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1. Introduction

Localized structures (LSs) have been observed in a wide variety of systems in na-
ture such as water waves [WKR84; MFS87], vegetation patterns [Mer+04], semi-
conductor devices [Nie+92], as plasma spots of gas discharge systems [AP01], in
vibrated granular materials [UMS96] and optics [AA05; Sei+20], just to mention
a few. These structures are considered to be localized as their correlation range
is much shorter than the size of the system. LSs can either be dissipative or
conservative depending on the specific system in which they occur. In contrast
with the conservative case, in which a given set of parameters for the governing
propagation equation generally leads to an infinite number of soliton solutions,
the attractor in a dissipative system is a fixed localized solution [GA12].
This thesis addresses dissipative LSs found in the output of a mode-locked (ML)

laser which can generate ultra short pulses with high repetition rates [Hau00].
There are applications in a wide variety of field including optical data communica-
tion, optical clocking, metrology, medical imaging and surgery [TEK88; DHA91;
Loe+96; UHH02; Kel03]. Semiconductor ML lasers are of particular interest,
especially for telecommunications applications [Bim+06; Kun+07], as they are
relatively easy to manufacture, have a small footprint, are integrable and can be
electrically pumped [Jau16].
Localization of states can occur in different forms, namely temporal [SJG18],

spatial [Nie+92], topological [Mad+19] and vectorial [Pes+04]. Temporal and
spatial LSs can be analyzed in similar frameworks. However, an important differ-
ence is that space is usually symmetrical, i.e., shows a left-right/up-down sym-
metry. Due to spontaneous symmetry breaking, spatial LSs can move in the
symmetrical domain. On the other hand, temporal dynamics is not symmetrical
and thus shows a parity symmetry breaking before-after the passing of a pulse.
This is because when a pulse passes, it depletes the active material gain that only
recovers on a given time scale as discussed in [Jav+16]. The pulses analyzed in
this thesis are temporal LSs.

1.1. The Principle of Mode-Locking

ML can usually be achieved by two different techniques: active mode-locking
(AML) and passive mode-locking (PML). In lasers with AML the losses or the
pump current are modulated and the frequency is chosen such that it is resonant
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with the modes of laser cavity [Hau00]. This approach leads to a very regular
train of pulses, however, the pulse width is limited by the speed of the external
modulator.
Shorter pulses can be achieved by using PML lasers. They consist of a laser

amplifier providing gain and a nonlinear loss element, typically a saturable ab-
sorber. There are also PML techniques that do not involve a saturable absorber.
For example in [Jav+07] a mode-locking technique that utilises the polarisation
degrees of freedom of light is discussed. In the typical setup, the gain and ab-
sorber elements are placed inside of the optical cavity as shown in fig. 1.1. The
gain section is electrically pumped, thereby generating an inversion of charge car-
riers, and the absorber section has a reverse bias applied to it [Der+92]. In order
to understand how PML achieves pulsed emission, it is helpful to consider the
evolution of the electric field of a pulse, the gain and the losses [Jau16], which
is displayed in fig. 1.2. In most of the cavity when there is no pulse, the losses
(green dashed-dotted line) are higher than the gain (red dashed line). This means
that there are net losses and the electric field (blue lien) is not amplified. When a
pulse arrives, both the gain and the loss get depleted. For the leading edge of the
pulse there are still net losses so that the pulse gets shortened. However, the loss
element gets depleted faster than the gain which opens a window of amplification
marked with shadowed regions in fig. 1.2. Therefore, the center of the pulse gets
amplified. The trailing edge of the pulse gets damped as the loss section recovers
faster than the gain so that there are net losses again.

1.2. Time Delayed Feedback

Time delayed feedback is one of the widely used techniques to control the be-
havior of dynamical systems [SKH16]. Besides optical systems [SL93; LK80],
applications can be found in, e.g., electronics [Jus+00] and neuroscience [RP04],
among others. With regard to PML lasers, time delayed feedback can be used to
produce more regular patterns and stabilize certain states of the system [SL93].
However, a system with time delayed feedback exhibits more degrees of freedom
and as a consequence, the dynamics can become more complex compared to the
original system. This can lead, e.g., to the formation of complex temporal pat-
terns [YG14].
Figure (1.1) shows a schematic setup of a PML laser with time delayed feedback.

In the main cavity of length τ1 a gain and saturable absorber elements are placed.
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Figure 1.1: Schematic sketch of the experimental setup. It consists of two cavi-
ties with round-trip times τ1 and τ2, respectively, which are depicted as squares
confined by mirrors (M). The length of the cavities Li are proportional to the
round-trip times τi via Li = cτi where c is the speed of light. Therefore, τi is also
referred to as the length of the respective cavity. In the main cavity of length
τ1 a gain and a saturable absorber sections are placed, in which optical pulses
are created via passive mode-locking. The unidirectional optical isolator ensures
that the pulses only propagate in one direction. The bandwidth limiting element
ensures that only certain laser modes are amplified as others are suppressed. The
markers z1-z5 denote the endpoint (or starting point) of each section in the main
cavity. The two cavities are connected by a semitransparent mirror (SM) which
reflects a fraction of

√
κ of the electric field. In the second cavity τ2 a semitrans-

parent mirror with reflectivity η is placed, i.e., a fraction of η of the optical power
is fed back into the main cavity τ1. The rest of the optical power leaves the setup
and can be detected by the detector. Note that τ2 does not necessarily need to
be smaller than τ1.
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Figure 1.2: Schematic of the time evolution of the (blue) electric field, (red
dashed) gain and (green dashed-dotted) losses in a passively mode-locked semi-
conductor laser. Inside the windows of amplification, marked by the shadowed
dotted ovals, the gain is higher than the losses such that the center of the pulse
gets amplified. The edges of the pulses are shortened by the dominant losses.

For specific gain and absorber parameters and in the regime in which the gain
recovery time is much shorter than the round-trip time τ1, the so-called long cavity
regime, the pulses become temporal LSs which can be individually addressed and
modified to generate almost arbitrary pulse patterns [Mar+14]. The bandwidth
limiting element ensures that only certain laser modes are amplified as others
are suppressed. The unidirectional optical isolator prevents the electric field
from propagating in different directions such that interferences of forward and
backward moving fields do not need to be considered. After each round-trip a
fraction of κ of the intensity remains in the main cavity. This is realized with a
semitransparent mirror (SM). The time delayed feedback is implemented by an
additional loop of length τ2. It feeds a fraction of η of the electric field back into
the main cavity.

1.3. Outline

The thesis is structured as follows. First, a brief theoretical background on dy-
namical systems, bifurcation theory and the numerical methods used in this thesis
is given in chapter 2. Next, in chapter 3, a model describing the dynamics of a
PML laser with time delayed feedback is presented. This chapter also includes a
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derivation of the mathematical description of the dynamics in form of delayed dif-
ferential equations. In the following chapter 4, this model will be analyzed using
numerical path continuation and direct numerical simulations (DNS). In partic-
ular, the influence of the feedback rate, the feedback delay and the linewidth
enhancement factors on the dynamics of LSs are studied in detail. In the end
of this chapter, LSs consisting of multiple pulses – so-called harmonic solutions
– are introduced. It is analyzed how the system behaves when a satellite pulse
created by time delayed feedback is placed close to a main pulse. Harmonic so-
lutions are also the main focus of chapter 5 where it is investigated how time
delayed feedback can be used to create trains of coherent pulses. This is done
in a statistical analysis where also the influence of noise is studied. A summary
of the thesis along with a discussion of open questions and possible direction of
future work is given in chapter 6.





2. Theoretical Preliminaries 7

2. Theoretical Preliminaries

The following chapter shall introduce the basic theoretical concepts used in this
thesis. Further, some analytical methods are presented.

2.1. Complex Systems with Delay

Many phenomena observed in nature and lab experiments can be described by
complex systems. Their dynamics are governed by dynamical systems which model
the temporal evolution of certain quantities. Dynamical systems are grouped into
different classes depending on whether time is discrete or continuous and whether
the systems are spatially extended [Thi18]. In all cases, x(t) is a n-dimensional
vector which defines the state of the system at time t. The following dynamical
systems are based on initial value problems where the state at a given point in
time t0 needs to be given. For iterative maps, time is a discrete variable at points
tn, n = N and xn ..= x(tn) consists of n discrete variables. For a given state x0,
one obtains all states at later times by the map

xn+1 = F (xn, tn). (2.1)

Next, for continuous dynamical systems time is continuous and xi, i = 1, ...n
describes discrete variables. The dynamics are described by n first order ordinary
differential equations (ODEs)

ẋ = F (x, t). (2.2)

Last, spacially extended systems are continuous in time and in space, i.e. x(r, t),
r ∈ Rd, d ∈ N+ is a field. The time evolution is defined by n first order partial
differential equations (PDEs)

ẋ = D(x, t) (2.3)

whereD is a differential operator (or integro-differential operator), e.g., ∇k,
∫
∇n.

However, when modeling real world systems, it is often necessary to consider the
state of the system in the past, e.g., due to finite propagation times of the signals.
This aspect is respected in the class of the so-called delay-differential equations
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(DDEs). Formally, a DDE can be written as

ẋ = F (x(t),x(t− τ1), ...,x(t− τm), t) (2.4)

for a system which depends on m delays τ1, ..., τm. In more complex situations
even state depended delays τ(x) are possible. An important consequence of the
delay is, that initial conditions in eq. (2.4) cannot be regarded as points in the fi-
nite dimensional phase space but as functions in the interval [−max(τ1, ..., τm), t0).
These can be seen as points in the infinite-dimensional phase space and eq. (2.4)
describes their evolution. It is intuitive that for very small time delays the sys-
tem behaves essentially like a finite-dimensional system or speaking formally x(t)
approaches a certain finite-dimensional attractor or manifold [YG17].

2.2. The Concept of Pseudo-Space-Time

When considering long-delay systems, an important observation is that the time
evolution is often periodic with the period τ+δ, where τ is the delay and δ defines
a certain drift [YG17]. A typical time trace of a periodic signal as a solution of
a DDE is presented in fig. 2.1. In order to better visualize the evolution of the
whole period over the time span of many periods it makes sense to introduce the
concept of pseudo-space-time. The idea is to interpret the solution of one period
of the system as one dimensional “space”. Then, the time trace can be cut into
slices, each having the length of one period. These slices are called round-trips. In
fig. 2.1 it can be seen, that the period of the periodic solution is approximately τ1.
The evolution then can be tracked in a space-time-like-diagram such as fig. 2.2a
where each column stands for the time span of τ1 of the time trace in fig. 2.1.
This is emphasized by the inset which shows the profile along the dashed white
line in fig. 2.2a. However, a residual drift can be observed which indicates that
the period differs slightly from τ1. The exact period can be computed using the
autocorrelation-function of the time trace. The distance between peaks in the
autocorrelated signal corresponds to the period T . Applying this method to the
time trace shown in fig. 2.1 reveals that the period is T = 100.04 which is slightly
larger than τ1 = 100. Plotting the corresponding pseudo-space-time-diagram
(see fig. 2.2b) shows that the periodic solution does not change over the course
of several round-trips and thus is periodic with the period T = 100.04.



2. Theoretical Preliminaries 9

Figure 2.1: An exemplary periodic signal obtained from a DNS of the model
presented in section 3. Time is normalized to τ1 as the solution has a periodicity
of approximately τ1 as indicated by the black vertical dashed lines.

Figure 2.2: Pseudo-space-time-representation of the time trace shown in fig. 2.1.
The time trace is split into slices of length a) of delay τ1 = 100 and b) of period
T = 100.04, respectively. Each slice corresponds to one column in the space-
time-representation and can be interpreted as one-dimensional pulse space. This
is emphasized by the insets which show the profiles along the dashed white lines.



10

2.3. Linear Stability Analysis

An important aspect in the analysis of dynamical systems is to determine the
stability of solutions, i.e., to find out whether small perturbations to a state are
damped by the system or grow and thus destroy the state. First, the influence
of delay on the linear stability analysis of fixed points is presented and next, it is
deduced how to determine the stability of periodic solutions.

2.3.1. Linear Stability of Fixed Points

In the vicinity of a solution s(t) of a DDE ẋ = F (x(t),x(t− τ)) this system can
be linearized. Thus, the ansatz x(t) = s(t) + δ(t) is used where δ(t) is a small
perturbation to the system. This yields

d

dt
(s(t) + δ(t)) = F (s(t) + δ(t), s(t− τ) + δ(t− τ)) (2.5)

= F (s(t), s(t− τ)) +A(t)δ(t) +B(t)δ(t− τ) + h.o.t. (2.6)

⇔ δ̇ = A(t)δ(t) +B(t)δ(t− τ) + h.o.t. (2.7)

whereA(t) = ∂1F (s(t), s(t−τ)) andB(t) = ∂2F (s(t), s(t−τ)) are the Jacobians
of F with respect to the first and the second argument evaluated at s(t) and
s(t− τ), respectively. In the easiest case the solution s(t) is stationary, i.e., time
independent: s(t) = s0. Such a solution is called fixed point. Then A and B are
stationary as well. Further, the perturbation is given by an exponential function
δ = εeλt, |ε| � 1, which leads to the characteristic equation of the corresponding
eigenvalue problem for λ

det[−λ1 +A+Be−λτ ] = 0. (2.8)

Equation (2.8) is transcendental, which, in general, possesses infinite number of
complex nods which are called eigenvalues [YG17]. The fact that DDEs are of
infinite-dimension can be seen at this point in the infinite number of eigenvalues.
However, according to [Hal77] they are bound, i.e., Re(λ) < C ∀λ, and accumulate
solely at −∞. Thus, in general, only a finite number of eigenvalues determines
the linear stability of the solution. Further, the majority of eigenvalues lies on
curves in the complex plane [LWY11] and the distance between the eigenvalues on
these curves scales as 2π/τ [YG17]. Hence, the longer the delay, the smaller the
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distance between the eigenvalues on the curve and the more eigenvalues determine
the stability. In contrast, in the limit of short delays, the system behaves as an
ODE which is shown in the infinite distance between eigenvalues. Note that this
derivation focused on systems with a single delay, however the same approach
can be used if multiple delays are present.

