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Chapter 1

Introduction

Complex systems in nature may exhibit spontaneous changes of stability from
one state into another. At such so-called tipping points the dynamical proper-
ties change qualitatively. It has been an ongoing concern to find measures to
predict such tipping points, as the transition into another state may carry along
unwanted properties.

The general concept is to examine the data of past events or some simulated
data, to model the system, find measures to forecast the transition or to estab-
lish general concepts, to anticipate future events.

Such early-warning signals have been searched for in a lot of different dynamical
systems, not solely limited to the field of physics. Publications have been made
examining power outages in power systems [1], [2], earthquakes from seismic
data [3], [4], epileptic seizures [5], climate change [6], [7], [8], [9], economic data
[10], ecological systems [11], onset of war [12], medicine [13], [14] and others.
The methods applied in these publications persue different but reoccurring ap-
proaches, that may be categorized by their ansatz (approaches). Among these
are

e measuring the stochastic properties,

determining the time scales of a process,
e modelling of dynamics with drift and diffusion estimation,
e examination of the Markov property.

As measures of stochastic properties there have been used simple stochastic
moments [1],[5],[15] or pdf-based metrics [3]. A widespread time scale metric
is the lag-1 autocorrelation, called the a;-coefficient. It measures the mean lin-
ear dependance of consecutive time steps and has been used in [15], [6], [1], [5].
A modelling of drift and diffusion provides insight into the dynamics of the un-
derlying process and therefore gives an eidedic approach of connecting results
to bifurcation theory. An application of this has been made in [15],[16],[17].
With help of the drift one can also estimate the potential of a process and use
this as measure.

Examining the Markov property means to determine on what time scale a pro-
cess can be described or described best as a Markov process [4]. Regarding
only one variable in some large complex system most certainly leads to a non-
Markovian property in such that the best prediction of a time series not only
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depends on the latest time step but additional time steps from the past yield a
better prediction.

To apply these measures to time series one can use ’sliding time-windows’
where one applies the measures on some interval and shifts this interval in
time to detect a change. The advantage of the sliding window method is its
straightforeward applicability but on the downside, to fully react to a change in
parameters it needs the width of one time window and it has to be interpreted
what this change means for the parameter. Another method that can be applied
in sliding windows but can also be applied to the complete data set is Bayesian
analysis [7],[8], where one first has to make additional assumptions about the
kind change - e.g. linear trend, jump, etc. Then one can apply the measure and
with the help of Bayesian statistics one can determine how well the assump-
tion is fulfilled or at what point the assumption is fulfilled best. If a suitable
assumption about the kind of change has been made, Bayesian analysis yields
a more accurate determination of the position of that change, but constricts the
applicability by the need of just this assumption about the transition. A direct
(online) usage for predicting transitions is unsuitable, since one needs sufficient
datapoints after the transition.

The informative value of such measures must always weight up with the amount
of data points of the sampling interval. The variance for example is just one
scalar measure that uses all datapoints to estimate its value and therefore pro-
vides good statistics. A drift estimation indeed has higher informative value
but does not yield one scalar value but a series of coefficients and therefore pro-
vides worse statistics on the same sample interval, if one not constructs a scalar
measure from the coefficients.

All these methods measure some property of the underlying system, whereby
the properties mentioned above may have overlapping implications. This leads
to the assumption, that there are general concepts that are believed to hold
true for a wide range of transitions and can be seen in all measures. In [18]
M. Scheffer proposes different kinds of systems, where "highly connected” and
'homogeneous’ systems show the occurrence of critical transitions. Such sys-
tems are resilient to change, since small disturbances get mended by the rest
of the system, but a build up of stress leads to a point of spontaneous collapse.
A generally accepted symptome of this is the concept of critical slowing down
[5]. In the context of critical transitions, this means that the system "becomes in-
creasingly slow in recovering from small perturbations’ [5] as it approaches the
bifurcation point, since the potentials fatten. This behaviour has been shown
for many systems.

Although complex systems consist of a high order of dynamical interactions,
in real life systems one often has only access to one or a few measurable quan-
tities. This can be for example the voltage frequency for power systems, or the
seismograph amplitudes for earthquakes, but those hold important informa-
tion about the system.

If one observes such a quantitiy over an extended period of time prior to a
tipping point, it will have a noisy dynamic with a constant or very slowly
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changing mean value. There may be measures or indicators, that can be di-
rectly spotted or suspected by only looking at the time series, but there may
also be qualities that change although the time series has seemingly constant
stoachstic properties. This means that these properties can only be detected af-
ter application of the measures in the first place.

In this master thesis the times series of power outage data will be examined
with different methods with the aim to understand the mechanics of the out-
age and to find the measures to predict it. This data will be the bus voltage
frequency of power systems before an outage. An advantage of such systems
is the relatively high amount of datapoints for one event compared to other
systems and evenly spaced time increments that make the analysis easier to
handle. As preliminary analysis synthetic data sets will be analyzed, to test the
measures.






Chapter 2

Theory

2.1 Critical transitions in complex systems

The central appeal of this master thesis is to find measures to forecast critical
transitions in stochastic complex systems. In general the data is a time series of
some quantity that is needed to be retained at a desired value over time —e.g. a
constant voltage frequency in power systems.

From a technical or applied viewpoint the observed quantity has to remain at
a certain value regulated by some complex control mechanisms. From a math-
ematical viewpoint the observed quantity then can be interpreted as the time
behaviour of one of the dynamical variables x; of a set of stochastic ordinary
differential equations (eq. 2.1), with the requirement of =, describing a station-
ary process in some regime, for constant €. Thus one turns a technical necessity
into a mathematical principle.

51:01 = fi )
37:2 = fg(X,_e).+ [y (t) (2.1)
;gn = f(X, e)'+ [ (t)

In general the f, are some nonlinear functions dependent on the dynamical
variables X = (z1, s, ...,7,)" and a set of parameters e. Additionally there are
random fluctuations I';.

Assumptive the system runs in normal operation, the set of parameters € are
(nearly) constant over time. If the system now for some (external) reason ap-
proaches a system failure, e.g., a power outage in a power system, this can be
expressed by a change in € up to a ‘point’ where the mode of operation changes
qualitatively, i.e., a bifurcation. Since for constant e, the time evolution of z; de-
scribes a stationary process, the crossing of the bifurcation point can be called a
phase transition.

If one considers z; as the only available (measurable) quantity, there arise two
kinds of incompleteness of knowledge about the state of the system. That is on
the one hand the influence of random fluctuations I';, and on the other hand the
neglection of all other ;. To explicate this notion "of incompleteness of knowl-
edge’ further, one has to treat this problem in a probabilistic manner.

The time evolution of a collection of random variables as in (eq. 2.1) is some
complex stochastic process. An important kind of stochastic processes are Markov
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processes. These are memoryless ,i.e., the probabilistic future can be predicted
solely on its present state. Any additional time steps from the past will not yield
any better prediction.

The prime example of a Markov process is Brownian Motion ([19], [20], [21],
[22] and others). This is the ‘motion of a heavy particle immersed in a fluid
of light molecules’[22]. Those light molecules move due to thermal motion
and the heavy particle is constantly hit, which leads to a random motion. One
now observes the time evolution of the positions X of the heavy particle. On
a timescale where one can resolve each of the small collisions one checks if the
Markov assumption holds. Given, the heavy particle had a relatively large dis-
placement of z;, —z;_1, chances are the velocity at x}, is also relatively large. This
velocity will survive for a short time (due to conservation of momentum), thus
a larger z;1 — x;, will be favoured. This means on this timescale this stochastic
process is not Markovian, since xj; is not solely correlated to z;, but also to
x—1. If one now considers this problem on a coarse-grained time scale, each
step of the heavy particle contains many molecule collisions (see figure 2.1 b &
¢). On this time scale the conservation of momentum can be neglected, thus the
process can be assumed to be Markovian again. In this example we only looked
at the position of the heavy particle. If one also includes the positions and ve-
locities of all small particles, one would of course regain the Markov property
(this corresponds to taking along all x; from (eq. 2.1)) on all time scales.

J
SV
/'\ T—_ Xk Xk+1

b) c)

FIGURE 2.1: Brownian motion. a) three time sequentially posi-
tions of the heavy particle on a very finely resolved time scale. b)
& c) the same process as in a), but after many collisions.

However, a system as the Brownian motion system consists of too many parts
as to solve all these ‘'microscopic’ equations (as one only has z; as measured
quantity).

