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KURZFASSUNG

Seit jeher stellen Fluide in ihrer Vielfalt und ihrem komplexen Verhalten fir viele
Menschen eine grofie Faszination dar. Von riesigen Eruptionen der Sonne und den
endlosen Zirkulationen von gewaltigen Luftmassen in der Atmosphdre bis hin zu
den komplexen Strukturen der Milchwirbel im morgentlichen Kaffee und den Trop-
fen die sich am Deckel eines Kochtopfs sammeln, Fluide sind ein allgegenwértiger
Bestandteil unseres tdglichen Lebens und haben grofien Einfluss auf uns und un-
sere Umwelt. Es ist daher nicht verwunderlich, dass sich die Fluiddynamik als
ein sehr grofies und aktives Forschungsfeld entwickelt hat. Wahrend grofiskalige
Phanomene in der Regel mafigeblich von Gravitation und Trdgheit beeinflusst wer-
den und hdufig auch chaotisches Verhalten, d.h. Turbulenz, aufweisen, spielen
auf kleineren Skalen vor Allem Viskositdt (also Reibung) und Grenzflacheneffekte
zunehmend eine tragende Rolle. Letztere resultieren aus den intermolekularen
Wechselwirkungen zwischen dem Fluid und seinen benachbarten Phasen. Insbeson-
dere bei Flussigkeiten in direktem Kontakt mit wie auch immer gearteten Ober-
flachen konnen diese Wechselwirkungen zu sehr vielfdltigem Verhalten fiihren. Da-
raus erwuchs ein neues Forschungsfeld, dass sich gezielt mit der Benetzung von
Oberflachen auseinandersetzt. Wihrend man auf experimenteller Seite mit der
Wechselwirkung zahlreicher (teils unbekannter) Mechanismen wie z.B. Konden-
sation und Evaporation, Unreinheiten und Temperaturschwankungen zu kdmpfen
hat, bieten die meisten modernen Modelle nur stark vereinfachte Beschreibungen,
die viele dieser Effekte vernachldssigen. Das liegt zum Einen daran, dass ein um-
fassendes Modell unter Berticksichtigung aller bekannten Mechanismen sehr un-
handlich wire als auch daran, dass manche davon noch garnicht ausreichend ver-
standen sind, wie zum Beispiel die Dynamik der drei-Phasen-Kontaktlinie, wo die
Grenzfliche zwischen Fliissigkeit und Gas auf die Oberfldche eines zugrundeliegen-
den Substrats trifft. Allerdings ist eine Beschreibung der Kontaktliniendynamik
unumgdnglich, wenn man die Dynamik von Tropfen untersuchen mochte, und so
wurden diverse Alternativlésungen wie Rutsch-, Diffuse-Grenz- flichen- oder Ad-
sorptionsfilm-Modelle entwickelt, um mit dem Problem umzugehen. Mittlerweile

gibt es viele Modelle, die in der Lage sind die fundamentalsten Benetzungsphdnome-
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ne zuverldssig zu beschreiben. Im Grof3teil der bisher veroffentlichten Studien wer-
den die Substrate jedoch als starr angenommen, obwohl insbesondere im medizinis-
chen und biologischen Kontext viel hdufiger weiche, deformierbare Oberfldchen wie
Gewebe oder einzelne Zellen behandelt werden. Insbesondere bei der Benetzung
viskoelastischer Substrate treten zahlreiche Phinomene auf, die auf starren Ober-
flachen gar keine Entsprechung haben. Die detaillierte Modellierung der elastisch-
kapillaren Wechselwirkungen stellt eine grofe Herausforderung dar, sodass sich
bisher meist auf einzelne Kontaktlinien bzw. Tropfen beschrankt wurde. In einem
solchen Szenario wird die Kontaktlinie eines Tropfens mafigeblich durch die Ver-
formungen des Substrats beeinflusst und kann nicht mehr durch einen einzigen
Winkel umfassend charakterisiert werden. Diese Verformungen beeintrachtigen
auch den Verschmelzungsprozess von Tropfen miteinander oder verhindern ihn
sogar, was als umgekehrter Cheerios-Effekt bekannt ist. Dariiber hinaus stellt die
Viskositdt des Substrats eine zusétzliche Dissipationsquelle dar, die die Benetzungs-
dynamik entscheidend beeinflusst. So kann beispielsweise die Bewegung der Kon-
taktlinie mafigeblich verlangsamt werden, was als viskoelastisches Bremsen bezeich-
net wird, oder es kann zum Auftreten von komplexen Stick-Slip-Bewegungen kom-
men. Schlieflich weisen elastische Materialien hdufig eine Oberflichenenergie auf,
die vom Dehnungszustand abhdngt, ein Merkmal, das als Shuttleworth-Effekt be-
kannt ist. In dieser Arbeit wird die etablierte mesoskopische Dunnfilmgleichung
mit der reduzierten Beschreibung eines Kelvin-Voigt-Materials gekoppelt, um die
Dynamik des viskoelastischen Substrats zu beschreiben. Das Modell weist eine gra-
dientendynamische Struktur auf, die die thermodynamische Integritdt beziiglich
eines zugrundeliegenden Energiefunktionals gewdhrleistet. Dieses spiegelt Beitra-
ge von Kapillaritdt, Benetzbarkeit und Elastizitit wieder und kann einfach sys-
tematisch erweitert werden. Nach einer detaillierten Herleitung und Diskussion
der zu Grunde liegenden Gleichungen werden numerische Methoden eingesetzt,
um die wichtigsten statischen und dynamischen Merkmale der Benetzung weicher
Substrate qualitativ zu reproduzieren. Zundchst wird die Statik eines einzelnen
Tropfens in Abhdngigkeit von der Weichheit des Substrats untersucht, wobei der
doppelte Ubergang der Gleichgewichtskontaktwinkel gefunden wird, der beim Uber-
gang von ideal starren zu sehr weichen (d.h. quasi-fliissigen) Substraten auftritt.
Dynamische Kontaktlinien werden am Beispiel von sich autonom ausbreitenden,
teilweise und vollstindig benetzenden Tropfen untersucht, wobei die Wirkung des
viskoelastischen Bremsens nachgewiesen wird. Dabei werden auch die bekannten
Abhdngigkeiten des dynamischen Kontaktwinkels von der Kontaktliniengeschwin-

digkeit reproduziert. Die Einfachheit des Modells erlaubt es dartiber hinaus, sowohl
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Zwei-Tropfen-Systeme als auch grofie Tropfen-Ensembles zu behandeln, deren zeit-
liche Entwicklung zeigt, dass der dominante Vergroberungsmodus in nicht-trivialer
Weise von der Substratweichheit beeinflusst wird. AnschlieSend wird das Modell
erweitert, um den Shuttleworth-Effekt einzubeziehen und seinen Einfluss auf das
Benetzungsverhalten von Tropfen zu untersuchen. Um das Modell zu validieren,
werden die Ergebnisse mit denen eines makroskopischen Neo-Hooke’schen Elas-
tizititsmodells verglichen, das grofle Verformungen auch im Innern des Substrats
konsistent beriicksichtigt. Es wird eine sehr gute qualitative Ubereinstimmung fest-
gestellt. SchlieSilich wird die Diinnfilmgleichung erweitert, um eine umgebende
Dampfphase zu berticksichtigen und einen Phaseniibergang der Fliissigkeit zu er-
moglichen. Die Beschreibung geht von einem unendlichen Reservoir von tibersat-
tigtem Dampf aus. Unter Anwendung verschiedener numerischer Methoden wird
die Energiebarriere der Keimbildung in Abhdngigkeit von der Weichheit des Sub-
strats untersucht. Die Ergebnisse werden mit analytischen makroskopischen Aus-
sagen zum starren und quasi-flissigen Grenzfall verglichen und zeigen, dass die
Keimbildungsrate bzw. die Keimbildungswahrscheinlichkeit bei hoher Ubersitti-
gung von der makroskopischen Theorie deutlich unterschatzt wird. Allerdings
kann auch das mesoskopische Modell die experimentell beobachteten Phanomene

nicht zufriedenstellend erklaren.
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ABSTRACT

The diversity and the complex behavior of fluids has always been a source of fasci-
nation for many people. From giant solar flares in the sun and the endless circula-
tion of tremendous air masses in the atmosphere to the complex structures of milk
swirls forming in a morning cup of coffee and the droplets that collect on the lid of
a saucepan, fluids are an ubiquitous part of our daily lives and have a major impact
on us and our environment. It is therefore not surprising that fluid dynamics has
emerged as great and very active field of research. While large-scale phenomena
are usually significantly influenced by gravity and inertia and often exhibit chaotic
behavior, i.e., turbulence, on smaller scales viscosity, i.e., friction, and interfacial
effects become increasingly important. The latter result from the intermolecular in-
teractions between the fluid and its neighboring phases. These interactions can lead
to very diverse behavior, especially for fluids in direct contact with surfaces of any
kind. This gave rise to a new field of research that deals specifically with the wetting
of surfaces. While on the experimental side one has to struggle with the interaction
of numerous (partly unknown) mechanisms such as condensation and evaporation,
impurities and temperature fluctuations, most modern models offer only strongly
simplified descriptions, neglecting many of these effects. This is partly because a
comprehensive model taking into account all known mechanisms would be very
unwieldy and partly because some of the latter are not yet understood in the first
place, as, e.g., the dynamics of the three-phase contact line, where the liquid-gas
interface meets the substrate surface. A description of the latter is inevitable, how-
ever, if drop dynamic are to be investigated, and so workaround methods were like
slip, diffuse interface or precursor models were invented to deal with this problem.
Many models exist today that are capable of reliably describing the most funda-
mental wetting phenomena. In the majority of studies published to date, however,
the substrates are assumed to be rigid, although soft, deformable surfaces such as
tissue or individual cells occur much more frequently, e.g., in medical and biolog-
ical systems. Particularly the wetting of soft viscoelastic substrates exhibits many
features that have no counterpart on rigid surfaces. Modeling the detailed elastoc-

apillary interactions is challenging, and has so mostly been limited to single contact



lines or single drops. The contact line of a drop is not comprehensively character-
ized by a single angle anymore, but is affected by the substrate’s bulk and surface
deformations. These deformations further affect the coarsening of drops or even
prevent it which is known as the inverted Cheerios effect. Further, the viscosity of
the substrate represents an additional source of energy dissipation which crucially
influences the wetting dynamics and may, e.g., slow down the movement of the
contact line which is referred to as viscoelastic braking or cause complex stick-slip
motion. Finally, elastic materials often exhibit a surface energy that depends on the
state of stretching, a feature known as the Shuttleworth effect. In this work, the
well-known mesoscopic thin-film equation is coupled to the reduced description
of a Kelvin-Voigt material to account for the dynamics of the viscoelastic substrate.
The model exhibits a gradient dynamics structure that ensures thermodynamic in-
tegrity based on an underlying free energy functional that reflects capillarity, wetta-
bility and compressional elasticity. After a detailed derivation and discussion of the
governing equations, numerical methods are employed to qualitatively capture the
main static and dynamic features of soft wetting. First the statics of a single drop is
investigated in dependence of the substrate softness, recovering the double transi-
tion in the equilibrium contact angles that occurs when going from ideally rigid to-
wards very soft (i.e., quasi-liquid) substrates. Dynamic contact lines are investigated
on the example of autonomously spreading partially and completely wetting drops,
verifying the effect of viscoelastic braking. In the course of that, also the known
dependencies of the dynamic contact angle on the contact line velocity are well re-
produced. The simplicity of the model further allows to treat two-drop systems as
well as even large drop ensembles, the time evolutions of which demonstrate that
the dominant coarsening mode is significantly influenced by the substrate softness
in a nontrivial way. Afterwards, the model is extended to incorporate the Shuttle-
worth effect and to explore its influence on the wetting of drops. In order to validate
the modeling, the results are compared to those produced via a macroscopic Neo-
Hookean elasticity model which consistently accounts for large deformations also
in the bulk. Qualitatively the two models are found to agree very well. Finally,
the thin-film equation is extended to account for an ambient vapor phase and allow
for a phase transition of the liquid. The description assumes an infinite reservoir
of supersaturated vapor. Using different numerical approaches the model is used
to investigate the nucleation energy barrier in dependence of softness. The results
are compared to analytic macroscopic predictions in the rigid and quasi-liquid limit
and indicate, that at high supersaturation the nucleation rate is significantly under-

estimated by macroscopic theory. Yet even the mesoscopic model cannot sufficiently
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explain the experimentally observed phenomena.
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1. INTRODUCTION

In the context of fluid dynamics, the term wetting refers to the interaction of liquids
with some kind of surface they are in contact with. More precisely, to the ability
of a liquid to spread over or adhere to that surface. Such properties are governed
mainly by the microscopic forces acting between the microscopic constituents of the
different phases, which result from differences in the respective chemical structures.
These interactions become particularly significant on small scales, where they are
able to compete with inertia and gravity and lead to exciting behavior, such as drop
formation. Understanding the static and dynamic wetting behavior of simple and
complex liquids on surfaces of any type is highly relevant for many aspects of daily
life like cosmetics, cleaning and painting. Consider only the perspiration of skin
on a hot summer day, the spontaneous production of lachrymal fluid spreading on
the eye and forming tears or the restricted visibility due to drops on the windshield
when driving through a storm [examples in Fig. 1.1]. Obviously wetting phenomena
have vast implication also in various scientific and engineering fields like, for exam-
ple, (inkjet) printing, self-cleaning surfaces, microfluidics, lubrication and coating.
It is further of crucial importance in pharmaceutics, medicine and biology, such as
the way plants manage the water transport through their leaves or how different
liquids interact with biological tissues. Related phenomena are studied for more
than two hundred years [dBQo4, SVRo7, Bor17].

Many works published in the past decades consider the wetting of smooth homo-
geneous and especially rigid solid surfaces [dG85, Bon+0g]. The above examples
have shown, however, that such assumptions are not appropriate in many cases.
Particularly in medical and biological systems the surfaces are usually soft and
deformable or liquid even rather than rigid. Therefor the research of wetting on
adaptive substrates has received increasing attention recently [But+18]. This clas-
sification includes, among others, viscous liquids, plastic, elastic and viscoelastic
materials like rubbers and gels which change their topography due to interfacial
forces exerted by a drop [Pot+o5, SD12, Kaj+13, Bom+13, AS20], polymeric mate-
rials that are able to rearrange their microscopic structure in order to change their

wetting properties [Gru+15], as well as porous media like brushes, zeolites and fab-



Ficure 1.1.: Typical examples of wetting where it is encountered in every day life. Panel (a) shows
the spontaneous tearing of an eye in response of contamination. The lacrimal fluid spreads au-
tonomously over the soft eye surface. In (b) a systematic drop pattern is shown, which has formed
on a rough rigid substrate via dewetting from a homogeneous liquid layer after a heavy rain. Panel
(c) shows the formation of sweat drops on a bold head. In (d) the formation of almost perfectly
spherical millimetric drops on a hydrophobic Tropaeolum majus (also nasturtium or Indian cress)
leave is shown. Photograph (c) was made by Grégoire Delwaulle and is used here with his consent.

rics which are able to absorb the liquid and swell in the process [Sta+03, Gam14,
Cen+20], but also rigid surfaces that are in any way altered by the wetting process,
e.g., by getting charged which is known as electro wetting [YMAg4, Y]9s5, Hel16,
Ste+19].

A particularly interesting situation arises in the wetting of soft solid substrates
which are able deform under the forces exerted by the wetting liquid, yielding the
subgenre of soft wetting [CGSg6, CSo1, Sty+17, AS20]. In particular the viscoelas-
tic properties of such materials gives rise to a variety of interesting phenomena that
have no counterpart in the rigid case. The most striking feature of soft wetting is the
formation of a wetting ridge: a pointy deformation that is drawn out of the substrate
by the vertically pulling force the liquid-gas interface exercises at the three-phase
contact line [EKg6, Jer+11, BSD14, Par+14]. This ridge is responsible for the occur-

rence of intricate static and dynamic behavior [AS20]. Recent work has shown that
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substrates made from cross-linked polymer networks offer versatile routes to ma-
nipulate the contact angles of droplets [SD12, Sty+13b, Lub+14, BSD14, DL15], as
well as their spreading dynamics [CGSg96, LALg6, Kar+15, Gor+20], directed mo-
tion [Sty+13a, Bue+18, Zha+18], e.g., due to durotaxis which describes the move-
ment due to softness gradients, and condensation [Beyo6, Sok+10, Gua+14, AlK17,
KPN22, Bey22, Bou+25]. It is known that the ability of a substrate to deform under
external pressure crucially influences the nucleation density [Sok+10]. The capil-
larity of soft solids introduces an other major complication as compared to liquid
interfaces. Namely, the dependence of the surface free energy on local strain. This
is known as surface elasticity or the Shuttleworth effect [Shuso, Mar+12a, WAS13,
Lia+18, AS16, Sty+17]

Yet it turned out, that investigating the matter is not quite as trivial a thing as
one might have expected. Describing the dynamics of the three-phase contact line,
where the liquid-gas interface meets the substrate, has long posed a significant dif-
ficulty that many models continue to struggle with. Form an experimental point of
view, effects like the roughness, impurities and polarity of the materials as well as
surface chemical groups or temperature gradients but also the technical limitations
of the equipment, e.g., the temporal and spatial resolution of cameras, complicate
the issue [Jd84, dBQo4]. At present even a quantitative understanding of the behav-
ior of a single drop of nonvolatile simple liquid is not yet complete.

From the modeling perspective, various approaches to soft wetting have been
proposed. Most analytical results have been obtained using linear elasticity the-
ory [LALg6, Jer+11, SD12, Lim12, Lub+14, BSD14, Kar+15]. In these approaches
the surface tension forces are treated as tractions that are imposed as boundary
conditions at the free surface. This approach has now been extended to large de-
formations, including the possibility of the Shuttleworth effect [Wu+18, Pan+20].
Other studies employ an approach where the tractions are not imposed by hand,
but computed via a Derjaguin (or disjoining) pressure [SVog], i.e., a hybrid ap-
proach coupling elasticity to a static thin-film equation [Whio3]. Only recently,
dynamic calculations coupling full hydrodynamic and nonlinear elasticity models
have become available [AM21, AA21, RB19, van+17, Bue+17, Bue+18]. Further-
more, molecular dynamics simulations are employed in some studies, exploring the
elasto-capillary interactions at the nano-scale [WAS13, Lia+18]. Many of the more
detailed modeling approaches do not lend themselves easily to large-scale simu-
lations of the coupled dynamics of elastic and liquid layer considering, e.g., the
coarsening behavior of large droplet ensembles on soft substrates. The collective be-

havior of such ensembles is of large interest in practical contexts like, for instance,



condensation or inkjet printing. Similar coarsening processes (Ostwald ripening)
occur for emulsion droplets [Tayg8], quantum dots [VGYo1] or crystalline nano-
particles [Rin+14]. For simple nonvolatile liquids on horizontal homogeneous sub-
strates coarsening is experimentally well studied [And+o02, LGo3, Bla+12, Bar+18]
and theoretically well understood through simulations and asymptotic considera-
tions [GWog, Gla+o9, Kit14] based on thin-film models [Wit20]. Such models usually
rely on certain approximations and sacrifice universal applicability for accessibility
and improved computational performance, which allows to carry out large-scale
simulations. In particular, Refs. [MGKog, Gie+17, CK20] present a model for the
dynamics of a liquid drop on an incompressible viscoelastic layer while Ref. [GV20]
models the durotaxis of a liquid drop on a compliant Kirchhoff plate. However, the
plate is modeled with a static long-wave description, i.e., the elastic layer dynamics
is instantaneous and slaved to the dissipative liquid dynamics. In consequence, dis-
sipation in the elastic layer is not considered. The long-wave model for a drop on
a polymer brush in Ref. [TH20] contains an elastic contribution resulting from en-
tropic influences while Ref. [Sib+21] describes a growing layer of ice under a droplet
employing a periodic potential to capture micro-scale layering that resembles peri-

odic elasticity effects.

After all there is a virtually inexhaustible range of phenomena to be discovered
and understood. As such, the research presented in this thesis can be expected to be

anything but dry.

1.1. A1m oF THIs THESIS

The aim of this thesis is to derive the simplest possible model for the dynamics of a
simple liquid on a viscoelastic substrate that captures the most important features
of soft wetting. Following a gradient-dynamics approach, the thin-film equation for
a simple liquid [ODBg7, Thioy, CMog] is coupled to the dynamics of a Kelvin-Voigt
material [Tho6s, Voig2] using a strongly simplified Winkler-foundation elasticity.
The resulting model will be validated by reproducing known soft wetting behavior
and utilized further to gain also new insights. Finally, the model will be expanded

in different stages to investigate more intricate phenomena.
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1.2. STRUCTURE OF THIS THESIS

First the general continuum mechanics description of both, fluids as well as solids,
is discussed in Ch. 2. After introducing the fundamental concepts required for the
mathematical description in Sec. 2.1, the governing equations of a viscous fluid are
discussed in Sec. 2.2 and adapted to fit the geometry of an laterally extended layer
that has a free surface at the top and is bounded by a solid substrate underneath.
The substrate it self is addressed in the subsequent Sec. 2.3, applying the theory of
linear elasticity. The equations are respectively approximated in the long-wave limit
to derive evolution equations for the interface profiles. In order to derive an evolu-
tion equation for the substrate profile, viscoelasticity is introduced in Sec. 2.4. The
obtained evolution equations are then shown to satisfy a gradient dynamic struc-
ture, which is based on the minimization of a free energy functional as discussed in
Sec. 2.5. This structure enables a very versatile, almost modular construction of the

model and allows to easily tailor it to the requirements of a specific problem.

In Ch. 3 the underlying energy function that is required to capture the main fea-
tures of soft wetting is constructed in Sec. 3.1 and used to gain first insights into
the statics of macroscopic drops in Sec. 3.2. Afterwards a mesoscopic perspective is
adopted by introducing a wetting potential, resulting in a precursor model. Finally,
the gradient dynamics evolution equations are derived and expanded in the long-

wave limit.

In a first study the influence of the substrate softness on the statics of a liquid drop is
investigated numerically in Ch. 4. The double transition in the equilibrium contact
angles, that occurs when increasing substrate softness from ideally rigid towards
very soft, i.e., quasi-liquid, is recovered and the contact angles are shown to obey

Young’s and Neumann’s laws in the respective limits.

The precursor approach enables an easy treatment of moving contact lines, which
is utilized to consider the spreading of single drops of partially and completely wet-
ting liquids in Ch. 5. It is shown, that known dependencies of the dynamic contact
angle on the contact line velocity are well reproduced and the effect of viscoelastic

braking is captured by the model.

Beyond that, the computational efficiency of the model, owing to the reduced de-

scription in terms of the interface profiles, allows also for the treatment of larger



systems. This is exploited in Ch. 6 to analyze the coarsening for two-drop system
as well as for large drop ensembles and it is shown that the dominant coarsening

mode changes with substrate softness in a nontrivial way.

In Ch. 7 the versatility of the gradient dynamics approach is made use of to incor-
porate surface elasticity and explore the impact of the Shuttleworth effect on static
drops. To validate the model, the results are compared to full nonlinear elasticity

simulations.

Finally, the liquid is enabled to exchange mass with the surrounding gas phase in or-
der to investigate the impact of softness on condensation and evaporation in Ch. 8,

attempting to explain the experimentally found phenomena.

The thesis closes with a conclusion in Ch. 9, summarizing the results of all pre-
sented studies. At last, the performance of the model is evaluated, including its
advantages and limitations, before suggestions for improvements and the further

procedure are made.

1.3. DECLARATION ON D1visiON OoF LABOR

In the following sections results will be presented that have to a large extend already
been published. At the beginning of the chapters concerned a remark will be made
regarding the details of publication as well as on the division of labor between the
authors. I declare that all the results as well as the final version of the text have been

produced by me, unless stated otherwise in the respective remark.



2. CoNTINUUM MECHANICS

In this chapter the main concepts of continuum mechanics that are required for
the description of both, liquids and solids, are introduced and used to derive the

respective governing equations.

2.1. FUNDAMENTALS

The variety of materials that are encountered in every day life seems innumerable
and classifying them is not an easy task. Depending on how they are differenti-
ated, distinct categories arise, the number of which increases the more properties
are taken into account. In particular, the research field of rheology investigates ma-
terials with regard to their mechanical properties, that is, their response to external
forces. More precisely, the materials are characterized by the counteracting inter-
nal forces that emerge under deformation. These forces depend on the molecular
structure, i.e., the interaction between the materials constituents, and include for
example chemical bonds, electrostatic forces and van der Waals forces. A first rough
classification distinguishes between solids (including also elastic materials) and flu-
ids (including liquids as well as gases). A solid is a material whose constituents are
strongly tied together and prevented from moving far away from each other. This
usually goes hand in hand with some kind of ordered structure on the molecular
level like crystalline lattices (e.g. in metals) or polymer networks (e.g. in rubbers).
Within such a structure each constituent has an assigned position relative to its
neighbors to which it is strongly bound. Any displacement away from that position
is resisted by forces proportional to the distance. The molecular structure of New-
tonian fluids, in contrast, is highly disordered and the constituents are indifferent
regarding their neighbors. As compared to a solid the particles of a fluid are rather
loosely bound and able to slip past one another with relative ease. This allows fluids
to yield to shear stresses which are virtually not resisted. Such movement known as
flow is only damped by viscous friction.

This classification of solids and fluids is strongly simplified, however, and cor-

responds to the idealized limiting cases of a wide spectrum of rheologies. Amor-



phous materials, like glasses, for example resemble solids regarding their mechani-
cal properties, i.e., they do not flow, resist shape change (shear stresses in particular)
and maintain structural integrity, even though their molecular structure is highly
disordered like that of a Newtonian liquid. In fact the majority of real materials are
viscoelastic and exhibit both, viscous as well as elastic behavior®, e.g., due to ordered
substructures like macromolecules as in blood or polymers. However, understand-
ing the simplified limiting cases first, will prove useful for the description of the
cases in between. To mathematically approach this problem, the deformation itself
has to be described first, which is the aim of this section. In the course of this the
classical derivation, as found, e.g., in Refs. [LKP86, LL87, Beso6, Sadog], is sketched
with a focus on the Eulerian point of view.

Macroscopic bodies that consist of spatially extended bulk materials, be it flu-
ids or solids or something in between, contain countless particles which makes a
microscopic description in terms of particle trajectories virtually impossible.> Of-
ten the exact microscopic behavior is not even of great interest, however, and it is
rather the macroscopic consequences that are relevant. On such scales, however,
the body appears continuous rather than composed of discrete particles, which led
to the idea of describing it in terms of infinitesimal volume elements dV instead.
These elements are considered very large as compared to the particles, such that
each element contains a large number of them, but is still very small as compared
to the size of the body, such that the latter can still be considered continuous on the
macroscopic scale. Properties like position 7,(t) or velocity v, = d7,/dt that were
originally assigned to a particle n, are then expressed as continuous fields. Exten-
sive quantities that are carried by a volume element, like the total number or mass
of the particles included, become densities. Describing the deformation of macro-
scopic bodies under influence of external forces in terms of these continuous quan-
tities is the purpose of continuum mechanics and the basic equations have already
been established by Cauchy and Poisson in the 1820’s [LKP86]. Commonly, there

are two descriptions to be distinguished [Beso6].

THE LAGrANGIAN PicTure: In this description an initial state is defined by
the positions R of its volume elements at arbitrary time t = f( (usually tq =

0). These elements are then traced over time and all fields are affiliated to

'Often one influence clearly dominates the other, however, such that the approximation as New-
tonian fluid of purely elastic solid is justified, e.g., for pure liquids like water or metals at low
temperatures.

*Even though this approach is precisely what molecular simulations are about, the particle num-
bers N considered there are usually of order O(N) < 103, effectively rendering the systems sub-
macroscopic.
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them. A deformation is then described in terms of their new positions 7(¢) and
velocities V() at any other time t, which are always related to the coordinates

of the initial state

PR1), 7= %7, (2.1)
ie., R = ?(ﬁ, tg). In other words, all fields always refer to the properties of
exactly the same volume elements that have been located at R at time t = t,.
Therefore, 7 is often referred to as the material coordinates. The positions 7
can in principle be found by integrating the velocity ¥ over time, the latter of
which can be determined by Newton’s second law as long as all acting forces
are known. Those, however, may depend on the positions ¥and therefore on R
according to Eq. (2.1), intrinsically coupling the equations and making them
hard to solve. In a way the Lagrangian description resembles classical parti-
cle mechanics, where positions and velocities of particles are considered, and
may therefore seem more naturally, particularly when the initial state can be
assigned a special meaning, e.g., if it defines the lowest energy configuration
of the body.

THE EuLerIAN PicTUrE: In contrast to the Lagrangian picture, the spatial coor-
dinates ¥ used in the Eulerian description are absolute and not tied to specific
volume elements. In other words, the coordinates 7 are not the trajectories of
the volume elements but define fixed positions in space that do not change
in time. The field quantities then assign values to these spatial coordinates at
every time, independent of the volume element that is currently located there,
e.g., the velocity is (7, t). This implies, of course, that there is always a volume
element present at the given coordinates, making this description valid only
under careful consideration of potential boundary conditions. The trajectories
of the volume elements as used in the Lagrangian picture can still be recov-
ered in the Eulerian picture, however, by integrating the velocity (2.1) over
time. Another subtlety arises when considering the temporal behavior of a
quantity ¢ that is actually carried by the volume elements. In the Lagrangian
picture the change in time of such a quantity is simply given by the partial

derivative

d—»_&_(b

1 (R, t) = ar |z (2.2)

the so called material derivative. In other words, the change of that quantity
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depends only on the condition within the associated volume element, inde-
pendent of its trajectory. At fixed spatial position 7, however, the change of
¢ is additionally affected by the amount that is carried towards or away from

that position by the movement of the volume elements

d 9 9 or; B
o = 8_(tp+;8_(r]i8_rt = 9+ (V)0 (23

where Lagrangian trajectory #{t) of the volume element has been employed
again. Hence, at fixed Eulerian coordinates 7’ it is important to know which
volume element is present there at a given time to evaluate the value of ¢.
Likewise, the temporal change d¢p/dt of that quantity at that position requires
knowledge not only about the increase and decrease of ¢ it self, i.e., d;¢, but
also about the movement of the volume elements 7, i.e., to know which ele-
ment will be present there in the future, as well as about the variation V¢ to
anticipate which values may be transported there by the volume elements in
the surrounding. This contribution to the local change in ¢ by transport is
described by the last term in Eq. (2.3) and commonly referred to as convection

derivative. Note, that here and in the following the notation d; = % is used.

Any deformation of a continuous body can be described by the change in position
of its constituents. In the Lagrangian picture the difference between deformed state

7(ﬁ, t) and initial state R gives the displacement

= =

URt = P(Rt)-R. (2.4)

It includes all information about changes in form, position and orientation of the

body. The mapping x from initial to deformed state can thus be written as

P(R) = X(R) = R+ U(R) (25)
and the velocity is obviously given by
. d_ - d - -
V(R t) = =7 (R,t) = —U(Rt). (2.6)

Let us now consider the Eulerian coordinates 7. Even though these coordinates are

fixed, a displacement field #7(7, ) can still be formulated and the initial state can be
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recovered by inverting the mapping
R(7) = x7'(7) = P-U(R(P) = P-a(7), (2.7)

ie., ﬁ(?) are the coordinated from which the Eulerian coordinates 7 would be reached
when applying a displacement U(R). Note, that the Eulerian displacement field
i(7) = UR(P)) = U(7- U(R(7))) is a recursive expression that leads to U(R) = U(7)
only in case of infinitesimal displacements. The change in distance between two in-
finitesimally separated points can for small deformations be expressed in the form

of a linear coordinate transformation
dR = Fd7, (2.8)
with the Eulerian deformation gradient tensor3
E() = Vx '(7) = V[7-id(7)] = 1-Veis = 1-8, (2.9)

which is basically the Jacobian matrix. Here the symbol ® indicates the dyadic prod-
uct and is occasionally omitted in the following, i.e., a V-operator acting on an ob-
ject to the r.h.s. with no symbol in between means that the gradient is taken. Hence,
B = Vil = V®iis the gradient of the displacement field, which is also commonly
referred to as displacement gradient or deformation tensor. It gives the relative dis-

placement of the considered points
diz = d7-dR = (1-F)d7 = pdr. (2.10)

The determinant of F sets the infinitesimal volume elements of initial and deformed

state into relation d3R = det F d>7and is to linear order given by
detF ~ 1-V-i = 1-tr(Vir), (2.11)

where V-7 is the divergence of the displacement field, with the - symbol denoting
the inner product, also referred to as scalar or dot product. The divergence of the dis-
placement field V- i determines the local change in volume and has to vanish for
incompressible media therefore. Since it corresponds to the trace of f, the diagonal
elements of the latter describe the compression and dilatation of a volume element

in the respective directions. Despite its name, the deformation tensor accounts also

3Here and in the following the designation tensor refers to a matrix of rank(2) if the rank is not
explicitly given.
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for rigid body rotations, which technically do not count as deformations since no
change in shape takes place. To distinguish between rotations and actual deforma-
tions, consider the squared distance of two infinitesimally separated points in the

deformed and initial state respectively
3 3
(d)? = Zdridri . (dL)?= ZdRidRi . (2.12)
i=0 i=0

With Eq. (2.9) the strain tensor ¢ is found

3
(dL? = ) Jijfudridn
i, k=0
3
= Z (5ij—/3ij)(5ik—/3ki)dfjdfk
i, k=0

3
= @7~ ) (Bt iy = pujbei)drydr

i,j,k=0
3
oup Ui  Ju; du;
= (d])? - et s s Becis B I PO
(d ) i,j,;:’o( 87”] * 8rk 87’] (9rk )dT’]drk
3
= (dl)? - Z 2e pdridr (2.13)
i,k=0

Note, that these calculations can analogously be done in the Lagrangian picture
yielding quantities that refer to the initial state R. For small displacements, how-
ever, the resulting quantities can be used alike and the strain tensor is to linear order

given by

(vm (VLT)T) (2.14)

| =

§:

It accounts for all changes in length during a deformation and corresponds to the

symmetric part of the deformation tensor, carrying its trace
tre = trp = V-ir. (2.15)
The traceless antisymmetric part

EZ%(VJ—(VJ)T) (2.16)
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in contrast accounts for rigid body rotations and the complete deformation tensor

can be disassembled like [Sadog]

B =p+e. (2.17)

The strain tensor may be further decomposed like

é:

| >

+ &, (2.18)

to separately account for a normal contribution, given by the spherical strain (natu-

rally including the trace)
Itre = =L(V-i), (2.19)

and a shear contribution, given by the (traceless) deviatoric strain

1 2
Ltre = E(W+ (VzT)T—gl(V-zT)) , (2.20)
Naturally, the spherical strain vanishes if the material is incompressible. In any case,
no matter if the material is incompressible or not, the mass is globally conserved as
demanded by the continuity equation [LL87]
S S Lo dp S

dip + V- (p?¥) = dip + (V-V)p + p(V-V) = T p(V-7) =0, (2.21)
with mass density p(7,t) and mass flux f: pvV. Tt states that the change of mass
in a given volume element is exclusively determined by its transport into or out of
it. The temporal evolution of a volume element is then given by Newton’s law of
momentum conservation (see A.1)

dv - >

pa = fint fex - (2.22)

The vector fields f.(7,t) and f,(7,t) are the external and internal forces per unit
volume, respectively. Such a force can without loss of generality be written as the

divergence of a tensor [LKP86]

fn = V0. (2.23)
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Integration over the whole volume yields the total force

F=| Fd’7= J V.o d’7 = J o-7d%7. (2.24)
R3 R3 OR3

where Gauss’s divergence theorem has been used to express it as an integral of normal
stresses along the surface 7, with normal vector #. The entries o;; of the so called
stress tensor give the forces per unit area acting on a volume element (cf. Fig. 2.1).
Thereby, the first index i refers to the normal vector ¢ defining the orientation of
the surface while the second index j refers to the unit vector ¢; defining the direc-
tion of the stress. Hence, equal indices indicate normal stresses perpendicular to
the surface, i.e., compression and dilatation, while different indices indicate shear
stress parallel to the surface. The components of the strain tensor ¢ could be visu-
alized in the exact same way. Obviously, the stress tensor contains all information
about the internal forces and thus determines the material’s behavior. Arising only
under deformation, these forces, and therefore the stress tensor, have to be related
to the strain somehow. Linking these two quantities by formulating constitutive laws
completes the mechanical description.

In the following chapters the two limiting cases, namely incompressible viscous
Newtonian fluids and linear elastic solids, are considered in the context of wetting

and described by means of the stress-strain relation.

033

O11

Ficure 2.1.: Components of the stress tensor acting on the surfaces of a cartesian volume element.
Normal stresses (darker red, equal indices) are aligned with the surface normal while shear stresses
(lighter red, different indices) are perpendicular to them.
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2.2. Fruip Dynamics 1N THIN LiQuip FiLms

In the previous chapter the mechanical behavior of fluids has roughly been outlined.
The latter shall now be reviewed in more detail with the ulterior motive of model-
ing thin liquid films on elastic substrates. In the following only viscous isotropic

incompressible Newtonian fluids are considered.

2.2.1. THE NAVIER-STOKES EQUATIONS

In the frame of continuum mechanics the point of departure towards the description
of such fluids is the conservation of momentum (2.22). The vector ]ZX includes all
external forces that drive the system like gravity or imposed pressure gradients and
are assumed to be known. Now, the internal forces have to be formulated in terms of
the stress tensor according to Eq. (2.23). As mentioned earlier, fluids own the ability
to release externally applied tensions by flowing. Hence, in an ideal fluid no shear
stresses arise and only normal forces are resisted. If that is true, the stress tensor
has to be diagonal. Moreover, assuming the material to be isotropic, the stress tensor

has to be rotation invariant and therefore proportional to identity [Batoo]
o =-plL, (2.25)

where p(7,t) is the scalar pressure field.4 Using this stress tensor in the momentum
conservation equation yields the Euler equation. In case of viscous fluids, however,
the irreversible momentum transfer from particles of high velocity to particles of
lower velocity due to friction has to be taken into account [LL87]. As friction de-
pends on the relative velocity between neighboring regions it has to be proportional
to the temporal derivative of the strain tensor also referred to as the strain rate tensor
[LL87, Sadog]

¢ = 0 = %(vm (VD)) . (2.26)
Note, that this tensor has non-vanishing diagonal elements. indicating that friction
plays a role also in the compressions of liquids [Beso6]. The strength at which shear
and normal movements are resisted by friction may differ, however, which is why

the spherical and deviatoric strain rates [see Eq. (2.18)] are scaled by two different

4At this point, one might have naively assumed at first that the trace of the stress tensor must vanish
as it is directly proportional to the trace of the strain tensor. This is, however, not the case and
the pressure field is even required to ensure incompressibility. More details on the subtleties of
incompressibility are provided in App. A.4.
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material constants, namely the dynamic (first) viscosity n and the volumetric (second)
viscosity C [LL87, Besob]

g = —pl + 3Co:¢ + 2n0,E. (2.27)

In general, both material constants, # and ¢, may be inhomogeneous scalar fields
that depend, e.g., on the local temperature T. In the following, however, they
are assumed constant and so is the temperature. Note, that sometimes the kine-
matic viscosity v = 1/p is used instead. With Eq. (2.27) the momentum conservation
[Eq. (2.22)] becomes the Navier-Stokes equation (NSE) [Batoo, LL87, Popoo]

ov

P§+

1 >
(17~V)77] = -Vp + nAV + (C+§q)V(V-77) + fox s (2.28)

where Eq. (2.3) has been used. The conservation and transport of mass has already
been formulated in the continuity equation (2.21).5 For many real fluids it is further
reasonable to assume incompressibility, i.e., constant mass density p(7,t) = pg =
const., in which case the conservation laws reduce to

o

0o En + (v-V)?] = —-Vp+ nAv + fe)x, (2.29a)

V-7 =0. (2.29b)

Note, that the continuity equation for incompressible fluids (2.29b) agrees with the
condition for volume conservation, that is the vanishing trace of the deformation
tensor [Eq. (2.11)]. Nevertheless, the trace of the stress tensor can take finite values
still, which is why the pressure gradient has to be taken into account. The equations
(2.29) provide a comprehensive description of isotropic viscous incompressible flu-
ids and can be used to approach the problem of wetting by fitting them to the layer

symmetry as shown in Fig. 2.2.

2.2.2. ADAPTATION TO LAYER GEOMETRY

Consider a liquid layer of local thickness h(x,v,t) with a free surfaceatz=h+& on a
deformable solid substrate as shown in Fig. 2.2. The substrate topography, given by

the function £(x,7), is assumed to be steady for now. To adapt the incompressible

5Sometimes also the collection of the three conservation equations, i.e., of energy, momentum and
mass, are referred to as the Navier-Stokes equations (plural) in the diverse literature, while here
only the momentum equation [Eq. (2.28)] is labeled as such. Since here the temperature is as-
sumed homogeneous and constant, however, the corresponding equations are not considered.
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z gas

FiGure 2.2.: Schematic of a two layer geometry system with a liquid layer (blue) of mean thickness hg
on top of a viscoelastic layer (red). The z = 0 level is defined with respect to the undeformed homo-
geneous reference state of the latter. While the viscoelastic layer is fixed to a smooth rigid substrate
at depth z = —d underneath, it carries the liquid layer of local thickness h(x,v) on top. The shape
of the deformed interface between those two is given by the function &(x,y) which corresponds to
the vertical component u, of the displacement vector & (green) at z = 0. The profile of the free
liquid-vapour interface is consequently given by h + & and its dynamics follows the flow of the lig-
uid as described by the velocity field " at the surface. Both, the solid-liquid and the liquid-vapour
interface are characterized by the excess free energies )5 and )| per unit area ds, respectively. The
directed surface elements d5 at the two interfaces are determined by the profiles & and h + & (see
Fig. A.1).

NSE (2.29) to such a geometry, the corresponding boundary conditions have to be
formulated. In the course of this it will prove convenient to distinguish horizontal

and vertical directions. The velocity and gradient vectors are therefore decomposed

v = (vx] , Vs and V= [g‘c) , 0. (2.30)
y

No-PeNETRATION CONDITION

First of all, the liquid should neither be able to penetrate the substrate nor to detach
from it, which is ensured by the no-penetration condition [LL87]. It demands that all
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velocity components perpendicular to the solid-liquid (sl) interface vanish

(@) = 0, (2.31)
with the normal vector
5 1 -V, &
g = —( 1” ] (2.32)
1+ (V”é)z

The denominator of the normalization factor in front of the normal vector is from
here on referred to as the metric factor m() = /1 + (Vyip)?. It relates an infinitesimal
element ds of a surface ¢(x,p) to its projection into the (x,v)-plane ds = m(y)dxdy
(see App. A.2).

Navier Srip CONDITION

Further, the friction at the solid-liquid interface brakes down the tangential flow.
This is commonly modeled by introducing the Navier slip condition [Batoo, LL87,
ODBg7]

= C(ita - V) [P(ia) - V] |, - (2:33)

Here, the projection operator P(i7) = 1—7®1 projects a vector to the plane defined by
i while the directional derivative ii-V gives the change of a quantity in direction of 7.6
The finite slip length €, is a vertical length scale and can be imagined as the distance
to an other hypothetical substrate lying underneath the real one. The tangential
velocity vj is assumed to vanish at this imaginary second substrate and to increase
linearly along the distance ¢;. Note, that there are also other slip models like, e.g.,

the one derived by RuckensTeiN and Dunn [RD77].

KineMmATIC BoUNDARY CONDITION

The no-penetration and Navier slip conditions define the restricted movement of
the liquid at the solid-liquid interface. The liquid-gas interface at z = h + & on the
other hand is free and can be described by the kinematic boundary condition. It states

that no flux across that boundary occurs, i.e., the free surface follows the velocity

®Here again #®1# = N is a dyadic product and yields a matrix Njj = nin; while -V = ¥;n;0; is an
inner product.
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field 7 [LL87]
O,(h+&) = 0,h = [vz—ﬁ-v”(mg)]ﬁmg. (2.34)

Using the no-penetration condition (2.31), the vertical velocity component may be

replaced by integrating the continuity equation (2.29b) in z-direction

h+&
- 7 c —
Ve | e = Pl VS - j V-7 dz. (2.35)

The kinematic boundary condition (2.34) can then be rewritten using Leibniz inte-

gral rule

h+&
dih = ‘ﬁ Vi B dz = Bl Vilh+ &)+ B[ Ve

h+&
-V U gl le :
<

(2.36)

ForcE EQUILIBRIUM AT THE SURFACE

The velocity at the free surface is governed by the tensions that are present there
and the surface boundary yields to them in order to achieve an equilibrium. There,

the balance of external and internal forces is

(0= 0)|,_pps " Tlig = @y = ~Pallig + T, (2.37)
where the normal vector 7}, now refers to the liquid-gas interface [see dsj; = 51477,
in Fig. 2.2]. The internal forces are given by the stresses tensors o, in the liquid and
0, gas phase according to Eq. (2.24) while the external stresses acting on the surface
are summarized in the vector field oﬁg(?). The latter can be decomposed into the
normal pressure 7}, - @]y = —p, and a tangential stresses T = P(#,)- d}y. As compared
to the stresses acting within the liquid, those exerted by the gas phase are assumed
to be very small and are therefore neglected, i.e., g, ~ 0. Projecting Eq. (2.37) onto

the normal and tangential direction respectively results in two conditions

ﬁ)lg 'g1|z:h+g 'ﬁlg = —Pa (2.38a)

P(itig) (@], e Tg) =T (2.38b)
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Note, that Eq. (2.38b) is vectorial since the orientation of 7 is not uniquely deter-
mined by the profile i+ ¢ of the liquid-gas interface but depends on @), as well. Tt is
therefore generally advantageous to decompose T into two orthonormal tangential

vectors that are unique with regard to h+ &, i.e., T = Tlt—)l + TZ?Z with, e.g.,

My X & My X &
fl = ——— and B = ——t—. (2:39)
1 - (g e))? 1 - (g - ,)?

Here & is the Cartesian base vector in i-direction and 7; = & - #; such that |7] =
\JT7 +73. The horizontal force equilibrium [Eq. (2.38b)] is then given by
r 'gl|z:h+g Mg = T with i=1,2. (2.40)
Expressions (2.38a) and (2.40) are respectively expanded in terms of the velocity
field ¥"and the profiles h and & in App. A.3.
Together with all the above introduced boundary conditions the Navier-Stokes
equations are complete and the problem is well defined. The only thing left is to
solve it. Since it is a non-linear and non-local partial differential equation, doing

so may turn out to be a pretty grueling affair. Therefore, the equations will first be

simplified further.

2.2.3. LoNG-WAVE APPROXIMATION

In the context of wetting the liquid layers are usually very thin as compared to
the lateral extension of the system. This anisotropy can be exploited to simplify
the Navier-Stokes equations as well as the boundary conditions. Therefore, it has
proven practical to first rewrite the equations in dimensionless form, which reduces
the overall number of parameters and allows for direct comparison of different sys-
tems in terms of the remaining dimensionless parameters. The basic idea is to ex-
press all quantities in units of arbitrary scales (denoted by capital letters) that carry

the respective dimension
x=L%¥, y=Ly, z=Hz, t=TFI. (2.41)

The distinction of horizontal and vertical lengths is now taken into account by dif-
ferent choice of L and H. Usually the values of these scales are chosen such that
the dimensionless variables, denoted by a tilde, are of O(1). Thus, the ratio e = H/L

quantifies the anisotropy between vertical and horizontal extension of the system
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and can be used to rate the impact of different terms. The velocity and pressure
fields are non-dimensionalized analogously [ODBg7]

L H 1

L _ .
Uy = Tvx r Uy = Tvy ’ V==V, P=—57P- (2'42)

Note, that in case of very thin liquid layers, i.e., € — 0, the impact of external pres-
sures increases as compared to other forces, which is why p is non-dimensionalized
using €2 [ODBg7, Batoo]. Introducing the dimensionless variables into the NSE and
dropping the tildes gives

—V||p+(€2A||+a§)77i| (2.43&1)
—(9Zp+62(62A|| +02)v, (2.43D)

eRe 9,7+ (7| -V +v.9.)7 |
e’Re [(9th + (V- V) + vz8z)vz]

with only one dimensionless physical parameter remaining; the Reynolds number
Re = % [t can be understood as the ratio of two characteristic momentum den-
sities. On one hand, the convective momentum density pL/T which includes the
characteristic horizontal velocity scale U = L/T and is related to the amount of ki-
netic energy in the system. On the other hand, the momentum diffusion density n/H
which includes the dynamic viscosity and accounts for dissipation due to friction.
Large Reynolds numbers usually indicate that turbulent flows are to be expected
while low Reynolds numbers suggest the motion to be rather laminar [Popoo]. The
stress equilibrium conditions at the free surface (2.38) can be non-dimensionalized
just alike [see App. A.3]. Assuming the liquid layer to be very shallow, the ratio
of characteristic length scales becomes accordingly small € < 1 and can be used to
expand the equations. In the context of fluid mechanics such simplifications are
known as lubrication- or long-wave-approximations [ODBg7]. Up to leading order in
€ the dimensionless NSE (2.43) and stress balances at the surface (A.6) and (A.9)

are”

Vip =927, (2.442)

d.p =0, (2.44b)

P =Pa- (2.44¢)

97 2=htE T8+ Tze_; =7. (2.44d)

7Remember, that the tildes have been dropped here, i.e., p, and 7; refer to the dimensionless quan-
tities, that is p, = € Tp,/n and T; = eT1;/7.
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Note, that in the long-wave limit 77}, = €, fl~e and fh ~ ¢,. Since Eq. (2.44b) de-
mands constant internal pressure in z-direction, it is not surprising that it equals the
normal stress at the surface as stated by Eq. (2.44c¢). Further on, the no penetration

condition (2.31) and Navier slip condition (2.33) reduce to

—

Vz =0, Y|_ = fsazﬁl |z:£ . (2.45)

|Z:g

Note, that the ratio € can be used also to consider the opposite case, i.e., liquid
layers that are very thick as compared to the lateral extension of the system, which
is known as deep-water approximation. Note, that since the time derivative on the left
hand side of Eq. (2.43) has been neglected, no inertia is considered in Eqgs. (2.44) any
more. In other words, the system is overdamped even though the Reynolds number
has not explicitly been chosen particularly small. After all these approximations,
the equations are sufficiently simplified to allow for the derivation of an evolution

equation for the liquid-gas interface profile C = h+&.

2.2.4. THE THIN-FiLM EQuaTION

The starting point for the derivation of an evolution equation for the free surface
profile C = h + & of the liquid is the kinematic boundary condition (2.36). It deter-
mines the dynamics of the surface by integrating 7 in z-direction.® To do so, the
z-dependence of the velocity field has to be known first. Since Eq. (2.44b) demands
constant p in z-direction, Eq. (2.44a) can simply be integrated, yielding

1

The first and second integration constants are determined by Eq. (2.44d) and the

Navier slip condition (2.45), respectively

¢ =7-(h+&)Vyp, (2.472)
- - 1
O = (bi—&)T+ 552+£h—€sh Vip - (2.47b)

8Since the substrate profile & is assumed static for now, the following considerations actually con-
cern only the liquid layer thickness h.
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Now, that the velocity field is known as a function of z, it can be placed into the

integral (2.36) to obtain the thin-film equation [ORg2, Mitg3, Thio7]

h+&
o,k —V”-L [(%(22+c§2)—z(h+§)+5h—fsh)v||p+f’(z+€s—5) dz

V”-lh2(§+€s)v||p+h(%+fs)?l, (2.48)

or in dimensional form

h? (h h(h R
ch = V”[?(§+€S)V”p+ﬁ(§+gs)l—‘| . (249)

As far as the liquid is concerned no tangential forces are considered for now, i.e.,
7= 0. According to Eq. (2.44c¢) the pressure p corresponds to the external normal
stress p, at the surface. The latter may include multiple contributions and its exact
composition is discussed in Ch. 3. Note, that the thin-film equation corresponds to

a volume conservation law [Thito, TAP16, Wil+15]
8th = —V” ] (2.50)

similar to the continuity equation [Eq. (2.21)], with / being a density, namely a
volume per area. The flux, however, is now given by the product of a mobility
Q(h) = %2 (% +€S) and the pressure gradient

—

j=-QMmVp, (2.51)

resulting in a Cahn-Hilliard type form [Cah65, Mitg3]. Note, that in some special
cases this form can be achieved even if T = 0. The corresponding term has then
to be expressed in a way that it takes the form Q(h)Vf(h), such that the mobility
can be excluded. See Refs. [ORg2, TKo4, TAP16] for examples and further details.
Obviously, a steady state d;h = 0 has to satisfy V|p = 0, i.e., uniform pressure. The
complete velocity field can still be recovered from h, & and p using Eq. (2.46) and
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the continuity equation to obtain the vertical component

v, = —J V”-?jﬂ dz (2.52a)
==Y [z - -32 0 )+ 58— h +hez 3R
n=x,y (2.52b)

1, 1,
+[ L. )8n(h+5)+h(z—é)8n5]8np,

where ¢, = 0 and 7 = 0 has been assumed to obtain Eq. (2.52b).

2.3. LINEAR ErastIiCITY

Since the governing equations for the liquid layer have been found, the elastic sub-
strate is to be considered next. As mentioned in Sec. 2.1, elastic materials usually
exhibit some kind of fixed structure on the molecular level, like crystalline lattices
(e.g. in metals) or polymer networks (e.g. in rubbers), in which the particles are
strongly bound. In the absence of external forces the particles adopt the energet-
ically most favorable arrangement referred to as reference state. Any deformation
away from that state is resisted by the binding forces® and results in an increase
in potential energy. Under exertion of a constant load, the material deforms un-
til inner stresses equilibrate the external ones and a steady state is achieved. Once
the exposure ends, the material yields to the inner forces and returns to its original
state. This ability to reverse deformations is referred to as elasticity. According to
that picture, the stress has to be directly related to the strain o(¢) in contrast to the
stresses acting in viscous fluids which depend on the strain rate (2.27) instead. De-
pending on the material a variety of different stress-strain relations is conceivable.
In the small strain limit, however, most materials exhibit an approximately linear
behavior o ~ ¢ that tends to become non-linear as the strain increases. Eventually,
the stress reaches a critical level at which the bonds between the particles break up
completely and the body fractures which is sometimes referred to as material failure
[Sadog]. If this point is reached already at smaller strains close to the linear regime
the material is called brittle. However, a damaging or rearrangement of the internal
structure may appear even before the fracturing point is reached. It so happens,
that a so called yielding point is reached beyond which the deformation occurs par-

tially plastic, meaning that it can not be completely reversed and the reference state

9These can be intermolecular forces but also purely entropic in origin, e.g., in polymer networks.
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is changed. Materials that exhibit such behavior before they fracture are called duc-
tile. A deformation is called plastic, if it is permanent, even upon removing the load
[Sadog]. If the bonds are infinitely strong such that no deformations occur at all the
material is referred to as rigid.

In the following, the mathematical description of elastic material mechanics shall
be discussed, particularly focusing on the layer geometry of a soft substrate of fi-
nite thickness. Thereby, only linear stress-strain relations are considered, i.e., small
strains far from yielding or fracturing points. Even though the Lagrangian picture
may offer a potentially more intuitive approach for the description of elastic defor-
mations due to the existence of a reference state, the Eulerian description is used in

the following to remain consistent with the description of the liquid in Sec. 2.2.

