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Abstract

Complexity, collective behaviour and self-organisation are found in various systems in
real life. Socio-economic systems are no exception from this and show the emergence of
macroscopic phenomena that can not be trivially derived from the behaviour of human
beings as their microscopic constituents. Socio- and econophysics have, for example,
helped to understand how crashes appear on financial markets because of the individual
decisions of traders and how opinions can drastically shift in a network of humans. Addi-
tionally, modern access to data and statistical methods provide numerous opportunities
to analyse socio-economic phenomena quantitatively.
This thesis analyses complex socio-economic systems on various time scales from high
frequency trading on financial markets to the long-term growth of socio-economic com-
plexity in pre-modern societies: Algebraic extensions of the geometric Brownian motion
for asset prices are shown to give rise to stable equilibria in Langevin equations for high
frequency and daily price dynamics. The daily market correlation is found to be af-
fected by memory effects and unequal contributions of the various business sectors to
the collective dynamics. The Granger causality network between daily sector returns
exhibits a strong hierarchical structure as identified via the Helmholtz-Hodge-Kodaira
decomposition. An agent-based model of non-ergodic wealth dynamics shows the slow
emergence of cooperation clusters from simple growth rate optimisation of each agent.
These clusters resemble the kin selection mechanism from network attachment rules, but
emerge endogenously as large-scale structures over long periods of time. Analysis of the
Seshat databank on socio-economic complexity in pre-modern societies shows that a sur-
vivorship bias needs to be taken into account for resilience analyses of historical data.
Finally, the development of socio-economic complexity in pre-modern states is shown to
follow a universal trajectory with a characteristic time scale of two and a half millennia.
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Kurzfassung

Komplexität, kollektives Verhalten und Selbstorganisation treten in verschiedenen rea-
len Systemen auf. Sozioökonomische Systeme sind hiervon keine Ausnahme und zeigen
die Emergenz von makroskopischen Phänomenen, die sich nicht trivial aus dem Verhalten
der einzelnen Menschen herleiten lassen. Die Sozio- und Ökonophysik hat beispielswei-
se dazu beigetragen zu verstehen, wie Krisen im Finanzmarkt wegen des individuellen
Verhaltens der Händler plötzlich entstehen und wie Meinungen sich in einem sozialen
Netzwerk in kurzer Zeit ändern können. Zudem können sozioökonomische Phänomene
dank moderner Datenquellen und statistischer Methoden nun auch quantitativ besser
erforscht werden.
Diese Dissertation untersucht sozio-ökonomische dynamische Prozesse auf verschiedenen
Zeitskalen vom Hochfrequenzhandel der Finanzmärkte zu der langsamen Herausbildung
von komplexen Gesellschaften in der Menschheitsgeschichte: Algebraische Erweiterun-
gen der geomerischen Brownschen Bewegung als Langevin-Gleichung für Hochfrequenz-
und Tagesschlusskurse von Aktivenpreisen weisen stabile Fixpunkte auf. Die tägliche
Marktkorrelation zeigt Gedächtniseffekte im Kollektivverhalten des Markts und wird von
verschiedenen Geschäftssektoren in ungleichem Maße beeinflusst. Für das Netzwerk von
Granger-Kausalität zwischen den Renditezeitreihen von Industriesektoren identifiziert
die Helmholtz-Hodge-Kodaira-Deokomposition eine stark hierarchisch geprägte Struktur.
Ein agentenbasiertes Modell von nichtergodischer Wohlstandsdynamik zeigt die langsa-
me Ausbildung von Kooperationsregionen, indem jeder Agent seine Wachstumsrate opti-
miert. Diese Regionen erinnern an kin selection als Mechanismus der Netzwerkentstehung,
bilden sich aber endogen als Strukturen über lange Zeitperioden heraus. Anhand der
Seshat-Datenbank, einem interdisziplinären Datenprojekt zur sozioökonomischen Kom-
plexität in vormodernen Gesellschaften, wird gezeigt, dass bei der Resilienzanalyse von
historischen Daten ein möglicher survivorship bias berücksichtigt werden. Zuletzt wird in
der Entwicklung von sozioökonimischer Komplexität in vormodernen Staaten eine uni-
verselle Zeitskala von zweieinhalb Jahrtausenden identifiziert.
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1 Complexity Science, Econophysics and
Sociophysics

“Social physics is that science which occupies itself with social phenomena,
considered in the same light as astronomical, physical, chemical, and physiolo-
gical phenomena, that is to say as being subject to natural and invariable laws,
the discovery of which is the special object of its researches.”

— Auguste Comte, Physique sociale - Cours de philosophie positive

Perhaps the fundamental feature of a complex system is that the whole is more than
the sum of its parts [1, 2]. The behaviour of the whole system is not replicated by
enlarging the isolated behaviour of its microscopic constituents but emerges from the
interactions between them. As an example, consider the microscopic cells in a human
body and the complexity of human biology which cannot be trivially derived from the
fundamental cells. Complex systems can experience macroscopic phase transitions as
qualitatively different behaviour after a small change in a control parameter. Perturba-
tions of a complex system may show the resilience of the system as it returns to its initial
equilibrium state or lead to feedback loops with increasing strength which requires the
study of far-from-equilibrium dynamics. Some systems behave chaotically as small differ-
ences in initial conditions grow exponentially, making the long-term behaviour impossible
to predict despite the deterministic nature of the system. Macroscopic spatio-temporal
patterns can emerge whose length scales far exceed the size of the microscopic constitu-
ents and whose self-similarity can encompass various orders of magnitude. And most of
the systems in nature which show self-organised behaviour are open systems and coupled
to an environment with which they interact with and may adapt to external stimuli. Ex-
amples of these various phenomena include the Ising model where microscopic spin-spin
interactions lead to macroscopic magnetisation and responses to external magnetic fields
[3, 4], synchronised dynamics in the Kuramoto oscillator model [5], the superconductivity
phase transition [6] or the synchronised flashes of fireflies [1]. Multiple length scales are
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found in the development of turbulence [7] or the combination of many microcracks to a
large fracture and material failure [8]. And systems like the Brownian particle influenced
by the fast microscopic thermal fluctuations, the cooling of metals via rapid quenching or
slow annealing or the slow climatic changes coupled to the much faster change in weather
can be analysed by taking the different scales into account at which dynamics take place
[9, 10, 11]. One can either regard the slowest dynamics as approximately constant from
the point of view of the fastest degrees of freedom or, vice versa, the fastest dynam-
ics approximated as noise. These approaches can be extended to multiscale phenomena
in solid state physics and fluid dynamics [12]. In all of these cases, the superposition
principle does not hold and the combination of two possible states of the system is not
necessarily a valid state. Mathematically, this is described by the notion of nonlinearity
that a function f does not fulfil f(αx + y) = αf(x) + f(y). The tools and methods of
complexity science have found application in many other disciplines as it became evident
that many fields of research are dealing with complex systems [1].
One such example is the set of socio-economic relationships which characterise human
cooperation, competition and coexistence. Using methods and concepts from quantit-
ative natural sciences has become more widespread due to the increasing availability of
data in the social and economic sciences, but is not a new idea. In fact, the founder of
modern sociology August Comte explicitly envisioned this discipline as “social physics”
and argued that social phenomena are subject to mathematical laws which can be un-
covered by researchers [13]. In particular, the Austrian school of economics has focused
on the complexity of the economy and society while emphasising the emergent socio-
economic structure that arose from free decision-making. As argued by the economist
Hayek, knowledge is dispersed among the many individual agents who participate in the
economy and no single entity or planner can organise the whole breadth of knowledge
on their own [14]. Instead, if the agents are free to participate in the price discovery
process, the price can condense the dispersed knowledge about a product’s scarcity, offer
and demand into a single number [15, 16]. This school of thought naturally connects
economic theory to the emergent properties studied in complexity science.
This thesis analyses complex human socio-economic systems at different time scales with
methods from physics. The broader context of this thesis will be further explained in the
remainder of this chapter with a focus on the complexity of financial markets. Addition-
ally, a brief introduction to the quantitative analysis of social complexity in pre-modern
societies in the field of cliodynamics will be given in this chapter and the statistical
methods used throughout this thesis will be explained in chapter 2. The majority of
the research in this thesis is focused on the financial markets whose price dynamics are
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analysed on daily and high frequency intraday time scales alongside the analysis of daily
correlation and causality between financial time series in part II. The agent-based simu-
lation in part III explains how the microscopic optimisation of individual agents can give
rise to large-scale cooperation clusters. The dynamics of states and cultures as the largest
forms of social complex systems is analysed in part IV and it is shown that universal
statistical laws of their development can be found in the data. Finally, the conclusion
in part V gives a brief summary of the main results of each chapter and discusses the
broader implications of this work.

1.1 The Financial Market as a Complex System

One of the most widely studied example of a complex socio-economic system is the
financial market. Financial markets are markets where financial assets can be traded.
In the most general formulation, assets are a “legal claim to a future cash flow” and
include, e.g. shares of a company, bonds or derivative contracts [17]. Note that many
methods developed for asset prices can also be adapted to commodities such as gold
or foreign exchange markets. Whereas new assets are issued on primary markets (e.g.
when a company issues its shares for the first time to selected investors), they are traded
between buyers and sellers on secondary markets (i.e. stock markets) where usually
so-called market-makers provide liquidity. Most research focuses on secondary markets
because of their symmetric balance between buyers and sellers and the many microscopic
traders contributing to the macroscopic observable - the asset’s price - are a perfect
example of a complex system [17]: Financial markets experience feedback loops from the
traders’ expectations and actions, the price time series are highly non-stationary, many
interacting agents contribute to the global dynamics by adapting their behaviour, leading
to an evolution of the agent population. Moreover, the observed system is only a single
realisation of all possible market outcomes, thereby crucially requiring considerations
about the non-ergodicity of the system and the reproducibility of its behaviour, which is
additionally not a closed system, but coupled to the environment. Emergent behaviour
observed in such markets include booms and bubbles (such as the famous dot-com bubble
during the late 1990s) as well as crashes and crises (like the 2007/08 financial crisis) which
cannot be directly understood from the microscopic behaviour of individual traders alone
[16, 17, 18, 19, 20]. The high-frequency trades at the stock exchange ultimately depend
on the slow development of the real economy and are “enslaved” by them, i.e. they
quickly react to changes in the real economy similar to how the weather depends on
the slow changes of the climate [11, 21, 22]. Perhaps most importantly, the roughly
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identical profit-seeking behaviour of the individual traders leads to the prices reflecting
all available information. This motivates the efficient market hypothesis (EMH) that the
market is (approximately) arbitrage free and hence, no risk-free profit can be gained by
consistently beating the market [23].
Insights and methodologies from physics and complexity science are crucial to study
financial markets as physicists can provide numerous time series analysis and modelling
methods as well as a thorough connection between the microscopic and macroscopic
world. Deriving a description for the macroscopic system observable from its microscopic
constituents leads to better understanding of how long memory can persist in financial
markets [24] and has been empirically refined by taking the distribution of traders into
account [25]. Such an approach is similar in spirit to the Ising model which explains the
different magnetic behaviour on the macroscopic level of the full system by deriving it
from its microscopic spins [3, 4]. Several other physics-inspired methods with a focus on
time series analysis will be presented in the remainder of this introductory section.

1.2 A Primer on Quantitative Finance

The fundamental observable for each asset is its price Pt at time t and its time series
(P1, P2, . . . ) = (Pt)t∈N or shortened as (Pt)t is given mathematically by

P : N → R, t 7→ Pt. (1.1)

Price time series are used by, e.g. models and applications based on the geomet-
ric Brownian motion (GBM) such as the influential Black-Scholes model for derivat-
ive pricing [26, 27, 28]. Nevertheless, most analyses are instead using the returns
Rt = (Pt+1 − Pt)/Pt for two reasons. First, they measure relative changes and therefore
returns from two assets with vastly different absolute prices can still be compared to each
other, e.g. when constructing a portfolio. Second, the returns usually have a zero mean
and an approximately stationary distribution which makes them more suitable for many
statistical analysis tools [18]. Additionally, one often finds that the logarithmic returns
Rt = log(Pt+1/Pt) are used. Because |Rt| ≪ 1 usually holds,

log

(
Pt+1

Pt

)
= log

(
Pt+1 − Pt + Pt

Pt

)
= log(1 +Rt) ≈ Rt (1.2)

and therefore Rt can be approximated by Rt. However, while Rt is per definition confined
to the asymmetric interval [−1,∞), the logarithmic returns are defined on the full range
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of R which might be desired for some statistical models. As E[Rt] ≈ 0 is usually valid,
the variance of the returns is often approximated as

σ2 = V(Rt) ≈ E[R2
t ] (1.3)

and in financial vocabulary, the standard deviation σ of a return time series is usu-
ally called the volatility. For a formal definition of E and V, the reader is referred to
chapter 2.2.1.
The statistical properties of (logarithmic) returns show some general properties that
manifest themselves across almost all assets and financial markets. These empirical ob-
servations are known as stylised facts and have motivated numerous directions of research
as they cannot be reproduced by simple random walk models for asset prices [16, 17, 18].
First, the return distributions are non-Gaussian with fat tails, i.e. extreme events occur
much more frequently than a Gaussian model would expect. If the returns are calculated
based on longer time steps (e.g. days instead of seconds), their distribution becomes
increasingly Gaussian which is referred to as aggregational Gaussianity. Johnson, Jef-
fries and Hui speculate in [17] that the non-Gaussianity arises because convergence to a
normal distribution according to the central limit theorem is violated since the smallest
time unit is that of an individual trade execution. Hence, in any given time interval ∆t,
there are a finite number of infinitesimal time steps (i.e. trades) and ∆t is not infinitely
divisible. While fat-tailed distributions such as Student’s t distribution can be suitable
alternatives [16], searching for accurate distribution to characterise the returns for ex-
treme events such as during a crisis is still an ongoing field of research. Nevertheless, the
Gaussian distribution is frequently used for convenience because of its useful mathemat-
ical properties.
Analysis of the tails of the return distribution uncovered scaling behaviour and power
laws in the empirical data [17, 29]. Symmetric Levy stable distributions with parameter
0 < α < 2 can be used to model the return distributions because of their power-law
distribution

pα(x) ∼ |x|−(1+α) (1.4)

for large deviations |x| ≫ 0 as shown in figure 1.1. Note that α = 2 corresponds to a
Gaussian distribution which, unlike the Levy distributions, has finite variance. Hence,
truncated Levy distributions can be used to model finite volatility. Because Levy dis-
tributions are stable under convolutions like Gaussians (i.e. the sum of two random
variables with a Levy or Gaussian distribution is again Levy or Gaussian), if a return at
a given time step follows a Levy distribution, it will remain Levy distributed on all larger
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Figure 1.1: The daily returns of the NASDAQ Composite index from 2000 to 2020 are
fitted with a Gaussian and a Levy stable distribution. As shown in the
inset, the Gaussian distribution drastically underestimates the probability of
observing extreme events in the tails of the empirical distribution.

time scales. Chapter 3 of [17] contains a pedagogical review of the Levy distribution for
empirical data and, in line with [29], estimates α ≈ 1.4 and uses this value to scale the
data on all time scales ∆t. The scaled empirical distributions collapse to an identical
shape, thereby indicating the self-similarity of the data. Such power laws f(x) = ax−γ

and the lack of a characteristic scale due to the scaling law

f(cx) = a(cx)−γ ∼ ax−γ = f(x) (1.5)

are often found at self-organised criticality and indicate the onset of a phase transition
[18]. Moreover, the fractal shape of many financial time series also gives rise to scaling
laws [30].
Another stylised fact concerns the autocorrelation of returns: In liquid markets, returns

usually have an autocorrelation function that quickly decays to zero, i.e. their memory
seems to vanish very quickly which is in line with the EMH. However, nonlinear trans-
formations of the returns show long-range autocorrelations, e.g. for the absolute (|Rt|)t
or squared (R2

t )t returns. Because of the connection between the squared returns and the
volatility in equation (1.3), this phenomenon is usually referred to as volatility clustering
and implies that a highly volatile or calm market will, respectively, stay volatile or calm
in the immediate future. This behaviour can be measured empirically by estimating the
volatility on moving windows that slide across the full time series.

14



1.3 Further Examples from Econophysics

Accurately predicting financial time series is one of the main challenges in quantitative
finance. Statistical methods from time series analysis such as the moving average (MA) or
autoregressive (AR) models or a combination of them (ARMA) are often fitted to return
time series [16]. Extensions such as the (generalised) autoregressive conditional heteros-
cedasticity methods ARCH and GARCH explicitly model the volatility σ of the observed
return process and therefore manage to replicate the volatility clustering observed in real
data [18]. An alternative modelling technique is to use stochastic differential equations
to describe the price movements. The famous Brownian motion

dP

dt
= µ+ σPϵ (1.6)

with standard Gaussian noise ϵ = ϵ(t) was originally devised to model a particle’s motion
and has already one century ago been suggested as a tool to model stock prices P with a
drift µ and fluctuations of scale σ [26]. Its extension to the geometric Brownian motion

dP

dt
= µP + σPϵ (1.7)

takes the non-negativity of prices into account and has been used in many more ad-
vanced quantitative finance models such as the famous Black-Scholes equation [27, 28].
Figure 1.2 shows a comparison between the BM and GBM process. Chapter 3 will fur-
ther expand on the geometric Brownian motion and empirically analyse the possibility
of additional deterministic terms in equation (1.7) with respect to the stability of fixed
points in the price time series.
For convenience, many time series analysis methods usually assume that ensemble av-

erages and time averages converge to the same value for large ensembles or time periods,
i.e. that they are ergodic. Recently, physicists have raised the point that the market is
always just a single realisation without any parallel universes and that combining this
with the multiplicative growth of financial time series requires non-ergodic effects to be
taken into account [31]. Long-standing economic puzzles such as the insurance paradox
(Why do people sign insurance contracts if both parties expect to profit at the expense
of the other?) and the St Petersburg paradox (a gamble with a seemingly infinite pay-
off which is nevertheless disliked by gamblers) could be resolved by careful distinction
between ensemble and time average optimisation of economic agents [32, 33].
Usually, a single stock is not analysed in an isolated setting, but its co-movement with
other assets has to be considered in order to create a well-balanced portfolio where risks
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Figure 1.2: Simulation of a BM and a GBM process. Though both plots look similar, it
can be noticed that the volatility is constant for the BM, but scales with the
process’s value for the GBM.

might cancel out each other. Correlation matrices have already been used to estimate
such risk and insights from nuclear physics, where random matrix theory (RMT) has
been used to model the spectra of heavy nuclei, have been applied to study financial
correlation matrices [34, 35]. While most of the eigenvalues lie within the spectrum pre-
dicted for a purely random correlation matrix of uncorrelated assets, some eigenvalues
lie far outside of this bulk and therefore represent structures in the market data. Their
existence is especially remarkable because RMT implies that the eigenvalues should be
distributed according to the Marchenko-Pastur distribution whose upper limit λ+ should
not be exceeded by any of the eigenvalues. Yet, the empirical studies in [34, 35] show that
financial correlation matrices have eigenvalues λ > λ+ whose corresponding eigenvectors
help to interpret them: The largest λmax often lies several orders of magnitude outside
of the range predicted by RMT and its eigenvector’s entries are almost constant across
all assets. Hence, it represents a portfolio which is equally invested in the entire market
and has thus been called the market mode. The other eigenvalues above λ+ similarly
represent individual business sectors as their eigenvectors are strongly focused on, e.g.
banking or industry stocks. Figure 1.3 schematically depicts the empirical and theoret-
ical eigenvalue distributions. Chapter 4 expands on the research on financial correlation
matrices in [36] and uses an algorithm from the field of explainable artificial intelligence
to understand correlation matrices which correspond to different states of the market.
Networks are a modelling approach that is suitable for different fields of research, includ-

ing many socio-economic systems [37, 38]. The networks of various real systems show a
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Figure 1.3: Sketch of the empirical eigenvalue spectrum of financial correlation matrix
against the Marcenko-Pastur distribution for random matrices (schematic).
The eigenvalues outside of the range of possible eigenvalues according to
Marcenko-Pastur usually correspond to business sectors or the market mode.
Note that the Marcenko-Pastur distribution is exactly 0 outside of the distri-
bution’s bulk and not just approximately 0.

scale-free topology (i.e. the structure of the network is self-similar at every length scale)
and a power law tail in the degree distribution [39]. Additionally, methods to randomly
generate realistic large networks have been found to display a phase transition from isol-
ated small clusters to a giant component including almost all nodes [40]. Applications of
network methods in econophysics include spanning trees to map the similarity between
different financial time series [41] and understanding contagion effects during financial
crises [42]. Because correlation does not imply causation, chapter 5 goes beyond the study
of correlations in chapter 4 and estimates the network of Granger causality between fin-
ancial time series. This network is further analysed via the Helmholtz-Hodge-Kodaira
decomposition which discretises the Helmholtz decomposition from electric field theory
to identify a potential and an associated hierarchy in the network [43, 44].
Network models, as the term “social network” suggests, naturally lend themselves to
study social effects beyond economics and finance. For binary opinions such as the pref-
erence between two large political parties, Ising-like models have been used by physicists
with different networks and “temperature” to reflect the social connections and external
influences in the opinion formation [45, 46]. Inspired by this research, chapter 6 simu-
lates an agent-based model on a lattice in which the agents can cooperate in the face of
stochastic fluctuations of their wealth.
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Socio-economic processes operate on vastly different time scales: Quantitative finance
includes both high frequency trading with a sub-seconds frequency as well as long-term
investments where portfolio adjustments are done on a daily basis or even less frequently.
Coupled to the financial markets is the real economy with its annual seasonality as well
as even slower cycles of economic booms and crises. From complex systems research,
Haken’s slaving principle gives us a methodology to analyse these different processes by
assuming that the fast time scales adapt quickly to the slow-moving processes which,
from the faster perspective, behave as an approximately constant and static environment
[21, 22].
Underneath the economic cycles, the number of potential workers and consumers is sub-
ject to the slow demographic changes with a characteristic time scale of several dec-
ades. In human societies, population growth certainly depends on the economic develop-
ment and in turn provides the human resources upon which future economic endeavours
are built. The new field of cliodynamics has emerged as an effort to study structural-
demographic patterns on this longest time scale in order to better understand the long-
term fate of societies [47]. Starting with differential equations motivated from theoretical
biology to describe human demography [48], cliodynamics has recently assembled the Se-
shat: Global History Databank on social complexity across several millennia and from all
over the world in an interdisciplinary research project by combining domain expertise
with statistical tools like multiple imputation [49]. The time series data from Seshat
allows researchers to empirically test hypotheses on the development of social complex-
ity [50, 51, 52], but as data records over such long time periods are scarce, data analysis
is often supplemented with models from dynamical systems research [53, 54]. Chapters 7
and 8 use the Seshat data to analyse the resilience of such pre-modern states and to de-
rive a characteristic time scale of their development from low to high social complexity.
As this brief introduction to socio-economic complexity shows, researchers in econophys-
ics and sociophysics apply tools from complex systems science on all time scales of human
interaction, from the high frequency data in financial markets to the centuries-long dy-
namics of demographic change.
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2 Methods

“Data alone has no value — it’s just masses of numbers or words.”

— Steven J. Bowen, Total Value Optimization

Usually, nonlinear dynamical systems are difficult or outright impossible to solve analyt-
ically. Hence, mathematical tools like the fixed point analysis have been developed to
understand these systems even if a full solution is not available [1]. Additionally, data-
driven methods have become increasingly popular among scientists due to the growing
computational power and data availability [55]. A brief introduction to the important
methods and tools used in this dissertation will be given below with more technical details
being reserved for the individual chapters or the appendix.

Some excerpts of this section are taken from the methods section of the author’s publications listed in

appendix A. In particular, section 2.2.5 is based on Tobias Wand, Introduction to Artificial Intelligence,

in Michael te Vrugt (Ed.), Artificial Intelligence and Intelligent Matter, Springer (forthcoming in 2025

and reproduced with permission from Springer Nature) [56]. The figures in section 2.2.5 are adopted

from [56] and were created by Tobias Wand.
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2.1 Fixed Point Analysis

An ordinary differential equation (ODE) describes the dynamic behaviour of a system
in continuous time via dx

dt = ẋ = f(x). If we wish to analyse the long-term behaviour of
an ODE, explicitly solving it analytically might unfortunately not be possible. Numerical
solutions are of course an alternative, but even without computational power, it can be
possible to infer the long-term behaviour analytically because a fixed point x∗ with the
property f(x∗) = 0 (i.e. no change in the dynamics) is often much easier to find than
an explicit solution of the ODE. The following explanation of the fixed point analysis is
mainly derived from [1].

For a one-dimensional system, assume the system is in a fixed point x∗ of the ODE
and that there is a small perturbation ε(t) = ε

x(t) = x∗ + ε (2.1)

with |ε| small compared to the typical scale of the system. The resulting change of x(t)
is then given by ẋ = f(x). This can be approximated via linearisation by using that
f(x∗) = 0 per definition. Hence,

ẋ = f(x(t)) = f(x∗ + ε) = f(x∗) + f ′(x∗) · ε+O
(
ε2
)
≈ 0 + f ′(x∗) · ε (2.2)

with f ′(x) = df
dx . In the vicinity of x∗, the ODE is therefore approximately described by

ẋ ≈ f ′(x∗)ε. As x∗ is a constant and ε(t) = x(t) − x∗, this results in the exponential
ODE

d

dt
ε(t) =

d

dt
(x(t)− x∗) =

d

dt
x(t)− 0 = f(x(t)) ≈ f ′(x∗) · ε(t) (2.3)

for the perturbation ε(t) which will decay or grow depending on the sign of f ′(x∗). If
f ′(x∗) < 0, we have now inferred that any small perturbation will relax to the fixed point
x∗ and that the fixed point is stable, whereas for f ′(x∗) > 0, any perturbation will grow
and drive the system away from the fixed point (x either diverges or reaches another
fixed point). Importantly, this system behaviour can be inferred without knowing the
solution of the ODE.
Fixed point analysis can also be generalised to higher dimensions with ẋi = fi(x) and
x = (x1, . . . , xm). Linearisation around a fixed point x∗ = (x∗1, . . . , x

∗
m) is now done via

the Jacobian
Jf (x) =

(
∂fi
∂xj

(x)
)

1≤i,j≤m

. (2.4)
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The eigenvalues λi of Jf (x∗) are then calculated and have the property that the cor-
responding eigenvectors vi fulfil Jf (x∗) · vi = λivi. Because the eigenvectors usually
form a basis, a decomposition is possible such that the perturbation can be expressed as
ε(t) = (ε1(t), . . . , εm(t)) =

∑
i αi(t)vi. Hence, the perturbation will develop like

d

dt
ε = Jf (x∗) · ε = Jf (x∗)

∑
i

αi(t)vi =
∑
i

αi(t)Jf (x∗)vi =
∑
i

αi(t)λivi. (2.5)

On the other hand, applying the time derivative to the αi(t) leads to

d

dt
ε =

d

dt

∑
i

αi(t)vi =
∑
i

(
d

dt
αi(t)

)
vi.

Sorting according to the axes spanned by the eigenvector basis, one can see that the
perturbation’s coefficients will develop as

d

dt
αi(t) = λiαi(t) (2.6)

and therefore again show an exponential growth or decline depending on the signs of the
eigenvalues. Most notably, if all eigenvalues are negative, the perturbation will decay
back to x∗ and the system is locally stable. Additionally, complex eigenvalues result in
an oscillatory eiωt and therefore correspond to oscillations in the phase space around x∗.

2.2 Data Analysis

Ever since the advent of big data and new advances in machine learning, data-driven
analysis has established itself at the forefront of science [57]. But even before these
recent developments, statistical analysis tools have been an integral part of complex
systems research [58, 59, 60]. This section will introduce the reader to some of the
statistical fundamentals and basic concepts of machine learning. More details on the
used methods will be given in the respective chapters of this thesis or in the appendix,
as this section only serves as a brief introduction and revision to the interested reader
with only basic experience in statistics. For a fundamental introduction to probability
theory, the interested reader is referred to [61].

2.2.1 Nomenclature of Probability Theory

Let X denote a random variable and x the realised values that it can take. For a
discrete random variable, the number of possible realisations is countable x1, x2, . . . and
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each will be taken with probability pi = P(X = xi) ≥ 0 such that
∑

i pi = 1. For
a continuous random variable, the realisations are distributed according to a density
ρ(x) ≥ 0 with

∫
ρ(x) dx = 1. The expectation value E[X] is defined as

E[X] =
∑
i

pixi or E[X] =

∫
xρ(x) dx (2.7)

for the discrete and continuous case, respectively. For most random variables, the ex-
pectation value indicates a typical realisation value and the sample mean converges to
the expectation value. The variance is defined as

V(X) = E[X2]− E[X]2 (2.8)

and indicates the spread of the realisations. Typically, the variance is expressed as the
square of the standard deviation V(X) = σ2

X . For two random variables X and Y , the
Pearson correlation

ρX,Y =
(E[X − E[X]) (E[Y − E[Y ]])

σXσY
(2.9)

lies in the interval [−1, 1] and indicates how much the measurements of X and Y depend
on each other. The correlation of a random variable with itself is always 1, but it can be
interesting to see how much a series of measurements of the same variable changes over
time. The autocorrelation function ACF given by

ACF(r) = ρXt,Xt+r (2.10)

computes this by comparing the measurements of X at time t with those at time t + r

for all possible values of t. Note that ACF(0) = 1 per definition. More details on these
topics can be found in [61].

2.2.2 Basic Statistical Methods

These methods are frequently applied in data analysis and require little prior knowledge
beyond elementary statistics.

Kernel Density Estimation (KDE)

A KDE reconstructs a probability density function based on a sample x1, . . . , xn of
measurement data by smoothing the histogram of the data [62, 63]. The estimated
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density ρ̂(x) is modelled as a weighted sum of probability densities (kernels) centred
around the measured xi.

Residuals and Root Mean Squared Error

For an algorithm f which estimates values ŷ from data X with true values y, there are
several methods to evaluate the accuracy of f . One of them is the root mean squared
error RMSE. It is defined as

RMSE =

√√√√ 1

n

n∑
i=1

r2i (2.11)

via the residuals ri = ŷi − yi. An RMSE much smaller than the range of measured
values yi means that the model shows only little deviation from the data. A roughly
symmetric distribution of the residuals around 0 indicates that the model does not have
a bias towards particular values.

Coefficient of Prediction ρ2

Another method to evaluate the quality of an estimated function f is the coefficient of
prediction ρ2 used in [50]. It takes the value of ρ2 = 1, if the prediction is always exactly
true, and ρ2 = 0, if the prediction is only as accurate as always using the mean ȳ. It is
defined by

ρ2 = 1−
∑n

i=1(ŷi − yi)
2∑n

i=1(ȳ − yi)2
. (2.12)

Bootstrapping

Bootstrapping is used to estimate standard deviations and confidence intervals (CIs)
in a model-free approach. A sample z1, . . . , zn is re-sampled with replacement, i.e. a new
sample Z̃ = zi1 , . . . , zin is created that for some j ̸= k fulfils ij = ik. This procedure is re-
peated N times so that there are Z̃1, . . . , Z̃N bootstrapped samples. For N large enough,
e.g. the mean µ̃(z) of the re-sampled data will converge to the true mean of the original
sample, but the empirical distribution of the re-sampled means µ̃1(z), . . . , µ̃N (z) enables
the calculation of the confidence interval of the empirical mean [64]. This approach
can be adapted to make inference on the standard deviation and CIs of any statistical
property of the original sample.
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Principle Component Analysis

For multivariate data, principle component analysis (PCA) can be used to transform
the data into a different set of coordinates [65]. PCA constructs an orthonormal base
of uncorrelated linear combination of the original features. Additionally, the PCA di-
mensions are ranked according to how much variance of the full data is explained by
them. Hence, a low-dimensional reduction to the first PCAs is often used to visualise
and analyse multivariate data.

Information Criteria

The performance of two models can be compared via information criteria to balance
model complexity and accuracy, if the model formulation includes a likelihood function
for the observed data. The Akaike information criterion (AIC ) for a model with p

parameters is given by
AIC = −2L+ 2p (2.13)

with L as logarithmic likelihood of the model [66]. Lower AIC values indicate a better
or more parsimonious fit and the AIC differences between two models can be inter-
preted similar to the characteristic values of hypothesis tests [67]. Variations such as the
Bayesian information criterion for a sample size n given by

BIC = −2L+ p log n (2.14)

put an even greater emphasis on the sparsity of the model.