To fully describe such a system one would have to solve a plethora of equa-
tions. This of course would describe the whole system deterministically on a
microscopic level. Because one generally neither has the information about the
full set of microscopic equations nor the mathematical methodology to handle
them, one uses some macroscopic variables which fluctuate in a stochastic man-
ner, thus describing the system stochastically. This way one describes the time
evolution of some probability distribution. Transitioning from probability den-
sities to some expected values, one can describe the system deterministically on
a macroscopic level (see fig. 2.2 taken from [19]).

The objective is now to analyze the time series of some measured quantity of



Chapter 2. Theory 7

microscopic stochastic deterministic
treatment treatment treatment
equation of equation of motion system of
motion for all for the distribution > differential
microscopic > function of macro- equations
variables scopic variables for
or stochastic differ- macroscopic
ential equation variables
-
=% rigorous derivation <— heuristic derivation

FIGURE 2.2: Classification as to treat complex systems (taken from

[19])

a complex system, and to find measures that indicate that a transition is im-
minent. To illustrate this with a simplified example, we take a supercritical

-0.5

-1.0

time -1.0 -05 0.0 0.5 1.0
T

FIGURE 2.3: Supercritical pitchfork with additive noise. top left:

sample path of this bifurcation; bottom left: change of the bifurca-

tion parameter; bottom right: bifurcation diagram for given con-
trol parameter.

pitchfork bifurcation with additive noise

i =ex—2°+qDl(t), (2.2)
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and simulate such a process with varying bifurcation parameter ¢ (bottem left
of figure 2.3). A sample path can be seen in the top left plot. The point of bifur-
cation is marked with dotted lines. One now wants to examine the stochastic
properties of such a sample path before the bifurcation to anticipate its immi-
nence.

2.1.1 Slaving principle

The slaving principle is a term stemming from self-organization. As a starting
point we take equation 2.1 and neglect the fluctuating parts. In Haken [23] it
is shown, that one can transform such an system of equations with the help of
linearisation into

I'l = —"M1T1 + f}(X, €)
Ty = =%z + f2(X, €) (2.3)

with f, being nonlinear functions of X, with explicitly no linear part. The vari-
ables can now be split into two groups: those with small damping that can
even become unstable (v; < 0), and the other group being the stable modes
with v, > 0. This partition is not uniquely defined. With these properties we
can use the adiabatic approximation principle ([23]), setting ©, = 0. We also
assume, that |z;| < |z;|. With this we can set x; = 0 in all fs, eliminating all

t, = 0 in equations 2.3. This yields
B = =y + i X Xo(:)] - (2.4)

In this way only the unstable modes remain to describe the system. In Haken
[23] it says that, ‘in many practical applications only one or very few modes
become unstable’. This means that the complex system can largely be described
by only one or a few order parameters. Taking the fluctuations back into the
equation, exactly this property makes such a system interesting for stochastical
analysis.

2.1.2 Critical slowing down

Critical slowing down (CSD) is a term stemming from non-stochastic systems
and describes the ‘lethargic decay’[24] at the bifurcation point of, for example,
a pitchfork bifurcation. This concept can also be applied to stochastic systems.
If one takes a system with a restoring force (the deterministic part) and some
fluctuating force (small random perturbations), the phenomenon exhibited is
a wider range of the dynamics in phase space, since the deterministic force
doesn’t restore the dynamic as strong near a transition as it would do far from
it, yet the fluctuating force consistently drives the systems (see fig. 2.4). This
will be further discussed in chapter 4.
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FIGURE 2.4: Critical slowing down (as in [5]). The potential of
the dynamical system gets flatter as the bifurcation is being ap-
proached. This leads to a spread of the dynamics in phase space.

2.2 Stochastic properties

2.2.1 Random variables and probability measures
The definition of a random variable as given in [25] p.184 is:

e A function X, that has every elementary event w € 2 a real number z
uniquely assigned to it, so that for every = € R the probability Pr(X (w) <
x) is defined, is called a random variable.

Such a random variable can be discrete or continuous. A discrete random vari-
able has a finite or a countable infinite amount of realisations x; and can be
represented by its probability function

Pr( X =x;)=PF, forz=ux;,1i=1,2,..

(2.5)
0 for z else

Pr(X =x) = {
A continous random variable has an uncountable set of realisation with a den-
sity function f(x) that fulfills
o —00 << +00
o f(x) =0
° fjozo f(z)dz = 1.

A random variable X is always stochastically completely known, if one knows
its distribution.
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2.2.2 Law of large numbers & central limit theorem

Limit theorems appear in the

¢ ‘laws of large numbers: Statements can be made about the properties of
empirical distributions and their parameters as the sample size increases.’[25]

e ‘central limit theorems: Statements can be made under which conditions
a series of distributions converges to a normal distribution.’[25]

There are several different laws of large numbers and central limit theorems but
the most important properties are

e that the distribution of some measured stochastical quantity can be the
better determined the more data points one uses and

e that the sum of n identical independent random variables with the same
standard variation o and expexted value i convergeres towards the nor-
mal distribution

N(p,0%) = ﬁ el (2.6)

as n — oQ.

This is the most common property of the central limit theorems, but there are
several additional theorems to expand the conditions that lead to a normal dis-
tribution.

The random variable of a normal distribution (2.6) can always be rescaled to a
random variable with mean zero and variance one. Let X ~ N(u, 0?), than one
can get a random variable Z ~ N(0,1) by

2.7)

2.2.3 Stochastic moments

Let X be a random variable and k a natural number, then the moment m; of
order k of X is
my, = B(X"). (2.8)

These moments give the possibility to describe a random variable parameter-
wise, and to compare random variables of different distributions. In the case of
a continuous distribution with density fy the moments are given as

my 1= /OO 2* fx(z)dz. (2.9)

Besides, there are the central moments. These are the moments about the ex-
pected value of the random variable

o= [ =) fe(os (2.10)

—00
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These central moments are the measures of interest if one wants to describe
certain characteristics of a random variable, because they offer a very eidetic
characterization. The first moment m, is the expected value, and ., is the vari-
ance that measures the width or spread of some distribution. The third central
moment y3 is called the skewness and measures the asymmetry of a distribu-
tion (a value equal zero corresponds to a symmetric distribution and a value
greater zero to a right-skewed distribution). The fourth central moment 4 is
called the kurtosis and measures the arching of a distribution (a value greater
zero corresponds to a steep distribution and a value less than zero corresponds
to a flat distribution).

2.2.4 Covariance & autocorrelation

The covariance is a measure to determine the monotonous correlation between
two random variables (X and Y) and is defined as

Cov(X,Y) := E[(X — E(X))(Y — E(Y))]. (2.11)

Its value is positive when X and Y have a monotonous correlation, that is big
values of X go along with big values of Y. The covariance is negative, when
big values of X go along with small values of Y and vice versa.

The covariance can be regarded as the generalization of the variance as

Cov(X, X) = Var(X). (2.12)

Since the covariance is a comparative measure that can take arbitrary value
depending ond X and Y, a standardized measure to make absolute statements
of correlation is of interest. This can be implemented by the standard deviations
of X and Y. This is called the correlation coefficient

Cov(X,Y)

— 2.13
pxY \/Var(X) \/Var(Y) (2.13)
with
and its estimator is
. v =)y — 7

\/Z?:l(xi —I)? Z?:1(yi - @2.

With the help of the correlation coefficient one can define yet another measure,

that quantifies how much a discrete time dependant variable resembles itself

under a shift of time. This is called the autocorrelation. Given some time de-
pendant variable z;, the autocorrelation of lag [ is defined as

/al _ ?:f('it _ f) (xtjl - 'i') ) (216)

> (we —T)?
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2.2.5 Information & entropy

The notion of information can be interpreted as a physical quantity, as the no-
tion of entropy can be interpreted as a quantity in information theory.

To elaborate these ideas, we consider the result of a random experiment and
assign an amount of information to it, interpreting the outcome as the receipt
of a message. If we now look at two independent random variables (messages)
with discrete uniform distributions with R; and R, outcomes respectivly, there
are Ry- Ry = R, equally probable outcomes if we look at the joint execution
of both experiments. Since ‘information” (I) must be based on the amount of
possibilities of outcomes one has to demand

I(Ry - Ry) = I(Ry) + I(Ry). (2.17)
This of course is fulfilled by

The factor K can be set by choosing a logarithm with the base a, being the
amount of possibile outcomes. If a sign x has the probability of occurrence
P, then

I(x) = —log,(px)- (2.19)

This quantity is called self-information and ties common events to low self-
information and rare events to high self-information. If one wants to get the
mean self-information of a message, one has to weigh the self-information with
its probability of occurrence and sum over all events. This is called entropy

H ==Y p,log,(p)- (2.20)

zeX

2.3 Stochastic processes

The definition of a stochastic process as in [20] is:
e A stochastic process is a family (X;):c; of random variables.

