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Introduction
In this work I will present and discuss results which relate to structure and phase transitions in
interfaces that separate the two phases of 3-dimensional binary systems. The concrete models
under study are the 3-dimensional Ising model and several 2-dimensional Solid-On-Solid (SOS)
models. SOS models can be considered as approximations of interfaces that naturally arise
when overhangs of the interface and bubbles of the bulk phases are neglected. They can also be
regarded as statistical models in their own right.
Our research was motivated and inspired by the development of ecient Cluster Monte
Carlo algorithms for the simulation of 2-dimensional SOS models [BB1, BB3, BB9] and for
the interface of the 3-dimensional Ising model [132]. These algorithms are called Valleys-ToMountains-Re ection (VMR) algorithms. Their eciency comes from their ability to make
large scale changes on the shape and structure of interface con gurations. In many cases the socalled critical slowing down that hampers Monte Carlo simulations with local update algorithms
could be strongly reduced or even completely eliminated.2
With ecient Monte Carlo algorithms at hand it was possible to perform very precise studies
of interface properties. An account on some of these shall be given in this report.
We will begin with an introduction of interfaces in the 3-dimensional Ising model and to
2-dimensional Solid-On-Solid models in chapter 1. Interfaces of the type discussed in this work
come in two phases: a rough phase at high temperatures and a smooth (rigid) phase at low
temperatures. Various observables allow to distinguish the two phases. E.g., in the rough phase
the interface width diverges when its area becomes in nite, while it stays nite in this limit in
the smooth phase.
The phase transition separating the two phases of the interface is called roughening transition. It is generally believed to be of the Kosterlitz-Thouless (KT) type [1, 2]. The transition is
of in nite order and governed by an essential singularity of the free energy and other quantities
at the transition point.
The basic features of the KT transition can be derived from the KT ow equations. In
chapter 2 I shall present a derivation of these equations (and certain generalizations thereof).
The derivation is done in the framework of the continuum Sine Gordon model and based on
approximations of an exact renormalization group di erential equation. In a second section we
move to the lattice Sine Gordon model. Using both the VMR cluster Monte Carlo algorithm
2 For a report on simulations of the Discrete Gaussian model on random triangulated surfaces with our VMR
algorithm, see [151]
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and perturbation theory, \lines of constant roughness" are de ned and determined. These lines
are analogous to the KT ow lines in the rough phase.
Chapter 3 is devoted to a careful study of the behavior of the interface width in an SOS
model, the Discrete Gaussian model. In the rst section, we demonstrate that (in accordance
with Kosterlitz-Thouless theory) the squared interface width grows logarithmically with the
linear lattice extension in the rough phase. The second section is devoted to a study of the
interfacial width of the same model in the vicinity of the roughening temperature TR . This
study is based on precise Monte Carlo data obtained with our VMR algorithm, combined with
a renormalization group improved formula that describes the behavior on small lattices on both
sides of TR .
In chapter 4 we con rm the Kosterlitz-Thouless scenario for three SOS models, the Discrete
Gaussian model, the Absolute-Value-SOS (ASOS) model, and the dual of the XY model. The
method is based on a matching of the renormalization group ow of the candidate models with
the ow of a bona de Kosterlitz-Thouless model, the exactly solvable BCSOS model. Very
precise estimates for the roughening couplings and other non-universal quantities are obtained.
Chapter 5 reports on three studies of interfaces in the 3-dimensional Ising model. In the rst
section, we determine the interface tension and interface energy throughout the whole range
from zero temperature up to the bulk transition point. It is demonstrated that in the rough
phase the large distance behavior is well described by a massless Gaussian dynamics. The
interface sti ness coecient is determined. Results for the interfacial width on large lattices are
presented.
The second study is on a comparison of precise Monte Carlo data for the interface tension
and (extrapolated) low temperature expansions. Our study reveals that (as a consequence of
the roughening transition) these series have to be used with great care.
In the last section, we compare predictions of the Capillary Wave Model beyond its Gaussian
approximation with Monte Carlo results for the energy gap and the surface energy of the 3dimensional Ising model in the scaling region. It is found that the nite size e ects of these
quantities are well described by the Capillary Wave Model, expanded to two-loop order, i.e., one
order beyond the Gaussian approximation.
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Chapter 1

Ising Model Interfaces and
Solid-On-Solid Models
We get in touch with interfaces in the 3-dimensional Ising model. Solid-On-Solid models are
de ned, and a sketch of a few of their basic properties is given.

1.1 Ising Model Interfaces
The Ising model has become a working horse for studies both in the Statistical Mechanics and
the Euclidean Quantum Field Theory framework. The 2-dimensional model was exactly solved
by Onsager in 1944 [139, 140]. This was the rst nontrivial example where a phase transition
could be exactly derived from the microscopic Hamiltonian.
Since then, properties of the Ising model have been subject to an incredible number of
analytical and numerical studies.
We shall be concerned about the 3-dimensional model on the cubic lattice. We start from
the Ising Hamiltonian,
X
H=
sx sy ;
sx = 1 :
(1.1)
<x;y>

The sites of the simple cubic lattice are labeled by integer coordinates x = (x1 ; x2 ; x3 ). The sum
in eq. (1.1) is over all (unordered) nearest neighbor pairs of sites in the lattice. We assume that
suitable boundary conditions are speci ed on nite lattices. The partition function is

Z=

X
fsg

exp (

H) :

(1.2)

Here, the summation is over all possible con gurations of the Ising spins. The pair interaction
is normalized such that = 1=(kB T ), where kB denotes Boltzmann's constant, and T is the
temperature.
At a critical coupling = c the in nite volume limit of the model undergoes a second order
phase transition. The (presently) most precise estimate for c was obtained in a Monte Carlo
8

Renormalization Group study of Baillie et al. [94]:
(1.3)
c = 0:221652(3)(1) :
The rst error is due to statistical uctuations while the second one is the estimate for the
systematic e ects from using a nite (small) number of blocking steps in the MCRG procedure.
For the relevant critical exponents, the authors obtain
 = 0:624(2) ;
 = 0:026(3) :
(1.4)
The estimate for the correlation length exponent  lies 2 3 below that from other methods, like
the -expansion and high temperature series analysis. For a detailed comparison and references
see [94].
While in in nite volume, for > c , the system shows a spontaneous symmetry breaking, in
nite volume this cannot occur, and interfaces appear, separating extended domains of di erent
magnetization.
Let us consider simple cubic lattices with extension L in the x1 - and x2 -directions and with
extension t = 2D + 1 in the x3 -direction.1 We adopt the convention that the x3 -coordinate runs
from D to +D. Let us generalize eq. (1.1) to
X
H=
kxy sx sy :
(1.5)
<x;y>

The lattice becomes a torus by regarding the uppermost plane as the lower neighbor plane of the
lowermost plane. An analog identi cation is done for the other two lattice directions. For the
Ising spin eld s we will use two di erent boundary conditions: Periodic boundary conditions
are de ned by letting kxy = 1 for all links <x; y> in the lattice. To de ne antiperiodic boundary
conditions in x3 -direction, we also set kxy = 1 with the exception of the links connecting the
uppermost plane (x3 = +D) with the lowermost plane (x3 = D). These links carry an
antiferromagnetic factor kxy = 1.
For suciently large and large enough L, the imposure of antiperiodic boundary conditions
forces the system to develop exactly one interface, a region where the magnetization rapidly
changes from a large negative value to a large positive value.
The Ising interface undergoes a roughening transition at an inverse temperature R =
1=(kB TR ) that is nearly twice as large as the bulk transition coupling c given above.2 The
most precise estimate for the roughening coupling is R = 0:4074(3) [37]. This value is consistent with a previous estimate TR =Tc = 0:542(5) in [35] and also with earlier results cited in
[35].
What happens at the roughening transition? Roughly speaking, the large scale interface
behavior changes from being rigid (smooth) at low temperature to being rough at high temperature. An important example is the behavior of the interfacial width in the limit of L ! 1.
1 In chapter 5, we shall also consider lattices of
2 A fundamental work on this issue is ref. [3]

size L1 , L2 in x1 x2 -direction, with L1 6= L2
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We adopt the following de nition of the interfacial width: A magnetization pro le for lattice
planes perpendicular to the x3 -direction is de ned by

M (x3 ) = L

2

X

x1 ;x2

sx :

(1.6)

The antiperiodic boundary condition allows one to shift the con guration in x3 -direction such
that the interface comes close to x3 = 0.
We introduce an auxiliary coordinate z that assumes half-integer values (labeling positions
between adjacent lattice layers perpendicular to the x3 -direction). z takes values D +1=2; D +
3=2; : : : ; D 3=2; D 1=2. Following [35], a normalized magnetization gradient is de ned as


(z) = M (D) 1M ( D) M (z + 21 ) M (z

1 
2)

:

(1.7)

For a given con guration of the spin eld, the position of the interface is de ned as the sum
over z(z ). The square of the interface width is then de ned [47, 35] as the expectation value

W2 =

*X
z

(z) z 2

X
z

(z) z

!2 +

:

(1.8)

(For a discussion of the subleties of this de nition, see chapter 5). In the rough phase, i.e., for
> R , the interface width is predicted to diverge when L ! 1. More precisely,

W 2 ' const + 2e ln L :

(1.9)

This prediction is based on the assumption that in the rough phase the long distance properties
of the Ising interface are described by a massless Gaussian dynamics.3 In the smooth phase, the
interfacial width has a nite limit when the interface extension goes to in nity.
Of course, the roughening transition also shows up in other observables, see, e.g., [155, 158,
159].4 We shall discuss some of its aspects in this work.
Roughening can be observed in real life systems, like crystal surfaces. The roughening
transition of a crystal surface can be macroscopically characterized by the disappearance of
a facet of a given orientation from the equilibrium crystal shape. On the microscopic scale,
the roughening transition is characterized by the vanishing of the free energy of a step on the
facet. Strong uctuations in the location of the facet appear. For a few quite recent papers on
experiments and comparison with theory see, e.g., [18]-[21].
The roughening transition is also of importance in lattice gauge theories, see, e.g., [22]-[28].
3 In

the language of condensed matter physics this means that the degrees of freedom are uncoupled capillary
waves with an energy proportional to the squared wave vector
4 I would like to mention here two other useful reviews on surfaces and interfaces by Diehl [156] and by
Jasnow [157]
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1.2 Solid-On-Solid Models
A fairly good approximation of the Ising interface is given by Solid-On-Solid models to be
introduced in this section. The SOS approximation amounts to ignoring overhangs of the Ising
interface and bubbles in the two phases separated by the interface. For an early work on the SOS
approximation of the Ising interface, see [5]. For a review of exact results on SOS type of models,
see [155]. By duality [153] and other exact transformations (see, e.g., [6, 9, 10, 11, 12, 13]) SOS
models are shown to be equivalent to a variety of other statistical models. We shall see a number
of examples for these equivalences in this work.
All SOS models that we shall consider have in common that they are 2-dimensional lattice
spin models. The spins hx take values in an unbounded discrete set S (isomorphic to the integer
numbers). The interaction energy (Hamiltonian) is invariant under global shifts hx ! hx + M
for M 2 S . A typical partition function for such a model looks like 5

Z=

X
fhg

1
0
X
V (hx hy )A :
exp @
<x;y>

(1.10)

In this example, the Hamiltonian is a sum of contributions depending on pairs of nearest neighbor
spins only. The summation in eq. (1.10) is over equivalence classes of spin con gurations fhg.
The classes are de ned by identifying two con gurations that di er only by a global shift M 2 S .
Our rst example of an SOS model is the Absolute-Value-Solid-On-Solid (ASOS) model. It
can be considered as the SOS approximation of an (001) lattice plane interface of an Ising model
on a simple cubic lattice. The model is de ned by

VASOS = K ASOS jhx hy j :

(1.11)

The spin variables hx take integer values. We interpret the hx as heights with respect to a
certain base. For nite positive K ASOS the Hamiltonian will favor that neighboring spins take
similar values. When K ASOS is large enough, the surface will not uctuate too wildly. As a
consequence one expects that the surface thickness squared,6

W 2 = jx lim
h(h hy )2 i ;
yj!1 x

(1.12)

is nite: the system is in the \smooth" phase. On the other hand, if K ASOS is below a certain
critical value, the surface becomes \rough", and the surface thickness diverges.
The transition between the two phases is called roughening transition. The theory of Kosterlitz and Thouless makes detailed predictions about the nature of this transition, see chapter 2.
In [BB7] (see also chapter 4) the roughening transition of the ASOS model was estimated to
occur at KRASOS = 0:8061(3).
5 A factor 1=(k T ), where k denotes Boltzmann's constant and T the temperature, is absorbed in the de nition
B
B
of the interaction
6 A de nition of the interface thickness on nite lattices will be given later, see chapter 2
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In [99] it was proved for a class of SOS models that for suciently small coupling K the
2-point correlation function h(h0 hx )2 i goes like ln(jxj) at large distance x. Furthermore, it
follows from convergent cluster expansions that h(h0 hx )2 i stays bounded for all x if K is
suciently large.
Let us now turn to the Discrete Gaussian (DG) model: It is of the type de ned in eq. (1.10)
with
VDG = K DG (hx hy )2 :
(1.13)
The spin variables hx take integer values. Note that the Hamiltonian looks exactly like that of
a continuous Gaussian model. However, the restriction of the hx to integer values introduces
a nontrivial interaction. The DG model will play a prominent role in this work. For an early
paper on the physics of this model, see [7].
Precise estimates of the roughening coupling were determined in [BB7] and [BB5] (cf. chapters 3 and 4). The most accurate estimate is KRDG = 0:6645(6).
The Discrete Gaussian model is dual to the XY model with Villain action [153]. This model
is de ned by the partition function

ZV =
with

ZY

B () =

and

 x

Y

dx

1
X
p= 1

<x;y>

exp



B (x y ) ;

1 (
2 V

2p)2

(1.14)



(1.15)

1 = K DG :
2

(1.16)

V

The index \V " here refers to \Villain". Let us note that in three dimensions, the DG model
is dual to U(1) gauge theory with Villain action. This model was investigated rigorously by
Gopfert and Mack [101], see also the work of Ito [102].
The XY model with \standard (cosine) action" has the partition function

ZXY =

ZY
 x

0
dx exp @

XY

X
<x;y>

cos(x

1
y )A :

(1.17)

The standard action is the mostly discussed action for an XY model. The dual of this model is
given by the partition function
XY ) ;
SOS = X Y I
(1.18)
ZXY
jhx hy j (
fhg <x;y>

where the In are modi ed Bessel functions. Again hx is integer. For an early study of the XY
model with the help of exact transformations to other statistical models, see [6].
We nally introduce the Body Centered Solid-On-Solid (BCSOS) model. It will play a
prominent role in chapter 4. The BCSOS model was introduced by van Beijeren [98] as a
12

SOS approximation of an interface in an Ising model on a body centered cubic lattice on a
(001) lattice plane. For detailed analysis of this model with respect to roughening and surface
structure, see [158, 16, 159]. The e ective 2-dimensional lattice splits in two sublattices like
a checker board. In the original formulation, on one of the sublattices the spins take integer
values, whereas the spins on the other sublattice take half-integer values. We adopt a di erent
convention: spins on \odd" lattice sites take values of the form 2n + 21 , and spins on \even" sites
are of the form 2n 21 , n integer. The partition function of the BCSOS model can be expressed
as
0
1
X @ BCSOS X
ZBCSOS = exp K
jhx hy jA :
(1.19)
fhg

[x;y]

The sum is over next-to-nearest neighbor pairs [x; y], and nearest neighbor spins hx and hy obey
the constraint jhx hy j = 1. Van Beijeren [98] showed that the BCSOS model is isomorphic to
the F-model, which is a special six vertex model. The con gurations of the BCSOS model are
in one-to-one correspondence to the con gurations of the F-model. The F-model can be solved
exactly with transfer matrix methods [96, 97, 100]. The roughening transition occurs at
(1.20)
KRBCSOS = 21 ln 2 :
The exact formula for the correlation length is [100]:

8
!9
1
< 1=2 Y
4m 2 =
1
+
x
BCSOS = ln :2x m=1 1 + x4m 2 ; ;

x  exp arcosh 12 exp(4K ) 1 :
1

For K & KR , the correlation length behaves like

0

1

2
BCSOS ' 14 exp @ q1  12 A ;  = KKRKR :
8 ln 2
2

(1.21)
(1.22)

The essential singularity of the correlation length at the critical coupling KR is typical for a KT
model. It is instructive to compare the results of the exact and the asymptotic expression in the
neighborhood of the critical point. Table 1.1 shows that at correlation length 189 there is still
a relative deviation of 7 per cent between the exact result and the result from the asymptotic
formula. This nicely explains why the determination of amplitudes (occuring as parameters in
the asymptotic correlation length formula) from correlation length measurements in KT models
is so dicult. (Cp. our discussion of this problem in ref. [BB7] and chapter 4.)
The free energy per volume is also exactly known. For K > KR ,
f BCSOS  ln Z(BCSOS =volume
1 exp( m) sinh(m) )
X
1
;
= 2K
2 +
m cosh(m)
m=1

(1.23)
  arcosh 21 exp(4K ) 1 :
13



1.00
0.80
0.60
0.40

asympt
1:577
2:087
3:103
5:910

exact
2:033
2:603
3:740
6:870



asympt

0:2436  102
0:1750  103
0:2784  104
0:3080  109

0.20
0.10
0.05
0.01

exact

0:2710  102
0:1889  103
0:2938  104
0:3156  109

Table 1.1: Comparison of  BCSOS from the asymptotic and the exact formula
For K < KR , the free energy f BCSOS has the following integral representation:
 cosh x cos 2 
Z1
dx
f BCSOS = 2K 41
ln
;
cosh x 1
0 cosh(x=2)

  arccos

1 exp(4K )
2


1 :

(1.24)
(1.25)

Figure 1.1 shows f BCSOS in the neighborhood of the roughening coupling KR = 21 ln 2. The free
energy and all its derivatives stay nite at the transition point (when suitably de ned as limits
from the right and from the left, respectively). However, there is an essential singularity. This
can already be seen if one directly inserts K = KR in eq. (1.23) and in eq. (1.24). In both cases
one obtains ln 2, di erent from the right-left limits to be read o in gure 1.1. One can show
[100] that for K & KR , the singular part of the free energy (note that eqs. (1.23) and (1.24)
give the full free energy) vanishes according to

0
2
BCSOS  exp @ q
fsing
1
4

2 ln 2

1
 A ;  = KKRKR :
1
2

(1.26)

There exist more SOS models of interest. One of them, the Sine Gordon model, will be discussed
at length in the next chapter.

14

0.0

free energy

-0.1
-0.2
-0.3
-0.4
0.0

0.5

1.0
r

1.5

2.0

Figure 1.1: The free energy per volume of the BCSOS model as a function of
r = K BCSOS =KRBCSOS
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Chapter 2

The Sine Gordon Model and the
Kosterlitz-Thouless Scenario
In this chapter, we shall get in touch with Kosterlitz-Thouless physics visiting the Sine Gordon
model. In the rst section, I shall derive renormalization group ow equations that generalize
the famous Kosterlitz-Thouless equations. The derivation is done in the continuum formulation.
In the second section, \lines of constant roughness" shall be derived for the lattice Sine Gordon
model. The analysis is based on a second order perturbative expansion in the fugacity z . The
content of section 2.1 has not been published before, section 2.2 is based on ref. [BB9].

2.1 The Continuum Sine Gordon Model: Kosterlitz-Thouless
Equations
The 2-dimensional continuum massless Sine Gordon (SG) model is de ned by the partition
function
Z
Z = d v (') exp[V (')] :
(2.1)
Here, d v denotes the Gaussian measure1 with covariance v, de ned through

Z

d v (') exp[i(k; ')] =

We have introduced the notation

Z

x

(

exp
0

Z

(:) = d2 x (:) ;



1
2



R

(k; Ck) , if x kx = 0
, else .

( ; ) =

Z
x

x x :

(2.2)

(2.3)

1 For an introduction to Gaussian measures, see textbooks on quantum eld theory. For mathematical aspects,
see [103]
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 0 can be interpreted as temperature. The kernel C is given by
Z exp[ik(x y)] 1
Cx;y =

where

exp( p2 =2 ) ;

p2

p

Z
p

Z d2p
(:) = (2)2 (:) :

(2.4)

We have provided the propagator with a cuto , formally v = exp(=2 )( ) 1 .
The (generalized) SG potential V (') is given by

X zn Z

cos(2n'x ) 

Z

V ('x ) :
(2.5)
2 x
x
The sum runs over all integers n, and the fugacities2 obey z n = zn . A more formal way to
write down the partition function of the Sine Gordon model is as follows:


ZY
(2.6)
d'x exp 21 ('; ') + V (') :
Z=
x
Here,  denotes the Laplacian,  = @ 2 =@x21 + @ 2 =@x22 .
The Sine Gordon model has been subject to many interesting theoretical and numerical
studies. A fundamental work is ref. [4]. For the relation of the model with the 2-dimensional
Coulomb gas, see refs. [9, 10, 11]. Renormalization group equations are derived and discussed
in [8, 11], cp. also the present work. Rigorous results on the long-distance properties of the
model in the massless phase and a rigorous construction of the model in the massive phase are
reported in refs. [104, 105].
V (' ) =

n

2.1.1 In nitesimal Renormalization Group Step

Consider an in nitesimal renormalization group transformation [86, 87] such that the cuto  is
lowered to 0 = (1 ), with  > 0 in nitesimal. This corresponds to a split of the propagator,
v = u + . The block spin propagator u has cuto 0 . is called uctuation propagator. For
our choice of the cuto , with a   1 , and a0 = 0 1 ,
Z
= exp(ipx) [exp( a2 p2 ) exp( a02 p2 )]
x

p

=

Z a2
0

a2

p2

Z

d exp(ipx p2 ) :
p

The p-integration can be done:
Z a 2 d  1 
1
2
02
2
x = 4 2  exp
4 x = = F (a ) F (a ) ;
a
0

(2.7)
(2.8)

2 The name fugacity for the coupling constant z will become clear later when we consider the Coulomb gas
representation of the SG model, see also ref. [10]
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with

d F () = F 0 () = exp 14 x2 = :
d
4 

(2.9)

For an in nitesimal renormalization group transformation we can write x =  x . To see this,
let a0 = (1 + )a, i.e. a02 = a2 + 2a2 . Then
x = 2a

and

2 F 0 (a2 )  + O (2 ) ;

exp



1 2 x2
4

(2.10)



:
2
We shall employ the convolution formula for Gaussian measures,
x=

Z

Z

(2.11)

Z

dv1 +v2 (') O(') = dv1 ('1 ) dv2 ('2 ) O('1 + '2 ) ;

(2.12)

to rewrite the partition function eq. (2.1) as

Z
Z = d u() exp[V 0()] :

The e ective potential V 0 () is given by

(2.13)

Z

exp[V 0 ()] = d ( ) exp[V ( +  )] :

(2.14)

A very useful identity for Gaussian integrations is the following:
 1    
Z
dv ( ) O( +  )] = exp 2  ; v  O() :

(2.15)

Let us consider  in nitesimal from now on. With the help of eq. (2.15) we nd

V 0 () = V () + 

Z Z

(

2 x y xy

)

2 V () + V () V () :
x y x y

(2.16)

This equation is more or less equivalent to Polchinski's exact RG di erential equation [87]. We
will now use eq. (2.16) to compute V 0 () for the model de ned by the potential eq. (2.5). One
nds

Z
n X
V 0 () = V () +  (2)2 2 oo n2 z2n cos(2nx ) +
x
n
o
X zm zn Z Z
+ mn 2 2
xy sin(2mx ) sin(2ny ) :
m;n

x y
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(2.17)

2.1.2 Local Potential Approximation of the E ective Theory

Eq. (2.17) shows that the e ective theory contains more interactions terms than the SG model
we started from. We aim at an approximation of V 0 () in the form

Z

V 0 () = K 0() + V 0 (x ) ;

(2.18)

x

where K 0 () is a kinetic term which is quadratic in  and vanishes for constant , and V 0 denotes
the zero momentum potential (per volume). We shall later also approximate the kinetic term
by a constant times the Laplace operator.
The zero momentum potential is de ned as follows:

V 0 ( ) = volume 1V 0 ()
We nd

x =

:

(2.19)

n X
V 0 ( ) = V ( ) +  (2)2 2 oo n2 z2n cos(2n ) +
o
X zm znn
mn
+
sin(2m ) sin(2n ) :
(1)

2 2

m;n

We have introduced the abbreviation
(1) = 2

Z1
0

dr r r :

(2.20)
(2.21)

Using that sin a sin b = 12 [cos(a b) cos(a + b)] one arrives at

V 0( ) = V ( ) + 

X yn

The yn are given by

yn = (2)2 2

n

2 cos(2n ) :

oo n zn + 12 (1)
2

X
m

(2.22)

!

m(m + n)zm zm+n :

(2.23)

Note that we determined the zero momentum potential exactly. For the kinetic term things
are more dicult. Here we have to make an approximation. The contribution of the e ective
Hamiltonian eq. (2.17) to the kinetic term is given by

K 0() =  SQ(2)2 8

X

m;n

mnzmzn

Z Z

x y

xy sin(2mx ) sin(2ny ) :

(2.24)

The operator SQ means that we have to take the quadratic part (Q) in  and subtract (S) the
zero momentum contributions. Taking the quadradic part is simple:

K 0 () =  S(2)4

X

(mn)2 z

8 m;n
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m zn

Z Z

x y

xy x y :

(2.25)

For a general translational invariant kernel Axy ,
(; A) =

Z Z

x y

x Axy y

Z
1 in Z
X
2
n
~
=
n! p jp j x Aox(px) :
n=0

(2.26)

Now let us assume that the kernel A is invariant under rotations, i.e. A depends only on r = jxj.
Then (in two dimensions)

Z

x

Z 2
Z1
n
+1
n
n
d' cosn ' :
r Ar
Aox(px) = jpj
0

0

(2.27)

The integral over ' vanishes for odd n, and for even n we have

Z 2
0

Inserting this we nd
(; A) =
where the coecients An are given by

! :
d' cosn ' = 22n (n=n2)!
2

(2.28)

1 ( 1 )n
X
n
4
n!2 A(n) (; ( ) ) ;

(2.29)

n=0

A(n) = 2
We conclude that

Z Z

Z1
0

dr r2n+1 Ar :

(2.30)

= 41 (3) (; ) + :::
(2.31)
x y
The correction terms contain higher derivatives and are thus irrelevant operators with respect
to the Gaussian xed point. This may justify that we ignore these terms in the following. (3)
is given by
Z1
dr r3 r :
(2.32)
=
2

(3)

S

xy x y

Our approximation for the kinetic term will be

0

K 0() =   21 (; ) ;
with

 = (2)4

(3)

2
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X
n

n2z

!2
n

(2.33)

:

(2.34)

2.1.3 Rescaling of Units and Renormalization of
We now turn to the renormalization of and the rescaling of units. The starting point is our
approximation for the e ective potential

V 0 () = V ()   21 (; ) + 

X yn Z
n

2 x cos(2nx ) :

(2.35)

The kinetic term will now be absorbed in the (block spin) propagator, thus leading to a renormalization of :
1 = 1 (1 + )
0=
!
 :
(2.36)
0
Furthermore, we perform a variable transformation in the partition function eq. (2.13),

x = 'x ;

(2.37)

where  = 0 = = 1 . This transformation leads to a factor (1 + )2 = 1 + 2 in front of the
fugacities. The propagator does not acquire a factor, but the cuto is rescaled back from 0 to
. The e ective theory is therefore described by the coupling constants

zn0 = zn +  (2zn + yn) ;
0 =
 :

(2.38)

A nite RG transformation can be obtained as the solution of the di erential equation

z_n = 2zn + yn ;
_ = :

(2.39)

The dot denotes derivative with respect to the scale parameter t. (Note that the change of
length scale is exp t.) Inserting the de nitions of yn and  we get

z_n = (2  n2 )zn + A
_ = B

3

X
m

m2z

X

!2

m

m

m(m + n) zmzm+n ;

:

(2.40)

We have used that oo = 2. The (scheme dependent) constants A and B are given by

A = 2
B = 4
21

(1) ;

(3) :

(2.41)

2.1.4 Recovering the Kosterlitz-Thouless Equations

We make the approximation that zn = 0 for all n 6= 1. Then the ow equations simplify to

z_1 = (2  ) z1 ;
_ = 4B 3 z12 :

(2.42)

De ne  2 = x. Note that = 2 is the critical point for z1 ! 0. In order to study the ow
in the vicinity of the xed point one therefore expands 3 = (2=)3 + O(x). If we rede ne the
fugacity,
p
Bz ;
(2.43)
y = 32
 1
the ow equations take the standard form

y_ = xy ;
x_ = y2 :

(2.44)

2.1.5 Solution of the Kosterlitz-Thouless Equations

We consider the KT equations (2.44). It is easy to see that dy2 =dt = dx2 =dt. Therefore
E = y2 x2 is a constant of motion. We consider separately the three cases E = 0, E < 0, and
E > 0.

E = 0: From y2 x2 = 0 it follows that either x = y or x = y. In the rst case one is on the
critical trajectory that runs into the xed point at (x; y) = (0; 0). The second case corresponds
to the expanding manifold that leaves the xed point. On the critical trajectory y obeys the
di erential equation y_ = y2 , which has the solution
y(t) = 1 1 ;
y0 + t

where y0 = y(t = 0). On the expanding manifold y obeys y_ = y2 , and the solution is
y(t) = 1 :
1

y0

t

(2.45)

(2.46)

Note that on this trajectory y diverges for nite t.

E < 0: We look at the solutions in the x > 0 region (the solutions for x < 0 can be obtained
analogously). Let a denote the point where the trajectory hits the x-axis at in nite t. De ne
x = a + f . We then have the system of di erential equations
dy2
dt
df
dt

= 2 (a + f )y2 ;
= y2 :
22

(2.47)

It follows that

dy2 = 2 (a + f ) ;
df

and therefore

(2.48)

y2 = f 2 + 2af :
(2.49)
The integration constant vanishes because y = 0 for f = 0. We nd the following di erential
equation for f :
df = f (f + 2a) :
(2.50)
dt
This equation can be solved by separation of variables


dt = 2dfa f1

By integration we nd

f (t) = 2a

1 :
f + 2a




1
1 + f 2(ta ) exp[2a(t t0 )] 1 :
0

(2.51)

(2.52)

p

E > 0: De ne  = E . From y2 = 2 + x2 one obtains
dx = (2 + x2 ) :
dt

(2.53)

This di erential equation can again be solved by separation of variables. The solution is




x
(
t
0)
x(t) =  tan arctan 
(t t0) :

(2.54)

The ow diagram encodes the full information about the critical behavior, see gure 2.1.
Region I (E < 0) corresponds to the massless phase. Here, the trajectories run exponentially
fast (in the variable t = ln B ) to y = 0: the long distance behavior is that of a massless Gaussian
model. The point where a trajectory hits the x-axis corresponds to a -value that is called e .
It is the -coupling of the free eld theory describing the long distance behavior of all models
that \come down" the trajectory. Note that this is a whole class of models which di er only in
the \time" they need to reach the x-axis.
Regions II (E > 0) and III (E < 0) correspond to the massive phase. Here, with increasing
length scale, the fugacity increases, and the global symmetry under shifts 'x ! 'x + integer is
spontaneously broken. The separatrix between regions I and II is the critical line. Models on
this line are driven into the xed point (x; y) = (0; 0) which corresponds to = 2= and z = 0.
Note that the approach to the xed point goes like  t 1 on the critical trajectory.
23

KT renormalization group trajectories
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Figure 2.1: Renormalization group trajectories in a Kosterlitz-Thouless model. Region I (E < 0)
corresponds to the massless phase. Here, the trajectories run exponentially fast (in the variable
t) to y = 0: the long distance behavior is that of a Gaussian model. Regions II (E > 0) and
III (E < 0) correspond to the massive phase. Here, with increasing length scale, the fugacity
increases, and the global symmetry under shifts 'x ! 'x +integer is spontaneously broken. The
separatrix between regions I and II (E = 0) is the critical line. Models on this line are driven
into the xed point (x; y) = (0; 0) which corresponds to = 2= and z = 0. The meaning of the
dotted line intersecting the trajectories in regions I and II is explained in the text
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From the solutions of the ow equations one can derive (see, e.g., [146]) that the correlation
length of a KT model diverges like

 KT

' A exp C

c

1
2

c

!