2.3.1. THE Navier-CaucHY EQuaTIiON

Starting again from Newtons law of momentum conservation (2.22) the stress ten-
sor is to be formulated in order to describe the internal resisting forces. Aside of
linearly depending on strain, the stress is further assumed to do so only locally in
space and time [LKP86, Beso6]. In other words, neither do strains at other loca-
tions influence the stress at the current one nor does the material have a memory,
i.e., its history does not influence the current situation. The most general linear

stress-strain relation is then given by Hooke’s law [Sadog]

oij = Cijki€xi - (2.53)

The 3* = 81 components of the rank(4) tensor C are called material constants and
give the proportionalities between all stress and strain tensor components. Fortu-
nately, the number of material constants reduces to only two different quantities
in case of isotropic media.'® Now, only normal and shear strain are distinguished
and the stress tensor is given by a superposition of spherical and deviatoric strain

[Egs. (2.19) and (2.20)]
0 = 3KE + 2pE. (2.54)

The corresponding material constants are the compression modulus K and the shear

modulus u. In most of the literature, however, the stress is rather expressed in terms

"°Note, that for the exact same reason there are only two viscosities in Eq. (2.27). The constitutive
relation of a simple liquid in Sec 2.2 is thus perfectly analogue to the one of a linear elastic
material as introduced here. One relates to the strain rate, while the other relates to the strain it
self. It will be shown in Sec. 2.4 that both are required for the description of viscoelastic materials.
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of the general strain [Sadog]
o = Altre + 2pe, (2.55)
with A = K —2u/3 being the first Lamé constant. The trace of the stress tensor
tro = (3A+2u)tre = 3Ktre (2.56)

can be used to invert Eq. (2.55) and express the strain as a function of stress

1 A
e = —\|o - Itro].
- 2u\— 3A+2u— —

(2.57)

For scenarios where stresses are applied in only one direction ¢, i.e., €,- 0 - €, = 0,
and (0 -¢,) x &, = 0, it is useful to define the proportionality between these stresses
and the strain they cause in the same direction

- - #(3/\ + 2#) - - - -

€a:0 € = Tyea'ﬁ'ea =Eé;-e-6, (2.58)
where the Youngs modulus E is identified using Eq. (2.57). The proportionality be-

tween all the other components can be expressed in terms of E as well [Sadog]

1+v
£ = o -

+

1tro , (2.59a)

| <

g:

+ |ttt

Vv
T+v (§+ 1—2vltré)’ (2:590)

with the dimensionless Poisson ratio v = A/(2(A + p)). Obviously, there are various
options on how to represent the constitutive law and even though only two different
material constants are required, these can be chosen very differently. The connec-
tions between the most commonly used ones are given in Tab. 2.1. Proceeding with
Eq. (2.55) for the time being, Newtons law of momentum conservation (2.22) yields

the Navier-Cauchy equation
pO*7 = uAT + A+ uV(V-7) + for s (2.60)

where the velocity field has been expressed in terms of the displacement field v =
0,if and the non-linear convection term in the material derivative (2.3) has been

neglected due to the assumption of small displacements. Note, that according to
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TasLE 2.1.: Commonly used material constants of linear elasticity and their connections. The respec-
tive constants are referred to as Youngs modulus E, Poisson ratio v, bulk- or compression modulus K,
shear modulus y and first Lamé constant A, with R = VE?2+ 912 + 2E\. The rheology of an isotropic
purely linear elastic material is fully described by any pair of these constants. For the description
of anisotropic materials up to 3* = 81 different material constants are required, however. [Sadog]

REPRESENTATION E % K U A
Ev T ey )
2 i T
E A E+2/\/\+R E+36/\+R E-3)\+R
v, K 3K(1-2v) % 3Ky
v, i 2u(1+v) 271(%;; =
A A(1+v)v(1—2v) A(;v) A(lz—vzv)
K, A e W 3K =)
W A u(3++}4214) Tprm s

Eq. (2.59) the trace of the strain tensor is given by

1-2v
tre =

tro, (2.61)

and vanishes for v =  implying incompressibility. Even then, finite normal stresses

tro # 0 are possible (see App. A.4) and the stress tensor can be written as
1
g = 3ltra + 2pe, (2.62)

where E = 2u(1 + v) = 3p is used. Introducing the internal pressure field p(7,t) =

—%trg as was done in Sec. 2.2, the incompressible Navier-Cauchy equation writes
2> — et
pdil = =Vp + UAU + for . (2.63)

At this point, it may seem reasonable at first to proceed analogously to the derivation

of the thin-film equation, i.e., to formulate boundary conditions and apply the long-
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wave approximation to obtain an evolution equation for the substrate profile, which

is equal to the vertical component of the displacement field at the interface
EFt) = @Fmn-a |, - (2.64)

Doing so, however, quickly results in a steady state equation for i, since the inertia
term on the Lh.s. is neglected during the long-wave approximation and there are
no other time derivatives present in the stress. The time derivatives in turn are
required to derive an evolution equation for & according to the kinematic boundary
condition [Eq. (2.34)]. In other words, without friction or inertia the response of the
substrate is instantaneous. We shall therefore continue with static considerations

and take care of the dynamics later.

2.3.2. THE FUNDAMENTAL SOLUTION

Even though we are restricted to a static description of elasticity for now, the static
solution will turn out to be of good use, even for the dynamics. With the Navier-
Cauchy equation (2.60) readily at hand only the boundary conditions are left to be
defined in order to take into account the layer geometry of the substrate. As shown
in Fig. 2.2 the substrate is restricted towards the bottom by a rigid ground level at

depth z = —d where the no slip condition is applied
1,7 B =0. (265)

The plane z = 0 defines the solid-liquid interface of the undeformed reference state.
However, this interface, described by the profile &(7f) [Eq. (2.64)], is exposed to
the stresses exerted by the overlying liquid layer o,. The statics of the substrate is

therefore governed by the equilibrium of stresses that are acting there, similar to

Eq. (2.37)
(0= Tl = @Y, (.66)

with 77y = €, and the inhomogeneity @, representing any additional stress acting at
the surface.!* Here the stress o; exerted by the liquid is assumed to be known while

the one of the elastic substrate o is given by Eq. (2.55). The latter can at the surface

"Note, that the definition of the surface at z = 0, instead of z = &, is valid only because linear

elasticity is assumed, since the Lagrangian displacement field U is then, to leading order, equal
to the Eulerian displacement field ir.
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be written in the form of a differential operator acting on the displacement field

g = D(if) . (2.67)

QS z=0 '

Due to linearity, the action of this differential operator can be expressed by a matrix

=

D) = D(V)-7  with  D(V)=|0 ud, o
A9y Ad, (A+2p)0-

(2.68)

The V in the parenthesis is meant as a reminder that the matrix D contains spatial
derivatives that act on the object to the right hand side. Condition (2.66) then yields
a set of three coupled inhomogeneous linear partial differential equations

[Q(V) : 17]2:0 = 67sl = 0 =0 ﬁsl + 675,’1 . (2-69)

Here a) represents all stress acting at the surface, including those exerted by the
liquid, i.e., given by ), and any other contributions, summarized as &7,. Thanks to
the linearity, the superposition principle applies and the problem can be treated via
Green'’s formalism. Thereby, Eq. (2.69) is first solved using a localized inhomogeneity

[DV)-2'(7)]_, = o), (2.70)

for any set of vectors {¢},e5,¢3} forming an orthonormal basis of R>. The solution
21

g'(7) of that equation can then be viewed as the i-th column of a matrix G(¥) which

is called the Green’s function

gr) =G6r)e o g =Gy (2.71)

The latter is desired because it is the fundamental solution of the system, meaning

that for arbitrary inhomogeneity a solution can be constructed according to the su-
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perposition principle

[DV)-#(7)|__, = @) = 8(F) * @u(F)
= S(F-7) ) ai(7) e d* 7
Jon?7 L
(2_70) f >l > >/ 12>
ZUDV)-| | ) FF-Fai() dF
JoQ 5
.

C
D
Q

- mmwzv&gﬂmawmwzgm*@m,<m@
where JQ refers to the surface of the elastic layer at z = 0. The linear differential
operator D(V) can be pulled in front of the integral as it affects only 7 not 7. Re-
member, that this solution emerges from the boundary condition at the interface.
Consequently, it is evaluated at z = 0 effectively reducing the spatial dimension of
the problem to the (x,p)-plane. Since D(V) includes derivatives w.r.t. z, however,
the problem has to be solved for the whole z-dependence of i within the bulk be-
fore a solution for the displacement at the surface can be obtained. Since only at the

surface external forces are acting, the static Navier-Cauchy equation is
V.o, =0. (2.73)

As simple as it looks, this equation is yet quite laborious to solve. It is therefore
advantageous to take the symmetry of the problem into account to reduce the equa-
tions as much as possible. Assuming the substrate to be infinitely extended in x and
y direction and the displacement to vanish as || — oo allows to employ Fourier- or
Hankel transformations depending on the symmetry of the boundary condition. If a
Cartesian description is considered, for example, the corresponding spatial coordi-
nates and the associated partial derivatives are then replaced by Fourier modes, i.e.,
d, — —ik,, and the problem reduces to a set of coupled ordinary differential equa-

tions depending only on the vertical coordinate z. Note also, that the convolution
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(2.72) becomes a simple product in Fourier space

- - -

(k) = G(k)-aq(k). (2.74)

In other cases specific stress functions can be found that significantly simplify the
equations. For a variety of different symmetries the Green’s functions have already
been calculated, e.g., in Refs. [Hansg1, Joh85, Ess+21], and even used in the context
of wetting [DL15]. In Sec. A.5 the derivation of some components of the Green’s

function is shown in detail for the present system.

The results presented in the remainder of this work are to a large extend consid-
ered in a two dimensional framework, i.e., translational invariance in y-direction.

In that case the Green’s function is given by [Hang1, Ess+21]

_ i (4K%d?+16v2=20v+6)e*t — (3 —4v)(1 - 2v)(e* +1)
27 2pk [(4k2d2 +16v2-24v +10)e2kd + (3 —4v)(e*kd + 1)]

Xz

_ i 2k?d? + (3 —4v)(1 = 2v)[1 — cosh(2kd)] (2.752)
= 27 2uk (3 — 4v)cosh(2kd) + (3 — 4v)(1 - 2v) + 2(1 — v) + 2k2d? 73
1 (v—1)[4kde?d - (3 - 4v)(ed - 1)]
Gy, = =
270 pik [(4k2d2 + 16v2 = 24v + 10)e2K 4 (3 = 4v)(e*k + 1)]
1= (3 — 4v)sinh(2kd) - 2kd (2.75b)
T 21 uk (3—4v)cosh(2kd) + (3—4v)(1 —2v) + 2(1 —v) + 2k2d2 73
1 (v = 1)[4dked + (3 - 4v)(eHd - 1)]
Gy = —5—
’ 270y [(4k2d2 + 16v2 = 24v + 10)e2kd + (3 — 4v)(e¥ + 1)]
1 1-v 3 —4v)sinh(2kd) + 2dk
( )sinh(2kd) (2.750)

T 21 pk (3—4v)cosh(2kd) + (3 —4v)(1—2v)+ 2(1 —v) + 2k2d2

Note, that due to the symmetry G,, = —G,, and only G,, will be explicitly men-
tioned in the following. The diagonal entries are further found to be real valued
while the off-diagonal entries are purely imaginary, indicating that the associated
deformations in position space are symmetric and antisymmetric respectively. In
the following it will prove practical to define K(k) = uG(k). The three independent
components of the Green’s function are shown exemplarily in Fig. 2.3 for an arbi-
trary set of parameters in Fourier space [panel (a)] and real space [panel (b)]. As one

might expect the vertical displacement G,, resulting from an upward pulling point
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FiGure 2.3.: Components of the two dimensional Green’s function G for an incompressible material
1 . . [N . . .

v = 5. The components G;; give the surface displacement in u/-¢; resulting from a point force pulling
in ¢ direction at x = z = 0. Panel (a) shows the components in Fourier space against the wave
number k. Panel (b) shows the respective representation in position space. The red colored area
underneath G, represents the bulk of the elastic layer. Note, that in general vertical displacements
are caused even by horizontally directed point forces and vice versa, since G, # 0. The remaining
parametersare y=1,d =5and v = %

force shows a sharp peak. Due to incompressibility, i.e., v = %, a small depression

also referred to as undershooting arises aside it. Further, it becomes clear that even
horizontal forces cause vertical displacements and vice versa since G,, #0. At k=0
the components become

1 d2v-1)(v-1)

. . d
im G, (k) = —— ’ llcl_r)r(l)Gxx(k) = El (2.76)

ll<i—r>r(1) Czlk) = 0, ll<—>0 2t 2u(v—1)?
i.e., the global displacements j_o; Gy, dx and j_ozo G,, dx increase with increasing
elastic layer thickness d and decreasing shear modulus y, while LO:O Gyy dx =0 al-
ways. Note, that also f_o:o G,, dx = 0 for v = J, reflecting the conservation of volume.
In Fig. 2.4 the component G,, is shown in real space for different Poisson ratios v
and layer thicknesses d. It is found that the undershooting reduces as the substrate
becomes more compressible v — 0 and that the lateral extension of the structure
increases with the thickness of the elastic layer. In the majority of this work it is not

the Green’s function but rather its inverse that will be used

G-l — 1 Gzz _ze
o detg _sz Gxx ’

(2.77)

5

Greens function Gj;(
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with

1-1)2 [ (3-47)2 sinh2 (2kd)—4k2d2 |- L [ 2242~ (3-4v)(1-2v)(1—cosh (2kd)) |
detG = Gxszz‘*’Gf-z _ %%( v) [( v)< sinh“(2kd) ] 4[ (3—4v)( V)(z cosh( ))] ) (278)
(2m) pok [(3—4v)cosh(2kd)+(3—4v)(1—2v)+2(l—v)+2k2d2]

as it allows for calculating the surface stress from the displacement by inverting

Eq. (2.74)
), (2.79)

or in real space
@g(7) = J Gl r-7)- () d*7 = G UP) = u(7). (2.80)
0Q
With G and G~ we are now able to calculate the surface displacement resulting

from arbitrary surface forces @ and vice versa, at least in two spatial dimensions
that is.
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FiGURE 2.4.: Dependency of the vertical surface displacement G, on the elastic layer thickness d and
the Poisson ratio v at fixed shear modulus p = 1. Panel (a) shows the dependency of G, on the Pois-
son ratio v at constant shear modulus p =1 and layer thickness d = 5. With increasing Poisson ratio
the material becomes increasingly incompressible and an undershooting arises next to the wetting
ridge due to volume conservation. Panel (b) shows the dependency of G,, on the layer thickness
d at constant Poisson ratio v = %, i.e., for an incompressible material. The lateral extension of the
whole ridge structure increases with d while the depth of the undershooting remains the same.
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2.3.3. LoNG-WAVE APPROXIMATION

To use the Green’s function and its inverse in the same framework as the thin-film
equation both must be accordingly approximated in the long-wave limit. Using the
same non-dimensionalized variables as defined in (2.41) it is found that kd = ekd

with € <« 1 in that limit. The expanded Green’s function is

d3(3 +4v)
6u(l—v)
d(1-2v) d3v(1-4v)
2u(1—v) " eu(1-v)?

id*(1—4v) id*(3—14v —8v?)

~ — 3 4
Gy, = I k + 21— k> + O(e™), (2.81¢)

Gxx z% - kz + 0(64); (2.81&)

G.. ~ kK + O(e?, (2.81b)

and its inverse

Lk, pd(15-38v+67v2—120v3 +48v4) A
(G ) = 7 T ke + O(e”), (2.82a)
Ly _H20-v) | pd(3-22v+67v7-12007 +48vY) , .
(G )z & d ( _ 2V) + 12(1 - 21/)2 ke + O(G ), (2.82b)
. in(1-5v+4v?)  ipd*(3-10v+75v>—324v3 +528v4-192v°)
(G )z ® k + k
2(1-2v) 48(1 —2v)?
+ O(e?). (2.82¢)

The long-wave approximation is further accompanied by the advantage that the
convolution in real space is removed as the powers of the wave number translate
into spatial derivatives 7 '[k"f (k)] = (-i)" 0" f (x). Hence,

ona
Jg(x -x")ad(x') dx" =~ Q”a—xf , (2.83)

n=0

with the matrices G" respectively including the expansion coefficients of the n-th
order terms. Considering only the zeroth order terms, i.e., O(k?), results in a de-

scription of the elastic layer as a continuous spring with the stiffness per unit area

2(1-v) -
d{1-2v)

ish in this limit, the horizontal and vertical displacements are entirely decoupled

7 L and ’” in x and z direction, respectively. Since all off diagonal entries van-

and with the vanishing dependency on the wave number k the non-locality is lifted
as well. This strongly simplified description is known as the Winkler-foundation
model [Joh85, Dil+18] and is frequently used, e.g., in soft lubrication problems
[SMog4, SM15]. Note that, almost all terms in Eqgs. (2.82) exhibit a singularity at
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v = %, indicating that an incompressible elastic layer cannot deform under long-
wave traction [CV20].'> The reason for this is, that incompressible materials are
usually deformed by shearing which is not incorporated in the Winkler model, since
the displacements are local and decoupled, i.e., vertical displacements cannot cause
horizontal ones and vice versa. This feature is quite unfavorable since most of the
elastomeric materials used in experiments are incompressible or at least very close
to it [Dog+18]. Yet the Winkler-foundation model performs reasonably well when it
comes to the description of thin coatings, even if those are incompressible [Sai+16,
Ral+17, Sai+20]. Nevertheless, many efforts have been made to extend the Winkler
model to incorporate incompressibility [CV20]. For example, the second order term

in the vertical component (2.81b) survives

1 d>
Gz, (k;V = E) = _$k2 , (2.84)
which in real space yields
d3 0%a,
g(x) = uZ'ZZO = 5 axz ¢ (285)

This expression looks quite similar to the term %83{‘0 found in the thin-film equa-
tion (2.49) and was previously used to describe the deformation of incompressible
elastic layers of finite thickness [GM7o, Dil89]. Note, that in the limit of an infinite
half plane d — oo, i.e., kd ~ €71 which is in some sense the opposite of the long-
wave approximation, the vertical displacement at the surface is found to be ~ log(x)
and thus to diverge as the position x = 0 of the point force is approached. This is
known as the Flamant problem [Flag2]. After all, the surface displacement caused
by an external, assumingly known, surface stress & is determined by Eq. (2.72), i.e.,
by simply calculating a single convolution integral. However, the situation becomes
significantly more complicated if @ depends on the surface displacement itself in
a non-linear manner, which is indeed the case for the soft wetting systems to be
considered in the following, as is discussed in Ch. 3.2. Now, that the statics of the
finite elastic layer is in place, it is time to address its dynamics, i.e., to introduce

viscoelasticity.

12This is also reflected by the terms in Eqs. (2.81) becoming zero.
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2.4. LINEAR VISCOELASTICITY

In the previous chapters we have seen, that the stress of a viscous Newtonian fluid
is proportional to the strain rate o ~ ¢ while for a perfectly linear elastic material
o ~ ¢ is obeyed. As was mentioned above, these constitutive laws are idealizations
that correspond to the limiting cases of a wide range of behaviors exhibited by real
materials. While these limits may serve as reasonable approximations in many sit-
uations, providing a considerably simplified description, there are abundant real
materials featuring both viscous and elastic behavior, with neither being negligi-
ble. Those materials are therefore comprehensibly referred to as viscoelastic. In
this section the basic concepts that are required for the mechanical description of
viscoelastic materials are introduced, following Refs. [LALg6, dGg6, Jer+11, SD12,
Lub+14]. In line with the description of linear elasticity in the preceding chapter,
the discussion will be restricted to linear viscoelasticity, i.e., small deformations at

all times.

2.4.1. THE DYynAmMIc MoDULI

One of the most striking properties of viscoelastic materials, besides their ability to
dissipate kinetic energy via friction, is that their stress strain relation is not local-
ized in time but depends on the entire history the material has undergone. Such a
behavior is referred to as memory effect and can be described by the Volterra expan-
sion

n

N
y(t) = ZJ...an(Tl,...,Tn) x(t-1;) dr; . (2.86)
n=1

J=1

Hence, the output function v(t), i.e., the stress, is given by a series of nested convo-
lution integrals including the input function x(t), i.e., the strain rate, and the n-th
order Volterra kernels ¥, (7y,...,7,). Once again restricting ourselves to linear behav-
ior, i.e., N =1 in Eq. (2.86), a time-dependent equivalent to Hooke’s law is found
[DE~8, WC86]

oij(t) = J_ Z‘;bz'jkl(t_t,)at’gkl(t/) dt’, (2.87)

with the strain rate being the input function and the Volterra kernels ;i (t) re-

placing the material constants [cf. Eq. (2.53)]. Just like the latter, the number of
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convolution kernels can be reduced to only two independent functions by assum-

ing isotropy of the material. In this case the stress-strain relation can be written in

analogy to Egs. (2.54) or (2.55)

o(t) = f DAt =)Ltr[9pe(t)] + 20,(t —t)Ipe(t)) Y’ (2.88a)
= ft 3P (t—t)dpe(t)) + 2, (t—t')IpE(t') dt’, (2.88b)

with ) (t) or Yx(t) and i, (t) regarding volumetric and shear strain, respectively.
In the context of viscoelasticity these linear response functions ;(t) are also often
referred to as relaxation functions. They determine the stresses that are caused in
response to sudden constant strain. Let us first consider the incompressible case

tr[dye(t)] = 0. Application of sudden constant strain £(t) = £,0(t) then yields

t t
olt) = 2§0£ Pt~ 1)3,0(1) dr':zgof_ Pl — 1)) A = 2e00,(1),
(2.89)

where O(t) is the Heaviside function. Indeed ¢(t) ~ o(t)/eqy plays the role of an
effective material constant at given time t. For t — oo it converges to the elastic
modulus of the static problem. Consequently, a material is declared a viscoelastic
solid if }E?o (t) # 0, i.e., if a finite stress persists at constant strain, or a viscoelastic
fluid if tll)nc}o Y(t) =0, i.e., if the stress is completely released in the long term. Causal-
ity further demands ¢(t < 0) = 0, i.e., the relaxation function can never affect the
past. For that reason it is also sometimes referred to as causal or retarded Green’s
function. Note, that its counterpart, i.e., the linear response function that relates
the current strain to the history of stress, is usually referred to as creep function
~1(t). Assuming the material to occupy an undeformed reference state in the far
past tgr_noos(t) = 0 a temporal Fourier transformation can be applied to Egs. (2.88)
which leads to

o(w) = xa(w)ltre(w) + 2x(w)e(w) (2.90a)
=3xk(w)é(w) + 2xy(w)E(w) , (2.90b)

where

xw) L (1) e = L[p(1)](s), (2.91)
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is the Laplace transform of the relaxation function with s = —iw (see App. A.6 for
details). In the following the x;(w) are referred to as the spectral representations of
the material constants or as dynamic moduli. Eqs. (2.90) can be transformed back to

the temporal domain to obtain an alternative form of the stress-strain relation

o(t) = f Xalt=t)Ltre(t’) + 2x,(t=t)e(t’) dt’ (2.92a)
= jt 3xg(t=t)E(t) + 2x,(t=t)E) dt’, (2.92b)

where the kernels x;(t) now determine the stress response to singular strain &(t) =
£00(f). Note, that the limiting cases can still be recovered from Eqs. (2.88). As-
suming for example () = Co(t) and ¥, () = n6(t) results in the stress-strain re-
lation of a viscous Newtonian fluid (2.27). The dynamic moduli are purely imagi-
nary then yx(w) = iwC and x,(w) = iwn. If, however, i (f) = K and i, (t) = p the
stress-strain relation of a linear elastic solid (2.54) is recovered. In this case the dy-
namic moduli are purely real valued and equal to the respective relaxation functions
Xx(w) =P (t) = K and x,(w) = ¢, (t) = p. It seems, that the imaginary parts of the
dynamic moduli are related to viscous dissipation while the real parts account for
elasticity. Due to causality the dynamic moduli have to be analytic in the upper-half

plane and their real and imaginary parts are related via the Kramers-Kronig relation

, 3 3 ® Im y(w’) dw’

X(w) = Rex(w) = PJ\_OO o (2.93a)
) = it = [ Rex@)dos
() = mylw) = -p | SEHLISE (2.93b)

with P denoting the Cauchy principal value and

X() = Y(w)+ix"(w) = wJ:o P(t)sin(wt) df + iwLoo (t)cos(wt) dr. (2.94)

Since the dynamic moduli are real valued functions in the time domain, i.e., Im x(t) =
0, the real and imaginary parts of their Fourier transforms are even and odd func-

tions, respectively,

/

xilw) = xij(-w) and  x{(0) = —=x{(-w), (2.95)

and consequently x;(-w) = xj(w). These symmetry properties are also inherent

in their temporal representations. In particular, the inverse Fourier transforms of
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the real parts x’(t) = }"T_][)(;(a))] are symmetric, that is invariant with respect
to time reversal t — —t. The inverse Fourier transforms of the imaginary parts
x”(t) = FT [ x”(w)], however, are not. Consequently, a deformation is considered
irreversible only if x”(w) # 0, which is why the latter must indeed be related to en-
ergy dissipation, i.e., viscosity. In contrast, the reactive parts x;(w) are the same no
matter the direction in time and thus account for the reversible elastic parts of the
deformation. That is why x/(w) and x(w) are called the storage- and loss moduli,
respectively. This behavior can be seen also by considering the work per time and

unit area
wlt) = o) = él0) | atr=rlete) dr' = [ iwetwmi@el@)elenr L,
(2.96)

which after integration over time yields

w(t) = JU'J(t') dt’ = Jj[:ia)é‘(a)))((a)')g(w’)[%J_el'(mﬂu,)t’ dt’] dwdw’

jjm iwe(w)x(w)e(w)d(w+ ') dodw’ (2.97)

o0 o0
—J iwx(w)|e(w)]? dw = J wx”(w) le(w)* dw .
—00 —00

After integration over a symmetric interval in the final step, the contribution of
X'(w) vanishes due to its symmetry. Hence, the loss modulus alone accounts for
dissipation and can be associated with an effective viscosity 1(w). With x;(w) =0

we find, e.g., for Eq. (2.90a)

o(w) = xa(w)ltre(w) + 2x(w)e(w)

N(w Xp(w)
= AC) iwltre(w) + 2 s
w w

fwe(w) (2.98)
= M) Ltré(w) + 27 (w) £(w) .
An other way to characterize a viscoelastic material is by considering the phase shift

between stress and strain, which, however, is related to y” and x” at the end of the

day

= x(w) = |x(w)| e with ¢ = arctan())((—,:) : (2.99)
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Hence, a phase shift of ¢ = 0 is achieved only if x”” = 0 and corresponds to perfect
elastic behavior as it results in 0 ~ ¢, while x” = 0 causes a phase shift of ¢ = 77/2 and
indicates that a Newtonian fluid is at hand since it results in 0 ~ ¢. This behavior
can further be exploited to measure the dynamic moduli. In a so called rheometer
periodic strain is exerted to a material sample and the resistance, which corresponds
to the stress response, is measured. The ratio of stress and strain as well as the phase
lag between them then yields the dynamic modulus for a given w. Following this
procedure the spectral dynamic modulus can be scanned over a range of frequen-
cies. The resulting curve may then be fitted using, e.g., the Chasset-Thirion model
[Doub64, LALg6]

xX(w) = xoll+(iwt)"], (2.100)

as was done in Refs. [LALg6, Kar+15, JCK23]. If no such equipment is available
or the process seems too elaborate for your taste, a circuit constitutive model can be

constructed instead.

2.4.2. Circuit CONSTITUTIVE MODELS

The idea here is to model the viscoelastic rheology as some kind of circuit consist-
ing of purely elastic springs and purely viscous dampers, obeying the stress-strain
relations of linear elastics and Newtonian fluids respectively. In analogy to electric
circuits the constitutive law, i.e., the stress-strain relation, can be derived from the
Kirchhoff laws with the strain rate replacing the voltage ¢ <> U and the stress playing
the role of the electric current o0 <> I. The viscosity of a damper then corresponds
to the inverse of an ohmic resistance 17 <> R™! and the elastic modulus of a spring
can be interpreted as the inverse of an electric inductance E «<» L™! as for an electro-
magnetic coil [cf. Tab 2.2]. The number constitutive models that can be constructed
in this way is just as large as the number of circuits conceivable. For the purposes
of this work, however, the two simplest arrangements shall suffice, namely in series

and parallel.
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TaBLE 2.2.: Overview of the analogies between mechanical and electrodynamic quantities, used in the
derivation of constitutive models. Different viscoelastic rheologies are obtained by construction of
(electric) circuits and subsequent replacement of the respective quantities in the Kirchhoff laws.

MEcHANICAL DESCRIPTION

ErLECcTRODYNAMIC ANALOGUE

Strain Rate € = %

Stress o
Viscosity 7
Elastic Modulus E

Viscous Damper o = 3é

Elastic Spring % = %a—‘:

Voltage U

Current [
Inverse Resistance % (Conductance)
Inverse Inductance %

Ohmic Resistor [ = %

Electromagnetic Coil U = L%

MaxweLL MODEL

n
The serial connection of @ l

viscous damper and elas- L
tic spring is known as the
Maxwell model [Max67]. The corresponding constitutive law is the equivalent of

Kirchhoff’s voltage law and writes
=0+ ==. (2.101)

As was done in Eq. (2.89) the relaxation function (¢) is found as response to sudden

constant strain. Solving Eq. (2.101) for ¢(t) = €y©O(t), leads to
E
eo(t) = o(t) = €O(t) Ee ', (2.102)

where O(t) is the Heaviside function again. Since tlim Y(t) = 0 the Maxwell model
describes a viscoelastic liquid. With Eq. (2.99) the spectral representation of the

dynamic modulus is

%+iw
X(w) = EIRE (2.103)
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In the same way the creep function can be found by assuming sudden constant

stress o(t) = 09©(t) and integrating Eq. (2.101) in time

G () = e(t) = %+%t, (2.104)

i.e., under constant stress the strain increases monotonically.

E
KEeLviN-VoiGT MoODEL
The parallel arrangement of viscous
damper and elastic spring is known as "
Kelvin-Voigt model [Tho6s, Voig2]. The —_
corresponding constitutive law is the I
equivalent of Kirchhoff’s current law
= Ee + nZ (2.105)
o =FEe+no. .105
Inserting ¢(t) = €y©(t) directly yields the relaxation function
eop(t) = o(t) = €gEO(t) + gono(t), (2.106)

with o(t) being the Dirac delta function. Since tlim (t) = E the Kelvin-Voigt model
describes a viscoelastic solid. In spectral representation the dynamic modulus is

given by
X(w) = E—iwn. (2.107)

The creep function is obtained again by assuming sudden constant stress

o(t) = 0p0(t) and solving the differential equation, yielding

o™ (1) = e(t) = %(1—e‘5f), (5.108)

i.e., the material approaches a steady state which differs from the reference state

¢ =0 and is governed by the balance of external and internal elastic forces o(/E.

The relaxation and creep functions of the Maxwell and Kelvin-Voigt model are
shown in Fig. 2.5. Note, that the decay of stress in the Maxwell model and the decay
of strain in the Kelvin-Voigt model are both characterized by the same time scale

_ 1
T=1
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Model: —— Mawell Kelvin-Voigt

(b)

™M
(=)
=

&S]

relaxation func. 1(t)
%
creep func. p~1(¢)

o

0 -
time ¢ 0 time t

o

FIGURE 2.5.: Shown are (a) the relaxation functions ey1(t) and (b) the creep functions ogip~!(¢) of the
Maxwell (red) and Kelvin-Voigt (blue) model, respectively. The relaxation function corresponds to
the stress response to sudden constant strain (t) = o(t)/g. If the relaxation function converges
to a constant value like for the Kelvin-Voigt model it then corresponds to a material constant. The
material is considered a viscoelastic solid in that case and a viscoelastic fluid otherwise. The creep
function corresponds to the strain response to sudden constant stress ="' (t) = e(t)/oy.

2.4.3. SURFACE DyNamics OF A FINITE ErLasTic LAYER

In Sec. 2.3.1 the problem of instantaneous response has been faced during the at-
tempt to derive an evolution equation for the surface displacement of a finite linear
elastic layer. This issue is resolved by using the Kelvin-Voigt constitutive law (2.105)
within the Navier-Cauchy equation (2.60) since the strain rate includes temporal
derivatives. However, solving the resulting equation in the long-wave limit requires
knowledge about the z-dependence of the displacement field . This approach is
followed, e.g., in Refs. [MGKog, Gie+17, CK20], which derive a dynamic long-wave
model for an incompressible viscoelastic material. The complexity of this model
does not allow to easily discern a gradient dynamics structure with an underlying
energy, however, and the derivation relies on the assumption of a parabolic dis-
placement profile i7(z) ~ z°. Such assumptions come at the cost of excluding solu-
tions that do not meet them. In the following we follow an other approach utilizing

the fundamental solution of the static problem.

The concepts introduced in Sec. 2.4.2 can without loss of generality be transferred
to higher dimensional problems. Utilizing the Kelvin-Voigt model from here on, the
dynamic modulus is given by Eq. (2.107). In more than one spatial dimension, how-
ever, there is not only one but up to 81 dynamic moduli [cf. Sec. 2.3.1]. Particularly

in case of isotropic materials there are only two, each related to its own set of E and
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1,e.g,
Xx(w) = xg(w)+ixg(w) = Ex —iwng, (2.109a)
Xulw) = xy(w)+ix,(w) = E,~iwn,, (2.109b)

according to Egs. (2.90). Since the latter take just the same shapes as the constitu-
tive laws of a linear elastic solid (2.54) and (2.55), the fundamental solution G of the
static problem also solves the dynamics when replacing the material constants by
their time dependent equivalents, e.g., A, 4, K — x,(w), )(/,(a)), Xk (w), and the stress
and strain tensors by their temporal Fourier transforms. After spatial Fourier trans-

formation the dynamics of the surface displacement is [cf. Sec. 2.3.2]

- -

i(k,w) = Gk w) @k w). (2.110)

Now, the Green’s function G is formulated in terms of the shear modulus y and
the Poisson ration v [cf. Eq. (2.75)]. Assuming the compressibility properties of
the material to be time independent x,(w) = vy only the shear modulus p is to be
replaced by its dynamic version [Eq. (2.109b)]*3

K(k)a(k,w) 1

ik, w) = _XW - —iwilk,w) = U—yg(k)[&’(k,w)—Eyg‘l(k)ﬁ(k,w)].

After reverse transformation back to the time domain it is

0, ik, t) = ig(k)[(;?(k,t)—g K~ (k)it(k,1)]

T . (2.111)
_ L xwan - Ak
Nu Txv

and back in position space

o,il(x,t) = ij K(x—x") [&’(x’,t)—E#J KN = %)il(%, 1) dfl dx’ (2.112a)

Muda 0
1 / / / 17

=— | K(x—=x)a(x',t)dx — — (2.112b)
M Jo Txy
1

=— ) K,did(xt) - L , (2.112¢)
Mu & Txv

where the series expansion (2.83) has been used to replace the convolution. Hence,

'3Recall, that K = uG [cf. Sec. 2.3.3].
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if a(x,t) is known, so is the dynamics of i7. Using the long-wave approximations of
K(k) and K7!(k) [Egs. (2.81) and (2.82)] the dynamics of i are in zeroth order given
by

diuy(x,t) = 4 a(x,t) ——u (x, tl (2.113a)
My
d(1- _

O,u,(x,t) = . %{ L, t)—7H Z(x,t)]. (2.113b)

Note, that Eq. (2.111) could in principle also be solved directly in k-space. However,
it must be borne in mind that the surface stress &(x) may be non-linear, which leads
to convolutions in k-space in turn. Beyond that, the dynamics of h, given by the
thin-film equation (2.49), depends on & = u,, such that it is not possible to obtain a
solution for h first and subsequently calculate i from it.*4

2.5. GRADIENT DyNAMICS

In Sec. 2.2.4 it was shown that the thin-film equation can be written in the form of
a Cahn-Hilliard equation with the flux being constructed from a mobility function
Q and the gradient of the scalar pressure field p. It turns out, that this kind of
dynamics applies also to numerous other conserved systems and it can be extended
further to capture non-conserved behavior as well, by adding an Allan-Cahn type
term. The evolution of a set lﬁ(t, ) of m independent fields in arbitrary spatial

dimension 7€ R" is then given by the general form [Doi11, TAP16, Thi18]

ZZ 87’ (QHV ; ) ZM;M/QDV . (2.114)

v=1 j=1

If multiple fields are considered, the mobilities are expressed as mxm matrices Q( 15)
and M(gﬁ) for the conserved and non-conserved contributions respectively. The mo-
bilities usually take very specific forms that strongly depend on the boundary con-
ditions and have to be derived from a more detailed low-level description, e.g., from
the Navier-Stokes equation as was in Sec. 2.2. Their off-diagonal components deter-

mine the direct coupling of the different fields.’> Once the mobilities are known,

14This means also that both /1 as well as i have to be calculated in each step of the utilized numerical
scheme, e.g., the Newton-Raphson method [cf. App. B.3].

'5Note, that the equations may also be 1ntr1n51cally coupled by the scalar functions ¢, ( as these
may depend on all components of 171) in general.
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these scalar fields govern the behavior of the system. Analogously to the Lagrange
formalism the ¢, can be derived as variational derivatives of a governing potential £

with respect to the components of lﬁwhich play the role of generalized coordinates

> 0 oL
= —  with = —. (2.115)
oY & oy
If the potential takes an integral form ﬁ JL 4) V] d"7 the variation is given by
the Euler-Lagrange equation [see App. A.7]'
oL _ oL (—8L ) (2.116)
oY, P, Vi) ) '

The integrand L then corresponds to the classical Lagrangian. If the integral is lim-
ited, i.e., LY J L zp V] d"7 the variation is given by

b
oL "ol
oL = ZJ l&#ﬁ; ( IV, ))lb% ;&V—mev]a . (2.117)

In the context of thermodynamics £ is usually identified as a thermodynamic po-

tential that is to be extremized in the dynamics. These extrema demand ‘;—é =0and
characterize steady states. Systems that exhibit such behavior are usually close to
equilibrium or strongly damped. If £ is steadily decreasing in time, it is called a
Lyapunov functional [Wil+15]. According to Onsagers reciprocity relations the mobil-

ity matrices then have to be symmetric and positive definite [Ons31]. It can indeed

16]f the integrand L includes higher order derivatives they have to be reduced by partial integration
or the Euler-Lagrange equation has to be extended accordingly, i.e., the Euler-Poisson equation
hast to be used in general.
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be shown that £ decreases steadily in time
L j = 5L Oy,
- = d"r
QMZO% ot
m n a a(i)v .
L Z ¢;4 ZW(Q]NW)_M}WQDV d"r
uv=1 =1/ ]
H
- Z Z Qo S g, M|
— Q y— ] < O;
LQ > z[% i

wv=l j=1

(2.118)

where 77is the surface normal vector and the integral over dQ) vanishes if conserving
boundary conditions are considered.'” From Eq. (2.114) it is seen already that a
steady state must satisfy % = const. if the dynamics is conserved, that is M = 0, or

even = 0 if not. In case of a steady state the first integral or integral of motion

O%

oL
H = Z’VIPVa(V—W - L, (2.119)

which in the above analogy corresponds to the Hamiltonian, must be constant across

the domain as well.

Finally, the dynamics follows the gradient of £ in function space until a minimum
is reached, which is why the temporal evolution of such systems is referred to as
gradient dynamics [Doi11, TAP16, Thi18]. The great advantage of this approach
is its great versatility; Once the mobilities are known, further physical effects can
easily be incorporated by simply adding the corresponding energy contributions
to £, instead of performing the whole derivation again. Note, that the gradient

dynamics structure as introduced above is local in time. In order to incorporate

'7Usually Neumann or periodic boundary conditions are considered. The Neumann boundary con-
dition or no-flux condition demands V%bo = 0, i.e., no flux across the boundaries while the

periodic boundary condition simply demands equality of 1E and its derivatives at the opposing
ends of the domain.
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memory effects an evolution equation of the shape [Zwa61]
d oL ,
Z&r [f ZQW (8 bgbv)dt]
j ZMW OL | 4
o'\ oy,

(2.120)

would be required.'®

8Note the similarity with the time-dependent stress-strain relation Eq. (2.87).
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3. GRADIENT DyNAMICS MODELING OF

THE TwO-LAYER SYSTEM

In the previous chapter, the mathematical foundation, upon which the description
of the dynamics of Newtonian fluids and linear viscoelastic materials is based, was
laid and discussed under consideration of the layer geometry. It is now the point
were both, liquid and solid dynamics, have to be brought together in order to ap-
proach the subject of soft wetting. While the surface of the liquid is considered free,
i.e., there are no stresses transmitted by the overlaying gas phase g, = 0, the stresses
in its bulk are transmitted to the viscoelastic substrate underneath and add to the
force balance at the solid-liquid interface. To properly such a two layer system, the
dynamics for h and i would have to be derived again from the governing equations,
i.e., the Navier-Stokes equations for the liquid and the Navier-Cauchy equations for
the viscoelastic solid, thereby employing a time dependent constitutive law for the
latter and coupling both equations by a boundary condition that reflects the stress
equilibrium at the solid-liquid interface. In addition to that there are also addi-
tional stresses acting on the interfaces that so far have only ever been represented
by unknown vector fields ai,(7) and a@;(7), respectively for the liquid-gas and the
solid-liquid interfaces [cf. Egs. (2.37) and (2.66)] and which crucially determine the
systems behavior.

As we have seen in the previous, such a derivation requires extensive calculations
and is prone to errors, which is why we aspire a gradient dynamics approach in-
stead. Particularly, in the case of vanishing shear stress at the liquid-gas interface,
i.e., T=0, the thin-film equation (2.49), describing the dynamics of the local liquid
layer thickness h(x,,t), can be cast into the form of a conserved gradient dynamics,

depending only on the normal surface stress p,
dih = V-[Q(h)Vp,], (3.1)

with the mobility Q(h) = ’;7—2( Lyey).

But what about the surface displacement if(x, y,t) of the substrate? Being a vis-
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coelastic material a first instinct might suggest to employ a dynamics of the form
Eq. (2.120). Equations like that have already been used for similar problems, e.g.,
by DeVaurt and McLennaN [DM65]. An evolution equation of that form requires
knowledge about the time-dependent mobilities though, which in turn depend on
the viscoelasticity model. Let us for now restrict our selves to the two dimensional
scenario, i.e., translational invariance of the fields in y-direction." The dynamics for
the surface displacement of a finite thickness Kelvin-Voigt material is then already
known to be given by Eq. (2.111) in spatial Fourier space. This equation takes the

shape of a non-conserved Allen-Chan type dynamics
Sk, t) = ~M(k)G, (k1) (32)
with the time-independent mobility M (k) = K(k)/n, and surface stress balance?
Pulk,t) = E, K (K)ilk, t) - d(k, ). (3:3)

However, in position space the dynamics is given by Egs. (2.112), i.e., it is of the

form

2,(1) = —— | K(v=x)Bulx0)dx’, (34)

M Ja
and includes either convolution integrals or, if expanded using Eq. (2.83), spatial
derivatives of arbitrary order3, both of which complicate matters. Yet in the long-
wave limit it is reasonable to only consider the zeroth order of the expansion, leaving
us with Egs. (2.113), which in turn correspond to a non-conserved Allen-Chan type

dynamics again

O4iT(x,t) = ~Mdy(xt), (3-5)

'Even though the gradient of the profiles is identical to their partial derivative d, then, the symbol
V will nevertheless be used in the following, if the equations are valid also in higher spatial
dimensions.

2This surface stress balance qgu now includes all stresses at the solid-liquid interface, i.e., the exter-
nal stress, the stress caused by the liquid as well as the elastic forces. Recall further, that K = uG
[cf. Secs. 2.3.2 and 2.3.3].

3Note, that these higher order derivative terms result also in Cahn-Hilliard type contributions, i.e.,
a conserved part. Thus, whether or not the dynamics is non-conserved depends on the Poisson
ratio v after all.
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with constant mobility

4 0
M = rg d 1-2v (3.6)
7, 2(1=v)
and
. (%, 1) - iy (x,1)
Pulx,t) = : E, 2(1-v) : (3-7)
OKZ(X,t)—FmMZ(X,t)

Finally, the evolution equations of both, the Newtonian liquid [Eq. (3.1)] as well as
the Kelvin-Voigt solid [Eq. (3.5)], can be written in gradient dynamics form, though
only in the long-wave limit, assuming that both, the normal surface stress p, at the
liquid-gas interface as well as the surface stress balance $u(?) at the solid-liquid
interface can be derived as variations of a governing thermodynamic potential

oL - oL
Pa = Sh by = o (3-8)
This thermodynamic potential remains yet to be formulated, which is the objective

of the next section.

3.1. FREE ENERGY AND ITS VARIATIONS

When the temperature T, the liquid volume V and the particle number N are kept
constant, the governing thermodynamic potential is identified as the Helmholtz free

energy F, the contributions of which are discussed in the following.

3.1.1. Erastic ENERGY

The first contribution considered is the one associated with the elastic deformation
of the substrate. Following the argumentation of LirsHiTZ, KOosevicH & Prraevski
[LKP86], the amount of energy required to achieve a small deformation 6i of an
elastic object is given by the work that has to be exerted against the restoring force

N
per unit volume f summed up over the whole domain ()

SW = J Foird’7 = J (V-0)-o6i d°7, (3-9)
Q Q
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where the resisting forces were again expressed in terms of the stress tensor. Switch-

ing to index notation leads to
3 3 3
ow = J Z(QJO',])(MZ d377 = J 28](0'1](5141) d3? - J Zo'ijgjé”i d317)
Q5 Qi ij=1
3 3
= J ZO{jéM{ﬂj dz?— J‘ Za,-j8j6ui d377
dQ i,j=1 Qz’,j:l

where 77 is the surface normal vector and the divergence theorem has been used in
the final step. We now assume an infinitely extended substrate in the (x,v)-plane
with vanishing displacement i/ at the bottom z = —d and at |rj| — co. In this case
the surface integral vanishes despite the infinite surface dQ of integration [LKP86].
The remaining bulk integral becomes

3

oW = —J O 0:0u; d°7
o JZ j

i,j=1

3
1
- - 3>
JQEi]E 1((71']'8]'5141'4—(71']'8]'@141') d’r

» [ v YN
= — Zo*ijbe,-jd r. (3.10)

In step (1) the summand is split up in two equal parts. Subsequently the symmetry
of stress 0;; = 0j; is exploited to swap the indices i and j in the second term in
step (2). The stress is then excluded and the partial derivative shifted behind the o.
Finally, the strain tensor ¢;; [Eq. (2.14)] is identified in step (3). Hence the work per
unit volume is given by

3
ow = — Z Oijégij (3.11)
i,j,=1

Together with the change in heat 0O = TdS the characteristic state functions of the
internal energy U as well as the Helmholtz free energy F and the Gibbs free energy
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G can be formulated

dd = 6Q-dwW = TdS+JQ iaijdg,.j d37, (3.12a)
i,j,=1 3
dF = dU-d(ST) = —SdT+JQ.Z oiide;; 437, (3.12b)
3 o . 3 i
dg = dZ/{—d(ST)—JQ ]Zzl d(oyjei;) d°F = —SdT—Li; erdoy 7. (3.120)

From here on, the temperature T is assumed constant in time and space. As inde-

pendent variables the stress and strain components then have to obey

of
(961']'

_ 98
8(71']'

oij = &ij = (3-13)

T T
where f and g denote the Helmholtz- and Gibbs free energy per unit volume, re-
spectively [LKP86]. As stress and strain are linearly related via the constitutive law,

e.g., Eq. (2.55), the free energy per unit area is found to be [Sadog]

3 3
1 A
f=3 Zo’fffif N Z?"ﬂfﬁﬂfﬁfii- (3-14)

Expressing the strain using the displacement field, the total free energy can be cal-
culated [LKP86]

v

3
1
F = f f a7 = —J oijei; A°F
3
1 '
<;> E Gi]'gjlxli d377)
vQ50
@1 (v
= E Z[aj(aijui)—(é’jaij)u,-] d37
UQZ,]:I
Gy 1 [ > 1 >
=3, ZZ_iO'[jn]'Mi d’7 - EJ;)ijZ_i(&jo*ij)ui d’7. (3.15)

Here the symmetry of stress is used again in step (1) to express the strain tensor

in terms fo the displacement field i, i.e., the reverse of the transformation made in
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Eq. (3.10). In step (2) the inverse Leibniz product rule is used on the summand.
Subsequently, the volume integral over the first term in the sum is turned into a
surface integral in step (3) using the divergence theorem. Under the assumption of

vanishing body forces4, i.e., 8]~0",~]- = 0, only the surface integral remains

F = lj (o-)- it d°7. (3.16)
0Q

Note, that JQ refers to the surface at z = 0, i.e., the solid-liquid interface, as only
there stresses are acting due to the no-slip condition at the bottom side [Eq. (2.65)].
To calculate the variation of the free energy w.r.t. if the surface stress in Eq. (3.16)
has to be expressed accordingly. This can be done by means of the inverse Green’s
function [Eq. (2.80)]5 such that the Helmholtz free energy of a finite elastic layer

deformed under surface stresses is given by [LALg6]

L1
Aili=5 |

or when using the convolution theorem

J G YP-7)- 77 dz?’] i#(7) d?7, (3.17)
00

——_— i 1,2\ =7 i??d_zz > 12>
Rl =3 [ | ] 6@ et T o7
(" - - 7> 29 -
5 | e @) || an T @
2 Joo o0 21
1 (" - - - -
=2 | G (k) i) k) 4k (3-18)
2 Joa

4This is a reasonable assumption in the long-wave limit, because gravity becomes increasingly neg-
ligible as the layer thickness decreases. Since no other body forces are explicitly introduced in
the following, all deformations are exclusively caused by the influence of surface stress.

5Note, that the constant y in Eq. (2.79) is to be replaced by the corresponding storage shear modulus
Xy» which in case of a Kelvin-Voigt material is given by the constant E, from Eq. (2.109b).
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The variation of the linear elastic Helmholtz free energy [Eq. (3.17)] can be written

in weak formulation as

j oF (7) d°7 = 11m1 f[u+€(j)e]—]-"[17]]
o

o) 5111- e—0€
3
= lim > 1f Z( 7)+ed(7)0; J ZG (@) +ep(7)55) 427|427
e—0 € 2 o0 ]_1 ] an - ]k
1 3 3
- = ui(7) G (7) 4?7 |d%7
ZLQ;’ : LQ;’ o

1 r)Go (F=7")p(r)o NG P =7 =7 = 12>
) EJJ;)Q Z’ [uj(r)Gfkl(r_r JP( )bik+¢(r)bifcjk1(f—f Jug(r )] d*rd%r

where ¢(F) is an arbitrary test function that satisfies ¢(7)|50 = 0. In the last step the
symmetry of the Green’s function is used, i.e., Gz‘j = —G]Tl. and GI.]. (-7) = —Gi_jl(?)
for i # j. It is found, that the variation of the Helmholtz free energy at the surface

corresponds to the surface stress [cf. Eq. (2.80)]

S J ZGu (7) &7 = )_oin; (3.19)

j=1

w

3.1.2. GRAVITY

The example of sliding rain drops on a window alone renders gravity the probably
most obvious candidate when it comes to forces that drive liquids on solid surfaces.
Being a ubiquitous fundamental interaction it surely has to be taken into account,
however, its impact depends crucially on the system size or rather the amount of
mass present. The gravitational force per unit volume of an material, say the liquid,
is given by

—

f = —pege.,
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with mass density p, and gravitational acceleration g ~ 9.81 ms™2 at earth’s surface
[CGPMo1]. It acts in the negative z-direction and since the liquid is considered in-
compressible, i.e., py = const., the gravitational force per unit volume is constant
everywhere within the liquid bulk as well. Integration over the liquid layer thick-

ness h yields the hydrostatic pressure at the solid-liquid interface®

h+&
pg = f pgdz = pgh.

Since gravity is a conservative force it can also be described by a scalar potential

h+&
Folh, &) = J‘JI pgz dzdxdy = fj%pg(h2+2h£) dxdy .

The variations of the energy w.r.t. h and & yield the liquid and substrate pressures

% _ h+ & % _ h
6—h—pg(+,), 3e - Psh (3.20)

The variation w.r.t. & again yields the hydrostatic pressure [Eq. (3.20)] acting at
the solid-liquid interface while the variation w.r.t. h gives the pressure acting on
the liquid-gas interface and depends on the absolute height h + & of that interface
relative to z = 0 instead of z = &. The situation changes quite a bit if the system
is inclined by an angle 9, e.g., about the y-axis. Let x and z be the coordinates
parallel and perpendicular to the inclined substrate and h(x,y) and &£(x,p) represent
the liquid layer thickness and substrate profile in z-direction. The coordinates w.r.t.

the equipotential plane of gravitation are then given by
x' = xcos(®)—zsin(d), 2z’ = xsin(8)+zcos(?),

and the energy writes

h+&
Folh, &) = Jpgz’d\/ = Iﬂ; pg[xsin(¥) + zcos(9)] dzdxdy

- [] e

xhsin(8)+%(h2+2h£)] dxdy, (3.21)

®As was found in Sec. 2.2.3 the pressure in the liquid is constant in z-direction. Hence, the hydro-
static pressure at the solid-liquid interface is actually present everywhere in the liquid bulk.
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with its variations being

oF, . oF,
=i = pgxsin(d) +pg(h+&)cos(V), SE pghcos(9). (3.22)

Since the gravitational contribution depends mainly on the mass per unit area ph it
becomes accordingly small if very thin films are considered, as is always the case in

the following.