The index set I can be discrete, leading to a discrete-time stochastic process or
it can be continuous, leading to a continuous-time stochastic process.

2.3.1 White noise process

A white noise process is a normally distributed stochastic process with zero
mean and without any correlation between its elements. This means every time
step is independent from all others. Some of its basic properties are

o The fourier transform of a white noise process, again is a white noise pro-
cess.

e The autocorrelation of a white noise process is a Dirac-delta function.
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2.3.2 Wiener process

A very important type of ‘stochastic process’ is the Wiener process. It is es-
sential for the description of stoachstic differential equations. A derivation and
definition as in [26] will be used here. First we define some equidistant, disjunct
partition of an index set

0,1) = U {Z ; 1, %) . (2.21)

We now define a random walk with ¢, € {—1,1}

n n

i—1 . .
1 —1
Xn(t) = % E €; fort € [Z ,i) i=1,..,n. (2.22)
=1

This is a step function with increments i\/iﬁ and step width < on the interval
0,1). The limit n — oo yields the Wiener process:

X, (t) = W(t) for n — oc. (2.23)

This limit contains a special concept of convergence ([26], chapter 13) and leads
to a process continous in space and time (but not differentiable). This Wiener
process W (t), t € [0, T fulfills

e The starting value is zero with a probability of one, P(W(0) = 0) = 1.

e Non-overlapping increments W (t;) — W(ty), ..., W(t,) — W(t,—1), are in-
dependant for arbitrary n.

e The increments are normal distributed with W (t) — W (s) ~ N(0,t — s),
with 0 < s < t.

2.3.3 Stationary processes

A process X, is called weakly stationary if

o the expected value is constant E(z;) = const for all ¢
e the variance is finite for all ¢

e the covariance is independent of a shift in time (Cov(z;,, 1,) = Cov(zi,+at, Tt,+At))-

A process is called strongly stationary;, if its probability distribution is indepen-
dent of any temporal shifts.

2.3.4 Markov property & Markov processes

The Markov property was already addressed in chapter 2 and will be elabo-
rated here. Given some stochastic process X; with

by > tpg > >t (2.24)
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the transition probability
p(Xnatn |Xn—17tn—l; --';letl) (225)

describes the process completely. The Markov property now demands that any
additional time steps from the past except the lastest step will not yield any
additional information. For the transition probability this means:

DXy bo | X1, tne1 o3 X1, 11) = P(Xpy b | Xp—1, tne1)- (2.26)

While the index set here was taken as discrete, one can also assume time-
continuous Markov processes. For a variable as z; in 2.1 the Markov property
would almost certainly not hold on arbitrarily small time steps, since ‘equations
which are derived are rarely truly Markovian - rather there is a certain charac-
teristic memory time during which the previous history is important’[21]. This
means that there is really no such thing as a Markov process; rather, there may
be systems whose memory time is so small that, on the time scale on which we
carry out observations, it is fair to regard them as being well approximated by a
Markov process’([21], chapter 3.3). As mathematical definition one can demand
for a continuous Markov process with continuous sample paths

p(x,t + At|z, t)dx = 0, (2.27)

im —
At—0 At |x—2z|>0

fore > 0.

2.3.5 Stochastic differential equations & Langevin equations

With the proceeding definitions one can formulate the concept of stochastic dif-

ferential equations
dXt = a(Xt, t) dt + b(Xt, t) th (228)

This differential equation describes a stochastic process X;, that resembles an
ordinary differential equation in the dt¢-part and is non-deterministic in the
dW;-part, where W, is a Wiener process. Note, that difference quotient was
used, since stochastic processes are non-differentiable. As the Wiener process is
used in stochastic differential equations an equivalent definition often applied
in physics is the Langevin equation, using a 'rapidly fluctuating random term’
I (1)([21]).
dz

< = ol 1) + bz, ) D(D). (2.29)

For this random term one demands

(') =0 (2.30)

and
(COT(t)) =d(t —t). (2.31)
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This definition neglects the fact, that the stochastic process (although continu-
ous) is not differentiable. ([21])

2.3.6 Chapman-Kolmogorov equation for Markov processes

Any Markov process as in chapter 2.3.5 can be expressed by its transition prob-
ability (eq. 2.26). In return a necessary condition for a Markov process is

p(Xl,t1|X3,t3) = /p(Xl,t1|X2,t2) p(Xg,t2|X3,t3> dXQ. (232)

This is called the Chapman-Kolmogorov equation. It must be fulfilled for all
t3 <ty < t, for x; being a Markov process.

2.3.7 Fokker-Planck equation & Kramers Moyal expansion

A Langevin equation describes a set of sample paths of a stochastic process. An-
other possibility to describe this would be the description of the time evolution
of a probability density function W using some unknown transition probability
p

Wit +7) = / Plat + 7l W (', £)dt. (2.33)

To accomplish this one can expand the distribution function and form the limit
7 — 0 ([19])

where .
(n) — 13 _ _ \n /
D' (x,t) = llir(l) e /(x 2 )"P(x,t+ 7]2’, t)dx (2.35)

are the Kramers Moyal coefficients. It can be shown, that for Langevin equation
of the form 2.28 the expansion stops after the second term (Pawula theorem
[19]). This is then called the Fokker-Planck equation

W(z,t) = (—%D(l)(:ﬁ,t) + aa—;D@)(x,t)) Wz, t). (2.36)

Its connection to the Langevin equation is

DW(z,t) = a(x,t) + %@”b(x, t), (2.37)
D@ (z,t) = b*(x,1), (2.38)

D(")(a:,t) =0 forn > 3. (2.39)
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Equation 2.35 can be expressed with the help of a local average, since the transi-
tion distribution P weights the increments (x—z')" with their relative frequency
of occurrence:

D (1) = %hi%% a(t +7) — (B (2.40)

2.3.8 Ornstein-Uhlenbeck process

A process with linear drift and constant diffusion
dX;, = -0 X, dt + o dW, (2.41)

is called Ornstein-Uhlenbeck process. If one takes the starting value X, = q,
the expected value becomes

E(X}) = ae™”, (2.42)

and the covariance reads as

2
v = Cov(X,, X;) = g_e (e flsmtl — =0t (2.43)

Thus with Var(X;) = Cov(X;, X}) the variable X is distributed as

2
Xy~ N (ae‘et, g—e(l - e‘zet)) : (2.44)

Since the expected value and the variance converge, there exists a stationary
distribution:
My %

Furthermore the autocorrelation for an Ornstein-Uhlenbeck process can be for-
mulated with At =1 — switht,s > ocoand s <t

0.2
Xt,stationary ~N ( ) . (245)

o0t _ p—0(At+25)

= (2.46)

Pstationary — lim E = lim

y 500 Yo S§—00 1 — 67205

If one assumes a time discrete time series with a sampling interval of Atg,,,

one can estimate for what combinations of # and At,,,,,, a reconstruction of the

process via the autocorrelation is still possible. Under the assumption, that the

limit of reconstruction is when after the first step, the value has declined to %,
we get

1
e 00 — _6—9Atsamp7 (247)
(&
g < 1 (2.48)
o Atsamp ‘

This is depicted in figure 2.5.
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FIGURE 2.5: The autocorrelation for three Ornstein Uhlenbeck
processes, with ¢ = 1 and v = 1,5, 50

2.4 Analytical methods

24.1 Euler-Maruyama method

To calculate sample paths of stochastic processes one uses what could be called
the stochastic analog to the simple Euler method for ODEs. If one has some
stochastic differential equation of the form

dXt = a,(t, Xt) dt + b(t, Xt) th (249)

one can apply the Euler step to the deterministic part. The stochastic part can
be determined by third property of the Wiener process and the transformation
rule for normal distributions 2.7:

Wt—‘rAt - Wt ~ N(O, At) ~ V AtN(O, 1) (250)
Altogether:
Xivar = X +a(t, X)) At + b(t, X;) N(0,1) VAL (2.51)

This method is suitable for all calculations. Although there are more complex
methods that are more precise per time step, these methods on the downside are
by far more complicated. This method converges strongly towards the searched
sample path. This means one can always chose a At small enough, to calculate
a sufficiently accurate sample path.

