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Introduction

The Allen-Cahn equation is a popular model equation in nonlinear physics. It
describes possible phase transition dynamics in multistable systems close to phase
transitions of non-conserved order parameter fields. For example, the behavior of
the magnetization density m(z,t) in a ferromagnet can be described by a coarse-
grained free energy density that is identical to the free energy density of the Allen-
Cahn equation. Moreover, the time evolution of m can indeed be modeled by the
Allen-Cahn equation [1]. It is possible, that the system corresponds to an arrange-
ment of local equilibrium states. The interfaces between these states we call front.
They might rest or move. Throughout this thesis we examine the behavior of the
order parameter ¢(x,t) when changing an external field or the chemical potential
i within the Allen-Cahn equation. Changing p from zero allows fronts to move
and we are interested in the velocity of such fronts. Among others, we are also
interested in propagation into unstable states. Such fronts occur when systems
are suddenly quenched into the unstable state and small perturbations are able to
grow and develop certain patterns which spread out over the whole domain. This
can for example be found in Taylor-Couette Flow [2]. When the angular velocity
of the inner cylinder is low the Couette flow is stable. However, if the velocity is
suddenly increased, the Couette flow becomes linearly unstable (but the system is
still in this state as the velocity has been changed rapidly) and the Taylor-vortex
flow propagates inwards from the ends of the cylinder. Another front appears in
Rayleigh-Bénard systems when the heat flux is suddenly increased. The convec-
tive vortex fronts propagate into the unstable conductive state [3]. Moreover, front
propagation into unstable states is studied in crystal growth [4] and in the context
of chemical reactions [5]. This thesis deals with Allen-Cahn-type equations. There-
fore, we introduce the simple cubic Allen-Cahn equation in section[I] Even though
the cubic Allen-Cahn equation is often studied [I], we give a complete overview
of all possible fronts occurring in the system as well as introduce the analytical
and numerical analysis of these fronts. In the first section we also introduce the
linear marginal stability analysis and contrast it to the nonlinear marginal stability
analysis. This allows us to determine different front types and the corresponding
velocities. In the second section we consider a quintic Allen-Cahn equation such
equations already attracted interest as e.g. in [0l [7, 8, [9]. However, the equations
under examination in the referred literature allow analytical solutions because the
derivative of the local energy density can be brought into product form. Thus, one
is able to find the homogenous solutions of the system. The quintic Allen-Cahn
equation we study is analytically impossible to solve and we therefore analyze the

occurring front profiles numerically towards the criterions introduced in the first
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section. The third section concerns a non-variational cubic Allen-Cahn equation.
Non-variational means that the time evolution of the order parameter is not driven
by the minimization of the free energy functional. The non-variational term we
add here has also been studied for the Swift-Hohenberg equation [I0]. The equa-
tion we study in this section describes front propagation in a liquid crystal light
valve [I1I]. We present analytically the shift in velocity for the transition from a
variational front to a non-variational front at © = 0 and compare this to our nu-
merical results. Furthermore, we present the numerically determined bifurcation
diagrams for a variational as well as a non-variational system. Finally, we will give

a conclusion and an outlook.



1. Fronts in the cubic Allen-Cahn equation

1.1. The cubic Allen-Cahn equation

As this thesis deals with Allen-Cahn-type equations, we firstly introduce the simple
cubic Allen-Cahn equation similarly to [I] and [12]. The time evolution of the order
parameter field ¢(z,t) is driven by the thermodynamic force, which is a functional

derivative of the free energy F:

9 _ _oF

T
fz/HxE(gyf+fw>

The system always tries to reach thermodynamic equilibrium which means to

(1.1)

. (1.2)

minimize the free energy. Here, the first term in the integral of the free energy
is a distortion term, taking into account the gradient of the order parameter field
which corresponds to the interface energy [1]. The second term is the local energy
density f(¢), that here has a double well structure

F(8) = —58" + 39" — 6, (1.3

where p is the chemical potential. Figure shows —f(¢). As we are study-

ing Allen-Cahn like equations in this thesis, we will examine other local energy

densities in further sections. Inserting (1.3) and (1.2} into (1.1 yields the cubic
Allen-Cahn equation

8¢ 82¢ / a2¢ 3

—_ == - = — — . 1.4

5 — g2 W) =g te—d +u (1.4)
Here the prime denotes derivative with respect to ¢. The homogenous steady state

solutions need to satisfy

(@) =¢—¢"+u=0. (1.5)
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This equation can be solved by applying the cardanic formulas, which results for

_2_ _2_
—3\/§<,u<3\/§1n

¢ = —\/gcos (% arccos (%%L) + g) (1.6a)
— \/gcos (% arccos (%u)) (1.6b)
¢ = —\/gcos (% arccos (37\/3H> - g) . (1.6¢)

¢t and ¢~ are stable states, whereas ¢ is an unstable state. By introducing p we
not only present a physically relevant quantity, but also a more general parameter
than those found in most used parametrizations [13, O, [14] [15 [16]. Because the
roots in depend on p we can transform f(¢) into product form. Thus, every
factor of this form depends on p. Most of the equations considered in the literature
study the system’s behavior when varying a paramteter in only one factor of the
product form. Hence, we introduce a way to change parameters in all factors at
the same time. This is of course strongly nonlinear and does not simplify many
calculations but it might be easier to realize in experiments, as p is a physical (and
chemical) quantity.

As we are interested in the front propagation into unstable states and its velocity,
we transform into the comoving frame (£ = x —vt). Thus, fronts move to the
right, if v > 0 and to the left otherwise. The corresponding ordinary differential
equation is:

s o d(=f(9))

de2 dé dp

This equation is familiar from classical mechanics as it describes the motion of a

(1.7)

particle moving in a potential V' = — f(¢) with friction v, where £ denotes time

(see figure [L.1]).
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Figure 1.1: The energy density f(¢) can be described as a potential V' = — f(¢)
in the mechanical analogon. Here it is shown for p = 0.

Regarding the mechanical analogon where v acts as a friction, we find that for
=0 and v # 0 a particle starting at the top of either of the two hills at ¢™ or ¢,
will always (for any v > 0) end up at ¢°, the bottom of the valley. However, we
find that the front approaches one particular velocity [15]. For example if 4 = 0
we find that v = 2.0. This friction corresponds to the smallest friction for which
the particle moves directly into the state ¢° without overshooting. Thus, there
must be a dynamical selection mechanism such that only one particular velocity
occurs. In the next section we will explain this selection criterion which is called
linear marginal stability criterion.

Multiplying by 3—‘; and integrating over ¢ from —oo to oo yields

_U/_oo(d_§> d§_§/_md_§(d—£) dg_/_w(d_g)dg' (1.8)

The first term on the right-hand side is zero, due to the Neumann boundary

conditions. We require:

=o' for & — —o0 (1.9a)
=g for & — o0, (1.9b)

where ¢' denotes the initial state and ¢/ denotes the final state. Note, that
throughout this thesis we always consider a propagation to the right, when v > 0,

thus the initial state is the one, the front propagates into. This is sketched in

figure [1.2]
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¢f

¢i

Figure 1.2: When v > 0 the front moves to the right. Thus, the final state ¢/
invades the initial state ¢'.

However, we will also come across front solutions with v < 0, where the front
moves to the left. Then

=o' for & — o0 (1.10a)
¢=¢ for & — —o0. (1.10b)

Thus, we can simplify (1.8]) (considering the different limits of integration) to

f@ﬂ—f@ﬂ}
()

where the positive sign denotes motion to the right and the negative sign motion

v=+ (1.11)

to the left, respectively.

So, the velocity depends on the difference between energy densities or, in the
mechanical analogon on the difference in potential values. However, this is only
satisfied, if the differential equation is variational. For non-variational equa-

tions we discuss the velocity dependence in section [3]

1.2. Linear marginal stability analysis

In this section we will focus on the linear marginal stability analysis and therefore,
develop the criterion for linear marginal stability analogously to [17].

As discussed in the previous section, there is a dynamical selection problem for
propagation into unstable states. The selected velocity is called the linear marginal
velocity. In order to understand the concept of the linear marginal stability analysis
we firstly approach the idea in a more intuitive way followed by a mathematical
explanation.

To start with, we imagine crystal growth as illustrated in figure The crystal
consists of two different facets A and B. Facets A move slower than facets B

va < vg. However, as the crystal grows, facets A are dominating the structure of
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the crystal until finally facets B are vanish completely. Moreover, we can say that
the crystal will eventually grow with the slowest velocity v 4.

7’

[ ——————
g ~
.
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Figure 1.3: Crystal growth: The facets A move slower than facets B. Hence, the
long time behavior is dominated by the velocity of facets A. Finally,
facets B vanish completely.ﬂ
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Figure 1.4: Front profiles with two different parts in steepness and velocity. If
the steeper and slower part is to the right of the shallower and faster
part, the long time behavior is dominated by the slowest velocity
(left). This is not valid, if the order is changed (right). Hence, we
require sufficiently steep initial conditionsﬂ

This mechanism can also be found in front motion. The front profiles depicted in
figure are opposed to reality not continuous. However, in order to understand
the mechanism this presentation is more convenient. Besides, we argue similarly
for continuous front profiles. There are two different parts within the profile on
the left in figure [1.4] For the two parts ¢4 and ¢p within the front profile we use
the ansatz

¢; ~ e with i =A,B, (1.12)

where £ is called the wave vector EL Part A with wave vector k4 and velocity
v4 is less steep than part B with velocity vg and wave vector kg, as ka < kg.

Furthermore, vg < v4 and we find that part B dominates the long time behavior

'Figure is taken from [17]
2Figure is taken from [17]

3We name k € C wave vector although in the classical sense only the imaginary part Im(k) is
called the wave vector
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as the crossing point of the two parts moves up in space until part A eventually
vanishes. So again, we find that the whole front will approach the velocity of its
slowest part. However, as shown in figure[l.4]on the right, this strongly depends on
the order of the parts within the profile. Thus, if the steeper part is to the left of
the shallower part, the long time behavior is dominated by part A. So, sufficiently
steep initial conditions need to be satisfied. A more detailed description about
what ’sufficiently steep’ means is given in [14]. Here, we only refer to the result of
their studies, that the profile needs to fall off at least with the linear marginal wave
vector k;. So sufficiently steep implies that any initial profile with wave vector k

needs to satisfy k > k;.

