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The Faraday instability [7] is a well-known fluid dynamics instability which describes the

occurence of standing waves at fluid surfaces or in droplets. This instability is excited

by vertical oscillations of the substrate underneath the liquid and is considered in var-

ious experimental and theoretical investigations [6, 15, 17]. Basically this instability is

studied in two different geometrical situations: Either the instability grows in an infinite

domain or it is confined to fixed boundaries. In the latter case it is observed that the

geometry influences the unstable eigenmodes and thus the appearing spatial pattern as

can be described via a Mathieu equation [2, 3].

Recently, experimental studies addressed an intermediate situation with flexible bound-

aries [20, 19]. Thereby, an experimental setup is studied where less viscous droplets

floating on a viscous bath are excited by vertical oscillations. The main observation

is an interplay of the drop shapes and the pattern within these droplets. One can

find stationary states which are formed by a coevolution of the boundary and the wave

pattern. One observes that various droplet shapes are related to different small-scaled

structures. Besides stationary states non-stationary states are also observed. These

dynamical structures basically consist of parallel standing waves and an increasing elon-

gation of the droplet. The mechanism of this coupling between shape and wave field has

been considered and explained from a hydrodynamical point of view [19].

In this work we pursue another approach to model a wide class of systems [11] where a

large-scale structure (e.g. the floating drop) develops together with small-scale patterns

(e.g. the Faraday waves) whose ’carrier’ they form.

In particular, we consider a coupled system consisting of a conserved and a non-conserved

quantity. In the framework of the presented experiment the conservation law applies to

the liquid volume in the floating droplet and the other equation describes the evolution

of the small-scale structures within the droplet.

For the conserved field we use the Cahn-Hilliard equation [9] and for the non-conserved

one we choose the Swift-Hohenberg equation [10, 23]. The two well-known model equa-

tions are coupled by terms which represent the interaction between shape and small-scale

structures.

Besides the motivation from an experimental point of view there is also a theoretical

incentive. First, the Cahn-Hilliard and the Swift-Hohenberg equations differ from each

other in their stability and their mass conservation behavior. Through their coupling

we obtain an eighth order system in space which shows a great variety of possible insta-

bilities in the interplay of a conserved and non-conserved quantity. Second, individually

the two equations are variational, i.e. they form gradient dynamics on respective energy

functionals, which limits the possible solutions to steady ones. However, with the free-

dom of choosing any coupling terms one can break this variational structure what allows

us to study the transition from variational to nonvariational systems.

Note that the main purpose of this investigation is not to model a particular experimen-

tal system quantitatively, but to explore by theoretical analysis such promising coupled

systems employing the simplest possible variational coupling terms.
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Therefore, linear, weakly nonlinear as well as fully nonlinear considerations are employed

and compared.

The bifurcation behavior is studied in connection to symmetry considerations.

At the end, an outlook is presented where the first analysis steps are done for a nonvari-

ational coupling. For this kind of system one can find travelling wave instabilities which

might lead to similar behavior as observed in the experiments.
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1. Theoretical introduction

1.1. Weakly nonlinear analysis – Amplitude equations

Nonlinear partial differential equations (PDE) are in general not fully solvable, but there

exist many methods how to find or approximate solutions. The weakly nonlinear analysis

treats such a physical system near the onset of linear instability. This kind of analysis can

be applied in many different models to obtain amplitude or phase equations, which can

describe and explain qualitative as well as quantitative behavior of the fully nonlinear

system (see [12, 13, 25, 8]). In this work this kind of analysis is employed to derive

amplitude equations.

We start with a very general PDE in space and time of the form

∂t~u = ~M [~u, ~p] , (1.1)

where ~M [~u, ~p] is the nonlinear spatial differential operator applied on the vector field

~u(x, t) with the parameter set ~p. Here, we only consider one space dimension, but it can

be applied in more dimensions as well. If we find a steady state solution ~u(x, t) = ~u0(x)

we introduce the deviation ~̃u = ~u− ~u0, insert this into (1.1) and drop the tilde:

∂t~u = J(~p) · ~u+ ~N [~u, ~p] . (1.2)

Thereby, we split the nonlinear problem into the linear part J · ~u and the nonlinear one

~N [~u]. To apply the weakly nonlinear analysis we assume that there exists a parameter

set ~pc at which the maximal eigenvalue of the linearized problem

J(~p) · ~u = λ~u , (1.3)

has zero real part. That means, the system is adjusted to the onset of linear instability

or equivalently the system passes through a bifurcation 1. The amount of parameters

of the parameter set which have to be adjusted exactly gives us the codimension of this

bifurcation. Here, we assume that it is a codimension-1-bifurcation, but it can be easily

expanded to the case of higher codimensions. So a parameter µ and a critical value

µ = µc exist at which Re(λmax) = 0. In general, the solution of the linearized problem

is a Fourier integral

~ulin(x, t) =

∫ ∞
−∞

a(k)~v(k)eikx+λ(k)tdk , (1.4)

with the eigenvalues λ(k), the eigenvectors ~v(k) and the coefficients a(k). However, at

the onset of instability this integral can be reduced to a finite number of terms, since

every contribution with Re(λ(k)) < 0 is damped to zero. So only terms with the critical

wavenumber(s) kc at which Re(λ(kc)) = Re(λmax) = 0 have to be considered.

Then, the weakly nonlinear analysis can be used if the system is slightly removed from

1If the eigenvalue crosses the imaginary axis with non-zero velocity
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the onset of instability. So one can introduce a smallness parameter ε and expand the

control parameter in a series of ε:

µ = µc +
∑
i

εpiλi . (1.5)

Alternatively, µ− µc defines a smallness parameter ε, e.g.

ε2 = µ− µc . (1.6)

The idea of the weakly nonlinear analysis is that every term of equation (1.1) can be

expanded in a series of ε such that one can solve it at each occuring order in ε. Slightly

above the onset of linear instability the coefficient a(kc) becomes a space and time

varying amplitude A(X1, X2, ..., T1, T2, ...) of the critical mode eikcx. It varies on slow

time- and large spacescales. This dependencies reflect that for µ > µc the fixpoint

becomes unstable to further modes with wavenumbers around the critical one, too and

moreover, Re(λmax) > 0. How the new time- and spacescales take these two changes into

account is discussed in detail for explicit systems (e.g. in chapter 2.2). Often, only one

slow time- and one large spacescale have to be introduced, which could be for example:

X = εx T = ε2t . (1.7)

In general, there could be further scales which are proportional to other exponents in

ε. The introduction of these new scales is also called multiscale method. With these

multiscales the time and space derivatives have to be exchanged to

∂x → ∂x + ε∂X ∂t → ∂t + ε2∂T . (1.8)

Furthermore, the amplitude A(X,T ) of the critical mode is small at the onset of insta-

bility. Thus, nonlinearities lead to smaller expressions, i.e. the effect of nonlinearities are

weak, but not neglectible (as in the linear regime). In order to solve (1.1) for different

orders in ε one has to make an ansatz. This ansatz is quite problem-dependent. If we

assume that there is no imaginary part of the eigenvalue at the onset of instability the

ansatz could read:

~u = εp ~Aε(X,T )eikcx + ε2p
(
~Cε(X,T )e2ikcx + ~Bε(X,T )

)
+ c.c.+ h.h. . (1.9)

Thereby c.c. and h.h. denote ’complex conjugate’ and ’higher harmonics’. The subscript

ε denotes that the amplitudes themselves have to be expanded in ε, i.e.

~Aε(X,T ) =
∑
m=0

εm/n ~Am(X,T ) . (1.10)
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Often the most challenging thing is to choose the proper multiscales Xi and Ti as well

as to expand the physical field (see (1.9)) in such an appropriate ansatz that the final

system of algebraic, ordinary differential and amplitude equations is self-contained.

1.1.1. Fredholm alternative

The Fredholm alternative is a theorem of the linear algebra which is often employed

in the following calculations. Here, we formulate the theorem, but we do not give the

proof. Furthermore we do not go into details of the mathematical requirements because

in the cases presented in this work they are always fulfilled. If interested in the proof

and mathematical details see [1].

Given a linear (differential) operator J the Fredholm alternative says that either

J · ~x = ~q (1.11)

has unique solution ~x or the adjoint homogeneous problem

J† · ~y = ~0 (1.12)

has a solution ~y with < ~y|~q >6= 0. Thereby, J† denotes the adjoint (transposed and

complex conjugated) operator of J and < ·|· > is the scalar product of the underlying

vector space. Another formulation of the Fredholm alternative is that the existence of

an unique solution of the inhomogeneous problem (1.11) requires that ~q /∈ kerJ†. This

yields the so-called solvability condition:

< ~y|~q >= 0 ∀~y ∈ kerJ† . (1.13)

Often the physical field ansatz has the form (1.9). Then the solution ~y is given by

~y = ~veikcx , (1.14)

i.e. it is one critical fourier mode with eigenvector ~v. Then the solvability condition

(1.13) yields

< ~y|~q >=

∫ 2π

0
~v∗e−ikcx · ~q = 0 . (1.15)

Due to the integration the solvability condition only affects the mode ∼ eikcx of ~q since

any other mode vanishes in (1.15) automatically.

1.2. Cahn-Hilliard equation – A long-scale instability

The Cahn-Hilliard equation is:

∂tφ = ∂xM∂x
(
−κ2∂xxφ+ aφ+ φ3

)
, (1.16)
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Figure 1.1: Dispersion relations of the Cahn-Hilliard equation (1.25) with respect to the
trivial fixpoint φ0 = 0 at the onset of instability (a), a = ac = 0) and slightly
above the instability (b), a = −0.2 < ac). The fixed parameters are κ = 1
and L = 2π.

with the mobility M , the tension κ and the parameter a?

It is common to nondimensionalize the Cahn-Hilliard equation via

x = Lx̃, t = τ t̃ , (1.17)

where the tilde indicates nondimensionalized quantities. Furthermore, we set

τ =
1

ML2
. (1.18)

We drop the tildes, thus the nondimensionalised Cahn-Hilliard equation is given by

∂tφ = ∂xx

(
−κ

2

L2
∂xxφ+ aφ+ φ3

)
, (1.19)

which can be written as gradient dynamics

∂tφ = ∂xx
δFCH
δφ

(1.20)

with the Cahn-Hilliard free energy

FCH =

∫ (
κ2

L2
(∂xφ)2 +

a

2
φ2 +

1

4
φ4
)
dx . (1.21)

(1.19) can also be written as a conservation law

∂tφ = ∂xj , (1.22)
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and its symmetries are field inversion as well as spatial reflection (parity) and translation,

i.e.

φ→ −φ x→ −x x→ x+ Θ . (1.23)

The trivial fixpoint is

φ(x, t) = φ0 = const , (1.24)

which becomes unstable at a = ac = −3φ20 due to a long-scale instability, also called a

type-III instability. The corresponding dispersion relation

λ(k) = −k2(κ
2

L2
k2 + a+ 3φ20) (1.25)

is obtained via linear stability analysis and is depicted in figure 1.1 for the case φ0 = 0.

The left panel shows that for a = ac the dispersion relation has a saddle-node at k =

kc = 0. Then in the right panel for a > ac the fixpoint becomes unstable, whereby the

eigenvalue at k = 0 stays zero and the most critical wavenumber is greater than zero.

For a → ac the critical wavelength λc = 2π
kc

tends to infinity. Therefore, it is called a

long-scale instability.

1.2.1. Weakly nonlinear analysis of the Cahn-Hilliard equation

The common ansatz for a weakly nonlinear analysis for a type-III instability [4] is

u(x, t) = u0(x+ Θ(X,T )) + εsu1(x,X, T ) +O(εs+1) , (1.26)

where u0(x) is the fixpoint solution, Θ(X,T ) is a phase that may vary on a large timescale

T = εrt and a largespatial scale X = εpx and u1 is the first small amplitude correction

to u0. Applying a weakly nonlinear analysis one obtains a phase equation for Θ(X,T )

and an amplitude equation for u1.

Here, the fixpoint solution is the homogeneous solution, i.e. φ0(x + Θ(X,T )) = φ0.

Therefore, we do not obtain a phase equation and our ansatz reduces to

φ(x, t) = φ0 + εsA0(X,T ) + εs+1A1(X,T ) +O(εs+2) , (1.27)

where Ai are real ’amplitudes’. Due to the dispersion relation (1.25) we choose the

scalings

a = −3φ20 + ãε2 X = εx T = ε4t (1.28)

in order to keep every term in (1.25) at the same magnitude 2. Next, we consider the

possible nonlinearity which satisfies the symmetries (1.23).

In the special case of φ0 = 0, the first possible nonlinearity is ∂XXA0(X,T )3. With the

2In (1.25) the wavenumber k is scaled as X and the growth rate λ is scaled as T . More explanation on
the connection between the dispersion relation and the introduced multiscales will follow in chapter
2.2
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ansatz

φ(x, t) = φ0 + εA0(X,T ) +O(ε2) , (1.29)

we ensure that this nonlinearity contributes at the same order in ε as the linear terms.

Therefore, we obtain the amplitude equation for A0(X,T ) at fifth order in ε:

∂TA0 = ∂XX

(
−κ

2

L2
∂XXA0 + ãA0 +A3

0

)
. (1.30)

This is again the Cahn-Hilliard equation.

In the case of arbitrary φ0, as long as it is of order 1, there is the quadratic nonlinearity

in the small amplitude namely φ0∂XXA0(X,T )2 which could occur and which satisfies

the symmetries. If we choose now

φ(x, t) = φ0 + ε2A0(X,T ) +O(ε3) , (1.31)

then the quadratic nonlinearity contributes at the same order as the linear terms thus

the amplitude equation (found at order ε6) reads:

∂TA0 = ∂XX

(
−κ

2

L2
∂XXA0 + ãA0 + 6φ0A

2
0

)
. (1.32)

This is known as the Sivashinsky equation [22]. It conserves the φ→ −φ symmetry since

that means φ0 → −φ0 and A0 → −A0, but in contrast to the Cahn-Hilliard equation for

the amplitude (1.30) it breaks the up-down symmetry in A0.

The Sivashinsky equation in the form of (1.32) exhibits a finite time blow up and is there-

fore not physically meaningful. In order to prevent this behavior one has to incorporate

higher orders in (1.32) which stabilized the solutions of (1.32) to finite amplitudes.

A third case can be considered where φ0 ∼ ε. Then higher order nonlinearities become

important in (1.32). To balance linear and nonlinear terms we choose again ansatz (1.29)

and obtain the following evolution equation for A0(X,T ):

∂TA0 = ∂XX

(
−κ

2

L2
∂XXA0 + ãA0 + 6φ0A

2
0 +A3

0

)
. (1.33)

1.3. Swift-Hohenberg equation – A short-scale instability

The Swift-Hohenberg equation is given by:

∂tψ = rψ −
(
q2c + ∂xx

)2
ψ + δψ2 − ψ3 . (1.34)

It is common to nondimensionalise (1.39) via

x =
1

qc
x̃, t = τ t̃, ψ = ψ0ψ̃ . (1.35)
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Figure 1.2: Dispersion relations of the Cahn-Hilliard equation (1.43) at the onset of
instability (a), r = rc = 0) and slightly above the instability (b), r = 0.3 >
rc). The fixed parameters are κ = 1 and L = 2π.

Then (1.34) becomes

∂t̃ψ̃ = τrψ̃ − τq2c (1 + ∂x̃x̃)2 ψ̃ + τδψ0ψ̃
2 − τψ2

0ψ̃
3 . (1.36)

We set

τ =
1

q2c
, ψ0 =

1√
τ
, r̃ = τr, δ̃ = τδψ0, (1.37)

and use a second spatial scaling

x̃ = Lx̂ . (1.38)

Leaving tildes and hats yields the nondimensionalised and rescaled Swift-Hohenberg

equation

∂tψ = rψ −
(

1 +
1

L2
∂xx

)2

ψ + δψ2 − ψ3 . (1.39)

Similarly to the Cahn-Hilliard equation we can write (1.39) as a gradient dynamics on

a free energy

∂tψ = −δFSH
δψ

(1.40)

with the Swift-Hohenberg free energy

FSH =

∫ (
1

L4
(∂xxψ)2 − 1

L2
(∂xψ)2 +

1− r
2

ψ2 − δ

3
ψ3 +

1

4
ψ4

)
dx . (1.41)

The trivial fixpoint of (1.39) is

ψ(x, t) = 0 . (1.42)

In figure 1.2 the dispersion relation

λ(k) = r −
(

1− k2

L2

)2

(1.43)
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r

0

Figure 1.3: Illustration of the Eckhaus instability. The existence condition (1.48) is
depicted by the black dashed curve and the stability condition by the red
solid one. The red shaded area in between these curves is the Eckhaus band.
There, the corresponding solutions are unstable.

obtained from the linear stability analysis around the trivial fixpoint is illustrated. We

see that the trivial fixpoint becomes unstable in a short-scale instability for r ≥ 0 at

k = kc = L. That means, that the system has a most critical wavelength

λc =
2π

L
<∞ . (1.44)

Therefore, it is called a short-scale or a type-I instability.

