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Abstract
In this thesis, we study in a theoretical framework nonlinear optical systems that
can generate frequency combs and temporal localized states (TLSs), which are
essential for applications in high-precision metrology, optical communication, and
ultrafast signal processing. Specifically, we analyze two different systems capable
of producing pulsed emission: injected Kerr resonators and passively mode-locked
(PML) lasers. We develop delay differential equation models from first principles,
which we study using analytical and numerical techniques.

In the first part of the thesis, we investigate a Kerr–Gires–Tournois interferom-
eter. This recently proposed setup consists of an injected micro-cavity containing
a nonlinear Kerr medium, which is coupled to a long external cavity closed by
a feedback mirror. Depending on whether the injection is red- or blue-detuned
with respect to the micro-cavity resonance, the system operates in the normal or
anomalous dispersion regime, respectively. In the normal dispersion regime, TLSs
are created by the locking of domain walls that connect the bistable continuous
wave (CW) states. Higher-order dispersive effects lead to oscillatory domain wall
tails, allowing the fronts to interlock at discrete distances. This enables the for-
mation of both bright and dark TLSs as peaks on the lower or dips on the upper
CW state, respectively. While these properties can be explained by employing the
Lugiato–Lefever equation, the validity of this mean-field model is limited only to
weak injections. On the other hand, our model is not subject to these limitations
and hence allows to explore much richer dynamics beyond the mean-field limit.

The second part of the thesis focuses on the interaction of TLSs in PML lasers.
When multiple pulses circulate in a cavity, they interact with each other in many
ways. Among these, we focus on interactions via carriers, overlapping tails, and
satellites induced by time-delayed feedback. These interactions govern the de-
grees of freedom of the TLSs, particularly their phases and positions. To study
their dynamics in more detail, we project the full high-dimensional phase space
onto the subspace of the phases and positions. The resulting equations of motion
demonstrate important implications regarding the notion of coherence in PML
lasers. In short cavities, where the pulses are trapped in an equidistant configu-
ration, the pulses’ phases behave like coupled oscillators in the Kuramoto model
with nearest neighbor interactions. In longer cavities, where the translational
mode is not damped, we describe many interesting dynamical regimes such as
periodic states and stable non-equidistant configurations.
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Kurzzusammenfassung

In dieser Arbeit untersuchen wir in einem theoretischen Rahmen nichtlineare
optische Systeme, die Frequenzkämme und zeitlich lokalisierte Zustände (TLS)
erzeugen können, die für Anwendungen in der hochpräzisen Messtechnik, der op-
tischen Kommunikation und der ultraschnellen Signalverarbeitung unerlässlich
sind. Konkret analysieren wir zwei verschiedene Systeme, die gepulste Emis-
sion erzeugen können: injizierte Kerr-Resonatoren und passiv modengekoppelte
(PML) Laser. Wir entwickeln Modelle basierend auf retardierten Differentialgle-
ichungen, die wir mit analytischen und numerischen Methoden untersuchen.

Im ersten Teil der Arbeit untersuchen wir ein Kerr-Gires-Tournois-Interfero-
meter. Dieser kürzlich vorgeschlagene Aufbau besteht aus einer injizierten Mikro-
kavität, die ein nichtlineares Kerr-Medium enthält und mit einer langen exter-
nen Kavität gekoppelt ist, die durch einen Rückkopplungsspiegel geschlossen
wird. Je nachdem, ob die Injektion in Bezug auf die Resonanz der Mikrokav-
ität rot oder blau verstimmt ist, arbeitet das System im normalen oder anomalen
Dispersionsbereich. Im normalen Dispersionsbereich werden die TLS durch die
Kopplung von Domänenwänden erzeugt, die die bistabilen Dauerstrich-Zustände
(CW) verbinden. Dispersionseffekte höherer Ordnung führen zu oszillierenden
Ausläufern der Domänenwände, so dass die Fronten in diskreten Abständen in-
einandergreifen können. Dies ermöglicht die Bildung sowohl heller als auch dun-
kler TLS als Spitzen auf dem unteren bzw. Senken auf dem oberen CW-Zustand.
Diese Eigenschaften lassen sich zwar mit der Lugiato-Lefever-Gleichung erklären,
aber die Gültigkeit dieses Mean-Field Modells ist nur auf schwache Injektionen
beschränkt. Unser Modell hingegen unterliegt nicht diesen Einschränkungen und
ermöglicht daher die Erforschung einer viel reichhaltigeren Dynamik jenseits der
Mean-Field-Grenzen.

Der zweite Teil der Arbeit befasst sich mit der Wechselwirkung von TLS in
PML-Lasern. Wenn mehrere Pulse in einer Kavität zirkulieren, interagieren
sie auf vielfältige Weise miteinander. Dabei konzentrieren wir uns auf Wech-
selwirkungen über Ladungsträger, überlappende Ausläufer und Satelliten, die
durch zeitverzögerte Rückkopplung entstehen. Diese Wechselwirkungen bestim-
men die Freiheitsgrade der TLS, insbesondere ihre Phasen und Positionen. Um
ihre Dynamik im Detail zu untersuchen, projizieren wir den gesamten hochdimen-
sionalen Phasenraum auf den Unterraum der Phasen und Positionen. Die sich
daraus ergebenden Bewegungsgleichungen zeigen wichtige Implikationen für den
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Begriff der Kohärenz in PML-Lasern. In kurzen Kavitäten, in denen die Pulse in
einer äquidistanten Konfiguration gehalten werden, verhalten sich die Phasen der
Pulse wie gekoppelte Oszillatoren im Kuramoto-Modell mit Wechselwirkungen
der nächsten Nachbarn. In längeren Resonatoren, in denen die Translationsmode
nicht gedämpft ist, zeigen wir viele interessante dynamische Zustände wie peri-
odische Zustände und stabile nicht-äquidistante Konfigurationen.
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1. Introduction

The invention of the laser marked a turning point in science and technology in
the middle of the 20th century. The foundation for the invention was laid by
Albert Einstein in 1916 when he proposed the concept of stimulated emission
[1]. It took until 1954 that this translated into an experimental realization by
Charles Townes and James Gordon [2]. While their device operated in the mi-
crowave regime, the first laser in the optical domain was demonstrated in 1960 by
Theodore Maiman [3], which lead to the 1964 Nobel Prize in physics. Since then,
lasers have found applications in a vast range of fields ranging from telecommu-
nications [4] to medicine (e.g., laser surgery and imaging) [5], as well as manufac-
turing, including material processing, laser cutting, and welding [6] to name just
a few. In these examples, lasers are primarily used as a monomode continuous-
wave (CW) source, meaning that a single laser mode corresponding to a standing
wave, oscillates in the laser cavity. On the other hand, if the other laser modes are
not suppressed and the individual modes evolve without a fixed phase relation,
the output intensity is a slowly evolving waveform due to the arbitrary interfer-
ence between the multiple modes. However, by enforcing a fixed phase relation
between the modes – a technique known as mode-locking (ML) – it is possible to
generate extremely short, high-intensity pulses. In the frequency domain, these
pulses correspond to an optical frequency comb, consisting of a series of equally
spaced spectral lines. In 2005, Theodor W. Hänsch and John L. Hall were awarded
the Nobel Prize in physics for their contributions to the development of optical
frequency comb technology, which revolutionized precision metrology [7]. In the
following years, frequency comb technology has expanded into other fields and
found applications in, e.g., optical clocks [8], dual-comb spectroscopy [9], and
astronomical spectrograph calibration for exoplanet detection [10].

The link between the spectral and temporal representations of frequency combs
is visualized in Fig. 1.1. The frequency comb (left) is centered around the carrier
frequency ω0 of the pulse. Each spectral line corresponds to a plane wave of which
the real part is shown in different colors in the right panel of the figure. These
frequencies correspond to the cavity modes of the laser. Due to the fixed phase
relation between the modes, the plane waves can interfere constructively, meaning
their maxima align, which leads to the formation of a pulse in the temporal
domain. For the rest of the time, the plane waves no longer maintain a fixed
phase relation and interfere destructively resulting them to cancel each other

1



1 Introduction

Figure 1.1: Schematic of a frequency comb. The pulses in the right panel have a
carrier frequency ω0 and repeat with a period T . This corresponds to the frequency
comb shown in the left panel. Each peak in the power spectrum |Ê| stands for a plane
wave with the given frequency. At the maximum of the wave packet, the plane waves
interfere constructively.

out. The pulse repetition rate T is related to the spectral spacing of the comb
lines by ωrep = 2π

T
. Additionally, the pulse duration Tp is inversely proportional

to the width frequency comb’s envelope. In other words, the shorter the pulse
duration, the more modes are locked together, and the higher the peak intensity
of the pulse.

The concept of frequency combs is linked to localized states (LSs) where certain
physical quantities (such as energy or mass) are confined to a specific region
rather than spreading uniformly across a system. LSs can be observed in nature
in various of systems ranging from vegetation patterns [11] to electronic states in
disordered materials [12]. Generally, the localization can occur in space, time, or
both. In optical systems, localized states in dispersive and diffractive nonlinear
resonators were observed and predicted more than 30 years ago and the resulting
structures are termed cavity solitons [13–16]. Spatial localization can occur in the
transverse plane of optical resonators, where cavity solitons appear as localized
intensity peaks across the resonator’s aperture [17]. Temporal localized states
(TLSs) can be used to generate arbitrary patterns in the time domain in the
output of a fiber laser and therefore, can be used as bits of information [18–21].

TLSs can be generated in dissipative systems which are paired with an external
driving force providing gain to the system. Therefore, optical TLSs form in an
interplay of gain and losses and are also termed dissipative solitons [22]. In this
thesis, we consider two mechanisms for the creation of TLSs in optical systems,
namely mode-locking [23] and dispersive Kerr resonators [18, 24]. An important
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1.1 Mode-Locking

differentiation between them is, that mode-locking is a phase-invariant process
while the frequency comb of a Kerr resonator is phase-locked to an external
injection.

1.1. Mode-Locking

The term mode-locking refers to the process in which the cavity modes of a res-
onator are locked in certain phase relations. Usually, the lasing modes do not
phase-lock spontaneously and additional elements are inserted in the laser cavity
to promote pulsed operation. These elements provide gain (amplification) and
losses (dampening) to the electric field. Here, one differentiates active and passive
mode-locked systems. In systems with active mode-locking, the losses are mod-
ulated with a frequency that is synchronized with the modes of the cavity [25].
The modulation is typically realized using either an electro-optic or an acous-
tooptic intra-cavity modulator [26–30]. This approach leads to a very regular
train of pulses, however, the pulse width is limited by the speed of the external
modulator [25].

On the other hand, in passively mode-locked (PML) systems, losses are provided
by a passive element, generally a saturable absorber. The gain section is elec-
trically or optically pumped, thereby generating an inversion of charge carriers,
and the absorber section has a reverse bias applied to it [31]. For the mechanism,
it is essential that the gain and absorber are depleted at different rates. This
is illustrated in Fig. 1.2. The different depletion rates of the gain (green) and
losses (red) open a window of net-amplification around the pulse shown in shaded
green. Then, the absorber recovers faster than the gain such that there are net
losses (shaded red). Hence, the carriers act as pulse-shaping elements where the
width of the pulse is controlled by the ratio of the depletion and recovery rates.

For the experimental implementation of PML, one can employ Vertical-Cavity
Surface-Emitting Lasers (VCSELs). VCSELs are circular disk lasers emitting
by their surface. Their height is only a few micrometers, while their diameter
ranges from several micrometers to hundreds of micrometers, with arrays reach-
ing millimeter scales. The short propagation length in VCSELs is compensated
by stacked, highly reflective, distributed Bragg mirrors. Further, one can couple
a VCSEL to a semiconductor saturable absorber mirror (SESAM) in a face-to-
face configuration, and thereby create a long external cavity, which can be easily
tuned in length from a few centimeters towards several meters [21]. This setup
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1 Introduction

Figure 1.2: Schematic illustrating the principle of passive mode-locking. Around
a pulse, the absorber is depleted faster than the gain such that a window of net-
amplification is opened (shaded green). For the rest of the time, there are net-losses
(shaded red) as the losses outweigh the gain.

corresponds to a nonlinear Fabry–Pérot interferometer and is termed Vertical-
External-Cavity Surface-Emitting Laser (VECSEL). VECSELs have proven to
provide excellent performance such that sub-picosecond pulse trains can be real-
ized [32–35]. In VECSELs the interplay between the potentially wide aperture
and the thermal lensing, diffraction, and nonlinear refraction index change leads
to complex transverse spatial dynamics [36, 37]. Their transverse dynamics, and
the consequence of coupling high finesse micro-cavities with a time delay τ , are the
source of complex and interesting temporal and spatio-temporal dynamics [38].

A PML can operate in the fundamental mode-locked (FML) regime, where
a single pulse circulates in the cavity, or in the harmonic mode-locked (HML)
state, where N equidistant pulses reside within the cavity. An important limit
case is the long-cavity limit where the cavity size is much larger than all other
time scales in the system [39]. When operating a VECSEL in the long-cavity
limit and below the lasing threshold, that is, the off-state of the laser is stable,
individual pulses become TLSs, which can be independently placed throughout
the cavity [21]. Further, we note that frequency combs created by PML lasers
are phase-invariant. Studying the interactions of the TLSs – both in position
and phase – is one of the focuses of this thesis. For the theoretical modeling, we
employ a ring cavity in order to benefit from the broad theoretical background
that is present for this simple design [40, 41]. A schematic setup is shown in
Fig. 1.3. Here, five pulses circulate in the main cavity of size τ and each of
them possesses a phase and position as indicated by the blue and orange arrows,
respectively. The pulses can interact with each other via several mechanisms.
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1.1 Mode-Locking

Figure 1.3: Schematic of a unidirectional ring cavity of length τ with five pulses per
round-trip. The cavity is mode-locked by a saturable absorber and coupled to a time-
delayed feedback loop with round-trip time τf , feedback rate η and phase Ω. Each pulse
circulating possesses a phase φi and position zi. The pulses are non-equidistant and
their respective satellites induced by time-delayed feedback exhibit different amount of
overlap with neighboring pulses.

First, each pulse creates a depletion in the gain (cf. Fig. 1.2) that influences the
next pulse [42]. Next, the decaying tails of the pulses can overlap, enabling a
coherent interaction [42, 43]. Finally, recent work demonstrated the influence of
time-delayed feedback on the output of a PML laser; see e.g. [44–48]. Here, we
take time-delayed feedback into account by introducing a second cavity of size
τf (cf. Fig. 1.3), which is coupled to the main cavity by a factor of ηeiΩ, where
η represents the strength of the feedback and Ω introduces an additional phase
shift. This leads to the appearance of satellites in the main cavity, cf. the small
pulses, which interact with the main pulses and thus, influence their position and
phase [44, 45]. We note that all of these interaction are not limited to ring cavities
but occur in the same way in VECSELs, as there, the pulses cross in the external
cavity in free space such that no additional interaction is added. Hence, it is
sufficient to consider a ring cavity to study the pulse interactions in a VECSEL.

For the theoretical and numerical analysis, we employ a model derived from
first principles, which is based upon delay differential equations (DDEs) [41]. In
the uniform field limit, where gain, absorption and losses are small, the DDE
model is equivalent to the established Haus Master Equation (HME) [25].

5



1 Introduction

1.2. Dispersive Kerr Resonators

Another approach to generating frequency combs utilizes dispersive resonators
containing nonlinear media, which are pumped with a monomode CW beam.
Hence, in contrast to the frequency combs created by PML, these combs are
phase-locked to the CW injection. Most commonly, the nonlinear medium is
a Kerr medium, which is a material exhibiting a third-order (χ3) nonlinearity.
However, there have also been important demonstrations using materials with
second-order (χ2) nonlinearities for frequency conversion and microwave pho-
tonic applications [49, 50]. Depending on the application, the resonator can
be a high-Q microring, which ranges from a few micrometers to millimeters in
diameter and therefore can be integrated in photonic chips [24, 51, 52], or a
fiber loop, which can be several meters long [18, 53]. A Kerr medium exhibits an
intensity-dependent index of refraction. This results in a process called four-wave
mixing [54]. Here, two pump photons are converted into an “idler” and a “signal”
photon of frequency ωi and ωs, respectively. These photons are in phase and are
positioned symmetrically around the pump frequency ω0 with an offset ∆ω. The
value of this offset is determined by a phase-matching condition that is fulfilled
for the cavity modes. That is, the offset corresponds to the free spectral range
2π/τ where τ is the cavity length. Hence, four-wave mixing describes a process in
which energy is transferred between frequency components. Successive four-wave
mixing creates the Kerr frequency comb, cf. Fig. 1.1. Finally, the interplay of
dispersive properties of the resonator, the nonlinearity of the Kerr medium and
the external injection lead to the formation of dissipative cavity solitons that may
be used as addressable bits in all-optical information storage and processing [18,
24].

Recently, an alternative setup was proposed that aims to combine the advan-
tages of dispersive Kerr micro-resonators and mode-locked VECSELs while mit-
igating their limitations [55]. This Kerr–Gires–Tournois Interferometer (KGTI)
employs a broad micro-cavity like in a VECSEL, which contains a Kerr medium.
The maximum achievable power of mode-locked VECSELs is limited by the use of
dissipative nonlinearities (gain and saturable absorption), which require a thor-
ough thermal management. On the other hand, Kerr micro-resonators exhibit
numerous advantages such as high quality factors (up to Q = 1010) and the pos-
sibility to integrate them in photonic chips, however, the small transverse size
inherently limits the generated optical power and forbids the multiplexing of in-
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1.2 Dispersive Kerr Resonators

formation in e.g. higher-order transverse or polarization modes. The KGTI is
not subject to these limitations and thus, can achieve a high output power while
enabling spatio-temporal dynamics leading to applications employing spatial mul-
tiplexing [55].

1.2.1. The Injected Kerr–Gires–Tournois Interferometer

A Gires–Tournois Interferometer (GTI) is essentially an asymmetrical Fabry–
Pérot resonator composed of two face-to-face mirrors where one has a very high
reflectivity and the other is partially transparent [56]. A GTI induces controllable
dispersive effects while typically second-order group velocity dispersion (GVD)
is the dominating effect [57]. Its amount is tunable by choosing the operating
frequency with respect to the cavity resonance. Using a red or blue detuning, one
can achieve either normal or anomalous dispersion. At resonance, GVD vanishes
such that higher order effects such as third-order dispersion become dominant.

Here, we consider a GTI in which a thin slice of a nonlinear Kerr medium is
embedded and that is coupled to a distant feedback mirror forming an external
cavity. A schematic setup is shown in Fig. 1.4. The micro-cavity of length τc

containing the Kerr medium is enclosed by two Bragg mirrors with reflectivities
r1 and r2, respectively. It is injected by a field Y that circulates in the external
cavity of size τ ≫ τc. The output O is the difference between the micro-cavity
field E and the external field Y . The feedback mirror has a reflectivity η and
exerts a phase shift ϕ. The whole setup is subject to monomode CW injection of
amplitude Y0 and frequency ω0.

From a modeling perspective, typical Kerr resonators are well modeled by the
Lugiato–Lefever equation (LLE) or coupled-mode models [24, 58–64] in the limit
of a small intracavity power. The LLE is derived by modeling the propagation
in the resonator by the nonlinear Schrödinger equation (NLS) with boundary
conditions defined by the Ikeda map that links the output with the input while
taking the injection into account [65]. In a mean-field approximation, this results
in the LLE [66]. While the LLE captures the fundamental dynamics of Kerr-
frequency-comb-generation, many aspects lie beyond its reach and domain of
applicability. For instance, the existence of multi-stability and “super cavity
solitons” was demonstrated both experimentally and theoretically using the NLS
equation with boundary conditions defined by the Ikeda map [67, 68]. On the
other hand, the model describing the dynamics in the KGTI is based upon Delay
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1 Introduction

Figure 1.4: Schematic of the Kerr–Gires–Tournois interferometer, which is composed
of a micro-cavity containing a Kerr medium coupled to a long external cavity of size τ
that is closed by a mirror of reflectivity η. The setup is driven by a monomode injection
field Y0.

Algebraic Equations (DAEs) [55], that are not limited in applicability to the
mean-field limit. In this thesis, we will theoretically study this model derived
from first principles employing analytical and numerical tools, and thus, unveil
many aspects of the dynamics in the KGTI. The work lays the foundation for a
future experimental realization of this proposed setup.

1.3. Outline of the Thesis

The thesis is structured as follows. In Chapter 2, we introduce various theoretical
preliminaries and concepts that are used throughout the thesis. Next, in Chap-
ter 3, we derive the dynamical models for the systems under study, namely the
KGTI (Section 3.2) and a passively mode-locked ring laser (Section 3.3).

We proceed with studying the dynamical regimes in the KGTI in Chapter 4.
First, we consider the conservative case where the external cavity is closed and no
injection is present leading to the demonstration of integrability and reversibil-
ity in a time-delayed system (Section 4.1). The study of the dissipative KGTI
starts with an extended analysis of the steady states and their stability in (multi-
dimensional) parameter-space, which gives an overview of the dynamical regimes
(Section 4.2). In the following, we explore the complex dissipative patterns that
can emerge in the KGTI system. In particular, we study bright and dark TLSs,
which consist in the locking of domain walls that connect the bistable steady
states. We underline our analysis by deriving a normal form that describes this
process as a minimal pattern formation scenario (Section 4.3). Next, we explore
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the range of existence of the locked domain walls in different parameters and
describe interesting dynamics such as chaotic regimes (Section 4.4). Finally, we
study their formation in the weakly dissipative limit (Section 4.5). In the last four
subsection, we analyze the formation of square waves (Section 4.6), explore tem-
poral localized structures beyond the mean-field limit (Section 4.7) and study the
influence of two-photon absorption (Section 4.8), before concluding our results on
the KGTI in Section 4.9.

In the next Chapter 5, we study the dynamics of multi-pulse states found in
the output of a PML laser. We use a superposition ansatz to describe a solution
consisting in N pulses per round-trip, and from that, derive effective equations
of motion (EOM) for the pulses’ N phases and N positions, thus expressing the
dynamics of the 2N degrees of freedom. From that, we can consider two cases.
First in Section 5.2, we study shorter cavities for which the position and phase
dynamics are decoupled because the translational mode is damped due to strong
carrier interactions. Hence, the dynamics is fully described by the EOM for
the N phases, which is equivalent to the Kuramoto model with nearest neighbor
interactions. This equivalence has important consequences for understanding the
phase relation and thus, the coherence of the HML state. The second case in
Section 5.3 applies to cavities where phase- and position dynamics occur on the
same time scales. Here, one needs to study the full 2N -dimensional EOM. We
perform a detailed bifurcation analysis of the parameters of the time-delayed
feedback and explore the vast dynamical regimes. The results of the chapter are
then concluded in Section 5.4.

Finally, in Chapter 6, the results of this thesis are summarized, and an outlook
towards the possibility of further studies is given. The appendix contains details
on the numerical methods and schemes used throughout this thesis (Appendix A),
the full derivation of the normal forms for the KGTI (Appendix B) and the
complete derivation of the EOM for multi-pulse states PML lasers (Appendix C).
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2. Theoretical Preliminaries

In this chapter, we introduce important theoretical concepts that are used through-
out the thesis. We begin with introducing dynamical systems that include time
delays, see Section 2.1. In Section 2.2, we present how to determine the linear sta-
bility of steady states in such systems. Finally, in Section 2.3, we clarify the link
between time-delayed and spatially extended systems. In particular, we present
two schemes to derive a normal form from a time-delayed system.

2.1. Dynamical Systems with Time Delay

Dynamical systems describe how state vectors evolve over time based on deter-
ministic rules and are therefore relevant in virtually all fields of natural sciences,
as well as in economics and engineering, e.g., for modeling market dynamics or
control systems [69]. They are formalized either as iterative maps when consid-
ering discrete time-steps, or as differential equations for the case of continuous
time evolution. These systems can be nonlinear, which makes their study more
involved as they – in general – cannot be solved analytically anymore. Nonlinear
dynamical systems where extensively studied and formalized in the last century,
such that there is a large framework to build upon and of which we want to
mention key aspects relevant for this thesis.

A fundamental aspect of dynamical systems is the classification of their so-
lutions. These can be fixed points, periodic orbits, quasiperiodic orbits (i.e.,
tori), and even more complex invariant sets (termed strange attractors), which
all describe invariant manifolds in the respective phase space. The manifolds can
either act as attractors or repellers depending on their associated linear stabil-
ity. Further, the dynamics also depends on system parameters which define the
potential landscape in which the trajectories evolve. Here, the nonlinearity of
the system plays a crucial role because it allows small shifts in parameters to
lead to qualitative changes of the system behavior, which is called a bifurcation
point. Important bifurcations include saddle-node (SN or fold), Andronov-Hopf
(AH), torus, period-doubling, transcritical, and pitchfork bifurcations. All of the
mentioned are local bifurcations that can be described by a local normal form.
That is, any system that exhibits a certain local bifurcation is locally equivalent
to the respective normal form. This differentiates them from global bifurcations
which cannot be described by a local normal form. Hence, in a global bifurcation,
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not only the local environment of an equilibrium changes, but the phase space
as a whole undergoes a critical transition. Important global bifurcations include
homoclinic and saddle-node infinite-period (SNIPER) bifurcations [69].

The simplest form of a dynamical system is given by an ordinary differential
equation (ODE) of the form ẋ (t) = f (x (t) , t) where x ∈ Rn is the state vec-
tor and t is time. Here, the RHS defined by f is time-dependent, making the
system non-autonomous, whereas a time-independent system is referred to as au-
tonomous. While for a dynamical system described by an ODE all action are
instantaneous, this is often not the case in real-world scenarios, where the prop-
agation velocity of signals is, in general, finite. Hence, the proper mathematical
modeling needs to take this into account, such that the dynamics in these systems
do not only depend on the current state of the system, but also its past [70, 71].
Examples for such systems range from applications in economy [72], over climate
modeling [73] to active matter [74], just to name a few. Such systems are modeled
by delay differential equations (DDEs), which can formally be written as

Mẋ = f (x (t) , x (t − τ) , t) , (2.1)

where τ is a time delay. In general, also multiple delays τ1, . . . , τm, state or time
dependent delays and time delays in spatially extended systems are possible [75–
77]. Further, M is a mass matrix, which defines the time scales of the components
of ẋ. In particular, M can be singular making the evolution instantaneous. Here,
some parts in Eq. (2.1) do not contain temporal derivatives but can contain
delays. Hence, these equations are not dynamical but rather define an algebraic
constraint and are therefore called delay algebraic equations (DAEs). Another
form of delayed equations are neutral delay differential equations (NDDEs). Here,
the dynamics also depend on the temporal derivative of a delayed state

ẋ = f (x (t) , x (t − τ) , ẋ (t − τ) , t) . (2.2)

However, one can show that every NDDEs can be written as a DAE. We simply
define y = ẋ (t), which leads to

ẋ = f (x (t) , x (t − τ) , y (t − τ) , t) , (2.3)
0 = y − f (x (t) , x (t − τ) , y (t − τ) , t) , (2.4)
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which is a DAE for the new state vector v = (x, y). Hence, NDDEs are a subset
of DAEs. It must be noted that this equivalence does not go in both direction.
A DAE cannot always be translated into a NDDE.

An important consequence of systems containing a delay is that they are infinite
dimensional [78]. This can be easily seen, when considering Eq. (2.1) as an initial
value problem. Here, the initial state needs to be defined over and interval [−τ, 0)
and thus, exhibits infinitely many degrees of freedom.

Due to the difficulties to obtain analytical solutions in nonlinear dynamical sys-
tems, numerical methods play an important role in their analysis. In particular,
one can use numerical schemes for time-integration and, therefore, perform direct
numerical simulations (DNS). On the other hand, numerical path continuation
techniques offer a powerful tool for a more cohesive analysis. For more details on
the numerical schemes used in this thesis, see Appendix A.

2.1.1. Two-Time Representation

An important limit for systems with time delays occurs, when the delay becomes
much larger than all other time scales in the system and, therefore, forms its own
independent time scale. This is referred to as the long-delay limit. Mathemat-
ically this means, that we can consider a time trace x (t) as x (t) = x (ξτ + z)
where ξ ∈ N counts the round-trip number and z ∈ [0, τ ] is defines the dynamics
within one round-trip [79, 80]. This property is visualized in Fig. 2.1. The signal
in panel (a) can be cut into pieces of length τ , that can be stacked next to each
other, see panel (b). There. we can observe that the signal exhibits a drift. The
drift stems from the fact that a physical system has a finite causal response time.
Hence, the actual period of the solutions T is slightly larger than the time delay
τ in the long-delay limit. This is visualized in Fig. 2.1 (c), where we cut the trace
in pieces of length T > τ such that the drift vanishes.

The visualization represented in Fig. 2.1 (b),(c) allows to observe the dynamics
of a DDE over many round-trips, which is a useful tool to study the long-term
behavior of a system. Further, it reveals that time-delayed systems exhibit a
fundamental similarity to spatially extended systems [79, 81]. In this context,
Fig. 2.1 (b) is referred to as a two-time (or space-time) diagram as it visual-
izes the dynamics of a “space-like” variable z along a slow time ξ, that counts
the round-trip number. Further, using T instead of the natural time scale τ as
the folding parameter, corresponds to going into the co-moving reference frame.
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Figure 2.1: The signal in (a) stemming from the simulation of a time-delayed system
with time delay τ can be cut into pieces of length (b) τ and (c) T > τ to observe the
long-term dynamics.

However, one has to remember that the “space” in Fig. 2.1 is not periodic but
rather connects the end of one round-trip to the beginning of the next round-trip.
Denoting x (ξ, z) = x (ξτ + z), this property can be written as

x (ξ, τ) = x (ξ + 1, 0) . (2.5)

For the comparison of this type of boundary condition to a standard periodic
boundary condition, it is instructive to consider the respective time traces as
ways to fill the surface of a cylinder. While the trajectory of a spatially extended
system with periodic boundaries forms rings that are stacked on top of each other,
the time trace of a time-delayed systems is a single string that curls around the
cylinder.

2.2. Linear Stability of Steady States in Time-Delayed
Systems

Determining the linear stability of steady states in a time-delayed system needs a
more refined approach compared to ODEs. We consider a general non-autonomous
time-delayed system Mẋ = f (x (t) , x (t − τ)). Here, a steady state x̃ satisfies
f (x̃, x̃) = 0. To determine its stability, two different cases need to be differenti-
ated. First, there are eigenvalues stemming from the delayed part of the equation.
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In fact, there is an infinite number of these eigenvalues [70]. In Section 2.2.1 it
is shown, that these discrete eigenvalues lay on a continuous curve in the long-
delay limit. Hence, this spectrum is called the pseudo-continuous spectrum of
eigenvalues [70, 82]. On the other hand, there are eigenvalues stemming from the
instantaneous part of the equation, cf. Section 2.2.2.

2.2.1. Pseudo-Continuous Spectrum of Eigenvalues

To determine the pseudo-continuous spectrum of eigenvalues of a steady state,
we consider small perturbations δ to the state vector and linearize the system

M
d

dt
(x̃ + δ) =f (x̃ + δ, x̃ + δτ ) (2.6)

⇔ δ̇ = f (x̃, x̃)︸ ︷︷ ︸
=0

+Aδ + Bδτ , (2.7)

where A = ∂f (x, xτ )
∂x

∣∣∣
x=x̃

, B = ∂f (x, xτ )
∂xτ

∣∣∣
x=x̃

and the index τ refers to the delay
state. We consider perturbations δ (t) = δ0e

λt, λ ∈ C, which yields the following
equation

(
Mλ − A − Be−λτ

)
δ = 0, (2.8)

where the solutions for the eiqenvalues λ are defined by the characteristic equation

det
[
−Mλ + A + Be−λτ

]
= 0. (2.9)

This equation is transcendental, i.e., in general it posses an infinite number of
solutions for the eigenvalues λ. However, according to the general theory [83],
the eigenvalues are bound to the right and accumulate solely at Reλ → −∞ such
that only a finite number of eigenvalues determines the stability [70]. It is shown
in [84] that the major part of the solution of Eq. (2.9) falls on the following curve:

λ = γ

τ
+ iµ with γ, µ ∈ R. (2.10)

This ansatz makes sense intuitively, as any perturbation induced by the time-
delayed nature of the system can only grow as fast as the delay. Hence, we can
assume that the growth rate (Re (λ)) is inversely proportional to the time delay.
Further, in the long-delay limit, where τ is large compared to other time scales

15



2 Theoretical Preliminaries

in the system, all terms proportional to τ−1 vanish. Using this and the scaling
Eq. (2.10) in Eq. (2.9) gives

det
[
iMµ − A − Be−γe−iµτ

]
= 0. (2.11)

Defining g = e−γe−iµτ leads to

det [−iMµ + A + Bg] = 0, (2.12)

which has possibly multiple solutions g = gj (µ) ∈ C. Taking the absolute value
of gj and solving for the real part γj yields

γj = − ln |gj (µ)| . (2.13)

This equation defines the (multiple) branches of the pseudo-continuous spectrum
of eigenvalues λj = − ln|gj(µ)|

τ
+ iµ, which are parametrized by µ. To find explicitly

the position of the eigenvalues on the pseudo-continuous spectrum, we need to find
the discrete values µk for which eigenvalues exist. We restart with the definition
of gj (µ) = e−γj e−iµτ and rearrange for the imaginary part of the eigenvalues

⇒ eiµτ = 1
eγj gj (µ) =

(
gj (µ)
|gj (µ)|

)−1

= e−i arg(gj(µ)). (2.14)

This equation defines the positions of the eigenvalues on the pseudo-continuous
spectrum as the imaginary part needs to satisfy

µkτ = − arg (gj (µk)) + 2πk, k ∈ Z. (2.15)

In general, the solutions µk need to be found numerically. An important conse-
quence of Eqs. (2.10) and (2.15) is, that the distances of the imaginary and real
parts of two neighboring eigenvalues both scale with τ−1. That is, the spectrum
becomes denser for longer delays.

2.2.2. Instantaneous Eigenvalues

The instantaneous eigenvalues stem from the immediate response of the system
to a perturbation [70, 85]. Therefore, we neglect the time-delayed part of the
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equation and simply consider the characteristic equation

det [−Mλ + A] = 0, (2.16)

where A = ∂f (x, xτ )
∂x

∣∣∣
x=x̃

. Because of this, there are rank (M) instantaneous
eigenvalues to the generalized eigenvalue problem in Eq. (2.16). Hence, there is
only a finite number of instantaneous eigenvalues.

2.3. From Time-Delayed to Spatially Extended Systems

We already introduced the similarities between time-delayed and spatially ex-
tended systems in Section 2.1.1, in particular by the two-time representation
presented in Fig. 2.1. Further, the pseudo-continuous spectrum of eigenvalues
described in Section 2.2.1 can be understood as a dispersion relation. In this
section, we aim to exploit these similarities in order to directly translate a time-
delayed into a spatially extended system. That is, we want to find a normal
form in form of a partial differential equation (PDE) describing the dynamics of
a time-delayed system in some specific limit. Normal forms are a minimal set
of equations that exhibits a certain dynamics [86]. That is, for every dynami-
cal system undergoing a local bifurcation, the dynamics on a suitable invariant
manifold is captured by the normal form of that bifurcation.

For the analysis of time-delayed systems the derivation of normal forms is
a powerful tool because many physical properties such as diffusion and disper-
sion are hidden in the time-delayed representation, while in a PDE, they have
a one-to-one correspondence to specific terms. For instance, the coefficient of
first derivative in space is the drift velocity, the second order derivative in space
controls diffusion and so on. Therefore, we can unveil how the parameters in a
time-delayed system control the physical phenomena that can be observed.

To summarize, our goal is to approximate a DDE such as

Mv̇ = f (v, v (t − τ) , p) (2.17)

by a PDE normal form

∂ξy = f
(
v, ∂zv, ∂2

zv, . . . , p
)

(2.18)

around a critical value pc of the control parameter p. In order to derive the
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normal form, we make use of the separation of time scales occurring in delayed
equations in the long-delay limit (cf. Section 2.1.1). That is, there is a fast time
controlling the evolution within a round-trip and a slow time scale controlling the
evolution from round-trip to round-trip [79]. This allows us to define a smallness
parameter as

ϵ = 1
τ

≪ 1. (2.19)

Next, we normalize the time delay in Eq. (2.17), which yields

ϵMv̇ = f (v, v (t − 1) , p) . (2.20)

This equation is our starting point to derive a normal form equation. In the
following, two derivation schemes are presented. These are a derivation via a
multiple-time scale approach (cf. Section 2.3.1) and via a functional mapping
approach (cf. Section 2.3.2). Finally, a normal form for a simple example is
calculated using both schemes, cf. Sections 2.3.3 and 2.3.4.

2.3.1. Normal Form via the Multiple Time Scale Approach

First, it is necessary to define an expansion point around which the delayed
equation is approximated. Generally, this is a critical parameter value pc. For
that we define a deviation from the critical parameter value in orders of ϵ, i.e.,
p = pc + ϵ∆p1 + ϵ2∆p2 + . . . . The same is done for the fields v, i.e., v =
vc+ ϵv1 + ϵ2v2 + . . . . Further, we define new time scales in orders of ϵ, which later
can be identified with ξ and z. In particular, the fastest time scale corresponds
to the “space-like” variable z and a combination of the others corresponds to the
slow time ξ. As a convenient choice, we can use the fact that a solution’s period T

is slightly larger than the time delay τ . That is, if we properly scale the space-like
variable, we can remove the drift. Hence, we define

t0 = ωt, t1 = 0, t2 = ϵ2t, t3 = ϵ3t, (2.21)

where small changes in ω account for the difference between delay time and
period: ω = 1+ ϵω1 + ϵ2ω2 + ϵ3ω3 + . . . . This technique is known as the Poincaré–
Lindstedt method and allows us to set the t1 scale to 0 [69]. Note that this choice
is optional, one could also include the t1 scale and not scale t0, but instead remove
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the drift in the end by going into the co-moving reference frame. According to
the scaling, the time derivative in Eq. (2.20) needs to be separated into orders of
ϵ:

d

dt
= T0 + ϵT1 + ϵ2T2 + ϵ3T3 + . . .

where T0 = ∂0, T1 = ω1∂0, T2 = ω2∂0 + ∂2, T3 = ω3∂0 + ∂3.
(2.22)

Here, we defined ∂j = ∂
∂tj

. Next, we express the delayed state v (t − 1) in the new
time scales. For that, we need to evaluate the new time scales for the delayed
state t − 1, i.e, tj(t − 1). We find

t0(t − 1) = ω(t − 1) = t0 − ω, t1(t − 1) = 0,

t2(t − 1) = ϵ2(t − 1) = t2 − ϵ2, t3(t − 1) = ϵ3(t − 1) = t3 − ϵ3.

That is, the delayed state is v (t − 1) = v (t0 − ω, t2 − ε2, t3 − ε3). This expression
can be expanded for small ϵ, i.e.,

v (t − 1) =v
(
t0 − 1 − ϵω1 − ϵ2ω2 − ϵ3ω3, t2 − ϵ2, t3 − ϵ3

)
(2.23)

=
[
1 + ϵ∂ϵ + ϵ2

2 ∂2
ϵ + ϵ3

6 ∂3
ϵ + . . .

]
v
(
t0 − ω, t2 − ϵ2, t3 − ϵ3

) ∣∣∣∣∣
ϵ=0

. (2.24)

The first derivative with respect to ϵ reads

∂ϵv
(
t0 − ω, t2 − ϵ2, t3 − ϵ3

)
=
[(

−ω1 − 2ϵω2 − 3ϵ2ω3
)
∂0 − 2ϵ∂2 − 3ϵ2∂3

]
v
(
t0 − ω, t2 − ϵ2, t3 − ϵ3

)
.

Analogously, we compute the higher derivatives to finally obtain

v (t − 1) =
[
S0 + ϵS1 + ϵ2S2 + ϵ3S3 + O

(
ϵ4
)]

v (t0 − 1, t2, t3) ,

where S0 = 1, S1 = −ω1∂0, S2 = −ω2∂0 − ∂2 + ω2
1

2 ∂2
0 ,

S3 = −ω3∂0 − ω3
1

6 ∂3
0 + ω1ω2∂

2
0 + ω1∂0∂2 − ∂3.

(2.25)

In the next step, all expansions (time scales, parameters, fields) are plugged into
Eq. (2.20) and sorted in orders of ϵ. Each order must be fulfilled separately, such
that from the coefficients of the order of ϵ, we derive a solvability condition, i.e.,
a specific equation that fulfills that order. Such a solvability condition can be
obtained for higher dimensional systems by employing the Fredholm alternative.
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Next, we combine the results from the different orders to obtain the normal form.
For that, we define an effective slow time scale that includes all time scales up
to the expanded order without the zeroth order. For instance, when expanding
up to third order, the effective time scale reads ∂ξ = ϵ2∂2 + ϵ3∂3. The zeroth-
order time scale turns into the spatial variable z, which we define as t0 = ϵz such
that z ∈ [0, T ]. Hence, the resulting PDE normal form and the original delayed
equation are in the same order of magnitude and are directly comparable.

Finally, it is important to remember that the following derivations are not
unique. One can define the deviation of parameters and fields as one likes (in-
cluding fractional scaling), however, each different ansatz leads to terms appearing
in different orders. In the end, the range of validity of the normal form is limited
by the given constraints (i.e., the way the deviation are defined at the beginning).
For instance, if the initial scalings are not appropriate some physical effect might
not be captured by the normal form. Hence, the goal is to find the “good” scaling
giving a rich normal form.

2.3.2. Normal Form via the Functional Mapping Approach

An alternative to the multiple time scale analysis presented in the previous section
is to consider the delayed equation as a map [87, 88]. This approach makes it
particularly easy to find the linear operator of the normal form, but also the
nonlinearity can be computed analytically by again assuming a scaling of the
nonlinearity in the smallness parameter ϵ. We consider a general NDDE of the
form

v̇ (t) = f (v (t) , v (t − τ) , v̇ (t − τ) , . . . ) . (2.26)

First, we normalize the time delay and denote the profile at time t with vt

ϵv̇t = f (vt, vt−1, ϵv̇t−1, . . . ) . (2.27)

Next, we separate the right hand side into a linear and nonlinear part, which we
assume to be order ϵα

ϵv̇t = Avt + Bvt−1 + ϵαÑ (vt, vt−1, ϵv̇t−1, . . . ) . (2.28)
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We can express the derivative in Fourier space as v̇t → −iωv̂t where v̂t is the
Fourier transform of vt. Using this and solving Eq. (2.28) for v̂t yields

v̂t = Mv̂t−1 + ϵαN (v̂t, v̂t−1, iϵωv̂t−1, . . . ) , (2.29)

where M = − (iωϵ + A)−1 B and N = − (iωϵ + A)−1 Ñ . The goal is to derive
the corresponding PDE, which has the form

∂ξv (ξ, z) = L (∂z) v (ξ, z) + ϵαN [v (ξ, z)] , (2.30)

where we have to find the linear operator L and the nonlinear operator N . Again,
we go into Fourier space, use the shortcuts vξ = v (ξ, z) & Nξ = N [v (ξ, z)] and
integrate this equation from round-trip ξ = n − 1 to ξ = n:

∫ n

n−1
∂ξv̂ξdξ =

∫ n

n−1
(Lv̂ξ + ϵαNξ) dξ (2.31)

⇔
∫ v̂n

v̂n−1

dv̂ξ
v̂ξ

=
∫ n

n−1

(
L + ϵα

Nξ

v̂ξ

)
dξ (2.32)

⇒ v̂n = exp
[
L + ϵα

∫ n

n−1

Nξ

v̂ξ
dξ

]
v̂n−1 (2.33)

= eL
[
1 + ϵα

∫ n

n−1

Nξ

v̂ξ
dξ

]
v̂n−1 + O

(
ϵ2α
)

(2.34)

= eLv̂n−1 + ϵαeL
∫ n

n−1

v̂n−1

v̂ξ
Nzdξ + O

(
ϵ2α
)

(2.35)

= eLv̂n−1 + ϵα
∫ n

n−1
eL(n−ξ)Nξdξ + O

(
ϵ2α
)

. (2.36)

In the last steps, we used first order approximation for the step: eLv̂n−1 = v̂n +
O (eα) (cf. Eq. (2.34)). Further, we used v̂n

v̂ξ
= eL(n−ξ) + O (eα), which results

from applying the first order approximation for the step (n−ξ) times. Comparing
Eq. (2.36) to Eq. (2.29) defines the linear operator L as

L = ln M. (2.37)

In the next step, we need to find the nonlinearity N . For this, we make another
first order step to find an approximation of the nonlinearity in Eq. (2.29):

Nt−1
..= N

(
eLvt−1, vt−1, ϵv̇t−1, . . .

)
+ O (ϵα) . (2.38)
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And consequently, we obtain again from comparing Eq. (2.36) to Eq. (2.29)

Nn−1 =
∫ n

n−1
eL(n−ξ)Nξdξ. (2.39)

This integral can be solved in different precisions using the rectangle, midpoint,
Simpson, etc. approximation methods. These methods are based upon evaluating
the integrand at different positions in the interval [n − 1, n] and weighting these
results (while the weights add up to unity):

• Zeroth order: rectangle method; evaluate the integrand at ξ = n − 1
∫ n

n−1
eL(n−ξ)Nξdξ = eLNn−1 + O (ϵ) ; (2.40)

• First order: midpoint or trapezoid method; evaluate the integrand at ξ =
n − 1

2 or ξ = n, n − 1
∫ n

n−1
eL(n−ξ)Nξdξ = eL/2Nn− 1

2
+ O

(
ϵ2
)

(2.41)

= 1
2
[
eLNn−1 + Nn

]
+ O

(
ϵ2
)

; (2.42)

• Second order: Simpsons method; evaluate the integrand at ξ = n, n− 1
2 , n−1

∫ n

n−1
eL(n−ξ)Nξdξ = 1

6
[
eLNn−1 + 4eL/2Nn− 1

2
+ Nn

]
+ O

(
ϵ3
)

. (2.43)

In the next step, all nonlinearities that are not evaluated at n − 1 need to be
transformed into that, in order to being able to solve for the searched nonlinearity
Nn−1. For that, we expand the linear operator as L = L0 + ϵL1 + ϵ2L2 + . . .

Nn−1+a = N (yn−1+a) = N
(
eLayn−1 + O (ϵα)

)
(2.44)

= N
[
eiL0

(
1 + ϵaL1 + ϵ2

(
(aL1)2

2 + aL2

)
+ . . .

)
yn−1

]
+ O (ϵα) .

(2.45)

In particular, if we have L0 = 0, we obtain

Nn−1+a = Nn−1 + ϵa (L1yn−1) N ′
n−1 + · · · + O (ϵα) (2.46)
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Here, to find the derivatives of the nonlinearity, we compute the action of the
linear operator on it. For instance, if L1 ∼ ∂z, we have

L1Nn−1 = (L1yn−1) N ′
n−1. (2.47)

With this, Eq. (2.46) reads

Nn−1+a = N
(
eLayn−1

)
= Nn−1 + ϵaL1Nn−1 = eLaNn−1 + O

(
ϵ2
)

. (2.48)

As a consequence, with this special case, both first order methods Eqs. (2.41)
and (2.42) are equivalent to the rectangle method but hold to a higher order such
that the searched nonlinearity reads

Nn−1 = e−LNn−1 + O
(
ϵ2
)

. (2.49)

2.3.3. Simple Example via the Multiple Time Scale Approach

To better illustrate the steps to achieve a normal form PDE from a time-delayed
system, we consider the following simple example

Ė = −E + ηE (t − τ) . (2.50)

We define the smallness parameter ϵ = τ−1 and expand the field in orders of ϵ:
E = E0 + ϵE1 + ϵ2E2 + . . . . The critical parameter value is η = 1 such that
we define η = 1 − ϵ∆η1 − ϵ2∆η2 + . . . . Next, we use the time scales defined in
Eq. (2.22) and the expression for the delayed state in Eq. (2.25) and plug them
into Eq. (2.50). Then we obtain

ϵ
(
T0 + ϵT1 + ϵ2T2 + ϵ3T3 + . . .

) (
E0 + ϵE1 + ϵ2E2 + . . .

)
=

−
(
E0 + ϵE1 + ϵ2E2 + . . .

)
+
[
S0 + ϵS1 + ϵ2S2 + ϵ3S3 + . . .

]
×
[
1 − ϵ∆η1 − ϵ2∆η2 + . . .

] [
E0 (t0 − 1) + ϵE1 (t0 − 1) + ϵ2E2 (t0 − 1) + . . .

]
.

(2.51)

Zeroth Order

Collecting all terms of zeroth order from Eq. (2.51), we find the condition for periodic
solutions

E0 = E0 (t0 − 1) . (2.52)
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First Order

Collecting all terms of order ϵ from Eq. (2.51), we find

T0E0 = −E1 + S0E1 (t0 − 1) + S1E0 (t0 − 1) − ∆η1E0 (2.53)

⇔ E1 = E1 (t0 − 1) − (1 + ω1) ∂0E0 − ∆η1E0, (2.54)

where we used the condition from Eq. (2.52). Next, we can choose ω1 = −1 in order
to cancel the drift term such that we remain with

E1 = E1 (t0 − 1) − ∆η1E0. (2.55)

We require E1 to be a periodic solutions, i.e., E1 = E1 (t0 − 1). Consequently, we find
that ∆η1 = 0.

Second Order

Collecting all terms of order ϵ2 from Eq. (2.51), we find

T0E1 + T1E0 = − E2 + S0E2 (t0 − 1) + S1E1 + S2E0 − ∆η2E0 (2.56)

⇔ ∂2E0 + E2 =E2 (t0 − 1) − (1 + ω1) ∂0E1 + (−ω2 − ω1) ∂0E0

+ ω2
1

2 ∂2
0E0 − ∆η2E0.

(2.57)

The coefficient of the ∂0E1-term cancels due to the choice of ω1 from the previous
order. Further, we can choose ω2 = −ω1 = 1 in order to cancel the coefficient of the
∂0E0-term. Finally, we require a periodic solution also for E2, i.e., E2 = E2 (t0 − 1),
such that we remain with

∂2E0 = ω2
1

2 ∂2
0E0 − ∆η2E0. (2.58)

In fact, we could already build the normal form from this step. Then the effective time
scale reads ∂ξ = ϵ2∂2 and we find

∂ξE = 1
2∂

2
xE − (1 − η)E. (2.59)

In order to capture higher order effects in the normal form, we can also proceed to the
third order.
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Third Order

Collecting all terms of order ϵ3 from Eq. (2.51), we find

T0E2 + T1E1 + T2E0 = − E3 + S0E3 (t− 1) + S1E2 + S2E1 + S3E0

+ S0∆η3E0 + S0∆η2E1 + S1∆η2E0.
(2.60)

Plugging in all values for the Ti and Si gives

∂3E0 + ∂2E1 = (−ω2 − ω3) ∂0E0 + (−ω1 − ω2) ∂0E1 + (−1 − ω1) ∂0E2

+ (−1 + ω1∂0) ∂2E0 + ω2
1

2 ∂2
0E1 +

(
−ω3

1
6 ∂3

0 + ω1ω2∂
2
0

)
E0

− ∆η2E1 − ∆η3E0 + ω1∆η2∂0E0,

(2.61)

where we already used E3 = E3 (t− 1). Further, we use the solvability condition from
the previous order in Eq. (2.58) to replace the ∂2E0-term. Then, the coefficient of
the ∂0E1- and ∂0E2-terms cancel due to the choice of ω1 and ω2 from the previous
orders. Further, we can choose ω3 = −ω2 = −1 in order to cancel the coefficient of the
∂0E0-term. We remain with

∂3E0 + ∂2E1 =ω2
1

2 ∂2
0E1 + ω3

1
3 ∂3

0E0 − 3ω2
1

2 ∂2
0E0

− ∆η2E1 − ∆η3E0 + ∆η2E0.

(2.62)

Building the Normal Form

To find the final normal form, we define the effective slow time scale ∂ξ = ϵ2∂2 + ϵ3∂3

and obtain

∂ξE =
(
ϵ2∂2 + ϵ3∂3

)
(E0 + ϵE1) + O

(
ϵ4
)

(2.63)

= ϵ2∂2E0 + ϵ3 (∂3E0 + ∂2E1) + O
(
ϵ4
)
. (2.64)

The two terms correspond to the solvability conditions from the second and third order
in Eqs. (2.58) and (2.62). With this, we obtain

∂ξE =ϵ2ω
2
1

2 ∂2
0 (E0 + ϵE1) + ϵ3

ω3
1

3 ∂3
0E0 −

(
ϵ2∆η2 + ϵ3∆η3

)
(E0 + ϵE1)

− ϵ3
3ω2

1
2 ∂2

0E0 + ϵ3∆η2E0 + O
(
ϵ4
)
.

