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Kurzzusammenfassung

Die Beschichtung und Herstellung diinner Systeme ist essenziell fiir Anwendungen wie Schutz-
schichten oder Halbleiterherstellung. Zwei Modelle fiir die Beschreibung des dip-coating Ver-
fahrens und des Langmuir-Blodgett Transfers (LB transfer) werden hergeleitet und analysiert.
In beiden Verfahren wird ein festes Substsrat aus einem Fliissigkeitsbad entzogen und dadurch
beschichtet. Bei ersterem beschréanken wir uns auf zweikomponentige Mischungen mit fliichtigem
Losungsmittel und nichtfliichtigem gelostem Material, bei letzterem auf eine fliichtige Fliissigkeit,
die mit einer monomolekularen Schicht aus Surfactants bedeckt ist.

Das dip-coating Modell besteht aus symmetrischen Diinnfilmgleichungen fiir bindre Mischungen,
die mit einer Phasenfeld Gleichung gekoppelt sind, um explizit die Ausfillung von geléstem Ma-
terial zu modellieren [XTQ15, XMO08, XM11]. Der hydrodynamische Teil beinhaltet Oberflachen-
spannungs-, Gravitations, Viskositéts-, Benetzungs-, Verdunstungs- und Mischungseffekte. Das
Modell ist fiir alle Konzentrationen giiltig. Dadurch kann Material ausfillen, wenn die Mis-
chung tiberséttigt wird. Ausfillung wird als ein Phaseniibergang erster Ordnung modelliert, d.h.,
eine Nukleationsbarriere muss iiberwunden werden. Feinheiten der Modellierung, wie z.B. die
Wahl der Parameter, Relevanz und Auswirkungen bestimmter Terme und auch die numerischen
Verfahren, werden diskutiert. Wir analysieren das vorgeschlagene Modell, indem Schrittweise
Mechanismen wie Advektion des Substrats oder Ausfillung eingeschaltet werden und direkte
numerische Simulationen durchgefiihrt werden. Fiir ruhende horizontale Substrate lassen sich
stabile Tropfenlosungen finden, die bei einkomponentigen fliichtigen Fliissigkeiten instabil sind.
Simulationen der dip-coating Geometrie mit eindimensionalen (1D) Substraten zeigen homogene
und zeitperiodische Kammablagerungen. Letztere erscheinen in einer Vielfalt von Morphologien.
Auf einem zweidimensionalen ruhenden Substrat zeigen wir die Ablagerung von Fingern, die
spiralformig Richtung Zentrum des verdunstenden Tropfens wachsen.

Fiir den LB transfer verwenden wir ein bereits bekanntes, generalisiertes Cahn-Hilliard Modell.
Dieses wurde aus einem zweikomponentigen Langwellen-gendherten hydrodynamischen Modell
hergeleitet [KGFT12|. Die Ablagerung von Streifen parallel zur Kontaktlinie, bestehend aus
sich abwechselnden Surfactantphasen, auch horizontale Streifen genannt, ist {iber ein breites
Geschwindigkeitsintervall des Substrats mdglich. Diese Streifen konnen transversal instabil wer-
den und zu Fingern bzw. vertikalen Streifen {ibergehen. Numerische Pfad Kontinuierung wird
fiir 2D Doménen durchgefiihrt. Daraus resultiert ein langer Ast bestehend aus 2D Zusténden.
Dieser Zweig setzt sich aus einer dichten Ansammlung von Unterésten zusammen. Die meisten
2D Zustande haben eine gebrochene y-Symmetrie (y ist die laterale Richtung) und sind instabil.
Unter den stabilen 2D Zustédnden mit gebrochener y-Symmetrie befinden sich auch die obenge-
nannten Fingerzustinde. Einer der Finger-Unteréste iiberlappt mit dem zeitperiodischen Ast
horizontaler Streifen, d.h. sie bilden eine multistabile Region und es besteht ein Zusammenhang
zur transveralen Instabilitat.

Aufserdem wird die Advektionsgeschwindigkeit des Substrats um eine Durchschnittsgeschwindigkeit
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Kurzzusammenfassung

periodisch moduliert. Dies fithrt zur Synchronisation der 2D Zusténde mit der Modulationsfre-
quenz. Die Synchronisation erfolgt lediglich parallel zur Ziehrichtung und wird fiir horizontale
Streifen, schiefe Streifen und Gittermuster beobachtet.

Obwohl die Modelle auf die Beschichtungsverfahren angewendet werden, ist die involvierte Physik
relevant fiir &hnliche musterbildende Systeme und komplexe Fliissigkeiten.
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Abstract

Coating of surfaces and fabrication of thin geometries are essential in protective coating, semicon-
ductor fabrication and other applications. We derive and analyze two models for the description
of the dip-coating technique and the Langmuir-Blodgett transfer (LB transfer). Both techniques
involve pulling a solid substrate out of a liquid bath. We consider binary liquids, in the former
case with a volatile solvent and non-volatile solute, in the latter case a volatile liquid covered by
a monolayer of surface active molecules (surfactants).

The dip-coating model involves coupling symmetric thin film equations for binary mixtures with
a phase-field equation in order to explicitly model the deposition of solute material [XTQ15]
XMO08, XM11|. The hydrodynamic part includes surface tension, gravity, viscous drag, wetting,
evaporation and mixing effects. The model is valid for the full concentration range. This al-
lows the deposition of solute as the liquid becomes oversaturated. Deposition is modeled as
a first order phase transition, i.e., a nucleation barrier must be overcome precipitation to oc-
cur. Intricacies of the modeling process are discussed, such as parameter choices, relevance and
effects of specific terms, and also the numerical scheme. We analyze the proposed model by
subsequently turning on mechanisms such as substrate advection or deposition and performing
direct numerical simulations. On resting horizontal substrates in the absence of deposition stable
droplets are found, which are unstable for one-component volatile liquids. Simulations of the
dip-coating geometry on one-dimensional (1D) substrates reveal homogeneous and time-periodic
ridge deposits, the latter with a variety of morphologies. On a resting 2D substrate we show the
deposition of fingers spiraling towards the center of an evaporating droplet.

The model for the LB transfer is a known generalized Cahn-Hilliard equation derived from two-
component lubrication approximated hydrodynamic equations |[KGFT12|. The deposition of
stripes parallel to the contact line of two alternating surfactant phases, i.e., horizontal stripes, is
possible in a wide range of substrate velocities. These stripes can become transversally unstable,
transitioning to fingers, also called vertical stripes. Numerical path continuation is performed
for 2D domains, revealing a dense cluster of subbranches of mostly unstable states with broken
y—translation symmetry (y corresponds to the lateral direction). Among the stable 2D states
are said finger states. One such subbranch forms a multistable region along with the branch of
TPS, indicating a relation to the transversal instability.

In addition, time-periodic forcing is applied to the system by modulating the substrate velocity.
Synchronization of the 2D states along the pulling direction is observed for horizontal stripe,
oblique stripe and lattice patterns.

Although the models are applied to the mentioned coating techniques, the physics is still relevant
for similar pattern forming systems and complex liquids.
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1. Introduction

Modification of a material’s surface can change its properties or add new functionality. One
way of realizing this is introducing a new material onto the surface. In cases such as ther-
mal barrier [WE99, WHKO07, TPMM21|, UV resistance/reflective [ZGL07, MHJN+14| or anti-
reflection coating [SJJ08, ZYBH+09, SES20|, the added material has a protective, but arguably
secondary function when the overall product is concerned, whereas in semiconductor fabrication
the added material is vital for the functionality of the product. Examples are thin-film solar cells,
which convert solar energy into electric or chemical energy |Gra0l} | Kre09, |AP10|, organic light-
emitting diodes (OLED) displays [TV87, MDBS+19, |SFSS19]|, and field-effect transistors, i.e.,
building blocks of integrated circuits, to name just a few. Especially organic field-effect tran-
sistors (OFET) were a subject of intensive research in the last two decades |Hor98, Muc06)
LGSO+10, LGWM-+13, LAPM14, LAMB-+16, DSZZ19, WWHL+ 20, |JLFH21|, see also the ex-
tensive review of recent advances in organic semiconductor coating |RARF+20|. In particular,
OLED devices can be fabricated via inkjet printing. There, even the piezo-electric printhead it-
self is the result of a deposition process (micro-electro-mechanical systems, MEMS) |[KKLS+12].
Organic layers can also serve as cell membrane models [NPCB+15|. A similarity among these
applications is the coating or deposit being thin. This is meant in terms of absolute thickness,
i.e., microns to nanometers, or relative, i.e., its thickness is smaller than its lateral extent by
multiple orders of magnitude |WLLZ+16|. The practical reason for thinness is of course cost,
whereas physical reasons vary depending on the application. For example, in optoelectronics the
coherence length of light sources requires corresponding thin semiconductor material.

A variety of techniques for creating thin layers exist. In particular, in physical vapor deposi-
tion (PVD) the source material is targeted /sputtered with energetic particles (or heated), thereby
ejecting( or evaporating) material to be deposited on a separate substrate |[CS88, HLBE+06|. In
spin-coating, the material is first deposited at the center of the substrate. Coating then occurs by
spinning the substrate [Scr88, NGLO05|. Whereas, in slot-die coating material is supplied through
a precise slot-die onto a moving substrate [DLH16, RSWD-+18, KHNK+-22|.

Often, homogeneous coatings are further processed by patterning. This is for example the case for
commercial semiconductor manufacturing. By employing preset masks, patterns are etched into
surfaces in lithographic methods |SS07, [TLT16, KB20|. Such techniques belong to the so-called
top-down category. They are precise and highly controllable, however, the procedure is serial,
and thus scaling of the apparatus is expensive and time consuming. Alternatives are bottom-up
methods where the material forms the patterns by following non-equilibrium thermodynamics,
without presetting the pattern. This self-organization provides advantages in cost and scalability
of manufacturing. However, controlling the pattern formation is not as direct as in lithography.
Therefore, understanding the underlying, nonlinear physical principles is essential.

In order to support and build on experimental findings, theoretical models are indispensable.
They are used for prediction, verification of experimental data and for the systematic under-



1. Introduction

Figure 1.1.: Sketch of a dip-coating setup. A solid substrate is extracted from the liquid bath at
an inclination S with velocity v in the z-direction. Gravity acts downwards. The film
height h is defined normal to the substrate. Solute is deposited as solvent evaporates.

standing of underlying physical mechanisms. In this thesis we discuss theoretical models for
two techniques of thin layer deposition: On the one hand for dip-coating of a binary mixture
and on the other for the Langmuir-Blodgett transfer. Both procedures concern deposition of a
complex liquid by pulling a solid flat substrate out of a bath. We describe both techniques in
the following.

Figure[I.I]shows a sketch of a dip-coating geometry. In dip-coating the liquid is usually a mixture
with a volatile solvent. The substrate is immersed in the bath and then extracted. Thus, the
liquid coats the substrate while the solvent evaporates. The solute, or nanoparticles in case of
a suspension, remain on the substrate. The deposited pattern highly depends on the dynamics
of the liquid, especially that of the three-phase contact line, where substrate, liquid and vapor
meet. In general the dynamics is governed by factors such as viscous drag due to advection
of the substrate, evaporation, wetting of the substrate and capillarity (surface tension). In
contrast to one component liquids, the physics of complex liquids is not as well understood. The
additional components require consideration of the component interactions. When a volatile
component evaporates, the dynamics of the precipitate, i.e., the solid solute, is halted, signifying
the importance of non-equilibrium thermodynamics.

A variety of geometries involve deposition from a complex fluid at a three-phase contact line. The
morphology of inhomogeneous deposits is diverse, ranging from stripes parallel and perpendicu-
lar (also called fingers) to the contact line to labyrinthine, cellular, dendritic, cracked structures
und crusts, see [Stall| [Larl4) Thil4, AEZT+18, VSSP+20, LRH22|. A more recent review by
Zang et al. is focused on deposition patterns from a volatile sessile droplet . Aside
from the dependence of the morphology on solute concentration, droplet volume, vapor pressure,
temperature, etc., research is further concerned with other parameters, such as substrate rough-
ness, particle size (in the case of nanoparticle suspensions) and shape . Further-
more, externally controlled influences like applying an electric field or substrate vibrations are
also investigated in detail . The previously mentioned patterns emerge from instabilities
such as spinodal/evaporative dewetting, fingering due to Marangoni convection, but also from
so-called stick-slip motion of the contact line, where the contact line periodically pins/depins at




Figure 1.2.: AFM images of DTBDT deposits on Si/SiO2 substrate at transfer velocity
2000um/s, provided by Wang et al. The DTBDT concentration in
the bath is 2 %. Evaporation occurs under ambient conditions. The evaporative
dewetting in the form of ~ 100um-sized fingers is clearly visible as well as micron
sized dendrite formation. The substrate is pulled from bottom to top.

solute particle accumulations| DBDH-+97, [Dee00].

Upon solvent evaporation the accumulated solute can exhibit a variety of morphologies on a
scale smaller than what is directed by hydrodynamics, i.e., the interface and transition between
the liquid and solid phase of the solute is of importance as well. In particular, Wang et al.
perform dip-coating experiments with the organic semiconductor material DTBDT
LGWM +13,[WZHT+15|. Figure[l.2]shows two atomic force microscopy (AFM) images of irreg-
ularly structured deposits after the solvent has evaporated. On a scale of ~ 100um deposit fills
out fingers stemming from a dewetting instability. From bottom to top, on a smaller length scale
of microns, dendrites with a preferred direction along the pulling direction form. The preferred
direction changes to perpendicular to the pulling direction before the onset of the larger scale
fingers. Within the fingers, the dendrite branches become much shorter and follow the finger’s
growth direction. In contrast to striped deposits or flat ones left after a Landau-Levich
film evaporates , dendrites are too fractal to be useful in applications, especially when
the branches are as short as in the upper parts of Fig. Therefore, increasing the regular-
ity or suppressing the formation of dendrites is sought after. Dendrite formation is a common
phenomenon in the formation of microstructures, which is researched in crystal growth and so-
lidification physics [SG70, |[CCDT+86, HAQ99, [UB05, FFDR13|. We give more references of the
theoretical literature on complex liquids and dendrite formation in the beginning of Chapter

In order to model the above multiscale phenomenon we propose a model that considers both hy-
drodynamics and the liquid-solid phase transition of solute during deposition. To this mean we
take a symmetric thin-film model for a binary mixture derived by Xu, Thiele and Qian [XTQ15
and couple it to a phase-field equation for precipitation introduced by Xu and Meakin |XM08
. The theory and model derivation is presented in Chap. |2 while calculations are per-
formed in Chap.

Another technique for the layer deposition is the Langmuir-Blodgett transfer (LB transfer),
which is very similar to dip-coating with the key difference being that the deposit is not a
material dissolved or suspended in the liquid of the bath but a monolayer of surface active




1. Introduction

Figure 1.3.: Sketch of the Langmuir-Blodgett transfer. The liquid bath is covered by a monolayer
of surfactants. Barriers along the bath surface control the surface pressure. A
substrate is vertically extracted from bottom to top, thereby depositing material.

molecules (surfactants) that cover the surface of the bath . Therefore, the deposition
of layers of molecular thickness tends to be simpler via the LB transfer than via dip-coating.
However, the technique is naturally limited by materials that possess the properties of surfactants,
i.e., amphiphilic molecules. Such molecules require a hydrophilic head and a hydrophobic tail.
Figure shows a sketch of the LB setup. The surface pressure of the monolayer on the bath is
controlled by the depicted barriers. Depending on the pressure the monolayer takes on different
phases [SR91, RS92, RS92, |SR94, (GR98|. Here, the molecules on the bath are in the liquid-
expanded (LE) phase. The molecules are spread out with the tails pointing away at various
angles. The liquid-condensed (LC) phase is the one in which the molecules are densely distributed
with their tails pointing perpendicularly away from the substrate. In Fig. an example of the
deposition of horizontal stripes, i.e., alternating stripes of LE and LC phase parallel to the contact
line, is presented . This transition is a result of substrate-monolayer interactions, so-
called substrate-mediated condensation (SMC) [SR91]. Both a hydrodynamic thin-film model
and one in which the surfactant dynamics is isolated have been formulated in the past
KGFC10, Kopl1l, KGFT12|. We continue investigating the latter one in this thesis with emphasis
on patterns on two-dimensional (2D) substrates. The theory and model derivation is presented
in Chap. [2| while calculations are performed in Chap.

1.1. Thesis Outline

This thesis is structured as follows. In Chap. [2] we derive the hydrodynamic models for both
the dip-coating of a binary mixture as well as the Langmuir-Blodgett transfer in a lubrication
approximation of the Navier-Stokes equations. The former model takes into account capillarity,
evaporation, wetting and viscous drag. By coupling these equations to a phase-field equation,
deposition, i.e., the liquid-solute phase transition, is modeled. In regards to the LB model we
go further by reducing the system to a generalized Cahn-Hilliard equation, solely describing the
surfactant dynamics close to the phase transition. Chapter 3| describes the numerical techniques
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of finite difference method (FDM), finite element method (FEM), Runge-Kutta time integration
and numerical path continuation employed in Chapters [4] and In Chap. [4] we evaluate the
numerical accuracy and stability of the finite difference methods utilized for direct numerical
simulations (DNS). Then, DNS are conducted for the binary mixture model with deposition
mechanism by subsequently switching on effects such as evaporation or deposition. The analysis
is mostly performed for 1D substrates. The model for the LB transfer is analyzed via numerical
path continuation in Chap. [5| and also extended by modulating the velocity of the substrate
periodically in time. The calculations are mostly conducted for 2D substrates. Finally, we
conclude with a summary and outlook for future directions in Chap. [6]






2. Model Derivation

When interest lies in phenomena occurring on larger than molecular length scales, it can be
useful to take a continuum approach. A liquid can be modeled as a continuum. By assuming
local equilibrium in neither too large nor small averaging volumes, thermodynamic properties
can be locally defined, i.e., the system possesses continuous thermodynamic properties. For
the description of nonlinear phenomena, especially pattern formation, theoretical models usually
consist of partial differential equations. A paradigm model for fluids are the well-known Navier-
Stokes Equations. By extending the Navier-Stokes-Korteweg equations through coupling with
a Cahn-Hilliard equation, hydrodynamic flow and phase separation of a binary mixture can be
described, also known as Model H [HH77|. For large separations between vertical and horizontal
length scales the long-wave (lubrication) approximation can be applied to the system to derive
a coupled thin-film and Cahn-Hilliard equation|NT10|. By comparison with existing long-wave
models Thiele and coworkers formulate thin-film models in gradient dynamics form both for
binary mixtures and two layer systems|TAP12, TTL13|. However, the adopted mobilities are
only valid in the dilute limit since no interaction between the two components is considered. Xu
et al. derive a symmetric gradient dynamics model using Onsager’s variational principle and long-
wave approximation |[XTQ15|. This ensures thermodynamic consistency and leads to diffusive
fluxes beyond the dilute limit. We will revisit the NSE and this model after this introductory
part of the chapter. The mesoscopic view necessitates the treatment of interfaces which for one
can be sharp or for the other diffuse, depending on the modeling approach. In this thesis we
are concerned about liquids in contact with a substrate and a gaseous phase. We will see in
this chapter that both the liquid-vapor and the substrate-liquid interfaces are treated sharply by
imposing corresponding boundary conditions in the long-wave approximation.

Another type of complex fluid is a surfactant-covered liquid as mentioned in the previous Chap-
ter[I] The surfactants undergo a phase transition as well upon Langmuir-Blodgett transfer onto a
substrate. It has been shown that the core dynamics can be described by a reduced model corre-
sponding to a generalized Cahn-Hilliard equation, a classic model for phase separation [KGFT12].
Naturally, surfactant-covered liquids can be modeled by thin-film type equations as well. We
shall discuss these in this chapter as well.

In dip-coating, solid material remains on the substrate as the liquid becomes oversaturated due
to solvent evaporation. This phase transition is called precipitation. While such a solid-liquid
interface can also be modeled by a sharp interface, tracking such an interface is computationally
cumbersome. Instead, it can be modeled as a diffuse interface with finite width. The phase-
field ¢ is an order parameter that, as the name suggests, measures the "order" of the material,
i.e., its phase. It changes continuously across the interface. This approach does not require
explicit tracking. Diffuse interface models are very popular in solidification and crystal growth
descriptions but are also utilized in fluid dynamics. For example in liquid-vapor phase transition
descriptions [Navier|-Stokes equation and Cahn-Hilliard type equations have been coupled by
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a stress tensor contribution. In this case, the "phase-field" is simply the mass density and
therefore a physical quantity [NZ95, AMW98, DY99, PP00|. Note that models with a phase-
field not associated with the density, but coupled to the flow field of a NSE, exist as well,
called advected field method| BDSK+99, /AG20|. Phase-field models are very popular in the
fields of solidification, binary and multicomponent multi-phase alloys, dendrite formation, solid-
solid phase transformation, grain growth, liquid crystals and electrochemical reactions. See the
reviews [SS08, [Emm08, Ste09, ABKK-+09, |Stel3} | KT16| and references therein. The works by
Folch et al. include periodic forcing by an electric field [FCHO00, FTBC+01], also see [FCHR99D|
for phase-field modeling of two-phase flow in a Hele-Shaw geometry. Stewart and coworkers
describe vapor deposition of thin metallic films|SS16, SS18, SD20]. Recently, phase-field models
have been integrated with machine learning in search for high computational performance, see
the introduction of [HMD22|. We shall mention phase-field crystal models, which utilize atomic
density fields, as another class of diffuse-interface models|EPBS+07]. We recommend Mathis
Plapp’s reviews as well as Provatas and Elder’s book for an introduction to phase-field modeling
and further reading |Plal2, Plal5, PE10].

This chapter is structured as follows: Beginning with the Navier-Stokes equations, the lubrication
approximation is demonstrated for a simple, partially wetting liquid in Sec. In Sec. the
gradient dynamics description is introduced, leading to the symmetric thin-film description of
a binary mixture in Sec. In order to model precipitation of solute from a binary mixture,
the phase-field method is presented in Sec. which is then combined with the binary mixture
model in Sec. Finally, another two-component system, the Langmuir-Blodgett transfer, is
modeled by reducing a two component thin film model to a generalized Cahn-Hilliard equation
in Sec. 2.6

Note, that in this thesis variables denoted by ~ are dimensional or, in the case of functions,
have dimensional arguments. However, most dimensional parameters are not denoted by ~
for readability. All dimensionless variables are not denoted by ~ either. Vectorial variables,
excluding the Nabla-Operator, are written in bold symbols whereas matrices, i.e., second-order
tensors, are underlined. When in doubt, dimensional analysis can be performed or the
[Recurrent Symbols| can be consulted.

2.1. Hydrodynamic Derivation of the Thin-Film Equation

2.1.1. Navier-Stokes Equations

Consider a Newtonian fluid of constant density without body forces. The Navier-Stokes equations
then read

Du® ~ ~ o
pon = = (0 + 1 TOa)
B OPIE OB [n (@(3);1(3) n (@(3>ﬁ<3>)T)] 2.1)
TG . a® g, )
p = const.,

for the flow field a® (%3, ) = (@i, @iz, @iz, fluid density 5, pressure field § and dynamic viscosity
7. Whenever operators or fields depend on all three spatial coordinates (Z, 7, Z) they are denoted
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by a superscript ”(3)”, otherwise, there is no z-dependency. We also identify the stress tensor &
- - T
G=—pl+n (V(3)ﬁ(3) + (v(3>ﬁ<3)> ) . (2.4)

We assume that 1 = const. See App. for a short derivation of the compressible Navier-
Stokes equations from which the incompressible ones directly follow [SK61, Lea07).

In many situations of interest liquids are bounded by a solid substrate and surrounding gas.
Therefore, general boundary conditions are needed. For the solid-liquid interface no-slip and
no-penetration conditions are commonly applied

a®|  =o. (2.5)

For the liquid-gas interface the kinematic condition holds. Assuming that no mass transport
occurs through this interface, the height h(X,?) of the liquid-gas interface is governed by

iz = O;h +a- Vh, at z = h. (2.6)

See App. for a derivation. Further, the force balance at the interface needs to be considered
as well o
(& — Ggas) - 0n¥) = 7in® 4+ T1(A)n® (2.7)

with the stress tensor of the gas phase & interface normal n®, surface tension 7, mean

gas?
curvature & and disjoining pressure II. The first expression on the right-hand side is the Laplace
pressure while ﬁ(iL) is introduced as another pressure contribution. It vanishes for large film
heights iz(fc, t) and takes into account the solid-liquid interaction between liquid and substrate
for very thin films. This term is discussed more in detail in Sec.[2.1.3] The presented derivation
will lead to a very basic thin-film equation, e.g., tangential stresses are not considered due to the

disregard of Marangoni effects.

2.1.2. Lubrication Approximation

The lubrication approximation is useful when it is possible to separate the vertical and lateral
length scales of the problem at hand. It allows for the description of thin films without solving
the NSE and even reduces the dimensionality of the problem. To this end the incompressibility
condition is rewritten as

Osiiz = —V - @, (2.8)

where 43 is the velocity component in the Z-direction, and integrated along the height of the
liquid

p
dsz|s_; = —/Vﬁdz (2.9)
0

while making use of Eq. (2.5). This expression can then be inserted into the kinematic condi-
tion (2.6), followed by applying the Leibniz integral rule and Eq. (2.5) once again

h
o= [ -wdz - wl._; - (2.10)
0
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h
-V [ adz (2.11)
s

—V - (hu) (2.12)

h
1
BO/ (2.13)

The mean velocity, defined in the last step, will be determined from lubrication approximation
in the following considerations.

The separation of vertical length scale H and lateral X is conducted by non-dimensionalizing
the governing equations and introducing a smallness parameter

H
= —. 2.14
= (214)
The relevant variables and operators then read
~ B _ 5 X B
t="Tt, x = Xx, Z=Hz=¢€Xz, u:?u:Uu, Uy = eUu,, (2.15)
0 10 ~ 1 0 1 0
-2 - A 2.16
ot Tot v Xv’ 0z  €X 02’ ( )
with time scale T. We further scale the pressure as
~ n
= —=p. 2.17
P= TP (2.17)
Inserting above relations into Eq. (2.1) and identifying the Reynolds number
~X2
Re = L2 (2.18)
nT
results in
du+ (u-V +u0,)u=Re! (—e_IVp + (eA+ e_lag)u) , (2.19)
Oy + (- V +u0,)u, = Re! (—6738219 + (eA + 67183) uz) . (2.20)
To lowest order
Vp = 02u, (2.21)
8.p=0 (2.22)

remain. These equations can be utilized to calculate u. For that purpose the boundary conditions
need to be rescaled as well. Equation (2.5) keeps its form

ul,_,=0 u,|,_o = 0. (2.23)

Assuming that ogas = 0, projecting Eq. (2.7) onto normal/tangential vectors n®) / t3), applying
the non-dimensional scaling as above, the boundary conditions then read to lowest order

Lul._, =0 (2.24)

10
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pl._, = —Ca tAh —TI(h). (2.25)

We refer to the literature for similar geometries and details [Thi07, ODB97|. In addition, a 3D
derivation written in German can be found in |[Engl7]. The pressure terms on the right-hand
side of Eq. (2.25) are the Laplace pressure and disjoining pressure with Capillary number

Ca = 6§:7T (2.26)
Integrating Eq. in z and determining the integration constant with Eq. gives
du = 2Vp — h(Vp)|,_y,- (2.27)
Another integration gives
u= %ZZV]? —zh (Vp)|,_}, - (2.28)

Here, the integration constant vanishes due to Eq. (2.23). We take Eq. (2.13)) (its dimensionless
form is the same), insert Eq. (2.28) and then Eq. (2.25), i.e.,

h
. lll/udz (2.29)
0
h
1 (1,
=7 |52 Vp —zh (Vp)|,_,, dz (2.30)
0
h2
= % (V). (231)
h2
=3V (Ca™'Ah +TI(h)). (2.32)

Finally, this expression can be inserted into Eq. (2.12)) resulting in the thin-film equation for a
simple liquid

3
Oh = —V - %v (Ca™'Ah +TI(h))| . (2.33)

2.1.3. Disjoining Pressure

The state of a liquid wetting a substrate can be roughly divided into three categories depending
on the angle 6 at the three-phase contact line. They are non-, partially and completely wetting
with 6 = 180°, 0 < 6 < 180°, 0°, respectively. At equilibrium 6, relates the three surface
tensions of each interface as

Mg COS(Heq) = Ysg — Vsl (2-34)
for a horizontal substrate. This is the famous Young equation with surface tensions ~y; for the
liquid-gas, solid-gas and solid-liquid interfaces |[You05|. The wetting states can be classified by
the spreading parameter

S = vsg — (Mg + 1) (2.35)

that describes the surface free energy difference between dry and fully covered substrate. S > 0
corresponds to wetting while S < 0 is partially wetting. Inserting Young’s equation results in
the Young-Dupré equation

S = Mg(cos(feq) — 1) := y(cos(feq) — 1). (2.36)

11



2. Model Derivation

Young’s law holds well for macroscopic liquids, however, for mesoscopic ones, molecular interac-
tions cannot be neglected. These can be represented by an effective potential (wetting energy)
f(h). We solely use the following form consisting of a long- and short-range contribution in this
thesis

- A B
f(h) f _ﬁ_i—%’ (2.37)
F(h) 2= 0, (2.38)

with coefficients A > 0 and B > 0, i.e., the partial wetting case. Its derivative is related to the
disjoining pressure |Der75|

of (h)

IIh) = ————=. 2.39
iy = -1 (2.9
For this potential, a droplet always sits on a thin adsorption layer (precursor film) [LEGA+88|.

The wetting energy of the precursor of height IN”Leq relates to the spreading coefficient as

S = Mg(cos(feq) — 1) (2.40)
~ _%ngq L Flhe) (2.41)
= Vg = _zf,ihe(’)- (2.42)

Here, we assume small contact angles, which results in the definition of a mesoscopic equilibrium
contact angle Ueq.

2.2. Gradient Dynamics Description

It is possible to bring Eq. and many other thin-film equations into a gradient dynamics
form. Such models conform to a general framework for multiple order parameter fields u; de-
pending on a single functional F close to equilibrium [TAP16, Thil8|. Analyzing them in their
gradient dynamics form simplifies identifying commonalities between models and allows model
extensions while preserving thermodynamic consistency. Let

u = (Ug, U, o) Upy) * (2.43)
be the vector of m scalar order parameter fields. Then

o=V [Q@viE] - @rwi (2.42)

denotes their corresponding dynamic equations whereby the first term on the right-hand side
represents the conserved and the second term the non-conserved contribution with mobility
matrices Q¢ and Q" respectively. u, @ and %: are tensors in the order parameter space while

V acts on coordinate space. The dynamic equation of the i-th order parameter then reads

Opu; = Z Qv Z Q” 5u (2.45)

12



2.3. Symmetric Thin-Film Model for Binary Mixtures

The mobility matrices have to be symmetric in order to fulfill Onsager’s reciprocal relations
[Ons31al |Ons31b| and positive definite to ensure a monotonic decrease in F. The latter can be
easily shown by calculating

d 5F )
Q
5./_" c OF ne, NOF
> [Q< O] - 2 e i ax (2.40

=Q/( Vir) (v ) - Serwiiaxso e
Q

with n being the spatial dimension. The final step is done with integration by parts assuming
Neumann boundary conditions.

