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Introduction

Today it is widely believed and formidably established by experiments that the minimal
standard model (MSM), which constitutes one of the major breakthroughs in our theo-
retical understanding of elementary particle physics, provides a good candidate for an ap-
propriate and self-consistent description of nearly all processes and phenomena involving
particle energies at least up to the grand unification scale of Mgyt ~ 10'® — 10'¢ GeV well
below the scale of the Planck mass Mp; ~ 10" GeV [2, 12]. It covers three of the four
fundamental forces, namley the electromagnetic, weak, and strong interactions in the math-
ematical framework of modern quantum field theory [1, 4, 5]. Apart from the still missing
verification of the existence of the elusive Higgs particle, whose coupling to the elementary
fermions and the gauge vector bosons is postulated to generate their masses, and some other
quite artificial pieces including the redundancy related to the many free and independent
mass and coupling parameters in the model, the experimental progress and confirmation of
the theoretical predictions of the MSM in the so far accessible energy range is of impressive

success. So up to now we are left with no significant evidence for any departures from the
MSM.

However, in spite of these experimental discoveries and theoretical developments, it has
also become an increasingly accepted view in the last few years that, as energies above Mgyt
towards the distant energy horizon Mp, are reached, where the influence of quantum gravity
effects is expected to be substantial and thus can no longer be neglected, the MSM has to
be extended to some more general theory, presumably incorporating new physics with novel
phenomena [12]. There is theoretical evidence, as well as still a great portion of speculation,
that the minimal supersymmetric standard model (MSSM), which arranges fermions
and boson in common multiplets, could be an important step in the direction of such a grand
unified theory (GUT) of electroweak, strong, and gravitational interactions. Another
plausible argument in favour of the GUT scenario is the so-called hierarchy problem. It
emerges from the fact that the running couplings of the MSM approximately coincide at the
GUT-scale MguT, whereas at the same time it is necessary to have a natural mechanism,
which stabilizes the symmetry breaking scales of an all unifying gauge group, say SU(5) or
SO(10), against the scale of the electroweak gauge group SU(2) ® U(1) ® SU(3). Otherwise
one could not explain, why light particles with masses in the range of a few MeV or GeV exist
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in a theory, whose typical energy scale is settled up to 15 orders of magnitude higher. Under
these aspects the MSM can preliminarily be looked upon as a symmetry broken effective
theory of an — perhaps supersymmetrically — extended model, since nature obviously does
not obey a manifest supersymmetry. Experimental indications for the latter are yet to be
awaited and hopefully may be found with the aid of the next generation of elementary

particle accelerators.

One of the most restrictive guiding principles for the design of the MSM has been
the requirement of its renormalizability. In the language of quantum field theory it
offers an solution to the fundamental difficulty that after the canonical quantization of an
interacting classical field theory one rapidly runs into divergent expressions signalling the
mathematical inconsistency of the procedure. This deficit then shows up as divergences
in a set of Feynman diagrams, which determine the perturbation theory, i.e. the mostly
at best asymptotic expansion of expectation values of functions containing the basic field
variables of the model in powers of the interaction strengths. Summarizing the main idea
to one sentence, in renormalizable quantum field theories the infinities in the expansions of
perturbation theory can be absorbed into a redefinition of the bare coupling constants and
masses, while keeping the physical couplings and masses fixed [1, 4]. Nevertheless, it turns
out that especially for quantum field theories with strong couplings a mathematically solid

definition beyond perturbation theory is urgently needed.

Pioneered by K. G. Wilson in its seminal paper about quark confinement in low en-
ergy quantum chromodynamics (QCD) more than twenty years ago [14], the research area
of Euclidean quantum field theory formulated on a space-time lattice, in order
to introduce a natural gauge invariant cutoff into the theory, has become an important
pillar of theoretical and computational particle physics. After the exact analogy to a
classical statistical mechanical system with its defining partition function had already payed
off by analytical studies in many ways, it was recognized soon that this discretized and
genuinely non-perturbative approach to the theory of quantum fields is optimally suited
for numerical simulations, which are based on statistical Monte Carlo (MC) methods.
Consequently, it is not astonishing that since the early eighties, when the encouraging
era of modern high performance computers began, lattice field theory fastly developed
to a kind of numerical ‘industry’ for calculating elementary particle properties and their
interactions by ‘measuring’ some of the key quantities on the lattice without compromising
approximations. Here the computer may be considered merely as a device, which serves to
randomly generate appropriate field configurations and to estimate expectation values of
gauge invariant functions of the gauge, scalar, and/or fermion fields in their representation
as lattice-regularized Euclidean functional (or path) integrals from them. These integrals
should then in principle be evaluated for different volumes of the system and different lattice

spacings a, and an extrapolation of the results to infinite volume and a = 0 must be taken
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at the end. In this sense lattice field theory became an important branch of theoretical
physics, which provides an essential supplementation of all the experimental methods in
high energy physics, where much progress and satisfactory numerical precision have been
achieved in the past, including such conceptual questions of quark confinement and how
the hadrons arise as bound states of quarks and gluons. Its primary limitation is set by the
momentary hardware restrictions in computing power, but the current prospect that there
is no end in sight for a dramatic evolution of the most advanced computer systems brings a

unique flavour to the area of lattice field theory.

For a presentation of the theoretical background and the foundations of quantum field
theory on a lattice with an exhaustive review of its various analytical as well as numerical
applications, the reader is invited to consult one of the standard references [16, 17, 18, 19].
Furthermore, an almost complete collection of recent results can be found in the proceedings

of the annually held lattice conferences [15].

In the concept of lattice regularization the origin of renormalization in quantum field
theory may now be viewed as to be reflected in those relations, which describe the change in
the bare coupling constants under a change of the ultraviolet momentum cutoff proportional
to the inverse lattice constant 1/a, whereas the physical content of the theory is required to
be maintained. Conventionally, this process is expressed in terms of the correlation length
¢®bys) Tt gives the physical length scale of all typical (quantum) fluctuations in the system
and is equal to the inverse of the physical mass gap m®"s) in the theory:

1 1
_ —  — g(phys) _ - =
m(Phys) — 3 =a & &= am/(Phys)

(1)
Sending now the lattice cutoff to infinity, which amounts to perform the continuum limit
a — 0, corresponds to a vanishing mass in lattice units, am®®®) — 0, and to a diverging
correlation length & — oo, whereby the critical behaviour of a second order phase transition
as known from systems in statistical mechanics is encountered. At the same time the
physical quantities £P"s) or m(P"s) must be kept fixed during this procedure, and one
recovers (non-perturbative rather than perturbative) renormalizability to be equivalent to

the existence of a quantum continuum limit for the lattice-regularized theory.

The subject of this work are coupled gauge-Higgs systems on the lattice — namely,
the U(1)-Higgs model in two and the SU(2)-Higgs model in four dimensions — in the

framework of numerical simulations by means of MC methods.

A convincing motivation for the general interest in understanding the physical impact
of these theories should start from the well known fact that the two-dimensional abelian
Higgs model with U(1)-gauge symmetry and the SU(2)-Higgs sector of the MSM share
some prominent features, which are related to baryon number violation and sphaleron tran-
sition rates at finite temperature 7'. These parallels basically originate from the non-trivial

topological structure of continuum gauge theories in both systems arising from an
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approximately periodic shape of the underlying potentials. Mathematically, it may be ab-
stracted to the statement that the periodic functions on R and R?, which take their values
in the gauge groups U(1) and SU(2), respectively, fall into different homotopy classes of the
same homotopy group [7, 8]:

Ul)=st = I, (UQ) =1, (S") =Z
SU(2) =2 S® = ;3 (SU(Q2)) =15 (S*) =Z. (2)

112

More precisely, the differentiable group manifolds of G = U(1) and G = SU(2) are assumed
to be compactified to the spheres S' and S3, respectively, and each possible local gauge
transformation U = U(z) is classified according to the equivalence classes of maps from G
onto itself, which form the homotopy groups of G in (2) to be identified with the group Z.
This corresponds to an infinite number of classical gauge vacua labelled by an integer, the

so-called Chern-Simons number Ngg. It reads

1
2472

N¢g = / Pz e e (UU - UJU - UKU ') € Z (3)
and, as a homotopy invariant, remains constant under continuous deformations of the peri-
odic mappings U. The integer variation of N¢g under large gauge gauge transformations of
the kind in eq. (7) gives the topological charge of the gauge field!. Here only written for the
SU(2)-case with the dual field strength tensor defined as xF,, = 1 €#*” F,, and summation
over the indices r = 1,2, 3 of the group generators understood,

2

1
Qo =~ 75 / d%m{ * F,W(x)Fm,(x)} - 3;2 / d'z « F1(2)F7 (z) € T, (4)

it equals the change in the Chern-Simons number between two topologically distinct vacua:
Qtop = ANcs. In ordinary jargon this quantity tells, how often the gauge field wraps around
the compact sphere S3 to visit a fixed element of the gauge group G.

For fermionic theories with fields 9, the topological charge Qop is intimately connected
to the famous Atiyah-Singer index theorem of differential geometry [7]. There it is found that
the topological charge of the coupled gauge field configurations has to be identified with the
difference in the number of zero modes of the Dirac operator with positive (or right-handed:

ngr) and negative (or left-handed: ny) chirality,

AQ5 = Q5(t = OO) — Q5(t = —OO) = /d4.’17 8”jé‘($) = 2Nf (’I’I,R — ’I’I,L) = 2NfANCS y (5)

'In the mathematical literature this quantity is also called winding number or Pontryagin index. Thus
referring to theories defined on a finite space-time lattice with periodic boundary conditions in all directions,
which in the continuum limit can be regarded to live on a space-time manifold isometrically isomorphic to
a four-dimensional torus T, one would say that the principal bundle over T*, where the gauge potential
is a connection in, are characterized — up to gauge transformations — by a single integer, the topological
charge Qtop [8, 41].
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where Ny denotes the number of fermion (quark) flavours. This non-conservation of the axial
charge Qs(t) = [ d*z j2(z) is an immediate consequence of the generically non-perturbative
triangle anomaly 9,55 = 2Ny % (xFy,Fr,) for the axial (chiral) current j§' = ¢y*vy51 [23],
which can be deduced from the non-classical behaviour of the functional integral measure

under the chiral transformations of the fermion fields on the quantum level [25].

For instance, these considerations may be directly applied to topologically induced
baryon number violating processes within the electroweak sector of the MSM. Since
only the left-handed fermions participate in weak interactions, the SU(2)-gauge fields do
exclusively couple to their currents, and the weak interaction also possesses fermionic zero
modes, whose presence leads to anomalies. On those physical grounds one expects that,
with g. s representing the quark fields and c their color index, both the flavour-singlet axial
vector currents j& = Qe 7" V54c,s and thereby the vector current I = %Zc’f Qe 7" e,y are
anomalous and thus not conserved. This means that baryon number violation in the MSM is
caused by the non-trivial winding of the SU(2)-gauge field, which changes B(t) = [ d*z j%(z)

between two times ¢; and ¢, by an amount

AB =

o3 / dt / d*z 9,54 (z) = 2N;ANcs . (6)
However, the probability for the related tunneling events, provided by transitions via
instanton-like field configurations introduced below, is tiny. At zero temperature it is pro-
portional to the square of the exponentially suppressed, semiclassical tunneling amplitude
e 87°/9" ~ 10735 with g being the SU(2) gauge coupling, i.e. many orders of magnitude
smaller than any known radioactive decay.

If, on the other hand, fermions are coupled through eq to the gauge field in the two-
dimensional case, there is as well an anomalous current j satisfying 9,55 = 2Ny 2 (" Fuy),
whose charge 5 moves with the Chern-Simons number N¢g according to Q5(t) = 2N ANcs.

A characteristic implication of the vacuum structure of gauge theories is that it forbids
to go from one vacuum to another by performing small gauge transformations, continuously
deformable from the identity. Nevertheless, it is possible to construct explicitly the tunneling
path connecting different homotopically non-equivalent vacuum states, the instantons. As
finite-energy solutions of the classical equations of motion with Qi,, = 1 for theories in
Euclidean space-time, they are of pure gauge type U, U~ on the boundary of G and
genuinely interpolate in time between gauge field configurations differing by a large gauge

transformation

A, — A =UAU™ - é U, U (7)

Assuming the temporal (axial) gauge Ay = 0, their significance is to mediate tunneling
transitions through the potential barriers separating these vacua, resulting in change of

Qtop = ANgs according to the formulas in egs. (3) and (4).
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In the two-dimensional U(1)-Higgs model this instanton solution is known as the
Nielsen-Olesen vortex [28], which comes from a translation invariant, quantized magnetic
flux tube configuration within the three-dimensional phenomenological Landau-Ginzburg
theory of superconductivity. Its four-dimensional counterpart in pure SU(2)-gauge theory
is the BPS-instanton [26]. The theory of instantons and its various applications in quantum
field theory, among which I only want to mention the existence of the f—vacuum [27], the
explanation of the so-called U(1),-puzzle (i.e. the absence of a ninth Goldstone boson
in QCD, see the next paragraph), and possible mechanisms for quark confinement, are
extensively documented in the literature [1, 7]. For a recent review of this broad research
area, especially emphasizing the role of instantons in QCD and related models, one might
consult ref. [10].

The importance of topologically non-trivial field configurations in elementary particle
physics can also be quantified by the Witten-Veneziano formula [34],

2
uenched fﬂ'
ngp ) = N, (m,zl +ml — 2m§{> , (8)

which relates the topological susceptibility

X = [ € (o (@n0)) = i - (@) )

V—oo

measuring the fluctuations of the topological charge in the QCD vacuum, to the decay
constant fr of the 7—meson and the masses of the mesons 1, 7', and K. It yields a resolution
of the U(1),—problem, namely, how in the spontaneous breaking of the true continuum
chiral symmetry U(1)y, ® SU(3),, ® SU(3), to U(1)y, ® SU(3)y, the ninth Goldstone boson,
the pseudoscalar meson 7', which in nature stays massive even in the chiral limit of vanishing
quark masses, acquires its mass. However, there are some subtleties in connection with
eq. (8), since within full QCD in the presence of massless quark flavours the topological
charge is screened, and xi,, = 0. Hence, the left hand side is meant to be valid only in
the quenched approximation without dynamical fermions (N; = 0, that is pure gauge
theory, which is much easier to compute), while the n'—correlation function is pathological
in this case, and the 1’ mass on the right hand side has to be determined in full QCD.
By the way, the obvious contradiction that the quantities entering the Witten-Veneziano
identity are actually defined in different theories gets not yet really solved by the fact that,
strictly speaking, it is derived in the limit of QCD with infinitely many colors N, — oo.

Nevertheless, this relation implies a reasonable estimate of the quenched topological

(quenched)

top ~ (180 MeV)* and a good description of the pseudoscalar meson

susceptibility x
spectrum [10].

The lattice approach to the inherent topology in quantum field theory touched
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up to now has been a challenging task from the very beginning, since the rich topological
structure emenating from the gauge sector of the model under consideration might get lost
by the finiteness of the discretized space-time volume in the straightforward transcription
into the lattice language [35, 41]. For this reason numerical investigations of topological
properties of lattice gauge theories are known to be difficult and time consuming, if one
attempts to preserve the important quantization effects of topological objects also on the

lattice.

Most of the prescriptions to define the topological charge on the lattice are based on
its field-theoretic continuum representation in eq. (4). The naive discretization of the in-
tegral over the field strengths *FF o« e**Tr (U,U,,) leads to an appropriate sum over
the elementary plaquettes U,, in the uv-plane of the lattice, which is simple to implement
and has the right classical continuum limit [36], but with the obvious disadvantage that
this expression is in general not even necessarily integer-valued and thus does not possess
any topological meaning at all. Additionally, the naive topological charge suffers from large
renormalization effects and mixes with other lattice operators (e.g. the unit operator and

the gluon condensate).

A far more sensible and sophisticated lattice evaluation of Q. is provided by the ge-
ometrical definition [37, 39, 40], which ensures that Q. has nearly the same topological
significance as in the continuum. It may be looked upon as the viablest example of a fi-
bre bundle construction in non-abelian lattice gauge theories [8, 41]. Keeping away from a
singular set of exceptional configurations, which form a lower dimensional submanifold in
the space of all periodic lattice gauge fields and which are expected to be unimportant for
sufficiently smooth ones (but might perhaps spoil the continuum limit of xp though), it has
all the wanted properties of a reasonable and well-defined topological charge on the lattice,
which are: Correct classical continuum limit, gauge invariance, independence of continuous
deformations of the field, and restriction to integer values. Although its implementation
is technically quite complicated and computationally very demanding in general, this pro-
posal has become state of the art, for both the gauge group SU(3) [42] and for SU(2) too
(42, 43]. Later I will apply the geometrical lattice definition of the topological charge to the
two-dimensional U(1)-model as well, where it straightforwardly simplifies to a sum over the

real-valued phases of the plaquettes variables.

Fermionic methods for calculating the topological charge rely on the connection between
instantons and fermionic zero modes entering the divergence of the chiral current in the
continuum index theorem (5). Exceptionally small eigenvalues of the Dirac operator on the
lattice have been identified and could be counted directly. Furthermore it was demonstrated
that the corresponding eigenvectors have the (at least approximately) correct chirality and
are spatially correlated with instantons [44]. The definition of Qp through a fermionic
expectation value is not sensitive to dislocations, but it is plagued with the well known

problems arising from the difficulty of defining chiral fermions on the lattice [19]. Moreover,
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in fermionic methods one has to handle contributions from renormalization effects too, and
as a consequence they have never been pursued very vigorously. A rare exception is — to
my knowledge — ref. [45], where the fermionic methods were successfully applied to two-
dimensional QED with staggered and Wilson fermions in order to analyze the spectrum of

the lattice Dirac operator and to calculate the topological susceptibility from it.

Since most of the difficulties with the field-theoretical and geometrical algorithms are
related to fluctuations on very short scales, it is natural to combine them with some sort of
smoothing procedure in order to pick out the classical instanton configurations. The most
popular method of this type is the cooling algorithm [46], in which one locally minimizes
the action in a MC simulation. This operation quickly eliminates short-range quantum
fluctuations and eventually leads to smooth configurations, corresponding to the classical
content of the original field and dominated by instantons indeed. Unfortunately, as a still
severe problem, which appears to be difficult to cure for the non-abelian gauge theories SU(2)
and SU(3), the cooling method is not stable against the scale invariance of the instanton
solution in the continuum. As a consequence of the non-locality introduced by the related
relaxation steps, dislocation-like objects loose their energy density under cooling faster than
the physical objects of the size of the correlation length so that the instanton action on the
lattice may considerably underestimate the continuum action. This reflects the unpleasant
feature that cooled instanton configurations, whose extension gets comparable or even smaller
than the lattice spacing, can not be resolved reliably and result in systematic uncertainties
for Qtop and Xsop-

Today, as a recent and very promising development in this field, where already large
effort has been invested, the different topological charge definitions are also used in conjunc-
tion with various concepts of improvement, like cooling with improved lattice actions [47],
blocking, renormalization group transformations, and improved or perfect lattice actions

and operators as e.g. considered in refs. [48, 49].

In addition to the barrier penetration between topologically distinct vacua via quan-
tum tunneling at zero temperature discussed above, there is also a finite-temperature
mechanism for Q,,—changing processes, induced by the sphaleron [30, 32], which is
supposed to contribute to the rate of baryon number violating processes and hence to be
essential ingredient for the scenario of electroweak baryogenesis within the MSM. It is a
(non-stable) saddlepoint solution of the Euclidean equations of motion in the static field
approximation justified at high temperatures T', has Qop, = 1/2, and lies midways between
two neighbouring vacua so that transition across the barrier tops can occur classically
through thermally activated field fluctuations.

The relevance of these kinds of transitions and estimates for the magnitude of its rate
have been addressed in numerous investigations of two- and four-dimensional gauge-Higgs

models at finite temperature in the continuum and on the lattice [33, 62, 93, 154]: The latter
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in most cases within real-time MC simulations, combined with solving the respective classical
equations of motion by integrating them numerically as initial conditions for the evolution

of Qyop in time, but also in the imaginary time formalism of Euclidean lattice field theory [65].

Another intriguing property, which the two models have in common, is the phenomenon
of spontaneous breakdown of the gauge symmetry, which would give rise to a first
or second order phase transition at some critical temperature T' = T, between a strongly
coupled symmetric (‘confinement’, T' > T,) phase and a weakly coupled phase of broken
symmetry (‘Higgs’, T < T.). Both phases are characterized by a completely massive
spectrum, created through gauge invariant local operators acting on proper eigenstates of
the underlying Hamiltonian, which can consist of vector bound states of scalar constituent
quarks and scalar bound states in the former, and of fundamental massive gauge vector
bosons and the Higgs particle in the latter. In the usual folklore this — sometimes
continuous — evolution with 7' is associated with the dynamical Higgs mechanism,
in which the initially massless gauge vector bosons (‘Goldstone modes’) of the theory
acquire non-zero masses by their interactions with the scalar Higgs field ¢, whose vacuum
expectation value develops a non-zero value, thus rendering the vector bosons massive and

the forces they mediate short-ranged (‘screening’).

But owing to a general theorem [21], local gauge invariance can not be broken
spontaneously, since the gauge symmetry transformations to be employed act only on
a finite number of field variables restricted to a compact space-time volume, which
means that all physical observables are gauge invariant by construction. Moreover, there
exists no true gauge invariant local order parameter for such a phase transition, which
can distinguish between the low-temperature Higgs phase and the high-temperature
symmetric phase [22]2. The low lying resonances of the bound states corresponding to
the composite field operators in the symmetry restored phase are complementary to
the elementary excitations in the Higgs phase corresponding to the Higgs particle and
the vector bosons. Therefore, in a strict sense, there is no gauge symmetry restoration
across T, at high-temperatures and the local gauge symmetry remains always intact,
although, of course, there still can be phase transitions. If an local order parameter with
a value non-identically vanishing in both phases is desired though, the gauge has to be
fixed. A popular choice in this case is the vacuum expectation value of the scalar field
in unitary gauge, which typically is large in the symmetry-broken Higgs phase and small
— albeit definitely non-zero — in the symmetric phase. The gauge invariant substitute

of it is the scalar condensate, i.e. the global expectation value of the composite operator ¢™¢.

2In ref. [22] it is also proven that in lattice non-abelian gauge-Higgs systems with matter in the funda-
mental representation of the gauge group and fixed length of the scalar field, the Higgs and symmetric phases
are continuously connected, i.e. Higgs and confinement regimes belong to the same phases of the theory.
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My thesis is divided into two parts, which both are organized in the same way,
and I give only a short outline of its central topics here. A more detailed survey of the
individual subjects and some further motivations will follow in the subsequent sections. I
always begin with a short introduction to the models in the continuum and on the lattice
from the viewpoint of quantum field theory. Then, after reporting about some aspects of
the numerical realization in the MC simulations, I will focus on the results obtained and
their physical interpretation. Some of the material, which is covered by this thesis, has
already been published in refs. [64, 136, 139, 140, 141].

Within the two-dimensional U(1)-Higgs model the continuum limit of the lattice
theory with variable length of the scalar field is studied. In addition, the numerical simula-
tions concentrate on the scaling behaviour of the topological susceptibility at zero tempera-
ture and its rich interplay with the phase structure of this model. My MC investigations of
the four-dimensional SU(2)—Higgs model participate in a project [134, 135, 137|, which
is aimed to clarify the nature and the strength of the finite-temperature electroweak phase
transition (EWPT) by large-scale lattice simulations from first principles. A characteristic
thermodynamic quantity in this context is the interface tension, which is determined for
different physical situations, essentially in dependence on given values for the mass of the
Higgs boson.

Finally, to make the whole presentation more self-contained, a few remarks on the MC
approach to simulating field theories on the lattice, supplied by some frequently used nota-

tions, conventions, and numerical tools, are postponed to the appendices.

Part I: The Two-Dimensional U(1)-Higgs Model

I have already sketched in the general introduction, that the two-dimensional U(1)-Higgs
model can serve as a toy model for the SU(2)-Higgs sector of the electroweak theory in
four dimensions. It is a superrenormalizable field theory by definition, i.e. there is only
one primitive first order divergence in the 2—point function, and it has a similar non-trivial
topological structure, which is, however, much more transparent and easier to catch in

practice due to the lower dimensionality of space-time.

Whereas detailed studies of the model with various methods are available [22, 54, 55,
56, 57, 58, 59, 60, 62, 63], it is not well understood within the Euclidean lattice approach,
above all for variable length of the scalar field, where extensive investigations are still miss-
ing. Hence, I examine non-perturbatively the continuum limit in this case, whose formal
existence in addition to the feature of a permanently confined fractional charge have been
proven rigorously in mathematical terms many years ago [53|, and I will answer the question,
whether it is qualitatively different from the model with fixed length of the scalar field. In

particular, I investigate by different methods the scaling behaviour of the topological sus-
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ceptibility at zero temperature along the lines of constant physics, whose position in bare

lattice parameter space can be uniquely determined and which specify this continuum limit.

Both items will be discussed in chapter 3. As an imaginable application for future work, it

should then in principle become possible to compare the topological susceptibility from the

lattice with the instanton transition rate I'j,s via

Dinst
v,

where V' = V,t denotes the space-time volume, and which is calculable in the continuum

Xio = 57 (Qhp) = 7 ([ Nes(®) = Nes(0)) =% (10)

with semiclassical methods within the dilute gas approximation by means of fluctuation
determinants [61, 79].

The existing theoretical and numerical interest in this model is also feeded by the pos-
sibility that the variable scalar field length could presumably modify the relatively simple
phase structure of analytically connected Higgs and confinement regimes in the lattice model
with fixed length, similar to analogous systems in four dimensions [19, 83, 86, 112]. To ap-
preciate this issue, an instanton-induced confinement mechanism of fractional test charges
in the dilute gas approximation is numerically confirmed in chapter 3 as well, and I elucidate
some further characteristics of the abelian Higgs model in different regions of bare parameter
space by considering suitable observables (i.e. global order parameters) for phase transitions
in lattice systems, where the gauge degrees of freedom are coupled to scalar matter fields.
The latter will be addressed in chapter 4.

The continuum limit of the abelian Higgs model with fixed scalar field length is the
XY-model, which in traditional statistical mechanics is better known as the O(2)-sigma or
the two-dimensional, planar Heisenberg model. It describes a system of two-dimensional
spin vectors with unit modulus and nearest-neighbour interaction, and it has a number of
physical applications (e.g. two-dimensional magnets and crystals or superconducting films in
liquid helium). Owing to a general theorem [20], two-dimensional models with a continuous
symmetry can not have an ordered phase at non-zero temperature and, therefore, ordinarily
do not have a phase transition at finite temperature. The XY-—model is special, because it
undergoes a phase transition at a critical temperature 7T, > 0, although, in agreement with
the Mermin-Wagner theorem cited above, the transition is not characterized by a local order
parameter. Both the low- and the high-temperature phase are disordered, but the spin-spin
correlation function changes from exhibiting a power-law decay in the region 7' < T, to
an exponential decay at T' > T, as usual, signalling a phase transition. The mechanism of
this transition was clarified in ref. [67], see also refs. [4, 68, 70] for related investigations.
For T < T,., the system is dominated by spin waves, their fluctuations are small, and the
periodic character of the angle variable parametrizing the Hamiltonian of the model can
be ignored. For temperatures T' > T,, topological objects classified by an integer winding
number @, become crucial for the dynamics of the phase transition, most prominently

those with Qop = %1 called vortices (instantons) and antivortices (antiinstantons), respec-
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tively. Namely, at T < T, the system consists of a somewhat more ordered phase, which
is populated by tightly bound vortex-antivortex pairs in coexistence with the spin wave ex-
citations, and their correlators are power-behaved. This attractive, binding force between
vortices and antivortices is a consequence of the long-ranged logarithmic Coulomb potential
they feel at low 7. Hence, the pairs vortices and antivortices form an infinitely dilute gas of
vortex molecules there, whose influence on the physics of the model is strongly suppressed?.
When the temperature is raised above T,, the molecules begin to dissociate, and a dense
plasma of nearly free vortices (and antivortices) develops, which governs the long distance
behaviour of the system. In fact, since the entropy of an isolated vortex is essentially the
logarithm of all possible vortex positions, the entropy dominates over their free energy, and
the vortices get important at 7' 2 T,. Their presence then implies that the system is even
more disordered than below T, with spin-spin correlators falling off exponentially. Further-
more, one can also show that the XY-model is equivalent to a two-dimensional Coulomb
gas. Now the Kosterlitz-Thouless phase transition describes the transition from a system of
dipoles to an ionized plasma, whose correlation length £ is nothing but the Debye screening
length, which has for 7" — T, an essential singularity at the transition point of the type
¢ ~ exp {c|T — T.| '/?} rather than the power-law divergence observed in ordinary phase

transitions [68].

In view of this interesting topological content, the lattice U(1)-Higgs model has received
much attention in earlier investigations. Most of its properties were studied in that case,
where the modulus of the scalar field is frozen to unity. For instance, there is a collection
of articles, which treat the model in the so-called Villain approximation [54, 55]. Here
one performs an appropriate duality transformation from statistical mechanics to obtain an
effective Lagrangian, which explicitly contains the topological excitations as an ensemble
of vortices of finite size interacting through a short-ranged potential. As established in
different approaches, e.g. by strong coupling expansion, renormalization group studies, and
in the Hamiltonian formulation of the theory, the authors do not find an indication for a
phase transition inside the phase diagram of the lattice abelian Higgs model. At any value of
the inverse gauge coupling 3 = 1/a’eZ, both in the strong and weak coupling regimes as well
as at intermediate (3, the theory confines and there is no phase boundary separating a Higgs
from a confinement region. Nevertheless, there are qualitative differences in dependence on
the sign of the scalar mass term representing the temperature variable 7" in the model. As a
consequence of the compact nature of the gauge symmetry U(1), the plasma of vortices tends
to disorder the system and destroys the ordinary Higgs mechanism for non-integer external
charges, which would be expected to be at work when T decreases. In the references just

mentioned it was verified indeed that the vortices cause Wilson loops of fractional charges to

3A qualitatively similar situation is found in QCD, whose phases resemble those of the XY-model, but
with the only difference that the réles of high- and low-temperature phase are interchanged: In the XY—model
instantons are excited at high T, while in QCD they are suppressed [10].
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obey the area law, i.e. they are confined, whereas integer external charges stay still screened
by the scalar field. Here the Wilson loop decays like its perimeter and fails as a signature of
confinement [22]. Then the continuum limit a — 0 (3 — 00), arriving at the two-dimensional
XY-model, ends in phase transition at some 7' = T, between a broken symmetry phase
displaying the Higgs phenomenon (7" < T), in which the confinement property gets lost and
where one meets the theory of a free massive vector meson, and a symmetric confinement
phase (T' > T.) corresponding to free massless electrodynamics, where the Coulomb potential

rises linearly with the distance.

In some references it has also been pointed out the lattice abelian Higgs model with fixed
length can be mapped to a theory for type-II superconductors, if coupled to an external
electromagnetic field [59], or to massive Schwinger, Thirring, and sine-Gordon models [54].
A renormalization group analysis in combination with a fractionally charged Wilson loop
in the latter [56] underlines the preceding picture of an analytic crossover in this model
for finite values of 3, which occurs from a low-temperature phase of paired instantons and
antiinstantons with very low effective instanton density at long distances, thus justifying
the valid approximation of a dilute gas of instantons, to a high-temperature phase, where
the interactions of instantons and antiinstantons due to the attractive force between them

become negligible and no significant cancellation mechanism takes place.

A lattice study of the U(1)-Higgs model with variable length has been performed in
ref. [58]. Here a modified cooling algorithm was applied to identify localized lattice vor-
tices, and it was observed that the topological susceptibility xiop is often overestimated
and deviates from scaling. On the one hand, the authors tried to explain it by the pres-
ence of dislocation-like field configurations as short-ranged lattice excitations still carrying
topological charge Qiop, # 0, because an background Q.,—operator proposed in ref. [38] to
be improved in this respect seemed to render xio, less affected by such scaling violations.
However, the MC simulations of the article have been restricted to a choice for the lattice
parameters, which orientated itself by the classical continuum limit of the model. In the
same context the authors state that the continuum limit of the quantized theory has not
been investigated so far, i.e. one actually does not know, how to tune the bare couplings of
the model with the lattice constant in its course a — 0 on a renormalization group trajec-
tory. So on the other hand, they also suppose this missing information to be at least partly
responsible for the scaling violations of xi.p, and suggest that this issue should be clarified

in future.

Therefore, the present non-perturbative investigation of the lattice abelian Higgs model
in two dimensions constitutes an important supplementation to this series of publications.
It is intended to fill the gap in the literature of a more thorough study of that version, in
which the scalar field length is a variable degree of freedom, with special emphasis on the

continuum limit of the full quantum theory and its topology on the lattice.
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Part II: The Four-Dimensional SU(2)-Higgs Model

One of the fundamental goals of elementary particle physics is to understand the origin of
the observed baryon asymmetry, which has developed from an initial charge-symmetric state
in the hot and dense universe, as it was realized directly after the Big Bang at temperatures
of the order of the Planck scale T' ~ Mp,. This phenomenon can be quantified as a net
dimensionless baryon to photon number ratio of ng/s ~ 107° — 107'°, where s x n, is
the entropy density, and it expresses a fact, which is well established for a long time: Our
whole galaxy cluster consists almost exclusively of matter. Since no mechanism to separate
matter and antimatter on such large scales is known so far [11], the baryon asymmetry of the
universe is one of the most challenging cosmological problems to be resolved by the theory of
elementary particle physics. The prerequisites for a successful generation of baryon number,

which are commonly known as the three Sakharov conditions [98], can be enumerated as

e baryon number non-conservation,
e (- and C'P-violation,

e and departure from thermal equilibrium.

Obviously, the MSM fulfills these three conditions: Baryon number is violated by anoma-
lous fermion number non-conservation as outlined above, C— and C' P-symmetry violation
are encountered by the chiral character of the electroweak interaction and explicit phases
in the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix, respectively, and non-
equilibrium processes occur at the finite-temperature first order electroweak phase transition
(EWPT). As in principle the attractive possibility of MSM baryogenesis is opened, the main
interest in the electroweak phase transition in the early universe emerges from the question,
whether it alone can provide a mechanism for the observed matter-antimatter asymmetry
within the framework of the MSM [100].

In contrast to pure Yang-Mills theory, there are no exact minima of the Euclidean action
in the topological sectors with Qop 7 0 for such theories, where the Higgs mechanism is

~1and

operative. However, it was found in ref. [24] that for instanton sizes ping With pinge < v
v denoting the vacuum expectation value of the Higgs field, approximate instanton solutions
to the field equations do exist. Consequently, although fermion number is preserved in the
MSM at the classical level, neither baryon (B) nor lepton (L) numbers are conserved in
electroweak theory at the quantum level. While the (B — L)-symmetry remains unbroken
owing to anomaly cancellation, B + L is violated. Unfortunately, the electroweak coupling
constant oy = g¢*/4m, with g being the SU(2)-gauge coupling, is small, and this means
that under ordinary T' ~ 0 conditions the tunneling events provided by these (approximate)
instanton solutions are too rare to be of any physical importance. More precisely, the

instanton transition rate at zero temperature, proportional to the semiclassical tunneling
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probability as noted in the general introduction, is still T' ~ e~*7/*w ~ 1071 ~ ( and
therefore unobservably small. But a more viable constellation for electroweak baryogenesis
arises as one leaves the usual weak coupling regime of the theory, e.g. by increasing the
collision energy of the interacting particles or by raising the temperature towards the EWPT,

which has become an issue of renewed attention in the past.

According to the ideas of cosmology and elementary particle physics, the electroweak
phase transition has taken place during the cooling epoch of the early universe at a tem-
perature of the order T ~ O(100) GeV ~ O(10'%) K, roughly ¢ ~ 107'* — 1072 s after
the Big Bang?. With decreasing temperature this transition distinguishes between a high-
temperature phase, usually referred as symmetric phase, and the low-temperature Higgs
phase with spontaneously broken symmetry [89, 99]. An order parameter of this transition
is the vacuum expectation value of the scalar field v = v(T"), which has a small value at high
temperature, where the electroweak symmetry is restored (T' > T,), and a larger one in the
Higgs phase (T < T.). This symmetry breaking quantity represents the stable non-trivial
minimum of the low energy effective potential Vg = Vig(¢p, T') for the scalar Higgs field ¢
at finite temperature, i.e. the value of the free energy of the system in a uniform and static
background of field variables, which is at the critical temperature 7' = T, degenerate with

the trivial minimum corresponding to the symmetric phase separated by the energy barrier:

d‘/;ff(gé, Tc)
6 |y,

The effective potential is in general a gauge dependent quantity, but the values of Vg at

=0, Ver(v,Tc) = Ver(0, Tt . (11)

its minima are gauge invariant. Due to the presence of a term cubic in ¢ with negative
sign, the EWPT is known from the perturbative effective potential to be of first order and
weakening when the self-coupling of ¢ increases, which in the macroscopic description of
equilibrium thermodynamics [3] says by definition that a first derivative of the respective
thermodynamic potential, for instance the latent heat, has a finite discontinuity at T = T,.
Systems undergoing a first order phase transition are accompanied by characteristic signals
in the vicinity of 7., namely metastability, coexistence of the two phases, jumps of globally
averaged quantities like order parameters, and hysteresis effects. Its dynamics are governed
by the — possibly quite violent — non-equilibrium process of nucleation, expansion, and
percolation of bubbles of the new phase inside the old one. Nevertheless, one can guess the
equilibrium approximation to the EWPT to be guaranteed before the phase transition and
soon after it is completed, in regions far enough from the moving bubble walls, which tend
to disturb the electroweak plasma [91, 93]. This remark suggests that equilibrium statistical

mechanics can be applied to evaluate the static properties of the phase transition, such as

4For comparison, the QCD phase transition between a phase of a weakly interacting, deconfined quark-
gluon plasma, where the short-distance behaviour of matter is dominated by the asymptotic freedom of
QCD, and a confinement phase with spontaneous chiral symmetry breaking and the bound quark systems
of hadronic matter met today, has occured at lower temperatures around T' ~ O(100) MeV.
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critical temperature, jump of the order parameter, latent heat, or interface tension.

As the universe cools down, the anomalous baryon number violating processes, which are
rapid in the MSM at high T', will tend to erase any baryon asymmetry, which may perhaps
be created by some other mechanism — except eventually originating from (B — L)-violating
new physics — at higher energies between the electroweak and the grand unification scale
Mgyur. So if the baryon asymmetry is completely washed out at temperatures T' far above
the weak scale, the observed baryon number must proceed from physical processes close to
the critical temperature 7., at which the EWPT takes place. A necessary condition for
this scenario of electroweak baryogenesis is a transition of strong enough first order type,
whereas for a weak transition every asymmetry generated at the phase transition would be
washed out in the Higgs phase again, because at temperatures T larger than the vector (W-
or gauge) boson mass myy, the anomalous baryon and lepton number violation in the MSM
is enhanced. The strength of the EWPT does crucially depends on the value of the Higgs
boson mass myg, and within the MSM it has already been accepted that the requirement of
preserving the baryon number generated at the weak scale imposes too strong bounds on
the Higgs mass as to stay consistent with the present experimental limits. This is shortly

sketched in the next paragraph.

At T > T, in the symmetric phase the exponential suppression of the baryon number
non-conserving transitions is absent. Its rate per unit volume is given by the power-counting
estimate

T'~c(awT)", (12)

where ¢ ~ O(1) is a constant [31]. In order to quantitatively estimate the generated baryon
number in the symmetry broken Higgs phase at T' < T, after the EWPT, one should take
into account the baryon number violation in the context of topology changing processes by
sphaleron transitions. Once a sphaleron is thermally created, the system can jump up to the
top (saddle point) of the potential barriers and roll down into the neighbouring vacuum to
overcome them classically. Such transitions are also at work in the Higgs phase, and there
they are still exponentially damped but now only by a Boltzmann factor in the rate

I‘:T%Xp{—lys%m}, (13)

where the sphaleron energy F,,, which is equal to the height of the potential barrier sepa-
rating two topologically inequivalent vacua, is given by
aw(T)

with €' = C(7£) ~ O(2) being a slowly varying function of the scalar quartic self-coupling

Esn(T) ~C (14)

A, the gauge boson mass my, and ay = g*/4r the gauge coupling of the weak interaction
as before [100]. This energy is of the magnitude Eg,, ~ O(10) TeV. Recoursing to the finite-

temperature effective potential, a leading order perturbative computation in the broken
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phase [92] shows that

mw(T) o(T) ¢* my(0)

~ — NY

9°T gT X m%(0)’

TST., (15)

i.e. the baryon violation rate (13) is sensitive to the zero-temperature ratio of Higgs and
W-boson masses, which simultaneously controls the reliability of perturbation theory in the
Higgs phase near T, (typically up to the range mg ~ 35 GeV — 40 GeV at least). The rates
(12) and (13) are now to be compared to the expansion rate of the universe in inflationary

cosmology [11, 93]:

1 T
l'y=—~cl|—|T ~ 0107, 1
U to C<MP1> y C 0(0 ) (6)

While at T > T, one has I' >> T'y for a wide range of temperatures T, < T < 10~ Mpjayy, =~
10'2 GeV, in which the anomalous B-violating processes are fast, the situation is more sub-
tle at T < T,: If the phase transition were weakly first order (my (T:) is small), second
order, or of the crossover type, one has I' 2 'y so that the B—violating processes would be
approximately in equilibrium, any net primordial (B + L)-number would be subsequently
erased by unsuppressed sphaleron processes in the broken phase, and no effective baryon
number will survive at T' < T, after the phase transition has completed. On the other hand,
if the phase transition were strongly first order (my (7.) is large enough), one has I' < T'y,
the B—violating processes get very slow, and a primordial matter-antimatter asymmetry
could in principle be preserved until today. The obtained condition, under which the pre-
viously generated baryon excess will not be washed out after the EWPT, implies a bound
on the sphaleron energy of Eg,n(T:)/T. 2 45 or equivalently, translates in the MSM into the

~J

condition®

v(Te)
T,

on the vacuum expectation value of the Higgs field v = v(T'). In this case electroweak baryon

21 (17)

number non-conservation switches off immediately after the phase transition and continues
to operate further in the opposite case. Since v(T,)/T,. is inversely proportional to the scalar
quartic coupling A in eq. (15), the requirement of preserving the once generated baryon
asymmetry puts an upper bound on the value of the Higgs boson mass mg, which actually
depends on the particle content of the theory at energies of the order of the electroweak
scale. In view of the present rather stringent experimental constraints on the Higgs mass by
the current lower limit of

mpg > 65 GeV (18)
from LEP at CERN [13] in the MSM with a top quark of mass m; ~ 175 GeV, the forelast

inequality can hardly be fulfilled, which means that the B—violating reactions are also fast

after the phase transition and not negligible as necessary for successful MSM baryogenesis.

5Strictly speaking, this condition must be fulfilled at the temperature T = TC(<) after the phase transition
has finished. It can be considerably lower than the critical temperature T, defined before [103].
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Hence, one can not evade to anticipate the following generic conclusion: The lower mg—limit
(18) renders the EWPT so weakly first order that within the MSM an explanation of the

observed asymmetry between matter and antimatter in the universe must be ruled out.

Although more recent analyses seem to discourage baryogenesis within the MSM as well
due to the still far too small C'P-violation, simple non-minimal models with genuinely ad-
ditional sources of C'P—violation beyond the CKM-mechanism or an extended Higgs sector
may produce a sufficient asymmetry and are therefore promising alternatives, see e.g. the
detailed but partly somewhat dated review articles [90, 91, 92, 93]. In any case it is clear,
however, that the present baryon asymmetry of the universe has been finally determined at
the EWPT, because B—violating processes fall out of thermal equilibrium at the correspond-
ing critical temperature [100]. For this reason a quantitative understanding of the EWPT
in the framework of the MSM is still a basic requirement for the discussion of every model
of baryogenesis at the weak scale, including reliable knowledge of its order and — provided
that it is of first order — its strength in dependence of the Higgs boson mass.

The common analytical tool for the examination of the EWPT is (finite 7') resummed
perturbation theory [102, 103, 104, 105, 107], which amounts to execute a high-temperature
expansion of self-energy diagrams, whose leading term is added as a thermal mass to the
tree-level mass in the propagator. This technique works well for low and intermediate Higgs
masses (my < 50 GeV), where it predicts a first order phase transition of decreasing strength.
In fact, the quantitative agreement of two-loop resummed perturbation theory with the
numerical lattice data is quite good for most observables so that non-perturbative effects
are small and the perturbative expansion can be taken seriously in this mass range. If mg
increases towards higher values around 70 GeV and above, where according to eq. (15) the
convergence of the perturbative series is bad and the strength of the EWPT is expected
to decrease rapidly, its validity is not ensured any longer and no definite statement can be
made. These uncertainties can be traced back to irreparable infrared divergences of the
bosonic sector in the symmetric phase, related to the zero-frequency Matsubara modes of
finite-temperature field theory [101]. Here perturbation theory fails, because the massless
gauge bosons (e.g. my = 0 in perturbation theory) does not yield the intrinsic infrared cutoff,
which is needed to have finite momentum integrals at temperatures 7' > T,, and to prevent
the loop expansion parameter A\/g? ~ ¢g*T /my to become arbitrarily large. Consequently,
as the leading contribution always comes from the symmetry broken Higgs phase at T < T,
where my, > 0 provides a natural infrared cutoff and thus perturbation theory is well defined
for \/g* ~ ¢*T /mw < 1, it is only feasible for strong transitions and low Higgs masses. If,
despite these infrared incapabilities of the symmetric phase, perturbation theory without any
explicit infrared cutoff would be taken seriously even at my 2 70 GeV, the phase transition

is suggested to remain weakly first order there [105, 107].

The breakdown of perturbation theory for larger Higgs masses, above all in the sym-

metric phase, calls for a systematic and fully controllable non-perturbative treatment of the
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regularized theory formulated on a space-time lattice [19, 118, 120, 121, 134, 135, 137, 122].
Starting point of this approach is the electroweak sector of the MSM, which is built up from
a SU(2);, ® U(1)y—symmetric chiral gauge theory, where Y denotes hypercharge and L the
coupling of the gauge fields to the left-handed chiral components of the fermion doublets. As
it gets settled during the finite-temperature EWPT, the chiral symmetry is broken through
the non-vanishing vacuum expectation value of the SU(2)y—doublet complex scalar Higgs
field with ¥ = 1. Its physical meaning is that the vector bosons (W and Z) as well as
the quarks and charged leptons acquire masses via their couplings to the Higgs field. Since
the Weinberg angle 6y, entering the ratio ¢'/g = tanfy of the U(1)- and SU(2)-gauge
couplings %g’ and g, is relatively small and the Yukawa couplings of the quark and lepton
families to the scalar field are weak in most cases, it is legitimate to neglect them in a first
approximation, which essentially corresponds to setting fy and the Yukawa coupling of the
heavier top quark to zero®. Both contributions can in principle be taken into account per-
turbatively and do not change the qualitative features of the phase diagram of the theory,
but it has also been conjectured that in the vicinity of the phase transition point the in-
clusion of the U(1)—factor and the top quark mass could lead to non-perturbative effects
of numerical importance [147, 149]. Now one is left with the purely bosonic fundamental
SU(2)-Higgs model as a prototype theory for the electroweak sector of the MSM, contain-
ing all characteristic ingredients — and especially incorporating the fatal infrared problems,
which cause perturbation theory to become more and more questionable with increasing mg
— for a thorough study of the phenomena described above. Beyond that, if some presently
unknown matter particles were heavy relative to the scale of the scalar vacuum expectation
value, the Higgs quartic self-coupling A might be strong in the relevant parameter region,

and non-perturbative analyses by means of numerical MC methods are recommended.

The second part of my thesis is a completion of large scale numerical simulations of the
four-dimensional SU(2)-Higgs model on the lattice, which have been initiated in refs. [134,
135, 137]. They were originally intended to explore the phenomenological viability of the
generation of the baryon asymmetry in the universe at the EWPT by investigating its nature
and its thermodynamic properties from first principles. Since they focused on Higgs boson
masses below 50 GeV and this mass range is already ruled out by the actual experimental
bound of mg = 66 GeV in eq. (18), their primary scope is to establish suitable methods for
extracting physical quantities from the lattice simulations, and to compare with available
data from resummed perturbation theory or dimensional reduction — also in the realm of
weak first order phase transitions — in order to hint at systematic errors in these approaches.
My investigations are centred around the determination of the interface tension between
the competing phases. As an characteristic element in the theory of a high-temperature

equilibrium ensemble of elementary particles, this macroscopic observable deserves a precise

6The neglection of the fermionic content of the theory does also circumvent the known difficulties to put
chiral fermions consistently on the lattice.
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estimation, because it is a quantitative measure for the strength of the phase transition. In
chapter 7 I will exemplarily demonstrate that for myg < 35 GeV the phase transition in
the SU(2)-Higgs model is quite strongly of first order and relatively easy to study on the
lattice, although the interface tension decreases with increasing pole Higgs boson mass myg
by many orders of magnitude, hence signalling a substantial decrease in the strength of the
EWPT. This intimates the fact that as a consequence of the weak gauge coupling ¢g? ~ 0.5,
the observed first order phase transition gets very weak with growing mpy already near
myg ~ my =~ 80 GeV, is a potential complication to deal with in the numerical simulations
of the thermodynamics of the electroweak plasma within the lattice discretization. Namely,

the hierarchy of scales

1 1 1
< La, 19
CSUuT S (@) S mam) S (19)

with a the lattice spacing and L the spatial lattice extent, in which the screening lengths
(i.e. correlation lengths or inverse masses) at T ~ T, near the phase transition become
much larger than the inverse temperature, necessitates large spatial lattice sizes to achieve
the physical volumes, which are required so that metastability holds, two-peak structures of
order parameters can develop, and at the same time, that the lattice is fine enough to resolve
the interface between the phases. For instance, at mg = 80 GeV the lowest excitations have
masses already so small compared to the temperature (mgw < T') that one expects a typical
finite-temperature simulation on an isotropic lattice to need several hundred lattice points in
the spatial directions even for a temporal extension of L; = 2. Such kinds of inhibiting lattice
sizes exceed any presently accessible computer resources. Having these difficulties in mind,
I will follow the strategy of an anisotropic lattice regularization to handle the foregoing two-
scale problem. This appealing remedy, which exploits the simple idea that finite-temperature
field theory can be conveniently implemented on anisotropic lattices with different spacings
in temporal and spatial directions, solves the problem with the distinct mass scales in a
natural way [19, 130, 133]. Another advantage is, well known and often used in QCD, that
this formulation allows for an independent variation of temperature and physical volume.
Moreover, it is optimally designed to reach more realistic and experimentally still approved
values of myg ~ 80 GeV, where the three-dimensional effective gauge-Higgs models — to
be briefly discussed below — claim a termination of the first order EWPT line and the
begin of a smooth crossover behaviour with two continuously connected phases [149, 145,
152]. Of course, in the glance of this prediction and as a first interesting application of
the anisotropic lattice approach, I have also undertaken numerical simulations to determine
the interface tension in a Higgs mass region nearly identical with these publications. The
results, which will be reported in chapter 9, are not yet compatible with zero and thus
suggest that, at least on L; = 2 lattices, the extremely weak character of the first order
phase transition is still visible for a Higgs boson mass value of mg ~ 80 GeV. Some of the

MC simulations on lattices with anisotropic lattice spacings were furthermore devoted to
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the non-perturbative verification of the perturbative calculation of the quantum corrections
to the coupling anisotropy parameters, which has been carried out in ref. [138]. T will proof
in chapter 8 that, within the high precision of the MC data, the perturbative one-loop
coupling anisotropies remain unchanged for the practically reasonable lattice parameters of

the four-dimensional SU(2)-Higgs model.

In the last years big effort has been invested in several other methods to investigate the
EWPT. Important results to be notified were obtained by usage of the e—expansion [108],
average action [109, 111], (exact) renormalization group [110], and the dimensionally reduced
effective theory in three dimensions [143, 144, 146, 147, 150], see e.g. refs. [97, 96] for concise

and more general status reports of the whole subject.