2.4.2 Kernel regression & Kernel density estimation

In this section several non-parametric methods to estimate functional relation
of data are presented. As base we start with the kernel density estimation, that
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delivers an estimation of the pdf f of a given data set x;

A 1 & T — x;
f(x):mZK( - ) (2.52)

with N datapoints and some kernel K with width o. The kernel can have several
forms like Gaussian or Epanechnikov

3\/5<5 ) if 12
y°)  ifyt <5
Koo (y) = { 100 ) 2.53
A common estimation of the width is Silverman’s rule of thumb
465\ 3
- = 2.54
o= (5x) @254

with ¢ being the standard deviation of the dataset. A closely related method,
the Nadaraya Watson regression, to get a (non-parametric) regression function
y, weights the local function mean of a data set (x;|y;) with a kernel

j(z) = S w KT
S, K(2)

This kind of regression can also be used to smooth a noisy data set to only
maintain the big scale trends (called Kernel smoothing). If one subtracts the
smoothed data sk s from the original data y, one gets a detrended time series
with the average set to zero (Gaussian kernel filter - GKF)

(2.55)

YeKF =Y — YGKS- (2.56)

This removes big scale trends, and leaves the increments intact.
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Methods of analysis

The methods used in this thesis get applied to some time series in sliding time
windows. This means one evaluates the measures on all values on the interval
[tstart, tstart + twindow] and examines how they change as the window is shifted
foreward in time [tsiort + Conifts tstart + twindow + tsnift]- All measures use the
assumption, that the process is stationary within the time window. This is of
course an approximation, considering one explicitly searches for some stochas-
tical change over time. Thus one has to weight up stochastical accuracy against
the sensitivity, as depicted in figure 3.1. Here one has some Gaussian white
noise with variable standard deviation in the upper part. In the lower part the
standard deviation is depicted as dashed line. One now evaluates the sampling
standard deviation for a time window of 100 steps and 1000 steps respectively
(black vertical lines). One can clearly see, that o for a small time window re-
acts faster to a change of stochastical properties, but on the downside is more
volatile.

As differently sized time windows effect the accuracy and sensitivity of a mea-
sure, the form of different irregularities in parameter determines (gives) the
functional form of some window-averaged measure. This is shown and com-
mented in figure 3.2. Strictly, this only works if the measured quantity enters
linearly with the window size, as it is for example the case with the variance. If
one has some timeseries with two sections of different variance (see figure 3.3)
with “/N datapoints of “z; and b datapoints of bz, then for the variance over
both sets one can say

1 o N oo, N o N a "N b
Var(X) = Nle = “NNZ x; + bNNZi: x; = W\/ar( X)+ W\/ar( X).
(3.1)

Thus the variance enters linearly with the amount of data points. While this
is valid for the variance, it does not hold for the Kullback-Leibler divergence.
Since p is the same for all windows, we only have to check the second part and
since the union of the pdfs is linear

aN bN
N qex + qux = qx, (3.2)

19
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N(0,02)

Il Il Il
0 2000 4000 6000 8000 10000
time [a.u.]

FIGURE 3.1: In the upper part, one sees uncorrelated Gaussian
white noise with variable standard deviation. The standard devi-
ation to produce this noise is depicted as dashed line in the lower
part, alongside the values for the calculated standard deviation
for sliding windows of size 100 steps and 1000 steps respectively.

one only has to see that
ULN a a bN b b
~ > " “p log(“q) + N > “'plog(®q) # > plog(q). (3.3)

The methods in this chapter will not be applied to the time series itself, but
to some augmented versions of the time series. Firstly, these are time series de-
trended as described in eq. 2.56, moving the local average to zero and removing
big scale trends.

Secondly, these are the increment time series

Tinerm = Tn+l — Tn, (34)

taking the increments of each step as datapoints. This also sets the average to
zero and removes trends, but foremost it contains another information value as
the time series itself. For example any time correlation in the increments imme-
diately demands a non-Markov property, since the increments are correlated.
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FIGURE 3.2: Effects of different kinds of irregularities on some
measures averaged over a time window. The blue plots show
some given quantitiy, the dashed red plots show the window-
averaged value aligned to the right side of the time window. In I)
one can see the effect of an outlier, leading to a rectangular form of
the measure with the width of the time window. In II) one can see
the effect of a sudden change of parameter, leading to a gradual
change of the measure with a width of the time window. In III) one
can see the effect of a linear change of parameter, leading to some
gradual change in measure. The width of this transition is given
by the sum of the width of the time window and the width of the
transition. In IV) one can see the effect of a temporary change of
parameter. The measure has some triangular form, depending on
the size of the time window compared to the size of the temporary
change.

FIGURE 3.3: A time series with two sections of different stochastic

properties. The transition is immediate. Measures can be taken of
the “ N datapoints of “x; and the by datapoints of by
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3.1 Central statistical moments

The central momentens of chapter 2.2.3 can be calculated for a data set as

pe =~ i I Z (i — p)° (3.5)

for the variance,

=13 (520 36)

i—1 2

for the standardised empirical skewness and

=13 (“”""”‘) (37)

i=1

for the standardised empirical kurtosis.

3.2 Autocorrelation & AR(n)-processes

The autocorrelation as in chapter 2.2.4, can be used to construct different kinds
of measures. The simplest one is the a;-coefficient [1], that is the lag-1 value of
the autocorrelation:

Thy1 = Q1 T + €. (38)

If one regards the OU process (2.3.8) one can associate (in this linear case) (eq
2.46) a big a; with a strong restoring force and vice versa. The values that a;
can take are on the interval [—1, 1]. It is shown in [21] that the autocorrelation
for any Markov process follows an exponential decay law. If a process follows
an exponential decay law, this can be used as measure to compare the strength
of the exponential decay in different time windows.

It can also be used as a non-sufficient test for non-Markov property. For exam-
ple one can measure the slope at lag-0 or find the position of an inflection point
in the case of non-exponential decay.

3.3 Jensen Shannon & Kullback Leibler divergence

A way to search for a change in stochastic properties in data, is to compare the
pdfs from different time windows. For this one needs a measure to determine
the distance between two pdfs and one needs a reference pdf to compare the
current pdf to. Such a measure can be defined with the help of the information
entropy (chapter 2.2.5). The Kullback-Leibler divergence of two pdfs p and ¢ is
defined as

> p(x)

D1, (P||Q) = / pla)log 7 e (3.9)
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If one writes the integrant as

p(z)logp(z) — p(z)log q(x) (3.10)

one can interpret the Kullback-Leibler divergence as the entropy of p(z) minus
the entropy of ¢(x) but weighted with the pdf of p(z). A disadvantage of this
measure is, that it is not positive definite and not symmetric

Die (PIIQ) # D, (QIIP). (3.11)

To eliminate these problems one can use the Jensen-Shannon divergence
1 1
ISD(PIIQ) = Dis (PIIQ) = 5 Dt (PIIM) + 5 Diw (QUIM) — (312)

with M = £ (P + Q). For both divergences D(P||P) = 0 applies; that means
two identical distributions have a distance of zero. If one wants to apply the JSD
to data one has to first calculate the pdfs (for example as in chapter 2.4.2 with
an Epanechnikov kernel). As lim, ., plogp = 0 there will not be any problems
calculating this quantity, but since lim,_, plogg — —oo given p # 0 one has to
remove data with very small ¢ and significantly bigger p.

There will be two different versions of the JSD used in chapter 4. The first one
uses the pdf of the first time window as reference pdf. This way one compares
the non-standardised stochastic qualities of the different time windows. The
second version uses standardised pdfs (rescaled with eq 2.7), with the reference
pdf being N(0,1). This evaluates how much the pdf differs from being a normal
distribution.

3.4 Drift and diffusion estimation

In chapter 2.3.7 the Kramers Moyal expansion was presented. Equation 2.40
can be used to calculate drift and diffusion of a time series. Some stochastic
process X; with time increment At has the following drift (n = 1) and diffusion
(n = 2) estimation at xy:

~(n) (Thgr — Tp)

Dy (k) AL (3.13)
with )

DY) (wx) = B | DL} ()] (3.14)

Note that the averaging from equation 2.40 has been dropped and DXLE (z) is
stochastically distributed. To further use this data one can utilise two different
approaches:

e 1) Partitioning the value range and calculating the drift/diffusion in the
respective intervals,
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e 2) Calculating measures directly over all pairs of variates (:ck\D(A"z (x1)),
indirectly averaging them.

While way 1 directly reveals the functional correlation of drift/diffusion, way
2 is stochastically distributed. Thus, to obtain an idea of the actual functional
relation way 1 should be preferred. To apply measures way 2 yields a better
statistics, but weighs points near the equilibrium more than points far from it,
thus it does not treat characteristics of phase space equally.

3.4.1 Finite time effects

Until now we assumed sufficiently small time steps in the calculation of the
Kramers Moyal expansion. In experimental data the size of the time steps in
conjunction with the magnitude of noise and drift can lead to significantly dif-
ferent results. To illustrate this, one can take a look at the drift and diffusion for
Ornstein Uhlenbeck process with

DW(z) = —~z, (3.15)

D@ (z) = D. (3.16)

The finite time drift and diffusion of this Ornstein Uhlenbeck process was taken
from [27]. The subscript 7 is indicating a finite time sampling of the process
(3.15), (3.16).

