found that minimizes covariances

between the variables. A nonlinear method is ISOMAP, which, based on

Multidimensional Scaling (MDS), approximates the low-dimensional mani-

fold by preserving geodesic distances.

2.1.1 Principal Components Analysis

Standard PCA

The goal of the PCA transformation is to find a linear transformation of

the data set from the space of observations Y to an uncorrelated orthogonal

5
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basis set. The first principle component is along the direction with the

largest variance, i.e. it describes the highest possible variability of the data

set. The other basis vectors of the transformation are found along the axis

with variance in descending order, with the constraint of being orthogonal

to each other. The motion of the 3N coordinates qi...q3N is stored in the

covariance matrix [6]:

σij = 〈qiqj〉 − 〈qi〉〈qj〉. (2.1)

This matrix σ is decomposed into a diagonal matrix of eigenvalues Λ in

descending order and the corresponding matrix of eigenvectors V :

σ = V ΛV −1. (2.2)

The principal components xi are retrieved by the multiplication:

xi = viq, (2.3)

where vi is the i-th eigenvector of the covariance matrix σ. A reduced

dimensionality is now achieved by discarding the principal components with

the least variance.

The dimensionality P of the reduced data set is chosen by the fraction of

explained variance of the principal components
∑P

i=1 λi/
∑3N

j=1 λj .

Dihedral PCA

To avoid artefacts from the overall motion of the molecule it may be ben-

eficial to use the dihedral angles as observational variable instead of the

cartesian coordinates. These angles {ϕn} are converted to a metric coordi-

nate space by the transformation

q2n−1 = cosϕn

q2n = sinϕn

(2.4)

to avoid problems arising from the circularity of the angles [11].
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2.1.2 ISOMAP

ISOMAP is a nonlinear dimensionality reduction method based on Multi-

dimensional Scaling [23]. MDS embeds a high dimensional data set into

a low dimensional space by finding an embedding that best preserves the

euclidean distances between the points.

Since the constraint surface on which the points lie, can be folded or oth-

erwise distorted in the high dimensional space, linear methods like PCA or

MDS are not able to transform the data set correctly to a low dimensional

embedding.

In contrast to MDS, ISOMAP seeks to preserve the geodesic distances on the

low dimensional manifold. These distances are approximated by ’hopping’

from one point to another through their nearest neighbours and adding this

’hopping’ or graph distance. The use of the geodesic distances is done in

order to incorporate the structure of the manifold in the nonlinear embed-

ding.

To realise this graph distance at first a network is built, where each point is

connected to its k-nearest neighbours. Then the distances on the network are

computed using Dijkstra’s algorithm [7]. Since MDS uses not the distances

but the scalar products, the matrix of distances is squared and converted to

a Gramian matrix S of scalar products by double centering it, i.e. removing

from each row the row mean and from each column the column mean and

adding the grand mean. The eigendecomposition of this matrix is then

computed:

S = V ΛV −1. (2.5)

From here the low dimensional data set X can be retrieved via

X = IP×NΛ1/2UT , (2.6)

where IP×N is an identity matrix with additional zero columns [23].

The larger the data set, the larger the distance and Gramian matrices get, up

until a point where the matrices are no longer computationally tractable.

Therefore an alternative has to be employed that is cheaper to compute.
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This alternative is called Scalable ISOMAP (ScIMAP). [5] It speeds up

computation drastically by calculating the embedding on a specifically cho-

sen set of n landmarks and calculating only the desired number of largest

eigenvalues and eigenvectors. This approach works on the assumption, that

the system stays in low free energy areas most of the time. Therefore a

large portion of data points is redundant for finding the geometry of the low

dimensional embedding.

The embedding of the set of landmarks is then found in the same way

as the standard ISOMAP by eigendecomposition of the Gramian matrix.

The remaining points y of the data set are reinserted into the embedding

by computing the squared distance vectors δ to all landmarks. These are

again demeaned to obtain the scalar product vectors s. Finally the low

dimensional representation is found by [6]:

x = IP×nΛ−1/2UTs. (2.7)

A lower bound for the number of landmarks used is the dimensionality. For

a P -dimensional embedding, at least P + 1 landmarks are needed.[5] The

accuracy of the embedding is of course improved by considering much more

landmarks. Upper bounds for the number of landmarks are the time needed

to compute the eigenvalues of the Gramian matrix and the memory available

to store the matrices involved.

The landmarks used in this method can be chosen in different manners,

which are described and discussed in the following sections.

Random Selection [6]

For a random selection of landmarks, the landmarks are simply drawn ran-

domly from the existing points. Since each point is equally likely to be a

landmark, the majority of landmarks will be in highly sampled metastable

states. The spatial separation between the landmarks is not optimal and

many of the landmarks are redundant and do not offer additional informa-

tion about the manifolds geometry.
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Iterative MaxMin Selection [6]

In this landmark selection method, the landmarks are chosen in an iterative

manner. The first landmark is chosen randomly from the points of the data

set. All subsequent landmark points are chosen to maximize the minimum

distance to the existing landmarks. This procedure ensures an optimal spa-

cial separation between the landmarks, that sufficiently samples the sparse

regions of the conformational space while avoiding to oversample the high

density regions. However it takes a very long time to compute a sufficient

number of landmarks. E.g. it took more than a week to calculate 5000

landmarks for the Aβ42 molecule.

Distance Weighted Random Selection

An improvement of this method can be achieved by assigning weights to

each point from the data set, and drawing weighted samples. These weights

can be distance based. This distance could for example be the distance to

the mean of all points. Alternatively one could choose several points, e.g.

the centres of previously identified metastable states, to which the distances

are taken.

The weights are then assigned, such that points farther away from the ref-

erence points are more likely to be selected as a landmark. This method en-

sures more equally distributed landmarks than the fully random approach.

However especially when the distance to metastable states is used, prior

knowledge of some features of the system is necessary.

Kernel Density Weighted Random Selection

Similarly to the distance weighted random selection of landmarks, the weights

can also be assigned by first calculating the kernel density at each point in

the time series (for a detailed explanation of the kernel density estimation see

section 2.3). This can be done with different kernels, such as the Epanech-

nikov kernel or a Gaussian kernel. The bandwidth in the kernel density

estimate can be chosen, e.g., by applying Scott’s rule. Since the landmarks

should be more or less equally spaced in order to efficiently represent the

overall structure of the phase space, points from less populated regions in
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phase space shall be selected preferably. Therefore the weights are computed

as the inverse of the kernel density at each point of the library data.

2.1.3 Comparison of PCA and ISOMAP

As an initial test of the two algorithms, the swiss roll data set is used. It

consists of N points sampled from a two dimensional plain. These points

(x1, x2) are then transformed into three dimensional space by the relation
y1

y2

y3

 =


x1 cos(x1)

x2

x1 sin(x1)

 . (2.8)

The aim of any dimensionality reduction algorithm is now to reproduce the

original, in this case two dimensional structure of the manifold. The results

of both algorithms, as well as the three dimensional representation of the

swiss roll data set can be seen in figure 2.1.

As can be seen in these figures, PCA as a linear dimensionality reduction

method fails to ’unroll’ the swiss roll. As expected it delivers a projection of

the data onto the two axes with the highest variance, in this case the plane

spanned by the y1 and y3 axes in figure 2.1A, apart from rotations.

ISOMAP in contrast is able to recover the two dimensional structure much

better, although the recovered structure is not rectangular but distorted

along the edges. This is due to the selection method of the neighbouring

points. In this case a fixed number of neighbours was chosen. At the edges

of the rectangle the neighbours are not isotropically distributed, the net-

work provides shortcuts through the manifolds. As a consequence the path

distances along the edges are a bit shorter than in the plane, leading to the

distortion seen in figure 2.1C.