2.3.2. Linear Stability of Periodic Solutions

This section follows the derivation of [Arg+15]. In complex systems with delay
periodic solutions are common to occur. Therefore, it is important to look at
how to determine their stability. The theoretical framework is provided by the
Floquet theory. Again, one regards a perturbation δ(t) of small magnitude to a
solution s(t) of the dynamical system ẋ = F (x). Here, assume that the solution
is periodic with period T , i.e., s(t) = s(t+T ). Note that the theory does not fully
exists for DDEs but the characteristic properties are defined similarly [Jau16]. In
order to analyze DDEs one needs to discretize time for the length of the delay. The
corresponding state vector then reads y(t) = (x(t),x(t−δ1), ...,x(t−δn),x(t−τ))
where 0 < δi < δi+1 < τ ∀i = 1, ..., n for n discretization points. The equations of
motion need to be rewritten accordingly. Thus, for simplification an autonomous
system without delay is regarded. Using this ansatz x(t) = s(t) + δ(t) yields

ṡ(t) + δ̇(t) = F (s(t) + δ(t))

= F (s(t)) + ∂F (x(t))
∂x

∣∣∣∣∣
s(t)︸ ︷︷ ︸

=..D(t)

δ(t) + h.o.t. (2.9)

⇔ δ̇(t) = D(t)δ(t). (2.10)

Here, D(t) is a matrix with periodic coefficients and it possesses the same period
T as the solution s(t). Now, the idea is to use the periodicity of D(t) which
provides a reduction to a system with constant coefficients. This can be done, by
looking at the system at discrete points in time t = 0, T, 2T, 3T, ... and checking
whether perturbations grow or fade away. Geometrically, this corresponds to a
Poincaré section. Thus, the corresponding Poincaré map provides the stability
information of the system.
In order to find the Poincaré map the fundamental solutions ϕi, i = 1, ..., n
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(where n is the dimension of the system) of the linearized system eq. (2.10) need
to be found. Each state of the system can be created by a superposition of the
fundamental solutions:

x(t) = c1ϕ1(t) + ...+ cnϕn(t)

= Φ(t)c, (2.11)

where φ(t) = [ϕ1(t) ... ϕn(t)] and c = [c1, ..., cn]. The fundamental solution
ϕi shall be normalized such that the initial condition lies on a n-dimensional
hypersphere of radius 1. Mathematically, this means

Φ(0) = 1. (2.12)

For each solution x(t), x(t + T ) also is a solution and thus can be represented
by the system of fundamental solutions. Hence, one can establish a constant
n× n-matrix C with

Φ(t+ T ) = Φ(t)C, (2.13)

i.e., C maps Φ(t) onto Φ(t + T ) and thus describes a Poincaré map. Using
eq. (2.12) yields

Φ(T ) = Φ(0)C = C. (2.14)

This determines C which is called the monodromy matrix. Geometrically, this
means that initially the fundamental solutions lie on a unit hypersphere and
after one revolution this hypersphere is deformed into an ellipsoid which semi-
axes correspond to the eigenvalues λi of the monodromy matrix. These are called
Floquet multipliers. If all Floquet multipliers satisfy |λi| < 1 ∀i = 1, ..., n, the
ellipsoid lies within the unit hypersphere and the perturbations will fade away
over time. On the other hand, if |λi| > 1 for at least one i = 1, ..., n the system is
unstable and perturbations will grow in time. Note that each autonomous system
has at least one Floquet multiplier ∃i : λi = 1 belonging to the translation
along the periodic orbit. Generally, the monodromy matrix cannot be found
analytically, however numerically it can be determined if eq. (2.10) is integrated
over one period. Remember that a system with delay is of infinite dimension and
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Figure 2.3: Phase diagram of eq. (2.15) for different values of the control pa-
rameter r. The circles highlight fixed points. A filled circle stands for a stable,
an empty one for an unstable and a half filled for a metastable fixed point. The
arrows indicate the direction of the velocity field.

thus the number of Floquet multipliers is infinite as well. Hence, one generally
uses numerically methods to determine the Floquet multipliers which limits the
number of Floquet multipliers to the number of discretization points.

2.4. Bifurcations of Fixed Points

A bifurcation occurs when a small change to a system parameter (the control
parameter) causes a qualitative change in the system’s behavior meaning that
the stability of a fixed point changes. This can occur when different fixed points
collide or when new attractors such as limit cycles emerge. The results of a bi-
furcation analysis can be summarized in a bifurcation diagram where the control
parameter is plotted against a norm which defines the state of the system. All sys-
tems exhibiting a certain type of bifurcation are locally (around the equilibrium)
topologically equivalent to the normal form of the bifurcation [Str94]. In the
following, several local bifurcation types important for this thesis are presented.

2.4.1. Saddle-Node Bifurcation

In a saddle-node bifurcation (or fold bifurcation), a stable and an unstable solution
annihilate at the bifurcation point. The normal form of a saddle-node bifurcation
is given by

ẋ = x2 + µ, (2.15)

where µ is a control parameter. Depending on the value of µ, three cases occur,
which are visualized in the phase diagrams in fig. 2.3.
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µ

x∗

Figure 2.4: Bifurcation diagram of a saddle-node bifurcation found in eq. (2.15).
For µ < 0, two fixed points at ±

√
|µ| exist. The thick line denotes the stable and

the thin line the unstable fixed point, respectively.

For µ < 0, two fixed points exist at x∗ = ±
√
|µ|. To find their stability, the

corresponding Jacobian is considered. In this case, it is simply the derivative
with respect to time because eq. (2.15) is one dimensional

J = 2 · x∗. (2.16)

One finds that the fixed point at x = −
√
|µ| is stable while x =

√
|µ| is unstable.

This can also be explained descriptively with the phase diagram (see fig. 2.3).
Around the unstable fixed point, the velocities point away from the fixed point,
meaning that a small perturbation would grow over time and thus the system
changes its state. On the other hand, for the stable fixed point, the velocities point
back towards the equilibrium such that a small perturbation would immediately
be equalized by this reversing force. When µ is increased, the fixed points move
towards each other and eventually for µ = 0 they annihilate. For µ > 0, no fixed
points exist. The results are summarized in the bifurcation diagram in fig. 2.4.

2.4.2. Hopf Bifurcation

The Hopf bifurcation (or Andronov-Hopf bifurcation) is triggered by two complex
conjugate eigenvalues crossing the imaginary axis. In this point, a fixed point
changes its stability and at the same time a periodic solution emerges with a fre-
quency close to the imaginary part of the eigenvalues which cross the imaginary
axis. Two types of Hopf bifurcations are differentiated: supercritical and subcrit-
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ical. First, consider a system which reaches its equilibrium through a damped
oscillation and the damping rate depends on a parameter µ which can turn the
decay into a growth for some critical value µc (see fig. 2.5). Then, at µ = µc a
supercritical Hopf bifurcation occurs. Formally, such a system can be written in
polar coordinates as

ṙ = µr − r3, (2.17)

ϕ̇ = ω + bρ2, (2.18)

where the parameter µ controls the stability of the fixed point r∗ = 0, ω de-
fines the frequency of infinitesimal oscillations and b describes the dependence of
the frequency on the amplitude. Rewriting the system in Cartesian coordinates
simplifies to find the eigenvalues:

ẋ = µx− ωy +O(x2, y2) (2.19)

ẏ = ωx+ µy +O(x2, y2). (2.20)

Finally, one sees that in the origin the Jacobian matrix

J =
µ −ω
ω µ

 (2.21)

has the complex conjugated eigenvalues λ± = µ ± iω and thus the critical value
for the system is µ = 0.
An example for a system showing a subcritical Hopf bifurcation is given simi-

larly but this time the cubic term r3 is destabilizing:

ṙ = µr + r3 − r5, (2.22)

ϕ̇ = ω + br2. (2.23)

The fixed points are r∗ = 0 and r∗ =
√

1
2 ±

√
µ+ 1

4 . For −1
4 < µ < 0 two

limit cycles exist, one is stable, the other one unstable (see fig. 2.6). For µ ↗ 0
the amplitude of the unstable limit cycle becomes smaller until it disappears for
µ = 0. Here, the fixed point in the center changes its stability. The corresponding
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(a) µ < 0 (b) µ > 0

Figure 2.5: Phase diagram of a supercritical Hopf bifurcation (upper) for µ
below and above the critical value µc = 0 and (lower) schematic sketch of the
time evolution of the oscillation dynamics. In (a) the oscillation is damped such
that the system is attracted (indicated by the red arrow) to the stable equilibrium
in the centre (filled circle). In (b) the amplitude of the oscillation increases which
means that the origin in the phase diagram and the according spiral becomes
unstable (empty circle) and drifts towards a limit cycle [Str94].

bifurcation diagram is displayed in fig. 2.8.
In both cases, sub- and supercritical, the amplitude of the emerging limit cycle

scales as √µ. To examine whether a Hopf bifurcation is sub- or supercritical can
be decided by an analytical criterion [GH83], but it is easier to perform simula-
tions and check the limit cycles which appear around the Hopf bifurcation [Str94].

2.5. Bifurcations of Cycles

So far, bifurcations of fixed points are analyzed. However, also periodic solutions
can be involved in bifurcations as seen in section 2.4.2. In the following, several
bifurcation types will be presented in which limit cycles interact with each other.
These bifurcations are triggered by Floquet multipliers crossing the unit circle.
The different possibilities are summarized in fig. 2.7.

2.5.1. Saddle-Node Bifurcation of Limit Cycles

A saddle-node bifurcation can not only occur when two fixed points collide but
also when an unstable and a stable limit cycle annihilate in a bifurcation point.
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(a) −1
4 < µ < 0 (b) µ > 0

Figure 2.6: Phase diagram of a subcritical Hopf bifurcation with µ below and
above the critical value. In (a) one sees that there are two attractors, a stable
limit cycle (thick line) and a stable fixed point in the origin (filled circle). In
between, an unstable limit cycle is located (dashed line). The red arrows indicate
the respective attracting force. For increasing µ, the unstable limit cycle tightens
like a noose around the stable fixed point until eventually, for µ = 0, the amplitude
of the unstable cycle is zero, which leaves the origin unstable. At this point, the
large-amplitude limit cycle is the only attractor [Str94].

In that case, a real Floquet multiplier crossing the unit cycle at +1 (see fig. 2.7a).
An example for a system exhibiting such a bifurcation is given in eqs. (2.22)
and (2.23) which is the same system that exhibits a subcritical Hopf bifurcation.
For µ < −1

4 no limit cycles exist, however, for µ = −1
4 a stable and an unstable

limit cycle emerge at r =
√

1
2 ±

√
µ+ 1

4 as shown in fig. 2.6a. Note that the
resulting limit cycles have an amplitude and period of O(1). The corresponding
full bifurcation diagram is displayed in fig. 2.8.

2.5.2. Torus Bifurcation

A torus bifurcation can be described as a Hopf bifurcation of periodic solutions.
Therefore, it is also referred to as secondary Hopf bifurcation. At the bifurcation
point a pair of complex conjugate Floquet multipliers leave the unit circle (see
fig. 2.7c). Thus, the limit cycle changes its stability and at the same time a
solution with an additional periodicity emerges. The name torus is inspired by
the fact that the system oscillates with two frequencies so that the phase space
can be visualized on a torus. If the frequencies have a common multiple than the
motion on the torus will be periodic. Otherwise the trajectory completely fills
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Figure 2.7: Possible bifurcation scenarios in which a periodic solution can loose
its stability. As the Floquet multipliers are either real or pairs of complex con-
jugate values there are three possibilities. a) A saddle-node bifurcation of limit
cycles occurs when a Floquet multiplier crosses the unit circle at +1. b) A Flo-
quet multiplier crosses the unit circle at −1 which triggers a period-doubling
bifurcation. c) A pair of complex conjugate Floquet multipliers leaving the unit
circle results in a torus bifurcation.

Figure 2.8: Full bifurcation diagram of eqs. (2.22) and (2.23). Thick lines stand
for stable solution while thin lines correspond to unstable solutions. Blue lines are
fixed points and red lines limit cycles. For µ = 0 the fixed point r∗ = 0 changes
stability and an unstable limit cycle emerges in a subcritical Hopf bifurcation.
This limit cycle collides with another periodic solution at µ = −1

4 in a saddle-node
bifurcation of limit cycles.
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Figure 2.9: Illustration of a state before (left) and after (right) a period-doubling
bifurcation occurs.

the surface of the torus. Like the Hopf bifurcation, a torus bifurcation can be
sub- or supercritical.

2.5.3. Period-Doubling Bifurcation

In a period-doubling bifurcation (also called flip bifurcation) a real Floquet mul-
tiplier crosses the unit circle at −1 (see fig. 2.7b). This means that a small
perturbation of magnitude ε results in a perturbation −ε after one period T . The
sign of the perturbation changes with each period resulting in a state of period
2T . A possible scenario is illustrated in fig. 2.9 where the amplitude in every
second period is doubled after a period-doubling bifurcation occurred. At the
same time the original limit cycle changes its stability. Like Hopf and torus bi-
furcations, period-doubling bifurcations can be sub- or supercritical depending
on whether the emerging limit cycle is stable or not.