DW(z) = —§ (1—e) = -z (3.17)
1 o2 D 9y
DP(z) = by 2 (1—e )"+ > (1—e7)]. (3.18)

One can see in (eq .3.17), that finite time effects lead to a Dﬁl), that is also linear
in z, with v, = 1= being the measured slope. As

v = M’ (3.19)

T

one must require
: (3.20)

S =

¥ <

This means that there is an upper limit for the measured slope. The limit~, — 1
applied to (eq. 3.19) yields v — oo, what corresponds to a white noise process.
In the case of given .

2
DR = %ﬂx? O (3.21)
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The only unknown quantity here is C' and can be easily estimated with a least
squares method (with y; being _(f’fm fm)Q)

N
Z( ”T 2). (3.22)

Using eq 3.19 one can estimate:

o In(1 —7v;)

D=— .
27—277' - 7_3772'

(3.23)

As last point we want to calculate pY () and DY (x) for a white noise process
(e.g. uncorrelated Gaussian random numbers). Let

X; ~ N(0,07) (3.24)

some Gaussian random variable with mean zero and variance ¢2, then one can
simply (using Steiner translation theorem) write

DW(z) = <m 1> = ——I, (3.25)
T T
@/ (r—X1)?\ o°+2> 1 , o
D (z) = < o =~ =3¢ + 77 (3.26)

This is consistent with above and v, — %

3.4.2 DW.-measures

The following methods to measure D™ will be used:

Ti41—T4 )

e (lin): linear least squares fit over (a:ll AL

o (pf): pitchfork fit as used in 4.6 and 4.7

o (grad) the mean gradient of the Kramers-Moyal D) estimation:
i [ da 0. DY (x)] [28]

To—T1

e (mean): the mean value of the Kramers-Moyal D! estimation

3.4.3 D(?)-measures
The following methods to measure D® will be used:
e (meanl): the mean value over %
e (offs): the offset as calculated in 3.22
e (min): the minimum of the Kramers-Moyal D(®) estimation

e (mean2): the mean value of the Kramers-Moyal D® estimation
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3.4.4 Error estimation

An error estimation was used as in [27]. There, with the help of the conditional
moments
M®™ (z,t) = nlt D (z,1) (3.27)

one can define with the help of a kernel estimator

(2) 2
M () — (MO () 628)

(1) (M~
Sy A K ()

0, (z;) =

oy = | M) = M ()
PN RN AR e

as the standard deviations of drift and diffusion.

(3.29)

3.5 Markov time scale estimation

As mentioned in chapter 2.3.4 systems can have a certain ‘'memory time’. On a
time scale smaller than this, the Markov property will not hold. To check if a
process has such a time scale one can apply different methods.

This can be measures based on the autocorrelation, since the acf of a Markov
process follows an exponential decay law. This can be used to check if a pro-
cess is Markovian at all, or how much the acf differs from being exponential in
decay.

Another method can be based upon the increment time series. If the increments
of a process are correlated, the Markov property does not hold on the time scale
of these increments. If a drift and diffusion estimation of the increment time
series does not yield the white noise limit, one can assert, that the process is
non-Markovian.

Another method employs the Chapman-Kolmogorov equation. For this, one
compares both sides of equation 2.26 and measures the distance of these condi-
tional probability distributions. This is done for all available time increments.
The time increment for which the Chapman-Kolmogorov equation is fulfilled
best, is chosen as Markov time scale. Thus one evaluates

S = Hp (.I'l,tll $3,t1 — 2At> — /p(l'l,tl‘ xg,tl — At) p(l’z,tl — At‘ xg,tl — 2At) d.’BQ

(3.30)
for arbitrary ¢;, where ||-|| stands for the chosen distance measure. This measure
can for example be the sum of squares or the Jensen-Shannon divergence.

The conditional distributions can be obtained with the help of a two-dimensional
Nadaraya Watson estimator by estimating p (z,, t,; @, t;) from the data set and
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then using

p (.Ta, ta; Tp, tb)

Ta,ta| To, ty) = . 3.31
p( | ’ b) fp($a7ta; .Z'b,tb) dxa ( )
The Markov time scale is that value of At, “for which S vanishes or is nearly
zero (achives a minimum)’[4]. Their analysis of seismic data showed that ¢,
increases before an earthquake.







Chapter 4

Applications

In this chapter the methods of the previous chapter will be applied to different
data sets. Unless stated otherwise, all measures will be applied in sliding time
windows as explained in Chapter 3. These data sets are firstly some synthetic
time series to test the methods

e a pitchfork bifurcation with constant additive noise,
o the Haken-Zwanzig system with constant additive noise.

Secondly there are two time series of the 1996 Western North America black-
outs. These show the bus voltage frequencies over some time up until the point
of outage. These are

e a time series examined in [1], obtained from the author Christopher Dan-
forth, called CD data set,

e atime series obtained from the ‘Bonneville Power Administration’!, called
BV data set.

4.1 Supercritical pitchfork bifurcation with constant
additive noise

The stochastic differential equation in this case reads as
da(t) = (ex(t) — z(t)*) dt + o dW,. 4.1)

To apply the concept of “critical slowing down” as described in Ch2.X, the ana-
lytical solution to the deterministic part of (4.1) is obtained:

\/Eee(t-‘rC’)

m, C, € C R. (42)

z(t) ==+

As € — 0, the decay of z(t) becomes a ‘much slower algebraic function of t" [24]

1

W= ey

(4.3)

thttps:/ /www.bpa.gov

29
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As ’"the system relaxes to equilibrium much more slowly than usual” [24], it
is expected that the variance will increase near the bifurcation point € = 0.
Expressed in a lax way the a;-parameter describes the average relative increase
of |z;| on time increments of lag-1. Thus an increase of this quantity can also be
expected.

To apply the Fokker-Planck equation we want to assume, that the system has
yet to be scaled (as one would have to with real data),

dzseqrea(t) = (e (ax —¢) — (ax — 0)3) dt + o dW,. 4.4)

Because we assume window-wise stationary processes, one can always rescale
with Z,¢sca1ea =  — Z. Thus one can always set ¢ = 0 if one shifts the time series
by its mean. If one now sets a* = a'/3 and €* = eal/?, one gets

dZunscatea(t) = (e*a: — a*xS) dt + o dW,, (4.5)

and one can easily obtain " and a* by simple linear least squares method with

o = >} ng%‘ — > Z$?Qi7 (4.6)
Qo) = > afy al
o LTy = Y Y wi: 4.7)

(o) =Y aP ¥ af
Since we used constant additive noise, the deterministic part of (4.1) is equal to
DW (eq. 2.37). Thus we can obtain ¢ by applying (4.6), (4.7) either to DY or to
(z;, ®55) directly. The first method will neglect the higher relative frequency
of datapoints near = = 0.
Figure 4.1 shows the simulation and evaluation of a pitchfork bifurcation as in
eq. 4.1. For the simulation 10° datapoints were used. The change of the bifur-
cation parameter was modelled by a hyperbolic tangens ranging form —10 to
10. The time stepsize was dt = 0.0001 but for the evaluation only every tenth
datapoint was used. The strength of the noise was taken as o = 0.2. The blue
plots in the figures are the respective evaluations, while the red plots are aver-
aged values over 10 simulations to obtain smoother results.
The measures variance, a;, pitchfork fit (¢* from eq. 4.7) and linear fit (of D))
all show the same behaviour - emulating the control parameter up until the
point of bifurcation. The measure pitchfork fit follows the value of ¢ of equa-
tion 4.1 exactly, as a = 1. The linear fit, being an approximation of the pitchfork
fit near + = 0 also follows the value of ¢. This is understandable, since due to
the slowing down a flat linear part dominates the dynamics.
The Jensen Shannon divergence stays constant until shortly before the bifurca-
tion point, where it drops abruptly. The location of the drop offs of the single
simulations vary. This is due to the different outliers, that occur as the time
series is becoming more volatile, thus this measure seems not to be reliable in
this case.
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FIGURE 4.1: Supercritical pitchfork bifurcation. Dashed line
shows the location of the bifurcation. In the second subplot, the
upper plot is the a; estimation and the lower plot is the variance
estimation. Blue plots are the estimations for one simulation. Red
plots are the averages of ten simuations of the size of the blue ones.
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4.2 Haken-Zwanzig system with constant additive
noise