1.3.1. Weakly nonlinear analysis of the Swift-Hohenberg equation

The weakly nonlinear analysis can be applied for r = ε2 << 1 with the proper ansatz

ψ(x, t) =ε
(
A0(X,T )eikcx + c.c.

)
+ ε2

(
A1(X,T )eikcx + C0(X,T )e2ikcx + c.c.+B0(X,T )

)
+O(ε3) , (1.45)

where the slow time scale T = ε2t and long space scale X = εx are introduced. At order

ε3 one obtains the real Ginzburg-Landau equation as amplitude equation for A0:

∂TA0 = rA0 − (1− δ2

9
)|A0|2A0 +

4

L2
∂XXA0 (1.46)
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λ

Figure 1.4: Illustration of the Predictor-Corrector method

Amplitude equations such as (1.46) are useful to describe solution behavior like secondary

bifurcations 3. Steady solutions of equation (1.46) are

A0(x) = a0e
iQx with a0 =

√√√√√r −
(
2Q
L

)2
1− δ2

9

. (1.47)

These so-called phase winding solutions only exist if

r >

(
2Q

L

)2

(1.48)

and a linear stability analysis yields that only the primary solution with Q = 0 is always

stable. Additional to the existence condition (1.48) there is a stability condition for

any other solution with Q 6= 0. This second condition has to be fulfilled, otherwise the

solution is unstable. That is for any r > 0 there exists a band of phase winding solution

in the (Q, r)-plane which are unstable. This unstable band is depicted as red shaded

region in figure 1.3 and is called Eckhaus band. The corresponding instability is the

Eckhaus instability [14].

1.4. Continuation – basic principles

Throughout this work fully nonlinear examinations are computed by a numerical contin-

uation program pde2path. Therefore, the basic principles of continuation are explained

in this chapter. For further information of this subject see [24, 21].

The main task of continuation is to trace a branch of solutions which are described by

a system of nonlinear algebraic equations

~G(~u, λ) = 0 , (1.49)

3We assume that 1− δ2

9
> 0, i.e. the amplitude solutions of (1.46) are saturated by the negative sign

of the cubic nonlinearity
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where ~u is the n-dimensional vector, λ is the control parameter and ~G is a nonlinear

differential operator. Tracing a branch of solutions means that for a given first solution

(~u0, λ0) further solutions (~u1, λ1), (~u2, λ2), .... are calculated to complete the branch. The

continuation method is combined with devices to detect special points such as bifurcation

and fold points. The linear stability of the current solution is also analyzed and branch

switching at bifurcation points is also possible. One uses these numerical methods to

obtain a bifurcation diagram of system (1.49). Here, we just consider the simple branch

tracing method which consists of two parts. As depicted in figure 1.4 we start from the

given solution point (~uj , λj), make a prediction (~uj+1, λj+1) and correct this predictor to

the next solution (~uj+1, λj+1). In this so-called predictor-corrector method the solution

is often parameterized by the arclength s of the branch, i.e. (~uj , λj) = (~u(sj), λ(sj)).

Then the step-length is defined by ∆s = sj+1 − sj . So the main ingredients of branch

tracing are

• parametrization

• predictor

• corrector

• step-length control .

Besides the arclength parametrization the natural parametrization (~uj , λj) = (~u(λj), λj)

is common. However, this parametrization can not be used in general, since the contin-

uation with this parametrization at fold points where ∂sλ changes its sign breaks down.

This is not the case for arclength parametrization. The continuation program is able to

switch between these two parametrizations.

Within this program the tangent predictor is used in the framework of arclength parametriza-

tion. We differentiate (1.49) with respect to the arclength s and obtain

0 = ~G~u ·
d~u

ds
+ ~Gλ

dλ

ds
=
(
~G~u|~Gλ

)
·

(
d~u
ds
dλ
ds

)
. (1.50)

Equation (1.50) is solved at the given solution (~u(sj), λ(sj)) to obtain the tangent vector

after proper normalization and orientation as

~τ(sj) = (~̇u(sj), λ̇(sj) =
d

ds
(~u(s), λ(s)) |s=sj . (1.51)

Then one calculates the predictor by a step of the Euler method with the stepsize ∆s:

(~u(sj+1), λ(sj+1) = (~u(sj), λ(sj) + ∆s~τ . (1.52)

Afterwards this predictor has to be corrected. The Newton method is mostly used for

it. Here, the main aspects of branch tracing have been discussed but practical details

such as pseudo arclength parametrization and step-length control methods have been

neglected.
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2. Fully and weakly nonlinear analysis of coupled system with

variational structure

Now, we start the analysis of a two-field system consisting of a Cahn-Hilliard part φ

(1.19) and a Swift-Hohenberg part ψ (1.39) which are coupled by the mathematically

simplest term that preserves the variational structure. We can write this term as coupling

energy FCoupling with coupling strength γ of the form

FCoupling = γ

∫
φψdx . (2.1)

The resulting total free energy is

F = FCH + FSH + FCoupling , (2.2)

with FCH and FSH defined in (1.21) and (1.41), respectively. Then the two-field system,

called ~u from now on, in one spatial dimension reads

∂t~u = ∂t

(
φ

ψ

)
=

(
∂xx

δF
δφ

− δF
δψ

)
(2.3)

=

(
∂xx

(
− κ2

L2∂xxφ+ aφ+ φ3 + γψ
)

rψ − ( 1
L2∂xx + 1)2ψ + δψ2 − ψ3 − γφ

)
, (2.4)

where κ, L, a, r, δ and γ are system parameters.

The differential equation system (2.4) is invariant under spatial translation (x→ x+x0)

and spatial reflection (x→ −x) as well as under (γ, φ, ψ)→ (−γ,−φ, ψ) transformation.

If the quadratic nonlinearity is turned off, i.e. if δ = 0, it also has an inversion symmetry

((x, φ, ψ)→ (−x,−φ,−ψ)).

2.1. Linearized problem

We begin analysing system (2.4) by linearizing it around the trivial fixpoint(
φ0

ψ0

)
=

(
0

0

)
(2.5)

As mentioned in the introduction we expect qualitative different instabilities in the

linearized regime. Therefore, we apply the linear stability analysis. We consider a

small perturbation, build a Fourier decomposition, i.e. we examine decoupled harmonic

perturbation modes (
φ1

ψ1

)
= ε~v(k)eλt+ikx +O(ε2) , (2.6)
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Figure 2.1: Dispersion relations of (2.8) for different cases. The uncoupled case a)
(γ = 0) shows the unchanged dispersion relations of the Cahn-Hilliard and
the Swift-Hohenberg part together. Panels b) and c) depict the long-scale
instability at onset (b), γ = γc,l) and slightly above the onset (c), γ > γc,l),
respectively, with γc,l from (2.17). The fixed parameters for panels a), b)
and c) are a = 0.5, r = −1, κ = 2 and L = 2π. Panels d) and e) depict the
short-scale instability at onset (d), γ = γc,s) and slightly above the onset (e),
γ > γc,s), respectively, with γc,s from (2.11).
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and linearize in ε around the trivial fixpoint. We obtain the eigenvalue problem(
−k2

(
κ2

L2k
2 + a

)
−γk2

−γ r −
(
− 1
L2k

2 + 1
)2
)

︸ ︷︷ ︸
:=J

~v = λ~v , (2.7)

where J is the Jacobian and ~v is the eigenvector to the particular eigenvalue λ. The

eigenvalue λ is automatically the growth rate given that for a gradient dynamics all

eigenvalues are real. Both, eigenvector and eigenvalue, are functions of the wavenumber

k. Explicitly the eigenvalues are

λ1,2(k) =
1

2

[
−k2

(
κ2

L2
k2 + a

)
+ r −

(
− 1

L2
k2 + 1

)2

±

√√√√[k2(κ2
L2
k2 + a

)
+ r −

(
− 1

L2
k2 + 1

)2
]2

+ 4k2γ2

 . (2.8)

Since the coupling energy (2.1) influences φ as well as ψ directly, we choose the coupling

strength γ as our main control parameter. This means that we use the coupling strength

as critical parameter which controls the occurance of instability. For γ 6= 0 the eigenvalue

with positive sign increases. Thus, every γ 6= 0 destabilizes the system. Therefore, we

obtain some finite parameter intervalls in which the coupling strength can initiate an

instability. For example the Cahn-Hilliard part as well as the Swift-Hohenberg part must

not be unstable without any coupling, i.e.

a > 0 r < 0 , (2.9)

otherwise the instability is already initiated without any coupling and the coupling

strength can only enhance this instability.

In the framework of these restrictions we find two different linear instabilities for some

particular parameter intervall 4. We can have a long-scale (type III-) instability due to

the Cahn-Hilliard equation as well as a short-scale (type I-) instability resulting from

the Swift-Hohenberg equation.

At first we examine the short-scale instability.

Short-scale instability

The onset of a type I-instability occurs at a critical coupling strength γc,s, as shown

in figure 2.1. Here the subscripts c and s stand for ’critical’ and ’short’, respectively.

Solving the eigenvalue problem (2.7) with eigenvalue λ(kc) = 0 and critical wavenumber

4Here we only mean codimension-1 instabilities. The occurence of a codimension-2 instability is ex-
plained in chapter 2.6
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kc 6= 0 yields (from 2nd equation of (2.7))

~v =

(
r −

(
− 1
L2k

2
c + 1

)2
γc,s

, 1

)
. (2.10)

Inserting (2.10) into the first equation of (2.7) one obtains for the critical coupling

strength:

γc,s = ±

√√√√(κ2
L2
k2c + a

)[(
1− 1

L2
k2c

)2

− r

]
. (2.11)

Furthermore, one obtains the critical wavenumber kc by the condition

∂kλ1(k)

∣∣∣∣
k=kc

!
= 0 , (2.12)

or, equivalent, in the second order of the multiscale analysis which will follow below.

The conserved character of the Cahn-Hilliard field φ always results in a zero growth rate

at k = 0 with eigenvector

~w =

(
1
γ
r−1

)
. (2.13)

Hence, the solution of (2.7) at the onset of the short-scale instability with λ = 0 is

composed of two parts:

~u =

(
φ

ψ

)
= c0 ~w + ~v

(
c1e

ikcx + c∗1e
−ikcx

)
. (2.14)

Next, we turn to the long-scale instability.

Long-scale instability

As mentioned above, the system always has a zero growth rate λ1 = 0 at k = 0. For a

long-scale instability, λ1 must have a minimum at k = 0, i.e

∂kkλ1(k)

∣∣∣∣
k=0

!
> 0 , (2.15)

which gives a condition for the coupling strength

γ2 > (1− r)a . (2.16)

So the onset of the long-scale instability occurs at a critical value γc,l:

γc,l = ±
√

(1− r)a . (2.17)

16



Here the subscripts c and l stand for ’critical’ and ’long’, respectively.

The solution of (2.7) at the onset of the long-scale instability with λ = 0 is given by

~u =

(
φ

ψ

)
= c0 ~w . (2.18)

In the following, we examine (2.3) in the framework of multiscale analysis in different

instability cases and compare steady state solutions of the obtained amplitude equations

with results of a fully nonlinear analysis determined by continuation in pde2path.

Thereby, we use periodic boundary conditions.

2.2. Weakly nonlinear analysis – Short-scale instability

2.2.1. Derivation of amplitude equations

We start with the general solution of the linearized problem with zero eigenvalue for

γ = γc,s: (
φ

ψ

)
= c0 ~w + ~v

(
c1e

ikcx + c∗1e
−ikcx

)
. (2.19)

The idea of the following multiscale analysis in the weakly nonlinear regime is that the

control parameter γ is slightly above the critical coupling strength γc,s, i.e γ − γc,s ∼ ε2

with the smallness parameter 0 < ε � 1. Therefore the critical mode ~v gets linearly

unstable, i.e. the constant c1 has to be replaced by an amplitude A0(X,T ) which will

linearly grow proportional to eλ(kc)t. By considering the growth rate as a function of the

smallness parameter one obtains via a Taylor expansion that λ(kc) ∼ ε2. So the mode

is linearly unstable, but very weak, precisely, it grows on the slow timescale T = ε2t.

Furthermore, while the eigenvalue at k = kc crosses zero, further wavenumbers in a

small band of width ∆k around k = kc become unstable as well. Instead of introducing

all these additional modes with their own amplitudes, one incorporates this effect by a

spatial dependence of the amplitude A0(X,T ). Since ∆k � kc one also seperates these

two spatial scales by X = εx. This explicit relation can be obtained by calculating the

roots k0 6= 0 of the eigenvalue λ1 as functions of ε and finally expand the relations about

ε = 0. To zeroth order one otains k0 = kc and the first order term is not zero so to

linear order the width of the band of unstable wavenumbers is of order ε. This means

that the physical field can have a wavenumber q with q − kc ∼ ε, i.e. it can vary from

the maximally unstable mode on a spatial scale X = εx, because

eiqx = eikcx ei(q−kc)x︸ ︷︷ ︸
∼eiεx=eiX

(2.20)
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With the introduced time and spatial scales T and X the spatial and temporal derivatives

change in the multiscale analysis to

∂

∂x
→ ∂

∂x
+ ε

∂

∂X

∂

∂t
→ ∂

∂t
+ ε2

∂

∂T
. (2.21)

Being close to the onset of instability we get an interaction between linear and nonlinear

behavior and can finally obtain an amplitude equation. For that we use the following

ansatz:

~u =

(
φ1

ψ1

)
=ε~v

(
A0(X,T )eikcx + c.c

)
+ ε2

[(
A1
φ(X,T )

A1
ψ(X,T )

)
eikcx +

(
C0
φ(X,T )

C0
ψ(X,T )

)
e2ikcx + c.c.

+

(
B0
φ(X,T )

B0
ψ(X,T )

)]

+ ε3

[(
A2
φ(X,T )

A2
ψ(X,T )

)
eikcx +

(
C1
φ(X,T )

C1
ψ(X,T )

)
e2ikcx +

(
D0
φ(X,T )

D0
ψ(X,T )

)
e3ikcx + c.c.

+

(
B1
φ(X,T )

B1
ψ(X,T )

)]
+O(ε4) (2.22)

We see that in this case the bifurcation from the trivial state is pitchfork like, i.e

|

(
φ1

ψ1

)
| ∼ √γ − γc,s = ε, so that we can start with the solution at linear order in

ε. One could wonder why the neutral mode (wavenumber k = 0) does not occur to lin-

ear order although it is one part of the linear solution with zero eigenvalue. The reason

is that due to the conservation behavior of the Cahn-Hilliard equation this eigenvalue

does not cross the imaginary axis but always remains on it while the control parameter

is varied above the critical value.

To quadratic order new modes and amplitudes occur. The first term also oscillates with

the critical wavenumber kc, but the second one with the first higher harmonic 2kc and

the third one is the neutral mode.

Without calculating it explicitly one can already see why and how these terms arise to

second order. All three are connected directly with the linearly unstable pattern mode

(k = kc) and its amplitude A0(X,T ). The higher harmonic amplitudes C0
φ(X,T ) and

C0
ψ(X,T ) are induced by the quadratic nonlinearity of the linear mode with kc with the

simple reason that
(
eikcx

)2
= e2ikcx. The same holds for the neutral mode where the lin-

ear unstable pattern mode is not multiplied with itself but with its complex conjugated

part, i.e. eikcxe−ikcx = 1. The new amplitudes of the critical wavenumber which appear

to second order are related to the first spatial X-derivative of A0(X,T ) as it is of order

ε2 due to X = εx. Analogously one can construct the third order.

By comparing the symmetries of the original equation system (2.3) (translation and re-
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flection symmetry) with the choosen ansatz (2.22) we can already see which symmetries

all equations which we will obtain through the weakly nonlinear analysis have to fulfill.

Ansatz (2.22) is invariant under translation symmetry x→ x+ x0 if

A→ Aeiϕ B → B C → Ce2iϕ D → De3iϕ , (2.23)

with

ϕ = kcx0 . (2.24)

As explicit x-dependencies appear only as spatial derivatives in (2.3) it will be the same

for any equation in the following analysis. Due to the invariance of any derivative to

translation, i.e

∂x+x0 = ∂x , (2.25)

we can conclude that we can always add an arbitrary phase to any solution of the

amplitudes according to (2.23).

