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„
It seems to be one of the fundamental features of nature that fundamental
physical laws are described in terms of a mathematical theory of great
beauty and power “
- Paul Dirac, The Evolution of the Physicist’s Picture of Nature,
1963





Abstract
Homogeneous flat thin films of partially wetting liquids on a solid substrate have
various dynamics, which depend on external forces. A common method to create a
homogeneous liquid film is to withdraw a plate from a liquid bath. The formation of
structures is achieved with a variation of the substrate inclination. In this case in
which the film experiences a lateral component of the gravity force. Gravity and the
withdrawal velocity of the substrate from the liquid meniscus support different energy
levels of the substrate-liquid system, which translate to patterns of the substrate-
coating liquid. This phenomenon is described by the classical Landau-Levich model.
A more controlable alternative for generating ultra-thin coating liquid films of a
few micrometres thickness may be obtained by using surface acoustic waves (SAW).
SAW, which propagate in the solid substrate, induce a force and consequently mass
transport in the liquid, which is analogous to a withdrawn plate.
In my dissertation, I particularly investigate the theoretical dyanmics and statics
of thin-films, which are driven by SAW. For this purpose, a thin-film equation is
derived from the Navier-Stokes equations by employing the long-wave approximation
(lubrication approach). It is solved using a numerical method of pseudo-arclength
continuation to investigate bifurcations in the coating film patterns when under
the influence of various control parameters, such as the strength of the SAW and
properties of the liquid. The resulting bifurcation diagrams provide insight into
the occurring stationary and time-periodic states of the liquid films. In particular,
time-periodic states correspond to occurring pattern formation, where ridges are
pulled out of the liquid bath at constant time intervals. The results obtained by the
continuation analysis are verified with numerical time simulations. Both methods
reveals that the SAW-System contains stable time-periodic solutions.
Then, the classical Landau-Levich system is extended and analysed by including an
additional immiscible liquid layer. This two-layered system is analysed by performing
time simulations for flat films in subject to the wettability of the lower film and liquid
properties (surface tension and contact angle), to find various symmetric as well as
asymmetric droplet constellations, which form by this type of coarsening process.
Then, the model is studied for the Landau-Levich coating geometry. As in the previous
analysis, time simulations are employed to determine the coarsening behaviour of the
coating liquid on a moving substrate. The results reveal that droplets at the upper
liquid layer are drawn out of the bath at regular intervals. These droplets appear
atop of the lower liquid layer and thus provide a uniform coating of the substrate.



Kurzfassung
Glatte dünne homogene Filme partiell benetzender Flüssigkeiten auf festen Sub-
straten, können unter dem Einfluss externer Kräfte diverse Dynamiken aufweisen.
Eine bekannte Methode, um einen homogenen Flüssigkeitsfilm zu erzeugen, ist das
Ziehen einer Platte aus einem Flüssigkeitsreservoir, wodurch ein dünner, großteils
strukturloser Flüssigkeitsfilm auf dem Substrat zurück bleibt. Um Strukturbildungen
zu begünstigen reicht es aus das Substrat anzuneigen. Dadurch wird der Flüssigkeits-
film einer weiteren laterale Kraft der Gravitationskraft ausgesetzt. Durch die Gravita-
tion und der Zieh-Geschwindigkeit des Substrates wirken zusätzlich unterschiedliche
Energie-Stärken des Substrat-Flüssigkeitsystems auf den Meniskus des Flüssigkeits-
bad, wodurch eine Flüssigkeitsbeschichtung des Substrates mit regulären Muster
ausbilden kann. Dieses Phänomen wird durch das klassische Landau-Levich Modell
beschrieben. Eine leichtere kontrollierbare alternative zu diesem Beschichtungsver-
fahren, um strukturierte ultra-dünne Flüssigkeitsfilme von wenigen Mikrometern
Dicke zu erzeugen, sind sogenannte akustische Oberflächen-Wellen (surface acous-
tic waves – SAW). Diese SAW, welche im Substrat unterhalb des Flüssigkeitsfilms
propagieren, induzieren Kräfte und in Konsequenz Massentransport in der Flüssigkeit
analog zum Ziehen des Substrates.
In meiner Dissertation untersuche ich insbesondere das Verhalten von dünnen
Flüssigkeitsfilmen theoretisch, die durch die SAW getrieben werden. Dazu wird
eine Dünnfilm-Gleichung für SAW-getriebene Flüssigkeitsfilme mit der Langwellen-
Approximation (Lubrication Ansatz) aus den Navier-Stokes Gleichungen hergeleitet.
Diese Gleichung wird mit Hilfe der numerischen Methode der Pseudo-Bogenlängen
Kontinuierung hinsichtlich des Bifurkationsverhalten unter Einfluß verschiedener
Kontroll-Parameter, wie der SAW-Stärke und der Flüssigkeitseigenschaften, ausgiebig
untersucht. Die resultierenden Bifurkationsdiagramme ermöglichen einen Einblick
in die auftretenden stationären und zeitperiodischen Zustände der Flüssigkeitsfilme.
Die auftretenden zeitperiodischen Zustände ensprechen auftretender Musterbildung.
Dabei werden in konstanten Zeitabständen Flüssigkeitswülste aus dem Flüssigkeits-
bad gezogen. Die gefundenen Kontinuierungsergebnisse zu den zeitperiodischen
Zuständen werden mit Hilfe numerischen Zeit Simulationen auf ihr langzeit Ver-
halten überprüft. Dabei zeigt sich, dass stabile zeitperiodische Zustände in dem
SAW-System existieren.
Das behandelte klassische Landau-Levich System wird nun mit einem zusätzlichen
Flüssigkeitsfilm, bei dem diese Flüssigkeiten nicht mischbar sind, erweitert. Dieses
Zweischicht-System wird zunächst mit Hilfe von Zeitsimulation für einen flachen
Gesamt-Film in Abhängigkeit der Benetzbarkeit des unteren Filmes und weiteren
unterschiedlichen Flüssigkeitseigenschaften untersucht. Dabei werden verschiedene
symmetrische als auch asymmetrische Tropfen-Konstellationen, die sich nachdem
Coarsening-Prozess bilden, gefunden.



Anschließend wird das Modell unter Berücksichtigung der Landau-Levich Geometrie
studiert. Dieses neue Landau-Levich Modell wird dann mit Zeit Simulationen
hinsichtlich des Coarsening Verhalten auf einem bewegten Substrates untersucht.
Hierbei zeigt sich, dass in gleichmässigen zeitlichen Abständen Tropfen der oberen
Flüssigkeitsschicht aus dem Bad gezogen werden. Diese Tropfen liegen auf dem
unteren Flüssigkeitsfilm, die das gezogene Substrat gleichmässig bedeckt.
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Chapter One

Introduction
„

Omnium enim rerum principia parva
sunt“
– Marcus Tullius Cicero,
De Finibus Bonorum et Malorum

Book V, Chapter 58. 45 BC

M ankind has always strived for knowledge in order to find explanations
for unexplainable events. Researchers describe these natural events as

realistically as possible with the use of physical and mathematical models and are
defined by the laws of nature. These laws of nature and events are constantly
being researched, so that the knowledge of mankind is expanded. This enables the
establishment of further connections between events in nature.

More than two thirds of the surface of the earth are covered with water, which is
stored in oceans, rivers and lakes. As water a central element of life, it is natural
that most habitable areas are linked to water. Nevertheless, many areas with sparse
supply on water are nowadays inhabited by humans. This is possible only because
mankind has managed to irrigate water poor regions.

Around 3000 BC (ancient years), the Egyptians developed the concept of geometric
considerations in the form of mathematical expressions. Furthermore, the Egyptians
built the first fishing boats without knowing of the principle of buoyancy [137]. Many
centuries later in the age of the Greeks, Archimedes (287-217BC) described the
principle of buoyancy of objects. He postulated that anything may float in liquid
as soon as the object is lighter than the displaced liquid, which is known as the
Archimedes’ principle [119]. This postulate was thus the first historical description of
hydrostatics. With the help of his postulate, a new quantity for describing materials
was discovered: The density ρ defined as the mass per unit volume.

It was not until hundreds of years later that Blaise Pascal (1623-1662) evolved the
ideas of Archimedes by establishing the first law of hydrostatics in the 17th century.
His developed law, known as Pascal’s law [2, 11], has significantly influenced the
entire basic physical idea of fluid mechanics. He discovered that the pressure acting
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on an object in water increases linearly with the vertical distance below the surface.
The expression yields

p(x) = ρgx+ p0 . (1.1)

This equation describes the pressure p in liquids, whereas g is the gravitational
constant, ρ the density of the liquid, x is the vertical distance below the surface
of the object and p0 the normal pressure above the liquid. In the same century,
Isaac Newton had a major influence on physics. He was not only responsible for
the discovery of gravitational acceleration but he had also influence in the field of
hydrodynamics. Isaac Newton (1642-1726) was the first to describe the flow of
incompressible (constant density) liquids [96]. To honor his discovery, these liquids
carry his name: incompressible newtonian fluids. Isaac Newton discovered that in
one dimension, the shear stress τ linearly depends on the deformation rate µd of the
liquid times the local derivative of the velocity v. In the form of a mathematical
expression, his consideration yields

τ = µd
dv
dx. (1.2)

This linear correlation of shear stress τ and deformation rate µd, however, only
applies to incompressible gases and newtonian liquids.
Later in 1738, Daniel Bernoulli (1700-1782) formulated a mathematical approach to
describe the flow of incompressible fluids in a pipe [84]. Thereby, he established that
the sum of the squared velocity v of liquid times pressure p and potential energy at
any position remains constant. This is better known as the Bernoulli equation and
describes a steady state. Several years later, in 1757, Leonhard Euler (1707-1783)
extended Bernoulli’s approach and established the Euler equation, yielding

ρ

(
∂v

∂t
+ v

∂v

∂x

)
= −∂p

∂x
. (1.3)

This fundamental equation of fluid dynamics can be understood as a transport
equation. The partial differential equation (1.3) does not take into account external
forces and only describes the variation of pressure p and velocity v of a liquid in
one dimension. Notice that the velocity v of a liquid always involves a negative
pressure gradient, which in turn is amplified by the spatial change of liquid flow.
This fundamental knowledge obtained from the Euler equation is the cornerstone of
today’s hydrodynamics.

The findings of hydrostatic and hydrodynamic effects are further developed in the
19th century by Claude-Louis Navier (1785-1836) in 1827, Siméon Denis Poisson
(1781-1840) in 1831, Adhémar Jean Claude Barré de Saint-Venant (1797-1886) in
1843 and George Gabriel Stokes (1819-1903) in 1849 [114]. They expanded the Euler
equation further and derived a transport equation that now considers external body
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forces acting on the incompressible newtonian liquid flow. These findings are sum-
marised in a set of equations, the Navier-Stokes equations, see Sec. 2.1 for a detailed
analysis. The Navier-Stokes equations are fundamental equations in hydrodynamics
and are used to describe a wide range of related problems, see Eqs. (2.5) and (2.6).
The continuity equation is divergence free due to the pressure p for incompressible
liquids. This means that the associated velocity field has a constant volume and
thus local mass conservation.

In 1942, Lev Landau (1908-1968) and Benjamin Levich (1917-1987) analytically
investigated the transfer of a simple viscous liquid from a bath onto a continuously
withdrawn plate [73]. They showed that a homogeneous macroscopic liquid layer
of a well-defined thickness is deposited onto the plate. This thickness hc (coating
thickness) depends on the Capillary number Ca = µvp/γ. It is a nondimensional
measure of driven free surface liquids, where vp corresponds to the velocity of the
withdrawn plate, and µ and γ are the viscosity and surface tension of the liquid,
respectively. The deposited film height hc scales with the power ∝ Ca2/3. Overall,
this phenomenon is well-known as the classical Landau-Levich problem and is funda-
mental for investigations of transferring liquid layers.

The example mentioned above refers mainly to the effects within liquid (mass
transport). It is also necessary to consider the interaction between the liquid and
the solid surface, which can be classified as a wettability effect. Depending on their
chemical properties, thin films on solid surfaces occasionally rupture. This results
in several small droplets of liquid remaining on the substrate. The length scale of
these droplets is defined by capillarity and wettability. Back in 1805, Thomas Young
(1773-1829) and Pierre-Simon Laplace (1749-1827) established a formulation, see
Eq. (1.4), for the pressure jump between in- and outside of droplet [142].

pL = 2γ
rd

(1.4)

The result is expanded further by Young-Laplace for droplets on flat horizontal solid
substrates, see Eq. (2.18). Then, the Laplace pressure acting on the droplet depends
on the surface tension γ and the radius rd of the droplet. In this case, the droplet
adapts a spherical cap-like shape and the contact angle between the droplet surface
and mass is conserved. In addition to this “deformation” pressure at the free surface
of the droplet, a contact angle is formed by three phases of gas, liquid and substrate.
Boris Vladimirovich Derjaguin (1902-1994) has established a description of a dis-
joining pressure, which describes the wettability of liquid at the solid-liquid interface
[28, 29, 30]. In Sec. 2.3 the Derjaguin pressure is described in more detail.

The transportation of liquid is achieved in different ways. The simplest case is to
make use of gravity. For instance, liquid flows down a slope, where the momentum
depends on the inclination of liquid streaming, i.e. two thousand years ago, the
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Romans invented aqueducts to facilitate the transport of water above ground to
places where water is not accessible [62]. The aqueducts are one of the prominent
examples in history, where mankind used the stored potential energy to control and
manipulate the flow of liquid.
Another way of liquid manipulation has been shown by Landau and Levich. They
show that withdrawing a plate from a liquid bath generates a flow of liquid. This
method is a common example of liquid deposition.
A temperature gradient allows the liquid to create convection rolls. In 1855, James
Thomson (1822-1892) found that liquids may flow under a temperature gradient
[130]. Later, this phenomenon was investigated by Carlo Maragoni (1840-1925). He
described the occurring effects and the behaviour of liquid in a temperature gradient,
nowadays known as Marangoni effect [82]. Many studies have proven that the Marag-
oni effect creates a liquid flow within the liquid by evaporation [13, 19, 20, 23, 90, 95].

A special focus in this work is to investigate another type of liquid transfer by using
surface acoustic waves (SAW). It started by Robert Hooke (1635-1702) and was fur-
ther developed by Ernst Florens Friedrich Chladni (1756-1827) in 1787, who observed
the behaviour of different patterns for particles influenced by sound [22]. These are
termed Chladni figures. Then, in the year 1831, Michael Faraday (1791-1867) discov-
ered similar behaviour in liquids, where standing waves are discovered namely Faraday
waves, [40]. John William Strutt, third Baron Rayleigh (1842-1919) further developed
the idea of Faraday waves in 1885 [110]. If an elastic surface is considered, on which
mechanical surface waves propagate, vibrations are generated in the substrate, which
can be interpreted as small earthquakes. These surface waves propagate within the
substrate, so that a microscopically small actuation mechanism at the solid-liquid
interface creates pressure in the liquid ensuring that the liquid advances over the
substrate. They are called Rayleigh surface acoustic waves and the induced liquid
flow is also known as acoustic streaming. Wesley L. Nyborg (1917-2011) layed the
foundation and qualitatively characterised this as acoustic streaming starting in 1953
[93, 94] and Amgad Rezk (et al.) then carried out the first successful experiments with
silicon oil showing that SAW of MHz frequency in a solid substrate provides dynamic
wetting of surfaces through liquid films [112, 113]. The interest in SAW has grown
in recent years as industry is looking for new ways and methods to control coating
processes. The SAW may be a cheap and easy method to create and control a suitable
pattern during a coating process where very small droplets of a few micrometers
are generated, which could have an advantage over traditional dip-coating techniques.

In this work, first of all, the most important formulas to determine a thin-film
equation are established. For this purpose the Navier-Stokes equations are briefly
discussed and applied to the flow that occurs in a liquid film. Then, to derive a
thin-film evolution equation, a long-scale approximation also known as a lubrication
approach [95] is used. Subsequently, a linear approach for the SAW within the
substrate is introduced, which is furthermore translated into vibrations. These



Chapter 1. Introduction 5

vibrations influence the liquid film height and deform the liquid structure [7, 16, 88].
The determined model allows one to obtain a dimensionless thin-film evolution
equation [87]. Subsequently, this equation is extended by the addition of further
attributes, such as the disjoining pressure, a gravitational force and an inclination of
the substrate. Together, this results in an advanced thin-film equation for a layer of
partially wetting liquid driven by SAW. Subsequently, the equation is analysed by
the use of a pseudo-arclength continuation approach to obtain bifurcation diagrams
for one and two dimensional geometry. With the help of the bifurcation diagrams the
considered system is analysed and the special characteristics of stable steady states
are identified [85]. This enables the detection of very interesting states, for instance
time-periodic behaviour. Then, these states are further verified with direct numerical
simulations techniques, which provides insight into the temporal behaviour. The
established equation provides the possibility to compare the SAW-driven system
with the withdrawal of a plate in Ref. [47]. In addition, the behaviour is studied
considering volatile liquids.

Then, with the gathered information so far, a two-layer liquid system is investi-
gated in relation to the classical Landau-Levich system [105, 106]. One of the first
studies of a two-layer liquid model was performed in 1869, where a droplet of oil
was spreads on a water film [77]. In other words, two liquid layers are on top of
each other and it is assumed that, due to the high surface tension, these liquids do
not mix. The two-layer liquid film system is studied theoretically for two different
cases by using time simulations. In the first case, a flat film system of two-layers
of immiscible liquids is investigated for different liquid characteristics, such as ratio
of surface tension and ratio of wetting strength of both liquid layers. Therefore,
various compounds of droplet constellations are observed after the dewetting and
coarsening process. In the second case, the two-layer system is considered in a
classical Landau-Levich geometry where a plate is withdrawn out of a bath. This
new model is interpreted as an enhanced Landau-Levich system and the temporal
behaviour of the withdrawal films are discovered and compared to the classical
Landau-Levich system (one-layer).

In the appendix, a short tutorial for the Matlab package pde2path is provided
[136]. It gives some insights of the treated thin-film system driven by SAW and
assists interested readers to quickly reproduce and expand results of this thesis.

The contribution of this work consists of many results that can be investigated
further. The presented results of this thesis are intended to serve as a basis for
future studies, in a theoretical manner or for experiments in either SAW-driven
thin-films or a two-layer model in a Landau-Levich geometry, regardless of whether
a thin film is dragged out by a moving plate directly or indirectly via propagating
SAW. Note that a pde2path tutorial in this work is available in a data repository
https://doi.org/10.5281/zenodo.5595985.

https://doi.org/10.5281/zenodo.5595985




Chapter Two

Fundamentals of hydrodynamics
„

Ut sementem feceris, ita metes.“
– Marcus Tullius Cicero,

De oratore II
65, 261, 55 BC

T his chapter introduces the fundamentals of hydrodynamics that are necessary to
derive a thin-film evolution equation with the aid of the Navier-Stokes equations.

Therefore, liquid thin film and droplet states on solid substrates are explained. Here,
different boundary conditions occur, i.e. force equilibria at the liquid-gas interface.
Furthermore, two different descriptions for liquid wetting in hydrodynamics are
considered, one for a macroscopic case and the other for mesoscopic case. On the
mesoscopic length scale the wetting energy of the liquid is described by a model of
Derjaguin [30], whereas the macroscopic case the model of Young-Laplace applies
[142]. Both models are combined to describe a partially wetting of (non-volatile)
liquid thin films. At the end of this chapter, a non-conserved flux for volatile liquids
is introduced, which allows to describe evaporation and condensation for liquid films.

After introducing the fundamentals of hydrodynamics, an evolution equation to
describe a thin-film model is derived in Chap. 3. This equations allows to describe
two different situations, namely, a film that is pulled out of a bath by a moving
plate and a meniscus or thin film that is driven by Rayleigh surface acoustic waves
(SAW). Before the major hydrodynamic equations are discussed some notations are
introduced.

First, a reduced representation of the partial derivative is given,

∂f(x)
∂x

:= ∂xf(x) = ∂xf and ∂2f(x)
∂x2 := ∂xxf . (2.1)

Note that arguments of arbitrary functions may be dropped.
Furthermore, the thin film geometry is reduced to two dimensions (2D). Hereby, the
independent variables x and z are the cartesian coordinates reflecting coordinates
parallel (x) and orthogonal (z) to the substrate, see Fig. 2.1. Only in the case
that considers a three dimensional geometry, the lateral component in y-direction is
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introduced, which then is described by vectors in 2D and 3D

~r (2) :=
x
z

 and ~r (3) :=


x

y

z

 , (2.2)

respectively. In addition, the derivative and Laplace operators for both cases are
defined. For the 2D case, it reads

~∇(2) :=
∂x
∂z

 , ∆(2) =
(
~∇(2)

)2
:= ∂xx + ∂zz (2.3)

while in 3D it reads

~∇(3) :=


∂x
∂y
∂z

 and ∆(3) =
(
~∇(3)

)2
:= ∂xx + ∂yy + ∂zz. (2.4)

When the notations of the operaters are dropped, for instance ~∇, a 2D case is
considered.

After discussing the geometrical considerations about liquid films, liquid droplets,
boundary layers and contact lines, the effects of liquid wettability are introduced.
These additional forces are described with the aid of Derjaguin’s pressure or wetting
energy [30]. Initially, only non-volatile liquids are considered and at the end of this
chapter, a non-conserved flux is briefly introduced that allows to describe evaporation
and condensation for volatile liquids, see Sec. 2.4.

2.1 Navier-Stokes equations

Hydrodynamic systems are commonly described by means of liquid flow and (mass)
transport equations. For incompressible newtonian liquids, the flow is described by
the Navier-Stokes equations. These are nonlinear equations and they read

ρ
[
∂t~v

(2) +
(
~v (2) · ~∇(2)

)
~v (2)

]
= ~∇(2) · T + ~f (2), (2.5)

with ~∇(2) · ~v (2) = 0 . (2.6)

The chosen representation of the velocity field ~v (2) is 2D, i.e.

~v (2)(~r (2),t) =
u(~r (2),t)
w(~r (2),t)

 . (2.7)

For incompressible liquids the density ρ remains always constant. The arbitrary
function, represented by ~f (2), can reflect any kind of body force, that is acting on
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the liquid, for instance, gravitational or electromagnetic forces. The Navier-Stokes
Eqs. (2.5) and (2.6) have a divergence free velocity field for incompressible liquids.
Furthermore, the mass of the liquid is conserved. The stress tensor T is given by [74]

T = −p(~r (2),t)1 + µ
[
~∇(2)~v (2) + (~∇(2)~v (2))T

]
, (2.8)

where the pressure field p(~r (2),t) is acting on the liquid and µ is the corresponding
viscosity of the liquid. Here in Eq. (2.8), 1 is the unit matrix.
To further simplify calculations, the Navier-Stokes Eqs. (2.5) and (2.6) are reduced
by using the introduced stress tensor from Eq. (2.8) for incompressible conditions.
Subsequently, this results in

ρ
[
∂t~v

(2) +
(
~v (2) · ~∇(2)

)
~v (2)

]
= −~∇(2)p(~r (2),t) + µ∆(2)~v (2) + ~f (2). (2.9)

Due to the mass conservation of an incompressible newtonian liquid, the stress tensor
is used to reduce the Navier-Stokes equation into Eq. (2.9). This equation is used,
when introducing further considerations and boundary conditions for liquid films.
The derivation of a thin-film evolution equation is described in detail in Chap. 3.

2.2 Boundary conditions for thin liquid films

In the following, boundary conditions for liquid films or droplets are presented in an
isothermal system. These boundary conditions influence the behaviour of liquids, so
that for instance droplets with dome-like shapes are formed. First, flat films on a
flat, horizontal and rigid solid substrate are considered. Hereby, several boundary
conditions for a liquid film are considered. One is the no-slip and no-penetration
condition. It implies, that the liquid has zero relative velocity U at the solid substrate
at z = 0 and has no penetration into the substrate. In this thesis a moving thin
liquid film on a rigid solid substrate with speed U along the x-direction is considered
and applying these condition then leads to

~v(2) = (U, 0)T at z = 0 . (2.10)

The next boundary condition is the kinematic condition at the free surface of the
liquid

∂th = w − u∂xh at z = h(~r (2),t) . (2.11)

The time evolution of the height profile of the liquid depends on the liquid velocity
components. The last boundary condition is a force equilibrium condition at the free
surface of the liquid. Here, an isothermal case is considered and it is written as

T · ~n (2) = γK~n (2) , (2.12)
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where γ is the surface tension, K is the mean curvature of the free surface and the
stress tensor T is applied for the liquid. In particular, the term γK~n (2) is interpreted
as a Laplace pressure and acts orthogonal to the liquid surface [26].
Next, the mean curvature K of the liquid-gas interface as well as the normal ~n (2)

the tangent vectors ~t (2) are defined as

K = ∂xxh[
1 + (∂xh)2

]3/2 , (2.13)

~n (2) = (−∂xh,1)T[
1 + (∂xh)2

]1/2 (2.14)

and

~t (2) = (1,∂xh)T[
1 + (∂xh)2

]1/2 , (2.15)

respectively, schematics in Fig. 2.1.

Figure 2.1: Illustration of a non-volatile liquid film situated on a flat horizontal substrate. The profile
height of the film is given by h(x,t). At the liquid-gas interface a red point is marked which indicates the
tangential vector ~t as well as the corresponding normal vector ~n.

An expression to describe the shape of the surface is determined by projecting the
vectorial boundary condition (stress balance) in Eq. (2.12) onto the normal direction
~n, leading to

p+ 2µ
1 + (∂xh)2

[
− (∂xu)(∂xh)2 − ∂zw + (∂xh)(∂zu+ ∂xw)

]

= − γ∂xxh[
1 + (∂xh)2

]3/2
(2.16)
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with the Laplace pressure p = pL at z = h(x,t), while projecting Eq. (2.12) onto the
tangent vector ~t results in

µ
[
(∂zu+ ∂xw)

(
1− (∂xh)2

)
+ 2(∂zw − ∂xu)∂xh

]
= 0 . (2.17)

Now two boundary conditions are defined in Eqs. (2.16) and (2.17). In Eq. (2.16) a
relation of pressure p, viscosity µ and surface tension γ is established. The geometrical
shape is only affected by the surface tension.

2.3 Macroscopic and mesoscopic description of wettability

In the following, two different models of liquid wettabilities are introduced. At first,
a liquid on a macroscopic length scale is treated. For this, a liquid droplet with a
constant volume V is considered to be on a flat horizontal solid substrate. Hereby,
the liquid droplet takes a spherical cap-like shape, whereas around the droplet a
“dry film state” with h→ 0 is considered. Subsequently, this leads to a geometrical
form of the droplet that has two contact points at the boundaries. At each of these
points, three phases, liquid, solid and gas phase meet at a triple point contact line.
An equilibrium angle θeq of the liquid at the contact lines emerge. This macroscopic
state is in an equilibrium state and described by the Young and Young-Laplace-laws
in Eq. (1.4) [142]. At the contact lines an angle at equilibrium is defined as

γLG cos(θeq) = γSG − γSL with γ = γLG . (2.18)

Three surface tensions are given with γLG liquid-gas, γSG solid-gas and γSL solid-liquid.
The typical equilibrium angles formed by the liquid contact lines with the substrate
is in the range of 0◦ < θeq < 180◦. In Fig. 2.3 (b) such an equilibrium angle θeq is
shown.
The shape of the spherical cap of a liquid droplet always depends on the wettability
of the substrate. By varying the wettability, the radius rd of the spherical cap is
changed, because at equilibrium the angle θeq changes, while the volume of the
droplet remains constant. When no wettability occurs, i.e. a non-wetting substrate,
a fully spherical liquid droplet is formed. This droplet only touches the substrate at
one single point, leading to a maximal contact angle of θeq = 180◦. If the substrate
is fully wettable, however, no contact angle between the liquid and the substrate is
developed, so that the contact angle is θeq = 0◦. These three different cases of non-,
partially- and full wettability are presented in Fig. 2.2. This macroscopic description
of a liquid droplet on a solid surface is not sufficient to describe very thin films.
An additional energy must be introduced, the so-called disjoining potential Vdp(h)
(wetting energy) on a mesoscopic scale. In other words, in addition to the Laplace
pressure pL, the disjoining pressure pdp is acting on the liquid. In this work, the
disjoining pressure introduced by Derjaguin is used [30].
For partially wettable liquid films in a thermodynamic equilibrium, a new equilibrium
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Figure 2.2: Representations of three different wetting configurations on a solid and flat surface: (a)
non-wetting, (b) partially wetting and (c) fully wetting. Each of these representations show a liquid (droplet)
on the surface with “identical” volume. The liquids have different shapes due to the Laplace pressure pL and
the wettability of the substrate. The occurring contact points are marked by a red point. In (a) a liquid
droplet is on a non-wetting substrate, which results in a complete sphere with only one contact point and
an angle of θeq = 180◦, in (b) with a partial wetting substrate, the liquid droplet forms a spherical cap, or
dome-like form with two contact points, so that, the angle of contact takes on a value of 0◦ < θeq < 180◦

and in (c) where a fully wetting substrate is considered, the solid surface is covered by a liquid film, where
no contact point exists, so that θeq = 0◦.

state was observed [12, 102, 103, 118, 126]. An ultra-thin film of liquid coexists
with a liquid droplet, so that no direct contact angle is formed at the edges of the
liquid droplet, opposed to the sketch in Fig. 2.2 (b). Overall, this leads to the
phenomenon that the direct surrounding of a liquid droplet is always covered with
such an ultra-thin film. The ultra-thin film is denoted as an absorption layer or
precursor film which has a fixed height of hp for droplet r → ∞. This ultra-thin
film is connected to the droplet at each contact line, so that the solid substrate is
always covered by a ultra thin liquid film. The statement initially contradicts the
sharp contact line in the case of a macroscopic perspective. Nevertheless, different
experiments with liquids at microscopic level have shown that a precursor film is
found in the immediate vicinity of droplets [9, 10, 55, 59, 120].
A sketch of this phenomenon is shown for a 1D droplet in Fig. 2.3.

Figure 2.3: In (a) a schematic representation showing a liquid droplet in equilibrium on a horizontal
solid surface. The liquid droplet coexists with the precursor film due to the acting disjoining pressure. The
outlined part of the figure is enlarged in (b) and highlights the contact angle θeq at a three phase contact
region and the precursor film height hp.

The acting pressure Π(h) = −∂hVdp(h) can be added in two different ways into
the formalism. One is to add the pressure directly to the Laplace pressure in the
corresponding boundary condition in Eq. (2.16). Then, this pressure is a sum of
p = pL − Π(h). The other way makes use of the Navier-Stokes Eqs. (2.5) and (2.6).
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Here it is applied as an additional conservative body force [25, 95]. The body force
yields

~f
(2)
dp = −~∇(2)ϕdp with ϕdp = Π(z)− Π(h) . (2.19)

Both of these approaches lead to identical results. Here the Derjaguin pressure is used.
Itis a combination of two acting forces, the long-range Van der Waals interaction
Π(h)VdW, which is destabilising [36], and the short-range interaction Π(h)sr, which
acts stabilising, i.e.,

Π(h) = Π(h)VdW + Π(h)sr = −A
h3 + B

h6 . (2.20)

In Eq. (2.20) the parameter A corresponds to the strength of the Van der Waals
interaction and B is the strength of the short-range interaction. When the Derjaguin
pressure crosses zero, i.e., Π(hp) = 0, the wetting energy f has a minimum corre-
sponding to the height hp of the equilibrium absorption layer. Setting Π(hp) = 0 in
Eq. (2.20), the corresponding film height is determined as

hp =
(
B

A

) 1
3

. (2.21)

Next, three different configurations are derived with the Derjaguin pressure from
Eq. (2.20).

Figure 2.4: Three wetting configurations, completly wetting, partial wetting and non-wetting showing
as a function of the disjoining pressure Π(h) and the Derjaguin potential Vdp(h) (black dashed line) for
A = B = 1. The green dashed line shows completly wetting, where long-range Van der Waals forces are
turned off with A = 0 and B = 1. The red dotted line indicates that the short-range forces are set to B = 0
and only the long-range forces are acting with A = 1. In the latter case, where both long- and short-range
forces are acting (A = 1 and B = 1), an equilibrium is established, so that a precursor film with hp = 1
remains.
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The wettability depends on both parameters A and B. For A ≤ 0 ∧ B > 0 a full
wettability, for A ≥ 0∧B > 0 partial wettability and for A ≥ 0∧B ≤ 0 no wettability
are obtained, see Fig. 2.4. The case A ≤ 0 ∧ B ≤ 0 is not considered. The total
surface energy Eγ(h) of a thin film with height h, where the Derjaguin pressure is
included, is then given by

Eγ(h) = γSL + γ + Vdp(h) with Vdp(h) = −
∫

Π(h)dh . (2.22)

In the limiting case for very large film heights h → ∞, results into the energy
equilibrium state of a liquid film of a macroscopic case. Hereby, Derjaguin potential
disappears with Vdp(h→∞)→ 0, see Fig. 2.4.