2.3. Symmetric Thin-Film Model for Binary Mixtures

For the description of a liquid containing both solvent and solute, two order parameters are
required. Making use of Eq. (2.44) and the functional

Fomlin, 2] = | {gr () + Fh >+BfFH<él,ég>}d2s<, (2.48)
Q

on a 2D domain, with a Flory-Huggins type local potential for the concentrations
fFH(él, éz) = nmanBT |:él ln(él) + éz ln(ég) —1 + XéléQ] s (2.49)

one can begin to formulate a symmetric model for binary mixtures. nmax, kB, T and X are
the particle number density (per volume) of the mixture (counting solvent and solute particles),
the Boltzmann constant, the temperature and the mixing parameter, respectively. The order
parameter fields are the effective solvent @Z)l and solute thickness 1/}2 which are defined by film
height .

h(ﬂ?7g7t) :1/)1(557:&7 )+w2(3~57g7 ) (250)

and concentrations (volume fractions)
Ci = =. (2.51)

Although the C; are dimensionless, they do depend on dimensional spatial coordinates and are to
be distinguished from C; appearing in non-dimensionalizations which depend on non-dimensional
coordinates. The free energy consists of a surface tension term, dewetting energy and mixing
energy. Here, the wetting energy is assumed to solely depend on h. The conserved equations for
wl and wg then read

= 6 Fbm

¢1 v J1 . ~conv ~diff VW
(¢2> v <J2> v (Q +Q ) @% ) (2.52)

13
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with diffusive and convective mobility matrices

~conv — M wl 1/111#2)
¢ 31 <7/W2 V3 (2.53)
~di leff quff~ i o , »
Q diff (Q%ﬁji Qgﬁ:) = (Y1 +1h2) M (_1 ) > : (2.54)
= (2.55)
(V1 + 12)2 nmaxC
and diffusion coefficient
P kiT (2.56)

71 is the shear viscosity which appeared in Sec. and f the drag [friction| coefficient [inverse
mobility| for diffusive motion. Above definition of the diffusion constant corresponds to the
Einstein relation for Brownian motion due to collisions between particles in a solution [Rei65].
The choice of variables (wl , 1/12) is sensible in contrast to other choices such as (h ¢) with ¢ = 109,
as it allows formal separation of solvent and solute. Fluxes acting solely on one of the components
can then be added consistently. Note that the mobility matrices usually contain polynomials of
the order parameter fields. Their particular form depends on the boundary conditions at the
different interfaces surrounding the liquid and thus are still derived from hydrodynamic equations.
Executing the variations results in

O = — V- {31771/?1132@ [WA/} - f/(ﬁ)} — Dh (1 - 2XC*102) ﬁél} , (2.57)
Ol = — V- {3177122132@ Ak = P()] - DR (1 - 2¢C1y) m} | (2.58)

This model can then be extended by adding more contributions to the free energy or non-
conserved fluxes.

2.3.1. Dilute Limit

It can be easily shown that Eq. — are related to models in the dilute limit, classically
derived from hydrodynamic equations. In a dilute mixture solvent rarely meet solute particles.
Neglecting solute-solvent interaction, meaning x = 0, it is possible to write the dynamic equations
for film height h and solute concentration C' as

73

orh = -V - ;‘n@ (yAB - f’(ﬁ))] , (2.59)

- R2e - o xs s - D~ ..
0,0 =3, V0¥ <7Ah—f (h)) + 2V (V0), (2.60)

Details can be found in appendix Sec. For example thin-film models used for nanoparticle
suspensions have exactly this form if other driving forces such as evaporation, vapor recoil or
surface activity are neglected [WCMO3|. For a comparison with models that use (h, 1)), with ¢ =
1[12, as order parameter fields one can directly take Eq. and set y = 0. Adding evaporation
then recovers Frastia et al.’s deposition of nanoparticles in a suspension model[FAT11, [FAT12].
Fluxes containing hVC on the right-hand side are found in particle-laden thin-film models with
gravity-driven flow, too|CBHO7].

14



2.4. Phase-field Modeling

2.4. Phase-field Modeling

A simple phase-field model for the solidification of a pure substance is formulated from a
Ginzburg-Landau type free energy functional such as

Figi) = [TE0ap + 6.0 (2.61)
Q

with the phase-field (;3(:5, 7,1), normalized temperature @(Z, §, 1), gradient energy coefficient Jarad
and local potential

f(&ﬂl) = fbarfl(é) + S\ﬂfg((ﬁ), (262>
B QE2 gz~34
@) =—5+ . (2.63)

For consistency the problem is formulated for a 2D domain. fu,, controls the barrier height of
the double-well potential, i.e., the nucleation barrier, while X is a coupling parameter, related to
the latent heat L and the melting temperature T fo tilts the potential such that one phase is
favored over the other. The model then consists of the dynamic phase-field equation

0= —0 (2.64)

56
with mobility @ coupled to a dynamic equation for an intensive variable, i.e., the temperature
follows a diffusion equation to which a source term is added

8{’11 = DA@ + %agfy)(é) (2.65)

Here, D is the diffusion coefficient. In a dimensional temperature formulation the latent heat
would appear in front of the source term as well. This set of equations cannot be directly derived
from a total free energy. A framework for developing thermodynamically consistent phase-field
models was formulated by Penrose and Fife [PF90| by using an entropy functional and an energy
density as order parameter fields. This was then applied by Wang et al. to models for solidification
of a pure substance [WSWM+93|. However, this formulation is not used much in practice due to
the simplicity and intuitiveness to work with an order parameter such as the temperature that
directly controls the phase transition.

In many cases

f2(9) = ¢ —

w0

(2.66)

and

f3(0) = ¢ (2.67)

are used since fg(qg) preserves the minima of the double-well potential at +1 and Eq. (2.67) keeps
the source term as simple as possible. At equilibrium the temperature T of the material equals
the melting temperature T;,. Since

9

(T = Tp) (2.68)

~
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with heat capacity C), at constant pressure, this means u* = 0. Then the interface profile in 1D
is a hyperbolic tangent

¢*(#) = tanh ( ng> (2.69)

of width

w2 = Jerad (2.70)
fbar

Essentially fgraq and far control the interface width W. For numerical calculations these param-
eters are tuned for efficiency but this in turn means that the interface is given a surface energy
that is unphysically magnified. However, the relevant physical parameter is actually the surface
tension of the interface

V2
3

Foar- 2.71
9 3 Wfba ( 7)

oo
V2D = / fgrad ‘853(5*|2 + f(q;*aa*) dz = — fbarfgrad =
—0o0

Let the surface tension yop of a physical system be known, then W can be chosen as desired and
fbar be determined from Eq. resulting in a quantitative description. Note, that vyop has
unit of energy per length as the problem is formulated for a 2D domain. On a 3D domain the
unit matches the units of surface tensions mentioned in Sec.
Before we discuss further (detrimental) effects due to mesoscopic interface thickness, another im-
portant method related to phase-field modeling needs to be mentioned: The method of matched
asymptotic analysis. In order to obtain a quantitative description phase-field models can be
taken to the sharp interface limit pioneered by Caginalp et al. The limit W — 0 recovers the
corresponding sharp-interface model |Cag86| (CL87, (CS91|. However, this limits the validity of
the obtained parameter relations since W is taken to the absolute limit which is obviously not
done in actual calculations. Karma and Rappel introduced the thin-interface limit which is based
on a separation of length scales, requiring the interface width to be much smaller than the other
characteristic length scales|KR96, KR98|. This softens the limitations on W, making quantita-
tive calculations more accessible.
Unfortunately, applying the thin-interface limit to solidification models with asymmetric diffu-
sivities for solid and liquid phase, which is closer to reality, shows that more interface width
dependend effects become artificially enhanced for mesoscopic widths |[Alm99|. These include
temperature discontinuity at the interface, interface stretching and surface diffusion. Analogous
effects are found for binary alloy models|Kar01|. The temperature discontinuity then corresponds
to a discontinuity of the chemical potential, also known as solute trapping. Solute trapping oc-
curs when the interface moves faster than material can be exchanged through the interface. In
the case of solidification, if the equilibrium concentration of the solid ¢y is smaller than that of
the liquid ¢;, this would mean that solute cannot move away from the interface into the liquid
fast enough in comparison to the interface movement. Therefore, the solid composition will not
be at cs but instead ¢; < ¢ < ¢;. Although a variational phase-field model for binary alloys
in which those three effects vanish has yet to be found|EFKP04, Plal2|, Plapp showed that,
in analogy to the pure substance case, a thermodynamically consistent phase-field approach for
binary alloys can be formulated from a grand canonical potential[Plal1|. However, for numerical
applicability this approach still requires a so-called "anti-trapping current" in order to counter
solute trapping. This additional current modifies the dynamic equations in a non-variational way
and further adds another degree of freedom in the form of an interpolation function. This makes
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eliminating the effects of spurious interface stretching and surface diffusion possible]EFKP04].
Besides in Plapp’s work, the usage of anti-trapping currents has been very popular in quantita-
tive phase-field modeling since its introduction by Karma|Kar01| for example in a quantitative
model for dilute binary alloys|RBKDO04] with arbitrary solid diffusivitiesfOMO09] or recently for
arbitrary two phase binary alloys not limited to slow solidification|BJM18|.

Of course, these works are preceded by much earlier models, most notably the WBM model
for (non-)isothermal binary alloy solidification which is not independent of interface width and
the KKS model which is incorrect for slow solidification rates [WBM92, WBM93, BWMM94,
KKS99|.

2.4.1. Modeling Dendrites

The description of dendrites is a long-standing topic with roots in microscopic solvability theory.
The starting point is a sharp-interface problem similar to the classic Stefan problem. A linear
stability analysis of a planar front reveals an instability widely known as the Mullins-Sekerka
instability |MS64|. The dispersion relation predicts linear growth that is stabilized by the Gibbs-
Thomson effect. Analytic steady-state solutions without capillarity in the form of circular and
elliptic paraboloids have been found by Ivantsov|Iva47|, Horvay and Cahn|HC61]. Linear stability
analysis of the former shows that such needle-like dendrites become unstable in an unending
series of tip-splitting in the absence of capillarity|LM78a, LM78b, LM77|. Simulations that
include surface tension effects show that for larger surface tension values the tip stabilizes but
a sidebranching instability emerges|ML78|. Further results of microscopic solvability theory
state that stable growth of dendrites can only exist in the presence of anisotropy and that
their growth directions are determined by it. For more information on microscopic solvability
theory (or analytical theory of solvability) the reader is referred to a summary in Chapter 5.8
of [PE10] and (detailed) derivations in |Lan80, Lan87| if interested. The anisotropy necessity
is found in phase-field models as well. Anisotropic phase-field models have been presented by
Kobayashi et al. as early as 1986 while simulation results are published in [Kob93|. The review
by Singer-Loginova and Singer contains an overview on core solvability theory advances|[SS08|.
First quantitative comparisons between solvability theory and phase-field model have been done
in the previously mentioned paper by Karma and Rappel [KR96], later verified and improved by
Provatas et al[PGD98|. See the reviews and recommendations mentioned in the introduction of
this chapter for more (recent) literature on phase-field descriptions of dendrite formation. In this
thesis a distinction between fingers and (an-)isotropic dendrites is made. We identify the latter
by the presence of tip-splitting, side branching etc. Anisotropy manifests itself by the presence
of primary dendrites, i.e., clear fingers of larger length scale from which side branches of clearly
smaller scale grow. Isotropic dendrites will be called seaweed structures synonymously.

2.4.2. Mullins-Sekerka Instability

The planar front of a solidifying material can become unstable, leading to the formation of fingers.
This is known as the Mullins-Sekerka instability [MS64]. The dispersion relation of linear pertur-
bations can be derived for the solidification of a pure liquid. There, temperature 1" corresponds
to the order parameter field. The derivation is very similar when the solidification |precipitation|
of a dilute but oversaturated binary liquid is considered [CCR92|. Then, the concentration C of
the impurity is the order parameter field. We consider the case of purely diffusive and isothermal
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dynamics:
9;C; = D;AC;, i=s,l, (2.72)
n- (DNC’Z - Dﬁés) - (és - C*l) v-n at % = £, (2.73)
Cs=KC at X = &, (2.74)
Ty = T + myCy — ’an at X = €. (2.75)
pLm,

s and [ denote quantities in the solid and liquid phase, respectively. n is the interface normal
pointing into the liquid, ¥ the velocity of the interface, £ the interface position, % the curvature of
the interface and K the equilibrium segragation coefficient, denoting the ratio of the liquidus and
solidus slopes m; in the phase diagram of the mixture. Further, ¥, g, Ly, and T are surface energy,
density (equal in both phases), latent heat per unit mass and melting temperature of the pure
solvent, respectively. Equation (2.73|) reflects solute conservation and the Gibbs-Thomson
relation, i.e., the melting temperature shifts when the interface is curved (Laplace pressure).
This model is a prime example of a sharp interface model. For simplicity, we confine the problem
to the -y plane, where § denotes the lateral direction, where each phase is homogeneous and &
the direction of the propagating solidification front. We impose the following conditions

C, 2 o o/ -nicNTo N Ci 2% Cogis (2.76)

with C being the solute concentration at infinity and Ceq; the local equilibrium solute concen-
tration of the liquid| solid| at a planar interface. The planar front solution is found by solving
for steady states in the comoving frame:

_T ~
1

él* =Cx + (Ceq,l —Cx)e P17, C: = KCeq,l- (2.77)

KN

We perform a linear stability analysis of these steady states by making the Ansatz

i(2,9) = CF + Cly (@)b(E ), (2.78)
£,%) = e b(E,9), (2.79)
with b(f, §) = e“Lethv. (2.80)

After some algebra, only keeping perturbations up to O(e), setting K = 1 and assuming that
the wavelength of the perturbation is much smaller than the diffusive length scale

R

k> —, (2.81)

%

>

also called the quasi-stationary approrimation, we arrive at
O =k |1 —KEdedg(14n)|. (2.82)

The effective parameters capillary length d., diffusive length scale in the liquid dy and ratio of
the diffusivities n are defined as:

/?Tm Dl Ds .
e = —/————, dg = —, n=—, with AC = Ceqs — Ceq - 2.83
SLmmAC d 5 D, q, eq,! ( )
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Figure 2.1.: Dispersion relation d)(l;:) of the Mullins-Sekerka instability for v =d. =d; =n = 1.

See App. for details of the derivation. A plot of the dispersion relation in Fig. shows the
linear destabilization of long wavelengths and the stabilization of short ones by capillarity. A
fluid analogon of this instability exists, the Saffman-Taylor instability |[ST58, |[LCO0|, where a less
viscous fluid displaces a more viscous one in a porous medium. Fingers of the former protrude
into the latter with a faster velocity than a planar interface would have. This phenomenon is
also called wviscous fingering.

2.4.3. Xu and Meakin Model

In Sec. a phenomenological model that includes precipitation for a volatile binary mixture will
be formulated. Here, we present the phase-field model that motivates the equation for the phase-
field used later on. The phase-field model for dendritic precipitation of solute under diffusive flux
investigated in [XMO08, XM11| consists of a non-conserved equation for the phase-field q;(:i, 7,1)

~ 1 5]:}“1 2 .-
~ ~ 2 ~ o~
Fxm[¢, ] = / (Z(W)Q + fxm> d*x (2.85)
Q
Fan($,EA) = f1(9) + Mfa()2 (2.86)
= (1-¢")(\e—¢) (2.87)
72 T4
fi(g) = —% + % (2.88)
- - PP
12(6) = -5 (2.80)
- Vo
PR v A 2.90
BRI (220
and a diffusion equation for the normalized solute concentration &(%, 7, t)
- o~ bt DxmAQ~5 - 8{&
0;¢ = DypAé+adip [ 1+ ———— | . 2.91
iC ¢+ adip < [Vl > ( )
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¢ = —1 corresponds to solid and ¢ = 1 liquid phase while & = CEeCeq is the concentration normal-
ized by the local equilibrium concentration Ceq. Dxmis the diffusion constant, 7 a characteristic
time scale related to the particle mobility, € a characteristic length scale related to the interface
thickness and A the dimensionless coupling parameter. « relates solute and solid densities (parts
per volume) during phase transition. Notice that the functional has unit of length?. The local
potential fyn, is made up of a double-well potential f; and an odd polynomial coupling to ¢, that
maintains the extrema, fo. Note, that the extremum

P = A, (2.92)

may become larger than 1. At ¢* = 1 the curvatures of the colliding extrema swap, see Fig.
The decrease or increase in ¢ upon precipitation or dissolution is modeled by the source terms in
Eq. . Since ¢ = —1 represents the solid phase, d;¢ is positive when precipitation occurs.
Therefore, calling the expressions on the right-hand side of Eq. source terms is correct. If
C is larger than Ceq or equivalently ¢ > 0, precipitation is favored. Technically, negative ¢ are
allowed but in such cases the tilt of fyn reverses and the excess material dissolves again such
that 8¢ > 0 and thus ¢ > 0 again.

Sfxm

Figure 2.2.: Surface plot of the local potential of the phase-field fxm(¢~>, A¢), see Eq. . The
symmetric double-well potential at ¢\ = 0 is marked in solid black. As ¢\ increases,
the potential is tilted such that ¢ = —1 becomes the global minimum. ¢ = Aé is
marked by the dashed black line. The local maximum becomes a local minimum as
CA increases, i.e., the linear stability of two steady states interchanges, corresponding
to a transcritical bifurcation at ¢A = 1, marked by a red solid line. The liquid phase

¢ =1 is denoted by a green dashed line.

Relations obtained from asymptotic analysis can be used in order to link microscopic interface pa-
rameters and physical quantities. Xu and Meakin show that this model converges to appropriate
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sharp-interface equations in the thin-interface limit which results in the following relations:

1
o 20k,

« (2.93)

k. is a stoichiometric coefficient of order unity, which gives the relative numbers of molecules
that take part in a chemical reaction and

Ceq

b= —
Ps

(2.94)

is the ratio between equilibrium concentration Ceq with a flat solid surface and the density of
the solid ps. The microscopic parameters can be related to k, by

2 [5 2Dy
= aA — = 2.
T=a Do \ 3 + i (2.95)

k, is the reaction rate coefficient for the precipitation |dissolution| process. Nevertheless, we
proceed by non-dimensionalizing the model with diffusive time scale and interface width as
length scale

&2
T = Do X =¢, (2.96)
resulting in
1
016 = 52— (86— By fam(6,,3) — |V9)), (297)
A¢ — 09
=A 1+ ——— 2.
drc = A+ adio ( + et ). (2.98)
with Péclet number Pey,, 5
T Xm
Peym = —Q2 (2.99)
Damkohler number D,
k,
D, = o (2.100)

- 1
details on the non-dimensionalization. Note, that although ¢ and ¢ are dimensionless, they

do depend on dimensional spatial coordinates and time, therefore, the order parameter fields
depending on dimensionless arguments are distinguished by (¢,c). In conjunction, Eq. (2.95)
can be rewritten as

and the ratio of characteristic interface thickness to diffusive length scale s = £. See for

\ = Pexm Dgy—00 §Pexm (2 101)
N V2 5 a ’
o (% + sDa>

The case of precipitation limited by diffusion, i.e., negligible interface kinetics, is obtained when
D, — oo. , that then the second source term in Eq. vanishes. The majority of phase-
field models solely use ~ 0;¢ for the source term. Here, the second term is added to take into
account the discontinuity of the concentration at the interface in the thin-interface limit. Most
phase-field models take this into account by formulating bulk free energies separately for each
phase [Plall]|. At this point we would like to remind the reader that at locations, where ¢ = —1
solute has precipitated, ¢ is not necessarily 0. Therefore, solution above/around the precipitate
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2. Model Derivation

is still present. Furthermore, ¢ is only an indicator function and does not give information on
for example the amount of precipitate.

Finally, let us discuss the curvature term k|V¢| in Eq. . It counters curvature-driven inter-
face motion and is used in few phase-field models. The reason being that many models usually
strife to be quantitative and therefore take into account interface kinetics. Here, our intention
is to implement a phase-field model that is as simple as possible but still allows the formation
of dendrites. Therefore, interfaces will converge locally to hyperbolic tangents unaffected by
curvature making the phase-field solely as a means of tracking the solid/liquid interface. This
counter term was first introduced by Folch et al. [FCHR99b, FCHR99a| and has been used in
other works such as |[BMLV03, BM03, BRSB-+04].

2.5. Complex Liquid with Precipitation Mechanism

2.5.1. Coupling Complex Liquid Flow to the Phase-Field Equation

Thin-film models are able to describe fingering patterns such as the large scale ones appearing
in Fig. [Sch89, [SHI6, Kal00, ESR00, LGP02, |Aja05|. However, the deposited small scale
dendrites possess a clear directional preference and strinkingly straight main branches. Without
anisotropy, thin-film models cannot describe dendrite formation as mentioned in Sec. Even
if anisotropy was somehow introduced into the hydrodynamic equations, it would only affect
the, here, larger scale dewetting fingers. Thus, a second fingering instability, ideally leading to
dendrites, on a smaller scale must be included in the model. In this section, we combine the phase-
field equation with the equations for binary mixtures of Sec. in order to primarily include
convective and evaporative fluxes. Assuming that the process occurs at almost saturated pressure
and is therefore limited by phase transition, the rate of evaporation jevap then depends on the
difference in chemical potentials [partial pressures| fi; and fi, of liquid and gas phase [LGP02,
Aja05, Thil0, KGFC10, [ TTP12, FAT12, WTGK-15|

Jevap = —Ey (i — fig) (2.102)
= ﬁ?““. (2.103)
oY1

Related reviews are [CG10,[SSVR11} Erb12,Thil4]. Also, see the recent preprint on the crossover
between diffusion-limited and phase transition-limited regimes [HDJT22|. In this thesis we will
synonymously refer to jevap as the evaporative flux for convenience, even though it is technically
a rate of change. E, characterizes the strength of evaporation. Furthermore, fi, is assumed
to be constant in time and space. This kind of evaporative flux can be well implemented in a
variational formalism. The dynamic equations then read

1;1> v <jl c) < jevap )
o (D) =—v(she) 4+ (¢
‘ <?/)2 J2,c Jsource

~ o ~ @L@m o 5 Fom o~
. <leﬂ + Qconv) ) 591 + E, ( 5151 :Ug) (2.104)
- = Vi ahds;e
dipa t
~ 1 6.7:},11 €2 .-
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2.5. Complex Liquid with Precipitation Mechanism

0;C = —a(1 +12) 050 (2.106)

In the diffusive phase-field models presented in Sec. - 8td> contributes as a non-conserved
flux to the solute concentration, the expression needs to be adjusted according to wg =Cy-h
for the solute thickness analogue, properly relating amount of deposit with reduction in solute
thickness. The reader will have realized that the second order source term is neglected, i.e., we
consider the limit of instantaneous reaction rates or neglect interface kinetics.

Since for coating applications the profile of the deposit is of interest and the solute is extracted
from the fluid upon deposition, a means of tallying up the amount of deposit is required by
introducing the effective deposit thickness ¢. Its dynamics do not follow that of the liquid
anymore and simply corresponds to the sink to the source term, this likewise means that the
equation is only coupled one way. Naturally, there is no restriction on introducing effects such
as diffusion for the deposit in future model extensions. Further, we choose a slightly different
local potential in fxm:

Fan(8,Cas ) = f1(0) + Ma(8)(Ca — Ceq). (2.107)

This is simply a parameter choice as the concentration factor can be normalized by Ceq or A
redefined. However, C’ and Ceq are volume fractions, \C’g — Ceql < 1, therefore, a normalization
by Ceq does not seem necessary.

Due to the complexity of this system, we will not attempt a matched asymptotic analysis within
the thin interface limit mentioned in Sec. Therefore, parameters such as a or A become
phenomenological in nature. Thus, we aim for qualitative and order of magnitude agreement in
obtained pattern scales. Then one may use the phenomenologic parameters for fitting purposes.
At this point we emphasize the usage of separate functionals Fom and Fm, meaning that to this
date no total free energy functional is known for this system. Thus, not only is the dynamics
non-conserved but it is also non-variational.

In order to reduce the number of parameters we proceed by non-dimensionalization and introduc-
ing effective parameters. Length, height, time and energy scales X, H, T and F with equilibrium
height iLeq and contact angle Q%q

X = \th H = heq, - he ( X' ) (2.108)
5 Deq 25719
1
~ B\3 3A
F ryheq) heq — <A> 9 eq 5; (2109)

are introduced leading to the non-dimensional equations

Oy =—V - {;wliﬂv [Ah = f'(h)] = Pe™'h (1 = 2xC1Ca) Vcl}

(2.110)

— Q| = Ah+ f'(h) + T (In(Cy) — 1+ xC3) — u| ,
Oty = — V - {;%h?v [Ah — f'(h)] = Pe 'h (1 — 2xC1Cy) VCQ} + ahdo, (2.111)
Ohd =0 (A"2A¢ — D fxm (¢, Co — Ceq; N) — A 26|V ) , (2.112)
¢ = — ahdyo, (2.113)
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2. Model Derivation

with wetting potential f(h) and precursor height h,

1 1
h)=—+— h, = 1. 2.114
Specifically, the effective parameters are
kpT
pel—_ 1 __y_3 ksl (2.115)

hgqnmaxg 5 Cheqegq'y
3.1

Q=-—_F,, 2.116
5 heqf2, ( )
3 < h

T = —fpaxkpT —5-, (2.117)
5 762,
3 heq

= 2.11

1= et (2.118)

INheq
= 2.11
7 25904, (2.119)
3 h

A=/ 2.120

\/;Heqe ( )

The inverse Peclét number Pe™! relates convective and diffusive time scales, € convective and
evaporative time scales, T is a ratio between thermal and surface energy density, u a non-
dimensional chemical potential (pressure), o is a time scale ratio between convection and particle
mobility, while finally A relates length scale of dewetting and the solutal interface. Details can
be found in appendix Sec.

2.5.2. Generalization to the Dip-coating Geometry

In a dip-coating geometry the substrate is inclined which requires consideration of gravitational
effects. Writing Eq. (2.110)-(2.113) in their flux form and supplementing gravitational terms,
the modified equations read

)+ ()

(1)<

J. evap

¢2 J2,c Jsource
| vz 0 (2 —p)
=V leff + QCOHV ( %ﬁﬂ) + ( o1 H , (2121)
@+ ) Vi ah(d:g)
0Fxm O
06 = —o ="~ 15wV (2.122)

with functionals
F = Fom +Fy

Q
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2.5. Complex Liquid with Precipitation Mechanism

Fm = / (;A‘z(V@Z + fxm> d?x. (2.125)
Q

The contribution F, accounts for hydrostatic pressure and, if the substrate is inclined, the
potential energy depending on inclination 8 and effective gravitational acceleration g. Note the
change from Fy,y, to F in the conserved fluxes J; . and the unchanged Fi,y, in the evaporative
flux. This is due to the fact that gravity is required to model inclined substrates but numerically
reasonable g are exaggerated in comparison to reality. The gravitational contribution to the
evaporative flux is therefore neglected. Up to here, the equations describe the dynamics for
a resting substrate. In a dip-coating geometry the substrate moves with constant dragging
velocity v = (v,0). Since the interesting dynamics occur in the vicinity of the solution bath,
it is imperative to introduce advection terms in order to stay in the laboratory frame. Above
equations then become

at’l,bl =-V- {;wthV [Ah — f/(h) — g(h + ﬁl’)] + v — Pe_lh (1 — 2)(0102) Vi

(2.126)
— Q| —Ah+ f'(h) + Y (In(C1) — 1+ xC3) — | ,
1
Optpy ==V - {3w2h2v [Ah = f'(h) = g(h + B)] + vipa — Pe™'h (1 = 2xC1C2) VC’z} (2127
+ ah(0yp +v - Vo),
¢ =0 (A>A¢ — 0 frm (¢, C2 — Ceqs A) — A%6|V|) — v - Vo, (2.128)
¢ =— ah(Byp+v-Ve) —v - VC. (2.129)
The additional effective parameters read
pX2_ 3 phl, .
_ _ 2Peq s 2.130
9="-9=5% qug ( )
X - 31 -
p=h= 51§eqﬁ' (2.131)

p is the constant mass density of the fluid, ¢ the gravitational acceleration and B the small

inclination angle. See appendix Sec. for details. Note, how Eq. (2.129) can be sub-

stituted into Eq. , thereby formally eliminating the dependence of 0,12 on ¢, emphasizing
the nature of the phase-field as a mathematical tool. In the stationary case this substitution
would allow a reduction of the governing equations to two fields if one were to make assumptions
about the ( profile.

2.5.3. Boundary Conditions

For calculations on a resting horizontal substrate we implement either periodic or Neumann
boundary conditions. For the dip-coating calculations the following boundary conditions are
implemented
Vi = Cioho,  Ouhi = —CioB, ¢ = oo, at z=0; i=12 (2132)
0z = 0, Ozazi = 0, 0:¢ =0, 0-¢=0 at x =1L, (2.133)
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2. Model Derivation

with
CI,O = C’l(a: = O,t = 0) =1- Cg(l' = O,t = 0) =1- CQV(). (2.134)
The liquid bath has some homogeneous solvent or solute concentration C; o and the corresponding

Dirichlet boundary conditions for the effective layer thicknesses are easily formulated. The
condition for the slope can be adopted from the case of a simple liquid. There,

O:h(x =0) = —p. (2.135)
It can be shown that the individual slopes are distributed very similarly

O = az(Cih) = ho.C; + C;0,h,

220 9i(z = 0) = h8,Ci(z = 0) +Cidyh(z = 0),
0

= -Cip.

In this thesis "concentration" refers to solute concentration if not stated otherwise, shortening
the notation to Cy = C' and U39 = Cp. In the 2D case periodic boundaries are applied in the
lateral direction y. Further, Eq. (2.126)-(2.129) and above boundary conditions are called the
full model.

2.5.4. Initial Conditions

Throughout Chapter [4] a couple of different initial conditions are utilized for direct numerical
simulations. For the dip-coating geometries a meniscus, i.e., hyperbolic tangent, is exclusively
used for the liquid, i.e.,

h(z,y,0) = ho — (ho — hy) tanh <ﬁ = - - ) (2.136)
14

with hg = 20, h, = 1 if not stated otherwise. If the liquid is a mixture, the effective thicknesses
are determined from a homogeneous concentration distribution

Yi(z,y,0) = Cioh(z,y,0). (2.137)
For the full model the phase-field is initialized in the liquid phase as
¢(z,y,0) = 0.99 + white noise (2.138)
and the effective deposit thickness as
((x,y,0) = 0. (2.139)

Sessile droplets are mostly initialized by a parabolically shaped cap of radius R of the form

— ﬁgq 2 <
Br,y,0) = { Mo-ry)" Fho forr s (2.140)
hy else,
2 _
R = 2lho = Iy) (2.141)
0
eq
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2.6. Liquid Covered by Insoluble Layer of Surfactants

with maximum droplet height hg and short hand notation

(o) (o) 211)

The contact angle is approximated by the equilibrium contact angle for an infinite droplet

Doq = 1/ —2f (hp). (2.143)

See appendix Sec. [A.6]for a derivation. If not stated otherwise the following values hold: hy = 20
and Cy = 0.3.

The presented model is investigated in Chapter [4] mostly by means of direct numerical simula-
tions (DNS). After evaluating the numerical scheme in Sec. and giving an example of a
full model simulation [4.4] the focus lies in submodels, where gravity, substrate advection, depo-
sition or convection are turned off Therein, the main portion of the analysis concerns a
volatile sessile droplet on a flat 1D substrate, i.e., &« = g = 0. Finally, the full model is analyzed
for 1D and exemplary for a 2D substrate in Sec.

2.6. Liquid Covered by Insoluble Layer of Surfactants

Previously, we presented descriptions for mixtures consisting of a solute and solvent. The former
being dissolved in the latter or deposited on the substrate without further interactions. With
the presented additions the model describes the dynamics of a dip-coating process. Another
coating process is the so-called Langmuir-Blodgett transfer (LB transfer). This technique utilizes
a different type of complex fluid comprised of molecules active on the surface of a liquid, so-called
surfactants. We briefly present the model describing the Langmuir-Blodgett transfer developed
and used in [KGF09, KGFC10, KGF11, KGFT12|. This set of dynamic equations was derived
hydrodynamically by K&pf et al. employing NSE, lubrication approximation and an advection-
diffusion equation for the surfactant dynamics|KGF09, KGFC10|. Here, we present the model in
its gradient dynamics form to emphasize its thermodynamic consistency as well as the generality
of Eq. |TAP12,  TAP16|. The free energy functional

~ ~ 2
Flh,T)) =/ f(~)+fsurf<r£ >£+ “S;f <6F§p> i d’x (2.144)
Q

depends on the film height h and projected surfactant concentration F with wetting energy
f (h) local free energy of the surfactants and an associated gradient energy term with constant
kswt |TAP12, WTGK+15|. T, is a projection of the surfactant concentration I onto the plane
of the substrate since a local change in VA alters the liquid surface and thus changes I' "without
any surfactant transport"

- e 1 -~
[,=¢0,  &=4/1+|Vh2=1+ i\vm?. (2.145)

The variation is therefore applied with respect to f‘p and not to I in order to ensure independence
of the order parameter fields during variation. The local free energy of the surfactants

fsurf f il Z F + )\SMCJE(~)( Fcr) (2146)
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2. Model Derivation

consists of a fourth order polynomial in I' — I, representing a double-well potential for first order
phase transitions and a term that models the so-called substrate-mediated condensation with
constants F; and S\SMC, respectively [SR91, RS92]. fcr is the critical surfactant concentration.
The SMC-term describes substrate-monolayer interactions and can be chosen to be modeled with
the wetting energy, tilting the double-well potential towards the condensed phase for h — Bp.
Further, this choice means that such a phase transition occurs on length scales similar to the

substrate-liquid interaction |KGFC10|. Applying Eq. (2.144))-(2.146)), the mobility matrix

Q=L ;e 1 - (2.147)
= \% "+ Dol

with dynamic viscosity  and molecular mobility Dg,f, an evaporation term analogous to the
one presented in Sec. [2.5.1]

Jevap = —Ey (fu — fig) 5 (2.148)
0F
i = —, 2.149
A= (2.149)
and substrate advection to Eq. gives the dynamic equations of the system

o=~ | 25 9 (590 - ) + vy 4wk b 4 (2.150)

t'r 317 Y 277 Y evap .