The latter approach, advocated by the authors of refs. [146, 147], is based on dimensional
reduction, which is another powerful tool to study phase transitions in weakly coupled gauge-
Higgs theories. Its idea deduces from the known concept that equilibrium finite-temperature
field theory is equivalent to Euclidean zero-temperature field theory defined via its generating

functional integral

1/T
7 = / D[A, B, ¢,¢p]e SABSY - S[A B ¢ 1] = / dt / Pz Lapsy(z) (20)
0

on a finite ‘time’ interval 1/T', supplied with periodic boundary conditions for bosons (¢)
and antiperiodic ones for fermions () [6, 94]. Here the notation is A, B for the gauge fields
and SJ---], L(z) for the Euclidean action and Lagrange density, respectively. Motivated by
the approximate factorization of weakly-interacting high-momentum modes from strongly-
coupled infrared ones in the formal substitution [d*k — T’ [ d*k for the Feynman rules
of perturbation theory at finite 7', the recipe of dimensional reduction is to integrate out
perturbatively all the ‘superheavy’ non-static modes (valid up to momenta k < T') in the

Fourier decomposition of the fields with non-zero Matsubara frequencies w = w® = 2mnT

for bosons and w = w{) = (2n + 1)xT for fermions, n = +1,+2,..., and successively the
‘heavy’ scale corresponding to adjoint (triplet) Higgs fields as the remainder of the timelike

components of the four-dimensional gauge fields as well (valid up to momenta k < ¢7T? <
gT):

(D=3)
eff

efsigi‘) _ /'D[A,B,qs,d)]n#oeS[A,B,(ﬁ,’lﬂ, 7 = /D[A,B,¢](D—3)es (21)

Then one derives relations between the (mass and coupling) parameters of the dimensionally
reduced model and the parameters of the underlying four-dimensional theory and the tem-
perature by a perturbative matching condition, which requires that the 2—, 3—, and 4-point
one-particle irreducible Green functions in three dimensions computed with an effective La-
grangian coincide with the initial static Green functions evaluated in the full theory in four
dimensions up to some accuracy, that is up to some power of the coupling constant. While

the perturbative calculations in the continuum entering the whole reduction procedure are
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free of any infrared divergences, and its ultraviolet divergences can be removed by the usual
counterterms of the zero-temperature perturbations theory, this construction ends up with a
superrenormalizable, purely bosonic finite-temperature effective theory of the static (n = 0)
modes in three dimensions, which inherently retains all the infrared problems of the original
one and contains its fermionic content in the perturbative dependencies of its variables on
the full theory. Finally, the resulting model, a three-dimensional SU(2) ® U(1) gauge-Higgs
system defined through eq. (21), with its essentially remaining non-perturbative dynamics
of the phase transition, is put on the lattice and examined by numerical MC methods as in
the case of four dimensions. As a consequence of its superrenormalizability, the bare lattice
variables of the regularized 3D—theory can be linked with the physical, renormalized param-
eters of the continuum 3D-theory in a — actually two-loop — perturbative calculation near
the continuum limit. This enables to find a dimensional mapping in terms of the running
mass and coupling parameters of the 4D—theory at scale u and temperature 7" between the
lattice renormalization scheme and the renormalization scheme in the continuum chosen to
be MS, which gets exact in the continuum limit a — 0 [93, 147, 149].

The 3D effective SU(2) ® U(1)-Higgs model plays the role of an universal theory, which
describes a number of extensions of the MSM like the (extended) MSSM or an electroweak
theory with two scalar Higgs doublets. What solely changes when going from one theory
to another are the explicit relations between the initial 4 D—parameters and those of the
effective model. As the complexity of the lattice discretization caused by the different scales
of eq. (19) is in part avoided by having integrated over the smallest length scale proportional
to (27T) ! before — thus making the numerical simulations technically less demanding —
the method of dimensional reduction is assumed to be justified for 30 GeV < my < 240 GeV
[96).

An obvious disadvantage of dimensional reduction is, however, that in order to obtain the
simplest possible, local effective theory, one neglects higher-dimensional radiatively generated
operators with smaller coefficients and non-local operators ensued at high-loop orders too.
From this feature one can infer the danger that in taking only this simple three-dimensional
form of the action instead of the more general multi-parameter action, there may arise
discrepancies in its reliability to represent the ‘true’ theory in the perturbative region deeply
inside the Higgs phase, where it has been optimized, and at the same time near the phase
transition or in the symmetric phase. At least two further open questions in this integration
procedure, which give rise to occasion for some criticism, should be stressed: Firstly, the
gauge coupling g is not that small, i.e. the infinitely many heavy modes, which have been
integrated out, are still close to the excitations left in the theory, and secondly, since in the
three-dimensional effective theory all modes to be integrated over are more massive than the
temperature scale O(T), it should rather be treated as a cutoff theory with non-local terms
instead of merely studying the continuum limit and neglecting the latter. On the contrary,

recall that by construction the anisotropic lattice approach to the original theory in four
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dimensions does not suffer from these problems. Hence, although the dimensional reduction
technique can be used successfully to test classes of EWPT models, neither its correctness nor
its efficiency can be stated doubtlessly, and the quality of the approximations involved, which
in practice are difficult to estimate quantitatively, have to be controlled. So the hope is that
the combined outcome of resummed perturbation theory and of reduced and, in particular,
four-dimensional unreduced numerical simulations will yield a complete understanding of
the thermodynamics of the EWPT.

Recently, as referred to before, one has also addressed the question, whether the EWPT
line separating the symmetric phase from the broken phase ends at some critical Higgs
mass m%ﬁt), and what could replace it at slightly larger my. The groups employing the
approach of dimensional reduction in combination with MC simulations of the 3D—theory
have meanwhile given strong support that the first order EWPT ceases to exist at mgﬁt) < 80
GeV, i.e. it becomes a transition of the second kind at my = mgﬁt), and turns into a sharp
but already smooth crossover at larger mg—values. In this part of parameter space the
system would behave very regularly, without any long-range order and strong deviations
from thermal equilibrium. Their arguments are based on different attempts to determine
the value of the upper critical Higgs mass numerically, either by investigating the volume
dependence of the susceptibility of the scalar (Higgs) condensate [149], by plainly inquiring
for a vanishing of the discontinuity of the scalar condensate itself (which is proportional to
the latent heat [152]), or by an analysis of the Lee-Yang zeroes of the partition function,

whose breakdown of finite-size scaling at myg ~ mgﬁt) is able to indicate the change of a
first order transition into an analytic crossover [145, 152]. However, the exact position of

this endpoint is still some matter of debate and prolonged research activity.

The present results from all the intensive studies within the various frameworks men-
tioned above, which disfavour every scenario of electroweak baryogenesis relying on a strong
first order EWPT within the MSM, can be summarized to the statement that the constraint
(17) does not hold for any physically realistic Higgs mass in the MSM, also if the influence of
the mass of the top quark m; ~ 175 GeV and/or the U(1)-gauge group factor are included
into the calculations” [147, 149, 152]. Therefore, it is extremely improbable that there are
any observational cosmological remnants coming from the electroweak epoch in the history
of the early universe. However, it appears still possible to satisfy this constraint in a specific
portion of parameter space in the low-energy MSSM, where the critical Higgs mass mgﬁt),
beyond which the first order phase transition changes into an analytic crossover, can be
significantly larger than in the MSM. In addition, the MSSM contains some extra sources of
C P-violating phases arising from the soft-supersymmetry breaking parameters associated

with the stop mixing angle. Here the baryogenesis window is bordered by the restrictions of

"For instance, it was shown in ref [147] within the 3D-model that the influence of the fermions leads to
a significant shift in the critical temperature T,, whereas the the ratio v(T.)/T, stays roughly unaffected
(below 3 %).
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the lightest stop mass being smaller than the top mass, the lightest Higgs boson mass lying
below 80 GeV, the pseudoscalar Higgs boson being heavier than 130 GeV, and the ratio of

scalar vacuum expectation values fulfilling tan 5 < 3 [155].

Nevertheless, I have to emphasize that the four-dimensional SU(2)-Higgs model and the
synthesis of analytical and numerical methods applied to it retain their importance as a
theoretical laboratory for the electroweak sector of the MSM. Endowed with the qualitative
as well as quantitative insights from this model, it may than be placed into a broader context
of multi-Higgs or supersymmetric extensions of the MSM in the near future, where further
progress has to be expected in forthcoming explorations. Finally, if thereupon the emerging
picture will be indeed such that the observed baryon asymmetry of the universe can naturally
be explained within extended versions of the MSM, this prospect would be particularly
fascinating as the involved physics at the electroweak scale will be probed experimentally in
LEP2 and the LHC at CERN relatively soon.



Part I:
The 2D U(1)-Higgs Model



Chapter 1

The model

In this chapter I describe the model under study in its continuum and lattice formulations.
Then the basic observables, which have been used in the numerical investigations presented
later, are introduced, and I conclude with some short remarks on the limiting cases of the
model. These allow for useful cross-checks of its numerical implementation as discussed in

the next chapter.

1.1 Continuum and lattice model

After Wick rotation from Minkowski to Euclidean space the two-dimensional U(1)-Higgs

model is given by the continuum action

S[A, o] = / Cal(z), L(z)=Ly(r)+ Lolz) (1.1)
with local Lagrange densities
Lyfs) = § Ful@)Fu(o) (12)

3 my
2 Xo
in terms of the charged scalar Higgs field ¢o(z) € C and the gauge field A,(z) € R, which

are coupled via the covariant derivative D, = 0, — iegA,(z) with bare gauge coupling ey,

Low) = 5 IDudo(@P + 5 mildo(@)” + 3¢ [do(x)l* + (13)

ensuring the invariance of the model under local U(1)-gauge transformations
—ia(z 1
go(z) — dy(z) = e 7@ go(z), Au(z) = AL(z) = Au(z) - o Ouele) - (14)

with a(z) € R. The field strength F},,(z) = 0,4,(x) — 0, A,(x), p,v € {1,2}, is gauge
invariant, and the constant in (1.3) has been added to combine the quadratic and the quartic

self-interaction terms to

Lo =5 IDutol + 22 (Ibo() —27) (15)

4!

26
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where vy = [(@o)| is interpreted as the classical vacuum expectation value of the Higgs field,

2 _ 314
Vg =
Mo

w2, (1.6)

DO | —

2
) mO

which marks the minima of the classical potential, i.e. the second term in eq. (1.5). Its general
shape is a two-dimensional, rotational symmetric double-well in the field space spanned by
Re ¢9 and Im ¢y, whose minima lie on a circle with radius vy. Thus the particle content
of the theory can be read off from this potential by distinction between its two phases in
dependence of the sign of the bare mass squared!. More precisely, there is a symmetric
phase for m2 > 0 with a massive scalar particle (charged meson) of bare mass m2 and its
antiparticle, and a broken symmetry phase for m2 < 0, where the Higgs phenomenon takes
place and Higgs and vector bosons (neutral scalar and vector mesons) of bare masses

2 _—2_)‘0”3 2 _ 2.9 (1.7)
Mo =My = 3 My o = €Y .

are present. The Higgs field vacuum expectation value drops out in the dimensionless mass

ratio 5
Mo Ao

2 92
Miye  3€

R%,W,O = (1.8)

whose non-perturbatively renormalized generalization will prove to be an important quantity
for the continuum limit of the lattice model. The bare masses in (1.7) are most easily derived
in the unitary gauge. This amounts to decompose ¢o(z) = p(z)e™® and fix a(z) = w(z)
so that ¢y(z) = p(z) € R*® and A, (z) = Au(z) — ;- 0w(z) = By(z) from eq. (1.4).
In the symmetric phase the field B,(z) would naively resemble a massless photon, which
is, however, no physical degree of freedom in two dimensions because of the lack of any

transverse direction.

One could wonder, why no higher even powers of ¢, enter the scalar part (1.3) of the
action. Due to the dimensionlessness of the scalar field in two dimensions, see below, such
terms are in principle not ruled out a priori as e.g. in four dimensions, where they are
irrelevant on dimensional grounds in the classification of renormalization group theory. But
the two-dimensional model is superrenormalizable and as a consequence, operators of higher
order play no role from the start, since the renormalization process does not generate any

new, i.e. field dependent operators as counterterms in Lagrangian [1, 4].

The lattice regularization of the model proceeds in the standard fashion [19]. Referring

to the notational conventions in appendix A.1, egs. (1.1) — (1.3) are discretized according to

/de — aDZ, D: space-time dimension (1.9)
zEA

1 This is closely analogous to the field theoretic approach to investigations of critical phenomena and
second order phase transitions within the Landau-Ginzburg model of statistical mechanics [3, 4].
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with the additional requirement that the desired lattice action (as well as the initial con-
tinuum action with a scalar field @o(z) of canonical, ‘engineering’ mass or rather inverse
length dimension (D — 2)/2 for arbitrary D) has to be dimensionless. If one substitutes the
lattice version of the covariant derivative (A.6) and redefines the continuum variables by

their lattice counterparts,

6A

1—2A
do(x) = V2K 0y, @’y = 5 -
K

ma = - 4, (1.10)

the scalar field part of the lattice action becomes

2
SolU, el =3 {—%Z Re (0% Usus) + sl + A(lesl? - 1)2} (1.11)

zeA p=1
modulo a constant contribution of (1 — 2)\ — 4k)?/4\ — X for each lattice point z € A. The
scalar field ¢, € C lives on the lattice sites, and U, , € U(1) in the compact formulation,
representing the gauge degrees of freedom, denotes a directed link from z to x + f in lattice
direction p € {1,2}, see figure 1.1. The discretization of the pure gauge field part (1.2)

yields the commonly known Wilson action

SU1=8Y (1 ~ Re Up,m) (1.12)
zEA
with the identification )
= 1.13
8=z (1.13)

which reproduces the continuum expression (1.2) up to errors of order O(a?). The sum in
w, 1 < p < v < D, attached to the lattice
sites £ € A. For D = 2 these are the ordered link products

eq. (1.12) goes over all oriented plaquettes Uy,

Up,z =Ugi2 = Uz,lUm+i’2 y . (114)

ar:-l—ﬁ,l z,2

as also depicted in figure 1.1. The relation of the link variables to the continuum gauge fields

A, (z) is supplied by the phases A4, , in
Uy, = e'en (1.15)
and the choice A4, , € [—m,m) would guarantee
Apy = e0aAu(r), Fuyw = Avrpy — A — Auiop + Aup s (1.16)

in the formal continuum limit a — 0. However, on physical grounds it is more natural to
restrict the phases of gauge invariant link combinations to the standard interval [—7, 7).
Hence, I introduce the lattice field strength F, through

. . F,,
Upe =", Fp=Fp1p— 20 NJ (2—12> € [-m,m), NI(-): next integer (1.17)

™
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@< >
Y
A
Y
A
-1
T+ Uz+z7,u T+i+D
@< é > A —
y q q y+RA
-1
Uz,v Uz+/2,z/
& . —
T T+
Uz,

Figure 1.1: Part of a lattice plane with 1.) left object: four directed link variables building
an elementary lattice plaquette Uy,,, with U;’}t = Uptp,—p and U;’}t = U, ,, and 2.) right
object: R x T Wilson loop Ug, , of a qq—pair around a lattice path Crr as introduced in

section 1.2. Here is R =2 and T = 3, and in two dimensions p =1 and v = 2.

so that the continuum field strength F),(z) in D = 2 is recovered to be
a—0: F,=eya’Fiy(r) (1.18)

with the coupling ey absorbed. The phases A, , are then determined in arbitrary gauge by
the demand to strictly obey the lattice version of Stokes’ theorem F = dA [52, 73]. An
avoidance of any mod 27—ambiguities in the lattice field strength F, by the prescription
(1.17) is necessary for unique definitions of the topological charge and fractionally charged
Wilson loops in the following section. When the scalar field is further decomposed into
length and phase,

0p=pse™  p, R w, R, (1.19)
the lattice action of the U(1)-Higgs model ultimately reads

SIU,¢l = SglU]+54[U, ¢] (1.20)
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SUl = 8y {1 — cos (Am,1 + Ay s —Ayn — AM) } (1.21)

zEA

2
2
Ss[U, 0] = Z {—2&szpm+ﬂ cos By, + p2 + A (p2 — 1) } (1.22)
TEA p=1
and is well suited for numerical simulations. Here the gauge invariant ¢-link phases B, , in
the scalar part,
By, = —wpip+ Apy+ wy, (1.23)

equal the gauge fields A, , in the unitary gauge, which has w, = 0 and ¢, = p,. The
functional integral over field space of the continuum theory now becomes a generically infi-
nite product of ordinary integrations over all lattice sites and every field degree of freedom
allocated to them?.

The lattice parameters of the model are (3 for the gauge field dynamics, the scalar hopping
parameter k in front of the kinetic in eq. (1.22), and the coupling A, which is responsible for
the fluctuations of the Higgs field length (radial) mode p,. Together with (1.10) and (1.13)
the equations (1.6) — (1.8) directly translate into

2\ 1 26
azmil’o == vg, azm%‘,0 = B vg, R%IW’O = % (1.24)
29k — L
v2:2/<;<1+ KA 2) : (1.25)

The bare vector mass amy can also be obtained from the leading non-constant contribution
in the expansion of the cos B, ,~term in the scalar part (1.22) of the action. If the physical,
i.e. renormalized masses or the Higgs field vacuum expectation value would approximately
fulfill these tree-level relations in a region of parameter space, one could speak of the lat-
tice theory — as the full quantum theory, which implicitly contains all perturbative and
non-perturbative corrections by definition — behaving classically. Apart from finite renor-
malizations, this is merely to be expected for the Higgs to vector mass ratio Rgw, since the

cancelling v2 embodies the only primitive divergence of the theory in two dimensions.

1.2 Basic observables

I mainly consider gauge invariant, local primary quantities, which already appear in the

lattice action per point S,. Arranging egs. (1.20) — (1.22) as S[U, ] = > ., Sz with

Sy = BPye — 4KL} , + Ry + AQ, (1.26)

2The transformation of the integral measure belonging to (1.19) gives rise to an In p,—term, which has to
be incorporated in (1.22) for all updating algorithms of the Higgs field length p, alone.
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I introduce the length variables of the Higgs field,
Ry = |@ol® = 030 = 03, Qu= (0} —1)°, (1.27)

the plaquette observable

Py,=1—RelU,, =1—cosF,, (1.28)
and the ¢-links
2 *
LT = 1 Z Lt LT = Re ((pm—l—ﬂUE,HQOE) = PzPz+4j COS Bz,u (1 29)
_2 2 YT — Im(* U )_ _sin B . .
=1 PotpVo,uPr) = PrPrtp SN Dy, y

Their expectation values and statistical errors are computed numerically by averaging over
the number of lattice points and configurations (measurements) as sketched in section A.3
of appendix A. The non-perturbatively renormalized vacuum expectation value of the Higgs
field® can be defined with help of the scalar length p, = |¢,| as

vr = V26 (p), (p) = (p) : (1.30)

unitary gauge

1.2.1 Wilson and Polyakov loops

Beyond the former observables, I measured Wilson loops of space-time extensions R and T,
W(R,T)= (ReUcs ) , (1.31)

where Ug,, ;. stands for the ordered link product around a rectangular closed path Crr € A
of extensions R x T, and each lattice loop with this geometry is meant to be included
in the expectation value. They are gauge invariant by construction and, as illustrated in
figure 1.1 of section 1.1 for the two-dimensional case with z = (z1,z5) = (x,t) € A, have an
interpretation as the probability for generation of an external, static quark-antiquark (qg)
pair at Euclidean time ¢t = 0, its propagation in space from x = 0 to x = R, and later

annihilation at time t =T

The Wilson loops are known to offer a criterion for static quark confinement. To see
this, let H,5 be the Hilbert space of the quark-antiquark sector in the Hamiltonian formalism
for lattice gauge fields [17, 19], whose states ¥(™ form a complete set of eigenvectors of the
Hamiltonian operator Hgg, i.e.

Hz9™ = E, 9™ (1.32)

If the spacelike locations @ and y of the static quark charges lie on a common lattice axis at
distance R, the static quark potential V(R) = Ej is defined as the energy Ej of the ground

3 A renormalization factor, which is supposed to tend to unity in the continuum limit, is ignored in this
definition.
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state W) in H,z. When inserting a complete set of eigenvectors, one has for an arbitrary

¥ € H,q and non-vanishing overlap between ¥ and T(0):

(Ule "M [T) = 3~ (UM |@) P emoTE T2 (GO e TV, (1.33)

The gauge invariant left hand side of this equation can in temporal (axial) gauge just be
identified with W (R, T') so that the important relation

1
aV(R) =~ lim — InW(R,T) (1.34)

follows. Two characteristic asymptotic behaviours of large Wilson loops are then to be

distinguished. Namely, there is static quark confinement for loops obeying the area law

W(R,T) ®'0™ Ce T (1.35)
which gives a linearly rising potential
00 . 1
aV(R) "2® aR, a=- lim =aV(R) (1.36)
R—o0 R

with « called the string tension, or a perimeter law behaviour
W(R,T) ™70 ce nED (1.37)

which is typical for Higgs and Coulomb phases in lattice gauge theories without matter fields.

Returning to two dimensions, the pure gauge theory, presently equivalent to pure (141)-
dimensional quantum electrodynamics (QED) and one of the limiting cases in the next
section, can provide a nice check for numerical Wilson loop calculations in this context.
There the infinite-volume formula

el

holds [17, 19, 45|, A = RT the area enclosed by the Wilson loop in lattice units and I;(3),
k € Z, the modified Bessel functions of order k£, and the static potential is
L(B8) } R P2 R _ d’¢R

1(B) 20 2’

which reproduces the linear continuum Coulomb potential in one space dimension after

W(R,T) = [ (1.38)

V(R) = —1In l (1.39)

expansion of the modified Bessel functions for large arguments [17, 189]. It can be shown by
a strong (gauge) coupling calculation that eq. (1.38) is also a good approximation on finite
lattices for small enough (3, and in fact it was possible to confirm its right hand side by
numerical simulations with a proper choice of the lattice parameters, e.g. for the plaquette
(cos F) = W(1,1) on a 16 x 16 lattice with 8 = 10.0 and scalar hopping parameter k = 0

the agreement was still better than 1 %.
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For an external test source g of fractional charge, ¢ being non-integer, I use the identity

for the Wilson loop integral in the continuum

W,[A] = <Re exp {iq ]{M dxHAH(x)}>
= <Re exp {zq/ d’z F12(:c)}> , A: two-dimensional area (1.40)
A

to obtain a unique lattice prescription for the corresponding Wilson loop in the compact

formulation,

W,(R,T) = <eiqzmeAR,T F> , (1.41)

with Agr C A as area of the path Crr = 0.Ar . The restriction of the lattice field strength
to F, € [—m,m) realized in eq. (1.17), together with the lattice analogue of Stokes’ theorem
F = dA to establish the gauge link phases A, ,, leaves no mod 2r—ambiguities, which would
arise for the standard form in terms of A, ,-sums as inferred from the definition (1.31).
Moreover, this makes sense opposed to A, , € [—m,7), because F, is gauge invariant, and
B — oo (a — 0) forces F, o a® to vanish faster than A, , o a, whereas the latter may stay

non-zero on single links, e.g. in vortices.

A special case are the Polyakov loops as world lines of a static quark in a Wilson loop,
i.e. for D =2 with z = (z1,1z5) € A,

1 L1 Lo
Lp = <L—1 > Re [] Uz,2> (1.42)

r1=1 ro—1

or, respectively, the Polyakov loop correlations

P(R) = <Li1 i (Re IL"[ U;Q) (Re IL"[ UE+R1,2>> — W(R,T) ‘T_h, (1.43)

r1=1 ro—=1 ro—1
whose extension to fractional charges is
P,(R) = W,(R,T) ‘ (1.44)
T=L>
with the Wilson loops to be computed according to eq. (1.41). The affiliated static potential

is now defined in view of eq. (1.34) through these Polyakov loop correlations as

Vi(R) = _q21L2 In P,(R) (1.45)

and will enter the scenery in sections 3.4 and 4.1 of the later chapters.

1.2.2 Topological charge

Let M be the two-dimensional manifold of compactified Euclidean space-time with boundary

OM supposed to be a one-sphere S'. Throughout the perimeter of M, which as a circle can be
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parametrized by an angle 6, the field variables of the theory must approach a pure gauge form,
i.e. their boundary conditions on S are ¢o(z) |g1 = C'e?®® and A, (z) [ = £ e*®§,e i

with some constant C' and function a(f) € R. Then the topological charge in the continuum

reads
Qtop = 2/ d?z € F(z) = 6_0/ d’z Fio(z). (1.46)
A Jur 21 Jumr

m
With Uy.), = Uy from (1.14) its naive lattice discretization involving the field strength F;
in (1.17) of section 1.1 is

naivi 1 1 % 1 .
Qo™ = e > el = yp= Y (Ueno = Uzy) = oy > sinF. (1.47)
zEA zEA zEA
This charge converges with a rate Qﬁﬁf,”e) = 0% a0 Fia(z) + O(a®) to the continuum

expression (1.46) and is not necessarily integer-valued.

I adopt the geometrical lattice definition of the topological charge instead [37, 40|, which
relies upon the existence of a piecewise continuous and differentiable interpolation of the
lattice gauge field. More precisely, the procedure consists of gauge fixing and using a sensible
interpolation to reconstruct a smooth gauge field from the discrete lattice data. For a finite
lattice with the topology of a — in the general case four-dimensional — torus, the topological
information contained in the actual continuum gauge configuration resides in the so-called
transition functions, which connect the gauge fields on the boundaries of the elementary
lattice cells. In the two-dimensional theory this construction simplifies to the sum of the

uniquely projected plaquette angles

1

Qtop - %ZFE’ Fw € [_7T,7T)- (148)

TzEA

Proof:
In fact, it is possible to duplicate the explicit construction quite lucidly in the case of two

dimensions. Following refs. [38, 43], I introduce the cells
c(r)={reR®|Vu:0< (z,—2,) <1}, z€ACZ?,

covering the torodial lattice A = T2, which is thought to be embedded in R?. They intersect
along the faces f(z, ) = ¢(z) Ne(x — f1). According to the fibre bundle construction in the
continuum [7, 8], the whole information about the topology of the gauge field configuration
is carried by the transition functions defined on the boundaries of regions, in which a non-
singular gauge potential can be defined in a global way. They take values in the gauge group
and, denoted as v, ,(r) when transcribed into the setup on the lattice, relate the gauge
potentials A,, and A, j, of the neighbouring cells ¢(z) and c¢(xz — 1) on the faces f(z,u)
by a transformation of the type Ay_p, = Agy + iv,,(r) 0y vgu(x). At the corner of four
overlapping cells the transition functions must satisfy the cocycle condition vy_j . (r)ve,,(x) =

Vp—5()Vz(2), and at the corners of the faces they equal v, ,(r) = w,a(r)w;*(x), where
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the parallel transporter w,(r) is used to gauge fix the links to the complete axial gauge in
each cell. By interpolation this formula is extended to the whole face, and the interpolating
fields in the interior of the cells [37] appear in two dimensions with y = z or y = = — fi,
p#ve{l,2},and 0 < <1 to be explicitly
— -1 t
Vo (®) = [5350)] 7 va(@) (52,01, s, = [0y (0) Uy (w4 9)
In passing from continuum to the lattice, the original definition (1.46) can now be written

in terms of these lattice quantities, which absorb the gauge coupling eg, as

Qtop - 47T d2x€;wF;w(x) - _ZZ/ dxv T,V

zeA v=1
— —Z Z eu,,/ t) Oy Ve pu(x)
z€A pv=1
= Y qlz) = ZZ(—l)“ (Fzu = Kot in)
zEA z€A p=1

with surface integrals over the faces of the lattice cells, whose integrands are total divergences:

(—1)tk,, = — dr [s2,(0)] 710, [s7,()] = —2 /ﬂ )dxa yIn [sy,(c) ] -

270 f(z,) ’ ’ 2mi

After putting in 55,”(25), y=uz,r — i € A, from above and evaluating the integrals together
with eq. (1.14) and the U(1)-valued link variables U, , fulfilling U, = U;

s SOme little

algebra gives

1 N A A N PN
1@ = 54 { in [ (e + D)0, 10, 0+ 143) | ~In [wee + )0, 5,00, (0 + 2 41)

—In [wm(x)Uz,ngl(az + ﬁ)] +1n [wz(x)Uz,lw;I(az +1) ] }

1 1
- —1n[Um1U+12U Um;] = 5= Uy,

21 +3,1

for the lattice topological charge density g(z) to be summed over all sites € A. Restricting
the logarithm to its main branch InU,, € [—m,7), one recovers the lattice field strength
in the plaquettes Uy, = U1z = e, F, € [—m,7), from eq. (1.17) and finally arrives at
expression (1.48) for Qiop, which unambiguously defines the topological charge on a two-

dimensional lattice, q.e.d.

The geometrical method provides a well defined topological charge for almost all gauge
configurations, apart from the ambiguous assignment of Qo to configurations with F, =
7 for at least one z € A. Such finite-action configurations, which separate the different

topological sectors on the lattice?, are called exceptional; the set of these fields has zero

4In the continuum these gauge configurations have infinite action.
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measure in the functional integral and can be ignored. Moreover, Q,p is gauge invariant

and takes only integer values. This can be seen from the vanishing of > _, ﬁ’z;lz =0ona

periodic lattice so that F,, — Fm;12 = 2mn, with a vortex n, € Z and therefore

Qtop = an €. (149)

zEA

The naive and geometrical lattice definitions of Qyop do only differ by terms of order O(F2).

The topological susceptibility xiop is given by the expectation value

1
Xtop = V <Q2,0p> (150)

with V = a2Q = a%L, L, being the physical space-time volume in lattice units. In contrast
to four dimensions, the topological structure of two-dimensional pure gauge theory is rela-
tively simple, and the leading B-dependence of xiop is analytically known here. Under the
assumption that the local — approximately Gaussian — fluctuations decouple from those
of Xtop, justified in the limit 5 — oo, i.e. @ — 0 from eq. (1.13) and Q@ — oo, one splits
the gauge field into a topologically trivial fluctuating field with @Qs,, = 0 and a background
field configuration with constant field strength in the minima of the non-trivial topological
sectors. Neglecting the former contributions, the topological susceptibility is written as an

infinite sum over all these sectors k € Z,

1 1 Y ey ke 5

2Ytop = = (k?) ~ 1.51
CLti Q< > Q Zkeze_sk ) (5)

with Si and Fj, as pure gauge action (1.12) and field strength of the sector with Qyop = £,

respectively:
2rk

1 2123
Sy = SFl, ="k, Frp,="— 1.52
k /B Z 2 k,x 0 ’ k, 0 ( )
TzEA
After replacing the sums by integrals in the § — oo and infinite-volume limits, one can

perform the Gaussian integrations to get the behaviour

1

i 2
B—00,00—=00: a"Xtop — ey

(1.53)

Higher corrections in 1/3 are available in an advanced derivation [45] by strong coupling
expansion techniques in terms of Bessel functions similar to eqgs. (1.38) and (1.39), but their

knowledge is not necessary for the sequel.

1.2.3 Correlation functions

The particle masses of the theory in lattice units are basically extracted from correlation

functions of gauge invariant, local operators at zero momentum [19]. To this end the relevant
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operators O, are averaged within the timeslices at 1 < ¢ < L; of volume Q, = L;L,L3 by

summing over the spacelike coordinates @ in = = (x,t) € A,

O(t; p)

1 i
= e'’?*0 (1.54)
because this projects onto intermediate states with spatial components p of the lattice mo-
mentum p = (p,ps). Inserting a complete set of eigenstates U™ of the Hamiltonian H,
only the lightest state ¥(®) of lowest energy lying above the vacuum it acts on, which has
the quantum numbers of O, and likewise a non-vanishing overlap with it, dominates the

correlation function for large ¢:

(O(t; p)O(0;p)) = <0|0(' ) *HtO(O'p)|0>
= Z| 0(0; p)|0)[* e o7t
2 (wO]0(0; p)|0)[* e B0t (1.55)

If there is a single-particle state in a given channel, the lowest energy in the spectrum of
H, isolated by projecting out the zero-momentum (p = 0) part of O, to avoid any nearly
degenerate states carrying small spatial momenta, is assigned to the physical mass of this

particle. Then the connected correlation functions

(O(t; p)O(0; p)), = (O(t;p)O(0; p)) — (O(t; p)) (O(0; p)) (1.56)

are shown to be the spatial Fourier transforms of the connected Green functions, and their
asymptotic exponential decays at vanishing spatial momenta are governed by the physical
masses, which are determined through the complex singularities closest to the origin of the

corresponding propagators in momentum space (pole or on-shell masses).

Applied to two dimensions with z = (z1,22) € A and p = (p1, p2), it follows from the
lattice O(2)-symmetry and temporal translation invariance that a product of two timeslice

averages (1.54) at distance ¢ is

Ly
1
O(t;p1)O(0;p1) = b Z cos(p121) 000z, z€A,0=(0,0), 21 =z1+y1

z1=1
= (Z cos(p1z1) ) (Z cos(p1y1) ) . (1.57)
r1=1 y1=1

Hence, the connected timeslice correlation functions (1.56) can actually be calculated as

disconnected expectation values

Co(t;p1) = < 22 (2 cos(p11) ) (Z cos(p1y1) ) > (1.58)

ra—=1 r1=1 y11



38 CHAPTER 1. THE MODEL

with z,y € A, t =y, — 29 = 0,1,..., Ly — 1, and the shifts of each fixed ¢—distance in the
direction of propagation via the sum over x5 to enlarge the statistics. Their exponential fall
offs on a periodic lattice are expected to have the cosh—like shapes symmetric with respect

to the central time distance t = L, /2,
Po(tip) = A [e*Mt +e*M(L2*t)] +C

— 24e M % cosh [M <% - t)] +C, (1.59)

and for p; = 0 the decay energy is the physical mass of a particle in the channel under study.
The ansatz (1.59) presumes that this lowest state is well separated from all possible excita-
tions of higher energies, whose faster decaying subdominant contributions to the correlation
function should be negligibly suppressed already after a few t—distances. The lattice version

of the energy-momentum dispersion relation in two dimensions,

2
a’m®+2|1— cos(apl)] =2 [ cosh(aE)—1|, p1= TF ny (1.60)
aln
with n; =0,1,...,L; — 1, reducing to the continuum expression when expanding
a’m? + a’p? = a’E* + O(a'pt, aEY), (1.61)

connects the particle masses with the decay energies M = aF of the correlation functions
[o(t; p1) with non-vanishing spatial momenta p; > 0 and can serve as a consistency check
for the reliability of the mass values computed in this way. First estimates of the decay
constants in the correlation functions — also useful, for instance, as initial input values
of the starting parameters for the x?-minimizing routine in the fitting procedure — are

obtainable by considering effective masses

To(t+1;p1) + To(t — 1;p1)
Mg(t; Ly) = h , 1.62
e L) = arcos { 2To(t;p1) (1.62)
at time separations t = 1,..., Ly/2—1, and looking for plateaus in the extrapolation t — oo,

which is limited in practice by the finiteness of the extension L,. More details and numerical

results are given in appendix B.2 and section 3.1.

In general, suitable lattice operators O, for the mass channels of interest are constructed
via their transformations under the discrete lattice symmetries. These are the transforma-
tions of the cubic group, to which the rotation group in the continuum characterizing the
spin J of a physical state in Hilbert space is broken down on a cubic lattice, the parity P as
the space reflection, and charge conjugation parity C' being complex conjugation. As elabo-
rated in refs. [50, 19], the eigenstates of the Hamiltonian can now be classified according to

the unitary irreducible representations labelled by JZ¢

of the total symmetry group on the
lattice, composed from the product of the three kinds of discrete symmetries enumerated

before. Usually, the lattice regularization may split the representation, according to which
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some state with the desired quantum numbers in the continuum transforms, into a direct sum
of irreducible lattice representations. Therefore one must require that the lowest state in the
superposition of eigenstates created by O, from the vacuum, whose mass will dominate the
corresponding correlation function, belongs to the component of the lattice decomposition

with the correct quantum numbers JF¢ of the discretized continuum representation.

Due to the fact that there is only one spacelike direction on a two-dimensional lattice,
appropriate operators in the Higgs and vector channel are alone distinguished by their parities

P = +1 and P = —1, respectively. This leads to the scalar operators
for amy in the Higgs mass channel and to the vector-like operators

O, € {L, 1, Fy,sin F,.} (1.64)

Pzl

for amy in the vector mass channel. Viewing at eq. (1.56), a constant contribution to the
correlation function I'p(¢;p1) in (1.58) has to be expected, if (O(¢;p1)) # 0. Since this is the
case for scalar operators at zero momentum, whilst vector operators and thus also those of
higher momenta have (O(t;p1)) = 0, the full three-parametric form of eq. (1.59) is merely
employed in the Higgs channel with p; = 0. In the fits of all other correlation functions the

constant C' can be safely ignored from the beginning?.

1.3 Limiting cases

Let me go for an excursion to the limiting cases of the two-dimensional U(1)-Higgs model.
In the space of the parameters (3, k, and A entering the lattice actions presented in section 1.1

they are:

e f=00ork=00o0r A=0
These are trivial limits without any physical meaning, because in the first case one gets
an ultralocal theory after performing the U, ,-integrations in the functional integral,
and in the second one the theory is frozen due to U, , = 1 in the unitary gauge. Both
models have no phase transitions in lattice parameter space. Setting A\ = 0 gives a

gauged scalar model without interaction (free field theory).

e k=10
In this limit one arrives at pure gauge theory, since the scalar field action Sy = Sy[¢]
has no kinetic term and is ultralocal, leading to a decoupling of gauge and scalar

sectors. There is no phase transition with § in two dimensions, and the Wilson loops

5Recall that the states created by a product of two vector operators always transform like scalars,
i.e. To(t;p1) does, of course, not vanish for vector-like operators.
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obey the area law, signalling the theory to be always confined. The last point is directly
deduced from the fact, that in two dimensions, i.e. with only one space dimension, the

Coulomb potential is linear in the distance as in eq. (1.39).

e =00 and A =00
For 3 = o0, i.e. aeg = 0, one has a pure scalar model, because U, , = 1, and each U, ,
becomes a gauge transform of 1. Taking also A = oo gives the fixed length case with
|| = 1 (‘Ising limit’). This is the two-dimensional XY-model with its Kosterlitz-
Thouless phase transition [67] at k = k. ~ 0.56 [70] between a massive vortex phase
characterized by excitations of liberated vortex-antivortex pairs (k < k.) and a massless
spin wave phase (k > k.). At finite § < oo this transition is expected to become a
continuous crossover [54, 22, 56| between analytically connected confinement (k < k)

and Higgs regimes (k > k). I will come back to this scenario in chapter 4.

e =00 and A < ©
Again the model is purely scalar, but with variable scalar field lengths |, | = p, € RZ°.
Now one is brought to the two-dimensional case of two—component ¢*-theory (¢2_,),

which is extensively investigated in the literature with different methods [19, 74, 75,
76, 166, 167].

I want to finish this section with two further tests of the Monte Carlo (MC) program used,
which are provided by the limiting cases just mentioned. I begin with the pure gauge theory
(k = 0), where simple expectation values involving the scalar field length p, can be calculated
exactly. Owing to the special, non-interacting form of the scalar field action (1.22) in this
case,

Selel = {pi +X (03 - 1)2} , (1.65)

rEA

the generating functional for the scalar sector alone reads

TzEA

= Q/ dppe P11 = qr, | (1.66)
0

and the expectation value of an observable O = O({p}) has the path integral representation,
see also eq. (A.10) in appendix A.2,

©)ns = [ Plele 0o = - [~ dpp0(phe . (wen

For the factorization of the partition function Z) in the third equality of eq. (1.66), the

decoupling of all lattice points z € A and their field variables has been used. For instance,
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a straightforward calculation with some changes in the integration variable yields thereupon

the closed analytic expressions

1 e—)\cz
() = i (1.68)
’ VTA 1 — erf (cx/X)
c e 1 12X\
<P4>Z — +_+02, c = (169)
’ VTA 1 — erf (cﬁ) 2A 22
with the error function [189]
erfz—i/zdtetz zeR (1.70)
VT Jo ’ , .

which can be extended to general powers Yor = (p?*)z,, k € Z2° and for the odd ones
Yar1+1 = 0 because of the symmetric integration interval. In numerical simulations at kK = 0

these formulas were perfectly confirmed up to the last significant digit outside the error bars.

The second test applies to the case 3 = oo, where the gauge fields are fixed to U, , = 1.
Then the scalar field action (1.11) is

Sele] = —2*&2236(@;;2%)+Z{P§+)‘(Pi_1)2}

zeA p=1 TEA

= 20, + > {+A (2 - 1)} (1.71)

zEA

with the hopping term written as volume average of L} , in eq. (1.29),

1 2
a2 > Re(vi0:)

L

@
rEA p=1
]- 2 * * ]‘ *
= 5522 (Chipps +0i0as) = 55 D s, (1.72)
zEA p=1 <zy>

and the sum over < xy > means all directed pairings of nearest neighbours z,y € A in both
lattice directions due to the U(1)-symmetry. Its relation to the scalar energy density e, for

arbitrary space-time dimension D is

1
% <E<p>zn,A = <L<p>z,m =D <Re (¢;¢$)>Z~,A : (1'73)

Now the generating functional
Zua= [ Dlglesi = [ Dfglerat e Eeesiioi ) (1.74)

implies

]_ d ]_ d ZK,)\
L)), =——~InZuy=——1In|252) 1.
Lolzor = 30 s ™%~ 20 an “(ZA> (1.75)
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but at the same time the identity

Zn, 2601, _ 2 2 (p2—1)2
o ety 7= [Tlappe Tz} g

zEA

holds true, if the subscript A refers to the situation with x = 0 as in eqs. (1.66) and (1.67).
This amounts to perform a hopping parameter expansion around x = 0 by expanding the

exponential

00
* K
26QLy . B pus PEP2 * o0
e = e <zy> Yy — ' gpylgolll (pyk(pz‘k
k=0 = <zy>1--<zy>p

— HZ—‘T 'Zlmpmwm, (1.77)

so that (e?L¢), becomes via the weight factors wy;, containing products of the scalar

fields, a sum in proper products of the expectation values already met before,

(O3, Par P Pun) = (0 =2, k<, (1.78)

since the field variables on different lattice sites decouple in the partition function Z, with
k = 0 as above. The prescription (1.77) says to sum at each order n over the set G of all
graphs, which consist of n pairings of directed bonds (i.e. arrows) in both directions with
the property that their initial and final endpoints have to be exactly associated with each
other, multiplied with the number of the possible positions [, ; within the lattice and with
the number of permutations p,; of the bonds itself. In this way one finds for the ratio of

partition functions in (1.76) up to three orders in k2 the expansion®

Zn,)\

1 1
Z- = 1+ QDy2K* + QD {5 (QD — 2D — 1)y, + (2D — 1)y37y4 + Zﬁ} K
A

1 1
+QD { [6 Q°D* — (2D —1)* - ¢ (32D — 16D +8)(4D — 1)

1 1 7
+(D — 1)(QD—4D—2)+§]7§+ {(21)— 1)2+ZQD+D— ﬂy;fyi
2
+(2D — 1)(QD — 6D + 2)yiy, + 3 (2D — 1)(D — 1)y3v + 8(D — 1)*y2,
1 1 6 8
T3 (2D — L)v2vavs + % K+ O(k%), (1.79)

and after inserting it into eq. (1.75), the expectation value (L) z, , can be calculated in this
approximation either by hand or with the aid of a computer algebra program. Note that the
volume dependence of Z, ,/Z, cancels when taking the logarithm in (1.75) as it should be,

because the resulting free energy has to be an extensive quantity. Finally, after numerical

6For control, one can verify that the first two orders in k2 of the same expansion for the one-component
scalar model with Z,—symmetry reproduces the results given in [19, 75].
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(Ly)z, 5 simulation | O(k) O(k*) O(k®)
O\ k) = (0.1,0.1) | 0.1691(2) | 0.1590 0.1684 0.1692
(M k) = (00,0.2) | 0.4242(3) | 0.4 0424 0.4242

Table 1.1: Comparison between numerical simulation results and a hopping parameter ex-
pansion in k at 3 = oo and two representative A\—values. The observable considered is the
scalar energy density L, = €,/2k, and the expansion of the partition function went up to
three orders in k2. The MC data are from measurements over 200000 configurations on a
16 x 16 lattice.

evaluation of the integrals 7,, 4, see egs. (1.68) and (1.69), and ~s, I obtained for D = 2
the expansions

(Ly)y . = 1.589876 K + 9.411771 k* + 75.785093 k° + O(~") (1.80)
(Ly)y, = = 26+3K>+06%° +O(k"), (1.81)

which are confronted with estimates for (L,) z, , defined by (1.73) from numerical simulations
in table 1.1. The second row corresponds to the two-dimensional XY-model (A = o), and
it is evident that the x®~term of the hopping parameter expansion is yet necessary to get a
satisfactory agreement with the quite precise MC data.

As a by-product in the case of the XY—-model, I also reproduced some results of ref. [69]
for the scalar energy density €, and the susceptibility x = (M?)/Q, M? = (Zng Re goz)2 +

(ZmeA Im goz)2 the squared magnetization, here evaluated in the Lorentz gauge A, A, , =
2
i ZM:I (Amﬂ“w - Am,u) =0.



Chapter 2

Numerical simulation

This chapter deals with some aspects of the numerical simulation of the lattice U(1)-Higgs
model. A short introduction to the subject of Monte Carlo (MC) simulations is found in
appendix A, so I mainly concentrate on the features necessary for the numerical computation
of the topological quantities of interest and only discuss the final updating scheme. The
simulations (with a program written in FORTRANT7) were performed on UNIX and VMS
workstations of WWU in Miinster, Germany, and to a small extent on the SP2 of HLRZ in

Jiilich, Germany.

2.1 Instanton hits

As announced in the introduction, the central question I want to address later is, how the

topological susceptibility (1.50),
1
Xtop = V <ngp> ’

does behave in the continuum limit. But in ordinary MC simulations with only local updating
steps the tunneling time between two distinct topological sectors, each of them corresponding
to configurations with a certain fixed difference in the number of instantons and antiinstan-
tons, is exponentially suppressed with 1/a?eZ = (3 so that such indispensable transitions
might actually never occur. In the case of the Wilson action, eq. (1.12) of the previous
chapter, one can immediately make sure of this exponential scaling of the tunneling time
with (. Since the usual local algorithms affect only the plaquettes adjacent to the link being
updated, changes in the topological charge are only possible by successive changes of D
plaquettes. Hence the probability for one unit of Qop, being located on just a few plaquettes
is proportional to e 55U & e =B,

The standard assumption in this situation is that all these sectors are implicitly taken into
account, and that the effects of the underlying topological structure of the theory are properly

included in the expectation values of all physical observables under consideration. Although

44
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no significant contradictions to this statement have been observed so far, it may happen
that in the interesting parameter region of the lattice theory the topological observables, in
particular Qop and Xxiop itself, are hampered with so large autocorrelation times that they
stay zero (at least within their statistical errors) during every MC run of tolerable length.
The idea to overcome this problem, pioneered by Fucito and Solomon in the O(3)-sigma
model [71], is to give an instantonic configuration to the system by hand and combine it
with the local MC evolution. These so-called instanton hits have then also been used in the
XY-model [71], in U(1)-gauge theory in two dimensions [72], and in the Schwinger model
(73], where they always turned out to be the essential ingredient for feasible measurements

of topological quantities in a numerical simulation.

2.1.1 Implementation

In the two-dimensional U(1)-Higgs model at zero temperature the quite similar prerequisites
originate from the fact stressed before that in pure gauge theory the configurations in the
various sectors, characterized by Qi.,, are separated by a potential barrier of height 243,
i.e. the probability amplitude for transitions to configurations with Qp, 7 0 vanishes in
the continuum limit § — oo (¢ — 0). However, the non-vanishing probability for the
topologically non-trivial sectors represents an important physical effect, which should be
included in the scaling investigations of the next chapter. Consequently, one would look for
a (smooth) deformation of the gauge links U, , leading from a sector with Qi,, = n to the
neighbouring one with Q,, = n+1 via passing at least one point x € A with F,, = . Surely,
this requires n, — n, + 1 for some vortex configuration n, C A and will be exploited when

recoursing to the instanton hit procedure.

If additionally the Higgs field degrees of freedom are incorporated, it is not surprising
as well (and can be seen from the data) that the local updating algorithms — metropolis
and overrelaxation in the present case — do not manage to tunnel between the different
topological sectors in the space of lattice parameters with § 2 10.0 and « < 0.5, which
will become evident later to be relevant for the continuum limit of this model. Now the
instanton hits appear as an updating in the gauge sector of the model by a certain global
proposal of an extended instanton configuration, combined with a metropolis step. They
are designed to change the topological charge by one unit and thus to ensure ergodicity
of the MC simulation with respect to Qop- A symmetric proposal probability Pp and the
optimization of the acceptance rate P, of the metropolis decision amounts to choose the
interpolating gauge fields independent of the actual configuration, and to provide a change
in Qtop, Which mediates between the minima of two neighbouring sectors as induced by an

(Euclidean) instanton.
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In the sense of pure gauge theory, these sector minima have a constant field strength of

i 2mQy
Fimin) — Z_T0P 2.1
E 0 (2.1)

so that the associated gauge link phases AA, , should comply with

2T

AF, = iﬁ . (2.2)
To describe the construction of the needed instanton configuration more precisely, I should
emphasize that — owing to gauge invariance — it has to be specified by demanding the gauge
invariant, physical quantities to take suitably prescribed values. In pure gauge theory these
are the field strengths F, and the vortex sum (1.49) of section 1.2.2, here Qyop = Y, 1, OVer
all lattice sites = contributing to such a configuration of quadratic extent with side lengths
1 < Ring < min{L,, Ly}. Therefore, the requirement F, = 27 /RZ_, for all points covered by

the instanton, resulting in Qo = 1, can be realized in pure gauge theory by arranging the

phases AA, , in Lorentz gauge together with the assignments Fm;12 = 27/R?, within the

inst
2

2 . in its centre, and zero elsewhere!.

instanton, except for Fy,iy = 27(1 — R2_,)/R

In adaption to the U(1)-Higgs model, I implemented the instanton hits as follows. Before
any thermalization or measurements sweeps a square instanton configuration of extensions
1 < Rt < min{Ly, Ly} in both directions is created. Motivated by the existence of a
perturbative vacuum p, = (p), the once initialized instanton configuration of pure gauge
theory is cooled with the full U(1)-Higgs lattice action, where the scalar field degrees of
freedom in the gauge invariant k—term (1.22) are set to p, = (p), eventually being adjusted
after trial simulations, and the gauge is fixed by the requirement w, = 0. This corresponds
to update proposals, which only shift the gauge field. Thereby it is achieved that, starting
from the perturbative vacuum in unitary gauge, the configuration evolves to the classical
configuration in the topological sectors @y, = £1, with the fluctuations in the scalar field
length p, around (p) assumed to be sufficiently small. The cooling procedure, during which
all updating algorithms accept only those proposals lowering the action, finally produces a
smooth instanton configuration with minimized action for p, = (p) and a vortex sitting in

its centre as displayed in figures 2.1 and 2.2.

The instanton hits themselves, which are element of the thermalization as well as the

measurement sweeps, consist of

Upp — U-;,u c Ay, — A;,N = At AA,, P — O = Ou, (2.3)

'The 2RZ , phases A4, , are uniquely determined, if the gauge invariant sums ¢, = ﬁ >, A4, L,
the so-called lattice torons, are also imposed to have some definite values. Of course, one ambiguity still
remains and lies in the vortices n;, which may sum up to the same value of Qtop, because it is only unique
modulo compensating vortex-antivortex pairs. In view of gauge fixing, this substantiates the Gribov copies

of the gauge orbit.
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Figure 2.1: Two typical instanton configurations after 10* cooling sweeps with w, = 0 and
pe = (p) as proposed in the instanton hits. The figures show the corresponding distributions
of the field strengths F, on a 32 x 32 (left) and a 64 x 64 lattice (right).

which fulfills the detailed balance condition

Pe({U, 0} = {U',¢'}) = Be({U', ¢'} = {U, ¢}), (2.4)

if the signs of AA, , in eq. (2.3) are proposed with equal probabilities. The acceptance

probability of the subsequent metropolis decision within the Rj.s X R sublattice is
PA({U, o} = {U',¢'}) = min{1,e 2%},  AS = S[U,¢'] - S[U, ¢]. (2.5)

Together with the instanton size Rj, it determines the cost of the algorithm so that

Py/R%,, has to be maximized in practice. Since the instanton hit procedure, in which

4" 4

—m/2 /2

RS

Figure 2.2: The centre of an instanton configuration is given by a vortex, characterized by

the shown values of the p-link phases B, ;, = —wgi4 + Agy + Wa.
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the randomly chosen reference point of the instanton runs over the whole lattice with incre-
ments Ri,s:/2, may be repeated Npg times, the absolute number of proposals per sweep is
Niaps = 4QNimgt /R2,.. As can be verified from the simulation results, the inclusion of the

instanton hits now cures the prohibitively large tunneling times and is sufficient to move

through the charge sectors with a reasonable acceptance rate.

2.1.2 Optimization and checks

Some refinement of these hits can be achieved by appropriate choices of the instanton size
R;,st, their absolute number Nj,,s per sweep, and — in principle — the number of cooling
sweeps Ngoo for the generation of the instanton configuration to be proposed. Useful cri-
teria in this context are a reasonable acceptance rate P, surviving in the continuum limit
and tolerable autocorrelation times, particularly for xi,,. To simplify the notation for the

symmetric lattices under consideration, I abbreviate Ly = Ly = L for the moment.