Next, we will study the linear marginal stability analysis in a more mathemat-
ical way following [I7]. Firstly, we determine the stability of a front solution.
Thus, we obtain a necessary condition for stability which leads us to the marginal
stability point. Secondly, we are going to analyze the front’s approach to this
constant velocity.
The general type of partial differential equation that we examine is

99 P

il i (¢)- (1.13)
Considering propagation into the unstable state ¢°, we first linearise about
¢° by inserting ¢ = ¢° + ¢ and neglect order €2 and higher. Thus, we only focus
on the leading edge of the front and assume that the behavior of the whole front
is subject to the behavior of the leading edge. This is why the method is called

linear stability analysis. The linearization yields
Qgt :g(&, Q;oc:c) = &xx_f”(¢o)q~sv (114)

where g is a linear function in ¢ and ¢, and the subscripts z and ¢ denote deriva-
tives with respect to z and t, respectively. Note, that f can also depend on
derivatives of ¢ with respect to z: f = f(¢, s, dzz). However, the argument is
similar to the one given here and can e.g. be found in [I7]. For reasons of simpli-
fication we restrict our argument to local energy densities f = f(¢).

We now introduce the ansatz

p=e", (1.15)

and insert this into , which leads us to a differential equation for the behavior
of the exponent u, which includes all relevant information for the behavior of the
leading edge

Uy = —G(Up, Ugy) = —U2 + Uy + [ (0°) . (1.16)
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Due to the product rule, GG is a nonlinear function in general. To find the front’s
velocity and to understand how the velocity v depends on the wave vector (steep-
ness of the leading edge) k, we transform to the frame moving with velocity v with

¢ = x — vt. Hence, the derivatives change likewise

(x,t) — (f(x t),t) (1.17a)
0 8

e 51 — (1.17b)
0 0 0 0 0

a_‘ 5, o gt—v— (L17¢)

The |, indicate which variable is held constant for the derivative in order to un-
derstand the transformation. Thus, ([1.16) transforms to:

up = vug — G(ug, uge) (1.18)

where u; = %‘gu(f,t) and G (ug, uge) = G(uy, ug,) because g = 1. Moreover, we

claim that in the laboratory frame
u=—w(k)t+kz, (1.19)

where £ is the wave vector and w the frequency, both can be complex. Employing
x =&+ ot (1.19) transforms to

u = —w(k)t+ kvt + k¢, (1.20)

Throughout this thesis, we require £ to be independent of . Therefore, us = k

and uge = 0. Furthermore, inserting (1.20) into (L.18) yields

kv —w(k) = kv — G(k,0) (1.21)
= G(k,0) = w(k) = g(1,k?), (1.22)

as ¢g is a linear function. Because we require the steady state solutions in the
comoving frame to move with constant velocity, we claim that Re (u;) = 0 in
(1.18). Thus, in the comoving frame the envelope rests but oscillations may occur.

The requirement applied to (1.18)) using (|1.22)) yields

Re(vk — G(k,0)) =0 (1.23)
ok = (1.24)



1. Fronts in the cubic Allen-Cahn equation

where the superscript r denotes the real part. This is the envelope velocity of the
front. In order to find the velocity, the front profile eventually approaches, we need
to study the front stability. Analyzing the stability of steady state solutions in the
comoving frame, we consider a small perturbation € of u. By linearizing we
obtain

U + € = VUg — G(U& Ugg) + Ve€g — CTYu§ (Ug, Ufg)ég — Gu55 (U& Ugg)ﬁ& (125&)
& € = Veg — G’u5 (U{, U&)Eg — C:u55 (Ug, ’LL&)E& . (125b)

Here G, and G, are the derivatives of G’ with respect to ug and uge, respectively.
We neglected higher order in e. Note that (with (1.22))

G (ug, uge) = o' (k) (1.26)

where the prime denotes derivative with respect to k.

The stability criterion requires bounded perturbations to decay. Besides, we con-
sider G to only depend on ug, because of (1.22). Thus, for € ~ e and || small
(because we study small perturbations), becomes:

¢ =—(v—uw (k) ae. (1.27)

In order not to increase over time, perturbations need to fulfill:

Re (2) <0 (1.28a)

€

S Re(—(v—uw (k)a)<0. (1.28Db)

We focus on small perturbations with Re(a) > 0 (in order for perturbations to

decay in space), thus we require:

Im (w'(k)) =0 (1.29)
Re(w'(k)) <w. (1.30)

Note that must be satisfied as is valid for any small o € C. Interpret-
ing Re(w'(k)) as the group velocity of small perturbations, the stability condition
says that the envelope velocity needs to be greater than the group velocity of small
perturbations. Otherwise, perturbations would run ahead and the front solution
would get unstable. This argument also explains the equality in , as the
perturbations can not run ahead if the envelope velocity just equals the perturba-
tion’s group velocity.

We can express the imaginary part of the wave vector k' via k" using condition

10
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and accordingly determine v = v (k).

Since we examine propagation into unstable states, w” needs to be finite and posi-
tive for k" — 0, otherwise small perturbations would not grow out of the unstable
state. Thus, v in diverges for k" — 0 as w” behaves nicely in this limit, and
we assume v to have a minimum. In order to determine the extrema we calculate
the derivative of v (k")

dv d [w'(k)
dkr — dkm \ k7

1 ()

"\ dk kT
_ ki (Re (dzgf)> - v(k)) L. (1.31)

Comparing the expression in brackets with the stability criterion ((1.30) we find

that v (k") has an extremum at the point where stability just changes. Thus, the
front is marginal stable and hence, this point is called the linear marginal stability

point which satisfies

u(k) = Re <dﬁg€) ) “;(TM (1.32a)

o (5)

with v; being the linear marginal velocity. If the front moves with this linear

0, (1.32D)

marginal velocity no perturbations are able to outrun the front profile as their

group velocity is just equal to the envelope velocity of the profile.

v(k™)

VA

UB

Ky kD, 2

Figure 1.5: The velocity v depending on wave vector k". As the asymptotic be-
havior is dominated by the smallest wave vector we neglect solutions
on the dashed line, but focus on the solid line. Thus, fronts with
slower velocity are steeper than those with higher velocity.

11



1. Fronts in the cubic Allen-Cahn equation

As (1.18) is a quadratic equation in k (using (1.22))) we obtain two branches for
v (k") as depicted in figure[L.5] Because only profiles with smaller wave vector will

dominate the asymptotic behavior x — oo, it suffices to focus on the solid branch.

Not to cause any confusion, we remark, that front profiles moving with veloc-
ity v > v; corresponding to solutions on the black solid branch in figure [1.5] are
stable in the sense that perturbations do not change the fact, that the front prop-
agates from a stable state into an unstable state. However, these fronts change
their shape (the k-vector changes) and their velocity, until they approach in the

long-time behavior the linear marginal velocity.

So far, we found the linear marginal stability point but we also need to show, that
a profile with sufficiently steep initial conditions approaches this linear marginal
velocity. Therefore, we go back to the laboratory frame and examine if u, ap-
proaches k;, the wave vector at the marginal stability point. For simplification we
introduce

q = Uyg, (1.33)

and transform the variables x and ¢ to variables u" and t because the envelope
profile moves with u” (remember that u} = 0 in the comoving frame). Transforming

onto these variables implies transforming the derivatives likewise, which yields

(x,t) = (u"(z,1),1) (1.34a)
0 0 0

- r = q" 1.34
8xt—>ux(9u'ft q@u”t (1.34b)
0 0 0 0 . 0

am% a‘u+utwt— Q‘U_G (q,qw)wt, (134C>

where we used ([1.16]) on the right-hand side in (|1.34c). Moreover, we find that

1 Pu(x,t) 0 Ou(x,t) 1 09q| 1 (0q
q-  Oxot our Ot q- ot

— Grqu) , (1.35)

where the subscript © denotes derivative with respect to «”. In order to analyze
the time evolution of ¢ we differentiate ([1.16]) with respect to v" and transform

12
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the resulting equation onto our new variables using ((1.35)

0 0
aurut = —wG(%Qz)
1 (¢ ., : r r
? E — G qu — _quu - GQuQUu = qr = ? - Gq 9 4qu—4¢g unQUU7
(1.36)
where we employed

0G dq, OG
Jq. Dur — Bg, 0 (1.37)

We now need to show, that the marginal stability point is an attractive fixed point
for (1.36) as ¢; = 0 implies that the front’s shape is constant and following our
previous arguments so is the front’s velocity. Note, that the term in brackets in
(1.36]) vanishes at the marginal stability point because ¢ = k;, G"(k;,0) = w" (k)
and G,(k;,0) = w'(k;). Therefore, we study the two terms on the right-hand side in
separately and show that they correspond to a stable fixed point at k = ;.

Considering

@ =(G"—q"Gyg) qu, (1.38)
we study the stability of the solution ¢ = k; by expanding ¢ around this point
Q" 2) = by + plu”, 1) (1.39)

and inserting this expansion into the differential equation ([1.38]) where we only
take into account terms up to second order in p. Moreover, we assume G to only
depend on ¢, as ¢, = 0 for (1.19). Thus, we obtain

pr=— (G (k) + Gi(k)p — kiGy(kr) — kiGyq(ki)p — pGq(kr)) pu + O(p°)
= — (Gyq(k1)Fr) ppu + 0(103) . (1.40)

Moreover, we know about the term in brackets with ((1.22)) and (|1.32])

d?v
2
Tl

k=Fk;

Goo(ki) Ky (1.41)

which is positive as k; is a minimum of v(k). Thus, if we have sufficiently steep ini-
tial conditions with ¢ > k; for large ", then p, is positive and hence p decays over
time. This means, that ¢ approaches k; over time which implies that v approaches
v;. On the other hand, if initial conditions are such that ¢ < k;, ¢ approaches a
smaller value k& < k;. This is explained in more detail in [17], we restrain from

further explanation as we assume sufficiently steep initial conditions throughout

13



1. Fronts in the cubic Allen-Cahn equation

this thesis.

Eventually, we need to ensure, that

gt = _quQu(Q7 QU>QUu (1'42)

has a stable fixed point. Thus we need to show that small perturbation in g decay
in time. This analysis depends on each specific equation and we will consider this

in the following sections.

Alternatively, the linear marginal stability criterion can be determined via the
so called saddle-point method or method of steepest descent which is e.g. ex-
plained in [I2] and [9]. Here, the saddle point method determines the maximum
contribution of an integral. The integral in this case is an integral over all Fourier-
modes. Considering the saddle-point method, then leads to the marginal stability
point.

Additionally, in [I8] they derive the marginal stability point by introducing a test
function and integrating the differential equation. Thus the front’s velocity can be
determined by solving a variational problem. However, the linear marginal veloc-

ity turns out to be a necessary condition for the integrals to exist.