2.2.3 Stochastic Differential Equations

As many time series in physics and finance are described by stochastic differential
equations (SDEs), it is prudent to briefly review some concepts related to them. We note
that this section is rather heuristic and simplifies the formal mathematical definitions.
For many SDEs, a Wiener process or Brownian motion (Wt)t is the reason for their non-
deterministic behaviour. Such a process is defined for continuous time t and fulfils that
the increment distributions Wt −Ws and Ws −Wq with t > s > q are independent and
distributed according to a Gaussian density

Wt −Ws ∼ N (0, t− s). (2.15)
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As the above equation holds true for infinitesimal intervals (t − s), the time derivative
dW
dt is a Gaussian white noise. An SDE for a time series (Xt)t can then be expressed as

dX = a(X, t) dt+ b(X, t) dW (2.16)

with deterministic drift function a and diffusion b or alternatively

dX

dt
= a(X, t) + b̃(X, t)ϵ (2.17)

with ϵ ∼ N (0, 1) and any multiplicative scaling being absorbed by b̃. This thesis will use
the notation in equation (2.17) and refer to it as a Langevin equation, but both notations
appear in the literature. Simulating SDEs on a computer needs a discretisation of time
with time steps ∆t. The Euler-Maruyama simulation scheme for simulating Xt via

Xt+∆t = Xt + a(Xt, t)∆t+ b(Xt, t)∆Wt (2.18)

can be deduced from equation (2.16) with ∆Wt =
√
∆t from equation (2.15).

If we are interested in the differential of a function f(X) of a stochastic process X, we
need Ito’s lemma to calculate df . In contrast to deterministic problems, the linearisation
of f has to take the second order derivatives into account because the second order of
the infinitesimal Brownian motion fulfils (dW )2 = dt and is therefore on the linear order
of dt. With Taylor expansion of f , we get Ito’s lemma

df ≈ ∂f

∂t
dt+

∂f

∂X
dX +

1

2

∂2f

∂X2
(dX)2 (2.19)

=
∂f

∂t
dt+

∂f

∂X
(adt+ bdW ) +

1

2

∂2f

∂X2
(a dt+ bdW )2

=

(
∂f

∂t
+

∂f

∂X
a+

1

2
b2

∂2f

∂X2

)
dt+

∂f

∂X
bdW +O

(
dt1.5

)
.

Further details can be found in [16].

2.2.4 Bayesian Statistics and Markov Chain Monte Carlo

Classical frequentist statistics is mainly concerned with the likelihood fL(x|θ) of ob-
serving a measured event x given some underlying parameters θ. For example, the
maximum likelihood principle

fL(x|θ) !
= max (2.20)
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is used to estimate the optimal parameters θ to fit a model to the observed data x. Also,
hypothesis tests are used in frequentist statistics to test, e.g. whether the true value of
the parameter θ is exceeding a certain threshold θ0 [61]. In contrast, Bayesian statistics
does not treat the parameters θ as fixed, but rather assigns an uncertainty to them via
a probability distribution [55]. Without taking the observed data x into account, one
assigns a prior distribution fprior(θ) to the parameters based on previous knowledge or
expert judgement. Generalising Bayes’s theorem for conditional probabilities P(·|·)

P(B|A) = P(A|B)P(B)

P(A)
(2.21)

to conditional probability densities, the posterior distribution fpost can now be defined
as a combination of the prior knowledge and observational data via

fpost(θ|x) =
fprior(θ)f(x|θ)

f(x)
∼ fprior(θ)f(x|θ). (2.22)

The normalisation term f(x) =
∫
fprior(θ)f(x|θ) dθ is usually omitted because it does

not depend on θ and therefore is just a scaling constant. Thus, Bayesian statistics allows
to formulate a probability density for the unknown parameters θ which is at the heart
of the many methods derived from this methodology [55, 68]. Usually, with increas-
ing number of observations, the posterior distribution becomes less dependent on the
prior density and instead approximates the likelihood. Notably, Bayesian methods can
naturally be extended to incorporate new knowledge in a statistical approach to learn-
ing as whenever new data is available, one can always use a previous posterior density
as a prior distribution and incorporate the new data in an updated posterior distribution.

Markov chain Monte Carlo algorithms (MCMC) are often used to calculate the pos-
terior distribution by numerically solving the integral in equation (2.22). Therefore, even
though they are not strictly a Bayesian technique, MCMC methods often get taught
alongside Bayesian statistics [55, 68]. MCMC generates a sample θ1, θ2, . . . via a Markov
chain (i.e. choosing θt depends only on θt−1, not on θt−2) that is supposed to approximate
a distribution function g(θ) according to Monte Carlo methods. The standard MCMC
algorithm used is the Metropolis-Hastings algorithm [69], but all MCMC methods share
the same core idea to sample an unknown distribution efficiently by mostly exploring
areas of the distribution’s support where the probability distribution is relatively high
instead of wasting time on areas with almost no contribution to the distribution. Follow-
ing the notation from [70], a new candidate s for the sample is suggested by a candidate
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distribution Q(s|θt) which is usually a multivariate Gaussian as it is easy to implement
and its probability mass is concentrated around the previous sample member θt. The
Metropolis ratio

ρ =
g(s)Q(θt|s)
g(θt)Q(s|θt)

(2.23)

is computed and s is accepted (θt+1 = s) with probability min(1, ρ). If it is rejected, the
Markov chain stays in its previous position θt+1 = θt. This decision rule ensures that the
process will tend to move towards regions of high probability density but still allows it
to make a downhill move and thereby escape a local maximum and enter another local
maximum of the density. Usually, several Markov chains are run in parallel as so-called
walkers and the first nburn elements of each walker are discarded as burn-in because
they depend too strongly on the initial position θ1 where the chain was started. The
resulting ensemble of sampled (θk)k can then be used to e.g. directly derive credible
intervals (CIs) of 95% or any other accuracy from the quantiles of the sample. Moreover,
if θ is multidimensional, the samples can also reveal correlations between the different
components of θ. MCMC sampling is implemented in various programming languages,
e.g. in Python via the package emcee [71].

2.2.5 Machine Learning

The field of machine learning (ML) and artificial intelligence (AI) is a fast growing
discipline and it cannot be summarised in a single section of this thesis. Instead, a
brief introduction to the fundamental concept of learning and an introduction to neural
networks as the current standard method of machine learning will be given. Parts of this
chapter will be taken from [56] which provides a more detailed, yet still short overview
on machine learning. Of course, the interested reader is recommended to take a look at
the standard textbook on machine learning for further details [72].

Training and Testing in the Machine Learning Methodology

The fundamental aspect which differentiates machine learning from classical statistical
methods is to include evaluation on unknown data as part of the fitting process. The
observed data is initially split into training data and test data and the algorithm –
whether it is a linear regression, a decision tree or a deep neural network – is fitted to
the training data. Then, its performance is evaluated on the test data which has not
been used to tune the parameters before. The steps of evaluation and improvement are
repeated until the model finally achieves a satisfying level of accuracy on the unknown
data and, depending on this performance, the algorithm can be changed by e.g. adding
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Figure 2.1: Visualisation of the machine learning methodology as a flowchart via [73].
Figure taken from [56].

or removing a layer in a neural network which is illustrated in figure 2.1. Because of
modern computing power, it is possible to fit a huge model with many parameters such
that it perfectly hits every observed instance in the data. This, however, is not a stable
form of learning that can be generalised to unknown data, but rather just learning the
observed data by heart without gaining any kind of knowledge from it and hence, it
will usually fail to perform well on the unknown test data. Sometimes, an additional
dataset is used as the validation data and the fine-tuning of the algorithm is done on the
validation data whereas the test data is used only at the very end of the pipeline to get
a final performance evaluation on new data.

Neural Networks

Many of the most impressive recent achievements of machine learning and artificial
intelligence have a neural network at the core of their architecture. Often, engineering
solutions have been inspired by biology (the lotus effect is a famous example for this) and
as the name suggests, artificial neural networks are no exception to this. The fact that
its basic structure is modelled after our brain probably helps to evoke strong associations
with human-like intelligence whenever artificial intelligence based on neural networks is
discussed. However, a look at the mathematics behind neural networks helps to demys-
tify them.
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The fundamental unit of a neural network, a neuron, is directly inspired by the neurons
in our brain. A biological neuron receives a signal and if the signal is strong enough, it
“fires” and sends out another signal as an output. Artificial neurons or perceptrons work
similarly [74]: they receive input signals i1, . . . , in and use a weighted sum to combine
them to one value

∑n
j=1wjij . If this sum is large, the neuron produces a strong output

according to an activation function h(·), otherwise its output is close to zero or exactly
zero. Often, a bias term b is also added to the sum. The neuron’s output is therefore
given as

h

 n∑
j=1

wjij + b

 (2.24)

where ij are the inputs and the tuneable parameters are the weights wj and bias b.
Initially, h was usually given by a step function with h(x) = max(0, x), but because of
its constant derivative, this function is problematic for gradient-based fitting methods
which are used for parameter optimisation. Common activation functions that are used
alternatively include

ReLU(z) = max(0, z) LeakyReLUα(z) = max(αz, z) with free parameter α

(2.25)

SeLU(s,a)(z) = sz1z≤0 + sa(exp{(z)} − 1)1z<0 with a = 1.67326324 and s = 1.05070098.

However, one neuron alone is not a neural network. Instead, there are usually several
hidden layers of neurons and each layer contains many neurons. The input values (i.e.
the features of an instance) are plugged into each neuron of the first hidden layer and
these neurons compute an output according to their activation function like (2.25). Their
output values are then passed into the next deepest layer where they are used as inputs
for the next neurons and so on. Finally, all outputs from the deepest layer are plugged
into one or more output nodes which then give the prediction of the network. For a
regression task, one output node is usually enough as it will give the numerical value
that the algorithm predicts. For classification tasks with k classes, you usually have k

output nodes (one for each class) whose outputs are then normalised to form a probability
distribution. Output Oκ will then give you the probability that the instance is in class κ.
Such networks are called multilayer perceptrons or MLPs and a sketch of such a network
is shown in figure 2.2.
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Figure 2.2: Sketch of a neural network’s architecture made via [73]. Each Ni,j is a
neuron with an activation function according to (2.24) and the arrows show
input/output relationships. This figure was taken from [56]

Implementation

The programming language Python has established itself as the premier language to
implement machine learning models because its rather simple syntax makes it accessible
for people without coding experience and its multitude of packages include many popular
machine learning algorithms. The package scikit-learn (usually abbreviated as sklearn)
provides a good general machine learning toolkit alongside some data wrangling tools
[75] and also an implementation of MLPs. However, for large-scale neural networks, the
packages tensorflow.keras and Pytorch are much more frequently used [76, 77]. These
packages also include very straightforward implementations of more advanced architec-
tures for neural networks beyond the MLPs.

2.2.6 Interpretability

Machine learning algorithms become increasingly more important for many industries
and even day-to-day activities, yet they also become increasingly complicated and difficult
to understand. Modern algorithms like the large language models from the GPT series
can easily have billions of parameters which means there is no chance for a single human
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to actually comprehend the algorithm’s decision making. Hence, there have been some
calls for a better understanding of statistical and AI algorithms. This is not only driven by
the desire to better understand an algorithm, but regulatory agencies have also started to
demand more transparent explanations for deployed AI algorithms [78]. As an example of
the “garbage in, garbage out”-paradigm, one image classifier learnt to recognise pictures
of horses only because they all had the same photographer’s tag in one corner of the
image [79]. This situation is quite amusing, but what if something like this occurs if the
AI is supposed to make high stakes decisions?

Explainable AI

Explainable AI (XAI) has been suggested to increase trust in AI by making the “AI
black box” more transparent [80, 81]. A complicated algorithm (e.g. a deep neural
network) is analysed by another algorithm (the XAI method) in order to give a heuristic
explanation for the AI’s decision. For example, the LIME algorithm explains the the
original AI algorithm’s prediction for one specific instance by looking at the instances in
a local environment around the instance of interest. It locally fits an easily interpretable
model (e.g. linear regression with only few coefficients) to the AI’s predictions and this
simple surrogate model is used to locally explain the predictions. Based on the game-
theoretical Shapley values [82], another method computes the SHAP values by iterating
over all explanatory features and computing how much explanatory power a feature adds
to the predictions based on coalitions of other features [83]. SHAP can be used to both
locally explain a single instance and to globally give importance scores to the features
based on the full algorithm and all available data. Unlike LIME and SHAP, the Layer-
wise Relevance Propagation (LRP) is a method that cannot be applied to all algorithms,
but is specifically designed for neural networks or problems that can be reformulated
as a network. It essentially runs backwards through the network and distributes the
relevance of each neuron to the neurons in the previous layer whose inputs affected
it [84]. Finally, it distributes the relevance on the level of the input features and can,
e.g. produce a heatmap to show which parts of an image were most important for the
network’s prediction.

Causality

While XAI methods can give the user of AI algorithms a heuristic explanation for
the AI’s decisions, the algorithm itself still remains a black box and one has to trust
that the XAI did not introduce a source of error or bias. Instead, some researchers have
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argued that modern AI systems should be designed as inherently interpretable and un-
derstandable algorithms with the help of domain experts and that these systems can,
due to modern computing power, nevertheless achieve high accuracy [85]. Additionally,
physical constraints can be explicitly taken into account as an additional condition in
the parameter optimisation of physics-informed neural networks [86]. Following a similar
philosophy, the practice of simulating scientific problems via models has recently been
criticised for straying too far away from the real world in an attempt to produce “inter-
esting” phenomena rather than accurately modelling reality [87, 88].
As humans and scientists, we tend to think in relations of cause and effect and wish to
model reality in these terms. While standard statistical and machine learning models
tend to remain at a purely correlational description, a new school of thought has emerged
in statistics which attempts to uncover causal relationships in the data [89]. Paramount
to causal inference is that there must be a time lag between the cause and the effect: If
X causes Y , the relationship between Xt and Yt is irrelevant, but a time lag τ should
yield a significant predictive power of Xt−τ on Yt.
One of the standard methods of causal inference is the Granger causality of X on Y

which measures how much the uncertainty of a future prediction of Yt+1 increases, if
Xt,t−1,... are excluded from the set of predictor variable U used to estimate Yt+1 [90]. For
dynamical systems, convergent cross mapping CCM has established itself as a frequently
used method to infer causal relations. CCM analyses the phase space MX of time-lagged
observations of X, i.e. (Xt, Xt−τ , . . . , Xt−kτ ). If variables X and Y are causally coupled,
a local environment of an element in MX should be possible to be mapped bijectively
to MY such that Y (t) can be predicted via the next neighbours of X(t) in MX [91, 92].
Oscillator systems in which both the change in momentum depends on the position as
well as the change in position on the momentum prove to be challenging, yet interesting
case studies for causal inference [93, 94].
Beyond these methods originating from data science, Judea Pearl has introduced struc-
tural causal models (SCMs) as an alternative framework to model causal relationships
[89]. SCMs are restricted to variables whose causal relationships can be encoded in a
directed acyclic graph and Pearl introduces the do-operator as a mathematical tool to
model interventions on the system (e.g. the air pressure should not rise just because
someone moved the pointer on a barometer). This might prove to pave the way for a
new mathematical understanding of causality in the future.
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Part II

Data-Driven Analysis of Financial
Markets
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The abundance of data from financial markets has sparked the interest of physicists in
these systems and has allowed them to contribute to financial research with data-driven
tools [16, 18]. Naive approaches involving Gaussianity assumptions and independence
fail to describe many phenomena found in financial markets and insights from physics
help, e.g. to describe financial crashes or the correlation matrices of financial time series.
The following chapters analyse financial time series of different time scales to better
understand the market dynamics:
In chapter 3, daily and intraday price time series of individual companies are modelled as
stochastic differential equations. Extensions to the geometric Brownian motion (GBM)
allow us to identify regimes of stable fixed points in the price dynamics in chapter 3.
We then focus on the interactions between different assets and analyse the collective
correlation of all assets via two methods in chapter 4: First, explainable AI (XAI) is
used to better understand the market states which are found in correlation matrices of
daily sector returns. Second, the time series of the market’s weekly mean correlation
is modelled as a stochastic differential equation which reveals memory effects in the
correlation’s dynamics. Finally, going beyond correlation, Granger causality is used to
build a network of cause and effect between the daily return time series of business sectors
in chapter 5. With the help of the Helmholtz-Hodge-Kodaira decomposition (HHKD),
this network is split into a rotational and gradient-based subgraph and the latter reveals
that the precious metal and pharmaceutical sectors are dominant causal drivers in the
financial market during the Covid crisis.
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3 Fixed Points and Langevin Potentials
for Single Assets

“It is a capital mistake to theorize before one has data. Insensibly one begins
to twist facts to suit theories, instead of theories to suit facts.”

— Sir Arthur Conan Doyle, Sherlock Holmes

Abstract The geometric Brownian motion (GBM) is a standard model in quantitative
finance, but the potential function of its stochastic differential equation (SDE) cannot
include stable nonzero prices. This chapter generalises the GBM to an SDE with poly-
nomial drift of order q and shows via model selection that q = 2 is most frequently the
optimal model to describe the data. Moreover, Markov chain Monte Carlo (MCMC) en-
sembles of the accompanying potential functions show a clear and pronounced potential
well, indicating the existence of a stable price.

This chapter is based on Tobias Wand, Timo Wiedemann, Jan Harren and Oliver Kamps, Physical

Review E 109, 024226 (2024) [95]. Tobias Wand conceptualised and carried out the research for this

publication and wrote the data analysis code. Timo Wiedemann and Jan Harren curated the data and

Oliver Kamps supervised the project. All figures in this chapter are taken from [95] and were created

by Tobias Wand.
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3.1 Introduction

Ever since Bachelier’s seminal work on the Brownian Motion to describe stock prices
and its extension to the geometric Brownian motion (GBM) in the Black-Scholes-Merton
model [26, 27, 28], differential equations have been an important tool to analyse financial
data. Econophysicists have used (stochastic) differential equations to analyse currency
exchange data [96], interest rates [97] and stock market crashes [98] or derived (partial)
differential equations from microscopic trading models [99, 100]. A recent empirical study
tried to model price time series with a harmonic oscillator ODE to reconcile the random-
ness of financial markets with the idea of a fair price [101]. The GBM, still widely used
as a standard model for price time series, presents the researchers with a subtle difficulty
with regards to its interpretation: Its deterministic part implies either an unlimited ex-
ponential growth or an exponential decline to a price of 0 as pointed out in [102, 103,
104]. While traditional finance models have tried to improve the GBM by changing its
stochastic component, the deterministic part has largely been left unchanged (cf. the
discussion in section 1 of [104]). While [104] used a constrained model with regularisa-
tion via strong prior information to fit parameters to their model, the goal of the present
chapter is to estimate model parameters and to select the best model without any of
these restrictions, i.e. letting the data speak for itself.
The estimation of Langevin equations from data via the Kramers-Moyal coefficients [105,
106] sparked a family of methods to estimate nonparametric drift and diffusion coeffi-
cients to model the observed system as a stochastic differential equation which have also
been applied to financial data [107]. A particularly interesting expansion of this method
is given by the maximum-likelihood-framework (ML) in [108]: for each time step ti and
observed data xi, the transition likelihood Li = p(xi+1|xi) from xi to xi+1 is calculated
and the joint likelihood L =

∑
i Li is maximised by the estimation algorithm. This ap-

proach takes the inherent stochasticity of stochastic differential equations into account
and can be performed with a parametric model to recover algebraic equations to increase
its interpretability. Similarly, the SINDy algorithm recovers a sparse functional form of
the underlying algebraic equations by fitting the data to a candidate function library,
but struggles with noisy and stochastic data [109, 110].

This chapter uses a combination of the ML framework of [108] with the candidate
function library in [109] for a robust method to estimate stochastic differential equations
from data similar to [111]. As an extension, the presented method can be used to es-
timate data from time series with non-constant time increments dti ̸= dtj . We use stock

36



market prices at daily and 30-minute intervals as described in section 3.2 to estimate their
stochastic differential equations. In particular, we estimate the potential in which the
dynamics take place to evaluate the stability of the dynamical process with the overall
goal to distinguish between periods with a stable fixed point and unstable dynamics as
explained in section 3.3. The results for the different polynomial orders of the model and
their implication for the stability are shown in section 3.4 and discussed with respect to
possible applications for risk assessment in section 3.5.

3.2 Data

We analyse stock market data from the companies listed in table 3.1 to cover a range
of different business sectors. Our analysis covers two distinct market conditions: (i) a
calm period from early 2019 through early 2020 which was characterised by low overall
volatility and (ii) the Covid selloff beginning in March 2020 which was accompanied by
a spike in market volatility. We analyse two sampling intervals: daily end-of-day price
changes (for which our data availability covers the whole of 2019 and 2020) and 30-minute
intervals (for which our data is limited to the period between January 2019 up to and
including July 2020).
Note that we are directly analysing the price time series Pt instead of the returns
r = log(Pt+1/Pt). Although analysis of the price data is also an important contribu-
tion to research [112], the returns are often chosen as an observable because of their
approximately stationary distribution which allows the application of several time series
analysis methods. However, our focus is explicitly on the non-stationary behaviour of
stock prices: We estimate the potential of the differential equation’s dynamics for dif-
ferent time intervals to differentiate between dynamics with and without a stable fixed
point (see section 3.3). Similarly, the work in [102, 103, 104] also uses prices to determine
the position of the fixed points (or, equivalently, the wells of the potential): Although
a return of 0 also indicates a fixed point, it is not clear whether the price associated
with it is the same as in the previous time window under observation. In particular, the
research in [102, 103, 104] stresses the important difference between fixed points at a
nonzero price P > 0 (normal behaviour of a stock) and at a price of P = 0 (crash of the
stock). Both phenomena correspond to a return of r = 0, but describe vastly different
situations of the stock.

TAQ Database: We use intraday data from the TAQ (Trade and Quote) database.
To account for microstructure related issues, such as the bid-ask-bounce or infrequent
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Company Business Sector Ticker
Apple Technology AAPL

Citigroup Banking C
Walt Disney Co. Media DIS

Evergy Inc. Energy EVRG
General Electrics Industry GE

Pfizer Pharmaceutics PFE
Walmart Inc. Retail WMT

Table 3.1: The companies whose data has been analysed in our chapter.

trading, we rely upon quoted prices that we re-sample to a 30-minute frequency.1 For
that, we first remove all crossed quotes, i.e., all quotes where the bid price exceeds the
ask, require the bid-ask-spread to be below 5$, and finally use the last valid available
quote within every 30-minute interval.2 We further account for dividend payments and
stock splits, which mechanically influence stock prices, and create a performance price
index using quoted mid-prices.

CRSP: We also consider lower-frequency (daily) data from the Center of Research
in Security Prices (CRSP) which is one of the most widely used databases in economics
and finance. We again calculate a performance price index for each stock using the daily
holding period return provided by CRSP. Note that, while we use quoted mid-prices
for the 30-minute high-frequency data, CRSP uses trade prices to calculate the holding
period return. However, as the trading volume has increased considerably over the last
decade, this should not be an issue [114].

3.3 Theoretical Background and Model

The standard stochastic differential equation to describe a stock price P is the geo-
metric Brownian motion given by

dP

dt
= µP + σPϵ (3.1)

with standard Gaussian noise ϵ = ϵ(t)
iid∼ N (0, 1), constant drift µ (typically µ > 0) and

volatility σ. As pointed out in [104], the physical interpretation as a particle’s trajectory

1When we talk about quotes, we refer to the National Best Bid and Offer (NBBO) where the national
best bid (offer) is the best available quoted bid (offer) price across all U.S. exchanges. See [113] for
an overview.

2We forward fill quotes if there is no valid entry for a given time interval. However, this does almost
never happen for very liquid stocks such as the ones chosen in this chapter.
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P in a potential V (P ) transforms equation (3.1) to

dP

dt
= −dV

dP
(P ) + σPϵt with V (P ) = −µ

2
P 2 (3.2)

and an arbitrary potential constant C (set to zero for simplicity). However, analysing this
potential V in terms of its linear stability (cf. section 2.1 or [1]) leads to the problematic
result that the only fixed point in the data with dV

dP (P0) = 0, namely P0 = 0, is an
unstable fixed point for µ > 0. Without a stable fixed point, trajectories are expected
to diverge away from P0 = 0 towards infinity. As this is - at least for limited time
scales - a highly unrealistic model, the authors of [102, 104] have suggested higher order
polynomials in the potential V of (3.2). From the assumption that the rate of capital
injection by investors should depend on the current market capitalisation, they derive a
quartic potential

V (P ) = −P
(α1

2
P +

α2

3
P 2 +

α3

4
P 3
)

with

−dV

dP
(P ) = α1P + α2P

2 + α3P
3, (3.3)

i.e. the drift term −dV
dP (P ) is a polynomial of order q = 3. With a suitable choice of

parameters α, this potential can adopt the shape of a double-well potential with stable
fixed points at P0 = 0 and P1 > 0, thereby predicting both the presence of a bankruptcy
state at the stable fixed point P0 = 0 and an additional stable state with nonzero price
P1 > 0. In [104], however, major constraints to the parameters during the estimation
process were necessary to achieve this.

3.3.1 Numerical Implementation

If a time series (sn(tn))n with observations sn at time tn has been recorded, a maximum
likelihood approach can be used to estimate the most likely parameters σ and αi such
that a stochastic differential equation according to equations (3.2) and (3.3) may have
produced the observed time series. For any two adjacent points sn(tn) and sn+1(tn+1)

and any given parameters ϕ = (σ2, αi), the likelihood L of observing the transition from
sn(tn) to sn+1 at tn+1 can be explicitly calculated as

L(sn+1|tn+1, sn, tn, ϕ) =
(
2π (σsn

√
tn+1 − tn)

2
)− 1

2 (3.4)

· exp
{(

−(sn+1−(sn+(−dV
ds

(s))(tn+1−tn)))
2

2(σsn
√
tn+1−tn)

2

)}
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or as the logarithmic likelihood

L(sn+1|tn+1, sn, tn, ϕ) = logL(sn+1|tn+1, sn, tn, ϕ) (3.5)

= −1
2 log

(
2π (σsn

√
tn+1 − tn)

2
)

−(sn+1−(sn+(−dV
ds

(s))(tn+1−tn)))
2

2(σsn
√
tn+1−tn)

2 .

Because we assume Markovian dynamics, the complete log-likelihood for the full observed
time series is then simply the sum over the stepwise log-likelihoods

L ((sn)n|(tn)n, ϕ) =
n−1∑
i=0

L(si+1|ti+1, si, ti, ϕ). (3.6)

For given observations (si, ti), the likelihood L can be maximised by varying the para-
meters ϕ to estimate the optimal parameters ϕ∗.

According to Bayes’s theorem and Bayesian statistics [55], the likelihood of observing
the measured data conditional on some parameter values L ((sn(tn))n|ϕ) is combined with
an a-priori distribution fprior(ϕ) to calculate a posterior distribution of the parameters
given the observed data:

fpost(ϕ|(sn(tn))n) ∼ fprior(ϕ)L ((sn(tn))n|ϕ) . (3.7)

For an uninformed flat prior, this transformation is mathematically trivial, but allows
us to calculate fpost as a probability density of the parameters ϕ conditional on the
observed data. Hence, the distribution of the parameters ϕ can be explored via Markov
chain Monte Carlo (MCMC) methods [69] by drawing samples

(
ϕ(j)

)
j

from the posterior
distribution as implemented in the Python package emcee [71]. MCMC can uncover
correlations between different parameters and also explore local maxima of the probability
density. It therefore gives a more complete view of the underlying distribution than
summary statistics like the mean or standard deviation. In particular, we will use the
sampled parameters

(
ϕ(j)

)
j

to construct an ensemble of potentials V (P ) and evaluate
whether their shapes are roughly consistent with each other.

3.3.2 Synthetic Data

To test our method, synthetic time series (sn)n are simulated via the Euler-Maruyama
scheme [115] as
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sn+1 = sn +

(
−dV

ds
(s)

)
(tn+1 − tn) + σsn

√
tn+1 − tnϵn (3.8)

with ϵn
iid∼ N (0, 1) for any parameters αi for the potential in (3.3). The following para-

graphs discuss how well our model can then identify the underlying dynamcis and para-
meters from the observed data (sn, tn). Note that for the synthetic data, non-equidistant
time steps have been used.

Estimating the Correct Order

Generalising the potential from (3.3) to a potential with arbitrary polynomial order q

leads to

V (P ) = −P

q∑
i=1

αi

i+ 1
P i. (3.9)

For given q, random parameter values αi and a random noise level σ are sampled and
the resulting time series is simulated with these parameters. If the sampled parameters
result in numerical errors (i.e. the time series diverges towards infinite values), the time
series is discarded from the ensemble. This is done repeatedly until the ensemble includes
100 time series with a length of 1000 time steps each. For the synthetic time series, the
best order is estimated via the Akaike information criterion AIC [66] given by

AIC = −2Lmax + 2(q + 1) (3.10)

where q + 1 is the total number of model parameters (q monomials’ prefactors αi and
σ). Hence, q is varied, the maximum likelihood Lmax for the chosen q is estimated and
the resulting AIC is calculated. The model with the lowest AIC is chosen as the best
model. The results shown in figure 3.1 show that for polynomial orders q = 1 (geometric
Brownian motion), q = 2 and q = 3 (Halperin’s suggestion as in equation (3.3)), the
correct order is usually identified as such. An even higher order q = 4 shows very
unreliable results, but will be included for completeness for the further data analysis.

Estimating the Parameters

Instead of sampling repeated trajectories with different parameters, now for order
q = 3, the parameters ϕ = (σ2, α1, α2, α3) are kept constant as ϕ = (0.05, 2,−1, 0.01).
100 time series with 1000 time steps are sampled and their parameters are estimated by
fitting a model with q = 3. Despite the constant parameters, the randomness of the ϵn in
equation (3.8) nevertheless ensures that the time series are different from each other. The

41



1 2 3 4
0.00

0.25

0.50

0.75

Fr
eq

ue
nc

y

True Order: 1

1 2 3 4

True Order: 2

1 2 3 4
Estimated Order

0.00

0.25

0.50

0.75

Fr
eq

ue
nc

y

True Order: 3

1 2 3 4
Estimated Order

True Order: 4

Figure 3.1: For each true polynomial order q, 100 trajectories are randomly sampled and
then their best order is estimated. The histograms show that the method
successfully estimates trajectories with order q = 1, 2, 3, but struggles with
the higher order q = 4.
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Figure 3.2: Parameter estimations for 100 trajectories with the same true parameters
ϕ = (σ2, αi) as given by the solid lines. The interval of Mean ± Standard
Deviation of the estimated ensembles always includes the true parameters.

histograms of the estimated parameters, their means and standard deviations are shown
together with the true parameter values in figure 3.2. Note that the true parameter
value is always within the one-standard-deviation-interval around the mean and that
the parameter α3 has a distribution virtually indistinguishable from that of a parameter
with mean zero: The parameter estimation correctly shows that α3 is so low that it is a
superfluous parameter for model inference. Note that if the same data is estimated by a
model with q = 2, the results are fairly consistent with the depicted histograms. However,
fitting the data to a model with q = 4 results in the one-standard-deviation-interval of
α2 also containing the value 0, which is a consequence of overfitting the model.

3.4 Results

While [104] analyses time periods of one year to estimate parameters, we believe that
because of the assumption of constant volatility in equation (3.4), it is prudent to restrict

43



Optimal Order
(30 Min)

Opt. Order (Daily)

1 2 3 4

1 24 6 3 1
2 6 41 10 3
3 1 10 8 1
4 7 7 3 2

Table 3.2: Comparison of the estimated orders q for the same company and month with
the price time series in daily and 30-minute intervals.

the date to short intervals of one trading month. Hence, we divide the given data into
non-overlapping monthly intervals and estimate the polynomial order q of the underlying
stochastic differential equation via the AIC. Note that the time difference between each
observation is taken as a constant interval of 1 time step in trading days or 30-minute
steps, respectively, including the overnight return.