(Rt pen 51 (FD L

where the order parameter field for the surfactant concentration remains to be I'. Both equations
possess a convective term with forms very similar to Eq. (2.57)-(2.58) with two main differences:
One, the mobilities are not symmetric, two, the (generalized) surface tension

o S Kourf ()2 S5z
5= fourt = DO fourt — =5 (vr) + Ko TAT (2.152)
is not constant, leading to additional contributions such as the Marangoni convection %@ﬁ See
[TAP12] for details on the derivation, including approximations that are not mentioned here.

2.6.1. Generalized Cahn-Hilliard Model for the Langmuir-Blodgett Transfer

Direct numerical simulations show that after an initial transient the meniscus remains almost
static while T' forms a variety of patterns. Even artificially freezing the former, i.e., setting
8571 = 0 does not impede this process |[KGFC10, KGF11, KGFT12, Kopll|. This indicates that
the h dependence of the SMC-term and thus the meniscus shape of h can be translated to a
spatially dependend external field in the free energy. Further, both h and T equations share
the same generalized pressure terms. These are minimal after said transient and are thus less
important for the surfactant pattern formation. Overall it is possible to reduce this system to a
Cahn-Hilliard type equation in order to focus on a minimal description of the pattern forming
mechanisms [KGFT12|. The dynamic equation for the surfactant concentration ¢ then reads

Oic=V - (M(C)V(;F + vc> , (2.153)
C
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2.6. Liquid Covered by Insoluble Layer of Surfactants

/; IVel? + f(c)d? (2.154)
)
C 02
fle) = Z 0 + )\SMCCSMC( ) (2.155)
M(c) = (2.156)

with free energy F/c| consisting of a gradient energy term and the local potential takes the form
of a double-well tilted by an external field (gyc(x) with strength Agyce, modeling the substrate-
mediated condensation. The model has been extensively analyzed by means of path continuation
in [KT14|. Here, the simplest mobility M (c) = 1 is chosen. Notice that similar to the phase-field
equation in Sec. [2.4.3}2.5.2]the local minima of the double-well potential are again at ¢ = £1 and
the tilt is coupled linearly in the concentration. However, unlike before, the condensed phase
is denoted by ¢ > 0 and the expanded by ¢ < 0. The form of (syc(x) can be motivated by
the shape of h in the hydrodynamic model after the transient. A meniscus possesses large film
heights as the liquid bath is approached, thus the wetting energy is negligible there. f (fL) then
rapidly increases as the meniscus transitions in space to the flat precursor and stays constant at
f (izp). Thus, a step-like function is reasonable for (g\c. Here, we choose a hyperbolic tangent

Contc(x) = —% [1 + tanh (x . xﬂ (2.157)

S

with meniscus position xs and width of the transition region ;. The dynamic equation then
reads
e =A[-Ac—c+c + Asuclomc(x) —ve],  v=(v,0)". (2.158)

Since material is provided from a bath exactly like in the dip-coating model a Dirichlet boundary
condition is imposed on the left side of the domain

¢ = ¢y, Opzc =0, at © =0, (2.159)
Ozc =0, Opzzc = 0, at v = L. (2.160)

Since gravity is not modeled here, no inclination needs to be imposed either. Instead, the
curvature is set to vanish and the right boundary behaves non-reflecting. Periodic or Non-
reflecting conditions are imposed in the y-direction depending on the scenario. Note, that for
large domain sizes the particular set of conditions far from the bath are not strict since boundary
effects are negligible then. The works cited above employ vanishing first and second derivatives

c = ¢, Opzc =0, at r =0, (2.161)
Bpe = 0, By = 0, at o = L. (2.162)

First steps towards a mathematical analysis of models of this form by proving existence, unique-
ness of solutions, continuous dependence on initial data and showing the existence of a global
attractor for small advection velocities are made in [BDM19]. If not stated otherwise, the initial
condition

c(x,t=0)=co+ = (1 + tanh(x — x5)) (1 — co) (2.163)

with or without white noise is employed in Calculatlons concerning this model.

In Chapter [5| we extend existing research by putting emphasis on transversal instabilities in 2D
geometries and time-periodic forcing. The analysis is performed by means of numerical path
continuation and DNS. The numerical schemes for all calculations are presented in the next

Chapter
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3. Numerical Methods

Analytically solving nonlinear PDEs is often difficult or impossible without approximations. In
this chapter numerical methods utilized in this thesis for solving PDEs are presented. For more
mathematically rigorous derivations we refer to the cited literature below. In Sec. and
spatial discretization methods are presented. Time integration schemes are not outlined and
only named since the basic principles are the same as for spatial discretization and information
is readily available in the literature.

3.1. Finite Difference Method

Numerically solving PDEs of the form
opu =R[t,u,Vu,...] (3.1)

requires discretizing the occuring operators, in particular the derivatives since they involve in-
finitesimal quantities. The Finite Difference Method (FDM) is a very intuitive way of discretizing
derivatives. A one dimensional (spatial) first derivative of some component u at position x is
defined as the limit

/ . u(z+ Az) —u(x)
u'(x) = olclf% Ax . (3.2)
For a multi-component variable u the derivative is simply the vector of each component’s deriva-
tive. Since space cannot be sampled down to infinitesimal distances, one settles for finite Ax.
Thus, the domain is described by a grid. In this section, we focus on rectangular (a line in 1D)
grids of uniform spacing Ax = % = const., with domain size L and number of grid points N.
The idea of FDM is to approximate the exact derivative u/(z) by only function values u(x) at

local grid points surrounding x
uppm(®) = Zaiu(%) = Zaiui- (3.3)
i i

x; can be exactly at the center x, nearest neighbors x + Az, next neigherst neighbors x 4+ 2Az,
etc. u/(x) is related to the FDM approximation by
u'(z) = uppm (@) + O(Az?) (3.4)

since the approximation approaches the exact function for Ax — 0, with p being the order of
FDM approximation. This becomes clearer when Taylor expanding wu; for small Ax around x as

u(xr + Ax;) = u(z) £ o' (2)(Az;) + %u”(m)(Ami)Q +O(Az)), i=0,1,.,n—1 (3.5)
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with
Azx; € {xAzx, £2Az, ...} (3.6)

depending on the stencil choice. Inserting Eq. (3.5)) into (3.4]) gives an equation with n unknown
coefficients a; and m derivatives of u. For a second order approximation of «'(x) with a symmetric
stencil of size n = 3 the equation reads

uppy (2) =aou(z) + a1 [u(ac) + 4 (z) Az + 1/’595)(Ax)2 + O(Amg)]

+ asy {u(x) — ' (x)Az + U//SU)(A:E)2 + O(AZL‘B)]

u//(l,)

=u(x) (ag + a1 + az) + v/ () Ax (a1 — az) + (Ax)? (a1 + az) + O(Az*)  (3.7)

This expression can be rearranged to

u//(x)

5 (Az)*(a1 + az) + O(Az?).  (3.8)

v (2)Az(ar — az) = uppy(z) — u(x) (ag + a1 + az) —

Each coefficient represents one degree of freedom for which extra conditions can be imposed. We
demand that the FDM approximation equals the exact derivative except for a truncation error

of O(Az?):
Az(ay —ag) =1 ag+a; +ax =0 a1 +as =0 (3.9)

or in other words: Terms not containing u/(x) are to vanish since the exact derivatives cannot
be evaluated. Solving this system of equations results in

1

—m a2[x+A$] =

aplz] =0 ajlz — Ax] = (3.10)

20z
Note that the grid discretization Ax is often omitted when listing stencil coefficients since the
power of Ax equals the differentiation order. Although Eq. is written like the error between
approximation and analytical is of order Az3 one needs to take into account that all orders of
differentiation are multiplied by the coefficients a;. Since a; ~ Aiz here, the actual truncation
error is of order Az?. Thus, above approximation is a so-called centered second order FDM ap-
proximation, centered because the stencil consists of the grid point at « and its nearest neighbors
symmetrically. In that sense Eq. without the limit would be considered a first order for-
ward FDM approximation. After discretization one is left with a system of ordinary differential
equations (ODE) to be solved by a time integration scheme.

The presented scheme can be extended to higher differentiation orders and spatial dimensions.
While the lower orders are trivial, it becomes less so at higher ones, especially in 2D. The stencil
determines the degrees of freedom and in conjunction with the desired accuracy the order of the
Taylor expansion. For example a 4th order approximation of %gy(x, y) would naively require
Taylor expansion to 5th order if one were to neglect all 6th order terms as truncation error.
However, this results in an underdetermined system of equations. It turns out that part of the
6th order terms are required to close the system, i.e., the &C#gy?, term has to be taken into
account as well. This effectively does not change the order of the truncation error, however, the
scheme could be considered to be a slightly better than 4th order approximation. Some of the
stencils, in particular ones that are found rarer in literature, are listed in the appendix[A.15] The
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3.1. Finite Difference Method

self-derived stencils utilizing a Mathematica script [Wol22| are verified with [Szi04] if listed (note
that by definition of the 1D stencils some 2D stencils have sign errors in the book).

Since the computational domain is finite, boundaries need to be treated as well. Typically,
so-called ghost points are utilized which extend the grid by additional nodes. These affect the
derivatives of nodes close to the boundaries as stencils possess a certain "range", cf. Fig. (a).
In this thesis the "grid" is always meant without the ghost points. The function value at a ghost
point is determined from the analytical boundary conditions and possibly values next to the
boundary. Take for example the generalized Cahn-Hilliard model for LB-Transfer in Sec. [2.6.1]
We employ second order FDM stencils for the spatial operators. The highest order derivative,
which is the biharmonic operator A2, is then a centered stencil of "radius 2", meaning that it
extends up to the next-nearest neighbors. Therefore, two ghost points are required at each side
of the rectangular domain, if one intends to use centered stencils for each grid point. For the
ghost points on the bath side the Dirichlet BC is simply implemented by imposing

c1=c(r=—Ax)=¢. (3.11)

Since indices are reserved for the discrete grid points, we denote the value of the Dirichlet BC
by ¢ instead of ¢g as previously. For the Neumann BC we impose

OpaC—1 = Oppc(x = —Az) =0 (3.12)

insert the FDM approximation for the derivative and solve for the value at the second ghost
point
c_9 =clx = =2Ax) =2c_1 — ¢y = 2¢ — ¢p. (3.13)

Notice that technically the boundary conditions are imposed on z = —Axz. The derivation of
other numerical boundary conditions is executed similarly. The Neumann BC of the opposing side
results in a system of two equations with two unknowns to be solved. Periodic BC implementation
is trivial. In order to have vanishing odd derivatives at a boundary, i.e., non-reflecting, the
function values at a boundary can be mirrored, here at y = 0 for example,

Ci—j = Cj (3.14)

with j being the ghost point counter. Since centered stencils of odd derivatives themselves pos-
sess opposing signs on opposite sites, see Eq. , these derivates will then vanish. With this
the system possesses sufficient points to allow computation of derivatives in the full grid.

We have shown that each analytical BC can reduce the number of unknowns (ghost points) by
one. However, higher order approximations have larger stencils, e.g., the biharmonic operator
in fourth order has a radius of three. Since changing the analytical problem for the sake of a
numerical scheme is usually not a good approach, we do not consider adding more boundary
conditions. Instead, one can resort to so-called "non-centered" stencils. Classically, students
are taught about forward and backward differencing where stencils only extend to one direction.
These however would not incorporate the ghost points and thus boundary conditions if utilized
at the boundaries of the grid. As a compromise one can derive stencils that for example reach
further into the bulk but extend at most to two points outside the boundaries, see Fig. (b).
The scheme presented above is naturally capable of that. Note that using non-centered stencils
at the boundaries makes implementation of non-reflecting BC not as simple as in Eq. A
system of equations such as in Eq. — has to be solved for the ghost points then.
When deciding on the grid discretization and FDM order, a balance must be struck. The finer

33



3. Numerical Methods

Figure 3.1.: Sketches of the boundary of a uniform grid. (a) Evaluation of a two-dimensional

34

derivative at a node (white) within the grid. The ends of the unspecified stencil (dark
gray) extend past the boundary, requiring the usage of ghost points (light gray). (b)
Evaluation of a two-dimensional derivative even closer to the boundary. Since only
one ghost point is utilized a non-centered stencil is applied.



3.2. Finite Element Method

the grid the more closely the sampled data points are arranged both in space and in nodal
value. This may lead to loss of significance in for example difference operations, also known as
catastrophic cancellation, i.e., when two numbers of similar value are subtracted from each other.
Thus, the smallest Az is limited by machine precision. Low ordered approximations possess rel-
atively large truncation errors and may be unfit for the problem from the very start. The error
naturally becomes smaller for higher order stencils, however, they possess relatively large coeffi-
cients, especially non-centered ones, which furthers loss of significance. Interfaces are prone to
instabilities due to large variations of the order parameter and its derivatives. Nonlinearities can
increase numerical instability as well. Therefore, truncation errors can be alleviated by higher
order stencils , however, loss of significance, needs to be taken into account possibly by improv-
ing machine precision (floating point representation). For more details on FDM, especially on
convergence, consistency and stability, see [Tho95, LeV07|. Besides going to higher FDM orders,
more sophisticated methods that utilize smaller stencils but require more involved derivations
for the coefficients exist. They are so-called essentially non-oscillatory (ENO) or weighted es-
sentially non-oscillatory (WENO) schemes and can be applied to both FDM and Finite Volume
Methods for conserved equations|SOS88| [ZS16|.

3.2. Finite Element Method

Another method of discretization is the Finite Element Method (FEM) [Sol05|. In this section,
we first present the method for the case of a stationary second order PDE;, i.e., Laplace equation,
and then extend the scheme to time-dependent problems. The scheme can be adopted for higher
order PDEs by defining auxiliary fields. Instead of the strong form used in the previous section,
the PDE is solved in its weak form

r ::/R[u, Vu, Au]drest (%) dx (3.15)
Q
:/ [AU + f(X)] ¢test(x) dx =0 <316)
Q

with weighted residual r. Here, we consider the simple homogeneous boundary condition
u=20 on 0. (3.17)

We look for solutions that satisfy Eq. (3.16)-(3.17)) for any test function ¢iest(x) that satisfy the
homogeneous boundary condition as well. First, it is useful to reduce the maximum order of
differentiation by integration by parts

r= / [—Vu - Viest + V - (dtest VU) + f(X)Drest (Xx)] dx (3.18)
Q
= / [=Vu - Vrest + f(X)drest (x)] dx + /qbtestVu -ndo. (3.19)
Q oN
= / [*V’LL : v?btest + f(X)¢test(X)] dx (320)
Q
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3. Numerical Methods

Since the test functions vanish on 0€) the surface integral vanishes as well. The Galerkin method,
which the FEM is a special case of, expands both solution u and test fuctions ¢est in a set of
functions p(x) that form a complete basis

x) = Z Uipi(x) Prest (X Z Di0i(x (3.21)
=1

with coefficients U; and ®;. The residual then reads

r:/ Z@Uw] Vi + f(x Z@M dx (3.22)
Q 4,j=1

= Z@/ = UiV Vi + f(x)gi| dx (3.23)

Q J=1

It must vanish for any test function and therefore coefficients ®;. In other words, coefficients U;
that solve the system of algebraic equations

ri(U1,...) = Z /V<p] Vi, dx +/f X)p; dx (3.25)

solve the Poisson equation. The residual has a symmetric form as both u and ¢t appear
as first order derivatives in the first term. Therefore it is sufficient to demand basis functions
and their first derivatives to be square integrable which is reflected in Eq. We will not go
into details on Sobolev spaces. In practice the sums must be cut off so

M
- Z Uipi (X) (z)teht Z (I)z% (3.26)
=1

resulting in M unknown coefficients U; with M equations r; to be solved. The equations can
then be solved by Newton’s method which requires calculating the Jacobian

8”
oU;

Jij = = /V(pj -V dx (3.27)
Q

Note that the Jacobian is in general not independent of U; as residuals can be nonlinear in the
coefficients U;. The right-hand side expression is often abbreviated by the stiffness matriz

K;j = /Vgpj -V, dx. (3.28)

Evaluation of r; and J;; requires solving M and M 2 integrals. In the Finite Element Method
basis functions are chosen that simplify these calculations. They are so-called shape functions
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3.3. Numerical Stiflness

which have finite support, i.e., zero almost everywhere. Shape functions in one spatial dimension
can be for example Lagrangian polynomials centered around each grid point x; such that

(pi(l‘j) = 51‘]’ (3.29)
where 6;; is the Kronecker delta. Thus, the coefficients U; represent the nodal values of the
solution
The simplest and commonly used shape functions are piecewise linear both in 1D and in higher
dimensions. The above integrals then only need to be calculated around each node.
Implementation of boundary conditions can be done in multiple ways. They can be weakly
imposed by adding a penalty term to the right-hand side of the PDE [JS09| or strongly applied
by directly fixing the corresponding nodal values. Note that for strongly imposed non-zero
Neumann BC the test functions are not required to fulfill homogeneous BC and the surface

integral in Eq. (3.19) does not vanish.
Let us include time dependency now |LB13], i.e.

Ju(x,t) = Au+ f(x) (3.31)

and the coefficients of the expansion become time-dependent since the shape functions are con-
stant in time

M
u(x,t) = Ui(t)pi(x). (3.32)
i=1
The residuals then read

T = — Z (UjMij + UjKij) + /f(X)%' dx (3.33)
Jj=1 Q

where we identify the mass matriz and b;

M;; = /%’@j dx, b; = /f(x)cp,- dx. (3.34)
Q Q
Written in vector notation

0=-MU-KU+b (3.35)

This ODE can be solved with a time integration scheme.

3.3. Numerical Stiffness

For time-dependent problems numerical instability can express itself by exponentially growing
modes, finite oscillatory modes or by the inconsistently used term numerical stiffness. Often,
stiffness is used as a property classifying a differential equation when it is difficult to solve by
explicit time-stepping. Both spatial and temporal explicit discretization perturb the system at
each time step due to the introduced local truncation errors. These can result in transients of
small time scales that quickly relax back to the smooth solution. This can occur repeatedly
throughout the simulation or only in a few time intervals [Spi96, LeV07|. In this thesis we
frequently use the term stiffness and refer to an adaptive time step size At that suddenly becomes
significantly smaller as the system becoming stiff, i.e., in a certain time interval. Although
implicit methods tend to be more stable, they too, are not fully numerically stable.
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3. Numerical Methods

3.4. Numerical Path Continuation

Direct numerical simulations (DNS) are very illustrative for the dynamics of a system. However,
simulation times can be considerably long and it is difficult to obtain a satisfactory overview of
the solution space. A very powerful tool is numerical path continuation in which entire branches
in solution space are calculated. These are usually stable and unstable steady states, the latter
of which are inaccessible by DNS. Let G(u, A) denote the right-hand side of a system of ODEs,
which can be a result of FDM or FEM discretization. The elements of u are then the nodal
values of the order parameter field. Steady states solve

0= G(u,\) (3.36)

with a control parameter A. In this section, we sketch the pseudo-arclength continuation [Kel77,
KN87|. Although it is possible to calculate solution branches by varying A, it is difficult to
continue past saddle-node bifurcations. Changing the parametrization of the branch to a pseudo-
arclength s solves this problem and brings other benefits with it. A solution is then characterized
by

v(s) = (u(s), A(s)). (3.37)
and a discrete solution branch is denoted by v(s;) = v; where s; is the arclength of the previous
continuation step with index ¢ for the following parametrization/constraint /normalization

N(u, A, s) = 0su(s;) [u(s) —u(s;)] + 0sA(si) [A(s) — A(si)] — (s — s;) = 0. (3.38)

We can then calculate a solution branch by varying s with step size As, make an initial guess
and apply Newton’s method to

P(s) = C\}[EE i g) =0 (3.39)

at each step. The Jacobian of the extended system reads

e Ne!
OP(s) = <6uN aizv)

with 4G, G, OuN, O\N being the Jacobian of the original right-hand side (square matrix),
a column vector, row vector and scalar, respectively. For s = s; the Jacobian simplifies to

(3.40)

N 0 éb\G(u(si), )\(Si), Si)
OvP(s;) = <8Su(si) D\(5:) . (3.41)
The initial Newton guess of the next continuation step v(s;;1) is predicted by
Osv(s;
V0(5i+1) = VO(Si) + AS’aSVES; (342)

Superscripts denote Newton iterations and subscripts continuation steps in this section. The
tangent direction dyv is calculated by solving

d
ds
Notice that the tangent is calculated at s;, while the Newton algorithm evaluates the Jacobian at

s;+1. The framework can be extended to find linear stability analysis, bifurcations, time-periodic
orbits [NS15| etc.

P(s;) = 8y P(5:)9svi + 05 P(s;) = 0. (3.43)
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3.5. Utilized Tools

Direct numerical simulations are mostly run with a GPU parallelized CUDA code [NVI22|. The
base code is provided by Markus Wilczek and Walter Tewes. Due to the point and stencil-
wise discretization of FDM, implementation in parallelized computing is very natural since the
evaluation of the PDE at one grid point can be handled by one thread. For time integration
an adaptive Runge-Kutta Dormand-Prince (RKDP) method is utilized. A fourth order Lax-
Wendroff scheme was tested, however, it had worse convergence than the FDM-RKDP scheme,
not shown here. Otherwise, a FEM based library oomph-lib with implicit time-stepping is
adopted |HHO6|. For numerical path continuation the also FEM-based package pde2path is
employed|[UWR14, Uecl8 [Uec21|. Note, that both the pde2path and oomph-lib calculations in
this thesis use piecewise linear shape functions. The former imposes boundary conditions weakly
whereas the latter does so strongly as mentioned in Sec.
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4. Dynamics of Binary Mixture Flow
and Deposition

In systems concerning complex liquids, or in our case, binary mixtures with volatile solvents,
both the liquid and the deposit can form patterns. By formulating models that are as minimal
as possible, researchers can single out which model components are required for particular mech-
anisms and the formation of certain patterns. Highly regular stripes parallel to the contact line
can be obtained when the contact line undergoes periodic pinning and depinning, also known as
stick-slip motion. In the well-known coffee stain experiment, diverging solvent evaporation leads
to an increase in nanoparticle concentration at the contact lineDBDH+97, Dee00|. These parti-
cles jam and physisorb onto the substrate, pinning the contact line. When the solvent continues
to evaporate capillary flow supplies material from the center leading to the formation of a ring
deposit. As the capillary force exceeds the pinning force the contact line depins and the cycle
repeats, resulting in concentric rings|Gen85, BDG10|. Stick-slip motion can be modeled by a
concentration-dependent dynamic viscosity such as in the thin-film model presented by Frastia
and coworkers |FAT12|. There, an evaporation front and deposition patterns are extensively
numerically investigated on 1D substrates. In the related context of gelation Okuzono et al.
present droplet profiles for a pinned drop leaving basin, crater and mound type deposits with a
step-like evaporation rate]lOKDO09|. Ring deposits are found during the evaporation of thin films
in cylindrical geometry as well [IWCMO03|. The periodic accumulation of particles at the contact
line has also been shown in Lattice Boltzmann calculations [CMS13|. Similar to [XTQ15] On-
sager’s variational principle is utilized to derive models with contact line friction for (multi) ring
deposits of drying droplets by assuming a parabolic shape [MD16, HWMD17, WY Q18, WMD18|
JYWM20, [YJLD-+21|]. Chalmers et al. show in a DDFT model that a coffee-ring like effect oc-
curs in the absence of convection as well due to aggregation and phase separation [CSA17|, while
Zigelman et al. investigate oscillatory wetting-dewetting motion of the contact line |[ZAM19].
See also Erbil’s recent review on the dependency of the contact angle on the moving contact
line |Erb21].

Lattice gas models including evaporation and diffusion can describe fingering in nanoparticle
deposits [YR06, VTPS+08|. Dynamic density functional theory (DDFT) shows that jamming
of discrete particles is not necessary for fingering to occur, vanishing diffusivity on dry spots is
enough. Weaker particle-liquid or stronger particle-particle interaction makes the fingering insta-
bility stronger and can lead to demixing in the bulk ahead of the receding contact line[TVAR+09]
RAT11]. Note that other deposition patterns such as labyrinthine, cellular, or sawtooth struc-
tures have been simulated as well [TVAR+09, [Stall, RAT11,|Thil4| and can appear on multiple
scales|]SMPM+-08|. Similar to the dilute models mentioned in the introduction of Sec. [2|a long-
wave model is utilized by Diez et al. to describe demixing and dewetting in alloys which are
usually treated by means of phase-field equations|DGGR+21].
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4. Dynamics of Binary Mixture Flow and Deposition

The mentioned works mainly consider passive geometries, i.e., the droplet or film rests. In
controlled (active) setups part of the dynamics is controlled |HL12|. This can result in more
regular patterns in comparison to passive geometries. For example the inclination of a substrate,
on which liquid flows down, controls the influence of gravity. In such a geometry a capillary
ridge can become transversally unstable resulting in the formation of liquid fingers|Sch89, SH96].
Dip-coating is another controlled setup. Similar to the stick-slip motion mentioned above, the
contact line can periodically advance and recede on the substrate due to competition between
viscous drag, capillarity and gravity. This can lead to liquid ridges (stripes) parallel to the
contact line detaching from it. Depending on the velocity of the pulled substrate three prominent
liquid states can be found: A front with static contact line position, a dynamically moving
contact line that ejects stripes and steady flat films, known as Landau-Levich solutions |LL42,
SADF07,SZAF-+08,|ZSE09, GLFD+16, TWGT19]. Analytical, direct numerical and bifurcation
studies of single component thin film models for dip-coating are, for example, presented in the
following references|CSE12, TGT14, GTHT14, WZCT+17, MMT21|. However, real experiments
mostly employ mixtures consisting of volatile and non-volatile components. In the simplest
case, the mentioned liquid patterns are directly reflected in the deposit morphology. Doumenc,
Guerrier (and Dey) analyze steady and periodic states of a binary mixture in a dip-coating
geometry with diffusion-limited evaporation without disjoining pressure or for a fully wetting
substrate [DG10, DG13, DDG16|. Their results include morphological phase diagrams.

In the mentioned thin-film modelsfWCMO03, OKDO09, FAT12| the deposit is identified by the
absence of solvent or the concentration in the precursor. As derived in Sec. we model
the solutal solid-liquid phase transition by coupling a phase-field equation to the hydrodynamic
ones and describe the effective deposit thickness by a fourth order parameter field {(x). In this
chapter we mainly perform direct numerical simulations (DNS) on 1D substrates and briefly on
a 2D substrate. The analysis is divided into submodels by subsequently switching on effects such
as evaporation or deposition. In Sec. some numerical challenges are addressed followed
by a preliminary look on the full model in Sec. [4.4] The dynamics of a volatile sessile droplet
are presented in Sec. with emphasis on the development of the solute concentration
profile. The instability of the solutal solid-liquid interface is shown in Sec. for diffusion-
limited precipitation from a nucleus. Finally, the full model is analyzed in Sec. [4.8 Except for
Sec. and [4.7] two types of (un)controlled geometries are chosen for the investigation: A sessile
volatile droplet on a horizontal substrate and a dip-coating geometry. Section and
consider the former while Sec. and [4.8 the latter.

4.1. Choice of FDM Order and Numerical Boundary Conditions

Most simulations in this chapter are performed with models discretized by the finite difference
method (FDM). A general presentation of the method can be found in Sec. For the sake of
efficiency and exactness the order of the stencils and concurrently the number of ghost points
(GP) need to be chosen. We consider, for example, the thin-film equation for a non-volatile
simple liquid (TFE) in a dip-coating geometry as obtained by rescaling Eq. or using
Oth = O + Oppy with Eq. (2.126)-(2.127) and (Q,«) = (0,0). In this case, the diffusive
contributions of each component cancel out, leaving

Oth = -V - }iv (Ah — f'(h) — g(h + Bx)) + vh (4.1)
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4.1. Choice of FDM Order and Numerical Boundary Conditions

with film height h, wetting energy f(h), effective gravitational acceleration g, effective substrate
inclination S and transfer velocity v = wve,. In this section, two different sets of boundary
conditions are considered, labeled by the number of ghost points (GP) used in the implementation

1(0) = ho, 0.h(0) = — B, (2GP)

Remember, that z = 0, i.e., the left hand side of the domain, denotes the bath side. In all cases,
Neumann boundary conditions are used on the right-hand side of the domain. In a simple second
order implementation the operators div, grad and A are represented by centered stencils covering
nearest neighbor grid points. Then, three ghost points/numerical boundary conditions
per boundary are required in order to retain centered stencils all over the grid. A corresponding

(b) 40

—— 2nd order, 3GP
—— 2nd order, 2GP

50 100

Figure 4.1.: Snapshots of height profiles for a simple dragged meniscus at different orders of FDM
and number of ghost points [numerical boundary conditions|. The operators are
discretized according to Eq. for second order and Eq. for 4th order FDM.
The left boundary conditions are chosen from Eq. —. See Sec. for
the initial condition. Only the left section of the domain is shown. (a) second order
FDM with 3 GP at very early times, the profiles are shifted by Azgnire = 5 each for
visualization. A numerical instability develops starting from the left boundary. (b)
The same solution after longer times is depicted as a solid black line. It is compared
with second order FDM and 2 GP (solid, red), 4th order and 3 GP (dotted, black),
4th order and 2 GP (dotted, red). Aside from the numerical instability, the missing
overlap of the curves are likely due to mass conservation errors. The parameters are
ho =40, g = 0.001, v =10.2, B =2, L, = 320. N, = 400 for second order FDM and
N, = 240 for 4th order FDM.

example solution at early times is shown in Fig. (a). One observes that a numerical instability
on the scale of the grid resolution starts at the left and extends to the right. Later it covers the
whole domain, as depicted by the solid black line in panel (b), suggesting that the left boundary
conditions are problematic. Such an instability is briefly mentioned in the beginning of Sec.
However, the simulation is not stiff here, indicating that the time scale of this transient is not too
different from the physical time scale. By using forward and backward differences close to the
boundaries for the Laplacian it is possible to drop the required number of ghost points to two.
This prevents the emergence of the instability as shown by the red solid line showing that the
third boundary condition is the destabilizing factor. Note that, in second order, extrapolating
the slope to the third ghost point leads to the instability as well (not shown). However, this
should not lead to the conclusion that overdetermination by a numerical boundary condition
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4. Dynamics of Binary Mixture Flow and Deposition

is problematic since has been used in previous works (in a FEM implementation on the
simple thin-film equation) [Tew13|. This can be demonstrated by switching to 4th order stencils
and compare with again, see Fig. (b). One can see that both solutions, depicted
by the dotted black/red (overlapping) lines, are numerically stable. This indicates that the third
boundary condition being of second order acts destabilizing. Note that for the 4th order
implementation the right-hand side of Eq. is rewritten by evaluating the divergence and
gradient terms which allows minimal usage of asymmetric stencils close to the boundaries

Oth = —B>Vh - (VAR — Vf'(h) — g(Vh + fBe,)) (A2h — Af'(h) — gAR) +v - Vh. (4.2)

3
3
This means that if numerical instabilities develop at the boundaries it is possibly due to the
numerical boundary condition being of too small order. In addition to the above, the advection
term is discretized by an asymmetric stencil instead of a centered one, in order to treat a different
numerical instability. This is discussed in more detail in Sec. The discrepancy in film height
between second and 4th order (2GP)) is likely due to mass conservation errors.