;

(2.55)

for ! c . Here, A, C , and c are non-universal constants, i.e. they have di erent values for
di erent KT models. One should compare eq. (2.55) with with eq. (1.22).
The KT equations for the SG model were derived using several approximations. The most
important assumption is that the fugacity is small. However, if one assumes that (x; y) = (0; 0)
is the xed point that governs the critical behavior then the trajectories of a critical or nearly
critical KT model will eventually enter the region where the fugacity is small and where the KT
equations become valid. Depending on the details of the microscopic Hamiltonian, the \time"
before the e ective Hamiltonian comes close to the xed point can be very long, i.e., the ow
close to the critical line is very slow. This is one of the reasons why the unambigious con rmation
of the KT scenario for realistic models is so dicult.

2.2 The Lattice Sine Gordon Model: Lines of Constant Roughness
The lattice Sine Gordon (SG) model Hamiltonian is

H (') = 21

X

('x 'y )2 V (') :

<x;y>

(2.56)

The sum runs over all nearest neighbor pairs < x; y > in the 2-dimensional square lattice, and

V (') = z

X
x

cos(2'x ) :

(2.57)

We have chosen units such that the Boltzmann factor is exp( H ).
Compared to other SOS models the SG model is very suitable for analytical calculations,
e.g., expansions in the fugacity z .
The variables 'x have a natural interpretation as height variables. For suciently small
temperature a typical '-con guration describes a more or less smooth surface (interface). In
the thermodynamic limit the interface gets localized and has a nite width. The model is in the
smooth phase.
For large , however, the interface can freely wander. Furthermore, the interface width
squared diverges logarithmically when the area becomes large. The model is in the rough phase.
The two phases are separated by a phase transition of in nite order, the roughening transition. The transition occurs on a critical line c (z ).
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To make things more precise, we de ne the interface width W . On a nite periodic square
lattice  with N = L  L sites, let
X
W 2 = 1 h(' ' )2 i = 2h(' )2 i :
(2.58)

N2

x

x;y

y

x

 is the average of ' over the entire lattice,

X
 = N1 'x :
x

(2.59)

One can show (see, e.g., [BB9]) that for z = 0 and L ! 1,

W 2 !  ln L + c ;

(2.60)

where c is some constant.
The interface width can be used to distinguish between the two phases of the SG model: In
the limit L ! 1, for nonzero z ,

W2

!

(

e (z )

ln L + c0 ; if  c (z ) ;
nite,
else .


(2.61)

This equation says that in the rough (large ) phase, the long distance behavior of the theory is
that of a Gaussian model (z = 0) with in nite correlation length, but with a changed temperature
e that depends on the fugacity z .
It is known that for z ! 0, the critical temperature goes to 2=, see, e.g., [10]. Accordingly,
the critical line is given as the set of points (z; ) with e (z ) = 2=. For every z , the critical
point c (z ) is the smallest value of such that the interface width diverges for L ! 1. At
= c (z ), the asymptotic ratio W 2 = ln L jumps from 2=2 to zero.
More generally, we shall de ne lines of constant roughness in the rough phase of the model as
those lines in the (z; )-plane that belong to the same value of e . Models that lie on the same
line have identical long distance behavior (which is Gaussian in this particular model).
In this section, we shall derive an approximation of the lines of constant roughness from the
perturbative expansion of the interface width W to second order in z .
It is always interesting to compare analytical results with numerical ones, especially when
approximations are made in the analytical calculations. To make this comparison we employed
a cluster algorithm for the simulation of the SG model [BB9].

2.2.1 Perturbation Theory for the Interface Width

Expectation values (correlation functions) of observables in the SG model are de ned through
R Q d' exp [ H (')] O(')
(2.62)
hO(')i = RxQ xd' exp [ H (')] :
x x
26

The Hamiltonian H (') is invariant under shifts 'x ! 'x + n for all x, where n is an integer
constant. As a consequence, expectation values are de ned only for observables O(') that have
the same global symmetry: In this case the in nite contribution from the zero mode associated
with the symmetry is exactly cancelled in eq. (2.62).3
For the perturbation theory to be done in this section, it is convenient to rewrite eq. (2.62)
with the help of a Gaussian measure. An integration measure d C (') is de ned through its
generating functional4

Z

d C (') exp[i(k; ')] =

(

exp
0



1
2



P

(k; Ck) , if x kx = 0
, else .

The covariance C is a matrix with elements
X ip(x y)
Cxy = N1 e p^2 1 ;
p6=0
2
p^ = 4 2 cos p1 2 cos p2 ;

(2.63)

(2.64)

where the pi , i = 1; 2, are summed over the values f0; :::; L 1g  (2=L). The scalar product is
de ned by
X
(; ) = x x :
(2.65)
x

It is not dicult to show that the expectation value eq. (2.62) can be rewritten as
R
C (') exp [V (')] O(') :
hO(')i = dR d
(2.66)
C (') exp [V (')]
The calculation of the interface width is started with the observation that for arbitrary observables O('),
R d (') exp[V (')] O(')
hO(')i = R dC (') exp[V (')]
C
R d R d (') ( 1 P ' ) exp[V (')] O(')
C
N xP x
= R d R d
1
(
'
)

(
C
N x 'x ) exp[V (')]
R R
R (') exp[V ( + ')] O( + ') :
= d R d
(2.67)
d d (') exp[V ( + ')]
Here, the Gaussian measure with covariance is de ned through
R d (') (P ' )O(')
Z
vM
xP x
R
d (') O(') = Mlim
(2.68)
!0
dvM (') ( x 'x ) ;

3 The Z-symmetry of the model is broken in the smooth phase, < (z ). Here, in the thermodynamic limit,
c
expectation values of observables that are not Z-invariant, are de ned
4 Compare the corresponding de ntions in the continuum case discussed in the previous section
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where5 vM = (  + M 2 ) 1 . It is not dicult to demonstrate that

Z
X ip(x y)
=
d (') 'x 'y = N1 e p^2 :
xy
p6=0

(2.69)

Correlation functions as occuring in eq. (2.67) can be computed with the help of the generating
functional
Z


(2.70)
d (') exp [i(k; ')] = exp 21 (k; k) :
The \e ective observable" for the interface width is independent of :

O( + ') = 2 '2x :
We therefore have

W2

(2.71)

R d (') '2 R d exp[V ( + ')]
= 2 R d (') xR d exp[V ( + ')] :

(2.72)

We expand the Boltzmann factor:

X zn X X

n! x1 : : : xn cos 2('x1 + ) : : : cos 2('xn + )
!#
n
X  z n 1 X X " X
:::
exp i2
si  ('xi + ) :
=
i=1
n0 2 n! x1 ;s1 xn ;sn

exp[V ( + ')] =

n0

(2.73)
(2.74)

The \charges" si are summed over the values 1. The -integral leads to a -function that
forces the sum of the si to be zero (neutrality condition). We shall indicate this constraint with
a prime at the sums in the equations to follow. The Gaussian integrations in eq. (2.72) can now
be done, leading to the representation

W2

= 2 oo

P z n Z 0
K Pn0 z2 n Zn :
n0 2

(2.75)

n

Here, we have de ned

1 n
0 n
!2
0
0
X
X
X
X
1
0
~
A
@
:::
Coxi si ;
exp
si Cxixj sj
Zn = n!
x1 ;s1 xn ;sn
i=1
i<j

and

5

0

1

n
X0
X0
X
1
~
@
Zn = n!
:::
exp
siCxixj sj A :
x1 ;s1 xn ;sn
i<j

denotes the usual lattice Laplacian
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(2.76)

(2.77)

Furthermore, we have introduced the abbreviations
~ = (2)2
~2
K = (22)2 :
(2.78)
In the derivation of eqs. (2.76) and (2.77) we exploited the fact that for neutral charge con gurations s,
n
n
X
X
si xi xj sj = 2 siCxixj sj ;
(2.79)
i;j

and

i<j

n
X
i

oxi si =

n
X
i

Coxi si :

(2.80)

Eq. (2.75) is the Coulomb gas representation of the interface width. The gas is a neutral gas with
integer charges 1. A lattice site can be occupied by more than one charge. The representation
is in the grand canonical ensemble, and z obviously plays the role of the fugacity for the charges
si. A small z means that the dominant contributions to the sum come from systems with
only a few charges present (dilute Coulomb gas). Note that it follows from this representation
that a nite fugacity always makes the interface width smaller, because only positive terms are
subtracted from the z = 0 result.6 Furthermore, together with eq. (2.61) it follows that e is
smaller than .
We now determine the coecients in the expansion

W2 =

X  z n

n0 2

Wn2 :

(2.81)

One nds

Wn2 = 0 for n odd
W02 = 2 oo
W22 = KZ20
W42 = K (Z40 Z20 Z2 )
W62 = K (Z60 Z20 Z4 Z20 Z4 + Z20 Z22 )
W82 = : : :
Let us explicitly write down Z20 , Z2 , and Z40 :
Z20 =
6 We

X
x;y





exp ~Cxy (Cox Coy )2

here assume that the in nite sum over n converges. This is probably the case in the rough phase
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(2.82)

=

X
x6=0

Z2 = L
Finally,

 X
exp ~Cox (Co;x+y Co;y )2

2X

x

 ~ y

exp Cox :

(2.83)

h

X

i

Z40 = 41
exp ~ (Cx1 x2 Cx1 x3 Cx1 x4 Cx2 x3 Cx2 x4 + Cx3 x4 ) 
x1 ;x2 ;x3 ;x4
 (Cox1 + Cox2 Cox3 Cox4 )2
(2.84)
Of course, using translational invariance of C , the expression for Z40 can be transformed in a
similar way as for n = 2.

2.2.2 Lines of Constant Roughness
In the rough phase the behavior of the 2-dimensional SG model at large distance is that of a
Gaussian model (z = 0), but with an e ective e < . For the interface width this means that
in the limit L ! 1,
(2.85)
W 2 ! e (z) ln L + c0 :

We de ne lines of constant roughness as the sets of points (z; ) that belong to the same e .
Constant roughness here means that the models lying on the same line have identical long
distance behavior. In this section we will use the expansion of the interface width to second
order in z to determine the lines of constant roughness. With eq. (2.83) and the observation
that
X
X eipx 1
(Co;x+y Co;y )2 = 2 N1
(2.86)
(^p2 )2
y

p6=0

one arrives at

  X eipx 1
4
exp ~Cox N1
2 )2 + O (z ) :
(^
p
p6=0
x6=0

~2 X

W 2 = Wo2 + z2 (2)2

(2.87)

The rst observation is that the O(z 2 ) term of the z = 0 interface width also behaves like ln L
for large L. To show this, we interchange the order of summation,

  X eipx 1 1 X 1 X  ~  eipx 1
exp ~Cox N1
p2 )2 = N p6=0 p^2 x6=0 exp Cox p^2 :
x6=0
p6=0 (^
{z
}
|
X

Dp
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(2.88)

Note that Dp = A + O(p2 ), and A has an in nite volume limit:

  )2
exp ~Cox (px
p^2
x=
6 0


X
1
exp ~Cox x2 :
4

A1 = Llim
lim D =
!1 p!0 p

1 lim
2 p!0

=

X

x6=0

(2.89)

The x-sum now runs over the in nite lattice. The O(p2 )-terms in Dp will lead to corrections of
Wo2 that remain nite in the in nite volume limit. The limit p ! 0 in eq. (2.89) is a bit subtle.
Note that the limit of (px)2 =p^2 alone strongly depends on the direction in that the limit is taken
in the 2-dimensional p-space. However, the limit is to be performed under the sum over x. Now
divide this sum into a sum over equivalence classes X of points x on which Cox takes the same
value (these points are actually connected by lattice symmetries). Sum (px)2 =p^2 over x 2 X
and then let p ! 0. Then the limit becomes independent of the direction in that the limit is
taken, and one arrives at the result given in eq. (2.89).
The large L approximation is thus
~2
X
(2.90)
W 2 ! Wo2 + z2 (2)2 N1 p^12 A1 + const + O(z 4 ) :
p6=0

| {z }
oo

We apply the approximation formula [146]

Cox ' 21 ln jxj + 32 ln 2 + ;
where = 0:5772::: denotes Euler's constant. The approximation for A1 then is

X
A1  41 exp 2 ( 32 ln 2 + ) jxj2 2 :
x=
|6 0 {z
E2 ( 1)

E2 denotes the Epstein- -function [138],
E2 (s) =

X

1
2 + x2 )s :
(
x
2
x=
6 0 1

}

(2.91)
(2.92)

(2.93)

Note that replacing the \true" Coulomb propagator by its approximation eq. (2.91) will
change A1 by a small nite amount (the approximation of the propagator has errors that decay
like 1=jxj). However, A1 diverges for ! 2=. Since the divergence comes from the large x
contributions, the nite errors from the small distances can be neglected in this limit which will
be of importance later.
Recall that Wo2 = 2 oo . Therefore

W2 ! 2

oo







z 2 18 (2)2 2 exp 2 ( 32 ln 2 + ) E2 (
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1) + const + O(z 4 ) : (2.94)

If we de ne a  function through
e

we nd

=

z 2  ( ) + O(z 4 ) ;



 ( ) = 81 (2)2 2 exp 2 ( 23 ln 2 + ) E2 (

Let us now introduce a new variable

(2.95)
1) :

2:

x=



(2.96)
(2.97)

x measures the distance from the critical point at vanishing fugacity z. For x(x) one obtains

 2 2   2 


1
2
3
x(x) = 8 (2)  + x exp 2  + x 2 ln 2 +
E2 (1 + x) :
(2.98)
We are now able to obtain the lines of constant roughness. They will be parameterized in the
form z (x; xe ), where xe = e 2 :
 x xe 1=2
z(x; xe ) = x(x)
:

(2.99)

In gure 2.2, we show the lines of constant roughness for xe = 0:0 : : : 0:09. The case xe = 0:0
corresponds to the critical line.
For the numerical evaluation of x(x) we used that [138] the Epstein  -function E2 can be
written as the product
E2 (s) = 4R (s) (s) ;
(2.100)
where R (s) denotes the Riemann  -function,

R(s) =
and [141]

1
X
n=1

n s;

(2.101)

Z 1 ts 1
1
(2.102)
(s) = (
2 (s) 0 dt cosh(t) :
n=0
Figure 2.2 looks like a part I of the ow diagram of Kosterlitz and Thouless, cp. gure 2.1.
The strong similarity becomes more evident if we expand z (x; xe ) around x = 0. Using the
expansions
R (s) = s 1 1 + + O(s 1) ;
(2.103)
and

1
X

1)n (2n + 1) s =

 

 


(3
=
4)
2
(s) = 4 1 + + ln 2 + 2 ln (1=4) (s 1) + O (s 1) ;
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(2.104)
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Figure 2.2: Lines of constant roughness in the rough phase of the 2-dimensional lattice Sine
Gordon model for xe = 0:0 : : : 0:09
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we nd
with

E2 (1 + x) = x1 +  + O(x) ;

(2.105)




(3
=
4)
 =  2 + ln 2 + 2 ln (1=4) = 2:5849817::: :
If we plug in all our material, we nd


q



z(x; xe ) = S x(x xe ) 1 + O(x) ;

(2.106)

(2.107)

where S = exp((5=2) ln 2 + 2 )  17:945. The critical line in the vicinity of the xed point
(z = 0; x = 0) is thus


z(x; 0) = S x 1 + O(x) :
(2.108)
For a comparison: The solutions of the KT equations in the rough phase are of the form

p

Y = E + X2 ;
with E < 0. Y and X are proportional to the fugacity and to
E = 0 corresponds to the critical line.

(2.109)
2=, respectively.7 The case

2.2.3 Comparison of Perturbation Theory and Monte Carlo Results

Accuracy of the Perturbation Theory

We checked the accuracy of eq. (2.87) by a direct comparison with Monte Carlo results for the
interface width obtained with the VMR cluster algorithm described in ref. [BB9].
In table 2.1 we compare the results at = 0:75. For z  1 the deviations are fairly small.
For z = 1:5 the relative error of the perturbative result is of order 1.5 per cent.
A similar statement is true for a set of values that we chose to be close to the roughening
point c (z ). Table 2.2 shows our results for the points (z; ) = (0:5; 0:665), (1:0; 0:700), and
(1:5; 0:720).
Table 2.3 shows the same comparison for two values in the smooth phase. As is to be
expected from the fact that W02 and W22 diverge logarithmically with L, the approximation
fails completely for large L: the breaking of the symmetry under global integer shifts and the
niteness of W 2 for L ! 1 are not reproduced by the perturbation theory.
7 Note, however, that the corresponding constants are non-universal, i.e. dependent on the cuto scheme. They
can not be determined by a trivial computation
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z

0.0
0.0
0.0
0.0
0.0
0.0
0.5
0.5
0.5
0.5
0.5
0.5
1.0
1.0
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5
1.5
1.5

L

8
16
32
64
128
256
8
16
32
64
128
256
8
16
32
64
128
256
8
16
32
64
128
256

2
WMC

0.56751(75)
0.73483(81)
0.89919(92)
1.06513(98)
1.2324(11)
1.3972(12)
0.56602(78)
0.73104(80)
0.89795(92)
1.05992(95)
1.2264(10)
1.3925(12)
0.56079(85)
0.72417(87)
0.88976(92)
1.05077(96)
1.2148(11)
1.3776(12)
0.55412(86)
0.71853(86)
0.87879(92)
1.04003(97)
1.2015(11)
1.3594(11)

2
WPT

0.568942
0.734887
0.900489
1.065998
1.231483
1.396961
0.566367
0.731812
0.896745
1.061484
1.226138
1.390748
0.558644
0.722587
0.896745
1.061484
1.226138
1.372110
0.545772
0.707212
0.866793
1.025370
1.183376
1.341046

Table 2.1: Monte Carlo estimates for W 2 for di erent lattice sizes L and fugacities
z. is 0.75 always. The Monte Carlo (MC) results for the interface width squared
can be compared with leading order perturbation theory (PT) given in the last
column
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z

0.5
0.5
0.5
0.5
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5

0.665
0.665
0.665
0.665
0.700
0.700
0.700
0.700
0.720
0.720
0.720
0.720

L

2
WMC

8
16
32
64
8
16
32
64
8
16
32
64

2
WPT

0.49914(41)
0.64426(39)
0.78950(40)
0.93364(39)
0.51899(45)
0.66990(42)
0.81866(42)
0.96894(42)
0.52654(48)
0.68148(44)
0.83422(43)
0.98679(43)

0.498831
0.644232
0.788863
0.933018
0.514735
0.665522
0.814886
0.963367
0.515716
0.668146
0.818267
0.966976

Table 2.2: Monte Carlo estimates for the interface width close to c (z ), and
comparison with perturbation theory

The Critical Line
We tried to determine c (z ) for z = 0:5, 1:0 and 1:5 using the matching method that we
introduced in [BB7], cf. chapter 4. This method is based on a comparison of the blocked
observables of the model in question with that of the BCSOS model. The BCSOS model is
exactly solved and known to undergo a KT phase transition. The basic idea of our matching
procedure is to simulate the BCSOS model at its known roughening temperature. One measures
various block observables, e.g., the Ai;l to be introduced below. One then searches for the critical
coupling c and a scale transformation of the SOS model under consideration such that the
blocked SOS observables match with that of the critical BCSOS model.
We measured a set of \block spin observables". To this end, the lattice was divided into four
blocks x0 of size L=2  L=2. Block spins x were then de ned as the averages of ' over these
blocks. We looked at8
E
X D
( x  y )2 ;
(2.110)
A1;2 = 18
0

<x ;y >
0

and

A3;2 = 41

0

0

0

X
x

0

hcos(2x )i :
0

(2.111)

It was demonstrated in ref. [BB7], that the matching with the BCSOS model can be performed
by using just two block observables, e.g., A1;2 and A3;2 . The matching conditions then x c and
the scale transformation. The matching of all the other block observables is then a consequence
of universality and can be demonstrated.
8 The

notations are chosen to be consistent with the notations of ref. [BB7] and chapter 4.2
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z

0.5
0.5
0.5
0.5
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5
0.5
0.5
0.5
0.5
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5

0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50
0.50

L

8
16
32
64
8
16
32
64
8
16
32
64
8
16
32
64
8
16
32
64
8
16
32
64

2
WMC

2
WPT

0.44624(69) 0.444773
0.57277(74) 0.572703
0.69975(84) 0.698515
0.82352(93) 0.822110
0.42250(83) 0.413632
0.53894(88) 0.527084
0.64558(98) 0.632884
0.7416(12) 0.730045
0.39822(90) 0.361730
0.50207(96) 0.451052
0.5862(12) 0.523500
0.6481(11) 0.576603
0.35450(67) 0.352331
0.44429(81) 0.438912
0.5167(10) 0.504380
0.5639(11) 0.531686
0.30370(83) 0.271438
0.35516(83) 0.285876
0.38203(71) 0.216543
0.38900(42) -0.005254
0.25865(84) 0.136617
0.28566(66) 0.030816
0.29718(43) -0.263186
0.29994(22) -0.900152

Table 2.3: Monte Carlo estimates for the interface width in the smooth phase,
and comparison with perturbation theory
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z
L=8
L = 16
L = 32
L = 64
0.0
0.5 0.6685(16)(12) 0.6709(13)(9) 0.6719(11)(8) 0.6683(18)(9)
1.0 0.6989(13)(15) 0.6955(11)(13) 0.6984(9)(10) 0.6957(12)(8)
1.5 0.7153(13)(16) 0.7137(10)(13) 0.7112(10)(10) 0.7105(12)(10)

1

c (z )
0.63662
0.670(2)
0.697(2)
0.711(2)
0.7524(7)

Table 2.4: Estimates for the critical couplings c (z ) from matching of A1;2 and
A3;2. c for z = 1 is the roughening coupling for the DG model [BB7]
We tried to use the block BCSOS observables reported in [BB7] for a matching analysis of
the SG model. We restricted ourselves to the quantities A1;2 and A3;2 .
It turned out that the values of A3;2 for the SG model close to the expected critical temperature are smaller than those of the BCSOS model on lattices of size up to L = 128 [BB7]. Since
A3;2 vanishes like the inverse of the logarithm of the lattice size there is no hope to simulate the
BCSOS model on lattices so large that the direct matching with the SG model at the z values
under consideration can be performed.
From KT theory one expects that to leading order A1;2 is a linear function of A3;2 . In
gure 2.3 we plot for the BCSOS model the quantity D1;2 as a function of A3;2 , where
)jz=0 A (L) :
D1;2 (L) = AA1;2 ((1
1;2
L)j
1;2

z=0

(2.112)

In [BB7] we demonstrated that replacing A1;2 by D1;2 reduces nite lattice-spacing artefacts
considerably. In addition to the BCSOS results the z = 0 result is known. It is given by A3;2 = 0
and A1;2 = 0:075425. It seems that the linear interpolation between this z = 0 point and the
L = 128 point of the BCSOS model is a reasonable approximation to the curve. On obtains
A1;2 = 0:075425+0:034(2)A3;2 . c is now computed from the condition that A1;2 ( ) and A3;2 ( )
are elements of the curve.
We simulated the SG model at 's close to the expected value for c on lattices up to
L = 64. We computed the values for the two observables in the neighborhood of this using
the reweighting technique [128]. Instead of A1;2 itself we again considered D1;2 in order to
reduce nite lattice-spacing artefacts. The results for c stemming from di erent lattice sizes
are summarized in table 2.4. We give two error bars. The rst stems from the statistical error of
the SG data itself, while the second is due to the error bar of the slope of the critical A1;2 (A3;2 )
curve. Even the result from L = 8 is consistent with the results from larger lattice sizes within
the statistical errors.
From the exact result at z = 0 and the estimate c (0:5) = 0:670(2) we derive a slope of the
critical line of S = 14:98(0:9). This is obviously inconsistent with our estimate S = 17:945 from
the second order perturbation theory.
Beyond a three standard deviation statistical error there are two possible sources for a
systematic error. First, the linear approximation of A1;2 (A3;2 ) might be inadequate. Second, we
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BCSOS at K_c

0.084

D_{1,2}
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Figure 2.3: The quantity D1;2 as a function of A3;2 for the BCSOS model at criticality. The
data are taken from ref. [BB7]
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were not able to check whether higher orders in z of the interface width expansion can modify
the slope of the critical curve. Such a modi cation would happen if the analogue of A1 at order
zn would diverge like 1=xn 1 for x ! 0.
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Chapter 3

Monte Carlo Studies of the
Solid-On-Solid Interfacial Width
3.1 The Solid-On-Solid Interface Width in the Rough Phase
A study is presented of the lattice size dependence of the Discrete Gaussian model interface
width in the rough phase. This section is based on ref. [BB2].
We choose to work with the Discrete Gaussian model, cf. chapter 1. To each site x of a
two-dimensional L  L square lattice with periodic boundary conditions we assign an integer
valued spin hx , which can be viewed as the height of a surface (interface) without overhangs.
The partition function is

9
8
=
< 1 X
Z = exp : 2T (hx hy )2 ; :
fhg
hx;yi
X

(3.1)

T is the temperature (Boltzmann's constant is set to one). Note that we have de ned
T = 2K1 ;

(3.2)

DG

where KDG is the coupling constant of the Discrete Gaussian model introduced in chapter 1.
The square of the average interface width W on a nite lattice is de ned by
X
W 2 = 1 < (h h )2 >= 2 < (h h)2 > :
(3.3)

L2

x

x

y

y

Here h is the average over the lattice of the hx .
It follows from standard convergent expansion techniques that at low temperatures the SOS
interface is smooth, i.e. the interface width W is nite. As the temperature T is increased,
the interface uctuates more and more. At high temperatures the discreteness of the spins is
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L

W2

8
16
32
64
128
256
0.75471(36) 0.97523(36) 1.19415(34) 1.41442(32) 1.63364(39) 1.85396(42)

Table 3.1: The squared interface width for the Discrete Gaussian model at T = 1
hardly felt. The interface width is in nite in the thermodynamic limit, i.e. the interface becomes
rough. The large distance behavior is that of the massless free eld theory (the model de ned
in eq. (3.1) with real instead of integer spins) [1, 2, 99]. In particular, we have the prediction

W 2 = Te ( lnL + const) ;

(3.4)

with the constant Te (\e ective temperature") de ned such that in the free eld theory T = Te .
Although for very high temperatures T the behavior of eq. (3.4) was proven in [99], doubts
were repeatedly raised in the literature as to its validity for moderately high temperatures [35].
The phase transition, which is of the Kosterlitz-Thouless type, is located at TR = 0:7524(7)
[BB7], see chapter 4. In [73], the value TR = 0:752(5) is estimated from a Monte Carlo simulation
analysis of the XY model with Villain Hamiltonian (the dual of the Discrete Gaussian model).
We chose to perform our simulations at T = 1, which is not a very high temperature, but
already far enough from TR to expect only small deviations from eq. (3.4) (if the theoretical
prediction is correct).
Let us give some technical details of these simulations. We considered lattice sizes L =
8; 16; 32; 64; 128; and 256. For each lattice size we performed a total of between 3.5 and 4
million cluster updates. Each cluster was grown around a randomly chosen seed, according to
the procedure which was found in [BB1] to have no critical slowing down at all. The average
cluster size was between 0.3 and 0.4 of the lattice volume. We used a method for vectorizing
the cluster update [133], which on a CRAY YMP resulted in a speed-up factor of around three.
With vectorization, even a lattice of L = 512 is accessible, but the results up to L = 256 show
that we do not really need it.
Table 3.1 presents our values for the interface thickness. Eq. (3.4) ts all data perfectly.
Using only the values of W 2 for L  32 we obtained Te = 0:9965(8). It is important to notice
that the relation Te < T is true, as predicted by the ow diagram of the Kosterlitz-Thouless
theory.
Eq. (3.4) is a nite volume continuum approximation for the r.h.s. of eq. (3.3). In order to
minimize nite lattice spacing e ects, we should compare the simulation results with the free
eld theory values of W 2 obtained on the same lattice as the Discrete Gaussian model, but at
T = Te . In this case the r.h.s. is a simple lattice sum that can be evaluated numerically with
arbitrary precision. We checked however that for L  16 the di erence between these values
and the continuum approximation eq. (3.4) is much smaller than the statistical errors of the
Discrete Gaussian data. For L = 8 a di erence can be seen; taking L  32 for the result quoted
in the last paragraph is thus very safe.
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The data are very precise, so we hoped to exclude with a high degree of con dence certain
types of behavior di erent from eq. (3.4). And indeed, the various least square ts we are going
to discuss now all indicate that the data strongly favorize the linear dependence on lnL.
We rst tried a power t, since quite often a logarithmic dependence looks very similar to a
power law with a small exponent. The ts with

W 2 = c1 La + c2

(3.5)

were not very stable, with the constants c1 and c2 having a tendency to grow very much.
However, a reasonably small value for 2 per degree of freedom could only be obtained with
very small values of a ( 0:001). Thus the power law eq. (3.5) is excluded.
An ansatz sometimes discussed in the literature [35] is the power-of-log form

W 2 = c1 (lnL)1+b + c2 :

(3.6)

W 2 = c1 lnL + c2 ln lnL + c3 ;

(3.7)

Fits with this form go rather well through all data. For L  32 the t results in jbj < 0:009,
with c1 = 1:00(2) being consistent with the value we determined for Te using eq. (3.4). Thus a
linear dependence on lnL is favored.
Next we tried to see if log-log corrections may play a role. We tted the data with
and the ts were good for all L-ranges. For L  32 we got c2 = 0:01(5) and c1 = 0:994(11).
Thus the absence of log-log corrections is favored.
Finally we tted the data with
(3.8)
W 2 = Te lnL + 1 ln(c L4 2Te ) + c :



1

2

2

This is the renormalization group improvement of eq. (3.4) [BB5], see also section 3.2 below. For
large enough L the di erence between eqs. (3.8) and (3.4) is negligible. Close to but still above
TR we found this form to t simulation results over a much wider L-range than eq. (3.4). Here,
at T = 1, there was practically no di erence between the ts with eq. (3.8) and with eq. (3.4).
In particular, the tted values for Te were almost identical in the two cases. Thus we have
established that at T = 1 the asymptotic regime (large L) is reached very quickly. We conclude
that we have con rmed the validity of eq. (3.4) with a high degree of accuracy.

3.2 The Interface Width Around the Roughening Transition
In this section, we investigate the interface width W of solid-on-solid interfaces in the vicinity of
the roughening temperature TR . Above TR , W 2 diverges with the system size L like ln L [BB2],
see section 3.1. However, close to TR a clean ln L behavior can only be seen on extremely large
lattices. Starting from the Kosterlitz-Thouless renormalization group, we derive an improved
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formula that describes the small L behavior on both sides of TR . For the Discrete Gaussian
model, we used the valleys-to-mountains-re ections cluster algorithm in order to simulate the
uctuating solid-on-solid interface. In the simulation we took 8  L  256. The improved
formula ts the numerical results very well. From the analysis, we estimate the roughening
temperature to be TR = 0:755(3). This section is based on ref. [BB5].
We stay with the Discrete Gaussian model. The model has two phases. At low temperatures
the interface is smooth, and W stays nite as L ! 1. When T is increased, we encounter
the roughening transition at T = TR . The KT theory predicts (see, e.g., [7]) that in the
thermodynamic limit
1
W 2  (TR T ) 2  ln 
(3.9)
as T approaches TR from below ( is the correlation length). For T  TR , W diverges as L ! 1.
The prediction for asymptotically large L is the \free eld" behavior (i.e. Continuous Gaussian
{ hi is real instead of integer)
W 2 = Te ln L + const :
(3.10)
Te is called the \e ective temperature", and
(3.11)
T = 2 for T = T :
e

R



Furthermore, as T approaches TR from above,
Te 2  (T TR ) 12 :

(3.12)

In principle, these formulas could be used in a numerical study in order to verify or disprove
the KT theory. In practice however this is problematic. In the smooth phase, we would need
unrealistically large lattices in order to test the power law eq. (3.9). This problem is related
to the diculties encountered in the study of the dual (Villain, XY) spin models, where it is
hard to cleanly distinguish an essential singularity in the correlation length  (as predicted by
KT) from a power law singularity [73, 76]. In the rough phase, for large enough temperatures,
the behavior eq. (3.10) could be unambiguously veri ed numerically [BB2], see also section 3.1
above.
However, it turns out that close to TR a clean logarithm is only seen on very large lattices,
and in order to extract the values of Te in practice we need to know the corrections to eq. (3.10).
Otherwise we cannot determine TR by checking eq. (3.11). Furthermore, for the largest lattice
sizes accessible with present day computers and algorithms, it turns out that eq. (3.12) is not
yet ful lled for the region where eq. (3.10) holds. Actually, the status of eq. (3.12) is even worse,
as will be argued later.
In order to overcome these problems, we developed a renormalization group (RG) improved
formula for the dependence of W 2 on L. This is our main theoretical result. The numerical part
of our work shows that the improved formula can be used for extracting Te as close as desired
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to TR , from numerical simulations on reasonably sized lattices. We mention that very high
accuracy simulations were possible because we have a cluster algorithm that is free of critical
slowing down (the valleys-to-mountains-re ections algorithm [BB1]). Vectorization [133] also
helped. From our analysis, the best estimate for the roughening temperature is TR = 0:755(3).
In what follows, we rst derive our improved formula, then present the analysis of the
numerical results, and nally make some additional remarks and present our conclusions.