(2.65)

Next, we rebuild the parameter η and the field from the deviations, i.e., ϵ2∆η2+ϵ3∆η3 =
1−η+O

(
ϵ4
)

and E0 + ϵE1 = E+O
(
ϵ2
)
. Further, we define the space variable z = ϵt0.
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This cancels all ϵ in Eq. (2.65) except for the last two terms (which remain O (ϵ)) and
we find the final normal form as

∂ξE = 1
2∂

2
zE − 1

3∂
3
zE0 − (1 − η)E + O (ϵ) . (2.66)

Further, we can approximate the period T by considering the stretching of the t0-scale
by the ωi. We found that

ω = 1 − ϵ+ ϵ2 − ϵ3 + O
(
ϵ4
)

= 1
1 + ϵ

+ O
(
ϵ4
)
. (2.67)

Hence, the (normalized) period reads T = 1
ω = 1 + ϵ. Reversing the normalization

yields the period

Tτ = T

ϵ
= τ + 1 (2.68)

where we used that τ = ϵ−1.

2.3.4. Simple Example via the Functional Mapping Approach

We consider again the linear delayed equation Eq. (2.50). Following Section 2.3.2, we
find the coefficients as A = −1 and B = η. Hence, we find the linear operator according
to Eq. (2.37):

L = ln
[

η

1 − iωϵ

]
= ln η − ln [1 − iωϵ] (2.69)

= − (1 − η) + iωϵ+ 1
2 (−iωϵ)2 − 1

3 (−iωϵ)3 + . . . , (2.70)

where we used that 1 − η scales as ϵ2. Then the PDE normal form reads

∂ξE = − (1 − η)E − ∂zE + 1
2∂

2
zE − 1

3∂
3
zE + O

(
ϵ4
)
, (2.71)

which is in accordance with Eq. (2.66). Removing the drift term by going into the
comoving frame also yields Tτ = τ + 1. For an example that includes a nonlinearity,
see Appendix B.2.2.
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3. Modeling of Laser Systems

In this section, we present the derivation of the different laser models used throughout
this thesis. We begin with Maxwell’s equation to formalize the light-matter interaction
in dielectric media, see Section 3.1. From that, we derive the dynamical equations for
the KGTI (cf. Section 3.2) and a PML ring laser (cf. Section 3.3).

In the course of the derivation, we go back and forth between the time/spatial domain
and the frequency space. We define the corresponding Fourier transformation as

Ft [f (t)] =
∫ ∞

−∞
f (t) eiωtdt = f̂ (ω) , (3.1)

F−1
t [f (t)] = 1

2π

∫ ∞

−∞
f̂ (ω) e−iωtdω = f (t) , (3.2)

such that a derivative can be expressed as F [∂nt f (t)] = (−iω)n f̂ (ω).

3.1. The Wave Equation

The starting point of the derivation are Maxwell’s equations describing the evolution
of the electric field1 E (r, t) and the magnetic field B (r, t) where r ∈ R3 is the position
vector. Considering that the used materials are non-magnetizable and do not contain
free charges or currents, they read

∇ · D = 0, (3.3)

∇ · B = 0, (3.4)

∇ × E = −Ḃ, (3.5)

∇ × H = Ḋ, (3.6)

where the electric displacement field D and the magnetic field H are defined as

D = ϵ0E + P, (3.7)

H = B
µ0
. (3.8)

Here, the constants ϵ0 and µ0 are the vacuum permittivity and permeability, respec-
tively, and the polarization P describes the response of the material to an electric field.
In particular, the polarization has a linear part Pl and a nonlinear part Pnl.

First, we want to transform Maxwell’s equations into a wave equation. For that, we

1We use the complex exponential notation for the electric and magnetic fields. The physical
electric and magnetic fields are the real parts of these quantities.
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calculate the curl of Eq. (3.5)

∇ × (∇ × E) = −µ0∇ × Ḣ. (3.9)

Using the vector calculus identity ∇×(∇ × v) = ∇ (∇ · v)−∇2v for the left hand side,
and linearity of the curl (i.e., ∇ × v̇ = ∂t (∇ × v)) for the right hand side together with
Eq. (3.6), we obtain

∇ (∇ · E) − ∇2E = −µ0D̈. (3.10)

3.1.1. Dispersion

Before we start to take the nonlinear effects of the polarization into account, we explore
the implications of the linear polarization Pl. It is defined as the convolutions of the
linear part of the electric susceptibility χl and the electric field E:

Pl (r, t) = ϵ0χl (t) ∗ E
(
r, t′

)
= ϵ0

∫ t

−∞
χl
(
t− t′

)
E
(
r, t′

)
dt′. (3.11)

Going to Fourier space, the convolution turns into a multiplication, such that

P̂l (r, ω) = ϵ0χ̂l (ω) Ê (r, ω) . (3.12)

As a result, the Fourier-transformed electric displacement is linear in Ê

D̂ (r, ω) = ϵ0 (1 + χ̂l (ω)) Ê (r, ω) , (3.13)

and hence, Eq. (3.3) reveals ∇ · E = 0 for a linear homogeneous medium. Using these
insight in Eq. (3.10) (and using ∂2

t → −ω2), leads to the wave equation

∇2Ê (r, ω) + ω2n2
l (ω)
c2 Ê (r, ω) = 0, (3.14)

where the speed of light in vacuum is c = 1/√ϵ0µ0 and the frequency-dependent re-
fractive index nl is defined as

nl (ω) =
√

1 + χl (ω). (3.15)

The fundamental solutions of the wave equation (3.14) are plane waves of the form

u (r, t) = u0e
i(q·r−ωt), (3.16)
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where q ∈ R3 is the wavevector. Plugging this ansatz into the wave equation leads to
the dispersion relation

|q| (ω) = nl (ω)
c

ω. (3.17)

That is, dispersion describes the phenomenon that the index of refraction nl of a
medium depends on the angular frequency of the wave and the dispersion relations
tells us how the angular frequency and the wavenumber are related.

In the following, we visualize the implication of the dispersion relation in Eq. (3.17)
on wave packets, which are superpositions of plane waves centered around a wavevector
q0 with an corresponding frequency ω0. For simplicity, we consider a one-dimensional
system in ez-direction, i.e., q = qez. The amplitudes of the individual plane waves are
defined by a weight function b̂ (ω) such that the wave packet reads2

H (z, t) =
∫ ∞

−∞
b̂ (ω − ω0) ei[q(z−z0)−ω(t−t0)]dω. (3.18)

The wave packet usually has its maximum where all phases align, i.e., at position
z0 at time t0. Note that for z = z0, Eq. (3.18) corresponds to an inverse Fourier
transformation (cf. Eq. (3.2)), i.e.

H (z0, t) = 2πb (t− t0) e−iω0(t−t0), (3.19)

such that H (z0, t) is a a plane wave with wavenumber ω0 with modulated amplitude
defined by b (t). A visualization of a wave packet is shown in Fig. 3.1. The plane waves
in panel (b) are weighted with a Gaussian distribution b̂ (ω) and each has a maximum
at t0. They sum up to the wave packet in panel (a), which therefore has its maximum
at t0 as well. For simplicity, we set t0 = 0 and z0 = 0 in the following without loss of
generality.

Now we let the wave packet propagate in the medium and measure again the tem-
poral profile after some propagation length z > z0. Here, we can define two important
quantities, namely the phase and group velocity. First, the phase velocity is the ve-
locity in time of each individual plane wave (i.e., the velocity of each orange dot in
Fig. 3.1 (b)). It is defined as

phase velocity: vp = c

nl (ω) = ω

q
. (3.20)

Hence, one can also define dispersion as the phenomena where the phase velocity is
different for different frequencies ω. Second, the group velocity vg is the velocity of
the wave packet, i.e., the velocity of the green cross in Fig. 3.1 (a), which marks the

2Note that one could equivalently define a weight function for the wavenumbers b̂ (q).
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Figure 3.1: Initial state at z = z0 of a Gaussian wave packet centered around ω0. (a)
Real part (black) and absolute value (red) of wave packet. The opaque gray oscillation
of frequency ω0 shall help to guide the eye. The green cross is located at the maximum of
the wave packet at t0. (b) Individual plane waves with different frequencies ω weighted
by a Gaussian distribution centered around ω0. The plane waves sum up to the wave
packet in (a) (i.e., we show the discrete version of Eq. (3.18)). The orange dots in (b)
at t0 mark maxima of the individual plane waves. This figure is intended as a reference
for Fig. 3.2.

maximum of the wave packet. In the simplest case, when no dispersion is present and
the index of refraction is frequency-independent, the phase velocity is the same for all
phases and consequently vg = vp. In the dispersive case, we can expand q (ω) around
ω0 and obtain:

q (ω) = q0 +
∞∑
n=1

1
n!
∂nq

∂ωn

∣∣∣∣
ω0

(ω − ω0)n , (3.21)

where q0 = q (ω0). Expanding q up to first order yields the following relation for a
plane wave

ei(qz−ωt) = ei(q0z−ω0t) exp
[
iω̄

(
∂q

∂ω

∣∣∣∣
ω0

z − t

)]
, (3.22)

where ω̄ = ω − ω0. Plugging this into the definition of the wave packet in Eq. (3.18)
leads to

H (z, t) = ei(q0z−ω0t)
∫ ∞

−∞
b̂ (ω̄) exp

[
iω̄

(
∂q

∂ω

∣∣∣∣
ω0

z − t

)]
dω̄︸ ︷︷ ︸

=b(t− ∂q
∂ω

|ω0z)

. (3.23)

That is, the wave packet corresponds to a plane wave with frequency ω0 and wavenum-
ber q0 with a modulated amplitude defined by the shifted weight function b

(
t− ∂q

∂ω |ω0z
)
.
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Hence, the speed (in time) of this amplitude function b is the group velocity:

group velocity: vg = 1
∂q
∂ω

∣∣
ω0

= ∂ω

∂q

∣∣∣∣
q0

. (3.24)

Expanding the dispersion relation in Eq. (3.21) to higher orders allows us to define the
higher-order contributions as the

group velocity dispersion (GVD): β2 = ∂2q

∂ω2

∣∣∣∣
ω0

, (3.25)

and third-order dispersion (TOD): β3 = ∂3q

∂ω3

∣∣∣∣
ω0

. (3.26)

To study the effect of GVD, we again consider the wave packet defined in Eq. (3.18)
with the dispersion relation Eq. (3.21) expanded up to second order. We obtain for the
temporal evolution of the wave packet

H (z, t) = ei(q0z−ω0t)
∫ ∞

−∞
b̂ (ω̄) ei

β2
2 ω̄

2ze
iω̄

(
z

vg
−t
)
dω̄ (3.27)

For the example of a Gaussian distribution, we have b (ω) = A exp
(
−αω2), where

A,α ∈ R+, such that

H (z, t) = Aei(q0z−ω0t)
√

π

α− iβ2
2 z

exp

−

(
t− z

vg

)2

4
(
α− iβ2

2 z
)
 (3.28)

∼ ei(q0z−ω0t) exp

−

(
t− z

vg

)2

4
α+ iβ2

2 z

α2 +
(
β2
2 z
)2

 , (3.29)

where in the last line we left out the constant and normalization coefficients for clarity.
Looking at this equation in detail (in particular the last exponential), we can observe
two effects. First, the distribution spreads out in time when increasing z and second, the
frequency is not solely driven by ω0 but changes along the temporal domain (because
the last exponential has an imaginary part). This effect is called the chirp of a wave
packet.

The presented effects are summarized and visualized in Fig. 3.2. We show the state of
the Gaussian wave packet depicted in Fig. 3.1 after it traveled through different media
defined by the dispersion relations in the last row of Fig. 3.2. Here, we show both
q (ω) (black) and n (ω) (green). The phases of the individual plane waves are marked
by orange dots in the second row and the center of the wave packet according to the
group velocity is indicated by a green cross in the first row. When no dispersion is
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Figure 3.2: State of Gaussian wave packet shown in Fig. 3.1 after traveling through
media with different dispersion relations defined in the third row, where we show both
q (ω) (black) and n (ω) (green). First row: real part and absolute value of wave packet.
The green cross is located at the position corresponding to the group velocity. Second
row: individual plane waves with different frequencies ω weighted by a Gaussian dis-
tribution centered around ω0. The plane waves sum up to the wave packet above. The
orange dots mark t0 + z

vp
. Third row: dispersion relation.

present (panels (a)/first column), the phase velocity is the same for all plane waves and
therefore also corresponds to the group velocity. For panels (b) (second column), the
dispersion relation q(ω) is still linear in ω, however, here ω0 is such that Eq. (3.21) has a
constant part, i.e., there is a common phase shift and therefore n (ω) is not a constant.
This results in different phase velocities for different wavenumbers in accordance to
Eq. (3.20), yet the group velocity remains the same as before. Next, in panels (c)
(third column) GVD is also present resulting in a parabolic dispersion relation. Here,
the temporal evolution is governed by Eq. (3.29). Hence, we can observe the broadening
of the pulse. Further, the wave packet is now not simply a weighted plane wave anymore
but exhibits different frequencies. This can be seen when comparing the wave packet in
black with the gray background corresponding to the plane wave with frequency ω0. On
the left edge of the wave packet the frequency is lower than ω0 and on the right edge it is
higher (which visualizes the chirp of the pulse). Importantly, we differentiate two cases
of GVD depending on whether β2 is positive or negative. The case β2 > 0 is referred to
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as normal dispersion. Here, the refractive index increases with increasing frequencies.
On the other hand, if β2 < 0, we have anomalous dispersion where the refractive index
decreases with increasing frequencies (cf. panels (d)). While the wave packet have
the same amplitude envelope in the two cases, they exhibit an opposite chirp. In the
normal dispersion case, the frequency of the wave packet increase with time, while in
the anomalous case, it decreases (which can be seen when comparing the left and right
tails of the wave packets). Finally, in panels (e) (fifth column), the dispersion relation
also has cubic part, i.e., there is an influence of TOD. Hence, the amount of GVD
changes for different wavenumbers, which results in promoted asymmetry of the wave
packet envelope.

3.1.2. Nonlinear Polarization

While the dispersive effects in the previous section can describe many interesting phe-
nomena in nature from rainbows to splitting of light in prisms, nonlinear media are
essential for application in lasers. That is, the nonlinear part of the polarization Pnl

models the interaction with carriers in mode-locked lasers and the Kerr effect in Kerr
resonators.

We assume waves that propagates in the longitudinal z-direction, such that the
electric field only has components in the transversal plane. Further, we consider a
quasi-monochromatic field around a carrier frequency ω0. This lets us define the slowly
evolving envelope of the electric field Ê (r, ω) via

Ê (r, ω) = Ê (r, ω) e−iω0te⊥, (3.30)

where e⊥ is a unit vector in the transversal (i.e., radial) direction. Accordingly, the
polarization can be defined as

P = Pl + Pnl = (Pl + Pnl) e−iω0te⊥ + h.o.t. (3.31)

where the higher order terms are non-resonant frequencies3. From assuming that the
nonlinear effects are small compared to the linear contributions of the polarization
(Pnl ≪ Pl) and using the first Maxwell equation (3.3), follows that ∇ · Ê ≈ 0. Hence,
we can rewrite Eq. (3.10) to obtain the nonlinear wave-equation

∇2Ê + ω2n2
l (ω)
c2 Ê = −µ0ω

2P̂nl. (3.32)

3The polarization can be expanded in powers of E from which the higher frequencies stem.
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3.2. Injected Kerr–Gires–Tournois Interferometer

In the following, we derive the dynamical equations that describe an injected Kerr–
Gires–Tournois interferometer as depicted in Fig. 1.4. The derivation roughly follows
the steps presented in [89], which are based on a technique first introduced in [90].

3.2.1. Micro-Cavity with an Embedded Kerr Medium

We begin with the description of the micro-cavity, which is detailed in Fig. 3.3. Our
starting point is the nonlinear wave-equation in Eq. (3.32). First, we need to define
the nonlinear polarization Pnl induced by the Kerr medium. A Kerr medium has an
intensity dependent index of refraction such that the nonlinear polarization reads

Pnl = 3
4ϵ0χ3 (r) |E|2E, (3.33)

where χ3 (r) described the amplitude and spatial dependence of the medium [59]. We
consider a thin slice of a Kerr medium of width W located at z = z0. Hence, the
susceptibility reads

χ3 (r) = χ̃3Wδ (z − z0) , χ̃ ∈ C. (3.34)

We consider the Fourier transform in the transverse direction of Eq. (3.32) and integrate

Figure 3.3: Close-up of the micro-cavity shown in Fig. 1.4. The micro-cavity is en-
closed by two Bragg mirrors with reflectivities r1,2 with a thin slice of a Kerr medium
located at z0. The outside reflectivity of the top Bragg mirror is r′

1, while the transmis-
sion coefficients are t1 and t′1, respectively. The ingoing and outgoing fields are Y and
O, and the micro-cavity field can be split into four parts L±, R±, respectively. Here,
the index denotes forward and backwards propagating waves, respectively. The field at
the nonlinear medium is E0.
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over a small range of 2ϵ around z0. This gives

−3χ̃3
4c2 ω

2WFt,⊥
[
|E|2E

]
=
∫ z0+ϵ

z0−ϵ

[
ω2

v2
p

− q2
⊥

]
Êdz +

[
∂zÊ

]z0+ϵ

z0−ϵ
. (3.35)

To the left and right of the nonlinear region, the electric field is simply a propagating
wave, i.e., it is proportional to e±iqz where ± denotes forward and backward prop-
agation, respectively, and the longitudinal wavevector q is defined by the dispersion
relation

q (q⊥, ω) =
√
ω2

v2
p

− q2
⊥. (3.36)

Hence, the electric field is a piecewise function to the left and right of the Kerr slice
(cf. Fig. 3.3):

Ê (q⊥, z, ω) =

L̂ (q⊥, z, ω) = L̂+ (q⊥, ω) eiqz + L̂− (q⊥, ω) e−iqz, 0 < z < z0

R̂ (q⊥, z, ω) = R̂+ (q⊥, ω) eiqz + R̂− (q⊥, ω) e−iqz. z0 < z < L

(3.37)
These fields must connect continuously at z0, i.e., we can define the field Ê0 as

Ê0 (q⊥, ω) ..= Ê (q⊥, z0, ω) = L̂ (q⊥, z0, ω) = R̂ (q⊥, z0, ω)

= L̂+ (ω) eiqz0 + L̂− (ω) e−iqz0 (3.38)

= R̂+ (ω) eiqz0 + R̂− (ω) e−iqz0 . (3.39)

Plugging this ansatz into Eq. (3.35) and considering the limit ϵ → 0 gives another
boundary condition (where all fields are evaluated at (q⊥, z0, ω))

−3χ̃3
4c2 ω

2WFt,⊥
[
|E0|2E0

]
= ∂zR̂− ∂zL̂ (3.40)

(3.37)⇔ − 3χ̃3
4iqc2ω

2WFt,⊥
[
|E0|2E0

]
=
(
R̂+ − L̂+

)
eiqz0 −

(
R̂− − L̂−

)
e−iqz0 . (3.41)

Next, we need to find the amplitudes of the forward and backward propagating waves
L̂± and R̂±. These can be obtained from conditions induced by the boundaries of
the micro-cavity at the distributed Bragg mirrors (DBR). Here, r1 and r2 are the
reflectivities of the top and bottom mirrors inside the micro-cavity, respectively, while
r′

1 is the reflectivity at the outside of the top of the micro-cavity (cf. Fig. 3.3). The
corresponding transmission coefficients are t1 and t′1. Note that – in general – the
reflectivities can be frequency-dependent. However, we assume that the DBRs have a
wide bandwidth such that the moduli of the reflection coefficients do not depend on
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the frequency, i.e., r1,2 (ω) = |r1,2| eiϕ1,2(ω). Summing up the influx and efflux at each
of the three boundaries, we can establish the following conditions:

R̂−e
−iqL = r2R̂+e

iqL, (3.42)

L̂+ = r1L̂− + t′1Ŷ , (3.43)

Ô = r′
1Ŷ + t1L̂−. (3.44)

Solving Eq. (3.42) for R̂± and inserting that into Eq. (3.39) gives

R̂+ = e−iqz0

1 + r2e2iq(L−z0) Ê0, (3.45)

R̂− = r2e
iqz0e2iq(L−z0)

1 + r2e2iq(L−z0) Ê0. (3.46)

Further, we solve Eq. (3.43) for L̂± and plug that into Eq. (3.38)

L̂+ = r1e
iqz0Ê0 + t′1Ŷ

1 + r1e2iqz0
, (3.47)

L̂− = eiqz0Ê0 − t′1e
2iqz0 Ŷ

1 + r1e2iqz0
. (3.48)

Plugging the definitions of the amplitudes L̂± and R̂± (cf. Eqs. (3.45)–(3.48)) into the
condition at the Kerr slice in Eq. (3.41) (and simplify) gives

F1 (q, ω) Ê0 = − 3χ̃3
8iqc2ω

2WΓ (q, ω) Ft,⊥
[
|E0|2E0

]
+ F2 (q, ω) Ŷ , (3.49)

where we introduce the confinement factor Γ and functions F1,2 that are characteristic
of the Fabry-Pérot resonator

Γ (q, ω) =
(
1 + r1e

2iqz0
) (

1 + r2e
2iq(L−z0)

)
, (3.50)

F1 (q, ω) = 1 − r1r2e
2iqL, (3.51)

F2 (q, ω) = t′1e
iqz0

(
1 + r2e

2iq(L−z0)
)
. (3.52)

In the next step, we consider the modes of the micro-cavity. A resonant micro-cavity
mode qm fulfills

2qmL+ ϕ1 (ωm) + ϕ2 (ωm) = 2πm, m ∈ Z. (3.53)
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Note, that this corresponds to the minima of |F1|. Further, we choose to place the Kerr
slice such that there are resonances to both sides of it:

2qmz0 + ϕ1 (ωm) = 2πn1, n1 ∈ Z, (3.54)

2qm (L− z0) + ϕ2 (ωm) = 2πn2, n2 ∈ Z. (3.55)

These conditions maximize the confinement factor Γ. We notice that building the sum
of Eqs. (3.54) and (3.55) leads to Eq. (3.53).

3.2.2. Expanding Around a Micro-Cavity Mode

Next, we expand Eq. (3.49) around a micro-cavity mode qm. But we only take terms
into account where the corresponding functions F1,2 and Γ change significantly. That
is, we compare the rate of change of a function (i.e., its derivative) to its value and
the characteristic length scale (L). Here, we consider the good cavity limit, where the
reflectivities of the DBRs are close to unity (|r1,2| → 1) such that Γ → 4, F2 → 2t′1 and
F1 → 1 − |r1r2| ≪ 1. We find the following scalings

1
LF1

dF1
dq

∣∣∣∣
qm

∼ 1
1 − |r1r2|

≫ 1, (3.56)

1
LF2

dF2
dq

∣∣∣∣
qm

∼ 1, (3.57)

1
L
(

Γ
q

) d
(

Γ
q

)
dq

∣∣∣∣
qm

∼ 1. (3.58)

Consequently, we expand F1 to first order (small changes in q change the value signifi-
cantly) while we remain with zeroth order for Γ and F2. We have

F1 (qm, ωm) = 1 − |r1r2| , (3.59)
dF1
dq

∣∣∣∣
qm

= −i |r1r2| [2L+ ∂q (ϕ1 + ϕ2) |qm ] , (3.60)

F2 (qm, ωm) = t′1e
iqmz0 (1 + |r2|) , (3.61)

Γ (qm, ωm) = (1 + |r1|) (1 + |r2|) , (3.62)

where we used ωm, which is the angular frequency corresponding to wavevector qm (cf.
dispersion relation in Eq. (3.36)).

Next, we assume shallow transverse dynamics (i.e., q⊥ ≪ 1) such that, we can
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expand the dispersion relation in Eq. (3.36) as4

q (q⊥, ωm + δω) = q (0, ωm + δω) − q2
⊥

2qm
(3.63)

= qm + 1
v

(m)
g

δω − q2
⊥

2qm
, (3.64)

where we used the definition of the group velocity (corresponding to the mode ωm) v(m)
g

from Eq. (3.24). Finally, we define δq, which follows from Eq. (3.64) and reads

δq = q (q⊥, ωm + δω) − qm = δω

v
(m)
g

− q2
⊥

2qm
. (3.65)

Now, we can write down the expansion of F1 (q, ω) around (qm, ωm):

F1 (qm + δq, ω + δω) = F1 (qm, ωm) + dF1
dq

∣∣∣∣
qm

δq (3.66)

= F1 (qm, ωm) − F ′
1 (qm, ωm) q2

⊥
2qm

− iτe |r1r2| δω, (3.67)

where τe = 2Le
v

(m)
g

= 2L+ ∂q (ϕ1 + ϕ2) |qm

v
(m)
g

is an effective round-trip time, that is defined via the effective length Le, that takes the
effects of the DBRs into account.

After all this build-up, we go back to the equation at the Kerr slice (3.49) and plug
in the expansions for F1,2 and Γ:[

1 + iL2
⊥q2

⊥ − i
δω

κ

]
Ê0 = is̃Ft,⊥

[
|E0|2E0

]
+ h̃Ŷ . (3.68)

Here, we introduced the following shortcuts

κ = 1
τe

1 − |r1r2|
|r1r2|

, s̃ = 3χ̃3ω
2
mW

8qmc2
(1 + |r1|) (1 + |r2|)

1 − |r1r2|
,

h̃ = F2 (qm, ωm)
F1 (qm, ωm) , L⊥ =

√
|r1r2|

1 − |r1r2|
L

qm
,

where L⊥ is the diffraction length dressed by the cavity confinement and defines the
lengthscale of the transverse space, κ is the amplitude of the photon decay rate, h̃ is
the coupling parameter and s̃ is the amplitude of the Kerr nonlinearity. Using that
δω = ω − ωm, we can transform back into the time and (normalized) transverse space

4Expanding to higher orders in q2
⊥ takes higher order effects such as aberration into account.
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domains (−iδω → ∂t, −L2
⊥q2

⊥ → ∆⊥)

1
κ
∂tE0 = −

(
1 + i

ωm
κ

)
E0 + i∆⊥E0 + is̃ |E0|2E0 + h̃Y (3.69)

In the next steps, we introduce scalings in Eq. (3.69) in order to obtain a minimal
model. First, we rescale time such that κ−1∂t → ∂t′ . Further, we define the scaled
micro-cavity resonance ωc = κ−1ω̃m. With that, we obtain

Ė0 = − (1 + iωc)E0 + i∆⊥E0 + is̃ |E0|2E0 + h̃Y. (3.70)

To have E0 and Y in the same order of magnitude, we apply rescalings. For that,
we consider again the output relation O = r′

1Y + t1L− (cf. Eq. (3.44)) and use the
definition of L− found in Eq. (3.48) to obtain

O (t) = t1e
iqmz0

1 + r1e2iqmz0
E0 (t) +

(
r′

1 − t1t
′
1e

2iqmz0

1 + r1e2iqmz0

)
Y (t) (3.71)

=.. αE0 (t) + βY (t) . (3.72)

We assume lossless DBRs such that we can use relations that link the reflectivities and
transmissivity on both sides of a mirror: r = −r′ and t′t = 1 + r′r = 1 − r2. Further,
using Eq. (3.54), we can simplify the complex exponential as e2iqmz0 = e−iϕ1(qm) and
consequently r1 (qm) e2iqmz0 = |r1|. With that, the coefficients in the output relation
Eq. (3.72) read

α = t1e
iqmz0

1 + |r1|
, (3.73)

β = −r1 (1 + |r1|) +
(
1 − r2

1
)
e−iϕ1(qm)

1 + |r1|
. (3.74)

The spacing in the DBRs shall be tuned with respect to the micro-cavity resonance,
such that at resonance, there is no phase shift, i.e., ϕ1 (qm) = 0. This allows us to
simplify Eq. (3.74) to β = −1. Further, we can define a new coupling coefficient as

h = αh̃ = (1 + |r2|) (1 − |r1|)
1 − |r1r2|

. (3.75)

Note that in the limit of a perfectly reflective bottom mirror, where |r2| → 1, the
coupling factor is h = 2. In this limit the micro-cavity identifies as a Gires–Tournois
interferometer (GTI) [56] and hence |r2| → 1 is denoted the GTI limit. Finally, we
rescale the micro-cavity fields as E = αE0 such that the output relation Eq. (3.72)
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simply reads
O (t) = E (t) − Y (t) . (3.76)

With this, we simplify the micro-cavity equation in Eq. (3.70)

Ė = − (1 + iωc)E + i∆⊥E + is |E|2E + hY, (3.77)

where we define the scaled Kerr-coefficient s = α−2s̃.

3.2.3. Injected Micro-Cavity

So far, we only described the dynamics in the micro-cavity by the ODE Eq. (3.77). To
complete the model of the injected KGTI, we need to define the external cavity field Y
and the injection Y0, cf. Fig. 3.4 (a). The output of the micro-cavity O is re-injected
into the micro-cavity after a round-trip time τ and after being reflected from an mirror
with reflectivity η and phase ϕ, that closes the external cavity. Further, the setup
is subject to an external injection. Here, we consider a monomode injection beam of
amplitude Y0 and frequency ω0, i.e., the injection reads Y0e

−iω0t. Due to the mirror,
the injection experiences a transmission coefficient |t| =

√
1 − η2 (the phase can be

absorbed in the definition of Y0). Consequently, we arrive at the following description
of the external cavity field Y

Y (t) = ηeiϕO (t− τ) +
√

1 − η2Y0e
−iω0t. (3.78)

In order to avoid the explicit time-dependence in Eq. (3.78), we transform E and Y

into the reference frame of the injection, i.e.,

E → Ee−iω0t, Y → Y e−iω0t. (3.79)

With this, Eq. (3.77) reads

Ė =
[
−1 + i

(
s |E|2 − ωc + ω0

)]
E + i∆⊥E + hY. (3.80)

Here, we can define the detuning

δ = ωc − ω0 (3.81)

between the micro-cavity resonance and the injection. Another consequence of the
transformation in Eq. (3.79) is that the output O = E − Y is re-injected with an
effective phase of

φ = ϕ+ ω0τ. (3.82)
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Figure 3.4: (a) Schematic of the KGTI. A single TLS circulates in the external cavity,
which is detailed in (b). It corresponds to the comb depicted in (c). The injection field
with amplitude Y0 and frequency ω0 is, at the same time, detuned from the micro-cavity
resonance with parameter δ = ωc − ω0 but also from the nearest external cavity mode
with detuning φ (see close-up in inset (d)) whose width is controlled by the external
cavity reflectivity η.

As both, the injection frequency ω0 and the delay time τ are large, small changes in
the cavity size lead to large changes the effective phase φ, which makes this parameter
easily accessible in an experimental realization.

We note, that in this thesis, we focus on the temporal dynamics. Therefore, in
the following, we neglect the transversal contributions introduced by ∆⊥ (and possible
higher order spatial terms). These effects are studied in detail in [91].

The relations between the physical quantities and the system parameters are sum-
marized in Fig. 3.4. Panel (a) shows the KGTI with a single TLS circulating in the
external cavity. The TLS is detailed in panel (b), where we note that the pulse width
is given by τp = τc

1−|r1r2| . In the frequency spectrum, the TLS corresponds to the fre-
quency comb shown in panel (c), where we also indicate the detuning δ between the
micro-cavity resonance ωc, around which the comb is centered, and frequency of the
injection ω0. The inset in panel (d) details that the injection is also detuned by φ from
the nearest resonant external cavity mode.

Finally, with the definitions of the detuning in Eq. (3.81) and the effective phase in
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Eq. (3.82), we obtain

Ė =
[
−1 + i

(
s |E|2 − δ

)]
E + hY, (3.83)

Y = ηeiφ [E (t− τ) − Y (t− τ)] +
√

1 − η2Y0. (3.84)

These equations are composed of two parts: a dynamical equation (Eq. (3.83)) for the
micro-cavity field and a DAE (Eq. (3.84)) for the external cavity field. The equation
is called to be algebraic as it does not contain a temporal derivative, cf. Section 2.1.
The algebraic constraint allows to capture all external cavity reflections as Eq. (3.84)
can be successively plugged into itself, such that one obtains a single equation with an
infinite number of delays. Defining ρ = ηeiφ and Ȳ0 =

√
1 − η2Y0, we obtain

Y =ρ
(
Eτ −

(
ρ (E2τ − (. . . )) + Ȳ0

))
+ Ȳ0 (3.85)

=ρEτ − ρ2E2τ + ρ3E3τ + · · · +
[
1 − ρ+ ρ2 + . . .

]
Ȳ0 (3.86)

=
∞∑
k=1

(−ρ)k−1
[
ρEkτ + Ȳ0

]
=

∞∑
k=1

(−ρ)k−1 ρEkτ + 1
1 + ρ

Ȳ0. (3.87)

For small feedback values η = |ρ|, this series can be truncated after the first iteration
as then η ≪ η2 ≪ η3 ≪ . . . . This allows, to approximate Eqs. (3.83) and (3.84) by
a corresponding DDE. However, for feedback values closer to unity, all contributions
are in the same order of magnitude, such that all multiple delays need to considered.
Next, as Eqs. (3.83) and (3.84) are derived from first principles, GVD and TOD are
naturally captured [57]. While the sign of the GVD is defined by the detuning δ, the
description of TOD is more involved as will be apparent from later sections.

Finally we note, that in general, the coefficient of the nonlinearity s can be complex
resulting in a complex index of refraction, which describes the effect of two-photon
absorption (TPA). On the other hand, the real part of s describes the Kerr effect,
where negative Re(s) model the defocusing and positive Re(s) the focusing Kerr effect,
respectively. In this work, mainly focus on the focusing Kerr effect. In this case
(s > 0 ∈ R), the parameter can be removed by a scaling of the field: E →

√
sE (same

for Y and Y0). Hence, if not stated differently, we use s = 1. The influence of TPA is
studied briefly in Section 4.8.

3.2.4. The KGTI in Different Reference Frames

It is possible to consider the system equations (3.83) and (3.84) in different reference
frames, namely the injection and micro-cavity frames. While the transformations be-
tween the reference frames are in no way complicated, it is important to remember the
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implications on the injection term and the effective phase. We summarize the system
equation in the different reference frames in Table 3.1. For most use cases, it it prefer-
able to use the reference frame of the injection as here, the system equations become
autonomous.

Table 3.1: Equations (3.83),(3.84) in different reference frames.

no reference frame
Ė =

[
−1 + i

(
s |E|2 − ωc

)]
E + hY

Y = ηeiϕ [E (t − τ) − Y (t − τ)] +
√

1 − η2Y0e
−iω0t

injection
Ė =

[
−1 + i

(
s |E|2 − δ

)]
E + hY

Y = ηei(ϕ+ω0τ) [E (t − τ) − Y (t − τ)] +
√

1 − η2Y0

micro-cavity
Ė =

[
−1 + is |E|2

]
E + hY

Y = ηei(ϕ+ωcτ) [E (t − τ) − Y (t − τ)] +
√

1 − η2Y0e
iδt
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3.3. Passively Mode-Locked Ring Laser
In this section, we derive a mathematical description for a passively mode-locked laser.
We consider a ring geometry for the laser cavity as depicted in Fig. 3.5 following the ap-
proach in [41]. In addition to the main cavity of length τ , we also model a time-delayed
feedback loop of length τf (cf. Section 3.3.6 for details). Both cavities are confined
by mirrors (M). In the main cavity a gain section and a saturable absorber section are
placed, which act as pulse shaping elements. The unidirectional optical isolator ensures
that the pulses only propagate in one direction and the bandwidth limiting element en-
ables that only certain laser modes are amplified as others are suppressed. The markers
z1-z5 denote end and starting points of different section which are referenced during
the derivation of the model. The detector is behind a semitransparent mirror (SM)
with reflectivity

√
κ. The time-delayed feedback cavity is connected to the main cavity

by a SM which transmits a fraction of η of the electric field, i.e., a fraction of η of the
electrical field is fed back into the main cavity.

In the first step in Section 3.3.1, we motivate the ansatz of a traveling wave. Next, in
Section 3.3.2, we mathematically describe the carrier dynamics. From that we derive
a first principle model based upon delay differential equations (DDE) in Section 3.3.3
while at first neglecting the time-delayed feedback loop. Based on DDE model, we
derive a normal form PDE in Section 3.3.4. Finally, we include the effects of the
time-delayed feedback in Section 3.3.6.

ττf

gain

saturable
absorber

filter

detectorM

M

M

M

M

SMSM

unidirectional
optical
isolator

κη

z1

z5

z3 z2

z4

Figure 3.5: Schematic sketch of a PML laser employing a ring geometry. The main
cavity of size τ is coupled to a secondary cavity of size τf providing time-delayed
feedback. Adapted from [45].
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3.3.1. Unidirectional Slowly Varying Traveling Wave

The starting point is the nonlinear wave equation in Eq. (3.32) that was derived for
a slowly varying envelope around a carrier frequency ω0. Here, we consider only the
dynamics along the longitudinal direction while the transverse mode leads to a con-
finement factor γ⊥ in the RHS of Eq. (3.32). For the longitudinal direction, we also
make the ansatz of a slowly varying envelope Ê0 which is defined as the amplitude of
the electric field around the wavevector q0

Ê (z, ω) = Ê0 (z, ω) eiq0z. (3.88)

Note that we assume that propagation only occurs in the +z-direction (which is ensured
by the unidirectional optical insulator in Fig. 3.5). Further, we expand q = ne

c ω around
ω0:

q (ω) = q (ω0)︸ ︷︷ ︸
=q0

+ 1
vg
δω, (3.89)

where δω = ω−ω0. Then we obtain for the LHS of the nonlinear wave equation (3.32):

[
∂2
z + q2 (ω)

]
Ê0 (z, ω)eiq0z = eiq0z

∂2
z + 2iq0∂z − q2

0 +
(
q0 + 1

vg
δω

)2
 Ê0 (z, ω)

= eiq0z

[
2iq0

(
∂z − i

δω

vg

)
+ ∂2

z + (δω)2

v2
g

]
Ê0 (z, ω) . (3.90)

We assume a slowly evolving envelope in both space and time such that the respec-
tive derivatives are small. This allows us to neglect the second order derivatives in
Eq. (3.90), i.e., ∂2

z Ê0 = (−iδω)2 Ê0 ≈ 0. With that, we can simplify Eq. (3.90) to
obtain

eiq0z

(
∂z − i

δω

vg

)
Ê0 (z, ω) = iγ⊥

ω0
2cn0ϵ0

P̂nl, (3.91)

where n0 = n (ω0) and the coefficient of the nonlinear polarization is ω2 ≈ ω2
0. In

free space, this equation corresponds to the traveling wave (or advection) equation and
describes simple propagation.
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3.3.2. Carrier Dynamics

Because we assumed a slowly evolving envelope for the electric field in both space and
time, we use the same assumption for the nonlinear polarization P̂nl

P̂nl (z, ω) = ϵ0χ̂nlÊ0e
iq0z. (3.92)

Now we have to characterize the nonlinear susceptibility. We assume a parabolic band
structure in the semiconductor and the carrier distribution to follow a Fermi distribu-
tion[92]. Further, we assume a broad gain/absorption spectrum such that the suscep-
tibility remains constant in the active regions: χ (ω) = χ (ω0), which is also assured by
introducing a spectral filter. The carrier density N has a critical value N (tr) where the
material becomes transparent. Linearizing the susceptibility around this point gives

χnl = ∂χnl
∂N

∣∣∣∣
N (tr)

(
N − N (tr)

)
. (3.93)

Separating this equation into real and imaginary parts and defining the differential
gain coefficient gr = −∂Im(χnl)

∂N |N (tr) and the linewidth enhancement factor describing
the amplitude-phase coupling

α =
∂Re(χnl)
∂N

∂Im(χnl)
∂N

∣∣∣∣
N (tr)

, (3.94)

we find that the susceptibility reads

χnl = −gr (α+ i)
(
N − N (tr)

)
. (3.95)

This equation therefore characterizes the gain (or absorption) and the corresponding
change in the relative refractive index of the nonlinear medium. Finally, we have to
model the dynamics of the carriers which can be done with the rate equation

∂N
∂t

= Jr − ΓrN + Im (χnl) |E|2 , (3.96)

where Γr is the rate of spontaneous emission, Jr is the gain current and the last term
proportional to the intensity stands for the stimulated emission. Plugging Eq. (3.95)
in the susceptibility from Eq. (3.95) yields

∂N
∂t

= Jr − ΓrN − gr
(
N − N (tr)

)
|E|2 . (3.97)
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3.3.3. Time-delayed Model derived from First Principles

We follow the derivation presented in [41] to find model derived from first principles
in form of a set of DDEs. At first, the additional feedback loop is neglected. First,
we split the main cavity in Fig. 3.5 into five sections: the gain element (z3 < z < z4),
the absorber element (z2 < z < z3), the bandwidth limiting element (z5 < z < z1 + L

where L = vgτ is the length of the cavity and vg is the group velocity) and the parts
between the bandwidth limiting element and gain (z4 < z < z5) and absorber elements
(z1 < z < z2), respectively. The last two mentioned sections are passive such that we
find (following Eq. (3.91) where we apply an inverse Fourier transform)(

∂z + 1
vg
∂t

)
E0 (t, z) = 0. (3.98)

For the active sections, we use the nonlinear wave equation (3.32) together with the
nonlinear susceptibility from Eq. (3.95). Employing Eq. (3.91), we obtain(

∂z + 1
vg
∂t

)
E0 = grγr

ω0
cn0

1 − iαr
2

(
Nr − N (tr)

r

)
E0, (3.99)

∂Nr

∂t
= Jr − ΓrNr − gr

(
Nr − N (tr)

r

)
|E0|2 , (3.100)

where the subscript r stands for the gain (r = g) and absorber (r = q) sections,
respectively, γr is the transverse confinement factor for the corresponding sections, and
we note that the absorber gain is Jq = 0. Next, we consider the co-moving reference
frame by applying the following parameters transformation

(t, z) →
(
t′, z′) where t′ = t− z

vg
, z′ = z

vg
. (3.101)

Naturally, the field is now static in the passive sections with respect to the transformed
time, i.e., Eq. (3.98) transforms to

∂E0(t′, z′)
∂z′ = 0. (3.102)

Further, in order to nondimensionalize the quantities, we introduce the following scal-
ings

g′
r = grγrvg

ω0
cn0

, nr = g′
r

(
Nr − N (tr)

r

)
, A

(
t′, z′) = E0 (t, z) √

gg,

jg = g′
g

Jg − ΓgN tr
g

Γg
, jq = g′

qN (tr)
q .
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With these transformations, Eqs. (3.99) and (3.100) become

∂z′A (t′, z′)
∂z′ = 1 − iαg,q

2 ng,q
(
t′, z′)A (t′, z′) , (3.103)

∂ng (t′, z′)
∂t′

= Γg
(
jg − ng

(
t′, z′))− ng

(
t′, z′) ∣∣A (t′, z′)∣∣2 , (3.104)

∂nq (t′, z′)
∂t′

= Γq
(
−jq − nq

(
t′, z′))− nq

(
t′, z′) s ∣∣A (t′, z′)∣∣2 . (3.105)

Here, the parameter s = gq/gg is the ratio of the saturation intensities in the gain
and absorber sections. Next, we integrate the optical field over the separate sections
z′

1, . . . , z
′
5 where z′

k = zk
vg
, k = 1, ..., 5 to relate the fields at the beginning and end of each

section (cf. Fig. 3.5). We start with the passive sections, i.e., we integrate Eq. (3.102)
from z′

1,4 to z′
2,5, which gives the (rather trivial) relations

A
(
t′, z′

2
)

= A
(
t′, z′

1
)
, A

(
t′, z′

5
)

= A
(
t′, z′

4
)
, (3.106)

For the gain and absorber sections, we integrate Eq. (3.103) from z′
2,3 to z′

3,4 which
yields

A
(
t′, z′

4
)

= exp
(1 − iαg

2 G
(
t′
))
A
(
t′, z′

3
)
, (3.107)

A
(
t′, z′

3
)

= exp
(

−1 − iαq
2 Q

(
t′
))
A
(
t′, z′

2
)
, (3.108)

where G
(
t′
) ..=

∫ z′
4

z′
3

ng
(
t′, z′) dz′, and Q

(
t′
) ..= −

∫ z′
3

z′
2

nq
(
t′, z′) dz′. (3.109)

Here, the dimensionless quantities G (t′) and Q (t′) describe the integrated (over space
and time) gain and loss introduced by the absorber and gain sections [93]. Next, we
multiply Eq. (3.103) with A∗ and add its complex conjugated. Integrating the result
from z′

2,3 to z′
3,4 gives the following useful relation

∫ z′
3,4

z′
2,3

ng,q
(
t′, z′) ∣∣A (t′, z′)∣∣2 dz′ =

∣∣∣A (t′, z′
3,4

)∣∣∣2 −
∣∣∣A (t′, z′

2,3

)∣∣∣2 . (3.110)

Using this, we also integrate the carrier equations (3.104,(3.105) from z′
2,3 to z′

3,4 to
obtain dynamical equations for G and Q, respectively:

∂G (t′)
∂t′

= Γg (G0 −G) −
∣∣A (t′, z′

4
)∣∣2 +

∣∣A (t′, z′
3
)∣∣2 , (3.111)

∂Q (t′)
∂t′

= Γq (Q0 −Q) + s
∣∣A (t′, z′

3
)∣∣2 − s

∣∣A (t′, z′
2
)∣∣2 , (3.112)

where G0 ..=
∫ z′

4

z′
3

jgdz
′, and Q0 ..=

∫ z′
3

z′
2

jqdz
′. (3.113)
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The optical field A (t′, z′) is evaluated at different positions z′
2−4. However, we can suc-

cessively use the relations found in Eqs. (3.106)–(3.108) and plug them into Eqs. (3.111)
and (3.112) such that we find the dynamical carrier equations

∂G (t′)
∂t′

= Γg (G0 −G) − e−Q
(
eG − 1

) ∣∣A (t′, z′
1
)∣∣2 , (3.114)

∂Q (t′)
∂t′

= Γq (Q0 −Q) − s
(
1 − e−Q

) ∣∣A (t′, z′
1
)∣∣2 , (3.115)

which are now both expressed in terms of A (t′, z′
1). Finally, we have to account for

the action of the filter. In Fourier space, the fields in front of and behind the filter are
related as

Â
(
ω′, z′

1 + τ
)

= f̂
(
ω′) Â (ω′, z′

5
)
, (3.116)

where τ = L
vg

and f̂ (ω′) is the frequency response function of the filter. When trans-
forming Eq. (3.116) into the time domain, the multiplication turns into a convolution

A
(
t′, z′

1 + τ
)

= f
(
t′
)

∗A
(
t′, z′

5
)

=
∫ t′

−∞
f
(
t′ − θ

)
A
(
θ, z′

5
)
dθ, (3.117)

where the upper boundary corresponds to t′ due to causality5. Again, we want all fields
to be evaluated at the same positions. That is, to calculate A (θ, z′

5) we successively
use the relations found in Eqs. (3.106)–(3.108) which gives

A
(
θ, z′

5
)

= R (θ)A
(
θ, z′

1
)
, (3.118)

where R (θ) = exp
(1 − iαg

2 G (θ) − 1 − iαq
2 Q (θ)

)
. (3.119)

Further, we use the periodic boundaries of the ring cavity. That is, we add L to z

such that the transformation defined by Eq. (3.101) gives: (t, z + L) → (t′ − τ, z′ + τ).
Hence, we find A (t′, z′

1 + τ) = A (t′ + τ, z′
1). With that, we can rewrite Eq. (3.117) and

find
A
(
t′ + τ, z′

1
)

=
∫ t′

−∞
f
(
t′ − θ

)
R (θ)A

(
θ, z′

1
)
dθ. (3.120)

We can observe that all fields are evaluated at z′
1, such that we can define A (t′) ..=

A (t′, z′
1) . In order to evaluate the integral in Eq. (3.120), we need to characterize the

filter by defining its frequency response function. Here, we employ a Lorentzian filter
with a bandwidth γ and central frequency ω0, which in the time domain reads

f
(
t′
)

=
√
κγ exp

[
(−γ + iω0) t′

]
, (3.121)

5A causal filter cannot act on future optical fields.
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where we also included the effect of the cavity output, i.e., after every round-trip a
fraction of κ of the optical intensity remains in the cavity. Using the frequency response
function defined in Eq. (3.121), we derive Eq. (3.120) with respect to t′ to obtain

∂A (t′ + τ)
∂t′

= ∂

∂t′

[∫ t′

−∞
f
(
t′ − θ

)
R (θ)A (θ) dθ

]

= f (0)R
(
t′
)
A
(
t′
)

+ (−γ + iω0)
∫ t′

−∞
f
(
t′ − θ

)
R (θ)A (θ) dθ

=
√
κγR

(
t′
)
A
(
t′
)

+ (−γ + iω0)A
(
t′ + τ

)
, (3.122)

where we employed Leibniz’s integral rule and, in the last step, used the definition
of A (t′ + τ) given in Eq. (3.120). Finally, we shift Eq. (3.122) by τ and go into the
co-rotating frame (A → Aeiω0t) which gives the following DDE model

Ȧ

γ
=

√
κ exp

(1 − iαg
2 Gτ − 1 − iαq

2 Qτ − iφ

)
Aτ −A, (3.123)

Ġ = Γg (G0 −G) − e−Q
(
eG − 1

)
|A|2 , (3.124)

Q̇ = Γq (Q0 −Q) − s
(
1 − e−Q

)
|A|2 , (3.125)

where φ = ω0τ and the index τ stands for the delayed variable (i.e., Aτ ..= A (t′ − τ)).

3.3.4. Haus Master Equation

In the next step, we want to transform the DDE ring model in Eqs. (3.123)–(3.125) into
a normal form PDE using the schemes presented in Section 2.3. First, we normalize
the time delay and go into the long-delay limit where ϵ = τ−1 is small. Next, we use
the functional mapping approach (cf. Section 2.3.2) and expand in the uniform field
limit where the gain, absorption and losses are small (i.e., they are O

(
ϵ2
)
). Then we

go into Fourier space where ∂t → −iω and solve Eq. (3.123) for At ..= A (t)

An =
√
κ exp

[
1−iαg

2 Gn−1 − 1−iαq

2 Qn−1 − iφ
]

1 − iϵω
γ

An−1. (3.126)

Expanding the exponential and separating into linear and nonlinear terms yields

An =
√
κe−iφ

1 − iϵω
γ

An−1 +
√
κe−iφ

(1 − iαg
2 Gn−1 − 1 − iαq

2 Qn−1

)
An−1 + O

(
ϵ3
)
.

(3.127)
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Then the linear operator in the PDE normal form reads

L = ln
[√

κe−iφ

1 − iϵω
γ

]
=

√
κ− 1 − iφ− −iϵω

γ
+ 1

2

(−iϵω
γ

)2
+ O

(
ϵ3
)
. (3.128)

To find the nonlinearity, we use a zeroth order approximation for the integral Eq. (2.39)
such as the rectangular method (cf. Eq. (2.40)). Hence, we find

Nn−1 =e−LNn−1 + O (ϵ) = e−L0Nn−1 + O (ϵ) , (3.129)

where L0 = −iφ. Here, the phases cancel out and we obtain

Nn−1 =
√
κ

(1 − iαg
2 Gn−1 − 1 − iαq

2 Qn−1

)
An−1 + O (ϵ) . (3.130)

Lastly, we need to consider the PDE versions of the carriers defined in Eqs. (3.124)
and (3.125). However, as they do not contain a time delay they can only evolve on the
fast time scale. Further, using the above scaling for the gain and absorber simplifies
the nonlinearities in these terms:

e−Q
(
eG − 1

)
= G+ O

(
ϵ3
)
, (3.131)(

1 − e−Q
)

= Q+ O
(
ϵ3
)
. (3.132)

Finally, the PDE normal form derived up to O
(
ϵ2
)

reads

∂ξA =
[
v∂z + 1

2γ2∂
2
z +

√
κ− 1 − iφ+

√
κ

(1 − iαg
2 G− 1 − iαq

2 Q

)]
A, (3.133)

∂zG =Γg (G0 −G) −G |A|2 , (3.134)

∂zQ =Γq (Q0 −Q) − sQ |A|2 , (3.135)

which corresponds to the Haus master equation [25]. Often, a different scaling of this
equation is used, where we define k = 1 −

√
κ and absorb κ in the carriers: g =

√
κG,

g0 =
√
κG0, q =

√
κQ and q0 =

√
κQ0. Further, the common phase can be removed by

transforming A → Ae−iφξ and the drift is removed by going into the comoving frame.

∂ξE =
[ 1

2γ2∂
2
z − k + 1 − iαg

2 g − 1 − iαq
2 q

]
E (3.136)

∂zg =Γg (g0 − g) − g |E|2 (3.137)

∂zq =Γq (q0 − q) − sq |E|2 . (3.138)

Another common scaling normalizes time with respect to the absorber recovery rate Γq
(sometimes also called γq).
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Finally, we have to make remarks on the boundary conditions. The easiest choice
are obviously period boundaries. However, in Section 2.1.1, we detail that while time-
delayed systems are similar to PDEs, their boundaries are not periodic but connect
the end of one round-trip to the beginning of the next one. This property corre-
sponds to preserving the carrier memory between round-trips and can be implemented
in Eqs. (3.136)–(3.138) by introducing dynamic boundaries for the carriers, see [94–96].
This allows for the description of complex pulse trains such as Q-switched transitions.
However, in our application, we study the phase and position dynamics of pulses that
do not change (significantly) in shape. Therefore, the dynamic boundaries introduce
small corrections, which are on much faster time scales compared to the slow phase and
position dynamics. Hence, we chose to use periodic boundary conditions as it simpli-
fies the numerical effort. However, we cross-checked some findings using the approach
presented in [95] and obtained identical results.