3.1.3. INTERFACIAL FREE ENERGY

Since gravitational effects are very weak in the long-wave limit there must be other
forces acting in the system that are responsible for the formation of droplets which
are so prominent in that regime. And indeed there are further forces arising at
the interface between two phases, caused by their different molecular structure. As
mentioned before, the particles of a simple one-component fluid are indistinguish-
able in the sense that they are not organized in certain substructures, i.e., switching
the position of two such particles would not at all affect the state of the system or its
energy. Hence, a fluid particle sitting within a bulk of its own kind is indifferent to
its neighbors and interacts equally with all of them. The strength of that attractive
cohesion force depends only on the particle distance and the distribution of the latter
is assumed isotropic. In such a scenario a particle within the bulk occupies a state
of minimal potential energy. However, a particle positioned at the interface to an
other species, say a gas phase, perceives two distinct types of neighboring particles
and experiences potentially different interactions therefore. If the attraction of its
own kind dominates against the adhesion force exerted by the other, this asymmetry
results in a net force pointing into the bulk of its own as shown in Fig. 3.1. Actu-
ally, the formation of such an interface between two phases is possible only if the
particles are attracted stronger by their own kind then by the other, since otherwise
the two phases would mix. There are of course also repulsive forces acting between
the molecules, that resist normal stresses and prevent the material from collapsing.
The sum of attractive and repulsive intermolecular forces is usually described by
a Lennard-Jones potential. Since in a liquid the repulsive forces become stronger
very quickly as the distance between the particles decreases, even strong attractive
forces may be balanced without a significant change in density, i.e., the liquid is
then considered incompressible. Further, the repulsive forces usually act on much
shorter ranges as compared to the attractive ones and are thus much less sensitive

to anisotropies such as represented by an interface [Mar+11]. In order to increase
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<~ = = Adhesion forces
<€—— C(ohesion forces
== Resulting force

Ficure 3.1.: Intermolecular forces at a liquid-gas interface. The black arrows denote cohesive inter-
actions between particles of the same kind, while the gray dashed arrows denote adhesive interac-
tions between particles of different kind. If the former are dominant against the latter the resulting
net force acting on a particle at the interface points into the bulk of its own kind. This is the origin
of interface energies or interface tensions.

such an interface, further particles would have to be brought to the surface from
the bulk against that inward pointing force.” The work required to create an in-
finitesimal interface area ds is called interfacial free energy or simply interface energy
y and corresponds to the difference in potential energy of a particle at the interface
and one located in the energetically more favorable bulk [dG85, dBQo4]. The total
free energy is therefore given by the integral of the interfacial free energy along the
interface

Fl9] = Loyds - LQ ym(p) dxdy, (3.23)

with the metric factor m(y) = /1 + (Vi) relating the surface element ds to the unit
area dxdy if the interface profile can be described by a function (7)) [cf. App. A.2].
The Laplace pressure resulting from the variation is given by

SF _ oy (VI_IIP) | S (3.24)

N7 m@)] = "V miw)

7This assumes of course, that particles are even able to move from the bulk to the interface in
the first place. In case of an elastic solid, however, the movement of its constituents is usually
strongly restricted or even confined within a substructure. The consequences of such a behavior
are further discussed in Ch. 7.
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and is directly proportional to the local curvature x = —(V - #7) of the interface ¢
via the interface energy y.® The latter need not be constant across the interface,
as has been assumed so far. Gradients in temperature or concentration of surface
active agents (surfactants) may cause inhomogeneities in the interfacial free energy
which in turn lead to additional tangential forces along the interface referred to
as Marangoni stresses [dBQoy4]. In case of the thin-film equation, such forces enter
via the interfacial stress balance in the form of a surface derivative [B(W)V]ylg which
contributes to the r.h.s. of Eq. (2.44d). It therefore doesn’t contribute to the pressure
but rather causes a flux directly [Pot+o5]. Note further, that Eq. (3.24) considers the
full curvature [Thi18]

V_w) , (3.25)

K- V'[ IV

in the sense that x(¢) = const. defines a spherical cap. In the long-wave limit, how-
ever, all gradients are considered small [cf. Sec. 2.2.3] and the curvature may be

approximated as

k(W) = Ay, (3.26)

such that x (i) = const. defines a paraboloid instead.

3.2. CAPILLARITY AND StATIC DROPS

It is due to the interfacial free energy penalty that materials strive to minimize their
interface area when ever they come to meet a relatively unappealing neighborhood.
As is well known, the geometric body of least surface area for a given volume is a
sphere. The latter in turn is characterized by overall constant curvature along the
surface and exhibits constant Laplace pressure in consequence. Hence, considering
a finite amount of liquid surrounded by a gas phase with an interface energy yiq,
a sphere is exactly the shape we would expect it to assume, provided that no other
forces interfere. This shape is commonly referred to as a drop(let). Yet, the formu-
lation of the problem in terms of a unique mapping h(x,y) prohibits such a shape.
However, liquids deposited on a substrate rarely take the shape of perfect spheres
but rather spherical caps of different size and curvature or flat films even. This is

due to the energies of the solid-liquid interface ), and the solid-gas interface yqg,

8Here and in the following a negative curvature refers to a concave function, while functions with
positive curvature are convex.
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which haven’t been taken into account yet. The liquid’s behavior resulting from the
interplay of these three interface energies is referred to as capillarity and the field
of research that deals with such systems is commonly called wetting.® Since only
very small droplets are considered in the following, gravity is neglected. Depend-
ing on the three interface energies y4, 5 and y,q different scenarios are conceivable
in which the liquid forming a sphere is not the energetically most favourable state
and the penalty of lager liquid-gas interface areas are endured in order to reduce
the overall free energy of the whole system including the substrate. If for example
the solid-gas interface energy is higher then the sum of the liquid-gas and solid-
liquid interface energies ysg > )1 + ¥s1 it is energetically favourable to cover the
whole substrate with liquid in order to minimize the solid-gas interface area and
the corresponding energy penalty, even if the liquid-gas and solid-liquid interfaces
increase by the same amount. This scenario is referred to as complete wetting as
the liquid spreads over the substrate as far as possible. If, on the other hand, the
solid-liquid interface energy is larger then the sum of the liquid-gas and solid-gas
interface energies yg > )i + Vsg, the solid-liquid interface area is to be minimized
which can be realized by the liquid forming a perfect sphere that touches the sub-
strate at only one point. This scenario is referred to as non-wetting since the liquid
retreats from the substrate. All cases in between these two limits are called partial

wetting (cf. Fig. 3.2).

(a) complete wetting (b) partial wetting (c) non-wetting

0=0° 0<6<180° 6 =180°

Ficure 3.2.: Visualization of the three wetting scenarios in a cross section view considering a rigid
level substrate. (a) complete wetting: the interface energies satisfy yg; > )15 + Y51 and the liquid
spreads over the substrate as far as possible forming a thin film. In that case no contact line is
present, i.e., 8 = 0°. (b) partial wetting: the liquid forms a spherical cap in order to minimize
the energies associated with the three interfaces. In this regime an additional distinction is made
between high wetting 6 < 90° and low wetting 6 > 90° scenarios. (c) non-wetting: the interface
energies satisfy yq > )14+ ¥sg and the liquid retreats from the substrate as far as possible forming a
sphere. In that case the liquid is in contact to the substrate only at a single points, i.e., 6 = 180°.

9Note, that the very fact that drop like structures, even if not perfectly spherical, can be observed by
the naked eye at all indicates that capillarity and gravity forces are competing on the macroscopic
scale already. Hence, the interface energy of a liquid forming such a drop can be estimated to be
of order 10721, <O(y) <10° ;.
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From these considerations the spreading parameter

5 = 7/sg_(7/sl+7/lg) (3-27)

may be constructed to classify a system as non-wetting S < -2y, complete wetting
§ >0 or partial wetting -2y}, <S < 0. Let us have a closer look at the latter case and

see what characterizes drops in that regime.

3.2.1. THE ErLAsTIC REGIME

Consider a soft substrate with isotropic properties in the x-y-plane, such that a drop
sitting on top and centered at x = y = 0 can be assumed axis-symmetric w.r.t. the
z-axis. The liquid layer thickness and the substrate profile are once again described
in terms of the scalar functions h(r) and &£(r), respectively [cf. Fig. 2.2].7® These two

profiles meet at base radius r = R which defines the three phase contact line. The

°Remember that & corresponds to the vertical component of the surface displacement, i.e., & =
> -
u- €z|z:0'

FiGure 3.3.: Sketch of a radially symmetric partially wetting liquid drop on an elastic substrate. The
liquid-gas interface hits the substrate surface along the circular three phase contact line at base
radius r = R. The wetting ridge forming there is characterized by the contact angles 6, 65 and
Osg which are governed by the interface energies yig, Y51 and yg, in turn. The opening angle of the
wetting ridge is 05 = - 65 —0yg. The ratio of the surface elements dsjg and dsg) with their projection
onto the x-y-plane is given by the metric factor.
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latter can further be characterized by three contact angles
I(h+&)| ;p=—tanOy , 9,&| . =tanby , 9,&| ,=-tanby,  (3.28)

as shown in Fig. 3.3. Herer TR & r = lirr(l)R— ceandr | Rer= 1iII(1)R+ € indicate,
€ €—

that the position of the contact line r = R is approached from lower values r < R or

larger values r > R, respectively.'" Using Eqs. (3.23) and (3.17) total Helmholtz free

energy of such a system is then given by

R
Flh,if] = L [ylg\/1+(8rh+3r£)2+ysl 1+(8r£)2—Ph] dnrdr + AWR)  (3.29)

0 “1 « 12 21\ 2> > o> -
+J; )/55;1/1+(8r£)227'crdr+J0 EU:) Q1(r—r)-u(r)d2rl-u(r)d2r,

where P and A are Lagrange multipliers for volume conservation and fixation of the

contact line at r = R, i.e.,

R
PJ (h—hy)2rr d?r =0, (3.30a)
0

AR(R) =0, (3-30b)

with hy being some arbitrary preset liquid layer thickness that is to be conserved

[NVCo1]. According to Eq. (2.117) the variation w.r.t. # and £ is then found to be

h : h
oF J l ylg )( ((h-l—i—-g))) Pl<§h2nrdr+ Vlg( al +€))Oh

s + ASh(R)

0

(* 1 Vg r(h+£) Vslé)r‘g < 7/1g8r(h+5,) yslc%é . R
Jo [(?*af)( mh+&) | m(E) ) 0c 2rdr ( mhre) | m() )(’C"L
_ (] 1 7/Sgarg) (nga 5) c ”

J (r+8r)( o o0& 2mrdr + @) o0& )

0o

2= 2—>
+u0 J ZGZ] )d bgd

"'This distinction is necessary as & defines both, the solid-liquid as well as the solid-gas interface,
depending on the position. Terms including liquid quantities, i.e., h, however, always approach
the contact line as r T R since & is not defined for r > R.
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where the curvatures of the liquid-gas interface and substrate surface are given by

— g — 1 8r(h+é) _ —
Klg = K(h+&) = (—+8 )(\/1+(97h+8,£)2] = -V, (3.31)
i o ) o
Ky = K(é) = (?+ar)(m] = —V-]’ls. (332)

For a drop at equilibrium the variations w.r.t. 0h and o6& have to vanish indepen-

dently, respectively in the integrals and the surface terms. The variations w.r.t. oh(r)
and oh(R) yield

1 8(h+<,.) N
P =- (— ) = V-n for r €[0,R], .33a
Vi [\/1+ ENUEAIE ) Vig (V- 1)) [0,R], (3.333)
d,(h+&) .
A= - = sin @ forr=R, .33b
\/1+ o) = Vg Ig (3-33b)

where d,(h+&)|,-9 = 0 and the definitions (3.28) are used. It appears, that the liquid-
gas interface is always given by a spherical cap of constant curvature x|, = =P/},
entirely independent of elasticity. Hence, the parameter P controls the Laplace pres-
sure inside the liquid and therefore the curvature of the liquid-gas interface, while
A gives the vertical projection of the interface energy yj,. The variations w.r.t. 9&(r)
and 0&(R) give

~Yigk(h+&) +J G;;(?— 7’)14]-(7”) d%7 = Vak(&) for r €[0,R], (3.34a)
0
J Gz_jl(?— 7 )ui(r”) d?7 = Vsgk (&) forr>R, (3.34b)
0
Vlgar(h+€) Vslaré B ysgaré _ _
e 8) T m@) bk T m(@) dr O forr=R, (3:349)

with d,(h + 5)|r:0 = aféir:o = 8r£'|r:oo = 0. Further the Hamiltonian may be calcu-
lated according to Eq. (2.119)

H:_m(zlié)—rz/(sé)-’_l)h_%lj(\) Q_l(?—?/).lf(?’) dZ?/lﬁ(?) forre[o’R]’

- 1;(5;) - % UO G l7P-7)- a7 d2?’l (7 forr>R.
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Since the Hamiltonian of a steady state has to be constant across the domain, an

evaluation at r = R yields

_ Vsg
rTR B m(é)

Vlg n Vsl
m(h+¢) m(<&)

(3-36)

rlR '

With Eqgs. (3.28) the Equations (3.34¢) and (3.36) can be expressed in terms of the

three contact angles, yielding the vertical and horizontal Neumann’s laws

vertical: Vsl $inOg) + Ysgsinbge = Yo 8in O, (3.37a)

horizontal: V1g €08 O1g + ¥51 COS O] = Yq COS O (3.37b)

They reflect the vertical and horizontal force balance at the contact line, interpret-
ing the interface energies ), )1y and ysg as interface tensions acting tangential to
their respective interface of definition.’> Hence, the Lagrange parameter A gives
the vertical component of the liquid-gas interface tension yjgsin 6y, pulling on the
substrate. This strongly localized force results in a pointy deformation, as discussed
in Sec. 2.3.2, which is referred to as wetting ridge in this context [cf. Fig. 3.3].
Since the Laplace pressure of the liquid drop causes a normal stress in negative
z-direction, the substrate is expected to be depressed below the drop. Apparently,
the relationship between the angles at the contact line (3.28) is not at all affected by
elasticity and indeed the suspicion of a violation of Neumann'’s law due to elastic ef-
fects [SD12, Mar+12a, Lim12, Mas+19] turned out to be wrong [Pan+20]. However,
interface energies and interface tensions, even though used alike in the previous,
are not generally the same for elastic materials and not necessarily constant either.
While they equal in dimension their value may differ depending on the state of
stretching which is known as Shuttleworth effect [And+16] and will be addressed
in Sec. 7. Newtonian fluids are rather an exception to this phenomenon, which is
why interface energy and interface tension are usually treated interchangeably in
fluid dynamics. In that sense Neumann’s laws are really formulated in terms of
surface tensions rather then energies and will be affected by elastic effects there-
fore. Even in the absence of the Shuttleworth effect, elasticity does still have an
impact on the general shape of the contact region it self, if not on the angles form-
ing there, as will be discussed in Sec. 4. Since we are using a Monge representation

h = h(x,v) and & = &(x,v), the above description is restricted to drops of contact

">Note, that Neumann'’s laws give two equations for three unknown angles. In consequence, only
the relation of the angles to each other is defined, not, however, their absolute value, i.e., the
orientation of the interfaces. Hence, the picture can be rotated freely about the three phase
contact line without violating Eqs. (3.37).
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7. Even with this restriction the contact angles may still become

angles 0 < 6 <
larger than would be permitted for the long-wave approximation to be valid, i.e.,
O(V(h+&)) = O(VE) > O(e) where € is the smallness parameter [cf. Ch. 2.2.3]. The
largest contact angles are assumed in the limiting cases of very rigid or very soft

substrates, which will be briefly discussed now.

3.2.2. THE RiGcip LimIT

In case of a very rigid material, all external forces are resisted and the substrate wont
deform at all, i.e., ¥ = 0 and thus di7/dt = 0. The solid-liquid interface area takes a
circular shape of base radius R then and the three phase contact line is defined by
only a single contact angle 0 = 0}, as shown in Fig. 3.4. The free energy for such a

system is given by

R oo
Flh] = f [}’sl"‘)’lg 1+(5’rh)2—Ph] 2rer dr + j Vsg 21cr dr + AR(R),  (3.38)
0 R

and its variation are

e J[”g )( 1+a<gh>]

__ 9 shl s asn(R).
1+(d,h)?

P|oh 2mrdr + | g

FIGURE 3.4.: Sketch of a radially symmetric partially wetting liquid drop on a rigid substrate. The
liquid-gas interface takes the shape of a spherical cap and hits the substrate level along the circular
three phase contact line at base radius r = R. This contact line is characterized by Young’s contact
angle Oy which is governed by the interface energies ysg, y5 and yig.
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The variation w.r.t. h gives the definitions of the Lagrange multipliers as already

found in Eq. (3.33). Meanwhile the Hamiltonian becomes
7/lg

1+(d,h)?

H = =y forr>R.

H = —yq-— + Ph for r € [0, R],

Continuity of the Hamiltonian at r = R then yields the well-known Young’s law

[Youos]

Vsl T Vg €OS Oy = Vsg s (3’39)

which gives the horizontal force balance at the contact line. Young’s law directly
follows from the horizontal Neumann’s law (3.37b) with 6, = 6, = 0. The verti-
cal Neumann’s law (3.37a), however, gives yj,sin 0}, = 0 in that limit, which is why
the Lagrange multiplier A is required to enforce a balance. As compared to the
spreading parameter S [Eq. (3.27)] Young’s law provides a more quantitative clas-
sification of the wetting behavior in terms of the macroscopic equilibrium contact
angle, which in the following is referred to as Young’s angle Oy therefore. Young'’s
law may be linked to the spreading coefficient, however, by means of the Young-
Dupré-Equation [dBQoy4]

Vig [cos@Y— 1] =S. (3.40)

In terms of the Young’s angle complete wetting would be characterized by 6y — 0

while the non-wetting case is approached as 6y — m. Everything in between cor-

responds to the partial wetting regime, within which a further distinction is made

between low wettability Oy < 5 and a high wettability Oy > 5 [cf. Fig. 3.2]. Demand-

ing 0 < Oy < %, i.e., uniqueness of 4, leads to conditions for the interface energies
Vsg ~ Vsl

L > 7/—1> 0 = Vig = Vsg ~ Vsl Vsg = Vsl (3-41)
g

3.2.3. THE Quasi-LiQuip LimiT

In the very soft limit the influence of elastic forces becomes virtually negligible such
that the resistance against deformation of the substrate is exclusively governed only
by the interface tensions. Regarding its statics, the substrate effectively behaves

like a liquid then, which is why this scenario is referred to as quasi-liquid limit.
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From Eq. (3.34a) it is seen, that the Laplace pressures caused by the liquid-gas and
substrate-liquid interfaces balance, resulting in a fixed ratio of the respective curva-
tures, which in turn is determined by the inverse ratio of the corresponding interface
energies

K(h+é) _ Vemg __ya

O VR e (3.42)

Eq. (3.34b) further demands vanishing curvature and slope of the substrate outside
the drop. Hence, in the quasi-liquid limit the drop is shaped like a liquid lens char-
acterized by constant curvatures of both interfaces and 6, = 0, as shown in Fig. 3.5.

Neumann’s laws (3.37) then reduce to

vertical: Vs1sinbg = yesin Oy, (3.43a)

horizontal: V1g €08 Ol + Y51 €08 O = Vg - (3.43b)

FiGure 3.5.: Sketch of a radial symmetric partially wetting liquid drop on a quasi-liquid substrate,
forming a liquid lens. The spherical cap shaped liquid-gas and substrate-liquid interfaces meet
along the circular three phase contact line at base radius r = R. Outside the drop the substrate is
level and the contact line is characterized by only two contact angles 0); and 6.
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Eq. (3.-43a) shows, that the two remaining contact angles are related via the ratio of

interface energies

sin ng _ @

. =0, (3-44)
Sll’l@sl 7/lg 3

in accordance with Eq. (3.42). They can further be written explicitly as functions of

the interface energies

2 .22
Vgt Vsl = Vig (cosOy +0)>+02—1

2Ysg Vsl B 20(cos Oy + o) (3-45a)

cosOg =

2 2,2
Vg TVig=Vs1  (cosOy + 0)?+1-02

B .45b
2Ysg Vg 2(cos Oy +0) (3-45b)

cosOyy =

where Young’s law (3.39) has been used to replace y,q by Oy. In case of the first
uniqueness condition (3.41) holding it can be seen that 0, is always smaller than
Oy

Vig > Vsg ~ Vsl |()2’ +7/52g - 7/521’ : (2ysg7/1g)

2 2 2
=  c0sO, = Yo T ig” Vsl > Vg~ Vsl = cosOy . (3.46)
& 2ng7/1g Vg

Since Neumann’s laws are unaffected by elastic forces, Oy > 6y, indicates that an
inward rotation of the contact region as a whole takes place when increasing the
softness, i.e., the drop sinks into the substrate. Now also 0 <6y < 5 and 0< 0, < 5

is demanded to ensure uniqueness of & and &, leading to the conditions
2 2 2 2
1 >cos0q >0 = yotrd > Vg > g va)’, (3-47a)
1>cosOg >0 = y2+ph > 13 > (-9’ - (3-47b)

For yg >y, it is Oiy > 04 [Eq. (3.44)] and Eq. (3.47a) is automatically satisfied if
Eq. (3.47b) is, while for yg < yyq it is the other way around. With that in mind
Egs. (3.45) allow to formulate an upper bound for Oy

Oy < arccos(\/ll—azl—a), (3.48)
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or from Eq. (3.45a) a lower bound for o

1
> \/1 +sin? Qy—coseyl . (3-49)

o > —

In the limiting case of Oy — 5 for example o > % is required to ensure O < 5.

(a) macroscopic (b) mesoscopic

Vsl elastic

Ficure 3.6.: Neumann region of a drop on a soft substrate. (a) in the macroscopic limit the force
balance at the contact line is given by the interface tensions yq), 15 and ysg pulling in the directions
given by the contact angles 0y, 0}, and O, respectively, resulting in the formation of a wetting
ridge. (b) in the mesoscopic limit the substrate outside the drop is covered by an adsorption layer
of height h, and the corresponding interface energy is corrected by means of a wetting potential
Vsg = Vs1tVig+ f (ha). consequently the wetting ridge is not singular at the tip any more but exhibits
a smooth cap of size h,. The contact angles are usually defined w.r.t the deflection points.

3.3. THE MEsoscopric PICTURE

The discussion on the three phase contact line in the previous chapter may have
raised a crucial question: how can we model moving drops when the mobility Q(h)
as written in the thin-film equation (2.49), vanishes for h = 0, effectively preventing
the contact line from changing its position even for finite slip length 5 > 0? This
very prominent moving contact line problem has been extensively discussed in the
past and since then various techniques have been developed to approach it [dG85,
HS71]. In case of finite slip length an additional evolution equation can be derived
for the contact line position, e.g., as in Ref. [SKP10]. However, even though slip on
the solid-liquid interface has been observed both experimentally [Net+o5, Tab1o] as
well as in molecular dynamics (MD) simulations [KBW89] there is yet no concrete

theory on how to quantify it [SK11]. In most cases, as also in the following, the
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friction at the interface is considered so high as that fluid elements are not able to
slip along it at all. In other words 5 = 0 and Q(h) = %, which is known as no slip
condition [LL87]. It should be kept in mind, however, that changes to the mobility
due to the choice of the slip model may crucially affect the systems behavior and
enable or disable the occurrence of certain phenomena in the first place [Bau+14,
Pes+19]. An other possible solution to the moving contact line problem, the one
that shall be employed in the following, is to not let the liquid-gas interface touch
the substrate at all but to let it transit into an ultra thin film instead. That so called
adsorption layer or precursor of thickness h, is assumed to cover all macroscopically
dry areas of the substrate, effectively replacing the solid-gas interface.’> In order
to recover the correct solid-gas interface energy in the affected areas the wetting

potential f(h)is introduced, which has to satisfy the consistency condition [dG85]

Vsg = 7/51+7/1g+f(ha)' (3-50)

Further, the wetting potential has to vanish as the liquid layer thickness increases
h > h, such that the correct interface energy of a liquid covered substrate )y, +
Vsl 1s recovered, i.e., ;}I_{&f(h) = 0. To further ensure stability of the adsorption
layer, f has to exhibit a minimum at h = h, and must diverge for values below in
order to prevent the liquid-gas interface from approaching the solid-liquid interface
even further, i.e., }Zl_ril)f(h) = oo [dG85, Thi+18]. Physically, the wetting potential
is assumed to result from long-range Van der Waals interactions and short-range

repulsive interactions [Piso1, PPo4] and is commonly modeled like [Bon+o09, Thi1o]

3
%(%) —1] . (3.51)

The two contributions are respectively scaled by the Hamaker constants A and B, the

B A A

h = — — =
f(h) 5h>  2h? 2h?

ratio of which determines the position of the minimum, i.e., the adsorption layer
height h, = VB/A [Pot+os]. Resulting from molecular interactions the adsorption
layer is of microscopic scale in nature barely perceptible from a macroscopic point
of view. This somewhat intermediate perspective, in which microscopic interactions

are taken into account while yet maintaining the continuous description, is referred

!3Technically, the adsorption layer thickness h, is defined perpendicular to the profiles and is thus
not actually a vertical length [cf. Fig. 3.6(b)]. Instead, the vertical thickness of the adsorption
layer is hy, = h,m(h+ &) in general. This would result in a liquid layer thickness h > h, wherever
large gradients are present, e.g., at the flank of a wetting ridge, and in a slightly increased mobility
of the contact line in turn. At least in the long-wave limit the impact of this effect is negligible,
however, which is why we dispense with this authoritative complication.
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to as mesoscopic. On one hand, the adsorption layer model serves primarily as a
remedy for the "moving contact line"-problem. On the other hand, experiments and
molecular-dynamics simulations indeed verify the existence of such an adsorption
layer [HFC89, Pop+12, 1116]. Eq. (3.51) is of Lennard-Jones-like shape and meets all
the requirements from above. Note, however, that there are also several other forms
used in the diverse literature some of which exhibit multiple local minima resulting
in additional (meta)stable film solutions of different height [Thio7, PEo8]. Also, the
coupling of an effective interface potential with elastic deformations was previously
considered in Refs. [Whio3, Das+11, NSD2o]. Fixing the adsorption layer thickness

h,, the remaining Hamaker constant is determined by the consistency condition
(3.50), e.g.,

10
3

10

A = -
3

10
hg[ysg_(ysl+7/lg)] = hg?’lg[l_COSQY] = _?hazs’ (3-52)

where Egs. (3.39) and (3.27) have been used. The partial derivative of the wetting
potential yields the so called Derjaguin pressure or disjoining pressure [Derg2, dG8s,

SVog]
]’l 3
(f) - 1] , (3-53)

which has a minimum I1;, = —4‘% at h = v2h,. Both, wetting potential and disjoin-

TI(h) = ~duf(h) =

ing pressure are qualitatively displayed in Fig. 3.7. Just as smoothly as these two
functions converge to zero with increasing liquid layer thickness #, the transition
between drop and adsorption layer takes place as well. Consequently, the singular
support of the contact line is lifted and rather replaced by a contact region as vi-
sualized in Fig. 3.6. The spatial extension of that transition is still of order O(h,)
and therefore noticeably only in the mesoscopic limit. This modification makes the
determination of the macroscopic contact line position and the contact angles more
intricate as discussed in the methods section B.1. From here on the contact angles
are by default defined via the slopes of the profiles h+& and £ at the inflection points

closest to the contact region, similar to Egs. (3.28).



72

f(h)
3
0 h,  N2h, .
A
4h3
_3 A
10 p2

Ficure 3.7.: Qualitative display of the wetting potential f(h) and the disjoining pressure I1(h) =
—dnf (h) as functions of the liquid layer height h. Both take a shape similar to a Lennard-Jones
potential, i.e., diverge for h — 0, vanish for & — oo and exhibit a minimum in between. The dis-
joining pressure vanishes at h = h, where the wetting potential reaches a minimum. Consequently,
the corresponding adsorption layer of height h, is stable and replaces the solid-gas interface in the
macroscopic view.

Using the consistency condition (3.50) Young’s and Neumann’s laws (NM) can be

translated to the mesoscopic picture
Young:  yjglcosOy 1] = f(h,), (3-54a)
NM vertical: V181N O + [Vlg + Vsl + f(ha)] sinfsg = y1gsin0Ojg, (3.54b)
NM horizontal: V1g €08 O)g + Y1 cos O = [ylg + Vsl + f(ha)] cosbsg . (3.54¢)

The free energy of the system is in the mesoscopic picture given a single integral

over the whole domain

Flh ] = L Yl &)+ [y + F()]m(E) + Ph

(3-55)
J G UP-7)-u(7) d* 7 |- i(F) d°7.
Q

+_
2

It is crucial to recognize, that the total liquid volume now depends on the domain
size, since even macroscopically dry regions contribute with the adsorption layer
now. In that sense, the Lagrange multiplier P does not actually conserve the total

volume but the volume per area, i.e., a mean height /(. The variations of Eq. (3.55)
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are now continuous functions of the fields h and o’

5F V(h+¢)
A v —TI(h)y1+ (VE)2 + P, 56
on ~ TV T wheve)y Iy vers 5
OF V(h o+ f()]VE
5_ = —Vlgv ( +€) > _V([yl+f( )]2 )
& V1+(Vh+VE) 1+(V&) (3.56b)
Q
oF ) -/ - /
Sup L Gy (P=7")-uy(7) d°F, fori=xp.  (3.56)

The advantage of the mesoscopic description is the solved issue of a pinned dis-
continuous three phase contact line. Now, that the whole domain is covered with
a liquid layer of at least adsorption layer height h, and dry and wetted regions are
automatically distinguished by means of the wetting potential f we are be able to

write evolution equations for h and i using the gradient dynamics approach.

3.4. THE EvoLuTioN EQuATIONS

Let us write down the entire model again to get a better overview. The complete

mesoscopic gradient dynamics evolution equations for h and i7 are given by [Egs. (3.1)

and (3.5)]

oF
dih =V- [Q(h)va] , (3-57)
N oOF
atu = _M? ’ (358)
i
with the mobilities [cf. Egs. (2.49) and (3.6)]
3 Lo
Q(h) = 3_ ’ M = [on d (1—21/)] (359)
Ul 1p 200=v)
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and the variations [Egs. (3.56)]

) h

% = — 9,V 7 +V<(V;+€)vg)2 —TI(h)y[1+(VE)2+ P, (3.60a)
oF V(h+<) [ys1 + f(W)]VE

= eV -V e

o0& Vg V1+(Vh+Vé)? [ 1+(V¢E)? ] (3.60Db)

- L G, (F=7)-u;(7) d°7",

g—i = J;) Gl-_jl(?— 7)-ui(r) d?7, fori=ux,7p. (3.60¢)
In the current formulation, however, both dynamics combine long-wave evolution
equations with the exact metrics of the interfaces, i.e., a full curvature formulation,
which is not strictly consistent. It was found though, that such hybrid models still
show correct behavior even in case of larger contact angles [HTA15]. See Sec. 3 of
Ref. [Thi18] for a detailed discussion of the merits of this approach. Expanding the
convolution within the elastic energy [Eq. (3.17)] and its variation [Eq. (3.19)] to

zeroth order yields the Winkler-foundation model again [cf. Sec. 2.3.3]

E
J G lx—-x)irdy ~ [E,sz:ﬁf/) ] . (3.61)

Q 7T &
Even though this approximation is strictly valid only in the long-wave limit, it will
be used likewise in the full curvature formulation from here on. It should be noted,
that this simplification comes at the expense of losing detail in the description of the
elastic deformation of course. However, it remains to be shown, that this reduced

model still captures the essential features of soft wetting. Finally, the variations are

OF V(h+<)

Sh _Mgv(\/lﬂvmvaz)_mh) privers e 0
oOF V(h+<) [ya+f(MIVE)  Eu2(1-v)

i Vi-2ee— = |+ L& .62b
o0& [\/1+ Vh+VE)? ) [ 1+ (VE)? )+ i-m° 5:620)
; E

S:Z :fux. (3.62¢)

A very similar model has already been used in Ref. [LL20]. Note, that the dynamics
of u, is completely decoupled from the others fields now, such that the profiles h
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and ¢ can be calculated without considering the horizontal displacement at all. For

the sake of completeness, it is still considered in remainder of this section.

According to Eq. (2.118) the free energy can be shown to steadily decrease in time

dx

dF f OF oh OF o

Q" ) ona Terar
SFI2 6F OF (3.63)
= L A +§M§] dx

which corresponds to the negative of the total dissipation D = —%—f. A useful feature
of Eq. (3.63) is that it allows to individually measure the contributions coming from
the liquid and elastic layer, respectively and to resolve them spatially using the
dissipation density I'(x,t),i.e., D=Dy+D, = fQ [, dx + fQ [, dx= JQ [ dx.

3.4.1. DIMENSIONLESS FORMULATION

Technically the above dynamics are consistent only in the long-wave limit. To con-
sider the latter we proceed as discussed in Sec. 2.2.3 by introducing dimensionless

variables

x=L%, h=Hh, &=HE¢, u,=Ud,, t=TE. (3.64)

31ha
V1g€4
with € = H/L and €, = U/L. After introducing these variables, the dynamics (3.1)

Since the characteristic scales can be arbitrarily chosen we use H = h, and T =

and (3.5) becomes'4

oF
_ 3
ol _V(h Ve ) (3-652)
1oF
;& = T (3.65b)
1 oF
Qtux = _T_uéux ’ (3-65C)

4In App. A.8 a discussion is found on how the equations can be transformed to account for the
absolute height of the liquid-gas interface C = h + £ instead of the local liquid layer thickness h.
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with the variations

OF —v[ V(h+&)

— —CplI(h)A/1+€2(VE)? + p, .66a
= \/1+62(Vh+vg)2] M1 +e2(98)2 + p (5.662)

N e 2 e

éf _ —v[ V(h+&) ]_v([a+e Cgf(h)]V€]+i, (3.66b)
0¢ V1+€X(Vh+VeE)? 1+€e%(VE)? s

oF  uy

o = Z . (3.66¢)

Note, that the tildes have been dropped in Egs. (3.65) and (3.66) and that in the
following all quantities are dimensionless. The dimensionless wetting potential and

disjoining pressure become

1 1 1 1
f(h) = SRR I1(h) = 6T n (3.67)

and the dimensionless parameters are

AL? 10 Ph
o= - Mooy, =21, o P
ylgha 3e ylg Vg€
Vg d (1-2v) , Vg d €
s = —=— €7, Sy = ——=—, (3.68)

E, h22(1-v) Y E,hiey

by 20-v) 5 Tyl w0 Tkv 1

S d31-2v) T s’ “onp3d " T s,

where Txy = 1,/E, is the characteristic time scale of the Kelvin-Voigt model. Now
there are two characteristic scales left to be defined, namely L and U both of which
are horizontal length scales. Even though their choices are arbitrary in principle
they are meant to rescale all dimensionless variables to the same order of magni-
tude. In the full curvature formulation the dimensional variables are assumed to be
of the same order of magnitude such that all characteristic length are chosen equally
L=U=H=h,,ie.,e=¢,=1.

3.4.2. LoNG-WAVE FORMULATION

In the long-wave limit the characteristic horizontal length scale of the system is con-
sidered much larger than the vertical one, such that h,/L = ¢ < 1 [ODBg7, CMog,
Thiio]. This assumption primarily concerns the gradients Vi and V& which are

considered small [cf. Sec. 2.2.3]. It is important to keep in mind, however, that the
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same holds for the associated angles 6 w.r.t. the horizontal, e.g.
Vh+&) = eV(h+&) = tan(@lg) = tan(eélg) ~ eélg +0(e%). (3.69)

Hence, gradients and their associated angles are equivalent in the long-wave limit
V(h+&) = élg. In consequence quantities such as arctan(VE + Vf) or tan élg have no
meaning in the long-wave limit. Special care has to be taken with the solid angle 6,
frequently used in the literature to describe the opening angle of the wetting ridge
[cf. Fig. 3.6]. As it approaches 6, — 7t in the limit of a rigid substrate it is not a valid
measure in the long-wave limit. Instead the angle 6 + 0, = 7 — 0; is used, which is
considered small in physical scales and therefore of O(1) in long-wave scaling. As
was done for the characteristic time scale T before, it is convenient to choose L such
that another dimensionless parameter is eliminated, i.e., normalized to one. Here
we use
Vlgh;l

1P=El (3.70)

such that Cy = 1. With the definition of the Hamaker constant A [Eq. (3.52)] and
Eq. (3.69) in mind, we find

h2 10 5 25
L—z =¢e? = ?[1—COS(9y)] ~ 562932{, (3.71)

i.e., the choice of L fixes the rescaled long-wave Young’s angle to Oy = V3/5 al-

ways. Further, the consistency condition (3.50) is written in dimensionless form

using (3.70)

Vs

= 1+o+62f(fza), (3.72)
7/lg

i.e., Ysg ® Vg + ¥al in the long-wave limit. In the same manner Young’s and Neu-
mann’s laws can be approximated as well. Dropping the tildes in the following, the

mesoscopic dimensionless long-wave Young’s and Neumann’s laws become
Young: Oy = \-2f(ha), (3.73a)
NM vertical: 005 +[1+0]0s = Oy, (3.73b)

NM horizontal: 0‘8521+912g = [1 +o*]952g—2f(ha), (3.73¢)
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with —=2f(h,) = 3/5.> In the quasi-liquid limit, i.e., 65, = 0, Egs. (3.73b) and (3.73¢)

reduce to

vertical: O = 00y, (3.74a)

. . _ _2f(ha) _ QY
horizontal: 0, = ‘/a(1+0') = m. (3.74b)

These relations give a well-defined macroscopic meaning to the dimensionless pa-

rameter o and the wetting energy of the adsorption layer f(h,). Expanding the

variations (3.66) up to leading order in € yields

oF

S5 " ~A(h+&)=TI(h)+p (3.75a)
SOF &

L A+ &) —0AE+ S .

5E (h+&)-0o 5+5 (3.75b)
OF iy

ou. s, (3.75¢)

and the dimensionless parameters become

3 Ph
o ZE: P=3 az
Vlg VngY
5% (1229

s = T :
3 h32(1-v) Y Y3 ke,
_éﬁﬂz(l_v)g2 _ Tkvl - é&ﬂe_ugz Txv 1

T_917d(1—2v)Y_Ts' T”_917d€Y_Tsu'

In case of a large steady drop, i.e., h > h, such that II(h) = 0, the shape of the
liquid-gas interface profile is governed by
oF
— = -A(h =0, -
5 (h+&) +p =20 (3-77)
i.e., it assumes a parabolic shape. Finally, the characteristic scale U of the horizontal
displacement u, has to be determined. On the one hand, u, is a horizontal length
and could be rescaled accordingly using U = L. On the other hand, the horizontal

displacement is assumed to be of the same order of magnitude as the vertical one,

or, if it is caused exclusively by vertical forces, smaller even rather than larger [cf.

5Remember, that by dropping the tildes i, = h,/H =1 — h,.
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Fig. 2.3(b)]. Assuming s =s, and t = 7, we find

U 2(1-v)

nC 1-2v) (3-78)

which has two limiting cases:

1. if the material is incompressible v — % the fraction on the r.h.s. diverges to
infinity, i.e., U/h, ~ et indicating U = L.

2. if it is perfectly compressible v — 0 and we find U = 2h,.

Since the horizontal displacement is not of interest for now, the decision is prelimi-

narily postponed.

3.5. CONSERVATION AND THICKNESS OF THE ELASTIC LAYER

According to Eq. (3.62b) the effective softness of the substrate w.r.t. vertical dis-

placements is

d(l1-2v)

= m (3-79)

Besides the storage shear modulus E# # 0, also the Poisson ratio v as well as the
elastic layer thickness d crucially affect the shape of the wetting ridge as shown
Fig. 2.4.1

A particularly remarkable feature is the depression that develops adjacent to the
ridge and becomes more extinct with increasing v, i.e., the it is a direct consequence
of incompressibility. To put it bluntly, the mass required to form the ridge is take
from close surroundings where depressions form in consequence. As is seen from
Eq. (3.79), however, the effective softness becomes zero in the incompressible limit
V= % In other words, the substrate effectively behaves as if it were rigid in that
case. Thus, the elastic medium has to be considered compressible to some extend
in order to allow for vertical deformations to occur under long-wave traction. This
peculiarity is a direct consequence of the long-wave approximation that is applied
to the Green’s function of the linear elastic finite layer problem in Sec. 2.3.3. Con-

sidering Eq. (2.111) it can be seen, that the mobility matrix of the gradient dynamics

160f course Fig. 2.4 shows only the deformation arising under action of a localized surface stress.
This scenario is, however, closely related to the formation of a wetting ridge due to the vertically
pulling liquid-gas interface tension at the three phase contact line.
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form is actually determined by the matrix K(k) = E,G. In zeroth order long-wave
approximation this matrix becomes diagonal and constant, i.e., independent of k,
resulting in the non-conserved dynamics (3.65b) for £&. Performing the expansion
up to second order, however, quadratic terms appear in the diagonal entries, which
in real space translate to second order spatial derivatives in the mobility and in an
additional conserved part of the dynamics therefore. Since there are no such con-
served terms present at all in the zeroth order dynamics, one may demand not only
v < % but rather v = 0 such that no depressions occur at all. Even in such a case,
however, perfect compressibility of the substrate does not necessarily mean that a
conserved volume is not yet energetically favorable. When integrating Eq. (3.65b)
over the domain, considering periodic or Neumann boundary conditions and the
variations given by (3.66b), an ordinary differential equation is found for the global

vertical displacement = = J(de =0

From this equation it becomes clear, that in the absence of body forces all steady
states, characterized by d;& = 0, correspond to the stable fix point = = 0, i.e., they
exhibit no global vertical displacement and thus the same (conserved) volume. This
phenomenon follows from the simple parabolic elastic energy of the Winkler foun-
dation model and is also seen in the linear stability analysis discussed in App. B.5.1.
There it is found that the real part of the eigenvalue, i.e., the growth rate, associ-
ated with a joint shift of h and & is strictly negative at k = 0 as long as s > 0 [cf.
Fig. B.5]. Hence, even though the substrate is compressible during the dynamics, it
is still energetically favorable to restore the original volume even so much that every
homogeneous contribution to the deformation of the substrate would decay in time
until a steady state is reached which exhibits Z = 0, i.e., the exact same volume as
the undeformed state. Note, that the inclusion of a body force like gravity shifts this
fixed global displacement away from zero.

The other problematic quantity is the elastic layer thickness d. From Fig. 2.4 (b)
it is seen that the width of both, the ridge as well as the depressions, increases with
increasing layer thickness. In experimental studies it was found that, in the incom-
pressible limit, the thickness of the substrate has a crucial impact not only on the
shape of the wetting ridge but also on the dynamics of wetting, e.g., the coarsening
behavior [Kar+16]. Since in the following the substrate is considered compressible,

however, no such effects are incorporated by the gradient dynamics model and the
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layer thickness d has no effect other than to upscale the effective softness. Another
issue arises from the linearity of the elasticity model, namely that the finite thick-
ness of the elastic layer is not in fact maintained. In other words, the surface of the
elastic layer could, in principle, be depressed below the interface with a hypothet-
ical underlying rigid base at z = —d [cf. Fig. 2.2] if the forces are strong enough,
i.e., the local substrate thickness & + d may become negative. In order to incorporate
z =—d as a lower bound for the vertical displacement, a pseudo-nonlinear elasticity
model may be introduced by constructing the softness S as a function of £ in such
a way that it approaches Eli)nde(é) = 0 but becomes Eq. (3.79) for & > —d. Simple

choices are

5(8) = Sotanh(ézd), (3.80)
or
o _ (E+4d)Sg
S(&) = S1d+b’ (3.81)

where S is the constant effective softness (3.79) and b defines how smooth the tran-
sition from S, to 0 takes place as & = —d is approached. This way its also easily
possible to impose a topography on the rigid base by defining the layer thickness as
a function of space d(x). It should be kept in mind, however, that the elastic layer
thickness enters in the constant value Sy as well via Eq. (3.79). This approach is well
suited, for example, for the investigation of durotaxis, which refers to the movement

of drops induced by stiffness gradients in the elastic substrate.

3.6. ANALYTICS ON LONG-WAVE SUBSTRATE DEFORMATION

In the long-wave frame the dynamics of the substrate (3.65b) reduces to a linear
partial differential equation of second order with the Laplace pressure of the liquid-

vapor interface representing an inhomogeneity a(x, t). In dimensional form it writes
-1 &
(MZZ) até = VAE - g + O((X, t) » (382)

with (M,,)™! = %% [Eq. (3.6)], the effective softness S [Eq. (3.79)] and y being

the interface energy of the substrate with the phase above. Due to linearity the

dynamics can be solved analytically to obtain an expression for &(x,t) if the inho-



82

mogeneity is known. In Fourier space the solution is given by

Sa(w, k)
1+ySk2+iwSMZ’

clw,k) = (3-83)
and may be transformed back to real space again, which, depending on the exact

form of a, may not allow for a closed expression for &(x, t).

3.6.1. THE FUNDAMENTAL SoLUTION

As mentioned before the solution of an inhomogeneous linear differential equation
can always be expressed in terms of a convolution with its fundamental solution.
Let us consider the static case first, i.e. d;h = d;& = 0. From the discussion in Sec. 2.5
we know that a steady state of the gradient dynamics for h and ¢ is characterized by
vanishing variations 0.F/6h = 0 and 0F/6& = 0, respectively. The fundamental solu-
tion is then found by solving the equation for the special case of a(x) = o(x). How-
ever, two subtleties emerge in that course which have to be considered. First, the
inhomogeneity has to carry the dimension [a] = Jm~ which is handled more conve-
niently by introducing an amplitude a(x) = ad(x) with ag =1 Jm™2 and [6] = m~!.
Note, that a( then takes the same dimension as y. In other words, the inhomogene-
ity can be thought of as a vertically pulling interface tension and the fundamental
solution as the shape of a wetting ridge that forms in consequence. Second, the or-
der of magnitude of the inhomogeneity and the other terms should be the same. If
ag is supposed to be of the same order as y, the delta function has to be of the same
order as the curvature AE ~ ¢/L. Since technically d(x) ~ L™! we add a smallness

parameter and write a(x) = eao(x). In Fourier space the solution then becomes

é(k) = ECYB ;
Bl \/27(1+7/Sk2 ’

(3.84)

where now aj, carries the dimension of the inhomogeneity, i.e., [af] = Jm™>. Since
&(k) has two complex conjugate singularities at ki, = +i(yS)™"/?, the solution is
transformed back to real space using the residue theorem. The latter states, that the
path integral over a function along a closed curve in the complex plane is given by

the sum of residuals contributed by the enclosed singularities

1 “ ikx . ikx
E(x) = x/T_an(k)ek dk = zx/%Zz(a)Resa (& (k)e™] (3.85)

aeH*
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where the residuum of a singularity a with degeneracy n is given by

Res, [£(k)e™™] = = ! )g; ;kn,; 11 [(k—a)y"e(kpe™] . (3.86)

The sum is performed over all singularities in either the upper or lower complex
half space H* := {z € C: Imz = 0} governing & for either x > 0 or x < 0, respectively.
Thereby, I(a) is the winding number of a singularity a which is negative for clock-
wise and positive for counter clockwise encirclements. In this case it is simply given

by I(a) = sgn(Ima). Finally, the fundamental solution is found to be

* |x]
ea -
Eqlx) = 570 ySe Vs, (3.87)
or in dimensionless form
1 W
&) = 3TVEs eV (3.88)

If the upward pulling force is the liquid-gas interface tension ag = y|; and the inter-
face tension of the substrate is indeed the same for all x, we find

_
&(x) = %\/ge ves., (3-89)

We see, that the vertical and horizontal extension of the wetting ridge is in the long-

wave limit characterized by the dimensionless lengths

. Hy Vg 7/lg (1-2v)
vertical: g =\ / .goa
\/Vsl E h 2 ) (3 ? )

= Vos = \/ v 4 (3.90b)

h221_

horizontal:

We now consider the dynamic case. Remaining in the dimensionless formulation we
assume a sudden constant point force, i.e., a(x,t) = 0(x)O(t), the Fourier transform

of which is

a(w, k) = l(a‘(w)—.i). (3.91)

2 1TTw

Inserting this expression into Eq. (3.83) and transforming back to real space yields

the solution, though there is a different way. Instead of performing a Fourier trans-
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formation of the dynamics in time and space, we only do the latter, yielding an

inhomogeneous ordinary differential equation

10,&(k,t) = —ok*&(k,t) -

5 Vo
which can be solve directly for the time dependence. The solution is found to be

E(kt) = Ak)[1-e 0], (3.92)
1 s 1 1
with Alk) = —=—— and Ak) = —
( ) V2710 O'Sk2 +1 ( ) T™V271T A(k)
We see that A(k) = tlim E(k, 1) = Eo(k) is the static solution (3.84). Expressing A(k) in
terms of A(k) leads to

é(kl t) = \/ﬁém % dt,,

1 1 1 ,
- 1 _ e—/\f - - J\ e—/\t dt/ —
™2 A [ ] ™27 Jo ™21

and the inverse Fourier transformation yields

2 t
1 t exp T/ _
(E(X,f) _ 2 ( 4ot sr)

2 Jo Vrott

Considering only the evolution of the ridge tip, i.e., at x = 0, the expression reduces

dr’. (3.93)

to

1 (! e
&(0,t) = —J dt’
2 J)o Vrott!

and the substitution t’ = stu? finally reveals

1[5 2 (V& _u2 | 1
0,t) = E\/;ﬁj(\) e du = émaxerf[ E] ’ (394)

with the Gauss error function erf(t) and .y = Eoo(0) being the maximum of the static
solution (3.89). The relaxation dynamics of the viscoelastic substrate may thus be

characterized by the half-value time which is given by

1)]2 - stln(2)

tih = ST f‘l(— ~ _
12 ST[er 3.0472265808348573

> (3-95)
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3.6.2. Macroscopic Dror

The calculation of the previous part assumed a localized vertical point force and
a homogeneous interface tension of the substrate along the domain. In case of a
drop deposited on an elastic substrate some further adjustments have to be made,
however. First of all, the liquid-gas interface is anything but orthogonal to the hor-
izontal plane since the long wave frame is considered, i.e., 61g < % Consequently,
the interface energy of the substrate differs inside and outside the drop yq # ysq. In
addition to that, the liquid-gas interface of a drop exhibits a non-vanishing curva-
ture xj; which exerts a Laplace pressure on the substrate. Since no analytic solution
is known to the mesoscopic liquid equations (due to the highly non-linear disjoin-
ing pressure) we proceed with the macroscopic description, where the liquid-gas

interface of a drop is known to be of parabolic shape

() = B+ ) = 2R +E(R), (5.96)

with fixed curvature k), = A(h+&) = const. < 0 and centered at x = 0, with the contact

line located at x = £R. Then the inhomogeneity can be written like

a(x) = Yig[0150(R = [x]) + kg (R~ [x])] , (3-97)

and the interface tension of the solid is

for |x| <R
y = { & (3.98)

Vsg = Vig T Vsl for |x|>R

Note, that here y,, results from Young’s law [Eq. (3.39)] cos Oy ~ 1 in the long-wave
limit. To solve Eq. (3.82) under these conditions, the domain is split up into three
sections and since the fundamental solution is already known to be of exponential

shape we can make the ansatz

&1(x) :Aexp[ al ] for x<-R, (3.99a)
\/ngs
£2(x) Bexp( i ]+Cexp( - } for R<x<R (3.99b)
G2 = - ’ .
7/51S Vysls
&3(x) = Dexp( - ) for x>R. (3.99¢)
\/ngs
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Reflection symmetry further demands &5(x) = & (—x) and &,(x) = &(—x), i.e., A=D
and B = C. Adding the inhomogeneity caused by the Laplace pressure in the region
|x| < R to &; yields

X
—— |+ V1K1 S - (3.100)
VVSIS] 88

The three functions are connected at the section boundaries, i.e., £&;(—=R) = &;(—R),

&r(x) = Bcosh[

revealing the first coefficient

R

v ngs

A =

(3.101)

B cosh[

R
+ Ve K] S exp
Vysls] o }

and therefore

R R—|x|
Bcosh| ——= |+ »1 K] S}exp[ ] for |x|>R, (3.102a)
[VVSIS) 58 \/ngs

X
VVSIS

Integrating equation Eq. (3.82) over a small interval —e < x+ R < € leads to

E,sg(x) =

Eq(x) =B cosh( ) + Y1gK1gS for |x|<R. (3.102b)

‘ —R+e —R+e é(x) ‘ —R+e i
ll_I)l’(l)([—)/Vé(X)]_R_e + JiR_e S dx) = 1:1_% e Vi [ngO(R = |x]) + x14© (R - |x|)] dx

< _yslvésl(_R) + ngvésg(_R) = ylgelg
7/lg@1g v ngSVIgKlg

B = . (3.103)
Vsg R sl i R
S cosh( TSIS)—%,/ S smh( '_7/515)

Note, that this condition corresponds to the vertical Neumann law (3.73b), i.e., the

vertical force balance at the contact line. Writing the result in dimensionless form

yields
R-—
‘Esg(x) = &i(R) exp[s,(l—-lflg)] (3.104a)
E(x) = Bcosh(\/%)+7qgs (3.104b)
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where K, is the dimensionless curvature of the liquid-gas interface and

—KlgR— (1 +0)K1g

(3.105)
\/Ecosh( ) \/—smh( )

where the dimensionless liquid-gas contact angle was replaced by 6)y = =g R. Be-

B =

sides the material properties, i.e., s and o, there are still two other pieces of informa-
tion missing, namely the curvature of the liquid-gas interface i}, and the drop base
radius R, both of which are unknown functions of s. Now there are two different

scenarios:

1. The pressure inside the liquid is fixed and equal to the Laplace pressure such
that the liquid-gas interface curvature is x;, = —p/y); always and independent
of s therefore. In consequence, the volume of the liquid is not conserved any
more as the softness s is changed.

2. The pressure adapts such that the volume of the liquid, i.e., the integral over
h=C-¢&s [cf. Egs. (3.96) and (3.104D)]

B R B R,qg ) R
V—J:thx ZJ; 2( —R%) - B(cosh( )—cosh( as))

Kig 13 - R R
= ——R’—+osBsinh|— |+ RBcosh|—|,
3 7 (\/as) (\/as

is conserved and the curvature can be replaced by

1 R3 [R2+R 5(1+U)][cosh(%)—@sinh(%)]

_K_lg I V(\/Ecosh( ) \/—smh(%))

)

(3.1006)

In both scenarios the base radius R, or the liquid vapor contact angle 6y, if used
instead, and either the volume or the curvature depend on the softness s in an un-
known manner. Using the horizontal Neumann law [Eq. (3.73¢)] at x =R

3
oVEL| _p+ (KigR)? = (1+0)VEL| _, t3
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together with Eq. (3.106) the volume can be written as a function of ¢, s and R

i (23‘/1+a+31<2+31< s(1+0) )co h(\RF)+(R3\/{’§—3R\E—3s\/a(1+0))sinh(\/%) .
15 \/ 142\ T2 R2 (1+2a))cosh( ) (2R\/7+2R2\/ 1*‘7)) ‘nh(%)—%—z—l-m lio

Since the liquid volume V' is usually kept constant, e.g., in simulations, it would be

V= (3.107)

more convenient to express the base radius as a function R(s,o, V). Unfortunately,

Eq. (3.107) is transcendental regarding R and can thus not be transformed a desired.

3.6.3. MovinGg CoNTACT LINE

The same procedure can be followed to obtain a solution for the deformation of a
substrate moving with velocity V > 0 relative to the external force in negative x-

direction. The governing equation then is

—7A5—8V5+§ = a(x), (3.108)

with § = qus (21( 5y ; Assuming a steady meniscus of constant curvature in the range

0<x<R,ie., aliquid wedge, the inhomogeneity is again

a(x) = yig[61g0(x = R) + 1130 (R - x)] . (3.109)

The solution using exponential functions is then found to be

_ 8(x-R) 2
&g(x) = Ae sl ex + —R) |+ Y1oK1S forx <R, (3.110a)
; P 4)/521 7515 Mgl
( _Séx—R) (
Eeo(X) = Be 78 exp|-— + x—R) forx>R, (3.110b)
A 4y VseS

where hm &(x) =0 and hm 5( ) < oo have been used with 48;2 + yls > 2‘; Con-
tinuity demands B=A+ ynglgS and the jump in slope condition due to the delta

function in «a yields

hm[ yVE(x )]I:E

6—)

= Vslvgsl|x:R - ngvgsg|x:R = Vlgglg

e, [82
Vlgelg+7’1g’<lgs(_7+ T+?)