The qualitative behaviour of P, in dependence of R, is quite obvious. As it was
already visualized in figure 2.1, the cooling procedure favours to strangle the initial instanton
configuration in such a way that the field variables give significant contributions to the
Boltzmann factor in the functional integral only in a localized region of extensions lower than
R;,;- Consequently, there will always be a certain instanton size, below which P, begins
to decrease as Ry, is diminished, until it breaks down for very small R;,q—values typically
of the order of a few lattice spacings, because then the field strength is so strongly peaked
in the relevant region that the related change in the action would hardly ever be accepted.
On the other hand, large instanton configurations with Ry,s < L almost extending over the
whole lattice imply just marginal influence on the field variables far away from the instanton

centre, and thus constitute an superfluous computational overhead.

The optimization of the instanton hits — and above all of their size — generically
depends on the lattice parameters 3, A, and k. I examined the parameter range, which
refers to lines of constant physics in the model described later, and after a series of short
test runs with N.o = 10* cooling sweeps, I came to the conclusion that Ry, = L/2 is the
best choice here. If only the lattice size at otherwise unchanged couplings is enlarged, the
once specified instanton hit parameters can be kept without modifications. N;,s and thereby
Niaps were fixed by the requirement that the total computational cost of the instanton hits
in a simulation should be roughly the same as for all other updating algorithms together.
During the optimization it was frequently checked that apart from the autocorrelation times
and the acceptance rate P, the numerical results were not affected by the different instanton
hit parameters.

For an illustration Pa, the topological susceptibility xiop, and its autocorrelation times

Tint calculated from formula (A.30) of appendix A.3 for several choices of Rjns and Niaps

are collected in table 2.1. In the upper three rows the expenditure for the hits per sweep,
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Rinst | Niabs -]ViabsR?nst/ Q Py - 103 a2Xt0p -10* Tint [Xtop]
8 192 12 0.255(5) 0.540(15) 4
16 48 12 0.840(8) | 0.531(8) 4
32 12 12 0.906(23) | 0.523(25) 12
16 192 48 0.847(12) | 0.527(12) 2

Table 2.1: Effect of the instanton hit parameters on the numerical data from a simulation in
6 =40.0, A = 0.0025, and k = 0.25885 on a 32 x 32 lattice. The line in boldface corresponds

to the optimal choice as explained in the text.

quantified by the combination NipsR2, /), has been taken to be the same. Therefore, the
maximum of Py/R2,, gets equivalent to a minimal 7i,,. This minimum is reached while
going from R, = 32 to Ry = 16, where one observes that the acceptance rate P, still
stays approximately unchanged. If R, is lowered to Rj,s; = 8, the autocorrelation time is

-2

maintained, but P, already drops as fast as R, increases, and this decrease of P, will finally

~2 for even lower values of Rins. A variation of the instanton size

overstrip the increase of R;

when shifting the instanton proposals over the lattice leads to no further improvement. This
confirms the choice of the instanton hit parameters mentioned above, i.e. in the example
Riynst = 16 for L = 32. Increasing N by a factor of four at equal Rj,g; and constant Pa
yields a further gain in 7,¢, even though the arising costs from the simultaneous growth of the
expenditure due to the additional hits seems not justified in balance with the other updating
algorithms. Note that in all cases the corresponding values of xiop, agree perfectly, whereas
the spread of their statistical errors stems from the different statistics in the individual runs
of at least 10° configurations. All other observables, e.g. the constituents of the lattice action
per point (1.26), are completely insensitive against theses alterations in the instanton hits
as it should be.

In a last test concerning the correctness of the program code I calculated the instanton
action by numerical simulations. For the two-dimensional U(1)-Higgs model in the contin-
uum, the instanton as a finite-energy solution of the classical Euclidean field equations is the

Nielsen-Olesen vortex [28]. In singular gauge the spherically symmetric ansatz for it is

ASHS"‘) (.’17) = 6::% [A(’f‘) + 1] ) ¢(()inst) (-’17) = Uof(’f‘) (26)

with real-valued profile functions A(r), f(r), and boundary conditions

A(r) 2 er?, f(r) "2 dr, e, constants
lim A(r) = -1, lim f(r)=1 (2.7)
r—oo r—00

to ensure Qip = 1. The Euclidean action of this solution in terms of their derivatives has
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the closed form [29, 61]

2/Ooodr {w+r[fl(r)]2+fQ(T)[A(r)"‘l]Q +7"mH70[f (r) —1]

Sinst = T 2 4
TmW’O T

(2.8)
Here vg denotes the bare vacuum expectation value of the scalar field and ey the bare gauge
coupling entering the continuum action (1.1). This expression is exactly known [29] solely
for

THO — 1 Sipgs = T02. (2.9)

RHW,O =
mw,o

Under the assumption of a variable bare mass ratio Rgw, 7 1, this action is multiplied by a
factor ag, which has been computed analytically (and evaluated numerically) for a wide range
of Ryw,o—values in [61]. There the authors state the continuous relation ag(Rgw,) ~ R?f{‘,&,o
which offers the possibility of a direct verification by the lattice approach also for parameters
with a Rpgwo—value via eq. (1.8), which is not explicitly found in [61]. Now the strategy
is to start from a one-instanton configuration generated by a single instanton hit with a
configuration of definite size and perform the cooling algorithm. Since it accepts only those
of the proposed field configurations with a minor action compared to the preceding one,
all quantum fluctuations in the system are iteratively eliminated, and one is finally left
glla)

with a plateau in the action, which can be identified with the lattice instanton action S} . .

The results of this procedure, listed for two representative values of Ryw, in table 2.2,
reproduce convincingly the continuum numbers, especially in kK = 0.2555 (Rgw, = 1.75),

where no interpolation of ag in Rgw, has to be done. They are independent of the size of

2 (lat) 2
K Ruw, Uy Sinst /TG Qo

0.2555 | 1.75 | 2.7594 1.2639 | 1.2664
0.256 | 1.747 | 2.9696 1.2623 | 1.2570

Table 2.2: Results for the (classical) instanton action after 10* cooling sweeps in 3 = 40.0
and A = 0.0025 on a 32 x 32 lattice.

the starting instanton configuration, and their confrontation with the slightly worse estimate
of S /72 = 1.281 in k = 0.2555 on the coarser 16 x 16 lattice at 3 = 10.0 and A = 0.01

inst

suggests that finite-lattice artifacts are nearly absent.

2.1.3 A remark on dislocations

In four-dimensional SU(2)-gauge theory one faces an unwanted lattice effect, conveniently
called dislocations, which tends to spoil the scaling behaviour of the topological susceptibility.
As topological defect on the scale of the lattice spacing a it is a severe drawback of the

geometrical Qyop—definition together with the use of the ordinary Wilson action. The reason
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for this phenomenon is the scale invariance of the instanton solution in the continuum [26],
which is entailed by the fact that it contains an arbitrary radius parameter p;,s;. For instance,
during cooling it reflects in the observation that gradually shrinking instantons with radius
Pinst < a can finally not be resolved by the discretized space-time structure (‘instantons
falling through the meshes of the lattice’). On the lattice the ambiguity in pi,e manifests
itself in dislocations, which are as low action configurations responsible for a decrease of
glla)

st > €.8. determined by cooling again, considerably below its classical continuum value

82| Qtop|/g?, if g denotes the SU(2)-gauge coupling. This feature persists on all scales a in

the continuum limit.

The two-dimensional U(1)-Higgs theory, however, does not suffer from such problems,
because the classical instanton solution possesses no free radius parameter like p,g, of which
one can ascertain by inspecting eqs. (2.6) and (2.7). The shape of an lattice instanton
is supposed to be resolved increasingly well in the continuum limit ¢ — 0 instead, and
hence, possible lattice artifacts in the topological susceptibility should not be ascribed to

the existence of dislocations.

2.2 Updating scheme

The MC investigation of the two-dimensional U(1)-Higgs model applies a combination of
metropolis and overrelaxation algorithms for the field variables A, ,, p;, and w,, mixed with
the instanton hits described before. When estimating the integrated autocorrelation times
of the observables defined in section 1.2 from their table of binning errors with eq. (A.30),
it turns out that, besides the topological susceptibility, the Higgs field length is the slowest
mode of the system. Since this is in close analogy to the the SU(2)-Higgs case, see sec-
tion 5.3, I adapted the simultaneous ¢—overrelaxation in cartesian components as suggested

in ref. [179] and summarized in its original setup for the SU(2)-Higgs model in section A.2.2.

2.2.1 Scalar field overrelaxation

To begin with, the complex-valued scalar field ¢, is written as two-component field ¢, =
{#z; € R|l = 1,2}, which corresponds to the global O(2)-symmetry of the pure scalar
sector of the U(1)-Higgs model:

2
Pz = ¢m,1 + i¢af:,2 = Re Pg + i Im Pz s |Q01‘|2 = Zgbi,l = pi : (210)
=1

Along the lines of section A.2.2 in appendix A, i.e. via substituting the previous equation

followed by a quadratic completion, the relevant scalar part of the lattice action (1.11) at
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site z € A is split into a Gaussian (quadratic) and a quartic term

2

Spa(0z) = —26) Re (9} 3Unupe + 03Us pupup) + 0+ A} — 1)
p=1
by \ > 1 2
= ( (qﬁx — C—m> + A lpi ~ 5 A -1+ Cz)] + constant , (2.11)

with summation over [ in the first term and auxiliary fields, using eq. (2.10) again,

2
bzt "JZ [Re ((‘O;‘-H:ZUzrﬂ) +Re (Up—pupa-pn) ]

p=1
2
- h Z [(’bmﬂ"lRe Uz + Gatip2Im U
p=1
+¢o-p1ReUs iy — ¢opp2Im sz;z,,,] (2.12)

2

K Z [ —Im (§02+ﬂUm,u) +Im (Uz—ppuo—i) ]

pu=1

2
= k3| = eI Usy + 6rpaRe Uy
p=1

>
8
o

Il

+¢z_ﬂ,11m Uaf:—ﬂ,u + qﬁm_ﬂ,QRe Um—ﬂ,,u ] . (213)

Now the scalar field components are exactly reflected with respect to the Gaussian

(quadratic) part of Sy,

2
¢w,l — ¢lz,l = C_ bz,l - ¢$,la [ = ]-a 2a (214)

and the quartic remainder is taken into account by an additional Metropolis-like accept-reject
step. The optimal compromise between high acceptance rates and a good performance of
the algorithm is then realized in the same way as in eqs. (A.17) — (A.19), resulting in the

acceptance condition
Py(¢s — @) = min{Le %=}, ASy, = X[ (o —b3)* — (o7 —b3)*] - (2.15)

With Euler’s formula U, ,, = e*4*# = cos A, , +isin A, ,, egs. (2.12) and (2.13) can be easily
expressed through the gauge field phases A, ,, and the scalar field phases w, are reconstructed
from the backtransformation of polar coordinates® w, = arctan(¢,a/¢,1). The acceptance

rates, which essentially depend on the small size of the parameter A\, range from 96 % for
A = 0.01 up to far above 99 % for A = 0.00015625.

20f course, one has to take w, — w, + 7 for ¢e,1 = pz cOswy < 0, because the arctan—function gives only
angles modulo 7.
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2.2.2 Optimization

In order to look for an optimal combination among the set of algorithms at disposal I
collected a sample history of 50000 measurements of some representative lattice operators
O in a typical point of parameter space and calculated their autocorrelation functions and
integrated autocorrelation times 7;,;[O] according to eqgs. (A.31) and (A.32). The results
are displayed in table 2.3 and figure 2.3. Except for the last row in boldface letters, the

metropolis overrelaxation Tint 1N SWeEPS
Apy | Wa | pr | Avp | Wa | @ By Xtop p L,

1 6 | 1 2 2 - 1.4(2) | 6.7(6) | 24(2) | 24(2)
1 6 | 1 2 - 2 0.95(5) | 4.0(4) | 3.1(2) | 3.2(2)
1 3|1 2 - 2 1.00(5) | 4.1(5) | 2.7(1) | 2.8(1)
1 1|1 2 - 2 0.96(3) | 4.3(4) | 2.5(1) | 2.6(1)
1 1|1 1 - 3 1.2(1) | 4.6(6) | 2.2(2) | 2.3(2)
1 1|1 1 - 5 1.11(7) | 4.1(8) | 1.5(1) | 1.6(1)
1 [1]|1] 1 |-]| 5 |1.24(7)|2.8(3) | 1.5(1) | 1.6(1)

Table 2.3: Autocorrelation times with jackknife errors for some representative operators from
a simulation in # = 40.0, A = 0.0025, and « = 0.259 on a 32 x 32 lattice. Each updating
sweep consists of a sequence of different algorithms as given by the numbers in the left part
of the table. The boldface entries give the final updating scheme used. Further comments
are found in the text.

respective simulations were done without any optimizations of the instanton hits — and
also omitting the cooling of the initially generated instanton configuration — so that the
outcome of the scalar field overrelaxation could be carefully isolated. The elimination of the
w—overrelaxation in favour of the full p—overrelaxation already shows the most substantial
Tine—Teduction for p? and Ly, both involving the scalar field length p,, but also x;op gains a
factor of about 1.7, which hints at a considerable influence of the scalar background field to
the topological instantonic excitations. Since a further variation in the number of Metropolis
updates per sweep does not lead to any decisive improvement in 7,;, one Metropolis step
per sweep for each field variable seems to be sufficient, whereas a raise in the number of ¢—
overrelaxation steps is still advantageous. This confirms qualitatively the experiences from
the SU(2)-Higgs case reported in section section 5.3 of the second part of my work. The last
row of table 2.3 (with typical autocorrelation functions in the right diagram of figure 2.3)
gives the final updating scheme, which has been used in almost all simulations underlying
the data of the next chapters. It includes the supplementary smoothing of the instanton
configuration proposed in the hits by cooling with respect to the U(1)-Higgs action and

wy =0, p, = (p) as explained in section 2.1.1.
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I should admit, however, that the autocorrelation times of the topological susceptibility
incline to increase with increasing 4 and lattice volume and end in a drastic growth, together
with a breakdown of the acceptance rates of the instanton hits, for 8 = 640.0, which is my
most continuum-like simulation point. I will return to this problem later in section 3.2 of

the next chapter, when discussing the scaling of xi,, in the continuum limit.

lattice: 32x32, £=40.0, A=0.0025, «=0.259 lattice: 32x32, £=40.0, A=0.0025, «=0.259
q‘o%.\ T T T T T T T T T 1 1.0 T T T T 1
;. — Pu — Pu
T Xeop T Xep |

—— pZ _ pz 4

- L, L,
N
e
%H ]
Hxi >
| g
| | | | | l\ | | | 8

10 15 20 25

20 25 30 35 40 45 50

t in sweeps t in sweeps

Figure 2.3: Normalized autocorrelation functions for a simulation with w-overrelaxation
(left) and p—overrelaxation (right) in the updating sequence corresponding to the first and
last rows of table 2.3, respectively. Note the slightly different axis scales for better visual-

ization.



Chapter 3

Continuum limit and topological

susceptibility

Now I arrive at the central chapter of the first part, which is mainly devoted to the numerical
computation of the topological susceptibility on the lattice and its scaling behaviour in the
continuum limit [64]. This limit is achieved along lines of constant physics in the space of
lattice parameters and represents for its own a material result of my work, because it turns

out to be qualitatively different from the case with fixed scalar field length.

For the investigations of xi.,p two courses were pursued. After considering the scaling
of its dimensionless ratio to a physical mass squared as directly extracted from the MC
simulations, I tried to get more sensitive information about the asymptotic scaling of the
topological susceptibility by estimating the slope of Ba*xiop as a function of 3. It will show
up to be the only independent variable parametrizing a given line of constant physics, if the
quartic coupling A and the scalar hopping parameter x assume suitably prescribed values,

which define this line in the space of lattice couplings.

Finally, an instanton-induced confinement mechanism of fractional external charges is

reviewed and numerically confirmed by utilizing results of the simulations [64].

3.1 Lines of constant physics

It is one of the basic ingredients of lattice field theory that the continuum limit a — 0 of a
lattice model, if existent at all, has to take place in a point of the bare, i.e. lattice parameter
space, where the correlation length diverges or, equivalently, the masses am in lattice units
vanish while the physical, dimensionful masses m = m®"%) have to remain finite. Treated as
a model in statistical mechanics, the systems then exhibits the critical behaviour of a second
order phase transition. All observables calculated on the lattice are expected to scale in this

limit with the lattice constant a according to their individual dimensions in lattice units.

95
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The continuum limit is realized on lines of constant physics (LCPs), which in general can
be looked upon as trajectories in the bare parameter space, for which independent physical
— ‘renormalized’ — quantities, typically couplings and masses, are held fixed and only a is
varying.

Consequently, T want to set up the continuum limit of the two-dimensional U(1)-Higgs
model with variable scalar field length by the requirement that the masses of the Higgs and
vector excitations in lattice units should approach zero in this limit:

a—0: amg—0, amy —0, TH _ constant . (3.1)

mw
In order to get an impression of the behaviour of these masses in dependence of 3, A, and &, I
scanned a wide region of lattice parameter space and determined the masses from simulation
results on the corresponding timeslice correlation functions as explained in section 1.2 of

chapter 1. The emerging qualitative picture can be summarized as follows.

For any fixed A and 8 — oo, the vector mass amy, appears to tend to zero, presumably
defining a continuum limit in the sense of a — 0, but the Higgs mass amg stays always finite.
This ends up with infinite mg at § = oo for all (fixed) A—values and reflects the freezing of the
radial mode on large scales in the two-dimensional ¢*_,—theory [76]. Figure 3.1 illustrates
the typical dependence of the Higgs and vector masses on k. The diagrams on the right
hand side, in which solely 3 has been enlarged by a factor four, support the assertion of a
finite Higgs mass in lattice units. The minimal ampg lies above 0.4 for all three parameter
sets, whilst amy, scales appropriately with the lattice constant when going from g = 10.0
to B = 40.0; the deviation from this behaviour in # = 160.0 only corroborates the suspicion
that a temporal lattice extension of Ly = 32 is too short relative to the typical correlation
lengths in the vector channel for such high G—values. By the way, the scaling of amy, with
B like \/W for large enough but fixed , remember the classical relation (1.24), was also
confirmed in the fixed length case A = oo, where the Higgs mass ampg from correlations of
the operator L:g does not become small either. The continuum limit # = oo will then be

qualitatively the same as for fixed A < oo.

Instead, the crucial observation is now that it is possible to make both amy and amy
small by taking the simultaneous limits 8 — oo and A — 0 as shown in figure 3.2. There I
find a change in the behaviour of the mass spectrum around the crossover k—value %, which
I define temporarily at the minimal vector mass amy in lattice units as extracted from
correlation functions of the operator L. The fact these amy —estimates are only consistent
with those from plaquette (F or sin F') correlations for x > &, and the similar dependence of
amg and amw on k, are two striking analogies to the four-dimensional U(1)-Higgs model
(87, 88], whose discussion is postponed to section 4.1 in chapter 4. However, the masses from
the operators L;j and p? in the Higgs channel agreed with each other inside their statistical
errors in the whole x-range examined. Figures 3.1 and 3.2 also contain the relations of the

bare continuum, i.e. classical masses to the lattice parameters according to egs. (1.24) and
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lattice: 16x16, f=10.0, A=0.01

lattice: 16x16, =40.0, A=0.01
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0.70 T T

57

1.
1.70
i
o 0.61F
w 1231 b . E]]
g o @ £ 052 1
0.77 @ X —
@ o LCP estimates EIJ EIJ
Do 0.44 ]
0.30 EI]
0.25 0.29 0.33 0.37 0.41 . . 0.35 . .
P 0.24 0.28 0.32 0.36 0.259 0.263 0.267 0.271
K
lattice: 16x1 6, 6:/‘ 007 A=0.01 70 attice: 16x16, §=40.0, A=0.01 D](;ofﬁce: 32x32, §=160.0, A=0.01
1.50 o o
Lok o - | 1.30 0.60
= N al
g S 0.90 £ 0.50
0.70 o o o LCP estimates ® i
wa 0.50 F 0.40 oA
0.30 o 0
0.25 0.29 0.33 0.37 0.41 0.10 ® 0.30
e 0.24 0.28 0.32 0.36 0.259 0.263 0.267 0.271
«
o ‘QJ[JU.CGI 1 6></‘ 6, 6:/‘ OO, ?\:OOW S.SO‘Omce: W6>‘<W5, 6:40‘.0, A=0.01 114(;0&&:5: 32><‘32, ﬁ:WG(‘J.O, A=0.01
% o 2.67F El] o 1250 1
. 1.30 - 5 —
Q::E % Sesf El] & tiof 1
0.90F  go : + +
il o LCP estimates 1020 i 0.95f 1
0.50 o
0.25 0.29 0.33 0.37 0.41 0.20 . . 0.80

0.259 0.263 0.267 0.271

Figure 3.1: Higgs, vector masses, and their ratios from correlations of the operators L:g or

p* and L,

mass axes have been accommodated properly. The estimates in the LCP points specified by

respectively. From left to right the parameter 3 was scaled at fixed )\, and the

the tables 3.1 and 3.2 are also included, and the solid lines give their classical relations to

the lattice parameters.

(1.25). In contrast to the physical Higgs and vector masses, which are approximated by these
curves only for larger k—values, their ratio Rgw = mg/my resembles the classical behaviour
with increasing « already beginning at x ~ K. This may be plausible under the viewpoint of
perturbation theory in the continuum, since the bare Higgs field vacuum expectation value,
which involves the only primitive divergence of the model and is thought to be divergent
for the renormalization procedure, cancels in the bare ratio Rgw, of eq. (1.8), and its finite

perturbative corrections are smaller than for the masses themselves.

In the spirit of the just made observations I characterize the LCPs of the model more
quantitatively. First one has to specify, which dimensionless physical quantities should be
held fixed along these lines to define the required renormalization conditions. I decided
to take the physical Higgs to vector boson mass ratio Rgw and the renormalized vacuum
expectation value of the scalar field vg defined in eq. (1.30) of section 1.2. Then the demands
amg — 0 and amw — 0 are accomplished by the conditions

’UR:\/ﬁ<p> =v,

mg —
RHWE — =R
mw

(3.2)

with fixed numbers 7 and R for a given LCP in bare (lattice) parameter space. With a
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Figure 3.2: Higgs, vector masses, and their ratios from correlations of the operators L;j or p?
and L, respectively. From left to right the parameters 3 and A were scaled at fixed product
B, and the mass axes have been accommodated properly. The estimates in the LCP points
specified by the tables 3.1 and 3.2 are also included, and the solid lines give their classical

relations to the lattice parameters.

proper tuning of the hopping parameter « this can be achieved by the limits
B —00, A—0, (3.3)
which are realized for large enough (3 as
B3 — 0o, [\ = constant. (3.4)

All simulated points in the space of lattice parameters, together with measured values of v
and the Rgw—data from results of the corresponding mass fits, are collected in tables 3.1
and 3.2. I have B\ = 0.1, except for two points at 3 = 10.0, where a slight increase of
A was necessary to get the desired Rgw-—values by inducing larger Higgs masses, and &
was adjusted until the renormalization conditions (3.2) were simultaneously fulfilled within
errors. Thus the approach to the continuum limit proceeds by moving along the LCPs from
a point in parameter set A via B and C to a point in set D. The physical lattice volume
V = a?L, L, stays constant during this limit, because the reduction of the lattice constant by

a factor \/'/3 in the step 3 — ' > (3, is accompanied by scaling up the lattice extensions
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with the same amount \/W As can be verified from table 3.2, the choice S\ ~ 0.1 gives
a satisfactory scaling behaviour of the Higgs and vector masses in lattice units — actually a
decrease by a factor about \/[TM ~ 2 as expected — and leads automatically to the validity
of the second condition in eq. (3.2) within errors. The renormalized vacuum expectation

set lattice I} A K sweeps UR

D || 128 x 128 | 640.0 | 0.00015625 || 0.250815 | 200000 | 1.8757(6)
D || 128 x 128 | 640.0 | 0.00015625 || 0.25069 | 400000 | 1.6197(13)
D || 128 x 128 | 640.0 | 0.00015625 || 0.25055 | 300000 | 1.2747(9)
C 64 x 64 | 160.0 | 0.000625 0.253 800000 | 1.8772(1)
C 64 x 64 | 160.0 | 0.000625 0.2525 400000 || 1.6146(5)
C 64 x 64 | 160.0 | 0.000625 0.252 200000 | 1.2746(5)
B 32 x 32 | 40.0 0.0025 0.2607 | 1000000 | 1.8751(1)
B 32 x 32 | 40.0 0.0025 0.25883 600000 1.6140(2)

B 32 x 32 | 40.0 0.0025 0.258835 | 600000 | 1.6150(2)
B 32 x 32 | 40.0 0.0025 0.25885 600000 1.6170(2)

B 32 x 32 | 40.0 0.0025 0.257 200000 | 1.2757(5)
A, 16 x 16 10.0 0.01 0.2857 1000000 1.8736(1)

A, 16 x 16 10.0 0.013 0.2937 | 1000000 | 1.8736(1)
Aj 16 x 16 10.0 0.015 0.2987 1000000 1.8724(1)

Ay 16 x 16 10.0 0.01 0.2795 500000 1.6186(2)

A, 16 x 16 10.0 0.013 0.2858 500000 | 1.6144(2)
As 16 x 16 10.0 0.015 0.2899 500000 1.6161(2)

A, 16 x 16 10.0 0.01 0.2731 200000 | 1.2739(5)

Table 3.1: All parameter sets of the simulation points for the LCP investigations in this and
later sections. For the fits of secondary quantities, their full samples of measurements were
divided into 50 subsamples. The right column gives the the measured values of the renor-
malized vacuum expectation value of the Higgs field with binning errors, and the boldface
numbers belong to the final LCP data. Note that the LCPs were initialized in set C and
then traced back with proper parameter tuning towards coarser lattices, while the extension

to the most continuum-like set D has been done thereafter.

values of the Higgs field in the first condition of (3.2) are then matched through the fine-
tuning of k thereafter. By inspecting the numbers of parameter set B in tables 3.1 and 3.2
one should notice in this context that vg, which is accessible in the MC simulation with
high statistical accuracy, reacts quite sensitive on changes in x, but the resulting Rgw—

values are not significantly affected by these changes, in particular compared to the typical
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set K amg amw Ruw
D | 0.250815 0.1115(4) 0.1118(5) | 0.0686(12) 0.0703(13) || 1.625(34) 1.589(37)
D | 0.25069 0.0841('7) 0.0828(3) 0.0619(57) 0.0576(8) 1.36(14) 1.437(25)
D | 0.25055 0.0676(5) 0.0675(4) 0.0807(53) 0.0837(22) || 0.838(61) 0.807(26)
Cc | 0253 [ 0.2214(10) 0.2229(8) | 0.1315(22) 0.1387(23) || 1.684(29) 1.607(26)
C | 0.2525 | 0.1648(16) 0.1685(16) | 0.1123(30) 0.1184(20) || 1.468(44) 1.424(27)
C | 0.252 | 0.1206(18) 0.1200(23) | 0.1412(33) 0.1416(59) || 0.854(25) 0.847(42)
B | 0.2607 | 0.4262(43) 0.4377(21) | 0.2578(49) 0.2687(51) | 1.654(37) 1.629(34)
B | 0.25883 | 0.3375(47) 0.3396(48) | 0.2284(49) 0.2311(72) | 1.478(41) 1.469(48)
B | 0.258835 | 0.3320(43) 0.3269(41) | 0.2274(45) 0.2213(61) | 1.460(32) 1.477(45)
B | 0.25885 | 0.3209(51)0.3246(45) | 0.2275(54) 0.2307(73) || 1.450(42) 1.407(45)
B | 0.257 | 0.2342(79) 0.2258(60) | 0.2675(70) 0.2622(95) | 0.875(36) 0.861(37)
Ay | 02857 | 0.7865(74) 0.7986(61) | 0.5524(89) 0.5514(70) || 1.424(24) 1.448(23)
A, | 0.2037 | 0.8824(41) 0.9055(66) | 0.5401(83) 0.556(13) | 1.634(25) 1.628(40)
As | 02987 | 0.927(14) 0.9421(69) | 0.5469(89) 0.5625(61) | 1.695(39) 1.675(21)
A | 02795 | 0.6420(44) 0.625(25) | 0.4667(82) 0.4847(34) | 1.376(26) 1.289(50)
A, | 0.2858 | 0.692(11) 0.701(14) | 0.4770(92) 0.483(27) | 1.451(37) 1.451(83)
As| 02899 | 0.744(13) 0.762(15) | 0.4769(86) 0.4844(80) | 1.561(40) 1.573(36)
Ar| 0.2731 | 0.446(11) 0.446(11) | 0.5139(78) 0.530(16) | 0.867(23) 0.842(37)

Table 3.2: Results and jackknife errors of the masses in lattice units for the simulation points
of table 3.1, determined from fits of correlation functions as described in the text. The two
columns in each particle channel correspond to decay masses at spatial momenta p; = 0 and
p1 = 2mw/aLy, the latter converted via the lattice dispersion relation. The boldface numbers

are regarded as the final estimates.

sizes of their statistical errors’. The boldface numbers in the tables correspond to the final
parameter choices and to their numerical results for the three LCPs under study from now

on.

I also want to stress that the renormalization conditions (3.2) on vg and Rgw are

equivalent to a fixing of the renormalized scalar quartic coupling Az and the renormalized

IThe fact that the central value of the p; = 0 mass ratio Rgw in the middle data point of parameter
set D lies somewhat lower than expected does not yet stand in real contradiction to this ‘rule’, since there
vg differs by about three standard deviations from the other data on vg around 1.615 for the corresponding
coarser lattices. This is due to an unfortunately too high choice for k. By the way, Rgw at these parameters
is still compatible with the other Rpw —values inside its large error, which is dominated by the statistical
error of the — admittedly very small — vector mass amyy .
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gauge coupling eg introduced according to the bare relations (1.7) and (1.8) as

A\RV? A
m%[ - =R ) m%/V - 6%21}12{, R%IW - —1; ) (35)
3 3en

if one of the renormalized couplings is independently determined, e.g. aeg from the static

potential derived from Wilson loops in section 3.4.

All mass estimates displayed in figures 3.1, 3.2, and table 3.2 were obtained by least
squares fits to exponential shapes of the type (1.59) with state of the art methods; for more
informations the reader may consult section B.2 in appendix B or references given therein.
Especially in the simulation points on the LCPs, which establish a starting point for the
further investigations in this and the following chapter, and where rather high statistics had
been accumulated, I used a combination of correlated and uncorrelated fits with statistically
independent data subsamples. This guarantees a careful choice of the optimal fit intervals
from the results of correlated fits incorporating the full correlation matrix, whereas the final
numbers listed in the table 3.2 come from ordinary uncorrelated fits on these distinguished
fit intervals. Conveniently, I took the largest fit intervals with still clear signal to noise ratios
in their tails. For a squared deviation x? between fit and data of x?/dof ~ 1, which served as
yardstick for the goodness of the correlated fits, some of the smallest time distances had to
be omitted from the correlation functions in both particle channels. The compatible Higgs
masses from the operators L;f and p? were always averaged to a single estimate, and the
statistical errors of the masses and their ratios Rgw come from jackknife analyses with the
data subsamples. The moderate errors of the latter (below 5 % except for parameter set
D, where the statistic is lower) hint at only small correlations between the two channels.
On the contrary, in all other mass determinations, which rather were intended to give a
qualitative guideline for their dependencies on the lattice parameters, I used uncorrelated
fits alone. The larger error bars are owing to the lower statistics of the MC data and to
the (quite conservative) method of error determination with normally distributed random
data and error propagation in Rgw . I also measured correlation functions at higher spatial
momenta, and the lattice dispersion relation (1.60) was fulfilled inside the mass errors with

only few exceptions. For all the LCP data this can be read off once more from table 3.2.

Finally, it has to be emphasized that the continuum limit (3.4), which amounts to send
k — 1/4 at the same time, see the tables above and figure 3.3 in the next section, should
not be confused with the Gaussian limit. The important point to keep in mind here is that
the relation between the dimensionful bare continuum couplings ey and Ay and the lattice
parameters is 3 = 1/a%e2 and A o< a®)q from egs. (1.13) and (1.10). Hence, A — 0 at constant
product B\ does not imply Ao — 0 for a — 0 as it would correspond to the Gaussian (trivial)

fixed point in the terminology of renormalization group.
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3.2 Scaling behaviour of y,,,

I numerically determined the topological susceptibility xi.p, defined geometrically in
eqgs. (1.48) and (1.50) of the first chapter through the topological charge as the sum over the
projected plaquette angles,

1 1 z.
Xtopzv <Qt20p> ) Qtopzﬂsza Up,z:eFma er[_ﬂ—aﬂ-)a
zEA

by direct measurements in the MC simulations on the LCPs just settled. The results are

listed in table 3.3 and illustrated in figure 3.3. For the sake of completeness, the final

LCP || set K Rygw VR a*Xtop * 10* | Xtop/m3y - 10
L1 | A, | 02037 | 1.634(25) | 1.8736(1) | 0.1050(40) | 0.135(6)
B | 0.2607 | 1.654(37) | 1.8751(1) | 0.0302(15) | 0.166(12)
C | 0253 | 1.684(29) | 1.8772(1) | 0.01050(70) | 0.214(16)
0.250815 | 1.625(34) | 1.8757(6) | 0.0006(5) 0.05(4)
L2 | A, | 0.2858 | 1.451(37) | 1.6144(2) | 1.624(21) | 3.39(15)
B | 0.258835 | 1.460(32) | 1.6150(2) | 0.5331(77) |  4.84(20)
C | 0.2525 | 1.468(44) | 1.6146(5) | 0.1811(43) |  6.67(29)
D | 0.25069 | 1.36(14) | 1.6197(13) | 0.0576(78) |  8.1(1.2)
L3 A 0.2731 0.867(23) | 1.2739(5) 14.83(9) 74.6(4.1)
B | 0257 | 0.875(36) | 1.2757(5) || 4.116(25) | 75.0(5.5)
C | 0252 | 0.854(25) | 1.2746(5) | 1.205(9) 82.9(3.1)
D | 0.25055 | 0.838(61) | 1.2747(9) | 0.344(24) | 75.3(6.4)

Table 3.3: Topological susceptibility by direct measurements in the LCP simulation points of
the previous section. The statistical errors of x,p, come from the plateau in the binning table.
In point D on LCP L1 its available statistic is far too low for quoting significant estimates and
errors. For comparison, the values a2xgop ™ in pure gauge theory are 25.33-107%, 6.333-1074,
1.583-107%, and 0.396 - 10~4.

estimates of the fixed renormalized quantities Rgy and vy are also included in the table.

In general I observed a rapid breakdown of the topological susceptibility around the
crossover k—value & at minimal vector mass amyy, introduced in the previous section. More-
over, within the chosen parameter sets xiop varies by orders of magnitude. One can see a con-
traction of the x—region, which is limited by a still measurable susceptibility, i.e. a®xiop > ¢
with ¢ arbitrarily small but strictly non-zero, from above and by the line L3 from below.
Note that this LCP already lies close to the pure gauge theory, where through eq. (1.53)

the f—dependence a XEOP;? T~ 1/47%3 for large 8 and volumes Q is analytically known,

ie. Xtop < C XEOPPG T) with ¢ near but strictly below one. These numbers are confronted with
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the MC data in the caption of table 3.3, and one can make sure that their agreement gets
better when moving towards point D on L3. These constraints on xiop, in addition to the de-
sired decrease of the masses in lattice units, was the real motivation for the chosen positions

of the LCPs in lattice parameter space.

lines of constant physics at fixed FA~0. 1
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y |
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Figure 3.3: Scaling behaviour of the topological susceptibility along the LCPs, which are
curves k = k() at fixed B in lattice parameter space as shown in the upper plot. The lines
are only meant to guide the eye. The quality of the scaling of the ratio xop/m3 is rather
good on L3 (near pure gauge theory) and deteriorates towards L2 and L1. In the lower right

data point the statistic is too bad for a reliable estimate.

From the results on the topological susceptibility by direct measurements I arrive at the
conclusion that the scaling of its dimensionless ratio xiop/m3 to the Higgs mass my squared
is rather poor, although in spite of the relatively high statistics for the parameter sets A to

C its statistical errors, caused by propagation of the errors on xiop into the ratios xiop/m3,
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is yet quite large. The only exception is the pure gauge theory like LCP L3, which appears

to have only negligible scaling violations compared to the lines L1 and L2.

Since the topological susceptibility is a volume-independent quantity by definition, possi-
ble finite-volume effects manifest in a suppression of Xiop, if the physical volumes considered
were too small, and thus it should increase noticeably with increasing volumes. I examined
these effects under two aspects by rescaling both lattice extensions at otherwise identical
parameters so that the corresponding lattice resolutions, set through [, remain unchanged.
In the first place some simulations in the LCP points B and C on 48 x 48 and 96 x 96 lattices
resulted in estimates for xiop, Which coincided inside their statistical errors with those in
table 3.3, hence significant finite-volume effects can be safely ruled out. In respect of such
artifacts arising on lattices smaller than the ones of table 3.1 utilized here, it was confirmed
indeed that minimally these volumes were necessary for a trustworthy determination of xtop.
Secondly, it may be interesting, whether the finite-volume effects themselves have scaling
violations of roughly the same size as x,, computed on the original lattices. As exemplarily
proven for the points B, C, and D of L2 on lattices with halved extensions, this is actually
true, because there it turned out that a®y;., decreases again by factors around three instead
of 3'/8 = 4, which would be expected in the case of ideal asymptotic scaling with 3. Conse-
quently, an explanation for the bad scaling behaviour of xi.p, especially in L1 and L2, must

carefully be detached from any finite-volume effects.

Of course, one has to ask for the systematic errors on the topological susceptibility, which
are induced by the statistical uncertainties in the renormalization conditions (3.2). The
sensitivity of xiop on the fixing of the renormalized vacuum expectation value has already
indirectly been addressed in table 3.1 of section 3.1, where for the parameter set B of L2
three neighbouring vgp—values with nearly constant mass ratios Rgw are given. There an
uncertainty in vp of approximately 0.2 % leads to spreads in a®Xiop and Xtop/m3, which are
estimated to be below 5 % for the former and below 10 % for the latter. This indicates that
a matching of vg outside its last significant digit is more or less sufficient in regard of the
— quite large — statistical errors of a®xiop and xiop/m3%, particularly since an exact tuning
of the very accurate vg—values is very rarely or at best incidentally possible in most cases.
However, the response of azxtop to a variation of Ry within its statistical errors at constant
Vg is quite more substantial and has also been quantified in point B of the middle LCP. The
necessary shifts in Rgw = mg/my are achieved by choosing slightly different values of the
scalar self-coupling A, which essentially influences the size of the Higgs mass in lattice units
ampg, while it leaves the vectors mass amy almost unchanged. Then the renormalization
condition on vg is fulfilled by an adjustment of the hopping parameter x as before, and the
results of such an analysis can be found in table 3.4. These numbers are to be combined
with the statistical error taken from table 3.3 and yield xop/m% = 4.84(20 +1.35) - 10~* for
the representative LCP point B on L2. Therefore the total errors of the dimensionless ratios

Xtop/M?% are obviously dominated by the systematic errors due to the reachable numerical
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A K Ruw UR a2Xt0p - 104 Xtop/m%{ -10*
0.0022 | 0.25797 | 1.345(66) | 1.6143(3) || 0.606(10) 6.24(30)
0.0025 | 0.258835 | 1.460(32) | 1.6150(2) || 0.5331(77) 4.84(20)
0.0030 | 0.26025 | 1.546(33) | 1.6155(2) || 0.4459(86) 3.54(20)

Table 3.4: Results on Xtop and Xtop/ m?,, if the renormalized mass ratio Ryw in point B of
LCP L2 from table 3.3 (middle row) takes the values, which are maximally allowed by its

absolute error. These data are from 400000 measurements at 3 = 40.0 on a 32 x 32 lattice.

precision in the renormalization conditions on Rgw, which in turn are limited through the

statistical uncertainties in the determination of the masses.

Nevertheless, the scaling of the ratio xip/m% from A to C on the LCPs is deficient,
except for the line L3 close to pure gauge theory. Superficially, one could imagine that these
difficulties with the topological susceptibility have to do with the existence of dislocations.
But the relevance of this objection for the computation of xi, is rather unlikely, since it
was already argued in section 2.1.3 that dislocations of the type as in four-dimensional non-
abelian gauge theories are absent in the two-dimensional U(1)-Higgs model?. Under these
aspects, the LCP simulations in the three points with parameter set D were intended to
make closer contact with continuum physics by ‘brute force’, so let me comment on them

now.

The statistical errors of the quantities in tables 3.1 — 3.3 are considerably larger because of
the lower statistic in these points. This is distinct above all for the topological susceptibility
and seems to be intimately connected to the fact that the acceptance rate Py of the instanton
hits does unfortunately not survive in the continuum limit. As table 3.5 reflects, P, drops
rapidly when going from point C (8 = 160.0) to point D (8 = 640.0) by factors roughly
between 42 for L1 and 227 for L3, and as a consequence, the integrated autocorrelation times
Tint Of Xtop Suddenly jump by factors roughly between 9 and 130. In order to account for this
dramatic increase of 7, and to exclude the related severe thermalization effects, I skipped
25000 measurements (instead of usually 10000 else) from the beginning of the simulations
on a cold start configuration to obtain the estimates on a®x;.p in the points D of table 3.3.
But these numbers as well as those of xiop/m% in the same table either do not give any
new insight into the scaling behaviour of the topological susceptibility or are actually even

meaningless as in the case of simulation point D on LCP L1.
From additional runs on smaller lattices with identical parameters and their qualita-
tively similar results one can guess, that the large value 8 = 640.0 alone is responsible for

the problems, which plague the simulations with parameter set D. In my opinion, the fol-

2Although some authors [58, 63] speak of dislocations also in the present model, they should be better
interpreted as ordinary lattice artifacts, which — in principle — will vanish in the continuum limit.
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LCP | set I6; K Pp - 10° | Ting[Xtop)
L1 || A, | 10.0 | 02037 | 5.5(1) 2
B | 40.0 | 0.2607 | 3.7(1) 4
¢ 160.0 | 0.253 | 2.5(1) 8
D | 640.0 | 0.250815 || 0.06(2) 68
L2 || A, | 10.0 | 0.2858 | 113(1)
B | 40.0 | 0.258835 | 84.2(1)
C | 160.0 | 0.2525 55.8(1) 8
D | 640.0 | 0.25069 || 0.94(7) 220
L3 | A | 100 | 02731 | 2098(9)
B | 40.0 | 0.257 | 1309(6)
C |160.0| 0252 | 704(4)
D | 640.0 | 0.25055 3.1(1) 390

Table 3.5: Acceptance rates of the instanton hit routine and integrated autocorrelation
times of the topological susceptibility along the LCPs as estimated from formula (A.30).
The statistics of the points D is not large enough for a plain error plateau in the binning
table of xtop. Other observables do not show this dramatic increase of their autocorrelation

times.

lowing explanation for this might be nearest at hand. Namely, the instanton configurations
representing the minima of the topological charge sectors are more subtle than those pro-
posed in the updating procedure by the instanton hits as described in section 2.1 of the last
chapter. These instanton configurations are initialized with the appropriate field strength
of pure gauge theory and smoothed by cooling to give the minimal action for a background
scalar field with phases w, = 0 and lengths p, ~ (p). However, just the last assumption is
not really justified in the vortex itself, which sits in the centre of the instanton configuration
with gauge invariant link phases as e.g. in figure 2.2. In strict sense, one should have p, =0
there, if compatibility with the classical instanton solution in the continuum, see eqs. (2.6)
and (2.7), is required. In the continuum limit a — 0 realized as § — oo, the mesh of lattice
sites becomes denser and thus, the detailed structure of the instanton configuration is far
better resolved compared to smaller f—values, for which the approximation p, ~ (p) # 0
also in the vortex turns out to be sufficiently adequate. For larger —values this choice of
the Higgs field lengths leads to considerable deviations of the proposed instantons from the
true configurations with minimal action so that the changes of the total lattice action in-
duced by the instanton hits — finally deciding about their acceptance rates — react very
sensitive to these imperfections. As the numerical data presented up to now exemplify, the
worse behaviour of the instanton hits sets in during the step from g = 160.0 to 8 = 640.0,
and its effects appear in table 3.5 to be strongest for the LCP L3 closest to the pure gauge



3.3. CRITERION FOR ASYMPTOTIC SCALING OF xrop 67

theory. This observation I do not understand completely, because on the contrary, I found
the problems with P, and xiop in some further simulations at x-values below the crossover
value & ~ 1/4 to be declining and to be no longer significant in the vicinity of pure gauge
theory (k — 0), which is in agreement with the expectation that gauge and scalar degrees

of freedom decouple in this limit.

I did not make any attempts to cure these drawbacks in the instanton hit routine. The
main reason was that, even in the case of moderate autocorrelation times 7ig[Xtop|, the
computational cost to get in D statistical errors on a?xep of orders comparable to the ones
in LCP points C by brute force simulations is under normal circumstances too high. This can
be inferred from the meaning of the dimensionless product Vx;,, < 1 as the probability for
the occurrence of xiop 7 0, which ideally should scale in the continuum limit. If the lattice
resolution is increased about a factor two by blowing up ( and the lattice extensions by
factors four and two, respectively, the computational expenditure also rises with these factors
accordingly although the number of lattice points has enlarged, since the related growth of
the correlation length in this step does not result in new independent, i.e. uncorrelated field

modes, which would improve the statistics of Vxop-

The whole discussion in this section has revealed that the scaling of the topological
susceptibility, which is still quite unclear and eludes any conclusive judgement, deserves

further studies from a different point of view as suggested in the next section.

3.3 Criterion for asymptotic scaling of y,.,

At first glance, the outcome of the last section concerning the poor scaling behaviour of
topological susceptibility in the continuum limit is not very encouraging. There it has been
conjectured that with the strong decrease (increase) in the instanton hits acceptance rates
(integrated autocorrelation times Tint[Xtop]) When going from LCP points C to D one runs
into serious problems with a feasible determination of Xy, in the MC investigations close
to the continuum limit. But it became also apparent that the instanton hits are of vital
importance in order to have any realistic chance for direct measurements of X, in the
interesting LCP points at all. This statement, already touched in section 2.1 of the previous
chapter, comes from the fact that the simulation points lie in a region of lattice parameter
space, where the transitions between non-trivial topological sectors are highly suppressed.
Consequently, a simulation of in principle all these sectors without an artificial enhancement
of the topological excitations by the instanton hits would always cause the system to be
stuck in one sector for a long MC time and result in notoriously large statistical errors on
Xtop- For these reasons I try to shed a light on the scaling behaviour of the topological

susceptibility through another doorway.
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3.3.1 1Idea and derivation

As opposed to the foregoing section, where the lattice constant a as the physical scale for
the investigation of the topological susceptibility was given through the Higgs mass my, the
aim is here to find a quantitative criterion for asymptotic scaling of xiop. Since the model
under study is superrenormalizable and the bare gauge coupling ey = 1/a+/3 receives only
finite quantum corrections, I take the standpoint that the scale a is simply set by 8 now3.
In section 3.1 the continuum limit of the two-dimensional U(1)-Higgs model became evident
to be achieved via egs. (3.3) and (3.4). There the requirement of a constant product G\
showed up to comply with the renormalization condition on the Higgs to vector mass ratio
Ryw = R = constant in the limit 8 — oo, at least as far as 4 > 40.0 in practice. Therefore,
it is justified to base the present considerations on the definition of modified renormalization
group trajectories in bare parameter space, which coincide with the old LCPs for 8 — oo

(8 > 40.0). Then the assumption is that
B\ = constant (3.6)

does hold exactly on a given LCP. As an important consequence, the determination of the
masses and their ratios Rgw, which represented a non-negligible source of uncertainties for
Xtop/ M3 in section 3.2, can actually be released. Furthermore, the renormalization condition

on the vacuum expectation value of the Higgs field,
vgp = U = constant , (3.7)

uniquely determines the evolution of the scalar hopping parameter s as a function of 3 so

that along each LCP the scale parameter
T=1Ing (3.8)

is the only free variable, on which A and x depend.

Of course, it goes without saying that the 7-dependence of these two lattice parameters
also carries over to arbitrary expectation values of observables O = O({U, ¢}) along the
LCPs. Hence, the method to be applied is the following. Let O = O®s)gdo possess the
mass dimension dp and the functional integral representation (A.10) of appendix A.2 for its

expectation value:

(O0)z = %/’D[Ua@]e_s[U’MO, ZZ/D[U, o] e S0l

3This is different from non-abelian gauge theories in D = 4, where the scale is conveniently set by
the so-called A—parameters, which are renormalization scheme dependent and have to be determined non-
perturbatively in general. The geometrically defined Qop itself is not renormalized, and xtop is expected to
exhibit logarithmic scaling towards the continuum limit.
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If this expectation value is measured on the lattice, the naively sensible constraint on (O)
to be independent of the physical space-time volume V = a?Q) in the continuum limit is
equivalent to (O)z o a® oc 379/2 to depend only on the scale parameter 7 at fixed lattice
volume 2. This implies
o, LA Lo d o do
dr (O)z dr 2

whose derivative with respect to 7 on the left hand side will translate into derivatives of

(3.9)

the couplings in the lattice action, which can be fixed by the modified renormalization
conditions for the LCPs claimed in egs. (3.6) and (3.7). The useful information provided
by the identity (3.9) complements the search for asymptotic scaling of the dimensionless
combination 39%/2(0) 2, because the 7—behaviour of its derivative might enable to diagnose

scaling although its values themselves do not yet reflect this feature [66].

More concretely, I decompose the lattice action of the model in egs. (1.20) — (1.22) of
section 1.1 as

S[U,¢] = BZ(I—ReUM)+/\Z(Pi—1)2+nz< 2ZLW>+Z;{;

rEA TEA zEA zEA

BSs+ASx+ kS + > ol

zeA
= Z ciSi + Zpi, P ={c1,c0,c3} = {6, A\, K}, (3.10)
c;€P zEA
the p-link having been introduced in (1.29) of section 1.2, and the identification of the differ-
ent pieces Sg, Sy, and S, of the total action is obvious. The set P of the coupling parameters
¢i, © = 1,2,3, has been introduced for notational simplicity. With these arrangements and

the quotient rule, the left hand side of (3.9) may be recasted to

d%_ln<0>z = ﬁ{%%/D[Uﬂo]e U‘”O—id—Z/DUgo]e Sl O }
S 02 sy, | - - D Oy
with the abbreviation
(0Si)e = (0Si)z — (0)2(Si)z (3.12)

in formal analogy to connected correlation functions. Guided through the observation that
the k—values of the LCPs in the previous sections, see e.g. table 3.3, approximately obey an

exponential decay law, I define the auxiliary variable
h = h(r) =In[4k(7)]. (3.13)

It depends through x on 7 and allows to write the evolution of x on a given LCP in integral

form as

h(r) = h(ry) exp {— / dT'y(T')} (3.14)
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with a function v = 4(7) and a value h(7p) at some initial argument 7. Thus when using
d/dr = $d/dpB and the constant product B\ as well as the last equation, the derivatives of

the lattice parameters with respect to 7 in (3.11) give

dey(r) _ dB(r) _ ,dB _
= ar P’ (3.15)
dep(r) _ dA(r) _ dAB) _
i~ ar P gz A (3.16)
h(r) h(r)
dcd37(—7') = dZS_T) = ;—T ¢ - ¢ 1 dZS_T) = —y(7) - kln(4k). (3.17)
Summing together, egs. (3.9) and (3.11) lead to the central relation
d 1 d
4 n(0)z = 0, — B(0S5)e + MO8 +v(7) - k1n (4k) - (OS)e :—70, (3.18)

which now expresses scaling along the modified trajectories in the continuum limit.
This is directly applied to the topological susceptibility xiop as the expectation value

1 1
Xtop — v <k2>Z <~ a2Xt0p =Q <k2>z, (3.19)
while Qtop = k € Z in the corresponding topological sectors, and the right hand side being
measured on the lattice has mass dimension d,,,, = 2. Inserting this together with (3.12)

and V = a*Q into (3.18), I arrive at

Xtop

oW = % In (a*Xtop)
1
" Vxeon { — B(k*Sg), + A (k> Sx), + ¥(7) - k1n (4k) - (K S,), }

= a2Xtop{ |:<Q B>Z 4 Xtop ﬁZ:| |:<Q )\>Z a” Xtop )\Z:|

k2
+’Y(T) -k In (4’4') |: <§ ‘S’n> - a2Xt0p <‘S’K,>Z:| } ) (320)
z
and perfect scaling of the topological susceptibility is now equivalent to the condition
OW[y] = —1. (3.21)

The so far unknown, 7—dependent decay constant v in egs. (3.14) and (3.20) can be extracted
in two ways. Either by exponential fits of x as functions of 7 for each LCP, or, what is surely
more elegant, by repeating the steps, which led to eq. (3.18), but now for the renormalization
condition of constant vg = v/2k (p) = T along the LCPs. This is the natural choice, since
it has not explicitly been used yet. From (3.9) I get for an arbitrary prefactor ¢, ¢ € R, in
front of an observable O of mass dimension zero

d . _d
1

AV L 0, = —er(r) )+ (0, (322)
k dr dr dr
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with the first derivative term as in (3.17). In the second derivative term I employ eqs. (3.11)
and (3.18) again to find for O = p and ¢ = 1/2 the closed form

B 1 /8<OS,3>C — /\<OS)\>C
") = W@n) w08 —c(0)s
1 BlpSp)e = ApSa)e

= 11’1(4/{,) K’(/)‘S’n>c_2l<p>z ’ (323)

which is assumed to be inserted into eq. (3.20).