3.2.1 Renormalization Group Improved Finite L Formula

The RG ow of the SOS models can be described in an x y diagram, cf. chapter 2. The
trajectories are parametrized by t, the logarithm of the changing length scale. x(t) is related to
the scale dependent (\running") temperature T (t), x(t) = T (t) 2, while y(t) is a constant
times the fugacity. The KT ow equations are:

y_ (t) = x(t) y(t)
x_ (t) = y(t)2 :

(3.13)

The trajectories are hyperbolas, characterized by the constant E which depends on the temperature T of the model (not on the running T (t) !):

y(t)2 x(t)2 = E :
(3.14)
p
Denoting  = sign(E ) jE j, and x0 = x(0), the full solution of eq. (3.13) is:


2
(
x

)
0
E < 0 : x(t) =  1 + (x0 + ) exp(2 t) (x0 )
E = 0 : x(t) = 1 +x0x0 t
(3.15)
 t)
E > 0 : x(t) =  x 0+ x0 tan(
tan( t) :
The trajectories in the rough phase reach the free eld theory, and have  < 0; in the smooth
phase they have  > 0; at the KT transition the critical trajectory has  = 0, cf. chapter 2.
Notice that in the rough phase Te = T (t = 1) = (2 )=.

In order to use the RG for computing the interface width, we need to know the contributions
corresponding to each length scale. Eq. (3.3) shows that W 2 is a sum of a two-point-function
over all distances. When increasing the lattice size L, we get additional additive contributions
from distances of order L. Let us choose

t = ln LL ;
0

(3.16)

with L0 some reference length scale, and let us approximate the sum in eq. (3.3) by an integral.
For the free eld theory, the additional contributions to W 2 coming from an in nitesimal change
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in L are easily computed: since eq. (3.10) is always true, with Te replaced by the temperature
T , we have dW 2=dt = T=. In the case of the Discrete Gaussian model, the KT ow shows
that for trajectories in the rough phase we are close to the free eld theory if t is large enough.
Moreover, we are also close to the free eld theory for trajectories in the smooth phase, provided
that L is much smaller than  but still large enough. Thus the main contribution to dW 2 =dt
will be similar to the free eld case, the only (important) di erence being that we replace T by
the running temperature T (t):
dW 2 = T (t) :
(3.17)
dt

Assuming that T (t) behaves according to the KT ow for length scales larger than L0 , we can
integrate eq. (3.17):
Zt
1
2
(3.18)
W = 2 [x(t) + 2] dt + C :
0

The constant C contains the contributions of distances smaller than L0 . Using eq. (3.13) and eq.
(3.14), we can express dt in terms of x and dx, after which eq. (3.18) reduces to an elementary
integral. We thus obtain our nal formula for W 2 :

!

2+E
W 2 = 22 t + 21 2 ln xx20 +
E +C;

(3.19)

which has to be used in conjunction with eqs. (3.15) and (3.16).
The crucial point in the derivation of our improved formula was the replacement, at the
appropriate stage, of the temperature T with the running temperature T (t). While this is a
commonly used procedure in eld theoretical RG arguments, it is not completely rigorous.

3.2.2 Simulation Results

We performed simulations of the Discrete Gaussian model for ten di erent values of the temperature T . At each T we considered lattice sizes of L = 8, 16, 32, 64, 128 and 256. Typically, we
generated about 2 000 000 to 2 500 000 clusters for each temperature and lattice size. The expectation value of the cluster size varied in the range 0:3L2 to 0:35L2 . The whole project required
about 400 hours on one CRAY Y-MP processor. As will become clear from the analysis, we did
not need more than half of our runs in order to obtain the best estimate for TR . However, our
aim was also to con rm our prediction for the L-dependence of W 2 and to determine the region
in which the improved formula is really necessary. The simulation results for W 2 are given in
table 3.2.
As a general rule, these data are extremely well tted by eq. (3.19), with t parameters
, x0 and C . Aside from the occasional statistical uctuation, we did however notice that for
T  0:755 the quality of the ts deteriorated a little. The important results of such ts are the
value of , which characterizes the trajectory, and the range of L for which the ts are good,
which roughly tells us where the model enters the KT ow. Notice that we have to decide upon
a value for L0 . The choice of L0 only a ects the values x0 and C , as can be seen after a little
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algebra. Table 3.3 contains the t results for , for all our values of T and for various t ranges.
Clearly, for T  0:76 the various t ranges give compatible results. In fact the data for L = 256
hardly improve things here. For T  0:755 however, the t results for  sometimes change by
more than two standard deviations if we remove the data for L = 8. It may be that for these
temperatures the KT ow is well reached only above L = 8.
From table 3.3 our rst main numerical result strikes the eye: since  > 0 for T  0:75
and  < 0 for T  0:76, TR is between 0:75 and 0:76. This result relies solely on the fact that
eq. (3.19) ts the data well, and on eq. (3.11).
In order to give a more precise determination of TR , we plotted for each t range  versus
T , with error bars, and interpolated the two curves  + error and  error. The intersection of
the band thus obtained with the  = 0 line provides an estimate of TR . In table 3.4 we collected
these range-dependent estimates. They are quite consistent with one another. Thus, taking
into account the above observations about the quality of the ts for T  0:755, it would not be
unreasonable to quote as our nal result the value of TR for the L-range 16 256.
For a more conservative estimate of TR we plotted the values of  from the ranges 8 256
and 16 256, together with their error bars, on the same plot. We interpolated the upper and
lower envelopes of the error bars. From the intersection of the band thus obtained with the  = 0
line we get the estimate TR = 0:755(3). Notice that the best estimate in the literature [BB7],
TR = 0:7524(7), was obtained by a completely di erent method (matching with the critical
block spin ow of the BCSOS model), that does not test directly any of the formulas derived
from the KT theory. The best estimate by other authors [73], TR = 0:752(5) (from the analysis
of the correlation length and susceptibility in the massive phase of the Villain model), is also
consistent with the result presented here.
At the beginning of subsection 3.2.1 we explicitly wrote down the t dependence of the running
temperature T (t). With the numerically determined t parameters  and x0 , we can thus
compute the ow of T (t) numerically. If we use x(t) instead of T (t), we can neatly plot the
points (x(t); y(t)) inside the standard KT ow diagram. We can now do the following consistency
check. The di erences  W 2 =t = (= ln 2) [W 2 (2L) W 2 (L)], shown in table 3.5, should be
discrete approximants of T (t), by eqs. (3.16) and (3.17). Thus if we again plot the values of
the points (x(t); y(t)), this time using the discrete approximation, we expect to obtain a similar
diagram. We did this exercise, and indeed the two diagrams were almost identical.
In the last column of table 3.5 we show the values of Te = (2 )=, obtained by again
taking for each T > TR the envelope of the error bars from the ts with L-ranges 8 256 and
16 256. Above TR , if L is large enough for eq. (3.10) to hold, the running temperature stabilizes
to the value Te . By looking at how the the results in the rows of table 3.5 stabilize, we see
that our data for W 2 enter the asymptotic regime of eq. (3.10) for 0:8  T  0:85 clearly, and
for T = 0:78 just barely. For TR  0:77 however, this is far from being true, even at L = 256.
Notice that in order to understand the validity region of eq. (3.10) we did need the values of
W 2 for L = 256. More importantly, notice that our results show that the use of eqs. (3.10) and
(3.11) for determining TR (like e.g. in [49, 52]) leads to a consistent underestimate.
In order to test eq. (3.12), we tted the values for Te from table 3.5. The t was not at
all good. We then allowed for a free power instead of the power 12 . The t was now good, but
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T

0.740
0.745
0.750
0.755
0.760
0.770
0.780
0.800
0.820
0.850

L=8

0.51429(34)
0.51984(37)
0.52537(37)
0.53137(30)
0.53733(37)
0.54900(35)
0.55902(36)
0.58006(38)
0.59963(37)
0.62762(37)

L = 16

0.66739(33)
0.67560(34)
0.68222(35)
0.69052(34)
0.69725(34)
0.71185(32)
0.72606(34)
0.75240(34)
0.77776(34)
0.81304(37)

L = 32

0.81589(32)
0.82571(32)
0.83542(35)
0.84475(33)
0.85444(33)
0.87292(33)
0.88941(33)
0.92271(35)
0.95355(34)
0.99679(36)

L = 64

0.96185(33)
0.97408(33)
0.98661(34)
0.99877(33)
1.00956(29)
1.03164(36)
1.05190(38)
1.09176(40)
1.12807(36)
1.18076(38)

L = 128

1.10558(34)
1.12248(33)
1.13615(35)
1.15066(34)
1.16440(28)
1.18993(34)
1.21432(36)
1.26032(37)
1.30248(38)
1.36315(40)

L = 256

1.24908(39)
1.26710(40)
1.28461(36)
1.30165(38)
1.31721(39)
1.34726(37)
1.37515(40)
1.42846(40)
1.47770(42)
1.54571(43)

Table 3.2: Simulation results for W 2

T

0.740
0.745
0.750
0.755
0.760
0.770
0.780
0.800
0.820
0.850

8 256
0.204(06)
0.171(07)
0.126(09)
0.030(38)
-0.124(10)
-0.211(06)
-0.277(05)
-0.387(04)
-0.478(03)
-0.601(03)

16 256
0.178(10)
0.139(14)
0.109(17)
-0.078(25)
-0.130(14)
-0.210(09)
-0.287(07)
-0.387(06)
-0.484(05)
-0.599(04)

32 256
0.151(23)
0.165(21)
0.103(35)
0.059(60)
-0.128(27)
-0.221(17)
-0.278(14)
-0.388(11)
-0.494(09)
-0.590(08)

8 128
0.226(08)
0.168(11)
0.137(14)
0.054(33)
-0.131(13)
-0.211(09)
-0.278(07)
-0.386(06)
-0.471(05)
-0.603(04)

16 128
0.206(16)
0.060(57)
0.117(30)
-0.102(33)
-0.151(21)
-0.205(17)
-0.300(12)
-0.387(10)
-0.474(09)
-0.601(07)

Table 3.3: Fit results for the parameter . The rst row contains the L-range

t range
8 256
16 256 32 256
8 128
16 128
estimated TR 0.7555(25) 0.7535(15) 0.7550(30) 0.7555(25) 0.7515(55)

Table 3.4: TR from the interpolated curves (T )
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T

0.740
0.745
0.750
0.755
0.760
0.770
0.780
0.800
0.820
0.850

8 16
0.6939(21)
0.7059(23)
0.7109(23)
0.7213(21)
0.7248(23)
0.7381(21)
0.7571(22)
0.7811(23)
0.8074(23)
0.8404(24)

16 32
0.6731(21)
0.6804(21)
0.6944(22)
0.6990(22)
0.7124(21)
0.7300(21)
0.7404(22)
0.7719(22)
0.7967(22)
0.8328(23)

32 64
0.6615(21)
0.6724(21)
0.6852(22)
0.6981(21)
0.7031(20)
0.7194(22)
0.7365(23)
0.7662(24)
0.7910(22)
0.8338(24)

64 128
0.6514(22)
0.6726(21)
0.6778(22)
0.6884(21)
0.7018(18)
0.7174(22)
0.7361(24)
0.7640(25)
0.7905(24)
0.8267(25)

128 256
0.6504(24)
0.6555(23)
0.6729(23)
0.6843(23)
0.6926(22)
0.7131(23)
0.7290(24)
0.7620(25)
0.7942(26)
0.8274(27)

Te
T < TR
T < TR
T < TR
T  TR

0.6777(48)
0.7035(29)
0.7267(35)
0.7598(19)
0.7900(22)
0.8273(16)

Table 3.5: The di erences  W 2=t compared to Te
the power was 0.60(4). Disregarding the point farthest away from TR , T = 0:85, the situation
did not improve: the power changed to 0.62(7). The tted value for TR was 0.753(2) with the
point T = 0:85 included, and 0.752(4) without it. While these values for TR are reasonable, the
fact remains that the power 21 is not yet seen even as close to TR as our data in the rough phase
are. Notice that this conclusion implies in particular that we cannot use eq. (3.12) in order to
t results in a region where the simple behavior eq. (3.10) applies on lattices of still manageable
size.
As a last issue, let us remark that in the absence of a theory, one may be simply tempted to
make some \reasonable" ansatz for the corrections to eq. (3.10). We tried to t the data with
a ln ln L correction (the coecient in front of ln ln L is the third t parameter besides Te and
the constant). The ts were as good as those with eq. (3.19), if not better. However, the values
of Te thus obtained were clearly wrong. It is not dicult to understand the numerics behind
this phenomenon. The main point is, however, to view this as another example of the danger of
analyzing simulation results without a solid theoretical basis.
Along the same lines, let us remark that we found a di erent modi cation of eq. (3.10) to
also t the data very well: instead of taking ln L we took a power of ln L (this power is the third
t parameter). The power that allowed for good ts very close to TR never deviated from the
value 1 by more than 10%. Nevertheless, the tted values for Te were again clearly wrong with
this procedure.
Let us summarize: We have derived a renormalization group improved formula for the nite
size behavior of the SOS interface width in the vicinity of the roughening transition. The
improved formula was tested in a high accuracy simulation of the Discrete Gaussian model, and
found to describe the data excellently. As a result of our analysis, we veri ed an important aspect
of the KT scenario; gave a precise determination of TR ; found the region in which eq. (3.10)
cannot be used unless we consider much larger lattice sizes; found that the region of applicability
of eq. (3.12) is much smaller than previously assumed.
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Chapter 4

Renormalization Group Study of
the SOS Roughening Transition
The KT scenario of the roughening transition is con rmed for the Discrete Gaussian (DG) model,
the Absolute-Value-SOS (ASOS) model, and the dual transform of the XY model with standard
(cosine) action.1 The method is based on a matching of the renormalization group ow of the
candidate models with the ow of a bona de Kosterlitz-Thouless model, the exactly solvable
BCSOS model. The Monte Carlo simulations are performed using the VMR cluster algorithms
described in [BB1, BB3]. Precise estimates for the critical couplings and other non-universal
quantities are obtained. This chapter is based on ref. [BB7]. Part of that work is contained in
[37].
For nearly all of the SOS models there is no rigorous proof that their phase transition is really
of the Kosterlitz-Thouless type. For rigorous work on the existence of a phase transition from
a massive to a massless phase, see [99]. See also [149], where the KT nature of the transition is
put into question, and [150].
In order to con rm or reject the KT nature of the roughening transition (or the corresponding
transition in the dual spin models, e.g. the XY model), many Monte Carlo simulations were
performed.
For Monte Carlo studies of SOS models, see, e.g., [47, 48, 49, 50, 51].
Many Monte Carlo simulations were done to investigate the phase transition for the XY
model with cosine or Villain action, see [53]{[76].
Most of the Monte Carlo studies of KT candidate models are based on a direct computation
of critical quantities such as the correlation length or the susceptibility.
By tting the data with di erent ansatze one tries to rule out the power law singularities
of conventional phase transitions. However, it turns out to be very demanding to get data for
suciently large correlation lengths with good statistics. Only the results of the more recent
simulations using cluster algorithms really favour a KT transition against a second-order phase
1 These

models were de ned in chapter 1
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transition, while the estimate for the transition temperature still has a relative error of order 1
per cent [71, 73].
There have also been attempts to study the KT scenario with the help of the Monte Carlo
Renormalization Group (MCRG). See, e.g., [72].
In this chapter, a new method is presented to attack the problem. The method is based on
the fact that one of the SOS models, the BCSOS model, can be solved exactly [100, 96, 97].
The BCSOS model has been proved to exhibit a KT transition. The critical coupling is exactly
known. In addition, the correlation length and other quantities can be computed exactly [100],
cf. chapter 1. For a detailed analysis of the BCSOS model with respect to roughening and
surface structure, see [158, 16, 159].
It was proposed long ago to improve the numerical study of SOS models by a comparison
with BCSOS results [49]. In this report we give this comparison a precise meaning in the
framework of the renormalization group (RG). We verify the Kosterlitz Thouless scenario for
several models - the ASOS model, the Discrete Gaussian (DG) model and the dual transform
of the XY model with cosine action - by demonstrating that their long-distance RG ow at the
critical point precisely matches with the ow of the critical BCSOS model. Stated di erently,
we demonstrate that the candidate models are in the same universality class (in the sense of
Wilson's renormalization group [86]) as the BCSOS model.
The matching is demonstrated by comparing Monte Carlo data for expectation values of
\blocked correlation functions". All data are generated using VMR cluster Monte Carlo algorithms that do not su er from critical slowing down or have strongly reduced critical slowing
down [BB1, BB3].
Our RG comparison is designed in such a way that nite-size e ects are exactly cancelled.
By simulations on reasonably small lattices we obtain results for the critical couplings, which
are competitive in precision with estimates from much more expensive Monte Carlo studies. We
also get estimates for the non-universal constants determining the asymptotic behavior of the
correlation length.
The perhaps most important result of our study is, however, the demonstration that the
models (with a high level of con dence) are in the same universality class as the BCSOS model.
We consider this as an unambiguous con rmation that their phase transition is of the KT type.

4.1 Finite Lattice Renormalization Group
Universal properties of a statistical system do not depend on short distance details, but only on
the nature of long wavelength uctuations. This suggests to remove the irrelevant high frequency
degrees of freedom by applying a coarse graining (block spin) procedure [86].
Universality, which was rst introduced as the coincidence of the critical indices of various
models, can be expressed as a convergence of the renormalization group ow to a universal ow
as T ! TR and the number of block spin transformations goes to in nity. Here we use T as a
representative for any coupling that is driven to a critical value in order to make the correlation
length diverge and the system become critical.
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Consider two models with di erent microscopic Hamiltonians that belong to the same universality class, i.e. that have the same critical indices. The above statement says that if the
two models are both at criticality then their e ective Hamiltonians will converge towards the
same xed point Hamiltonian. It might even happen that the two ows of Hamiltonians will
come close to each other already a long time before they are really close to the xed point. (We
shall actually observe this phenomenon for the models studied in this chapter.) Note, however,
that the two systems might need a di erent number of RG steps to reach a certain point on the
universal trajectory.
It is suggestive to compare renormalization group ows in order to test for universality
properties. To directly compare e ective Hamiltonians, one would have to parametrize them in
terms of coupling constants. However, there are in nitely many couplings already after a single
renormalization group step. It turns out to be very dicult to determine the coupling constants
of the blocked system by analytical calculations [88] or Monte Carlo simulations (MCRG) [89].
We shall deal with the problem in a similar fashion as Shenker and Tobochnik [90] did for
the 2-dimensional O(3) model and Wilson [91] for the 4-dimensional SU(2) gauge model. As an
example, let us assume that we deal with a model for real random variables (spins) 'x , de ned
on a lattice . Let the Hamiltonian be H('), and the partition function

Z=

Z Y

x2

d'x exp( H(')) :

(4.1)

We de ne e ective Hamiltonians for nite lattices  that consist of l  l blocks, where each of
the blocks contains B  B sites. The e ective Hamiltonian He(l;B) de ned through
(l;B )
e ()) =

exp( H

Z Y

x2

1
0
X
Y @
d'x exp( H('))
 x B 2 'x A
x 2
0

0

0

x2x

(4.2)

0

is a function of l2 block spin variables x . A renormalization group ow is now de ned as the
sequence of e ective Hamiltonians He(l;B) , for xed l and increasing B . Note that di erent l's
lead to di erent ows.
In order to monitor the ow of the He(l;B) , we do not necessarily have to compute the still
in nitely many couplings in He(l;B) . We can instead consider a set of suitably chosen observables,
0

Ei(l;B)  hAi ()il;B = Z

1

Z

D exp( He(l;B) ) Ai () :

(4.3)

A convergence of the ow of e ective Hamiltonians He(l;B) towards a xed point will imply also
the convergence of the ows of the Ei(l;B) . The crucial point is that the Ei(l;B) can be expressed
as expectation values in the original system with Hamiltonian H on a lattice with size L = lB .
One just has to measure correlation functions of block averages of the original system, that can
be simulated, e.g. with ecient Monte Carlo algorithms.
It is worth noting that the couplings Ei(l;B) introduced above can be interpreted as phenomenological couplings as introduced by Nightingale and by Binder [92, 93].
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B

4
8
16
32
64
128
256
512
1024
2048

a

8:99182
9:83928
10:0911
10:1573
10:1740
10:1783
10:1793
10:1796
10:1796
10:1797

b

c

d

0:12121
0:22512
0:26380
0:27464
0:27744
0:27815
0:27833
0:27837
0:27838
0:27838

2.98941
3.41193
3.54303
3.57796
3.58685
3.58908
3.58964
3.58978
3.58982
3.58983

1:10822
1:38204
1:46882
1:49208
1:49801
1:49950
1:49988
1:49997
1:49999
1:50000

e

0:08032
0:05261
0:03870
0:03453
0:03343
0:03315
0:03308
0:03307
0:03306
0:03306

f

0.05674
0.06654
0.06655
0.06626
0.06616
0.06613
0.06612
0.06612
0.06612
0.06612

Table 4.1: Flow of the e ective Laplacian for l = 4. The components are arranged
as indicated in table (4.6)
We conclude this section by presenting results for the ow of the He(l;B) for the free massless
eld theory (Gaussian model) in two dimensions. This may serve as an illustration for the
convergence of the ow towards a xed point. The Hamiltonian is

H(') = 21 ('; ') = 12

X

('x 'y )2 :

(4.4)

<x;y>

For this theory the e ective Hamiltonian can be computed exactly (see Appendix 2 in [BB7]),
 X h

i
(4.5)
He(l;B) () = 21 ; e(l;B)  = 12 x e(l;B) x ;y y :
x ;y
0

0

0

0

0

0

Table 4.1 shows the components of e(l;B) on a 4  4 lattice, which are arranged according to
the following scheme:

a
b
d
b

b
c
e
c

d
e
f
e

b
c
e
c

(4.6)

4.2 Renormalization Group Matching of SOS Models with the
BCSOS Model
Using the cluster algorithm described in [BB3], we simulated the BCSOS model at the roughening coupling KRBCSOS = 21 ln 2 on square lattices of size L  L with periodic boundary conditions.
For a list of the used L's and the statistics, see table 4.2. There we give as an example the results
for the squared interface width W 2 , de ned through
X
W 2 = 1 < (h h )2 >
(4.7)

L2

x

x
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y

L

12
16
24
32

W2

stat

1.02860(32)
1.09624(42)
1.18996(40)
1.25464(38)

L

2.8
1.4
1.6
1.5

W2

48
64
96
128

1.34674(34)
1.41080(26)
1.50038(30)
1.56362(32)

stat
2.2
4.4
5.3
4.9

Table 4.2: Results for the squared interface width W 2 as function of the lattice
size L for the critical BCSOS model. The statistics stat is given in units of 106
single cluster updates
Figure 4.1 shows W 2 (2=2 ) ln L as a function of ln L. KT theory predicts that this quantity
should converge towards a constant for large L, see chapter 3.
The gure shows a signi cant deviation from this behavior. This means that for the lengths
tting on lattices with L  128 the e ective fugacity, which is a measure for the deviation from
a massless Gaussian model, is not small. This is a consequence of the fact that along the critical
line the ow towards the Gaussian xed point is very slow (like  1= ln L, see chapter 2).
Our method to monitor the RG ow is to compute the ow of blocked observables (see
section 4.1). The lattice is divided into l  l square blocks of size B  B , with l = 1; 2; 4. 2 Linear
block spins x are de ned according to
X
(4.8)
x = B 2 hx ;
0

0

x2x

0

where the hx are the height variables of the SOS model under consideration.
Motivated by KT theory we measured two types of block observables: those that are sensitive
to the ow of the kinetic term ( ow of K ), and those that are sensitive to the fugacity. For the
rst type of observables we chose
+
* X
1
(x y )2 ;
(4.9)
A1;l = 2l2
<x ;y >
0

0

0

0

where < x0 ; y0 > are nearest-neighbor pairs on the block lattice, and
+
* X
1
2
(x y ) ;
A2;l = 2l2
[x ;y ]
0

0

0

(4.10)

0

where [x0 ; y0 ] are next-to-nearest-neighbor pairs. These quantities are de ned for l > 1. For the
actual matching procedure to be described below, we also employed the quantities

jB=1
A(0)
Ai;l for l = 1; 2 :
Di;l = i;l (0)
Ai;l

(4.11)

2 A posteriori we found that measuring also l > 4 data would have been useful. However, the small l-values
enabled us to save all block spin con gurations on disk. This gave us exibility in the data analysis.
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0.58

σ2 - [2/π2] ln L

0.57
0.56
0.55
0.54
0.53
0.52
2.0

2.5

3.0

3.5
ln L

4.0

4.5

5.0

Figure 4.1: The squared interface width W 2 of the BCSOS model minus its large
L behavior as anticipated from KT theory
Here, the A(0)
i;l denote the same quantities as de ned in eqs. (4.9) and (4.10), taken, however,
in the continuous Gaussian model with the Hamiltonian de ned in eq. (4.4). The A(0)
i;l can be
(0)
computed exactly, see Appendix 2 in [BB7]. In table 4.3 we give the values of A1;l and A(0)
2;l for
L  8192. Within the accuracy obtained (6 digits), the in nite B limit is reached for L = 4096.
As a monitor for the fugacity we chose the following set of quantities (de ned for l = 1; 2; 4):

A3;l =
A4;l =
A5;l =

* X
1
l2

x

l2

x

l2

x

* X
1
0

* X
1
0

0

+

cos(1  2x ) ;
0

+

cos(2  2x ) ;
0

+

cos(3  2x ) :
0

(4.12)

We believe that all important information about the large-distance RG ow of an SOS model
close to or at criticality can be monitored by these observables or by a subset of them. The
result for the ow of the A0 s for the critical BCSOS model is summarized in table 4.4. We also
give the exact limits that these quantities should approach when the block size B is scaled to 1.
KT theory predicts that A3;l , A4;l and A5;l have to converge to zero. The quantities A1;l and A2;l
are predicted to converge to 2= times the B ! 1 limit of the same observables in the free eld
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L

8
12
16
24
32
48
64
96
128
256
512
1024
2048
4096
8192

A(0)
1 ;2

0.136719
0.126721
0.123147
0.120565
0.119655
0.119002
0.118773
0.118609
0.118551
0.118496
0.118482
0.118479
0.118478
0.118478
0.118478

A(0)
2;2

0.187500
0.175926
0.171875
0.168981
0.167969
0.167245
0.166992
0.166811
0.166748
0.166687
0.166672
0.166668
0.166667
0.166667
0.166667

A(0)
1 ;4

0.293527
0.257225
0.243918
0.234147
0.230662
0.228148
0.227263
0.226628
0.226406
0.226191
0.226137
0.226124
0.226120
0.226119
0.226119

A(0)
2 ;4

0.380581
0.340481
0.326090
0.315663
0.311978
0.309333
0.308404
0.307739
0.307507
0.307282
0.307226
0.307212
0.307208
0.307207
0.307207

(0)
Table 4.3: Exact results for A(0)
1;l and A2;l

theory. These limits can be read o from table 4.3. A close look at the data reveals that even
for large B the A0 s are still o their xed points values. However, we shall see in the following
that it does not matter that in the ow of the BCSOS data the xed point is still somewhat
away: The RG matching will take place a long time before the xed point is close. Irrelevant
couplings die out with a power of the length scale. The ow of the couplings is rapidly reduced
to a 1-dimensional manifold. Along this remaining line, the fugacity dies out logarithmically
with the length scale. Eventually the Gaussian xed point with zero fugacity is reached. Since
we know the 1-dimensional manifold from the BCSOS model, we just have to recover it in the
other models. This can be done even far away from the xed point.
The simulations of the DG model, the ASOS model and the dual of the XY model were also
performed on quadratic lattices with periodic boundary conditions. We used the very ecient
VMR cluster algorithms. The same blocking prescription as for the BCSOS model was employed.
The lattice sizes and couplings involved will be speci ed below.