For reflection symmetry ansatz (2.3) is invariant under

x→ −x (A,C,D)→ (A∗, C∗, D∗) B → B . (2.26)

This yields further restriction on the amplitude equations. We see that for example odd

x-derivatives can not occur in the amplitude equation for B and have to go with a pure

complex prefactor for the other amplitude equations we will obtain through the weakly

nonlinear analysis.

These symmetry arguments can help to construct amplitude equations qualitativly, but

now we want to do it step by step in the framework of the weakly nonlinear analysis.

By inserting the ansatz (2.22) into (2.3) as well as replacing the derivatives with (2.21),

expanding all polynomials and sorting in orders of ε and projecting onto every occuring

wavenumber, we get relations between the amplitudes. To derive the amplitude equa-

tions we apply the Fredholm alternative, i.e. we need the adjoint eigenvector.

One finds the adjoint eigenvector 5 to be

~v† =
1

N

(
r −

(
− 1
L2k

2
c + 1

)2
k2cγc,s

, 1

)
(2.28)

with

N = 1 +

(
r −

(
− 1
L2k

2
c + 1

)2
kcγc,s

)2

. (2.29)

5In this case the adjoint Jacobian is

J† = Jᵀ =

(
−k2

(
κ2

L2 k
2 + a

)
−γ

−γk2 r −
(
− 1
L2 k

2 + 1
)2
)

(2.27)

19



Now we go successively through the different orders in ε.

O(ε) : 0 = 0

The linear order is automatically fulfilled because we have already incorporated the so-

lution of the linear problem obtained in the previous chapter into our ansatz. Otherwise

one would have found the eigenvector ~v and the critical coupling strength γc,s to this

order.

In second order we project onto the appearing wavenumbers:

O(ε2) :

∼ 1 : 0 = 0 (2.30)

B0
ψ = − γc,s

1− r
B0
φ +

2δ

1− r
|A0|2 (2.31)

∼ eikcx : − k2c
(
κ2

L2
k2c + a

)
A1
φ − γc,sk2cA1

ψ

=
2i

γc,s

(κ
L

)2
k3c

[(
1− k2c

L2

)2

− r

]
∂XA

0 (2.32)

− γc,sA1
φ +

[
r −

(
1− k2c

L2

)2
]
A1
ψ

= 4i
kc
L2

(
1− k2c

L2

)
∂XA

0 (2.33)

∼ e2ikcx : C0
φ = − γc,s

4 κ
2

L2k2c + a
C0
ψ (2.34)

C0
φ =

1

γc,s
r −

(
1− 4

k2c
L2

)2

C0
ψ +

δ

γc,s

(
A0
)2

(2.35)

These six equations and their complex conjugated ones (not shown here) form the

algebraic/ode system at order ε2. Each pair of equations shows different behavior, that

we want to discuss briefly. First, equations (2.34) and (2.35) determine the amplitudes

of the wavenumber 2kc and one sees that C0
φ(X,T ) ∼ C0

ψ(X,T ) ∼
(
A0(X,T )

)2
.

Whereas the C0’s are completely determined by these two equations, this is not the

case for the neutral modes B0
φ(X,T ) and B0

ψ(X,T ) as only one relation between them

can be reveived from (2.30) and (2.31). The reason is again the conserved dynamics of

the Cahn-Hilliard equation which leads to the double x derivative in front of the whole

term. For the projection onto wavenumber zero there is no small/original space scale

present and this double spatial derivative always leads to an ε2 so that there are not any

amplitudes or combinations of them which contribute in the Cahn-Hilliard part (2.30)

on order ε2.
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Equations (2.32) and (2.33) can be written as inhomogeneous linear equations

for
(
A1
φ(X,T ), A1

ψ(X,T )
)

:

J

∣∣∣∣
k=kc

(
A1
φ

A1
ψ

)
=

 κ2k2c
γc,s

[(
1− k2c

L2

)2
− r
]

2
(

1− k2c
L2

)
 2i

kc
L2
∂XA

0 (2.36)

As explained in chapter 1.1.1 one can apply the Fredholm alternative, i.e.

~v† ·

 κ2k2c
γc,s

[(
1− k2c

L2

)2
− r
]

2
(

1− k2c
L2

)
 2i

kc
L2
∂XA

0 !
= 0 (2.37)

⇔
[
L4(2a+ (−1 + r)κ2)− 2L2(a− 2κ2)k2c − 3κ2k4c

]
∂XA

0 = 0 (2.38)

As explained above, the amplitude A0(X,T ) should be a function of X, so the bracket in

(2.38) should be zero. This recovers condition (2.12), i.e. the expression for the critical

wavenumber kc at onset:

k2c =
L2

3

2− a

κ2
+

√
(a+ κ2)2 + 3rκ4

κ2

 . (2.39)

Second, (2.36) provides

A1
φ =

1

γc,s

[
r −

(
1− k2c

L2

)2
]
A1
ψ −

4

γc,s
i
kc
L2

(
1− k2c

L2

)
∂XA

0 (2.40)

To obtain the amplitude equation the third order in ε is required. Projecting onto

wavenumber eikcx yields

J

∣∣∣∣
k=kc

(
A2
φ

A2
ψ

)
= ~b , (2.41)

where the inhomogenity~b contains ∂TA
0(X,T ). Applying the Fredholm alternative leads

to the amplitude equation for the pattern mode,

∂TA
0 =α1A

0 + α2A
0B0

φ + α3|A0|2A0 + α4∂XXA
0 , (2.42)

where all known relations have already been incorporated and where the αi with i =

{1, 2, 3, 4} are parameters which are listed in table B.1. The weak linear instability

discussed above arises here in form of the parameter α1 ∼ (γ − γc,s). If the bifurcation

is supercritical then α3 < 0.

To obtain a self-contained system one also needs an amplitude equation for B0
φ because

a determination of this neutral mode has not been possible due to equation (2.30), i.e.

due to the conservation law.
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This second amplitude equation is found to fourth order of ε and reads

∂TB
0
φ = ∂XX

[
β1B

0
φ + β2|A0|2

]
. (2.43)

So we have a coupled system of two amplitude equations, which can be written in

variational form

∂TA
0 =− δF

δ (A0)∗
(2.44)

∂TB
0
φ =∂X

(
M∂X

δF

δB0
φ

)
(2.45)

with F =

∫ [
− |A0|2

(
α1 + α2B

0
φ

)
− α3

2
|A0|4 + α4|∂XA0|2 − β1α2

2β2

(
B0
φ

)2 ]
dx (2.46)

and M =− β2
α2

(2.47)

If we want to include higher order terms in ε, especially important if the coefficient

α3 ≈ 0 in (2.42) we have to derive further amplitude equations which contain more

terms that fulfill the symmetry

X → −X A→ A∗ B → B , (2.48)

but one can not solve each order successively. Instead one has to incorporate all ampli-

tude equation into one. We will do this by considering here the next order in our weak

nonlinear expansion.

At next order we find 6:

∂TA
1
ψ =α1A

1
ψ + α2

(
A0B1

φ +A1
ψB

0
φ

)
+ α3

(
2A1

ψ|A0|2 +
(
A1
)∗
ψ

(
A0
)2)

+ α4∂XXA
1
ψ

+ i
[
α5∂XTA

0 + α6∂XA
0 + α7∂X

(
A0B0

φ

)
+ α8∂X

(
A0|A0|2

)
+ α9∂XXXA

0
]

(2.49)

∂TB
1
φ =∂XX

[
β1B

1
φ + β2

( (
A1
ψ

)∗
A0 +

(
A0
)∗
A1
ψ

)]
(2.50)

These two amplitude equations have to be combined with the algebraic equations (2.34),

(2.35) and (2.40) in order to have a self-contained system of the physical field with

6The occuring prefactors αi, βi and γi are listed in table B.1
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amplitudes up to order ε2:

A1
φ =v1A

1
ψ + iα10∂XA

0 (2.51)

B0
ψ =β3B

0
φ + β4|A0|2 (2.52)

C0
φ =γ1

(
A0
)2

(2.53)

C0
ψ =γ2

(
A0
)2

(2.54)

In (2.51) we have identified the prefactor of A1
ψ as the first component of the eigenvector

~v, named v1, and have defined the other prefactor as α10. In (2.53) and (2.54) the oc-

curing prefactors are defined as γ1 and γ2 and can be calculated easily from (2.34) and

(2.35).

Now, to get the amplitude equations in higher order one has to look at the general ansatz

(1.9) where we have one amplitude for each mode. The amplitudes itself are expansions

of the order parameter ε (see (1.10)).

The order of the amplitude equations depends on the truncation we use in these expan-

sions. Therefore we define ~A(X,T ), ~B(X,T ), ~C(X,T ) by

~A ≡

(
Aφ

Aψ

)
≡ ~vA0 + ε

(
A1
φ

A1
ψ

)
(2.55)

~B ≡

(
Bφ

Bψ

)
≡

(
B0
φ

B0
ψ

)
+ ε

(
B1
φ

B1
ψ

)
(2.56)

~C ≡

(
Cφ

Cψ

)
≡

(
C0
φ

C0
ψ

)
(2.57)

as the amplitudes in first order.

The corresponding system of algebraic and amplitude equations is given by

∂TAψ =∂TA
0 + ε∂TA

1
ψ

=α1

(
A0 + εA1

ψ

)
+ α2

(
A0B0

φ + ε
(
A0B1

φ +A1
ψB

0
φ

))
+ α3

(
|A0|2A0 + ε

(
2A1

ψ|A0|2 +
(
A1
)∗
ψ

(
A0
)2))

+ α4∂XX
(
A0 + εA1

ψ

)
+ iε

[
α5

(
α1∂XA

0 + α2∂X
(
A0B0

φ

)
+ α3∂X

(
|A0|2A0

)
+ α4∂XXXA

0
)

+ α6∂XA
0 + α7∂X

(
A0B0

φ

)
+ α8∂X

(
A0|A0|2

)
+ α9∂XXXA

0

]
(2.58)

Aφ =v1
(
A0 + εA1

ψ

)
+ iεα10∂XA

0 (2.59)

∂TBφ =∂TB
0
φ + ε∂TB

1
ψ

=∂XX

[
β1
(
B0
φ + εB1

φ

)
+ β2

(
|A0|2 + ε

((
A1
ψ

)∗
A0 +

(
A0
)∗
A1
ψ

))]
(2.60)
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The last step is to replace all occuring terms by the new amplitudes. In doing so we

make mistakes, but they are all at order ε2 and can be neglected as we have expanded

the new amplitudes up to ε. So for example we rewrite the cubic term in (2.58) into

|A0|2A0 + ε
(

2A1
ψ|A0|2 +

(
A1
ψ

)∗ (
A0
)2)

(2.61)

=|Aψ|2Aψ − ε2
(

2A0|A1
ψ|2 +

(
A0
)∗ (

A1
ψ

)2)− ε3A1
ψ|A1

ψ|2 (2.62)

=|Aψ|2Aψ +O(ε2) . (2.63)

All in all this leads to

∂TAψ =α1Aψ + α2AψBφ + α3|Aψ|2Aψ + α4∂XXAψ

+ iε

[
α̃1∂XAψ + α̃2∂X (AψBφ) + α̃3∂X

(
|Aψ|2Aψ

)
+ α̃4∂XXXAψ

]
+O(ε2)7 (2.64)

∂TBφ =∂XX

[
β1Bφ + β2|Aψ|2

]
+O(ε2) (2.65)

Aφ =v1Aψ + iεα10∂XAψ +O(ε2) (2.66)

Bψ =β3Bφ + β4|Aψ|2 +O(ε2) (2.67)

Cφ =γ1 (Aψ)2 +O(ε) (2.68)

Cψ =γ2 (Aψ)2 +O(ε) (2.69)

We can check if system (2.64) - (2.69) still fulfills the required symmetries. Translation

symmetry is obviously fulfilled. For reflection symmetry these equations have to fulfill

symmetry (2.26). To check this invariance we take the complex conjugate of system

(2.64) - (2.69). Then (2.64) and (2.66) become (here with truncation of terms in O(ε2))

∂TA
∗
ψ =α1A

∗
ψ + α2A

∗
ψBφ + α3|Aψ|2A∗ψ + α4∂XXA

∗
ψ

− iε
[
α̃1∂XA

∗
ψ + α̃2∂X

(
A∗ψBφ

)
+ α̃3∂X

(
|Aψ|2A∗ψ

)
+ α̃4∂XXXA

∗
ψ

]
(2.70)

A∗φ =v1A
∗
ψ + iεα10∂XA

∗
ψ . (2.71)

which are the amplitude equations for the complex conjugates amplitudes A∗ψ and A∗φ.

We see that equations (2.64) and (2.66) are related to equations (2.70) and (2.71) by

the symmetry (2.26). As requested, this symmetry is still present in all of the equations

(2.64) - (2.69) 8 due to the reflection symmetry of the original system (2.3).

In this representation ε indicates as prefactor the additional terms, i.e. the qualitative

change in the amplitude equation (2.66) due to the investigation of the next order. In

contrast to the amplitude equation in first order we do not find a free energy functional

7We have defined α̃1 ≡ α5α1 + α6, α̃2 ≡ α5α2 + α7, α̃3 ≡ α5α3 + α8 and α̃4 ≡ α5α4 + α9
8This symmetry is trivially fulfilled for the remaining equations (2.65),(2.67),(2.68) and (2.69)
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such that we could write the amplitude equations (2.64) and (2.65) as gradient dynam-

ics. The next order terms inhibit this property. Although the full system is always

described by gradient dynamics, we do not see this property at this order of approxi-

mation anymore. There are two things which could cause that loss. One thing is that

there might be higher order terms which do not show up in (2.64) and (2.65) but which

have to be incorporated to form gradient dynamics. The other thing might be that

the algebraic equations (2.64) - (2.69) also carry information about the system. These

equations are solution of completed time evolutions on faster timescales that T2. Since,

we do not consider their time evolution we might loose the obvious gradient dynamics

in the amplitude equations. A task of further studies could be to verifiy or refute these

assumptions.

Before we go on and solve system (2.58) - (2.69) there are two notes to mention.

First, in (2.68) and in (2.69) terms of order ε have been neglected, but this is allowed.

The crucial difference between amplitudes of the most critical mode (∼ kcx) and ones

of the neutral or higher harmonic mode is the lowest order in which they appear. The

first ones come with ε and the other ones come with ε2. Constructing the physical field

up to order ε2 is equivalent to consider amplitude equation for A at order ε and solve

the equations for B and C to zeroth order. Though (2.65) has also to be at order ε,

due to the coupling between the amplitude equations (2.64) and (2.65). Only by con-

sidering both coupled equations at the same order we can say that we solve the system

for amplitude A at this order. Therefore we have to request Equation (2.65) in order

ε. In contrast, the first order is not required in the algebraic equation (2.67), however

automatically fulfilled in this case.

Second, we have to discuss how to deal with the smallness parameter ε appearing both

in the ansatz (2.22) and in the amplitude equation system (see (2.64) and (2.66)). In

the beginning of the analysis we have set

ε2 = γ − γc,s (2.72)

and one could conceive of resubstituting (2.72) into amplitude equations and into the

ansatz, but that would be wrong.

The crucial difference between the term γ− γc,s which can be found in some parameters

of system (2.64) - (2.69) and ε is that this term stand for the real (experimental) differ-

ence between actual and critical coupling strength whereas ε just indicates as prefactor

the size scale of the associated term.

For the same reason the ansatz (2.22) must not be seen as a taylor expansion in γ− γc,s
(if so then the amplitudes should be independent of this term) but as an expansion in

size scale, i.e. an expansion in relevance if ε is small enough.

As the name implies the smallness parameter ε just helps to order the different contri-

bution to the physical field, but have no further physical meaning. Therefore we have to

drop ε from now on or in other words we give the associated terms their size scale back
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by reincorporating ε into them. This is done for the amplitude terms as well as for the

derivatives with respect to T or X.

With that discussion we know how to deal with the system (2.64) - (2.69) and how to

construct the physical solution.

2.2.2. Solutions of the amplitude equations

Steady state solutions are presented here for the amplitude equations in first and sec-

ond order. Furthermore, we distinguish two different cases in δ, the coefficient of the

quadratic nonlinearity. This prefactor plays an essential role as it enables the pattern

mode A to couple with the neutral mode B. We start with the general case.