3.4.1 Polynomial Orders

The distributions of the estimated polynomial orders q are shown in table 3.2 and in
figure 3.3: On both time scales and in all market periods, the order q = 2 is the most
frequently estimated order with the GBM model at q = 1 being the second most frequent
estimation. The suggestion q = 3 from [104] as well as the even higher-order q = 4 are
only rarely estimated as the most accurate model. Interestingly, calm and turbulent
periods (as defined in section 8.1.2) show essentially identical distributions, whereas the
order q = 4 seems to be a bit more frequently estimated for the shorter time scale of 30
minutes than for the daily data. Table 3.2 shows that there is high consistency between
the estimated orders for both time intervals for orders q = 1 and q = 2, but increasing
disagreements for orders q = 3 and q = 4.
Overall, this suggests that a polynomial order of q = 1 and q = 2 can be a reasonable
modelling assumption for the time series data. Moreover, the identification of these two
orders is consistent for the two sampling intervals under consideration, whereas the choice
of calm or turbulent periods does not seem to influence our results.

3.4.2 Potentials

For the optimal polynomial order q of each month, we then sampled the parameters
ϕ = (σ2, α1, . . . , αq) from their posterior probability distribution to get an ensemble of
parameters

(
ϕ(j)

)
j
. From that, we calculate the corresponding ensemble of potentials
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Figure 3.3: Estimated polynomial orders q of the monthly real-world price time series of
the companies in table 3.1 for the daily (left) and 30-minute intervals (right).
Differences between the calm (up to February 2020) and turbulent period
(starting in March 2020) are only small.
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V (P ) according to (3.9) and plot them, their pointwise centred 68% and 95% credible
intervals (CIs) and the potential corresponding to the maximum likelihood estimation.
The zero horizontal is shown in these plots as the y-axis position of the potential at P = 0

to indicate where the potential is above or below the potential energy at the zero price
(and if the price “particle” would therefore prefer or not prefer to be at the potential level
of P = 0). A couple of generic features can be observed for these potentials and do not
depend on the chosen sampling rate:

Order 2

As the order q = 2 is the most frequently identified polynomial order according to
the results in figure 3.3, it is quite insightful to focus on its associated potentials. They
virtually always look like the potential depicted in figure 3.4 and show a potential well
as a pronounced minimum. Close to this minimum, the 68% CI is usually also below
0 and sometimes (as depicted in figure 3.4) even the 95% CI. The MCMC-sampled
potential ensembles thus support the existence of a potential well as they clearly show
the potential well for a large majority of trajectories. Following the interpretation of the
potential wells from [104], this supports the existence of a locally stable price within this
potential minimum.

Order 1: GBM

The GBM with q = 1 is the second most frequently estimated order. As shown in the
subplots a and b in figure 3.5, the MCMC samples show two general types of ensembles:
in a, the maximum likelihood estimation of the potential is always very close to 0 and the
68% CIs therefore envelope the zero horizontal. This makes it difficult to gauge a clear
direction of the potential and hence of the movement of the price time series. Contrary
to that, potential ensembles like the one shown in b have a clear direction. In b, the
potential is increasing for higher prices (and hence a restoring force pulls the price to
the minimum at 0), but decreasing potential ensembles can also be found for other time
intervals. That means some time intervals like b show a predominant direction of price
movement, whereas others like a have no predominant direction, but rather a random
movement.

Order 3

The potential with q = 3 is the one suggested in [104] and the typical shape of their
MCMC samples are shown in subplot c of figure 3.5. Note that some of these potentials
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Figure 3.4: MCMC-sampled potentials of order q = 2 for 30-minute intervals for Pfizer
in September 2019. The maximum likelihood estimation (Estimation) lies
firmly within the ensemble of potentials and even the 68% credible interval
shows a clear potential well.
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Figure 3.5: MCMC-sampled potentials of order q for 30-minute intervals for Pfizer in
time intervals with q = 1 (a and b), q = 3 (c) and q = 4 (d). Note that the
maximum likelihood estimation lies within the 68% credible interval for all
orders q except for q = 4.
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are also mirrored along the x-axis. Similar to the potentials in b, they also show a
predominant direction, but also often a bistable saddle point. Notably, they do not show
the pronounced double-well potential predicted in [104].

Order 4

Potentials with q = 4 usually correspond to very wide potential wells as can be seen in
subplot d of figure 3.5 (compare its full width at half maximum to that of the potential in
3.4). In the depicted MCMC ensemble, the maximum likelihood estimation does not lie
within the 68% credible interval. This indicates a multimodal posterior distribution and
was found in surprisingly many time intervals. Similar to the ensemble shown in subfigure
a, these potentials also often envelope the x-axis with their 68% CIs and therefore show
no clearly predominant direction.

3.5 Conclusion

3.5.1 Summary

We use a maximum likelihood estimation to analyse price time series of stocks. Via
the AIC model selection, we find that a second order polynomial for the drift term often
offers a suitable description of the data. While the standard GBM model with a first
order polynomial is not selected as frequently as the second order model, it still appears
often enough to be considered a valid candidate model. Higher order polynomials are
rarely estimated. Sampling the posterior density of the parameters via MCMC reveals
that the potentials of second order polynomials show pronounced potential wells (i.e.
stable minima) for nonzero prices which is mathematically impossible for the GBM’s
potential as pointed out in [104].

3.5.2 Discussion

Our research question is heavily inspired by [104], but differs from it in a key factor:
The model presented in [104] always has a drift polynomial of order q = 3 and uses the
credit default swap rates (CDS) to estimate the probability of a considered company
going bankrupt. This probability is then used as a constraint in the parameter estim-
ation such that the jump from a potential well with nonzero price to another potential
well at price zero (i.e. the stock collapsing) has a jump probability (Kramers’s escape
rate) which is quantified by the CDS. Thus, the work in [104] combines the price dy-
namics of stochastic differential equations with the CDS data as additional constraints
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to estimate a stochastic differential equation with a probability of the stock crashing. In
contrast to this, our estimation scheme uses no additional constraints or external data,
but purely the price time series. Our q = 3 estimations (subfigure c in 3.5) do not show
the double-well potential postulated by [104]. However, our model selection via the AIC
indicates that q = 2 is instead the most frequently observed polynomial degree and for
q = 2, MCMC shows a clear potential well that is consistent for the whole MCMC en-
semble. In short, because we do not use additional constraints, we cannot reproduce
the double well potential with default probabilities, but instead show via our fully un-
constrained approach that the potential wells arise naturally just from the price time
series alone. Estimating potentials for stochastic financial dynamics and analysing the
stability of their fixed points has also been done in [116, 117], but two key differences
exist between them and our approach: While we estimate explicitly analytical potentials
for the time series of individual stocks, the work in [116, 117] estimates potentials purely
numerically without a closed-form analytical expression and does so for the collective
market movement instead of treating individual assets. Interestingly, [116, 117] observe
transitions between the different minima of the potentials and therefore a non-stationary
market behaviour, similar our study, because the AIC selection means that the stocks
are not described by the same polynomial degree q for all time series. Instead, our model
selection implies that the potential itself is time-dependent.
A possible explanation for this is that due to external effects, an order parameter such as
the capital influx into the financial markets is changed. Then, the underlying potential
might change due to these effects and experience a bifurcation which changes the price
dynamics. Whether a bifurcation is a suitable description of the dynamics under such
conditions requires further analysis on the transitions between the different models. As
an example, imagine that a price initially starts as being in a stable fixed point with
q = 2 like in figure 3.4, but external news change the potential to that of subfigure b in
figure 3.5 with q = 1. Now, the price has a predominant direction of movement and is
no longer experiencing a restoring force back to the price at the previous fixed point and
can therefore explore new areas of the phase space (figure 3.6 illustrates the transition
between different regimes). The market finally manages to process the news and their
implications and finally, the price reaches a new fixed point with q = 2. Thus, the price
at the potential minimum can be interpreted as a fair price similar to the discussion in
[101]. However, further research into the transition between the different potentials is
necessary to verify this interpretation. Note that GBMs with potentials such as subfigure
a in figure 3.5 have essentially no predominant direction of movement and show a random
walk without a restoring force. This is a different behaviour to q = 2 which also does
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Figure 3.6: Evaluation of the different regimes for the dynamics of the Pfizer stock for
30-minute intervals. the rare orders q = 3 and q = 4 have been summarised
under the label ”Noise”, the label ”Stable FP” indicates order q = 2 with a
potential well and the GBM of order q = 1 is further split up into periods of
growth (↑), random stagnation (–) and decline (↓): according to their MCMC-
sampled potentials (cf. subfigures a and b in 3.5), a growth or decline is only
assumed if the 68% CIs do not include the 0 horizontal. The regimes of
growth and decline show a good correspondence with the price time series of
the associated stock.

not show a predominant direction, but instead has such a restoring force that restricts
the price to the potential well.
One might have assumed that stable fixed points (q = 2) should occur significantly less
frequently during the turbulent period because of the overall instability of the market.
But interestingly, our results do not seem to show a difference between the calm and
turbulent market period (cf. figure 3.3), perhaps indicating that the market can quickly
adjust to such turbulent behaviour.
Finally, it is a reassuring result that the AIC selection still frequently suggests q = 1 (the
widely used GBM model) as the best polynomial order. The standard GBM model still
appears rather frequently in our data and therefore nevertheless manages to provide a
reasonably accurate model.

3.5.3 Further Research and Applications

As discussed in the previous subsection, our method can be used to distinguish between
different regimes (stable fixed point or growth/decay) of the dynamics of a price time
series. One could use our methodology to continuously model a given time series, update
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it with new data and pay attention to when the potential is changing such that the system
is transitioning from a stable (resilient) state to an unstable one or vice versa. This point
of view can be used to judge the system’s resilience against noise and anticipate critical
transitions to a qualitatively new system behaviour [111, 118]. In the non-stationary
system of a free market, such monitoring might support risk management decisions.

While this chapter focused on the drift term like in [104], there are of course possible
extensions of the diffusion/volatility that can also be taken into account. Stochastic
volatility and local volatility models have been widely accepted in finance [119, 120], but
other modelling possibilities exist, too: While this chapter used the volatility paramet-
risation from the GBM in (3.1) via σPϵt, one can also imagine e.g. a polynomial model
here given by

Diffusion(P ) = σ

∑
j

βjP
j

 ϵt. (3.11)

However, from the author’s experience, the maximum likelihood estimation can become
troublesome if the diffusion term has several free parameters as the estimator can then
attempt to essentially attribute the whole observed dynamics to the diffusion. Strong
regularisation might be necessary if one wishes to expand the diffusion model. A multi-
stage estimation procedure might provide another alternative: First estimate the GBM
model with drift parameters ϕD,1, then keep these parameters fixed to estimate the para-
meters ϕV,1 of a more complicated volatility model (e.g. Heston’s stochastic volatility).
Then keep the parameters ϕV,1 of the volatility model fixed and vary the drift parameters
according to the scheme presented in this chapter in order to find the optimal order q

and its associated parameters ϕD,2. For fixed order q, iteratively use fixed ϕD,n to es-
timate ϕV,n+1 and fixed ϕV,n+1 to estimate ϕD,n+1 until the parameter values converge.
Developing and fine-tuning this procedure, however, is beyond the scope of the present
work whose main aim was to investigate the existence of stable fixed points in the drift
potential.
Another model extension might be the incorporation of memory effects. Generalised ver-
sions of the Langevin equation include non-Markovian memory terms by e.g. an explicit
memory kernel [121] or by assuming the existence of a second hidden process that has not
been observed [122]. Such a hidden component might correspond to the traders’ know-
ledge or belief which certainly influences the stock prices, but is not explicitly recorded.
Although we believe that there is some virtue in having a simple model as evidenced by
the widespread use of the GBM, a more complex analytical model than a polynomial
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approach can of course be used in the maximum likelihood framework to expand our
rather simple model. Combining all these extensions and using a strict regularisation
procedure to discard superfluous terms might ultimately help to develop a model that
not only differentiates between the different regimes of stability (as shown in the present
chapter), but also reproduces the well-known stylised facts from the empirical literature.
It is noteworthy to point out that although we used equidistant time intervals between
the observations of the data, the model has been tested on synthetic data with non-
equidistant time intervals in section 3.3.2. Such a situation arises naturally in the con-
text of tick-by-tick data which is the highest resolution of trading data. Here, instead of
sampling the price at a high frequency, every single trade is recorded at the exact time
that it occurred. As the time between two subsequent trades can be arbitrarily short
or long, the application of a robust method without the need for equidistant time steps
might prove useful here.

While this chapter analysed the complex dynamics of an individual asset, chapters 4
and 5 will take the interactions between different time series into account. Correlations
will be the focus of analysis in chapter 4 and chapter 5 will use Granger causality to
estimate the causal hierarchy of the financial market.
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4 Collective Effects of the Market
Correlation

“When we try to pick out anything by itself, we find it hitched to everything
else in the Universe.”

— John Muir, My First Summer in the Sierra

Abstract Taking correlations between financial assets into account is crucial for op-
timal portfolio selection and risk management. While it is well-known in the scientific
literature that the market correlations show collective behaviour, the dynamical time
evolution of these correlations is still underexplored. Moreover, memory effects are usu-
ally neglected for convenience, but might include important information on the system’s
behaviour. This chapter uses daily data from the S&P500 index to analyse the different
market states with methods from explainable artificial intelligence (XAI) and to model
the one-dimensional mean correlation time series with explicitly non-Markovian memory
effects.

This chapter and the associated appendices D and E are based on Tobias Wand, Martin Heßler and

Oliver Kamps, J. Stat. Mech. 043402 (2023) [123] and Tobias Wand, Martin Heßler and Oliver Kamps,

Entropy 2023, 25(9), 1257 (2023) [124]. Unless otherwise stated, the figures in section 4.1 and 4.3 and

appendix E are taken from [124] and the figures in section 4.2 and appendix D are taken from [123]. All

figures shown in this chapter were created by Tobias Wand. In [123], Tobias Wand conceptualised the

research, curated the data, wrote the code to analyse the data and carried out the research while Martin

Heßler assisted with the implementation of the code and Oliver Kamps supervised the project. For the

material in this thesis based on [124], Tobias Wand curated the data, wrote the code to analyse the data

and carried out the research while Oliver Kamps supervised the project and all authors conceptualised

the project.
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4.1 Introduction

4.1.1 Correlations in Econophysics

The S&P500 is an aggregated index of the stocks of the 500 largest companies traded
at US stock exchanges and therefore serves as an indicator of the overall US economic
performance. Research on financial correlations has been a cornerstone of risk manage-
ment ever since Markowitz’s portfolio theory [125]. Although Pearson’s correlation coef-
ficient only detects linear dependencies, it is used ubiquitously in data-driven inference
on financial markets [126]. Due to the increasing availability of financial data, elaborate
statistical methods can be applied in this field of research. Many researchers have chosen
to focus on the correlations between the relative price changes of different stocks, i.e. the
correlations of the stocks’ returns in their correlation matrix [34, 35, 125, 127, 128, 129].
While the majority of the eigenvalue spectrum follows the Marcenko-Pastur distribution
that is expected for purely random matrices according to RMT, several eigenvalues are
far outside of this spectrum as shown in figure 1.3. This hints at a strongly non-random
effect and the corresponding eigenvectors often represent distinct real-world business sec-
tors and therefore describe collective behaviour of these stocks in the market [18, 34, 35,
126]. Most importantly, the eigenvector of the largest eigenvalue has an almost equal
contribution of all stocks and is therefore called the market mode as it represents the
market’s global behaviour. Note that [126] also points out that this property is not only
found in US stock markets, but is a general observation across markets.

However, the market is not a stationary system, but experiences different states:
Chapter 3 has shown this for individual assets, but even the collective motion of the
market can experience states such as booms and crashes like the dot-com crisis of the
US technology market shown in figure 4.1. The time evolution of many non-stationary
complex systems can be described as a sequence of transient states, i.e. the system
passes through a sequence of states where it remains for a short time, before transition-
ing to the next state. Since this represents an enormous reduction of the dimensionality
of the system, the identification of these states might open the possibility for a better
prediction and control of the system. Examples can be found in such diverse fields as,
e.g. neurodynamics [130] and fluid dynamics [131]. Since in some cases an underlying
mathematical description is not available, one has to rely on data-driven methods to
find such states, e.g. via clustering or similar methods [132, 133]. Due to the increasing
availability of financial data, such methods can also be applied in this field of research
and can be used to gain further insights into the market’s correlation matrix. In [36]

55



1995
1996

1997
1998

1999
2000

2001
2002

2003
2004

2005

Date

1000

2000

3000

4000

5000
NA

SD
AQ

 C
om

po
sit

e 
In

de
x

Figure 4.1: The NASDAQ Composite index is heavily influenced by the US technology
companies. Around 2000, the emergence and burst of the dot-com bubble is
visible as a spike.

the authors tried to identify transient states in the economy by analysing correlation
matrices of daily S&P 500 data. Here, the entries Ci,j(t) of the correlation matrix are
defined as the correlation coefficient from equation (2.9) between two return time series i
and j for a time window around the midpoint t. In [36, 116, 117], the correlation matrices
of the daily S&P 500 data could be sorted into eight clusters, which can be interpreted
as states of the economy corresponding to, e.g. economic growth phases or crises [36]
and show locally stable behaviour [116, 117]. Further research showed that subtracting
the dominant market mode identified in [34, 35] from the correlation matrix leads to a
reduced-rank correlation matrix that highlights the differences between different market
states and allows researchers to identify exogenous events, precursors for crises and col-
lective dynamics of industrial sectors [134, 135, 136].
Moreover, as shown via Principle Component Analysis in [117], the mean correlation

C̄(t) =
1

N

∑
i,j

Ci,j(t) (4.1)

already describes much of the variability in the data: Because the largest eigenvalue or
market mode of the correlation matrix has an eigenvector with almost uniform contribu-
tions from all time series, the trajectory of the mean correlation C̄(t) for a time interval
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with midpoint t approximates the behaviour of the collective market mode. This restricts
the analysis of transient states to this one-dimensional time series C̄(t) and hence reduces
the computational complexity of any further analysis as shown in [117]. Additionally,(
C̄(t)

)
t
can be analysed with time series models to gain further insights into the market’s

collective dynamics.

4.1.2 Data Preparation

Daily stock data from the companies in the S&P 500 were downloaded via the Python
package yfinance [137] for the time period between 1992 and 2012 which is the same time
period as in [116, 117]. Although this limits our analysis to slightly outdated data, it
ensures that we can compare our methodology and results to the findings in [117]. Only
stock data of companies that were part of the S&P 500 index during at least 99.5% of
the time were used for this analysis, leaving us with 249 time series for 5291 trading
days. Note that while this data selection is in line with [36, 116, 117, 123], it introduces
a survivorship bias by disregarding the information about companies that went bankrupt
during this time period. However, it ensures that all considered companies experience
the same macroeconomic events, which would not be the case for those companies that
vanish during the considered time period due to bankruptcies or mergers. If a company’s
price time series Pt is not available for the full time period, the remaining 0.5% of the
price time series data are interpolated linearly with the .interpolate() method in pandas
[138, 139]. Each company’s returns Rt = (Pt+1−Pt)/Pt are locally normalised to remedy
the impact of sudden changes in the drift of the time series with the method introduced
in [140], as

rt =
Rt − ⟨Rt⟩n√
⟨R2

t ⟩n − ⟨Rt⟩2n
. (4.2)

Here, ⟨. . . ⟩n denotes a local mean across the n most recent data points, i.e. rt is sub-
jected to a standard normalisation transformation with respect to the local mean and
standard deviation (i.e. volatility σ). Following [36], n = 13 was chosen for the daily data.

Because of computational restrictions, it can be useful to limit the analysis to a lower-
dimensional representation of the data instead of using the full correlation matrix with
more than 104 entries. Two of these representations will be discussed here and analysed
in this chapter: the correlation matrix of industrial sectors and the one-dimensional mean
correlation.
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Abbreviation Sector
CD Consumer Discretionary
CS Consumer Staples
E Energy
F Financial Services

HC Health Care
I Industrials

IT Information Technology
M Materials
T Telecommunication Services
U Utilities

Table 4.1: Sectors abbreviations according to the GICS .

Industrial Sectors according to the Global Industry Classification Standard

Following the approach in [117], the data is aggregated according to the 10 global in-
dustry classification standard (GICS) sectors shown in table 4.1 representing individual
parts of the economy [141]. Stock prices from companies of the same GICS sector were
added to calculate representative time series (St)t=1,...,T for each of the 10 sectors by
adding the price time series of the companies in the same economic sector, which cor-
responds to the price of buying one stock of each. This drastically reduces the number
of free parameters N(N − 1)/2 in the N ×N correlation matrix from an order of 104 to
exactly 45 to ensure that there is enough data to estimate each correlation, i.e. that the
estimation is not underdetermined.

For each time step t and each pair of sectors i, j the local correlation coefficients

Ci,j =

〈
r
(i)
t r

(j)
t

〉
τ
−
〈
r
(i)
t

〉
τ

〈
r
(j)
t

〉
τ

σ
(i)
τ σ

(j)
τ

(4.3)

are calculated over a time period of τ = 42 trading days like in [36] (the 42 trading days
correspond to two trading months) with the local standard deviations σ(i)

τ . The window is
shifted by one trading day each, resulting in overlapping windows, and hence, the window
to calculate ⟨. . . ⟩n in equation 4.2 is also shifted by one day. This approach is similar
to the sector analysis in [116], where the correlations between the individual companies’
stock time series are averaged within their GICS sectors. However, our procedure of first
computing the GICS sector time series and then calculating the correlation ensures that
larger companies are given more weight in the resulting correlation matrix than smaller
ones.
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It has to be stressed that the GICS sector classification has changed over the considered
time period. For instance, when [116] was published, there were only 10 GICS sectors,
whereas nowadays, there are 11. During the data period from 1992 to 2012, the exact
composition of sectors and subsectors has also changed which poses additional problems
in sorting a company into a sector. Here, the historical data is sorted into the sectors
according to the GICS classification of the companies at the end of the time period in
2012, reflecting the same sectors as the ones used in [36].

Mean Correlation

The mean correlation C̄ of the sectors correlations from equation (4.3) is calculated for
each time t according to (4.1). Figure 4.2 shows the resulting time series for two different
choices of τ = 42 and τ = 5 for the window width on which the pairwise correlations
Cimj are calculated in equation (4.3). Of course, the time series based on the smaller
windows is more noisy, but both time series show similar positions of peaks and the same
long-term trend of increasing correlation. The time t is here selected as the central value
of the time window of length τ in order to have a symmetrical window. The pre-processed
time series is available via [142].
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Figure 4.2: The mean correlation of the S&P500. The depicted time series are the mean
values of correlation matrices, which were calculated based on moving win-
dows of length τ days plotted against the centre of the τ -days-interval. This
figure depicts τ = 5 (red) and τ = 42 (blue).

59



4.1.3 Outline of this Chapter

The analysis of the S&P500 data and its collective behaviour is split into two parts
in this chapter. First, the correlation matrix of the GICS sectors is analysed with the
help of explainable artificial intelligence (XAI) in order to better understand the differ-
ences between the market states in section 4.2. Second, the mean market correlation is
modelled as a stochastic differential equation with non-Markovian memory effects which
will be juxtaposed with the Markovian model suggested in the literature in section 4.3.
Finally, a brief summary of the main results from both analyses will be presented in
section 4.4.

4.2 Financial Market States Seen through the Lens of
Explainable Artificial Intelligence

Understanding and forecasting changing market conditions in complex economic sys-
tems like the financial market is of great importance to various stakeholders such as
financial institutions and regulatory agencies. Based on the finding that the dynamics of
sector correlation matrices of the S&P 500 stock market can be described by a sequence
of distinct states via a clustering algorithm, we try to identify the industrial sectors
dominating the correlation structure of each state via XAI and a Bayesian change point
analysis.

4.2.1 Introduction to Explainable AI for Market States

The first study on the dynamic behaviour of the market’s correlation matrix in [36]
identified eight market states via k-means clustering, qualitatively discussed the differ-
ences between the market states by comparing their centroids to each other and found
different regimes of correlation structure: some states correspond to strong overall cor-
relations throughout the market, whereas other states exhibit weak correlations outside
of companies from the same industry sector or anticorrelations between some sectors.
However, these comparisons were purely qualitative via plotting and comparing heat
maps of the clusters’ centroids and thus, there has not yet been a quantitative analysis
of what differentiates these market states from each other. In this section, our goal is
to identify the dominant factors within the different economic states in the framework
of [36, 116, 117] by using a method [143] from the emerging field of XAI. Methods from
XAI shed light on the black box that most AI methods seem to be from the user’s per-
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spective [80, 81]. XAI allows a quantitative ranking of how much a given observable
has influenced the decision algorithm (here: clustering algorithm) and therefore gives us
deeper insights into the differences between the market states than the analysis in [36].
Most importantly, this methodology can allow us to perform a dimensionality reduction
by identifying the most important sector correlations without any qualitative ambiguity.
XAI is nowadays considered for applications in physics [144, 145, 146] and finance alike
[147] and in particular, financial regulators have already embraced the methods of XAI
to increase transparency for customers with regards to AI-supported business decisions
of financial institutions [78].

In an alternative approach to identify market states in [148], the market states are
characterized and interpreted in terms of the clustered returns, whereas we consider the
correlations of different market sectors. Such an analysis is similar to the qualitative
analysis of the states in [36, 116, 117], but XAI can give us a more detailed analysis:
The observables in [36, 116, 117] and in our study are the correlation matrices and
therefore, the clustered variables are the correlations between different sectors. These
correlations, however, are strongly interdependent; not only because of the economic
real-world situation that they model, but also because of mathematical constraints of
the correlation matrix (its eigenvalues are non-negative, meaning that its matrix entries
cannot be chosen independently from each other; see [149] for the problems that can
arise from this fact in practical applications). The XAI algorithm from [143] is well-
suited to deal with such dependencies because of its holistic approach: it starts with
the prediction of the k-means algorithm and goes backwards through the algorithmic
structure until it arrives at the input layer, where it distributes the prediction relevance
on all input variables (here: correlations) simultaneously. This means that it does not
look at an isolated input variable in a vacuum, but always takes the values of other
(potentially highly interdependent) variables into account.

Here, we use the k-means clustering method to identify the clusters corresponding to
market states. While most of the above clustering analyses use a hierarchical k-means
clustering, we use regular k-means clustering. This has a big advantage because it can
be reformulated to allow the use of XAI which can analyse the decisions of the clustering
algorithm [143]. This allows us to reveal the dominant factors of the different market
states and to compare the market states quantitatively, thereby improving the qualitative
comparison depicted in figure 2 of [36]. Moreover, as shown later in the chapter, the XAI
selection allows for a dimensionality reduction of the system by selecting the most relevant
correlations.

61



The remainder of this study is structured as follows: Section 4.2.2 introduces the clus-
tering method and the XAI method before interpreting the XAI results. Also, it discusses
a reduced model which only uses the features (i.e. sector-sector correlations) with the
best XAI values to learn the clustering classification. This reduced model is used to test
the usefulness of XAI for reducing the dimensionality of the data. Finally, section 4.2.3
summarises the results of these methods, compares them to previous works and suggests
follow-up research. The appendix includes further information on the XAI algorithm in
appendix D.1, some additional figures of results in appendix D.2 and technical details on
neural networks in appendix D.3.

4.2.2 Identifying the most relevant sector correlations within a market
state

In this section we first give an overview of the clustering method with further technical
details explained in the appendix D.1, before using XAI to shed light on how the cluster-
ing algorithm arrives at its results. Then, the XAI results are discussed and interpreted.
Finally, a reduced surrogate model that only uses the highest-XAI features is used to
see whether the reduction to features with high XAI preserves most of the clustering
algorithm’s information.

Identifying Market States via K-Means Clustering

Because the analyses [36, 116, 117] unanimously revealed eight market states for the
time period analysed in this chapter, we set the number of clusters for the k-means
algorithm to eight. In contrast to the procedure in the literature, regular k-means clus-
tering is used instead of a hierarchical binary k-means clustering in order to make the
cluster centres amenable to the XAI method suggested in [143]. The regular k-means
clustering method starts with a predefined number of k clusters and randomly selects k

initial cluster centres (also called centroids). It then iteratively assigns each daily cor-
relation matrix to its nearest cluster centre and updates the centres by setting them as
the cluster’s centre of mass . Assignment and calculating the new centres are repeated
until the centroid positions converge [150]. The market correlation matrix C belongs to
cluster j, if for the cluster centroids (Cl)l=1,...,k the inequality

||C − Cj || < min
l ̸=j

||C − Cl|| (4.4)

holds for a suitable distance metric || . . . ||. Here, the Euclidean distance is used.
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Figure 4.3: The dynamics of which cluster state is occupied by the market at which point
in time. Individual data points are depicted with low opacity and the slight
overlap between adjacent points increases the opacity and may appear like a
solid line.

The time series of the resulting clusters is depicted in figure 4.3 and shows a qualitat-
ively similar behaviour to the clusters in [36, 116, 117]. In the observed time period, some
clusters cease to appear more than sporadically in the data after some years (clusters 0,
1 and 5) and some only start to appear more than sporadically years after the start of
the observation time period (cluster 6, 7 and again 5). However, figure 4.3 shows some
quantitative differences compared to the aforementioned literature, in particular because
the clusters in figure 4.3 often appear isolated and for short time periods apart from
their main emergence interval. This may be attributed to the slightly different clustering
technique used for this chapter and the three clustering analyses [36, 116, 117] also show
differences in their plots of clusters against time.

Explainable AI for Clustering

We now want to explore whether the clusters are dominated by certain industrial
sectors and, if this is the case, which sectors are significant for the identification of the
market states represented by the clusters. To this end we use the method developed in
[143] to analyse k-means through the lens of XAI. Therefore two steps are necessary [143]:
First, the clustering classifier has to be neuralised, i.e. rewritten as a neural network.
Note that the network is not trained, but its weights are derived from the centroids
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estimated via k-means. Second, an XAI method for neural networks is used for analysing
the neuralised clustering algorithm, namely the layer-wise relevance propagation (LRP)
[151]. For each instance (data point), the XAI algorithm estimates how much the values
of its features contributed to the neural network’s decision for this instance. It answers
the question which particular feature values led to C(t) being sorted into cluster j instead
of any other cluster. The contribution of the ith feature is quantified in a relevance score
ρi which is calculated according to equations (2) and (4) from [143] for each instance
with respect to its cluster assignment j for all features i. Appendix D.1 gives further
details on the implementation of this algorithm.

From Local to Global Relevances This method produces relevance scores ρi for each
feature i (for the correlation between sectors) for every instance (i.e. for each trading
day), as depicted in the inset of figure 4.4 for the first day of cluster 2. However, we wish
to focus on the aggregated relevance of one specific feature to understand which sector
correlations are more important for the market state than others. As an example, figure
4.4 shows the histogram of XAI relevances for the correlation Energy/Materials for all
trading days in cluster 2. Are such values particularly high? Does the correlation between
Energy and Materials matter more for cluster 2 than other correlations? To answer such
a question, one has to use the XAI values of each instance (local values) for a global
aggregation to compare the aggregated influence of the Energy/Materials correlation
with other correlations. Using the mean relevances of each sector seems reasonable,
but the mean is distorted by some instances with very high absolute values for some of
their relevances. Hence, one can instead focus on the median of each feature’s relevance
for each cluster’s instances. Alternatively, one can identify each instance’s feature with
the highest ρi and then concentrate on the features that are most frequently the most
important feature of an instance within each cluster. Because it regards the statistical
mode (i.e. the most frequently observed value) and calculates the mode of the mode
of each instance’s ρi, we chose to name this method “mode-mode”. The next sections
addresses the question, which of these aggregation methods is more suitable for the data.

Determining Relevant Correlations For each individual cluster, the XAI relevances of
each instance are aggregated to analyse the importance of any feature for the clustering
decision. The median method can be represented by the median ρ̂i and the mode-mode
method by how often (ni times) the ith feature is the most relevant feature of an instance.
Both the (ρ̂i)i and (ni)i values are sorted ascendingly as shown in a sample plot in figure
4.5. These plots can be approximated by piecewise linear segments and sometimes, they
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Figure 4.4: Main figure: Histogram of the XAI importance of the correlation Energy/Ma-
terials for all instances (trading days) in cluster 2. Outliers like the one visible
on the far left of this histogram distort the mean. The median value is depic-
ted in red. Inset: Barplot of the XAI importance scores for the the first day
in cluster 2, showing how much each feature contributed to the classification.
The mode (feature with highest XAI score) is depicted in red.

show a characteristic elbow shape: They start at a long plateau of low values and later
experience a drastic increase, resulting in an almost rectangular shape (cf. figure 4.5,
right). This shape allows to divide the features into two groups. Therefore, a change
point analysis can identify the most drastic change in the slope of these plots and help us
to achieve a clear threshold between important features with high ρ̂i or ni and features
with little importance [55]. Here we use the Bayesian change point analysis implemented
in the antiCPy package [111] based on the ideas in [152].
Like depicted in figure 4.5, the mode-mode values usually show a much more pronounced
elbow that makes change point selection easier and their estimated change point is often
at a much higher feature number than for the median method. Therefore, if features on
the right-hand side of the change point are to be interpreted as highly relevant features,
then the mode-mode method allows for a more exhaustive feature reduction than the
median method.