2.4 Volatile liquids

In the previous Sec. 2.3, where two different pressures act on liquid film or liquid
droplet, the initial attention was focused on Laplace pressure pL and Derjaguin
disjoining pressure Π in the case of non-volatile newtonian liquids. Now, the previous
model of partially wetting liquids for non-volatile liquids is used for volatile liquid
films or droplets [45, 89, 128, 131, 139, 141]. Hereby, Eq. (2.11) and Eq. (2.12) are
revisited and evaporation is applied. Then, the kinematic boundary condition reads

∂th = w − u∂xh− jevap at z = h(~r (2),t) . (2.23)

where the time evolution of the liquid height profile is dependend on the evaporation
rate βevap. This evaporation rate removes or adds liquid at the free surface (liquid-gas
interface). As a result, the force equilibrium condition at the free surface of the
liquid yields

(T − T gas) · ~n (2) = γK~n (2) + (∂sγ)~t (2). (2.24)

This force equilibrium condition has two stress tensors T and T gas one corresponds
to the liquid and the other corresponds the gas phase.
For a non-constant surface tension, i.e temperature gradients, tangential forces occur
at the surface. In particular, these forces are Marangoni forces and they are propor-
tional to the surface gradient ∂s := ~t (2)~∇(2) [49]. The resulting Marangoni convection
exerts additional forces that cause deformations of the surface [15, 35, 124, 127].
For the isothermal system, the stress tensor is considered T � T gas, which results
into the Eq. (2.12). Then, the surface tension γ is considered constant and no
Maragoni forces act on the free surface.
In this way evaporation and/or condensation is introduced. In Fig. 2.25, a sketch of
a volatile liquid droplet with a non-conserved flux in form of evaporation jevap(x,t)
is presented. The arrows around the liquid droplet indicate that liquid evaporates.
The arrows in Fig. 2.25 point away from the liquid, meaning that the volume of the
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Figure 2.5: Schematic sketch illustrating a liquid droplet on a flat substrate under the effect of evaporation.
The droplet has a film height of h(x,t). The arrows pointing away from the liquid droplet represent the
direction of evaporation (non-conserved) flux jevap(x,t), which determine the loss of liquid.

liquid droplet is decreasing.

In this thesis the non-conserved flux from Ref. [131] is used. It is defined as

jevap(x,t) = βevap

(
p

ρ
− µevap

)
with p = pL − Π(h) . (2.25)

Here, the non-conserved flux has an evaporation rate (or the strength of evaporation)
βevap and the chemical potential µevap of the vapour phase or “vapour pressure”.
Note that, the non-conserved flux in Eq. (2.25) disappears exactly when the inner
pressure of the liquid p/ρ is equal the external vapour pressure µevap. In other
words, the liquid condensates as long as the overall pressure p in the liquid droplet is
low. With Eq. (2.25) the precursor film neither evaporates nor condensates, when
Π(h) = ρµevap, i.e., the absorption layer thickness depends on µevap.





Chapter Three

Derivation of a thin-film equation
with surface acoustic waves (SAW)

„
Non scholae, sed vitae discimus“
– Lucius Annaeus Seneca,

Epistulae morales ad Lucilium
letter 106, section 12, 65 AD

I n order to describe a thin film mathematically, a so-called thin-film equation
is derived. This thin-film equation is determined with the governing hydro-

dynamic equations, represented by the Navier-Stokes Eqs. (2.5) and (2.6), and the
introduced boundary conditions for liquid films, see Sec. 2.2. The local film thickness
of the thin film is determined by a long-wave approximation. Hereby, a lubrication
ansatz is used, which is known as lubrication theory [95]. However, the main topic
of this work focusses on thin films driven by Rayleigh surface acoustic waves (SAW)
[87]. In addition, the SAW-theory by Nyborg is considered [93, 94]. In subsequent
steps, the evolution equation is further expanded by more attributes: wettability (see
Sec. 2.3), lateral forces acting on the liquid (gravity), inclination of the substrate and
evaporation. Combining all of these leads to a thin-film evolution equation (nonlinear
differential equation), which allows to describe and to analyse two different models:
the classical Landau-Levich system, where a thin film is withdrawn by a plate from
a bath and thin film driven by a propagating SAW. In the final step, a scaling for
the limiting case is introduced, which allows to directly compare both models.

3.1 Geometry of SAW-driven thin-film model

The movement of liquid flow within a liquid is expressed by stream functions. The
stream function Ψ is represented by the corresponding velocity field ~v (2). This
velocity field function also fulfills the continuity equations automatically to ensure
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mass conservation. The stream function Ψ defined as

~v (2)(~r (2),t) =
u(~r (2),t)
w(~r (2),t)

 =
 ∂zΨ
−∂xΨ

 . (3.1)

The reduced Navier-Stokes Eq. (2.9) written in terms of the stream function Eq. (3.1)
is

ρ
{
∂t
[
(~∇(2))2Ψ

]
+ (∂zΨ)∂x

[
(~∇(2))2Ψ

]
− (∂xΨ)∂z

[
(~∇(2))2Ψ

]}
= µ(~∇(2))4Ψ .

(3.2)

To further reduce the model, the system is considered as a two-dimensional (2D)
problem using the Laplace operator from Eq. (2.3).
For this case, the geometrical consideration assumes that the liquid bath is at the
right side of a domain Ω at x = L/2. The substrate is horizontally oriented. Then,
in the resulting liquid bath a meniscus is formed. The meniscus has a constrained
curvature with radius ~R. A simple sketch of a 2D thin-film model driven by SAW is
given in Fig. 3.1.

Figure 3.1: Simplified illustration of a thin-film system in which a liquid film is deposited from a bath
(situated at the right boundary) to the negative x-direction using surface acoustic waves (SAW). In the
substrate, which is under the thin film the SAW propagates. A meniscus is formed at the bath side, which
is defined by the arrow pointing on the curvature of the meniscus with radius ~R. On the other side of the
illustration at x = −L/2, a coating thickness of film height h(x,t) = hc is situated.

Fig. 3.1 shows that a Rayleigh SAW propagates along the x-direction in the solid
substrate. The resulting momentum causes in-plane and out-of-plane displacements
of the substrate surface. These displacements, which transfer into the liquid above,
also invoke a small liquid momentum parallel and orthogonal to the solid substrate.
As a result, a flow within the liquid is induced by SAW. The occurring deformation
of the solid substrate is described via an asymptotic series ansatz of the velocity
of the displacements Udis of the solid-liquid interface [60, 97]. This ansatz is only
applicable if the ratio between the small displacements and a length scale of SAW is
very small ζ ≡ Udis/ωsk � 1. Here, the angular frequency of the SAW is ωs and k is
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the wave number. Based on the theory of linear elasticity only the leading order is
considered [3]. As a result, the flow of the liquid above the solid substrate can be
described withu(~r (2),t)

w(~r (2),t)

 = Udis

 cos(ωst− kx)
χ sin(ωst− kx)

+O(ζ) at z = 0 . (3.3)

The parameter χ describes the ratio of the magnitude between in-plane and out-of-
plane displacements [87]. In further calculations this factor χ ≈ 1.3 is omitted, as it
does not contribute to the analytical and numerical treatment of this study.

3.2 Scaling to nondimensional quantities

In order to investigate a nonlinear partial differential equation (PDE) with physical
quantities, i.e. velocity Udis Eq. (3.3), by using numerical techniques, it is inevitable
to use a scaling approach. This approach replaces the physical quantities with
nondimensional quantities. For an evolution equation it is common to scale the
system’s length first. The thickness of the height profile h(x,t) is scaled with the
viscous penetration length of the SAW

δ ≡
√

2µ
ρωs

. (3.4)

The factor
√

2 is introduced for convenience and simplifies further calculations. Since
the thin-film model has a strong dependence on the meniscus curvature R, the
characteristic length scaling of the system is given with

L ≡
√
δR . (3.5)

In the following, a ratio between the system size L and height profile h(x,t) is
introduced, which allows to perform a long-wave (lubrication) approximation ansatz
[95]. The assumption is that the height profile through the long-wave approach
is interpreted as a thin film. Therefore, the smallness parameter with ε � 1 is
introduced, and the corresponding system length is scaled with

ε ≡ δ

L
. (3.6)

The underlying idea is that far away from the meniscus position, where the coating
thickness hc of the thin-film should be very small in comparison to the curvature R
or the height of the meniscus hm. Additional dimensional quantities (with tildes)
employing scales (3.4), (3.5) and scale ratio (3.6) are presented in Tab. 3.1
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dimensional quantities dimensionless quantities
x x̃ = xε/δ

z z̃ = z/δ

h h̃ = h/δ

t t̃ = tω

k k̃ = kδ/ε

Ψ Ψ̃ = Ψ/δUdis

p p̃ = pδ/ε2γ

Table 3.1: Scaling of the dimensional physical quantities to nondimensional ones for deriving the thin-film
equation.

From now on, the tildes from the dimensionless quantities are dropped for simplicity
and in addition, two more dimensionless hydrodynamic parameters are introduced

Ca ≡ µUdis

γ
and Re ≡ ρUdisδ

µ
. (3.7)

The Reynold number Re describes the ratio of inertial to viscous forces and the
Capillary number Ca defines the ratio of surface tension force and viscous force,
respectively. All these dimensionless quantities are now substituted into Eqs. (2.11),
(2.16), (3.2) and (3.3) for non-volatile liquids with βevap = 0.

The dimensionless quantities are now incorporated in the Navier-Stokes Eq. (3.2).
Considering that the wavelength of SAW is small compared to the film thickness
with h(x)� k−1, the caused effects from the pressure p are negligible. Subsequently,
this allows to simplify the following expression into

ρ

µ

[
Udisωsε

2

δ
∂xxtΨ + Udisωs

δ
∂zztΨ + U2

disε
3

δ2 (∂zΨ)∂xxxΨ

+ U2
disε

δ2 (∂zΨ)∂zzxΨ−
U2

disε
3

δ2 (∂xΨ)∂zxxΨ −
U2

disε

δ2 (∂xΨ)∂zzzΨ
]

=Udisε
4

δ3 ∂xxxxΨ + 2Udisε
2

δ2 ∂xxzzΨ + Udis

δ3 ∂zzzzΨ .

(3.8)

Eq. (3.8) is linearised in ε, so that all terms of higher order with O(ε2) are dropped.
Furthermore, the definitions of (3.5) and (3.7) are used to obtain t

2∂zztΨ + εRe
[
(∂zΨ)∂zzxΨ− (∂xΨ)∂zzzΨ

]
= ∂zzzzΨ +O(ε2) . (3.9)

Eq. (3.9) represents a scaled stream function. The streaming of the liquid, which is
caused by the displacements momentum described in Eq. (3.3) is further transformed.
Hereby, only the real part < of the oscillations induced by SAW is considered. Then,
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the corresponding flow of liquid is expressed with exponential functions and reads
 ∂zΨ
−∂xΨ

 = <
 ei(t−kx)

ε−1ei(t−kx−π/2)

 at z = 0 . (3.10)

The kinematic condition of the free surface of the liquid [Eq. (2.11)] without evapo-
ration becomes

2∂th+ εRe
[
∂xΨ + (∂zΨ)∂xh

]
= 0 at z = h(x,t) , (3.11)

In order to derive the expression from Eq. (3.11), Eq. (2.11) is expanded by a factor
of δρ/µ. This allows to substitute the scaling for the Reynold number Re.
Next, Eq. (2.16), which represents the shape of the liquid surface, projected by the
normal vector and Eq. (2.17) projected by the tangential vector ~t are scaled. The
normal vector is given by

2µ
1 + (ε∂xh)2

[
−
(
εUdis

δ
∂xzΨ

)
(ε∂xh)2 + εUdis

δ
∂zxΨ

+ (ε∂xh)
(
εUdis

δ
∂zxΨ−

εUdis

δ
∂xzΨ

)]

=−
γ ε

2

δ
∂xxh[

1 + (ε∂xh)2
]3/2 − γε2

δ
p at z = h(x,t) .

(3.12)

In the subsequent step, Eq. (3.12) is Taylor-expanded at the free surface z = h(x,t)
and the terms of O(ε2) and higher are omitted, resulting in

−∂zxΨ = ε

2Ca

(
∂xxh+ p

)
+O(ε2) at z = h(x,t) . (3.13)

The tangential component results in

∂zzΨ +O(ε2) = 0 at z = h(x,t) . (3.14)

Now, the curvature of the liquid surface vector has to vanish. In other words, the
tangent vector, which is always in line with the free surface z = h(x,t), has to equal
the curvature. This assumption leads to a flat film. On the one hand, if the first
order O(1) of Eq. (3.13) is examined, one obtains

−∂zxΨ = 0 = ∂xu = −∂zw at h(x,t) . (3.15)

Eq. (3.15) determines the flow of the liquid at the free surface. On the other hand,
by looking at the following order O(ε), the equation corresponds to the pressure at
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the free surface and reads

p = −∂xxh at h(x,t) . (3.16)

In the next steps, the concept of liquid flow (mass transport) is extended. Here, the
results from the stress tensor are applied to the reduced Navier-Stokes Eq. (2.9). In
this case only the flow of liquid in the x-direction is taken into account, so that the
term is simplified to

ρ∂tu = −∂xp+ µ(∂xx + ∂zz)u . (3.17)

Now, the results from the normal stress tensor of Eqs. (3.15) and (3.16) are used at
the boundary of the free surface and using the dimensionless quantities from (3.7) as
well as scaling from Tab. 3.1, it results in

2∂ztΨ = ε3

Ca∂xxxh+ ∂zzzΨ +O(ε2) at h(x,t) . (3.18)

In this way, all the gathered information obtained from the scaled projection at the
free surface of the liquid is maintained in Eq. (3.18), allowing to replace Eq. (3.13)
with Eq. (3.18) in the calculations.

Then, the corresponding film thickness h(x,t) has to be determined. Here, it is
assumed that the profile film thickness h(x,t) has to develop slowly and that the
temporal variation is caused by the high frequency of the propagating SAW. This
results in the displacements from the solid surface, which is then further transmitted
into the liquid. At the free surface these displacements have to vanish, so that the
remaining liquid film height at the free surface is undisturbed.
The stream at the free surface at z = h0(x,t) = h0 is approximated with

Ψ|z=h(x,t) = Ψ|z=h0 + (h− h0)∂zΨ|z=h0

+ 1
2(h− h0)2∂zzΨ|z=h0 +O

(
(h− h0)3

) (3.19)

Furthermore, an asymptotic ansatz for the stream function Ψ and film height h(x,t)
is introduced. The aim is to describe the variation caused by the SAW that is
transmitted from the solid surface into the liquid. The lubrication approximation
of the governing equations is obtained from the first order of magnitude O in the
asymptotic series [95]. In this way, the asymptotic approach is consistent with the
parallel-local-flow assumption of the stream function Ψ up to the order of O(ε).
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The asymptotic series for the corresponding velocity field yields

Ψ = ε−1Ψ−1 + Ψ0 + εΨ1 +O(ε2) (3.20)

and for the film height h(x,t) is determined up to the second order O(ε2)

h(x,t) = h0 + εh1(x,t) + ε2h2(x,t) +O(ε3) . (3.21)

Both Eqs. (3.20) and (3.21) are essential for the lubrication ansatz. Subsequently,
they are combined into Eq. (3.19), where only the linear order in ε is considered,
which results in

Ψ|z=h0 = ε−1Ψ−1|z=h0 + (Ψ0 + h1∂zΨ−1)|z=h0

+ ε
(
Ψ1 + h1∂zΨ0 + h2∂zΨ−1 + 1

2h
2
1∂zzΨ−1

)∣∣∣
z=h0

+O(ε2) .
(3.22)

Eq. (3.22) is substituted into Eqs. (3.11) and (3.18), whereas the asymptotic ansatz
for the stream function Ψ of Eq. (3.20) is used in Eqs. (3.9) and (3.10). Note that the
boundary condition of the free surface at z = h0 is matched here. In the following,
the four presented expressions are in the same leading order O(ε−1) and they yield

(3.9) : 2∂zztΨ−1 = ∂zzzzΨ−1 (3.23)

(3.10) :
(
∂zΨ−1,−∂xΨ−1

)T
= <

(
0, exp

[
i(t− kx− π/2)

])T
at z = 0 (3.24)

(3.18) : 2∂ztΨ−1 = ∂zzzΨ−1 at z = h0 .

(3.25)

Eq. (3.11) has no leading order in O(ε−1), and it expresses an undisturbed film height.
In other words, the film height stays constant in time ∂th0 = 0. This set of three
equations is interpreted as a vertical flow of liquid due to the displacement of the
solid surface induced by SAW. By integrating Eq. (3.24) in x direction, the second
component of the vector gives

Ψ−1(x,t) = −k−1 cos(t− kx) at z = 0 . (3.26)

Note that the leading order of the solution of the flow Ψ−1 in Eq. (3.26) is in phase
with the x-component of the displacement momentum in Eq. (3.3). The next order
of magnitude in ε is investigated, leading to the following set of equations in terms
of order O(ε)
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(3.9) : 2∂zztΨ0 = ∂zzzzΨ0 (3.27)

(3.10) :
(
∂zΨ0,−∂xΨ0

)T
= <

(
exp

[
i(t− kx)

]
,0
)T

at z = 0 (3.28)

(3.11) : ∂th1 = −Re
2ε ∂xΨ−1 at z = h0 (3.29)

(3.18) : 2∂ztΨ0 = ∂zzzΨ0 at z = h0 . (3.30)

These equations of the order O(ε) represent the Stokes boundary layers. They are
created by the displacements momentum oriented horizontally in the substrate. The
displacements are induced by the propagating SAW in the solid surface, creating
oscillating boundary layers. Eq. (3.11) is solved by inserting the solution for Ψ−1

[Eq. (3.26)] and integrating once with respect to time t, leading to

h1(x,t) = −Re
2ε cos(t− kx) . (3.31)

Here, h1(x,t) represents the capillary waves induced by SAW. In addition, Ψ0 is
determined by using Eqs. (3.27)-(3.30). Solving the set of equations, leads to

Ψ0(~r (2),t) =<
{(1− i) sinh

[
(1 + i)h0

]
+ sinh

[
(1 + i)(z − h0)

]
2 cosh

[
(1 + i)h0

] ei(t−kx) + g(t)
}
.

(3.32)

Hereby, Eq. (3.14) is taken into account as an additional requirement, which is
trivially solved when using the asymptotic ansatz. The solution of Ψ0 is calculated
with Mathematica1 and satisfies all boundary conditions of Eqs. (3.27)-(3.30).
The arbitrary function of time g(t) is neglected in further calculations, as it does not
contribute to derive the evolution equation. All three time-dependent solutions for
h1,Ψ−1 and Ψ0 in Eqs. (3.31), (3.26) and (3.32) represent fast oscillating frequencies
and also depend on the viscous time scale [5, 6, 87]. These frequencies are connected
to the vibration induced by the propagating SAW in the substrate on a fast time scale
ω−1
s . For the long-wave analysis of thin films, however, a slow temporal development

is required. The previous time dependence is limited to the fast frequency of the
SAW, which is the motion of the substrate and liquid at z = 0. It is important to note
that the occurring effects of the SAW due to the acoustic streaming in liquids takes
place in two different time scales. For this reason, an additional slow hydrodynamic
time scale T is introduced to quantify the slow motion of the liquid film with

T ≡ L

ReUd
= L

ν
� ω−1 . (3.33)

1Mathematica Version 11.2
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This scale allows to scale the dynamics of the film flow for a slow time scale. In the
next step, it is necessary to average the fast oscillating frequency of the SAW over
time. At this point a suitable operator is introduced [37, 93, 109] and it reads

〈
f(t)

〉
= 1

2π

∫ 2π

0
<f(t)dt . (3.34)

The arbitrary function f(t) is averaged over a complete period 2π. This operator
allows to determine the remaining expressions of order O(ε) for a short time scale of
the stream functions, to derive a SAW-driven thin-film evolution equation. The set
of four time-averaged equations read

(3.9) :
〈
∂zzzzΨ1

〉
= −Re

ε

〈
(∂xΨ−1)(∂zzzΨ0)

〉
(3.35)

(3.10) :
(〈
∂zΨ1

〉
,
〈
− ∂xΨ1

〉)T
= (0, 0)T at z = 0 (3.36)

(3.11) :
〈
∂zzΨ1

〉
= −

〈
h1∂zzzΨ0

〉
at z = h0 (3.37)

(3.18) :
〈
∂zzzΨ1

〉
= − ε2

Ca∂xxxh0 −
〈
h1∂zzzzΨ0

〉
at z = h0 . (3.38)

Eq. (3.38) uses 〈2∂ztΨ1〉 = 0 for order O(ε). Note that the order O(ε) is used in
Eq. (3.22) for Eqs. (3.37) and (3.38), which describe the surface of the film. In
Eq. (3.38) the film height is kept constant for sufficiently small thin-films (ε2). This
term does not vanish with the time-average operator. In a final step, the last unknown
stream function Ψ1 is determined. Eq. (3.35) is solved by integrating it three times
over z. In a subsequent step, the time-average operator from Eq. (3.34) is applied
and the solutions for Ψ0 and Ψ−1 are inserted. The final expression yields

Ψ1(~r (2)) = −z sin(2h) + z sinh(2h)
4[cos(2h) + cosh(2h)]

+ cos(z) cosh(2h− z) + cosh(z) cos(2h− z)
4[cos(2h) + cosh(2h)] + c(~r (2)) .

(3.39)

The arbitrary function c(~r (2)) contains all the remaining information such as acting
pressure, surface tension and other means. Then, the flux of the liquid is approximated
by the leading order of Ψ with

Qfl(x,t) = 〈Ψ〉|z=h − 〈Ψ〉|z=0 ≈ ε(〈Ψ1〉|z=h − 〈Ψ1〉|z=0) . (3.40)

In order to find an expression for the arbitrary function c(~r (2)) in Eq. (3.39) the
boundary conditions of Eq. (3.36)-(3.38) are applied and inserted into Eq. (3.40), so
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that the flux yields

Qfl(x,t) = Rehvs(h) + ε3

3Cah
3∂xxxh (3.41)

with the dimensionless expression for the propagating SAW

vs(h) = 1
4h

(
h sinh(2h)− h sin(2h) + 2 cos(h) cosh(h)

cos(2h) + cosh(2h) − 1
)
. (3.42)

Note that Eq. (3.42) becomes vs(h) ≈ h3/8+O(h7) for very low film thickness h→ 0.
Therefore, the SAW-driving and plate velocity U0 represent different functional
dependencies at small h, but become similar at large film thickness h.
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Figure 3.2: Plot of the dimensionless propagating Rayleigh SAW-term vs(h) (solid black line) for growing
film heights h. The SAW vs(h) approaches 0.25, which is marked by a dotted line. So for h→∞, the SAW
reaches vs(h)→ 0.25.

In order to derive a dimensionless thin-film evolution equations as in Ref. [87],
continuity and all dimensionless quantities from Tab. 3.1 and Eq. (3.7) are used. All
tildes are dropped and the evolution equation reads

∂th = −∂xQfl(x,t) = −∂x
[
− hvs(h) + h3

3Wes
∂xxxh

]
. (3.43)

This continuity equation describes the dynamics of the liquid film height profile on a
fully wetting plate in absence of gravity and other external forces. Here, the scaled
dimensionless Weber number with Wes = ReCa/ε3 combines the ratio between the
convective stress, which is induced by the SAW, and the capillary stress due to the
surface tension at the free surface. The minus sign of the advection term hvs is
introduced for convenience. The model considers that the SAW is acting towards
the negative x-direction, see sketch Fig. 3.1.
Next, Eq. (3.43) is transformed back introducing a dimensional equation. This allows
to expand the corresponding thin-film equation in order to add more attributes.
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A typical velocity scale of the SAW vs is given by

ṽs(h) = ρδU2
dis

µ
vs(h) ≡ Uwvs(h) . (3.44)

The complete dimensional thin-film equation then includes the geometry of the
classical Landau-Levich model where a plate under an angle α is withdrawn from
a bath. The contribution of lateral forces is decisively influenced by gravity g. In
addition, a partial wetting liquid is considered. The wetting potential reads

f(h) = κ

(
h3

p

5h5 −
1

2h2

)
(3.45)

In Eq. (3.45) prefactor κ represents a typical energy density scale (wetting strength)
and hp is the height of the precursor film. Then, the Derjaguin (disjoining) pressure
results

Π(h) = −∂hf(h) = κ

(
h3

p

h6 −
1
h3

)
. (3.46)

with wetting strength κ [118]. Then, the full dimensional thin-film equation is
obtained and reads

∂th = −∂x
{
− hUdrag − hUwvs(h) + h3

3µ
[
∂x (γ∂xxh+ Π(h)− ρgh) + αρg

]}
. (3.47)

Hereby, Udrag corresponds to the velocity of the withdrawn plate. By, re-introducing
the scalings for time t = L/ν, film thickness δ and length scale L for the x-coordinate,
the nondimensional equation reads

∂th = −~∇ ·
{
− h

(
D1 +D2vs(h),0

)T
+ h3

3
~∇ ·

[
D3∆h+D4Π(h)

]

+D5
h3

3

[(α
ε
,0
)T
− ~∇h

]}
,

(3.48)

whereas Eq. (3.48) is expanded for a 2D case, where the y-component is added.
Note that the velocities, dragged plate D1 and SAW D2vs(h) are only acting in the
x-direction and the solid substrate is inclinated as well at angle α. The introduced
nondimensional numbers are

D1 = Udrag

ν
, D2 = Uw

ν
, D3 = ε3γ

µν
, D4 = εδκ

µν
, and D5 = ερgδ2

µν
. (3.49)

At first, the parameter ν is kept general, so that all five nondimensional numbers in
Eq. (3.48), are described as: D1 = U0 represents a velocity ratio corresponding to a
plate dragging strength, D2 = εs the velocity ratio corresponding to a SAW strength
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D3 = We−1
s an inverse Capillary or Weber number, D4 = Ha is called Hamaker

number and D5 = G is gravity.
This particular scaling is the main parametrisation for the investigation of the thin-
film system considering partially wetting liquid. This allows to compare both cases,
which corresponds to the classical Landau-Levich system for partially wetting liquid
in Ref. [47, 123, 132] and SAW-driven meniscus in Ref. [87]. Note that the film
height h of Ref. [46] is scaled by a factor of three h̃→ 3h. The main focus on the
thin film behaviour is investigated by the effects which occur, by plate velocity U0 in
Sec. 5.1 and SAW strength εs in Sec. 5.2. In addition, this study also allows to retain
the ability to investigate the influence of Wes, which is a an important parameter in
Ref. [87].
Then, the general evolution equation is obtained from Eq. (3.48) with the scaling
Eq.(3.49) and reads

∂th = −~∇ ·
{
−h

(
U0 + εsvs(h),0

)T
︸ ︷︷ ︸

advection term

+Qm~∇ ·
[

1
Wes

∆h+ HaΠ(h)
]

︸ ︷︷ ︸
Laplace and disjoining pressure

+Qm G

[(
α,0

)T
− ~∇h

]
︸ ︷︷ ︸

gravity and lateral forces

}
with Qm = h3

3︸ ︷︷ ︸
mobility factor

.

(3.50)

The dimensionless evolution Eq. (3.50) describes a more realistic thin-film model
that either case of a thin film is drawn out by a dragged plate or SAW. Eq. (3.50)
provides the possibility to investigate a thin-film problem regarding to wettability
and lateral forces acting on the liquid due to gravity and or inclination of plate or
substrate. In App. A.1 further scalings are introduced in order to recover different
scalings employed in the literature.

3.3 Velocity field in 1D case

An advancing or flowing liquid can be described by streamlines, which provides
insights to the corresponding mass transport beneath the liquid-gas interface. These
streamlines have characteristic behaviours, such as locally straight and parallel flow
and convection rolls, which are commonly determined in liquids [1, 24, 49]. It is
possible to calculate the velocity field of liquid by using the full advection term,
plate velocity and SAW, to determine the transport of liquid. This in turn allows to
visualise the behaviour of a thin film withdrawn by a plate or driven by SAW. To
start the derivation of streamlines, the flow of the thin-film model at the free surface
z = h(x,t) given by Eq. (2.11) is considered. It directly yields the conditions for the
derivatives of the corresponding velocity fields for u(~r (2)) and w(~r (2)). The stream
function is already defined in Eq. (3.1).
The liquid flow in a two-dimensional (2D) system, is determined by Ψ1(x,z) from
Eq. (3.39) and combined with Eq.(3.1). Note that the liquid flow also depends on
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disturbances from the oscillating frequency of the SAW, which in turn depends on
both coordinates x and z. This leads to

u(~r (2)) = ∂

∂z
Ψ1(~r (2)) = − cos(z) sinh(2h− z) + sinh(z) cos(2h− z)

4
(

cos(2h) + cosh(2h)
)

+ cosh(z) sin(2h− z)− sin(z) cosh(2h− z)− sin(2h) + sinh(2h)
4
(

cos(2h) + cosh(2h)
) + ∂zc(~r (2))

(3.51)
for the x-component and for the z-component

w(~r (2)) = ∂

∂x
Ψ1(~r (2)) = ∂Ψ1

∂h

∂h

∂x

=

−z cos(2h) + z cosh(2h) + cos(z) sinh(2h− z)− cosh(z) sin(2h− z)
2
(

cos(2h) + cosh(2h)
)

−
[
−z sin(2h) + z sinh(2h) + cos(z) cosh(2h− z) + cosh(z) cos(2h− z)

2
(

cos(2h) + cosh(2h)
)2

]

·
(
sinh(2h)− sin(2h)

)∂xh+ ∂xc(~r (2)) .

(3.52)
It is obvious, that both Eqs. (3.51) and (3.52) show that the oscillating SAW depends
on both coordinates x and z. Here, the function c(~r (2)) corresponds to the occurring
pressure p(~r (2)) of the thin film due to the boundary conditions and is expressed as

∂xp(~r (2)) = G∂xh− ∂x
( 1

Wes
∂xxh− Π(h)

)
. (3.53)

Due to the transport equation of the liquid flow [38], the pressure has to satisfy the
following conditions

∂zzu = ∂xp−Gα (3.54)

and ∂zp = −G . (3.55)

Using Eqs. (3.53) and (3.55) and integrating once, it gives

p(~r (2)) = G(h− z)− 1
Wes

∂xxh− Π(h) . (3.56)
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Furthermore, the streamlines in the liquid have to be in line with the solid surface at
z = 0, so that no-slip and no-penetration occurs. It reads

u(x, 0) = −
[
U0 + vs(~r (2))

∣∣∣
z=0

]
. (3.57)

where the SAW-term is determined by Eq. (3.39) with Ψ1 = vs and is further
simplified to

vs(~r (2))
∣∣∣
z=0

= 1
4 .

(3.58)

Eq. (3.57) has two contributions: one constant velocity U0 corresponds to the dragged
plate and one constant acting SAW vs. Both act in the same x-direction. Furthermore,
vs(~r (2))|z=h − vs(~r (2))|z=0 immediately results into vs(h), see Eq. (3.42). Inserting
Eq. (3.51) into Eq. (3.56) and integrating once with respect to z leads to the full
solution of the flow in the x-direction

u(~r (2)) =
[
G(∂xh− α)− ∂x

( 1
Wes

∂xxh− Π(h)
)](

z2

2 − hz
)

−
[
U0 + vs(~r (2))

]
.

(3.59)

Next the velocity field in the z-direction with w(~r (2)) is determined. The continuity
yields

0 = ∂xu+ ∂zw . (3.60)

Then, the velocity for the z-direction is calculated and reads

w(~r (2)) = −
∫ z

0

[
∂xu(~r (2))

]
dz

= −
[
∂xxp

(
z

3 − h
)
− (∂xp−Gα)∂xh

]
z2

2 + ∂xvs(~r (2)) . (3.61)

Eqs. (3.59) and (3.61) are used to determine the stream function of a corresponding
solution of the thin-film evolution equation.

3.4 Thin-film equation including evaporation

The effects of evaporation or condensation are included in a simplified form into
the dimensional thin-film equation by adding the non-conserved flux [Eq. (2.25)] to
Eq. (3.48). Therefore, the general scaling in (3.1) and dimensionless quantities are
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used once again. Then, the full dimensionless evolution equation reads

∂th =− ~∇ ·
{
− h

(
U0 + εsvs(h),0

)T
+Qm~∇ ·

[
1

Wes
∆h+ Π(h)

]

+QmG

[(
α,0

)T
− ~∇h

]}
+ βs

{
1

Wes
∆h+ Π(h) + µs

} (3.62)

with the mobility Qm = h3/3. Thereby, two new nondimensional quantities are
introduced and they are scaled with

βs ≡
µν

ε2δρ
βevap and µs ≡

εδρ

νµ
µevap . (3.63)

In this way, Eq. (3.62) describes the evolution of a volatile liquid thin film. In the
next chapter, the numerical methods of path continuation and time simulation are
explained and introduced.





Chapter Four

Numerical and analytical
techniques

„
Iucundi acti labores“
– Marcus Tullius Cicero,
De Finibus Bonorum et Malorum

Book II, Chapter 105, 45 BC

W hen analysing nonlinear ordinary differential equations (ODEs) and partial
differential equations (PDEs) it is common to use numerical as well as

analytical techniques to investigate the derived problem accordingly. Two different
methods are explained, which are sufficient for this numerical analysis. One is
the path continuation, which is used to generate bifurcation diagrams. They are
computed by changing a main control parameter of a steady state solution of the
PDE or ODE. Analysing bifurcation diagrams provides insights into behaviour of
occurring steady states. These allow to theoretically investigate and interpretate the
system. Bifurcation diagrams are computed with the Matlab package pde2path
[34, 136], see Sec. 4.1 for a detailed explanation.
The second method is a numerical time simulation. This numerical approach gives
information about the temporal behaviour of the system. Time simulations are
conducted with oomph-lib [54], see Sec. 4.2.
Both numerical methods, path continuation and time simulation, are used and allow
to investigate the occurring dynamical behaviour of the corresponding system. At
the end of this chapter, in Sec. 4.4, an analytical method, namely a linear stability
analysis, is performed for a thin film. This method allows to predict the stability of
the solutions of the system.

