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1
I N T R O D U C T I O N

Controlling and manipulating the dynamics of liquids is an essential
prerequisite in many fabrication processes like inkjet printing [27]
or wire coating [38]. Various methods exist to control the structure
formation of a liquid. One of these methods consist of utilizing the
naturally occurring Plateau-Rayleigh instability, a transversal instabil-
ity of elongated liquid structures, to obtain the desired positioning of
the liquid [33, 35, 36].
A second method employed to control liquid deposition are heteroge-
neous substrates. These are widely used in coating processes, where
they are applied to induce a structured deposition of the molecules.
Examples include experiments by Wang et al. using a silicon-oxide
substrate with gold stripes [53, 54] as well as dip-coating using a chem-
ically micropatterned substrate [7]. In addition to this, Berbezier et al.
studied the dewetting of thin silicon films on a substrate prepatterned
by electron lithography. Also in the fabrication process of quantum
dots, the application of heterogeneous substrates was investigated
[26]. Early experimental investigations of a heterogeneous inclined
substrate were performed in [6], where a wettability gradient was
employed to induce an uphill movement of a liquid droplet.
Various numerical investigations of liquid dynamics on heterogeneous
substrates were performed. Ref. [29] studies nanodroplets placed near
a chemicals step pattern. The step corresponds to a heterogeneous
wettability of the substrate, resulting in a motion of the liquid. The
dynamics of a droplet on a one-dimensional substrate are modelled
in [51] by using a long-wave extension of the Stokes equation with a
finite slip length. The dynamics of transversally invariant liquid ridges
on prestructured substrates were studied in [25] using the minimiza-
tion of a macroscopic interface free energy, as well as by bifurcation
analysis in [5, 48], where mesoscopic free energies were applied.
While the previously mentioned examples only consider one-dimen-
sional patterned substrates or one-dimensional simplifications of two-
dimensional substrates, direct numerical simulations of two-dimen-
sional prepatterned substrates were performed in [1, 48], where the
latter considers the depinning of liquid structures on heterogeneous
inclined substrates. Here Beltrame et al. also encountered the previ-
ously mentioned Plateau-Rayleigh instability. The dynamics of liquid
droplets on heterogeneous, inclined substrates are studied in [13].
Engelnkemper et al. also considered the dynamics and bifurcations
exhibited by sliding droplets on an inclined homogeneous substrate in
[14] and here encountered the so-called Pearling instability. Another
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2 introduction

way to control the liquid’s behaviour is the application of prestruc-
tured, switchable substrates. These allow the control of the substrate’s
wettability using different kinds of stimuli, such as illumination with
light of a given wavelength, a change of temperature or applying an
electrical potential [56]. Prominent examples include inorganic materi-
als such as TiO2 or ZnO, that allow a significant change of the contact
angle between the hydrophilic and the hydrophobic case [16, 44, 52].
Significantly faster switching processes are found in self-assembled
monolayers (SAM) consisting of molecules with azobenzene or other
photo-responsive moieties [24, 37, 57]. An example of a direct applica-
tion of switchable substrates is [22], where the movement of a droplet
was guided reversibly through asymmetrical irradiation of the surface
with light, i. e., by changing the wettability close to the droplet.

In addition to the various experimental considerations of liquid
films on prestructured switchable substrates, diverse numerical in-
vestigations were made. These include the research by Grawitter and
Stark, who employed the boundary element method to solve the Stokes
equation. They investigated a liquid droplet on a discretely switched
substrate and a droplet advected by a moving wettability step, equiva-
lent to a continuously switched substrate [18]. Grawitter and Stark also
studied the dynamics of a droplet on a periodically switched substrate
[17]. A comparison of the results obtained from numerical simulations
of the mesoscopic thin-film equation with the results of molecular
dynamics simulations was performed by Stieneker et al. They inves-
tigated a droplet experiencing a single instantaneous switch of the
substrate’s wettability [41] and the behaviour of a droplet on a peri-
odically switched substrate [49]. A combination of experimental and
numerical investigations were performed by Honnigfort et al. using
arylazopyrazole phosphonic acids as photoswitchable molecules on
an oxide substrate and numerical investigations employing molecular
dynamics simulations [21].

Within this thesis, switchable, prestrucuted substrates will be inves-
tigated as a control mechanism for the dynamics of liquid structures.
All investigations are performed employing direct numerical simula-
tions of the mesoscopic thin-film equation [20, 46]. The simulations
are performed using the finite element method implemented by the
open-source library oomph-lib [19].
The outline of this thesis is as follows. Chapter 2 lays the theoretical
groundwork onto which all further investigations are based. For this
section 2.1 introduces the thin-film equation and section 2.2 explains
the employed numerical methods. The first part of the results section,
i. e., chapter 3 and chapter 4, considers horizontal substrates. In chap-
ter 3, a one-dimensional heterogeneous substrate is investigated. A
moving wettability profile is employed to advect a liquid droplet. For
the moving one-dimensional droplet, the maximum advection velocity
and its dependence on the wettability parameters are determined.
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From chapter 4 onward the considered system is extended into a
second dimension. In section 4.1 an attempt is made to extend the
results obtained for the one-dimensional moving wettability profile to
the two-dimensional case, leading to a good agreement for the appro-
priate two-dimensional extension of the 1D system. Within section 4.2
the Plateau-Rayleigh instability is investigated. To understand the dy-
namics of the liquid during the Plateau-Rayleigh instability, numerical
simulations of liquid ridges undergoing this kind of instability are
performed in section 4.2.1. Here, the Plateau-Rayleigh instability could
be observed and the meta-stable states, used in the later sections,
extracted. Additionally, in section 4.2.2 the applications of switch-
able substrates on a liquid exhibiting a Plateau-Rayleigh instability
are being investigated in an attempt to obtain stable versions of the
meta-stable states observed in section 4.2.1. Section 4.2.3 examines the
interaction of two liquid ridges in close proximity which both display
a Plateau-Rayleigh instability.
In chapter 5 an inclination angle of the substrate will be introduced, re-
sulting in a driving force down the incline. On this inclined substrate,
the Pearling instability can be observed, which will be discussed in
section 5.1. Section 5.2 considers multiple control mechanisms for
the liquid dynamics on an incline. In section 5.2.1 a time-dependent
inclination angle will be employed and applied to prevent the Pearling
instability discussed in section 5.1. Section 5.2.2 investigates the pin-
ning of droplets on a substrate with a temporally constant wettability
profile. Including periodic switches of the wettability pattern, peri-
odically pinned droplets can be obtained, which will be discussed in
section 5.2.3. Moving wettability profiles will be considered again for
an inclined substrate in section 5.2.3. Here, they will be employed to
alter the sliding velocity of droplets flowing down the incline, which
will be investigated as a method to prevent and induce the Pearling
instability. Finally, a summary of the obtained results and an outlook
will be given in chapter 6.





2
T H E O R E T I C A L B A C K G R O U N D

This chapter is dedicated to the discussion of the theoretical basis on
which the performed examinations are based. First, the employed thin-
film model describing the height of a liquid film on a solid substrate
will be introduced, after which the numerical tools applied to analyse
this non-linear partial differential equation are explained.

2.1 thin-film equation

Within this work, a viscous Newtonian fluid on a solid substrate will be
considered. The dynamics of incompressible viscous Newtonian fluids
can be described by a set of differential equations called Navier-Stokes
equations. The Navier-Stokes equations need to be accompanied by
suitable boundary conditions in order to model the considered free-
surface liquid film on a solid substrate. These boundary conditions
include no-slip and no-penetration boundary conditions at the liquid-
solid interface, as well as normal and tangential stress conditions and
a kinematic condition at the liquid-gas interface [50]. An illustration
of a one-dimensional liquid film on an inclined substrate is shown in
fig. 2.1. Here, additionally, the liquid-solid and liquid-gas interface
regions are marked by a dashed green and red lines, respectively. The
assumption of thin liquid films, i. e., a small extension of the liquid
orthogonal to the substrate relative to its extension parallel to the
substrate, simplifies the Navier-Stokes equations. This approximation
is called long-wave or lubrication approximation [30] and results in
the thin-film equation, which reads:

∂th(x, t) = ∇{Q(h) [∇P(h, x, t) + Gα]} . (2.1)

Here h(x, t) is the local film height at position x and time t. Note that
bold variables are used to denote vectors. Within this thesis, either a
one- or a two-dimensional thin-film equation will be considered. For
the one-dimensional case x corresponds to x ∈ D1 ⊂ R whereas for
the two-dimensional case x = (x, y)T ∈ D2 ⊂ R2. In the following D
will be used to denote the general domain without specification of the
dimensionality. Further, Q(h) given by

Q(h) =
h3

3η
, (2.2)

is the mobility coefficient for a fluid with the dynamic viscosity η. It
stems from the employed no-slip boundary conditions, which corre-
spond to a vanishing liquid velocity parallel to the substrate at the
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Figure 2.1: A sketch of a droplet on a substrate inclined by the inclination
angle α. The liquid and substrate are marked with blue and
grey colours, respectively, while the liquid-gas and liquid-solid
interfaces are painted with dotted green and red lines, respectively.
The coordinate system is defined such that the x-axis is oriented
parallel to the substrate, and the height is defined orthogonal to
it.

liquid-solid interface. There are other possible boundary conditions
at the liquid substrate interface which lead to different mobilities,
e. g. the Navier slip condition, which assumes the existence of a finite
slip length such that the velocity of the fluid parallel to the substrate
at the liquid-solid interface does not vanish [30]. This boundary condi-
tion results in a mobility quadratic in h [20].
The term Gα describes the driving force down the incline, where
G is the gravitation number, and α is a vector describing the incli-
nation along each spatial dimension. In the one-dimensional case
it corresponds to the scalar inclination angle α = α, whereas for
the two-dimensional case it is given by α = (αx, αy)T. In the fol-
lowing only inclinations along the x-axis will be considered, i. e.,
α = (αx, 0)T = (α, 0)T.
The remaining part of the thin-film equation 2.1 is the generalized
pressure P(x, t), given by

P(h, x, t) = −γ∆h(x, t)−Π(h, x, t). (2.3)

Here the first term, including the surface tension γ, is the so-called
Laplace pressure, which is a result of the surface tension at the gas-
liquid interface. The second term in eq. (2.3) is the disjoining (or
Derjaguin) pressure Π(h, x, t), that describes the interaction of the
liquid and the substrate [8, 9, 39]. It is given by

Π(h, x, t) =
(

B
h6 −

A
h3

)
[1 + ω(x, t)] , (2.4)

and combines long-range attractive van der Waals and short-range
repulsive interactions with the corresponding long- and short-range
Hamaker-type constants A and B, respectively [46]. Other forms of
the disjoining pressure can also be applied, see, e. g. [48]. The disjoin-
ing pressure includes a modulation term 1 + ω(x, t), where ω(x, t)
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corresponds to the spatio-temporal wettability of the substrate. The
employed form of the wettability determines the equilibrium structure
of a liquid placed on the substrate. In particular, on highly wettable
substrates, the liquid will assume an equilibrium position where it is
more spread out, i. e., it covers a larger area of the substrate relative to
a liquid on a less wettable substrate. Hence, for increasing wettability
values the substrate becomes less wettable. Note that a wettability
value of ω(x, t) = −1 corresponds to the so-called complete wetting
case, i. e., due to a vanishing disjoining pressure (cf. eq. (2.4)) the
dynamics are entirely determined by the Laplace pressure such that
the liquid minimises its curvature and forms a homogeneous film
covering the entire substrate.
Note that the thin-film equation (2.1) corresponds to a conservation
law and can also be written in a gradient dynamics form [28, 47] as

∂th = ∇
{

Q(h)
[
∇δF [h]

δh

]
+ Gα

}
, (2.5)

using the free energy functional F [h], sometimes referred to as the
interface Hamiltonian [11]. The generalized pressure, given by eq. (2.3),
therefore, corresponds to the variation of the free energy functional
with respect to the film height

P(h, x, t) =
δF [h]

δh
. (2.6)

For systems dominated by capillarity and wettability, the free energy
functional in the lubrication approximation is given by

F [h] =
∫
D

[
1
2

γ (∇h)2 + f (h, x, t)
]

dx. (2.7)

Here the first term corresponds to the Laplace pressure in eq. (2.3)
while the second term, called the wetting potential, is related to the
disjoining pressure through

Π(h, x, t) = ∂h f (h, x, t). (2.8)

As it can be seen in fig. 2.2, the wetting potential exhibits a minimum
at a finite film height h = (B/A)1/3 = hp. Due to eq. (2.8) the dis-
joining pressure vanishes for h = hp, which, similar to the complete
wetting case, leads to the formation of a thin liquid film of height hp,
called the precursor film [3, 8, 31], covering the entire substrate. This
thin liquid layer is also displayed in fig. 2.1.
A relevant macroscopical parameter which will be mentioned fre-

quently in the following sections is the so-called contact angle θ. It is
the angle spanned between substrate and the tangent of the height
profile at the contact line, i. e., the point at which all three phases meet.
Due to the presence of the precursor film and the resulting smooth
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Figure 2.2: Wetting potential f (h, x, t) for different constant wettability values
ω(x, t) = ω = const. shown as a function of the film height h. The
precursor film height hp for which the wetting potential exhibits
a local minimum is marked.

transition between the droplet and the precursor film, a concrete defi-
nition of the contact line is difficult. However, since the contact angle
will not be measured within this work, only a phenomenological
definition is required.

2.2 numerical details

To numerically integrate the previously discussed thin-film equation,
the open-source library oomph-lib [19] is being employed. It imple-
ments the finite element method and includes various helpful tools
for the numerical integration, e. g. an adaptive mesh and adaptive
time-stepping. In the following, the finite element method will be
discussed. Additionally, the residuals and Jacobian necessary for the
numerical integration of the thin-film equation (2.1) will be derived.
For a more mathematically rigorous discussion, see, e. g. [4, 55].

2.2.1 Weak Solution

In order to integrate the thin-film equation (2.1) using the finite ele-
ment method, it has to be turned into a system of second-order partial
differential equations. This can be achieved by introducing the new
variable u = P(h, x, t) such that:

u = P(h, x, t) = −∆h−Π(h, x, t), (2.9)

∂th = ∇{Q(h) [∇u + Gα]} . (2.10)

Rewriting this problem in the residual form one obtains:

Ru(h, x, t) = −u− ∆h−Π(h, x, t) = 0, (2.11)

Rh(h, x, t) = ∂th−∇{Q(h) [∇u + Gα]} = 0. (2.12)
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The classical (or strong) solution to this problem fulfils these residuals
for each point within the considered domain D, i. e., Ru(h, x, t) =

Rh(h, x, t) = 0, ∀ x ∈ D as well as the imposed boundary conditions.
During this section Neumann boundary conditions are employed, i. e.,
no flux through the boundary of the domain ∇⊥h(x) = 0 ∀ x ∈ ∂D,
where ∇⊥ denotes the projection of the gradient onto the vector
normal to the boundary of the domain ∂D.
Since we are using the finite element method, a specification of the
Galerkin method, we are interested in the weak formulation of the
problem. The benefit of using the weak formulation is that it loosens
the differentiability conditions for the solution [4]. The weak solution
constitutes a solution that satisfies the imposed boundary conditions
as well as the so-called weighted residuals, which in the considered
case are given by

ru =
∫
D
Ru(h, x, t)ψtest(x)dx, (2.13)

rh =
∫
D
Rh(h, x, t)ψtest(x)dx, (2.14)

for any test function ψtest(x) that satisfy the homogeneous boundary
conditions [15]

ψtest(x) = 0, ∀ x ∈ ∂D. (2.15)

The condition that the weak solution must fulfil the weighted residual
for any test function results in an equality between the weak and
strong solution [45]. Therefore, it is sufficient to determine the weak
solution of the problem.
Equation (2.15) can be utilised to eliminate the second-order deriva-
tives from the weighted residuals. For this, one first has to integrate by
parts and apply the divergence theorem. For ru this procedure results
in

ru =
∫
D
[−u−Π(h, x, t)]ψtest + (∇h)∇ψtestdx

−
∫

∂D
(n∇h)ψtestds.

(2.16)

Here n is the normal vector to the domain boundary ∂D while ds is a
line element on the boundary. Since due to eq. (2.15) the test functions
vanish at the boundary of the domain, the last integral is equal to zero,
and the weighted residual reduces to

ru =
∫
D
[−u−Π(h, x, t)]ψtest + (∇h)∇ψtestdx. (2.17)

Using the same method one is able to shift the spatial derivative from
∇{Q(h) [∇u + Gα]} to the test function in the weighted residual rh
resulting in

rh =
∫
D

∂thψtest −Q(h) [∇u + Gα]∇ψtestdx

−
∫

∂D
Q(h)~n∇ [∇u + Gα]ψtestds

(2.18)
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Where the last integral again vanishes due to eq. (2.15) leading to the
weighted residual

rh =
∫
D

∂thψtest −Q(h) [∇u + Gα]∇ψtestdx. (2.19)

2.2.2 Galerkin Method

In this section, the Galerkin method is used to obtain a discretised
version of the continuous problem. The ansatz functions for h(x, t) and
u(x, t) can be expanded in terms of an infinite set of basis functions

φi(x), for i = 1, ..., ∞, (2.20)

leading to

h(x, t) =
∞

∑
i=1

Hi(t)φi(x), u(x, t) =
∞

∑
i=1

Ui(t)φi(x). (2.21)

The time-dependent functions Hi(t) and Ui(t) are the expansion co-
efficients of the height profile h(x, t) and the helper function u(x, t),
respectively. The expansions given in eq. (2.21) are exact, however,
in practice, the sum is truncated after a finite number of terms, i. e.,
only M basis functions and expansion coefficients are being used,
with M ∈ N. The solution of this system leads to an approximate
solution h̃(x, t) which for M → ∞ converges to the exact solution
h̃(x, t)→ h(x, t). Note that only the approximate solution will be con-
sidered in the following, the tilde will, therefore, be dropped.
The Galerkin approach itself consists of expanding the test function
in the same basis functions as the height profile h(x, t) and helper
function u(x, t)

ψtest(x, t) =
M

∑
i=1

Ψi(t)φi(x), (2.22)

with Ψi(t) being the time-dependent expansion coefficients of the test
function. Note that the time dependence of all expansion coefficients
will be dropped in the following to allow for a more compact notation.
Due to the performed expansion, the condition of vanishing residuals
for all test functions ψtest(x, t) translates to vanishing residuals for
all expansion coefficients Ψi(t). Employing the expansion of the test
functions, the residual rh has the form

rh =
M

∑
i=1

∫
D

∂thΨiφi(x)−Q(h) [∇u + Gα]∇Ψiφi(x)dx

=
M

∑
i=1

Ψirh,i = 0,

(2.23)
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where the expansion coefficients of the test function Ψi have been
moved out of the integral, while the corresponding basis function
remains in the residual

rh,i =
∫
D

∂thφi(x)−Q(h)∇u∇φi(x)dx. (2.24)

Here i is the index of the basis function. The condition that eq. (2.23)
needs to be fulfilled for all expansion coefficients Ψi leads to M equa-
tions of the form

rh,i = 0 (2.25)

by exploiting the condition that eq. (2.23) must hold for any set of
expansion coefficients Ψi, i. e., setting all expansion coefficients except
one equal to zero.
Analogously one can arrive at a system of M equations starting with
the residuals of the helper function u. In total, the system, therefore,
includes 2M equations with 2M unknowns and can thus be solved
numerically using, e. g. a newton solver [10].

2.2.3 Jacobian

Using the discretised residuals ru,i, rh,i, where i is again the index of the
test function, to calculate the Jacobian analytically, one is able to avoid
the computationally complex numerical assembly of the Jacobian.
Including the expansion coefficients of the test functions in the integral
(c.f. eq. (2.24)) and using the abbreviation ψtest

i = Ψi(t)φi(x) one
obtains for the residual r̃h,i = Ψi(t)rh,i (cf. eq. (2.23))

r̃h,i =
∫
D

∂thψtest
l −Q(h)∇u∇ψtest

l dx. (2.26)

The entries of the Jacobian of the system are given as the partial deriva-
tives of the residuals with respect to the expansion coefficients Hi(t)
and Ui(t) of h(x, t) and u(x, t), respectively. One, therefore, obtains
the following entries

Jh;l,H;m =
∂rh,l

∂Hm
=
∫
D
−∂H;m∂tHmφm

+ ∂hQ(h)φm (∂xu + Gα)∇ψtest
l ,

Jh;l,U;m =
∂rh,l

∂Um
=
∫
D

Q(h)∂xφm∂xψtest
l dx,

Ju;l,H;m =
∂ru,l

∂Hm
=
∫
D
−∂hΠ(h, x, t)φmψtest

l dx,

Ju;l,U;m =
∂ru,l

∂Um
=
∫
D
−φmψtest

l dx.