3.3.5. Lasing Threshold

Below a certain threshold value for the gain pump rate, a semiconductor laser remains
in the off-state as the losses cannot be compensated. The off-state is the trivial steady
state solution, where the optical field vanishes such that the gain g corresponds to
its pumping rate g0 and the absorber q is the value of the unsaturated losses q0. At
the lasing threshold, the off-solution becomes unstable and the continuous-wave state
emerges. In the following, we calculate the lasing threshold first for the DDE model in
Eqs. (3.123)–(3.125) and in the second step, show that the PDE model Eqs. (3.136)–
(3.138) exhibits the same threshold.

Substituting the plane-wave ansatz A (t′) = A0e
−iωt′ into the dynamical equation

describing the evolution of the field defined in Eq. (3.123) leads to

iω

γ
=

√
κ exp

[1 − iαg
2 G− 1 − iαq

2 Q− iφ+ ωτ

]
− 1. (3.139)

Here, the gain G = G0 + δG and absorber Q = Q0 + δQ still fulfill the carrier equations
Eqs. (3.124) and (3.125), and δG and δQ account for deviations from the off-state. At
the lasing threshold, the amplitude of the plane-wave A0 is small such that δG and δQ
are small as well. Expanding Eq. (3.139) gives

iω

γ
=

√
κ exp

[1 − iαg
2 G0 − 1 − iαq

2 Q0 − iφ+ ωτ

]
− 1 + O (δG, δQ) . (3.140)

Now, we simply need to solve for the gain G0 which can be achieved by taking the
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modulus-square of Eq. (3.140) such that we obtain

1 + ω2

γ2 = κeG0−Q0 (3.141)

⇔ G0 (ω) = Q0 − ln κ+ ln
(

1 + ω2

γ2

)
. (3.142)

However, the frequency ω must still fulfill Eq. (3.140). We can derive an equation
defining the possible frequencies ω by taking the imaginary part of Eq. (3.140) which
gives

ω√
κγ

= sin
(
αqQ0 − αgG0

2 − φ+ ωτ

)
. (3.143)

As this equation is transcendental, it has an infinite number of solutions for ω that
correspond to the external cavity modes. However, here we are interested in the long-
delay limit where τ ≫ 1. Hence, the term ωτ in Eq. (3.143) is a rapidly oscillating
phase such that an arbitrary small value of ω = ωc → 0 can cancel the other terms in
the sine and therefore, solve Eq. (3.143). This is important because the lasing threshold
is then the minimum of G0 (ω), i.e.

Gth ..= G0 (0) = Q0 − ln κ. (3.144)

We note that increasing the frequency by adding 2π
τ , i.e.

ωk = ωc + 2πk
τ
, k ∈ Z (3.145)

still solves Eq. (3.143) due to τ ≫ 1. Here, the ωk correspond to the external cavity
modes.

Similarly, for the PDE model in Eqs. (3.136)–(3.138), we use a plane-wave ansatz
E(ξ, z) = E0e

(ikzz+λξ), which leads to

λ = −k2
z

2γ + 1 − iαg
2 g0 − 1 − iαq

2 q0 − k. (3.146)

As we are looking for the point, where the off-solution becomes unstable, we set Re(λ) =
0 such that we obtain

g0 (kz) = q0 + 2k + kz
γ2 . (3.147)
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This function has a minimum for6 kz = 0, such that the lasing threshold reads

gth = q0 + 2k. (3.148)

In order to compare with the previous result from the DDE model, we can revert the
scaling of the parameters:

gth =
√
κQ0 + 2

(
1 −

√
κ
)

(3.149)

=
√
κ (Q0 + 1 − κ) + O

(
ϵ4
)

(3.150)

=
√
κ (Q0 − ln κ) + O

(
ϵ4
)
, (3.151)

where we used that κ− 1 ∼ ϵ2 such that we find, as it should be, the same result as in
Eq. (3.144) (remember that gth =

√
κGth).

3.3.6. Time-Delayed Feedback

Time-delayed feedback (TDF) refers to a process in which the output of the system is
fed back into itself after a certain delay. This concept can influence the dynamics of
the system and can have significant effects on its stability, behavior, and performance,
see e.g. [44–48]. While TDF can be used to actively control the output of a laser, it
can also stem from (parasitic) reflections of lenses making it almost unavoidable in an
experimental setup. Hence, TDF can have both, stabilizing and destabilizing, effects.

We denote the feedback time delay τf and the portion of the field that is re-injected
η, cf. the setup in Fig. 3.5. Further, the optical field can experience a relative phase
when being re-injected, which we denote Ω. Hence, TDF can be modeled by simply
adding a term ηeiΩE (t− τf ) to the field equation in the DDE model (3.123) and the
PDE model (3.136).

In a part of our analysis, we carry out a statistical study under the influence of noise,
which stems from the spontaneous emission fluctuations and the mechanical vibrations
in the cavity. We model this noise for simplicity with a (normalized) white Gaussian
stochastic process ζ, that is added to the field equation with an amplitude of σ. This

6Remember that the PDE model was derived in the long-delay limit such that the the discus-
sion about the external cavity modes defined in Eq. (3.143) applies here as well.
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leads to the following equations for the DDE model

Ȧ

γ
=

√
κ exp

(1 − iαg
2 Gτ − 1 − iαq

2 Qτ − iφ

)
Aτ −A

+ ηeiΩA (t− τf ) + σζ,

(3.152)

Ġ =Γg (G0 −G) − e−Q
(
eG − 1

)
|A|2 , (3.153)

Q̇ =Γq (Q0 −Q) − s
(
1 − e−Q

)
|A|2 , (3.154)

and for the PDE model we obtain7

∂ξE =
[ 1

2γ2∂
2
z − k + 1 − iαg

2 g − 1 − iαq
2 q

]
E + ηeiΩE (z − τf ) + σζ, (3.155)

∂zg =Γg (g0 − g) − g |E|2 , (3.156)

∂zq =Γq (q0 − q) − sq |E|2 . (3.157)

Note that the presence of TDF has an influence on the lasing threshold [97], how-
ever, as we consider only small feedback amplitudes, this effect can be neglected. In
Appendix A.1, we present how Eqs. (3.155)–(3.157) can be numerically integrated.

7For simplicity, we use the same symbols for the noise terms in the PDE and DDE models.
However, they are not identical but are linked via the derivation of the normal form PDE,
cf. Section 3.3.4.
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4. The Injected Kerr–Gires–Tournois Interferometer

In the first part of the thesis, we study the injected Kerr–Gires–Tournois interferometer
(KGTI) introduced in Section 1.2.1. The KGTI is modeled by the DAEs (3.83),(3.84),
which were derived from first principles, see Section 3.2.

This chapter is structured as follows. First, in Section 4.1, we consider the conserva-
tive case of the KGTI, i.e., in the absence of external injection and with a closed cavity
(η = 1). Next, in Section 4.2, we make the first step in investigating the dissipative
case and study in detail the steady state solution in its (multi-dimensional) parameter
space. There, we also compute analytically its linear stability which allows us to get
an overview over the different dynamical regimes in the KGTI system. In Section 4.3,
we present the regime of locked domain walls found for normal dispersion and unveil
the mechanism in which these structures are formed. Next, in Section 4.4, we perform
a detailed parameter study of the domain walls regime. An important limit case, the
weakly dissipative limit, is described in Section 4.5. We explore further dynamical
regimes in the KGTI, namely square waves (cf. Section 4.6) and TLSs beyond the
mean-field limit (cf. Section 4.7). Finally, in Section 4.8, we briefly study the influence
of two-photon absorption, before concluding the finding in Section 4.9.

Parts of this chapter are based on the publications [98–100], as indicated at the
beginning of the corresponding sections.

4.1. Conservative Dynamics

The current Section 4.1, including the figures, is based on the publication:

[98] T. G. Seidel, S. V. Gurevich, and J. Javaloyes. “Conservative Solitons and
Reversibility in Time Delayed Systems”. In: Phys. Rev. Lett. 128 (2022),
p. 083901. doi: 10.1103/PhysRevLett.128.083901

TGS carried out the analytical and numerical work under the supervision of SVG
and JJ. All figures were created by TGS. A first draft of the text was created by
TGS and gradually refined by all authors.

In the first step of studying the KGTI, we consider the case of no external injection
(i.e., Y0 = 0). This allows us to describe the system in the reference frame of the
micro-cavity (cf. Table 3.1) such that the system equations read

Ė (t) =
(
−1 + i|E|2

)
E + hY, (4.1)

Y (t) = ηeiφ̄ [E (t− τ) − Y (t− τ)] , (4.2)
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where8 φ̄ = ϕ+ωcτ . This dynamical system is based on the setup shown in Fig. 4.1 (a).
The algebraic nature of Eq. (4.2) captures all the multiple reflections in the external
cavity, cf. Eq. (3.87). Here, we want to consider the conservative limit, where η = 1,
and all the multiple reflections are conserved. For a perfectly lossless bottom mirror
|r2| = 1 the coupling efficiency parameter is h = 2, which corresponds to the Gires–
Tournois interferometer regime [56].

Due to the time delay, the system composed of Eqs. (4.1) and (4.2) possesses infinitely
many degrees of freedom. Hence, its eigenvalue spectrum is a countably infinite set and
in the long-delay limit τ → ∞ it becomes pseudo-continuous. In order to compute the
spectrum, we use a scaling ansatz for the eigenvalues λ = γ

τ +iµ and follow the deviation
in Section 2.2.1 for the steady state solution (E, Y ) = (0, 0). Linearizing the system in
Eqs. (4.1) and (4.2), it is characterized by the matrices (cf. Eq. (2.7))

A =

−1 h

0 −1

 and B = η

 0 0
eiφ̄ −e−iφ̄

 . (4.3)

The solution of the characteristic equation (cf. Eq. (2.12)) reads

g = −1
η

1 + iµ

1 + iµ− h
e−iφ̄ (4.4)

such that the real part γ of the eigenvalue spectrum is (cf. Eq. (2.13))

γ = − ln |g| = ln η + 1
2 ln

(
1 + h

h− 2
1 + µ2

)
(4.5)

h→2≈ ln η + h− 2
1 + µ2 . (4.6)

Then, the imaginary part µ of the eigenvalues is defined by (cf. Eq. (2.15))

µτ = − arg (g) + 2πk (4.7)

= − arctan
[(

1 + µ2 − h
)

sin(φ̄) − hµ cos(φ̄)
(1 + µ2 − h) cos(φ̄) + hµ sin(φ̄)

]
+ 2πk (4.8)

h→2≈ − arctan
[(
µ2 − 1

)
sin(φ̄) − 2µ cos(φ̄)

(µ2 − 1) cos(φ̄) + 2µ sin(φ̄)

]
+ h− 2

1 + µ2µ+ 2πk (4.9)

µ→0
≈ − 2µ− φ̄+ h− 2

1 + µ2µ+ 2πk (4.10)

with k ∈ Z, see the red dots in Fig. 4.1 (b).
Note that for h = 2 the real part γ does not depend on µ yielding a vertical, yet

8To be consistent with the notation in the rest of this thesis, we here use φ̄ instead of φ as it
was done in the corresponding paper [98].
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Figure 4.1: (a) Setup of the KGTI in absence of external injection, cf. Fig. 1.4. (b)
The eigenvalue spectrum of defined in Eqs. (4.6) and (4.10) for different values of h
and η. For h < 2 and η < 1 (red dots) the spectrum resemble an inverted parabola.
When h → 2 (blue dots) it flattens as γ = ln η. For η → 1, the spectrum converges to
the imaginary axis (green dots).

lossy, spectrum which is shifted from zero by ln η/τ (blue dots). In the limit of a lossless
cavity, where additionally η → 1, λ converges towards the unitary spectrum presented
in green in Fig. 4.1 (b).

In itself, a unitary spectrum is rather surprising in the context of time-delayed sys-
tems since it implies the possibility to integrate backward in time without any difficulty.
This statement is incompatible with the dynamics of the most widespread time-delayed
systems that are based upon DDEs, cf. Eq. (2.1) for non-singular M . The so-called
method of steps [101] shows that an initial condition ϕ(t) must be given over an interval
of duration τ in order to perform the forward integration over a time τ . Then, this
newly propagated segment can be reused as a new initial condition in order to perform
the next step. That is, if ϕ (t) is a Cp function, integrating this function over n steps
results in a smoother Cp+n profile. Conversely, a Cp initial condition can only be inte-
grated backward during p steps before reaching a discontinuity. All the models based
upon DDEs suffer from this difficulty, even in photonics where the latter are based upon
the reversible Maxwell equations; the approximations made during their derivation set
limits over their time-reversed evolution. We note however, that the delay algebraic
models given by Eqs. (4.1),(4.2) or in [36, 55, 102, 103] do not suffer from this difficulty.
This can be understood by combining Eq. (4.1) with itself evaluated at t− τ and using
Eqs. (4.2) to eliminate the field Y . Noting Eτ = E (t− τ), we obtain

E + Ė − i |E|2E =
(
Eτ − Ėτ + i |Eτ |2Eτ

)
eiφ̄. (4.11)

Equation (4.11) is a neutral delay differential equation (NDDE) (cf. Section 2.1),
where both the delayed value of the field Eτ and its derivative Ėτ appear. Since the
right hand side of Eq. (4.11) contains Ėτ , at each step, the initial condition is both
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Figure 4.2: (a) Temporal trace obtained by integrating Eqs. (4.1,4.2) for τ = 300. The
period of the solution is T = 301.5 and the inset presents a zoom over five round-trips.
The energy of the pulses is µ = 0.0063. (b) Comparison between the intensity profile
of a single pulse of (a) (blue dots) and the analytical solution of the NLS equation (red
circles, Section 4.1) on a logarithmic scale. The only discrepancy can be seen at the
interval boundaries (see inset).

derived and integrated. One understands intuitively that, at variance with DDEs, a
Cp initial condition remains Cp and that forward and backward integration do not
create asymmetry in the smoothness of the solution profile. Following Kamenskii’s
classification [101], Eq. (4.11) is an example of a bilateral NDDE; as it preserves its
type under time inversion. The general theory of these equations appears to be rich
and has not been fully developed yet. From Eq. (4.11), the associated linear evolution
operator φτ propagating the field over a step reads

φτ : E (t) =
(

1 + d

dt

)−1 (
1 − d

dt

)
eiφ̄E (t− τ) (4.12)

while the adjoint operator φ†
τ is defined as

φ†
τ : W (t) =

(
1 − d

dt

)−1 (
1 + d

dt

)
e−iφ̄W (t+ τ) . (4.13)

Since φ†
τφτ = Id, φτ is a unitary operator, which explains the purely imaginary spec-

trum of Fig. 4.1 (b). Consequently, the inverse operator φ−1
τ , that corresponds to

backward time integration, is φ−1
τ = φ†

τ .

Remarkably, the nonlinear Eqs. (4.1) and (4.2) possess, in the long-delay limit τ ≫ 1,
periodic orbits with period T = τ + ∆ and ∆ > 0 [82] that correspond to solitary wave
trains, see Fig. 4.2(a). The temporal profile of a single pulse coincides extremely well,
even on a logarithmic scale, with a hyperbolic secant, a typical solution of the nonlinear
Schrödinger equation (NLS) over an infinite domain [104], see Fig. 4.2 (b). The small
discrepancy at the tails is due to the fact that solitary solutions in time-delayed systems
are periodic orbits, which imposes a smooth reconnection of the solution with itself. An

60
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identical discrepancy would be observed if the NLS equation was solved over a periodic
domain.

The link between the NDDE (4.11) and the NLS equation can be clarified by perform-
ing a multi-scale analysis up to third order or using the functional mapping method, cf.
Sections 2.3.1 and 2.3.2. We introduce the two-time representation by defining z ∈ [0, τ ]
and ξ ∈ N so that time can be expressed as t [z, ξ] = z + ξτ . Assuming a field with
carrier frequency9 ω0, we can transform Eqs. (4.1) and (4.2) into the reference frame of
ω0 and introduce the detuning δ = ωc − ω0 by using the ansatz E (t) = A (t) exp (iδt).
Then one obtains the following amplitude equation (for details on the derivation, see
Appendix B.2)

i (∂ξ + υ∂z)A+ φ̃A− β2
2 ∂

2
zA− i

β3
6 ∂

3
zA+ γ |A|2A = 0, (4.14)

that is, the NLS equation with third-order dispersion with υ = 2/
(
1 + δ2), β2 =

4δ/
(
1 + δ2)2, β3 = 4

(
3δ2 − 1

)
/
(
1 + δ2)3 and γ = 2/

(
1 + δ2). The effective round-

trip phase is φ̃ = φ̄ − δτ − 2 arctan (δ) = φ − 2 arctan (δ) mod (2π). The second
order dispersion coefficient β2 cancels at resonance δ = 0, which corresponds to the
transition from anomalous to normal dispersion while third-order dispersion β3 vanishes
for δ = ±δc where δc = 1/

√
3. In this case Eq. (4.14) is equivalent to the classical NLS

equation up to fourth order. In the anomalous dispersion regime where δ = −δc, β2 < 0,
γ > 0 and β3 = 0, we obtain the bright hyperbolic secant solitons [104]. The latter can
be expressed as a one-parametric family

A (z, ξ;µ) =
√

2µ
γ

exp [i (µ+ φ̃) ξ]
cosh

[√
2µ
|β2| (z − υξ)

] , (4.15)

where we defined µ as the soliton energy, which together with the effective round-
trip phase φ̃ contributes to the soliton frequency shift. The expression in Eq. (4.15)
was given as an initial condition with parameters (µ, φ) = (0.005, 0), times a carrier
frequency exp (−iδcz), to the periodic orbit solver of DDE-BIFTOOL [105] which resulted
in the exact periodic orbit shown in Fig. 4.2. The superposition in Fig. 4.2(b) using
Eq. (4.15) was obtained without fit.

The existence of a unitary, hence reversible, differential operator for small amplitude
solutions as well as the normal form (4.14) leading to the NLS equation indicates that
Eq. (4.11) may possess a more general symmetry. In particular, one observes that
Eq. (4.11) relates the field one step in the future E+ (t) to the initial condition ϕ (t) as

E+ + Ė+ − i |E+|2E+ =
(
ϕ− ϕ̇+ i |ϕ|2 ϕ

)
eiφ̄. (4.16)

9In the corresponding paper, the carrier frequency was denoted with δ.
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Figure 4.3: Numerical simulation showing the reversibility of Eq. (4.11). An asym-
metric initial condition (blue circles in (b),(c)) is propagated 300 steps (blue part).
Next, at the black dashed line in (a), the operator R is applied. After 300 steps (red
part), the final profile shown in (b),(c) with red dots perfectly matches the initial con-
dition after applying R a second time.

Exchanging the left and right hand sides of Eq. (4.11) defines the field one step in the
past E− as

E− − Ė− + i |E−|2E− =
(
ϕ+ ϕ̇− i |ϕ|2 ϕ

)
e−iφ̄. (4.17)

Following [106], we denote the nonlinear evolution operator over a step as Φτ and the
mirror-conjugating involution R defined as R [E (t)] = E∗ (−t). Reversibility is demon-
strated since R ◦ Φτ ◦ R−1 = Φ−τ , i.e., performing one step backward in time with
the initial condition ϕ (t) is equivalent to one step forward for another initial condition
ϕ∗ (−t) while mirror-conjugating the end result, i.e., E+ (t) = E∗

− (−t). A demonstra-
tion of this property is depicted in Fig. 4.3(a). Starting from a complex, non-solitonic
initial condition, we integrate Eq. (4.11) forward 300 steps, see Fig. 4.3(a). Then the
operator R is applied to the resulting field profile. Further forward integration over 300
steps followed by the application of R−1 = R leads to the perfect superposition with the
initial condition shown in Fig. 4.3(b,c). We note that the mirror-conjugate symmetry is
present in the NLS equation (4.14); it consists in setting A (z, ξ) → A∗ (−z,−ξ). While
NLS is only an approximation of Eq. (4.11), the time reversal symmetry of Eq. (4.11)
is an exact property.

The higher-order terms, that were neglected in deriving Eq. (4.14), scale as O
(
µ2).

Hence, Eq. (4.11) is only integrable for sufficiently small amplitude and smooth solu-
tions. In this case, we launched two solitons of equal amplitudes but slightly different
carrier frequencies; this leads to different drift velocities thereby allowing for collisions.
We notice that the in-phase Fig. 4.4(a,b) and the anti-phase Fig. 4.4(c,d) solitons re-
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Figure 4.4: Two-time representation of two colliding solitons of Eqs. (4.1,4.2) in-phase
(a,b) and anti-phase (c,d) as a function of the round-trip number N . Panels (a) and (c)
show the absolute value of the profile while (b) and (d) show their phase. Each pulse
has an energy of µ = 0.005 and δ1,2 = −δc ± 0.1 while φ = 1.95. The mean carrier
frequency e−iδct was factored out for clarity in (b,d).

produce exactly the elastic behavior expected from an integrable equation [104].
We finally turn our attention to the existence of conserved quantities. For this,

we remember that we can split the time t into a slow and fast component such that
t = z + ξτ where z ∈ [0, τ ] and ξ ∈ N. With that, we can define Eξ (z) as

Eξ (z) = E (z + ξτ) = E (t) (4.18)

where Eξ (τ) = Eξ+1 (0) . (4.19)

Next, we transform Eqs. (4.1) and (4.2) into equations for intensities. For Eq. (4.1),
we obtain

∂Iξ
∂z

=
∂
(
EξE

∗
ξ

)
∂z

= E∗
ξ

∂Eξ
∂z

+ Eξ
∂E∗

ξ

∂z
(4.20)

= E∗
ξ [(−1 + iIξ)Eξ + 2Yξ] + Eξ

[
− (1 + iIξ)E∗

ξ + 2Y ∗
ξ

]
(4.21)

= −2Iξ + 4ℜ
(
YξE

∗
ξ

)
. (4.22)

Analogously, we yield for Eq. (4.2)

|Yξ|2 = (Eξ−1 − Yξ−1)
(
E∗
ξ−1 − Y ∗

ξ−1

)
(4.23)

= Iξ−1 + |Yξ−1|2 − 2ℜ
(
Yξ−1E

∗
ξ−1

)
. (4.24)

Next, we combine Eqs. (4.22) and (4.24) to obtain

∂Iξ−1
∂z

= −2 |Yξ|2 + 2 |Yξ−1|2 . (4.25)
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Figure 4.5: (a),(b) Evolution of Eqs. (4.1) and (4.2) for different initial conditions.
Note that the folding factor for these plots is τ , instead of T as in Fig. (4.4), leading to
the drift of the soliton. The initial conditions are (a) a hyperbolic secant (4.15) with
µ = 0.005 and (b) a condition which is far away from a steady state. (c),(d) Evolution
of different measures to visualize the conservation properties10. In (c) all quantities are
conserved unless the pulse reaches the edge of the cavity. Then only Qξ is conserved.
(d) The norm

∫ τ
0 |Eξ|2dz is not conserved and

∫ τ
0 |Yξ|2dz as well as |Eξ(0)|2 show the

same imperfections when a soliton exits the cavity. However, Qξ is conserved.

We integrate this equation over the length of one delay∫ τ

0

∂Iξ−1
∂z

dz = Iξ−1 (τ) − Iξ−1 (0) (4.19)= Iξ (0) − Iξ−1 (0) (4.26)

= −2
∫ τ

0
|Yξ|2 dz + 2

∫ τ

0
|Yξ−1|2 dz (4.27)

⇔ 2
∫ τ

0
|Yξ|2 dz + Iξ (0) = 2

∫ τ

0
|Yξ−1|2 dz + Iξ−1 (0) . (4.28)

Equation (4.28) defines the discrete conserved quantity Qξ at each round-trip as

Qξ = 2
∫ τ

0
|Yξ (z)|2 dz + |Eξ (0)|2 . (4.29)

We interpret Qξ as the soliton mass that contains the integral of the field intensity
in the external cavity |Yξ|2, while |Eξ (0)|2 is the intra-cavity field value. When the
cavity snapshot is taken at a particular step ξ, the pulse energy can either reside in the
external cavity and be contained in the Y field, but it can also lay within the micro-
cavity field E. We clarify the role of the conserved quantity in Fig. (4.5). The left
panels (a,c) depict the smooth evolution of a single soliton in the (z, ξ) representation.
We notice that the nominal soliton mass in NLS qξ =

∫ τ |Eξ|2 dz (black) is conserved

64



4.1 Conservative Dynamics

up to the point where the soliton exits at z = τ and reenters at z = 0 at round-trip
ξ ≃ 130.

We notice that
∫ τ |Yξ|2 dz also shows a downward kink, however, as |Eξ (0)|2 has

an opposed spike, Qξ is conserved. For a more complex initial condition with higher
energy, one can observe a quick decomposition into multiple spikes after ξ ≃ 40 steps,
cf. Fig. 4.5(b). Here, and even if the field remains well-localized within the time delay
until ξ ≃ 120 one already notices that Qξ is not conserved anymore, cf. Fig. 4.5(d). This
high amplitude transient with fast temporal variations breaks the multi-scale analysis
leading to Eq. (4.14) and the high order terms like, e.g., self-steepening, result in a
non-integrable normal form. Yet, Qξ still remains conserved in this case, too.

4.1.1. Towards Dissipative Dynamics

Finally, we perform the link between Eqs. (4.1),(4.2) and another paradigm of dissi-
pative pattern formation that is the Lugiato–Lefever equation [58, 66]. The latter can
be understood as a weakly dissipative version of the NLS equation in which the phase
symmetry is broken by the presence of monochromatic injection with amplitude Y0

and frequency offset δ with respect to the micro-cavity resonance. In order to intro-
duce this forcing, the external cavity should be open and one has to simultaneously
introduce cavity losses by setting η < 1. This amounts to adding to the right hand
side of Eq. (4.2) a term11 Y0

√
1 − η2eiδt, cf. Table 3.1. A similar multi-scale analysis

performed for small cavity losses, small phases and weak injection (cf. Appendix B.2
for details) yields the Lugiato–Lefever equation with third-order dispersion(

i∂ξ + φ+ iυ∂z − β2
2 ∂

2
z − i

β3
6 ∂

3
z + γ |A|2

)
A = F (A) , (4.30)

where F (A) = i (η − 1)A+ iY0
√

8 (1 − η) / (1 + δ2) contains both the effects of losses
and injection. Note that here, the fields are rescaled such that the injection has a
real coefficient. The limit in which Eq. (4.30) is valid, is studied in more detail in
Section 4.5 in the case of normal dispersion where δ > 0. The case of anomalous
dispersion is analyzed in details in [107].

10In the corresponding paper [98] there was a misplaced factor of 2 for the red line.
11The term eiδt is missing in the corresponding paper [98].
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4.2. Steady States of the Injected Kerr–Gires–Tournois
Interferometer

After the excursion to conservative systems in the previous section, we turn our atten-
tion to the dissipative case. We begin with analyzing the steady states of the KGTI
system defined by Eqs. (3.83) and (3.84) – the so-called continous wave (CW) solutions.
First, in Section 4.2.1, we provide an analytical solution of the CW branch as a func-
tion of the injection parameter Y0. Then, in Section 4.2.2, we consider input-output
relations for the different parts of the KGTI in order to describe its cavity response.
In Section 4.2.3, we analyze the CW solution in multi-parameter spaces. Next, we an-
alyze the linear stability of the system. First, in Section 4.2.4 possible instabilities are
categorized giving insight to what kind of periodic solutions can be expected. Next, in
Section 4.2.5, we compute analytically the pseudo-continuous spectrum of eigenvalues of
the CW state in the long-delay limit following the approach described in Section 2.2 and
discuss the possible frequencies of emerging period solutions. Finally, in Section 4.2.6,
we connect the different parts of this section in order to create a stability map that
summarizes the CW states and their stability in a single diagram.

4.2.1. Continuous-Wave Branch

We begin with calculating the steady states Es and Ys of the system in Eqs. (3.83)
and (3.84). This can be done analytically by first solving Eq. (3.83) for Ys

Ys = − 1
h

[−1 + i (Is − δ)]Es, (4.31)

where Is = |Es|2 is the steady state intensity. Then we plug the result into Eq. (3.84)
which the can be solved for Y0. Taking the modulus square yields

Y 2
0 = 1

h2

∣∣1 + ηeiφ
∣∣2

1 − η2

∣∣∣∣∣1 − (h− 1) ηeiφ
1 + ηeiφ

− i (Is − δ)
∣∣∣∣∣
2

Is. (4.32)

This is an implicit equation for the CW intensity, however, it is an explicit expression
for the injection as a function of the CW intensity. Importantly, Eq. (4.32) contains a
cubic nonlinearity in the intensity. This leads to the possibility of a bistable response,
i.e., for a certain injection value, there exists multiple CW states. If bistability exists
depends on the other system parameters. In particular, one can find critical values
for the parameters at which the onset of bistability occurs. For instance, one can set
fixed values of η, φ and h to find a critical detuning δc and injection Y c

0 . This is shown
in Fig. 4.6 where three exemplary CW branches are shown for detunings below, at
and above the critical value. Mathematically, the point (δc, Y c

0 ) corresponds to a cusp
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Figure 4.6: Branch of the CW solution represented by the constant microcavity field
intensity Is = |Es|2 as a function of the injection amplitude Y0 for the detuning values
below (a), at (b) and above (c) the onset of the optical bistability located at (Y c

0 , I
c
s).

Stable (unstable) solutions are indicated with thick (thin) lines. Adapted from [99].

bifurcation. More details on how to compute the critical parameter values and the
unfolding of CW solution are provided in Section 4.2.3. Further, in Section 4.3, the
onset of bistability is used as an expansion point for a normal form.

4.2.2. Cavity Response

Another way to analyze the steady states is to consider the response curve of the system,
i.e., to compute the output Os = Es −Ys of the KGTI system in Eqs. (3.83) and (3.84)
for a given input Y0. For that, we define an effective detuning θ = δ − Is such that we
obtain from Eq. (3.83)

Es = hYs
1 + iθ

. (4.33)

Plugging this in Eq. (3.84) yields

Ys = ηeiφ
h− 1 − iθ

1 + iθ
Ys +

√
1 − η2Y0, (4.34)

which in the GTI limit, where h = 2, simplifies to

Ys =
√

1 − η2Y0
1 − ηei(φ−2 arctan θ) . (4.35)

Here, we used that 1−iθ
1+iθ = e−i2 arctan θ. As a side note, we want to mention, that one

can use Eqs. (4.32), (4.33) and (4.35) to calculate the injection as well as explicitly Es
and Ys for a given intensity value Is which can be useful when, e.g., searching an initial
guess for a continuation. Finally, we can compute the cavity output

Os = Es − Ys
(4.33)= e−2i arctan θYs

(4.35)= e−2i arctan θ
√

1 − η2Y0
1 − ηei(φ−2 arctan θ) . (4.36)
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Figure 4.7: The response curve in φ for different injection values. Other parameters
are (h, η, δ) = (2, 0.7, 1). The response becomes more nonlinear for increasing injection.
Solid thick and dashed thin lines correspond to stable and unstable solutions, respec-
tively.

For the intensity, we take the modulus square and obtain

|Os|2 =
(
1 − η2)Y 2

0∣∣1 − ηei(φ−2 arctan θ)
∣∣2 . (4.37)

Equation (4.37 defines the input-output relation of the KGTI system and corresponds
to the Airy distribution of the optical resonators. In particular, we can see that the
transmission coefficient |T | = 1 − η2 and the reflection coefficient |R| = η2 fulfill |R| +
|T | = 1. For small injection values, the output is also small such that Is vanishes
and the effective detuning θ is just the detuning δ. Hence, understanding the right-
hand-side of Eq. (4.37) as a function of the phase φ, it is a resonance curve centered
around φ = 2 arctan δ, see blue curve centered around the vertical black dashed line in
Fig. 4.7. Due to the periodicity in the phase parameter φ, the resonance reappears for
φ = 2 arctan δ+ 2πk, k ∈ Z. However, increasing the injection leads to contributions of
Is to the effective detuning resulting in nonlinear response curve (see green, red, black
in Fig. 4.7), i.e., close to the resonance, the intensity contribution towards the effective
detuning become relevant such that the response curve slants. However, the base of the
resonance curve is still centered around 2 arctan δ. Note, that in Fig. 4.7, the output
intensity is normalized with respect to its maximum such that the curves for different
injection values become easily comparable. On the other hand, one can also consider
a resonance curve in the detuning δ. This curve is centered around δ = tan

(φ
2
)
, cf.

Fig. 4.8.

Here, it is important to mention a difference in how the nonlinearity effects the sys-
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Figure 4.8: The response curve in δ for different injection values. Other parameters
are (h, η, φ) = (2, 0.7, π/3). The response gets more and more nonlinear for increasing
injection. Solid thick and dashed thin lines correspond to stable and unstable solutions,
respectively.

tem in the KGTI compared to the Ikeda map, where the additional phase contribution
is directly proportional to the intensity [108]. This allows – when considering larger in-
tensities – the tilted cavity resonance to eventually overlap with the adjacent one which
creates multi-stability between multiple solitonic regimes and allows for the formation
of “super cavity solitons”[67]. We note, that this aspect is not captured by the LLE
as it is derived for weak injections and an overall cavity detuning that remains small
during propagation.

In our case, however, the nonlinearity is embedded in the arctangent which is asymp-
totic to ±π

2 for large positve/negative arguments. Considering the factor of 2 in front
of the arctangent reveals that the resonance curve can extend maximally to a value
of −π for large nonlinearities and to π for large detuning and therefore can never
overlap, which prevents the aforementioned coexistence of more than two stable so-
lutions. This property is visualized in Fig. 4.9 (a),(b). In Fig. 4.9 (a), we show the
same response curves as in Fig. 4.7 in addition to one for a very large injection value
(yellow). Due to the strong nonlinear contribution of the intensity towards the effective
detuning θ this curve converges towards −π. Further, Fig. 4.9 (b) shows a response
curve for a large detuning δ. While the base of the response curve is centered around
φ = 2 arctan δ ≈ 0.97π for δ = 20, the upper part of the resonance curve converges
towards −π such that there is no overlap between neighboring resonance curves. Fi-
nally, there exists an interesting intermediate regime, see Fig. 4.9 (c). Here, for lower
injection values (blue), the resonance curves is split into multiple branches such that
an isola is formed. Increasing the injection (orange, yellow), the isola reconnects with
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Figure 4.9: The response curve in φ for several extreme cases (where the stability is
omitted for clarity). (a) Towards very large injections Y0, where the effective detuning
θ is dominated by the high intensity. (b) Large detuning δ and large injection Y0
showing that overlap between neighboring resonance curves cannot be achieved. (c)
Large detuning and various injections values showing that the resonance curve can
split into multiple branches.

the base of the curve forming a single branch. Eventually, for even larger injections
(purple, green), neighboring curves recombine in a transcritical bifurcation (cf. yellow
and purple curves close to φ = π), which results again in separated branches.
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4.2.3. Multi-Parameter Study of the Steady State Solution

While in the previous two subsections, we studied the steady state solution under the
influence of a single control parameter, it can be instructive to consider higher di-
mensional parameter spaces to quickly obtain an overview over possible regimes. Our
starting point is the analytical expression of the CW solution in Eq. (4.32). First,
we calculate the position of the folds in the bistable regime which correspond to
extrema of Eq. (4.32). For that, we differentiate Eq. (4.32) with respect to Is and
find the critical values Is,± for which dY 2

0
Is

|Is=Is,± = 0. The resulting expressions are
lengthy and unintuitive and were therefore obtained using the computer algebra pro-
gram Mathematica [109]:

Is,± =−b±
√
b2 − 4ac

2a . (4.38)

where a =δ2 + η2
(
δ2 + (h− 1)2

)
+ 2η

(
δ2 − h+ 1

)
cos(φ) − 2δhη sin(φ) + 1,

b =4hη sin(φ) − 4δ
(
1 + η2 + 2η cos(φ)

)
,

c =3
(
1 + η2 + 2η cos(φ)

)
.

The injection at the folds is then defined as

Y± = Y0 (Is,±, δ, η, φ, h) . (4.39)

With this equation, one can analytically compute the position of the folds of the steady
state in different two parameter diagrams. This is shown in Fig. 4.10 (a)–(c) for the
(Y0, δ)-, (Y0, η)- and (Y0, φ)-planes, respectively. Going one step further, we can
analytically compute the cusp points Ics as the point where the Is,± coincide, i.e.,
b2 − 4ac = 0 in Eq. (4.38). We obtain the following critical value for the detuning

δc =
√

3
(
1 − (1 − h)η2)+ hη sin(φ) −

√
3(h− 2)η cos(φ)

1 + 2η cos(φ) + η2 . (4.40)

An exemplary CW branch for a critical detuning was shown in Fig. 4.6 (b). Further,
Eq. (4.40) allows us to analytically compute the cusp points in Fig. 4.10, which are
highlighted by red circles, crosses and triangles. The critical values ηc and φc can be
obtained by solving Eq. (4.40) for η and φ, respectively.

Next, we can analyze how the cusp points evolve in an additional control parameter.
We consider, e.g., Fig. 4.10 (c) for different values of δ and follow the cusps marked
by the red crosses. The result of this is shown in Fig. 4.11 (a) where Fig. 4.10 (c) is
marked by a horizontal black dashed line. Analogously, we can visualize the cusp lines
in the (φ, η)- and (η, δ)-planes, cf. Fig. 4.11 (b),(c).

71



4 The Injected Kerr–Gires–Tournois Interferometer

Figure 4.10: Two-parameter bifurcation diagrams of the folds (black) of the steady
state computed from Eq. (4.39) in different two-parameter spaces. Each point on the
lines corresponds to a fold. The cusp point is marked by a red circle, triangle, cross in
panels (a), (b), (c), respectively, and is calculated from Eq. (4.40). Other parameters
(h, η, δ, φ) = (1.7, 0.6, 1.5, π/4).

Figure 4.11: Cusp lines (blue) in the three-parameter spaces (Y0, φ, δ), (Y0, φ, η) and
(Y0, η, δ) projected onto two dimensions for better readability. The cusp lines are cal-
culated using Eq. (4.40). The black dashed lines and red markers correspond to the
two-parameter diagrams and the according cusps in Fig. 4.10. The purple squares in
(a) & (b) represent the critical points (φcc, δcc) and (φcc, ηcc), respectively, defined by
Eq. (4.41).
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Figure 4.12: The critical detuning δc in the (η, φ)-plane calculated from Eq. (4.40) for
h = 1.7. The thick blue contour line corresponds to Fig. 4.11 (b). The red dashed line
connect the extrema of the contour lines marked by purple squares, i.e., it represents
the onset of the cusp according to Eq. (4.41).

Here, we note other critical points, which are the extrema of the cusp lines marked
by purple squares in Fig. 4.11. These mark the critical points (φcc, δcc) and (φcc, ηcc)
for which the two cusps coincide. This means, that, e.g., in Fig. 4.11 (b), there are
no folds for η < ηcc for any phase φ in a (Y0, |E|2)-diagram. The points, where the
cusps coincide, can be calculated analytically. For this, we compute for the extrema of
Eq. (4.40) with respect to φ:

δcc =
√

3(2 − h)
2 − h

2 cot(φ) ⇔ φcc = acot
(√

3(2 − h) − 2δ
h

)
. (4.41)

In the next step, we can follow the cusp lines in another parameter. For that, we
consider Fig. 4.11 (b) for different values of δ. The result is shown in Fig. 4.12, where
the color now encodes δc. Each point in this diagram stands for a cusp point with
coordinates (φc, ηc, δc, Y c

0 ), where Y c
0 = Y0(δc, ηc, φc, h). Consequently, the contour

lines of the colormap correspond to the cusp lines. The cusp line from Fig. 4.11 (b) is
plotted in thick blue as a reference. Further, for each contour line we can compute the
critical point (φcc, ηcc) using Eq. (4.41). These points are plotted as purple squares in
Fig. 4.12. The red dashed line connecting them shows the critical points in between
the displayed contour lines.

Finally, Eq. (4.41) defines two surfaces in the (δ, η, h)-space on which the cusps
emerge. The two surfaces stem from the two solutions when solving the quadratic
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Figure 4.13: The surfaces represent the onset of the cusp in the three-parameter
space (h, δ, η) according to Eq. (4.41). The blue horizontal and vertical line mark the
positions for which Fig. 4.11 (a) and (b) are shown, respectively. The red line is the
same as in Fig. 4.12. Each point in this space corresponds to a (φ, Y0)-bifurcation
diagram. Three exemplary points are marked along the horizontal blue line and the
corresponding (φ, Y0)-diagrams are shown in panels (b)–(d) for δ = (−1, 1.5, 8).

equation 4.40 for η. They are shown in Fig. 4.13 (a). The blue lines are cuts along δ and
η, respectively, and hence, mark the positions for which the cusp lines in Fig. 4.11 (a)
and (b) are shown. Further, the red line along the surfaces corresponds to the red
dashed line in Fig. 4.12. The two surfaces meet at δ =

√
3, where we find ηc = 0 ∀h, φ.

Each point in this space of Fig. 4.13 (a) corresponds to a two-parameter bifurcation
diagram in the (Y0, φ)-plane. Three exemplary points are marked along the horizontal
blue line and the corresponding steady state planes are shown in panels (b)–(d). There,
the black lines mark the folds of the steady states derived from Eq. (4.38). Note, that
Fig. 4.13 (c) is for the same parameters as Fig. 4.10 (c). Further, we note, that the
projection of Fig. 4.13 (b) onto the (Y0, φ)-plane is empty as no folds of the steady
state are present. On the other hand, in Fig. 4.13 (d), there are folds in Y0 for any φ.
This allows us to separate the (δ, η, h)-space in Fig. 4.13 (a) in three different sections:

• To the left of the green surface, no folds are present on the CW branch in the
(Y0, |E|2)-diagram for any φ, cf. Fig. 4.13 (b).

• Between the surfaces, there are folds in Y0 for some φ, cf. Fig. 4.13 (c).

• To the right of the yellow surface, there are folds in Y0 for any φ, cf. Fig. 4.13 (d).
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4.2.4. Instabilities of Steady State Solutions

The branches of the pseudo-continuous spectrum of eigenvalues defined in Section 2.2.1
reveal the fundamental dynamics of emerging patterns as they indicate which frequen-
cies are stable and unstable, respectively. This shows a fundamental similarity between
delayed systems in the long-delay limit and spatially extended systems, where the sta-
bility is governed by the dispersion relation. Before explicitly calculating the pseudo-
continuous spectrum of eigenvalues for the KGTI in Section 4.2.5, here, we focus on
different fundamental scenarios that can occur.

In time-delayed systems, TLSs are periodic solutions which can emerge from Andronov-
Hopf bifurcations along the steady state branch. The imaginary part of the eigenvalue
responsible for the Andronov-Hopf bifurcation defines the frequency and therefore the
period of the emerging periodic orbit. For long delays, many eigenvalues cross the
imaginary axis (basically) simultaneously as the distance of the eigenvalues on the
pseudo-continous spectrum scales with 1

τ . Mostly, one is interested in the primary bi-
furcation. Hence, one needs to classify the type of instability depending on the shape
of the pseudo-continuous spectrum as depending on its shape the primary instability
occurs via high or low frequency [110]. First, for the uniform instability the spectrum
has a tip on the real axis which crosses the imaginary axis first leading to the instability
of low frequencies, see Fig. 4.14 (a). Next, for the Turing instability the spectrum is
stable around low frequencies but a band of higher frequencies crosses the imaginary
axis, see Fig. 4.14 (b). Last, for the modulational instability, the zero frequency is meta
stable, i.e., it touches the imaginary axis without crossing it, while higher frequency
bands become unstable, see Fig. 4.14 (c).

Figure 4.14: Shape of the pseudo-continuous spectrum of eigenvalues for different
types of instabilities of steady state solutions in time-delayed systems. In each panel,
the thick line corresponds to the critical value which is the onset of the respective
instability.
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4.2.5. Linear Stability of CW Solutions in the KGTI System

We calculate analytically the pseudo-continuous spectrum of eigenvalues following Sec-
tion 2.2.1 for the CW solutions (Es, Ys) of the KGTI system (3.83),(3.84). For this, we
separate Es and Ys into real and imaginary parts (Es,x, Es,y, Ys,x and Ys,y). Then, the

matrices A = ∂f(x,xτ )
∂x

∣∣∣∣
x=x̃

and B = ∂f(x,xτ )
∂xτ

∣∣∣∣
x=x̃

(cf. Eq. (2.7)) read

A =


−2Es,xEs,y − 1 δ − 3E2

s,y − E2
s,x h 0

−δ + E2
s,y + 3E2

s,x 2Es,yEs,x − 1 0 h

0 0 −1 0
0 0 0 −1

 , (4.42)

B = η


0 0 0 0
0 0 0 0

cos(φ) − sin(φ) − cos(φ) sin(φ)
sin(φ) cos(φ) − sin(φ) − cos(φ)

 . (4.43)

The characteristic equation (2.12) has the following two solutions for g,

g± = n1 ± n2
d

, (4.44)

which defines the real part of the eigenvalues as γ± = − ln|g±(µ)|
τ . Here, we define

n1 =h(δ − 2I) sin(φ) + cos(φ)
(
−δ2 + ihµ+ h− 3I2 + 4δI + (µ− i)2

)
, (4.45)

n2
2 =

(
h(2I − δ) sin(φ) + cos(φ)

(
δ2 − i(h− 2)µ− h+ 3I2 − 4δI − µ2 + 1

))2

−
(
δ2 + 3I2 − 4δI − (µ− i)2

) (
δ2 + (h− iµ− 1)2 + 3I2 − 4δI

)
,

(4.46)

d =η
(
δ2 + (h− iµ− 1)2 + 3I2 − 4δI

)
, (4.47)

where I = |Es|2. Next, we calculate the instantaneous eigenvalues which are the
solutions of the characteristic equation (2.16):

λ± = −1 ±
√

−3I2 + 4Iδ − δ2. (4.48)

From this, we can even compute the bifurcation points, i.e., the values of I where λ+

crosses the imaginary axis:

λ+ = 0 = −1 ±
√

−3I2 + 4Iδ − δ2 (4.49)

⇔ I± = 2δ
3 ±

√
δ2 − 3

3 . (4.50)
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Figure 4.15: Steady state branches for different values of φ in the long-delay limit,
other parameters: (δ, h, η) = (2, 2, 0.9). The insets show the pseudo-continuous spec-
trum of eigenvalues λ = γ

τ + iµ at the positions on the branch connected by the gray
line. Here, the blue and red lines correspond to the two solutions branches g± as defined
in Eq. (4.44). The green dots are the instantaneous eigenvalues as defined in Eq. (4.48).

This shows that an instability due to the instantaneous eigenvalues can only occur for
δ >

√
3.

In Fig. 4.15, we show three CW branches and eigenvalue spectra for exemplary
points along the branches. We can categorize the instabilities following Section 4.2.4.
Panel (a), shows a uniform instability of the CW branch, that occurs at the lower
fold. At the upper fold the spectrum crosses the imaginary axis again resulting in
another uniform instability. Next, in panel (b), the situation is different as the primary
instability on the lower part of the CW branch is of the Turing type. Finally, in panel
(c), the primary bifurcation on the lower part of the CW branch is of the uniform type.
However, in between, the folds the pseudo-continuous spectrum changes is shape such
that the upper CW is not stable as in panel (a), but Turing unstable (even though no
Turing bifurcation occurred). As a side-note, the middle spectrum in panel (b) shows a
peculiar situation in which the spectrum of eigenvalues is stable but an instantaneous
eigenvalue destabilizes the CW state.

Next, we calculate the discrete eigenvalues explicitly using Eq. (2.15). However,
the pseudo-continuous spectrum is only an exact solution in the limit of an infinite
delay. Yet, in the long-delay limit, it still gives an excellent approximation as shown in
Fig. 4.16. In panel (a), a steady state branch is shown and for four marked points on the
branch, analytical eigenvalues (black circles) are compared to numerically calculated
eigenvalues (red dots) in panels (b)–(e) for τ = 100 and τ = 300, respectively. Note
that for the analytical values, one still has to numerically solve the implicit equation
defining the position of the eigenvalues on the spectrum, cf. Eq. (2.15). For both delay
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Figure 4.16: (a) Steady state branch for (δ, φ, h, η) = (−1/
√

3,−0.34π, 2, 0.99) and
τ = 100, 300. Red crosses indicate the values for which panels (b)–(e) are shown. (b)–
(e) Comparison between eigenvalues computed analytically (black circles) defined by
Eq. (2.15) which lie on the pseudo-continuous spectrum of eigenvalues (black line) given
by Eq. (4.44) and numerically computed eigenvalues (red dots) from DDE-BIFTOOL.

values, the agreement is excellent. Further, we see that, with increasing τ , the shape of
the pseudo-continuous spectrum does not change, while the density of the eigenvalues
on it increases. In particular, both the real and imaginary parts of the eigenvalues scale
with 1/τ .

From the shape of the pseudo-continuous spectrum of eigenvalues and the location
of the eigenvalues on it, one can conclude what kind of periodic solutions emerge. In
particular, it is important whether the zero frequency is present as it determines for the
uniform instability whether the primary bifurcation is a fold or an Andronov-Hopf. This
lets us differentiate two regimes. For a leading zero eigenvalue, the first Andronov-Hopf
is of frequency ω(r)

1 ≈ 2π
τ , i.e., the periodic solution that emerges there has a period of

approximately T (r)
1 ≈ τ . Then the next Andronov-Hopf bifurcation has a frequency of

ω
(r)
2 ≈ 4π

τ such that the period is approximately T (r)
2 ≈ τ

2 . In general, the frequency of
the n-th Andronov-Hopf bifurcation is ω(r)

n ≈ 2nπ
τ such that the corresponding period

is T (r)
n ≈ τ

n .
On the other hand, if there is no leading zero eigenvalue, the first Andronov-Hopf

bifurcation must have a frequency of ω(c)
1 ≈ π

τ because the distance of the eigenvalues
on the spectrum still scales with 2π

τ and the spectrum is symmetric with respect to
the real axes. Hence, the corresponding period is approximately T

(c)
1 ≈ 2τ . The

following Andronov-Hopf bifurcation have frequencies of ω(c)
n ≈ (2n+1)π

τ and periods of
T

(c)
n ≈ 2

2n+1τ .
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4.2.6. Stability Map of the KGTI System

To get an overview over the dynamical regimes, it has proven to be extremely useful
to generate a map of the steady states together with their stability, see Fig. 4.17. For
that, we combine the results of many previous subsections. In particular, we use the
CW branch defined by Eq. (4.32) in Section 4.2.1 and the input-output relation (4.37)
from Section 4.2.2 together with the analytical fold branches defined in Eq. (4.39) from
Section 4.2.3 to calculate the two-parameter plane (φ, Y0). Further, we compute the
pseudo-continuous spectrum of eigenvalues defined by Eq. (4.44) in Section 4.2.5 and
classify it according to Section 4.2.4. All of this leads to Fig. 4.17. Each point on the
surface corresponds to a steady state solution. Hence, the cuts in Y0- and φ-direction
(cf. gray lines in (a) and panels (b),(c)) correspond to the CW branches (cf. Figs. 4.6
and 4.7). The color encodes the shape of the pseudo-continuous spectrum (cf. legend in
Fig. 4.17): blue regions are stable, orange regions are uniformly unstable, yellow regions
are Turing unstable and purple regions correspond to a mix of uniform and Turing
instability. Here, the most unstable frequency is nonzero, however, the zero frequency
is also unstable. The boundaries between these colored patches are bifurcation. For
instance, the boundary between a blue (stable) and a yellow (Turing unstable) region
is a Turing bifurcation. The final result gives an overview of which primary instability
the CW state experiences and thus, a first indication on what kind of periodic solutions
one can expect. One can identify regions where multiple CW states exist for a single
injection value and quickly check whether more than one of them is stable (and thus
creates bistability). Further, we can identify the regimes discussed in Section 4.2.5 such
that we know where to expect τ - and 2τ -periodic solutions, respectively. In particular,
τ -periodic solutions can only occur when also a fold bifurcation is present. On the other
hand, if there is a regime destabilized by an Andronov-Hopf without encountering a
fold, the solution must be 2τ -periodic.