2.6. Global Bifurcations

In a local bifurcation the phase diagram is changed locally around a fixed point
and thus they can be detected by local approximations such as linearization. In
contrast, when a global bifurcation occurs the phase space is changed globally
which is why local approximations cannot detect them.
An example for a global bifurcation is the SNIPER bifurcation (acronym for

Saddle-Node Infinite Period). Consider the following two dimensional system in
polar coordinates
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ṙ = r(1− r2), (2.24)

θ̇ = µ− sin θ, (2.25)

where µ > 0. In the radial direction the obvious fixed points are r∗ = 0 and
r∗ = 1. For t → ∞ all trajectories (except r∗ = 0) approach r = 1. For
µ > 1 the angular velocity can never reach zero so that a limit cycle with r = 1
forms. However, the angular velocity on the limit cycle has a slow part (around
θ = π/2) and a fast part (around θ = 3π/2). Decreasing the parameter to µ↘ 1
slows down the angular velocity around θ = π/2 further and further, until, for
µ = 1, two points of equilibrium form in a saddle-node bifurcation. Looking at
the process in the other direction a limit cycle of amplitude O(1) emerges from
a saddle-node bifurcation.
Topologically the so-called homoclinic bifurcation where a limit cycle collides

with an unstable fixed point resembles the SNIPER bifurcation. Thus, it is
difficult to distinguish the two. The key lies in the scaling behavior of the period
of the limit cycles. The limit cycle emerging from a SNIPER bifurcation scales
as (µ − µc)−

1
2 while the homoclinic bifurcation scales as − log(µ − µc) where µc

is the parameter at which the bifurcation occurs [Str94]. The scaling behavior of
the SNIPER bifurcation also contribute to its name as the period approaches ∞
for µ→ µc.
Note that a limit cycle can also be born in a saddle-node bifurcation of limit

cycles. In that case the newly born periodic solution exhibits a secondary period
similar to the scenario in a torus bifurcation.

2.7. Numerical Approximations with Delay Interpolation

In most cases it is not possible to express a solution of a nonlinear dynami-
cal system in closed analytical form. However, there are numerical methods to
approximate the solution. For initial value problems of DDEs the systems has
to be initialized by function defined on an interval which has the length of the
longest delay: x0(θ), θ ∈ [−max(τ1, ..., τN), 0). For a one-dimensional system the
dynamics are governed by

ẋ = f(x(t), x(t− τ1), ..., x(t− τN), t), (2.26)
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where N is the number of delays. However, the following approaches can easily be
extended to systems with higher dimensions. The simplest numerical approach
is the explicit Euler method. It uses the fact that the derivative of any point is
known as it is governed by eq. (2.26). Thus, during a small increment in time ∆t,
the distance f(x0, x−M1 , ..., x−MN

, t0) ·∆t,Mi = bτi
h
c is covered assuming that the

flux does not change during ∆t. Eventually, this is only an approximation but for
a sufficiently small increment the error which is being made becomes negligible.
Hence, the position x(t0+∆t) is approximately x0+f(xn, xn−M1 , ..., xn−MN

, t0)·∆t.
This step can be applied iteratively so that

xn+1 = x(tn+1) = xn + f(xn, xn−M1 , ..., xn−Mn , tn) ·∆t, (2.27)

where tn = t0 +n∆t. Basically, the Euler method describes a Taylor expansion of
first order in each point, meaning that the error made in each step, referred to as
the local truncation error, is O(∆t2). It can be shown that the global truncation
error (the error between the exact solution x(tn) and the approximate solution
xn) is O(∆t) [Str94]. Therefore, the Euler method is first order of accuracy.
Naively, one could say that in order to increase the accuracy of the numerical
method one should just decrease ∆t. However, this makes the computation very
intense which one wants to avoid.
Thus, methods of higher orders are needed. This can be achieved, e.g., by

appropriately combining the derivatives at several different points over the time
step interval. This approach is realized by the family of Runge-Kutta methods.
In particular, for the forth order Runge-Kutta method with the usual Butcher
tableau applied to eq. (2.26), the next step from a given solution xn is

xn+1 = xn + 1
6(k1 + 2k2 + 2k3 + k4)∆t (2.28)

with

k1 = f(xn, xn−M1 , ..., xn−MN
, tn), (2.29)

k2 = f(xn + 1
2k1∆t, xn−M1+ 1

2
, ..., xn−MN + 1

2
, tn + 1

2∆t), (2.30)

k3 = f(xn + 1
2k2∆t, xn−M1+ 1

2
, ..., xn−MN + 1

2
, tn + 1

2∆t), (2.31)

k4 = f(xn + k3∆t, xn−M1+1, ..., xn−MN +1, tn + ∆t). (2.32)
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The scheme is visualized in (see fig. 2.10). The local truncation error is O(∆t5)
while the global truncation error is O(∆t4) [Gur18]. This means that when, e.g.,
a step size of h/2 is used, the global truncation error is (1/2)4 = 1/16 of the error
made for a step size h.
Note that the introduction of delay poses a problem. In eqs. (2.30) and (2.31)

the states of the system at half steps xn−Mi+ 1
2
are needed in order to retain forth-

order accuracy. To address this issues, fourth-order Hermite interpolation is used,
i.e., a third order polynomial

x(t) = a0 + a1t+ a2t
2 + a3t

3 (2.33)

x′(t) = a1 + 2a2t+ 3a3t
2 (2.34)

that crosses the known points at xn−Mi
and xn−Mi+1 with the corresponding

known derivatives x′n−Mi
and x′n−Mi+1 needs to be found. Choosing the origin such

that xn−Mi+ 1
2
is at t = 0 simplifies the problem as only the constant coefficient

needs to be found:

xn−Mi+ 1
2

= a0 + a10 + a20 + a30 = a0. (2.35)

Then, the known points xn−Mi
and xn−Mi+1 are located at t = ±∆t

2 which results
in the following conditions:

xn−Mi
= a0 − a1

∆t
2 + a2

∆t2
4 − a3

∆t3
8 , (2.36)

xn−Mi+1 = a0 + a1
∆t
2 + a2

∆t2
4 + a3

∆t3
8 , (2.37)

x′n−Mi
= a1 − 2a2

∆t
2 + 3a3

∆t2
4 , (2.38)

x′n−Mi+1 = a1 + 2a2
∆t
2 + 3a3

∆t2
4 . (2.39)

Adding eqs. (2.36) and (2.37) and subtracting eqs. (2.38) and (2.39) yields

2a0 + 2a2
∆t2
4 = xn−Mi+1 + xn−Mi

, (2.40)

4a2
∆t
2 = x′n−Mi+1 − x′n−Mi

. (2.41)
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xn

xn + ∆tk1/2

xn + ∆tk2/2

xn + ∆tk3

tn tn + ∆t/2 tn + ∆t

(tn+1, xn+1)

Figure 2.10: Visualization of the fourth-order Runge-Kutta method. The red
line describes the course of x(t), the blue lines are the slopes ki given by eqs. (2.29)
to (2.32). The star denotes the next step xn+1 after combining the information
of all ki.

Combining eqs. (2.35), (2.40) and (2.41) finally gives

xn−Mi+ 1
2

= xn−Mi
+ xn−Mi+1

2 + ∆t
8
(
x′n−Mi

− x′n−Mi+1

)
. (2.42)

This method requires that for the length of each delay not only the state of the
system needs to be saved but also its derivative which is available straight from
the Runge-Kutta method in eq. (2.32). Further, note that the procedure has to
be repeated for all delays τi.

One could conclude that using Runge-Kutta methods of higher orders improves
the accuracy for a given step size. However, to achieve a higher order eq. (2.26)
has to be evaluated at more substeps called stages, e.g., the forth-order Runge-
Kutta method has four stages (see eqs. (2.29) to (2.32)). Thus, increasing the
order only makes sense up to some limit given by the so-called Butcher barrier.
It states that the amount of stages m grows faster than the order p. In other
words, for m ≥ 5, there are no Runge-Kutta methods with the convergence order
p = m [Gur18]. Indeed, to reach order five, m = 6 is required. Therefore,
the forth-order Runge-Kutta method is generally regarded as the best trade-off
between a fast computation speed and a low error [Str94].
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2.8. Numerical Path Continuation

Numerical path continuation is a very useful tool in the analysis of dynamical
systems because it allows one to examine the behavior of the solutions in the
parameter space and hence, to follow the stable and unstable solution branches.
Furthermore, bifurcations can be detected which offers the possibility to find new
solution branches. Finally, bifurcation points can be tracked in higher dimensional
parameter spaces which allows to perform two-parameter-continuation. Depend-
ing on what kind of dynamical system is analyzed, different software packages
are available. Since the dynamical system in this thesis is described by DDEs,
the MATLAB package DDE-BIFTOOL [ELR02; Sie+14] is used. In the following, the
necessary steps to follow a branch in the parameter space are presented.

Let ẋ̇ẋx = fff(xxx, µ) be a system of n differential equations with one control pa-
rameter µ and xxx∗0 = (x∗0,1, x∗0,2, ..., x∗0,n) is a solution for µ = µ0. The solution xxx∗0
is called an initial guess and can be obtained, e.g., from direct numerical simula-
tions. Now, one wants to compute the solution xxx∗1 for the parameter µ1 = µ0+∆µ.
Therefore, the tangent of the curve xxx∗(µ) at (xxx∗0, µ0) is used in order to make a
first prediction xxx∗(0)

1 at µ1 [Thi17]:

xxx
∗(0)
1 = xxx∗0 + ∆µ∂x

xx∗

∂µ

∣∣∣∣∣
(xxx∗0,µ0)

. (2.43)

The slope can easily be computed when differentiating fff(xxx∗(µ), µ) = 0:

 ∂fff

∂xxx︸︷︷︸
Jacobian

∂xxx

∂µ
+ ∂fff

∂µ


(xxx∗0,µ0)

= 0

⇔ ∂xxx

∂µ

∣∣∣∣∣
(xxx∗0,µ0)

= −
(∂fff

∂xxx

)−1

· ∂f
ff

∂µ

 ∣∣∣∣∣
(xxx∗0,µ0)

. (2.44)

The approximation xxx∗(0)
1 of the solution xxx∗1 is supposed to satisfy fff(xxx∗(0)

1 , µ1) = 0
but since a linear approximation is used, the error is expected to be significant.
Thus, the next step is to “improve” the guess for xxx∗1. This can be achieved with
Newton’s method which can compute roots of functions up to an arbitrary order.
The iteration is given by
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xxx
∗(n+1)
1 = xxx

∗(n)
1 −

(
∂fff

∂xxx

)−1 ∣∣∣∣∣
(xxx∗(n)

1 ,µ0)
· fff
(
xxx
∗(n)
1

)
. (2.45)

Then one can return to change µ, find the root for the new parameter and continue
to follow the solution branch.
This method is unproblematic until the branch approaches a fold at some µ =

µf, which is a bifurcation type that occurs frequently. The problem is that for
µ < µf, two solutions exist while there is none for µ > µf [Thi17]. To follow the
branch around the fold, a parameter which is unique along the branch is needed.
The issue is addressed with the pseudo-arclength continuation of which only the
general idea is presented at this point. The control parameter µ is interpreted
as an additional element of the extended solution y∗y∗y∗ = (xxx∗, µ). Instead of µ, the
new control parameter is the arclength s, which can be approximated locally with
Pythagoras’ theorem:

|xxx∗|2 + (∆µ)2 = (∆s)2. (2.46)

This condition ppp(xxx∗, µ, s) supplements fff(xxx∗, µ) so that the extended system can
be introduced

EEE(y∗y∗y∗, s) =
 fff(xxx∗, µ)
ppp(xxx∗, µ, s)

 . (2.47)

The next steps are equivalent to the described method above. In order to compute
the solution at sj+1 = sj + ∆s, a tangent of the curve y∗y∗y∗(s) at (yyy∗j , sj) is used as
a predictor for yyy∗(0)

j+1. To find the root yyy∗j+1 up to the desired exactness, Newton’s
method is applied [Thi17].





3. Mode-Locked Laser Model with Delayed Feedback 27

3. Mode-Locked Laser Model with Delayed
Feedback

In this chapter a set of DDEs describing passive mode-locking in a ring laser,
are deduced following the derivation in [VT05]. Further, these equations are
extended by an additional term describing time delayed feedback. Finally, the
lasing threshold for this model is analytically calculated.

3.1. Mathematical Description

Previous attempts to describe laser systems with passive mode-locking were con-
ducted via PDEs by New [New74] and Haus [Hau75]. However, they relied on the
strong assumptions of small gain and loss per cavity round trip which questions
their ability to properly describe real laser systems. In contrast, [VT05] derives
a set of DDEs to describe a system which does not rely on such approximations
and only adopt the assumption of ring-cavity geometry and unidirectional lasing.
At first, the additional feedback loop is neglected. The basic idea is to split

the main cavity in fig. 1.1 into five sections: the gain element (z3 < z < z4),
the absorber element (z2 < z < z3), the bandwidth limiting element (z5 < z <

z1 +L where L is the length of the cavity) and the parts between the bandwidth
limiting element and gain (z4 < z < z5) and absorber elements (z1 < z <

z2), respectively. The last two mentioned sections are passive. In each of these
sections, the dynamics are governed by different equations which need to be
combined to describe the dynamic of the system for a full round-trip. First, in the
gain and absorber sections, one considers the so-called traveling wave equations
which describe a slowly changing electrical field E(t, z) [TLO94]

∂E(t, z)
∂z

+ 1
v

∂E(t, z)
∂t

= grΓr
2 (1− iαr)[Nr(t, z)−N tr

r ]E(t, z), (3.1)

∂Nr(t, z)
∂t

= Jr − γrNr(t, z)− vgrΓr[Nr(t, z)−N tr
r ]|E(t, z)|2, (3.2)

where the subscript r stands for the gain (r = g) and absorber (r = a) sections,
Ng,a are the carrier densities in the respective sections, N tr

g,a are the carrier den-
sities evaluated at the transparency threshold, v is the (constant) light group ve-
locity and Jg is the injection current in the gain section (for the absorber Ja = 0).
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The parameters αg,a, gg,a, Γg,a and γg,a are, respectively, linewidth enhancement
factors, differential gains, transverse nodal fill factors and carrier density relax-
ation rates in the gain and absorber section. The evolution of the electric field in
the passive sections is governed by

∂E(t, z)
∂z

+ 1
v

∂E(t, z)
∂t

= 0 (3.3)

and the dynamics in the bandwidth limiting element can be described in Fourier
space

Ê(ω, z1 + L) = f̂(ω)Ê(ω, z5). (3.4)

Here, f̂(ω) describes the line shape in the bandwidth limiting element.