4.1 Path continuation approach with pde2path

One of the standard techniques to study the behaviour of a nonlinear system given
by ODEs or PDEs is to analyse their bifurcation behaviour. In this work, bifurcation
diagrams are constructed via a numerical approach of a path continuation and
allow to investigate stable and unstable steady states of a nonlinear physical system
[4, 31, 32, 33, 39, 66, 70, 85]. In the case of the derived nonlinear thin-film evolution
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Eq. (3.50) a numerical approach is essential.
In order to track steady states of a bifurcation curve, several steps have to be
considered. At first a main control parameter is chosen, for instance velocity or
inclination of plate for the classical Landau-Levich problem. The control parameter is
varied, while a steady state solution is determined. This technique allows one to track
branches of the bifurcation curve consisting of steady states from any stationary ODE
or PDE. The tracked branch is analysed by calculating the corresponding eigenvalues
from the Jacobian matrix to obtain further information on the stability of steady
states. Furthermore, it also allows to identify different types of bifurcation, i.e.,
Saddle-Node and Hopf bifurcations, which are useful to make conclusions concerning
the behaviour of the system.

4.1.1 Pseudo-arclength continuation

There are two different path continuation methods. One is called natural path
continuation and the other one is termed pseudo-arclength path continuation. Both
methods are illustrated in Fig. 4.1.

Figure 4.1: Illustration of two different path continuation methods: (a) shows iteration steps of the
pseudo-arclength continuation and (b) represents the natural path continuation. With the pseudo-arclength
continuation in (a), changes in direction caused by the control parameter λ are tracked, due to a advanced
tangent in parameter space, so that Saddle-Node bifurcations are detected. The natural path continuation in
(b) misses this advantage, so that changes of direction cannot be covered, which results into an unintended
jump from one solution branch onto another solution branch.

Both path continuation methods allow to track a bifurcation curve in parameter
space. One significant advantage of the pseudo-arclength path continuation is to
fully track a solution branch. In contrast to the natural path continuation, the
pseudo-arclength path continuation does not unintentionally “jump“ to another
solution branch at a fold, see left panel of Fig. 4.1 (a). As a result the natural path
continuation may lose information of the investigated system, so that in this thesis
only the pseudo-arclength continuation is used to generate bifurcation diagrams. In
the following the (pseudo-arclength) path continuation is briefly explained.
In every case of performing a pseudo-arclength path continuation, an ODE or a



Chapter 4. Numerical and analytical techniques 35

PDE is denoted as G[u,λ], where u = (u1, . . . ,unu) denotes a scalar field in R
nu , nu

corresponds to the degrees of freedom and λ presents the main control parameter.
In this way, the scalar field u is spatially discretised by means of finite elements
over the investigated domain Ω. By implementing an ODE or PDE in pde2path,
it is important to note that the occurring problem is reduced to a set of algebraic
equations [136]. For this, the method of a finite element method (FEM) is used
[76, 100]. For any continuation approach only stationary solutions are considered.
The time derivative has to vanish and then it follows

0 = −G(u,λ) = M u̇ with dtu = u̇ , (4.1)

where M is the mass matrix with M ∈ Rnu×nu [27]. The dynamical stability of u is
then determined by the eigenvalues of the Jacobian matrix calculated in ∂uG.
While tracking a solution branch of steady states, two consecutive steps are always
performed during this process:
The first is a prediction step where a tangential projection advances from a known
solution at parameter value λ to a first initial “guess” at a new parameter value
λ+∆λ. Subsequently, the determined solution is corrected via a Newton method [86]
and converges to a steady solution at λ+∆λ. These two steps are iteratively repeated
for any path continuation method so that a solution branch is tracked. In addition,
in the pseudo-arclength path continuation method, an additional parameter during
this process is considered. As the name of the pseudo-arclength path continuation
suggests, the change of the arclength ∆s is kept constant in G(u,λ). The idea behind
this technique is that the step size ∆λ and the change of field u are approximated
via the arclength’s change ∆s with

|∆u|2 + (∆λ)2 ≈ (∆s)2 . (4.2)

In order to make s an approximation of the arclength of the solution branch, a
function p, here as a arclength condition, is introduced. The function p(u,s,λ) yields

p(u,s,λ) := ξ
〈
u− u0, dsu0

〉
+ (1− ξ)

〈
λ− λ0, dsλ0

〉
−∆s != 0 . (4.3)

The introduced scalar product with
〈
·, ·
〉
is in R

nu . The differential is then denoted
as ds ≡ d/ds with respect to the arclength s and ξ. Hereby, ξ corresponds to a free
parameter, which denotes the weights for the field u. Subsequently, this allows one
to extend Eq. (4.1) by Eq. (4.3), which immediately leads to the problem

H(u, λ) =
 G(u,λ)
p(u,λ, s)

 !=
0

0

 . (4.4)

The function H is weighted with p(u, λ, s) and defines a hyperplane in (u,λ)-space
in dependence of the normalised step size of constant arclength ∆s in G(u,λ). The
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Jacobian of Eq. (4.4) for the current step k in block form yields

JH(u, λ) =
 ∂uG ∂λG

∂su
(k) ∂sλ

(k)

 . (4.5)

Note that every tangent direction is given with ∂s. Subsequently, the problem is
solved with the Newton method and converges from the previous steady solution k
to the next approximated solution k + 1 in (u,λ)-space, which is given by

 ∂uG ∂λG

∂su
(k) ∂sλ

(k)

∂su(k+1)

∂sλ
(k+1)

+
∂sG
∂sp

 =
 0
−1

 with k ∈ N1 . (4.6)

This process is iteratively repeated to follow the solution branch of the steady states.

4.1.2 Branch switching to time-periodic states (TPS)

Detected Hopf bifurcations on a branch of steady states are an important bifurcation
in this thesis. They indicate that a branch of time-periodic states (TPS) emerges. A
Hopf bifurcation occurs when a complex conjugated pair of eigenvalues passes the
imaginary axis. This is determined by the Jacobian matrix. In order to track these
time-periodic branches, a new time scale t̃ = tτ has to be adopted, where τ is the
period. The periodic time τ is unknown and the time is discretised in the interval
t̃ ∈ [0,1] [27, 39]. In the following, the tilde is omitted. In consequence, Eq. (4.1) is
expanded, so that it covers a time-periodic solution of the form

M u̇(x,t) = −τG(u, λ) , with u(x,0) = u(x,1) . (4.7)

It is important to note that Eq. (4.7) is time dependent. At the bifurcation, the
first initial guess for the periodic time is chosen τ = 2Π/ω. In order to ensure a
unique solution of Eq. (4.7), a phase condition with an explicit time discretisation
is introduced. The phase condition has to vanish by integrating over the full time
period and yields

q(u) :=
∫ 1

0

〈
u(t),M u̇0(t)

〉
dt = 0 . (4.8)

The previous step is given by u̇0(t). Then, the step length condition is defined as

p(u, τ,λ) := ξH

∫ 1

0

〈
u(t)− u0(t), dsu0(t)

〉
dt+ (1− ξH)

·
[
wτ (τ − τ0)(dsτ0) + (1− wτ )(λ− λ0)(dsλ0)

]
−∆s != 0 .

(4.9)

Note that, in Eq. (4.9) the scalar field u0(t), the time period τ0 and the control
parameter λ0 are results from the previous step. The free parameters ξH and wτ
denote the weights of the field u at the period τ . In order to track the solution
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branch of time-periodic states in parameter space, Eq. (4.4) is extended once more.
This allows one to formulate an extended problem which reads

H(u,τ, λ) :=


G(u,τ, λ)
q(u)

p(u,τ,λ)

 !=


0
0
0

 ∈ Rmnu+2. (4.10)

In Eq. (4.10) the steady state problem given by G(u,τ, λ) = 0 is completed to
also determine the unknown parameter τ . In contrast, in the previous case of a
pseudo-arclength path continuation for a steady state, one only has G(u, λ) = 0.
The field u has to be adjusted due to the time discretisation of the TPS in R

mnu .
Subsequently, a Newton method on the initial guess Uk is performed . Then, the
solution converges on the solution Uk+1 with

Uk+1 = Uk −A(Uk)−1H(Uk) where (4.11)

A =


∂uG ∂τG ∂λG

∂uq 0 0
ξHTu (1− ξH)wτTτ (1− ξH)(1− wτ )Tλ

 . (4.12)

In addition, U = (u,τ, λ) is substituted once to reduce the governing problem and
the tangent T in U is then calculated by

A(U)Ti = (0,0,1)T . (4.13)

Eq. (4.11) is solved and these steps are iteratively repeated to trace the branch of
time-periodic states.

4.2 Time simulation

Until now, different methods of path continuation have been discussed to determine
steady states and time-periodic states of ODEs and PDEs. Next, the technique
of numerical time integration is briefly explained. In this work, time simulations
are performed with the tool oomph-lib [54]. A numerical time simulation is
widely used and allows one the time evolution of states described by ODEs and
PDEs. In most cases, they allow to compare the prediction of a theoretical model
with experimental results. Bifurcation diagrams obtained by path continuation only
provide information of stable and unstable steady states, their bifurcations and
branches of stable and unstable time-periodic states (TPS). In this work, the stability
of time-periodic states is determined by time simulations and linearly stable steady
states are also confirmed by time simulations. Time-periodic states correspond to the
occurrence of pattern formation. Example are parallel ridges, which may be formed
by thermal effects or hexagon patterns, which occur due to the Rayleigh instabilities
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[21, 61, 75, 111].
When PDEs and ODEs are studied by time simulations, the investigated problem
is given by ∂tu = G(xi,u(xi)), where u corresponds to a scalar field in R

nu . It is
discretised with a finite element method (FEM). Therefore, the function u(xi,t) is
expressed by spatially localised base functions ψi(x). This is then written as

u(xi, t) =
∑
i

ui(t)ψi(xi) . (4.14)

The spatial derivatives of Eq. (4.14) only depend on ψi(x), so that it gives

∂xu(xi,t) =
∑
i

ui(t) ∂xψi(x) . (4.15)

By using a weighted residual and multiplying with an arbitrary test function φt(xi)
the problem to be solved can be written in integral form

0 !=
∫

Ω

[
G(xi,u(xi))− ∂tu

]
· φt(x)dxi . (4.16)

This integral corresponds to a weak formulation and the integral has to vanishes.
In other words, if Eq. (4.16) is fulfilled for any arbitrary test function φt(xi), it
is equivalent to the nonlinear ODE or PDE. Then, Eq. (4.16) is solved by using
Newton method. The time is discretised and the time derivative is approximated by
a time-stepping scheme. Hereby, a backward differentiation formula known as BDF
scheme of second order is used [44]. In short, a Newton method is used at each time
step ∆ti successively, leading towards solution that is approximated more accurately
of the next time step ti+1.

In addition, time simulations are used to perform a primitive continuation. At the
beginning, steady states or time-periodic states (TPS) are chosen as an initial starting
solution. Primarily, these states are obtained from time simulations. Then, another
time simulation is performed by changing one of the corresponding parameters λ to
λ+ ∆λ. The time simulation is performed until the state is stable or periodic. This
allows one to track branches of stable steady states or stable time-periodic states
with the aid of time simulations. This primitive continuation method is used to
compare results of the different numerical approaches and to identify “true” stable
time-periodic states.
In the following section, Eq. (3.50) is treated so that it is implemented in either
pde2path and oomph-lib.

4.3 Implementation of the SAW-driven thin-film equation

The derived nondimensional thin-film evolution Eq. (3.50) has to be written in a
form that facilitates its solution in pde2path and oomph-lib. The thin-film
evolution Eq. (3.50) contains a fourth order derivative term due to the Laplace
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pressure. However, pde2path as well as oomph-lib are not able to directly
handle fourth order derivatives. Both tools use triangle functions as a basis, which
allow one to construct only derivatives up to second order. To reduce this problem
an additional field is introduced, termed auxiliary field uaux. This field is defined
to contain both pressure terms, Laplace and Derjaguin pressure. As a result, only
second order derivatives in the first and second (auxiliary) field remain.
As a result, the thin-film evolution Eq. (3.50) in a two-dimensional steady case has to
be split for the pseudo-arclength path continuation in pde2path into two equations

∂th = 0 =−Wes(~∇h) ·
(
U0 + εsvs(h),0

)T
−Wesh

(
εsdhvs(h),0

)T
· ~∇h

+ (∂hQm)~∇h · ~∇uaux +Qm∆uaux −WesG(∂hQm)(~∇h)2

−WesGQm(~∇h) + WesG
(
α,0

)T
· (∂hQm)(~∇h) (4.17)

and

0 =−∆h−WesΠ(h) + uaux . (4.18)

Notice that both expressions are multiplied with the Weber number Wes.
The presented Eqs. (4.17) and (4.18) are further simplified for tracking steady
states by the pseudo-arclength path continuation. Eq. (4.17) is multiplied by
Qm(h)−1 = 3/h3. Because of its time dependence, the mobility factor in front
of the auxiliary field vanishes. This allows one to efficiently obtain steady states.
However, this trick is not useful when tracking time-periodic states, because then
the film thickness h in the mobility Qm(h) depends on time.
To compute the branches of TPS a quasi-linear approach is necessary. At first
both fields in Eqs. (4.17) and (4.18) are not changed nor multiplied by Qm(h)−1.
Therefore, the mobility Qm(h) needs to be treated separately in pde2path, for
more details see [107, 135]. In short, the mobility Qm(h) is approximated via a
quasi-linear approach at each step. Then, this allows one to track branches of TPS
accurately.
In the following step, the Jacobian matrix is determined, which allows one to calculate
the eigenvalues of the system and to perform Newton iterations. Eq. (4.17) gives
f(h,uaux) and Eq. (4.18) gives g(h,uaux). In this way, the Jacobian matrix is

J = ∂uG =
∂hf(h,uaux) ∂uauxf(h,uaux)
∂hg(h,uaux) ∂uauxg(h,uaux)

 . (4.19)

For more information on the implementation, see in App. B.5. In the following, a
brief explanation of the necessary implementation is presented, that allows one to
follow loci of bifurcations, i.e. Saddle-Node and Hopf bifurcations, in parameter
space with path continuation. The method is termed pseudo-spectral method [27].
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To track bifurcation points, it is necessary to calculate the eigenfunction of the zero
mode at the associated bifurcation point in parameter space. The second derivative
of the corresponding Jacobian matrix [Eq. (4.19)] has to be transformed into a tensor
of a higher order. Hereby, the toolbox pde2path simplifies the problem. It is
sufficient to construct a Hessian Matrix, where the higher order tensor is reduced
towards a symmetrical tensor of second order. In the case of tracking a Saddle-Node
bifurcation in parameter space, the Hessian Matrix is expressed as

HF =
∂h((∂hf)ψf

)
+ ∂uaux

(
(∂hf)ψg

)
∂h
(
(∂uauxf)ψf

)
+ ∂uaux

(
(∂uauxf)ψg

)
∂h
(
(∂hg)ψf

)
+ ∂uaux

(
(∂hg)ψg

)
∂h
(
(∂hg)ψf

)
+ ∂uaux

(
(∂uauxg)ψg

)  .

(4.20)

With the Hessian matrix in Eq. (4.20), only the real parts (R) of eigenvalues are
calculated. Note that in Eq. (4.20), ψf and ψg are the eigenfunctions of the first and
second field at the corresponding bifurcation points, respectively. In this case, they
are Saddle-Node bifurcations and the eigenfunctions are provided and calculated
automatically with pde2path.

In the second case, a Hopf point continuation is used, which allows one to track
Hopf bifurcations. Hereby, it is necessary to calculate the imaginary parts (I) of
eigenvalues, so that the expression of the Hessian Matrix in Eq. (4.20) needs to be
expanded. Consequently, the number of degrees of freedom are doubled. Eq. (4.20)
is simply extended symmetrically where the Hessian matrix then contains real and
imaginary parts. Then, it reads

HH =
 HF 0

0 iHF

 . (4.21)

Here, in Eq. (4.21), all eigenfunctions of the zero mode for R and I are determined,
which then allows one to track branches of Hopf bifurcations in the parameter range
of interest. Up to here, all important steps are introduced for the bifurcation study
in pde2path

In the next part, a brief overview of the necessary implementation of the thin-film
evolution Eq. (3.50) is given for oomph-lib, which slightly differs from pde2path.
At first, an auxiliary field is introduced, however this is differently treated as in
pde2path. Note that for oomph-lib the fields are treated in one dimension
in Eq. (3.50) and are not simplified with the Weber number Wes. For the time
simulation, two arbitrary test functions φh and φu are introduced. The evolution
equations is multiplied by the two arbitrary test functions φh (first field) and φu
(second field) so that the residuals vanish. Overall, this leads again to two sets of
equations in a weak formulation, which are then solved by oomph-lib with a
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Newton method. They are given by

0 =
∫

Ω

{
∂th−

[
εsdhvsr(h) + U0 +Gα(dhQm)

]
(~∇h)

}
· φh d~r

−
∫

Ω
Qm

{
(~∇uaux) · (~∇φh) +G(~∇h) · (~∇φh)

}
d~r and (4.22)

0 =
∫

Ω
−(~∇h) · (~∇φu) +

{
HaΠ(h)− 1

Wes
uaux

}
· φu d~r , (4.23)

where uaux represents the auxiliary field the this time only contains the Laplace
pressure ∆h. The SAW-term is reduced into vsr(h) = hvs(h), which allows to simply
the formulations.
The domain is given by Ω. Now, all transformed equations are given, which are used
either for pde2path [Eqs. (4.17) and (4.18)] or for oomph-lib [Eqs. (4.22) and
(4.23)]. The obtained results are presented in Chap. 5 and Chap. 6.

4.4 Linear stability analysis of a flat film in 1D

To determine the linear stability of any given flat one-layer film of height h0 with
respect to infinitesimal perturbations ε in h1(x,t), a Fourier mode decomposition of
h1 is introduced [125]. The ansatz is h(x,t) = h0 + ε exp(βt+ ikx) where ε� 1. The
growth rate of a perturbation is then obtained as the real part R(β). The imaginary
part I(β) determines the phase velocity vph = I(β)/k.
Using

∂nxh(x,t) = ε(ik)neβt+ikx (4.24)

and

∂th(x,t) = εβeβt+ikx (4.25)

a linearisation of the equation in ε yields the dispersion relation

β(k) = − h3
0

3Wes
k2
(
k2 − k2

c

)
− ik

[
Gαh2

0 + U0 + vs(h0) + h0∂hvs(h0)
]
. (4.26)

Here, the critical wavenumber kc is introduced with k2
c = Wes(Ha∂hΠ(h0) − G) is

introduced. The growth rate is

R[β(k)] = − h3
0

3Wes
k2
(
k2 − k2

c

)
(4.27)

and the phase velocity is

I[β(k)]/k = −
[
Gαh2

0 + U0 + vs(h0) + h0∂hvs(h0)
]
. (4.28)
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A plot for three different cases for the growth rates behaviour is shown in Fig. 4.2.
The flat film is unstable for all wavenumbers k in the interval k ∈ [0,kc] as long as
R[β(k)] > 0 , whereas the growth rate at R[β(0)] = R[β(kc)] = 0 is always zero.
All other wavenumbers are stable. The red dashed and green dotted line in Fig. 4.2
represent cases, where all wavenumbers k are stable. Hereby, the critical wavenumber
is k = 0 for the red dashed line, i.e. the curve is shown at onset, so that only the
quartic term from Eq. (4.27) remains. For the other critical wavenumbers are k2 < 0
for the green dotted line .

Figure 4.2: Plot for differnt wavenumbers k showing the Dispersion relation (growth rate) for a flat film
as a function of the wavenumber k. The solid blue line corresponds to the case where the wavenumbers are
unstable at first and get stable at k � kc = 1. The dashed red line and the green dotted line corresponds to
the stable cases at kc = 0 and k2

c < 0, where all wavenumbers are stable. Both axes are normalised.

Notice that in App. A.2 a linear stability analysis for a flat two-layer thin-film system
is performed.



Chapter Five

Behaviour of a thin film driven by
SAW

„
Discere ne cessa, cura sapientia crescat“
– Dionysius Cato,
Incipit liber Cathonis in vulgares

IV, 27, 3rd/4th AD

T he main goal of this thesis is to theoretically investigate the dynamical be-
haviour of a thin film driven by surface acoustic waves (SAW). The focus is to

find parameter regimes where stable time-periodic states of thin film driven by SAW
occur. These theoretical results provide predictions that are useful for experiments
to develop advanced coating methods, i.e. thin films driven by SAW.

To investigate and understand the different thin film solutions, which may occur in
the SAW-driven case, first the classical Landau-Levich problem is analysed in Sec. 5.1.
The derived thin-film evolution Eq. (3.50) is scaled according to (Ae.1). To analyse
this partial differential equation (PDE), a numerical treatment is unavoidable. With
the numerical analysis, bifurcation diagrams are generated with the pseudo-arclength
path continuation in pde2path. It is important to bear in mind, that Eq. (3.50)
is split into two Eqs. (4.17) and (4.18) (main- and auxiliary field) for the pseudo-
arclength path continuation approach. The main control parameters of interest are
the velocity of the plate U0 withdrawn out a bath and the inclination angle α of the
plate, which are commonly varied in experiments. Therefore, three different types of
film states are obtained and the occurring transitions of those states are compared
to the literature. At first a parameter study is performed for the Landau-Levich
case (dragged-case). The classical Landau-Levich case helps to understand and to
distinguish occurring types of thin-film solutions [47, 116, 144]. Then, after discussing
the classical Landau-Levich case, the main subject is investigated where a thin film
is driven by SAW.
In Sec. 5.2 a SAW-driven thin-film model is analysed. In the analysis, the results
of Ref. [87] for ideally wetting liquid are reproduced using Eq. (3.43) with scaling
(Ae.2). Afterwards the thin-film evolution equation is analysed with the general
scaling employed in (3.49) is used. This general scaling facilitates the comparison
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of the dragged-case employed in Ref. [47] to the expanded SAW-case of Ref. [87].
The occurring bifurcation diagrams are analysed in detail with a focus on the fol-
lowing control parameters: the SAW strength εs and the Weber number Wes. In
particular, these parameters can also be manipulated in experiments. The computed
bifurcation diagrams are examined for parameter ranges where time-periodic states
occur. Periodic behaviour of film states are verified by performing time simulations
with the software oomph-lib and using phase-plane diagrams. In the case of the
classical Landau-Levich problem such time-periodic states have already been found
in Ref. [123].

In Sec. 5.3], the problem of a thin film driven by SAW is extended by considering
volatile liquids in one-dimension (1D). This results in a thin-film evolution Eq. (3.62)
for volatile liquids, where the evaporation rate B is not zero. Then again, the dy-
namical behaviour of occurring film states is investigated. The computed bifurcation
diagrams provide further insight into the behaviour of the liquid film states driven
by SAW and allow for comparison to results for non-volatile liquids driven by SAW.
To complete the SAW-driven thin-film study, the investigation is extended to a
two-dimensional (2D) case, see Sec. 5.4. Hereby, the previously discussed 1D results
are expanded by a transversal y-component. The bifurcation diagrams and steady
states for 2D are then investigated for different domain sizes Ly. The results are also
compared to the dragged-case in 2D, where additional features occur [39]. For this
study the main control parameter is the SAW strength εs.

5.1 Modelling and bifurcation analysis of the classical
Landau-Levich system

On the basis of the employed scaling in Sec. 3.2, it is possible to recover different
thin-film models from the literature with Eq. (3.49). In the case of the classical
Landau-Levich system the scaling Ae.1 is applied to Eq. (3.50). This allows one to
reproduce results qualitatively identical according to Refs. [46, 47]. An illustration
of the thin-film model, where a plate is withdrawn from a bath is shown in Fig. 5.1.
The liquid bath is situated on the right side.

Translating this geometry to the numerical approach as required by pseudo-arclength
path continuation, the bath is situated at x = L/2, whereas the domain is Ω =
[−L/2, L/2] and the system length is L. For the classical Landau-Levich case a
relatively large domain with L = 500 is considered for the numerical treatment. The
plate is subsequently pulled into the negative x-direction at an angle α, see Fig. 5.1.
Furthermore, to solve the thin-film evolution Eq. (3.50), boundary conditions have
to be imposed for the corresponding geometry. Here, four boundary conditions are
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Figure 5.1: Schematic drawing of the one-dimensional (1D) classical Landau-Levich model, in which
a liquid film is withdrawn from a bath solution. The geometry is nearly equivalent to the drawn thin film
under SAW, see Fig. 3.1, where the bath side is situated at the right boundary. Here, the plate is inclined at
an angle α and is moving at velocity U0 to the negative x-direction. Ahead of the moving contact line of the
pultruded film the precursor film with the film height hp is located.

applied, namely

h = hm and ∂xxxh = 0 at x = L

2

∂xh = 0 and ∂xxh = 0 at x = −L2 .
(5.1)

The film height is pinned with hm := “height of meniscus” at the bath side (x = L/2).
This pinning is important to control the translational degree of freedom and the
position of the contact line region within the numerical domain Ω. Note that the
second boundary condition at x = L/2 slightly differs from Refs. [47, 123], instead
of using ∂xh = α, here ∂xxxh = 0 is used. This allows the solution to adapt at the
boundary and the results correspond to qualitatively identical bifurcation diagrams.
However, these minor differences of boundary conditions lead to different critical
values of parameters where the corresponding film transitions occur. On the other
side of the domain at x = −L/2, Neumann boundary conditions are used. In this
way, the dynamical behaviour of the thin-film system is not geometrically influenced
by these boundary conditions at x = −L/2. Furthermore, bifurcation diagrams are
computed for different angles α, while using the plate velocity U0 as a main control
parameter.
Remember that in front of the contact line, a precursor film of height hp always
exists, due to the Derjaguin pressure. The height of the precursor film is chosen
with hp = 1. Now, all conditions are given to solve the thin-film evolution Eq. (3.50)
for the classical Landau-Levich case and to generate bifurcation diagrams. In this
section the results of a thin film withdrawn from a bath are presented in analogy
to Ref. [47]. The results determine qualitatively different types of steady thin-film
solutions. For the measurement of the classical Landau-Levich case, the excess
volume Vex = V − V0 dynamically extracted from the bath solution is chosen. The
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volume V is calculated as the integral over the full domain with V =
∫

Ω h(x)dx.
Hereby, V0 is the reference volume without any advection force affecting the thin
film solution state. Then, for the path continuation approach the plate velocity U0

is used as the main control parameter. The plate velocity U0 is then increased in
the numerical approach to generate bifurcation curves. Four bifurcation diagrams
are generated, to clarify the difference between thin-film transition states, which
occur in the classical Landau-Levich case under different plate inclination angles α
[Figs. 5.2-5.4].
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Figure 5.2: The left panel shows a bifurcation diagram with the excess volume Vex as a function of the
plate velocity U0 for the classical Landau-Levich system. The plate is inclined by an angle α = 0.2 and the
arrow along the bifurcation curve indicates the change of direction. The solid black line represents stable
steady states. In addition, three chosen steady state profiles are presented (I-III). Note the logarithmic
y-axes. The remaining parameters are Wes = 1.0, Ha = 0.001, G = 0.001, hp = 1, εs = 0 and L = 500.

Fig. 5.2 shows the excess volume which monotonically increases with increasing plate
velocity U0. At first, the excess volume increases slowly and then very rapidly. The
excess volume Vex diverges at a critical value Uc1 ≈ 0.21 of the plate velocity U0.
The presented steady state profiles (panels I-III) of the thin film along the branch
are all linearly stable. The steady states demonstrate that the excess volume Vex

of the thin film increases. Hereby, the steady meniscus profile deforms as the plate
velocity increases and a foot-like structure is formed, see panels I-III. and thus is
termed foot-solution [47, 123]. The foot-length of the foot-solution increases, so
that more liquid from the bath is withdrawn. Its length diverges, U0 → Uc1 . For
U0 > Uc1 , the system may settle on a Landau-Levich film state, with a constant film
height. The result presented in Fig. 5.2, where the transition occurs at at Uc1 is
called dynamic continuous emptying transition. The transition is analogous to the
equilibrium emptying transition state described in Ref. [98].
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The first qualitative change in the bifurcation curve occurs at α = αc1 ≈ 0.5. As an
example, a bifurcation diagram is computed with α = 1 > αc1 .

Figure 5.3: The left panel shows a bifurcation diagram with the excess volume Vex in dependence of the
plate velocity U0 for the classical Landau-Levich system. The plate is inclined by an angle α = 1 and the
arrow along the bifurcation curve indicates the change of direction. The solid black line represents stable
steady states and the dotted line represents unstable steady states. Three selected steady state profiles are
shown (I-III). There, the film height h is scaled logarithmically and only half of the domain Ωhalf = [0, L/2]
is presented. The remaining parameters are Wes = 1.0, Ha = 0.001, G = 0.001, hp = 1, εs = 0 and
L = 500.

Again, at small plate velocity U0 the excess volume Vex increases monotonically. It is
similar as the bifurcation curve with α = 0.2, see Fig. 5.2. However at U0 ≈ 0.5, a
Saddle-Node bifurcation occurs and the branch becomes unstable. Then, the branch
of steady states continues towards smaller U0, until a second Saddle-Node bifurcation
occurs. At this second Saddle-Node bifurcation at U0 ≈ 0.3 the states becomes
stable again. Subsequently, the curve folds back. Overall the curve undergoes an
exponential or collapsed snaking [80, 132]. This exponential snaking is about a
vertical asymptote at a crucial velocity U0 = Uc2 ≈ 0.3. Hereby at each fold, where
a Saddle-Node bifurcation is detected on the branch, the stability of steady states
switches between stable and unstable [132]. The steady profiles of Fig. 5.3 show
that a liquid protrusion occurs. Once again, the steady film states correspond to
a foot-solution, whose span shows undulations. The biggest undulation is situated
at the tip of the foot-solution, i.e. see panel III. These are directly related to the
snaking bifurcation curve, where only some ranges of the foot length correspond to
stable steady states. The transition at U0 = Uc2 is termed dynamic discontinuous
emptying transition [47]. The presented results are thus qualitatively in agreement
with previous publications [46, 47]. Remember that this approach, which uses slightly
different boundary conditions and scaling, only results in different critical values.
The last two transitions occurring in the classical Landau-Levich system are presented
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Figure 5.4: Panels on the left show bifurcation diagrams with the excess volume Vex in dependence of the
plate velocity U0 for the classical Landau-Levich system. In (a) the solution is inclined by an angle α = 3
and in (b) it is inclined by an angle α = 10. The arrows along the bifurcation curves indicate the change
of direction. For each of the two bifurcation diagrams, three steady states are presented (I-III). The lines
styles are again, solid and dotted line, corresponding to stable and unstable steady states. The remaining
parameters are Wes = 1.0, Ha = 0.001, G = 0.001, hp = 1, εs = 0 and L = 500.

in the bifurcation curves with angles α = 3 and α = 10. The second qualitative
change on the bifurcation curve occurs at α = αc2 ≈ 2.45, when the first and only
Hopf bifurcation appears [Fig. 5.5]. Fig. 5.4 (a) shows the bifurcation curve and
selected steady states with an angle α = 3. Again, at small velocity U0 the bifurcation
curve behaves as described in the latter cases, Fig. 5.2 and 5.3, and undergoes a
pair of Saddle-Node bifurcation. Now, however, the difference is the occurrence of a
hysteretic transition, where two destabilising Saddle-Node bifurcations appear along
the branch. The branch becomes stable again, when following the curve further. The
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mathematical background behind this observation is that two complex conjugated
eigenvalues cross the imaginary axes, which is equivalent to a Hopf bifurcation on
the curve. Hopf bifurcations were recently found in the classical Landau-Levich case
and are described in Ref. [123]. Then, the branch consisting of stable steady states
continues as the velocity U0 increases following the power law Vex ∝ U

2/3
0 . In contrast

to the cases with α < αc2 , the bifurcation curve does note diverge vertically, and the
presented steady states in Fig. 5.4 (a) panels I to III do not develop a foot-like
structure. Instead, the coating thickness hc increases homogeneously with the power
law. Hereby, the film above the substrate increases similar to an equilibrium wetting
transition. This transition is termed discontinuous dynamic wetting transition [47].
The last change in the bifurcation curve is determined when all bifurcations, i.e.
Hopf and Saddle-Node bifurcations, vanish at α = αc3 ≈ 5.15. Here, Fig. 5.4 (b)
represents an example of a large angle with α = 10 > αc3 . Comparing the two
bifurcation diagrams Fig. 5.4 (a) and (b), it is obvious that all bifurcations have
vanished, and the curve increases monotonically. This increasing behaviour is also
observed in steady states, as the volume monotonically increases with increasing film
height. Here, all steady state profiles correspond to the one of the case at α = 3. In
contrast, no hysteretic transition occurs, and therefore this case is termed continuous
dynamic wetting transition. In both panels in Fig. 5.4 (a) and (b) the bifurcation
diagrams show a branch, which follows the power law of Vex ∝ U

2/3
0 . These power

laws are in agreement with the law determined by Landau and Levich, where the film
height follows the power law ∝ Ca2/3. Particularly in this case, the plate velocity U0

is proportional to the Capillary number Ca.