4.2. Mass Conservation

Having established the boundary conditions and number of ghost points for the dip-coating
geometry, next we investigate the mass conservation depending on the FDM order. As the simu-
lation domain is moving with the substrate, observable time scales are limited by the domain size
which hides mass conservation problems. Therefore, a resting horizontal substrate is considered
here and in the next section. For simplicity, we use periodic boundary conditions. Figure (a)
shows the time evolution of the mean film height

. 1

h(t) :== L.L,

/h(az, y,t)dady (4.3)

of a perturbed flat film of initial height hg = 2.5 for different orders of FDM implementations and
two choices of the discretizations of the terms involving the wetting energy f(h). It is convenient
for the implementation to express all operators as derivatives of h

h3
3
We label corresponding simulations by "A". Three different sets of FDM orders are investigated:
4th order stencils that are mostly centered except for the points right next to the boundaries, 6th
order inner stencils with 4th order ones next to the boundaries and centered 6th order stencils
only. All simulations using (Form-A|) show significant loss of mass independent of the FDM
order, as indicated in Fig. (b) where a space-time plot of the first set is shown. The film
dewets into multiple droplets that start to coalesce but quickly lose mass over time. However a
change in implementation can improve the mass conservation by switching to (Form-B|)

Oh = —h*Vh (VAR — f"(h)Vh) (A%h — Ahf"(h) — (VRh)*f"(h)) . (Form-A)

h3
3
which is analogous to Eq. (4.2). The spatial derivatives of f’(h) are not evaluated by chain rule.

The mass is conserved better but there is an increase in mass over longer time scales. A space-
time plot of a (Form-Al)-simulation with fourth order FDM is shown in Fig. (c). There, the

Oh = —h*Vh (VAR — V f'(h)) (A%h — Af'(h)) (Form-B)
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Figure 4.2.: DNS of a dewetting flat film of a simple liquid described by Eq. with periodic
boundary conditions in 1D. The initial height is hg = 2.5 with white noise of am-
plitude 7 = 0.05. (a) Time evolution of mean height h for different FDM orders
and discretization schemes for spatial derivatives of f/(h). Black: 4th order stencils.
Blue: 6th order inner stencils/ 4th order stencils next to and on boundaries. Red:
6th order centered stencils over the full domain. Dashed and solid lines show simu-
lations with discretizations according to Eq. and , respectively.
The former exhibits significant loss of mass while the latter retains mass gain over
large time scales. The grid resolution is Az = 1 while 4th B* is calculated with
Az ~ 0.77. (b) Space-time plot of 4th A. (c) Space-time plot of 4th B.

droplets coalesce which is clearly visible in panel (a) by sudden jumps in h. The improvement in

mass conservation is at least related to the additional truncation error in (Form-A)) over (Form-B)

because the Laplacian is split up in two operators:
ARf"(h) + (VR)2f"(h) <+ Af'(h). (4.4)

In addition, loss of significance (cf. final paragraph of Sec. occurs less due to fewer arithmetic
operations. Mass is best conserved using solely centered 6th order FDM stencils over the full
domain, including the boundaries. Unfortunately, such a setup is only possible when periodic
boundary conditions are applied. In other cases asymmetric stencils need to be used at the
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4. Dynamics of Binary Mixture Flow and Deposition

boundaries due to the limited number of ghost points. The 6th order asymmetric stencils con-
tain larger coefficients than their centered counterparts and unfortunately can result in precision
errors even with double precision float numbers. Therefore, considering how mass is preserved
according to (a) the decision lies between 6th order inner/4th order outer stencils or 4th order
stencils only. The former is more precise while the latter has simpler implementation and less
computational cost.

Griin and Rumpf show the equivalence between Finite Volume and Finite Element Method for the
thin-film equation for certain meshes and developed thereby mass and nonnegativity preserving
numerical schemes with implicit Euler time stepping by choosing an appropriate numeric (dis-
crete) mobility |Grii99, | GRO0, (GRO1|. This mobility takes the form of a harmonic mean between
half-step next neighbor grid points as shown parallel by Zhornitskaya and Bertozzi with a similar
ansatz. They proof second order accuracy for FDM schemes with implicit time-stepping which
is utilized Diez et al. for thin-film flow with capillarity and gravity |ZB00, DKBO00, DKO02|.
Adopting this mobility for their binary mixture model Karpitschka and coworkers show that a
droplet with volatile solvent can maintain a quasi-stationary apparent contact angle through
interplay of Marangoni, capillary, diffusive and evaporative flow [KLR17|. Note, that they dis-
cretize space non-uniformly by means of FVM and integrate in time with an operator-splitting
scheme|GLRO02|. A Finite Difference Method without the mentioned discrete mobility is utilized
by Diez and Kondic to simulate dewetting of a thin-film with capillarity, gravity and disjoining
pressure[DKO07|. They resort to high grid resolutiona and quadruple precision in order to avoid
numerical noise. While Karpitschka and Riegler resort to central differences of 8th order|[KR14].
Doumenc and Guerrier consider a long-wave binary mixture model without disjoining pressure
with second order FDM on an adaptive mesh and implicit time stepping|DG10, DG13)|

In this chapter we mostly adopt 4th ordered stencils with unless stated otherwise.
Considering the results from Figld.2] (a), a finer resolution of Az =~ 0.77 seems to be better
at conserving mass than Az = 1 in non-coalescing situations. An attempt at a more efficient
implementation using the logarithmic transformation u = log(h) did not result in a noticeable
performance gain.

4.3. Hyperbolicity of Binary Mixture Equations

Another type of numerical instability can occur when turning to more complex systems. In this
section, we consider a binary mixture described by Eq. - in the case of a sessile
droplet on a horizontal substrate without evaporation or precipitation, i.e., g =v =2 = a = 0.
The detailed analysis is presented in Sec. Figure (a) shows the final frame of a time
simulation in which a droplet approaches an equilibrium state. Diffusion is turned off, that is
Pe™! = 0. Therefore, we expect C(x,t) = const. = Cy. While the height profile (black) relaxes as
expected, the concentration field (blue), however, develops a numerical instability at the contact
line. Panel (b) shows the time evolution of the maximal deviation of the concentration from the
initial value Cy. It is depicted for various values of Pe~! showing that the deviation increases
for Pe=! < 1073, thus, this parameter region should be avoided on these time scales. This
threshold likely depends on the other system parameters, however, it can serve as an estimate.
The growth of numerical perturbations is related to the hyperbolicity of the convective flux,
i.e., a finite propagation velocity of perturbations. The parabolic diffusive terms stabilize the
numerical instability |Tho95, LS06].

46
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Figure 4.3.: (a) Final snapshot of a sessile droplet of a binary mixture described by Eq. —
(2.127). The film height h (black, left axis) and deviation of solute concentration C
from initial concentration Cy (blue, right axis) are depicted. The initial condition
(slightly visible in gray) is a parabolically shaped cap, see Eq. . The other
parameters are: Pe 'l =g=0v=Q=a=0, y = 1.5, hp = 20, L = 200, N = 192.
(b) Time evolution of the maximum concentration deviation (blue) for other inverse
Peclét numbers Pe™! = 0,1074,1073.

4.4. Full Model — First Look

At this point we motivate the subsequent studies of individual model parts by giving a first
impression of the behavior of the full model, that describes the dip-coating of a binary mixture
with volatile solvent and a solute that can precipitate. The considered dynamic equations are

oy =—V - {;¢1h2v [Ah — f/(h) — g(h + ﬁaz)] + vy — Peth (1 — 2XC'102) VCl}

(4.5)
o) [—Ah+f’(h)+T(ln(Cl) —1+xC3) —u
Optpy = — V- {;%hzv [Ah — f'(h) = g(h + Bz)] + vib2 — Pe™ h (1 — 2XC1Ca) VCQ} (46)
+ ah(0:p + vV o)
Ohd =0 (A"2A¢ — 9y fxm (¢, C2 — Ceq; \) — A 25|V |) — vV (4.7)
¢ =— ah(Op +vVe) — vV(. (4.8)

The order parameter fields are effective solvent thickness 1)1, effective solute thickness 1o, phase-
field ¢ and effective deposit thickness (. It is possible to switch between (¢1,19) and (h,C)
without loss of generality. Parameters that do not appear in the previous sections are the inverse
Peclét number Pe~!, mixing parameter Y, effective evaporation rate Q, effective osmotic pressure
T, chemical potential of the gas phase u, source strength «, time scale ratio ¢ and length scale
ratio A. Taking into account the results of previous sections, a simulation is run for a 2D substrate
and the result is shown in Fig.

Snapshots are taken at times of significant change in the height or concentration profiles, increas-
ing time from top to bottom. The upper surface represents film height h with colors indicating
the solute concentration C. Below, the effective thickness of the deposit ¢ is shown. In the
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4. Dynamics of Binary Mixture Flow and Deposition

b = 18.00

t = 20.00

t = 44.00

t = 92.00

Figure 4.4.: Snapshots from a simulation of a volatile binary mixture on a 2D plate out of a
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liquid bath at times ¢ € {18,20, 44,92} described by Eq. (2.126))-(2.129)). The upper

surface represents the film height h, with a color scheme representing the solute
concentration C'. The lower surface represents the effective deposit thickness (,
both, in height and color. The initial condition for the height profile is a meniscus,
see Sec. The system parameters are L, = 200, L, = 50, N, = 256, N, = 64,
ho = 15, Co = 0.3, Ceq = 0.35, v = 0.6, g = 1073, 3 = 2, Pe™! = 1, x = 1.5,
N=0008T=1,pu=—-6,a=01,A=15A=1and o = 1.



4.5. Volatile Droplet of a Binary Mixture
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Figure 4.5.: One-dimensional cross-section at the center of the final snapshot in Fig. The film
height h, solute concentration C' and deposit thickness ¢ are shown in blue, dashed
black and olive, respectively. The substrate is pulled towards the right (white arrow).

The solution is shown close to the numerical instability due to stiffness. See caption
of Fig. for further information.

beginning, the meniscus deforms due to the extraction of liquid by advection. Meanwhile, sol-
vent evaporates leading to a local increase in C, see the slightly yellow region in front of the
meniscus at ¢t = 18. When C has sufficiently increased, solute is deposited (cf. ¢t = 20,44, 92).
¢ is initialized with some white noise, i.e., lateral perturbations exist, triggering the formation
of fingers in the deposit at ¢t = 92, part of which are even detached. Unfortunately, this is when
the system becomes very stiff and the simulation cannot be continued.

More issues become apparent in the 1D cross-section of (h,(,C, ¢) in Fig. . We observe that
C is maximal outside the contact line, within the precursor film. The deposit thickness is below
the precursor height. However, it is uncertain whether these factors are the origin of stiffness.
To better understand the issue, in the following sections we break down the full model into
submodels. The full model is then revisited in Sec.

4.5. Volatile Droplet of a Binary Mixture

The increase in solute concentration followed by the onset of precipitation within the precursor
is a point of concern. The precursor should mainly serve as a mathematical tool to avoid the
moving contact line problem. Thus, the maximal solute concentration should occur within the
droplet. The purpose of this section is the analysis of a two-field submodel in a passive geometry,
i.e., a sessile droplet of a volatile binary mixture. This corresponds to the full model with
g=a=0i¢ =0, =0. The considered model is

o1 =—V - {;¢1h2v [Ah — f'(h)] — Pe 'R (1 — 2xC1Cy) vcl}
(4.9)
-0 [— Ah+ f'(h) + T (In(Cy) — 1+ xC3) — u]

Oy = =V - {;Wﬂv [Ah — f'(h)] = Pe 'h (1 — 2xC1Cy) vcg} : (4.10)

We begin by analyzing the dynamics of droplet evaporation, with emphasis on how the concen-
tration profile develops and the behavior of the precursor. For this purpose DNS and analytical
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4. Dynamics of Binary Mixture Flow and Deposition

calculations for stationary states are employed. The simulations are calculated on domain size
L = 200 and grid points N = 256 if not stated otherwise. Figure shows the time evolution
of an evaporating droplet. Film height h (left axis) is depicted in gray scale on panels (a) to
(h) while other fields of interest are depicted in color (right axis). The color grading denotes
increasing times t. The liquid evaporates across the full domain resulting in a concentration
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4.5. Volatile Droplet of a Binary Mixture

Figure 4.6.: Time evolution of a sessile droplet of a volatile binary mixture described by
Eq. (2.126)-(2.127) with ¢ = 0, v = 0, @ = 0. Film height h (left axis, grayscale)
and other quantities (right axis, colored) are depicted at times labeled on the color
bar. The gray/black lines follow the same order as the colored ones, i.e., the darker
shades correspond to later times. (a) solute concentration C' (b) evaporative flux
Jevap (c) relative evaporative flux Jevap/h (d) convective flux of solute Jaconv (€)
disjoining pressure I1(h) (f) negative curvature d,.h (g) osmotic pressure fiosm (h)
diffusive flux of solute Js i (i) zoom of the precursor region. The profile at ¢ = 0
is shown in red. See Sec. for the initial conditions. The remaining parameters
are Pe!1 = 1074, y =15, 2=0.001, Y =1 and p = —1.8.

maximum developing outside the droplet (panel (a)). The magnitude of the evaporative flux
Jevap 1s maximal inside (panel (b)). However, due to the different height ratios, the concentra-
tion grows faster outside of the droplet. This is more visible in the relative evaporative flux
Jevap/h whose maximum magnitude coincides with that of the local concentration Ciyax at early
times (t = 0.05-10%, red) (panel (c)). Later, however, Ciax resides farther away from the center
and Jevap/h|max. This can be attributed to convection occurring from inside the droplet into
the precursor after solvent has evaporated there (panel (d)). This indicates that the precursor is
not flat and is verified with the disjoining pressure II(h) which can also be viewed as a mapping
of h (panel (e)). The precursor height initially lowers to ~ 0.9 from h,(t = 0) = 1, develops a
gradient and then approaches constant height h, > 1 (panel (i)). Equilibrium is thus achieved
by the interplay of convection and evaporation. For completeness, we also provide in (f) a plot
of Oy h.

For panels (g) and (h) the mixing terms in Eq. — are discussed in more detail in the

following. The osmotic pressure
fosm (C, T, x) :== T (In(1 — C) — 1 + xC?) (4.11)

not only appears in the evaporative flux but is also related to the diffusivities in Eq. (4.9)-(4.10)
by
1-2x(1-C)C =(1—-C)pl g (4.12)

Hosm/ Y is shown as a function of C in Fig. for several x € {0..5}. The sign of the diffusiv-
ity determines whether solute and solvent mix |[demix| by diffusion |anti-diffusion]|, i.e., the
point of marginal stability. A linear stability analysis of homogeneous states (hg, Cp) shows that
the change in stability is determined from the curvature of the local potential of the compositions
Eq.

7(Co) =1 — 2x(1 — Cp)Co = 0. (4.13)

Thus, anti-diffusion cannot be resolved numerically as the corresponding linear growth mode
diverges to infinity with increasing wavenumber, see App. This means that the values of
(x,C) are limited and marked by the gray or white regions in Fig. Since all C' values
between 0 and 1 should be allowed and anti-diffusion is to be avoided, an appropriate x is any
X < 2, which follows from setting 1 — 2x(1 — C)C' > 0. We have chosen y = 1.5 here and
it stays fixed for all DNS in this chapter. This corresponds to a monotonic dependence of the
osmotic contribution on the solute concentration: As C increases jiosm decreases and diverges as
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Figure 4.7.: Osmotic contribution fiesm/Y = In(1 — C) — 1 + xC? to the evaporation rate for
X € {0..5}. fiosm > O increases the rate of evaporation while piosm < 0 decreases
it. The region of anti-diffusion is marked in dark gray and diffusion in white. Its
boundary is given by 1 — 2x(1 — C)C = 0.

C' approaches one. Since piosm(x = 1.5) < 0VC, the osmotic pressure purely decreases the rate
of evaporation, especially at higher concentrations. This behavior is reflected in panel (g). As C
locally grows, the effect becomes more apparent. It slows down the growth of Ci,ax, whereas the
less concentrated surrounding liquid experiences a relatively higher rate of evaporation due to
the weaker osmotic pressure. This, and the relatively small diffusive flux Js g4i contribute to a
broadening of the local maxima of the concentration C' (panel (h)). Pe~! is chosen to be relatively
small in order to separate the diffusive time scale from the other time scales. The slowing rate
of evaporation with increased solute concentration is an expected effect since the solute is non-
volatile. This has previously been seen in a convection-diffusion model with evaporation in the
context of gelation in spin-coating, however, the phenomenon is attributed to increasing viscosity
and skin formation there [BMS89|. Other works employ lubrication approximated models with
concentration dependent viscosities in order to investigate drying films and droplets. There, the
evaporative flux decreases with increasing solute concentration due to a power law or a quadratic
dependence, respectively [SREPO1, TVI11]. The aforementioned development of concentration
maxima outside of the droplet is unrelated to diffusion. This is verified in App. by turning
off diffusion.

In the end the simulation achieves homogeneous concentration at finite droplet size. Figure
in the appendix shows the rates V - J instead of the fluxes for better quantitative comparison.
In the following we present select parameter studies in order to provide more impressions of the
binary mixture system. Figure (a) shows space-time plots of sessile droplets at constant u.
The chemical potential is varied for each simulation, showing the transition from condensation
to evaporation.

For n = 0, 2, 4 smaller droplets spontaneously condense and then coalesce with the central droplet
as more material is added to the system until a flat film remains. Since only the solvent is volatile,
the concentration decreases. For longer time scales we expect C' to become homogeneous due
to mixing. For pu = —2, —4 the droplet does not fully evaporate and approaches a stationary
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Figure 4.8.: Space-time plots of film height h and solute concentration C' for a volatile droplet of a
binary mixture on a horizontal substrate described by Eq. — with g = 0,
v =0, « =0. See Sec. for the initial conditions. The common parameters are
x = 1.5, Pe! = 1074, © = 0.001, Y = 1, L = 200 and N = 256. (a) Parameter
study of p € {—4,-2,0,2,4} at hg = 20. (b) of hy € {10,12,14,16,20} at u = —1.8.

53



4. Dynamics of Binary Mixture Flow and Deposition

but smaller droplet. The concentration grows throughout the domain while Cpax shifts into
the precursor region, broadens and approaches a homogeneous profile. Note that the stationary
droplet at p = —4 is smaller than at 4 = —2 and the equilibrium concentration is higher. The
existence of stationary droplets contrasts with the behavior of the TFE for a simple volatile liquid
for which no stable droplet solutions are known. Interestingly, the binary mixture model does
not only have stable droplet solutions but they exist over relatively large parameter ranges as
well. The major difference is the presence of a second component and concurrently the osmotic
pressure that decreases the rate of evaporation. The solute represents an additional degree of
freedom that is allowed to adjust, such that evaporation stops, thus resulting in a stable droplet.
Note that the time scales shown in Fig. (a) are not necessarily equal. Not only do the
dynamics slow down when approaching the threshold between evaporation and condensation
but, in the case of condensation, material is injected into the system which causes film heights to
grow, thereby making the system stiffer. The initial condition selects which stationary solution
appears in the dynamics. In Fig. (b) the maximum height hg is varied, showing that for
ho = 10 the droplet will evaporate to a flat film, while for larger hg a stationary droplet remains.
We understand this process as follows: As solvent evaporates across the whole domain, material
convects from the droplet into the precursor region as discussed previously, i.e., the droplet loses
solute by convection and solvent by evaporation. Since solute is conserved, a smaller sized droplet
will remain as long as enough material exists for both the droplet and the precursor to maintain
the homogeneous equilibrium concentration, otherwise the final state will be a flat film.
It is possible to make some analytical considerations for the stationary droplet solutions. Consider
the evaporative flux

Jevap = - [_Ah + f/(h) + 'uosm(c) - ILL] . (414)

It must vanish for a stationary solution. For spatially homogeneous C' this implies that
—Ah+ f'(h) = const. (4.15)

and the convective fluxes vanish as well. For stationary states of constant C' the diffusive fluxes
are 0, too. Therefore, it is sufficient to analyze Jevap = 0. Across a flat film, the precursor region
of a droplet or its inflection point all possess vanishing curvature

Ah = 0. (4.16)
We introduce
fi :=[losm — fb (4.17)
as a shorthand notation. One can now solve Jeyap = 0 for h
0=—Q[f(h)+q]. (4.18)

The only real results are

W=

(4.19)
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4.5. Volatile Droplet of a Binary Mixture

Figure 4.9.: Parameter space of possible stationary droplets with constant concentration C for
the volatile binary mixture system. A subset of Eq. at x = 1.5 is shown.
Cross-sections at T = 1 (blue) and p = —1.2, —1.8 (green) are depicted as well. The
parameter set (Y, u) = (1, —1.8) is the same as in Fig. Not the full range of C
but only 0 < C < 0.99 is shown. D does diverge for all T > 0 as C' — 1.

See Appendix [A.§|for intermediate steps. As long as both values exist, stationary droplets exist.
It follows that (C,x, Y, ) must be part of the set

D:={(C,x, T, 1) | 0< /1+4(T(In(1 —C) — 1+ xC?) — ) < 1}. (4.21)

The lower boundary arises from the positivity of the radicand while the upper one from that of
the denominator. Figure [4.9] shows a subset of this parameter space for y = 1.5. At C =0 it is
bounded from above by

pmax(C = 0) = max(f'(h)) =T =~ —T. (4.22)

and below by
umin(C’ = 0) =-7 (4.23)

T = 0 recovers the case of a simple liquid. Overall, the set’s py-range is mostly bounded, except
for C — 1. In this limit steady state droplets are only possible for diverging u. Note that Fig.
only shows the interval 0 < C' < 0.99. The divergence of D for C — 1 does occur for any T > 0.
Cross-sections at ¥ = 1 (blue), u = —1.8 and p = —1.2 (green) are depicted as well showing
that the parameter set (T, u) = (1, —1.8) in Fig. allows at most

0.846 < C' < 0.894 (4.24)
which conforms with the measured homogeneous concentration of
C = 0.854. (4.25)

Judging from Fig. stationary droplet solutions with smaller concentrations may exist for
higher T or p values. Remember that C' is assumed to be homogeneous for above considerations
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4. Dynamics of Binary Mixture Flow and Deposition

which means that solutions with inhomogeneous C may exist as well, although it is unlikely due
to diffusion and osmosis.

We verify the properties of D further by performing two more simulations. Figure shows
how for (Y = 0.1, 4 = —4) the concentration C' approaches unity (panel (a.1)) and the osmotic
pressure fiosm diverges ((panel (b.1)), causing the system to become too stiff. If the droplet
contains enough solute to supply the precursor and to retain its curvature the final state will
still be a droplet, otherwise a flat film will remain. Whereas for (Y =1,y = 1) in Fig. the

(a.1) (a.2)
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Figure 4.10.: Snapshots from the time evolution of an evaporating droplet of a binary mixture on
a horizontal substrate at times labeled on the color bars. The parameter sets are
chosen below (1) and above (2) the parameter set of possible steady droplet states
shown in Fig. Film height (left axis, dashed, black) and (a) solute concentration
C' (b) osmotic pressure fiosm (right axis, solid, color). The color bars at the bottom
map each color to a specific £. The governing equations are Eq. —
with ¢ =0, v =0, a = 0. See Sec. for the initial conditions. The remaining
parameters are Pel_l, Pe2_1 = 1,104 y = 1.5, Q = 1073, 11,y = 0.1,1 and
py p2 = —4, 1.

droplet grows, new droplets condense and then coalesce. Diffusion will eventually equalize C,
leaving a flat film of homogeneous concentration, see panel (a.2).

Since the initial condition used here is not a stationary solution and the calculations are done
with direct numerical simulations, it is likely that these droplet solutions are stable. The reader
is referred to App. for a stability test in which a droplet solution is perturbed by white noise.
Previously, it has been mentioned that piesm decreases the rate of evaporation. In conjunction
with convection, induced by precursor gradients, Cpax shifts away from the droplet into the
precursor region. An interesting case is T = 0 which turns off the osmotic contribution. Such
a simulation is shown in Fig. As in previous cases the concentration increases in the
contact line region at early times (panel (a)). However, Cyax clearly shifts into the precursor
region due to convection, past old contact line positions (panel (b)). Diffusion smooths out the
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Figure 4.11.: Time evolution of an evaporating droplet of a binary mixture on a horizontal sub-
strate at times labeled on the color bar. (a)-(c) Film height (left axis, dashed, gray
scale). The right axis shows (a) solute concentration C' (b) convective flux Jeony (€)
diffusive solute flux Jgig 2 in colors. (d) Position of right-hand local concentration
maximum z(Chax). Note, that the step-like behavior is a result of the spatial dis-
cretization. x(Cmax,t = 6.5) is depicted as a dark green line in (a). The color bar is
depicted at the bottom, mapping each color to a specific t. The governing equations

are Eq. (2.126))-(2.127) with ¢ = 0, v = 0, @ = 0. The remaining parameters are
Pe ' =107% x =15 0=10"% T =0and = —1.6.

concentration profile as can be judged from its sign (panel (c¢)). As Jeony is not changing much in
time, 2(Cmax) shifts almost linearly (panel (d)). Note, that the step-like behavior is a result of
the spatial discretization. This shows that setting T = 0 is not a viable option for the prevention
of the Cpyax shift. On a side note, the T = 0 case needs to be specifically treated in the numerical
implementation due to the divergence of the logarithmic term.

4.6. Gradients in the Precursor Region

The precursor of a static droplet is flat. In the previous section, we have shown that precursor
gradients develop due to the interplay of evaporation and convection. In this section, we show
that such gradients develop independent on how the precursor is initialized, unless the initial
condition is already at equilibrium. We further show, that this effect is likely inherent to the
precursor model. First, the simulation of Fig. is repeated but with a precursor height that
matches the expected equilibrium height h,(C = 0.854,T =1, x = 1.5, u = —1.8) according to
Eq. . However, the initial concentration is purposefully kept at Cy = 0.3 which does not
match the expected equilibrium concentration.

Figure (e.1) shows similarly to the previous simulation for h,(t = 0) = 1 that although the
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4. Dynamics of Binary Mixture Flow and Deposition

initial precursor height coincides with the final one, solvent evaporates from the precursor and
is resupplied by convection originating from the droplet because C' is not at equilibrium. Thus,
height, concentration and pressure gradients develop. In the beginning, the precursor thins and
then approaches its initial/equilibrium height again but this time with the correct equilibrium
concentration.

Another interesting case is when Cy = 0.85, which is close to equilibrium. Figure m (e.2)
shows that the precursor behaves similarly to (e.1) but with less magnitude. It first becomes
thinner accompanied by gradients and then relaxes to its equilibrium height. However, due to
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4.6. Gradients in the Precursor Region

Figure 4.12.: Time evolution of a sessile volatile droplet of a binary mixture described by
Eq. — with ¢ = 0, v = 0, « = 0. Film height h (left axis, gray
scale) and other quantities (right axis, colored) are depicted at times labeled on
the color bars. In contrast to Fig. the precursor is initialized differently. (1)
with the expected equilibrium height according to Eq. hp(C = 0.854,T =
1,x = 1.5,u = —1.8) but keeping Cy = 0.3. (2) close to equilibrium with
hp(C = 0.85,T = 1,x = 1.5,u = —1.8) and Cy = 0.85. The gray/black lines
follow the same order as the colored ones, meaning that the darker the later the
time. (a) solute concentration (b) evaporative flux Jevap (¢) convective flux of solute
J2.conv (d) diffusive flux of solute Js g (€) zoom of the precursor region, h=h-1.
The profile at t = 0 is separately depicted in red. The remaining parameters are
ho=20,Pe ' =10"% x=1.5Q2=0.001, YT =1and = —1.8.

the closeness to equilibrium barely any solute evaporates. Thus, the final state is different from
the previous case with a slightly smaller concentration C' =~ 0.8506, which is still within the
predicted range of Eq. , and much larger hpyax. Another case has previously been shown in
Fig.[4.8](b). If the initial droplet is smaller at hg = 10, the final state is a flat film. However, no
new observations can be made in terms of precursor dynamics. A breakdown of the simulation
is shown in Fig. in the appendix. Nevertheless, these case studies show that the volatile
binary mixture system possesses regions of multistability between at least droplet and flat film
states.

The precursor gradients are present in the TFE for a simple liquid as well

3
Oh=—V- %v (Ah — f’(h))} —Q[=Ah+ f'(h) — p] . (4.26)
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Figure 4.13.: Selected height profiles from a time simulation an evaporating droplet of a simple
liquid on a horizontal substrate. Gray scale represents a simulation for L, = 200,
N, = 256 while the red scale is for L, = 300, N, = 384. (a) full domains (b)
closeup of edge at z = 100. The governing equation is Eq. (4.26). The remaining
parameters are hg = 20, 2 = 0.001 and g = —1.8

Figure shows two simulations of an evaporating droplet of a simple liquid for two different
domain sizes. The simulation on the smaller domain is depicted in gray scale while the larger
one is depicted in red scale. The closeup at the edge of the small domain in (b) shows that the
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4. Dynamics of Binary Mixture Flow and Deposition

precursors do not overlap. The gradients depend on domain size, due to the Neumann boundary
conditions.

In contrast to the binary mixture system, here, stationary droplets are unstable. Taking a
stable stationary droplet from the non-volatile case, perturbing it with some noise and turning
on evaporation always results in complete evaporation, see Fig. Naturally, evaporation
in (a) occurs faster due to 2 = 1 while it takes longer in panel (b) for = 0.1. Due to the
computational limitations of FDM simulations, smaller Q and noise amplitudes than in Fig.
have been tested by utilizing the FEM library oomph-lib [HHO06|, verifying the unstable droplet
see Fig. which shows the vanishing droplet even at zero noise and Q = 1073, Overall, this
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Figure 4.14.: Space-time plots of h(z) for an evaporating droplet of a simple liquid on a horizontal
substrate as described by Eq. . The initial condition is taken from the non-
volatile case after the droplet has fully converged and then perturbed by white
noise of amplitude (a) 107° (Q = 1), (b) 1072 (2 = 0.1). u = 0.01568 is chosen
as measured from the converged droplet p = p; = —9,.h + f'(h). The remaining
parameters are L, = 200, N, = 256 and hg = 20.

means that the precursor gradients are not a new effect stemming from extending the TFE to
two components but a consequence of evaporation driving the droplet out of equilibrium and the
Neumann boundary conditions. As long as both order parameter fields are not in equilibrium,
it does not matter how the precursor is initialized. The dynamics introduce gradients to the
precursor nonetheless. Further, judging from the previous section, the precursor gradients are
not directly related to the local concentration maxima moving out of the droplet.

4.7. Diffusion-limited Precipitation

In contrast to the simulation of the full deposition model in Sec. the case of a sessile drop of
a volatile binary mixture Sec. does not exhibit stiffness except at vanishing inverse Peclét
number. In this section, the phase-field part is isolated by investigating the simpler Xu Meakin
system of Sec. for diffusion-limited precipitation. It models precipitation from a mixture
described by a normalized solute concentration field ¢. Liquid and solid phase are indicated by
the phase-field ¢, i.e., the presence of precipitate is only qualitatively represented by ¢. The

!Many thanks to Simon Hartmann for quickly setting up the code and corresponding simulations.
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4.7. Diffusion-limited Precipitation

considered model is

016 = 5o (B) — 0y (9., X) — 5IV9)). (427)

Orc = Ac+ a0so. (4.28)

Note, that, with the next section in mind, the relations gained from the thin-interface limit
Eq. (2.93),(2.94)),(2.101) will not be applicable in the full model due to the different dynamic
equations for the solute. The parameters are therefore treated phenomenologically here. All
simulations in this section consider precipitation and subsequent formation of fingers from an
oversaturated homogeneous liquid for varying control parameters. Circular Dirichlet boundary
conditions and a disc of radius r with Gaussian profile with white noise as the IC for ¢ are
employed

2—Lg)24(y—Ly)2
) e kel Hu= L)

Bz, y,0) =1—2e MO 2 (4.29)
c(x,y,0) = co. (4.30)

As mentioned in Sec. planar interfaces are unstable due to Mullins-Sekerka instability in
this system. In the absence of curvature effects the dispersion relation is simply linear growth
which means that the smallest wavelength is limited by grid resolution. Further, the curvature
term |V¢|x needs to be explicitly treated as

lim x=0. (4.31)
|Vé|—0
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Figure 4.15.: Snapshot of a precipitating mixture limited by diffusion in a 2D domain and de-
scribed by Eq. —. Initial conditions are a Gaussian disc with white noise
for ¢ and constant concentration cg, cf. Eq. —. Dirichlet boundary con-
ditions on a circular domain. The ¢ = 0 level set is depicted as solid black line while
¢ = —1 is shaded in gray. The background is colored from blue to red according to
the anisotropic part of the curvature term A¢ — |V¢|x. The right panel is a zoom.
The system parameters are: L, = L, = 200, N, = N, = 384, ¢ = 0.5, a = 0.5,
A=1.8, Peyn = 1.