General Case: δ 6= 0

To solve system (2.64) - (2.69) for steady states we make the ansatz 9

Aψ(x) = aψe
iQx , Aφ(x) = aφe

iQx , (2.73)

Bψ(x) = bψ , Bφ(x) = 0 , (2.74)

Cψ(x) = cψe
2iQx , Cφ(x) = cφe

2iQx , (2.75)

and insert it into (2.64) - (2.69):

(2.64)⇒ aψ =

√
α1 − α4Q2 −Q (α̃1 − α̃4Q2)

−α3 + α̃3Q
(2.76)

(2.65)⇒ 0 = 0 (2.77)

(2.66)⇒ aφ = (v1 − α10Q) aψ (2.78)

(2.67)⇒ bψ = β4a
2
ψ (2.79)

(2.68)⇒ cφ = γ1a
2
ψ (2.80)

(2.69)⇒ cψ = γ2a
2
ψ (2.81)

Finally we insert (2.76) - (2.81) into the physical field ansatz (2.22) and obtain

~u =

(
φ1

ψ1

)
= 2

(
aφ

aψ

)
cos((Q+kc)x)+

(
0

bψ

)
+2

(
cφ

cψ

)
cos (2(Q+ kc)x) . (2.82)

This is the steady state solution of the physical field up to order ε2 in the framework of

the weakly nonlinear analysis.

In the simpler case of solving system (2.64) - (2.69) in first order, we can drop equations

9We could add an additional phase ϕ in the exponential terms of (2.73) - (2.75), but here we consider
periodic boundary conditions. Therefore we have translational symmetry of all solutions, i.e. the
free choice of the phase ϕ. We simply choose ϕ = 0.
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(2.67) - (2.69) as well as terms in (2.64) and (2.66) which go with ε and obtain:

∂TAψ =α1Aψ + α2AψBφ + α3|Aψ|2Aψ + α4∂XXAψ (2.83)

∂TBφ =β1 (Bφ)XX + β2
(
|Aψ|2

)
XX

(2.84)

Aφ =v1Aψ (2.85)

With the same ansatz for Aψ, Aφ and Bφ as above (Equations (2.73) - (2.75)) we obtain

by inserting in system (2.83) - (2.85):

(2.83)⇒ aψ =

√
α1 − α4Q2

−α3
(2.86)

(2.84)⇒ 0 = 0 (2.87)

(2.85)⇒ aφ = v1aψ (2.88)

Then the physical field solution in first order is

~u =

(
φ1

ψ1

)
= 2

(
aφ

aψ

)
cos((Q+ kc)x) . (2.89)

Note, that the amplitudes aφ and aψ in equations (2.82) and (2.89) are different.

Special case: δ = 0

Without quadratic nonlinearity the pattern mode A does not couple with the neutral

mode B or the first harmonic mode C. This is reflected in the coefficients of the ampli-

tude equations (2.64) - (2.69) which become zero in this case:

α2 = α̃2 = β2 = β4 = γ1 = γ2 = 0 (2.90)

We also notice that other parameters (such as α3) also depend on δ (for α3 it is the

recoupling between A and C which has a contribution of |A|2A in (2.64)), but they do

not vanish for δ = 0.

Due to the absence of coupling of neutral as well as first harmonic mode with the pattern

mode, we just have to consider (2.64) and (2.66) to construct the weakly nonlinear

solution (2.22) to first and second order in ε. The amplitudes are

~A =

(
aφ

aψ

)
=

(
v1

1

)√
α1 − α4Q2

−α3
eiQx (2.91)

to O(ε) and

~A =

(
aφ

aψ

)
=

(
v1 − α10Q

1

)√
α1 − α4Q2 −Q (α̃1 − α̃4Q2)

−α3 + α̃3Q
eiQx (2.92)
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to O(ε2). Then the physical field ~u becomes

~u = 2

(
v1

1

)√
α1 − α4Q2

−α3
cos((Q+ kc)x) (2.93)

to O(ε) and

~u = 2

(
v1 − α10Q

1

)√
α1 − α4Q2 −Q (α̃1 − α̃4Q2)

−α3 + α̃3Q
cos((Q+ kc)x) (2.94)

to O(ε2), respectively.

Finally, we have to include the boundary condition which constrains the possible wavenum-

bers. In our case we use periodic boundary conditions with domain size lx, i.e. the

suitable wavenumbers are

kn =
2nπ

lx
n ∈ N . (2.95)

Inserting the amplitudes of (2.73) - (2.75) into the ansatz (2.22) for the physical field

yields terms proportional to

e±im(kc+Q)x with m ∈ [0, 1, 2] , (2.96)

i.e. wavenumber Q has to fulfill

Q =
2nπ

lx
− kc n ∈ N . (2.97)

In the following we will examine different solution behaviors with or without the quadratic

nonlinearity (δ 6= 0 or δ = 0) and compare the results with results obtained by numerical

continuation of solutions of the fully nonlinear problem.

2.3. Fully nonlinear analysis of steady states

Some general remarks regarding boundary conditions:

In general, every solution ~u(x, t) can be expanded in a fourier basis

~u(x) =

∫ ∞
−∞

~uk(t)e
ikxdk . (2.98)

For a solution in a finite domain of size lx the integral reduces to a sum, whereby possible

wavenumbers are kn = 2nπ
lx

for periodic boundary conditions or kn = nπ
lx

for Neumann

boundary conditions, respectively, with n ∈ Z. Note that a domain with Neumann

boundary conditions can always be embedded into a periodic domain by reflecting the

solution profiles about one boundary and taking the resulting doubled domain as a
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single period So the different boundary conditions may be comparable but they are not

equivalent. This can easily be seen by rewriting the fourier expansion (2.98) into

~u(x) =
∑
n∈N

~An(t) cos knx+ ~Bn(t) sin knx =
∑
n∈N

~Cn(t) cos (knx+ ϕn) . (2.99)

Neumann boundary conditions, i.e.

∂x~u(x = ± lx
2

)
!

= 0 , (2.100)

require automatically

~Bn(t) = 0 ⇔ ϕn = {0, π}10 ∀n , (2.101)

whereas there is no restriction when periodic boundary conditions are used.

Therefore one can find all solutions that occur for Neumann boundary conditions in a

setup with periodic boundary conditions (with double sozed domain) but not vice versa.

As mentioned above, we use periodic boundary condition on a finite domain with length

lx = 2 from x = −1 to x = +1, so that the fitting wavenumbers are

kn =
2nπ

lx
= nπ . (2.102)

For steady states (∂tφ = 0) we can rewrite the Cahn-Hilliard part of (2.3):

dF
dt

=

∫
dx
δF
δφ
∂tφ =

∫
dx
δF
δφ
∂xx

δF
δφ

=
δF
δφ
∂x
δF
δφ

∣∣∣∣1
−1
−
∫
dx

(
∂x
δF
δφ

)2
!

= 0 (2.103)

⇒ ∂x
δF
δφ

= 0 (2.104)

⇒ δF
δφ

= µ = const (2.105)

In the first line we have used the Gauss’ theorem, whereby the first term is evaluated

at the boundaries and vanishes due to the periodic boundary conditions. We have

introduced the integration constant µ, which corresponds to a chemical potential, as a

third unknown. Therefore we also need a third equation. The third equation is the

constraint of mass conservation of the Cahn-Hilliard field, i.e. we keep 1
lx

∫
dxφ = φ0

constant.

10ϕn = π ∀n corresponds to ~u→ −~u symmetry.
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Therefore the two-field system (2.3) for steady states becomes

−κ
2

L2
∂xxφ+ aφ+ φ3 + γψ − µ =0 (2.106)

rψ − (
1

L2
∂xx + 1)2ψ + δψ2 − ψ3 − γφ =0 (2.107)

φ0 −
1

2

∫
dxφ = 0 . (2.108)

System (2.106)-(2.108) fulfills translation (x→ x+x0) and reflection (x→ −x) symme-

try. If µ = 0 then it also has a (γ, φ, ψ) → (−γ,−φ, ψ) symmetry. If both, µ = 0 and

δ = 0 then it is also invariant under inversion ((x, φ, ψ)→ (−x,−φ,−ψ)).

For this system (2.106) we discuss the bifurcation diagrams, its solutions in the cases

of a short-scale instability with or without quadratic nonlinearity. For that matter the

coupling strength γ will be our control parameter. The fixed parameters are

κ = 1, a = 1, r = −1, L = 2π, φ0 = 0 . (2.109)

2.3.1. Bifurcation behavior of the system without quadratic nonlinearity

We start with the case of a type I instability, see the associated dispersion relation in

figure 2.1.

Figure 2.2 shows the bifurcation diagram of steady states, where the L1-Norm of the

deviation from the mean values, i.e.

||δ~u||L1 =

∫
dx
√

(φ− φ0)2 + (ψ − ψ0)2 (2.110)

with ψ0 =
1

2

∫
dxψ , (2.111)

is plotted against the coupling strength γ.

Black solid lines correspond to stable states, other line styles and colors correspond to

unstable states with respect to one, two, four or six eigenvalue(s), respectively. The

horizontal line is the trivial state ~u = 0. Starting from γ = 0 in positive or negative

direction the trivial state looses stability and branches of structured solutions emerge.

Every primary bifurcation of the trivial state is invariant under γ → −γ by exchanging

φ to −φ in the eigenfunction of the critical eigenvalue. Here parameter L is set to 2π,

hence the most critical wavenumber is

kc ≈ 6.2026 < 2π (2.112)

according to (2.39). Though as mentioned above the possible wavenumbers due to the

restriction of discretization are kn = nπ, i.e. the most critical and fitting wavenumber

is k2 = 2π, which gets unstable first. Then for higher values of γ modes of side band

wavenumbers get unstable, too. In Figure 2.2 we see three primary bifurcations with
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Figure 2.2: L1-Norm of deviation δ~u against coupling strength γ for the occuring steady
states of (2.106) with the fixed parameter (2.109). This is the special case
without quadratic nonlinearity. Stable states are represented by black solid
lines, unstable by red dashed, blue dotted, green dashed-dotted and violett
densely dotted lines according to the amount of unstable eigenvalues (one,
two, four and six, respectively). Secondary bifurcation points are labelled A,
B, C and D and three primary bifurcation branches are labelled 1, 2 and 3.

k = k2, k1, k3 for positive and three for negative coupling strengths, but of course there

are further bifurcations for the next wavenumbers, but here we restrict ourselves to the

pictured part of the bifurcation diagram to show the qualitative behavior. The associ-

ated critical coupling strengths for all primary bifurcations can be obtained in the linear

problem as explained in chapter 2.1.

Figure 2.3 shows examples of solutions on the three primary nontrivial branches 1, 2

and 3 for negative coupling strengths near the bifurcation points. As we have discussed

the mode with wavennumber k2 is the first emerging branch (stable, black solid line),

then the sideband bifurcation solutions follow, here with wavenumber k1 = π first (blue

dotted line) and then k3 (green dashed dotted line), but both emerge as unstable solu-

tions.

Due to the reflection symmetry the trivial state always gets unstable with respect to two

modes with wavenumbers k and −k simultaneously. Or in other words it looses stability

to the cosine as well as to the sine mode with wavenumber k, therefore we find two new

unstable eigenvalues 11 for the trivial state at each bifurcation.

All primary bifurcations are supercritical pitchforks of revolution and correspond to the

breaking of translation symmetry with respect to the associated wavenumber of the

eigenfunction found at the bifurcation point. Due to the periodic boundary conditions

solutions with the same wavenumber but different phases are equivalent, which is why

11For Neumann boundary conditions we just have one unstable eigenvalue, because the sine mode does
not fit to the boundary condition (see explanation at start of chapter 2.3)
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Figure 2.3: Solution profiles of primary nontrivial branches near the bifurcation point
from trivial state. Red dotted lines correspond to Cahn-Hilliard field φ and
solid blue lines to Swift-Hohenberg field ψ. Upper row shows solution profiles
of the branches 1, 2 and 3 from left to right. The lower row shows their
counterparts for positive coupling strengths. Two panels of each column are
related by (γ, φ, ψ)→ (−γ,−φ, ψ) plus a shift.

this symmetry breaking relates infinite number of solutions continously with their phases.

Therefore we have a pitchfork bifurcation of revolution 12. Of course we can not take

all possible phases into account, which would not yield any further information as one

arbitrary phase solution. Hence, we project our system onto one phase ϕ0 by using a so

called phase condition. By this projection only one new branch emerges at each primary

bifurcation though the trivial branch looses stability in terms of two eigenvalues (for sine

and cosine which are related by a phase shift of π/2).

After discussing the bifurcation behavior of the trivial state, we turn towards the pri-

mary nontrivial branches and their, the secondary, bifurcations. Therefore we consider

the symmetries of the solution profiles on these branches, namely reflection (x, φ, ψ)→
(−x, φ, ψ), inversion (x, φ, ψ)→ (−x,−φ,−ψ) and field inversion (x, φ, ψ)→ (x,−φ,−ψ)

symmetry (summarized in table 2.1). Note that these two discrete symmetries are the

proper one to characterize the secondary bifurcations, because we will observe that these

are the ones which are broken at the respective secondary bifurcations.

One observes that the modes with the critical wavenumber k2 are stable, but all sideband

modes emerge unstable. In the pictured part of the bifurcation diagram one sees that

the first sideband modes gain stability after two secondary bifurcations, labelled A and

B (for γ > 0 respectivly C and D). These are also pitchfork bifurcations but subcritical

ones and with a discrete symmetry breaking, so that at each of these four bifurcations

12In the case of Neumann boundary conditions we would just have two solutions with phases ϕ = 0 or
ϕ = π (see (2.101)).
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Figure 2.4: Unfolded representation (according to (2.114)) of the left hand side of bifur-
cation diagram 2.2, where the stability is indicated in the same way. Primary
pitchfork bifurcations are not unfolded as this representation is still a pro-
jection onto one phase. Branches at secondary pitchfork bifurcations ”A”
and B are unfolded.

we find two emerging branches that are related by the respective broken symmetry .

In the chosen norm the two branches of each secondary pitchfork bifurcation lie on top of

each other because of the associated symmetry break. Either the reflection or inversion

are the transformations by which the different solution branches are related. Obviously

the L1 norm is invariant under these transformations, and so we can not distinguish

between these solution profiles in figure 2.2.

But we can make them visible by choosing another representation, that separates them

and ”unfolds” the diagram.

The interplay of an unfolded bifurcation diagram and the solution profiles which will

also be presented enable us to identify the bifurcation types and their associated symme-

try breakings. To unfold the bifurcation diagram the solution profiles ~u(x) are integrated

over the domain, i.e. from −1 to +1 and thereby weighted with the function

f(x) = 0.131x+ 1.07 (2.113)

that breaks the relevant symmetries. This means we calculate

uspec =

∫ 1

−1
~u(x) ·

(
1

1

)
f(x)dx (2.114)

for each profile. The solution of this procedure is not invariant under any relevant

symmetry, so that two different branches have to separate. This separation is illustrated
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Figure 2.5: Solution profiles of secondary bifurcation branches which emerge from the
main branch 2 (see figure 2.4). Upper row shows the two solution profiles of
the branches A1 and A2, respectively. In the lower row solution profiles of
the branches B1 and B2, emerging at bifurcation point B are depicted.

for the left hand side of the bifurcation diagram figure 2.4, i.e. for negative coupling

strengths. One can identify the primary as well as the secondary bifurcation branches

which are unfolded now, that means the two emerging branches at bifurcation points A

and B do not lie onto each other 13. Each bifurcation is linked to a broken symmetry,

so we have a look at the solution profiles on the branches emerging at the secondary

bifurcation points.

First, if we consider the upper row of figure 2.5 which shows the solutions on the

blue dotted branches emerging from bifurcation point A, we see that the reflection

symmetry 14 is broken but the solution profiles keep the inversion symmetry. Therefore

the two solution profiles are related by the reflection symmetry. Through this subcritical

pitchfork bifurcation the two emerging branches carry two unstable eigenvalues whereby

the main branch gains stability by loosing one of the two unstable eigenvalues.

Then the remaining unstable eigenvalue on the main branch (red dashed line) is turned

to a stable one in the second subcritical pitchfork bifurcation, labelled B, where the

new emerging branches (red dashed) are related by the inversion symmetry but fulfill

the reflection symmetry themselves (see lower row in figure 2.5). In this case the two

emerging branches carry one unstable eigenvalue.

In table 2.1 we can also see that the chemical potential µ is zero for all listed branches

except branch B1. The value zero of the chemical potential can be directly connected

with the symmetries of the solution profiles. For branches 1, 2, 3 and A1 the solution

profiles are invariant under inversion which means that they are antisymmetric functions,

13At the primary pitchfork bifurcations still only one new branch emerge as we still project the whole
pitchfork bifurcation of revolution onto one phase.

14In periodic boundary conditions reflection symmetry means that the solution is invariant under x −
x0 → −x− x0 for any arbitrary space point x0 inside the domain.
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Table 2.1: Symmetries and chemical potential of nontrivial branches for γ < 0. Branches
are labelled in figure 2.2. Branches for positive coupling strengths are not
listed. Their primary and secondary branches show the same symmetry break-
ing as the corresponding branches for negative coupling strengths.