Alternatively one can consider instead of O[] in (3.20) an analogous quantity, which
is obtained on similar footing. Denoting with Z; the partition function of the topological
sector with Qop = k € Z, i.e.

7 = Z Zy = Zo + 2ZZk, Zy = /D U, ple 50 55, &, (3.24)
k=—00
I introduce
= é 5 0\, —= 1 D —SULI 0§
Zk - < Qtop k>Z Y < >Zk - Zk [U’ (10] e Qtop,k Y (325)

where the latter means an expectation value in the topological sector k. The counterpart of
egs. (3.11) and (3.18) after substituting (3.15) — (3.17) is here

d 1 d B dei(7)
dar InZy(r) = m@zk(ﬂ = —; dr (Si) z,
= —B(Ss)z, + AM(Sa)z, +(7) - kIn(4K) - (Sy)z, (3.26)

and for a dilute gas of instantons and large volumes, compare with eq. (1.51) in section 1.2,

the topological susceptibility (3.19) is the sector sum

1 11 2 > k*Z,
a*Xiop = = )z = 5 = K Zp = = b (3.27)
SN Y) QZkEZZ Q Z0+2> 001 Zk
in terms of Z;. From eq. (3.9) and d,,, = 2 it holds
d In (a®Xtop) = —1 (3.28)
dr P

as before, and bearing in mind that €2 is independent of 7, some straightforward manipula-
tions with the logarithms of the sums in (3.27) end in the scaling condition
1 - d -
0¥ = ———— S k5 — InZy(r — InZy(r
ZkKZI k22k kz d I{;Z

k=0
" 2kz{ o , (3.29)
221, ,k>0
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in which the derivatives with respect to 7 have to be evaluated via eq. (3.26). Strictly
speaking, the sum over k is infinite as in (3.27), however, in the numerical simulation there
is only a finite number of sectors with non-vanishing incidence probability, over which the
sum extends. The observable 02_‘) [v] with K > 1 the maximally contributing sector is
absolutely identical to OX)[y] in (3.20), and it turned out in the simulations that this was

always true when truncating the sum at K = 4.

3.3.2 Numerical analysis and discussion

In the sequel I restrict myself to the middle LCP L2. The reasons are that this line is well
separated from the pure gauge theory regime, where as best as the data of section 3.2 ad-
mitted the scaling of xi,p is most pronounced, and that the emerging x-values are still small
enough to accumulate sufficient statistics with conclusive estimates in a tolerable amount
of computer time. In order to compensate for a possible lack of information through the
omission of the most continuum-like point D, the two intermediate points Ipg and Igc be-
tween A and C were included in the investigations. So I measured the expectation values
entering eqgs. (3.20) and (3.23) in the all these LCP points on L2 as listed in table 3.6. The
matching of the renormalized vacuum expectation value of the scalar field vg required by

the condition (3.7) was realized by a proper adjustment of £ in the manner of section 3.1.

set || lattice I} A K sweeps VR

A; | 16 x 16 | 10.0 0.01 0.27942 | 1000000 | 1.6147(1)
Inp || 24 x 24 | 22.5 | 0.004444 || 0.264695 | 2000000 || 1.6144(1)
B || 32x32| 40.0 | 0.0025 0.258835 | 6000000 || 1.6146(1)
Igc || 48 x 48 | 90.0 | 0.001111 || 0.2542405 | 2000000 || 1.6146(2)
C | 64 x 64 | 160.0 | 0.000625 0.2525 | 3000000 || 1.6148(1)
A; || 24x24 | 10.0 0.01 0.27942 | 500000 | 1.6149(2)
Iap || 32 x 32| 22.5 | 0.004444 || 0.264695 | 1000000 || 1.6143(1)
Iap || 48 x 48 | 22.5 | 0.004444 || 0.264695 | 600000 || 1.6143(1)

Table 3.6: Parameters and statistics of the simulation points on the middle LCP, where two
new parameter sets Ixp and Igc have been included. As previously, the product B is fixed

to 0.1, and k is tuned to fulfill the renormalization condition on vg.

As it is clear from their definitions, O®)[y] and ~(7) are functions of primary averages and
thus secondary quantities, which can not be combined appropriately in the simultaneous
MC runs, so that the full histories of the measurement samples of all relevant observables
were blocked into subsamples to be averaged already during the simulations. The numerical

computation of OX[y] and v(7) according to eqs. (3.20) and (3.23) was done in jackknife
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set K a®Xtop * 104 v(7) OX[y] | stat. error | syst. error
Ay | 0.27942 2.070(17) 0.7896(8) | -1.180 0.057 0.010
Iap | 0.264695 | 0.8959(65) | 0.8474(10) | -0.964 0.062 0.013
B | 0.258835 | 0.5488(37) || 0.8806(14) || -0.874 0.052 0.018
Igc | 0.2542405 || 0.2824(26) | 0.9050(13) || -0.759 0.143 0.018
C 0.2525 0.1847(15) || 0.9161(16) || -0.744 0.143 0.022
Ay 0.27942 2.047(21) | 0.7894(10) || -1.017 0.071 0.012
Iag | 0.264695 | 0.9216(90) | 0.8508(10) | -0.795 0.099 0.013
Ing | 0.264695 || 0.9242(61) | 0.8475(13) | -1.107 0.140 0.016

Table 3.7: Results for the observables, which characterize the quality of the scaling behaviour
of the topological susceptibility. The estimates and their statistical errors come from jack-
knife analyses with independent subsamples from the data of table 3.6. In k = 0.258835 (set

B) the estimates on X, and y(7) are only from 3 - 10% and 10° configurations, respectively.

analyses within the jackknife samples calculated from these subsamples as for all other sec-
ondary quantities on the LCPs too, and the results together with their statistical jackknife
errors and the systematic errors owing to the statistical uncertainties in the determinations
of v(7) are presented in table 3.7.

The dependence of the logarithm of the dimensionless product Ba®xi, on the scale
parameter 7 is depicted in the upper diagram of figure 3.4. In addition to the discrete data

points, its derivatives with respect to 7,

dr In (Ba®xtop) = 1 Ing+ 1 In (a®Xtop) = 1 + OW[4]

from eqgs. (3.8) and (3.20), are recorded as slopes of the corresponding ‘tangents’ as well. One
can easily see that the estimates on 3a®x;op from direct measurements show the behaviour as
prescribed by the tangents in these points, which unfortunately do not have the tendency to
approximate an horizontal slope on their passage from A to C. This is substantiated further
by the lower diagram in the same figure, where In A = In h(7) and its derivatives,

d _lldlﬁ‘,(T)_

dr Inh(r) = hx dr —(7)

from egs. (3.13) and (3.17), are illuminated in dependence of 7. After a subtraction of the
contributions linear in 7, almost no discrepancies between the derivatives in the individual
points given by the slopes of the tangents and the finite differences Alnh(7)/A7 contained
in the polygon connecting the points A to C are visible. Hence the evolutions of 3a®xi,, and
k with 7 on the LCP, the latter being inferred from the demand to keep vg constant, are to
a certain degree consistent with the evolutions of their derivatives. Both observations are

conform with the scaling violations along the LCPs of section 3.1 made for x;o,/m?3; before.
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The error on the numerical fixing of vg via the renormalization condition (3.7) is the only
intrinsic uncertainty left in this method. A rather conservative estimation of its influence
on a’xiop and (1) leads to the result that for a variation of vg about 0.2 %, which is
more than five times larger than the absolute spread of all vg—values in table 3.6 around
their median 7 = 1.6146, the induced changes in a®x;op and (1) are below 5 % and 0.1 %,
respectively, and therefore without any measurable influence on the scaling criterion provided
by OX[y]. Since a — though not extraordinarily marked — discrepancy between Ba2x:op
and its derivative with respect to 7 is still recognizable in points A;, Ing, and B on the
smallest lattices used, it is near at hand to look for possible finite-size effects at least in the
first two points by repeating the MC runs on larger lattices at otherwise identical parameters.
The results of simulations with lattice extensions scaled by a factor 3/2 are displayed in the
lower two rows of tables 3.6, 3.7, and in figure 3.5, where they have been combined with the
unchanged data in points B, Igc, and C. Owing to the slight shifts of a®xio, and y(7) in
Iop outside their statistical errors compared to the smaller volume, the asymptotic scaling
of Ba*xiop seems to have somewhat improved, but this effect is not significant enough to
suspect a contradiction between its failure and the conceptionally perhaps more successful
scaling criterion based on the behaviour of its derivatives. In a final check I increased the
lattice volume in Ipp again by a factor (3/2)?, see the last row of table 3.6, and as can be
verified from the corresponding entries of the results in table 3.7, finite-size effects on a®xiop,

v(7), and OX[y] are now negligible or even absent.

Joining all these informations together, I necessarily must state that within these findings
the dimensionless observable ﬂaQXtop = Xtop/ eZ does not seem to scale in the continuum limit
B — oo along LCP L2 either. So far, of course, the statistical accuracy of the data do not
already exclude a more optimistic possibility: In contrast to the fact that Sa®yo, does not
approach a constant value when passing from simulation points A to C, its slope could
still vanish in the continuum limit and hint at asymptotic scaling of this quantity, if the
trajectory defined by the renormalization conditions (3.6) and (3.7) were followed beyond
the points considered here. At the moment, however, such an interpretation may be rather
improbable and would need further explanation from some deeper insight into the problem,
which is actually not available. Finite-volume effects for a?x;op as well as for its derivative
with respect to the scale parameter 7 = In (3, implicitly determined by O™[y], can not
definitely be ruled out, but there is no fear (or better: hope) that they could change this
conclusion qualitatively. Moreover, I expect the topological susceptibility to enjoy a quite
similar, unclear behaviour on the LCPs L1 and L3 too, once the statistical and therewith

numerical precision in these points would become proportionate to the data of L2.
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Figure 3.4: Asymptotic scaling of xiop on the middle LCP L2. Upper plot: In (Ba*xtop)
as a function of 7. Its tangents in the discrete simulation points of table 3.6 have slopes
1+ OW[y]. The dotted lines correspond to the sum of statistical and systematic errors on
this quantity. Lower plot: Inh as a function of T, whose tangents have slopes —v(T).
Its linear part has been partly removed by a shift with YuiaT, Ymia = Y(T) |set=p for better

visualization. A more thorough discussion is found in the text.
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Figure 3.5: The same as in figure 3.4, but with the left two points A; and I,p substituted
by the results of the two forelast rows in table 3.7 coming from the larger lattices. While

Xtop tends to have small finite-volume effects, h = In (4k) appears to stay less affected.
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3.4 Confinement by instantons

This section is devoted to a nice confinement mechanism for fractional charges in the two-
dimensional abelian Higgs model, which goes back to refs. [77, 78] and can be attributed
to instantons in the dilute gas approximation. Recently, it has also been worked out that
this phenomenon is an analogue of the Aharonov-Bohm effect in three- and four-dimensional

abelian Higgs models [80].

The force between an external pair of static quarks is most conveniently investigated by
means of the static quark-antiquark potential extracted from large Wilson loops, which were
introduced in section 1.2 of chapter 1 as a measure for the response of the gauge field to an
external quark-like source passing around his perimeter. For the pure gauge theory in two
dimensions it has been mentioned before that this potential is linear in the spacelike distance
R for any charges, i.e. the Wilson loops obey the area law, and the force, which as derivative
(gradient) of the potential with respect to R is constant in this case, confines the external
quark-antiquark pair. In the presence of a Higgs field in the fundamental representation
of the gauge group it is generally known [22] that the confinement concept gets obscured
by the fact that an external source can always be screened by fluctuations of the Higgs
field. So even if the energy between the static sources starts increasing as they separate,
it becomes perhaps favourable to pop a scalar particle-antiparticle pair out of the vacuum,
which shields the gauge charge of the sources and prevents the energy to grow further. But
the long-range characteristics of the static potential depends crucially on the modulus ¢ of
the external charges in units of the charge of the elementary scalar field modes ey, and one
has to distinguish between integer (¢/e; = 1) and non-integer* values (q/eq = 1/2). The
emerging qualitative scenario may be elucidated in reference to the continuum action of
section 1.1, where the sign of the bare mass squared m? decides about the ‘phases’ of the
theory. For integer ¢ one always expects screening behaviour. The Wilson loop obeys a
perimeter law, and the force between the external charges should fall off exponentially. The
intuitive reason is that the charges of the dynamical scalar field, which can materialize as
a particle-antiparticle pair out of the ground state, are integer, and as a consequence, an
arbitrarily wide separation of the external test charges gets energetically possible and will
probably end in subsequent processes like ‘hadronization’ with the screening scalar charges
themselves. The situation changes for a non-integer charges q. Owing to the distance
independent, confining Coulomb force in the case m2 > 0 it is now impossible to separate
particles and antiparticles, and all resulting bound states are stable, because they can not
decay through the emission of — in two dimensions non-existent — photons. In the Higgs
phase with m2 < 0, on the other hand, one would expect free external charges, which again

feel the screening effect of the massive vector boson in the same fashion as for integer charges.

“Since in the definitions of gauge field A, , and field strength F, the charge eg is absorbed, see chapter 1,
these two cases translate on the lattice into ¢ = 1 and ¢ = 1/2, respectively.
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However, in this context it is a special feature of the present model that instantons
are exclusively responsible for confinement of fractional charges also in the Higgs region,
i.e. the long-range force between external particles with ¢ = 1/2 stays independent of their
separations. To begin with, I will sketch the argument in the continuum first and discuss

the numerical results from the lattice simulations later.

3.4.1 Derivation in the continuum

Here I orientate myself by refs. [5, 79], which the reader should consult for more details about
instantons and their role in quantum mechanics and field theory, apart from the literature

quoted in the introduction.

Suppose that there is a dilute gas of widely separated, non-interacting instantons and
antiinstantons in a finite volume V' with extensions L;, ¢ = 1,..., D. This approximation —
the dilute gas approximation — presumes an instanton density, which is small enough for the
mean distance between instantons and antiinstantons in the system to be so large against
the correlation length as the typical interaction range of their attractive potential that the
interactions of instantons with antiinstantons can readily be neglected. Then a saddlepoint
expansion of the functional integral around the stationary point of the Euclidean action,
i.e. the instanton solution of the classical field equations, gives for the semiclassical instanton

transition rate in the continuum

Dl )} -
Dingg = H (%) L; D_% e_Sinst, D= ‘%
i=1 27 det [4]
S \7%
= K-‘/STe_Sinst, K = ( 2iIlSt> ®_% (3-30)
™

with V, denoting the spatial volume and Sj,s the classical instanton action, which already
appeared in section 2.1.2 of chapter 2. The fluctuation determinant D, which implicitly
contains divergent quantum corrections to be regularized, depends on the instanton configu-
ration ¢ () and the stable minimum @(z) of the classical scalar potential. Each zero mode
due to translational invariance in the space-time directions contributes a portion (Sinst/ 27r)1/ 2
to the pre-exponential factor K, and its vanishing eigenvalues, besides the negative one from
the saddlepoint solution itself, have to be omitted for the evaluation of the primed determi-
nant in the numerator. In the two-dimensional case with V' = V,T = RT considered here

the instanton transition rate reads

Simst gy 4 (3.31)
2

Tinst = KVe St | K =

The central point for the following is to establish a relation between the topological

susceptibility and this semiclassical rate:

2 1—‘inst
Xtop = vV

(3.32)
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This may be demonstrated by writing the path integral representation of the time evolution
in a periodic potential, whose minima are associated with the vacua of different topological
charge sectors, as a dilute-gas sum over n instantons and 7 antiinstantons. If H is the
Hamilton operator of the system and e”7 = TI'y,5 for the moment, the relevant matrix element
for a tunneling transition between an initial state |k;) with Qip = ki to a final state |kg)
with Qiop = kr and ks — k; = k € Z is, modulo a constant factor,

(kele ~HT|k;) sze””e”” Nk - (3.33)

n=0 n=0

If T define the function
] o0 1 B
z(z) = Z Z ——e (n+a)n o (n—z)n On—nk » (3.34)
its second derivative and the d—function,
d’ (n+2)n o (n-)
_ +z)n —z)n
@z(x) = ZZ n'n' elmrn eI G, g
S 2 NN ]

yield the expectation value of the squared topological charge in analogy to eq. (3.27) as

k2 (kele =T |k; 1 d?
<k2>Z — ZkEZ < f|eHT | > — . Z(.’L’) (335)
> kerlkele ~HT|k;) z(0) dz z=0
On the other hand the series
1 2\" [ p_z\P
2@) = 2 e (e7)" (€77)" bnn
kEZ n,n
= Z On_nj exp{e™® +e” "}
keZ
is a product of two exponentials so that
d2 n+z n—o n+z n—c 2
@z(x):[(e +e77%) + (e 4 e777) ]z(m),
and eq. (3.35) together with (3.27) and e” = I'j,s becomes
Vi = ), = 2 © | Zaencor, (3.36)
top Z Z(O) dl’2 o inst » .

and eq. (3.32) is proven.

The non-zero probability amplitudes for transitions through finite-energy barriers be-

tween homotopically inequivalent gauge-rotated vacua, which has been employed in this
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calculation, expresses the well accepted fact that the true ground state of quantum gauge
theories is infinitely degenerate. Thus it can be written as a superposition® of all these vacua,

0) =" e™ k), (3.37)

keZ
and the winding number £ € 7Z labelling the homotopy classes is equal to the topological
charge considered so far. Except for a phase factor, the so-defined true vacuum |6) is invariant
under ‘large’ gauge transformations, which interpolate non-continuously between states in
different homotopy classes. When inserting the Fourier representation of the J—function
1 [ ,
Ok = 5— [ dfe R

2 Jo

into eq. (3.33) and using the exponential series, Euler’s formula, and eq. (3.31) in the last

step of
1 1 [ I
<kf|e_HT|ki> = 5= = (Fins )n (Fins )n/ dee_Z(n_n)oezw

2m e n!n! ¢ ‘ 0

I 1 o\ " 1 L\
— E d9 GZko [ Z ; (Finst e_w) :| [ Z % (Finst ezo) :|

0 n I

1 2T i
= 5 dfe™? exp { 2 Tjng; cos B}

T Jo

1 2T

= — df e*? exp { 2KV, Te St cos } ,
2m J,

one recognizes that there is a continuum of energy eigenvalues E(#) with
(kele AT|k;) TR e FOT o E() = —2KV,e 5= cosf, (3.38)

which has to be identified as the energy of the true vacuum eigenstate |#) in eq. (3.37).
Hence, the topological susceptibility as well as the Euclidean functional integral involving
the action S = S[A, ¢y of the theory

/D[A, dole e o (fle HT|A) oc exp{2KV,Te = cosf } (3.39)

could be expressed via the partition function of a dilute gas of instantons in terms of the

semiclassical instanton transition rate [, in egs. (3.30) or (3.31).

After these preparations the energy shift of the vacuum, caused by two static charges ¢
in units of ey with opposite sign brought into the system, is deduced from the expectation
value (0|W,|0) of a rectangular Wilson loop W, = W,[A] of area A with side lengths R and
T, which is the contour integral

W, = Re exp {zq% deAM(x)} = Re exp {27rz'k i} (3.40)
0A

€o

5This is very similar to the Bloch-wave functions in the quantum mechanical treatment of the electronic
band structure in crystals with periodic potentials.
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over its boundary 0.4 and, in regard of eq. (1.48) of subsection 1.2.2, related to the topological

cllaIge
k= Qtop == —/ d .’L'E,Wl ;u/(x) - 2 - % d.’L'UA”(.’L') (341)
Vl 6A

inside the loop so that eq. (3.39) with V; = R in two dimensions can be replaced by

/D[A, dole S W, e = /D[A,%] exp {—S+z’k <9+ Q(qu)}
0

2
= exp {2KRTe ~Sinst cog <9 + 7rq> } . (3.42)

€o

If the dilute-gas sum over instantons and antiinstantons, which led to these approximations
of the relevant functional integrals, is split into sums over objects lying inside and outside
the Wilson loop, while configurations overlapping the loop are neglected at the same time,
one obtains

D SWesz
niom = w{ IR e

2
= 2K e Simst {(R'T' RT) cos @ + RT cos (9 + iq) — R'T' cos 9}

€o
2
= —2KRTe Simst {cose — Cos <9 + 7rq>} ,

€o

where the space-time region outside the loop was assumed to be bordered by some larger
(in principle infinite) Wilson loop of extensions R’ and 7', the first two terms come from
the inside and outside portions of the numerator in its representation (3.42), and the last
one from the denominator according to (3.39). Therefore, the resulting contribution to the

static potential

1
AV(R) = — lim — 1o (6]V,]6)
= 2KRe Snst {cos § — cos (9 + 27”]) } (3.43)
€o

is proportional to the separation R between the external charges, thus linear in R with a force
of constant strength. As it stands, this equation has the interesting property that the charges
of the external test particles are completely screened by the charge of the Higgs condensate
only for integer g, whereas for non-integer ¢ the contribution AV} signals confinement with
a strength proportional to the topological susceptibility xio,- To see this, I take § = 0,
which is just the situation one encounters in the numerical analysis on the lattice of the
next paragraph, because in the MC simulations I average over all topological charge sectors
without any weighting with the corresponding phase factors e?*®. Then (3.43) together with
egs. (3.31) and (3.32) give indeed

2 2
AV, (R) = 2KRe Swus {1 — cos (%f)} = Xtop B {1 — cos <€L0q> }
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{0 a/e=1 (3.44)
2Xtop-R aQ/eOZ%

To summarize, non-integer external charges in the two-dimensional U(1)-Higgs model are
confined in both the symmetric phase (m3 > 0) and the Higgs phase (m2 < 0), but with
the major difference that opposed to the former case, where the long-range force — coming
from the ordinary linear Coulomb potential — is proportional to these charges, the force is
exponentially small in the latter due to the prefactor in eq. (3.43), which is the typical mark
of an instanton effect. It is also worthwhile to emphasize again that the linear Coulomb
potential in the normal (14+1)-dimensional non-Higgs electrodynamics has to be expected
even classically, i.e. the quantum result will survive in the limit 2 — 0, if I had retained the
explicit A—dependence in the derivation. However, as then the exponential factor in (3.43)
would become e ~Sinst — ¢ ~Simst/hbar the Jinear confining potential of fractional charges in the
abelian Higgs model — caused by instantons — is very much a non-perturbative quantum
effect.

Finally, T should point out that this confinement mechanism essentially relies on the two-
dimensionality of the model and does not work in four dimensions. An heuristic explanation
found in refs. [77, 79] is based on the boundary conditions for the instanton solution in
this case, which require the gauge fields in the limit of large spatial distances to approach
pure gauges plus pieces falling off too fast to affect the Wilson loop integral, whose gauge
invariance then solely allows non-contributing instantons in the always existing directions

perpendicular to the loop.

3.4.2 Numerical analysis on the lattice

In order to examine, whether the saturation of the functional integral with instantons is
reproduced by the non-perturbative numerical lattice simulations, I measured Polyakov loop
correlations P,(R) in the LCP parameter sets of table 3.1. They were introduced in egs. (1.41)
and (1.43) of section 1.2 as Wilson loops for arbitrary external charges ¢ = 1 and ¢ = 1/2
with extensions 1 < R < L;/2 and T = Lo, i.e.

PR)=Wy(R,T)| , Wy(RT)=(e""<ns™)  F,e[-mm),

T=L»>

with Ar 1 C A the area of the respective Wilson loop, and the static potential was computed

from these expectations values as claimed in eq. (1.45) of subsection 1.2.1:

Vy(R) = In P,(R).

¢*L,
Because of the choice of Polyakov loop correlations as Wilson loops of maximal temporal
extensions, the substitution of the limit 7 — oo in the original potential definitions (1.34)

or (3.43) by this prescription is warrantable.
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The static potentials obtained in this way were fitted with uncorrelated least-squares fits

to a modified Yukawa ansatz of the form

2

e
V() = Veu(R) + b, aR,  Vyue(R) = 2= (1—e ™™ R), (3.45)

ms

in which the second, linear term takes into account the expected instanton effects in AV, (R)
of the previous paragraph on fractional charges with ¢ = 1/2 in the dilute gas approxi-
mation. The first part Viu(R) of this ansatz is the usual Yukawa-like shape and derives
in direct analogy to the four-dimensional SU(2)-Higgs case from the assumption that the
underlying particle reactions are governed by a massive vector boson exchange, see e.g. sub-
section 8.2.3 in chapter 8 and refs. [88, 115]. Lowest order (tree-level) perturbation theory

in the continuum gives for my; > 0 and » = Ra > 0 the relevant contribution

o] ipr 1 o] —msr
/ dp e _ _/ dp cos (pr) e (3.46)
- 0

W2rpP+m? w p? 4+ m? 2m

after a straightforward application of the residuum theorem. Since P,(0) = 1 holds for the
Polyakov loop correlations, the attractive potential has to meet V,(0) = 0, and its asymp-
totics (1.39) for large spacelike distances R in pure gauge theory leads to the prefactor e%
in the first term of eq. (3.45), which here receives an interpretation as squared renormal-
ized gauge coupling with aeg = aey + O(a’e?) = 1/4/B8 + O(a®e?). Whilst the screening
behaviour limp 0 Vyuk(R) = €%/2m; is compatible with limg ,o, V(R) = constant as it is
characteristic for static potentials (1.34) from Wilson loops with perimeter law (1.37), one
recovers a nearly linear behaviour aVyu(R) ~ a’e¢%R/2 for am, < 1 and small enough R.
Hence the fit ansatz in eq. (3.45) is appropriate to verify the meaning of the fit parameters
aeg as renormalized gauge coupling, am, as screening mass, closely connected to the vector
boson mass amy, and « as string tension, which now can be related through eq. (3.44) to
the topological susceptibility,

2
Q
q= qT = azxtop , (3.47)

1
3"
in the validity range of the dilute gas approximation.

All fit results of the static potentials in the LCP simulation points are collected in
table 3.8. In view of the continuum ansatz (3.45), which does not include any finite-lattice
size or spacing corrections, the fit intervals beginning at R = 1 could not be extended to
R = L;/2. 1 discarded at least two of the last R—distances in dependence of reasonable
values for x?/dof at still significant statistical signal to noise ratios, and the physical lengths
of the fit intervals on a given LCP were mostly taken to be equal.

The scaling of the fit parameters according to their dimensions in lattice units is generally
good, and the theoretically predicted qualitative scenario is confirmed by the data. More

precisely, the static potential for integer charges (¢ = 1) shows screening behaviour on all
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g=1 g=1/2
LOP | set & am, aeg am, aer a/8 - 10*
L1 || A, | 02037 | 0.5447(10) | 0.3156(1) | 0.5394(15) | 0.3155(2) | =0
B | 0.2607 | 0.2660(9) | 0.15792(5) | 0.2657(15) | 0.1577(2) | 0.039(30)
C | 0253 | 0.1289(11) | 0.07892(3) | 0.1304(16) | 0.0787(2) | 0.026(18)
D | 0.250815 || 0.0642(18) | 0.03949(2) | 0.643(26) | 0.0395(3) | =~0
L2 | A, | 0.2858 | 0.4358(15) | 0.3183(2) | 0.4364(22) | 0.3136(3) | 1.52(14)
B | 0.258835 || 0.2053(14) | 0.15806(7) | 0.2175(27) | 0.1540(5) | 0.802(89)
C | 02525 | 0.0949(18) | 0.07900(4) | 0.1001(27) | 0.0765(5) | 0.241(50)
D | 0.25069 || 0.0470(18) | 0.03953(3) | 0.0475(31) | 0.0387(8) | 0.054(36)
L3 | A | 02731 | 0.1996(33) | 0.3223(4) | 0.1878(24) | 0.3209(3) |
B | 0257 | 0.0730(16) | 0.1582(1) | 0.0542(8) | 0.1569(2) |
C | 0252 | 0.0255(12) | 0.07885(7) | 0.0190(6) | 0.07854(7) |
D | 0.25055 || 0.0057(5) | 0.03943(2) | 0.0060(17) | 0.03943(2) | —

Table 3.8: Fit results of the Polyakov loop correlations along the LCPs with jackknife errors.
The simulated —parameters correspond to the values 0.3163, 0.1581, 0.0791, and 0.0395 of
the bare gauge coupling aey. The values of a/8 should be compared with a®x,, in table 3.3.

LCPs, and the renormalization of the bare gauge aeq = 1/4/8 turns out to be always very
small. But unlike the vector boson masses amy, from the L;fcorrelations of table 3.2 in
section 3.1, which increase for decreasing k < R, kK being the xk—value at minimal amy, the
screening masses amg continue to decrease when going from L2 to L3 too. This is in fact the
expected picture of a vanishing screening mass in the limit of pure gauge theory (k — 0),
where the influence of the scalar field modes on short distances weakens before the screening
effect due to the very small, but still finite screening mass at larger distances sets in again. In
this sense, am, behaves similarly to the plaquette masses, i.e those coming from correlations
of the operators F' or sin F', which seem to resemble a massless, albeit non-existent, photon
in the pure gauge theory limit as will be discussed in the next chapter. On the LCPs L1
and L2, which are both positioned in the Higgs region of the model, the screening masses
amy of table 3.8 and the vector masses amy of table 3.2 are rather consistent with each
other and fulfill am, ~ amw =~ aervr = vr/vB + O(a’e?) with vy from table 3.1 in
approximate agreement with eq. (3.5). For a cross-check of the screening dominance in the
g = 1 potentials, T also tried an ansatz with a linear term as in (3.45) with ¢ = 1/2, however,
the vanishing of the coefficient « within its errors sustained that in this case the fit is not

sensitive to such an additional degree of freedom.

The static potentials for non-integer external charges (¢ = 1/2) possess a more complex

structure. On the LCP L3, which lies closest to pure gauge theory and is not yet supposed
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to comply with the dilute gas approximation, the three-parameter fits to the shape (3.45)
are not able to disentangle the leading linear contribution of the screening part Viu(R) for
am,; < 1 from the explicit linearity aR so that only a two-parameter fit as for ¢ = 1 was
suited to get stable fit results. When approaching the Higgs region x > K, the topological
susceptibility xiop lowers increasingly, and the assumption of a dilute gas of fewer and thus
widely separated and weakly coupled instantons and antiinstantons becomes more and more
justified. Hence the instanton-induced confinement mechanism described above comes into
play now, and the screening behaviour of the potentials should be surpassed by a linear rise
at large distances, where the instantons and antiinstantons as collective long-range modes

in the system attain their strongest impact. The fit results in table 3.8 corroborate these
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Figure 3.6: Lattice potentials for external static charges with ¢ = 1,1/2 and their fit curves
to the Yukawa ansatz (3.45). The errors of the lattice data are smaller than the plot symbols.
The shown data points are representative for the LCPs L2 (upper plots), lying just in the
Higgs regime, and L3 (lower plots), which is already close to pure gauge theory, while the
parameter sets on the left and on the right correspond to different stages of the continuum

limit on these trajectories. Some further comments are given in the text.

expectations. In addition to the fit parameters aer and amg, which agree quite well with
those of the ¢ = 1 potentials, it was possible to resolve the string tension a with acceptable
statistical accuracy, in particular for the line L2 already lying in the Higgs regime. The
corresponding ¢ = 1/2 potentials display confinement, and the fit parameters « can be

identified with xip by using eq. (3.47). From a comparison with the directly measured
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results on xiop in table 3.3 one concludes that the numbers are fairly compatible, although
there is a slight quantitative discrepancy, since the values extracted from the Yukawa fits
have a trend to be larger than the former ones. This may ascribed to the neglection of any
lattice corrections in the continuum-like fit ansatz and, moreover, to the fact that « itself
is, especially on L1, a genuinely small quantity, which is the more difficult to isolate from
the screening part — and concurrently larger — the more points are left out from the end

of the maximal R—extension for the individually chosen fit intervals limited by L;/2.

The analyses of the static potentials from Polyakov loop correlations are exemplarily
visualized in figure 3.6 for two parameter sets of the LCPs L2 and L3, respectively, which
approach the continuum limit. Whereas the potentials V(R) for ¢ = 1 show screening in
the Higgs region (upper left and right diagrams) as well as in the confinement region close to
pure gauge theory (lower left and right diagrams), the linear instanton effect at large spatial
separations R for ¢ = 1/2 is clearly observable in the Higgs region. This stands in contrast
to the confinement region, in which the nearly linear growth of the lattice data starting even
at smaller R is produced by very low screening mass values am, in Vi (R) of eq. (3.45) and
not by instantons. Note that in the case of lower am, and weaker screening the potentials are
afflicted with larger finite-volume effects, tending to flatten them with increasing distance R
in the same direction as the pure screening contribution V. (R) does. Therefore, I had to
discard at least four of the last possible R—distances in the potential fits of the pure gauge
theory like line L.3. Nevertheless, the numerical confirmation of the intrinsic interplay of the
topological excitations with the interactions between the scalar charges in the model and
the external static test charges, in particular the preservation of their confining force in the

Higgs regime for ¢ = 1/2, can be assessed as satisfactory.



Chapter 4
Some phase structure investigations

The following two items, which complete my studies of the lattice U(1)-Higgs model in two
dimensions, are keyed to its phase structure and possible similarities as well as differences
in comparison with the four-dimensional U(1)-Higgs model, also named compact scalar
QED with Higgs field in the fundamental representation, and the fixed length case with
A = oo comprising the two-dimensional XY-model at infinite 3. Since both models are
comprehensively documented in the literature, see for instance refs. [81, 82, 83, 86, 87, 88|
and [4, 67, 68, 70], I will not go into too much technical details here and mainly concentrate

on those aspects, which are relevant for the model at hand.

4.1 Comparison with the D =4 model

As anticipated in section 3.1 when discussing the mass spectrum of the model, the vector
mass estimates amy from correlation functions of the p-link operator L, and the plaquette
operators F' or sin F' are only consistent for k > K. Recall that &, which will be frequently
used from now on, denotes the crossover x-value defined at the minimal amy from L, -
correlations. For decreasing x < K both the F— and sin F'-correlations weaken strongly with
likewise worse signal to noise ratios and show a decreasing mass, finally dropping to zero,
because the x?-fits of the measured correlation functions at spacelike lattice momenta p; = 0
and p; = 27/aL to the shapes (1.59) of subsection 1.2.3 give so small prefactors A that their
exponential decays are no longer detectable. In view of the fact that in spite of the wrong
parity of the spacelike plaquette sums at zero momentum in four dimensions, the plaquette
operators at higher non-zero momenta couple to the physical photon [51], the vanishing of the
correlations functions of the operators F' and sin F' would correspond to a massless photon
state in the limit of pure gauge theory (x — 0). Within a non-perturbative MC study this
was also found in the Coulomb phase of the four-dimensional lattice U(1)-Higgs model in

ref. [88], which there provides the most natural way to distinguish between such a Coulomb

87
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phase and confinement or Higgs phases, where the photon is massive, see below!. However, as
already pointed out for the continuum model in section 1.1, a massless photon is no physical
degree of freedom in a two-dimensional — i.e. spatially one-dimensional — theory, since its
interpretation descends from the here missing components transversal to the direction of the
gauge field propagation. Besides the qualitatively different behaviour of the L —correlations
in figures 3.1 and 3.2 — with no noticeable contributions from a massless photon-like state
for k < K — from the plaquette correlations, the very similar k—dependence of the Higgs
and vector boson masses amy and amy as extracted from the respective operators p?, L;j,
and L, compared to the model in four dimensions [88], in particular its characteristic dips,

is another exciting observation.

These analogies to the compact lattice U(1)-model in four dimensions, where the in-
clusion of the radial mode of the scalar field enriches the phase landscape of the model
considerably, were the actual motivation for the ensuing investigations in the present case.
First, I briefly summarize the phase diagram of the four-dimensional model [86, 87, 88],
whose lattice parametrization in terms of the gauge links U, , € U(1), p =1,...,4, the com-
plex Higgs doublet field ¢,, and the couplings (3, k, and A is identical to the two-dimensional
one in chapter 1. Emanating from the deconfinement phase transition at 3 = 3. ~ 1 in the

pure gauge theory (k = 0), one has for any fixed A < oo:

e Coulomb phase (8 > ., and « < k)
A phase with free, scalar charged states in the spectrum, which are exposed to the
long-ranged Coulomb potential (V(r) &« —1/r), and a massless photon as the vector
gauge field coupled to the charges. Pairs of these charges can form neutral bound

states, so-called scalar- and vector-like bosonium particles.

e Confinement-Higgs phase (3 < 8. and k > 0 or 3 > (3. and k > k,)
The confinement and Higgs regions are separated by a first oder phase transition
only for A < 0(0.1) and analytically connected for larger A\—values. Both regions
contain massive counterparts of the bosonium states in the Coulomb phase, namely
the Higgs boson and a massive vector boson (photon). The latter is merged of the
massive vector bosonium and the massless photon. The static potential is the short-
ranged Yukawa potential (V(R) oc —e ™" /r), prescribed by Wilson loops obeying the
perimeter law, with a non-zero screening mass m,. Moreover, there are still important

physical differences:

— Confinement region (8 < . and « > 0)

No charged states occur in the physical spectrum. The static charges are screened

L As the photon is an excitation in this model, which stays massless to all orders of perturbation theory
in both phases, the generation of some non-vanishing photon mass in the confinement-Higgs phase appears
a non-perturbative effect.
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by a heavy but dynamical constituent field ¢, like mesons consisting of heavy
quarks in QCD.

— Higgs region (8 > (. and k > k)
Here the static charges are screened via fluctuations of the scalar matter field ¢,
which condensates to {(p*p) = (p?), associated with the Higgs phenomenon at

work.

The transition between the Coulomb phase and the Higgs region, called the Higgs

phase transition, is of first order for small A and weakens for increasing A and (.

4.1.1 Observables

As the Wilson loop criterion for confinement in the pure gauge theory fails in gauge theories
interacting with dynamical matter fields, which are able to screen the confining linear po-
tential in all phases [22], there have been proposed suitable criteria for the existence of free
charged states with finite energy [85] and bound states of a charged particle and an external
source [84] by means of gauge invariant two-point functions. Restricting to the former one

defines
G(R,T) = (Re (¢)Ucnrum®e) ) (4.1)

which correlates the scalar fields ¢, and ¢, over a product of gauge link variables Ucy, ;.(y,2)
around an open path Crz(y,z) € A of space- and timelike extensions R x T and planar
distance |y—z| = T in Euclidean time. In analogy to Wilson loops and, as pictorially inferred
from figure 4.1, the gauge invariant two-point function G(R,T') measures the response of the
coupled system of gauge and matter fields to an external charged source q. For both space-

and timelike distances R and T becoming large, this function decays exponentially,

—am:.T—aEq4(2R+T)

e (Coulomb phase)

G(R,T) ' { (4.2)

e TOH(2R+T) (confinement-Higgs phase) ’
with m. being the mass of a charged particle allowed in the Coulomb phase, and at fixed R

it behaves for large T as
G(R,T) "3 cq(R)e T (4.3)

with an R-dependent coefficient cg and p the lowest energy in the fields screening the point-
like charge ¢. This screening energy is known to be independent of the spatial detour R in the
lattice path Cgrr(y, z) and provides a sensitive order parameter exhibiting a discontinuity at
the Higgs phase transition [87], if it is compared with the perimeter law behaviour of Wilson
loops W(R,T) in eq. (1.37) of subsection 1.2.1 in chapter 1 rewritten to

W (R,T) RT oo —aBy(2R+2T) (4.4)

Y
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Figure 4.1: Open lattice path Crr(y, z) and the corresponding product Ucy r(yz) of parallel
transporters (directed links U, ,) between the scalar fields on sites  and y for the definition
of G(R,T) in (4.1), if one supposes an external static charge q to be present at spatial
locations x + R and y + R with a separation T' in the time direction. In the example it is

R =3 and T =2, and in two dimensions 4 =1 and v = 2.

which holds in the presence of screening matter fields. The quantity
1
By =5 V() (4.5)

with V(co) denoting the large R limit of the static potential®

1
aV(R) =~ lim — InW(R,T)

=1
T—o00

20E,R
im < aT" —I—2aEq> : (4.6)

is the lowest energy of the fields around one external charge ¢, i.e. the energy in the Coulomb
field produced by ¢ in the Coulomb phase or the sum of the contributions from the inter-
acting gauge fields and the charged scalar matter fields screening the external source ¢ in
the confinement-Higgs phase. Consequently, one expects 4 = E, in the confinement-Higgs
phase, while in the Coulomb phase, where gauge invariant charged states with finite energy
belonging to the complex scalar field can exist, one might have yp = E; + m, — E,ch) > E,

)

with m, the ‘dressed’ mass of the charged particle and Et()ml > 0 its largest binding energy

to an external static source ¢ brought into the system.

2For scalar fields with unit charge considered here, the subscript g of the Wilson loops and static potentials
in the last section of the previous chapter is omitted for shorthand notation, hence ¢ = 1 is always meant.
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Inspired by a ratio of G(R,T') and a proper fractional power of Wilson loops [85], which
is aimed to divide out the perimeter law factor also contaminating the decay (4.2) of the

former, the authors of ref. [87] now introduce

G(OaT) T:*JOO efa(prq)T

T = ——— 4.7
pAC( ) W(T,T)1/4 ( )
from eqs. (4.3) and (4.4), and predict for its large T' limit
0 =F fi t-Hi h
52 = lim pac(T) :{ #0 ,u , (confinement-Higgs phase) - (4.8)
T—o0 =0 ,u>E; (Coulomb phase)

Therefore, the order parameter p3%, distinguishes the confinement and Higgs regions from the
Coulomb phase with free charges, because in the former the lowest energy p of a screened
external charge is equal to the lowest energy E, of an external charge in contrast to the
latter, where an external charge can in principle exist in screened (bound) and unscreened

states with different energies y and FEj,.

4.1.2 Numerical analysis

Since the observable constructed in this way has been successfully applied in four-dimensional
gauge-Higgs theories with SU(2)— or U(1)-gauge symmetry and the scalar field in the fun-
damental representation [113, 87] to probe the essential properties of its different phases, it
is natural to address how p%%, which tests for confinement or free charges, comes out in the
two-dimensional model. To this end, I determined the two-point function G(R,T') for R = 0
and the square Wilson loops W (T, T) with extensions T'=1,..., Ly/2 during the numerical

simulations in the LCP parameters of table 3.1 in section 3.1.

When performing uncorrelated least squares fits of the large 7" asymptotics of the func-

tions entering eq. (4.7) to the purely exponential shapes
f(T)=Ae "+ C, [(T)e{G(0,T),W(T,T),pac(T)} (4.9)

with the third, constant fit parameter C only in the case of the ratio pac(T'), one identifies
the decay constants as B = ay for G(0,T) and B = 4aE, for W(T,T). All the resulting fit
parameters are listed in table 4.1, and I also verified the R—independence of ay to satisfactory
accuracy by a comparison with fits of some data for G(R,T) and R = 1. The majority of
the fits of the functions G(0,7) and W(T,T), which covered their tails of at least Ly/4
points from the end of the total range, were good and had small values of x?/dof. The static
potential aV (R) at R = oo originates from the rough plateau region at large R—distances of
the potential as it was computed from the Polyakov loop correlation with ¢ = 1 in section 3.4
of chapter 3. One can see that the energies aV (c0), au, and aE, scale appropriately with their

mass dimensions in the continuum limit along the LCPs, and in regard of the relatively small
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LCP || set K P(R): 1aV(c0) || G(0,T) : ap | W(T,T) : aBy | pac(T) : p5c
L1 [ A, | 02037 0.0447(1) 0.0462(1) 0.0464(1) 5.294(1)
B | 0.2607 0.0229(1) 0.0239(1) |  0.0237(1) 5.698(3)
c | 0253 0.0118(1) 0.0124(1) | 0.0123(1) 5.603(3)
D | 0.250815 |  0.0059(2) 0.0064(1) 0.0061(1) 5.35(1)
L2 || A, | 0.2858 0.0549(2) 0.0587(1) | 0.0578(1) 3.754(3)
B |0.258835 |  0.0287(2) 0.0310(1) 0.0296(1) 3.837(3)
c | 02525 0.0149(2) 0.0168(1) 0.0154(2) 3.596(7)
D | 0.25069 0.0074(3) 0.0087(2) |  0.0077(1) 3.33(2)
L3 | A | 02731 0.0930(5) 0.1122(4) | 0.0935(4) 1.811(5)
B | 0257 0.0515(7) 0.0643(3) | 0.0523(3) 1.518(7)
c | 0252 0.0295(6) 0.0393(3) 0.0284(2) 1.100(8)
D | 0.25055 0.023(9) 0.0259(7) 0.015(1) 0.70(1)

Table 4.1: Fit results with jackknife errors along the LCPs for the observables, which were
motivated by investigations in the four-dimensional model. The potential aV (co) is taken
from the previously computed Polyakov loop correlations for ¢ = 1. Its large statistical error
in the lower left entry comes from the badly measurable signal of the correlations with time

separation T' = L, = 128.

statistical errors on these quantities, the relation £, = V(00)/2 is fulfilled with sufficient
accuracy. The reason for aF, being systematically somewhat larger is that the potential
does not yet achieve a really constant value for R — L;/2 before its distortion by the finite
volume, but the agreement gets slightly better, if one inserts the exact limit V' (oo) = e%/2m;
of the large R extrapolation in the continuum fit ansatz (3.45) instead, which typically lies
above the lattice estimates.

The quality of 4 = E,, which would imply a vanishing fit parameter B = a(u — E;) ~ 0
and a non-zero constant C = pX > 0 for pac(T) as T — oo, is excellent along L1 in
the Higgs region, however, the equality becomes rather moderate for decreasing « at fixed
parameters J and A towards L3 in the confinement region near pure gauge theory. This
is compatible with observations made in section 3.4 for the potential from Polyakov loop
correlations as well as in the four-dimensional models [113, 87], because then the screening
distance of the static potential, which rises linearly with R due to an area law prevalence
for smaller Wilson loops until the shielding quanta of the scalar field flatten it completely,
is expected to exceed the maximally available size Ly/2 of W(T,T). Thus with decreasing
k the fitted estimates of aF, are presumably too low on L2 and and especially on L3. In
addition, an overestimation of au caused by a slow approach of G(0,7T) to its asymptotic
behaviour in T is also possible. Both effects should reduce on lattices with larger temporal

extensions. As I found stable fits for ppc(T') over large T—intervals throwing away only a



4.1. COMPARISON WITH THE D = 4 MODEL 93

few of the smallest T—distances, it is nevertheless remarkable and parallel to the experiences
in four dimensions [113, 87] that these ratios reach their asymptotic values p3% of table 4.1
already at medium distances around T ~ L,/4 for all LCPs apart from L3, for which the
discrepancies between ap and aFE, shift p3% to rear T', although the constant tail of pac(T)
still appears. These findings are exemplarily underlined by the curves in figure 4.2, where
the typical shapes of the gauge invariant ratio pac(7T') as a function of T in the different

regions of bare parameter space are displayed.
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Figure 4.2: Simulation results and x>—fits of pac(T) to the ansatz (4.9) in parameter point
C on all three LCPs L1, L2, and L3. The statistical errors of the lattice data are smaller
than the plot symbols. Since the T — oo extrapolation leads always to values for the order
parameter pQ, which stay definitely larger than zero, there is no hint at a phase transition
into a Coulomb-like phase in the two-dimensional model. As emphasized in the text, this

was already to be expected from theoretical arguments.

Referring to the criterion in eq. (4.8), I did not discover any indication in the numerical
investigations for a Coulomb-like free charge phase in coupling parameter space, besides the
confinement-Higgs phase, where p3% > 0 is complied strictly. This is fully consistent with

the physical belief that in the two-dimensional U(1)-Higgs model, which does contain neither
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charged states nor a physical photon, a Coulomb phase as for abelian gauge theories in four
dimension is missing [22, 54]. Since the observables in table 4.1 do not show a characteristic
discontinuity on the course from the LCPs L1 and L2 in the Higgs region (k > &) to L3 in
the confinement region (k < &) at fixed 3 and ), there are no hints at a phase transition in

this model for finite values of the lattice parameters.

4.2 (Generalization of the fixed length case

I have outlined in section 3.1 of chapter 3 that the approach to the quantum continuum limit
of the two-dimensional U(1)-Higgs model with variable scalar field length might be attained
as in egs. (3.2) — (3.4), namely

B—00, A—0, (BX=constant (4.10)

for large enough (3, for which the renormalization conditions on the renormalized vacuum
expectation value of the Higgs field vz and the Higgs to vector mass ratio Rgw, imposed by

a proper tuning of the hopping parameter x, are

vr=V2k(p) =T, Rszﬁzﬁ. (4.11)

mw
Of course, the concrete values of the constants 7 and R, e.g. those actually chosen in tables 3.1
and 3.2, decide about the position of the individual LCPs in bare lattice parameter space.
This limit has to be carefully distinguished from the limit 3 — oo at fixed scalar self-coupling
A, which arrives at the pure two-component ¢2_,~theory on the lattice with a global U(1)-

symmetry and a second order phase transition at a certain kK = k..

4.2.1 Phase structure of both models

If the limit A — oo is taken before sending 3 — oo, the radial mode of the Higgs field freezes
to |pz| = 1, and one obtains the XY-model, which deals with two-component classical spins
normalized to unit lengths and nearest neighbour interactions. The global symmetry group
is O(2). In view of (1.22) of section 1.1, its action on a two-dimensional lattice in terms of

the scalar field angles w, is

2
Sxy = =26 ) cos(wy — wpsp) (4.12)

reA p=1
and the underlying continuous field theory describes a free massless scalar field with « as
the inverse temperature 1/7. This model undergoes the prominent Kosterlitz-Thouless
phase transition of infinite order at k. ~ 0.56 [70], and it is well established by different

methods — and was already reviewed in the introduction — that this transition becomes
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a smooth and analytic crossover for 5 < oo inside the phase diagram [22, 54, 56]. The
low-temperature phase (k > k.) of the XY—model, treated in the spin wave approximation
—26 cos(wy — W) — K(wy — wyip)?, is short-range ordered, because the alignment of spins
is energetically favoured here. It predicts a power law decrease of the spin-spin correlation
function, and free vortices are absent. The physics of the high-temperature phase (k < k)
is different. In a strong coupling expansion the correlations turn out to decay exponentially,
and one speaks of a dilute vortex gas as a plasma of weakly coupled vortices and antivortices.
This suggests that with increasing temperature the neglection of the periodic character of
the angle variables w, gets unjustified. More precisely, one may imagine configurations,
where the angle between the spin and a fixed direction — followed along a simple closed
curve — varies by an integer multiple n of 2. Such a configuration, a vortex of order n,
is a topological invariant when the curve or the configuration changes continuously, and
it should be identified with the centre n, C A of an extended instanton configuration as
discussed on the lattice in earlier sections, e.g. in 2.1 and 3.2. The long-range fluctuations
of these topological excitations are assumed to combine with the spin wave fluctuations and

increase the disorder in the system, finally mediating the phase transition [4, 67, 68].

My investigations in the model with variable length, which yet proves to possess a much
simpler phase structure than its four-dimensional pendants, point to a generalization of
the situation in the fixed length model. Although the results on the static potentials and
order parameters in sections 3.4 and 4.1 as well as the behaviour of the masses ampg, amw,
their ratio Ryw, and vg revealed a qualitative change in the properties of the model with
growing k for fixed # < oo and A > 0, none of these quantities reflects any steep increase
or another distinct irregularity. Denoting the crossover value Kk = K as before, the physics
in the confinement regime at x < K, which contains the LCP L3, is already similar to the
pure gauge theory, whereas the LCPs L2 and L1 are placed in a Higgs regime at £ > k.
Integer external charges are always screened. The strength of this effect decreases with
vanishing screening mass am; in the continuum limit, but still persists as long as 3 < oo.
Non-integer external charges feel a constant force in the confinement regime and, owing to
the disordering influence of a dilute ensemble of instantons and antiinstantons destroying
the Higgs mechanism for fractional charges in two dimensions, confinement does also hold in
the Higgs regime. Hence, both regions are continuously connected, and no phase transition

at finite values of the lattice parameters is to be expected.

This scenario can be made more rigorous by considering the topological susceptibility
Xtop aS a valuable observable most sensitive to the topological nature of the phase transitions
in the continuum limit. It is a direct measure for the vorticity, that is the density of vortex-
antivortex excitations, if one neglects their short-ranged interactions and is only interested
in their long-range bearing, which produces a net topological charge in the system. I have
illustrated x:op in dependence of «, both for the variable and fixed length models, in figure 4.3.