4.2.1 Determination of the Roughening Couplings
There are two parameters that have to be tuned in order to match the RG ow of one of the
SOS models with that of the critical BCSOS model. One can vary the coupling K SOS of the
SOS model. This allows one to walk on the approximate starting line in gure 2. The ow of
the SOS model can only match that of the critical BCSOS model if K SOS = KRSOS . On the
other hand, one can vary the ratio of the lattice sizes of the SOS model and the BCSOS model
SOS =B BCSOS . A ratio bSOS 6= 1
and, as a consequence, the ratio of the block sizes bSOS
m =B
m
turns out to be necessary to compensate for the di erent positions of the approximate starting
lines in gure 4.2.
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L

12
16
24
32
48
64
96
128

1

12
16
24
32
48
64
96
128

1

12
16
24
32
48
64
96
128

l

B

A1;l

A2;l

A3;l

A4;l

A5;l

1 12
0.2842(17) 0.0777(14) 0.0229(13)
1 16
0.2655(27) 0.0669(20) 0.0212(18)
1 24
0.2383(31) 0.0551(22) 0.0149(19)
1 32
0.2261(36) 0.0511(24) 0.0105(20)
1 48
0.2056(36) 0.0394(23) 0.0077(18)
1 64
0.1969(30) 0.0372(18) 0.0051(13)
1 96
0.1821(37) 0.0296(20) 0.0052(14)
1 128
0.1719(43) 0.0283(21) 0.0058(15)
1 1
0.0
0.0
0.0
2
6 0.08891(16) 0.11983(26) 0.2403(10) 0.0668(7) 0.0227(6)
2
8 0.08569(22) 0.11745(36) 0.2258(16) 0.0582(10) 0.0157(9)
2 12 0.08319(22) 0.11505(37) 0.2009(19) 0.0445(11) 0.0101(9)
2 16 0.08187(23) 0.11395(39) 0.1892(22) 0.0390(11) 0.0084(10)
2 24 0.08114(22) 0.11343(37) 0.1746(22) 0.0328(11) 0.0058(9)
2 64 0.08097(17) 0.11339(29) 0.1655(18) 0.0263(8) 0.0042(7)
2 48 0.08076(20) 0.11326(33) 0.1528(22) 0.0239(9) 0.0046(7)
2 64 0.08038(21) 0.11268(35) 0.1435(26) 0.0208(10) 0.0033(7)
2 1 0.075425
0.106104
0.0
0.0
0.0
4
3 0.19524(17) 0.24472(24) 0.2438(5) 0.1121(4) 0.0586(4)
4
4 0.17686(21) 0.23046(31) 0.2226(7) 0.0781(5) 0.0407(5)
4
6 0.16521(20) 0.21978(30) 0.1933(8) 0.0535(6) 0.0177(5)
4
8 0.16087(21) 0.21539(31) 0.1793(9) 0.0438(6) 0.0122(5)
4 12 0.15798(18) 0.21278(28) 0.1632(9) 0.0349(5) 0.0087(4)
4 16 0.15646(14) 0.21136(21) 0.1522(8) 0.0296(4) 0.0064(3)
4 24 0.15522(16) 0.20995(25) 0.1395(9) 0.0248(5) 0.0049(4)
4 32 0.15471(17) 0.20928(27) 0.1322(11) 0.0219(5) 0.0045(4)
4 1 0.143952
0.195574
0.0
0.0
0.0

1
Table 4.4: Finite lattice renormalization group ow of the Ai;l for the critical
BCSOS model
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Figure 4.2: Matching of the nite size RG ow of two di erent SOS models in
the KT ow diagram. Two successive points along the discrete trajectories are
separated by a xed scale factor. (In reality the models do not `start' in the KT
diagram but rather in a higher dimensional space of coupling constants.) Note
that one of the models is one step `ahead' of the other one. This explains that
one needs the o set factor bm in order to match the ows
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Before we turn to the question of how to determine KRSOS and bSOS
m in practice, let us write
down the general condition for one of the SOS models to be in the same universality class as
the critical BCSOS model.
Matching condition: Universality holds if there exists a bm and a KRSOS such that for all i; l,







SOS BCSOS ; K SOS = ABCSOS B BCSOS ; K BCSOS
ASOS
i;l bm B
R
i;l
R



(4.13)

in the limit of large B BCSOS , and the corrections are of order (B BCSOS ) ! , with ! > 0 the
leading correction to scaling exponent. As we shall see below, moderate B BCSOS are sucient
in practice.
In order to determine the SOS roughening coupling KRSOS from the RG ow data we proceeded as follows: For xed values of LSOS and for xed l, we considered the two equations:









ASOS
B SOS ; K1SOS  ABCSOS
B BCSOS ; KRBCSOS ;
1;l
1;l
 SOS SOS 
 BCSOS BCSOS 
ASOS
B ; K3
 ABCSOS
B
; KR
:
3;l
3;l

(4.14)

We chose A1 and A3 because we consider these to be the most important observables for the
monitoring of the RG ow. For each of the available values of B BCSOS listed in table 4.4 we
solved these two equations for the couplings KiSOS . To be able to do this we needed the A0 s for
a range of couplings. We simulated the SOS models at the (to that time) best known estimate
for their roughening coupling. The expectation values in a neighborhood of the simulation point
could then be obtained by extrapolating using a reweighting method [128].
For the determination of K1SOS , we did not use A1;l directly, but the `improved' quantity
D1;l : matching of the Ai;l - ows of two models happens if and only if also the Di;l - ows match.
(0)
This is so because for B ! 1 the factors A(0)
i;l (B ) converge to xed points Ai (B = 1). This
proves that we are allowed to use the Di;l instead of the Ai;l without losing any control on the
RG ow. Furthermore, the Di;l ows converge more rapidly than those of the Ai;l . This will be
demonstrated below. Roughly speaking, the A(0)
i;l factors cancel irrelevant terms in the ow that
anyway die out under successive RG steps. These terms are strong as long as B is small, and
are partly due to discretization details, e.g. of the lattice Laplacian. We want to stress the point
that the use of the D's instead of the A0 s is by no means necessary: the changes on the larger
lattices are negligible. However, using the D0 s allows one to observe a collapse to a universal
trajectory on much smaller lattices.
The solution of eq. (4.14) yields, for each (L; l) pair, two values: K1SOS and K3SOS . For an
illustration of this rst step, see gure 4.3. Note that K1SOS and K3SOS will in general not be
identical: one can expect matching only for a speci c ratio bSOS
m .
SOS
In a second step we plotted the values of K1 and K3SOS as a function of B BCSOS .
The couplings were linearly interpolated in log B BCSOS . The intersection of the two curves
K1SOS (B BCSOS ) and K3SOS (B BCSOS ) then uniquely determines an estimate for the roughening
coupling KRSOS of the SOS model, see gure 4.4.
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Figure 4.3: Determination of 3XY for LXY = 32, LBCSOS = 32 and l = 2. The
XY . The dashed curves indicate the
solid curve gives AXY
3;2 as a function of
at KRBCSOS .
statistical error. The solid straight horizontal line gives ABCSOS
3;2
The vertical lines give the result for 3XY
;2 and its error
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Figure 4.4: Determination of RXY for LXY = 32 and l = 2. The curves give
XY
XY
1 and 3 as functions of BBCSOS . The intersection of the curves uniquely
determines RXY and the matching BBCSOS
In addition we obtain for each B SOS the BCSOS block size B BCSOS that leads to a matching
in the sense described above. The results for the matching for the three models are summarized
in table 4.5.
For the three models, the results for the roughening coupling KR obtained for the various
lattice sizes L and sizes l of the blocked system are consistent with each other within statistical
errors. Only the couplings for l = 4 on the smallest two lattice sizes and for l = 2 on the
smallest lattice size deviate slightly from the rest. For the ratio of the matching block sizes
bm = B SOS =B BCSOS the observation is the same. This indicates an extremely fast convergence
to a universal RG ow of the models, since even for such small block sizes as B BCSOS = 16
no deviation from the universal ow can be observed within our quite good statistics. To give
estimates for the roughening coupling KR for the three models we averaged the values obtained
for the largest L with l = 2 and l = 4, and the second largest L only with l = 2. We arrive at
the following results
XY
R
KRDG
KRASOS

= 1:1197(5) ;
= 0:6645(6) ;
= 0:8061(3) :

(4.15)

The quoted errors are statistical, but according to the discussion above, the systematic ones due
to deviations from the universal parameter ow, should be much smaller. For the bm we nd in
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L

16
24
32
48
64
96

L

12
16
24
32

L

32
64
128
256

Dual of XY model
R ; l = 4 bm ; l = 2
1.1220(12) 1.1257(8) 0.84(5)
1.1214(13) 1.1225(8) 0.91(7)
1.1211(12) 1.1214(8) 0.93(10)
1.1199(11) 1.1205(7) 0.89(13)
1.1212(11) 1.1201(7) 0.89(5)
1.1189(11) 1.1194(7) 0.89(12)
DG model
R; l = 2
R ; l = 4 bm ; l = 2
0.6627(16) 0.6607(13) 0.31(4)
0.6650(13) 0.6632(10) 0.32(5)
0.6633(16) 0.6645(8) 0.30(6)
0.6650(16) 0.6647(8) 0.28(5)
ASOS model
R; l = 2
R ; l = 4 bm ; l = 2
0.8052(4)
2.3(2)
0.8061(6) 0.8058(3) 2.8(3)
0.8061(6) 0.8060(3) 2.7(6)
0.8060(5) 0.8062(3) 2.8(6)
R; l = 2

bm ; l = 4
0.75(1)
0.84(2)
0.85(3)
0.89(3)
0.82(12)
0.95(7)

bm ; l = 4
0.40(2)
0.34(2)
0.34(2)
0.32(2)

bm ; l = 4
2.4(1)
2.6(2)
2.9(4)

Table 4.5: KR and bm = B SOS =B BCSOS for the three SOS models as obtained
from the matching of A1;l and A3;l
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a similar way

bXY
m = 0:89(5) ;
bDG
m = 0:31(2) ;
ASOS
bm
= 2:8(3) :

4.2.2 Demonstration that the Matching is Universal

(4.16)

We want to demonstrate that all quantities Ai;l (Di;l ) converge towards a universal ow with
increasing B SOS , provided that the couplings K SOS are tuned to their critical values quoted in
SOS =B BCSOS are taken to be the matching
eq. (4.15), and that the block size ratios bSOS
m =B
values quoted in eq. (4.16). Recall that the critical couplings and bm 's were determined by
imposing the matching condition for D1;l and A3;l alone.
The rst task was to evaluate the observables A2;l , A4;l and A5;l at the critical couplings
KR determined above using D1;l and A3;l only. The results are summarized in tables 4.6 to 4.8.
For the sake of completeness we also give the values of the Di;l , in table 4.9. We furthermore
demonstrated the universal matching by plotting all measured block observables at criticality as
functions of the matching block size B BCSOS = B SOS =bSOS
m . As an example we here show two
representative plots for the quantities D1;4 and A1;4 .3 The reader is invited to look carefully at
gs. 4.5 and 4.6. To correctly interpret the plots, it is necessary to realize that the scale of the
y-axis might di er from plot to plot. The collapse of D1;4 onto a universal curve is much faster
than for the corresponding quantity A1;4 .

3A

larger sample of plots can be found in ref. [BB7]

63

L l

16
24
32
48
64
96
16
24
32
48
64
96
16
24
32
48
64
96

1
1
1
1
1
1
2
2
2
2
2
2
4
4
4
4
4
4

A1;l

A2;l

0.08486(17)
0.08255(20)
0.08146(20)
0.08109(23)
0.08051(23)
0.08087(26)
0.17102(20)
0.16283(18)
0.15965(18)
0.15721(16)
0.15602(20)
0.15531(20)

0.11735(30)
0.11505(32)
0.11373(32)
0.11337(37)
0.11234(35)
0.11337(44)
0.22671(30)
0.21812(28)
0.21477(26)
0.21206(23)
0.21065(29)
0.21012(30)

A3;l

0.2601(19)
0.2381(28)
0.2260(22)
0.2029(24)
0.1946(31)
0.1748(31)
0.2187(13)
0.2000(16)
0.1893(13)
0.1712(14)
0.1629(18)
0.1470(20)
0.2088(6)
0.1883(6)
0.1755(7)
0.1602(7)
0.1489(8)
0.1377(9)

A4;l

0.0669(17)
0.0497(20)
0.0493(18)
0.0391(21)
0.0354(19)
0.0256(26)
0.0531(8)
0.0436(10)
0.0377(10)
0.0306(10)
0.0266(8)
0.0207(11)
0.0624(5)
0.0479(5)
0.0414(5)
0.0338(5)
0.0283(6)
0.0234(6)

A5;l

0.0175(13)
0.0110(17)
0.0113(16)
0.0084(18)
0.0072(19)
0.0032(18)
0.0140(7)
0.0101(7)
0.0088(8)
0.0071(9)
0.0026(9)
0.0038(10)
0.0240(4)
0.0144(3)
0.0107(4)
0.0076(5)
0.0071(5)
0.0050(6)

Table 4.6: Finite lattice renormalization group ow of the Ai;l for the dual of the
XY model at = 1:1197

L l

12
16
24
32
12
16
24
32
12
16
24
32

1
1
1
1
2
2
2
2
4
4
4
4

A1;l

A2;l

0.08611(30)
0.08408(27)
0.08185(38)
0.08140(34)
0.17782(32)
0.16839(24)
0.16100(26)
0.15800(25)

0.11901(45)
0.11711(40)
0.11418(58)
0.11431(59)
0.23433(45)
0.22388(35)
0.21601(40)
0.21312(37)

A3;l

0.2170(31)
0.2061(23)
0.1944(45)
0.1729(41)
0.1850(18)
0.1725(16)
0.1603(27)
0.1458(27)
0.1875(8)
0.1663(8)
0.1488(10)
0.1380(10)

A4;l

0.0474(22)
0.0403(27)
0.0407(32)
0.0312(29)
0.0409(12)
0.0314(11)
0.0275(14)
0.0246(15)
0.0588(6)
0.0413(6)
0.0305(8)
0.0254(7)

A5;l

0.0125(17)
0.0068(15)
0.0057(25)
0.0058(27)
0.0090(10)
0.0062(12)
0.0064(11)
0.0051(13)
0.0327(6)
0.0143(6)
0.0068(6)
0.0050(5)

Table 4.7: Finite lattice renormalization group ow of the Ai;l for the DG model
at K DG = 0:6645
64

L

32
64
128
256
32
64
128
256
32
64
128
256

l

1
1
1
1
2
2
2
2
4
4
4
4

A1;l

A2;l

0.08291(30)
0.08202(33)
0.08083(34)
0.08069(33)
0.16406(29)
0.15914(27)
0.15651(28)
0.15513(28)

0.11513(52)
0.11504(46)
0.11337(52)
0.11313(57)
0.21936(45)
0.21457(37)
0.21137(43)
0.21010(42)

A3;l

0.2800(31)
0.2404(35)
0.2103(41)
0.1866(45)
0.2368(18)
0.2023(25)
0.1756(25)
0.1553(26)
0.2230(9)
0.1891(9)
0.1635(13)
0.1412(11)

A4;l

0.0766(27)
0.0525(27)
0.0425(28)
0.0312(28)
0.0609(12)
0.0424(13)
0.0334(14)
0.0251(15)
0.0656(7)
0.0471(7)
0.0320(7)
0.0255(9)

A5;l

0.0232(19)
0.0132(25)
0.0084(24)
0.0028(24)
0.0191(11)
0.0088(12)
0.0067(11)
0.0035(13)
0.0222(7)
0.0136(7)
0.0072(6)
0.0057(7)

Table 4.8: Finite lattice renormalization group ow of the Ai;l for the ASOS model
at K ASOS = 0:8061

4.2.3 Determination of Non-Universal Constants

The matching also allows us to determine the non-universal constants appearing in the formulae
for the divergence of observables near the roughening transition. Let us discuss this over the
example of the correlation length  . Its critical behavior is



 ' A exp C

1=2



;  = KKKR R :

(4.17)

Let us consider matching on an RG trajectory in the phase with nite correlation length (smooth
phase), close to the critical trajectory. Let us assume that the BCSOS block observables match
BCSOS .
the SOS block observables for suciently large B BCSOS , B SOS , with B SOS = bSOS
m B
Then
BCSOS :
 SOS = bSOS
(4.18)
m 
Inserting eq. (4.17) in eq. (4.18) we get





BCSOS exp C BCSOS BCSOS
 SOS ' bSOS
m A



1=2



:

(4.19)

It is a general assumption of the renormalization group that couplings on the blocked system
are smooth functions of the block size and the coupling on the ne lattice. We thus assume that
SOS
bSOS
m is a smooth function of  , even at the roughening transition,





SOS
SOS :
bSOS
m (K ) = bm (KR ) + O 

(4.20)

Furthermore, also BCSOS is a smooth function of SOS ,

BCSOS

= q SOS + O
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2
SOS

:

(4.21)

B

6
8
12
16
24
32
48
64

B

8
12
16
24
32
48

B

6
8
12
16

B

16
32
64
128

D1;2

0.08313(15)
0.08244(21)
0.08175(22)
0.08106(23)
0.08078(22)
0.08077(17)
0.08067(20)
0.08033(21)

D1;2

0.08164(16)
0.08112(20)
0.08066(20)
0.08073(23)
0.08031(23)
0.08078(26)

D1;2

0.08051(28)
0.08089(26)
0.08043(37)
0.08060(34)

D1;2

0.08209(30)
0.08182(33)
0.08078(34)
0.08068(33)

BCSOS model

D2;2

B

D 1 ;4

D2;2

B

D2;2

B

D 1 ;4

D2;2

B

D 1 ;4

D 2 ;4

0.11352(25) 3 0.17163(15)
0.11389(35) 4 0.16395(19)
0.11347(36) 6 0.15955(19)
0.11307(39) 8 0.15770(21)
0.11304(37) 12 0.15658(18)
0.11317(29) 16 0.15567(14)
0.11316(33) 24 0.15487(16)
0.11263(35) 32 0.15451(17)
Dual of XY model

0.22080(22)
0.21711(29)
0.21389(29)
0.21210(31)
0.21132(28)
0.21054(21)
0.20959(25)
0.20908(27)

0.11379(29) 4
0.11347(32) 6
0.11285(32) 8
0.11298(37) 12
0.11212(35) 16
0.11327(44) 24
DG model

0.21358(28)
0.21228(27)
0.21149(26)
0.21060(23)
0.20983(29)
0.20976(30)

D 1 ;4

0.15854(19)
0.15725(17)
0.15651(18)
0.15581(16)
0.15523(20)
0.15496(20)

0.11275(43) 3 0.15632(28)
0.11356(39) 4 0.15610(22)
0.11262(57) 6 0.15548(25)
0.11342(59) 8 0.15489(25)
ASOS model

D 2 ;4

D 2 ;4

0.21143(41)
0.21092(33)
0.21022(39)
0.20986(36)

D 2 ;4

0.11424(52) 8 0.16083(28) 0.21601(44)
0.11482(46) 16 0.15834(27) 0.21374(37)
0.11331(52) 32 0.15631(28) 0.21116(43)
0.11312(57) 64 0.15508(28) 0.21005(42)

Table 4.9: Results for the ow of the Di;l at criticality
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Figure 4.5: D1;4 at criticality, plotted as a function of B BCSOS = B SOS =bSOS
m
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Figure 4.6: A1;4 at criticality, plotted as a function of B BCSOS = B SOS =bSOS
m
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In the limit SOS ! 0 we get



 SOS ' ASOS exp C SOS (SOS )

1=2



;

(4.22)

with
BCSOS ;
ASOS = bSOS
m A
C SOS = q 1=2 C BCSOS :

(4.23)

With the results obtained above for bm and with ABCSOS = 14 we nd

AXY = 0:223(13) ;
ADG = 0:078(5) ;
AASOS = 0:70(8) :

(4.24)

There remains to determine the constant q connecting SOS and BCSOS . For this purpose
let us rewrite the matching condition for coupling constants in the neighborhood of the critical
point. In order to keep the formulae compact, we shall write an `S ' for `SOS' and a `B ' for
`BCSOS'. The matching condition reads









ASi;l B S ; KRS + kS = ABi;l B B ; KRB + kB :
A Taylor expansion around KRS and KRB , respectively, yields

ASi;l



B S ; KRS



(4.25)

!

@ASi;l  S S  @ASi;l  S S  @B S  S 
+
@K S B ; KR + @B S B ; KR @K S KR
= (same for BCSOS) :
kS

(4.26)

These equations simplify since the observables match at criticality. As a consequence of the
matching condition,









ASi;l B S ; KRS  ABi;l B B ; KRB ;
@B S K S   0 :
(4.27)
@K S R
The second of these equations expresses the fact that we keep B S xed when tuning the other
parameters in order to ful l the matching condition. We are left with

!
S

@AS 
kS @Ki;lS B S ; KR

1
0
B @ABi;l  B B  @ABi;l  B B  @B B B CC
= kB B
B@ @K B B ; KR + @B B B ; KR @K B (KR )CA :
{z
}
|
di;l
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(4.28)

Let us now again restrict our attention to i = 1; 3. We can then solve eqs. (4.28) with respect
to kS =kB :

kS =
kB

@AB1;l @AB1;l
@K B = @BB
@AS1;l @AB1;l
@K S = @BB

@AB3;l @AB3;l
@K B = @BB
@AS3;l @AB3;l
@K S = @BB

:

(4.29)

The partial derivatives @A=@K can be determined with reweighting methods or with the help
of the formula
@A = hAH i + hAihH i :
(4.30)
@K
H is P
the Hamiltonian, and the expectation values are taken in the system with partition function
Z = conf exp( KH ). The partial derivatives @ABi;l =@B B can be extracted from table 4.4.
However, eq. (4.29) simpli es very much if the term di;l in eq. (4.28) can be neglected. This
is the case when
@B B (K B )  0 :
(4.31)
@K B R
Equivalently, the simpli cation relies on the assumption that the expansion of the matching B B
around the roughening coupling KRB is of second order in kB . Then we get

kS
kB

!naive @AB , @AS
i;l
i;l
i;l

= @K B

@K S ; i = 1; 3 :

(4.32)

If the approximation is a good one, the (kS =kB )naive
i;l should be independent of i; l. Our results
for these quantities are summarized in table 4.10.
For all three models the numbers for (kS =kB )naive
i;l for di erent (i; l) are consistent within the
error bars. We arrive at the following estimates:

kBCSOS =kXY = 0:43(1) ;
kBCSOS =kDG = 0:39(1) ;
kBCSOS =kASOS = 1:46(6) :
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(4.33)

L

16
24
32
48
64
96

Dual of XY model

i = 3; l = 1 i = 1; l = 2 i = 3; l = 2 i = 1; l = 4 i = 3; l = 4
0.413(8)
0.413(9)
0.427(12)
0.434(15)
0.449(17)
0.449(27)

0.430(11) 0.406(8)
0.424(10)
0.436(14) 0.419(8)
0.431(14)
0.461(19) 0.429(10)
0.437(19)
0.441(21) 0.423(12)
0.445(22)
0.420(28) 0.445(13)
0.447(29)
0.447(46) 0.440(21)
0.437(45)
Discrete Gaussian model
L i = 3; l = 1 i = 1; l = 2 i = 3; l = 2 i = 1; l = 4
12 0.381(12)
0.394(17) 0.375(10)
0.394(18)
16 0.381(13)
0.384(18) 0.379(11)
0.385(19)
24 0.388(17)
0.384(30) 0.381(13)
0.388(29)
32 0.397(24)
0.364(38) 0.394(19)
0.372(39)
ASOS model
L i = 3; l = 1 i = 1; l = 2 i = 3; l = 2 i = 1; l = 4
32 1.482(32)
1.504(35) 1.451(25)
1.426(40)
64 1.385(42)
1.474(46) 1.345(40)
1.457(44)
128 1.383(50)
1.416(66) 1.373(43)
1.510(72)
256 1.909(106) 1.625(157) 1.712(75)
1.608(151)

0.400(7)
0.418(8)
0.421(9)
0.445(9)
0.434(11)
0.424(15)

i = 3; l = 4
0.369(9)
0.374(8)
0.374(11)
0.387(13)

i = 3; l = 4
1.345(21)
1.447(42)
1.421(41)
1.586(57)

Table 4.10: (kS =kB )naive
i;l for the three SOS models
Now we use that

C SOS

and SOS = kSOS =KRSOS . We get

SOS

= BCSOS

!1=2

C BCSOS

C XY = 1:78(2) ;
C DG = 2:44(3) ;
C ASOS = 1:14(2) :

(4.34)

(4.35)

4.2.4 Comparison With Other Monte Carlo Studies

We compared our results with those obtained in other Monte Carlo studies.
Janke and Nather [73] simulated the XY model with the Villain action in the vortex phase
using Wol 's single cluster algorithm [129]. They measured correlation lengths up to  = 140 on
lattices up to L = 1200, at ranging from V = 0:590 up to V = 0:675, where V = 0:5=K DG .
They tted their results for  to eq. (4.17). To check for systematical errors due to a too large
distance to the critical point, they used two di erent de nitions of :

T = jT Tcj=Tc ;
 = j
c j= c :
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(4.36)

De nition of 

T


This work

V
c

A

C

0.75106(36) 0.1204(18) 2.370(11)
0.75814(40) 0.0287(7) 2.812(14)
0.7524(7)
0.078(5)
2.44(3)

Table 4.11: Comparison of our results for the DG model with those of ref. [73].
The relation between V and K DG is V = 0:5=K DG
Authors
A
C
c
Gupta et al. 1.1218
0.2129
1.7258
Biferale
1.112(2)
1.74(20)
This work
1.1197(5) 0.223(13) 1.78(2)

Table 4.12: Comparison of our results for the XY model with those of refs. [74]
and [72]
The two de nitions agree to the rst-order Taylor expansion around the critical point. Hence
both ts should give consistent results when the data included are obtained in a suciently small
neighborhood of the critical point. The comparison of the results of Janke and Nather with our
results is given in table 4.11. The results of the two ts are not consistent within the error bars.
One is therefore led to the conclusion that the systematic error due to a too large distance of
the simulation points from criticality is much larger than the quoted statistical errors.
The authors give c = 0:752(5) as an overall estimate for the critical coupling. Taking into
account the systematic errors of the ts, the results of their simulation are well consistent with
our results.
In [BB5], the roughening coupling of the DG model was estimated from ts of the nite
size behavior of the interface width. The ts were done with a renormalization group improved
formula. The best estimate was c = 0:5=KR = 0:755(3), which is nicely consistent with the
estimate arrived at in the present paper, namely c = 0:7524(7).
In the case of the XY model with cosine action we can compare our results with a t given
in [74], which includes data of [71] and data of the authors, see table 4.12. As in the case of the
DG model one can say that the results compare well with ours taking the systematic errors of
the ts into account. We also include the results of the MCRG study [72] in this comparison.
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Chapter 5

Monte Carlo Studies of the Ising
Model Interface
5.1 Ising Model Interface Properties for T from 0 to Tc
We compute properties of the interface of the 3-dimensional Ising model for a wide range of
temperatures, covering the region from the low temperature domain through the roughening
transition to the bulk critical point. The interface tension  is obtained by integrating the
interface energy density over the inverse temperature . We use lattices of size L  L  t,
with L up to 64, and t up to 27. The simulations with antiperiodic boundary conditions in
t-direction are done with the Hasenbusch-Meyer interface cluster algorithm that turns out to
be very ecient. We demonstrate that in the rough phase the large distance behavior of the
interface is well described by a massless Gaussian dynamics. The interface sti ness coecient
 is determined. We also attempt to determine the correlation length  and study universal
quantities like  2  and  2 . Results for the interfacial width on lattices up to 512  512  27
are also presented. This section is based on ref. [BB4].
There has been continuous interest in the properties of interfaces separating coexisting
phases. A prominent role is played by the 3-dimensional Ising model that is believed to share
a universality class with binary systems in nature. The dominating method for quantitative
studies of the interface of the 3-dimensional Ising model is the Monte Carlo (MC) method.1
A pioneering Monte Carlo study on the Ising interface is [29]. For more recent numerical work
on the 3-dimensional Ising interface see, e.g., [30, 31, 32, 35, 33, 34, 30, 36, 38, 39, 40, 41, 42].
For related work in the 4-dimensional model, see [43, 44]. A numerical study based on on the
transfer matrix formalism is ref. [46].
The Ising interface undergoes a roughening transition at an inverse temperature R =
1=(kB TR ) that is nearly twice as large as the bulk transition coupling c (= 0:221652(3) [94]).
1 For introductions to the Monte Carlo method, see refs. [120]{[123]. Important references for cluster algorithms
are, e.g., [127, 129, 130, 131, 132, 134, 135]
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The most precise estimate for the roughening coupling is R = 0:4074(3) [37]. This value is
consistent with a previous estimate TR =Tc = 0:542(5) in [35] and also with earlier results cited
in [35].
For c < < R the interface is rough. It is believed that its infrared properties can
be described by a massless Gaussian dynamics. This is the basic assumption of the theory
of capillary waves that is widely used to describe long distance properties of rough interfaces,
compare section 5.3. A Gaussian behavior in the infrared is also what is expected from a
Kosterlitz-Thouless (KT) model in the massless phase [1, 2]. Indeed, it is believed that the
roughening transition of the 3-dimensional Ising model is of the Kosterlitz-Thouless type. This
belief is strongly substantiated by the renormalization group analysis in [37].
At and above the bulk transition temperature the system properties become independent
of the boundary conditions in the in nite volume limit. The interface tension (free energy per
unit area of the interface) vanishes like   0   , with  = (
c )= c . If Widom scaling
holds, the exponent  should be twice the exponent  that determines the critical behavior of
the correlation length. The most precise estimates for  are in the range to 0:624:::0:630 (for an
overview over the results obtained with di erent methods, see [94] and references cited therein.
The amplitude 0 is of particular interest because it enters certain universal amplitudes that
can also be measured in real life systems.
In this section, we report on a numerical study of properties of the Ising interface over a wide
range of temperatures: from the low temperature regime through the rough domain up to the
bulk transition region. The focus is mainly on the interface free energy, the interface tension,
and on the long distance properties in the rough phase.
The interface free energy is determined by integrating the interface energy over .2 We start
the integration both at high and at low temperatures and compare the results.
The integration method allows us to include interfaces with extension up to 64  64 in the
analysis. Close to criticality we also use a nite step method that allows to directly obtain the
change of the interface free energy over a small interval  .
From the interface free energies we get estimates for the interface tension  and make ts
with the critical law cited above. We also determine the correlation length  in order to study
the quantity  2  where the factors  2 and   cancel each other.
In the rough phase, we study the long distance behavior of the interface by measuring block
spin correlation functions of suitably de ned interface \height variables". An e ective coupling
e (well known in KT theory) is obtained that parameterizes the asymptotic Gaussian dynamics. e is related to the interface sti ness coecient  that enters the interface Hamiltonian of
the capillary wave model.
We also study the interface width. In the rough phase, the squared width is expected to
grow logarithmically with the interface extension, with a coecient that is proportional to e .
For a simulation at = c =0:8 we verify this behavior with good accuracy.
2 To the best of our knowledge, this method to obtain interface free energies was rst used by B
urkner and
Stau er [31]
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5.1.1 Interfacial Properties

We shall give a short account of important interfacial properties: interface width, interface
tension and interface sti ness. For the de nition of our model, see the rst section of chapter 1.
Some (but not all) of the de nitions given there will be repeated here.

Interface Width

For suciently large and large enough L, the imposure of antiperiodic boundary conditions
forces the system to develop exactly one interface, a region where the magnetization rapidly
changes from a large negative value to a large positive value. (Situations where more than one
interface can occur are discussed below.) An important property of an interface is its width.
The de nition of the interfacial width is not unique. We adopt the following de nition:
A magnetization pro le for lattice planes perpendicular to the x3 -direction is de ned by

M (x3 ) = L

2

X

x1 ;x2

x :

(5.1)

The antiperiodic boundary condition allows us to shift the con guration in x3 -direction such
that the interface comes close to x3 = 0. To this end we rst roughly locate the interface by
looking for the lattice plane where the magnetization pro le takes its minimum. Then we shift
the con guration such that this position comes close to x3 = 0. Of course, spins have to ipped
when passing the antiperiodic boundary at x3 = D during the shift process.
We introduce an auxiliary coordinate z that assumes half-integer values (labeling positions
between adjacent lattice layers perpendicular to the x3 -direction). z takes values D +1=2; D +
3=2; : : : ; D 3=2; D 1=2. Following [35], a normalized magnetization gradient is de ned as


(5.2)
(z) = M (D) 1M ( D) M (z + 21 ) M (z 21 ) :
For a given con guration of the spin eld, the position of the interface is de ned as the sum
over z(z ). The square of the interface width is then de ned [47, 35] as the expectation value

W2

=

*X
z

(z) z 2

X
z

(z) z

!2 +

:

(5.3)

Especially on small lattices, uctuations in the two bulk phases can deteriorate the results. Due
to bubbles, (z ) can be accidentially large even far away from the interface position. Since such
uctuations contribute to the interface width with a weight proportional to the distance from
the interface position, the true signal can disappear in the noise. One possibility to reduce noise
that stems from uctuations of bubbles in the bulk is to take the lattice extension t as small
as possible. In the framework of a study based on a Metropolis algorithm, this approach is
proposed in [31, 35]. However, one has to be careful not to disturb the free uctuation of the
interface (the properties of which we are interested in). We therefore follow the method proposed
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in refs. [37, 132].3 There it is proposed to implement a procedure to remove the bubbles before
measurement of the actual magnetization pro le. Note that when the bulk correlation length is
small, then also the bubbles are small. One then can assume that the interface width changes
little when one removes all bubbles. The procedure is as follows: All nearest neighbor pairs with
a saturated bond are frozen together. (A bond with kxy = +1 is saturated when the two spins
connected by this bond are parallel. A bond connecting top and bottom layer of the lattice,
i.e. a bond with kxy = 1, is saturated when the spins have di erent signs.) The freezing
procedure de nes a con guration of clusters. By ipping all spins sitting in the largest cluster,
all rst order bubbles (bubbles which do not contain smaller bubbles) are completely removed.
Iterating the procedure, one can quickly get rid of all bubbles in the con guration. We denote
the interface width (measured as described above) on the bubble free con guration by W0 .