We use the mode-mode method to differentiate between relevant and irrelevant correl-
ations, because the approach usually leads to a more parsimonious feature reduction (i.e.
higher interpretability) and often much clearer change points (cf. elbow-like relevance
plot in the right subfigure of 4.5). Note that a relevant correlation is not necessarily
unusually strong or weak, but rather particularly useful to differentiate between this
cluster and the others. As an example, figure 4.6 shows for cluster 2 the centroid (left),
the aggregated XAI values (centre) and the change point selection of relevant features
(right). The relevant features cannot be detected trivially by, e.g. just identifying par-
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Figure 4.5: Comparison of ascendingly plotting the features according to the median
values XAI (left) and mode-mode XAI (right) in blue and their respective
change point estimation with antiCPy in red. Plots for the other clusters are
included as supplementary material in the appendix D.2.

ticularly high or low values in the centroid, but follow from a comparison to the other
centroids. Hence, the change point analysis of relevant values does not follow trivially
from the cluster centroids, but uncovers new information about the data and yields a
parsimonious selection of relevant economic sector correlations.
A plot of all relevant correlations for each cluster is shown in figure 4.7. The correlations
of the Energy sector appear in states associated with clusters 1 and 6, the Utilities sec-
tor in 1 and 4 and the Telecommunication sector in 3 and 4. The IT sector dominates
cluster 5, influences cluster 0 and, alongside Telecommunication Services, also influences
cluster 2. States in cluster 7 only have a high relevance for the correlations between
Energy/Financial Services and IT/Telecommunication. Other clusters show a high influ-
ence of Utilities and Telecommunication Services, which are both tied to the Energy or
IT sector, respectively: the Utilities sector includes companies which distribute gas and
electricity, while Telecommunication Services are related to the physical infrastructure
of information transportation.

Dimensionality Reduction for all Clusters

It makes sense to assume that features with a high relevance should be particularly
useful for predicting the original classifier. In particular, this might reveal that only
few features are necessary to predict the majority of the cluster assignments. If we only
wish to classify one cluster vs. all the others, then the relevant features selected by the
cutoff in figure 4.5 are a reasonable choice for reducing the dimensionality of the data.
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Figure 4.6: Visualisation of different matrices that represent cluster 2: Comparison
between the cluster’s centroid, the mode-based aggregated XAI values and
the binary antiCPy-selected relevant XAI values. Brighter colours denote
higher values and the left and central figure show continuous colours while
the right figure is binary. Because the diagonal’s correlation values are always
1, their values have been set to the matrices’ averages. Table 4.1 explains the
sector abbreviations.

But for an all vs. all classifier, choosing all relevant features of all clusters would barely
reduce the number of features at all, because clusters 1 and 4 (cf. figures D.3 and D.5)
would already each contribute more than ten features to this list of relevant features.
Instead, one can restrict the analysis to the single best feature for each cluster, resulting
in eight features instead of the original 45. This also constitutes a second chance to
compare the mode-mode selection to the median selection. If a model trained on such a
dimensionality reduction predicts most of the cluster assignments correctly, it will serve
as a self-consistency check by indicating that features with high XAI relevance are also
highly useful for predicting.
To test whether a dimensionality reduction is possible, we train a neural network as a
surrogate model that should predict the original clustering decisions, but restrict its data
to only some of the original features (cf. [80, chapter 8.6]). For each of the eight clusters,
only the feature that has the highest XAI relevance score is used to train a neural network
as a surrogate model. To check if this surrogate model has a high accuracy with respect to
the original classifier, we also train neural networks with eight features randomly selected
from the leftover features. Accuracy is defined as the percentage of correctly predicted
cluster labels. A short introduction to neural networks can be found in section 2.2.5
and details on the architecture of the used neural network are given in the appendix
D.3. Training, test and validation data each contained 1

3 of the full data. The networks
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Figure 4.7: Relevant correlations (yellow) of the sectors for the 8 clusters in figure 4.3.
Relevance selection was done via the change point analysis explained in sec-
tion 4.2.2 on the mode-mode XAI values. Note that the diagonal has been set
to zero relevance by default because its correlations are always 1. Table 4.1
explains the sector abbreviations.

68



0.750 0.775 0.800 0.825 0.850 0.875 0.900 0.925
Accuracy of Prediction by NN

0

20

40

60

80
Ke

rn
el

 D
en

sit
y

Random
Median
Mode-Mode

Figure 4.8: With the eight mode-mode features, the eight best median features and eight
random features, 100 neural networks were trained each with a different seed.
Kernel density estimations show that the mode-mode and median networks
achieve a much higher accuracy than the randomly selected suboptimal fea-
tures.

were trained on (a) the eight optimal mode-mode features, (b) the eight optimal median
features and (c) eight randomly selected features. For each group, 100 networks were
trained, each of which was initialized with a different random seed to marginally change
the performances in the groups (a) and (b). Also, each network in group (c) has a different
selection of random features. This results in a distribution of network accuracies for each
of the three groups. The eight correlations used for the mode-mode method are: E/M,
E/F, E/HC, M/U, F/IT, CS/IT, U/T and U/IT (see table 4.1 for the abbreviations).
The accuracy of predicting the original clustering label out of the eight clusters was chosen
as a goodness criterion for the different feature selections. The results are depicted in the
kernel density plots in figure 4.8, which are smoothened histograms of the 100 accuracy
values for each neural network. The random feature selection achieves noticeably worse
results than the two XAI based selection methods. The mode-mode (µmode ± σmode =

0.895±0.004) is slightly better than the median method (µmedian±σmedian = 0.882±0.005)
and their confidence intervals (CIs) do not overlap at the 1σ level. Combined with its
more parsimonious XAI selection for the individual clusters as demonstrated in figure
4.5, the mode-mode criterion is shown to be the more useful criterion.
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4.2.3 Intermediate Discussion

The goal of the research presented in this section was to answer the question whether
it is possible to identify sector correlations that dominate the assignment of a trading
day to a market state. To this end we used a clustering procedure that allows for an
interpretation by a method from the field of XAI. We designed an aggregation procedure
to combine these local explanations to global feature relevances for the entire data. The
resulting relevance curves show pronounced elbow plots for the mode-mode aggregation
like in figure 4.5 which can be analysed with a change point identification method to
define cutoffs between irrelevant and relevant features.

Using the described methodology, it is possible to show that the assignment of a certain
trading day of the S&P 500 market to a cluster (i.e. to a market state) is dominated by
only a few sector correlations. The correlations involving the Energy or IT sector each
make up three of the eight best features selected by the mode-mode XAI aggregation,
respectively, but E/IT is not one of the eight best mode-mode features. Note that in figure
4.7, clusters 1, 2, 5 and 6 also show a high influence of IT and/or Energy. The frequent
occurrence of the IT sector among the highly relevant correlations may be traced back
to the fact that the observation period includes the build-up, the emergence and burst of
the dot-com bubble which saw the rise and rapid decline of many IT companies as shown
in figure 4.1. This is also reflected in the analyses in [36] and [117]. The high importance
of the energy sector implies that this sector has major influence in determining whether
the economy is in a state of crisis or growth, probably because all other economic activity
requires energy, e.g. for transportation or production. While the high importance of the
IT sector might have to be attributed to the dot-com bubble, the continued influence of
the energy sector on the economic state might be a more reasonable conclusion from this
analysis. These results support previous studies that have identified the energy sector as
a key influence in economic activity [153, 154, 155].
We have also shown that a neural network which is only trained on the features with the
highest XAI relevance scores can predict the trading day’s cluster with a high degree of
accuracy. In general, our results imply that a further dimensionality reduction for the
description of the dynamics of the financial market is possible. This can be particularly
useful in high frequency trading applications, where the time span of interest lies within
the life expectancy of a cluster. In this case, when data needs to be processed very quickly,
it may be too slow to work with the complete correlation matrix. Nevertheless, our
findings suggest that a reduced matrix only containing the most informative correlations
for this cluster can lower the computation times without sacrificing too much accuracy.
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Note that the quantification of each feature’s relevance was only possible due to the
holistic nature of the used XAI algorithm.

Comparison to other Clustering Algorithms

Our analysis follows the work in [36, 116, 117] and treats the correlation matrix of the
returns as the observable that is to be sorted into clusters (market states) via k-means.
A different approach to the identification of market states is given in [148], where the
clustering algorithm in the maximum-likelihood-framework of [156] is used. The author of
[148] not only uses the clustering algorithm to identify market states, but also to identify
economic sectors. These show strong overlap with the sectors in the SIC classification
which have been used as industry standards and recently been replaced by the GICS
sectors. Because of this strong overlap, we use the GICS classification as a starting point
for our analysis. In [148], daily prices from 1990 to 1999 have been analysed, whereas our
work uses data from 1992 to 2012 in line with [116, 117] and therefore has more recent
data. While [148] gauges the importance of business sectors for the market states by
showing selected scatter plots of the companies’ average returns for two different market
states, we use an all vs. all comparison of all market states with the methodology of XAI.
Despite the increased time frame and the different approach to clustering, our analysis
confirms some of the key findings in [148], namely the pronounced role of the High-Tech
companies (roughly corresponding to the IT sector in our analysis) and the sectors of
Oil & Gas and Petroleum companies (corresponding to the Energy sector). While [148]
also finds a peculiar behaviour of the Gold & Silver mining companies, our analysis does
not have such a high resolution of detailed business sectors and instead these companies
are part of the Materials sector. While [148] does not find any peculiar behaviour for
the Finance sector (or Commercial Banks in [148]), the Finance sector appears twice
among our top 8 correlations, indicating an above average importance. This probably
corresponds to the fact that our data, unlike the time interval used in [148], includes the
2008 financial crisis.
An interesting difference between our study and the analysis of market states in [36] can
be found by regarding the last state (8 in [36] and 7 in our chapter): the qualitative
state comparison in [36] simply finds an overall high degree of correlation across the
different sectors during this state, whereas our analysis still identifies that the two sector
correlations Energy/Finance and Utilities/IT (cf. figure 4.6) have a dominant effect on
this cluster. The identification of these two dominant correlations was only possible due
to the quantitative approach of the XAI methodology.
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Outlook on Market States

While this chapter used a standard k-means clustering algorithm and therefore devi-
ated from the hierarchical clustering in [36, 116, 117], this opens up another possibility
for follow-up research by combining these methods: using a hierarchical clustering al-
gorithm and the XAI on each split in the hierarchy may increase our understanding even
further via XAI as an addition to the intrinsic interpretability of hierarchical algorithms.
This would potentially tie together the explainability of XAI with the paradigm of inter-
pretable models presented in [85].
Despite the insightful analyses of financial correlation matrices in [36, 116, 117] and in
this chapter, one has to keep in mind that the analysis of the states is based on the
matrix of Pearson’s correlation coefficients between financial time series. Although this
method is frequently used in financial research [34, 35, 125, 129], it has been subject to
criticism: As noted in [157], Pearson’s correlation only provides information on linear
relationships, but not on nonlinear correlations. This problem is related to the stylised
fact that returns have no autocorrelation, but squared (i.e. nonlinearly transformed)
returns show a strong autocorrelation [18]. Instead, Spearman’s correlation may provide
another view on correlations and include nonlinear effects [158] and therefore can be used
as another starting point for follow-up research. Additionally, as already mentioned in
section 4.1.2, the GICS classification has been updated over time to reflect changes in
the economy’s structure. Because these updates also happened during the regarded 20
years time period, they may have affected the results of this analysis. Moreover, there
is a more subtle problem about the data that can be referred to as a survivorship bias:
Like [36, 116, 117], we only regard companies whose stock prices are available for the
entire time period. Companies that went bankrupt or were merged into another company
during the time period are therefore completely disregarded by these analyses, although
their bankruptcies or takeovers certainly contain valuable information about the state of
the economy.

4.3 Memory Effects and non-Markovianity in the Market
Mode

In this section, we analyse the mean market correlation of the S&P500, which cor-
responds to the market mode in principle component analysis. We fit a generalised
Langevin equation (GLE) to the data to uncover memory effects in the market dynam-
ics. Moreover, a Bayesian resilience estimation (carried out by Martin Heßler in [124]
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and discussed in his PhD thesis [159]) provides further evidence for non-Markovianity in
the data and suggests the existence of a hidden slow time scale that operates on much
slower times than the observed daily market data. Because of the connection between
these analyses, this thesis will briefly sketch the main methods and results behind the
resilience estimation while leaving the details to [159].

4.3.1 Langevin Equations in Finance

As explained in the introductory section 1.3, the “market mode” (the largest eigenvalue
of the correlation matrix) reflects the collective behaviour of the market and is usually
given by the mean correlation of all time series of the system [34, 35]. The study in [117]
models the mean market correlation as a stochastic differential equation. Its results sug-
gest that it is justified to focus on the mean market correlation as a low-dimensional
observable which nevertheless contains much of the information about the market dy-
namics.
Ever since Bachelier’s seminal work introduced the random walk model to describe stock
prices [26], the inherent stochasticity of financial data has been taken into account by
researchers and practitioners alike. The Langevin equation is a model for stochastic dif-
ferential equations that includes a deterministic drift and a random diffusion and can
be used to describe such stochastic data. Much research has been devoted to estimating
Langevin equations from data [105, 106, 108, 122, 160, 161, 162] and Langevin equa-
tions have found applications in various fields of research such as fluid dynamics [163],
molecular dynamics [164] and meteorology [165] (see [58] for a review of applications).
The generalised Langevin equation (GLE) expands the Langevin model from [117] by
introducing a kernel function to include memory effects [166].

The remainder of this section is structured as follows: In 4.3.2, the GLE estimation
procedure is explained in detail and additionally, a rough sketch of the resilience estima-
tion is given. In 4.3.3, the goodness-of-fit and the estimated memory parameters for the
GLE model are evaluated and the results of the resilience estimation are briefly touched
upon. Finally, the findings of these analyses are interpreted and compared to the results
from [117] in dection 4.3.4.
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4.3.2 Time Series Models for the Mean Market Correlation

Fitting a Generalised Langevin Equation with Memory Kernel

Sections 4 and 5 of [117] analyse the one-dimensional mean correlation time series by
fitting a Langevin model

dC̄

dt
(t) = D(1)

(
C̄, t

)
+
√
D(2)

(
C̄
)
Γ(t) (4.5)

with independent Gaussian noise Γ, a deterministic time-dependent drift function D(1)

and a time-independent diffusion function D(2). Note that the Langevin equation is
Markovian, i.e. it has no memory. As an alternative model, a Generalised Langevin
Equation (GLE) includes previous values of the time series in a memory kernel K, but
has only time-independent parameters with a functional equation

dC̄

dt
(t) = D(1)

(
C̄
)
+

∫ t

s=0
K(s)C̄(t− s)ds+

√
D(2)

(
C̄
)
Γ(t). (4.6)

A Bayesian estimation of the parameters of Equation (4.6) is implemented in [121].
It discretises the memory kernel K(k) to Kk and discretises the observed data into nB

different bins to significantly speed up the estimation procedure. Because an overlap
of the windows used to calculate C̄ can lead to artefacts in the memory effects (cf.
Appendix E.1), we choose to calculate C̄ with different parameters than τ = 42 and
s = 1 from [117] (the mean correlation of every sth day is retained for the analysis;
hence, for s = 1, the full time series is used). Instead, we set τ = 5 and s = 5, meaning
that the mean market correlation C̄ is calculated over one trading week (τ = 5 trading
days) for the end of the trading week in disjoint windows (i.e. we create a time series
whose length is 1/s = 20% of the original time series). Because using disjoint intervals
automatically leads to a thinning of the time series, this seemed like a useful trade-off
with a real-world interpretation as weekly correlation. It is worth noting that while the
calculation of C̄ only considers data from five trading days, the correlation matrix Ci,j

encompasses approximately 104 correlation values. Even though each (i, j) correlation
pair is determined over a brief time window, the large ensemble of Ci,j values, with their
average being C̄, underscores our confidence in the accuracy of the mean C̄. The resulting
time series is shown in figure 4.2 together with the time series used in [117] and although
it obviously becomes much noisier due to the shorter window size, it still retains some
of the features of the less noisy time series such as, e.g. the position of spikes with high
correlation.
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As described in [121], the memory effects are aggregated to a quantity Kk (named
κk in [121]) that measures the strength of all memory effects from 1 up to k time steps
ago. If Kk saturates towards a plateau at step k0 or starts to decrease, then k0 is the
maximum length of any reasonable memory kernel. This often also coincides with kernel
values of Kk0 ≈ 0 at k0. The estimated values for the model parameters are chosen by
calculating the marginal posterior distribution, exploring it with MCMC and choosing
the mean or maximum a posteriori (MAP) parameter estimation. The goodness-of-fit
is also evaluated by using MCMC to simulate an artificial time series C̄

(a)
t with the

estimated model and comparing the autocorrelation function and the distributions of
C̄

(a)
t and the increments C̄

(a)
t − C̄

(a)
t−j to those of the original data. Finally, the inferred

model structure can be trained on only a subset of the data (training data) and be used
to predict the remaining test data to evaluate its predictive performance.

Resilience Estimation

Although this is beyond the scope of this thesis and based on the work carried out by
the second main author of [124], the results of the resilience estimation in [124] relate
to the memory effects analysed in this section. Hence, a short introduction to modelling
resilience in non-Markovian stochastic differential equations will be presented here. More
details will be provided in [159].

Using the approach in [122], the Langevin model of the mean correlation time series
from (4.5) is extended by proposing a hidden process λ

dC̄

dt
(t) = D

(1)
C

(
C̄, t

)
+

√
D

(2)
C

(
C̄
)
λ(t) (4.7)

dλ

dt
(t) = D

(1)
λ (λ, t) +

√
D

(2)
λ (λ)Γ(t).

For both processes ν ∈ {C̄, λ}, a characteristic time scale is defined via

τν =

∣∣∣∣∣∣
(
dD

(1)
ν (ν)

dν

)−1
∣∣∣∣∣∣
∣∣∣∣∣∣
ν=ν∗

(4.8)

around the respective fixed point ν∗. Also, the stability of the observed process C̄(t) can
be gauged via the stability parameter

ζ =
dD

(1)
C (C̄

dC̄

∣∣∣∣∣
C̄=C̄∗

(4.9)

75



according to linear stability analysis such that ζ < 0 corresponds to a stable process [1].
As the theory of locally stable and quasi-stationary market states discussed in Stepanov
et al. [117] assumes the stability of the observed process C̄(t), the resilience estimation
should yield a model with ζ < 0.

4.3.3 Uncovering Memory Effects in the Data

Estimated Generalised Langevin Equation

To select a model with a reasonable kernel length, we first fit a model with a rather
large kernel length and evaluate its combined memory aggregation Kk. The time lag
k0 for which Kk no longer increases is then chosen as an upper bound of the memory
kernel length for the subsequent model fitting. The data are split into nB = 10 equally
wide bins and an initial modelling attempt with a rather long kernel kmax = 10 is tested,
i.e. Kq = 0 for all q > kmax. It shows that the aggregated memory stops to increase
after k = 6 in figure 4.9. Hence, kernels with k > 6 do not meaningfully contribute new
information and only models with kmax ≤ 6 are a reasonable choice. We fit a model with
k = 6 for the memory kernel to evaluate its goodness-of-fit.
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Figure 4.9: For a model with a long kernel kmax = 10, the combined memory effect Kk

decreases after k = 6 and no longer increases meaningfully afterwards.

Goodness-of-Fit A time series of length 105 is simulated via Euler–Maruyama integ-
ration of the GLE model to compute the autocorrelation function (ACF) from equa-
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tion (2.10) and to compare it to the ACF of the original time series. The best model
is chosen via MAP estimation in the Bayesian framework of [121], but selecting the
mean estimation yields almost identical results. Both ACFs are computed via the func-
tion statsmodels.tsa.stattools.acf from the Python package statsmodels [167]. Figure 4.10
shows that the two ACFs show very good agreement up to lags of 10 trading weeks and
decent agreement up to lags of 20 weeks. The distributions of the time series and the first
two increments for the original and the simulated data are shown in figure 4.11 for the
MAP estimation and also for the mean estimation. Figure 4.11 shows an almost perfect
overlap between the two estimation procedures and a good agreement between the estim-
ated time series and the original time series, especially for the increment distributions.
Overall, these diagnostics indicate that the estimated model with memory kernel length
6 manages to reproduce these important statistical properties of the original time series.
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Figure 4.10: Comparison between the autocorrelation functions of the original time series
(solid line) and the simulated data from the model with kernel length 6
(dashed line) simulated via MAP estimation of the MCMC-integrated mar-
ginal densities. Up to lag 30, the ACFs show good agreement. The alternat-
ive simulation via mean estimation of the density yields an almost identical
ACF. However, the ACF based on the model with no memory kernel (dotted
line) fails to capture the empirical ACF.

Because the realised values of the time series C̄ are not distributed uniformly, we also
use a modelling procedure with unequal bin widths so that each of the 10 bins has the
same amount of data. However, this barely changes the model diagnostics shown in
figures 4.10 and 4.11. The only noticeable change is that for long kernels with length
≥ 10, the ACF seems to be captured a little more poorly in the shown range of figure 4.10,
but manages to fit more closely to the empirical ACF for large lags at around r ≈ 100.
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Figure 4.11: KDE plots to compare the distributions between the real data and the
MCMC samples for the two estimated GLE models with kernel length 6
for the time series data C̄t (left), the increments C̄t − C̄t−1 (centre) and
C̄t − C̄t−2 (right). Differences between the two simulated models are hardly
visible and overall, there is a good overlap with the real data. For the LE
without memory, the respective distributions are depicted in Appendix E.2.

While the regular LE without memory has a very similar increment distribution, the
ACF is considerably less accurate than the ACF of the GLE.

Estimated Memory Kernel To make further inference on the memory kernel and to
estimate its quantitative effect, the posterior distribution of the model with memory
length 6 is sampled via MCMC. 100 walkers are simulated for 105 time steps and after
a burn-in period of 450 initial time steps is discarded, the chains are thinned by only
keeping every 450th step to obtain uncorrelated samples. Bayesian CIs can now be
calculated at the 95% level for the associated parameter Kk of each time lag k ≤ 6 in
the kernel function and the results are shown in figure 4.12.

The CIs of K4 are already close to the zero line and the CIs of K5 include zero, meaning
that there is no evidence for a memory term at five weeks distance. However, the results
in figure 4.12 clearly imply a nonzero memory effect for four time steps with a clearly
nonzero effect strength for memories up to k = 3 trading weeks. Hence, k = 3 will be
used as a maximum kernel length for the prediction via the GLE.
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Figure 4.12: Values for the memory kernel Kk in the model with memory length 6. Cred-
ible intervals were estimated via MCMC at the 95% level. The inclusion of
0 in the credible interval of K5 implies that the nonzero memory effect for
K6 may be misleading. All previous memory kernels K1,2,3,4 have nonzero
values at the 95% credibility level.

Prediction via the GLE with Kernel Length 3 With a conservative interpretation of the
results from the previous section, a model with memory length k = 3 is used to evaluate
the GLE’s power to predict a future value yt+1 by forecasting an accurate prediction
ŷt+1. It is tested against a regular Langevin equation (LE) model without any memory
effects (corresponding to k = 0 and also estimated with the code in [121]) and against
the naive benchmark of predicting the next time step yt+1 by simply setting it to the last
previously known value: ŷt+1 = yt. To test these three methods, the Langevin models
are trained on the first α% of the time series (the training data) and the predictions of
the GLE, the LE and the naive forecast are evaluated on both the training data (as in-
sample predictions) and on the remaining 1−α% test data (as out-of-sample predictions).
The coefficient of prediction ρ2 from equation (2.12) is used to evaluate their predictive
accuracy. It takes the value of ρ2 = 1, if the prediction is always exactly true, and ρ2 = 0,
if the prediction is only as accurate as always using the mean ȳ, and ρ2 < 0, if it is less
accurate than using the mean. ρ2 is computed via the function sklearn.metrics.r2_score
from [75]. The results in Table 4.2 show that the GLE model consistently achieves the
highest accuracy on in-sample and out-of-sample predictions for the three chosen test
data sizes. Notably, the negative ρ2 of the naive method for the test data indicates that
the out-of-sample prediction is by no means trivial, meaning that the low, but positive
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ρ2 of the GLE on the test data nevertheless constitutes a good performance. The GLE
achieves slightly better results than the LE, indicating that the memory effect should be
taken into account for prediction tasks. Figure 4.13 shows the predictions of the LE and
GLE for the in-sample and out-of-sample predictions with α = 90%. The same visual
comparison between naive forecast and the GLE can be found in the Appendix E.3.

Table 4.2: Comparing the predictions of the naive forecast ŷt+1 = yt, the Markovian
LE and the GLE with memory kernel length k = 3 via their ρ2 score on in-
sample training data and out-of-sample test data (α% training data and the
last 1 − α% of the time series as test data). Note that the partially negative
ρ2 for the test data indicates that the test data is quite difficult to predict,
which corresponds to the high fluctuations in the final part of the time series
in figure 4.2.

Model α
In-Sample Out-of-Sample

80% 85% 90% 80% 85% 90%

Naive 0.07 0.15 0.19 −0.21 −0.15 −0.11

LE 0.29 0.32 0.35 −0.14 −0.01 0.08

GLE 0.39 0.42 0.45 0.01 0.08 0.10
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Figure 4.13: Comparison between one-step-ahead forecasts of the GLE model with Ker-
nel against a regular Langevin estimation without memory effects on the
training data (left) and the test data (right). The identity f(x) = x is given
as a benchmark for perfect predictive accuracy. Here, α = 90% of the time
series were used as training data.

Hidden Slow Time Scale and Non-Markovianity

As mentioned before, the results from [124] concerning the hidden process should not
be considered as part of this thesis, but serve as an interesting additional point of com-
parison. Assuming that the observed process is stable with ζ < 0, it is revealed that the
hidden process in the non-Markovian model has to have an unobserved slow time scale,
i.e. τλ > γ · τC̄ with γ = 2. The simple Markovian model with neither memory terms
nor a hidden process cannot reproduce the stability of the observed process C̄(t).
Although one usually tends to regard the hidden time scale as a high-frequency noisy
process, the evidence for a hidden slow time scale is supported by socio-economic in-
tuition: Various processes with fast and slow time scales contribute to the economic
development such as the fast high-frequency trading, the slow grow and fast burst of
speculative bubbles, the gradual emergence of new technologies or cultural shifts which
slowly change the investors’ behaviour. Compared to the daily frequency of the financial
data used for this research, many of these processes are much slower and could serve as
candidates for such a hidden process.
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4.3.4 Discussion of the Memory Effects

The estimated GLE model manages to reproduce the statistical properties of the ori-
ginal data for the end-of-week correlations, as shown in figures 4.10 and 4.11. The
estimated memory kernel parameters show that even with a highly conservative inter-
pretation of the 95% credible level, there are clearly nonzero memory effects for memory
terms for all lags as far back as a lag of three weeks. Therefore, it is advised to use
a model with memory to describe the correlation of the S&P500 market, which is an
improvement to the Markovian Langevin model estimated in [117]. Moreover, the GLE
estimation presented in this chapter achieves a high goodness-of-fit for the entire time
series, whereas Stepanov et al. used a time-dependent Langevin model by splitting the
time series into different intervals and estimating Markovian Langevin equations for each
of them. Our work shows that this procedure can be circumvented by using a model
with memory of three trading weeks. The major advantage of our method is its possible
application in predicting future market correlation: The time-dependent drift estimation
in [117] has no clear or smooth functional dependence on time and therefore, little in-
formation can be inferred about future values of the correlation time series. Our method
needs no time dependency, generalises over the entire time series and can be used to pre-
dict future correlation values, which can be used for portfolio risk assessment. As shown
in Section 4.3.3, the memory kernel helps the GLE to achieve better prediction accuracy
than the regular Langevin equation and much better results than the naive forecasting
method of using the last observation as the predicted value.

Notably, the existence of memory effects in the market’s correlation structure can be
interpreted in the context of volatility clustering. It is a well-known stylised fact from
empirical research on financial markets that the volatility of a stock’s returns tends to
cluster: periods of high volatility are often followed by periods of high volatility and vice
versa for low volatility [126, 168, 169]. The correlation ρX,Y between two asset returns
X and Y as defined in equation (2.9) directly includes the volatility values σX and σY .
Because the time series of volatility estimators σX(t) shows a well-known memory effect,
it is not far-fetched to assume a similar memory effect in the correlations ρX,Y between
two assets or, as we have discussed in this chapter, in the mean correlation of the entire
market. Note that other memory effects have already been described and discussed in
the literature, e.g. originating from large-scale traders splitting their strategy into many
small orders over a longer period of time [25], via a cascading process along multiple time
scales [126] or in the transition between market states [148].
These findings are supported by the results of the resilience analysis from [124] which
is described in the PhD thesis of Martin Heßler in greater detail [159]. The resilience
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analysis implies that a hidden and very slow time scale is coupled to the observed pro-
cess C̄(t). In a metaphor from climatology, we can refer to these fast-scale processes
as “economic weather” against the slower “economic climate” (cf. also the distinction
in climate-like and weather-like tasks in [87] and the discussion of multiple time scales
in [170, 171]). Haken’s slaving principle might provide an explanation for the interaction
between these time scales [21, 22]. According to this principle, the slowest dynamics
enslave the faster dynamics which react so fast that they can adapt to the slowest dy-
namics in order to ensure the stability of the system. Note that the largest eigenvalues
of the correlation matrix have already been interpreted in the context of different time
scales with respect to Haken’s slaving principle: In [126], their time scale is found to
be slower than that of the sub-dominant eigenvalue processes. Interestingly, our study
hints at the existence of a hidden process operating on an even slower time scale which
is at least several years. More accurate estimation was unfortunately not possible due to
limitations of the data, c.f. the discussion in [124, 159] for further details. On the other
hand, the long-term changes of the economic climate might be driven by technological
innovations, relate to the theories of economic cycles as explained by, e.g. Schumpeter
or Kondratieff [172, 173] or need to be analysed in the broader context of cultural evol-
ution and demographic changes proposed by the recently established research field of
cliodynamics [48, 174].

4.4 Conclusion

This chapter analysed daily return time series aggregated to time windows that cor-
respond to weekly data for the GLE and two months for the XAI algorithm. The GLE
results expand on the results of [117] and imply a strong memory effect whose origin
might be the hidden slow time scale from [124, 159]. As speculated by [159], this hidden
process might be related to the field of cliodynamics which will be explored further in
part IV of this thesis. The XAI algorithm identifies the energy and IT sector (possibly
related to the dot-com bubble) as key factors in determining the state of the economy.
The next chapter will use a different database for sector returns and analyse the Granger
causality between them, thereby going beyond the correlation analysis of this chapter.
Unlike the symmetric correlation ρX,Y = ρX,Y , this will include a direction of the inter-
action between the time series.
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5 Causal Hierarchy in the Financial
Market Network – Uncovered by the
Helmholtz-Hodge-Kodaira
Decomposition

“I pass with relief from the tossing sea of Cause and Theory to the firm ground
of Result and Fact.”

— Winston Churchill, The Story of the Malakand Field Force

Abstract Granger causality can uncover the cause and effect relationships in finan-
cial networks. However, such networks can be convoluted and difficult to interpret, but
the Helmholtz-Hodge-Kodaira decomposition can split them into a rotational and gradi-
ent component which reveals the hierarchy of Granger causality flow. Using Kenneth
French’s business sector return time series, it is revealed that during the Covid crisis,
precious metals and pharmaceutical products are causal drivers of the financial network.
Moreover, the estimated Granger causality network shows a high connectivity during
crises which means that the research presented here can be especially useful to better
understand crises in the market by revealing the dominant drivers of the crisis dynamics.