Equations (3.1),(3.2) and (3.3) can be simplified by a nondimensionalization
(t, z)→ (τ, ζ) where τ = γa(t− z/v) is the retarded time divided by the absorber
relaxation time and ζ = zγa/v is the normalized coordinate along the cavity axis.
With these transformations, eqs. (3.1) and (3.2) become

∂A(τ, z)
∂ζ

= 1
2(1− iαg,a)ng,a(τ, z)A(τ, z), (3.5)

∂ng(τ, z)
∂τ

= jg − Γng(τ, z)− ng(τ, z)|A(τ, z)|2, (3.6)

∂na(τ, z)
∂τ

= ja − na(τ, z)− sna(τ, z)|A(τ, z)|2. (3.7)

Here, A(τ, ζ) = E(t, z)
√
vggΓa/γa, ng,a(τ, ζ) = vgg,aΓg,a[Ng,a(t, z)−N tr

g,a]/γa, jg =
vggΓg(Jg − γgN

tr
g )/γ2

a, ja = vggΓgN tr
a /γa and Γ = γg/γa. The parameter s =

(gaΓa)/(ggΓg) is the ratio of the saturation intensities in the gain and absorber
sections. The passive section described in eq. (3.3) transforms as

∂A(τ, ζ)
∂ζ

= 0. (3.8)

Solving eqs. (3.4) to (3.8) yields the transformation of the electric field amplitude
in each section. According to eq. (3.8), the relations in the passive sections
between input and output are
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A(τ, ζ2) = A(τ, ζ1), (3.9)

A(τ, ζ5) = A(τ, ζ4), (3.10)

where ζk = zkγa

v
, k = 1, ..., 5. Next, the transformation in the gain and absorber

sections is analyzed by integrating eq. (3.5) over ζ2 to ζ3 and ζ3 to ζ4. This yields

A(τ, ζ4) = exp
(1− iαg

2 G(τ)
)
A(τ, ζ3), (3.11)

A(τ, ζ3) = exp
(1− iαa

2 Q(τ)
)
A(τ, ζ2), (3.12)

where G(τ) =
∫ ζ4

ζ3
ng(τ, ζ)dζ (3.13)

and Q(τ) = −
∫ ζ3

ζ2
na(τ, ζ)dζ. (3.14)

Here, the dimensionless quantities G(τ) and Q(τ) describe the gain and loss
introduced by the absorber and gain sections [AO89]. Their dynamics can be
described by integrating eqs. (3.6) and (3.7) over ζ2 to ζ3 and ζ3 to ζ4. Also, from
eq. (3.5) the relation

∫ ζ3,4

ζ2,3
ng,a(τ, ζ)|A(τ, ζ)|2dζ = −|A(τ, ζ3,4)|2 + |A(τ, ζ2,3)|2 (3.15)

can be obtained. Combining all of this yields

∂τG(τ) = g0 − ΓG(τ)− |A(τ, ζ4)|2 + |A(τ, ζ3)|2, (3.16)

∂τQ(τ) = q0 −G(τ) + s|A(τ, ζ3)|2 − s|A(τ, ζ2)|2, (3.17)

where g0 =
∫ ζ4

ζ3
jgdζ (3.18)

and q0 =
∫ ζ3

ζ2
jadζ. (3.19)

In the time domain, the dynamics in the bandwidth limiting element described
by eq. (3.4) can be rewritten as
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A(τ, ζ1 + T ) =
∫ τ

−∞
f(τ − θ)A(θ, ζ5)dθ, (3.20)

where T = γaL
v

is the normalized round-trip time. Defining A(τ) ..= A(τ, ζ1)
and combining everything by inserting eqs. (3.9) to (3.12) in eq. (3.20) and using
periodic boundaries, i.e., A(τ, ζ + T ) = A(τ + T, ζ), yields

A(τ + T ) =
∫ τ

−∞
f(τ − θ)R(θ)A(θ)dθ, (3.21)

where R(θ) =
√
κ exp

[1− iαg
2 G (θ)− 1− iαa

2 Q (θ)
]
. (3.22)

Here, κ is the fraction of the intensity remaining in the cavity after each round-
trip. Finally, only a specific form of the bandwidth limiting element needs to be
chosen. A Lorentzian shape f(τ) = γ exp[(−γ + iΩ)τ ] is used in this case. After
changing the coordinates A→ A exp(iΩτ) and renaming τ → t and T → τ1, this
reads

Ȧ

γ
= R(t− τ1)A (t− τ1)− A (t) , (3.23)

where R(θ) =
√
κ exp

[1− iαg
2 G (θ)− 1− iαa

2 Q (θ)− iϕ
]

(3.24)

and ϕ = Ωτ1. (3.25)

Finally, the additional time delayed feedback needs to be considered. According
to fig. 1.1, it is the state of the electric field at t − τ2 of strength η and with a
relative phase of Ω. Thus, the final equations of motion read

Ȧ

γ
=R(t− τ1)A (t− τ1)− A (t) + ηeiΩA (t− τ2) , (3.26)

Ġ =g0 − Γ ·G− e−Q
(
eG − 1

)
|A|2 , (3.27)

Q̇ =q0 −Q− s
(
1− e−Q

)
|A|2 , (3.28)

where R(θ) is defined in eq. (3.24) and eqs. (3.27) and (3.28) are obtained from
eqs. (3.16) and (3.17) by using eqs. (3.9) to (3.12).
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3.2. Lasing Threshold

This derivation follows section 3.2.1 in [Jau16]. Below a certain threshold value
for the pump rate, a semiconductor laser remains in the off state as the losses
cannot be compensated. The off state is the trivial steady state solution (i.e.,
A = 0, Ġ = Q̇ = 0) of eqs. (3.26) to (3.28) which reads

A = 0, (3.29)

G = g0

Γ , (3.30)

Q = q0. (3.31)

At the threshold pump rate, this solution becomes unstable in a Hopf bifurcation
from where the so-called continuous wave (CW) solutions emerge. These solutions
have the form A(t) = A0 · eiωt. Substituting this into eq. (3.26) leads to

iω

γ
=
√
κ exp

[1− iαg
2 G− 1− iαa

2 Q− iϕ
]
e−iωτ1 − 1 + ηeiΩe−iωτ2 , (3.32)

where G and Q are the steady state solutions of eqs. (3.27) and (3.28) and thus
fulfill

Ġ = 0 = g0 − Γ ·G− e−Q
(
eG − 1

)
|A0|2 (3.33)

and Q̇ = 0 = q0 −Q− s
(
1− e−Q

)
|A0|2. (3.34)

Separating eq. (3.32) into its real and imaginary parts yields

1 =
√
κ exp

[1
2(G−Q)

]
· cos

(1
2(αgG− αaQ) + ϕ+ ωτ1

)
+ η cos(Ω− ωτ2),

(3.35)
ω

γ
= −
√
κ exp

[1
2(G−Q)

]
· sin

(1
2(αgG− αaQ) + ϕ+ ωτ1

)
+ η sin(Ω− ωτ2).

(3.36)

Squaring and summing eqs. (3.35) and (3.36) then gives
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1 + ω2

γ2 + η2 − 2η
(
ω

γ
sin (Ω− ωτ2) + cos (Ω− ωτ2)

)
= κeG−Q. (3.37)

One can also regard eq. (3.36) divided by eq. (3.35):

ω

γ
=
− tan

(
1
2(αgG− αaQ) + ϕ+ ωτ1

)
1 + η cos(Ω−ωτ2)√

κ exp[ 1
2 (G−Q)] cos( 1

2 (αgG−αaQ)+ϕ+ωτ1)

+ tan(Ω− ωτ2)

1 +
√
κ exp[ 1

2 (G−Q)] cos( 1
2 (αgG−αaQ)+ϕ+ωτ1)

η cos(Ω−ωτ2)

. (3.38)

Equations (3.33), (3.34), (3.37) and (3.38) are a set of four transcendental equa-
tions for the four variables A0, G,Q and ω. There are various solutions for differ-
ent values of the frequency ω and the intensity |A|2, each corresponding to differ-
ent lasing modes. Each mode should fulfill eqs. (3.33), (3.34), (3.37) and (3.38) at
its lasing threshold for A0 = 0 as the CW solutions bifurcate from the off state.
Rearranging eq. (3.33) and using eqs. (3.34) and (3.37) yields the mode-dependent
threshold pumping rate:

g0,th =Γ
{
q0 − ln(κ) + ln

[
1 + ω2

γ2 + η2

− 2η
(
ω

γ
sin (Ω− ωτ2) + cos (Ω− ωτ2)

)]}
, (3.39)

where ω still fulfills eq. (3.38). In the following bifurcation analysis, ϕ = Ω = 0 is
chosen. Then the threshold reaches a minimum for ω = 0. Here, a stable branch
of CW solutions emerges from which eventually the mode-locked solutions in form
of pulses bifurcate. All modes corresponding to higher values of ω bifurcate from
the off state when it is already unstable, and are unstable as well. Thus, the
threshold value is defined as

g0,th = Γ [q0 − ln(κ) + 2 · ln(1− η)] . (3.40)

In the following, if not stated differently, a normalized gain value g = g0/g0,th is
used.
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4. Mode-Locked Laser Dynamics

In this chapter the dynamics of a PML semiconductor laser with time delayed
feedback is analyzed using the model presented in chapter 3. The dynamics are
studied via direct numerical simulations and performing numerical path contin-
uation in order to find bifurcation points of the DDE model given in eqs. (3.26)
to (3.28). The numerical path continuation is carried out using the software
package DDE-BIFTOOL. This package also allows to determine the eigenvalues and
Floquet multipliers and thereby find the stability of solutions.

4.1. From Direct Numerical Simulations to Numerical Path
Continuation

The first step in the analysis is to conduct DNSs using the methods presented
in section 2.7. When operating below the lasing threshold, the off-state (A =
0, G = g0/Γ, Q = q0) is a stable fixed point as shown in section 3.2. For proper
parameters, additional periodic solutions in form of pulses are found. Both so-
lutions can exist for the same parameter set which means that the system is
bistable. The system needs to be kicked in order for a pulse to arise from the
off state. For this use case it is sufficient to initialize the system with a nar-
row square pulse and after a few round-trips the system settles on a stable
attractor. Depending on the initial condition and the applied parameter set
the solution can consist of different numbers of pulses in the cavity. Solutions
with a single pulse per round-trip are the fundamental mode-locked (FML) so-
lutions, while states with multiple equidistant pulses per round-trip are called
harmonic mode-locked (HML) solutions. In the following HML solutions with n
pulses are referred to as HMLn. Figures 2.1 and 2.2 show the results of a DNS
of a FML solution for the parameter set (γ, κ,Γ, q0, αg, αa, η, τ1, τ2, s, g, ϕ,Ω) =
(10, 0.8, 0.04, 0.3, 1.5, 0.5, 0.006, 100, 80, 10, 0.95, 0, 0). Throughout this thesis the
parameters γ, κ,Γ, q0, s, ϕ and Ω will be kept at these values if not stated differ-
ently. The influence of time delayed feedback can be seen in both figures in form
of a train of satellite pulses behind the main pulse.
In order to analyze these solutions in parameter space one needs to feed them

into a continuation program which is DDE-BIFTOOL in this case. As the solution
is periodic the profile of a whole period needs to be extracted. In addition, the
period T needs to be found which can be realized by computing the autocorrela-
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tion of the whole time trace. This information is given DDE-BIFTOOL as an initial
guess which is refined until the desired accuracy is reached. In this process the
mesh, on which the profile is given, is adapted. Initially, it is given on a mesh
with constant spacing as the result is obtained from a DNS with constant step
size. In order to improve computational speed it makes sense to refine the mesh
where the solution changes quickly, i.e., where pulses are located, and widen the
spacing where the solution remains approximately constant. This is realized by
defining a grid of n interval points. Between the interval points the solution is a
polynomial of degree d. Thus, in total the solution is stored in a mesh of d ·n+ 1
points. Throughout this thesis n = 100 and d = 5 are chosen.

4.2. Emergence of Localized Structures

Figures 2.1 and 2.2 are obtained in the localized regime below the lasing thresh-
old. This section shall highlight how these periodic solutions are born and how
the solutions become localized. Note that in this section time delayed feedback is
neglected for simplification, however, the mechanism is analogue when feedback
is added. In section 3.2 it is shown that at g = 1 the off-state becomes unstable.
In this bifurcation the CW solution emerges. When increasing the gain further,
the CW branch undergoes several Hopf bifurcations in each of which a periodic
solution is born. The periodic solutions correspond to states with different num-
bers of equidistant pulses per round-trip. The FML, HML2 and HML3 branches
are displayed in fig. 4.1a where the Hopf bifurcations are marked by orange dots.