Next, it can also be helpful to consider the projection of the bifurcation lines onto the
(φ, Y0)-plane (cf. Fig. 4.17 (d). For instance, we can see that τ and 2τ -periodic solutions
can coexist where the red Andronov-Hopf line and the black fold lines overlap.12

Further, the projection of the stability map onto the (φ, |E|2)-plane shown in Fig. 4.17 (e)
reveals an interesting property: the projection is π-periodic in φ. This means, that the
form of the pseudo-continuous spectrum is invariant under a π shift in φ. However,
from Fig. 4.17 (a), we can see that shifting φ by π leads to a different injection value
Y0 to reach the same steady state intensity. The symmetry can be explained when
considering the explicit form of the spectra. From the definition of the spectra, cf.
Eqs. (4.45)–(4.47), we can see that n1 (φ) = −n1 (φ+ π) and n2 (φ) = n2 (φ+ π) and

12As a spoiler, we note, that this regime gives rise to peculiar solutions, cf. Fig. 4.45.
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Figure 4.17: (a) The surface corresponds to CW solutions (cf. Eq. (4.32) for
(δ, η, h) = (1.5, 0.75, 2). The color encodes the stability information in the long-delay
limit as indicated in the legend at the bottom where the respective shapes of the pseudo-
continuous spectra are shown: blue, orange, yellow and purple correspond to stable,
uniformly unstable, Turing unstable as well as developed Turing unstable, respectively.
The boundaries between the color-patches are bifurcations of the CW solution as in-
dicated by the legend at the top. The light gray lines are cuts in the one-parameter
planes (φ, |E|2) and (Y0, |E|2) and are shown in panels (b) and (c), respectively. Panels
(d), (e) show the projections of (a) onto the (φ, Y0)- and (φ, |E|2)-plane, respectively.
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Figure 4.18: (a),(d) Steady state branches for different values of φ and (δ, h, τ, η) =
(0.5, 2, 100, 0.75). Red crosses indicate the values for which panels (b),(c),(e),(f) are
shown. (b),(c),(e),(f) Pseudo-continuous spectrum of eigenvalues λ (black line), an-
alytically computed eigenvalues (black circles) and numerically computed eigenvalues
(red dots). A shift of π in φ leads to the same pseudo-continuous spectrum. However,
the eigenvalues are shifted by π

τ in the imaginary part.

therefore

g± (φ) = −g∓ (φ+ π) . (4.51)

Because the real part of the eigenvalue is γ± = − ln|g±(µ)|
τ , the minus sign in Eq. (4.51)

does not play a role such that the branches are simply exchanged.

However, even though the the spectra are invariant under a shift of π in φ, this does
not necessarily needs to be the case for the position of the eigenvalues on the spectra.
In particular, considering Eq. (2.15), we find

µ± (φ+ π) = −arg (g± (φ+ π)) + 2πk
τ

= µ∓ (φ) + π

τ
. (4.52)

This demonstrates, that by adding π to φ, the occurring frequencies are changed. In
particular, when operating in a bistable regime, shifting φ by π can lead to a regime
without bistability because the are no folds as the leading zero eigenvalue does not
exist anymore. Consequently, the fundamental emerging periodic solutions are 2τ -
periodic instead of τ -periodic. This is shown in Fig. 4.18 where steady state branches
are plotted for two values of φ which are π apart. While the steady state branches are
vastly different (panels (a), (d)), the pseudo-continuous spectra are identical. However,
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the location of the eigenvalues on it is shifted by π
τ in the imaginary part. While in

Fig. 4.18 (b),(c) we observe fold bifurcations, in Fig. 4.18 (e),(f) we see Andronov-Hopf
bifurcations giving rise to 2τ -periodic solutions.
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4.3. Formation of Locked Domain Walls in the Normal
Dispersion Regime

The current Section 4.3 (in particular Section 4.3.1 including the figures) is based
on the publication:

[99] T. G. Seidel, J. Javaloyes, and S. V. Gurevich. “A normal form for frequency
combs and localized states in Kerr–Gires–Tournois interferometers”. In:
Opt. Lett. 47.12 (2022), pp. 2979–2982. doi: 10.1364/OL.457777

TGS carried out the analytical and numerical work under the supervision of SVG
and JJ. All figures were created by TGS. A first draft of the text was created by
TGS and gradually refined by all authors.

In this section, we consider the KGTI system in Eqs. (3.83) and (3.84) in the case of
normal dispersion, i.e., δ > 0, for parameter values, where optical bistability is present
(see e.g. Fig. 4.6 (c)). In this regime, we find domain walls, which are profiles that
connect the two bistable CW states. In the limit of an infinite delay, they can be
understood as heteroclinic orbits. For finite delay values, these fronts can interlock at
discrete distances (if they have oscillating tails) forming bright and dark TLSs, which
are peaks on the lower CW value and dips in the upper CW value, respectively. In
Fig. 4.19 we show typical traces in this regime. Panel (a) shows a bright TLS, panel (b)
a dark TLS and panel (c) a state that resides for half the round-trip on the lower and
for the other half on the upper CW state. We can observe that each TLS is followed
by an decaying oscillating tail that is induced by TOD. As a result, the envelope of the
corresponding frequency spectra shown in Fig. 4.19 (d)–(f) are asymmetrical.

For details on the bifurcation structure13 of these solutions, we consider Fig. 4.20.
Panel (a) shows a bifurcation diagram in the injection Y0 where black lines corresponds
to the CW state and blue lines to the TLS branch. On the y-axis, we show the
normalized integrated intensity defined as

⟨|E|2⟩ = 1
T

∫ T

0
|E (t)|2 dt. (4.53)

The TLS branch emerges and ends in a Andronov-Hopf bifurcations close to the fold
points of the CW branch. Note that there exists multiple TLS branches corresponding
to the multiple eigenvalues that cross the imaginary axis (for more details, see e.g.
Fig. 4.47). Here, we focus on the fundamental TLS branch belonging to the orbits of
period ≈ τ . This branch forms a collapsed snaking structure [113]. Here, the snaking
branch accumulates in a vertical line (black dashed), which is typically denoted the

13The bifurcation analysis was conducted using the MATLAB package DDE-BIFTOOL [105, 111].
Recently, the support for DAEs was added by members of our group [112].
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Figure 4.19: (a)–(c) Typical time trace obtained from DNSs of Eqs. (3.83) and (3.84)
showing bright and dark TLS as well as a state in between. Black dashed lines show
the two stable CW states. (d)–(f) Corresponding frequency spectra. Parameters are
(Y0, δ, h, η, φ, τ) = (0.61, 1.5, 2, 0.75, 0, 100).

Maxwell line [114]. The profiles along this line correspond to the domain walls locking
at different distances. The corresponding temporal profiles are shown in Fig. 4.20 (d)
in different shades of blue. Solid lines show stable solutions, while dashed lines are
unstable solutions. Light blue corresponds to bright TLSs, while darker hues of blue
are dark TLSs. The profiles can also be understood as trajectories in the (infinite-
dimensional) phase space. In order to visualize this, we need to project the phase
space onto a lower-dimensional subset. In this case, we use the (|E|2, |Y |2)-plane (cf.
Fig. 4.20 (b)). Here, we can see that the trajectories connect the two stable CW states
indicated by the filled black dots. While the trajectories of the bright and dark TLSs
are unique, the trajectories of the other solutions are hardly distinguishable as they all
follow the trajectory describe by the heteroclinics shown in red and green.

Another important quantity that describes TLSs is their drift velocity. The drift
velocity for delayed systems is defined as the difference between the period T and the
time delay τ . Figure (4.20) (c) shows the TLS branch from panel (a) with the drift
velocity as the norm. Here, the branch forms a spiral that intersects at a central
point on the Maxwell line. This central point marked by a red cross converges for an
infinite delay towards a Bykov T-point [115–118]. In this codimension-two bifurcation,
two homoclinic orbits exchange their saddles by transitioning through a heteroclinic
orbit. At this point both domain walls travel with the same velocity enabling them
to lock at arbitrary distances. This fact also gives an explanation for the shape of the
bifurcation diagram in Fig. 4.20 (a). For the first bright TLSs in the snaking structure,
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Figure 4.20: (a) Bifurcation diagram in injection against integrated intensity showing
the CW branch (black) as well as the TLS branch (blue). Thin lines are stable and
thick lines unstable solutions. The red cross marks the Bykov T-point which lays on
the Maxwell line (black dashed). (c) Same TLS branch as in (a) but using the drift
velocity as a norm. The solution profiles along the Maxwell line are shown in the
temporal domain in (d) and a projection od the phase space in (b). Here, the red and
green dashed-dotted lines are the profiles at the Bykov T-point. Same parameters as
in Fig. 4.19.
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the fronts are close together enabling them to lock and thus exist in a wider injection
range (the so-called pinning region) around the Maxwell line. The further we ascend
in the snaking structure, the further apart the domain walls are and the weaker the
interaction becomes. The interaction via the oscillating tails causes the domain walls to
only lock at discrete distances (corresponding to wavelength of the oscillations), while
the pinning region becomes smaller due to the exponential decay of the tails. Thus,
when the fronts are far apart, a solution can only exist at the Maxwell line where the
fronts naturally have the same drift. Ascending further in the snaking structure, one
arrives at the dark TLSs where the fronts are closer again and therefore can form a
non-vanishing pinning region. The profiles at the Bykov T-point are highlighted in
Fig. 4.20 (b),(d) in red and green which form the two domain walls.

4.3.1. Normal Form at the Onset of Bistability

In the next steps, we want to give additional insight on the formation process of the
bright and dark TLSs presented in Fig. 4.20. The dynamical equations (3.83),(3.84)
of the KGTI system naturally capture dispersive effects including GDD and TOD [55,
57]. Further, we demonstrated in Section 4.1, that in the mean-field limit, the KGTI
system is described by the LLE (cf. Eq. (4.30)), which predicts the existence of bright
and dark TLSs [108]. A detailed comparison between the KGTI and the LLE in the
mean-field limit is provided in Section 4.5. Here, we want to reduce the complexity
further by providing a minimal pattern formation scenario. For that, we consider a
normal form derived at the onset of bistability which results in a PDE for a single real
field.

We begin by characterizing the onset of bistability caused by the Kerr nonlinearity
(cf. Fig. 4.6). For simplicity, we consider the situation in which the injection was set to
be resonant with an external cavity mode, i.e., φ = 0 in this subsection. Hence, we can
reuse and simplify the results from the detailed multi-parameter study of the steady
state (cf. Section 4.2.3). For φ = 0, the expression in Eq. (4.32) becomes

Y 2
0 = k2 + (Is − δ)2

h2 1−η
1+η

Is , (4.54)

where k = 1 + (1 − h) η
1 + η

.

Further, the critical detuning defining the onset of optical bistability (cf. Eq. (4.40))
simplifies considerably and reads δc =

√
3k. For δ < δc the system is monostable

whereas for δ > δc it shows a bistable response, see Fig. 4.6.
We use the onset of bistability (Y c

0 , I
c
s) at δ = δc as the expansion point for a
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rigorous multiple time scale analysis. For that, we define deviations from the critical
values θ = δ − δc, z0 = Y0 − Y c

0 and u + iv = E − Ecs. It needs to be stressed that
accurate predictions can be obtained from the resulting PDE only in the vicinity of the
onset of optical bistability. We denote ϵ = 1/τ ≪ 1 as a smallness parameter in which
the deviations are expanded, and define multiple time scales in powers of ϵ, as the
dynamics of the TLSs can be separated into a slow time scale ξ governing the evolution
between round-trips and a fast time scale z describing the dynamics within one round-
trip. After inserting all expansions in the original model (3.83),(3.84), one can solve
the resulting equations order by order, see Appendix B.1 for the full derivation. The
resulting equation governing the dynamics of the real part of the deviation of the electric
field u = u(ξ, z) is

∂ξu =d2∂
2
zu+ d3∂

3
zu+ ϱu2∂zu+ f (u) . (4.55)

The diffusion and TOD coefficients dj = dj(η, h), as well as the coefficient ϱ of the
nonlinear drift term read

d2 = ω2
1

2
1 − η

1 + η
, d3 = −|ω1|3

3
1 − η (1 − η)

(1 + η)2 ,

ϱ = 4|ω1|√
3

(1 + η) (1 − η)
hη

, ω1 = −(1 + η)2

hη
.

Equation (4.55) is a real Ginzburg–Landau equation with TOD, nonlinear drift and
a cubic nonlinearity f (u) = c0 + c1u + c2u

2 + c3u
3. Its ingredients are particularly

instructive and tell us how each of the physical effects is influenced by the system
parameters. In particular, the diffusion and TOD coefficients dj are functions of the
reflectivity η and of the light coupling efficiency h. The coefficients of the inhomogeneity
are

c0 =1 + η

η

√
1 − η2 [Y0 − Y c

0 ] + ω1 [δ − δc]

√ k

2
√

3
+ 1

8

√√
3

2k [δ − δc]

 ,

c1 = |ω1| δ − δc√
3
, c2 = |ω1| δ − δc√

6
√

3k
, c3 = −4|ω1|

3
√

3
.

In the good cavity limit η → 1, d2 vanishes and the dynamics is entirely controlled
by TOD, which explains the strongly oscillating tails observed for large values of η.
In this regime, the nonlinear drift becomes negligible as ϱ vanishes. In contrast, the
coefficients ci are controlled by detuning, injection, and the distance from the onset
of bistability. Hereby, they define the values of the CW solutions and the width of
the bistability region. The tails of appearing fronts connecting these CW states are,
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Figure 4.21: (a),(d): Integrated intensity of the E-field of the full DAE (3.83),(3.84)
as a function of the injection Y0 superposed with the solutions of the normal form
PDE (4.55) obtained for δ − δc = (a) 10−3, (d) 9 × 10−3. The CW and TLSs branches
of the DAE (PDE) are depicted in black and blue (green and red), respectively. For
clarity, stability information is only shown in the insets which give a zoomed view
on the snaking region. Here, thick (thin) lines denote stable (unstable) solutions.
(b),(c),(e),(f): Solution profiles of the DAE (blue dashed) and the normal form PDE
(red solid) at the locations marked in the insets in (a),(d) by crosses (bright TLSs,
cf. (b),(e)) and triangles (dark TLSs, cf. (c),(f)). The black circles denote the folds
limiting the stability of the bright TLS (cf. Fig. 4.22). The parameters are (h, η, φ) =
(2, 0.95, 0), δc = 0.044, and τ = 200.

however, controlled by the spatial operator and ultimately the values of (η, h). This,
in turn, affects the front interaction and the possible amount of TLSs that may appear
within the snaking region. Note that in [119], an amplitude equation for a photonic
crystal fiber resonator was derived close to the onset of bistability. There, starting form
a generalized LLE in the anomalous dispersion regime, a Swift-Hohenberg model with
TOD was obtained. In our case, however, as we operate with normal dispersion (δ > 0),
d2 > 0 making further expansion of the spatial operator to fourth order unnecessary.

We compare the solutions of the normal form (4.55) with those obtained from the full
DAE model (3.83),(3.84); our results are presented in Fig. 4.21. Since (4.55) governs
the real part of E, we reconstructed the full electric field as E = Ecs + u + iv, where
v is obtained from the multiscale analysis (cf. Appendix B.1) and Ecs is obtained from
Eqs. (4.33), (4.35) and (4.54). Figure 4.21 (a),(d) show branches of the CW solution
and TLSs, obtained from the full DAE model (black, blue) and the PDE normal form
(green, red), respectively, for different deviations from the critical detuning δc. For
the small deviation (cf. Fig 4.21 (a)), one observes an excellent agreement between the
branches (see the inset). In Fig. 4.21 (b), [(c)], we compare the profiles of a bright [dark]
TLS marked on the branch by a cross [triangle], respectively. Again, the agreement
is excellent. Moving further away from the onset (cf. Fig. 4.21 (d)), the agreement
between the DAE and PDE models is still qualitatively good but the branches deviate
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from each other at high intensities or when looking at the profiles in Fig. 4.21 (e) and
(f), respectively.

The agreement between the PDE (4.55) and the DAE (3.83-3.84) close to the bista-
bility onset can be best observed when looking at the two-parameter-plane (Y0, δ) in
Fig. 4.22, where the evolution of the folds limiting the stability of the bright TLS are
shown (cf. the black circles in the insets of Fig. 4.21). Naturally, the agreement is best
close to the onset of bistability where the two folds merge (see inset) as this point was
used as the expansion point. Note that here, the injection values are shifted by a value
Y0,MP , which we define as the mean between the two CW folds, such that Y0 − Y0,MP

is centered around zero which provides a much better clarity for the comparison. To
calculate it, we consider the derivative of the CW curve with respect to the intensity
which for φ = 0 reads

dY 2
0

dI
= 3I2 − 4δI + k2 + δ2

h2 1−η
1+η

. (4.56)

We find the folds at the intensities I± where this derivative vanishes:

I± = 1
3
(
2δ ±

√
δ2 − 3k2

)
. (4.57)

Next, we can find the critical injections Y0,± = Y0 (I±) which read

Y 2
0,± = 2

27
δ(δ2 + 9k2) ± (3k2 − δ2) 3

2

h2 1−η
1+η

(4.58)

such that we can find the mean:

Y0,MP = Y0,+ + Y0,−
2 = 1√

27

(
δ +

√
3k
) 3

2

h
√

1−η
1+η

. (4.59)

Finally, the excellent quantitative prediction of the normal form (Eq. (4.55)) lets us
believe that it is widely applicable to other systems close to the onset of bistability and
where high-order effects are responsible for domain wall dynamics.

4.3.2. Spatial Eigenvalues

In the next step, we want to analytically describe the (oscillating) tails of the domain
walls. The tails emerge from an instability of the CW background. However, the lower
and upper CW states are both linearly stable, cf. Fig. 4.20. That is, the spectrum of
eigenvalues is not responsible for the instability leading to the tail. In order to find this
instability, we calculate the linear stability of the CW background with the premise of
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Figure 4.22: Evolution of the folds limiting the stability of the bright TLS (cf. circles
in Fig. 4.21 (a),(d)) for the full system described by the DAE in Eqs. (3.83-3.84) (blue)
and the developed normal form PDE (4.55) (red) in the two-parameter plane (Y0, δ).
The horizontal dashed lines correspond to the detuning values for which Fig. 4.21 (a)
and (d) are shown. For clarity, the injection values are shifted by Y0,MP which is a
function of the other parameters (in particular, of δ) giving an approximate analytical
solution for the Maxwell point. Parameters as in Fig. 4.21.

a periodic solution, which are the TLSs fulfilling E (t) = E (t+ T ). This allows us to
transform Eqs. (3.83) and (3.84) into a time-advanced equation by replacing E (t− τ)
with E (t+ ρ), where ρ = T − τ is the drift velocity of the TLS. Linearizing around a
steady state yields the following characteristic equation (cf. Eq. (2.9))

det
(
A+Beλρ −Mλ

)
= 0, (4.60)

where A and B are the derivatives of Eqs. (3.83) and (3.84) with respect to the instant
and the delayed variable, respectively, and the solutions λ are the spatial eigenval-
ues. The name stems from the similarity to spatially extended systems where spatial
eigenvalues determine the spatial instability of a steady state. That is, one can use
an ansatz ∼ eikz in a PDE and solve for the spatial eigenvalues k under the premise
of a drift velocity v that corresponds to a certain spatially localized state. For the
case of time-delayed systems, one has to solve the (in general) transcendental equa-
tion (4.60). In particular, as the spatial eigenvalues do not follow a particular scaling
(in contrast to the pseudo-continuous spectrum of eigenvalues, cf. Section 2.2.1), this
has to be done numerically. One approach is to consider the residuum of the LHS of
Eq. (4.60). In Fig. 4.23 we show the nullclines of the real and imaginary part of this
residuum as contour lines. The intersections of these lines are the spatial eigenvalues.
Here, a positive/negative real part describes the ascending/decaying tail. The dominant
eigenvalues are the ones with the smallest absolute value of the real part. We denote
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Figure 4.23: Spatial eigenvalues of the solution in Fig. 4.19 (c) of the bottom (a) and
top (b) CW states. The contour lines correspond to the nullclines of the real (blue)
and imaginary (red) parts of Eq. (4.60), respectively.

these eigenvalues λ+
b , λ

+
t , λ

−
b and λ−

t where the lower index stands for bottom/top
(the respective CW state) and the upper index for ascending (+)/descending (−) tails.
Next, one has to compute the corresponding eigenvectors v+

b , v
+
t , v

−
b and v−

t . Each
component of the perturbations (δx)±

t,b to the state vector (Es,x, Es,y, Ys,x, Ys,y) follows
[
(δx)lk

]
i

= a Re
([
vlk

]
i
eλ

l
k(t−t0)

)
, (4.61)

where a is a constant and t0 leads to a phase. These parameters need to be found
by fitting Eq. (4.61) to the actual tails. This is shown in Fig. 4.24 where we used the
profile of Fig. 4.19 (c) as an example as it exhibits both a lower and an upper plateau.
In Fig. 4.24 (d), we show exemplarily the real part of the profile at the lower CW
state. The same has to be done for the imaginary part at the lower CW as well as
the real and imaginary parts at the upper CW state. Combining these results leads to
Fig. 4.24 (a)–(d) where we can see excellent agreement between the fitted tails and the
actual profile even on logarithmic scales.

For the explicit case in Fig. 4.24, the eigenvalues of the lower and upper CW states are
complex leading to oscillatory tails. This explains that both bright and dark TLS can
be observed in the corresponding bifurcation diagram (cf. Fig. 4.19) as the oscillations
allow the fronts to lock. On the other hand, if some spatial eigenvalues are real, locking
of fronts cannot occurs leading to a vanishing pinning region [120].
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Figure 4.24: The profile of Fig. 4.19 (c) in light gray compared to the fitted tails. We
show the intensity, the field normalized to the bottom and top CW states, respectively,
and the fitted profiles of the real part of bottom CW (exemplary for all the fits one has
to conduct). The solid lines of the fits are the parts, which were actually fitted, while
the opaque parts are simply their prolongations.

92



4.4 Existence-Range of Locked Domain Walls

4.4. Existence-Range of Locked Domain Walls
After presenting the mechanism of locked domain walls in Section 4.3, we study the
range in different system parameters for which these solutions exist. We begin with
the study with the feedback rate η (cf. Section 4.4.1), next the detuning δ (cf. Sec-
tion 4.4.2), and finally the cavity coupling h (cf. Section 4.4.3). In the process, we
explore many interesting dynamical regimes of locked domain walls.

4.4.1. Influence of the Feedback Rate

The feedback rate η describes how much of the output O = E − Y of the setup is
fed back into the external cavity field Y . To get an overview, we create bifurcation
diagrams in the injection for various values of η as shown in Fig. 4.25. Starting with
η = 0.5 in Fig. 4.25 (a), the TLS branch only exist in a small range around the Maxwell
line. The pinning region widens as η is increased (cf. Fig. 4.25 (b),(c)). This makes
sense intuitively as η controls the strength of the oscillatory tail as it defines how
fast the series in Eq. (3.87), describing the multiple external cavity reflections, can
be truncated. The increased amplitude of the oscillations enables for a larger range in
which the domain walls can lock at each other. Starting from Fig. 4.25 (d) where η = 0.8
the bifurcation diagram has no visible vertical part anymore, i.e., also the TLSs in the
middle of the branch have a none-vanishing locking range. Going further to η = 0.85

Figure 4.25: Bifurcation diagrams of a TLS (orange) and a CW branch (black) for
different values of η. The blue dots marking the folds of the bright TLS refer to the
two-parameter bifurcation diagram in Fig. 4.27. The red cross in panel (e) marks a
fold detailed in Fig. 4.28. Profiles along the branch in panel (f) are shown in Fig. 4.26.
Other parameters are (δ, h, φ, s, τ) = (1.5, 2, 0, 1, 50).
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Figure 4.26: (a) Detailed view on the branch from Fig. 4.25 (f). (b)–(f) Profiles
along the branch in (a) at locations marked by blue crosses. The black dashed lines
correspond to the upper and lower CW states, respectively.

in Fig. 4.25 (e), the TLS branch becomes deformed due to “steps” appearing on it.
Further, torus bifurcations emerge along the branch which explains the unstable parts
found on previously stable sections. Lastly, the upper part of the branch disconnects
from the CW branch. The fold involved in this separation is marked with a red cross
and is detailed further down below. Finally, for η = 0.875 the steps along the branch
become more prominent. Only a part of the branch is shown here, as it was not possible
to perform the continuation of the full branch due to numerical problems.

In order to explain the deformations emerging along the branch, we consider its
profiles which are shown in Fig. 4.26. Starting at the bottom of the TLS branch, the
branch of the bright TLS is not deformed. Its profile exhibits a strongly oscillating
tail shown in Fig. 4.26 (f) which, however, decays fully when reaching the TLS from
the other side. Going up the the ladder in the snaking branch, the TLSs become
wider as they spend more time on the upper CW and thus, the separation of the
strongly oscillating tail on the left and the domain wall on the right becomes smaller.
Consequently, the oscillations have decayed less and less the higher we go on the ladder.
These non-vanishing oscillations lead to a self interaction of the TLSs, which, in turn,
create the deformation on the higher stairs of the TLS branch.

In order to quantify the range in which the TLS exist, we consider the two-parameter
plane (Y0, η) and follow the folds limiting the range of the bright TLS (cf. blue dots
in Fig. 4.25) as well as the folds of the CW branch. The result is shown in Fig. 4.27.
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Figure 4.27: (a) Two-parameter bifurcation diagram in the (Y0, η)-plane. In black are
the folds of the CW branch and in colors are the folds of the bright TLS branch (cf.
blue dots in Fig. 4.25). (b),(c) Evolution of the spatial eigenvalues λ±

b along the left
part of the TLS-fold branch. The horizontal black dashed lines mark the locations at
which the branches in Fig. 4.25 (a)–(f) are shown.

In panel (a), one can see that the CW-folds emerge in a cusp marking the onset of
bistability. Close to this cusp, another cusp occurs at which the bright TLS are born
(cf. blue line in Fig. 4.27 (a)). As demonstrated before, increasing η leads to a larger
separation of the left and right TLS-fold as the width of the pinning region increases.
This can even be further quantified by considering the spatial eigenvalues λ±

b of the
lower CW state. In Fig. 4.27 (b),(c), we show the real and imaginary parts of λ±

b (top
and bottom x-axes, respectively) along the left TLS-fold branch. We can observe, that
as η reaches unity, the real part of λ+

b goes towards zero while the real part of λ−
b

remains approximately constant, i.e., the tail ascends slowly for larger η but descends
at a constant rate. This enables an increased locking strength and, hence, a wider
pinning region. Further, the imaginary parts of λ±

b increases as η → 1, which explains
the strong oscillations that can be observed in, e.g., Fig. 4.25 (b)–(f). It shall be noted,
that for the right TLS-fold branch, the same qualitative behavior can be observed.
Finally, considering again the limit η → 1, we can observe in Fig. 4.27 (a) that the
mechanism becomes very involved as now also the bright TLS experiences the influence
of self-interaction explained above. Hence, more fold bifurcations occur and the role
of the leading leftmost fold is exchanged. Two of these fold branches are shown in red
and green (more are present that are not shown for clarity). However, generally in the
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Figure 4.28: (a) Bifurcation diagram in Y0 with the divergence of the period T of the
delay time τ as a norm. The fold detailed here is marked by a red cross in Fig. 4.25 (e).
(b) Two-parameter bifurcation diagram in the (Y0, η)-plane showing the folds visible in
(a). The horizontal colored dashed lines refer to the same parameter values as in (a).

limit of large feedback rates the rightmost TLS-fold diverges towards large injection
value while the leftmost fold converges to Y0 → 0.

Finally, we detail the mechanism of the disconnection of the TLS branch from the
upper CW state (cf. red cross in Fig. 4.25 (e)), which occurs around η ≈ 0.8192. In
Fig. 4.28 (a) we show multiple branches around this value of η. To present the unfolding
more clearly, we use the divergence of the period from the time-delay, i.e., T − τ , as the
norm. Further, in Fig. 4.28 (b) we provide a two-parameter bifurcation diagram of the
folds involved. Around the feedback value at which the reconnection occurs, we find a
cusp, which appears to lay almost horizontally in the bifurcation diagram (which would
correspond to a pitchfork bifurcation). However, the zoomed view provided in the inset
in Fig. 4.28 (b) reveals that there are in fact a cusp and a transcritical bifurcation in
close succession (the transcritical bifurcation occurs at the tip of a parabula in the two-
parameter plane). This reordering of branches demonstrates the complex dynamics
inflicted by large feedback values.
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4.4.2. Influence of the Detuning

The multi-parameter analysis of the steady state (cf. Fig. 4.10 (a)) revealed that in-
creasing the detuning beyond the onset of bistability at δc leads to a more nonlinear
regime where higher injections are required to achieve bistability. Hence, the differ-
ence in intensity between the lower and upper CW states increases. This is shown in
Fig. 4.29, where bifurcation diagrams of the CW and TLS branch for δ = (1, 1.5, 1.6, 2)
are displayed (note the different scalings of the y-axis). While the general relative shape
of the branches remain the same between the different panels, starting from δ = 1.6, we
can observe the appearance of period-doubling (PD) bifurcations on the TLS branch
which are marked by red triangles in Fig. 4.29 (c),(d). This type of bifurcation is char-
acterized by a Floquet multiplier leaving the unit circle at −1. This can be detected
by the numerically calculating the Floquet multipliers using DDE-BIFTOOL. For δ = 1.6
the PD bifurcations appear on many levels of the snaking structure (however, not on
the fist one), while for δ = 2 they only remain on the first and last level.

Fig. 4.31

Figure 4.29: Bifurcation diagrams in the injection Y0 for increasing values of δ. The
colored markers correspond to the bifurcations shown in Fig. 4.30, i.e., hues of blue
and green are the SN bifurcations limiting the stairs of the snaking branch while red
triangles stand for period-doubling bifurcations. The area marked by the rectangle in
panel (d) is visualized in more detail in Fig. 4.31. Other parameters are (η, h, φ, τ) =
(0.75, 2, 0, 100).
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To further study the emergence of the PD bifurcations, we consider the two-parameter
bifurcation diagram presented in Fig. 4.30. There, the colors match to Fig. 4.29, i.e.,
the red line describes the PD bifurcation, the black line the fold of the CW state
and lines in hues of blue and green stand for folds of the TLS branch. Note that for
better readability, the injection values are shifted by Y0,MP , which is defined as the
median of the left and right fold of the CW value (cf. Eq. (4.59)). In Fig. 4.30 (a) the
two-parameter bifurcation diagram is presented as a three-dimensional plot with the in-
tegrated intensity on the z-axis as this allows to observe much better how the branches
are organized. Interestingly, the PD branch forms a snaking structure which is empha-
sized in Fig. 4.30 (c) where the PD branch is shown in the (Y0 −Y0,MP , ⟨|E|2⟩)-plane. In
the two-parameter-plane (δ, Y0 −Y0,MP ) this corresponds to a spiral (cf. Fig. 4.30 (b)).
Further, one observes that each time the PD branch folds, it touches a fold branch,
i.e., it goes around the fold and thus appears on all levels of the snaking branch. The
two ends of the spiral shape are the PD bifurcations on the dark and 2nd bright TLSs,
respectively. These PD bifurcations are the only ones which exist for δ ≳ 1.7, i.e.,
above the small range of δ-values where the the spiral exists (cf. Fig. 4.29 (d)).

Next, we want to study the emerging period-doubled solution. For that, we consider
again Fig. 4.29 (d) and zoom into the region around the PD bifurcation, cf the black
rectangle. This closeup is provided in Fig. 4.31 (a). Here, the green line is the period-
doubled branch of period T2 ≈ 2τ . The two parts of the green branch correspond to
the integration of the intensity over t ∈ [0, T2/2] , [T2/2, T2], respectively. However, the
two parts of the green lines form a single solution branch.

The period-doubled solution emerges on an unstable part of the TLS branch and
thus, only stabilizes after undergoing a fold (cf. zoom in Fig. 4.31 (a)). However,
then the period-doubled branch destabilizes in another PD bifurcation. In fact, with
increasing injection, there is a cascade of PD bifurcations leading to the well-known
Feigenbaum diagram in Fig. 4.31 (a). It was obtained by conducting DNSs over many
round-trips and then integrating the profile over intervals of length T (the period of
the corresponding fundamental TLS on the orange branch). Each integral corresponds
to a blue dot in the diagram. Further, one also finds a large window of period-3 and
period-6 solutions. Figure 4.31 (b) shows an extract of a time trace over 50 round-
trips (cf. black dashed line in 4.31 (a)). One can see that the intensity of the pulses
strongly fluctuates over time such that the integrated intensity changes from round-trip
to round-trip.

The occurrence of the Feigenbaum diagram is an indicator for chaotic behavior. To
show this explicitly, we perform the simulation of Fig. 4.31 (b) again but slightly per-
turb the initial condition by adding noise with an amplitude of 10−15. This way, we
want to demonstrate the sensitive dependence of the dynamics on the initial conditions,
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Figure 4.30: (a) Two parameter bifurcation diagram showing the folds limiting the
stairs of the snaking branch (shadings of blue and green, respectively), the folds of the
CW branch (black) and PD bifurcations (red). The colors correspond to the markers
in Fig. 4.29. For better readability, the injection values are shifted by Y0,MP defined in
Eq. (4.59). (b) Projection in the (δ, Y0 − Y0,MP )-plane. The black dashed lines mark
the bifurcation diagrams shown in Fig. 4.29. (c) Projection of the PD branch in the
(Y0 − Y0,MP , ⟨|E|2⟩)-plane.
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Figure 4.31: (a) Bifurcation diagram in Y0. The extract shown here is marked by
a black rectangle in Fig. 4.29 (d). The black line is the CW state, orange the TLS
branch, green is the period-doubled branch and blue are results from DNSs. Each blue
dot corresponds to the integrated intensity of an interval of length T . (b) Extract of
a DNS at the injection value marked by the black dashed line in (a). (c) First return
map of the blue dots at the black dashed line in (a). The inset shows the second return
map.

which is characteristic for chaos. The evolution of the integrated intensity for the two
simulations is shown in Fig. 4.32 (a). While at the beginning, the two simulations are
almost indistinguishable, they differ notably for later round-trips. Plotting the inte-
grated absolute value of the difference between the two simulations (cf. Fig. 4.32 (b)),
shows that the this distance grows exponentially, i.e., the maximal Lyapunov expo-
nent [69] of the system is positive and, thus, the system is indeed chaotic. Lastly, we
can further study the chaotic regime by visualizing the first return map, see 4.31 (c),
of the simulation shown in 4.31 (b). We can observe that all points lie on a certain
manifold, which forms the chaotic attractor. The inset shows the second return map,
and thus, a three dimensional view on the chaotic attractor.

Finally, we emphasize that further analyses showed, that a cascade of PD bifurcations
can be found on all the other stairs of the snaking branch as well such that there is a
multistability between different chaotic attractors. Further, in the KGTI, the emergence
of a chaotic pulse amplitude is not unique to the regime of domain walls. It was found
and studied in the regime of square waves in [121].
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Figure 4.32: (a) Integrated intensity for two simulations (as in Fig. 4.31), where the
second simulation E2 starts with a slightly perturbed initial condition of the first sim-
ulation E1. (b) Integrated absolute value of the difference between the two simulations
on a logarithmic scale.

4.4.3. Influence of the Cavity Coupling Factor

The parameter h controls the coupling of the external cavity field Y to the micro-cavity
field E. It is defined by the transmission and reflection coefficients of the micro-cavity
(cf. Eq. (3.75)). In order to analyze its influence, we consider bifurcation diagrams in
the injection for different values of h = (0.5, 1, 1.5, 2) in Fig. 4.33 (a)–(d). First, we
notice that for lower couplings the bistable region becomes narrower and a stronger
injection is required to obtain optical bistability. The larger injection values for smaller
coupling balance such that the micro-cavity field is in the same order of magnitude
throughout Fig. 4.33 (a)–(d). Note however, that naturally, the external cavity field
increases with larger injection and hence, also the cavity output O.

Next, we focus on the folds along the TLS branches. For that we consider the
two-parameter plane (Y0, h) shown in Fig. 4.33 (e), where the injection values are
shifted by Y0,MP (cf. Eq. (4.59)) for better readability. The value of Y0,MP is shown
in Fig. 4.33 (g). The colored lines in Fig. 4.33 (e) correspond to the markers in
Fig. 4.33 (a)–(d) in same colors. Further, in Fig. 4.33 (f) the fold lines of Fig. 4.33 (e)
are shown in the (⟨|E|2⟩, h)-plane in order to visualize their unfolding. Here, we can
observe something peculiar as the organization of the folds in the two-parameter plane
is different compared to the previous sections. In the (Y0, δ)- and (Y0, η)-planes (cf.
Figs. 4.27 and 4.30), folds of the same level in the snaking branch are connected in
cusps. However, in the (Y0, h)-plane, folds from the lower levels are connected to folds
on the upper levels. For instance, the folds denoted with F1 and F2 belong to the
same two-parameter branch while being the folds limiting the bright TLS to the left
and the dark TLS to the right, respectively. The same holds for F3,4, F7,8, F9,10 and
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F11,12. The only exception are folds F5 and F6 which belong to the same level in the
snaking branch. Hence, in the regular patter that is visible in the (⟨|E|2⟩, h)-plane in
Fig. 4.33 (f) the F5,6-branch forms a defect.

Figure 4.33: (a)–(d) Bifurcation diagrams in the injection Y0 for increasing values of
h. The colored markers correspond to the bifurcations shown in the two-parameter
plane (Y0 − Y0,MP , h) in panel (e) and the (⟨|E|2⟩, h)-plane in (f). The diagram in (e)
is shifted by Y0,MP for better readability. The value of Y0,MP is shown in (g). The
dashed lines correspond to the values of h in panels (a)–(d). Other parameters are
(δ, η, τ, φ) = (1.5, 0.75, 100, 0).

102



4.5 Domain Walls in the Weakly Dissipative Limit

4.5. Domain Walls in the Weakly Dissipative Limit

In the limit η → 1, the KGTI system exhibits small losses, which in general, com-
plexifies the dynamics because with increasing η, oscillatory tails become stronger (cf.
Section 4.4.1). In particular, the chain in Eq. (3.87) can not be truncated quickly as all
multiple reflections are of order 1. Hence, in order to find stable TLSs, we consider the
regime close to the nonlinear cavity response. That is, according to the input-output
relation in Eq. (4.37), the CW intensity is low and the effective phase φ̃ = φ−2 arctan δ
is small. Performing a multiple time scale analysis of the KGTI system in Eqs. (3.83)
and (3.84) with these requirements yields the Lugiato–Lefever equation (LLE) with
third-order dispersion (cf. Section 4.1.1):

∂E

∂ξ
= − i

β2
2 ∂

2
zE + β3

6 ∂
3
zE + [η − 1 + iφ̃]E + iγ |E|2E + F, (4.62)

where β2 = 4δ
(1 + δ2)2 , β3 = 4

(
3δ2 − 1

)
(1 + δ2)3 ,

γ = 2
1 + δ2 , F = 2

1 + iδ

√
1 − η2Y0.

For details on the derivation of Eq. (4.62) see Appendix B.2. Note that Eq. (4.62)
is truncated such that TOD is the highest order effect, however generally, also other
higher order effects can play a role.

The linear operator can also be understood by considering the DAEs (3.83),(3.84)
as a map. For that, we combine Eq. (3.83) with itself at a delayed state such that we
obtain in the GTI limit (h = 2)

E (t) = ei(φ−2 arctan δ)E (t− τ) + O (ϵ) , (4.63)

where we used the long-delay limit (ϵ = τ−1 ≪ 1) such the temporal derivative is O (ϵ).
That is, we find an frequency dependent phase shift

β (ω) = φ− 2 arctan (ωc − ω) , (4.64)

which is simply the phase in Eq. (4.63) with δ written out explicitly. Our profile is
a wave packet centered around the carrier frequency ω0. That is, each plane wave of
frequency ω experiences the phase shift β (ω). As all ω are close to ω0, we expand β (ω)
around ω0 and obtain

βn = ∂nβ

∂ωn

∣∣∣∣
ω0

, (4.65)

where we explicitly note that β0 = β (ω0) = φ̃ = φ−2 arctan δ. For more details on this,
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Figure 4.34: Dispersive effects in the KGTI system in Eqs. (3.83) and (3.84). The
curves correspond to the βi defined in Eq. (4.65).

see Appendix B.2.3, where we also demonstrate that even the nonlinear terms can be
calculated with this approach. Finally, we visualize the corresponding dispersion curves
in Fig. 4.34 which characterize the dispersive effects in the KGTI. We can observe, that
GVD changes its sign at ω0 = ωc and TOD vanishes for δc = ± 1√

3
.

The LLE is a well-established framework for modeling Kerr resonators in the mean-
field limit [66, 108]. In particular, it can be derived in the mean-field limit from the
nonlinear Schrödinger eqaution (NLS) with boundary condition defined by the Ikeda
map. As we demonstrated that in the conservative limit, the dynamics in the KGTI
is governed by the NLS (cf. Section 4.1), it is not surprising that we find the LLE
in the weakly dissipative limit as the time-delayed description can be understood as a
realization of the Ikeda map. The LLE was studied in great detail in, e.g. [108] for
both the normal and anomalous dispersion regime. In this section, we focus on the
comparison of the KGTI with the LLE in the normal dispersion regime, where the LLE
describes TLSs as locked domain walls. For a comparison in the anomalous dispersion
regime, see [107].

First, we perform an analysis of the steady states in the weakly dissipative limit and
consider the stability map introduced in Section 4.2.6, which is shown in Fig. 4.35.
We operate close to the onset of the nonlinear response where the effective phase φ̃
is small as the cavity response curve is centered around φ̃ = 0, i.e., φ = 2 arctan δ.
The onset of the nonlinear response is characterized by a cusp bifurcation as there,
two folds emerge. In particular, the deviation between the onset of bistability and the
linear cavity response is in the same order of magnitude (≈ 0.01 in this case) as the
deviation of η from unity. This assumption is part of the derivation of Eq. (4.62) (both
1−η and φ̃ scale as ϵ2). Next, we notice that only for small φ̃ the first bifurcation along
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Figure 4.35: Stability map (cf. Section 4.2.6) in the mean-field limit. The parameters
are (η, δ, h) = (0.99, 0.5, 2).

the CW branch is a fold and for most of the range the primary bifurcation is a Turing
(cf. yellow region in Fig. 4.35). The upper CW is stable in the weakly dissipative limit
which allows the formation of stable locked domain walls.

In order to test the validity of the derived normal form, we compare it quantita-
tively with the full system in Eqs. (3.83) and (3.84). This is shown in Fig. 4.36 where
bifurcation diagrams for the full system and the normal form are overlayed for two
different values of η. Here, we choose the specific value of δ = 1√

3 for which β3 = 0, i.e.,
we expect to see perfectly symmetric solution profiles as the effect of TOD vanishes.
Figure (4.36) (a), where η = 0.99, show a good, yet not perfect agreement. While the
profiles of the PDE normal form are perfectly symmetric, the profiles of the delayed
system exhibit an asymmetry (panels (b),(c)), which shows that higher order effects
are present. The agreement is improved when going closer to the expansion point as
seen in Fig. 4.36 (d)–(f) where η = 0.998.

Next, we want to study the regime, where TOD becomes dominant in the KGTI. The
impact of TOD on the LLE was studied in detail in [108]. In our work, the dispersion
coefficients are not directly accessible but are functions of the original system parameter.
When changing the detuning δ, not only the TOD coefficient changes but also other
components in Eq. (4.62). To circumvent this problem, we nondimensionalize Eq. (4.62)
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Figure 4.36: Comparision between full KGTI system in Eqs. (3.83) and (3.84) and
normal form in Eq. (4.62) for (δ, τ) = ( 1√

3 , 300) and (a)–(c) η = 0.99, φ = 0.322π ⇒
φ̃ ≈ −0.036 and (d)–(f) η = 0.998, φ = 0.33π ⇒ φ̃ ≈ −0.0105.

following the approach in [108]. We introduce the following scalings:

A = E

√
γ

1 − η
ei arctan(δ), (4.66)

ξ̃ = (1 − η) ξ, (4.67)

z̃ =
√

2 (1 − η)
|β2|

z, (4.68)

α = − φ̃

1 − η
. (4.69)

With that, Eq. (4.62) reads

∂A

∂ξ̃
= iν∂2

z̃A+ d3∂
3
z̃A− (1 + iα)A+ i |A|2A+ Ỹ0, (4.70)

where d3 =
√

1 − η

18
3δ2 − 1

|δ|
3
2

, (4.71)

Ỹ0 = 4
1 + δ2

1
1 − η

Y0, (4.72)

ν = −sgn (β2) = −sgn (δ) =

+1 δ < 0 anomalous

−1 δ > 0 normal
(4.73)

In this version of the LLE all effects are decoupled as now, δ only changes the effective
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Figure 4.37: (a) Third-order-dispersion coefficient d3 as a function of δ (cf. Eq. (4.71))
where η = 0.99. (b)–(d) Bifurcation diagrams for δ = 0.1, 0.15, 1√

3 , 1.5. φ̃ is fixed at
−0.036 for all panels, i.e., φ is defined as φ = φ̃ + 2 arctan (δ). This corresponds to
α = 3.6 (cf. Eq. (4.69)). The delay τ is adapted such that the scaled length (cf.
Eq. (4.68)) is τ̃ = 60 for all panels, i.e., τ ≈ 265.7, 321.4, 483.6, 319.8. Note that the
norms on the axes are the scaled quantities Ỹ0 and ⟨|A|2⟩ (cf. Eqs. (4.67) and (4.72)).
Stability is omitted for clarity.

TOD coefficient d3, which we show as a function of δ in Fig. 4.37 (a). We notice that
d3 vanishes for δc = 1√

3 . For δ < δc the coefficient is negative, while for δ > δc it is
positive. However, the sign of d3 can be flipped by defining z → −z in Eq. (4.70), i.e.,
only the magnitude d3 is important for the bifurcation structure.

Next, we consider bifurcation diagrams for different values of δ, which is shown in
Fig. 4.37 (b)–(e) for δ = (0.1, 0.15, 1√

3 , 1.5). Note that in order to obtain compatible
results, we fix the value of φ̃ = φ − 2 arctan δ = −0.036. That is, in all panels φ is
adapted as φ = φ̃+ 2 arctan δ. This leads to an effective phase of α = 3.6 as η = 0.99
(cf. Eq. (4.69). The same is done for the cavity length τ as it scales according to
Eq. (4.68). That is, we set a fixed length of τ̃ = 60 and adapt τ accordingly. Finally,
we use the scaled injection Ỹ0 (cf. Eq. (4.72)) and scaled integrated intensity ⟨|A|2⟩ as
the norms on the axes. As a result, the different panels in Fig. 4.37 (b)–(e) are all in
the same order of magnitude, while the actual quantities (e.g. Y0 and ⟨|E|2⟩) in the
delayed system are vastly different.
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For small δ the dynamics is influenced by TOD as can be seen from the oscillating
tails of the profiles in Fig. 4.37 (b),(c). As a consequence, the bright TLSs have a
non-vanishing pinning region. In contrast, for δ = δc in Fig. 4.37 (c) we find d3 = 0
and consequently (approximately) symmetric profiles. Hence, the pinning region for
bright TLSs is infinitesimally narrow [120]. The fact, that the profiles are not perfectly
symmetric shows that higher order effects are still present. Lastly, for δ = 1.5, the value
of d3 is small and thus the profiles exhibit a small asymmetry. However, the oscillations
are on the other side of the TLS as d3 changed its sign. The pinning region is still very
narrow as GVD is the dominating effect. In summary, Fig. 4.37 unveils that in order to
see significant effects of TOD in the mean-field limit of the KGTI, one has to operate
using small detunings as for large detunings the increase in d3 is slow as it scales with
O
(√

δ
)
.

Next, we note that the TLS branch emerges from the CW branch in different ways
depending on the detuning. In order to visualize this, we consider the projection of the
stability map in Fig. 4.35 onto the (φ̃, Y0)-plane, see Fig. 4.38 (a). We show the folds of
the CW branch in black and the Turing bifurcation in blue. For φ̃ = −0.02 ⇔ α = 2 the
Turing branch meets the fold branch. This particular point can be derived analytically
for the LLE [108]. Considering cuts into the Y0-direction, we observe that while in
panel (c) the TLS branch (orange) emerges directly from the CW branch (black), in
(b) the primary bifurcation is of the Turing type (marked by a blue dot). There, a
pattern branch emerges from which the TLS branch eventually bifurcates.

Finally, the nondimensionalized form of the LLE allow us to easily identify param-
eters of the full system for which the normal form is valid. This becomes important
as performing simulations and continuations in these parameter regimes is difficult due
to the feedback values η being close to unity leading to a stiff system. For instance, it
is difficult to estimate which value of τ is necessary to be in the long-delay limit as it
depends on the other system parameters (cf. Eq. (4.68)). This simplifies when using
Eqs. (4.68), (4.69) and (4.72) to find proper values for φ, τ and Y0, respectively. For
instance, we can improve Fig. 4.36 by going even closer to the expansion point and
set η = 0.9999. Further, we set α = 3 and τ̃ = 100, which leads to φ ≈ π/3 and
τ ≈ 8059.3. The corresponding bifurcation diagram is shown in Fig. 4.39 (a). As the
parameters are very close to the expansion point, we expect good agreement with the
normal form. Looking at the profiles in Fig. 4.39 (b)–(g), this is verified as they are
perfectly symmetric due to the value of the detuning that cancels TOD. In contrast,
in Fig. 4.36 the same detuning was chosen, however, higher order effects lead to un-
symmetrical profiles. This demonstrates that the quantitative agreement between the
normal form and the full system should only be expected very close to the expansion
point.
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Figure 4.38: (a) Two-parameter bifurcation diagram in (φ̃, Y0) (corresponds to the
projection of Fig. 4.35). The folds of the CW state are shown in black and the the Turing
bifurcation in blue. At the red cross at φ̃ = −0.02 ⇔ α = 2 the Turing bifurcation
meets the fold. (b),(c) Cuts indicated in (a) in Y0-direction bellow and above the
modulational instability showing the CW branch (black), TLS branch (orange) and
pattern branch (green) as well as the Turing bifurcation (blue dot). While (a) is a
general result in the long-delay limit, (b),(c) are obtained for τ = 800.

Figure 4.39: (a) Bifurcation diagram of Eqs. (3.83) and (3.84) for η = 0.9999, δ = 1√
3 ,

α = 3 and τ̃ = 100 leading to φ ≈ π/3 and τ ≈ 8059.3. The value of δ is chosen such
that it cancels β3. As we are operating very close to the expansion point of the normal
form, the agreement is excellent which can be seen from the perfectly symmetric profiles
in (b)–(g).
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4.6. Square Waves

When studying the possible frequencies, we found that the KGTI system can give rise
to not only τ but also 2τ periodic solutions (cf. Section 4.2.5). These come in form of
so-called square waves, i.e., states that switch between two different plateaus. A simple
time trace is shown in Fig. 4.40 (a) where one can see that the intensity remains on
each of the two plateau values over intervals of length ≈ τ . The corresponding branch
in the injection is shown in Fig. 4.40 (b), where the Andronov-Hopf bifurcation on the
CW branch from which the square wave branch emerges, is marked by a purple dot.
The eigenvalues of CW solution at this point are shown in the inset. The ones in red
cross the imaginary axis with a frequency of ω = 0.01039 ≈ π

τ .
It is possible to compute the plateau values analytically by assuming E and Y re-

main constant over an interval of length τ . Denoting the plateau values as (E1, Y1)
and (E2, Y2) over the intervals [0, τ ] and [τ, 2τ ], respectively, and plugging this into
Eqs. (3.83) and (3.84) leads to a set of four algebraic equations which can then be
solved. For details on the plateau analysis and a bifurcation analysis of the square
waves regime, see [118, 121–123]. Here, we want to build upon this work and present
some further interesting dynamics that were found in the course of studying the KGTI
system.

In addition to the square wave solutions of length 2τ we also find 2
2n+1τ -periodic

states, where n ∈ N, which are called subharmonic square waves. The branches of the
first five subharmonic square waves emerging from the CW are shown in Fig. 4.41 (a).

Figure 4.40: (a) Time trace of a square wave over four round-trips. The period is
T ≈ 603.7 while τ = 300. (b) Bifurcation diagram of a square wave branch. The
state from panel (a) is marked by a blue cross. The Andronov-Hopf bifurcation on
the CW branch from which the square wave branch emerges is marked by a purple
dot and the corresponding eigenvalues are shown in the inset. Other parameters are
(δ, η, φ, h) = (1.7, 0.5, π, 2).
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Figure 4.41: (a) Bifurcation diagram in Y0 of the first five subharmonic square wave
branches. The branches are labeled in the legend according to the average period
along the branch. (b)–(f) Profiles in same colors along the vertical dashed gray line
in (a) located at Y0 = 1.3. (g) Projection of phase space onto the (|E|2, |Y |2)-plane
with the profiles from (b) (solid blue) and (f) (dashed green). Other parameters are
(δ, η, φ, h, τ) = (0.5, 0.75, π/3, 2, 100).