This chapter is based on Tobias Wand, Oliver Kamps and Hiroshi Iyetomi, Entropy 2024, 26(10), 858

(2024) [175]. Tobias Wand and Hiroshi Iyetomi conceptualised the research project and wrote its soft-

ware. Tobias Wand curated the data and carried out the research. Oliver Kamps and Hiroshi Iyetomi

supervised the project. All figures in this chapter are taken from [175] and were created by Tobias Wand.
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5.1 Introduction

One of the most important messages in many introductory lectures to statistics is that
correlation does not imply causation [176]. However, it begs the question: What, then, is
causality? And how can it be quantified? One of the first and most widespread attempts
to formalise causality was proposed by Granger [90]. Granger causality takes the time
ordering into account as the cause needs to happen before the effect. The field of causal
inference has developed several tools to probe time series data for causal interactions [89]
and has been used to analyse dynamical systems [92, 177]. Especially for high dimen-
sional multivariate time series, it is difficult to infer the network of causality because one
has to carefully distinguish between the different possible causal drivers [178, 179, 180,
181].
While such networks can be difficult to interpret, especially if they contain cyclic sub-
structures [89, 182], the Helmholtz-Hodge-Kodaira Decomposition (HHKD) can disen-
tangle them. As a reformulation of Helmholtz-Hodge field theory for discrete graphs, the
HHKD can split a directed network into a cyclic and gradient-based graph [43, 44]. The
latter will then provide a ranking of all nodes according to whether they are upstream
or downstream in the hierarchy of causal drivers. The HHKD has been used in econo-
physcis to understand the dynamics of cryptocurrencies [183] as well as the network of
shared ownership of companies [184]. Capturing economic and financial interactions in
a network has been a standard approach of econophysics and complexity science in the
past [37, 38, 39] and causal inference has been applied to such networks of companies or
countries [185, 186, 187].
This chapter analyses time series data of business sectors from [188] to investigate the
Granger causality between different sectors of the economy. Using the HHKD on this
Granger network then reveals if a sector is rather driven by other sectors or if it is a
causal driver of the whole system. This chapter will first explain the database, the al-
gorithm from [180] to estimate Granger causality networks and the HHKD for graphs in
section 5.2. The results of the HHKD will then be presented in section 5.3 for different
time periods before interpreting them and discussing further extensions to this research
in section 5.4.
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5.2 Materials and Methods

5.2.1 Data

To analyse the interactions between different sectors of the economy, we use the data-
base of Ken French which contains the return time series of representative portfolios for
49 different business sectors [188]. These portfolios are constructed as value-weighted
averages of all stocks in a business sector listed on NYSE, AMEX and NASDAQ and the
data consists of the daily returns R

(i)
t =

(
P

(i)
t − P

(i)
t−1

)
/P

(i)
t−1 of these portfolios’ prices.

The calculation of returns normalises the time series and removes trends in the data.
Augmented Dickey-Fuller tests [189] performed via the Python package statsmodels [167]
moreover indicate that the given time series are stationary for each window period of
interest in section 5.3 with the exception of one sector each in 2006 and 2008 (though
that does not impact our results). This database is updated continuously and further
details on the data curation are given in [190]. Although the assignment of companies to
a sector was done manually, a comparative study with modern statistical tools shows the
high agreement between French’s classification and data-driven methods [191]. While the
data was originally used for capital asset pricing modelling in [192], it has found numer-
ous applications in various fields of economic and financial research as a data resource
(see [191] for an overview).

5.2.2 Granger Causality

The intuition behind Granger causality is that the cause X should happen before the
effect Y and that knowing the cause should improve the future prediction of the effect.
The latter can be measured by fitting autoregressive linear models with and without X

and comparing their accuracy. By including possible alternative causes Z for Y , this
concept is extended to the conditional Granger causality CGC. First, a full model is
estimated that measures how well the past of X, Y and background variables Z predict
the future of Yt+1 via

Yt+1 =

τmax∑
τ=0

(ατYt−τ + βτXt−τ + γτZt−τ ) + ϵ (5.1)

with i.i.d. Gaussian errors ϵ ∼ N (0, σ2
F ) and a maximum time lag τmax to limit how

much of the past should be considered for predicting Yt+1. Note that Z might contain
more than one background variable Z =

(
Z(1), . . . , Z(s)

)
with γτ ∈ Rs. Then, a reduced
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model is estimated without the proposed cause X as

Yt+1 =

τmax∑
τ=0

(
α′
τYt−τ + γ′τZt−τ

)
+ ϵ (5.2)

with ϵ ∼ N (0, σ2
R). The conditional Granger causality of X on Y is then given by how

much the reduced model’s variance increases compared to the full model and is defined
as

CGCX→Y = log
σ2
R

σ2
F

(5.3)

to measure how much X causes Y .

For multivariate data with many time series, the estimation of the full model in (5.1)
can easily fall into the regime of overfitting [193]. Hence, it is of utmost importance to
carefully construct the full model. A comparative study of multivariate Granger net-
works [181] indicates that the restricted conditional Granger causality index (RCGCI)
from [180] is the most suitable Granger causality estimation scheme for the financial data
analysed in this chapter. At the heart of RCGCI lies the construction of the full model by
starting with an empty regression model and sequentially adding variables X(i)

t−kτ with a
lag of k time units to it, if they reduce the Bayesian information criterion of the regression
given by equation (2.14). Hence, the resulting full model may not contain lagged repres-
entations of all possible explanatory variables but only some selected

(
X(i1), . . . , X(iI)

)
and therefore guarantees sparsity to prevent overfitting in the estimation process. For
the selected variables, CGC can be computed by removing them from the full model and
fitting the reduced model, whereas the remaining selected variables are conditioned on
as the background information Z. For the other Xj which have not been included in the
full model, the CGC is set to zero as no causal relationship had been estimated.

Details on the Estimation

Because the financial returns analysed in this chapter are known to have an almost
nonexistent autocorrelation [18] and to avoid overfitting, we restrict our models to max-
imum lags of one time step which is supported by an exploratory analysis. Previous
studies have shown that principle component analysis (PCA) can be used to distinguish
between noise and collective effects in financial time series [34, 35]. Hence, we perform
PCA on the raw data, only keep the principle components with the largest eigenvalues so
that their sum describes 90% of the total variation in the data and discard the remaining
principle components as noise before performing the inverse transformation back into the
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original feature space. Note that the sparsity of the RCGCI algorithm additionally limits
the influence of noise on the results. Averaging over all sectors and all time periods un-
der consideration, the typical ratio between the variance explained by the full regression
model and the variance of the data is σ2

F /σ
2
Data ≈ 96% indicating a good fit of the full

regression model and a high signal to noise ratio.

5.2.3 Helmholtz-Hodge-Kodaira Decomposition

The reconstructed network of the causality flux between multivariate time series might
not be ad hoc trivial to interpret. Circular causalities (A causes B, B causes C and C

causes A) can be present and inspecting the network with the naked eye may not be
sufficient to understand its structure. The Helmholtz-Hodge-Kodaira Decomposition
(HHKD) is a tool to analyse the flux in networks and to disentangle the flow into up-
stream and downstream directions [43, 44].

Mathematical Formulation of the Unidirectional HHKD

The Helmholtz decomposition theorem states that any well-behaved vector field F(r) ∈
Rn can be decomposed into two components F(r) = G(r)+R(r), a gradient field G(r)
and a divergence-free field R(r). The rotation-free field G(r) can be expressed as the
gradient of a potential G(r) = −∇rΦ(r) such that the potential determines the direction
of a flux in the space of r. The divergence-free or solenoidal field R(r) has the property
that no point r is a source or sink of the observed flux as ∀r : ∇r · R(r) = 0. Note that
a third component can exist and represents a background flux into and out of the sys-
tem, but is usually ignored as one assumes that the system of interest is sufficiently closed.

The same reasoning can be applied to a flow network on a discrete graph [43, 44]. Let
Jij be the observed flow from node i to j with the antisymmetric property Jij = −Jji.
It can be shown that a unique decomposition Jij = J

(g)
ij + J

(c)
ij exists such that J

(g)
ij is

the gradient and J
(c)
ij the circular flow from i to j. In this decomposition, the gradient

flux fulfils J
(g)
ij = Gij (Φi − Φj) for some background potential Φ assigned to each node

and with the standard choice for weights between two nodes being Gij = 1. The circular
flow fulfils ∀i : ∑j J

(c)
ij

!
= 0, i.e. that for each node the total influx is equal to its total

outflow. For a simple network with three nodes, this decomposition is illustrated in figure
5.1. The potential and its associated gradient flow can be obtained from the least square
estimation
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Figure 5.1: Example of the Helmholtz-Hodge-Kodaira decomposition for a single graph
into a gradient-based graph (g) and a circular graph (c). Note that direction
of the flux between A and C is different in (g) and (c) which is the same as
changing the sign J

(g)
AC = −J

(g)
CA and hence their sum is given by J

(g)
CA+J

(c)
CA =

−0.6 + 0.7 = 0.1 and reconstructs the original flux JCA. Also note that the
total flux between two nodes is path independent for (g) as J (g)

AC = J
(g)
AB+J

(g)
BC .

min
J(g)

(I) with I =
1

2

∑
i<j

1

Gij

(
Jij − J

(g)
ij

)2
=

1

2

∑
i<j

1

Gij
(Jij −Gij (Φi − Φj))

2 (5.4)

and the circular flow is then simply the difference J
(c)
ij = Jij − J

(g)
ij . For the standard

choice Gij = 1, this formulation also has the useful property that the net gradient flux
is the same along all paths between any two nodes. Because the gradient flow only
depends on the potential difference Φi−Φj , the same gradient flow can also be obtained
if the potentials have a constant offset Φi → Φi + ΦO. Hence, the minimisation of
equation (5.4) needs an additional constraint to produce unique results for Φ such as
Φn = 0 or

∑
iΦi = 0. We note that the mathematical formulation of the HHKD tends

to rather minimize large errors than small ones and that it treats large flows between
two nodes as more informative than small ones. This means that any necessary errors
during the minimization procedure are distributed across many edges. Because of the
sparse RCGCI algorithm, the weakest causal links are discarded before the application
of the HHKD and hence, the errors will be relatively weak compared to the strength
of the estimated network links. Yet, this shortcoming should be kept in mind. We
additionally note that, as proven for a trait-performance model in [194], the uncertainty
in the estimation of CGCX→Y introduces a bias towards more cyclical structures.
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Bidirectional Flows

Whether it be through noise or feedback loops, it is in general possible that the RCGCI
algorithm estimates that CGCX→Y > 0 and CGCY→X > 0, i.e. that two time series are
estimated to Granger cause each other and that the flux cannot be defined as antisym-
metric J

(b)
ij ̸= −J

(b)
ji (where the superscript b denotes the bidirecionality) and J

(b)
ij ≥ 0.

Naively, computing the net flow CGCX→Y − CGCY→X seems like a reasonable choice,
but this discards the information about the relative strength of the net flux. Consider
a system in which CGCA→B = 0.6, CGCB→A = 0.1, CGCC→D = 5.5, CGCD→C = 5.
The net flux A → B and C → D is 0.5, but scaling this with the total flux between the
node pairs shows that this difference is much less significant for the flux C → D.

A bidirectional version of the HHKD that reflects these considerations is presented in
[184]. The authors argue to interpret Gij as an analogy to the conductance in electrical
circuits and that a high flux between both nodes should correspond to a high conductance
whereas a low total flux indicates a high resistance. Hence, they propose to split the
original bidirectional network into two graphs which are then used to perform the HHKD:
The difference of the flux in both directions between two nodes in the bidirectional
network J (b) is defined as the net flux Jij := J

(b)
ij − J

(b)
ji and forms a unidirectional

network with the antisymmetry Jij = −Jji to which the HHKD can be applied. The
sum of the absolute values of the flux in both directions is used as the conductivity
Gij := J

(b)
ij + J

(b)
ji which is the same in both directions Gij = Gji. The minimisation

in equation (5.4) can then be applied to the two networks (J,G) to receive the HHKD
ranking of the nodes.
This generalisation also gives rise to a helpful interpretation of the potential differences
of the nodes: Consider only the flux between two nodes i and j isolated from the rest of
the graph. Let Jij be the net flow from i to j and Gij the total flow. The contribution
of this connection to the minimised functional I is then given by

Iij =
1

2

1

Gij

(
Jij − J

(g)
ij

)2
=

1

2

1

Gij

(
Jij −Gij (Φi − Φj)

)2
=

1

2

1

Gij

(
Jij −Gij∆ij

)2
(5.5)

where ∆ij expresses the potential difference between the two nodes. Minimisation of Iij
with respect to ∆ij leads to

∂Iij
∂∆ij

= −Jij +Gij∆ij
!
= 0 ⇔ ∆ij =

Jij
Gij

≡ Net Flow
Total Flow

. (5.6)
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Hence, this rule-of-thumb approximation which disregards all other edges shows that the
potential difference can be interpreted as the ratio between net and total flow between
the two nodes. In particular, if the flux in one direction is much larger than in the
other direction J

(b)
ij ≫ J

(b)
ji , then net and total flow are almost identical Jij ≈ Gij so

that ∆ij ≈ 1. Therefore, as described in [184], one unit of potential difference can be
interpreted as a separation of approximately one layer between the nodes i and j. Our
implementation of this algorithm is available at [195].

Circularity and Hierarchy

Once the flow network is decomposed into gradient-based and circular flux, one can
compare their respective contributions to the net flux [184, 196, 197]. It is possible to
quantify the contribution of the gradient-based flux via the L2 norm as

Γ =
1

2

∑
i

Γi =
1

2

∑
i

∑
j

Gij

(
J
(g)
ij

)2
(5.7)

and that of the circular flux as

Λ =
1

2

∑
i

Λi =
1

2

∑
i

∑
j

Gij

(
J
(c)
ij

)2
(5.8)

where Γi and Λi denote the contribution of the respective ith node. Normalising them
with the total flux

N =
1

2

∑
i

∑
j

Gij (Jij)
2 (5.9)

leads to the definition of
γ =

Γ

N
and λ =

Λ

N
(5.10)

which fulfil γ + λ = 1. A completely hierarchical network will have γ = 1, a completely
circular network λ = 1. A high γ ≫ λ indicates that the underlying potential and its
corresponding hierarchy have been cleansed from noise and insignificant loops and now
accurately reflects the true structure of the underlying dynamics.

5.2.4 Test on Synthetic Data

To test the pipeline of RCGCI and HHKD, we simulate 50 realisation of a network of 49
time series with the network structure given in figure 5.2. Because the RCGCI-HHKD
pipeline is supposed to uncover the hierarchy of time series, the synthetic network in
5.2 was chosen to represent a hierarchical structure and we evaluate how accurately the
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algorithm identifies the nodes at the top of the hierarchy: One node X0 is an independent
stochastic process and at the top of the hierarchy. It drives the nodes in the next layer
X1,...,8 as their causal parent pa and each of them drives five nodes from X9,...,48 in the
final layer at the bottom of the hierarchy. Each node X(i) of the network is simulated
for 250 time steps in a vector autoregression according to

X
(i)
t+1 = −0.5X

(i)
t − 0.5X

pa(i)
t + ϵ (5.11)

where pa(i) denotes the parent node of i (if it exists) and ϵ
iid∼ N (0, σ) with σ = 1. The

goal of the RCGCI-HHKD pipeline will be to accurately identify the nodes with index
I = (0, . . . , 8) at the top of the causal hierarchy. Note that 49 time series for 250 time
steps correspond to one year of trading day data in the database described in section
5.2.1 and that the standard deviation σ = 1 is roughly equal to the standard deviation
of the data. Hence, these synthetic time series provide a realistic artificial version of
the observed data. The HHKD is used on the Granger causality network estimated by
RCGCI and it is evaluated how many of the top nine nodes in the estimated hierarchy
actually belong to the set I. For the 50 realisations of the network, the average of
the ensemble of detection rates is 94% and the median is even 100%. Though not
shown here, for synthetic cyclic networks, the RCGCI also successfully estimates the
loop topology. Hence, the combination of RCGCI and HHKD accurately estimates the
network structure. Even after adding observation noise N (0, σobs) to the simulated data
via

X
(i)
t → X̃

(i)
t = X

(i)
t + ζ with ζ ∼ N (0, σobs), (5.12)

the top nodes of the networks hierarchy are still estimated with a high accuracy beyond
the random expectation for noise up to σobs ≈ 1.

Additionally, we also create ensembles of uncoupled time series by taking a random
subset of trading days ti1 , . . . , ti250 without any chronological ordering. This represents
the null hypothesis that no causal coupling is present in the data. We then check if
the RCGCI erroneously reconstructs a network even though none is present. We define
the network connectivity as the percentage of nodes that are estimated to have a causal
coupling to another node. These 50 percentage values give us a confidence interval (CI)
of the network connectivity under the null hypothesis that no causal coupling is present
in the data. If the network connectivity of a system exceeds the CI, we can therefore
conclude that we have identified a system with meaningful causal connections.
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Figure 5.2: The network structure used for the vector autoregression which generates
synthetic time series. One node is at the top of the hierarchy without any
causal parent whereas 8 nodes are in the second layer and 40 are in the final
layer. Each node in the second layer is the parent node of 5 nodes in the final
layer and have the node in the first layer as their parent node. Sketched via
the software [198].

5.3 Results

5.3.1 Year by Year

To gain the most insight from the HHKD, it is necessary to have a connected network
in which all sectors are included. By defining the network connectivity as the percentage
of nodes which are coupled to the network, the RCGCI-HHKD analysis is performed on
the annual data during the last 20 years from 2004 to 2023 to identify periods with a
connectivity of 100%.
The results in figure 5.3 show that the market mostly remains within the range expected
from random time series, but some periods exhibit a spike to a significantly high level
of network connectivity. It only reaches a connectivity of 100% (i.e. that all sectors are
coupled to the network) during the year 2020 and reaches a connectivity of almost 100%
(only one sector is decoupled) in 2007. Hence, the 2020 period will be the focus of the
latter half of this section.

To gain more insights into general structures of the RCGCI networks across the years,
the sum of Granger causality influx and outflux is recorded for each of the 49 sectors as
well as during how many years they are connected to the network by influx or outflux
links. After rescaling all of these quantities to the same scale in figure 5.4, kernel density
estimation (KDE, cf. section 2.2.2) shows that for inwards and outwards directions, the
total flux and the linkage rate are distributed similarly. The influx is a Gaussian bell
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Figure 5.3: Results of the RCGCI-HHKD analysis for annual data from [188]. The grey
shaded area is the CI for the network connectivity of random data without
any causal coupling. Note that the lines that connect the dots are only a
visual aid and no linear interpolation between the periods is assumed.

curve (a two-sided χ2 test has a p value of 0.21 and cannot reject the null hypothesis of
Gaussianity) whereas the outflux has a higher variance and, notably, a fat tail at high
values. Hence, while most sectors have a similar influx of Granger causality, some sec-
tors drive the other sectors with a much stronger outwards Granger causality than most
others. It is therefore more interesting to focus on the sectors with particularly high
or low outflux of Granger causality. The sectors Rubbr (Rubber and Plastic Products),
BldMt (Construction Materials), Mach (Machinery), Trans (Transportation) and, per-
haps surprisingly, Banks show no outflux of Granger causality during any of the periods.
Gold (Precious Metals) and, on the second position, Cnstr (Construction) have a much
higher sum of Granger causality outflux and a much higher rate of outwards linkage than
all other sectors. An overview of the sector abbrevitions is provided at the end of this
chapter in table 5.1.

5.3.2 Connected Graphs during the 2020 Covid Pandemic

To further investigate the connected network for the year 2020, the RCGCI-HHKD
pipeline is used to analyse time windows of 12 months which are shifted by one month
and scan over the year 2020. This process starts with the time interval January 2019 to
January 2020 and ends with the period from December 2020 to December 2021. Note that
the figures displaying these results use the midpoint of each time period on the x-axis,
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Figure 5.4: For the analysis of annual data from 2004 to 2023, KDE of the sum of all
influx and outflux of Granger causality and of the total number of years with
at least one inwards or outwards link in the RCGCI network. Values on the
x-axis have been normalised to the same scale.

e.g. July 2019 for the period from January 2019 up to January 2020. For each period
with a connected network, the parameter γ is calculated according to equation (5.10) to
quantify the contribution of the gradient flow to the observed flux. Because λ = 1 − γ,
the calculation of λ is omitted.
Figure 5.5 shows the results for the connectivity and the gradient contribution γ. Whether
the network is connected or not strongly depends on whether March 2020 is included in
the data. During this period, the gradient contribution is typically around γ ≈ 0.8 and
therefore stronger than the rotational flow λ. Though due to the quadratic L2 norm used
to calculate (5.10), a rotational component λ ≈ 0.2 is nevertheless a non-negligible con-
tribution to the total flow. Looking at the ensemble of Granger causality flux matrices
for the 12 time windows with connectivity 1 reveals that every single sector has always
some causality influx (i.e. it is estimated to be Granger caused by another sector) for
all 12 time windows with the exception of the sector Gold which only has an influx of
Granger causality for 3 of the 12 periods. The sectors PerSv (Personal Services), Other,
Aero (Aircraft) and Trans (Transportation) have no outflux of Granger causality during
any of the 12 time windows and for the latter two sectors, this might reflect the travel
restrictions imposed during this period. In contrast to the sum of Granger causality
outflux for the disjoint long-term analysis in the previous section, Gold is no longer the
sector with the highest total outflux (≈ 5.00) but is far overtaken by Drugs (Pharma-
ceutical Products; ≈ 35.8), Hshld (Consumer Goods; ≈ 28.4) and Cnstr (≈ 10.6) with
some other sectors at a slightly higher level than Gold, too.
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Figure 5.5: For time periods of 12 months, two network measures are depicted here: the
network connectivity and the gradient contribution γ. The network con-
nectivity is the percentage of sectors connected to the network and is dis-
played here against the random connectivity expected for independent time
series. If the network has a connectivity of 1, the gradient contribution γ is
also calculated according to equation (5.10). Note that the time on the x-axis
is the midpoint of the 12 months intervals of data.
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For the periods with connected graphs, the potential Φi can be calculated for every
single node. High Φi indicate a high position in the hierarchy of Granger causality and
that the sector is a cause rather than an effect. Because of the large contribution γ of
the gradient flux shown in figure 5.5, this hierarchy is not obstructed by strong circular
fluxes in the system and indeed reflects the underlying dynamics. Figure 5.6 shows the
potentials for all 12 time windows with a connected graph. These potentials can be
compared to each other because they have been normalised to fulfil

∑
iΦi = 0 for each

time period. The range between minimum and maximum potential values has a mean of
2.0 with standard deviation ±0.2 across these periods and therefore reflects a network of
approximately 3 different levels with a fairly stable potential range. Additionally, for the
period from October 2019 to September 2020, the full network is depicted in figure 5.7
(bottom) where the nodes’ vertical positions reflect their potential values. Some selected
sectors have been highlighted in these plots: The sectors Gold and, with the exception of
the first interval, Drugs are consistently at the top of the hierarchy and their potentials
have a low variance. Similarly, the potentials of the sectors Aero, Meals (Restaurants,
Hotels, Motels) and RlEst (Real Estate) are consistently found at the bottom of the
potential hierarchy.
Some other sectors have a high variance and change their position in the hierarchy rather
drastically: The potential of Cnstr has the highest variance and this sector moves upwards
in the hierarchy during the latter third of the periods. This might reflect the increase
of construction material prices and their effect on the construction businesses and, as
a cascading effect, on other business sectors during the beginning of 2021 [199]. The
second highest variance is observed for the potential of MedEq (Medical Equipment).
This sector rises in the hierarchy during the peak of Covid, which probably reflects the
increasing demand for products such as face masks and testing equipment. The sudden
decline of MedEq in the hierarchy starts in the time windows which already include the
first weeks of widespread vaccinations in western countries which was interpreted as a
sign of the end of the pandemic and hence of a lower importance of such equipment.
Because of the small but notable contribution of the rotational flux to the system during
the Covid crisis, we also investigate which nodes have a strong rotational component Λi

as in equation (5.8). For each time period with a connected network graph, the values Γi

and Λi are calculated according to equations (5.7) and (5.8) and the rotational component
is normalised in two ways: Λ

(N)
i = Λi/N denotes how much the rotational flux of node i

contributes to the total flux N from equation (5.9). λi =
Λi

Λi+Γi
denotes whether the flux

of node i is rather dominated by rotational flows or by the gradient flow. For each sector
i, the mean values of Λ(N)

i and λi are calculated over the time periods of consideration.
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While the sectors Drugs, Hshld and Cnstr have the highest, second highest and fourth
highest mean value of Λ(N)

i and contribute much to the rotational flow, their own flow
does not show a particularly high contribution λi of the rotational component. Rather
their Λ

(N)
i is high because they in general have strong causality links to other sectors.

The third and fifth highest values of Λ(N)
i are found for the sectors Toys (Recreation)

and Softw (Computer Software) and they also have the second and third highest values
of λi with λi ≈ 0.47 for both sectors. These sectors not only provide a strong rotational
contribution to the total observed causality flow (Λ(N)

i ) but also experience an almost
equally strong effect from the gradient and rotational flows (λi) on their own dynamics.
This makes them interesting candidates for future research to better understand the
circular dependencies in the financial network.

5.3.3 The 2007 Financial Crisis

Because the Granger network for 2007 does not have a connectivity of 100%, it will
not be analysed as deeply as the 2020 network in this study. But since only a single
sector (FabPr, Fabricated Products) is disconnected from the rest, it might be justified
to briefly focus on the reduced network of the 48 connected sectors; not least because
this period also coincides with the onset of the financial crisis in the late 2000s [200] and
serves as an interesting comparison to the Covid crisis. This reduced network is depicted
in figure 5.7 (top) and visual inspection shows a much more streamlined flow than for the
network during 2020 and hence a more hierarchically organised potential: Whereas the
2020 network is much more entangled, the 2007 network mostly consists of links from the
sector Gold to other sectors with much fewer links between the other sectors, resulting
in a shape reminiscent of the depictions of Aton in ancient Egyptian artworks. This is
confirmed by the estimation of the gradient flow contribution for the reduced network
which yields γ(2007) = 0.98 and shows an even higher gradient contribution than for any
of the 2020 networks. Although the crisis starting in 2007 is generally known as the
financial crisis, the financial sectors do not have a particularly important position in the
hierarchy of Granger causality during this period and perhaps rather act as mediators of
causality than as causal drivers. This surprising result might indicate that the causality
analysis for this period does not fully represent the processes in the real economy but
uncovers more subtle relationships between the time series.
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Figure 5.7: The estimated Granger causality influence network ordered by the HHKD
potentials for the periods from January 2007 to December 2007 (the sector
FabPr is not shown because it has no link to any other sector) and from
October 2019 to September 2020. The width of the arrows reflects strength
of the Granger causality and selected sectors are highlighted with the same
colour coding as in fig 5.6.
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5.4 Discussion

Analysis of the disjoint annual periods in figure 5.3 indicates that a highly connec-
ted Granger causality network coincides with market crises. The highest connectivity
values close to 100% were observed during the 2020 Covid crisis and the beginning of
the financial crisis in 2007. Other spikes occur during the year 2023, possibly reflecting
the collapse of several mid-size banks and the threat of a contagion in the US banking
crisis [201], and in 2016 following the market turmoil after the unexpected election of
Donald Trump [202]. These results align with the causality estimation in [186] as well as
with research on financial correlation matrices which also shows an increase in coupling
between financial time series during times of crises [36, 116, 117]. The lower coupling
during periods of a healthy market reflect that the time series are more independent and
diversified which reduces the overall risk in the market.
The precious metal sector is usually found upstream at the top of the Granger causality
hierarchy. This is to some extent in line with the clustering analysis in [148] which iden-
tified the precious metal mining companies as having different dynamics compared to the
other assets. Deeper insights into the estimated CGCX→Y values between the sectors
show that the precious metal sector is, however, not typically the strongest driver of the
market dynamics. Its position at the top of the hierarchy rather reflects that this sector
is rarely driven by other sectors. Hence, this result should be interpreted with caution.
This might be a specific feature of the precious metal sector because the pharmaceutical
sector is also frequently found at the top of the hierarchy, but has a strong outflux of
Granger causality and therefore acts as a driving force of the system’s dynamics. Note
that the returns of this sector are calculated based on the companies which trade precious
metals and do not directly contain the prices of gold and other metals. Adding this might
be an interesting endeavour for future work. During the Covid crisis, the high position of
Drugs in the causality hierarchy as well as the rise of MedEq during the pandemic’s peak
reflect our intuition about the economy during the year 2020. Perhaps surprisingly, the
financial sectors do not have a high position in the hierarchy of Granger causality and
especially the banking sector is found rather far downstream. This might be interpreted
as the financial companies being only a mediator of causal influence and providing the
infrastructure to the flow of causality in the financial markets, but not actually driving
the flow themselves. Our results therefore differ from the study in [203] where an ana-
lysis of the input-output network of business sectors shows that the energy and finance
sectors have a high upstream position in the hierarchy. This is an important indicator
that the financial market network analysed in our study does not simply resemble the
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real economy, but has its own dynamical behaviour. The high signal to noise ratio of
the full regression models in the RCGCI algorithm and the strong contribution γ ≫ λ

of the gradient flow indicates that the hierarchy estimated by the HHKD is reflective
of the true underlying structure of the market dynamics. Interestingly, γ was notably
higher for the 2007 financial crisis than for the Covid crisis, possibly because the former
was an endogenous crisis and the latter an external shock. Even though the inherent
uncertainty of the estimated CGCX→Y values should bias the HHKD towards a more
cyclical result [194], this bias seems to have been compensated by the sparsity of the
RCGCI algorithm. We hence conclude that the resulting cyclical component estimated
by the RCGCI-HHKD pipeline is indeed a structural component and not merely noise.
Numerous extensions can be made in future work to this project. Adding return time
series of the precious metals’ prices has already been suggested, but beyond this, mac-
roeconomic variables like the inflation rate might be used as background variables Z

in equation (5.1). Without attempting to make regression models to predict Z, these
variables can still be used to calculate the Granger causality conditional on the macroeco-
nomic information provided by them. This might be interpreted as the third translational
component which is usually omitted in Helmholtz-Hodge considerations but represents
an influx or outflux into the whole system of interest (i.e. that it is an open sytem) as
discussed in [44]. Moreover, the linear regression can be extended with interaction terms
between two variables X(i)

t−τ ·X
(j)
t−τ or nonlinear functions [204] to alleviate the shortcom-

ings of Granger causality methods [205, 206], but this might require larger amounts of
data for reliable estimation and thus higher frequency data than the one available in [188].
Other methods from causal inference, such as the lead-lag relationship of complex Hil-
bert PCA [207, 208] or transfer entropy [179, 185] can capture nonlinear nonlinear effects,
but might require more data, too. Although the heightened position of precious metals
and pharmaceutical products can be related to real effects in the data, the restriction
of Granger causality as a linear measure may have been the reason why the financial
companies do not have a high position in the estimated hierarchy of causation. As this is
rather counter-intuitive, nonlinear causality measures might be used to provide a differ-
ent perspective on the data and to check the robustness of these findings. Also, one could
extend the RCGCI algorithm to include a bootstrapping procedure in the estimation of
(5.3) to get an uncertainty estimation of the Granger causality CGCX→Y . While the
RCGCI and the standard formulation of Granger causality do not distinguish between
positive and negative influences between variables similar to [187], a multi-layer network
approach could be used to separate the causal couplings based on their sign. However,
extending the HHKD to multi-layer networks is required to evaluate this, perhaps based
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on the approach in [209].
Because of the high network connectivity during crises, the RCGCI-HHKD pipeline is
especially useful to describe the system dynamics during such periods. In particular, un-
derstanding the flow of causality and identifying the causal drivers during a crisis might
allow policymakers to more effectively intervene to stop the crisis by focusing on the
sectors which are upstream in the causality hierarchy. This could open up the possibility
to stabilise the market with a minimally invasive intervention.
Though beyond the scope of this work, we believe that the HHKD can help to over-
come the limitations of the causality framework described by Judea Pearl [89]. Pearls
approach to causality relies on directed acyclic graphs (DAG) between the variables and
therefore requires an interaction network without any closed loops. While this is not
always present in real systems, an adaptation of the HHKD might provide a suitable tool
to extract such DAGs from real-world systems as the gradient component of the original
graph.
Comparing the results from this chapter to the correlation analysis in chapter 4 we see
that although both methods agree on finding high levels of interactions during crises,
their sector rankings show important differences. The XAI analysis identifies Energy
and IT as the most important sectors. While the latter might be attributed to the
dot-com bubble as a temporal effect, the former should be expected to have a continu-
ously high importance. Yet, the RCGCI-HHKD pipleine identifies neither of them as
important causal drivers of the financial market. While this might in part be explained
by the different time windows and databases used for these studies, it also highlights
the differences between correlation and Granger causality. Interestingly, neither of them
identifies the financial sectors as particularly important sectors even though one might
intuitively expect the contrary. This might imply that these sectors either only act as a
mediator within the network (and not as a driving force) or that their influence cannot
be accurately analysed with the linear methods of Pearson’s correlation or RCGCI.
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Abbreviations

The following sector abbreviations were introduced by Ken French and are used in this
chapter:

Aero Aircraft
BldMt Construction Materials
Cnstr Construction
Drugs Pharmaceutical Products
FabPr Fabricated Products
Gold Precious Metals
Hshld Consumer Goods
Mach Machinery
Meals Restaurants, Hotels, Motels
MedEq Medical Equipment
PerSv Personal Services
RlEst Real Estate
Rubbr Rubber and Plastic Products
Softw Computer Software
Trans Transportation
Toys Recreation

Table 5.1: Sector abbreviations according to [188].
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Part III

Non-Ergodic Economics
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Considering that this thesis is concerned with complex socio-economic systems on
various time scales, one might raise the question whether the longer time scales can simply
be derived from repeating the shorter ones and chaining them together. Originating from
statistical physics, the concept of non-ergodicity reminds us that this is not always trivial.
Only ergodic systems fulfil that the ensemble mean and the time average converge to the
same values and only then can the conclusions from the dynamics of a single time step
be generalised for a repetition over many time steps. Not recognising the non-ergodicity
of a system can lead to wrong conclusions as will be explained later in this chapter.
Transferring the considerations of ergodicity to financial and economic systems has given
rise to ergodicity economics (EE) as a new branch of econophysics [210].
One major result of EE was to explain why insurance contracts can be beneficial for
both participants, even though expected value theory might suggest that one party’s
profit is always at the other’s expense [211, 212]. Chapter 6 extends the insurance model
from EE by simulating it on a lattice of agents which can cooperate by agreeing on
an insurance contract. This leads to the emergence of rich and poor neighbourhoods
which superficially resembles kin selection, but arise endogenously from the cooperation
dynamics. This chapter provides an explanation of how large-scale cooperation structures
can arise over long time frames from the wealth optimisation of individual agents in the
face of uncertainty. Hence, part III links the stochastic dynamics of the financial market
from part II to the long-term societal dynamics from part IV.
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6 Cooperation in a non-Ergodic World
on a Network - Insurance and Beyond

‘It is easy to mourn the lives we aren’t living.”