Up to here, the results of the reconstructed bifurcation diagrams and results are
governed by the classical Landau-Levich case for different angles α. The three
different steady states are outlined and up to four significant transition changes of
the bifurcation curve are shown. The determined bifurcation points (Saddle-Node and
Hopf bifurcation) are now studied with a Fold- and Hopf-point continuation. These
bifurcations are tracked in a parameter space spanned by two control parameters.
With this method the loci of the occurring bifurcations can be located. In this
process the control parameters are the plate velocity U0 and the inclination of plate
with angle α. Then, the corresponding parameter plane is spanned by U0 and α.
Fig. 5.5 has two different line styles. One of the lines (black) corresponds to the
appearance of the Hopf bifurcation which disappears at an angle of α ≈ 3.83. The
green line represents Saddle-Node bifurcations. Moreover, one can determine that
all bifurcations for α greater αc3 ≈ 5.15 have disappeared. At this point, the last
remaining two Saddle-Node bifurcations meet and vanish. Furthermore, most of
the transition information about the classical Landau-Levich case is obtained from
Fig. 5.5. No Saddle-Node bifurcation appears on the curve at an angle of α < 0.5,
so that the determined thin film transition corresponds to a dynamic continuous
emptying transition. When two Saddle-Node bifurcations appear on the bifurcation
curve at 0.5 ≤ α ≤ 2.45 the dynamical behaviour of the thin film changes to a
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Figure 5.5: Loci of Saddle-Node (green-lines) and Hopf bifurcation (black line) in the parameter plane
spanned by plate velocity U0 and plate angle α. The inset shows a region where the Hopf bifurcation emerges
or vanishes from the Saddle-Node bifurcation. The remaining parameters are Wes = 1.0, Ha = 0.001,
G = 0.001, hp = 1, εs = 0 and L = 500.

dynamic discontinuous emptying transition. This dynamic transition of the thin film
remains until the cusp, formed by Saddle-Node bifurcations in Fig. 5.5. After the
cusp at 2.45 ≤ α ≤ 5.15 the transition changes to discontinuous wetting transition.
Simultaneously, at the same α a Hopf bifurcation appears for higher plate velocities
U0. In other words, at the cusp formed by two Saddle-Node bifurcations, the second
Saddle-Node along the branch switches from stabilising to destabilising. In this
case, the stability of the bifurcation curve is double negative (unstable), whereas
the tracked Hopf bifurcation is responsible for the branch to become stable again.
Following the loci of the Hopf bifurcation further, the numerical investigation reveals
that the Hopf bifurcation slowly approaches the fold branch, see inset of Fig. 5.5.
It vanishes into a Saddle-Node bifurcation. This indicates that a Bogdanov-Takens
bifurcation [122, 145] occurs where the Hopf bifurcation and a global bifurcation
emerge or disappear simultaneously at the Saddle-Node bifurcation at α ≈ 3.85. In
summary, when the Hopf bifurcation appears at α ≈ 2.45 a homoclinic bifurcation
has to appear as well, which is, however, not detected by the used path continuation
approach. The last transition of the bifurcation diagram occurs, when the hysteretic
transition has vanished. This happens at α > 5.15 where the two Saddle-Node bifur-
cations vanish. Then, the transition changes continuous dynamic wetting transition.
This spanned map is very similar to the on presented in Ref. [46], however the loci
of the Hopf bifurcations were missed. Remember that the results have a different
scaled film height (a factor of three) and slightly different boundary conditions.
All results shown in Figs. 5.2-5.5 are produced with the pseudo-arclength path
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continuation method. These results of the classical Landau-Levich system indicate
significant changes of the different transitions of the bifurcation curve.
Furthermore, they provide the fundamental behaviour of an underlying thin-film
model and present different behaviour of bifurcation diagrams and corresponding
steady state solutions. Overall, this overview of an 1D, non-volatile and partially wet-
ting liquid provides enough indications that may help to investigate and understand
results of thin films driven by SAW. In the final step, the results for the SAW-driven
thin-film model are presented and both models are compared with respect to their
similarities and differences.

5.2 Analysis of SAW-driven thin-film model

In contrast to the classical Landau-Levich system, the SAW-driven system has a
slightly different geometrical approach. An illustration of a SAW-driven thin-film
model is shown in Fig. 3.1. To adapt the SAW-driven thin-film model into the
numerics, the boundary conditions as well as the domain Ω = [−L/2, L/2] are
adapted accordingly. From Ref. [87] these boundary conditions and the domain are
predefined, so that the boundary conditions yield

h = hm, and ∂xxh = 1 at x = L

2 ,

∂xh = 0 , and ∂xxh = 0 at x = −L2 .
(5.2)

This geometry of the SAW-driving system is treated equally as in the dragged-case,
so that the meniscus is situated at x = L/2. In addition, the SAW-driving system has
a strong dependency on the meniscus curvature and this is reflected by the boundary
condition ∂xxh = 1 at x = L/2. Moreover, in contrast to the classic Landau-Levich
system, the domain of the entire system is much smaller with a domain length of
L = 40. Roughly speaking, all the considered geometrical aspects of the SAW-driving
model lead to a smaller considered thin-film problem. In addition, the film height of
the meniscus is also reduced to hm = 8.1 and the precursor film is kept at hp = 0.1.
Note that the precursor film has to be very small in comparison to the meniscus film
height. These conditions are kept for all computed results of thin films driven by SAW.

First, an ideally wetting liquid is considered for the analysis of a thin film driven by
SAW, see the evolution Eq. (3.43) Ref. [87]. Here, the liquid flux induced by SAW
is given by the Weber number Wes. In this way, the Weber number Wes acts as a
liquid flow induced by SAW. Subsequently, to generate the first results by using the
pseudo-arclength path continuation approach, the Weber number is chosen as the
main control parameter.

In the next step the study is expanded towards a more realistic type of thin film
problem. This allows one to compare both thin film models, (classical) dragged-case
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and SAW-driving, in a general case. Therefore, Eq. (3.43) is extended, so that
the final Eq. (3.50) is derived. Note that only the general scaling in Eq. (3.49)
it is possible to directly compare both models, dragged-case as in Ref. [47] and
SAW-driving as in Ref. [87]. In the generalised form [Eq. (3.49)] the SAW strength
is represented by εs, which is then treated equally as the velocity U0 of the with-
drawn plate. In addition, this general scaling allows one to switch between both cases.

To investigate the liquid behaviour even further, different values for the Weber
number Wes are chosen, since, the Weber number Wes is a characteristic of the liquid
(inverse surface tension). By varying this parameter, the dynamical behaviour of
the system may change. Furthermore, bifurcations along the branch are detected by
calculating the (exact) eigenvalues of the Jacobian. Subsequently, the identified Hopf
bifurcations lead to time-periodic states (TPS). These are analysed, by tracking the
Hopf branches which emerge from the Hopf bifurcations. However, as mentioned
in Sec. 4.3, the SAW-driving case is then handled with a quasi-linear ansatz. The
generate TPS are used for time simulations to identify stable periodic time solution,
where ridges are drawn out from the bath.

5.2.1 Ideally wetting liquid

The analysis of the SAW-system starts by investigating the influence of the Weber
number Wes. Hereby, the results from Ref. [87] are reproduced with Eq. (3.50) and
scaling (Ae.2). In this case, the considered liquid is as an ideally wetting liquid, so
that no disjoining pressure acts with Ha = 0 and without influence of gravity. The
liquid is placed on a flat horizontal and solid substrate with G = α = 0.

The used solution measure is the coating thickness hc measured at x = −L/2 instead
of the excess volume Vex. The presented steady profiles show that the meniscus at
x = L/2 is smoothly connected to a homogeneous coating layer. Nevertheless, the
selected steady states along the bifurcation branch also indicate that the coating
layers increase monotonically with increasing Wes. In panels II and III the presented
layer are Landau-Levich films. The power law here is hc ∝We2/3

s , which is expected
since the Weber number scales with the Capillary number Ca with Wes ∝ Ca. This
power law is also in agreement with the classical Landau-Levich case. From the
gathered information, the transition of the thin film is a discontinuous dynamic
wetting transition. Hereby, two Saddle-Node bifurcations appear in a hysteresis on
the bifurcation curve. However, the behaviour of the SAW-driving system for ideally
wetting liquid changes for very small Wes. A critical threshold in Wes occurs, where
the steady states become unstable. This results in a film deposition that collapses
abruptly at a finite coating thickness of hc ≈ 0.2.

A more detailed investigation of the bifurcation curves shows that a second
Saddle-Node bifurcation occurs on the unstable branch, see Fig. 5.7 black line
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Figure 5.6: On the left panel a bifurcation diagram is shown. The measurement is the coating thickness
hc in dependence of the Weber number Wes for a SAW-driven meniscus for an ideally wetting liquid. The
solution is resting on a horizontal plate with α = 0. The solid black line represents stable steady solutions,
whereas the dotted line represents unstable steady states. Three selected steady state profiles are shown
(I-III). There, the film height h is scaled logarithmically and only half of the domain Ωhalf = [0, L/2] is
presented. The remaining parameters are hm = 8.1, Ha = 0, G = 0, hp = 0, α = 0, εs = 1, U0 = 0 and
L = 40.

and blue line with active gravity (G = 0.001). At that Saddle-Node bifurcation
(Fold) the stability of the branch does not switch to stable. Instead it gets more
unstable by switching the direction towards smaller Wes, see inset of Fig. 5.7. In
Ref. [87] this Saddle-Node bifurcation at very low values of hc was missed. When hc

approaches zero, the subsequent branch ends at a critical value of Wes. Hereby, no
bifurcation point is detected with the applied continuation method. The consequence
of that critical value is interpreted as meniscus state ending at a true microscopic
contact point. This thin film has a different topology than the Landau-Levich
film state termed finite-support meniscus state and can not be obtained with the
numerical approach employed here.
On the other hand, by incorporating gravity into Eq. (3.50) and using scaling (Ae.2),
the bifurcation curve in Fig. 5.7, blue line only shifts to the left so that the Saddle-
Node bifurcations appear for smaller values of Wes at same values of the coating
thickness hc. However, it does not solve the obtained problem state of the meniscus
ending at a microscopic contact point.

Next, a wettability is explicitly incorporated into the thin-film model, where this true
microscopic contact point is avoided. While adding wettability, a finite inclination of
α = 0.2 is given during the numerical approach of SAW-driven case. This small angle
helps to avoid that numerical problems occur when applying a disjoining pressure
with Ha > 0 to the thin-film evolution Eq. (3.50). Note that the scaling (Ae.2)
remains while changing from ideally wetting liquid to partially wetting liquid.
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Figure 5.7: A bifurcation diagram showing two bifurcation curves, where the black and blue curve show
cases without the contribution of gravity (G = 0) as in Ref. [87] and with the contribution of gravity (G =
10e-3), while dotted and solid lines still represent unstable and stable states, respectively. On both curves
Saddle-Node bifurcations (folds) are highlighted by green circles. The inset zooms onto the Saddle-Node
bifurcation at very small hc. The remaining parameters are hm = 8.1, Ha = 0, hp = 0 α = 0, εs = 1, U0 = 0
and L = 40.

5.2.2 Partially wetting liquid

For a partial wetting liquid the derived thin-film evolution Eq. 3.50 is used. The
scaling from Eq. (Ae.2) remains as in the latter case for the ideally wetting liquid.
However, the Hamaker number Ha = 0.002 is not zero, which in response consider
wettability of the liquid. The Hamaker number is chosen intentionally very small as a
very small precursor film of height hp = 0.1 is considered. In this SAW geometry, it is
very challenging for the numerics when using big values of the Hamaker number, i.e.
Ha > 0.01. The small value of the Hamaker number allow to incorporate and preserve
the geometrical consideration of the SAW-driven thin-film model. Remember that
the SAW-driving case is considered for a smaller thin film than the one studied in
the classical Landau-Levich case. At first, the control parameter, Weber number
Wes, remains as in Sec. 5.2.1. This approach leads to expanded results from Ref. [87],
so that partial wettability is applied to the SAW-driven case. The result including
all detected bifurcations is shown in Fig. 5.8.

The bifurcation diagram of Fig. 5.8, in comparison to Fig. 5.7, has notable changes.
In the case of partially wetting liquids, where the substrate is always covered by
an adsorption layer of liquid, the incorporation of a wetting energy into the model
results in different states. This implies, that the discussed film states, where true
contact points of the meniscus state occur are avoided, see Sec. 5.2.1. Furthermore,
the branch does not end at a finite value of Wes as presented in Fig. 5.7. Following
the branch further, the coating thickness hc decreases with a concomitant decrease
in Wes. Now, the determined Landau-Levich films state and the finite-support
meniscus state are topologically identical, as the former film states transform into
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Figure 5.8: Bifurcation diagram for a SAW-driven meniscus for a partially wetting liquid showing the
coating thickness hc in dependence of the Weber number Wes. The liquid is considered on an inclined
substrate with α = 0.2. Two different line styles show the stability of the steady states, where the solid
line corresponds to stable and dotted line represents unstable steady states, respectively. Saddle-Node and
Hopf bifurcations are highlighted by green and black circles. The inset zooms onto the region, where the
bifurcation curve undergoes a “snaking”. The remaining parameters are hm = 8.1, Ha = 0.002, G = 0.001,
hp = 0.1, α = 0.2, εs = 1, U0 = 0 and L = 40.

states with a liquid meniscus smoothly connected to the precursor film. Note
that Fig. 5.8 does not show the full branch, as for the Weber number approaches
zero (Wes → 0), subsequently the Laplace pressure diverges. Therefore, the path
continuation approach is started at a sufficiently large Weber number, for example
Wes = 0.3. By doing so, the coating thickness hc slowly increases with increasing
Wes, while the branch is stable. Until the first Saddle-Node bifurcation occurs at
Wes ≈ 1.93, a point where the coating thickness hc passes the equilibrium precursor
film height hp = 0.1, the branch stays stable. At the Saddle-Node bifurcation, the
branch folds back and becomes unstable. The coating film thickness hc increases
continuously along the branch. At Wes ≈ 1.5 a second Saddle-Node bifurcation
appears. Here again, the branch folds back, but instead of that the branch become
stable it stays unstable. In other words, a second eigenvalue crosses the imaginary
axes, leading to two eigenvalues with positive real parts. This phenomenon of the
Saddle-Node bifurcations is already covered for the classical Landau-Levich case in
Fig. 5.4 (a). The branch passes through another eight Saddle-Node bifurcations,
where at each Saddle-Node bifurcation another eigenvalue crosses the imaginary
axes. The steady states along that part remain unstable. Due to the small region
where this sequence of Saddle-Node bifurcations are encountered on the branch, it
can be translated to a exponential snaking. In exponential snaking the distances of
subsequent folds are exponentially decreasing. In this case the snaking stops after
the tenth Saddle-Node bifurcation. In the classical Landau-Levich case the snaking
behaviour continues ad infinitum with permitting domain L. The stability along the
branch changes at each Saddle-Node bifurcation, while in the SAW-driven case, each
Saddle-Node bifurcation results in a more unstable branch. However, the finding
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resembles the behaviour, which is encountered in Langmuir-Blodgett transfer (LB)
[67, 68].
At Wes ≈ 1.56, the branch nearly diverges. Then, the bifurcation curve bends
slightly towards larger values of Wes, see inset of Fig. 5.8. Beyond the tenth Saddle-
Node bifurcation, where the branch still remains unstable, a sequence of eight Hopf
bifurcation (black circles) occurs in short succession. Each of these bifurcations result
in a more unstable state. Following the branch further, another sequence of 13 Hopf
bifurcations is detected. These Hopf bifurcations are stabilising, so that finally the
branch becomes stable at the last Hopf bifurcation located on the curve. In summary,
all 26 eigenvalues that crossed the imaginary axes from the first ten Saddle-Node
and eight Hopf bifurcations cross back again due to the 13 Hopf bifurcations.
When following the branch beyond the last Hopf bifurcation, the branch becomes
finally stable, while it follows the power law hc ∝ We2/3

s . The power law remains
as discussed before in Fig. 5.7 and is accordance with results from the classical
Landau-Levich case.
The presented results are expanded with selected steady states, which are shown in
Fig. 5.9 I-IV.
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Figure 5.9: On the left panel, a magnification of the bifurcation curve from Fig. 5.8 is shown. The
dotted and solid lines represent stable and unstable steady film states. In addition, four chosen steady state
profiles are presented (I-III). There, the film height h is scaled logarithmically and only half of the domain
Ωhalf = [0, L/2] is presented. The remaining parameters are hm = 8.1, Ha = 0.002, G = 0.001, hp = 0.1,
α = 0.2, εs = 1, U0 = 0 and L = 40.

Fig. 5.9 shows the steady thickness profiles. The bifurcation diagram on the left
panel does not present the complete computational domain but only the range of
the selected steady state profiles. The steady state profiles are shown in range of
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0 ≤ x ≤ 20, which corresponds to the half of the domain Ω. The focus is only on the
transition region from the meniscus to the adsorption layer. Following the branch
from point I to IV in Fig. 5.9, several changes in the profiles are observed. In panel
I a thin-film state is encountered where an absorption layer thickness hp ≈ 0.095 in
front of a meniscus is situated. This steady state profile does not develop a foot with
a clearly defined thickness. Following the branch to point II, a foot-like structure
is growing from the meniscus. The solution shows, that the profile monotonically
and smoothly connects the meniscus with the adsorption layer, which is similar
to the profiles of the dragged-case (Figs. 5.2-5.4). Note that the steady states II
and III are unstable, whereas steady states in I and IV are stable states. While
advancing along the snaking part of the branch, the foot-like structure starts to
develop strong modulations III . Notice that the absorption layer thickness hc only
increases slowly in this process. At the last point IV, the steady state is stable. The
occurring transition in the partially wetting case of SAW-driven meniscus remains as
a discontinuous dynamic wetting transition, see Fig. 5.4 (a) and Fig. 5.6.

Up to here, the behaviour of the bifurcation curves for ideally and partially wetting
liquid by employing the Weber number Wes have been presented. In the course of
the study of partially wetting liquid in a SAW-driving model a numerous number of
bifurcations, i.e. Saddle-Node and Hopf bifurcations, appears, see Fig. 5.8. The loci
of the determined bifurcations are further investigated by the numerical approach of
Fold and Hopf continuation. In this SAW-driven case the corresponding parameter
space is spanned by the Weber number Wes and the Hamaker number Ha. This
allows to determine parameters, where these bifurcations occur.

Figure 5.10: Loci of Saddle-Node (green lines) and Hopf bifurcations (black and red lines) in the
parameter plane spanned by the Weber number Wes and the Hamaker number Ha scaled by a factor with an
active propagating SAW-term εs = 1. The different line styles (solid and dashed) are explained in the main
text. The inset highlights the region where the leftmost Hopf bifurcation coloured in red emerges from the
Saddle-Node bifurcation, i.e., where a Bogdanov-Takens bifurcation occurs. The remaining parameters are
hm = 8.1, G = 0.001, hp = 0.1, α = 0.2, εs = 1, U0 = 0 and L = 40.
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In Fig. 5.10 the loci of Saddle-Node (green lines) and Hopf bifurcation (black solid
and red dashed lines) are given. The solid green lines denote Saddle-Node bifurca-
tions, which emerge in pairs at codimension-two hysteresis bifurcations from a cusp
in the (Wes, Ha)-plane. The two dashed green lines correspond to the Saddle-Node
bifurcations that persist over the entire studied parameter range down to Ha = 0.
These two lines correspond to the Saddle-Node bifurcations in Fig. 5.7 with active
gravity (black line). In contrast to the other Saddle-Node bifurcations, this pair
(dashed green lines) does not emerge from a cusp.
Inspecting the appearance of the Hopf bifurcations in Fig. 5.10 with increasing
Wes, notice that the Hopf bifurcations also appear as pairs. The first pair in the
codimension-two appears at Wes ≈ 1.54 and Ha ≈ 0.00035. The subsequent three
Hopf pairs follow the same scheme (black lines). However, the next Hopf bifurcation
emerges from a line of Saddle-Node bifurcation at Wes ≈ 1.543 and Ha ≈ 0.0005, see
inset of Fig. 5.10. It is a Bogdanov-Takens bifurcation, where a Hopf bifurcation
and a global (homoclinic) bifurcation emerge together at a Saddle-Node bifurcation
[8, 53, 72]. While following the corresponding line of Hopf bifurcations, it slowly
starts to separate from the line of Saddle-Node bifurcations. The trajectory con-
tinues until it makes contact with another line of Hopf bifurcation that emerge
in a codimension-two double Hopf bifurcation, fifth pair of Hopf bifurcation at
Wes ≈ 1.546 and Ha ≈ 0.00055. These two Hopf bifurcations then vanishes at the
meeting point Wes ≈ 1.549 and Ha ≈ 0.0006. This behaviour is identical for each
additionally appearing Hopf bifurcation as with red dashed lines in Fig. 5.10.

In general, the determined number of Saddle-Node and Hopf bifurcations, increases
either with the Weber number and/or with the Hamaker number. Keep in mind,
that increasing the Weber number corresponds to a decreasing surface tension,
whereas the Hamaker number is directly proportional to the wettability strength.
The findings for ideally and partially liquids in these sections, thus expand the
theoretical results obtained by bifurcation diagrams from Ref. [87]. Different models
of thin-film behaviour have been presented in different scaling (Ae.1) and (Ae.2).
However, the focus is now switched to comparison of the two models, classical
Landau-Levich case and SAW-driving case. Here, the general scaling in Eq. (3.49)
is applied, which enables to connect the two models. The Hamaker number is kept
constant at Ha = 0.001, while incorporating the strength of the SAW-term εs. In
the previous scaling (Ae.2) of Ref. [87] the latter factor was set to εs = 1. The SAW
strength εs is now treated equally as the plate velocity U0 from the dragged-case,
and it is treated as the main control parameter for the upcoming results.

5.2.3 Thin film driven by SAW strength εs

Up to here, the change of the bifurcation curve as well as the appearance of bifurca-
tions, are thoroughly investigated, while switching from ideally wetting to partially
wetting liquid. The Weber number Wes remains as a main control parameter in this
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process. In this section the main control parameter is the SAW strength εs with
the general scaling in Eq. (3.49). In addition, the solution measure is switched from
coating thickness hc back to the excess volume Vex. This allows to directly compare
the SAW bifurcation curves to the ones obtained by using the plate velocity U0 for
the classical Landau-Levich system in Sec. 5.1. In the following, four solution paths
are presented in a bifurcation diagram for different values of the Weber number Wes.

Figure 5.11: Four bifurcation curves showing the excess volume Vex versus the SAW strength εs for
different Weber numbers Wes. The reference volume V0 of the thin film is without acting SAW strength εs.
The solid and dotted lines mark stable and unstable steady states, and Saddle-Node and Hopf bifurcation are
presented with green and black circles, respectively. With decreasing Wes the number of bifurcation points
decreases, whereas all Hopf bifurcations have vanished at Wes = 0.5, see details in Fig. 5.15. The remaining
parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

All bifurcation curves in Fig. 5.11 are similar to the ones in Fig. 5.8, whereas for
decreasing Wes the bifurcation curves shift towards smaller SAW strength εs. This
implies, that the system needs less SAW power to spread over the substrate for a
smaller ratio of convective stress and capillary stress. Roughly speaking, at larger
Wes a lower SAW strength εs is sufficient to obtain the same exess volume in the
meniscus.
Notice that the number of Saddle-Node and Hopf bifurcations increases with the
Weber number Wes. For the bifurcation curve with Wes = 0.5 no Hopf bifurcations
are detected. The curve has only two Saddle-Node bifurcations. Inspecting the shape
of the bifurcation curves for big values of Wes, for instance Wes = 4.0, one notices
that the exponential snaking region, where all Saddle-Node bifurcations occurred,
appears as an exponentially decreasing cycloid, a result of the alternative measure
of the excess volume. Changing the measure to the coating thickness hc, however,
will change the appearance back to exponential snaking. It appears that due to the
acting SAW, the volume of the drawn out liquid film increases prior to decreases in
this sequence. This change of varying volumes occurs only in the cycloid region, until
it monotonically increases at the last Saddle-Node bifurcation. The remaining power
law of all the curves behaves like the classical Landau-Levich case with ∝ ε2/3s . An
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example for more complex curve is shown in Fig. 5.12 for Wes = 4.0. The bifurcation
diagram shows a magnification of the snaking region and the inset gives an overview
of a the full bifurcation.

In particular, the results of the steady profiles belonging to the exponential snaking
region (cycloid region) of the bifurcation curve with Wes = 4.0 are presented in
Fig. 5.13. In addition to the occurring thickness profile, the streamlines within the
liquid layer are calculated. These help to better understand, how the occurring
modulations are formed. Here, the solution measure of Fig. 5.12 is changed from
excess volume Vex to the coating thickness hc to make the appearance of the snaking
region more visible.
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Figure 5.12: Magnification of the snaking area of the bifurcation for Wes = 4.0 in Fig. 5.11, which show
the coating thickness hc as function of the SAW strength εs. The red points are marked from “a” to “f”
and indicate different loci of steady states, which are presented in Fig. 5.13. The inset shows the complete
bifurcation curve harboring the last point “f” on the branch. The remaining parameters are hm = 8.1,
Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

Note that Fig. 5.12 shows neither the stability nor bifurcations. The magnification
indicates the loci of six states which are shown in Fig. 5.13. Furthermore, these
profiles only represent the transition region from the meniscus to the absorption layer
where the foot-solution structures develop. The only stable steady profile is given
with (f), whereas all the remaining points (a) to (e) are located in the exponential
snaking region of the bifurcation curve.

In Fig. 5.13 (a), the profile corresponds to a meniscus solution, where the profile is
smoothly and monotonically connected to the absorption layer. The bath is always
situated on the right side at x = L/2 and the coating thickness hc emerges on the
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Figure 5.13: Steady film thickness profiles and the corresponding streamlines within the fluid at parameters
are shown, which are indicated by the letters “a” to “f” in Fig. 5.12 along the bifurcation curve, respectively.
In (a) a meniscus solution is given, in (b) to (d) modulated foot-solutions are shown, in (e) a transition state
between foot and Landau-Levich film state is presented, and in (f) a Landau-Levich film state is represented.

other side. The presented steady state profiles in Fig. 5.13 show three different types
of profiles. In first one is shown in (a), where a thin film solution of a meniscus
state is given. This profile shows a thin film state with a close to zero SAW strength
εs. It is similar as in the classical case, where the meniscus states are found at a
(very) close to zero plate velocity U0. The streamlines in Fig. 5.13 reveal that the
meniscus exhibits a strong, non-monotonic and large-scaled convection roll devel-
oped in all presented steady states. However, a stagnant line appears at the point
where the foot-solution is connected to the meniscus down to the solid substrate.
Naturally, all streamlines are continuous. The second type of profiles appears, where
a foot-structure start to develop in (b) and continuously grow with further strong
modulations up to (d). In these foot-structures convection rolls are located. This
convection rolls are directly connected to the propagating SAW. The SAW produces
strong modulations of the foot thickness, which then corresponds to the convection
roll within these structures. However, these foot-solutions are topologically identical
to the classical Landau-Levich case, only their modulations are stronger developed
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and these overall structure starts to fuse with the absorption layer for increasing
SAW strength εs. In contrast to the classical Landau-Levich case, these modulated
foot-structures are always unstable. The last profile is a Landau-Levich film state for
large εs, see (f). Note that in (e) the transition of foot-solution and Landau-Levich
film state is shown. Here, in parallel, the convection rolls in the liquid layer, seems to
weaken and partially fuse and push the stagnant line further away from the meniscus
from (d) to (e). So that (f) finally shows a steady state profile of the liquid film
which corresponds to a standard Landau-Levich film. The coating thickness hc grows
for continuous SAW strength εs. This is in line with the expected behaviour of any
thin film driven case. The meniscus state in (a) and Landau-Levich film state in
(f) are very similar as the one obtained in Sec. 5.1. In summary, the SAW-driven
thin film behaves very similar as the classical Landau-Levich case, while providing
modulated unstable foot-solutions.

In the presented Figs. 5.8 and 5.11, the obtained bifurcation diagrams demonstrate
hysteresis behaviour. Hereby, two stable branches coexists at the same value of SAW
strength εs, while having a different coating thickness hc or excess volume Vex. This
indicates that only one of two outcomes occur depending on the initial state as long
as all parameters are maintained. In particular, two time simulations are employed
for different initial states, so that two different final steady film states are obtained.
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Figure 5.14: Space-time plots of time evolutions demonstating bi-stability of different steady states in a
SAW-driven thin film. In both panels, the SAW strength is constant with εs = 1.6 and show two different
film states occurring for selected initial condition with hc = 0.2 and hc = 0.8. Panel (a) shows the thin film
relaxing onto a meniscus solution after a long transient time with film height hc = 0.097, whereas panel
(b) shows that the solution ends into a Landau-Levich film with film height hc = 0.362. The film height
h is scaled logarithmically. The remaining parameters are hm = 8.1, Wes = 1.0, Ha = 0.001, G = 0.001,
hp = 0.1, α = 0.2, εs = 1.6, U0 = 0 and L = 40.

The time simulations of the SAW-driven thin film shows that two different solutions
profiles of thin films are obtained for different initial states. In panel (a) the system
requires much more time to become a meniscus state solution. It relaxes on a
film height of hc = 0.097. Here, the thicker film is drawn out while showing some
modulations or droplets, which vanish over time. In contrast, the thin film in panel
(b) indicates that the thicker thin film settles very fast onto a stable Landau-Levich
film state with a lower film thickness with hc = 0.362, whereas no modulations or
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droplets occur.
In the following section, the investigation of the occurring Saddle-Node and Hopf
bifurcations is enhanced, to determine the loci where bifurcation occur first. Hereby,
the main focus is placed on the appearance of Hopf bifurcations. Hopf bifurcations
indicate where time-periodic states (TPS) emerge. As stated, numerically, several
Bogdanov-Takens bifurcations are detected, where a Hopf bifurcation emerges from
or vanishes at a Saddle-Node bifurcation. To fully understand the appearance of
these bifurcations, the investigation is broadened, so that precise statements about
individual states can then be proposed.

5.2.4 Appearance of Bogdanov-Takens and Hopf bifurcations

In order to investigate the branches of time-periodic states (TPS) emerging at Hopf
bifurcations, the loci of the latter are studied first. The results in the previous sections
revealed that many bifurcations are encountered in the SAW-driven thin-film system.
However, the main focus is set on two different possibles where Hopf bifurcations
appear. On the one hand, Hopf bifurcations appear as a pair (Hopf-pair) on a branch
of steady states. On the other hand, presented bifurcation diagrams reveal that Hopf
bifurcations appear individually. This is related to Bogdanov-Takens bifurcation.
Therefore, in analogy to the dragged-case, an inspection of the loci of occurring
bifurcations is performed. Remember that in the case of the SAW-driving, the
number of detected Hopf bifurcations depends on either the Weber number Wes or
the Hamaker number Ha. Here, the Hamaker number remains constant at Ha = 0.001.
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Figure 5.15: Loci of Saddle-Node and Hopf bifurcations are shown in the parameter plane spanned by
SAW strength εs and its product with the Weber number εsWes. The inset magnifies the parameter region
where one of the Bogdanov-Takens bifurcations occurs. The corresponding line styles are as in Fig. 5.10.
The remaining parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.
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The loci of the bifurcations are not presented in the (Wes, εs)-plane, where all curves
are nearly coincide. Instead they are shown in the (εsWes, εs)-plane, which provides
a well visible picture, see Fig. 5.15.
Fig. 5.15 shows a qualitatively similar behaviour of the loci of bifurcations as in
Fig. 5.10. Note that the difference occurs due to the presentation, which is rotated by
90◦. The inset of Fig. 5.15 shows, that the first individual Hopf bifurcation appear at
εsWes ≈ 1.5585 and εs ≈ 1.686. This codimension-one Hopf bifurcation emerges from
a Bogdanov-Takens bifurcation in codimension-two. This Hopf bifurcation appears
simultaneously with a homoclinic bifurcation, as does the entire branch of TPS.
Following further the red dashed line in the inset, the branch of Hopf bifurcations
separates slowly from the Saddle-Node bifurcations. Then, it collides and vanishes
together with another branch of Hopf bifurcation at εsWes ≈ 1.5584 and εs ≈ 1.62.
The latter is one of Hopf-pair emerging at εsWes ≈ 1.558 and εs ≈ 1.8.
To pinpoint those events, a bifurcation diagrams is plotted showing the coating
thickness hc over the SAW strength εs for three different values of Wes. In addition,
the loci of the Hopf bifurcations are highlighted and the loci of the Bogdanov-Takens
bifurcations are marked by red triangles, see Fig. 5.16.

Figure 5.16: Bifurcation diagram showing three bifurcation curves from Fig. 5.11 for different Wes =
2.0, 1.0 and 0.5, giving the coating thickness hc over SAW strength εs. The loci of the Hopf bifurcation
are presented by black and red dashed lines, when changing the parameter Wes. Black arrows indicate the
direction of increasing Wes. The five red triangles mark Bogdanov-Takens bifurcations. The remaining
parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

The arrows in Fig. 5.16 indicate the direction of increasing Wes. At Wes ≈ 0.52
the first Hopf-pair appears. In particular, the first Bodganov-Takens bifurcation
appearing at εs ≈ 1.686 and Wes ≈ 0.9244 is investigated. Following the red dashed
line beyond the triangle, it bends over towards larger εs. At that fold at εs ≈ 1.66 and
Wes ≈ 0.94, two Hopf bifurcations collide and vanish. The second Hopf bifurcation
comes from the Hopf-pair emerging at εs ≈ 1.807 and Wes ≈ 0.86. After this event
of annihilation, the Hopf bifurcation from that Hopf-pair remains for increasing Wes.
In Fig. 5.17 a magnification of these events is presented.
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Figure 5.17: Magnification of Fig. 5.16 focusing on the loci of the Hopf bifurcations (black and red
dashed lines). The red triangle marks the Bogdanov-Takens bifurcation and the red dashed line corresponds
to the loci of the emerging Hopf bifurcation. At each vertical grey line, which are marked by “a”, “b” and
“c”, show sketches of the related bifurcation diagrams of time-periodic states (TPS) for different parameter
ranges in Fig. 5.18.