(2.27)

2.2.4 Finite Element Method

The finite element method is an implementation of the Galerkin
method. It employs the method discussed in sec. 2.2.2 to determine
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the solution over the entire domain numerically. To apply the Galerkin
method, the domain must first be discretised into finite elements. At
the edges of these elements, nodes are introduced such that for a
one-dimensional domain N elements, i. e., line segments in the one-
dimensional case lead to N nodes. In addition to the mesh itself, the
basis functions denoted as Ψi(x) must be defined. For the finite el-
ement method, the basis functions are chosen to have only a finite
support, i. e., they only deviate from zero in a small number of ele-
ments. The simplest form of a one-dimensional domain of size L, i. e.,
x = x ∈ D1 = [0, L] with equally spaced nodes is portrayed in fig. 2.3
a). Here continuous piece-wise linear basis (or shape) functions Ψi(x)
given by eq. (2.28), where Xi denotes the x-coordinate of the x-th node,
are also depicted. In fig. 2.3 b), the approximations of a parabolic
droplet, used later on as the initial condition, are displayed for N = 7
and N = 20. One can see that the increased number of nodes greatly
increases the smoothness of the approximation.

Ψi(x) =



0 for x < Xi−1,
x−Xi−1
Xi−Xi−1

for Xi−1 < x < Xi,
Xi+1−x
Xi−1−Xi

for Xi < x < Xi+1,

0 for x > Xi+1.

(2.28)

Due to the finite support of the shape functions, i. e., they vanish
everywhere but in the neighbourhood of their assigned nodes, the
Jacobian constructed using eq. (2.27) is tridiagonal. Other possible
shape functions include, e. g. higher-order polynomials.
For two-dimensional problems, the domain can no longer be separated
into line segments. Therefore, different element shapes need to be
employed. Common choices include triangles, or rectangles [4]. For
the two-dimensional simulations performed later, rectangular elements
will be employed.

2.2.5 Time Stepping

For the numerical time stepping, a two-step backward differentiation
formula (BDF2) will be used. Backward differentiation formula (BDF)
are a family of implicit linear multistep methods especially well suited
for stiff boundary value problems [43]. Different BDF methods exist,
which vary in the number of steps k ∈N being used. For the solution
of an initial value problem given by

∂ty = f (t, y), y(t0) = y0, (2.29)

their general form can be expressed as

k

∑
i=0

αiyn+i = dtβk fn+k. (2.30)
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Figure 2.3: a) A schematic of a discretised domain with linear shape functions
labelled according to their associated nodes, i. e., the nodes at
which their maximum lies. Note that at the left (right) boundary
of the domain, the shape function include only the part with a
negative (positive) slope. The definition of the shape functions is
given by eq. (2.28). b) displays two approximations of a parabolic
droplet using N = 7 and N = 20 base function/nodes marked in
green and orange, respectively. Additionally, the positions of the
seven nodes are marked by green circles.
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Here dt denotes the step size α0, ..., αk and βk are real constants which
vary for the different methods, yn+i and fn+k are the value of the
function which is to be integrated and the right hand side of the
differential equation at time step n + i and n + k, respectively. The
one-step BDF, therefore, corresponds to the backwards (or implicit)
Euler method [23]. Note that only methods with k < 7 may be applied
as for k > 6, the methods become zero-unstable.
For the employed second order or two-step BDF method, the parame-
ters are given as

α0 = 1, α1 = −4, α2 = 3, β2 = 2. (2.31)



3
1 D H O R I Z O N TA L S U B S T R AT E

In the following section, a spatially and temporally modulated wetta-
bility pattern will be employed as a method to control liquid dynamics
on a one-dimensional horizontal substrate. As discussed in section 2.1
the wettability ω(x, t) enters the thin-film equation 2.1 as a modula-
tion term of the disjoining pressure (c.f. eq. (2.4)). The wettability will
now be considered as time and space dependent, with the employed
function being discussed in section 3.1. Initial considerations of the
dynamics exhibited by liquid droplets on substrates with a spatio-
temporal wettability pattern are performed in section 3.2. Section 3.3
studies the advection of a liquid droplet placed at different initial
positions on a moving wettability profile. Section 3.4 considers the
maximum droplet speed obtainable by the advection with a mov-
ing wettability profile and the influence of the employed wettability
parameters on this velocity.

3.1 wettability profile

A variety of different wettability patterns may be applied to control
the liquid dynamics, examples include a logistic step function like
in [18], or a moving version of the stripe pattern used in [20, 41, 46],
where the latter will be employed in the following.
The used well-like pattern, later also called stripe pattern since the
two-dimensional extension corresponds to a highly wettable stripe,
consists of an area with high wettability, given by ρHW and one with
low wettability, given by ρLW with a continuous transition between
them. An illustration of the wettability profile is displayed in fig. 3.1.
The pattern can be described by

ω(x) = ρ0 + Cρ tanh
[

x + xA − c
ls

]
tanh

[
x− xA − c

ls

]
. (3.1)

Where c denotes the centre of the highly wettable part of the profile
while xA corresponds to the distance between the centre and the point
of steepest slope, thus, the distance between the two steepest points is
given by 2xA, as shown in fig. 3.1. The parameter ls determines the
steepness of the transition and is equal to ±1 times the inverse of the
slope at x = c± xA. In eq. (3.1) and fig. 3.1 the abbreviations ρ0 and
Cρ are being used, which are defined as

ρ0 =
ρLW + ρHW

2
, Cρ =

ρLW − ρHW

2
. (3.2)

Here ρ0 is defined as the mean wettability value, i. e., the wettability
value at the points of steepest slope (at x = c± xA), while Cρ is equal

15
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c− xA c c + xA
x

ρHW

ρ0

ρLW

ω
(x
) 2xA

Figure 3.1: The solid lines is equal to the stationary wettability pattern given
by eq. (3.1). Displayed as a dotted orange line is the tangent to
the wettability profile at x = xA, whose slope is given by the
inverse of the parameter ls. The parameters of the wettability
pattern relative to the employed domain size are given as xA/L =
0.25, ls/L = 0.05.

to the amplitude, i. e., ρHW = ρ0 − Cρ, ρLW = ρ0 + Cρ.
In the following a moving wettability pattern will be considered. To ob-
tain such a pattern a transformation of the x-coordinate is introduced:

x̃(t) = x− v · t, (3.3)

which propagates the pattern towards larger (smaller) x-values for
positive (negative) velocities v. Since periodic boundary conditions
are being applied, it is reasonable to have the wettability pattern obey
them. The transformation, therefore, changes to:

x̃(t) = −L
2
+ mod

[(
L
2
+ x− c− v · t

)
, L
]

. (3.4)

Here mod(A, B) with A, B ∈ R denotes the modulo function. The
transformation additionally has to include the centre position c of
the wettability spot. Otherwise, c 6= 0 results in discontinuities of the
wettability profile.
Plugging eq. (3.4) into eq. (3.1) leads to the following wettability
profile:

ω(x, t) = ρ0 + Cρ tanh
(

x̃(t) + xA

ls

)
tanh

(
x̃(t)− xA

ls

)
. (3.5)
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3.2 dynamics

As mentioned in sec. 2.1 the open source library oomph-lib will be
employed for the numerical simulations. For an in-depth introduction
into the employed numerical tools, see [42], which includes a manual
for the simulation of liquid droplets on spatio-temporal wettability
patterns. For the numerical simulations, the domain size L, the wet-
tability profile parameters, and the initial condition, i. e., the initial
height profile h(x, t = 0) need to be specified. To minimise the time
required for the equilibration of the liquid to the underlying substrate,
it is sensible to choose an initial condition similar to the equilibrium
form of the liquid. For the simple stationary wettability profile given
by eq. (3.1) a reasonable initial condition, therefore, is a droplet of
parabolic shape at the centre of the wettability profile

h(x, t = 0) = −a(x− x0)
2 + h0. (3.6)

Here h0 is the maximum of the initial film height and x0 is the initial
position of the maximum, i. e., h(x0, t = 0) = h0 . The parameter a
determines the form of the droplet and can be calculated by fixing the
contact angle to an arbitrary value θ0. An illustration to visualise the
calculation of the parameter a from the contact angle θ0 is displayed
in fig. 3.2, which shows the height profile near the contact point.
From eq. (3.6) one obtains the position of the contact point by solving
h(x, t = 0) = 01 for x, leading to

x = ±
√

h0

a
. (3.7)

With eq. (3.6) the slope at the contact line can be determined as

∂xh

(
x = ±

√
h0

a
, t = 0

)
= ∓

√
4h0 · a. (3.8)

Using the trigonometric relations for the grey triangle in fig. 3.2 one
finds that the slope at the contact line is equal to

dh
dx

∣∣∣∣
x=−√h0/a

= tan (θ0) . (3.9)

Where dh and dx denote the side lengths of the triangle marked
accordingly in fig. 3.2.
With eqs. (3.8) and (3.9) the parameter a can be determined resulting
in the initial condition:

h(x, t = 0) = − 1
4h0

tan2(θ0)x2 + h0. (3.10)

1 One could use the intersection point with the precursor film h(x, t = 0) = χ but since
χ is small, including it does not lead to a significant change.
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dh

dx

θeq

Figure 3.2: Illustration of the height profile close to the contact point of a
liquid droplet used to indicate the relation between the steepness
of the height profile at the contact line and the contact angle at
the contact line. The height profile is marked in blue, while the
substrate is displayed as a solid black line. The hypotenuse of the
grey triangle corresponds to the tangent of the height profile at
the contact line. The other sides of the triangle are marked as dx
and dh as their ratio equals the steepness of the height profile at
the contact line.

As discussed in section 2.1, the employed form of the disjoining
pressure results in the formation of a so-called precursor film covering
the entire substrate. The precursor film has to be incorporated into
the employed initial condition; otherwise, numerical instabilities arise
due to the rapid liquid dynamics. The height of the precursor film is
given by the parameter hp, which is equal to χ due to the parameters
employed in the process of nondimensionalisation (c.f. appendix A).
In the following, χ will be used to denote the height of the precursor
film. Since the minimum film height is equal to the precursor film
height, h(x, t = 0) can be written as:

h(x, t = 0) = max
[
− 1

4h0
tan2(θ0)x2 + h0, χ

]
. (3.11)

Here max[A, B] with A, B ∈ R denotes the maximum of A and B.
In the following, the initial contact angle θ0 ≈ 0.779 is employed,
which, according to eq. (A.11), corresponds to a wettability value
of ω(x) ≈ −0.6. Since the investigated wettability values lie mainly
within the interval [−1, 1] and the droplet is exposed to the highly
wettable region in most cases, θ0 ≈ 0.779 may be used as a good
approximation for all investigations.
If an initial droplet given by eq. (3.10) is placed on the center of a
wide enough well, i. e., xA and ls are chosen such that the base of
the droplet in its equilibrium position fits entirely onto the area of
high wettability ω(x) ≈ ρHW . It will adapt its form such that the
contact angle θ is equal to the equilibrium contact angle θeq for the
wettability value at the droplets position (c.f. eq. (A.11)). The initial
and final height profile of such a simulation are shown in fig. 3.3.
Here a domain with L = 30 and a wettability pattern given by eq. (3.1)
using ρHW = −0.9 and ρLW = 1.0 are being employed, while all other
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Figure 3.3: Initial and equilibrated state of a droplet placed on a wettability
well. The parameters of the profile are chosen analogous to fig. 3.1
with ρHW = −0.9, ρLW = 1, h0 = 1.5 and L = 30.

parameters of the wettability profile are chosen analogous to fig. 3.1.
It can be seen that the initial droplet, given by eq. (3.10) with h0 = 1.5,
which is shown as a solid black line, spreads out significantly once it is
exposed to the substrate. The resulting equilibrated droplet portrayed
as a dotted black line covers nearly the entire highly wettable patch
and exhibits a maximum film height of hmax ≈ 0.89. Decreasing the
parameter xA will result in the droplet experiencing a wettability gra-
dient at the edges of the highly wettable spot once xA is chosen small
enough. Since the disjoining pressure has an increased influence in
this area, due to the increasing value of ω(x, t) it is energetically more
favourable for the droplet to decrease the covered area by increasing
the curvature of the film, which in turn results in an increased Laplace
pressure. If xA is increased further, the influence of the Laplace pres-
sure will grow, outweighing the disjoining pressure and leading to
the droplet covering an increasing amount of the substrate where
ω(x, t) 6= ρHW.
This behavior occurs for all values of ρHW and ρLW if ρHW < ρLW.
Since the wettability function ω(x) modulates the disjoining pressure,
the chosen values for ρHW and ρLW determine to what extent it is
favourable for the droplet to cover only the highly wettable patch. For
a decreased contrast between the wettability values, i. e., a decreased
Cρ, the advantage of covering the substrate with ω(x) = ρHW over
the substrate with ω(x) = ρLW also decreases. The droplet will, thus,
cross the wettability gradient more easily, i. e., for larger xA values in
case of the previous discussion.
Introducing a propagating wettability profile given by eq. (3.5) results
in more involved dynamics. The droplet no longer experiences a con-
stant wettability value but will inevitably be exposed to a wettability
gradient once the profile has progressed such that the droplet is near
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the transition region at x = c− xA − vinhomt. Once the droplet is ex-
posed to the wettability gradient, it will not contract, as was the case
in the discussion concerning a stationary wettability value. Since it is
only exposed to the wettability gradient at one side, i. e., on the left
for positive vinhom and x0 = 0 = c, while on the other side, a region
of high wettability is still uncovered by the liquid, it will move away
from the region of low and towards the region of high wettability, thus,
following the motion of the wettability pattern. For long-time simu-
lations of a wettability pattern moving at the constant speed vinhom,
the droplet will either end up in a state of equilibrium distance to the
wettability pattern or cross the wettability gradient in the transition
region, after which it is only exposed to the region of low wettability
and ,thus, ceases to move. These two cases are displayed in fig. 3.4,
where snapshots of explicit time simulations using a moving inhomo-
geneity profile given by eq. (3.5) with xA = 6 and vinhom = 0.2 as well
as vinhom = 0.02 are portrayed. Both simulations were performed until
the centre of the wettability well has reached x = 12.5. Thus, both
portrayed droplets are exposed to the displayed wettability pattern.
For vinhom = 0.2 the droplet is not able to follow the wettability pat-
tern. It crosses the wettability gradient and ceases to move, only being
exposed to the low wettability region as displayed in the recorded
snapshot. Since the used wettability pattern also obeys the applied pe-
riodic boundary conditions, the droplet will be advected periodically
each time crossing the wettability gradient and being left behind. For
the lower speed of the inhomogeneity, i. e., vinhom = 0.02 the droplet
can follow the wettability profile and, after an initial adaption to the
substrate, assumes the equilibrium form displayed in fig. 3.4. It moves
with the same velocity as the inhomogeneity itself and, therefore,
remains at a constant distance to the wettability pattern. Note that
the form exhibited by the droplet is not symmetrical but shows an
increased steepness at the side exposed to the wettability gradient,
as well as the formation of a slight cusp on the opposing side. This
structure is due to the increased influence of the disjoining pressure
at the left side of the droplet, leading to an increased curvature while
the right side spreads out over the highly wettable region.

3.3 droplet lead

A parameter suitable to describe whether or not a droplet can keep up
with the inhomogeneity profile is the droplet lead s, which is defined
as the distance between the left point of maximum steepness of the
wettability profile, initially at x = c− xA and the position of maximum
height xmax(t) of the film

s(t) = xmax(t)−
[

mod
(

L
2
+ c− xA + vinhomt, L

)
− L

2

]
. (3.12)
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Figure 3.4: Snapshots of two explicit time simulations of a liquid droplet
with the initial film height h0 = 1.5 being exposed to a moving
wettability profile with two different velocities vinhom. The other
parameters are the same as in fig. 3.3 except for xA = 5.

The definition is chosen like this since for positive vinhom the droplet is
advected by the wettability gradient at the left point of steepest slope.
Thus, it also assumes its equilibrium position relative to this point.
For the case of droplets being able to follow the wettability profile,
i. e., the liquid assumes an equilibrium distance to the moving wetta-
bility pattern, the droplet lead remains constant, whereas for too large
values of vinhom it will decrease2.
In the following, the influence of the step speed vinhom and the ini-
tial lead s0 = s(t = 0) on the droplet’s ability to keep up with the
wettability profile will be investigated. For this, the inhomogene-
ity profile given by eq. (3.5) is being employed, and the position of
the initial step c as well as the speed of the inhomogeneity vinhom
is being varied. From this, for each parameter set, it is determined
whether or not the droplet lead s(t) has increased or decreased over
the course of the simulation. Note that in order to exclude the ef-
fects of boundary conditions, the integration time was restricted to
T = 0.95L/(2vinhom) since for the limiting case of a droplet not be-
ing moved by the wettability pattern at all, the droplet lead will
be equal to s0 once the profile has moved a distance of L/2, i. e.,
s(t = L/(2vinhom)) = s0. Using the factor 0.95 results in a decrease of
the droplet lead s(t = 0.95L/(2vinhom)) < s0 between the initial and
final states and, therefore, circumvents the problems arising from the
wettability profile obeying the applied periodic boundary conditions.
The obtained results are displayed in fig. 3.5. The green colour in-
dicates an increasing droplet lead, where the data points, i. e., the
simulated parameter values, are indicated by upwards pointing trian-

2 Due to the periodic boundary conditions employed the distance can only increase for
L/(2vinhom) since the minimum distance is L/2.
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Figure 3.5: Behavior of the droplet lead s given by eq. (3.12) for different
initial droplet leads s0 and step speeds vinhom. The direction of
the triangles and the background colour indicate whether the
droplet lead is increasing (upwards pointing triangles and green
background colour) or decreasing (downwards pointing triangles
and orange background colour) over time.

gles. A decrease of the droplet lead is marked by orange background
colour and downwards pointing triangles. Starting at an arbitrary
point, the droplet lead s(t) over time follows the direction the tri-
angles indicate. Therefore, points at which two triangle heads meet
constitute a point of stable droplet lead, analogous to the droplet
displayed for vinhom = 0.02 in fig. 3.4. Here the initial droplet lead s0

is equal to the droplets equilibrium distance to the wettability profile.
Points at which the rear of two arrows meet correspond to unstable
states of constant droplet lead, where arbitrary small distortions lead
either to an increase of droplet lead until again a stable state is ob-
tained or a decrease of droplet lead leading to the droplet crossing the
wettability gradient. For the five largest inhomogeneity velocities, no
stable states were obtained. In this parameter region the wettability
profile, therefore, is too fast for the droplet to keep up independent of
the initial lead.
While the general behaviour will remain the same for different param-
eters of the wettability profile, the exact form of fig. 3.5 will not be
replicated. The following section will perform a thorough investiga-
tion of the influence of the various wettability profile parameters on
the exhibited droplet dynamics.

3.4 maximum droplet velocity

As previously discussed, the parameters of the employed wettability
profile significantly impact the dynamics exhibited by the liquid. In
order to understand the influence of these parameters on the droplet
dynamics, the speed of the liquid vdrop will be investigated for differ-
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ent wettability parameters.
The parameter with the most significant impact on the droplet velocity
is the speed of the inhomogeneity vinhom. In section 3.3 it was shown
that a droplet exposed to a moving wettability pattern will either
assume an equilibrium distance to the step profile, i. e., move at the
constant velocity vdrop = vinhom or it will cross the wettability gradi-
ent and cease to move since it is no longer exposed to a wettability
gradient. To characterise this behaviour, it is useful to introduce the
average droplet velocity v̄drop given by

v̄drop =
xmax(t = Tint)− x0

Tint
, (3.13)

where xmax(t) is the position of the point of maximum height while
Tint is equal to the time at the end of the integration. During infinite
time simulations, the average droplet velocity v̄drop would either be
equal to the inhomogeneity speed vinhom, if the droplet assumes its
equilibrium position relative to the pattern or equal to zero if the
droplet is not able to keep up with the profile.
The average droplet velocity was determined for simulations of liquid
droplets with an initial height h0 = 1 using a moving wettability
pattern given by eq. (3.5) with different step speeds. A domain size of
L = 210 was used such that a large integration time could be chosen
without the liquid droplet experiencing the profile multiple times due
to the employed periodic boundary conditions3. The remaining param-
eters are given in the caption of fig. 3.6. For each employed parameter
set, the average droplet speed was calculated using eq. (3.13). Note
that the periodic boundary condition have to be considered during the
calculation of the nominator in eq. (3.13). The obtained results are dis-
played in fig. 3.6. The previously discussed dynamics can be observed
in this display. For increasing inhomogeneity velocities vinhom the av-
erage droplet velocity v̄drop increases linearly, corresponding to the
droplet being able to keep up with the profile with v̄drop = vinhom. As
a threshold value of vth

inhom ≈ 0.047 is reached, the maximum average
droplet velocity v̄max

drop is obtained, after which v̄drop suddenly decreases.
For even larger vinhom the average droplet velocity is reduced further
to v̄drop ≈ 0. The region where v̄drop 6= vinhom corresponds to the
droplet being left behind by the wettability pattern and ceasing to
move. The deviations from v̄drop = 0 are a result of the finite simu-
lation times since at the beginning of the simulation, the droplet is
moved by the wettability step regardless of the inhomogeneity speed.
Therefore the speed at the beginning deviates from zero, such that for
vinhom larger than the threshold value, the average droplet speed will
not be equal to zero if one considers all time steps of the simulation.