Interface Tension

The interface tension  of a d-dimensional Ising model is de ned by
 = lim lim 1 (F F ) :
t!1 L!1 Ld 1

I

0

(5.4)

Here, FI = ln ZI is the reduced free energy of the system (no factor included) with
boundary conditions such that an interface perpendicular to the x3 -direction is introduced at
a xed position. The boundary conditions of the system labeled by the subscript \0" are such
that no interface is forced into the system.
There are many possibilities to obtain estimates for the interface tension from Monte Carlo
simulations on nite lattices, see the references given at the beginning of this section.
One has to do essentially with two sources of systematic errors that are distinct in nature
but intimately related. E ects from too small L and e ects from too small t.
To minimize the nite size e ects in x3 -direction we choose antiperiodic boundary conditions
as described above. These boundary conditions do not x the position of the interface: it can
wander freely in x3 -direction and is less a ected by the presence of a boundary compared to
a system with xed \+ " boundary conditions. However, it is still important that t is large
compared to the width of the interface.
The nite L-e ect is as follows: For c < < R , the interface is rough, which means that
its thickness grows like the square root of ln L. This means, that if we go to large interface areas
we simultaneously have to increase t in order to avoid strong e ects from con ning a wildly
uctuating interface to a at box. On the other hand, if we choose L too small, the formation
of more than one interface becomes more likely.
The nite size e ects become the stronger the closer one approaches the bulk critical point
where no interface survives the thermodynamic limit. This means that close to the bulk critical
point one needs large and thick lattices to keep systematic errors under control.
Let us assume that there is only one interface in the system with antiperiodic boundary
conditions (referred to by an index a), and that there are no interfaces in the corresponding
3 Compare

also the procedure described in [45]
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periodic system (which is referred to by an index p. Then the e ect of the free motion of the
interface in x3 -direction on the interfacial free energy amounts to adding ln t:

Fs = Fa Fp + ln t :

(5.5)

What happens to the interface free energy if there are several interfaces in the system? If one
assumes that the interfaces do not interact which each other, one nds
tanh (exp( Fs + ln t)) = ZZa :
p
If we resolve this equation with respect to Fs we get

!

p) :
Fs = ln t ln 21 ln( 11 + ZZa =Z
a =Zp

(5.6)

(5.7)

In general one has no direct access to the partition function in Monte Carlo simulations. (For
not too large systems, the interface free energy can be obtained directly from a Monte Carlo
simulation of a statistical ensemble that includes the boundary conditions as dynamical variables.
These variables are updated using a modi ed cluster algorithm [42].) We shall employ two
methods to get estimates for the interface free energy.
Note that the derivative of the free energy with respect to the coupling is a well de ned
observable,
@F = hH i :
(5.8)
@
In the case of a single interface one therefore gets

@Fs = hH i hH i :
a
p
@

(5.9)

Here, the expectation values are de ned in the systems with periodic or antiperiodic boundary
conditions, respectively. Let us introduce the abbreviation

Es = hH ia hH ip :

(5.10)

The interface free energy can then be obtained by integration over :

Fs ( ) = Fs ( 0 ) +

Z

0

d 0 Es( 0 ) ;

(5.11)

where 0 is arbitrary. Our approach is to compute by Monte Carlo simulation the interface
energy for -values ranging from low temperatures around = 0:6 up to the bulk critical region
around c . Note that we can integrate our data starting both from the hot and the cold side
since the initial conditions for the integration are known in both cases: For large we can
employ a low temperature expansion for the interface tension by Weeks et al. (published in an
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article by Shaw and Fisher [82]) to obtain the interface free energy of an interface at a xed
position.4
In the thermodynamic limit the interface tension vanishes in the high temperature phase,
while it is nite in the low temperature phase. For nite systems the di erence Fa Fp strictly
vanishes only at = 0 where only the entropy and not the energy enters the free energy. But
Fa Fp will remain negligibly small until comes close to c. For our numerical purpose
we set this point where the di erence of the energies with periodic and antiperiodic boundary
conditions exceeds a certain amount (which we de ne as the statistical error we can achieve in
our simulations). Let us call this coupling 1 .
Starting from 1 where the di erence Fa Fp is negligible within the obtainable accuracy,
we can integrate the energy di erences to obtain the free energy for any . In this case we have
ln t as the integration constant: Fs ( 1 ) = ln t.
An alternative way to determine free energies is to add nite di erences in the free energy
from small intervals  . For suciently small  and for not too large transverse lattice extension L we can get the change of the free energy directly from a single Monte Carlo simulation.
It is easy to show that
F ( +  ) = F ( ) lnhexp(  H )i :
(5.12)
We put an extra subscript here to make explicit that the expectation value is in the system
simulated at inverse temperature . Results based on the use of eq. (5.12) can be easily checked
for accuracy and consistency: by simulating at a certain point one gets estimates for the free
energies in a whole neighborhood of . Note that one can use negative  's as well. Now
assume that we do another simulation at 0 > not too far away from . Then we have two
sets of estimates for the points between and 0 , namely the ones from the simulation at with
positive  's and the ones from the simulation at 0 with negative  's. If all the results are
consistent (within the statistical accuracy), we assume that the step from to 0 was safe, and
we proceed to the next larger -value.
We shall now describe how we extract estimates for the interface tension  from the nite
L data for the interface free energy Fs. The fundamental de nition of  as given in eq. (5.4)
requires to actually perform the limit L ! 1. However, we observed that with very good
precision the interface free energy behaves like

Fs = Cs + 0 L2 :

(5.13)

This behavior is anticipated on the basis of a description of a rough interface by a massless
Gaussian dynamics. We found that eq. (5.13) is obeyed with very good precision already for
moderate interface extension L. It is therefore natural to identify the coecient 0 in eq. (5.13)
with the interface tension .
Let us discuss how this de nition of an interface tension on nite lattices relates to another
one used in the literature. In [38], the interface tension is computed via the nite L behavior of
4 After completion of the present study, the series was extended to 17th order by Arisue [77], cf. section 5.2,
eq. (5.45) and table 5.20
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the energy splitting in nite volumes E0a ,

E0a = C exp( L2 ) :

(5.14)

Note that the constant C is not identical with the constant Cs introduced in eq. (5.13). However,
there is an approximate relation between the two constants that can be derived by approximating the Ising system in a long cylinder by a 1-dimensional Ising model with a -value chosen
according to 2 = Fs . (This approximation assumes that the interfaces are sharply de ned and
do not interact with each other. Both conditions are ful lled if and L are large enough.) With
the abbreviation v = exp( 2 ) one nds

E0a = ln((1 + v)=(1 v)) :
For large one has approximately E0a  2v, and thus
2v = 2 exp( Cs L2 )  C exp( L2 ) :
So we nally obtain the relation

ln 2 Cs  ln C :

(5.15)
(5.16)
(5.17)

Interface Sti ness

In the theory of interfaces the interface sti ness coecient  plays an important role. It is
de ned as follows. In generalization of the interface tension de nition given in eq. (5.4) one
de nes
1
() = tlim
lim
(5.18)
d
1
!1 L!1 L = cos() (FI F0 ) ;
where by suitable boundary conditions in the system \I " a single interface is enforced that
makes an angle  e.g. with the x-axis. Expanding for small inclination angle ,
()= cos() = (0) + 0 ()  + 12  2 + : : : ;
(5.19)
one de nes the sti ness coecient ,
2
 = (0) + dd2

=0

:

(5.20)

(This de nition of the interface sti ness is the one used e.g. in [14, 113].)
The coecient  plays an important role in the capillary wave model of rough interfaces, see
e.g. [113]. Roughly speaking, this model assumes that the interface dynamics of a rough interface
is well described by a Gaussian model for interface \height" variables h(X1 ; X2 ; :::; Xd 1 ). The
model Hamiltonian is
Z
dX1  dh 2
1
(5.21)
Hcw = 2 dX1 dX2 : : : dXd 1 i dX ;
i
i=1
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where the i are the sti ness coecients corresponding to inclinations of the interface with
respect to the i'th lattice plane perpendicular to the d'th direction. In our case of a 3-dimensional
Ising model on a simple cubic lattice, 1 = 2  , and we de ne
= 1:
(5.22)
e



Capillary wave theory then says that the long distance properties should be encoded in a (d 1)dimensional Gaussian model (massless free eld theory) with partition function

Z0 =

ZY
x

0
dhx exp @

2

X

1

(hx

e <x;y>

1
hy )2 A :

(5.23)

Long distance properties are most systematically studied via the block spin renormalization
group [86]. For the Gaussian model de ned through eq. (5.23) one de nes block spins x as
averages over cubic blocks x0 of size LdB 1 :
0

x = LB(d
0

1)

X

x2x

hx :

(5.24)

0

Usually the renormalization group ow is described in terms of e ective Hamiltonians parameterized by e ective coupling constants. For our purpose it is sucient to consider expectation
values of block spin observables which can be directly measured with the Monte Carlo method.
We de ne the two quantities
+
* X
1
(0)
2
(  ) ;
(5.25)
A =
1;l

l2 <x ;y >
0

0

y

x

0

0

where x0 and y0 are nearest neighbors in the block lattice, and
* X
+
1
(0)
2
A =
(  ) ;
2;l

l2 [x ;y ]
0

x

0

y

0

(5.26)

0

where x0 and y0 are next to nearest neighbors. l is the extension of the block lattice, i.e.
l = L=LB . For the Gaussian model, the A's can be computed exactly with the help of Fourier
transformation. The results for a variety of lattice sizes are quoted in table 4.3 of chapter 4.
These values are computed for = 1. The results for arbitrary 0 can be obtained by just
multiplying with 0 = .
How do we now do the blocking for the Ising interface? Block spin \height variables" h x
are de ned as follows: Blocks x0 are de ned as sets that are quadratic in x1 x2 direction with
extension LB  LB and that extend through the whole lattice in x3 -direction. One block thus
contains L2B t lattice points. A magnetization pro le and an interface position in a block can be
determined exactly as in the case of the full lattice. We de ne
(5.27)
h x = interface position in block x0 :
0

0
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Note that the blocked height variables can also be de ned \with and without bubbles". Blocked
observables for the Ising interface are introduced analogously to eqs. (5.25) and (5.26):

A(Ising)
1;l

*

X 
= l12
(hx

0

<x ;y >
0

0

hy

2
0)

+

;

(5.28)

where x0 and y0 are nearest neighbors in the block lattice, and

A(Ising)
2;l

+
* X
1
2
(h x h y ) ;
= l2
0

0

[x ;y ]
0

(5.29)

0

where x0 and y0 are next to nearest neighbor blocks. For a rough Ising interface, we de ne an
e ective coupling e as follows:

A(Ising)
i;l
;
(5.30)
e = lim
LB !1 A(0)
i;l
does not depend on i or l. In Monte Carlo studies we can

We expect that the so de ned e
not really do the in nite LB -limit. Instead, one has to convince oneself that the results have
negligible nite size e ects. This can, of course, only be checked within the given statistical
accuracy.

5.1.2 Data Analysis and Monte Carlo Results

Interface Free Energies and Interface Tension

As described above, one of our methods to access the interface free energy is to integrate the
interface energy over . Here we now describe how we did this in practice.
We did simulations with antiperiodic boundary conditions in x3 -direction on lattices with
L = 8; 16; 32; 64 for -values ranging from the bulk critical region up to = 0:6 which is deep in
the low temperature domain. For many -values we made runs with di erent D to control the
e ects of a nite thickness of the lattice in x3 -direction. In total, we made more than 250 di erent
simulations with antiperiodic boundary conditions. Typically, we made 10000 measurements of
several quantities, separated always by 8 cluster updates and a single Metropolis sweep. A major
part of the simulations was done on RISC workstations ( 1000 hours).5
The simulations supplied us with a suciently dense grid of -values for the energies Ea .
For most of the -values, we fortunately did not have to do extra simulations to access the
energies with periodic boundary Ep . Instead we used the diagonal Pade approximation (order
of numerator = order of denominator = 12) of the low temperature series by Bhanot et al.
[85].6 By comparing with Monte Carlo simulations we found that this approximation is safe
for a sizeable range of -values, cf. table 5.1. In the table we quote the -values above which
we used the Pade approximant throughout. For smaller values we used the cluster Monte
5 For more details on
6 After completion of

the algorithm and computer performance, see [BB4]
this study, the series was extended to order 34 by Vohwinkel [84]
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Figure 5.1: The results for the interface energy per area as function of for
spatial lattice extensions L = 8; 16; 32; 64. These are the data to be interpolated
by splines and integrated over in order to determine the interface free energies
Carlo method to determine Ep . To give an impression of the data we display our results for the
interface energies (divided by L2 ) in gure 5.1.
In order to do the integration over we interpolated the data with the help of cubic splines
which can easily be integrated over arbritrary intervals numerically. Estimates for the statistical
error of the interface free energy were obtained as follows. For each of the -values, we have an
energy value and an error bar. Note that the data for di erent are statistically independent.
We simulated a whole sequence of outcomes \energy as function of " by generating independent Gaussian random numbers centered around the Monte Carlo averages and with variances
determined by the error bars, respectively. For each of these outcomes, a spline was generated
and integrated. The error of the result of the integration (the free energy) was then obtained as
the mean square deviation over this \data Monte Carlo".
We employed this method to do the integration over starting from large as well as from
small . The integration from large was always started at = 0:6, where the integration
constant can be safely taken from the low temperature series for the interface tension. The
\initial conditions" for the integration starting at small were already described in section 5.1.1.
The results for the free energies for L = 8, 16, 32 and 64 were then used to make ts with the
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L D

8
8
8
16
16
16
32
32
32
64
64
64

9
9
8
16
16
16
16
16
16
16
16
16

0.2350
0.2400
0.2500
0.2300
0.2325
0.2350
0.2300
0.2327
0.2350
0.2265
0.2275
0.2300

MC
1.5381(8)
1.6826(7)
1.9082(20)
1.3849(6)
1.4702(7)
1.5469(6)
1.3839(9)
1.4764(8)
1.5466(8)
1.2498(6)
1.2901(6)
1.3852(5)

Pade Pade used for ...
1.5472
1.6844
1.9083
 0:26
1.3860
1.4701
1.5472
 0:24
1.3860
1.4765
1.5472
 0:24
1.2537
1.2935
1.3860
 0:235

Table 5.1: Comparison of Monte Carlo results for energy per site (= 3hsx sy i, with
x and y nearest neighbors, periodic boundary conditions) with results from the
Pade approximation of the low temperature series. In the last column we quote
the value above which we consider the use of the Pade approximation as safe

ansatz eq. (5.13) to obtain estimates for the interface tension . Two typical ts are displayed
in gure 5.2. We determined 's both from the two di erent integration directions. A subset of
our results is displayed in table 5.2. The 2 's quoted in the last column show that the ts for
the data from the integration started at small have a signi cantly higher 2 . We also made
ts with the L = 8 data excluded, and they had a better 2 per degree of freedom (d.o.f.). We
conclude that close to the critical point the inclusion of larger lattices might be necessary to
give reliable estimates for . Our method would allow us to do this.
With gure 5.3, we demonstrate how nicely the results from the two integration directions
match within the error bars. The constants Cs , however, show deviations indicating systematic
e ects which we do not have under control. This, of course, carries over to the approximate
determination of the constant C de ned in equation (5.17).
In gure 5.4 we display our results for the interface tension  (the plot shows the quantity
= ) and the constant Cs as obtained from the integration started at large .
We also tried to estimate the critical exponent  that governs the critical behavior of the
interface tension. To this end we tted our results for  according to the critical law  = 0   .
Since our estimates for the 's at di erent -values are strongly correlated we took the covariance
matrix into account when doing the \data Monte Carlo" for the error estimates. We made two
sorts of ts: Fits with the de nition  = 1 c = and ts with the de nition  = = c 1. We
also varied the interval, over which the dependence of  was tted. Our results are shown in
tabs. 5.3, 5.4, and 5.5.
The ts were always done using four di erent -values. Using more data points would not
make very much sense since the data are correlated anyhow. Note however, that our statistical
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Figure 5.2: Two examples for our results for the interface free energy as function
of L. These data are tted with the law Fs = Cs + L2 to determine the interface
tension
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0.225
0.226
0.227
0.228
0.229
0.230
0.231
0.232
0.233
0.234
0.235
0.236
0.237
0.238
0.239
0.240

type
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s
l
s

Cs

2.885(81)
2.663(20)
2.770(83)
2.539(22)
2.651(77)
2.425(21)
2.554(76)
2.324(21)
2.477(81)
2.235(22)
2.388(73)
2.151(21)
2.298(80)
2.073(24)
2.232(76)
1.999(26)
2.165(77)
1.934(25)
2.097(73)
1.877(26)
2.048(69)
1.831(24)
1.999(72)
1.785(31)
1.947(71)
1.747(32)
1.909(75)
1.707(35)
1.869(70)
1.671(30)
1.840(66)
1.636(33)



0.00733(12)
0.007489(38)
0.01014(13)
0.010318(44)
0.01310(12)
0.013303(52)
0.01620(12)
0.016406(55)
0.01938(11)
0.019589(56)
0.02268(11)
0.022863(68)
0.02606(11)
0.026226(63)
0.02952(11)
0.029684(82)
0.03305(11)
0.033221(82)
0.03665(11)
0.036808(89)
0.04025(10)
0.040429(84)
0.04392(11)
0.044077(95)
0.04760(10)
0.047758(85)
0.05133(10)
0.05149(10)
0.05509(10)
0.05524(10)
0.05889(10)
0.05905(11)

ln C 2 /d.o.f
2.192(81) 1.09
1.970(20) 7.45
2.077(83) 1.33
1.846(22) 5.35
1.958(77) 1.27
1.732(21) 4.65
1.861(76) 1.39
1.631(21) 6.16
1.784(81) 1.62
1.542(22) 7.43
1.695(73) 1.84
1.458(21) 6.46
1.605(80) 1.72
1.380(24) 5.82
1.539(76) 1.27
1.306(26) 5.03
1.472(77) 1.25
1.241(25) 5.27
1.404(73) 1.20
1.184(26) 5.24
1.355(69) 1.14
1.138(24) 5.25
1.306(72) 1.13
1.092(31) 5.31
1.281(71) 1.01
1.054(32) 5.68
1.216(75) 1.15
1.014(35) 5.69
1.176(70) 1.08
0.978(30) 5.35
1.147(66) 1.11
0.943(33) 5.68

Table 5.2: Results for the constant Cs and for the interface tension . Type l
means: obtained by integration starting at large , type s means: obtained by
integration starting at small . We also quote the logarithm of the constant C
de ned in section 3.2.3. The last column gives 2 per degree of freedom, averaged
over the \data Monte Carlo"
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0.060
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integrations from large and from small
beta meet at beta=0.235
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0.23 0.231 0.232 0.233 0.234 0.235 0.236 0.237 0.238 0.239 0.24
beta

Figure 5.3: With this gure, we demonstrate the consistency of the results for
 obtained from the integration started at large with that obtained from the
integration started at small . The left half of the gure contains only the \small
" data, whereas the right part contains only the \large " data. Here they meet
at = 0:235. (The data from both methods cover the whole range. We chose
this speci c presentation only to demonstrate the consistency.) For small , the
0 s obtained by integrating from below have smaller error bars
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Figure 5.4: Our results for the interface tension  and the constant Cs. Instead
of  we here plot the ratio =
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type of t
t interval all lattice sizes
1
[0.27]
0.224 - 0.2300 1.274(16)
2
1.243(15) [0.57]
1
[0.21]
0.224 - 0.2313 1.270(12)
2
1.234(11) [0.48]
1
[0.38]
0.224 - 0.2325 1.278(9)
2
1.238(9) [1.18]
1
[0.25]
0.224 - 0.2338 1.277(8)
2
1.232(7) [1.02]
1
[0.57]
0.224 - 0.2350 1.276(8)
2
1.226(8) [0.96]

(L = 8)
1.276(19) [0.52]
1.244(18) [0.90]
1.275(17) [0.35]
1.239(17) [0.72]
1.282(12) [0.67]
1.241(11) [1.38]
1.281(11) [0.52]
1.236(19) [1.33]
1.281(11) [0.59]
1.232(19) [1.24]

(L = 64)
1.266(31) [0.13]
1.234(30) [0.08]
1.257(28) [0.19]
1.222(27) [0.20]
1.252(22) [0.25]
1.213(21) [0.33]
1.259(21) [0.28]
1.216(20) [0.34]
1.248(18) [0.43]
1.200(17) [0.25]

Table 5.3: Results for the critical exponent  as obtained from tting the logarithm of the interface tension with the critical law ln  = ln 0 +  ln  . For this
table we used the 's from the integration starting at large . Type 1 is a t
with  = 1 c = , and type 2 is a t with  = = c 1. The fourth and fth
columns give the results using 's obtained only from subsets of the data (L = 8
data excluded or L = 64 data excluded, respectively). The ts were done using
four equidistant -values. The numbers in square brackets give the average 2 in
the \data Monte Carlo", not divided by d.o.f.

type of t
t interval all lattice sizes
(L = 8)
1
[0.24] 1.268(7) [3.63]
0.224 - 0.2300 1.252(5)
2
1.223(5) [1.07] 1.238(7) [7.41]
1
[0.56] 1.266(5) [3.3]
0.224 - 0.2313 1.253(4)
2
1.221(4) [1.30] 1.233(5) [8.5]
1
[2.18] 1.268(5) [2.79]
0.224 - 0.2325 1.254(4)
2
1.219(4) [0.87] 1.231(4) [8.58]
1
[5.01] 1.270(5) [2.96]
0.224 - 0.2338 1.257(4)
2
1.218(4) [0.86] 1.230(5) [9.34]
1
[3.90] 1.269(3) [2.48]
0.224 - 0.2350 1.261(3)
2
1.218(3) [1.83] 1.226(3) [11.11]

(L = 64)
1.240(7) [3.27]
1.212(7) [1.21]
1.242(7) [3.40]
1.211(7) [1.31]
1.244(7) [4.57]
1.210(6) [1.72]
1.246(6) [5.87]
1.208(5) [1.40]
1.249(5) [4.56]
1.208(5) [0.70]

Table 5.4: Same as table 5.3, however based on results for  obtained from the
integration starting at small
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type of t
t interval all lattice sizes
(L = 8)
1
0.372(18)
[0.24]
0.423(22)
0.224 - 0.2300 0.232(17) [1.07] 0.281(22) [3.63]
2
[7.41]
1
0.376(15)
[0.56]
0.416(17)
0.224 - 0.2313 0.223(15) [1.30] 0.261(17) [3.30]
2
[8.52]
1
0.383(12)
[2.17]
0.422(14)
0.224 - 0.2325 0.216(11) [0.87] 0.253(13) [2.79]
2
[8.58]
1
0.392(11)
[5.01]
0.429(15)
0.224 - 0.2338 0.214(11) [0.85] 0.248(14) [2.96]
2
[9.34]
1
0.404(10)
[3.90]
0.427(9)
[2.48]
0.224 - 0.2350 0.213(10) [1.83] 0.234(9) [11.11]
2

(L = 64)
0.341(23) [3.27]
0.206(22) [1.21]
0.349(25) [3.39]
0.239(24) [1.31]
0.357(23) [4.57]
0.198(21) [1.72]
0.364(18) [5.87]
0.192(16) [1.39]
0.374(17) [4.56]
0.189(16) [0.70]

Table 5.5: Results for ln 0 as obtained from tting the logarithm of the interface
tension ln  with the critical law ln  = ln 0 +  ln  . For this table we used the
's from the integration starting at small . Type 1 is a t with  = 1 c = , and
type 2 is a t with  = = c 1. The fourth and fth columns give the results
using 's obtained only from subsets of the data (L = 8 data excluded or L = 64
data excluded, respectively). The ts were done using four equidistant -values.
The numbers in square brackets give the average 2 in the \data Monte Carlo",
not divided by d.o.f
errors are nevertheless correct since our \data Monte Carlo" takes the covariances correctly into
account. The comparison of the two di erent ts (using the two di erent de nitions of  ) clearly
shows that there are systematic e ects larger than the error bars: one still is not close enough
to criticality. However we think that it is fair to say that our results are consistent with the
value of   1:26 expected from Widom scaling. The results for the critical amplitude 0 show
even stronger dependency on the type of the t, and we can not say very much more than that
ln 0 is probably something between 0:2 and 0:4.
The method to compute interface free energies by nite  -steps worked quite well. In
tabs. 5.6 and 5.7 we present some of our results for the interface free energy on lattices with
L = 8; 16,32 and 64. We there display the naive free energy Fs;n (L) obtained by assuming only
a single interface, and the \improved" free energy Fs;i (L) that is computed taking into account
the presence of several interfaces. For small interface area and for close to the critical point
the di erence between the two de nitions becomes signi cant. We also determined estimates
for the interface tension  from the interface free energies. The results are quoted in table 5.8.
Again the ts have relatively large 2 , and in some cases discarding the L = 8 data changes
the results beyond the statistical error. We again consider this as a warning that too small L's
might lead to systematic errors in .
In order to study the behavior of the products  2  we tried also to extract the correlation
length from the simulations of the systems with periodic boundary conditions. We also tried to
compute the correlation length from low temperature series [79, 143]. For details see reference
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0.222
0.223
0.224
0.225
0.226
0.227

Fs;n (8)
3.026(12)
3.060(14)
3.103(16)
3.156(19)
3.228(19)
3.311(20)

Fs;i (8)
2.475(43)
2.589(41)
2.706(39)
2.827(39)
2.964(33)
3.103(30)

Fs;n (16)
3.688(19)
3.882(24)
4.200(30)
4.649(32)
5.208(35)
5.849(37)

Fs;i (16)
3.337(40)
3.684(36)
4.108(36)
4.614(40)
5.197(36)
5.846(37)

Table 5.6: Interface free energies obtained by the step-by-step method, for L = 8
and L = 16. We here display the naive free energy (subscript n) obtained by
assuming only a single interface, and the \improved" free energy (subscript i)
that is computed taking into account the presence of several interfaces

Fs;n (32)
Fs;i (32)
0.222 4.340(28) 4.272(32)
0.223 5.706(36) 5.702(37)
0.224 7.841(43) 7.841(43)
0.225 10.386(48) 10.386(48)
0.226 13.179(52) 13.179(52)
0.227 16.123(56) 16.123(56)

Fs;n (64)

5.82(11)
12.19(15)
21.90(17)
32.78(19)
44.21(20)

Fs;i (64)

5.82(11)
12.19(15)
21.90(17)
32.78(19)
44.21(20)

Table 5.7: Same as table 5.6, however for L = 32 and L = 64
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0.227
0.227
0.226
0.225
0.224
0.224
0.223
0.223

L's used
8,16,32
16,32
16,32,64
16,32,64
16,32,64
32,64
16,32,64
32,64

Cs

2.28(3)
2.42(5)
2.61(4)
2.76(4)
2.96(4)
3.16(8)
3.20(4)
3.54(7)



0.01356(7)
0.01338(9)
0.01023(5)
0.00738(4)
0.00469(4)
0.00457(6)
0.00231(4)
0.00211(5)

2 =d.o.f.
10.7
6.2
4.0
8.
34.

Table 5.8: Results of the t of the form Fim = Cs + L2 for the data obtained by
the step-by-step method. The last column gives 2 per degrees of freedom
[BB4]. Our estimates are summarized in table 5.9. In gure 5.5 we show our results for the
quantity   , with  = 0:625.

Interface Sti ness

as de ned in section
In all simulations we measured the block spin correlation functions A(Ising)
i;l
5.1.1 for i = 1; 2 and l = 2; 4. We de ne auxiliary quantities
i;l

e

A(Ising)
= i;l(0) ;
Ai;l

(5.31)

where the A(0) 's are taken for L = 256 (cf. table 4.3 in chapter 4), which is essentially the in nite
block size limit. We thus get eight values that all (in the large L limit) should converge towards
the same e . In table 5.10 we show two examples for these eight values (for two di erent values
of the lattice thickness t) at = 0:24. The values for the di erent i; l are fairly consistent
within the statistical accuracy. Closer to the critical point the estimates from the bubble free
con gurations are more stable. We therefore decided to use only the bubble free data for the
determination of the -dependence of e . In tabs. 5.11 and 5.12 we present our estimates for
i;l
e . The values were determined by averaging over the two quantities e with i = 1 and i = 2.
The rst two lines of table 5.11 shows that our results become unstable close to the critical
point where e diverges. For = 0:43 and = 0:45, both points are in the smooth phase,
e decreases with increasing block size, in agreement with the Kosterlitz-Thouless picture of
the roughening transition. This behavior is consistent with an in nite macroscopic sti ness for
> R.
In gure 5.6, we show our results for two combined quantities, namely  2  and  2 . In the
product  2 , the exponents  and 2 of the reduced temperature  should cancel, and we
expect that this product should be fairly constant in a neighborhood of the critical point. The
full line in gure 5.6 was obtained by combining our 0 s from the integration method with the
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0.2250
0.2275
0.2285
0.2300
0.2327
0.2350
0.2391
0.2400
0.2500
0.2600
0.2700
0.2800
0.2900
0.3000
0.3200
0.3400
0.3600

L

64
64
32
64
32
32
16
16
16
16
16
16
16
16
8
8
8

t

65
33
33
33
33
33
23
23
23
11
11
11
11
11
11
11
11



3.57(10)
2.45(7)
2.16(6)
2.04(6)
1.66(3)
1.48(3)
1.28(3)
1.22(3)
0.92(1)
0.76(1)
0.68(1)
0.61(1)
0.55(1)
0.52(1)
0.46(1)
0.40(1)
0.36(1)

Table 5.9: Results for the correlation length  . L and t specify the extensions of
the lattices used in the Monte Carlo calculation

i l (b) t = 19 (nb) t = 19 (b) t = 27 (nb) t = 27

1
2
1
2

2
2
4
4

16.88(44)
16.82(52)
16.82(20)
16.79(23)

16.98(47)
16.85(52)
17.18(20)
17.04(23)

16.94(47)
16.27(56)
17.64(22)
17.35(25)

16.59(46)
16.06(55)
16.86(21)
16.79(24)

Table 5.10: The auxiliary quantities ei;l for = 0:24 on a 64  64  t lattice, with
(b) and without (nb) bubbles
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0.28

0.26

xi tau^0.625

0.24

0.22

0.2

0.18

0.16
0.01

0.1
tau = (T_c - T)/T_c

1

Figure 5.5: Comparison of our Monte Carlo results (points with error bars) for
the correlation length in the broken phase with the Pade approximation of the
low temperature series of ref. [79] (full line). The gure shows the result for the
quantity   , with  = 0:625
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xi^2 sigma, xi^2 kappa

0.16

KT value

0.14
beta_c =
0.221652(3)

beta_R =
0.4074(3)

0.12

0.1

0.08

0.06
0.2
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0.3

0.35
beta

0.4

0.45
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Figure 5.6: Plot of our results for the combined quantities  2  (full line) and  2 
(points with error bars). Details are explained in the text
correlation lengths as obtained from the Pade. Since we do not know the error of the Pade
approximation of the low temperature series we base our error estimate for this quantity on our
error bars for the measured correlation length as reported in table 5.9 and on the statistical
errors on the interface tension . We estimate the relative precision of our results for  2  to
be around 5 per cent for the smaller 's, certainly better in the large region. This takes into
account statistical errors only. There might also be systematic errors (due to too small L's) in
the interface tension close to the critical point. They might be responsible for another 5 percent
relative uncertainty. The points with error bars in gure 5.6 show the product  2 . The plot
shows that in the critical limit the interface sti ness becomes the same as the interface tension.
This is a consequence of the restoration of rotational symmetry at the bulk critical point.
Using our results for both  2  and  2 , we estimate that in the limit ! c both quantities
have the limiting value R = 0:090(5). This is in nice agreement with the result obtained in
[38], namely R = 0:090(3).
In the theory of critical wetting, the following quantity plays an important role [17]:
!( ) = 1=(42 ) :
(5.32)
In [17] we nd an estimate !(T=Tc = 0:8) = 0:88. Our result !(T=Tc = 0:8) = 0:882(5) is in
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l=2

L = 16
l=4

l=2

L = 32
l=4

l=2

L = 64

l=4
0.230
62.3(36) 73.6(89) 45.5 (20) 45.59(86)
0.235 28.84(61) 28.30(43) 28.67(42) 28.65(20) 24.50(72) 25.16(23)
0.240 16.54(22) 16.02(11) 16.99(27) 17.01(12) 16.32(50) 16.83(22)
0.245
12.24(19) 12.42(8) 12.46(32) 12.47(13)
0.250 9.80(13) 9.69(7)
9.68(17) 9.74(7)
9.91(23) 10.00(10)
0.255
8.26(14) 8.12(5)
8.02(17) 8.11(7)
0.260 6.75(9)
6.90(5)
6.89(12) 6.87(5)
6.83(14) 6.85(6)
0.265
5.78(10) 5.95(5)
5.88(11) 5.92(5)
0.270 5.25(7)
5.31(3)
5.19(10) 5.23(4)
5.26(10) 5.18(4)
0.275
4.57(8)
4.63(3)
4.65(8)
4.65(4)
0.280
4.05(8)
4.16(3)
4.13(7)
4.14(3)
0.285 3.81(6)
3.89(2)
3.83(7)
3.81(3)
3.79(7)
3.80(3)
0.290
3.57(7)
3.52(3)
3.43(6)
3.41(2)
0.295
3.21(5)
3.19(2)
3.17(5)
3.19(2)
0.300 2.97(5)
3.01(2)
2.87(5)
2.93(2)
2.96(5)
2.93(2)
0.305
2.71(4)
2.73(2)
2.72(4)
2.70(2)
0.310
2.55(4)
2.53(2)
2.55(4)
2.51(2)
0.315
2.37(3)
2.36(1)
2.33(4)
2.34(2)
0.320
2.15(3)
2.18(1)
2.15(4)
2.18(2)

Table 5.11: e for = 0:24 : : : 0:32 as obtained from 2  2 and 4  4 blocking on
lattices with L = 16; 32; 64. Only bubble free con guration were used. For each
value of l, the estimate for e was obtained by taking the average of e1;l and
2;l
e . The data for = 0:230 and = 0:235 are shown to demonstrate that the
results are not yet stable there
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0.325
0.330
0.335
0.340
0.345
0.350
0.355
0.360
0.365
0.370
0.375
0.385
0.390
0.405
0.410
0.430
0.450

L = 16
l=2 l=4

L = 32
l=2 l=4

2.04(3) 2.11(1) 2.03(3)
1.93(3)
1.80(3)
1.71(2)
1.58(2)
1.57(3) 1.60(1) 1.53(2)
1.20(1) 1.28(1)
0.94(1) 1.00(1)
0.70(1) 0.76(1)
0.44(1) 0.50(0)
0.24(0) 0.31(0)

2.07(1)
1.95(1)
1.81(1)
1.73(1)
1.62(1)
1.53(1)

L = 64
l=2 l=4

2.05(3)
1.94(3)
1.79(3)
1.72(3)
1.58(2)
1.51(2)
1.40(2)
1.32(2)
1.23(2)
1.19(1) 1.22(1) 1.19(2)
1.13(2)
1.00(1)
0.93(1) 0.96(1) 0.94(1)
0.74(1)
0.66(1) 0.69(1)
0.35(1) 0.39(0) 0.22(0)
0.13(0) 0.17(0) 0.05(0)

2.03(1)
1.92(1)
1.82(1)
1.70(1)
1.60(1)
1.52(1)
1.42(1)
1.35(1)
1.27(1)
1.20(1)
1.13(1)
1.01(1)
0.94(1)
0.74(0)
0.27(0)
0.08(0)

Table 5.12: e for = 0:325 : : : 0:45 as obtained from 2  2 and 4  4 blocking
on lattices with L = 16; 32; 64
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L = 32 L = 64 L = 128 L = 256 L = 512
W 2 2.341(42) 2.889(42) 3.365(29) 3.855(35) 4.313(60)
W02

3.094(9)

stat

10000

3.811(33) 4.335(64)
3.619(16) 4.098(20) 4.573(35) 5.059(66)
4.542(30) 5.069(58)
3000
2430
550 / 820 187/260

Table 5.13: Squared interface width W 2 (measured on con gurations with bubbles) and W02 (measured after removal of the bubbles) at = c =0:8 on lattices
L  L  27. stat denotes the number of measurements. Between two subsequent
measurements we always performed eight single cluster updates (alternating type
O and B) and a single Metropolis sweep. For L = 256 and L = 512 we show
results of two independent runs
nice agreement with this prediction. In the limit ! R , Kosterlitz-Thouless theory states that
e ! 2= . We use the estimate for R cited in the introduction, and nd  ( e ) = 0:3163 (from
the Pade that here certainly is reliable). We then nd a \KT-value" of  2  which is 0.1572.