Furthermore, the curvature term becomes problematic at sharp corners where V¢ is ambigu-
ous [Set99, [SBO7|. This can be seen in the simulation snapshot in Fig. The left panel shows
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4. Dynamics of Binary Mixture Flow and Deposition

the ¢ = 0 contour as a black solid line. The solid phase ¢ = —1 is slightly grayed while the
background is colored according to the anisotropic part of the curvature

_ V698
using
Vo \ _ AdlV6|-Vo-VIVs V- VIV
wa = o7 (55 V4l 7 3

Fingers have emerged from the circular nucleus, followed by tip-splitting. Four main branches
are visible pointing to the left, right, top and bottom. This can be classified as a dendrite.
A zoom of two sharp corners, which approach each other, is shown in the right panel. The
large values indicate how stiff the system becomes as the corners sharpen or approach each
other, practically halting the simulation. Sun and Beckermann investigated the behavior of the
interface motion in dependence on b which corresponds to ﬁ in the Xu Meakin model with
a finer grid resolution than is used here and forward Euler method [SB07|. Notice the broken
fourfold rotational symmetry of the full contour due to white noise. This symmetry stems from
the discretization grid.

The formation of dendrites naturally depends on the system parameters. Figure shows
a parameter study in a and A. They control the amount of solute taken upon precipitation
and the steepness of the local potential, respectively. Again, ¢ = 0 contours are shown but
for two different times ¢; = 35 and to = 175. The colored background denotes the c(z,y,t2)
profile. Remember that negative ¢ simply correspond to concentrations below the equilibrium
concentration. Some simulations, labeled with k, are limited by the aforementioned numerical
problem of resolving sharp corners. These parameter sets do not always result in a stiff system.
Depending on the perturbations such corners may develop early on in the simulation or not at
all before the solid phase reaches the circular boundary. Comparing the ¢; contours one can see
that simulations start with growth of the circular interface before it becomes unstable due to the
Mullins-Sekerka instability. From there, fingers grow and split while extracting solute from the
liquid. The onset of instability can be delayed by decreasing «. Since « controls the partition
coefficient, larger o deplete more solute which in turn slows down dendrite growth as can be
seen by the smaller areas covered by solid for t = to. Concurrently, the structures become more
fractal. A has a simpler effect, speeding up the dynamics as it increases which is expected since
it controls the tilt of the local potential. Parameter sets (A = 2.0,a = 0.3,0.4) in particular
exhibit spontaneous precipitation outside of the initial nucleus leaving small islands of enclosed
liquid as solute is mostly depleted. These will eventually be covered by solid on a longer time
scale due to diffusion of solute from the boundary. Similarly to «, ¢g can affect the occurrence
of aggregate growth or spontaneous precipitation as well (not shown here)

The effect of Pexm on the pattern formation is of interest as well since P— takes on a similar
role to ¢ in Eq. of the full model. Contours of times ¢1,t2,t3 and t/,t5,t5 are shown in
a parameter study in F ig. [4.17] The structures are less fractal as Peyy, increases since diffusion
occurs faster and thus c is locally more homogeneous. At very large Pey, the system undergoes
aggregate growth, however, the interface will become unstable on larger time scale unless the
boundary is reached faster. Note that Fig. (b) is simulated on a larger domain in order
to observe longer time scales. In contrast to Fig. most of the fractal patterns shown in
Fig. are less considered dendrites, but more seaweed-like, due to the absence of clear
main branches. These may manifest for larger domain sizes and time scales.
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4.7. Diffusion-limited Precipitation

[[e]olo]o]0

Figure 4.16.: Snapshots of a precipitating mixture limited by diffusion in a 2D domain obtained
from a parameter study in the source strength o and coupling parameter A\. The
governing equations are Eq. —. See Eq. — for the initial con-
ditions. ¢ = 0 level sets are depicted at ¢t; = 35 and to = 175. The background
colors denote the c(x,y,t2) profile. Dirichlet boundary conditions are applied on
a circular domain. The system parameters are: L, = L, = 200, N, = N, = 304,
co = 0.5, Pexyy =1, a € {0.1,0.2,0.3,0.4,0.5} and A =€ {1.5,1.6,1.7,1.8,1.9,2.0}.
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Figure 4.17.: Snapshots of a precipitating mixture limited by diffusion in a 2D domain obtained
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from a parameter study in the Peclét number Pey,, = 1. The governing equations
are Eq. —. See Eq. — for the initial conditions. ¢ = 0 level
sets are depicted at times ¢;. (a) at t; = 500, to = 1500 and t3 = 2250 on
L, =L, =200, N, = N, = 304. (b) at ¢} =2-10% t) = 5-10% and ¢t} = 10°
on L, = L, = 600, N, = N, = 912. The background colors denote the c(z,y,t3)
profile. The concentration range is different from Fig. [4.16]Dirichlet boundary
conditions are applied on a circular domain. The remaining system parameters are:
co=0.5,,a=0.5and A =0.5.



4.8. Precipitation in a Dip-Coating Geometry
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Figure 4.18.: (a) Snapshot of a precipitating liquid in a dip-coating geometry after transients
have died out and solute has been deposited homogeneously. The substrate is two-
dimensional and the system is described by Eq. -. Film height h and
deposit thickness ¢ are shown as surfaces. Their color mapping corresponds to the
solute concentration C' and once again the deposit thickness (, respectively. The
pulling direction points towards positive x. The simulation is equivalent to the one
in Fig. however the mean curvature & is turned off. (b) Adaptive time step At
against the number of integration steps for k = 0 (solid line) and x # 0 (dashed
line). The latter exhibits an abrupt drop in At at the onset of precipitation. See
Sec. for the initial conditions. The system parameters are L, = 200, L, = 50,
N, = 256, N, = 64, hg = 15, Cy = 0.3, Coq = 0.35, v = 0.6, g = 1073, 8 = 2,
Pel=1,x=150=0.008Y=1,pu=-6,a=01,A=15A=10=1.

4.8. Precipitation in a Dip-Coating Geometry

Following the previous investigations of various submodels, the remainder of this chapter is
dedicated to the full model describing dip-coating of a volatile binary fluid including a deposition
mechanism, see Eq. —. Many results from Sec. can be transferred to the full
model since the phase-field dynamics only becomes relevant during deposition, i.e., above certain
threshold concentrations.

4.8.1. Mean Curvature and Advection

The results of Sec. and indicate that the properties of the binary mixture model are mostly
not responsible for the stiffness that has been shown in Sec. with exceptions related to mixing
parameters, i.e. Pe™! or Y. One source of stiffness is the mean curvature  in the phase-field
when V¢ becomes ambiguous. This can be easily verified by setting x = 0. Figure (a)
shows the final frame of the example shown at the beginning of this chapter in Fig. when the
mean curvature is turned off. As before, precipitation occurs within the precursor and results in
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Figure 4.19.: Snapshots of a binary mixture with deposition mechanism in a dip-coating geometry
on a 1D substrate described by Eq. —. The state develops towards a
homogeneous deposit. Film height h and solute concentration C' are shown in
blue and dashed black, respectively. The substrate is pulled towards the right.
The solution is shown at times after the initial transient front has reached the
right boundary. There, a numerical instability develops and propagates to the
left, reflects at the left boundary and propagates to the right again. This process
repeats until the instability dissipates. The governing equations are Eq. —
(2.129). The system parameters are L = 800, N = 1024, hg = 20, Cy = 0.3,
Coq =04,v=03,9g=103 =2 Pe !l =103 x =15 Q=0.02 T =1,
p=-16,a=05 A=6,A=02,0=1.

a deposit of small height. However, no dendrites form. The front is planar and advances while
homogeneously depositing solute. No stiffness occurs for the whole duration as can be seen in
Fig. (b) where the adaptive time step At is plotted against the number of integration steps
for both cases. The stiffness of the simulation with k # 0 is clearly depicted by the sudden drop
in At. The fastest growing mode of the Mullins-Sekerka instability diverges in the absence of
curvature effects. Since the grid resolution is fixed, this problem is always present in this model.
Note that the preconditioning using a hyperbolic tangent for the signed distance function n(x, t)
analyzed in [SBO07, |Gla01] is not useful here as it results in a constant positive contribution on the
right-hand side of the evolution equation due to the modification of the double-well potential, see
App. A proper asymptotic analysis would be required to identify a good transformation
for ¢. However, since it involves a set of complex equations for the liquid and thus for the
concentration C, this is not pursued here. Instead, it is possible to avoid the numeric instability
by choosing a sufficiently small [large] domain size [advection velocity| such that the fastest
growing mode is still resolvable by the grid discretization before the pattern is advected out of
the domain.

The investigation of the 2D domain is continued in Sec. while the next few sections discuss
2D domains. Besides by the aforementioned the system is affected by more numerical instabil-
ities, one being very typical for advection systems. Naively choosing centered stencils for the
advection terms can lead to numerical dispersion as is known for the FTCS scheme (forward
in time, centered in space) for the classic advection equation. In our case, the instability be-
comes noticeable as the initial transient front reaches the right boundary. The instability reflects
between both boundaries and decreases in amplitude with time. Such an instability is briefly
mentioned in Sec. 3.3] However, the simulation is not stiff here, indicating that the time scale of
this transient is not too different from the physical time scale. Snapshots of the instability are

shown in Fig. [4.19]
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4.8. Precipitation in a Dip-Coating Geometry

Previous long-wave models did not encounter this problem since the separation of length scales
was smaller for the systems considered there, allowing the usage of single-precision second order
FDM |[KGFC10, Tewl13]|. Upwind schemes are a common way to deal with such problems but
a purely backward differencing stencil results in instabilities developing at the left boundary.
Fortunately, an asymmetric stencil that takes three points on the left and one on the right
works for our system. On a side note, replacing all first derivatives by this stencil, which makes
implementation simpler, does not make a difference here but will not be adopted since central
differences are preferred when the z-symmetry is not broken.

4.8.2. Parameter Choices and Modeling Aspects

Since the full model depends on 14 (effective) parameters, excluding the Dirichlet boundary
conditions, it is sensible to discuss some of their values or limitations. The transfer velocity v
is a very important experimental control parameter. The generalized system is expected to at
least possess height profiles similar to the simple liquid case.

The previously shown profiles show very small deposit thicknesses. They are smaller than the
precursor which is related to the relatively small bath height hg, which in turn means that the
precursor is much larger than in reality. A no compromise approach would be to increase hy on
the left boundary which leads to more extracted liquid and thus higher ridges in the region of
time-periodic states (TPS). However, the FDM implementation is limited here, allowing at most
ho = 20 before resolving the contact line becomes too difficult. Instead a smaller inclination
B =1 is chosen for a similar effect at smaller hy. This value for 3 is also used when simulating
ensembles of simple sliding drops [WTEG+17] and lies below values considered in bifurcation
analysis of the simple non-volatile liquid case [TWGT19|. We choose the dimensionless gravi-
tational acceleration g = 1072 to be relatively small and do not include its contribution to the
evaporative flux. The choice of the mixing parameter x = 1.5 has been discussed in Sec. The
equilibrium concentration Ceq in Eq. does not represent a sharp precipitation threshold
as A(C' — Ceq) only tilts the local potential fym, thereby modeling the deposition process as a
first order phase transition. As mentioned in Sec. the phases ¢* = A(C' — Ceq) and ¢ =1
switch stabilities at A\(C' — Ceq) = 1, i.e., for A(C' — Ceq) > 1 the phase transition between ¢ = 1
and ¢ = ¢* > 1 is possible. For that, d:¢ must be positive. This means that solute is extracted
from, at that stage, non-existing deposit. This is possible in this model since no mechanism
exists that prevents ¢ from becoming negative. The resulting unphysical third phase ¢* would
then possess more solute than initialized or injected from the bath. ¢* = AC — Cyq) <=1
holds for any C,Ceq < 1if A <1 but then ¢5 = —1 never becomes a local maximum and much
stronger perturbations would be required. Instead, we adopt A > 3 and initialize simulations
with ¢(x,y,0) = 0.99 which is still physically liquid but primes the phase-field to precipitate once
C' becomes large enough. Note that the Dirichlet BC is kept at ¢9 = ¢(x,y = 0) = 1. Setting
the initial condition not to exactly match an extremum of the local potential has previously been
done in first order phase transition models as well, one of which is the reduced model for the
Langmuir-Blodgett transfer presented in Sec. |[KGFT12|. However, it is taken a step further
there, i.e., the Dirichlet BC is set to ¢g = —0.9. Setting ¢9 = 0.99 in contrast to, for example,
¢ = 0.9999 does not result in a qualitative difference (not shown here).

Remember the precursor behavior analyzed in Sec. [4.5} Upon evaporation the solute concentra-
tion grows mostly in the precursor region. This effect is naturally still present in the full model.
In order to exclude this effect we introduce a height dependent switch m(h) that turns Jaig,,
Jevap and 0y¢ off as h approaches a chosen height of h; = 1.1 close to the precursor thickness.
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Figure 4.20.: Snapshots of liquid ridges of a binary mixture with deposition mechanism in a dip-
coating geometry on a 1D substrate described by Eq. -. The profiles
are taken at the onset of deposition. Film height h(blue), solute concentration C
(dashed black, top) and disjoining pressure II(h) (dashed black, bottom), respec-
tively. The equilibrium concentration Ceq is shown in dashed green. The substrate
is pulled towards the right. (a) height dependent switch according to Eq. —
(4.36) (b) including Eq. (4.37). The system parameters are L = 800, N = 1024,
ho = 20, Cop = 0.1, ¢g = 0.99, v = 0.1, g = 0.001, § =1, Pe ! = 1073, y = 1.5,
2=0.004,T=1p=-16,Cq =035, a=02,1A=20,A=1,0=5.

Namely, we use and replace

m(h) = %(tanh(35(h )+ 1)

(4.34)

Jevap — m(h)Jevapa ( )

Jdiff,i — m(h)Jdifﬂi 7= 1, 2, (436)

¢ +vVo — m(h)(9d + vV) (4.37)

in Eqgs. (2.126)-(2.129).

Figure (a) shows 1D profiles of periodic ridges at the onset of precipitation, still without
using Eq. . While the ridges initially grow by taking liquid from the bath, over time their
growth is inhibited by evaporation, locally increasing C'. Once a ridge detaches , its surrounding
precursor possesses higher solute concentrations than in the beginning. As ridges shrink further
they leave behind precursors of even higher concentration. Once C' > C¢q precipitation becomes
possible, particularly in the precursor region. It is first triggered at the front. The film height
significantly decreases which causes the disjoining pressure to sharply increase and the system
to become stiff. This effect does not always occur. If precipitation and evaporation are slow
enough, it is possible that convection fills up the missing liquid such as in the previous examples
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Figure 4.21.: Phase-field maximum ¢pax = max(¢(x,t)) with varying A € {0.1,...,1.0} for a
precipitating liquid in a dip-coating geometry. @max > 1, dmax < 1 and A = 0.2 are
marked by crosses, circles and a filled circle respectively. The governing equations
are Eq. -. The system parameters are L = 800, N = 1024, hg = 20,
Co=0.3, ¢ =0.99, v=0.1, g =0.001, =1, Pet =1073, y = 1.5, Q = 0.008,
T=1,pu=-16,Ceqq=04, a=05 A =3,0=1.

in Fig. or for which v is well within the Landau-Levich regime of the one-component
TFE. The simulation is repeated with the addition of Eq. in (b), showing that h does not
sharply drop anymore. After a transient, the system periodically deposits solute.

Note that the logarithmic term in posy, diverges as C' — 1. Although the term regulates itself by
decreasing rate of evaporation, the discretized model can become stiff as C' approaches 1. This
is the case for small T, which weakens the osmotic pressure, i.e., C' can become closer to 1 than
for larger T, see App. for a corresponding solution snapshot.

Theoretically, A = 3 does not prevent ¢* from growing beyond 1 which can be observed when
varying A, see Fig. Only for A < 0.4 does the phase-field remain bounded by [—1,1].
Naturally, this threshold will depend on the other parameters which is why A = 0.2 will be
adopted for all following simulations. This has the drawback of wider phase-field interfaces.
Note that ¢max does not reach a plateau as A > 0.9 may indicate. ¢max continues in a non-linear
fashion as A becomes larger (not shown here).

Since all control parameters have been presented, we present the standard parameter set that is
used in all remaining simulations of this chapter if not stated otherwise.

Standard parameter set

L =800 N = 1024 ho = 20 Co=0.3 $o = 0.99
v=0.1 g=10"3 g=1 Pe ! =103 x=1.5
Q=0.01 T=1 p=-16 Coq = 0.4 a=05
A= A =02 o=1

4.8.3. Deposition Patterns in 1D

As mentioned in the introduction[I} primary interest lies in the deposition patterns. Therefore, we
consider the dependency of the morphology on various system parameters. Since the occurrence
of precipitation is determined by the solute concentration profiles C'(x,t), we first focus on those
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Figure 4.22.: Transient resulting in a Landau-Levich-like film state for a binary mixtrue with
deposition mechanism in a dip-coating geometry on a 1D substrate described by
Eq. —. The ridge leaves the domain at the right boundary at large
time. Film height h and solute concentration C' are depicted in blue and dashed
black, respectively. Deviating parameters are: v = 0.22, @ = 0.004.
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Figure 4.23.: Time-periodic deposition of ridges for a binary mixture in a dip-coating geometry
on a 1D substrate described by Eq. —. Film height h, deposit thickness
¢, solute concentration C' and equilibrium concentration Ceq are depicted in blue,
olive, dashed black and dashed gray, respectively. Further, every second grid node
is depicted with vertical lines around one of the deposited peaks indicating that the
peaks are on a scale larger than Ax.

and then proceed to present the deposition patterns.

Take the case of a homogeneous deposit that is preceded by the extraction of a homogeneous
film, meaning flat with a constant small slope due to evaporation. We shall call such states
Landau-Levich-like. This regime is found at high transfer velocities v. Figure shows three
corresponding snapshots before the onset of precipitation. A transient ridge is drawn out of
the bath and transported across the right boundary. The concentration profile, divided into
a uniform section and a growing, widening peak, resembles observations made for advection-
diffusion systems where a moving source of increasing strength emits surfactants onto a flat
film . Periodic ridge states possess concentration profiles like the one shown in
Fig. (b) There, C' is locally maximal at the edges of each ridge. Upon precipitation solute
is deposited until the concentration falls again below Ceq. The ridges are then advected as
solids while precursor with an irregular concentration profile is left on top. Figure shows a
snapshot of a similar ridge state but with higher deposits. The grid discretization is depicted by
vertical lines for every second node, indicating that the peaks possess a length scale larger than
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the grid resolution Az and are therefore no numerical artifact.

Before the onset of precipitation, the local concentration profiles are asymmetric due to the
longer evaporation time of each ridge’s right flank. Interestingly, there are cases in which the
left flank overtakes the right flank in concentration. This can be understood by analyzing 0,C"

1
0uC = 1 (Dutbs — Cuh)
1
= E (—V : J2,conv -V J2,diﬂ +CV -Jp — CJevap)
1
= (=V - (CIp) =V -Jaaig + CV - I, — Cevap)
1
= E (_VC ' Jh -V J2,diff - C'Jevap) (438)
— atcr(conv) + atc(diﬂ) + atc(evap) (439)

where we define the flux of the fluid

3

Jp = %V [Ah — f'(h) — g(h + Bz)] + vh, (4.40)
use the fact that the diffusive contributions cancel out when calculating d;h and drop (¢, ¢) since
we consider solutions before the onset of precipitation. Notice that convection does not create
concentration gradients as it contributes as an advection term with "velocity" J,. We label
each of the three contributions by their underlying physical phenomenon and visualize them in
Fig. which is a snapshot of a ridge solution similar to the previous figure. Here, the onset
of precipitation is delayed by employing smaller Cy and 2.
Since ridges farther in space correspond to states later in time and vice versa in advected geome-
tries, it is possible to take the ridges at a single time ¢ as a representation of the time evolution
of the left-most ridge. Here, we focus on the ones labeled (1) and (3). The right flank of (I) pos-
sesses a higher concentration (dashed, black) than the left flank (panel (a)). This interchanges
for longer times. 0;C (dashed, black) is almost symmetric for (1), the left flank’s 9;C' is slightly
smaller than the right flank’s (panel (b)). The evaporative contribution 9;C"?P) (violet) is
symmetric, too, while diffusion (green) and convection (orange) are small in comparison. The
location of the concentration maxima x; and xz are denoted by gray dashed lines. The symmetry
of the concentration profile changes for (3). While the evaporation profile becomes smaller on
the left, solute has practically ceased evaporating at xs. Evaporation still continues at x1 due to
diffusive and convective resupply from the bulk. The convective contribution is anti-symmetric
around 1, meaning that it shifts solute even past x; into the precursor. This is the same mech-
anism as discussed in Sec. Note that the peaks broaden in time due to the shrinking ridge
and the concurrent shift of the contact lines towards the center of each individual ridge from
evaporation and convection.
For the remainder of this section the focus lies in the (€2, v)-space and select studies branching
from the standard parameter set. The evaporation constant €2 and transfer velocity v are of
particular interest since they strongly affect the time scales of the dynamics. Similar (non-
)volatile dip-coating models have been investigated previously, particularly in regards to the
transfer velocity |[KGFC10, TWGT19, MMT21|. Figure shows a phase diagram in the
(©,v) plane that was obtained by sampling the parameter space. Note that the initial condition
remains unchanged, meaning that hysteresis is not visible here.
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Figure 4.24.: Snapshot of a TPS of liquid ridges of a binary mixture with deposition mechanism
in a dip-coating geometry on a 1D substrate described by Eq. (2.126)-(2.129)). The
snapshot is taken before the onset of precipitation. Extracted ridges are labeleld
by (1), (2) and (3). Film height h is depicted in blue. Local concentration max-
ima are marked by dotted gray vertical lines. (a) solute concentration C' (dashed
black) and equilibrium concentration Ceq (dashed gray). (b) Concentration change
0;C (dashed black) and corresponding convective (orange), diffusive (green) or evap-
orative (violet) contributions 9;C. (c) Zoom of ridge (3), positions of local con-
centration maxima are labeled by z1 and xo. Deviating parameters are: Cy = 0.1,
Q = 0.004.

We distinguish each region by the occurrence of deposition ((b), (d), (e), enclosed by solid black
line) and time-periodicity ((c), (d), (e), enclosed by dotted line). It is known from the non-volatile
case of a simple liquid that steady states emerge towards small and high transfer velocities with
TPS in between. Estimating the regions of TPS at vanishing 2 one may believe that the v-range
should still be of similar size, however it is actually shifted towards smaller velocities and more
narrow. The v-range of TPS for (2, a) = (0,0) is depicted in white bars and shifted to (€ = 0.01)
for comparison. It is much smaller than for the volatile case of (Q,«) = (0.01,0), denoted by
the dotted arrows, which in turn is smaller than for (2, a) = (0.01,0.5) depicted by (d) and (e)
at 2 = 0.01.
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Figure 4.25.: Morphological phase diagram in the (2, v) plane for a (precipitating) liquid in a
dip-coating geometry on a 1D substrate described by the full model Eq. —
. This means especially o = 0.5. Regions of TPS are enclosed by a dotted
line while regions of deposition are enclosed by a solid line. (a) flat liquid without
deposit, (b) flat deposit, (c) liquid ridges without deposit, (d,e) periodic deposits.
The deposition in (e) is preceded by existing liquid ridge(s). The v-range of TPS
for the case 2 = 0.01, @ = 0 is marked by dotted arrows while the v-range for
Q) =0, o = 0 is marked by white bars. The standard parameter set is marked by
e. The solution shown in Fig. is marked by V. Profiles shown in Fig.
are marked by x. ©Q € {0.002, ...,0.022}, v € {0.06, ...,0.22}. The sample rates are
AQ = 1072 and Av = 0.01. Around the region of TPS without deposition (c) the
sample rate is increased up to Av =5-1074

Naturally, the parameter space is dominated by flat deposition (b) once 2 becomes large enough
while at small €2 this is limited by the domain size and v (a). The region of TPS without deposit
(c) is expected to extend further towards smaller velocities as 2 approaches 0 since Ceq cannot
be surpassed without evaporation. Interestingly, for Q € {0.002,...,0.011} such solutions have
not been found at the lower v-boundary of the onset of TPS for the applied sampling rates. Note
that the TPS with deposit are further distinguished by a |[non-|existing liquid ridge before the
onset of precipitation (d,e).

The region of patterned deposits is of particular interest. Figure [4.26] gives an overview of
some of the occuring patterns. All presented patterns are regular, meaning neither transient
nor chaotic. Above, we distinguished two types of periodic deposits by the [non-|existence of
a liquid ridge before the onset of deposition. This criterion can be formulated stricter for the
purpose of classifying the deposition patterns. One can distinguish between depositions before
and after liquid ridges detach from the meniscus. The latter occurs at small v and €2, showing
deposits with symmetric peaks and vanishing minimum deposit thicknesses. The former shows
a variety of patterns that are highly dependent on the meniscus dynamics, ranging from high
to low amplitudes and asymmetric peaks. Note that such peaks possess steeper left than right
flanks which is to be distinguished from having high left or right tails such as for the parameters
(©,v) = (0.008,0.16) or (0.012,0.08).
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4.8. Precipitation in a Dip-Coating Geometry

Figure 4.26.: Snapshots of a binary mixture with deposition mechanism in a dip-coating geometry
at parameters marked by x in the (€2, v)-plane of Fig. The governing equations
are Eq. —. Film height h and deposit thickness ¢ are shown in blue
and olive, respectively. The domain is shown until x = 600 with axis limits of
(ho, Cmax) = (5,0.8).
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Figure 4.27.: Solution measures of deposition patterns of a precipitating liquid in a dip-coating
geometry for varying initial solute concentration Cj. (a) time period T. The de-
posit is flat at very small and large Cy. The system possesses another flat deposit
region(o) at around Cp = 0.58. This solution branch is left out in (b). (b) maxi-
mum deposition thickness (ihax, minimum deposition thickness (i,ax, amplitude or
prominence A and mean thickness (. Hysteresis is not observed around the inter-
mediate Cy region of flat deposit down to a parameter resolution of ACy = 0.006.
Note, that the y-axis scale changes at Cy = 0.58. The governing equations are

Eq. (2.126))-(2.129)). Deviating parameters are: Cy = 0.1, €2 = 0.004.

Besides v, an important parameter is Cy, it controls the solute amount in the system. In Fig.
we show a study in Cy for a select parameter set quantifying the deposit ¢ and its periodicity T
(a) As Cp increases the period slightly decreases to a minimum at Cy = 0.3, increases to T' &~ 1100
at Cp = 0.55, drops on a branch of flat deposit, increases again starting from T =~ 500, reaches
a maximum and decreases again until once more the deposit is flat. In (b) solution measures
maximum deposit thickness (max, minimum deposit thickness (min, amplitude [prominence| A¢
and mean deposit thickness ¢ are depicted. The y-axis scale is increased upon crossing the
double line. Note that the branch of flat deposit in the center is left out. In the first half (left
y-axis) Cmin and ¢ increase monotonically. Cuax and A¢ increase until Cy = 0.25 and then
behave non-monotonically. Interestingly, the two measures overlap at small Cy and since (pin
is negligibly small which indicates that the deposited ridges increase in height without increase
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4. Dynamics of Binary Mixture Flow and Deposition

in base height. In the second half (right y-axis), the oversaturated regime, (nin decreases as
Cy increases until Cy = 0.75 and slightly increases again at Cy = 0.8. From Cy = 0.85 on the
amplitude A vanishes, i.e., the deposit is flat. Due to the oversaturation deposition is triggered
close to the bath, which results in high deposit thicknesses. Note, that the Cy = 0.85,0.9 states
are still time-periodic with regards to the height profile, i.e., the corresponding periods shown
in (a) are those of the liquid ridges. In this model two mechanisms can be responsible for arrest
of deposition dynamics: Desaturation of the liquid below Ceq and h falling to precursor height.
The former should be independent of Cj, however in the latter case more solute remains in the
precursor after deposition for higher Cy resulting in a nonlinear relation between ¢ and Cy. This
is different from precursor models that do not treat the deposit with a separate field such as in
[FAT12|. There, the solute in the precursor counts towards the deposit thickness. Hysteresis is
not observed around the intermediate Cj region of flat deposit down to a parameter resolution

of ACy = 0.006.

4.8.4. Deposition in 2D — Outlook

The branched structure shown in the experimental data of Fig. with larger length scale
indicates the occurrence of a fingering instability due to dewetting. As mentioned in the beginning
of this chapter, thin-film models are able to describe such instabilities. However, DNS indicate
that a dip-coating geometry may have a stabilizing effect on transversal instabilities, see the
appendix of [TWGT19|. In sample simulations of the full model in two spatial dimensions
not shown here we perturb the initial ¢ and h fields with white noise or a single cosine mode
in an attempt to trigger both a fingering instability of the dewetting and/or the precipitation
front. All samples result in homogeneous y-extensions of states shown in the previous section,
corroborating the findings for the simple liquid case. Nevertheless, related coating systems, such
as the Langmuir-Blodgett transfer, do exhibit transversal instabilities at the lower boundary of
the velocity range of TPS [KGFC10].

Finding the transversal instability of the dewetting front is outside of this work’s scope and is
left for future endeavors. Instead, an example of a sessile droplet geometry, meaning without
the driving force of the substrate advection, is discussed. The time evolution of a simulation
is shown in 3D in Fig. Liquid and deposit height are assigned to the z coordinate. The
color scheme of the liquid height represents the solute concentration. As the solute evaporates
the local concentration increases. t = 1120: Deposition is initialized by oversaturation and
spontaneous nucleation. This in turn is triggered by numerical perturbations due to the grid
discretization and amplified by Mullins-Sekerka instability as mentioned in [XM11]. Initializing
¢ with white noise facilitates nucleation even further. This leads to inhomogeneous deposition
along the contact line. ¢ = 1520: The deposition fronts of individual nuclei advance and merge
except for the x = 100 plane. The four-fold symmetry of the grid is reflected in the onset of
instability. The symmetry is broken due to the white noise. ¢t = 3310: The front continues to
recede exhibiting a transversal instability on the scale of the discretization. ¢ = 4100: fingers on
a larger length scale emerge in a spiraling manner due to the combination of C' being maximal
at the contact line and the contact line’s receding motion. t = 4850, 10010: fingers branch off
towards the center and form a mound, i.e., the envolope of the deposit profile monotonically
increases radially towards the center. The solvent has mostly evaporated. The pattern can
be classified as a combination of mound-type and fingering deposition since the fingers become
higher towards the center. Mound-type deposits have also been found both in experiment and
theory when the substrate is smooth and the contact line does not pin on the deposit [WBKF10,
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ZM16, [PK17]. We emphasize that the fingers here result from the unstable liquid-solid interface
of the solute and not the dewetting front of the liquid mixture.
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4.8. Precipitation in a Dip-Coating Geometry

Figure 4.28.: Snapshots from a simulation of evaporative dewetting of a droplet of a binary
mixture with deposition mechanism on a 2D substrate. Drop height A and de-
posit height ¢ are given at times ¢ € {1120, 1520, 3310, 4100, 4850, 10010}.The color
scheme of the liquid height represents the solute concentration C, as can be seen
from the smaller concentration (lighter blue) around the propagating deposit. The
initial condition is the 2D analog of the parabolic cap used in Sec. The homo-
geneous initial phase-field is perturbed by white noise. ¢ = 1120: Since deposition
is triggered by nucleation, it is deposited inhomogeneously around the contact line.
t = 1520: The deposition fronts of individual nuclei advance and merge except for
the x = 100 plane. t = 3310: The front continues to advance inwards exhibiting
a transversal instability on the scale of the discretization. ¢ = 4100 fingers on a
larger length scale emerge in a spiraling manner. ¢t = 4850,10010: fingers branch
off towards the center and merge. The solvent has mostly evaporated.