= B = . (3.111)
92 Vsl \/%'F&
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In dimensionless form we find

2.2 —R
Eq(x) = (B—Klgs)e‘za(“R)exp[ v4T +% (xg + K1gS forx <R, (3.112a)
£ () = Be T 6 \/v2T2+(1+0') (x—R) for x> R, (3.112b)
= Be o) exp|— or , (3.11
°8 P 4 s (1+o0) - 3

with v = 37V/(y5€’) and

v272 VT
91g+57<1g( 3 +%_7)

\/vifz_+ % i \/Vifz +_(1z0)
Lets further assume the liquid-gas interface C = h+ ¢ to satisfy the boundary condi-

tions C|x:0 = (g and 9,C
to

B =

(3.113)

e = ;- It has to connect to the substrate at x = R leading

x2

C(x) = C0+C6X+(B—C0—C6R)ﬁ; (3.114)

with curvature xjg = 2(B—Co — C(’)R)/R2 and liquid-gas contact angle 0, = C; —2(B -

Co)/R. Then the prefactor can be expressed like

~ 4CoR+2C)R? +2(Co + C)R)(svT — Vdos + v212s2)
4R+ 2svT —2V4os+v212s2 + RTZ(\/4GS + 027252+ \/4s(1 + 0) + v27252) '

(3.115)

B

In Fig. 3.8 some exemplary profiles are shown for 0 < v < 3 (a), i.e., an advancing
contact line, and —0.5 < v < 0 (b), i.e., an advancing contact line. Note, that as-
sumption of constant curvature x|, is not exactly reasonable in a dynamic situation
and also the position R of the contact line generally depends on the velocity v in an
unknown manner. In principle, the missing dependence R(v) is determined by the
horizontal Neumann condition, however, the resulting equation is a polynomial of

fourth order in R that can not be resolved.
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Ficure 3.8.: Analytic solution for the profile £ of a substrate moving under a constantly curved

liquid-gas interface with velocity a) 0 < v < 3 and b) —0.5 < v < 0. The remaining dimensionless

parameters are fixed tos =5, 0 =0.5, 7 =1, R=5, (5 =5, C(’) = —i. Note, that realistically the

curvature of the liquid-gas interface is not constant in a dynamic scenario and the contact line
position R should depend on v such that the horizontal Neumann condition is satisfied.

3.6.4. HiIGHER-ORDER ExpaNsiON oF THE ELAsTIC ENERGY

As discussed in Sec. 2.3.3 the Green'’s function of the linear elastic problem may in
the long-wave limit be expanded in a Taylor series. So far only zeroth order terms
have been considered in which case the Green’s function is a diagonal matrix such
that the dynamics of vertical and horizontal displacement decouple. Considering
higher orders, however, the matrix is not sparsely occupied anymore and the cou-
pling has to be taken into account, which complicates the problem considerably.
Let’s for the moment consider only the G2} component. Continuing the expansion
up to O(k*) gives an expression of the form

G (k) ~ % + ak® + ki, (3.116)

zz

which in real space becomes

_ 1
Gt~ L ad? + pat, 3117
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where the parameters s, a and 8 are considered dimensionless for convenience.

Hence, the stored elastic energy is given by
Tl _ 2 J —ET—alJE + PEDYE dx
= J —&% 4 a(0,8)* + p(92E) dx,

and the variation of the total free energy w.r.t. £ is

oF

O Bt Ah+E) - ()RS

o& ’ ’ S

Note, that a plays the role of a bending stiffness that contributes to the effective
surface tension of the solid. Therefore, the effective surface tension & = o + a is
introduced. As before this linear equation can be solved, replacing the Laplace

pressure of the liquid by a vertically pulling point force, i.e.,
ic =0 & S
ﬁ8x5—0‘8x5+; = o(x). (3.118)

A Fourier transformation leads to

- < 1
ke +6kPE+ 2 = —
P 5 V21
1 1 11 1

- k) = = Z
£ Vor Bkt +6k2+ 1 N2 Pkt+ak?+b

with a = % and b = /)ls To obtain the solution in real space the inverse Fourier

transformation has to be performed

11 (® e
=—- ———— dk.
£ 2n B ) oo k*+ak?+b

To do so the residue theorem is used again

JOO L dk = 27¢i Z I(n)Res, [cf(k)eikx] ) (3.119)

4 2
—o k*+ak?+b =

Being the scaling factor of the highest order derivative 5 > 0 is demanded in order

to ensure stability in the k — oo limit'7. Assuming 4b > a2, ie. 45 > sG2, the four

17cf. App. B.5 and remember the negative sign in front of the variation in the dynamics of £ Eq. (3.65)
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poles of the integrand are

ko = +i %J_ri b——. (3.120)

Note, that a < 0 & & < 0 is not physical and for 4b < a® the poles are purely imag-
inary such that no oscillatory behavior could occur in the solution. The complex

number in the square root can be rewritten using

L 1 SlaRe(7)
Vz = \/Eez% = \/E + 2+ Re(2) , (3.121)
Im(z) 2 Im(z) 2
\/( |z|+Re(z)) +1 \/( |z|+Re(z)) +1

where
Im(z)
-2 e o/ A
Q@ arctan( 2+ Re(2) ) ,
was used. Thus the poles are found to be
, b— 2 b+4
ko = + Vb|+ ER— Vb+3
aVb +2b avb + 2b
+|+ Ap—so” +i ! + 0 (3.122)
= +|+ —t— 1
4B[2+/Bs +56] 2\/Bs 4P ’

Considering only the upper complex half space, the poles of negative imaginary

part are neglected such that only two remain

kip = + 4p 56 +i L + 2 (3.123)
V2T TN aplayBs+sa] \2yBs 4B '

The residuals are now given by

eiknx

Resa [0 = G,
n n

(3.124)
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and so the solution is found to be

ielkn|x| . elk] |'X| elk2|x|

(3.125)

$r(x) = —_— =1 + .
(%) Z4ﬁk2+2a~kn APK3 126k, 4BK3 + 26k,

n

In Fig. 3.9 this solution is compared to the one of the simple problem [Eq. (3.89)].
The found profile Eq. (3.125) takes the shape of a modulated cosine function which
violates Neumann’s laws due to d,&(x)|y=¢g = 0. It further exhibits depressions on
both sides of the ridge, a feature that was missing in the simplified description. To
find the deformation caused by a parabolic drop of radius R and contact angle 0y,

sitting on the substrate a solution can be constructed using

0
Ealx) = Oug[&,(x+ R)+ &, (x = R)] = £ [O(x+ R) = O (x = R)]+ &, (x)

with * denoting a convolution again. This convolution can further be written as

X+R x—R
5*<x>=[@<x+R>—®<x—R>]*ér<x>=j ér<x’>dx'—f £ () dv’

—00 [ee]

x+R R
= f E(x)dy' = J E (X +x)dx’.
x—R -R

Exploiting the symmetry £*(—x) = £*(x) and &,(—x) = &,(x) we find

for |x| < R and

for |x| > R with
eik]X eikQX

xX) = t(x)dx = + ,
W= Jew G20k T 1k 20K

(3.126)
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where & is &, as defined for positive x, i.e., with |x| = x. Finally the solution for the

substrate deformation underneath a droplet is given by

(3.127)

and plotted together with the simple solution Eq. (3.104) in Fig. 3.10. It stands out,
that the ridge of the simple solution is rotated, i.e., the flank of the wetting ridge is
significantly steeper inside the drop then out side it, while the higher order solution
is symmetric close to x = +R. An effect that might be caused by the missing influence

of the horizontal displacement in the latter case.
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Ficure 3.9.: Comparison of the profiles of an linear elastic substrate deforming under a vertically
pulling point force. The black dashed line corresponds to Eq. (3.89), i.e., the deformation obtained
by using only Oth order of the Green’s function. The solid line corresponds to Eq. (3.125), obtained
by expanding the Green’s function up to 4th order and shows depressions next to the wetting ridge.
Parameters were set to s = 102, oc=1,a=-0.9and g = 20.
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Ficure 3.10.: Comparison of the profiles of an linear elastic substrate deforming under the pressure
exerted by a parabolic drop. The black dashed line corresponds to Eq. (3.104), i.e., the deformation
obtained by using only Oth order of the Green’s function. The solid line corresponds to Eq. (3.127),
obtained by expanding the Green’s function up to 4th order. Like in Fig. 3.9 the higher order
solution exhibits depressions next to the wetting ridges. The tip of the latter is smoothed out over a
wide range and no rotation towards the drop center is visible. Hence, Neumann'’s laws are strongly
violated. Parameters were set to s = 10%, 0 = 6 = 0.1 and p =25.
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4. THE DOUBLE TRANSITION OF STATIC

Drops

The results presented in this chapter have to a large extend already been published

mn:

[HST21a] Henker, C., SNOEDER, J. H., and THaieLg, U. “Gradient-dynamics model
for liquid drops on elastic substrates”. In: Soft Matter 17 (2021),

PPp. 10359—-10375. bol: 10.1039/D1SMo1032H

Many of the following figures were reproduced and adapted from the data pre-
sented in this reference.

The fine-structure of the wetting ridge arises from an intricate balance of elastic and
capillary forces, with recent literature identifying a central role for the surface ten-
sion of the solid [Jer+11, SD12, Mar+12a, Lim12]. A central question is how the lig-
uid angle, at equilibrium, is different from Young’s law for rigid substrates. It turns
out that upon increasing the substrate softness, a double-transition is observed in
the various angles between interfaces in the contact line region [Mar+12b, Lub+14].
Namely, when increasing softness from low values, i.e., starting in the rigid limit,
first a strong increase in the size of the wetting ridge is observed while the droplet
shape remains approximately constant and the substrate surface remains about flat
off the contact line. Then, when the softness decreases several orders of magnitude,
a strong increase of the substrate depression under the droplet occurs at constant
opening angle of the wetting ridge. The latter is governed by a balance of surface
tensions [SD12, Mar+12a, Lim12], analogously to the Neumann’s law known for
floating lenses. In Fig. 4.1 this transition is sketched in three stages. Note, that
in comparison to liquids the surface tension of solids brings in an additional com-
plexity owing to its possible strain-dependence, i.e., the Shuttleworth effect [AS16,
Xu+17, XSD18, Sch+18, Pan+20], which is discussed in Ch. 7. In Sec. 3.2 the statics

properties of macroscopic drops have already been discussed, thereby introducing
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the rigid limit, i.e., s = 0, and the quasi-liquid limit, i.e., s — oo. In this Chapter
the dimensionless mesoscopic long-wave gradient dynamics model as introduced
in Sec. 3.4.2 is employed to study a static drop situation and to explore the double
transition of steady drops in its dependence on drop size. In the course of that the

validity of Neumann’s laws is checked in the different softness regimes.

4.1. THE ELASTO-CAPILLARY LENGTH

In the literature of soft wetting, it is common to characterize the substrate softness
in terms of the elasto-capillary length €.., describing the typical size of the deforma-

tion induced by the balance of a surface tensions and elastic forces
lec = — (4.1)

with E, being storage shear modulus. In case of rather rigid substrates, i.e., large E,
the elasto-capillary length and therefore the wetting ridge become small. If £, < R
the liquid-vapor contact angle 6, matches fairly well with the Young’s angle Oy.
If in contrast E becomes rather small such that the wetting ridge grows to a size
comparable to the drop itself ¢, ~ R, however, elastic effects become increasingly
negligible and the quasi-liquid limit is approached. The drops begins to sink into
the substrate eventually assuming the shape of a liquid lens. In Sec. 3.6 the height
and width of the wetting ridge were in the long-wave limit found to be characterized

by the dimensionless scales (3.90a) and (3.90b), respectively. Hence, depending on

(a) R> (.. (b) R={,, (c) Rl

Ksll«'/

F1GURE 4.1.: Characteristic drop shapes of partially wetting liquid substrate of different softness. (a)
The substrate is rigid and very resistant against deformations R > ¢... The drop adopts the shape
of a spherical cap with curvature k), and contact angle Oy selected by Young’s law. (b) The substrate
is elastic and soft enough to allow for the formation of wetting ridges at the contact lines R = £, but
stiff enough to prevent the drop from sinking. The local angles of the wetting ridge tip are given by
Neumann’s law and as the softness increases the region rotates inwards such that the liquid-vapor
contact angle and curvature increasingly deviate from those in the rigid case. (c) The substrate is
so soft that it is considered quasi-liquid and elasticity is negligible R <« ¢,.. The drop resembles
a liquid lens described by the intersection of two spherical caps with curvatures xj, and x. The
angles at the three-phase contact are still related by Neumann’s laws but the slope of the solid-
liquid interface vanishes.
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whether y|g or yq is used in Eq. (4.1) the elasto-capillary length £ is either a verti-
cal or a horizontal scale and its dimensionless counterpart either (3.90a) or (3.90b)
correspondingly. No matter which, the dimensionless elasto-capillary length always

scales with the softness like

Zec ~ ‘/g (4-2)

4.2. CONTINUATION OF THE SUBSTRATE SOFTNESS

The dependence of the static drop state on the substrate softness s can be investi-
gated using pseudo-arclength continuation, as is frequently employed for thin-film
descriptions of layers and drops of simple or complex liquids on solid or liquid
substrates [Pot+os, Thito, Eng+16, Tri+20]. A detailed discussion on this method
can be found in App. B.4. Here the packages auto-o7p [DKKg1] and pdezpath
[UWR14] have been utilized to solve the static equations, i.e., Egs. (3.65) with d;h =

d;& = dsu, = 0, in the long-wave limit, i.e., using the variations (3.75) and the cor-
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FiGure 4.2.: Typical drop and substrate profile, h + £ and &, as obtained by solving Egs. (4.3) nu-
merically, in this case using auto-o7p. The inset strongly magnifies the tip of the wetting ridge
illustrating that it is indeed rounded although in the main panel it appears to be quite pointed. The
black dots in the inset show an example of the nonuniform adaptive numerical grid. Note also the
precursor of dimensionless height h, = 1, covering the supposedly dry substrate outside the drop.
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responding parameters (3.76). After integrating Eq. (3.65a) two times the static
equations effectively are

5F

i =-Ah+&)-TI(h)+p = 0, (4.32)
SF , £

o " —A(h+é)—o-Aé+% = 0. (4.3b)

The horizontal displacement is no further considered here as it is always i = 0 in
the long-wave limit [cf. Sec.(3.4)]. Remember, that the constant p on the right hand

side of Eq. (4.3a) is a Lagrange multiplier ensuring conservation of volume

h—h 27 = , .
pL( ) &7 = 0 (4.4)

where hj is the mean thickness of the liquid layer. Since the whole domain is cov-
ered by at least the adsorption layer, the effective liquid or drop volume is defined

as
v=£yrmmW. (4.5)

In the following a one-dimensional domain () of size D extended in x-direction is
considered with periodic or homogeneous Neumann boundary conditions." The
above equations remain valid with V — 9., A — 9., d*F — dx, and 7 — x.

In the numerics the domain Q) is discretized into a nonuniform adaptive grid to
ensure sufficient resolution and reduce computational cost. Fig. 4.2 illustrates that
even quite sharp structures like the tip of a wetting ridge are properly resolved.
Starting from the analytically known solution of a parabolic drop on a rigid sub-
strate the steady solution is followed in parameter space, using the softness s as
control parameter and fixing the drop volume via the Lagrange multiplier p. Typ-
ical profiles of 1 + & and & are for different softnesses given in Fig. 4.3, visualizing
how the equilibrium morphology changes as the substrate changes from very rigid
to quasi-liquid. Of particular interest are the angles sketched in Fig. 3.6, namely,
O)g, the angle the liquid-gas interface takes with the horizontal and 6 + O, the
combined angles on both sides of the wetting ridge with the horizontal. Note, that
the left axis of Figs. 4.4 and 4.6 gives —(0,] + Oy), as this is the long-wave equiva-
lent to @ — 65, with 65 being the opening angle of the wetting ridge, such that the

'The Neumann boundary conditions enforce certain gradients on the domain boundaries, i.e., V(h+
E)laq =) and VE|yq = 05, and are not to be confused with the Neumann’s laws for contact angles
at the three phase contact line. For homogeneous Neumann boundary conditions it is ¢} = ¢> = 0.
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FiGure 4.3.: Typical numerical drop and substrate profiles, i.e., h + & (gray) and & (color-scaled), for
different softness ranging from the rigid limit s = 1073 to the quasi-liquid limit s = 10'°. Tt can
be seen that as the softness increases first the wetting ridge rises until it reaches a maximum and
the drop begins to sink into the substrate. Note, that the drop base radius R reduces steadily as
the softness increases, due to the fixed volume. Unfortunately, the way in which R depends on the
softness s at fixed V is not analytically known.

plots visually resemble Fig. 3 of Ref. [Lub+14]. Both, 0}, and 6, + O, are expected
to smoothly transit from fulfilling Young’s for a rigid substrate (s — 0) to fulfill-
ing Neumann’s law in the limiting case of a quasi-liquid substrate (s — o0). The
change of both angles with softness is given in Fig. 4.4 (a) with the scales for 0y,
and 6y + O, on the right and left hand side axis, respectively. Just as found from
the full elastic theory for drops with contact angles Oy ~ 77/2 in Ref. [Lub+14], two
distinguished separate transitions occur. Starting in the rigid limit and increasing
the softness, first, the formation of wetting ridges is observed. As the overall shape
of the drop itself barely changes, in this first transition 6}, remains approximately
constant while 0 + 0, increases strongly [cf. Fig. 4.4 (a) at about s =1... 102]. In
the same course, the wetting ridge grows as shown in Fig. 4.4 (b). Increasing the
softness further, the substrate below the drop is compressed owing to the Laplace
pressure imposed by the drop. In consequence, the drop gradually sinks into the
elastic substrate accompanied by an inwards rotation of the three-phase contact re-
gion. This rotation marks the second transition at about s = 10°...10” in Fig. 4.4 (a)
and is reflected by the contact angles; 6y, strongly decreases while 6, + 6, remains
approximately constant. In Fig. 4.4 (b) the second transition is also marked by a

maximum in the wetting ridge height, which is calculated as the difference of the
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wetting ridge height
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FIGURE 4.4.: Measurement of the wetting ridge at varying softness from 1073 < s < 10'°. (a) Depen-
dence of the angles 0|4 (right hand side axis, blue line) and —(0y) + Os) (left hand side axis, red line)

at the wetting ridge (as defined in the inset) on the substrate softness s for a drop of volume V = 10°
at 0 = 0.1. The two vertical dashed lines indicate the softnesses where the transition from the rigid
to the soft regime at s ~ 10! and the transition from the soft to the liquid regime at s ~ 10° occur,
respectively. (b) Wetting ridge height against substrate softness s with same fixed volume and o as
in (a). Three different regimes of scaling laws are distinguished at the same softnesses as in (a). The
three insets in (b) indicate how the profiles in the respective softness regions differ qualitatively at
the contact line. A corresponding continuation video can be seen in HeSH2021-SupplMat-Videoo1-
figo4.mp4 of the electronic supplementary material of Ref. [HST21a]

maximum of & and its value at x — oo.

The growth of the wetting ridge and the subsequent rotation of the contact region
as the softness of the substrate increases is even better seen in Fig. 4.5. Here, soft-
ness is logarithmically encoded by the radius ranging from s = 1073 (in the center)
to s = 10! (at the outer edge) as indicated by the concentric rings. The blue and red
areas respectively indicate the angular ranges occupied by the liquid and the solid
substrate at given softness. Thus, the angles at which the interfaces appear, mea-
sured at the center w.r.t. the horizontal dashed line, correspond to the contact angles

in Fig. 3.6 and are obtained from the same numerical data as used in Fig. 4.3. Draw-
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ing the radius through each of the three points at which the interfaces are located
for fixed softness therefore results in a (macroscopic) sketch of the contact region,
with the radii representing the interfaces. While 0}, and 0y decrease steadily with
increasing softness, 0, vanishes in the rigid as well as in the quasi-liquid limit but
reaches a maximum 65, at s ~ 10*. The softness region around this point marks
the intermediate elastic regime and a completed development of the wetting ridge.
The corresponding radii (dotted lines) reveal, that also 65” is close to its maximum
already while 6y, barely deviates from Young’s angle. This behavior shows nicely
how first the wetting ridge grows before the whole contact region is rotated (here

counter clock wise).

The two steps of the double transition can be related to the ratio of the elasto-
capillary length €.. to the relevant microscopic and macroscopic length scales of
the system [Lub+14]. Elasticity becomes important when ¢,. becomes comparable
to the microscopic length scale, here €.. ~ h,. In terms of nondimensional quanti-
ties this implies that the first transition occurs when .. = Vos =~ 1, i.e., for s ~ 1/0.
For 0 = 0.1 we have s = 10 in agreement with Fig. 4.4. Upon entering the interme-
diate elastic regime, the ridge height scales with the substrate softness like ~ s'/2
and is thus directly proportional to /.. as expected. Likewise, the second transition
emerges when the droplet sinks in, which happens when .. becomes comparable to
the droplet size, e.g., the radius R or the drop height h,,,,. For the simulation with
V 2 10° the drop height is i, = 500 (in the rigid limit) such that the second tran-
sition would be expected at s ~ h2 /o = 2.5-10°, which fits quite well with Fig. 4.4.
Alternatively, a characteristic length can be estimated from the drop volume, i.e.,
the transition can be estimated to occur when fec ~VV2 ie., s~ V/o. Foro = 0.1
and drop volume V = 10° the transition would be expected for s ~ 107 which is

somewhat overestimated but still reasonably close.

It seems, that from the macroscopic perspective the deformation of the substrate
under a drop depends not primarily on the substrate softness, but only on the ratio
of the elasto-capillary length and the characteristic drop size, that is, if the softness
s is changed the size of the drop can (at other wise fixed parameters) be adjusted in
such a way that the substrate profile looks exactly the same as before only up scaled.
Indeed, it can be seen that the analytic expression for the substrate profile under a

drop (3.104) can be written in dependence on the ratio A = % after rescaling & and

*Note, that for a one-dimensional system V is strictly speaking an area according to its definition
Eq. (4.5).
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FIGURE 4.5.: Visualization of the contact line rotation with varying softness. The softness is loga-
rithmically encoded by the radius ranging from s = 103 (in the center) to s = 10'? (at the outer
edge) as indicated by the concentric rings. The blue and red areas respectively indicate the angular
ranges occupied by the liquid and the solid substrate at given softness. Thus, the angles at which
the interfaces between the areas appear, measured at the center w.r.t. the horizontal dashed line,
correspond to the contact angles in Fig. 3.6 and are obtained from the same numerical data as used
in Fig. 4.3. Drawing the radius through each of the three points at which the interfaces are located
for given softness therefore results in a sketch of the associated macroscopic contact region. The
solid lines marked with yrL and nm give the sketches in the rigid and quasi-liquid limits, respec-
tively. The dotted lines indicate the same sketch for a maximum solid-gas contact angle 03*, i.e. a
fully grown wetting ridge. It can be seen, that the liquid-gas contact angle has barely deviated from
Young’s angle at that stage. This behavior shows nicely how first the wetting ridge grows before the
whole contact region is rotated.
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FIGURE 4.6.: Shown is the dependence of the angles 0); (r.h.s. axis, blue curves) and —(6y + Osg)
(Lh.s. axis, red curves) on substrate softness s for steady drops of different volume V indicated
by the dash types. The remaining parameters are as in Fig. 4.4. As the volume increases, the
two distinguished transitions become increasingly separated and the agreement of the angles with
Young’s (yL) and Neumann’s (Nm) laws in the rigid and liquid limit, respectively, improves. The
respective analytically predicted values are marked by blue (for 6g) and red (for Oy + Os4) arrows
with the thin horizontal lines being aids for the eye. The softnesses where the transitions are located
are estimated via the half-values O = (Ohax — Omin)/2 and marked by & (first transition) and ¢
(second transition).
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FiGure 4.7.: The softness values where the two distinguished transitions occur are shown in depen-
dence of the drop volume. The transition values are determined as the values where the respective
angle is 6 = (Onax — Omin)/2 (cf. Fig. 4.6). A linear dependence on the drop volume is clearly visible
for the second transition.
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with
A+Vl+o
B = ] T (4.7)
V1+O'COSh(%)+ O'Sll’lh(%)

In the mesoscopic model this picture is somewhat disturbed by the presence of the

adsorption layer, constituting an other independent length scale.

The systematic occurrence of the transitions in dependence of the drop volume is
further examined in Fig. 4.6 where the angles 0|, and 6, + 05, are shown as func-
tions of s for six different volumes. The location of the first transition (& symbols) at
s = 10 is clearly independent of drop volume. The location of the second transition
(¢ symbols), however, shifts towards higher softnesses as the droplet volume in-
creases. The term transition location refers to the value of s where 6 = (005 —Omin)/2
is reached. To quantify the tendencies of the transitions, the corresponding soft-
nesses are plotted against the drop volume in Fig. 4.7. Indeed, the second transition
position is found to increases linearly with drop volume, i.e., s ~ V, in agreement
with the full elastic theory [Lub+14].

Finally, let’s return to Fig. 4.6 and inspect the asymptotic values of the contact
angles in the rigid and quasi-liquid limits again. It appears, that for large volumes
the limiting angles are independent of drop size and these values perfectly agree
with the predictions via Young’s (yr) and Neumann’s (Nm) laws as indicated by the
blue and red arrows in Fig. 4.6 for 6}, and 6 + Oy, respectively. For smaller drops,
however, an increasing deviation from these macroscopic predictions is observed
which reflects the mesoscopic character of the model, i.e., the modeling of wetta-
bility using a wetting potential and the resulting diffuse contact region. However,
macroscopic results of elastic wetting are correctly captured when drops are much
larger than the thickness of the adsorption layer.

4.3. VIOLATION OF NEUMANN'S Laws

Above it was stated, that Neumann'’s laws are not affected by elasticity aside of the
Shuttleworth effect. It was found, however, that the softness of the substrate causes
the contact region to rotate as a whole. Since Neumann’s laws only relate the angles
to each other and not to a specific horizon of definition, the latter can be arbitrarily
chosen. Consequently, a rotation of the reference frame is not meant to affect its va-

lidity. Once the contact angles are known, i.e., measured, the validity of Neumann’s
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laws can be checked by calculating the errors

by = |0951+[1 +U]95g_91g|1 (4.8a)
en = |06521+912g—[1 +o*]932g+2f(ha)|. (4.8b)

In Fig. 4.8 the errors e, and e}, are plotted as dots (e) against the substrate softness.
While the horizontal Neumann’s law fits reasonably well in the rigid and liquid
limit, a clear violation is visible in the intermediate elasticity regime. The situation
is even worse for the vertical law, showing immense errors as the softness decreases.
Beyond that, even for very rigid substrates there is always a wetting ridge present,
albeit a tiny one, such that the angles 6] and Oy, are always well defined and not
zero. In the mesoscopic picture, however, both these arguments do not hold any-
more, since the contact region is smoothened out over a range ~ h,. In Fig. 4.9 the
numerically obtained profiles are displayed as colored areas for s =107, o = 0.1 and
V =107 and compared to the analytic solution (3.104) visualized by black dashed
lines. While both profiles seem to match quite well on a large scale > h, the inset
clearly shows the deviation of the smoothened mesoscopic contact region from the

sharp edge of the macroscopic wetting ridge tip. Consequently, the angles have to
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FiGure 4.8.: Violation of Neumann’s laws as derived in the mesoscopic long-wave limit (3.73) for dif-
ferent substrate softnesses. The dots (e) display the errors of the vertical (red) and horizontal (blue)
laws, using the mesoscopic angles measured at the deflection points of the numerically obtained
profiles, with V = 107 and ¢ = 0.1. The horizontal law agrees very well with the measured angles
aside of the intermediate elasticity regime, while the vertical law shows increasing violation as the
rigid limit is approached. Both can be corrected by considering elastic forces as indicated by the
triangles (A, V). The angles can also be calculated more precisely from the analytic solutions if e.g.
0O)g and R are known, as shown by the (Y, X )-symbols.
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FIGURE 4.9.: Comparison of the numerically obtained solution of the mesoscopic model (colored
areas) with the corresponding analytic solution in the long-wave limit (black dashed) for V =107,
o =0.1 and s = 107. On the large scale > h, both agree quite well, though, the inset shows how
the mesoscopic model differs from the macroscopic one by the smoothened contact region, which
complicates the definition of the contact line position and the associated angles.

be measured from the profiles, in this case from the slope of the profiles at the de-
flection points, and are therefore underestimated in general. This error increases
the smaller the wetting ridge becomes as compared to the contact region, i.e., with
the ratio h,/¢... Further, the adsorption layer sets a lower bound below which the
wetting ridge is macroscopically absent. As the wetting ridge height falls below the
adsorption layer height ¢,. < h,, the solid contact angles become very small and
the horizontal Neumann’s law becomes Young’s law, which is fulfilled in the rigid
limit. For the vertical Neumann law there is no such equivalent as mentioned in
Sec. 3.2.2, resulting in a huge unbalance as the rigid limit is approached, which is
why the Lagrange multiplier A is needed. The latter is technically not a part of the
mesoscopic model anymore, but might be identified as the elastic forces, which in
the rigid limit are arbitrarily strong. The argument why elasticity does not con-
tribute to Neumann'’s laws was, because the contact line is reduced to a single point
in the macroscopic picture such that the integrals over the elastic surface stress
vanish. In the mesoscopic picture, where the contact region as a spatial extension
they might give considerable contributions to the force balance though, i.e., by in-
tegrating from one deflection point to the other. Note, that there should also be an

elastic contribution in the horizontal Neumann law, emerging from the Hamilto-
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nian [Eq. (3.35)]. Introducing the corresponding corrections to the error functions

defined above leads to

X2 ©
005 +[1 + 005, — O +J % dx

X1

06821 +912g_ [1 +a]652g + 2f(ha)+ 2[

cor __
eyt =

; (4.9a)

=

cor

e = , (4.9b)

X1

with x; and x, being the x coordinates of the two deflection points of £. Such a cor-
rection by integrating the surface stress over the contact region was already used,
e.g., by SHANAHAN [Sha87] and WHite [Whio3]. Considering these corrections sig-
nificantly decreases the error as indicated by the triangles (A, v) in Fig. 4.8. Alterna-
tively, the contact angles can be calculated from the analytic solution (3.104) if any
two of the quantities R, 0|5 and K, are known. As displayed by the (¥, X )-symbols
in Fig. 4.8 this (semi)analytically obtained pseudo-macroscopic values nicely satisfy
Neumann’s laws, except for a small deviation of the horizontal balance close to the
liquid limit. It should also be mentioned, that enforcing homogeneous Neumann
boundary conditions, i.e., V& = 0 at the boundary, may impose additional pressure
to the substrate as the natural shape of the wetting ridge outside a drop is exponen-
tial in the long-wave limit. However, this effect was found to be negligible in most
cases and it has an impact only in the intermediate elasticity regime and when the

system boundary is very close to the contact region.

4.4. ASSESSMENT

The mesoscopic long-wave model, as introduced in Sec. 3.4.2 has been employed
to investigate the double transition that occurs in the equilibrium contact angles
when increasing the softness from an ideally rigid substrate towards a very soft, i.e.,
quasi-liquid substrate [Mar+12b, Lub+14]. Both, the dependency on softness and
the scaling of the two transitions with drop volume given by that model, closely
resemble the behavior observed in Ref. [Lub+14] where a full elasticity model and
drops of large contact angle 6y = 7/2 on thick incompressible elastic layers are con-
sidered. In particular, the scaling of the typical softnesses where the two transitions
occur with drop volume and the scalings of the wetting ridge height with softness in
the different regimes agree very well. Beyond that, Neumann’s laws for the equilib-
rium contact angles were found to be fulfilled close to the quasi-liquid limit despite
uncertainties in the calculation of the contact angles. Even in the rigid limit a ver-

tical equilibrium could be established if elastic forces are taken into consideration,



or the contact angles are calculated via the analytic macroscopic solutions for h + &
and &.
The data that support the findings of this study are openly available [HST21b].



111

5. VISCOELASTIC BRAKING

The results presented in this chapter have to a large extend already been published

in:

[HST21a] Henker, C., SNOEDER, J. H., and TaieLg, U. “Gradient-dynamics model
for liquid drops on elastic substrates”. In: Soft Matter 17 (2021),

PPpP. 10359—-10375. DoI: 10.1039/D1SMo1032H

Many of the following figures were reproduced and adapted from the data pre-

sented in this reference.

Besides the statics of sitting drops, the wetting ridge further noticeably influences
the dynamics of moving contact lines. A rather prominent consequence is the so
called viscoelastic braking, describing the decreasing speed of a moving contact line
with increasing softness of the substrate, due to increased dissipation within the
latter. This effect was already investigated by CArRrE and SHanaHAN [CGSg96, CSo1]
and Long, Ajpart & LeBLER [LALg6], followed up in recent years in Refs. [CK2o0,
Kar+15, Gor+20]. New phenomena were discovered, such as intricate dependen-
cies of sliding velocity on substrate thickness [Zha+18] and stretching [Smi+21], as
well as effects of free polymer chains that can be present in the substrate [Hou+17].
Besides slowing down the contact line, the wetting ridge can also cause complex
periodic stick-slip motion [Kaj+13, Kar+15, Gor+18]. In this section the impact of
viscoelastic braking on the spreading of a droplet is investigated.

Any motion of the contact line results in the displacement of the wetting ridge
and thus induces a time-dependent deformation of the substrate. Owing to the vis-
coelasticity of the latter, this provides an additional source of dissipation that slows
down the dynamics. It is now to be verified whether this viscoelastic braking is cor-
rectly accounted for by the mesoscopic long-wave model as introduced in Sec. 3.4.2.
In that, the cases of partially wetting liquid and completely wetting liquid are re-
garded separately. A completely wetting liquid can be realized by switching the sign
in front of the long-range contribution to the wetting energy [Eq. (3.67)], resulting
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in a strictly repulsive disjoining pressure. The spreading is analyzed using direct
time simulation of Egs. (3.65) with (3.75). Note, that the reflection symmetry in
x-direction w.r.t. the drop center is used in the following such that only one half of
the drop is solved for using homogeneous Neumann boundary conditions. Crucial
for interpretation of the results is the understanding and distinction of the param-
eters T and s. While the softness s played a major role in the characterization of the
substrate deformation below a steady drop in Chap. 4, it is rather viewed as a static
quantity and as such assumed to be relevant only for the long term behavior. The
parameter 7 in contrast represents either a ratio of viscosities or a ratio of character-
istic time scales divided by the softness s according to Eqgs. (3.76). Hence, changing
the softness s at fixed 7 effectively also changes the characteristic Kelvin-Voigt time
scale Txy but leaves the ratio of viscosities unaffected. Being a Kelvin-Voigt mate-
rial an excitation of the solid at slower time scales evokes a nearly elastic response,
while at faster timescales the solid behaves highly dissipative. In other words, the
larger 7 is the higher is the viscosity (assuming fixed s) and thus the dissipation and

the slower is the response of the solid substrate in turn.

5.1. PARTIAL WETTING

As initial condition the drop was approximated by a parabolic cap on a flat sub-
strate with an initial contact angle that is three times greater than the equilibrium
value resulting from Young’s law, i.e., Oiy; = 360y = 3V3/5. The initial drop height is
hmax = 1000, i.e., three orders of magnitude larger than the adsorption layer height
h, = 1. Typical time evolutions at intermediate softness s = 10 and s = 10* are
shown in Fig. 5.1. Given that the initial contact angle is larger than its equilib-
rium value, the disjoining pressure will drive a flow of liquid towards the contact
line, consequently inducing a motion of the latter towards equilibrium, as visible
in Fig. 5.1 (a) and (c). The corresponding evolution of the wetting ridge is bet-
ter visualized in Fig. 5.1 (b) and (d). At the very beginning, shortly after releasing
the steepened drop, a ridge is growing out of the initially flat substrate and sub-
sequently moves along with the contact line. This behavior closely resembles that
observed in experiments [Gor+20]. The corresponding dissipations in the liquid
and in the substrate are reported, respectively, in Fig. 5.2 (a) and (b) for s = 10%. In
both layers the largest dissipation is located near the contact line. It turns out that
the magnitude of the dissipation peak at the contact line is larger inside the solid
than in the liquid, for this particular set of parameters, showing that the substrate

dissipation dominates over liquid dissipation. This is the viscoelastic braking effect
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(a) (b)

FiGURE 5.1.: Shown are the profiles of a drop of partially wetting liquid spreading on elastic sub-
strates of different softness obtained from the direct numerics. Panels (a) and (c) provide overviews
of the whole time evolution with softnesses s = 10 and s = 10%, respectively, while panels (b) and
(d) show zooms into the corresponding contact regions. The remaining parameters are D = 2000,
V ~10°% 7 =1and o = 0.1. Note, that the precursor layer has been hidden in favor of clarity. A
corresponding time evolution can be seen in HeSH2021-SupplMat-Videoo2-figoy7.mp4 of the elec-
tronic supplementary material of Ref. [HST21a].

we were looking for and that will be quantified in detail below. A common way
to characterize dynamic wetting is via the dependence of the (dynamic) liquid-gas
contact angle 6y, on the contact line velocity v. To extract this information from the
simulations the estimated macroscopic contact line position x., and the resulting ve-
locity v = dx./dt, are traced during the spreading process. As discussed in App. B.1
there are many different ways of defining x. in the mesoscopic picture." Here, we

determine x. as the intersection point of the tangent to the liquid-gas interface at

'In Ref. [CK20] the intersection of the tangent to the deflection point of the liquid profile with z=10
was used to predict certain rather subtle differences in the x.(t)-dependence of the spreading of
partially and completely wetting liquids on softness. This method is quite unreliable, however,
as it entirely ignores the local geometry (see discussion in App. B.1). Here, the same method
was used to only consider the dependence of dynamic contact angle on contact line speed dx./dt
where it provides robust results.
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Ficure 5.2.: Temporal evolution of the spatially resolved dissipation in the liquid (a) and the sub-
strate (b) of a spreading drop of partially wetting liquid at intermediate softness s = 102. The dissi-
pation in both, liquid as well as solid, is particularly strong near the contact region. The remaining
parameters are as in Fig. 5.1.

the position of its steepest slope with the reference flat liquid-elastic interface at
z = 0. Other, more precise methods have also been tried, yet the resulting differ-
ences in terms of the contact line speed dx./dt were found to be negligible and the
influence on the qualitative behavior even more so. Figure 5.3 presents the result-
ing dynamic liquid contact angles, for different softness (varying s) and different
degrees of substrate viscoelasticity (varying 7). More precisely, the difference in the
liquid-gas contact angle with respect to its equilibrium value, A0\, = O\4(t) — Oy, is
reported as a function of the contact line velocity v = dx./dt. In all cases there is an
extended regime of proportionality Af); ~ v where the change in contact angle is
linearly related to the contact line velocity. Such a linear dependence is indeed ex-
pected here. The liquid dynamics is governed by Stokes flow, for which the dynamic
contact angle in partial wetting is linear with velocity [Dus79, Thi+o1, Bon+og9].
Similarly, a Kelvin-Voigt solid (as is used here), will give a linear dependence of
the dynamic contact angle [Kar+15]. We remark that in experiments, the exponent
is much lower than unity, with typical values around 0.5. This is because the dy-
namic contact angle inherits the scaling of the loss modulus. For the Kelvin-Voigt
model this is linear in frequency but crosslinked polymer networks typically exhibit
smaller exponents [AS20]. Yet the relative roles of liquid and solid dissipation are
still to be disentangled. Fig. 5.3 (a) corresponds to a very small value of 7, so that
the solid very quickly adapts to any changes in the stress exerted by the liquid. Ap-

parently, the spreading dynamics is completely independent of the softness s in this
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F1GURE 5.3.: Dynamic contact angle, characterized as A0)y = O)4(f) — Oy, over contact line velocity v =
dx./dt. (a) Result for fast relaxation of the substrate (7 = 0.01), for which the spreading dynamics is
hardly affected when varying the softness s. The spreading dynamics is governed by dissipation in
the liquid. (b) Result for slow relaxation of the substrate (t = 1), for which the spreading dynamics
is strongly affected when varying the softness s. (c) Same data as in (b), but using the rescaled
velocity v+/s (see text for motivation). The collapse of data shows that the dynamic angle is entirely
governed by the solid dissipation, which is the hallmark of viscoelastic braking. The indicated
power laws are discussed in the main text.

case, implying that the substrate has no influence on the spreading, in spite of the
presence of a wetting ridge. Indeed, at very small 7 the solid’s response is nearly
instantaneous, which corresponds to a perfectly elastic limit where there is no dis-
sipation inside the substrate. By contrast, for larger values of t the softness plays
an important role, as seen in Fig. 5.3 (b). Softer substrates (larger s) give a larger
departure from the equilibrium angle. This indeed is a signature of the viscoelas-
tic braking effect: for a given value of 0, — Oy, the contact line velocity is lower on
softer substrates. To verify whether the substrate dissipation indeed dominates over
liquid dissipation, the same data is attempted to be collapsed using a characteristic
velocity of the substrate. Following Refs. [Kar+15, AS20], this velocity is given by
the ratio £../Txy, which in the present scaling implies a dependence on softness as
~ 1/+4/s. Figure 5.3 (c) therefore shows the dynamic contact angle plotted against
the rescaled dimensionless substrate velocity v+/s: the data now collapses, confirm-
ing that the spreading dynamics is indeed completely governed by the substrate’s

viscoelasticity.
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FIGURE 5.4.: Shown are the profiles of a drop of completely wetting liquid spreading on an elastic
substrate of softness s = 102, obtained from the direct numerics. Panel (a) provide an overview of
the whole time evolution, while panels (b) show a zoom into the contact regions. Note, that the
wetting ridge is way less pronounced and rather smeared out as compared to the partial wetting
case. The remaining parameters are as in Fig. 5.1 and also the precursor layer has been hidden
again. A corresponding time evolution can be seen in HeSH2021-SupplMat-Videoo3-figog.mp4 of
the electronic supplementary material of Ref. [HST21a].

5.2. CoMPLETE WETTING

The case of a completely wetting fluid can be analogously treated, by using a posi-
tive instead of the negative sign in the wetting energy (3.67). A corresponding typi-
cal time evolution is displayed in Fig. 5.4, using the exact the same initial conditions
before. At early times, the dynamics is very similar to that of the partially wetting
case. The liquid starts to spread and a ridge is pulled out of the initially flat solid,
it remains quite small though. Owing to the complete wetting, however, the drop
does not approach a steady shape of finite equilibrium angle, but continues spread-
ing instead. During this process the wetting ridge gradually decays, cf. Fig. 5.4 (b),
in contrast to the growth observed under partial wetting conditions. A trend that is
attributed to the continuous decrease of the contact angles during spreading, which
diminishes the upward pulling force of surface tension. In consequence, the dissi-
pation in the substrate decays more rapidly than the dissipation in the fluid, as seen
in Fig. 5.5 (a) and (b).

Fig. 5.6 shows the dynamic contact angle 6}, against the spreading velocity v for
various softness s and T = 1. While the strong viscoelastic braking under partially
wetting conditions results in a clear shift of the curves, the complete wetting case, by
contrast, shows no such significant dependence and only a slight shift indicates that
viscoelastic braking is present at all. This reflects the observations in Fig. 5.5, where

only a comparatively small and soon decaying wetting ridge is found. The observed
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FiGure 5.5.: Temporal evolution of the spatially resolved dissipation in the liquid (a) and the sub-
strate (b) of a spreading drop of completely wetting liquid at intermediate softness s = 102. The
dissipation in both, liquid as well as solid, is particularly strong near the contact region but more
smeared out as compared to the partial wetting case. The remaining parameters are as in Fig. 5.1.
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Ficure 5.6.: For the completely wetting case the spreading dynamics is characterized by the depen-
dency of the dynamic contact angle 64 on the contact line velocity v = dx./dt. Results are given for
different softness s as given in the legend. Apparently, the softness of the substrate barely affects
the spreading process, what so ever, and the dependency of the contact angle obeys the Tanner-
Cox-Voinov relation for viscous spreading. The remaining parameters are as in Fig. 5.4.
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relation for the dynamic angle is consistent with the scaling 6, ~ v1/3, which is the
classical Tanner-Cox-Voinov relation [Tan7g, Bon+og] for viscous spreading under
complete wetting conditions. It can thus be concluded that the softness of the sub-
strate has minor, if any, impact on the spreading of drops in the limit of complete

wetting.

5.3. ASSESSMENT

As in the previous chapter the mesoscopic long-wave gradient dynamics model, as
introduced in Sec. 3.4.2, has been employed here to investigated the spreading of a
single drop of partially or completely wetting liquid on elastic substrates. Depen-
dencies of the dynamic contact angle on contact line velocity have been studied for
different softness. In the partial wetting case different scales could be introduced
that allow to collapse sub-sets of curves, depending on the time scale ratio between
elastic and liquid dynamics. This rescaling roots directly in the considerations in
Refs. [Kar+15, AS20] and indicates, that the dissipation in the substrate is domi-
nant and increases with softness, i.e. that viscoelastic braking is present [CGSg6,
CSo1]. Beyond that, the simplicity of the model allows to also investigate the case
of completely wetting liquids and it was found that viscoelastic braking is present
in there as well, in contradiction to Ref. [CK20]. However, this effect is rather small
and such is the shift between the curves for dynamic contact angles (Fig. 5.6) due
to the less distinctive wetting ridge. In the end, viscoelastic braking was found to
be negligible in the completely wetting case and consequently the classical Tanner-
Cox-Voinov relation has been correctly recovered by the model.
The data that support the findings of this study are openly available [HST21b].
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6. DROPLET COARSENING

The results presented in this chapter have to a large extend already been published:

[HST21a] Henker, C., SNOEDER, J. H., and THieLg, U. “Gradient-dynamics model
for liquid drops on elastic substrates”. In: Soft Matter 17 (2021),

PP. 10359—-10375. DoI: 10.1039/D1SMo1032H

Many of the following figures were reproduced and adapted from the data pre-

sented in this reference.

Up to this point, we have only ever considered single droplets, evolving undisturbed
on a substrate of their own. Yet, in every day life we frequently observe droplets ap-
pearing in ensembles, dense patterns even. Think, for example, of a window facing
outwards into the rain, or the lid of a pot on which water vapor condenses during
cooking. In both these scenarios an other prominent phenomenon can be observed,
namely the merging of smaller drops into larger ones, resulting in a coarsening of the
pattern. When an ensemble of drops coarsens the average drop size and distance in-
crease in time while their number decreases. This may occur at overall fixed liquid
volume [LGo3] or involve condensation (and evaporation) [FKBg1]. In any case, the
underlying elementary process is the merging of two (and sometimes more) drops
into one. For such, there exist two basic mechanisms, in the following referred to as

coarsening modes:

Mass TrRaNsrer Mobe: The transport of material occurs from one droplet to
the other(s) without any lateral movement of the droplets themselves. The
mass flux is always directed from smaller drops towards larger ones (guar-
anteeing coarsening) due to the difference in Laplace pressure between them
until the smaller drops vanished. This transport can take place via different
channels. It may occur via the vapor phase (for volatile liquids) or through an
ultra thin adsorption layer (for nonvolatile, partially wetting liquids). In the

literature this coarsening mode is also referred to as volume mode, (drop) col-
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lapse mode, diffusion-controlled ripening, or Ostwald ripening [PPo4, GWos5,
Gla+og, Dai1o].

TraNsLATION MobE: The entire drops remain constant in size, that is volume,
and migrate toward each other until their contact lines touch and they coa-
lesce. Once the drops are in contact with each other the merging process is
extremely fast and barely followed by the naked eye. This mode is also re-
ferred to as collision, coalescence, or migration mode in the literature [PPo4,
GWos, Gla+og, Dai1o].

Sketches of mass transfer and translation modes can be found in Ref. [Gla+o9] or
Fig. 6.1 and their relation to the translation symmetry mode for single fronts or
contact lines in a homogeneous system is discussed in section 3.4 of Ref. [Thio7].
Coarsening via Ostwald ripening is often considered dominant against translational
coarsening. However, for the dewetting process of a liquid film on a rigid substrate,
Refs. [GWos, Gla+09] find that, in contrast, there exist extended parameter regions
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FiGure 6.1.: Schematic visualization of two droplet coarsening via Ostwald ripening (left) and trans-
lation (right) on a rigid substrate. Panels (a) and (b) respectively show the time evolution of the
liquid layer profiles (indicated by the arrows and with darker shades of blue referring to later
times) starting from a state of two equally sized separated drops (black dashed lines). Panels (c)
and (d) show the associated normalized modes, i.e., the eigenvector equivalents, reflecting the local
change of the (initial) profile in time.
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where coarsening by migration dominates. Further both coarsening modes may be
stabilized by substrate heterogeneities which gives rise to intricate bifurcation be-
havior [Thi+o3]. In most cases, both modes contribute to the coarsening process
in a mixed manner [PPog4, GWos5] and can thus barely be distinguished in the re-
sulting scaling laws that describe the continuously growing mean size and mean
distance in coarsening drop ensembles. For the most common cubic mobility func-
tion (resulting from no-slip boundary conditions at the solid substrate as discussed
in Sec. 2.2.4 and [ODBg7, MWWo5]) the scaling laws for the two modes only differ
by a logarithmic factor [Gla+og]. Ref. [GWos5] shows, that the translation mode for
drops on a one-dimensional solid substrate becomes more prevalent with increasing
mean drop size and decreasing mean drop distance until it finally dominates beyond
a certain threshold (cf. Fig. 15 of Ref. [GWoj5] and also Refs. [GWo03, Glao8]). Below
the threshold, only the mass transfer mode is found active. The coarsening behav-
ior of liquid drops is further noticeably influenced by the rheological properties
of the substrate, i.e., the presence of a wetting ridge. Depending on the substrate
layer thickness and softness the wetting ridge may develop local depressions on
both sides which counteract coarsening by droplet translation and can even result
in an effective repelling force between them, also referred to as the inverted Cheerios
effect [Kar+16].

In this chapter the simple gradient dynamics model as introduced Sec. 3.4.2 is
employed to study drop coarsening on soft substrates. A very similar model has
been used before in Ref. [LL20] to investigate the coarsening of two drops on elas-
tic substrates under the influence of condensation. In particular, the influence of
substrate softness on the coarsening process, that is the activity of the coarsening
modes, is investigated on the example of both, two drops and large drop ensembles.
Note, that in this all the simulations were performed on an average standard work-
ing station, where handling even large drop ensembles is enabled by the efficient

adaptive time stepping and mesh refinement routines provided by oomph-1ib.

6.1. Two-Dror COARSENING

Before moving to large ensembles of let us first investigate the dynamics of an in-
dividual coarsening step. Consider two steady parabolic drops of identical volume
V that are placed at a distance L, (between the contact lines) on an initially flat but
soft substrate. Their contact angle is set to equilibrium value in the corresponding
rigid limit, i.e., to Young’s angle 0|, = Oy. Due to equal volume of the two drops this

initial condition is considered steady yet unstable with regard to Ostwald ripen-
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Ficure 6.2.: Shown are waterfall representations of the coarsening dynamics of two drops of par-
tially wetting liquid into a single drop. The softness increases from (a) s = 107! in the rigid limit,
via (b) s = 10% and (c) s = 10° (intermediate elasticity) to (d) s = 10* (quasi-liquid limit). With
increasing softness the dominant coarsening mode changes. The volume of each drop is initialized
as V =100, the distance of their inner contact lines as Ly = 50 and the domain size is D = 400.
The remaining parameters are as in Fig. 5.1. The corresponding time evolutions can be seen
in (a) HeSH2021-SupplMat-Videoo4-fig11.mp4, (b) HeSH2021-SupplMat-Videoos-figi1.mp4, (c)
HeSH2021-SupplMat-Videoo6-figi1.mp4 and (d) HeSH2021-SupplMat-Videooy-figi1.mp4 of the
supplementary material of Ref. [HST21a].

ing. This state is then initially perturbed using small amplitude (below precursor
height) white noise to slightly break the reflection symmetry about the center x = 0.
Typical time evolutions for selected softnesses s at fixed V = 100 and Ly = 50 are
represented in Fig. 6.2 in the form of waterfall plots. In all cases, the substrate-
liquid interface initially relaxes till about t = O(10?), i.e., the drops sink into the
soft substrate. Note, that in Fig. 6.2 this initial relaxation is not shown and that the
precursor has been hidden in favor of improved clarity. The amount of sinking, i.e.,
the size of the depression in the substrate, and the size and height of the developing
wetting ridge all depend on softness (cf. Chap. 4). Then, multiple order of magni-
tude later, the coarsening process sets in on a much larger time scale. Depending
on the softness, it is mostly found withing the period of t = 10°...107. From Fig. 6.2
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it seems that the coarsening process qualitatively changes with softness in a non-
monotonic manner. In panels (a) and (d), respectively corresponding to the rigid
and quasi liquid limits, the droplets exchange volume with minor or without lat-
eral translation, at least not towards each other, i.e., via Ostwald ripening. Panels
(b) and (c), which correspond to the intermediate elastic regime, clearly exhibit a
lateral movement of the drops towards one another by contrast, i.e., here the trans-
lation mode is active. In Fig. 6.3 snapshots of the liquid-gas and substrate-liquid
profiles are shown shortly before completion of the coarsening process for different
substrate softness, increasing from panel (a) to (b), using the same data as presented
in Fig. 6.2. With Eqs. (2.46) and (2.52) the velocity field within the liquid is recon-

structed and displayed as stream lines with the color indicating the absolute veloc-
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FiGure 6.3.: Profiles i+& and & of the liquid-gas and substrate-liquid interfaces shortly before coars-
ening for different substrate softness, increasing from panel (a) to (d). Within the liquid the velocity
field was recovered using Eqgs. (2.46) and (2.52) and plotted as streamlines, with the color indicat-
ing the total velocity |V]. In the rigid and quasi-liquid limit, respectively displayed in the panels (a)
and (b), the substrate profile between the drops is flat and high fluxes through the adsorption layer
are visible, indicating coarsening via volume Ostwald ripening. At intermediate elasticity [panels
(b) and (c)] the flow is highest within the drops and causes a drift of the latter towards each other,
i.e., driving translational coarsening. This points towards a transmission of forces via the curved
substrate profile &, i.e., the inverted Cheerios effect. This plot is created from the same data as
Fig. 6.2.
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ity |V], i.e., red refers to high velocities and blue to low velocities. In the rigid and
quasi-liquid limit, respectively displayed in panels (a) and (d), the substrate profile
¢ is flat between the drops and high fluxes (red) through the adsorption layer are
clearly visible. These fluxes transport mass from the smaller drop to the larger one
and reflect the coarsening via Ostwald ripening. Note, that the flux in Fig. 6.3(a) is
asymmetric with respect to the drop center, resulting in a joint drift of both drops,
as already observed in Fig. 6.2(a). At intermediate elasticity [panels (b) and (c)] in
contrast, the substrate profile is curved and the highest velocities are found within
the drops, while flow through the adsorption layer is relatively weak. Within the
drops the flow points from one contact line to the other, causing a drift of the drops
towards each other, i.e., the translation mode is active. This indicates that the trans-
lation regime is mediated by elastic deformation, as a form of the Cheerios effect
[Kar+16]. Due to negligible mass flux through the adsorption layer the two drops
remain approximately constant in size. This nonmonotonic coarsening behavior is
reminiscent of the nonmonotonic change of the wetting ridge height with softness,

observed for static drops in Fig. 4.4 (b).