The dynamics of the bifurcation points on the CW branch is controlled by
the feedback length τ1. Figure 4.2 shows the branch of the FML solution for
different cavity lengths τ1. Panel a) shows that for τ1 = 30 the FML solution
emerges in a subcritical Hopf bifurcation while in panel b) for τ1 = 40 the Hopf
bifurcation is supercritical. Increasing the cavity’s length leads to a detachment
of the branch from the CW branch (fig. 4.2c) as the Hopf bifurcation on the
CW branch collides with another Hopf bifurcation from where an unstable FML
solution emerges. When τ1 is increased further the whole branch shifts towards
smaller gain values and eventually, FML solutions exist below the lasing threshold
(fig. 4.2d). In this case the solutions are localized.
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Figure 4.1: Bifurcation diagram of eqs. (3.26) to (3.28). Panel a) shows the
emergence of mode-locked pulses from the CW solution (black line). Branches
for solutions with (blue) one, (red) two and (green) three pulses per round-trip
are displayed. Each solution is born in a Hopf bifurcation (orange dot) on the CW
branch. Higher harmonic solutions are born via the same mechanism. Panels b)-
d) show the eigenvalue spectrum at the Hopf bifurcations marked in a). At each
Hopf bifurcation a pair of complex conjugate eigenvalues crosses the imaginary
axis. The used parameters are (αg, αa, η, τ1, s) = (0.5, 0.3, 0, 40, 5).

Figure 4.2: Bifurcation diagram of the FML solution of eqs. (3.26) to (3.28) for
different values of τ1. One can see the transition from a super- to a subcritical
Hopf bifurcation on the CW branch in the insets of panels a) and b). Panels c)
and d) show the detachment of the FML branch from the CW branch. In d) FML
solutions exist below the lasing threshold such that one can speak of temporal
LSs. Parameters as in fig. 4.1.
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4.3. Influence of the Time Delayed Feedback

The introduction of time delayed feedback creates a train of satellite pulses for
each pulse as shown in fig. 2.1. The position of satellites is determined by the
length of the feedback loop τ2 in relation to the length of the cavity τ1 and their
size is controlled by the feedback rate η. Figure 4.3 shows bifurcation diagrams in
g of a FML solution in the localized regime for different values of η. The solution
profile along each branch can be found as an animation in the supplementary
material in appendix A. For high feedback rates (η = 0.0109, 0.0105, 0.009) the
branches form closed loops and the LSs loose their stability in a Hopf bifurcation.
These loops become smaller as larger η is. This indicates that feedback can have a
destabilizing influence on the LSs and if the feedback is too strong no LSs exist at
all. For weaker feedback, the range of existence of the LSs increases and they loose
their stability in a Saddle-Node bifurcation (marked with Fs in fig. 4.3) instead
of a Hopf bifurcation. In section 4.4 it is shown that the Saddle-Node bifurcation
is in fact a SNIPER bifurcation and the destabilizing influence of the feedback
is explained further. Weaker feedback also leads to a more complex dynamic at
the low-power end of the branch (see η = 0.004 in fig. 4.3). In the limit of no
feedback the SNIPER bifurcation disappears and the LSs loose their stability
in a Hopf bifurcation again. This result is expected as in this case the system
becomes equivalent to the system analyzed in [Mar+14; SJG18]. Intuitively, the
satellites inherit their phase from the corresponding pulse. However, it is found
that varying the feedback phase Ω has no influence on the stability of the LSs.

4.4. Scaling of the Period at the SNIPER-bifurcation

Figure 4.3 shows that in a certain parameter range FML solutions with satel-
lites loose their stability in a Saddle-Node bifurcation. The value of the gain at
which this bifurcation occurs will be referred to as the critical value g0,cr. For g
larger than g0,cr no stable localized FML solutions can be found. For a better
understanding of the scenario, direct numerical simulations are performed in this
regime. Figure 4.4 shows space-time diagrams for different values of the gain.
It can be seen that for all three cases the location of the pulse jumps inside the
cavity. The pulses always jump to the location where the satellite lived before.
Hence, the satellite replaces the main pulse until it is replaced by its satellite and
so on. This happens as by increasing the gain the satellites grow and deplete
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Figure 4.3: Bifurcation diagram of eqs. (3.26) to (3.28) of a FML solution for
different values of η. Thick lines denote stable LSs while thin lines stand for
unstable LSs. The thin black line in the bottom right is the CW branch for
η = 0.001. Its stability is omitted in the plot. The branches for η = 0.001
and η = 0 end abruptly as DDE-BIFTOOL runs into numerical problems during
their continuation. The solution profile along each branch can be found as an
animation in the supplementary material in appendix A. Larger η decrease the
range of existence and and thus, range of stability of the LSs. The branches for
η = 0.006, 0.004, 0.001 loose their stability in a SNIPER bifurcation marked with
Fs while on the other branches a Hopf bifurcation occurs. The used parameters
are (αg, αa, τ1, τ2, s) = (0, 0, 100, 80, 10). Note that as η changes also the value of
the lasing threshold and hence, the norm of the axis of abscissas shifts by a small
value for each branch.
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the gain stronger such that the gain cannot fully recover before the main pulse
arrives. This results in shrinking of the main pulse until, after a certain amount
of round-trips, the satellite grows and becomes the new main pulse while the pre-
vious main pulse disappears. The insets in fig. 4.4c visualize the different steps
of the process. Animations are provided in appendix A for a better visualization.
The amount of time each pulse exists as a main pulse is referred to as the lifetime
of a pulse. Comparing the three panels in fig. 4.4 indicates that the lifetime of the
pulses is influenced by the gain. Figure 4.5 shows the time trace representation of
fig. 4.4a from where the lifetime can easily be read of. Note that the replacement
process is not triggered by noise but is inherent to the system. Therefore, the
lifetime of the pulses is not arbitrary. It remains constant for each value of g in
fig. 4.4. Hence, the solutions are periodic with the fundamental period T and as a
secondary period with the lifetime of the pulses. Due to the lifetime being in the
magnitude of several round-trips it is not possible to continue this solution with
DDE-BIFTOOL. DNSs are used instead to track the solution in parameter space
and find the bifurcation point where the solutions originate. This is visualized in
fig. 4.6 where the FML branch is plotted together with results from DNSs such
as fig. 4.5. It can be seen that the oscillating solutions originate in the Saddle-
Node bifurcation Fs. Therefore, the bifurcation is global and its type cannot be
determined by local approximation but by analyzing the scaling behavior of the
period (the lifetime of the pulses in this case) as a function of the distance to
the bifurcation point. In fig. 4.7 the lifetime of the pulses is plotted against the
distances from the critical value g0,cr for different values of αg and αa. In both
cases it can be seen that the data scales as (g0 − g0,cr)−1/2 which means that the
bifurcation is a SNIPER bifurcation. If the data would scale as − log(g0 − g0,cr)
it would be a homoclinic bifurcation.
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Figure 4.4: Space-time representation of a FML solution above the critical point
g0,cr = 0.856 · g0,th where the SNIPER bifurcation occurs. The colorplot en-
codes the intensity I = |A|2. One can observe that the lifetime of a pulse de-
pends on the distance to the critical point. The insets in panel c) shall help
to visualize the replacement process. Other parameters are (αg, αa, η, τ1, τ2) =
(0.01, 0, 0.006, 100, 80). The evolution of the solution along each space-time dia-
gram can be found as an animation in the supplementary material in appendix
A.

Figure 4.5: Extract of the dynamics presented in fig. 4.4a. The red circles
indicate the maximal intensity in each round-trip while the green circles stand
for the minimum of these maxima. Speaking differently, the green circles mark
the points in time when the satellite pulses become larger than the main pulses.
The distance between two of these points corresponds to the lifetime of a pulse
which is analyzed in fig. 4.7.
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Figure 4.6: Bifurcation diagram of a FML solution of eqs. (3.26) to (3.28) for
(αg, αa, η, τ1, τ2) = (0.8, 0.5, 0.006, 100, 80). The blue line is obtained from path
continuation while the red dots are results from DNSs and stand for the maximum
intensity in each round-trip (compare red circles in fig. 4.5). The DNSs are
conducted above the critical point Fs in the regime of satellite instability as
shown in fig. 4.4.

Figure 4.7: Lifetime of pulses as a function of the distance to the critical point
g0,cr at which the global bifurcation (Fs in figs. 4.3 and 4.6) occurs. The lines
correspond to the theoretically predicted scaling behavior for a homoclinic (green)
as well as for a SNIPER (blue) bifurcation. One can see that the scaling of the
lifetime is as (g0 − g0,cr)−1/2 which confirms that it is a SNIPER bifurcation.
Parameters are (τ1, τ2, η) = (100, 80, 0.006).
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4.5. Excitability

In section 4.4 it is shown that the system can exhibit a satellite instability in which
a pulse is recursively replaced by its satellite when operating the laser above the
critical point g0,cr. With no noise added to the system the lifetime of the pulses
is approximately constant (see fig. 4.4). However, when introducing noise to
the system the satellite instability exhibits dynamical behavior characteristics
of excitable systems. The laser is operated close, yet below, the critical point
g0,cr. In order to trigger the replacement process of a main pulse a satellite must
become sufficiently large such that the main pulse experiences less amplification
and eventually shrinks. Noise can help or hinder this replacement process by
adding or subtracting energy, respectively. In fig. 4.8 an exemplary run for a
single pulse is displayed in both space-time and time trace representation. Due
to the added noise the pulse eruptions become irregular and as a consequence the
pulses have different lifetimes.
In fig. 4.9a statistical distribution of the length of the lifetime is displayed. For

this, 3017 pulses are analyzed in the same way as presented in fig. 4.8. Because
the replacement of the main pulse by its satellite takes a certain amount of time
as growing and shrinking does not happen instantaneous, there is a lower border
for the lifetime which is why very short survival length are not present. The rest
of the statistics reveal that longer lifetimes are exponentially less likely to occur
compared to shorter ones. Note that in this case an Euler method is used instead
of a Runge-Kutta 4 scheme for the time integration because it is more robust
against noise.

4.6. Two-Parameter Bifurcation Analysis

In fig. 4.3 it is shown that depending on the feedback rate the FML solution either
looses its stability in a SNIPER or in a Hopf bifurcation. However, the transition
between SNIPER and Hopf bifurcation can not only be triggered by varying η
but also the linewidth enhancement factors αg and αa. These parameters are of
relevance as generally in real-life systems they are non-zero.
Figure 4.10 shows bifurcation diagrams in g of a FML solution for different

values of αg while keeping αa = 0. It can be seen that for αg = 0.1 an additional
unstable branch, which is not connected to the FML branch, exists. On this
branch lies a Saddle-Node bifurcation Fa which collides with the main branch
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Figure 4.8: (Upper) Space-time and (lower) time representation of the evo-
lution of a single initial pulse for the parameter set (αg, αa, η, τ1, τ2, s, g) =
(0.8, 0.5, 0.006, 100, 80, 10, 0.95) and noise of amplitude 8× 10−3 obtained from
a DNSs using an Euler method. In the lower plot the red circles denote the
maximum in each round-trip. The green circles mark the minima of these points
and thus, the points where the satellite pulse becomes larger than the main pulse
(compare to fig. 4.5). Consequently, the distance between the green circles de-
scribes the lifetime of each pulse. The plotted data is only a small extract of a long
simulation which analyses the lifetime of 3017 pulses. A statistical distribution
of the different lifetimes can be seen in fig. 4.9.

Figure 4.9: Statistical distribution of the lifetime of the pulses close the critical
value g0,cr = 0.9508 in presence of noise. Very short lifetimes do not occur because
the replacement process of a pulse takes a certain amount of time. Longer life-
times are exponentially less likely to occur compared to shorter lifetimes. On the
logarithmic scale the decay of the lifetime is approximately linear. Parameters as
in fig. 4.8.
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Figure 4.10: Bifurcation diagram of eqs. (3.26) to (3.28) for different values
of αg showing the transition between the SNIPER bifurcation denoted by Fs
and Hopf bifurcation marked with H. The main fold Fm and the additional
fold Fa are marked for reference in following figures. The used parameters are
(αa, η, τ1, τ2, s) = (0, 0.006, 100, 80, 10).

(see fig. 4.10b). The SNIPER bifurcation Fs remains unaffected by that. After a
further increase to αg = 0.2 the SNIPER bifurcation Fs and the additional fold
Fa have collided as well which enables a Hopf bifurcation denoted by H to form.
With growing αg the Hopf bifurcation moves towards larger gain values.
In order to track the bifurcation points quantitatively the two parameter plane

(αg, g) is regarded. Figure 4.11a,b shows the (αg, g)-plane for different values of
αa. Note that only the main bifurcations points seen in fig. 4.10 are displayed
because the dynamics becomes very complex especially on the unstable parts
of the branches. For αa = 0 in fig. 4.11a the features discussed previously can
be found as Fs and Fa collide in a so-called cusp bifurcation. The inset gives a
zoomed view on the region of the cusp bifurcation and shows that the Hopf branch
does not originate at the exact tip of the cusp but very close to it. Also, on the
Fa branch there is another cusp bifurcation which lies exactly horizontal in the
(αg, g)-plane and corresponds to the collision between the branches in fig. 4.10a,b.
In fig. 4.11b the (αg, g)-plane is displayed for αa = 0.5. The dynamics look very

similar to the case αa = 0 in fig. 4.11a but the region of the SNIPER bifurcation is
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shifted towards larger values of αg. Between αg ≈ 0.5 and αg ≈ 0.9 the SNIPER
bifurcation appears. Below and above this region the stability of the LSs is limited
to the right by a Hopf bifurcation which originates in both cases close to a cusp
of Saddle-Node bifurcations. This mechanism is completely analogue to the case
αa = 0. Therefore, varying αa corresponds to shifting the SNIPER bifurcation
“up and down” in the (αg, g0)-plane.