In contrast to table 3.3 and figure 3.3 of section 3.2, where its estimates on the LCPs were
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given, the paths shown here represent cuts through these lines at fixed values of # and A in
the three-dimensional phase space spanned by the lattice parameters 3, A, and k. One can
recognizes that the k-range with K > 1/4 and ¢ < Xtop < c’xEEST), c¢>0and 1—¢c > 0 being

arbitrarily small but strictly non-zero, will shrink to zero in the continuum limit (4.10). It is
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Figure 4.3: Topological susceptibility in dependence of k at different stages of the continuum
limit in the model with variable (A < co) and fixed (A = oo) scalar field length. The solid
lines, which are only meant to guide the eye, start with the estimate xop = 1/47?03 at K =0
in pure gauge theory, and they end in a point, where X, is already zero within its statistical
error. The data have different statistics, at least 100000 configurations in the upper diagram

and 50000 configurations in the lower one.

also illustrated that the breakdown of xi,, happens the earlier and the sharper the more one
moves in the direction of this limit. The contraction of the parameter domain with x > 1/4

and xtop > 0 from above is equivalent to the convergence of the LCPs to the common point
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Kk = k. = 1/4, signalling a phase transition at 3 = oo and A = 0. There the topological
susceptibility jumps from xiop = XEES D in a confining phase for k < k. with pure gauge
theory like behaviour to xip = 0 in a Higgs phase for k > k. with no free vortices, and
thus exhibits a characteristic discontinuity. When confronting this with the corresponding
k—dependence of yop for A = 0o, see the right plot of figure 4.3, k. = 1/4 resembles the

Kosterlitz-Thouless phase transition point k. ~ 0.56 at 8 = oo in the fixed length model.

Another important observation inferred from the left plot of figure 4.3, and approximately
for the right one as well, is that the decay of xtop = Xtop (%) at fixed 5 and A in the Higgs region
proceeds perfectly exponentially. The vortex density does not survive in the continuum limit
and causes the vortices and antivortices to become infinitely dilute and irrelevant as § — oo.
Once the continuum limit is reached, the theory displays the Higgs phenomenon for fractional
charges if K > k. = 1/4, but as long as § < oo one has xiop > 0, and the confining force
between them still extends into the Higgs region with an exponential branch. This prevents
any phase transition inside the phase diagram and supports the crossover picture found from
other quantities before. On these grounds, it is not surprising that the phase diagrams of
the abelian Higgs models in two dimensions with variable and fixed scalar field length in

figure 4.4 look qualitatively identical.

qualitative phase diagram for A<oo qualitative phase diagram for A=o0
05F ] 1.0
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Figure 4.4: Phase diagram of the lattice abelian Higgs model as recommended by the results
of the investigations in this and the foregoing chapter. The evidence for a phase transition in
ke = 1/4 at 3 = oo in the variable length model (left) is analogous to the Kosterlitz-Thouless
transition point at 8 = oo in the fixed length model (right) For notational simplicity, k.

means here the crossover line inside the phase diagrams too.
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4.2.2 Classical versus quantum continuum limit

In conclusion, I want to emphasize again that in the two-dimensional abelian Higgs model
with variable modulus of the scalar field, the LCPs and the evolution of the topological
susceptibility with x at stages increasingly close to the continuum limit give strong evidence
for a phase transition in k., = 1/4 at § = oo and for a crossover at 3 < oo. As this limit
requires A to vanish simultaneously, k. = 1/4 is just the solution of eq. (1.10) in section 1.1

of the first chapter,
1—2\

K

2,2 _
a“my =

4=0, \A=0,

which relates the bare mass squared of the scalar field in the continuum action (1.3) to the
lattice parameters. In this sense k. could be understood as the critical point of a classical
theory with a symmetric phase for m2 > 0 and a broken symmetry Higgs phase for m2 < 0.
The fact that the continuum limit of the lattice U(1)-Higgs model in two dimensions is
settled in the tree-level transition point k. = 1/4 is misleading though, because this limit is

by no means approached classically as clarified immediately.

The superrenormalizability of the theory ensures that besides vy, which involves the only
primitive, one-loop divergence in the 1- or 2—point Green function, all field theoretic quan-
tities receive finite renormalizations. In particular, via demanding the tree-level expressions
egs. (1.13) and (1.10) to be valid up to leading order in the continuum limit of the full

quantum theory, I can write

1
= e = € + O(a?) (4.13)

ay/p

6 -

—3 = N = Ao + O(a?), (4.14)

whilst the last equation restates the remark at the end of section 3.1 in chapter 3 that in
the present model this limit is not trivial, since the dimensionful self-coupling Ay in the
continuum yet acquires a non-zero value ). Consequently, the limits 3 — oo and A — 0 go
with rates proportional to 1/a? and a?, respectively. The vacuum expectation value of the
scalar field, however, does not behave as v2 = v2 + O(a?), but diverges logarithmically by a

formal power counting argument, i.e. together with eq. (1.25) as

4 2 a
o+ =2 R0 In(a?). (4.15)

6
2 _ _ 2 2
vy = a%/ﬁ[ K+ 4k +(’)(a)]
24 1
_ il - 1 2
e { o+ +(9(a)}

2% In(a?), (4.16)
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and the scalar hopping parameter k is enforced to converge in the limit a — 0 to

K= Ke+ O(a2 In (a2)> y ke = i . (4.17)

Therefore, the way towards the continuum limit in lattice parameter space safely develops
differently from the behaviour k = k. + O(a?®) of a classical theory, in which any of its

divergent quantum corrections in higher orders of the loop expansion would be ignored.



Summary

I studied the zero-temperature two-dimensional U(1)-Higgs model by numerical Monte Carlo

simulations non-perturbatively on the lattice.

Most emphasis was on those aspects, which were supposed to be related to the variable
length of the scalar field as an additional degree of freedom in this model compared to the
case of fixed length. As a central new result, I realized the quantum continuum limit along
appropriately defined lines of constant physics in the bare lattice parameter space. In fact,
I noticed that this limit shows up to be qualitatively different from the analogous limit in

those models, where the length of the scalar Higgs field is frozen.

Then I focused on the scaling behaviour of the topological susceptibility in its approach
towards the continuum limit by direct evaluation of the corresponding lattice observable orig-
inating from the geometrical topological charge definition on the lattice, and by an analysis
of its derivative with respect to that coupling of the discretized theory, which parametrizes a
given line of constant physics. Whereas no definite statement can be made for the outcome
of the former method, I observed an at least partly improved — but still unsatisfactory —

scaling of the topological susceptibility, if the latter criterion is taken into account.

Moreover, I addressed the question, whether there is a phase transition line in the lattice
model, which extends from the boundary of the phase diagram into its interior while sep-
arating physically distinct regions. After an numerical investigation of some possible order
parameters and of confinement of external non-integer charges caused by instanton effects,
I did not discover any signal for such a transition at finite and non-zero values of the lattice
parameters. All the simulation results revealed instead that a smooth crossover between two
continuously connected regimes occurs, which display typical characteristics of Higgs- and

confinement-like phases of the theory in the continuum.

Finally, as a further striking insight into the physics of the U(1)-Higgs model in two
dimensions, the evidence for the absence of a real phase transition can basically be traced
back to a similar collective behaviour of its fluctuating topological excitations on both sides
beyond the envisaged crossover line, and in this respect one is only able to distinguish

rigorously between them, when the continuum limit is reached exactly.

The last conclusions are in general agreement with the already known phase structure
of the lattice abelian Higgs model with fixed length of the scalar field.
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Part 11I:
The 4D SU(2)-Higgs Model



Chapter 5

The model and its setup for the

electroweak phase transition

In this chapter I introduce the conventional continuum and lattice formulations of the model
[19, 114, 115], with special emphasis on its use for the numerical investigations of the finite-
temperature electroweak phase transition (EWPT) presented in this second part of my work.
Since the lattice version of the four-dimensional SU(2)-Higgs model has been subject of
numerous publications for many years [112, 113, 117, 118, 119], T will only give a brief
survey of the central aspects without any claim to be complete. Formally, the model looks

very similar to the two-dimensional one with U(1)-gauge symmetry studied in the first part.

5.1 Continuum and lattice model

As a formal transcription of the two-dimensional model in chapter 1 to the non-abelian case,

the continuum action of the four-dimensional SU(2)-Higgs model reads

S[A, ] = / d'z £(z) (5.1)

with the Lagrange density made up by the pure gauge part and a locally SU(2)-invariant

scalar part with quartic self-coupling:
1 2
L(@) = 5T (Fu(@)Fu(@)) + D@ (2)D,0() + 2o (¢¥(2)2(x) —28) . (52)

Now the Higgs doublet field ®(z) is a two-component complex column vector transforming
like the fundamental representation of the gauge group SU(2), which interacts through the
covariant derivative D, = 9, — igA,(z), g being the bare gauge coupling, with the gauge
field A,(x) € SU(2). The field strength is F,,(z) = 0,A,(x) — 0, Au(z) + [Au(z), A (z) ],

p,v € {1,...,4}, and vy is the bare, tree-level vacuum expectation value of the Higgs field,
2m2 1

T LYY E g (53)
Ao 2
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if my > 0 and mpyp > 0 denote the bare scalar masses in the symmetric and Higgs phase,
respectively’. Finally, the bare gauge vector boson mass myy, in the broken symmetry phase
and its dimensionless ratio to the Higgs mass are identified to be

2 2 2

2 _ Y9 R2 _ Mgy 2\
Mwo ="y » Buwo= 73—~
Mo g

(5.4)

in close analogy to egs. (1.6) — (1.8) in section 1.1 of the first part.

The lattice action of the model is obtained in analogy to eqs. (1.9) and (1.10) by substi-

tuting
A 1—2)
ad(z) = V2P, )\0:4—&2, a’mi = -8

in the scalar sector, and the complex-valued 2 ® 2 matrices ¢, in electroweak isospin space

defined as
d, o* d, 0 0
@m - i1 et z,2 1 = (Pm (5-6)
P, 0 —®;, P 1 1

represent the Higgs field residing on the lattice sites x € A. Its four independent real

(5.5)

components can be identified from the expansion ¢, = ¢, 070 + iZle ¢z,7 by the Pauli
matrices 7,, r = 1,2,3, 7o = lagy, and satisfy ¢} = mp L 7. The discretization of the gauge

sector involving the link variables U, , € SU(2), i.e.

3
Uy, = e = exp {igaZA;(m) %} (5.7)
r=1

in dependence of the generators 7,/2 of the Lie algebra of SU(2), is provided by the Wilson
action built up from the elementary plaquettes in figure 1.1 with the substitution U, }L = Uj’ Py
Up = Usiuw = UsuUss U5, U, (5.8)

THU,u - TV

to be summed over x € A and 1 < y < v < 4, and the dimensionless coupling
4
g=—. (5.9)
9
Hence, the action of the four-dimensional SU(2)-Higgs model on isotropic lattices is

S[U,QD] = Sg[U]+S¢[Ua§0] (510)
S,[U] = ﬁZ(l—%T‘rUp> (5.11)

SelU, ] = Z{%Tﬁr(wi%)wLABT‘r(soisoz)—l] —mZTY(QOLﬁUz,N%)}.
(5.12)

!Here the bare scalar self-coupling )\ differs by a factor 4! = 24 from the conventions used in section 1.1
of the first part.
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From @@, = ¢2lagy = p>lags it follows that the scalar field can be decomposed into length

and angular variables according to
Or = P2z, pe€RZ, a, €SU_2), (5.13)

which is often useful in the numerical simulations. Then egs. (5.10) — (5.12) get modified to

S[U, ¢] BZ <1 —-TrU >
, 4
+ Z {pi +A (pi — 1) — ﬁZpﬁﬁpz’I‘r (a;ﬁrﬂUx,“az) } , (5.14)
p=1

TEA
while the meaning of the lattice parameters 3, A\, and the scalar hopping parameter k is the
same as for the abelian case in the previous chapters. This reflects that the lattice theory is
entirely formulated in terms of gauge invariant variables, which are the scalar length p, and
the link V, , = ozz+“

corresponds to the gauge vector boson (W) and p, to the Higgs boson (H).

Uz ua,. Both of them describe physical degrees of freedom, namely V, ,

In the introduction I have argued that at physical Higgs boson masses around 80 GeV
and larger, where the first order nature of EWPT gets substantially weaker or even may
vanish, the lattice sizes needed for finite-temperature simulations on isotropic lattices are
out of the scope of the present numerical resources. Therefore, the simple idea for this
range of parameters is to study finite-temperature field theory on anisotropic — sometimes
synonymously called asymmetric — lattices with different spacings a, and a; in spatial and

temporal directions, respectively, characterized by the lattice spacing anisotropy parameter

§ (5.15)

Il
8|8

This method has the additional advantage that it makes an independent variation of the
temperature T and the physical volume V = a3a;Q, Q the total number of lattice points,
possible.

On an anisotropic lattice the isotropic action in egs. (5.10) — (5.14) straightforwardly

generalizes to the pieces

S0l = B> (1— %TrUsp> +B ) (1—%thp>

sp tp

+Z{ (3 ex) +/\BT1"(90I%)—1]2

zEA

3
—kg Z Tr (QD;_+,1Um,u Qoar:) — Kk Ir <¢:+4Um,4 @m) }

p=1

- 552(1—%%@5;,) —l—ﬂtZ(l—%TrUtp)

sp tp
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3
+ Z {pi + A (pi - 1)2 — Ks Z pz+ﬁpzT‘r (a;r+ﬂUz,u az)
p=1

zEA
—KtPyyiPa LT (a:MUM ax) } , (5.16)

in which the link and site variables U, , and ¢, in spatial and temporal directions, as well as
the spacelike and timelike plaquettes Us, and Uy, have to be distinguished. Since different
lattice spacing anisotropies £ should represent different but equivalent lattice regularizations
of the same model, the different coupling parameters in spatial and temporal directions, 3,
B¢, ks and Ky, arise here in a natural way. If one requires the action of the continuum model
to be recovered in the classical continuum limit, that is a;, — 0 and a; — 0 at fixed &, one is

now led to identify
A s o 1—2)

Vasa: ®(2) = V2K Py, Ao = Kgf , a.mg P 6 — 22 (5.17)
4 1 1

= , =46 — 5.18

%= g:(¢) & £g?(f) (518)

see egs. (5.5) and (5.9), with g2 = ¢g2(£) = g2(€) only for £ = 1. Tt is useful to introduce the

hopping parameter x and the inverse gauge coupling squared 3 as

K’ = Ksky, 7= Bsbs, (5.19)

and again one has the bare gauge coupling g, the bare scalar mass mg, and the bare quartic
scalar self-coupling A\, being the parameters of the original continuum theory given through

the Lagrangian (5.2). The so-called coupling anisotropies defined as

are functions of £ and obey for free fields and thus on the tree-level also for interacting fields
the identity

V8= Ve =& (5.21)
However, the anisotropies y3 and -, receive quantum corrections, which generically might en-

close perturbative contributions in higher orders of the loop expansion and non-perturbative
effects too. Both will be addressed in chapter 8 of this work.

Egs. (5.17) — (5.21) yield tree-level relationships between the isotropic and anisotropic
couplings via the condition that the naive continuum limits of the corresponding lattice
actions (5.14) and (5.16) are the same, which means to satisfy
o = 9" | (5.22)

aniso

(5.23)

iso 62 iso )\0 |aniso .
aniso
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When adding proper subscripts for the moment, these relations read

Ba = By (5.24)

2
= {(1—2)\m§>£—6—2§2]:1_2)‘i—8, Aa:<@> 2 (5.25)

62 ’4'12 5 Ka, Ri Ri f

and can be helpful for a first guess of reasonable anisotropic simulation parameters, if the set

of lattice parameters {3, A;, k;} referring to an isotropic lattice situation is somehow known
in advance. Using egs. (5.19) — (5.21), the bare Higgs and gauge boson masses in (5.3)
and (5.4) translate into expressions in terms of the lattice asymmetry £ and the anisotropic

lattice parameters,
2 [1-2A

a2
a? K

m2 — ’m’%I,OK;2 2 — 2)‘£ﬁ
w,0 2)\£/8 ) HW,0 2 *

2 _ 2 _
My = —2my =

£ —6— 262 (5.26)

(5.27)

The vanishing of the former already determines the phase transition point as the value of
the critical hopping parameter kK = k. at zeroth order (tree-level) in the couplings. Setting
¢ = 1 in these equations, everything reduces to the familiar constellation on isotropic lattices

with identical lattice spacings a; = a; = a in all directions.

5.1.1 Basic observables

In order to introduce the primary quantities, which are relevant for my numerical investiga-
tion of the SU(2)-Higgs model, the action (5.16) is together with eqs. (5.17) — (5.20) easily

arranged to S[U, p] = > __, Sz, where the lattice action per site

TEA

Sy = 60Pp1e + Ry + AQy — 85Ly ¢ (5.28)
consists of the length variables of the Higgs field
R, =3 Tr (ofpa) =5y Qu= (0 — 1), (5.29)

of the weighted sum of the plaquette contributions Uy, = Uz,,,UHﬁ,,,UJr U, lying in the

z+o,u TV

space-space and the space-time planes

1/3
Ppr = 6 <7—IB Ppl,s,z‘ + 3/7,3Pp1,t,m> (530)
— 1 1 — 1 1
Ppl,s,z = g Z (]_ ) T‘I'Uz;l“/> ) Ppl,t,z = g Z (]_ — 3 T‘I'Uz;l“/> y (531)
1<u<v<3 pn=1,3;v=4

and of the weighted sum of the space- and timelike components

1/3
L,,= 1 <— Lysr+ ’Yan,t,z> (5.32)

K
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3
1
Ltp,s,z = g Z an;w;m an,t,m = L4 (5.33)
p=1
of the ¢-link operator defined as
1 1
Lgp;zu = 5 FI‘I‘ ((p;l:__i_ﬂUz’MQDz) = 5 pz_,_ﬂpzTr (Oé;__i_ﬂUz’Maz) . (534)

In thermodynamic language the expectation values of the gauge invariant local operators
Pz, Qg, and L, , are the densities of those extensive quantities, which are assigned to the
bare couplings 3, A, and k entering the partition function of the lattice system through its
action. Egs. (5.28) — (5.34) also cover most of the observables, whose expectation values are
calculated during the program runs®. They only have to be averaged over the (eventually
space- or timelike) lattice volume before, as sketched in section A.3 of appendix A. For
§ = 73 = 7% = 1 the action S, and operators contained in simplify to their well known forms
on isotropic lattices. Hence the implication of the extensive discussion concerning the MC
simulation of the four-dimensional SU(2)-Higgs model in refs. [135, 137, 139] and partly in

section 5.3 carries over directly to the anisotropic lattice case.

The non-perturbatively renormalized masses of the theory are extracted from the ex-
ponential decays of correlation functions at zero transverse, i.e. spatial momentum in time
direction, whose defining gauge invariant local operators were averaged within each timeslice
over the transverse lattice volume first. This has already been drafted in some detail for the
two-dimensional U(1)-Higgs model in subsection 1.2.3 of chapter 1, and its general message
does apply on principle to the more complicated situation of four dimensions too. With the
standard notations adopted there, J: spin, P: parity, and C: charge conjugation parity,
the particle spectrum of the model contains the Higgs boson as an isoscalar spin—0 state
with quantum numbers J¥¢ = 07+ and the gauge vector (W) boson, which is an isovector
spin-1 state with quantum numbers JP¢ = 17~. Appropriate operators in the Higgs channel
[112, 114, 135] are the site variable R, = p2 and the link variable L., = % Tr (go;rﬁUm’M(pm),
where a summation over the — at least three spatial — components of the latter to a scalar
operator L, as in eq. (5.32) ensures the symmetrization of the spacelike directions. In the
vector channel I similarly use the composite link fields [19, 112, 114, 135], constructed from
the Pauli matrices as projections onto the three different basis directions in weak isospin
space,

1
Wepe = 5 Tr (T,, Uz,kaz) o k=1,2,3. (5.35)

a;ic
While due to lattice symmetry only the diagonal correlators (r = k) are non-zero for the
isotropic setting and can thus be averaged to W, = %Zikzl Wi before extracting the
masses, also the non-diagonal correlators (r # k) are non-vanishing on anisotropic lattices
and will contribute to the W—mass. The correlation functions of these quantities are expected

to fall off in the same way as suggested by the fit ansatz (1.59). Unlike the W—boson mass

2The traces are conveniently normalized by Tr1ags = 2.
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amyy, for which a two-parametric form without constant is sufficient thanks to (W..x) =0,

a full three-parameter fit is necessary to calculate the Higgs mass ampy in lattice units.

I also measured planar on-axis Wilson loops, which allow to compute the potential
energy of an external static SU(2)-doublet charge pair separated in space by a distance
R. Restricting myself to space-time extensions R and 7' on isotropic lattices for notational
reasons, the corresponding formulas in the abelian case in two dimensions, compare with

subsection 1.2.1 of chapter 1, read here

1 1
W(R,T) = <— TrUcRT> , aV(R)=— lim — InW(R,T), (5.36)

2 ’ T—oo T
where U, ;. stands for the ordered link product around a rectangular closed path Crr € A
with elongations R x T as it was visualized within figure 1.1 in the same chapter part of this
work. The Polyakov loop is the expectation value of the gauge link product along a line of

maximal length L, = L; in time direction,

Lp = <L1L12L3 > % Tr (H Uz,4>> , (5.37)

T $4:1

and can serve as an order parameter for the phase transition between confinement (|Lp| = 0)

and the deconfinement phases (|Lp| # 0) in gauge theories at finite temperature [17, 19].

5.1.2 Finite temperature and phase diagram

The general formalism of finite-temperature field theory [6, 94] relies upon the formal equiv-
alence between Euclidean quantum field theory — originating from a Wick rotation of
Minkowski space to imaginary times — and a system of classical statistical mechanics in
D dimensions, which substantiates in the representation of thermal expectation values by
functional integrals over a finite time extent 1/7. When translating these concepts to the
lattice regularization [19], one has to utilize asymmetric lattices with spacelike extensions
much larger than the temporal extension, Ly > L;, s € {x,y,z}, in order to imitate the
thermodynamic limit Ly — oo for all L,. Then the physical temperature is given by the
timelike lattice extension as )

T = oL’ (5.38)
and for L; — oo at constant lattice spacing a one recovers 7' = 0 physics. Since the
continuum limit of the SU(2)-Higgs model is believed to be trivial, see below, it goes along
lines of constant physics (LCPs) approaching the scaling region of the model, where the
cutoff effects and potential scaling violations are very small. These are renormalization group
trajectories in the bare lattice parameter space, on which dimensionless physical quantities,
typically couplings and masses, are held fixed and ideally only a is varying. Therefore the

continuum limit at finite temperature is realized as a — 0 with T fixed, which means L; — oo
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in practice. The temperature in physical units is obtained by relating it to some dimensionful
quantity like a particle mass m®)[GeV], whose dimensionless number am®"s) in lattice

units should have been calculated from numerical simulation results before:

mPYs) [GeV]

TN (GeV] = am(Phys) I,

(5.39)

In the SU(2)-Higgs model the physical mass scale is set by the experimentally known value

of the vector boson mass m®P"*)[GeV] = my = 80 GeV at zero temperature.

For anisotropic lattices with lattice spacing anisotropy parameter £ = as/a; the identifi-
cation (5.38) becomes .

T aiLt , (5.40)
which allows for continuous changes of the temperature by varying the lattice spacing
anisotropy £ > 1 at fixed temporal extension L;. Moreover, finite-temperature simulations
needing large physical volumes at the same time can be ensured by choosing & > 1 too,
whereas the temperature stays controllable through L; < L,, and the continuum limit is
further on achieved as L; — oo. This is exactly the situation one encounters in the MC
analyses of the EWPT), if scaling investigations, continuum extrapolations, or simulations at

large Higgs boson masses around my = 80 GeV are concerned.

Let me sketch the schematic phase structure of the four-dimensional SU(2)-Higgs model
with a fundamental scalar doublet field as it is established by extensive numerical studies.
To begin with, I consider zero temperature first [19, 95]. In general there is phase transition
surface k. = Kk.(0, ) in lattice parameter space spanned by # and A, which separates the
confinement phase at k < k. from the Higgs phase at x > k.. The limiting cases are identical
to those of the U(1)-Higgs model in two dimensions collected in section 1.3 of the first part.
For k = 0 the model reduces to pure gauge theory with a single confinement phase, and for
B = oo, i.e. g2 = 0 from eq. (5.9), one is left with pure scalar systems in four dimensions
possessing a global O(4)-invariance. These are known as the non-linear sigma model in
the fixed length case with A = oo and as the four-component ¢%_,~theory for A < oo,
which both exhibit a second order phase transition. Assuming A < oo and § < oo from
now on, the symmetric phase (k < k.) and the phase with spontaneously broken symmetry
(k > k) of the ¢2_,~theory are continued to the interior of the parameter space leading
to the just mentioned confinement and Higgs phases, respectively. Resembling QCD, the
former is characterized by ‘color’ gauge fields confining the scalar matter particles (‘quarks’)
into massive singlet bound states, while in the latter, where the Higgs mechanism is at work,
the gauge bosons acquire their masses owing to the non-zero vacuum expectation value of
the scalar field. This is a non-perturbative phenomenon, which renders the three massless
Goldstone modes of the ¢1_,~theory massive via mixing with — or being ‘eaten’ by — the
gauge vector bosons resulting in the W-boson with mass my,. The radial degree of freedom

of the scalar field gives rise to the Higgs boson with mass mg.



110 CHAPTER 5. THE MODEL AND ELECTROWEAK PHASE TRANSITION

The transition surface k.(3, A) is of first order with a drastic, thus discontinuous, jump
of physical quantities like, for instance, the mass ratio Rgw = mg/my, and its strength
grows for decreasing A and decreasing but not too small 3. For large enough A and small 3
the surface has a boundary with (continuous) second order phase transitions. Beyond this
edge — and in agreement with [21, 22] — the two phases become analytically connected
regions without any local gauge invariant order parameters distinguishing them. Hence,
the completely massive particle spectrum and other physical properties below and above
ke(B3, A) look qualitatively very similar. At these values of 3 and A the Higgs and W—-boson
excitations below k.(3,A) are bound states of scalar constituents, and in strict sense, the
confinement and Higgs regimes belong to the same phase of the theory [19, 22|, however,

quantitative differences still persist.

At high temperatures 7" raised above the scale of the scalar vacuum expectation value,
the spontaneous symmetry breaking disappears so that the symmetry of the vacuum gets
restored. The Higgs mechanism is no longer operational, and the symmetry restored con-
finement phase goes through the electroweak phase transition (EWPT) into the Higgs phase,
when the temperature is cooled down below a certain transition temperature 7,. On T > 0
lattices with L; < L, the confinement-Higgs phase transition surface x.(3, ) at finite tem-
peratures slightly shifts towards larger x—values relative to the transition at 7" = 0. This is
illustrated in figure 5.1. The finite-temperature deconfinement phase transition of pure gauge
theory (k = 0) is of second order and passes to larger 3 as T is released. For rising x > 0 it
extends into the phase diagram as a rapid crossover moving to lower 3 and terminating at
some k deep in the confinement region, long before the confinement-Higgs phase transition
line at fixed A is reached [19, 97, 118]. From the preservation of the 7" = 0 behaviour in
dependence of A and 3 one may conclude that the EWPT weakens with A and likewise Rpw
increasing, if by a proper choice of 3 a definite value is assigned to the renormalized gauge

coupling, and it presumably turns into a smooth crossover.

In order to perform the continuum limit, one has to remove the lattice cutoff by requir-
ing am — 0 for any physical mass m in units of the lattice spacing a = a(8, A, k). Since
the couplings in the electroweak sector, with the exception of the SU(2)-gauge coupling,
are not asymptotically free, the Gaussian fixed point at vanishing couplings is ultraviolet
unstable and not suited for the definition of a continuum limit, to which the LCPs of the
theory converge. On the other hand, it is well accepted from the non-perturbative lattice
investigations that there exists no non-trivial ultraviolet fixed point at non-vanishing cou-
plings to define a non-trivial continuum limit, i.e. the renormalized quartic self-coupling Ar
fulfills lim, ,o Ag(8, A, k) = 0. This implies the continuum limit in the SU(2)-Higgs sector
of the standard model to yield a trivial, non-interacting theory. As far as the continuum
limit is not yet entirely performed (am > 0), one can show that the renormalizability of
the theory entails Ar to have an upper bound going only logarithmically with a — 0 to

zero, and consequently, there exist effective theories with non-zero renormalized quartic and
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qualitative phase diagram for 7>0

Higgs phase

deconfinement  : confinement phase
phase :

g with A and L, fixed

Figure 5.1: Upwards shift from the full to the dashed line of the first order phase transition
between the confinement and the Higgs phase, when switching on finite temperature T' > 0
on the lattice via L; < L;. The dotted line indicates the position of the deconfinement phase
transition, probably only a crossover inside the phase diagram for k > 0, and P is a possible

physical point at zero temperature with weak gauge coupling in the Higgs phase.

gauge couplings and very high but finite momentum cutoffs, whose influence on the physics
prove to be negligibly small. In the numerical simulations of the SU(2)-Higgs model, the
largest tolerable finite-lattice effects at lower cutoffs before the theory looses its sense give
an upper triviality bound of mg < 9my on the Higgs boson mass [19, 116]. Finally, one
should bear in mind that also the Yukawa couplings of the fermions to the Higgs field, which
are in principle weak compared to the SU(2)-gauge and scalar quartic couplings and do
not change the common picture considerably, provide a cutoff-dependent restriction on the
renormalized couplings, originating from radiative corrections generated by them. These en-
large Ag and imply the so-called vacuum stability lower bound on the Higgs mass depending

on the strength of the Yukawa couplings®. This manifests itself in the fact that the scalar

3Do not confuse it with the positive lower bounds on Ry and Ag in eq. (5.42), which are a consequence
of the Weinberg-Linde bound on the Higgs boson mass in the weak gauge coupling limit g — 0 [19, 124].
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vacuum expectation value of the Higgs field appears to be unstable at large scales, hence the

instability occurs at the cutoff of the lattice-regularized quantum field theory [19, 123].

5.2 Fixing the parameters

The choice of the bare lattice parameters 3, A, and & is induced by demanding physical
quantities to have some desired values borrowed from the situation faced in nature. This
parameter tuning is conventionally done at zero temperature in the Higgs phase, where the

numerical simulations and especially the calculation of the particle masses is feasible.

The electroweak SU(2)-gauge coupling ay = g%/4m, with gg the renormalized coun-
terpart of the bare coupling g entering the action (5.2) of section 5.1, is fixed by setting
B = 8.0, which corresponds to g2 = 0.5 in regard of eq. (5.9). It leads to g?/4m ~ 0.04
and g% /4 still rather close to the experimentally observed value of ay ~ 0.04, because the
non-perturbative renormalization in ¢? is of roughly 10 % — 15 % upward tendency in the
relevant parameter range of interest [115, 134, 135, 137]. Another experimental input is the
vector boson mass value of my = 80 GeV used to convert lattice into physical units. The
fixing of the Higgs mass value in lattice units ampy basically amounts to specify the bare
quartic coupling A, and this enables to prescribe the dimensionless Higgs to vector mass ratio

muy

mw

independently. Together with g% both quantities automatically fix the renormalized quartic

coupling Ag through their relations
2 2 _ IRVR

32\
am%I:S)\vaz, am%v— 1 R%IW:—QR
9r

(5.42)

to the renormalized vacuum expectation value of the Higgs field vz in direct analogy to
eq. (3.5) of section 3.1 in the abelian case. Since the renormalization at 7' = 0 is, to a good
approximation, already achieved by fixing # and A, a change in the scalar hopping parameter
k mainly reflects in a change of the lattice spacing a and therefore, assuming the physical
space volume to be large enough such that its change with a® is not important, essentially
in the physical temperature T'= 1/aL; on T > 0 lattices with L, > L, if one crosses the

phase transition point by varying x alone.

Hence, the strategy for all finite-temperature studies within the four-dimensional SU(2)-
Higgs model may be summarized as follows. In a first step, after fixing the bare couplings (3
and A as described above, the critical temperature 7, > 0 is imposed via a given temporal
lattice extension L; = 2,3,... as T, = 1/aL;, and the system is tuned to reside in 7' = T,
by determining the phase transition point in kK = k. with one of the methods employed in
the next chapters. Then the non-perturbatively renormalized quantities Rgw and g% have

to be determined by the results of 7' = 0 simulations in exactly this k—value on lattices with
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geometries L; > L,, i.e. at the phase transition points just gained on the finite-temperature
lattices. The masses in both particle channels are extracted from the exponential decays
of appropriate correlation functions, see sections 1.2 and 5.1.1, and the renormalized gauge
coupling is computed from the (screened) static Yukawa potential of external charges coming
from Wilson loops as in refs. [135, 137, 141] and subsection 8.2.3 of chapter 8. In the end,

my = 80 GeV sets the physical scale a for all dimensionless quantities in lattice units.

The procedure is in fact consistent with the (non-perturbative) renormalization at zero
temperature in the Higgs phase announced at the beginning, since from the discussion of
the phase structure, joined with figure 5.1 in the previous section, it should be clear that
the finite-temperature critical points xk = k. at T = 0 always belong to the symmetry
broken Higgs phase. In this context it is also noteworthy that the use of the physical gauge
coupling ay as input causes the finite-temperature EWPT at 8 ~ 8 to occur between
the deconfinement and Higgs regions in the phase diagram. Because of the shift of the
deconfinement phase towards larger f—values as L; — oo is taken to reach the continuum
limit while keeping the physical situation fixed, the EWPT continues to take place between

these two regions and does not interfere with the remnant of the pure gauge theory transition.

As emphasized at several times throughout this work, the continuum limit of quantum
field theories on the lattice is taken along LCPs in bare parameter space, which reproduce
the same physical theory with increasing accuracy apart from possible scale braking lattice
artifacts. Respecting the triviality of the continuum limit in the SU(2)-Higgs model eluci-
dated in the foregoing section, it is to be understood as the approach to the scaling region,
where the approximation of an effective continuum cutoff theory is expected to be very good
in the low energy regime with momenta |p| < 7/a, and where the influence of the finite
ultraviolet cutoff is negligible. Since the renormalized couplings vanish only logarithmically
with the lattice spacing, the LCPs in this model defining the continuum limit with non-zero
renormalized couplings are realized by keeping the values of the two dimensionless and in-
dependent physical (renormalized) coupling constants g% and Ag, or actually g% and Rgw
through eq. (5.42), fixed, and — as thus the ratio my, /T, = amy L, is constant on a given
LCP — the related evolution of the bare couplings ¢?> and )\, with the lattice spacing a on
these paths is parametrized by 7 = — In(amy,) characterizing the lattice resolution. Every
such LCP with non-zero couplings ends on the boundary of the bare parameter space at
some finite 7 = Tpay, but if my is not close to the triviality upper limit 9my,, the value
of Tmax can be very large, and with the lattice artifacts going to zero by powers of a, the

continuum theory is very well approximated [19].

Due to the continuum limit a — 0 being pursued as L; — oo, any flow in a has to be
compensated by according changes in the parameters § and A, whose values when moving
from L; to L; + 1 can now be estimated with the aid of the one-loop perturbative renormal-
ization group equations in the continuum [117, 134, 135, 137]. The integration of this system

of coupled partial differential equations, which starts at the transition points of the L; = 2
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lattices, yields the values of g2 and ), for the transition points of lattices with temporal
extensions L; = 3,4,... at distances A7 = In(amw)|r,=2 — In(amw )|, = In(L;/2) in the
scale parameter. A perturbative prediction for the change in k is obtainable through the
one-loop perturbative gauge invariant effective potential [135, 137]. However, its relative
change along the LCPs is much smaller than for the parameters § and A, and as shown in
refs. [136, 137, 139], a sufficiently precise estimate for the critical point in k. is only avail-
able by numerical methods, although the x.—values resulting from the renormalization group

analyses are still useful for guiding the MC simulations.

5.3 Numerical simulation

In my Monte Carlo (MC) simulations of the four-dimensional SU(2)-Higgs model I apply an
optimized combination of heatbath and overrelaxation algorithms. Owing to the small values
of the scalar self-coupling A, which actually fix the size of the Higgs mass, large fluctuations
of the scalar field modulus p, occurring in the Higgs phase cause the expectation values of
the operators p? and L, to have the largest integrated autocorrelations times Ty, whereas
observables like plaquette or Wilson loops involving only the gauge links U, , always show
the smallest autocorrelations. These are usually much lower in the symmetric phase than in

the Higgs phase at the same parameters and lattice extensions.

As shown in refs. [178, 134, 135], the replacement of the ergodic Metropolis steps in
the gauge as well as in the scalar sector with the appropriate and more efficient heatbath
algorithms for U, , and ¢,, supplemented by an overrelaxation for the Higgs field length
Pz, already improves the behaviour of the autocorrelations considerably, often by factors up
to O(1000) in some regions of bare lattice parameter space. The latter two algorithms are
shortly described in section A.2.2 of appendix A. The optimal ratio among the available
heatbath and overrelaxation algorithms called during a complete sweep was suggested in
[135] to be the combination given in the upper row of table 5.1. This mixture, which
generically depends on the range of the lattice parameters and the lattice size, resulted in
minimal 7,;—values for the operator R, = pi at a nearly constant amount of CPU time in
all parameter set under study. Of course, in the metastability region around the transition
point of a first order phase transition at non-zero temperature, where the tunneling rate
between the two phases is exponentially suppressed for any local updating algorithm, the
autocorrelation times may still grow dramatically beyond those values observed deeper in

the symmetric and Higgs phases or at "= 0 (‘supercritical slowing down’).

I want to quantify these statements for the autocorrelations in the applied finite-
temperature simulations of two-phase systems discussed in the following chapters [139]. In
particular, the introduction of the simultaneous overrelaxation of all four cartesian compo-

nents of the Higgs field [179], instead of the Higgs field length-overrelaxation as proposed
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in [178], see section A.2.2 again, has substantially reduced the integrated autocorrelation
time Ty further. In this way I gained factors of 3 — 10 compared to the values previously
found in [136] and quoted in section 7.2 of chapter 7. This 7—behaviour is reflected in
table 5.1 and figure 5.2 for the case of a two-phase simulation on isotropic lattices at a low
Higgs boson mass of mg ~ 16 GeV, where as typical examples the autocorrelation functions
['(t) = T'z,(t) of the p-link operators L i = 1,2, of eq. (5.32) in both phases and their

difference AL, are considered. The observation that this difference has a significantly lower

heatbath overrelaxation Tint 1N SWeepSs

Uaf:,u Pz Uaf:,u Qg | Pz | Pz LL(;) LSDZ) ALW
1 4 3 31| - 20(6) | 9.4(3.3) | 9.2(3.1)
1 1 1 - - | 3 ]63(1.1) | 2.2(4) 2.0(4)

Table 5.1: Autocorrelation times for a 2— simulation in § = 8.15 and X = 0.00011 on a
3 x 24% x 192 lattice. Each updating sweep consists of a sequence of different algorithms as
given by the numbers in the left part of the table. The chosen lattice parameters correspond

to a physical Higgs mass of mg ~ 16 GeV.

lattice: 3x24x24x192, =8.15, A»=0.00011
I e e e A A

lattice: 3x24x24x192, =8.15, A»=0.00011
1oL T L e e T B e S

108 \
«=(0.12781,0.12841) e O . =(0.12781,0.12841) e,
~ () N (2)
\.\} - L, 1 Py —- L,
) — AL, ) — AL

@
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\
N T R AW T B I N SR
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t in sweeps t in sweeps

Figure 5.2: Normalized autocorrelation functions for the 2-«x simulation belonging to ta-
ble 5.1 with p—overrelaxation (left) and p—overrelaxation (right) in the updating sequence.
The autocorrelation functions and integrated autocorrelation times were calculated from a

full measurement sample according to the formulas (A.31) and (A.32) of appendix A.3.

Tint Will become relevant for the determination of the interface tension with the two-coupling

method later on.
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On zero temperature lattices, the experiences with autocorrelations at 7" > 0 reported
here were fully confirmed [137], e.g. the integrated autocorrelation times of the operator
p? typically decreases by factors of 5 — 10 in dependence of the parameters sets chosen, if
the p—overrelaxation is included as above and 7, is measured in MC time. The speed-up
factor in CPU time can be up to 15, because the algorithm is even simpler. Therefore, the
updating scheme per sweep in the lower row of table 5.1, i.e. a sequence of one U, ,— and one
¢, —heatbath step, succeeded by one U, ,— and three ¢, —overrelaxation steps, has been taken
over without any modifications for the simulations on anisotropic lattices too [140, 141].
However, one should note that the autocorrelation times have the tendency to be somewhat

larger on anisotropic lattices than on isotropic ones of the same size.

The program code in FORTRAN77 was developed and optimized for the CRAY Y-MP8
and T90 computers of HLRZ in Jiilich, Germany, where most of the large scale numerical
simulations presented in the following have been performed. These systems have a vector
architecture and offer 64-bit floating point precision. Since the new value of an updated
field variable only depends on its old value in the respective site or link and on the values
of its direct neighbours, I used a checkered addressing of the lattice in each timeslice with
vectorization in both chess-board groups*. Then the maximal average performance of up
to 650 Mflops per second (T90) was reached on the finite-temperature lattices with L; <
Ly, Ly, L,, for which this vectorization gets its largest impact. Smaller lattices were partially
simulated on ordinary UNIX and VMS workstations, and a minor portion of the data was also
produced on the massively parallel APE-Quadrics computers (with a program version in TAO
language) at DESY-IfH in Zeuthen, Germany, which only have single-precision arithmetics.
In contrast to some quantities, e.g. the critical hopping parameter or the interface tension
from the two-coupling and constrained-simulation methods in 7" > 0 simulations, the 32-bit
arithmetics of the APE-Quadrics is sufficient for the calculation of all T = 0 quantities,

especially for particle masses and the static potential.

The monthly consumed CPU time at HLRZ in Jiilich was on average 100 — 120 hours
(referring to one T90 processor with normal priority for the submitted jobs), and the granting

of its high performance computer facilities in the years 1994—1997 is gratefully acknowledged.

“Note added: For the CRAY version of the program, the vectorized random number generator ‘RANF’
has been utilized [190], while on the different types of workstations it was ‘GO5CAF’ from the NAG Library
[191].



Chapter 6
Thermodynamic quantities

In my treatment of the SU(2)-Higgs model at finite temperature I focus on the phase tran-
sition point k., corresponding to the critical temperature 7T, of the two-phase system, and
on the interface tension o /T2 between the competing phases. Here I present some methods
for the determination of these quantities in the framework of numerical lattice simulations.
Most emphasis is on the two-coupling and constrained-simulation methods, which will be
applied to physical situations specified by different values of the Higgs boson mass myg in
subsequent chapters.

Another characteristic observable for first order phase transitions is the the latent heat
Ae/T2. Tt is defined as the discontinuity of the energy density € at the transition point and

can be obtained from the jumps of some order parameters in subsection 5.1.1 of the previous

chapter by
Ae Ok [5)) B
— =L} 8 =—=A(L,) — = AQ) —6—=A(P;) |, 6.1
T (8 A - 5 AQ -0 52 AR ) (6.1
where the partial derivatives with respect to 7 = —In(amy/) are to be taken from the one-

loop perturbative renormalization group equations, see section 5.1.2 of the same chapter
and refs. [134, 135, 137]. In perturbation theory the latent heat derives from the Clausius-
Clapeyron equation as Ae ~ —km% A(p?) in terms of the discontinuity of the Higgs conden-
sate [107].

For more details about the numerical investigations directed to this quantity, as
well as to the mass spectrum in Higgs and symmetric phase neighbouring to the tran-
sition temperature, screening length in separated metastable phases, or to the rela-
tion between energy density and pressure P, the reader is referred to the publications
(135, 137, 144, 146, 147, 150, 152, 122, 149, 153, 145, 154]. Especially the latter has recently
become an developing area for numerical studies, because the knowledge of the thermody-
namic equation of state, i.e. §(T")/T* with § = €/3 — P, is of great interest for the history of
the early universe. Only to quote in passing a qualitative result [137], the deviation from the

behaviour § = 0 of a free relativistic, massless photon gas is very small indeed in the high-
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temperature confining phase for T 2 27T, (‘radiation-dominated plasma’), where infrared

singularities render the perturbation theory uncertain.

6.1 Critical temperature

A numerical simulation of the SU(2)-Higgs model at finite temperature should start with
the determination of the phase transition points. The lattice implementation described in
the previous chapter has revealed that in the relevant parameter range any temperature
change is triggered by k at fixed values of 8 and A. Therefore, one has to search for the
critical scalar hopping parameter k., where the first order phase transition between the
spontaneously broken Higgs phase and the phase with restored symmetry occurs. This is an
intriguing quantity, because the x.—estimate, as well as the uncertainty in its exact position
emerging from the individual method employed for its calculation, devolves upon almost all

other thermodynamic observables like, for instance, interface tension or latent heat.

As the lattice constant is fixed to a=! = L;T. by eq. (5.38) of section 5.1.2, the critical
temperature 7, in physical units is then obtained via its ratio T./mpgw = 1/amgwL: to
one of the particle masses amyg and amy computed from appropriate correlators on zero-

temperature lattices.

6.1.1 Effective potential

The most straightforward analytical method to localize the phase transition is the use of the
effective potential and its stationary points. This quantity, obtained from the generating
functional of the connected Green functions by means of a Legendre transformation, is
the momentum independent part of the generating functional of one-particle irreducible
Feynman diagrams in the perturbative loop expansion. The physical interpretation of the
effective potential becomes more transparent in the field-theoretic language of equilibrium
thermodynamics, where it can be identified with the free energy of the quantum system [89].
In perturbation theory the effective potential is evaluated in different gauges. To avoid the
difficult task of gauge fixing on the lattice, staying confrontable with results from numerical
simulations though, the gauge invariant effective potential has bee devised [106, 107]. As
discussed in refs. [107, 135], it offers a conceptually clean perturbative approach to the
computation of transition point, interface tension, latent heat, jump of the order parameter,
and renormalized masses and couplings. If one performs a proper mass resummation in the
Higgs phase, the effective potential in Landau gauge is equivalent to the gauge invariant

potential, at least in one-loop order [97, 107].
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In the general case of asymmetric lattices a direct perturbative calculation of the lattice-
regularized effective potential at finite temperature Vog(®) = Veg(®,T) in Landau gauge

[19, 138, 141] gives for a constant scalar field ®, = ® in one-loop order

2
m
Vea(®) = —% ®2 + Ag®*
1 72 2 3 72 2 9 72 g9’ 2
+/k{21n(k +12)\0<I>)+21n(k +4/\0<I>>+21n P+e
(6.2)
and the condition ) (@)
d“Veg(P
—_— =0 6.3
d®? |5, (6.3)
leads to the value of the critical hopping parameter . in this order:
3 1 { £ } 9¢N1(€,0)
= + 6£J1(£,0) — M+ ——"759". 6.4
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Here the notation for the dimensionless lattice integrals J,, n € N, is

1 1 w/as w/at
Jn (&, may :a‘;_z"/iA, /E —/ d3k/ dk 6.5
( ) K (m? + k2)n r o (2m)* —n/as —/a ! (65)

with k% = Zizl ];22 and the lattice momenta k, defined in eq. (A.8) of appendix A.1. In

particular, substituting p; = ask; and ps = a;k4, one has

1 T d4 1
J, =a) | ==
(&0 = /k Pt /_,r (2m)* 4 [, sin? (3 i) + €2sin® (pa) ]

and for the special case of symmetric lattice spacings, i.e. £ = 1, these quantum corrections

to the critical hopping parameter reproduce the known result of the isotropic SU(2)-Higgs
model [117]. Alternatively, one may calculate the one-loop corrections to the bare masses
and require the renormalized masses in lattice units to be zero in the limit of zero lattice
spacings a; — 0, a; — 0, and fixed anisotropy ¢ = a,/a;, while the one-loop renormalized
masses are finite in the continuum limit [141]. At the same time, the vacuum expectation
value of the scalar field in lattice units azvy will be zero too, marking the phase transition

point. For the Higgs mass this amounts to solve
22 2,2 9 4
asMyp = —AsMyo + <48)\0 + 59 ) J1(€,0) =0 (6.6)

perturbatively for x, the bare mass a;mpg taken from (5.26), and coincides with the one-loop
formula in eq. (6.4). As an instructive check it has been verified that the identical result is
obtained starting from perturbation theory in the symmetric phase or imposing zero one-
loop renormalized gauge boson mass in lattice units squared, and that it does not depend

on the gauge chosen [141]. Since one works on finite lattices with mostly small temporal
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extensions (L; = 2,3,... for T > 0), the lattice integrals should be replaced by finite lattice
sums. The transition points predicted by the perturbative one-loop effective potential differ

only on the O(10~*) relative scale from the non-perturbative MC values.

But especially the calculation of the interface tension o by use of the two-coupling
method presupposes a more accurate determination of the critical hopping parameter on
large lattices. As will become evident in later sections, an estimate for the critical hopping
parameter k. of the desired precision can then only be attained by recoursing to numerical
MC methods.

6.1.2 Order parameters

A popular way to find k. in numerical simulations is to look for the maxima in the variances
or, equivalently, susceptibilities x(O) = ( (O — (O))?) of some order parameter O and for the
minima in their fourth order Binder cumulants B(O) = 1 — (0*)/3(0?)? [156, 157, 144, 147,
149, 150, 122], both as functions of the hopping parameter k, and eventually extrapolated

to infinite volume and zero lattice spacing lastly.

Another possible definition of the phase transition point is the equal-area or equal-
height criterion of a two-state signal in the probability distributions of O. To this end,
one simulates the system in the metastability region at x ~ k. near to the expected real
transition point and generates an order parameter distribution by collecting a sample history
of its measurement values. Since these operators O exhibit a discontinuity at the transition
point, two distinct peaks representing the metastable phases with a broad minimum in
between might develop in the corresponding histograms for large enough lattice volumes as
shown e.g. in figure 9.1 of chapter 9, and the requirement of equal heights or equal areas of
the two peaks at k = k. is conveniently fulfilled by reweighting the distribution to nearby
k—values [147, 149, 150, 152, 188].

Of course, it is tacitly assumed here that the system does frequently undergo tunneling
transitions between the two phases during a simulation. But since the tunneling rate is
exponentially small in the critical region, these histogram techniques are often pushed ahead
by the virtue of multicanonical algorithms [177] to enable tunneling between the phases,
and sometimes combined with constrained methods [158] to fight autocorrelations. Such
tools invoke an artificial enhancement of the mixed states, which are suppressed due to the
additional free energy of the interfaces separating the two phases, and permit to extract the
most precise k.—estimates. Nevertheless, the observed autocorrelation times are still very
large, typically of the order of @(10000) — O(500) sweeps in dependence of the lattice sizes
and parameters chosen [134, 135].

Although the different definitions of k. constitute an inherent uncertainty for its exact

value besides the statistical errors of the MC simulations themselves, this uncertainty goes

rapidly — in most cases even exponentially — to zero, if the finite spatial volumes grow in
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order to come hopefully close to the thermodynamic limit of infinite volume.

The order parameters O under study in the following are p?, sjq, i.€. the modified action

density

1
Slog = 5 Slog ) Slog = S[Ua QD] -3 Z In Pz (67)

zEA

and the ¢-link operator L, already defined in eq. (5.34) of subsection 5.1.1. It plays an
important réle in the reweighting procedure [188], which has been used to obtain data in the
vicinity of the simulation point from a single MC run, see refs. [135, 136] and section B.3 in

appendix B.

6.1.3 Hysteresis

A rather crude and tentative estimate for k. is accessible either by the effective potential as
explained above or by a hysteresis pattern visible in a thermal cycle of (O), in dependence
of k, which is readily taken as a characteristic indication for a first order phase transition. It
rests on the fact that there exists a secondary minimum of the effective potential Veg(®,T)
in & = 0 belonging to the symmetric phase, different from absolute minimum ® = v of the
broken phase, if the symbol v stands for the thermal expectation value v(T) = (®) as an
order parameter, in a fixed gauge, exhibiting a discontinuity at the critical point T = T,

where the two minima become degenerate: Veg(v(Te),T.) = Ver(0, Tp).

In a MC simulation this phenomenon is responsible for hysteresis effects, when the system
gets stuck in the wrong minimum and does not flip into the other phase before the transition
point is significantly exceeded. Hence, the spatial lattice volume must be large enough in
order to have metastability and a vanishingly small tunneling rate, which otherwise would
counteract the hysteresis. Representative hysteresis patterns are shown in figures 9.2 and 9.4
of sections 9.1 in the last chapter. Beginning in the symmetric (broken) phase, the hopping
parameter x has been gradually increased (decreased) across the expected transition region
until the other phase is reached, while the consecutive simulations were just initialized with
the final field configuration of the run at the preceding , respectively, and some hundred
sweeps were discarded for further equilibration. These curves do not only provide information
about the rough position of the transition point in parameter space, but they are also valuable
to assign the expectation values (O), to one of the two phases in question, as it will be useful

for the k.—determination from two-coupling simulations.