To quantify the relative importance of volume and translation mode, we introduce

an asymmetry measure for the considered two-drop configuration, namely,

x.(t) = %Lx[h(x,t)—ha]dx, (6.1)
which corresponds to the horizontal coordinate of the center of mass associated with
the drop volume above the adsorption layer h > h, = 1. A coarsening process exclu-
sively involving the translation mode that symmetrically moves the drops towards
each other would keep x, = 0 as the center of mass remains at x = 0. By contrast, an
exclusive transfer of liquid from one to the other drop via the volume transfer mode
would result in a maximal increase to x, = x"®* = 40 as all the volume is finally
centered about the initial position of the remaining drop. If both coarsening modes
contribute the resulting value of x, lies between the two extremes. For the time evo-
lutions shown in Fig. 6.2, the corresponding measures x.(t) are given in Fig. 6.4 (b)
allowing us to quantitatively discuss the changes of the coarsening mechanism with
increasing softness: For almost rigid substrates (s = 107!, Fig. 6.2 (a)) the mass trans-
fer mode dominates, as one drop shrinks and vanishes while the other one grows.
The center of mass x.(t) monotonically increases from zero and reaches a final value
of x° = }E& xo(t) = 22 < ¥, It is interesting to note that in parallel to the vol-
ume transfer both drops slightly migrate into the same direction, pointing from

the growing to the shrinking drop, resulting in a decrease of x.. This effect is well
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known for drops on rigid substrates, see e.g. Refs. [PPos, GWo5], and is related to
liquid motion in the adsorption layer. Increasing the softness to s = 10, mass trans-
fer still remains dominant. The amount of migration into the same direction de-
creases though, resulting in an increase of xg° to about 30. The increase can be well
appreciated in Fig. 6.4 (c) where the final asymmetry measure x° is shown as a func-
tion of softness s. Reaching the regime of intermediate elasticity at about s = 102

(Fig. 6.2 (b)) the behavior abruptly changes and coarsening becomes entirely domi-
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FiGUre 6.4.: (b) Shown is the temporal change in the horizontal center of mass coordinate x.(t)
(Eq. (6.1)) for two-drop coarsening processes at softness values given in the legend (including the
values of Fig. 6.2). The maximal possible value for the given drop volume and distance corresponds
to the absolute value of the initial drop position x™* = |xi"i!| ~ 40. The merging times at which no
two drops can be distinguished any more are marked by diamonds. Panel (b) gives the intricate
dependence of the final value x2° on softness s. It shows that the mass transfer mode is dominant
apart from a finite range of intermediate softness (s  10%...103) where the translation mode dom-
inates. Panel (a) gives the merging times against softness and indicates that coarsening by mass
transfer is slowed down with increasing softness, while activity of the translation mode accelerates
the process. The thin lines connecting the different panels are intended to aid the eye and show
how the data transfers from one plot to the other.
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nated by the translation mode characterized by x2° = 0, as seen from the dotted line
in Fig. 6.4 (b). When further increasing s by about one magnitude, the volume mode
starts to become important again. During the early stages of the process translation
still prevails, as the final phase is approached, however, mass transfer becomes in-
creasingly relevant as is visualized for s = 10° in Fig. 6.2 (c) where x&° ~ 10 is found.
Then, in approaching the liquid limit at even larger s, the translation mode loses all
its impact and the mass transfer mode again dominates the coarsening process. In

contrast to the rigid limit, however, no drop migration occurs at the end (s = 104,

max
c .

Fig. 6.2 (d)) and x¢° approaches x The described intricate change from mass
transfer to translation mode and back can best be appreciated in Fig. 6.4 (c). To fur-
ther quantify the time scales at which coarsening takes place the merging times of
the two drops are marked by diamonds in Fig. 6.4 (b). These values are determined
as the first measured times where no two local maxima in # can be distinguished
any more. In Fig. 6.4 (a) the merging times are shown as a function of softness. It
appears that coarsening is accelerated by the activity of the translation mode as in-
dicated by the decreased merging times in a regime of softness that coincides with
the one found in Fig. 6.4 (c) in which the translation mode was found to be domi-
nant. After all Fig. 6.4 (a) and (c) show that, aside this translation dominated region,
the regimes dominated by mass transfer show a quasi monotonic behavior, that is,
both, the merging time as well as the shift in center of mass increases with softness.
In other words, coarsening via mass transfer is slowed down with increasing soft-
ness and the tendency of the drops to travel laterally decreases in the same course. It
should be mentioned, however, that even though coarsening via mass transfer takes
place one considerably larger time scales, as compared to translation driven coars-
ening, it yet accelerates quite quickly towards the end as the difference in volume,

and therefore in the Laplace pressure, increase as shown in Fig. 6.5.

To gain a deeper understanding of the transition between modes, we perform a
linear stability analysis for the alternative constellation of a periodic drop array.
Namely, two identical drops of volume V are placed in a domain of finite size
D = 200 at respective positions of the maxima x = £D/4. Due to equal drop vol-
ume and distance in both directions (across the periodic boundaries) this state is
considered steady yet unstable with regard to both, mass transfer as well as trans-
lation mode. This periodic two-drop state and its linear stability are continued in
softness using pdezpath. Starting in the rigid limit at s = 107>, the softness is in-
creased up to s = 105, i.e., the liquid limit. From the linear stability analysis two
destabilizing real eigenvalues are found. One corresponding to mass transfer mode,

with the change in h during mass transfer being antisymmetric w.r.t. the center
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FIGURE 6.5.: Time evolution of two drops coarsening via mass transfer in (a) the rigid limit s = 107!
and (b) the liquid limit s = 10%. The remaining parameters are as in Fig. 6.2. The wetted x-regions
(Lh.s. axis) covered by the two drops are shaded in light blue with the dark blue lines representing
their respective maxima. In the rigid limit coarsening occurs much earlier as compared to the liquid
limit and a joint translation of the drops in the same direction is visible just before the smaller drop
vanishes. As the difference in drop volumes (red lines, r.h.s. axis) increases the difference in Laplace
pressure increases as well and the coarsening process accelerates. In this, the dashed lines always
refer to the shrinking and the solid lines to the growing drops.

line x = 0 between drops, and the other one corresponding to the translation mode,
associated with a symmetric change in / as the drops approach each other. The
associated normalized modes, i.e., the eigenvector equivalents, reflecting the local
change of the profile in time are schematically displayed in Fig. 6.1. The strength of
coarsening modes is respectively determined by the absolute of the corresponding
eigenvalues, which are shown as a function of softness in Fig. 6.6 for three selected
V. The blue curves indicate the mass transfer mode, while red curves correspond to
the translation mode. The volume mode is strongest in the rigid limit and decreases
nearly monotonically with increasing softness (up to the small dip after the strong
step-like decrease at intermediate softness s = 10'...102). It further slightly de-

creases overall with increasing drop volume, an effect more pronounced in the rigid
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Ficure 6.6.: Eigenvalues A of the mass transfer mode (blue) and the translation mode (red) for a
periodic system of equidistant steady drops of equal volume. Shown are results for three different
drop volumes V as given in the legend. The domain size is fixed to D = 200, i.e., a larger drop
volume corresponds to a smaller drop distance. The mass transfer mode weakens with increasing
softness and drop size while the translation mode shows an increasingly pronounced maximum at
intermediate elasticity that even exceeds the translation mode for the largest drop, indicating that
the translation mode becomes dominant. The remaining parameters are as in Fig. 5.1.

limit. By contrast, the translation mode is nearly absent apart from a finite range
at intermediate softness where it develops a peak that becomes more pronounced
with increasing volume. In consequence, the translation mode eventually prevails
against the mass transfer mode for sufficiently large drops at intermediate s in ac-
cordance with our time simulations Fig. 6.4 (c). The dominance of the translation
mode in the range of intermediate softness approximately coincides with the inter-
mediate regime found in the double transition of static drops discussed in Chap. 4.
Compare in particular, Fig. 4.7 at V £ 1000 with Fig. 6.4 (c) and Fig. 6.6. It is in this
regime that a prominent wetting ridge occurs (cf. Fig. 4.4 (b)), through which the
droplets interact via substrate deformations. Hence, it can indeed be conclude that
the dominant translation mode is a direct consequence of the Cheerios effect. To
confirm this result, further similar stability calculations were performed for other
domain sizes D, though not shown here, where it was found that the critical drop
volume V,, at which the translation mode first becomes dominant at some critical
softness s, increases with D. The corresponding s, always nearly coincides with the
lower bound of the softness range associated with the second transition (from elas-
tic to liquid) discussed in Chap. 4. This agrees with the observed proportionalities
VVe ~f5c ~ l.c ~ A, where A, is the critical distance of the contact lines of the two
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drops.

6.2. COARSENING OF DROP ARRAYS

As teased earlier, the coarsening of large drop ensembles will be investigated now.
Starting with a flat film of height hy = 3 on a rather large domain with D = 5000,
early spinodal dewetting is initiated by imposing low amplitude noise to the lig-
uid profile [TVNo1, Wit2o]. The latter forms a large ensemble of about 100 — 200
droplets in consequence, which in turn begin to undergo coarsening. Fig. 6.7 gives a
finite section (in both, space and time) of the space-time representation for an exem-
plary ensemble of initially ~ 200 droplets coarsening on a substrate of intermediate
softness s = 102. Note, how the shape of the growing drops changes as their size
increases, from a liquid lens like structure to an upright drop with well pronounced
wetting ridge as is representative for the intermediate elastic regime. This again
makes clear how the second transition discussed in Chap. 4 can be undergone by
changing the drop size at fixed softness instead of the other way around. In other
words, the shape of the drop is characterized by the ratio of the elasto-capillary
length with an other length scale describing its size, e.g., the radius R, height h,,

Ficure 6.7.: The space-time plot illustrates the coarsening of a droplet ensemble initially consisting
of N ~ 200 drops of partially wetting liquid on a substrate of intermediate softness s = 10% (pa-
rameters as in Fig. 6.2 (b)). The domain size is D = 5000, i.e., only a finite excerpt is shown. The
remaining parameters are as in Fig. 5.1. A corresponding time evolution can be seen in HeSH2021-
SupplMat-Videoo8-fig14.mp4 of the supplementary material of Ref. [HST21a].
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or VV. The subsequent Fig. 6.8 shows space-time plots of all drop maxima posi-
tions along with their respective width for the same case of intermediate softness
and, additionally, for the rigid and the liquid limit at s = 107! and s = 10%, respec-
tively. The corresponding dependencies of drop number on time are presented in
Fig. 6.9. Inspecting Fig. 6.8 (b) (also cf. the magnification in Fig. 6.7) shows that
at intermediate softness nearly all coarsening events at early times occur by drop
translation, i.e., two lines meet and join into one. As time moves on, the presence
of the translation mode increasingly diminishing until coarsening via mass trans-
fer prevails. The first events of coarsening via mass transfer appear at t = 104, i.e.,
single lines simply terminate, until translation driven coarsening ceases completely

for t+ 2 10°. This agrees with the transition from dominant translation to volume
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FiGURE 6.8.: Space-time plots of the positions of all drop maxima (blue lines) along with their re-
spective width (h > h,, light blue areas) on a logarithmic time scale. (a) in the rigid limit s = 107!
fewer initial drops are found and coarsening is driven mainly via mass transfer, slight migrations
are visible. (b) at intermediate softness s = 10 (cf. Fig. 6.7) more initial drops show up and while
translational coarsening dominates at early stages, the mass transfer mode prevails at larger drop
size and distance. (c) in the soft limit s = 10* the initial drop number further increased and mass
transfer dominates again, while no drop migration is visible anymore. The domain size is D = 5000,
i.e., only a finite excerpt is shown. The remaining parameters are as in Fig. 5.1.
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transfer mode with increasing drop distance discussed in section 6.1 and described
for rigid substrates in Ref. [GWo5]. Even though the mean drop volume increases
in time, which should favor the translation mode, the accompanying increase in the
mean drop distance is yet stronger. In the rigid and liquid limit coarsening by mass
transfer clearly dominates, as is seen in Figs. 6.8 (a) and (c), respectively, and which
perfectly agrees with the findings in section 6.1. A closer look at Figs. 6.8 (a) even re-
veals the previously mentioned joint migration of neighboring drops. Considering
the evolution of drop numbers, even earlier times are regarded in Fig. 6.9 to point
out the plateau around t = 103, indicating a time span between the completion of
the initial spinodal dewetting and the onset of coarsening. Note, that during the
dewetting phase, which is not entirely shown in Fig. 6.9, the routine counting the
number of local maxima in the film profile effectively reflects a mean wave num-
ber. Further, the dispersion relation, obtained from the linear stability analysis of a
homogeneous liquid film (cf. App. B.5), determines the wave number of the fastest
growing mode and in Fig. B.5 (a) it is found that this wave number increases with
softness, resulting in an increased number of drops after the spinodal dewetting
in consequence. For parameters as used in the simulations the initial drop num-
bers can be predicted using N ~ kL/(27) and are found to be N(s = 107!) = 104,
N(s = 10%) = 204 and N(s = 10%) ~ 229, which agree quite well with the num-

103 :
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Ficure 6.9.: Dependence of the drop number on time on a doubly logarithmic scale corresponding
to the simulations shown in Fig. 6.8. The initial stage of drop formation (dewetting) is finished at
about t = 10° as indicated by the vertical line. Coarsening sets in shortly after when the respective
plateaus end. Empirically, one may distinguish two coarsening regimes with slightly different scal-
ing laws as indicated by the short solid straight lines. Note, that the change of the scaling law at
about t = 10° coincides with the change in the dominant coarsening mode from translation to mass
transfer observed in Fig. 6.8 (b).
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bers shown in Fig 6.9. For the present parameters the plateaus in Fig. 6.9 range
from t ~ 102 to t ~ 10%, and represent an approximate equilibrium, which is unsta-
ble with respect to combinations of the two-drop coarsening modes (discussed in
section 6.1) and various multi-drop modes. The latter are, however, much weaker
than the two-drop modes and thus not regarded in further detail. Once coarsening
starts at the end of the plateau, the drop number continuously decreases. Due to
the discrete nature of the measure (number of drops) and the extremely fast time
scales at the end of the coarsening process (cf. Fig 6.5), individual steps show up
in the curves and become increasingly pronounced at later times when only few
drops remain. Qualitatively, the substrate softness does not seem to have an effect

on long-time coarsening as the three curves are very similar. Empirically, a power
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FiGure 6.10.: Dependence of the interfacial (a) and stored elastic (b) mean energy densities on time
corresponding to the simulations shown in Fig. 6.8. The strong decrease in interface energy for
102 <t <103 is associated with the initial spinodal dewetting. After the subsequent plateau marked
by the vertical dashed line coarsening sets in. Note that the contribution of elastic energy is much
smaller than the one of the interfacial energy and almost negligible outside the range of intermedi-
ate elasticity, i.e., here s = 102,
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law fit N(t) ~ 7 gives approximately identical scaling exponents for all values of s
studied in Fig. 6.9. Based on the present low statistics one might even be tempted to
distinguish two power laws. One in the range from  ~ 10* to t ~ 10° with a ~ 0.275
and one in the range from t ~ 10° to t ~ 108 with @ ~ 0.4,

Let’s finally have a look at how elasticity and interface effects contribute to the to-
tal energy and how the latter depends on time. Fig. 6.10 (a) gives the mean interface

energy density (F,p + Fiyer)/D encompassing wetting

Faet = Lf(h) dx (6.2)

with f(h) asin Eq. (3.67), and capillary contributions
1 2, 0 2
Fvet = (Ich+0,&)7+ (9, &)  dx . (6.3)
b2 2

The sum of both monotonically decreases with increasing time and substrate soft-
ness. Fig. 6.10 (b) gives the mean elastic energy density

c?2
Fa= | Zdx. (6.4)

p 2s
In the rigid and liquid limit the elastic contribution is rather small and almost negli-
gible as compared to the capillary effects. Only at intermediate softness a consider-
able amount of work is initially stored in the substrate and then gradually released
during the coarsening process, that is after the plateau. Though even at intermedi-
ate softness, where elasticity is most prominent, the elastic energy is much smaller
than the interface energy. This indicates that coarsening is dominated by interface
effects and might offer an explanation why the coarsening exponent observed in

Fig. 6.9 is not sensitive to the substrate softness.

6.3. ASSESSMENT

Again, the mesoscopic long-wave gradient dynamics model, as introduced in Sec. 3.4.2,
has been utilized to regard the coarsening dynamics of a pair of drops as well as
large drop ensembles. In the case of two drops it was found that the dominant
coarsening mode nonmonotonically changes when increasing the substrate soft-
ness. In both, the rigid and soft limit, the coarsening via mass transfer (volume

transfer mode, collapse mode, diffusion-controlled ripening, or Ostwald ripening)
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dominates while at intermediate softness a translation driven coarsening (collision,
coalescence, migration mode) prevails for sufficiently large drops and short drop
distances. As such, the model recovers the inverted Cheerios effect, describing an
interaction of liquid drops mediated by elastic deformation of the solid substrate
underneath [Kar+16] (in contrast to the Cheerios effect describing interaction of
solid particles on a liquid substrate). In the rigid limit the volume transfer mode
is accompanied by migration of both drops into the direction of the smaller one in
accordance with literature [PPo4, GWo5]. Although, the nonmonotonic change in
mode dominance has mainly been investigated by time simulations, it has further-
more been confirmed through a linear stability analysis for a closely related unsta-
ble steady two-drop constellation. With this results in mind, approaching the case
of large coarsening drop ensembles revealed that the change in dominance of the
coarsening mechanisms can be found there as well. The activity of the translation
mode, however, was found to quickly fade with increasing separation of the drops,
quicker, at least, than the volume mode does. Hence, the translation dominated
regime ends at a critical threshold as the drop number decreases and the mean dis-
tance between the drops becomes to large. As the initial drop contribution emerges
from a dewetting film the number of drops at the beginning of the coarsening pro-
cess is not controlled directly. It was found, however, that the wave number of the
fastest growing excitation mode increases with softness, resulting in an increased
number of initial drops. To investigate the mechanisms of coarsening even further
it would be reasonable to extend the analysis of the model to three dimensions,
i.e., with a two-dimensional extension of the substrate. Beyond that, also higher or-
der expansions of the Green’s function may be considered to couple horizontal and
vertical displacement as well as to incorporate incompressibility. The latter might
result in more complex shapes of the wetting ridge that may result in drop-drop
repulsion via the inverted Cheerios effect [Kar+16] and even cause coarsening to be

arrested.
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7. THE SHUTTLEWORTH EFFECT

The results presented in this chapter have to a large extend already been published:

[Hen+22]  HeNkeL, C,, Essink, M. H., Hoang, T., VAN ZwIETEN, G. ]., VAN BRUMME-
LEN, E. H., THieLE, U, and SNOEIER, J. H. “Soft wetting with (a)symmet-
ric Shuttleworth effect”. In: Proc. R. Soc. A 478.2264 (2022), p. 0132.

DOI: 10.1098/rspa.2022.0132

Many of the following figures were reproduced and adapted from the data pre-

sented in this reference.

In the previous chapters, surface energies and surface tensions of both, the liquid
as well as the substrate, were regarded as constant along the interfaces and, there-
fore, as interchangeable concepts. While this may be a reasonable assumption for
a liquid (at least in the absence of concentration or temperature gradients), for a
soft substrate it is certainly not. Actually, the surface energy of an elastic material
is expected to depend on the local strain in general, an effect known as surface elas-
ticity or the Shuttleworth effect [Shuso, Mar+12a, WAS13, Lia+18, AS16, Sty+17].
It is thus to be distinguished between the (scalar) interface energy and the (tenso-
rial) interface tension, neither of which can be treated as a universal material con-
stant [Sty+17, AS20]. The influence of strain-dependent surface tension has recently
been explored in experiments by measuring contact angles on stretched substrates
[Xu+17, Sch+18, XSD18, Hey+21]. Surprisingly, these experiments have led to con-
tradictory results though, e.g., in some cases the liquid-gas contact angle changed
with increasing stretch while in other cases it did not. On the theoretical side, the
Shuttleworth effect is only beginning to be explored for soft amorphous materi-
als [SRA18, Pan+20], where most of the studies were restricted to isolated contact
lines.

In this chapter the static wetting of droplets on elastic substrates is explored in
the presence of the Shuttleworth effect. In the course of this, two different modeling

approaches are simultaneously employed, each of which has its own specific merits.


https://doi.org/10.1098/rspa.2022.0132

THE MAacroscopric Neo-Hookean MobeL: This model follows the macroscopic
approach of Ref. [Pan+20], which consistently accounts for large elastic defor-
mation via a Neo-Hookean elasticity in the presence of the Shuttleworth effect.
Here, the description is extended to capture droplets of finite volume instead
of only single contact lines [see examples in the top-row of Fig. 7.1]. While
this model in principle offers the most complete description of the substrate
bulk elasticity, resolving the interior stress while consistently accounting for
large deformations, it is not able to capture the wetting dynamics. In the stud-
ies presented below, this model has been implemented and the corresponding

results been produced by M. H. Essink @ and T. Hoang

THE MEsoscopic GRADIENT Dynamics MobeL: This model corresponds to the
one introduced in Sec. 3.4. It is employed in full-curvature formulation and
extended to incorporate the Shuttleworth effect [exemplary results in Fig. 7.1,
bottom-row]. As discussed in the previously, this model sacrifices accuracy
in the description of the elastic (bulk) deformation by employing a Winkler
foundation model, in favor of simplicity and reduced computational cost. This
reduced model enables the description of soft wetting dynamics and offers

great potential towards the description of large drop ensembles.

In the following, a detailed description of the Shuttleworth effect will be given from
the macroscopic perspective in Sec. 7.1 including both, the Lagrangian formulation
(common in solid mechanics) and the Eulerian formulation (common in fluid me-
chanics). At the end of Sec. 7.1 also a short overview of the Neo-Hookean model
will be given and the subtleties of contact lines in the presence of the Shuttleworth
effect will be addressed as well. Afterwards, Sec. 7.2 addresses the translation of
the macroscopic Shuttleworth effect into the mesoscopic picture and the implemen-
tation into the gradient dynamics model, including the presentation of consistency
conditions [Thi+18, HST21a] that ensure the correct relation between macro- and
mesoscale descriptions of wettability. Finally, a detailed comparison of the equilib-
rium states obtained with both models is performed in Sec. 7.3. In this, particular
attention is granted the impact of asymmetry in the Shuttleworth effect between
the dry and wet parts of the substrates. Previous studies on very small deforma-
tions in the rigid limit predict that horizontal displacements are caused by such
asymmetries [WAS13, AS16], which is to be confirmed and generalized to the case

of arbitrary softness in the following.
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7.1. THE MACROscoOPIC PERSPECTIVE

The modeling of the Shuttleworth effect will first be discussed in the macroscopic
framework of the Neo-Hookean model before translating it to the mesoscopic de-

scription in which the gradient dynamics model is formulated in Sec. 7.2.

7.1.1. KINEMATICS OF SURFACE STRETCH

As previously introduced, the Shuttleworth effect assumes a dependence of the solid
interface energy y, (no matter the phase it is in contact with) on surface stretch A,
which is related to the strain ¢ = A — 1. In order to model such behavior the latter
has to be formulated first in both, the Lagrangian as well as in the Eulerian picture
[cf. Ch. 2].

z/R

z/R

Ficure 7.1.: Numerically calculated steady drops on elastic substrates of different softness, which
increases from left to right. The profiles are obtained using two different modeling approaches: a
macroscopic model based on a Neo-Hookean bulk elasticity (top row) and a mesoscopic gradient
dynamics model using a Winkler foundation description (bottom row). In the top row (a-c) the
elastic deformation of the substrate is visualized by the curved grid lines, which are horizontal-
ly/vertically straight in the reference state. In the bottom row (d-f) the thin vertical lines indicate
the interface displacement vectors induced by the presence of the drop. Both models capture the
transition from rigid to quasi-liquid wetting: The droplet sinks into the substrate and its liquid
angle (with respect to the horizontal) decreases. This process is governed by the elasto-capillary
length €, normalized by the drop radius R. Model parameters are Young’s angle 6y = 48.19°, Shut-
tleworth coefficients y,° = 3! = 7/81, and liquid contact angles 0)5 ~ 42° (left column), 6 ~ 32°
(center column), O)5 ~ 22° (right column).
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LAGRANGIAN DESCRIPTION

As discussed in Ch. 2 elastic deformations are commonly described in terms of a
(Cartesian) mapping 7= )((I?), where the material coordinates R = (X,Z)T in the ref-
erence configuration of the body, here the substrate, prior to any deformation, are
shifted to the current coordinates ¥ = (x,z)T in the new configuration after defor-
mations have taken place [MHg4, Holo1]. Thereby the deformation yx is assumed
differentiable and invertible. Note, that the restriction to two spatial dimensions,
i.e., one-dimensional profiles, assuming plain strain elasticity, facilitates a physical
discussion in terms of scalar quantities, avoiding the tensor algebra associated with
two-dimensional manifolds. As before, the mapping can be written in terms of the

displacement vector U= (U,U,)T,ie., 7= R+ ﬁ(ﬁ) as shown in Fig. 7.2.

Considering the free surface of the substrate to be flat and located at Z = 0 in the
reference configuration, the relation of a surface element in the reference configu-

ration dS = dX and the current deformed configuration ds then follows as

ox\ (oz)
X 0X
The surface stretch A is defined as the ratio of these two lengths

ds\* _ (x| (22} UANEIAS
2 _[9s5) _ 9z\" _ : . )
AT = (ds) - (8X) +(8X) = (1+ 8X) +(8X) at Z=0. (7.2)

(ds)? = (dx)>+(dz)? = (dX)?, at Z=0. (7.1)

This is the Lagrangian definition of surface stretch, expressed in terms of the hori-

zontal material coordinate X.

EurLErRIAN DESCRIPTION

The gradient dynamics model utilized in all the previous sections describes the
shape of the interfaces in terms of scalar functions, i.e., z = £(x) [cf. Fig. 7.2]. Such
a description is intrinsically Eulerian in nature, since it uses the current coordinate
x as a variable to which z-values are assigned, and no allusion is made to any un-
derlying material coordinate X. The length of the surface element then equals the
metric factor ds = m(&) = de. In order to compute the surface stretch A,
however, the length ds has to be related to the original length dS = dX in the unde-

formed reference state. This relation can be found by defining the inverse mapping,
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—

R= x ! (7), or in terms of a displacement vector

R =7-U(X(x,&(x)),0) = - U(x—U,R),0) = 7—i(x). (7.3)
Here, the surface displacement vector if(x) has been introduced as a function of the
Eulerian coordinate x. Since it always maps back to Z = 0, where the free surface in
the reference state is located, the vertical displacement is identified to be &, - = &(x)
and the horizontal component is simply referred to as €-i7(x) = u(x) in the following.
This basically recovers the exact same framework in which the gradient dynamics
model was formulated. With these definitions in place, the original length of a
surface element is found by considering a change in the horizontal coordinate dX =
(1 — d,u)dx, which, combined with the metric factor yields the Eulerian definition

of surface stretch
ds 1+ (9,&)?
A= —=—7—75"—". .
dX 1-0,u (7-4)
From this expression it is clear that one can change the material configuration of the
substrate without changing its shape. Namely, even when the surface profile £(x) is

kept constant, the surface stretch can still be varied by changing J.u.

FiGURE 7.2.: Substrate deformation defined by the mapping of the material coordinates R=(X,2)7
to the current coordinates 7= (x,z)T, which can be expressed in terms of the displacement vector
ﬁ(ﬁ) =7— R. The free surfaces of the reference configuration (dark red) and current configuration
(light red) are defined by Z = 0 and z = &(x), respectively. The surface stretch is defined as the ratio
of surface elements A = ds/dX.



140

7.1.2. ENERGY, TENSION AND CHEMICAL POTENTIAL OF A SOFT SURFACE

Now, that the definition of surface stretch is clear, its influence on the interface

energy or interface tension can be investigated. Consider the interface of a soft

solid with any other phase and stretch dependent interface energy y(A). Stretching

the interface increases its area from sy in the reference configuration to s = Asj in
ds s

the current configuration, i.e., 53 = §. The change in free energy with the interface

area that is occupied by a fixed number of particles is then found to be
d 0
dF =d(ys) = yds+sdy = (7/+sd—7s/)ds = (7/+/\8—K)ds = Yds. (7.5)
Considering a fixed interface area sy, however, a stretching of the interface causes
the density of particles at the surface to decrease, resulting in a reduction of the

particle number from Nj in the reference configuration to N = N/ in the stretched

state, i.e., %—]X = —%. The change in free energy is then given by
_ _ _ 9y oA S0 29V . Sy
dF = d()/So) = Sod)/ = SOﬁWdN = —FO/\ 5(1]\] = —FolxldN . (76)

Here the surface tension

0
T() = y()+A5k (7:7)

and the surface chemical potential

uy = 1% 78
have been identified [SRA18, AS20, Pan+20]. These two quantities reflect the Shut-
tleworth effect and are related via Ad,Y = d,u with sqd; = d,. It becomes clear now
why surface energy y and surface tension Y must be distinguished in case of soft
materials. The stretch-dependence of Y resembles the dependence of the surface
tension of a liquid covered by surfactant molecules on the concentration of the lat-
ter [TAP16, Thi+18]. In consequence, a gradient in local stretch A will give rise
to tangential forces [Pan+20], in analogy to the solutal Marangoni effect [NVCo1].
Note, that the surface chemical potential as defined by Eq. (7.8) takes the dimen-
sion of a surface energy [¢] = Jm~2 and is thus rather a surface chemical potential

density, which is related to the classical surface chemical potential ji via the surface
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particle density pg = Ny/sg of the undeformed reference state

_dF 2
F=aN = oy
Po

The surface chemical potential is related to the conservation of particles at the sur-
face of the elastic substrate and governs their composition along it.! Returning to
the Eulerian frame, i.e., the description of the elastic substrate surface in terms of

the scalar function &, the free energy is be given by

Fl&u] = Jy(A) ds = Jy(A),/l+(3x£)2 dx.

Variation of this energy with respect to the substrate degrees of freedom, i.e., & and

u, gives
Y ' (9;/) O& O&
= oy A —— | = -0, | T () —— |, 9a
e = |, H(%)z] [ 0 H((%)z] (7.99)
OF 207\ dp
5—1/{ = —ax A a—/\) = —a, (79b)

where both stretch-dependent quantities, i.e., Y(A) and p(A), are recovered once
more. Note, that the relevant quantity that scales the Laplace pressure [Eq. (7.9a)]
is identified to be the surface tension, not the surface energy, which only happened
to be equivalent in the previous chapters. Another important feature is that Y is
no longer uniform in space and affected by the outer x-derivative therefore. Note,
however, that the p defined in Eq. (7.8) will not remain constant when the substrate’s
bulk elasticity is incorporated. It can thus be concluded that variations in the shape
of the solid interface are governed by the surface tension Y, while the composition
of particles along it involves the surface-chemical potential p. This is perfectly in

line with previous results derived in Lagrangian formalism [Pan+20].

7.1.3. CONSTITUTIVE RELATION FOR THE SOLID INTERFACE

We have seen in the previous section, how the stretch dependence of the interface
energy affects the free energy and the resulting variations. The exact functional

connection in which this occurs, however, is yet to be specified. In the following the

'The surface chemical potential density can be expressed in terms of the surface particle density by
replacing the surface stretch A = po/p. This directly yields y=-pgd,y,ie., fi=d,y.
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empirical constitutive relation [Pan+20]

v(A) = yop(A) = yo[l—cologA+c (A-1)], (7.10)

is employed, where ) is the interface energy of the undeformed reference config-
uration and ¢(A) describes how the interface energy scales with stretch. Assuming
small strain, ¢(A) can be expanded about the minimum A,;, = ¢o/cy, yielding a lin-
ear relation, which has already been used in previous studies [XSD18, Gor+20]. A
convenient property of the proposed nonlinear form is that it diverges for A — 0,
avoiding a singular mapping.> Thermodynamic admissibility requires y to remain
positive and convex, which puts constraints on the coefficients ¢y and ¢;. The corre-

sponding surface tension (7.7) reads

0
T() = 70p(A) +10A55 = 7ol =co[1 +log(M)]-c1) , (7.11)

and the chemical potential follows as

d
B = 7N ZE = odad-co) (7.12)

To reduce the number of free parameters ¢y = ¢; = ¢ is assumed in the following,

such that the minimal surface energy is attained for the unstretched state A =1, i.e.,

y(A) =pyo+yig(d) with g(d)=A-1-log(}), (7.13)

where the parameter ) = ¢y governs the strength of the Shuttleworth effect. In the
linear description of surface elasticity used in [XSD18], the coefficient y; is referred

to as the modulus of surface elasticity. The surface tension is then given by

0
T = 7o+71g(A)+71A£ = Yo+ [2(A-1)=logA], (7.14)
and the chemical potential becomes

d
pA) = ST = A=), (7.15)

*Here singular mapping refers to the the scenario where A = 0, which indicates a compression of the
reference length dX = 0 to ds = 0, effectively mapping all material points included in dX to the
same point. Note, that A < 0 would cause a reversal of the material point sequence, i.e., a crossing
of material points, which is not physical.
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Note, that the above expressions for y, Y and u are all nonlinear expressions in
A and can be consistently applied at large deformations. The specific choice for
@(A) or g(A), however, is empirical and its practical use for the description of real

polymeric systems remains yet to be verified.

7.1.4. WETTING AND THE SYMMETRY OF STRETCH DEPENDENCE

As should be well internalized by now, the elastic substrate usually is not com-
pletely covered by the liquid in the context of partial wetting, in the macroscopic
picture that is. It thus exhibits not only one but two distinct interfaces, namely the
solid-liquid and the solid-gas interface, both of which have to be treated separately
regarding the Shuttleworth effect, i.e.,

yad) = v+ ite(h), (7.16a)
Ysa(D) =75+ 7% g(1). (7.16b)

While )/81 and yég give the interface energies of the unstretched state and may differ
as usual, now also the two moduli ¥{' and ;! have to be considered. Reviewing
Eq. (3.39) we remember, that the Young’s contact angle is governed by the difference

in the solid interface energies

Oy(A) = cos—l(ng(A)—ysl(A))

(7.17)
ylg

and, therefore, depends on 7/{‘1 and yfg. In consequence, a distinction can be made

between two cases:

SymmEeTRIC SHUTTLEWORTH EFrecT: The two moduli are equal yf’l = yig, im-
plying that the increase in interface energy with stretch is the same on both
sides of the contact line, i.e., in wetted and dry ares. Thus, a uniform stretch-
ing of the substrate would not cause a change in the contact angle [Eq. (7.17)],
since the difference in interface energies remains the same. Such a situation
was indeed observed in experiments of drops on elastomers where the liquid
angle 0)5, which was assumed to be approximately Young’s angle [cf. Sec. 4],
was found to be entirely unaffected by the stretching of the substrate [Sch+18],
even though a Shuttleworth effect was identified in some other cases [Xu+17,

SRA18].
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AsyMMETRIC SHUTTLEWORTH ErrecT: The stretch dependence of the distinct
dya _, g
7 dA 22

to a difference in the respective moduli ! # y®. According to Young’s law

interface energies differs, i.e.

+

. In the present modeling that relates

[Eq. (7.17)], a change in the contact angle would be expected to occur under
uniform stretching of the substrate and was indeed observed on stiff glassy
polymer substrates [Sch+18].

On soft substrates, the situation is much more intricate since there are two dis-
tinct, independent types of virtual displacements possible at the contact line [AS20]:
(i) Eulerian displacement, exploring the variation of the horizontal and vertical con-
tact line position in the lab-frame, (ii) Lagrangian displacement, exploring the vari-
ation of the substrate’s material point that is located at the contact line. At equilib-
rium, where there is no contact line pinning to a specific material point, the energy
should be minimal with respect to both kinds of virtual displacements. Variation
(i) has been shown to lead to Neumann’s law at the contact line [SRA18, Pan+20].
Variation (ii) is needed to prevent pinning to a material point, and gives a second

local condition
Hsl :P{sg: (7.18)

demanding continuity of the surface-chemical potential [Eq. (7.8)] across the con-
tact line. It was shown, that in the limit of very large drops, that is large as compared
to typical elastic deformations ¢, < R, Eq. (7.18) indeed leads to liquid contact an-
gles that satisfy Young’s law [Pan+20]. However, the equality of chemical potentials
at the contact line is a strongly localized condition and as such independent of the
drop size. Furthermore, the functional dependence of pg, and pg on the surface
stretching is the same according to Eq. (7.15), implying that the continuity of chem-
ical potentials at the contact line [Eq. (7.18)] requires continuity of the stretch A in
case of a symmetric Shuttleworth effect, i.e., ,° = ¥{l. However, the possibility of
an asymmetric Shuttleworth effect renders the condition (7.18) non-trivial and de-
mands a jump in A since yig # yf’l [cf. Eq. (7.18)]. To date, Eq. (7.18) was only ever
explored for infinitely large drops. In the following, also the case of large substrate

deformations, comparable to the drop size, will be approached.

7.1.5. THE NEO-HOOKEAN MODEL

The Neo-Hookean model for macroscopic soft wetting was presented in detail by
Ref. [Pan+20] for deformations induced by a single contact line. Here, the formalism

is extended to droplets of finite volume. A hyperelastic solid is characterized by an
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(a) (b)

ng Vlg

Ficure 7.3.: The traction exerted by the droplet onto the substrate, consisting of two localized contact
line forces and the Laplace pressure Ap inside the drop. The liquid contact angle 0)5, measured with
respect to the horizontal in both the (a) reference and (b) deformed configurations, is not known a
priori, but determined consistently from (7.18).

energy density W(E), where F;; = g—lg’] is the gradient deformation tensor.3 In two

dimensions, the combined elastic and capillary energy reads

il = [[ W axaze [apoax, (7.19)

where p may stand for yg or Y, depending on whether the surface is macroscopi-
cally wet or dry locally. This energy is a functional of the mapping 7= )((ﬁ) Since
the hyperelastic description is Lagrangian, the surface energy has to be expressed
as an integral over X at Z = 0. To account for the correct surface metric, the con-
nection ds = AdX is used, where A is the stretch at the surface [cf. Eq. (7.2)]. In the
calculations below we use an incompressible Neo-Hookean energy density, which

in two dimensions reads
W(E) = %G’(tr(E-ET)—2)—P(det(£)— 1). (7.20)

Here, G’ is the storage shear modulus [cf. Sec. 2.4.1], while the constraint of incom-
pressibility is enforced via the Lagrange multiplier P.

The wetting is accounted for via the traction that is exerted by the drop onto the
substrate. This traction is sketched in Fig. 7.3. It consists of two localized forces ylg?
pulling along the liquid-gas interface at the two contact lines, located at X = +R
and Z =0, i.e., Ry is the initialized drop base radius before any deformations take
place. Here, f'is the tangential unit vector to the liquid-gas interface, i.e., the force
pulls at an angle 0),. It is worth noting, that the localized forces would lead to
an unstable minimization problem in the absence of solid surface tension, which

provides sufficient regularization to render the minimization problem robust. In

3Note, that this is the inverse to the Eulerian gradient deformation tensor [Eq. (2.9)].
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between the contact lines the Laplace pressure Ap, caused by the drop, is exerted on
the substrate. It is related to the liquid angle 6y, as Ap = y|gsin0},/R, with R being
the (Eulerian) base radius of the droplet. Formally, this traction is captured by a

work functional

R

RIx] = ngllR)- AR, 0) + yigTl~R) - A-R,0) —jRAAp A0 dX,  (721)
where 77 is the normal to the solid-liquid interface in the current configuration.
The problem is then defined by minimization of 7 —R, with respect to the map-
ping (X,Z) — ¥=x(X,2). Importantly, Neumann’s laws are satisfied within this
framework, since the minimization is explicitly done with respect to the Eulerian
contact line position. However, the work functional [Eq. (7.21)] still contains an
unknown liquid angle 6y,. It can be found by imposing the no-pinning condition
(7.18), which reflects the variation of the Lagrangian contact line position [see the
discussion in Sec. 7.1.4]. The problem is therefore closed by introducing the liquid
angle as an additional variable, with the no-pinning condition (7.18) as the corre-

sponding residual.

In summary, the elasto-capillary problem thus consist of minimizing the func-

tional

Flel-RIx] = ﬂwﬁ) dXdY+fAy<A> dx
R (7.22)
~y1gH(R) - AR, 0) = y1gH{(-R) - ﬂ—R,0>+f AApit-AX,0)dX,
-R

subject to the no-pinning condition ps, = g at the contact line, to consistently de-
termine the equilibrium liquid angle 6},. The minimization of the energy functional
F —R is based on the method presented in Ref. [Pan+20] and adapted to the specific
problem at hand. For simplicity, the goal-adaptive finite-element method used in
Ref. [Pan+20] is replaced by a residual-based method, in which elements are selected
for refinement based on their residuals, obtained by projecting the current solution
on a refined mesh. This method is implemented using the open-source numerical

framework Nutils [Zwi+20].

For the simulations, the dimension of the substrate is set to 8R x 8R in the unde-
formed configuration. The left and right boundaries of the substrate are only fixed
in horizontal direction, allowing for movement in the vertical direction, which is re-
quired to ensure incompressibility. The bottom boundary is fixed in both directions.

The results were verified to be virtually independent of domain-size. For example,
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doubling the thickness from 8R to 16R, the angle changes by 5- 107> degrees and
the wetting ridge height by 107°. The substrate is initially divided into a mesh of
48 x 48 elements and undergoes a total of 13 refinement iterations subsequently. At
maximum refinement the element size is reduced by a factor 2713 and a minimum
element size of approximately 2R - 107 is reached. Since these elements are signif-
icantly smaller than the elasto-capillary length, the wetting ridges are assumed to

be accurately resolved.

7.2. TRANSLATION INTO THE MEsoscorPIC PICTURE

So far, the discussion of the Shuttleworth effect has been restricted to the macro-
scopic perspective. In this section, the versatility of the gradient dynamics approach

is utilized to incorporate the Shuttleworth effect in the mesoscopic description.

7.2.1. STRETCH DEPENDENT WETTING POTENTIAL

The macroscopic features of the contact line, as discussed above, should emerge
naturally in a mesoscopic description, which explicitly accounts for the finite range
of molecular interactions as discussed in Sec. 3.3. According to Eq. (3.55), the free
energy contributions of the interfaces, given in terms of the scalar Eulerian fields
h(x,t), &(x,t), are

Fline] = fmgm<h+é>+[wf(h)]m(é)dx. (7.23)

Now, that the solid-gas interface energy depends on stretch, and in a potentially dif-
ferent way than the solid-liquid interface energy does, the transition between these
two interfaces becomes increasingly intricate and the mesoscopic wetting potential
[Eq. (3.51)] has to be adapted to account for that. In particular, a stretch dependence

has to be introduced in order to satisfy the consistency condition [Eq. (3.50)]

ng(/\) = 71g+7/sl(/\)+f(ha'/\)- (7.24)

In consequence, the total mesoscopic free energy, accounting for capillarity, can be

written as

Flh & uy] = f}/lgm(h+cf)+ys(/\;h)m(€) dx, (725)
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with an effective solid interface energy

ys(Ah) = ya(A)+ f(hA), (7.26)

that accounts for the solid-liquid as well as for the solid-gas interface energy via the
wetting potential which smoothly interpolates between the two cases.*
Now, while the solid-liquid interface energy can be modeled directly as suggested

by Eq. (7.10)
ya(d) = ¥ [1 =i log(A) + ¢ (A= 1)] (7.27)

the stretch dependence of the wetting potential has to be fashioned in such a way,
that the same form is recovered for the equivalent of the macroscopic solid-gas in-

terface tension as well, i.e., with Eq. (7.24) and (7.10)

Ysg(A) =Yg+ ya(A)+ flha, A) = yég[l—czglogwﬂigu—w] . (728)

Assuming the wetting potential to factorize f(h,A) = fy(h ), with fy(h) given by
Eq. (3.51), the stretch dependent part is found from Eq. (7.28) to be

N =[5 = vg = (e = vl log (M) + (vBer® = v3led ) (A= 1) £ (ha) -

Using fy(h,) = ygg—;/gl—ylg = Y1g(cos 09—1), the complete stretch dependent wetting
potential then writes

2
FLA) = fo(hk(A) = —ra [z (ha

3
0 ~ ~
W 5 7) — 1] [7/1g(C059Y— 1)—C010g(/\)+(:1(/\— 1)] B
with ¢y = 7/8 Co )/SIC(S)I, ¢ = 7/8 ) yglcil and 09 the Young’s angle of the un-
stretched state, i.e., at A = 1. In case of ¢, = C1 — ¢!, as will be assumed from here on,

the stretch dependent wetting potential reduces to

h2 h 3 S
f(h M) = _%E(f) —1][7/1g cos@$—1)+(7/1g_ﬁl)g(z\)]
(7.29)
= fo(h)

0

4Note, that in principle the liquid-gas interface energy has to be added in order to recover the
solid-gas interface energy according to the consistency condition. Since the liquid-gas interface
is present everywhere in the domain, however, it is more convenient to consider it separately.
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with % = yégcf)g = )/Sgcig and 3! = )/Slc(s)l = ySlcﬁl. Note, that in the absence of

stretch, i.e., for A =1, it follows that g(A =1) =0 and k(A =1) =1 such that f(h, A =
1) = fo(h) is recovered. In addition to that, f(h, A) = fy(h) is found also in case of the
symmetric Shuttleworth effect when )/fl = yfg, indicating that Young’s angle is not
affected by homogeneous stretching in that case. The associated mesoscopic solid

surface tension is found to be

2, 0
T &) = YN+ AGE = () + folmk() + A= [ald) + fok(N)]  (7.30)
and the associated mesoscopic surface-chemical potential similarly follows as

&) = 222 = 02 2 () + Aok (731

7.2.2. FULL-CURVATURE GRADIENT DyNaMIcs MODEL

Finally, a gradient dynamics model in full curvature formulation, similar to the one

introduced in Sec. 3.4, is employed. To do so, the elastic energy

Aienl= | =l e (=) d (7.32)
with respect to both, the vertical displacement & and the lateral displacement u is
added.> To enable the imposition of pre-stretch to the substrate, as is common in
experiments and in the Neo-Hookean model, a constant gradient u/, is added to the
horizontal displacement. This gradient causes a pre-stretch A, = 1/(1 —ul,) to an
initially flat substrate, i.e., with & = 0 prior to placing a droplet on top. The total
free energy then reads

. E
((11_ 2Vv)) g uen?dy, (733)

E#
Fh & ul= jylgm(h + &)+ s A)m(E) + —

5Note, that this form of the elastic energy corresponds to the Winkler foundation model, which
is technically valid only in the long-wave limit. To spare the effort of solving the convolution
integral included in the full elastic energy, however, the long-wave version is used in this full-
curvature model nonetheless.
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and its variations are

F I (h

Ob_h - ylg&x(m((h:f)))+ 7 m(e), (7.34a)
oF 9.+ 9 (v | En2(l-v)

o8 7/h"’ﬁx(m(}ﬁé)) QY(Y (5))+7(1 )51 (7-34b)
) ou E

% = gt (7-34¢)

While the variations (7.34a) and (7.34b) look quite familiar, the variation with re-
spect to u [Eq. (7.34¢)] now describes how the substrate’s surface composition is
controlled, leading to a shift of the surface chemical potential y due to elasticity.

Non-dimensionalization according to Sec. 3.4.1 yields

OF 9 (9:(h+¢) of e

o = _ax(m(h+g))+ceahm(°’)’ (7-35a)
OF 0 (0uh+&)\ 9 [, 9\ &

5 C ‘g(—m(mg))_%(Ym(g))J’? (7-35b)
oF _ 8]/1 1 ’

< = —§+§(u—uOOX), (7.35¢)

with the dimensionless surface energy

02 8) l (7.36)

_ 2
Vs(h,A) =0 +018(A)+ € Cefo(h)[l + €2Cq fo(ha)

where 07 = yfl/ylg, o, = (yfg - yfl)/ylg and the remaining dimensionless parame-
ters are as given Eqs. (3.68). The definitions of the surface tension (7.30) and the
surface chemical potential (7.31) remain valid with Eq. (7.36). The dynamics are
finally given by Egs. (3.65). For the sake of simplicity, the softness and viscosity
w.r.t. the vertical and horizontal direction are chosen equally, i.e., s, =sand 7, =7
is assumed in the following. Note, that the gradient dynamics model is fully com-
pressible in contrast to the incompressible Neo-Hookean substrate which is strictly

volume conserving, locally and globally, also in the presence of body forces.

7.2.3. CONSISTENCY OF NEUMANN’s Laws

Before proceeding with the numerical studies of the Shuttleworth effect, let us quickly
check whether Neumann’s laws [Eq. (3.37)] are correctly recovered by the formu-

lated model. As was done in Sec. 3.2, the vertical and horizontal force equilibria
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can respectively be derived from the pressure [Eq. (7.34b)] and the Hamiltonian
[Eq. (2.119)], the latter of which is given by

axh+ax5 2 ax( 2 E 1-v E
M=t ity T e Bt ) pome) = e s
Vig Y Ey (1-v) » Eu

T T e m@E)

Ep _ L
d (-2 24"~ (7:37)

where no pre-stretch u/, = 0 is considered and pud,u — ysm(&) = u—Ym(&) is used.
Since an equilibrium state has to exhibit vanishing pressure across the domain, in-

tegration of Eq. (7.34b) over the contact region yields

e O F Y Ey2(1-v) Ie(h+&) dc |
L 5c 4 = J T s T mg) 70 738

sl sl

where xq and x,, respectively represent positions at the solid-liquid and solid-gas
interfaces close to the contact region where tangents to the profiles are assumed to
represent the Neumann angles.® At x, the liquid layer is assumed to be very thick
h — oo already, while absorption layer height /1 = h, is considered at xs. Expressing
the gradients in terms of the associated contact angles [cf. Eq. (3.28)], Egs. (7.38)

becomes

e Ey2(1-v)
d (1-2v)

V1gsinOjg — Y (00, A)sin O — [Vlg + Y (h,, /\)] sinOgy = J_

Xs]

Edx. (7.39)

In the same way, integration of Eq. (7.34c¢), without pre-stretch u/, =0, leads to

Ysg E#
o )=o) = [ Huar, (7.40)
Xsl
which is the mesoscopic equivalent of the continuity condition for the surface chem-
ical potentials [Eq. (7.18)]. Further, the Hamiltonian is supposed to be constant

across the domain. Evaluation of the Hamiltonian at xq and xg, i.e., Hl,, = Hlxgg,

6Usually, the slopes at the deflection points of 1+ & and & are used to determine the contact angles.
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leads to
Hlxy = Hly, = [Vlg + Y (h,, )L)] c0s Osg — Y14 €08 O1g — Y (00, A) cos Oy

E, (1-v)

Ex
T =2

[52(ng)—52(x51)]+f—;[uz(xsg)—uz(xsl)] (7'41)

+ (o0, 1) = pllg, 1)) = 0.

Let the two positions xg and xy, be so close to each other, such that the integrals
over the elastic contributions in Egs. (7.38) and (7.40) can be neglected in good
conscience. Then, the mesoscopic continuity condition of surface chemical po-
tentials [Eq. (7.40)] becomes the macroscopic one [Eq. (7.18)], with p(co, ) — pg
and p(h,, A) — psg. Demanding further continuity of the fields &(xg) = &(xsg) and

u(xg) = u(x,g), the vertical and horizontal Neumann laws [Egs. (3.37)] are recovered

Y (00, A)sin O + [ylg +Y(ha,/\)]sin Ou = Yigsinbg, (7.42a)
V1g €08 01 + Y (00, A)cos b5 = [ylg + Y (h,, )\)] cosbgg , (7.42b)

with Y(eo, A) = yg and 15+ Y (hy, A) = ysg.7 It appears, that indeed it is the surface
tensions, not the surface energies, that govern the equilibrium Neumann contact

angles.

7.2.4. THE LoNG-WAVE Limit

The mesoscopic gradient dynamics model introduced in Sec. 7.2.2 combines the ex-
act metrics of the interfaces with long-wave dynamics in analogy to Refs. [GR8S,
Snoo6, BTH18]. It was stated in Sec. 3.4 that such hybrid models still provide rea-
sonable results, and nonetheless the question arises as to why the variations are not
also expanded in the long-wave limit, like it was done in all previous chapters. In
Sec. 3.4.2 the issue of choosing a proper characteristic length scale U of the hori-
zontal displacement in the long-wave limit has briefly been touched. In a first nu-
merical simulation of the full curvature model, the ratio of maximum absolute hori-

zontal and vertical displacements |].¢/|E | max caused by the contact line of a steady

7Note, that all these assumptions, i.e., x; = Xgg, h(Xg]) = 00, h(Xgy) = hy, Y(00,A) — Yy, Yig +
Y(ha,A) = ysg, ploo,A) = pg1, p(hy, A) — psg and the expression of the gradients in terms of
contact angles, render the scenario virtually macroscopic. It has been found in Sec. 4.3, however,
that in the mesoscopic description the inclusion of the elastic forces improves the compliance of
Neumann'’s laws, in particular the vertical one, as the rigid limit is approached.
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drop was studied in dependence of Young’s angle 09. In Fig. 7.4 the dependency is
shown for symmetric Shuttleworth effect without pre-stretch (red lines) as well as
for asymmetric Shuttleworth effect ¥;° < y3! with pre-stretch A, = 1.2 (blue lines),?
each in the intermediate elastic regime VS/V ~ 0.3 (darker colors) and the quasi
liquid regime VS/V = 3 (lighter colors).9 On one hand, it is found, that for a sym-
metric Shuttleworth effect in the absence of pre-stretch the ratio decreases as small
angles are approached, in contradiction to the naive assumption that the horizontal
displacement would become larger than the vertical one as the point force exerted
by the contact line is inclined towards the horizontal plane. From Eq. (7.42b) it is
seen, that the horizontal equilibrium at the contact line is not affected by the hori-
zontal displacement and neither does the liquid-gas interface tension enter the hor-
izontal surface stress balance [Eq. (7.34¢)]. Indeed, the simulations show that both
the horizontal as well as the vertical displacement decrease with decreasing contact
angle. On the other hand, the ratio increases in the same course if an asymmetric
Shuttleworth effect is considered in the presence of pre-stretch. In both cases, the
respective tendency becomes less distinct as the quasi-liquid regime is approached.
Using the ratio of the actual Young angle with the one rescaled in the long-wave
limit [cf. Sec. 3.4.2] allows to estimate the smallness parameter € = 09/v3/5 [black
dashed line in Fig. 7.4] and to put the ratio of maximum absolute displacements
into proportion. The direct comparison, seems to indicate that different rescaling
options of the horizontal displacement may be justified in the long-wave limit de-
pending on the considered symmetry of the Shuttleworth effect. In case of a sym-
metric Shuttleworth effect without pre-stretch, the displacement ratio appears to be
even smaller than the smallness parameter such that one might be tempted to even
demand U/H = € and therefore U/L = €. If an asymmetric Shuttleworth effect with
pre-stretch is considered, however, the ratio becomes rather large and it seems rea-
sonable to assume U/H = ¢!, i.e., U = L. At the end of the day, none of these choices
provides an universally valid long-wave model that captures the entire spectrum of
Shuttleworth scenarios including the two limits presented above. Therefore, and
because the Neo-Hookean model performs way better for lager contact angles, we

stick with the full-curvature formulation in this chapter.

8The reason why the asymmetric Shuttleworth effect is examined under the influence of pre-stretch
while the symmetric one is not, is that further numerical simulations have shown that the hori-
zontal displacement becomes particularly large if the Shuttleworth effect is asymmetric and small
if not. These cases are intended to represent the limiting cases of spectrum of orders of magni-
tude that the horizontal displacement can assume. The knowledge about this behavior is of
course anticipated at this point.