Analogously, the left-right-shift can be triggered by changing η as seen in figs.
4.11b,c,d. In fig. 4.11c where η = 0.004, the region of the SNIPER bifurcation as
well as the Hopf bifurcation occur at larger values of g compared to 4.11b where
η = 0.006. This result corresponds to the findings in fig. 4.3 where it can be
seen that the range of existence of LSs decreases when increasing η. As before,
the SNIPER bifurcation collides with another fold in a cusp from where Hopf
bifurcations emerge.

For η = 0.009 in fig. 4.11d there are more significant changes to the bifurca-
tion diagram. First, a cusp-bifurcation appears on the Hopf branch for larger αg.
Next, the dynamics around the cusp bifurcations in which the SNIPER bifurca-
tion emerges change as indicated by the insets. On the upper cusp, the Hopf
bifurcation coexists with the SNIPER bifurcation much longer with respect to αg
compared to 4.11b and at the lower cusp bifurcation a second cusp bifurcation
appears very close to the first one. The destabilizing bifurcations (SNIPER and
Hopf bifurcation) move towards smaller gain values while the main fold Fm shifts
to larger g resulting in a decreased range of stability.

A similar effect to increasing the feedback rate can be achieved by moving
the satellite closer to the main pulse but still leaving pulse and satellite visible
separately as shown in figs. 4.12g,h,i. This is again visualized in the (αg, g)-plane
in fig. 4.12a,b,c. For τ2 = 90 and τ2 = 95 the branches stay qualitatively similar
to fig. 4.11b as all main features (Fm, Fs, Fa and H) and the corresponding cusps
are still present. However, quantitatively the cusps around Fa move much closer
towards each other. This behavior is similar to fig. 4.11d. For τ2 = 97 the cusps
disappear and now the Fa branch goes all the way down to αg = 0. Again, this
is very similar to fig. 4.11d. Further, comparing fig. 4.11b with fig. 4.12c reveals,
that the range of stability decreases for larger τ2 as Fs moves towards smaller
g. However, that change is not as significant compared to an increased feedback
rate as in fig. 4.11d. Moving the satellite even closer to the main pulse leads to
a complex regime that will later be discussed in more detail.
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Figure 4.11: (αg, g)-plane of eqs. (3.26) to (3.28) for different values of αa and
η, other parameters as in fig. 4.10. Blue lines stand for Saddle-Node bifurcations
while red lines denote Hopf-bifurcations. The annotations refer to fig. 4.10 and
explain which line corresponds to which bifurcation point. Thick lines denote
the boundaries of stability for the FML solution. The insets give zoomed views
on the area of cusp bifurcations and show that the Hopf bifurcation does not
originate at the tip of the cusp. Further, one can see that αa can be used to shift
the dynamics up and down while η triggers a left and right movement.
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Figure 4.12: (αg, g)-plane of eqs. (3.26) to (3.28) for FML solutions with τ2 = 90,
τ2 = 95 and τ2 = 97. Other parameters are (αa, η, τ1, s) = (0.5, 0.006, 100, 10).
The thick lines denote the borders of stable LSs. The middle row of plots give a
zoomed view of the area around the SNIPER bifurcation of the respective plot
above. Note that for comparison in fig. 4.11b the same parameters have been
used with τ2 = 80. The lowest panels show the profiles obtained from a direct
numerical simulation for g = 0.9, αg = 0.6 and indicate that pulse and satellite
are visible separately for τ2 = 90, 95 and begin to merge for τ2 = 97.
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Figure 4.13: (αg, g)-plane of eqs. (3.26) to (3.28) for FML solutions with s = 15
and s = 20. Blue lines stand for Saddle-Node bifurcations while red lines denote
Hopf bifurcations. The used parameters are (αa, η) = (0.5, 0.006). Note that for
comparison in fig. 4.11b the same parameters have been used with s = 10. The
thick lines denote the borders of stable LSs.

Another way to increase the range of stability is increasing the parameter s.
If s is increased to s = 15 and s = 20, respectively, the range of stable LSs is
increased significantly. The (αg, g)-planes for s = 15 and s = 20 are displayed
in fig. 4.13. The main fold Fm (as marked in figs. 4.10 and 4.11) shifts towards
smaller g while the rest of the SN and Hopf bifurcations remain (approximately)
at the same gain values.

4.7. Harmonic Solutions and Multistability

In the previous sections FML branches are analyzed in broad detail. However,
in fig. 4.1 the existence of harmonic solutions is shown. These solutions consist
of multiple pulses per round-trip and coexist with the FML branch. Hence, the
system is multistable and the initial condition decides on which attractor the
system settles.
In the first step feedback is turned off in order to gain a basic understanding

of the HML branches. Figure 4.14a shows the according bifurcation diagram in
g for harmonic solutions with up to five pulses per round-trip. First, it can be
seen that the absolute value of the electric field becomes smaller as more pulses
are in the cavity. This is because the gain does not fully recover before the next
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pulse arrives and therefore provides less amplification. As more pulses are in the
cavity as less the gain can recover. Next, the HML branches gain stability in a
Hopf bifurcation which is in contrast to the FML branch where a Saddle-Node
bifurcation stabilizes the branch.
When introducing time delayed feedback to the system the location of the

satellite pulse plays an important role in the dynamics of the HML branches. So
far, the satellites are placed further away from other pulses such that there is no
direct interaction between pulses and satellites. However, when regarding a HML
solution with five pulses in a cavity of length τ1 = 100 and the feedback delay is
τ2 = 80 each pulse sits on a satellite of a neighboring pulse. This influence can
be seen in fig. 4.14b where, as a result of this resonant feedback, the range of
stability for the HML branch with five pulses is increased compared to fig. 4.14a.
Also, the pulse intensity increases as the feedback reinforces the pulse. On the
other hand, for non-resonant feedback, the range of stability decreases as feedback
enables the instability to form in which a pulse is replaced by its satellite. This
is described in section 4.4. As a result, the range of stability decreases as can be
seen for the HML2 and HML3 branches in fig. 4.14b compared to fig. 4.14a.
The same mechanisms apply when choosing τ2 = 50 as seen in fig. 4.14c. In

this case, the HML2 and HML4 branches are favored due to resonant feedback.
A further effect which becomes visible is the second order feedback for the FML
branch. For τ1 = 100 and τ2 = 50 a pulse sits on the second order satellite of
the previous pulse which gives the branch a wider range of stability compared
to fig. 4.14b. A further remark to fig. 4.14 is that stable harmonic solutions
with more than four pulses only exist above the threshold and are therefore not
truly localized. This can strongly be influenced by the parameter s. Figure 4.15
shows branches in g of a HML5 solution for different values of s. For s = 10
the solution only exists above the threshold. However, increasing s moves the
stable regions below the threshold and therefore creates LSs. This process also
triggers a transition from a supercritical to a subcritical Hopf bifurcation on the
CW branch similar to what is shown in fig. 4.2.
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Figure 4.14: Bifurcation diagrams of eqs. (3.26) to (3.28) in g for the FML
branch and harmonic solutions with two up to five pulses per round-trip. In
panel a) feedback is turned off, while in b) and c) the location of satellites defined
by τ2 is changed. The black line at the bottom corresponds to the CW branch.
The used parameters are (αg, αa, η, τ1, s) = (0.8, 0.5, 0.006, 100, 10). Resonant
feedback increases the range of stability of the respective branches as seen in b)
for the HML5 branch and in c) for the HML2 branch.
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Figure 4.15: Bifurcation diagram of eqs. (3.26) to (3.28) in g of a HML5 solution.
Branches for different values of s are displayed. For s = 10 stable solutions exist
only above the threshold. Increasing s moves the range of stability below the
threshold. The used parameters are (αg, αa, η, τ1, τ2) = (0.8, 0.5, 0.006, 100, 80).

4.8. Pulse Dynamics around the Resonances

Section 4.7 highlights that resonant feedback can increase the range of stability of
the mode-locked states. Next, the transition from non-resonant to resonant needs
to be understood. Therefore, it is instructive to regard the two parameter plane
(τ2, g) in fig. 4.16a. To help understanding the diagram, bifurcation diagrams in
g for different values of τ2 are shown in fig. 4.16b-g. Here, red lines stand for FML
branches while green lines correspond to HML2 branches. Starting at τ2 = 146, a
stable region exists for both branches. However, that changes for τ2 = 147 where
the HML2 branch is unstable. Placing the satellite close to the main pulse does
not give the gain enough time to fully recover and thus, the solution becomes
unstable. The HML2 branch regains stability for τ2 = 149. Values above the
resonance at τ2 = 150 do not lead to unstable branches because a satellite which
is placed behind the pulse (in temporal sense) does not “steal” amplification from
the main pulse and therefore does not destabilize it.
Another important feature which emerges around the resonance is that the

FML and HML2 branches are connected by a period doubling (PD) bifurcation.
To be more precise, the FML branch emerges from a point on the HML2 branch
just by doubling the period from T ≈ τ1/2 to T ≈ τ1. Thus, at this point, the
solution profile consists of two pulses of same height. On the FML branch one of
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the pulses grows and the other becomes its satellite while on the HML2 branch
both pulses remain the same height. This corresponds exactly to the situation de-
scribed in fig. 2.9. Animations of the solution profiles along all displayed branches
are provided in appendix A. The PD bifurcation first emerges at τ2 = 147 on the
low-power end of the branch. For τ2 = 149 the PD bifurcation is also on the
high power end of the branch. In fact, it is the bifurcation in which the HML2

branch gains stability. The PD bifurcation disappears for τ2 > 151. This can
be seen in the (τ2, g)-plane in fig. 4.16a. Here, the resonance is visible as the
Saddle-Node bifurcations Fm,1 and Fm,2 (main folds of FML and HML2 branches,
respectively) shift to smaller values of g around τ2 = 150. Fm,2 is more affected
because for the FML branch the resonance is only of second order. Interestingly,
also a transition between SNIPER and Hopf bifurcations can be seen around the
resonance where similar to fig. 4.11 the Hopf bifurcation emerges close to a cusp
point of Saddle-Node bifurcations.
Figure 4.17 shows the (τ2, g)-plane for a much wider range in τ2 than before.

Again, one can see the resonance of first order at τ2 = 100, of second order at τ2 =
50 and even third order at τ2 = 66 as bumps on the Fm branch. Generally, the
SNIPER bifurcation Fs moves towards larger values of g the smaller τ2 becomes
creating a broader range of stable LSs which is similar to changing the feedback
rate as seen in fig. 4.3. However, at the resonant values of τ2 = 50, 66, small
kinks can be found on the branch. Naturally, both, the bumps on the Fm branch
and kinks on the Fs branch, become smaller the higher the order is. Around
the first order feedback at τ2 = 100, DDE-BIFTOOL ran into numerical problems
while performing continuations of the destabilizing bifurcations. Therefore, this
region is further analyzed with DNSs in section 5.2.4. Panels b)-d) in fig. 4.17
reveal another feature of the system which emerges at the resonance. The system
prefers to be in a resonant state and therefore can adapt its properties (namely
the period, intensity and pulse width) accordingly. For τ2 slightly smaller than
τ1 = 100, the period decreases, while for τ2 slightly larger than τ1 = 100 the
period increases. At the same time, the pulse width (defined as the full width at
half maximum) becomes larger in both cases as the pulse wants to incorporate
the satellite. A wider pulse results in a smaller maximum intensity as seen in
fig. 4.17c. However, at perfect resonance at τ2 ≈ τ1, the maximum intensity
quickly increases while the pulse width decreases. The second and third order
resonances reveal the same properties but with a smaller magnitude.
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Figure 4.16: Bifurcation diagrams of eqs. (3.26) to (3.28). Panel a) shows
the (τ2, g)-plane around the area of resonant feedback. The branches shown
correspond to a period doubling bifurcation (PD), the main folds of the FML
and HML2 branches (Fm,1, Fm,2), respectively, the SNIPER bifurcation (Fs), and
two Hopf bifurcations (H1, H2). The dashed lines indicate the cross section at
which the bifurcation diagrams in panels b)-g) are plotted. In these panels the
bifurcation points mentioned above are marked. The red line stands for the FML
branch, while the green line corresponds to the HML2 branch. Thick lines denote
stable solutions while thin lines stand for unstable states. The used parameters
are (αg, αa, η, τ1, s) = (1.5, 0.5, 0.009, 100, 10), other parameters as before. The
solution profiles along each branch in b)-g) can be found as an animation in the
supplementary material in appendix A.
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Figure 4.17: a) Evolution of the main fold (blue) and the SNIPER bifurca-
tion (green) in the (τ2, g)-plane for the FML solution. The insets give zoomed
views on the areas where the satellite pulses interact with a main pulse. The
lower panels show how b) the period, c) the maximal intensity and d) the pulse
width evolve along the main fold Fm displayed in a). The pulse width is de-
fined as the full width at half maximum (FWHM). Panel b) shows that the
system adapts to the feedback as the period quickly changes around the reso-
nances. Also the intensity and the pulse width are adapted accordingly around
the resonance. The solution profile along the main fold can be found in an ani-
mation in the supplementary material in appendix A. The used parameters are
(αg, αa, η, τ1, s) = (0.8, 0.5, 0.006, 100, 10), other parameters as before.
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5. Transition between Coherent and Incoherent
Pulses

In section 4.7 it is shown that time delayed feedback can favor the existence and
stability of certain harmonic solutions when the feedback is resonant in the sense
that the satellite of a pulse corresponds to the next pulse (see fig. 4.14). Via this
mechanism a direct link between the pulses can be created which can be used to
lock their relative position. This effect is counteracted by external noise which
can influence the position of the pulses. A further property of a train of pulses
is defined by their phase relation. Two pulses are called coherent if they exhibit
the same frequency and have a constant phase difference. The coherence can
be quantified by the cross-correlation function of the two pulses [LK93]. For the
trains of pulses analyzed in this thesis, the phase of each pulse changes arbitrarily
when noise is present. Thus, an initially coherent train of pulse can become
incoherent after some time. This section focuses on the question whether the
coherence of a series of pulses can be maintained by using time delayed feedback
and if so, how it is influenced by the system parameters.
A theoretical framework is provided by the Kuramoto model [Kur75]. It de-

scribes a simple model of N mutually coupled oscillators having different natural
frequencies ωk. The dynamics of the phase of each oscillator φk is governed by

dφk
dt

= ωk + ε

N

N∑
j=1

sin(φj − φk), (5.1)

where ε is the coupling strength. Note that the coupling is proportional to N−1

in order to ensure that with a growing number of oscillators the force on each
oscillator remains constant for given ε [PRK01].
However, in the case of pulses coupled by time delayed feedback, the coupling

only exists between neighboring pulses. Anyways, a measure for the amount of
synchronization between the pulses needs to be found. Following the Kuramoto
model the order parameter b is introduced. For each round-trip it is defined as

b = 1
N

N−1∑
j=0

ei(φj+1−φj), (5.2)

where N is the number of pulses per round-trip and φj is the phase of the j-th
pulse. Note that φ0 is the phase of the last pulse in the previous round-trip. For
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the order parameter the phase difference φj+1 − φj is chosen instead of the pure
phase φj because one is only interested in whether the pulses are coherent. For
this, only the phase difference and not the value of φj plays a role. In fact, the
value of φj is strongly influenced by the feedback phase Ω, whereas Ω has no
influence on the phase difference.
The order parameter encodes two information. First, |b| is a measure for the

amount of synchronization of the pulses in the cavity. In particular, |b| = 1 means
that a train of pulses is coherent while for |b| = 0 the pulses are incoherent.
Second, when writing b = |b|eiϕ, ϕ stands for the median phase difference of all
pulses.