Figure 5.18: Appearance and annihilation of global homoclinic and local Hopf bifurcations and the
connecting branches of time-periodic states (TPS). In (a), a pair of Hopf bifurcations is shown (black circle).
These are connected via a TPS branch (green line). For decreasing εs leads to three Hopf bifurcations one of
which emerges from a Bogdanov-Takens bifurcation, shown in (b). It is connected to a global homoclinic
bifurcation (red line). Arrows in (b) indicate the movement of the Hopf bifurcation. In panel (c) two
Hopf bifurcations have vanished and the remaining Hopf bifurcation is now connected to the homoclinic
bifurcation.

Furthermore, in Fig. 5.17 three vertical grey lines mark different values for Wes.
Each of them represents a case, where a different number of Hopf bifurcations occurs
at fixed Wes = 0.9, 0.925 and 0.93. At first, qualitative sketches of these cases are
given in Fig. 5.18, whereas later, in Sec. 5.2.5, the exact representations are shown
in Figs. 5.20-5.25.

In panels (a)-(c) the qualitatively different events of interacting TPS branches are
shown for different Weber number Wes with decreasing SAW strength εs. Fig. 5.18 (a)
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presents the “bare” state of the bifurcation diagram at the “a”-line of Fig. 5.17.
Here, a pair of Hopf bifurcations (black circles) are shown to be connected via a
branch of TPS (green line). This pair of Hopf bifurcations appears together in a
codimension-two double Hopf bifurcation at εs ≈ 1.807. When decreasing εs, a third
Hopf bifurcation emerges from a Bogdanov-Takens bifurcation [Fig. 5.18 (b)]. This
Hopf bifurcation is connected to a homoclinic bifurcation via a branch of TPS (red
line). Decreasing εs to smaller values, leads to approach of these two Hopf bifurcation
indicated by arrows in Fig. 5.18 (b). The two Hopf bifurcations finally collide and
vanish at εs ≈ 1.66 in a reverse double Hopf bifurcation. Subsequently, the two
branches of TPS simultaneously fuse together into a single branch of TPS, so that
the remaining Hopf bifurcation is connected to the homoclinic bifurcation in (c).

In summary, the parameter study has revealed that Hopf bifurcations in a SAW-driven
thin-film model either emerge from a double Hopf bifurcation as a Hopf-pair or from
a Bogdanov-Takens bifurcation. In particular, branches of TPS do emerge from Hopf
bifurcations and in a recent study branches of TPS in the classical Landau-Levich
case are described [123]. To broaden the understanding of these occurring behaviour
related to codimension-two bifurcations, they are further discussed and investigated
in the following Sec. 5.2.5, where Hopf bifurcations emerge or vanish, i.e. shown in
Fig. 5.18. These results will provide detailed information on the occurring behaviour
of Hopf bifurcation and the corresponding branches of TPS.

5.2.5 Time-periodic states (TPS)

To examine the variations of the number of Hopf bifurcation appearing in the bifurca-
tion diagram, different bifurcation diagrams are generated at fixed
Wes = 0.9, 0.925 and 0.93. They are then studied with increasing Weber num-
bers, when the number of Hopf bifurcations increases. In addition, the branches of
TPS are investigated to examine the behaviour of corresponding TPS branches.
To start these numerical analyses, two simple cases of bifurcation diagrams are
presented for Wes = 0.55 and Wes = 0.72, where two and six Hopf bifurcations are
detected along the bifurcation curve, respectively. No global homoclinic bifurcation
occurs. The branches of TPS are computed with the method presented in Sec. 4.1.2.

The panels (a) and (b) of Fig. 5.19 show a magnification of the region where the Hopf
bifurcations are detected. The insets present the overall bifurcation curve. Notice
that all occurring Hopf bifurcations (black circles) are connected by branches of TPS
(green line). These two results present the basic scenarios of emerging Hopf-pairs
connected by branches of TPS.

In the following case, a bifurcation diagram is generated with an increased Weber
number Wes = 0.9. This represents the case of the grey line marked with “a” crossing
the red dashed line twice in Fig. 5.17. It also corresponds still to the case presented
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Figure 5.19: Selected and relevant parts of the bifurcation diagrams are shown, which give the (time-
averaged) coating film thickness hc as a function of the SAW strength εs at the fixed Weber number values
in (a) Wes = 0.55 and in (b) Wes = 0.72. Blue (solid and dashed) and green lines represent steady (stable
and unstable) and time-periodic states, respectively. Saddle-Node and Hopf bifurcations are marked by green
and black circles. The insets magnify the relevant complete bifurcation curve for the steady states. The
remaining parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

in Fig. 5.18 (a). Here, an even number of ten Hopf bifurcations is determined and
no Bogdanov-Takens bifurcation has emerged.

Figure 5.20: Bifurcation diagrams showing the (time-averaged) coating thickness hc versus the SAW
strength εs at fixed Weber number Wes = 0.9 in (a). Panel (b) shows the time period T as function of εs

only for all branches of TPS. Blue (solid and dashed) and green lines represent steady (stable and unstable)
and time-periodic states, respectively. Saddle-Node and Hopf bifurcations are marked by green and black
circles. The inset in (a) gives the relevant complete bifurcation curve for the steady states. Two branches of
TPS from the first and last Hopf bifurcation are not fully tracked due to limits in the numerical resolution.
The remaining parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

Fig. 5.20 (a) shows a bifurcation diagram for Wes = 0.9 that has ten Hopf bifurcations
along the branch of steady states. All ten are connected pairwise by a branch of
TPS (green line). The last branch of TPS, which connects the first and tenth Hopf
bifurcation crosses the other branches of TPS. However, this branch could not be
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fully tracked due to limited numerical resolution. In panel (b) where the time period
T as function of εs is shown, the same reaches the largest T . Overall, the number
of occurring Hopf bifurcations will increase for larger Weber number, so that more
branches of TPS appear.

In the next bifurcation diagram at Wes = 0.925 , the first odd number of Hopf bifur-
cations appears. This implies that the first Bogdanov-Takens bifurcation must have
occurred and a homoclinic bifurcation must exist [72]. Since the Bogdanov-Takens
bifurcation always appears at a Saddle-Node bifurcation, it is possible that further
codimension-two events have taken place, e.g. a Fold-Hopf bifurcation. This event,
in particular, can be addressed in future simulations. The first Bogdanov-Takens
bifurcation appears after the second Hopf bifurcation along the branch of steady
states, see Fig. 5.17.

In Fig. 5.21 the third Hopf bifurcation has already emerged from the Bogdanov-Takens
bifurcation. All branches of TPS are shown as solid green, dashed-dotted green
and dashed red lines. The solid green lines correspond to pairs of Hopf bifurcation
connected by branches of TPS. The dashed-dotted green line represents the branch
of TPS connecting the Hopf bifurcation, which emerged from the Bogdanov-Takens
bifurcation, connected to another Hopf bifurcation. The dashed red line represents
the branch connecting a Hopf bifurcation with a homoclinic bifurcation.

Figure 5.21: Bifurcation diagrams showing the (time-averaged) coating thickness hc versus the SAW
strength εs at fixed Weber number Wes = 0.925 in (a). The Hopf branches (TPS, green lines) connect two
Hopf bifurcations (black circle). The single branch connecting a Hopf and a global homoclinic bifurcation
is indicated by a dashed red line. The Hopf branch connecting the Hopf bifurcation from the Bogdanov-
Takens bifurcation with another Hopf bifurcation is indicated by a dashed-dotted green line. Saddle-Node
bifurcations are marked with green circles. Panel (a) shows the different TPS in the region where all the
Hopf bifurcations occur and panel (b) gives a zoom of the region first Hopf bifurcations. The branch of
TPS (green dashed-dotted line) is not completed, which connects the second and third Hopf bifurcation. The
corresponding dependencies of the period T of the TPS on εs is presented in Fig. 5.22. The remaining
parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.
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Figure 5.22: Bifurcation diagram showing the time period T as function of the SAW strength εs for all
branches of TPS in Fig. 5.21. Branches of TPS (solid green lines) connect two Hopf bifurcations (black
circle). The single branch connecting a Hopf and a global homoclinic bifurcation is indicated by a dashed red
line. The Hopf branch connecting the Hopf bifurcation from the Bogdanov-Takens bifurcation at the top right
corner with the second Hopf bifurcation is indicated by a dashed-dotted green line (branch is not completed).

Note that this branch of TPS is particularly challenging for the numerics, as the
period T diverges when approaching a global bifurcation. Therefore, it is not possible
to approach the bifurcation closely. This interpretation is supported by the results
shown in Fig. 5.22. Inspecting the stability of the branch of steady states with
increasing εs beginning from small values, at first one starts with a stable meniscus
state. Then, the branch passes two destabilising Saddle-Node bifurcations and a
global bifurcation, which does not affect the stability. Next, two Hopf bifurcations
and a Saddle-Node bifurcation occur, which both act destabilising. The third Hopf
bifurcation, however, acts stabilising. At this point, five unstable eigenmodes persist,
so that the steady states remain unstable, see Fig. 5.21.

Fig. 5.22 shows that the branch related to the global bifurcation (red dashed line)
diverges. This T is much larger than all T of the other TPS branches and indicates
the approaching global bifurcation. The branch connecting the second and third Hopf
bifurcations (green dashed-dotted line) has also a fairly large period T which does not
diverge. A possible reason of this large period T is that the Hopf bifurcation was once
connected to the global bifurcation for lower Weber numbers. After the reconnection
process, the connection switches simultaneously and leads to new connections of all
Hopf bifurcations. Hereby, the last Hopf bifurcation inherits the branch connected
to the global bifurcation.

Next, the Weber number is further increased to Wes = 0.93 and shows that the
Hopf bifurcation emerged from the Bogdanov-Takens bifurcation is the fourth Hopf
bifurcation on the branch of steady states. Roughly speaking, this Hopf bifurcation
moves along the bifurcation branch, which is indicated within Fig. 5.17.
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Figure 5.23: Bifurcation diagrams showing the (time-averaged) coating thickness hc versus the SAW
strength εs at fixed Weber number Wes = 0.93 in (a). The Hopf branches (TPS, green lines) connect two
Hopf bifurcations (black circle). The single branch connecting a Hopf and a global homoclinic bifurcation
is indicated by a dashed red line. The Hopf branch connecting the Hopf bifurcation from the Bogdanov-
Takens bifurcation with another Hopf bifurcation is indicated by a dashed-dotted green line. Saddle-Node
bifurcations are marked with green circles. Panel (a) shows the different TPS in the region where all the
Hopf bifurcations occur and panel (b) gives a zoom of the region first Hopf bifurcations. The branch of
TPS (green dashed-dotted line) is not completed, which connects the second and third Hopf bifurcation.
The inset in (a) gives the relevant complete bifurcation curve for the steady states. The corresponding
dependencies of the period T of the TPS on εs is presented in Fig. 5.24. The remaining parameters are
hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

Figure 5.24: Bifurcation diagrams showing the time period T as function of the SAW strength εs for all
branches of TPS in Fig. 5.23. Branches of TPS (solid green lines) connect two Hopf bifurcations (black
circle). The single branch connecting a Hopf and a global homoclinic bifurcation is indicated by a dashed red
line. The Hopf branch connecting the (moving) Hopf bifurcation from the Bogdanov-Takens bifurcation at
the top right corner with the third Hopf bifurcation is indicated by a dashed-dotted green line. The inset
gives a magnification of this TPS connected to the moving Hopf bifurcation.

Fig. 5.23 shows a similar behaviour of the branches of TPS as presented in Fig. 5.21.
The case of Wes = 0.93 shows the Hopf bifurcation that emerged from the Bogdanov-



Chapter 5. Behaviour of a thin film driven by SAW 71

Takens bifurcation has bypassed another Hopf bifurcation. In particular, this Hopf
bifurcation is termed “moving Hopf bifurcation”. In other words, branches of TPS are
connected other Hopf bifurcations when changing the Weber number from 0.925 to
0.93. In Fig. 5.23 the third and fourth Hopf bifurcations are connected by a branch
of TPS. In particular, this branch indicated by a dashed-dotted green line correspond
to the moving Hopf bifurcation. This also results into a more complicated structure
than the other branches of TPS (solid green lines). The second Hopf bifurcation
is connected to the ninth Hopf bifurcation, instead it was connected to the Hopf
bifurcation, which emerged from Bogdanov-Takens bifurcation, in the latter case. All
other branches of TPS remain unchanged. In contrast to the TPS with Wes = 0.925
[Fig. 5.22] the period T decreases drastically for the branch of TPS, which emerges
from the moving Hopf bifurcation.

In the next case, for Wes = 1.0 this Hopf bifurcation effectively vanishes at a reverse
double Hopf bifurcation. Here, the bifurcation diagram for Wes = 1.0 shows again
an odd number of eleven Hopf bifurcations. In particular, the number of Hopf
bifurcations decreases, however for Wes = 1.0 another pair of Hopf bifurcation has
already appeared.

Figure 5.25: Bifurcation diagrams showing the (time-averaged) coating thickness hc versus the SAW
strength εs at fixed Weber number Wes = 1.0 in (a). Panel (b) shows the time period T as function of εs

only for all branches of TPS. Blue (solid and dashed) and green lines represent steady (stable and unstable)
and time-periodic states, respectively. Saddle-Node and Hopf bifurcations are marked by green and black
circles. The inset in (a) gives the relevant complete bifurcation curve for the steady states. Two branches of
TPS from the first and last Hopf bifurcation are not fully tracked due to limits in the numerical resolution.
The remaining parameters are hm = 8.1, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

In Fig. 5.25 the reconnection events, caused by the moving Hopf bifurcation, have
ended. The remaining branches of TPS are similar as in the latter cases. In addition,
the final Hopf bifurcation is connected via a branch of TPS to a global bifurcation,
this connection remains unchanged. From the presented results, an illustration of
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the complex behaviour of reconnecting branches of TPS is presented in Fig. 5.26.

Figure 5.26: Illustration of the motion of Hopf bifurcation “A” and the related reconnections of the
branches of TPS during the increasing Weber number are schematically represented in panels (a) to (f). The
solid green line connects a pair of Hopf bifurcations, the green dashed-dotted line connects Hopf bifurcation
“A” with another Hopf bifurcation and the red dashed line connects Hopf with the global bifurcation “g”.
All other Hopf bifurcations are also indicated by numbers, e.g., a pair of double Hopf bifurcations “1” and
“1?”. The vertical axes symbolically represents a solution measure, for instance, period T . Note that no
bifurcation diagrams are generated for (b) and (e).

The illustration, Fig. 5.26 (a) starts with the case of the Weber number Wes = 0.9.
In panel (a) all ten occurring Hopf bifurcations are shown and the five corresponding
branches of TPS (solid green lines) connecting five pairs of Hopf bifurcation indicated
by “1−1?” to “5−5?”. The first topological change occurs when the Hopf bifurcation
from the Bogdanov-Takens bifurcation emerges as shown in panel (b). The Hopf
bifurcation is marked with “A” and is connected to the global bifurcation “g” (dashed
red line). In panel (b) to (c) the connections of branches change. The reconnected
branches of TPS are “1 − 1?”, “2 − 2?” and “A-g”, which break and immediately
reconnect. Panel (c) shows the case of Wes = 0.925 where the connections have
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switched to “g−1?”, “2−A” and “1 − 2?”, see Fig. 5.21. Increasing the Weber
number, the bifurcation “A” moves to the right so that the position of bifurcation “3”
and “A” are swapped in Fig. 5.26 (d). This case corresponds to Wes = 0.93 shown
in Fig. 5.23. When the bifurcation “A” bypasses the bifurcation “3”, a reconnection
is triggered and as a result, the branches “2−A” and “3− 3?“ become ”2− 3?“ and
”3−A“. More reconnections occur as the bifurcation A continues moving to the right
from panel (d) to (e). In the final stage, from panel (e) to (f), the branches ”4−A“
and ”5− 5?“ reconnect finally into one branch ”4− 5?“. Thereby, bifurcations ”A“
and ”5“ collide and eliminate. The last panel is aligned to Fig. 5.25, but without the
additional pair of Hopf bifurcations. This also corresponds to the simple case shown
in Fig. 5.18 (c). Comparing the illustration of Fig. 5.26 (a) with (f), at first the
appearances of both states are very similar, however, a additional branch connecting
Hopf with global bifurcation at the rightmost position is added. The illustration
presented in Fig. 5.26 explains the transition of reconnecting branches of TPS from
Wes = 0.9 to Wes = 1.0. The cascade of topological changes of the bifurcation
diagram, where all branches of TPS reconnect, is further summarised. The Hopf
bifurcation n with n ∈ N0, which are initially connected to Hopf bifurcation n?

(double pair of Hopf bifurcations), is connected to Hopf bifurcation (n+ 1)? at the
end of the transition. This sequence of events happens whenever a Hopf bifurcation
emerges from a Bogdanov-Takens bifurcation.

As a reminder, the main goal is to determine parameter ranges for the SAW strength
εs in the SAW-system, where stable time-periodic states occur. Therefore, the Weber
number is further increased to Wes = 2.0, where the last Hopf bifurcation along the
branch of steady states is then responsible for the change in stability. The resulting
bifurcation diagram has 18 Hopf bifurcations and is presented in Fig. 5.27.

In the bifurcation diagram at Wes = 2.0, ten branches of TPS exist. However,
a large number of these branches have not been fully tracked using pde2path,
due to numerical limitations. Fig. 5.16 indicates that two homoclinic bifurcations
occur where two moving Hopf bifurcations have already terminated the sequence
of reconnections described above. In Fig. 5.27 only the last two Hopf bifurcations
”17“ and ”18“ are connect to the homoclinic bifurcation and the other eight branches
are connected as Hopf-pairs, for instance ”1-16“, ”2-15“, up to ”8-9“ . Inspecting
individual branches in more detail, they acquired a more complex structure and now
feature more Saddle-Node bifurcations as some of these branches folds back and forth
several times. This behaviour is more common for the outer branches than the inner
ones. Also the ranges of periods T of the branches connecting two Hopf bifurcations
has increased (not shown). This explains why numerical difficulties occurred, so that
several calculated branches of TPS are stopped not showing their full extension.

The most relevant branch of TPS namely the ”outermost“ branch is examined, which
emerged from the 18th (last) Hopf bifurcation. For this purpose the L2-norm is used
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Figure 5.27: Bifurcation diagrams showing the (time-averaged) coating thickness hc versus the SAW
strength εs at fixed Weber number Wes = 2.0 in (a). The Hopf branches (TPS, green lines) connect two
Hopf bifurcations (black circle). The two branches connecting a Hopf and a global homoclinic bifurcation are
indicated by a dashed red line. The Hopf branch connecting the Hopf bifurcation from the Bogdanov-Takens
bifurcation with another Hopf bifurcation is indicated by a dashed-dotted green line. Saddle-Node bifurcations
are marked with green circles. Panel (a) shows the different TPS in the region where all the Hopf bifurcations
occur and panel (b) gives a zoom of the region first Hopf bifurcations, where most complex structures of
branches appear. The inset in (a) gives the relevant complete bifurcation curve for the steady states. Not all
branches of TPS are fully tracked due to numerical limitations. The remaining parameters are hm = 8.1,
Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.

as solution measure, which allows for a convenient comparison of results obtained by
path continuation and time simulations. The L2-norm is calculated with

||h|| =
√∫

L

[
h2
]
dx . (5.3)

Note that here a small systematic mismatch between continuation and time simula-
tion results is taken into account. It is caused by different underlying discretization
schemes and a different way of implementing the boundary conditions at the menis-
cus, i.e. the different numerical method is employed with different meshes nx. In
pde2path the mesh nx is always constant and oomph-lib uses an adaptive
mesh so that nx may change with the solution, which then leads to minor differences
when comparing the TPS.

Fig. 5.28 presents the relevant region of the branch of TPS (red line), which emerges
from the branch of steads states (black line). It shows that the branch of TPS
bifurcates supercritically, and folds back shortly thereafter undergoing another
Saddle-Node bifurcation at εs ≈ 0.7804. Along this red branch, four states of TPS
are marked by blue points (I-IV) and are presented in Fig. 5.29 as space-time plots
obtained from the path continuation. The black circles, red triangles and green
squares in Fig. 5.28 are obtained by time simulations. These points are employed
by a primitive continuation method, namely time simulations starting at various
initial states obtained either by path continuation or previous time simulations at
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Figure 5.28: Magnification of the bifurcation diagram showing the (time-averaged) L2-norm as a function
of the SAW strength εs at the fixed Weber number Wes = 2.0 in the region where the last (18th) Hopf
bifurcation occurs. The full bifurcation diagram can be found in Fig. 5.27. The blue circles (I-IV) are
time-periodic states obtained by continuation and shown in Fig. 5.29. The black circles represent states
of Landau-Levich film solutions, the red triangle are quasi-chaotic states and the green squares are true
time-periodic states obtained by a primitive continuation method. The points indicated with ”a“ to ”d“ are
presented in space-time plots in Fig. 5.30. The remaining parameters are hm = 8.1, Ha = 0.001, G = 0.001,
hp = 0.1, α = 0.2, U0 = 0, nx = 300 and L = 40.
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Figure 5.29: Space-time plots (I-IV) showing TPS obtained by path continuation in Fig. 5.28. Here, the
time period T for each panel is I: T = 1238, II: T = 1407, III: T = 1747 and IV: T = 2030.

neighboring parameter values. After the transients have settled, the obtained states
are indicated by different symbols in Fig. 5.28. The symbols are representing Landau-
Levich states (black circles), regular TPS (green squares) and irregular TPS that are
seemingly chaotic (red triangles). Selected TPS indicated by arrows are shown in
Fig. 5.30. Note that the black points nearly coincide with the branch of steady states.
This method does not allow to track unstable states and therefore information of
unstable steady states and bifurcations are missed. However, it allows to compare
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the results obtained by path continuation with the ones obtained by time simulations.

In the four presented time-periodic states in Fig. 5.29 I-IV, the drops are shed
regularly from the foot-structure and then move at about constant speed along the
substrate until they reach the boundary at L = −x/2. At the boundary, the drops
get slightly deformed due to Neumann boundary conditions. However, this does not
influence the main course of their trajectory. Moving along the branch of TPS, the
number of drops in the domain becomes smaller as the shedding events become less
frequent, i.e. the period T becomes longer. The foot-like structure formed by the
emerged drops does not change along the branch. The difference between the various
branches of TPS here mainly lies in the details of the length of the foot-structures
and the number of visible undulations.

The obtained states by path continuation are confirmed with time simulations to
determine the corresponding stability. The results of the time simulations in Fig. 5.28
are given by black circles, red triangles and green squares. In particular, they corre-
spond to three different categories: (i) black circles are Landau-Levich film states,
(ii) red triangles correspond to a chaotic behaviour and (iii) green square are states
of truly periodic behaviour. Selected states ”a“ to ”d“ are presented as space-time
plots in Fig. 5.30.

Figure 5.30: Space-time plots of time simulations starting with TPS ”a“ to ”d“ in Fig. 5.28,
respectively. They are at (a) εs = 0.78247, (b) εs = 0.78231, (c) εs = 0.78207 and
(d) εs = 0.78055. The time is scaled with Ts = 104. These states present periodic or chaotic behaviour as
illustrated in the phase-plane plots (a) - (c) and the return map (d) in Fig. 5.31.

In Fig. 5.30 (a), (b) and (c) show very similar patterns, where a train of regularly
spaced drops is shed from the foot-structure in front of the meniscus, whereas in
panel (d) a more irregular pattern is shown. To determine the stability of these
states, phase-planes plots and a return map for (d) are employed [64, 121]. The
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phase-planes are generated by plotting the time derivative of the L2-norm dt||h||
versus the L2-norm ||h||, whereas the return is map uses max ||hi+1|| versus max
||hi||. This allows one to accurately identify the corresponding trajectory, which is
used to confirm the stability of the TPS.

7.94 7.95 7.96
max ||hi||

7.94

7.95

7.96

m
ax
||h

i+
1||

(d)

Figure 5.31: Phase-plane plots in (a), (b) and (c) showing the time derivative of the L2-norm (dt||h||)
versus the L2-norm (||h||) along the attractor for the TPS obtained in Figs. 5.28 and 5.30. The trajectories
are on a closed orbit, (a) has one-loop, (b) has two loops and (c) has multiple loops. In (d) a return map
is shown, where the max ||hi+1|| is plotted versus the max ||hi|| for the corresponding trajectory. Here, a
chaotic behaviour is given.

In Fig. 5.31 panel (a) shows a trajectory corresponding to a one-loop closed orbit
(point ”a“ from Fig. 5.28). It shows that this TPS is stable and contains one period.
Then, continuing from right to left, green squares in Fig. 5.28, panels (b) and (c) of
Fig. 5.30 are obtained. The corresponding phase-plane plots are given in Fig. 5.31
(b) and (c). Here, both trajectories again correspond to closed orbits, however, (b)
consists of two loops, i.e. a period-doubling must have taken place. The third panel
(c) shows a trajectory, which contains multiple loops. The results of path continuation
in Fig. 5.28 and space-time plots in Fig. 5.30 hide the facts of period-doubling. This
explains that only the green squares close to ”a“ in Fig. 5.28 closely coincide with
the continuation results while bend-like deviations occur when going to ”b“, and
again before ”c“. It corresponds to steps of a period-doubling cascades, which may
explain why most TPS obtained by continuation are unstable. Therefore, all TPS
along the green squares are interpreted as states of truly periodic behaviour.

In Fig. 5.31 (d), a return map is extracted from time series of the norms at each
maximum ||hi+1|| in the series and plotted over the previous maximum ||hi||. Note
that this can not be well represented in the (dt||h||,||h||)-plane as density fills it.
The resulting cloud of points in Fig. 5.31 (d) indicates that the the ridges shedding
is chaotic as it resembles a strange attractor. This applies to all states marked
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by the red triangles. They can not be discerned by the pseudo-arclength path
continuation and it shows further that multi-stability of chaotic shedding and stable
Landau-Levich film deposition exists. This is further supported by the fact that in
the simulations resulting in the black dots in Fig. 5.28 sometimes intermittent bursts
of chaotic shedding are observed close to the downstream boundary (not shown).

In summary, the detailed bifurcation study of a SAW-driven thin-film model reveals
that several features occur. First, a global homoclinic and a Hopf bifurcation emerge
from Bodganov-Takens bifurcation, which leads to an odd number of Hopf bifur-
cations encountered in bifurcation diagrams. Thereby, branches of TPS emerge at
Hopf bifurcations, and many reconnections of those branches related to the emerged
Hopf bifurcations from Bodganov-Takens bifurcations appear. Furthermore, the
SAW-driving shows that states of truly periodic behaviour occur. The stability of
theses states are confirmed with time simulations and furthermore, both continu-
ation methods of path continuation and primitive continuation are in agreement.
Hereby, multi-stability of different states, Landau-Levich solutions, meniscus states,
time-periodic states and chaotic shedding are revealed. In the next section, the
corresponding model of a SAW-driven meniscus is considered for volatile liquids.
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5.3 Influence of evaporation

This section focuses on the behaviour of volatile liquid thin films for SAW-driving.
The investigation results in a different behaviour of steady states leading to a change
in bifurcation diagrams. The case for volatile thin film is described by Eq. (3.62) with
scaling (3.49). Hereby, the term jevap is introduced to account for the evaporation or
condensation flux.
For the investigation a bifurcation study is performed using the numerical methods
described in previous sections. In particular, the bifurcation diagrams and occurring
steady states are determined and compared to the ones obtained for the latter case
of non-volatile liquids. The solution measure is the excess volume Vex and the SAW
strength εs remains as a main control parameter. In the following, the computed
bifurcation diagrams of volatile liquids (evaporation rate βs > 0) and non-volatile
liquids (βs = 0) are compared.
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Figure 5.32: On the left panel a bifurcation diagram showing two cases: a non-volatile (solid blue
line) and a volatile liquid (solid black line) driven by SAW. The measurement is the excess volume Vex in
dependence of the SAW strength εs. Linearly stable and unstable states are indicated by solid and dashed
lines, respectively. The red points (I-IV) indicate the loci of selected steady state profiles. There, the film
height h is scaled logarithmically and only half of the domain Ωhalf = [0, L/2] is presented. The corresponding
non-conserved flux jevap(x) is plotted as a dashed green line in the panels of the steady states (I-IV). The
remaining parameters are hm = 8.1, Wes = 2.0, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0,
βs = 0.01, µs = 0.01 and L = 40.

In Fig. 5.32 two cases, one for a volatile (black line) liquid and one for non-volatile
liquid (blue line), are shown. The non-volatile case is already discussed in previous
Sec. 5.2. In the volatile case, the bifurcation curve loses nearly all bifurcations and
only two Saddle-Node bifurcations remain. At the first Saddle-Node bifurcation,
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the steady states of volatile liquid become unstable and then stable at the second
Saddle-Node bifurcation. Here, no Hopf bifurcations are encountered. The flux
describing the evaporation seems to prevent the signature structures of the SAW-
driven bifurcation curve. As a result, the two sequences of Hopf bifurcations and the
exponential snaking are not developed compared to the non-volatile case. Taking
a look at the steady state profiles along the branch, one notices that the strongly
modulated foot-solutions do not exist. Only foot-solutions, where no modulations
appear, are identified. Along the steady states presented in I up to IV, the foot-
solution increases in length. The flux jevap corresponding to the steady state profiles
is plotted in Fig. 5.32. It indicates the rate of evaporation and condensation at any
position along the profile. At the precursor film height hp the flux jevap vanishes and
at the meniscus it shows that jevap > 0 (evaporation). However, along the full length
of the foot the flux becomes negative (condensation), giving the foot-solution its
structure. The obtained steady states are very similar to non-volatile liquids in the
dragged-case shown in Fig. 5.3. In contrast, the bifurcation curve in Fig. 5.32 does
not contain any snaking behaviour. The dynamical transition behaviour is classified
as a discontinuous dynamic emptying transition. The behaviour of the stable branch
for higher values of the SAW strength εs has a power law of Vex ∝ ε2/3s and is in
agreement with the classical Landau-Levich system.
The influence of evaporation rate βs and chemical potential µs for the volatile liquid
are further explored in Fig. 5.33. The first bifurcation diagram (a) shows the case
of an evaporation rate βs = 0.1, which is higher than in Fig. 5.32 while keeping the
chemical potential µs constant. In the second bifurcation diagram (b) the evaporation
rate remains unchanged and only the chemical potential is increased to µs = 0.05.
All other parameters remain the same.
In the first case, [Fig. 5.33 (a)] the bifurcation curve is qualitatively similar to
Fig. 5.32, but at the beginning of the curve, the excess volume increases faster with
increasing SAW strength εs. This leads to a higher value of excess volume Vex until
the first Saddle-Node bifurcation. Therefore, the thin film problem needs less SAW
strength εs for the same amount of excess volume Vex. Again, this bifurcation only
contains two Saddle-Node bifurcations.
In contrast, the other bifurcation diagram in Fig. 5.33 (b) shows the appearance of
a single Hopf bifurcation beyond the second Saddle-Node bifurcation. The results
show that both Saddle-Node bifurcations act destabilising. The steady states along
the curve remain unstable even after the second Saddle-Node bifurcation. However,
the determined Hopf bifurcation acts stabilising, so that the steady states become
stable. As a side note, the power law is identical as discussed the latter case.
Comparing the bifurcation curve in Fig. 5.33 (b) to one of the dragged-case, one
observes a similar appearance of the bifurcation curve. In particular, at first sight it
looks identical to the bifurcation diagram obtained at angle α = 3, see Fig. 5.4 (a) .
However, the steady states of this volatile case correspond qualitatively to another
case at angle α = 1, see Fig. 5.3.
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Figure 5.33: On the left panels bifurcation diagrams showing two cases: a non-volatile (solid blue
line) and a volatile liquid (solid black line) driven by SAW. Both measurements are the excess volume
Vex in dependence of the SAW strength εs. Linearly stable and unstable states are indicated by solid and
dashed lines, respectively. The red points (I-IV) in each bifurcation diagram (a) and (b) indicate loci of
selected steady state profiles. There, the film height h is scaled logarithmically and only half of the domain
Ωhalf = [0, L/2] is presented. The corresponding non-conserved flux jevap(x) is plotted as a dashed green
line in the panels of the steady states (I-IV). The black circle represents a Hopf bifurcation, which is only
shown for the volatile liquid case. In panel (a) the parameters are βs = 0.1 and µs = 0.01 and in panel
(b) they are βs = 0.01 and µs = 0.05. The remaining parameters are hm = 8.1, Wes = 2.0, Ha = 0.001,
G = 0.001, hp = 0.1, α = 0.2, U0 = 0 and L = 40.
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The presented results show that volatile liquids driven by SAW have a very similar
behaviour as to the ones obtained for the classical Landau-Levich system for non-
volatile liquids. The characteristics found in the case of a SAW-driven meniscus
for non-volatile liquids are completely suppressed by the non-conserved flux jevap.
Consequently, very few bifurcations are determined. The investigation of a SAW-
driven meniscus for volatile liquids revealed only one Hopf bifurcation at µs = 0.05,
see Fig. 5.33 (b). In all cases, there are always two Saddle-Node bifurcations. The
steady state profiles show that a foot-solution without modulations emerges from the
bath. The determined transitions of all results are discontinuous dynamic emptying
transitions. Next, the corresponding model of a (non-volatile) SAW-driven meniscus
is investigated in two-dimensions.