9Here, the volume V = f(h — h,) dx is basically an area, since a two-dimensional view has been

assumed, i.e., VV is a characteristic length quantifying the drop size.
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FIGURE 7.4.: Ratio of the maximum absolute displacements in horizontal and vertical direction
|| max/1€ lmax (solid lines) caused by the contact line of a steady drop against Young’s angle Oy (in

degree) on a logarithmic scale. Simulations were performed for symmetric Shuttleworth effect
without pre-stretch (red lines) as well as for asymmetric Shuttleworth effect )/fg < )/fl with pre-

stretch A, = 1.2 (blue lines), each in the intermediate elastic regime VS/V = 0.3 (darker colors)
and the quasi-liquid regime VS/V = 3 (lighter colors). In case of a symmetric Shuttleworth effect
in the absence of pre-stretch, the ratio decreases with decreasing 98, indicating that the horizontal
displacement is much smaller than the vertical one in the long-wave limit. In contrast, the ratio
increases with decreasing 98 if the Shuttleworth effect is asymmetric and pre-stretch has been ap-
plied, such that the maximum horizontal displacement exceeds the vertical one. Comparison with
the smallness parameter € = 69/v3/5, motivates different rescaling options for the horizontal dis-
placement in the long-wave limit.

7.3. COMPARISON OF THE TWO MODELS

Typical results of the mesoscopic gradient dynamics and the Neo-Hookean model
are shown in Fig. 7.1. On relatively stiff substrates, the droplet induces small wet-
ting ridges at the contact line. Upon increasing the substrate softness, the drops
gradually sink into the substrate, until attaining a liquid lens geometry. This rigid-
to-soft transition was extensively discussed in Secs. 3.2 and 4 and will be quantita-
tively reviewed with regard to the Shuttleworth effect in the following, focusing on
the liquid-gas contact angle 0, [cf. Fig. 3.6] and the deformations of the substrate.

The two models presented above contain various different parameters and so
great care must be taken when comparing the results. The macroscopic surface
energies can be chosen identical in both models and require a choice for the en-
ergy constants yjg, 7/81, ygg, and the Shuttleworth coefficients yfl, yfg, as defined
in Egs. (7.16a) and (7.16b). Instead of the solid-gas interface energy ygg, the meso-

scopic model contains the Hamaker constant in front of the wetting potential and
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the adsorption layer thickness h, as an additional parameter. The latter is chosen
sufficiently small as compared to the drop size such that it is negligible as compared
to the macroscopic elastic deformations. The Hamaker constant, however, is related
to Young’s angle or the solid-gas interface energy via Eq. (3.52). For all results shown
in the following, the ratio of the solid-liquid to liquid-gas interface energy was set
to o = ya/yg = %, if not stated otherwise. While the capillarity and wetting ener-
gies of the two models can be set to fully agree in the macroscopic limit, this is not
the case for the elastic energy. The elasticity of the Neo-Hookean model considers
incompressibility, while the Winkler foundation model, utilized in the gradient dy-
namics formulation, is perfectly compressible. Technically, the connection of the
(dimensional) effective softness S, as used in the gradient dynamics model, and the
storage shear modulus G’, used in the Neo-Hookean model, is given by Eq. (3.79),
i.e., with G’ = E,,. This connection would lead to a relation of the Neo-Hookean (NH)

and gradient dynamics (Gp) elastocapillary lengths like

Vg 2(1-v)
PN S - B — ¢S )

ec G’ 7/lg d(1—2v) ec (7 43)
As (G2 =0 for v = %, however, this value is prohibited in the gradient dynamics
description, i.e., such a systematic connection between the models cannot be estab-

lished. This issue may be addressed in two different ways:

1. The relation (7.43) is used nevertheless and the Poisson ratio is set to an other
value close to v = % such that non zero values are maintained for the softness.
However, such a procedure is rather arbitrary, since there is no rule on how
such a value v # & is to be assigned and even tiny differences in that value may

cause huge changes in the effective softness.

2. Thelength scales in Egs. (3.90) obtained from the analytic solution in the long-

wave limit are used to quantify the extension of the wetting ridge

1
G2’

loe ~ \[VgS — S ~ (7.44)
On the one hand, this expression allows to relate the effective softness S to the
storage shear modulus G’ without having to consider the Poisson ratio at all.

On the other hand, its reliability outside the long wave limit is questionable.

The scaling of the effective softness with the storage shear modulus is quite differ-
ent in both methods. In method 1 itis S ~ G’~! [Eq. (3.79)] while method 2 assumes
S ~ G’72. In the following, the softness of the substrate is quantified by the ratio
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Ceo/R of the elasto-capillary length to the base radius R of the drop in the deformed
configuration. This enables a one-to-one comparison of the equilibrium shapes of
drop and substrate obtained by the two models, without any adjustable parameters.
The gradient dynamics model further involves dynamical parameters, namely the
viscosities of the liquid layer 7 and the elastic substrate 75, the ratio of which is re-
flected by the dimensionless parameter 7. As mainly static situations are considered

in the following, the choice of 7 is not relevant for now.

7.3.1. CONTACT ANGLES

In Fig. 7.5 the transition of the liquid contact angle 0}, from the rigid to the quasi-
liquid limit is reported as a function of the softness ¢,./R and in the presence of the
Shuttleworth effect. Thereby, method 2 is used for the estimation of the gradient dy-
namics elasto-capillary length, i.e., S ~ G'~? according to Eq. (7.44). The transition
is shown for a pre-stretched (A, = 1.2, dashed lines) and an unstretched substrate
(Ao = 1, solid lines), respectively, for all three symmetry cases of the Shuttleworth
effect reflected by the three panels in Fig. 7.5. In this, the black lines correspond to
the results generated by the macroscopic Neo-Hookean model, while the blue lines
represent the mesoscopic gradient dynamics results. In all calculations, the surface
energies of the unstretched reference configuration ()/lg,y(s)g,ygl) are fixed to con-
stant values, such that the corresponding Young’s angle is 69 = 21.06°. All curves
exhibit a transition from Young’s law to Neumann'’s law, i.e., 91g decreases as the
softness C../R of the substrate increases and the drop sinks in. The details of this
transition depend on both, the choice of the Shuttleworth coefficients yfg and yfl,
as well as also on the pre-stretch of the substrate A, =1 vs. A, =1.2.

SYMMETRIC SHUTTLEWORTH EFFECT

Figure 7.5(b) corresponds to a situation with a symmetric Shuttleworth effect, for
which »® = y5l. In the limit of rigid substrates (f../R < 1), it is found that the
liquid angle is independent of pre-stretch A.,. This is expected since the difference
in surface energies yy(A) — »51(A) which governs Young’s angle [Eq. (7.17)] is not
affected by the imposed A, [cf. Sec. 7.1.4]. In other words, stretching a very rigid
substrate does not render it more hydrophilic or hydrophobic if the Shuttleworth
effect is symmetric. However, the effect of stretching becomes apparent as higher
softnesses are approached. In the quasi-liquid limit (¢../R > 1) the liquid-gas con-
tact angle is found to be 0); = 10.3° without pre-stretch and 0}, = 11.1° for A, = 1.2.

This difference in contact angles can be attributed to the changes in surface tensions
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FIGURE 7.5.: Liquid contact angle 0} versus substrate softness {e./R, for symmetric and asymmetric

Shuttleworth effect i.e., (a) yfg < )/151, (b) yig = yfl, (c) yfg > )/fl. Black and blue lines correspond
to the macroscopic Neo-Hookean and mesoscopic gradient dynamics model, respectively. Results
without (A =1, solid lines) and with (A, = 1.2, dashed) pre-stretch are shown. The dimensionless
elastocapillary length is for the gradient dynamics model estimated via lc = {/)1S. Even though
the contact angles in the rigid and liquid limits and the onset of the transitions are aligned, the

latter found to be more narrow by the gradient dynamics model. Parameters are set to 63 = 21.06°

and y{! = 7/81 while 7% is chosen such that ,%/y}! = (1/3, 1, 3) for panels (a,b,c), respectively.

due to stretching, which affect Neumann’s balance [cf. Egs. (7.42a) and (7.42b)],

even though Young’s angle remains unaffected.

As for the comparison of the macroscopic Neo-Hookean model (black lines) and
the mesoscopic gradient dynamics model (blue lines) it is found that both predict
the same angles 0y, in the rigid and quasi-liquid limits. This reflects that the limit-
ing values for the liquid angle are exclusively determined by capillarity, i.e., Young'’s
and Neumann’s laws, respectively, and that capillarity is rigorously implemented in
both models. However, it is clearly seen that the rigid-to-soft transition is predicted
to be much more abrupt by the gradient dynamics model as compared to the Neo-
Hookean simulations. The contact angle in the gradient dynamics model sharply
changes within about one order of magnitude around ¢../R ~ 1, while the Neo-
Hookean model takes two to three orders of magnitude in softness to undergo the
transition. In consequence, the Neo-Hookean liquid angles are larger than those
in the gradient dynamics model during the transition. This slower transition of
the Neo-Hookean solid may be attributed to the long-range nature of elastic in-
teractions [Joh85]: The displacement induced by a localized traction exerted onto
a two-dimensional elastic medium decays only logarithmically with distance, until
the size of the system is encountered. This long-ranged nature of elasticity is lost
when approximating the substrate by Winkler’s foundation, for which the causality

of traction and displacement is perfectly local.
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It can thus be concluded that the mesoscopic gradient dynamics model with a
reduced description of elasticity faithfully reproduces the equilibrium angles in
the rigid and soft limits, including the effect of pre-stretch. When expressing the
stiffness through ¢../R, the model captures the trends qualitatively, but significant
quantitative differences appear in the transition range. Similar observations regard-
ing the two models apply to all panels in Fig. 7.5, i.e., for the asymmetric Shuttle-

worth effect as well which we discuss in detail next.

ASYMMETRIC SHUTTLEWORTH EFFECT

Let’s have a look at the asymmetric Shuttleworth effect, for which )/fg # yfl. On the
one hand, Fig. 7.5(a) corresponds to a situation with yfg < yfl, such that the increase
of the solid-liquid interface energy with stretch exceeds the one of the solid-vapor
interface energy. In this case, the substrate seems to become more hydrophobic when
getting stretched. Indeed, larger contact angles ) are found for A, = 1.2 as com-
pared to the unstretched case A,, = 1. It can be verified that in the rigid limit, the
increase of 0}, exactly matches the prediction by Young’s law [Eq. (7.17)] based on
the stretch dependent interface energies at A,. This change in 6}, with stretch oc-
curs regardless of the substrate softness. The opposite case where yfg > 7/151 is shown
in Fig. 7.5(c). Other than before, the substrate now appears to become more hy-
drophilic when being stretched. In the rigid limit (£../R < 1) the contact angle 0}, is
indeed observed to be smaller for A, = 1.2 as compared to A, = 1. This again is in
accordance with Young’s law based on the imposed A,. Interestingly, the difference
in contact angle is no longer apparent in the quasi-liquid limit (£./R > 1) though.
However, the prediction of the contact angle in this limit is not straightforward,
since Neumann’s balance depends on the local values of the surface tensions at the
contact line. These local surface tensions depend not only on A, but also on the
local stretch, which, as will be discussed below, changes across the substrate in a
non-trivial manner.

Finally, and be it only out of curiosity, the transitions shown in Fig.7.5 may be
replotted using the definition (7.43) to quantify the elasto-capillary length instead
of Eq. (7.44). As was discussed above, this approach requires to assign values to the
elastic layer thickness d and the Poisson ratio v. While the layer thickness can be set
to d = 8R in a accordance with the Neo-Hookean model, the Poisson ratio can not
be settov = % and v = 0.49 is used instead. The result is shown in Fig. 7.6. Surpris-
ingly, this rescaling significantly improves the agreement between the models such

that, besides the contact angles in the limiting cases, also the width of the transi-
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FiGure 7.6.: Same data representation as in Fig. 7.5 except for the definition of the elasto-capillary
length in the gradient dynamics model. Instead of £ = /)15 the relation (7.43) is used, with the
dimensionless elastic layer thickness d and Poisson ratio v. To get close to the neo-Hookean model

the elastic layer thickness was chosen to be d = 8R with R = 1000. Since the neo-Hookean model

assumes incompressibility the Poisson ratio would have to be v = % As that is not possible in the

Winkler foundation desription, v = 0.49 is chosen instead.

tions fit quite well now. Again, it has to be kept in mind that the choice of v = 0.49
is absolutely arbitrary and even tiny changes O(1073) cause huge deviations, i.e., a
shift of the transitions in direction of the softness. Nevertheless, the striking agree-
ment seen in Fig. 7.6 seems to indicate that the softness should indeed scale with
S ~ G~ ! rather than S ~ G2, at least in the full curvature formulation, which comes
along with the disadvantage that the proportionality constant between S and G™!

must be fitted in order to match the transition positions.

7.3.2. SUBSTRATE DEFORMATIONS

After reviewing the transition of the liquid-gas contact angle as the softness of the
substrate changes, the actual deformations of that substrate as obtained by the two
different models is investigated with regard to the impact of the (a)symmetric Shut-
tleworth effect. To compare the profiles, the results in Fig. 7.5 are used as calibra-
tion curves, mapping the effective softness where identical liquid contact angles are

found from one model to the other.®

If not stated otherwise, the contact angle
is Oy ~ 16°, which lies about halfway the transition from rigid to quasi-liquid in
Fig. 7.5, will serve as the default reference value to select the softness for compar-

isons in the following. In Figure 7.7 magnifications of the profiles, obtained by the

"*While in the Neo-Hookean model the desired value of ) can be directly initialized, the depen-
dence of 6y on the effective softness S, used in the gradient dynamics model, is not known a
priori, which is why continuation data are required.
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Ficure 7.7.: Typical height profiles and substrate deformations in the vicinity of a contact line as
obtained with the (a-c) macroscopic and (d-f) mesoscopic model in the cases of symmetric and
asymmetric Shuttleworth effect as indicated above the panels. The central result is that horizontal
displacements induced by the droplet are governed by the (a)symmetry of the Shuttleworth effect.
In the top row (a-c), the deformation is visible from the grids that in the reference state consists of
straight horizontal and vertical. In the bottom row (d-f), the lines indicate the interface displace-
ment induced by the presence of the drop. The substrate is pre-stretched with A, = 1.2. Further

S

parameters are 09 = 21.06°, O)g = 16°, yfl = 7/81, and yig = %yfl (left), ylg = yfl (center), ylsg =3 yfl
(right). Note that for each panel (/R is selected by 0, cf. Fig. 7.5.

Neo-Hookean (upper row) and the gradient dynamics (lower row) model, are shown
in the vicinity of the contact line for all three symmetry cases of the Shuttleworth
effect, given by the three columns. When comparing the latter, a clear difference is

immediately noticed in the horizontal displacements.

Detailed quantitative comparisons are presented in Fig. 7.8, where black and red
lines respectively represent the data obtained by the macroscopic and mesoscopic
model, using a pre-stretch of A = 1.2. The top row of Fig. 7.8 shows the vertical
substrate displacements &(x), normalized by the drop size R, for symmetric and
asymmetric Shuttleworth effect. The profiles all look very similar, with a very good
agreement between the neo-Hookean (black) and mesoscopic (red) models. The
latter is found to produce slightly higher wetting ridges as compared to the Neo-
Hookean model. Outside of the drop, the Neo-Hookean wetting ridges systemat-
ically decay over a wider range than the ones obtained by the gradient dynamics
model, which are more narrow. This signals the previously mentioned long-ranged
elastic interactions, which are not faithfully captured by the Winkler foundation

model.

The middle row of Fig. 7.8, i.e., panels (d)-(f), shows the horizontal substrate
displacements Uy (x) = u(x) — (A — 1)X = u(x) — €, X induced by the droplet rel-
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Ficure 7.8.: Substrate deformations for symmetric and asymmetric Shuttleworth effect. In the top
row the vertical displacements &(x), normalized by drop size R, are shown. The middle row gives
the horizontal displacements relative to the pre-stretch, i.e., u(x) — (Ao — 1)X with €5, = Ao — 1,
normalized by drop size R. In the bottom row, the surface stretch A is spatially resolved. Black lines
correspond to the macroscopic Neo-Hookean model, red lines to the mesoscopic model. Parameters
are chosen as in Fig. 7.7.

ative to pre-stretch [see App. A.9], where significant differences appear between
the (a)symmetric cases. Comparing panel (d) where y,® < 3! to panel (f) where
yfg > yfl, a change of the horizontal displacement direction, from pointing in-
wards to pointing outwards, is observed. This can be interpreted along the lines
of Refs. [WAS13, AS16], who show that in the rigid limit a resultant horizontal
force yf'l —y,° is exerted onto the substrate, pointing towards the drop center. In-
deed, it can be observed here that the horizontal displacement changes its orien-
tation when the difference in Shuttleworth coefficients changes sign. Consistently,
only very small horizontal displacements are present in case of a symmetric Shut-
tleworth effect in panel (e). Note, that, despite the localized nature of the Winkler
foundation model, the deformations in both vertical and horizontal direction are
laterally extended beyond the contact line. This is due to the Laplace pressure, re-
sulting from the surface tension of the substrate, which penalizes severe curvatures
such that the flanks of the wetting ridge are smoothened out. This effect further
translates to the horizontal displacement, as it is coupled to the vertical displace-

ments via stretch A.
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FiGURE 7.9.: Same as in Fig. 7.8, but without pre-stretch, i.e., for A = 1. In this case, the Shuttleworth
effect is quite weak and leads to much smaller horizontal displacements u and smaller changes in
surface stretch A in comparison to the pre-stretched case with A = 1.2 in Fig. 7.8.

Finally, the bottom row of Fig. 7.8 shows the spatially resolved stretch A(x) along
the substrate surface, which is subject to the conditions of continuous chemical po-
tential ps, = pg) across the contact line. In case of symmetric Shuttleworth effect,
this continuity of y implies a continuity of stretch A in turn. In view of panel (h),
A is indeed found to be a continuous across the contact line position with only mi-
nor variations about the imposed value of A, = 1.2. Note, that the orientation of
the mesoscopic stretch resembles the one in panel (i), while the orientation of the
macroscopic stretch resembles the one in panel (g). This is due the way by which
the parameters are translated between the two models.

In case of an asymmetric Shuttleworth effect, overall stronger variations in A are
observed, as shown by the panels (g) and (i). Thereby, the larger stretches are ob-
served for the interface with the smaller y, i.e., outside the drop for ylsg < )/fl in
panel (g) and inside it for yfg > yfl in panel (i). What is striking here, is that the
stretch always exceeds the imposed pre-stretch A, on one side of the contact line,
while on the other side it falls below. This results in a non-monotonic behavior
along the substrate and in a sudden jump of A at the contact line which is necessary
to ensure continuity of the surface chemical potential y there. While this jump is

truly discontinuous in the macroscopic description, in the mesoscopic picture it is



7 THE SHUTTLEWORTH EFFECT 163

smoothened out on the scale of molecular interactions, that is h,, and represented
by steep gradients instead.

For completeness sake, the results of a similar study without pre-stretch, i.e., for
A =1, are shown in Fig. 7.9. Comparison with Fig. 7.8 reveals that the Shuttleworth
effect is much weaker in the absence of pre-stretch. This is due to the specific choice
that has been made for the function g(A), which determines the stretch-dependence
of the surface energy and in the present case exhibits a minimum at A = 1. Owing
to the weak Shuttleworth effect, the horizontal displacements in Fig. 7.9 are much
smaller than those in Fig. 7.8. Similarly, the surface stretch A(x) exhibits only small
variations along the interface. Beyond that, no qualitative changes are observed

between the cases of different asymmetry anymore.

7.4. ASSESSMENT

The static wetting behavior of drops on elastic substrates in the presence of the Shut-
tleworth effect has been investigated, using two rather different models: a macro-
scopic one providing a detailed description of large-deformation elasticity, and a
mesoscopic one offering the versatility of a gradient dynamics approach and being
able to capture the dynamics and treat large drop ensembles. These two models
were the first ones published (in [Hen+22]) to model the change of the liquid con-
tact angle with stiffness in the presence of the Shuttleworth effect. Further, it turned
out that (a)symmetry in the Shuttleworth effect is essential for the effective wetta-
bility. A central finding is that the influence of the Shuttleworth effect on the verti-
cal displacements is rather minor, while its impact on the horizontal displacement
crucially depends on whether the strain-dependence of the surface energy is sym-
metric or asymmetric between the wet and dry parts of the substrate. The shape
of the wetting ridge is found to be slightly broadened and reduced in height, due
to the local increase in surface tension and the resulting Laplace pressure. An ef-
fect that is barely recognizable in the absence of larger pre-stretch however. The
most prominent aspect that is governed by the Shuttleworth effect pertains to the
horizontal displacements below the contact line. When the Shuttleworth effect is
strongly asymmetric, i.e., % # aayjl,
pointing in the direction highest surface tension, i.e., where the Shuttleworth ef-

significant horizontal displacements appear,

fect is strongest. By contrast, the horizontal displacements remain much smaller

. . . . . Vs .
than the typical vertical ones, if a symmetric Shuttleworth effect, i.e., ;//\g = %7;1,

present. A similar conclusion was already drawn in the limiting case of stiff sub-

1S

. . g 9Vse
strates [WAS13, AS16], for which a tangential force 987/51 —% was found to be exerted
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onto the elastic layer. The results presented here generalize this observation for sub-
strates of arbitrary softness, including the possibility of large elastic deformations.
It should be mentioned, that very large tangential displacements were recently ob-
served for wetting of drops on hydrogels [Kim+21]. In that case, however, also a
strong contact angle hysteresis was found. The pinning of the contact line leads to
additional forces that can enhance or reduce the horizontal displacements. Impor-
tantly, the findings in this chapter show that strong horizontal displacements can
persist at equilibrium, in the absence of pinning, when the Shuttleworth effect is
strongly asymmetric.

Both symmetric and asymmetric Shuttleworth effects have been reported in ex-
periments that explore the dependence of the liquid contact angle on pre-stretch
applied to the substrate [Xu+17, Sch+18, SRA18]. According to Young’s law, which
involves only the difference of solid surface energies, a change in the liquid contact
angle directly reflects an asymmetry of the Shuttleworth effect. While Young’s law
only holds in the limit of rigid substrates, the results presented here confirm that the
magnitude and sign of the change in 0|, with changing pre-stretch correlates with
the asymmetry of the Shuttleworth effect, up to substrates of softness ¢, <R, as are
typically considered in experiments. This makes the pre-stretch induced variation
of the liquid contact angle a powerful tool to assess the symmetry of the Shuttle-
worth effect. Both, symmetric and asymmetric case, have indeed been reported in
experiments on polymeric substrates. A pre-stretch independent 6}, was observed
for various types of elastomers [Sch+18]. Also for the case of PDMS a strong Shut-
tleworth effect was inferred by a number of different techniques [Xu+17, SRA18,
Bai+21]. From the perspective of physical chemistry, this suggests that the surface-
elasticity, that is responsible for the stretch dependence, is independent of whether
or not the substrate is wetted. The case of an asymmetric Shuttleworth effect was
further observed for glassy polymers [Sch+18]. Indeed, the physico-chemical prop-
erties that determine the surface energy for glassy polymers are quite different in
nature as compared to those of an elastomer [Sch+18].

In summary, the results of this chapter emphasize that horizontal displacements
and stretches offer an important quantitative probe for the Shuttleworth effect, which
to date has not been explored as such. A discontinuity in the spatially resolved sur-
face stretch is direct evidence for an asymmetric Shuttleworth effect. However, even
in the absence of such a jump, i.e., for symmetric Shuttleworth effect, the stretch
at the contact line offers information on the strength of the Shuttleworth effect
[Pan+20]. Ideally, the results presented here would be confirmed by experiments

that are complemented with simultaneous measurements of the contact angles (of
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Ficure 7.10.: The spreading of a droplet as determined by the mesoscopic gradient dynamics model
in the case of asymmetric Shuttleworth effect with yfg > yfl. Here, time is rescaled by the char-
acteristic scale T = 31nh,/y)5, while all lengths are given in units of the final drop radius R.
Panel (a) reports the dynamic liquid-gas contact angle relative to the equilibrium contact angle

AOy = Qfgn - Qlegq over the corresponding spreading velocity. In panel (b) the analogous curves
for the absolute difference of the dynamic wetting ridge opening angle to its equilibrium value

|AB| = |6;iyn — 05| are shown (cf. Fig. 3.6). The spreading velocity is scaled in terms of the char-
acteristic velocity y15/(317). The substrate softness is characterized by the elasto-capillary length

normalized by the drop size €o./VV ~ 81072 and the ratio of timescales was chosen to 7 = 10 (see
Egs. (3.68)). The remaining parameters including the Shuttleworth coefficients correspond to those
of Fig. 7.8.

both the drop and of the solid ridge), as now a clear interpretation framework is
found to relate all these quantities.

From the modeling perspective, it was found the gradient dynamics model is able
to capture even nontrivial equilibrium features of soft wetting, including the Shut-
tleworth effect, despite of its reduced description of elasticity. This is a very promis-
ing validation as the mesoscopic gradient dynamics model naturally admits dynam-
ical phenomena, such as viscoelastic braking and the Cheerios-effect as discussed in
Ch. 5 and 6. To illustrate this perspective, now including the Shuttleworth effect,
Fig. 7.10 shows the typical dynamics of a droplet, initialized with a liquid angle
0)g = 30° on an initially flat substrate, spreading towards its equilibrium state char-
acterized by Oy = 10°, in analogy to the studies shown in Ch. 5 but in the presence of
the asymmetric Shuttleworth effect. To investigate the influence of the latter on the
spreading dynamics the difference of the liquid-gas contact angle to its equilibrium
value A, = Qflgyn(t) - Qlegq was calculated and displayed against the corresponding

velocity of the contact line on a doubly logarithmic scale in Fig. 7.10 (a)."* The

'"Here, the contact line position is estimated as the position of the wetting ridge tip, i.e., the maxi-
mum of &, instead of fitting the drop with a circle segment. To reduce oscillations caused by finite
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substrate softness and viscosity ratio were chosen such that the dissipation in the
substrate is significantly higher than the one within the liquid [c¢f. Ch. 5]. For all
three symmetry cases the curves exhibit the same characteristic linear dependency
AB), ~ v in the low velocity regime v < 1072, though shifted by up to a factor 1.5 to
each other indicating a difference in dissipation [Gor+20]. In the regime of small ve-
locity, the symmetric case yfg = yfl is the most mobile, as less dissipation is caused
due to the absence of horizontal displacements. Note, however, that there is more
to the dynamics as observed in the inset of Fig. 7.10 (a), showing the same data on a
linear scale. Specifically, it highlights that the large velocity regime, reached imme-
diately after drop deposition, is nontrivial, with the red line standing out (y;° > y3l).
This initial stage involves a rapid formation of the wetting ridge and is different in
nature from the regime of viscoelastic braking at low velocities, which is character-
ized by a power-law. These two regimes are also observed for the dynamic opening
angle of the wetting ridge 6; [cf. Fig. 3.6] as shown in Fig. 7.10 (b). The solid angle
initially is 6, = 7w at t = 0, i.e., at large speeds, and rapidly decreases during this ini-
tial relaxation phase. For all cases, 6, passes through a minimum and subsequently
increases again to the equilibrium value 65! at slow velocity. Therefore the absolute
value of A6, = efy“ — 651 is shown in Fig. 7.10 (b), as this difference may tran-
siently take on negative values. As for the liquid contact angle, the asymmetric case
y1% > p3l clearly differs from the others at first and all cases seem to satisfy a power
law for low velocities again. Future systematic investigations using the presented
model can demonstrate how the Shuttleworth effect changes dynamical wetting on

elastic substrates.

spatial discretization, the profiles are additionally interpolated using cubic splines. The wetting
ridge opening angle is obtained from the maximum and minimum slope of &, respectively, as
O, = 7 —tan~! (max[9,&]) — tan~! (—min[d,.&]).



8. SOorFT CONDENSATION

The content of this chapter are supposed to be published soon with indication of the
co-authors AmMBRE BourLrant @, Jacco H. Sxoeger ©® and Uwe TaieLe @. In partic-
ular, all experiments and associated measurements presented in the following were

performed by AMBRE BouiLLANT, unless cited otherwise.

The romantics among the readers have most certainly at least once breathed against
a cold window pane to write the name of a dear person in the steamed up stain.
If you are more of the investigative type, however, you probably forgot about that
person in an instant, wondering instead why the glass has become opaque in the
first place. A close look reveals, that this results from a rather dense random ar-
rangement of numerous tiny drops that scatter the light. Such breath figures form
on cool surfaces due to condensation of liquid from the adjacent vapor and are ex-
tensively investigated [Beyo6, Gua+14, AlK17, KPN22, Bey22]. Depending on the
surface properties, the liquid condenses into droplets or into a uniform film. Such
a spontaneous local gathering of particles that initiate the formation of an other
thermodynamic phase or structured state distinct to its surrounding is referred to
as nucleation. While condensation, i.e., the clustering of vapor molecules into lig-
uid drops, is a prominent and relatively simple example, nucleation plays a role in
a great variety of processes ranging from various types of crystallization [Coq14],
electron condensation in solids [Cha7o] to tectonics including earthquakes [Run89]
and volcanic eruptions [Blayg], meteorological phenomena including cloud forma-
tion, snow and rainfall [PKWg8, Maroo], the initiation of diseases like decompres-
sion sickness [YH86] and even the formation of black holes [Kap84]. In general,
nucleation is important for phase transitions of first order, which is a subject of
great interdisciplinary interest and practical importance. Since Gibbs achieved the
first insights into the matter [Gib78] various theories have developed. The widely
used classical nucleation theory (cnt) [VW26, BD35, Fre39, KRK16] determines the
energy cost of cluster formation based on purely macroscopic quantities such as in-

terface and bulk energies and even though it is an approximate theory it dominated
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the field for quite some years [KRK16]. The cnt is extended, e.g. by the dynamic
nucleation theory (pNT) and the extended modified liquid drop (EmMLD) model that
incorporate the translational motions and small fluctuations in the particle number,
respectively [SKGgg, RRo4, KRK16, BSA25]. In contrast, to these phenomenologi-
cal approaches, kinetic theory calculates the energy of cluster formation by directly
considering the molecular interactions on the microscale thereby avoiding the use
of macroscopic quantities. Considering the particles to be hard shapes molecular
dynamics (Mp) and Monte Carlo simulations are commonly utilized tools [Sek+08,
Shi+14, FS23]. In contrast, density functional theory (prr) describes the system in
terms of a microscale ensemble-averaged density and is used, e.g., to consider col-
loidal crystals [NTOgs5]. The direct observation of nuclei of only a few molecules in

size still remains an experimental challenge [RRo4, KRK16].

Here, the influence of soft substrate on nucleation and growth of sessile drops
of partially wetting liquid from vapor is investigated, i.e., condensation onto soft
substrates. It is known that the ability of a substrate to deform under external
pressure crucially influences the nucleation density [Sok+10]. This observation is
confirmed by Ref. [Che+19] using mp simulations. There, it was found further that
also condensation rate and heat transfer efficiency increase with the softness of the
substrate, which also affects the condensation mode, i.e., whether drops or films are
formed. Sharma et al. [Sha+22] observed that even though the overall condensa-
tion of drops increases with the softness of the substrate the growth of individual
drops may be reduced by cloaking effects, e.g. by uncrosslinked polydimethylsilox-
ane (ppMs) chains leaking from the substrate. Further more, the simple gradient
dynamics model presented in Sec. 3.4.2 has been used to show that the coarsening

of drops of nonvolatile liquid can be suppressed as the substrate softness changes
in Ch. 6.

Just recently, experiments on dew formation were presented in Ref. [Bou+25] that
were performed on substrates of different softness. There, homogeneous millimetric
layers of silicone elastomers are deposited on a cooling stage in a chamber with con-
trolled humidity (water vapor and N, mixture) as illustrated in Fig. 8.1(a). Conden-
sation is achieved by cooling down the gel to about T = 5C° while simultaneously
fixing the relative humidity r} and pressure p until a phase transition is induced.
The threshold of phase transition as shown in Fig. 8.1(b) is referred to as saturation

and can be predicted, e.g., by the empirical Arden-Buck equation [Buc81]

putt = s o= L) )]
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FiGure 8.1.: (a) Scheme of the experimental setup. In a controlled-humidity chamber the ppms sub-
strate (red) at the bottom is cooled from below down to T = 5°C using a Peltier cooling stage
(green). Due to the cooling, the relative humidity rises to ry > 1, i.e., supersaturation, in the prox-
imity of the substrate, inducing condensation. The saturation pressure pg, at given temperature is
described by the empirical Arden-Buck equation [Eq. (8.1)] in panel (b). In panel (c) top views of
exemplary breath figures, taken as soon as drops were visible, are shown for different substrate soft-
ness quantified by the elastocapillary length ... The apparent nucleation density increases with
softness. The breath figures in panel (c) were produced by AMBRE BouiLLaNT and are presented here
with her permission. The sketch of the experimental setup in panel (a) was adapted from Fig. 1 in
Ref. [Bou+25].

which accounts for water vapor non-idealities over a wide range of temperatures
and is widely used in meteorology and engineering for its accuracy and practicality.
Thereby Eq. (8.1) considers the temperature T in C° and the pressure p in k Pa, while
a~0.61121kPa, b = 18.678, c ~ 234.5C° and d ~ 257.14C° are empirical constants
that are valid for T > 0 C°. Eq. (8.1) can be used to calculate the relative humidity

g = P at the substrate, i.e. at T = 5C°, from the initialized humidity 70
Psat H
psat(zoco) 0 0
"H= =~ g ~ 2.68r. (8.2)
psat(SC ) H H

The impact of substrate softness, i.e., elasticity, on dew formation is investigated

by tuning the gel stiffness through the polymer crosslinking density. Breath figures
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are recorded from above using a high resolution magnifying objective. Fig. 8.1(c)
provides examples of the resulting breath figures, each taken as soon as drops were
visible, for increasing substrate softness (from left to right) quantified by the elasto-
capillary length [cf. Sec. 4.1]. It is found, that the initial number of drops increases
with decreasing storage shear modulus E, of the substrate, that is with increas-
ing elasto-capillary length between the two asymptotic values obtained for rigid
nanometric ppMs brushes grafted on a silicon wafer [Lhe+16] and quasi-liquid un-
crosslinked ppms. Remarkably, once condensation has started, there are no further
nuclei forming in the dry regions between the already growing drops, which is due
to desaturation of the vapor phase in the proximity of the substrate, as discussed in
Ref. [Bou+25, BSA25]. In Fig. 8.2 the nucleation density ¢ is displayed as a func-
tion of €. for two different values of humidity, rI(_)I = 0.5 (A) and rﬁ = 0.9 (¥)." Re-
markably, the nucleation density increases with softness, while changes in r& do
not seem to considerably affect the ¢. This transition in the nucleation density ¢
when going from rigid to quasi-liquid substrates is reminiscent to the transition

in the contact angles between Young’s and Neumann’s laws [cf. Ch. 4], which was

'These values correspond to the relative humidity imposed far from the substrate. Due to cooling,
the relative humidity respectively increases to rgy = 1.22 and ry = 2.42 in the proximity of the
substrate.
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Ficure 8.2.: The nucleus density i) against substrate softness quantified in terms of the elasto-
capillary length ¢,.. The experiment was performed for two different imposed relative humidities
r& = 0.5 (A) and r& = 0.9 (). The horizontal lines indicate the results obtained in the limiting
cases of a rigid substrate (red), realized by a nanometric ppms brush grafted on a silicon wafer, see
[Lhe+16], and a quasi-liquid substrate (blue), using a thick layer of uncrosslinked oligomeres of
the same material. The red to blue color gradient indicates the transition between these two limits.
This figure was reproduced from the data presented in Fig. 2 of Ref. [Bou+25].
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theoretically predicted in [Lim12, Mar+12b, SD12, Lub+14] and is experimentally
confirmed in Fig. 8.3. The cross-over between the rigid regime (Young) and liquid
regime (Neumann) can be inferred from Fig. 8.3 to occur at €. = R. In Fig. 8.1(b)
the transition is found at €. = 10 ym and thus elasticity is expected to play a role
when l. & R~ 10 ym. This observation is enigmatic for the typical size of a nucleus
is known to be R* <« 10um and so it is not clear if the substrate softness directly
affects the nucleation itself or rather the subsequent evolution.

In the following the gradient dynamics model as introduced in Sec. 3.4 will be
further extended to capture condensation and evaporation by applying the one-
sided approach presented in Ref. [Piso4, Ajaos, Thi1o] for evaporating sessile drops.
Here, the full curvature formulation [Thi18]is employed using polar coordinates in
order to more exactly describes the behavior radially symmetric drops, effectively
rendering the system three dimensional. The resulting model is employed to inves-
tigate the increase of nucleation density with increasing softness.

First, the macroscopic cnr is discussed in Sec. 8.1 to determine the governing
thermodynamic potential of a system such as described in the experiments. The
result is then used in Sec. 8.2 to estimate the nucleation energy barrier in the limit-
ing cases of perfectly rigid and quasi-liquid substrates, considering unstable steady
macroscopic drop shapes to represent the nuclei [cf. Sec. 3.2]. In Sec. 8.3 the meso-
scopic model is used to investigate the critical nucleus in the regime of intermediate
softness. The meso- and macroscopic results are then compared in the liquid and
rigid limits. Finally, the influence of substrate softness on the nucleation energy
barrier is investigated and discussed in the context of the experimentally observed

phenomena in Sec. 8.4.
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Figure 8.3.: Liquid-gas contact angle 0}, as a function of the gel softness {../R. The angles are
measured from side-view images of droplets with radii ranging from R~ 10 ym to R ~ I mm. The
shear storage modulus of the gel substrate ranges from E, = 10%Pa to E, = 10°Pa. The lightly
shaded bands indicate the experimentally determined contact angles in the rigid limit (red) and
in the quasi-liquid limit (blue) for the same materials as in Fig. 8.2. Again, the red to blue color
gradient indicates the transition between these two limits. These data have not been published and
are presented here with courtesy of AMBRE BOUILLANT.

8.1. CrassicaL NUCLEATION THEORY

The transition of a particle form an initial phase to an other may occur sponta-
neously only if that process is associated with a decrease in free energy. This con-
dition must be met also in the context of nucleation in order for a new phase to
spontaneously emerge and grow. The formation of the latter, however, is always
accompanied by the creation of an interface (with the surrounding initial phase),
which represents an energy penalty in turn. Assuming the new cluster to adapt a
shape that minimizes the surface to volume ratio (provided the material is able to
do that) the energy penalty is minimized as well. Since this ratio usually decreases
further with increasing volume, the decrease in free energy per particle entering
the new phase eventually predominates the penalty associated with the interface
created in the same course. The minimal structure at which that happens corre-
sponds to an energetic maximum and is referred to as a nucleus. It is these nuclei
that initiate the formation of a new phase, once the associated energy barrier is over-
come. In other words, the nucleus corresponds to a steady yet unstable threshold
state, meaning that every smaller structure decays and every larger structure starts

growing. The exact form of the governing energy and thus the characteristics of the
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nucleus crucially depend on the considered scenario. Two general cases are distin-

guished:

HomogeNnEous NucLeEaTION: A homogeneous initial phase, consisting of only
one particle type, is considered. Due to thermal fluctuations these particles
occasionally form small clusters of a new phase, that eventually start grow-
ing spontaneously if they exceed a critical size or particle number. In other
words, these clusters of the same particle type may serve as nuclei. The energy
penalty is exclusively governed by the interface energy between the initial and
new phase and a lower bound may be estimated by assuming the nucleus to

take a spherical shape.

HeTeroGeneEous NucLeaTion: The initial state is assumed heterogeneous in
a sense that particles of different type may be present in some form ranging
from microscopic impurities up to macroscopic structures (e.g. a solid sub-
strate). If the interaction of the nucleating particle type with an other (ex-
pressed in terms of interface energies) is stronger than the interaction with its
own, nucleation is energetically favored wherever that other type is present.
An example are the considered breath figures, where water vapor condenses to
the liquid state at the surface of a cooled substrate. The energy penalty is then

given by the interplay of interface energies between all the various phases.

Note, that nucleation does not necessarily require the new phase to be denser than
its surroundings. In the following, however, only the nucleation of a condensed lig-
uid phase from its own vapor in contact with a third condensed phase forming a
substrate is considered. While the description of interface energies has been exten-
sively discussed in the previous chapters, only the bulk energy contribution remains
to be addressed. The change in free energy per particle transiting from one phase
to an other is given by the difference in chemical potentials u between those two
phases [Abr74, Kasoo, Pau11, Seao7, KRK16]. The latter is not necessarily constant,
however, and might change during the process. In describing the condensation of
a liquid, constant temperature T, particle number N and external pressure p are
frequently assumed in the diverse literature. In such a case, the governing potential
that determines thermodynamic equilibrium is the Gibbs free energy AG. In order
to construct it, homogeneous nucleation scenario is considered. The chemical po-
tentials pp, p, of the liquid and vapor phase can be quantified either by employing
a theory for a real gas, e.g., by considering a Van der Waals gas, and performing a

standard Maxwell construction or by assuming the vapor to behave like an ideal gas
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at fixed imposed chemical potential and particle density in the liquid. Following
the latter route, the vapor obeys the corresponding equation of state pV = NkgT

and its chemical potential is
N
hy = kBTln(A3V), (8.3)

with the Boltzmann constant kg and the thermal wavelength A, i.e. the de Broglie
wavelength at thermal energy. Note, that the chemical potential can be written as a
function of temperature and pressure u(T,p) via the equation of state. Accordingly,
chemical potential and pressure are not independent variables in an isotherm. At
equilibrium, the change in chemical potential associated with a change in pressure

is then always determined by the Gibbs-Duhem relation
Ndp = Vdp. (8.4)
Using the ideal gas law for the vapor, integration yields

:uv(pv)_//[v(p;) = kBTln(%) ’ (8'5)

with p{ being an arbitrary reference pressure. Assuming constant particle density
in the liquid p, = Ny/V, Eq. (8.4) leads to

elpe) - puelp}) = %w—p;). (8.6)

Then, the liquid pressure and chemical potential are directly related via the con-
stant particle density. The difference in chemical potentials between liquid and

vapor phase is

V Vi A% ] Vi
Ap = pe(pe) = py(py) = ﬁi(pf_p()_kBTln(%)"'/W(Pé)_P‘v(pv)- (8.7)

Demanding phase coexistence at a specific saturation pressure p$, i.e., ug(ps*') =

py(p3), the reference pressures have to be set to p, = p, = pi*', leading to

Ve

Ap = E(Pf‘ﬁiat)—kBTln(fH) , (8.8)

sat
v

with the relative humidity ry = p,/p3**. Fixing the chemical potential, and hence

also the pressure, of the liquid to those of the vapor at saturation, i.e. py = p,(p5*)
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and p, = p5*, only the logarithmic term remains. If the gas phase is considered an

ideal mixture of K species (e.g. water vapor in Nj) its total pressure p is the sum
of all partial pressures p; according to Dalton’s law p = ZZKPi- The Gibbs-Duhem

relation then writes

Vdei = ZNid}/li- (8.9)

Allowing only one component, e.g. i = v, to condense into a liquid phase, coexis-

tence requires pis(psat) = (3

the mixture at saturation of component v. In consequence, the reference pressures

) where now pg,; = pf,at+2§vpz~ is the total pressure of

sat

in Eq. (8.7) have to be chosen differently, namely p, = pg,; and p;, = p3*', yielding

1% .
Ap = pe(pe) = py(py) = l(pz—psat)—kBTln(I%) : (8.10)

Ny v
According to classical thermodynamics the Gibbs free energy is given by G = F +pV
with Helmholtz free energy F = ZZK uiN; — p;V;, the externally imposed total gas
pressure p and the total volume V. The Gibbs free energies G of the coexisting liquid
and gas phase (including vapor) state and the pure gas state G" are respectively given
by

K
G(T,N,p) = F(T,N,V)+pV = pNe=peVe+ ) (uiNi=p;Vi)+pV, (8.11a)

K
G'(T,N,p) = F(T,N,V')+pV’ = ) (N =p/V])+pV’. (8.11b)

1



176

The energy difference then becomes

K
AG = G-G = WNf—PwaLZ(#iNi—PiVi)JFPV

1

K
) (WN{=piV))+pV’

1

K
(1) InTs
= ueNe—(pe—p)Ve+ Z(#iNi — u;N;)

1

K
<2> ) ] l
= peNe=(pe=p)Ve+ poNy = Ny + ) (pi = )N,
izv
(3) s
= (pe—py)Ne = (pe—p)Ve + Z(P‘i — uiN;

1

€ v v
= _(psat_p)VF_pkaTln(piat) ~ —pngTln(pzat) (8.12)

A% A%

For clarification the separate steps are explained: At (1) the volume of the coexis-
tence state is divided into a liquid and a gas part V = V, + V. Further, all compo-
nents of the gas mixture share the same volume V; =V, =V -V, and V! =V’ such
that the respective partial pressure terms cancel with Eq. (8.9). At (2) the particle
conservation in the gas phase N; = N/ is used for all components of the mixture
i #v. At (3) the global particle conservation of species v is used, i.e. NJ = Ny+ Nj.
At (4) Eq. (8.9) is used again to eliminate the sum since dp = 0. Note, that not only
the total pressure p but also the partial pressures p; = p; are held constant in the
considered system. Hence, since chemical potential and pressure are not indepen-
dent in an isotherm p = p;. The difference in chemical potentials is expressed using
Eq. (8.10) and finally the pressure difference commonly neglected [Kasoo, Pau11].
Finally, the energy gap is exclusively governed by the difference in chemical poten-

tials. For ry > 1, i.e. py > p3?

!, the difference in the Gibbs free energy is always
negative such that a transition of particles from vapor to condensed state is always
favourable. As mentioned above, this condition, referred to as supersaturation, is
a prerequisite for spontaneous nucleation to occur and the new phase to grow. Fi-
nally, the change in Gibbs free energy associated with the creation of a liquid cluster
of arbitrary shape from its own vapor in contact with a substrate is found by adding

the interface energy penalties

AG = VlvAlv + VslAsl + st(Asv - A;v) - nggA]/l ’ (8-13)
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with 5 and Aj respectively being the energy and area of the liquid-vapor (lv),
substrate-liquid (sl) and substrate-vapor (sv) interfaces and A(, referring to the
substrate-vapor interface area of the pure gas state. The difference in chemical po-

tentials per particle is

Ap = py—pe = kgTln(ry) . (8.14)

8.1.1. GiBBS FREE ENERGY AND LANDAU POTENTIAL BARRIER

Let’s consider a small region in the immediate vicinity of the substrate such that the
temperature in the gas phase is approximately constant and equal to the tempera-
ture of the substrate.

In view of the experiments presented in the introduction, however, the assump-
tion of conserved particle number seems rather unjustified since the system has ac-
cess to an infinite particle reservoir. In fact, it would be more convenient to consider
fixed volume V and chemical potential y instead of N and p. In other words, the
system represents a realization of a grand canonical ensemble and is driven by min-
imization of the corresponding grand potential () also called Landau potential. The
difference in grand potential associated with the creation of a new phase in such
a system, however, can also be expressed in terms of the Gibbs free energy again
[Abr74, Yan85, LTG86, RRo4], as will be discussed in the following. The difference
in Landau potential (grand canonical potential) between the state of coexisting lig-

uid and gas phase (including vapor) () and the pure gas state (2’ is given by
AQ =Q-0Q

[ K

(1)

= F_VVNZ_E uiN,
L i

K
- [F’—ZMN{}
K

= P‘éNé—PfV€+Z(#iNi—Pi — puyNe — Z#z

i

K
ZIMZN pz 1) ZM;NI',
-

K
@ ,
= (= INe=(pe=p)Ve+ ) _(pi=pi)V
@
= —(Psat = )Vﬁ_pkaTln(pp

v

)Vg ~ —pngTh’l( Py )Vg
p

To clarify, the separate steps are explained: At (1) the Landau potentials of the final
and initial state are expressed in terms of the Helmholtz free energy as (J = 7 — uN.

Thereby, the last term refers to the Gibbs free energy of a pure gas state with same



F1GuUre 8.4.: Visualization of a nucleation process from two different perspectives. (a) consider a fixed
particle number N of vapor particles in an initial volume V’. As the condensation of vapor into the
liquid state takes place the pressure p is held constant and the volume occupied by the particles
reduces to V. The energy difference is given by the change in Gibbs free energy AG = G-G’. (c)
consider a fixed volume V including an initial number of vapor particles N’. As the condensation of
vapor into the liquid state takes place the chemical potential y is held constant and particles diffuse
into the area until N is reached. The energy difference is given by the change in grand potential
AQ =Q - Q. If the final state (c), i.e., N and V/, is the same in both scenarios, the change in Gibbs
energy equals the change in grand potential AG = AQ) under certain assumptions as discussed in
the main text.

total particle numbers and at the same fixed chemical potentials y;. At (2) the
Helmholtz free energies are expressed like F = Z;K uiN; —p;Vi. At (3) the fixed
volume V = V’ and the shared gas volume V/ = V' and V; = V -V, is used. At
(4) Eq. (8.9) is used to eliminate the sum since dp = 0. The difference in chemi-
cal potentials is expressed using Eq. (8.8) and the pressure difference is neglected,
as is common practice [Kasoo, Pau11]. This result is the same as Eq. (8.12), hence

AQ = AG in this case.

8.1.2. BiNARY MIxXTURE OF WATER VAPOR AND N,

On the example of a binary mixture, e.g. water vapor in N, as used in the experi-
ments, the change in Gibbs free energy can directly be calculated using the chemical

potential of an ideal gas (8.3). The Gibbs free energy of a binary mixture coexisting
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with a liquid state is

G =F+pV = [ueNe=peVe+ Ny = pe Vi + in, Ny, = p, Vi, |+ PV
= (pe — uy)Ne = (pe = pv = Pn,) Ve + Py N1, 0 + N, NN, (8.15)

g/

with p = py+py, being the constant imposed pressure and V = V,+V,, being the total
volume with Vg =V, = Vy,. Further, conserved total particle number N = Ny,0 +
Ny, as well as conserved particle numbers of the two species Ny, and Ny,o = Ng+N,

are assumed. Enforcing equilibrium at p, = p5** leads to

dg 2 2 !
N, pe = py(p3Y) = (pe = p3 = P, )/ pr = 0

— = (P + (pe— (p3 + pny)) e s

———
Psat

with the liquid particle density p; = Ny/V,. Into Eq. (8.15) and using Eq. (8.3) yields
G=—pcksTIn (l%) Ve = (psat = P)Ve + iy Niyo + N, N,

\ ~—
=0 G

—>Ag=g—g'=—pngTln( Py )vg

sat

Similarly, using the Landau potential

Q=F-uN = [Mfo_pfvf-’_#VNv_pvvv+l’{N2NN2_pNQVNQ]_[MNzNNQ+,MV(NV+N€):|
= (pe = )pe Ve = (pe —pv = pn,) Ve —(py + o1,V (8.16)

S
Q’

Obviously AQ = AG.

8.2. MAacroscoric NUCLEI

Now, that the governing thermodynamic potential is formulated it can be used to
determine the work required to create a nucleus, characterized by the compensation
of bulk energy gain and interface energy penalty, i.e., the maximum of the Gibbs free

energy. Since the nucleation of droplets on a substrate is a stochastic process driven
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by random fluctuations [KRK16] the nucleation probability is estimated using a

Boltzmann factor

—AG*
P ~ exp( kgi ) . (8.17)

The ratio in the exponent relates the energy barrier AG* to the thermal energy kgT.
In the following, the energy barrier (8.13) is calculated for an axis-symmetric drop
(w.r.t. the z-axis) of base radius R, sitting on a substrate that is extended in the (x, p)-
plane. The statics of such drops has already been extensively discussed in Sec. 3.2.
In the limits of a perfectly rigid (£e. = 0) and quasi-liquid (€. = o) substrates, elas-
ticity can be neglected and equilibrium drops are known to adapt spherical-cap

shapes [cf. Secs. 3.2.2 and 3.2.3].

Ricip LimIt

In the rigid limit the substrate is considered perfectly flat and the liquid-vapor in-
terface of the nucleus is known to take the shape of a spherical cap with curvature
K1y as shown in Fig. 3.4 and Fig. 4.1(a). While the contact angle is given by the in-
terface energies according to Young’s law [Eq. (3.39)] the curvature depends on the

volume which in terms of x}, and Oy is

8
V = —7;(2+c059y)(1 —cos6y)?, (8.18)
3K

lv

while the interface areas are

8 4
A = —?(1—C059y), Aq = —Zsinzey. (8.19)
Ky Ky

Since the substrate is perfectly flat, the total area is equal to the area of the dry
reference state A;, = Ay, + Ag. With Egs. (3.39), (8.18) and (8.19) the energy (8.13)

becomes

4 8
AG = yvi—;z(2—3c039Y+cos39y)—pgAy%(2+c056Y)(l—cos@Y)z, (8.20)

lv lv
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where now Au = u, — pp = kgTIn(ry). With (2 + cosOy)(1 — cosOy)* = 2 — 3cos Oy +
cos® Oy we then find

4 8psA

AG = T1(2 + cosOy)(1 —cosQY)z(g—pf—f] (8.21a)
K 3K
v v
1
= 1tg(Oy) (;/IVRZ sin OBy — §R3pgAy) , (8.21b)
where the base radius R = 2sin 6y/x), has been introduced and the function

2(0) =(2+cosO)(1 —c0s6)%/sin’ 0, (8.22)

is a geometric prefactor that monotonically increases with 6. Therefore, the energy
barrier increases with hydrophobicity of the substrate, i.e. with the contact angle

Oy. The critical nucleus has to satisfy drAG = 0 and its base radius is found to be

_ 2y, 8inBOy

8.2
peAp (8:23)

In consequence, a nucleated drop of base radius R < R* will shrink (evaporate) leav-
ing behind the dry state, whereas a nucleus of base radius R > R* will grow (con-

dense) without bound (at fixed Ay). The corresponding energy barrier is

4n7§

AG* = AG(RY) = g(By)sin® Oy

AN (8.24)
e . ,
= EVIVR 29(Oy)sin By .

For example, fixing the chamber humidity to r; = 0.9 and cooling the gel from
20C° to 5C°, the relative humidity in immediate vicinity of the substrate is ry =
2.41 [Eq. (8.1)]. With y;, = 70-1073Jm~2 and 6y = 70° the critical nucleus has a
size of R* = 1.166nm with an associated energy barrier AG*/kgT ~ 30. Note, that
the Oy-dependent factor in Eq. (8.24) increases monotonically from g(QY)sin(QY)3 =
0 in the complete wetting case (8y = 0°) to g(QY)sin(QY)3 = 4 in the non-wetting
case (By = 180°). In other words, higher wettability may drastically reduce the

nucleation barrier.