Symmetry:
Branch:

1 2 3 A1 B1

Reflection + + + - +

Inversion + + + + -

chemical potential µ 0 0 0 0 6= 0

i.e.

~u(x− x0) = −~u(−x− x0) (2.115)

with respect to an axis going through space point x0. If we evaluate any integral over

the domain we are allowed to shift the solution by the value of x0, because of the

periodicity of the solution due to the periodic boundary conditions. After this shift the

antisymmetry yields

~u(x) = −~u(−x) . (2.116)

This property can be used to evaluate the mean values of the terms arising in the first

component of the coupled system, see (2.106):

ψ0 =

∫ 1

−1
ψ(x)dx =

∫ 1

−1
ψ(x)dx⇒ ψ0 = 0 (2.117)∫ 1

−1
∂xxφ(x)dx = −

∫ 1

−1
∂xxφ(x)dx⇒

∫ 1

−1
∂xxφ(x)dx = 0 (2.118)∫ 1

−1
φ3(x)dx = −

∫ 1

−1
φ3(x)dx⇒

∫ 1

−1
φ3(x)dx = 0 . (2.119)

So by integrating (2.106) over the domain every of these three terms vanishes and there-

fore ∫ 1

−1
µdx = 2µ

!
= 0⇒ µ = 0 . (2.120)

The secondary bifurcation behavior can be identified as an Eckhaus instability, because

the sideband branch 2 is unstable with respect to the eigenfunctions plotted in figure 2.6.

These eigenfunctions are simply the cosine respective the sine with the critical wavenum-

ber k2 = 2π 15. So before the sideband mode gains stability through the two secondary

bifurcations, i.e. for smaller absolute value of γ, it lies into the unstable Eckhaus band.

By increasing the absolute value of γ the stable band is broadened, so the first sideband

mode leaves the unstable Eckhaus band, which corresponds to the bifurcation point B

(or D for positive coupling strength). For further explanations and calculation of the

Eckhaus instability see [14].

15In Neumann boundary conditions one just finds one unstable eigenfunction. The reason is similar to
the explanation above, namely that only the cosine is compatible to the boundary conditions.
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Figure 2.6: Critical eigenfunctions of linear stability consideration around the solutions
of main branch 2. Both eigenfunctions correspond to the most critical
wavenumber. The eigenvalue of the left eigenfunction is positive until the
bifurcation point A and the eigenvalue of the right one is stabilized in the
pitchfork bifurcation B. Both bifurcations correspond to the Eckhaus insta-
bility.

In comparison with the solution profiles of branch 1 (see upper left panel in figure 2.3)

we see that the eigenfunction in the right panel has the same phase and therefore the

eigenfunction in the left panel is shifted by π/2. We observe that the sideband branch

2 gains stability in the pitchfork bifurcation point A related to the eigenfunction with

shifted phase first and after that it gets totally stable through the pitchfork bifurcation

B related to the eigenfunction with the same phase. So one can say that the eigenfunc-

tion with the same phase is the more critical or unstable one for the sideband mode.

We can already note that the bifurcation diagram 2.2 changes qualitatively if the quadratic

nonlinearity is turned on as it breaks the inversion symmetry of the system and therefore

no solution branches with inversion symmetry can occur. Especially the solutions of the

primary branches fulfill inversion symmetry (see figure 2.3), which will not be the case

for δ 6= 0.

So far we have mainly considered the left hand side of the bifurcation diagram. On the

first look it seems that the diagram is absolutly symmetric between left and right hand

side by exchanging γ → −γ and φ → −φ in the corresponding solution profiles. But

on a closer inspection, this symmetry is broken for the branches emerging at bifurcation

points B and D, which is clear as we already mentioned that for these branches µ 6= 0.

And system (2.106) is only invariant under the symmetry (φ, γ)→ (−φ,−γ) if µ = 0.
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Figure 2.7: L1-Norm of deviation δ~u against coupling strength γ for the occuring steady
states of (2.106) with the fixed parameters of (2.109). The prefactor of the
quadratic nonlinearity is adjusted to δ = 1. Stable states are represented
by black solid lines, unstable by red dashed, blue dotted, green dashed-
dotted and violett densely dotted lines according to the amount of unstable
eigenvalues (one, two, four and six, respectively). Secondary bifurcation
points are labelled A and C. Folds (i.e. saddle-node bifurcations) are labelled
B, D, E and F. Three of the main branches are labelled 1, 2 and 3.

2.3.2. Bifurcation behavior of the system with quadratic nonlinearity

Case 1: δ = 1

Next we turn on the quadratic nonlinearity with δ = 1 and obtain the bifurcation

diagram shown in figure 2.7. As expected we can see qualitative changes. Of course,

the positions of the primary bifurcation points do not change as they are determined

by the linear problem. However, there is a change in the secondary bifurcations. More-

over, new saddle-node bifurcations E and F occur on the first primary branches. As

the bifurcation branches have changed qualitatively, the corresponding solution profiles

show also different behavior. We start the discussion of the qualitative changes with the

solution profiles of the primary branches 1, 2 and 3 and connect this to the modified

secondary bifurcation behavior on branch 2. Afterwards we briefly discuss the occuring

saddle-nodes E and F.

The solution profiles near the primary bifurcations corresponding to branches 1, 2 and

3 are illustrated in figure 2.8. In contrast to the solution profiles of these bifurcations

in the case of δ = 0 (see figure 2.3) here, the profiles do not fulfill inversion symmetry,

because the quadratic nonlinearity breaks this symmetry. So they only have the remain-

ing reflection symmetry, which can be broken in a secondary bifurcation which yields

possible changes for the bifurcation points A and B.
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Figure 2.8: Solution profiles of primary nontrivial branches near their bifurcation points
in the case δ = 1. Red dotted lines correspond to Cahn-Hilliard field φ and
solid blue lines to Swift-Hohenberg field ψ. Solution profiles in the upper row
corrsponds to the branches 1, 2 and 3 in figure 2.7 from left to right. The
lower row shows their counterparts for positive coupling strengths. The two
panels of each column are related by (γ, φ, ψ)→ (−γ,−φ, ψ) plus a shift.

BA

A1/A2

B1

B2

2

1

Figure 2.9: A detail view of the part of the bifurcation diagram 2.7 where the bifurcation
point A and B are found. There we can examine the bifurcation behavior of
branch 2. Same labels and stability indicators as in figure 2.7 are used.

38



A

B

1A1

A2

B1

B2 2

2

Figure 2.10: Unfolded representation (according to (2.114)) of the left hand side of bi-
furcation diagram 2.7, where the stability is indicated in the same way. Pri-
mary pitchfork bifurcation are not unfolded as it is still a projection onto
one phase. Branches A1 and A2 emerging from the secondary pitchfork
bifurcation A are unfolded.

Figure 2.11: Lower row shows solutions of the saddle-node branches B1 and B2 in figure
2.9, whereby the node is on the left, the saddle in the middle and the solution
at the saddle-node bifurcation B on the right. Analogous one can see the
solutions of the emerging branches at the pitchfork bifurcation ”A” in figure
2.9 in the upper row. The solution on the right is the one at the pitchfork
bifurcation point A and the profiles in the left and in the middle panel
correspond to branches A1 and A2.
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To study this in the framework of symmetry arguments we have to take a closer look

at the relevant part in the bifurcation diagram as well as the solution profiles on each

branch and at the bifurcation points. Again we consider negative coupling strength as

we can observe the same qualitative bifurcation behavior for positive coupling strengths.

A detail view of the interesting part of the secondary bifurcations on the left hand side

of the bifurcation diagram is shown in figure 2.9 and the corresponding solution profiles

are given in figure 2.11. A closer inspection of figure 2.9 reveals that there is only one

secondary bifurcation left for the main branch 2, where it gains stability with respect to

one eigenvalue but then remains unstable with respect to another eigenvalue. This bi-

furcation point A is again a pitchfork bifurcation at which the emerging branches break

reflection symmetry. Therefore, we use the weighted integral (2.114) again, to unfold

the bifurcation diagram. Then we obtain figure 2.10 and we find two emerging branches

A1 and A2 at pitchfork bifurcation A. These are unstable with respect to two eigen-

values. Regarding the corresponding solution profiles (upper row of figure 2.11) we see

that the solution at the bifurcation point A (right panel) has reflection symmetry which

is broken for the two solution profiles from branches A1 and A2. Thus, similar to the

case δ = 0 the first secondary bifurcation breaks reflection symmetry as this symmetry

is not attached to the quadratic nonlinearity.

Opposed to δ = 0 there is no second secondary pitchfork bifurcation, but instead we

observe a disconnected saddle-node bifurcation B. The reason for this difference is that

in the case of δ = 0 the second pitchfork bifurcation (bifurcation point B in figure 2.2)

breaks inversion symmetry. Here, for δ = 1, this is impossible as main branch 2 does not

show the particular symmetry. Consequently, this symmetry can not be broken. In other

words, the original pitchfork bifurcation is a non-generic codimension-2 bifurcation, so

two parameters (here γ and δ) at specific values need to occur. As the specific value for δ

is zero the original pitchfork bifurcation is split into the main branch and a saddle-node

bifurcation in the case for δ 6= 0. Thereby, the stable part of the original main branch

(black solid line in figure 2.2) becomes the node of the saddle-node branches (B1) and

one of the emerging branches in the original pitchfork bifurcations merges together with

the unstable part of the main branch. If we consider the solution profiles of branches B1

and B2 (see lower row of figure 2.11) we see that they are still invariant under reflection

as the quadratic nonlinearity has no effects on this symmetry. Starting from the solution

at the saddle-node bifurcation B (right panel), the difference between the stable (node)

and unstable (saddle) branch is, that the saddle becomes more structured whereas the

node becomes less structured. As the node has been the stable part of the main branch

2 in the case of δ = 0 the solution on the node gets closer to the original solution of the

main branch.

The last qualitative difference between the cases δ = 0 and δ = 1 is the stability prop-

erty of the first primary branch 1. We observe that this branch emerges unstable in a

subcritical pitchfork bifurcation and gains stability at the saddle-node bifurcation E. To

understand this behavior one can consider stability analysis of steady state solutions in
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the framework of the obtained amplitude equations (2.42) and (2.43). From the well

known stability analysis of a classical real Ginzburg-Landau equation one obtains the

Eckhaus instability for all sideband modes which we have briefly discussed for the case

δ = 0. In addition to the instability of the sideband modes this analysis shows that

the first emerging branch is always stable which is not true for the case δ 6= 0. So

this characteristic can not be explained by an Eckhaus instability, but by the so-called

Matthew-Cox instability [16]. This instability is quite generic for pattern formations

with a conservation law. Here, we do not calculate this instability explicitly, because

this has already been done in [18] and [5]. The origin of this instability is the interplay

between the conservation law of field φ and the coupling between the pattern mode

A(X,T ) and the neutral mode Bφ(X,T ) through the quadratic nonlinearity. Together,

both properties result in the coupled amplitude equation system (2.42) and (2.43). First,

without conservation law the neutral mode Bφ(X,T ) would be determined by (2.30),

similar to equation (2.31) and no amplitude equation as (2.43) would arise. Then only

a Ginzburg-Landau equation for the pattern mode A(X,T ) would remain. And second,

without quadratic nonlinearity no coupling between neutral and pattern mode is possible

as the coefficients α2 and β2 in equations (2.42) and (2.43) are proportional to δ.

Case 2: δ = 1.8

Next, we intensify the quadratic nonlinearity by setting δ = 1.8. If we look at the

equation system (2.4) there is only a qualitative change between δ = 0 and δ 6= 0. How-

ever, we can also observe different bifurcation behavior in figure 2.13 as we increase δ

from 1 to 1.8. This bifurcation diagram looks quite complicated, because each of the

three main branches 1, 2 and 3 undergoes different changes which we explain in the

following. First, branch 3 and its corresponding branch for positive coupling strength

emerge subcritically. Thus, they start unstable with respect to five eigenvalues and gain

stability to one of these eigenvalues through the saddle-node bifurcations M and N,

respectively. Surprisingly, branch 2 does not show this subcritical behavior, although it

is a sideband mode as well as branch 3. But instead of becoming subcritical we observe

a hysteris bifurcation by the appearance of two new saddle-node bifucations H and G

(as well as K and J for positive coupling strengths). At a critical value of δ they merge

together on branch 2 and drift apart when δ is further increased. Together they form

a hysteris bifurcation of branch 2. So branch 2 still emerges supercritically with two

unstable eigenvalues, but looses stability to a third one at H and regains this stability at

G. Afterwards it undergoes the pitchfork bifurcation A in the qualitative same manner

as before. Of course it is still disconnected from the saddle-node bifurcation B because

of the broken inversion symmetry.

The third different bifurcation behavior is found for the first main branch 1 which is

split into two parts, 1 and 1’. Thereby, the saddle-nodes E and F found in bifurcation

diagram 2.7 vanish. In comparison to the bifurcation behavior for δ = 1 (see figure 2.7)
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Figure 2.12: Three solution profiles of branch 1’ for δ = 2. The left panel shows the
solution profile at γ ≈ −1. In the middle the solution profile at γ = 0 is
depicted and in the right panel the solution profiles corresponds to γ ≈ 1.
This illustrates the transition from φ(x) to −φ(x) while γ changes its sign.
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Figure 2.13: L1-Norm of deviation δ~u against coupling strength γ for the occuring steady
states of (2.106) with the fixed parameters of (2.109). The prefactor of
the quadratic nonlinearity is adjusted to δ = 1.8. Stable states are repre-
sented by black solid lines, unstable by red densely dashed, blue dotted, grey
dashed, green dashed-dotted, turquoise densely dashed-dotted and violett
densely dotted lines according to the amount of unstable eigenvalues (one,
two, three, four, five and six, respectively). Secondary bifurcation points
are labelled A and C. Folds (i.e. saddle-node bifurcations) are labelled B,
D, G, H, J, K, M and N. Three of the main branches are labelled 1, 2
and 3.

42



we can explain which mechanism between δ = 1 and δ = 1.8 has lead to that splitting.

By increasing the value of δ the subcritical behavior of the first primary branches was

enhanced, so that the saddle-nodes E and F drifted to γ = 0 where they merged to-

gether. Hence, the unstable parts as well as the stable parts of the two branches merged

together to the new branches 1 and 1’, respectively. The connection between the pri-

mary branches for negative to positive coupling strengths is done by the transformation

(γ, φ, ψ)→ (−γ,−φ, ψ). So obviously, this merging at γ = 0 is only possible if φ(x) = 0

for the corresponding solution. This is shown in figure 2.12 where the solution profiles

from branch 1’ are shown for different values of γ.

Case 3: δ > 1.8

Obviously the coefficient δ has great influence on the bifurcation behavior of our system.

Now, we examine the bifurcation behavior in two more cases, δ = 1.95 and δ = 2 (see

top and bottom panel of figure 2.14). Besides, we show results of fold continuations

(see figure 2.15) which are helpful to understand the transitions between the bifurcation

diagrams. Here, fold continuation means that we follow the folds while varying δ and let

γ free to be adjusted numerically. First, comparing the bifurcation diagrams for δ = 1.8

(figure 2.13) and δ = 1.95 we recognize a change at branch 2. Due to an increasing

value of δ the hysterisis behavior becomes stronger and its width increases. Hence, the

saddle-nodes G and J drift more and more towards γ = 0 until they eliminate each other

for δ ≈ 1.93. While the saddle-nodes eliminates each other the corresponding branches

merge together. Thus, branch 2 and its counterpart for positive coupling strength merge

and thereby, they split into branches 2 and 2’. This mechanism is similar to the one in

the previous case where branch 1 and its counterpart have formed the branches 1 and

1’.

At first, the pitchfork bifurcations A and C are not influenced by this merging and stay

onto branch 2’. However, they also drift towards each other for increasing δ until they

eliminates themselves for δ ≈ 1.97. Thus, the bifurcation branches of branch 2’ (blue

dotted) merge together to one new branch. Thereby, branch 2’ and this new branch split

into two separated branches. The result of this procedure can be seen in the bifurcation

diagram for δ = 2 (bottom panel of figure 2.14).

Finally, we turn to figure 2.15. There the results of fold continuation are displayed in

red (for folds in the negative γ range) and in green (for folds in the positive γ range).