1.3. Basic continuation principle

Before we analyze the linear marginal stability of the Allen-Cahn equation, we
would like to introduce the basic principle of continuation. Throughout this thesis
we work with the continuation program auto-07p in order to find solution branches
for different parameter sets. In the following, we shortly outline the basic idea of
continuation but will neglect to explain all the features of auto-07p.
Imagine the equation

G(y,\) =0, (1.43)

where y denotes a n-dimensional solution vector, A\ is a parameter and G is a
nonlinear operator. In order to find the solution branch in dependence of A, we

implement the so called predictor-corrector method. The basic idea of this method
is illustrated in figure [1.6]

14



1.3. Basic continuation principle

(Z//\H_la >\i+1>

i i

Ai )\i+1 A

Figure 1.6: Illustration of the predcitor-corrector idea: The dotted arrow follows
the tangent direction up to A;;;. Employting Newton’s method yields
the correct solution on the y(\)- curve. For simplification we only
show the one-dimensional case y =y

Starting with a point on the solution branch (y?, \;), we take the tangent of y(\)
in this point as a predictor and then employ Newton’s method to obtain the next
point on the branch, namely (y*™!, A\;;1). Thus. we first need to find the tangent
vector. Therefore, we differentiate with respect to A at the i-th solution
point and obtain:

G, WY

v LGy, =0 (1.44)

(yiv)‘i)
where Gy, is the Jacobian and G is the derivative of G with respect to A. Hence,

solving (|1.44]) yields the tangent vector (21—3; to the i-th solution point. Now, we get

the predictor point ("7, X1) at Xit! = N 4+ A\ with:

. | d
yl=yi+ AA% . (1.45)
(yiv)‘i)

Next, we need to implement Newton’s method to find the next solution y*** up

to a chosen correctness. Note, that this simple continuation fails at saddle-node
bifurcations, as there Gy becomes zero. Hence, the arclength s is been introduced
as a new parameter and we treat A(s) as the n + 1-th element of the solution
vector. Thus, we need an additional equation in order to solve the problem for the

new parameter s. We obtain this additional condition when requiring the local

15



1. Fronts in the cubic Allen-Cahn equation

approximation of the arclength
Ay + (AN)? = (As)?. (1.46)

For further information regarding continuation we refer to [19, 20].

1.4. Linear marginal stability analysis of the cubic

Allen-Cahn equation

Returning to the cubic Allen-Cahn equation i.e.

9 _ 0%

we apply the linear marginal stability analysis. We are interested in the propaga-
tion into the unstable state ¢° and only focus on the leading edge of such a front.
Therefore, we insert the ansatz ¢ = ¢° + ee "™ into (1.47) and only expand to

linear order in €:

w= K+ (), (1.43)
where ) )

1(9) = —56" + 16— o> (1.49)

Employing (1.32]) yields the linear marginal stability point

dw(k . )
o LA COR BV S R (1.50a)
dk
— (kT 2 1 ( 40

o £ —(K) kjff Yy ) (1.50b)

v = £2v/— f(¢0) = £24/1 = 3(¢°)*. (1.50¢c)

Inserting (|1.6al) into ((1.51]), we obtain

u(p) = 4241 -4 <c0s (% arccos (%%L) + g)) . (1.51)

To ensure, that this is indeed an attractive fixed point of ([1.36)), we need to show,
that (1.42)) is decaying in time. We first remember that with ((1.34b)):

G, (Qaqu)’q:kl = kiGy, <Qan)|q:kl : (1.52)

16
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Moreover, linearising (1.47) and inserting the ansatz ¢ ~ ¢™* we obtain:

G(q.q) = 1"(¢8") — @ + ¢ (1.53)

Thus, with (1.52)) and (1.53)), (1.42) results in:

So, perturbations decay and the linear marginal stability point of the cubic Allen-

Cahn equation is indeed an attractive fixed point.

One major difference comparing the Allen-Cahn equation ([1.47) with the ones
employed in the literature [17, 14, @, 8, [7] is, that we study propagation into an
unstable state which depends nonlinearly on the parameter p whereas in the liter-
ature the unstable state is assumed to be constant and usually ¢° = 0. So, in the
following we discuss the behavior of front solutions depending on the parameter
(. But let us first return to the mechanical analogon: By varying p the potential,
in which the particle is moving, is tilted. So, not only the positions of the extrema
shift, but also their ’height’. This is why the corresponding friction v needs to be
adapted when g is changed. Otherwise the particle would not end up exactly in
either a maximum or a minimum.

With the continuation program auto-07p we continue in p and v.

Remember that we start for the Allen-Cahn equation in auto-07p by continuing
in the domain-size L.

Therefore, we sinusoidally perturb the unstable state ¢° = 0 with wavenumber
ke at p = 0 for domain size L = - and increase the domain size up to L = 60
at fixed u, such that a front between the two stable states develops. During this
continuation, v adapts however, stays at v = 0 as the front does not move. Starting
from the resting front between the two stable states we now continue in p and let
v adapt. As we can not approach infinite domain size we need L to be sufficiently
large, but auto-07p stops continuation in u at L > 60 for reasons we do not yet
understand in detail. We employ Neumann boundary conditions and an integral
condition that ensures, the dividing interface to stay at & = 0.5 in the comoving
frame. Hence, we obtain the bifurcation diagram shown in figure [1.7)(a).

Even though the Allen-Cahn equation has certain symmetries as ¢ — —¢ when
p — pand v — —v, we do not restrict the bifurcation diagram to |u| and |v|.
Thus, the behavior especially for more complex systems will become clearer.

The red dashed lines in figure [1.7|(a) are the solution branches for fronts between
the two maxima ¢ and ¢~, as depicted in panel (e). We show in panel (b) the
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1. Fronts in the cubic Allen-Cahn equation

potential for the critical value p. = %g where the two states ¢° and ¢~ merge. In
the bifurcation diagram (a) we find this point where the red dashed line merges
with the blue solid line. Here, the front between the two maxima now develops
into a front between the higher maximum (in the mechanical analogon) and the
minimum. The example depicted in figure [1.7(¢) shows such a front between ¢
and ¢°. Finally, we expect another front to appear which should also propagate into
the unstable state ¢° but starts in the lower maximum. This front is represented
by the green dotted line and is shown in figure [L.7(d). Furthermore, at p = p.
this front is a flat solution and thus its velocity is v = 0.

The potential is tilted in opposite directions for p being positive or negative,
respectively. Thus when crossing 4 = 0 the blue solid front becomes a green

dotted front and vice versa.
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1.4. Linear marginal stability analysis of the cubic Allen-Cahn equation

¢~ /¢

Figure 1.7: In (a) we find the bifurcation diagram for the cubic Allen-Cahn equa-
tion . The red dashed line in the bifurcation diagram represents
front solutions between the maxima of the potential in the mechan-
ical analogon. Such a front is depicted in (e). In (b) we see the
mechanical potential for u = u., where the lower maximum and min-
imum of the potential merge. In the bifurcation diagram this point
is reached, where the red dashed line and the solid blue line merge.
Now the front between the two maxima (red) develops into a front
between the higher maximum and the minimum (blue), which is de-
picted in (c¢). Moreover, there exists another front which connects
the minimum and the lower maximum. This solution belongs to the
green dotted branch in the bifurcation diagram and an example pro-
file is shown in (d).

When crossing it = 0 the front between ¢° and ¢~ becomes the front
connecting ¢ and ¢” and vice versa. The arrows denote the direction
of motion in the laboratory frame.
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1. Fronts in the cubic Allen-Cahn equation

What is already striking, is that we have two different front velocities for the
propagation into the same unstable state (blue and green). However, we deter-
mined only one linear marginal velocity, which only depends on the unstable state.
This seems to contradict with our numerical results. Therefore, we firstly examine
which of the two possible branches corresponds to the linear marginal velocity. In
figure the analytically determined linear marginal velocity is depicted
as the black dashed line. The analytical result fits to the numerically (gregy solid)
determined branch, which is equal to the green dotted line in figure|1.7|(a). Hence,
there must be another front velocity for a front propagating into the unstable state
which is illustrated by the blue solid curve in figure [1.7)(a).

The other front velocity is called nonlinear marginal velocity which is driven by
the nonlinearities of . Therefore, the next section deals with the theory of

the nonlinear marginal stability analysis.

5 ]
1.5¢ i
> 1f . i
numerical result
- —— analytical result
0.5+ i
0 | \ ‘ ‘ ‘ ‘

0 005 01 015 02 025 03 035 04
1

Figure 1.8: The numerical results depicted as grey solid line are in agreement
with the analytical linear results illustrated by the black dashed line.

1.5. Nonlinear marginal stability analysis

To understand where the blue solid line in figure [1.7(a) comes from, we first have
to understand the idea of nonlinear marginal stability analysis.

If we focus on the asymptotic behavior in the leading edge in the comoving frame
and expand ¢ into

(b ~ C (v)e*klf + 612(’0)67]€2£ + ... with k) < ky < ... , (155)
we find that it is dominated for & — oo by the smallest wave vector k", say k7.

Thus, C(v) needs to be nonzero. We briefly discussed this in section and
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1.5. Nonlinear marginal stability analysis

therefore argued to only focus on the solid branch in figure [1.5

However, if C; = 0 for a special v = v,,;, the asymptotic behavior is dominated by
the next smallest wave vector k5 > k.

In section [I.2) we found that the linear marginal front velocity is described by the
minimum in figure [1.5l Thus, in order to satisfy stability v,; needs to be greater
than v;. Furthermore, the minimum of v(k") belongs to the greatest wave vector
on the solid branch. As the wave vector corresponding to the nonlinear front is
greater than the one for the linear marginal front profile, we now have a solution
on the dashed branch as depicted in figure by the black dot.

v(k")

wo K

Figure 1.9: The nonlinear marginal velocity is depicted by the black dot on the
black dashed line, as it belongs to the wave vector k;, > kj. All
solutions with smaller velocity are unstable, illustrated by the red
dotted line. Note that all other stable solutions correspond to the
black solid line, as the asymptotic behavior of the leading edge is
dominated by the smallest occurring wave vector.