Note that not the full domain is shown in order to focus on the dynamics of the
droplet. Deviating parameters are: Cy = 0.35, v =0, g =0, Q = 1073, T = 0.1,
A=2.
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5. Pattern Formation in the Langmuir-
Blodgett Transfer

A model for another deposition technique, the Langmuir-Blodgett transfer, is presented in
Sec. Recall, that a monolayer of surfactants is deposited from the surface of a liquid
bath onto a substrate in this procedure. The two-field thin film model presented in Sec. can
be reduced to a generalized Cahn-Hilliard equation. The model has recently been extensively
studied, ranging from DNS and numerical path-continuation methods to bifurcation analysis
and with extensions such as prestructured substrates or a periodic forcing in time [KGFT12]
KT14, WG14, ZWHH+16, WZCT+17, [Wil16]. The system is relatively well understood for 1D
substrates/domains, while 2D studies amount to DNS to our knowledge. Therefore, we briefly
summarize part of the cited 1D findings in this introductory part. This also serves as a reference
for the analysis of the 2D domain, which is the main focus of this chapter. The order parameter
field ¢ is closely related to the surfactant concentration and classifies the state of the surfactant
monolayer, in particular, whether the molecules are densely ordered or spread-out disordered,
i.e., liquid-condensed (LC, ¢ > 0) or liquid-expanded (LE, ¢ < 0), respectively. We repeat the

dynamic equation (|2.158|)
8tC = A [—AC —c+ CS + )\SMCCSMC(X) — VC] s VvV = (’U, O)T (51)

with transfer velocity v and an external field related to substrate-mediated condensation (gyc(x).
SMC occurs during the transfer of the monolayer from floating on the liquid bath or meniscus on
the solid substrate. The monolayer-substrate interaction reduces the free energy of the monolayer
and thereby lowers the coexistence pressure between LE and LC phase, facilitating a phase
transition from LE to LC phase upon deposition [SR91, RS92, SR94,|GRI8|. Like in the previous
chapter the main control parameter is the transfer velocity v. Figure (a) shows a bifurcation
branch measured by the L?-norm

1
el = - / o(x)2d%x (5.2)
Lz XLy

as a function of v for the 1D case. The system possesses three stable, stationary solution sub-
branches depicted by solid lines. Unstable ones are marked by dashed lines. Sample solutions
I — IV are shown in (b). We characterize the states by the c-profile after the meniscus re-
gion (z > x4) since the surfactants are in LE phase before (z < x5). The two stable subbranches
of high concentration ¢ at low v represent deposits of LC phase (cf. I, IT) whereas the subbranch
at smaller ¢ but higher v represents LE phase (IV). This subbranch is populated with subse-
quent, subcritical Hopf-bifurcations and related time-periodic solution (TPS) branches that end
in a variety of bifurcations related to the snaking structure on the left [KT14|. IIT shows a sample
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Figure 5.1.: (a) L?-norm of 1D stationary solutions of Eqs. (2.158))-(2.160) for varying transfer

velocity v. The branches are obtained from numerical path-continuation. Solid
and dashed lines correspond to stable and unstable solutions, respectively. Sample
solution profiles are marked by red o and labelled by I — IV and shown in (b). Hopf
bifurcations are marked by black o. The Hopf bifurcation at which the LE solution
gains stability is marked by A. Domain size L, = 60. Grid points N, = 228.

solution of this structure. Every other fold that is passed from the top results in an additional
peak in the solution profile. Throughout this chapter solutions I,II and III are abbreviated
to LC-1, LC-2 and LE solutions, respectively. The Hopf bifurcation at the highest v, marked
by A also bifurcates into a branch of TPS. Interestingly, it splits further via a period doubling
bifurcation. This branch is linearly stable, ends in a homoclinic bifurcation and conforms to DNS
results, showing an extensive patterning region|KGFT12|. In this chapter all control parameters
are fixed except for those that are related to the transfer velocity. The fixed values are as follows:

Fixed Parameters

)\SMC = 5 Ts = 10 lS =2 Cy) = —0.9

For the continuation calculations the Dirichlet BC are weakly imposed with spring constant
sp = 105. In Sec. we present bifurcation diagrams and profiles of 2D states obtained from
numerical path continuation by varying the transfer velocity v. In order to characterize the
transversal instability of stripes parallel to the contact line, we focus on the small v region where
we calculate said branch of TPS, verify the continuation results by DNS and study the behavior
of stable steady 2D states under variation of the lateral domain size L,. Finally, we investigate
the behavior of 2D states under time-periodic forcing in Sec.
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5.1. Solution Structure in 2D

5.1. Solution Structure in 2D

In the following TPS of stripes parallel to the meniscus, i.e., homogeneous in y, are denoted
as horizontal stripes, cf. Fig. (a). It is known from both, this model and its hydrodynamic

(a) (b)
] 1.0
i ———
T 40.5

=
() (d) 0.0 <
| U '
_—/L_
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Figure 5.2.: Solution Profiles of 2D DNS obtained with the CUDA framework for the four
branches presented in Fig. [5.3(b). (a) Time-periodic horizontal stripes (b) One
vertical stripe/LE-finger (c) two vertical stripes (d) ejecting protrusion. Note that
patterns are shown in the y-periodic L, x 2L, = 60 x 80 domain with the grid size
of Ny x 2N, = 228 x 122.

analog, that horizontal stripes become transversally unstable at small v resulting in the formation
of vertical stripes, parallel to the transfer direction [KGFC10, KGFT12|, cf. Fig. (b,c). Both
types of stripes are very desirable for applications, especially the latter since stable vertical stripes
allow for the formation of, theoretically, infinitely long channels. Another interesting state is the
periodic ejection of LE domains from a protrusion of LE bulk as shown in Fig. (d). We discuss
this state later in this section. Overall, investigating the transversal instability is of particular
interest.

We perform the analysis of the transversal instability by two methods: On the one hand, numer-
ical continuation and on the other hand DNS of TPS and transversally inhomogeneous solutions.
This allows us to determine the location of instabilities in parameter space and to understand
which branches are involved. First, we give an overview of the branch of 2D stationary solutions
obtained by transversally extending the domain to L, x L, = 60 x 40 in Fig. The solution
profiles are discussed in detail afterwards. The majority of the continuation results are published
in [LMTG20]. The L2mnorm is depicted as a function of transfer velocity v. The 1D branch of
Fig. is shown in gray. In Fig. (a) Stable [unstable] 2D states are solid turquoise [black].
The LC-1, LE (turquoise), horizontal stripes (red), one-finger (magenta) and two-finger (blue)
states obtained from DNS are represented by dashed lines. Analogous to the 1D case the first
section consists of the LC-1 solution, translationally invariant in the transversal direction, shortly
"y-translation invariant", coinciding with the 1D branch. At about v = 0.053 a pitchfork bifur-
cation occurs where two branches emerge subcritically (their respetive norms coincide). They

83



5. Pattern Formation in the Langmuir-Blodgett Transfer

(a) 1.2F (b) 1.00 N -~ h. stripes
-=- 1-finger
== 2-finger

1.0F
0.95F @
= S
=
— 0.8F
0.90F “
0.6}
1 1 08 1 1 \\
0.00 0.04 0.08 8.02 0.03 0.04 0.05
v v

Figure 5.3.: L?-norm of 2D stationary states of Eq. — for varying transfer velocity

v obtained from numerical continuation (solid turquoise/black for stable/unstable,
respectively). The 1D bifurcation curve is depicted in gray. Subbranches of LC-1,
LC-2, LE (turquoise) horizontal stripes (red), one-finger (magenta) and two-finger
states (blue) obtained from DNS (dashed) are provided. Corresponding profiles are
shown in Fig.[5.2a)-(c). States obtained from DNS related by y-translation by L, /2
exist as well but are not shown here.
(a) overview (b) zoom of the beginning of the 2D criss-crossing section, partially
highlighted in black against gray for visual contrast. The small one-finger branch is
further marked by a magenta circle. The domain size is L, x 2L, = 60 x 80 with
the grid of N, x 2N, = 228 x 122 [LMTG20).

consist of states with broken y-translation symmetry. As we use Neumann boundary conditions
(instead of periodic ones) in the lateral direction (y), the two emerging branches are related by
a translation in y by L,/2. The emerging branch first extends towards smaller v, undergoes a
small number of saddle-node bifurcations before it wildly folds back and forth producing a very
dense cluster of sub-branches that overlay and cross each other multiple times. A zoom into part
of this region is given in (b) where the first part of the branch is given in blue to allow one to
distinguish some of the finer features. Solutions on the 2D branch are mostly unstable. Most
of the linearly stable subbranches (turquoise) coincide with stable parts of the 1d branch(cf.
Fig. [5.1). Naturally, the solutions regain stability after the final Hopf bifurcation which occurs
at almost the same velocity as in 1D.

Moving along the described bifurcation curve a variety of different solutions emerge. A selection
is shown in Fig. Each profile from left to right and top to bottom corresponds to a solution
further along the curve. Stable states are marked by white o which deviates from the stability
statements made in [LMTG20|. Stable solutions with broken y-translation symmetry do exist in
this system.

The above-mentioned unstable branch emerging from the pitchfork bifurcation on the LC-1
branch consists of (b) a broken y-symmetry solution which (c) laterally extends until the (d)
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(f)

--- 3 K
'

Figure 5.4.: Selected 2D stationary solution profiles of Eq. — (see Fig. for the
colorbar) on the branch of fully 2D states in Fig. From top left to bottom right
we start at v = 0 first follow the branch of transversally invariant states, switch to
the branch of 2D states and follow it throught the end of Fig.[5.3(a), i.e., we follow
the branch with increasing arclength s. All states marked by white o are linearly
stable. Note that patterns are shown in the y-periodic L, x 2L, = 60 x 80 domain.
The remaining labels are used for reference in the main text [LMTG20].
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lateral boundaries and becomes linearly stable. The latter manifests from an imperfect pitchfork
bifurcation closely related to the LC-2 branch of the 1D curve. The LC-LE interface is not
horizontal but slopes towards y = 0. From there, another imperfect pitchfork bifurcation is
passed which leads to the development of a central LE-finger which (e) briefly gains stability
after passing another fold. (f) The finger prolongs until it reaches the upper boundary, (g)
becomes stable, briefly loses stability between two folds and (h) increases in width. This so-
called "one-stripe" solution exists over a significant velocity interval [0.0278,0.0435]. The short
stable section in between the folds surmises [0.0267,0.0279]. This particular branch segment is
discussed in more detail below and Fig. The stability changes again at the next fold leading
into the wild cluster of overlaying, crossing sub-branches caused by the finite system size. These
branches would remain disconnected for a system semi-infinite in the y-direction. The different
interconnected 2D states combine one or two fingers (blue in red) with different numbers and
arrangements of red spots. The branch in Fig. forms a rather wild tangle corresponding to a
complicated structure with many saddle—node bifurcations, accompanied by the occasional Hopf
bifurcation (not shown), eventually ending in the (k) stable y-translation invariant LE solution.
A detailed study of the structure and its dependence on parameters cannot be provided here.
To give an impression of the complexity we present in Figl5.5 an alternative representation.
Namely, (b) 1D cross-sections c¢(x = L,,y) are presented in dependence of the arclength s along
the bifurcation curve, i.e., in a space-arclength plot. The accompanying panel (a) shows the
values of v which, in particular, allows one to identify at which s saddle-node bifurcations occur.
The combination of the two panels allows one to appreciate the type of changes occurring along
the bifurcation curve. For instance, one clearly discerns the formation of the first complete blue
stripe at s =~ 0.7. It then widens and narrows several times accompanied by the emergence of a
central line of red spots (not seen in the particular slice shown in Fig. (b), cross-sections at
a different z-position would be required). The red spots first appear one after another (Fig.
second row), then nucleate a central red structure at the downstream boundary (third row). This
structure then grows from the boundary eating up spot after spot. In this way the original single
blue finger is split into two (Fig. (j))- The emergence of the central red structure at the
boundary is seen at s ~ 4.42 in Fig. [5.5] From this point on a varying number of spots emerges
and vanishes again at the tips of either of the red (LC) finger-like domains. In addition, from
Fig. (j) the red domains on the lateral boundaries sometimes recede from the bath, passing
through intermediate states in the form of multiple spots. Finally the blue (LE) domain advances
everywhere till the branch of 2D states ends in the pitchfork bifurcation on the homogeneous
blue(LE) solution (Fig. (k)). The intricate sequence of widening and narrowing, advancing
and receding fingers is well appreciated in the pattern of the space-arclength plot. The three
sections of the 2D branch where the fingers on the lateral boundaries breaks up into a line of
spots are easily distinguished and occur in the ranges s = {[10.5,10.9],[11.8,12.7],[14.3, 15.0]}.

Along the bifurcation curve profiles Fig. (d), (e), (g) and (h) are both stable and have broken
y-translation symmetry. Profiles (d) and (e) are not verified with DNS although time-periodic
solutions very similar to (e) exist which eject LE spots from the protrusion, see Fig. (d).
It is possible that the non-ejecting protrusion case exists in a very small parameter region or
only establishes after very long transients. (h), and closely related, (g) are the likely branches
corresponding to the vertical stripe solutions. The two branches are separated by two subsequent
folds which may be the influence of the upper boundary. Figure shows two zooms of the one-
stripe solution branches for varying lateral domain size L, IH As expected, for small L, the

'First calculated by Sebastian Engelnkemper, however, with incorrect stabilities.
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(a) Arclength s vs transfer velocity v along the 2D bifurcation curve in Fig. start—
ing from v = 0. (b) cross-sections c¢(x = L,,y), i.e. at the downstream boundary,
of the 2D steady states along the 2D bifurcation curve, ordered by arclength s. The

governing equations are Eq. (2.158)-(2.160) [LMTG20].
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Figure 5.6.: Zooms of the subbranches around the stable one-stripe solutions for varying lateral
domain size L,;, see Fig. (b) The Hopf-bifurcation at which the steady state gains
stability is marked by o. The respective left stable subbranches consist of profiles
(g) of Fig. while the right ones, separated by two subsequent folds, corresponds

to profiles (h) of Fig.

curve converges towards the 1D bifurcation curve, in particular its snaking section. On the other
hand the one-stripe branches grow as L, increases which indicates that these branches are not
a finite size phenomenon. Particularly interesting is that subbranch (g) gains stability via a
Hopf bifurcation, marked by o and subbranch (h) loses stability by a saddle-node bifurcation.
However, since many more Hopf bifurcations exist along the bifurcation curve it is unknown which
time-periodic branches are related to the horizontal stripe solutions. In an attempt to locate
the relevant Hopf bifurcation primitive continuations of horizontal stripes and translationally
inhomogeneous solutions are performed and depicted in dashed lines in Fig. DNS and
continuation greatly differ from each other. Not only is the one-finger stable branch from DNS
much smaller but the two-finger solutions are also stable. This indicates a discretization problem.
Although both methods converge to some limit for finer discretization, see App. very fine
discretizations are too costly in 2D. Fortunately, we are able to continue with a fine grid size
of N x 2N, = 456 x 608 until past the subbranch of 2-finger solutions. The close up of the
1- and 2-finger solution region is shown in Fig. Interestingly, the curve is more regular
and does not intersect with itself until past the 2-finger subbranch (blue) instead of the 1-
finger branch (magenta) as previously (b). The 2-finger subbranch has significantly gained
stability while the other is much smaller. The agreement between continuation and DNS is much
better here. Especially the multistable region between 2-finger and horizontal stripes is verified.
The former gains stability from a Hopf bifurcation. In essence, above findings for the rougher
discretization do not change, however, the branches related to the transversal instability are
identified more confidently now. Thus, the two simplest cases for the instability of horizontal
stripes are: One, a transition from an unstable subbranch of TPS at v < 0.29 to the stable
2-finger branch, i.e., horizontal stripes are unstable and appear as a transient state. Two, a
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Figure 5.7.: L?-norm of 2D stationary states of Eq. — for varying transfer velocity
v obtained from numerical continuation (solid turquoise/black for stable/unstable,
respectively). Further, branches of horizontal stripes(red), 1-finger (magenta) and 2-
finger solutions (blue) obtained from DNS (dashed) are provided. The continuation
branches of the latter two are colored the same way. Qualitatively associated profiles
are shown in Fig. a)—(c). The view is focused on the region of y-symmetry
broken stable solution branches. DNS solutions related by y-translation by L, /2
exist as well but are not shown here. The Hopf bifurcation from which the two-
finger branch gains stability is marked by o. Domain size L, x 2L, = 60 x 80, grid
size Ny x 2N, = 456 x 608.

branch switch occurs within the region of multistability due to perturbation.
Unfortunately, the structure of the bifurcation curve becomes even tighter for finer discretizations
which leads to undesired branch switching, thus calculating the complete curve is not pursued

here, see App.

5.2. Time-Periodic Forcing

The period of horizontal stripes depends nonlinearly on the transfer velocity v, i.e., the period can
be controlled with v [KGF11, KGFT12|. This control can be taken a step further by applying
prestructures to the substrate, i.e., changing its wetting properties periodically in the hydro-

dynamic model or the external field (¢ in the reduced model |[KGF11, (WG14, WTGK+ 15|
ZWHH-+16, WZCT+17|. In practice this is an additional preparatory step during substrate
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Figure 5.8.: Synchronization order W of time-periodic 1D solutions for varying mean transfer
velocity v and forcing amplitude A. The diagram shows structures known as Arnold
tongues, marking wide regions of equal synchronization orders. Note that W < 1
does not occur here. It does, however, occur for different w. The governing equation
is Eq. (2.158). Larger domain sizes L € {1000, ...,5000} are employed while keeping
Az =1 for smaller ¢ in order to capture larger stripe distances [Ly17, LTCG19].

fabrication which is justifiable if the resulting pattern is worth the additional costs. Using pre-
structures falls under the category of spatial forcing in the hopes that the deposition pattern
adjusts its period to multiples or fractions of the prestructure’s period. Alternatively, the system
can be put under temporal forcing, i.e., periodically changing the transfer velocity v around a
mean value |[Will6

v =T(1 4 Asin(wt)), (5.3)

with (angular) frequency w. In practice this can be performed with a piezomotor. For horizontal
stripes this indeed leads to locking between enforced and exhibited stripe distances. Figure [5.8
shows a parameter study in the forcing amplitude A and © . Note that the lateral
boundary conditions are periodic here in contrast to the previous sections. The synchronization
order [rotation number]

woF e

-7 4
i B (5.4)

is extracted from each simulation as a solution measure with mean wavenumber k, enforced
wavenumber ko and mean stripe distance I. W = 1 and W = 2 mean 1:1 and 2:1 synchronization,
respectively. The latter meaning that the spatial frequency is double the enforced one. For
periodic states W is a rational number > for which the phase locking region becomes larger
the smaller n and m . In the following such regions are called major ones. At small
amplitudes major regions of synchronization W = 2 and W = 1 are present at the v edges of
the patterning region, respectively. In between, W changes continuously. As A increases, more
frequencies begin to lock and regions such as W = 3 grow. The competition between the system’s
natural (unforced) frequency and the enforced one is clearly visible. The former dominating in
the center of the v range and the latter at the boundaries. Notably, these boundaries extend with
increasing A. The morphological phase diagram takes on the very characteristic form of Arnold
tongues, meaning, major regions of equal synchronization order, which typically grow when the
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5.2. Time-Periodic Forcing

forcing amplitude is increased |Arn61|. Unsurprisingly, regions of multistability appear as well
which are especially prevalent around the W = 4 region, indirectly indicated by the abrupt and
frequent changes in W. See [LTCG19| for more details.

In [LTCG19] we have shown that the system exhibits a variety of patterns ranging from hor-
izontal, vertical, oblique stripes, lattice, transient branch to hole and broken horizontal stripe
structures. The last two pattern types occur more frequent at high amplitudes which shows
that too strong forcing is not necessarily beneficial for stable periodic patterns. Naturally, even
higher amplitudes eventually stabilize horizontal stripes again and will lead to extensive W =1
synchronization [LTCG19|. The 1D results can be adopted to the horizontal stripes, however,
the influence of forcing on y-symmetry broken patterns is important as well. A parameter
study employing DNS and primitive continuation of select branches of 2D states is performed
in Fig. (c,d). A primitive continuation pertains subsequent DNS which use the final state of
the previous simulation as the initial condition. The transfer velocity v is varied per simulation.
Fundamental wavenumbers £, and k, are extracted from the FFT

¢ = [FFT[]| (5.5)

of the final states of each simulation. By "fundamental", we mean local maxima corresponding
to the smallest non-zero harmonic order. For stripe patterns the single and for lattice patterns
the two smallest ones are taken. An example lattice pattern with its spectrum are shown in (a)
and (b), respectively. Panels (c¢) and (d) show a parameter study of the horizontal stripes across
the patterning regime in black for reference. Note that the patterning range of the horizontal
stripes does not match that of the 1D data above because the discretization is different. Due to
y-translation symmetry Wy naturally vanishes while regions of 1:1 and 1:2 (red) synchronization
are clearly visible in (d). Since the analysis is performed without time averaging, errors from
spatial discretization are apparent in the horizontal synchronization plateaus. The example
branches of oblique (blue) and lattice (green) structures do not show synchronization in the lateral
direction. Interestingly, the oblique branch is not synchronized in x as well which indicates the
dominance of the natural frequency, even though it partially overlaps with the 1:2 synchronized
horizontal stripe plateau in regards to . On the other hand, the lattice structures do exhibit
a 1:2 synchronizing plateau. The multistable system possesses many more lattice and oblique
solution branches whose investigation exceeds the scope of this work.
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Figure 5.9.: (a) Solution profile of a lattice pattern obtained from DNS of Eq. (2.158)-(2.160).
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(b) Fourier-transform of the pattern. The wavenumbers k are mapped to the syn-
chronization order by Eq. (5.4). Local maxima of ¢ = |[FFT|c]| that correspond to
the smallest non-zero harmonic order are marked by red o. (c) Parameter study
of select branches of 2D states. Shown is the synchronization order W, in the lat-
eral (y) direction for horizontal stripe (black, red), oblique stripe (blue) and lattice
solutions (green) with v covering the patterning regime. (d) Order of synchronization
in the pulling direction(x) v covering the patterning regime. Stripe patterns possess
one fundamental wavenumber and lattice structures two. The analysis is performed
without time averaging errors which causes spatial discretization errors to appear
in the horizontal synchronization plateaus. Domain size L, x L, = 600 x 600, grid
points N, x L, = 384 x 384.



6. Summary and Outlook

Deposition patterns for complex liquids have been modeled and analyzed in this thesis. To
this end, a thin film and a Cahn-Hilliard type model for the description of dip-coating and the
Langmuir-Blodgett transfer have been formulated. The former has been derived via lubrication
approximation and includes capillary, wetting, mixing, evaporation, viscosity and deposition
effects. Deposition is explicitly modeled by coupling to a phase-field equation. It is abbreviated
as the full model. The latter is a known reduced model, derived from hydrodynamic equations
describing a surfactant covered liquid.

The full model has first been analyzed by subsequently switching on and off effects such as evap-
oration, deposition or viscous drag. In the presence of a contact line the interplay of evaporation
and convection result in the formation of a local concentration maximum that shifts away from
the bulk and even past old contact line positions into the precursor region. Entropic contribu-
tions to the bulk free energy of the mixture reduce the rate of evaporation whereas solute-solvent
interactions increase it. If a sessile droplet without deposition mechanism is initialized with
unsteady concentration or film height, solvent will evaporate and material redistributes by con-
vection, resulting in a stable flat film or droplet solution. Our analysis reveals the existence of
stable stationary droplet solutions contrasting the behavior of a volatile simple liquid.

The diffusion-limited precipitation from a homogeneous mixture has been investigated, show-
ing that the solutal solid-liquid interface is prone to a fingering instability and subsequent tip-
splitting. Unfortunately, the curvature term k causes numerical stiffness when two interfacial
corners meet and the interface normals become ambiguous. For fast solute diffusion the onset of
instability is delayed by longer transient aggregate growth.

These results are relevant for the full model since the dynamics prior to deposition are only
governed by the hydrodynamic equations. The instability of the solutal solid-liquid interface
exists in both the diffusion-limited as well as the full model.

For the full model we have discussed modeling intricacies such as the value of the mixing pa-
rameter , taking care that the anti-diffusion regime is avoided, practical parameter ranges for
the simulations and introduced a function m(h), which switches off non-convective fluxes for
film heights below the precursor. The analysis is mostly performed for 1D substrates for which
the homogeneous deposition and ridge deposits are of particular interest. The concentration
profiles of the ridges are similar to those of sessile droplets before the onset of deposition, but
also slightly different due to the active setup. A morphological phase diagram has been obtained
in the (Q,v) (strength of evaporation, transfer velocity) plane for long simulation times distin-
guishing between stationary solutions, time-periodic solutions (TPS), presence of deposits and
the formation of liquid ridge(s). The existence of TPS is well-known for active setups such as
dip-coating. In comparison to the dip-coating of a single component volatile liquid, volatility of
the solvent immensely increases the v-range of TPS while deposition extends this even further.
We distinguish two types of ridge deposits: One, deposition from detached liquid ridges and two,
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deposition before detachment. The latter of which highly depends on the meniscus dynamics and
results in a variety of base thicknesses, amplitudes and ridge symmetries. A parameter scan of
the initial solute concentration shows that deposit properties depend nonlinearly on Cp, in addi-
tion, an intermediate regime of flat deposition exists above the equilibrium solute concentration
Co ~ 0.55 < Cgq. For 2D substrates only projections of 1D long time solutions have been found
for the dip-coating geometry. A sessile droplet on a 2D subsstrate has shown aggregate deposi-
tion quickly followed by a fingering instability, triggered by initial noise and FDM perturbations.
The fingering pattern shows properties of dendrites with side branching and tip-splitting. The
final pattern reminds of a fingering pattern with mound-like height profile.

Unfortunately, the disjoining pressure is a source of numerical stiffness. The sudden dip in
film height upon deposition results in disjoining pressure values in its diverging regime. The
aforementioned switch function avoids this by halting evaporation of the precursor, thereby
preventing the solute concentration to become too high.

We have identified FDM stencils causing numerical instability and confirmed the limits of our
explicit approximations. In essence, the numerical problems are a consequence of tracking the
three-phase contact line and resolving the solutal solid-liquid interface. While FDM are very
intuitive to implement, the drawbacks on numerical stability and mass conservation are quite
severe and time consuming to work with. The implementation should be switched to the oomph-
lib one, i.e., FEM and implicit time-stepping. The implicit scheme will be beneficial for mass
conservation and stability while mesh adaptation will help resolving multiscale structures.

We have shown that the full model can capture the fingering instability of the solutal solid-liquid
interface for the case of a sessile droplet. The precipitation process is triggered by initializing
with a nucleus. This cannot be done for the dip-coating geometry. Since phase-field gradients
are energetically punished, any small initial perturbation relaxes before the onset of deposition.
Therefore a relatively strong tilt of fy of A = 3, for which the nucleation barrier vanishes at high
concentrations, has been chosen. This results in a different problem, namely, the occurrence of a
third phase, see Fig. In practice the manifestation of the third phase can be well prevented
by increasing the solutal solid-liquid interface width, i.e., decreasing the length scale ratio A.
However, this opposes the purpose of a diffuse interface which should have a relatively small
width. Therefore, a different approach must be chosen for the future. There are at least two
approaches to this problem. One is keeping the nucleation barrier (A < 1) for all concentrations
and repeatedly introducing noise into the system throughout the simulation. However this shifts
the approach to a more stochastic one and introduces an additional parameter. Another is
choosing a different potential such that no third phase is possible and the nucleation barrier still
vanishes as the equilibrium solute concentration is approached. However, this cannot be done
arbitrarily as some physical motivation should be kept.

We further suggest dropping the counter term of the curvature driven interface motion k(V¢).
It is not required for the formation of dendrites. In fact its absence reflects the Gibbs-Thomson
relation in the sharp interface limit. The FDM discretization introduces sufficient anisotropy. If
an isotropic scheme is chosen, the fingering instability of the solutal solid-liquid interface will
result in the formation of seaweed-like patterns. It is possible that viscous drag is enough to
result in the regular small scale dendrites as seen in Fig. If not, anisotropy can still be
reintroduced by modifying the solutal solid-liquid surface tension.

In order to model demixing instabilities of non-vanishing wavelength, a gradient energy term for
the solute concentration can be introduced.

Coupling a thin-film model to a phase-field equation is a promising approach for the description
of liquid flow and precipitation. The deposition of solid solute is modeled explicitly. Even
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dynamics of the deposit itself can be added due to the modular approach. Aside from above
suggestions to modify the full model, next steps are going to be finding appropriate parameters
for a hydrodynamic fingering instability and then include the deposition mechanism, to see if
the expected multiscale patterns appear.

Theoretical investigations of the LB transfer have been performed in literature cited in Chap.
We have extended said research by focusing on 2D domains. An analysis of the bifurcation
structure for varying transfer velocity v on a small domain with emphasis on fingering patterns,
i.e., vertical stripes, has been performed. Aside from known stationary 1D states, stable single
and two finger solutions are found, connected by similar but unstable states that possess spots of
LC surfactant phase between fingers or at their tips. These states connect the LC and LE type
1D solution branches as well, coexisting with the snaking structure of the 1D unstable states.
The curve of 2D states loops and criss-crosses densely through parameter space. We have varied
the lateral domain size, showing that the stable vertical stripe solutions found by continuation
are not results from finite size effects. FEM (continuation) and FDM (DNS) discretizations have
been matched in order to verify the vertical stripe solutions, showing good agreement. Further,
the two finger branch forms a region of multistability with the branch of horizontal stripes.
Furthermore, the vertical stripe branches gain stability from a Hopf bifurcation.

An interesting next step will be continuing the TPS emerging from the Hopf bifurcations from
which the vertical stripe solutions gain stability, see where they end and how they are related to
the stable TPS of horizontal stripes. However, the corresponding steady state is two dimensional
which makes such an endeavor particularly demanding in computational cost and numerical
stability is not guaranteed either.

The stripe distances of horizontal stripes have been controlled by periodically varying v around
a mean value and typical synchronization phenomena have been found. Select 2D branches
calculated from DNS do not exhibit major synchronization in the transversal direction. The
oblique pattern is not synchronized in either direction while the lattice one is solely synchronized
in the transfer direction. More fractional synchronization orders are not ruled out. It is possible
that synchronization of the transversal direction does occur in very limited parameter regions.
The system exhibits multistability and can be controlled by changing forcing amplitude and
forcing frequency in addition to the transfer velocity.

Overall, the development of the full model, its analysis and the Langmuir-Blodgett results provide
new insights into the dynamics of complex liquids and also transversal instabilities of related
interfaces.
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A. Appendix

A.1. Hydrodynamic Side Calculations

A.1.1. Derivation of Compressible Navier-Stokes Equations

The following discussion is inspired by Schlichting and Kestin’s book on boundary layer theory
as well as Leal’s book on advanced transport phenomena [SK61, Lea07]. We characterize fluid
flow by its velocity field u, pressure p and density p. These 5 unknowns can be determined by
the continuity equation (conservation of mass), equations of motion (conservation of momentum)
and the thermodynamic equation of state p = f (p). The continuity equation reads

O;p+ V- (pa) = 0. (A1)
The general momentum equation from Newton’s second law reads
Du - -
or— =F +P. A2
P i (A.2)

Momentum changes under the influence of body forces F and surface forces P. The forces
mentioned here have units of force densities. Surface forces can be separated into shear and
normal stresses. Thus, P can be replaced by the stress tensor &

_Du
"Di
These are also known as Cauchy’s equations of motion. The material, or advective, derivative is

defined as

Dp 0p . =~.
D 90 +ua-Vp. (A.4)
Note that all fields depend on Eulerian coordinates. Thus, the material derivative describes
the rate of change in a frame moving with some material volume (Lagrangian). It is useful to
consider the deviatoric stresses 7, also known as viscous stress tensor, from a reference state in
which the fluid is at rest with thermodynamic pressure p. Then the Eq. reads

Da - - _
p— = —V V-7+F. A5
P p+V -7+ (A.5)

Note that & and 7 are symmetric tensors (if local torque is of order larger than unit volume).
At this point 7 needs to be specified further. We assume an isotropic Newtonian fluid, thus the
stress tensor linearly depends on the strain rate tensor with no preferential direction. Further,
the strain rate tensor depends on the velocity gradient. Thus,

7~ Vil (A.6)
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With Vi being the Jacobian of the velocity field. Note, that 7 cannot contain elements indepen-
dent of Vi since stress should vanish for @ = const. Although we previously established that 7
is symmetric, it is sensible to analyze why an antisymmetric part would not contribute to the
strain. We split the Jacobian into symmetric & and antisymmetric contribution R

Va=£+R. (A7)

= B(% + @ﬂT)] + B(W - WT)] (A-8)

(ajﬂi — &-ﬂj) (Ag)
V x (A.10)
This expression can be identified to be the angular velocity @ of a rigid body rotation

U U

W= §V X U. (A.11)

In other words: Contributions of the above form to the stress tensor behave exactly like the curl
of t. Its components and therefore influence change as t changes in space. Overall the resulting
motion corresponds to a rigid body rotation with angular velocity @. Obviously, a rigid body
rotation does not cause strain. Therefore, 7 has to be a symmetric tensor. Note, that Eq.
can be easily derived for a rotation around a principal axis z by calculating V x @ in cylinder
coordinates.