3 Since the used profile is periodic, after an integration time T = L
vinhom

the profile
will again be at its initial position. Thus, a left-behind droplet will experience the
inhomogeneity profile again, which leads to distortions of the measured average
droplet speed.
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Figure 3.6: Average droplet speed v̄drop shown for different inhomogeneity
speeds vinhom for a moving ridge inhomogeneity given by eq. (3.5).
The parameters are h0 = 1, ρHW = −0.8, ρLW = 0.5, xA = 3,
ls = 0.15 L = 210.

To reduce this effect the initial 90% of of the performed time-steps for
each simulation were discarded for fig. 3.6.
In the following the influence of the other parameters contained in
the wettability pattern (3.5) on the maximum possible droplet velocity
v̄max

drop, i. e., the velocity corresponding to the critical inhomogeneity
speed vth

inhom, will be investigated.

3.4.0.1 The Influence of ρHW

Since the observed droplet movement is a results of the wettability
gradient it is experiencing, its strength has a major influence on the
dynamics of the droplets. If the strength of the wettability gradient
results in v̄drop < vinhom, the droplet will lag behind the profile and is
left behind. The strength of the wettability gradient is mainly deter-
mined by the employed wettability contrast Cρ given by eq. (3.2). Both
parameters ρHW and ρLW determining the contrast can be varied inde-
pendently during the simulations. Within this section, the influence
of the parameter determining the wettability of the highly wettable
patch ρHW is being investigated while the region of low wettability
remains at a constant value with ρLW = 1.0.
In order to determine the maximum possible droplet velocity for each
value of ρHW simulations, analogous to the one used for fig. 3.6 need
to be performed. The results of these simulations are shown in fig. 3.7,
where the average droplet velocity v̄drop is displayed against the speed
of the inhomogeneity vinhom for three values of ρHW. For each value
of ρHW the presented curve corresponds to the curve displayed in
fig. 3.6 with a shifted threshold value. As it can be seen in fig. 3.7,
choosing smaller values for ρHW, i. e., increasing the contrast Cρ, which
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Figure 3.7: Average droplet speed vdrop plotted against the used inhomo-
geneity speeds vinhom for different ρHW values of a moving ridge
inhomogeneity given by eq. (3.5). The remaining parameters are
ρLW = 1, xA = 3, ls = 1, L = 80, h0 = 1.

corresponds to a steeper wettability gradient at the boundary of the
wettability well, results in an increase of v̄max

drop. Note that, compared to
fig. 3.6, the finite size effects have an increased impact on the average
droplet speed v̄drop for step speeds beyond the critical value. This is
due to the decreased domain size of L = 80 for fig. 3.7 compared to
L = 210 for fig. 3.6 and, thus, the decreased integration times.
For each of these curves, the maximum average droplet velocity can
be determined. Note that the step size when varying vstep has been
chosen smaller than displayed in fig. 3.7, where only twenty data
points were used, compared to a total of fifty recorded points for each
value of ρHW. All of the recorded data points were used to determine
the maximum droplet velocity. The obtained results are displayed in
fig. 3.8. Here, a non-linear decrease of the maximum droplet velocity
for increasing ρHW values can be observed. A data point for ρHW = 1
is not included as here the maximum droplet velocity will be equal to
v̄max

drop = 0 since ρHW = ρLW corresponds to a homogeneous substrate,
i. e., no wettability gradient and, thus, no droplet movement.
Using the Cox-Voinov law, one can obtain an expression for the maxi-
mum average droplet velocity [18]

v̄max
drop = a

[(
θmax

eq

)3
−
(

θmin
eq

)3
]

. (3.14)

Here θmax
eq is the maximum equilibrium contact angle of a droplet, i. e.,

the contact angle of a droplet placed on a homogeneous substrate
with the wettability ω(x, t) = ρLW. Analogously θmin

eq corresponds
to the contact angle of a droplet on a substrate with the wettability
ω(x, t) = ρHW. a is a proportionality constant, defined by the physical
properties of the used materials and includes a finite slip length. Note
that the model employed here does not include a finite slip length but
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Figure 3.8: Maximum average droplet speed v̄drop plotted for different ρHW
values of a moving ridge inhomogeneity given by eq. (3.5). The
remaining parameters are ρLW = 1, xA = 3, ls = 1, L = 80, h0 =
1.

rather applies no-slip boundary conditions at the liquid-solid interface
(cf. sec. 2.1), the parameter a can therefore not be calculated. However,

the proportionality of vmax
drop to

(
θmax

eq

)3
−
(

θmin
eq

)3
can be verified by a

fit in the form of eq. (3.14) using a as the fit parameter.
From the employed wettability values the corresponding equilib-
rium contact angles can be calculated with eq. (A.11), such that the
x-axis of fig. 3.8 can be transformed to the contact angle contrast
∆Θ = θmax

eq − θmin
eq . This was done for fig. 3.9, where the maximum

average droplet velocities are displayed against the contact angle con-
trast. The data points were fitted with eq. (3.14) which resulted in
a = (3.07± 0.03) · 10−7. The parameter a is proportional to − 1

ln(λ) ,
where λ is the slip length [18]. Since the employed model does not
include a finite slip length, but rather no-slip boundary conditions,
one would expect the parameter to be small since lim

λ→0
−1

ln(λ) = 0. The

actual value of a supports this estimation. Note that the data points
deviate from the applied fit for large inclination angle contrasts, i. e.,
∆Θ ≈ 60◦. This data point corresponds to ρHW = −1 and, therefore,
to the complete wetting case. The deviations between the data and
the fit could be caused by the transition from a partially wetting case
(∆Θ < 60◦) to the complete wetting case.
Even though the employed model does not include a finite slip length,
the proportionality given by eq. (3.14) still holds. Thus, using the
determined value of a, one is able to estimate the maximum possible
droplet velocity from the ρHW and ρLW values of the wettability profile.
Figure 3.9 also shows that the maximum droplet velocity remains
roughly constant for large wettability contrasts, i. e., contact angle
contrasts ∆θ > 40◦. The gain obtained from increasing the wettability
contrast beyond this value is rather small, such that for most applica-
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Figure 3.9: Maximum average droplet velocity vmax
drop for different contact

angle contrasts ∆Θ extracted from fig. 3.7. Here ρLW = 1 was
employed and ρHW varied. The data points were fitted with
eq. (3.14) using a as the fitting parameter. The fit converged
with a = (3.07± 0.03) · 10−7.

tions, a relatively small contrast would suffice.
Analogously the influence of ρLW instead of ρHW can be investigated.
Corresponding results can be found in fig. 3.10. The resulting value
for a in this case is a = (3.23± 0.02) · 10−7. While this value does not
exactly match the value obtained by varying ρHW, it still lies in the
same order of magnitude. However, the discrepancy of the obtained
values for a should be considered when using it to approximate the
maximum droplet velocity.

3.4.1 Influence of ls

Another parameter that influences the wettability gradient strength
and, thus, the possible droplet speed is ls. Since it is equal to ±1 times
the inverse of the steepness at the point x = c± xA (c.f. section 3.1),
an increased value of ls corresponds to a decrease of the gradient
strength.
In fig. 3.11 the maximum average droplet velocity v̄max

drop is displayed
for different values of the parameter ls. Again, these results were
obtained by performing simulations, analogous to the one used for
fig. 3.6, for each value of ls. Additionally, the wettability profiles for
the smallest and largest employed value of ls are displayed, to illus-
trate the influence of ls on the shape of the profile. It can be observed
in fig. 3.11 that v̄max

drop decreases for increasing values of ls as to be
expected by a decrease of the gradient strength. While the maximum
average droplet speed undergoes only small changes for low values
of ls (ls ≤ 0.75), it decreases significantly for larger ls values. The
steepness of the wettability, therefore, only has a minor impact on the
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Figure 3.10: Maximum average droplet velocity vmax
drop displayed for different

contact angle contrasts ∆Θ. The maximum average droplet ve-
locity was determined from simulations analogous to fig. 3.6
where the value of ρLW was varied and ρHW was kept constant
at ρHW = −1.0. All remaining parameters are the same as for
fig. 3.9. The data points were fitted with eq. (3.14) using a as the
fitting parameter. The fit converged with a = (3.23± 0.02) · 10−7.

Figure 3.11: Maximum average droplet velocity v̄max
drop for different values

of the inhomogeneity profile parameter ls, while ls was varied
for each data point, the other parameters remained constant at
ρHW = −1.0, ρLW = 1.0, xA = 3.0 and L = 80. Additionally, the
wettability profiles corresponding to ls = 0.01 and ls = 2.0 are
displayed to illustrate the influence of the parameter ls.
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obtainable droplet speed, if it is chosen sufficiently small. Additionally,
the impact of ls on the maximum average droplet speed is less signif-
icant than the impact of the wettability contrast (c.f. section 3.4.0.1),
for the considered parameter regions. For experiments that aim to
obtain a high droplet speed, the focus should, thus, lie on creating a
strong wettability contrast rather than a steep transition between the
wettability values.

3.4.2 Influence of h0

Another parameter influencing the possible droplet speed, which, in
contrast to the ones considered previously, is not a parameter of the
inhomogeneity profile, is the initial droplet height h0. The used initial
condition given by eq. (3.10) is entirely determined by the chosen
value of h0 since the value of θ0 ≈ 0.779 is kept constant (c.f. sec. 3.2).
Thus, the volume of the droplet is defined by the initial height. A
dependence of the droplet’s velocity on h0, therefore, corresponds
to a dependence on the volume of the liquid. In fig. 3.12 the maxi-
mum average droplet velocity is displayed for various initial droplet
heights h0. The graph shows that the obtainable speed increases for
decreasing initial droplet heights. This corresponds to the expected
behaviour since for an increasing film height, the absolute value of
the disjoining pressure decreases, leading to a decreased impact of the
wettability profile on the exhibited liquid dynamics. The behaviour of
the disjoining pressure for different film heights can be extracted from
the displayed wetting potential in fig. 2.2 and the relation between
the disjoining pressure and the wetting potential given by eq. (2.8).
Since for h > hp the steepness of the wetting potential ∂h f (h, x, t) is
positive but decreases for increasing film heights (c.f. fig. 2.2), Π(h, x, t)
also decreases, leading to a less significant impact of the disjoining
pressure and, thus, the wettability profile, on the exhibited dynamics.
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Figure 3.12: Maximum average droplet velocity v̄max
drop for various initial

droplet height h0. While the other parameters are equal to the
ones used in fig. 3.6.



4
2 D H O R I Z O N TA L S U B S T R AT E

This chapter considers a two-dimensional horizontal substrate, such
that x in eq. (2.1) corresponds to a two dimensional vector x = (x, y)T.
The size of the domain in x- and y-direction is given by Lx and Ly, re-
spectively. The domain is defined such that its center lies at x = y = 0,
i. e., x ∈ [−Lx/2, Lx/2], y ∈ [−Ly/2, Ly/2].
For the boundaries of the two-dimensional domain at x = ±Lx and
y = ±Ly/2 periodic boundary conditions (PBC) will be employed.
Other possible choices are Neumann (no-flux) boundary conditions,
as well as a combination of both. Due to the employed PBCs, the do-
main corresponds to an infinitely extended substrate, i. e., a periodical
extension of the simulated domain in both directions. These boundary
conditions are, therefore, especially valuable if one aims to investigate
periodic patterns as it was done experimentally in [53].

4.1 moving wettability profile

The two-dimensional extension of the previously (c.f. chapter 3) em-
ployed wettability profile given by eq. (3.5) will be used in the fol-
lowing. Using eq. (3.5) for the two-dimensional substrate results in
a highly wettable stripe with ω(x, t) = ρHW, surrounded by a region
of low wettability, where ω(x, t) = ρLW. As eq. (3.5) only depends on
the x-coordinate, the profile is translation invariant along the y-axis. A
cross-section of the wettability profile along the x-direction, therefore,
corresponds to the one-dimensional profile displayed in fig. 3.1.
If an analogous direct extension of the initial condition given by
eq. (3.10) is performed, a two-dimensional liquid ridge is obtained,
which, analogous to the striped wettability pattern is translational
invariant in the y-direction.
To approximate a two-dimensional droplet as the initial condition, a
paraboloid shape given by

h(x, y, t = 0) = − 1
4h0

tan2 (θ0) ·
[
(x− x0)

2 + (y− y0)
2]+ h0, (4.1)

is being employed. Compared to eq. (3.10) the term (x − x0)2 is re-
placed by

[
(x− x0)2 + (y− y0)2], where x0 and y0 correspond to the

position of maximum height in the x- and y-direction, respectively. All
other parameters have the same meaning as in eq. (3.10). Thus, a cross-
section through the centre of the droplet, i. e., through x = x0 and
y = y0 has the same form as a one-dimensional droplet. An illustration

31
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of the employed initial droplet with h0 = 1, x0 = 0, y0 = 0, θ0 = 0.779
on a substrate with Lx = 16 and Ly = 6 is displayed in fig. 4.1. Ad-
ditionally, cross-sections along x = 0 and y = 0 are displayed to
demonstrate the relation to the one-dimensional droplet.
Since the attempt of this section is to extend the one-dimensional
results obtained in chapter 3 to the two-dimensional case, the height
of the initial droplet is chosen such that its volume is equal to the
volume of a two-dimensional ridge1 with h0 = 1. The volume of a
paraboloid can be calculated by exploiting its rotational symmetry.
The paraboloid described by eq. (4.1) can be obtained by a rotation of

x(h) = a
√

h, (4.2)

around the h-axis. A positive a is employed here to simplify the calcu-
lation. The described parabola, therefore, corresponds to an inverted
initial droplet. The value of x(h = 0) corresponds to 0 while x(h = h0)

is equal to the position of the contact line along the x-direction (c.f.
eq. (3.8)). Using the values obtained for the contact line in chapter 3,
the parameter a can be computed

x(h = h0) =

√
4h2

0

tan2 θ0
= a

√
h0 ⇒ a =

2
√

h0

tan θ0
. (4.3)

The volume of the paraboloid, thus, can be determined using the disk
method

V2DD = π
∫ h0

0
x(h)2dh =

4πh0

tan2 θ0

[
h2

2

]h0

0
=

2πh3
0

tan2 θ0
. (4.4)

The volume of the initial one-dimensional droplet can be calculated
by integrating the initial condition, given in eq. (3.10), from the left to
the right contact point (c.f. eq. (3.8))

V1DD =
∫ √h0/a

−√h0/a
−ax2 + h0dx =

8
3 tan θ0

h2
0. (4.5)

The volume of the two dimensional ridge, therefore, is equal to
V2DR = LyV1DD. Using both the volume of the two-dimensional droplet
and the ridge volume, one can compute the appropriate initial height
h0 for the droplet such that both volumes are equal.
Placing these different initial conditions on a moving wettability pat-
tern, one can determine the maximum average droplet velocity from
the displacement of the maximum film height analogous to the in-
vestigations in chapter 3. Varying the inhomogeneity’s speed while
measuring the droplet’s speed leads to the results displayed in fig. 4.2.
Here the average droplet velocity for both applied initial conditions
and the droplet velocity for a one-dimensional droplet using the

1 The two-dimensional ridge corresponds to the direct extension of the one-dimensional
droplet.
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Figure 4.1: a) Height profile of the initial two-dimensional droplet given by
eq. (4.1) with h0 = 1 and θ0 = 0.779, on a substrate of the size
Lx × Ly = 16× 6. Dotted horizontal and vertical lines indicate the
axes along which the cross-section portrayed in c) and b) were
determined. Both cross sections are equivalent to the initial one-
dimensional droplet given by eq. (3.10) using the same parameters
as for the two-dimensional droplet.

same wettability parameters and the same value of h0 as for the two-
dimensional ridge are portrayed. The behaviour observable for the
two-dimensional simulations is analogous to the one-dimensional case.
After a certain threshold value of vinhom is reached, the liquid can no
longer follow the inhomogeneity profile, leading to a steep decrease
of the average droplet velocity v̄drop. For infinitely long simulations,
the droplet velocity decreases to zero for vinhom larger than the thresh-
old velocity. Since finite simulation times were considered here, the
average droplet velocity assumes non-vanishing values, which decline
for increasing inhomogeneity speeds. These effects again correspond
to finite-size effects (c.f. chapter 3). Compared to the one-dimensional
consideration, these finite-size effects are more pronounced here. This
is due to the simulations being performed on smaller domains to
reduce the computation time.
While the behaviour of the different initial conditions is phenomeno-
logical the same, the threshold value differs for the two-dimensional
liquid structures. The results obtained for the two-dimensional ridge
match well with the results of the one-dimensional droplet. Here both
threshold values agree with each other, thus, the maximum obtainable
droplet (or rather ridge) speed matches the one-dimensional case.
Equation (3.14) should, therefore, also be applicable for estimating
the maximum liquid velocity for two-dimensional ridges. The match-
ing between the one-dimensional droplet and the two-dimensional
ridge should be investigated with a higher accuracy before employing
eq. (3.14) as a estimation, since the resolution in fig. 4.2 is relatively
low.
The results obtained for the two-dimensional droplet, on the other
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Figure 4.2: Average velocity of a one- and two-dimensional droplet as well
as of a two-dimensional ridge plotted for different inhomogeneity
speeds. The volume of the two-dimensional droplet is chosen
equal to the volume of the two-dimensional ridge. The height of
the two-dimensional ridge is the same as for the one-dimensional
droplet h0 = 1, such that the results can be compared to the one-
dimensional case. The employed wettability profile parameters
are ls = 0.15, xA = 3, c = −20 ρHW = −0.8, ρLW = 0.5.

hand, do not match those obtained for the one-dimensional droplet.
This discrepancy can be attributed to the additional curvature of the
droplet’s contact line compared to the contact line of the liquid ridge,
which corresponds to a straight line. Due to the increased curvature,
the Laplace pressure in eq. (2.4) has an increased impact on the exhib-
ited dynamics. Thus, the droplet can cross the wettability gradient for
smaller vinhom leading to a decrease of the maximum average droplet
velocity (c.f. section 3.4).

4.2 plateau-rayleigh instability

This section will investigate the Plateau-Rayleigh instability exhibited
by a liquid ridge on a horizontal substrate. This phenomenon occurs
for elongated liquid structures, e. g. ridges and liquid streams, and
results in a break-up of the structure into several smaller structures.
Here, liquid ridges placed on a wettability stripe pattern will be
considered. These structures will exhibit a transversal instability and
naturally break up into several smaller droplets.