Profiles of the different branches for the same injection value are shown in Fig. 4.41 (b)–
(f). Over an interval of length τ , the profile in (b) remains on one plateau value, in (c)
we find three plateaus, in (d) five and so on. However, when plotting the profiles in
the projection of phase space onto the (|E|2, |Y |2)-plane shown in Fig. 4.41 (g), they
are almost indistinguishable. This is due to the defining part of the profile (the orbit
connecting the two plateaus) being the same for all subharmonic square wave states.
These orbits, which connect the two plateaus, can be understood as heteroclinic orbits
in a system with infinite delay [118].

A further interesting scenario emerges when for the parameters in Fig. 4.41 a higher
injection values are considered. There, the plateaus become unstable and a high fre-
quency Turing pattern emerges on them. In Fig. 4.42 (a),(b) an exemplary trace is
shown in the two-time representation folded using two different periods T1 and T2. The
inset in panel (a) shows that T1 is chosen according to the frequency of the pattern on
the plateaus while T2 is the period of the underlying square wave itself. A zoomed view
of the pattern is shown in the inset of Fig. 4.42 (c). The existence of two periods of the
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Figure 4.42: Result of a DNS of Eqs. (3.83) and (3.84) with parameters as in Fig. 4.41
and Y0 = 2. (a),(b) Two-time representation of the same trace folded with T1 = 200.308
and T2 = 201.5, respectively. (c) Extract of the trace over the last four round-trips.
The inset shows the pattern on the upper plateau. (d) Extract of the projection of the
phase space onto the (|E|2, |Y |2)-plane diagram showing the projection of a torus.

profile suggests that the attractor is a torus. The projection of the phase space onto
the (|E|2, |Y |2)-plane (panel (d)) confirms this assumptions. Note, that the frequency
of the Turing pattern can not be obtain from a linear stability analysis of the CW
solution. Instead, one would need to follow [118] and find the plateaus as steady states
of an advanced equation and compute their stability.

Finally, increasing the injection further, leads to the profiles depicted in Fig. 4.43.
There, the amplitude of the oscillation on the plateaus is not constant over many
round-trips. Hence, one can assume that the system underwent another Andronov-
Hopf bifurcation, which leads to a chaotic attractor via the Ruelle–Takens–Newhouse
route. To further support the hypothesis of a chaotic attractor, we can measure the
largest Lyapunov exponent of the system. We perform the simulation from Fig. 4.43 (b)
again with a slightly perturbed initial condition, which is defined over an interval of
length τ . Here, we added noise with an small amplitude to the initial condition array.
Next, we take the absolute value of the difference between the two simulations, i.e., the
evolution of the perturbation. This is shown in Fig. 4.44 (a) on a logarithmic scale. One
can observe that the perturbation indeed grows exponentially, i.e., the largest Lyapunov
exponent is positive and hence, the attractor is chaotic. In contrast, in Fig. 4.44 (b)
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Figure 4.43: Same as Fig. 4.42 for Y0 = 2.5. The folding factors of panels (a) and (b)
are T1 = 200.308 and T2 = 201.16, respectively.

the perturbation decays and thus, the largest Lyapunov exponent is negative. This
result is expected as it was shown in Fig. 4.42 (d) that the attractor is a torus. As the
aforementioned mechanism stem from instabilities of the plateaus, they can be found
for the subharmonic square waves shown in Fig. 4.41 as well.

Lastly, other peculiar solutions exist in the regime of square waves. When looking at
the stability map in Fig. 4.17, in particular the projection on the (φ, Y0)-plane in panel
(d), we observed that the square wave regime can coexist with locked domain walls. This
situation is shown in Fig. 4.45 (a). Here, the square wave branch (yellow) bifurcates
from the upper CW state such that it becomes unstable. Hence, the dark TLSs here
become unstable here as they reside on that unstable upper CW. Interestingly, a stable
dark TLS still exists in a slightly other form: instead of reaching the upper CW state,
it settles on the stable plateaus of the SW solution. This is shown in Fig. 4.45 (b),(c).
This mixed solution originates in a period-doubling bifurcation of the TLS branch.
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Figure 4.44: Evolution of the perturbation ⟨|E1 − E2|⟩ for injection values from
Figs. 4.42 and 4.43. The integral is defined over intervals of length T2. Noise of the
amplitude 10−10 (a) and 10−8 (b) was added to the initial condition of the simulation
of E2.

Figure 4.45: (a) Bifurcation diagram for (δ, η, h, φ, τ) = (1.5, 0.75, 2, 0.3π, 100) with
the TLS branch in blue, the square wave branch in yellow and a mixed solution in
orange. (b),(c) Profiles for the injection value indicated by the gray dotted line in
(a) in the temporal domain and a lower dimensional projection of the phase space,
respectively.
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4.7. Temporal Localized States Beyond the Mean-Field Limit
The current Section 4.7, including the figures, is based on the publication:

[100] T. G. Seidel, J. Javaloyes, and S. V. Gurevich. “Normal dispersion Kerr
cavity solitons: beyond the mean-field limit”. In: Opt. Lett. 49.24 (2024),
pp. 7008–7011. doi: 10.1364/OL.538135

TGS carried out the analytical and numerical work under the supervision of SVG
and JJ. All figures were created by TGS. A first draft of the text was created by
TGS and gradually refined by all authors.

Mean-field models such as the LLE (4.62) are not always able to account for the com-
plete range of complex dynamics observed and alternative approaches based on, e.g.,
extended LLE equations [124] or Ikeda map [65] models are used. The latter allows
the accurate theoretical and experimental description of several nonlinear resonances
and high-power “super cavity solitons” associated with the multistable states [67, 68].
Here, on the other hand, the LLE appears only as a limit case of the model derived
from first principles described by Eqs. (3.83) and (3.84) such that we can study regimes
beyond the mean-field limit by simply dropping the restrictions of small losses, weak
fields and small phases. In this section, we want to systematically study the transition
from the mean-field limit towards highly nonlinear regimes.

To get an overview over the occuring dynamics, we once again consider a stability
map as described in Section 4.2.6. The results for the normal dispersion regime, i.e.,
for δ > 0 are summarized in Fig. 4.46(a) together with the corresponding cuts in φ-
and Y0-directions in panels (b) and (c), respectively. Here, the cuts in φ in Fig. 4.46(b)
correspond to the resonances of the nonlinear cavity. For low injection values, the
intensity |E|2 is small such that the effective detuning θ = δ−|E|2 fulfills θ ∼ δ. In this
case the input-output relation in Eq. (4.37) describes the linear cavity response that
has its maximum at 2 arctan δ where the effective phase φ̃ = φ − 2 arctan δ vanishes;
cf. the inset.

Close to the onset of bistability located at φ ≈ 0.15π (⇔ φ̃ ≈ 0) yielding the linear
cavity response, the dynamics is governed by the LLE with third-order dispersion,
cf. Eq. (4.62). This regime persists qualitatively up to a phase of φ ≈ −0.05π from
where on the upper CW state becomes Turing unstable as indicated by the emerging
yellow region in Fig. 4.46(a). The transition between the two regimes is illustrated
in Fig. 4.47 (a),(b), where bifurcation diagrams in Y0 for φ = 0 and φ = −0.1π,
respectively, are presented. Here, not only the TLSs with a periodicity of τ are shown
but also the higher harmonic solutions with shorter periods such that the TLS repeats
multiple times per round-trip. These solutions originate in the various Andronov-Hopf
bifurcations that occur when the pseudo-continuous spectrum of eigenvalues crosses
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Figure 4.46: (a) CW state defined in Eqs. (4.32) and (4.37) in the (φ, Y0)-plane for
(δ, h, η) = (0.5, 2, 0.75). The colors encode the stability information as indicated
in the legend at the bottom: blue, orange, yellow, and purple correspond to stable,
uniformly unstable, Turing unstable, and developed Turing unstable, respectively. The
boundaries between the color patches are bifurcations of the HSSs as indicated by the
legend at the top. The white lines are cuts in the one-parameter planes (φ, |E|2) and
(Y0, |E|2) and are shown in panels (b) and (c), respectively.

the imaginary axis. Due to the scaling of the eigenvalues on the spectrum of 2π/τ , the
emerging periodic solutions possess a periodicity of Tn ≈ τ

n , n ∈ N, cf. Section 4.2.5.

For τ = 50 and φ = 0, we find TLSs up to T8 while for φ = −0.1π we find solutions
up to T17 while only T1−5, T9, T13 and T15−17 are depicted in Fig. 4.47 (b) for clarity.
The right insets show exemplary solution profiles of bright TLSs over the length of τ
for Y0 = 0.1655 (φ = 0) and Y0 = 0.22 (φ = −0.1π), respectively. The occurrence
of higher frequencies for φ = −0.1π can be explained by the change of shape of the
pseudo-continuous spectrum, which is depicted in the left insets in Figs. 4.47(a) and
4.47 (b), where it is shown close to the upper fold. Here, one can see the transition from
a uniform spectrum with a leading zero eigenvalue to a Turing unstable, i.e., a double
well-like-shaped spectrum centered around a finite frequency. One can also observe a
reordering of the Andronov-Hopf bifurcation points: While for φ = 0, the appearing
branches are ordered as T1 to T8 and they disappear as T8 to T1 when following the
CW branch, for φ = −0.1π this is not the case. The fact that in Fig. 4.47 (b) the T1
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Figure 4.47: (a) and (b) Bifurcation diagram of Eqs. (3.83) and (3.84) obtained for
τ = 50 for φ = 0 and φ = −0.1π, respectively. The CW and the TLS branches are
depicted in black and colored lines. On the right, solution profiles along the branch
indicated by the gray lines are plotted. The insets show the eigenvalue spectrum close
to the left fold of the CW branch. (c) and (d): Projection of the phase space onto the
(|E|2, |Y |2) plane in which the trajectories from the profiles in (a) and (b) are plotted in
the same colors. Solid thick (dashed-dotted thin) lines are stable (unstable) solutions,
respectively. Other parameters as in Fig. 4.46.

solution does not connect back to the CW is because many more branches exist for
the given parameters but are left out because they are unstable (cf. the reconnection
of branches shown in Fig. 4.28). The reordering of the Andronov-Hopf bifurcations is
also detailed in Fig. 4.48, where the left panel shows the Andronov-Hopf bifurcations
in the (Y0, φ)-plane and in a three-dimensional representation. One can observe that
the Andronov-Hopf branches intersect and thus, the order of the Andronov-Hopf bi-
furcations is exchanged. This is further clarified in the right panels, where cuts in the
Y0-direction are shown, in which the Andronov-Hopf bifurcations are numbered in the
order of emergence.
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Figure 4.48: Reordering of Andronov-Hopf bifurcations. left: two parameter diagram
showing the fold of the CW branch (black) as well as Andronov-Hopf bifurcations
(colored). The inset shows the steady state plane in red and the Andronov-Hopf and
fold branches. Right: Bifurcation diagrams in the injection corresponding to the dashed
lines in the left panel. The Andronov-Hopf bifurcations are marked in same colors as
in the left panel. The numbers correspond to the order in which the Andronov-Hopf
bifurcations emerge close to the lower branch, i.e., the emerging orbit has a period of
τ/n where n is the shown index. For clarity, only every second number is shown. The
upper two panels correspond to the cuts shown in Fig. 4.47.

Turning our attention back to Fig. 4.47, we show in panels (c) and (d) a projection of
the infinite-dimensional phase space onto the (|E|2, |Y |2)-plane in which the trajectories
of the exemplary bright TLSs in panels (a) and (b) are plotted. Here, solid and dashed-
dotted lines correspond to stable and unstable orbits, respectively. Further, the filled
and open circles mark the position of the stable and unstable CWs. Notably, the
trajectories of the T1−3 solutions are almost indistinguishable since the size of the
domain is much bigger than the size of the individual structures. These trajectories
consist in an excursion close to the upper CW that connects to the lower CW. These
are periodic orbits that converge towards a homoclinic connection in the limit of infinite
delay τ [82]. However, for higher harmonic solutions, the TLSs start to interact with
each other which leads to a deformation of their temporal shapes as well as their phase
space trajectories. These deformations can affect the stability: For φ = 0, we find stable
solutions up to T6 while for φ = −0.1π solutions remain stable up to T9. The high-
frequency solutions T13−17 are all unstable in the bistable regime but can be stabilized
for higher injection.

To further explore the regime where the upper CW is Turing-unstable, we perform
a two-parameter continuation in the (Y0, φ)-plane, cf. Fig. 4.49(a). Here, black lines
stand for the folds of the CW branch, whereas green and purple lines mark the position
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Fig. 4.47

Figure 4.49: (a) Two-parameter bifurcation diagram in the (φ, Y0)-plane. The black
and colored lines correspond to the folds of the CW and TLS solutions, respectively.
(b)–(e) Cuts in the Y0-direction for φ = {−0.2π,−0.4π,−0.6π,−0.8π} (marked by
dashed lines in (a)) with the CW solution in black and the TLS branch in orange. For
(e) the harmonic branches are shown in blue up to T25. Thick (thin) lines correspond
to stable (unstable) solutions. The green, yellow, and purple dots mark the fold bifur-
cations from panel (a) in the same colors. At the positions marked with a pink star
in (b) and light green diamond in (e), the profiles are plotted in panels (f) and (g),
respectively. Here, the dotted lines stand for the lower and upper CW values. Other
parameters as in Fig. 4.46.

of the folds of the leading bright TLS. Further, dashed vertical lines mark cuts at
different φ values. The first two cuts correspond to the bifurcation diagrams presented
in Fig. 4.47, whereas other cuts are shown in Figs. 4.49 (b)–(e). Here, the corresponding
folds of the leading bright TLS shown in (a) are marked by dots in the same color. In
panel (e), we also show the harmonic solution branches up to T25.

First, we notice that due to the unstable upper CW, the stability on the TLS branch
changes as well; see Fig. 4.49(b). In particular, dark TLSs become unstable as they
reside for a majority of their trajectory close to the unstable upper CW value and
hence experience the same instability. Here, only the TLSs on the first two levels of
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the snaking structure remain stable. Next, one can see that the shape of the TLS
branch changes drastically if φ is changed further, cf. panels (c) and (d). This can
be explained as the TLS branch reconnects transcritically to another branch with the
same period which is shown as a transparent orange line in Fig. 4.49(d). In the course
of the transition, the purple marked TLS fold moves to this branch, and a new fold,
marked in yellow, appears on the TLS branch, cf. panel (a).

We notice in Fig. 4.49 (e) that the left TLS fold marked by the green dot moves out of
the region of bistability. There, the corresponding bright TLS approaches a homoclinic
solution in contrast to the double heteroclinic connection of two domain walls for the
other TLSs in the bistable region. Additionally, the peak intensity of the resulting
TLS is much higher here compared to the bistable case in panel (b). This is shown
in panels (f) and (g) where profiles marked by a pink star and light green diamond
in panels (a), (b), and (e) are presented. Here, the dotted horizontal lines correspond
to the lower and upper CW values, respectively. The dashed blue line in panel (g) is
the T18 solution which is also marked by a green diamond in panel (e). We observe
that profiles around the pulse are indistinguishable, and thus, the fundamental TLS
can be interpreted to be an element of this higher frequency solution. The branches
of the harmonic states shown in Fig. 4.49 (e) undergo a similar transformation as the
fundamental solution from locked domain walls (cf. Fig. 4.47) toward homoclinic orbits.
The resulting diagram resembles that of cavity solitons in the anomalous dispersion
regime of the LLE [107]. However, there, the branches are organized in a homoclinic
snaking diagram whereas here, the branches are independent. Note that also higher
frequencies are present, however the shape of these densely packed pulses is altered. A
further decrease in φ results in a cusp for the folds of both the CW and TLS around
the same value of φ = −0.86π, showing that the region of existence of TLSs is still
restricted by the folds along the CW branch.

To further analyze the transition of the bright TLS, we investigate the left fold of
the TLS branch (green in Fig. 4.49) in more detail. Figure 4.50 shows this branch in
green in the (φ,max(|O|2))-plane. Note that the CW background on which this TLS
resides changes with φ. Hence, we also plot the output intensity |Os|2 of the upper
and lower CW values corresponding to the injection value of the TLS-fold branch (cf.
black lines in Fig. 4.50(a)). Here, the point where the upper CW line ends, marks the
value of φ where the TLS branch leaves the bistable regime (cf. Fig. 4.49). Further,
the dashed vertical lines are the cuts for Figs. 4.47(a),(b) and Figs. 4.49 (b)–(e). In
the right inset in Fig. 4.50(a), one can see that close to φ = 0, the maximal output
intensity |O|2 is close to the upper CW value at the point of emergence since here
the TLSs are composed of heteroclinic-like connections. Then, the maximal intensity
grows steadily with decreasing φ without encountering any discontinuity. It reaches a
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Fig. 4.47
Fig. 4.49

Figure 4.50: (a) Evolution of the shape of the TLS as a function of φ. The maximal
intensity of the output field O at the fold of the TLS branch (same data as in Fig.
4.49(a)) is shown in green, whereas black lines are the corresponding upper and lower
CW values at the TLS fold. The inset shows a zoom onto the region where the TLS
branch emerges. (b) Pulse width τp. Orange crosses mark position for which exemplary
TLS profiles are shown in (c)–(f). Here, dotted lines are the lower and upper CWs.
The dashed lines in (a) and (b) mark the Y0-cuts shown in Figs. 4.47(a) and 4.47(b)
and 4.49 (b)–(e).

maximum around φ ≈ −0.83π before rapidly decreasing in intensity toward the lower
CW value. This happens around φ ≈ −0.86π where the TLS-fold branch undergoes
a cusp bifurcation. Note, that close to the cusp, the TLS-fold branch reenters the
bistable region (see left inset). As the pulse amplitude increases, its width τp defined
as the full width at half maximum (FWHM) of |O|2 − |Os|2 decreases as depicted in
Fig. 4.50(b). Both characteristics of the profiles from panels (a) and (b) can be seen in
Figs. 4.50 (c)–4.50 (f) where profiles at different points along the fold TLS branch are
shown.

In short, we have demonstrated that the KGTI system (3.83),(3.84), operated with
normal dispersion and in the highly nonlinear regime where the mean-field approxima-
tion does not hold, exhibits a TLS that approaches a homoclinic orbit in the long-delay
limit. The latter are stable outside of the bistability region and are devoid of the
shortcomings of double heteroclinic solitons induced by domain wall locking which are
usually observed in the normal dispersion regime.

121



4 The Injected Kerr–Gires–Tournois Interferometer

4.8. Influence of Two-Photon Absorption
Finally, we study the influence of two-photon absorption (TPA). For that, we introduce
the parameter a which is the imaginary part of the Kerr parameter s in Eq. (3.83):
s = sr + ia. That is, positive a describe losses in the system. This can be understood
when considering the effective (nonlinear) phase per round-trip (cf. Eq. (B.94)):

β = φ− 2 arctan
(
δ − (sr + ia) |E|2

)
. (4.74)

The TPA-term results in an attenuation (for a > 0) of |exp (iβ)| which reads

|exp (iβ)| =

√√√√√√
(
1 − a |E|2

)2
+
(
δ − sr |E|2

)2

(
1 + a |E|2

)2
+
(
δ − sr |E|2

)2 ≤ 1. (4.75)

These losses lead to a decreased bistability range until for some critical ac the bista-
bilty vanishes. On the other hand, it was demonstrated in the mean-field limit (cf.
Section 4.5), that the width of the bistability range can be increased by increasing φ̃.
Hence, the two effects are counteracting. This is summarized in Fig. 4.51, where we
show the two-parameter plane (Y0, a) for different φ̃. We show the evolution of the CW
folds (black) and the folds limiting the dark-TLS branch (orange). The smaller φ̃ is,
the larger is the value of ac, where the cusp of the TLS-folds occurs. In particular, for
φ̃ = −0.025, we find ac ≈ 0.13 and for φ̃ = −0.2, we have ac ≈ 0.51, cf. Fig. 4.51 (a)
and (c), respectively. Therefore, for an arbitrary value of a, one can tune φ̃ to reach a
bistable regime.

Further, we can observe a stabilizing effect due to TPA. Figure 4.51 (c) was obtained
far away from the mean-field limit because φ̃ is not small. Hence, due to the large value
of η = 0.99, one could expect strongly oscillating tails, see e.g. Fig. 4.26. However,
close to the cusp in Fig. 4.51 (c), the profile exhibits no oscillation on its tails and only
if the value of a is decreased, and thus the stabilizing effect of TPA becomes weaker,
oscillation are present.
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Figure 4.51: Two-parameter diagrams in the (Y0, a)-plane for different values of φ̃.
The CW-folds are shown in black and the folds of the dark-TLS branch in orange.
The insets show exemplary profiles. Note the different scalings of the y-axis. The
parameters are (η, δ, h, τ, sr) = (0.99, 0.5, 2, 300, 1) and φ = φ̃+ 2 arctan δ.

4.9. Conclusion
In this chapter, we analyzed the dynamics found in the KGTI system that is defined
by the DAEs (3.83),(3.84). In the process, we studied many different aspects and
dynamical regimes of this newly proposed setup. Our findings lay a solid foundation
for an experimental realization of the system but can also be regarded as a testbed for
the study of dynamical systems with time delay.

First, we demonstrated, that the DAEs describing the KGTI system can be written
as a NDDE , which – in the conservative case – is reversible. Hence, it preserves the
solution smoothness upon forward and backward propagation and generates a unitary
spectrum. Further, we demonstrated the existence of a conserved quantity. Finally, we
linked the dynamics to the nonlinear Schrödinger equation with third-order dispersion
via a multiple time scale analysis. Thereby, we were able to demonstrate bright solitons
at small energies. For higher energies, we observe a lack of integrability. These results
provide a novel view on conservative dynamics in time-delayed systems.

Transitioning towards the weakly dissipative regime, we find that the dynamics in
the KGTI is captured by the Lugiato–Lefever equation [58] with third-order dispersion.
The link to this well-established model allowed us to unveil how the system parameters
influence the dispersive properties of the micro-cavity. In particular, we demonstrated
that the ratio of TOD and GVD depends on the detuning between the micro-cavity
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resonance and the injection frequency. For a critical value of the detuning, the contri-
butions of TOD vanish such that the GVD is the dominant effect. Here, the sign of
the detuning controls the sign of the GVD, which decides whether the setup operates
in the normal or anomalous dispersion regime.

In the following, we focused mainly on the normal dispersion regime, where temporal
localized states are created as domain walls that can interlock at discrete distances [55,
120]. In the limit of an infinite delay, the domain walls are heteroclinic orbits that
connect the bistable CW states. This enables the formation of both bright and dark
TLSs depending on whether the trace resides longer on the lower or upper CW state.
We highlighted that, close to the onset of optical bistability, the formation of locked
domain walls can successfully be reproduced in a real order parameter equation which
corresponds to a real Ginzburg–Landau equation with third-order dispersion and fur-
ther nonlinear contributions. This normal form predicted a minimal pattern formation
scenario for the bright and dark TLS.

Both normal forms allowed for valuable insights into the formation of TLSs which
are hidden in the DDE formalism [57]. However, the validity of the DAE model for the
KGTI is not limited to restrictions in which the normal forms were derived. Therefore,
we were able to perform an analysis beyond the mean-field limit. In a first step,
we identified many dynamical regimes from an analytical expression for the pseudo-
continuous spectrum of eigenvalues. These findings were summarized in two-parameter
bifurcation diagrams termed stability maps. We disclosed many interesting dynamics
in the regime of locked domain walls that go beyond the mean-field descriptions. These
include the chaotic behavior of the pulse amplitude in a cascade of period-doubling
bifurcations, and the self-interaction of TLSs for high feedback values leading to TLS
branches that are disconnected from the CW states. Going even further away from
the uniform field limit, we found that the dark TLSs become unstable due to a Turing
instability of the upper CW state. At the same time, we showed that the bright TLSs
exist outside of the bistable regime, thus proving their transition from heteroclinic-like
towards homoclinic-like orbits [100]. This was further underlined by the fact that these
TLSs exhibit peak intensities that are much higher than the upper CW state. The TLS
exist for a large parameter range which highlights their potential for optical frequency
comb generation.
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5. Dynamics of Pulses in Mode-Locked Lasers

Parts of this chapter are based on the publications [125, 126], as indicated at the
beginning of the corresponding sections.

5.1. Introduction

In the second part of the thesis, we study the dynamics of multi-pulse states in the out-
put of a passively mode-locked (PML) laser. For the theoretical description, many de-
tailed parameter studies have been performed, that reveal how these structures emerges
from the continuous-wave state; see e.g. [21, 25, 41, 44, 45, 127, 128]. In particular,
pulses in a PML laser can be described as temporal localized states (TLSs) in long-
delay limit and therefore, multiple pulses can be used to generate arbitrary patterns
[21]. This reveals that TLSs exhibit translational symmetry, i.e., they can be moved
freely in the cavity. At the same time the carrier interaction in PML lasers are phase-
invariant (cf. Eqs. (3.156) and (3.157) which only depend on the intensity) such that
the TLSs are rotational invariant as well. These two symmetries are undamped neu-
tral modes of the TLSs, which means that they sensitive to small interactions between
pulses. Studying the dynamics induced by the interactions is the topic of the chapter.

The mentioned symmetries influence the structure of the resulting frequency combs.
For a single pulse in a cavity of size τ it is quite clear that the resulting spectrum
consists in modes that are spaced by the free spectral range νFSR = 2π

τ ; see e.g., the
schematic of the frequency comb in the introduction in Fig. 1.1. However when we
consider, for instance, two equidistant pulses the repetition rate effectively halves, such
that one expects a comb with a spacing of 2νFSR meaning that every second mode
must have canceled out. But is this always the case? How exactly do the symmetries
discussed above influence the frequency spectrum? These are the main questions we
want to answer in the part of the thesis. Note that our approach provides a novel
viewpoint on the emergence of coherent states in mode-locked lasers as we consider the
phases of the pulses, instead of, those of the cavity modes as in, e.g. [129–131].

For the theoretical modeling, we derived a model based upon DDEs in Section 3.3,
cf. Eqs. (3.152)–(3.154). From that, a normal form PDE, the Haus master equation,
can be derived in the mean-field limit, see Eqs. (3.155)–(3.157). While one could
theoretically simply consider one of the two models and perform a parameter study,
this is not a feasible approach as the phase and position dynamics occur on slow time
scales. Consequently, simulations would be very computational costly and tedious as
they need to be performed over many ∼ 105 round-trips. Hence, we want to use a
more refined approach by projecting the high-dimensional dynamics of the full models
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onto the low-dimensional subspace spanned by the pulses’ phases and positions. This
gives further insights on the dynamics of multi-pulse configurations as the resulting
effective equations of motion (EOM) reveal the underlying interaction mechanisms. In
this context, using the PDE model (3.155)–(3.157) is a more convenient choice because
TLSs are steady states of the PDE model but periodic orbits in the DDE model. In
particular, this makes it much easier to linearize the system equations as well as the
corresponding adjoint system, which is more involved for a DDE model; see e.g. [132].
For these reason, we employ the PDE model (3.155)–(3.157) in the following derivation.
However, key results are cross-checked using the DDE model (3.152)–(3.154).

The full derivation of the EOM is presented in Appendix C. Here, we want to present
briefly the main steps and concepts. The dynamical system in Eqs. (3.155)–(3.157) is a
system of PDEs, which can be broken down in its fundamental components such that
the dynamics of the vector function14 ψ = (Re(E), Im(E), g − g0, q − q0) is described
by

M∂ξψ = L (∂z)ψ + N (ψ) + ηeiΩMψ(z − τf ) , (5.1)

where E is the optical field, g and q are the gain and absorber populations, g0 is
the pumping rate, q0 is the value of the unsaturated losses, L and N are linear and
nonlinear operators, ξ and z are the slow and fast time scales, and M = diag(1, 1, 0, 0)
is a mass matrix, which needs to be included because Eqs. (3.156) and (3.157) do not
contain derivatives with respect to the slow time ξ. The last term is a non-local term
describing the effect of a time-delayed feedback (TDF) loop with a time-delay τf (cf.
Section 3.3.6). We define a stationary solution of Eq. (5.1) (i.e., a single pulse) as

ψs = ψs,f + ψs,c = (Re(Es), Im(Es), gs − g0, qs − q0)T , (5.2)

which is composed of the stationary solution for the

field components ψs,f = (Re(Es), Im(Es), 0, 0)

and the carrier components ψs,c = (0, 0, gs − g0, qs − q0).

Next, we employ the ansatz that a multi-pulse state Ψ is the sum of multiple stationary
TLSs ψj which are shifted and rotated with respect to each other. We denote the shifts
(resp. positions) zj and rotations (resp. phases) φj , respectively (cf. blue and orange

14The superposition ansatz below makes it necessary to consider gs−g0 as the carrier component
and not just gs. Same for qs.

126



5.1 Introduction

arrows in the schematic in Fig. 1.3):

Ψ =
N∑
j=1

ψj + δψ , (5.3)

where δψ accounts for small deviations from the simple summation and

ψj = R (φj)ψs (z − zj (ξ)) , (5.4)

where R (φ) is a matrix that rotates the field components of ψs by a phase φ. In the
next step, we use the ansatz (5.3) and plug it into Eq. (5.1). Linearizing around the
stationary solution ψs leads to the linear eigenvalue problem Jsv = M λv, where Js is
the Jacobian of the stationary solution ψs. The latter possesses two zero eigenvalues
corresponding to the neutral modes vt = ∂zψs and vp = ∂φψs which describe the trans-
lational and phase invariance, respectively. Consequently, the adjoint system possesses
two neutral modes as well because the eigenvalues of the adjoint Jacobian are the com-
plex conjugated eigenvalues found in the direct system. We denote these eigenmodes
as wt and wp which are defined as J †

s w = M λ̄w.

The core of the EOM derivation consists in noticing that the perturbation δψ in
Eq. (5.3) must remain small and bounded. As such, all the terms in the EOM must
be orthogonal to the kernel of Js since, otherwise, δψ would grow without bound (cf.
Eq. (C.33)). This condition is achieved by projecting onto the adjoint eigenmodes wt
and wp and to use that (vi, wi) form a biorthogonal set. We further assume that the
pulses are well-separated so that the interactions are weak and that we can neglect
shape deformation modes. Finally, notice that we consider the solution basis ψs for the
case of zero feedback (i.e., η = 0). This approach allows us to add weak feedback as a
source of motion and phase dynamics. In other words, the TDF induced satellites are
treated as a first order perturbation. In practice, it means that the feedback induced
satellites are small enough that they do not induce any interaction with the carriers.
This leads to the following EOM (see Appendix C for the complete derivation):

żm =
∑
k ̸=m

[
At (∆km) sin [θkm + rt (∆km)] +Bt (∆km) +

ηLt (τf + ∆km) sin [Ω + θkm + ut (τf + ∆km)]
]
,

(5.5)

φ̇m =
∑
k ̸=m

[
Ap (∆km) sin [θkm + rp (∆km)] +Bp (∆km) +

ηLp (τf + ∆km) sin [Ω + θkm + up (τf + ∆km)]
]
,

(5.6)
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Here, we define the phase and position difference

θkm ..= φk − φm and ∆km
..= zk − zm.

It is important to remember that periodic boundary conditions apply, i.e., φ0 = φN ,
φN+1 = φN , z0 = zN − τ and zN+1 = z1 + τ . While the phase interaction is encoded in
the sine-terms, the position-dependent interaction strength is governed by the nonlinear
functions At,p (∆km) , Bt,p (∆km) , Lt,p (∆km) , rt,p (∆km) and ut,p (∆km). These forces
result from overlap integrals between the adjoint eigenvectors and the solution profile
(see App. C, Eqs. (C.51), (C.52), (C.56), (C.60) and (C.61)) for the formal definitions).
Note that the indices p, t stand for the phase- and translation-invariance, respectively.
The nonlinear functions represent the different possibilities in which the pulses can
interact, namely

Ap,t(∆) : Amplitude of phase-dependent term describing the exchange of phase infor-
mation via overlap of the pulses’ decaying tails

rp,t(∆) : The phase corresponding to Ap,t(∆)

Bp,t(∆) : Phase-independent interaction describing interaction via carrier depletion

Lp,t(∆) : Amplitude of phase-dependent term describing the exchange of phase infor-
mation via overlap of a pulse and satellite induced by TDF

up,t(∆) : The phase corresponding to Lp,t(∆)

Note that Eqs. (5.5) and (5.6) consider the couplings between all pulses. However, for
the interaction via tails, the interaction with the nearest neighbors is dominant as the
tails decay exponentially. The same reasoning applies to the carrier interaction. The
interaction via time-delayed feedback depends on the value of the secondary time delay
τf . When τf is close to p τN , p ∈ N, the satellite of the k-th pulse influences the (k−p)-th
pulse (cf. Fig. 1.3 where, e.g., the satellite of pulse two interacts with pulse one because
τf ≈ τ/N). Further, the time scales of the individual terms in Eqs. (5.5) and (5.6)
are not necessarily in the same order of magnitude. For instance, in shorter cavities,
interactions via carriers is dominant such that the pulses evolve rapidly towards an
equidistant configuration. This property effectively decouples Eqs. (5.5) and (5.6) from
each other, which leads to two distinct cases that will be considered in the following. In
the decoupled case, we can observe a pure phase dynamics. This situation is detailed in
Section 5.2. In the general case, phases and positions interact with each other, which
is the subject of Section 5.3.
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5.2. Phase Dynamics
The current Section 5.2, including the figures, is based on the following publication
and the corresponding Supplemental Material:

[125] T. G. Seidel, A. Bartolo, A. Garnache, M. Giudici, M. Marconi, S. V. Gure-
vich, and J. Javaloyes. “Multistable Kuramoto Splay States in a Crystal of
Mode-Locked Laser Pulses”. In: Phys. Rev. Lett. 134 (2025), p. 033801.
doi: 10.1103/PhysRevLett.134.033801

TGS carried out the analytical and numerical work under the supervision of SVG
and JJ. AB carried out the experimental work under the supervision of MM, MG
and AG. The figures used in this section were created by TGS with the exception
of Fig. 5.17 that was created by AB. A first draft of the text of the theoretical
part was created by TGS and gradually refined by all authors.

We start with the case of equidistant pulses. That is, we consider solutions where
the translational mode is strongly damped, i.e., żm = 0 and zm − zm−1 = τ

N . This
applies to configurations where the pulses are densely packed and the resulting pulse
configuration is called a harmonic mode-locked (HMLN ) state, which have been widely
observed in mode-locked lasers [133–135]. Note that this situation does not correspond
to the long-delay limit anymore, as the pulses are fixed in their position. However,
the derived EOM are still valid, as we will demonstrate in this section. A sketch of
the described situation is shown in Fig. 5.1 (a). There, we show in green the phases
of the individual pulses (cf. panel (b)), and in purple the respective phase differences
(cf. panel (c)). First, we can simplify the EOM in Eqs. (5.5) and (5.6) with these
restrictions, which is shown in Appendix C.2.2. We obtain the Kuramoto model [136]
with nearest neighbor interactions

φ̇m =A+ sin (φm−1 − φm + ψ+) +A− sin (φm+1 − φm + ψ−) + ζj , (5.7)

where ζj is the is the projection of the white Gaussian noise in Eq. (3.155) onto the
phase- and position-modes. Here, we consider a cavity without an additional feedback
loop, i.e., η = 0 for this whole subsection. However, we note that even in the pres-
ence of time-delayed feedback, the resulting equations are structurally the same, cf.
Appendix C.2.2, such that the results presented here apply for this case as well.

The interactions described by Eq. (5.7) has important implications as PML lasers are
often considered to be coherent by default, yet Eq. (5.7) implies that the phases evolve
as individual oscillators. Whether and how much synchronization occurs, depends
on the interplay between the coherent forces A± and the noise level ζ. As such, we
analyze Eq. (5.7) using statistical approaches. Further, we want to test the validity of
Eq. (5.7) by comparing it to the full Haus master equation (3.155)–(3.157). First, we
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Figure 5.1: (a) Schematic of a unidirectional ring cavity mode-locked by a saturable
absorber and operated in the HML5 regime. Each pulse possesses a phase φi, as
indicated by the small clocks. The phases and their differences are shown in (b) and
(c) while the black arrow in (c) denotes to value of the order parameter b (cf. Eq. (5.12))
representing the average coherence.

introduce formally the concept of coherence in Section 5.2.1. Next, we considered the
special case of reciprocal interaction (i.e., A+ = A− and ψ+ = ψ− = 0 in Eq. (5.7)) in
Section 5.2.2. The resulting symmetries allow for an analytical approach to compute
statistical quantities. Finally, in Section 5.2.3, we consider the general, non-reciprocal
case in detail, and describe in Section 5.2.4 how to measure the effects in an experiment.

5.2.1. Measuring Coherence

In order to measure the degree of coherence in a train of pulses, it is instructive to
introduce an order parameter. We consider for a configuration of N pulses the first
order correlation function

g(1) (s) = ⟨E∗ (t)E (t+ s)⟩〈
|E (t)|2

〉 , (5.8)

where we define the temporal average as

⟨E (t)⟩ ..= 1
τ

τ∫
0

E (t) dt. (5.9)

The first order correlation function needs to be evaluated at the position of the neigh-
boring pulse, i.e., when N pulses are present in the cavity of size τ , we consider g(1) ( τ

N

)
.

Experimentally, this makes sense as the first order correlation function can be obtained
by interfering the optical field with itself after a retarded time τ/N . As described in
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the introduction of this chapter, we employ a superposition ansatz, i.e., we assume the
pulses to be identical in shape. Hence, the full electrical field E of an N -pulse state
can be written as

E (t) =
N∑
k=1

Es

(
t− (k − 1) τ

N

)
e−iφk , (5.10)

where Es (t) is the optical field for a single pulse. Further, we define Ī ..=
〈
|Es (t)|2

〉
as

the average intensity of a single pulse. The first order correlation function then reads

g(1)
(
τ

N

)
=

〈[∑N
k=1E

∗
s

(
t− (k − 1) τ

N

)
eiφk

] [∑N
k=1Es

(
t− k τN

)
e−iφk

]〉
〈∣∣∣∑N

k=1Es
(
t− k τN

)
eiφk

∣∣∣2〉

=

〈∑N
k=1

∣∣Es (t− k τN
)∣∣2 ei(φk+1−φk)

〉
NĪ

(5.11)

=

〈
|Es (t)|2

〉
NĪ

N∑
k=1

ei(φk+1−φk)

= 1
N

N∑
k=1

ei(φk+1−φk),

where we used the periodic boundaries, i.e., Es (t) = Es (t− τ) and considered the
overlap of the pulses to be small such that we neglect all cross terms, i.e.,

〈∣∣∣∣∣
N∑
k=1

Es

(
t− k

τ

N

)
eiφk

∣∣∣∣∣
2〉

= NĪ.

Hence, we can define an order parameter b:

b ..= g(1)
(
τ

N

)
= 1
N

N∑
j=1

ei(φj+1−φj). (5.12)

In the schematic setup in Fig. 5.1, the order parameter is visualized as a black arrow
in panel (c). The value of b contains two quantities. The modulus encodes the level of
synchronization while the argument is the average phase. It makes sense to consider
the limit cases of b. First, the modulus of b is 1, if all pulses have the same phase
difference with respect to their neighbor, i.e., if φj+1 − φj = β = const. ∀j, then

b = 1
N

N∑
j=1

ei(φj+1−φj) = eiβ. (5.13)
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In contrast, the modulus of b is 0 when the phase differences are equally spread, i.e.,
φj+1 − φj = 2πp

N j where p ∈ Z. Then we find

b = 1
N

N∑
j=1

ei
2πp
N
j = 0. (5.14)

5.2.2. Reciprocal Interaction

As a first step, we consider the special case of reciprocal interaction where A+ = A−

and ψ+ = ψ− = 0 in Eq. (5.7). This introduces a symmetry in the EOM (5.7), which
enables us to perform analytical calculations to obtain statistical quantities. The basis
for that is laid by calculating the probability density function (PDF) for the distribution
of the pulses’ phases. Using the simplifications due to reciprocal interaction, we can
write the Kuramoto model in Eq. (5.7) as

φ̇j = sin (φj−1 − φj) + sin (φj+1 − φj) + ζj (t) (5.15)

= Fj (φ1, . . . , φN ) + ζj (t) . (5.16)

Here, the amplitude of the force A± is scaled into the time. This symmetric form
enables us to define a potential that satisfies Fj = − ∂U

∂φj

U (φ1, . . . , φN ) = −
∫
Fj (φ1, . . . , φN ) dφj (5.17)

= −
∫

[sin (φj−1 − φj) + sin (φj+1 − φj)] dφj (5.18)

= −
N∑
k=1

cos (φk−1 − φk) . (5.19)

Note that this is the crucial step which cannot be accomplished in the general, non-
reciprocal case. Using Eq. (5.19), we can establish the corresponding Fokker-Planck
equation for the PDF P (φ1, . . . , φN ). It reads

∂P

∂t
+
∑
j

∂

∂φj
[FjP ] = σ2

2
∑
j

∂2P

∂φ2
j

, (5.20)

where we denote with σ the amplitude of the noise ζj in Eq. (5.15)15. We solve for the
steady state of the PDF, i.e., ∂tP = 0. Introducing β = 2

σ2 and integrating a first time

15Note that this σ is not the same as in Eq. (3.155). They are related by projecting the noise
in Eq. (3.155) onto the phase- and translation-modes.
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leads to

∑
j

FjP = −
∑
j

∂U

∂φj
P = 1

β

∑
j

∂P

∂φj
(5.21)

This equation has the solution

P = N exp (−βU) , (5.22)

where N is a normalization constant. Its value is defined via the integral condition

1 =
∫
P (φ1, . . . , φN ) dφ1 . . . dφN (5.23)

and therefore
1
N

=
∫

exp
(
β
∑
k

cos (φk−1 − φk)
)
dφ1 . . . dφN . (5.24)

To evaluate this integral, we define the phase difference θk = φk−1 − φk. However, in
this notation, one variable is dependent of the other ones, i.e., we can write

θj = −
∑
k ̸=j

θk. (5.25)

As a choice, we express θN in terms of the other phase differences without loss of
generality. Then we obtain

1
N

= 2π
∫

exp
(
β
N−1∑
k=1

cos θk + β cos
(
N−1∑
k=1

θk

))
dθ1 . . . dθN−1 (5.26)

= 2π
∫ N−1∏

k=1
exp (β cos θk) exp

(
β cos

(
N−1∑
k=1

θk

))
dθ1 . . . dθN−1, (5.27)

where we have an additional factor of 2π because the integral is now over N −1 phases.
Next, we introduce the modified Bessel function of first kind In (x) which are defined
as

In (x) = 1
π

∫ π

0
cos (nθ) ex cos θdθ. (5.28)

In particular, we use the following expansion in terms of the Bessel functions

exp (β cos θ) =
∞∑

k=−∞
Ik (β) eikθ. (5.29)
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With that, we can simplify the expression in Eq. (5.27):

1
N

=2π
∫ ( ∞∑

n=−∞
In (β) exp (inθ1)

)
. . .

( ∞∑
n=−∞

In (β) exp (inθN−1)
)

( ∞∑
n=−∞

In (β) exp
(
in

N−1∑
k=1

θk

))
dθ1 . . . dθN−1

(5.30)

=2π
∫ ∞∑

k1,k2,...,kN =−∞
Ik1 (β) Ik2 (β) . . . IkN

(β) exp (ik1θ1) exp (ik2θ2) . . .

exp (ikN−1θN−1) exp
(
ikN

N−1∑
l=1

θl

)
dθ1 . . . dθN−1

(5.31)

=2π
∫ ∞∑

k1,k2,...,kN =−∞
Ik1 (β) Ik2 (β) . . . IkN

(β)

exp [i ((k1 + kN ) θ1 + · · · + (kN−1 + kN ) θN−1)] dθ1 . . . dθN−1.

(5.32)

This can also be expressed as the product of N − 1 integrals, each of which has the
form ∫ 2π

0
ei(k+l)θdθ = 2πδk,−l. (5.33)

Using this, we can simplify Eq. (5.32) to obtain

1
N

= (2π)N
∞∑

k1,k2,...,kN =−∞
Ik1 (β) Ik2 (β) . . . IkN

(β) δk1,−kN
δk2,−kN

. . . δkN−1,−kN
(5.34)

= (2π)N
∞∑

kN =−∞
(I−kN

(β))N−1 IkN
(β) (5.35)

= (2π)N
∞∑

k=−∞
(Ik (β))N , (5.36)

where we used that I−k (β) = Ik (β) in the last step. Finally, we obtain from Eq. (5.22)
the PDF

P (φ1, . . . , φN ) = 1
(2π)N

exp
(
β
∑N
j=1 cos (φj−1 − φj)

)
∑∞
k=−∞ (Ik (β))N

. (5.37)

To make this expression more accessible, we want to calculate the projection on a single
phase φm as well as two phases φm, φn. After some algebra, we find

P (φm) = 1
2π , (5.38)

P (φm, φn) = 1
4π2

∑∞
k,l=−∞ (Ik (β))N+m−n (Il (β))n−m cos ((k − l) (φm − φn))∑∞

k=−∞ (Ik (β))N
, (5.39)
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where m > n without loss of generality. The result from Eq. (5.38) is highly intuitive
as the EOM in the beginning has a rotational symmetry, such that all phases have the
same probability. Equation (5.39) simplifies for neighboring phases, e.g., φ1 and φ2:

P (φ1, φ2) = exp (β cos (φ1 − φ2))
4π2

∑∞
k=−∞ cos (k (φ1 − φ2)) (Ik (β))N−1∑∞

k=−∞ (Ik (β))N
. (5.40)

In order to test the derived PDF (5.37) and the corresponding projections, we perform
extended simulations of the EOM (5.15) to get a sufficient statistical average. As
Eq. (5.15) is an ODE, the simulations are not computationally expensive and can be
carried out using an Euler (or Runge–Kutta) scheme. An extract of a long simulation
is shown in Fig. 5.2 in the top left panel. We can numerically obtain the corresponding
PDF P (φm) by considering an histogram (cf. Fig. 5.2 bottom left), which exhibits
excellent agreement to the analytical PDF from Eq. (5.38) shown in red. The same can
be done for the PDF P (φ1, φ2) from Eq. (5.40) which is shown in Fig. 5.2 in the right
panel. Again, we find excellent agreement between analytical and numerical results.

Next, the result from Eq. (5.39) can also be interpreted as the PDF for the phase
difference, i.e., P (φm − φn) which makes it a useful tool to measure the coherence
between two phases φm and φn. The projection on a single argument results in an
additional factor of 2π such that

P (φm − φn) = 2πP (φm, φn) . (5.41)

This PDF is shown in Fig. 5.3, where one can observe that the level of correlation
between pulses φ1 and φn is the highest for the directly neighboring pulses (n = 2, 7)
and decreases when considering neighbors which are further away. For large distances,
the distribution approaches 1/(2π) which corresponds the uncorrelated (i.e., random)
case. The analytical results (red line) are in excellent agreement with the results from
the numerical simulation (histogram).

There are further interesting projections one can consider, such as the projection
onto the absolute value and argument of the order parameter P (|b|, arg (b)). However,
it is not possible to compute analytical expressions for arbitrary projections. For that
reasons we just consider the numerical results which are shown in Fig. 5.4 in the right
panel. We can observe, that the projection onto the argument of b (bottom left) exhibits
three distinct peaks located at 0,±2π

7 . These configurations correspond to the stable
steady states of Eq. (5.15), see Section 5.2.3 for more details on the steady states and
their stability. On the other hand, the projection onto the absolute value (top left) has
a maximum around |b| = 0.35, while the average value |⟨v⟩| ≈ 0.24 is slightly lower.

As the order parameter corresponds to the first order correlation function (cf. Sec-
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Figure 5.2: The top left panel shows an extract of a time trace of the EOM (5.15)
with N = 7 phases, the full time trace has a length of 5 × 105. The histograms
correspond to the numerical PDF projected on a single phase (left) and two phases
(right), respectively. The red line and dots are the analytical results from Eqs. (5.38)
and (5.40).

Figure 5.3: Same data as in Fig. 5.2. The PDF is projected on the phase difference:
P (φ1 − φn) for n = 2, . . . , N . The red lines are from the analytical solution Eq. (5.41).
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Figure 5.4: Same data as in Fig. 5.2. Here, the PDF is projected on the order
parameter, in particular the absolute value of b and the argument of b.

tion 5.2.1), it is of great importance for experimental realizations. Hence, we aim to
calculate analytically its expectation value in the next step. For a quantity q, the ex-
pectation value is defined as ⟨q⟩ =

∫
qP (φ)dφ. Applying this to the order parameter b,

we obtain

⟨b⟩ =
∫ π

−π
b (φ1, . . . , φN )P (φ1, . . . , φN ) dφ1 . . . dφN (5.42)

=
∫ π

−π

(
1
N

∑
k

ei(φk−1−φk)
)
P (φ1, . . . , φN ) dφ1 . . . dφN (5.43)

= N
N

∫ π

−π

(∑
k

cos (φk−1 − φk)
)

exp
(
β
∑
k

cos (φk−1 − φk)
)
dφ1 . . . dφN (5.44)

= N
N

∫ π

−π
∂β exp

(
β
∑
k

cos (φk−1 − φk)
)
dφ1 . . . dφN (5.45)

= N
N
∂β

∫ π

−π
exp

(
β
∑
k

cos (φk−1 − φk)
)
dφ1 . . . dφN (5.46)

= N
N
∂β

1
N
, (5.47)

where we used the definition of the normalization constant from Eq. (5.24) in the last
step. As we need to compute the derivative of N with respect to β, we need to establish
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the derivative of the Bessel function:

∂βIk (β) = Ik−1 (β) − k

β
Ik (β) (5.48)

= k

β
Ik (β) + Ik+1 (β) . (5.49)

With that and the normalization constant from Eq. (5.36), we can further simplify
Eq. (5.47):

⟨b⟩ = (2π)N N
N
∂β

 ∞∑
k=−∞

(Ik (β))N
 (5.50)

= (2π)N N
∞∑

k=−∞
(Ik (β))N−1 ∂βIk (β) (5.51)

= (2π)N N
∞∑

k=−∞
(Ik (β))N−1

(
Ik−1 (β) − k

β
Ik (β)

)
(5.52)

=
∑∞
k=−∞ (Ik (β))N−1

(
Ik−1 (β) − k

β Ik (β)
)

∑∞
k=−∞ (Ik (β))N

. (5.53)

The last part of the sum vanishes because the sum is symmetric (from k = −∞ to
k = ∞). So we remain with

⟨b⟩ =
∑∞
k=−∞ (Ik (β))N−1 Ik−1 (β)∑∞

k=−∞ (Ik (β))N
. (5.54)

We want to consider the two limit cases, namely the thermodynamic limit (N → ∞)
and the limit of two pulses (N = 2). First, in the limit of N → ∞, we find that
Eq. (5.54) converges to

lim
N→∞

⟨b⟩ = I1 (β)
I0 (β) . (5.55)

Next, the case of two pulses is special because left and right interaction go to the same
neighbor. Therefore, the complete system is described by a single phase difference
θ = φ2 − φ1 and the calculations simplify a lot. First, the order parameter is b =
1
2

(
eiθ + e−iθ

)
= cos θ. Next, the potential is UN=2 = 2 cos (θ) and therefore the PDF

reads

PN=2 (θ) = N exp [2β cos θ] . (5.56)
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The normalization constant is

1
N

=
∫ π

−π
exp (−2β cos θ) dθ = 2πI0 (2β) (5.57)

and the expectation value for the order parameter reads

⟨bN=2⟩ =
∫ π

−π
cos (θ)PN=2 (θ) dθ (5.58)

= 1
2πI0 (2β)

∫ π

−π
cos (θ) exp [2β cos θ] dθ (5.59)

(5.28)= I1 (2β)
I0 (2β) . (5.60)

The two limit cases in Eqs. (5.55) and (5.60) will become important in Section 5.2.3
(in particular, see Fig. 5.13).

Finally, we consider the limit of low noise levels, i.e., low temperature, for the expec-
tation value ⟨b⟩. As the noise level vanishes (σ → 0), we find that β → ∞. For large
arguments the modified Bessel functions of first kind can be expanded as

Ik (β) = eβ√
2πβ

[
1 − 4k2 − 12

1 (8β)

(
1 − 4k2 − 32

2 (8β)

(
1 − 4k2 − 52

3 (8β) (1 − . . . )
))]

. (5.61)

We consider terms up to σ2, i.e., up to β−1. Then we remain with

Ik−1 (β) = eβ√
2πβ

[
1 − 4 (k − 1)2 − 1

8β + O
(
β−2

)]
(5.62)

= eβ√
2πβ

[
1 − 4k2 − 1

8β − 1 − 2k
2β + O

(
β−2

)]
(5.63)

= Ik (β) − eβ√
2πβ

1 − 2k
2β + O

(
β− 5

2
)
. (5.64)

As we truncate all terms O
(
β−2), we can rewrite the second term in Eq. (5.64) in terms

of a Bessel function

1 − 2k
2β

eβ√
2πβ

= 1 − 2k
2β Ik (β) + O

(
β− 5

2
)

(5.65)

such that we can simplify Eq. (5.64) to

Ik−1 (β) =
(

1 − 1 − 2k
2β

)
Ik (β) + O

(
β− 5

2
)
. (5.66)
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Plugging this into Eq. (5.54), we obtain

⟨b⟩ =
∑∞
k=−∞ (Ik (β))N−1

(
1 − 1−2k

2β

)
Ik (β)∑∞

k=−∞ (Ik (β))N
(5.67)

= 1 −
∑∞
k=−∞ (Ik (β))N 1−2k

2β∑∞
k=−∞ (Ik (β))N

. (5.68)

Here, the term linear in k vanishes as the sum is symmetric and we remain with

⟨b⟩ = 1 − 1
2β (5.69)

= 1 − σ2

4 . (5.70)

This shows that for low noise values the order parameter is described by an inverted
parabola.