Because, the occurring front is faster and steeper than the linear marginal front,
this nonlinear marginal front will invade the profile as depicted in figure [I.10]

Again, any front moving with a slower velocity than v,; will be unstable as illus-
trated in figure[1.9| by the red dotted line. Accordingly the black dot in figure[1.9|is
the point where the front changes its stability and is called the nonlinear marginal
stability point. Moreover, following our arguments all other relevant stable solu-
tions belong to the solid black branch in figure as the asymptotic behavior is

always dominated by the smallest occuring wave vector.
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1. Fronts in the cubic Allen-Cahn equation

ENVELOPE

Figure 1.10: The black solid line illustrates the invasion mode with steeper wave

vector k], and faster velocity v, than the linear marginal front
profile illustrated by the black dashed linﬂ

So, we examined what happens if C (v,,;) = 0 which leads us to the question how to
figure out when this special case occurs. As the name already suggests we need to
focus on the whole nonlinear equation. Hence, we can not offer a general solution
for any nonlinear equation but we have to focus on the particular equations and
have to find solutions of those. However, it is possible to show, that uniformly
translating fronts ¢(z — vt) with v = v, are marginal stable as presented in the
appendix of [7]. We recover shortly their results, as there are small mistakes in

the original. Consider the general differential equation:

For a stationary solution ¢* in the comoving frame (§ = x — vt) we have:

dd)s S S
—v dé =g(¢ ;¢5§)- (1.57)
Consider now perturbation in ¢°
¢ = 6"+ p(&)e™, (1.58)

and insert this into (1.56)). Linearizing g around ¢°® we obtain

de
QSO - 'Ud—5 = 9¢(¢7 (b&ﬁ) 2 + g(;,& ((ﬁ, ng&) = Lgp , (159)
¢:¢S ¢:¢s

where gy, denotes the derivative of g with respect to ¢¢¢, analogously for g,. L is

a linear operator in ¢°. Furthermore, for large £, say the leading edge we expand

1Figure is taken from [17]
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1.5. Nonlinear marginal stability analysis

¢° and ¢ into series:
¢ =) Cpe ¢ | 0<K]<K], (1.60a)

J
p=> Bt | 0<k <k, (1.60b)
J

We require ¢ to fall off faster than ¢° as the perturbations need to be sufficiently
localized, thus K] < kj. In the appendix of [17] a counting argument is presented,
which shows the existence of front solutions for any v > v; for the linear analysis.
Together with the fact, that is linear in ¢ as for the analysis of the linear
velocity, it follows that there exists one Q*(v) with v > v; such that B; = 0 (as
any solution is possible).

Besides, when deriving with respect to £ we obtain

J (CW) ~0 (1.61)

d¢
ith  Ji— oL (1.62)
wi = Ud§ : :
Comparing (|1.61)) with (1.59) we find, that for Q =0
do®
= 1.
- (163)

Accordingly, when the eigenfunction with B; = 0 coincides with the translational
mode 2 = 0 we have C'y = 0 which is exactly what happens when v = v,,;. How-
ever, this implies that stability changes at v = v,;; because we have 2 = 0. Thus,
if v = v, the corresponding front profile is marginal stable.

Nevertheless, we can only show for each particular differential equation that a pro-
file with velocity greater than v,; will eventually approach the nonlinear velocity.
Finishing the theoretical arguments concerning linear and nonlinear marginal sta-
bility analysis we would like to note that the linear marginal stable front and
the nonlinear marginal stable front are often also referred to as pulled and pushed
front, respectively. Pulled fronts are dominated by the behavior of the leading edge
and therefore are pulled along by the tip of the front. Contrarily, pushed fronts
follow from the interior nonlinearities of the front and thus, are pushed ahead by
the nonlinear part or the previously mentioned invasion mode.

In [9] the nonlinear fronts are described as ’'strongly heteroclinic’ connections in

the phase space, as they leave the unstable state in the phase space along the
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1. Fronts in the cubic Allen-Cahn equation

strongly stable eigendirection.

Moreover, in [§] the difference between a linear and a nonlinear front is defined by
introducing and studying different type of stabilities and examining the occurring
stable solutions in parameter space. Besides, they also regard the phase space in

order to understand the defined stabilities and instabilities.

1.6. Nonlinear marginal stability analysis of the Allen-Cahn

equation

In this section we study the whole nonlinear Allen-Cahn equation in the comoving
frame

dp d%¢
Ta T age
to find the solution of fronts corresponding to the blue solid line in figure We
follow here the ideas given in [12], [7] and [13].
The fronts run between the states ¢, ¢~ and ¢". We write ¢* to denote one of
the two stable states. Because the front is monotonic we define

h(¢) = j—? . (1.66)

In order to satisfy the Neumann boundary conditions we request
h (gbo) =h(¢®)=0. (1.67)

Deriving (|1.66)) with respect to £ yields

do dh dh  d%p
—— =h(¢)— = — (1.68)
d¢ do do  d¢
Thus, inserting (1.66)) and (1.68]) into (1.65)) we get:
dh 3
— vh(¢) = h(o) G + 06— + . (1.69)
Furthermore, we form the power series ansatz up to second order
W) = ag + a1¢ + aze® . (1.70)
With the requirement ((1.67)) we obtain
ag + a1¢5 -+ CL2<¢8)2 =0 (171&)
Qo + (1,1¢0 + a2(¢0)2 = 0 (171b)
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1.6. Nonlinear marginal stability analysis of the Allen-Cahn equation

Applying the Gauss-method, further leads to

ai(¢® — ¢°) = —as (¢° — ¢°) (¢* + ¢°)

= a;:=ax  with c=—(¢°+¢") (1.72a)
ag = —a19° — a3(¢°)* = az (¢° + ¢°) ¢° — as(¢°)?
= ap = a°P° = asb with b= ¢%* (1.72b)
= h(¢) =as (0°0° — (¢° +6°) ¢+ ¢°) = as (b +cop + ¢?) . (1.72¢)

Inserting ((1.72¢|) into ([1.69) and comparing the coefficients of each order in ¢ leads
to

—vay (b+ g+ ¢°) = a3 (b+ch+ ¢%) (c+2¢) + ¢ — ¢ + p (1.73a)
P : — vagh = ajbc + p (1.73b)
Pt —vage = 2a3b + asct + 1 (1.73¢c)
? —vay = 3aic = v = 3ay(¢° + ¢°) (1.73d)
1
¢ 0=2a5—1= ay=+—. (1.73e)

V2

This is an overdetermined system of equations. However, we can show graphically

that ( and are satlsﬁed when inserting (|1.73d H Note, that if we
con31dered hlgher order in ¢ in ) the coefficient comparison would always

return a polynomial up to second order. Thus, we obtain an exact solution to the

cubic Allen-Cahn equation with

v(p) = —= (¢° +¢%)

1 3v/3 1 3v3 T
COS g arccos Tu — COS g arccos TM + g y

(1.74)

S gl

as the velocity for a front propagating from ¢+ into ¢V.

In figure[1.11]the analytical nonlinear velocity is depicted (black dashed line)
in comparison with the numerical results (grey solid line) obtained with auto-07p.
When p is negative, the mechanical potential is tilted such that the nonlinear front
connects ¢ and ¢~. By changing ¢ to ¢~ in (1.74) we get the corresponding
front velocities. We find, that the analytical nonlinear result fits perfectly to the
numerical result in the interval 0.2078 < | ,u|< ~ 0. 384@ However, the results

5See appendix
6See calculation of crossing point in the appendix
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1. Fronts in the cubic Allen-Cahn equation

differ for |p| < 0.2078.

4 | | |

numerical results

3 F analytical results — — — |

R — —_—
P — p—
—_— - — —
e — —_—
—_— —_—
= — =

p— e
_— _——— .
— — —_—
—_— _—
—_ — L—

Figure 1.11: The numerical results depicted as grey solid line are in agreement
with the analytical results illustrated by the black dashed line. How-
ever, only for 0.2078 < |u|< ;2.

In order to understand the behavior around p = 0.2078 we need to examine the
wave vector in the asymptotic behavior, following the idea of section [1.5l There-
fore, we determine the front solution by integratingﬂ (1.66)):

1

2v/2

The asymptotic behavior £ — oo of the tanh(k¢) is dominated by the mode e=2%¢.

6(6) = 510° — fltant

0= Sle) 454 e). wT)

"See appendix
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1.6. Nonlinear marginal stability analysis of the Allen-Cahn equation

Thus, the asymptotic wave vector k, for ;1 > 0 is:

r

() = %wﬁo e

1 3v/3 N 1 3v3 LT
COS — arccos —_— COS — arccos —_— —
3 2 M 3 R

(1.76)

2

3

Figure (left) shows the linear marginal wave vector k] and the nonlinear
marginal wave vector k], depending on . The right panel gives the corresponding
velocities v; and v,;. For p < 0.2078 we find k], < k] and v,; > v;. Thus, these
solutions correspond to the solid branch in figure [I.5 and therefore, the linear
marginal velocity is selected. However, as p > 0.2078 we have k;;, > k; and
v > v which is exactly the case discussed in the previous section and illustrated
in figure by the dot on the dashed branch.

Note, that here we have two different front types, which is why the linear marginal
velocity still exists for p > 0.2078.

0.8 L I I

0.4 L | | | | |
0.1 015 0.2 025 03 0.35

0 005 01 015 02 025 03 035 0 005
1 1

Figure 1.12: Left: Wave vector k] and k], of the linear and nonlinear marginal
analysis, respectively.
Right: The linear marginal velocity v; and the nonlinear marginal
velocity v,y.
For ;o < 0.2078, k7, is smaller but v,,; is greater than the charac-
teristics for the linear analysis. Hence, for u < 0.2078, the linear
marginal velocity is selected for both fronts, but for u > 0.2078 the
nonlinear marginal velocity occurs for the front between the states
¢° and ¢T.

Similarly to the previous analysis we can determine the velocity of a front between
¢t and ¢~. Remembering the mechanical analogon, we find that only one front

velocity is possible, as the particle can only move from one hill to the other with
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1. Fronts in the cubic Allen-Cahn equation

one particular friction. Hence the velocity is analogously to (|1.74))

3

— 2 (A +
=6 (cos (% arccos (#u) — g) — cos (% arccos (3—\2/§,u> + g)) :
(1.77)
and the corresponding solution is
1, 1 L,
61 = 310~ —o'ltanh (—Ljom —otle) + 36 460,

Now, we can compare the analytical results with those obtained with auto-07p.
To compare the results, we examine the derivatives of the front profiles as possible
differences appear clearer.

In figure [1.13(a), (b) and (d) we compare the numerical results for the fronts’
derivatives (red solid line) with the determined analytical results (black dashed
line) and find that they are in agreement. However, in panel (b) at 4 = 0.0 for the
front propagating into the unstable state, we compare the derivative gained with
auto-07p with the analytical nonlinear marginal result. The latter corresponds to
the analytical solution point in the bifurcation diagram in figure [I.I1] where the
two black dashed branches cross each other at = 0. As we can not compute
analytically a front profile for a front moving with the linear marginal velocity, we
can only compare the solutions corresponding to the crossing point of the black
dashed branches with the solution of the grey solid line at © = 0 and v = 2.0 in
figure [1.11] The modulus derivative in figure [I.13|(¢) corresponding to the numer-
ical result (linear marginal) is greater than the modulus derivative corresponding
to the analytical result (nonlinear marginal). Hence, the linear marginal profile is

steeper than the nonlinear marginal front profile. This is again in agreement with

our argument (compare fig. (1.12))).
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1.6. Nonlinear marginal stability analysis of the Allen-Cahn equation
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Figure 1.13: Comparison of numerical (red solid line) and analytical (black
dashed line) derivative of front solutions for four different fronts.
(a): Front between the two stable states for = 0.0
(b): Front between the two stable states for u = 0.2.
(c): Front between the stable and unstable state for p = 0.0. Here
the black dashed line corresponds to the derivative of the nonlinear
marginal solution which is why the results differ. However, this is

in agreement with our theory.
(d): Front between the stable and the unstable state for u = 0.2.