Apart from the obvious advantage of being able to develop curved manifolds

that PCA is not able to reduce correctly, ISOMAP has a grave disadvantage:

the computational time needed to embed the data set into a lower dimension.

A PCA embedding of a d-dimensional data set consists only of comput-

ing the d× d-covariance matrix and its eigendecomposition and the matrix

multiplication of the data set with the transformation matrix.
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y1 y 2

y 3

A

x1

x
2

B

x1

x
2

C

Figure 2.1: Swiss roll data set with N = 2048 colour coded points, (A) in three di-
mensional representation, (B) in two dimensional representation found by the PCA
algorithm, (C) in two dimensional representation found by the ISOMAP algorithm

Landmark ISOMAP on the other hand requires the calculation of n land-

marks, finding nearest neighbours in a high dimensional data set, calculating

distances on the resulting network using Dijkstra’s algorithm, the eigende-

composition of the n×n squared distance matrix, and finally for each point

a multiplication of the P×n transformation matrix with the length n scalar

product vector s. All this can easily take more than an hour to calculate,

with the computationally most expensive calculations running in parallel on

eight cores.

2.1.4 Determination of Embedding Dimension - The Plateau

Dimension

A major challenge of reducing the dimensionality of a given data set is the

estimation of the intrinsic dimensionality. One approach is to look at the

eigenvalues calculated during the calculation of the embedding. In both

methods described above, only the eigenvectors corresponding to high mag-

nitude eigenvalues are considered in the embedding. The embedding dimen-

sion is chosen to be the dimension, where the magnitude of the eigenvalues

no longer changes significantly [13]. A second approach is to calculate the

residual variance, i.e., the variance that is not explained in a d-dimensional
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Figure 2.2: Residual variance σr against number of dimensions for both PCA and
ISOMAP for the swiss roll data set.

embedding. It is defined as [23]:

σr = 1−R2(DM , DY ). (2.9)

Where R denotes the correlation coefficient, taken over all entries of the

matrices DM and DY , with DM being the estimate of the manifold distance

of each algorithm and DY the euclidean distance in the low dimensional

embedding. Again one looks for the dimension where the residual variance

no longer changes significantly and the graph of the residual variance enters

a plateau, thus the name Plateau Dimension.

The residual variance σr additionally offers a means of comparison between

the different dimensionality reduction algorithms. A lower residual vari-

ances indicates a more accurate embedding. This is reflected in the residual

variance for the swiss roll data set in figure 2.2. The residual variance of the

ISOMAP embedding is four orders of magnitude lower than that of the PCA

embedding. The only exception is the third dimension, where PCA has a

zero residual variance, since it is perfectly able to embed a three dimensional

data set into three dimensions.
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2.2 Reconstruction of Dynamics

2.2.1 Langevin Equation

Apart from finding and understanding a low dimensional representation of

a system it is as well instructive to study its dynamics, either in the high

or the low dimensional representation. For this the Langevin equation is

employed [11]:

ẋ(t) = h(x(t)) +D(x(t))ε(t). (2.10)

This equation is comprised of a drift function h(x(t)), describing the deter-

ministic motion of the system in phase space, e.g. the motion of a molecule

towards a metastable state. The second part of equation 2.10 is the stochas-

tic driving D(x(t))ε(t), with the diffusion operator D and white noise ε. It

accommodates the influence of low amplitude fluctuations of the molecule

and acts as a driving of the system.

Since the library data is discretely sampled, the discrete form of the Langevin

equation is used. The differential ẋ is approximated by the difference quo-

tient ∆x/∆t:

∆x/∆t = xn+1 − xn (2.11)

∆xn = h(xn)∆t+D(xn)εn
√

∆t (2.12)

2.2.2 Drift-Diffusion Estimation

In order to estimate Drift and Diffusion locally, the local average 〈f(x)〉 is

defined [11]:

〈f(x)〉 =

∑
i f(xi)Θ(δ − ||xi − x||)∑

i Θ(δ − ||xi − x||)
. (2.13)

Where the step function Θ(δ−||xi−x||) ensures only points inside a sphere

of diameter δ contribute to the average. In practice δ is varied, such that a

fixed amount of points contributes.

Since the noise term in equation 2.10 is unknown, the terms h and D cannot

be estimated directly, e.g. by a least-squares fit. Rather the statistical

properties of the noise have to be exploited. To this end the local average
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is applied to equation 2.12:

〈∆xn〉 = 〈h(xn)〉∆t+ 〈D(xn)εn〉
√

∆t. (2.14)

If the neighbourhood is small enough, and h and D are smooth, the av-

erages 〈h(xn)〉 and 〈D(xn)εn〉 can be replaced by h(xn) and D(xn)〈εn〉
respectively.

Since the average over the gaussian noise is zero, one obtains directly the

drift function:

h(x) = 〈∆xn〉. (2.15)

In order to estimate the diffusion operator D the product 〈∆xn∆x†n〉 is

regarded:

〈∆xn∆x†n〉 = 〈[h(xn) +D(xn)εn][h(xn) +D(xn)εn]†〉
(2.16)

= ...

= h(xn)h(xn)† +D(xn)〈εnε†n〉D(xn) (2.17)

with (〈εnε†n〉)ij = δijσ
2 :

σ2D(xn)D(xn)† = 〈∆xn∆x†n〉 − h(xn)h(xn)†, (2.18)

where 〈∆xn∆x†n〉 − h(xn)h(xn)† is the local covariance matrix. The diffu-

sion operator D(xn) can then be estimated by a Cholesky decomposition.

2.2.3 Step-wise Drift-Diffusion Estimation

The beforehand described calculations can now be used to estimate a model

time series from experimental or simulational data. To this end a start point

is chosen. This might be a random point. To prevent transient motion in

the model time series it is however advisable to choose a point from the

library, e.g. the last point of the library time series. For this point only, the

drift and diffusion fields are calculated. These are then used to estimate the
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next point of the time series according to:

xn+1 = xn + h(xn)∆t+D(xn)εn
√

∆t. (2.19)

From this point, the next step is calculated in the same manner. Ultimately

a time series with similar statistical properties to the library time series

should be obtained. This can be used in a first step to validate the method

used.

However since the method uses only local data to obtain a time series, from

which statistical properties like a probability distribution can be calculated,

it is not necessary to supply statistically converged library data. It is suf-

ficient to use short time series, which sample the phase space well. From

these short time series a model time series can be calculated, which then

provides the statistical properties of interest for this system (see [11, 21]).

The input data needs to contain a sufficient amount of transitions from

one metastable state to another for the algorithm described above to work

properly. These transitions are usually scarce since the system spends most

of the time in one of the metastable states and transitions between them

happen rapidly and rarely.

Additionally the high frequency noise of the library data might need to be

removed using a low-pass filter. Otherwise the noise might cause the system

to be driven away from the populated area, towards possibly unphysical

states. This is however not necessary for all systems. In this thesis only the

trialanine molecules library data was submitted to a low-pass filter.

2.3 Kernel Density Estimation

The kernel density estimation is a method to estimate the probability density

function f of a given variable x. It can be regarded as the smoother brother

of a simple histogram and was created by Parzen and Rosenblatt individually

[15, 16]. The kernel density estimator of a function f is:

fh(x) =
1

n

n∑
i=1

Kh(x− xi) =
1

nh

n∑
i=1

K
(x− xi

h

)
. (2.20)
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As can be seen, it depends not only on the individual data points but also

on the bandwidth h, which can be regarded as a smoothing parameter, and

on the kernel K. The choice of bandwidth is crucial, since choosing a too

small bandwidth would lead to the estimated density function containing

artefacts arising from undersmoothing. If the bandwidth is however chosen

to large, much of the structure of the density function might be smoothed

away. To choose an appropriate bandwidth, several methods have been

devised, however in this thesis, one of the simplest of them, Scott’s rule [24]

is used:

h = n−1/(d+4)σ, (2.21)

with n being the number of data points, d the dimensionality and σ the

standard deviation of the data.