5.2.3. Coherence and Phase Configurations in Harmonic Solutions

Finally, we consider the general, non-reciprocal case of the Kuramoto model in Eq. (5.7)
(i.e., A+ ̸= A−; ψ+, ψ− ̸= 0). First, we want to study which pulse configurations can
exist in an HML regime. Assuming that all pulses are identical, it is sufficient to
consider the ring boundary conditions in Fig. 5.1(a). For a configuration to be a steady
state, the phase difference ∆φ between neighboring pulses must be constant for all
pulses. This condition is only fulfilled if N -times this phase difference sums up to a
multiple of 2π, i.e., N∆φ = 2πp with p ∈ [1, N ]. We characterize the steady states by
the integer index p or equivalently a phase difference

∆φp = 2π
N
p. (5.71)

This is the definition of a splay state [137]. Note that while the splay state ∆φp is a
steady state for ∆̇φ, the corresponding phases themselves are given by

φ
(p)
j = ∆φpj + ωpt, (5.72)

where ωp is a common phase rotation that reads

ωp = A+ sin
(
ψ+ − 2πp

N

)
+A− sin

(
ψ− + 2πp

N

)
. (5.73)

However, this common phase rotation is small as it scales with the amplitudes A±.
Further analyzing the Kuramoto model in Eq. (5.7), we are interested in which of
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the splay states are stable. Hence, we perform a linear stability analysis of Eq. (5.7).
We consider a perturbed state φj = φ

(p)
j + δj and obtain

δ̇j =A+ sin (−∆φp + δj−1 − δj + ψ+) +

A− sin (∆φp + δj+1 − δj + ψ−)
(5.74)

=ωp + k+ (δj−1 − δj) + k− (δj+1 − δj) + O
(
δ2
)
, (5.75)

where k− =A− cos (ψ− + ∆φp) ,

k+ =A+ cos (ψ+ − ∆φp) .
(5.76)

Next, we expand the perturbation in Fourier modes

δj = ωpt+Aq (t) exp [ijq] , (5.77)

where t is the slow time and Aq(t) is the amplitude of mode q = 2πp
N . The amplitude

evolves as

Ȧq (t) =
(
δ̇j − ωp

)
exp (−ijq) (5.78)

= [(k+ + k−) (cos (q) − 1) + i sin (q) (k− − k+)]Aq (t) . (5.79)

The stability is governed by the real part of Ȧq, in particular by the sign of k+ + k−.
Solving 0 = k+ + k− defines the borders of stability, which is given by

αk = kπ + arctan
(
A− cosψ− +A+ cosψ+
A− sinψ− −A+ sinψ+

)
(5.80)

That is, ∆φp is stable if α0 < ∆φp < α1 and unstable otherwise. We observe that the
range of stability is always π and that the corresponding half-circle of stability is simply
rotated as a function of (A±, ψ±). The most important consequence of Eq. (5.80) is
that the splay states that are solutions of Eq. (5.7) can be multistable. In fact, for
N ≥ 5, there must be at least two states that fall within the range of stability and 50%
of states are stable in the thermodynamic limit N → ∞.

In order to test our predictions, we simulated numerically the full PDE model in
Eqs. (3.155)–(3.157). To extract phase information from a time trace, one could sim-
ply take the phase at the maximum peak intensity. However, this approach results in
discontinuities when the maximum intensity changes its index along the discrete nu-
merical spatial grid. A better approach is to take the information of the full pulse into
account. For that, we cut each round-trip into N pieces such that in every piece of size
τ/N a single pulse resides (approximately) in its center. Then we integrate the phase
weighted by the intensity over this interval which reads Ij =

[
(j−1)τ
N , jτN

]
. That is, we
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Figure 5.5: (a) Evolution over the slow time ξ of various splay states associ-
ated to the HML5 solutions obtained from solving Eqs. (3.155)–(3.157)) numeri-
cally. The initial phase differences are given by ∆φp = 2π

N p, and are shown in
panels (b) and (c) where one can see that the intensity profiles are identical while
the real parts of the electric fields differ. (d) Frequency spectrum of the ini-
tial conditions. For each phase difference the corresponding comb is shifted by
p
τ . (e) Phase plane visualization of the initial conditions used in (a)–(d). The
shaded gray areas in panels (a) and (e) correspond to the region of stability which
is of size π, cf. Eq. (5.80). The trajectories in (a) converge to steady states
within the region of stability. Parameters are (γ, k, αg, αq, τ, g0,Γg, q0,Γq, s, σ) =(
40, 0.1056, 1.5, 0.5, 12.5, 4gth, 0.08, 0.27, 1, 10, 10−5). For the corresponding parameters
A±, ψ± of the phase model, see Fig. C.1.

compute

φj =
∫
Ij

|E|2 arg (E) dz∫
Ij

|E|2 dz
. (5.81)

This approach is motivated by calculating the center-of-mass of a profile, which can be
done in a similar way and which we use to define the position zj :

zj = (j − 1)τ
N

+
∫
Ij

|E|2 zdz∫
Ij

|E|2 dz
. (5.82)

While the positions are constant here, this quantity will be of use in Section 5.3. Note
that the choice of weighting the integrals with |E|2 is arbitrary, one could also choose
higher (or lower powers) depending on how much one wants to weigh the center of the
pulse.

Going back to testing our predictions, we initialize a configuration with five pulses for
each of the five different splay states, see Fig. 5.5 (a),(b). All these solutions correspond
to the same intensity profile as demonstrated in Fig. 5.5 (c). However, we note that
a phase shift ∆φp between pulses separated by a distance ∆z = τ/N corresponds to
an offset of the carrier frequency νp = ∆φp/ (2π∆z) = p/τ . Consequently, these N
splay states correspond to frequency combs that are shifted of p times the fundamental
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Figure 5.6: Same simulation as in Fig. 5.5 for different number pulses. The cavity
length is adapted as τ = 2.5N such that the amount of interaction remains the same.

free spectral range (FSR) of the cavity, see Fig. 5.5 (d). We observe that two initial
conditions remain stable upon their time evolution as they lie within the stable region
defined by Eq. (5.80) and marked by the gray areas in Fig. 5.5 (a),(e). The other
three trajectories correspond to unstable states and converge to one of the two stable
configurations, cf. Fig. 5.5(a). The parameters (A±, ψ±) in Eq. (5.7), that are necessary
for predicting the stability of the steady states, were extracted from Eqs. (3.155)–(3.157)
by using a perturbation analysis (cf. Appendix C.6). The phase model with extracted
parameters exhibits very good agreement with the full PDE model (cf. Fig. C.2).
We note that, the interaction with the left neighbor (A+ ∼ 10−5) is three orders of
magnitudes larger than the interaction with the right neighbor (A− ∼ 10−8). This is
because the pulses in the chosen parameter set have asymmetrical tails (cf. Fig. 5.7 (a)).
Hence, the interaction is effectively unidirectional.

Finally, we repeat the simulation in Fig. 5.5 for different harmonic numbers, see
Fig. 5.6 for N = 2, . . . , 7. In all cases, the trajectories converges towards a central
region of stability. Further, we observe that trajectories that start far away from stable
states (such as the orange line for N = 2) exhibit a faster transient than configurations
that are initialized close to the stable regime (such as the blue line for N = 6). This
is because the evolution of the perturbation defined in Eq. (5.79) is proportional to
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Figure 5.7: Short extract of a time trace from as in Fig. 5.5 (a) but with noise of
amplitude σ = 10−3. (a) Profile at the last step of the simulation. (b) Evolution of
|E|2 over 103 round-trips. (c)–(g) Evolution of the maxima of the five pulses in (a),(b).

exp [(k+ + k−) (cos (q) − 1) t]. Because (k+ + k−) is depends on the splay states ∆φp,
it can be close to zero for some p, rendering the transient very slow.

At this point, we want to stress the generality of the presented results. They apply
for a wide range of system parameters, in particular, also under the influence of large
fluctuations as the added noise in the simulation for Figs. 5.5 and 5.6 does not signifi-
cantly change the pulse shape. This is underlined in Fig. 5.7, where a short extract of
a simulation with an even larger noise amplitude is shown.

Finally, we can also observe the splay states in the model defined in Eqs. (3.152)–
(3.154) based upon delay differential equations. To demonstrate this, we perform a
direct numerical simulation of Eqs. (3.152)–(3.154) in analogy to Fig. 5.6. The result
is presented in Fig. 5.8. In this case, the stable phase configurations are different
from Fig. 5.6 due to different system parameters. However, in all panels of Fig. 5.8,
the stable phase configurations lay within the same region defined by Eq. (5.80). We
choose to perform the major part of the analysis with the PDE model as the DDE
model is more difficult to handle numerically. For instance, for the PDE model a large
timestep for the (slow) time can be chosen, however, for the DDE model, there is only
one time component such that a large time step would lead to numerical problems. As
a further confirmation of the validity, we perform a numerical continuation of the DDE
model using DDE-BIFTOOL. In Fig. 5.9, we show three separate branches for pulses in
the three splay states, where stability is omitted16. While the intensity profiles are
identical (cf. panels (e)–(g)), the real part exhibit the characteristic phase profiles of
the splay states (cf. panels (b)–(d)).

16In fact, DDE-BIFTOOL gave inconclusive results for the stability, which is why we do not make
a statement about it here. A more detailed analysis would be necessary to draw credible
conclusions.
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Figure 5.8: Results from a numerical simulations of the DDE model (3.152)–(3.154)
with parameters (γ, κ, αg, αq, G0,Γg, Q0,Γq, s) = (40, 0.8, 1.5, 0.5, 4Gth, 0.08, 0.3, 1, 10)
for N = (2, 3, 4, 5) pulses per round-trip, respectively, and white noise of the amplitude
σ = 5 × 10−3 without feedback (η = 0). Note, that the cavity size is increased in
accordance with the number of pulses such that the individual pulse shapes remain the
same: τ = 1.5N .

Figure 5.9: (a) Continuation of the DDE model (3.152)–(3.154) for the same param-
eters as in Fig. 5.8 (b). We find separate branches for the different splay states in
accordance to Eq. (5.71). Stability is omitted. (b)–(g) Real part and intensity of the
optical field at the position marked by the black cross in (a).
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Figure 5.10: (a) Time evolution over slow time ξ of phase differences for five pulses
(light red) for the same parameters as in Fig. 5.5 obtained from a direct numerical
simulation of Eqs. (3.155,3.156) with added noise of amplitude σ = 4 × 10−4. The
black line denotes the phase of the order parameter b. As the system is bistable for
N = 5, the order parameter jumps between the two stable steady states ∆φ0,1 = 0, 2π

5 .
(b) Zoomed view around a region with multiple jumps. (c) Statistical distribution of
the phases visited by arg b. The two peaks correspond to the two aforementioned steady
states.

Turning our attention back to the prediction of multistability for N ≥ 5, we find
that it has a profound consequence on the measurement of the coherence as it must
be interpreted by comparing the Kramers’ escape time of each splay state [138] with
the measurement time. The latter typically occurs experimentally over several tens of
milliseconds, which corresponds to millions of round-trips. We show in Fig. 5.10 (a) the
result of a long simulation of Eqs. (3.155)–(3.157) over 108 round-trips. Due to noise,
the system is able to visit many times all the stable states. This is best observed in
Fig. 5.10 (b), which provides a zoom around a small part of the original time trace. We
detail in Fig. 5.10 (c) a histogram of the value of arg b.17 Due to the low noise value,
the distribution is narrowly peaked around each stable splay state and the theoretical
value of the order parameter should be ⟨bp⟩ = exp (i∆φp). Indeed, if the value of
the coherence is calculated over a time smaller than the average residence time, we
obtain |⟨b⟩| ∼ 0.9. If instead the coherence is measured over the entire time trace,
|⟨b⟩| = 0.63; this is the result of the partial cancellation between ⟨b0⟩ and ⟨b1⟩. Hence,
in this system, the ergodic hypothesis that consists in replacing statistical (ensemble)
average by a single realization of a stochastic process, is valid only for extremely long
measurement times. This result is underlined by Fig. 5.11 where we show an extract

17Note that this histogram defines the probability density function in the non-reciprocal case for
which we cannot find an analytical expression, cf. Section 5.2.2. However, we can compare
the histogram in Fig. 5.10(c) with the one shown for the reciprocal case, cf. Fig. 5.4.
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Figure 5.11: (a) Extract of the trace in Fig. 5.10. (b)–(d) Frequency spectra from (b)
the whole trace, (c) the blue region and (d) the green region.

of the trace in Fig. 5.10 and show in panels (b)–(d) frequency spectra corresponding
to different parts of the time trace. The spectrum in panel (b) is taken over the whole
length of the trace in (a). Yet, the spectra in (c) and (d) are taken over shorter times
marked by the blue and green regions in (a). The partial spectra have prominent peaks
every NνFSR and are shifted with respect to each other by νFSR18. Yet, the spectrum
over the whole length exhibits two (prominent) peaks every NνFSR, which stem from
the average of the two aforementioned combs. We envision this effect to become even
more prominent for higher number of pulses leading to a larger number of attractors
in which the system may remain frozen.

Further, we note that visiting the unstable states is also possible for higher noise
amplitudes. This is demonstrated in Fig. 5.12 where we show a similar simulation as
before but with a larger noise amplitude. Here, the distribution broadens and also other
states are visited. The histogram in Fig. 5.12 (c) exhibits five peaks corresponding to
the five splay states. While it might be unintuitive at first sight that an unstable steady
state results in a peak in the distribution, we have to remember that also at an unstable
fixed point, the flux vanishes. Hence, the trajectories are repelled but diverge slowly
leading to peaks in the histogram. Finally, we notice that the average residence time
of arg b on one of the splay states becomes shorter for higher noise levels, which can be
seen when comparing the insets of Figs. 5.10 and 5.12.

Having demonstrated the good agreement between the Haus master equation (3.155)–
(3.157) and the Kuramoto model (5.7), in the next step, we study the influence of the
number of pulses N and the noise level on the coherence level. Our results are summa-
rized in Fig. 5.13, where we compute for long time traces the average order parameter
18Actually, one also has to take into account the different common phase velocity ωp, cf.

Eq. (5.73). However, this effect is negligible as ωp scales with A± ∼ 10−5.
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Figure 5.12: Same as Fig. 5.10 but with a larger noise of the amplitude σ = 10−3

leading to much stronger fluctuations in the evolution of the phases and the order
parameter. As a result, the distribution in panel (c) becomes wider as the system can
explore more phase configurations.

Figure 5.13: The order parameter |⟨b⟩| as a function of noise for different numbers
of pulses in the cavity (blue: PDE model in Eqs. (3.155)–(3.157), black: phase model
in Eq. (5.7)). The cavity round-trip is increased according to the HML number as
τ = N × 2.5. Same parameters as in Figs. 5.5 and Fig. 5.10. Inset in (b): analytical
result for the reciprocal phase model, see Eq. (5.54).
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as a function of the noise amplitude for different numbers of pulses. If the amplitude of
the noise is too low, the system will not be able to jump from one steady state to the
other leading to a coherence close to unity. If it is too high, i.e., σ ≫ A±, coherence
is entirely lost as |⟨b⟩| → 0. Yet, in this case the system continues to generate a very
regular intensity pulse train (cf. Fig. 5.7) and it can therefore be interpreted as an
incoherent crystal. The transition between these two extreme cases is continuous, i.e.,
the system does not exhibit a phase transition. Finally, the coherence decays faster
for larger values of N . This can be understood intuitively from the distribution of the
order parameter (e.g. in Fig. 5.12 (c)). The larger N is, the more peaks are in the
distribution. Therefore, the level of coherence is averaged over more states which cancel
each other in the statistical average. We compare the numerical curves in Fig. 5.13 (in
blue) with the analytical formula for the order parameter (in black) of the reciprocal
case, see Eq. (5.54). While the interactions here are non-reciprocal (see e.g. the asym-
metric pulse shape in Fig. 5.7 (a)), the black curve still describes the order parameter
qualitatively and gives a good approximation. In particular, the dependence on N is
captured. The inset in 5.13 (b) also shows the two limit cases for N = 2 and N → ∞,
defined in Eqs. (5.55) and (5.60), respectively.

5.2.4. Measuring Splay States Experimentally

While we study the theoretical background of a PML laser in this thesis, we also want to
present here the steps that are necessary for an experimental confirmation as carried out
in [125]. In particular, we show how the splay states can be measured experimentally.
As the carrier frequency of the pulses is very high (order of THz), the optical spectrum
cannot be measured directly with high accuracy. Hence, we need to shift the spectrum
down to the radio frequencies (RF) range, which can be measured with high precision.
This can be achieved by a heterodyne measurement, which is schematically presented
in Fig. 5.14. Here, we consider the signal hs = ase

iνst with an unknown frequency
νs (blue) and the beat signal hb = abe

iνbt of the known frequency νb (yellow), where
as,b ∈ R are the corresponding amplitudes. Building the sum of the two signals gives
the orange signal in Fig. 5.14, which contains both frequencies. Taking the modulus
square (green) removes the high carrier frequencies νs,b:

|hs + hb|2 = a2
s + a2

b + 2asab cos (δνt) , (5.83)

where δν = νb − νs. Hence, the RF spectrum exhibits beat notes at ±δν. Applying
this to the problem at hand, we beat the output of the laser in a multi-pulse state with
a reference CW laser with known frequency νCW . However, the situation becomes a
bit more complicated because the signal is a frequency comb and therefore exhibits
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Figure 5.14: The signal hs (blue) has a frequency νs and is beaten by hb (yellow) with
νb = νs + δν. The sum of the two (orange) has both frequencies in its spectrum. The
spectrum of the intensity (green) has beat notes at ±δν.

many frequencies. Hence, there will be many beat notes which all need to be taken
into account.

For an HMLN state in one of the splay phase configurations the spacing between
neighboring teeth in the spectrum is N times the fundamental frequency νFSR = 2π

τ :
∆ν = NνFSR. Therefore, the spectrum consists of peaks located at

νk = ν0 + k∆ν, k ∈ Z, (5.84)

where ν0 is some offset around which the comb is centered. In the RF spectrum the
main peaks are also separated by ∆ν. Hence, the beat notes in the RF spectrum for a
given comb are found at

∆νk = ± (νCW − νk) . (5.85)

While all of this is quite straight forward, the tricky part is to realize which beat note
belongs to which tooth in the comb. For that, we consider Fig. 5.15. The CW frequency
falls between two teeth of the comb, which we denote νm and νm+1. Hence, we obtain
the two lowest beat notes ∆νm and ∆νm+1 in the RF spectrum in the interval [0,∆ν]
corresponding to the interaction with the left (index m) and to the right (index m+ 1)
peak. It is important to note that in an experiment, just from looking at the RF
spectrum, we cannot know which beat note belong the νm and νm+1. Expressing this
more accurately, the two beat notes with the lowest frequency in the RF spectrum are
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Figure 5.15: (a) The optical spectrum of an HMLN state in a splay phase configura-
tion, where the peaks of the comb are separated by NνFSR. We use a CW beam (red)
to create beat notes (green). (b) The RF spectrum with the beat notes shown in (a).

found for the value of m such that νm < νCW < νm+1 and hence,

∆νm = νCW − νm = νCW − ν0 −m∆ν, (5.86)

and ∆νm+1 = νm+1 − νCW = ν0 − νCW + (m+ 1) ∆ν. (5.87)

For simplicity, we define ∆ν0 = ∆νm +m∆ν = νCW − ν0. Combining these results, we
obtain the position of all beat notes:

∆νk =

+∆ν0 − k∆ν k ≤ m,

−∆ν0 + k∆ν k > m.
(5.88)

So what can we actually measure? In Section 5.2.3, we predict that an HMLN state
can be multistable. That is, each HMLN solution has N steady states corresponding
to the splay states ∆φp = 2πp

N , where p = 1, . . . , N , which correspond to a shift of the
frequency comb by pνFSR = p2π

τ . Therefore, the beat notes in the RF spectrum also
simply move by pνFSR. So, we can compare the RF spectrum before and after the jump
and we should see the offset of pνFSR in the beat notes. But we need to remember that
we do not know which beat note belongs to which tooth in the comb, which makes the
analysis a bit more involved.

We consider a comb in splay state p. Then, ν0 is shifted by pνFSR. Therefore, we
introduce the index p in the previous notation such that the position of the k-th beat
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Figure 5.16: (a) The optical spectrum of an HML4 state in a non-splay phase con-
figuration. Here, the comb is a superposition of the four sub-combs shown in blue,
orange, yellow and purple. The separation of two, e.g., blue peaks is ∆ν = 4νFSR while
neighboring peaks (e.g., blue and orange) are separated by νFSR. We use a CW beam
(red) to create beat notes. (b) The RF spectrum with the beat notes. In each interval
of size ∆ν, we find 8 beat notes.

note of pulses in the p-th splay state reads

∆ν(p)
k =

∣∣∣νCW − ν
(p)
k

∣∣∣ , (5.89)

where ν(p)
k = ν0 − pνFSR + k∆ν (it is the position of the k-th tooth of the comb in

state p). Hence, even when we do not know in which state p the system is and which
beat note belongs to which tooth, there are only 2N possible positions (N for the left
neighbor m and N for the right neighbor m+ 1) for the beat notes in each interval of
size ∆ν in the RF spectrum (cf. Fig. 5.16).

Finally, we want to draw conclusions on the phase relation of the pulses in two
different RF spectra p and q based on the respective locations of the beat notes. We
consider the beat notes ∆ν(p)

m and ∆ν(q)
m . As expected, the distance between these

quantities gives a multiple of νFSR

∆ν(p)
m − ∆ν(q)

m = ∆ν(p)
0 −m∆ν − ∆ν(q)

0 +m∆ν

= (p− q) νFSR (5.90)

In the same way, we can also relate the left and the right beat notes of two different
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spectra p and q

∆ν(p)
m + ∆ν(q)

m+1 = ∆ν(p)
0 −m∆ν − ∆ν(q)

0 + (m+ 1)∆ν

= (p− q) νFSR + ∆ν. (5.91)

Hence, if the measured beat notes fulfill Eqs. (5.90) and (5.91), we know that comb
experienced a shift of a multiple of νFSR and therefore the pulses are in fact in another
splay state. We briefly summarize the consideration in the following list, which can be
understood as a simple recipe for the experimental realization:

1. Measure a RF spectrum with the two beat notes ∆ν(p)
m and ∆ν(p)

m+1 (say we are
in the blue state in Fig. 5.16 without loss of generality).

2. Predict all other possible beat note positions by adding multiples of ∆ν to the
measured beat notes (i.e., the other colored lines in Fig. 5.16). Keep track of
which of these predictions stem from which of the two beat notes (i.e., m vs
m+ 1).

3. The comb jumps in another state q and we measure again the RF spectrum.

4. The new beat notes lie on the predictions. Therefore we know which beat notes
in the new RF spectrum are related to the ones in the previous one.

5. We can confirm that the pulses changed their splay state by applying Eqs. (5.90)
and (5.91).

To confirm our theoretical predictions, we compare them with an experimental setup
consisting of a VECSEL [125]. Figure 5.17(a) shows a two-time diagram of the in-
tensity for the HML4 state, where the horizontal axis represents the round-trip time
and the vertical axis is the number of round-trips. We can observe that the pulses are
equidistant, have the same amplitude, and are stable over more than 104 round-trips.
In panel (c), the RF spectrum shows the same features as panel (b) but the lines in the
optical spectrum are shifted with respect to the previous case. In accordance with the
theory, the shift |δ1 −δ2| experienced by the optical lines corresponds to one FSR of the
laser optical spectrum. In panel (d) the pulse train is in an incoherent state as here,
the maximum number of 8 beat notes (cf. Fig. 5.16) is obtained which indicates that
within the acquisition time of the RF spectrum analyzer (20 ms), the phase differences
between pulses have explored all the four stable and unstable possible configurations
(from 0 to 3π/4) (cf. the noisy simulation in Fig. 5.12).
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Figure 5.17: (a) Space-time diagram of the laser output showing four equidistant
pulses. (b),(c) represent two heterodyne RF spectra showing a jump between two splay
states spectrally separated by one FSR since δ2 = δ1 − 1/τ . (d) RF spectrum of an
incoherent state consisting of the average of all the splay states. The figure is adapted
from [125].
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5.3. Interplay of Positions and Phases under the Influence of
Time-Delayed Feedback

The current Section 5.3, including the figures, is based on the publication:

[126] T. G. Seidel, J. Javaloyes, and S. V. Gurevich. “Coherent pulse interactions
in mode-locked semiconductor lasers”. In: Chaos, Solitons and Fractals 195
(2025), p. 116244. doi: 10.1016/j.chaos.2025.116244

TGS carried out the analytical and numerical work under the supervision of SVG
and JJ. All figures were created by TGS. A first draft of the text was created by
TGS and gradually refined by all authors.

After studying the simplified case of a damped translational mode in Section 5.2.3,
we want to turn our attention to the most general case where each pulse in a PML
laser has two degrees of freedom: phase and position, cf. blue and orange arrows
in the schematic in Fig. 1.3. In Section 5.1, we derived that the underlying phase
and position dynamics is governed by a set of 2N ODEs, cf. Eqs. (5.5) and (5.6).
These nonlinear ODEs are characterized by the coherent interactions of the phases (cf.
sine-terns), and the nonlinear amplitude functions At,b, Bt,b and Lt,b. These quantities
cannot be calculated analytically as they depend on the pulse shape which is not known
analytically from the Haus master equation (HME) (3.155)–(3.157). According to their
definitions (cf. Eqs. (C.51), (C.56) and (C.60)), they correspond to overlap integrals
between the modes wt,p of the adjoint system and the pulse shape ψs of a single pulse.
In the TLS regime, numerically obtaining a single-pulse solution can be achieved by
simply performing direct numerical simulation, as here the superposition ansatz in
Eq. (5.3) is fulfilled. However, for shorter cavities, a single pulse solution does not
exists as here the carriers do not recover in between pulses. Hence, a single pulse in a
short cavity exhibits a higher intensity as, e.g., four pulses in the same cavity, such that
the corresponding HML4 state cannot be described as the sum of four individual pulses.
This is why we had to settle with the perturbation ansatz described in Appendix C.6
to extract the parameters A± and ψ± in the previous Section 5.2. At the same time,
the translational mode in shorter cavities is strongly damped such that an interplay of
phase- and position-dynamics cannot be observed because their dynamics is decoupled.
Consequently, to observe the interplay of the two symmetries, we perform the following
simulations in the TLS regime. That is, we choose a gain value g0 < gth such that the
off-state (E, g, q) = (0, g0, q0) is stable, see Section 3.3.5. Here, the interaction via
overlapping tails can be neglected as the tails decay exponentially (i.e., At,p = 0). We
remain with the interaction via carriers and via time-delayed feedback such that the
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EOM in Eqs. (5.5) and (5.6) simplify to

φ̇m =
∑
k ̸=m

[
Bp (∆km) + ηLp (τf + ∆km) sin (Ω + θkm + up (τf + ∆km))

]
, (5.92)

żm =
∑
k ̸=m

[
Bt (∆km) + ηLt (τf + ∆km) sin (Ω + θkm + ut (τf + ∆km))

]
. (5.93)

In particular, we perform a parameter study of the feedback parameters η, Ω and τf ,
which directly control the size, phase and position of the emerging satellites and which
therefore control the amount of coherent interaction in Eqs. (5.92) and (5.93). As the
feedback parameters are not part of the nonlinear forces Lt,b, Bt,b and ut,b themselves,
these quantities can be calculated numerically once and can be reused for arbitrary
feedback parameters. Further, they do not depend on the number of pulses N either,
such that they can be used for arbitrary N . These two properties demonstrate a large
benefit of the EOM because the nonlinear forces only need to be computed once, but
can be used to study a large variety of regimes.

To gain intuition on the dynamics and the influence of TDF, we begin the study with
the most simple case in which we consider N = 2 pulses leading to a two-dimensional
phase space spanned with one position and one phase difference ∆21 = ∆ = z2 −z1 and
θ21 = θ = φ2 −φ1, respectively. Hence, the flow is described by the two ODEs ∆̇ (∆, θ)
and θ̇ (∆, θ), which follow directly from Eqs. (5.5) and (5.6), see Appendix C.2.3, Eqs.
(C.76), (C.77) for the formal definition. The gained insights for the two-pulse case can
be used to identify dynamical regimes for higher pulse numbers where the phase space
is higher dimensional which makes the analysis more involved.

As it might be difficult to keep track of the steps necessary to arrive at the results
presented in this section, we want to briefly summarize them in the following list, which
also outlines the rest of this section:

1. Remember that the phase and position dynamics of pulses in the HME (3.155)–
(3.157) is described by effective equations of motion defined in Eqs. (5.92) and (5.93).
While Eqs. (5.92) and (5.93) consider interactions between all pulses, generally
nearest neighbor interactions provide the leading order term.

2. Obtain in the TLS regime via a simulation of the HME (3.155)–(3.157) a single-
pulse solution ψs for η = 0 as well as the direct and adjoint eigenmodes vt,p and
wt,p (cf. Fig. 5.18).

3. From that, compute numerically the nonlinear forces Lt,b, Bt,b and ut,b defined in
Eqs. (C.51), (C.52) and (C.56) (cf. Fig. 5.19).

4. Study the two-pulse-case by calculating the flux defined by the EOM in the phase
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Figure 5.18: Exemplary stationary profiles of the (a) field and carrier components
ψs, (b) translation and (c) phase neutral eigenfunctions, and (d) translational and
(e) phase neutral eigenfunctions of the adjoint eigenvalue problem. For all pan-
els, the left and right axis stands for the field and the carrier components, respec-
tively. Obtained from a simulation of the HME (3.155)–(3.157) using the parameters
(γ, k, αg, αq, g0,Γ, q0, s, η) = (5, 0.1056, 1.5, 0.5, 0.99gth, 0.08, 0.268, 10, 0) in a domain of
length τ = 200.

space spanned by (∆, θ). From that, calculate numerically the steady states and
their stability (cf. Fig. 5.20 and Appendix C.5). To test the validity of the EOM,
compare the result with dynamics from the HME (3.155)-(3.156).

5. Repeat the last step for different feedback parameters η, Ω and τf , respectively,
to obtain bifurcation diagrams for the respective parameter (cf. Fig. 5.22).

6. Use the same nonlinear forces Lt,b, Bt,b and ut,b and the obtained intuition to
infer to the general case where N > 2 (cf. Fig. 5.28).

5.3.1. Deriving the Amplitude-Functions

We show in Fig. 5.18 (a) the solution profile of a single pulse obtained from a DNS
of the HME (3.155)–(3.157). Observing the shape of the profiles, we can infer that
the interaction is not symmetrical as can be seen from the asymmetrical pulse shape
(blue, black) and, in particular, the asymmetric carrier dynamics (red, green). The
asymmetry is even more pronounced in the adjoint modes wt,p in Fig. 5.18 (d),(e)19.
From the profiles, we can compute the forces Lt,b, Bt,b and ut,b, which are shown in
Fig. 5.19. The asymmetrical pulse shape results in an asymmetrical force Lt,p (cf.
19The adjoint eigenmodes wt,p can be obtained using the approach presented in Appendix C.4.
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Figure 5.19: Numerically computed nonlinear force contributions Lt,p, ut,p and Bt,p
of EOM (5.92), (5.93) as a function of ∆km. All the forces are periodic functions with
a periodicity of τ . Note, that panel (c) is given on a logarithmic scale. Parameters are
as in Fig. 5.18. Formal definitions given in Eqs. (C.51), (C.52) and (C.56), respectively.

Fig. 5.19 (a)) because a satellite exhibits a stronger overlap on the trailing compared
to the leading edge of the tail. Further, it is shown in Appendix C.3 that the carrier
interaction results in an exponential force Bt,p (∆) ∼ exp (Γ∆) (cf. Fig. 5.19 (c))
because the gain itself recovers exponentially (cf. Eq. (3.156) for E = 0). While this
result can be understood intuitively for the dynamics of the pulses’ positions zj , it can
be surprising that the phases φj are also influenced by this phase-independent force.
The answer to this lies in the line-width enhancement factors αg,q which couple the real
and imaginary parts of the electric field, i.e., for αg,q = 0 we find Bp (∆) = 0.

5.3.2. Phase Space Analysis for a Configuration of two Pulses

In order to visualize the EOM (5.92), (5.93), we start with a simple configuration of
two pulses. Here, the flow is described by the two ODEs ∆̇ (∆, θ) and θ̇ (∆, θ) which
follow directly from the EOM (5.92), (5.93) (cf. Eqs. (C.76) and (C.77)). First, it is
instructive to look at symmetries in the resulting equations. From Eqs. (5.92), (5.93)
we can directly see, that

∆̇ (∆, θ) = −∆̇ (−∆,−θ) . (5.94)

The same property holds for θ̇ and can be concluded from the exchanging the numbering
of the two pulses. Further, ∆̇ and θ̇ are τ - and 2π-periodic in the first and second
variable, respectively. Therefore, one obtains

∆̇ (∆, θ) = −∆̇ (τ − ∆, 2π − θ) . (5.95)
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Having that in mind, we can deduce two steady states: (∆∗, θ∗) =
(
τ
2 , π

)
and (∆∗, θ∗) =(

τ
2 , 0

)
. These states correspond to the splay states of the HML2 regime, which were

discussed in detail in Section 5.2.3. Expressing the symmetries with respect to to these
steady state, we obtain

∆̇
(
τ

2 + δ, π + α

)
= −∆̇

(
τ

2 − δ, π − α

)
. (5.96)

Next, for the sake of simplicity, we start with the case of resonant feedback, i.e., the
situation when the satellite of a pulse induced by the feedback loop coincides with
another pulse, i.e., τf = τ/2. The other parameters are set to Ω = 0.25π and η = 10−4

such that the interactions via TDF and carriers are in the same order of magnitude (cf.
y-scales in Fig. 5.19). For each point in the phase space (∆, θ), one can evaluate the
flux of the EOM (5.92),(5.93) and reconstruct the corresponding vector field, see Fig.
5.20 (a). Following the process described in Appendix C.5, we can extract the steady-
states and their stability from the flux. Due to the aforementioned symmetries, we
find one stable (∆∗, θ∗) = (τ/2, 0) (filled circle) and one unstable (∆∗, θ∗) = (τ/2, π)
(open circle) fixed point. Furthermore, we find two other steady states corresponding
to non-equidistant configurations. In Fig. 5.20 (a) they are placed at around ∆ ≈ 95
and ∆ ≈ 105, however, they are both unstable.

At this point, we want to emphasize the excellent quantitative predictions by the
EOM. For that, we performed four DNSs (cf. black labels (d)–(g) in Fig. 5.20 (a) for
the corresponding initial conditions) of the HME (3.155)–(3.157) with two pulses, see
also Fig.5.20 (d)–(g) for the two-time representation of the corresponding time traces.
Here, vertical red lines visualize the equilibrium positions at z1 = 50 and z2 = 150 for
τ = 200 and τf = 100. Note that in panels (d), (f) the effect of the satellites due to
TDF is especially visible: at the steady state, the one pulse is sitting on the satellite of
the second one and vise versa. From the resulting time trace, the positions and phases
of the pulses are extracted20 and plotted as trajectories in the phase space (cf. green
lines in Fig. 5.20 (a)). One can see that not only stable steady states are predicted
correctly, but in the whole phase space the trajectories are tangent to the predicted
vector field. Note that as the present interaction forces are small, the simulations of
the HME (3.155)–(3.157) need to performed over several 105 round-trips. This reveals
a strong advantage of the EOM (5.92), (5.93) as the vector field for the complete phase
space can be reconstructed in seconds versus hours it would take to achieve a similar
result with the full PDE model.

In this case, the feedback delay τf = 100 was chosen such that it mainly acts around
the equidistant position at ∆ = 100. The width of the area where the feedback has a

20How this is done, is described in Eqs. (5.81) and (5.82).
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Figure 5.20: (a) Vector field diagram of the phase space (∆, θ) governed by the EOM
(5.92),(5.93) for two pulses. Red and blue contour lines correspond to the ∆- and
θ-nullclines, respectively. Black (white) circles at the intersections of the nullclines
correspond to stable (unstable) fixed points. Light green lines correspond to four ex-
emplary trajectories obtained from time simulations of the full HME (3.155)–(3.157).
The respective two-time representations of the intensities are shown in (d)–(g). There,
vertical red dashes lines indicate the equidistant position, i.e., z1 = 50, z2 = 150. (b),(c)
The magnitude of ∆̇ and θ̇, respectively. (d)–(g): Four exemplary time traces corre-
sponding to the four initial states in (a). To emphasize the presence of the satellite,
the colormap corresponds to |E|1/4. Parameters are: τf = 100, η = 10−4, Ω = π/4,
other parameters as in Fig. 5.18.

160



5.3 Interplay of Positions and Phases

Figure 5.21: Vector field diagrams of the phase space (∆, θ) governed by the
EOM (5.92), (5.93) for two pulses for three different values of η. Red and blue contour
lines correspond to the ∆- and θ-nullclines, respectively. Black (white) circles at the
intersections of the nullclines correspond to stable (unstable) fixed points. Other pa-
rameters as in Fig. 5.20.

strong influence is given by the width of the amplitude of the phase dependent force
Lt,p (cf. Fig. 5.19 (a)). In regions, where the influence of the feedback is small (∆ ≲ 90
and ∆ ≳ 110), the system is driven by gain repulsion. This force pushes the pulses
to equidistance, hence, it points towards the center (cf. red arrows in Fig. 5.20 (b)),
where the magnitude of ∆̇ is shown together with its nullcline (red contour line). At
the same time, due to the carrier frequency, the phase changes at a similar rate (cf.
blue arrows and θ̇ nullcline in Fig. 5.20 (c)), resulting in the effective diagonal motion
in the phase space (cf. Fig. 5.20 (a)).

For the results presented in Fig. 5.20, the value of η was chosen in a way that the
phase dependent force is in the same order of magnitude as the phase independent
force. A situation, when this is not the case can be seen in Fig. 5.21, where the phase
space (∆, θ) together with the corresponding nullclines is presented for three values
of η. One can see in Fig. 5.21 (a), that for smaller values of η, the phase space is
solely dominated by the force due to gain repulsion, which results in diagonal vector
field lines towards the equidistant positions as discussed above. For larger values of η,
more complex dynamics can appear as seen in Fig. 5.21 (b), (c). Note that there is an
upper bound for what values of η provide good predictions as in the derivation of the
EOM (5.92), (5.93), it is assumed, that the satellite stemming from the time-delayed
feedback loop is not sufficiently intense to create a carrier depletion. While this is valid
for small values of η, this is not the case for large η.
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5.3.3. Influence of the Feedback Delay

In order to gain a full overview of the phase and position dynamics in dependence of
the feedback parameters τf and Ω, we perform a detailed bifurcation analysis of the
EOM (5.92),(5.93). It is conducted by calculating the vector field as was presented
in Fig. 5.20, extracting the steady states (∆∗, θ∗) from it and analyzing its behavior
by changing the control parameters. The results of a scan in the feedback delay time
τf are presented in Fig. 5.22 (a), (b), where the equilibrium phase θ∗ and position
∆∗ differences are shown, respectively. Note that the stable (solid line) and unstable
(dashed line) steady states at θ∗ = (0, π) in the panel (a) lie on top of each other in the
panel (b) as they both correspond to the equidistant case ∆∗ = 100. Further, different
phase space configurations, corresponding to different τf values labeled with the vertical
black dashed lines in Fig. 5.22 (a),(b), are shown in Fig. 5.22 (c)–(h). Lastly, the gray
dashed line indicates the τf = 100-cut previously presented in Fig. 5.20 (a).

One can see that the bifurcation diagrams in Fig. 5.22 (a),(b) reveal a complex
dynamic with many interesting regimes. First, at low values of τf , there are only the
two fixed points corresponding to the in-phase and anti-phase equidistant configurations
(cf. filled and open circles in Fig. 5.22 (c), where both ∆̇ (red) and θ̇ (blue) nullclines
cross). This means that the satellites are too far away from the pulses for them to
interact. This is emphasized by the green trajectory corresponding to the result of a
time simulation of the HME (3.155)–(3.157), where the pulses settle on an equidistant
configuration (cf. also Fig. 5.22 (i)). However, in the final state, pulses and satellites
exhibit small overlap which is in contrast to the situation shown in Fig. 5.20 (d)–(g).
This results in a de facto decoupling of phase and position dynamics as the pulses
quickly settle on an equidistant state, yet the phases take much longer to reach the
steady state.

Next, by increasing τf , two non-equidistant configurations emerge from the in-phase
solution θ∗ = 0 (cf. Fig. 5.22 (d)) in a pitchfork bifurcation (cf. blue square in
Fig. 5.22 (a)). Further, on these branches, two Andronov-Hopf bifurcations denoted
H1 and H2 occur leading to the emergence of time-periodic solutions. In fact, in the
range of τf ≈ [82, 86], all fixed points are unstable such that the limit cycle is the only
stable manyfold. This can be seen in the phase space in Fig. 5.22 (e). Here, the green
line is a trajectory obtained from a time simulation of the HME (3.155)–(3.157), which
confirms the presence of a stable periodic orbit. The two-time representation of the
trace is shown in Fig. 5.22 (j). Again, the quantitative agreement between the HME
and the EOM is excellent.

To clarify the question, why only one stable limit circle emerges in time-simulations
(while two Andronov-Hopf bifurcations occur), we consider the three-dimensional space
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Fig. 5.20

Figure 5.22: (a),(b) Bifurcation diagrams in τf of the EOM (5.92),(5.93) for η = 10−4

and Ω = π/4 showing steady states (θ∗, ∆∗) in phase and position differences, respec-
tively. Solid (dashed) green lines stand for stable (unstable) unstable solutions. Purple
triangles, blue squares and orange dots correspond to Andronov-Hopf, pitchfork and
saddle-node bifurcation points, respectively. (c)–(h) Vector field diagrams for values of
τf indicated by black dashed lines in panels (a) and (b). Red and blue contour lines
correspond to the ∆̇- and θ̇-nullclines, respectively. Black (white) circles at the inter-
sections of the nullclines correspond to stable (unstable) fixed points. (i)–(k) Result
of time simulations of the full PDE model (3.155)–(3.157), where equidistant positions
and phases are indicated by red dashed lines. The corresponding trajectories are shown
in panels (c), (e) and (g), respectively. Other parameters as in Fig. 5.20.
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Figure 5.23: (a) Three-dimensional phase space spanned by (τf , ∆∗, θ∗) of the EOM
(5.92),(5.93). Steady states are depicted in green and emerging periodic solutions
in blue and red. Purple triangles, blue squares and orange dots correspond to AH,
pitchfork and saddle-node bifurcation points, respectively. (b) Close-up of the region
marked in (a) by a gray rectangle (close to H1,2). (c)–(f) Cuts showing the phases at
dashed lines in (b). Blue and orange stand for stable and unstable cycles, respectively.
(g) Scaling of the period of the limit cycle as a function of the distance to the critical
value τ̄f . The data (crosses) is fitted with a logarithmic fit.

(∆∗, θ∗, τf ) in an interval τf ≈ [80, 88], see Fig. 5.23 (a). The bifurcation analysis
detailed in the close-up in Fig. 5.23 (b) reveals that the Andronov-Hopf bifurcations
H1,2 are subcritical and the two unstable periodic orbits connect in a double-homoclinic
bifurcation (cf. the scaling law in Fig. 5.23 (g)) leading to a single unstable limit
cycle21. The latter undergoes a saddle-node bifurcation resulting in a single stable
limit cycle. Note that the emerging periodic orbit oscillates around the equidistant
steady state (∆∗, θ∗) = (100, π). Further, the branch of periodic solutions merges with
the equidistant steady state branch in the subcritical Andronov-Hopf bifurcation H3

around τf ≈ 86. Furthermore, around τf ≈ 88.5, we find another regime of periodic
orbits. Here, they bifurcate at points H4,5 from two branches emerging from a pitchfork
bifurcation of the equidistant steady state (cf. Fig. 5.23 (a)). However, the Andronov-
Hopf bifurcations H4 and H5 are supercritical, i.e., one finds stable periodic orbit
oscillating around the non-equidistant steady states. However, with increasing τf ,
these limit cycles from both sides recombine at the unstable equidistant steady states
in homoclinic bifurcations such that the periodic orbits now perform full phase rotations
of 2π.

21The unstable limit cycles can be found by performing a DNS with inverted time because for
2D systems, stable attractors become unstable and vice versa.
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Bringing our attention back to the bifurcation diagram in Fig. 5.22 after the regime
of periodic solutions, we find a broad range of stable non-equidistant configurations.
Figure 5.22 (f) indicates the presence of two saddle-node bifurcations (cf. orange circles
in Fig. 5.22 (a),(b) and Fig. 5.23), leading to the emergence of fixed point pairs. These
fixed points correspond to situations, where one pulse sits on the satellite of the other
pulse acting as an anchor, while its satellite does not interact with the other pulse.
That is, the coupling is unidirectional; cf. the time simulation in Fig. 5.22 (k). As the
anchor satellite moves linearly with τf , we can see an approximately linear response of
the steady state position ∆∗ in this regime. A particularly interesting situation can be
seen in Fig. 5.22 (g), where four stable non-equidistant solutions coexist. The regime
of stable non-equidistant states disappears in a pitchfork bifurcation (cf. blue square
in Fig. 5.22 (a),(b) around τf ≈ 100) as the difference between the equidistant state
and the time delay τf approaches the pulse width. Then the satellite is absorbed into
the main pulse resulting in a pitchfork bifurcation.

Finally, considering time delays larger than τ/2, we do not observe other stable steady
states than the equidistant ones, see Fig. 5.22 (h). This is because the interaction of the
pulses with satellites is much stronger on the leading than on the trailing edge. As a
result, the pulses are almost decoupled in this regime and hence, the equidistant steady
states are only weakly stable and unstable, respectively. The fact that the interaction
via satellites is not symmetrical around the pulse can already be observed in the form of
the amplitude of force Lt,p in Fig. 5.19 (a) which has a much larger tail on the leading
side than on the trailing edge. This property is inherited from the asymmetric pulse
profile shown in Fig. 5.18 (a).

5.3.4. Influence of the Feedback Phase

Next, we consider the influence of the feedback phase Ω on possible pulse configurations.
First, we notice a further symmetry in the EOM (5.92),(5.93):

∆̇ (∆, θ,Ω) = ∆̇ (∆, θ + π,Ω + π) . (5.97)

The same relation holds for θ̇. The symmetry can be observed in Fig. 5.24, where
bifurcation diagrams in Ω for various values of τf are shown. In all panels, the black
vertical dashed lines correspond to the cuts at Ω = π/4, where the phase spaces in Fig.
5.22 (c)–(h) are shown. In Fig. 5.24 (a), one can see that when pulse and satellite are far
from each other, stable non-equidistant states resulting from the pitchfork bifurcations
(cf. blue squares) can only occur for a very narrow range of the feedback phases as
interactions are weak in this regime. Slightly increasing τf (cf. panel (b)) enables the
emergence of Andronov-Hopf bifurcations (see the purple triangles) leading to periodic
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Fig. 5.25

Figure 5.24: Bifurcation diagrams of the steady state θ∗ as function of Ω for different
values of τf (the same values as in Fig. 5.22 (c)–(h) are used). The black dashed line
at Ω = π/4 marks the cross-sections shown in Fig. 5.22 (c)–(h). In panel (d), the gray
dashed lines correspond to the vector field diagrams presented in Fig. 5.25. The inset
shows the appearance of the saddle-node bifurcation of steady states which lie inside
the black rectangle on the position norm.

solutions whose range in Ω increases for larger values of τf (cf. panel (c)). Next,
increasing Ω, we find multistabilty of non-equidistant states as two pairs of saddle-
node bifurcations (cf. orange circles panel (d)) emerge (cf. the inset).

To further understand this emergence, we consider the phase space (∆, θ) for four
values of the feedback phase in Fig. 5.25. There, one can observe the nullclines of phase-
and position-dynamics to be very close (cf. the inset in panel (a)). Next, in panels (b)
and (c), they intersect which explains the emergent stable and unstable steady states (cf.
the insets). This fixed points exists far away from equidistant states and corresponds to
the situation where one pulse sits on satellite of the second pulse, while the satellite of
the second pulse does not interact with the first pulse. Finally, the nullclines separate
again (cf. panel (d)). Interestingly, in Fig. 5.24 (e) the aforementioned non-equidistant
configuration exists for all Ω as becomes evident by the emerging cross-shaped structure
of the branches. Further, this shape reveals that the phase relation in this case depends
almost perfectly linearly on Ω. At the same time, it was shown in Fig. 5.22 (b), that
in this regime the position also depends linearly on τf , i.e., in this case the TDF
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Figure 5.25: Vector field diagrams evaluated at positions marked in Fig. 5.24 (d) by
gray dashed lines. Red and blue contour lines correspond to the ∆̇- and θ̇-nullclines,
respectively. Black (white) circles at the intersections of the nullclines correspond
to stable (unstable) fixed points. The insets show close-ups on the area at around
∆ ≈ 88, where a pair of fixed points emerges (b),(c) and vanishes (a),(d) in a saddle-
node bifurcation. Due to the symmetry around ∆ = 100, a pair of fixed points emerges
simultaneously at around ∆ ≈ 112.

parameters directly control the pulse configuration in phase and position. Finally, in
Fig. 5.24 (f) for τf = 104, all non-equidistant steady states became unstable and only
– depending on Ω – the in-phase or anti-phase configurations remain stable, which,
however, can be bistable for a small parameter range.

Finally, we summarize the findings in the two-parameter bifurcation diagram on the
plane (τf , Ω) in Fig. 5.26. Here, the positions of all the previously shown one-parameter
diagrams and corresponding phase spaces are marked by dashed lines and red crosses,
respectively. Blue, orange and purple lines correspond to the pitchfork, saddle-node
and Andronov-Hopf lines. First, we notice the π-periodicity in Ω due to Eq. (5.97).
Further, the colormap encodes the number of stable steady states. In white regions,
where no steady state is stable, periodic solutions are the global attractors. While
we detailed the region around (τf ,Ω) ≈ (85, π/4) in Fig. 5.23, we find another region
around (τf ,Ω) ≈ (97, 0.8π). Next, non-equidistant states always appear in pairs due
to symmetry reasons. Hence, in regions with an odd number of stable steady states,
one of the equidistant configurations must be stable. On the other hand, in regions
with an even number of steady states, either both equidistant states are stable or only
non-equidistant states are stable. While the aforementioned case only applies in a
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Fig. 5.24

Fig. 5.25

Fig. 5.20

F
ig.5.22

Figure 5.26: Two-parameter bifurcation diagram in the (τf ,Ω)-plane. Orange, blue
and purple lines stand for saddle-node (SN), pitchfork (PF) and Andronov-Hopf bi-
furcations, respectively. The colormap encodes the number of stable steady states of
EOM (5.92),(5.93). Dashed lines correspond to the cross-sections where one-parameter
bifurcation diagrams are shown in Fig. 5.22 (a),(b) and Fig. 5.24. At the positions
marked with red crosses the phase spaces are presented in Figs. 5.20, 5.22 (c)–(h) and
Fig. 5.25.

small range of parameter values where τf > 100 (cf. Fig. 5.24 (f)), the latter regime
dominates the range of τf ∈ [87, 97].

5.3.5. Dynamics of a General Multi-Pulse State

So far, we presented the results of a system consisting of two pulses, i.e., a two-
dimensional phase space. However, the EOM (5.92),(5.93) are valid for an arbitrary
number of pulses. In fact, we can reuse the calculated profiles and eigenfunctions (cf.
Fig. 5.18) and define them over a cavity of length τN = τ

2N as they all decay to zero.
Then, as the profiles and eigenmodes remain unchanged, the forces Lt,p, ut,p, Bt,p (cf.
Fig. 5.19) remain the same as well but just need to be defined on a larger domain.
However, Lt,p converges to zero when its argument is not in the vicinity of zero (such
that it is not necessary to compute ut,p on a larger domain) and Bt,p is known analyti-
cally. This enables us to predict the system’s behavior even though the phase space of
higher dimensional systems cannot be visualized easily.