4.2.1 Undisturbed Plateau-Rayleigh Instability

Before considering controlling mechanisms for the liquid dynamics
during the Plateau-Rayleigh instability, first, the evolution of a homo-
geneous liquid film with the initial height profile h(x, t = 0) = hhom
placed on a prestructured substrate without temporal switching will
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be discussed here. The parameters employed during the simulations
within this section are chosen to ensure the occurrence of a Plateau-
Rayleigh instability (c.f. [20]).
A simulation was performed on a two-dimensional substrate with
the size Lx × Ly = 4× 12, where periodic boundary conditions are
employed in both directions. The employed wettability profile is again
given by eq. (3.1) with ls = 0.06, xA = 0.4, c = 0, ρHW = −0.5 and
ρLW = 0.5. The initial height of the homogeneous film was set to
hhom = 0.076. Snapshots obtained during This direct numerical simu-
lation are displayed in fig. 4.3. Here, the points of maximum steepness,
i. e., x = c± xA are marked by dashed black lines. After the initial
homogeneous film, shown in fig. 4.3 a), is placed on the substrate, the
liquid starts to retract from the regions with lower wettability. During
this relaxation process, the liquid exhibits various structures until a
ridge forms on the more wettable stripe forms which is displayed
in fig. 4.3 b). The ridge state remains present for some time until it
exhibits a transversal instability and breaks up into two bulges, dis-
played in fig. 4.3 c). Both bulges are located along x = 0, with one at
the boundary y = Ly/2 while the other one forms at y = 0. The two
bulges state remains present for a longer time than the ridge state until
it starts to deform. The bulge at the centre of the domain gradually
absorbs the mass of the outer bulge such that in the end, the one bulge
state shown in fig. 4.3 d) prevails.
The system’s free energy given by eq. (2.7) was measured during the
simulation. In the following, a shifted version of the free energy will
be considered

F̃ = F− Fhom. (4.6)

Here F is the system’s free energy determined by eq. (2.7) while Fhom
is the free energy of a homogeneous film with the same volume on an
equivalent substrate as the considered state. The shifted free energy
F̃ of a homogeneous film is, therefore, equal to zero. If not explicitly
mentioned, F, as well as references to the free energy, will be used to
denote the shifted free energy given by eq. (4.6) instead of the free
energy given by eq. (2.7).
The free energy during the relaxation of the homogeneous film is
shown in fig. 4.4. Here the free energies of the plateau states, i. e., the
meta-stable ridge and two droplet states, as well as the globally stable
one droplet state, are indicated by colour-coding. The corresponding
handles in the legend refer to the states displayed in fig. 4.3 b), c) and
d). The meta-stable states are present for relatively long times with
only minor changes to the liquid profile, i. e., the free energy remains
roughly constant for some time which corresponds to a plateau in
fig. 4.4.
The time scales tstable for which the states are present and their re-
spective free energies are given in table 4.1. To determine tstable the
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Figure 4.3: Snapshots obtained during the relaxation of a homogeneous film
with hhom = 0.076 on a heterogeneous substrate of the size
Lx × Ly = 4× 12 with a wettability pattern given by eq. (3.1)
using the parameters ls = 0.06, xA = 0.4, c = 0, ρHW = −0.5,
ρLW = 0.5. The points of steepest slope are indicated by dot-
ted black lines. a) displays the initial homogeneous film which
relaxes into the liquid ridge displayed in b). The ridge under-
goes a Plateau-Rayleigh instability resulting in the formation of
two bulges shown in c). The bulges evolve into a single bulge
displayed in d).

Figure 4.4: Free energy during the relaxation of the homogeneous film on
a wettability stripe pattern. The parameters are the same as the
ones given in the caption of fig. 4.3. The handles in the legend
correspond to the states displayed in fig. 4.3. The inset shows a
close-up of the relaxation process starting from the ridge (green)
to the one bulge state (purple).
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Table 4.1: Free energies and times for which the meta-stable states and the
globally stable state (c.f. fig. 4.3 b) c) and d)) were present, deter-
mined using the free energy displayed in fig. 4.4.

State F tstable

ridge −0.1563 1.1 · 102

two bulge −0.1605 1.1 · 104

one bulge −0.1607 ∞

initial and final states need to be determined. For this, a series of at
least five consecutive states was determined for which the free energy
of all states varies by less than 0.01% with respect to the free energy
of the first state. The stability time tstable can then be calculated as
the time difference between the first and final state within the series.
The free energy of the first state in the series is associated with the
corresponding meta-stable state. Table 4.1 shows that the times the
states remain stable vary significantly, with the two bulge state being
stable for two orders of magnitude longer.
One can observe distinct liquid dynamics using different heights of

the initially employed homogeneous film. In addition to the previ-
ously considered hhom = 0.076 also hhom = 0.0464 was simulated. The
parameters of the wettability profile are the same as those used for
fig. 4.3. The domain size, however, was changed to Lx × Ly = 2× 4.
Snapshots obtained during the direct numerical simulation are dis-
played in fig. 4.5. Analogous to fig. 4.3 the homogeneous film relaxes
and forms a liquid ridge on the highly wettable stripe shown in b).
This ridge exhibits a Plateau-Rayleigh instability and breaks up into
three droplets as shown in fig. 4.5 c). After this the droplet at the
boundary is absorbed by the other two droplets resulting in the glob-
ally stable two droplet state shown in fig. 4.5 d). The difference to
hhom = 0.076, therefore, lies in the states formed during the Plateau-
Rayleigh instability as well as in the globally stable state.
The system’s free energy during the relaxation process is portrayed in
fig. 4.6. Here again, the plateau states are marked and labelled accord-
ing to the panels in fig. 4.5. Note that compared to fig. 4.4 the absolute
value of the free energy is one order of magnitude smaller due to the
decreased liquid film height. The free energy of the meta-stable states
and the times they were present during the simulation are given in
table 4.2. The values were determined employing the same method
as before. Comparing the stability times to table 4.1 one can see that
these are as well one order of magnitude smaller than those obtained
for hhom = 0.076.
As a third initial film height hhom = 0.112 was considered on a do-
main of size Lx × Ly = 2× 12 with the same wettability parameters as
before. The relevant states observed during the simulation are shown
in fig. 4.7, where the homogeneous film is not displayed. As before,
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Figure 4.5: States obtained during the relaxation of a homogeneous liquid
film of height hhom = 0.0464 on a wettability stripe pattern with
parameters equal to the ones given in the caption of fig. 4.3
except for the simulated domain size which here is equal to
Lx × Ly = 2× 4. The points of steepest slope are indicated by
dotted black lines. a) corresponds to the initial homogeneous film
while b) displays a ridge state. The ridge undergoes a Plateau-
Rayleigh instability, first forming a three droplet c) and then a two
droplet state d), where the first is meta- and the latter globally
stable.

Figure 4.6: Free energy during the relaxation of the homogeneous film on a
wettability stripe pattern. The parameters are given in the caption
of fig. 4.5. The handles in the legend correspond to the states
displayed in fig. 4.5. The inset shows a close-up of the relaxation
process starting from the ridge (green) to the two droplets state
(purple).

Table 4.2: Free energies and times for which the state was present during the
simulation corresponding to fig. 4.6.

State F tstable

ridge −0.0158 40

three droplets −0.0163 44

two droplets −0.0171 ∞
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Table 4.3: Free energies and times for which the state was present during the
simulation corresponding to fig. 4.8.

State F tstable

ridge −0.1215 4.1 · 102

two bulges −0.1299 5.8 · 103

bulge and bridge −0.1378 19

bridge −0.1761 ∞

the liquid starts forming a ridge on the more wettable stripe, shown in
fig. 4.7 a). This ridge exhibits a transversal instability and analogously
to fig. 4.3 b) breaks up into two bulges, as displayed fig. 4.7 b). Due
to the proximity of the bulges to the domain boundary at x = ±Lx/2,
one of them can reach the boundary. Since periodic boundary condi-
tions are applied, this state resembles a state where the liquid connects
multiple adjacent wettability stripes by spreading over the less wet-
table area. This bulge and bridge state, which is shown in fig. 4.7 c)
remains stable for a short time, after which the bridge accumulates the
mass of the bulge such that only the bridge remains as the globally
stable state, which is displayed in fig. 4.7 d).
The free energy diagram for this simulation is displayed in fig. 4.8.
One can see that the ridge state is stable for longer times than in the
previous simulations. Another distinguishing factor of this simulation
is that the free energy shows a very steep decrease as the two bulges
state relaxes to the bridge and bulge state. This steep decrease occurs
as the droplet touches the boundary, thus making contact with its
periodic counterparts. This contact corresponds to a sudden decrease
of the curvature and, therefore, of the Laplace pressure. Due to the
logarithmic scaling of the time axis, the plateau of the bulge and
bridge state would be barely visible if it were not marked. It could,
however, be recognised as the position at which the curve’s steepness
decreases significantly. The free energy of the meta-stable states and
the time they were present in the simulation are given in table 4.3. It
can be seen from these values that the bulge and bridge state remains
present for a much shorter time than the other states.
While, on the one hand, the obtained results allowed insights into
the dynamics exhibited by the liquid during the Rayleigh-Plateau
instability, it also proves the functionality of the employed simulations
as the results presented by Honisch et al. could be reproduced.

4.2.1.1 Neumann Boundary Conditions

Analogous to the previously considered system, one can investigate a
domain where periodic boundary conditions are applied only along
the y-direction, i. e., along the boundary located at y = ±Ly/2 while
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Figure 4.7: Snapshots obtained during the simulation of a homogeneous
liquid film with hhom = 0.112 on a heterogeneous substrate, with
a wettability pattern given by eq. (3.1). The domain size was
chosen as Lx × Ly = 2× 12 while all other parameters are equal
to the parameters given in the caption of fig. 4.3. a) and b) display
a meta-stable ridge and two bulges states, respectively while c)
shows a meta-stable bridge and bulge state. Panel d) displays the
globally stable bridge state.

Figure 4.8: Free energy during the relaxation of a homogeneous film with
hhom = 0.112 on a heterogeneous substrate of size Lx × Ly =
2 × 12 where a wettability stripe pattern given by eq. (3.1) is
employed. The wettability parameters are given in the caption
of fig. 4.3. The handles in the legend correspond to the states
displayed in fig. 4.7. The inset shows a close-up of the relaxation
process starting from the meta-stable ridge (green) to the globally
stable bridge state (brown).
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Figure 4.9: The upper panel displays the temporal evolution of the systems
free energy during the relaxation of a homogeneous film analo-
gous to fig. 4.4, where the only distinction lies in the here em-
ployed Neumann boundary conditions in x-direction. The meta-
stable ridge and stable two bulges state are marked and their
height profile portrayed in panel a) and b), respectively.

Neumann boundary conditions are applied at x = ±Lx/2. The Neu-
mann boundary conditions are the natural boundary conditions of the
finite element method since they correspond to a vanishing boundary
term [4]). These boundary conditions are, therefore, directly imple-
mented into the employed residuals and Jacobian (c.f. section 2.2)
without any need to apply them within the simulation code .
For the simulations performed here, all parameters remain the same
as for fig. 4.3 such that differences in the liquid dynamics can solely
be attributed to the change of boundary conditions. The lower pan-
els of fig. 4.9 show snapshots obtained during the relaxation process
of a homogeneous film as it was done in fig. 4.3. The upper panel
displays the free energy during this relaxation process, where the
free energies corresponding to the states displayed in a) and b) are
marked. It is apparent, that the boundary conditions along the y-axis
remain the same, since in fig. 4.9 b) droplets centered at the boundary,
i. e., at y = ±Ly/2 form. A result of the applied Neumann boundary
conditions is the absence of the one bulge state, as the two bulges
state does not relax further. The dynamics, therefore, only include a
single meta-stable state. The applied boundary conditions, thus, have
a significant impact on the exhibited Plateau-Rayleigh instability, as
the simulation with Neumann boundary conditions results in different
liquid dynamics with a decreased number of meta-stable states.
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Table 4.4: Employed wettability patterns with the corresponding parameters
ρLW, ρHW. The remaining parameters of the wettability profile are
given as ls = 0.06, xA = 0.4 and c = 0.

Name ρHW ρLW

S1 −0.5 0.5

S2 −1.0 1.0

S3 −1.0 −1.0

4.2.2 Application of Switchable Substrates

Within this section, switchable substrates, which were already used
to induce a controlled movement of the liquid within chapter 3 and
section 4.1, will be employed to manipulate and try to control the
liquid dynamics during a Plateau-Rayleigh instability. The Plateau-
Rayleigh instability was already investigated on a temporally constant
wettability profile in section 4.2.1. While most of the parameters and
boundary conditions used for fig. 4.3 will be retained, additionally, a
switchable substrate will be applied. The switching process consist of
changing the values for ρHW and/or ρLW at discrete times. The general
shape of the wettability profile is conserved, whereas the wettability
values change during the switching processes. Three different sets of
wettability parameters will be used in the following. The respective
values of ρHW and ρLW as well as the names associated with them
are given in table 4.4. While all of these patterns can be described
by eq. (3.1), S3 can be more easily defined as a homogeneous wetta-
bility profile with ω(x, t) = −1, i. e., the complete wetting case (c.f.
section 2.1). A liquid exposed to S3 thus spreads out until it ultimately
assumes its globally stable state of a homogeneous liquid film.
S1 corresponds to the wettability profile used in section 4.2.1. The
dynamics can, therefore, be extracted from the previously performed
simulation. S2 is equivalent to a version of S1 with an increased wetta-
bility contrast Cρ, such that the highly wettable region corresponds to
a completely wettable stripe. The equilibrium state, i. e., the state with
the lowest free energy, of the S2 substrate is a homogeneous ridge
on top of the highly wettable stripe resembling the state in fig. 4.3
b). In contrast to the ridge state obtained with S1, the ridge state on
S2 is truly homogeneous, i. e., translation invariant along the y-axis.
A cross-section of both ridge states along x = 0 is shown in fig. 4.10.
Note that only the region close to the liquid-gas interface is displayed
such that the difference between both ridge states appears larger than
it is. The maximum deviation of the ridge on S1 relative to the trans-
lation invariant ridge on S2 is approximately equal to 7%. Further, it
is important to note that the homogeneous ridge on S2 can only be
obtained if the volume of the used liquid is small enough; otherwise,
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Figure 4.10: Cross-sections along x = 0 of the meta-stable ridge state on S1

(denoted as ridge S1) as well as the translation invariant globally
stable ridge state on S2 (denoted as ridge S2).

also parts of the substrate with low wettability will be covered.

4.2.2.1 Stabilisation of the two bulge state

The two bulge state displayed in fig. 4.3 c) occurs only for a finite
time, after which one of the bulges accumulates the mass of the other,
resulting in the formation of a single bulge containing the entire liquid
within the domain. In the following, an attempt will be made to sta-
bilise this two bulges state, i. e., prevent the formation of a one bulge
state.
The employed switching process includes three parts, where the first
part consists of the relaxation of the homogeneous film on S1, analo-
gous to fig. 4.3. In the end, the globally stable one bulge state displayed
in fig. 4.3 d) is obtained. Once the one bulge state has formed, the
second part of the switching process starts and the substrate’s wetta-
bility profile is switched to S2. As previously mentioned, the globally
stable state on S2 is equal to a completely homogeneous ridge. The
one droplet state, therefore, relaxes until it has formed the translation
invariant ridge on top of the highly wettable stripe. This relaxation
process takes about dt ≈ 9000. After the homogeneous ridge is ob-
tained, the third and last part of the switching process starts, and
the substrate is switched back to S1. Here the ridge again exhibits a
transversal (Plateau-Rayleigh) instability analogous to section 4.2.1
and breaks up into two bulges. In contrast to the two bulges state
shown in fig. 4.3 c), this state persists and no one bulge state forms.
A visualization of this switching process is displayed in fig. 4.11. Here
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a rescaled version of the free energy F̃ for the different states occurring
during the switching process is portrayed on the y-axis. The x-axis
distinguishes the two employed wettability patterns, S1 and S2, where
heatmaps of the wettability patterns are displayed underneath the
corresponding labels.
F̃ is the free energy of the system shifted such that all values are posi-
tive, and the free energy of the equilibrium state for each respective
substrate has a free energy of zero. This scaling is described by

F̃ =
F
|FSi

min|
− sgn(F). (4.7)

Here FSi
min, i = 1, 2 is the free energy of the globally stable state for the

substrates S1/S2. For S1 and S2, this corresponds to the free energy
of the one bulge and homogeneous ridge state, respectively. sgn(F)
denotes the sign function of the free energy.
Within fig. 4.11 the relaxation processes, which occur naturally, are
marked as dotted arrows, whereas the artificially, i. e., via switching
induced transitions, are marked as continuous arrows. States with
nearly identical free energies, such that they would overlap if they
were portrayed as the other states, are shown as two neighbouring
lines. The linestyles distinguish between the substrates on which this
state will occur naturally. For S1 continuous and for S2 dotted lines
are being used. An example is the homogeneous ridge state ridge S2
which occurs naturally on S2 and is thus represented by a dotted line.
For S1, the ridge S2 state is displayed as a line of half the length of the
ridge S2 state on S2 since, here, its free energy lies very close to the
free energy of the ridge S1 state. This is also the case for the resulting
stable two bulges state, which has a free energy close to the unstable
two bulges state. The small deviations between the respective free
energies demonstrate the similarity between the meta-stable states,
naturally occurring during the Plateau-Rayleigh instability and the
artificially created states, as well as their proximity in the free energy
landscape.
To investigate the stability of the two bulges solution, obtained

through the discussed switching process, the corresponding eigenval-
ues and eigenfunctions were calculated numerically. The imaginary
parts of all calculated eigenvalues were equal to zero, as is expected
by the gradient dynamics formulation of the used model2

The eigenfunction corresponding to the eigenvalue with the largest
real part is displayed in fig. 4.12

3. The corresponding eigenvalue λ is
λ = 1.3 · 10−4. Since this value is larger than zero, one would expect
the state to be unstable. Direct numerical simulations showed that
the state does not exhibit any instability but remains stable even for

2 Since this a gradient dynamics formulation can not include oscillations in the ex-
hibited dynamics whereas a eigenvalue with a non-vanishing imaginary part would
correspond to oscillations.

3 Various other eigenmodes of the obtained two droplet state are shown in appendix B.1.
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Figure 4.11: Visualisation of the switching pattern used for obtaining a locally
stable two bulges state. A shifted version of the free energy
(given by eq. (4.7)) for all states relevant during the switching
process is displayed. The states denoted as two bulges u and two
bulges s are the unstable and stable two bulges states, respectively.
Dotted and continuous arrows, respectively, mark relaxations
and switching processes. The two panels at the bottom portray
the employed wettability profiles S1 and S2.

large integration times , i. e., t = O(1013). In order to test the stability
with respect to distortions proportional to the determined eigenmode
displayed in fig. 4.12, the height profile of the two bulge state h

2bulge(x)
distorted by the eigenmode heigen(x) was used as an initial condition

h(x, t = 0) = h
2droplet(x) + εheigen(x). (4.8)

Here ε is a parameter describing the strength of the distortion. If the
two bulge state is unstable, as the determined eigenvalue suggests,
the distortions should grow over time for an arbitrarily small value
of ε. Numerical simulations using this initial condition for various
values of ε showed that the distortions do not grow over time as long
as ε ≤ 0.06 holds. It is important to note here that the eigenvectors
were normalized to the interval [−1,+1], such that the parameter
ε = 0.06 corresponds to a distortion of 15% relative to the maximum
film height hmax of the two bulge state which is hmax ≈ 0.47.
To rule out numerical pinning as a reason for the stability of the two
bulges solution, the domain size was increased by 1% while maintain-
ing the same liquid volume4. Using this slightly altered domain size,
the switching pattern still resulted in the formation of the desired
two bulges state. The two bulges state, therefore, is, contrary to the
determined eigenvalue, a linearly stable state.

4 Excluding the precursor film volume.
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Figure 4.12: Eigenmode corresponding to the largest eigenvalue λ = 1.3 ·
10−4 of the locally stable two bulges state. The values were
normalised to the interval [−1, 1].