Another issue is the choice of an appropriate kernel function K. It may be

a simple top-hat function, a gaussian or, as used here, the Epanechnikov

kernel [19]:

K(u) =


3
4(1− u2) , u ≤ 1

0 , u ≥ 1
with u =

x− xi
h

(2.22)

The kernel density estimator (equation 2.20) provides an estimate of the

local density of a distribution, which can be used as a visualization alter-

native that is smoother than a simple histogram. On the other hand it can

be used, as described above to provide weights for the landmark selection in

the landmark variant of the ISOMAP algorithm.



Chapter 3

Dimension Reduction of a

single time series

3.1 Trialanine

A 500000 steps long time series of the dihedral angles of trialanine, trans-

formed to a metric coordinate space according to equations 2.4, is embedded

into one to four dimensions using the two algorithms explained in sections

2.1.1 and 2.1.2.

The residual variances of the two embedding methods can be seen in figure

3.1. The ISOMAP algorithm outperforms PCA in all but the four dimen-

sional embedding. This is to be expected, since the time series was initially

presented in four dimensions and PCA as a linear algorithm performs pro-

jections only. Furthermore, the residual variance of the ISOMAP embedding

shows a prominent ’knee’ at two dimensions and enters a plateau afterwards,

indicating the estimated intrinsic dimension of the trialanine system. This

plateau is not present in the residual variance of PCA.

The effect of the chosen number of landmarks on the residual variance of the

embedding can be seen in figure 3.2. The residual variance of the embedding

using 500 landmarks forms a low outlier compared to the other embeddings.

It does not change much for an increased number of landmarks. Since an

increased number of landmarks means a larger graph on which the distances

are calculated and a larger Gramian matrix, whose first P eigenvalues are

17
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calculated for a P - dimensional embedding, the time needed to embed the

high dimensional data increases.

In the same way one can determine whether the number of nearest neigh-

bours considered in the graph building has an effect on the residual variance

of the embedding (see figure 3.3). The residual variance is always lowest for

15 nearest neighbours used by the ISOMAP algorithm. However the differ-

ence to the embeddings using more neighbours becomes less for dimensions

higher than one.
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Figure 3.1: Residual variance σr against the number of dimensions d for both PCA
and ISOMAP for a single time series of the trialanine molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.
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Figure 3.2: Residual variance σr against the number of dimensions d for a sin-
gle time series of the trialanine molecule. The ISOMAP algorithm used k = 20
neighbouring points and various numbers of landmarks nl chosen with the Kernel
Density Weighted Random Selection.
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Figure 3.3: Residual variance σr against the number of dimensions d for a single
time series of the Trialanine molecule. The ISOMAP algorithm used a varying
number of neighbouring points k and nl = 10000 landmarks chosen with the Kernel
Density Weighted Random Selection.
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In the kernel density estimations of the two dimensional embeddings in fig-

ures 3.4 and 3.5 the three main states of trialanine are clearly visible.The

extended conformation β (42%) and the poly-L-proline II (PII , 42%) are

considerably more populated than the right-handed helix conformation αR

(15%).[11] As expected for a comparably low dimensional system, linear and

nonlinear dimension reduction qualitatively show the same picture. The

ISOMAP embedding however shows narrow transition paths between the

more populated metastable states that are not visible in the PCA embed-

ding.
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Figure 3.4: Kernel density estimation of the two dimensional PCA embedding of
trialanine, using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 3.5: Kernel density estimation of the two dimensional ISOMAP embed-
ding of trialanine, using the Epanechnikov kernel with the bandwidth estimated by
Scott’s rule. The embedding was computed using k = 15 nearest neighbours and
nl = 15000 landmarks chosen by the kde weighted selection.
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3.2 Trp-cage
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Figure 3.6: Residual variance σr against the number of dimensions d for both PCA
and ISOMAP for a single time series of the Trp-cage molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.

A single time series of the unfolding of the Trp-cage molecule was performed

at a temperature of 500 K. The length of the simulated time series is 200

ns, with an integration time step ∆ti = 0.002 ps and an output time step

∆to = 1 ps.

For both the Trp-cage and the Aβ42 molecules, the embedding was only

calculated on the atoms forming the peptide’s backbone. Effectively this

constitutes an initial dimension reduction. The positions of an atom in the

amino acid is highly correlated to that of the backbone atom.

To find the embedding dimension of a single time series of the Trp-cage

molecule, the residual variances for up to eight dimensional embeddings are

calculated using both the PCA and the ISOMAP algorithm. A compari-

son of the residual variances of both algorithms can be seen in figure 3.6.

The residual variance computed using the principal components embedding

shows a prominent knee at three dimensions, entering a plateau afterwards.
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This cannot be seen in the residual variances of the ISOMAP embedding,

contrasting the results in sections 3.1 and 3.3. For two and three dimen-

sions the ISOMAP algorithm produces a more accurate embedding of the

system, this changes for higher dimensions, where PCA has a lower residual

variance.

However it is possible, that the underlying system is one dimensional. In that

case the residual variance has already entered the plateau in one dimension.

This could especially be the case since, compared to the trialanine system

in section 3.1, the residual variances are quite low.

Figure 3.7 suggests that the number of landmarks used has no great effect

on the residual variance of the embedding. The embedding using 8000 land-

marks forms an outlier in the residual variance. Since the landmarks were

chosen using the Kernel Density Weighted Random Selection, it is possible,

that in this case the landmarks are badly chosen and are misleading for the

ISOMAP algorithm. All the other residual variances are close, especially

the residual variances associated with the highest numbers of landmarks,

10000 and 15000 landmarks, are practically identical.

A very similar picture can be seen for a varying number of neighbours con-

sidered for the graph building. Figure 3.8 shows the residual variance for

various numbers of neighbours k. All curves lie close to each other. For

none of the values of k the residual variance shows a distinct plateau.

In figures 3.7 and 3.8 the difference between the choice of parameters almost

vanishes for dimensions larger than five.

The two dimensional PCA embedding of the Trp-cage time series can be

seen in figure 3.9. It shows a bent path snaking through the embedding

space. There are several areas in the embedding, where the system seems to

accumulate. It could however be, that these are artefacts of the projection to

low dimensional space, and states are represented close to each other, that

are in fact not closely related. Contrasting this the ISOMAP embedding

shows, as suggested above, a nearly one dimensional manifold, apart from

two protrusions in the interval x1 = 0, ..., 500. As discussed in section 2.1.3

PCA is not able to unravel curved manifolds, whereas ISOMAP is able to

recover these pathways even though they are bent in several dimensions.
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Figure 3.7: Residual variance σr against the number of dimensions d for a sin-
gle time series of the Trp-cage molecule. The ISOMAP algorithm used k = 20
neighbouring points and various numbers of landmarks nl chosen with the Kernel
Density Weighted Random Selection.
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Figure 3.8: Residual variance σr against the number of dimensions d for a single
time series of the Trp-cage molecule. The ISOMAP algorithm used a varying num-
ber of neighbouring points k and nl = 10000 landmarks chosen with the Kernel
Density Weighted Random Selection.
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Figure 3.9: Kernel density estimation of the two dimensional PCA embedding of
Trp-cage, using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 3.10: Kernel density estimation of the two dimensional ISOMAP embedding
of Trp-cage, using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule. The embedding was computed using k = 20 nearest neighbours and nl =
15000 landmarks chosen by the kde weighted selection.
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3.3 Aβ42
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Figure 3.11: Residual variance σr against the number of dimensions d for both
PCA and ISOMAP for a single time series of the Aβ42 molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.