— Matt Haig, The Midnight Library

Abstract Cooperation between individuals is emergent in all parts of society, yet mech-
anistic reasons for this emergence are not fully understood in the literature. A specific
example of this is the cooperation via insurances. But recent work has shown that as-
suming the risk individuals face is proportional to their wealth and optimising the time
average growth rate rather than the ensemble average results in a non-zero-sum game,
where both parties benefit from cooperation through insurance contracts. In a recent
paper, Peters and Skjold present a simple agent-based model and show how, over time,
agents that enter into such cooperatives outperform agents that do not. Here, we extend
this work by restricting the possible connections between agents via a lattice network.
Under these restrictions, we still find that all agents profit from cooperating through
insurance. We further find that clusters of poor and rich agents emerge endogenously
on the two-dimensional map and that wealth inequalities persist for a long duration,
consistent with the phenomenon known as the poverty trap. By tuning the parameters
which control the risk levels, we simulate both highly advantageous and extremely risky
gambles and show that despite the qualitative shift in the type of risk, the findings are
consistent.

This chapter and the associated appendix F are based on Tobias Wand, Oliver Kamps and Benjamin

Skjold, Chaos 34, 073137 (2024) [213]. Tobias Wand conceptualised this research project, wrote the code

and carried out the research. Oliver Kamps and Benjamin Skjold supervised the project. All figures of

this chapter and appendix F are taken from [213] and were created by Tobias Wand.
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6.1 Introduction

Self-organisation of individuals is observed in many systems and is a cornerstone of
complexity science [1, 22, 214, 215]. Mutual cooperation between agents exists in many
forms, one such being insurance. The insurance industry is one of the largest industries
in the modern economy and has existed for centuries. Yet, we find that mainstream
economics, which is rooted in expected value theory, does not provide a satisfactory
reason for its emergence: If both parties want to profit from the insurance contract in
terms of expected value theory, the insurance buyer requires an insurance premium that
is less expensive than the expected value of the risk. Conversely, the insurance seller
demands a premium that is higher than the risk. No contract should be agreed upon
under these assumptions, but of course, insurance contracts nevertheless exist in our
economy. As an alternative approach, Peters and Adamou argue that the system in
which insurance takes place is more reminiscent of a multiplicative system (i.e. that the
risk is proportional to the wealth) and note that the increments in such a system are not
ergodic and therefore expected value theory is not applicable [211]. Using time averages
rather than ensemble averages, they show that there exist regimes in which insurance
contracts are favourable for both buyer and seller, which calls for such contracts to be
made. In a recent paper [33, 212], Peters and Skjold explore this idea using a simple
agent-based model, which shows that agents who cooperate via insurance contracts over
time systematically outperform agents who do not.
Inspired by the 2d Ising model and its many applications to socio-economic phenomena
[3, 4, 45, 216, 217, 218, 219, 220, 221, 222, 223], we expand the model proposed in [33, 212]
to large ensembles on a lattice network. Now, each agent is placed in a neighbourhood
of other agents and can only cooperate with nearby agents, giving rise to the formation
of spatial patterns in our model similar to the models in [216, 224] and resembling the
crime hotspots found in [225] via weakly nonlinear analysis.
In this chapter, we first present a brief background of non-ergodicity in economics and
illustrate the implication of broken ergodicity with a simple coin toss example before
detailing the insurance paradox and its treatment in the context of ergodicity economics
in section 6.2. Next, we describe the setup and our implementation of the agent-based
insurance model on a network and the mathematical techniques used to analyse its results
in section 6.3. Results for a specific parametric setting are presented in section 6.4 before
we perform a parameter scan by varying the parameters c and r representing the relative
costs or rewards of the risk in section 6.5, which reveals different clustering regimes in our
model. Finally, we conclude with a summary and discussion of our work in section 6.6.
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6.2 A Primer on Ergodicity Economics

In an ergodic system, an individual trajectory at different time steps xi(t1), . . . , xi(tn)
has the same statistical properties (e.g. averages) as an ensemble observed at a single
point in time x1(t), . . . , xn(t) for large n. This makes many calculations easier, and
thus the ergodic hypothesis is often explicitly or implicitly assumed for many statistical
methods. The core of ergodicity economics (EE) is a careful analysis of whether the
ergodic hypothesis is true. EE thus makes an explicit distinction between ensemble
averages ⟨x⟩ = 1

N

∑
i xi(t) and time averages x̄ = 1

T

∑
t xi(t), e.g. for financial time

series [210]. Assuming ergodicity implies that ⟨x⟩ = x̄ in the limit of large T and N .
However, it is the exception rather than the norm that this is justified in real-world
systems. A simple example of a non-ergodic system is the reinvesting coin toss gamble
taken from [31].

6.2.1 Reinvesting Coin Tosses

Consider some initial wealth x(0). You are now offered a gamble on which a fair coin
is tossed, i.e. with probability 1/2, you win and with probability 1/2, you lose. If you
win, your wealth is multiplied by a factor of αw = 1.5, and if you lose, your wealth is
multiplied by a factor αl = 0.6. We will repeatedly toss the coin and sequentially update
your wealth according to the outcome of the toss. Is this a favourable bet? The expected
value computed via the ensemble average of identical agents with initial wealth x shows
that

⟨x(t+ 1)|x(t) = x⟩ = αwx+ αlx

2
= 1.05x > x = x(t), (6.1)

and therefore implies that the gamble is favourable. However, consider that for a single
agent with initial wealth x(0) and enough repetitions T , the law of large numbers guar-
antees that both coin toss outcomes will appear equally often. We can thus compute the
time average

x̄(T ) = α(T/2)
w α

(T/2)
l x = 0.9T/2x

T→∞−→ 0. (6.2)

Hence, the agent’s wealth approaches 0 almost surely, implying that the gamble is not
favourable. As proven via numerical simulations, this seemingly paradoxical situation
can be explained by noting that the increasing ensemble average of the wealth traject-
ory is dominated by the asymmetry of the final wealth [210]: While almost all agents
have negligible wealth, few have exponentially increasing wealth, which dominates the
ensemble average.
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6.2.2 Insurance Paradox

Consider a simple type of insurance, namely an agent, A, faces a risk and another
agent, B, offers to take over that risk in exchange for receiving a fee, F , typically known
as the insurance premium. The classical economic analysis of the insurance problem is
based on the expected value model, which posits that agent A should accept to pay a
fee lower than the expected value of the risk, whereas B should demand a fee higher
than the expected value of the risk. This anti-symmetry results in no fee where both
agents simultaneously are satisfied, and thus, no contracts should be agreed upon. The
orthodox solution is usually either that the agents must have an information asymmetry
or that risk aversion makes the agents deviate from the supposedly optimal decision [226,
227]. We find this unsatisfactory as the former is unjustified ad hoc reasoning and the
latter simply raises a new question as to why such risk aversion exits.
Assuming that the risk an agent faces is proportional to their wealth and optimising time
averages, however, Peters and Adamou show in [211] that there exist many situations
in which agent A is willing to pay a higher fee than agent B demands. This framework
provides a mechanistic reasoning for the existence of insurance contracts and shows that
insurance is theoretically advantageous in the long run. These arguments are discussed
in more detail in [33, 211] and a broader overview of cooperation in non-ergodic systems
can be found in [228]. We highlight that behavioural experiments show evidence that
humans are capable of heuristically optimising the time average growth rate when faced
with risky decisions in laboratory settings [229, 230, 231], which gives credibility to the
time solution of the insurance puzzle.

6.3 Methods and Models

6.3.1 Insurance among Agents

As we expand on the model from [33, 212, 232], it is prudent to review its results
alongside its model specifications. This model consists of n agents i = 1, . . . , n, which
are observed at time t ∈ (0, T ). Each agent’s wealth is initialised at 1, wi(0) = 1 ∀i,
and in each time step, an agent A with wealth wA(t) is randomly chosen to face a risky
gamble: with probability p, A either loses a relative amount of its wealth c · wA(t) or
with probability 1− p wins a relative amount r ·wA(t). Note that the simulations in [33,
212] use c = 0.95, r = 0 and p = 0.05 as parameters, but that the qualitative results do
not depend on the exact parameter choice [232].
When faced with a risky gamble, agent A approaches another agent B for an insurance
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contract. Agent B will have a minimum fee, Fmin, where they will accept to take over A’s
risk and agent A will have a maximum fee, Fmax, they will accept to pay. If Fmin < Fmax,
there exist a range of fees in which signing the contract is mutually beneficial for the
agents, such that the risk and the fee is transferred from agent A to agent B.1 To ensure
the results are not conflated by the number of agents used, we distinguish between a
time step, t, and a time unit, tu, with a time unit being N2 time steps, i.e. each agent is
on average chosen to face a risk ones per time unit. Note that the original model in [33,
212] is well-mixed, i.e. all other agents are equally likely to be approached as agent B

without any spatial restriction. The network model presented in this manuscript lifts
this assumption and restricts the agents’ interaction to a lattice network.
The EE solution to the insurance problem is to focus on time average growth rates. Re-
cognising that the underlying process of the system is mainly multiplicative2, it follows
that additive wealth increments are not ergodic, but logarithmic wealth increments are
and, therefore, better indicate what happens over time and allow us to assume an un-
derlying growth rate model g(·) [31, 211]. Comparing agents’ growth rates with gwith

A,B

and without gwithout
A,B signing an insurance contract at some fee F , we can calculate the

maximum fee Fmax the agent facing the risk (agent A) is willing to pay, as well as the
minimum fee Fmin another agent (agent B) is willing to accept. We therefore get that

1

∆t
ln

(
wA − F

wA

)
︸ ︷︷ ︸

gwith
A

=
1

∆t

(
p ln

(
wA − cwA

wA

)
+ (1− p) ln

(
wA + rwA

wA

))
︸ ︷︷ ︸

gwithout
A

(6.3)

⇔ Fmax = wA

[
1− exp

(
gwithout
A

)]
for agent A and

(1− p)
1

∆t
ln

(
wB + F + rwA

wB

)
+ p

1

∆t
ln

(
wB + F − cwA

wB

)
︸ ︷︷ ︸

gwith
B

= 0︸︷︷︸
gwithout
B

(6.4)

1For stability reasons we restrict contracts to be formed by enforcing wB(t) ≥ cwA(t) to explicitly
ensure agent B can pay for the cost cwA(t) without defaulting. However, we note that this is not
strictly necessary but has no qualitative effect on the results.

2We note that the multiplicative structure of the simulations is not entirely realistic, and even within
the simulation, the wealth increments are not fully multiplicative because the transferred fee F is
an additive wealth change and depends on both wA and wB . However, these subtle distinctions are
outside the scope of this analysis and part of ongoing research.
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for agent B, where gwithout
B = 0 because without the insurance, only agent A experiences

any change during the observed time step. Equation (6.4) does not have a general closed-
form solution, but can be solved for p = 1/2. We therefore use this parameter value for
our simulation.3 For p = 1/2, we get that Fmax and Fmin are given by

Fmax = wA − (wA + rwA)
0.5(wA − cwA)

0.5 (6.5)

Fmin = −wB +
1

2

√
4w2

B + (c+ r)2w2
A +

(c− r)wA

2
.

For suitable wA and wB, Fmin < Fmax is fulfilled and therefore, an interval of fees F in
[Fmin, Fmax] exist for which insurance contracts are mutually beneficial for both agents.
For simplicity, choose then the midpoint fee F = 1

2(Fmin+Fmax) to sign the contract. As
shown in figure 3 of [33], the agents who sign contracts based on this criterion outperform
agents who do not (for example, expected value optimisers). Interestingly, the simulations
show how “large” agents, who act as the insurance company for all other agents, emerge.
However, if such an agent becomes “too large”, they lose the ability for other agents to
insure its large risk and thus, its growth rate declines until it is no longer larger than the
other agents.

6.3.2 Simulation on a Network

The model in [33] is deliberately simple but showcases two interesting findings: First,
all agents participating in the insurance contracts profit compared to the uninsured
agents. Second, even though the cooperation reduces the overall wealth inequality com-
pared to a model without insurance, it still endogenously creates large wealth differences,
leading to the emergence of a large insurance-company-like agent.
However, the well-mixed setup in which all agents can approach each other is only real-
istic for small systems. Therefore, we propose to perform the simulation on a lattice
and allow each agent to approach only its nearest neighbours to negotiate an insurance
contract. The lattice simulation allows us to investigate the spatial clustering of agents
based on relative wealth levels. We use a lattice coordination number of four and peri-
odic boundary conditions such that the first and last agents of each row and column are
treated as neighbours. Throughout the simulations, we use a square lattice with length
N = 64, i.e. N ×N = 212 agents and our code is available at [233].

3This is especially useful because numerical optimisation of equation (6.4) breaks down for sufficiently
small wealth levels.
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6.3.3 Clustering Evaluation Methods

The main difference between our model and the one presented in [33] is the spatial
constraint, which gives rise to the analysis of spatial clustering. We, however, first
investigate the temporal clustering and compare that to the temporal clustering from
the model in [33].

Temporal Clustering

To evaluate the temporal clustering of agents, i.e. whether the rich stay rich and
the poor stay poor, we use Spearman’s rank correlation. All agents are ordered in an
enumeration i = 1, . . . , N2, and we record their ranks ρi(tu) as the kth richest agent for
each time unit tu. Spearman’s rank correlation is now the regular Pearson’s correlation
between ρ(tu) and ρ(t′u). For each time lag ∆tu, multiple pairs tu − t′u = ∆tu exist, and
therefore, we calculate Spearman’s correlation for all pairs with a given time lag and
compute the mean and standard deviations for all of them. Interestingly, Spearman’s
correlation and Pearson’s correlation of the logarithmic wealth values show almost the
same results.

Spatial Clustering

A naive approach to evaluate the neighbourhood formation of the richest or poorest
quantile is formulated by defining a clustering coefficient κclust for each group as the
relative amount of agents in this group which have at least one neighbour from their
own group. For the definition of the groups via deciles and for a sufficiently large en-
semble N ≫ 1,4 the expected clustering coefficient for a purely random ensemble can be
calculated as

κrandomclust = 1− (1− 0.1)4 ≈ 0.34, (6.6)

and is the chance that none of the i.i.d. four neighbourhood sites is occupied by another
member from the in-group. Approximate confidence intervals of this quantity can be
calculated empirically by simulating a large number of random matrices and evaluating
their κclust.

An alternative way to evaluate the spatial clustering closer to the framework of Ising-
like models is to compute the spatial autocorrelation. To this end, the ensemble mat-

4With sufficiently large, we mean that when checking whether any of the four sites is occupied by
another member of the same decile, it can be modelled as sampling without replacement from a
group with a relative size of 1

10
. This holds if 0.1·N2−1

N2 ≈ 1
10

.
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rix is transformed into a binary matrix B with Bij = 1 if a member of the group
under consideration (i.e. the richest or poorest decile) is in the ith row of the jth

column and 0 otherwise. The autocorrelation matrix is then computed via the func-
tion scipy.signal.correlate2d [234] by correlating B with itself and using the settings
mode ="full", boundary = "wrap", fillvalue=0. This method computes the full discrete
linear cross-correlation of B with itself as a 2-dimensional array. For each offset (k, l), it
overlays the matrix B over itself with an offset of (k, l). The value of the (k, l)th entry of
the 2-dimensional correlation matrix is then the sum of the element-wise products which
can be positive or negative and can be normalised to lie between -1 and 1. Note that the
boundary condition boundary = "wrap" means that if the matrix shifted by (k, l) does
not fully lie on the original matrix, the original matrix is periodically extended with its
own entries.

6.4 Results: Typical Observations

In an initial run, we set the simulation time Tu = 200 and the risk parameters c = 0.6

and r = 1.4 with equal probability p = 0.5. These parameters are deliberately chosen,
such that for an agent without any insurance, this yields the interesting regime of

⟨w(t+ 1)⟩ = (1− c) + (1 + r)

2
w(t) = 1.4w(t) > w(t) (6.7)

w̄(t+ 1) =
√
(1− 0.6)(1 + 1.4)w(t) =

√
0.96w(t) < w(t), (6.8)

i.e. from the ensemble perspective, it is advantageous to keep the risk, but from the time
perspective, it is not. This also ensures that the trajectories do not decay too quickly to
zero because

√
0.96 ≲ 1, thereby guaranteeing numerical stability of the simulation. As

a general remark, the wealth distribution quickly develops a fat right tail which at least
superficially is reminiscent of a power law distribution similar to what is found in many
empirical wealth distributions.

6.4.1 Temporal Clustering

In figure 6.1, we show Spearman’s rank correlation, which reveals that even for large
time differences, there is a strong ranking correlation showcasing that there is a long
memory in the agents’ wealth ranking. This means that the general wealth ranking is
preserved for extended periods of time, i.e. that, for example rich agents stay rich for
long time intervals. This is similar to what is observed in [33] as shown for the mixed
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network in figure 6.1 and can be related to the well-documented poverty trap observed
in real societies [235, 236].
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Figure 6.1: Spearman’s rank correlation shows a highly significant correlation in the rank-
ing order of the agents’ wealth levels even after long time lags for both our
network model and the mixed model in [33]. The parameters used for this
simulation are Tu = 200, N = 64, c = 0.6 and r = 1.4.

6.4.2 Spatial Clustering

After Tu = 200 time units, we observe a notable pattern when plotting the spatial
distribution of the richest or poorest 10% of the agents in figure 6.2. Both deciles form
small clusters of neighbourhoods where they have mostly neighbours from within their
own group. Using the clustering coefficient defined in section 6.3, we find that in the
given parameter setting, both quantiles converge to the same level of clustering and far
exceed the expectation for random matrices, indicating that a significant level of cluster-
ing emerges from the system’s dynamics (figure 6.3 left panel). Note that even within a
neighbourhood, the wealth levels can still be heterogeneous and vary wildly, even though
they all fall in the same decile of the wealth distribution.

We further find that (after normalising the autocorrelation matrix with its maximum)
there are no noteworthy differences between the row-wise and column-wise autocorrel-
ation (corresponding to the x and y directions). Both directions for both the top and
bottom decile show a notably higher autocorrelation for the first nontrivial lag than the
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Figure 6.2: On the N ×N lattice grid, we highlight the richest 10% of agents (left panel)
and the poorest 10% of agents (middle panel) in our model. As a comparison,
we also show a purely random ensemble of agents (right panel) and highlight
its 10% richest agents. Our model shows a marked pattern of clustering into
neighbourhoods when compared to the random matrix. The parameters used
for this simulation were Tu = 200, N = 64, c = 0.6 and r = 1.4.

random matrix, thereby confirming the analysis of the clustering coefficients that rich
and poor neighbourhoods emerge in the system (figure 6.3 right panel).
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Figure 6.3: Left: Clustering coefficients of the richest and poorest deciles are far above
the expectation for random ensembles. While the clustering emerges faster
for the poorest than for the wealthiest decile, both seem to converge to similar
levels. The confidence interval for the null hypothesis that the geographical
distribution is purely random is calculated via eq. (6.6) and sampling ran-
dom matrices. Right: Autocorrelation function (ACF) for the wealthiest and
poorest deciles in x and y direction. Distance is taken in units of the agents’
positions on the lattice network. All show essentially the same behaviour and
a notably higher value at the first nontrivial distance than for the random
matrix. The parameters used for this simulation are Tu = 200, N = 64,
c = 0.6 and r = 1.4 for both graphs.
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6.5 Parameter Scan

To check if the clustering observed in the previous section is a general feature of the
model or an artefact of the specific parameter configuration, we perform a parameter
scan across the space of (r, c). For constant N = 64 and Tu = 200, we vary c across
0, 0.05, . . . , 0.95 and r across 0, 0.05, . . . , 2 and calculate the clustering coefficients for
each pairing. We show the results in the (r, c) phase space in figure 6.4. By repeating the
analysis with different values for Tu, we show that the qualitative behaviour is robust,
though with the clustering in both regimes slowly increasing with larger Tu.

For both the top and bottom decile, we find a gradual increase in clustering with c

and r (figure 6.4). However, for the bottom decile, we find a much more pronounced
behaviour with a well-defined region of high clustering in the centre of the phase space.
We explore this further in section 6.5.1, where we show that its borders (black lines on
right panel of figure 6.4) can be derived analytically and reflect the onset of degenerate
values for the fees Fmin /max.

To visualise how suddenly the clustering emerges, we scan through a slice of the phase
space at r = 0.5 by varying c and plot the autocorrelation function for the top and bottom
decile. Normalising the first nontrivial value of the ACF by its maximum AC1/AC0

reveals a well-defined maximum for the clustering of the bottom decile as shown in
figure 6.5. On the contrary, the top decile (see figure F.1 in the appendix) only has a
linear increase of AC1/AC0 with c without any indications of a discontinuity or maximum.
An exploration of the highly volatile regime in the top right corner of the phase space is
given in appendix F.2.
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Figure 6.4: For Tu = 200 and N = 64, c and r are varied and the clustering coefficients
for the top and bottom decile are recorded after the last iteration. Note
that c = r = 0.0 means the absence of gambling dynamics and, therefore,
shows no dynamical behaviour at all. The regime for high clustering of the
bottom decile has contours given by the black lines. These lines correspond
to the onset of degenerate regimes for Fmin /max and are derived analytically
as equations (6.9) and (6.10) in section 6.5.1.
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Figure 6.5: For constant r = 0.5, c is varied and the autocorrelation of the poorest decile
is plotted. The displayed ACFs are the mean values across the slices in the
x and y directions shown in the right part of figure 6.3. The inset depicts
the strength of the first nontrivial autocorrelation value AC1 normalised by
the maximum autocorrelation AC0 which reaches a well-defined maximum at
c = 0.4.

6.5.1 Degenerate Regimes

Insurance can be thought of as a special form of cooperation in the face of uncertainty.
The model described in [33, 211, 212] includes a stochastic risk which is entirely negative
(c > 0, r = 0), but the parameter scan in this chapter explores a more general setup,
where both c ≥ 0 and r ≥ 0 are varied. Hence, we also simulate regimes where the
gamble is actually favourable to agent A (r ≫ c ≳ 0). Though even in such a positive
regime, growth rate optimisation might incentivise an agent A to rather accept a determ-
inistic fixed payment instead of a fluctuating reward. Because this regime is reached by
simple parameter variation, it is not a qualitatively new model and can still be simulated
and analysed with the same methods as above. As these regimes describe a different
kind of cooperation in an uncertain environment than what we traditionally think of
as “insurance”, we decided to call this a degenerate regime to stress that the model has
adopted a new behaviour. The question arises; how does this situation with beneficial
risk parameters r ≫ c ≳ 0 affect the fees?
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The first degenerate regime is defined as Fmax < 0, i.e. the risk is so favourable for agent
A that they demand to receive money in exchange for giving away the risk. The border
of this regime can be derived from equation (6.5) and is given by

c = 1− 1

1 + r
. (6.9)

Setting the time average growth rate gwithout
A

!
= 0, i.e. having no time average growth

or decline for the individual, leads to the same condition for c. This degeneracy line is
shown as a solid black curve in the right panel of figure 6.4. Everything below this curve
results in Fmax < 0.

Similarly, from agent B’s perspective, the question becomes, when is Fmin < 0, i.e.
when is agent B willing to pay the agent A to take over the risk? While it may appear
strange that B should pay A to take over the risk, consider a situation in which A

holds a risky asset which might either default or dramatically increase its value. If
agent B can stomach the loss in case of a default without any problems, the potential
upside might be alluring enough to pay A in order to purchase this risky asset. Because
both agents’ wealth levels wA and wB are necessary to calculate Fmin in (6.5) and their
relative difference wA/wB can vary wildly, there exists no closed analytical solution to
this. However, in the case of wB ≫ wA we can rewrite (6.5) as

0
!
= Fmin = −wB +

1

2

√
4w2

B + (c+ r)2w2
A +

(c− r)wA

2
(6.10)

= −wB +
1

2
wB

√
4 + ϵ2 +

(c− r)wA

2

= −wB +
1

2
wB

(
2 +O

(
ϵ2
))

+
(c− r)wA

2

≈ (c− r)wA

2

⇒ c = r,

by setting ϵ = (c+r)wA

wB
≪ 1 and using first-order Taylor expansion.5 The condition c = r

is shown as a dashed line in the right panel of figure 6.4.
As seen in figure 6.4 (left panel), there is no immediate connection between the degeneracy
regimes and the clustering in the top decile. However, for the poorest decile (figure 6.4,

5Note that as discussed in [211], when wA/wB → 0, the time average of the risk approaches the expected
value from agent B’s perspective. This expression is therefore identical to using the expected value
operator.
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right panel), the degeneracy lines approximate the contours of the regime of high clus-
tering. Clustering into poor neighbourhoods, thus, happens if and only if c ≥ 1 − 1

1+r

((6.9)) and simultaneously r > c ((6.10) under the condition that wB ≫ wA).

6.6 Discussion

6.6.1 Summary

The model presented in this chapter is an extension of the agent-based model presented
in [33, 212]. We find that despite restricting the agents’ ability to make contracts to their
nearest neighbours on a spatially restricted grid, the overall conclusion from [33], i.e. that
insurance is advantageous in the long run for all agents, still holds. However, we find that
the general wealth ranking is preserved for shorter periods of time, indicating that not
having spatial constraints leads to what can be thought of as monopoly-like structures,
consistent with tendencies in society with increasingly global access through the internet.
We, though, highlight that the memory in the system with spatial constraints is still high,
which is consistent with the well-documented poverty trap observed in real societies [235,
236]. We further find that this restriction leads to a rich phenomenology of spatial cluster
formations, again similar to what we see in the real world. While the clustering of the
wealthiest agents increases continuously for larger parameters r and c, we find that the
poorest agents only exhibit high clustering for particular combinations of (r, c) and that
this regime can be approximated by the degeneracy lines.

6.6.2 Model Relevance

While including spatial constraints to the insurance model presented in [33] is an
attempt to explore a more realistic system, we recognise that the system is still a very
simplified representation of the world. Although this would be closer to reality, we
have decided not to include specific insurance companies rather than having the insurer
simply be another agent in the system. However, this is an unnecessary restriction to
the model: Even if a large insurance company exist, one still has to rely either on the
non-satisfactory solutions discussed earlier or on the time solution provided here to solve
the insurance paradox. As the argument often is that such an insurance company can
offer contracts as expected value (either through having such high wealth that the time
average of the risk approaches the expected value or through having access to the actual
ensemble), cooperation through insurance would only be stronger than what we present.
We, therefore, see our model as more general.
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Within the broader scope of this thesis, it is interesting to think about which time
scale this model’s dynamics correspond to. Considering that this model describes the
emergence of cooperation clusters between agents in fixed positions from isolated origins,
it might make sense to interpret each agent as an early settlement at the onset of the
agricultural revolution. Then, the passing of one time unit as a period of uncertain
reward or risk can be interpreted as a harvest cycle which means that its time scale is
on the order of one year.

6.6.3 Relation to Classical Cooperation

This type of insurance can be considered a restricted form of cooperation. Although
the setup on the lattice network restricts the agents in our model, the cooperation is still
beneficial for them, which is in line with previous findings. Studies on evolutionary game
theory have shown that cooperative strategies can become dominant over the defectors’
strategy purely due to the effect of fluctuations on the reward [237, 238]. This has also
been studied within the time average framework, where cooperation is similarly found to
be stable, i.e. defecting is not advantageous [239], which has been backed by empirical
research [240, 241, 242]. An important note, however, on the pure form of cooperation
in these studies is that trust does play a role. Despite the fact that full cooperation is
mathematically stable and defecting can be shown not to be advantageous, this is only
true in the long run; if you give a large part of your wealth to someone in an attempt to
cooperate and they decide to defect, it is, of course, not advantageous for you.
This is not a consideration in our model, as both agents improve their growth rate in
every time step when they sign a contract and therefore need not worry about what the
other agent does in the future: taking the deal is good regardless. Whether there is a
path from non-cooperation through insurance-like cooperation to full cooperation is the
subject of ongoing research.

6.6.4 Spatial Clustering

The main feature of this model compared to [33] is the study of spatial cluster forma-
tions. Whenever the volatility (i.e. the variation in the gamble’s payoff) is high enough,
the top decile of agents tends to cluster into neighbourhoods while the bottom decile
displays a similar behaviour in a specific parameter regime. This regime is bound by the
degeneracy lines which will be further discussed in section 6.6.6 and is characterised by
Fmax > 0 > Fmin for wA ≪ wB. B is willing to transfer wealth to A in order to obtain
the fluctuating payoff and A gladly accepts this as A would actually be willing to pay
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money in order to get rid of the varying risk. However, this only holds for wA ≪ wB and
if A is in a poor neighbourhood without such rich neighbours, it has no chance to profit
from the beneficial cash transfer that a rich agent would offer and A will remain as poor
as its neighbourhood. Further discussion on the validity of this regime is in section 6.6.6.
The emergence of rich and poor neighbourhoods might superficially resemble kin selec-
tion [243]. However, such a mechanism is not present in our model’s algorithm. Instead,
the clustering emerges endogenously: Rich agents do not choose to connect with other
rich agents but rather become and stay rich because there are other rich agents in their
neighbourhoods. Indeed, the original model already shows that a rich agent eventually
collapses if no other agent is rich enough to insure their risk [33, 212, 244]. Hence, with
our spatial constraint and whenever the volatility is high enough, only agents with other
rich neighbours have a chance to stay rich in the long run. This phenomenon might
be interpreted as a special case of network reciprocity described by Nowak [243] and is
not restricted to a narrow regime in the phase space, but a general feature that emerges
whenever the volatility (quantified by c and r) is high.