In the previous section we referred to the nonlinear marginal solution as an inva-
sion mode. In order to understand this behavior we implemented a finite difference
method together with a four step Runge-Kutta method to examine the time evo-
lution of front solutions. At p = 0.377 consider a front solution composed of a
front between ¢ and ¢~ together with a front propagating from ¢~ into ¢° at
time ¢ = 0 as depicted in figure (left) with the solid line. At a later time t = 1
this front has evolved into a direct front between ¢ and ¢° (dotted line in the
right panel). Examining figure[1.7)(a) we find in the region between the bifurcation
point where the red dashed and solid blue branches merge and the point where
the red dashed line crosses the green dotted lineﬁ7 so for 0.3730 < |u| < u., that
v > v > 1. Hence, for the initial composed front the part between the two sta-
ble states catches up with the linear marginal part until the latter finally vanishes.

The new occurring front is the nonlinear front between ¢* and ¢° moving with

8See calculation of this crossing point in the appendix
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1. Fronts in the cubic Allen-Cahn equation

vp. Thus, the front between the two stable states acts as an invasion mode close
to the bifurcation point at p = u.. At the bifurcation point this front merges into

the nonlinear marginal front.

t=0 t=1

. Upl —

¢’ ¢’

s_/vl —_—
e

Figure 1.14: Results of direct numeric time evolution. The black solid line on the
left is a profile composed of a front between the two stable states
and the linear marginal front. At a later time ¢ this fronts evolves
into the nonlinear marginal front depicted on the right as the dotted
line.

Additionally, we present space-time plots in figure to exemplify the behavior
of the invasion mode. Therefore we study a front composed of a front from ¢* into
¢~ and a front propagating from ¢~ into the unstable state ¢°. We implemented
again a finite-difference method and chose a point in the leading edge (of the
corresponding parts in the front profile) to study its space-time behavior. We
neglect labelling the ¢ and = axis as we are interested in the qualitative results.
The slope of the lines in the space-time plot equal the velocity of the point in
the respective leading edge. Hence, the steeper the slope, the faster the front. In
figure [I.15] on the left we show a space-time plot for y = 0.350. Considering the
bifurcation diagram depicted in figure [I.7] the crossing point of the green dotted
and the red dashed branches is at © = 0.3730. Thus, for = 0.350 v; > v, and the
distance between two different front profiles diverges. This implies, that the red
dashed line never crosses the green dotted line in figure [1.15| on the left. However,
at p = 0.375 we have v; < vs < v, (see fig. (a)) and thus, a front composed
of the linear marginal and the front between the two stable states evolves into the
nonlinear marginal front. The green dotted line crosses the red dashed line and
the whole front now moves faster, as the blue solid line is steeper than the green
and the red line in figure [[.15] on the right. The slope of each line in figure [I.15]
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1.6. Nonlinear marginal stability analysis of the Allen-Cahn equation

is indeed in agreement with the quantitive velocity values found in the bifurcation

diagram in figure [I.7]

w=0.350 w=0.375
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Figure 1.15: Space-time plots of the cubic Allen-Cahn system. The slope of the

lines represents the velocity of a point in the leading edge of the
corresponding front profile.

Left: At g = 0.350 the linear marginal velocity v; is greater than
the velocity vy of a front between ¢+ and ¢~. Therefore, the green
dotted line is steeper than the red dashed line and both never cross
each other. In the front profile composed of these two fronts an
increasing plateau at ¢~ evolves.

Right: At p = 0.375, v; < vs < v,; and therefore a composed front
eventually moves with the nonlinear marginal velocity, as the green
dotted and the red dashed line cross each other and a new steeper
solid blue line evolves, which corresponds to the nonlinear marginal
velocity.

So far, we showed that the nonlinear velocity is marginally stable but we also

need to show that any front with a velocity greater than v,; converges towards

the marginal stability point. However, we have not yet found a way to study this

nonlinear behavior analytically.
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2. The quintic Allen-Cahn equation

2. The quintic Allen-Cahn equation

In this section we study an equation similar to the one examined in Bechhoefer et
al. [6]. First, we will recover what has been determined in this paper in order to

motivate the equation we are studying here.

2.1. Reproduction of the Bechhoefer et al. paper

The paper by Bechhoefer et al. deals with an Allen-Cahn-type equation with a
local energy density up to fifth order in ¢

o0 o
il v i (®)
(@) =0(¢—(0.5=0))(¢ —1)(¢—1.5)(¢ —2). (2.1)

The stable states are 0, 1 and 2 whereas the unstable states are 1.5 and 0.5 — b.
To stay consistent with the interval in the previously studied system we shift the
energy density such that the stable states are at ¢; = —1, ¢2 = 0 and ¢} = 1 and
the unstable states are at ¢ = 0.5 and ¢, = —0.5 — b:

F'(@) =06+ (0.5+0))(¢+1)(¢ —05)(¢ —1). (2.2)

The control parameter b changes the position of the unstable state and thus the
value of the energy density at ¢, = —1. In the mechanical analogon this means,
that the height of the very left hill in the inset of figure changes by varying b.
Consider ¢, = —1 as a liquid phase, ¢? = 0 as quasicrystal phase and ¢ =1 as a
solid phase. The paper deals with the creation of a macroscopically large region of
the metastableﬂ state. Therefore, they examine the three possible front velocities
between the particular stable states. We recover their results with auto-07p which
is depicted in figure [2.1]

9we refer to the metastable states as the state which never corresponds to the global minimum

of the free energy density f, namely ¢V.
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2.1. Reproduction of the Bechhoefer et al. paper
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Figure 2.1: Velocities for different possible fronts between the three stable states
depending on the control parameter b. The mechanical potential is
depicted in the inset for b = b, ~ 0.154

Because f(¢?) and f(¢7) do not change with the control parameter b, the front
velocity vo; (black dotted line) between these two states is constant over b. The

speed of the front propagating from ¢° into ¢, is increasing with b (red dashed

s
line). However, what is striking is that a front moving from ¢7 into ¢, does not
exist for b > b. = 0.15419 as the green solid line for v_, ends at b, in a heteroclinic
bifurcation. Regarding the structure of the potential in the mechanical analogon,
we find that the velocities v_y and vy, are independent of each other. But v_,
relates to both velocities. As the hill at ¢} is higher than the one at ¢? we need
a sufficient friction for a particle moving from one to the other. Besides, if the
particle moves from ¢} to ¢, this friction needs to be lower in order to pass the
hill at ¢°. Thus we obtain: v_, < vg,. Moreover, considering a particle starting
at ¢, more negative friction is needed to reach ¢! than it is to reach ¢2. This
yields: v_, > v_g. As v_g and vy, are independent, their branches in figure [2.1
may cross. However, v_, always needs to satisfy the discussed relations and thus
can not exist for b > b,.

At the crossing point we have v_, = v_y = vy as depicted in figure 2.2 We
can always imagine an approximate front between ¢! and ¢, being composed
of a front between ¢; and ¢° and a front between ¢? and ¢. Thus, the front
profile shows a plateau at ¢°. When decreasing b, the rear part catches up with
the leading part such that the system propagates directly from ¢ into ¢, and
a nonlinear velocity for the front exists. On the other hand, by increasing b the
leading part moves ahead such that the plateau at ¢? becomes wider and wider

and no velocity exists such that a front between ¢ and ¢, would rest in a frame
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2. The quintic Allen-Cahn equation

moving with such a velocity. In other words, increasing b such that b > b. means
that a direct transition from the liquid phase into the solid phase is impossible.
However, a macroscopically large region of the metastable state is created. As b
represents the temperature of the system, control of this parameter allows us to

create a macroscopic quantity of the quasicrystalline phase.

0.5+

Figure 2.2: Front solution at v_, = v_y = vpy for b = b, on the green solid line
in figure . The front shows a plateau at ¢? which increases when
increasing b.

We presented here, the idea of the paper but we would like to comment, that
throughout their argument Bechhoefer et. al. never mention the interaction be-
tween two fronts when composing a front of two possible solutions. However, due
to the nonlinearities this interaction occurs and influences the width of the plateau
at @Y. This is also the reason why the plateau’s width of the front profile in figure
at b = b, does not converge. At b = b, the three branches in figure CTOSS,
hence there still exists a solution for the propagation of ¢ into ¢, and this solution
has a certain width due to the interaction caused by the nonlinearities. However,
for b > b, such a front can not exist. We refer to [12] where the interaction of
two similar fronts (with different direction of motion) is calculated analytically.
However, we can not transfer this to the system discussed here, as the two fronts
are different which makes the analysis more difficult or even impossible. We do
not determine the interaction either analytically or numerically and leave this as

an outlook for further research.
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2.2. Continuation in p and v for the quintic Allen-Cahn equation

2.2. Continuation in p and v for the quintic Allen-Cahn

equation

In the following instead of parameter b we employ again the chemical potential u

as main control parameter. In particular, we use:

0 0?
032 = T8~ 1'(9)
F(6) = 6(0 +05)(6+ 1)(6 — 05)(6 — 1) — j = ¢° — 1.25¢" + 0256 — .
(2.3)

Remember that we start for the Allen-Cahn equation in auto-07p by continuing in
the domain-size L. Therefore, we sinusoidally perturb the unstable state ¢ = 0
and increase the domain size L at fixed u, such that a front between the two stable
states develops. We let the velocity v adapt, however during this first continuation
v remains at zero, as at = 0 the front between the two stable states in the Allen-
Cahn equation does not move. Regarding now the Bechhoefer et al. equation at
p = 0 we further have the two unstable states ¢ = 0.5 and ¢, = —0.5. Thus,
perturbing either of these unstable states results in a front between the metastable
state ¢° and ¢} and between ¢? and ¢, respectively. However, as the local free
energy density f is different at ¢V, ¢ and ¢, , the velocity of such a front is v # 0.
For reasons we do not understand yet auto-07p does not adapt the velocity but
stops the continuation (even if we start with a small velocity v # 0). Moreover,
with this method we can not find all possible front solutions of the system. This is
why we start in auto-07p with three free different local energy densities f which are
in a limiting case identical or similar to the one for the cubic Allen-Cahn equation

(which we already implemented in auto-07p):

f1(¢) = —0.5¢ — 1.5¢% — ¢* + b(—¢° + 0.25¢ + 1.5¢* + 2.25¢°) + u (2.4a)
f(@) = ¢ — ¢ + b(—¢° — 1.25¢ + 2.25¢°) + p (2.4b)
f3(0) = —0.5¢ + 1.5¢> — ¢* + b(—¢° + 0.25¢ — 1.5¢" + 2.25¢°) + pu.  (2.4c)

For b = 0 and g = 0 the corresponding mechanical potentials are illustrated in
figure 2.3} As we are only interested in the position of the extrema we neglect the
values on the f-axis for simplification. We now start in auto-07p perturbing each
of the unstable states in f;, fo and f3. Thus, we obtain front profiles at v = 0
between the two stable states, respectively. Next, we continue in y and v for b = 0
and in all three cases this results in qualitatively identical bifurcation diagrams as
for the cubic Allen-Cahn equation, shown in figure [L.7(a).
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2. The quintic Allen-Cahn equation

1 05 0 05 1
fl f? f3

1 050 05 1 1 050 05 1 1 050 05 1

Figure 2.3: All possible transitions in the mechanical potential corresponding to
f for 4 =0 in (2.3) can be found regarding three double-well Allen-
Cahn potentials f;, fo and f3 with different stable and unstable states
for b = 0.