5.4 Meniscus states in 2D

In this section, the study focuses on the 2D SAW-driven meniscus. This requires
an expansion of the thin-film evolution Eq. (3.50) into the y-direction. Therefore,
the domain is extended to Ω = Lx × Ly with Lx = 40 and Ly = 30. Again, the
SAW propagates towards the negative x-direction, and the inclination of the solid
substrate is also in the x-direction, see Eq. (3.50).
The investigation will only cover non-volatile liquids and the computed bifurcation
curves in 2D are compared to the 1D case. In the 2D system, additional boundary
conditions in the lateral direction have to be set. Here, Neumann boundary conditions
are used for both sides, yielding

∂yh = ∂yyyh = 0 at y = ±Ly2 . (5.4)

These boundary conditions guarantee that the 2D steady states are nearly unaffected
by boundaries at y = ±Ly/2, i.e. that the computed domain shows part of a laterally
periodic structure. For the 2D case, the solutions are characterised by their L2-norm,
which is a typical solution measure when comparing 1D and 2D results. The L2-norm
is calculated with respect to the domain Ω and is defined as

||h|| = 1
Ly

√∫
Ω

[
h2
]
d~r . (5.5)

The resulting bifurcation diagrams for both cases are presented in Fig. 5.34 (a).
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Figure 5.34: Three bifurcation diagrams showing a 1D (blue line) and a 2D (black line) thin film driven
by SAW. In panel (a) two bifurcation diagrams for a 1D and a 2D thin film driven by SAW are shown. In
both cases the line styles indicates stability, where a solid line represents stable and a dotted line represents
unstable states. A Pitchfork bifurcation (red circle) is detected, where the 2D solutions undergo a symmetry
break and diverges from the 1D curve. Two (red) frames ”b“ and ”c“ are presented in panel (b) and (c). In
panel (b) additional four (red coloured) frames (I-IV) highlight regions, where exponential snaking structures
occur as known from the 1D case, see Fig. 5.36. Panel (c) magnifies the part of the bifurcation diagram,
where the Pitchfork bifurcation appears. In addition, the region where the branch gets stable after the first
snaking region is shown for the 2D case. The red points I-V are selected steady state profiles and are
shown in Fig. 5.35. The remaining parameters are hm = 8.1, Wes = 2.0, Ha = 0.001, G = 0.001, hp = 0.1,
α = 0.2, U0 = 0, Lx = 40 and Ly = 30.

In Fig. 5.34 the results for the 2D case are identical with the 1D curve for small
εs. The occurring solutions are invariant with respect to translation in y-direction.
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Following the bifurcation curve in the 2D case, closely after the first Saddle-Node
bifurcation a Pitchfork bifurcation (red circle) occurs. This region is magnified in
panel (c). There, a branch of states with broken y-translation symmetry emerges.
The branch continues towards smaller εs and shows a small region of exponential
snaking, similar to the 1D case. Remember that due to the different measures the
exponential snaking takes a different form than the solution measure excess volume.
The steady states on this part of the 2D curve are all unstable. However, after the
first snaking segment two Saddle-Node bifurcations occur, so that the branch becomes
stable. Then, after the next Saddle-Node bifurcation along the bifurcation curve, the
branch becomes unstable again. The entire branch stays unstable along the tracked
bifurcation curve. Note that in the present result of the 2D SAW-driven meniscus,
the computed bifurcation curve does not include all determined bifurcations, i.e.
Saddle-Node and Hopf bifurcations. Most of the bifurcations appear in the clustered
region shown in Fig. 5.34 (b).

Figure 5.35: Contour plots I-V showing selected steady state profiles for the 2D SAW-driven meniscus
from Fig. 5.34 (c) after the Pitchfork bifurcation appears. All presented steady states are unstable with
exception of the steady state at point IV. The colourbar for all states is presesnted in panel V.

Taking a closer look at the corresponding steady states in the snaking region, one
notices that a central finger structure is prolonged until it reaches the boundary
at x = −Lx/2, see Fig. 5.35 I to III. Fig. 5.35 I shows that the y-translation
symmetry is already broken and a small finger starts to emerge at the center of the
meniscus. Following the curve further between states in II and III, a sequence of
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Figure 5.36: Four regions are highlighted by red frames in Fig. 5.34 (b). They are magnified showing in
particular examples of repeating exponential snaking structures. In each panel I, III and IV one structure
of exponential snaking is presented and in II two structures of exponential snaking are given.

Hopf bifurcations appears (not shown). Subsequently, the finger length increases
until it reaches the boundary at x = −Lx/2. Then, two Saddle-Node bifurcations
are detected. At the first of these Saddle-Node bifurcations, the branch folds back
towards larger εs and becomes stable. Inspecting the steady state profile IV, the
rivulet that is shown in III has slightly widened. The difference between both profiles
are the increasing width of the central finger structure (rivulet) and the stability. At
the next Saddle-Node bifurcation, the branch becomes again unstable. The profile in
Fig. 5.35 V indicates that the central finger broadens. The broadening takes place
at the transition of finger and meniscus, and then further along the rivulet.
Then, the bifurcation curve in Fig. 5.34 follows a large excursion and turns back
towards the branch of 1D states. Here, the curve starts to become wildly criss-crossed
and forms an extremely dense cluster of many subbranches, see magnification in
Fig. 5.34 (b). Additional magnifications are presented in Fig. 5.36. Note that all
detected steady states in this dense cluster are unstable. The process was manually
ended as the 2D branch did not reconnect to the 1D branch after a long continuation
time (many weeks). In Fig. 5.36 several repeating structures are highlighted. They
consist of a few Saddle-Node bifurcations ending in a short vertical lines. These regular
structures commonly appear in the criss-cross region. They resemble exponential
snaking [80, 116, 132] as already discussed for the 1D SAW-driven thin-film system.
In Fig. 5.37 selected steady states along the branch of 2D states are presented.
Similarly, while following the branch from the beginning of transversally invariant
steady states, i.e. see Fig. 5.37 panel (1.1). Soon after the first Saddle-Node bifur-
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Figure 5.37: Selected film height profiles are presented from the 2D bifurcation curve in Fig. 5.34. The
corresponding colour bar is shown in Fig. 5.38. From the top left corner panel (1.1) to the bottom right
corner panel (5.5) steady states are shown beginning with small εs following the transversally invariant
states. Here, only panel (1.1) is stable. For visibility the y-domain is stretched by a factor of 2.4 as compared
to the x-axis.
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cation appears, a Pitchfork bifurcation is detected. Then, the branch switches to
another branch where only invariant steady states occur, see Fig. 5.37 panel (1.2).
Here, εs decreases and a very short centered finger emerges from the meniscus. This
finger becomes longer and finally meets the boundary at x = −L/2, see Fig. 5.37
(1.2) to (1.4). Between the panels (1.4) and (1.5), the only stable steady states are
determined. Following the branch beyond this point, it continues in a rather long
and nearly vertical part. Along this part, the finger structures widen as the L2-norm
||h|| increases and the branch remains unstable.
The finger structure further widens and nearly fills the entire domain, so that the
steady state is similar to a stretched pyramid. In parallel, the pyramid-like structure
flattens and consists of a broad plateau with higher rims at its lateral edges. Hereby,
the curve rises nearly vertical up to ||h|| ≈ 1.7, while the pyramid structure is
widened, see Fig. 5.34, and then it bends over and decreases to smaller norm values
and smaller εs.
Subsequently, while the L2-norm starts to drastically decrease, the extended pyramid-
like structure laterally decays into seven narrow fingers. The space between these
fingers slightly increases from the center to the boundary, see panel (2.3). Then,
the bifurcation curve enters the criss-cross region, see Fig. 5.34 (b). In this region
the steady state profiles reveal a multiplicity of occurring states, for instance, one
finger breaks into two smaller fingers, neighboring fingers start to coalesce. Long
fingers get shorter and recede from the downstream boundary or get longer until they
finally reach the boundary. In addition, fingers fuse with their neighboring fingers,
resulting in a root-like structure in the transition region between meniscus and fingers
[e.g. Fig. 5.37 panels (4.1) and (4.2)]. These different interactions of the fingers
in the criss-cross region is named “dance of fingers” [79]. The number of fingers
changes between three and nine. It is important to point out, that throughout the
criss-cross region, certain bifurcation structures repeatedly appear as the magnified
in the highlighted regions in Fig. 5.36.

In the following, the dance of fingers behaviour is further investigated: First, a new
type of plot is introduced in order to obtain a more readily discernible result. Here,
the solution measure is changed from the L2-norm to the arclength s used in each
continuation step. In addition to the plot of the arclength, an additional plot giving
the height profile h(y) at boundary at x = −Lx/2. This allows to determine the
behaviour of fingers, which reach the boundary. This leads to a more transparent
visualisation presented in Fig. 5.38. This helps to investigate the changes in the
criss-cross region of the bifurcation curve. The behaviour of the steady state profiles
where the dance of the fingers occurs, become more transparent.

These arclength plots are shown in Fig. 5.38 and reveal several features. After the
pyramid-like structure decays into seven fingers at arclength s ≈ 0.5, only the two
outermost fingers always remain. The location of these fingers is nearly unchanged.
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At s ≈ 2.65, another pair of coexisting fingers fuses with the outermost fingers.

Figure 5.38: Space-arclength plots for a 2D SAW-driven meniscus showing the film height profile
h(x = −Lx/2, y) on the downstream boundary function of arclength s following the full bifurcation curve of
2D states shown in Fig. 5.34 (a). The left panel shows, as a reference, the arclength s versus the SAW
strength εs and the right panel gives the corresponding film height profile at h(x = −Lx/2, y).

After these fingers fuse, the outermost fingers split-up and fuse again. At s ≈ 3.22,
the vanished fingers next to the outermost ones start to reappear. Here, a small
number of splits and fusions occurs. The central finger splits into two fingers. These
fingers exist until they fuse back into the central finger. In a short range of the
arclength at s ≈ 0.9 to s ≈ 1.0 the central finger vanishes and then reappears. Events
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of splitting and fusing fingers occur until the fully centered finger vanishes again at
arclength s ≈ 3.5. In ranges of the arclength 1.7 ≤ s ≤ 1.9 and 3.55 ≤ s ≤ 3.76,
repeating oscillations between five and six fingers occur.

The presented results of the 2D SAW-driven meniscus in a domain Ω = Lx×Ly with
Lx = 40 and Ly = 30 are very complex. To simplify the results, the lateral domain
is reduced. The simplest case is found for a domain of Ω = Lx × Ly with Lx = 40
and Ly = 1 and corresponds to an identical bifurcation curve as in the 1D case as all
states remain transversally invariant.

Figure 5.39: Two bifurcation diagrams are presented for a SAW-driven meniscus in 1D (blue line) and
2D (black line), which shows the excess volume Vex in dependence of the SAW strength εs. The domain of
the 2D case is Ω = Lx × Ly with Lx = 40 and Ly = 1, where the 1D case has Ly = 0. The different line
styles correspond to the stability of the steady states, where the solid line indicates stable and the dotted line
represents unstable steady states, respectively. Saddle-Node and Hopf bifurcations are highlighted with green
and black circles. The two insets magnify regions, where bifurcations undergo snaking and a sequence of
Hopf bifurcations appears. Both bifurcation curves are transversally invariant. The remaining parameters
are hm = 8.1, Wes = 2.0, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0, Lx = 40 and Ly = 1.

In Fig. 5.39 two magnifications show that the curves are slightly shifted to the right.
This small qualitative difference is due to the different numerical approaches in 1D
and 2D and has no further effect on the curve. In particular, both bifurcation curves
have the same number of Saddle-Node and Hopf bifurcations at nearly identical
positions along the curve.
Next, the domain is slightly increased to Ly = 2, while keeping all other parameters
at the same values. In addition, the solution measure is changed to the L2-norm ||h||
instead of the excess volume Vex.

Fig. 5.40 shows that all states are transversally invariant until the third Saddle-Node
bifurcation of the curve is approached. Here at εs ≈ 0.792, a Pitchfork bifurcation
corresponding to a Saddle-Node bifurcation is detected. The symmetry of the 2D bi-
furcation breaks in y-translation at each Pitchfork bifurcations (red circles). Thereby,
the curve bends towards decreasing SAW strength εs as a branch of states with broken
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Figure 5.40: Two bifurcation diagrams are presented for a SAW-driven meniscus in 1D (blue line) and
2D (black line), which shows the L2-norm ||h|| in dependence of the SAW strength εs. The domain of the
2D case is Ω = Lx × Ly with Lx = 40 and Ly = 2. The different line styles correspond to the stability of
the steady states, where the solid line indicates stable and the dotted line represents unstable steady states,
respectively. Up to 26 Hopf bifurcations (black circles) are marked only on the 2D curve. Also, Pitchfork
bifurcations (red circles) are shown. The inset shows the full bifurcation curves. In the main panel the
region where the 2D solution breaks in the y-translation symmetry. The remaining parameters are hm = 8.1,
Wes = 2.0, Ha = 0.001, G = 0.001, hp = 0.1, α = 0.2, U0 = 0, Lx = 40 and Ly = 2.

y-translation symmetry. Following this branch, three Saddle-Node bifurcations occur
in form of a loop. Subsequently, a sequence of Hopf bifurcations appears while
the SAW strength is increased. At εs ≈ 0.783 the curve bends towards decreasing
SAW strength at a Saddle-Node bifurcation and undergoes an exponential decreasing
snaking. This snaking is around the nearly vertical 1D curve. At the second Pitchfork
bifurcation (red circle) the 2D curve undergoes another transition in symmetry and
gets invariant to the 1D case. After the transition, seven Hopf bifurcations are
detected on the 2D branch. These seven Hopf bifurcations are qualitatively at the
same position located as the last seven Hopf bifurcations of the 1D case. Finally the
2D curve becomes stable at the last Hopf bifurcation and follow the same power law
as in the 1D case, namely hc ∝ ε2/3s .

In Fig. 5.41, 50 selected steady state profiles are presented. At first, where the 2D
case is transversally invariant with the 1D case, only meniscus states occur. Then,
while the SAW strength increases the contact line of the meniscus advances. Here,
only panels (1.1) to (1.4) present stable steady states. The states become unstable
identical to the 1D case. The 2D case behaves similar as the 1D case, however in the
steady state profile, in panel (4.5) of Fig. 5.41, the symmetry break occurs. At that
moment the branch of 2D has already bypassed the Pitchfork bifurcation, where the
curve diverges from 1D. Then, a finger structure increases in length and advances
through the domain until it reaches the boundary at x = −Lx/2. This phenomenon is
identical to the case with domain length of Ly = 30, where a centered finger advances
along the x-direction. In contrast to case where the domain is larger in y-direction,
the finger directly emerges before the third Saddle-Node bifurcation on the bifurcation
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Figure 5.41: Selected film height profiles in equidistant continuation points along the bifurcation of
Fig. 5.40 are shown. The corresponding colour bar is given in Fig. 5.38. From the top left corner panel
(1.1) to the bottom right corner panel (10.5) steady states are shown beginning with small εs following the
transversally invariant states. The profiles (1.1) to (3.2) and (9.1) to (10.5) are stable steady states. For
visibility the y-domain is stretched by a factor of four as compared to the x-axis.

curve. In addition, the presented steady states of a finger structure remain unstable.
Following the branch further, a uniform film advances in x-direction, until it reaches
the boundary at x = −Lx/2. Subsequently, the finger structure vanishes and a
Landau-Levich solution emerges, so that the full domain is covered by a thin film of
coating thickness hc. The coating thickness then further increases. When it reaches
hc ≈ 0.25, see panel (8.1), the shown Landau-Levich film becomes stable as the last
Hopf bifurcation is bypassed. Hereby, only stable states occur. Although the results
for Ly = 2 has shown a single finger solution and two Pitchfork bifurcation and
therefore, is more different than the simplest case for Ly = 1 presented in Fig. 5.39.
The case for Ly = 2 resemebles more the features obtained in the case of Ly = 30.
In the last part of this section, the lateral domain is increased once more to Ly = 4.
In order to fit two finger structures into the domain.
Fig. 5.42 shows the resulting bifurcation curve and Fig. 5.43 shows 50 selected steady
states along the 2D curve. The bifurcation curve has up to 86 Hopf bifurcations, but
are not shown here. Comparing both the 1D and the 2D curve, at first the 2D curve
is invariant to the 1D. Between the first and second Saddle-Node bifurcation of the
1D curve, the 2D curve diverges at a Pitchfork bifurcation at εs ≈ 0.839 (red circle).
This Pitchfork bifurcation is similar to the case with the domain length Ly = 30, but
it appears not directly after the first Saddle-Node bifurcation. Inspecting the steady
states in Fig. 5.43 at that locus, it shows the symmetry breaks in Fig. 5.43 panel (1.5).
Here, a central finger structure appears. At εs ≈ 0.84 the L2-norm decreases. At the
second occurring Saddle-Node bifurcation the L2-norm increases again, followed by
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Figure 5.42: Two bifurcation diagrams are presented for a SAW-driven meniscus in 1D (blue line) and
2D (black line), which shows the L2-norm ||h|| in dependence of the SAW strength εs. The domain of the
2D case is Ω = Lx × Ly with Lx = 40 and Ly = 4. The different line styles correspond to the stability
of the steady states, where the solid line indicates stable and the dotted line represents unstable steady
states, respectively. Five Pitchfork bifurcations (red circles) are shown. Inset on the left shows the full
bifurcation curves and the other inset magnifies the region where Pitchfork bifurcations occur. The colour
schemes indicate the path of the curve and begins with solid black, magenta, dotted black and ends in solid
back. These colour schemes do not correspond to stabilities on the branch, they are all unstable. A detail
explaination is in the main text. The main panel magnifies the region where the 2D steady state breaks
the y-translation symmetry. The remaining parameters are hm = 8.1, Wes = 2.0, Ha = 0.001, G = 0.001,
hp = 0.1, α = 0.2, U0 = 0, Lx = 40 and Ly = 2.

sequences of Saddle-Node and Hopf bifurcations (not shown). In this region the 2D
curve for Ly = 4 appears to be very similar as for Ly = 30 shown in Fig. 5.34 (c)
and resembles the snaking region of the 1D case. While the SAW strength of the 2D
curve decreases with increasing L2-norm, the finger structure widens until the curve
reaches a maximum in L2-norm at εs ≈ 0.795. Then, the L2-norm decreases and
the 2D curve bypasses the nearly vertical part of the 1D curve and the width of the
finger decreases and no stable steady state of a finger structure occurs. At εs ≈ 0.771
the L2-norm drastically decreases (the curve goes “down”) and two Saddle-Node
bifurcations appear. The 2D curve approaches the 1D curve at a second Pitchfork
bifurcation (red circle) and becomes indistinguishable from the 1D case. This is seen
in the magnification in Fig. 5.42 solid black line. The corresponding steady state
profile is presented in Fig. 5.43 panel (4.2). Then, following this solid black line,
where the 2D states remain identical to the 1D case, the line colour scheme changes
to a solid magenta, see magnification in Fig. 5.42. Another Pitchfork bifurcation
occurs at εs ≈ 0.781 and ||h|| ≈ 1.535. Here, the curve drastically bends towards
increasing SAW strength and the steady states reveal that a central finger structure
appears, see Fig. 5.43 panels (4.3) to (4.5). This central finger is connected to the
meniscus by two smaller fingers (root-structure). Following the the magenta curve
further, several bifurcations occur. At εs ≈ 0.788 a very small exponential snaking
occurs. This is very similar to the repeating structure determined in 2D for Ly = 30,
see Fig. 5.36. Then, the line changes its scheme to a dashed black at a Pitchfork
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Figure 5.43: Selected film height profiles in equidistant continuation points along the bifurcation curve
of Fig. 5.42 are shown. The corresponding colour bar is shown in Fig. 5.38. From the top left corner panel
(1.1) to the bottom right corner panel (10.5) steady states are shown beginning with small εs following the
transversally invariant states. The profiles (1.1) to (1.4) and (9.4) to (10.5) are stable steady states. For
visibility the y-domain is stretched by a factor of 2.4 as compared to the x-axis.

bifurcation located at εs ≈ 0.791 and ||h|| ≈ 1.534. This Pitchfork bifurcation is the
same as the one found on the 2D curve with Ly = 2. At the Pitchfork bifurcation
the branch folds back. The occurring steady state is shown in Fig. 5.43 panel (5.4).
Further following the curve, the central finger reappears and advances until it reaches
the boundary at x = −Lx/2. However, at the lateral boundaries ±Ly/2 two very
small finger structure remain. Taking a look on the steady states Fig. 5.43 panels
(5.5) to (6.3), the two outer fingers fuse into the central finger and the central finger
widens occurring along the dashed black line. Following the curve further, the dashed
black line changes into a solid black line. Here, the profiles in panels (6.4) to (8.2)
show that the root-structure built by two fingers push the central finger out of the
boundaries, so that in Fig. 5.41 panel (7.3) only two finger structures remain. Then,
the central finger comes back and pushes the two fingers into the meniscus until they
vanish, see panels (7.4) to (8.3). This events happen in the more complex region of
the branch (criss-cross section). Inspecting the steady state profiles from panel (8.4),
one sees that a flat film advanes and pushes the central finger beyond the domain
boundary, see panel (9.5). Here, the full domain is covered by a Landau-Levich
film solution. At εs ≈ 0.78 and ||h|| ≈ 1.57 another Pitchfork bifurcation (red
circle) occurs [Fig. 5.42] and the 2D curve is invariant with 1D. Then, the 2D curve
behaves identical for increasing SAW strength εs and has the same power law. The
steady states shown in row 10 are all stable and present only Landau-Levich solutions.
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In summary, when the domain Ω is increased in the lateral y-direction a numerous
additional bifurcations occur. The observed behaviour of the bifurcation curve
becomes more complex, so that a dense cluster occurs, e.g. in first case with a
domain Ly = 30. In this dense cluster of overlapping branches, many variations
of finger structures occur and they are interacting as a “dance of fingers”, i.e. see
Fig. 5.34. For the simplest case with domain Ly = 1 no finger structure is observed
and the bifurcation curve is identical with the 1D case. In the cases with Ly = 2
and with Ly = 4 one and two finger structures are possible, whereas in the biggest
case with Ly = 30 up to nine finger structures are determined. In other words, the
number of finger structures increases as the lateral y-direction gets larger as more
finger structure fit in. All the presented results in the 2D case show transitions of
discontinuous dynamic wetting transitions similar to the 1D SAW-driven thin film
case.



Chapter Six

Two-layer thin-film models
„

Gutta cavat lapidem non vi sed saepe
cadendo“
– Publius Ovidius Naso,

Pistulae ex Ponto IV, X, V
12.-17. AD

U p to this point the classical Landau-Levich model, where a film is withdrawn
from a liquid bath or is spread due to the propagating surface acoustic waves

(SAW) within the substrate, has been thoroughly studied. Both of these models are
categorised as a “one-layer” thin-film model. The entire system is now extended
by including an additional layer. These two-layer films consist of an upper and a
lower layer of immiscible liquids, leading to an interface exist between the two-layers,
referred to as a liquid-liquid interface. A number of studies has been conducted on
two-layer models in theory and experiments. They investigated structure and pattern
formation of flat two-layer polymer films under the influence of temperature gradient
[52, 92, 99, 129]. Other studies use external vertical vibrations, which leads to
Faraday instabilities encountered in the upper layers [14, 104] and also film ruptures
in both layers [138]. In this work, however, temperature gradient, evaporation or
external vibrations are not investigated. Instead, the focus lies on final states of
occurring droplet constellations encountered after the coarsening process. This
underlying dynamics always correspond to dewetting dynamics of a two-layer liquid
films [23, 69, 106] and are theoretically investigated by performing time simulations.
In the course of this work the isothermal case of the already established model of
Ref. [106] is used. In Ref. [106] evolution equations of a two-layer thin-film model
are already derived. These equations describe a problem of a two-layer model of flat
and horizontal oriented films on a solid substrate. The first step is to consider at a
flat film system where the lower layer has different wettabilities, either completely
wetting or partially wetting, whereas the upper layer is always partially wetting. The
wettability is controlled via the Derjaguin disjoining pressure. A simple illustration
of a two-layer flat film is presented in Fig. 6.1 (a). After studying the different wet-
tabilities of the lower layer, further parameters are varied to examine the temporal
evolution of dewetting. In particular, the relative energies per length of the states
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are evaluated during the dewetting process and then compared between different cases.

Furthermore, the two-layer system is extended by consideration of a Landau-Levich
geometry. Therefore, additional lateral forces from gravitation and an inclination
as in Eq. (3.47) are included into the two-layer model. This directly leads to an
expansion of the Landau-Levich model. This model is then examined using time
simulations and compared with previous findings for the two-layer and one-layer
model. A sketch is illustrated in Fig. 6.1 (b).

Figure 6.1: Schematic drawings of two different one-dimensional (1D) two-layer thin-film models. In
(a) a flat two-layer film on a horizontal substrate is shown. The total film height is h2 and the film height
of the liquids is h1 and h2 − h1. In (b) a two-layer thin-film model with the Landau-Levich geometry is
illustrated. Both liquid film heights are identical as defined in (a) and a bath is located at the left boundary
with corresponding meniscus film heights hm2 and hm1. The plate is inclined by angle α and moving at
velocity UL towards the positive x-direction.

6.1 Modelling and scaling of two-layer thin-film system

In the two-layer thin-film model the liquid layers are considered to be immiscible.
However, the derived equations of Ref. [106] do not contain all properties relevant
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for the Landau-Levich geometry. In order to examine these evolution equations, they
are expanded by substrate withdrawal, velocity U (towards the positive x-direction)
and lateral force, gravitation g. The investigation of the two liquids is restricted to
non-volatile liquids. The expanded evolution equations read

∂th1 =− ∂x
[
Q11∂x

δF

δh1
+Q12∂x

δF

δh2

]
− ∂x

[
h1U

]

∂th2 =− ∂x
[
Q21∂x

δF

δh1
+Q22∂x

δF

δh2

]
− ∂x

[
h2U

]
.

(6.1)

Following Ref. [106], mobilities are written as a 2× 2−Matrix,
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(6.2)

The model introduces two different film thicknesses h1 and h2 and also two different
viscosities µ1 and µ2 corresponding to the two films. The function h1 represents
the film thickness of the lower layer and µ1 its viscosity, whereas h2 represents the
total film thickness by adding both films thicknesses. The given Eqs. (6.1) may be
reduced to a one-layer model. In order to do this, the film height of the lower layer
must vanish with h1 = 0 so that only the total film height h2 remains. Subsequently,
the equation for h2 becomes the usual one-layer model.

Note that the lateral force, as well as the Derjaguin disjoining pressure are contained
in the free energy F . The wettability is introduced for both liquid films in an
analogous manner. The Derjaguin disjoining pressure is adapted to the respective
interfaces, one at the solid-liquid and the other at the liquid-liquid interface, according
to geometric considerations of the film thicknesses h1 and h2. Then, the lateral force
caused by the gravitation g in combination with inclination angle α are implemented.
The free energy functional reads

F =
∫ [σ1

2 (∂xh1)2 + σ2

2 (∂xh2)2 + h2
1

2 ρ1g + h2
2 − h2

1
2 ρ2g

− αρ2g(h2 − h1)x− αρ1gh1x+ f(h1,h2 − h1)
]
d2x

(6.3)

The interfacial tensions are given by σ1 (liquid-liquid interface) and σ2 (liquid-gas
interface). The different densities of the liquids are given by ρ1 and ρ2, respectively.
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In addition, the wetting energy f(h1,h2 − h1) is defined as

f(h1, h2 − h1) = κ2

(
h3

p2

5(h2 − h1)5 −
1

2(h2 − h1)2

)
+ κ1

(
h3

p1

5h5
1
− 1

2h2
1

)
. (6.4)

The first term of Eq. (6.4) corresponds to the wetting properties of the upper layer,
and the second part to the one of the lower layer). In this case, it is convenient to
use two different strengths of wetting energy given by κ1 and κ2. They are directly
related to the two equilibrium contact angles. In this study, both precursor film
heights are identical hp1 = hp2.
Next, the dimensional equations have to be rescaled to obtain nondimensional
equations. To simplify those steps, the presented equations are handled separately.
First, the following dimensionless quantities indicated as tildes are introduced

h = δLh̃ , (x,z)T = L(x̃,z̃)T , δL = εL and t = τ t̃ . (6.5)

Including the scalings of Eq. (6.5) into the wetting energy [Eq. (6.4)]. It yields
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(6.6)

Here, the dimensionless ratio of wetting strengths for the both layers is introduced as

D1 = κ1

κ2
. (6.7)

Next, the free energy in Eq. (6.3) is scaled by using scalings Eq. (6.5) which gives
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(6.8)

Hereby, five dimensionless parameters are introduced

D2 = σ1

σ2
, D3 = ρ1

ρ2
, D4 = δ2

Lρ2g

ε2σ2
and D5 = κ2

ε2σ2δ2
L
. (6.9)
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Next, the mobility matrix (6.2) is scaled
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(6.10)

One additional dimensionless parameter is introduced, which corresponds to the
ratio of viscosities of the two layers

D6 = µ1

µ2
. (6.11)

Furthermore, the variational derivative is rescaled:

δ

δh
= 1
δ3

L

δ

δh̃
. (6.12)

The long-wave inclination angle is defined as α̃ = α/ε. Now, all of the quantities are
dimensionless and are incorporated into the two-layer thin-films evolution Eqs. (6.1).
The corresponding time scale τ is chosen as

τ = δµ1

εσ2
. (6.13)

The dimensionless parameter for the plate velocity reads

D7 = Ũµ1

σ2
. (6.14)

Then, σ2 is further specified, which allows to reduce one of the dimensionless quantities.
Using σ2 = κ2/δ

2
Lε

2 yields

D1 = κ1σ2

ε2δ2
L

= κ , D2 = σ1

σ2
= σ , D3 = ρ , D4 = δ4

Lρ2g
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= G ,

D5 = 1 , D6 = µ , and D7 = ε2Ũµ1δ
2
L

κ2
= UL .

(6.15)

Scaling (6.15) is the parametrisation for the investigation of the two-layer thin-film
model. Note that D2 is interpreted as ratio of surface tensions of both layers. In the
next step, all tildes are dropped and the scaling is applied for the set of equations
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and yields

∂th1 =− ∂x
[
Q11∂x

δF

δh1
+Q12∂x

δF

δh2

]
− ∂x

[
h1UL

]
,

∂th2 =− ∂x
[
Q21∂x

δF

δh1
+Q22∂x

δF

δh2

]
− ∂x

[
h2UL

]
.

(6.16)

The dimensionless two-layer thin-film evolution Eqs. (6.1) contain six dimensionless
parameters and are expressed as

∂th1 = −∂x
{
h1UL +Q11∂x

[
σ∂xxh1 + Π1(h1,h2 − h1)

]

+Q11(1− ρ)G
[
∂xh1 − α

]

+Q12∂x
[
∂xxh2 + Π2(h1,h2 − h1)

]
−Q12G

[
∂xh2 − α

]}
(6.17)

and

∂th2 = −∂x
{
h2UL +Q21∂x

[
σ∂xxh1 + Π1(h1,h2 − h1)

]

+Q21(1− ρ)G
[
∂xh1 − α

]

+Q22∂x
[
∂xxh2 + Π2(h1,h2 − h1)

]
−Q22G

[
∂xh2 − α

]}
(6.18)

with

Π1(h1,h2 − h1) = −∂h1f(h1,h2) =−
(

h3
p2

(h2 − h1)6 −
1

(h2 − h1)3

)

+ κ

(
h3

p1

h6
1
− 1
h3

1

) (6.19)

and

Π2(h1,h2) = −∂h2f(h1,h2) =
(

h3
p2

(h2 − h1)6 −
1

(h2 − h1)3

)
. (6.20)

Note that Eqs. (6.17) and (6.18) combine the two-layer thin-film model of Ref. [106]
with terms known from the classical one-layer Landau-Levich problem [47, 116, 144].
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6.2 Dewetting of flat films and coarsening

The derived thin-film evolution Eqs. (6.17) and (6.18) are examined by performing
time simulations and provided bifurcation diagrams. 1 The first aspect is to study
the dewetting dynamics of the liquid layers for different wetting properties of the
lower layer. Two different cases are considered where the liquid of the lower layer is
either fully or partially wetting the solid substrate. The liquid of the upper layer is
always partially wetting the lower layer liquid. The dewetting and coarsening process
for flat films is investigated with Eqs. (6.17) and (6.18). In particular, the lateral
force and plate velocity are set to zero, i.e. G = UL = 0, and periodic boundary
conditions are applied.

First, a fully wetting lower liquid is considered. The disjoining pressure in Eq. (6.19)
is correspondingly changed, i.e. the sign is adjusted to +1/h3

1 similar to the disjoining
pressure shown in Fig. 2.4. Both layers are chosen to have equal film thickness with
h1 = 4 and h2 = 8. The first set of parameters is given by σ = κ = µ = 1. A flat
two-layer film is a steady state. The linear stability analysis reveals that the flat
two-layer film is either stable or unstable depending on the chosen parameters, see
App. A.2. A flat film can become unstable in a stationary large scale instability
similar to a flat film in a one-layer system, see Fig. 4.2. However, in order to observe
morphological changes during time simulations in the form of dewetting, noise is
added to the initial solution of a flat film [125]. This allows to investigate the
corresponding coarsening behaviour of the flat two-layer film. Space-time plots of
thickness profiles of both layers are presented in Fig. 6.2.