The bifurcation diagram for δ = 2 is also plotted by blue dotted lines. With that in the

background, it is easier to compare the fold branches with the folds discovered in all the

previous bifurcation diagrams. Each fold branch has a different line style and consists of

at least two fold labels 16. The reason for this is that each fold in the negative γ range

has a fold as counterpart for positive coupling strengths. For each of these fold pairs

there exists one critical value of δ. At this value the folds eliminates each other at the

16Except of the fold branches M and N. However, they would also merge together if the fold continuation
has been run to even higher values of δ
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Figure 2.14: L1-Norm of deviation δ~u against coupling strength γ for the occuring steady
states of (2.106) with the fixed parameters of (2.109).The prefactor of the
quadratic nonlinearity is adjusted to δ = 1.95 in panel a) and to δ = 2 in
panel b). Stable states are represented by black solid lines, unstable by red
densely dashed, blue dotted, grey dashed, green dashed-dotted, turquoise
densely dashed-dotted and violett densely dotted lines according to the
amount of unstable eigenvalues (one, two, three, four, five and six, respec-
tively). Labels are explained in the text.
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coupling strength γ = 0 (indicated by all the black dots at the vertical line γ = 0 in

figure 2.15). Therefore each fold branch consists of two folds which also is indicated by

the color transition from red to green as γ crosses zero and becomes positive.

On the basis of these fold branches it is easy to verify the bifurcation behavior discussed

previously and to make further observations for even higher values of δ which have not

been considered yet. Starting with the fold branches M and N we see that they emerge

right at the bifurcation point of the blue dotted lines. This emergence corresponds to the

transition from a super- to a subcritical behavior of branch 3 and its counterpart. For

increasing δ the drift towards each other and without a lot of imagination we can assume

that they will hit and eliminate each other at a higher critical value of δ. These fold

continuations has been run up to δ = 2. Therefore these fold branches end up at the fold

of the connected blue dotted solution branches. Next, we consider fold branches E and

F. At first, it seems that they do not emerge at the bifurcation point of the blue dotted

line. However, the reason for this is that this fold continuation fails near the trivial

branch and the branch could not be followed till the end. Regarding the Matthew-Cox

instability we know that the primary branch 1 change from super- to subcritical (also

observed for δ = 1) behavior. Therefore, we are allowed to interpolate the fold branches

E and F down to the trivial branch where they emerge at the onset of the Matthew-Cox

instability.

A more complex behavior is found for the folds H and G which are connected to the

blue dotted primary branch 2. Together they form the hysterisis bifurcation examined

for the bifurcation diagram 2.13 with δ = 1.8. We can observe that their fold branches

emerge from a kind of saddle-node bifurcation of folds (left black dot between H and

G). For increasing δ the folds move apart until G hits it counterpart J. So this is just

the procedure already explained by comparing the different bifurcation diagrams 2.13

and 2.14a).

The last think we examine are the fold branches B and G. We have not already seen that

they also merge together in previous diagrams, because δ was too small. This merging

is not too surprising after discussing the other fold branches. However, we also observe

two additional special points for each fold branch. These points were numerically found

as folds. Hence, these points could behave similarly to the saddle-node bifurcations

of the fold branches H and G. In order to provide clarification one should try to exit

the fold continuation between the special points and continuate again in the coupling

strength. Then one could get further solution branches whose symmetry and stability

properties provides additional information. The study of this bifurcation behavior is of

main importance since the stable solution branches are involved directly.
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Figure 2.15: L1-Norm of deviation δ~u against coupling strength γ. The results of fold
continuation by varying δ are depicted in red and green lines (red lines for
the negative γ range, and green lines for positive γ range, respectively).
Different fold continuations are distinguished by different line styles and
their labels. The whole bifurcation diagram 2.14b) for δ = 2 is indicated by
blue dotted lines as a background orientation.
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a) δ = 0

b) δ = 1 c) δ = 2

Figure 2.16: Comparison of the fully nonlinear branch 1 (black solid) and the corre-
sponding solution branches derived from amplitude equations in first (blue
dotted) and second (red dashed) order (see chapter 2.2.2). This is done for
three different values of δ.

2.4. Comparison between weakly nonlinear and fully nonlinear solutions

At the end of the examination of the short-scale instability we compare the fully nonlinear

results with solutions of the amplitude equation (2.89) or (2.82), derived in chapter 2.2.

Q has to fulfill constraint (2.97) in which n correspond to the different critical wavenum-

bers. For the most critical mode k2 it has to be

2π = k2
!

= Q+ kc =
2nπ

lx
− kc + kc

lx=2
= nπ (2.121)

⇒ n = 2 .

Each panel in figure 2.16 depicts a detail view of a bifurcation diagram close to the

primary bifurcation where branch 1 emerges for a particular value of δ. Here, we do

not consider stability and use solid, dashed and dotted lines to distinguish between fully

nonlinear and weakly nonlinear calculations to first and second order in ε. The solid blue
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line refers to the numerical obtained fully nonlinear steady states, whereas the dotted

and dashed lines correspond to branches of the solutions derived from the amplitude

equations in chapter 2.2.2. Thereby, the dotted line is the solution branch at O(ε) and

the dashed one is the solution branch at O(ε2). For each case we can observe the same.

Obviously the first order does not get the bifurcation point precisely. This is, however,

corrected in the second order. At this point one could be confused why the first order

solution branch do not ly onto the fully nonlinear branch at least at the bifurcation

point. The reason of this deviation is that the first suitable critical mode in our system

is restricted by the discretization and is therefore not the most critical mode which would

appear in an infinite domain. However, the derivation of the amplitude equations starts

from the point where the most critical mode unregarded of discretization (in an infinite

domain, respectively) has zero growth rate. Thus, we expand around the bifurcation

point of an infinite domain and in that case the first order solution branch would lie

exactly on the fully nonlinear branch at the bifurcation point. However, in our case

branch 1 deviates a little from that most critical mode due to discretization. Therefore

it is possible that the second order is closer to the fully nonlinear branch right from the

beginning.

Furthermore, we observe that the weakly nonlinear approximations are only good one

close to the bifurcation point. The approximations for the sideband mode which corre-

spond to n = 1 and n = 3 in (2.121) are not shown here, because they do not fit very

well to the fully nonlinear branches. This is no surprise, since the weakly nonlinear anal-

ysis assumes that the band width of unstable wavenumbers is small (∼ O(ε)). However,

the first two sideband modes (branches 2 and 3 in the bifurcation diagrams) deviate

from the critical mode by δk = π. All in all the approximated solution branches are

not very useful for quantitative considerations, but nevertheless this comparison could

verify that our construction of amplitude equations of first and second oder is correct.

For this work this is of greater importance since we pursue a more general meaning of

these investigations.
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2.5. Weakly nonlinear analysis – Large-scale instability

Now, we consider the large-scale instability for our coupled system

∂t~u =

(
∂xx

(
− κ2

L2∂xxφ+ aφ+ φ3 + γψ
)

rψ − ( 1
L2∂xx + 1)2ψ + δψ2 − ψ3 − γφ

)
, (2.122)

i.e. the critical wavenumber is kc = 0 as shown in figure 2.1.

The linearized problem has already been considered in chapter 2.1, where one can finds

the critical coupling strength γc,l of the long-scaled instability (see (2.17)) as well as the

eigenvector ~w (see (2.18)).

The adjoint eigenvector 17 is

~w† =

(
1

0

)
. (2.124)

Again the coupling strength should be slightly above 18 the critical coupling strength

γc,l i.e.

γ = γc,l + ε2 . (2.125)

Similar to the analysis of the long scale instability in the uncoupled Cahn-Hilliard equa-

tion (see chapter 1.2) we introduce slow time and long space-scales as

X = εx T = ε4t . (2.126)

These scales result from the qualitative behavior near the onset of instability. If equation

(2.125) holds then the width of the linear unstable wavenumber band is of order ε and

the height of the maximal growth rate inside this band is of order ε4.

Next, we discuss which terms and scalings we need in a proper ansatz for the weakly

nonlinear analysis. Due to the absence of a nonzero wavenumber we do not have higher

harmonics as in ansatz (2.22) and just the neutral mode B(X,T ) at different orders in

ε arises.

The occuring nonlinearities are B2 and B3.

Due to the vanishing second component in the adjoint eigenvector, one knows that the

amplitude equation will be obtained in the Cahn-Hilliard equation. Therefore the terms

∂TB, ∂XX(γ−γc,l)B and the first occuring nonlinearity in second space derivative should

be in balance.

The suitable ansatz depends on the parameter δ which scales the quadratic nonlinearity,

because if δ is of order 1 the quadratic nonlinearity is the one of lowest order, i.e. the

17In this case the adjoint Jacobian is

J† = Jᵀ =

(
0 −γ
0 r − 1

)
(2.123)

18We choose the plus sign in (2.17). For the minus sign we have to be slightly under the critical coupling
strength
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strongest nonlinearity, whereas if δ is of order ε or even zero the cubic nonlinearity arises

in the amplitude equation.

Therefore we consider two different cases of strong and weak quadratic nonlinearity. We

start with the strong quadratic nonlinearity, i.e. we start with δ = 1.

The suitable ansatz reads(
φ1

ψ1

)
=ε2 ~wB0(X,T ) + ε4

(
B1
φ(X,T )

B1
ψ(X,T )

)

+ ε6

(
B2
φ(X,T )

B2
ψ(X,T )

)
+O(ε8) . (2.127)

Then the equations at different orders in ε become:

O(ε2) : 0 = 0 (2.128)

0 = 0 (2.129)

O(ε4) : 0 = 0 (2.130)

0 = (r − 1)B1
ψ −

2

L2

γc,l
r − 1

∂XXB
0 +

(
γc,l
r − 1

)2

δ(B0)2

− γc,lB1
φ − (γ − γc,l)B0 (2.131)

O(ε6) : ∂TB
0 = ∂XX

(
−κ

2

L2
∂XXB

0 + aB1
φ+

γc,lB
1
ψ + (γ − γc,l)

γc,l
r − 1

B0

)
(2.132)

γc,l
r − 1

∂TB
0 = (r − 1)B2

ψ −
γc,l
r − 1

1

L4
∂XXB

0

− 2

L2
∂XXB

1
ψ + 2

γc,l
r − 1

δB0B2
ψ −

(
γc,l
r − 1

B0

)3

−

− γc,lB2
φ − γ1B1

φ (2.133)

Now, we rewrite (2.131) as

− 2

L2

γc,l
r − 1

∂XXB
0 +

(
γc,l
r − 1

)2

δ(B0)2 − (γ − γc,l)B0

=(1− r)B1
ψ + γc,lB

1
φ

=
1− r
γc,l

(
γc,lB

1
ψ + aB1

φ

)
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⇔ γc,lB
1
ψ + aB1

φ =
γc,l

1− r

(
− 2

L2

γc,l
r − 1

∂XXB
0 +

(
γc,l
r − 1

)2

δ(B0)2

− (γ − γc,l)B0
)

(2.134)

and insert (2.134) into (2.132), whereby we use

a =
γ2c,l

1− r
. (2.135)

This yields

∂TB
0 = ∂XX

[
−κ

2

L2
∂XXB

0 + (γ − γc,l)
γc,l
r − 1

B0

+
γc,l

1− r

(
− 2

L2

γc,l
r − 1

∂XXB
0 +

(
γc,l
r − 1

)2

δ(B0)2

− (γ − γc,l)B0

)]
(2.136)

Arranging the terms in (2.136) one obtains the amplitude equation for B0(X,T ):

∂TB
0 = ∂XX

[
− 1

L2

(
κ2 − 2

(
γc,l

1− r

)2
)
∂XXB

0 − 2(γ − γc,l)
γc,l

1− r
B0

+

(
γc,l

1− r

)3

δ(B0)2

]
(2.137)

Now we can reintroduce the original scales and drop all ε as it just indicates the size

scales, but has no physical meaning. This yields the physical field in O(ε2):(
φ1

ψ1

)
= ~wB0(x, t) (2.138)

with ∂tB
0 = ∂xx

[
− 1

L2

(
κ2 − 2

(
γc,l

1− r

)2
)
∂xxB

0 − 2(γ − γc,l)
γc,l

1− r
B0

+

(
γc,l

1− r

)3

δ(B0)2

]
(2.139)

We see that (2.139) is the Sivashinsky equation. So the type III-instability of the cou-

pled system behaves similar to the uncoupled Cahn-Hilliard equation and the amplitude

equation itself provides a type III-instability, but there are some differences.

On the one hand the quadratic nonlinearity occurs in the amplitude equation (2.139)

although we consider φ0 = 0 19. The reason is that the quadratic nonlinearity of the

Swift-Hohenberg part couples into the amplitude equation. On the other hand the pref-

actors in the amplitude equation have changed in comparison to the ones in the original

19In this case the amplitude equation of the Cahn-Hilliard equation is the Cahn-Hilliard equation itself
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Cahn-Hilliard equation, which we can briefly discuss. Therefore we keep in mind that

a > 0 and r < 0 . (2.140)

As
1

L2

(
κ2 − 2

(
γc,l

1− r

)2
)
<
κ2

L2
(2.141)

we see that the prefactor of the stabilizing term ∼ −∂xxxxB is decreased which broadens

the band of instability with respect to the steady state solution B0(x, t) = b0 = const of

(2.139).

The prefactor of the other linear term proportional to ∂xxB
0 is

− 2(γ − γc,l)
γc,l

1− r
= −2

γ − γc,l
γc,l

a . (2.142)

This term provides linear instability. Linear instability sets in if

|γ| > |γc,l| . (2.143)

Independent of the sign, the quadratic nonlinear term ∼ ∂xx
[ (
B0
)2 ]

always acts desta-

bilizing. The corresponding prefactor (
γc,l

1− r

)3

δ (2.144)

is enhanced by the absolut value of δ. So long as δ = O(1) we have to incorporate the

next order of the physical field to obtain a saturating term proportional to ∂xx
[ (
B0
)3 ]

.

Another way to obtain a physical useful amplitude equation is to start with a weak

quadratic nonlinearity, i.e. with δ = O(ε). Then the suitable ansatz reads(
φ1

ψ1

)
=ε~wB0 + ε2

(
B1
φ

B1
ψ

)

+ ε3

(
B2
φ

B2
ψ

)
+O(ε4) . (2.145)

With the same procedure as above one gets similar equations, but with the remarkable

difference that the cubic and quadratic nonlinearity contribute at same order, so the

amplitude equation, obtained at order ε5, is

∂TB
0 = ∂XX

[
− 1

L2

(
κ2 − 2

(
γc,l

1− r

)2
)
∂XXB

0 − 2(γ − γc,l)
γc,l
r − 1

B0

+

(
γc,l

1− r

)3

δ(B0)2 +

(
1−

(
γc,l

1− r

)3
)

(B0)3

]
. (2.146)
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Figure 2.17: Dispersion relations near the codimension-2 instability. The fixed parame-
ters for panels a) and b) are r = −0.05, κ = 4, L = 2π and a = ac ≈ 0.79
(according to (2.151)). In the left panel the system is at onset of instability
for γ = γc ≈ 0.82. In the right panel the system is slightly above the onset
for γ > γc.

Here, the prefactor of the cubic nonlinearity acts stabilizing as long as

γc,l < 1− r . (2.147)

2.6. Weakly nonlinear analysis – Codimension-2 instability

So far we have studied the cases where either the short- (chapter 2.2) or the long- (chapter

2.5) scale instability occur. It is very interesting and challenging to study the system

at the codimension-2 point, where both, the short and long-scale instability become

unstable simultaneously.

The solution of the linearized problem for zero eigenvalues is(
φ1

ψ1

)
= c0 ~w + ~v

(
c1e

ikcx + c∗1e
−ikcx

)
. (2.148)

with the eigenvectors ~w and ~v already defined in (2.13) and (2.10), respectively. For the

linearized solution there is no difference to the case where only the short-scale instability

occurs, because the neutral mode has always zero growth rate.

However, for the codimension-2 point the dispersion relation crosses zero for small k and

at k = kc as depicted in figure 2.17. Instead of one there are two parameters which have

to be adjusted to critical values in order that this codimension-2 point is reached. We

use the coupling strength γ and the parameter a. From previous linear investigations

(see chapter..) we know that the critical values for the coupling strength are

γ2c,s =

(
κ2

L2
k2c + a

)[(
1− 1

L2
k2c

)2

− r

]
and γ2c,l = (1− r)a (2.149)
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the codimension-2 point. Blue shaded areas are connected to the respective
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Figure 2.19: Two possible pathways in parameter space at the onset of the codimension-
2 instability. Path a) is connected to equations (2.152) and (2.153). Path
b) is connected to equations (2.164) and (2.165)
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to obtain the short-scale and the long-scale instability, respectively.

These two critical coupling strengths are plotted as functions of the parameter a in figure

2.18. At the codimension-2 point both are equal, which yields the critical value ac if we

use :

γc,s
!

=γc,l (2.150)

⇔ ac =2κ2
(
−1 +

√
1− r

)
. (2.151)

According to (2.150) the codimension-2 point is the intersection point in figure 2.18. The

codimension-1 instabilities are depicted by the blue shaded areas. We see that for a < ac

the long-scale instability and for a > ac the short-scale instability occur, respectively.