We recall, that for the Allen-Cahn equation with u = 0 fronts between the unstable
state ¢° = 0 and the stable states ¢* = 1 and ¢~ = —1 as well as fronts between
the two stable states occur. Therefore, we first continue in p and v for fi, f5 and f3
and then increase b up to b = 1 for the different front solutions obtained at p = 0.
At this value we obtain f' = f; = f} = fi. Thus, we obtain 3 different starting
points to continue again in u and v and obtain the whole bifurcation diagram for
Eq. (2.3), which is depicted in figure 2.4[a). The three different starting points
are the points at 4 = 0 and v > 0 where the red solid lines, the orange dotted
lines and the grey dot-dashed lines cross.

In the following, we explain the front solutions corresponding to the different
branches in figure 2.4(a). Therefore, we first examine the behavior of f when
varying p. Two special cases are illustrated in the panels (b) and (c¢) in figure
First, for = p ~ 0.044 the metastable state ¢? merges with the unstable state
¢ . Similarly, for gy = —p.1, ¢° and ¢, merge. Increasing u further, we end up
at o ~ 0.114 where ¢, and ¢, merge. Hence, for 1 > 2 no fronts can occur.
Again, for pn = — i, ¢F and ¢ merge.

Let us now consider the different branches in the bifurcation diagram and the cor-
responding front solutions:

The red solid branches correspond to fronts between the two stable states ¢, and

¢+ as exemplarily shown in panel (d). Because both states exist for the whole

36



2.2. Continuation in p and v for the quintic Allen-Cahn equation

range of y, the red branches bifurcate into the blue dashed branches at |u| = pco.
At this point the stable states merge with the unstable states, as mentioned above.
So, the blue dashed branches correspond to fronts between ¢! and ¢, or between
¢, and ¢, depending on the sign of u. This is exemplarily shown in panel (e).
We examine the behavior of this front in more detail below. We obtained the red
and blue branches by considering the front between the two stable states in f5 at
w=uv=0.

On the other hand, studying the differential equation with f; yields for p = 0
the velocity for a front between ¢ = 0 and ¢ = 1. Increasing b and then again
continue in p and v results in the orange dotted branches. Along these branches
fronts between the stable states ¢, ¢, and the metastable state ¢? occur. One
possible solution is illustrated in panel (f) in figure . We study exemplarily the
behavior of the corresponding solution branch in order to understand the evolu-
tion of all orange branches. So, we have a front propagating into the metastable
state ¢V as the velocity is positive. Increasing p from zero, the branch crosses
v = 0 and thus the direction of the front is changed. Regarding the illustrated
mechanical potentials we can understand this behavior: By increasing p the "hill’
at ¢, decreases in height whereas the one at ¢° increases. However, the velocity
is determined by the difference in energy density values indicated by Eq. .
Thus, the sign changes, when the ’hills’ are of equal height. Moreover, the branch
ends at p = e as @0 vanishes for greater p.

Following the same branch by decreasing p, a new, green solid branch bifurcates
at ;= —p.. Here the two states ¢, and ¢? merge and thus the front propagates
from ¢ into ¢, . This is shown in panel (g). The front exists for —p. < p < fieo.
At = peo the two connected states merge and the front profile becomes flat which
corresponds to v = 0.

There is only one other front-type left, which is illustrated by the grey dot-dashed
lines. These fronts are generated by taking the transition from ¢ = 0 the unstable
state ¢ = +0.5 in f; or f3 increasing b and again continue in g and v. In panel
(h), we find such a front solution. The corresponding solution branch exists for
—per < pb < e At = —p the two states ¢, and ¢? merge. Therefore, the
front profile becomes flat and v = 0. On the other hand, for u > . the front van-
ishes, as ¢? vanishes. As we argued previously, at the u # 0 value corresponding
to the crossing point of the two orange dotted branches the hills in the mechanical
potential f(¢;) = f(¢?) (or f(¢7) = f(¢?2)) are of equal ’height’, hence the linear
marginal velocities of the front profiles corresponding to the green solid and the

grey dot-dashed branches are equal.
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2. The quintic Allen-Cahn equation

Because
— ¢4+ 1.25¢> — 0250 +pu =0, (2.5)

is a quintic function we are not able to determine the roots for any p analyti-
cally. Therefore, we can not calculate the stable states of the system for any pu.
Nevertheless, can be solved numerically with auto-07p by continuing in pu.
Consequently, we are able to study the linear marginal velocity by inserting the

numerical results into:

vy = 2/ F7(07) = £24/ =55 + 37505 — 0.25 (2.6)
v = £2/=F7(6,) = £24/ =5, + 3750, — 0.25, (2.7)

where vy, is the linear marginal velocity for a front invading the unstable state ¢,
and v;_ corresponds to a front invading the state ¢, . The linear marginal results
are depicted in figure [2.6] as the black dashed line for v;_ and the black dot-dashed
line for v;,. The results obtained with auto-07p are indicated by the grey solid

lines and in part coincide with the semi-analytical results.
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Figure 2.6: The linear marginal velocity v;_ corresponds to the black dashed line
whereas v corresponds to the black dot-dashed line. The results
gained with auto-07p are illustrated as the grey solid lines.

So, we discover that the grey dot-dashed branches as well as the green solid
branches (only for |u| > pe1) in figure 2.4{a) correspond to fronts moving with
the linear marginal velocity. We can not make the same ansatz as in Eq. ({1.66])

and develop h into a power series, as this power series does not converge for Eq.
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2.2. Continuation in p and v for the quintic Allen-Cahn equation

. In order to understand, which branches belong to the nonlinear front ve-
locities, we study symmetries of the bifurcation diagram. Thus, we notice that
the bifurcation diagram for the simple cubic Allen-Cahn equation (Fig. [1.7|(a))
qualitatively occurs again within the whole bifurcation diagram (Fig. 2.4(a)). The
red solid branches over the whole p-range together with the blue dashed and the
green solid line for |u| > p. show a similar structure. Therefore, we expect the
blue dashed branch to correspond to a nonlinear marginal front, because we can
identify these fronts as invasion modes (analogously to section at the bifurca-
tion point, where it merges with the red branch. Moreover, regarding the interval
— o1 < < fte1 We observe the structure for the cubic Allen-Cahn equation twice.
We motivate this again referring to the mechanical analogon: In the particular
interval we can consider the potential as being composed of two Allen-Cahn po-
tentials, namely f; and fo, depicted in figure [2.3] At the critical value |p| = pe1
the metastable state merges with either one of the unstable states and thus the
two Allen-Cahn potentials are no longer separated from each other. So, the mid
point of the Allen-Cahn structure corresponding to f; and f3 within the whole
bifurcation diagram, is the point where v = 0 and the two orange dotted branches
cross. Again, this is in line with our argument, as at this point f(¢F) = f(¢?)
or f(¢7) = f(¢?). Hence, we deduce that in this interval the green solid branch
belongs to the nonlinear marginal front solutions. This can also be shown by
studying a front being composed of an orange dotted front and a grey dashed
dotted front around the bifurcation point |u| = 1. Such a front evolves into a
green solid front solution, as this front invades the system. This is analog to what
we studied in section [I.6] The behavior is depicted in figure [I.14]

Let us now return to the blue dashed front. In order to understand why the front
vanishes for |u| < pe we need to study again the mechanical analogon at 1 = g
in panel (b) in figure . Consider a particle starting at ¢f and ending in ¢,
without overshooting. Let the corresponding friction be v;. Regard now a parti-
cle that moves from ¢ to ¢?, the according friction v, needs to satisfy vy > vy.
Moreover, a particle starting in ¢, requires more negative friction to move up to
¢F than it does to move up to ¢2. Hence, we claim v; > vz, where v3 is the friction
to move from ¢? to ¢, . So, we require v3 < v; < v, Where vz corresponds to the
velocity at p. of the grey dot-dashed branch vs ~ 1.33. However, v, belongs to
the velocity at the bifurcation point, where the orange dotted branch becomes the
green solid branch with vy = 0.73 which is less than v3. Hence, vy, the velocity of
the blue dashed solution does not satisfy the condition at y = p.; and therefore,

vanishes. The question arising is: Where exactly does the branch end? Because
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2. The quintic Allen-Cahn equation

the front is expected to be a nonlinear marginal front, it needs to satisfy v,; > v,
which it does not at |u| = .. However, we assume these front solutions to appear
due to finite-size and boundary effects. The bifurcation diagram in figure [2.4)a)
corresponds to a domain size L = 82 which is the maximum we could generate.
In figure the bifurcation diagram for L = 50 is illustrated where we empha-
sized the blue dashed branch corresponding to the discussed front solution. What
is already striking, is the existence of front solutions for |u| < g which contra-
dicts our previous argument. However, regarding the illustrated front solution in
the inset for yu ~ p. we find that at the right boundary the unstable state ¢,
(corresponding to the homogenous solution of (2.5])) is not reached anymore. So
again, in the mechanical analogon this would imply that the particle moves into
the state ¢, with an overshoot, as the blue dashed line crosses the homogenous
state. This overshoot is not detected in auto-07p and thus not depicted in the
solution. However, the numerical solution must be unstable as the marginal front
is the one that directly ends in ¢, without overshooting. Thus, the solutions ob-
tained with auto-07p for a domain size L = 50 are not a good representation of

the limit L — oo.
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Figure 2.7: On the left: Bifurcation diagram for domain size L = 50. The blue
dashed lines correspond to the nonlinear fronts.
On the right: Front profile at u ~ . the dotted horizontal lines
correspond to the homogenous solutions of Eq. .