4.2.2.2 Stabilization of the ridge state

Analogous to the preceding section in the following, a switching
protocol to obtain a stabilised version of the meta-stable ridge state
displayed in fig. 4.3 b) will be developed.
The switching scheme required to obtain a stabilised version of the
ridge state is slightly more complex than the scheme for the two
bulges state since it involves all three wettability profiles described in
table 4.4.
A visualisation of the switching scheme analogous to fig. 4.11 is dis-
played in fig. 4.13, where the rescaled free energies of the relevant
states, as well as the transitions between these states, are shown for
the three employed wettability patterns. The initial state of the liquid
film is again chosen as the ridge state on the substrate S1. The liquid
relaxes until the one bulge state is obtained. The substrate is switched
to S2, where the liquid takes on the form of the transversal invariant
ridge on S2. Once the liquid has equilibrated on S2, the substrate is
switched to S3, i. e., the homogeneous, completely wettable substrate.
Here, the liquid ridge spreads out as it reduces its curvature. A cross-
section along y = 0 of this broadened ridge in comparison to the S2

ridge is displayed in fig. 4.14. The portrayed state denoted as broadened
ridge was obtained dt = 1 after the substrate was switched from S2

to S3. Comparing both displayed states, the broadening of the ridge
is obvious. Additionally, due to the fast dynamics, the film height at
the edge of the ridge, i. e., in the contact region, is slightly below the
height of the precursor film.
After the broadened ridge portrayed in fig. 4.14 has formed, i. e., dt = 1
after the switch from S2 to S3 the substrate is switched back to the
original wettability pattern S1. Here the liquid ridge contracts again as
it is exposed to the stripe-like wettability pattern and assumes a form
similar to the S1 ridge, which remains present for large integration
times, i. e., t = O

(
1013). Cross sections of this artificially created ridge

state (denoted as stable ridge) and the naturally occurring meta-stable
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Figure 4.13: Visualisation of the switching pattern used for obtaining a locally
stable ridge state. A shifted version of the free energy (given
by eq. (4.7)) for all states relevant during the switching process
is shown. Relaxations (dotted arrows) and switching processes
(continuous arrows) are displayed. The three panels at the bot-
tom portray the used wettability profiles S1, S2 and S3 from left
to right.
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Figure 4.14: Cross sections along y = 0 of the stable ridge state on S2 (de-
noted as ridge S2) and the broadened ridge state on S3 (denoted
as broadened ridge) obtained dt = 1 after the substrate was
switched to S3.
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Figure 4.15: Cross sections along x = 0 of the stable ridge state on S1 (de-
noted as stable ridge) and the unstable ridge state on S1 (denoted
as unstable ridge) obtained for the undisturbed Plateau-Rayleigh
instability in section 4.2.1.

ridge state on S1 (denoted as unstable ridge) are displayed in fig. 4.15.
The stable ridge is translation invariant along the y-direction. This
feature is obtained due to the switching back to S2 where the ridge S2

state has formed, which is translation invariant (c.f. fig. 4.10) as well.
In contrast to the previously considered switching pattern S1→S2→S1

the translation invariance is retained after switching to S1 in the case
of the switching pattern considered here, such that the ridge does not
exhibit any transversal instability.
Analogous to the stabilised two bulges state, the eigenvalues and eigen-
functions were numerically determined for the artificially obtained
ridge state. Again all eigenvalues had a vanishing imaginary part. The
eigenfunction corresponding to the eigenvalue with the largest real
part λ = 0.011 is displayed in fig. 4.16. This eigenmode corresponds to
the formation of the two bulge state (c.f. fig. 4.3 c)) obtained during the
undisturbed Plateau-Rayleigh instability, i. e., two equidistant bulges
positioned at the centre and boundary of the domain. Additional
eigenfunctions are portrayed in appendix B.1. Since the eigenvalue be-
longing to fig. 4.16 is again larger than zero, the stability was analysed
analogous to the two bulges state, i. e., the ridge state was perturbed
proportional to the eigenmode displayed in fig. 4.16 using eq. (4.8).
Here, h

2droplet(x) needs to replaced with the artificial stable ridge state
hridge(x) and the eigenmode shown in fig. 4.16 needs to be used for
hem(x, y).
Direct numerical simulations showed that the distortions did not grow
over time if ε was chosen smaller than 1.9 · 10−5. The obtained ridge
state, therefore, is indeed stable. The switching scheme presented
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Figure 4.16: Eigenmode corresponding to the largest eigenvalue of the locally
stable ridge state. The values were normalised to the interval
[−1, 1].

here can, thus, be used to obtain a stabilised version of the otherwise
meta-stable liquid ridge state.
It is interesting to compare the strengths of the perturbations leading
to an instability for the two artificial states. The minimum value of
ε leading to an instability for the two bulges state is two orders of
magnitudes larger than the value for the ridge state. Comparing this
difference to the times the states were present at the corresponding
plateaus in the case without switching (c.f. fig. 4.4 and table 4.1),
one can see that the time the ridge state exists is also two orders of
magnitude smaller than the time the two bulge state is present.

4.2.3 Two Interacting Stripes

Due to the employed periodic boundary conditions, the interaction
between the liquid on neighbouring wettability stripes is already in-
cluded in the simulations. However, the periodic boundary conditions
only simulate neighbouring stripes of equal liquid configurations. The
interaction of two stripes should also include the formation of different
configurations on neighbouring stripes, e. g. checkerboard patterns of
two bulges states.
To better understand the interaction of neighbouring stripes, this sec-
tion focuses on the explicit simulation of two wettability stripes. For
this, the previously simulated domains were extended in the x direc-
tion by Lx, i. e., the domain considered in the following was chosen to
include two of the previously simulated domains on top of each other.
The domain size is, therefore, equal to Lx × Ly = 8× 12. In order to
also obtain the appropriate stripe pattern c1 = − Lx

2 , c2 = Lx
2 need to be

employed, while all other wettability parameters remain unchanged.
The simulations now include two stripes located at x = ±Lx/2, such
that the interactions with the liquid on these stripes can be directly
simulated, and the configurations of the liquid on the stripes do not
need to be identical.
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Figure 4.17: Time series of of the free energy F during a direct numerical
simulation of the thin-film equation with hhom = 0.076 on a pre-
patterned substrate with two neighbouring wettability stripes
given by eq. (3.1). The free energy plateaus are portrayed in
different colours, while their corresponding states are shown in
fig. 4.18. The parameters of the simulation are Lx = 8, Ly = 12,
c1 = −2, c2 = 2 all other parameters as well as the initial
condition are equal to the ones given in the caption of fig. 4.4.

In the following, the simulations performed in section 4.2.1 will be
referred to as simulations of a single domain, while the simulations of
the extended domain with two wettability stripes will be denoted as
simulations of two domains.
Corresponding to fig. 4.3 a homogeneous film with the height hhom =

0.076 was employed as the initial condition. The meta-stable states
obtained during the simulation are displayed in 4.18. Those shown in
fig. 4.18 a), b) and c) correspond to an extension of the states obtained
for the simulation of a single stripe, i. e., the states displayed in fig. 4.3
b), c) and d), respectively, to two stripes. In contrast to these direct
extensions, the one bulge state shown in fig. 4.18 d) has no analogue
in the simulation of a single wettability stripe since the symmetry
between the liquid on the two stripes is broken, and all liquid within
the domain has accumulated on a single stripe.
Due to the extended number of states possible, compared to the sim-
ulation of a single domain, the outcome of the switching patterns
employed for obtaining stabilised versions of the ridge and two bulges
states may be altered.
Due to symmetry breaking between the deposited liquid on the up-
per and lower stripe, the switching pattern can not be applied to
the one bulge state. The switching, therefore, has to occur before the
symmetry is broken5. If one applies the switching pattern discussed

5 The symmetry can also be restored by either using a completely wettable substrate
which results in a homogeneous distribution of the liquid (equivalent to the initial
condition) or more complex switching procedures resulting in an equal distribution
of the liquid on both stripes.
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Figure 4.18: States obtained during the simulation of two interacting stripes
positioned at c1 = − Lx

2 , c2 = Lx
2 . The domain size is Lx × Ly =

8× 12. All other parameters of the wettability profile as well as
the initial condition are the same as those given in the caption
of fig. 4.3. The following states are shown a) two stripes, b) four
bulges, c) two bulges, and c) one bulge.

in section 4.2.2.1 to the two bulges state (c.f. fig. 4.18 c)) the four
bulges state, i. e., the extension of the two bulges state to two wet-
tability stripes, is not obtained. Analogous to the previous case, the
two bulges state will deform into a two ridge state after the substrate
is switched to S2. After switching back to S1, the liquid will first
take on the four bulges state portrayed in fig. 4.19 a). The symmetry
of the liquid distribution on the two stripes is broken for this state.
Both stripes, therefore, exhibit a Plateau-Rayleigh instability and break
up into two bulges each. Caused by the interaction of the liquid on
the neighbouring stripes, a checkerboard pattern of the bulges forms
as they try to maximise their distance relative to each other, while
remaining on the wettability stripes. After a short time, the bulges on
the lower stripes start to accumulate the mass of the upper bulges,
thus forming a two bulges state displayed in fig. 4.19 b) which, in
contrast to the two bulges state displayed in fig. 4.18 c), features two
bulges on the same stripe. This state remains present for large simula-
tion times, i. e., t = O

(
1013). The switching pattern, therefore, needs

further adaptions to obtain the desired four bulges state. To obtain
this state it is relevant to ensure an equal distribution of mass between
the neighbouring stripes at the beginning of the switching pattern.
For different configurations of the wettability pattern, i. e., other dis-
tances d = c2 − c1 between the stripes or different ρHW/ ρLW values,
diverse liquid dynamics can be observed. Decreasing the distance of
the highly wettable stripes, for example, will increase the effect the
two modelled stripes have on each other while, at the same time, the
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Figure 4.19: States obtained while simulating the switching pattern portrayed
in fig. 4.11 on a domain containing two stripes. The simulation
parameters are described in fig. 4.18. a) shows the shifted four
bulges state (c.f. fig. 4.18 b)), which occurs shortly after switching
back to S1 . Panel b) displays the stable two bulges on one stripe
state.

effect the periodic counterparts of the stripes have on the modelled
domain is reduced.
Figure 4.20 shows the time series of the free energy F during a simula-
tion using the same parameters as for Fig. 4.17 except for a decreased
stripe distance from d = 4 for fig. 4.17 to d = 3 for fig. 4.20. It is
apparent that compared to fig. 4.17 one energy plateau is missing.
Further, the existing plateaus have decreased in length. The states
corresponding to the marked free energies are portrayed in fig. 4.21.
Comparing these states to the previously considered periodic stripe
pattern, it is apparent that the meta-stable states differ from each other.
For the smaller stripe distance d = 3, the two ridge state (c.f. fig. 4.17

b)) did not form, since the ridges break up into four bulges, as shown
in fig. 4.21 a), before they have accumulated all the liquid within the
domain. The four bulges state deforms, as the mass of the bulge in
the middle of the domain on the upper stripe is accumulated by the
two bulges at the boundary of the domain. The mass is equally split
between these two bulges while the third one at the centre of the do-
main on the bottom stripe remains at a constant volume. This state is
displayed in fig. 4.21 b). After some time, the smaller bulge is absorbed
by the larger one on the lower stripe. The resulting state is portrayed
in fig. 4.21 c). Note that this state does not correspond to a meta-stable
state and is only portrayed to allow for a better understanding of the
liquid dynamics. Due to the uneven distribution of mass between the
two bulges, the more massive one can accumulate all mass within the
domain, thus leading to a stable one bulge state shown in fig. 4.21 d).
The impact of the periodic boundary conditions, i. e., the periodic
stripe pattern, on the modelled two stripe domain can be investigated
if the boundary conditions are switched to Neumann boundary condi-
tions along the x-direction. Performing a direct numerical simulation
using the same parameters as those used in fig. 4.17 results in analo-
gous liquid dynamics. The differences to the results shown in Fig. 4.17
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Figure 4.20: Time series of the free energy F during the relaxation of a ho-
mogeneous liquid film with hhom = 0.076 on a pre-patterned
substrate with two wettability stripes. All parameters are the
same as those given in the caption of fig. 4.17 except for the posi-
tions of the stripes which are chosen as c1 = 1.5 and c2 = −1.5.
The F plateaus are portrayed in different colours where the labels
refer to the illustrations in fig. 4.21. In addition to the plateaus, a
state relevant for understanding the liquid dynamics is marked
as a blue triangle in the free energy diagram and additionally
displayed in fig. 4.21 c).

Figure 4.21: Snapshots of the liquid height profile corresponding to the
marked states in fig. 4.20. While a) and b) correspond to meta-
stable states and d) to a stable state, c) is displayed only to allow
for a better visualisation of the liquid dynamics.
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lie in slightly changed stability times, nevertheless, in general, the
dynamics remained unchanged, and all expected meta-stable states
could be observed. The boundary conditions, therefore, only have a
small influence on the liquid dynamics for two wettability stripes com-
pared to the influence on the liquid dynamics for a single simulated
wettability stripe (c.f. section 4.2.1.1).



5
2 D I N C L I N E D S U B S T R AT E

Within this chapter, an inclined substrate will be considered. Previ-
ously, the inclination angle α incorporated into the thin-film equation
2.1 was kept at α = 0. Therefore, no driving forces acted on the droplet.
In the following, however, a non-vanishing inclination angle will be
employed, such that the substrate is inclined along the x-axis. A vi-
sualisation of the inclined one-dimensional substrate is displayed in
fig. 5.1. For positive inclination angles, the driving force acts towards
increasing x-values. In this chapter the x-coordinate will always be
portrayed along the horizontal axis such that the driving force acts to
the right. The inclination angle α will, despite the applied nondimen-
sionalisation (c.f. appendix A), be given in degrees in the following to
allow better readability.
This chapter will be structured as follows. While section 5.1 focuses
on observing the naturally occurring pearling instability of a liq-
uid droplet on an inclined substrate, section 5.2 considers various
methods of controlling the dynamics of liquid droplets on inclined
substrates. The employed methods include a spatially and temporally
modulated wettability pattern in sections 5.2.2 and 5.2.3 as well as
a time-dependent inclination angle in section 5.2.1. In particular, the
application of these methods to liquid droplets exhibiting a pearling
instability will be considered.

5.1 pearling instability

Liquid droplets placed on an incline, i. e., experiencing a certain lateral
driving force, can exhibit a so-called pearling instability. For a fixed

α

x

h(
x)

Figure 5.1: Illustration of a liquid droplet on an inclined substrate. The liq-
uid, including the precursor film, is shown in blue, whereas the
substrate is shown in gray. Additionally, the inclination angle α
and the employed coordinate system are displayed.

55
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liquid volume (lateral driving force), this requires a lateral driving
force (liquid volume) beyond a certain critical value [14]. For a fixed
volume V (fixed contact angle α) a critical inclination angle αc (critical
volume Vc) can be defined such that for α > αc (V > Vc) a pearling
instability occurs. The instability results in the emission of satellite
droplets in the direction of increasing substrate height opposite to
the direction of movement [34]. The volume of the emitted satellites
depends on the volume of the droplet they were emitted from and the
inclination angle.
To illustrate the general dynamics of the pearling instability, snapshots
obtained during the simulation of a droplet placed on an inclined
substrate are shown in fig. 5.2. As the initial condition eq. (4.1) was
chosen with h0 = 2.4, x0 = 0, y0 = 0, such that the maximum is
positioned at the centre of the domain. The simulated domain size
is chosen as Lx × Ly = 30× 15, while the inclination angle is set as
α = 65◦. The employed value of α exceeds the critical inclination angle
(c.f. [12]) such that the exhibition of a pearling instability is ensured.
Figure 5.2 a) shows the droplets initial form given by eq. (4.1). It has
not yet started to deform such that the contact region between the
substrate and the droplet is circular. With increasing times, the droplet
starts to deform and elongates due to the driving force. This elonga-
tion process persists such that a tail starts to form. The corresponding
state is portrayed in fig. 5.2 b). As an increasing amount of liquid accu-
mulates at the end of the tail, the elongated droplet ultimately breaks
up into two distinct droplets as shown in fig. 5.2 c). The volume of the
emitted droplet is smaller than the critical volume (V < Vc) such that
it does not exhibit a pearling instability but rather slides down the in-
cline linearly stable. The main droplet, on the other hand, remains at a
volume larger than the critical one and therefore continues to elongate,
resulting in the emission of another satellite droplet shown in fig. 5.2
d). This process continues, and a third satellite droplet is emitted,
shown in fig. 5.2 e). As mentioned before, the mass emitted from the
droplet during the pearling instability depends on the volume of the
droplet itself. Therefore, the volume of the satellite droplets can be
ranked according to their order of emission. This relation between
the satellite droplets can best be observed for the first two satellite
droplets in fig. 5.2 d).
Since the velocity of the droplets is proportional to their mass [14],
and periodic boundary conditions are applied, the more massive main
droplet can catch up with the satellite droplets and absorb them after
some time. A snapshot of the recombination is shown in Figure 5.2
f). Once the droplets connect, the base area drastically increases, al-
lowing the liquid of the main droplet to quickly move to the front
of the elongated droplet. This results in a further elongation and the
emission of another satellite droplet.
Due to the periodic boundary conditions, the system exhibits a cyclic
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Figure 5.2: Snapshots of the liquid obtained during a direct numerical simula-
tion of a droplet on an incline exhibiting a pearling instability. The
initial condition eq. (4.1) was chosen with h0 = 2.4, x0 = 0, y0 = 0.
A domain of the size Lx × Ly = 30× 15 was chosen and the incli-
nation angle set to 65◦. The time increases from a) to f) in irregular
steps. a) displays the initial droplet, which elongates, resulting in
the state shown in b). c) d) and e) display the main droplet with
one, two and three emitted satellite droplets, respectively. The
main droplet recombines with its satellite droplet in f). Due to
the main droplet’s elongated state at the recombination time, it
emits another satellite droplet.

behaviour. The liquid dynamics during the pearling instability strongly
depend on the chosen liquid volume, the inclination angle, and the
considered domain size. For large inclination angles (volumes), the
main droplet can emit more satellite droplets over the same distance,
while for a larger domain size, it takes longer for the droplets to
recombine, thus increasing the time available for the elongation and
separation process. For the simulation shown in fig. 5.2 the volume
(inclination angle) was chosen to be relatively large such that the main
droplet exhibits multiple pearling instabilities. In general, different
regimes of the pearling instability exist, and phenomena like period
doubling and chaos can be observed when considering the volume of
the emitted droplets for different inclination angles [14]. A variety of
these regimes are being discussed in appendix B.2. Note that these
periodic dynamics are a result of the employed periodic boundary
conditions. They can not be observed during experimental considera-
tions of single droplets on inclined substrates.
During the course of section 5.2.1, the initial condition used for fig. 5.2
will be employed such that the results obtained here can be used as a
reference.
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Figure 5.3: Visualisation of the employed inclination angle switching pattern.

5.2 controlling liquid dynamics on inclined substrates

The results obtained for the application of horizontal switchable sub-
strates to control liquid dynamics, discussed in chapter 3 and sec-
tion 4.2 showed a multitude of possible methods for fluid manipu-
lation. The applicability of these methods, including moving as well
as stationary switchable wettability patterns, for liquid structures on
inclined substrates will be investigated within this section. In addition
to these methods, a time-dependent inclination angle α = α(t) will be
used as another control mechanism for the exhibited liquid dynamics.
Emphasis is placed on applying these control methods in the context
of the previously discussed pearling instability.