Notice that Fig. 6.2 (a) only shows the lower layer, and the changes are readily
seen in the upper layer, panel (b). This rupture is caused by long and short-
range interactions encoded by the disjoining pressure in the partially wetting upper
layer. The number of droplets is in calculated with the linear stability analysis, see
App. A.2. Due to maximal growth rate βmax(k) at k = kmax = 0.056 ≈ 2Π/L ·Ndrop

with Ndrop = 4.5 ≈ 5, the fifth unstable eigenmode is expected as the dominant
one, which corresponds to a film breaking into five droplets. This result of the
time simulation is in agreement with the linear stability analysis. At the same
time, the lower layer develops two small wetting ridges in the contact line regions of
each formed droplet of the upper layer. The space-time plot of the film height h1,
Fig. 6.3 (a) shows the evolution of wetting ridges beneath the coarsening droplets of
the upper layer.

1All bifurcation diagrams shown in Sec. 6.2 have been created by U. Thiele employing the code package
auto07p [33].
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Figure 6.2: Space-time plots of thickness profiles h1 (a) and h2 (b) illustrate the dewetting dynamics of
two-layer films. The lower layer is completely wetting and the upper layer is partially wetting. The start
solution is a flat film with added noise of an amplitude An = 0.001. The time is scaled logarithmically and
the colour bar is adapted for the corresponding film heights. Selected states obtained in the time simulation
are presented in Fig. 6.3. The remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, κ = 1, σ = 1,
ρ = 0, G = 0, µ = 1.5, UL = 0 and L = 500.

Figure 6.3: Snapshots from a time simulation corresponding to time evolution of a two-layer flat film
system in Fig. 6.2. The lower layer is fully wetting. The time t of the states are given in the top-left corner.
The green coloured film is h1 (lower layer) and the blue coloured film is h2 − h1 (upper layer).
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At t ≈ 5000 the first rupture in the upper layer appears. Then, slowly more rup-
tures occur in the upper layer, so that finally five droplets remain. At t ≈ 6000, a
coarsening step occurs where two droplets fuses together, see Fig. 6.3. The newly
formed larger droplet has a maximal film height of h2 ≈ 20, while the other droplets
have a smaller height of h2 ≈ 15. Until t ≈ 105, the four remaining droplets remain
unchanged. Then another coarsening step occurs, where the larger droplet coalesces
with the rightmost droplet at x ≈ 480. After this process, the big droplet absorbs
all remaining volumes of all small droplets with increasing time and grows to a
maximum of h ≈ 28. Hereby, mass of all the smaller droplets is slowly transfered to
the large droplet and finally they collapse. The transitions of every coarsening step
occur on a very fast time scale, which is noticeable in the space-time plot [Fig. 6.2]
by sudden transitions. Ultimately, a single droplet remains.

Due to partial wetting, a precursor film of hp2 = 1 remains around the major droplet.
In contrast, the film thickness of the lower layer remains nearly unchanged with
h1 = 4 due to the full wetting property. Only two small wetting ridges remain in
the contact line regions. During this full coarsening process two different coarsening
mechanisms occur, where either two droplets collide and coalesce or mass (volume of
liquid) is transferred through the precursor film until a droplet collapses completely.
These translation and volume instabilities have also been observed for a one-layer
film model, e.g. [50]. The full dynamics are known as coarsening and/or dewetting
of a liquid layer. In other studies, similar dynamics of dewetting and coarsening in a
bilayer (two-layer) liquids have been observed [17, 43, 51, 52, 58, 81].
To investigate the gradient dynamic, the relative energy per length, (F − F0)/L,
obtained from the time simulations is calculated with Eq. (6.8). Then, the time
evolution of the energy is plotted, where the reference energy F0 is the one of the
initial flat film. Due to the gradient dynamic’s character of the model, the energy
monotonously decreases in time converging to a local minimum.
Fig. 6.4 shows that the relative energy decreases stepwise during each coarsening
step. At the end, the system has a minimum energy of (F − F0)/L ≈ −0.19.

Figure 6.4: Time evolution of the relative energy per length (F − F0)/L showing the case presented in
Fig. 6.2.
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In the following scenarios, both liquid layers are assumed to be partially wetting
[105, 106]. In contrast to the previous case, where the lower layer is fully wetting, the
disjoining pressure from Eq. (6.19) is used. For otherwise identical parameters, start-
ing solution and boundary conditions, a time simulation is performed. The space-time
plots for both film heights are given in Fig. 6.5 and snapshots are presented in Fig. 6.6.

Figure 6.5: Space-time plots of the (a) h1 and (b) h2 profile illustrate the dewetting dynamics of two-layer
films, where both layers are partial wetting. The start solution is a flat film with added noise of an amplitude
An = 0.001. The time is scaled logarithmically and the colour bar is adapted for the corresponding film
heights, respectively. Selected states obtained in the time simulation are presented in Fig. 6.6. The remaining
parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, κ = 1, σ = 1, ρ = 0, G = 0, µ = 1.5, UL = 0 and L = 500.

Fig. 6.5 shows that new features and a different final state is obtained. At the
beginning of the time simulation, again the upper layer ruptures forming five droplets.
The development of the five droplets influences the lower layer, so that two wetting
ridges form under each droplet until t = 5000 with equal contact angles arises, see
Fig. 6.6. In contrast to the fully wetting case considered before, the wetting ridges
are more pronounced. Here, the wetting ridges actually correspond to droplets.
Due to the partially wetting behaviour, a precursor film forms on the substrate.
Inspecting Fig. 6.5 (a) shows that the first coarsening step in the lower layer occurs
at t = 6000. The first coarsening step in the upper layer, in contrast, does not occur
until t ≈ 104, see Fig. 6.5 (b). Additionally, multiple coarsening steps also occur
in the partially wetting lower liquid, where either mass is transfered or different
droplets coalesce, which is different to the previous case in Fig. 6.2. At the end of
the time simulation, an asymmetric droplet remains. It corresponds to a compound
droplet consisting of each layer. In addition, the complete domain is coated with
both precursor films hp1 and hp2. This asymmetric droplet is termed asymmetric
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bi-droplet constellation. It appears, that this type of asymmetric bi-droplet con-
stellation is strongly related to the gradient dynamics of partially wetting liquids,
where the energy of the system has a local minimum. In consequence, both liquid
layers form a compound asymmetric bi-droplet. Next, the time evolution of the rela-
tive energy per length is investigated to determine the differences to the previous case.

Figure 6.6: Snapshots from a time simulation corresponding to time evolution of two-layer flat film
system in Fig. 6.5. Both layers are partially wetting. The time t of the states are given in the top-left
corner. The green coloured film is h1 (lower layer) and the blue coloured film is h2 − h1 (upper layer).

Figure 6.7: Time evolution of the relative energy per length (F − F0)/L showing the case for both films
are partially wetting from Fig. 6.5.
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The relative energy per length of this system develops in a very similar way as in
the previous case, see Fig. 6.4. The different wetting property of the lower layer
changes the coarsening process and more coarsening steps occur. Each step can be
easily detected in the relative energy in Fig. 6.7. The minimum of the relative energy
is (F − F0)/L ≈ −0.37, which is significantly lower than the previous case of the
wetting lower layer, see Fig. 6.4.
The final states of time simulations reveal that two different types of droplet constel-
lations are encountered: a symmetrical and an asymmetrical one. Here, the focus is
solely placed on the different ratios of either surface tension σ or wetting strength κ,
where other droplet constellations are anticipated. Furthermore, the relative energy
is dependent on either ratio. The ratios of liquid layer characteristics provide further
information on different dewetting and coarsening processes.
In case of the surface tension, two different cases are considered. In the first case,
the ratio of surface tension is very low with σ = 0.2 and in the second one it is high
with σ = 100 and σ = 200. These values are further examined with a bifurcation
study. From the time simulations only the final states are presented, see Fig. 6.8.
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Figure 6.8: Three different and final converged states obtained from dewetting dynamics of two-layer
films for (a) a small (σ = 0.2), and for (b) and (c) larger (σ = 100, 200) ratio of surface tensions. The
remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, κ = 1, ρ = 0, G = 0, µ = 1.0, UL = 0 and
L = 500.

In panels (a) and (b) asymmetric bi-droplets are obtained for σ = 0.2 and σ = 100.
The relation between the surface tension and the dewetting process becomes readily
visible. Fig. 6.8 (b) with σ = 0.2 show a very similar droplet constellation as obtained
in Fig. 6.6 (final panel). In the case of σ = 100, shown in Fig. 6.8 (b), the droplet
from the lower layer widens and flattens, whereas the upper layer develops into
a large droplet. Increasing σ further to σ = 200, the lower layer remains nearly
unaffected and has kept a constant film thickness of h1 = 4 on the entire domain.
Hereby, no wetting ridges are formed, and only one large droplet emerges from the
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upper layer. This phenomenon depends on the ratio of surface tension σ. Inspecting
the corresponding relative energy values per length in Fig. 6.9, it becomes obvious
that the relative energy per length of the final state increases for decreasing ratio of
surface tension.
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Figure 6.9: Time evolution of the relative energy per length (F − F0)/L showing for different ratio of
surface tension σ = 0.2, 1, 100 and 200.

Fig. 6.9 allows to identify, without having to refer to the space-time plots, the number
of undergone coarsening steps indicated by stepwise decrease in the energy level. For
σ = 200 six and for σ = 100 seven coarsening steps are detected. In the case of a
lower ratio of surface tension σ = 1 and σ = 0.2 the number of coarsening steps
is much higher than for σ = 100 and σ = 200. This result demonstrates that for
smaller ratio of surface tension σ, multiple coarsening processes occur during the
dewetting of the liquid layers.
From the results of the time simulations for different ratio of surface tension σ, only
one symmetric constellation is found. This is in contrast to previous studies, which
did not observe asymmetric droplet constellations of bi-droplets [17, 43, 51, 52, 58,
81, 106].
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Figure 6.10: Bifurcation diagram showing the relative energy (F − F0)/L versus the ratio of surface
tension σ. The two different branches represent symmetric and asymmetric droplet constellations as dashed
red and solid black, respectively. The remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, κ = 1,
ρ = 0, G = 0, UL = 0 and L = 500. The bifurcation diagram has been obtained by U. Thiele.
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The results from the time simulations in Fig. 6.9 for the relative energy per length
(F −F0)/L to the respective σ are in agreement with the result from the continuation
in Fig. 6.10. In Fig. 6.10 the ratio of the surface tension σ is employed as main
control parameter and the relative energy (F − F0)/L is chosen as a measurement.
Inspecting the branch of steady states with increasing σ, only asymmetric droplet
constellations exist. At σ ≈ 190 the branch of symmetric steady states emerges
subcritically from the branch of asymmetric steady states. This emerging branch
of symmetric steady states is tracked for increasing σ. Hereby, two Saddle-Node
bifurcations appear (not shown). At the first Saddle-Node bifurcation the relative
energy per length (F − F0)/L continuously decreases. At second Saddle-Node bifur-
cation, where the branch folds towards larger σ again, the relative energy per length
(F −F0)/L decreases at a lower rate. Tracking the branch of symmetric steady states
for decreasing σ, it ends at σ ≈ 30 seemingly in a bifurcation on another branch (not
further discussed).
Fig. 6.10 reveals that the two-layer thin film system for flat film has multi-stability.
Hereby, the bifurcation diagram shows that steady symmetric and asymmetric states
of droplet constellations coexist at identical parameter values. Inspecting the rel-
ative energy levels per length of both types of constellations, one notices, that
they have a very similar local energy minimum at same parameters. The energy of
asymmetric bi-droplet constellations is always lower compared to the symmetric ones.

Next, the ratio of the wetting strength κ is analysed similar to the ratio of surface
tension σ. Here, only two different values κ = 0.05 and κ = 10 are considered. In
addition, the dewetting dynamics are illustrated with space-time plots, see Fig. 6.11.
In contrast to the previous time simulations [Figs. 6.2 and 6.5], these thin films are
disturbed sinusoidally to produce exactly five undulations in the domain. Therefore,
in both space-time plots across a relatively long time interval ∆t ≈ 106, five droplets
of constant height are identified by means of the height profile h2. After t ≈ 106,
the first coarsening steps begin simultaneously in both simulations. At the end of
the time simulations, two different symmetrical constellations are obtained after the
coarsening process.

At the small κ = 0.05, there is a large droplet of the upper liquid on a droplet of
the lower liquid, Fig. 6.12 (a). This final structure resembles a lens on a sessile drop
[91]. Such a constellation has also occurred during the coarsening process in Fig. 6.6,
where up to five of smaller droplets have emerged.
The symmetrical constellation at κ = 10 shows a different final structure. Here, a
droplet from the lower layer is formed and surrounded by two droplets of a similar
large height of the upper liquid. As a result, the droplet from the lower layer is at
the center of other droplets. The low ratio of κ means that the wetting strength
of the upper liquid is higher than of the lower one. Then, the lower liquid is more
likely to get shaped by the wetting strength from the upper liquid. In the other case
for large ratio of κ the reversed scenario appears, where the lower layer (partially
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Figure 6.11: Space-time plots of the h2 profile illustrate the dewetting dynamics of two-layer films for a
(a) small (κ = 0.05) and (b) large ( κ = 10) dimensionless ratio of wetting strength. The final converged
states obtained when the coarsening process is completed are presented in Figs. 6.11. The remaining
parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, σ = 1, ρ = 0, G = 0, µ = 1.0, UL = 0 and L = 500.
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Figure 6.12: Panels (a) and (b) show the final converged states of the time simulations shown in
Figs. 6.11 (a) and (b), respectively.

wetting) forms a droplet and the upper layer is shaped around that droplet, see
Fig. 6.12 (b). Again, the relative energy of the dewetting dynamics is considered.
For a large ratio of κ the energy of the final state is much smaller than for smaller κ,
as more pronounced droplet shapes are formed.
In contrast to the relation of the relative energy in the case of the surface tension
σ [Fig. 6.9], the ratio of wetting strengths, has more influence during a dewetting
process. This leads to much lower relative energies for larger ratio of wetting strength
κ. Note that for κ = 1 an asymmetric droplet constellation is obtained in Fig. 6.6
(last panel), whereas both droplet constellations presented in Fig. 6.12 are symmetric.
The difference in droplet constellations is further investigated with a bifurcation
diagram.
Fig. 6.14 shows two different branches of asymmetric steady states. Both asymmetric
droplet constellations (dashed lines) emerge from the branch of the symmetric (black
solid line) one. The obtained results of the relative energies per length(F − F0)/L
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Figure 6.13: Time evolution of the relative energy per length (F − F0)/L showing for different ratio of
wetting strength κ = 0.05, 1 and 10.
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Figure 6.14: Bifurcation diagram showing a shifted energy F versus the ratio of wetting strength κ.
Three different branches represent symmetric and asymmetric droplet constellations. The black solid line
corresponds to symmetric steady states, and the dashed lines, red and blue, represent two different asymmetric
states. The relative energy per length F/L is conveniently shifted with an arbitrary function of κ/5 and
some constant C. This scaled y-axis allows to provide to improve visibility of the three branches. The raw
(not scaled) bifurcation diagram is shown in the appendix, see Fig. Af.2. The remaining parameters are
h1 = 4, h2 = 8, hp1 = hp2 = 1, σ = 1, ρ = 0, G = 0, UL = 0 and L = 500. The bifurcation diagram has
been obtained by U. Thiele.

from the time simulations are consistent with those from the path continuation.
Inspecting the branch of the symmetric droplets indicates that it connects the
different asymmetric branches, see Fig. 6.14. The branches show, that the system
always contains multi-stability of different possible states for κ > 0, where symmetric
and asymmetric droplets coexist. The bifurcation diagrams in Fig. 6.10 and Fig. 6.14
show that the flat two-layer thin film system has multi-stable states.
Next, multi-stability is further investigated. For this purpose, an example of two
different time simulations with identical parameters are performed to obtain either
a symmetric or an asymmetric droplet constellation as a final state. Both final
droplet states are obtained by different disturbances. The symmetric constellation is
obtained by added noise, whereas the asymmetric constellation is obtained by a flat
film disturbed sinusoidally. The final states of symmetric and asymmetric droplets
are presented for a domain of L = 96 in Fig. 6.15.
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Figure 6.15: Panels (a) and (b) show the final converged states, symmetric and asymmetric, which
coexist for identical parameters. The remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, σ = 0.1,
κ = 0.5, µ = 0.1 , ρ = 0, G = 0, UL = 0 and L = 96.

In Fig. 6.15, panel (a) shows a symmetric droplet constellation. Here, a droplet
of the upper layer lies in a basin formed by the lower layer. The structure of the
symmetric droplet constellation seems like a “crock”-like structure, whereas the
domain is always covered by a film of total film thicknesses of h2 > 6.5. It is very
similar as a lens on a sessile drop. In Fig. 6.15, panel (b) shows an asymmetric
bi-droplet constellation. The film height of the asymmetric droplet is slightly higher
than the symmetric droplet constellation and only a very short range of the domain
is covered by the precursor film height. The corresponding relative energy plot is
given in Fig. 6.16.
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Figure 6.16: Time evolution of the relative energies per length (F − F0)/L showing multi-stability,
symmetric and asymmetric, of Fig. 6.15. The black solid line corresponds to the relative energy of the
symmetric state and the dashed red line to the asymmetric state. The dotted lines represent the relative
energies obtained by continuation at (F − F0)/L = −0.177 and (F − F0)/L = −0.169.

The relative energy (F − F0)/L in both cases is very similar with
(F − F0)/L = −0.177 (asymmetric) and (F − F0)/L = −0.169 (symmetric). The
symmetric state of the droplet lying in the basin of the lower layer has a slightly
higher relative energy than the asymmetric case. The results are compared with
the bifurcation diagram obtained. The bifurcation diagram, where the domain L is
the main control parameter, is provided to study the behaviour of multi-stability,
symmetric and asymmetric.
Fig. 6.17 shows only the relevant region of the bifurcation diagram where
multi-stability occurs. The bifurcation diagram in Fig. 6.17 is qualitatively similar
to the one presented in Fig. 6.10. Tracing the branch of asymmetric states (black
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Figure 6.17: Magnification of the bifurcation diagram presented in Fig. Af.3 showing the relevant region
of the relative energy (F − F0)/L versus domain L. The black solid line corresponds to asymmetric steady
states and the red dashed line represents the symmetric states. At L = 96 a vertical dashed line is shown.
The corresponding film states are shown in Fig. 6.15 and the time evolution of the relative energy per
length is shown in Fig. 6.16. The complete bifurcation diagram is presented in Fig. Af.3. The remaining
parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, σ = 0.1, κ = 0.5, ρ = 0.1, G = 0 and UL = 0. The
bifurcation diagram has been obtained by U. Thiele.

line) for increasing domain size L, a Saddle-Node bifurcation (not shown) occurs at
L ≈ 135. Along this branch of steady states, the relative energy per length decreases.
The branch folds back at that Saddle-Node bifurcation and then, the relative energy
per length increases. At L ≈ 105 a branch of symmetric states (dashed red) emerges
subcritically from the branch of asymmetric states. Both branches of steady states
follow the same path and are nearly parallel. Then, another Saddle-Node bifurcation
(not shown) occurs at both branches for different values. The Saddle-Node bifurca-
tion on the symmetric branch appears at a lower domain L and at higher relative
energy per length (F − F0)/L. Following the branches further, the relative energy
per length decreases for increasing domain size L. In Fig. 6.17 a vertical line at
L = 96 is given. It crosses the branches of symmetric and asymmetric steady states.
The performed time simulations are in agreement with the results obtained by the
bifurcation diagram. Both methods show that the same relative energies per length
(F − F0)/L = −0.177 for the asymmetric and (F − F0)/L = −0.169 for symmetric
constellation are determined. Next, the dynamical behaviour of a two-layer model in
a Landau-Levich geometry is investigated.
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6.3 Two-layer thin films in a Landau-Levich geometry

The two-layer system is examined considering the Landau-Levich geometry. As a
reminder, the classic Landau-Levich model considers a liquid film remaining on a
plate that is withdrawn from a bath at certain velocity. Hereby, a meniscus forms at
the transition from the bath to the substrate. This geometry is already incorporated
into the governing evolution equation of a two-layer, see Eqs. (6.17)-(6.18). The
following set of boundary conditions are

h1 = hm1 , h2 = hm2 , ∂xh1 = −α and ∂xh2 = −α at x = 0 , (6.21)

and

∂xh1 = 0 , ∂xh2 = 0 , ∂xxh1 = 0 and ∂xxh2 = 0 at x = L . (6.22)

The bath is situated at x = 0 (left boundary) and the plate is withdrawn towards
the positive x-direction. The film heights of the meniscus of both liquid layers are
fixed at hm1 and hm2, see Fig. 6.1 (b). In addition, the plate is inclined by an angle
α and the gravitation is set to G = 0.001. On the other side, at x = L Neumann
boundary conditions are chosen. The boundary conditions are identical as for the
classical Landau-Levich model as in Ref.[47, 116] and different from the previous
ones used in Sec. 5.1.

A parameter study is performed with the aid of time simulations using the existing
results of the classical Landau-Levich and the two-layer flat film system as references.
Remember that in the one-layer system (classical Landau-Levich system), three
different states namely, meniscus state, foot-solution and Landau-Levich film are
obtained, see Figs. 5.2-5.4. Thus, similar solutions are to be expected for layer thin
films in a Landau-Levich geometry.

Fig. 6.18 shows the four possible main configurations of steady meniscus states and
Landau-Levich films. In panel (a) both layers are in a meniscus state for very low
velocity UL = 0.001. Panel (b) has the upper layer in a Landau-Levich film state
while the lower layer is in a meniscus state. This is due to the stronger surface
tension of lower layer indicated by σ = 10. Panel (c) and (d) share parameters σ = 1
and κ = 0.05. They differ in velocity UL = 0.015 and UL = 0.09. Hereby, panel (c)
represents the reversed case of panel (b), where the lower layer is in a Landau-Levich
film state and the upper layer is in a meniscus state. In addition, a wetting ridge-like
elevation appears in the lower film at the transition from the meniscus to the film.
This elevation is formed due the ratio of wetting strength κ = 0.05, which aligns
the contact angle of the lower layer with the upper layer, preventing it to advance
further. The velocity UL = 0.015 is not large enough to pull the upper layer. In
panel (d), where the velocity is UL = 0.09, both layers are Landau-Levich films. I.e,
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Figure 6.18: Four different steady film states obtained from time simulations of the two-layer system in
the Landau-Levich geometry. In (a), both layers are in a meniscus state with σ = 1, κ = 1 and UL = 0.001,
in (b) the upper layer is a Landau-Levich film and the lower layer is a meniscus state with σ = 10, κ = 1
and UL = 0.05, (c) the upper layer is in a meniscus state and lower layer is a Landau-Levich film with
σ = 1, κ = 0.05 and UL = 0.015, and (d) both layers are a Landau-Levich film with σ = 1, κ = 0.05
and UL = 0.09. Note that only the relevant part of the domain is shown. The remaining parameters are
hm1 = 26, hm2 = 52, hp1 = hp2 = 1, ρ = 1, G = 0.001, α = 1 and L = 500.

a transition from panel (c) to (d) has occurred, which leads to those different steady
states.

Now, this information about the four main configurations is used to determine possi-
ble transitions between these different steady states. The main idea is to perform
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Figure 6.19: Snapshots from a time simulation are presented corresponding to time evolution in
Fig. 6.20 (a). The snapshots illustrate a sequence of time-periodic behaviour, where a droplet from the upper
layer is withdrawn. The remaining parameters are hm1 = 26, hm2 = 52, hp1 = hp2 = 1, σ = 1, κ = 0.05,
ρ = 1, G = 0.001, α = 1, UL = 0.08 and L = 500.
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further time simulations for values of the plate velocity UL, which are between these
occurring states. At first, the main focus is on the parameters used in Fig. 6.18 (c)
and (d).

The first results of states are time-periodic states, which are determined for the veloc-
ity UL = 0.08 with σ = 1 and κ = 0.05. To obtain an overview of the time-periodic
behaviour snapshots from the corresponding time simulation are shown first, see
Fig. 6.19.

In Fig. 6.19, panel (a)-(d), snapshots of a periodic sequence are illustrated. The
lower layer is a Landau-Levich film on which a foot-solution of the upper layer has
developed. Droplets are then repeatedly pulled out of this foot-structure. In panel
(a), the droplet is formed at the tip of the foot. Panel (b) shows a state where
the droplet has already detached from the foot and is withdrawn. The droplet is
deposited on an elevation of the lower layer. In panel (c) this elevation flattens in the
center of the droplet and the droplet looks similar to the steady drop in Fig. 6.12 (a).
Notice that surface tension ratio σ and ratio of wetting strengths κ are identical.
Furthermore in Fig. 6.19 (c), the tip of the foot-structure is growing again leading
to the formation of a new droplet that detaches from the meniscus, as apparent in (d).

At this time, the moving droplet has already reached the edge of the domain and
starts to disappear. Small distortions in the droplet shape at the boundary conditions
are due to Neumann boundary conditions. Meanwhile, the tip of the foot is growing,
so that the next droplet breaks off and detaches. This process is then repeated
beginning with the state in panel (a).

In Fig. 6.20 space-time plots for four different sets of parameters of such a process
are shown. All four panels present one-dimensional TPS, where depositions of a
periodic array are formed by 1D droplets. These structures of TPS, where trains
of regularly spaced drops are shed, are very similar to the results obtained in the
SAW-driven system, see Fig. 5.30. In panels (a) and (b) deposition of the upper
liquid is drawn out in form of droplets, while they remain on an elevation of the lower
layer, see Fig. 6.19. The differences between the TPS in (a) and (b) of Fig. 6.20 are
the variation of the ratio of wetting strengths κ and the different velocities UL. This
results into different frequencies of shedding droplets, as well as different volumes of
the emerging droplets. Panel (c) in Fig. 6.20 shows that a droplet with a long tail of
the lower liquid is drawn out. Hereby, the droplet moves beyond the boundary at
x = 500, so that the lower liquid fully covers the domain. Subsequently, the upper
layer “cuts off” the tails of the lower layer, which is readily seen by the dips in panel
(c). Two snapshots for this case are presented in Fig. 6.21.



116 Chapter 6. Two-layer thin-film models

Figure 6.20: Space-time plots for different parameters: (a) σ = 1, κ = 0.05 and UL = 0.08, (b) σ = 1,
κ = 1 and UL = 0.09, (c) σ = 0.9, κ = 1 and UL = 0.034 and (d) σ = 10, κ = 1 and UL = 0.07. Panels (a),
(b) and (d) show droplets, which are drawn out from the upper liquid. In panel (c) droplets with a large tail
from the lower layer are drawn out. The remaining parameters are hm1 = 26, hm2 = 52, hp1 = hp2 = 1,
ρ = 1, G = 0.001, α = 1 and L = 500.

Panel (d) shows the time evolution of the sequence of four subsequent droplets of the
upper liquid. Here, two large and two small droplets of different heights are pulled out
from the bath, see Fig. 6.22. In the space-time plot Fig. 6.20 (d) these small droplets
are not quite visible, only the two successive large droplets are discernible. Each
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of these space-time plots is confirmed to show a TPS with the aid of phase-plane plots.
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Figure 6.21: Two snapshots from a time simulation are presented corresponding to time evolution in
Fig. 6.20 (c). In (a), the lower layer forms a foot-structure which is pulled from the bath and the upper layer
is in a meniscus state. The last part of the dragged tail from a droplet, which has already withdrawn. In (b),
the droplet has moved beyond the right boundary at L = 500 and a large tail of the droplet is dragged behind.
The remaining parameters are hm1 = 26, hm2 = 52, hp1 = hp2 = 1, σ = 0.9, κ = 1, ρ = 1, G = 0.001,
α = 1, UL = 0.034 and L = 500.
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Figure 6.22: Two snapshots from a time simulation are presented corresponding to time evolution
Fig. 6.20 (d). In (a), the upper layer forms a foot-structure, where two droplets with different film heights
are shown. The first droplet is slightly larger, whereas the other droplet has already reached the boundary at
L = 500. The lower layer has several small wetting ridges, where a very small droplet is seen between these
large droplets. In (b) the position of these droplet from the upper layer is swapped. Now, the larger droplet
is further moved from the bath and the smaller has detached from the foot-structure. A very small droplet
of the lower layer is seen between both large ones. The snapshots illustrate the two successive large droplets
of a time-periodic behaviour. The remaining parameters are hm1 = 26, hm2 = 52, hp1 = hp2 = 1, σ = 10,
κ = 1, ρ = 1, G = 0.001, α = 1, UL = 0.07 and L = 500.

As in Sec. 5.2.5, phase-plane plots are employed to determine true time-periodic
behaviour. In the case of the two-layer thin film system, two different film heights h1

and h2 have to be considered. Therefore, instead of the time derivative of d/dt||hi||
versus ||hi||, now the L2-norm ||h2|| versus L2-norm ||h1|| is plotted. Using this
method, the number of phase-plane plots is reduced by one for each case and the
information of the corresponding space-time plots in Fig. 6.20 remains.

Fig. 6.23 (a) shows that the trajectory corresponds to a closed orbit. It confirms that
the corresponding space-time plot in Fig. 6.20 (a) shows a time-periodic state. In
panel (a) the trajectory crosses once, giving the impression of a single loop. This indi-
cates that the trajectory shows no period-doubling. The trajectories in Fig. 6.23 (b)
and (c) are similar to the one in panel (a). Both are also periodic. The trajectory of
the closed orbit in Fig. 6.23 (d) is periodic but more complex. The space-time plot
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Figure 6.23: Four phase-plane plots showing the L2-norm ||h2|| versus L2-norm ||h1|| along the attractor
of the TPS obtained in Fig. 6.20. All four panels (a)-(d) show trajectories on a closed orbit.

in Fig. 6.20 (d) shows that the droplets of different film heights are drawn out in
an alternating pattern. This leads to the more complex trajectory in Fig. 6.23 (d)
indicating that a period-doubling must have taken place. In general, Figs. 6.20 and
6.23 demonstrate that the two-layer thin-film system in a Landau-Levich geometry
shows many different possible TPS.

To gain deeper insight into the solution behaviour of the system, a primitive con-
tinuation is performed. It only allows to track branches of (linearly) stable states.
Therefore, the results mainly focus on the transition between different steady states,
multi-stability and TPS obtained at fixed σ = 1 and κ = 0.05. For this purpose, a
new L2-norm is introduced as

||h|| =
√

1
L

∫
L
(h2

1 + h2
2)dx , (6.23)

which combines both film thicknesses h1 and h2.
In Fig. 6.24 four different states are identified. At velocity UL = 0.001, the red
diamond represents a steady state, where both layers are in a meniscus film state.
The velocity of the withdrawn plate is very low and does not affect the two-layer
system.
Increasing the velocity UL changes the steady states resulting in a lower layer cor-
responding to a Landau-Levich film, while the upper layer remains in a meniscus
state. This steady state corresponds to the one presented in Fig. 6.18 (c). At
velocity UL = 0.025 the L2-norm ||h|| has a local maximum. The film thickness of
the lower layer is h1 ≈ 5.9 at the right boundary at x = 500. Following the branch
further, h2 decreases and the corresponding L2-norm ||h|| decreases until reaching a
local minimum at velocity UL = 0.055. There, the film thickness of the lower layer
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Figure 6.24: Bifurcation diagram for a two-layer film in a Landau-Levich geometry showing the (time-
averaged) L2-norm ||h|| as a function of plate velocity UL. It is obtained by time simulations employed in a
primitive continuation scheme. The different symbols indicate different types of states: red diamond: both
layers are in a meniscus state; black circles: the lower layer is in a Landau-Levich film state and the upper
layer is in a meniscus state; blue triangles: both layers are in Landau-Levich film state; and green squares:
time-periodic states, i.e., deposition of a periodic array of ridges. The remaining parameters are hm1 = 26,
hm2 = 52, hp1 = hp2 = 1, σ = 1, κ = 0.05, ρ = 1, G = 0.001, α = 1 and L = 500.

is h1 ≈ 4.3. This transition depends on the ratio of wetting strengths κ = 0.05,
where the film thickness h1 decreases for increasing velocity UL. Between the local
maximum and the local minimum, the meniscus of the upper layer advances and
forces the lower layer further down due to the increasing velocity UL. In other words,
it slightly suppresses the withdrawal of the lower layer, which has consequently a
more reduced film thickness h1 and a concomitant decrease of the total film thickness
h2. Following the branch of black circles further, the L2-norm ||h|| continuously
increases at a constant rate with velocity UL. Along this branch, the steady states
show that the domain is mainly covered by a the increasing film thickness of the
lower layer h1. The upper layer thickness stays constant at precursor film height of
h2 − h1 ≈ 1, i.e. in a meniscus state.

The branch of blue triangles represents steady states, where both layers correspond
to a Landau-Levich film solution. In particular, following this branch from UL = 0.1
to lower velocities, the L2-norm ||h|| decreases at a constant rate. This behaviour
is expected, as less force acts on both layers due to the drawn plate. While the
velocity decreases further to UL ≈ 0.07, the steady states transition into time-periodic
states, marked by green triangles. Here, deposition of equally formed droplets are
withdrawn from the foot-structure of the upper layer. The branch of TPS (green
squares) has a hysteretic transition behaviour to the branch of blue triangles. Decreas-
ing the velocity below UL = 0.06, the system falls back onto the branch of black circles.
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The primitive bifurcation diagram in Fig. 6.24 shows that for the parameters σ = 1
and κ = 0.05 in a two-layer system in a Landau-Levich geometry, four different
(steady) state classes are obtained. They are: (i) both layers in a meniscus state, (ii)
lower layer in a Landau-Levich film solution and upper in a meniscus states,(iii) both
layers in a Landau-Levich film solution and (iv) time-periodic states. In addition, it
shows that up to three branches, which show different linearly stable states, exist at
the same parameters and thus confirms multi-stability. For the range of the velocities
in 0.075 ≤ UL ≤ 0.0858 three different steady states are encountered: the lower layer
is a Landau-Levich film solution and the upper layer is a meniscus state, both layers
are a Landau-Levich film solution and time-periodic states. Furthermore, it reveals
that two branches, one of time-periodic states and the other of a lower layer in a
Landau-Levich film solution and upper in a meniscus states, coexist for the velocity
range between 0.062 ≤ UL < 0.075.
However, the primitive continuation approach does not reveal the complete branches
and misses all unstable steady states. Therefore, several transitions of different
solutions branches and bifurcations can not be obtained.