6.6.5 Persistent Inequality

Real economies have a strong memory effect, i.e. rich people tend to stay rich and
poor people tend to stay poor and remain in the so-called poverty trap. The well-
mixed and network model both have such memory effects as shown in figure 6.1. We
find that the inequality memory quantified via the Spearman correlation is higher in
the well-mixed model from [33] than in the spatially constrained network model. This
is an interesting finding when we compare it to the two theories for the emergence of
poverty traps discussed in [235]: scarcity-driven and friction-driven. The scarcity-driven
poverty traps describe a different behaviour of agents under the pressure of extreme
scarcity, whereas the friction-driven poverty traps describe situations in which market
inefficiencies or different initial conditions lead agents with identical decision criteria to
different wealth trajectories.
Interestingly, our findings seem to contradict the friction-driven theory of poverty traps:
Including spatial constraints clearly a market inefficiency, but we find that the inequality
persistence of the system is greater without it. We suspect that this can be explained
by monopoly-like structures which emerge in the well-mixed system but are not possible
with the spatial constraint. Note that in both our and the well-mixed system, there
are no inefficiencies in forming contracts (such as administration costs), nor any agents
acting in bad faith (such as agents demanding higher prices than based on their own
assessment), which might change these results.
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6.6.6 Generalising the Original Model Gives Rise to Negative Fees

Another extension of [33] is to include a positive outcome of the gamble with reward
r > 0 in addition to the harmful cost c. We show that this can lead to regimes where it
might be mutually beneficial to have F ≤ 0, i.e. the “insurer” pays an amount to take
over the risk. The phase space spanned by the two parameters (r, c) in figure 6.4 shows
that the bottom quantile’s clustering corresponds to the two degeneracy lines (6.9) and
(6.10) derived in section 6.5.1. Equation (6.9) marks the regime at which Fmax < 0 and
the time average growth rate of the gamble becomes neutral, while (6.10) indicates the
regime where the ensemble average becomes neutral and, under the condition wA ≪ wB,
Fmin can become negative. It might be tempting to dismiss the regimes with negative
fees as beyond the scope of an insurance model. However, insurance is just a special
case of cooperation in the face of uncertainty and, as will be discussed at the end of this
section, this degenerate regime can be interpreted as a relationship between employee A

and employer B. Our analysis shows that there are no qualitative differences or irregu-
larities in the model behaviour in the different regimes:

First, the condition Fmin < Fmax is still a meaningful model of reality. Consider
Fmin < 0 < Fmax as discussed above. The negative Fmin < 0 of agent B means that they
want to acquire the risk, while the positive Fmax > 0 of agent A means that they want to
get rid of it. In this scenario, e.g. a transfer at F = 0 (fulfilling Fmin < F = 0 < Fmax)
is beneficial for both of them. Alternatively, if both Fmin < Fmax < 0, then one
can more easily understand the setup by reversing the signs and considering the price
PB = −Fmin that agent B is willing to pay and PA = −Fmax that agent A demands. Now,
0 < PA < PB and agent B is willing to match agent A’s demanded price. The interested
reader can play around with the parameters for Fmin < 0 < Fmax and Fmin < Fmax < 0

to verify that the condition Fmin < Fmax still yields sensible results.

Second, the regime of high clustering is characterised by Fmax > 0 and the possibility
that Fmin < 0 if wA ≪ wB, i.e. if B is much wealthier than A, it will consider the gamble
(whose reward and cost are relative to A’s wealth) so advantageous that B offers A money
(Fmin < 0) to reap the potential rewards. At the same time, the risk c is so large relative
to A’s wealth that A is willing to pay money in order to get rid of the risk. This is just
a more extreme version of the risk assessment 0 < Fmin < Fmax in the non-degenerate
regime and illustrates that purely by considering time averages, the agents can come to
mutually beneficial deals without assuming the existence of any subjective utility func-
tions or subjective risk assessment [211]. Both agents operate under the same rules, but
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the time average considerations lead them to different risk assessments based on their
individual wealth wA/B whereas expected value theory would fail to explain this scenario.

Third, if Fmin < Fmax < 0, one can rethink this setup as modelling employment rather
than insurance contracts. While insurances are used to replace A’s overall detrimental
risk with a fixed payment from A to B, one can think about employment in similar
terms. Now, A can either work as a self-sustained freelancer and, while being mostly
profitable, will have varying success. Or A can be hired by another agent B and give
B the (varying) rewards of its work while, in return, getting a fixed income (a negative
fee F < 0 corresponds to A getting −F from B). This regime is considered in more
detail in [245] but arises naturally from our model’s parameter scan as another regime
of cooperation in the face of uncertainty.

6.6.7 Further Work

We consider this a first attempt to generalise the model presented in [33]. First, we find
qualitatively similar results on the benefits in the long run of evaluating the risk using
time average growth rates, which leaves the question of whether any non-trivial network
structures may lead to qualitatively different results. Second, our spatial constraint
reveals a decreased memory in wealth ranking. The question now is: How much does the
temporal autocorrelation change if the neighbourhood of the agents is expanded or if the
network structure is changed? And are there any configurations that lead to qualitatively
different results? Finally, we recognise that consumption is an important feature in real
systems [246]. This leads to the possibility of bankruptcy, which in this model is equal
to being erased from the system, but we are not aware of any solutions for dealing with
such a problem.
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Part IV

Data-Driven Insights into
Pre-Modern Societies
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Cliodynamics is the study of the emergence, long-term development and dissolution
of large groups of humans via quantitative methods [47]. The notion that statistical
patterns might predict the behaviour of such systems had been discussed by historians
[247] and in science fiction literature [248] alike, but only recent access to large data-
bases and modern statistical methods has allowed this research field to flourish. The
demographic fiscal model was one of the first major results of this research and it derives
coupled differential equations for the population density N and resources S of a state
with carrying capacity k(S) to describe the emergence and collapse of historical empires
and to replicate historical population data [48, 249].
Particularly the Seshat databank has sparked numerous new directions of cliodynamics
research [250]. Seshat contains historical records of more than 500 historical polities
spread across over 30 geographical areas and covering several millennia. Archaeologists,
historians and other scholars collaborate to quantify continuous variables like the pop-
ulation of the largest settlement or the degree of literacy and ordinal variables like the
development of a monetary system (e.g. trading goods, using a natural resource like
cowrie shells or gold as currency or even adopting paper money) or the diversification
and specialisation of social roles (e.g. one person is simultaneously king, high priest and
military commander or these rules are given to different people). Due to the scarcity
of accurate data, proxy measurements often have to be derived from academic sources
and statistical techniques are often necessary, e.g. to aggregate disagreeing expert assess-
ments or to impute missing data [251]. The databank is constantly updated to account
for new research and to expand its geographic scope [252]. More details on the databank
will be given in the following chapters and in appendix G.3. Seshat allows researchers
to quantitatively analyse the emergence of complex social systems [50, 253] or to test
causal hypotheses about the drivers of socio-economic complexity [52, 254] and the field
of cliodynamics still benefits from an interplay between domain expertise, data science
and insights from complex systems research [53, 54]. Recently, new efforts have been
undertaken to represent the spatio-temporal data from Seshat as structured geographic
information [255], but new analyses and results based on this data are still pending.
The Seshat project seeks to record the state-of-the-art knowledge about past societies,
but several possible challenges arise in the collection and assessment of historical data.
One of them is that short-lived polities with a small geographic scope of action might
simply not appear in the data records. This constitutes a survivorship bias and will be
analysed in chapter 7. Afterwards, a characteristic time scale for the growth of socio-
economic complexity is derived in chapter 8.
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7 A Bayesian Approach to Survivorship
Bias in Historical Data Analysis

“As we know, there are known knowns; there are things we know we know.
We also know there are known unknowns; that is to say we know there are
some things we do not know. But there are also unknown unknowns—the
ones we don’t know we don’t know. And if one looks throughout the history
of our country and other free countries, it is the latter category that tends to
be the difficult ones.”

— Donald Rumsfeld, US DoD news briefing

Abstract Datasets such as Seshat have allowed researchers to quantitatively test hypo-
theses about premodern societies and states with great success. Nevertheless, one has to
consider potential sources of bias in the data such as a survivorship bias favouring the
inclusion of long-lived over short-lived states. If we are not aware that some instances
are missing in our sample because of a systematic bias, we might draw wrong conclu-
sions. Bayesian methods can be used to complement standard modelling procedures to
take this issue into account as is demonstrated by analysing the longevity distribution of
premodern states.

This chapter is based on Tobias Wand, Cliodynamics 15, pp. 99-106 (2024) [256]. Figure 7.1 is taken

from [256] and was created by Tobias Wand.
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7.1 Introduction

Cliodynamics has paved the way for the scientific analysis of human societies on long
time scales via modelling and comparison to empirical data [48]. Complemented by the
efforts of the Seshat databank [49], this methodology allows for detailed quantitative
analyses of how the sampled states and societies developed [50, 253]. In a recent article,
Scheffer et al. have used the Seshat data in combination with their own Moros data-
base to analyse the longevity of historical states by modelling the states’ vulnerability
or resilience against existential threats [257]. They conclude that the resilience of states
decreases during their first 200 years of existence until it reaches a plateau. Efforts are
currently underway to find a microscopic model that can reproduce such behaviour [54].
However, the data gathering might suggest an alternative explanation: What if the states
that collapsed within their first 200 years simply did not leave enough traces behind to
be included in the dataset, i.e. what if a survivorship bias makes us believe that young
states were more resilient than older states? As an example, the present chapter explores
this possibility for the resilience analysis of Scheffer et al., but its main idea should be
kept in mind whenever historical data is analysed.

7.2 Modelling the Data

7.2.1 Resilience Analysis by Scheffer et al.

The resilience of a system can be defined as its tendency to return to its original
state after a shock whereas vulnerability describes conversely the inability to restore the
original state [257]. These concepts are strongly connected to the stability of fixed points
in section 2.1 and chapter 3. Observing historical societies as the systems of interest,
one can use their longevity distribution as a measure of how resilient they have been
because a non-resilient state would collapse after it faces the first major crisis. Results
from complexity science show that if the resilience of a state is constant throughout
its lifetime, the resulting ensemble of recorded life times will resemble an exponential
survival distribution

fs(t) = exp (−λst) . (7.1)

Comparing this to empirical data, it is shown that the naive fs overpredicts the number
of states that should have collapsed at a fairly young age whereas the Seshat and Moros
data have a well-defined maximum in their historgram distribution at around 200 years.
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Hence, Scheffer et al. develop the Saturating Risk model which assumes that the resili-
ence is high for young states (i.e. just very few of them collapse) and decreases towards
a constant plateau after about 200 years. Compared to other alternative mechanisms
that lead to different survival functions, Scheffer et al. show that the Saturating Risk
model has the best fit to the data by using the AIC model selection criterion from equa-
tion (2.13) where a lower AIC indicates a better fit [66].

7.2.2 Bayesian Modelling of Survivorship Bias

What if the amount of states which died young is not overestimated by the naive model
but rather undersampled by the data gathering? If a premodern state collapsed within
the first few years after its foundation, it may well have left so few artefacts behind that
archeologists have not been able to recover any traces of its existence, thereby causing
this state to be lost to time. Additionally, short-lived sociopolitical structures may have
been classified as revolutionary periods or uprisings rather than full-fledged states (e.g.
the eleven years of the republican Commonwealth of England). And because the Seshat
data was mostly sampled at a frequency of 100 years, short-lived states which did not
overlap with the turn of a century either must be deliberately included by researchers or
simply fall by the wayside. These mechanisms could be responsible for an undersampling
of such states and therefore reflect a survivorship bias in databanks like Seshat or Moros.

Such concerns can be taken into account by using Bayesian statistics and incorporating
these beliefs into a prior distribution [55]. As a simple example, the chance of a political
formation with age t to be considered a state by researchers and included in the data
may be modelled naively by an exponential discovery rate via the prior distribution

fp(t) = 1− exp(−λpt). (7.2)

Hence, young states with age close to zero have a very low chance to be included in
the datasets whereas long-lived states converge to a probability 1 to almost surely be
included. Assuming that the states now follow the naive longevity distribution for con-
stant resilience (irrespective of whether they have been discovered by researchers or not),
the observed longevity distribution is proportional to the product of these equations

fB(t) ∼ fp(t)fs(t) = exp(−λst)− exp(−(λp + λs)t) (7.3)
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Figure 7.1: Scheffer et al.’s Saturating Risk model is compared to the Bayesian model
fB for the Moros (left) and Seshat (right) data. The ∆AIC indicates how
much better Scheffer et al.’s model is compared to the two-stage Bayesian
model. The Bayesian prior fp and the naive survivorship function fs are also
depicted.

according to the Bayesian methodology. Note that because the prior distribution for the
discovery rate converges to 1, fp cannot be normalised, but the posterior distribution
fB can be normalised as a probability density. One could formally solve the problem
of
∫∞
0 fp(t)dt = ∞ by replacing the infinite upper limit of the integral with the highest

possible age of states τ , e.g. as the time since human settlements and agriculture were
first established. Nevertheless, the normalisation constant is an irrelevant scaling factor
for the problem presented here.

By using the likelihood optimisation scheme from [257] and implementing it via the
function optimize.minimize from scipy [234], the Seshat and Moros data is fitted to the
Bayesian model in equation (7.3). The results in figure 7.1 show that this model captures
the general trend of the data extremely well. The AIC is used to evaluate its goodness
of fit as in [257] by comparing the differences in AIC

∆AIC = AICB − AICSR (7.4)

between the Bayesian and the Saturating Risk model. More information about the
interpretation of ∆AIC and characteristic threshold values can be found in [67].
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For the Moros data, the Bayesian model is essentially as accurate as the Saturating
Risk model because the ∆AIC ≈ 1.1 is negligibly small. For the Seshat sample, ∆AIC
is slightly larger, but the model is still reasonably accurate as discussed in [67]. Hence,
even though both datasets are fitted slightly better by the Saturating Risk model, the
Bayesian model is essentially an equally good description within the fluctuation expected
by statistical noise. Because both compared models have the same number of parameters,
likelihood-ratio tests and ∆AIC evaluation imply the same results. Note that for short
and high longevity, fp(t) and fs(t) approximate their respective tail of the data.

7.3 Discussion

While this brief study is by no means exhaustive, it indicates that the Bayesian model
is at least viable for the Moros data and perhaps, if coupled with a more refined sur-
vival function from [257], could also become viable for the Seshat data and even surpass
the accuracy of the Saturating Risk model. The exact form of the prior distribution
could certainly be varied, too. Considering that a long-lasting state did not only have
more time to produce its own set of archeological records, but also to be mentioned
in contemporary sources from other geographic areas, it might be reasonable to use a
super-exponential discovery rate instead. Fine-tuning the Bayesian estimation might be
an interesting endeavour, but is ultimately beyond the scope of this chapter as our in-
tention is to merely illustrate the potential effects of survivorship bias with an example
from recent research. This chapter is not supposed to falsify the findings in [257], but
rather to highlight issues that need to be considered during the analysis of historical data
and offer the first attempt at a solution. Note that the problem of survivorship bias not
only appears in historical data like the Sehsat databank, but also in more modern data
as discussed in chapter 4 for the survivorship bias in financial correlation matrix analyses
which tend to disregard companies that went bankrupt during the time period of interest.

The product in the Bayesian model equation (7.3) might superficially resemble the
product of hazard function h and survival function S in [257], but there is an important
difference in the methodologies behind these approaches. In [257], both factors of the
product stem from the same underlying process and are therefore not independent of each
other. Moreover, the analysis assumes that the maximum of the longevity distribution is
caused by a decrease in resilience and therefore originates from the underlying dynamics.
On the contrary, the Bayesian approach of this chapter highlights potential problems
with the data gathering as the source of this feature in the observed distribution.
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Of course, Scheffer et al. were aware of the imperfections found in historical datasets
such as Seshat and Moros. They described some of these issues in their Supplementary
Information to [257] and listed some problematic sources and polities. Moreover, they
explicitly stated that their polity selection “does pose a bias against areas with less well
documented states”, thereby motivating the present study. Hence, it seems natural to
posit an alternative model that takes into account the probability of a given polity to
actually be considered as a state and to be included in the datasets via a Bayesian prior
distribution in order to account for this potential source of bias. Additionally, because
historical polities often had less direct control over their territories than modern states
and often originated as a subpolity of a larger empire, it is challenging to assign a clear
beginning and end to their lifetime, which is reflected by the efforts to construct the
CrisisDB database within the Seshat project [258, 259, 260]. “Crafting better databases”
is included in the research agenda in [257] to alleviate the issues presented here, but if the
accuracy of such datasets is nevertheless limited by the sparsity of archaeological records,
Bayesian methods might provide a suitable alternative to incorporate the underlying
uncertainty.
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8 The Characteristic Time Scale of
Cultural Evolution

“History doesn’t repeat itself, but it often rhymes.”

— attributed to Mark Twain

Abstract Numerous researchers from various disciplines have explored commonalities
and divergences in the evolution of complex social formations. Here, we explore whether
there is a characteristic time-course for the evolution of social complexity in a handful
of different geographic areas. Data from the Seshat: Global History Databank is shifted
so that the overlapping time series can be fitted to a single logistic regression model for
all 23 geographic areas under consideration. The resulting regression shows convincing
out-of-sample predictions and its period of extensive growth in social complexity can
be identified via bootstrapping as a time interval of roughly 2500 years. To analyse
the endogenous growth of social complexity, each time series is restricted to a central
time interval without major disruptions in cultural or institutional continuity and both
approaches result in a similar logistic regression curve. Our results suggest that these
different areas have indeed experienced a similar course in the their evolution of social
complexity, but that this is a lengthy process involving both internal developments and
external influences.

This chapter and the associated appendix G are based on Tobias Wand and Daniel Hoyer, PNAS Nexus,

Volume 3, Issue 2, pgae009 (2024) [174]. Tobias Wand and Daniel Hoyer conceptualised the project.

Tobias Wand wrote the code to analyse the data and carried out the research. Daniel Hoyer curated the

data and supervised the project. All figures in this chapter and appendix G are taken from [174] and

were created by Tobias Wand.
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8.1 Introduction

8.1.1 Motivation to Find Characteristic Time Scales

Researchers from various disciplines have analysed commonalities and divergences in
the evolution of complex social systems [48, 50, 253, 254, 261, 262, 263]. The recent
emergence of cliodynamics as a discipline has started the analysis of the dynamics of
human societies and states with data-driven scrutiny and modelling approaches from
natural sciences [47, 264]. Previous work established that a common set of factors asso-
ciated with complex social formations typically moved in tandem across a wide variety of
regions and time-periods; factors such as social scale, the use of informational media, ad-
ministrative hierarchies, monetary instruments, and others [50]. These were interpreted
as comprising the primary dimension of what could be called “social complexity” across
cultures, though other dimensions can be adduced as well [253].

Various studies have already discussed or tried to identify the causal drivers of cul-
tural evolution and evaluated the evidence for different theories of why cultures become
more complex [254, 265, 266, 267, 268]. Beyond the causal similarities behind cultural
evolution across cultures, researchers have also found evidence for temporal similarities
and seemingly parallel time scales in the dynamics of various social structures. For ex-
ample, models for societal collapse have been derived from demographic and fiscal data
that show characteristic oscillation periods of a few centuries and a fine structure with
a faster periodicity of approximately two human generations [48]. Other theories sug-
gest that cultural evolution leads to the emergence of similar political institutions and
schools of thought at roughly identical time intervals across different geographic regions
[247, 269, 270]. Another recent study has evaluated the connection between the first
emergence of complex societies in different world regions and the age of widespread re-
liance on agriculture in these areas [271], supporting the theory that agriculture is a
necessary condition for the evolution of complex societies. While the time lag between
the primary reliance on agriculture and the emergence of states was found to decrease
over time, an average time lag of roughly 3,400 years for pristine states suggested the
existence of a characteristic time scale, though this was not the explicit focus of that
study. Similarly, the study on causal drivers in [254] also found that the time since the
adoption of agriculture had a statistically significant effect as a linear predictor variable
(called AgriLag) for socio-political complexity, providing additional evidence for tem-
poral regularities in the growth of complexity across different cultures and civilisations.
Finally, using the same data as this chapter (cf. section 8.1.2), it was possible to identify
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periods of cultural macroevolution with either slow or rapid change in social complexity
[263].

Nevertheless, as yet there is no consensus on whether there is a “typical” time scale
for socio-political development cross-culturally, let alone what that time-course might
be. Such characteristic time scales of dynamic systems are, however, well documented
in different areas of the natural sciences such as physics and chemistry [272, 273]. Dif-
ferentiating between fast and slow time scales in a dynamical system can lead to useful
insights and can inform modelling assumptions for data analysis [122, 274]. In particu-
lar, Haken’s theory of the “enslaving principle” [21], according to which the dynamics of
fast-relaxing modes are dominated (enslaved) by the behaviour of slowly relaxing modes
in a dynamical system, pioneered the research on how dynamics on different time scales
influence each other in the same observed system. The existence of temporal regularities
among societal dynamics would suggest that cultural evolution not only occurs in similar
developmental stages across geographic regions and time periods, but also in similar time
intervals. This would add an important dimension to our understanding of how complex
social formations evolve, and raise a number of critical questions about what drives these
cross-cultural patterns.

Here, we adapt some of the methods employed in the natural sciences in an attempt
to identify characteristic time scales in the evolution of complex societies. We utilise
data collected by the Seshat: Global History Databank [49, 250, 251], a large repository
of information about the dynamics of social complexity across world regions from the
Neolithic to the early modern period [275]. We find that, despite significant differences in
the timing and intensity of major increases in social complexity reached by polities across
the Seshat sample, there is a typical, quantitatively identifiable time course recognisable
in the data. This result is robust to a variety of checks and covers polities from all
major world regions and across thousands of years of history. Our findings offer a novel
contribution to the study of cultural evolution, indicating the existence of a general, cross-
cultural pattern in both the scale as well as the pace of social complexity development.

8.1.2 Seshat Databank

The Seeshat databank includes systematically coded information on over 35 natrural
geographic areas (NGAs) and over 200 variables across up to 10,000 years in time steps
of 100 years ([49, 275]. During the time interval captured by the Seshat databank, these
NGAs are occupied by over 370 different identifiable polities, defined as an “independent
political unit”. This sample is constructed by identifying all known polities that occu-
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pied part or all of each NGA over time (see [49, 250, 251] for details). The recorded
variables are aggregated into nine complexity characteristics (CCs) and a principal com-
ponent analysis shows that 77% of the variation in the data can be explained by the
first principal component (SPC1), which has almost equal contributions from all nine
CCs [50]. In the case of missing data or expert disagreement in [50], multiple imputation
[276] was used to create several datasets with the differently imputed values which were
aggregated into the principle component analysis. The NGAs in the Seshat data cover
a wide geographical range and different levels of social complexity, though it is import-
ant to note that the Seshat sample is focused largely (but not exclusively) on relatively
complex, sedentary societies. Data on the CCs is sampled at century intervals, giving
a time series of each polity’s estimated social complexity measure throughout its duration.

Seshat data has allowed researchers to quantitatively test hypotheses on cultural evol-
ution such as identifying drivers of social complexity and predictors of change in military
technology, for example gauging the effect of moralising religions on cultural evolution
or predicting historical grain yields [51, 254, 277, 278]. Further analysis of the Seshat
data includes a discussion of ideas from biological evolutionary theory with respect to the
tempo of cultural macroevolution, defined as “rates of change, including their acceleration
and deceleration”, concluding that “cultural macroevolution is characterized by periods
of apparent stasis interspersed by rapid change” [263]. These results strongly relate to
the question of the present chapter, whether there is some generality in the time scale of
cultural evolution in the Seshat data.

8.1.3 Data on Culture/Polity Boundaries and Duration

Each NGA’s time series can contain data about very different polities that succeeded
each other. Sometimes, a gradual and continuous change between the polities justifies
treating predecessor and successor polities as closely related; for instance, in the Latium
NGA (modern-day central Italy), Seshat records three separate polities for the Roman
Republic, indicating the Early, Middle, and Late phases. These phases are culturally and
(to a signfiicant degree) institutionally continuous and can therefore be treated as a single
polity-sequence. In other cases, there may have been an invasion or mass migration as a
clear breakpoint between the two polity’s continuity; for instance, between the Ptolemaic
Kingdom and Roman Principate polities in the Upper Egypt NGA. Data from [275] and
other information recorded in the Seshat sample, notably information on the relationship
between polities, is here used to establish a list of continuous polities. The continuity
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is evaluated either as cultural continuity or as political-institutional continuity and our
cutout data for both approaches is published on [279].

8.1.4 Organisation of this Chapter

The mathematical methods and technical details of the logistic regression analysis are
discussed in section 8.2. Section 8.3 explains how we transformed the time series data on
each NGA in the Seshat sample to establish a common reference point to investigate the
time course of changes in social complexity across NGAs. In short, we shift each NGA’s
time series with respect to a single anchor time such that the transformed time variable
RelTime shows major overlap between the RelTime-vs-SPC1-curves of all NGAs. Ex-
ploratory data analysis for the whole dataset reveals that there is a logistic relationship
between RelTime and the SPC1 response variable. Section 8.4 identifies the time scale of
growth from the lower to the upper plateau of the logistic curve via bootstrapping. The
logistic curve is compared to a regression using only either the culturally or institution-
ally continuous time series and moreover, the duration of the continuous time series is
compared to the estimated characteristic time scale. Finally, the results of the analyses
are summarised and discussed in section 8.5. Appendix G gives more details on the data
used for this analysis.

8.2 Methods and Technical Details

8.2.1 Logistic Regression Curve

Logistic regression is used to model time series data which is mostly distributed at
two plateaus with a transitory area between them [280]. It is based on the characteristic
sigmoid curve of the logistic growth model described in [281], which models an exponential
growth process constrained by a carrying capacity. The logistic curve has the functional
form f with an asymptotic behaviour

f(x) =
a

1 + exp(−c(x− d))
+ b, f(−∞) = b and f(∞) = a+ b. (8.1)

Often, data is scaled such that b = 0 and a = 1, i.e. an asymptotic behaviour between
two binary plateaus at height 0 and 1. To analyse the accuracy of the logistic regression
curve, the methods from chapter 2.2.2 are used, namely the KDE, the RMSE, the ρ2

coefficient and bootstrapping. For the KDE, the Gaussian density is used as the kernel
via scipy.stats.gaussian_kde [234].

138



8.2.2 Direction Reversal

Estimating the coefficients (a, b, c, d) can lead to numerical instabilities because it is
possible to transform a logistic curve with c > 0 to an equivalent equation f̂ with c < 0.
For example, consider a = 1, b = 0, c = 1 and d = 0, then

f(x) =
1

1 + exp(−x)
=

exp(x)

exp(x) + 1
=

exp(x) + 1− 1

exp(x) + 1
= 1 +

−1

1 + exp(x)
. (8.2)

The last reformulation of f can now be parametrised via â = −1, b̂ = 1, ĉ = −1 and d̂ = 0.
This ambiguity can lead to the regression algorithm yielding positive and negative results
for c during multiple runs. It can be prevented by setting an initial parameter guess with
c > 0, which locks the algorithm into positive values for c.

8.3 Data Transformation and Exploratory Analyses

First, all raw SPC1 time series are rescaled via a min-max scaling, i.e.

SPC1 =
SPC1raw −min(SPC1raw)

max(SPC1raw)−min(SPC1raw)
. (8.3)

This has the advantage of making the interpretation of high and low SPC1 values
much easier as high/low correspond to close to 1 or close to 0, respectively. It also makes
the parametrisation of a logistic curve easier by restricting the observed data to a range
between 0 and 1.

8.3.1 Anchor Time

Considering that most NGAs have an SPC1 time series that starts at a low value
barely above 0 and ends at a high value close to 1, a logistic regression model seems like
a reasonable suggestion for the data. Although all NGAs experience a growth in SPC1
over time, they start at very different calendar years. Therefore, it is necessary to shift
the time series via an anchor time so that in the new “relative” time, the growth phase
in each NGA’s time series coincide. Then, one logistic regression from equation (8.1) can
be used for all shifted time series. Hence, each NGA i needs an anchor time T

(i)
a so that

if all time series are shifted by −T
(i)
a , they roughly overlap. The shifted time series of

the NGAs and the logistic fit are shown in the main part of figure 8.1.
The anchor time can be chosen as the year during which the NGA i’s SPC1 value

crosses a threshold value. It has already been shown that there is a clear threshold
SPC10 between high and low values of SPC1 in the data, which was used to define the
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Figure 8.1: Main figure: Time series of RelTime vs. SPC1 for all 23 NGAs that cross SPC10 and the
logistic regression. Marked in red is the area of growth between the two plateaus of the curve
as identified in section 8.4. The various time series are shown in appendix G.2 in multiple
plots to make the identification easier. Insets: a) distribution of SPC1 for all 35 NGAs, the
associated KDE (red) and the threshold SPC10 (vertical); b) residuals of the logistic regression.

RelTime variable in [277]. A similar methodology was also used in [52], but there, the
authors used the emergence of a moralising religious belief as the “year zero” to shift each
NGA’s time series. Copying the procedure from [277] to get the RelTime variable, SPC10

is chosen as the minimum between the two maxima in the kernel density estimation
(KDE; explained in 2.2.2) of the SPC1 values (figure 8.1, inset a). The anchor time T

(i)
a

is then selected as the first recorded data point when the NGA i exceeds SPC10. An
illustration of the anchor time shift is provided in the appendix G.1. Thus, the 12 NGAs
that never exceed SPC10 are discarded from this analysis. On the one hand, this is not
too problematic because their limited growth in SPC1 means that they would have only
contributed little information to the estimation of SPC1’s characteristic growth time,
but on the other hand, chapter 7 has highlighted the problems that can arise from this.
Moreover, this discards all NGAs from the world region Oceania-Australia in the Seshat
sample, meaning that it might introduce a geographical bias. We discuss this and other
possible limitations of the approach further in section 8.5 below.

8.3.2 Logistic Regression

The RelTime-vs-SPC1 data is fitted to a logistic regression curve like equation (8.1)
via the optimisation algorithm scipy.optimize.curve_fit from [234]. The quality of the
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regression curve is evaluated with the methods from 2.2.2. With the exception of a
few outlier observations occurring in several of the NGAs, all time series qualitatively
agree with the regression curve fairly well. Also, the majority of the residuals shown in
figure 8.1 (inset b) are distributed roughly symmetrically in a neighbourhood of zero.
The distribution of the residuals and the rather low value of the root-mean-square-error
RMSE ≈ 0.11 both indicate that the logistic regression is a suitable model for the shifted
SPC1 data.
To further increase our trust in the quality of the regression, it is evaluated via the
coefficient of determination ρ2 in an out-of-sample prediction. The data is split randomly
into equally sized training and testing data and a logistic regression curve fi is estimated
by only using the training data. Then, fi is used to predict the values for the test data
and the prediction is evaluated via the ρ2 metric in 2.2.2. The random training-test-split
is repeated i = 1, . . . , 100 times, each time using the estimated parameters from the full
time series as initial values, and the resulting ρ2 values have an average of ρ2 = 0.81±0.01

far above 0 and therefore further strengthens our trust in the logistic model.

8.4 Analysis of Time Scales

8.4.1 Finding a Characteristic Time Scale

Having established that the data can be accurately captured by a logistic curve, we can
investigate our research question; namely, how many years did it typically take in these
different regions to transition from a polity with low SPC1 to one with high SPC1? Or
to reformulate the question: when does the curve leave the low plateau and when does it
reach the high plateau? We attempt to answer these questions by estimating the heights
of the plateaus and their respective uncertainties and by checking when the regression
curve crosses these thresholds.
1000 steps of bootstrapping are performed by sampling from the list of NGAs and by
estimating the regression parameters (ai, bi, ci, di)i=1,...,1000 for each sample (see 2.2.2).
According to the asymptotic behaviour in 8.2.1, the plateaus are given by bi and ai + bi.
In order to make conservative estimates instead of being influenced by noise, an upper
boundary for the lower plateau’s value Th1 and a lower boundary for the upper plateau’s
value Th2 are used as the thresholds. Th1 is chosen as Th1 = µ(b) + 3σ(b) of the
bootstrapped distribution of b, Th2 as Th2 = µ(a+b)−3σ(a+b). For each bootstrapped
logistic curve fi(t), it is then determined at which RelTime values t

(i)
1 and t

(i)
2 it crosses
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the lower and upper thresholds Th1 and Th2. We can then understand the mean value

µ
(
t
(i)
2 − t

(i)
1

)
= µ

(
t
(i)
2

)
− µ

(
t
(i)
1

)
≈ 2500 years (8.4)

as the characteristic time scale for the period of rapid cultural evolution between low
and high plateaus of socio-political complexity, across geography and not in reference to
any specific time period. Note that one can also choose less restrictive thresholds via
Th1 = µ(b) + σ(b) and Th2 = µ(a+ b)− σ(a+ b). With these thresholds, the regression
curve leaves the vicinity of the lower plateau rather quickly but needs much longer until
it is close enough to the upper plateau to be considered as having reached the upper
plateau. These 1σ thresholds would result in a longer time scale of roughly
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t
(i)
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1

∣∣∣1σ) ≈ 4000 years. (8.5)

We can check the general validity of these results by explicitly identifying for each NGA
i the first time τ

(i)
1 that their SPC1 value exceeds Th1 and the first time τ

(i)
2 they exceed

Th2. With the exception of the Ghanaian Coast, all NGAs cross Th2 and therefore, this
procedure yields 22 time durations d(i) = τ

(i)
2 − τ

(i)
1 . Only for the two NGAs Kachi Plain

and Middle Yellow River Valley (two ’pristine’ states, cf. the discussion in section 8.5.2)
does the duration d(i) exceed the 4000 years estimated as an upper boundary in (8.5).
Both the mean (approximately 2200 years) and median (2100 years) are in line with the
main estimation in (8.4).