Next, we employ a weakly nonlinear analysis at this codimension-2 instability. For that

various questions arise:

• Which spatial and temporal scales do we need to introduce?

• How do the two instabilities couple and which amplitude equations are obtained?

• We have two critical parameters, so we are free to choose different pathway inside

the (a, γ)-plane. Do different pathways require different analysis and maybe lead

to different amplitude equations?

On the basis of the last question we employ the analysis on two different pathways

in the (a, γ)-plane, which are illustrated in figure 2.19. Note, that this is done more

qualitatively, such that the occuring coefficients are not listed anywhere. We start with

the pathway depicted in the left panel. This vertical line corresponds to

a = ac (2.152)

γ = γc + ε2 , (2.153)

i.e. we vary γ slightly above its critical value and keep a = ac constant.

Due to previous discussions we introduce long space- and timescales as

X = εx Ts = ε2t Tl = ε4t . (2.154)

The spacescale X results from the band of unstable wavenumbers whose width is of order

ε for both instabilities. However, the heights of the maximal growth rates are different for

the two instabilities. Therefore, we introduce two timescales. Thereby, Ts results from

the short-scale instability and Tl results from the long-scale instability, respectively.

Next, we explain how the proper scalings for the amplitudes are found. For this we

examine which terms we have to balance. Due to the short-scale instability the amplitude

equation of A0 contains a linear term proportional to (γ − γc)A0. This term should be

in balance with the first occuring nonlinearities. These could be A0B0 and |A0|2A0.

Hence, either A0 ∼ ε or B0 ∼ ε2 or both. One of these relations have to be fulfilled
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otherwise we would obtain a linear equation. But the amplitudes must not be greater

than these relations otherwise the linear instability term (γ − γc)A0 has no significance

anymore. Then it is no longer a weakly nonlinear analysis. Now, we consider the long-

scale instability. Hence, the neutral mode B0 also becomes linear unstable. Thus, the

amplitude equation of B0 contains a linear term proportional to ∂XX

(
(γ−γc)B0

)
. This

term should also be in balance with the first occuring nonlinearities. Here, the possible

nonlinearities are ∂XX

( (
B0
)2 )

and ∂XX

(
|A0|2

)
. Hence, either A0 ∼ ε2 or B0 ∼ ε2 or

both.

In sum, we conclude that the possible scaling with maximal greatest amplitudes is given

by

A0 ∼ ε2 and B0 ∼ ε2 . (2.155)

Then the suitable ansatz is given by(
φ1

ψ1

)
=ε2

[
~v
(
A0(X,Ts, Tl)e

ikcx + c.c
)

+ ~wB0(X,Ts, Tl)
]

+ ε3

[(
A1
φ(X,Ts, Tl)

A1
ψ(X,Ts, Tl)

)
eikcx + c.c.

]

+ ε4

[(
A2
φ(X,Ts, Tl)

A2
ψ(X,Ts, Tl)

)
eikcx +

(
C0
φ(X,Ts, Tl)

C0
ψ(X,Ts, Tl)

)
e2ikcx + c.c.

+

(
B1
φ(X,Ts, Tl)

B1
ψ(X,Ts, Tl)

)]
+O(ε5) . (2.156)

Without going into details we finally obtain coupled amplitude equations at order ε4 and

ε6, respectively, which read

∂TsA
0 =α1A

0 + α2A
0B0 + α3∂XXA

0 (2.157)

∂TsB
0 =0 (2.158)

∂TlB
0 =∂XX

[
β1∂XXB

0 + β2B
0 + β3(B

0)2 + β4|A0|2
]
. (2.159)

It might be confusing that these amplitude equations evolve on different timescales, but

these timescales can be recombined by reintroducing the original timescale t:

∂tA
0 = ε2∂TsA

0 + ε4∂TlA
0 (2.160)

Here, the smallness parameter ε indicates the size scales of the two contributions. We

note that the time evolution ∂TsA
0 is much greater and similar to (2.55), where we have

considered higher order terms in the amplitude, the time evolution ∂TlA
0 is a higher order

correction. Hence, we are allowed to neglect that term. However, the time evolution

of B0 has no contribution on the timescale Ts. Thus, we have to consider the second
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contribution, i.e.

∂tB
0 = ε2∂TsB

0 + ε4∂TlB
0 = ε4∂TlB

0 . (2.161)

After ordering the terms with the help of ε we can finally reincorporate into the particular

terms what gives us the final amplitude equations:

∂tA
0 =α1A

0 + α2A
0B0 + α3∂xxA

0 (2.162)

∂tB
0 =∂xx

[
β1∂xxB

0 + β2B
0 + β3(B

0)2 + β4|A0|2
]
. (2.163)

Next, we consider another pathway in the (a, γ)-plane. The second pathway is illus-

trated in the right panel of figure 2.19. This path in parameter space corresponds to

a = ac − ε (2.164)

γ = γc,s(a) + ε2 , (2.165)

i.e. we follow a path slightly above the blue curve in figure 2.19 in the left direction.

The multiscales are introduced by the following implications:

a− ac ∼ ε⇒ γ − γc,l ∼ ε⇒ Xl =
√
εx Tl = ε2t (2.166)

γ − γc,s ∼ ε2 ⇒ Xs = εx Ts = ε2t . (2.167)

We see that both instabilities evolves on the same timescale Ts = Tl = T = ε2t, but in

return we get two different space-scales Xl and Xs.

Analogous examination of reaching a balance between linear and nonlinear terms gives

us the suitable ansatz:(
φ1

ψ1

)
=ε3/2~v

(
A0(Xl, Xs, T )eikcx + c.c

)
+ ε2

[
~wB0(Xl, Xs, T ) +

(
~A1(Xl, Xs, T )eikcx + c.c

)]
+ ε5/2

(
~A2(Xl, Xs, T )eikcx + c.c

)
+ ε3

[(
~A3(Xl, Xs, T )eikcx + c.c

)
+ ~C0(Xl, Xs, T )e2ikcx + c.c

]
+O(ε7/2) .

(2.168)

Then the coupled amplitude equations obtained at order ε7/2 and ε4, respectively are

given by:

∂TA
0 =α1A

0 + α2A
0B0 + α3∂XsXsA

0 (2.169)

∂TB
0 =∂XlXl

[
β1∂XlXlB

0 + β2B
0 + β4|A0|2

]
(2.170)
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Reintroducing the original scales yields the final amplitude equations

∂tA
0 =α1A

0 + α2A
0B0 + α3∂xxA

0 (2.171)

∂tB
0 =∂xx

[
β1∂xxB

0 + β2B
0 + β4|A0|2

]
(2.172)

We note that different amplitude equations can be deduced in the proximity of a codimension-

2 instability. The derived amplitude equations as well as the multiscales depend on the

path in parameter space.
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3. Conclusion and outlook

In this work we have considered a coupled system consisting of a Cahn-Hilliard and a

Swift-Hohenberg equation. In the introduction we have argued why this kind of model

system is worth to investigate from a theoretical point of view. Furthermore, we have

noted on which kind of experiments it might be applied.

The studied system has two main properties: First, it is a system which couples a con-

served and a non-conserved quantity. Second, both uncoupled equations form gradient

dynamics. Then, the coupling terms determine if this variational structure is broken or

not.

The purpose of this work was to give first theoretical analyses for the simplest possi-

ble coupling which keeps the gradient dynamics. We have used an analytical access by

employing linear and weakly nonlinear analysis as well as a numerical access by con-

tinuation of the fully nonlinear problem. Analytically we have found two qualitatively

different codimension-1-instabilities: The long-scale instability arising from the Cahn-

Hilliard behavior and the short-scale one which is well known from the Swift-Hohenberg

equation. The coupling between the two equations yields to a third possible instability

of codimension two, where both instabilities appear simultaneously. The weakly nonlin-

ear analysis of these instabilities was a key issue in this work. It was possible to derive

amplitude equations in each case. On the basis of these equations and their derivation

we could deduce the consequences of the interplay between conserved and non-conserved

properties.

Especially, in the case of the short-scale instability discussed in chapter 2.2 the zero

growth rate at k = 0 which reflects the conserved property yields coupled amplitude

equations of pattern and neutral modes. At linear order in the smallness parameter ε

these coupled amplitude equations also form gradient dynamics with a corresponding

free energy. However, this variational structure is broken at second order. In previous

investigation [16] this kind of amplitude system was studied qualitatively and a new

instability, the Matthew-Cox instability, was found. Here, we have used the amplitude

equations for quantitative comparison with the bifurcation diagram obtained by numer-

ical continuation of the fully nonlinear problem. For comparison we have solved the

amplitude equations in first and second order. We have seen that the solution in second

order is improved compared to the one obtained in first order. However, both solutions

only approximate the fully nonlinear result in the proximity of the bifurcation point

(see figure 2.16), but the validity range of the approximations was not too important.

Instead our main focus was to explain how the equations obtained through the weakly

nonlinear analysis have to be connected in order to yield the amplitude equations in sec-

ond order. Of course, in many investigations one needs to consider higher order terms

but mostly it is done by symmetry arguments or the final merging of the equations is

skipped or even left out. From this point of view the comparison between the weakly

nonlinear approximations and the fully nonlinear solution branches can be understood
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as confirmation that this nontrivial merging is the correct procedure. Moreover, one can

use this general method for other systems in order to compare weakly nonlinear results

with numerical or experimental data.

Furthermore, the bifurcation diagram obtained by the fully nonlinear treatment was

discussed near the short-scale instability. There, we have found that the coefficient δ

of the quadratic nonlinearity affects the bifurcation behavior in three ways: First, if

it is nonzero the quadratic nonlinearity breaks the inversion symmetry of the system.

Therefore, pitchfork bifurcations which break this symmetry are split into saddle-node

bifurcations. Second, if the quadratic nonlinearity is strong enough, i.e. if δ crosses a

critical value, the primary bifurcations can change from supercritical to subcritical. Sur-

prisingly, we have also found hysterisis bifurcations instead of the transition from super-

to subcritical (see figure 2.13). Further work can tackle this hysterisis by considering

higher orders in the amplitude equations. And third, an increasing value of δ leads to

further merging and splitting of branches. This complex behavior has been studied by

fold continuation and numerical linear stability analyses.

Besides, symmetry considerations have been connected to the transition from δ = 0 to

δ 6= 0. Thereby a question related to the choice of the definition of inversion symmetry

could arise. In this work we have defined inversion by

(x, φ, ψ)→ (−x,−φ,−ψ) . (3.1)

Another possible definition of inversion as field inversion is given by

(x, φ, ψ)→ (x,−φ,−ψ) . (3.2)

The system of equations shows the same properties for both definitions of inversion, so

both seem to be equal. However, only the first definition (3.1) is the proper one to

characterize the bifurcation behavior. In table 2.1 we have listed the symmetries of the

relevant branches and found that each bifurcation is related to one broken symmetry.

But this is only the case if we define inversion symmetry by (3.1) and the other defini-

tion (3.2) would not fit. In that case the solution profiles on branch A1 would not be

invariant under reflection as well as under inversion. Therefore, the question arises, how

it is possible to predict the proper symmetries already on the basis of the equations.

This general question is related to group theory and maybe a kind of irreducible repre-

sentations of the problem and could be part of further work.

Besides, the short-scale instability we have also studied the long-scale and the codimension-

2 instability analytically by linear and weakly nonlinear considerations (chapter and ,

respectively). Throughout these analyses we have explained how and why the different

ansatzes and multiscales in the weakly nonlinear analysis are chosen, which is of general

significance. Especially the treatment of the codimension-2 point was quite interesting

since the freedom of varying two instead of one critical parameter has lead to different
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amplitude equations according to different pathways in parameter space. Further work

could consider how these different amplitude equations differ from each other by their

solutions and the stability behavior of their solutions.

However, the main task of further work on this class of systems is the study of the

nonvariational case, i.e. the case where complex eigenvalues can occur. Therefore, one

uses coupling terms which break the gradient dynamics. Then, the solution variety is not

limited by this property anymore and travelling waves instabilities are possible. Here,

we give an outlook by deriving the amplitude equations for a short-scale instability in

the nonvariational case, where two complex conjugated eigenvalues become unstable, i.e.

we start a study of a travelling wave instability.
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Figure 3.1: Dispersion relation of (3.7). The real parts of the eigenvalues are depicted in
red dashed lines. The imaginary parts are depicted in blue solid lines. The
fixed parameters for panels a) and b) are γ = 0.5, r = 0.1, κ = 0.2, L = 2π
and σ = 1. In a) the trivial fixpoint is stable while a = 0. In b) the short
scale instability sets in when a = ac with ac from (3.14).

3.1. Outlook – Nonvariational coupling with a travelling wave instability

Here, we consider a nonvariational coupling such that the two-field system is given by

∂t

(
φ

ψ

)
=

(
∂xx

(
− κ2

L2∂xxφ+ aφ+ φ3 − γψ
)

rψ − ( 1
L2∂xx + 1)2ψ + δψ2 − ψ3 − (γ − σ)φ

)
. (3.3)

In the limit σ → 0 we obtain the variational case discussed before. In figure 3.1 we see

that in some parameter space system (3.3) becomes unstable in a short-scale instability

with complex eigenvalues. We start with the linearized problem and derive amplitude

equations in the case of being close to the onset of instability.

3.1.1. Linearized problem

Again the trivial fixpoint is given by (
0

0

)
. (3.4)
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The linearized problem around the trivial fixpoint is given by(
−k2

(
κ2

L2k
2 + a

)
−γk2

−(γ − σ) r −
(
− 1
L2k

2 + 1
)2
)
~v = λ~v (3.5)

(
−k2

(
κ2

L2k
2 + a

)
− λ −γk2

−(γ − σ) r −
(
− 1
L2k

2 + 1
)2 − λ

)
︸ ︷︷ ︸

:=J

~v = 0 . (3.6)

and the eigenvalues are

λ1,2(k) =
1

2

[
c(k) + s(k)±

√
(c(k)− s(k))2 + 4k2γ(γ − σ)

]
, (3.7)

with the abbreviations

c(k) = −k2
(
κ2

L2
k2 + a

)
and s(h) = r −

(
− 1

L2
k2 + 1

)2

. (3.8)

Here, we demand that at onset of instability the eigenvalues are purely imaginary, i.e.

λ1,2(kc) = ±iω , ω ∈ R . (3.9)

Together with (3.7) this yields

c(kc) + s(kc)
!

= 0 and ω =
1

2

√
− (c(k)− s(k))2 + 4k2γ(σ − γ) . (3.10)

In this case the coupling strength γ only influences the imaginary part of the eigenvalue at

onset of instability. Therefore, we have to use another parameter to adjust the instability

and let the system become unstable. The chosen parameter is a. Then, we obtain the

critical value ac from the first condition of (3.10) where the instability sets in:

ac = −κ
2

L2
k2c +

1

k2c

[
r −

(
− 1

L2
k2 + 1

)2
]
. (3.11)

The nonvanishing critical wavenumber kc can be obtained by the maximum condition

for the real part of the eigenvalues at onset, i.e. by

∂k

[
Re
(
λ1,2(k)

)]∣∣∣∣
k=kc

!
= 0 , (3.12)
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which yields

k2c =
L2

1 + κ2L2

(
1− L2ac

2

)
k2c = L2

√
1− r

1 + L2κ2
, (3.13)

where we have inserted the expression for ac (3.11).

In this case it is easy to find the expression for kc (3.13), because only the real part of the

eigenvalues is relevant for this calculation. But again we will find the same expression

in the weakly nonlinear analysis which can be used as a check of the following weakly

nonlinear analysis. Now, we insert (3.13) into (3.11) which yields

ac =
2
(
L2 −

√
κ2L2 + 1

√
−L4(r − 1)

)
L4

. (3.14)

Before we make this investigation we write down the solution of the linearized problem.

The eigenvectors corresponding to the eigenvalues are

λ1(kc) = +iω : ~v1 =

(
1 + i ω

c(kc)
σ−γ
c(kc)

)
(3.15)

λ2(kc) = −iω : ~v2 =

(
1− i ω

c(kc)
σ−γ
c(kc)

)
(3.16)

We note that the eigenvectors are complex conjugated to each other due to the complex

conjugated eigenvalues and the purely real matrix J, so we can use

~v2 = ~v∗1 . (3.17)

Then the solution of the linearized problem becomes

~u = A~v1e
i(kcx+ωt) + a~v∗1e

i(kcx−ωt) . (3.18)

Thereby A is the coefficient of the left travelling wave and a is the coefficient of the right

travelling one.

Furthermore we need the adjoint eigenvectors 20

~v†1 =

(
− ic(kc)

2ω
,
1

2

(
c(kc)

σ − γ
+ i

c(kc)
2

(σ − γ)ω

))
and ~v†2 =

(
~v†1

)∗
(3.20)

to apply the fredholm alternative in the following investigation.