A very simple system with the qualities as described for equation 2.3, is the
Haken-Zwanzig system. It has been used in [23] to demonstrate the concept of
self-organisation with a system of only two dynamical variables. To examine
the stochastical qualities of such a system, both variables were expanded with
additive noise terms.

du(t) = (eu(t) —u(t)s(t)) dt + o, AW, 48)
ds(t) = (—s(t)+u(t)?) dt + os dW,. '
For now we want to describe this system without noise. The variable u stands
for the dynamics of a force and the variable s for the dynamics of a subsystem.
In this situation the force is not independent of the subsystem, but reacts on the
subsystem. To enforce the slaving principle we require 0 > ¢ > —1. Thus one
can set s = 0 and proceed as in equation 2.4. Thus s is slaved by . Using linear
stability analysis for this system one can find fixed points for

(= (0): () ) 6
s stat,l 0 s stat, 1 €

For ¢ < 0 (I) is stable and (II) is unstable. For ¢ > 0 (I) is unstable and (II) is
stable. The idea is now to examine different measures as the system with noise
approaches its bifurcation point at € = 0 as it exhibits separation of time scales.
For the slow variable u, variance and a; increase, indicating the signs of csd.
The drift estimation via fit of a pitchfork bifurcation and via linear fit emulate
the bifurcation parameter €. The Jensen-Shannon divergence exhibits no change
as the bifurcation is approached. For the fast variable s, only the a,-coefficients
show an increase as the bifurcation gets approached.

For the simulation 107 datapoints with timesteps of At = 0.001 were used, but
only every tenth step was taken. For the calculations windows of the size of
50000 steps were used.
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FIGURE 4.2: Slow variable u of the Haken Zwanzig system.
Dashed line indicates the point of bifurcation. First plot shows
the simulated time series; the second plot the variance and a — 1-
coefficients; the third plot shows a drift estimation by fitting of a
pitchfork bifurcation; the fourth plot shows a drift estimation by
linear fitting; the fifth plot shows the Jensen-Shannon estimation.
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FIGURE 4.3: Fast variable s of the Haken Zwanzig system. Dashed
line indicates the point of bifurcation. First plot shows the
simulated time series; the second plot the variance and a — 1-
coefficients; the third plot shows a drift estimation by fitting of
a pitchfork bifurcation; the fourth plot shows a drift estimation by
linear fitting; the fifth plot shows the Jensen-Shannon estimation.
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4.3 Power outage data

In this chapter two time series of the "1996 Western North America blackouts’ of
August 10 1996 are used. One of these was obtained from Christopher M. Dan-
forth as he analysed this time series in [1] (called CD from now on). The other
time series was obtained from the Bonneville Power Administration (called BV
from now on). Both time series stem from the same event, but no absolute time
was provided; just time series “up until the point of segregation’. To align the
two time series temporally, one could on the one hand align them from the
point of segregation, on the other hand one could try to find some distinctive
features like peaks and align them originating from those points. In (fig. 4.4)
one can see both datasets, aligned to the point of segregation. Those are the raw
time series (upper subplot) and the GKS-detrended (o = 5 s) time series (lower
subplot). In each plot the shorter time series belongs to the CD dataset.
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59.90 £
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59.80 ©
=) =)
=, =,
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time to blackout s

FIGURE 4.4: Both time series of the outage (blue) and their Gaus-
sian kernel smoothed version (red) in the upper subplot. The de-
trended time series are depicted in the lower subplot. In each plot
the shorter time series belong to the CD data set. Both are aligned
to the point of segregation. Note the outliers in both time series at
around ¢ = 400s. These are approximately 1s apart.

Another possibility to align the two time series would be to calculate the co-
variance in dependence of some temporal shift, and to assign the shift of max-
imal covariance as the best match. The window of analysis is shown as dotted
lines in fig. 4.4. It is important to note, that both time series have differently
sized timesteps. Those are Aty = 0.05s and Atep = 0.02415s. To make those
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two time series compatible, the CD time series was mapped to the same time
scale as the BV time series. This was done by taking the value with the smallest
temporal difference of the CD time series compared to the BV time series. The
temporal shift was defined as ¢,,;;; = 0s for an alignment at the point of segre-
gation. A positive ¢,;f; corresponds to a shift of the BV time series positive in
time. The time shift reaches from ¢,y = —10s to s,y = +10s. The periodicity

3><1O_6
5 2
N
=R
[«D]
= 0
ks
C>6
8
210 _5 0 5 10
tshift[s]

FIGURE 4.5: Covariance of the BV and CD datasets, applied in the
time window depicted in fig 4.4 with black dotted lines, shifted by

tshift

in the covariance corresponds to a periodicity also found in the BV data, but
no distincitve peak can be identified, thus no optimal shift can be obtained this
way. Thus, the time series will always be aligned by the point of segregation
from now on. Since we don’t use any measures that compare the time series
directly, an exact alignment (to the precision of a few time steps) is not needed.
Moreover the possible error of ~ 1 s is very small in comparison with the used
time windows of ~ 250 s.

As next point we want to examine the autocorrelation functions of the data
sets. In (fig. 4.6) one can see the autocorrelation function (acf) of the BV data
set (blue dots). In the upper subplot one can see the acf of the first half of the
GKS-filtered time series. The lower subplot shows the Fourier transform of the
data. One can clearly see a peak at around ~ 0.4 [Hz!], that corresponds to
the periodicity seen in the upper autocorrelation (and the periodicity in the co-
variance). This part was damped to a level to match the stochastic properties
of the surrounding data of the fourier transform. The resulting acf can be seen
in the central subplot. This acf still shows periodic features in values of small
time shift, while it is unclear if this occurs due to the detrending. To illustrate
this, figure 4.8 shows the autocorrelation function of white noise, with the lower
third of the frequencies of the signal set to zero. One can clearly see a negative
autocorrelation value for short time shifts. Thus, removing low frequencies of a
stochastic process, can lead to significant altered values of the acf for short time
shift.

In (fig. 4.7) one can see the autocorrelation of the CD dataset in the upper plot
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and its first (blue) and second (red) derivative in the central subplots. The
Fourier transform in the lower subplot does not exhibit any frequencies that
dominate the spectrum, thus no filter was applied. One can see, that a simple
exponential fit does not deliver a satisfactory result. The first derivative is non-
zero at t,,;5 = 0 and the second derivative shows the existence of an inflection
point at around t,;; = 0.2s. To measure the change of the acf over time the
gradient at zero time shift and the position of the inflection point were cho-
sen. A shift of the inflection point towards ¢,,,;; = 0 s would indicate, that the
Markov property could be fulfilled again, since the condition of an exponential
acf could be fulfilled. This can be seen in figure 4.9.
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FIGURE 4.6: Autocorrelation of the BV data set. Upper subplot:

acf of the unaltered time series; Central subplot: acf of the time

series with periodicity removed in fourier space.; Lower subplot:

Fourier transform of the time series. The dotted lines show the
interval of dampened frequencies.
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FIGURE 4.8: Autocorrelation function of white noise with the
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FIGURE 4.9: The gradient and inflection point of the acf of the CD

data set. A window size of 5000 time steps was chosen. The value

of the gradient rises at around ¢t = 175 s, being almost constant

close to zero at ¢t = 140 s. The inflection point gradually shifts to
the right over the time of the data set.
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4.3.1 Statistic moments, a; and Jensen Shannon divergence

Up next we examine the stochastic moments, the a; coefficient and the Jensen-
Shannon divergence for both time series and their increment time series. Dif-
ferently sized time windows were used, but a size of 5000 steps yielded best
results. The stochastic moments were applied as described in chapter 2.2.3.
The a, coefficient was obtained using simple least squares method. The Jensen-
Shannon divergence was calculated in the two different ways introduced in
chapter 3.3. In the case of untransformed pdfs, the reference pdf chosen was
that one of the first time window. In the case of the N(0,1) transformed pdfs,
the reference pdf chosen was N(0,1). Black vertical lines in the big figures (4.10,
4.11, 4.14, 4.15) indicate the right side of the time windows used for the pdfs in
the small figures (4.12, 4.13, 4.16, 4.17). There the plots for the unnormed pdfs
- the black plots - are the pdf of that window, while the light blue plots show
the pdfs of the other windows as comparison. The plots for the normed pdfs
always show the N (0, 1) distribution as comparison as red plot.

Figure 4.10 shows the results for the BV dataset. The outlier at around ¢t = 400s
was removed. The time windows used to calculate the pdfs in (fig 4.12) are lo-
cated at (I = 905s, IT = 530, III = 3905, IV = 80s). Measures closer to the point
of segregation than ¢ = 80s will be neglected because of the volatility of even
the smoothed time series from that point onward (a change can be directly seen
in the time series).