8.4.2 Continuous Polities

There are two reasons why it makes sense to restrict the logistic regression only to a
central part of each NGA’s time series, during which the polities in that NGA are not
disrupted by external influence or major dislocations in socio-political structures. First,
the logistic regression starts at a plateau of low values of SPC1 close to 0 and ends at
a plateau of high values close to 1. Therefore, even a bad interpolation for the central
part can achieve a good RMSE, if the plateaus of the high and low tails are sufficiently
accurate. However, this would not be a reliable estimation to make an inference on the
growth phase in the centre of the curve. Second, if the NGA’s polity is annexed by
another, more developed polity, then it inherits the invading polity’s high SPC1 value
and may make a sudden jump in the SPC1 curve. However, the logistic regression here
is intended to model steady, uninterrupted growth like in [281] and not major transitions
driven by developments experienced elsewhere, as through annexations by an external
invader. Therefore, it makes sense to divide each NGA’s time series into intervals which
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Figure 8.2: Main figure: estimated logistic curves for the full data and the two cutout methods. Insets: a)
each NGA’s central time series and resulting logistic curve for the culturally continuous time
series; b) the same as subfigure a) for the institutionally continuous time series.

are separated by sharp, discontinuous changes within each NGA and to restrict the
analysis of the NGA to its central interval, i.e. to the time series from the polities that
cross the SPC10 threshold.
As mentioned earlier, there are two ways of identifying such discontinuous changes: either
via cultural changes of via major institutional changes of the polity’s governance. Both
approaches are analysed separately. The central time series for both methods and their
resulting logistic regressions are shown in figure 8.2.

Cultural Continuity

One set of sequences was determined by the absence of a major cultural dislocation;
namely, the introduction of a new ideological and linguistic system, major population
displacement or major technological advance (e.g. the adoption of iron metallurgy). This
is a very broad and lenient definition of continuity, as it allows for very different social
formations to be part of a single sequence and can include significant developments. In
Egypt, for instance, we treat nearly the entire Pharaonic period (from the Naqada period
to the Achaemenid conquest) of over 3000 years, including the so-called Intermediate
periods when central rule was fragmented (though many cultural and social features
were retained), as a culturally continuous time period.
For the 23 NGAs under consideration, the mean value of data points for the culturally
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continuous central interval is approximately 11.7, i.e. there is on average a bit more than
one millennium of data. While this is much shorter than the characteristic time scale of
roughly 2500 years, the longest continuous time series of the NGAs show a similar length
to that of the characteristic time scale (cf. the left half of table 8.1). Hence, the logistic
regression for these cutouts is rather close to the regression of the full data (cf. main
part of figure 8.2) and in particular, the regression curves’ steepness (i.e. their time of
growth) is quite similar.

Institutional Continuity

For institutionally continuous time periods, we follow a similar procedure as above,
though with different criteria for continuity leading to shorter sequences. Namely, we
break each sequence at any significant political/institutional change, even if there was
much continuity in socio-cultural forms. In Egypt, for instance, the institutional sequence
starts at the 1st Dynasty period and ends a the end of the Old Kingdom period and the
First Intermediate Period, which we call the “Period of the Regions”. The mean value of
data points for institutionally continuous central time series is only 5.9 and represents
approximately 500 years of data. Even the longest continuous sequences now do not
last as long as the characteristic growth time of 2500 years (cf. right half of table 8.1).
Moreover, the logistic regression has only very little data for the parameter estimation
(cf. inset b of figure 8.2) and hence, the logistic regression has a much lower SPC1 level
for the upper plateau than the regression to the full data (main part of figure 8.2) because
the cutout time series are too short to reach the high-SPC1 levels.

NGA Cultural Continuity Length NGA Institutional Continuity Length
Yellow River 38 Susiana 17
Upper Egypt 33 Crete 17
Kachi Plain 22 Konya Plain 15

Susiana 21 Upper Egypt 10

Table 8.1: For both methods of identifying continuous time sequences, the four longest
continuous central time series are shown and the amount of data points they
contain (given as their length). The data points are sampled at intervals of
one century. The culturally continuous time series are much longer than the
longest institutionally continuous sequences.
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8.5 Summary and Discussion

8.5.1 Summary

Exploratory data analysis shows in figure 8.1 that the logistic regression is a suitable
model for the RelTime-vs-SPC1 time series. Bootstrapping allows us to narrow down
the time interval of rapid SPC1 growth to approximately 2500 years, as highlighted in
figure 8.1. Together, these results illustrate that there is a uniform behaviour in growth
of social complexity represented by the time evolution of SPC1.
If the data is restricted to the central part of each NGA’s time series without any dis-
continuous cultural or institutional transitions, the logistic regression is still a reasonable
model and shows a similar shape to the full data as depicted in figure 8.2. In partic-
ular, the regression based on the culturally continuous time series show a very similar
steepness (i.e. growth period) to the full regression curve.

8.5.2 Discussion of the Time Scale and Continuous Sequences

Figure 8.2 shows that the culturally continuous and institutionally continuous time
series result in a similar logistic regression to the full data. Notably, table 8.1 shows that
the culturally continuous time series have a much longer duration than the institutionally
continuous ones. In particular, in the Yellow River Valley, Upper Egypt, Kachi Plain
and Susiana, the culturally continuous time series is approximately as long (or even
longer) as the characteristic time scale of SPC1 growth. This is expected for regions
that saw the emergence of large, complex states relatively early in history and without
any precedent from neighbouring societies – the so-called pristine or primary states [282,
283] – which these regions all experienced. However, this is not the case for most other
NGAs, indicating that in these NGAs, the growth from the lower to the higher SPC1
plateau did not take place over the course of just one culturally continuous era, but rather
included developments across cultural spheres and, in most cases, including developments
brought in from the outside in the form of direct conquest or more indirect influence. The
institutionally continuous time series are all significantly shorter than the characteristic
growth time, as expected from the criteria used to generate these sequences. This is
notable, as it suggests that in order to transition from low to high social complexity,
major shifts in the NGA’s governing institutions are necessary to facilitate the increase
in social complexity. In other words, our findings suggest that major transitions in social
complexity are not feasible for a single polity to accomplish, but require multiple social
formations to build successively (but not monotonically, as the above figures illustrate)
on prior developments. Nevertheless, the general similarity of the three regression curves

145



in figure 8.2 shows that our analysis is stable with respect to the exact selection of time
periods and different cutout criteria used.

It is interesting to compare the NGAs that crossed the threshold SPC10 to those that
failed to do so and stayed at lower complexity values. The latter group had a mean
of only 6.4 recorded data points, i.e. there were only complex social formations coded
as part of the Seshat sample for a period of roughly six centuries. On the other hand,
the NGAs that did reach a high complexity and exceeded the threshold SPC10 had a
mean of 57.3 recorded data points, corresponding to almost 6 millennia of observed data.
Partly this is explained by different availability of historical and archaeological evidence
in different regions, but it suggests also that cultural developments in the low complexity
NGAs could have followed the same trajectory of logistic growth, if they had been given
enough time. Unfortunately, the necessity to identify an anchor time for this analysis
means that all NGAs from the Seshat world region Oceania-Australia had to be discarded
for this research. The bias introduced by this has to be kept in mind while interpreting
our results.

8.5.3 Interpretation and Comparison to Previous Work

With the shifted time index RelTime, the logistic regression model of the SPC1 time
series achieves a high accuracy in capturing the evolution of socio-political complexity
measured by SPC1. Previous work has already demonstrated a significant amount of
cross-cultural generality in the factors contributing to the evolution of socio-political
complexity ([50], supplemented by findings in [253, 284]). Notably, a previous study
has already identified a characteristic growth pattern of SPC1 and the second principal
component SPC2 and found that a rapid period of scale is first followed by a growth
of information processing and economic complexity and then by further growth in scale
[253].
Here, we expand on this prior work by identifying that the time scales involved in these
developments also exhibit a general, characteristic shape. Nevertheless, the evolution of
social complexity is a lengthy and non-monotonous process; this emerges clearly from
our analyses distinguishing the full regional time-series involved in the transition from
low to high thresholds of SPC1 from sequences of cultural or institutional continuity. We
see no examples of this evolution accomplished during a single institutionally-continuous
sequence. Further, in all NGAs there are noisy periods during which SPC1 grows but
also crises during which socio-political complexity sharply declines, only to recover later
and continue increasing. These findings highlight both that different parts of the world
experienced similar processes of social complexity growth, involving multiple phases of
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cultural and socio-political structures building on (and occasionally recovering from)
prior developments in each region.
While the sample of past societies explored in this chapter is certainly not exhaustive,
they comprise a fairly representative sample of regions from different parts of the world
and include societies from different periods, cultures and different developmental exper-
iences. These results thus lend novel empirical support to the idea (e.g. from [247,
263]) that socio-cultural evolution does indeed occur in similar time scales across differ-
ent cultures and geographies. Future research can expand these insights by including
additional societies and exploring alternate thresholds of complexity to identify anchor
times to include more NGAs from the original sample, because the current thresholding
procedure in particular excluded some NGAs from modern-day Oceania-Australia from
our analysis.
In terms of the underlying approach, our study tries to single out the autocatalytic effect
of social complexity growth. To this end, we have focused on only one NGA at a time and
compared our regression results to the culturally and institutionally continuous periods
for the respective NGA. Thus, we uncover an empirical pattern in the temporal evolution
of SPC1 that has not yet been fully discussed by previous work, e.g in causal analyses of
the drivers of social complexity like in [254]. Our methodology differs from the regression
model in [254] by deliberately choosing a very simple model to single out the temporal
evolution whilst disregarding possible drivers of the observed dynamics. We believe this
approach can be utilised to answer other questions about long-run cultural evolution, for
instance if the processes by which key technologies (e.g. metallurgy, military technology,
communications media etc.) are invented in certain locations and then adopted in others.
While the autocatalytic growth model provides an elegant interpretation of our findings
(the current level of complexity facilitates further growth until the presence of an upper
boundary of complexity is approached), it has to be regarded with caution: We sought
as far as possible to disentangle culturally and institutionally endogenous developments
from those driven by interactions with other polities, though even the internal develop-
ments are not free from external influence. Previous work, for instance, shows the strong
effect of military conflicts with other states on the growth of socio-political complexity
[51, 254]. Hence, the autocatalytic model might be a useful low-dimensional description
of the data, but not an exhaustive explanation. In short, our findings exposes a cross-
cultural temporal pattern whose causes need to be fleshed out in future work.
Finally, the findings of the present chapter can be used as a benchmark for future ad-
ditions to the Seshat data: if a new NGA is added to the databank and shows a clear
divergence from the logistic curve, it may be prudent to either check if there are any
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mistakes in the data generation and interpolation or if the divergences can be explained
by historical developments. Such a benchmark may thus be useful for further expansion
of the Seshat databank.
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Part V

Conclusion
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This chapter first summarises the main results presented in this dissertation and sug-
gests possible future research directions. Second, the challenges in getting access to
higher-quality data are explained along with research opportunities that better data-
bases might offer. Finally, more general conclusions that go beyond the immediate scope
of this thesis are discussed.

Chapter 3 has used high frequency and daily financial price time series to estimate
polynomial stochastic differential equations. A second order polynomial (i.e. a geomet-
ric Brownian motion with an additional quadratic term) has been found to be the most
reliable description of the data and shows the existence of stable fixed points which help
to qualitatively describe the time series dynamics and provide a different perspective
than the double well potential in [104]. The great success of the geometric Brownian
motion in applied finance is due to its simplicity allowing for closed-form equations, e.g.
in the Black Scholes model [16]. Whether the second order extension proposed in this
thesis might also lead to closed expressions like this could be a valuable endeavour for
future research.
Chapter 4 has analysed the correlation of daily return time series to understand collect-
ive effects of the financial market and expands on the work in [36, 116, 117]. Analysis
via explainable artificial intelligence of the market states revealed by k-means clustering
of the correlation matrices has shown that the IT sector (probably due to the dot-com
bubble) and the energy sector have a heightened importance for the market states. The
mean correlation has been modelled with a generalised Langevin equation (GLE) and
has been found to exhibit memory effects on the order of several weeks. In both cases, a
survivorship bias might be present in the data because only companies with return time
series for the full period have been considered for the analysis. Incorporating knowledge
from time series that terminate during the period (e.g. because of a company’s bank-
ruptcy) might be possible via a smoothened transition between the mean correlation and
sector returns for n and n− 1 time series and could further strengthen these results.
Going beyond correlations, chapter 5 has analysed the Granger causality between daily
returns of sector portfolios. The hierarchy of this network of causality has been extracted
via the Helmholtz-Hodge-Kodaira decomposition for bidirectional networks (HHKD). For
the year 2020, this analysis has revealed the dominant contribution of the hierarchical
over the rotational component in the causality network and has shown the heightened
importance of the pharmaceutical sector (probably due to the Covid crisis) and the
precious metal sector as causal drivers. This is in contrast to the findings for the correl-
ation matrix analysis in chapter 4 which underlines the importance of a clear distinction
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between correlation and causality. Further expansions of this work might include more
complicated causality measures (e.g. transfer entropy or convergent cross mapping) to
capture nonlinear causal effects as well as the inclusion of other time series (such as gold
prices, currency exchange rates or unemployment rates) as background information for
the conditional Granger causality.
The agent-based model in chapter 6 has simulated a cooperation scheme between agents
and their nearest neighbours via insurances against an unknown multiplicative effect on
their wealth based on the model in [33]. Growth rate optimisation has shown that co-
operation between agents is favourable for both participants. Over time, regions emerge
on the simulated lattice which are either occupied by poor or rich agents. Hence, the im-
mobile agents form clusters which superficially resemble kin selection but actually emerge
purely from the cooperation scheme.
Chapter 7 has expanded on a recent resilience analysis of the longevity of historical coun-
tries in [257]. It has been shown that the conclusion from [257] that a state’s resilience
decreases after 200 years might have been mislead by a survivorship bias in the data. If
Bayesian statistics are used to account for such bias, a constant resilience function can
explain the observed distribution with almost equally high accuracy. This short study
has underlined a general problem of historical data analysis in the field of cliodynamics
as data records tend to be sparse and unreliable during the earliest periods of pre-modern
states.
Finally, chapter 8 has compared the development of socio-economic complexity across dif-
ferent regions in the Seshat databank quantified by the first principle component SPC1

from [50]. The SPC1 time series has been shifted according to an anchor time so that
geographic areas in which cultural complexity started to evolve at vastly different times
have overlapping SPC1 curves which has been described with a logistic growth curve.
Out-of-sample predictions have shown the validity of this regression curve whose charac-
teristic growth time can be estimated as approximately 2500 years.
Overall, this thesis has shown that complex socio-economic systems can be analysed with
methods from physics at all time scales of human interactions. The interplay between
statistical analysis, modelling approaches and large datasets for social and economic pro-
cesses has achieved major contribution to the understanding of complex social systems
and will continue to do so with the increasing availability of such data.

All of the presented data-driven projects could, of course, have benefited from access
to data with higher quality. For the financial market data, this is in principle possible
as high frequency data down to the level of individual trading decisions (ticks) is avail-
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able. The GLE estimation in chapter 4 has exhibited instabilities because of the short
time series length after data pre-processing and could have been improved with access to
longer time series. Also, this may have enabled more elaborate causality methods than
Granger causality to be used for the HHKD network analysis in chapter 5. However, such
data is not available free of charge, but is unfortunately associated with high access costs.
One has to wonder how many phenomena have already been understood by researchers
at financial companies whose results are kept secret as the company’s intellectual prop-
erty. Additionally, even though the US stock market data is frequently used for research,
one should also test the universality of these findings on data from other markets such
as the EURO STOXX 50 or the DAX. For the cliodynamics research projects, having
higher quality data is a huge challenge, but efforts are underway to construct more re-
fined and fine-grained datasets through the CrisisDB project [259]. However, due to
the multidisciplinary nature of this research, even improvements for a single geographic
area require the work of domain experts from several fields (archaeology, history, an-
thropology) for various historical eras. Hence, while more reliable historical data would
be helpful for analyses such as the regression in chapter 8, developing tools such as the
Bayesian prior in chapter 7 to account for potential errors and bias in the data might be
the more realistic route for progress.

A more fundamental issue with respect to the quantitative study of socio-economic sys-
tems should not be omitted from this discussion: Suppose researchers manage to uncover
equations, rules and natural laws which describe how human economies and societies de-
velop. If this allows us to predict the future of socio-economic systems – what does that
mean for the individual’s ability to influence the course of history? What is the role of
the individual in society, if our collective future is set in stone and – no matter how hard
we try to change it – our actions only lead to one predetermined outcome, predicted
by mathematics and statistics? There are two arguments against this quite concerning
and worrisome argument. First, human behaviour adapts to changing circumstances and
hence, whatever rules can be found in the data, they might only hold true for a finite dur-
ation of time. Second, and more importantly, such socio-economic laws always concern
the macroscopic behaviour of the system. Synegetics has shown us that the microscopic
constituents have some degrees of freedom even despite the influence of the macroscopic
behaviour on their dynamics. In socio-economic systems, the individual human therefore
retains a certain scope of action even against the overarching developments of the mac-
roscopic level. Uncovering the governing equations of macroscopic social and economic
development can provide us with guardrails which help us to see the directions where we
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can actually achieve a meaningful change if we put in the effort to do so. They help us
to channel our efforts and resources so that they are not wasted on trying to achieve the
impossible. Instead, we will be able to see exactly which degrees of freedom are truly
available to us and make an informed decision on how to use them to, perhaps not fulfil,
but come close to our ideal goals by navigating with and within the flow of time and
not trying to swim against it. Fate leads the willing and drags the unwilling along with it.

“Ducunt volentem fata, nolentem trahunt” — Seneca, Epistulae morales
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B List of Abbreviations

The sector abbreviations used in chapters 4 and 5 are found in tables 4.1 and 5.1.

ACF autocorrelation function
AI artificial intelligence
AIC Akaike information criterion
BIC Bayesian information criterion
BM Brownian motion
CC complexity characteristic
CGC conditional Granger causality
CI confidence interval or credible interval (both are in use)
DAG directed acyclic graphs
E expectation value of a random variable
EE ergodicity economics
EMH efficient market hypothesis
GBM geometric Brownian motion
GICS global industry classification standard
GLE generalised Langevin equation
HHKD Helmholtz-Hodge-Kodaira decomposition
KDE Kernel Density Estimation
LRP layer-wise relevance propagation
NGA natural geographic area
MAP maximum a-posteriori estimation
MLE maximum likelihood estimation
ML machine learning
NN (artificial neural network
ODE ordinary differential equation
PCA Principle Component Analysis
RCGCI Restricted Conditional Granger Causality Index
RelTime relative time
RMSE root mean sqared error

158



S&P500 Standard & Poor’s 500
SDE stochastic differential equation
SPC principle components of the Seshat databank
V variance of a random variable
XAI explainable artificial intelligence
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C Software and Data Availability

Several chapters of this thesis use Python code to analyse datasets. This section lists
the available software or data and provides references to them.
Code for the estimation of the Langevin equation in chapter 3 with an example for
synthetic data is given in [287]. The correlation time series analysed in chapter 4 is
available at [142]. Code and data used for the Helmholtz-Hodge-Kodaira decomposition
in chapter 5 is available at [195]. The simulation code for the insurance model in chapter 6
is available at [233]. The data used for the resilience analysis in chapter 7 is taken from the
supplementary material of [257]. The pre-processed data used for the logistic regression
in chapter 8 is available at [279].
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D Details on Explainable AI

D.1 Details on Layer-Wise Relevance Propagation for
K-Means

This appendix gives a more detailed explanation of how to reformulate the k-means
clustering algorithm and how to use the layer-wise relevance propagation as described in
[143].

D.1.1 Neuralisation of K-Means

It has been proven in the supplementary materials of [143] that the k-means decision
criterion (4.4) of cluster j vs. the other clusters l ̸= j can be rewritten in two layers and
a third decision layer. This procedure is described by algorithm 1. Note that while the
k-means classifier tests all clusters against each other, the neuralised classifier only tests
if an instance belongs to a specific cluster j versus all other clusters l ̸= j. If the instance
does not belong to the jth cluster, algorithm 1 does not say which of the other clusters is
correct. Therefore, one needs as many neuralised classifiers as there are clusters to fully
neuralise equation (4.4).

Algorithm 1 Neuralisation of a K-Means Classifier
Goal: Test assignment of C to cluster j against all alternative clusters l ̸= j.
Input: Instance C and cluster centroids (Cl)l
Procedure in three layers:

1: Calculate ∀l ̸= j: hl = wl · C + bl with wl = 2(Cj − Cl) and bl = ||Cl||2 − ||Cj ||2
2: Calculate fj = minl ̸=j hl
3: assign C to cluster j, if fj > 0

D.1.2 Layer-Wise Relevance Propagation

Layer-wise relevance propagation is an XAI method that runs backwards through a
neural network. At each step, it calculates the relevance that the current neuron has
for the deeper layer and distributes it accordingly to the next higher layer’s neurons.
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A conservation property ensures that the combined relevance is preserved while being
propagated to the higher layers and is illustrated in figure D.1. According to [151], this
reasoning is analogous to Kirchhoff’s laws in electrical circuits and used similarly in other
XAI techniques such as [288, 289, 290].
For the neuralised k-means algorithm 1, [143] suggests the following propagation rule of
relevance ρl from fj backwards to hl:

ρl =
exp(−βhl)∑
l ̸=j exp(−βhl)

fj (D.1)

with the inverse mean β = E[fj ]−1 of fj over the entire data. The second rule for the
propagation of relevance ρl of each node hl to the original input features ci of C is given
by

ρi =
∑
l ̸=j

(ci −mi,l)wi,l∑
i(xi −mi,l)wi,l

ρl (D.2)

with ml = (Cj + Cl)/2 as the point directly between the centroids and wi,l as the ith

component of the difference vector wl between the cluster centroids j and l (cf. the
pseudocode in 1). Note that in our study, each ci is a correlation like in equation (4.3).

Figure D.1: Illustration of the layer-wise relevance propagation, taken from [84] and ad-
apted under a CC BY 4.0 license (https://creativecommons.org/licens
es/by/4.0/) to stay consistent with this thesis’s notation.
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D.2 Elbow Plots

The same plots as in figure 4.5 are depicted in this section for the other seven clusters.
While a pronounced elbow is visible for all clusters in the mode-mode aggregation, the
median method often shows a continuum.

0 10 20 30 40
Ordered Features

0.01

0.02

0.03

0.04

M
ed

ia
n

XAI Median Values
Change Point
Aggregated
XAI Values

0 10 20 30 40
Ordered Features

0

20

40

60

80

100

120

Ho
w 

of
te

n 
an

 In
st

an
ce

's 
M

od
e XAI Mode-Mode Values

Change Point
Aggregated
XAI Values

Figure D.2: The same figures as in figure 4.5, but now for cluster 0.
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Figure D.3: The same figures as in figure 4.5, but now for cluster 1.
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Figure D.4: The same figures as in figure 4.5, but now for cluster 3.
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Figure D.5: The same figures as in figure 4.5, but now for cluster 4.
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Figure D.6: The same figures as in figure 4.5, but now for cluster 5.
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Figure D.7: The same figures as in figure 4.5, but now for cluster 6.
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Figure D.8: The same figures as in figure 4.5, but now for cluster 7.

D.3 Neural Network Architecture

The neural network used as a surrogate model in this thesis is a deep multi-layer per-
ceptron network for a classification task to predict which of the eight clusters the instance
belongs to. The architecture of such a network is given in table D.1. Note that two differ-
ent types of layers are used here, dense and dropout layers. If the connections are dense,
then all Nn previous outputs are combined in linear combinations to contribute to the
next layer’s inputs. The weights of the linear combinations are then optimised to achieve
the best accuracy. If the connections are in a dropout layer of rate β, then at every
optimisation step, β of the connections are forcibly set to 0 to prevent an overfitting of
the network (i.e. that the network is fit so closely to the known data that it does not
generalise well on unknown data). The very first layer (input layer) receives the features
(observables) of the data (i.e. the correlations between sectors) and the output layer is
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Layer Dense Dense Dense Dense Dense Dropout Dense
Units 256 128 128 1024 128 - 8

Activation selu relu relu LeakyReLu LeakyReLu - softmax
Parameter - - - 0.05 0.01 0.3 -

Table D.1: Architecture of the neural network with 100 training epochs for the surrogate
model in section 4.2.2 from left to right. There are eight input units for the
eight features of the surrogate model and eight output units for the eight
clusters.

giving a prediction about which of the 8 clusters the data belongs to.
The softmax function is often used to get from the continuous values of the neurons’
outputs to an actual prediction. If the network has to choose between k possible predic-
tions, then it will end with k linear combinations l1, . . . , lk of the neurons’ outputs in its
penultimate layer. For the k possible classes it transforms these linear combinations into
probabilities p1, . . . , pk via the softmax function following

softmax(li) =
exp{(li)}∑
i exp{(li)}

.

Note that
∑

i pi = 1. Finally, it uses the highest probability as its prediction. Further
details on the construction of neural networks can be found e.g. in [72] and technical
details on the implementation of the neural network are given in [76, 291]. The network
architecture used in this thesis is detailed in table D.1.
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E Details on the Generalised Langevin
Equation

E.1 GLE: Overlapping Windows for the Mean Correlation

If the mean correlation is calculated via a window size of τ = 42 and a shift of s = 1, as
in [117], then the GLE fit indicates some problems: The estimated memory kernel shows
very strong absolute values at K42 and the doubled temporal distance K84. Although the
memory kernel suggests that there is a strong memory effect, this is most probably only
attributable to the overlap of the window ranges used to calculate C̄.

5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95
k

0.4
0.3
0.2
0.1
0.0
0.1
0.2
0.3

k

Figure E.1: Example for a model with a long kernel memory for correlation matrix win-
dow size τ = 42 and shift s = 1 with the lag k in days on the x-axis. The
kernel has large negative values for Kτ and K2τ . This probably indicates
that the overlap of the artificially created windows ends at a distance of τ
instead of reflecting a real-world relationship.
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E.2 LE: Increment Distribution
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Figure E.2: The same plots as in Figure 4.11 for the Langevin Equation without any
memory kernel. The distributions look very similar to the ones in Figure 4.11.
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E.3 GLE: Prediction

The results of the naive forecasting method are compared to the GLE in this figure,
showcasing the superior accuracy of the GLE, which can also be seen by comparing the
ρ2 values in Table 4.2.
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Figure E.3: The same comparison between the prediction results as in Figure 4.13, but
now for the naive forecasting method ŷt+1 = yt vs. the GLE. Again, α = 90%.
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F Additional Plots for the non-Ergodic
Insurance Model

F.1 ACF for the Richest Decile
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Figure F.1: The same plot as fig. 6.5 but for the richest decile. The ACF seems to
continuously increase with rising c.

F.2 Highly Volatile Regime

The phase space in fig. 6.4 reveals that a particularly high clustering for both the top
and bottom quantile can be found in a region of high c and high r, i.e. where the volatility
of the gamble is very large in both directions. While the low-volatile regime transitions
into the deterministic case, it is not obvious how the model behaves in the high-volatile
regime. To investigate this, we explore a highly volatile system with c = 0.95 and r = 2.
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In figure F.2 (left), we show the richest (white), middle (grey) and poorest (black) third
of the agents and the ACF (right panel) of the richest and poorest thirds. We see
that the ACF for both have fat tails compared to the ACF of a random ensemble,
reflecting the high degree of clustering seen in the left panel. The formation of large,
macrocsopic neighbourhood areas for both the richest and the poorest third is clearly
visible in this plot, whereas the middle third mostly forms a thin boundary layer between
the two extremes instead of manifesting into large-scale neighbourhoods. Hence, the
neighbourhood map shows a high polarization, reminiscent of the magnetic domains in
ferromagnets. This superficial similarity should not be taken too seriously, though. The
magnetic domains form because of energetic considerations of the macroscopic magnetic
field, whereas our model and the Ising model are microscopic descriptions.
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Figure F.2: Results after T = 200 time units for N = 64 in the highly volatile regime of
c = 0.95 and r = 2. Left: The colour coding now shows the agents divided
into three categories as the richest (white), central (grey) and poorest thirds
(black). Right: The ACF of the richest and poorest decile now shows much
wider tails than in the previous parameter setting in fig. 6.3.
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G Seshat Databank

G.1 Example of the Data Pre-Processing

We illustrate the pre-processing of the raw SPC1 time series using the NGA “Latium”
(modern day central Italy) as an example. Figure G.1 shows the shift between the
original time series to RelTime, i.e. to the time frame relative to the anchor time for
Latium T

(Latium)
a = 500 BC. Additionally, this figure depicts how the SPC1 time series

of Latium is dissected into culturally or institutionally continuous time series intervals of
SPC values for the NGA. Note that the time index is given in RelT ime for the shifted
data and real-world time for the original data.
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Figure G.1: Illustration of how the SPC1 time series of the Latium NGA is shifted
by its anchor time to the new relative time frame RelT ime. Hence, at
RelT ime = 0, the shifted time series is equal to the threshold value SPC10.
The two recorded discontinuities for the Latium NGA (red) are used to di-
vide its SPC1 time series into different intervals. The interval containing the
threshold value SPC10 (the “relevant snippet” with the solid line) is used
for further analysis whereas the rest (dotted) is discarded. Note that the
times of the discontinuities do not line up with the 100-year time intervals
of the SPC1 measurement which is why the transition between the black
dashed/solid lines does not perfectly align with the red vertical lines.

172



G.2 Detailed Data

The SPC1 data from figure 8.1 is shown in figure G.2, but spread out onto several
subplots to help the reader identify different NGAs.
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Figure G.2: Spreading the various time series from figure 8.1 onto multiple plots to make
it easier to distinguish the NGAs from each other.
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G.3 Data Collection and Availability

As described in the main text, the data used in chapter 8 of this thesis is derived
from [275], supplemented with information provided by the authors. The original data
is described in [252]. It was gathered, cleaned, reviewed, and managed by members of
the Seshat project following standard project methods, as described in the references
cited in the main text. For more details on the social complexity data utilised here and
development of the SPC1 values, see especially [50] and [254].
The full dataset used in the analyses presented here is available on [279]. This shows:

• NGA: Name of the NGA

• PolID: Unique identifier for each polity in the sample.

• AbsTime: The “absolute” or calendar time-point for each SPC1 value. Note that
we sample at 100-year intervals, for as many intervals as there are polities in the
sample occupying each NGA.

• RelTime: The shifted time series, such that RelTime = 0 in the century interval in
each NGA during which SPC1 values crossed the calculated threshold, as described
in the main text and illustrated in figure G.1. Other rows in the NGA express their
relation before or after this threshold, in century intervals. Note that rows that fall
outside of the central cultural or institutional sequence are not expressed.

• SPC1: Raw SPC1 values for each polity at each century interval, calculated as
described in the main text (but not yet min-max scaled).

• Culture.Sequence: Label indicating the central time-series identified as part of
the culturally-continuous sequence that surrounds each NGA’s RelTime=0 threshold
(labelled “cultural.continuity”); all other century intervals in the NGA are labelled
“outside.central” to indicate they fall outside of this central interval sequence.

• Institutions.Sequence: Same as above, but indicating the institutionally con-
tinuous sequence.
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