5.2.1 Inclination Angle Switching

In the following a time-dependent inclination angle α = α(t) will
be considered. The temporal behaviour of the inclination angle is
chosen analogous to the spatial behaviour of the previously considered
wettability pattern (c.f. eq. (3.1)) and is given by

α(t) = α0 + Kα tanh
(

t̃− T/2
lsα

)
tanh

(
t̃− 3T/2

lsα

)
, (5.1)

with the abbreviations

t̃ = mod (t, 2T) , α0 =
αh + αl

2
, Kα =

αh − αl

2
. (5.2)

A visualisation of the α switching procedure is displayed in fig. 5.3.
The inclination angle is switched smoothly between the values αh and
αl. The smoothness of the transition is given by lsα, i. e., the inverse
of the inclination at the point of steepest slope. The modulo func-
tion included within the definition of t̃ maps the time to the interval
t → t̃ ∈ [0, 2T) such that the pattern repeats itself after t = 2T, i. e.,
the period is equal to 2T. The terms −T/2 and −3T/2 determine the
time at which the switches occur. Starting with αh the inclination is
switched to αl at t = T/2 and back to αh at t = 3T/2. Note that the
switching times correspond to the times when the inclination angle
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changes most rapidly, i. e., the points of steepest slope. Since the transi-
tion is chosen to be smooth, exact switching times can not be specified.
A simulation was performed, where the initial configuration was cho-
sen as a droplet given by eq. (3.10) with h0 = 2.4. For the switching
pattern of the inclination angle the parameters αh = 65◦, αl = 15◦, T =

200 and lsα = 20 are being employed. The domain size was chosen as
Lx × Ly = 30× 15. The upper panel of fig. 5.4 shows the relevant part
of the employed α switching pattern. The times and α values at which
the states shown in the panels a) - d) were obtained are marked by
circles, accompanied by the corresponding letters. Figure 5.4 a) shows
the droplet undergoing a pearling instability, while the substrate is
inclined at α ≈ αh. The instability continues even though the inclina-
tion angle is reduced, resulting in the emission of a satellite droplet
and the formation of a tail at the rear of the main droplet, as shown in
fig. 5.4 b). Due to the reduction of the inclination angle, the droplets
experience less driving force and, thus, assume a more spherical shape.
While this effect is not apparent for the satellites due to their small
volume, it can be observed for the main droplet comparing fig. 5.4 b)
and c). At the time of switching the main droplet has already formed
a second satellite droplet, which is still connected to the main droplet
by a thin liquid layer in fig. 5.4 b). The contraction of the main droplet
leads to a retraction of this liquid bridge (cf. fig. 5.4 c)) and thus a sep-
aration of the main droplet from its second satellite droplet fig. 5.4 d).
Once all droplets have assumed their spherical-cap shapes, they slide
down the incline at a constant shape. Due to the volume difference,
the satellite droplets can be caught by the main droplet. Even after
the main droplet has accumulated its initial mass it does not exhibit
another pearling instability before the inclination angle α is switched
back to α = αh.
As it is the case for the cycles during the exhibition of a pearling
instability on an inclined substrate with a constant inclination angle,
the dynamics during one period of the switching pattern strongly
depend on the previous dynamics as well. These result in different
initial elongations of the droplet at the beginning of a new period,
thus, leading to a change in the times required for the emission of
satellite droplets. Figure 5.5 illustrates the influence of the previous
dynamics. Here the upper panel again displays the inclination angle
for various times while panels a) - d) show four snapshots of the
height profile. These were obtained two switching periods later than
those displayed in fig. 5.4. The states shown in fig. 5.4 a) and b) corre-
spond to the same times as fig. 5.5 a) and b) relative to the switching
times. Comparing these states, one can see that, due to the previous
dynamics, the pearling instability in fig. 5.5 a) has not yet progressed
as far as in fig. 5.4 a). While the instability nevertheless occurs, and a
satellite is emitted, the tail of the main droplet, formed in advance of
the second emission, is less pronounced when the contraction of the
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Figure 5.4: The upper panel displays the temporal evolution of the inclination
angle α(t) during a simulation using the inclination angle switch-
ing pattern given by eq. (5.1), with αh = 65◦, αl = 15◦, T = 200
and lsα = 20. The size of the simulated domain was chosen as
Lx × Ly = 30× 15. The times and inclination angles correspond-
ing to the snapshots of the height profile displayed within panels
a) - d) are marked by circles and labelled accordingly.

droplet occurs (cf. fig. 5.5 b)). As a result of the contraction, the tail
completely retracts back into the droplet, resulting in two spherical
droplets shown in fig. 5.5 d) instead of three, as was the case for fig. 5.4.
Due to the switching of the inclination angle the second emission was,
therefore, prohibited.
Choosing the switching period small enough, such that the droplet
cannot yet form a pronounced tail during α ≈ αh, one can prevent
the pearling instability altogether. The necessary switching period can
be determined by starting at a small period T and increasing it after
each switch from αh to αl . Once the contraction of the liquid, induced
by the inclination angle switching, leads to the emission of a satellite
droplet, the necessary switching period has been surpassed.
Using the same initial condition and domain size as for figs. 5.4 and 5.5
a corresponding simulation was performed. Increasing the switching
period by dT = 10 after each switch, the critical switching period was
determined as T = 150.
A parameter that can be used to visualise the contraction behaviour
of the liquid is the elongation E of the droplet. It corresponds to the
maximum extension of the droplet along the x-direction. Since no
forces act parallel to the y-direction, the maximum extension occurs
along y = 0 for the employed initial condition. The elongation of the
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Figure 5.5: Visualisation of the liquid dynamics during an α switching pro-
cess, analogous to fig. 5.4. The displayed results were obtained
during the same simulation as those shown in fig. 5.4.

droplet can therefore be calculated by determining the interval [xl , xr]

such that

h(x, y = 0, t) > hp, ∀ x ∈ [xl , xr], (5.3)

h(x, y = 0, t) <= hp, ∀ x /∈ [xl , xr], (5.4)

and calculating the difference E = xr − xl . Note that the periodic
boundary conditions need to be considered during the calculation.
Snapshots of a direct numerical simulation using T = 150 are dis-
played in fig. 5.6 a) - d). The upper panel of fig. 5.6 shows the temporal
evolution of the elongation E of the liquid droplet (blue) and the
applied inclination angle (black) during the simulation.
As seen in the upper panel, the elongation exhibits a periodic be-
haviour, where the period is equal to the period of the employed
switching pattern. These periodic dynamics show that the pearling
instability can be prevented with the employed parameters. The elon-
gation and time corresponding to the states depicted in panels a) - d)
are marked and labelled accordingly. Since the dynamics are periodic,
the portrayed states, obtained during multiple periods, all occur dur-
ing a single elongation and contraction cycle.
The state displayed in fig. 5.6 a) corresponds to the equilibrium shape
of the liquid on a substrate with α = αl . Increasing the inclination
angle leads to an increasing elongation (c.f. fig. 5.6 b)). The state of
maximum elongation is displayed in fig. 5.6 c). One can observe in
the upper panel that the state of maximum elongation corresponds
to α = αme < αh. Therefore also inclination angles α, for which
αme < α < αh holds, lead to a further elongation of the liquid. Only
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Figure 5.6: The upper panel displays the elongation E of the liquid droplet as
well as the inclination angle α during the simulation of a droplet
exhibiting a pearling instability while the emission of satellite
droplets is being prohibited through periodic switches of the
inclination angle, given by eq. (5.1) with T = 150, αh = 65◦, αl =
15◦. Circles indicate the time corresponding to the states shown
in a), b), c), and d). The states were obtained during multiple
switching periods but exhibit themselves during each switching
period due to the periodic liquid behaviour. a) displays the state
for α = αl with an almost spherical cap shape. The elongation
increases with the inclination angle, where the droplet first forms
a cusp as shown in b), which elongates further, resulting in a
pronounced tail shown in c). Once the inclination angle is reduced
below a certain critical value, the droplet contracts again, shown
in d), after which the pattern and states repeat themselves.

once α ≤ αme is applied, the contraction starts, leading first to a partly
contracted droplet displayed in fig. 5.6 d) and then again to the fully
contracted droplet with a spherical base area shown in fig. 5.6 a). Now
the dynamics repeat themselves. The droplet, therefore, does not emit
any satellite droplets but slides down the incline as a single connected
liquid structure.
As an optimisation of this control mechanism, the time for which αl is
employed during each switching period may be reduced since most of
the droplets contraction occurs quickly after switching to αl . Addition-
ally, one could investigate the influence of the value chosen for αl . It is
to be expected that relatively small differences in the employed values
for αh and αl should result in a rapid contraction and thus allow the
construction of a control mechanism, as long as αl < αc. Using this
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method, one can prevent the occurrence of a pearling instability of
the droplet while it flows down the incline. In general, droplets of
arbitrary volumes can move down an incline linearly stable, as long as
the inclination angle is chosen small enough. This, however, restricts
the inclination angle and, thus, the possible droplet velocity. If the
aim is to move down the incline as fast as possible, this method may
be employed to ensure a stable droplet. Additionally, one can think
about using appropriate switches to obtain a desired series of droplets.
Since the domain is not periodic in experiments, the satellites can
not be absorbed. Thus at the end of the incline, one obtains a series
of droplets, whose number and volume depend on the inclination
angle, the initial volume, and the length of the incline. Reducing the
inclination angle below the critical one or using the discussed method
of stabilising the flowing droplet one can create a variable number of
droplets.

5.2.2 Pinning

This section will investigate the pinning of liquid droplets on an
incline. Since droplets of arbitrary height placed on a homogeneous
substrate with α > 0◦ will inevitable start to slide down the incline,
an artificial method must be considered for pinning the droplets [13].
Here, an inhomogeneous circular wettability pattern given by

ω(x) = ρ0 + Cρ tanh
[

xA + s(x)
ls

]
tanh

[
s(x)− xA

ls

]
. (5.5)

similar to eq. (3.1) will be employed. ρ0 and Cρ also retain their defini-
tion given by eq. (3.2). The parameter s(x) describes the distance from
the centre of the wettability spot and is equal to

s(x) =
√
(x− cx)

2 +
(
y− cy

)2. (5.6)

The equation results in a circular spot of high wettability ρHW and a
surrounding area of low wettability ρLW. The pattern is displayed in
fig. 5.7. The parameters cx and cy determine the position of the circle’s
centre while xA is equal to the radius of the circle, i. e., the shortest
distance between the circles centre and the point of steepest slope of
the wettability profile. The slope’s absolute value at the steepest slope
again equals 1/ls. Due to the employed form of s(x) a cross-section of
the wettability profile along any axis through the point x = cx, y = cy,
is equal to the one-dimensional wettability pattern shown in fig. 3.1
with the x-axis equal to the distance from the centre of the circle.
In chapter 3 and section 4.1 a droplet on a horizontal substrate expe-

riencing a wettability gradient was considered. Since it is energetically
favourable for the droplet to cover the highly wettable area, a move-
ment towards this region is induced. While in chapter 3 and section 4.1
the wettability profile was used to induce movement, in the following,
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Figure 5.7: Visualisation of the employed wettability spot profile given by
eq. (5.5). The center of the highly wettable circle is chosen to be
equal to the center of the domain, while xA/Lx = 0.2, ls/Lx =
0.02 and Lx = 3/2Ly.

it will be employed to prohibit the sliding movement of the droplet
down the incline. To achieve this, the driving force down the incline
has to be balanced by the appropriate wettability gradient strength.
A simulation was performed using the wettability profile given by
eq. (5.5) with ρHW = −1, ρLW = 1, ls = 0.1, xA = 5 and a domain
with α = 65◦, Lx × Ly = 30× 15. Snapshots of this simulation are
displayed in fig. 5.8. The positions of the wettability profiles points of
steepest slope, i. e., where s(x) = xA are marked by a dotted black line.
As the initial condition, the parabolic droplet given by eq. (3.10) with
h0 = 1.6, placed at the centre of the domain, was chosen. The initial
state is displayed in fig. 5.8 a). Due to the high wettability at the centre
of the wettability spot, the droplet spreads out while at the same
time following the driving force down the incline. Once the droplet
reaches the transition region at the right side of the wettability profile,
it experiences the force resulting from the wettability gradient. Since
the wettability in the transition region decreases for increasing values
of x, the resulting force acts towards smaller x-values, i. e., opposite to
the driving force. In the case presented in fig. 5.8 the driving force is
smaller than the force resulting from the wettability gradient. Thus,
the droplet remains within the highly wettable spot and assumes the
equilibrium state portrayed in fig. 5.8 b). The droplet, therefore, is
pinned by the applied wettability profile. One can observe a deformed
droplet covering the right half of the highly wettable spot. While most
mass is contained within the highly wettable area, a small fraction is
spread beyond the marked transition region towards larger x values.
Increasing the droplets volume leads to an increased driving force (cf.
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Figure 5.8: Snapshots obtained during the numerical simulation of a liquid
droplet on a heterogeneous, inclined substrate. The initial droplet
height is chosen to be h0 = 1.6 and the inclination angle of the
substrate as α = 65◦. The wettability profile applied is given by
eq. (5.5) with ρHW = −1, ρLW = 1, xA = 5, ls = 0.1. The points of
steepest slope, i. e., s(x) = xA are marked by a dotted black line.
a) shows the initial state, whereas b) portrays the equilibrium
state of a droplet pinned by the wettability spot.

eq. (2.1)). The force resulting from the wettability pattern undergoes
only minor changes due to the altered droplet shape. Choosing a suffi-
ciently large volume, therefore, leads to the depinning of the droplet.
Pictures of the height profile during the simulation of a droplet with
the initial height h0 = 1.6825 are shown in fig. 5.9. For the performed
simulation, all parameters, except the initial droplet height, are chosen
the same as for fig. 5.8. The initial state is portrayed in fig. 5.9 a).
As the droplet has adapted to the inclination and high wettability of
the spot, it assumes an asymmetrical shape and moves towards the
border of the highly wettable spot. Once it has reached the border
and experiences the wettability gradient, the dynamics slow down
significantly. During this slow evolution the state shown in fig. 5.9
occurs, which is similar to the equilibrium state of a droplet with
h0 = 1.6, shown in fig. 5.8 b). For the film height employed here,
however, the droplet does not assume its equilibrium shape but can
gradually move over the wettability gradient, thus, forming a droplet
outside the highly wettable spot. This state is displayed in fig. 5.9 c).
After enough mass has accumulated outside of the spot, the droplet
pinches off from the liquid, still contained by the wettability gradient.
The driving force, therefore, exceeds the surface tension holding the
liquid structure together. The depinned droplet and the small volume
of remaining liquid are shown in fig. 5.9 d). Note that due to periodic
boundary conditions being in place, the dynamics exhibited by the
liquid show a cyclic behaviour. The depinned droplet can freely move
down the incline until it reaches the highly wettable spot again. After
it enters the spot, it spreads out and slows down once the right side
of the wettability gradient has been reached. It deforms into the shape
presented in fig. 5.9 b), and the dynamics repeat themselves.
A parameter useful for illustrating this repeating pattern is the posi-
tion of the maximum film height xmax. Here only the position along
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Figure 5.9: Snapshots obtained during the numerical simulation of a liq-
uid droplet on an inhomogeneous inclined substrate. The initial
droplet height was chosen as h0 = 1.6825, while all other parame-
ters are equal to those given in the caption of fig. 5.8. a) shows
the initial state of a paraboloid droplet at the centre of a highly
wettable spot. The droplet reaches the transition region in b).
Most mass can penetrate the wettability gradient, which leads to
the formation of a droplet outside the highly wettable area while
some of the liquid remains within. c) and d) show the liquid’s
height profile before and after the droplet has disconnected from
the liquid within the spot, respectively.
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Figure 5.10: Position of the liquid film heights maximum along the x-
direction xmax, displayed as a function of the simulation time
t. The displayed results were obtained during the simulation
shown in fig. 5.9 as well as during an analogous simulation using
a droplet with the initial height h0 = 1.685. Dashed and dotted
lines illustrate the periods denoted as TA

p and TB
p for h0 = 1.6825

and h0 = 1.685, respectively. They are obtained by measuring the
distance between the local maxima of xmax. These local maxima
correspond to the droplets reaching the right domain boundary.
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the x-axis is relevant since, due to the lack of forces acting parallel to
the y-axis, the maximum does not move along the y-direction.
Figure 5.10 shows the temporal evolution of xmax for the droplet
displayed in fig. 5.9, i. e., h0 = 1.6825 as well as for a droplet with
h0 = 1.685. During the initial times, the behaviour of both droplets is
identical, as in both cases the initially placed droplet needs to adapt to
the inclined and heterogeneous substrate. As discussed for h0 = 1.6825
the droplets spread out on the highly wettable area and move down
the incline until they encounter the wettability gradient, resulting in a
slowed-down movement (cf. fig. 5.9 b)). One can observe these peri-
ods of slow movement in fig. 5.10 as almost horizontal lines, which
significantly differ in length for the two used initial heights. After
some time, the liquid slowly crosses the gradient and the velocity
increases, leading to an increase of xmax. Due to the increasing mass
of the droplet outside of the wettability spot (cf. fig. 5.9 c)) the velocity
increases, leading to a non-linear increase of xmax until the droplet has
completely depinned, after which a linear behaviour can be observed.
Due to the periodic boundary conditions, the position of maximum
liquid height jumps from xmax = Lx/2 to xmax = −Lx/2, and keeps
increasing linearly. Once the droplet again experiences the wettability
gradient, the velocity slightly increases until the right boundary of the
spot has been reached. Now the dynamics slow down again, and the
behaviour repeats itself.
From the times at which xmax = Lx/2 holds, the periods Tp for the
different heights can be determined. For the droplet with h0 = 1.6825
this results in TA

p = 5684 while for the slightly larger droplet, with
an initial height roughly 0.15% larger, one obtains TB

p = 4212. The
large difference in the periods is caused by the proximity of the initial
film height to the critical value. For an initial film height of h0 = 1.68,
a stable pinned droplet is obtained. Thus, the forces acting on the
droplet at the boundary of the wettability spot are almost balanced,
resulting in slow dynamics.
Until now, the employed inclination angle was kept at α = 65◦. In
order to get a better understanding of the inclination angle’s influence
as well as the interaction with the initial film height, i. e., the volume,
a parameter scan of the initial film height h0 and the inclination angle
α was performed. For each parameter set a simulation analogous to
figs. 5.8 and 5.9 was carried out. In order to efficiently determine
whether or not the wettability profile pins the droplet, a maximum
of 300 timesteps were performed. During the simulations, the adap-
tively chosen time-stepping size dt was monitored. Once it crossed
the threshold value of dt = 105, the simulation was terminated since
it can be assumed that such time steps only occur for stable states,
i. e., pinned droplets. If all 300 timesteps are performed without the
simulation’s termination, the parameter set is assumed to result in a
depinned droplet.
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Figure 5.11: Investigation of droplet pinning using an α and h0 parameter
scan for a wettability profile given by eq. (5.5) with ρHW =
−1, ρLW = 1, ls = 0.1, xA = 5. The domain size was chosen as
Lx × Ly = 30× 15 and a paraboloid droplet given by eq. (4.1)
was chosen as the initial condition. Each marker corresponds to
an investigated parameter set. The circular markers and green
background indicate a stable pinned droplet, while the triangles
and orange background mark a depinned droplet sliding down
the incline. The grey area is used to mark the area where the lack
of simulations does not allow conclusions about the stability of
the droplet.

An illustration of the obtained results for the wettability pattern used
in figs. 5.8 and 5.9 is displayed in fig. 5.11. The background colours
as well as the symbols indicate whether a pinned droplet (cf. fig. 5.8),
marked in green with circles or a depinned droplet (cf. fig. 5.9), in-
dicated by the orange background and triangles, is obtained. The
transition region is marked as a grey background. Note that due to the
resolution of the employed parameter scan, no conclusion about the
equilibrium position of the droplets within this region can be made.
One can see that both the initial film height, as well as the inclination
angle have a significant influence on the depinning of the droplets.
For small inclination angles (initial film heights), no initial film height
(inclination angle) could be determined for which a depinning occurs.
The form of the critical region suggests that this behaviour continues
beyond the investigated parameter region. Especially for small film
heights in the order of h0 ≈ 1, the stable pinned droplet region extends
further towards large inclination angles.
An analogous investigation using a more shallow wettability profile,
i. e., with ρHW = −0.5 and ρLW = 0.5 was performed to obtain the
results shown in fig. 5.12. The investigated parameters were varied in
the same range as it was done for fig. 5.11. However, since a smaller
wettability gradient was employed, the area of a stable/pinned droplet
is greatly reduced. The general form of the plot nevertheless remains
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Figure 5.12: Results of a droplet pinning investigation using an α and h0
parameter scan equivalent to fig. 5.11 except for the employed
wettability parameters ρHW = −0.5, ρLW = 0.5. All displayed
attributes retain their meaning from fig. 5.11.

the same. For small inclination angles, i. e., α < 15◦, the area of stabil-
ity still extends beyond the considered parameter region for the initial
height h0, whereas for small initial film heights h0, the area of stability
only extends beyond the maximum inclination angle for h0 = 1 while
all other values lead to unstable droplets.

5.2.3 Switchable Wettability Profile

While a temporally constant wettability pattern was employed in sec-
tion 5.2.2, this section will include an additional time dependence. In
section 5.2.3.1 instantaneous switches of the wettability parameters
ρHW and ρLW will be considered, as it was done in section 4.2. Sec-
tion 5.2.3.2 will consider a moving wettability profile analogous to
chapter 3 and section 4.1.