The a, coefficient seems to be constant up until ¢ = 530s. At that time point it
linearly decreases up until ¢t = 80s with notches at t = 405s and ¢t = 280s. This
suites case fig. 3.2.II, thus assuming jumps of the a; property at ¢ = 530s and
t = 405s.

The variance exhibits jumps at ¢ = 400s and ¢t = 150s. The temporal distance
between these jumps fits the size of the time window. This suites case fig. 3.2.1,
thus indicating a just very short increase in variance at around ¢ = 400s.

The skewness (i13) has no distinctive feature before t = 80s. The kurtosis
(i4) has a similar behaviour as the variance on the interval (400, 100), but also
linearly increases in this time frame. Thus suggesting some combination of
3.2.1&II; therefore indicating a jump in value initiated by a short peak.

The JSD has a gradual increase until ¢ = 400s. At that point an increase of the
width of the time window indicates case 3.2.I; thus showing a short peak of this
measure at t = 400s. The corresponding pdfs are shown in figure 4.12. Pdf I, II
and III are broader than pdf IV and show asymmetric features at the tip. Pdf III
is more symmetric than pdfs I and II.

The normed JSD shows a drop off at t = 400s, followed by a gradual decrease
of measure, indicating a sudden change in stochastic properties followed by a
gradual change. In this case the pdf are nearing a normal distribution. As pdf I
and II are bumpy, pdf III is smoother and pdf IV is almost Gaussian.

The time series of the CD data is characterized by more outliers, than the BV
data (fig 4.11).

The a; measure reacts sensitive to these outliers and a behaviour as in fig. 3.2.1
can be seen at ¢t = 400s to t = 280s and ¢t = 310s to t = 190s. From around
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t = 140s onward, a; stays constant.

Around this point the variance increases up until the point of segregation over
a range bigger than a time window, indicating a growth in value (as one can
also see directly in the time series).

The skewness and kurtosis show a sudden increase in value at around ¢t = 150s,
with subsequent decline to a value around the starting value. Measures of sta-
tistical properties can be biased by too small time windows to evaluate the ac-
tual value. At this point the time series becomes more volatile thus making
these measures unusable.

The normed JSD is subject to the same problem as the skewness/kurtosis (pdfs
shown in figure 4.13).

The unnormed JSD has a behaviour very close to the variance. Pdf IV is flat in
comparison with pdfs I, I and III, as one could have predicted by only looking
at the time series.
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Figure 4.14 shows the evaluation of the increment time series of the BV data.
The a, coefficient seems to be constant (slightly increasing from —0.03 to 0.03)
up until ¢ = 530s. At this point the a; value drops to —0.3 up until shortly be-
fore the point of segregation. The gradual decrease over a period of At = 510s
indicates drops of this value over the time window beginning at ¢t = 530s.

The variance is also almost constant until ¢ = 530s, then evenly rising up until
t = 280s. The duration of this increase corresponds to the time window, indi-
cating a jump in variance at ¢ = 530s.

The skewness and the kurtosis, as before, show jumps at ¢t = 530s, again due to
the standardisation of these measures.

The JSD again shows a behaviour very similar to that of the variance, indicat-
ing a sudden change in stochastic properties at t = 530s. The pdfs are shown in
tigure 4.16. PAf IV is flat in comparision with pdfs I, Il and III.

The normed JSD has an increased value over the interval (530,300). This is
again due to this being a normed measure.

Figure 4.15 shows the evaluation of the increment time series of the CD data
set. The a; coefficient drops right at the beginning at ¢ = 420s until ¢ = 300s, at
which point it stays within a certain range. The range of this decrease again is
the width of the time window, indicating a jump in value at ¢ = 420s.

The variance is almost constant up until ¢ = 100s. At this point the variance
increases, as one can also see directly in the increment time series.

The skewness and kurtosis have gradual growth/decrease over the interval of
analysis, yielding no information.

The JSD and normed JSD both exhibit a behaviour close to that of the variance.
The pdfs can be seen in figure 4.17.
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4.3.2 Drift & diffusion estimation

Next we examine the (increment) time series with some measures based on drift
& diffusion estimation. The scheme of the following figures (4.19, 4.20, 4.21,
4.22) repeats itself. In the first subplot the time series and its GKS-detrended
version is depicted. In the second subplot different measures to estimate the
drift (DY) are shown. In the third subplot different measures to estimate the
diffusion (D®) are shown. These drift and diffusion measures are all scaled
to the interval [0, 1], to make them easily compareable. In the lower two rows
the Kramers-Moyal estimation for drift and diffusion are shown window-wise.
The position of these time windows in the time series is marked by the verti-
cal lines in the upper plots. The names of different measures are explained in
chapters 3.4.2 & 3.4.3. For the calculation of these measures some preprocessing
was done. Outliers were removed, the measures where only estimated on an
interval containing suffcient datapoints and a lag of two data points was used.
Errors for the DM and D® were calculated as in 3.28 and 3.29, but were too
small to display in these plots.
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FIGURE 4.18: Examplary plot for the following drift estimations.

Upper plot shows the point cloud used (blue) to calculate the D(1)-

coefficients (red). The black plots show the pitchfork fits on the

interval [—0.01,0.01]H z(I) and [—0.015,0.015] H z(I), and a linear
fit (TIT).
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Figure 4.19 shows the evaluation of the BV time series. Measures were calcu-
lated on the datapoints in the interval [—0.01, 0.01]) Hz (marked by dotted line).
The red parabolas in the diffusion plots show the diffusion estimation as in 3.21.
This was done to show the effect of finite time sampling (the actual diffusion is
near constant).

All diffusion measures exhibit the same behaviour. There is almost no increase
up until ¢ = 530s. From that point onward there is a gradual increase up to
t = 280s. This again is exactly the width of the time window, indicating a jump
in diffusion at ¢ = 530s. There are also small features at t = 400s and ¢t = 150s
origninating from the peak at ¢ = 400s.

The drift measures all have similar behaviour but (pf) differs a bit. The mea-
sures (lin), (grad) and (mean) are almost constant until ¢ = 530s. From that
point they decrease until ¢ = 280s, indicating a jump in value at ¢ = 530s.
The (pf) measure slightly increases up until ¢ = 400s and then decreases until
t = 150s, indicating a jump at ¢ = 500s.

Figure 4.20 shows the evaluation of the CD time series. Measures were cal-
culated on the datapoints in the interval (—0.X,0.X). The red parabolas in the
diffusion plots again show the diffusion estimation as in 3.21.

The diffusion measures suffer from the bad quality of this dataset. There are in-
dents in all measures, except (mean2). This measure is almost constant up until
t = 100s, at that point it increases rapidly up until the point of segregation.
The drift measures differ from each other at this data set. (pf) has no distinctive
tfeatures. The features of (grad) cannot be associated with any behaviour and
appear to be just random. The measures (lin) and (mean) behave similarly. At
around t = 190s to ¢ = 70s the measure increases, indicating a jump att = 190s.

Figure 4.21 shows the evaluation of the increment time series of the BV data
set. The cutoff was set to the interval (—0.003,0.003)Hz. The differrent drift and
diffusion are again very similar to each other. The black parabolas in the diffu-
sion plots, this time show the white noise limit for the diffusion estiamtion (eq
3.26)

The drift is almost constant up until ¢ = 530s, at what point it drops over a
period of 3505, indicating a drop over a time window of 130s. The slope of the
linear fit were all near the white noise limit of the OU-process.

The diffusion is almost constant until ¢ = 530s at which point it increases until
t = 280s, indicating a jump in diffusion at ¢ = 530s in all measures.

Figure 4.22 shows the evaluation of the increment time series of the CD data
set. The cutoff was set to the interval (—0.0015,0.0015)Hz. The red parabolas
in the diffusion plots again show the diffusion estimation as in 3.21, indicating
that a near-constant diffusion.

The drift measure (grad) again has a very low quality. The measures (pf) and
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FIGURE 4.19: Drift & Diffusion estimation for the BV dataset.

(lin) are very similar to each other (the drift seems almost linear in the win-
dows) and decrease from ¢t = 430s onward over a time period of the length of
the time window, indicating a jump drift at ¢ = 430s.
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FIGURE 4.20: Drift & Diffusion estimation for the CD dataset.