Liouip Limit

In the quasi-liquid case, i.e., for £,c — oo, the substrate is deformed under the influ-

ence of the Laplace pressure caused by the curved liquid-vapor interface until it is
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balanced by the Laplace pressure of the substrate-liquid interface. This results in
the shape of a liquid lens, characterized by constant curvatures of both interfaces as
shown in Fig. 3.5 and Fig. 4.1(c). While the drop sinks into the substrate the liquid-
vapor and substrate-liquid interfaces form angles 0), and 6, w.r.t. the horizontal,
respectively. The angles are again governed by the interface energies according to
the components of Neumann’s laws (3.37). Note, that the substrate beyond the drop
is considered to remain perfectly horizontal. Similar to Eq. (8.18) the lens volume

can be expressed in terms of the curvatures and Neumann angles

8 8
V = —72(2+c0561V)(1—c0591V)2 + —72(2+c05951)(1—c05651)2. (8.25)
3Ky, 3K

With Egs. (3.42) and (3.44) the difference in the Gibbs free energy (8.13) becomes
. 1
AG = n[g(@lv) + g(@sl)] (ylVR2 sin O}, — §R3pgA;4) , (8.26)

where g(0y,) + ¢(04) = 3V/(nR?). The critical radius and energy are then

s
PeAp
% 47—(7/1%] . 3 T()/IVR*Z )
- 3(peAp)? sin” 0)y[g(61y) +g(01)] = — sinO0),[g(61y) + 2(64)] ,
(8.28)

respectively. Note, the definition of the critical radius R* is the same in the rigid
and quasi-liquid limit [cf. Eq. (8.23)] and that the the energy for the rigid substrate
[Eq. (8.21)] is be recovered from Eq. (8.26) in the limit 6), = Oy and g(6y) = 0.
Further, the ratio Ag’;igid/Agfiquid > 1 and depends only on the interface energies but
not on supersaturation. For example, if the interface energies are y}, = 70-1073 N/m,
Vs = 48 -107>N/m and y,, = 72- 107> N/m the nucleation barrier differs by a factor

Ag;igid/Agi;quid = 2.28 between the rigid and quasi-liquid case.

8.3. MEsoscopric MODEL

In contrast to the rigid and quasi-liquid limit, in the intermediate elastic regime the
profiles of the liquid-vapor and substrate-liquid interfaces, i.e., h(r)+ &(r) and &(r),
are not analytically known. So far only steady macroscopic drop-like structures

have been considered. Now a mesoscopic model is formulated, which is applicable
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in the intermediate elastic regime as well as in the rigid and quasi-liquid limit, but
which also captures the dynamics. The Gibbs free energy barrier is then constructed
by expressing the interface areas and volumes in Eq. (8.13) in terms of h and & and
the interface energy y,, by the wetting potential f(h) [Eq. (3.51)], analogously to the
procedure in Secs. 3.2 and 8.3. After adding the energy associated with the elastic

deformation of the substrate
E _ L &2 2mr dr (8.29)
el = 53 o , 29

where S is the effective softness [Eq. (3.79)], the energy difference between the wet-

ted substrate state and the reference state of a dry undeformed substrate is given
by

Ag = gwet - gClryl (830)
with
L 62
Guali €] = [yt €0+ Ly S0 = propis S| 2mrar, (8300
Gary[h-] = 7L [y1y + ys1 + f(ho) = peAph_] (8.31b)

where m() = \/W is the metric factor and the domain has been restricted
to circular area of radius L > R. Note, that the Lagrange multiplier for volume
conservation P as introduced in Sec. 3.2 is now identified as P = pyAu. Remember,
that this Lagrange multiplier, i.e., the supersaturation, determines the curvature
Ky = —peAp/ vy, and therefore also the volume of a steady drop. Further the precise
thickness h_(Apu) of the liquid film defining the dry substrate state also depends
on the supersaturation and equals /i, only in case of Ay = 0 as will be discusses in

Sec. 8.3.1. Finally, the variations become

(SéA—hg = —yyk(h+&) = TI(h)y\(1+(2,&)? = pAu, (8.32a)
OAG (1 [ya+ f(M]D,(h+&)) 1
= ) (r+a,)( VRS )+55. (8.32b)

The dynamics are still given by the TrE (2.49) and Eq. (3.5), however, the liquid dy-
namics is extended by a non-conserving term to incorporate mass exchange between
liquid and vapor phase [LGPo2, Thito, Thi18] driven by the variation 0AG/6h and
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scaled by the transfer rate M

B SAG] G
o =v- Qv | mPgE (833
1 0AG
0,8 = -7 8.
& 5 (8.34)

with Q(h) = h*/(317) and 1/C being the zz-component of Eq. (3.6). After non-dimensionalization

according to Sec. 3.4.1 and dropping the tildes, the equations write

o,k = —(%+8,)(h3(9,

w(h+ &)+ CoTT (/1 + (ar(g)z])

(8.352)
+m|(h+ &)+ Coll(h) 1+(3,E)2+p]

0,& = ! K(h+cf)+(l+c9r) o+ Cof ()]0, _¢ (8.35b)

T ' T+(0,)2 ) =

with dimensionless parameters as in (3.68) except for
3 A .
m = h—qM , p = hapy—ly = phg’log(rH) = h, Ky, - (8.36)
a v

Here, x}, = 2sin 0},/R" is the predicted curvature of the liquid-vapor interface of the
macroscopic critical nucleus [Eq. (8.27)]. From here on, p refers to the (dimension-
less) supersaturation, defined above. The thickness of the adsorption layer is chosen
as h, = m, such that all energies are given in terms of y,,h2 = kg T, i.e., inter-
preting ¥}, as a binding force, h, is the amplitude of the thermal oscillation of the
liquid particles at the liquid-vapor interface, rendering the latter microscopically
diffuse.

The shape of a steady drop sitting on an elastic substrate is once again charac-
terized by the ratio of elastocapillary length to drop size, e.g., fec/R or oo/ VV. It
should be kept in mind, thereby, that at constant supersaturation p the volume V*
and thus also the radius R* of the critical nucleus are unknown functions of the soft-
ness s their selves. In consequence, it is not clear how the ratios ¢o./R* and €o./VV

depend on s.

2Hence, for O(y) ~ 1072 N/m and O(T) ~ 102 K it follows O(h,) ~ 1072 m.
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8.3.1. STEADY F1LM STATES

Before turning to the critical nuclei, the case of a steady liquid layer of uniform
thickness h(r) = hy on an undisturbed flat substrate {(r) = 0 is considered. In
such a scenario, the Laplace pressure vanishes and the dimensionless total pres-
sures [Egs. (8.32)] reduce to

0AG OAG

In Fig. 8.5 (b) the total pressure % [Eq. (8.37)] is shown as a function of uniform
liquid layer thickness for p = 0.1. Panel (a) displays the associated energy f (h)—ph.
The respective thin lines give the case p = 0. According to Eq. (8.37) a steady film

state may exist only if the supersaturation is balanced by the Derjaguin pressure,

1
3
T(hy) = c%’ ie., hizlg—;(u /1-4(%)] . (8.38)

Hence, up to two different steady film states may exist depending on the value of

leading to

p, controlled by the relative humidity ry. The adsorption layer height h_ represents
the dry substrate state and corresponds to a minimum in the energy f(h) - ph, i.e.,
it is linearly stable [cf. Fig. 8.5 (b)]. Note, that, as i_ changes with p, the value of
f(h_) changes as well resulting in an increased substrate-vapor interface energy in
turn, according to the consistency condition [Eq. (3.50)]. From Eq. (8.38) it is found,
that in the limit p — 0 the liquid layer thickness either diverges to h, — oo or be-
comes h_=1,1i.e., h_ =h, in dimensional terms. From there, the two flat film states
asymptotically follow h_ ~ 1+ p/3Cy and h, ~(Cg/p)"/3. In increasing the supersat-
uration to p > 0 the pressure is correspondingly shifted while the energy is tilted by
the linear term —ph. This results in a second zero crossing of the pressure, i.e., an
additional maximum of the energy, associated with h,. The latter is hence unstable
and represents a threshold similar to a nucleus but for uniform film states, that is,
every uniform film of thickness h > h, grows by condensation while for h < h, it
shrinks by evaporation until the dry state h_ is reached. As p increases even further,
h_ and h, approach each other until they finally meet and vanish in a saddle-node
bifurcation at p. = T, = Co/4 where h, = ¥2 [Eq. (8.38)] as shown in Fig. 8.5 (c).
For p > —I1;y the Derjaguin pressure cannot compete with the supersaturation any

more and nothing prevents the vapor from condensing into the liquid film.
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Ficure 8.5.: Dimensionless (a) wetting potential f and (b) Derjaguin (disjoining) pressure IT as func-
tions of the film thickness h with Cg = 1. Since Il = -, f the zeros of IT correspond to the extrema
of f and reflect steady film states. The functions at saturation (thin lines), i.e. p = 0, allow for only
one stable steady film state i_ (A). For p > 0 (thick lines show p = 0.1) a second unstable film state
h, (v) emerges. (c) With increasing p the two states approach each other and annihilate in a saddle-
node bifurcation (). The sign of IT + p determines whether the film grows due to condensation or
shrinks by evaporation (gray shaded), as indicated by the arrows for p = 0.1.

8.3.2. CrITicAL NUCLEI

The mesoscopic model is now utilized to explore the critical nuclei in the regime of
intermediate elasticity by numerically solving the Egs. (8.35). To this end, the open
source C++ library OompH-LIB is used to perform parameter continuation and time
simulations. As discussed before, the critical nucleus is associated with a maximum

in the Gibbs free energy AG. Thus, in the mesoscopic model it is found by solving
OAG _ OAG _
oh = o8& T
has to closely resemble the final solution. While in the rigid and quasi-liquid limit

0. To do so numerically, a proper initial condition is required, which

the macroscopic spherical cap profiles might be sufficiently suited, this is usually
not the case in the intermediate elastic regime 0 < s < co. Therefore, we make use
of a little trick; In an isothermal-isobaric ensemble, as is considered here, only the
critical nucleus, i.e., the drop of critical volume V*, is steady (but unstable) and
associated with a maximum in the Gibbs free energy difference AG. Prohibiting
the exchange of particles between the liquid and vapor phase, by setting m = 0 in

Egs. (8.35), virtually renders the system canonical. The dynamics is then governed
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by minimization of the Helmholtz free energy F = g+fph 27ty dr and a steady state

O,f = 0. One of such is the steady drop

state which is now associated with a minimum in F and therefore stable. Such a

is characterized by 2 - = ¢o = const. and

stable steady drop state of volume V; can be identified with the mesoscopic critical

nucleus state of volume V* = Vj if also M =0, ie., if i’)“;: =

method can be used to obtain a critical nucleus of preset volume V* =V, however,

co = p. Hence, this

the corresponding supersaturation is not known a priori but found to be 2 W =
From here, a continuation routine may be used to obtain the critical nucleus at a
specific value of p.

For all results the parameters are fixed to the values

Yv=70-107 N/m, yq=48-107N/m, y4 =72-10" N/m
p=334-10%m™>, kyT =3.8-10"2' kgm?s™?, ryy; = 1.055 (8-39)
if not stated otherwise. The adsorption layer thickness is h, = m =233
107'%m. The values of the corresponding dimensionless parameters are p ~ 0.0226,
Co = 2.2 and 0 ~ 0.6857. Note, that in this setting a steady drop on a rigid substrate
exhibits Oy = 70° and R*/h, = 83.

CoONSISTENCY IN THE R1GID AND Quasi-LiQuip Limrt

To validate the numerical results, first, the mesoscopic pendant of the macroscopic
energy AG(R) [Eq. (8.26)] is calculated for comparison. In the mesoscopic picture,
the base radius R of a steady drop, i.e., a critical nucleus, is not known a priori.
However, the macroscopic calculations in the rigid and quasi-liquid cases provide
reasonable estimates also for the elastic regime, since R is assumed to transit mono-
tonically between these two limits. Since there is no sharp three phase contact line
in the mesoscopic description, the base radius is instead defined by R of maximum
curvature of the liquid-vapor interface, i.e., k(h + &)|,—g = max[x(h + &)], which is
equivalent to I'T(h)|,—g = min[I1(h)]. It is thus encoded in the profiles h and & such
that AG[h, &] can be seen as AG(R). Note, that the adsorption layer height h_ specifies
a lower bound for the liquid layer thickness /1, which in turn imposes a restriction to
the minimum critical nucleus size R} ; ~ h_, in contrast to the macroscopic picture
where no such limit exists. This restriction in turn sets a critical supersaturation p.,
since R* ~ p~!, beyond which no steady nucleus states are possible anymore. The

energy AG(R) can be calculated in two different ways:
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Quasrt Static Dynamics: In the first method, we consider the dynamics of
a drop state as given by Egs. (8.35) using a very small m such that all hy-
drodynamic relaxation processes due to capillarity and wettability (the con-
served part of the dynamics) take place much faster than the exchange of
mass between the phases. Starting from the critical nucleus state, the lig-
uid height profile h is disturbed using white noise with a small positive or
negative mean to nudge condensation or evaporation, respectively. While the
drop then slowly shrinks or grows, the base radius and energy are traced. Due
to the very slow mass transfer the drop is considered quasi-static during the

process, which allows for AG(R) to be faithfully recovered.

CONTINUATION OF STEADY StATES: In the second method, continuation is used
to trace the critical nucleus state over a range of p. As was stated before, the
supersaturation determines the size of the critical nucleus. In consequence, a
continuation in p effectively corresponds to a continuation in the nucleus size,
i.e., in the base radius R* ~ p~!. The in the mesoscopic model the critical nu-
cleus radius R*(p) is not an explicit variable, however, but encoded in the pro-
files h*(r;p) and &*(r; p) (see above), i.e., the steady state profiles that represent
the critical nucleus for given p. According to Eq. (8.31), however, the energy
depends on p not only via the profiles but also explicitly AG[h(r;p), E(r;p);p]-
Inserting the p values from the continuation along with the corresponding
profiles h*(r;p) and &£*(r;p) gives the nucleation energy barrier as a function
of supersaturation or base radius AG[h*(r;p), &*(r,p);p] = AG*(p) = AG*(RY).
However, inserting an arbitrary but fixed supersaturation p (while still using
the profiles from the continuation) instead gives the energy as a function of
base radius as desired AG[h*(r;p), E*(r;p); p] = AG(R), i.e., with Egs. (8.30) and
(8.31)

AGIH, &% p] :f(\/l (9,14 3,82 + [0 + Cof ()1 +(9,67)?

cx2

2s

(8.40)

s —ﬁh*)2n rdr — xL?[1+0+Cof(h)-ph_] .

Note, that the thickness of the adsorption layer h_ [Eq. (8.38)] depends on p as
well, which has to be considered in the reference energy of the dry state. Since
the two energies AG(R) and AG*(R") differ only in the value inserted for p, they



8 SorT CONDENSATION 189
can be mapped to one another
AGIW(r;p), EX(rs p); pl = AG' [ (r; p), £¥(r;p)s ]+ VAP, (8.41)

with V = f (h* -

associated with different R and the corresponding adsorption layer thicknesses

_)2nrdr and Ap = p — p. Finally, only the profiles # and &
h_ are required to calculate the energy for arbitrary p.

Fig. 8.6 shows AG as a function of drop radius in the liquid limit (blue), the rigid
limit (red) and for an intermediate elastic case (purple). Both described methods
are compared with the macroscopic result. While the mesoscopic values obtained
by continuation (Y¥) agree very well with the ones obtained by the quasi-static ap-
proach (solid lines), both are slightly smaller than the macroscopic analytical pre-
dictions (black dashed). This results from the differences between the macroscopic
and mesoscopic nucleus profiles, particularly, in the contact line region.3 More
importantly, the positions of the energy maxima, i.e., the critical radii R* (v), are
correctly recovered. The overall agreement between macroscopic and mesoscopic

model is quite satisfactory, allowing us to use the latter for exploration of the criti-

3This difference is constant and does not depend on drop size. It therefore becomes less important
as the drop size and the associated energies increase.
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Ficure 8.6.: Comparison of the macroscopic and mesoscopic energy barriers AG as functions of the
base radius R. The macroscopic energies are obtained analytically and plotted as black dashed
lines for the quasi-liquid (blue) and rigid limit (red), respectively. The mesoscopic energies are
calculated using quasi-static time simulations (1st method, solid lines) and continuation of steady
states (2nd method, ). The (v)-symbols indicate the critical radii and the energy maxima. The
mesoscopic model is also used to capture the regime of intermediate elasticity, here the quasi-static
method is used for s = 103 (dark purple curve).
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cal nucleus characteristics in the elastic regime. The purple line in Fig. 8.6 already
shows the energy as obtained by the first method for an exemplary intermediate

softness s = 10° and lies in between the rigid and quasi-liquid limits as expected.

INFLUENCE OF SUPERSATURATION AND ErASTICITY

Key to the investigation of the nucleation probability are the critical nuclei, i.e., the
steady states corresponding to the maxima in Fig. 8.6. The corresponding results
obtained from the continuation in supersaturation p, explained in the previous sec-
tion, is used to analyze the critical nuclei in dependence of p. In Fig. 8.7(a) the
volume is shown as function of p on a log-log scale. The two flat film states h_ and
h,, discussed in Sec. 8.3.1, are given as solid and dashed black lines, respectively.
Their volumes are given by V, = rth,L%. In addition, the volumes of the critical

nuclei are shown for the rigid (red) and liquid (blue) limit. Thereby, the macro-

stable film wL2h_ —— q.-liquid meso. — q.-liquid macro.
---- unstable film 7tL%h, rigid meso. rigid macro.
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Ficure 8.7.: Volume of the mesoscopic uniform film states (black) and of the critical nuclei in the
rigid (red) and quasi-liquid (blue) limit as a function of the supersaturation p. (a) The total volume
of the steady states, which in the mesoscopic picture includes the adsorption layer and therefor
depends on system size. For small p the mesoscopic (thick lines) and macroscopic (thin lines)
results agree and recover the scaling law V ~ p~3. For larger p, the mesoscopic nuclei deviate form
the macroscopic ones. All branches of mesoscopic states end at or near the saddle-node bifurcation
point (®). (b) The inset gives the effective condensed volume, namely the volume above h_, as a
function of p in the range shaded gray in (a). The numerical domain was restricted to a circular
region of radius L = 500h,.
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scopically obtained results (thin lines) [Eq. (8.18) and (8.25)] are compared to the
mesoscopically obtained ones (thick lines). The volumes are obtained by integration
of the numerically determined thickness profiles, V = fOL 2rthr dr. The volumes of
all states, except for h_, increase with decreasing supersaturation p. In the low p
limit, i.e., at large volume, the macroscopic and mesoscopic critical nucleus states
well agree and show the predicted scaling V ~ p~3. As the nucleus size decreases,
i.e., with increasing p, the mesoscopic results deviate from the macroscopic predic-
tion [see Sec. 8.3.2], approached Vg, = nh_L?, and eventually end in the pitch-fork
bifurcation close to the saddle-node bifurcation of the uniform states (#). Note
further, that the volumes of the mesoscopic states all depend on the system size L,
since the adsorption layer contributes. Therefore, also the effective condensed volume
V* —rth_L? for the mesoscopic states, i.e., the volume above the adsorption layer, is

provided in the inset Fig. 8.7(b). This measure is independent of system size.

The insert Fig. 8.7(b) focuses on the range that corresponds to the gray shaded
area in Fig. 8.7(a) and shows a better agreement of mesoscopic and macroscopic
results that is maintained up to higher supersaturation. Only as p. = Cy/4 is ap-
proached a clear deviation is visible. Linear stability analysis for an infinite domain
size shows that the bifurcation point at which the branch mesoscopic critical nuclei
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Ficure 8.8.: Nucleation energy barrier AG* (dimensionless) against supersaturation p. The numerical
simulations of the mesoscopic model (thick lines) agree very well with the analytic macroscopic
predictions (thin lines) given by Eq. (8.27), both in the liquid (blue) and rigid (red) limit, for low
supersaturations. The energy barrier associated with the unstable steady film state (black dashed)
is given by AG*/y hy = wL*[Co(f (h2) = f (h1)) = p(h2 — h1)] and hence dependent on the system size
L unlike the nucleus states. As p = Cy/4 is approached the macroscopic model overestimates the
energies barrier by multiple orders of magnitude.
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emerges coincides with the saddle-node bifurcation. Due to finite domain effects,
however, the actual position is shifted along the h, branch. Most remarkably, this

bifurcation is found at different positions (<) in the rigid and quasi-liquid limit.
Again, the disagreement of macroscopic and mesoscopic model for p — Cy/4 is as-

sumably caused by the different nucleus shapes due to the diffuse contact region
present in the latter, which gains impact as the nucleus size decreases. More pre-
cisely, the agreement of the models increases with the scale separation R > h, and
decreases as R — h, is approached.

In the same way, the nucleation barrier can be calculated from the mesoscopic
profiles using Eq. (8.31) and compared to the macroscopic prediction Eq. (8.28). In
Fig. 8.8 the energy barrier is shown as a function of supersaturation (using the same
line styles as in Fig. 8.7). Again, both models agree well in the small p limit, re-
covering the predicted power law AG* ~ p~2. The barrier increases with decreasing
supersaturation and increasing nucleus size, i.e., in agreement with the discussion
in Sec. 8.3.2. This, in turn, indicates that nucleation is favored at higher supersatu-
ration. Beyond that, the mesoscopic model estimates the energy barrier for p — p.
to be up to several orders of magnitude smaller than the macroscopic value. This
indicates that the cnT, i.e. the macroscopic model, strongly underestimates the nu-
cleation probability close to the critical point. In Fig. 8.9 a mesoscopic critical nu-
cleus on a soft substrate is shown for p ~ p.. At p. = Cy/4 the mesoscopic nucleation
barrier even vanishes, such that the vapor condenses uncontrollably into the liquid

phase for p > p.. The dimensionless critical supersaturation p. = Cy/4 translates to

Ficure 8.9.: Numerically obtained shape of a mesoscopic critical nucleus on an elastic substrate for
p =~ p. = Cg/4. The profiles h+¢ and & exhibit only slight modulations of O(h,) and barely resemble
spherical caps.
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Ficure 8.10.: Threshold energy as a function of substrate softness at fixed supersaturation p = 0.1.

The energy barrier decreases with increasing softness, resulting in a strongly increased nucleation
probability. Note, that the transition takes place at about ¢, ~ R".
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which for the values given in Eq. (8.39) is rf; = 3.6553.

Finally, the mesoscopic model is used to investigate the influence of elasticity on
the nucleation probability. Once again, continuation is employed, however, this
time we explore the substrate softness £../R* at fixed supersaturation p. The result-
ing energy barrier is displayed in Fig. 8.10. With the transition from the rigid to
the quasi-liquid limit, i.e., with increasing softness, the energy barrier decreases by
a factor greater then 2. This decrease in the energy barrier is amplified through
the Boltzmann exponent [Eq. (8.17)] and may therefor strongly affect the nucleation
probability and, consequently, the observed drop density. Note that this transition

occurs approximately when R* = €.

8.4. ASSESSMENT

Recent experiments have shown, that the nucleation density of dew is strongly af-
fected by the softness of the elastic substrate, controlled by the cross-linking ratio

a material. The nucleation probability can be predicted as a Boltzmann factor and
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is therefore governed by the energy barrier AG* related to the critical nuclei. This
barrier in Gibbs free energy has been calculated in the macroscopic picture in both,
the rigid and the quasi-liquid limit. For the given interface energies the nucleation
energy barrier in the quasi-liquid limit is about half the one in the rigid limit. To
further explore the regime of intermediate elasticity, a mesoscopic gradient dynam-
ics model has been employed to determine the energy as a function of drop base
radius R, supersaturation p and softness ¢../R*. The macro- and mesoscopic models
were found to agree in the limit of rigid and liquid substrates, as long as the critical
nucleus is of sufficiently large volume, i.e., when a relatively small supersaturation
is considered. Both models predict a decrease in the energy barrier with increas-
ing supersaturation. At large supersaturation, the macroscopic model considerably
overestimates the energy barrier by several orders of magnitude as compared to the
mesoscopic theory, resulting in an underestimation of the nucleation probability.
This deviation is caused by the difference in nucleus shape; while mesoscopic nu-
clei exhibit diffuse contact line regions that increasingly dominate their shape as
R* — h_, the shape of nuclei in the macroscopic model is (in the rigid and quasi-
liquid limit) invariant under changes in size, which is most likely not justified as
microscopic scales are approached. Next, the change of the energy barrier with
increasing substrate softness at fixed supersaturation was investigated using the
mesoscopic model. Again the energy barrier was found to decrease by more than a
factor 2 when going from the rigid to the quasi-liquid limit. This transition in the
energy barrier has been shown to coincide with the transition of contact angles from
Young (rigid) to Neumann (quasi-liquid) at €. ~ R*.

After all, the experiments presented in Ref. [Bou+25] have shown, that the change
in the dew drop density occurs in a range of 10™"m < £, < 107>m. Since the criti-
cal nuclei are considered much smaller than that, it is still unclear why nucleation
depends on the substrate softness at all.

Finally, the decrease in the energy barrier with increasing softness gives a qualita-
tive argument in favor of an increased nucleation density as observed in Ref. [Bou+25].
Yet, the absolute values of the barrier O(lﬁs—g;) =102 are about two orders of mag-
nitude too high to explain drop densities as observed in the experiment, accord-
ing to Ref. [Bou+25]. However, at higher supersaturation the energy barrier pre-
dicted by the mesoscopic model rapidly decreases. According to Fig. 8.8, the meso-

scopic energy barrier becomes reaches O(fBgT) = 1 somewhere at supersaturation

0.4 < p < 0.5, which relates to a range of relative humidities 2.58 < ry < 3.27. Fur-
ther, the mesoscopic model has shown, that the critical nucleus volume decreases

with the substrate softness, allowing for the formation of a larger number of nu-
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clei if the vapor access is limited, e.g., by slow transport in the gas phase. As in
Ref. [Bou+25] the vapor phase was found to form a desaturated boundary layer in
the vicinity of the substrate, this effect may well play a role.

Aside of that, the classical nucleation theory is a strongly approximated descrip-
tion that considers macroscopic concepts like interface energies. The validity of
the latter is at least questionable in the context of microscopic nuclei of only a few
particles in size, which renders the entire cNT obsolete. The use of a more advanced
model, e.g., the dynamic nucleation theory or extended modified liquid drop model,
might deliver more satisfying results. Also, the experimental capabilities of cap-
turing the nucleation process are strongly confined in regard of spatial as well as
temporal resolution, both of which are of importance. In consequence, it cannot
be ruled out that other physical processes are interfering. Particularly, the coars-
ening of drops was found to be suppressed certain regimes of substrate softness,
both experimentally [Sok+10] and theoretically in Ch. 6, resulting in an increased
drop density in turn. A further suspected cause that might enhance this effect is
the cloaking of drops by liquids leaking from the substrate. In addition, the halted
nucleation of new drops in the dry regions of the initial breath figure is caused by
the formation of a saturated diffusive boundary layer close to the substrate [Bou+25,

BSA25], which requires to spatially resolve the vapor density.
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9. CONCLUSION

In addition to the assessments that are provided at the ends of Chapters 4 to 8, here
a general overview is given, after which possible courses of further proceedings are
briefly discussed.

The aim of this thesis was to derive a model for the dynamics of a simple liquid
on a viscoelastic substrate that captures the most important features of soft wetting.
To this end, the general continuum mechanics of both, fluids as well as deformable
solids, have been discussed first in Ch. 2. It has been found in Sec. 2.2.4, that the
dynamics of the liquid layer height profile can in the long-wave limit be described
by the thin-film equation (tre) [ODBg7, Thio7, CMog], while an evolution equation
for the substrate profile can be derived from Kelvin-Voigt viscoelasticity [Tho6s,
Voig2]. In the long-wave limit both equations are of gradient-dynamics structure
[cf. Sec. 2.5], governed by an underlying free energy functional [Thito]. In the
subsequent Chapter 3, this free energy functional has been constructed to fit the
requirements of soft wetting and its variations have been used to gain first insights
into the statics of macroscopic drops in different softness regimes. Afterwards, the
gradient dynamics evolution equations have been formulated from a mesoscopic
perspective, yielding the desired coupled dynamics for soft wetting.

The model has been used first to numerically investigate the influence of the sub-
strate softness on the liquid behavior in Ch. 4. The double transition of equilib-
rium contact angles, which occurs when varying the substrate softness from rigid
to quasi-liquid [Mar+12b, Lub+14], has been recovered and found to closely resem-
ble the behavior observed in Ref. [Lub+14]. In particular, the scaling of the typical
softnesses where the two transitions occur with drop volume and the scalings of the
wetting ridge height with softness in the different regimes agree very well. Beyond
that, the model is consistent with Neumann’s law for the equilibrium contact angles
close to the quasi-liquid limit and also in the rigid limit an equilibrium of forces
could be established in the contact region.

Afterwards, the spreading of single drops of partially and completely wetting lig-
uid on a viscoelastic substrate has been addressed in Ch. 5 to demonstrate the effect

of viscoelastic braking. The dependence of the dynamic liquid-gas contact angle
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on the contact line velocity has been studied for different softness. In the partial
wetting case certain sub-sets of curves can be collapsed by rescaling the velocity in
terms of the viscoelastic time-scale, similar to Refs. [Kar+15, AS20]. This rescal-
ing indicates, that the dissipation in the substrate is dominant and increases with
softness, i.e., that viscoelastic braking is in fact present [CGSg6, CSo1]. In case of
completely wetting liquids viscoelastic braking is present as well, in contradiction
to Ref. [CK20]. However, its effect is negligible there due to the less pronounced
wetting ridge, such that the classical Tanner-Cox-Voinov relation applies.
Subsequently, the coarsening of two-drop system as well as large drop ensembles
has been investigated in Ch. 6. Time simulations have shown that the dominant
coarsening mode of a two-drop system changes with varying substrate softness in
a non-trivial way. In both, the rigid and soft limit, the Ostwald ripening domi-
nates while at intermediate softness a translation driven coarsening prevails, for
sufficiently large drops and short drop distances that is. This interaction of liquid
drops mediated by elastic deformation of the solid substrate underneath is known
as inverted Cheerios effect [Kar+16]. In the rigid limit the volume transfer mode is
accompanied by a joint migration of the two coarsening drops in accordance with
literature [PPo4, GWos]. Furthermore, the linear stability analysis of an unsta-
ble steady two-drop constellation confirms the change in the dominant coarsening
mode depending on the substrate softness. The same behavior is as well found in
the coarsening of large drop ensembles. The activity of the translation mode quickly
fades with increasing separation of the drops, i.e., the translation dominated regime

ends at a critical threshold.

In Ch. 7 the model has been extended to capture surface elasticity in the full-
curvature formulation and treated numerically to explore the impact of the Shuttle-
worth effect, which describes the dependence of the interface tension of an elastic
surface on local strain, on the statics of liquid drops. The results have been com-
pared to those produced by a macroscopic Neo-Hookean model which allows for a
detailed description of large-deformation elasticity. Since the Shuttleworth effect
is rather subtle, horizontal pre-stretch has been imposed in most cases to increase
its impact. It has turned out that (a)symmetry in the Shuttleworth effect, i.e., the
difference in strain dependence between solid-liquid and solid-gas interface, is es-
sential for the effective wettability. In particular, significant horizontal displace-
ments appeared when the Shuttleworth effect is strongly asymmetric in contrast,
to the symmetric case, where the horizontal displacements remain much smaller
than the typical vertical ones. The results presented in Ch. 7 generalize the obser-

vations made for stretched rigid substrates in Ref. [WAS13, AS16] to substrates of
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arbitrary softness, including the possibility of large elastic deformations. An impor-
tant finding is, that strong horizontal displacements can persist even at equilibrium
and in the absence of pinning, when the Shuttleworth effect is strongly asymmet-
ric. The results presented in Ch. 7 confirm the experimentally observed dependence
of the equilibrium liquid-gas contact angle on the state of asymmetry in the Shut-
tleworth effect [Xu+17, Sch+18, SRA18] for ¢,c < R. This makes the pre-stretch
induced variation of the liquid contact angle a powerful tool to assess the symmetry
of the Shuttleworth effect. Hence, horizontal displacements and stretches offer an
important quantitative probe for the Shuttleworth effect, which to date has not been
explored. A discontinuity in the spatially resolved surface stretch is direct evidence
for an asymmetric Shuttleworth effect and even in the symmetric case the stretch at
the contact line offers information on the strength of the Shuttleworth effect. The
gradient dynamics model has proven to be able to capture even nontrivial equilib-
rium features of static drops in the presence of the Shuttleworth effect. Despite of
its reduced description of elasticity, the mesoscopic gradient dynamics model has
shown decent qualitative agreement with the Neo-Hookean model, which is a very
promising validation as it also offers a dynamic description. As an example, time
simulations on a spreading drop of partially wetting liquid have been performed,
just as in Ch. 5 but now on a pre-stretched substrate with Shuttleworth effect [cf.
Fig. 7.10]. Thereby the behavior of the asymmetric case ¥;° > y;! has been found to
differ from the other cases in the high velocity limit, where the wetting ridge forma-
tion takes place. In the low velocity regime, however, the dynamic contact angles
have in all cases been found to satisfy power laws again, when plotted against the

contact line velocity.

Finally, in Ch. 8 the liquid equations have been extended to allow for mass ex-
change with the surrounding gas phase in order to investigate the impact of soft-
ness on condensation and evaporation. Recent experiments have shown, that the
softness of an elastic substrate significantly influences the nucleation density of lig-
uid drops. According to classical nucleation theory, the nucleation probability can
be predicted as a Boltzmann factor and is therefore governed by the barrier in Gibbs
free energy associated with the critical nuclei. This barrier has been calculated in
the macroscopic picture in the rigid and liquid limit. It was shown, that for the
given interface energies the nucleation energy in the quasi-liquid limit is consider-
ably smaller than in the rigid limit. The regime of intermediate elasticity has then
been explored numerically employing the mesoscopic gradient dynamics model to
determine the energy barrier as a function of drop base radius, supersaturation and

softness ¢,./R*. The macro- and mesoscopic descriptions agree well in the limits of
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rigid and liquid substrates, as long as a large nucleus volume, i.e. small supersat-
uration, is considered. Both models predict a decrease in the energy barrier with
increasing supersaturation and thus an increase in the nucleation density. At large
supersaturation, the macroscopic model considerably overestimates the energy bar-
rier by several orders of magnitude as compared to the mesoscopic theory, resulting
in an underestimated nucleation probability. The decrease of the energy barrier
with increasing substrate softness at fixed supersaturation has been investigated
using the mesoscopic model and has been found to coincide with the transition of
contact angles from Young (rigid) to Neumann (quasi-liquid) at £, ~ VV*. Beyond
that, the critical nucleus volume has been found to decrease with the substrate soft-
ness, allowing for the formation of a larger number of nuclei if the vapor access was
limited, e.g., by slow transport in the gas phase. Finally, the absolute values of the
energy barrier are far too high to explain an increase of the dew drow density as
observed in the experiments in Ref. [Bou+25]. However, the general trend qualita-
tively agrees and at higher supersaturation the mesoscopic energy barrier decreases

rapidly.

The presented gradient dynamics model does not come without its weaknesses.
Most obvious is the restriction to partially wetting scenarios, more precisely to con-
tact angles < 90°, due to the Monge representation of the interfaces. While the
full-curvature formulation of the governing energy enables the treatment of drop
statics over the entire range of angles within this limitation, the gradient dynam-
ics evolution equations are strictly permissible only in the long-wave limit, where
much smaller contact angles are considered. On the one hand, combining a full-
curvature formulation of the energy with the long-wave gradient dynamics evolu-
tion equations mathematically violates the asymptotic consistency [Thi18]. On the
other hand, improvements to the governing energy generally improve the overall
results and even outside the long-wave limit such combined models perform rea-
sonable well [HTA15]. Aside of that, the long-wave approximated elastic energy
and surface stress, i.e., the Winkler foundation model, has been used all along, even
if full-curvature variations have been considered [cf. Chapters 7 and 8]. Due to
this and other approximations, the model occasionally struggles in achieving quan-
titative compliance with other studies. However, the reasons for that can be man-
ifold and are not necessarily due to the inadequacy of the model. If, for example,
unknown mechanisms are involved, they are inherently included in experiments,
whereas they are not taken into account in modeling, although this would be possi-

ble in principle.
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In Ch. 8, for example, the decrease in nucleation energy barrier with increasing
softness as predicted by the mesoscopic gradient dynamics model was qualitatively
aligned with the findings in Ref. [Bou+25]. Only the exact value of the barrier was
about two orders of magnitude too high to satisfactorily explain the experimentally
observed increase in dew drop formation. However, as discussed in Ref. [Bou+25],
the dynamics of the vapor phase plays a crucial role for the dew formation and is
not included in the model. Also, the experiments were performed for contact angles
> 90° which cannot be described by the presented model. However, the resolution
of the experimental setup is limited as well and the processes taking place below

this resolution can only be speculated upon.

It must also be acknowledged that the gradient dynamics model, in all its versa-
tility, does not allow for the rheology to be easily changed. Instead the derivation
as performed in Sec. 2.4.3 would have to be repeated using a different dynamic
modulus to incorporate, e.g., the Maxwell model. Ultimately, the most restrictive
disadvantage of the model in its current form, is its incapability to describe incom-
pressible substrates [AS20, CV20], since this is precisely where the Winkler foun-
dation model breaks down. In Ch. 7 the perfectly compressible localized Winkler
foundation model has been compared side-by-side to the entirely different rheology
of an incompressible Neo-Hookean material. Hence, the Poisson ratio could not be
directly translated and a different method was required to compare the softness of
the materials. In Sec. 7.3 two methods were presented to do so, both of which had
their own merits. It turned out in Sec. 7.3.1, that the choice of the method has a

crucial impact on the comparison.

Despite this criticism, the presented model proves to be quite capable of qualita-
tively describing the main static and dynamic features of soft wetting. The trans-
parency and simplicity of the model rests in its gradient dynamics structure and the
underlying free energy that reflects capillarity, wettability and compressional elas-
ticity. It is due to this approach, that the model is very versatile and can easily be
adapted to account for further physical effects. In particular, the model lends itself
easily to the treatment of moving contact lines on elastic substrates, e.g., in the slid-
ing of drops on an incline or in a Landau-Levich geometry [Sno+o7, Gal+14]. The
mesoscopic gradient dynamics is thus ideally suited to investigate the appearance
of stick-slip motion, experimentally observed in Refs. [Kaj+13, Kaj+14, Gor+18],
and should be used to approach that issue in the future. Stick-slip motion was pre-
viously investigated using similar models for drops on polymer bushes, covering a

rigid substrate [GHT23, Har+24]. Introducing an explicit spatial dependency of
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the softness will further allow to study durotaxis [Sty+13a, GV20]. The model can
also be employed as an element of more complex models to study the interaction of
complex fluids with soft substrates. For instance, it may be combined with thin-film
models of active media [LEL2o0, Tri+20] or biofilms [Tri+17] to investigate the mo-
tion of active drops on soft substrates [LZA14] and the growth of biofilms and cell
aggregates in that context [DDB12, Con+20, PJT25]. Even intricate phenomena like
the Shuttleworth effect and the influence of its symmetry on the equilibrium contact
angles are incorporated with ease. In the description of the latter, the great corre-
spondence with the Neo-Hookean model, which provides a full nonlinear treatment
of large amplitude incompressible elastic bulk deformation, despite the strongly
simplified description used in the gradient dynamics model, is particularly remark-
able. This agreement is all the more astonishing, if one remembers that the gradient
dynamics model considers a full compressible linear Winkler foundation elasticity,
i.e., a continuous spring, in the long-wave limit, although the full curvature formu-
lation for large contact angles has been employed in Ch. 7. Even in the comparison
of the liquid-gas contact angle as a function of softness in Sec. 7.3.1 excellent quali-
tative compliance could be achieved by careful adjustment of the parameters. Note,
that even though all vertical dependencies are eliminated during the derivation of
a long-wave model, both, the velocity vector field in the liquid as well as the static
displacement in the bulk of the elastic layer can be reconstructed from the pro-
files using the continuity equation and the solution of the finite linear elastic layer
problem, respectively. Last but not least, the reduction of the description, from
vectorial velocity and displacement fields in three dimensions to scalar two dimen-
sional functions, giving a Monge representation of the interfaces, is accompanied by
a considerable reduction in computational costs and enables the treatment of very

large systems in 3 spatial dimensions with multiple drops evolving in time.

In general it is always advisable to frequently validate a model and its results by
comparing benchmark cases with other more detailed models, e.g., the Neo-Hookean
model. Results would ideally be confirmed by experiments that are complemented
with simultaneous measurements of characteristic quantities like the contact an-
gles. Such measurements would allow to determine the effective parameters for
the present model in terms of experimental ones while disagreements in the qual-
itative behavior hint towards missing mechanisms in the model. That being said,
the gradient dynamics approach is perfectly suited to adapt to such requirements.
For example, adding the vapor dynamics to the mesoscopic model, as done e.g. in

[Har+23, Har+24], may improve the quantitative agreement with the experiments
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in Ref. [Bou+25] and could be a worthwhile project for the future. Further includ-
ing stochastic effects or using a more advanced nucleation theory, like dynamic nu-
cleation theory or the extended modified liquid drop model, may add important
mechanisms. Also the experiments on dew nucleation could be repeated for smaller
contact angles and higher supersaturation, close to the regime where the mesoscopic
nucleation energy barrier was found to rapidly decrease, to allow for a more direct
comparison and to improve the quantitative agreement.

The results presented in the previous should in the future be generalized by per-
forming simulations in three dimensions. Most important would be the improved
of the elasticity model by introducing the full elastic surface stress (3.19), at the
expense of having to solve the convolution integral. Doing so would also enable the
treatment of incompressible materials, which is particularly beneficial since pri-
marily incompressible materials, such as polymers, are the subject of experiments.
In Sec. 2.3.2 it was found, that incompressibility changes the shape of the wetting
ridge and causes depressions beside it [cf. Fig. 2.4]. The wetting ridge as well as
these depressions become more narrow as the elastic layer thickness decreases [cf.
Fig. 2.4(b)]. This crucially affects the drop-drop interaction and may cause an arrest
of coarsening or even a repulsion of drops via the inverted Cheerios effect [Kar+16].
Also the sliding of drops has been found to be significantly affected [Zha+18]. For
all these reasons, I consider this project to be most promising and highly recom-

mend pursuing it in the future.
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A. ADDITIONAL CONSIDERATIONS

A.1. NewTOoN’s LAW OoF FORCE AND ACCELERATION

The global change in momentum is given by Newtons second law

dP S
E = ZFZ , (Al)
1
with total momentum P and forces P_“)Z In integral form it writes

% pvd’r = Zjﬁ)d‘%r = J‘Zf—;d%. (A.2)

Using Reynolds transport theorem for material points and the continuity equation

(2.21) the left hand side of the momentum conservation law yields [Beso6]

-
% pv’d’r = %(pﬁ) d3r+Jp77(77-17)d2r

!
= | D) +pA(V-7) d’r
_ [ (dp dv
= v(a+p(v-77))+pad r. (A.3)
[ —

=0

A.2. MEeTrIC FACcTOR

The metric factor relates an infinitesimal element of a surface ¢ (x, v) to its projection
into the (x,p)-plane ds = m(p)dxdy. It can be obtained geometrically by construct-
ing an infinitesimal directed surface element ds’= 77ds of ¥(x,v) as a parallelogram

spanned by two tangent vectors f, and f; as shown in Fig. A.1. The representation
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FIGURE A.1.: Geometrical visualization of an infinitesimal directed element ds = #7ds of a surface

Y(x,p). It can be constructed from the cross product of two linear independent tangent vectors
d¥ =1} x f,. Writing the latter in the Cartesian basis of 1(x,v) allows to define the metric factor

m(p) = ,/1 + (0 + lep)z which relates the surface element ds to its projection on the Cartesian

x-p-plane.

in Cartesian coordinates is

1 0 _%
48 = f,xf, = d av| 1] = drdy|-22| = dvay[ ¥ A
s_xxty—xOx;ua = dxdy|-5; | = dxdy E (A.4)
oY %%
ox dy 1

and its absolute value gives the metric factor

[dS’] = ds = /1 +(Vy¢)?dxdy = m(y)dxdy. (A.5)

A.3. STRESS EQUILIBRIUM AT THE FREE FLUID SURFACE

The force balance at the free surface of the liquid is given by Eq. (2.38). Using the

liquid stress tensor (2.27) and the normal vector of the free surface

. 1 (—V||(h+5)]
: \/1+(V||h+V||r5)2 1
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the surface stress writes

m(h+&)(o; - ﬁlg)x =pdy(h+&)+7 [8xvz + 0,0, =20, (h+ &), vy — 9y (h+ E)(Dyv, + ayvx)] )

m(h+&)(o - ﬁlg)y =pd,(h+&)+7 [ayvz +0,v, — 20, (h+&)d,v, — Dy (h+&)(Dyv, + ayvx)] ,
m(h+ E)(gl . ﬁﬁg)z =—p+7 [282722 — I (h+&E)(Dzvy + ;) = Oy (h+ E)(Iyv. + 827/3,)] :

Projection on the normal vector yields the vertical force balance. Introducing the

dimensionless variables according to Sec. 2.2.3 and dropping the tildes leads to

— — 2
Mg 0y Mg = — Tzzp+ Tm(h17+é)2 {82v2—8x582vx—8y£82vy (A.6)
+ €2 [(0,:8)° 0,0+ (0,8)°0,0,+ 0,80, (v, + 0]} = oo

The tangential force balance is obtained from projection onto the tangential plane
using the projection operator P(#7) = 1 - #® #1. If the external tangential forces are

caused by the surface gradient of a scalar quantity y, the force balance is.

P(g)(oy - Tig) = ¥ = [P(g)V]y - (A7)
According to Eq. (2.39) the tangent vectors are

1 . 0
= 0 y ?2 - 1 . (A8)
VIHOHH 02| 5 ) VRO RERCE PRTIeS

> 1
1
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After nondimensionalization and dropping the tildes the projections (2.40) then

read

E)1 'Ql'ﬁ)lg = 1 : i{é)zvx
\/1 n 62(V||h+V||€)2 \/1 + €2(axh + 3\5)2 eT
+€2 (0,0, = 20,1+ £)0xvy = 9y (h+ E)(Dyvy + Iyvy) (A.9a)
+20,0,0,(h+ &) = 0,0,(Dh + 0,E)? — 0,0, (h + €), (h + 5)]
—et [QXVZ@Xh +04&)? + 9y v,y (h+ &)y (h+ 5)]} = 7

N R 1 1 il

try-0y- g = —{821/

: \/1+62(V||h+V||£)2 \/1+62(8yh+8y£)2 eT 1

+ 62 [8va - 283;(}1 + 5)8;1773) - ax(h + E)(axvy + 8yvx) (A.9b)

+20,0,0, (h+ &) = 0,00 (h+ &9, (h+ &) — 9,v, (I, h + ayg)z]
40,029, (h+ )0u(h+ &) + 0, v.(9,h+ ayg)Z]} -7

A.4. SUBTLETIES ON INCOMPRESSIBILITY

In Ch. 2 it is stated that the trace of the stress tensor is directly proportional to
the trace of the strain tensor, e.g., in Egs. (2.56) and (2.61). Further, the trace of
the strain tensor was shown to vanish in case of incompressibility tre = V-# = 0
[Egs. (2.11), (2.15)]. The trace of the stress tensor, however, does not but gives
the internal pressure p instead. This may seem contradictory at first, though the
pressure field is actually even required to enforce incompressibility. A steady state
requires equilibrium between internal and external forces, i.e., Vo = —ﬁ;(. Accord-
ing to the Helmholtz decomposition any forces can be expressed in terms of a scalar

potential ¢ and a vector potential A
foo = —VH+VxA. (A.10)

Considering only the conservative compressive forces resulting from the scalar po-

tential gives
Vo = —fo = Vo = V(L) — tr(a) = 3¢.

Hence, the trace of the stress tensor must not vanish. Since the strain tensor is

traceless in the incompressible case, the pressure field is added to make the corre-
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sponding contribution. For a solid body at equilibrium, i.e., d,if = 0, and a resting
fluid, i.e., =0, this directly leads to

1
p = —gtrg = —¢. (A.11)

This implies K — oo and v — % in the incompressible limit, in order for Egs. (2.56)
and (2.61) to hold. In case of a steady flow, i.e., ¥ # 0 and 9,7 = 0, the situation

changes as the convective acceleration enters the equation [cf. Eq. (2.29)]
po(V-V)V+Vp—nAV :fe)x. (A.12)
The stress equilibrium is then given by
PoViVj +0iip —Ndjvi = =04,
with najvi = %Qt&j. The spherical component of this equilibrium, i.e., the trace, is
o7 +3p = =3¢

Hence, the kinetic energy contributes to the internal normal stress as well. In such
a scenario, the pressure field is required even in the absence of external forces to
prevent the liquid from expanding. Taking the divergence of Eq. (A.12) leads to

p08i[v]-9]-v,~] + 81~81~p - 17818@]1}1 :po[8ivj8jvi + 7/](9] aivi ]-l— 81~81~p - T]8]8] 81-1/[
—— ——
=0 =0

=ppd;vjdjvi+dip = —9i¢.
The pressure is thus determined by the Poisson equation
Ap = =A¢p—pyo;ividv;, (A.13)

which is solved by

1 J\ p08ivj8jvi+Acf)
Q

_ d3—)/. A
4m 7= 7 ' (A-14)

p(rt)

Note, that the pressure field corresponds to a Lagrange multiplier enforcing in-

compressibility, which can be seen by constructing the Lyapunov functional of the



Stokes equation

VI VT + fvd’T

L[v,p] = LP(VW -

o=

with : denoting the Frobenius inner product. The variations then are

oL -
— =-Vp + AV + ,
oL

<—:V'77: 0

op

A.5. FUNDAMENTAL SOLUTION FOR THE SURFACE STATICS OF

A FINITE LINEAR ErLAsTIC LAYER

Consider a finite elastic layer of thickness d and with free surface at z = 0. The
Green’s function is to be found for singular stress acting on the surface in the direc-

tion ¢; with strength f and vanishing displacement at the bottom

a-e = foo(F) e, (A.152)
i7 | 0. (A.15b)

N

QU

Z=—

To obtain the solution at the surface, the bulk problem has to be solved first.

THE JorDAN NOrRMAL ForMm

A problem of the shape

-

0-9(z) = A-P(2) (A.16)

can be solved by using the ansatz 1/7 = exp(Az)- ¢ with ¢ including unknown con-
stants that are determined by the boundary conditions. In case A is diagonalizable

the solution can be found by solving the eigenvalue problem and is then given by
n
P(z) = ) _Cill explgiz), (A17)
i=1

with n different eigenvalues g; of A, their associated eigenvectors v; and the un-
known constants C;, which are again determined by the boundary conditions. If the

matrix exhibits degenerated eigenvalues, i.e. the multiplicity of at least one eigen-
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value is m(g) > 1, however, a diagonal representation is not always possible. The

problem can still be solved using the Jordan normal form representation
A=PJP, (A.18)

with the transformation matrix P being constructed from the eigenvectors and the
associated generalized eigenvectors as columns and ] being the Jordan matrix. The

latter is block diagonal and takes the form
J :diag(ll,...,ln), L.:qil-i-ﬁi, (A.19)
with the Jordan blocks /; being squared m(g;) x m(q;) matrices with

(Nk)ij = o]

i+1

and  (Np)f; = o]

i+a+1 "’

aeN. (A.20)

Using the series expansion of the exponential function exp(x) = }_, x""/n! the solu-

tion can be written like

-k
§ = exp(dz)-@ = exp(P] PTz). ¢ = ) —(P] P
k=0 "
-k
-2 1) plete
k=0 "
=P exp(lz) pt.e2 (A.21)
with
exp(lz) = diag(exp(llz), s exp(inz))
= diag(exp(q;2)exp(N,2), ..., exp(q,2)exp(N,z)). (A.22)
and
m(qr) Zk_l ;
[eXp(MZZ)]ij = ; (k— 1)!6i+k (A‘23)

since ﬁf-‘ =0 for k > m(q;).