20In this case the adjoint Jacobian is

J† =

(
c(k)− λ∗ −(γ − σ)
−γk2 s(k)− λ∗

)
(3.19)
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3.1.2. Derivation of amplitude equations

We start the weakly nonlinear analysis by introducing the smallness parameter ε as

a− ac = ε2 (3.21)

and the multiscales

X = εx , T1 = εt , T2 = ε2t . (3.22)

In contrast to the short-scale instability in the variational regime two slow timescales

occur. The amplitude of the most critical mode grows on the timescale T2 similar to the

case of the variational system. The relation T2 = ε2t results from the height of the real

part of the eigenvalue, because Re(λ)(a, kc) ∼ ε2 if a fulfills (3.21). The other timescale

T1 = εt also occurs because Im(λ)(a, kc)− ω ∼ ε. That means that deviations from the

frequency of the physical field at the onset of instability develop on this timescale.

Besides the new space- and timescales we make an ansatz similar to (2.22). Here it is

given by:

~u =

(
φ1

ψ1

)
=ε
(
~v1A

0(X,T1, T2)e
ikcx+iωt + ~v∗1a

0(X,T1, T2)e
ikcx−iωt + c.c

)
+ ε2

[
~A1(X,T1, T2)e

ikcx+iωt + ~a1(X,T1, T2)e
ikcx−iωt

+ ~C0(X,T1, T2)e
2ikcx+2iωt + ~c 0(X,T1, T2)e

2ikcx−2iωt

+ ~D0(X,T1, T2)e
2ikcx + ~E0(X,T1, T2)e

2iωt + c.c.

+ ~B0(X,T1, T2)

]
+O(ε3) (3.23)

The difference is that at linear order in ε we have twice as many contributions as in

ansatz (2.22), because of the two complex conjugated eigenvalues. Therefore we also

have more contributions at second order, but in principle it is the same procedure. We

note that we do not have to consider amplitude equation of A and a, because they would

have the same form. To obtain the other equation one has to exchange all capital letters

to small letters and vice versa and change the sign of ω. Therefore, we do not mention

all equation, instead one can just apply this transformation to obtain the missing ones.

At linear order in ε we obtain the linearized problem which has already been solved

in the previous chapter. At second order we obtain by projecting onto the respective

fourier modes the following equations:
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O(ε2) :

∼ 1 :

J

∣∣∣∣
k=0, ω=0

(
B0
φ

B0
ψ

)
=

(
0

2δv2ψ
[
|a0|2 + |A0|2

] ) (3.24)

∼ eikcx+iωct :

J

∣∣∣∣
k=kc, ω=ωc

~A1 = −~v1∂T1A0

+

 2i
[
2κ2

L2 k
3
cvφ + kc(acvφ + γvψ)

]
−4i kc

L2

(
1− k2c

L2

)
vψ

 ∂XA
0 (3.25)

∼ e2ikcx+2iωt :

J

∣∣∣∣
k=2kc, ω=2ωc

~C0 =

(
0

δv2ψ
(
A0
)2
)

(3.26)

∼ e2ikcx :

J

∣∣∣∣
k=2kc, ω=0

~D0 =

(
0

2δv2ψA
0a0

)
(3.27)

∼ e2iωct :

J

∣∣∣∣
k=0, ω=2ωc

~E0 =

(
0

2δv2ψA
0
(
a0
)∗
)

(3.28)

Equation systems (3.26) - (3.28) determine the amplitudes ~C0, ~D0 and ~E0 as functions

of the amplitudes A0, a0 and their complex conjugates. The first component of (3.24)

yields 0 = 0 due to the conserved property, but the second component relates Bψ to Bφ,

A0, a0 and their complex conjugates. Equation system (3.25) can be used to employ the

Fredholm alternative. This yields:

(
~v†1

)∗
·
[
− ~v1∂T1A0 +

 2i
[
2κ2

L2 k
3
cvφ + kc(acvφ + γvψ)

]
−4i kc

L2

(
1− k2c

L2

)
vψ

 ∂XA
0

]
= 0 (3.29)

We sort the solvability condition (3.29) into real and imaginary part:

real: k2c = L2

√
1− r

1 + L2κ2
(3.30)

imaginary: ∂T1A
0 = ω1∂XA

0 (3.31)

with ω1 = − kc
ωc

[
γ(γ − σ) + k2cac

(
2

L
+ ac

)
+
k4c
L4

(
2κ2 + ac(3L

2κ2 − 2)
)

+
k6c
L6

2κ2
(
L2κ2 − 1

) ]
(3.32)
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Analogous to the variational case, the solvability condition in second order provides

the expression for the critical wavenumber kc, which has been already calculated in the

previous chapter. In contrast to the variational case we also obtain a first amplitude

equation (3.32) from the imaginary part of the solvability condition. This equation

reflects the first correction of the frequency ωc. This correction is of order ε and therefore

appears on the timescale T1 = εt.

At next order we find the evolution of amplitude A0 and the slower timescale T2. We

project the third order in ε onto the fourier mode eikcx+iωt and employ the Fredholm

alternative analogously. Then, we obtain the amplitude equation

∂T2A
0 =α1A

0 + α2A
0B0

φ

+ α3|A0|2A0 + α̃3|a0|2A0 + α4∂XXA
0 , (3.33)

with the complex parameters αi and α̃3 given in table B.2. Again, we need the amplitude

equation for B0
φ to obtain a self-contained system. Therefore we the evolution of B0

φ on

both timescales. At O(ε3) we find

∂T1B
0
φ = 0 (3.34)

and at fourth order in ε we obtain:

∂T2B
0
φ = ∂XX

[
acB

0
φ −

γ

1− r
(
(γ − σ)B0

φ − 2δv2ψ
(
|A0|2 + |a0|2

) )]
. (3.35)

Finally, we want to combine both time evolutions. Again, we reintroduce the original

timescale:

∂tA
0 =ε∂T1A

0 + ε2∂T2A
0

= εω1∂XA
0 + ε2

[
α1A

0 + α2A
0B0

φ

+ α3|A0|2A0 + α̃3|a0|2A0 + α4∂XXA
0

]
(3.36)

∂tB
0
φ =ε∂T1B

0
φ + ε2∂T2B

0
φ

=ε2∂XX

[
acB

0
φ −

γ

1− r
(
(γ − σ)B0

φ − 2δv2ψ
(
|A0|2 + |a0|2

) )]
(3.37)

We remind us that ε indicates the size scale of the corresponding term it is multiplied

with. Now, ε can be reincorporated in the terms of (3.36) and (3.32) which yields the

final amplitude equations in the original scales:

∂tA
0 = ω1∂xA

0 + α1A
0 + α2A

0B0
φ + α3|A0|2A0 + α̃3|a0|2A0 + α4∂xxA

0 (3.38)

∂tB
0
φ = ∂xx

[
acB

0
φ −

γ

1− r
(
(γ − σ)B0

φ − 2δv2ψ
(
|A0|2 + |a0|2

) )]
(3.39)
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At this point we finish our considerations in the framework of this work. We have seen

that the weakly nonlinear analysis in the case of complex eigenvalues is quite more in-

volved, but techniqually similar to the analysis of the codimension-2 instability in the

variational case.

Further investigations should start with the amplitude equation system (3.38) and (3.39).

Finding (travelling wave) solutions and investigate their stability are possible and inter-

esting tasks. Furthermore, it is worth to study the bifurcation behavior in a fully non-

linear consideration and compare it to the solutions given by the amplitude equations.

Maybe the Matthew-Cox instability can be found similarly or even another instability

determines the system behavior.
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B. Appendix

Table B.1: List of parameters which occur in amplitude and algebraic equations of chap-
ter 2.2. The corresponding equations are (2.58), (2.59), (2.60), (2.60), (2.68)
and (2.69)

parameter expression

α1 − 2(2L2k2c−k4c+L4(r−1))

L4γc


r−( k2c

L2−1

)2
2

γ2c k
2
c

+1


(γ − γc)

α2
2δγc

(r−1)


r−( k2c

L2−1

)2
2

γ2c k
2
c

+1



α3 −

2δ2

 1

γ2c
4κ2k2c
L2 +a

−
(
1− 4k2c

L2

)2

+r

+ 2
r−1

+
3(−2L2k2c+k

4
c+L

4(−r)+L4)
4

L16γ4c
+3

r−( k2c
L2−1

)2
2

γ2c k
2
c

+1

α4 −
(2L2k2c−k

4
c+L

4(r−1))((2L2k2c−k
4
c+L

4(r−1))(9aκ2L2k2c+10κ4k4c+3a2L4)+L6γ2c(7κ2k2c+3aL2))
L10γ2c k

2
c(κ2k2c+aL2)

+
2(L2−3k2c)

L4r−( k2c
L2−1

)2
2

γ2c k
2
c

+1

α5 −

(
r−
(
1− k2c

L2

)2
)(
−2aL12γ2ckc−

2L8γ2c((2L2k2c−k
4
c+L

4(r−1))(2κ2k2c+aL2)+L6γ2c)
kc(κ2k2c+aL2)

−4κ2L10γ2ck
3
c

)

L12γ4ck
2
c


L2

r−(1− k
2
c
L2

)2


k2c(κ2k2c+aL2)
−1



α6

2kc
(
(2L2k2c−k4c+L4(r−1))

2
(κ2k2c+aL2)(2κ2k2c+aL2)+L12γ4c+κ

2L6γ2ck
2
c(2L2k2c−k4c+L4(r−1))

)
L8γ3c (L

2k2c (2−aL2)−k4c (κ2L2+1)+L4(r−1)) (γ − γc)

α7 −4δ(2L2k2c−k4c+L4(r−1))(2κ2k2c+aL2)

L6(r−1)γckc


L2

r−( k2c
L2−1

)2


k2c(κ2k2c+aL2)
−1


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α8 − 1

L12k2c

(L2
(
r−
(
1− k

2
c
L2

)2)
k2c

(
aL2+κ2k2c

) −1)γ4c
[(
r −

(
1− k2c

L2

)2)(− 6k13c + 36L2k11c + 18L4(r − 5)k9c

+
6
(
γ2cL

6+
(
aL2+2κ2k2c

)(
(r−1)L4+2k2cL

2−k4c
))
k9c

aL2+κ2k2c
+ 120L6k7c − 72L6rk7c

−24L2
(
γ2cL

6+
(
aL2+2κ2k2c

)(
(r−1)L4+2k2cL

2−k4c
))
k7c

aL2+κ2k2c
− 18L8

(
r2 − 6r + 5

)
k5c

−12L4(r−3)
(
γ2cL

6+
(
aL2+2κ2k2c

)(
(r−1)L4+2k2cL

2−k4c
))
k5c

aL2+κ2k2c
+ 36L10k3c + 36L10r2k3c − 12L10κ2γ2ck

3
c

−16L10δ2κ2γ2ck
3
c

r−1 − 72L10rk3c +
24L6(r−1)

(
γ2cL

6+
(
aL2+2κ2k2c

)(
(r−1)L4+2k2cL

2−k4c
))
k3c

aL2+κ2k2c

− 8L10δ2κ2γ2ck
3
c

−
(
1− 4k2c

L2

)2
+

γ2c
4κ2k2c
L2 +a

+r
− 6L12kc + 6L12r3kc − 18L12r2kc − 6aL12γ2ckc −

8aL12δ2γ2ckc
r−1

+18L12rkc +
6L8(r−1)2

(
γ2cL

6+
(
aL2+2κ2k2c

)(
(r−1)L4+2k2cL

2−k4c
))
kc

aL2+κ2k2c
− 4aL12δ2γ2ckc

−
(
1− 4k2c

L2

)2
+

γ2c
4κ2k2c
L2 +a

+r

)]

α9
1

L8γ2ckc
(
L2k2c

(
aL2−2

)
+k4c

(
κ2L2+1

)
+L4(−(r−1))

)[2
(
L8k4c

(
2(r − 1)

(
2a2 + 9aκ2 + 5κ4(r − 1)

)
−3γ2c

(
a− 4κ2

))
+ 2L6k6c

(
− 4κ2γ2c + 5a2 + 3aκ2(r + 1) + 18κ4(r − 1)

)
+ L4k8c

(
− 5a2

+18aκ2 − 8κ4(r − 5)
)

+ aL12(r − 1)
(
γ2c + a(r − 1)

)
+ 2L10k2c

(
a

+3κ2(r − 1)
)(
γ2c + a(r − 1)

)
− 12κ2L2k10c

(
a+ κ2

)
− 2κ4k12c

)]

α10
2((2L2k2c−k4c+L4(r−1))(2κ2k2c+aL2)+L6γ2c )

L4γckc(κ2k2c+aL
2)

β1
γ2c+a(r−1)

r−1

β2 −2δγc
r−1

β3
γc
r−1

β4 − 2δ
r−1

γ1 − γc
4κ2k2c
L2 +a

γ2 − δ

γ2c
4κ2k2c
L2 +a

−
(
1− 4k2c

L2

)2

+r
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Table B.2: List of parameters which occur in amplitude equations (3.38) in the case of
the travelling wave instability

parameter expression

α1
i(a−ac)vφ(L2ack4c+κ

2k6c)
2L2w

α2
iδvψ(L2ac+κ2k2c)(L2ack4c+iL

2wk2c+κ
2k6c)

L4(r−1)w

α3

3ik4cv
2
φv
∗
φ

(
ac+

κ2k2c
L2

)
2w + 1

2

−k2c

(
ac+

κ2k2c
L2

)
σ−γ +

ik4c

(
ac+

κ2k2c
L2

)2

w(σ−γ)


(
− 2δ2L4v3ψ

− 2γL6k2c (γ−σ)
2L2ack

2
c+8κ2k4c+iL

2w
−8L2k2c+16k4c+L

4(−r+2iw+1)
+

4δ2v3ψ
r−1 + 3v3ψ

)

α̃3
3iv2φv

∗
φ(L

2ack4c+κ
2k6c)

L2w
+ 1

2

−k2c

(
ac+

κ2k2c
L2

)
σ−γ +

ik4c

(
ac+

κ2k2c
L2

)2

w(σ−γ)


(
− 4δ2L4v3ψ

− 2γL6k2c (γ−σ)
2L2ack

2
c+8κ2k4c

−8L2k2c+16k4c+L
4(1−r)

+
4δ2v3ψ
r−1 +

4δ2v3ψ
r−2iw−1 + 6v3ψ

)

α4
i

2L2w

(
κ2k2c
L2 + ac

)(
1

κ2k4c+L
2ack2c+iL

2w
4iκ2

(
− 4iκ2vφk

3
c

−

(
acL2+κ2k2c

)
vφ

(
acvφL

6+γvψL
6+2κ2k2cvφL

4+
2

(
L2−k2c

)(
κ2k4c+L

2ack
2
c+iL

2w

)
vψ

γ−σ

)
k3c

L6w

−2i
(
ackcvφL

2 + γkcvψL
2
)
k3c

)
− 6κ2vφk

2
c + 1

κ2k4c+L
2ack2c+iL

2w

)
2iL2ac(

− 4iκ2vφk
3
c − 1

L6w

(
acL

2 + κ2k2c

)
vφ

(
acvφL

6

+γvψL
6 + 2κ2k2cvφL

4 +
2

(
L2−k2c

)(
κ2k4c+L

2ack2c+iL
2w

)
vψ

γ−σ k3c

)
−2i

(
ackcvφL

2 + γkcvψL
2
))
kc − L2acvφ − L2γvψ

+ 1
κ2k4c+L

2ack2c+iL
2w

(
L2
(
− 1

L14w2

(
acL

2 + κ2k2c

)2
vφ

(
acvφL

6 + γvψL
6 + 2κ2k2cvφL

4

+
2

(
L2−k2c

)(
κ2k4c+L

2ack2c+iL
2w

)
vψ

γ−σ

)2
k6c

)
− 1

L8w

(
4iκ2

(
acL

2 + κ2k2c

)
vφ

(
acvφL

6+

γvψL
6 + 2κ2k2cvφL

4 +
2

(
L2−k2c

)(
κ2k4c+L

2ack2c+iL
2w

)
vψ

γ−σ

)
k6c

−
2i

(
acL2+κ2k2c

)(
acvφ+γvψ

)(
acvφL

6+γvψL
6+2κ2k2cvφL

4+
2

(
L2−k2c

)(
κ2k4c+L

2ack
2
c+iL

2w

)
vψ

γ−σ k4c

L6w

))
k2c

+

(
L2−3k2c

)(
acL2+κ2k2c

)(
−iκ2k6c−iL2ack4c+L

2wk2c

)
vψ

L8w(γ−σ)
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