5.1. Derivation of Order Parameter Equation

In the following a simplified theoretical framework of coupled oscillators is pre-
sented in order to find an explicit expression for the order parameter as a function
of feedback and noise. Each oscillator has a certain phase φi and a location xi

that are coupled by forces A and B, respectively. Here, A and B are functions of
the coupling strength η. In a simple model the oscillators can be described as

dφi
dt

=A (η) cos (xi−1 − xi + Ω) sin (φi−1 − φi + ψ) + ξ (t) , (5.3)
dxi
dt

=B (η) cos (φi−1 − φi + ψ) sin (xi−1 − xi + Ω) + ξ (t) , (5.4)

where Ω and ψ are constant offsets and ξ(t) is additional noise. To simplify these
coupled equations one assumes that the location of each oscillator is constant and
thus eqs. (5.3) and (5.4) simplify to

dφi
dt

= A (η) sin (φi−1 − φi + ψ) + ξ (t) . (5.5)

Without noise the steady states of the system would simply be φj = jψ. In the
presence of noise it makes sense to express the phase as a deviation θj of these
steady states:

φj = jψ + θj. (5.6)

Plugging this in eq. (5.5) yields for the deviation
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dθi
dt

=A (η) sin (θi−1 − θi + (i− 1)ψ − iψ + ψ) + ξ (t)

=A (η) sin (θi−1 − θi) + ξ (t) . (5.7)

Next, the deviation can be described as a continuous function θ by expanding
eq. (5.7) for shallow modes

dθi
dt
'A (η) (θi−1 − θi) + ξ (t)

⇒ ∂θ

∂t
=A (η)

(
−∆x∂θ

∂x
+ ∆x2

2
∂2θ

∂x2 +O(∆x3)
)

+ ξ (t) , (5.8)

where ∆x = L
N

and L is the length of the cavity. For simplification, the parame-
ters are rescaled as v = A(η)∆x and D = A(η) (∆x)2

2 . Also the time is rescaled as
t̃ = Dt. When dropping the drift v∂xθ one obtains

∂t̃θ = ∂2
xθ + ξ (x, t)

D
. (5.9)

The noise is assumed to be δ-correlated, white and of variance σ, i.e., ξ(x, t) =
σξ̃(x, t), where

〈ξ̃ (x, t) , ξ̃ (x′, t′)〉 = δ (t− t′) δ (x− x′) . (5.10)

Next, the coupling force is linearly approximated A(η) = Ã · η. Plugging every-
thing in eq. (5.9) and dropping all tildes yields

∂tθ =∂2
xθ + σ

D
ξ (x, t)

=∂2
xθ + 2

A

σ

η

N2

L2︸ ︷︷ ︸
=..c

ξ (x, t) . (5.11)

Equation 5.11 is a linear diffusion equation with noise which can be solved in the
Fourier space. The Fourier transforms are denoted by a hat symbol. In Fourier
space, 5.11 reads
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dθ̂k
dt

= −k2θ̂k + cξ̂k. (5.12)

for each mode k. However, it is sufficient to consider only one mode as all equa-
tions are linear. In the end, the temporal average is of interest which is given
by:

X̄ = 〈X〉 = 1
T

∫ T

0
X(t)dt. (5.13)

It is useful to apply Parseval’s theorem together with the fact that 〈∂tθ̂〉 = 0

〈
∫
dx |θ (x)|2〉 = 〈

∫
dq
∣∣∣θ̂ (q)

∣∣∣2〉 =
∫
dq
c · 〈

∣∣∣ξ̂∣∣∣2〉
q2 . (5.14)

If the solution is dominated by the long-wavelength mode, the solution can be
found as a convolution integral for the temporal part. Setting the fundamental
wavenumber k0 = 2π

L
yields

θ (x, t) = f (t) sin (k0x) (5.15)

with

f (t) =
∫ t

−∞
cξk0 (t′) e−k2

0(t−t′)dt′

=
∫ t

−∞
cξk0(t− t′)e−k2

0t
′
dt′. (5.16)

This expression corresponds to a low pass filtering of the spatial component of
the white noise spectrum at the frequency k0. Next, the integral definition of the
Bessel function

Jn (σ) = 1
2π

∫ π

−π
ei(σ sin τ−nτ)dτ (5.17)

is used. From the approximate solution in eq. (5.15) and by using eq. (5.16), the
order parameter b can be expressed as a function of the first Bessel function as
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b (t) = 1
L

∫ L/2

−L/2
eiθ(x,t)dx

= 1
L

∫ L/2

−L/2
eif(t) sin(k0x)dx

= 1
2π

∫ π

−π
eif(t) sin zdz

= J0 [f (t)]

= 1 + J
′

0f (t) + J
′′
0
2 f 2 (t) + J

′′′
0
6 f 3 (t) +O(f 4)

= 1− f 2 (t)
4 +O

(
f 4
)
. (5.18)

From this explicit relation between b (t) and f (t), one can find the temporal
average of the order parameter as

b̄ = 1− 1
4〈f

2 (t)〉

= 1− 1
4〈
[∫ ∞

0
c · ξk0 (t− u) e−k2

0udu
] [∫ ∞

0
c · ξk0 (t− v) e−k2

0vdv
]
〉

= 1− 1
4〈
∫∫ ∞

0
c2 · ξk0 (t− u) ξk0 (t− v) e−k2

0(u+v)dudv〉

= 1− c2

4

∫∫ ∞
0
〈ξk0 (t− u) , ξk0 (t− v)〉e−k2

0(u+v)dudv

= 1− c2

4

∫ ∞
0

e−2k2
0udu

= 1− c2

8k2
0

= 1− 1
8π2A2

σ2N4

η2L2 . (5.19)

From eq. (5.18) one can see that when considering ¯|b|2 up to an order of O(f 4)
one only has to add a factor of two

¯|b|2 =1− 1
4π2A2

σ2N4

η2L2

=1− aσ
2N4

η2L2 , (5.20)

where a is a constant which needs to be determined.
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5.2. Numerical Results

The next step is to analyze whether eq. (5.20) derived in the previous section
applies for the full system defined by eqs. (3.26) to (3.28). In order to do so
DNSs of harmonic solutions are performed. Finally, one tries to verify the scaling
behavior of the order parameter. As the influence of noise on the system is
analyzed one can only perform a statistical analysis. Therefore, the simulations
need to be reasonably long in order produce significant results. Another difficulty
is that noise can lead to the destruction of the harmonic solution and the system
might become stuck at another attractor, usually a harmonic solution with fewer
pulses per round-trip. To tackle both problems in the following each data point
consists of 200 000 round-trips which are split in 10 runs of 20 000 round-trips
each. The system is initialized with a set of pulses which are in phase. As the
system needs to settle from the initial state to a stable attractor, out of the 20 000
round-trips in each run the first 2000 are discarded. From the rest of the time
traces the desired values are obtained and averaged. From the same data the
variance is computed.

5.2.1. Influence of Feedback and Noise on the Order Parameter

Figure 5.1 shows time traces of harmonic solutions with five pulses for different
values of the feedback strength η. Panels a), b) and c) show the evolution of
the relative phase of the pulses, panels d), e) and f) of the relative position and
panels g), h) and i) of the order parameter defined in eq. (5.2). Animations of
each time are provided in appendix A. For η = 0 the pulses are not coupled to
each other and thus, the relative phase evolves randomly with noise (see fig. 5.1a).
The relative position (see fig. 5.1d) is only coupled by the nature of the harmonic
solution. Thus, the pulses are confined to xj−xj−1 = 1

N
= 0.2 but the variance is

much larger compared to the case with external feedback (see figs. 5.1e,f). Also,
figs. 5.1b,c indicate that the relative phase of the pulses can be locked to zero
with the introduction of external feedback. As higher the feedback is, the lower
are the fluctuations in the relative phase are. Note that in general a relative
phase of zero does not mean that the phase of each pulse is zero. The absolute
phase is strongly influenced by the feedback phase Ω.
As all the relative phases for η = 0 evolve randomly, the order parameter

decreases over time (see fig. 5.1g). The fact, that it is close to one for some time,
is due to the coherent initial state. For nonzero η the order parameter is very
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close to one. A stronger feedback also decreases the fluctuations (fig. 5.1h,i).
However, the exact value of the order parameter not only depends on η but also
on the amplitude of the noise σ. This can be seen in figs. 5.3a,b where the order
parameter is plotted against η for different values of σ. For σ = 7× 10−3 a small
feedback of around η = 2× 10−3 is already sufficient to reach an order parameter
|b|2 ≈ 1 while for σ = 7× 10−2 the feedback rate needs to be much higher. At the
same time, smaller noise leads to much lower fluctuations on the relative location
of the pulses as can be seen in figs. 5.3c,d. The result of plotting the order
parameter against the noise amplitude for fixed η (see fig. 5.4) fits to the features
described before. When the noise amplitude is small, small feedback is sufficient
to provide synchronization. As stronger the feedback strength is, the larger the
noise amplitude needs to be in order to destroy coherent states. Regarding the
position of the pulses, one can see that increasing the noise amplitude leads to a
larger variance. The variance grows quicker when the feedback is smaller.
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Figure 5.1: Synchronization of a harmonic solution with five pulses for differ-
ent values of η. The different panels show (first row) the evolution of the relative
phase, (second row) the relative position and (third row) the order parameter. In-
creasing the coupling decreases the fluctuations for all three measures. In the sup-
plementary material in appendix A animations of the time evolution of the phases
for each value of η are displayed in form of arrows in the unit circle. The used
parameters are (αg, αa, τ1, τ2, s, g0, q0, σ) = (1.5, 0.5, 100, 20, 10, 0.027, 0.04, 0.007).
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Figure 5.2: Synchronization of a harmonic solution with five pulses for different
values of σ, η = 0.002 and other parameters as in fig. 5.1. The different panels
show (first row) the evolution of the relative phase, (second row) the relative
position and (third row) the order parameter. In the supplementary material in
appendix A animations of the time evolution of the phases for each value of σ are
displayed in form of arrows in the unit circle. Increasing the noise increases the
fluctuations for all three measures.
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Figure 5.3: Dependence of the order parameter on the feedback rate η for dif-
ferent values of the noise amplitude σ. Other parameters as in fig. 5.1.

Figure 5.4: Dependence of the order parameter on the noise amplitude σ for
different values of the feedback rate η. Other parameters as in fig. 5.1.
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5.2.2. Scaling Behavior of the Order Parameter

In section 5.2.1 it is shown that the presence of external feedback can increase
the coherence of a train of pulses while more noise leads to less order. Equation
5.20 derived in section 5.1 suggests that the order parameter scales linearly with
σ2 and η−2, respectively, in the vicinity of |b|2 = 1. First, this scaling behavior
needs to be verified for the full system and second, one can try to obtain the
proportionality constant a introduced in eq. (5.20) from the results.
Figure 5.5 shows the dependence of |b|2 on σ2 for different values of η. In both

cases, a linear relationship can be seen indicated by the orange line representing
a linear fit. The fit parameters can be found in table 5.1. Further, the intercept
with the ordinate is very close to one which is expected as in a system with no
noise and nonzero coupling the coherence between the pulses is expected to be
high. This is underlined by the fact that the variance of the order parameter
is very small for small noise values. With increasing noise also the variance of
the order parameter increases. The last few data points in fig. 5.5a exhibit very
large variances and also slightly deviate from the linear behavior. This can be
explained by the fact that eq. (5.20) is derived only for values in the vicinity of
|b|2 = 1.
The same analysis is conducted for the relationship between |b|2 and η−2 and is

displayed in fig. 5.6 for different values of σ. The data in figs. 5.6a,b matches the
linear fit very well as the noise amplitude in both cases is low. As a consequence
even for small couplings (η−2 & 3× 105) high synchronization can be achieved.
For large noise values as in fig. 5.6c the linear relationship still holds in the vicinity
of |b|2 = 1 and only starts to deviate from it at below around |b|2 ≈ 0.5. However,
the effect of strong noise can be seen in large variances (note the different scaling
of the ordinate compared to fig. 5.6a,b). Another effect of the noise is, that even
for large coupling, i.e., η−2 small, the pulses are not perfectly coherent which
results in the intercept with the ordinate not being one. The fit parameters of all
conducted runs are summarized in table 5.1. From the slope, one can also compute
the constant a via eq. (5.20). The results show, that the value of a differs between
the runs but all values lie in the same order of magnitude. This is particularly
significant when comparing the results from fitting σ2 and η−2, respectively. The
statistics might be improved by performing simulations for more round-trips or
to perform simulations with more pulses per round-trip. However, in order to
show the scaling behavior of the order parameter, these results are sufficient.
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Table 5.1: Fit parameters from figs. 5.5 and 5.6 and further runs which are not
displayed in this thesis. The fits have the form |b|2 = mx+y0 where x is either σ2

or η−2. Note that uncertainties of the order parameter are not considered. In the
last column the resulting value for a (see eq. (5.20)) is computed. The intervals
indicated by the brackets show in which range the considered values of η and σ
lie. The fact that the intercept is not one precisely is neglected when computing
the constant a.