The single time series of the unfolding of Aβ42 was obtained by an MD-

simulation at 303 K. The time series is 100 ns long, with an integration time

step ∆ti = 0.002 ps and an output time step ∆to = 1 ps.

The residual variance of the dimension reduction of a single time series

of the Aβ42 molecule calculated for the first eight embedding dimensions

for both PCA and ISOMAP can be seen in figure 3.11. The nonlinear

ISOMAP performs much better than the linear PCA. Figure 3.11 suggests

that the problem is two dimensional since the residual variance σr changes

only marginally for higher dimensions. In figure 3.12 the residual variance

can be seen for different numbers of landmarks. As expected, the residual

variance decreases with an increase in landmarks used for the embedding.

In the case of 15000 landmarks used the residual variance plot even suggests

a one dimensional embedding.

The residual variance is smallest for 20 or 30 neighbours used to build the
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network (see figure 3.13). The clear gap between the residual variances for

20 and 30 neighbours, and the other values of k might indicate an edge of

the network that shortcuts through the manifold, which is added as more

neighbours are considered and thus increases the estimated dimension.

As figure 3.12 suggests, the time series of the Aβ42 molecule considered here

can be described in only one dimension, if enough landmarks are used. This

only becomes visible when using 15000 or more landmarks, as a denser set

of landmarks prevents shortcutting errors.

Figures 3.14 and 3.15 show the two dimensional PCA and ISOMAP embed-

dings. The ISOMAP embedding shows a more or less straight line, as is to

be expected for a one dimensional data set. The initially 501 dimensional

time series, again only backbone atoms were considered, can be described in

only one dimension, apart from two outliers. A different picture is drawn by

the PCA embedding, which, according to figure 3.11 suggests a much higher

dimensional embedding than ISOMAP. Consequently the two dimensional

PCA embedding shows a more ambiguous picture showing a curved area

along which ISOMAP presumably puts its first component.
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Figure 3.12: Residual variance σr against the number of dimensions d for a single
time series of the Aβ42 molecule. The ISOMAP algorithm used k = 20 neighbour-
ing points and various numbers of landmarks nl chosen with the Kernel Density
Weighted Random Selection.
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Figure 3.13: Residual variance σr against the number of dimensions d for a single
time series of the Aβ42 molecule. The ISOMAP algorithm used a varying number
of neighbouring points k and nl = 10000 landmarks chosen with the Kernel Density
Weighted Random Selection.
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Figure 3.14: Kernel density estimation of the two dimensional PCA embedding of
Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 3.15: Kernel density estimation of the two dimensional ISOMAP embedding
of Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule. The embedding was computed using k = 20 nearest neighbours and nl =
15000 landmarks chosen by the kde weighted selection.
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Chapter 4

Dimension Reduction of

multiple time series

4.1 Trialanine
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Figure 4.1: Residual variance σr against the number of dimensions d for both PCA
and ISOMAP for multiple time series of the trialanine molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.
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To study the behaviour of the dimension reduction algorithms being given

multiple short time series, the time series of the trialanine molecule from

section 3.1 was split into 100 short time series with 1000 steps each.

The system was then analysed in a similar manner as in the previous section.

The residual variance of the PCA and ISOMAP embeddings is compared

in figure 4.1. Again the nonlinear ISOMAP algorithm performs better in

the one to three dimensional embeddings. Only in the four dimensional

embedding PCA outperforms ISOMAP, due to the input data being four

dimensional.

The picture changes slightly regarding the influence of the number of land-

marks (figure 4.2). The residual variance decreases drastically as more land-

marks are used. In the case of a single time series (see figure 3.2) the residual

variance increased slightly for a higher number of landmarks, but the change

is not as pronounced as in the multi time series case.

The residual variances for different numbers of neighbours can be seen in

figure 4.3. The residual variance for k = 10 nearest neighbours forms an

outlier compared to the other residual variances, which lie close together.

The two dimensional embeddings obtained by PCA and ISOMAP can be

seen in figures 4.4 and 4.5. While the PCA embedding looks similar to that

of the one obtained by embedding the whole time series, there are obvious

differences in the ISOMAP embedding. While the short transition paths

are still embedded sufficiently, the long ones look like they are cut open.

In a sense that is exactly what happened. Since the transitions are already

rare, the transition paths are only sparsely populated. By splitting the single

trialanine time series into 100 shorter ones, it seems that crucial information

about these transitions was lost. With a part of the transition path missing,

the nearest neighbour network has no connecting path on this network and

thus embeds the loose ends, as if they were not belonging together.
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Figure 4.2: Residual variance σr against the number of dimensions d for multi-
ple time series of the trialanine molecule. The ISOMAP algorithm used k = 40
neighbouring points and various numbers of landmarks nl chosen with the Kernel
Density Weighted Random Selection.

1 2 3 4

dimension d

0.05

0.10

0.15

0.20

0.25

re
si

d
u

al
va

ri
an

ce
σ
r

10 neighbours

20 neighbours

30 neighbours

40 neighbours

50 neighbours

60 neighbours

70 neighbours

80 neighbours

Figure 4.3: Residual variance σr against the number of dimensions d for multiple
time series of the trialanine molecule. The ISOMAP algorithm used a varying
number of neighbouring points k and nl = 10000 landmarks chosen with the Kernel
Density Weighted Random Selection.
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Figure 4.4: Kernel density estimation of the two dimensional PCA embedding of
Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 4.5: Kernel density estimation of the two dimensional ISOMAP embedding
of Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule. The embedding was computed using k = 10 nearest neighbours and nl =
15000 landmarks chosen by the kde weighted selection.
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4.2 Trp-cage
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Figure 4.6: Residual variance σr against the number of dimensions d for both PCA
and ISOMAP for multiple time series of the Trp-cage molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.

To obtain several short time series of the Trp-cage molecule, a MD-simulation

at a temperature of 450 K was performed. From this time series 313 con-

figurations were sampled. Each of these configurations provided the initial

step for a separate MD-simulation. These simulations were performed at

300 K for 1 ns, with an integration time step ∆ti = 0.002 ps and an output

time step ∆to = 0.002 ns. In order to remove effects from the movement

of a molecule as a whole, the coordinates of the atoms were transformed to

coordinates relative to the molecule’s centre of mass.

The dimensionality of the thus prepared library data was then reduced using

the PCA and ISOMAP algorithms. The resulting residual variances are

compared in figure 4.6. Rather unexpectedly the residual variance of the

PCA embedding is, at least in the first 8 dimensions, lower than that of the

ISOMAP embedding. Both residual variances show two knees, decreasing

less after 3 dimensions, and again much less after 6 dimensions.
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Again the influence of the number of landmarks nl on the residual variance

is explored. The residual variances of embeddings calculated using 200 to

10000 landmarks can be seen in figure 4.7. In contrast to the results of

the trialanine molecule (figure 4.2) the residual variance increases for an

increasing number of landmarks, albeit the increase is only slight. All chosen

values of nl produce embeddings with a similar residual variance.

The effect of the number of nearest neighbours on the embedding of Trp-

cage (see figure 4.8) contrasts the trialanine results as well. Here for an

increasing number of neighbours, the residual variance decreases. It seems

that even for a comparably high number of neighbours, no shortcuts are

made, that artificially increase the estimated embedding dimension.

The two dimensional embeddings calculated by the PCA (figure 4.9) and

ISOMAP (figure 4.10) algorithms show a somewhat similar picture. The

individual time series form a coherent area in both embedding methods.

One of the main differences is the distribution of highly populated states.