It was demonstrated that in the range where gain repulsion is dominant the two
pulses converge exponentially to the equidistant configuration (cf. Fig. 5.21 (a)). This
property can be generalized to N pulses neglecting the influence of feedback (η = 0).
Here the gain repulsion is dominated by the first neighbor to the left, i.e., the EOM for
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Figure 5.27: (a) Vector field diagrams of the (∆21,∆32)-phase space for three pulses
which dynamics is governed by the EOM (5.92), (5.93) for η = 0. Red and blue contour
lines correspond to the ∆- and θ-nullclines, respectively. Black circle at the intersections
of the nullclines correspond to the stable fixed point. The green lines are traces of three
numerical simulations of the full HME (3.155)–(3.157) and show excellent quantitative
agreement with the predictions of the EOM. The magnitude of ∆̇21 and ∆̇32 is plotted
in panels (b) and (c), respectively.

the positions read

żn = Bt (zn−1 − zn) (5.98)

with the boundary conditions z0 = zN − τ and zN+1 = z1 + τ . Then the equidistant
configuration is defined by z∗

n = n τ
N +v0t where v0 is a constant drift. Using the ansatz

δn = ∑
p ape

λpξ+iqpn for perturbations from these steady states (where qp = 2π
N p, p =

0, . . . , N − 1), one obtains (see App. C.2.4 for more details)

λp = B′
t

(
− τ

N

)
[(cos (qp) − 1) − i sin (qp)] . (5.99)

As B′
t

(
− τ
N

)
> 0 (cf. Fig. 5.19 (c)) and (cos (qp) − 1) < 0, the steady state is stable

as expected for all N . However, for N ≥ 3 the imaginary part does not vanish such
that these fixed points are stable spirals. To support this hypothesis we choose N = 3
as here, the (∆21,∆32)-plane visualizes the complete position dynamics, see Fig. 5.27.
Note that the complete phase space is four-dimensional. However, due to the absence
of feedback the dynamics in the (θ21, θ32)-plane is decoupled from the dynamics in
the (∆21,∆32)-plane. Here, the green lines are obtained from three time simulations
of the HME (3.155)–(3.157) and show excellent quantitative agreement with the flow
predicted by the EOM (5.92),(5.93). Although the dynamics between pulses is given
by a first order system of exponential relaxation, the ensemble gives rise to oscillatory
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5 Dynamics of Pulses in Mode-Locked Lasers

Figure 5.28: Time traces of numerical time simulations of EOM (5.92), (5.93) for six
pulses for η = 10−4 and for different values of τf and Ω yielding different configurations
of phases and positions. (a) Two sets of three bound pulses. (b) Three sets of two
bound pulses. (c)–(e) Different periodic states with shorter and longer periods. (f)
Chaotic solution, inset: evolution of Euclidian norm σ of perturbed and unperturbed
trajectories.

behavior.
Finally, including the effects of TDF again, going to even higher harmonic numbers

and taking the phase dynamics into account makes the resulting dynamics more and
more complex due to the added degrees of freedom. Performing various time simulations
of the EOM (5.92),(5.93) using different initial conditions and feedback parameters for
N = 6 reveals a variety of possible configurations as presented in Fig. 5.28. Here, panels
(a) and (b) show the resulting steady states difference zm − z1 for two different (τf ,Ω)
values, where the corresponding equidistant configurations are marked by dashed lines.

In particular, panel (a) shows a stable configuration, where the distance between
neighboring pulses alternates between a higher and a lower value, i.e., there are three
chunks of two bound pulses. This is analogous to the stable non-equidistant configura-
tions found for two pulses (as seen in Fig. 5.22 (d), (g), (k)). However, in panel (b), by
a slight change in τf , we find another solution, where two chunks of three bound pulses
exist.

Further, panels (c)–(e) show various periodic states. In the panel (c), we see two
position differences oscillating regularly, while the remaining exhibit a much smaller
amplitude (cf. the insets). Figure 5.22 (d) presents a similar situation, however, the
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oscillations are not sine-like as before. Next, in panel (e), we find another periodic state
which in this case has a much higher frequency, see the inset. Finally, also aperiodic
oscillations can be found as shown in panel (f). Performing the simulations in panel (f)
again with a small perturbation ( 10−10) and comparing the two results, reveals that
the trajectories diverge exponentially. To show this, we define σ as the Euclidian norm
of the phase difference between the perturbed and unperturbed trajectories, i.e., their
distance in phase space. The result is shown in the inset of Fig. 5.28 (f) where one can
observe an exponential increase in σ. Hence, in this situation, the maximal Lyapunov
exponent is positive and therefore, the system is chaotic.

5.4. Conclusion

In this chapter, we studied interactions of pulses in the output of a PML laser. We
derived from the HME (3.155)–(3.157) effective equations of motion describing the
dynamics of the pulses’ phases and positions. The EOM enabled us to unveil the
different mechanism in which the TLSs can interact.

We studied the EOM in two distinct cases. In short cavities, the interaction via gain
depletion is the dominating effect. This effectively decouples the phase and position
dynamics in the EOM, and forces the pulses in an equidistant configuration called
the harmonic mode-locked state. We demonstrated that in this case, the EOM is
equivalent to the Kuramoto model with nearest neighbor coupling and highlighted the
important consequences this has on the notion of coherence in PML lasers. First, we
predicted the existence of multiple different frequency combs for a single HML state,
which correspond to the splay states of the Kuramoto model. For N pulses, there are
N different combs and each of them is shifted by a multiple of the free spectral range
νFSR = 1/τ . A linear stability analysis revealed that half of the states are stable, which
implies that multistability must occur for N ≥ 5 pulses. These findings were confirmed
in simulations of the HME and in an experimental setup consisting of a VECSEL [125].

Further, we predicted that the level of coherence in an HML state is a result of
the interplay between the coherent forces in the Kuramoto model and noise stemming
from, e.g., spontaneous emission. To quantify this property, we introduced an order
parameter that corresponds to the first order correlation function. For the case of
reciprocal interaction, we were able to express the order parameter analytically as
function of the noise amplitude, which also captured the main properties of the general
non-reciprocal case. In particular, we showed that the transition from high to low
coherence is continuous, i.e., no phase transition occurs. Further, we demonstrated that
the level of coherence decays faster the more pulses are in the HML state. This was
explained by the higher number of attractors (i.e., the splay states) in the corresponding
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phase space. Next, we disclosed that the notion of coherence must be interpreted by
comparing the duration of the measurement time with the Kramers’ escape time of
each splay state. We highlighted, that this implies that the intensity trace of a pulse
train can be highly regular, while the phases are not in a coherent state. We denoted
this situation as an incoherent crystals.

In the second case, we considered for the EOM, we studied the full 2N dimensional
phase space spanned by the N phases and N positions. In particular, we analyzed the
effects of time-delayed feedback on the possible configurations. We performed a detailed
bifurcation analysis of the feedback parameters describing the size, phase and position of
the satellites, respectively, for the case of two interacting pulses. We demonstrated that
the EOM exhibits an excellent quantitative agreement with the HME over a wide range
of the phase space. So far, comparisons in other approaches remained on the qualitative
level [42, 43]. In the next step, we discussed many intricate scenarios, which can be
controlled by the feedback parameters. In particular, we described the existence of non-
equidistant states, where the feedback-induced satellite can be used as an anchor for
a second pulse, thus directly controlling its position and phase. Further, we predicted
time-periodic states, where the pulses oscillate around a splay state. Finally, we were
able to infer the intuition obtained from the two-pulse-case to higher pulse numbers. In
particular, the higher number of degrees of freedom enabled a more complex dynamics
including chaotic states.
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6. Summary and Outlook

In this thesis, we analyzed nonlinear optical systems that can generate frequency combs
and temporal localized states. In particular, we considered both Kerr resonators and
passively mode-locked lasers. The models derived from first principles rely on a time-
delayed description in their dynamical equations, which we have studied using a com-
bination of analytical and numerical methods. The latter consisted in time simulations
and path continuation using the MATLAB-package DDE-BIFTOOL [105, 111].

In the first part of the thesis, we performed a detailed analysis of the dynamics
of a Kerr–Gires–Tournois interferometer (KGTI) which consists in an injected micro-
cavity containing a thin slice of a nonlinear Kerr medium (see Fig. 1.4). This newly
proposed setup promises to combine the advantages of dispersive Kerr micro-resonators
and mode-locked VECSELs, while mitigating their limitations. The dynamical model
derived from first principles is given by the DAEs (3.83),(3.84), which captures all
the multiple external cavity reflections and naturally includes higher-order dispersive
effects [57]. Here, the sign of the detuning between the injection and the micro-cavity
resonance, defines whether the KGTI system operates in the normal or anomalous
dispersion regime, respectively.

An important tool in the analytical study was the derivation of multiple PDE normals
forms that capture the dynamics of the full DAE model in certain limits. In partic-
ular, the normals forms revealed how the system parameters influence the dispersive
properties of the micro-cavity [57]. We demonstrated that the dynamics in the mean-
field limit, where losses and phase shifts are small, is captured by the well-established
Lugiato–Lefever equation [58] with third-order dispersion. In the normal dispersion
regime, we described bright and dark TLSs that are formed by domain walls that can
interlock at discrete distances. This formation process was detailed by a normal form
close to the onset of optical bistability, which corresponds to a real Ginzburg–Landau
equation with third-order dispersion and further nonlinear contributions. Hence, this
equation provided an explanation for the minimal pattern formation scenario. It was
derived under the premise of a vanishing round-trip phase. However, a derivation for
a general phase is possible, yet challenging, and could help to clarify a more general
pattern formation scenario in the future. This would also help to understand the link
between the normal forms in the mean-field limit and at the onset of bistability.

Next, we emphasize that the validity of the full DAE model is not limited by the
restrictions of typical mean-field or coupled-mode models [24, 58–64], which underlines
the importance of a time-delayed description of optical systems. Hence, we were able
to perform a detailed analysis of dynamical regimes beyond the mean-field limit. For
instance, we described a regime, where the amplitude of the TLSs becomes chaotic
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in a cascade of period doubling bifurcations. Further, we found a novel type of bright
TLSs that form as homoclinic orbits instead of the usual double heteroclinic connection.
These high-intensity solitons are stable over a wide parameter range, which makes them
a promising candidate for future applications. To fully understand the corresponding
pattern formation mechanism, it would be helpful to derive an additional normal form
close to the onset of their emergence. This would also help to clarify the link to
TLSs found in the anomalous dispersion regime, where the KGTI can support similar
structures [107, 139].

In the conservative case, the link to the Nonlinear Schrödinger equation reveals im-
portant implications as we demonstrated that reversibility and conservative solitons
exist in a time-delayed system. The property of reversibility became apparent when
transforming the DAEs (3.83),(3.84) into a bilateral NDDE. We believe that bilateral
NDDEs open an avenue for the potential realization of further conservative nonlin-
ear dynamics in time-delayed systems, such as, e.g., the Fermi–Pasta–Ulam–Tsingou
recurrence [140] or the observation of the Korteweg–de Vries solitons.

Finally, it is to mention that the model of the KGTI system can be extended to
introduce additional effects. First, one can take thermal effects into account, which
stem from heating of the micro-cavity due to two-photon absorption [89]. This effect
results in a state dependent detuning. Next, the effects of two-photon absorption are
only briefly studied here, such that more work is necessary to fully understand their
impact on the stability of TLSs in the KGTI. First preliminary experimental results
suggest, that both effects are present in the experiment, such that further studies in
this direction are required. Further, one can consider a modulation of the feedback
phase, which can be realized by shifting the external mirror. This creates a potential
in which the TLSs evolve and enables a finer control over them [141, 142]. Finally, for
a complete description, one has to include the dynamics in the transversal plane. The
resulting model is a mix between an DAE and a PDE, which goes beyond the scope of
currently available continuation tools. At least in the mean-field limit, one can use the
equivalence between the KGTI model and the generalized LLE to obtain a pure PDE
description [91]. However, a study of the full DAE-PDE model is still lacking.

In the second part of the thesis, we studied the interaction of TLSs in multi-pulse
states in PML lasers. We demonstrated that the pulses exhibit two degrees of free-
dom: position and phase. These properties determine the exact form of the resulting
frequency comb, which makes their study relevant. The positions and phases evolve
on slow time scales, i.e., over many round-trips, whereas the pulses themselves are
formed on a fast time scale. The dynamics of the pulses on these two timescales is
modeled by the well-established Haus master equation [25] for the optical field and
the carriers (gain and absorber population). This PDE model can be derived from
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the a time-delayed model [41] in the mean-field limit. In a next step, we were able
to reduce the complexity of the problem by projecting the high-dimensional PDE onto
a lower-dimensional subset. In particular, we derived effective equations of motion
(EOM) in form of coupled ODEs for the phases and positions, thereby unveiling the
key mechanisms in which the pulses can interact. First, the pulses create a depletion
in the gain medium that influences consecutive pulses [43]. Second, the decaying tails
can exhibit an overlap leading to a coherent interaction [42]. Finally, the introduction
of time-delayed feedback (TDF) stemming from, e.g. small reflections of lenses, leads
to the emergence of satellites, i.e., small copies of the pulses appearing throughout the
cavity that can influence the laser output [44–48]. Here, this mechanism enables the
interplay between pulses and their respective satellites, which was not considered in
other approaches so far [42, 43]. We demonstrated that TDF plays an important role
in the organization of the phases and positions, and leads to the emergence of many
interesting dynamical regimes. This was underlined by a detailed parameter study of
the EOM. Here, we want to stress the excellent predictive power of the EOM, which
exhibit high quantitative agreement in several tests with the HME over a wide range of
parameter sets. This makes the EOM a good candidate for further predictive studies
for PML lasers. In particular, a more detailed bifurcation analysis of the general N
pulse state would help the understanding of their dynamics. For instance, one could
unveil how the different periodic and chaotic states emerge, which were only briefly
discussed in this thesis.

Further, we demonstrated that the EOM is also valid in the regime of shorter cavities,
where pulses cannot be seen as TLSs as they are trapped in position by strong carrier
interactions. This is interesting, as a fundamental step in the derivation of the EOM
was a superposition ansatz for a multi-pulse state. That is, this ansatz relies on the
existence of a single pulse. However, in a short cavity a single pulse exhibits a different
shape as, e.g., two pulses creating an HML2 state. This fact made our analysis more
involved as the parameters of the EOM could not be simply calculated from the pulse
shape (as we did for the long cavity case), but we had to rely on a perturbation analysis
to determine them. Hence, further work is necessary to find the fundamental building
blocks that make up an HML state and therefore, shed light on this ambiguity. One
approach would be the inclusion of further effects in the EOM such as shape deformation
modes.

Nevertheless, our work revealed important consequences on our understanding of
coherence in ML lasers, as we demonstrated that the phase dynamics of the harmonic
pulse trains emitted is governed by the Kuramoto model with short range interactions.
This provides a novel view on how coherent states emerge, as we consider the phases
of the pulses, instead of those of the cavity modes; see e.g. [129–131]. Consequently,
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the associated optical frequency comb actually corresponds to one of the splay states
found in the Kuramoto model. Our prediction of multistability of the splay states
for N ≥ 5 pulses has profound implications. In particular, the notion of coherence
should be interpreted by comparing the duration of the measurement time with the
Kramers’ escape time [138] of each splay state, since averaging over different splay
states decreases the measured coherence. Our theoretical predictions are supported
by experimental validation based upon a VECSEL [125]. While this setup relies on
passive mode-locking, we believe that our results are general, and therefore, also apply
to system using active mode-locking.

Further, we studied the transition between ordered and disordered states. In par-
ticular, we demonstrated that the transition between the two is continuous. This is
supported by the Mermin–Wagner theorem [143], which prohibits any ordering phase
transition in uni-dimensional systems (which is clearly the case of the ring laser we
studied). The situation changes for a two-dimensional system, where the splay states
do not exist. Here, phase transitions from disordered to ordered states are possible,
allowing for a more stable high-coherent state. For the realization of a two-dimensional
ML system, one can connect the two cases studied in this thesis. Therefore, one can
use that the phase dynamics induced by TDF is structurally the same as in the case
of overlapping tails. Further, one can create additional synthetic dimensions [144, 145]
employing the effects of TDF. Here, one can utilize a feedback cavity that is p-times
shorter than the main cavity, such that a state of N pulses effectively corresponds
to a grid with dimensions p × N/p. Hence, this technique effectively creates a two-
dimensional system that can give rise to vortices and promises the existence of phase
transitions towards more coherent states, which, in turn, has direct applications in the
field of frequency combs and metrology.
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A. Numerical Methods

In general, a complex dynamical system described by a set of nonlinear differential
equations cannot be solved analytically. Hence, one has to rely on numerical methods
to study the corresponding system. The most important numerical tools used in this
thesis are time simulations and arclength path continuation.

A.1. Time Simulations

The systems which are studied in this thesis are initial value problems. To study the
evolution of the initial condition, we integrate the corresponding dynamical system,
which can be done using a numerical scheme for a short time step. There are countless
numerical schemes for the integration (see e.g. [146]); here, we present the employed
schemes for time simulations of the DAEs (3.83),(3.84) describing the dynamics in the
KGTI, and the Haus master equation (3.155)–(3.157) describing the dynamics of a
PML laser.

A.1.1. Semi-Implicit Euler Scheme for the KGTI

We use a semi-implicit Euler scheme to integrate the DAE (3.83),(3.84). That is, we
make the step in the nonlinearity explicitly, but the linear part semi-implicitly (i.e., we
average En and En+1 where En is the n-th point in time). This results in the following
scheme:

En+1 − En
∆t =

[
−1 + i

(
s |En|2 − δ

)]
︸ ︷︷ ︸

Un

En+1 + En
2 + h

Yn+1 + Yn
2 . (A.1)

Rearranging gives an explicit expression for En+1

En+1 =

(
1 + ∆t

2 Un
)
En + ∆t

2 h (Yn+1 + Yn)
1 − ∆t

2 Un
. (A.2)

Here, Yn+1 can simply be computed from the algebraic condition in Eq. (3.84), i.e.,

Yn+1 = ηeiφ (En−M − Yn−M ) +
√

1 − η2Y0, (A.3)

where M =
⌊
τ

∆t

⌋
is the (rounded) number of points corresponding to the time-delay.

While this scheme is O (∆t), it is generally sufficient for the applications in this thesis.
However, we also implemented a scheme in which we use the step in Eq. (A.2) to
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compute the midpoint Un+ 1
2

of the the nonlinear part:

Un+ 1
2

= −1 + i

(
s

∣∣∣∣En+1 + En
2

∣∣∣∣2 − δ

)
. (A.4)

With that, we find the following second order scheme

E′
n+1 =

(
1 + ∆t

2 Un+ 1
2

)
En + ∆t

2 h (Yn+1 + Yn)
1 − ∆t

2 Un+ 1
2

. (A.5)

A.1.2. Split-Step Method for the Haus Master Equation

For the time simulation of the Haus master equation (3.155)–(3.157), we use a split-step
semi-implicit pseudo-spectral method. That is, we compute nonlinearities in the space-
domain, while the linear operators are computed using spectral methods in the Fourier
space. Further, we need to integrate the carriers separately from the field because the
carriers in Eqs. (3.156) and (3.157) do not contain a temporal derivative. We denote
with gji the i-th point in slow time and the j-th point fast time (i.e. the space-like
variable).

We begin to update the gain g. We employ a semi-implicit step in space and use a
midpoint ansatz, which leads to:

gj+1
i+1 − gji+1

∆z = Γg
(
g0 −

gj+1
i+1 + gji+1

2

)
−
gj+1
i+1 I

j+1
i + gji+1I

j
i

2 (A.6)

⇔ gj+1
i+1 =

∆zΓgg0 +
[
1 − ∆z

2

(
Γg + Iji

)]
gji+1

1 + ∆z
2

(
Γg + Ij+1

i

) . (A.7)

That is, we can compute gj+1
i+1 from gji+1. However, this implies that the scheme does

not provide us with the first point g1
i+1. For that, we consider again the equation for

the gain in Eq. (3.156) that is the following ODE

∂zg (z) = Γgg0 − P ′ (z) g (z) , (A.8)

where we define

P (z) =
∫ z

0

(
Γg +

∣∣E (z′)∣∣2) dz′. (A.9)

Here, we first compute the cumulative intensity

Ic (z) =
∫ z

0
I
(
z′) dz′ (A.10)
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such that P (z) = Γgz + Ic (z). The integral for Ic (z) can be obtained using, e.g.,
the trapezoid method. Equation (A.8) can be solved using the method of integrating
factors. The general solution reads

g (z) = e−P (z)
(
g (0) + Γgg0

∫ τ

0
eP (z′)dz′

)
. (A.11)

Now, we apply the periodic boundary conditions, i.e., we evaluate for z = 0 = τ and
solve for g (0):

g (0) = g1
i+1 = Γgg0

∫ τ
0 e

P (z′)dz′

eP (τ) − 1
. (A.12)

With that, we can apply Eq. (A.7) iteratively to obtain all points for the next time
step. On the other hand, one could also simply update the carrier using the analytical
expression in Eq. (A.11). The steps to obtain the updated absorber q are equivalent.

In the next step, we consider the updating scheme for the field E. We need to
integrate

∂ξE = (L +M)E, (A.13)

where L = v∂z + 1
2γ2∂

2
z + ηeiΩS−τf

, (A.14)

M = −k + 1 − iαg
2 g − 1 − iαq

2 q + iω, (A.15)

where S−τf
= e−τf∂z is the shift operator, v is the drift velocity and ω is the carrier

frequency. We first make an explicit half-step in time

Ej
i+ 1

2
=
(

1 + ∆t
2 M

)
Eji . (A.16)

Then, we refine the step by applying the linear operator (which is done in Fourier space
to handle the spatial derivatives)

Ẽj
i+ 1

2
= e∆tLEj

i+ 1
2

= F−1
[
e∆tL̂F

[
Ej
i+ 1

2

]]
. (A.17)

And finally, we make an implicit half-step to obtain Eji+1:

Eji+1 =
Ẽj
i+ 1

2

1 − ∆t
2 M

. (A.18)

Finally, let us discuss how to find v and ω. While these quantities can be scaled out of
the equation, we need to find them in order to arrive at a steady state. While at the
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beginning of a simulation, these are additional free parameters, they can be found in a
simulation using a control loop. For the drift, we expand

Ii (z) = Ii+1 (z + v∆t) = Ii+1 (z) + dIi+1
dz

v∆t, (A.19)

where dIi+1
dz = 2Re

(
E∗ dE

dz

)
. Now we weight both sides of the equation additionally

with dIi+1
dz to take the tilt of the intensity profile into account. We integrate over z (e.g.

by summing up) and solve for v:

v = 1
∆t

∫ τ
0 (Ii (z) − Ii+1 (z)) dIi+1

dz dz∫ τ
0

(
dIi+1
dz

)2
dz

. (A.20)

For the carrier frequency ω, we first find the phase difference as

arg (Ei+1E
∗
i ) = arg [|Ei+1| |E∗

i | exp (iϕi+1 − iϕi)] = ϕi+1 − ϕi. (A.21)

But we do not simply want to sum this up because we want to the pulse itself to have
a higher influence. Therefore, we obtain

ω = 1
∆t

∫ τ
0 arg (Ei+1E

∗
i ) Ii+1dz∫ τ

0 Ii+1dz
. (A.22)

Both equations for v and ω can be understood as corrections to an already existing
drift and carrier frequency, that is, they are rather ∆v and ∆ω because Ei was already
computed with some vi and ωi such that the updated quantities are vi+1 = vi + ∆v
and ωi+1 = ωi + ∆ω.

A.2. Path Continuation

While time simulation are useful to gain an overview over the dynamical regimes of
a system, there is a fundamental drawback, which is that one can only explore stable
manifolds while unstable ones are inaccessible. However, studying all solutions is often
crucial to fully understand how certain states emerge. Further, one is often only inter-
ested in the final solution of a time simulation and not the transient towards it. This
makes time simulations inefficient for large parameter scans.

These limitations are circumvented by path continuation techniques. Here, solutions
to a system are obtained by finding their roots which does not differentiate between
stable and unstable solutions. This also allows to follow solutions in parameter space.
Furthermore, eigenvalues can be computed numerically allowing to detect bifurcations,
which offers the possibility to find new solution branches. Finally, bifurcation points can
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be tracked in a second control parameter, thereby allowing to gain an overview of the
dynamics in a two-parameter-diagram. Depending on what kind of dynamical system
is analyzed, different software packages are available. For the time-delayed systems
in this thesis, the MATLAB package DDE-BIFTOOL [105, 111] is used. In particular,
we emphasize that Eqs. (3.83) and (3.84) describing the the KGTI system contain a
DAE. The implementation of DAEs in DDE-BIFTOOL was only realized recently [112].
Further, we compare bifurcation diagrams of the DAE with the PDE normal forms.
These continuations were obtained using pde2path [147] (cf. Fig. 4.36) and BICE [148]
(cf. Fig. 4.21).

In the following, we present the main concepts of path continuation. We consider a
system of n differential equations with a control parameter µ that reads ẋ̇ẋx = fff(xxx, µ)
where xxx∗

0 = (x∗
0,1, x

∗
0,2, ..., x

∗
0,n) is a stationary solution for µ = µ0. The goal is to find

the solution xxx∗
1 for the parameter µ1 = µ0 + ∆µ. First, we make a prediction step xxx∗(0)

1

for µ1 by using the tangent of the curve xxx∗(µ) at (xxx∗
0, µ0):

xxx
∗(0)
1 = xxx∗

0 + ∆µ∂xxx
∗

∂µ

∣∣∣∣
(xxx∗

0,µ0)
. (A.23)

The slope can be found by differentiating fff(xxx∗(µ), µ) = 0: ∂fff

∂xxx︸︷︷︸
Jacobian

∂xxx

∂µ
+ ∂fff

∂µ


(xxx∗

0,µ0)

= 0

⇔ ∂xxx

∂µ

∣∣∣∣
(xxx∗

0,µ0)
= −

[(
∂fff

∂xxx

)−1
· ∂f
ff

∂µ

] ∣∣∣∣∣
(xxx∗

0,µ0)

. (A.24)

Next, we need to find the actual solution xxx∗
1 that satisfies fff(xxx1, µ1) = 0 from the

approximation xxx∗(0)
1 . Hence, the we need to “improve” the guess. This can be achieved

with Newton’s method for finding roots of functions up to an arbitrary accuracy. The
scheme is defined by the following iteration rule

xxx
∗(n+1)
1 = xxx

∗(n)
1 −

(
∂fff

∂xxx

)−1 ∣∣∣∣
(xxx∗(n)

1 ,µ0)
· fff
(
xxx

∗(n)
1

)
. (A.25)

This process is repeated until
∣∣∣fff(xxx(n)

1 , µ1)
∣∣∣ < ϵ, where ϵ defines the accuracy. Then

we return to changing µ to the next value, find the root for the new parameter and
continue like that to follow a solution branch.

This method works until the branch approaches a fold for some µ = µf. The problem
is, that while for µ < µf two solutions exist, there is none for µ > µf. Therefore, in
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order to follow the branch around the fold, we need to define a parameter which is
unique along the branch. This issue is addressed with arclength continuation. Here,
the control parameter µ is interpreted as an additional element of the extended solution
y∗y∗y∗ = (xxx∗, µ). Instead of µ, the new control parameter is the arclength s, which can be
approximated locally with Pythagoras’ theorem:

|xxx∗|2 + (∆µ)2 = (∆s)2. (A.26)

With this, we can define the condition ppp(xxx∗, µ, s) as

ppp(xxx∗, µ, s) = |xxx∗|2 + (∆µ)2 − (∆s)2, (A.27)

that supplements fff(xxx∗, µ), so that the extended system reads

EEE(xxx∗, s) =

 fff(xxx∗, µ)
ppp(xxx∗, µ, s)

 . (A.28)

The following steps are equivalent to the method described above but instead of chang-
ing µ, we change s, and instead of finding roots of fff , we search for the roots of EEE.
Finally, this technique can be extended to time-periodic solutions. In this case, one
seeks time-periodic trajectories xxx∗(t) with period T such that ẋ̇ẋx∗(t) = fff(xxx∗(t), µ) and
xxx∗(t + T ) = xxx∗(t). This defines a boundary value problem, where T is treated as an
additional unknown parameter. To resolve the time-translation invariance of periodic
solutions, a phase condition is imposed [111, 149]. The boundary value problem is
then discretized, for instance using collocation methods, and the resulting algebraic
system is solved using path continuation techniques applied to the extended system
(xxx∗(t), T, µ). Arclength continuation can similarly be employed by defining a suitable
pseudo-arclength condition.
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B. Derivation of Normal Forms for the KGTI
In this chapter, we derive explicitly two normal forms for the KGTI system (3.83),(3.84).
The first one is derived at the onset of optical bistability for vanishing phase (φ = 0)
and is used in Section 4.3. The second one is derived in the mean-field limit where
η → 1 and φ̃ = φ− 2 arctan δ → 0. It is used in Sections 4.1 and 4.5.

B.1. Normal Form at the Onset of Bistability
This derivation follows the lines of the supplementary material of [99].

The Onset of Bistability

The steady state CW solutions Is = |Es|2 of Eqs. (3.83) and (3.84) for the case φ = 0
read (cf. Section 4.2.1)

Y 2
0 = k2 + (Is − δ)2

h2 1−η
1+η

Is,

where k = 1 + (1 − h) η
1 + η

.

(B.1)

For certain system parameters, the curve Is(Y0) exhibits bistabile response. In fact,
the onset of bistability can be calculated analytically (cf. Section 4.2.3). It is defined
as the value of the critical detuning δc for which the steady state solutions Is possesses

a saddle point, i.e., ∂Y0
∂Is

= ∂2Y0
∂I2

s

= 0. At this point, we find critical values for the

detuning δc (cf. Eq. (4.40)), the injection Y c
0 and the electric field Ecs:

δc =
√

3k, Y c
0 = 2k

3

√√√√ 2
√

3
h2 1−η

1+η
k, Ecs =

√
3k

2
√

3

(
1 − i

1√
3

)
. (B.2)

Expansions

Next, we apply a multiple time scale method to the periodic solution of Eqs. (3.83),(3.84).
For this purpose, we normalize the long delay time τ and define an smallness parameter
ϵ = τ−1 which yields

εĖ =
[
−1 + i

(
|E|2 − δ

)]
E + hY , (B.3)

Y = η [E (t− 1) − Y (t− 1)] +
√

1 − |η|2Y0 . (B.4)

We define new variables e and y as small deviations from the steady states at the critical
point and separate into real and imaginary parts: E = Ecs + e = Ecsx + iEcsy + ex + iey

183



B Derivation of Normal Forms for the KGTI

and Y = Y c
s + y = Y c

s + yx + iyy. Further, we define θ and z0 as the deviation from
the critical parameter values for detuning and injection, respectively: δ = δc + θ and
Y0 = Y c

0 + z0. Then the equations for the fields deviations read

ϵ
dex
dt

= −
√

k

2
√

3
θ − (1 − k) ex + θey + hyx −

√
2
√

3kexey

+
√

k

2
√

3
e2
x +

√
3
√

3k
2 e2

y − e2
xey − e3

y ,

(B.5)

ϵ
dey
dt

= −

√√
3k
2 θ +

( 2√
3
k − θ

)
ex − (1 + k) ey + hyy −

√
2k√

3
exey

+ 3

√√
3k
2 e2

x +

√√
3k
2 e2

y + exe
2
y + e3

x ,

(B.6)

yx =η (ex (t− 1) − yx (t− 1)) +
√

1 − |η|2z0 , (B.7)

yy =η (ey (t− 1) − yy (t− 1)) . (B.8)

We define new time scales t0 = ωt, t1 = 0, t2 = ϵ2t and t3 = ϵ3t, where small changes in
ω account for the drift: ω = 1 + ϵω1 + ϵ2ω2 + ϵ3ω3 + . . . . Therefore, the time derivative
is d

dt
= T0 + ϵT1 + ϵ2T2 + ϵ3T3 + . . . , where T0 = ∂0, T1 = ω1∂0, T2 = ω2∂0 + ∂2 and

T3 = ω3∂0 + ∂3. Further, the delayed fields are now functions of the new time scales,
i.e., Λ (t− 1) = Λ

(
t0 − ω, t2 − ϵ2, t3 − ϵ3

)
for Λ = ex, ey, yx, yy. This expression needs

to be expanded in powers of ϵ:

Λ (t− 1) =
(
S0 + ϵS1 + ϵ2S2 + ϵ3S3 + . . .

)
Λ (t0 − 1, t2, t3) , (B.9)

where S0 = 1, S1 = −ω1∂0, S2 = −ω2∂0 + ω2
1

2 ∂
2
0 −∂2 and S3 = −ω3∂0 − ω3

1
6 ∂

3
0 +ω1ω2∂

2
0 +

ω1∂0∂2 − ∂3. Further, we need to define the expantions of the fields and parameters.
First, all fields are expanded as

Λ (t) = εΛ(1) (t0, t2, t3) + ε2Λ(2) (t0, t2, t3) + · · · . (B.10)

Finally, we also expand the variations to the critical parameter values

θ = ϵθ1 + ϵ2θ2 + ϵ3θ3 + ϵ4θ4 + . . . , (B.11)

z0 = ϵz
(1)
0 + ϵ2z

(2)
0 + ϵ3z

(3)
0 + ϵ4z

(4)
0 + . . . . (B.12)

We insert all expansions and scalings into Eqs. (B.5)–(B.8) and sort for orders in ϵ. As
we stretched the t0-scale in such a way that the drift is cancelled, we can assume that
e and y are 1-periodic, i.e., Λ (t0 − 1) = Λ (t0) for Λ = (ex, ey, yx, yy).
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B.1 Normal Form at the Onset of Bistability

Solving the Orders

Next, we need to solve each order separately.

First Order

In the first order O (ϵ), we obtain the following linear system:

0 = Pv(1) + b , (B.13)

where P =


k − 1 0 h 0

2k√
3 − (k + 1) 0 h

η 0 − (1 + η) 0
0 η 0 − (1 + η)

 , (B.14)

v(1) =


e

(1)
x

e
(1)
y

y
(1)
x

y
(1)
y

 , b = z
(1)
0

√
1 − η2


0
0
1
0

−
√

k

2
√

3
θ1


1

√
3

0
0

 . (B.15)

The homogeneous system 0 = Pv(1) has a kernel, i.e., the kernel eigenvector µ is the
solution of the linear system:

µ =


1
1√
3
η

1+η
η√

3(1+η)

 . (B.16)

The adjoint linear operator P † also has a kernel, which is spanned by the eigenvector

ν =


1+η
h

0
1
0

 . (B.17)

With this, one can use a technique from linear algebra to arrive directly at the solvability
condition: the Fredholm alternative. For this we project eq. (B.13) onto ν†.

0 = ν†
(
Pv(1) + b

)
=
(
ν†P

)
︸ ︷︷ ︸

(P †ν)†=0

v(1) + ν†b ⇒ ν†b = 0. (B.18)
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B Derivation of Normal Forms for the KGTI

Applying this to the specific equations at hand yields the following solvability condition

z
(1)
0

√
1 − η2 − 1 + η

h

√
k

2
√

3
θ1 = 0. (B.19)

Next, we need the solution of the inhomogeneous system, that we can obtain by finding
any specific solution of Eq. (B.13), e.g., we can set v(1)

1 = 0 and solve for the other com-
ponents. Taking this and the solvability condition into consideration the full solution
of the first order reads

v(1) = v
(1)
1


1
1√
3
η

1+η
η√

3(1+η)

+

√√
3

2k θ1


0

−1
2
k

h
√

3
−1

2
η

1+η

 . (B.20)

Second Order

In the next second order O
(
ϵ2
)
, one obtains

0 = Pv(2) + z
(2)
0

√
1 − η2


0
0
1
0

− T0


v

(1)
1

v
(1)
2

0
0

+ ηS1


0
0

v
(1)
1 − v

(1)
3

v
(1)
2 − v

(1)
4

+ Θ2 +N2 ,

(B.21)

where Θ2 and N2 are the terms stemming from detuning θex,y and the nonlinearities.
The homogeneous system is the same as before such that we again apply the Fredholm
alternative to obtain the following solvability condition:

0 = z
(2)
0

√
1 − η2 −

√
k

2
√

3
1 + η

h
θ2 + 1 + η√

3h
θ1v

(1)
1 − 1 + η

8h

√√
3

2k θ
2
1. (B.22)

Here, the drift was cancelled by choosing ω1 = − (1+η)2

ηh . This can be done as no
assumptions concerning the scaling factor ω of the t0-time scale were made such that
we can choose the ωi in a way, which is convenient (i.e., to cancel the drift).

Equation (B.22) implies that v(1)
1 is a constant which depends only on the deviations

to the critical point and which are time independent. This is problematic as we later
want to derive a differential equation. However, we remember that we can choose the
scaling of the parameter deviations, and, at this point, we find, that we have to set
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B.1 Normal Form at the Onset of Bistability

θ1 = 0 (i.e., θ = O
(
ϵ2
)
) in order to proceed. Then the solvability condition reads

z
(2)
0 =

√
1

2
√

3
η (1 − h) + 1

1 − η

θ2
h
. (B.23)

In order to solve the following orders, one has to compute the full solution including
the inhomogeneous system for the second and third components:

v
(2)
2 = 1√

3
v

(2)
1 − 1

2
√
k

√√
3

2 θ2 − 4
√

2
3
√

3

(
v

(1)
1

)2
 , (B.24)

v
(2)
3 = η

1 + η
v

(2)
1 + 1

1 + η
z

(2)
0

√
1 − η2 + 1

h
∂0v

(1)
1 . (B.25)

Third Order

Following the same procedure, we find the following solvability condition at third order
O
(
ϵ3
)
:

∂2v
(1)
1 =1 + η

η

√
1 − η2z

(3)
0 − 1

2
(1 − η) (1 + η)

ηh
ω1∂

2
0v

(1)
1 + 4

3
√

3
ω1
(
v

(1)
1

)3

+ ω1

√
k

2
√

3
θ3 − 1√

3
ω1θ2v

(1)
1 ,

(B.26)

where the drift was canceled by choosing ω2 = (1+η)4

η2h2 = ω2
1. We only need to compute

the full solution for the third component:

v
(3)
3 = η

1 + η
v

(3)
1 − 1

h

[
−
√

k

2
√

3
θ3 + 1√

3
θ2v

(1)
1 − ∂0v

(2)
1 − ω1∂0v

(1)
1 − 4

3
√

3

(
v

(1)
1

)3
]
.

(B.27)
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Fourth Order

Finally, in the fourth order O
(
ϵ4
)

the solvability condition reads

∂3v
(1)
1 +∂2v

(2)
1 =− 3(1−η)(1+η)

2ηh
ω2

1∂
2
0v

(1)
1 − 1

2
(1+η)(1−η)

ηh
ω1∂2

0v
(2)
1

+ 1
3

1+η(η−1)
(1+η)2 ω3

1∂
3
0v

(1)
1 − 4

3
√

3
(1+η)(1−η)

hη
ω1∂0

(
v

(1)
1

)3

−ω1
1√
3
v

(1)
1 θ3− 1√

3
ω2

1θ2v
(1)
1 −ω1

1√
3
θ2v

(2)
1 − 1√

6
√

3
√

k
θ2

(
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(1)
1

)2

+ 4
3

√
3
ω2

1

(
v

(1)
1

)3
+ω1

4√
3

(
v

(1)
1

)2
v

(2)
1 +ω1

1+η
η

√
1−η2z

(3)
0

+ 1+η
η

√
1−η2z

(4)
0 +

√
k

2
√

3
ω2

1θ3+ 1
8

√
k
ω1

√√
3

2 θ2
2+ω1

√√
3k
6 θ4 ,

(B.28)

where the drift was canceled by setting ω3 = ω3
1 + 1√

3
(1+η)(1−η)

hη ω1θ2.

Building the Normal Form

Next, we define an effective slow time scale as ∂ξ = ε2∂2 + ε3∂3 and evaluate

∂ξex =
(
ε2∂2 + ε3∂3

) (
ϵv

(1)
1 + ϵ2v

(2)
1

)
+ O

(
ϵ5
)

(B.29)

= ϵ3∂2v
(1)
1 + ϵ4

(
∂3v

(1)
1 + ∂2v

(2)
1

)
+ O

(
ϵ5
)
, (B.30)

where we can insert the solvabiliy conditions found before. Next, we rescale the space
with ϵ such that ∂0 = 1

ϵ∂z. Then, we are in a good position to find all necessary terms
to rebuild ex = ϵv

(1)
1 + ϵ2v

(2)
1 + ... and the parameters θ = δ − δc and z0 = Y0 − Y c

0 up
to O

(
ϵ5
)
. Finally, we obtain the following amplitude equation:

∂ξex =ω2
1

2
1 − η

1 + η
∂2
zex − |ω1|3

3
1 − η (1 − η)

(1 + η)2 ∂3
zex + 4 |ω1|

3
√

3
(1 + η) (1 − η)

hη
∂ze

3
x

+ 1 + η

η

√
1 − η2 [Y0 − Y c

0 ] + ω1 [δ − δc]

√ k

2
√

3
+ 1

8

√√
3

2k [δ − δc]


− δ − δc√

3
ω1ex − ω1

δ − δc√
6
√

3k
e2
x − 4 |ω1|

3
√

3
e3
x + O (ϵ) .

(B.31)

Rebuilding the Full Field

The full complex E field can be reconstructed via E = Ecsx+iEcsy+ex+iey (= Ecs+u+iv
in the notation of [99]) where ey is given by ey = ϵv

(1)
2 +ϵ2v(2)

2 +ϵ3v(3)
2 +O

(
ϵ4
)
. Inserting
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the solutions from each order yields

ey = 1√
3
ex − 2

3k (δ − δc) ex + 2
3

√
2
√

3
k

e2
x + 8

9ke
3
x − 1

6

√
2
√

3
k

(δ − δc)

−
√

3h
6k

√
1 − η

1 + η
(Y0 − Y c

0 ) + O
(
ϵ4
)
.

(B.32)
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B.2. Derivation of the Normal Form in the Mean-Field Limit

B.2.1. Normal Form via a Multiple Time Scale Analysis

We begin with the DAE model of the KGTI system defined in Eqs. (3.83) and (3.84).
We normalize the delay time τ and define a smallness parameter ϵ = τ−1. Further, we
scale the fields E and Y and the parameter Y0 as

Ẽ = ε−αE, (B.33)

Ỹ = ε−αY, (B.34)

Ỹ0 = ε−αY0, (B.35)

such that Eqs. (3.83) and (3.84) read (we dropped the tilde again for better readability)

ϵ
dE

dt
= − (1 + iδ)E + hY + iϵ2α |E|2E, (B.36)

Y = ηeiφ [E (t− 1) − Y (t− 1)] +
√

1 − η2Y0. (B.37)

The choice of α determines at which order the contributions from the cubic nonlinearity
play a role. Specifically, for α = 1 and α = 3

2 , nonlinear terms emerge in the second
and third order, respectively. In the following, we use the approach with α = 1. For
α = 3

2 , see further below.

The KGTI Neutral Delay Differential Equation

Next, we derive a neutral delay differential equation (NDDE) for the KGTI. In NDDEs,
the derivative of the delayed state appears in the system description. We obtain the
NDDE by combining Eq. (B.36) with itself at a delayed state:

ε
d

dt

[
E (t) + ηeiφE (t− 1)

]
= − [1 + iδ]E + [h− 1 − iδ] ηeiφE (t− 1)

+ h
√

1 − η2Y0

+ ϵ2i
(
|E|2E + ηeiφ |E (t− 1)|2E (t− 1)

)
,

(B.38)

where we used Eq. (B.37) to eliminate Y . Rewriting Eq. (B.38) yields

E = h− 1 − iδ

1 + iδ
ηeiφE (t− 1) − ε

d

dt

E (t) + ηeiφE (t− 1)
1 + iδ

+K, (B.39)
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where we defined the terms with injection and nonlinearity as

K = h

√
1 − |η|2

1 + iδ
Y0 + ϵ2i

|E|2E + ηeiφ |E (t− 1)|2E (t− 1)
1 + iδ

. (B.40)

We consider the perfect GTI case where h = 2 such that Eq. (B.39) simplifies:

E = 1 − iδ

1 + iδ
ηeiφE (t− 1) − ε

d

dt

E (t) + ηeiφE (t− 1)
1 + iδ

+K. (B.41)

Here, we can identify an effective phase per round-trip φ̃, which is defined as

eiφ̃ = 1 − iδ

1 + iδ
eiφ = ei(φ−2 arctan(δ)). (B.42)

Hence, we also write all terms containing φ as

eiφ = eiφ̃ei2 arctan(δ) = 1 + iδ

1 − iδ
eiφ̃. (B.43)

Expansions

The critical parameters around which we expand are ηc = 1 and φ̃c = 0. We define the
deviation from these parameters as

η = 1 − ε2∆η2 − ε3∆η3, (B.44)

and φ̃ = ε2∆θ2 + ε3∆θ3. (B.45)

Further, in order to obtain small amplitudes in E the injection needs to be small such
that its critical value is Y (c)

0 = 0 and it is expanded as

Y0 = εz
(1)
0 + ε2z

(2)
0 + O

(
ϵ3
)
. (B.46)

With that, we can calculate certain combinations of expanded parameters which appear
in the equations. In particular, we find

√
1 − η2 =

√
1 − (1 − ε2∆η2 − ε3∆η3)2 = ϵ

√
2∆η2 + ϵ2

∆η3√
2∆η2

+ O
(
ϵ3
)

(B.47)

ηeiφ̃ =
(
1 − ε2∆η2 − ε3∆η3

)
ei(ε2∆θ2+ε3∆θ3) (B.48)

= 1 + ϵ2 (i∆θ2 − ∆η2) + ϵ3 (i∆θ3 − ∆η3) + O
(
ϵ4
)
. (B.49)

Next, we define new time scales t0 = ωt, t1 = 0, t2 = ϵ2t and t3 = ϵ3t, where small
changes in ω account for the drift: ω = 1 + ϵω1 + ϵ2ω2 + ϵ3ω3 + . . . . Therefore, the time
derivative is d

dt
= T0 +ϵT1 +ϵ2T2 +ϵ3T3 + . . . , where T0 = ∂0, T1 = ω1∂0, T2 = ω2∂0 +∂2
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and T3 = ω3∂0+∂3. Further, the delayed fields are now functions of the new time scales,
i.e., E (t− 1) = E

(
t0 − ω, t2 − ϵ2, t3 − ϵ3

)
. This expression needs to be expanded in

powers of ϵ:

E (t− 1) =
(
S0 + ϵS1 + ϵ2S2 + ϵ3S3 + . . .

)
E (t0 − 1, t2, t3) , (B.50)

where S0 = 1, S1 = −ω1∂0, S2 = −ω2∂0 + ω2
1

2 ∂
2
0 −∂2 and S3 = −ω3∂0 − ω3

1
6 ∂

3
0 +ω1ω2∂

2
0 +

ω1∂0∂2 − ∂3.
Next, we can separate the nonlinearity into orders of ϵ

ϵ2i
|E|2E + ηeiφ |E (t− 1)|2E (t− 1)

1 + iδ
= ϵ2i

2
1 + δ2 |E|2E + ϵ3

i

1 − iδ
S1
(
|E|2E

)
(B.51)

With this, we can separate K into an injection part I and a nonlinear part N

K = I +N = ϵ2 (I2 +N2) + ϵ3 (I3 +N3) (B.52)

where N0 = N1 = 0 because of Eq. (B.51) and I0 = I1 = 0 because of Eqs. (B.46)
and (B.47). Last, we expand the field E in order of ϵ, i.e., ,

E (t) = E0 + ϵE1 + ϵ2E2 + ϵ3E3 + O
(
ϵ4
)
. (B.53)

Finally, we can plug all expansions into Eq. (B.41):

E0+ϵE1+ϵ2E2+ϵ3E3=[1+ϵ2(i∆θ2−∆η2)+ϵ3(i∆θ3−∆η3)][1+ϵS1+ϵ2S2+ϵ3S3]

[E0(t0−1)+ϵE1(t0−1)+ϵ2E2(t0−1)+ϵ3E3(t0−1)]

−ϵ[T0+ϵT1+ϵ2T2]
{

E0+ϵE1+ϵ2E2
1+iδ

+[1+ϵ2(i∆θ2−∆η2)+ϵ3(i∆θ3−∆η3)][1+ϵS1+ϵ2S2]

E0(t0−1)+ϵE1(t0−1)+ϵ2E2(t0−1)
1−iδ

}
+K+O(ϵ4).

(B.54)
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Solving the Orders

We separate Eq. (B.54) into orders of ϵ and solve each order separately.

Zeroth Order

In the zeroth order of Eq. (B.54), we just find the condition for periodic solutions:

E0 = E0 (t0 − 1) . (B.55)

First Order

In the first order we find

E1 = E1 (t0 − 1) −
(
ω1 + 2

1 + δ2

)
∂0E0. (B.56)

In order to cancel the drift, we choose

ω1 = − 2
1 + δ2 . (B.57)

The remaining terms are the condition for periodic solutions for E1.

Second Order

In the second order of Eq. (B.54) we find

E2 =E2 (t0 − 1) +
(

−ω1 − 2
1 + δ2

)
∂0E1 −

(
ω2 + 2

1 + δ2ω1

)
∂0E0

+
(
ω2

1
2 + ω1

1 − iδ

)
∂2

0E0 − ∂2E0 + (i∆θ2 − ∆η2)E0 + I2 +N2,

(B.58)

where the term containing ∂0E1 cancels due to the choice of ω1 from Eq. (B.57). We
choose ω2 in a way that it cancels the drift of E0

ω2 = − 2
1 + δ2ω1 = ω2

1. (B.59)

The coefficient of ∂2
0 is

ω2
1

2 + ω1
1 − iδ

= −iδω
2
1

2 . (B.60)
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Further, we demand periodicity for E2. Then we remain with

∂2E0 = −iδω
2
1

2 ∂2
0E0 + (i∆θ2 − ∆η2)E0 + h

√
2∆η2

1 + iδ
z

(1)
0 + 2i

1 + δ2 |E0|2E0. (B.61)

Third Order

In the third order of Eq. (B.54), we find

E3 =E3 (t0 − 1) +
(

−ω3 − (i∆θ2 − ∆η2)ω1 − i∆θ2 − ∆η2
1 − iδ

− 2
1 + δ2ω2

)
∂0E0

−
(
ω3

1
6 + 1

1 − iδ

ω2
1

2

)
∂3

0E0 +
(
ω1ω2 + 1

1 − iδ
ω2 + 1

1 − iδ
ω2

1

)
∂2

0E0

+
(
ω1 + 1

1 − iδ

)
∂0∂2E0 − 2

1 + δ2∂2E0 − ∂3E0 + (i∆θ3 − ∆η3)E0

−
(
ω2 + 2

1 + δ2ω1

)
∂0E1 +

(
ω2

1
2 + 1

1 − iδ
ω1

)
∂2

0E1 + (i∆θ2 − ∆η2)E1

− ∂2E1 −
(
ω1 + 2

1 + δ2

)
∂0E2 + I3 +N3,

(B.62)

where the term containing ∂0E1 and ∂0E2 cancel due to the choice of ω1 and ω2 from
Eqs. (B.57) and (B.59). Next, we use the solvability condition from the second order
in Eq. (B.61) to replace the terms containing ∂2E0. Then we get

∂3E0 + ∂2E1 =
(

−ω3 − 2
1 + δ2ω2

)
∂0E0

−
(
ω3

1
6 + 1

1 − iδ

ω2
1

2 +
(
ω1 + 1

1 − iδ

)
iδ
ω2

1
2

)
∂3

0E0

+
(
ω1ω2 + 1

1 − iδ
ω2 + 1

1 − iδ
ω2

1

)
∂2

0E0

+
(
ω1 + 1

1 − iδ

)
∂0N2

− 2
1 + δ2

[
−iδω

2
1

2 ∂2
0E0 + (i∆θ2 − ∆η2)E0 + I2 +N2

]

+ (i∆θ3 − ∆η3)E0 − iδ
ω2

1
2 ∂2

0E1 + (i∆θ2 − ∆η2)E1 + I3 +N3.

(B.63)

We choose ω3 in a way that it cancels the drift of E0

ω3 = − 2
1 + δ2ω2 = ω3

1. (B.64)
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Simplifying the coefficient of ∂2
0 and ∂3

0 gives

∂3
0 : −

(
ω3

1
6 + 1

1 − iδ

ω2
1

2 + 1 − iδ

1 + δ2 iδ
ω2

1
2

)
= 1 − 3δ2

12 ω3
1; (B.65)

∂2
0 : ω1ω2 + 1

1 − iδ
ω2 + 1

1 − iδ
ω2

1 − iδ
ω3

1
2 = −i32δω

3
1. (B.66)

Further, we have a nonlinear drift ∂0
(
|E|2E

)
, which has the coefficient

(
ω1 + 1

1 − iδ

)
∂0N2 +N3 = −ω2

1δ∂0
(
|E|2E

)
. (B.67)

The remaining terms are the solvability condition for the third order

∂3E0 + ∂2E1 =1 − 3δ2

12 ω3
1∂

3
0E0 − i

3
2δω

3
1∂

2
0E0 − iδ

ω2
1

2 ∂2
0E1

− ω2
1δ∂0

(
|E|2E

)
+ (i∆θ3 − ∆η3)E0

+ ω1 (i∆θ2 − ∆η2)E0 + (i∆θ2 − ∆η2)E1

+ ω1I2 + I3 + ω1N2.