Interface Width

To check the prediction of the nite size behavior of the interface width (cf. eq. (5.33) below).
We redid the interface width computation of Mon et al. [35] at = c =0:8 = 0:2771 on lattices
of size L  L  27, with L = 32; 64; : : : ; 512. Our results for W 2 and W02 are summarized in
table 5.13.
We performed ts of the data using the ansatz

W 2 = const + 2e ln L

(5.33)

that is motivated by Kosterlitz-Thouless theory of a rough interface and that should become
precise for large enough L (depending, of course, on ). At the roughening transition at R ,
the amplitude e is believed to jump from 2= to zero. We performed several ts on subsets
of the data. Our results for e are summarized in table 5.14. The errors were determined by
a \data Monte Carlo" as described in section 5.1.2. We conclude that the L = 32 data should
not be included in the t and estimate that e = 4:3(2). The corresponding data and the t
are displayed in gure 5.7.
The result has to be compared with the e as obtained from the renormalization group
quantities A introduced in section 5.1.1. Because of the moderate statistics we used only quantities measured on the bubble free con gurations. We computed the auxiliary quantities ei;l ,
as de ned in eq. (5.31), measured on bubble free con gurations only. The quantities ei;l should
converge to e for large L. Our ndings are summarized in table 5.15. One should not overemphasize the L = 512-results, which su er a bit from poor statistics. Instead we focus on the
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Squared surface width W^2
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Figure 5.7: Plot of the squared interface width W02 (measured from the con gurations without bubbles) versus ln L. The full line shows the t with e = 4:3.
This t does not include the L = 32 data

data used all
all { (L = 32) all { (L = 32; 64) all { (L = 512)
from W 2 4.45(12) [1.33] 4.30(16) [1.05] 4.30(23) [1.22]
4.44(14) [1.87]
from W02 4.48(6) [2.29] 4.3(1) [1.31]
4.3(2) [1.70]
4.48(6) [3.62]

Table 5.14: Fit results for

e

. The numbers in square brackets give the average

2 per degree of freedom in the \data Monte Carlo"

97

L

32
64
128
256

1;2
e

4.50(8)
4.7(2)
4.04(18)
4.26(37)
3.9(3)
512 4.65(62)
5.1(6)

1;4
e

4.41(9)
4.74(20)
4.03(21)
4.07(39)
3.8(3)
3.16(64)
5.9(8)

2;2
e

4.46(3)
4.50(6)
4.433(82)
4.37(17)
4.30(15)
5.02(35)
4.25(21)

2;4
e

4.45(4)
4.48(7)
4.434(95)
4.35(17)
4.29(16)
4.62(31)
4.6(3)

Table 5.15: ei;l for = c =0:8 as obtained from 2  2 and 4  4 blocking on lattices
with L = 32; : : : ; 512. The quantity ei;l is de ned in the text. For L = 256 and
L = 512 we show results of two independent runs

L = 128 and on the L = 256 results. Within the statistical accuracy these data are fairly com-

patible with the value for e obtained from the interface thickness ts. We interpret our results
as a further con rmation that the long distance properties of the Ising interface are correctly
described by a massless Gaussian dynamics, that means by uncoupled capillary waves with an
energy proportional to the squared wave vector.
To summarize this section: We have presented a numerical study of the Ising interface in
three dimensions over a wide range of temperatures. The method to obtain the interface free
energies by integration over requires many separate simulations but turns out to be practicable
and useful. Inclusion of large interfaces is possible because of the use of a cluster algorithm also
for the simulations with antiperiodic boundary conditions.
Our analysis of the interface tension showed that closer to the critical point large interface
extensions L are necessary to get reliable values ( has a tendency to come out too large when the
lattices are too small). A high precision computation of 0 and  seems dicult, the systematic
e ects from a too large reduced temperature  are strong.
The large interfaces allowed us to study the infrared interface properties. We could con rm
the massless Gaussian behavior in the rough phase and also extract the sti ness coecient from
the renormalization group behavior.
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5.2 Monte Carlo Results Versus Extrapolated Low Temperature Expansions
We compare Monte Carlo results for the interface tension and for the interface energy of the
3-dimensional Ising model with Pade and inhomogeneous di erential approximants of the low
temperature series that was recently extended by Arisue to 17th order in u = exp( 4 ). The
series is expected to su er from the roughening singularity at u  0:196. The comparison with
the Monte Carlo data shows that the Pade and inhomogeneous di erential approximants fail to
improve the truncated series result of the interface tension and the interface energy in the region
around the roughening transition. The Monte Carlo data show that the speci c heat displays
a peak in the smooth phase. Neither the truncated series nor the Pade approximants nd this
peak. This section is based on ref. [BB6].
The Ising interface undergoes a roughening transition at an inverse temperature R =
0:4074(3) [37]. The roughening transition is believed to be of the Kosterlitz-Thouless (KT)
nature [1, 2], with the interface free energy having an essential singularity at R of the type

fsing  exp[ A(

R ) 1=2 ] :

(5.34)

Though the free energy and all its derivatives with respect to stay nite at the roughening
point, one has to expect that low temperature series for interface properties su er from the
transition.
The rst low temperature expansion of the 3D Ising interface tension  was given by Weeks et
al. to 9th order in the variable u = exp( 4 ). Shaw and Fisher [82] analyzed the series with the
help of Pade and inhomogeneous di erential approximants. They claimed that the Pade and
di erential approximants allow to compute the interface tension accurately for temperatures
below the roughening point.
Recently, Arisue put forward the series to 17th order in u [77]. It is interesting to note
that the coecients of the series change their sign at order 13. This behavior does not come
unexpected and con rms that the roughening transition of the Ising interface is of KosterlitzThouless type: Expanding eq. (5.34) in the variable u, one also obtains a series with coecients
that change their sign at a certain order. The order where the change of sign happens depends
on the non-universal parameters A and R .
In [BB4] (see section 5.1 of this chapter), we reported on a numerical study of properties of
the Ising interface over the whole range from low temperatures up to the bulk critical point. In
particular we determined the interface energy and, by integration over , also the interface free
energy and interface tension.
In this section, we give a more detailed account of the numerical results and compare them
with Pade and inhomogeneous di erential approximants for the extended low temperature series.
In order to demonstrate that the disagreement of series and numerical data is not due to nite
size e ects, we provide data for various lattice extensions and demonstrate that the systematic
errors in the determination of interface energy and interface tension are under control.
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5.2.1 The Model and Quantities Studied

We consider the Ising model on a simple cubic lattice, with the same notation as in the previous
section. Let us de ne
G = (ln Za ln Zp ) ;
(5.35)
where the subscript a (p) means antiperiodic (periodic) boundary conditions. The interface
tension can be de ned as the limit

G:
 = tlim
lim
!1 L!1 L2

(5.36)

Za ' t0s t0a :
Zp t0s + t0a

(5.37)

With numerical simulations only a rather limited range of L and t values is accessible. Hence
a careful discussion of nite size e ects is needed. Let us express the partition functions of
the periodic and antiperiodic Ising system in terms of the transfer matrix T. The antiperiodic
boundary conditions are represented by a spin- ip operator P that ips the sign of all spins in
a given x3 -slice.
The partition function of the periodic system is given by Zp = TrTt , while the partition
function of the antiperiodic system is given by Za = TrTt P. The operators T and P commute
and thus have a common set of eigenfunctions. Say the eigenvalues of T are i and thosePof P
are pi . ThePpossible values of pi are 1 and 1. The partition functions take the form Zp = i ti
and Za = i ti pi .
Let us consider the ratio of the partition functions in the broken phase of the model. Here
the two largest eigenvalues 0s and 0a are much larger than the other eigenvalues [144]. (The
subscripts s and a label eigenfunctions with p = 1 and p = 1, respectively.) Hence the ratio of
the two partition functions can be well approximated by

The corrections are of order (1s =0s )t . This means that the extension t of the lattice in
x3 -direction has to be much larger than the bulk correlation length  . For 0a >> t (0a =
1= ln(0a =0s ) is the tunneling correlation length) we can write

Za ' t 1 0a  :
(5.38)
Zp 2
0s
Note that within this approximation the derivative of G with respect to does not depend on
t.
According to this discussion, if  << t<< 0a then already for nite L an interface free energy
is rather well de ned by

Fs ' G + ln t :

(5.39)
Phenomenologically one can interpret this situation as follows: The lattice is short enough
that the creation of interfaces in the system with periodic boundary conditions is suciently
suppressed while for the system with antiperiodic boundaries only the interface induced by the
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boundary conditions is present. On the other hand the extension of the lattice is large enough
not to restrict the uctuations of the interface.
In order to discuss the L dependence of the interface free energy a model for the interface is
needed.
Theoretical studies of the interface are based on the SOS (solid-on-solid) approximation
which essentially neglects overhangs and bulk uctuations. SOS models predict that the roughening transition is of the Kosterlitz-Thouless type (cf. chapters 1 and 2).
That the Ising interface at the roughening point is indeed in the same universality class as
various SOS models was demonstrated by Hasenbusch using a renormalization group matching
procedure [37]. For large there are also rigorous results from linked cluster expansions. Borgs
and Imbrie have shown [106] for suciently large , i.e., when the interface is smooth, that
Fs '  L 2 :
(5.40)
It is believed that this result holds for all > R .
A model for the interface in the rough phase is the capillary wave model [113]. In its quadratic
approximation it essentially states that the infrared uctuations of the interface are massless
Gaussian. This assumption has been veri ed numerically in a number of cases, see e.g. [BB4]
and also section 5.3 of this chapter. The massless Gaussian dynamics leads to the following
nite L behavior of the interface free energy in the rough phase [145, 15, 112, 114]:
Fs ' Cs +  L2 :
(5.41)
Gelfand and Fisher [111] predicted in addition a logarithmic dependence of the interface free
energy on the lattice size. They did not take into account a prefactor L in the partition function
that arises when the average position of the interface is xed via a -function.
At the roughening transition one has still a Gaussian xed point, however, with logarithmic
corrections. Hence eq. (5.41) should be still valid for suciently large L.
It is dicult to compute free energies directly by Monte Carlo (however, cf. [42]). But the
derivative of G with respect to is a quantity that can be computed by Monte Carlo:

@G = hH i hH i  E :
a
p
s
@

G can then be obtained by integration over :

G( ) = G( 0 ) +

Z
0

d 0 Es ( 0 ) ;

(5.42)
(5.43)

where 0 is arbitrary. In the case that there is only one interface in the system, Es is the
interface energy. The interface energy per area is de ned as
s = Es=L2 :
(5.44)
In [BB4] (see section 5.1) we used the method of `integration over ' to determine the
interface free energies for a wide range of temperatures, for L = 8; 16; 32; 64. We found that the
interface free energy can be tted accurately with eq. (5.41). We thus identify the coecient 
in front of the factor L2 with the interface tension.
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5.2.2 Monte Carlo Algorithms
For the production of the Monte Carlo results of ref. [BB4] and for part of the new results to be
presented below we employed the cluster algorithm of Hasenbusch and Meyer [132]. A detailed
description of this algorithm can be found in [BB4].
When the focus is on the determination of the energy with antiperiodic boundary conditions,
it is helpful to use a local algorithm instead of the cluster algorithm. It is much easier to adapt
a local Monte Carlo algorithm for vectorization, parallelization or multi-spin coding.
It turns out that the energy of the system with antiperiodic boundary conditions does almost
not couple to the slow modes of the local algorithm.
For the update of the 3-dimensional Ising model we therefore also used a micro-canonical
demon algorithm [124, 125, 126] in combination with a particularly ecient canonical update
[136] of the demons. The algorithm was implemented using the multi-spin coding technique
[125, 126]. Every bit of a computer word carries one Ising spin. In order to avoid restrictions
of the geometry of the systems 32 independent systems are run in parallel. For more details see
[BB5].

5.2.3 Discussion of Results

The Interface Energy. We rst explain how we obtained estimates for the interface energy
de ned in eq. (5.42). The quantity hH ia was always computed using either the interface cluster

algorithm or the local demon algorithm. For the determination of the energy with periodic
boundary conditions we used a Pade approximant of the low temperature series for the energy
(for details cf. [BB4]). The series was extended to order 24 in u = exp( 4 ) by Bhanot et al.
[85] and a little later to order 32 by Vohwinkel [84]. In [BB4], we found by comparing with
Monte Carlo results, that the use of the Pade approximation was safe for  0:26 for L = 8,
 0:24 for L = 16 and L = 32, and for  0:235 for L = 64. For the range of couplings that
we want to focus on in this paper (  0:35), the use of the Pade approximant is safe (for the
accuracy required).
When computing the interface energy per area s one has to deal with systematic e ects
from the nite extension of the lattice in t- and in L-direction.7 .
First we carefully studied the t-dependence of the interface energy for three di erent -values,
namely = 0:45 (which is in the smooth phase of the interface), = 0:4074 (the roughening
point) and = 0:3500 (which is in the rough phase of the interface, but still far away from the
bulk critical point). The results for s for interfaces with extension L = 4; 8; 16; 32; 64 and for
lattices with various values of t are quoted in the tables 5.16, 5.17 and 5.18. The statistics is as
follows: For the runs with the cluster algorithm we performed 400 000 measurements, separated
by an update step made up from generating and ipping 8 clusters of two di erent types, cf.
[BB4], and a subsequent Metropolis sweep. For the runs with the demon algorithm we made
100 000 measurements on each of the 32 independent copies, separated by always 5 cycles as
described in section 5.2.2. For some sets of parameters we made runs with two di erent random
7 For

a study of nite size e ects in a previous high precision simulation performed by Ito see [41]
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number generators and found perfect consistency. As a further check we compared Monte Carlo
results for L = t = 4 with the exact result for the energy.
t

2
3
4
5
9
10
17

L=4

2.67433(63)
2.66940(57)
2.66799(63)
2.66775(57)
2.6700(16)
2.66645(75)
2.6688(19)

L=8

2.78942(42)
2.75544(34)
2.75238(38)
2.75246(35)
2.7517(9)
2.75223(42)
2.7541(11)

L = 16

2.83759(30)
2.77860(21)
2.77445(23)
2.77440(20)
2.7746(5)
2.77442(25)
2.774(1)

L = 32

2.85006(21)
2.78114(11)
2.77717(13)
2.77677(11)

L = 64

2.85225(12)
2.781092(56)
2.776936(68)
2.776790(64)

2.77683(15) 2.776835(83)

Table 5.16: Ising interface energy at = 0:4500
An inspection of the tables reveals that (for xed L) the estimates for s are consistent within
error bars for t  4 and = 0:45. For = 0:4074 we nd consistency for t  5 if L  32 and
for t  6 if L = 64, cf. the discussion of nite t e ects in section 5.2.1. In this context it might
be interesting to note that the bulk correlation length  which governs the exponential decay of
the connected correlation function is 0:2809 for = 0:45. For = 0:4074, one has  = 0:3162,
and for = 0:35 the correlation length is  = 0:3897. These estimates are based on a Pade
evaluation of a low temperature series by Arisue and Fujiwara [79]. Correlation length estimates
from the series truncated at 13th order for = 0:35 di er from the Pade approximants in the
third digit.
Using the safe values of t found for the smaller -values we computed the interface energies
presented in table 5.19 for the range from = 0:35 to = 0:6 in steps of 0:01 or 0:005. The
table also contains estimates for the L = 1 interface energy from the low temperature series,
truncated at 17th and at 12th order, cf. the discussion below.
Concerning the convergence of the interface energies to the in nite L limits we make the
following observations: For  0:45 we nd that (within the statistical accuracy obtained)
the estimates converged well, consistent with exponentially small L-corrections. Of course, the
convergence becomes better for larger .
In the rough phase the interface energy is expected to behave like A + B L2 . We tted
the = 0:35 data for L  8 and t = 13 with this ansatz and found A = 5:96(47) and
B = 3:70428(9) with 2 =dof = 1.135.8
At the roughening transition the situation is more dicult. We studied the di erences
Es(2L) Es (L) for L  64 and found that this quantity scales down with a factor of at least
3 always when L is doubled. This gives us con dence that Es (1) Es (128) is not bigger than
Es(128) Es(64) = 0:0022(1).
Comparison with Extrapolated Series. The estimates for the interface energies can be
compared with results from the low temperature expansion of the same quantity. The series for
8 In

nite L-extrapolations according to the law A + B L2 for data in the rough phase were also done by Ito [41]
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t

2
3
4
5
6
9
10
11
17
33

L=4
2.9542(7)
2.9479(7)
2.9419(8)
2.9414(7)
2.9427(8)
2.9384(20)

L=8
3.2408(5)
3.14030(37)
3.1244(4)
3.12342(37)
3.1230(5)
3.1235(11)

2.9520(10) 3.1237(5)
2.9431(25) 3.1247(14)

L = 16
3.42063(27)
3.21718(22)
3.19578(24)
3.19428(22)
3.19410(24)
3.1936(6)

L = 32
3.48668(12)
3.24322(12)
3.21901(14)
3.21745(12)
3.21735(14)
3.21723(30)

3.19443(28) 3.21756(16)
3.1941(7)
3.1946(9)

L = 64
3.492507(59)
3.25120(7)
3.226227(83)
3.224334(62)
3.224389(83)
3.224219(88)

Table 5.17: Ising interface energy at = 0:4074. We made an additional run with
L = 128 and t = 11. The result for the interface energy is 3:226375(45)

t

2
3
4
5
6
7
9
13
17

L=4
3.3173(7)
3.3684(8)
3.3479(9)
3.3432(9)
3.3437(11)
3.3446(13)
3.3431(28)
3.3440(16)
3.3411(38)

L=8
3.69719(30)
3.70942(48)
3.62530(50)
3.61092(48)
3.60982(55)
3.61025(63)
3.6094(15)
3.61122(78)
3.6102(19)

L = 16
3.77344(14)
3.85405(31)
3.70230(29)
3.68357(28)
3.68145(28)
3.68106(32)
3.6816(8)
3.68080(39)
3.6836(10)

L = 32
3.77574(7)
3.92648(21)
3.72218(16)
3.70146(14)
3.69886(16)
3.69870(17)
3.69854(39)
3.69851(20)

L = 64
3.775673(34)
3.95577(11)
3.726973(76)
3.705558(61)
3.703239(76)
3.702884(85)
3.70282(10)

Table 5.18: Ising interface energy at = 0:3500
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0.350
0.360
0.370
0.380
0.390
0.395
0.400
0.405
0.410
0.415
0.420
0.425
0.430
0.435
0.440
0.445
0.450
0.455
0.460
0.465
0.470
0.475
0.480
0.485
0.490
0.500
0.510
0.520
0.530
0.540
0.550
0.560
0.570
0.580
0.590
0.600

L=8
3.61122(78)
3.53379(70)
3.45279(67)
3.36878(64)
3.28038(59)

L = 16
3.68080(39)
3.60450(36)
3.52385(35)
3.44095(33)
3.35522(34)

3.19154(55) 3.26458(30)
3.09971(53) 3.16889(29)
3.11972(29)
3.00972(50) 3.06903(29)
3.01806(28)
2.91929(48) 2.96759(27)
2.91664(28)
2.83342(47) 2.86806(27)
2.82025(26)
2.75223(42) 2.77442(25)
2.73093(23)
2.67688(41) 2.68951(23)
2.65063(21)
2.60753(38) 2.61440(20)
2.54599(36) 2.54823(19)
2.48992(32)
2.44055(30)
2.39611(28)
2.35725(25)
2.32212(23)
2.29135(23)
2.26399(20)
2.23930(20)
2.21751(19)
2.19748(19)
2.17986(17)
2.16378(17)

2.49041(18)
2.44052(18)
2.39613(18)
2.35658(17)
2.32219(16)
2.29123(14)
2.26403(14)
2.23943(13)
2.21728(12)
2.19757(11)
2.17989(11)
2.16387(10)

L = 32
3.69851(20)
3.62157(19)
3.54189(18)
3.46002(16)
3.37550(16)
3.33163(16)
3.28669(16)
3.24002(15)
3.19217(16)
3.14166(16)
3.09000(17)
3.03614(18)
2.98205(18)
2.92813(18)
2.87502(16)
2.82450(16)
2.77682(15)
2.73180(14)
2.68978(14)
2.65065(13)
2.61426(13)
2.57979(12)
2.54813(12)
2.51866(11)
2.49060(10)
2.44014(10)
2.39578(9)
2.35657(8)
2.32208(8)
2.29129(7)
2.26363(7)
2.23904(7)
2.21724(6)

L = 64
3.70282(11)
3.62574(9)
3.54621(9)
3.46462(8)
3.38049(7)

S17

4.59933
4.47093
4.23424
3.97351
3.72531
3.61065
3.29260(8) 3.50320
3.40309
3.19938(9) 3.31017
3.22415
3.09669(11) 3.14463
3.07117
2.98512(11) 3.00334
2.94069
2.87575(9) 2.88278
2.82923
2.77683(8) 2.77965
2.73370
2.68991(7) 2.69107
2.65148
2.61408(6) 2.61465
2.58036
2.54813(6) 2.54840
2.51856
2.49054(5) 2.49068
2.44014(5) 2.44018
2.39580
2.35665
2.32198
2.29118
2.26374
2.23922
2.21726
2.19755
2.17981
2.16383

S12

5.77307
5.09037
4.56179
4.14707
3.81746
3.67785
3.55224
3.43889
3.33632
3.24326
3.15860
3.08140
3.01083
2.94618
2.88681
2.83218
2.78182
2.73529
2.69224
2.65234
2.61528
2.58083
2.54874
2.51882
2.49087
2.44028
2.39586
2.35668
2.32200
2.29119
2.26375
2.23923
2.21726
2.19755
2.17981
2.16383

Table 5.19: Ising interface energy, Monte Carlo and truncated low temperature
series results (Si corresponds to truncation at ith order)
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the interface tension is

=2 +

17
X

n=2

an un + O(u18 ) :

(5.45)

The coecients up to order u9 in the low temperature variable u = exp( 4 Ising ) were rst
determined by Weeks et al. They can be found in a paper by Shaw and Fisher [82]. The higher
coecients (order u10 through u17 ) were computed recently by Arisue [77]. The coecients an
are quoted in table 5.20. In order to get s from , one has to di erentiate eq. (5.45) with respect
to . The result is a power series in u (there is no longer a term ln(u) present). We compared
the truncated series and its Pade approximants with the Monte Carlo results as follows: For
order k, with 7  k  17, we plotted the result of the truncated series (truncated at order k)
together with the results of 4 or 5 close-to-diagonal Pade approximants [m=n], with m + n = k.
For even k we took the ve Pades with m = k=2 2; : : : ; k=2 + 2, for odd k we took the four
Pades with m = (k 1)=2 1; : : : ; (k 1)=2 + 2. In all gures the truncated series estimates are
plotted with a `+' and connected with a broken line. For the Pade estimates we use diamonds.
On the right hand side of the plots we present our Monte Carlo estimates of the interface energy
for di erent lattice sizes. The L = 64 result is also plotted with two horizontal lines for easier
comparison with the series results.

n

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

aIsing
n

{2
{2
{ 10
{ 16
{ 242/3
{ 150
{ 734
{ 4334/3
{ 32122/5
{ 10224
{ 106348/3
+ 53076
+ 3491304/7
+ 74013814/15
+ 27330236
+ 160071418

Table 5.20: Coecients of the low temperature series for the 3D Ising interface
tension as computed by Arisue [77]
Figure 5.8 shows this comparison for = 0:50 which is in the smooth phase of the interface
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2.4415
2.4410
2.4405
2.4400
L=64 L=32 L=16 L=8
2.4395
2.4390
2.4385
2.4380
2.4375
2.4370
2.4365
2.4360
6

8

10

12

14
order

16

18

20

22

Figure 5.8: Ising interface energy at = 0:5000 from Pade, truncated series and
Monte Carlo. Truncated series estimates are plotted with a `+' and connected
with a broken line. The close to diagonal Pade estimates are given with diamonds.
The data with error bars present our Monte Carlo results for the di erent lattice
sizes. The L = 64 estimate is also given by two horizontal lines.
and far away from the roughening transition. For order  16 the truncated series and the Pade
approximants have become consistent with the Monte Carlo estimate. Note however, that there
is no apparent advantage in using the Pade approximants instead of the truncated series.
= 0:45 is still in the smooth phase. The comparison is summarized in gure 5.9. Notice
the much larger scale of the y-axis in this plot compared to gure 5.8. The Pade approximants
scatter a lot, especially around order 13 where the series changes its sign. If one looks only at
order  12, the truncated series seems to be even superior to the Pade approximations.
The scenario becomes even more drastic if one proceeds to the roughening region. In
gure 5.10 we show the comparison of the di erent approximations at the roughening point
= 0:4074. Here obviously neither the truncated series nor the Pade approximants lead to a
reasonable approximation.
The Interface Tension. The estimates for the interface tension quoted in this paper were
obtained with the method described in [BB4].
However, for the -range above 0:35 we used the new and much more precise estimates for the
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Figure 5.9: Ising interface energy at = 0:4500 from Pade, truncated series and
Monte Carlo. The symbols are the same as in gure 5.8
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Figure 5.10: Ising interface energy at = 0:4074 from Pade, truncated series and
Monte Carlo. The symbols are the same as in gure 5.8
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interface energy as quoted in table 5.19. From the results for the interface energy we determined
the interface tension using the method of `integration over ' as outlined in section 5.2.1. In
[BB4] we used two di erent starting points 0 for the integration, namely 0  c and 0 = 0:6.
Both methods yielded compatible results. In table 5.21 we quote our new results obtained by
starting the integration at the following values: For L = 8 and L = 16 we took 0 = 0:545,
for L = 32 we used 0 = 0:515, and for L = 64 we started the integration at 0 = 0:495. The
starting point was determined such that the Monte Carlo interface energy estimate and the 17th
order low temperature series for the same quantity are consistent within the present error bars.
Note that the errors quoted in table 5.21 are statistical errors (1 error bars) that do not include
systematic e ects. The estimates rely on ts of the nite L behavior of the free energy with the
law Cs + L2 .
For the estimation of systematical errors we used the following procedure: One de nes

(L) = Fs (L)=L2 :

(5.46)

By the very de nition this quantity converges to the interface tension in the in nite L limit,
however, with stronger nite size e ects than de nition eq. (5.41). So looking at the variation
of (L) gives one a feeling of the maximal systematic error possible.
It is also instructive to obtain estimates for  based on the law eq. (5.41), however, using
just pairs of adjacent L-values. Then no t is needed. In table 5.22 we quote these quantities
for = 0:402359 (which corresponds to u = 0:2) and for = 0:45. We adopt the following rule
for the estimation of a systematical error: Take the estimates for  from the pair L = 16; 32 and
from the pair L = 32; 64 and compute the di erence. Take this as the systematic error of the
interface tension determined with the t method. For the two examples studied in table 5.22
we conclude that for = 0:45 the systematic error is smaller than the statistical error. For
= 0:402359 we arrive at =(2 ) = 0:84487(3).
In gs. 5.11 and 5.12 we show the comparison of the Monte Carlo results for the two
values quoted above9 with the truncated series and the Pade approximations. The Pades were
not performed directly for the series for  but (as in [82]) for the quantity Q(u) = u exp(2).
The conclusions are similar to the ones for the interface energy. Figure 5.12 demonstrates
the trap one can get into when the series is too short. Shaw and Fisher might have been misled
by the convergence and consistency of the Pade and di erential approximants at order 9 and
concluded that the interface tension could well be approximated by Pades of ninth order for
temperatures below the roughening temperature. The now longer series shows that this is a
wrong conclusion. Note that the Pades seem to converge again at the by now highest available
order. But still, the value is de nitely o from our Monte Carlo estimate.10
Shaw and Fisher pointed out that the use of inhomogeneous di erential approximants [83]
might be superior to using Pades. In fact, these approximants generalize Pades and are suitable
chose u = 0:2 ( = 0:402359) for easier comparison with the work of Shaw and Fisher. We compared our
Monte Carlo results with the series extrapolations also at the more recent estimate R = 0:4074, with the same
conclusions
10 A preliminary Pade analysis for the interface tension was already performed by Arisue in [77]. His results are
perfectly consistent with ours. However, he could not compare with an independent Monte Carlo result
9 We
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.225
.230
.235
.240
.245
.250
.255
.260
.265
.270
.275
.280
.285
.290
.295
.300
.305
.310

=(2 )
.01629(30)
.01622(25)
.04929(25)
.04921(20)
.08565(18)
.08562(20)
.12262(18)
.12263(16)
.15971(15)
.15972(14)
.19623(14)
.19627(12)
.23200(12)
.23202(12)
.266799(93)
.266831(94)
.300562(97)
.300592(92)
.333177(90)
.333196(80)
.364607(73)
.364639(82)
.394894(71)
.394923(66)
.424033(66)
.424051(60)
.451998(61)
.452023(60)
.478878(63)
.478887(55)
.504651(53)
.504664(52)
.529376(47)
.529393(46)
.553076(44)
.553089(42)

X
2.3
2.0
4.8
3.0
1.9
1.5
1.1
1.1
1.4
1.2
1.2
1.2
1.4
1.5
1.7
1.8
1.5
2.2
2.4
2.6
2.9
2.7
1.7
2.3
1.8
2.3
1.8
2.6
2.2
2.6
2.8
2.9
3.8
3.5
5.2
4.3

.315
.320
.325
.330
.335
.340
.345
.350
.355
.360
.365
.370
.375
.380
.385
.390
.395
.400

=(2 )
.575804(38)
.575824(38)
.597570(31)
.597585(35)
.618399(28)
.618420(25)
.638353(26)
.638390(25)
.657448(21)
.657500(16)
.675699(13)
.675751(12)
.6931576(53)
.6931802(49)
.7098453(66)
.7098713(62)
.7258015(44)
.7258219(36)
.7410463(39)
.7410681(34)
.7556038(42)
.7556250(33)
.7694993(37)
.7695206(34)
.7827565(36)
.7827780(30)
.7953967(37)
.7954174(32)
.8074397(33)
.8074602(31)
.8189052(34)
.8189246(26)
.8298090(32)
.8298263(28)
.8401660(29)
.8401801(25)

X
7.0
5.8
6.9
6.5
5.6
8.1
7.4
11.3
4.9
15.1
2.8
23.6
3.7
39.6
1.0
34.5
2.5
43.5
5.6
51.9
5.1
59.9
4.7
64.3
6.7
68.5
8.4
70.4
9.2
69.4
10.6
66.9
10.5
59.4
10.1
43.6

=(2 )
.405 .8499891(27)
.8499979(26)
.410 .8592883(27)
.8592906(22)
.415 .8680694(26)
.8680646(22)
.420 .8763354(26)
.8763233(21)
.425 .8840889(24)
.8840714(19)
.430 .8913357(25)
.8913154(18)
.435 .8980930(21)
.8980731(16)
.440 .9043836(18)
.9043665(16)
.445 .9102364(18)
.9102225(14)
.450 .9156833(14)
.9156726(12)
.455 .9207540(12)
.9207468(12)
.460 .9254779(11)
.9254730(10)
.465 .9298820(12)
.9298786(10)
.470 .9339903(10)
.9339883(09)
.475 .9378262(08)
.9378251(07)
.480 .9414105(06)
.9414100(06)
.485 .9447624(04)
.9447621(03)
.490 .9478999(04)
.9478997(03)