In the PCA embedding there are highly populated states scattered around

the centre of the embedding space. The ISOMAP embedding shows much

less states with high population. Still the time series spend most of the

time in the center of the embedding space. Both embeddings show a few

holes, where no information about the dynamics is provided by the library

data. This could prove difficult for the drift diffusion estimation in section

5, making it necessary to exclude some of the time series to avoid undesired

behaviour.
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Figure 4.7: Residual variance σr against the number of dimensions d for multi-
ple time series of the Trp-cage molecule. The ISOMAP algorithm used k = 40
neighbouring points and various numbers of landmarks nl chosen with the Kernel
Density Weighted Random Selection.
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Figure 4.8: Residual variance σr against the number of dimensions d for multiple
time series of the Trp-cage molecule. The ISOMAP algorithm used a varying num-
ber of neighbouring points k and nl = 10000 landmarks chosen with the Kernel
Density Weighted Random Selection.
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Figure 4.9: Kernel density estimation of the two dimensional PCA embedding of
Trp-cage, using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 4.10: Kernel density estimation of the two dimensional ISOMAP embedding
of Trp-cage, using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule. The embedding was computed using k = 100 nearest neighbours and nl =
10000 landmarks chosen by the kde weighted selection.
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Figure 4.11: Residual variance σr against the number of dimensions d for both
PCA and ISOMAP for multiple time series of the Aβ42 molecule. The ISOMAP
algorithm used k = 20 neighbouring points and nl = 10000 landmarks chosen with
the Kernel Density Weighted Random Selection.

Similarly to section 4.2 the initial conditions for the multiple time series

of the Aβ42 molecule were sampled from a high temperature simulation,

again at 450 K. From this time series 208 initial configurations were ex-

tracted. These were again used as start points for separate MD-simulations.

Each of these simulations was done at 300 K with an integration time step

∆ti = 0.002 ps and an output time step ∆t0 = 0.002 ns. The thus calculated

time series are each 4 ns long.

These time series were again used as library data on which the dimensional-

ity reduction algorithms PCA and ISOMAP were performed. Similar to the

Trp-cage molecule in the previous section, the residual variance of the PCA

embedding is, in the first 8 dimensions, lower than that of the ISOMAP em-

bedding (figure 4.11). Both residual variances show a knee at 3 dimensions,

they are however not very low, in both cases around 20% (PCA: 15.7%,

ISOMAP: 21.7%) of the variance of the data is not explained by the low
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dimensional embedding. However adding new dimensions only very slowly

explains more variance.

A look at the residual variances using different numbers of landmarks (see

figure 4.12) again shows the residual variance slightly increasing for a higher

number of landmarks. The residual variances of the different embeddings

are however still relatively close to each other.

A similar picture as in the previous chapter can be seen in figure 4.13 for

a varying number of neighbours. The residual variance decreases for an

increasing number of landmarks. There is no sharp increase in the esti-

mated plateau dimension for a higher number of neighbours. That makes

it likely, that no false connections are made in the network building step of

the ISOMAP algorithm.

The two dimensional embeddings obtained by PCA (figure 3.14) and ISOMAP

(figure 3.15) show very similar pictures, in the centre there are a few higher

populated states, while the population decreases towards the outer regions

of the embedding space. In these outer regions there are, in both embed-

dings, trajectories from single time series that traverse otherwise empty

space. Again the gaps in the embedding can lead to unwanted artefacts in

the drift diffusion simulation, these can either be dealt with by deleting the

outlying time series or sampling additional time series in the undersampled

regions.

Similar to the single time series cases in sections 3.2 and 3.3, PCA represents

these outliers as trajectories that are quite bent in the embedding space,

while ISOMAP is able to more or less straighten them out.
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Figure 4.12: Residual variance σr against the number of dimensions d for multiple
time series of the Aβ42 molecule. The ISOMAP algorithm used k = 40 neighbour-
ing points and various numbers of landmarks nl chosen with the Kernel Density
Weighted Random Selection.
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Figure 4.13: Residual variance σr against the number of dimensions d for multiple
time series of the Aβ42 molecule. The ISOMAP algorithm used a varying number
of neighbouring points k and nl = 10000 landmarks chosen with the Kernel Density
Weighted Random Selection.
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Figure 4.14: Kernel density estimation of the two dimensional PCA embedding of
Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule
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Figure 4.15: Kernel density estimation of the two dimensional ISOMAP embedding
of Aβ42 , using the Epanechnikov kernel with the bandwidth estimated by Scott’s
rule. The embedding was computed using k = 60 nearest neighbours and nl =
10000 landmarks chosen by the kde weighted selection.



Chapter 5

Reconstruction of Dynamics

5.1 Trialanine

5.1.1 Drift fields in the two dimensional representations

The drift fields h(x) of the trialanine time series on the two embeddings

were calculated according to equation 2.15. Kernel density estimations of

the PCA and ISOMAP embeddings overlaid with streamline plots of these

fields can be seen in figures 5.1 and 5.2. At a first glance, both show a similar

picture with the streamlines pointing towards highly populated states. Both

show no drift away from the populated area which is very important for the

step-wise drift-diffusion estimation (see section 2.2.3). If there would be

drift pointing away from the populated area, the step-wise drift diffusion

estimation could produce a time series that is moving away from the area

where information about the dynamics of the system is present. As well both

figures show no areas the system cannot escape using the stochastic driving.

If there were an inescapable area, the step-wise drift diffusion estimation

would yield a time series, that, after an initial transient, would spent all its

time in this area, without exploring other parts of the phase space. Whether

this happens cannot be ruled out completely at this point, since only the

drift field is estimated.

A major difference between the two embeddings can be seen in the transition

paths between the highly populated states. As already stated in section 3.1

the ISOMAP embedding shows distinct pathways between the metastable

43
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states that cannot be distinguished in the PCA embedding. The estimated

drift field reveals that these pathways are one-way streets connecting the

states. Additionally, the streamlines of the drift field are less twisted in the

ISOMAP embedding.
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Figure 5.1: Kernel density estimation of the PCA embedded trialanine library time
series overlaid with the drift field estimated according to eq. 2.15. k = 100 nearest
neighbours were used for the local average.

5.1.2 Reproduction of known results

This section will describe the reproduction of known results from [11] in

order to validate the code used throughout this thesis. As a first step, the

dimensionality of the trialanine data set was reduced using the PCA algo-

rithm (see sections 2.1.1 and 3.1) and high frequency noise was removed

from this data set by a low-pass filter. Noise reduction became necessary

because the high frequency noise caused the estimated time series to move

towards areas not populated by the library data. On this dimension reduced

and filtered data set, the step-wise Langevin algorithm, described in section

2.2.3 is used to estimate a new time series from the library data. A compari-

son between the library data and the rebuilt time series can be seen in figure

5.3. The distribution of the first two principal components is well resolved

in the Langevin estimated time series.
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Figure 5.2: Kernel density estimation of the ISOMAP embedded trialanine library
time series overlaid with the drift field estimated according to eq. 2.15. k = 100
nearest neighbours were used for the local average.
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Figure 5.3: Distribution P (x) of the first two principal components of a test tra-
jectory of trialanine and the library data. 10 nearest neighbours were considered
for the Langevin algorithm. A 500000 points long time series was created.
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5.1.3 Dynamics on the curved embedding

To test, whether the ISOMAP embedding is suitable for the purposes of

the step-wise drift diffusion estimation, a 500000 points time series was esti-

mated, similarly to the estimation on the PCA embedding done previously.

For the local average the k = 10 nearest neighbours were considered. The

distribution of this estimated time series, along with the distribution of the

library time series can be seen in figure 5.4. Similarly to the PCA embed-

ding, the three metastable states of the trialanine molecule are well resolved

in the estimated time series. The leftmost peak in the second collective

coordinate is overestimated compared to the library data, that might be

due to its high localization. However it is evident that, the collective vari-

ables calculated by the ISOMAP algorithm are suitable for the Langevin

algorithm.