η σ m y0 a

[5.0× 10−4, 6.0× 10−3] 2× 10−3 −1.19× 10−9 0.9998 7.46× 10−11

[3.8× 10−4, 6.0× 10−3] 3× 10−3 −1.70× 10−9 0.9993 4.73× 10−11

[5.7× 10−4, 6.0× 10−3] 3× 10−3 −1.43× 10−9 0.9996 3.98× 10−11

[6.0× 10−4, 6.0× 10−3] 4× 10−3 −3.04× 10−9 0.9994 4.75× 10−11

[1.1× 10−3, 6.0× 10−3] 7× 10−3 −9.07× 10−9 0.9987 4.63× 10−11

1× 10−3 [0, 2.1× 10−2] −201.73 1.0007 5.04× 10−11

2× 10−3 [0, 4.0× 10−2] −59.31 0.9992 5.93× 10−11

3× 10−3 [0, 4.5× 10−2] −36.17 0.9994 8.14× 10−11

3× 10−3 [0, 4.5× 10−2] −37.60 0.9992 8.46× 10−11

Figure 5.5: A linear dependence can be seen when |b|2 is plotted against σ2 as
suggested by eq. (5.20). The orange line is obtained from a linear fit. The fit
parameters can be found in table 5.1. Other parameters as in fig. 5.1.
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Figure 5.6: A linear dependence can be seen when |b|2 is plotted against η−2

as suggested by eq. (5.20). The orange line is obtained from a linear fit. The fit
parameters can be found in table 5.1. Other parameters as in fig. 5.1. Note the
different scaling of the ordinates, in particular, in panel c) where noise is much
stronger than in the other two panels.
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5.2.3. Limits of the Simplified Order Parameter Equation

In the previous section the scaling behavior of eq. (5.20) with respect to the
coupling strength η and the noise amplitude σ is confirmed. Next, η and σ are
kept constant while the number of pulses N and the length of the cavity which
corresponds to τ1 is varied. Here, N and τ1 need to be varied simultaneously
in order to keep τ2 = 20 constant. Hence, the length of the cavity is τ1 =
N · τ2. Figure 5.7 shows the order parameter and the distance between pulses
as a function of N . In this case the pulse distance is normalized by subtracting
1/N , which is the distance of pulses when they are equidistant, in order to see the
fluctuations around this theoretical value. The data indicates that despite of the
first few data points for N . 5 the order parameter is approximately constant
and no dependence on N can be seen. These results stand in contrast to eq. (5.20)
which claims that |b|2 ∝ 1 − N4

L2 . On the other hand, one can see the effects of
better statistics as for large N the variance of |b|2 becomes smaller. The same
applies for the pulse position. For larger N it settles around zero and also its
variance becomes negligible.
DNSs of the simplified model presented in eq. (5.5) confirm that the order

parameter is independent of the number of pulses in the cavity. The results are
shown in fig. 5.8 where simulations for up to 100 000 pulses per round-trip are
displayed. As expected, one can see that for largerN the variance of |b|2 decreases.
Figure 5.9 shows how the order parameter scales against the noise amplitude and
the feedback rate in the simplified model. The results fit to the simulations of
the full system in terms of the scaling behavior. The respective diagrams for the
full system are displayed in figs. 5.3 and 5.4. A further question is whether the
system exhibits a phase transition, i.e., a singularity in the bifurcation diagram.
According to the results in fig. 5.9 this is not the case as the curves are smooth
for all presented cases.
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Figure 5.7: Dependence of the order parameter and the distance between pulses
on the number of pulses in the cavity for the parameters τ2 = 20, τ1 = N · τ2, η =
0.001, σ = 0.01, other parameters as in fig. 5.1. For the first few data points the
order parameter decreases while for N & 5 the order parameter is approximately
constant. At the same time also the pulse distance settles around zero.

Figure 5.8: Result of DNSs of the simplified model in eq. (5.5) for different
values of the coupling A. The order parameter |b|2 defined in eq. (5.2) is plotted
against the number of pulses N in the cavity. For each data point a simulation of
2e6 steps with a step size of h = 0.01 via an Euler method has been conducted.
The value of the order parameter is averaged over the last 2e5 steps of these
simulations. The results show that the order parameter is independent of the
number of pulses, even for extremely large N .
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Figure 5.9: Results of DNSs of the simplified model in eq. (5.5) for different
values of the coupling A and the noise amplitude σ. The order parameter |b|2
defined in eq. (5.2) is plotted against (a,b,c,d) the amplitude of the added noise
and (e,f,g,h) the coupling rate. For each data point a simulation of 5e5 steps with
a step size of h = 0.01 via an Euler method has been conducted. The value of
the order parameter is averaged over the last 2e5 steps of these simulations. The
variance is not displayed as it is small. The results fit to DNSs of the full system
in fig. 5.4. Further, one can see that no phase transition occurs in the plotted
curves as they are smooth and do not exhibit a singularity.
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5.2.4. Range of Resonance

So far in this chapter, the feedback is perfectly resonant with the pulses in the
sense that τ2 = τ1/N . However, in fig. 4.17 it is shown that the system adapts
its period and pulsewidth to slight variations to resonant feedback by generating
wider pulses. In this section, DNSs are performed around the resonance in order
to analyze the area in which coherent pulses exist, i.e., the range where the system
is still able to adapt to non-resonant feedback. This is visualized in fig. 5.10
for a HML4 solution for two different values of η. The panels show the order
parameter on a logarithmic scale, the relative position, the averaged intensity
and the respective variances. Each panel has a resolution of 100× 100 values for
g and τ2, respectively. First, a preparation run without time delayed feedback
is conducted for g = 1.4. This creates a stable HML4 solution with no satellites
which will be used as an initial state in the following. Next, this initial state is
used and time delayed feedback is turned on at τ2 = 30. Then the simulations
are conducted column-wise, i.e., if a simulation ends on a stable HML4 solution
the endpoint of the simulation is used as the initial state for the next simulation.
Otherwise the system is initialized with the state obtained in the preparation
run. For each data point a DNSs is conducted for 4000 round-trips. Only the
last 2000 round-trips are used to obtain the data to make sure that the system
is settled.
In panels i) and ii) one can see the range in which synchronization between

pulses occurs. In this range the order parameter is close to one and its variance
is small. This only occurs in the vicinity of the resonance. When comparing the
results for η = 5e−3 and η = 10e−3 it can be observed that for stronger feedback
rates also the region in which pulses are coherent is larger.
Panel iii) shows which harmonic solution is favored in which parameter range,

i.e., in the dark blue areas no stable pulsed states exist, in the yellow/orange
area solutions with one pulse, in the cyan areas solutions with two pulses and in
the blue area solutions with four pulses are favored when starting the simulation
with four pulses. With the help of panels iv) and vi) one can understand where
these solutions are stable. In these regions the variance of the pulse distance
and the intensity fluctuations are small. For obvious reasons, the coherent region
visible in panel i) is stable but there are further stable regions above and below
the resonance. Here, the satellites are too far away from the pulses such that the
system cannot adapt to this. In the areas where fluctuations are present pulses



72

Figure 5.10: Results of DNSs in the (τ2, g)-plane for different values of η for
HML4 solution. The area around τ2 = τ1/4 = 25 is scanned in order to an-
alyze the influence of resonant feedback. The panels show i) the order pa-
rameter (see eq. (5.2), iii) the distance between two pulses and v) the mean
intensity of the pulses. Panels ii), iv) and vi) show the according variances.
The simulation is conducted column-wise starting at τ2 = 30. If the system
ended on a solution with four pulses the next simulation is continued from that
point. Otherwise, the system is initialized with four pulses. Parameters are
(αg, αa, τ1, s) = (1.5, 0.5, 100, 10).
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are replaced consecutively by its satellite as shown in fig. 4.4. Combining the
information from all panels gives a clear view on where stable harmonic solutions
with four pulses exist. In particular, one can see that there is a small range in τ2

just below the resonance where these solutions are stable. However, this region is
not connected to the resonant region. The gap occurs when the satellite is close
to the main pulse but not close enough for it to merge with the main pulse. This
region is also analyzed via path continuation for a HML2 solution in fig. 4.16. In
figs. 4.16c,d where τ2 is close but below the resonance for the HML2 solution one
only finds unstable branches. This corresponds to the gap found in fig. 5.10.
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6. Conclusion and Outlook

In order to analyze the influence of time delayed feedback on the behavior of
temporal LSs in the output of a PML laser, a DDE model with two delays is
used. The lasing threshold is analytically calculated for this model. The further
analysis consists of two steps. First, a bifurcation analysis of the DDE model
is performed and second, it is investigated how resonant feedback can influence
the coherence of a train of pulses. For the analysis, a combination of numerical
path continuation conducted with the package DDE-BIFTOOL and DNSs using a
Runge-Kutta-4 or Euler scheme are used.
In the time trace, time delayed feedback becomes visible in form of small satel-

lite pulses for each main pulse. The location of the satellite can be controlled by
the length of the delay τ2 and the size is determined by the feedback rate η. When
the satellite is placed sufficiently close to the main pulse, time delayed feedback
has a destabilizing influence on the system when increasing the gain. Above the
critical gain value where the instability occurs the satellites successively replace
the main pulses after a certain pulse lifetime. By analyzing the scaling behavior
of the lifetime it is shown that the instability occurs in a SNIPER bifurcation of
limit cycles. A similar satellite instability is described in [Sch+20] where the dy-
namics of passively mode-locked integrated external-cavity surface-emitting lasers
(MIXSELs) are analyzed using a first-principle dynamical model based upon de-
lay algebraic equations. Here, third order dispersion stemming from the lasing
micro-cavity induces a train of decaying satellites similar to the effects of time
delayed feedback discussed in this thesis. Remarkably, the behavior in the (αg, g)-
plane, in particular the instability in a SNIPER bifurcation, is the same for both
models.
When introducing noise to the system, it can be excited and the instability

can be triggered to occur earlier. In a statistical distribution it is shown that
the probability of longer lifetimes decays exponentially. Next, it is analyzed in
which regime the global instability exists. Besides the feedback strength the
linewidth enhancement factors of the gain and absorber regions – αg and αa,
respectively – play an important role. Increasing αa shifts the region of the
SNIPER bifurcation towards larger αg. Finally, harmonic solutions consisting of
multiple pulses per round-trip are considered. When applying resonant feedback,
i.e., the location of pulse coincide with a satellite, the range of stability of this
solution is increased. It is also shown, that around the resonance the pulses
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adapt their period, intensity and pulse width in order to include the satellite
in the pulse. Furthermore, branches of different solutions are connected around
the resonance by period doubling bifurcations. A further type of solution that
emerges in this regime consists of multiple pulses which are not equidistant. As a
result some satellites coincide with pulses while others are separated. It is found
that these solutions are unstable, however, the analysis of these solutions needs
further work, especially on how they emerge and in which arrangements they can
occur.
It is shown by DNSs that time delayed feedback in the resonant regime can

transfer phase information from one pulse to another. While noise destroys the
coherence in a train of pulses, increasing the feedback strength counters this
effect. To quantify the degree of coherence in a train of pulses, an order pa-
rameter is introduced. In a simple model of next-neighbor-coupled oscillators an
explicit formula for the order parameter in the vicinity of perfect coherence is de-
duced. According to this equation, the order parameter depends on the feedback
strength, the noise amplitude, the number of pulses in the cavity and the length
of the cavity. By performing DNSs the scaling behavior is verified with respect to
the feedback strength and the noise amplitude. However, the scaling behavior for
the number of pulses can not be verified. This leads to the assumption that the
simplified equation for the order parameter does not cover the dynamics of the
full system and needs further refinement. When trying to analyze the behavior of
the system with respect to the length of the cavity, the added noise often leads to
a destruction of the state, especially for very long cavities. Further, the analysis
of the scaling behavior is conducted for N = 5 pulses. The statistics can be much
improved by using more pulses, however, this would come at the cost of increased
computation times.
The experimental realization of the presented model is currently worked on. It

is analyzed whether the predictions of this thesis such as the satellite instability
and the synchronization of pulses hold for a real world system. Further, exper-
imental results that need theoretical explanations might come up in the mean
time.
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Appendix A Supplementary Material
In the following, a list of figures is presented for which supplementary animations
are provided for a better visualization. The animations are stored in a cloud
storage and can be accessed via the link http://uni-muenster.sciebo.de/s/
1EcD1uOMkGYlueL.

• Figure 4.3

• Figure 4.4

• Figure 4.16

• Figure 4.17

• Figure 5.1

• Figure 5.2

http://uni-muenster.sciebo.de/s/1EcD1uOMkGYlueL
http://uni-muenster.sciebo.de/s/1EcD1uOMkGYlueL
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