X
6.2
21.5
2.1
3.2
2.0
7.8
10.0
49.7
19.2
117.0
24.3
178.7
13.9
195.0
5.2
175.3
2.0
137.8
.9
97.3
1.6
61.3
1.6
36.2
1.3
20.3
2.1
9.2
1.3
3.9
1.0
2.5
1.6
1.8
1.8
1.1

Table 5.21: Monte Carlo results for the interface tension. We always quote two
numbers. For the upper number the L = 16; 32; 64 data were included. For lower
number also the L = 8 data were included. X denotes 2 per degree of freedom
for the t of the free energies with Cs + L2
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Figure 5.11: Ising interface tension at = 0:4500 from Pade, truncated series and
Monte Carlo. The symbols are the same as in gure 5.8
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Figure 5.12: Ising interface tension at u = 0:2 ( = 0:4204) from Pade, truncated
series and Monte Carlo. For comparison we also quote here the Shaw and Fisher
estimate (based on the ninth order series evaluation). The symbols are the same
as in gure 5.8
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to deal with functions that have a critical behavior like  A(x)(x xc ) + B (x). Note, however,
that the singularity of the free energy of the Ising interface is not of this type.
Table 5.23 shows the results obtained by evaluating inhomogeneous di erential approximants
for =(2 ) at = 0:402359 which corresponds to u = 0:2. Like Shaw and Fisher, we computed
the approximant for the quantity Q(u) de ned above and then took the logarithm. We here
only discuss the order 9 and order 17 approximants. The order 9 approximants are fairly stable,
however yield too small results (as the Pade approximants of this order do). Recall that the
Monte Carlo estimate for this -value is =(2 ) = 0:84487(3). The order 17 approximants are
also fairly stable, however, they now overshoot the Monte Carlo estimate de nitely. We conclude
that using inhomogeneous di erential approximants does not cure the problem (as was to be
expected). The analysis of the interface tension at = 0:4074 leads to a similar result.
In gure 5.13 we compare our results for the interface tension with the whole range approximant of Fisher et al. [81, 82, 17] in the -range 0:35 0:50. The approximant provided by
Fisher and Wen [81] is obtained as discussed in ref. [82]. In addition the critical amplitude of
the interface tension is xed to the value given by Mon [34]. The mismatch of the two curves
can be explained by the failure of the approximants to the low temperature series of order 9 at
u = 0:20. The interface tension at u = 0:20 is underestimated and since the interface energy is
overestimated the gap between the two curves increases with decreasing .
For -values close to the bulk critical temperature the Monte Carlo result and the interpolation are consistent again. This fact con rms the validity of the result for the interface tension
amplitude obtained by Mon [34].
The Speci c Heat. The speci c heat of models undergoing a KT phase transition was investigated in a number of Monte Carlo studies. For the XY model a peak of the speci c heat is found,
which is located in the massive phase of the model at about 0:9 c , see e.g. refs. [54, 70, 71].
Swendsen [47] also found a peak of the speci c heat for the DGSOS and ASOS models in the
massive (smooth) phase of the models. For the BCSOS model (or F-model) that is an SOS
model with the constraint that two neighboring height variables must di er by +1 or {1, the
speci c heat can be computed exactly (chapter 8 in the book of Baxter [100]). The peak of the
speci c heat lies clearly in the massive phase.
In contrast to these ndings, Shaw and Fisher [82] arrive at the conclusion (based on their
series analysis) that the peak of the speci c heat of the 3D Ising interface is located in the
massless (rough) phase.
The position of the speci c heat peak is, of course, not a universal feature of the KT transition
since the speci c heat stays nite for all temperatures. However, the ASOS model is supposed
to approximate the Ising interface at the roughening transition even quantitatively quite well.
Hence it would be quite surprising if the speci c heat peak of the Ising interface should be in
the massless phase while that of the ASOS model is located in the massive phase.
We computed the derivative of the interface energy with respect to the inverse temperature
from nite di erences of the energy. The results for L = 8; 16; 32 and 64 are given in gure 5.14.
For comparison we give the truncated series result for order 12 and 17. For the lattices of size
L = 16; 32 and 64 the derivative of the energy clearly exhibits a peak for  0:43 > R . The
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1.0

σ/(2β)

0.9

Monte Carlo
Interpolation

0.8

βr
0.7
0.35

0.40

β

0.45

0.50

Figure 5.13: The surface tension obtained by Monte Carlo simulation (dotted
line) is plotted as a function of the inverse temperature . The error bars are
smaller than the line width. For comparison we give the interpolation result of
Fisher et al. [81, 82, 17] (solid line). The roughening transition at R = 0:4074(3)
is indicated by a vertical dashed line
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Figure 5.14: The derivative of the surface energy with respect to is plotted as
a function of the inverse temperature . The dotted lines gives the derivative
obtained from nite di erences of the surface energy for L = 8,16,32, and 64,
computed by Monte Carlo. The height of the peak grows with increasing L. For
comparison we give the result from the series truncated at order 12 (Series12) and
truncated at order 17 (Series17). The roughening transition at R is indicated by
a vertical dashed line
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peak of the speci c heat C = T12 dE
d itself is even slightly deeper in the massless phase. This is
in contradiction to the Shaw and Fisher result. The peak height still increases considerably for
L = 64 compared to L = 32. This fact indicates that length scales of order 10 lattice spacings are
largely involved in the generation of the speci c heat peak. On the other hand the correlation
length at = 0:43 is nite. It should be of order 100.
For > 0:46 the derivative of the energy obtained from the 12th and 17th order truncated
series are close together and reproduce the Monte Carlo result within error bars. The 12th order
truncated series contains only coecients with positive sign and is hence increasing monotonically with increasing u. Obviously it cannot predict the peak of the speci c heat. The situation
is slightly di erent for the 17th order truncated series. The curve displays a peak at = 0:3747:::
deep in the massless phase, but obviously wrong.
One expects the low temperature series of the free energy to converge for > R . Hence
in principle one should be able to obtain the speci c heat peak accurately from the truncated
series of suciently high order. However, since length scales of more than ten are involved one
would have to compute diagrams of this extension.
We presented a comparison of Monte Carlo results for interface properties with low temperature series. We took the obvious discrepancy between the methods as a motivation to improve
con dence in the Monte Carlo estimates by providing a detailed study of possible systematic
errors.
The failure of the series approximations to improve the series result compared with the
truncated series as discussed in this article is not completely unexpected. However, our detailed
study reveals the seriousness of the problem and calls for new approaches to deal with essential
singularities in series expansions.
In ref. [BB6], we performed a similar analysis for the ASOS model (based on the low temperature series by Weeks et al. extended by us to order 12). Recently, the series was further
extended to order 23 and analyzed by Arisue [80].
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= 0:402359 (u = 0:2)
L (L)=(2 )
pair =(2 )

8
16
32
64

L

8
16
32
64

0.849503(17)
8-16
0.8460946(87) 16-32
0.8451848(42) 32-64
0.8449398(30)
= 0:45
(L)=(2 )
pair
0.916039(10)
8-16
0.9156853(56) 16-32
0.9156838(24) 32-64
0.9156833(14)

0.844959
0.844882
0.844858

=(2 )

0.915567
0.915683
0.915683

Table 5.22: Interface tension (L)=(2 ) together with estimates for the same
quantity obtained from interface free energies for pairs of L-values
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order 17
[9=5; 1]
{
[8=6; 1] 0.845 08
[7=7; 1]
{
[6=8; 1]
{
[9=4; 2] 0.846 06
[8=5; 2] 0.845 66
[7=6; 2] 0.845 75
[6=7; 2] 0.845 45
[5=8; 2] 0.845 92
[4=9; 2] 0.845 90
[7=5; 3]
{
[6=6; 3]
{
[5=7; 3] 0.845 49
[4=8; 3]
{
[7=4; 4]
{
[6=5; 4] 0.845 55
[5=6; 4] 0.845 49
[4=7; 4]
{
[7=3; 5] 0.845 63
[6=4; 5] 0.845 68
[5=5; 5] 0.845 63
[4=6; 5]
{
[3=7; 5] 0.845 66

order 15
order 12
[7=5; 1] 0.849 19 [6=3; 1] 0.841 35
[6=6; 1] 0.846 21 [5=4; 1] 0.843 64
[5=7; 1] 0.846 18 [4=5; 1] 0.841 26
[3=6; 1] 0.841 25
[7=4; 2]
{
[5=3; 2] 0.841 45
[6=5; 2] 0.844 80 [4=4; 2] 0.841 43
[5=6; 2] 0.846 82 [3=5; 2] 0.841 15
[4=7; 2] 0.844 75
[6=4; 3]
{
[5=2; 3]
[5=5; 3] 0.845 79 [4=3; 3]
[4=6; 3] 0.845 52 [3=4; 3]
[2=5; 3]
[6=3; 4]
{
[4=2; 4]
[5=4; 4]
{
[3=3; 4]
[4=5; 4]
{
[2=4; 4]
[3=6; 4] 0.844 90
[5=3; 5]
{
[4=4; 5]
{
[3=5; 5] 0.845 54

order 9
[4=2; 1] 0.840 73
[3=3; 1] 0.840 69
[2=4; 1]
{
[3=2; 2] 0.840 41
[2=3; 2] 0.840 29

0.841 67 [3=1; 3] 0.840 70
{
[2=2; 3] 0.840 25
0.841 74 [1=3; 3] 0.840 32
0.842 06
{
0.842 96
0.842 08

Table 5.23: Interface tension =(2 ) at u = 0:2 ( = 0:4024) estimated from inhomogeneous di erential approximants [N=M; L] for Q(u). The symbol `{' means
that the corresponding approximant could not be computed because it did not
exist or the numerics was unstable
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5.3 Comparison with the Capillary Wave Model
We compare predictions of the Capillary Wave Model beyond its Gaussian approximation with Monte
Carlo results for the energy gap and the interface energy of the 3-dimensional Ising model in the scaling
region. Our study reveals that the nite size e ects of these quantities are well described by the Capillary
Wave Model, expanded to two{loop order (one order beyond the Gaussian approximation). This section
is based on ref. [BB8].

Soft modes play an essential role in the description of nite size e ects (FSEs) in the uid
interface's free energy (see for instance [111, 113] and references therein). 3-dimensional spin
systems o er a simple context where these e ects appear and can be studied, e.g. by using numerical simulations to check theoretical predictions. It is well known that, between the roughening
and the critical temperature of the 3-dimensional Ising model, interfaces are dominated by long
wavelength uctuations (i.e. they behave as uid interfaces). Because of these uctuations, a
complete control on the description of interfaces, starting from the microscopic Hamiltonian, has
not yet been reached in the rough phase. The usual approach consists in assuming an e ective
Hamiltonian describing the collective degrees of freedom.
An e ective model widely used to describe a rough interface is the capillary wave model
(CWM) [107]. In its simplest formulation one assumes an e ective Hamiltonian proportional
to the variation of the surface's area with respect to the classical solution. Because of its non{
polynomial nature, until recently the CWM has been studied only in its quadratic approximation,
the Hamiltonian being equivalent to a (massless) 2-dimensional Gaussian model. The CWM has
been often identi ed with the Gaussian model. This model was shown to give a good description
of several features of the interfaces of the 3-dimensional Ising model, like the logarithmic growth
(as a function of the lattice size) of the interfacial width in the whole rough phase [BB4] (see
also section 5.1), and the FSEs (as a function of the shape of the lattice) of the free interface
energy in the scaling region of the model [114].
The corrections that arise when passing from the classical approximation to the Gaussian
one [148, 112, 114], (which we shall term from now on one{loop contributions), only depend on
one dimensionless parameter (namely on the asymmetry u = L2 =L1 of the transverse sizes of
the lattice) and on the boundary conditions. They reduce on symmetric lattices (u = 1) to the
well known nite{size behavior of the free energy [142, 145, 144, 15] in the large L limit

F / L2 ;
kB T
 being the reduced interface tension.

(5.47)

As mentioned above, the CWM has been often identi ed with its Gaussian approximation.
However, the full CWM is interesting in itself because of its simple geometrical meaning (see
for instance ref. [110] and references therein). Also, it coincides with the Nambu{Goto string
action in a particular gauge. The improvement of Monte Carlo simulations reached in the last
years allows now to test the CWM beyond the Gaussian approximation. This is the aim of this
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study, in which we investigate the presence of corrections to the pure Gaussian description of
the free energy of a rough interface in the scaling region of the 3-dimensional Ising model.
A similar analysis was recently made in the context of the 3-dimensional three{state Potts
model [116]. It was shown that higher order corrections to the Gaussian approximation of the
CWM (from now on called two{loop contributions) give contributions to the functional form of
the interface's free energy which can be exactly estimated.
The contributions to the interface free energy (i.e. vacuum diagrams on nite volumes) due to
higher order expansion of the CWM Hamiltonian are nite and can be evaluated in a simple way
[108]. In this study we present evidence that the results are independent of the regularization
used.
It turns out that the two{loop contributions do not depend only on the asymmetry parameter
u but also on the dimensionless expansion parameter proportional to the minimal area of the
surface, namely A  L1 L2 . As a consequence and in contrast to what happens for the
Gaussian model, even for symmetric (L1 = L2  L) lattices the nite{size behavior of the
free energy de ned in eq. (5.47) gets corrections proportional to (L2 ) 1 which are important
in extracting the interface tension value using a tting procedure. In this study we discuss
this picture for the Ising model, checking the theoretical prediction by means of Monte Carlo
simulations and using very di erent techniques and algorithms.
Note that the 3-dimensional Ising model is related through duality to 3-dimensional Z2 gauge
theory. In particular, the physics of interfaces is directly linked to the physics of their dual gauge
observables, i.e. the Wilson loops, and, as a consequence, to the properties of the chromo{electric
ux tube in the con ning phase [117]. This means that all the results that we describe in this
study have a direct counterpart in the context of lattice gauge theories, and could help to better
understand the possible string{like descriptions of their infrared behavior.

5.3.1 The Models
The Ising Model

We consider the 3-dimensional Ising model on a regular cubic lattice of size L1 , L2 in the x1 {,
x2 {directions, where L2  L1, and size t in the x3 {direction. In the x1 { and the x2 {direction
periodic boundary conditions are imposed, while in the x3 {direction either periodic or antiperiodic boundary conditions are used, depending on the Monte Carlo method that is applied.
The Hamiltonian is de ned by
X
H=
sx sy ;
(5.48)
<xy>

where the sum is over all nearest{neighbor pairs < xy >, and sx = 1. The corresponding
partition function is
X
ZI = e H ;
(5.49)
fsg

where = 1= (kB T ).
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We study the model between the critical and the roughening temperature, namely in the
region R > > c .
While in in nite volume, for > c , the system shows a spontaneous symmetry breaking, in
nite volume this cannot occur, and interfaces appear, separating extended domains of di erent
magnetization.
In particular, we will consider interfaces that are parallel to the x1 x2 plane and uctuate
freely in the third, orthogonal, x3 {direction. We shall discuss below how such interfaces can be
generated in a Monte Carlo simulation.
Above the roughening temperature ( R > > c ) the step free energy of the interface goes
to zero. As a consequence the interface behaves essentially as a 2-dimensional critical system: it
may be freely translated through the medium and the long-wavelength, transverse uctuations
in the interface position, i.e. capillary waves, have a small cost in energy (hence cannot be
neglected in calculations). They can be viewed as the Goldstone modes associated with the
spontaneous breaking of the transverse translational invariance [26]. To describe the interface
free energy one is therefore forced to assume an e ective model. On the other side, one has
the advantage of choosing a Hamiltonian de ned directly on the continuum to make analytical
computations.

The E ective Model
We assume the e ective Hamiltonian of the interface to be proportional to its area. Denoting
by xi (1 ; 2 ), i = 1; 2; 3, the coordinates of a point of the interface as functions of the parameters
 , = 1; 2, with 0    1, we can write the area in the standard reparametrization invariant
form,
Z1 Z1
(5.50)
A = d1 d2 pg ;
where g = det(g ), with

0

0

@xi @xi :
g = @
@

(5.51)

A system with a Hamiltonian proportional to A coincides with the Nambu{Goto model for the
bosonic string. The corresponding quantum theory is anomalous: depending on the quantization
method one nds either the breaking of rotational invariance or the appearance of interacting
longitudinal modes (Liouville eld). We are, however, interested in interfaces of very large size
where these diculties disappear and the rotational invariance is restored [109]; in the infrared
limit the theory ows to the massless Gaussian model. In order to study the rst perturbative
correction to this limit it is convenient to assume that the main contribution to the interface
free energy is given in this region by small and smooth deformations of the minimal surface
(which is a at torus of area L1 L2 ). More precisely, we assume that there are no foldings nor
self-intersections nor overhangs.11 Under these conditions we can choose as parameters the two
11 From the microscopic point of view this is not obvious a priori: in fact it has been observed that the interface
at small scales is much more similar to a sponge than to a smooth surface [115, 118]. The strong linear correlation
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longitudinal coordinates x = x1 and y = x2 , by putting 1 = x1 =L1 and 2 = x2 =L2 ; as a
consequence, the transverse displacement x3 of the surface becomes a single{valued function of
them: x3 = (x; y). In such a frame eq. (5.50) can be written as

A [ ] =

Z L1 Z L2
0

dx

0

s

 @ 2  @ 2
dy 1 + @x + @y :

Using these notations, the free energy of a uid interface can be described by
F = kB T ln Z
Z = Z e L1 L2 Zq (; L1 ; L2 )
Zq = [D] exp f H []g ;

(5.52)
(5.53)
(5.54)
(5.55)

where  is an undetermined constant within this approach. The reduced Hamiltonian H is given
by
H [] =  (A [] L1 L2) :
(5.56)
In words, H[] is given by the change produced by the deformation  in the interface's area,
measured in units of the interface tension . 12
One can then take into account the quantum contributions by expanding eq. (5.56) in the
natural dimensionless parameter (A) 1 , A = L1 L2 . The interface tension is the only dimensionful parameter of this theory.
p
Coming back to the dimensionless parameters  = x =L , and putting 0 = , the
Hamiltonian can be written as
#
Z 1 Z 1 "r 1
(5.57)
H [] = A d d 1 + (r)2 1
1

0

2

0

 @ 2 1  @ 2
2
(r) = u @ + u @
;
1

A

(5.58)

2

where u = L2 =L1 , and the primes have been omitted. For (A) 1 ! 0, expanding up to the
second order, one obtains
1 H [] + O(A) 2 
(5.59)
H [] = Hg [] 8A
p
Z1 Z1
Hg [] = 12 d1 d2 (r)2
(5.60)

Hp [] =

Z 10 Z 10 
0

d1

0

d2 (r)2

2

:

(5.61)

between the area and the genus of the surface (number of microscopic handles), together with the evidence that
the partition function summed over all genera behaves like a smooth surface, has led to conjecture that a simple
non{perturbative renormalization of the physical quantities associated to the surface occurs [118]
12 Far from the scaling region, the interface tension  in eq. (5.56) should be replaced by the sti ness . However,
in the scaling region, as the bulk correlation length increases and the rotational invariance is restored,  approaches
 and for all the values of that we studied the di erence between them can be safely neglected [BB4]
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Retaining only the quadratic term of eq. (5.60) in the Hamiltonian (5.59), one obtains from
eq. (5.55) the one{loop contribution which constitutes the Gaussian approximation
2
Z (g) (u) = p1  (iu) = (i) ;
(5.62)
q

where  is the Dedekind eta function

( ) = q1=24

1
Y

n=1

u

(1 qn ) ;

q  exp(2i ) :

(5.63)

This is a well known result in string theory and conformal eld theory, and coincides13 with
the partition function of a 2-dimensional conformal invariant free boson on a torus of modular
parameter  = iu [148, 112, 114].
Within this approximation, the interface partition function takes the form
Z =  e L1 L2 Zq(g) (u) :
(5.64)
For u = 1, i.e. L1 = L2  L, one recovers the well known nite size behavior of the interface
partition function given in eq. (5.47),
Z =  e L2 :
(5.65)
It has been already veri ed [114] that the inclusion of the one{loop contribution (5.64) allows
to describe accurately nite size e ects on asymmetric lattices (u > 1): these turn out to be
strong enough to make the classical approximation (5.65) completely inadequate. However, this
result does not give a de nitive answer about the reliability of the CWM hypothesis expressed
by eq. (5.56): it is in fact well known that the Gaussian model is the xed point of a wide class
of possible e ective descriptions [26]. To identify the particular e ective Hamiltonian which
describes the free uid interface it is then crucial to test higher{order contributions.
Let us also stress that, among various possibilities, eq. (5.56) is the simplest and most
intuitive from a geometrical point of view. Moreover, it does not add any new free parameter
and, even if this hypothesis is rather old [107], it has never been tested beyond the Gaussian
approximation until recently [116].

5.3.2 Two-Loop Calculation

We shall now calculate the contribution to the partition function Z from the term given in the
eq. (5.61) which is the rst correction to the Gaussian Hamiltonian. We write Z in the form
Z = o e oAZq(g) (u) Zq(2l) (u; o A; %o )
(5.66)
Z


%
o
Hg [] + O (A) 2
Zq(2l) = 1 +
(g) [D] Hp [] e
8o A Zq
Z1 Z1 
2
%
o
(5.67)
= 1 + 8 A h d1 d2 (r)2 i ;
13 The

0
0
o
constant  (i) has been introduced just to normalize Zq(g) (1) = 1
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where the expectation value is taken in the free theory. A subscript o is added to the bare
quantities in order to distinguish them from the corresponding renormalized ones. In the NambuGoto model %o = 1.
Eq. (5.67) shows that the two{loop contribution can be expressed in terms of products of
double derivatives of the free Green function. Wick's theorem gives

Z1 Z1 
h

h d1 d2 (r)2 2i = 3u2 (@21 G)2 + 3u 2 (@22 G)2 +
0
0
i
2
2
2
2@1 G@2 G + 4(@1 @2 G) !

0

(5.68)

with

G(z z 0 ) = h( )( 0 )i ;
(5.69)
where we have introduced the complex variable z = 1 + iu2 .
Let us denote by f!g the period lattice, namely the set of points of the complex plane of the
form f! = m + inu; m; n 2 Z g . Then the periodic boundary conditions can be written simply
as

G(z + !) = G(z) :

(5.70)

The Green function should also satisfy
 h( )(0)i = (2) ( ) 1
where

@2 + 1 @2 :
 = u @
2
u @2
1

2

(5.71)
(5.72)

The 1 term on the right-hand side of eq. (5.71) represents the subtraction of the zero mode due
to the translational invariance of the interface in the x3 {direction: this is the standard procedure
making  invertible in the subspace orthogonal to the zero mode (see for instance ref. [146]).
The solution of the above equation can be expressed in terms of the Weierstrass  function,
de ned through the in nite product

 (z ) = z


1
z
1 ! ez=!+ 2 (z=!)2 :

Y

!6=0

We can write the solution as a sum of three terms,


2 (iu)
<e(z2 ) + 21u =m(z) 2 ;
G(z) = 21 ln (z) + E12
where E2 ( ) is the rst Eisenstein series

E2 ( ) = 1 24

1 n qn
X
1 qn ;

n=1
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q  exp(2i ) :

(5.73)

(5.74)

(5.75)

The last term in eq. (5.74) accounts for the zero mode subtraction, while the rst two may
be thought of as the real part of an analytic function f (z ), hence they satisfy <ef (z ) = 0
outside the singularities at z 2 f!g. For z near a node of the period lattice the second term is
regular while the rst one behaves like 21 ln jz !j as it should in order to yield the correct
normalization of the delta function. The coecient of the second term is uniquely xed by
imposing the periodic boundary conditions of eq. (5.70) (for a di erent, but equivalent form of
the solution see for instance ref. [146] p. 571).
The double derivative of the Green function can be easily calculated using the the formula
2 

}(z) = ddz2 ln (z) ;
(5.76)
where }(z ) is the Weierstrass }{function. We need only the rst few terms of its Laurent
expansion about the origin
4
(5.77)
}(z) = z12 + 15 E4 (iu)z2 + : : : ;
where E4 ( ) is the second Eisenstein series. The double pole at the origin implies that the limit
for  !  0 in eq. (5.68) is singular. In order to regularize this theory we keep   0 di erent
from zero by putting z = ei jz j = ei "=L1 where " is used as an ultraviolet spatial cut-o . We
get


(5.78)
Zq(2l) = 1 + %o 8A2 "4 + cos(24")2c(u) + cos(4A)d(u) + %of (Au) + O (") ;
o

o

with c(u) = (uE2 (iu)=3 1), d(u) = 2 u2 E4 (iu)=60 and
(
)
2 
1

3
f (u) = 2 6 uE2 (iu)
(5.79)
6 uE2 (iu) + 4 :
The three terms in the square brackets of eq. (5.78) are cut-o dependent quantities. They can
be reabsorbed in the renormalization of the couplings ;  and %, respectively. In fact, putting
 = o + o ,  = o + o and % = %o + %o in eq. (5.66), comparison with eq. (5.78) yields

o =

%o

82 "4 o

(5.80)

)c(u)
(5.81)
o = o %o 4cos(2
"2 o
(5.82)
%o = %o cos(4 ) fd((uu)) :
Of course the renormalized quantities ;  and % should not depend on the regularization scheme

and in particular on the choice of the parameter . On the other hand, choosing = 8 , we get
%o = 0, which shows that % is not renormalized, at least at the rst perturbative order. Thus
we can safely put the Nambu-Goto value % = 1 in the nal formula
 f (u)
 1 
2

L
L
1
2
Z = pu e
 (iu) = (i) 1 + L L + O (L L )2 ;
(5.83)
1 2
1 2
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where f (u) is de ned in eq. (5.79). Note that eq. (5.83) is symmetric under the exchange
L1 $ L2 as a consequence of the functional relation
 1
(5.84)
E2  =  2 E2( ) i 6 :
Similarly, it can be shown that also eqs. (5.80-5.82) are symmetric under such exchange. Our
two{loop result coincides with the one obtained some years ago in the context of string theory
[108], using the  {function regularization.
The fact that two completely independent regularization schemes tell us that the coupling %
is not renormalized suggests that this a general property, even if we have not yet found a rigorous
argument to support it. Note that in our derivation the splitting between the cut-o dependent
part and the remainder in eq. (5.78) is a crucial point. Such a separation arises in a natural
way in our regularization, but it is conceivable that di erent cut-o schemes might generate a
di erent splitting. We notice, however, that the functional form of the two-loop contribution
is preserved by the modular invariance. This is not obvious in our derivation because, for sake
of simplicity, we dealt with a rectangular torus with a purely imaginary modulus  = iu. It is
possible to develop the theory on a generic torus associated to an arbitrary complex modulus  .
Any physical quantity must be invariant under the two generators of modular group:

S :  ! 1=
T :  !  + 1:

(5.85)
(5.86)

The terms in the square brackets of eq. (5.78) are not modular invariant because the angle has
not an intrinsic geometric meaning. On the contrary, the function F (iu) = f (u) which yields the
functional form of the two-loop contribution (5.83) is modular invariant. Its form in a general
frame (i.e.  arbitrary complex number) is given by

F ( ) = 21

(

 =m( )E ( )
2
6

1
2

2

+

1
2

)

:

(5.87)

Notice that eq. (5.83) has no longer the functional form of the classical approximation (5.65)
even on symmetric lattices: for u = 1 it can be easily seen that eq. (5.83) gives

1  ;
Z =  e L2 1 + 4L
(5.88)
2
where the identity E2 (i) = 3 has been used, which follows directly from eq. (5.84).
Let us stress nally that no new free parameter is introduced within this approach.

5.3.3 Observables and Monte Carlo Simulations

Let us discuss the observables of the Ising model that we can use to test the functional form of
the interface free energy.
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In the nite geometry the degeneracy of the ground state is removed: the energy of the symmetric, Z2 invariant, ground state is separated by a small energy gap E (or inverse tunneling
correlation length) from the antisymmetric ground state energy.
This energy splitting is due to tunneling between the two vacua and is directly linked to
the free energy of the interface. In the dilute gas approximation, in which multi{interface
con gurations are summed over, but interactions between interfaces are neglected, the energy
splitting is directly proportional to the interface partition function Z , where Z is given by
eqs. (5.64,5.65,5.83). It is then easy to show (see e.g. [147]) that
E = Z (; L1 ; L2 ) ;

(5.89)

where the usual factor 2 has been reabsorbed into the parameter  appearing in the de nitions
of Z . Let us notice that  has the physical dimensions of an energy. In the scaling region of the
Ising model all dimensionful quantities should depend on according to the scaling law



 ( ) ' 1 1

c





;

(5.90)

where 1 is the bulk correlation length in the continuum limit. The most precise estimates for
 are in the range from 0.624 to 0.630 [94]. Since the interface tension is the only dimensionful
physical quantity appearing in the interface free energy, in thepfollowing we express all physical
observables in units of the square root of the interface tension 1 according to the scaling law


 ( ) = p1 1

q


c 

:

(5.91)

The measurements of the energy gap E , for di erent choices of the lattice sizes, provides then
a rst direct check on the functional form of the interface free energy and allows one to estimate
the interface tension . To this end, we have used two di erent methods, as explained in the
following.
A second observable we have used to check our theoretical prediction is the surface energy
ES de ned by
ES (; L1 ; L2 ) = Z1 @Z
(5.92)
@ :

This observable is particularly useful because it enables us to isolate explicitly quantum contributions beyond the Gaussian one, as it will be discussed below.
Before describing the method we used to estimate these quantities, let us make some general
remarks, independent from the observable and MC method used, on the range of values of
and on the lattice sizes where our formulae can be used.
Applying eq. (5.83), one should pay attention to avoiding spurious e ects like the incomplete
restoration of rotational invariance and the residual presence of lattice artifacts, as already
discussed. To this end we made our simulation in the scaling region of the Ising model: the
lowest temperature used corresponds to = 0:240. In table 5.24 we present besides other
quantities to be introduced below estimates for the bulk correlation length of the Ising model
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Lc

0.2240 12.1
0.2246 10.5
0.2258 8.5
0.2275 6.8
0.2400 3.4

L(1min)
18
13
12
10
8

MC
bulk

IDA
bulk

4.527
3.926
3.170
2.62(2) 2.556
1.251

Table 5.24: The rst column shows the {values used in the present study. The
corresponding inverse critical temperature Lc (in units of the lattice spacing) is
given in second column. In the third column appear the corresponding minimal
sizes used in Monte Carlo simulations. In the last two columns we present estimates for the bulk correlation length from a Monte Carlo simulation and from an
analysis of the low temperature series with inhomogeneous di erential approximants [83]
at the {values used in the present study. The MC estimate is taken from ref. [152]. The other
estimates are based on the low temperature series that was extended to 15th order by Arisue
[78]. We analysed the series with the help of inhomogeneous di erential approximants [83]. The
numbers in the table are the results from the [1; 7; 7] approximation.
The expansion parameter A should be small enough to justify the perturbative calculation.
Interactions between interfaces should be negligible, which means that the dilute gas approximation must be satis ed: the dominant contribution in the probability of creating an interface
is proportional to e A . Too small lattice size can give rise to a high density of interfaces and
to non{negligible interactions.
Finally, the smallest size of the lattice (L1 in our conventions) should not only be greater
than the bulk correlation length but also greater than the (inverse) decon nement temperature
of the dual gauge model. In fact, by duality (see for instance [154], see also [114]), the broken
phase of the Ising model on an asymmetric 3-dimensional lattice corresponds to the con ned
phase of the 3-dimensional Z2 gauge model at a nite temperature T (g) = 1=L1 .
Precise information on the nite temperature decon nement transition can be found, for
instance, in [95]. is mapped to the gauge coupling constant ~ = 12 ln tanh . For each
there exists a value Lc( ) such that for L1  Lc the gauge system is in the decon ned phase,
and eq. (5.83) cannot be applied.
The values of Lc for the 's used are given in table 5.24. These have been obtained using
data taken from ref. [95] and the scaling law
1 = T (g) ( ~
c
c
Lc( )

~(Lc )) ;

where T(cg) = 2:3(1), ~c ' 0:7614 and  ' 0:630 (see [117]).
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(5.93)

Energy Gap: the Time{Slice Correlations Method

The rst method we have used to extract the energy splitting E follows the procedure explained
in ref. [38] (see also refs. [43, 114]); we refer to it as the time{slice correlations method (TSC).
Consider a cylindrical geometry, with t  L1 ; L2 and periodic boundary conditions in all
directions, and de ne the time{slice magnetization Sk , where k = 0; 1; : : : ; t=2 , as
L2
L1 X
X
1
Sk  L L
s~n ;

(5.94)

1 2 n1 =1 n2 =1

with ~n  (n1 ; n2 ; k). If one computes the two{point correlation function

G(k)  hS0 Sk i ;

(5.95)

the low energy levels of the transfer matrix spectrum can be obtained from the asymptotic

k{dependence of G(k)



G(k)  ZI = c20 e

c21 e
ZI = 1 + e


+

k)E

kE + e (t k)E
k E

+ e (t
tE + : : :
0

0

+:::

(5.96)
(5.97)

where ZI  tr e tH is the partition function of the Ising model in the transfer matrix formalism.
E 0 is the energy of the rst (antisymmetric) excited state and turns out to be (at least) one
order of magnitude greater than E in the range of parameters we have used. The coecient
c0 corresponds to the magnetization expectation value and can be used to check the consistency
of the MC results.
To perform our MC simulations we used a Swendsen{Wang cluster algorithm [127]. For
each value of considered, i.e. = 0:2246; 0:2258 and 0:2275, L1 and L2 ranged from 10 to 35.
We usually xed t = 120, using, for simulations with particularly large L1 and L2 , bigger sizes
t = 240 360. The values of the energy gap E , extracted using eq. (5.96), are reported in
tabs. 5.25, 5.26 and 5.27 (for table 5.27 see also the table caption) 14 ; the con dence levels of
these ts are always above 70%.
Using this approach one should pay attention to correlations in MC time. In particular
it turns out that the two{point correlation functions G(k) are a ected by very strong cross{
correlations in MC time. To take under control this problem, we followed the procedure used in
ref. [114], scattering the evaluation of time{slice correlations in Monte Carlo time. This has the
advantage of reducing the cross{correlation matrix to an almost{diagonal form and simplify the
non{linear tting procedure. For each and each lattice we made about 0:6 1:2  106 sweeps
(after thermalization) with 1 2  103 measurements/observable. A standard jackknife procedure
was used to evaluate errors.
14 Some

of these data have appeared preliminarily in ref. [119]
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L1 L2
13
13
13
13
14
14
14
14
16
18

13
26
30
34
14
28
32
34
16
18

E
0.04437(28)
0.01657(28)
0.01321(57)
0.01069(40)
0.03617(32)
0.01157(62)
0.00916(51)
0.00723(65)
0.02398(29)
0.01451(46)

E (CWM )
0.04441
0.01682
0.01326
0.01059
0.03627
0.01156
0.00880
0.00771
0.02355
0.01468

x

0.226
0.181
0.196
0.217
0.267
0.156
0.168
0.176
0.149
0.118

Table 5.25: The energy gaps E obtained at = 0:2246 from MC simulations
with the TSC method are reported together with the best t values to the CWM
at 2{loop approximation given by eq. (5.83). In the last column the values of the
two{loop parameter x de ned in eq. (5.112) are given

L1 L2
12
12
12
12
12
13
13
14
16
18

12
24
26
28
30
26
28
14
16
18

E
0.03750(23)
0.01126(13)
0.00939(13)
0.00769(29)
0.00665(21)
0.00662(23)
0.00554(32)
0.02225(16)
0.01236(45)
0.00617(48)

E (CWM )
0.03765
0.01117
0.00940
0.00793
0.00672
0.00684
0.00562
0.02212
0.01222
0.00631

x

0.184
0.212
0.154
0.161
0.170
0.126
0.130
0.135
0.104
0.082

Table 5.26: The same as table 5.25, but for = 0:2258
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L1 L2
10
10
10
10
10
10
10
11
11
12
12
14
14
16
18
20
24
26

10
18
20
23
26
28
32
30
35
12
15
14
18
16
18
20
24
26

E
0:04334(8)a
0:01439(26)b
0:01099(23)b
0:00797(23)b
0:00584(23)b
0:00396(44)b
0:00289(32)b
0.00169(35)
0.00114(38)
0:0217(1)a
0:01296(21)c
0:00989(7)a
0:00431(7)c
0:00400(7)a
0:00151(8)a
0:000454(11)c
0:000035(2)c
0:000009(1)c

E (CWM )
0.04335
0.01457
0.01148
0.00813
0.00583
0.00469
0.00307
0.00213
0.00113
0.0217
0.01274
0.00979
0.00432
0.00397
0.00144
0.000466
0.000034
0.000008

x

0.265
0.131
0.136
0.147
0.162
0.174
0.200
0.140
0.164
0.118
0.099
0.087
0.071
0.066
0.052
0.042
0.029
0.025

Table 5.27: The same as table 5.25, but for = 0:2275. The (a) and (b) are data
taken from ref. [38] and [114], respectively; the (c) data have been obtained with
the BF method
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Figure 5.15 shows a histogram of the magnetization for a typical lattice size. Almost all
con gurations contain zero or two interfaces, which indicates that the dilute gas approximation is
respected. The plateau corresponds to con gurations of the system with two interfaces (because
of the periodic boundary conditions in the x3 -direction). It is easy to see that the presence
of more interfaces would have the e ect of strongly modify it. The two peaks correspond to
con gurations without interfaces.