The contribution of the symmetric Jacobian & is usually called the strain rate tensor or rate of
strain tensor. In general & will have diagonal and off-diagonal elements. The former results in
contraction or expansion of the fluid element where-as the latter represents the strain caused by
pure shearing. In order to separately model these effects the stress tensor can be written as

F=2n+ AV -al (A.12)
=7 (Va+ Va') + AV al (A.13)

7 is then the dynamic viscosity, sometimes shear viscosity, A the bulk viscosity and I the identity
matrix. The compressional contribution naturally vanishes for V - @ = 0, which represents the
incompressible case. This can be easily shown by expressing the continuity equation in the
comoving frame

Dj
Dt

—0. (A.14)

Here, l[))” =0 and V- = 0 are equivalent, i.e., constant density(in time) in Lagrangian view is
equivalent to V - @ = 0. In the laboratory frame changes to j can then only occur by advection
while retaining the spatial density profile. Often, a stronger assumption is made by setting
p = const. both in time and space. Then 0;p = 0 as well. In any case, the condition for
incompressibility is

V-a=0. (A.15)
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Note that A is sometimes neglected in the compressible case anyway. If that is not the case, then
Stokes’ hypothesis

2
A\~ —3" (A.16)
is usually applied [Sto49]. Overall, the compressible momentum Navier-Stokes equations read
_Du . = s eT . .
prz—Vp+v.[n(Vu+vu)+W~u1]+F. (A.17)

For n = const. one can further simplify

V.-Vi=Au (A.18)
V.-Vi' =V(V-a) (A.19)
The latter vanishes in the incompressible case.
A.1.2. Derivation of Kinematic Condition
Let 3 B
SE® §) =z —h(z,§,1) =0 (A.20)

denote the liquid-gas interface. It is assumed that no mass transport occurs through this interface,
therefore the same fluid particles are part of the surface for all times. Formally, this means that
the material derivative of the implicit surface S vanishes [Lea07].

T .
0~ DE—N(z,9,1)) (A.21)
Dt .
zZ=h
=0z +a®| . VOz-gh—a®| VO, g.0)
= uz|;_j — 6{?1 - ﬁ’g:ﬁ @il — Uz|z_j, ii"
& usl;_j = Oh+ W|._j, - Vh. (4.22)

After evaluation of the operators, we arrive at the kinematic boundary condition by utilizing the
independence of Z.

A.2. Binary Mixture Dilute Limit

By applying the symmetric thin-film equations for a binary mixture Eq. (2.57)-(2.58) the dynamic
equation for film height A can be easily formulated since the diffusive terms cancel each other.
hS
Oth = Opby + 0o = =V - {%V [’yAh — f/(h)]} (A.23)
The one for the solute concentration C' takes a couple more steps.

Y2 L (s — vadeh)

{h {—v : <3177w2h2VP> + V- (Dh(1 — 2xC1Cy)) V(JQ]

0;Cy = 04

1
T n?
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L3
— e P A.24
o (o)} a2
P =~yAh — f'(h) (A.25)
Apply
V- (Y2h?VP) = (h*Vipg + 205hVh) - VP + hh* AP (A.26)
V- (h*VP) =3n°Vh-VP+h*AP (A.27)
for
1 (1
0Cy = —72 {377 (hngg — wthVh) -VP —hV - (Dh (1 —2xC1C5) VCQ)} ) (A.28)
factor h* out of the convective part and apply the product rule in reverse
Y2 _ hVio —oVh
—vr2 _ i A2
VCy =V N % (A.29)
leads to
h? , D
0;Coy = —%VCQ -V [’}/Ah —f (h)] + ﬁv . (h (1 — 2X01C2) VCQ) (ABO)
Finally, setting x = 0 results in the binary mixture model in the dilute limit
h3
Oth = -V - {%V [fyAh — f’(h)]} (A.31)
h? , D
0C = —%VC -V [yAh —f (h)] + ﬁV - (hVC). (A.32)

A.3. Non-dimensionalization of Xu and Meakin Model

In this section, a phase-field model for precipitation with diffusive solute flux is non-
dimensionalized. We begin by repeating Eq. (2.84) and (2.91) [XMO08, XM11].

~ 16F, g2 .-
O = 7 5% - 7H’V¢‘ (A.33)
~ X~ 7 Dxm Ag — a~~
~ 2 ~ ~
Fm = / 2% (Z(qu)? n fxm> (A.35)
Fxm(8,EGA) = f1(d) + Afa(d)E (A.36)
- ¢ ¢!
h@) =-S5+ (A.37)
e
f2(¢) = ¢ — 3 (A.38)
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RO (A.39)
Vo
We introduce general time 7" and length scales X which are specified later.

t=Tt & =Xx; i€ {1,2}. (A.40)

0 10 ~ 1 1
oi Tor Y oxY FTxn (A41)
O(Z,7,1) = o(Xa, Xy, Tt) = ¢(x,y,1) (A.42)
&7,9,t) = ¢(Xx, Xy, Tt) = c(z,y,t) (A.43)
Fam(6,62) = fram (9,3 0) (A.44)

5 2

Fan= [ drdyx <2 (Vo7 + fxm) (A.15)
= X*Fem, E:=X? (A.46)

Since Fym has unit of length?, the "energy" scale E is dimensional accordingly. The variation
non-dimensionalizes as

8 Frm E 0Fm  0Fxm

= = ) A47
5o X2.1 4¢ o) ( )
Applying above relations, the (non-dimensional) ¢-equation then reads
016 = TO(%,,1) (A.48)
T 0 Fxm g2
e s _ A4
- - saeivol (A.49)
While the é-equation reads
A It -l)xmA b — 0z
ke [Vl
D Ay — L0
- D2 X{ ? 799 (A.51)
X krx |Vl
T Dxm A 0
L 14 M . (A.52)
In [XMOS| the scales
2
T = Dgxm X=c¢ (A.53)

are chosen, i.e., a diffusive time scale and length on the scale of the phase-field interface width.
This leads to the penultimate equations

2

TDym

O = (A¢ — 0y fxm (0, ¢ A) — K[V l) (A.54)
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A¢ — 3t¢>
8C—Ac+a8¢<l+ A.55
' ' kr [Vl (4.59)
in which effective parameters k, and Péclet number Peyy,
£ =~ TDym
k, = Do k, Peym = Q= (A.56)

can be identified. One can make a slightly different choice of parameters by introducing length

scale of diffusion / and substitute k by Damkohler number D, and length scale ratio s = 7

k.l ke k,
D, = - - A.
Dy $Dym S ( 57)

The final equations then read

06 = 5— (86 = 05 frm(9, ¢ A) = K|V ]) (A.58)
Ap— 0
Ohe = Ac+ adyo (1 + W) . (A.59)

It is further necessary to express Eq. (2.95)) in the effective parameters.

g2 g2 5  v2Dym
= —Peym = aA — = A.60
’ Dxm ¢ “ Dxm 3 * kT»E ( )
2Dxm

& Peyn = a 5 + \C (A.61)

3 ke

5 V2
=aA| = A.62
@ (3 + sDa> (4.62)
P Xm

&A= © (A.63)

o (5 +34)

Note that Peyy, corresponds to P, and s to ¢’ in |[XM11].

A.4. Non-dimensionalization of the Full Model

In this section, the precipitation model under complex fluid flow presented in Sec. is non-
dimensionalized. The dimensional dynamic equations (2.104)-(2.106|) read

5 1231 N v . jl,c jevap
at <1;2> =V <j2,c> * <jsource>

_ L ~ ﬁﬁf?m _E (6ﬁpm o~ )
diff conv v )2
—v (@ @) (Lo )|+ < s~ fo ) (A64)
< - o ) V% (Y1 + 2)0;9
- 10Fm & o~
0=~ =3 - —#V (A.65)
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0i¢ = —a(i1 + 1) 05 (A.66)
L o [ 772512 R
Fonlbr, el = [ @54 7 [V] + £(0) + vk (A.67)
. [1]}1 log(él) + 1o log(é'z) —h+ X¢1ilw2] } (A.68)
g2 . - -
Fon= [ 0% (G007 + fun(6.Ca) ). (A.69)

We begin non-dimensionalizing the ¢ and s equations by introducing non-dimensional quan-
tities as follows:

EZTt x=Xx %(@Zjaf) :le(.ﬁ,y,t) fbm:F]:bm (A7O)
0 10 ~ 1 0 1 0
v_-9 . = A7l
ot Tot V=xV o0 H O (A.71)
¢1 T '(Ll T jl c T jevap
T B R v B | : ) A.72
8t <¢2> Hat 1/12 Hv J2,c * H Jsource ( ’ )
A.4.1. Conserved Fluxes of ¢, and 1),
Consider the conserved parts first.
= 5F
1/11 i _Z ) Jl,c B ZL ] ~diff ~conv F l v(;ibfl
% (wQ = w7y \5,) " '5xY (@"+9™) wrx v&in (A.73)
TF 1 ~diff ~conv V(S(;Lblm
~ iy V- [(Q +Q™™) <v55$; (A.74)

Specifically, we apply scales as in thinfilm equations for simple liquids which will leave the
convective parts of the equation parameter free [TGT14].

7 B 7 4
X = \/glfeq H = heq T = 977h§2 <: nX 3> (A.75)
579eq 25"}/196(1 'YH
1 ~ =
- N B\3 ~ —2f(heq) 3A 1
F = 4h? heg = (= Joq = | 100l 22 AT
e ™ <A> ! 2 57 heq A7)
. 6-7:bm
n ~ diff ~conv \Y 5
-1y (@™ +@ ( ; )] (AT7)
he (@7 +a™) VoS

with stable equilibrium film height Beq, mesoscopic equilibrium contact angle 1§eq and wetting
energy coefficients A, B. Next, we identify the dimensionless mobilities

73
Qconv . n %(M _’_¢2)< ¢% ¢1¢2> (A78)

QoM = i _
- h3, = h3, 3n b Y5
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_ Uit (W e

3 (%% V3 ) (A-79)
dif _ N A _ 1 heq Y192 ( 1 —1)
Q }ngqg heq nmax(: (w i w2) (¢1 + ¢2)2 -1 1 (A'SO)
_. Wy ( 1 —1> Al
q% +ahp \ 711 (A.81)
with effective mobility
n
== A.

that relates shear viscosity to diffusion related drag. ¢ does not contain all parameters related to
either convection or diffusion, thus we make a slight variable change by introducing a different
dimensionless parameter, the inverse Péclet number. We define the convective and diffusive time
scales Tcony and 7gif, respectively,

x4 X? kpT
% Tdiff ‘= 67 with D := BCA ) (A83>

Teonv 1= 1' =

in which the diffusion coefficient D is identified by the Einstein relation. The inverse Péclet
number is their ratio and Y is a ratio between thermal and surface energy (volume) density

3 kpTy

Pel — gy — Teonv _ 3 _kpd A.84
¢ Tdift D Cheq2,y .
X2 3 g
T = maxk Ti max A.
" B ~vH 5" 719 (489
1 ) P1ebo
Fom = [ 5(VA)* + f(h) + T |1 1n(C1) + o In(Co) — h+ x——| dady. (A.86)
Q

The intermediate steps for identifying the dimensionless free energy and wetting energy are shown
in the following:

Fbm —@
F /d2~ { + f( )+ nmaxk'BT 7;1 10g(é1) + 1;2 log(C'Q) h + wl}Zm] }
2
,-)/]1;12 /d2 X {gig ( h)2 + f(ﬁ) + nmakaTH

| {wl log(C1) + 2 log(Cs) — h + xmﬂ }

2 X2
= [ { 5T+ S0+ kT | tog(C) + vaton(Ca) - 4122 |
:/dQX {;h2 + f(h)+ 7T [1/11 log(C1) + ¥2log(Ca) — h + Xﬁ’l}if&] } , (A.87)
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A.4. Non-dimensionalization of the Full Model

where the concentration (volume fraction) is

(o _ '(l%(l‘,y,t) o @Zi(i’,ﬂ,t) _ A 0 ~
C’( ’y’t)_ h(a:,y,t) - B(i‘,g,g) = z( 'Y ) (A.88)

A dimensionless variation reads as

sh  F  §p°
in which ey, = % can be called an energy (area) density scale. The non-dimensional wetting
energy f(h) is

=i (- )

§Fom HX?6Fum (A.80)

€bm fYHQ a ﬁ %
_ XA/ 1 B
© yHA \ 2n2 A H35h5

_ XAy 11
- yHA \ 2n?  5RS

1 1
=52t 57 (490

A useful relations may be
flhea) = 575
eq/ — 10 ilgq :

In the following subsections non-dimensionalization of the non-conserved fluxes is considered.

(A.91)

A.4.2. Evaporative Flux

T - T (6F T F (6F X°H.
Jos = oo = ~Fug (w’“‘g)—‘EvHXQH (57 -7 )
_ _p ToH (0F X*_
= VI X2 50, 'YHMg
6F
=-0(5 - A.92
(51/11 > (A.92)

The additional effective parameters are then the ratio of convective/evaporative time scales
and a dimensionless chemical potential (pressure)

g=Bd0 _Temw _p Giheq 7 _3_0_p (A.93)
X2 Tevap ! 257193(1 %qu ) heqﬁgq !
92,
X? h
W 3 feq (A.94)

vH 5492,

Executing the variations, we can see for the 11 equation how the dynamic equation is composed
of convective, diffusive and evaporative parts

Oy =~V - {;wthV [Ah = f/()] = Pe™Th (1~ 2xC1C) Vcl} (4.95)

—Q[-Ah+ f'(h)+ Y (logC1 — 1+ XxC3) — p] .
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A.4.3. Source Term

The non-conserved flux density in 012 is non-dimensionalized as follows:

T . T - .-
Jsource = Ejsource = Ea(wl + ¢2)8£¢ = OJ(¢1 + 1/}2)875(;5 . (A96>

Analogously the non-dimensional (-equation reads
¢ = —a(Y1 + P2)0r 9. (A.97)

A.4.4. Phase-field

We can adopt Eq. (A.49) for the phase-field but this time introduce effective parameters o and A
as ratios of time scales of convection/particle mobility and length scales of lateral wetting/phase-

field. Obviously, T" and X remain unchanged from Eq. (A.75).

T [ &2 g2
O :; FAQﬁ - aqﬁfxm (¢,Coy — Ceq; A) — F/ﬂqu)] (A.99)
=0 [A"2A¢ — D fxm (¢, Co — Ceqs ) — A %[V ] (A.100)

A.4.5. Generalization to Include Gravity

By adding another contribution ]:'g to the free energy of the binary mixture Fim one can include
gravitational effects

1
g—/fg /2pgh + pghpE 4% . (A.101)

This contribution accounts for hydrostatic pressure and, if the substrate is inclined, the potential
energy depending on the small inclination angle A. p is the constant mass density of the mixture
and g the gravitational acceleration. Constant density p of the mixture is assumed which is why
the gravity terms do not need to be separated into individual solvent and solute contributions.
Non-dimensionalization then occurs the same way as in previous sections:

0F, _ 6F, _ 0l

ity 0 = pgh + pgpz (A.102)
1 2
§F 6F HX?*3F, X?
oh 80 F o0 Hpg(thﬁx) =y <h + ﬁx) = g(h+ Bz) . (A.103)

The effective parameters g and 3 are defined using the previously chosen scales:

3 h2
X2 = ngq (A.104)
eq
pX2_ 3 phe,
T 5 (A.105)
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A.5. Macroscopic and Mesoscopic Droplet

_ X5 2l (A.106)

=4 5 Deq

Due to the i1 > 1o symmetry this contribution does not appear in the diffusive part of the
dynamic equations. The convective fluxes J; . are then supplemented by

h X2 6 F, X26F, | h 8 B
—3¥i {wlv’ﬂf&l}i] + %V’YH&/)N;)} = -3 {%9 (Vh + (0>> + thag <Vh + <0>> }
h? B
——u{o (Tt + (7))} (A107)

A.4.6. Comoving Frame with Source Terms

Here, we show how switching out of the comoving frame affects source terms. Let R, b denote

the conserved expressions on the right-hand side of the 1[)2 equation in the frame moving with
the substrate and R 3 the right-hand side of the ¢ equation.

~

dl&?(i‘?g)t) d¢(£7g7t)
do(&,,t .
( - )~ (%) (A.100)

The local coordinates and fields of the substrate are denoted by A. The transformations to the
stationary laboratory frame then read

T =x+ vt (A.110)
a2, 1) = thy(x + v, ) =: Po(x, t). (A.111)
Then,
= Opa(z,t) + v0z1P2 = Re g, (V2) + ah(0d + v0,0) (A.112)
Opp(x,t) = Ry(d) — vOpp(w,1) . (A.113)

Formally the source term only depends on R ¢(¢) but the ¢ equation is still advected, as it should
be. This can be adopted for ¢ as well.

A.5. Macroscopic and Mesoscopic Droplet

The one component thin-film equation reads

Oh = -V - {;h3v [Ah = f'(h)] } , (A.114)
11
Fi(h) = o5 — 5 (A.115)
Solutions, which fulfill
—Ah+ f'(h) — =0, (A.116)
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@

Figure A.1.: Sketch of the contact line region of an infinitely high droplet on a horizontal sub-
strate. The rest of the substrate is covered by a precursor of height h,. Region (D)
has constant slope J,h = —1¢q while region (2) depicts the precursor region.

are stationary solutions of both the non-volatile (A.114]) and volatile (A.117) thin-film equation.
u takes the role of a Lagrange multiplier in the former and a chemical potential in the latter
case.

1
Oh = -V - {gh?’v [AR — f'(h)] } —Q[-Ah+ f'(h) — ] (A.117)
In 1D the variation can be undone by multiplying Eq. (A.116) with 0,k and integrating once
% (8:h)? — f(h) + puh = E = const. (A.118)

with integration constant or energy F. Consider a droplet of infinite height whose contact line
region is depicted in Fig. Its curvature is zero in both regions (I) and (2) while the slope in
region (I) remains unchanged as h — oo . Equations (A.116]) and (A.118) can then be simplified

to
@ ®)
['loe) =0 = s F(hy) = p
1
L, e = — )+ by = B
Since = 0 and E = const. the equations simplify further to
f'(hy) =0 = h,=1 (A.119)
1
5’[92(1 = _f(hp) = 'lgeq = _Zf(hp)~ (A.lQO)

Above relations change for a droplet of finite height as depicted in Fig. A droplet of finite
height can be roughly divided into three parts: (I) around the maximum hg with approximately
constant curvature 9z ho, (2) the inflection point that defines the contact angle d;h; = Yeq and (3)

the precursor region. The inflection point goes to infinity for an infinite droplet. Here, equations
(A.116) and (A.118)) evaluate to

@ @ ®)
f'(hy) = f(hi) = —Aho + f'(ho) = p
_f(hp) + Mhp =F %ﬁgq — f(hz) + Mhz =B o f(ho) 4 MhO —E
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A.5. Macroscopic and Mesoscopic Droplet

Figure A.2.: Sketch of a finite droplet on a horizontal substrate. The rest of the substrate is cov-
ered by a precursor of height h,. Region (I) is around the maximum with approx-
imately constant curvature. (2) marks the inflection point while region (3) depicts
the precursor region.

pr >0
0
po <0

O hIIl‘(LX

Figure A.3.: Sketch of the derivative of the wetting energy f’(h) (black solid line). Chemical
potentials p; > 0 and pe < 0 are depicted as black dashed lines, signifying conden-
sation or evaporation. Precursor heights h, 1, hy2 and height at inflection point h;
are marked in red. The curvatures required to fulfill Eq. for some maximum
height hg are depicted as well as the maximal curvature at the contact line.

After using the fact that p and E are constant this system of equations can be reduced to a set
of 4 equations with 5 unknowns: hy, h;, ho, Ozzho and Jeq

[ (hp) = f'(hi) = =Ahg + f'(ho)[= 4] (A.121)
~(hg) by = 02— F(h) + uhs = —f (o) + hol= ] (A122)

If one were to choose an initial condition, one could set for example hg or Oz;hg. The problem
is finding an initial condition that fulfills Eq. —. A parabolically shaped cap on a
precursor cannot fulfill the conditions for (2). Still, one can deduce information on the existence of
stationary solutions for varying p with these equations. A necessary condition is for Eq.
to be true.

Orzho = f'(ho) — p. (A.123)
This can be well understood graphically by consulting Figure There, f/(h) is depicted as a
solid black line. In a volatile system pu acts as a chemical potential, it is an imposed property.
For max(f’(h)) > p1 > 0 and some maximum height hg a stationary droplet solution will adopt

precursor height h, 1 and height at inflection point h; while the curvature of the droplet fulfills
Eq. (A.123). Since f'(hg) — 1 < 0, Ozho has the correct sign for a droplet. In the case of ps < 0
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a stationary droplet solution cannot exist. However, a meniscus solution can since it does not
have an inflection point but the right curvature. The argumentation is similar in the non-volatile
case with the main difference being that p is not imposed but takes the role of a Lagrange
multiplier, adopting a value corresponding to the amount of liquid present in the system. This
subtlety may lead to different stabilities depending on whether the conserved or non-conserved
system is investigated as has been discussed for Allen-Cahn and Cahn-Hilliard type systems in
Sec. 3 of |[EGUW+19|]. The aforementioned reference contains a bifurcation diagram on the TFE
as well.

Equation must still hold which means that stationary droplet solutions in a non-volatile
case will never adopt 4 < 0. Note that the case of an infinite droplet corresponds to p =
0. The inflection point as well as the maximum height go to infinity. Obviously, stationary
solutions do not exist for > max(f’(h)). The contribution of curvature can further be motivated
by imagining the coarsening of multiple droplets. The droplets exchange liquid by increasing
or decreasing the surrounding precursors. These deductions change when switching to a two-
component system as is shown in Sec. [£.5]

A.6. Derivation of Parabolically Shaped Cap

In this section, the expression for a parabolically shaped cap is derived, basically calculating
coefficients of a polynomial. The cap will be fully determined by precursor height h,, maximum
height hy and some contact angle 9. A radially symmetric parabola centered at r = 0 reads as

h(r) =ar?+b (A.124)

The parabola shall reach precursor height at » = R and the slope at that point is determined by
1 while the height at r = 0 is set as well. The conditions then read

O,h(R) = —0 (A.125)
h(R) = hy (A.126)
h(0) = hg (A.127)

Equation (A.125]) sets

0
=—— A.12
a R ( 8)
which results in
v
=—— . A.12
h(r) 5h" +b ( 9)
Then Eq. determines b to
¥
With Eq. (A.127) the remaining unknown variable R can be calculated.
hr) = 2o (=2 2 R) +h (A.131)
2 R v '
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A.7. Mullins-Sekerka Instability

h(0) = ho
1
& §Q9R + hy = ho
_ 2(ho —hy) (A.132)
9
Inserting R results in
h(r)—219< T 2(h0—hp)+ 3 + hy
P 2y, (A.133)
4(ho — hp) . .

For the actual implementation the parabola is shifted to the center of the domain and cut off at

2
r > R. We use the short hand notation r = \/(:L‘ — %)2 + (y — %)

2 r?+hy forr<R

h(z,y,0) = {_4(h°_hp)

(A.134)
hyp else

In the not rescaled formulation the slope at the contact line is approximately given by the
equilibrium contact angle 9J¢q. Let us calculate this angle for the dimensionless formulation:

X .
Orh = = 0:h(R) (A.135)
X ~H?
2 ) (4.136)
=4/ —2f(heq) (A.137)
_— (A.138)

A.7. Mullins-Sekerka Instability

We repeat the equations of Sec.

9;C; = D;AC;, i=s,1, (A.139)

n. (Dﬁél - DS@C;) - (C*s - C*l) ¥-n at % = €, (A.140)
C, = KC at & = ¢, (A.141)

Ty = Tpn + myCy — &ﬁjzn’f” at X = ¢, (A.142)

C, 2= o, ¢ 2 0, C 25 Cogi. (A.143)

See Sec. for the definitions of the quantities. Equation (A.139)) in the comoving frame reads
9;C; = D;AC; — 90;C;. (A.144)
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With the Ansatz . i
Ci(z)=e% (A.145)

and Eq. (A.143)) we find the steady state

Cf = Coo + (Coqi — Coo)e 21, O

S

= KCoqy. (A.146)

In case of a planar interface T > 0 denotes the liquid and Z < 0 the solid phase. The interface
advances towards & — +o0o We perform a linear stability analysis of this state by making the
Ansatz

Ci(#,9) = CF + eC\D (@)b(1,5), (A.147)
£(,1) = €b(0, 9), (A.148)
with b(Z, §) = e*le'ky, (A.149)

Eq. (A.139) then reads
2eCVb(E, §) = DiedzzCVb(E, §) — ek*DiCUb(E, §) — 00:CVb(E, §) (A.150)
& @CY = D;0;5C — D, 0 — 50:C1). (A.151)

We make another exponential Ansatz

W (7) = e, (A.152)
which leads to the quadratic equation
&= DG — k*D; — 9§ (A.153)
9 W g U
= — —q. A.154
& T=p g (A.154)

Next, we apply the quasi-stationary approximation. It would be more rigorous to keep above
equation as it is, i.e., denoting ¢ as the solutions of Eq. and introduce the quasi-stationary
approximation at the end of the derivation. However, doing this beforehand leads to simpler in-
termediate calculations, the result does not change. The quasi-stationary approximation assumes
fast diffusive dynamics, i.e., the front moves slow enough for the concentration fields to adjust
instantaneously:

w < D;k?, k>

DA
=L, A.155
- (A.155)

Then Eq. (A.154) simplifies to .
§=+k. (A.156)

The solute concentration in each phase must converge to Cy as the distance from the interface
increases, leading to

~ 1 - I;/‘~ ~ 1 - 7”%“’

C;;)(a:) =ae"™, Cl(];)(x) =a;ze " (A.157)
with coefficients a,;, which we determine from the Gibbs-Thomson relation (A.142)). First we
realize that the temperature 7' of the isothermal system is

~ N

T=T,+ miCeq,i. (A158)
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A.7. Mullins-Sekerka Instability

Of course this also holds at the interface

j—’l = Tm + mlCeq,la <A159>
and Eq. (A.142) becomes
5 Yl
= — K. Al
Ci Ceq,l + SLmy K ( 60)
In 2D the curvature K reads
Osz& z
k= . ;= —0w:é + O(), (A.161)
(1+a)!

since € is of order e. On the solid side of the interface we then get with Eq. (A.141)

ok kE1 7 ~ fAmi &
Cr + ea g™ b(f, §) = KCoqy + Koo (—aﬁg) . (A.162)

Since £ = O(e), we can approximate the exponential function on the left-hand side to zeroth
order and get with C; = KCgq; in the last step

= e Al o (1), 5 -

Cs +eagb(t, §) = KCoqy + KﬁLmlk €& 'b(t, 7)) (A.163)

= o = KT 280). (A.164)
sk pLmy k

On the liquid side we similarly get

Coo + (Coqt — Coo) € P&+ eab(f, §) = Coqu + ;LTA;:Z ke Vb(,5) (A.165)

= Coo + (Cequ — Cno) <1 - Dileglg”b(f, g)) + eapb(L, §) = Coqu + ;szl € Vb(E, ) (A.166)
& = (Ceqr = Coo) 156 000 §) + cab(, ) = %%Qeé,g”b@, ) (A-167)

< = 5,8) (Ceqt — Cox) D% + ZLT% i (A.168)

This leaves us with one unknown: 51%1). We utilize Eq. (A.140) to eliminate it. The interface

normal reads

2\ "2
ng = (1 + (aﬁ) ) =1+ 0(e) (A.169)
=
ng = —05¢ (1 + (@:5) ) =~ + O(€) (A.170)
The solute gradient components at the interface read
@ = o, - ~ P i) ) - Feasb(i. g
0:C1(8) = 35 (Coas = Co) (1= 0000) ) ~FeagblEd). (A7)
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9;C1(€) = ea lkzk:e ke b(t, ) = ealkzkb(t 7) + O(e?), (A.172)
9:Cs(€) = kea zb(t,7) + O(e?), (A.173)
05Cs(&) = ikea ;b(, 7). (A.174)

The perturbed interface velocity V is '
0+ €. (A.175)
Inserting above relations into Eq. (A.140)) gives

0] V1), 7 - - 7
— i (Cut = Cix) (1 ~ pyeE bl y)) — Dikeayh — Dykeagh

(A.176)
— ike€b | Diikeayh — Dyikeagb| = (C2 + eagh— Cf — eayh) (5 +@eéb) .
Note, that
s s B -
C: (&) — C1 (&) = Ceq,s — Cequ + D (Ceqi — Co) €+ O(€%) (A.177)
_ . i . £(1) 2
= Ceqs = et + 35 (Ceqi — Cso) €200 + O(2). (A.178)
We collect all terms of order 0:
—DlDi (Coq — Cs) = ¥ (Coo — Cog) = (Cequs — Cequ) ¥ = BAC, (A.179)
[

where we introduce the concentration gap AC. This means, we can identify Ceqs = Coo. The
last term on the left-hand side of Eq. (A.176)) is O(e?) and thus neglected. The €' terms amount
to

~2
Ca~¢! !
AC’ 5( )b — keb (Dlalk + D ask) = veb( alk) AC’Eeglg )b+ AC’wegé )b (A.180)

& —k (D + Daagg) = (a,; — ap) + ACHE (A.181)
EIe).AT) . ;| - ) 0 AT VT (1)
———————————a D ~ e — o) D K
k:{ & | (Cequ — C )Dz+mezk + S &
(A.182)
. ATom 128 b AT 5y - 2(1)
— K™ ) — k ACHE
v{ 3L, 5 f (Ceqi — Coo) D + SLm; } + C’w{k
oD |-act + AT 2| + DK get 2
Dy pLmy pLmy
A A (A.183)
- AT 2 v AT, 79 ~
— K k2 — | —-AC— i A
v{ 3L C’Dl SLm; } + ACw
- - ;
K=l R —ACH+ K2 (D + D) b = 6AC— + ACD (A.184)
pLmy Dy
o AT -9Dy D 7*
SR 7710 S PTG el R = S (5 Rt I QR Al
S0 v{ +ﬁLmlAC’ 5 ( JrDl D (A.185)

114



A.8. Analytical Calculations for the Binary Mixture System

~2

= olk) = ko (1——dcdd%2(1—%7w> v (A.186)
D
We introduce the capillary length R
VLim
de = ———, Al
pLmAC (A-187)
the diffusive length
D
— Al
z (A.188)
and the ratio of the diffusivities D
=2 A.189
n=p (A.189)

Finally, we apply the quasi-stationary approximation again which allows us to neglect the con-
stant term:

o(k) = kb (1 — dedgR? (1 + n)> . (A.190)

Although the curvature term in Eq. has a different sign in comparison to the Gibbs-
Thomson equation for the temperature field utilized in the calculation for the pure mate-
rial [MS64]|, this cancels out due to the swapped terms of the concentration gradients on the
left-hand side of Eq. . Thus, capillarity still acts stabilizing. The reader must have real-
ized that K =1 results in a vanishing right-hand side of Eq. and also AC' = 0. Setting
K =1 is only done for convenience. Qualitatively, the dispersion relation does not change, when
keeping K # 1, as can be seen in Eq. , i.e, it still contains a linear destabilizing and a
cubic stabilizing term.

A.8. Analytical Calculations for the Binary Mixture System

Here, we calculate possible precursor height h, and height at inflection point h; for a stationary
droplet of a binary mixture with constant solute concentration C'.