More accurate values of the critical hopping parameter may be achieved by one of the re-
fined methods presented now. They have in common that by appropriate external conditions
at least one interface pair is forced to develop within the simulation volume in order to bring
the subvolumes of the different phases into thermal contact, and no complete transitions

between them as for the multicanonical method must be awaited.
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6.1.4 Two-coupling method

If hysteresis effects in thermal cycles are seen at a first order phase transition, the safe and
efficient two-coupling method [162] allows to confine the position of the critical hopping

parameter k. further by exploiting metastability on large volumes.

In determining x. with this method, an elongated lattice of geometry L, > Ly, = Ly > L,

is divided into two halves with different couplings k; < ko,
k= (Ki,k2) = (k1 < ke for 2 < L, /2, ky > K, for z > L,/2), (6.8)

which enforces one part to stay in the symmetric phase and the other one in Higgs phase.
For long enough z-directions a pair of interfaces will be present!, which separates these two
phases and accommodates the additional free energy shift between them. By equilibrating
the configuration in simulations with k—values far away from the expected transition point
— as e.g. estimated by hysteresis runs — the system is achieved to reside in such a two-phase
situation with communicating subvolumes. In this configuration the system can sensitively
react to free energy differences due to movements of the interfaces and may remain stable
against any collapse into a unique phase for many autocorrelation times, as far as . is really
enclosed by k; and k. Subsequently, the distance in x is more and more diminished, and the
smallest k—interval, for which the system still resists to turn over into one single phase, gives
lower and upper bounds for the critical hopping parameter. k. is then defined as the mean
value of the best lower and upper bounds with an error naturally arising as the absolute
deviation from these. To discriminate between the two phases during this procedure, a
rough knowledge of the k—dependence of a suitable order parameter at otherwise constant

couplings is a helpful information, which can also be gained by hysteresis simulations.

Since the volume-dependent portion of the free energy at nearly unchanged contribution
of the interfaces increases when L, is enlarged, very narrow k—intervals up to ks — k1 <
10~ can be stabilized in the MC simulations. Moreover, after warming up the individual
starting configurations appropriately, at each pair of x the system and its envisaged two-
phase structure should be observed for at least 10 autocorrelation times. The observable
under consideration to crucially control the conservation (or the breakdown) of the induced

two-phase situation has been chosen to be the z—slice expectation value L,(z) of the ¢-link,

4
1 1
Ly(z) = <L L.L, Z Lso,w> y Lpe = 1 ZLQD;Z'M’ Loy =5 Tr (Q":JrﬁUm,u‘Pm) , (6.9)
x Ly

(anat) ”:1

while L, , has eventually to be weighted according to eqgs. (5.32) — (5.34) in the anisotropic

lattice case.

1For not too large L, the probability for the appearance of more interface pairs is negligible.
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6.1.5 Constrained-simulation method

Here I suggest a new method [136], which in practice is able to give the same and very precise
critical hopping parameters . as the multicanonical method, typically with 7 — 8 relevant
digits accuracy, provided that computer hardware with the required double-point precision
(64-bit floating point arithmetics) is available. However, as a considerable benefit, using this
method the notoriously large autocorrelation times of the multicanonical simulation can be

reduced dramatically.

The method is based on the observation that, for sufficiently large elongated lattices
with L, > Ly = L, > L,, a flat and approximately linear regime appears between the
peaks in the probability distribution of an order parameter O = O({U, ¢}) [135]. Those
peaks in the vicinity of symmetric and Higgs phase expectation values correspond to pure
phase configurations. Between the peaks the system is dominated by subvolumes of these
configurations and two interfaces perpendicular to the long direction z, i.e. two bulk phases
appear. Shifts of the interfaces during the simulation cause the respective subvolumes to
increase or decrease, and the linear domain of the histogram ends, when the interfaces touch
and a pure phase is met. At the transition point itself the free energy densities of the bulk
phases are the same, the ratio of the occupied volumes is arbitrary, and thus the probability
distribution becomes flat. By use of the constrained simulation [158] one can artificially
enforce that during a simulation in k ~ k. an order parameter of the system stays in a given
short interval between the peaks. Close to the transition point one then utilizes a reweighting

procedure to determine the value of the hopping parameter, at which the distribution is flat.

In regard of the numerical simulation, the MC updating algorithms have to be modified
in such a way that only those configurations are generated, which lie in the flat regime
between the two peaks of the pure phases. Introducing within this region a lower bound O_
and an upper bound O, for the lattice averages of the order parameter O = O,, = % Y wer O
in a sample of Np,e,s configurations labelled by n, the constraint is realized via replacing the

Boltzmann factor in the functional integral by

=59 {0ttt ~0.)o(0. -ottuen) e, o= 051,
(6.10)

which translates into action as an additional metropolis decision in the program code. When-
ever a proposal of any field variable leads to a O—measurement outside the interval fixed by

O_ and O,, it is rejected? so that solely measurement values respecting the condition
O €[0_,0.], O=0,, ne{l,..., Nnes} (6.11)

are allowed. At the same time, the requirement of a flat order parameter histogram in kK = K,

2Since this metropolis step can be implemented neither vectorized nor parallel, some loss in performance
is purchased for the modified algorithms.
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is now equivalent to the condition that
1

(O) =3 (0O_+0,) (6.12)
holds for the expectation value (O) of the order parameter. This relation, which implicitly
defines the critical hopping parameter k., can be fulfilled by a k-reweighting of the mea-
sured distribution of O. For the reweighting technique being successfully applicable, credible
guesses for k. and the order parameter interval [O_, O, | must be known in advance. These
are provided by the two-coupling method for the former, and by individual simulations in

the symmetric and Higgs phase for the latter to find their peak positions in the histogram.

In order to get a feeling, whether the lattice system has been simulated within the flat
region of the histogram indeed, one should check that separate evaluations with the two parts
of the measurement history of O belonging to the lower and upper halves of the interval in
egs. (6.11) and (6.12) yield only such values, which are compatible with the original result
from the full history. One should also pay attention to the evolution of the system during
the simulation, i.e. it is also recommended to steadily keep under control that the existence
of the two-phase equilibrium and the adhering interfaces is preserved. For this purpose one
may take again the expectation value of the ¢-link operator L,(z), averaged within each

z—slice of the lattice as in eq. (6.9).

The order parameters employed in the following investigations with the constrained-
simulation method were O = sj,, from eq. (6.7) and O = p?, the Higgs modulus squared.
In the updating sequence involving the p-overrelaxation sj,, is the proper choice, since
it remains invariant by this algorithm and the a— and U-reflections; only the heatbath
algorithms for the scalar field and the gauge links have to be adjusted in this case. If on the
other hand the ¢p-overrelaxation is incorporated instead, the use of p? is numerically simpler
and accelerates the performance. Then the algorithms to be modified are the heatbath and
overrelaxation updates for the scalar field ¢ alone. The achieved acceptance rates of these
algorithms was always larger than 98 %, and the observed integrated autocorrelation times
typically fall in the range 7, ~ 20 — 100 sweeps. Their dependence on the width of the order
parameter interval has not been addressed in detail, but it is not surprising that it might

noticeably increase for very large intervals or extremely small ones near criticality in 7.

As will be sustained in the concrete applications of the next chapter, this method is most
precise at moderate computational expense. But I should also notify that confidence can
be given to the constrained-simulation method only in those cases, where the pure-phase
peaks are well displaced against each other so that the plateau region between them is broad
enough to choose a suitable order parameter interval from it. Otherwise, if tunneling events
destroy the coexistence of the two phases and the interfaces spanning through the lattice,
the method would fail, because then the histograms of the homogeneous phases simulated
separately in k ~ k. will overlap and the valley between the corresponding peaks will be too

narrow to find a flat interval [O_, O, | there.
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This situation is just encountered for a very weak first order phase transition, as it will
turn out later to be accomplished for large Higgs masses around 80 GeV. Even when using
anisotropic lattices, the their sizes required to separate the peaks of the pure phases suffi-
ciently lie under realistic circumstances beyond the available computer capabilities. Never-
theless, one can still resort to the quite fast and robust two-coupling method of the preceding
subsection, which provides k.—estimates within an accuracy of 5 — 6 digits in dependence of

the lattice sizes utilized.

6.2 Interface tension

In the second part of my work I mainly deal with the interface tension ¢. This quantity plays
a prominent role in the course of the EWPT, because it crucially influences the dynamics of
the phase transition through the nucleation and expansion of bubbles or droplets [159, 90,
91, 161], finally filling out the whole universe with the new phase. Moreover, the magnitude
of o provides a direct quantitative measure for its strength [160, 93]. The traditional picture,
how the first order cosmological EWPT in the early universe — which was not an instant
process and whose total duration is of the order of the universe age — has proceeded, may
be sketched as follows.

As the universe expands, it cools in the symmetric phase until it reaches the critical
temperature T,, at which the spontaneously broken Higgs phase becomes equally favoured.
If T ~ T,, bubbles of the phase with broken symmetry begin to nucleate. Inside such a
bubble the Higgs field has a non-zero thermal expectation value, which renders the W- and
Z-bosons massive, and a stable phase of matter exists. In the region outside the bubble
wall there is a metastable phase with vanishing Higgs field expectation value and massless
vector bosons W and Z, whereas the bubble wall itself interpolates between these stable
and metastable phases of matter. However, surface (or in a finite-volume system, interface)
tension effects cause these bubbles to shrink immediately so that the universe remains in an
approximately homogeneous state. For T' somewhat below T, the bubbles of the Higgs phase
nucleate into the symmetric phase, which become sufficiently large so that the curvature of
its surfaces decreases and the raised volume pressure from the lower free energy F' inside
the bubble can overcome the surface tension; otherwise they would disappear again. In a
strong enough first order phase transition these so-called critical bubbles grow rapidly until
the volume of the universe is completely converted into the stable broken phase, i.e. all of the
matter of the universe has finally nucleated through such critical bubbles®. At T' = T, the
free energy and thus the radius of a critical bubble is infinite. During the phase transition
the universe has always supercooled in the high temperature symmetric phase before the

transition took place, and within this supercooled and metastable phase bubbles of the

3The typical time scale for the formation of a critical bubble is proportional to e F/7.
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low-temperature broken phase have formed. Hence the released latent heat has produced
a reheating of the electroweak plasma near the nuclei of condensation, resulting in a local
departure from thermal equilibrium in the vicinity of the expanding bubble walls, where
baryogenesis primarily occurs [159].

To motivate the relevance of the interface tension in this context further, I note that in
non-relativistic fluiddynamics the bubble nucleation rate of the Higgs phase in the symmetric

phase depends via the relation

4
Thua = Doe “AF0/T - AF(r) = —?ﬁ AP + 4mor® + O(r) (6.13)

exponentially on the free energy difference AF(r.) between the system with a critical bubble
and a pure metastable phase [159]. If the bubble radius r is large compared to the thickness
of the bubble or domain wall, the expansion of AF(r) on the right hand side of eq. (6.13)
is valid (‘thin wall approximation’), where o is the surface tension of the bubble wall and
AP the pressure difference between Higgs and symmetric phase. Stating this condition of a
thin bubble wall in more physical terms, one would say that the largest correlation length &
of the system at the phase transition has to be much smaller than the critical bubble radius
r. at the transition temperature itself. The critical bubble radius can be extracted from the
maximum of AF(r) as function of r to be 7. = 20/AP, which diverges in T' = T, since
limp 7 AP = 0. Now assume that the pressure difference AP is sufficiently small, which is
equivalent to the requirement n < 1 for the so-called supercooling parameter, here denoted
TT—_T Under these prerequisites, AP may be expressed to a good approximation by

the latent heat Ae, which by definition is the discontinuity of the energy density across the

as n =

phase transition: AP ~ Ae-n. Inserting this together with r. into AF(r) and then into the
exponent of I', in (6.13), the bubble nucleation rate is given in the thin wall approximation
by [160, 93]

160 o° B 16 [ o \®/Ae\ 2
Fhua = Fpexp <—T Mn 2) = [yexp {—T (ﬁ) <ﬁ> n 2} ) (6.14)

which can also be expressed in terms of the dimensionless ratios of the interface tension
and the latent heat with the third and fourth power with the transition temperature T,
respectively, usually calculated on the lattice. The prefactor I'y can be approximated by T
or T [104]. If the combination Ry = 0®/(A€)*T, = (0/T2)3/(Ae/T?)? is large, signalling a
strong first order phase transition, a substantial supercooling of the symmetric phase has to
be expected, and the temperature, at which the transition really happens, lies substantially
below the critical temperature T, [103]. This would lead to an additional suppression of the
sphaleron transition rate, since in the Higgs phase the W-boson mass my = my (T) —
and then, according to eq. (5.4) in section 5.1 of chapter 5, the vacuum expectation value
of the Higgs field v = v(T') as well — increases with decreasing temperature. Consequently,

as the sphaleron rate in the Higgs phase after the transition has finished is fundamentally
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determined by the value of the temperature dependent expectation value v(T') entering the
sphaleron energy, see egs. (13) and (14) in the introduction, an adequate reduction of this
rate could in principle prevent the wash-out of any primordial matter-antimatter asymmetry
or of an asymmetry directly generated during the EWPT.

To anticipate some results of this work and refs. [135, 136, 137, 139, 142], the ratio Ry,
which is a good characterization for the strength of the phase transition, is decreasing from
R =~ 0.2 at myg ~ 16 GeV over Ry =~ 0.005 at mg ~ 35 GeV to Ryua =~ 0.000005 at
mpg ~ 80 GeV. This means that the EWPT phase transition at myzg ~ 80 GeV becomes
extremely weak indeed, and there is at best a minor amount of stabilization of the baryon

asymmetry in the universe against a wash-out through supercooling of the symmetric phase.

If the critical bubble radius r. becomes r. >~ &, £ the correlation length from above, the
thin wall approximation breaks down, and the nucleation rate I',,; can not be expressed
only through the macroscopic parameters o and Ae of the phase transition at the critical
point. In this case the transition is delayed, and the universe is supercooled even more in
the symmetry restored phase [93].

The ratio /T, is also decisive in determining the minimal spatial lattice size necessary
for an accurate numerical investigation of first order phase transitions. Namely, in order
to reach a mixed-phase situation with a well developed double-peak structure in distribu-
tions of globally averaged order parameters around the transition region, one should have
LyLyo/T, = O(1) with the transverse lattice extensions Ly, L, being much smaller than
L,. The lattice in this volume must be fine enough to resolve the interface structure, which
becomes thiner for increasing myg. These physical requirements, which are practically more
restrictive than the conditions imposed by the smallness of O(a)-lattice artifacts, imply that
the computational gain by using the simplest local three-dimensional action is essentially a
factor L;. Therefore, any extension of the present numerical studies to Higgs boson masses
towards mg ~ 80 GeV will be only modestly easier and less demanding in the framework of
dimensional reduction to an effective model in three dimensions [147, 150] than within the

full SU(2)-Higgs model in four dimensions.

After this — by no means rigorous — proofs for the importance of ¢ and Ae to decide
about the strength of the EWPT, I will discuss the most convenient methods to determine
the electroweak interface tension o within the SU(2)-Higgs model. Nearly all numerical ones
among them rely on its defining relation A;oc = AF to the difference AF' in the free energy

F of the two phases, if these are separated by an interface (pair) with transverse area Aj.

6.2.1 Perturbation theory

To be self-contained, I recall the perturbative definition of the interface tension [103], which
descents from the effective potential Veg(®,T') introduced in subsection 6.1.1 of chapter 6,

whose degenerate minima at the critical temperature represent the metastable states of the
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system. To tree-level it reads

¢c:
:/ d® \/2Veg(2, T (6.15)
0

with the location of the broken phase minimum ®, = ®(T.), say in Landau gauge, as the
value of the uniform background scalar field ®(7) at the critical temperature T,. More

details and analytical results of one- and two-loop resummed perturbation theory can be
found in refs. [105, 107].

However, since o receives contributions from both the broken phase and the symmetric
phase with its stringent limitations due to the intrinsic infrared divergences, the perturba-
tive predictions become more and more questionable for increasing Higgs masses and weaker
transitions. Therefore, the genuinely bad infrared behaviour of the SU(2)-Higgs effective po-
tential at finite temperature sets the task to work out non-perturbative methods in synthesis

with numerical lattice simulations.

6.2.2 Histogram method

The histogram method [163, 164] requires to measure two-peak probability distributions of
some order parameter O in finite-volume systems, e.g. for s,z of L, as in refs. [134, 135].
During a simulation at k = k. these two peaks are populated by configurations to be assigned
to the pure phases, while the probability for configurations between the peaks, which as
mixed states are dominated by contributions from both phases with any bulk phase ratio,
are suppressed by a free energy amount associated with the interfaces separating them.
Provided that the elongated lattices with L, > L, = L, > L, are chosen large enough to
ensure the existence of such a thin and non-interacting interface pair with smallest cross-
sectional areas A; = aiathLth, the infinite-volume interface tension? is extracted from the

ratio of relative thermodynamic weights of pure and mixed phases,

]‘ max
o= lim ——1In P (6.16)

Voo 2AI Pmin ’

if k. is defined by the equal-height signal in the O-histogram, and pyax and pyi, denote the
values of this distribution at one of the peak maxima and at the flat, plateau-like minimum
in between, respectively. In the case of a strong first order phase transitions at low Higgs
masses the usage of multicanonical algorithms is absolutely necessary in order to enhance the
tunneling rate from one phase to another and thus to ensure the correct statistical weights

for the two phases.

Although the majority of results for the interface tension, especially within the three-
dimensional approach of dimensional reduction, has been obtained with this technique [122,
144, 146, 147, 149] or one of its variants [121, 150, 152], it stays very CPU-time consuming

“For parametrizations of possible finite-size corrections to o see [164, 135] and references therein.
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in practice due to the large autocorrelations involved, because the metastable system always
has do undergo full transitions between the two phases. Another drawback is related to the
fact that lattice studies of the EWPT within the minimal standard model for larger and
likewise more realistic values of my are known to possess a transition, which is very weak
and asymmetric in the sense that the fluctuations of properly chosen order parameters are
much stronger in the Higgs phase than in the symmetric phase. Therefore, the simplifying
assumptions of O-histograms with clear maxima separated by a broad minimum and of a
minimal interface distinguishing the pure phases from each other might be hardly valid in

this parameter region, and alternative methods are advised.

6.2.3 Two-coupling method

Here T describe the determination of the interface tension o by means of a suitable variant
of the two-coupling method [162], which originally has been invented for Potts models and
the finite-temperature QCD phase transition. In the framework of the SU(2)-Higgs model
the two-coupling method is performed with the scalar hopping parameter x, which essen-
tially drives the physical temperature in the four-dimensional lattice model (‘2—x method’),
because the latent heat of the system in eq. (6.1) is dominated by the contribution of the
¢-link L,, which in view of the lattice action (5.28) is thermodynamically conjugated to the

hopping parameter k.

It is a quantitative elaboration of the same method proposed for the estimation of x. in
subsection 6.1.4, whose fundamental idea is based on a careful extrapolation to the limits
ke + €, € > 0 sufficiently small, of simulations in two coupled subvolumes supposed to be
caught in the respective phases. As a straightforward generalization of the derivation in
the isotropic lattice case sketched in refs. [135, 139], I directly turn to the situation with
asymmetric lattice spacings as # a; in the following; the corresponding formulas for isotropic

lattices are then automatically covered by setting { = v3 = 7, where necessary.

Principle of the method

Let Q = LyL,L,L; denote the number of lattice points and V' = a2a,Q the physical lattice
volume, wherein a, and a; are the space- and timelike lattice spacings. Now consider one
elongated spacelike direction L, > Ly = Ly > L;, and suppose as in eq. (6.8) of subsec-

tion 6.1.4 that the lattice volume is divided into two equal halves with different xk—values
k= (K1,k2) = (k1 < K. for z < L,/2, ky > k. for z > L,/2).

Hence the lower half is forced in the symmetric phase, the upper one in the Higgs phase,

and due to the periodic boundary conditions the system, residing in a mixed-phase state,

5More precisely and already emphasized before, tunneling processes between the nearly degenerate minima
of the effective potential cause Higgs and symmetric phases to be simultaneously present on large enough
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gives rise to an interface pair at the phase boundaries z ~ %LZ and z ~ L, perpendicular to

the z—direction.

Generically, the interface tension is defined by its relation to the additional free energy

AF associated with the interfaces via
AIO' = AF, (617)

with Aj denoting the area of such an interface. Recall that in the actual setting one has two

interfaces of area
A = a’a;L,L,L;. (6.18)

The connection between the free energy FF = S — Qd(s) = Qf(s), S = S[U, ¢] the lattice

action and s = S/ its density, to the spectral density of states d(s) as a function of s in

e ) = /D[U, 0] o <s — %) (6.19)

implies that the probability distribution of s is p(s) oc e “*/(9) = e~F [19, 135].

Under the assumption that the time direction of the lattice is orthogonal to the nor-
mal vector of the phase surfaces — which is justified for L; < Ly, Ly — a thermodynamic
argument shows [3, 19] that the interface tensions of the (3 + 1)-dimensional SU(2)-Higgs
model and a corresponding 4-dimensional spin model are identical. Consequently, the inter-

face tension o, as the free energy F' per unit area of the walls separating the two phases, is

written as .
o= ﬁ {F(/{rlaK/Q) — %F(Iil, I{,l) — %F(K,Q, Iiz)} , (620)
I
and in lattice units
1
1
fd m { |:F(K/1) ’{/2) - F(K/]_) Kfl):| - |:F(/i2, ’{/2) - F(K/]_, Klz):| } . (621)

F(ki, kj), 1,j = 1,2, are the free energies in the whole volume and in the halves, respectively.

The non-commutative limits of 0 = o(k1, k2) from the finite-volume situation,

(Phys) — Jim  lim [lim K1, K ] 6.22
’ K2 \ke K1/ ke L V=00 ok, k2) |, ( )

will ultimately give the physically interesting interface tension.

According to eq. (5.28) in subsection 5.1.1, the lattice action of the anisotropic SU(2)-
Higgs model reads

SU, o] = Z Sz, Sz =050z—8KkLy,y, Spu: independent of x. (6.23)

zEA

lattices.
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Here L, is the weighted sum of the the space- and timelike components of the ¢-link
operator Ly, = 3T¢ (@), ;Usus), see eqgs. (5.32) — (5.34),

3
1/3 1
Lyy = 4 <_ Lysz+ ’Yan,t,r> v Lpse = g § :Lso;ru’ Lyte = Lo, (6-24)
p=1

K

with 7, = 1/ki/ks the coupling anisotropy, k? = Kgky, and Kk, and k; as the hopping param-
eters in space- and timelike directions of section 5.1. Thus, in the 2—« situation under study,

one can decompose this action into

S[U, (,0] == SO — /4;151 — IizSz (625)
with S; = % s;, and the action densities of both phases in terms of the corresponding ¢-links
LSZ,L are

. . 2 .

. — &) O — (%) | —
si=8LY), LO=o ) LY, i=12. (6.26)
zeN/2

Although the expectation values Lg)(h;l, Ka), i = 1,2, of Lg) are measured by averaging in
both halves separately, they of course depend on both k—values, because these are responsible
for the position as well as for possible fluctuations and shifts of the interfaces during the

simulation.

In order to relate these expectation values at given k; and ky to the free energies in
eq. (6.21), one should observe that

3F(/{1, K,Q)

5 = ~(Sidrim = —AQLY (k1 k2), i =1,2 (6.27)

in the thermodynamic limit and with eq. (6.26). This yields

1 K2 K2
aiata = m {/ dek <Sl>n,n2 _/ dk <S2>K1,K}

K1 K1
K2 K2
= L, {/ dk Lg)(/ﬁ;,@) —/ dk Lg)(lil,li)} : (6.28)
K1 K1
For k—pairs with appropriately small deviations Ax = |k; — k.| from the critical hopping

parameter k., the integrals can be well replaced by the sum of the two trapezium areas

a2ao ~ L, (ky — k1) [ —

LY (51, 2) + LG (Ko, k) LY (51, 2) + LY (i, 1) ] (6.29)
2 2 -

This corresponds to a linear approximation of the Lg)(m, k2) as functions of £ in the in-
terval [k1, k2|. If one further identifies the integrands at equal arguments with the ¢-link

expectation values in the pure phases, their contributions can be assumed to cancel, and
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the systematic errors due to these two approximations nearly compensate [135]. Taking all

together, one finally arrives at

1 .. . .
ala0 = 5 Hllirllﬂ H}% {(Iﬁ?l — Ka) Lignoo L, - AL,(k4, Iiz)} , (6.30)
where ALy(ky,k2) = Lg)(/il,/iz) - LS)(M,@), and which substitutes eq. (6.22) in later
applications.

Since for the physical interface tension of interest the limit Ax — 0 has to be performed,

I propose the phenomenological (N + 2)-parametric Laurent ansatz

N

(0 _ ¢ U (ki — ko) + O (|k; — ko VT =1,2 6.31
Lp(K’].)K’Q) I{,i—lﬁic—i_zﬁﬁ (H’ H’) + (|H’ K;| )’ ? )y < ( )

§=0
which leads to the finite-volume estimator for the interface tension

ala6 = L, (c1 + ¢2). (6.32)

S

The origin of the leading inverse-linear term in (6.31) is motivated by the fact that for Ax < 1
the free energy difference between the two phases behaves as AF ~ O(Ak). Therefore, the
interfaces can penetrate into neighbouring domains with constant x, and if the change in K
is at z = 79, one infers from eq. (6.19) that the probability p for an interface being at z > z
is essentially given by exp{—const - Ak(z — z¢)}, so [dzp ~ 1/Ak. As the numerical data
show indeed, the z-slice distribution L, (z) of the ¢-link as function of z has an exponential

shape in the critical k-region.

With a;T, = 1/L; from eq. (5.40) in section 5.1.2 and the lattice spacing anisotropy
parameter being £ = a,/a;, one obtains its dimensionless ratio to the critical temperature
via

- 2 3
g _ % ;3 _ LiL, (c1 + c2)
If the chosen k—intervals in the numerical simulations for this analysis are symmetric with
respect to k., an ansatz identical to (6.31) for AL,, but in terms of kK, — k; and primed

parameters, can be used as well. Then the right hand side of (6.33) will simply translate

into
o L3L,c
= (6.34)
T; 287
In summary — provided that the anisotropic lattice action is parametrized as in

egs. (5.28) or (6.23) — the only modifications in the determination of o with the two-coupling
method compared to the isotropic case in refs. [134, 135, 136, 139] are 1.) to measure and fit
the weighted ¢-link operators (6.24) of both z-halves and 2.) the factor 1/£? in the previous

equations for 6/T2.
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Remarks on the realization in practice

e As described in section 6.1.4, the same method does also provide a powerful tool to

determine the critical hopping parameter . itself.

e Concerning the L,~limit in (6.30) one has to keep in mind that a change in L, is
irrelevant for the o—determination, if the interfaces do not significantly influence or
even touch each other within the simulation volume, which would express in deviations
of Lg)(m, ko) from the corresponding expectation values of the pure, i.e undisturbed
phases. So it is sensible to choose L, minimally with respect to the condition that
the interfaces do not interact with each other for the smallest k—interval. Then the
L,~factors in (6.32) and (6.27) should compensate, and 6/7° becomes independent of
L,. A safe monitoring of the phases in equilibrium and the two interfaces is provided
once more by the z-slice profiles L,(z) of the operator L, ,, and in addition by the

x>—values of fits to the ansétze in eq. (6.31).

e The extrapolation to Ax = 0 by means of the x; o-limits in formula (6.30) may be del-
icate, and the intervals in k; and k5, which can not be taken arbitrarily small for given
(spacelike) lattice extensions, must be chosen carefully: Too small differences in the
free energy density of the two phases would favour tunneling transitions, and the inter-
faces disappear. However, since these differences grow proportional to O(Ly Ly Ak), the
larger the lattice volume the narrower and closer to k. can the individual xk—intervals
be chosen [135, 139], readily of the order Ax ~ O(1/LxLy) or well below. This will
show up to be important for the analysis at my ~ 80 GeV on anisotropic lattices in

chapter 9, where the first order transition is extremely weak albeit detectable.

e The errors on the interface tension from this method quoted in the next chapters

consist of

— the uncertainty in k. by repeating the least-squares fits with k. — k. + Ak, in
(6.31) to estimate the resulting mean deviation in /72, and

— statistical errors from the Lg)(m, ko)—fits by adopting a bootstrap error analysis,
see section B.1.2 of appendix B, because owing to shifts of the interfaces in the
course of the simulation, the ¢-links in both phases are correlated, which affects
their expectation values and error as well; since this effect cancels in the ¢-link
differences to a great extent and the AL, -averages themselves are thus uncorre-
lated, a statistical error for the fit of this quantity based on normally distributed

random data is adequate.

e In general, reasonable x?-values (divided by the number of degrees of freedom) serve
as a stringent criterion for the quality of the fits to eq. (6.31). Moreover, for a reliable

estimate of the interface tension one should take into account
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— the sensitivity to the number of fitted data points within the set of available

k—pairs, which were simulated, and

— the significance of the inclusion of an additional, higher-order fit parameter, e.g. by

inspecting its bootstrap error compared to its value.

Under these aspects is not imperative to insist on a certain number of necessary fit
parameters for all choices of the simulation parameters. If contributions of the higher
Laurent coefficients will turn out to have more influence on the slopes at larger x—
intervals, this number can definitely increase. As to be expected intuitively, this is
indeed the case when going to enlarged physical volumes, where the phase transition
— if present — gets relatively more marked, e.g. in a study of scaling behaviour in the
continuum limit L; = 2 — 3 — ---, or in investigations on anisotropic lattices with

extensions comparable to isotropic ones.

6.2.4 Vacuum tunneling in finite volumes

In contrast to the histogram and two-coupling methods, which deduce the interface tension
from changes of (sub)volume-averaged observables in mixed-phase systems with minimal
interfaces, there is a third method to extract ¢ from a tunneling correlation length at the
phase transition [165, 167]. Now the emphasis is on correlations due to different phases in
coexistence in dependence on the geometry of the system, and o will arise as a finite-size
effect.

Namely, in infinite volumes the electroweak symmetry is spontaneously broken, and the
ground states of the Hamiltonian are degenerate. However, this phenomenon does not reflect
in lattice simulations, since in a finite volume the symmetry is never broken. In this case a
small energy splitting Ey appears between the ground state and the first excited state, which
vanishes in the infinite-volume limit. The appearance of Ej at finite volume is due to the
tunneling effect between the symmetric and the Higgs phase. On lattices with geometries
L, > Ly = Ly > L, different domains can then be observed in the z-direction, with
domain walls between them. The associated interface energy determines the tunneling mass

or inverse tunneling correlation length F, via the approximate finite-size scaling law
a,Ey = C - exp ( s 0) . A= d’aLeLy L, (6.35)

and may be identified with the lowest excitation in the spectrum of the transfer matrix
(19, 166, 167]. In general, the prefactor C' of eq. (6.35) can depend on Ly, = Ly = Ly; but
in the present case the leading contribution is L, ~independent.

The tunneling or transfer matrix method has been used to determine, for instance, the

interface tension of the four-dimensional Ising model in the broken phase [166], to calculate

the interface tension in three-dimensional ¢*~theory by semiclassical as well as numerical
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methods [167], and to determine the interface tension of the finite-temperature confinement-
deconfinement phase transition of the pure SU(3)-gauge theory [168]. Within the MC studies
of the finite-temperature SU(2)-Higgs model it has been applied to the full four-dimensional
theory in refs. [179, 136], and recently within the framework of dimensional reduction to
three dimensions in [151], also discussing possible corrections to the pre-exponential factor
in (6.35).

To briefly summarize the realization of this technique on principle, one has to simulate
the system at given L; in the previously determined transition points x = k. on lattices
with growing spatial transverse extensions Ly, spanning the interface through the lattice.
Simultaneously, correlation functions in the orthogonal z—direction are measured in the Higgs
channel, whose exponential descents allow to extract the splitting energy a,E, for each Ly,
by least-squares fits in the usual manner. Then the interface tension ¢ can directly be read
off as the slope of the fitted line, which parametrizes —In (a,Fy)/L; as a function of the

transverse area L7, in eq. (6.35).

For higher values of the Higgs mass my near 80 GeV — and this stays true even on
anisotropic lattices — the tunneling method is mostly inhibited by the enormous amount of
computer time, which would incur, if the necessary simulations on several large lattices with
increasing size were performed. Another point of criticism in this context might be that the
implicitly underlying assumption of a much larger tunneling correlation length compared to
the typical correlation lengths of the pure phases in equilibrium always sets a lower limit on

reliable transverse sizes Ly,, which will rise with mg.

Xy



Chapter 7

Simulations on isotropic lattices

This chapter comprises my results from numerical simulations of the SU(2)-Higgs model
on isotropic lattices at low and intermediate values of the Higgs boson mass. These were

obtained by applying some of the method presented comprehensively in the foregoing chapter.

The main topics are the critical hopping parameters and interface tensions at MC pa-
rameters, which were chosen to correspond to Higgs masses about 16 GeV and 35 GeV,
respectively. In particular, the former analysis addresses the important question, whether
and to what extent the interface tension can be affected by scaling violations in comparison

with previous studies for L; = 2 lattices.

Finally, the continuum limit extrapolation of T./mg at mg ~ 35 GeV is designated
to hint at possible discrepancies between results from the four-dimensional lattice approach
used here and from resummed perturbation theory or simulations of the effective theory in

three dimensions.

7.1 Critical x and interface tension for my ~ 16 GeV

To begin with, I determine the interface tension of the finite-temperature electroweak phase
transition in a numerical investigation of the SU(2)-Higgs model on a four-dimensional
lattice with temporal extension L; = 3. In the following I use a low value of the Higgs
boson mass, where the phase transition is quite strong. For the determination of o the two-
coupling method (subsection 6.2.3) in the scalar hopping parameter is employed. Compared
to transfer-matrix techniques (subsection 6.2.4) and histogram methods (subsection 6.2.2), it
gives an optimal ratio between desired accuracy and required CPU-time for the SU(2)-Higgs
model [134, 135, 136, 139].

A suitable observable for the interface tension is the density of the ¢-link operator L.z,
which is conjugate — in the thermodynamic sense — to the hopping parameter x and is

itself an order parameter of the phase transition. From eqs. (5.32) — (5.34) it reads in the

136
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isotropic case:
1 4 1
tp - _Q Z Z ’ ‘Pvzﬂ = 5 Tr ((p;r.HjUz,uQOz) . (71)
€A p=1

In the spirit of thermal field theory as briefly reviewed in section 5.1.2 of chapter 5, I extend

1 = 3T, with the purpose of gaining

the measurement of o at a=' = 2T, in ref. [135] to a~
control over possible lattice artifacts. The parameters in the former analysis were § = 8.0
and A = 0.0001, leading to a renormalized gauge coupling of g% ~ 0.56 and a Higgs mass
of mg ~ 16 GeV. The physical mass scale is set by the vector boson mass value my = 80
GeV at T = 0 in lattice units. A two-coupling simulation on a lattice of size 2 x 162 x 128
resulted in a phase transition point at x, = 0.12830(5) and a finite-volume estimator for the

interface tension of 6 /T = 0.84(16).

When passing over to smaller lattice spacings, I have to scale all lattice extensions
accordingly in order to keep the physical volume constant. In the case of low Higgs mass
this is possible with an acceptable demand of computer resources. With increasing mg the
situation becomes worse, because the phase transition weakens and thus one needs larger
physical volumes to obtain a stable two-phase situation. Therefore, I choose a lattice of size
3 x 242 x 192 with the changed parameters 3 = 8.15 and A = 0.00011. They have been
obtained by an integration of the one-loop perturbative renormalization group equations
with the transition point of the L; = 2 lattice as a starting value [135], see also section 5.2
of chapter 5. But as shown in refs. [134, 135, 137] and motivated in this work before, a

sufficiently precise estimate for the critical point in &, is only available by numerical methods.

7.1.1 Numerical results

The calculation of the phase transition point and the interface tension is done by a modified
version of the two-coupling method [162]. Since this method, which has been used in the
SU(2)-Higgs model in refs. [121, 134, 135, 136, 139], is already described and critically

discussed in the chapter before, I have not to repeat it here in detail.

By taking a periodic lattice with one elongated spacelike direction, i.e. L, > L, =
Ly > L, the corresponding lattice volume is divided into two halves with different hopping
parameters ki < ko, forced in symmetric and Higgs phase, respectively. If the transverse
directions L, and L, are sufficiently large, the system resides in a mixed-phase state, and an
interface pair at the phase boundary perpendicular to the z—direction is induced. In a first
step one initializes a two-phase situation by a simulation with k—values far enough from the
transition point, whose location was roughly determined by hysteresis runs. Subsequently,
the distance in k is shrunk, and the smallest xk—interval until a unique turn over into one

single phase defines the lower and upper bounds for the critical k. On the 3 x 242 x 192
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lattice I obtained in this way the estimate
ke = 0.128110(3), (7.2)

whose accuracy required the 64-bit floating point precision of the hardware architecture

utilized.

For the interface tension ¢ one proceeds in a similar way as for the x.—determination,
but due to practical limitations on L,, one has to prevent the interfaces from touching each
other by a choice of somewhat larger k—intervals. This avoids tunneling events to take place,
which would destroy the coexistence of the two bulk phases during the simulation. Figure 7.1
displays typical two-phase structures from the 2—x method. Note that the plateaus become
narrower for smaller k—intervals, especially in the broken phase, but the phases are still

clearly developed, and the interfaces continue to exist.

lattice: 3x24x24x192, §=8.15, A=0.00011 lattice: 3x24x24x192, =8.15, A=0.00011
L I I ] L I I ]
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Figure 7.1: Two-phase profiles of the z-slice expectation value L,(z) of L, for my largest

and smallest k—intervals.

The results of my simulations are presented in table 7.1. Owing to correlations between
Lg) and Lg ), the statistical errors on AL, are usually smaller than those of Lg ). This was
already suggested by the autocorrelations in figure 5.2 from section 5.3 in chapter 5 and is
caused by shifts of the interfaces during the simulation, which cancel out in AL, to some

extent.

In order to give a reliable estimate for the statistical error when fitting these p-link
averages to the functions in eq. (7.3) below, I take their correlations into account by a
bootstrap analysis [183]. The characteristic ingredient is to calculate secondary quantities

from bootstrap subsamples randomly taken with repetition from the original measurements,
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K1 Ko sweeps Lsol) Lg ) AL,
0.12776 | 0.12846 | 5000 || 1.5161 37.8216(70) | 36.3055(67

( (

0.12781 | 0.12841 | 5000 | 1.5149(26) | 34.7287(68) | 33.2138(60

0.12786 | 0.12836 | 5000 | 1.5285 31.5085(77) | 29.9799(76
( (
( (
( (

0.12791 | 0.12831 | 10000 || 1.5398 28.1144(55) | 26.5746(57
0.12796 | 0.12826 | 10000 || 1.5616(30) | 24.5264(76) | 22.9648(71

)
)
)
)
)
0.12801 | 0.12821 | 20000 || 1.6019 20.5877(66) | 18.9858(59

)
)
)
)
)
)

Table 7.1: Results for ij), Lg), and AL, on a 3 x 24% x 192 lattice. The errors are obtained
by binning.

which itself can be interpreted as the empirical probability distribution of the observables
under consideration. The errors of the fit parameters are extracted as half of the central
68.3%—interval of their distributions from fits performed on these sample averages. A more
extensive description of the method in this context and some further references are contained

subsection B.1.2 of appendix B.

The interface tension is now computed along the recipe of formulas (6.30) — (6.33), i.e

1
ac = = lim lim {(nl—,@) lim L,-AL (nl,@)}

2 K2 \Kke K1, ke L,—00

: C; .
Lk, ka) = ———+ WO AP (ks = ke) + 1 (ki — k)2 + O (AR)?) , i=1,2
1
a6 = L,(ci+c), T = aLy (7.3)

with AL, (K1, Ke) = Lg)(m,mg) - L&l)(nl,mg) and Ak = |k; — K¢|. I quote my final result
for two four-parameter fits with x?-values of 2.58 and 0.82, which are depicted in figure 7.2.
Using (7.3), I find

A

o
<T_§> = 0.764(52 + 47) , (7.4)
while aT, = 1/L; = 1/3 in lattice units. The error consists of two parts, coming from a

bootstrap analysis with 10000 iterations and the uncertainty of k. in eq. (7.2).

At this place some explanations about the number of necessary fit parameters are in
order. In the examinations of L; = 2 lattices [135, 136|, see also the next section, a three-
parameter fit was sufficient to give a reliable value for the interface tension; an inclusion of
higher order terms gave no improvement. The situation for L; = 3 seems to be different for
the following reason: Basically, one has to keep in mind that the expansion of LEZ)(M, K2) in
eq. (7.3) is only a phenomenological ansatz and no prescribed form, which has to be obeyed
as e.g. in the case of exponentially shaped correlation function. Furthermore, the lattice

volume €2 has increased, and the phase transition, which in a strict sense is only present in
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lattice: 3x24x24x192, §=8.15, A=0.00011
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Figure 7.2: Four-parameter least-squares fits of Lg), 1 = 1,2, separately in each phase.

infinite volumes, is more pronounced. Consequently, the contribution of the higher Laurent

coefficients becomes more important for the slopes at larger k—intervals.

In fact, the three-parameter fit has no satisfactory x?2, above all in the broken phase, and
varies beyond its error, if one or more data points are left out. A five-parameter fit gives
6/T2 = 0.85(20 + 5) and x?—values equal to 1.42 and 0.82. This is compatible to (7.4) within
errors, but fairly sensitive to the number of fitted data points. A more careful inspection
of the bootstrap calculations reveals that the last fit parameter is not very significant in
such cases, where its bootstrap error is roughly as large as its value; this holds true for
the five-parameter fits and also the four-parameter fit in the symmetric phase. So for the
sake of completeness, I combined the three-parameter fit in the symmetric phase with the
four-parameter fit in the broken phase (i.e. the corresponding c; values) to 6/T2 = 0.793,
although I am nevertheless convinced of the four-parameter fit in both phases to lead to the

most reasonable result.

The preceding remarks on the ¢-link correlations should have made clear that AL, is
the most natural variable for estimating the interface tension via eq. (7.3). As emphasized
in subsection 6.2.3, this requires that the chosen x-intervals are exactly symmetric with
respect to k. and, after arranging all factors appropriately, /7 can immediately identified
with the residuum of the fitted ¢-link difference AL, (K, k3) surviving in the extrapolation
ke — K1 = 2AKk — 0. A four-parameter fit to an ansatz similar to that in (7.3) for AL, was

evaluated to yield

o

<T;5’>AL¥, = 0.767(53) (7.5)
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with x2 = 0.39, and it is illustrated in figure 7.3. Here I only quote the statistical error, which
now comes from 1000 normally distributed random data, since the different AL,-averages
are uncorrelated. Note the perfect agreement of this result, and especially of its error, with

the numbers in eq. (7.4) above.
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Figure 7.3: Four-parameter least-squares fit of AL, as a function of Ky —k1. An extrapolation

to ke — k1 = 0 gives the interface tension.

7.1.2 Conclusion

I have determined the interface tension of the four-dimensional SU(2)-Higgs model with
the two-coupling method. All estimates from acceptable fits with a reasonable number of
parameters show a very good consistency.

To my knowledge this is the first attempt to supply information about the scaling of o

when going over to a finer lattice. Compared to the L; = 2 results

A

(T%)“ — 0.84(16), (%)hist = 0.83(4) (7.6)
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from refs. [134, 135] — the second number referring to the histogram method — the accuracy
of the 2-x estimate has been improved to the value 6/7° = 0.76(10) in eq. (7.4). The
observed small deviation between L; = 2 and L; = 3 confirms the smallness of scaling

violations, as e.g. also found recently for the critical temperature in [137, 140].

Finally, I confront the result with the perturbative estimate [105, 107] up to order

O(g*, D),
<%>pert = 0.78(1), (7.7)

C
with an error coming from the uncertainties in the renormalized parameters on the lattice.
As expected, the agreement with perturbation theory on a quantitative level in this range

of the Higgs boson mass is excellent.

7.2 Critical x and interface tension for myg ~ 35 GeV

The goal of the present section is to compute the interface tension of the finite-temperature
electroweak phase transition at some larger value of the Higgs boson mass. Whereas the
determination of o proceeds completely analogous to the mg ~ 16 GeV case and can be
copied without any further comments, the critical hopping parameter is obtained by use of
the constrained simulation method as proposed in subsection 6.1.5 of the foregoing chapter
and ref. [136]. An even more detailed presentation of the latter will be given in the last

section.

In my finite-temperature simulations I have used elongated lattices with A = L; x L, X
Ly x L,, where Ly = 2 and Ly = Ly < L,. Keeping the bare parameters § = 8.0, A = 0.0003
and L; = 2 fixed, the hopping parameter x was tuned to its critical value. After measuring
and fitting the required 7" = 0 correlation function in the Higgs and vector channel, these
parameters were found to correspond to a Higgs boson mass of roughly 35 GeV at zero

temperature.

7.2.1 Numerical results

In this version of the constrained-simulation method s, in eq. (6.7), i.e. the density of the
subtracted action S, = S[U,¢] — 3>, ., Inp,, was taken as the order parameter. The
lattice size under study was 2 x 24% x 256. In a series of two short runs without any bounds
on Sjg the position of the two peaks, belonging to the pure phases, was estimated. As a
consequence, the interval s, € [4.90, 4.95] has been chosen to determine the critical point
in k.. The MC simulation was carried out at x = 0.12865, which is the k.—estimate from the
two-coupling method applied earlier, and a statistic of 18000 measuring sweeps was collected.
Every proposal of the updating algorithms leading to expectation values of sj,; outside the

selected order parameter interval is rejected. The integrated autocorrelation times turned
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out to be T = 21(2) sweeps for s,z and L,. This value is much smaller than a typical
autocorrelation time for a multicanonical simulation, and the reason is the following. In
the case of a multicanonical simulation the system must completely go from one phase to
the other in order to obtain an independent configuration. In the constrained-simulation
method only the ratio of the bulk phases changes slightly, which is, however, sufficient to

tell whether the free energy densities of the two phases are the same or not.

The transition point is defined by the implicit relation for .,

1
<510g> _ = 5 (slog,f + 510g,+) = slog,mida (78)
with 8105~ = 4.90 and sjog,+ = 4.95 denoting the bounds on sj,,. This definition is equivalent

to the condition that at x = k. the distribution of the measured history of sj,z—values is
flat in the given interval. It can be ensured by using the reweighting technique [188] in & in

order to get results on (sg) | in the vicinity of the point x = 0.12865.

K=FKe

For the determination of the statistical error on (sjog) | the results of a bootstrap

K=FKe

procedure with 3000 iterations and 30 independent subsamples were adopted, see the next

subsection. The final result of this analysis is
ke = 0.1286565(7) , (7.9)

while the error Ak, in parentheses represents the total spread in k, which complies with
(St0g) luer,+an € [Slogmid = Asy s Slogmia + Ay, I, if Ay denotes the statistical errors of
the reweighted expectation values (siog),. Within the error bars it agrees with the result
ke = 0.128658(1) from the 2 x 162 x 256 lattice by using the equal-height criterion for the
peaks in the sjog—histogram. Thus the finite-size effects of k. beyond Ly = L, = 24 are
expected to be small. The above calculation gives the same k. for the upper half and for the
lower half of the sj,,—interval. This fact can be considered as an additional check that the
system was in the flat regime, and via monitoring the z-slice profiles of L, the configurations
could be frequently tested to contain two bulk phases and two interfaces in between. As a
further non-trivial cross-check of the method I should mention that for A = 0.0001 (mg ~ 18
GeV) some results of [134, 135] obtained by the multicanonical method have been reproduced

with this new procedure.

Since the basic ideas of the o—determination with the two-coupling method [162, 135,
136, 139] should be well known in the meantime, I only recall here that a halved lattice
with z—extension L, much larger than the others is chosen to have k; < k. in the part with
lower z—coordinates and Ky > k. in the complementary one. By a suitable initialization of
the configurations, a mixed state with two interfaces is obtained. Let Lg)(m, Ka), i = 1,2,
denote the expectation value of L, from eq. (7.1) in the part with hopping parameter x;,

AL, (K1, K2) = Lg)(lﬁ;l,liz) - Li,”(nl,nz) their difference, and Ak = |k; — k.|. Then the
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interface tension may be extracted from the expressions (6.30) — (6.33) of subsection 6.2.3,

1
to =t {221}
. C; .
LEZ)(M, K2) = P + ’Y(O) +’Yz~(1)(/€i — ke) +O ((Af‘?)2) , =12
1
a6 = Ly(ci+c), = =al, (7.10)

T,

which illustrate that o depends only on the ¢-link difference AL, (k1,k2).
In table 7.2 the results for LS), Lg), and AL, from simulations on a 2 x 242 x 200 lattice

are listed. The statistical errors quoted in the table are obtained by binning. Unfortunately,

K1 Ko sweeps Lg ) Lg ) AL,
0.12845 | 0.12885 | 10000 || 1.0607(30) | 7.9042(91) | 6.8435(83)

(30)
0.12849 | 0.12881 | 10000 | 1.0614(32) | 7.007(10) | 5.9461(92)
0.12853 | 0.12877 | 10000 | 1.0587(41) | 6.058(12) | 4.999(10)
0.12855 | 0.12875 | 12000 | 1.0684(38) | 5.581(12) | 4.513(11)
0.12857 | 0.12873 | 14000 | 1.0678(42) | 5.035(12) | 3.967(11)

Table 7.2: Results for LS), Lg), and AL, on a 2 x 24% x 200 lattice. The errors are obtained
by binning.

the actually chosen k—intervals do not lie symmetrically around the best k.—value (7.9) from
the constrained simulation so that the fits of Lg) had to performed independently for i = 1, 2.
I estimated the integrated autocorrelation time from the quotient of true and naive statistical
errors as implied by formula (A.32) in appendix A.3. For LS) and Lg) the autocorrelation
time is always found to be smaller than 50 sweeps, however, it still refers to the situation
with the p—overrelaxation in the updating scheme. As exemplarily stressed in section 5.3 of
chapter 5 for the my ~ 16 GeV case at L; = 3 realized in the previous investigation, these
numbers reduce considerably, if the cartesian p—overrelaxation is used for the MC updates

instead.

Again, the statistical errors of AL, are always smaller than those of Lg ). This is due
to a kind of shift of the interfaces during the simulation; for instance, in the case of an
interface moving from the region with k5 into the one with x;, both expectation values Lg)
will increase, but the difference between them is not that much affected. Hence there is a
strong correlation between the two Lg)—values obtained on the same configuration. This
has to be taken into account when estimating statistical errors for the interface tension, and
is achieved by a bootstrap analysis [183]. The bootstrap method — already used before
— is shortly discussed in subsection 7.1.1 and more exhaustively in subsection B.1.2 of

appendix B. Supposed that the reader is already familiar with the general procedure, I
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would only like to mention that in order to eliminate the influence of autocorrelations I have
combined 200 measurements to bins for each k—pair. (E.g. for the first three rows of table 7.2
the bin averages provide N = 50 independent values for the quantities Lg) and Lg); the last
rows have N = 60 and N = 70.) My data are not obtained in a single MC run, but in five
different runs for different xk—pairs, so for each k—pair I generated a bootstrap sample, and in
the so-obtained data samples I averaged to Lg), i = 1,2, as functions of k. Using the form
of the Laurent ansatz in eq. (7.10), I performed for these functions two independent y?-
fits within each bootstrap sample. This procedure has been repeated 10000 times, and the
statistical error has been determined from the distribution, i.e. from its median containing

68.3 % of the g—values calculated from the fit parameters.
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Figure 7.4: Three-parameter least-squares fits for the determination of & from the two-

coupling method. The y*-values are x? = 1.88 and x% = 1.50, respectively.

Figure 7.4 contains the combined data points with the corresponding fits. With oT, =
1/L; = 1/2 in lattice units this yields
o
(—3> =0.065(9 +1). (7.11)
Tc L
14
The first number in the parenthesis is the statistical error, the second one stands for
the uncertainty in the critical hopping parameter. For the individual fits I have ¢; =
0.00000277(290 + 5) and ¢, = 0.0000378(61 + 7) with x? = 1.88 and x2 = 1.50, respec-
tively. The error on ¢, - L,/T? is even larger than that of 6 /T2, which is an indication that
the correlations have been taken into account correctly. This does also reflect in table 7.2,
where this error ratio approximately equals the ratio of statistical errors between L(f ) and

AL,. In order to check the error estimate based on the bootstrap procedure, a jackknife
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error analysis with 80 independent jackknife samples has been performed !. The results of

the two different methods were in complete agreement.

An additional check, whether the measured curvature of LEZ)(nl,nz) as a function of
ki, © = 1,2, is really described by eq. (7.10), is supplied by trying also a three-parametric
quadratic fit ansatz without any inverse-linear term. The corresponding result has x? = 1.85
and x2 = 4.15, and the value of x2 shows that the data can not be well described by such a
quadratic fit. Due to the large error bars in the symmetric phase (see figure 7.4), the squared
deviation between fit and data x? is not very sensitive to the proposed fit function. A four-
parameter fit with a quadratic term supplementing the Laurent ansatz in (7.10) results in
X3 = 1.85 and x3 = 1.49. Since the x?—values are nearly unchanged compared to (7.11), the
fourth parameter does not seem to represent a new degree of freedom, and the estimate for

6 /T2 = 0.063 does not deviate significantly from the former.