Energy Gap: the Boundary Flip Method
Another method (which we refer to as the boundary ip (BF) method) to evaluate the energy
gap E was introduced by M. Hasenbusch in refs. [42, 137].
We consider a system which allows both periodic (p) and antiperiodic (a) boundary conditions (bc). The partition function of this system is given by
X X H (s;bc)
Z = Za + Zp =
e
(5.98)
bc fsg

and the fraction of con gurations with antiperiodic boundary conditions is given by
Za = 1 X e H (s;a) = 1 X X  e H (s;bc) =<  > :

Z

Z fs g

Z

bc fsg

bc;a

bc;a

(5.99)

An analogous result can be found for periodic boundary conditions.
We can express the ratio Za =Zp as a ratio of observables in this system,

Za = < bc;a > ;
Zp < bc;p >

(5.100)

which turns out to be directly connected to the energy gap E .
To see this, let us express the partition functions of the periodic and antiperiodic Ising system
in terms of the transfer matrix T. The antiperiodic boundary conditions are represented by a
spin{ ip operator P, which ips the sign of all spins in a given x3 {slice.
The partition function of the periodic system is given by
Zp = TrTt ;
(5.101)
while the partition function of the antiperiodic system is given by
Za = TrTt P :
(5.102)
Since the operators T and P commute, they have a common set of eigenfunctions. Say the
eigenvalues of T are i and those of P are pi . The possible values of pi are 1 and 1. States
that are symmetric in the magnetization have pi = 1 and those that are antisymmetric have
pi = 1. The partition functions take the form
X
Zp = ti
(5.103)
i
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Figure 5.15: Histogram of the magnetization for a typical Monte Carlo ensemble
at = 0:2275, with lattice sizes L1 = 20, L2 = 23 and t = 120
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and

Za =

X
i

tipi :

(5.104)

Let us consider the ratio of the partition functions in the low temperature phase. If we assume
that
0s; 0a >> 1s ; 1a ; :::
(5.105)

h

i

then, ignoring terms of order O (1s =0s )t , it is easy to show that

 0a t
0s

= ZZp + ZZa = 1 2 < bc;a > :
p
a

(5.106)

The interface free energy (inverse of the tunneling mass) is then given by
E =

ln(0a =0s ) =

1 ln (1 2 <  >) :
bc;a
t

(5.107)

Assuming that the number of interfaces is even for periodic boundary conditions and odd for antiperiodic boundary conditions, the dilute gas approximation leads to exactly the same relation
between the interface free energy and the boundary statistics [42].
We have used the BF method at = 0:2240 for a large number of lattices, as reported in
table 5.28. In a few cases we studied two or three values of t, in order to check the stability
of the results. In general, however, the t value needed is smaller than the one we would have
needed when using the TSC method. For this reason, the BF method is particularly useful near
the critical point where large L1 and L2 must be used.
For the determination of the ratio of partition functions Za =Zp we employed the boundary
cluster algorithm of M. Hasenbusch [42, 137].
For each simulation given in table 5.27 (case c) and in table 5.28 we have made, after
thermalization, 0:7 1:4  105 sweeps, depending on the lattice size.
Moreover, the BF method bypasses the tting procedure of eq. (5.96) required by the TSC
method, reducing from t=2 to one (< bc;a >) the observables needed to evaluate E . This allows
to save MC time as well as drastically reduces the problems connected to correlations in MC
time.

Surface Energy
As stated above, one can also measure the surface energy and compare the MC results with the
CWM predictions.
If one assumes eq. (5.83), it follows from eq. (5.92) (0  @  and 0  @ ) that
0
ES(CWM ) (; L1 ; L2 ) = 0 L1L2 
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1

(2l) @

Zq

Zq(2l) :

(5.108)

L1 L2
18
18
18
18
18
18
20
20
20
20
20
24
24
24
24
24
24
30

18
30
35
40
45
50
30
35
40
45
50
24
35
40
45
50
60
30

t

54
60
70
120
90
100
80
70
80
90
150
72
70
80
180
100
120
90

E
0:0230(2)a
0.008628(95)
0.005993(74)
0.004242(42)
0.003034(41)
0.002214(35)
0.006156(90)
0.004010(72)
0.002681(53)
0.001810(39)
0.001205(14)
0:00657(8)a
0.001925(32)
0.001102(22)
0.000652(11)
0.000407(10)
0.000145(5)
0:00136(3)a

E (CWM )
0.0229
0.008650
0.006046
0.004289
0.003076
0.002224
0.006149
0.004021
0.002669
0.001790
0.001210
0.00646
0.001885
0.001107
0.000657
0.000393
0.000143
0.00133

x

0.161
0.124
0.128
0.137
0.149
0.164
0.101
0.101
0.105
0.112
0.121
0.091
0.071
0.070
0.071
0.074
0.084
0.058

Table 5.28: Data at = 0:2240 obtained with the BF method, where the data
with index (a) have been taken from ref. [42]. The best t values to eq. (5.83) are
given in the fourth column. The t{extensions of the lattices in the x3 {direction
are also reported
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On the other hand, if one uses eq. (5.65) or eq. (5.64) one gets
0
ES(1l) (; L1 ; L2 ) = 0 L1 L2  ;

(5.109)

Za ' t 1 0a  ;
Zp 2
0s

(5.110)

because one{loop quantum contributions do not depend on . In particular, from eq. (5.83)
one expects corrections proportional to (Area) 1 due to the two{loop corrections to the CWM
which would be absent for a pure Gaussian model.
To measure the surface energy we follow the MC procedure which was already used in
ref. [BB6]. Consider again the ratio Za =Zp . From eq. (5.106) one can express the ratio Za =Zp
in terms of the two largest transfer matrix eigenvalues

h

i

where we again ignore terms of order O (1s =0s )t . In addition we assume that t << 1=E .
This means that for periodic boundary conditions the con gurations without an interface dominate while for anti-periodic boundary conditions there is only one interface present in almost
all con gurations. Then, within this approximation, one obtains from eq. (5.110) a de nition of
surface energy which does not depend on the extension t, and

ES  Ep Ea ;

(5.111)

with Ep =< H >p and Ea =< H >a .
We have applied this method at = 0:240 for many lattice sizes with t ranging from 10 to
40. The surface energies ES for each lattice are given in table 5.29.

Local Demon Algorithm
The variance of the energy stems to a major part from uctuations on small scales. Hence an
optimally implemented local algorithm is superior to a cluster algorithm in solving this particular
problem. We used a micro-canonical demon algorithm [124, 125, 126] in combination with a
particularly ecient canonical update [136] of the demons. This type of algorithm circumvents
the frequent use of random numbers. The algorithm is implemented using the multi-spin coding
technique [125, 126]. Every bit of a computer word carries one Ising spin. In order to avoid
restrictions of the geometry we simulate 32 (the number of bits in a word) independent systems.
We have chosen demons that carry the energies 4, 8, and 16. We take one demon for each
lattice site.
First we used the cycle described in [BB6] to simulate the systems with periodic and antiperiodic boundary conditions independently. However, it turned out that in contrast to the
situation close to the roughening transition, near the bulk critical point also frequent updates
of the demons carrying the energies 8 and 16 are needed to obtain autocorrelation times close
to that of the Metropolis algorithm. As one can see from the CPU times summarized in table 1
of ref. [BB6], this would mean a considerable increase of the CPU time needed.
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L1 L2
4
5
6
7
8
8
9
9
9
9
10
10
11
11
12
12
13
14
15
16
18
20
22
24

16
20
24
28
8
32
9
16
36
64
10
40
11
44
12
48
13
14
15
16
18
20
22
24

t

20
30
30,40
40
30
30,40
30
20
30,40
30
30
30,40
30
30,40
30,40
40
30
30,40
30
30,40
30,40
30,40
30,40
30,40

ES

188.57(22)
348.49(22)
521.73(16)
720.90(28)
214.19(8)
949.58(18)
278.85(7)
518.58(17)
1207.47(17)
2173.99(53)
350.96(7)
1496.65(19)
430.66(8)
1816.17(25)
517.94(9)
2165.83(35)
613.07(9)
715.73(17)
825.83(19)
944.16(18)
1203.11(15)
1492.86(20)
1812.86(21)
2163.25(23)

ES(CWM )

351.06
1496.47
430.62
1815.98
517.93
2166.18
612.95
715.66
826.04
944.08
1203.12
1492.73
1812.89
2163.58

x

0.40
0.26
0.18
0.13
0.07
0.08
0.05
0.04
0.08
0.16
0.04
0.06
0.03
0.05
0.03
0.05
0.02
0.02
0.02
0.02
0.01
0.01
0.009
0.007

Table 5.29: Data for the surface energy at = 0:240 obtained by MC simulations
with the local demon algorithm. The CWM best t values of eq. (5.83) to these
data are given in the case L1  10. In the last column the values of the two{loop
parameter x de ned in eq. (5.112) are given
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We could, however, overcome this problem by simulating systems with periodic and antiperiodic boundary conditions in a single simulation and coupling them to the same demon
system. It turned out that for our particular choice of the update cycle, the integrated autocorrelation time of Ep Ea was almost one order of magnitude smaller than the integrated
autocorrelation time of Ep and Ea as separate quantities.
The cycle that we used mostly can be explained as follows. The simulation was done by
performing a cycle of 6 groups, where each group consisted of a micro-canonical update of
the 32 periodic systems and the demon, the 32 anti-periodic systems plus the demon and a
translation or a shift with respect to the 32 copies of the spin system of the demon layer with
energy 4, 8, or 16 (alternating). Each group was nished by updating the demons with energy
4. The whole cycle was completed by updating the demons with energy 8. We performed a
measurement twice in this cycle.
For the 24  24  40 lattice at = 0:24 we observed the integrated autocorrelation times
p = 5:3 and a = 5:1 of the energy with periodic and anti-periodic boundary conditions,
while the integrated autocorrelation time of the surface energy s = 0:6 was about one order of
magnitude smaller. As unit of the autocorrelation time we took one cycle. The simulation with
200000 cycles took about 104 h on a SPARC 10 workstation.
We used the drand48 random number generator from the C-library and the G05CAF from
the NAGLIB. For some choices of the parameters we simulated with both random number
generators. The results are consistent within the error bars.

5.3.4 Monte Carlo Data Analysis
We shall now compare the CWM predictions with data extracted from MC simulations for the
two observables de ned in eqs. (5.89,5.92).

FSEs of the Interface Free Energy
Let us rst discuss the ts of the energy gap formula eq. (5.89) to the data given in tabs. 5.25{
5.28, using di erent functional forms for the interface partition function Z , in analogy with
refs. [116, 119].
We call classical, one{loop and two{loop ts those made with Z given by eq. (5.65), eq. (5.64)
and eq. (5.83), respectively.
The values of the energy gaps we used range over nearly four orders of magnitude, the
biggest value being E = 0:0444 at = 0:2246, for a L1 = L2 = 13 lattice size, and the
smallest E = 0:09  10 4 at = 0:2275, with L1 = L2 = 26 (see tabs. 5.25 and 5.27).
To obtain estimates of E for large lattice sizes the BF method is more ecient than the
TSC method. For this reason we have principally used it at = 0:2240 (table 5.28), which
(from our set of values) is the closest to to the critical point. Rather large lattices are needed
here (see also table 5.24). The BF algorithm has been also used to take some measurements
at = 0:2275, to obtain energy gaps for particularly small value of the two{loop contribution
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0.2240
0.2246
0.2258
0.2275

approx. 2 =dof
2l
0.63
1l
2.02
cl
66.0
2l
0.54
1l
1.89
cl
17.5
2l
0.45
1l
1.50
cl
20.2
2l
1.05
1l
2.36
cl
18.3

p

C.L. dof

= 
86% 16 0.004778(14) 1.343(13)
1 % 16 0.004839(14) 1.561(15)
0 % 16 0.004534(14) 1.480(13)
82% 8 0.006547(69) 1.354(16)
6 % 8 0.006792(69) 1.681(18)
0 % 8 0.005987(73) 1.539(16)
89% 8 0.009418(61) 1.271(14)
15% 8 0.009587(61) 1.511(15)
0 % 8 0.008363(63) 1.324(13)
40% 16 0.014728(40) 1.332(5)
0 % 16 0.015283(40) 1.612(6)
0 % 16 0.015114(39) 1.594(6)

Table 5.30: For each , we report the best t results obtained using eq. (5.83),
eq. (5.64) and eq. (5.65), which correspond to 2{loop, 1{loop and classical approximation, respectively
parameter

x  f (u)=(A) ;
where f (u) is de ned by eq. (5.79), with u = L2 =L1 and A = L1 L2 .

(5.112)

In table 5.30 we report the ts we made for each : the reduced 2 of the classical ts turns
out to be always more than one order of magnitude greater than those of one and two{loop ts,
in agreement with what was already shown in [114, 116]. Moreover, two{loop ts show a level
of con dence which is higher than the one{loop ts for all 's: this is the rst evidence that the
two{loop corrections discussed above correctly describe the data.
For = 0:2246, 0:2258 and 0:2275 the MC data15 are given in gure 5.16, while those
referring to = 0:2240, which range over a rather di erent scale both in E and in A, are
plotted in gure 5.17. The lines represent the best two{loop ts; their values in correspondence
of the MC data are also given in tabs. 5.25{5.28 (E (CWM ) ).
Both the high 2 values of the ts and the clear u{dependence of the MC data in gure 5.16
and gure 5.17 show that the classical contribution, eq. (5.65), being only function of A and not
of u is completely ruled out.
Therefore, from now on, we concentrate on the one and two{loop functional forms.
Let us now make some further considerations on the di erent results one obtains with the
one{loop and the two{loop approximations to the CWM. The parameter x, at xed and for
any given lattice, gives the relative weight of the two{loop correction with respect to the classical
and one-loop contributions (see eq. (5.83)). One expects that a t on a sample of data for which
x  1 should give consistent results both at one and two{loop and that, as one increases the
15 Some data at = 0:2275 and = 0:2240 do not appear in the gures: their behavior is analogous to that of
the other data. They have been omitted only in order to have a better resolution in the gures
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Figure 5.16: MC data and best t curves obtained with the two{loop formula
(5.83) plotted for di erent values of versus the classical interface area A = L1 L2 .
From top to bottom, the rst three lines correspond to = 0:2246, the next three
to = 0:2258 and the last two to = 0:2275. The values are also given in
tables 5.25, 5.26 and 5.27, respectively
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Figure 5.17: The same as gure 5.16 but for = 0:2240
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value of x, the ts made with the two{loop contributions should have better con dence levels
than those made with the one{loop only. Finally, if the CWM is the correct picture, an upper
value of x should exists at which higher order corrections should become important and ts with
the two{loop contribution should start to show higher 2 's.
The values of x for all samples of data are given, in tables 5.25{5.28 in the last columns,
while the values of  which have been used to evaluate it (see eq. (5.112)) are given in table 5.30
(the di erences between the one and two{loop values are not appreciable in this case). One can
see that x ranges from 0.03 up to the rather large value of 0.27.
In order to make more stringent ts, we can use all the data
we have by expressing  through
p
the scaling law (5.91): the free parameters then become = , 1 and  . With this assumption
eqs. (5.64,5.83) take the form

Z1l = p p1 (1 c = ) e 
"
Z2l = Z1l  1 + f (u) (1 Ac = )
1

1

A(1

2

c

= )2 Z (g) (u)
q

+ O (1 ( c =A))2
1

4 !#

(5.113)

:

(5.114)

According to the usual attitude, we make the ts also using the other scaling law

q


p
 ( ) = 1

c

1



(5.115)

with the obvious modi cations of eqs. (5.113,5.114).
We performed the ts on the samples of energy gaps

f E (x) j x  xcut g ;

(5.116)

starting from the rst six data (xcut = 0:058) and adding two data each time, so that the last
ts contain all the 56 data. The corresponding 2 =dof obtained with the one{loop (empty
circles) and two{loop (full circles) formulae written above, as functions of xcut , are reported in
gure 5.18.
From the gure one can see that the one{loop formula (5.113) has a 50% con dence level (or
more) for xcut  0:15, which corresponds to 36 data over 56 of our sample, while the two{loop
formula (5.114) reaches, with the same con dence level, xcut  0:20, which corresponds to 47
data. The fact that both ts on the rst sample have a reduced 2 greater than one is instead
due to the lack of statistics (only 6 data points). For xcut > 0:2, the reduced 2 of the ts
made with the two{loop correction indicates that higher order corrections could be important.
Notice, however, that the con dence levels for the two{loop ts are better than those for the
one{loop ts. The parameter of the ts turns out be very stable, for both types of ts, until
the 2 =dof  1: these are given in table 5.31 for the two limiting samples discussed above.
The results obtained for 1 and  are consistent with the values reported
in the literature
p
and, almost, with each other, the only di erence being in the constant =  . Let us point out
that, if the two{loop contributions obtained from the CWM Hamiltonian (5.57) are physical,
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Figure 5.18: 2 =dof of the ts made with the one{loop eq. (5.113) (empty circles)
and two{loop eq. (5.114) (full circles) on the samples de ned by eq. (5.116)
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scaling law approx. 2 =dof
Eq. (5.91)
2l
0.86
1l
0.94
Eq. (5.115)
2l
0.88
1l
0.94

p

C.L. dof
1

= 
74% 44 1.47(1) 0.629(1) 1.333(8)
56% 33 1.55(2) 0.633(1) 1.535(10)
70% 44 1.32(1) 0.618(1) 1.331(8)
56% 33 1.38(1) 0.622(1) 1.533(10)

Table 5.31: Fits on the samples de ned by eq. (5.116), with xcut  0:2 and
xcut  0:15 for the two{loop eq. (5.114) and the one{loop eq. (5.113), respectively
one expects the two formulae (5.113,5.114) to give the same constant when the above tting
procedure is applied to a sample with xcut  0. As we can observe looking at our sample of data,
it is rather dicult to reduce xcut below 0.05 without spoiling pthe reliability of the statistics of
our analysis, but we can signi cantly check the constance of =  making ts on (independent)
samples in which the x values included are approximately constant. That is, we de ne the
sample
f E (x) j xi  x  xi+ g
(5.117)
and we denote with xav the average value of x within each sample.
The results are given in table 5.32 and in gure 5.19. It turns out that both the  and 1
values are very stable on the whole sample, discarding the last one where xav is too big. However,
while the one{loop and
p two{loop constants are compatible for xav = 0:04 0:07, moving toward
greater xav values =  increases systematically in the one{loop case but remains stable when
the two{loop formula is used. This indicates that the absence of the 1=(A) corrections in the
Gaussian formula is arti cially compensated by the enhancements of its constant, already for
xav  0:1. As a nal comment,
let us note that a comparison with a semiclassical 4 approach
p
[15] suggests to x =  to [4 (3=4)= (1=4)] ' 1:352, in good agreement with the two{loop
value ' 1:33(1) of table 5.31 and table 5.32.

FSEs of the Surface Energy
In this section we discuss the nite size behavior of the interface partition function from MC
measurements of the surface energy de ned by eq. (5.92).
As already before, this approach has the advantage that the two{loop contribution appears
as an additive correction to the surface free energy calculated at the Gaussian (and classical)
level, as given by eq. (5.108) and eq. (5.109), respectively. We decided to make our simulations
at = 0:240 also because very precise estimates of  and 0 (two of the three parameters on
which eqs. (5.108,5.109) depend) are known,

 = 0:0590(2) ; from [BB4]
0 = 3:813(2) ; from [41] :
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(5.118)
(5.119)

p

Figure 5.19: Values of the constant =  obtained tting on the samples dened by eq. (5.117) with the one{loop eq. (5.113) (empty circles) and two{loop
eq. (5.114) (full circles)
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scaling law xav approx. 2 =dof
Eq. (5.91) 0.04
2l
1.39
1l
1.50
0.07
2l
0.65
1l
0.72
0.10
2l
0.24
1l
0.35
0.12
2l
0.78
1l
0.82
0.14
2l
1.31
1l
1.96
0.16
2l
0.78
1l
0.74
0.21
2l
2.87
1l
6.16
Eq. (5.115) 0.04
2l
1.39
1l
1.50
0.07
2l
0.66
1l
0.72
0.10
2l
0.24
1l
0.34
0.12
2l
0.87
1l
0.88
0.14
2l
1.07
1l
1.70
0.16
2l
0.77
1l
0.73
0.21
2l
2.83
1l
6.19

p

C.L. dof
1

= 
25% 2 1.53(6) 0.636(7) 1.24(13)
22% 2 1.55(6) 0.637(7) 1.33(14)
66% 5 1.49(6) 0.630(3) 1.35(7)
61% 5 1.48(6) 0.630(3) 1.43(7)
95% 5 1.48(4) 0.629(2) 1.37(5)
88% 5 1.50(5) 0.631(2) 1.48(5)
54% 4 1.44(6) 0.627(4) 1.32(3)
51% 4 1.47(6) 0.629(4) 1.49(3)
25% 6 1.49(4) 0.630(3) 1.33(2)
7% 6 1.51(4) 0.631(3) 1.52(2)
59% 6 1.50(7) 0.630(5) 1.35(2)
62% 6 1.50(7) 0.630(5) 1.57(2)
1% 7 1.28(4) 0.612(3) 1.31(1)
0% 7 1.58(5) 0.634(4) 1.61(1)
25% 2 1.37(5) 0.625(7) 1.24(13)
22% 2 1.39(5) 0.626(7) 1.33(14)
65% 5 1.33(5) 0.619(3) 1.35(7)
61% 5 1.33(5) 0.619(3) 1.43(7)
95% 5 1.33(4) 0.618(2) 1.37(5)
89% 5 1.34(5) 0.620(2) 1.48(5)
48% 4 1.29(5) 0.616(4) 1.32(3)
47% 4 1.32(5) 0.618(4) 1.49(3)
38% 6 1.34(4) 0.620(3) 1.33(2)
12% 6 1.35(4) 0.621(3) 1.51(2)
59% 6 1.35(6) 0.620(5) 1.35(2)
62% 6 1.35(6) 0.620(5) 1.57(2)
1% 7 1.14(3) 0.600(3) 1.31(1)
0% 7 1.40(4) 0.622(4) 1.61(1)

Table 5.32: Fits on the samples de ned by eq. (5.117)
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Our preliminary step is to assume as external inputs these values and, assuming they are not
biased, to use them to test the reliability of the functional form of the second order quantum
contribution to the interface free energy.
Let us de ne the following surface energy di erences (at xed )
ES (L) = ES (2L; L=2) ES (L; L)

(5.120)

considering two di erent lattices, one with u = L2 =L1 = 4 and the other with u = 1, but with
the same area A = L1 L2 = L2 . Then, from eqs. (5.109,5.108) one obtains
ES(1l) (L) = 0

(2l)

ES(CWM ) (L) = @ Z(2ql)

Zq

(5.121)

(2l)

u=4

@ Zq
Zq(2l)

u=1

:

(5.122)

The theoretical prediction of the Gaussian model requires these di erences to be zero, while that
of the CWM at two{loop does not depend any more on the third parameter, 0 =. Eq. (5.122)
can be written explicitly as
0

ES(CWM ) = 2L2 [f (4) f (1)]

(5.123)

where f (u) is given by eq. (5.79) and in the two points we are considering takes the values
f (1) = 0:25 and f (4) ' 1:52.
Using the MC data given in table 5.29 (taken at = 0:240) one can easily construct these
di erences. They are given in the rst column of table 5.33, where we have assumed L  2L1 =
L2 =2. It is clear that all these data are not compatible with zero. Assuming the validity of

eqs. (5.118,5.119) and plugging the values into eq. (5.123) we obtain the theoretical predictions
reported in the second column of table 5.33. Monte Carlo data and theoretical predictions are
plotted in gure 5.20.
A nice Area 1 behavior is clearly seen in the MC data for L  16, in good agreement
with eq. (5.123). Comparing the last column of table 5.29 with table 5.33 one sees that this
corresponds to x  0:1, while for x  0:13 higher order corrections would be needed and for
x  0:20 the two{loop contributions are de nitively too small.
Then we follow the same approach of the preceding discussion, that is we assume di erent
forms of the free energy and choose among them using the reduced 2 s of the ts with equal
number of parameters. In this case, our main parameters are xed from the ts.
We t eq. (5.108), which can be written explicitly as
0
0
ES(CWM ) (L1 ; L2 ) = 0 L1 L2 + 2 L L f (u) 
1 2

(5.124)

and eq. (5.109). The results are given in table 5.34, where the parameters refer to the two{loop
ts while, for the Gaussian ts, only the reduced 2 's are given in the second column.
148

L

8
10
12
14
16
18
20
22
24

E S
ESCWM
-25.62(30) 21.754(159)
-2.47(29) 13.923(102)
3.79(25) 9.669(71)
5.17(45) 7.103(52)
5.42(36) 5.439(40)
4.36(32) 4.297(31)
3.79(39) 3.481(25)
3.31(46) 2.877(21)
2.58(58) 2.417(18)

Table 5.33: Di erences of surface energies at = 0:240, obtained from eq. (5.120)
with the data of table 5.29 and the notation L = 2L1 = L2 =2. The theoretical
predictions ES(CWM ) are given by eqs. (5.123,5.118,5.119)

L1  21l =dof 2 =dof C.L. dof
8
9
10
11
12
13

107.2
83.3
48.5
24.1
8.4
1.7

8.02
2.25
0.96
0.66
0.57
0.72

0.00
0.00
0.48
0.74
0.78
0.60

17
15
11
9
7
5



0.0620(7)
0.0593(8)
0.0569(12)
0.0565(18)
0.0596(37)
0.057(11)

0

3.81383(24)
3.81321(25)
3.81292(29)
3.81261(36)
3.81213(50)
3.8123(14)

0 =

33.10(8)
33.12(9)
33.17(13)
33.10(17)
32.83(27)
32.95(87)

Table 5.34: Data of table 5.29 are tted using eq. (5.124). For comparison, the
reduced 2 's are reported of the ts on the same sample of data using eq. (5.109)
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Figure 5.20: Comparison between Monte Carlo data and theoretical predictions
(see eq. (5.123) in the text) for the surface energy di erences de ned in eq. (5.120).
The corresponding values are also given in table 5.33. The dotted line is the
theoretical expectation if two{loop corrections are neglected
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L1 

0



0 =(2)



Eq. (5.118,5.119) 0.0590(2)
3.813(2) 32.31(13) 0.593(2)
10
0.0569(12) 3.81292(29) 33.5(7) 0.615(13)
11
0.0565(18) 3.81261(36) 33.7(1.1) 0.619(20)

Table 5.35: The scaling ratio 0 =(2) is evaluated according to eq. (5.125), with
 ' 0:63 for three estimates of  and 0 . In the last column the corresponding
estimates of  , using eq. (5.126), are given
Finally, we can make an interesting check comparing the ratio of 0 and  with the equation one obtains from the asymptotic scaling laws. Taking the derivative with respect to in
eq. (5.115), one gets
0 = 
(5.125)
2 (
) :
c

To compute this ratio we take the last two results of table 5.34, the values of eqs. (5.118,5.119)
and assume  ' 0:63. The results are given in the fourth column of table 5.35. Notice that the
RHS of eq. (5.125) should also be obtained from 0 =: from table 5.34 one sees that the two
estimates agree within errors.
On the other side, one can also assume this ratio as an input to evaluate the critical index
 , inverting eq. (5.125); one gets
0
(5.126)
 =  ( 2 c) :
The corresponding values are given in the last column of table 5.35. The agreement with the
expected values is good, though the errors are still large.
In this study we have demonstrated that the nite size e ects of interface properties in the
3-dimensional Ising model are rather well described by the two{loop expansion of the CWM.
Our MC data for the energy gap and the surface energy prove that there are corrections to the
Gaussian approximation, and the various ts indicate that these corrections are indeed given
(up to even higher corrections) by the two{loop result, with no extra coecients introduced
into the game. Since there is (yet) no rigorous proof that the two-loop corrections are universal
(i.e., independent from the regularization scheme) we have to consider the predictive power of
the two{loop CWM model a little bit as a miracle. We consider the present contribution as a
rst step towards a deeper understanding of the physics of rough interfaces in terms of e ective
models.
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