−2 −1 0 1 2

x1

0

1

2

P
(x

1
)

Library

Langevin

−2 −1 0 1 2 3 4

x2

0.0

0.5

1.0

P
(x

2
)

Library

Langevin

Figure 5.4: Distribution P (x) of the first two ISOMAP coordinates of a test tra-
jectory of trialanine and the library data. 10 nearest neighbours were considered
for the Langevin algorithm. A 500000 points long time series was created.
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5.1.4 Dynamics using a reduced library

Since the step-wise Langevin estimation of the dynamical properties of the

system are only taken into account locally, it is not necessary, that the

library data is correctly Boltzmann-weighted. The algorithm only takes

into account local velocity information to estimate a time series from which,

e.g. the probability distribution of the system can be calculated.

Therefore it is possible to discard redundant information from meta stable

states, in order to significantly shorten the library data. Important for a

correct estimation are the transitions from one metastable state to another.

Those have to be sufficiently sampled in the library time series. Ideally a MD

simulation would provide several time series that sample the phase space

well and together have a rather flat distribution, avoiding having highly

redundant information in the library time series.

In order to test the performance of the Langevin algorithm using a drasti-

cally reduced library, 100000 pairs of points were drawn from the trialanine

time series. For both embeddings they were drawn, such that in the first

embedding dimension, the distribution of the library time series is approxi-

mately flat. This ensures a reduction of redundant points in the library time

series, while at the same time keeping all points in the transition pathways

between the metastable states. Of each point nothing more than the next

step in the library is known. Using this library, the step-wise drift-diffusion

estimation is performed, for both the PCA (figure 5.5) and the ISOMAP

(figure 5.6) embedding. Each time k = 10 nearest neighbours were used for

the local average, and 500000 steps were simulated. In both embeddings,

the step-wise drift-diffusion estimation is able to recover the correct distri-

bution along the embedding variables from a flat library time series. In the

ISOMAP embedding the largest peak is not as overestimated as in the drift-

diffusion estimation using the complete time series. This might however be a

statistical artefact that vanishes, when the estimations are done for a longer

time.

Both figures quite impressively show the Langevin algorithms ability to re-

trieve a correctly Boltzmann-weighted distribution, from library data that

is far from equilibrium.
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Figure 5.5: Probability distribution P (x) of the first two PCA coordinates of tri-
alanine. The original library time series is plotted in black. As input library a
significantly shortened library time series was used (green). This shortened library
is used as input for the Langevin algorithm. The distribution of the estimated time
series is seen in red. k = 10 nearest neighbours were used in the local average.
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Figure 5.6: Probability distribution P (x) of the first two ISOMAP coordinates of
trialanine. The original library time series is plotted in black. As input library a
significantly shortened library time series was used (green). This shortened library
is used as input for the Langevin algorithm. The distribution of the estimated time
series is seen in red. k = 10 nearest neighbours were used in the local average.
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5.2 Trp-cage

5.2.1 Single time series drift fields in the two dimensional

representations

The single time series kernel density estimations of the PCA and ISOMAP

embeddings with overlaid streamline plots of the drift field h(x) can be seen

in figures 5.7 and 5.8. The dynamics in the populated area are not as clearly

visible as for the trialanine molecule (section 5.1.1). Again the drift field is

pointing towards the populated area everywhere, ensuring the stability of

the step-wise drift-diffusion estimation. However figure 5.8 might indicate

an inescapable area in the lower right corner of the figure where the system

might not be moved away by the stochastic driving.
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Figure 5.7: Kernel density estimation of the PCA embedded single Trp-cage library
time series overlaid with the drift field estimated according to eq. 2.15. k = 100
nearest neighbours were used for the local average.
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Figure 5.8: Kernel density estimation of the ISOMAP embedded single Trp-cage
library time series overlaid with the drift field estimated according to eq. 2.15.
k = 100 nearest neighbours were used for the local average.
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5.2.2 Single time series step-wise drift-diffusion estimation

The single time series of the Trp-cage molecule was used as library data for

the step-wise drift-diffusion estimation on both embeddings. The number

of nearest neighbours considered in the local average was k = 10 and the

start point for the estimated time series was chosen to be the first position

of the library time series. The distribution P (x) of the 2 µs long estimated

time series can be seen in figure 5.9 for the PCA embedding and in figure

5.10 for the ISOMAP embedding. Both figures show a high peak, were the

system accumulates after an initial transient, and a tail, which is formed by

the points from said transient. If the time series were to be iterated further,

the peak would only grow relative to the rest of the distribution. This is the

behaviour that was expected from the drift fields in the previous section.

The step-wise drift-diffusion estimation can only build trajectories that are

already known in the library. Since there is no way back to other regions of

the embedding space, the system is caught up at the end of the library time

series. However the region at the end of the time series does not seem to

be comprised of only one metastable state since in both figures there are at

least to two discernible peaks. In the ISOMAP embedding the peaks are, in

both dimensions, in a much smaller part of the embedding space. This might

indicate, that the PCA embedding projects highly related states far from

another. It is as well possible, that PCA projects unrelated conformations

close to each other, leading to artefacts in the drift-diffusion estimation, that

lead to a spacial spread of the estimated time series, that is not seen in the

ISOMAP embedded drift-diffusion estimation.

However the purpose of the Langevin algorithm is the estimation of molec-

ular dynamics on a large time scale and it is highly unlikely that the single

time series has covered all of the relevant states of the system. This makes

it necessary to sample a larger part of the embedding space, to obtain in-

formation about further transitions from one state to another.
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Figure 5.9: Distribution P (x) of the first two principal components of a test trajec-
tory and the library data of the single Trp-cage time series. 10 nearest neighbours
were considered for the Langevin algorithm. A 2000000 points long time series was
created.

−1000 0 1000 2000

x1

0.000

0.001

0.002

0.003

P
(x

1
)

Library

Langevin

−400 −200 0 200 400 600 800 1000

x2

0.000

0.005

0.010

P
(x

2
)

Library

Langevin

Figure 5.10: Distribution P (x) of the first two collective coordinates of a test trajec-
tory and the library data of the single Trp-cage time series. 10 nearest neighbours
were considered for the Langevin algorithm. A 2000000 points long time series was
created.
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5.2.3 Multiple time series drift fields in two dimensions

To overcome the previously described problems of the single time series

library data, 313 time series of length 1 ns were calculated (see section 4.2).

These were then assembled to form the library data needed for the drift

and diffusion estimations. The drift fields h(x) of the PCA and ISOMAP

embeddings can be seen in figures 5.11 and 5.12. To estimate these fields

the drift was calculated using a local average that considered the 10 nearest

neighbours.

In both embeddings there are streamlines leading away from the populated

area, which could cause problems in the step-wise drift-diffusion estimation.

This estimation will however be done in a three dimensional embedding, as

indicated in section 4.2. The streamlines leading away from the populated

area could well be an artefact in a too low dimensional embedding that

vanishes in an embedding with more appropriate dimensionality. Addition-

ally the drift field shows no apparent inescapable areas, that would need

further treatment. These two assertions will be validated by a step-wise

drift-diffusion estimation on the three dimensional embedding.
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Figure 5.11: Kernel density estimation of the first two principal components of the
PCA embedded multiple Trp-cage library time series overlaid with the drift field
estimated according to eq. 2.15. k = 100 nearest neighbours were used for the local
average.
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Figure 5.12: Kernel density estimation of the first two collective coordinates of the
ISOMAP embedded multiple Trp-cage library time series overlaid with the drift
field estimated according to eq. 2.15. k = 100 nearest neighbours were used for the
local average.
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5.2.4 Multiple time series drift-diffusion estimation
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Figure 5.13: Distribution P (x) of an estimated 40 µs trajectory of the Trp-cage
molecule, projected onto the first two collective coordinates . k = 10 nearest
neighbours were used for the local average.