5.2.3.1 Stationary Switchable Wettability Profile

The employed wettability profile remains the same as in section 5.2.2,
as does the domain size. The used wettability value sets are ρHW =

−1, ρLW = 1, denoted in the following as S1 and ρHW = ρLW = 1, i. e.,
a homogeneous substrate with ω(x, t) = 1, denoted as S2. While for
S1 pinning can occur depending on the inclination angle and initial
height of the droplet (c.f. fig. 5.11), the homogeneous substrate S2 will
inevitably lead to a sliding droplet as soon as α 6= 0 [13].
In the following, the switching of the wettability parameters will be
investigated as a method to induce periodic pinning (depinning). For
this, h0 will be chosen such that the resulting droplet is pinned by
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S1. A switch to S2 will result in a sliding movement of the droplet
down the incline. Switching back to S1 before the droplet has left
the region of the wettability gradient can induce an uphill movement
of the droplet and result again in a pinned state. For this behaviour
to occur, the switching times must be chosen short enough for the
droplet to experience the wettability gradient once S2 is switched to
S1. Simultaneously the wettability gradient must be chosen strong
enough to outweigh the driving force down the incline. During the
following investigations only the influence of the switching times will
be considered.
To investigate the periodic pinning of droplets, a paraboloid droplet
with h0 = 1.6 is placed at the center of a substrate equivalent to the
one used for fig. 5.8. The initial height is chosen to ensure the existence
of a stable, pinned state on S1 (c.f. fig. 5.11). After the droplet has
adapted to the substrate fig. 5.13 a) is obtained. Here the droplet has
assumed its equilibrium pinned shape, equal to the state shown in
fig. 5.8 b). After the equilibrium state is assumed, the substrate is
switched to S2, resulting in the state shown in fig. 5.13 c). Here the
droplet has not yet adapted to the newly employed S2. Due to the
homogeneous substrate, the droplet starts to slide down the incline
and assumes an almost spherical cap shape. Before the substrate is
switched back to S1 the state displayed in fig. 5.13 d) is obtained, while
the state shortly after the switch is shown in fig. 5.13 e). At the time
of switching, the droplet’s left part is inside the wettability spot and
starts to spread out due to the highly wettable substrate. The right
part, on the other hand, continues to move down the incline. Over
time more liquid accumulates outside of the wettability spot. This
leads to a formation of a droplet outside of the spot, connected to
the liquid within through a thin liquid bridge shown in fig. 5.13 e).
The formed droplet continues moving down the incline, leading to
a pinch off. Thus, the droplet can freely move down the incline with
an almost spherical cap shape. Additionally, a small amount of liquid
is left behind within the wettability spot, similar to the depinning
process observed in fig. 5.9. The corresponding state is displayed in
fig. 5.13 f).
Increasing the switching time further leads to an increased distance
between the droplet’s position at the time of switching from S2 to
S1 and the centre of the wettability profile. For switching times that
lead to the droplet still experiencing the wettability gradient at the
time of switching S2→ S1, the time it takes for the pinch-off to take
place decreases. For even larger switching times, the droplet does not
experience the heterogeneity and thus continuous moving down the
incline uninhibited by the switch.
If the switching time is decreased, a more significant fraction of the
liquid’s volume is present within the highly wettable spot once the
substrate is switched back to S1. Since less liquid has crossed the
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Figure 5.13: Snapshots obtained during the S1→ S2→ S1 switching. The
time for which S2 was applied was chosen as TS2 = 17.9. a)
shows the pinned state of a droplet with h0 = 1.6 on S1, i. e., a
heterogeneous substrate with the wettability pattern equal to the
one employed for fig. 5.8. Shortly after S2, i. e., the homogeneous
substrate with ω(x, t) = 1, was employed, the state displayed
in b) was obtained. Here the droplet has not yet adapted to
the substrate. c) shows the droplet shortly before switching the
wettability pattern back to S1. It has moved down the incline
and exhibits an almost spherical cap shape. d) shows the state
shortly after the pattern is switched back to S1. The left part
of the droplet is starting to move back into the wettability spot
while the right part remains outside. In e), most of the liquid has
left the wettability spot and accumulated in a droplet connected
to the liquid remaining in the spot through a narrow liquid
bridge. In f), the droplet has pinched off and moves down in a
shape analogous to c) while a small part of the liquid remains
within the highly wettable spot.
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wettability gradient, no droplet forms outside the spot and all of the
liquid retracts back into the spot, leading again to a pinned state.
Decreasing the switching time to TS2 = 17 results in the droplet being
able to move back up into the highly wettable spot and assume the
pinned state again. Once the droplet has reached the pinned state,
the switching can be repeated with an identical outcome. One can,
therefore, induce a periodic behaviour of the liquid if the time TS1, for
which S1 is employed, is chosen correctly. For TS1 = 383 and TS2 = 17
one is able to obtain this kind of periodic behavior. The switching
pattern for ρHW during a simulation, employing these switching times,
is shown in the upper panel of fig. 5.14. Since ρLW = 1 is employed
during the entire simulation, ρHW = 1 corresponds to a homogeneous
and ρHW = −1 to a heterogeneous substrate, where the heterogeneity
is equivalent to the one used in fig. 5.13. Within the upper panel
of fig. 5.14, the states shortly after the switch S1→S2 and S2 → S1

are indicated with orange and green dots, respectively. Due to the
periodicity of the switching pattern, all states marked are identical to
their equally coloured counterparts. One of the states after the S1→
S2 switch is displayed in fig. 5.14 a). The droplet has not yet adapted
to the homogeneous substrate and, thus, still has the form induced by
the highly wettable spot. On the homogeneous substrate, the droplet
assumes an almost spherical cap shape as it slides down the incline. At
the time of switching from S2 to S1, most of the liquid is still present
within the spot (c.f. fig. 5.14 b)). Comparing the state shortly after the
S2→S1 switch, to the corresponding state for TS2 = 17.9, displayed in
fig. 5.13 d), a slight difference is visible. Due to the shorter switching
time of TS2 = 17, the droplet in fig. 5.14 b) has not yet progressed as
far down the incline as it is the case for TS2 = 17.9. The liquid will,
therefore, not form a droplet outside of the domain, as it occurred in
fig. 5.13 e), but rather completely move up the incline into the highly
wettable spot. After TS1 = 383, the droplet has again assumed the
pinned state (c.f. fig. 5.13 a)). Once the pinned state is obtained, the
switching pattern is repeated, leading to identical states.
As shown in the upper panel of fig. 5.14 TS1 was chosen larger than
TS2. This was done to ensure the droplet’s return to the pinned state
before the next switch to S2. If TS1 is decreased, the droplet may not
have returned to the pinned state and, therefore, be positioned further
down the incline once the substrate is switched to S2, resulting in a be-
haviour analogous to fig. 5.13. The droplet cannot return to the pinned
state but rather separates into a small part of liquid contained by the
highly wettable spot and a droplet moving down the homogeneous
region of the substrate.
In order to determine the correct value for TS1 one may perform a
single switching period, i. e., a S1→S2→S1 switch for a chosen value of
TS2. The simulation is continued until the pinned droplet is obtained.
From the simulation results, the necessary switching time TS1 can be
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determined as the time after the S2→S1 switch required for the point
of maximum height to return to the value corresponding to a pinned
droplet.
For different droplet heights, both switching times TS1 and TS2 have
to be adapted since, e. g. an increase of the initial height results in an
increased droplet speed and, thus, a faster movement away from the
wettability gradient. At the same time, however, the increased film
height results in a larger base area of the droplet. Thus, the droplet can
move down the incline further while still experiencing the wettability
spot after the S2→S1 switch. The switching time T1 was determined
for h0 = 1.6 as well as for h0 = 1.55, using the method described
in the beginning of this section. For the larger liquid volume, the
switching time TS2 = 17.6 was obtained, whereas the investigation of
the smaller droplet resulted in TS2 = 25.8. For the considered liquid
heights, the switching time TS2 increases with decreasing initial film
height. Thus the increase of the velocity outweighs the increased base
area. However, a more thorough investigation should be performed to
determine the behaviour for a larger range of film heights.
To determine the appropriate switching times for various initial film
heights h0, one can start with a large initial film height and determine
the critical switching time, as described at the beginning of this section.
Since the switching times increase for decreasing film heights, investi-
gating the initial film height in decreasing order, one can use the result
obtained from the previous h0 as the starting point for the following
film height. This way, the computational costs can be minimised1.

5.2.3.2 Moving Wettability Profile

Analogous to the wettability profiles considered in chapter 3 and sec-
tion 4.1, a velocity can be introduced into eq. (5.5), resulting in a
moving wettability pattern. The resulting moving wettability pattern
is again given by eq. (5.5) with an adapted definition of the parameter
s

s(x̃) =
√
(x̃)2 + (ỹ)2. (5.7)

Here x̃, ỹ denote the values of x and y shifted by the velocity times
the time vinhomt with an additional remapping to include the periodic
boundary conditions. This coordinate transformation is again given
by eq. (3.4) adapted to the two dimensional substrate such that x
corresponds to x (y), c to cx (cy) and L to Lx (Ly).
The pattern can analogously to chapter 3 and section 4.1 be used as a
method to induce a desired liquid movement. While in the case of a
horizontal substrate, the droplet remained stationary without applying

1 This method only works under the assumption that the change of driving force has a
larger impact on the dynamics than the increase of the base area for all film heights.
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Figure 5.14: The upper panel displays the value of ρHW during a simulation,
where a wettability profile analogous to fig. 5.13 with instan-
taneous switches between ρHW = ±1 was applied. The orange
points mark the states immediately after switching to the homo-
geneous substrate S2. The height profile of this state is portrayed
in panel a). The green dots indicate the states immediately after
switching back to the heterogeneous substrate S1. The corre-
sponding height profile is displayed in panel b).

a (moving) wettability profile, the liquid on a homogeneous inclined
substrate inevitably starts moving. As discussed in section 5.2.2, sta-
tionary wettability patterns may be applied to inhibit any movement
of the liquid, resulting in an equilibrium pinned state. Using the mov-
ing wettability profile, however, the movement of the droplet can be
altered. Examples include slowing down, or speeding up, the droplet’s
decline by applying a wettability profile with a velocity smaller, or
larger than the velocity of the droplet on an analogous homogeneous
substrate. For the slowed movement, the limiting case is the pinned
droplet discussed in section 5.2.2, as it corresponds to a completely
halted droplet movement. Thus, using the wettability parameters lead-
ing to a pinned state, one can arbitrarily slow the liquid’s movement
down the incline. The parameters for the pinned states shown in
figs. 5.11 and 5.12 may, therefore, be used as a starting point for the
determination of wettability parameters suitable to induce the desired
speed reductions.
Choosing the parameters used in fig. 5.8 the droplets velocity can be
set by the speed of the inhomogeneity profile vinhom, as long as the
droplet’s sliding speed on a homogeneous, equally inclined substrate
is larger than vinhom and vinhom ≥ 0. This was done for fig. 5.15. The
upper panel displays a time series of the point’s of maximum height
position along the x-axis xmax during the simulation of a droplet on
a homogeneous substrate (blue), with ω(x, t) = 1, as well as, for the
wettability profile given by eq. (5.5), with the same parameters as
for fig. 5.8 and vinhom = 0.05 (orange). Both substrates are inclined
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by α = 65◦. While the liquid’s initial adaption to the inclined sub-
strate causes both curves to overlap for small simulation times t, a
clear divergence of both curves can be observed for larger times. Both
graphs show a linear increase, as is to be expected from a constant
driving force. The curve for the droplet on the heterogeneous sub-
strate exhibits a significantly smaller inclination than the curve for the
droplet on a homogeneous substrate. The bottom panels of fig. 5.15

display two states obtained during the simulation of the heteroge-
neous substrate. Their corresponding positions in the upper panel
are marked and labelled according to the panel labels. While fig. 5.15

a) was obtained during the initial adaption process of the droplet to
the inclined substrate, b) corresponds to the equilibrium state of the
advected droplet, moving at constant speed and shape. Measuring
the steepness of the curve after the initial adaption process, i. e., for
t > 100, one can confirm that the droplet’s velocity matches the inho-
mogeneity speed vdrop = vinhom = 0.05.
By decreasing the speed of the inhomogeneity further while keeping
all other parameters constant, one can obtain arbitrarily slowed-down
droplet velocities. If the speed of the profile is reduced to negative
values, an uphill movement of the liquid may be induced. For this to
occur, the force acting on the droplet due to the wettability gradient
not only has to match the driving force, as was the case for pinned
droplets (c.f. section 5.2.2), but rather has to exceed it. The droplet
velocities obtainable for an uphill movement are, therefore, greatly
reduced compared to the downward velocities. Note that this process
is similar to the experimental realization in [6], where a constant wet-
tability gradient covering the entire substrate was employed to induce
an uphill movement. Using a moving wettability gradient has the
advantage that the advection may be extended to arbitrary substrate
lengths while exposing the droplet to a constant wettability strength.
The upwards movement will not be investigated further here. Instead,
in the following, the acceleration of a downward movement will be
discussed.
A speed-up of the droplet’s movement down the incline can be in-
duced by choosing the velocity of the profile larger than the droplet’s
speed on the homogeneous substrate. Here the pinned state discussed
in section 5.2.2 can no longer be considered the limiting case. Analo-
gous to chapter 3, the speed obtainable depends strongly on the used
parameters of the wettability profile, the height of the droplet and
additionally the inclination angle. The general influence observed for
the different parameters in chapter 3 can be extended to the moving
wettability pattern on an inclined substrate, i. e., the largest droplet
velocities can be obtained by using a strong wettability gradient while
for too large velocities of the profile the liquid will be left behind. Note
that the influence of the initial height h0 on the maximum droplet
speed is distinct from section 3.4.2, as the application of the moving
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Figure 5.15: Shown in the upper panel is the x-coordinate of the position
of maximum height for different times during the simulation
of a liquid droplet with h0 = 1.6 on a homogeneous substrate
with ω(x, t) = 1 (blue) and on a moving wettability spot given
by eq. (5.5) with ρHW = −1, ρLW = 1.0, ls = 0.1, xA = 5.0 and
vinhom = 0.05 (orange). The bottom panels show two states ob-
tained for the droplet on the heterogeneous substrate. a) was
obtained during the droplets adaption process to the heteroge-
neous, inclined substrate, whereas b) constitutes the equilibrium
state of the droplet moving at a constant speed.

wettability profile only alters the sliding velocity of the droplet, while
the sliding velocity itself strongly depends on the film height (c.f.
eq. (2.1)).
The distance of the point of maximum height to the centre of the wet-
tability profile along the x-axis for two different wettability speeds is
displayed in the upper panel of fig. 5.16. The distance, or droplet lead
as it was denoted in section 3.3, was calculated using the definition
given in eq. (3.12), where L has to be replaced by Lx. The distance
along the y-axis remains zero during the simulation as the droplet
is not exposed to any forces acting parallel to the y-direction. The
wettability parameters employed are the same as for fig. 5.15 except
for the velocities of the profiles which were chosen as vinhom = 0.17
and vinhom = 0.19 plotted in orange and blue, respectively. Four states
obtained during the simulations are portrayed in panel a) - d) of
fig. 5.16. Their corresponding points in the upper panel are marked
by colour-coded circles and additional labels indicating the associated
panels. The states displayed in a) and b) were obtained during the
initial times of the simulations using vinhom = 0.19 and vinhom = 0.17,
respectively. Both droplets are entirely contained by the moving wet-
tability profile and, due to the wettability profile being faster than
the freely moving droplet, are concentrated at the left side of the
moving wettability profile. For increasing times, one can observe in
the upper panel of fig. 5.16 that both droplets increase their distance
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Figure 5.16: The upper panel shows the distance s along the x-direction
between the point of maximum height and the centre of the
wettability spot given by eq. (3.12). The two curves correspond
to droplets with h0 = 1.6 on a moving wettability profile analo-
gous to the one used in fig. 5.15 with the velocities vinhom = 0.19
(blue) and vinhom = 0.17 (orange). The bottom panels display
states obtained during the two simulations, here panel a) and
c) correspond to vinhom = 0.19 while the panel b) and d) were
obtained for vinhom = 0.17. The points in the upper panel corre-
sponding to the displayed states are marked by dots and colour
coded according to the used velocities.

to the centre of the inhomogeneity. For vinhom = 0.17, similar to the
behavior observed in section 3.3, this process stops once an equilib-
rium distance of s ≈ 3.2 has been reached. The droplet continues to
move down the incline with constant shape and distance to the profile,
i. e., at a constant velocity vdrop = vinhom. This behaviour results in a
horizontal line in the upper panel of fig. 5.16. The corresponding state
is displayed in fig. 5.16 d). For vinhom = 0.19, the distance continues to
increase, leading to the droplet slowly leaving the highly wettable spot.
A snapshot of the droplet leaving the heterogeneity and thus ceasing
to experience the wettability gradient is displayed in c). It results in
a sudden change of the steepness of the corresponding curve in the
upper panel since the velocity of the droplet reduces to the value on a
homogeneous substrate with ω(x, t) = 1 while the wettability profile
continuous moving at vinhom = 0.19. Both of these dynamics were
already observed for the horizontal substrate in chapter 3 and sec-
tion 4.1.
The previously discussed method of slowing down or speeding up the
liquid’s decline can be employed as a control mechanism for droplets
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Figure 5.17: Snapshots obtained during the numerical simulation of a liquid
droplet with h0 = 2.4 on an inclined substrate with α = 65◦ and
a moving wettability profile given by eq. (5.5) with vinhom =
0.212, ρHW = −1.0, ρLW = 1.0, ls = 0.1 and xA = 4.5. a) shows
the initial state, i. e., at t = 0, whereas in b) the liquid’s state
at t = 305, i. e., after the droplet has crossed its initial position
for the second time, is displayed. Panel b) corresponds to the
equilibrium height form of the droplet.

exhibiting a pearling instability. While for the prevention of a pearling
instability, the droplets need to be slowed down also, the induction of
an instability is possible by increasing the velocity of a droplet below
the critical volume.
Using a droplet given by eq. (4.1) with h0 = 2.4 on a homogeneous sub-
strate with the inclination angle α = 65◦ results in a pearling instability,
as discussed in section 5.1. The speed of the point of maximum height
during the beginning of the simulation, i. e., before the emission of the
first satellite droplet, is approximately equal to vdrop ≈ 0.23. Using a
moving wettability profile with vinhom = 0.212, ρHW = −1.0, ρLW =

1.0, ls = 0.1 and xA = 4.5 results in the states shown in fig. 5.17. Here
a) corresponds to the initial state of the liquid. The dashed black line
marks the points of maximum steepness of the wettability profile. The
droplet adapts to the inclined substrate and the wettability profile
while at the same time being advected down the incline. Due to the
employed wettability pattern, the form of the droplet is restricted.
Simultaneously the velocity of the droplet is reduced to the speed
of the heterogeneity. Both of these effects result in a stabilisation of
the liquid structure. Thus, the form of the droplet, after the initial
adaption to the substrate, does not change throughout the integration.
The equilibrium shape of the liquid is displayed in fig. 5.17 b). The
portrayed state was obtained at t = 305, after the droplet crossed
the domain for the second time. The time at which fig. 5.17 b) was
obtained corresponds approximately to the time at which fig. 5.2 f)
was obtained. Comparing the two states, it is apparent that the moving
wettability was successfully employed to prevent the pearling instabil-
ity.
Snapshots of a direct numerical simulation, where the moving wet-
tability profile was employed to induce a pearling instability for a
droplet with a volume below the critical one, are displayed in fig. 5.18.
The droplet is advected by a moving wettability profile with the pa-
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Figure 5.18: Snapshots obtained during the numerical simulation of a liquid
droplet with h0 = 2.2 on an inclined substrate with α = 65◦

being advected by a moving wettability profile given by eq. (5.5)
with vinhom = 0.25, ρHW = −1.0, ρLW = 1.0, ls = 0.1 and xA =
4.5. a) shows the state shortly after the start of the simulation,
where the droplet has formed a cusp. The cusp grows over time,
leading to the formation of a pronounced tail, as shown in b).
The droplet emits a satellite and continues to elongate, leading to
the state shown in c). Due to the periodic boundary conditions,
the emitted satellite droplet starts to experience the wettability
spot and recombines with the main droplet, shown in d).

rameters given in the caption of fig. 5.18. At the beginning of the
simulation, the liquid starts to form a cusp as shown in fig. 5.18 a).
Analogous to the pearling instability on a homogeneous substrate
discussed in section 5.1 liquid starts to accumulate in the cusp, leading
to the formation of a tail. This state is displayed in fig. 5.18 b). Panel
c) shows the state shortly after a droplet is emitted from the end of
the tail and the elongation of the main droplet continuous. Due to
the periodic boundary conditions, a cyclic behaviour occurs as the
satellite droplets are absorbed by the main droplet again. Note that
the position of maximum liquid height moves away from the centre
of the wettability spot and for fig. 5.18 d) even lies outside of the
spot. Therefore, the liquid is unable to keep up with the wettability
structure and is ultimately left behind. However, if the wettability
profile is applied for a sufficient time, a pearling instability can be
induced for droplets below the critical volume by applying a moving
wettability profile of appropriate strength and speed.
Since the maximum velocity of the droplet depends on the volume of
the droplet itself, it is not possible to induce arbitrary droplet speeds.
Thus, the droplet volume for which a pearling instability can be in-
duced is limited.
In addition to the induction of a pearling instability, it is also possible
to alter the exhibited instability. As discussed in section 5.1 and ap-
pendix B.2, the dynamics during the pearling instability depend on
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Figure 5.19: Snapshots obtained during the numerical simulation of a liquid
droplet with h0 = 2.4 on an inclined substrate with α = 65◦

being advected by a moving wettability profile given by eq. (5.5)
with vinhom = 0.3, ρHW = −1.0, ρLW = 1.0, ls = 0.1 and xA =
4.5. a) shows the liquid’s state after forming a pronounced tail.
b) shows the equilibrium state, where the droplet has connected
with itself and surface waves have formed.