It is also possible to determine ¢ by using the AL,-values of table 7.2 together with
the rough estimate k., = 0.12865(1) for the transition point, around which the available
k—intervals are centred. It has has been obtained through the two-coupling method in
advance. In this case one gets (6-/T03)AL¥, = 0.075(11) with x* = 0.77; the error comes from
1000 normally distributed random data and the uncertainty in . has not been considered.
With individual fits for both Lg) as described previously, the result is (&/TCP’)LP = 0.075(11)
for k. = 0.12865(1) with x? = 1.89 and x% = 1.54. From this agreement I conclude that
the correlations between the expectation values Lg) are treated similarly in both methods.
However, the difference between this result and that of eq. (7.11) emphasizes the importance

of a precise k.—determination.

7.2.2 Conclusion

The interface tension of the SU(2)-Higgs model has been determined anew by means of the
two-coupling method. Within the error bars the result 6 /72 = 0.065(10) in eq. (7.11) agrees

well with the L; = 2 estimate from the tunneling method sketched in section 6.2.4,

g
<T_é”>mnnel = 0.053(5), (7.12)

where the error contains the statistical error and an estimate of the systematics, the latter
being obtained from the difference between the results of the two different operators L., ,
and R, = p2 used in the Higgs channel correlators [136]. In this calculation the elongated
extension was L, = 128, and the size of the transverse lattice directions ranged from Ly, = 4
to Ly, = 16. The impressive conformity of the two results from these conceptually distinct

methods strengthens the confidence in the correctness of the determination of o.

1For the readers convenience, this technique, which has also often been used elsewhere in this work, is
shortly summarized in subsection B.1.1 of appendix B.



7.3. CONTINUUM LIMIT OF T¢/Myxg FOR My ~ 35 GEV 147
The prediction of the perturbative approach [105] is

c

<%>pm = 0.060(6) (7.13)

and the error displayed here comes from the uncertainties in the lattice determination of the
renormalized masses and coupling [107]. Despite the huge corrections found for the interface
tension in two-loop resummed perturbation theory, the agreement with this analytical tool

is remarkable too.

Finally, I want to add that in this intermediate range of the Higgs boson mass there
exist also estimates for o from the histogram method within the dimensionally reduced
SU(2)-Higgs model in three dimensions [147]. For confronting these with the present ones,
a mapping of the different (perturbative versus non-perturbative) renormalization schemes
is necessary before, in order to afford a physical situation comparable to that fixed by the
parameters of the four-dimensional theory. After a suitable interpolation of the results
in ref. [147] to the pole mass my = 34.0(5) GeV and the renormalized gauge coupling
9% = 0.585, the author of ref. [148] finds (o/T?)1> = 0.050(12) so that all results show
fairly good consistency. In comparison with the corresponding estimates for my ~ 16 GeV,
the interface tension has decreased by about one order of magnitude, signalling that the first

order phase transition has weakened rapidly towards this value of the Higgs boson mass.

When comparing the errors, it should be kept in mind that the product of the lattice
volume and the number of sweeps, thus CPU-time, is an order of magnitude smaller in the
case of the two-coupling method. Together with the results of refs. [134, 135], in which the
histogram method has been used with multicanonical simulations, see subsection 6.2.2 of
chapter 6, in total three different approaches for the measurement of the interface tension
were studied. As already suggested in the previous section, no significant systematic discrep-
ancies among the results of these methods beyond their statistical errors has been observed,
and therefore, the two-coupling method turns out to be the most robust and economic way to
estimate the interface tension. Moreover, since this method generically requires the greatest
lattice volumes and has typically larger statistical errors in its results too, it seems rather

pointless to extrapolate them to infinite volume.

7.3 Continuum limit of T./mpy for my ~ 35 GeV

Numerical MC investigations of the SU(2)-Higgs model in four dimensions, which is de-
duced from first field-theoretic principles, are genuinely non-perturbative ab initio and do
not contain any further conceptual approximations. By comparing the data from numeri-
cal simulations for this model with those from other approaches like perturbation theory or
three-dimensional effective theories, one can not only hope to achieve an unambiguous un-

derstanding of the finite-temperature EWPT, but also to identify non-perturbative features
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and possible sources of systematic errors, which may be difficult to control in one of the
latter. In particular, such a comparison is of great interest in practice, because it allows to
quantify the intrinsic uncertainty in the dimensional reduction step and possible deviations

from resummed perturbation theory in the continuum.

Since most of the 4D-results on the thermodynamic quantities o /T (interface tension)
and Ae/T? (latent heat) were only obtained on lattices with temporal extensions L; =
2,3 and have typically O(10%)—errors [134, 135, 136, 139], one should consider the critical
temperature 7, in units of the Higgs boson mass mpg, which both are relatively easy to
measure on the lattice with ideally quite small errors. After its careful extrapolation to the
continuum limit, the dimensionless ratio T./mpg can be compared with the available results
from one-loop and two-loop perturbation theory in four dimensions [105, 107] and from the

dimensionally reduced SU(2)-Higgs model in three dimensions [147].

However, as pointed out before, the uncertainties of the critical hopping parameter .
contributes to the errors of many other physical quantities. In view of the promising op-
portunity for a comparison with the approaches addressed above, this is most severe just
in the case of the ratio T,/mpg, while the transition temperature is a7, = 1/L; in lattice
units and the Higgs mass ampy is calculated on 7' = 0 lattices in kK = K., which must have
been determined independently on 7" > 0 lattices with temporal extensions L; = 2,3,... in

advance:
T. 1
= (7.14)

myg  ampgly

In contrast to the renormalized parameters Rgw = mg/my and glzz, where the x.—errors
cancel to a large extent, the errors of the numerical simulations for the quantity T./my are
dominated by the uncertainties in x.. Therefore, if computer hardware with 64-bit floating

point arithmetics is accessible, it is desirable to improve the precision of k. as far as possible.

The lattice parameters assumed for the following investigation, which constitutes an
extension of some existing results in refs. [137, 140], correspond to a Higgs boson mass of
mpg ~ 35 GeV. As clarified in earlier publications [137, 148], recent reviews [96, 97|, and in
this work as well, the agreement of other quantities with two-loop perturbation theory and
MC results from simulations of the three-dimensional effective theory is still rather good
in this region of medium-sized Higgs masses. Using the one-loop renormalization group (-
functions to describe the flow of the bare couplings 4 and A along a given line of constant
physics (LCP) in lattice parameter space, see section 5.2 of chapter 5 and [135, 137], the
simulation points with increasing L; (< a — 0) in these studies were chosen such that the
non-perturbatively renormalized quantities Rgw = mg/mw and g,zi should be constant.
Then a careful analysis was performed to extract the true statistical errors of the masses
and the static potential, and to control systematic errors like finite-volume effects and lattice
artifacts. The results could be extrapolated to infinite volumes reliably, and there it was

already found that the non-perturbatively determined masses scale properly by 1/L; within
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errors, with lattice discretization errors expected to be of the order O(1/L?), and that the
physical shape of the static potential scales too. For instance, the magnitude of lattice
artifacts in Rgw and g% on L; = b5 lattices is at the level of a few parts per thousands.
Hence, the size of the lattice artifacts turns out to be surprisingly small, and once the
statistical errors of the relevant quantities become sufficiently small, the extrapolation to

the continuum limit from L; = 2 to L; = 5 seems feasible.

7.3.1 Critical hopping parameter at L; = 3

To begin with, I want to illustrate again — but in some more detail — the determination of
the critical hopping parameter k. by employing the efficient constrained-simulation method,
whose merits and limitations have been discussed in subsection 6.1.5 of the foregoing chapter.
The simulation point under consideration has L; = 3 as temporal lattice extension, and the
bare parameters are 3 = 8.15 and A = 0.00031. A two-coupling simulation on a 3 x 322 x 512
lattice [137] gave the estimate k., = 0.128355(5) and has been used a starting point for the
constrained simulation. Scaling up the lattice extension used for the corresponding L; = 2
analysis of the previous section, a lattice of size 3 x 362 x 384 has to be utilized. I apply the
general procedure of subsection 6.1.5, but now, unlike in section 7.2, to the order parameter
O = p?, because the cartesian p—overrelaxation algorithm was used in the MC updating
scheme. The central lesson to be learned there was that the critical point in k., at which

the histogram of the order parameter is flat, can be implicitly defined through the equation
(r*)

if the individual measurements p?, conceived as being averaged over the lattice volume in

1
= Pias Pmia =5 (P2 +0%) (7.15)

K=Kc

each sweep, are constrained to carry only those values, which comply with

PP e, ] (7.16)
The condition (7.15) is fulfilled by reweighting the full distribution of the measured p*-history
to k—values ' in the vicinity of the simulation point [136, 188]. This numerical tool, which
allows to determine the dependence of global quantities (averages) on k in a single run, is
briefly reviewed in section B.3 of appendix B. It works well, if the x—shifts are so small that
the induced shifts of the measured quantities are smaller than their variances; otherwise the
technique of Taylor series projection is necessary [137]. The statistical errors A,z = A2 v of
the expectation values (p?). from the reweighted distribution in k' # x were always obtained

by jackknife or bootstrap methods, which are also summarized in appendix B.

The first step was to select a reasonable interval [ p? , p2 |, to which the measurements
of the order parameter p? should be constrained. It has to lie safely between and well sepa-
rated from the peaks of the pure homogeneous phases, which could be isolated by two short

simulations in k = 0.128355 on configurations equilibrated deep in the symmetric phase (at
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k = 0.12815) and in the broken Higgs phase (at x = 0.12855) beforehand. Unfortunately,
after some constrained-simulation runs with various p?>-intervals, it turned out that this s,
value, obtained by the 2—x method from a lattice of different size, does rather fall into the
border of the metastable region and tends readily to flip via tunneling in the Higgs phase.
However, at the slightly lower hopping parameter £ = 0.128353 the two-phase equilibrium
was more stable, see the left plot of figure 7.5, and an evaluation of all measurements with
p? € [3.15, 3.20], taken from a thermalized p?-sample of 6000 sweeps with the constraint
p® € [3.0, 3.2] before, gave the tentative value k. = 0.1283493(4). Using this estimate and

lattice: 3x36x36x384, y,=1.0, y,=1.0, =8.15, A=0.00031, «=0.128353 lattice: 3x36x36x384, y,=1.0, 7,=1.0, £=8.15, A=0.00031, «=0.1283493
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Figure 7.5: Left: Positions of the pure-phase peaks in the histogram of the order param-
eter p? at k = 0.128353 in the metastable region to select its interval for the constrained
simulation. Both parts of the histogram have been simulated separately (500 warmup and
500 measurement sweeps each), while the respective starting configurations were first equi-
librated at k = 0.12815 in the symmetric and at x = 0.12855 in the Higgs phase. Right:
Autocorrelation functions T'(t), t in sweeps, of some representative lattice operators from
the constrained simulation in k = 0.1283493. The statistical errors of these functions, as
well as those of the integrated autocorrelation times extracted from them, were obtained by
jackknife analyses with 25 jackknife samples. The exponential autocorrelation time, which
governs the decay of T'(t), was Tex, =~ 30 sweeps for p*, which is conform with experiences

from similar simulations in other points of lattice parameter space.

its field configuration for a refined analysis in k = 0.1283493 with higher statistic, I accu-
mulated — after 3500 warmup sweeps — a history of 20000 p>*-measurements constrained
to the order parameter interval p?> € [3.1, 3.2]. The autocorrelation functions and the
integrated autocorrelation times in this simulation, which were calculated for some represen-

tative operators from their full samples of measurements with the aid of formulas (A.31) and
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(A.32) in appendix A.3, are visualized in the right plot of figure 7.5. The autocorrelation
time Tins[p?] = 75(27) sweeps of the constrained order parameter is a bit larger than the
typical times observed in section 7.2 and ref. [136]. This may be explained by the fact that,
in regard of the tiny x—shift to the result (7.17) below, the simulation point was already
very near to the critical hopping parameter, where generically larger autocorrelation times
have to be faced. In order to keep track, whether the two domains associated with the
pure metastable phases and separated by a pair of interfaces, have settled in the system
and do persist during the whole simulation, I periodically considered the z—slice profile of
the ¢-link expectation value L,(z) introduced in eq. (6.9) of section 6.1.4, as exemplarily
reproduced in figure 7.7. Since the lattice geometry is such that the transverse directions
have extensions much smaller than the elongated z—extension, only interfaces perpendicular

to the z—direction are probable.

The reweighting of the data sample of constrained p?-measurements in x = 0.1283493

to comply with eq. (7.15) leads to the result
ke = 0.12834938(22) . (7.17)

An estimation of the statistical error as quoted in parentheses is offered by the condition
(7.15) too, if it is required to hold for the upper and lower bounds on the statistical error
interval (p?), = A2 of (p?):

(v")

As the graphical construction suggested in the left plot of figure 7.6 illustrates, this gives a

o T Ap= PRy (7.18)

+ Ap2 = p1211id ) <P2>

K=Kc—AK

lower bound k. — Ak, and an upper bound k. + Ak, for the statistical error on the critical
hopping parameter determined from the constrained-simulation method. Thanks to the
larger number of lattice points used and the elimination of the p-reflection in favour of the
p-reflection to reduce autocorrelations, the accuracy, which was achieved for the value at
L; = 2ineq. (7.9) of section 7.2 (and which is also contained in refs. [136, 137] and table 7.3),

has significantly increased.

As a control that the system really has been simulated in the flat regime, the evaluation
along egs. (7.15) and (7.16) has been repeated with the p?~histories restricted to the lower and
upper interval halves [p? , pZ.,] and [p2.q, p% |, respectively. The corresponding estimates
ke = 0.12834905(30) and k., = 0.12834950(32) are consistent with the result (7.17), even
though they possess larger statistical errors as expected. In addition, I also checked on a
possible lack of thermalization, which in principle could affect the x.—analysis. But when
omitting some portions of several thousand p?’-measurements from the beginning of the
statistic, I found only numbers, which were compatible with the statistical error of the best
estimate in eq. (7.17), so that any systematic influence of thermalization effects is absent.

Finally, the right plot in figure 7.6 shows the sensitivity of the reweighted histograms against



152 CHAPTER 7. SIMULATIONS ON ISOTROPIC LATTICES

a variation of the critical hopping parameter about one standard deviation in both directions.
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Figure 7.6: Left: The full line connects the expectation values of the order parameter p* as
a function of the hopping parameter, computed by reweighting, and the dashed lines give
the range of their statistical errors. This sets the error on k. as the width of that k—interval,
which is bounded by the intersection points of these dashed lines with the horizontal line at
(p*) = p2.4. From 3.1 < p* < 3.2 and p2., = 3.15 the result k. = 0.12834938(22) is obtained.
Right: Reweighted histograms of the p*—distribution from the simulation in k, = 0.1283493.
In the lower two diagrams k is varied according to k. F Ak., if Ak, denotes the standard
deviation of k. in eq. (7.17), whose histogram is depicted on the top. The latter is pretty
flat indeed, while the other two already show some descent (ascent), which characterizes an
approach to the border of the metastable region. This provides a further test for the correct

curvature of the order parameter distribution in k..
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Figure 7.7: The z—slice expectation value L,(z) of the ¢-link during a constrained simulation
in kK ~ K., monitored at stages marching on with MC time. The two phases and the interfaces
separating them are clearly visible. But in contrast to a two-coupling simulation, where the
phase boundaries are (ideally) fixed by the choice of different k—values in the two z—halves,
they can freely move along the z—direction in the present case. In view of the dynamical
picture of bubble nucleation during the EWPT, see section 6.2 of the previous chapter,
these shapes may also be interpreted as the profile of a bubble, which develops in numerical
simulations near criticality of the system in T'. The spatial thickness of its wall along the

z—direction can also be identified.
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7.3.2 Continuum extrapolation and discussion

Since the critical temperature in lattice units is prescribed via the periodicity of the lattice
in time direction as aT, = 1/L;, it can be expressed in physical units, if its dimensionless
ratio to a renormalized mass at zero temperature — extracted from the exponential decays
of suitable timeslice correlation functions — is known. In the present case I am interested

in the critical temperature T, in units of the Higgs mass my.

Technically, the T' = 0 Higgs mass has been determined by a linear extrapolation of the
nearby values amy = 0.1587(14) in x = 0.128355 and amy = 0.1796(40) in x = 0.128405 at
L; = 3, published in [137] for a 243 x 32 lattice, to the more precise k. of eq. (7.17). In regard
of the typical size of the statistical errors on the masses, this is correct within the small x—
range encountered. The result is T./mpyg = 1/ampyL; = 2.132(22), where now the error has
been computed from the errors of the input data incorporating both the statistical error
A (ampg) of the extrapolated mass amg = amp(k) and the error Ak, of the critical hopping
parameter itself. Namely, the total error consists of A** (ampg) = A (amyg) + A¥< (ampg),

where the influence of the k.—uncertainty A* (amg) on the Higgs mass can be estimated as

~ Ak,

K=Kc

A" (ampg) = Ak, — ampy(K) (7.19)

Ok

i Y

if ' = k. + Ak.. Then, as usual, the error sum A'* (amy) propagates into the inversion
to the ratio T,/mg = 1/ampgL;, and its value is recorded together with the other numbers

at different L; from the same paper in table 7.3. Presupposing the leading scaling violation

lattice B A method Ke T./mp

2 x 242 x 256 | 8.0 | 0.0003 | constrained | 0.1286565(7) 2.026(11)

3 X 362 x 384 [ 8.15 | 0.00031 || constrained | 0.12834938(22) || 2.132(22)
4 % 44% x 512 | 8.25 | 0.000315 || two-coupling |  0.128235(5) 2.087(48)
5 x 562 x 570 | 8.33 | 0.000319 | two-coupling |  0.128170(5) 2.21(10)

Table 7.3: Simulation points and its results for the critical hopping parameter and the
dimensionless ratio T,/mpg of the critical temperature to the T = 0 mass in the Higgs
channel along the LCP at mg ~ 35 GeV. The boldface numbers are new compared to
refs. [137, 140]. As described in the text, the statistical uncertainty in the determination of

k. has been taken into account for the error of T,/mpg as well.

of the non-perturbative Higgs mass to be of order O(a?), I subsequently performed a linear
fit in (aT.)? = 1/L? to these T./mg—data in similar way, using again error propagation to
calculate the error of the extrapolated quantity. This fit is displayed in figure 7.8, together
with the simulation results of table 7.3 and the predictions of four-dimensional resummed

perturbation theory in the continuum [105, 107]. Note that the one-loop and two-loop
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results almost coincide at myg ~ 35 GeV, which hints at good convergence properties and

the credibility of the perturbation series for the quantity T./my in this parameter region.

:I I I I I I I I I I I I I I I I:
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s f ]
NR E <
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: gr (M7') = 0.585 :
16 E M,/M,=0422 3
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0 0.1 , 0.2 0.3
(aT,)

Figure 7.8: Numerical results for the transition temperature in units of the Higgs boson
mass, here mgw = My w. Assuming O(a?)-lattice artifacts, the straight line is the a — 0
extrapolation, which has been made with respect to (aT?) = 1/L? and gave the continuum
limit value (7.20) shown by the filled symbol. The errors on the T,/mg—entries with a=' >
4T, are dominated by the uncertainties in the critical hopping parameters from the 2—k
simulations with single-precision (32-bit) arithmetics. The dashed horizontal lines are the
perturbative predictions [105, 107] at order g* (upper) and g* (lower). They correspond to
fixed values of Rgw and g% (with M being the screening mass of the Yukawa potential, see

the next chapter), which characterize the LCP under consideration.

The final result of the fitting procedure reads

T,
= 2.189(34) , T.= 73.9(1.2) GeV = 8.58(14) .10M K, (7.20)
my

while the critical temperature in physical units refers to Rgw = 0.422 and my = 80 GeV.
It resembles the limit of the continuum extrapolation a — 0 (L; — 00) including the new,

error-reduced k.—value at L; = 3 computed numerically above, and in this sense it should
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be regarded as more reliable than that quoted in refs. [137, 140]: T,./mpy = 2.147(40). The
quality of the fit for the T,/my at different L; is very good, also when including the L; = 2
point in the extrapolation, which is supported by its sum of squares per degree of freedom
x?/dof = 1.23 and the smallness of scale breaking lattice artifacts found in [135, 137, 139].
By the way, the value at L; = 2 is about 7 % smaller. This relatively small deviation is much
better than the expectation based on lattice perturbation theory, for instance, the authors

of ref. [147] give an estimate of scaling violations between 20 % and 30 % for L; = 2.

For further discussion I use the values Rgy = 0.422(11) and g% = 0.585(10) established
in ref. [137] as a perturbative reference point for the LCP considered here. This is under
the mild assumption that corrections due to the different renormalization conditions for
the gauge coupling gg and the order parameter p on the lattice and in the continuum,
which are expected to be of relative order O(g%), can be neglected. Compared to the value
T./myg = 2.147(40), obtained there with the k.—estimate at L; = 3 from the 2—x method, the
continuum limit (7.20) has lifted a bit. Although this number comes now somewhat closer
to the prediction (Tc/mH)pert ~ 2.29 of two-loop resummed perturbation theory [105, 107],
figure 7.8 indicates that the T./mpg—value extrapolated to the continuum limit still differs

by about three standard deviations from the perturbative result.

The estimate from MC simulations of the effective SU(2)-Higgs theory after dimensional
reduction to three dimensions is (T,/my)52 = 2.227(15). It has been obtained from extrap-
olations of the phase transition points, mostly determined by different numerical methods,
to a common limit of infinite volumes and zero lattice spacings [147] and, as in the case of
the interface tension before, after converting it via a suitable interpolation to the physical
parameters my = 34.0(5) and g% = 0.585 of the 4D-theory. Varying the renormalized
gauge coupling like g2 = 0.585 + 0.015, the result does not yet change outside its error
[148]. This number, which is consistent with the 4D-results inside the errors, has higher
precision and lies a little closer to the prediction of two-loop resummed perturbation theory.
Nevertheless, provided that the systematic errors in the parameter matching of ref. [148] are
negligible, there is also a discrepancy downwards of more than two standard deviations from
the perturbative result. The new estimate T./mpg = 2.189(34) of eq. 7.20) has decreased the
relative difference between the lattice MC results for the models in four and three dimensions
from approximately 4 % to 2 %. Even now this is definitely larger than those valuations
(146, 147], which claim the intrinsic uncertainty involved in the successive perturbative steps
of dimensional reduction and lattice regularization to be in the optimal — but surely too

optimistic — case to be smaller than 0.1 %.

Consequently, in my opinion one has to suspect that there are some non-negligible higher-
loop contributions and/or non-perturbative effects, which may only show up in the full four-
dimensional theory, since it does not contain any approximation at all. It is possible that
deviations of similar magnitude will emerge in other quantities (e.g. interface tension or

latent heat) as well, once the precision would become similar there. In order to furnish
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this statement further and to arrive at a final conclusion, a refined k.—determination also at
L; = 4,5,...is indispensable. But the obvious obstacle of memory restrictions for the today
accessible computers, related to the very large lattice sizes required at these L;—values, can

only be overcome by the use of anisotropic lattices.

An often heard objection to the confrontation of the lattice SU(2)-Higgs model in four
dimensions with its three-dimensional counterpart or continuum perturbation theory made
here is that the definitions of the renormalized gauge couplings in the different approaches are
not the same. Whereas the lattice definition in four dimensions gg = gg/) derives from the
static potential V(R), the perturbative calculations in the continuum — also adapted for the
effective theory to express the parameters of the three-dimensional model through those of

the original one in four dimensions — refer to the conventional MS-renormalization scheme:

Jr = ggzMs). So strictly speaking, the influence of these distinct definitions can be reasonably

estimated only, if at least a perturbative first order relation between between gg/) and gI(QMis)
is known, whose coefficient must not necessarily be small. This is an important — albeit
missing — prerequisite, which would enable to convert the renormalized parameters into each
other and to prepare comparable physical situations for both cases. Of course, unless such a
relation is not available, every direct comparison between results from the four-dimensional
model and from the three-dimensional reduced theory or continuum perturbation theory
retains some non-assessable uncertainty, upon which one could always fall back to explain

the perhaps arising discrepancies.



Chapter 8

Quantum corrections to the coupling

anisotropies

This chapter is devoted to the perturbative as well as the non-perturbative determination of
the quantum corrections to the coupling anisotropies of the SU(2)-Higgs model on lattices
with asymmetric lattice spacings.

The O(g?, \)-results, which were obtained in ref. [138] by a one-loop calculation requir-
ing the rotational invariance of the gauge and Higgs boson propagators in the continuum
limit, are confirmed with high accuracy in a non-perturbative investigation by means of nu-
merical simulations of the model on appropriate lattices. It is demonstrated that rotational
invariance is also restored for the static potential computed from space-space and space-time
Wilson loops, when the perturbatively determined coupling anisotropies are used in the sim-
ulations [141]. As already stated before, the anisotropic lattice approach is indispensable to
reach the physically more realistic Higgs mass range of my ~ 80 GeV or larger within the

SU(2)-Higgs model in four dimensions.

8.1 Perturbative analysis

Here is a condensed outline of the essential steps in the perturbative first order calculation
and its main results [138, 140]. More technical details of this analysis, e.g. about the con-

tributing one-loop graphs and their evaluation in Feynman gauge, can be found in ref. [141].

e The aim is to access the first order quantum corrections to the tree-level identity

78 = Y = & in the loop expansion

Bz :’7ﬁ(§) :fnﬂ(f)’ V& :75(5) :fnn(g) (81)

with functions 7 and 7,, formally double-expanded in the squared bare gauge coupling

158
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g*> = 4/ and the lattice scalar quartic self-coupling \ as

m5(6) = 1+ca(8)g” + ba( A+ O(g%, ) (8.2)
(&) = 1+cu(6)g® +b(OA+O0(g" \?). (8.3)

A formal power counting argument suggests A ~ g. The perturbative analysis of y5(&)
and v, (§) is based on the idea that the Higgs and gauge boson correlation lengths in
physical units are required to be the same in the different directions [132].

When elaborating perturbation theory and its Feynman rules for the present model,
one may follow the usual steps [19, 117] with the only complication that one has to keep
track of the different lattice spacings and couplings. More precisely, the elementary
vertices of the theory are easily read off from the various pieces of lattice action (5.16)
in chapter 5 translated into its continuum notation after some tedious rearrangements.
The corresponding propagators of the fields are written down from the parts of the
action quadratic in the fields. In momentum space the inverse tree-level propagators,
which are of zeroth order in g and ), have for Higgs and W-boson the form

4 4
AH,O(p)_l = Zﬁ? + m%{,o ) A%‘,o,uu(p)_l = 5ab5;w [m%/v,o + Zﬁf] ) (8.4)

i=1 i=1
with isospin indices a,b € {1,2, 3}, and analogously for the three Goldstone bosons and
the Fadeev-Popov ghost field. Taking into account the two-point interaction vertices

arising as a consequence of the anisotropy, the momentum squared sums modify to

4 3 9

-2 2 Ve 2
St — > pi+ & b (8.5)
i=1 i=1
where the momenta p,, p € {1,...,4}, are defined in eq. (A.8) of appendix A.1. Excep-
tionally, a more complex structure is inherent in the gauge boson inverse propagator,
because it already contains a part of the perturbative corrections due to the lattice

anisotropy.

Another point to remember from subsection 6.1.1 of chapter 6 is that one must perform
perturbation theory near the critical line of the SU(2)-Higgs model. This means first
the determination of the mass-counterterms, generated by loop corrections, and then
to tune the bare parameters — essentially the scalar hopping parameter to its critical
value k., — in a way that the one-loop renormalized masses mg, mgr € {mmgr, mwr},
are finite in the continuum limit while, however, their values in lattice units a,mpg
vanish. The coupling ratios 73 and -, are still free parameters and can be fixed by
two additional conditions, namely by demanding rotational (Lorenz) invariance for the

scalar and gauge boson propagators.
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e The physical particle propagators receive self-energy corrections, among which those
to eq. (8.4), i.e.

AH,l(]D)_l = AH,O(JD)_1 +Xm1(p) (8.6)
A?}g,l,pv(p)il = A%,O,py(p)il + 2?}3,1,p1/(p) ) (87)

are needed to calculate the one-loop corrections of the anisotropy parameters 3 and
vi. According to ref. [132], rotational symmetry restoration for these two propagators
in the continuum limit as,a; — 0 at constant lattice spacing anisotropy £ = as/a; on

the one-loop level is achieved by satisfying the conditions

1 8°Zy1(p) 72 10°2h.(p)
it A0 ) IR I i LGN P 8.8
2 8p22 p=0 £2 2 8p421 p=0 ( )
1 822W1 ,,(p) fYE-} 1 82EWI zz(p)
14 = 2 =Wlull) = 24 -2 = , 1#£7=12,3, 8.9
2 8p? p—0 £2 2 op3 p=0 (8.9)

which leads to a cancellation of the corrections to the anisotropies in the kinetic parts
of egs. (8.6) and (8.7) with the kinetic parts of the self-energies Y1 (p) and 1 4(p).
This ensures that the two-point functions with one-loop corrections have the same
shape in the z— and t—directions and determines at the same time the — a priori
unknown — functions ¢g(§), cx(€), bg(€), and b, (€) in the expansions (8.2) and (8.3).
As two non-trivial constraints to be checked, the final expressions for these functions

do fulfill gauge independence and a relation similar to (8.9) via equating Ay113(p)
and AW’1’14(p).

e Important features of the final result to be mentioned:

— Since the use of the one-loop renormalized masses (asmpgr = asmw,g = 0) in the
propagators instead of the bare ones leads to changes of higher order in g2 and ),
all results are given at those bare parameters, for which the renormalized masses

vanish, in full consistency with the general perturbative procedure on the lattice.

— The functions bg(&), bx(§), and thus the O(X)-corrections to the anisotropy pa-
rameters vanish. This feature may be qualitatively understood from the well-
known fact that the ¢*~theory does not have any wave function renormalization

up to first order in the scalar self-coupling’.

— Evaluating the one-loop diagrams, which exclusively emerge from the pure gauge
theory sector, one reproduces the O(g®)-corrections of the result in ref. [129]. The
inclusion of the scalar particles then causes only small changes, i.e. the relative
difference between the cg(&)—functions for the pure SU(2)-gauge theory and the
SU(2)-Higgs model is typically a few %.

In the pure Higgs (¢*) sector of the theory only graphs with two or more scalar self-interaction vertices
have a non-trivial dependence on the external momentum.
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— The perturbative contributions to the hopping parameter yield a correction to
v, of the same sign and order of magnitude than that of the gauge anisotropy
parameter . It is possible to combine the anisotropies to c5(§) = c5(&) — cx(§),
and for this choice in the gauge sector with v, = £ the rotational invariance can
be restored on the one-loop level, giving identical masses in both directions, if the
lattice spacing asymmetry a,/a; is adjusted appropriately. However, the obtained
asymmetry will then slightly differ from the original £é—value:

£ = f(initial) N é-(p) — < as )
pert

Ay

= §<1 — C"ég) g2> ‘ o + 0(g*, X?). (8.10)
g=g(initinl

The quantitative result for £ = £0#al) — 4 hecoming relevant in the MC analysis
of the next section is:
e = €0t — 4 4 — 3919, P = 4052. (8.11)

After this short excursion to the perturbative corrections to the coupling anisotropies, I will
now prove by numerical simulations on lattices with anisotropic lattice spacings that the per-
turbative coupling asymmetries remain unchanged for the practically reasonable parameters
of the SU(2)-Higgs model [140, 141].

8.2 Non-perturbative analysis

The second part of this chapter deals with my non-perturbative determination of the
anisotropy parameters by means of numerical simulations. Besides a mere confirmation of
the one-loop calculations in the previous part, it could give estimates of possible corrections,
which go beyond perturbation theory. This is an important step towards future studies of
the finite-temperature electroweak phase transition in the framework of the four-dimensional
SU(2)-Higgs model on anisotropic lattices. Namely, if the deviation from the perturbative
results turns out to be so small that its influence on expectation values in a numerical simula-
tion is negligible within their typical statistical errors, the one-loop perturbative anisotropies
Y8, Vs, and € can be used without any further non-perturbative fine-tuning. At first sight
this may not seem very surprising, because the zero-temperature theory is weakly coupled
(¢> ~ 0.5), e.g. compared to QCD (g2 = 6/3 ~ 1.0). But owing to the fact that the
corrections in the parameter A\ — entering only at two-loop level — whose size essentially
determines the value of the Higgs boson mass, are not exactly known, such an investigation

is nevertheless necessary, particularly in view of Higgs masses around 80 GeV or larger.

As already discussed before, the tree-level values of the anisotropies receive quantum cor-

rections, of course, with not necessarily purely perturbative contributions, which in general
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have to be determined non-perturbatively. A physically motivated idea for their estimation
is to impose the restoration of the space-time interchange symmetry as a remnant of Lorentz
invariance after discretization of the continuum theory. In practice this is to be realized
by the requirement that Higgs and gauge boson correlation lengths in physical units should
be equal in space- and timelike directions. The static potentials deriving from space-time
and space-space Wilson loops allow for an alternative determination of the lattice spacing

anisotropy &.

The forthcoming subsections describe my numerical studies in more detail. After some
brief remarks on the simulation techniques and parameters used, I present the results on
the physical observables under consideration and propose, how they can serve to extract the
coupling and lattice spacing anisotropies non-perturbatively. Finally, the values obtained in

this way are confronted with perturbation theory.

8.2.1 Simulation and its parameters

In the MC simulations I applied the same combination of heatbath and overrelaxation
algorithms, whose implementation for the model on isotropic as well as on anisotropic
lattices has been extensively discussed in sections 5.1.1 and 5.3 of chapter 5 and in
refs. [135, 137, 139, 141]. The updating scheme per sweep was a sequence of one U, ,—
and one ¢, -heatbath step, followed by one U, ,— and three ¢,overrelaxation steps, which
has been adopted from refs. [137, 139] without changes. There it was observed that the
inclusion of the overrelaxation algorithms [178, 179] reduced the autocorrelation times sub-

stantially, in particular for the operators p? and L,, whose expectation values show the

s
largest autocorrelations.

As pointed out in the introduction to this chapter, the anisotropic version of the SU(2)—
Higgs model is believed to provide quantitative insights into the electroweak phase transition
at large Higgs boson masses of myg 2 80 GeV, at which the typical excitations with small
masses (i.e. large correlation lengths) would demand very large isotropic lattices exceeding
any presently accessible computer resources. In principle a rough resolution in the spatial
directions by moderate lattices combined with accordingly large lattice anisotropies £ could
handle this situation. However, for 7" > 0 a small temporal extension L; sets the — very
large — temperature scale through 7" = 1/a;L;, and hence it is more sensible to ensure a

large enough lattice cutoff by employing ¢ ~ L,, thus in my numerical work I take?
E=4. (8.12)

Since this makes the correlation lengths in time direction smaller than in space directions,

2This argument is perturbative one: At T' > 0 the simulations should take into account two energy scales,
namely T and gT (the ‘Debye screening mass’). Thus it is necessary that the lattice cutoff 1/as = 1/€a; =
T.L:/¢ does not become too small, i.e. 1 < £ < L; at least.
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it seems to be reasonable to fulfill L; ~ £L, in order to restore the symmetry of the physical
extensions and to enable a precise mass determination. I consider two lattices of sizes
82 x 12 x 48 and 82 x 16 x 64, where the spatial correlation lengths in lattice units are still

of order O(1) and the finite-volume effects are expected to be small.

The T = 0 simulations are generically intended to fix the physical parameters, i.e. renor-
malized couplings and masses, of the theory at 7" > 0. Consequently, the lattice parameters
in this study are chosen to reach the interesting region of my ~ 80 GeV or a Higgs to gauge

boson mass ratio of

Ruw = 22 ~ 1 (8.13)
mw

with the experimental input my, = 80 GeV setting the overall physical scale. This is — at
least approximately — achieved by the values 8 = 8.0 and A = 0.000178. The scalar hopping
parameter, which has to comply with the condition that the 7" > 0 system is at a phase
transition point for a certain temporal lattice extension, is calculated from the discretized
version of the anisotropic one-loop effective potential in Landau gauge® via eqs. (6.3) and
(6.4) of subsection 6.1.1 in chapter 6. Referring to L; = 4, this amounts to k = 0.10662.

The non-perturbative corrections usually tend to decrease the tree-level mass ratio

2
Ry = 220 _ 2260 (8.14)
mW’O K

and, as can be verified from the entries in the tables below, these bare parameters lead to a
(on-shell) Higgs mass of my = 72(5) GeV* and a (non-perturbatively) renormalized gauge
coupling squared of g% = 0.577(15).

My strategy for the determination of the coupling anisotropies is as follows. In the
previous section I have reviewed the calculation of the quantum corrections ng and 7, in
v8(€) = Enp(€) and 74 (€) = Enk(€), see egs. (8.2) and (8.3), up to one-loop order in pertur-
bation theory, as it was carried out in ref. [138]. In the numerical simulation, however, one
prefers to pursue the inverse way of thinking, i.e. I have to find those couplings of the lattice
action eq. (5.16), for which at a given initial {&—value the space-time symmetry is restored.
Therefore, I fix one of the coupling anisotropies to its tree-level value, ignoring its quantum
corrections, and tune the other one to produce identical ratios of (decay) masses in space-
and timelike directions for a set of two or more (particle) channels. The mass ratios deter-
mine the actual lattice anisotropy, which will then slightly differ from the original £ in (8.12)
and which must in principle be known when converting dimensionless lattice quantities into

physical units. In this spirit I choose three pairs of coupling anisotropies, denoted as ‘tree’,

3The knowledge of the more accurate, non-perturbative value of the critical hopping parameter, which

has to be determined numerically as in the previous chapters, is not relevant here.
4In order to get closer to Rgw = 1, the A-value will be shifted a bit to 0.000192 in the T > 0 investigations

of the next chapter.
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‘low’ and ‘perturbative’,

t: Ve =4.0, v3=4.0
I: y.=40, 75=238
p: Ve =4.0, 75 =3.919, (8.15)

and calculate the corresponding lattice spacing anisotropies from different physical quantities
as described comprehensively in the subsequent sections. Assuming that they depend linearly
on 73 in this small interval, I can interpolate to a matching point (qénp),f (p)) | at which all

¢—values coincide within errors. These estimates are quoted as my non-perturbative results.

The numerical simulations have been done independently on the APE-Quadrics comput-
ers at DESY-IfH in Zeuthen, Germany, and — to a smaller degree — on the CRAY Y-MP8
and T90 of HLRZ in Jiilich, Germany. As mentioned in chapter 5, the 32-bit floating point

precision of the former is sufficient for the calculation of all T' = 0 quantities involved here.

8.2.2 Correlation functions and masses

I now turn to the determination of the Higgs and gauge boson masses. As in refs. [135, 137],
they were obtained from suitable correlation functions of gauge invariant, local operators at
zero momentum, integrated over time and space slices, respectively. Those are R, and L.z,

for the Higgs channel, and the composite link fields

1
Wk = 3 Tr (7’,@4;;7c

Uz,kaz) , Tp: Pauli matrices, r,k=1,2,3 (8.16)

for the gauge (W-boson) channel, which have been introduced already in eq. (5.35) of sec-
tion 5.1.1.

The connected correlation functions I'p of these operators have been measured in the
timelike and in one spacelike direction. For the Higgs mass my the functions I'p(¢) and
['o(z) were calculated from ¢-— and z-slice averages of R, and the weighted ¢-link L,
of eq. (6.24). Since these functions can not be regarded as uncorrelated, I have averaged
them — after an appropriate normalization of the correlations at distance zero — before
performing the mass fits. The same prescription holds for the gauge boson mass my,, but
with two major differences: Firstly, the ¢t~ and z-slice correlation functions of W, have
been measured separately for all combinations of r and k, and secondly, in place of £k = 3
in (8.16) actually I have to take & = 4 for the correlations in z—direction (i.e. all directions
in Wy, are orthogonal to the direction of propagation). Again the individual correlation

functions are averaged to one function per direction as in the Higgs channel.

As lowest energies, the particle masses are extracted from one-exponential least squares

fits to shapes of the form

L
To(f) =A|e ™M e MI=D | 4 O (=0,1,....,5, Le{L,L,} (8.17)
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with M € {asmmy, asmw,} or M € {asmpys,asmw,}, respectively. The constant terms in
the vector channel are highly suppressed so that a two-parameter fit is mostly sufficient.
Each full data sample has been divided into subsamples, and the statistical errors on the
masses originate from jackknife analyses. All simulation parameters and lattice sizes are
collected in table 8.1.

correlation functions Wilson loops
index lattice T gL sweeps | subsamp. | subsamp. | indep. sweeps

t1 82 x 12x48 | 4.0 | 4.0 || 100000 50 50 100
11 82 % 12x48 | 4.0| 3.8 | 100000 50 50 100
pl 82 % 12 x 48 | 4.0 | 3.919 || 576000 192 — —
t2 82 x 16 x 64 | 4.0 | 4.0 || 192000 64 64 150
12 82 x 16 x 64 | 4.0 | 3.8 || 192000 64 64 150
p2 82 % 16 x 64 | 4.0 | 3.919 || 704000 256 128 150

Table 8.1: Summary of the numerical simulations for the mass and static potential com-
putations on anisotropic lattices. The other parameters are 3 = 8.0, A = 0.000178, and
k = 0.10662.

My fitting procedure consists of correlated fits, sometimes with eigenvalue smoothing,
and simple uncorrelated fits. For the former I use the Michael-McKerrel method [187],
whose features and application in the SU(2)-Higgs model have been sketched in ref. [137].
The method has also been applied to the mass determinations in the context of the two-
dimensional U(1)-Higgs model in the first part of my work, and a short description of this
technique can be found in subsection B.2 of appendix B. Its main purpose is to select the
most reasonable fit interval in data sets, which are strongly correlated in the fitted direction.
Uncorrelated fits, which genuinely ignore these correlations, are often plagued with very
small values of x? per degree of freedom (dof) for nearly all fit intervals in question, whereas
in correlated fits the emergence of x?/dof ~ 1 for some fit intervals represents a safe criterion
to settle upon reasonable fit intervals. This also works well for data sets of lower statistics,
if the smallest eigenvalues of the correlation matrix are smeared via replacing them by their
average. All resulting mass estimates in lattice units are shown in tables 8.2 and 8.3. 1
chose the largest fit interval with a reasonable x?/dof from the correlated fit and the results
of the uncorrelated fit along this interval as the final fit parameters. Both fits were always
consistent within errors, and other fit intervals with comparable or even lower x?/dof did

not cause any significant changes.

As emphasized above, the space-time symmetry restoration, which implicitly establishes

¢("P) becomes apparent in equal physical correlation lengths a,&, = a,&; of the theory. Thus
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I introduce anisotropy parameters in the Higgs and vector channels by calculating the ratios

_ a/smH,s _
é.H == ) W =
ayMmH

AsMw,s

(8.18)

atmw,t

within the jackknife samples of the space- and timelike masses. These are displayed again

in tables 8.2 and 8.3.

Due to the compatibility of the results from the two lattices one

quantity t1 11 pl
aymm 4—18 : 0.1408(22) | 4 —22 : 0.1370(27) | 4 —24 : 0.1387(15)
AsME,s 0—6: 05635(31) | 1—6: 0.5611(62) | 1—6: 0.5603(30)
En 4.002(67) 4.097(86) 4.041(55)
amw: || 8—24: 0.1523(13) | 8 —22 : 0.1538(13) | 8 —24 : 0.1554(25)
asmy,s 1—6: 0.6225(29) | 2—6: 0.6066(40) | 2—6 : 0.6307(22)
Ew 4.091(30) 3.945(32) 4.059(44)
Ruw, 0.925(15) 0.891(20) 0.892(18)
Ruw,s 0.905(6) 0.925(12) 0.888(7)

Table 8.2: Fit intervals, Higgs and gauge boson masses in time- and spacelike directions,

and the resulting lattice spacing anisotropies for the smaller lattice.

quantity t2 12 p2
aymm 4—32: 0.1408(22) | 4—32 : 0.1370(27) | 4 —32 : 0.1378(11)
asMm,s 1—8: 0.5590(42) | 1—7: 0.5586(40) | 1—8 : 0.5550(40)
& 3.969(73) 4.080(80) 4.027(36)
amw: || 8—32: 0.1499(31) | 8 —30 : 0.1599(42) | 6 — 32 : 0.1525(15)
AsMyy,s 1—-8: 0.6318(40) | 3—8: 0.607(11) 2—-8: 0.6133(27)
Ew 4.23(10) 3.80(13) 4.021(48)
Ruwy 0.940(24) 0.857(26) 0.904(11)
Ruws 0.885(8) 0.921(20) 0.905(5)

Table 8.3: The same quantities as in table 8.2 for the larger lattice.

concludes that the finite-size effects are quite small. Furthermore, I should stress that &g
decreases with increasing 73, whilst £y behaves just in the opposite way. This is an indication
that by an interpolation in 3 it will be possible to find the non-perturbative lattice spacing
anisotropy, and one can yet recognize that £y and &w, as well as Rgw; and Rpws, are

almost identical in the perturbative point.
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8.2.3 Wilson loops and static potentials

Another approach to the {—determination is based on the static potential, which has the
physical interpretation as the energy of an external pair of static charges brought into the
system. To this end, I have measured rectangular on-axis Wilson loops W;;(R;, R;) of exten-
sions 1 < R; < L;/2 and 1 < R; < L;/2, lying in space-time and space-space planes. The
gauge configuration was transformed to temporal gauge for space-time and to Aj(z) = 0
gauge for space-space Wilson loops, and every loop with two sides in ¢— or z—direction,

respectively, was included in the statistics.
As a generalization of the isotropic lattice case I distinguish between static potentials

1

in spacelike (ij = st,ss) and timelike (ij = ts) directions, according to the R; — oo

extrapolation in the second argument of W;;, which is supposed to be done first. The shape
of the potential, which is governed by a massive W-boson exchange [115, 127], is known to
be Yukawa-like, and calculating along the lines of refs. [125, 126], lowest order (tree-level)

lattice perturbation theory yields

392 w/an dk,, gin? R;a;k;
Vij(Bi) = =~ / o A(z 2 )2 + 0(g"), (8.20)
ntj ) —m/an Zn;éj ka + myy,
with lattice momenta k, = 2a;'sin (ankn/2), n = 1,...,4. In the continuum limit this

expression reflects the usual screening behaviour, i.e. modulo a constant,

392 e—mW,oT‘
4 dnr

r = Ria;, (8.21)

independent of 7 and j. After substituting p, = ayk, with p, = 2nl,/L, and
l,=0,1,...,L, — 1 on a finite lattice, one obtains from eq. (8.20)

3g?
a;Vij(R;) = 16r [Iij(Mij,O) — Iij(MijaRi)] + 0(g"), (8.22)
where M;; = a;mw,o = a;mvy,j, and I;; denotes the lattice sum
21 COos (Rz’pi)
Iz(Mz,Rz) = wa PP — y (823)
e R 2T RS S v

where k and [ are different from each other and from i and j. Since g*> = g% + O(g%), the
simulation results for V;; are fitted with the Yukawa ansatz
A;j

a;Vij(R;) = —? e Mili 4 G+ Dy;Gii( My, R;), (8.24)

where Gj; is a term correcting for finite-lattice (size and spacing) artifacts, and A;;, M;;,

Cij, D;j are the parameters to be fitted. The screening mass in lattice units M;; is closely
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related but not exactly equal to the physical vector boson mass a,;mw,; determined from

5. The distance- and mass-dependent

the correlation functions in the previous subsection
contribution G;; describes the difference between the continuum potential and the finite-

lattice version to lowest order and reads for on-axis R;:

1
Gij(Mi, R;) = o e Mifi — I;(M;, R;) . (8.25)
By definition, the ‘global’ renormalized coupling is obtained by identifying the coefficient of

the contribution relevant at short distances,

107 4, (8.26)

2 __
9r — 3

Note that M;;/a; and also g% as determined from Wilson loops with different indices have

to be independent of the indices for properly chosen coupling anisotropies.

In a first step of the analysis I performed multi-exponential fits W;;(R;, Rj) =
ZYZLO cne VR in order to get the potential for fixed R; as the ground state energy V, from
the large R; asymptotics of the Wilson loops in (8.19). Starting at distances R; = 8 — 11
or R; = 1,2 in dependence of the available range in the fitted direction, a sum of two expo-
nentials gave always stable fits with an optimal compromise between acceptable x?/dof and
statistical errors, and with Vj well separated from higher excitations by a large energy gap.
Subsequently, the resulting potentials® were carefully fitted to eq. (8.24), and the values of
the best fit parameters with its errors from jackknife analyses of the data subsamples are
listed in table 8.4. I only used uncorrelated fits in the present context, because the size
of the Wilson loop extensions does not admit much variation in the fit intervals. In some
cases the smallest distances R; = 1 or R; = 1,2 were omitted to have a satisfactory x?/dof.
This supports the experiences from earlier work [137] that the lattice correction G;; may be
not adequate enough for the data. A more thorough inspection of the fit results hints at a
renormalization of g = 0.5 on the O(15%)-level, and from the validity of 4;; ~ D;; one can
judge, how good the assumption of a one-gauge boson exchange really is [127]. The spacelike
potentials from W,; and W, lead to consistent numbers, but the discrepancy between the
screening masses M;; € {asmy,st, asmy s, asmy, } and the gauge boson masses of the preced-
ing section is often larger than expected. When comparing the two lattices, I observe only
small finite-volume effects in g%, although the M;; still differ outside their — even larger —
standard deviations. However, as one will see below, these effects seem to cancel to a great

extent in the mass ratios I am mainly interested in.

5Note that the lowest-order relation between the physical W—-boson mass as the decay mass of a two-point
function and the mass m of the propagator is amy = 21n (,/ 1+a®>m?/4+ am/2) + O(g%, Ar), where the

perturbative lattice corrections might be significant [115].
6More precisely, the potentials have to be rendered dimensionless before, i.e. in view of eqs. (8.19) and

(8.24) one has to attach a factor a;/a;.
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index A My D;; Ci; 9% =BT Ay || gR(1/Myy)
t1, W || 0.0335(12) | 0.626(67) | 0.044(10) | 0.0832(4) 0.561(19) 0.575(38)
t1, Wys || 0.0346(3) | 0.1479(55) | 0.0401(15) | 0.02763(6) | 0.5800(43) 0.605(17)
t1, Wy || 0.0358(7) | 0.639(27) | 0.0238(81) | 0.1105(2) 0.600(12) 0.592(20)
11, Wy 0.0354(8) | 0.593(37) | 0.0292(68) | 0.0873(4) 0.592(14) 0.582(28)
11, Wy, 0.0351(3) | 0.1651(41) | 0.0372(7) | 0.02768(5) | 0.5881(50) 0.603(20)
11, W, || 0.0360(7) | 0.623(29) | 0.0269(56) | 0.1111(2) 0.602(12) 0.597(21)
12, Wy, || 0.0336(2) | 0.594(26) | 0.0332(65) | 0.0833(1) | 0.5622(35) || 0.562(15)
t2, W,s || 0.0343(1) | 0.1401(19) | 0.0390(9) | 0.02776(2) | 0.5739(14) | 0.5932(78)
62, W,, | 0.0345(3) | 0.594(13) | 0.0346(29) | 0.1110(1) | 0.5781(54) || 0.5781(72)
12, W, || 0.0347(2) | 0.555(19) | 0.0284(56) | 0.0878(1) | 0.5821(29) | 0.570(14)
12, Wi, | 0.0338(1) |0.1429(12) | 0.0342(9) | 0.02792(2) | 0.5657(11) | 0.5621(64)
12, W,, | 0.0344(4) | 0.557(16) | 0.0303(28) | 0.1117(2) | 0.5761(69) | 0.574(12)
p2, Wy, || 0.0339(1) | 0.576(13) | 0.0322(36) | 0.0851(1) | 0.5679(21) | 0.5645(92)
p2, W, || 0.0343(1) | 0.1428(11) | 0.0362(2) | 0.02780(1) | 0.5742(12) | 0.5845(50)
p2, W,, | 0.0345(3) | 0.5810(98) | 0.0307(19) | 0.1112(1) | 0.5780(43) | 0.5756(77)

Table 8.4: All Yukawa fit parameters with jackknife errors of the static potentials, calculated

from space-time (ij

st and 1j

ts) and space-space (ij

renormalized coupling g%(1/M;;) is explained in the text.

= ss) Wilson loops.

The

For the sake of completeness, I also discuss a ‘local’ definition of the renormalized gauge

coupling, which goes back to refs. [115, 128] and has been applied to the isotropic SU(2)-
Higgs model in [135, 137]. Since the short-distance potentials turn out to deviate from a
pure Yukawa ansatz, I set
]_671' CLZV;J(RZ) — CLZ'V;;]' (Rz — d)

3 Iij(Mija Rz — d) — Iij(Mija Rz)

gr(Ri) = (8.27)

at distance R; with M;; as screening masses from the large-distance fits to the eq. (8.24).