The distribution P (x) of a 40 µs long estimated time series using the

ISOMAP embedded multiple time series of the Trp-cage molecule as in-

put data can be seen in figure 5.13. k = 10 nearest neighbours were used to

calculate the local averages. It shows several peaks around the centre of the

embedding space. One additional peak is located at (x1, x2) = (−200, 50).

Since this is outside of the area described by the library time series, it is

highly likely that this peak is due to an artefact. The local average of the

drift at this point is calculated using far away library points, whose con-

tribution to the drift cancels, leading to an accumulation. Apart from this

peak, the distribution is largely in line with what was to be expected looking

at the drift field in figure 5.12. The streamlines leading out of the popu-

lated area seen there seem to play no role in the drift diffusion estimation.

This might be due to them being artefacts from the projection of the three
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dimensional fields to two dimensions for visualization purposes. The actual

step-wise drift-diffusion estimation was however done in three dimensions,

possibly eliminating these artefacts.

There are however some differences visible between distribution of the library

time series and that of the estimated time series. While the bulk of confor-

mations is centred around (x1, x2) = (−50, 50) in the library time series, the

estimated time series spends most of its time around (x1, x2) = (0, 75). That

point is close to an area where many streamlines led to in figure 5.12, the

exact position of this region might again be shifted by projection artefacts.

5.3 Aβ42

5.3.1 Drift fields in the two dimensional representations

The drift field h(x) is again calculated for both embedding methods for

the single time series of the Aβ42 molecule (see figures 5.14 and 5.15). For

the calculation of the local average 100 nearest neighbours were used. In

both figures there are streamlines leading away from the populated area.

Additionally the PCA embedding shows a few inescapable areas.

The drift field of the ISOMAP embedding in figure 5.15 nicely shows the

essentially one dimensional nature of the time series. Points starting away

from the populated area decay quickly towards this area and afterwards

move with the flow on the x1 axis. On the positive end of the x1 axis the

library time series provides no way back and the estimated dynamics will

leave the boundaries of the system. Alternatively the drift towards infinity

might be counteracted by the diffusive term in the Langevin equation (2.12),

causing the estimated time series to accumulate at the end of the library

time series.
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Figure 5.14: Kernel density estimation of the first two principal components of
the PCA embedded single Aβ42 library time series overlaid with the drift field
estimated according to eq. 2.15. k = 100 nearest neighbours were used for the local
average.
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Figure 5.15: Kernel density estimation of the first two collective coordinates of the
ISOMAP embedded single Aβ42 library time series overlaid with the drift field
estimated according to eq. 2.15. k = 100 nearest neighbours were used for the local
average.
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5.3.2 Single time series step-wise drift-diffusion estimation

Similarly to section 5.2.2 a step-wise drift-diffusion estimation is performed,

now with the single time series of the Aβ42 molecule. Again the number of

nearest neighbours considered in the local average was chosen to be k = 10

and the start point of the estimated time series was the first point of the

library time series. The length of the estimated time series is 1 µs. The

distribution of the time series estimated using the PCA embedded library

(see figure 5.16) shows two larger peaks in the first principal component

and a wide distribution in the second. Contrasting this, the time series

estimated using the ISOMAP embedded library (see figure 5.17) shows two

peaks. One small peak is located at the start of both library and estimated

time series around x1 = −9000. Much more prominent however is the large

peak around x1 = 10500. It is very sharp indicating a low fluctuation in

this state once it is reached.

The differences between the two embeddings that were already visible in

the drift fields (section 5.3.1) become more evident in the drift diffusion

estimation. While the time series estimated using the ISOMAP embedded

library shows almost no fluctuation, once the area around the last point

of the library time series is reached, there is no similar point in the PCA

embedding. This is likely due to artefacts from the projection done by the

PCA, that places conformations close to each other that show no related

motion. This in turn increases the stochastic contribution in the step-wise

drift-diffusion estimation, which might cause the broader peaks in the PCA

embedding.
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Figure 5.16: Distribution P (x) of the first two principle components of a test
trajectory and the library data of the single Aβ42 time series. 10 nearest neighbours
were considered for the Langevin algorithm. A 2000000 points long time series was
created.
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Figure 5.17: Distribution P (x) of the first two collective coordinates of a test
trajectory and the library data of the single Aβ42 time series. 10 nearest neighbours
were considered for the Langevin algorithm. A 2000000 points long time series was
created.
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5.3.3 Multiple time series drift fields in two dimensions

In section 5.2 the single time series of the Trp-cage molecule proved inap-

propriate for the step-wise drift-diffusion estimation. This is again the case

for the Aβ42 molecule. As described in section 4.3, 208 time series, each

of length 4 ns were calculated. These were then assembled to form the li-

brary data for the estimation of drift and diffusion. The drift fields of the

two embeddings can be seen in figures 5.18 (PCA) and 5.19 (ISOMAP).

Both embeddings show some streamlines leading away from the populated

area. Especially in the ISOMAP embedding there are several areas, were

the step-wise drift-diffusion estimation could get stuck and be unable to es-

cape driven by the stochastic part of equation 2.12. These areas are around

(x1, x2) = (−500,−80), (0,−80) and (400, 150). They will be precisely iden-

tified in the following section.
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Figure 5.18: Kernel density estimation of the first two principal components of
the PCA embedded multiple Aβ42 library time series overlaid with the drift field
estimated according to eq. 2.15. k = 100 nearest neighbours were used for the local
average.
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Figure 5.19: Kernel density estimation of the first two collective coordinates of the
ISOMAP embedded multiple Aβ42 library time series overlaid with the drift field
estimated according to eq. 2.15. k = 100 nearest neighbours were used for the local
average.

5.3.4 Multiple time-series drift-diffusion estimation

Similar to the Trp-cage molecule in section 5.2.4, estimated time series were

calculated in three dimensions using the ISOMAP embedded multiple time

series of the Aβ42 molecule as library data. Again the number of neigh-

bours in the local average was chosen to be k = 10. At first, thirty shorter

estimated time series were calculated, starting from random initial condi-

tions. After approximately 1500000 steps all of them were caught up in one

of three inescapable regions. All of these accumulation areas where at the

border of the area populated by the library time series, making a similar

cause to that seen in the single time series case (section 5.3.2) likely. The

individual library time series in the area around these three accumulation

points were identified and all of the three points were lying at the end of a

time series with no other time series close by. Thus these time series locally

cause a situation similar to the endpoint of the single time series (see sec-

tions 5.2.2 and 5.3.2). To circumvent the problems arising from these time
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series they were excluded from the library time series to ensure a meaningful

estimation of the distribution P (x).

This estimation yielded a 40 µs long time series whose distribution P (x)

can be seen in figure 5.20. It shows several highly populated states around

the centre of the embedding.
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Figure 5.20: Distribution P (x) of an estimated 40 µs trajectory of the Aβ42
molecule, projected onto the first two collective coordinates . k = 10 nearest
neighbours were used for the local average.

Again there are differences between the distribution of the library time series

and that of the estimated time series. While the main accumulations in

figure 5.19 are around (x1, x2) = (200,−100), they are spread wider in

the estimated time series in figure 5.20. There they are mainly in an area

between x1 = −200, ..., 0 and x2 = −100, ..., 200.

Similar to the Trp-cage molecule, the estimated time series briefly traverses

areas, that are not covered by the library time series. There are however

no significant peaks in these areas. Interestingly, one of these excursions is

exactly in the area where one of the problematic time series was removed.