A.5.1. 3D PrOBLEM

Ax1s SYMMETRY AND HANKEL TRANSFORMATION

Assuming the system to exhibit azimuthal symmetry about the z-axis, cylindrical
coordinates can be introduced to reduce the complexity of the problem. The com-
ponents of the displacement field are assumed to be independent of the azimuthal
angle ¢ yielding

() = up(r,2)g (@) + us(r, 2)e . (A.24)

The strain tensor components are then given by

Erp = Qhlly,  Epp = % + %8@% , €, =0, (A.25a)
Erp = Epr = % [a,uq) - ”TqJ + %3@1,] , (A.25b)
Epry = Egp = %[QZW + 8ruz] , (A.25¢)
Epz = Ezp = % [%8({)142 + 8214(,)] , (A.25d)

while the stress tensor is still given by
0ij = Aenn0ij + 2pejj . (A.26)

The differential operators become

V= aaﬁ%apawe;az, (Aa7a)
V- = (5’r+%)eﬂ+%8¢,?q)+8zé, (A.27b)
A = 33+%ar+:—za§)+a§. (A.27c)

Note that the differential operators also act on the unit vectors, in particular

8(/)E)r = E)(p ;g Cp = _E)r ’ (A.28)
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resulting in

— - 1—> - — U,
V-u = (er<9, + 76([)3@ + ezaz) ~u(r,z) = d,u, + —t o,u,, (A.29a)
— 1—> — Uy
V(V-7) = (e,a, +=8,0,+ 6232)(8rur i azuz)
r r
_z [83ur + %aru, Sy (9r82uz] ‘7 [828rur ; %82142 ; aguz] . (Aagh)
r
— 1 2 2\ >
AU = (?8,(@?) +—=0do+ 82)u(r,z)
_ > l 2 - l 2 h 2 >
=z, [ ; o0, (rd,u,) + 8zuz] +e, [ p (ro,u,)+ 8zur] + , doer
=z, [%8,(r8ruz) - 83142] +2, [%(r&rur) +0%u, - U_Zr] . (A.29¢)
r

For the statics of the bulk in the absence of body forces, i.e. ﬁx = 0, the Navier-

Cauchy equation (2.60) writes
(V-0)-2, = (A+24) [%ama,ur) -2y 328,uz] 0. [0uty—Fyu] = 0 (A.30a)
(V-a)- e = (A+2p) [aguz +0, (81'7’[1' + ?)] Y [%ar(raruz) —d, (arur + %)] =0
(A.30Db)

These two coupled partial differential equations can be translated into a system of
coupled ordinary differential equations by eliminating the radial derivatives. This

can be done by employing Hankel transformations

zﬁ(k,z) =H,[U(r,z2)] = J; (r,z)],(kr)rdr, (A.31a)
o2 =16 [02)] = |tk ek (A31)

with the Bessel functions of first kind and order v

1 (™ ., . 1 (% x
]V(ki’) — _J ez(krsm((p)—wp) d(P - e—zvje—z(krcos((p)+v<p) d({) (A.32)

21 ), 21 )y

This transformation can be performed under the assumption of infinite horizontal
expansion of the layer and vanishing displacement in the infinite lim #Z(7’) = 0. The
r—00

radial and vertical component of the displacement may then be expressed in terms
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of their first and zeroth order Hankel transform respectively
ur(r,z) = Mtk 2)], wa(nz) = Ho' [da(k 2)] - (A.33)

Introducing these into the cylindrical Navier-Cauchy equations (A.30) leads to

0= J:)Oo(/\ + 2}’1) [ﬁr(k,Z)%ar(rarjl (kr)) - ﬁr(k, Z)%]l(kr) + 8Zﬁz(k,z)8r]0(kr):| k dk
; jwy (0211, (k, 21, (kr) = 0.0k, 2)9,Jo | k dk, (A.343)
0
0 = LOO(/\ + 2}’{) [agﬁz]O(kT’) + azﬁr(k, Z) (arh (kT) + %]1 (k,r))] k dk

; Lwy [ﬁz(k,z)%&(r&r]o(kr)) 0.4, (k2) (arh (kr)+ %]ﬂkr))] kdk. (A.34b)

These equations can be simplified further by using the connections between the

Bessel functions of zeroth and first order

k
So(kr) = ~itkr), (kM = g,
1 1 k
Son(raudatkn) = —KJolkr), 0, (rd, i (kn) - = iy o),
r r r

and by performing the radial derivatives yielding

J [(/\+2,14)(—k2ﬁr—k&zﬁz)+y(8§ﬁr+k8zﬁz)]]1(kr)k dk = 0, (A.36a)
0

Il
o

J [(/\ +2u) (0210, + kO, 1,) + u(—k>1i, — k&zﬁr)]jo(kr) k dk (A.36b)
0
The integrals vanish if the terms in the parentheses do, resulting in two coupled

ordinary differential equations of second order
A+2 A+2
920, - k( :{ "—1)azaz - kz(%)ar 0, (A.37a)

A+2 142
( ’; ”)agaz ; k( :l ”—1)azﬁ, — K%, =0, (A.37b)
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depending only on z and its partial derivatives. Replacing A and y by the Poisson

ratio v = 2(AA+#) leaves us with only one parameter
, k , 2(1-v),
X, - 1—2v82uz - k? o, b = 0, (A.38a)
k 1-2v
o1, + 9.1, — k*? 7, =0. A.38b
ZuZ 2(1_V) zur 2(1_V)MZ ( 3 )

These equations can be further decomposed into a system of four coupled ordinary

differential equations of order one by introducing two auxiliary fields

oJ.u, = w,, (A.39a)
d.i, = W, (A.39b)
0w, = 1_kszz + k? 21(1__2z)12,, (A.39¢)
o1, = —2(1k_v)wr + kzzl(l__zz)ﬁz, (A.39d)

and written more compact in the form of Eq. (A.16) with

i, 0 0 1 0
1E i, A 0 0 0 1 (A.40)
Sl AT 020y K .40
Wy k I-2v 0 0 1-2v
. 2.1-2 k
Wy 0 k 2(1_5) T 2(1-v) 0
The eigenvalues of A are given by
det(A-1g) = ¢*-2k*q°+k* = 0. (A.41)

Hence, only n = 2 different Eigenvalues q; = k and g, = —k exist and both are degen-
erated with multiplicity m(g;) = 2. Since A is not diagonalizable the solution of the

system is given by the Jordan normal form (A.21) with

_k_ 1 ___k 1
4(1-2v) 2 4(1-2v) 2
Lk 1 _k 1 eqlz[o 1]
I(1-2v) 1(1-2 I(1-2 I(1-2

p=| MEm oI R | ewlz)= .
I1-2v) 4(1-2v) I(i-2v)  I(i-2v) 0 022 z
__k 0 _K 0 0 1
4(1-2v) 4(1-2v)
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VEerTIiCcAL PoiNT FORCE

Considering a vertically acting localized inhomogeneity the azimuthal symmetry
with respect to the z-axis is fulfilled and the solution for the displacement field is
given by the Jordan normal form (A.21) with (A.42). Now only the constant vector
C is left to be determined from the boundary conditions (A.15). Those for the free

surface z = 0 are in cylindrical coordinates given by

N o(r)
o, =0, Opz = 0, o0z = foo(r) = fO?r (A.43)

with the azimuthal surface stress o,,, vanishing naturally due to the symmetry of

the displacement field. Using the cylindrical strain components (A.25) in Eq. (A.26)
and employing Hankel transformation the other two conditions become

0 = | [0y ki Gkrlk dk = 0, (A442)
0
0s: = J [0 2009000 (kr) + Ay, 71 () + 42,1y (k) Ktk
0

= Jw[(A +2u)0, 10, + /\kzir]jo(kr)k dk = & Joo]()(kr)k dk, (A.44b)
0 21 Jg

where Jo r)Jolkr)dr = 2]0( ) = 2 was used. Comparison of the integrands yields

two differential equations
d,0,—ki, =0, (A.g5a)
(A+2u)0, 1, + Akil, = ;—;)_(. (A.45b)

With A = 2uv/(1 - 2v) the solution is found to be

(k2) (4v-3)(kz=2v+1)e2k(2d+2).4 (8v2—(4kd+10)v+3+2kd (d+2)+k(2d—z) ) e2K(d+2)
iy (k,z) = —5=
e 2n 2;4k[(4k2d2+16v2—24v+1O)ezkd+(3—4v)(e4kd+1)]ekz

(A.46a)

(8v2+(4kd— 1 0)v+3+2k2d(d+z)—k(Zd—z))ede—(-'lv—3)(kz+2v—l )
Zyk[(4k2d2+16v2—24v+1o)ede+(3—4v)(e4kd+1)]ekz

(4v=3)(kz+2v-2)e2K(2d+2) 1 (8124 (4kd -1 4)v+6+2k2 d(d+2)-k(4d+2) ) e 2K(d+2)
2uk[ (4k2d2+16v2-24v+10)e2kd 4 (3-4v) (eFhd +1) |ekz

i, (k,z) = 2?7{

(A.46b)

—(8vz—(4kd+14)v+6+2k2d(d+z)+k(4d+z))ede+(4v—3)(kz—2v+2)
2pk[ (4k2d2+16v2 24v+10)e2Kd 4 (3-4v) (eFkd +1) |ekz
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The displacement at the surface z = 0 then is

fo (4k2d2+16v 20v+6) 2kd _ (3 - 4v)(1-2v) (1+e4kd)

7.(k) = A.
r{k) 2m Zyk[ (4k2d2 +16v2—24v +10)e2kd + (3 - 4v)(1+e4kd)] (A-472)
_ f 1 2k?d? + (1 =2v)(3 - 4v)[1 — cosh(2kd)]
2w 2uk 2k2d2 +2(1—v) + (3—4v)[(1 - 2v) + cosh(2kd)] ’ (A-470)
(v—1)|4kde®*d 4+ (3 —4v)(1 —e
i, (k) = 21[—;)1 ’ [ - ’ ( - )] (A.47c¢)
ik [(4k2d2 +16v2—24v +10)ekd + (3—4v)(1 + e4kd)]
_fo 1 (v—1)[2kd — (3 —4v)sinh(2kd)] (Ag7d)

T 2wk 2k2d2+2(1 - v) + (3—4v)[(1 = 2v) + cosh(2kd)] ’

in agreement with Ref. [Gac+06, LC11]. Using the integral representation of Bessel

functions
L (7 gitkrsintg)-ve)
] kr - el rsim(@)=ve d
v(kr)= > Js ¢
L (7 vt geitkreostpreve)
- olV3 eilkrcos(@)+ve) 4
21 ), ¢
27 o
=— [cos(vep) —isin(ve)]e Te kreos(9) g, (A.48)
21 ),
the first and second order Hankel transformation yield
Ta 1 [ r27 R " ()
_ _ —ikrcos(p k
H, [l,b] 7 )y, pe kded
1 roo oo s 5 ~ R
= pe*Td%k = FT ] (A.49a)
R 1 (* 27 . ]
H' ] = o [ cos() + sin(q)]e 7% kdpdk
JOo JO
1 (% ik, +k 7 n ikx+ky .
_ﬁu_mu_m(T)l’De d k fT (T)I’D y (A49b)

R
with 7 and k being vectors in the x-y-plane. Hence the Fourier transforms of the

solutions are

i, (k) :ﬁr(k)( - Z’), (A.50)

(k) = u(k). (A.51)
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The radial component can be written in Cartesian coordinates like

R . ikx+ky&
a® = & Feostp) = 4,0 ), (A522)
2B = i Bein(o) = 0 ikt hy\ Ky

For f, =1 the solution vector corresponds to the third column of the Green’s func-

tion according to Eq. (2.71)

a(k) = g.(k) = G(k)-2.. (A.53)

With this result all displacements caused by any normal forces acting on the free
surface of a linear elastic layer of thickness d can be calculated. Finding the solution
for a horizontally acting point force as boundary condition is a little more tedious,

unfortunately, as azimuthal symmetry is broken in that case.

A.5.2. 2D PROBLEM

Assuming homogeneity of i in v direction the problems dimension reduces to the
x-z-plane. The fundamental solution can be found analogously to the three dimen-
sional case using Fourier- instead of Hankel transformations. The boundary condi-

tion at the surface then writes

-8 = foo(x)e; . (A.54)
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The solution for the bulk displacement are then found to be
- ify [ ~-4v)(kz=2v+1)eKEA32) o 902 (4dks10)v+3+2k2d(d+2)+k(2d—2) |ek(20+32)
ui(k,z) = 3+
ilb2) = o7 2k [ (4k2d2+16v2-24v+10)e2Kd 4+ (3-4v)(e#kd 41) [o2K2
(3-4v)(kz+2v—1)ek? + [81/2+(4dk—1O)v+3+2d(d+z)k2+k(z—2d)]ek(z‘i”) (A.55a)
+ , .
2yk[(4k2d2+16v2—24v+10)e2kd + (3741')(e4kd+1)]62kz 55
- fo [ B-4v)(kz+2v-2)e 2k(2d+2) _ [8»2+(4kd 14)v+6+2d(d+2)k2 —k (z+4d)]52k(d+z)
u ,Z) = —5=
:(k2) 27 2pk| (4k2d2+16v2-24v+10)e2kd 4 (3-dv)(eHhd 1) [ek
(3-4v)(kz=2v+2) + [s» —(4dk+14)y+6+2d(d+2)k2 +k(z+4d) ]ede (A b)
+ ’ .
2;4k[(4k2d2+16v2—24v+10)e2kd + (3-4v)(e 4kd+1)] kz 55
‘(1 ) (3—4v)(kz—2v+2)ek(4d+32) [8v2—(4dk+14)v+6+2d(d+z)k2+k(z+4d)]ek(2d+3z)
uy(ky,z) = 5= ;
x(ke?) = o7 2,4k[ 4k2d2+16v2724v+10)e2kd + (3-dv)(etkd 1) ]e2kz
(3—4v)(kz+2v—2)e [81/ +H(4dk-14)v+6+2d(d+2)k? k(z+4d)] k(2d+2) (A.550)
+ ’ .
2yk[(4k2d2+16v2 24v+10)e2kd 4 (3-4v)e 4kd+1)] 2kz 55
o) ifo (3—4v)(kz+2v—l)ek(4d+3z)+[8v2+(4dk—l0)v+3+2d(d+z)k2+k(z—2d)]ek(2d+3z)
,Z2) = —5= -
(ks 2n 2;4k[(4k2d2+16v2—24v+10)e2kd + (3—4v)(e4kd+1)]e2k2
—(3-4v)(kz—2v+1)ekZ + [8v2—(4dk+10)v+3+2d(d+z)k2—k(z—2d>]ek(24+z> (A d)
+ .
2/Ak[(4k2d2+l61/2—24v+10)e2kd + (3—4v)(e4kd+1)]e2k2 55

with k = k,. Remember that the subscript index refers to the component of the

solution vector while the superscript index refers to the direction of the point force

used in the boundary condition. For f; = 1 and evaluated at the surface z = 0 the
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solutions correspond to the components of the Green’s function

ik 0) = G i (4K2d%+16v2 = 20v +6)e? — (1-2v)(3 - 4v)(e* + 1)
MUy o 2ky[(4k2d2+16v2—24v+1O)e2kd+(3—4y)(e4kd+1)]

_ i1 2k?d? + (3 —4v)(1 = 2v)[1 — cosh(2kd)]

"~ 27 2kp (3 4v)cosh(2kd) + (3= 4v)(1 = 2v) + 2(1 — v) + 2k2d2
(A.56a)

0 G 1 (v—1)[4kde?? - (3 - 4v)(ed - 1)
uz(k,0) = Gy = 5=
270 pik [(4k2d2 + 16v2 = 24v + 10)e2k4 + (3 — 4v)(e¥: + 1)]

_ 1 1= (3 —4v)sinh(2kd) — 2kd

"~ 21 pk (3—4v)cosh(2kd) + (3 —4v)(1 —2v)+2(1 —v)+ 2k2d>
(A.56b)

1 (v—1)[4dke?? + (3 - dv)(eHd - 1)]

U;(k,O) = GXX = - —
270 k[ (4K2d2 + 162 — 24v + 10)e2td + (3 — 4v)(e%d + 1)

_ 1 1= (3—4v)sinh(2kd) + 2dk
21 pk (3—4v)cosh(2kd)+ (3 —4v)(1 —2v)+2(1 —v) +2k2d?”’
(A.56¢)

i (4k7d7+16v2-20v +6)e*t - (3-4v)(1 - 2v)(e* +1)
27 2pk [(16v2 = 24v + 4k2d2 + 10)e2 + (3 — 4v)(e*d +1)]

u;(k,O) = sz =

AR 2k?d? + (3 —4v)(1 - 2v)[1 — cosh(2kd)]
27 2uk (3= 4v)cosh(2kd) + (3= 4v)(1 = 2v) + 2(1 —v) + 2k2d?’
(A.56d)

in agreement with Refs. [Hang1, Ess+21].
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A.6. FOURIER TRANSFORMATION OF THE TIME DEPENDENT

CONSTITUTIVE Law

The time dependent constitutive law for linear viscoelastic materials writes [DE78]

t Y
O‘ij(ﬁt) = J; E(t t)8t/ Ei]'(?,t/)-i-

exr(7,t))0;5| dt’

o 14V 1-2v
:J E(t=t)O(t—t') dpAj(t') dt’, (A.57)

where the upper integral limit has been extended towards infinity by introducing a

Heaviside function and with

1
1+v

v
1-2v

Ajj(t) = [é‘ij(?:f) + exk(751)0;5] - (A.58)

Temporal Fourier transformation then gives

~ /> 1 oo 0 ’ / N —iwt ’
ai]-(r,a)) = —J J E(t—f )@(t—t ) 8t/Al'j(lL ) e ! dt’'dt
V2r

::_ a /A / _lw T+t) dt dT
VZT(J f t ( )e
p.L —1u)r / —zwt
= E(7)e dr —J dt’, A.
E(w) Ajj(w)

with Ai]-(a)) being the temporal Fourier transform of Eq. (A.58) and

= JmE(f)e—f<“f dt = L[E1)](s), (A.60)
0

being the Laplace transform of the relaxation function E(t) with s = iw.

A.7. EULER-LAGRANGE EQuATION

Considering a functional given by the integral form

S[y] = st,vw 47
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its variation can be calculated using the weak formulation

L% (77)) d"7 = ell_)nc}oé S(¢+€¢,V(¢+€¢))—S(¢,V¢)]

1
= lim —

lim — | s(¢+ep, V(g +ep))=s(¢, Vi) d'7
0

Taylor 35(¢,V¢)) 85(¢,V¢)
. Jo op T oW

b [ (OSLVP) o 9s(,VY)
- JQ( o oY)

Vo d"7

Joar

and is given by the Euler-Lagrange equation. The surface term arising during the

partial integration (p.i.) of the second term vanishes due to ¢(7)|5n = 0.

A.8. ABSOLUTE HEIGHT FORMULATION

Consider the general form of a gradient dynamics [Eq. (2.114)]

- M—, (A.61)

000 = V-[QV(S_—{] ML
=08 T op

with mobility matrices Q and M and the vector of fields l,E

The gradient dynamics model for liquids wetting a soft substrate is introduced in
Sec. 3.4 and describes the system in terms of the local liquid layer thickness h(r) and
the substrate profile &(7). The evolution equations are given by Egs. (3.65) with the
variations according to Egs. (3.66). Neglecting the horizontal displacement for the

moment, the general gradient dynamics structure is given by Eq. (2.114) with

S (h S - mo0 00
D = ] _{: 5»;] 0 = ., M = e (A.62)
< oY 5T - 0 0 0 =
Now, the profile of the actual liquid-gas interface is given by C = h+ £ and it may

be desirable to express the model in terms of C instead of h. The transformation

between these variables is given by

o' =Ty, =TIy (A.63)
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with
e o (11 1 -1
=", T= ‘ﬁ = and T7'= . (A.64)
< o 0 1 0 1
The variation vectors transform like derivatives, i.e.,
_ —. - Ine; 817[)/ _ _
op; &Pj o oY oy’
The dynamics in terms of C and & are thus obtained as
o0 = To,p = V- IQVO—{ - TM(S—f = V- Tvaéf — TMTT Of .
oy op - oY oY
It seems the mobility matrices transform like
Q =TQTT and M = TMTT, (A.66)
i.e., in this case
/ (C_€>3 0 ) 1 1 1
= = and = — A6
Q Q ( 0 0 - |1l 1 (4.67)
With a free energy of the form
1 2 32>
Flh&] \/1+ (Vh+VE 4o+ fI1+(VE2 4 5E2 A7 (A68)
& & = J‘/ +o+ FC—E)J1+(VE)2+ 1552d27, (A.69)
the variations in the absolute height description would be given by
oF VC
— = V| —— |- THC = &)1 +(VE)?, (A.70a)
ot ( 1+<VC)2] ) ’
oOF [0+ f(C-&)]VE 1
— =-V- +TI(C = &)Af1+(VE)2+ =&, (A.70b)
58 ( T+ (Ve)? 5 ’



224

=

rel(x)

FiGure A.2.: Visualization of the displacement vector iZ(x) relative to the pre-stretched state, given
by the displacement i/, (x). To reconstruct it from i7(x) the pre-stretched position x., has to be
found assuming € - il = Ul Xe With constant imposed ul,. Note, that X corresponds to the La-
grangian coordinate of the undeformed state.

and finally the dynamics write

g ev.licoepv®] - L1, ( V¢ ]_ _[[o+f(C—é)]Vé),
Xe v[(c E,)Vbc] T{Sé e =

atgz_z[zg_v,[ ve )_v_([mf(c-anva]]_
TS 1+(VC)? 1+(VéE)?

As required, d;C = dh + d; can be recovered from this form.

A.9. EULERIAN HORIZONTAL DISPLACEMENT RELATIVE TO

PRE-STRETCH

In the investigation of the Shuttleworth effect often the displacement 7. (x) relative

to the state of applied pre-stretch, as given by i/ (xs), is desired. The position x,

’

after application of the pre-stretch Ao, = (1 —ul,)~!, where ul, = 9,(&, - ils,) = O ul,,

is found to be
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Hence the relative displacement is uZ,(x) = u*(x) and

X

U (%) = X —Xoo = U (X) = UL (Xso)
= uN(x) — U Ao X
=ut(x)—[Aeo — 1]X
(%)

Remember, that stretch and strain are related A —1 = ¢.
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B. METHODS

B.1. MEesoscoric CoNTACT REGION MEASURES

As discussed in Sec. 3.3 and shown in Fig. 3.6 the three phase contact line, e.g., of
a drop, becomes a continuous region in the mesoscopic picture. In consequence,
the definition of an effective location for the macroscopic three phase contact line,
e.g., to calculate the base radius of a drop, is rather diffuse too. There are multiple

methods conceivable on how to quantify this position in the mesoscopic picture:

1. Deflection point: The certainly most frequently used method is to simply use
the deflection point of the liquid-gas interface, i.e., the maximum of |V(h +
&)|. Since the curvature of the profile changes sign at the contact region the
deflection point marks its inner boundary, i.e., the base radius of a drop is
slightly underestimated with an error O(h,). This method works well also in

dynamic situation and independent of the softness regime.

2. Analytic fit: If a steady drop on a perfectly rigid or quasi-liquid substrate
is considered, the shapes of the liquid-gas and solid-liquid interfaces, h + &
and &, are known to be spherical caps (in the full curvature formulation) or
parabolas (in the long wave limit). The two interfaces can then be fitted by the
respective functions and the intersection of both fits defines the contact line
position. This method fails in situations where rapid dynamic are considered
since the analytic shapes are valid for steady drops only. Further, this method
requires knowledge of some characteristic quantities, like the curvature of the
interfaces or base radius of. Note, that in the regime of intermediate elasticity
an analytic expression for the substrate deformation is known only in the long-

wave formulation.

3. Wetting ridge tip: A very solid way to determine the contact line position is
by measuring the position of the wetting ridge tip, i.e. the local maximum of
&. There are, however, situations conceivable where the position of the contact

line does not coincide with a maximum in &, e.g., in the slip phase of a stick-
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slip motion, or where the determination of a maximum of & becomes difficult,

e.g., in the perfectly rigid or liquid limit.

. Tangent crossing: Here a tangent is created to deflection points of h+ & and &

inside the drop closest to the contact region. The intersection of these tangents
defines the macroscopic contact line position. This method is quite reliable but
slightly overestimates the base radius of a drop. This error increases with the
curvature of the drop. It should be mentioned, that often only the liquid-gas
interface tangent and its intersection with z = 0 is used. This procedure causes
an even higher overestimation error ~ Emax/tan(elg), however, and should not

be used off the rigid limit therefore.

Pseudo Tangent: Here a tangent is created to the deflection point of 4 (instead
of h+ &) and its intersection with z = 0 defines the contact line. This method
usually provides values similar to method 4 but is computationally cheaper
since only one tangent has to be calculated. Note, however, that in case of
further deflection points in h close to the contact line, e.g., due to large de-
formations in the substrate close to the contact line as is the case in stick slip

motion, a care has to be taken in the selection of the right one.

Maximum curvature / minimum disjoining pressure: The liquid-gas inter-
face usually exhibits a very large positive curvature at the contact region where
the transition from drop to adsorption layer takes place. The point of max-
imum curvature is thus well suited to define the position contact line. At
equilibrium that exact same position corresponds to the minimum of the dis-
joining pressure [I(h). The latter is known to exhibit a minimum at V2h, and
to quickly approach zero for values above. Since, this value is crossed only at

a contact region, the minimum of Il(h) gives almost the same results.

Except for case 2, where they can be calculated directly from the slope of the fit func-

tions at their intersection point, the contact angles are usually defined by the slope

at the three deflection points of &+ & (Ig) and &, inside the wetted region (sl) and

outside (sg) it. Further, it should be mentioned that if numerical data are consid-

ered the accuracy of the methods 1, 3 and 6 is limited by the spatial discretization.

Hence, the measured position of the contact line changes stepwise which is an issue

when it comes to numerical differentiation. This inconvenience can be avoided by

fitting the profiles locally, meaning in immediate proximity of the selected point,

and determining a new position from the fit. This is of cause computationally more

elaborate. In Fig. B.1 contact line positions determined by the different methods
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are shown on the example of a spreading drop on a soft substrate in the long-wave

limit.
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Figure B.1.: Visualization of different methods for the determination of the macroscopic contact line
position in the mesoscopic picture on the example of a spreading drop on a soft substrate in the
long-wave limit. The blue and red shaded regions represent the liquid and substrate, respectively.
The delimiting solid lines are the solid-liquid and liquid-gas interface profiles, & and h+ &. The
symbols mark the x-values of the contact line positions determined by the different methods. The
fit functions to the liquid-vapor and solid-liquid interfaces are shown as black dashed lines. The
tangents to the inner deflection points are displayed as dotted lines and the pseudo-tangent as
dashed-dotted line. The insert shows a zoom into the contact region and gives the x-z-positions
obtained by the different methods. Obviously, the deflection point (®) and the tangent intersection
with z = 0 (Y) are poorly suited to determine the contact line position, while all other methods
provide very similar results.

B.2. FiNiTE ELEMENT METHOD

The finite element method (FEM) is a numerical discretization scheme that allows
for easy treatment of low order spatial derivatives and is very useful e.g. for solv-
ing partial differential equations. This section is supposed to give a brief overview
over the principal principles of FEM as used e.g. in the object-oriented open-source
C++ library oomph-1ib [HHo6b, HHo6a] or the MATLAB based continuation software
pdez2path [UWR14], both of which have been extensively used to produce the results
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presented in this thesis. However, the FEM is a rather complex matter involving a
variety of technical subtleties that are beyond the scope of this work and are there-
fore better read up in the more extensive literature e.g. Refs. [Bec+82, Hac86, EGo4,

ZM13] on which the following section is based.

B.2.1. WEAk FORMULATION

Consider a problem of the form
D(rir) =0, il,,=% (B.1)

with i7(¥): Q - R" being an unknown function, that is desired to be found, defined

on a connected and bounded subset () C R”. The operator D is assumed to be of
04
a_r]?
orders g € N. Hence, n € IN\@ defines both, the number of equations D; and fields u;

the same dimension as i and may contain partial differential operators of any

and thereby it does not matter whether n > m or vice versa. The principle of weak
formulation claims that Eq. (B.1) is equally solved by extinguishing the weighted
residual

—

R(7) = Lﬁ(?ﬁﬂ’(?))d)(?) d"7 = 0, (B.2)

with ¢(7) being any test function that satisfies the homogeneous boundary condi-
tion qb'ao = 0. For this integral to exist the functions i and ¢ have to meet certain
requirements, namely they have to be square integrable and i has to be at least
dmax-times weakly differentiable. Since ¢ is not affected by any derivatives there
is no requirement for its differentiability. The differentiability requirement (d.r.)
of i7, however, is quite restrictive and can indeed be loosened a bit by using par-
tial integration. Lets for example consider the homogeneous Laplace equation in
two dimensions and with u being a scalar function D(x,v,u(x,v)) = Au, then the

weighted residual can be written like

R(u) = JQ(Au)cpdxdy = LQ(Vu-r_z’)q’) ds—JQVu-V¢ dxdy,

=0

with the surface term vanishing due to the homogeneous boundary conditions ¢|30 =
0. That way a derivative acting on i can be easily diverted to act on ¢ instead, ef-

fectively reducing the d.r. of u by one but increasing the d.r. of the test function
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to k(¢p) > 1. In principle, even further partial integrations can be carried out to dis-
tribute derivatives between i7 and ¢, effectively relaxing the d.r. to k(i) +k(¢) > gmax-
It should be kept in mind, however, that the surface terms do not necessarily van-
ish in that case since no prerequisites were set for the derivatives of i and ¢ at the
boundaries. An other way to reduce the d.r. of both, i and ¢ is by introducing

auxiliary fields. Consider for example the simple problem
R(u) = j (aiu(x)) ¢(x)dx = 0,
Q

i.e. m=n=1and gmay = 4. Introducing an auxiliary field v(x) = d2u, and thus the

additional equation D, = d2u —v = 0, we get

Rilu) = = [ @) @u)dr =0,
Ro(u,v) = JQv ¢ dx—L(Bxu) (dyp)dx = 0,

where partial integration has been carried out already. Now, the d.r. of u, v and ¢ is
reduced to k > 1 in exchange for an increased number of equations that have to be
solved. In many cases of FEM applications, and so in this thesis, this trade is readily

made.

B.2.2. GALERKIN METHOD

The distinction of requirements placed on 7 and ¢ regarding e.g. their differentia-
bility is quite inconvenient. It therefore seems reasonable to expand both of them

in the same complete basis {i;(7)}

@7 = ) Oai(P) and  ¢(F) = ) Diy(7), (B.3)
i=0 i=0

effectively discretizing the problem in terms of the discrete coefficients U; and ;.
Now, the requirements on differentiability and normalizability are placed on the ba-
sis functions. Formally speaking, they have to be elements of a Sobolev space Sg’p, ie.
k-times weakly differentiable while maintaining the LP-norms, where p > 2 and k
depends on the formulation of the problem. The subscript in Sy implies that homo-
geneous boundary conditions are satisfied by its member functions and while this
is absolutely desirable as far as ¢ is concerned, we might want to impose different

boundary conditions for the field i#. As mentioned above Neumann boundaries of
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8u,~ _ . . . .
the shape ar: lag = ¢ can be imposed by evaluating the surface integrals, emerging

during the partial integration, accordingly. To also realize Diriclet boundaries of the

form 17|<9Q = g, or to enable the solution to assume values LTI&Q # 0 in the first place,

—

a partial function u, can be added which takes the desired value at the boundary

p
but vanishes everywhere else in the domain

#(F) = i+ ) Ti(P). (B.4)

=0

Inserting the expansions into the weighted residual yields

Ry =S o [ B
(@) ]ZO]L

=0

i

R(if)

Since the solution must hold for any test function ¢ the value of the coefficients ®;
are irrelevant and only 73](17) = 0 must be satisfied for all j. Further, the differential
operators in D acting on i(7), or after partial integration on ¢(7), ultimately only
affect the base functions ;(7). If the latter are wisely chosen, their derivatives are
well known and at best also simple, such that the integral in 721(17) can be analyt-
ically calculated. The problem then reduces to a system of algebraic equations for

the coefficients ﬁi.

B.2.3. DISCRETIZATION AND SHAPE FUNCTIONS

The system of algebraic equations for the coefficients U, is supposed to be solved nu-
merically, which constitutes a significant restriction, namely the computation power
of the used machine. This includes not only the limited amounts of data that can be
processed but also the time period required to do so. Since solving infinitely many
equations may take a moment and every minute of life time spend waiting for re-
sults is perceived as unbearable agony, one is usually content with a finite number
of equations, trading quality of the solution for quality of life. In practice this is
realized by canceling the series expansion (B.3) after a finite number M of terms,
thus giving only an approximate representations of # and ¢. Under all the assump-
tions made, there is still a whole range of function spaces that could serve as a basis
{;(7)}, depending on the problem some are better suited then others, however. A
very prominent example is the Fourier expansion where periodic functions like com-

R
plex exponentials ;(7) = exp(iki . 7) are used as basis functions and the coefficients
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indicate how prominent a frequency El- is represented in the solution. The extent
M of the expansion thereby defines the number of frequencies that are used for the
approximation. While the Fourier expansion is a formidable choice when it comes
to the treatment of periodic problems, it suffers from Gibbs artifacts and aliasing ef-
fects when ever problems with strong scale separations are considered, i.e., strongly
localized structures in an otherwise (in)homogeneous region or extreme gradients
in general. In such cases it is convenient to directly discretize the domain () in-
stead of the corresponding Fourier space. In FEM this is realized by dividing the
domain Q) into multiple little segments, the name giving elements e, building a par-
tition P(Q)), i.e., egpe = (. Because of all the element edges that run through the
domain like filaments, the partition is also commonly referred to as mesh. Even
though the element shapes are arbitrary in principle, each must yet be definable
by the same (finite) number of points #7 € Q, the so called nodes, usually describ-
ing the boundaries and/or corners. It is therefore recommended to keep it simple,
e.g., by using triangles or rectangles or the like (in 2D). It is these nodes where the
coefficients U; = i#(77;) will be evaluated, i.e., i is sampled. Note, that the partition
P(Q) is not strictly disjunct in a sense that neighboring elements share a common
border and the nodes that are part of it. More precisely, two elements a,b € P with
a # b are neighbors if their union a4 U b forms a connected space and for such a pair
anb=dandb=0. One major advantage of this approach is that the resolution of
the mesh can be flexibly adjusted locally where ever required, which is known as
adaptive mesh refinement. Whether that is necessary is decided based on a local er-
ror which in oomph-1ib is determined using a Z, error estimation [ZZ92a, ZZg2b].
If the local error exceeds a preset target error the resolution of the mesh is locally
increased by splitting an element into multiple new ones, i.e., by adding further
nodes. The key feature of FEM is the element-wise treatment of the problem, i.e.,
the element-wise evaluation of the integral in Eq. (B.5). For that to be accomplished
piece-wise defined base functions of finite support are employed, such that the in-
terpolation condition ;(i7;) = 9;; is satisfied. In other words, every base function
takes non-zero values only in the vicinity of the node it is assigned to and vanishes
at every other. And still there are many conceivable options for such a basis to pick
from, but the most common means of choice are polynomials. Thereby the order of
the polynomial determines the quality of the interpolation, the differentiability and
the number of nodes required per element. The decision on which order to choose
should be made with regard to the requirements of the problem, e.g., the highest
order derivative in D. Note, that the finite support of the base functions usually

exceeds the range of one element and that different base functions, even though
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piece-wise defined, overlap with each other for their superposition to reconstruct
the solution i. Depending on the author the phrasing element in FEM may also re-
fer to these finite support base functions ¢; or their areas of definition or both. In
Fig. B.2 a linear piece-wise base function, also referred to as hat function, ; is shown
in a two dimensional domain discretized with triangular elements, defined by three
nodes each. In consequence, the summation in Eq. (B.5) is performed only over all
those base functions, or their derivatives, that are supported by the respective el-
ement. Hence, the larger the spatial support of the base functions (in number of
elements) the more base functions are supported by an element and the more terms
have to be considered in the sum. The integration results can in principle be orga-
nized in a tensor K;; acting on the coefficients U; and which becomes sparser with
increasing confinement of the base function support. Once evaluated this matrix
has to be calculated anew only if the mesh has changed. As this happens quite often
when adaptive mesh refinement routines are utilized, it is sometimes more efficient
to keep looping over the elements instead. In practice the integration is performed
only once on a normalized reference element. Since the actual elements are by no
means always congruent with such a reference element or even of equal size for that
matter, a transformation is required to map them. To evaluate the integral over the
original element the normalized value is simply scaled by the Jacobian determinant
of the transformation. In some problems it may occur that the boundaries of a vari-
able and/or the conditions for if at this boundaries are not entirely known. This is

usually the case if initial value problems of the form
o; = D(7,t, (7, 1)) (B.6)

are considered. Instead of adding such a variable, lets call it t, as an other dimension
to the grid and evaluating the derivative 0,i(t) from the base functions ;(t) the
dependency remains in the coefficients lji(t). Assuming the coefficients to be known
at a certain value t,, a numerical integration scheme can be employed to numerically
estimate the derivative d, l_fl-(th) at an other value t,,; = t,,+At,,;. The variable ¢ is
thus discretized by the finite step size At,. In oomph-1ib the implicit second order
Backward Differentiation Formula (BDF2) [Foro1, CAC14] is used

(1+2a,)Ui(tper) = (1 + an)2 Ui(ty) + a2 Ui(t,_y)
(1+a,)Atyy

0, Ui(tn1) = , (B.7)

with a,, = At,;1/At, and a potentially non uniform time discretization At, | # At,,.

In fact At, is adapted after every step such that a predetermined target error is
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not exceeded analogously to the mesh refinement routine. This error is commonly
calculated by comparing the estimated value with the one obtained by an other ref-
erence method, e.g., in oomph-1ib the trapezoidal rule. Note, that the resolutions in
such a variable t and the resolution of the mesh, i.e., the density of nodes #, can not
be arbitrarily chosen but are intrinsically coupled by the Courant-Friedrichs-Lewy
condition [CFL67] VAt < A#f. Tt states, that the change V in 7of a quantity during the
change At must not exceed the minimum distance A7 of nodes in the mesh for nu-
merical stability to be maintained. Obviously, the BDF2 requires knowledge about
the previous solutions at times t,_; and t,_, to calculate the derivative at present
time Qtﬁi(tn). Therefore, the numerics have to be given an initial guess for i/ to start
from. Once the derivatives in t are calculated the system of algebraic equations
can be solved for the coefficients ffi using the a Newton-Raphson method [Deuos],
effectively searching for the zeros of the residual. In Fig. B.3 an exemplary recon-
struction of a hypothetical function u(x,v,t) as a superposition of piece-wise linear

base functions on a two dimensional domain with triangular elements is shown.

Ficure B.2.: Visualization of the global piece-wise linear base function ¥;(F) (red shaded) corre-
sponding to the node 7; (red dot) in domain Q) (blue shaded) with triangular discretization. De-
pending on the author the phrase elements may refer to either these piece-wise shape functions and
their associated domains, or to the segments (here triangles) the domain is split up to, or both.

B.2.4. AprpricaTiON TO THE THIN-FiLM EQuATION

In many cases () represents a spatial domain such that the nodes are coordinates
in space and dim(Q) < 3. The models considered in this work usually describe the
vertical extension of a structure, e.g., a liquid drop, on a two dimensional domain.
Furthermore, these structures are often assumed to be homogeneous in one direc-

tion reducing the spatial dimension of () to one. For the matter of this work we
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Ficure B.3.: Exemplary reconstruction of a solution u at time t, as a superposition of pice-wise linear
base functions (red surface) on a two dimensional domain Q) of triangular elements (blue surface).
Even though u is assumed to be a smooth function the structures look quite edgy, indicating that a
mesh refinement is required.

settle with the already mentioned hat functions as finitely supported base func-
tions. These are of differentiability k = 1 and consequently the equations have to be
prepared in a way that only first order derivatives appear, by using partial integra-
tion and auxiliary fields. On the example of the thin-film equation this can be done

by introducing the pressure p as an auxiliary field

h3
oih = V-[EVpl and p = -y, Ah-TII(h).
As this equation describes the dynamics of h starting from some arbitrary profile,
we got an initial value problem in the time variable t. After using partial integration

the weak formulation reads

h3 W3
—(Vp 77 ds—f l—v Vop—-0,h | d’F =0,
LQ3,7<p>¢ |5 vo-aing
j Vlv(Vh-ﬁ)cde—j[ylVVh-V¢+(H+p)¢] d’7 =0,
20 Q
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with only first order partial derivatives. Expanding in the basis {¢;} the residuals
write

R; =3 ZPZJ (Vip; - 7@ ds——szj (Vip; - V;) d°F +Zah Jq,% d27=0

K, K7 Kfj
R Vleh J\ vﬁbz ] dS—Vl\ZhlL(nglng]) d277— Z(H(hl)"'pl)Lle’vbj dz_): 0.
1 1

The integrals can now be calculated in an element-wise fashion, i.e. for each j,
and eventually sorted in tensors K. The resulting system of algebraic equations can
then be solved for the coefficients l_fi = (h;, p;) " using the iterative Newton-Raphson
method.

B.3. NewTtON-RAPHSON METHOD

The Newton-Raphson method is one of the most common (if not the one) algorithms
for the determination of roots i, of a given function 73(17) and was first invented by
Isaac Newton (1669) and Joseph Raphson (1690) [Kelo3, SMo3, Pano6]. It is based
upon the linear extrapolation of the tangent to R at an initial guess iy. Using a
Taylor expansion the problem can be linearized

) ~ Rlitg) + J (i) (it — ifg) = 0, (B.8)

<

R
and inverted to solve for the approximate root

, = iy — T ()R (i) - (B.9)

<)

where jZ](uO) = R |4 is the Jacobian matrix evaluated at i7y. Even though the solu-

tion if, is only the root of the tangent to R at i, it is still assumed to be much closer
to the real root i, than the initial guess i itself. Using lﬁ} as new initial guess and
repeating the process should therefore yield an even better approximation. After
multiple iterations the approximated root ur eventually satisfies max [R( ] <e€,
with € being a predefined target error that has to be undercut. Even though the
Jacobian can be analytically calculated and doing so would improve accuracy and
spare computation time, it is often evaluated numerically, e.g., by a lower-upper (LU)

decomposition as used in oomph-1ib [Pano6, Wen17].
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F1GURE B.4.: Schematic visualization of continuation routines. Starting from an initial guess 1 the
initial solution ug is found using a Newton-Raphson method. The natural continuation (a) performs
discrete steps AA in the continuation parameter and calculates the next solution u,,; using the
previous one as initial guess ,,1 = u,. If a solution branch folds at a critical value A the natural
continuation routine fails to follow it. The pseudo-arclength continuation (b) predicts a guess for
the next solution in tangential direction As (red solid line) and corrects it then (red dotted line).
Since the corrector searches for a solution orthogonal to the tangent, also very steep or even folding
branches can be followed.

B.4. PARAMETER CONTINUATION

In Sec. B.2 the procedure for solving partial differential equations using finite ele-
ment methods has been discussed. It was mentioned, that a BDF2 scheme is em-
ployed for the treatment of initial value problems, e.g., the temporal integration of
the dynamical equations for a field i#(7,t). In case of passive and dissipative ther-
modynamic systems, however, the dynamics usually terminate in a stable steady
state associated with the minimum of a governing potential. Often it is just these
steady states that are desired to be known, while the temporal evolution leading
there might be of minor interest only. Furthermore, many systems depend on a
set X of independent parameters the values of which may dramatically influence
the systems behavior. A previously stable state, for example, might suddenly be-
come unstable or cease to exist upon even small changes AX. Such sudden changes
in a systems qualitative behavior in consequence of crossing a critical value /TC are
known as bifurcations. It is easily imagined, how the knowledge about those bifur-
cations is of crucial importance in many areas, e.g., when ever the stability of a state
is to be guaranteed even under fluctuations in X. The naive numerical approach to
such a problem would be to solve the dynamics for several values of Xina given

interval of interest and to evaluate the long-term behavior, effectively sampling the
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solution branch in parameter space. Of course this approach is quite laborious and
time intensive and fortunately there is a smarter way. Imagine a decent initial guess
could be made directly for the stable steady state that might be reached at the end
of a time simulation. In that case it was way more convenient to directly solve the

static equations

—

it = D(FA#7H) =0, (B.10)

instead. Such an initial guess may not be available for arbitrary parameters though.
Assuming the solution branch to be smooth, however, a single initial guess, for XQ
lets say, is all it takes. As discussed above the time stepping scheme is based on
the estimation of the next solution, i.e., at a future time, from the current one using
a BDF2 method. If the guess is close enough to the real solution the latter can be
found using the Newton-Raphson routine. This way the dynamics is followed in
time t in small steps. The same principle can be applied to changes in X instead
of t. Provided the changes AX are sufficiently small, a solution i, at /Tn is assumed
to serve as suitable initial condition for the static problem at Xn+l = Xn + AXHH to
find 7,,;. This way a solution branch can be followed through parameter space
using a two step routine: 1) predicting the next solution, i.e., changing X while
and keeping the solution i fixed, 2) correct the solution using the Newton-Raphson
method. This procedure is known as natural parameter continuation and not only is
it way more efficient, it also allows for the reconstruction of unstable steady solu-
tion branches once such a solution is found. While an initial solution of a stable
steady state branch is easily obtained by solving the dynamics, an unstable state to
start of is rather intricate to find. If the problem is linear an analytic solution can be
sought, which is rarely possible in case in non-linear systems though. If the dynam-
ics can not be solved for any reason or the solution it leads to is not the one desired
the homotopy method can be used. In this method the equation is first linearized by
multiplying the non-linear terms with a fake parameter e which is initially set to
zero. The linear equation can then be solved analytically and a continuation can be
performed in € until € = 1 is reached. Aside of that, unstable solutions may eventu-
ally be found via bifurcations from a stable one if only the right path in parameter
space is followed. A very common example is the so called fold or saddle node bifur-
cation, where an initially stable solution branch becomes unstable at a critical value
XC and turns around. Or to put it another way, a stable and an unstable steady so-
lution branch meet at /TC and annihilate. In Fig. B.4 an exemplary solution branch

is shown for such a scenario in terms of a characteristic scalar solution measure as
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a function of a single continuation parameter A. A commonly used solution measure

to characterize spatially extended fields is the L?-norm

= @7y = \/%JQ (7). () dm7, (B.11)

with V = fQ d"7being the volume of Q), though various other integral measures are
conceivable. The example of the saddle node bifurcation furthermore demonstrates
the limits of the natural parameter continuation routine, namely the inability to
follow such a branch along the fold since very close to it the next continuation step
would shoot beyond the critical point A > A. where no steady solution exists any-
more (see Fig. B.4(a)). For that very reason the pseudo-arclength continuation method
has been developed, the principle of which is roughly described in the following,
following the Refs. [Kel79, TVNo1, KOGo7, Eng+19]. As the name suggests, this
method intends to follow the solution branch not in an orthogonal manner, i.e., by
changing X at fixed i and then correct if at fixed X, but along its arclength s € R.
Instead of seeking for a solution LT(X) both the solution as well as the continua-
tion parameters are parameterized by the arclength and the branch is defined by
s — U(s) := (i(s), X(s)), where now 1 is treated as an additional vector of unknown
variables. In practice, the arc is approximated by performing small discrete steps
As, = s, —s,_1 along the tangent T, = g—f . to the solution branch. In order to ap-

proximate the arclength the normalization

. o, Xy =
N (pi1, Ang1sSne1) = X< 5 AMn+1> (1_X)<a_:’A)‘n+l>_Asn+1 =0, (Ba2)

is introduced, with (:,-) denoting the inner product and the factor 0 < y <1 weight-
ing how the distances Aif,,,| = if,,,1—il, and AXyy = X=X respectively contribute
to the (pseudo-)arclength As,,; =s,,1 —s,. A common choice is x = dim(X)/dim(LT),
i.e., weighting i and Xequally. Here if, = il(s,) and A, = A(s,). The problem is then
given by

s) = (17(5)) . (B.13)
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with the Jacobian J;; = % taking the form
)

Dy(s) 9,D(s) oD. S ON
Js) = | with (&)U = d (/\/L,)i =—5—. (Bay)
Nl (s) 9\N(s) / ’
It can be used to find the tangent vector by solving
d7P oP ov; P L, 0P
E— : a—vlg"f-g—o — T——Z g, (BIS)
or when expanded
o 9D IA
&—S + ﬁg =0 (B16)
- Ji  INIA ON
N s Y o T s (B17)
The tangent is normalized in the weighted inner product
(DT, = X, )+ (1= x4, Xo) (B.18)

A prediction for the next solution can then be found by moving a distance As along

the tangent

Z? 1 IT aanAS 1

N n+ n Js —on+ N N

Upel = | & = [)—:] + QXSH ] = vn+A5n+1Tnl (B19)
Ans1 n S Aspi

and the solution branch then be approached by solving

- i_l (5)7’1-#1)7)(7%717%) (B.20)

<\

= —_—
Un+l = Un+l

using a Newton-Raphson method. The advantage of the pseudo-arclength method
is that solutions are searched for only in the complement of the tangent space as-
sociated with 7. More precisely within the hyperplane defined by A’ = 0 which
is perpendicular to 7 in the weighted inner product. That way even folds can be
followed as shown in Fig. B.4(b). Note, that the real part of the eigenvalues of the
Jacobian determine the linear stability of a solution and can be tracked to check if
the stability changes, i.e., to detect bifurcations. Just as was done with the contin-

uation parameter A further equations may be added to the system, e.g., to ensure
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specific secondary condition like conservation laws or the like. Though, every ad-
ditional equation also requires an additional degree of freedom that can be solved
for, a so called Lagrange multiplier. That way also bifurcation points can be followed
through parameter space which requires multiple parameters to be set free, i.e., a
multiple parameter continuation, which is quite useful to draw the borders at which
stabilities change. For a deeper insight into the functionality of continuation tech-
nics consult Refs. [Kel79, KOGo7, Dij+14, Eng+19, Jer+11, SD12, Mar+12a, Lim12,
Thi21] or the manuals of the two continuation softwares pde2path [UWR14] and
auto-o7p [DKKg1], both of which have been used to produce the results of this

work.

B.5. LINEAR STABILITY ANALYSIS

In the investigation of many systems continuation techniques such as described
in App. B.4 represent a powerful tool to provide extensive information about the
steady states that exist in a given section of parameter space. For a proper interpre-
tation of the resulting bifurcation diagrams usually also the stability of the respec-
tive solution branches is required. Consider an equation of the form

0,0 = D(Fep(r), (B.21)
with D being some kind of differential operator including spatial derivatives of ar-
bitrary order and ¢’being a set of parameters. Assume that a steady solution zﬁo of
this equation is known for a fixed set of parameters ¢, such that atzﬁo = ﬁ(Eb, gﬁo) =0.
Such a solution can then be investigated regarding its stability by imposing an in-
finitesimal perturbation ng(r_i t) to the known solution and solve the dynamics to
observe whether it grows in time, then the steady state is unstable, or decays back
to the initial solution, in which it is considered stable. Solving the dynamics is not
a matter of ease of course, since the governing equations, that is the differential op-
erator D, may be highly nonlinear. As indicated by the naming, the idea of linear
stability analysis is to linearize the dynamics such that they can, in principle, be
solved analytically if an analytic expression of 150 is known. To do so, the perturbed
solution I,E: lﬁo + ezﬁp(?, t) is introduced into the equations (B.21) and the latter are

then expanded in a Taylor series about € = 0

0G5 = 24y +eiy) = B(7 o+ Gy 720)  B{7 0 )+ 2 (78 B0)- = O,
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which, since zﬁo is a steady state and satisfies atgﬁo = 5(1,30) =0, yields
at‘ﬁp = 1(7: %llﬁo)'ﬁp , (B.22)
where J is the Jacobian matrix of the system

—> dD;
Jij no) = =—. (B.23)
(red) = 2
Assuming the eigenvectors v;(r) associated with the eigenvalues A; of J to form an

orthonormal basis, the perturbation may be expanded like

Gp(Pt) = ) adi(7) e, (B.24)

- [Z(Fe %) - L] 7(7) = 0. (B.25)

According to Eq. (B.24) the eigenvalues A; determine whether a perturbation of the
shape 7;(F) would grow in time (Re[A;] > 0) when imposed to lEO or decay until it
vanishes (Re[A;] < 0) and the original 470 is occupied once more. In addition a non
vanishing imaginary part Im[ ;] # 0 indicates, that a time periodic behavior will be
induced by the perturbation. Indicating the principal directions of growth and de-
cay of a perturbation, the eigenvectors associated to eigenvalues with positive and
negative real part are also referred to as destabilizing (excitation) modes and stabiliz-
ing modes, respectively. If the projection of Jp on at least one destabilizing mode
does not vanish, it is destabilizing as well. In general a steady state QBO is considered
linearly stable only if all eigenvalues are A <= 0 and linearly unstable else. Being
derived from the differential operator D (cf. Eq. (B.23)) the Jacobian also inherits the
spatial derivatives, acting on Jp and complicating the matter. The Jacobian and its
eigenvalues are therefore often evaluated numerically and some continuation soft-
wares, like e.g. pde2path, directly calculate the stability of the states along the way.
Striving for an analytical solution, this problem is circumvented by considering the

equation in Fourier space as will be demonstrated in the next section.
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B.5.1. LINEAR StABILITY OF THIN L1QuUID Firms

In what follows the principle of linear stability analysis is applied to the simple
example of a liquid film on an elastic substrate to demonstrate how an analytical
approach may look like. Consider the dimensionless gradient dynamics Eq. (3.65)
along with the long-wave variations and the parameters given in Egs. (3.75) and
(3.76), respectively. A known steady solution of these equations is a homogeneous
liquid layer of thickness h(x) = hy covering an undisturbed level substrate £(x) =0,
ie., QEO = (hg,0)7. Next the equations are linearized by assuming an arbitrary per-
turbation of small amplitude elﬁp = €(hp,&p) T Since the dynamics of the elastic
substrate are linear already and the horizontal displacement u, decouples from the
other fields and is therefore not considered in the first place, only the liquid equa-
tion (3.75a) has to be treated. Here we find two nonlinear terms, namely the mo-
bility Q(h) and the disjoining pressure [1(h) both of which are linearized by Taylor
expansion, i.e., Q(h) = Q(hg) + €9y, Q(hg)hy and T1(h) = I1(hg) + €y, I1(hg)hy, reveal-

ing

Oth = 9y (Q(H)I,[-03(h+ &) - T1(h)])

)perturb
Or(h+ehy) = 0y (Q(h+ehy)Ox[-03 (ho + ehy + e&p) = T1(hg + ehy)])
Oy(h+ehy) = 9y (Q(ho)9x[~3ho —T1(ho)]) linearize
+ €0, (9, QU0 [~92ho — T1(hg)])
+ 0. (QU0)Ix[ =03 I + &p) = Do TT (o) ]| +O(e?) simplify

Othy = Oy (Q(ho)Ix[ =03y + &) = Iy, TT (o))

Note, that all derivatives can be shifted past hy as it is constant. The linearized

evolution of the perturbation is thus given by
Ithy = Qho)[=0 (I +&p) = Iy T(h0) O], (B.26)
L5 e %
0iép = ;(ax(hp+5p)+03x5p—?) , (B.27)

and can be written in the form

hp) _ (= QU)l9% + O, TI(ho)o% ~Q(ho)dy hp
8t[€p] ) [ 0% %[(1+0)a§_ﬂ]'[5p]' (B.28)
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which takes the shape of Eq. (B.22). As mentioned in the previous section the issue
of spatial derivatives in the Jacobian is to be avoided by transforming to Fourier
space, effectively replacing d, — —ik. This is done by expanding the perturbation

in harmonics, i.e.,

—

Pp(7it) = \/%_HJ-_OO Py (k) e R AR g (B.29)

leaving us with the eigenvalue problem

Q(ho)[=k* + 9y, TT(ho)]k> — A ~Q(ho)k* hp(k)) _
12 1 2,1 ' = 0. (B.30)
~Lg “Ha+ok?+ 1] -2) (&0
The eigenvalues are then found to be
1 1 2
/\1/2 = Etr(i)i\/ztr(i) —det(i)
with  tr(7) = QoK+ Tk - % [(1 ro)k2+ %]
and  det() = — 2o 20 [~k + 114 [(1 Lok 4 1]
= T T S
or written out
Aijalk) = %(Qo[—kung]kt%[(1+a)k2+§])i\/i4(Qo[—k2+ngl]k2+§[(1+o)k2+§])2+%k6 (B.31)

where the abbreviations Qy = Q(h) and ITj = JI1(h)l;=p, are used. Inserting the
eigenvalues into the eigenvalue problem Eq. (B.30) reveals the eigenvectors. It is
found that Ay (plus sign in front of the square root) represents a contradictory be-
havior of 7 and £ in a sense that a local increase of h, comes along with a decrease in
&p- In other words, the respective entries of the corresponding eigenvector carry op-
posite signs. On the other hand, A, represents a behavior in which the tendencies of
h, and &, are aligned. Unfortunately, the expressions of the eigenvalues Eq. (B.31)
are quite unwieldy and so are the corresponding eigenvectors, which are not written
down here for that reason. Yet some information that can be drawn from this result.
First of all, it is found, that a homogeneous perturbation, i.e., k = 0, leads to
1

/\l(k:O) =0 ) /\z(k:O) = —;, (B32)
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with the corresponding eigenvectors

7 = ((1)] ;B [_01]. (B33

This means, that a homogeneous perturbation of liquid layer thickness h at fixed &
(with gb_; = (hp, &) T =11 = (1,0)T = (1,0)7) remains steady in time due to A; =0,

while a homogeneous perturbation of the substrate at fixed liquid layer thickness

N

(lﬁp = (hp,&p) T = 75 = (0,-1)T) will decay with a characteristic time scale T ~ —/\% =
sT just as was found in Sec. 3.6.1. We further note, that A, is always negative and
the associated modes always stabilizing in consequence. In contrast, A gives rise to

a short wave instability in a range 0 < k < k., with

\/5(1+0)H6—1+\/405H6+(1—5(1+0)H6) B
_ . 34

o =
max 205

Since kg vanishes for hy = h. = V2, this is exactly the thickness where the liquid
film is expected to become unstable against perturbations (of infinite wave length)
in a pitchfork bifurcation. In Fig. B.5 the eigenvalues are shown as functions of the
wave number (also referred to as dispersion relation) for different parameters along

with the associated eigenvectors.
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Ficure B.5.: The eigenvalues and eigenvectors obtained from a linear stability analysis of a homoge-
neous liquid layer on an undisturbed soft substrate. Panels (a), (c), (e) and (g) show the dispersion
relations, i.e., the eigenvalues A; (solid) and A, (dashed) as functions of the wave number k under
variation of a parameter as given by the color bar of the respective line. Panels (b), (d), (f) and (h)
show the corresponding eigenvectors ¥'= (v, v)" at the wave number corresponding to A = Ay
While A, is always negative, A usually is positive in a finite wave number range 0 < k < kp,¢ and
exhibits a maximum at k > 0. An exception is shown in panel (c) where the dispersion relations for
the four lowest h values have their maximum at k = 0 and are always stabilizing. Consequently, the
two corresponding eigenvectors are aligned with the positive x- and negative y-axis respectively. If
not varied the parameters are set to the default values s = 102, hy=1.5,0 =1and 7 = 1.
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