The diffusion measures are all very similar to each other. They are almost con-
stant until £ = 100, at what point they start increasing.
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To connect the concept of CSD to these data sets one can calculate some
potential function by ‘cumulative integration” of D" and setting its minimum
to zero (see fig. 4.23). If CSD applies the potential must get flatter (broader)
as time progresses.This can only be seen for the CD time series. For the BV
(increment) time series and the CD increment time series the potentials gets
slightly more steep, what contradicts the concept of CSD on these selected time
windows.
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4.3.3 Markov time scale estimation

In this section we examine the Markov time scale as proposed in chapter 3.5.
For this the BV and the CD dataset were again detrended with a Gaussian ker-
nel filter as used above. The estimation of the pdfs was realized with a two-
dimensional Nadaraya-Watson estimator with a bandwidth selection according
to Silverman’s rule of thumb and a Gaussian kernel. The time steps where taken
as multiples of the sampling interval, as one can replace At with the time lag
in steps. The integral of equation 3.30 transitions into a matrix multiplication
in this discrete case. As measure of distance the sum of squares was chosen.
For both datasets the interval of comparison was taken as [—0.01,0.01] Hz (blue
vertical lines in figure 4.26) in the conditional variable and the complete data
range for the non-conditional variable. For the calculation a grid of 200 x 200
points was used. An exemplary plot of the conditional pdfs is shown in figure
3.30, these get calculated for each time lag. The BV data set had its periodicity
removed in fourier space, since the examination of the Markov property obvi-
ously is very susceptible to periodicity. The distant measure dependant of time
lag can be seen in figure 4.24 for the CD data set and in figure 4.25 for the BV
data set for four different time windows respectively. A shift of minimum as
proposed in [4] could not be found.

Although a shift in minimum could not be found, an overall scaling of the dis-
tance measure dependent on the time shift was visible. The values of the CKe
distance for a lag of 4 for the CD dataset and a lag of 2 can be seen in figures
4.27 and 4.28. This can be interpreted as a relative measure on how well the
CKe is fulfilled along the time series. In both cases the course of this measure
is very close to that of the slope of the drift estimations of the increment time
series. The Markov property is getting fulfilled better as one approaches the
outage. The drop-offs of value occur before the effect of csd.
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FIGURE 4.24: CD data set: CKe distance for windows of 5000 steps
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Discussion

The different measures exhibited varying usefulness, depending on what data
set was examined. The variance as most obvious measure for ’critical slowing
down’ (csd) increased for the supercritical pitchfork bifurcation (spb) and the
slow variable of the Haken-Zwanzig system (HZw) as it was expected. In the
outage time series an increase of variance was only visible for the CD dataset
around 150 s before the outage, suggesting the occurrence of csd. In the BV
dataset this was only visible very shortly before the outage.

For the CD dataset the variance of the increment time series increases at around
the same point as the variance of the time series increases. This suggests addi-
tionally to the csd, the presence of a stronger fluctuating force. The BV incre-
ment time series of data set does not show this increase at the end of the time
series, but at around ¢ = 530 s the variance increases spontaneously, indicating
stronger fluctuations.

The skewness and kurtosis deemed themselves unsuitable because of the higher
weightening of outliers (third and fourth power), especially for datasets with
small sampling intervals.

An a,-coefficient close to zero suggests uncorrelated values and close to one
suggests a very long correlation time at lag-1. A negative value means an anti-
correlation. As csd implies a wider spread of the dynamics a value closer to one
is to be expected as a bifurcation is approached. For the spb this is certainly ful-
filled; the value increases up to almost one as the bifurcation point gets crossed.
An increase for the slow and the fast variable of the HZw system can be seen,
suggesting a slowing of the dynamics, that is not connected to a rise of the
variance for the fast variable. For the BV dataset the drop of value suggests a
shortening of correlation time at this point, being the opposite of what was to
be expected near a bifurcation. In contrast to that the a;-coefficients for the CD
data set approaches the value of one, exhibiting a behaviour as the spb, thus
supporting the assumption of csd.

The a,-coefficients for the increment time series of the BV data set are close to
zero until ¢ = 530s, suggesting the Markov property on this scale of lag-1. After
that point the increments get anti-correlated.

The two data sets exhibit contrary behaviour. Especially the measures for the
BV data set at t = 530s suggest a moving away from the bifurcation point. The
drift and diffusion estimation offers the possibility to examine the dynamics of
such a time series. For the BV data set the drift gets stronger at t = 530 s, while
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also the diffusion increases. This means the system is moving away from a bi-
turcation. For the increment time series the white noise limit is reached shortly
after this point. For the CD data set the drift gets stronger from ¢t = 400s to
t = 290s. After that, the drift approaches the bifurcation point and stays very
close to it from ¢t = 80s onward. At this point also the diffusion gets stronger.
An explanation of this series of events can be best presented if one compares
the measures for both data sets and connects them to the system disturbance
report for this event. This is done in figure 5.1; the grey areas mark the used
window sizes. Table 5.1 explains the measures shown in this figure. Table 5.2
shows events over the course of this power outage, marked by dotted lines in
the figure.

The build-up of the outage lasted for longer than the time series shows. The
tirst event (A) that occurs at some point within the time seriesisatt = 717s and
no change of measures can be detected at this point. The changes of measures
att = 530s correspond to no event of the report. An explanation for this can be
some safety mechanism setting in, that deliberately tightens the system. This
was not detected by the variance, because the thightening of the drift and the
rise of diffusion have reverse effects on the pdf (see equation 2.45 for the sta-
tionary Ornstein Uhlenbeck process) and cancel each other out.

The events (B)&(C) are very close to each other and are visible in both time se-
ries by an outlier. Event (C) is described in the report as the ‘beginning of the
disturbance’. At this event the drift of the CD data set gets stronger. This could
be due to a response to this particular disturbance.

For both data sets the end of the times series exhibit the signs of csd.

Summarizing one can say, that the features of csd can be seen in both data sets
close before the point of separation. At these sections of the time series the dy-
namics become obviously more volatile - and the increase of variance is a good
measure to indicate this. However - this just happens very close to the outage,
perhaps even crossing some point of no return. The more informative method
of drift and diffusion estimation shows significant changes before the effect of
csd. This is, that the dynamics tighten and the correlation time decreases. If this
behaviour is due to some intentional control mechanisms or is a quality of such
power systems remains unknown.

If one wants to apply a measure as an early-warning-signal, one would first es-
tablish some expected value of this measure for normal operation. Additionally
one would establish some interval of error, on which this measure may fluctu-
ate. Now, if the measure leaves this interval, one would use this as an indicator,
that an outage is imminent. As measures for csd one can use variance as well
as the a;-estimation. As measures for the effect of tightening of the dynamics
before csd, one can best use the drift estimation of the time series. This has been
done for both time series and can be seen in figure 5.2.
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TABLE 5.1: Explanation of the different measures displayed in fig-

ure 5.1
| label | measure | remarks about unscaled measures |
1 (green) | BV: pitchfork fit of drift drives very close towards ¢ = 0 at
t = 410s (bifurcation point). After-
wards, moves rapidly away from the
bifurcation point
2 (blue) CD: a; of increments
3 (red) CD: linear fit of drift of in- | drives towards, but not close the
crements white noise limit from ¢ = 410s on-
ward and returns to its starting value
afterwards
4 (yellow) | BV:q
5 (green) BV: a; of increments

6 (magenta)

BV: linear fit of drift of in-
crements

slowly drives away from white noise
limit until ¢ = 530s, there strongly
drives towards it and crosses it at ¢t =
470 s

7 (red) BV: mean value of drift moves away from bifurcation point at
t =530s
8 (blue) BV: variance of increments
9 (cyan) CD: mean value of drift moves away from the bifurcation
point until ¢ = 290s, at that point it
turns and moves closer towards the
bifurcation point; staying very close
toitatt =80s
10 (blue) BV: mean value of diffu- | increases until t = 2805, at what point
sion it decreases again
11 (green) | BV: mean value of incre- | moves towards white noise limit from
ments of diffusion t=530s
12 (yellow) | CD: variance of increments
13 (red) CD: mean value of diffu-

sion

14 (magenta)

CD: variance

15 (cyan)

CD: mean value of diffu-
sion of increments

white noise limit is reached as outage
is imminant
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FIGURE 5.1: The different measures for both outage time series.

TABLE 5.2: Series of events of the 1996 power outage as in [29]

| event label | event |

A 500kV Keeler-Allston single phase-to-ground fault; Flashed
to tree

B 115kV Merwin-St. Johns line opened due to relay misoper-
ation.

C 230kV Fault on Ross-Lexington line. Flashed to tree
(Beginning of disturbance)

D 500kV Captain Jack-Olinda line open at Captain Jack (COI
now open between Oregon and California)

E 500kV Midway-Vincent No. 3 line opens due to voltage col-
lapse (Northern California now separated from southern
California)

F last recorded event
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at twarning = 63s) and the CD (300 at twaming = 167 s) data set.
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