0 = Jevap
& 0=-Q[f(h)+ ]
s 1-hm=hr0
w—1

h3=
== 0=w?+

1 _
= w=5 (—u: 1+4N) (A.191)
— QL V~1+4'u (A.192)
4
Sl TF 4R
BT (4:195)
S R Yy
—9 lEvitdn (A.194)
(VI+4a—1) (VI+4a+1)
2
-2 A.195
1+1+40 (A.195)
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2 5
o= (wm) (A.196)
2 ' 2 3
" (HJW) - (1+\/1+4(T(ln(1—0)—1+x02)—u)> (A.197)
2 3 9 3
hi = <1—¢m> - (1— VITA(T Il _0) 11107 —u)) (A.198)

A.9. Linear Stability Analysis of the Full Model

Since the ¢ equation depends on the solute concentration C' and not directly on the thickness 19
it is more convenient to analyze the linear stability of the full model with ¢ = v = 0 in a different
basis, i.e., (h,C, )., which is also more intuitive. See Sec. for the original basis. The (
equation is dropped since it is directly proportional to the ¢ equation. The dynamic equations
then read

Oth = =V - I, + Jevap (A.199)

1
8tC = E (—Jh -VC -V - J2,diff - C'Jevap) + Oéatd) (AQOO)
Ohd =0 (A2A¢ — frrn(¢,C — Ceq) — A7%|V|K(9)) (A.201)

3 3
Jn = —%VP = %v (AR — f'(h)) (A.202)
Jevap = = (P 4+ Ypiosm — 1) (A.203)
frosm(C) = In(1 — C) — 1 4+ xC? (A.204)
1

/ —
(€)= ~ 1+ 2xC (4.20)
Joait = —Pe 'h (1 —2x(1 — C)O)VC (A.206)
= Pe 'h(1 — C) b (C)VC (A.207)
fam(8,C = Ceq) = fim1() + AMfin 2(0) (C' — Ceq) (A.208)
= ¢+ ¢+ A1 —¢?) (C — Ceq) - (A.209)

The prime denotes derivation by ¢ if ambiguous. We make the ansatz

h(x,t) = h* + €hy(x,t) = h* + eaj,e” T (A.210)
C(x,t) = C* + €0y (x,t) = C* + eae” T (A.211)
D(X,t) = ¢* + 1 (x,1) = ¢ + eaget T (A.212)

with homogeneous stationary solutions (h*,C*, ¢*), perturbation amplitudes a; and growth rate
w. For the h equation we linearize the operators Jj and Jevap which contain P and fiosm:

P = —Ah+ f'(h) = k*ehy + f'(h*) + ef"(h*)hy + O(€?) (A.213)

h? h*?
=J, = —§VP = ( 5t eh*2h1> (K*eVhy + ef"(h*)Vh1) + O(e?)
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(K + f"(h*)) hi + O(€) (A.214)
fosm = Hosm (C™) + eﬂgsm(C*)Cl + 0(62) (A.215)

+ 2xC*> + O(é%)

1
=1In(l — C*) = 1 + xC*? + €C, <—1 =

Plugging Eq. (A.213)- (A.215) into (A.199) gives

wehy = — ]feﬁ (K> + f"(h*)) hy — Q [ehl (K> + f"(h*)) + f'(h*) (A.216)
+ Y (Ltosm (CF) + €tpen (C*)C1) — p] + O(€7) (A.217)

*3
—ehy {— h3 k2 (k% + f/(h%)) — Q (K* + f”(h*))] — 1Yl (C*) + O(%)  (A.218)
—eh K_ h;3k2 - Q> (k* + f”(h*))} — eC1OT L (CF) + O(e2) (A.219)

where we demand
f/(h*) + T/Losm(cf*) —u = 0 (A220)

in Eq. (A.218) for the stationary solutions, i.e., homogeneous solutions that hold Jevap = 0.
Since the source term of the C-equation depends directly on the ¢-equation, we proceed with
linearization of such. This requires linearizing the operators f. . and |Vé|x:

fim = )lcrn 1(¢7) + 6fxm 1(@") 1
A (fon2(0F) + €fima(07)1) (C* 4 €Cy — Coq) + O(2)
=fem,1 (@) + A 2 (0" )(C Ceq) + €01 (frm1(0°) + fim2(6*)(C* = Coy))
+ €C1A frm 2 (07) + O(€)
=1 (fin1(0) + fln2(¢*)(C* = Ceq)) + €C1A fimn2(¢%) + O(€). (A.221)

In the last step, we further demand ¢* to be an extremum of fy,, which solves
fan(97,C" = Ceq) =0 (A.222)

without constraining C* further. For the curvature term we utilize Eq. (4.33)

Vol =Ad — W (A.223)
v¢’-VV¢I|W>I _ike -;;}kjlml) + O, (A.224)
The numerator requires differentiating the complex norm
Vig1| = ¢1V¢1’; |<;51V¢1 +0() = k||¢;1|’ + O(e®) = ik|¢1| + O(€?) (A.225)
with ¢1 # 0. Plugging Eq. (A.224)-(A.225) into (A.223) gives
Vol = —k*¢1 + E*d1 + O(?) = O(€2). (A.226)
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Unsurprisingly, the curvature term only contributes non-linearly. Applying Eq. (A.221) and
(A.226)) to (A.201)) gives the linearized ¢-equation

wepr =0 [~AT?k%ed1 — €d1 fim (97, C — Coq) — €C1A fim2(9%)] + O(€)

—chro [—Alk — (67,0 ceq>] — 1A fla(67) + O(). (A.227)

For the C-equation Eq. (A.200)) the first term —%J rVC vanishes in first order since J;, = O(e)
and VC as well. The diffusive flux contribution linearizes to:

Jo qifr :Peflh*(l — Ol o (CF)ikeCy + (’)(62)

1 1 1
= E (—v . J2,diﬂ) = ( + Ehl <_h*2>> [Pe_lh*(l — C*)’u/osm(c*)k2601:|

h* (A.228)
+ O(e?)
=Pe (1 — C*) o (CHK2eCy + O(62). (A.229)
The linearized evaporative contribution, taken from Eq. (A.218)), reads
Jovap = — €1 (K> + f"(h*)) — €C1QY pin (CF) + O(€?) (A.230)
—%Jevap :%thl (k> + f"(h*)) + €Ci %ngm(c*) + O(é%). (A.231)
Then Eq. (A.200) to first order in € is
weCy =Pe (1 — C*) b (C*)K?eCy
cr . cr !
1 * * *
#0100 |5k~ (67,07 = Cu)| = €C100Afia07) + O

In the following the function arguments are omitted for convenience. The perturbation’s ex-
ponential functions in Eq (A.219),(A.232) and (A.227) can be eliminated which results in an
eigenvalue problem for the Jacobian J:

22— Q) (k2 4+ £) Yty 0
(K + 1) Hosm [Pe™! (1= CK? + G2QY] — aoMfy a0 (AR — f1,)
0 oM fm 2 o (ZA2K2 — f1)

(A.233)
We can recognize several features previously seen in the dynamic equations. The third column
shows the connection between phase-field and source term. Entry J., reflects concentration
growth due to evaporation. Influence of wetting or osmosis can be easily identified by f” or ul .,
contributions.

ap ap

wlac| =J| ac (A.234)
ag Qg

=det (J —wl) =0. (A.235)
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A.9. Linear Stability Analysis of the Full Model

Since two corners of J are 0, i.e., h is not directly coupled to ¢ and vice versa, the calculation
simplifies to:

0= (Jhn — W) (Jee = w) (Jpp — W) = Jneden (Jopp —w) — (Jph — w) JepJge (A.236)
*3
= 0= [<—h3k‘2 - Q> (k‘2 + ") - w] o (—A_2k2 — fiwm) —w] (A.237)
: {ugsm [Pel(l — CME* + i’:QT} — QO fymao — w} (A.238)
/! C* 1" 1 1
— O g 72 (K> + ") [a <—A2k2 — fxm> — w] (A.239)
*3
- [<—h3 K — Q> (*+ ") - w] ao (—A7%k* — fil,) oA flno (A.240)

This characteristic polynomial is of third order. The solution is not trivial [BSMMO05|. Let us
evaluate the more compact Eq. (A.236) and sort the terms by w to bring the equation in the
form

0=aw®+bw?+cw+d: (A.241)
0 =w3 — W2 (Jph + Jec + J¢¢) — w (JpedJch + JepJpe — Jeedpy — JppInn — Jeednn) (A.242)
— Jnndecdpp + Jhedendpy + JnndeoJpe- '
Here, we have already divided by a = —1. Cubic equations can be solved via Cardan’s formulas,

however the resulting expressions contain complex numbers even in cases when the solutions are
actually real, see casus irreducibilis. The sign of the discriminant gives information on the nature
of the solutions. With the transformation

b ail b

2 - A.243
YT T3 T T3 (4.243)
the equation can be reduced to the depressed cubic equation
2 4pr+q=0 (A.244)
with
3ac — b% =1 b2
_ =t _ L A.245
P= 32 ‘73 (A.245)
- (2b* — 9abe + 27a%d) =" 2ty (A.246)
17 9743 T 3w '
The discriminant then reads
D = 27¢* + 4p® (A.247)
= 4b3d — b?c® — 18bed + 4c® + 27d>. (A.248)

For D > 0 one real and two complex, D < 0 three real and D = 0 also three real but degenerate
solutions exist. Note that D < 0 can only be negative if p < 0. The compressed cubic can be
solved by transcendental expressions, they are Viete’s trigonometric solutions |Zuc08]:

1 — 271
T =24/ —gcos <3 arccos <§Z, / pS) - ?) ,1=0,1,2. (A.249)
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(a) — wy (b)
0.02F —_— W,
3 0.00
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Figure A.4.: Growth rates of perturbations of homogeneous states in linearized symmetric bi-
nary mixtures without evaporation and deposition. The dispersion relations are

Eq. (A.250)-(A.250). The utilized parameters are: h* = 1.5, C* = 0.3, Pe™! =1,
Xas Xbp = 1.5,2.5.

The reader may be familiar with these from stationary solutions for the cubic Allen-Cahn equa-
tion. This expression is is real for D < 0 and also correct for D > 0, however, unsurprisingly, it
becomes complex then. Applying Eq. (A.243)-(A.246)) to (A.242)) we formally have the dispersion
relations for our problem. Unfortunately, first attempts at simplifying the resulting extensive
expressions with Mathematica [Wol22| have been unsuccessful. For future work one can simplify
the Jacobian in order to get managable dispersion relations. A strong simplification would be
for example €2 = ¢ = 0 which is the non-volatile case without deposit and directly results in a
diagonal 2 x 2 Jacobian. The growth rates can then be directly associated with film height h
and solute concentration C), i.e., instabilities are decoupled:

*3

wp = —%kz (k> + " (h*)) (A.250)

we = —Pe k2 [1 - 2x (1 — C*) C*]. (A.251)

Instability examples are shown in Fig. [A.4] In both panels the homogeneous film height h*
is above the critical one, thus, h develops a well-known finite wavelength instability. In panel
(a) the C-mode is within the linearly stable regime since x, = 1.5 < 2. However for y = 2.5
the sign in front of k2 changes. The concentration becomes unstable, i.e., the system is in
the anti-diffusive regime and the system exhibits a vanishing wavelength instability. Since the
instability is not stabilized by for example a k* term in the dispersion relation, this means that
demixing instabilities cannot be properly caught in the current version of the model and require
for example adding gradient energy terms for C.
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A.10. Binary Mixture Results

J2,conv [10_3]

0.9

130 160 190

T
0.05 0.30 0.60 3.50
t [10%)

Figure A.5.: Time evolution of a volatile droplet of a binary mixture. Film height h (left axis,
gray scale) and other quantities (right axis, colored) are depicted at times ¢ [10%] =
0.05, 0.3, 0.6, 3.5. The gray/black lines follow the same order as the colored ones,
meaning that the darker the later the time. (a) solute concentration (b) evaporation
rate Jevap (c) convective flux Jo cony (d) zoom of the precursor region. The profile at
t = 0 is separately depicted in red. The governing equations are Eq. -
with ¢ = 0, v = 0, @« = 0. The remaining parameters are Pe™! = 0, y = 1.5,
Q2=0.001,T=1and g =—1.8.
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0.05 0.30 1.00  4.00
t [10%]

Figure A.6.: Time evolution of a volatile droplet of a binary mixture. Film height A (left axis,

122

gray scale) and other quantities (right axis, colored) are depicted at times ¢ [10%] =
0.05, 0.3, 1.0, 4.0. The gray/black lines follow the same order as the colored ones,
meaning that the darker the later in time. (a) solute concentration (b) evaporation
rate Jevap (C) rate of convection of solute V - Jy conv (d) rate of diffusion of solute
V - Joqig. The governing equations are Eq. — with ¢ = 0, v = 0,
a = 0. The remaining parameters are Pe™! = 1074, y = 1.5, @ = 0.001, ¥ = 1 and
pw=—-138.



A.10. Binary Mixture Results

A study of € is performed in Fig. along with a comparison of mean height h(t) in Fig.
showing that the solutions will converge to equal states, independent of €.

— 0.001
3.0
<
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0.0
= 0.01
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o
A
15
0.0 =
x X
| o— ]
0 15 0.50 0.75
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Figure A.7.: Space-time plots of a volatile droplet of a binary mixture. Shown are film height
h(left) and solute concentration C(right) for increasing evaporation strength (2.
The governing equations are Eq. — with ¢ =0, v = 0, a = 0. Other
parameters are hg = 20, Cy = 0.3, x = 1.5, Pe 1 =107*, T =1, p = —1.8
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2.7F 0.75
N |D
2.6F 0.50
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Figure A.8.: Time evolution of mean height h and mean solute concentration C of a
volatile, sessile droplet of a binary mixture for evaporation rates 2 =
0.01 (black), 0.1 (red), 1.0 (blue), 10.0 (green). Some colors are not visible due to
overlap. The initial condition is a parabolically shaped cap. The governing equa-

tions are Eq. (2.126))-(2.127) with ¢ = 0, v = 0, @ = 0. The remaining parameters
are hg =20, Cp =0.3, Pe ' =107%, y =15, Y =1 and p = —1.8.

While it is likely that the droplet solutions in Sec. are stable due to the simulation being direct
and starting from a non-stationary state, it is sensible to specifically test their stability. We show
this for a similar parameter set as in Fig. but with faster evaporation rate for convenience.
Figure shows fluxes and mean height h of an evaporating droplet that has been perturbed
by white noise of amplitude 0.01. The initial condition is taken from the 2 = 0.1 simulation
at t = 5-10% Both convection and evaporation have not reached equilibrium yet indicating
that the initial condition was not fully converged. Solvent is condensing mostly in the droplet
region and very slightly in the precursor region while some material convects from the contact
line region into the droplet. The fluxes behave not smooth in the contact line region. Overall the
system gains mass over time which can be attributed to condensation and FDM error. However,
it is likely that the droplet shape will persist since the initial perturbation is not amplified. The
concentration profile barely changes around C = 0.854, see the space-time plot in Fig.
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Figure A.9.: Simulation data of a perturbed evaporating droplet. The initial condition is taken
from the simulation in Fig. With 2 = 0.1 at tprevious = 9- 10* and then perturbed
by white noise of amplitude 0.01. (a) evaporative flux Jevap (blue) (b) convective
flux Jeony (blue) at ¢t = 1.6 - 10°. Film height h is shown in dashed gray. (c) time
evolution of mean film height h. The governing equations are Eq. —
with ¢ =0, v = 0, @ = 0. The system parameters are unchanged from the original
simulation Pe™! = 1074, y =1.5,Q=0.1, Y =1 and pp = —1.8.
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Figure A.10.: Space-time data of a perturbed evaporating droplet of a binary mixture. The
initial condition is taken from the simulation in Fig. With Q=01att=>5-104
and then perturbed by white noise of amplitude 0.01. Shown are film height h

and solute concentration C. The governing equations are Eq. (2.126))-(2.127) with
g=0,v=0,a=0. The system parameters are Pe™! = 1074, y = 1.5, Q = 0.1,
T=1and pu=-18.
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Figure A.11.:

126
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X
C — |
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t [104]

Time evolution of a sessile volatile binary mixture droplet. This simulation is
qualitatively similar to the one at the top of Fig. (b) whose final state is a flat
film. Film height h (left axis, gray scale) and other quantities (right axis, colored)
are depicted at times labeled on the color bars. The gray/black lines follow the
same order as the colored ones, meaning that the darker the later the time. (a)
solute concentration (b) evaporative flux Jevap () convective flux of solute Ja cony
(d) zoom of the precursor region. The profile at ¢ = 0 is separately depicted in
red. The governing equations are Eq. — with g =0, v =0, a = 0.
The remaining parameters are hg = 10, Pe™! = 107%, y = 1.5, @ = 0.001, T =1
and p = —1.8.



A.11. Simple Liquid Results

A.11. Simple Liquid Results

Figure A.12.: Space-time plot of h(x) for an evaporating sessile, simple droplet on a horizon-
tal substrate. The initial condition is taken from the non-volatile case after the
droplet has fully converged. p = 0.01568 is chosen as measured from the converged
droplet p = py = —0zzh + f'(h). The governing equation is Eq. . The re-
maining parameters are @ = 1073, L = 100, hg = 20. The calculation is executed
via FEM spatial discretization and implicit time-stepping utilizing oomph-lib with
Neumann boundary conditions |HHO6|. For visualization the simulated droplet
half is mirrored. Many thanks to Simon Hartmann for quickly setting up the code
and corresponding simulations.
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A.12. Full Model Results

A.12.1. Small Osmotic Pressure

100 300 500 700
z

Figure A.13.: Snapshot of a precipitating binary mixture in a dip-coating geometry on a 1D
substrate described by Eq. — and Eq. —. Shown are film
height h, logarithmic term In(1—C') within Jeyap and the deposit thickness ¢ in blue,
dashed black and olive, respectively. The substrate is pulled towards the right. Due
to the small o only a small amount is deposited and the liquid ridges persist. Thus,
they continue to evaporate. However since the phase-field has recorded a phase
transition already, i.e. ¢ = —1 around each ridge, precipitation is not triggered
a second time. C is allowed to approach 1 and the logarithm diverges. One can
avoid this scenario by choosing larger « since in reality precipitation is expected
to only occur once and to deposit the majority of the solute. This effect should be
independent of the switch applied to the ¢ equation. The system parameters are
L = 1600, N = 2048, hg = 20, Cy = 0.3, ¢o = 0.99, v = 0.1, g = 0.001, 8 = 1,
Pe~! = 0.001, x = 1.5, @ = 0.001, T = 0.01, g = —0.7, Ceq = 0.4, a@ = 0.2,
A=20,A=1,0=10.

A.12.2. Dip-Coating Periodic Solution Measures

The solution measures in Fig. are obtained as follows: The onset of deposition Zopset is
defined at the location where the effective deposit thickness ¢ first becomes positive. A measure
point is chosen as

(A.252)

n L
Typ = Min <$0nset + 100, CUoset'f'x)

2

such that patterns are given enough time to relax. A time series ((xmp,t) is extracted from
the solution data. Each period can then be processed for maximum thickness (pax, minimum
thickness (min, amplitude A¢ and mean thickness (. After averaging over all periods, the data
points shown in Fig. are obtained. In the absence of deposition the measure point is defined
by

Zanp = 0.9L,. (A.253)
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A.13. Preconditioning

The sign in front of tanh is irrelevant as one can redefine n — —n.

— n(x,t)A

$(x,t) = — tanh ( 7 ) (A.254)

n(x,t) = —\f tanh™!(¢) (A.255)

8833 tanh(z) = 1 — tanh(z)? (A.256)
N P

op = \/5(1 ¢°)0 (A.257)

= O = —‘//\5 (1- ¢2)‘1 b (A.258)

O =0 (A 2A¢ — g frm — A2V )) (A.259)

We substitute each of the ¢ terms with Eq. (A.254) in the following, only keeping (1 — ¢?) or
polynomials of ¢ expressions as the former will cancel out when applying Eq. (A.258) and the
latter can be directly substituted with Eq. (A.254).

o n(x,t)A
N = N (A.260)
V¢ = —V tanh(N) (A.261)
—(1—¢*)VN (A.262)
—(1— 2)\A[Vn (A.263)
A= —(1— ¢2)AN — VN - v¢( 2¢) (A.264)
= —A —¢HAn -
— \@(1 #?)A +2¢\[v Vo (A.265)
= A — ¢?)An n —A n(l — ¢?
= \/5(1 ¢*)An + V2A4V ( \[V (1—¢ )) (A.266)
—_ _A 42 n— 2 n 201 _ 42
= ﬂ(l ¢*)An — A*¢|Vn|*(1 — ¢%) (A.267)
Vé — Vtanh(WV)  (1- P*)VN gl<1 VN Vn
Vol T VtanhW) © L @VA] VA [Vl (A.268)
Vo _ Vn
Vo| = |[VN[1 - ¢*| = f!Vn!(l—qﬁQ (A.270)

The local potential can be left unchanged. Inserting Eq. (A.267),(A.269)),(A.270) into Eq. (A.259)
and then into Eq. (A.258]) results in

2 - A A?
om == Y2 (1= o {2 an - LelwnP - )
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1 A Vn
—(1 = ¢ (Ae— — 1—¢?) V- — A.271
(1= )0 = 9) + g5 51Vl - )7 T ) (A27)
ol aan+ YV2avnl + Y2 00— 6) — A2 Vnv. I
= O'{A An + A o|Vnl® + A (Ac— ¢) — A™%|Vn|V Vil (A.272)
— -2 @ _ _ 2\7 _ A2 . Vn
_O'{A An + A [Ac—¢ (1= |Vn]*)] = A*|Vn|V ]Vn\} (A.273)
= {AzAn - \f [)\c + tanh <T/§> (1- \vn|2)] — A% Vn|V - ;Z‘} (A.274)
For the Xu-Meakin model the phase-field equation reads
1
at(ls = Pe (AQZ) - a¢fxm(¢a ¢, )‘) - %‘V¢|) (A275)

and the equation for the signed distance function can be written down by formally substituting

oc—Pell A1 (A.276)
(x,1) = — tanh <”(\’;’;)) (A.277)

resulting in
o = Pe_ {An +v2 {)\c + tanh (\;%) (1- |Vn|2)} — |Vn|V - ;Z,} . (A.278)

A.14. Discretization Analysis of LB Continuation Data

pde2path and the CUDA code utilize finite element and finite difference method for spatial
discretization, respectively. Both methods are expected to converge with increasing number of
nodes, provided floating point precision is not an issue. As a benchmark for finding practical
discretizations for both methods the LC-1 branch (see Fig. of stable stationary solutions
is chosen, see the introduction of Chapter [5| and for an overview of the solution space.
Figure shows said branch for varying FEM and FDM discretizations in gray /black and red,
respectively. Both methods approach each other quite well as the number of nodes is increased.
However, it is apparent that a systematic discrepancy persists even at finer discretizations. A
higher order FDM would be required for a more conclusive comparison. Alternatively, one can
switch to direct numerics with FEM, such as oomph-lib. Nevertheless, L, = 60, N, = 400 is
about the practical limit for single core 2D pde2path calculations while L, = 60, N, = 100 is
the limit for second order FDM with the concerned generalized Cahn-Hilliard model.

While the 2D bifurcation curve for rough discretizations such as Fig. [5.3]can be obtained without
too much trouble the increasingly tightening structures result in undesired branch switching at
finer discretizations. Figure shows a section of the 2D bifurcation curve for a discretization
of Ly x L, = 60x30, N; x N, = 400 x200. The curve is depicted in dashed gray scale. The darker
the dashes, the further along the curve the solution and the larger the arclength s is. (a) In this
region the curve first follows the blue arrows, a fold, undergoes a section of wild criss-crossing
again and then follows the red arrows, overlapping with the blue arrows. (b) However, here,
it passes the fold. Depending on the stepsize undesired branch switching can occur, possibly
resulting in closed loops.
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P2P N, — 228
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Figure A.14.: L?-norm of the 1D stable stationary liquid-condensed solution (LC-1, see Fig.
for varying transfer velocity v. The branches are obtained from numerical con-
tinuation (gray/black) and direct numerical simulations (red) using pde2path and
CUDA, respectively. The spatial discretization is applied by FEM and FDM,
respectively. The branches become unstable past their folds. Note that the
Dirichlet boundary condition is imposed on node ¢(0,y) = —0.9 for FEM but
c¢(—Ax,y) = —0.9 for FDM. In order to match both methods the ghost point is
prepended to ¢ for FDM when calculating the norm. Further, for FEM the Dirich-
let BC is imposed by a harmonic term that only acts on x = 0 on the right-hand
side. Its spring constant (p.nc.sf in PDE2PATH) is set to a high value of 106. The

governing equations are Eq. (2.158))-(2.160]). Domain size L, = 60.
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Figure A.15.: L?-norm of 2D steady states for varying transfer velocity v obtained from numerical

path continuation of Eq. —. The curve is depicted in dashed gray
The darker the dashes the further along the curve the solution and the
larger the arclength s is. Blue arrows (earlier) denote the section that follows the
fold while red arrows (later) denote the section that passes it. (a) overview (b)
zoom. Discretization L, x 2L, = 60 x 60, N; x 2N, = 400 x 400.

scale.
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A.15. Finite Difference Stencils
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Figure A.16.: Fourth order FDM stencils of % and %. Other orientations of the non-

centered % are obtained by rotation. The centered % stencil is obtained by
swapping = and y. The node for which the derivative is calculated is marked by a
white box.
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Figure A.17.: Fourth order FDM stencils of one-dimensional derivatives. Other orientations of
the non-centered stencils are obtained by flipping the stencil and each sign. The
node for which the derivative is calculated is marked by a white box.
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Figure A.18.:

136

Fourth order FDM stencils of the biharmonic operator A2 as a centered and non-
centered variant with the latter having three nodes on the top and bottom but only
two nodes on the left. The stencils for other orientations are easily obtained by
rotation. The signs do not change. The node for which the derivative is calculated
is marked by a white box.



List of Recurrent Symbols

Symbol Description Unit First
appearance/
definition

A coefficient of long-range interactions J p. 12|
A forcing amplitude 1 p. 90|
«a strength of source term 1 p. 20|
A¢ amplitude [prominence| of deposit 1 p. ﬁ
B coefficient of short-range interactions Jm? p.[12
B substrate inclination rad p. 25|
I} effective substrate inclination 1 p. g
C solute concentration 1 p. 26
¢ magnitude of Fourier transform of ¢ 1 p.[o1]
¢ normalized solute concentration, dimensional argu- 1 p. 19

ments o
c normalized solute concentration 1 p. 21]
c surfactant concentration 1 p- 28]
Co solute concentration at x = 0 1 p. 26|
co surfactant concentration at x = 0 1 p- 29
C, solvent concentration, dimensional arguments 1 p. 13|
Ch solvent concentration 1 p- 23]
Cio solvent concentration at x = 0 1 p. 26
Cy solute concentration, dimensional arguments 1 p. E
Co solute concentration 1 p. 23
Cap solute concentration at z =0 1 p. 26|
Ca capillary number 1 p. 11
Ceq local equilibrium solute concentration 1 p. 20|
X mixing parameter 1 p- 13|
D diffusion coefficient m? /s p. [14]
D, Damkdéhler number 1 p. 21]
[|d¢]| L?-norm of ¢ 1 p. B]]
9,C©)  convective contribution to rate of change of C 1 p. 71
9, i) diffusive contribution to rate of change of C 1 p- 71
9,C(evaP)  evaporative contribution to rate of change of C' 1 p.[71
Dy diffusion coefficient in the Xu-Meakin model m? /s p- 20|
€ length scale related to interface thickness m p- 20|
n dynamic [shear| viscosity Js/m? p.
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List of Recurrent Symbols

Symbol Description Unit First
appearance/
definition
E, strength of evaporation m?/Js p- 22
€, basis vector in x 1 p- 43]
F energy scale J p- 23
F free energy functional J p- E
F free energy functional 1 p. |12
f wetting energy [local potential] Jm? p. [12]
f wetting energy [local potentiall 1 p. [24]
fi double-well potential 1 p. 15)
fo odd function for tilting the local potential 1 p- 15
f3 primitive function of the source term 1 p. 15)
Fom free energy functional for a passive geometry J p- 13
Fom free energy functional for a passive geometry 1 p. [25!
fru Flory-Huggins type local potential J/m? p- 13
Fy gravitative contribution to F 1 p. [25!
Fxm phase-field functional 1 p- 25
Fim functional of the phase-field equation m? p. 19)
Jxm local potential of Fypm 1 p. 19)
J gravitational acceleration m/s? p- 25
g effective gravitational acceleration 1 p- 25
¥ liquid-gas surface tension J/m? p.E
r surfactant concentration, hydrodynamic 1 p- 27
Mg liquid-gas surface tension J/m? p- i
Vsg solid-gas surface tension J/m? p. [11]
Vel solid-liquid surface tension J/m? p- 11]
h film height |[height of the liquid-gas interface| m p.E
h film height [height of the liquid-gas interface] 1 p- 23
H vertical length scale m p- ﬁ
ho film height at x = 0 or initial height of droplet 1 p. 25
l~zeq equilibrium height m p- 12]
hyp precursor height 1 p- 26
I identity matrix 1 p.E
J solvent flux m? /s p. |13
J 1e conserved solvent flux m? /s p. 29)
Jic conserved solvent flux 1 p. 24
Jy solute flux m?/s p. [13
Jo. conserved solute flux m? /s p. 22
Jo. conserved solute flux 1 p- 24]
J2 conv convective solute flux 1 p. 71
Jo qinr diffusive solute flux 1 p- 71]
jevap evaporative flux m/s p. 29)
Jevap evaporative flux 1 p. 24]
Jn flux of the liquid (conserved) 1 p. [7]]
jsource source term m/s p. 29)
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List of Recurrent Symbols

Symbol Description Unit First
appearance/
definition
Jsource source term 1 p. 24]
k mean wavenumber 1 p- 90|
k wavenumber 1/m p. 18]
ko enforced wavenumber 1 p. 90|
R mean curvature of the interface 1/m p.:@
K mean curvature of the interface 1 p- 21
kp Boltzmann constant J/K p. [13]
k, reaction rate m/s p. [21
L domain size 1 p. 25|
! mean stripe distance 1 p- 90|
A length scale ratio of dewetting and interface 1 p. 24
A coupling parameter J/m? p. E
A coupling parameter 1 p. [20
Asmc strength of SMC-term 1 p. 29
ls width of transition region 1 p. 29
M part of leﬁ: m®/Js p. [14]
I effective chemical potential of the gas phase 1 p. 24]
fig chemical potential of gas J/m? p- 22|
i chemical potential of liquid J/m? p. 22|
N number of grid points 1 p. 31]
n interface normal 1 p.:@
Nmax particle number density of the mixture 1/ m? p. |13
Q time scale ratio of evaporation to convection 1 p. g
w forcing frequency (angular) 1 p- 90
w growth rate of linear perturbations 1/s p.[18
P pressure J/m3 p. g
P pressure 1 p-
Pe~! inverse Peclét number 1 p. 24]
Pexm Péclet number, diffusion-limited precipitation 1 p. 21
q’; phase-field, dimensional arguments 1 p. 15
1) phase-field 1 p. [21]
oo phase-field at x =0 1 p. 25|
I disjoining pressure J/m3 p.E
11 disjoining pressure 1 p- (11
1 solvent thickness m p- 13|
U1 solvent thickness 1 p. 23]
o solute thickness m p. 13|
o solute thickness 1 p- 23]
Q mobility 1/Js p. E
Q° mobility matrix of conserved flux 1 p. |12
Q™ mobility matrix of convective flux m®/Js p. (13
Qeonv mobility matrix of convective flux 1 p. 24
leﬁ mobility matrix of diffusive flux m®/Js p.
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List of Recurrent Symbols

Symbol Description Unit First
appearance/
definition
QI mobility matrix of diffusive flux 1 p. 24]
Qre mobility matrix of non-conserved flux 1 p. 12
Re Reynolds number 1 p- 10
p mass density kg/m3 p. E
S spreading parameter J/m? p-
S arclength 1 p- 36
o time scale ratio of convection and particle mobility 1 p- 24
Ogas stress tensor of the gas phase J/m3 p. E
ol stress tensor J/m? p- 9
T time period 1 p-
T temperature K p- 13
T time scale S p- 10
t time S p- E
t interface tangent 1 p-
t time 1 p. [10
T time scale of particle mobility S p- 20
0 macroscopic contact angle rad p. 11
1§eq mesoscopic equilibrium contact angle rad p- 12
Veq mesoscopic equilibrium contact angle 1 p- ?
Ocq macroscopic equilibrium contact angle rad p. [11]
T melting temperature K p- 15]
U velocity scale m/s p. [10]
a mean flow velocity m/s p. [10]
u mean flow velocity 1 p- 10
U normalized temperature 1 p- 15
u flow velocity 1 p- 10
T ratio of thermal and surface energy 1 p. 24
iz, Uz, Uz flow velocity in Z,7,z-direction m/s p. E
Uy flow velocity in z-direction 1 p-
] mean transfer velocity 1 p- 90
v transfer velocity 1 p. [25!
v magnitude of v 1 p- E
%4 interface width m p. (16
w synchronization order [rotation number] 1 p. [90]
X position vector m p. @
T coordinate in the plane of the substrate m p. @
X lateral length scale m p-
X position vector 1 p- 10
T meniscus position 1 p- 29
g coordinate in the plane of the substrate m p- E
Z coordinate normal to the substrate m p. E
5 deposit thickness m p- 23
¢ deposit thickness 1 p- 23
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List of Recurrent Symbols

Symbol Description Unit First
appearance/
definition
¢ drag [friction| coefficient Js/m? p
¢ mean deposit thickness 1 p.
Cmax minimum deposit thickness 1 p.
Cmin minimum deposit thickness 1 p.
Csme external field modeling substrate-monolayer interac- 1 p.

tions
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