(B.68)

Building the Normal Form

We define an effective time scale ∂ξ = ϵ2∂2 + ϵ3∂3 and compute ∂ξE up to third order

∂E

∂ξ
=
(
ϵ2∂2 + ϵ3∂3

)
(E0 + ϵE1) (B.69)

=ϵ2∂2E0 + ϵ3 (∂2E1 + ∂3E0) + O
(
ϵ4
)
. (B.70)

Here, we can use the solvability conditions from second and third order (Eqs. (B.61)
and (B.68)) to obtain

∂E

∂ξ
= − ϵ2iδ

ω2
1

2 ∂2
0 (E0 + ϵE1) + ϵ3

1 − 3δ2

12 ω3
1∂

3
0E0 − ϵ3ω2

1δ∂0
(
|E|2E

)
+
[
ϵ2 (i∆θ2 − ∆η2) + ϵ3 (i∆θ3 − ∆η3)

]
[E0 + ϵE1]

+ ϵ2I2 + ϵ3I3 + ϵ2N2

+ ϵ3
[
−i32δω

3
1∂

2
0E0 + ω1 (i∆θ2 − ∆η2)E0 + ω1I2 + ω1N2

]
+ O

(
ϵ4
)
,

(B.71)

where we can rebuild the field E = E0 + ϵE1. Next, we define a space-like variable z as
t0 = ϵz such that ϵ∂0 = ∂z. Note that this scaling basically is the inverse of normalizing
the time delay such that the new space-like variable z is in the same order of magnitude
as τ . Further, we remember that at the beginning we introduced a scaling Ẽ = ε−1E
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B Derivation of Normal Forms for the KGTI

(all E in Eq. (B.71) are actually Ẽ, we dropped the tilde for better readability). We
remain with

∂E

∂ξ
= − iδ

2
(1 + δ2)2∂

2
zE + 2

3
3δ2 − 1

(1 + δ2)3∂
3
zE − 4δ

(1 + δ2)2∂z
(
|E|2E

)
+ [η − 1 + iφ̃]E + 2

1 + iδ

√
1 − η2Y0 + i

2
1 + δ2 |E|2E + O (ϵ) ,

(B.72)

where φ̃ = φ − 2 arctan δ. Notice that all terms in the last line of Eq. (B.71) do not
cancel all ϵ and are therefore O (ϵ) in Eq. (B.72).

In general, it is difficult to quantify the range of validity of Eq. (B.72), however,
from the initial assumptions it is clear, that the deviation of η and φ̃ from their critical
values ηc = 1 and φ̃c = 0 are both O

(
ϵ2
)
, i.e., they need to be in the same order of

magnitude.

Period

For the frequency ω, we found

ω = 1 − ϵ
2

1 + δ2 + ϵ2
4

(1 + δ2)2 − ϵ3
8

(1 + δ2)3 = 1
1 + ϵ 2

1+δ2
+ O

(
ϵ4
)
. (B.73)

Hence, the period in the reference frame, where the time delay is normalized, reads

T = 1
ω

= 1 + ϵ
2

1 + δ2 . (B.74)

Reversing the normalization of the time delay yields the period

Tτ = T

ϵ
= τ + 2

1 + δ2 (B.75)

where we used that τ = ϵ−1. This validates the period found in, e.g., Fig. 4.2.

Nonlinearity in the Third Order

We consider the case when the initial scaling is Ẽ = ϵ−3/2E. The nonlinear part in
Eq. (B.51) has an additional factor of ϵ such that N2 = 0 and N3 = i 2

1+δ2 |E|2E (what
was N2 in the case where Ẽ = ϵ−1E). Hence, the nonlinearity only appears in the
third order, such that the nonlinear drift term does not appear in the third order. In
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B.2 Derivation of the Normal Form in the Mean-Field Limit

particular, the solvability conditions for the second and third order read

∂2E0 = − iδ
ω2

1
2 ∂2

0E0 + (i∆θ2 − ∆η2)E0 + h

√
2∆η2

1 + iδ
z

(1)
0 , (B.76)

∂3E0 + ∂2E1 =1 − 3δ2

12 ω3
1∂

3
0E0 − i

3
2δω

3
1∂

2
0E0 − iδ

ω2
1

2 ∂2
0E1

+ (i∆θ3 − ∆η3)E0

+ ω1 (i∆θ2 − ∆η2)E0 + (i∆θ2 − ∆η2)E1

+ ω1I2 + I3 +N3.

(B.77)

With that, we obtain the PDE normal form

∂E

∂ξ
= − iδ

2
(1 + δ2)2∂

2
zE + 2

3
3δ2 − 1

(1 + δ2)3∂
3
zE0

+ [η − 1 + iφ̃]E + 2
1 + iδ

√
1 − η2Y0 + i

2
1 + δ2 |E|2E + O (ϵ) ,

(B.78)

which is equivalent to Eq. (B.72) except for the nonlinear drift term. In the main
text of the thesis, we use the version of the normal form without the nonlinear drift
term because we found that it has a destabilizing effect. Whether these problems are
intrinsic to the equation itself or stem from the employed numerical scheme, could not
be determined ultimately. We concluded that the agreement between the full KGTI
system and the LLE (without the nonlinear drift term) was already very good (cf.
Section 4.5), such that we neglected the higher-order effects.

Normal Form for the External Cavity Field Y

Note that equivalently, one can also derive a normal form for Y . For this, we derive
a NDDE for Y by eliminating E from Eq. (B.38) instead of Y . For this we build
ϵ ddt

(
Y + ηeiφY (t− 1)

)
and rewrite the expression analogously to Eq. (B.41)

Y =1 − iδ

1 + iδ
ηeiφY (t− 1) − ϵ

d

dt

Y + ηeiφY (t− 1)
1 + iδ

+
√

1 − η2Y0

+ iϵ3
1
η2

1
1 + iδ

∣∣∣∣ηeiφY (t− 1) + Y −
√

1 − η2Y0

∣∣∣∣2
×
(
ηeiφY (t− 1) + Y −

√
1 − η2Y0

)
.

(B.79)

Up to zeroth order the nonlinear part reads

N = 8i
(1 + δ2)2 |Y |2 Y + O (ϵ) . (B.80)
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With this Eq. (B.79) reads

Y =1 − iδ

1 + iδ
ηeiφY (t− 1) − ϵ

d

dt

Y + ηeiφY (t− 1)
1 + iδ

+
√

1 − η2Y0

+ ϵ3
8i

(1 + δ2)2 |Y |2 Y + O (ϵ) .
(B.81)

Comparing Eqs. (B.41) and (B.81) reveals that they are identical up to a scaling of
the field of 1+iδ

2 . Hence, the normal form for Y is identical to the one of E (up to the
mentioned scaling). In fact, this scaling can be derived from Eq. (B.36) as well. Solving
for Y yields Y = 1+iδ

2 E + O (ϵ), where we set h = 2.
Equivalently one can derive a normal form for the output O which is in the good

cavity limit

O = E − Y = 1 − iδ

2 E. (B.82)

Consequently, we find |O|2 = |Y |2 = 1+δ2

4 |E|2.

B.2.2. Normal Form via a Functional Mapping Approach

The linear operator of the normal form can also be computed using the functional
mapping approach. We start at the NDDE representation from Eq. (B.38). Follow-
ing Section 2.3.2, we find the coefficients A = − (1 + iδ) and B = ηeiφ (1 − iδ + iωϵ)
where we replaced the temporal derivatives by their Fourier-transformed equivalent.
According to Eq. (2.37), the linear operator reads

L = ln
[
ηeiφ

1 − iδ + iωϵ

1 + iδ − iωϵ

]
(B.83)

= ln
(
ηei(φ−2 arctan δ)

)
+ ln

[
1 − −iωϵ

1−iδ
1 + −iωϵ

1+iδ

]
(B.84)

= (η − 1 + iφ̃) − 2
1 + δ2 (−iωϵ) − 2iδ

(1 + δ2)2 (−iωϵ)2 + 2
3

3δ2 − 1
(1 + δ2)3 (−iωϵ)3 + O

(
ϵ4
)
,

(B.85)

which is the linear operator we found via the multiple time scale approach (cf. Eq. (B.72)).
Next, we consider again Eq. (B.38) and find the nonlinearity in the map22

N = i
|En|2En + ηeiφ |En−1|2En−1

1 + iδ + iϵω
. (B.86)

22The injection 2
√

1−η2

1+iδ−iϵωY0 is another nonlinearity. But the −iϵω can be dropped because Y0

is a constant. Hence, it results in an additive term of 2
√

1−η2

1+iδ Y0.

198



B.2 Derivation of the Normal Form in the Mean-Field Limit

Here, we note that the nonlinearity in Eq. (B.38) is O
(
ϵ2
)

such that we need to compute
the nonlinearity also up to O

(
ϵ2
)

such that the error is in O
(
ϵ4
)

as for the linear
operator in Eq. (B.85). In Eq. (B.85), we choose (η − 1 + iφ̃) to be O

(
ϵ2
)

(as we did
in the multiple time scale approach) such that L1 ∼ ∂z and we can use Eq. (2.48) to
compute the shift of the nonlinearity

⇒ Nn−1 = i
1 + ϵL1 + 1+iδ

1−iδ
1 + iδ − iϵω

|En−1|2En−1 + O
(
ϵ2
)

(B.87)

= i

[ 1
1 + iδ

− −iϵω
(1 + iδ)2

] [ 2
1 − iδ

+ ivϵω

]
|En−1|2En−1 + O

(
ϵ2
)

(B.88)

= iv

[
1 + 2

1 + iδ
ϵiω

]
|En−1|2En−1 + O

(
ϵ2
)
, (B.89)

where we used the shortcut v = 2
1+δ2 . The nonlinearity in the final PDE is then

according to Eq. (2.49)

Nn−1 = e−LNn−1 + O
(
ϵ2
)

(B.90)

= iv [1 − ϵL1]
[
1 + 2

1 + iδ
ϵiω

]
|En−1|2En−1 + O

(
ϵ2
)

(B.91)

= v (i+ vδϵiω) |En−1|2En−1 + O
(
ϵ2
)
, (B.92)

which corresponds to the nonlinearity found via the multiple time scale approach (cf.
Eq. (B.72)).
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B.2.3. The “Intuitive” Normal Form

After going through the lengthy derivation of the normal form for the LLE via the mul-
tiple time scale and functional mapping approach, we want to present a short derivation
based on the intuition we gained along the way. The central idea here is to simply in-
clude the nonlinearity in the phase shift. We rewrite the NDDE in Eq. (B.41) as map
assuming |E (t− 1)|2 = |E|2 + O (ϵ) and using the effective detuning θ = δ− |E|2, such
that we obtain

E = ηei(φ−2 arctan θ)E (t− 1) + 2
√

1 − η2

1 + iθ
Y0 + O (ϵ) . (B.93)

As we are operating the reference frame of the injection, our wave packet is centered
around the frequency ω0. That is, considering a plane wave close to ω0, it gains a
(frequency and state dependent) phase shift of

β (E,ω) = φ− 2 arctan
(
ωc − ω − |E|2

)
(B.94)

in each round-trip, where we explicitly write out the detuning δ = ωc−ω0. The operator
in the normal form is then the logarithm of the coefficient of E (t− 1) in the map:

∂ξÊ (ξ, ω) = ln
(
ηeiβ(Ê,ω)) Ê (ξ, ω) + 2

√
1 − η2

1 + iθ
Y0 (B.95)

= iβ
(
Ê, ω

)
Ê (ξ, ω) − (1 − η)Ê + 2

√
1 − η2

1 + iθ
Y0. (B.96)

Now, we expand the phase shift β
(
Ê, ω

)
around the carrier frequency ω0

β (ω) = β (ω0) + ∂β

∂ω

∣∣∣∣
ω0

∆ω + 1
2
∂2β

∂ω2

∣∣∣∣
ω0

(∆ω)2 + 1
6
∂3β

∂ω3

∣∣∣∣
ω0

(∆ω)3 + . . . , (B.97)

where we defined ∆ω = ω − ω0. Finally, we perform an inverse Fourier transform
Ê (ξ, ω) → E (ξ, z) which defines the fast time scale as −i∆ω → ∂z. Hence, we obtain

∂ξE (ξ, z) =
[
iβ (ω0) − ∂z

∂β

∂ω

∣∣∣∣
ω0

− i∂2
z

1
2
∂2β

∂ω2

∣∣∣∣
ω0

+ 1
6∂

3
z

∂3β

∂ω3

∣∣∣∣
ω0

+ . . .

]
E

− (1 − η)E + 2
√

1 − η2

1 + iθ
Y0.

(B.98)

Here, we can identify the dispersive properties of the setup as the phase constant, group
velocity, group velocity dispersion (second order dispersion) and third-order dispersion
which are defined as derivatives of β (E,ω) with respect to the frequency ω evaluated
at the carrier frequency ω0. Further, we expand the nonlinearities for small |E|2 which
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gives all correct nonlinear contributions:

• Phase constant & nonlinearity:

β (ω0) = φ− 2 arctan
(
δ − |E|2

)
(B.99)

= φ− 2 arctan (δ) + 2
1 + δ2 |E|2 + O

(
|E|4

)
; (B.100)

• Group velocity & self-steepening:

∂β

∂ω

∣∣∣∣
ω0

= 2

1 +
(
δ − |E|2

)2 (B.101)

= 2
1 + δ2 + 4δ

(1 + δ2)2 |E|2 + O
(
|E|4

)
; (B.102)

• Group velocity dispersion (GVD):

β2 = ∂2β

∂ω2

∣∣∣∣
ω0

=
4
(
δ − |E|2

)
(

1 +
(
δ − |E|2

)2
)2 (B.103)

= 4δ
(1 + δ2)2 + O

(
|E|2

)
; (B.104)

• Third-order dispersion (TOD):

β3 = ∂3β

∂ω3

∣∣∣∣
ω0

=
4
(

3
(
δ − |E|2

)2
− 1

)
(

1 +
(
δ − |E|2

)2
)3 (B.105)

= 4
(
3δ2 − 1

)
(1 + δ2)3 + O

(
|E|2

)
. (B.106)

For GVD and TOD, we did not calculate the corresponding nonlinear terms here,
because we cannot check them as we did not calculate these terms with any other
method. But all terms included in the above listing are equivalent to those obtained
by the mapping or multiple time scale method. Even though this derivation is not
completely rigorous, the idea to simply include the nonlinearity into the phase (i.e. to
define the effective detuning θ) seems to be enough to capture the nonlinear terms in
the normal form PDE.
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C. Derivation of the Equations of Motion
In this Appendix, we present the complete derivation of the equations of motion (EOM)
for the dynamics of phases and positions in a passively mode-locked laser that is used
in Chapter 5. The derivation follows the lines of the Appendix in [126].

Definitions
We define the scalar product in the vector space of real functions of periodicity T as

⟨w|v⟩ =
∫ T

0
w (z) v (z) dz. (C.1)

In what follows, we will deal with complex functions which we define as vectors with
the real and imaginary parts as components. Then the scalar product reads

⟨w|v⟩ =
∫ T

0
[wx (z) vx (z) + wy (z) vy (z)] dz, (C.2)

where the indices x, y denote the real and imaginary parts, respectively. Now consid-
ering a linear operator L, one can define the adjoint operator L† as

⟨w|Lv⟩ =
〈
L†w|v

〉
. (C.3)

As an example, we consider the operator L = i (multiplication with imaginary unit) it
corresponds to a matrix and we have

i

 vx

vy

 =

 −vy
vx

 =

 0 −1
1 0

 vx

vy

 , (C.4)

i†

 vx

vy

 =

 vy

−vx

 =

 0 1
−1 0

 vx

vy

 , (C.5)

such that the scalar product is preserved

⟨w|Lv⟩ = wx (−vy) + wy (vx) , (C.6)〈
L†w|v

〉
= (wy) vx + (−wx) vy. (C.7)
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Preliminaries
We consider a nonlinear complex valued partial differential equation (PDE) with peri-
odic boundaries of the form23

M∂ξψ = Lψ + N (ψ) + ηeiΩMψ (z − τf ) . (C.8)

Here, L is a linear operator, N (ψ) is a nonlinear function and ηeiΩMψ (x− τf , s) a non-
local term describing time-delayed feedback with the feedback delay time τf , feedback
strength η, feedback phase Ω. Further, M is the mass matrix and M = diag (1, 1, 0, 0)
for the HME (3.155)–(3.157). Furthermore, ψ = ψ(z, ξ) is a four-component real-valued
vector function, and z and ξ denote the fast and slow time scales which describe the
evolution within one round-trip and from one round-trip to the next one, respectively.
The first two components of ψ correspond to the real and imaginary parts of the electric
field E and the third and fourth components are the gain g and absorber q,

ψ =


ψx

ψy

ψg

ψq

 =


Re (E)
Im (E)
g − g0

q − q0

 . (C.9)

Here, g0 is the pumping rate and q0 is the value of the unsaturated losses that determines
the modulation depth of the saturable absorber. For convenience and to account for the
explicit form of the mass matrix M , we also define the the field and carrier components
as two-component vector functions

ψf = (ψx, ψy, 0, 0)T , ψc = (0, 0, ψg, ψq)T (C.10)

such that ψ = ψf + ψc.
Next, we assume that the PDE (C.8) has a stationary single-pulse solution ψs (z) and

two neutral modes corresponding to the phase invariance (only for the field components)
and translation invariance. Hence, every shifted and rotated version of ψs is a solution
of Eq. (C.8) as well. Hence, we define the one pulse solution ψj = ψj(ξ, z) as

ψj = eiφj(ξ)ψs,f (z − zj (ξ)) + ψs,c (z − zj (ξ)) (C.11)

= R (φj (ξ))ψs (z − zj (ξ)) , (C.12)

where φj (ξ) and zj (ξ) are the phase and position of the pulse which depend on the
slow time, and ψs,f and ψs,c are the field and carrier components of the stationary

23We explicitly use the Haus master equation Eqs. (3.155)–(3.157).
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solution. Further, R (φ) is a rotation matrix

R (φ) =


cosφ − sinφ 0 0
sinφ cosφ 0 0

0 0 1 0
0 0 0 1

 (C.13)

for the field components. Next, we employ a superposition ansatz to describe solutions
Ψ that consist of N pulses

Ψ =
N∑
j=1

ψj + δψ, (C.14)

where δψ accounts for a small deviation from the simple summation. The aim of the
following derivation is to determine how multiple pulses ψj interact in the cavity. This
can be expressed as dynamical equations of motion for φj (ξ) and zj (ξ), respectively.

Linearization
Inserting the superposition ansatz (C.14) into Eq. (C.8) yields (here the dot operators
on the RHS denote the derivatives with respect to slow time: ∂ξ)

M∂ξΨ =
N∑
j=1

[− (M∂zψj) żj + (M∂φψj) φ̇j ] +M ˙δψ (C.15)

=
N∑
j=1

Lψj + Lδψ + N

 N∑
j

ψj + δψ

+ ηMR (Ω)
N∑
j=1

ψj (x− τf ) (C.16)

=
N∑
j=1

Lψj + N

 N∑
j=1

ψj

+ ηMR (Ω)
N∑
j=1

ψj (z − τf ) +

L +
(
∂N
∂ψ

) ∣∣∣∣
ψ=
∑

j
ψj

 δψ,
(C.17)

where in the last step, we expanded the nonlinearity around δψ = 0. Further, we can
identify the Jacobian defined as

J = L +
(
∂N
∂ψ

) ∣∣∣∣
ψ=
∑

j
ψj

. (C.18)

Around a single pulse, one of the ψj is dominant and governs the dynamics. Hence,
the Jacobian around a pulse ψm is approximately

J ≈ Jm = L +
(
∂N
∂ψ

) ∣∣∣∣
ψm

. (C.19)
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C Derivation of the Equations of Motion

Further, we can expand the nonlinearity in Eq. (C.17) around the same pulse

N

 N∑
j=1

ψj

 = N (ψm) + ∂N
∂ψ

∣∣∣∣
ψm

∑
j ̸=m

ψj , (C.20)

such that one obtains

N∑
j=1

Lψj + N

 N∑
j=1

ψj

 =
(

L + ∂N
∂ψ

∣∣∣∣
ψm

) ∑
j ̸=m

ψj = Jm
∑
j ̸=m

ψj ,

where we used Lψm+N (ψm) = 0 as ψm solves Eq. (C.8) in the absence of the feedback
term. With these shortcuts, we can rewrite Eq. (C.17) as

(M∂ξ − Jm) δψ =
N∑
j=1

M∂zψj żj −M∂φψjφ̇j + Jm
∑
j ̸=m

ψj+

ηMR (Ω)
N∑
j=1

ψj (z − τf ) ,
(C.21)

which is valid around pulse ψm. The Jacobian Jm possess eigenvalues λ(m)
i correspond-

ing to eigenfunctions v(m)
i , which are defined by the generalized eigenvalue problem

Jmv(m)
i = λ

(m)
i Mv

(m)
i . (C.22)

We know that two (neutral) eigenvalues are zero due to the rotational and translation
symmetry in Eq. (C.17). The corresponding neutral eigenfunctions v(m)

t and v
(m)
p read

v
(m)
t = ∂zψm, (C.23)

v(m)
p = ∂φψm = iMψm , (C.24)

where the indices t, p stand for translation and phase, respectively. Note that we can
also define Eqs. (C.23), (C.24) in terms of the eigenfunctions of the stationary solutions
ψs which we simply define as vt and vp as v

(m)
t = R (φm) vt (z − zm) and v

(m)
p =

R (φm) vp (z − zm). In the next step, we can now decompose δψ in Eq. (C.21) in the
basis of eigenfunctions v(m)

i

δψ =
∑
j

β
(m)
j (ξ) v(m)

j , (C.25)

where the β(m)
j (ξ) are the time-dependent coefficients.

Next, we consider the corresponding adjoint eigenvalue problem defined by the ad-
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joint operator J †
m which has eigenfunctions w(m)

i and eigenvalues that are the complex
conjugated of the eigenvalues of Jm, i.e.,

J †
mw

(m)
i = λ̄

(m)
i Mw

(m)
i , (C.26)

where we used that M † = M for the HME. At this point it is instructive to clarify
important properties of the eigenfunctions. First,

(
v

(m)
i , w

(m)
i

)
form a biorthogonal set,

i.e., 〈
w

(m)
i |Mv

(m)
j

〉
= 0, ∀i ̸= j. (C.27)

This property can be easily shown when computing
〈
w

(m)
i |Jmv(m)

j

〉
in two ways:

〈
w

(m)
i |Jmv(m)

j

〉
= λ

(m)
j

〈
w

(m)
i |Mv

(m)
j

〉
, (C.28)〈

w
(m)
i |Jmv(m)

j

〉
=
〈
J †
mw

(m)
i |v(m)

j

〉
= λ̄

(m)
i

〈
M †w

(m)
i |v(m)

j

〉
= λ̄

(m)
i

〈
w

(m)
i |Mv

(m)
j

〉
. (C.29)

As this must hold for all i, j, in general λ(m)
j ̸= λ̄

(m)
i , ∀i ̸= j and hence

〈
w

(m)
i |Mv

(m)
j

〉
=

0. Further, as the solutions ψm are localized around zm, so are the v(m)
i and w

(m)
i . As

we assume well separated pulses, we obtain
〈
w

(k)
i |Mv

(m)
j

〉
≈ 0, ∀k ̸= m, ∀i, j. (C.30)

Projection on Adjoint Eigenmodes

We insert the expansion of δψ in the eigenfunctions defined in Eqs. (C.25) into (C.21)
and identify the eigenfunctions defined in Eqs. (C.23), (C.24) to obtain

∑
i

(
∂ξ − λ

(m)
i

)
β

(m)
i Mv

(m)
i =

N∑
j=1

[
Mv

(m)
t żj −Mv(m)

p φ̇j
]

+

Jm
∑
j ̸=m

ψj + ηMR (Ω)
N∑
j=1

ψj (z − τf ) .
(C.31)

Projecting this equation onto an adjoint eigenmode w(m)
k corresponding to the same

pulse and using the properties in Eqs. (C.27) and (C.30) yields

∑
i

(
∂ξ − λ

(m)
i

)
β

(m)
i

〈
w

(m)
k |Mv

(m)
i

〉
=
(
∂ξ − λ

(m)
k

)
β

(m)
k

〈
w

(m)
k |Mv

(m)
k

〉
. (C.32)
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C Derivation of the Equations of Motion

Inserting this into Eq. (C.31) gives

∂ξβ
(m)
k = λ

(m)
k β

(m)
k + C

(m)
k , (C.33)

where C
(m)
k =

〈
w

(m)
k |RHS (C.31)

〉
〈
w

(m)
k |Mv

(m)
k

〉 .

When projecting on the all eigenmodes except for w(m)
t and w

(m)
p , the β(m)

k will not
diverge as the corresponding eigenvalues λ(m)

k are negative since ψm is a stable station-
ary solution. For w(m)

t,p , we assume the β(m)
t,p to evolve slowly such that ∂ξβ(m)

t,p ≈ 0.
Therefore we obtain

C
(m)
t,p =0
⇒ 0 =

〈
w

(m)
t,p |RHS (C.31)

〉
. (C.34)

Finally, we explicitly project onto w(m)
t and w

(m)
p and use again the properties of the

eigenfunctions defined in Eqs. (C.23), (C.24), such that we obtain the EOM for the
phases and positions

N
(m)
t żm =

∑
j ̸=m

〈
w

(m)
t |Jmψj

〉
+ η

N∑
j=1

〈
w

(m)
t |MR (Ω)ψj (z − τf )

〉
, (C.35)

N (m)
p φ̇m =

∑
j ̸=m

〈
w(m)
p |Jmψj

〉
+ η

N∑
j=1

〈
w(m)
p |MR (Ω)ψj (z − τf )

〉
, (C.36)

where the normalization constants read

N
(m)
t = −

〈
w

(m)
t |Mv

(m)
t

〉
, (C.37)

N (m)
p =

〈
w(m)
p |Mv(m)

p

〉
. (C.38)

Alternative Approach using the Fredholm Alternative

In fact, we can also use the Fredhom alternative to get to this result faster. It states
that for an inhomogeneous linear equation Ax = b, one can project onto the kernel
eigenmode w of the corresponding adjoint homogeneous equation A†w = 0 to obtain

⟨w|b⟩ = ⟨w|Ax⟩ =
〈
A†w|x

〉
= 0. (C.39)

Hence, we consider again Eq. (C.21) and use as before that the perturbation δψ evolves
slowly (i.e., ∂ξδψ ≪ 1):

−Jmδψ = RHS (C.31). (C.40)
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C.1 The Explicit Form of the EOM

As w(m)
t,p are the kernel eigenmodes of J †

m, we directly obtain

0 =
〈
w

(m)
t,p |RHS (C.31)

〉
. (C.41)

C.1. The Explicit Form of the EOM

In the next step, we want to evaluate the scalar products in Eqs. (C.35),(C.36) to find
the explicit form of the EOM.

Non-local Feedback Term

First, we need to evaluate the scalar product containing the non-local term ψj (z − τf )
in Eqs. (C.35), (C.36). We write the nonlocal term in terms of the stationary solution
ψs as

MR (Ω)ψj (z − τf ) = MR (Ω + φj)ψs (z − zj − τf ) (C.42)

and use that we are dealing with period functions such that we can shift the argument
in functions of the scalar product by zm:
〈
w

(m)
t,p |MR (Ω)ψj (z − τf )

〉
= ⟨R (γ)wt,p|MR (Ω + φj)ψs (z − zj + zm − τf )⟩ (C.43)

= ⟨R (γ)wt,p|MR (Ω + φj)ψs (z − ∆jm − τf )⟩ , (C.44)

where we define ∆jm = zj−zm and γ is some rotation of the m-th adjoint eigenfunction
w

(m)
t,p with respect to the stationary state eigenfunction wt,p. Next, we also consider

the normalization factors N (m)
t,p on the LHS of Eqs. (C.35), (C.36), which depend on

the eigenfunctions v(m)
t,p of the m-th pulse but can be shifted to depend only on the

stationary modes vt,p:〈
w

(m)
t,p |Mv

(m)
t,p

〉
= ⟨R (γ)wt,p|MR (φm) vt,p⟩ . (C.45)

For solving Eqs. (C.35), (C.36) for zm and φm, one needs to divide the expression in
Eq. (C.44) with Eq. (C.45). We can multiply the ket-vectors with R (−φm) and bra-
vectors with R (−γ) to remove the phase dependence from the denominator:

⟨R (γ)wt,p|MR (Ω + φj)ψs (z − ∆jm − τf )⟩
⟨R (γ)wt,p|MR (φm) vt,p⟩

= ⟨wt,p|MR (Ω + θjm)ψs (z − ∆jm − τf )⟩
⟨wt,p|Mvt,p⟩

,

(C.46)
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C Derivation of the Equations of Motion

where we define the phase difference θjm = φj − φm. Next, we consider the action of
the rotation operator R (α) which acts as

MR (α)ψs (z) = [cos (α) + i sin (α)]ψs,f (z) , (C.47)

where the imaginary unit i can be understood as the operator defined in Eq. (C.4).
Plugging this into the RHS of Eq. (C.46) gives

⟨wt,p|MR (Ω + θjm)ψs (z − ∆jm − τf )⟩ = cos (Ω + θjm) ⟨wt,p|ψs,f (z − ∆jm − τf )⟩ +

sin (Ω + θjm) ⟨wt,p|iψs,f (z − ∆jm − τf )⟩ .
(C.48)

We write out the scalar products explicitly (here the index i denotes p or t, respectively)
and assign names to them:

l1,i (∆jm) ..= ⟨wi|ψs,f (z − ∆jm)⟩

=
∫ [

wi,xψs,x (z − ∆jm) + wi,yψs,y (z − ∆jm)
]
dz,

(C.49)

l2,i (∆jm) ..= ⟨wi|iψs,f (z − ∆jm)⟩

=
∫ [

− wi,xψs,y (z − ∆jm) + wi,yψs,x (z − ∆jm)
]
dz,

(C.50)

⇒ li (∆jm) ..=
√
l21,i (∆jm) + l22,i (∆jm). (C.51)

Further, we define a phase ui as

ui ..= arctan
(
l1,i
l2,i

)
, (C.52)

such that sin (ui) = l1,i
li
, cos (ui) = l2,i

li
. (C.53)

With all these shortcuts, we rewrite Eq. (C.48) to obtain

⟨wt,p|MR (Ω + θjm)ψs (z − ∆jm − τf )⟩ = lt,p (τf + ∆jm) sin [Ω + θjm + ut,p (τf + ∆jm)] .
(C.54)
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C.1 The Explicit Form of the EOM

Tail Terms

Next, we evaluate the remaining terms in Eqs. (C.35),(C.36). First, we express all
modes in terms of the stationary modes and separate into field and carrier components
using ψs = ψs,f + ψs,c:〈

w
(m)
t,p |Jmψj

〉
〈
w

(m)
t,p |Mv

(m)
t,p

〉 =⟨wt,p|JsR (θjm)ψs,f (z − ∆jm)⟩
⟨wt,p|Mvt,p⟩

+ ⟨wt,p|Jsψs,c (z − ∆jm)⟩
⟨wt,p|Mvt,p⟩

, (C.55)

where Js is the Jacobian evaluated at the stationary solution. Here, we can already
identify the phase-independent term

bt,p (∆jm) ..= ⟨wt,p|Jsψs,c (z − ∆jm)⟩ . (C.56)

In fact, we can compute this force analytically (cf. Sec. C.3). The phase dependent
term can be handled analogously to the non-local term (cf. Sec. C.1):

⟨wt,p|JsR (θjm)ψs,f (z − ∆jm)⟩ = cos (θjm) ⟨wt,p|Jsψs,f (z − ∆jm)⟩ +

sin (θjm) ⟨wt,p|Jsiψs,f (z − ∆jm)⟩ .
(C.57)

Again, we assign names to the integrals24

ai,1 (∆jm) ..= ⟨wi|Jsψs,f (z − ∆jm)⟩ , (C.58)

ai,2 (∆jm) ..= ⟨wi|Jsiψs,f (z − ∆jm)⟩ , (C.59)

ai (∆jm) =
√
a2

1,i (∆jm) + a2
2,i (∆jm) (C.60)

and the corresponding phase

ri ..= arctan
(
a1,i
a2,i

)
, (C.61)

such that sin (ri) = a1,i
ai
, cos (ri) = a2,i

ai
, (C.62)

such that we can write Eq. (C.57) as

⟨wt,p|JsR (θjm)ψs,f (z − ∆jm)⟩ = at,p (∆jm) sin [θjm + rt,p (∆jm)] . (C.63)

24When evaluating the integral numerically, it should only be calculated in the vicinity of ψs,
as Js is a local linear approximation.
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C Derivation of the Equations of Motion

The Final Equations of Motion

Finally, we can combine the results from the previous sections (importantly Eqs. (C.54),
(C.56) and (C.63)) to obtain the EOM:

żm =
∑
j ̸=m

[
At (∆jm) sin [θjm + rt (∆jm)] +Bt (∆jm) +

ηLt (τf + ∆jm) sin [Ω + θjm + ut (τf + ∆jm)]
]
,

(C.64)

φ̇m =
∑
j ̸=m

[
Ap (∆jm) sin [θjm + rp (∆jm)] +Bp (∆jm) +

ηLp (τf + ∆jm) sin [Ω + θjm + up (τf + ∆jm)]
]
,

(C.65)

where the capital letters stand for the normalized forces

At,p = at,p
Nt,p

, Lt,p = lt,p
Nt,p

, Bt,p = bt,p
Nt,p

with the normalization factors25

Nt = − ⟨wt|Mvt⟩ , Np = ⟨wp|Mvp⟩ . (C.66)

All terms in Eqs. (C.64),(C.65) can be understood intuitively: At,p are the amplitudes
of the phase dependent force (tail interaction), Bt,p is the amplitude of the phase
independent force (interaction via carriers), and Lp,t are the amplitude of the force
stemming from the (phase dependent) time-delayed feedback.

C.2. Special Cases and Simplifications
Next, we consider certain special cases and simplifications of the EOM (C.64), (C.65).

C.2.1. Nearest Neighbor Interactions

First, due to exponentially decaying tails it is sufficient to consider only nearest neighbor
interactions, i.e., the sum ∑

j ̸=m reduces to j = m± 1. However, while the interaction
via time-delayed feedback is only with a single other pulse (for a single time delay),
the interaction must not necessarily be with the nearest neighbor but depends on the
relation of the time delay τ and the length of the feedback loop τf , i.e., j = ⌊ τf

τ N⌋ (or
j = ⌈ τf

τ N⌉, depending on what is closer). This enables interesting scenarios, as one can
create a synthetic second dimension by a proper choice of τf , where pulses are coupled
in one dimension via overlapping tails and in the other dimension via time-delayed
25The different signs for Nt,p stem from the fact that we chose different signs for zj and φj in

the ansatz in Eq. (C.11).
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C.2 Special Cases and Simplifications

feedback. However, here we remain with nearest neighbor interaction and choose τf in
the vicinity of τ

N such that j = m− 1,

żm =At (zm+1 − zm) sin [φm+1 − φm + rt (zm+1 − zm)] +Bt (zm+1 − zm) +

At (zm−1 − zm) sin [φm−1 − φm + rt (zm+1 − zm)] +Bt (zm−1 − zm) +

ηLt (τf + zm−1 − zm) sin [Ω + φm−1 − φm + ut (τf + zm−1 − zm)] , (C.67)

φ̇m =Ap (zm+1 − zm) sin [φm+1 − φm + rp (zm+1 − zm)] +Bp (zm+1 − zm) +

Ap (zm−1 − zm) sin [φm−1 − φm + rp (zm+1 − zm)] +Bp (zm−1 − zm) +

ηLp (τf + zm−1 − zm) sin [Ω + φm−1 − φm + up (τf + zm−1 − zm)] . (C.68)

In this context, we need to define the boundary conditions (i.e., what does φN+1, zN+1,
φ0 and z0 mean). For the positions we need to be careful and add/subtract τ , i.e.,

zN+1 = z1 + τ, z0 = zN − τ,

φN+1 = φ1, φ0 = φN .

C.2.2. Damped Translational Mode

Depending on the cavity geometry, the dynamics of the phases and positions can occur
on different time scales. In particular, in short cavities, interaction via carriers, namely
repulsion via gain, is dominant, such that the translational mode is damped and the
pulses are in an equidistant configuration zm−zm−1 = τ

N ∀m. Hence, the coefficients of
the phase dependent terms and the phase rp in Eqs. (C.64), (C.65) become constants:

A+ = Ap

(
− τ

N

)
, A− = Ap

(
τ

N

)
(C.69)

ψ+ = rp

(
− τ

N

)
, ψ− = rp

(
τ

N

)
. (C.70)

Inserting these relations in Eqs. (C.67), (C.68) and neglecting the effects of time-delayed
feedback (TDF) for a moment, we obtain a set of Kuramoto equations for the phase
interaction:

φ̇m =A+ sin (φm−1 − φm + ψ+) +A− sin (φm+1 − φm + ψ−) + ω0 , (C.71)

where
ω0 = Bp

(
− τ

N

)
+Bp

(
τ

N

)
(C.72)

is a common phase rotation that can be scaled out by using a comoving reference frame.
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C Derivation of the Equations of Motion

On the other hand, when the effects of TDF are dominant, we obtain

φ̇m =ηLp
(
τf − τ

N

)
sin
[
Ω + φm−1 − φm + up

(
τf − τ

N

)]
. (C.73)

An interesting special case occurs, when choosing resonant feedback, i.e., τf = τ
N . First,

we notice, that the normalization factor Np defined in Eq. (C.66) is equal to the overlap
integral l2,p (0) (cf. Eq. (C.50)). Consequently, we find

Lp (0) = lp (0)
l2,p (0) = 1

cosu , (C.74)

where we used Eq. (C.52) and defined u = up (0). This leads to an effective EOM with
a single free parameter u:

φ̇m = η

cosu sin (Ω + φm−1 − φm + u) . (C.75)

C.2.3. Interaction of Two Pulses

The situation with only two pulses is special because right and left interaction go to
the same pulse. Here, we define θ = φ2 − φ1 and ∆ = z2 − z1 as the corresponding
phase and position difference, respectively,

∆̇ =At (−∆) sin [−θ + rt (−∆)] +Bt (−∆) +

ηLt (τf − ∆) sin [Ω − θ + ut (τf − ∆)] −

At (∆) sin [θ + rt (∆)] −Bt (∆) −

ηLt (τf + ∆) sin [Ω + θ + ut (τf + ∆)] ,

(C.76)

θ̇ =Ap (−∆) sin [−θ + rp (−∆)] +Bp (−∆) +

ηLp (τf − ∆) sin [Ω − θ + up (τf − ∆)] −

Ap (∆) sin [θ + rp (∆)] −Bp (∆) −

ηLp (τf + ∆) sin [Ω + θ + up (τf + ∆)] .

(C.77)

We note that the forces are periodic functions, i.e., Ap,t (−∆) = Ap,t (τ − ∆) . From
Eqs. (C.76), (C.77), it is easy to see that the equations are antisymmetric in θ and ∆,
i.e., we have

∆̇ (∆, θ) = −∆̇ (−∆,−θ) , (C.78)

θ̇ (∆, θ) = −θ̇ (−∆,−θ) . (C.79)
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C.2 Special Cases and Simplifications

This symmetry corresponds to the permutation of the pulses. Now, we can immediately
identify two steady state (∆∗, θ∗) =

(
τ
2 , 0

)
and (∆∗, θ∗) =

(
τ
2 , π

)
corresponding to a

symmetric configuration. However, the more interesting symmetry is the one around
the steady states at τ

2 . Therefore, we consider ∆ = τ
2 ± δ and θ = π ± α to obtain

∆̇
(
τ

2 − δ, π − α

)
= −∆̇

(
τ

2 + δ, π + α

)
, (C.80)

θ̇

(
τ

2 − δ, π − α

)
= −θ̇

(
τ

2 + δ, π + α

)
. (C.81)

C.2.4. Linear Stability Analysis of N Equidistant Pulses

In the absence of time-delayed feedback, we can consider a set of N pulses, which
interact solely via gain repulsion in a unidirectional way (left to right), i.e.,

żn = Bt (zn−1 − zn) (C.82)

with the boundary conditions z0 = zN − τ and zN+1 = z1 + τ . The stable steady state
is the equidistant configuration z∗

n = n τ
N + v0ξ, where v0 = Bt (−τ/N). To analyze its

linear stability, we consider zn = z∗
n + δn. Then one obtains

δ̇n = B′
t

(
− τ

N

)
(δn−1 − δn) (C.83)

with the periodic boundary condition δ0 = δN and δN+1 = δ1. We expand the pertur-
bations in Fourier modes

δn =
∑
p

ape
λpξ+iqpn , (C.84)

where due to boundary conditions, the wave number satisfies

eiqpN != 1 (C.85)

⇔ qp = 2π
N
p, p = 0, . . . , N − 1. (C.86)

Using this expansion in Eq. (C.83) yields

∑
p

apλpe
λpξ+iqpn = B′

t

(
− τ

N

)∑
p

ape
λpξ+iqpn

[
e−iqp − 1

]
. (C.87)

215



C Derivation of the Equations of Motion

This has to be fulfilled for each element of the sum individually because the modes are
linearly independent. Therefore, we find

λp = B′
t

(
− τ

N

)(
e−iqp − 1

)
(C.88)

= B′
t

(
− τ

N

)
[(cos (qp) − 1) − i sin (qp)] . (C.89)

We know that Bt (∆) is exponentially recovering with ∆ (cf. Sec. C.3) so its derivative
is positive: B′

t (−τ/N) > 0. Hence, we see that the steady states is indeed stable
as cos (qp) − 1 ≤ 0 ∀p. However, the imaginary part does not vanish for N > 2
and therefore leads to a convergence to the steady states in spirals. Calculating the
eigenvalues explicitly yields:

• For N = 2 we have qp = πp. The corresponding eigenvalues are:

λ0 = 0,

λ1 = −2B′
t

(
− τ

N

)
.

• For N = 3 we have qp = 2π
3 p. The corresponding eigenvalues read:

λ0 = 0,

λ1 = B′
t

(
− τ

N

)[
−3

2 + i

√
3

2

]
,

λ2 = B′
t

(
− τ

N

)[
−3

2 − i

√
3

2

]
.

C.3. Analytical Approaches to Carrier Interaction

We want to characterize the interaction forces further. In particular, the phase inde-
pendent force reads

Bt,p (∆) = 1
Nt,p

⟨wt,p|Jsψs,c (z − ∆)⟩ . (C.90)

As Γg ≪ Γq, we can neglect the effect of the saturable absorber and only consider the
impact of the gain. We define z0 as the position where the pulse has decayed sufficiently
such that one can assume exponential recovery. For z > z0 the gain recovers as

ψs,g (z) = (gs − g0) e−Γ(z−z0) = Te−Γz, (C.91)

where T = (g (z0) − g0) eΓz0 . (C.92)
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C.4 Obtaining the Eigenmodes of the Direct and Adjoint System

We remember that this function is τ periodic. Hence, for z < z0 the gain component
reads

ψs,g (z) =
(
Te−Γτ

)
e−Γz. (C.93)

That is, in total one obtains

ψs,g (z) = T

e
−Γz z > z0 ,

e−Γ(z+τ) z < z0 .
(C.94)

With that in mind, one can find ψs,g (z − ∆). It reads

ψs,g (z − ∆) = TeΓ∆

e
−Γz z > z0 + ∆ ,

e−Γ(z+τ) z < z0 + ∆ .
(C.95)

However, we remember that for the overlap integrals, we integrate over [zp − a, zp + a],
where a ≪ τ (because the Jacobian is a local linear approximation) and zp < z0 is
the position of the pulse. As long as ∆ > a (as should be the case for well-separated
pulses), we can use

ψs,g (z − ∆) = TeΓ∆e−Γ(z+τ). (C.96)

Hence, we can calculate the force

Bt,p (∆) = Ct,pe
Γ∆ , (C.97)

where Ct,p = T

Nt,p

〈
wt,p|Js

(
e−Γ(z+τ)eg

)〉
. (C.98)

Here, eg is a unit vecor with a component in the gain part.

C.4. Obtaining the Eigenmodes of the Direct and Adjoint
System

For a successful numerical implementation of the EOM, it is crucial to have access to
the eigenmodes of the direct (vt,p) and adjoint (wt,p) system respectively. While the
direct modes can be simply obtained using Eqs. (C.23) and (C.24), it is more difficult
for the adjoint modes. First, we compute the direct operator J . For a simulation based
on Nz grid points, it is a (4Nz × 4Nz) matrix as the state vector ψs is composed of the
four fields Re(E), Im(E), g − g0 and q − q0. The k-th column of J can be obtained
by integrating the full PDE in Eqs. (3.155)–(3.157) for a perturbed state ψs + δk for
k = 1, . . . 4Nz. Then the adjoint operator is simply the transposed (because all fields
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are real):

J †
(4Nz×4Nz) =

(
J(4Nz×4Nz)

)T
. (C.99)

The kernel of J † is spanned by two vectors, namely wt and wp. If we numerically
compute the kernel-eigenvectors of J †, the result will be two vectors w1,2 which are an
(arbitrary) superposition of wt and wp:

w1 =awt + bwp, (C.100)

w2 =cwt + dwp, (C.101)

where a, b, c, d ∈ R are random coefficients. To obtain wt,p themselves, we can use the
biorthogonality, i.e.,

⟨wt|vp⟩ = ⟨wp|vt⟩ = 0. (C.102)

With that, we can linearly combine w1,2 with particularly chosen coefficients to obtain
the modes wt,p

⟨w2|vt⟩w1 − ⟨w1|vt⟩w2 = ⟨wt|vt⟩ (bc− ad)wp, (C.103)

⟨w2|vp⟩w1 − ⟨w1|vp⟩w2 = ⟨wp|vp⟩ (ad− bc)wt. (C.104)

C.5. Extracting Steady States from Phase Space

When performing the parameter study in Section 5.3, we show many times phase spaces
(e.g., in Fig. 5.20), from which we infer bifurcation diagrams (e.g., Fig. 5.22). Here,
we want to detail how we extract the steady states from the phase space and how we
compute their stability.

To obtain the steady states, one can consider the nullclines of ∆̇ and θ̇, respectively.
These can be computed numerically by, e.g., the contour-function in Matlab. In the
next step, one has to calculate numerically the intersections between the nullclines
using, e.g., the Matlab-function polyxpoly to obtain the steady state

(
∆̃∗, θ̃∗

)
. Note

that this steady state is numerically computed and therefore not exact, i.e., is does not
necessarily fulfill exactly ∆̇

(
∆̃∗, θ̃∗

)
= 0 = θ̇

(
∆̃∗, θ̃∗

)
= 0. Therefore we define

∆̃∗ = ∆∗ + ϵ∆, θ̃∗ = θ∗ + ϵθ (C.105)

where (∆∗, θ∗) is the analytical steady state and ϵ∆,θ are small perturbations to that.
In the next step, we want to compute the corresponding stability information, i.e., the
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eigenvalues of the Jacobian

J =

∂∆̇
∂∆

∂∆̇
∂θ

∂θ̇
∂∆

∂θ̇
∂θ

 ∣∣∣∣
(∆∗,θ∗)

. (C.106)

To obtain the derivatives, we apply another perturbation ±δ∆,θ. Using the central
difference method, we obtain

∆̇
(
∆̃∗ + δ∆, θ̃

∗
)

− ∆̇
(
∆̃∗ − δ∆, θ̃

∗
)

2δ∆
= ∂∆̇
∂∆

∣∣∣∣
(∆̃∗,θ̃∗)

+ O
(
δ2

∆

)

= ∂∆̇
∂∆

∣∣∣∣
(∆∗,θ∗)

+ O
(
ϵ∆∂

2
∆∆̇, ϵθ∂θ∂∆∆̇, δ2

∆

)
.

The same procedure can be repeated for the other entries of the Jacobian.

C.6. Extract Phase-Interaction-Parameters via Perturbation
Approach

We present an approach to extract the parameters A±, ψ± from the phase model in
Eq. (5.7). We established the steady states as (cf. Eq. (5.72))

φ
(p)
j = j∆φp + ωpt. (C.107)

Now, we consider a solution, where one of the phases is perturbed from the steady
state. Let this be the k-th phase, i.e., φk = φ

(p)
k + δ. The neighboring phases k± 1 now

evolve as

φ̇k+1 = A+ sin (ψ+ − ∆φp + δ) +A− sin (ψ− + ∆φp) (C.108)

= ωp + δ · k(p)
+ + O

(
δ2
)
, (C.109)

φ̇k−1 = A+ sin (ψ+ − ∆φp) +A− sin (ψ− + ∆φp + δ) (C.110)

= ωp + δ · k(p)
− + O

(
δ2
)
, (C.111)

where we used the definition of the common phase rotation of the splay state ωp from
Eq. (5.73). Further, k(p)

± are the same as in Eq. (5.76), but we explicitly use the upper
index p here to emphasize that the value depends on the splay state, i.e.,

k
(p)
+ =A+ cos (ψ+ − ∆φp) ,

k
(p)
− =A− cos (ψ− + ∆φp) .

(C.112)
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Figure C.1: Extracting parameter from the HME (3.155)–(3.157). Same parameters as
in Figs. 5.5 and 5.6. (a),(b) Fits of k(p)

± , which are measured using Eq. (C.115). (c),(d)
Measurement for the p = 9-case. Due to the initial nonlinear response, we only use the
last half of the simulation for the data. We use a perturbation of δ = 10−2. The fit
parameters are A+ = 2.86 × 10−5, A− = 1.75 × 10−8, ψ+ = 0.165π and ψ− = −1.382π.

Now we integrate φ̇k±1 over an interval [0, T ] which gives

∫ T

0
φ̇k+1dt = φk+1 (T ) − φk+1 (0) =

(
ωp + δk

(p)
+

)
T, (C.113)∫ T

0
φ̇k−1dt = φk−1 (T ) − φk−1 (0) =

(
ωp + δk

(p)
−

)
T. (C.114)

We can simply solve for k(p)
± :

k
(p)
+ = φk+1 (T ) − φk+1 (0) − ωpT

δ · T

k
(p)
− = φk−1 (T ) − φk−1 (0) − ωpT

δ · T

(C.115)

Therefore, we can find N values for k(p)
± for p = 1, . . . , N . We know from Eq. (C.112)

that these values form a cosine. That is, we can simply fit the values and extract
A±, ψ± from the fit data. Therefore, it makes sense to use a high harmonic number
such that there are more points to fit (one could even combine the results from different
harmonic numbers to have more data to fit). Note that the results are independent of
which HMLN is used (of course τ needs to be adapted such that the pulse separation
remains the same).

The scheme is presented in Fig. C.1 for an HML10 state. We use the same parameters

220



C.6 Extract Phase-Interaction-Parameters via Perturbation Approach

Figure C.2: Comparison of simulations of the HME (3.155)–(3.157) and the phase
model in Eq. (5.7) for N = 3, 5, 7, 9 and randomized initial conditions. The parameters
A±, ψ± for the phase model are given in Fig. C.1.

as in Figs. 5.5 and 5.6. Panels (a),(b) show the result of fitting k(p)
± . For each red cross,

we consider a diagram as in panels (c),(d) (which are shown exemplary for the p = 9-
case). The orange line shows the result of an unperturbed simulation from which we
can extract ωp as the average phase velocity: ωp = 1

N

∑
j
φj(T )−φj(0)

T . The blue line is
from the perturbed simulation. We can see that for the first round-trips the simulation
does not follow the prediction in Eqs. (C.109) and (C.111). We assume, that is because
we “forced” the perturbation on the pulse k (i.e., we multiplied 1/N -th of the field –
centered around the k-th pulse – with exp(iδ)). Therefore, discontinuities are created,
which lead to a nonlinear response. However, after this has settled, we can observe the
expected linear behavior. Hence, for the measurement of both ωp and k

(p)
± , we only

consider half of the simulation, which is marked by the red line. This shows a difficulty
of the method as there is no universal recipe on which perturbation δ and integral range
T should be used. However, as long as they are chosen in way that simulations as in
Fig. C.1 (c),(d) exhibit linear behavior, the result should be independent of δ and T .

Finally, we can test the fit parameters by comparing simulations of the HME (3.155)–
(3.157) with results of the phase model (5.7) with fit parameters A±, ψ± defined in
Fig. C.1. This comparison is shown in Fig. C.2 for N = 3, 5, 7, 9 and random initial
phases26. We can observe very good (yet not perfect) agreement.

26We first simulate the p = 0 solution (which is stable in this case). Then, we “force” the initial
phases onto each section of the field. Because of that, small discontinuities are created.
Hence, we let the simulation settle for ∼ 103 steps before starting the comparison.
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