The streamlines leading out of the populated area, seen in figure 5.19 did

not affect the drift-diffusion estimation and might be due to an projection

artefact.
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Conclusion

In the first part of this thesis the use of two different dimension reduc-

tion technique for molecular trajectories was demonstrated. The nonlin-

ear ISOMAP algorithm initially showed a promising performance, in terms

of the resulting embedding’s residual variance, when simpler systems were

considered in chapter 3. However for more complex systems, comprised of

multiple shorter trajectories of a molecule, the linear PCA embedding had

a lower residual variance. This is probably due to the approximative nature

of the ISOMAP embedding. The pure ISOMAP algorithm already approx-

imates distances on the low dimensional manifold by path distances. The

landmark ISOMAP version takes the approximation another step further,

embedding only a subset of the data points. Only those are used to form

the network on which the embedding is performed. The remaining points

are then reinserted into the embedding by a GPS-like triangulation. This

approximation is however not only a weakness of this method but a strength

as well, since, in principle, it enables the embedding of additional time series,

after the initial network building and eigendecomposition of the Gramian

matrix took place. This offers a computationally rather cheap way to enrich

the library time series after an initial assessment of possible problematic

areas.

The network building offers room for improvement as well. When multiple

time series are used, they are not necessarily overlapping each other. It can

take a large number of nearest neighbours, until all clusters of trajectories
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are connected to each other and form one adjacency network. This is nec-

essary for the distance calculation. Points from unconnected clusters have

an infinite path length between them, which is impossible to embed in a

meaningful way.

Isolated regions of the embedding space make a larger number of nearest

neighbours necessary, which in other regions of the embedding space can

lead to shortcutting artefacts, that might artificially increase the embedding

dimension. A more sophisticated graph building method could circumvent

these problems, by locally varying the number of neighbours k. An initial

network of the landmarks with more neighbours than needed could be build.

The landmarks are however not the only points that are embedded. The

other points can now be used for an additional selection of the connections

of the network. One can for example check, whether a path of the network

traverses empty space, where no points, landmarks or not, are present. If

that is the case this path needs to be removed from the network, since it is

likely to form a shortcut.

Another approach would be to start the network with a relatively low num-

ber of neighbours. Then the unconnected clusters are identified and paths

are added to the network, that connect these clusters to each other.

Both of these methods described above could be able to further reduce the

residual variance of the ISOMAP embedding. It would however need to be

determined which one performs better both computationally and in terms

of the embedding’s quality.

The efficient search for nearest neighbours in high dimensional space is still

a major computational problem. The performance of the kd-tree nearest

neighbour algorithm used here decreases drastically once the dimensionality

reaches around 20 dimensions. This forms a major computational bottleneck

of the ISOMAP algorithm. The speed of the algorithm could be increased

drastically by making a further approximation. Instead of looking for the ex-

act nearest neighbours, an approximate nearest neighbours algorithm can be

employed. Whether this affects the embedding’s accuracy to an intolerable

extent needs to be determined.

Another way to reduce the computational time of the ISOMAP algorithm

is the use of parallel computing whenever possible. The landmark ISOMAP
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algorithm contains two main points, where parallelization yields a drastic

improvement in speed. The first is the calculation of the eigendecomposi-

tion. For the calculation of the first P collective coordinates the P largest

eigenvalues of the Gramian matrix S need to be computed. There are ef-

ficient parallel algorithms to compute the largest eigenvalues of a matrix

already present in most software packages, like scipy.linalg.

A second part of the landmark ISOMAP algorithm that can be sped up

by parallelization is the reinsertion of points into the landmark embedding.

This is calculated for each point individually and therefore offers a huge

potential for parallelization. So far the code used for this thesis employs

parallelization on the different cores of the CPU. The reinsertion step, which

still makes up a large part of the computational time, is almost a textbook

example for parallelization on a GPU, since it contains N individual matrix

multiplications for the embedding of a time series with N steps.

For more complex systems (see section 4) the PCA algorithm performed

more accurate embeddings, in terms of residual variance, than the ISOMAP

algorithm. This is in accordance to results from Duan et al. (see [8]). They

reduced the dimensionality of data from peptide folding-unfolding simula-

tions. Amongst other evaluation criteria, they compared the residual vari-

ance of several nonlinear embedding methods to that of PCA. Regarding

the residual variance of the PCA and ISOMAP embedded data they had

similar results as those presented here.

It is necessary to find additional measures that, apart from the preservation

of the input distances, measure the embedding quality, for example using

successful cluster separation. Another possibility would be the algorithms

ability to separate transition paths, like in the simple trialanine case, where

ISOMAP (figure 5.2) could distinguish pathways between the metastable

states, while PCA (figure 5.1) showed rather a transition area than distinct

pathways.

An altogether different problem is the interpretation of the collective vari-

ables retrieved by the ISOMAP algorithm. A possible ansatz for this in-

terpretation could again make use of the library data. Since the original

single-atom coordinates of the library data are known, one could visualize

the molecules along a collective coordinate. This visualization could then
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provide insights into the features of the molecule that vary along the collec-

tive coordinates.

Despite the room for improvement described above both dimension reduc-

tion methods were able to reduce the dimensionality of a given time series

drastically from 237 (Trp-cage backbone) and 501 (Aβ42 backbone) to three

dimensions.

In the second part of this thesis, drift and diffusion fields of the low-dimensional

embeddings were estimated using the Langevin algorithm described by Hegger

and Stock (see [11]). In a first step, their results were reproduced in section

5.1.2. The results here were in good agreement with those presented by Heg-

ger and Stock. Furthermore, the step-wise drift-diffusion estimation worked

as well on a drastically reduced library. This showed the algorithms ability

to work on library data, that is comprised of several short time series. That

ability became important when larger molecules where considered. The

single time series of these molecules proofed inappropriate for the step-wise

drift-diffusion algorithm (see sections 5.2.2 and 5.3.2). Both ended in a state

from where the library knew no way back, causing the trajectory to become

practically stationary there. In order to be able to run the Langevin algo-

rithm on the embeddings of larger molecules, multiple shorter time series

were calculated and assembled to form one library. This library was then in

sections 5.2.4 and 5.3.4 used to perform simulations of a length that would

not be practical using MD simulations. In both cases the estimated time

series was 40 µs long, while all library time series together covered 606 ns

(Trp-cage) and 820 ns (Aβ42).

The sampling of the library time series can be improved as well. The start

positions for the time series could be chosen in a more sophisticated manner.

Additionally, the simulation of a single time series could be stopped, once a

metastable state is reached and the molecule does not significantly change

for a prolonged period of time. This could save both computational time

and memory.

In this thesis the time series in the Aβ42 system that caused the step-wise

drift-diffusion estimation to get stuck at the end of that time series were re-

moved. An alternative approach would be, to identify the problematic time

series and run additional simulations close by, in order to add a way back to
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the rest of the embedding. Whether the full landmark ISOMAP procedure

has to be rerun, or if the points could be embedded by the triangulation

step, would then need to be determined.

All in all the methods described in this thesis perform reasonably well. Par-

allelization of large parts of the landmark ISOMAP algorithm allows it to

be run in a moderate amount of time, even for more extensive simulations

of larger molecules. In addition to that, the step-wise drift-diffusion esti-

mation allows one to calculate a 40 µs molecular trajectory in 100 minutes

on a standard PC, rather than several nanoseconds of molecular trajectory

being calculated in two days on a high performance computing system like

PALMA II. Albeit the obtained trajectory is in a low dimensional represen-

tation needing additional interpretation. However some form of dimension

reduction is always necessary for the interpretation of high dimensional sys-

tems like the proteins studied here.

The combination of dimension reduction and drift-diffusion estimation algo-

rithms, employed to study molecular dynamics is a promising approach to

these complex systems. It can be used similarly to this thesis, to obtain an

impression of the long term evolution of complex systems. Another applica-

tion could be studying the change of both the embedding and the drift field,

when a parameter in the MD simulation, like the temperature, is changed.

However the application of these algorithms is not limited to the study of

molecular systems. Any high dimensional system that evolves with time can

be examined using these methods. The possible application range from the

molecular systems treated here, to larger systems, such as the human body,

where EEG or ECG data could be analysed, or huge systems such as the

global climate.
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