the droplet’s volume and the employed inclination angle. Different
regimes were observed, which differ in the number of emitted satel-
lites. Additionally, one regime, leading to the formation of surface
waves was observed.
Snapshots of a simulation, where the moving wettability profile was
used to induce the formation of surface waves for a droplet with an
initial height h0 = 2.4 are displayed in fig. 5.19. Note, that the dynam-
ics on a homogeneous substrate are displayed in fig. 5.2.
Figure 5.19 a) shows the state of the liquid at t = 126, where a pro-
nounced tail has formed. Due to the periodic boundary conditions,
the liquid can connect with itself. After some time the structure takes
on the shape displayed in fig. 5.19 b), which was obtained at t = 1316.
This state corresponds to a surface wave. A similar state was also ob-
served during the naturally occurring pearling instability in fig. B.7. In
contrast to the homogeneous substrate, here, the wettability gradients
at the boundaries of the spot result in a deformation of the liquid. For
large simulation times, i. e., t = O(1013), the liquid retains the shape
displayed in fig. 5.19 b). The maximum continues to move down the
incline at the speed of the inhomogeneity .
The method presented here for controlling the pearling instability
using moving wettability profiles may be used as a starting point to
develop more reliant methods with a broader applicability, e. g. by
tuning the employed parameters.
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S U M M A RY A N D O U T L O O K

Within this thesis, the liquid dynamics on switchable, prestructured
substrates were investigated numerically. For this, direct numerical
simulations of the nonlinear thin-film equation [20, 46, 48] were per-
formed using the finite element method implemented by the open-
source library oomph-lib [19]. The driver code employed during this
thesis was developed in [40] and extended for this work.
The first part of this thesis focused on the investigation of horizon-
tal substrates. For this, in chapter 3 initial considerations of a one-
dimensional droplet on a substrate with a moving wettability profile
were performed. Here, the switchable substrate was utilized as a
method to advect the liquid droplet. Investigations of the maximum
advection speed were performed, which showed that the speed de-
pends on the employed wettability profile parameters and the liquid
volume. During these investigations, it was shown that a proportional-
ity obtained from the Cox-Voinov law [18] also holds for the model
employed here.
An attempt was made to extend the one-dimensional results to a
two-dimensional system in section 4.1. It was shown that the obtained
one-dimensional results could be extended if one employs the ap-
propriate initial condition, i. e., a two-dimensional ridge. The general
dynamics, however, also remain similar for a two-dimensional droplet.
In section 4.2, the so-called Plateau-Rayleigh instability, a transversal
instability exhibited by liquid ridges, was observed, and the appli-
cability of switchable substrates as control mechanisms investigated.
Here, switching patterns for the employed wettability profile were
determined with which one can obtain locally stable versions of the
meta-stable plateau states which exhibit themselves during the nat-
urally occurring Plateau-Rayleigh instability. Since a positive real
eigenvalue was obtained for the locally-stable states, direct numerical
simulations of distorted versions of these states were performed. These
showed that the obtained states truly are locally stable.
Chapter 5 considered the dynamics of a thin liquid film on an inclined
substrate. The pearling instability was initially examined in section 5.1.
Here, the expected behaviour could be observed and multiple regimes
determined (c.f. appendix B.2). A substrate with a time-dependent in-
clination angle was employed as a second kind of switchable substrate.
The influence of a temporally varying inclination angle on a liquid
droplet exhibiting a pearling instability was analyzed in section 5.2.1.
Here, a method could be determined to prevent a pearling instability
for a sliding droplet while maintaining a large advection speed down
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the incline.
As another control mechanism for liquid dynamics on an inclined
substrate, switchable wettability patterns were employed. By using
static heterogeneities of the wettability profile, droplets on the in-
clined substrate were pinned in section 5.2.2. Here, the influence of
the employed inclination angle and liquid volume on the pinning ca-
pabilities of the substrate were investigated. Periodically pinned states
could be obtained by performing periodic switches of the employed
wettability profile in section 5.2.3.1. For an initially pinned droplet,
the dynamics here correspond to periods of a sliding motion down
the incline, which, by switching the wettability pattern, turns into
an uphill movement until again the pinned state is obtained and the
switching pattern can be started anew.
In section 5.2.3.2 moving wettability patterns were employed for liquid
droplets on an inclined substrate. These profiles were used to decrease
or increase the velocity of the liquid structures’ movement down the
incline. The previously obtained results for pinned droplets could be
used as a limiting case for lowering the sliding velocity. This method
was applied to liquid droplets in the context of a pearling instability.
By speeding up the sliding movement, a pearling-like instability could
be induced for droplets which otherwise would not exhibit this kind of
instability. Analogously, decreasing the velocity of droplets exhibiting
a pearling instability resulted in a stabilization of the droplet’s shape
and, thus, the prevention of a pearling instability
The focus of the investigations performed during this work was the
manipulation and control of liquid dynamics through the applica-
tion of switchable substrates. A variety of control mechanisms were
employed, where most of these can and should be studied more
thoroughly. Further investigations of the employed switching patterns
should be attempted to broaden the range of applications and optimize
the switching schemes presented here. For some of the investigated
topics, e. g. pinned droplets, the application of continuation methods
could simplify the investigations compared to the employed direct
numerical simulations.
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A
N O N D I M E N S I O N A L I S AT I O N

During this thesis a nondimensionalised form of the thin-film equation
is being employed. In the following, the process of performing this
nondimensionalisation will be explained. An analogous nondimen-
sionalisation was applied in [41, 49] for horizontal substrates.
The full form1 of the dimensional thin-film equation is given by

∂th = ∇
[

h3

3η
∇P(h, x, t) + Gα

]
,

P(h, x, t) = −γ∆h−
(

B
h6 −

A
h3

)
(1 + ω(x, t)) .

(A.1)

Here η is the fluid’s dynamic viscosity, γ the surface tension and A
and B correspond to long- and short-range Hamaker-type constants,
respectively [20, 32]. G is the gravitational constant, equal to the
density of the liquid ρ times the gravitational acceleration g. One can
arrive at equations for A and B by first determining the zero of the
disjoining pressure, i. e., the minimum of the wetting potential (c.f.
fig. 2.2). As mentioned in section 2.1 the minimum corresponds to the
height of the precursorfilm hp, for which one thereby obtains

hp =

(
B
A

)1/3

. (A.2)

Secondly, one can use a relation between the equilibrium contact angle
θeq and the wetting potential f (h, x, t) [49]

θeq =

√
−2 f (hp, x, t)

γ
. (A.3)

This relates to the disjoining pressure through eq. (2.8).
Using eq. (A.2), eq. (A.3) and eq. (2.8) for the wetting potential, the
following expressions for A and B can be derived

A =
5
3

γθ2
eqh2

p, B =
5
3

γθ2
eqh5

p. (A.4)

The generalized pressure can therefore be expressed as

P(h, x, t) = −γ∆h− 5
3

γθ2
eqh2

p

(
h3

p

h6 −
1
h3

)
[1 + ω(x, t)]. (A.5)

To perform the nondimensionalisation, scales need to be introduced

x→ x0x̃, h→ h0h̃, G → G0G̃, t→ t0 t̃. (A.6)

1 neglecting the hydrostatic pressure as in [12]
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Applying these scales to eq. (A.1) leads to

h0

t0
∂th̃ = ∇ 1

x0

{
h3

0
h̃3

3η

[
∇ 1

x0
P(h̃, x̃, t̃) + G0G̃α

]}
,

P(h̃, x̃, t̃) = −γ
h0

x2
0

∆h̃−Π(h̃, x̃, t̃),

Π(h̃, x̃, t̃) =
5
3

γθ2
eqχ2

h0

(
h3

p

h3
0h̃6
− 1

h̃3

)
[1 + ω(x̃, t)].

(A.7)

Here the variable χ =
hp
h0

with the height of the precursor film hp

and the nondimensionalisation scale h0 was introduced. Setting all
prefactors, except the one contained in the disjoining pressure equal
to one, results in the following set of equations

γh3
0t0

3ηx4
0
= 1,

5
9

γh0t0

ηx2
0

θ2
eqχ2 =

5
3

θ2
eqχ2,

h3
0t0G0

3ηx2
0

= 1,
h2

0t0G0

3ηx0
= 1.

(A.8)

These are fulfilled for the scales

x0 = h0, t0 =
3ηh0

γ
, G0 =

γ

h2
0

. (A.9)

Employing these scales results in the non-dimensionalised form of the
thin-film equation

∂th = ∇
{

h3 [∇P(h, x, t) + Gα ]
}

P(h, x, t) = −∆h− 5
3

θ2
eqχ2

(
χ3

h6 −
1
h3

)
[1 + ω(x, t)] .

(A.10)

A result of this scaling is that all spatial direction are scaled equally,
i. e., the same scaling is applied in the plane of the substrate as well as
for the film height orthogonal to the substrate’s plane.
During this thesis, h0 = 1 is employed and G is defined using the
surface tension of water. The macroscopical equilibrium contact angle
θeq is kept at θeq =

√
5/3. Due to the modulation term 1 + ω(x, t), an

effective equilibrium contact angle θeff
eq is determined by the parameter

θeq as well as ω(x, t) [41]

θeff
eq = θeq

√
(1 + ω(x, t)). (A.11)

In the thesis references to the contact angle and the variable θeq, if not
mentioned otherwise, refer to the effective contact angle.
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A D D I T I O N A L R E S U LT S

b.1 eigenfunctions of the stabilized states

This section includes several eigenfunctions determined for the sta-
bilized versions of the meta-stable two bulges and ridge state. For
both states, the expected varicose mode [20] could be observed. These
are displayed in fig. B.1 a) and b) for the ridge and two bulges state,
respectively. The remaining eigenfunctions for the two bulges include
eigenfunctions corresponding to the movement of the liquid either
along the wettability stripe, as shown in fig. 4.12 a), or orthogonal to
it, as displayed in fig. 4.12 c). Additionally, the eigenmode displayed
in fig. 4.12 b) was obtained, which corresponds to a formation of a
liquid ridge. The eigenfunctions obtained for the ridge state resemble
the formation of various numbers of bulges. Displayed in fig. B.3 are
the eigenfunctions corresponding to the formation of one, three, and
four bugles in panels a), b) and c), respectively.
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Figure B.1: a) and b) display the varicose eigenmodes of the stabilized ridge
and two bulges state discussed in sections 4.2.2.1 and 4.2.2.2,
respectively.

Figure B.2: Eigenmodes of the stabilized two bulges state discussed in sec-
tion 4.2.2.2. a) and c) correspond to a movement of one of the
bulges parallel and orthogonal to the stripe pattern, respectively.
b) corresponds to the formation of a liquid ridge. The associated
eigenvalues are a) λ = −5 · 10−5, b) λ = −0.07 and c) λ = −0.07.
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Figure B.3: Eigenfunctions of the stabilized ridge state discussed in sec-
tion 4.2.2.2. a), b) and c) correspond to the formation of one,
three, and four bulges, respectively. The associated eigenvalues
are a) λ = 5 · 10−3, b) λ = −16 · 10−4 and c) λ = −6 · 10−2.
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b.2 pearling instability

This section includes snapshots of the different regimes of the pearling
instability observed for a droplet flowing down an incline. It is an
extension to the consideration of section 5.1.
Figure B.4 shows snapshots of two droplets flowing down an incline.
The droplet in the upper row (panel a) and b)) has an initial film height
of h0 = 1.846 while for the droplet on the bottom row (panel c) and
d)), h0 = 2.215 was chosen. Both heights, i. e., volumes are below the
critical value, thus, no pearling instability occurs. While the images on
the left represent the initial condition at t = 0, the images on the right
display the liquid profile for t = 140. One can see that the increased
height of the bottom droplet leads to a more pronounced deformation
and an increased sliding speed. The smaller droplet retains a circular
base area while the larger droplet forms a cusp, i. e., an elongation
opposing the direction of movement. Both shapes remain stable, such
that due to the periodic boundary conditions the droplets slide down
the incline, retaining their shape for all times.
Increasing the initial film height, the droplet becomes unstable once
some critical value is surpassed. Analogous to the droplet portrayed
in the bottom row of fig. B.4, a cusp forms, as the liquid adapts to the
inclined substrate. In contrast to fig. B.4 d), however, this state does
not remain stable but the elongation process continues, resulting in
the formation of a tail. The tail elongates further, as it accumulates an
increasing amount of liquid, resulting in a pinch-off and the forma-
tion of two separate droplets. The corresponding state is displayed in
fig. B.5 for h0 = 2.26 and α = 65◦. Both droplets flow down the incline.
If the volume of the main droplet remains above the critical value after
the emission of a satellite, the main droplet can emit another satellite
droplet. The height profile after the emission of a second satellite is
displayed in fig. B.5 b). Due to the larger volume of the main droplet,
it can move down the incline more quickly and thus catch up with the
emitted satellite droplets. After the recombination of the droplets, the
process repeats itself in a cyclic behavior. Through the application of
periodic boundary conditions the pearling instability, therefore, results
in a pearling-coalescence cycle [12].
Note that for initial heights slightly above the critical value only a sin-
gle satellite droplet should be emitted. However, using an inclination
angle of α = 65◦, it was not possible to determine this region of h0.
This is partly due to the increased numerical cost since the integration
time before the onset of the pearling instability steeply increases close
to the critical region. For the simulation displayed in fig. B.5, i. e.,
h0 = 2.6 the first satellite is emitted after roughly 36000 time-steps at
t ≈ 2600, compared to only 2600 time-steps for h0 = 2.46 shown in
fig. B.6. For h0 = 2.46 three satellites are emitted during a single cycle.
The states displayed in panels a), b) and c) of fig. B.6 were obtained
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Figure B.4: Snapshots obtained during direct numerical simulations of a
liquid droplet on an incline with α = 65◦. a) and b) show a
droplet with the initial height h0 = 1.846 at t = 0 and at t = 140
respectively. On the bottom row c) shows an initial droplet with
h0 = 2.215 while d) shows the same droplet after t = 140. The
wettability is homogeneous with ω(x, t) = 0.

Figure B.5: Snapshots obtained by direct numerical simulations of liquid
droplet with h0 = 2.26 on an incline with α = 65◦. a) and b)
show the liquid profile after the emission of one and two satellite
droplets respectively. For larger times the main droplet catches
up with the satellites and a new cycle starts.

shortly after the emission of one, two, and three satellites, respectively.

The number of emitted satellites during a single cycle increases with
increasing initial film heights h0 until new dynamics arise once the ini-
tial film height crosses a second threshold value. Due to the employed
periodic boundary conditions, the droplet can connect to itself once
its elongation reaches the domain length in x-direction Lx. Snapshots
obtained during the simulation of a droplet with an initial height
above this critical value are shown in fig. B.7. Here a) shows the liquid
film after some time on the substrate. The droplet has formed a tail
spanning almost the entire domain and it is apparent that if the elon-
gation would continue, a pearling instability would occur and two
separate droplets would form. Due to the finite size of the domain and
the applied periodic boundary conditions, the satellite droplet does
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Figure B.6: Snapshots obtained by direct numerical simulations of a liquid
droplet on an incline with the inclination angle α = 65◦ and an
initial height of h0 = 2.46. a) b) and c) show the liquid profile after
the emission of one, two, and three satellite droplets respectively.
Before the emission of a fourth satellite, the droplet reaches the
initially emitted droplet. The state shortly before the reconnection
with the initially emitted satellite is shown in d).

not pinch off but rather connects with itself, as the front of the droplet
gets in contact with the end of its tail. This results in the formation
of an inhomogeneous liquid ridge. Over time the inhomogeneities
become smoother, such that surface waves form. These are portrayed
in fig. B.7 b). The thickened part of the ridge continues to move down
the incline with a velocity about 20% larger than the initial droplet’s
velocity. The increase in velocity stems from the fact, that the substrate
is already covered by a relatively thick liquid layer, thus, the liquid
can move more quickly down the incline.
A cross-section of the surface waves state (c.f. fig. B.7 b)) is portrayed
in fig. B.8. The profile of the film consists of a homogeneous film of the
height h ≈ 1 with an additional droplet on top. Over time, only the
droplet on top moves whereas the underlying film remains constant.
Dynamics, analogous to the ones along the cross section at y = 0
for the two-dimensional droplet of height h0 = 2.8, can be observed
for a one-dimensional droplet on an inclined substrate. Choosing the
same parameters as for the two-dimensional case and a domain length
L = Lx, one can again observe the formation of surface waves as is
shown in fig. B.9. In contrast to the two-dimensional case, the ampli-
tude of the one-dimensional surface waves decreases over time, such
that for large times the liquid assumes the shape of a homogeneous
film.
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Figure B.7: Snapshots obtained by direct numerical simulations of a liquid
droplet on an incline with the inclination angle α = 65◦ and an
initial height of h0 = 2.8. a) portrays the liquid after t = 126.
The liquid has significantly elongated and a pronounced tail
has formed. b) shows the liquid at t = 1128. The liquid has
reconnected with itself such that an inhomogeneous liquid ridge
parallel to the x-axis has formed.

Figure B.8: Cross section along the x-axis for y = 0 of the surface waves state
shown in fig. B.7.

Figure B.9: Snapshot of a surface wave state obtained during the simulation
of a one-dimensional system. As the initial condition a liquid
droplet given by eq. (3.10) with h0 = 2.8 was chosen and the do-
main size was set to L = 30, analogously to the two dimensional
simulation portrayed in fig. B.7. All other parameters are chosen
as they are in fig. B.7.
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b.3 liquid ridge on an inclined substrate

In an attempt to directly extend one-dimensional results (c.f. sec-
tion 4.1) of a droplet on an inclined substrate, a liquid ridge with
h0 = 2.3 was simulated on an incline. The orientation of the ridge
was chosen such that it is orthogonal to the direction of inclina-
tion. The inclination angle is again chosen as 65◦ and the wettability
ω(x, t) = 1 is employed. The simulation is performed on a domain
with Lx × Ly = 30× 15. Note that periodic boundary conditions are
in place such that the simulated ridge corresponds to a part of an
infinitely long ridge.
Snapshots of the performed direct numerical simulation are portrayed
in fig. B.10. The initial state of a homogeneous ridge with the height
h0 = 2.3 is shown in fig. B.10 a). Note that the ridge has not yet
adapted to the substrate and is completely symmetrical along x = 0.
For increasing times the ridge adapts to the substrate and elongates
analogous to a single droplet (cf. fig. B.4 d). Initially, this elongation
process does not affect the homogeneity of the ridge. After some time,
however, the ridge starts to deform, resulting in a curved advancing
contact line. This state is portrayed in fig. B.10 b). In a Plateau-Rayleigh-
like instability, the deformation grows over time. Due to the height
decrease of the liquid around y = 0, it moves more slowly down
the incline, thus, lagging behind the larger liquid structure at the
boundary. Additionally, the structure at the boundary also under-
goes an elongation process. The corresponding snapshot is shown
in fig. B.10 c). Analogous to fig. B.7, the structure at the boundary
contains enough liquid to elongate over the entire domain without the
emission of satellite droplets. The state shortly before the front part
of the droplet connects with its own tail is portrayed in fig. B.10 d),
while the state after the connection is shown in fig. B.10 e). Note that
the latter corresponds to the surface waves states portrayed in fig. B.7
b). In contrast to the dynamics observed there, the surface waves do
not remain stable here, but rather dissipate, leading to a formation
of a homogeneous ridge parallel to the inclination. In total, the ridge
has, therefore, changed its orientation and is now aligned with the
inclination.
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Figure B.10: Snapshots of the height profile during the simulation of a ho-
mogeneous ridge on an inclined substrate with the inclination
angle α = 65◦. a) shows the initial state of a homogeneous ridge
with the height h0 = 2.3 oriented orthogonal to the direction
of inclination. b) shows the liquid profile after it has adapted
to the substrate with a slightly curved right contact line. The
deformation leads to a formation of an elongated droplet at the
boundary with a liquid stripe connecting the tails of the two
halves shown in c). The elongation process continues resulting
in the state shown in d) and ultimately leads to the connection of
the droplet with itself shown in e). The resulting surface waves
dissipate, resulting in the homogeneous ridge state shown in f).
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