Chapter Seven

Conclusion and outlook
„

Prudentia [...] est rerum expetendarum
fugiendarumque scientia!“
– Marcus Tullius Cicero,

De Officiis
I,43,153, 44 BC

I n this thesis, three different models of thin film system were analysed theoreti-
cally. These models are in turn subdivided into two types of thin films, namely

a one-layer and two-layer film. The model for the one-layer case is further classified
into the classical Landau-Levich model, where a plate is withdrawn from a bath [73]
and into a thin film driven by surface acoustic waves (SAW) [87]. The latter is the
first main subject of this work. In general, results obtained in the one-layer model of a
thin film driven by SAW, mainly focuses on parameter regimes where patterned thin
film depositions occur. The other type is a two-layer thin-film model, which is studied
for flat thin films [106] and this model is further expanded into a Landau-Levich
geometry. The results obtained in this theoretical work are predictions of ideal
thin film behaviour and shall be used in suitable experiments to recover possible
and similar phenomena of film states. The theoretical framework allows to provide
extensive information for experiments for the development of more precise strategies
to obtain, for instance patterned deposits (time-periodic states). Together, this
provides an overall understanding of the fundamental dynamic behaviour occurring
in thin-film models, either in the SAW-driven meniscus, or in a two-layer system.

In Chap. 2, the theoretical foundations for liquid films and droplets, i.e. gradient
dynamics of partially wetting liquid are presented. These are used to approximate
the Navier-Stokes equations in a lubrication approach to derive a nonlinear partial
differential equation (PDE), which describes the temporal behaviour of a thin film
profile driven by SAW. The corresponding equation is based on the work of Ref. [87]
and is expanded by further influences such as gravitation, substrate inclination and
Derjaguin (disjoining) pressure [30]. In Chap. 3 additionally, different scalings are
introduced allowing one to describe and combine the classical Landau-Levich system
of Ref. [47, 116, 123, 132, 144] and the SAW-driven thin film of Ref. [87]. The scaling
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established in Eq. (3.49) corresponds to a case, which allows to directly compare
both models from the literature in a case of partially wetting liquids. Hereby, a new
parameter εs is introduced, which corresponds to the SAW strength playing a similar
role as the withdrawal plate velocity U0 in the Landau-Levich case. The parameter εs
facilitates the direct comparison of the extended SAW-driven thin-film system with
the classical Landau-Levich system. To analyse the governing equation, numerical
methods such as pseudo-arclength continuation using pde2path [136] and time
simulations using oomph-lib [54] are employed, see Chap. 4. Both methods allows
one to determine the full bifurcation behaviour of steady and time-periodic states.
In particular, time simulations are used to identify the stability of the time-periodic
states.
First, the governing Eq. (3.50) is used to reconstruct the bifurcation diagrams in the
Landau-Levich case [47], where the main control parameter is the plate velocity U0

at various fixed plate inclinations α. The results in Sec. 5.1 show a good agreement
with previous works [46, 47] despite the slightly different boundary conditions. The
analysis of this classical Landau-Levich case is required to properly categorise and
interpret possible transitions that also occur in a SAW-driven system.
Then, the results of Ref. [87] for a SAW-driven thin film of an ideal fully wetting
liquid are reproduced in Sec. 5.2.1. Here, the main control parameter is the Weber
number Wes, the inverse of a Capillary number (surface tensions). The analysis
has shown that a second Saddle-Node bifurcation is detected, which was missed in
Ref. [87]. The completed bifurcation diagram reveals that a steady state is obtained
where the coating thickness hc approaches zero for the film thickness h at a critical
value of Wes. However, this result is interpreted as a film state where a meniscus
ends at a true microscopic contact point. This thin film has a different topology than
the Landau-Levich film state termed finite-support meniscus state. These states
can not be obtained with the employed numerical approach. Inspecting the steady
states in general, the coating thickness increases homogeneously with the power
law hc ∝Wes

2/3. This power law is identical to the ones obtained for the classical
Landau-Levich system, because the Wes is scaled with the Capillary number [73].
In the next step, the model of Ref. [87] is expanded by incorporating a disjoining
pressure and inclination. This leads to significant changes in the bifurcation di-
agrams. The bifurcation curve has a short sequence of exponential snaking and
furthermore, the study reveals numerous Hopf and Saddle-Node bifurcations. At each
fold (Saddle-Node bifurcation) the branch of steady states becomes more unstable
and the solution profiles show foot-structures with strong modulations. This snaking
closely resembles the behaviour encountered in Langmuir-Blodgett transfer [67, 68],
but not in the Landau-Levich system. In the latter, however, the stability changes at
each Saddle-Node bifurcation in the snaking region and continues without limit. This
feature observed in the SAW-driven case has not been discovered for a dragged-plate
case. Furthermore, notice that very small and centered modulations on a well defined
foot thickness may occur in the classical Landau-Levich case [132]. The streamlines
in the SAW-driven case reveal that strong convection rolls are responsible for these
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modulations and they depend on the SAW function vs(h). In addition, a more
continuous transition towards the precursor film at the tip of the strong modulated
foot-structures occurs.
The transitions encountered in the SAW-driven cases are all discontinuous dynamic
wetting transitions and the results also reveal that bi-stability occurs. The observed
hysteretic behaviour shows that at the same parameters two different steady states,
namely Landau-Levich film solution and meniscus states, exists. These results
were corroborated by performing time simulations. From an extensive bifurcation
study of SAW-driven thin film with the main control parameter SAW strength εs, a
qualitatively similar behaviour to the previous control parameter Wes is observed.
Here, for increasing values of the Weber number and also for increasing wettability
more bifurcations appear. Noteworthy are the complexity of reconnections observed
of the occurring Hopf branches emerging from Hopf bifurcations. Basically, Hopf
bifurcations appear in pairs and they are connected by a branch of TPS. However,
for increasing values of the Weber number, an odd number of Hopf bifurcations is
encountered. This odd number comes from an additional Hopf bifurcation, which
emerges from a Bogdanov-Takens bifurcation. At this Bogdanov-Takens bifurcation
a Hopf and homoclinic (global) bifurcation emerge at a Saddle-Node bifurcation
[8, 53, 72]. The bifurcation study further reveals, that in particular, this Hopf
bifurcation moves along the branch of steady states for increasing Weber number.
It is shown that this moving Hopf bifurcation is responsible for the different Hopf
branch interactions. Therefore, a simple model is developed, where all important
reconnections of Hopf branches are visualised caused by the moving Hopf bifurcation.
In the final event, this moving Hopf bifurcation disappears in a reverse double Hopf
bifurcation. After increasing the Weber number further, i.e. to Wes = 2.0, the very
last (18th) Hopf bifurcation causes the branch of steady states to become stable.
Therefore, the stability of the occurring time-periodic states are investigated by
performing time simulations and primitive continuations. Time simulations show
that ridges of liquid move from a bath at equidistant times. These results are checked
with phase-plane diagrams and reveal that the corresponding attractors are closed
orbits. This theoretical investigation confirms that stable time-periodic states occur
in a very short parameter range of SAW strength εs. The results of a very finely tuned
SAW could possibly be used to alternate between the deposition of a homogeneous
film and the deposition of lines or a droplet pattern. The control by SAW could
be used together with other means of control, for instance prestructured substrates
[140, 143] or variable plate velocity [78].
In the classical Landau-Levich system, time-periodic states have already been con-
firmed [123] and they are also encountered in a SAW-driven thin-film system. In
other experiments, for instance (i) water droplets sliding on an oil film, which are
destabilised by voltage so that they transform into small oil droplets underneath the
water droplets [117], (ii) gas bubbles that moves along a tube filled with partially
wetting liquid where between bubbles and the tube-wall a liquid film may undergoes
related instabilities [71], and (iii) a relatively thick viscous liquid films flowing down
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a cylindrical fiber [63], are related qualitative transitions encountered. Here, an
employed SAW may be used to stabilise the occurring Landau-Levich(-Bretherton)
films [18].
Furthermore, dynamic and wetting behaviour of thin liquid films are often stud-
ied for volatile liquids where an additional flux is considered, i.e. evaporation,
[45, 89, 115, 128, 131, 139]. For this purpose, a non-conserved flux is added to
the SAW-driving system in Eq. (3.62) to explore the alteration of the bifurcation
diagrams. Hereby, it is shown that all new features encountered in a SAW-driving
system vanish and the obtained bifurcation diagrams resemble qualitatively the
ones obtained for the classical Landau-Levich system. Therefore, the underlying
transition changes to a dynamic discontinuous emptying transition, caused by the
non-conserved flux and suppresses SAW relevant component.
Further, the SAW-driven thin-film system in two dimensions (2D) is investigated,
see Sec. 5.4. The behaviour of the bifurcation diagram depending on the transversal
system size is examined and related to the 1D results. This analysis show that the
symmetry breaks at a Pitchfork bifurcation. At that point, the 2D branch of steady
states becomes transversally invariant to the 1D ones. A similar phenomenon is also
seen for the classical Landau-Levich problem in 2D [39]. The obtained steady states
show stripes or finger solutions. The corresponding number of fingers is directly corre-
lated to the transversal domain size Ly. By tracking the solution branch, it is further
discovered that many interactions between such fingers occur. This phenomenon
is interpreted as a ’dance of fingers’ [79]. However, the bifurcation study shows
that only one particular a finger state is stable, namely a single centered prolonged
finger. It has been already experimentally shown that such stripe solutions of a
thin-film system exist [48, 57, 65, 83, 108]. The study of the 2D bifurcations gives a
rough overview of possible film transitions and will encourage further investigations
of the behaviour of SAW-driven or classical Landau-Levich systems to determine
possible time-periodic states in 2D. In a brief outlook, it might be possible that
through a new method – the deflated continuation – so that further insights into
this bifurcation behaviour may be reached [41, 42, 56]. The main concept of this
method is to jump from a known bifurcation branch towards another neighbouring
branch by the use of a deflated operator. Hereby, the equations is transformed by
adding a deflation operator [41]. With the help of this deflated operater the already
known solution uk can be changed, so that the known solution is not a solution of
the transformed equation anymore. Then, a newton method is applied, which should
converge to another solution if it exists. The new solution is possibly located on a new
branch, which is not connected to the previous branch and therefore not identified yet.

In the second part of this thesis, a two-layer thin-film system is studied, see Chap. 6.
The approach is based on Ref. [106] for non-volatile liquid films (isothermal) and is
primarily concerned with the derivation of a model of a two-layer film in Landau-
Levich geometry based on results obtained earlier in this thesis, see Sec. 5.1. First,
the dynamic behaviour for thin flat films is studied by using time simulations of



Chapter 7. Conclusion and outlook 125

the derived Eqs. (6.17) and (6.18) for the parameters, in particular the ratio of
surface tension σ and the ratio of wetting strengths κ. During the investigation of
time simulations, it is observed that for the two-layer system the coarsening process
contains different time scales and has two different coarsening events. In particular,
the overall dynamic behaviour of the full system reacts very slowly, whereas the
coarsening events, mass transfer and coalescence of droplets occur very quickly.
During the mass transfer event, the mass of small droplets is transferred to a larger
droplet, so that small droplets collapse. In the other event, two droplets collide
and coalesce [50]. The results show that four symmetric droplet constellations are
discovered after the coarsening process, which are (i) a large droplet formed by the
upper layer between two wetting ridges of the lower layer at each contact line, (ii)
a large droplet formed by the upper layer and the lower layer with a constant film
thickness, (iii) a large droplet formed by the lower layer with the upper layer shaped
around that droplet and (iv) a droplet of the upper layer lying in a hole formed by
the lower layer. These symmetric droplet constellations are also confirmed in various
literature [17, 43, 58, 81], for instance a symmetric structure of a lens on a sessile
drop [91]. In addition to the symmetric constellations, this study also encountered
asymmetric droplet constellations after the coarsening process, but only when both
liquids are partially wetting. These asymmetric droplet constellations consist of
two droplets, namely one droplet from each liquid, and were only studied in very
few experiments [91]. In their study these droplet constellations are termed Janus
droplets. With the influence of evaporation these Janus droplets turn to a symmetric
compound droplet with a collar.
The bifurcation study reveals that the relative energy of the different droplet constel-
lation, symmetric and asymmetric, are very close to each other. In addition, various
bifurcation diagrams uncover multi-stability of those different solution branches of
either symmetric and asymmetric droplet constellations. In particular, multi-stability
of droplet constellations of either symmetric and asymmetric droplet are observed. In
time simulations, these are governed by different initial starting solutions while keep-
ing identical parameter values. The combination of results obtained by bifurcation
diagrams and time simulations confirms that stable asymmetric droplet constellations
have to exist. Based on these facts, it is suspected that many previous theoreti-
cal studies in an isothermal model have missed asymmetric droplet constellations
[105, 106].
For all performed time simulations of a two-layer flat film system, only adaptive time
steps are used, which either result into symmetric and asymmetric droplet constella-
tions. Consequently, this proposes that the presented results of this thesis may be
used to reconsider previous theoretical studies of two-layer model in isothermal and
non-isothermal systems. The use of adaptive time steps provides new motivation to
investigate two-layer thin-film models in the future.
In the final part of this thesis, the two-layer system in a Landau-Levich geometry
(expanded Landau-Levich system) for partially wetting liquid layers is examined
by using time simulations. Here, it is shown that two immiscible layers, which are
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withdrawn by a plate from a bath, are given by a combination of different solution
types encountered in the classical Landau-Levich system, namely meniscus state
and Landau-Levich film solutions. This extended Landau-Levich model has not
been studied yet. Multiple regimes of solutions are discovered, in which pattern
formation of two partially wetting liquids are observed. The detailed analysis of
these depositions reveals that those states are stable time-periodic states. These
TPS show that droplets formed by the upper layer are deposited in hollows of the
lower layer and are transferred with a constant velocity UL from the bath. Then,
the occurring transitions are examined at a fixed set of parameters. For σ = 1 and
κ = 0.05 a primitive continuation is performed using the withdrawal velocity UL as
main control parameter. The result demonstrates that the expanded Landau-Levich
system contains multi-stable states of at least three different possible states. These
states are: (i) time-periodic, (ii) a layered Landau-Levich film state and lastly (iii) a
combination of a Landau-Levich film state (lower layer) and a meniscus state (upper
layer). However, information of the full branches of steady states is missing, because
the primitive continuation does not allow one to track unstable states. To uncover
missing information and unstable steady states, a pseudo-arclength continuation
needs to be performed.
In summary, the investigation of the two-layer system reveals a promising model
to demonstrate droplet depositions. Comparing the results of the one-layer system
of SAW-driving and classical Landau-Levich to the new model of an expanded
Landau-Levich model with two-layers, it becomes clear, that the two-layer system
provides yet undiscovered variations of droplet depositions leading to pattern for-
mation than the one-layer systems. This new model of two liquid layers shall be
further investigated to reveal more details of the dynamical behaviour. However,
more accurate bifurcation studies are necessary to provide deeper understanding of
the corresponding steady states and occurring transitions. Therefore, the presented
results of a two-layer system in a Landau-Landau geometry shall encourage further
studies in the future. Note that a pde2path tutorial in this work is available in a
data repository https://doi.org/10.5281/zenodo.5595985.

https://doi.org/10.5281/zenodo.5595985


Appendix
A Details of calculations

A.1 Different scaling for thin-film models

In Eq. (3.49) a general scaling is employed to study a thin film problem for two
cases: (i) a thin film withdrawn by a plate or (ii) driven by SAW. All quantities in
Eq. (3.49) depend on ν. If ν is specified based on particular physical effects, it is
possible to recover various scalings employed in the literature, for instance:

(i) By using ν = ε3γ/µ , the quantities yield

U0 = µUdrag

ε3γ
εs = µUw

ε3γ
, Wes = 1 ,

Ha = κδ

ε2γ
and G = gL2

γ
.

(Ae.1)

Here, Ha = 1 is fixed by choosing L ≡ γε/κ and εs = 0 so that one recovers
the scaling employed for a plate withdrawn out of bath [47]. This scaling
corresponds to the so-called dragged-case of a classical Landau-Levich system.
Note that the film height is not scaled by three, which only results in the
qualitative change of stretched bifurcation curve by a factor of three, while
using the same main control parameter U0.

(ii) Alternatively, the use of ν = Uw yields

U0 = Udrag

Uw
, εs = 1 , 1

Wes
= ε3γ

µUw
,

Ha = δµεκ

Uw
and G = ερgδ2

µUw
.

(Ae.2)

With Ha = 0, G = 0 and U0 = 0 the scaling corresponds to the case in Ref. [87]
for a SAW-driven thin film. Note that in this case, both L and δ are chosen by
geometry and the SAW-intrinsic length.
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A.2 Linear stability analysis of a two-layer flat film

The linear stability analysis for the two-layer thin-film system in Chap. 6 is realised in
the same way as in Sec. 4.4 for a one-layer system. The two-layer thin-film evolution
Eqs. (6.17) and (6.18) are considered for a horizontal and flat film and yield

∂th1 = −∂x
{
Q11∂x

[
σ∂xxh1 + Π1(h1,h2)

]
+Q12∂x

[
∂xxh2 + Π2(h1,h2)

]}
(Ae.3)

and

∂th2 = −∂x
{
Q21∂x

[
σ∂xxh1 + Π1(h1,h2)

]
+Q22∂x

[
∂xxh2 + Π2(h1,h2)

]}
. (Ae.4)

Then, the homogeneous states hi0 with i = 1,2 are perturbed. The perturbations are
decomposed into Fourier modes (& Laplace modes) up to the first order in ε:

hi(x,t) = hi0 + εhi1eβt+ikx with i = 1,2 . (Ae.5)

Plugging the ansatz into Eqs. (Ae.3) and (Ae.4) gives

βh11 =− k2[Q11(σk2 + ∂h1Π1(h10 ,h20)) +Q12∂h1Π2(h10 ,h20))]h11

− k2[Q12(k2 + ∂h2Π2(h10 ,h20)) +Q11∂h2Π1(h10 ,h20))]h21

(Ae.6)

βh21 =− k2[Q21(σk2 + ∂h1Π1(h10 ,h20)) +Q22∂h1Π2(h10 ,h20))]h11

− k2[Q22(k2 + ∂h2Π2(h10 ,h20)) +Q21∂h2Π1(h10 ,h20))]h21 .

(Ae.7)

The mobilities are written as a 2 × 2−Matrix, see Eq. (6.2). The determined
expressions are written as

β

h11

h21

 = QJ

h11

h21

 (Ae.8)

with

J =
−k2(σk2 + ∂h1Π1) −k2∂h2Π1

−k2∂h2Π2 −k2(k2 + ∂h1Π2)

 . (Ae.9)

The eigenvalues are

β± = Tr(QJ)
2 ±

√√√√(Tr(QJ)
2

)2

− det(QJ) . (Ae.10)
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The stability thresholds are obtained from J as

Q−1β

h11

h21

 = J

h11

h21

 . (Ae.11)

Then, it is only necessary to calculate det(J) = 0. The growth rates β±(k) are
plotted and shown in Fig. Af.1.
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Figure Af.1: Plot showing the Dispersion relations (growth rates) β±(k) for a flat two-layer film as
a function of the wavenumber k. The dashed blue line corresponds to the case where the wavenumber are
unstable first and gets stable at k ≈ 0.74. The solid orange line is always stable for all wavenumbers. The
remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1, κ = 1, σ = 1, ρ = 0, G = 0, µ = 1 and UL = 0.

The growth rate β− is positive for k ∈ {0, k0} where k0 ≈ 0.074. The maximal
growth rate β−(kmax) is at k = kmax = 0.055. Furthermore, for a given domain this
gives N unstable eigenmodes with N = Ndrop ≈ kmaxL/2π. For the time simulations
the domain of Ω = L with L = 500 is used, so that up to five unstable eigenmodes
occur during the growth processes, see Sec. 6.2.
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A.3 Weak formulations for continuation and time simulations

The two-layer thin-film evolution Eqs. (6.17) and (6.18) are brought into a weak
formulation yielding

0 =
∫

Ω
−
{
∂th1 + UL∇h1 +G

[
∇hQ11(ρ− 1) +∇hQ12

]
· φ1

}
dx

−
∫

Ω
Q11

[
u1 + (ρ− 1)G∇h1

]
· φ1 dx

−
∫

Ω
Q12

[
u2 + (ρ− 1)G∇h2

]
· φ1 dx (Ae.12)

0 =
∫

Ω
(∇h) · ∇φ2 − Π1(h1,h2) · φ2 − σu1 · φ2dx (Ae.13)

and

0 =
∫

Ω
−
{
∂th2 + UL∇h2 +G

[
∇hQ21(ρ− 1) +∇hQ22

]
· φ3

}
dx

−
∫

Ω
Q21

[
u1 + (ρ− 1)G∇h2

]
· φ3 dx

−
∫

Ω
Q22

[
u2 + (ρ− 1)G∇h2

]
· φ3 dx (Ae.14)

0 =
∫

Ω
(∇h) · ∇φ4 − Π2(h1,h2) · φ4 − u2 · φ4dx (Ae.15)

with the test functions φk with k = 1,2,3,4. The auxilliary fields are given by
u1 = ∂xxh1 and u2 = ∂xxh2, respectively. The derivation ∇h = ∂h1 + ∂h2 and the
mobility matrix is represented as Qij with i,j = 1,2.
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A.4 Dewetting and coarsening of two-layer flat films

A bifurcation diagram of the relative energy per length (F −F0)/L versus the ratio of
wetting strengths κ is given. The bifurcation diagram is showing the full bifurcation
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Figure Af.2: Bifurcation diagram showing the relative energy F plotted versus the ratio of wetting
strengths κ. The black solid line corresponds to symmetric steady states, and both dashed lines red and blue
represent two different asymmetric states. The remaining parameters are h1 = 4, h2 = 8, hp1 = hp2 = 1,
σ = 1, ρ = 0, G = 0, UL = 0 and L = 500. The bifurcation diagram has been obtained by U. Thiele.

curves of Fig. 6.17.
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Figure Af.3: Bifurcation diagram showing the relative energy per length (F − F0)/L versus domain L.
The dashed red line corresponds to symmetric steady states and the solid black line represents asymmetric
states. At L = 96 a vertical dashed line is shown. The corresponding film states are shown in Fig. 6.15 and
the time evolution of the relative energy per length is shown in Fig. 6.16. The remaining parameters are
h1 = 4, h2 = 8, hp1 = hp2 = 1, σ = 0.1, κ = 0.5, ρ = 0.1, G = 0 and UL = 0. The bifurcation diagram has
been obtained by U. Thiele.
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B A pde2path tutorial for SAW-driven meniscus

B.5 SAW-driving meniscus – pde2path Tutorial

A common approach in nonlinear physics is to investigate the given PDEs and ODEs
using nonlinear analysis techniques. In many cases, direct numerical analysis of
time simulations is sufficient to observe the dynamics of the system as time evolves.
However, it is important to note that time simulations cannot always extract all the
information from systems. To collect all more information from a given system, tools,
for instance pde2path, a Matlab package, are used to track steady, time-periodic
states and bifurcations in parameter space [34, 134, 135, 136]. Pde2path makes
use of the pseudo-arclength continuation, a method typically used in numerical
bifurcation analysis, where the full branches of these steady states are traced, see
Chap. 4 for more details. By tracking steady states with a path continuation, it
is possible to detect also linear unstable states, whereas time simulations can only
reveal stable states. The stability of states are determined in pde2path, where
an approximative calculation of the Jacobian is provided, which is sufficient for the
investigation. Then, the gathered results are displayed in a bifurcation diagrams,
employing the parameter of interest as control paramater. The library of pde2path
also allows one to track bifurcations in paramater space [27, 107, 133], for instance
the loci of Saddle-Node and Hopf bifurcations. Furthermore, pde2path is able
to track branches emerging from bifurcations, including branches of time-periodic
states (TPS), which emerge from Hopf bifurcations. The numerical investigation with
pde2path covers all the branches in a bifurcation diagram and the corresponding
steady states.

This tutorial is primarily intended to give a short overview for intermediate pde2path
users. Therefore, the main focus is set on dealing with the implementation and anal-
ysis of the corresponding SAW-driven thin-film model. The equations implemented
in pde2path are obtained in Eqs. (4.17) and (4.18).
In the simplest case of studying any problem only three files are needed in pde2path.
These are namely: (i) an initial function (*_init.m), (ii) a problem function (*_sG.m)
and (iii) a starting function (startcont_?). In this tutorial the “*” symbol repre-
sents the name of the problem, i.e. SAWDRM (Surface Acoustic Wave DRagged
Meniscus) and the ?-symbol represents information of the start solution and main
control parameter for the continuation. The file names are composed of the
analysed system and they include the dimension of system, domain size, fixed
parameters, control parameter and, if the control parameter is increased or de-
creased. Roughly speaking, the main control parameter approaches larger values
(f = forward) or lower values (b = backwards), so that the final name is set to:
1D_Lx40_fix_We1_Ha1_alpha020_cp_eps_f. However, it is advisable to have a
detailed look at the files https://doi.org/10.5281/zenodo.5595985, where addi-
tional information are provided.

https://doi.org/10.5281/zenodo.5595985
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To use the attached files, first one needs to install pde2path. In very short it can be
downloaded at http://www.staff.uni-oldenburg.de/hannes.uecker/pde2path/
and then it is recommended to define a startup.m file, so that the all required pack-
ages are loaded. Additionally, note that Matlab version 2019b (17 Sep. 2019) is a
minimum requirement.
Next, the three important pde2path files with their relevant content are ex-
plained. The first step of any implementation in pde2path is to create an initial
file *_init.m. Hereby, information of the given parameters, the necessary switches, a
suitable start solution, the boundary conditions, the calculation of norms and many
more are defined.
The considered problem is built in the *_sG.m file. Here, the right-hand-side (rhs)
of the main PDE or ODE is handled. pde2path uses finite element method (FEM)
operators.
The third file is the starting script named startcont_?.m . In this file all start
values of paramaters, boundary conditions and the chosen main control para-
mater are set. It is recommended to take a close look at the file named start-
cont_1D_Lx40_fix_We1_Ha1_alpha020_cp_eps_f.m . In this case, the para-
maters are

Ω = 40 , Wes = 1 , Ha = 0.001 , α = 0.2 .

Hereby, the SAW strength εs is chosen as the main continuation parameter. All
important parameters are denoted with fixed (fix), main control parameter (cp) and
in which direction, positive “f” (forward) or negativ “b” (backwards), the control
parameter is increased or decreased. The remaining parameters, gravity G = 0.001,
plate velocity U0 = 0 and precursor film height hp = 0.1 are not changed. The
starting script is further seperated into five parts.
In the first part, all start values and boundary conditions are set. The script starts
from a given solution, which is initiated in the SAWDRM_init.m file. This solution
converges onto an exact solution of the rhs which is determined by Newton method.
Notice that this solution, in particular, has a plate velocity U0 > 0 and SAW strength
εs = 0.2. This allows to determine a solution very fast and also avoids numerical
problems.
After this “start” solution is calculated and it is loaded in the second part, where the
first continuation starts. In this case, the first control parameter is U0 and decreased
to U0 = 0. Notice that in the SAW model the velocity speed of the plate has to
vanish.
Then, the third part of the script begins. At the beginning, the very last solution
is loaded with U0 = 0. Then, the SAW strength εs is set as a control parameter.
The solution branch is tracked again, until εs approaches zero (decreased). The
last calculated steady state solution corresponds to a thin film solution without any
advection, so that plate velocity U0 = 0 and SAW εs = 0 is zero.
In the fourth part of the starting script, a similar procedure is repeated. The main

http://www.staff.uni-oldenburg.de/hannes.uecker/pde2path/
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control parameter remains the SAW strength εs and it is continuated towards εs = 2
(increased). Notice that the step size is chosen intentionally large with p.sol.ds =
0.01. This allows to track a rough bifurcation curve very fast. However, for a more
accurate tracking and detection of different bifurcations, it is recommended to use
a smaller step size. Therefore, in this tutorial a point from this generated branch
is loaded, i.e. a well-chosen point for instance right before the first Saddle-Node
bifurcation (fold) is loaded.
Then, the last part of the starting script is performed. Hereby, the point ’pt95’
is chosen. Then, a smaller step size of p.sol.ds = 0.0005 is used. This should be
sufficient to detect all the Hopf- and Saddle-Node bifurcations. In other step, a
steady state at the point ’pt455’, when no significant changes of the bifurcation
curve occurs, is loaded and the step size is increased to p.sol.ds=0.005. After this, all
important information are obtained and can be displayed Ãn a bifurcation diagram.
In addition, this tutorial provides some further starting script files. These are, e.g. a
complete Fold- and Hopf bifurcation continuations and a script to track branches
of TPS. They allow to follow the corresponding bifurcations. Some details of the
numerical implementation are discussed in Chap. 4. The three files are named:
startcontfold_1D_Lx40_fix_Ha1_alpha020_cp_eps_We_f (Fold),
startconthopf_1D_Lx40_fix_Ha1_alpha020_cp_eps_We_f (Hopf) continuation
and startcontTPS_1D_Lx40_fix_We1_Ha1_alpha020_cp_eps_f_Hopf_pt4 (TPS).
For the Fold continuation, the third Saddle-Node bifurcation ’fpt3’ is loaded, whereas
for the case of the Hopf continuation the first Hopf bifurcation with (’hpt1’) is
used and tracked. Hereby, an additional free parameter is chosen, that allows the
corresponding solution to converge onto the next solution during each continuation
step. In this tutorial the Weber number Wes is choosen as a second free parameter.
The script, which tracks the branch of TPS, starts from the fourth Hopf bifurcation
(’hpt4’).
After all these scripts are started, the user may use a predefined plot script by running
SAWDRM_plot_branches.m, and it should result into the following Fig. Bf.4.

In addition, the following scripts are included: SAWDRM_sGjac.m, SAWDRM_bra.m,
SAWDRM_v.m, SAWDRM_oosetfemops.m and SAWDRM_ufu.m . In short: the
script *_sGjac.m calculates the eigenvalues of the Jacobian Matrix to determine
the stability of the steady states of the tracked branch. Overall, it is highly recom-
mended to implement an analytically computed Jacobian, so that the calculation
time is greatly reduced during each continuation step. During each continuation step,
additional measurements are calculated and saved with the script SAWDRM_bra.m .
The user may add other measurements, which are saved, e.g. a excess volume Vex

or a L2-norm. In particular, the SAWDRM_bra.m file includes excess volume Vex,
reference volume V0, coating thickness hc(x) at x = −L/2, flux at x = −L/2 and
mean pressure p0. In the file SAWDRM_v.m the dimensionless SAW-term vs(h)
is implemented, see Eq. (3.42). Here, the derivatives up to the third order are
analytically derived. This file can be expanded by introducing other acting forces
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Figure Bf.4: Bifurcation diagram including all calculated branches of this tutorial, where coating
thickness hc is plotted vs. SAW strength εs. The black solid line corresponds to the stable states of the
bifurcation of steady states with the control parameter εs. The dotted line represents unstable states, the
black circles present Hopf bifurcations and the green circles are Saddle-Node bifurcations. The green solid
line represents the branch corresponding of the Saddle-Node (fold) continuation method and the black dashed
line corresponds to the Hopf continuation. The inset gives a magnification into the red marked region. The
branch of TPS is presented by the blue solid line. This Hopf branch connects the two Hopf bifurcations.

that are equally treated as plate velocity U0 and SAW vs(h) in Eq. (3.50).
The preassembled FEM operators are given in SAWDRM_oosetfemops.m. Here, two
matrices, the mass matrix M , which is time independent, and a stiffness matrix K
(spatial derivative), which is anti-diagonal, are defined. Furthermore, the boundary
conditions for each field are implemented in this file, i.e. Neumann and Dirichlet
boundary conditions. In addition, a user specific function, named SAWDRM_ufu.m,
is given, which checks if a breaking condition is fullfilled after each continuation step,
so that the continuation stops. A basic pde2path abrupt criterium is here defined
for the main control parameter, i.e. it checks if the control parameter λ is within the
range defined by p.nc.lammin (λmin) and p.nc.lammax (λmax).
In the files SAWDRM_spjac.m and SAWDRM_hpjac.m the spectral continuation is
implement, which allows to track branches of Saddle-Node and Hopf bifurcations.
In these files, the Jacobian matrix in a form of a reduced Hessian matrix are imple-
mented, see Sec. 4.3.
The branch continuation of TPS, starts with the file named:
startconthopf_1D_Lx40_fix_Ha1_alpha020_cp_eps_We_f.m . The output script
here is SAWDRM_hobra.m and specific measurements for TPS. Now, the user should
be able to create new starting scripts to analyse different parameter ranges and
investigate the diversity of the SAW-driven meniscus case or classical Landau-Levich
problem of a plate withdrawn out of a bath.
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