Therefore, we assume the blue dashed branch in figure [2.4] to merge into the green
solid branch and end there. Thus, the solutions obtained with auto07p which
correspond to the part of the branch that satisfy v < v; would be unstable.

We can conclude that the analysis with auto-07p needs to be improved by finding
a way to increase the domain size in order to fully understand the behavior of the

system.
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3. Non-variational cubic Allen-Cahn equation

3.1. Velocity of a front for the non-variational cubic

Allen-Cahn equation

So far, we examined variational Allen-Cahn-type equation, i.e. variational implies
that the time evolution is determined by a functional derivative of a free energy
functional. In section we determined the velocity for fronts in the variational

cubic Allen-Cahn equation, i.e.

@) —f (¢f)
() e

and found that it depends on the difference in local energy densities of the two

(3.1)

states the front connects. In this section we add a non-variational term g¢,, to
the simple cubic Allen-Cahn equation (1.47)). We follow the idea given in [11] and

write

9 P 99 9°¢
8t 8 o2 + 925 ¢3 + U+ €9y <¢7 a_a @) (32>
. 0¢ ¢ 96\ 32¢

Note, that for b =1, g, is variational with the functional ET]

= / ¢ (9,0)° dx. (3.4)

We are interested in the velocity of a front for a non-variational problem and if
and how the dependence on the difference in energy densities changes. Therefore,
we study the front profile between the two stable states. Hence, we introduce the
ansatz

o(x,t) = op(x — vt) + u(x — vt, et) with v =1y — evy, (3.5)

where ¢ is the solution (1.78)) to the variational cubic Allen-Cahn equation with

velocity vy, i.e.

. d¢r(§) _ 9r(§)
0o T ez

+op(€) —op(€)’+pn  with E=z—wt. (3.6)

0The functional derivative of G needs to be added to (1.1]) in order to obtain the equation of
motion for ¢
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3. Non-variational cubic Allen-Cahn equation

Note, that with the ansatz (3.5)) we introduce a shift ev; of order € in the velocity.
This reflects that the velocity changes due to the non-variational term. Moreover,
we add a small adjustment function u also of order e. For the ansatz we
introduce ¢ = z — vt = £ + evyt. Linearising ¢r(¢) around ¢ yields

¢

or(C) = or(§) + T +0(€) (3.7)
¢=¢
Inserting the ansatz into using and linearizing in € yields
—U% —evanng —|—6U% —v%
BCI S P PR
Pop Por P 3
= + evy +op| F+evi——| —op
aCZ ¢=¢ 8C3 ¢=¢ ¢=¢ ¢ ¢=¢ ¢=¢
0dr 0*u 0P 62¢F
sensdh e | e G ortPuran (000 B G )|
(3.8)
With this further simplifies to
— €V Oor + €ev % —v%
TS P R
Por or 2 001
=€V + €V —— — 3eV1 0 ——
0 A A
(92u 2 8¢F 82¢F
+a—c2+u—3¢F(f) U+ €Gny (¢F(C)’8_(’8—§“2) e (3.9)
Deriving with respect to &
0 9¢r(§) _ 0 Por(§) | I9r(E) 209r ()
n— - — 1
and introducing the linear operator
0 0?
L: —U()&—g—&—gz — 1+3¢F(£)2, (311)
we obtain 5
T R — — —
L ( 2 onl 5)) 0, (3.12)

44
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where LT is the adjoint of L. Next, we identify the linear operator (3.11]) in (3.9)

0
evli —|— ev L ( qbp) + Lu = €gp, , (3.13)
o¢ | 0 ¢=¢
where we used the fact that 85 = 1. With (3.12)), (3.13)) simplifies to
O¢r Por (9¢F
Lu = €gpy : - 3.14
w=con (0m, Gt ) — e (3.14)
According to the Fredholm alternative [21] (3.14]) is only solvable if
Ipr Por 3¢F
nv 9 - 315
(e (0,5 G ) — 05 ) - 319
because (3.12)) has a nontrivial solution. We employed here that
or(=§) = —¢r, (3.16)

hence, the minus sign cancels out in the scalar product in (3.15]). Thus, we obtain

for the non-variational velocity

ffooo Gnv <¢F7 ag%a 8;?;) ag(bF d£
I Oeor) dg .

v = (317)
So, v; no longer depends on the difference in energy densities as in (3.1)) but on

the non-variational part g,, and the front shape J¢¢.

3.2. Numerical results for non-variational cubic Allen-Cahn

equation

In order to obtain the bifurcation diagram for the non-variational cubic Allen-
Cahn equation, we first generate the bifurcation diagram for g,, being variational,
i.e. b = 1. Therefore, we set the domain size L = 50 in auto07p and continue as
mentioned in the previous sections in L and v. Afterwards we continue in g and v
to obtain the bifurcation diagram for the simple cubic Allen-Cahn equation. This
is depicted in figure [3.1] as the grey solid line. Next, we set 4 = 0 and v = 0 and
continue in € and v up to € = 0.2. Eventually, we continue again in p and v which
yields the black dashed bifurcation diagram in figure
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Figure 3.1: Comparison of bifurcation diagrams for the simple cubic Allen-Cahn
equation € = (grey solid) and the cubic Allen-Cahn equation with
additional variational term g,,, € = 0.2 and b = 1 (black dashed).

Comparing the two bifurcation diagrams we find that the y — —p symmetry is
broken. This is due to the non-variational term which breaks the ¢ — —¢ sym-
metry (as it is quadratic in ¢) and thus also the y — —p symmetry. However,
for 4 = 0 we obtain in both cases v = 0 which is in line with our analysis of
the previous section. As g,, corresponds to a functional derivative the velocity
depends on the difference in energy densities E and therefore is zero for y© = 0 in
any variational case with symmetric local energy density. Moreover, we find that
the diagonal branches through 1 = 0 coincide. Thus, we can conclude with
that for a front between the stable states the term (cil_? does not differ when adding
the variational term. This is in contrast to a front propagating into the unstable
state as the bifurcation diagrams differ clearly when adding g,, with b = 1. As
the corresponding velocity also satisfies equation (3.1) and as the numerator does
not chang we deduce that (31_? changes for fronts into the unstable state when
adding the variational term g,,,.

Now, we change b to b = 2 and continue again in g and v. In figure the
corresponding bifurcation diagram is depicted (black dashed line) compared to

the previously determined bifurcation diagram for b = 1 (grey solid line). The

HUVWe refer to the appendix for the explicit determination of v for (3.2)) with b =1

12Gee appendix
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3.2. Numerical results for non-variational cubic Allen-Cahn equation

symmetry pu — —p is broken and the difference increases with increasing b. As

the equation of motion is no longer variational a shift in the velocity ev; appears.

Therefore, at ;1 = 0 the velocity differs from zero as what is in contrast to the vari-

ational case. Inserting ¢r from Eq. (L.78) into (3.17) and solving the integrald™
for p = 0 yields

_ 22

Hence, we obtain employing (3.5)) a shift in the velocity
24/2
—evy = —O.QT\/_ ~ —0.11 (3.19)
for a front propagating from ¢* = 1 into ¢~ = —1 at = 0. This shift is indicated
in red in figure |3.2] and indeed coincides with the numerical result.
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Figure 3.2: Comparison of bifurcation diagrams for the variational cubic Allen-

Cahn equation with b = 1 (grey solid) and the non-variational cubic
Allen-Cahn equation with b = 2 (black dashed). The red line indi-
cates the shift in velocity v, for a front propagating from ¢ into ¢~
at p = 0.

Note, that we can also insert (1.78) for all possible p into (3.17)). However, the

integrals become more difficult and we neglect to solve them analytically but leave

this as an outlook.

13See appendix
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4. Conclusion and outlook

In this thesis we examined Allen-Cahn-type equations, the occurring front pro-
files and the corresponding front velocities. Therefore, we introduced the linear
marginal stability analysis, which focuses on the leading edge of the front. Thus,
one can linearize the equation of motion and determine the velocity v; employing
the dispersion relation w(k"). However, we found a second front, propagating into
the same unstable state with velocity v,; > v; for the cubic Allen-Cahn equation.
We obtained the corresponding front profile using the so called nonlinear marginal
stability analysis. This front is no longer pulled along by the leading edge but now
pushed ahead by the nonlinearities, therefore, we need to study the whole nonlin-
ear equation. Our analytical results for the cubic Allen-Cahn equation are in line
with our numerical results obtained with the continuation program auto07p. We
also showed the time evolution of a so called invasion mode in order to show the
formation of the nonlinear front.

Moreover, we studied a quintic Allen-Cahn equation, for which we are not able to
find an analytical solution. Therefore, we determined numerically the homogenous
steady states and inserted them into the analytical formula for the linear marginal
velocity. Thus, we were able to figure out the branches in the bifurcation diagram
corresponding to the linear marginal velocities. In order to find the branches cor-
responding to the nonlinear fronts we compared the bifurcation diagram for the
quintic with the one for the cubic Allen-Cahn equation using symmetry arguments
for the invasion mode. In the final section we examined a non-variational cubic
Allen-Cahn equation and determined analytically the shift in velocity for a front
between the two stable states at y© = 0. Our analytical and numerical results
coincide.

However, we were not able to show analytically that any front profile with a veloc-
ity v > v,,; eventually approaches v,,; for the cubic Allen-Cahn equation. Therefore,
we leave this as an outlook for further work. Due to the restriction of finite domain
size in auto07p it was impossible for us to develop the whole bifurcation diagram
for the quintic Allen-Cahn equation. Especially, we were unable to find the bi-
furcation of the solution branch corresponding to the front propagating from the
stable state over the metastable state into the unstable state. We assume the front
profiles obtained for v,; < v; to be unstable. Therefore, we determined numerically
the time evolution of fronts for © = 0.05 and for p = 0.1. We expect the fronts
to be unstable for y = 0.05 whereas the profile at © = 0.1 needs to be stable (see
figure 2.4(a)). We implemented a finite difference method and a four step Runge

Kutta method. However, as we are not able to determine the homogenous states

48



of the system analytically we can only consider numerical data which we obtain
with auto07p. In figure we show four different front profiles at different times
and p values. The solutions at the top correspond to p = 0.1. We show the initial
condition as grey dotted lines in order to show that the profiles are indeed stable
at time ¢t = t; and later t = t5. The bottom two panels show a front at u = 0.05
which becomes unstable at t = t5 as it no longer propagates into the unstable state
¢,, but evolves into a front between the two stable states. However, at further time
t > t, the front solution at p = 0.1 also becomes unstable. We ruled out boundary
effects as a cause for this. A front propagating from ¢ = 1 into ¢} =0.5at u =0
is stable at all times. When changing slightly the numerically obtained value for

¢, the front solution at p = 0.1 becomes unstable at earlier time ¢ ~ ¢5.

=1 pw=0.1 t =1,
oF
-
o
1
ASS
o\ o
60 40 20 0 20 40 60 60 40 20 O 20 40 60
x x

Figure 4.1: Time evolution of fronts propagating from ¢ into ¢;. The corre-
sponding solution branch is depicted in figure [2.4] as the blue dashed
line. The grey dotted lines represent the initial condition.

Top: For p = 0.1 we expect the profiles to be stable and they are
indeed at time t = ¢t; and ¢t = ¢5.

Bottom: At p = 0.05 we assume the front to be unstable as v,; < v;.
The bottom right panel shows, that the front indeed becomes unsta-
ble as it no longer propagates into the initial state ¢, at t = t,.

u

Hence, we assume the inaccuracy of the numerically obtained data for the homo-
geneous solutions of the system to be one reason for a front profile at © = 0.1 to
become unstable. However, we leave this and further examinations as an outlook

as for example the determination of velocities at corresponding u values. Moreover,
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we need to overcome the finite size effects in the continuation. Additionally, we
could study a quintic non-variational Allen-Cahn equation or examine the behav-
ior of the bifurcation diagram for the cubic Allen-Cahn equation, when studying

other non-variational terms. Finally, we could also examine on two dimensional

fronts.
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A. Appendix

A.1l. Nonlinear marginal analysis for the cubic Allen-Cahn

equation: Overdetermined equation system

In section [I.6] we obtain an overdetermined system of equation. Hence, we need

to show, that the solution ((1.73d]) and ((1.73€)), i.e,

1

v = 3ay(¢° + ¢° ith ay = +—, Al

also satisfies (1.73b|) and (1.73c):
—vagh = a3bc + (A.2a)
—vage = 2a3b + azc® + 1. (A.2Db)

with

b= ¢'¢° (A.3a)
c=—(¢°+¢") (A.3b)

As we can not solve this analytically, we introduce wl (1) and w? (). Therefore,

we insert (A.1)) and (A.3) into (A.2)) and transform (A.2)) such that the left hand

sides are zero. We define the terms on the right-hand sides as:

wi(p) = p+ [¢°(1) + 0" (1)] ¢° ()™ (1) (A4)
wi(n) = 1+ ¢° ()™ (1) — [¢°(n) + 6% (w)]” (A.5)

which we require to be zero for all —p. < p < pe.

0.001

0.0005-

212 2
7w+7w

wl,wt

-0.0005-

-0.001 . . . , . . .
04 -03 -02 -0.1 0 01 02 03 04

1

Figure A.1: The functions w} (1) and w3 (p) are zero on the relevant p interval.
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A. Appendix

We plotted w? (p) as illustrated in figure and find the expected result as well

as for wi and w!.

A.2. Nonlinear marginal analysis for the cubic Allen-Cahn

equation: Calculation of crossing points

To calculate the point, where the linear and nonlinear marginal velocity, and the

corresponding wave vectors are identical for section we solve the system of

equations:

Unl =

2(¢°+¢+):2\/T<¢0)2:w

1 0 4+) — /T _2(002 —
anZE(—¢ +¢T) =V1-3(¢°)2 =k

We multiply (A.7) by 2 and subtract it from (A.6) to obtain

o, L
¢+\/§¢ 0

S

=N
V2

We solve this by rewriting ¢° and ¢™:

o |4 1 3v3 T\
¢ = —\/;cos (5 arccos (T,u> - §> = —Acos (a(p) + )
V3

with
alp) = ! arccos (3\/§u)
BE] 2
T
=7

Inserting (A.9al) and (A.9b]) into (A.8) yields:
5cos (alp) + B) = cos (a(p)) -

Applying the trigonometric identity

cos (a(p) £ ) = cos(a) cos(8) F sin(a) sin(8)

02

(A.6)

(A7)

(A.9a)

(A.9b)

(A.9¢)

(A.9d)

(A.10)

(A.11)



A.2.

and divide by cos(«) which is unequal to zero, as ¢+ > 0 in the valid interval for

(L, We obtain:

5cos(f) — btan(a)sin(f) =1 (A.12)
& a = arctan <%> (A.13)

Employing (A.9¢) and (A.9d)) this finally leads to:

2 21
= U= 33 Ccos <3 arctan ( o )) ~ 0.2078. (A.14)

2

Analogously, we can calculate the point in figure [I.7] where the red dashed and the

green dotted branches cross each other. We first need to show that
ot +¢  +¢"=0. (A.15)

Therefore, we employ (A.9a)) and (A.9bf) and also introduce:

o = —\/gcos <% arccos (%u) - %) = —Acos (a(p) = B) . (A.16)

nserting (A9a), (A95) and (A16) into (A15)
Acos (a(u)) — Acos (a(i) — B) — Acos (a(w) + 8) =0, (A7)
and again using the trigonometric identity (A.11)) leads to

A cos (a)— A cos(a) cos(f)+Asin(a) sin(f) — A cos(a) cos(f) — Asin(a) sin(8) = 0.

(A.18)
With (A.9d)) we obtain the requested identity
—Acos () [2cos(8) —1] =0 (A.19)
0=0. (A.20)
Now, we can determine the crossing point with
v =2y/1—3(¢°)2 = LA (¢~ +¢™) =v,. (A.21)
V2
With (A.15) we can insert
ot +¢m =—¢° (A.22)
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A. Appendix

on the right-hand side of (A.21)) and square the whole equation

| ©

4(1-3(6"%) == (¢")° (A.23)

which finally yields:
° =2v2, (A.24)

where we only focus on the positive root. Employing now the expressions for «

(A.9¢) and 5 (|A.9d]) we obtain as crossing point

= 3—\2/5 cos (3 (cos_1 ( %) — g)) ~ 0.3730. (A.25)
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A.3.

A.3. Nonlinear marginal analysis for the cubic Allen-Cahn

equation: Front solution

We need to integrate

d
h¢) = ap + a1 + ax”® = d—? (A.26)
in order to get the front profile ¢(£). Thus, we obtain:
§+ /—1 d¢ const (A.27)
h(9)

= / (a +a1¢+a2gb2)_1 do
-1
:/i<¢2+ﬂ¢+@> dgb
a9 a9 a9
-1
(1 a \> @@ a
—/a<(¢+z—a2) ‘Hg*@) 4

. . ay du
bstitut U= — — =
substitution : u ¢+2a2 0

1 2 -
:/—<u2—a—12+@) du
as das = aqo
-1
1 2 -1 2 -1
:_<a_12_@) /(u2<a_12_@> “1) du
az \4a; as 4a5 as

1 1
2 2 2 -3
a a dw a a
substitution : w = (—1 — —0> P <_1 _ _0)

2
4a5  as

1

%)



A. Appendix

we can now solve this for ¢(&):

2 3 2 3
$(§) = (f—% - Z—Z) tanh <—(12 (4@_;% — Z—Z) &+ q)) — 2a—a12 (A.29)

ap = %gb%ss (A.30)
6=~ (674 ) (A31)
a5 = % (A.32)
= 0(6) = 516° - ¢t (=168 - 7l ) + (60 + ) (4.33)

where we set ¢ = 0 due to boundary conditions (¢(§ — 00) =1, ¢(§ - —o0) = —1
at u=0).

A.4. Velocity determination for variational cubic Allen-Cahn

equation

In section B we examine

26 ¢ , ¢\ ”
=gt e— P hute (%) 426

82

o (A.34)

with b = 1. Hence, (A.34) is variational and we can determine the velocity,

analogously to section by transforming to the comoving frame £ = = — vt

2 d d2
— Oj? 3§f+¢ ¢+ —|—e(d?> +2b¢d—£. (A.35)
Multiplying by deo
d\"_1d (doy" d d¢
(ds) "2 (ds) altore s<¢(d5) ) B
where we employed that
do do (d¢ dpd’s dcb
G - A.37
5<¢(5>> é(d£> e T a (A57)
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A5,

Thus, integrating vields
o[ (%) ae=s g (G) e [ e
© q d¢ 2
+6/—ood_§ <¢ (d_§> ) d¢. (A.38)

Applying Neumann boundary condition implies, that first and third term on the

right-hand side become zero. Hence, we finally obtain
f(¢) = f ()

o @)2 '
f —00 (dg df

This is identical to the velocity determined in section [1.1]

UOZZE

(A.39)

A.5. Velocity determination for non-variational cubic
Allen-Cahn equation at p =0

In order to determine the velocity of a front propagating from ¢ into ¢~ at =0

for section B we consider

I ((3) + 20658 (6(€)) ) e d€

" 75 (Ocor)? de | (440
with .
¢r(§) = tanh (—Eg) ) (A.41)

Note, that we employed partial derivative for the determination of the velocity
shift, as our initial ¢ depends on ( and ¢t. However, we can now change to total

derivatives as ¢ only depends on £. Firstly, we examine the numerator in ((A.40)

) @t 2b¢r——5—7 €. (A.42)

dé dez de

/°° (d¢F)2 dor dpr dop

[e.o]

We can rewrite the first term in the integral employing partial integration and

Neumann boundary condition
X (dop\*dop [ dP¢r]™ * &P dor
L) o] -2 [ o o

_ *  dP¢pdor
_ 9 / g € (A.43b)
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A. Appendix

Thus (A.42) becomes

2o g (A.44)

Inserting (A.41]) into (A.44]) and using d,tan(z) = 1 — tan®(z), we obtain for the

numerator
1 2
5)) ] A, (AdD)

/: V2(b—1) [tanh2 (—%g) (1 — tanh? <—

Employing the substitution

/°° Por dgr

Sl

u(€) = tanh <—%g> (A.46a)
dU _ i - 2 _L
- (1 tanh ( ﬁg)) | (A.46b)
transforms to

—/1_ 2(b—1) [v* (1 —v?)] du=—2(b—1) Bu?’ - %u‘:’]_ =(b—1)—. (AA47)

Inserting (A.41)) into the denominator

00 ) 1 /oo ) 1
dé == 1 —tanh® [ —— d A4
and again using the substitution (A.46|) yields for (A.48)
! 1 1,70 4
— — (1 —v?) du=——+ u——u?’} = —. A.49
e I R 1 I v
Thus dividing (A.47) by (A.49) we finally obtain the velocity for b = 2
2v2  2v2
vy = (b— I)T\/_ = T\/_ (A.50)
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