The distance R; is the solution of the equation

Iij(Mij, Ri — d)
d

i e MijRi [i

R; R;

— 1;; (M, R;)

+ Mi-] = (8.28)

and is interpolated to the physical scale Ry ;; = 1/M;;, giving the typical interaction range
of the potential. Eq. (8.28) is motivated by requiring the force as the gradient of the static
potential diRiaiV;j(Ri) in the continuum limit (8.21) to be equal to the finite difference
[a;V;;(R;) — a;Vij(R; — d) ] /d as would follow from (8.22). This improves the naive choice
R; — 3 d to tree-level [128], because it compensates for lattice artifacts of order O(a?/r?).
The results for d = 1 are collected in the last column of table 8.4 and agree with g% from

the global definition. The errors contain the statistical errors of the potentials, the (ever
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dominating) uncertainties in the screening masses, and systematic errors by accounting for
the sensitivity to a quadratic Ry ;;—interpolation with three neighbouring points instead of a

linear one with only two points.

Rotational symmetry now implies that the renormalized gauge coupling and M;;/a; =
my,;; should be independent of 7 and j. For g% this is obviously true, and in analogy to
eq. (8.18) a further kind of lattice spacing anisotropy from the ratios of screening masses is

asMmy,st

fv=—""" o &=
ayMyts

9sMVyss (8.29)

AMy s

Its values in all simulation points are quoted in table 8.5. In contrast to the entering masses,

they show rather good consistency and are hardly affected by the finite volume.

quantity t1 11 t2 12 p2
Ev = asmygs/armyys | 4.23(47) | 3.56(26) || 4.24(18) | 3.88(14) | 4.033(96)
Ev = asmyss/aimyys || 4.32(24) | 3.76(20) || 4.24(12) | 3.89(13) | 4.068(80)
&y via matching 4.250(77) | 3.923(62) || 4.179(38) | 3.915(52) | 4.028(31)

Table 8.5: Errors for the lattice spacing anisotropy obtained as ratios of the corresponding
screening masses, which are computed from their jackknife samples. The direct matching of

the potentials is described in the text.

The errors of £, &w, and &y are relatively large. This is caused by the fact that they are
determined as ratios of masses with individual statistical errors. The jackknife errors quoted
are obtained from the jackknife samples for the mass ratios themselves, and calculating
the errors from the mass errors using error propagation would result in even larger error
estimates. Inspired by a method found in refs. [131, 133], one can obtain even smaller errors,
if ¢ is directly determined by a matching of the space- and timelike secondary quantities,
without any reference to the correlation lengths extracted from them afterwards. I have
realized this proposal for the static potentials in space (Vj;) and time (V) direction. To

begin with, I calculated the corresponding continuum potentials

szont,ij(Ri) = ‘/z](Rz) - Cij - Dz’jGij (Mz’ja Rz) ) (830)

since the lattice sum I;; in (8.23) is only sensible for integer R;. Constant and lattice

correction term in lowest order are found from egs. (8.22) and (8.24) to be

_ 398 [ (M, 0) — Iy(Mig, Ry) + e Mk
= 16n ii(M;,0) — Li;(Myj, Ri) + = e ;

Cz'j + Dz’jGij (Mij, Rz) R,

(8.31)
while solely in the subtraction step g% and M;; = a;my;; were taken from table 8.4. Hence,

the matching condition reads

V::ont,st(Rs) =cC- chont,ts(Rt/é.) ) fV = 6 (832)
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It was fulfilled by fitting the spacelike continuum potential to a Yukawa shape —Ae "™ /z+C
in imitation of (8.21), equating the fit function at arguments R;/& with the timelike potential
data times a constant, and solving every possible equation pair for £ and c¢. The final &,—
values given in the last row of table 8.5 are averages over all such solutions along that R;—
interval, in which the two potentials have their characteristic slopes, and interchanging the
roles of Veont st and Viont 45 in eq. (8.32) always enabled a useful cross-check. As exemplarily
reflected in the perturbative simulation parameters on the larger lattice in figure 8.1, the

deviation between the curves then becomes uniformly minimal in their whole range. The

lattice: 8x8x16x64, v,=4.0, y,=3.9192, §=8.0, A=0.00017/8, «=0.10662
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Figure 8.1: Matching of the (properly subtracted) lattice potentials at the perturbative
parameters from the larger lattice. The error bars are smaller than the symbols, and the
matching condition (8.32) to restore the rotational symmetry of the static potential is per-

fectly met.

lattice spacing anisotropies of this potential matching resemble the screening mass ratios,
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but the errors from a repetition of this procedure with 1000 normally distributed random
data are indeed smaller. Moreover, &y is fully compatible with £ and &y in the previous

subsection at the perturbative values of the coupling anisotropies.

8.2.4 Numerical results and discussion

I have determined the lattice spacing anisotropies §; from Higgs (i = H) and gauge boson
(i = W) correlation functions and static potentials (i = V') at different pairs of coupling
anisotropy parameters. Since <, has been held fixed, each &; is looked upon as a function
of 75, and the requirement of space-time symmetry restoration suggests the existence of a
unique coupling anisotropy qénp), where all & possess the same value £(™). This defines the

non-perturbative anisotropy parameters.

Therefore, I linearly interpolate the numbers &;; = &(ys,;) at the three values 73, of
eq. (8.15) within their errors A&;; to a matching point (fyénp),f(np)) by minimizing the sum

of squares

.. _ ( g(np) ) . (op) 2
X2 _ Z Z {gz] (5 p —|—Acz§57ﬂ,] I¢; ] ) } (833)
i j g

with respect to ¢; and the common fit parameters 75“’) and £)_ T obtain the final results

82 x 12 x 48 : 7P =3.911(43), €™ = 4.040(35)
82 x 16 x 64 : 7§ =3.920(19), € = 4.040(26) (8.34)

with x?/dof ~ 1 and statistical errors coming from 5000 normally distributed random data
around the measured mean values and their variances as input. Figure 8.2 illustrates that
both points agree with the simulated ¢ at the perturbative yz—value as well as with the
perturbative point itself, and finite-size effects appear to be remarkably small. It remains
to be mentioned that (8.34) includes the {y—values — which incidentally were not available
at vz = 3.919 for the smaller lattice — from the matching of the potentials. Using for each
point the weighted averages of the two screening mass ratios in table 8.5 instead, I get the
similar results 7§ = 3.921(38), £ = 4.038(29), and 75 = 3.921(19), €™ = 4.038(26),

respectively.

All estimates signal a perfect confirmation of the perturbative results ”yg’) = 3.919 and
¢P) = 4,052 as quoted in eq. (8.11) of the first section of this chapter and calculated in
refs. [138, 140, 141]. There is no evidence that the unknown higher-order corrections in
g% and ) could lead to any visible modifications, which would make the applicability of
one-loop perturbation theory to the anisotropy parameters doubtful. In conclusion, the
non-perturbative contributions can not be resolved within the intrinsic errors of numerical
simulations, and as a consequence, the perturbative choice of the anisotropy parameters in
investigations with the anisotropic SU(2)-Higgs model, also for Higgs masses myg 2> 80 GeV,
is justified.
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Figure 8.2: Final {-evaluation for both lattices from the three simulation points, whose
equal abscissas are slightly displaced for better visualization. The inserts show the average
matching points and its error ellipses, which enclose both the numerical estimates at vz =

3.919 and the perturbative result.

8.3 Conclusion

In summary, performing numerical simulations, I have found strong evidence that the per-
turbative coupling asymmetries of the SU(2)-Higgs model on lattices with anisotropic lattice
spacings, which were determined in one-loop lattice perturbation theory in ref. [138], do not
change appreciably, i.e. non-perturbative effects are small. In fact, rotational symmetry is
restored within the MC errors using the perturbative anisotropies both in the Higgs and
W-masses computed from time and space correlation functions. I have also investigated
space-time and space-space Wilson loops and obtained the appropriate scaling behaviour of

the static potential in space and time directions.

The results show that for the physically interesting range of couplings, perturbative re-
sults on the coupling anisotropies may be taken to coincide with their non-perturbatively
determined counterparts. Thus studying the phase transition on lattices with anisotropic
lattice spacings is straightforward, the coupling anisotropies are known, and the one-loop
perturbative approach to these parameters seems to be satisfactory. This opens the possi-
bility to simulate the SU(2)-Higgs model for Higgs masses around and above 80 GeV, as it

has been done in the last chapter of this work.



Chapter 9

Simulations on anisotropic lattices

Now, as the study of the four-dimensional SU(2)-Higgs model and its thermodynamics on
anisotropic lattices are well defined and completely controllable, I arrive at the numerical
results on the EWPT from finite-temperature simulations on such lattices. As pointed
out several times before, the main goal of the anisotropic lattice regularization it to reach
interesting Higgs boson masses of the physical reality around mg ~ 80 GeV, using practicable

lattice sizes and moderate computer resources to analyze the phase transition.

In this context I report on the interface tension at a relatively rough lattice resolution
of a,* = 2T,. Owing to the still quite large volumes, which are necessary to infer the
character of the transition, it has been determined by the — quite robust and economic —
two-coupling method. All results will confirm the picture of a very weak first order EWPT
for this large Higgs mass value, which may be already considered as a strong indication

against electroweak baryogenesis scenarios within the minimal standard model.

At an earlier stage of my investigations, in order to establish the anisotropic lattice
approach and gain experience with its applicability to the present model, I also reproduced
some of its known properties at low and medium Higgs boson masses, which I want to
summarize first. Hence, the underlying numerical simulations were rather meant as a generic

scan over the possibilities than as a thorough high statistics study.

9.1 Some tests and qualitative observations

The general intention of this exploratory study of the finite-temperature SU(2)-Higgs model
on anisotropic lattices was to verify some typical signals of a first order phase transition, for
instance two-peak structures and hysteresis patterns, at different Higgs boson masses. With
the knowledge of suitable values for the lattice parameters in the isotropic case [135, 136, 137]
it was straightforward to estimate, by using eqgs. (5.20) — (5.25) in section 5.1 of chapter 5, just

those sets of anisotropic lattice parameters, to which some given Higgs mass approximately

174
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corresponds.

The MC simulations were always started in the perturbative predictions for the critical
hopping parameter. These are obtainable from the one-loop effective potential as outlined
in subsection 6.1.1 of chapter 6. E.g. for a parameter point with tree-level anisotropies
Yo = v = & = 2.0 and myg ~ 20 GeV (B = 8.0, A = 0.00005, Ryw, = 0.27) this gives
kP = 0.14622 for the transition point, in which the typical jump of an order parameter
like p?, Ly, or the action density s happens. At the particularly convenient value 7, =
v = & = 4.0 and myg ~ 35 GeV (f = 8.0, A = 0.00005068, Rgw, = 0.53) a similar
calculation yields x® = 0.10702. Then a non-perturbative fine-tuning in x was carried out
to search for long living metastable phases in coexistence in form of two-peak structures in
distributions (histograms) of different observables. As illustrated in figure 9.1, the smallest
volumes, where this could be achieved, were 2 x 22 x 4 and 2 x 42 x 32 lattices, respectively,
resulting in k. ~ 0.14620 and k., ~ 0.10709. Both diagrams exhibit nice two-state signals in

lattice: 2x2x2x4, y,=2.0, 7,=2.0, £=8.0, A=0.00005, «=0.1462 lattice; 2x4x4x32, y,=4.0, y,=4.0, $=8.0, A=0.00005068, «=0.10709
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Figure 9.1: Typical two-peak structures in the probability distributions of some order param-
eters from simulations in k ~ k. on anisotropic lattices. The chosen parameters correspond
tomy ~ 20 GeV (left: 20000 sweeps), my ~ 35 GeV (right: 5000 sweeps), and the tree-level
relation vy, = yg = £ has been assumed. The sharp maximum on the left corresponds to the

symmetric phase, the broader one on the right to the Higgs phase of broken symmetry.

the histograms of the order parameters considered, which is in complete agreement with the
expectation that for these Higgs mass values the relatively strong first order nature of the

phase transition should already be observable on small or medium-sized lattices.
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Figure 9.2: Thermal cycles for the Higgs condensate (p?) (left: 100 warmup and 250 measure-
ment sweeps) and the Polyakov loops Lp; and Lp, in t— and z— directions, respectively (right:
500 warmup and 4000 measurement sweeps), both at mg ~ 35 GeV. An interpretation for

the latter is given in the text.

Again for mg ~ 35, but this time at slightly different values for the coupling anisotropies,
hysteresis patterns developed too, see figure 9.2. To comment the right diagram in more
detail, I should mention that the Polyakov lines in ¢t— and z—directions have been calculated
in temporal gauge as the Wilson loops before (i.e. Aj(z) =0 < U, = lagy, or Aj(z) =0
& U3 = 1lago for the spacelike sublattice). In this gauge they simply equal the expectation
value of the last, non-unit link in ¢t- and z-direction. Since the Polyakov loop enjoys the
property to be an order parameter for the confinement-deconfinement phase transition, see
section 5.1.1 of chapter 5 or ref. [17, 19], a natural explanation for the observed shapes of
the time- and spacelike Polyakov lines Lp; and Lp, in dependence of « is the following.
The system at finite temperature is always in the deconfinement phase (|Lp | > 0), showing
the usual hysteresis effect around the transition region, whereas within the zero-temperature
spatial sublattice of extensions 62 x 50 a transition between confinement behaviour (|Lp,| =
0) in the symmetric phase and deconfinement behaviour (|Lp,| > 0) in the Higgs phase takes
place.

As an exemplary quantitative check, I also redetermined the interface tension with the
two-coupling method for my ~ 35 GeV. In accordance with the isotropic simulation param-

eters of the analogous analysis in section 7.2 of chapter 7 and ref. [136], the interface tension
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could be resolved on a 2 x 62 x 50 lattice with tree-level coupling ratios v, = y3 = £ = 4.0
at 8 = 8.0 and A = 0.00005068. Using six x—pairs in the range x = (0.106840,0.107340) to
k = (0.107040,0.107140) symmetrically around the critical one with a statistic of at least
20000 sweeps each, I obtained from a four-parameter least-squares fit (with x? = 0.31 and a
statistical error from 1000 normally distributed random data) of the measured expectation

values of the ¢-link difference AL, (K1, k2) to the Laurent ansatz (6.31) the result

~

ke = 0.10709(1) : (%) = 0.083(22). (9.1)
¢/ AL,

In fact, this number is in fairly good agreement with the estimate 6 /T3> = 0.065(10), which

was found for the case of an isotropic lattices.
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Figure 9.3: Hysteresis (left: 500 warmup and 2500 measurement sweeps) and two-peak
histograms (right: 10000 and 5000 sweeps, respectively) of (p?). The lattice parameters and
tree-level anisotropies v, = g = £ = 6.0 lead to a bare Higgs to vector boson mass ratio of
Ruwpo ~ 1, see eq. (5.27) or (8.14), i.e. mg ~ 80 GeV.

In expectation of an extremely weak first order EWPT in the experimentally relevant
Higgs mass regime of myg ~ 80 GeV [120, 121, 135, 149], much larger physical volumes
will be necessary to analyze the transition there. When choosing the tree-level anisotropies
Ye = v = & = 6.0 together with mpg ~ 80 GeV (3 = 8.0, A = 0.00006343, Ruw, = 1.00)
and adjusting the scalar hopping parameter x appropriately, clear two-peak structures and

a hysteresis appeared in the expectation value of the Higgs condensate p?, both depicted in
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figure 9.3. As the two-state signal in k ~ k. persists for increasing spatial lattice size, is
seems unambiguous that the metastability in the system with sufficiently large tunneling rate
and mixed states — hinting at a first order character of the phase transition — is actually

inherent at these parameters and not an artifact of the finite volume.

In the next section I will calculate the interface tension at those bare parameters, which
were already used in the T' = 0 simulations of the previous chapter, besides a small variation
in A to ensure myg = 80 GeV within errors. Thus one has £ = 4.0, the perturbative values
for the coupling anisotropies, and a pole mass of my = 78(4) GeV (8 = 8.0, A = 0.000192,
k = 0.107791, Ryw,o = 1.03). The required lattice sizes employed in figure 9.4 to resolve

the transition and its interface tension later were 2 x 242 x 192 and 2 x 322 x 288. In

lattice: 2x24x24x192, y,=4.0, v,=3.9193, §=8.0, A=0.000192 lattice: 2x32x32x288, 7,=4.0, y,=3.9193, =8.0, A=0.000192, x=0.1077835
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Figure 9.4: Hysteresis of (L,) (left: 250 warmup and 500 measurement sweeps) and a two-
peak histogram (right: 2500 sweeps) of (p®) on lattices of different sizes. For the coupling
anisotropies I used the perturbative values of the previous chapter, and the physical pole

mass of the Higgs boson at these parameters comes out to be my = 78(4) GeV.

the left diagram a strong increase of the expectation value of the order parameter L, can
be detected, and a slight hysteresis effect is preserved, even outside the statistical errors,
which are suppressed in the plot for reasons of pictorial simplification. But compared to the
hysteresis at mg ~ 35 GeV in the left plot of figure 9.2, the jump of the order parameter is
significantly smaller now. Note that the exact position (9.2) of the critical hopping parameter
k. obtained with the two-coupling method below lies inside the open domain of the hysteresis

as it should be. Finally, as reflected in the right diagram of figure 9.4, metastability does also
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hold in the critical hopping parameter (9.3) of the larger lattice. Here the order parameter
distribution consists of two overlapping p?-histograms, which were generated by simulating
the system in k = k. on configurations equilibrated deep in the symmetric and Higgs phase,

respectively.

All these qualitative features reveal that, at least as far as L; = 2 is concerned, the first
order nature of the phase transition for mg ~ 80 GeV is still visible, although the charac-
teristic signals in the order parameters under inspection have become less pronounced, and
the strength of the transition has weakened substantially. This hypothesis is corroborated

further by the quantitative analysis presented immediately.

9.2 Critical x and interface tension for my ~ 80 GeV

A sensible determination of the interface tension o from simulation results at such a large
value of the Higgs boson mass is supplied by the two-coupling method [162, 135, 136, 139].
I have applied this method again, because it has been argued in chapter 6 to be under the
actual computer (i.e. memory and time) restrictions the sole one, at least within the four-
dimensional model, which is supposed to work well also in the case of an extremely weak
first order phase transition, one is confronted with here. As outlined in subsection 6.2.3,
the generalization of the two-coupling method to a situation with anisotropic lattices is

straightforward.

Based on the findings of chapter 8, where the one-loop quantum corrections to the
anisotropy parameters have been confirmed non-perturbatively in this parameter region,
I declare that the rotational symmetry of the asymmetric lattice is restored through the
perturbative choice v, = 4.0 and 3 = 3.9193 for the coupling anisotropies. The related
tiny shift in the lattice spacing anisotropy £ = a,/as, possibly entering the final expressions
for physical quantities in lattice units, is then neglected as an higher-order effect; I always
assume ¢ = 4.0 in the following. The other bare parameters are § = 8.0 and A = 0.000192,
and the lattice size under study is 2 x 242 x 192. After measuring on a T' = 0 lattice of size
82 x 16 x 64 at k = k. = 0.107791 the timeslice correlation functions in the Higgs and vector
channel together with the Wilson loops needed to compute the static potential, the non-
perturbatively renormalized quantities come out in the standard manner as Ry = 0.975(50)
and g% = 0.539(16). The former corresponds to a physical pole mass of my = 78(4) GeV
and does also include an estimation of the uncertainty in k. from additional simulations in
Kk = k.1 0.000005 around the critical hopping parameter of eq. (9.2). At the same time this
gives T,/mpy = 1/aymp L = 1.884(47) for the dimensionless ratio of the critical temperature

to the Higgs mass, which will be commented in the discussion of the results later.

According to eq. (6.8) I have different hopping parameters k = (k1,k2) in the two
halves along the z—direction, while in the light of egs. (5.24) and (5.25) in section 5.1,
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the corresponding space- and timelike couplings are now to be deduced from the coupling
anisotropy 7 as Kis = K1/Vx, K1t = K1Yk and Kog = Ko/, Kot = KaYx. For a properly chosen
initial k—interval, which brings the symmetric and the broken phases in thermal contact,
a pair of interfaces spans through the lattice, and, as illustrated in figure 9.8, the usual
procedure of gradually shrinking its width resulted in the estimate

ke = 0.107791(3) (9.2)

for the critical hopping parameter. In figure 9.5 I show typical two-phase distributions of
z—slices for the ¢-link expectation value L,(z), defined in subsection 6.1.4 of chapter 6. An
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Figure 9.5: Two-phase profiles of the z—slice expectation value L,(z) of L, for the largest
and smallest k—intervals on the 2 x 24% x 192 lattice.

interface pair has developed, and the plateaus marking the pure-phase expectation values
Lg)(h;l, Ka), © = 1,2, are flat and broad enough to ascertain that the coexisting phases are
stable against any turn-over into the other phase. The integrated autocorrelation times
in sweeps for these simulation points, which were calculated from the full data samples
of Lg)—measurements as described in section A.3 of appendix A, range from Tint[LS)] =
22(1), 7int [LY)] = 18(2) to 7ins [LY] = 159(17), 7img [LS)] = 93(17), and from 7ins[AL,,] = 14(1)

to Tins[AL,| = 113(12) for the difference AL, = Lg) - Lg) of these quantities’.

As a check for possible finite-volume effects I also produced some data on a larger lattice
of size 2 x 322 x 288 at otherwise unchanged parameters and couplings, where a lower statistic

was sufficient to attain trustworthy expectation values and absolute errors of roughly the

!The statistical errors of the integrated autocorrelation times emerged from a jackknife analysis with 25
samples.
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same precision. In this case the two-coupling estimate for the critical point in . is
ke = 0.1077835(25) . (9.3)

All simulation data, which were gathered in kK = (K1, k2) centred symmetrically around
k. for the determination of the interface tension o from these two lattices, are listed in

table 9.1. Compared to the previous analyses on isotropic lattices for stronger first order

K1 Ko sweeps LS) Lg) AL,
0.107761 | 0.107821 | 40000 || 12.7856(73) | 21.5913(92) | 8.8057(90)
0.107766 | 0.107816 | 40000 | 12.944(11) | 21.1656(99) | 8.2217(95)
0.107771 | 0.107811 | 60000 || 13.1186(89) | 20.7117(90) | 7.593(11)
0.107776 | 0.107806 | 60000 || 13.3410(90) | 20.215(13) | 6.874(12)
0.107781 | 0.107801 | 70000 || 13.711(15) | 19.599(16) | 5.888(20)
0.107786 | 0.107796 | 80000 || 14.316(39) | 18.773(25) | 4.457(37)
0.107757 | 0.107810 | 10000 || 12.6839(58) | 21.146(12) | 8.462(13)
0.107762 | 0.107805 | 10000 || 12.8446(97) | 20.708(11) | 7.863(13)
0.107767 | 0.107800 | 10000 || 13.026(12) | 20.194(19) | 7.168(20)
0.107772 | 0.107795 | 10000 || 13.293(17) | 19.592(25) | 6.299(23)
0.107777 | 0.107790 | 10000 || 13.620(20) | 18.752(33) | 5.132(31)
0.107780 | 0.107787 | 5000 14.075(46) | 18.107(54) | 4.032(72)

Table 9.1: Results for LS), Lg), and AL, on the two lattices of sizes 2 x 24% x 192 (upper
data) and 2 x 32% x 288 (lower data). The errors are obtained by binning as before. In order
to obtain acceptable x?—values, the entries in italics were only omitted for the individual fits

of Lg) in each phase.

transitions at lower Higgs masses, the k—intervals have now been chosen closer to each other
and to k. as well, while it was ever verified that — as e.g. in figure 9.5 — the distinct
phases were well separated by a pair of interfaces and that no tunneling into the other phase
had occurred. The reason is that for a very weak transition, as encountered at these lattice
parameters, the diverging of the Lg) (K1, k2), @ = 1,2, when k1 and Kk, approach k. from below
and above, respectively, sets in later and will be far less violent than for my < 50 GeV.
Therefore, the curvatures in the shapes of the two p—links as functions of x and particularly
their residua, which in view of the Laurent ansitze (9.4) determine the interface tension,

should be modelled more accurately in the present case.

The interface tension can be computed once more along the recipe of formulas (6.30) —
(6.33) from subsection 6.2.3, including the obvious modifications in the anisotropic lattice
case,

2 L. . :
Gao = Kll{{IlC K}l}l’l% {(&1 — Ka) Lhm L,- AL,(k1, ng)}

z—> 00
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LY (k1 k2) = _ﬁ A1+ A (ki — ko) + 9P (5 = )+ (i — e)?
+0 ((Ar)Y) , i=1,2
1 s
ala,6 = L,(ci+c), =— =aily, = Z— , (9.4)
c t

with the difference of ¢-links AL, (k1,K2) = Lg)(h;l, Ka) — Lg)(ml, K2), appropriately
weighted with the coupling anisotropies according to eq. (6.24), and Ak = |k; — k¢|. In
the spirit of the analyses on isotropic lattices in the previous chapter and refs. [136, 139],
one can fit the two ¢-links Lg), ¢ = 1,2, to this ansatz individually, or their difference AL,
as well. Generically, the second alternative should be preferred, and the reason is twofold:
Owing to presumably large fluctuations in the positions of the interfaces, one has to account
for correlations between the competing phases, which do reflect again in the autocorrelation
times found above, and especially as the phase transition weakens with increasing Higgs
mass, a roughening of the interfaces is to be expected. Both effects, which are not strictly
distinguishable at all, are presumed to compensate to some amount, if the ¢-link difference

is considered.

Consequently, I carefully examined nearly all types of fits from three- to six-parametric
in the Laurent ansétze of (9.4) for the two kinds of observables Lg) and AL, and for every
allowed fit intervals, which could be built up from the data in table 9.1 under disposal. In
part, the results on o depended on the choice of the specific fit interval and on the number of
fit parameters too. Moreover, one could become aware that in most cases reasonable values
of x?/dof were connected with those fits, which also included the narrowest x—pair; so I will
quote only the results from such fits meeting these two constraints. The three-parameter fits
to the Laurent ansatze could never be trusted, since they showed the strongest dependence on
the number of fitted data points and gave always incredibly large y?>—values. The situation
is much better for fits, which supplement the inverse-linear part of the general ansatz in
eq. (9.4) with a fourth or a fifth fit parameter. Then the fits are acceptable throughout with
tolerable x*/dof and can readily be extended over almost the whole range of xk—pairs. In
order to control the relevance of a further degree of freedom, I also performed some fits with
an additional parameter as the coefficient of a term in the ansédtze, which is of higher power
in k; — k.. This gave either doubtlessly too large (or even too small) values of x?/dof, or the
error analysis of these fits led to very high statistical errors for the new fit parameters —
and sometimes for ¢; and ¢’ = 2(¢; + ¢2) as well — assuring that they could not be resolved

reliably.

To be more concrete now, the evaluation of the data set from the 2 x 242 x 192 lattice

using a four-parameter least-squares fit for Lg), and a five-parameter least-squares fit for

AL, yields

A

o o
T_c?’ ; = 0.00060(8 + 22), T_c3 N = 0.00029(12) , (9.5)

® ®
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with x2 = 2.59, x2 = 0.96 for the former and x* = 1.41 for the latter. The quoted error on
the Lg)fﬁts incorporates the statistical error from a bootstrap analysis (see section B.1.2
in appendix B) with 10000 bootstrap samples and the uncertainty of k. too, whereas the
error on the result from the AL,-fit was obtained by repeating it with 1000 normally dis-
tributed random data around the measured mean values as input. These fits are displayed

in figures 9.6 and 9.7. Since the downward (upward) variation of the coefficients ¢; entering
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Figure 9.6: Four-parameter least-squares fits of Lg), 1 = 1,2, separately in each phase. The

x%-values are x? = 2.59 and x% = 0.96, respectively.

6/T3 in (9.4), caused by the k.—uncertainty in the Lg)—ﬁts, is permanently dominated by
the p-link fit of that phase, which k. + Ak, draws nearer (from which k. + Ak, withdraws),
it was combined with the ¢; from the original fit of the other ¢-link with respect to x. and
vice versa. The results of those combined fits were taken to estimate the influence of the
k.—uncertainty on the interface tension, i.e. the second entry in parentheses on the left hand
side of eq. (9.5).

A four-parameter fit of the data in all six k—pairs in the upper half of table 9.1 gives
6/T? = 0.00074 with x? = 5.84 and x2 = 1.78, which appears to be too large for the ¢-link
LS) in the symmetric phase. The result on /77 from the Lg)—ﬁts is twice as large as that
from the fit of AL,
AL, also a four-parameter fit with the first data point of table 9.1 omitted as it has been
done for the L{Y—fits, I find 6/T°® = 0.00060, but with a worse x2—value of 4.55. By the
way, two separate fits of Lg) with five parameters as for AL, have /T2 = 0.00027 and

although both are just compatible inside their errors. Assuming for

X7 = 0.60, x2 = 0.36 so that there seems to be no systematic discrepancy.

After an analogous evaluation of the data set from the 2 x 322 x 288 lattice, one arrives
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lattice: 2x24x24x192, v, =4.0, v,=3.9193, §=8.0, A=0.000192
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Figure 9.7: Four-parameter least-squares fit of AL, as a function of ky — k; with x* = 1.41.

The extrapolation to ks — k1 = 0 gives the interface tension.

at

~

o o
<T—3> . = 0.00062(10 + 25), <T_03> . = 0.00063(8), (9.6)

which does not deviate significantly from the results for the smaller lattice. Here, I performed
four-parameter fits for both observables Lg) and AL,, with y?~values of 1.96,2.13 and 1.06,
respectively. Omitting the first data point in the lower half of table 9.1 as in the Lg)—ﬁts
before, one gets /T3 = 0.00053 with x? = 1.95 and x2 = 1.19, which is in fairly good

harmony with the other estimates.

Since 6 /T2 obtained in these different ways covers a quite wide range, I average the
numbers of egs. (9.5) and (9.6) to a unified estimate and take their absolute spread including
the errors as a measure for the sum of statistical and systematic uncertainties. The final
result is

& all
<—3> = 0.0006(4) . (9.7)
Tc 2-K
While the size of the relative diminution of x. when going to larger physical volumes is

consistent with the experiences made in [135] on isotropic lattices, the agreement of the
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different two-coupling estimates underlines that — within the admittedly rather large errors
dominated by the uncertainties in k. — noticeable finite-volume effects for the interface

tension at L; = 2 can be excluded, and eq. (9.7) represents the infinite-volume limit.

All the numbers above are about one order of magnitude smaller than the prediction of

perturbation theory [105, 107],
o
— ~ 0.002, (9.8)
<T3>pert

c
and about two orders compared to mg ~ 35 GeV, see subsection 7.1.2 and eq. (9.1), how-
ever, they are in any case different from zero. This confirms that the interface tension is
a steeply decreasing function of the Higgs boson mass. These estimates may also be put
into perspective with results, which were reported in refs. [150, 151] for the dimensionally
reduced SU(2)-Higgs model in three dimensions at a tree-level Higgs mass of m}; ~ 70 GeV,
corresponding to a physical Higgs mass of mg ~ 65 GeV after a perturbative mapping of
the 3D-lattice parameters to the variables of the 4 D—theory, from equal-weight histogram

and tunneling correlation length methods:

o D=3 p D=3
<ﬁ> S 0.0002t, <ﬁ> = 0.00070(26) . (9.9)

c / hist ¢ / tunnel

Estimates at larger myg do not exist, because the groups employing the dimensional reduction
approach claim the end of the first order phase transition line in this model already around
or even below my ~ 80 GeV [149, 145, 152].

I have to remark in this context that the present numbers (9.5) — (9.7) from the four-
dimensional model at L; = 2 do not perfectly follow the general trend of an approximately
exponential fall off in the MC data for the interface tension in dependence on increasing
Higgs mass [96, 151]. They are definitely larger than it would be expected from the o—values
at mg 2 50 GeV, of which the most come from investigations in the 3D—theory though. On
the other hand, as far as no information about the interface tension at larger L;—distances

is available, the results presented here must be looked upon as preliminary.
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Figure 9.8: Schematic sketch of the k.—determination by seeking for that k—interval, which is
minimally with respect to a stable two-phase structure in the z-slice expectation value L(z)
of the ¢-link operator L,. The k.—estimate (9.2) has been determined from the simulation
belonging to the upper right plot, which was started on the final field configuration of the
upper left simulation with a larger k—interval. Then, after 1500 equilibration sweeps, the
system was observed for 5000 measurements. In the simulations belonging to the lower plots
the final k—pair has been displaced in both directions. Now the signal is much noisier, the

plateaus are manifestly disturbed, and a collapse into one single phase has to be apprehended.
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9.3 Discussion and outlook

The interface tension &/T72, which has been determined with the two-coupling method at
simulation parameters corresponding to my ~ 80 GeV on anisotropic lattices with temporal
extension L; = 2, is — albeit being non-zero — considerably smaller than perturbatively.
Hence, I draw the important conclusion that the phase transition is very weakly first order at
this point. The extensive studies of the isotropic SU(2)-Higgs model in four dimensions have
shown that for Higgs masses my < 50 GeV the scaling behaviour of most thermodynamic
quantities is remarkably good, with scaling violations typically below the O(10%)-level [135,
137, 139]. Nevertheless, one actually has no reasonable feeling for the finite-lattice spacing
effects in the case of anisotropic lattices and such large Higgs masses. Thus the attitude
of only negligible scaling violations, born out of the positive experiences with investigations
at lower myg, can no longer be taken for granted, and the lattice resolution of L; = 2 may
be yet too coarse to resemble continuum physics. Then there is still the possibility that
already at the lattice parameters chosen above, the extremely weak first order character of
the phase transition and the resulting interface tension could vanish. In order to get a better
control over the size of these lattice artifacts, simulations with larger L;—values remain to be

systematically tackled in future. But this goes beyond the scope of my work.

The fact that the dimensionless ratio T./myg ~ 1.9 at this large Higgs mass turns out
to lie about 20 % below the predictions of perturbation theory and simulations of three-
dimensional effective theories can hardly be accepted. This may partly emerge from the
incompatibility of the renormalized gauge coupling definitions exposed in subsection 7.3.2 of
chapter 7, which is still an outstanding problem when comparing the 4 D-results to the three-
dimensional approach of dimensional reduction. It is not known, how the renormalized lattice
gauge coupling gr = gg) of the 4D—simulations, defined in terms of the static potential
extracted from Wilson loops, is related to continuum physics, i.e. to the running gauge
coupling g = gI(QMis) (p) in the MS-scheme at a mass scale . = myy, to which some given
4D-simulation corresponds. For instance, if one converts the 3D-results at mj; ~ 70 GeV
of ref. [152] to g% > 0.5 as inferred from the four-dimensional case?, the authors do suggest
a lowering of the critical temperature in units of the physical Higgs mass: T./myg < 2. In
addition, one may think again of some noticeable influence of the finite volume or finite
lattice spacings in the actual simulations. Namely, this could affect the critical hopping
parameter and thereby also the value of the on-shell Higgs mass at zero temperature in

lattice units, which is rather sensitive to any variation of x [137].

As already stated in the introduction, there are quite compelling arguments that the first

order EWPT line terminates at some critical Higgs mass mpy = mgrit) around [149], or even

2 Actually, the phenomenologically established value of the electroweak fine structure constant aw gives
a renormalized gauge coupling squared, which lies below g2 = 4/3 = 0.5, as assumed in the present investi-
gations.
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below mgﬁt) ~ 80 GeV [145, 152], and turns into a smooth and regular crossover between
two analytically connected Higgs and symmetry restored regions with no true local gauge
invariant order parameter, which would vanish in either of them, in accordance with ref. [22].
But the exact position and the nature of the phase transition endpoint at mgﬁt) seems to
be still unclear at the moment. From the theoretical point of view it might be most likely
[94], and has also been conjectured by the authors of ref. [149], that at my = mgrit) the
transition is of second order with a continuous change and a massless scalar excitation in the
physical spectrum linked to infinite correlation length, possibly of the Ising universality class.
However, any conventional methods like observing two-peak structures and a discontinuity of
an order parameter as a globally averaged quantity on the lattice, driven by the temperature
T at lower mg, face the difficulty that owing to infinite or at least rapidly growing correlation
lengths at mpy ~ mgrit) in both regimes, this scale can not be safely disentangled from the
size of the system being simulated at the alleged transition. As a consequence, a feasible
infinite-volume extrapolation to reach the thermodynamic limit and to identify its asymptotic
behaviour needs such increasingly large lattice volumes at the critical point that is was so
far practically impossible to uniquely single out the order of the EWPT at my = mﬁ?it). Of

course, this issue also needs to be elucidated in future explorations.

In this connection I should also mention that the Higgs boson masses, to which the inves-
tigations of the four-dimensional SU(2)-Higgs model and those of the dimensionally reduced
model in three dimensions refer, are not defined in the same way as well. In the former
they are physical zero-temperature pole or on-shell masses (mg, my ) in the sense that they
are determined non-perturbatively from the exponential decay of suitable correlation func-
tions, whereas in the latter they are tree-level Higgs masses (m%;) of the four-dimensional
finite-temperature SU(2)-Higgs theory in the continuum, from which the dimensional reduc-
tion to three dimensions and subsequent lattice discretization started, although there exist
two-loop perturbative relationships in the MS-renormalization scheme between each set of
lattice parameters of the three-dimensional model, expressed in terms of the variables of the
3D—effective continuum theory, to a set of physical parameters of the original theory in four
dimensions. So every direct comparison of results from the full 4D and effective 3D-models
without a proper conversion between them must be taken with some care, because in three
dimensions the masses are always somewhat larger than the on-shell masses. Accounting for
this difference, which has been estimated in refs. [147, 148] analytically, one can guess that
the dimensional reduction implies a shift of a few (perhaps 3—6) GeV for the endpoint of the
phase transition and that its first order nature survives up to slightly larger physical Higgs
masses in four dimensions. So it could be absolutely imaginable that, say, the interface ten-
sion is still finite and non-zero at myg ~ 80 GeV in the four-dimensional framework, whilst it
already vanishes at m}; ~ 80 GeV in the three-dimensional theory. Bearing these additional
uncertainties in mind, there is no serious contradiction in the qualitative and quantitative

line of reasoning from both approaches up to now.
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Regardless of these options concerning the endpoint of the EWPT and its location under
discussion, one should emphasize once more that all results from the different approaches
to the finite-temperature SU(2)-Higgs sector of the minimal standard model (MSM) in
four and three dimensions, also those including the U(1)-factor or the impact of fermions
(147, 149, 152], especially the heaviest elementary fermion — the top quark —, can be
reconciled to a common conclusion: The first order EWPT for physically realistic values of
the Higgs boson mass my 2 66 GeV, if present at all, is not strong enough for an explanation
of the origin of the observed baryon asymmetry in the universe. Therefore, any scenario of

electroweak baryogenesis within the MSM has surely to be ruled out.

However, in spite of this — at first sight discouraging — outcome, the still viable alter-
native to explain the baryon asymmetry within the minimal supersymmetrically extended
standard model remains, see e.g. ref. [155]. And as in principle it is possible by a suitable
parameter matching to transform between both theories, the results from the SU(2)-Higgs
sector of the MSM at finite temperature will not loose their importance as essential in-
gredients for our knowledge and understanding of cosmology and the physics in the early
universe. Not least, the failure of the MSM at energy scales, which are characteristic for the
electroweak epoch in the evolution of our universe (7' ~ O(100) GeV ~ O(10'%) K), may be
interpreted as a strong indication for the prospect that some kind of, for instance minimal,

extension of the MSM is realized in nature.



Summary

I examined the finite-temperature electroweak phase transition in the framework of the four-
dimensional SU(2)-Higgs model non-perturbatively on the lattice. To this end, I performed

high statistics and large scale numerical simulations by means of the Monte Carlo method.

In my investigations I concentrated on the determination of the phase transition point
and the interface tension, the latter playing a crucial role in order quantify the strength of

the transition in dependence on the Higgs boson mass myg.

The numerical simulations within the SU(2)-Higgs model in the mass range between
mg ~ 16 GeV and myg ~ 80 GeV always turned out to be feasible and powerful. At
myg ~ 16 GeV and mg ~ 35 GeV the symmetry restoring electroweak phase transition
is still relatively strongly first order, and the qualitative as well as — at least partly —
quantitative agreement with two-loop resummed perturbation theory and the approach of
dimensional reduction to a three-dimensional effective theory is quite good. More precisely,
I found the electroweak interface tension to decrease by several orders of magnitude towards
higher masses around mgyg ~ 80 GeV, in complete conformity with the expectation that
the phase transition weakens substantially for increasing Higgs mass. However, since my
estimates at my ~ 80 GeV still hint at an extremely weak first order phase transition, the
absence of its first order nature in this Higgs mass region, which is claimed by other authors

using dimensionally reduced models, could not be confirmed.

Technically, the numerical simulations at such large Higgs boson masses were realized by
employing an anisotropic lattice regularization with different spacings in spatial and temporal
directions. In this context I non-perturbatively established the perturbative choice of suitable
simulation parameters by tuning the correlation lengths in the system to recover the required
rotational invariance. Then it was possible to study the thermodynamic properties of the

lattice model reliably.

Nevertheless, my results on the interface tension from the SU(2)-Higgs sector of the
minimal standard model support the existing theoretical belief that for my = 40 GeV, the
strength of the first order electroweak phase transition is definitely not enough to produce a
sufficiently violent out of equilibrium situation in the early universe, which is fundamentally
needed for the creation of the observed baryon asymmetry via physical processes at the

electroweak scale.
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Appendix A

Basics of simulating field theories

This appendix covers some notations and concepts, which may be helpful for the under-
standing of the main text with the intention to make it rather self-contained. Of course, I
will be by no means complete, and unless stated otherwise, a far more detailed and extensive
treatment of the material collected here can be found in standard textbooks and reviews on
lattice field theory as e.g. refs. [16, 17, 18, 19, 169, 171].

A.1 Lattice notations and conventions

Let a four-dimensional hypercubic space-time lattice with sites z, extensions L,, and unit

wr
vectors fi in the lattice directions p = 1,...,4 be given. Periodic boundary conditions are
assumed in all directions, and for the moment I consider isotropic lattices with a lattice

spacing a. The set of all lattice points is often denoted as
A ={z = (21,29,23,24) €aZ*|0 < z, <a(L,—1)} =Ly x Ly x Ly x Ly, (A.1)

whereas the coordinates z,/a also run from 1 to L, in some cases. Alternatively, I adopt
the notations ¢ = (@, t) = (x,y,2,t) and L, € {Lx, Ly, L,, L;}, so that Q = LyL,L,L; is the
number of lattice points and V' = a*() its physical volume in lattice units. Modifications for
subvolumes of the lattice are straightforward, e.g. for timeslices used in the calculation of

correlation functions one has 2y = Ly Ly L,.

Due to the identity e2™®»/ = 1, all Fourier transforms of lattice functions f = f(z) are

27 /a—periodic, and thus the lattice momenta can be restricted to the first Brillouin-Zone

BE{p:(plap2ap3ap4)| _ﬂ-/a<pu Sﬂ-/a}, (Az)

which naturally regularizes the respective lattice theory through an ultraviolet momentum

cutoff w/a. Explicitly, this implies for the Fourier transforms

£ —ipT 1 r ipx 2T

f)=a*Y fl@)e ™, fl@)=—=> fB)e™, p.= 7, (A.3)
a*() aL,

TzEA peB

191



192 APPENDIX A. BASICS OF SIMULATING FIELD THEORIES

with n, =0,1,...,L, — 1, and in the infinite-volume limit:
w/a d4
b _
Lo gy [ ok .
€B p
Finally, the lattice (forward) derivative is discretized to the finite difference
1 N
Duf @) = = | fz +ai) - F(@) ], (A5)
and its covariant counterpart is
1 _ N N
Duf(2) = — [U X + oty 2)f (2 + afi) — f(a) | (A.6)

with U, , = U(z + afi, z) the parallel transporter (directed link, i.e. straight path from site
z to site = + afi) on the lattice as an element of the gauge group.

In the case of anisotropic lattices I consider a situation with equal lattice spacings a, in
the three spatial directions different from the lattice spacing a; in the temporal direction.

As discussed in the second part of this work, the lattice spacing anisotropy parameter

3 (A7)

Il
2|8

then plays an important role when extracting physical quantities from an anisotropic lattice

simulation. The generalization of the expressions above proceeds in the obvious manner,

e.g. the physical lattice volume is V = a?a;{), and the functions of the momenta in the bare

bosonic lattice propagators are

~ 2 . aspu) ~ 2 . P4

= — sin | —F =1,2,3; :—sm<—). A8

Py a, ( 9 y M y 4,05 D4 ay 9 ( )

The two-dimensional (isotropic) lattices in the first part of this work have extensions L,

and Lo, or equivalently L, and Ly, sites ¢ = (z1,2z3) = (X,t), momenta p = (p1,p2), and

need no more specifications.

As it is a common practice in quantum field theory, rationalized units are chosen such
that the universal physical constants h, ¢, kg, and g9 are equal to one. Consequently,
all dimensionful quantities like masses, temperatures, inverse times, or inverse length are
expressed in terms of energy units [E] = 1 eV. If no confusion is expected, this is sometimes
supplemented by setting the lattice constant a = 1 (lattice units), and all dimensionless
observables O, whose expectation values (O) are calculated on the lattice, are pure numbers
in these units. Relaxing the condition a = 1, one has

O = OPtys)gdo (A.9)

when O®") is a physical observable of mass dimension dop, i.e. [OP™9)] = [md0] in the

formal continuum limit @ — 0. A prominent example would be a particle mass in lattice
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units m = m®PWs)q, since [mP»)] = [m] and dp = 1. Provided that the a—dependence
of the lattice parameters is determined in the same way, one expects scaling behaviour
in the continuum limit for each (O) according to eq. (A.9), while O®"®) remains finite
if so in the continuum. Then the only dimensionful parameter of the lattice theory is a
itself, and physical units are recovered through reference (or better its ratio) to an external,

e.g. experimentally known length scale parameter as input, typically an inverse particle mass.

A.2 Monte Carlo methods

The basic object of numerical simulations in lattice quantum field theories is the calculation
of (estimators for) expectation values of functions depending on the field variables. For this
purpose, the very large number of degrees of freedom to be integrated over on lattices of
typical sizes compels a Monte Carlo (MC) integration by randomly generating field configu-
rations. In order to encounter the substantial contributions to the path integral — namely
those in the vicinity of the minimum of the free energy density — most efficiently, one follows
the principle of importance sampling. This means to generate an, in the strict sense infi-
nite, ensemble of field configurations weighted with the Boltzmann factor e %, for instance
S = S[U, ¢] the lattice action of the gauge-Higgs system, mimicking the canonical equilib-
rium probability distribution. The statistical average of this ensemble equals the expectation

value of some observable O = O({U, ¢}), here as a function of site and link variables ¢, and

Uz, in its Euclidean path or functional integral representation:
1
©)z= [ DW.ele 5P 0(UY, 2= [ Dl,gle S0, (A10)

It has to be distinguished from the sample average in eq. (A.25) over a largest possible
but finite number of configurations, which approaches (O); in the limit of infinitely many

evaluated configurations.

A.2.1 Standard algorithms

This setting is translated into action as a sequence of updating steps with symmetric proposal
probability in the space of elementary lattice fields, which imitates the stochastic process of
a Markov chain. It is ergodic by definition with the additional property of detailed balance,
being a sufficient but not necessary condition for the existence of a unique fixed point of the
Markov process in order to ensure that the canonical ensemble is really reached in a finite

number of steps. Commonly known local algorithms in this context are:

e Metropolis

Each field variable is updated by randomly proposing a new value for it and accepting

—AS},

with probability Py = min{1,e if AS denotes the difference of lattice actions after
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and before the proposal holding all other variables fixed. In a computer program, one
runs through the lattice point by point, makes the updates, e.g. f — f' = f+8 (r—3)
for a real-valued field f, and accepts only for —AS > In(1—7') with r,7' € (0,1) being
uniform random numbers. The range of the possible proposals should be adjusted

(through ¢) to give acceptance rates of 50 — 60 %.

e Heatbath
As opposed to the Metropolis algorithm, the new value of a field variable is now gener-
ated with a transition probability proportional to the canonical equilibrium probabil-
ity distribution of the surrounding field configuration independently from the original
one. In this respect, it is usually computationally advantageous to simplify the distri-
bution and, because of ergodicity, correct for the corresponding approximation by an
Metropolis-like accept-reject step afterwards. Its acceptance rate, conveniently 90 %

or even larger, decides about the quality of this implementation in practice.

e Overrelaxation
The main goal of this non-ergodic algorithm is to reduce ‘critical slowing down’ in MC
simulations — which means the worse divergence of the integrated autocorrelation
time Ty, in the continuum limit via a power law behaviour in the correlation length &
at phase transitions, 7, [0] ~ £€*(©) with O some observable and z(0O) the dynamical
critical exponent — to z(O) ~ 1. It is a kind of reflection in field space, where their new
values are chosen as far as possible from the old ones leaving the action, respective the
energy, and the measure in the defining functional integral (approximately) invariant.
Since these proposals are (nearly) always accepted, i.e. eventually in a subsequent
Metropolis decision with P, ~ 1, this algorithm is governed by the microcanonical
probability distribution and thus has to be mixed with one of the former to preserve

the required ergodicity in all.

In the numerical simulations of both lattice models under study a proper combination of
algorithms of this type called sweep, in which each field variable is visited at least once, was

periodically repeated to generate the desired field configurations.

A.2.2 Gauge and scalar field updates in the SU(2)-Higgs model

The Metropolis method I have only applied to the updates of the real-valued field variables
in the U(1)-Higgs model in two dimensions. Within the framework of the four-dimensional
SU(2)-Higgs model this type of algorithm was replaced by suitable heatbath algorithms
[172], which often perform better and genuinely enjoy smaller autocorrelations. For the
heatbath updates of the SU(2)-valued gauge field links U, ,, I used the familiar algorithm
originally devised in refs. [175, 176].



A.2. MONTE CARLO METHODS 195

The reflection in the overrelaxation algorithms of the U(1)- or SU(2)—valued gauge angle
variables can always be done exactly, either by explicit graphical construction as in the two-
dimensional case of the former, or by adaption of a standard procedure [173, 174, 178]. For
instance, the exact reflection of the gauge link (and analogously of the angular part of the
Higgs field as well, if the index p is ignored in the following notations) can be done by
splitting the lattice action as S;(U,,) = Tr (Uz,“ﬁ) + constant, where the ‘staple’ U covers
all field contributions different from the variable U, , € SU(2) under consideration. Then
carry out the update U, , — U, , = U U ,U" with Uy being normalized as Uy = U/Vdet U
and thereby an element of the gauge group SU(2). The action stays unchanged and the
acceptance probability of the proposal is Py (U, — U, ,) = Pa(U,, , — U,,) = 1. However,
this does not work for the scalar field length, because its local potential does not possess
any exact reflection symmetry as will be seen below. An elegant solution to the problem has
been found in ref. [179] by dealing with the scalar field as an real-valued object in cartesian
components. To restate it briefly, I restrict to the SU(2)-Higgs case and isotropic lattices; the
generalization to anisotropic lattices and couplings along egs. (5.10) — (5.34) of chapter 5 is
then straightforward, and a translation to the two-dimensional U(1)-Higgs model is sketched

in section 2.2 of the first part.

One starts from the observation that the complex 2 ® 2 matrices ¢, can be uniquely

decomposed in terms of the Pauli matrices 7, k = 1,2, 3, as

3 3
Pr = ¢af:,07-0 +1 Z ¢m,k7-k y To= 12®2 ) % Tr (Qo;r(pm) = Z ¢i,l = pi ’ (All)
k=1 =0

and the four-component scalar field ¢, = {¢,; € R|l = 0,...,3} expresses the manifest
O(4)-symmetry of the pure scalar sector of the SU(2)-Higgs model. After substituting the
previous identity and using the invariance of the trace operation under cyclic permutation
and adjunction of its arguments in the successive manipulations, the part of the lattice action
(5.14) of chapter 5 relevant for the scalar field at site z € A becomes

4

Sq&,m(@z) = —R Z Tr ((P:JrgUz,u(Pm + @:Um—ﬂ,u@m—ﬂ) + Pi + )‘(pi - 1)2
p=1
b\’ 1 2
= (& <¢z — C—m> + A [pi ~ 5 (2X =1+ (,) | + constant (A.12)
with
K 4
bep = 5 > T (g, iUsi + Us-puai) (A.13)
p=1
ik o
bz,k = 3 Z Tr ((p:—l—ﬂUw#‘Tk + Tkszﬂ,ugjwfﬁ) . (A14)

p=1
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Summation over the cartesian index [ is understood in the first (Gaussian) term of (A.12),
and (, helps to shift a term proportional to ¢2 from this quadratic to the quartic part of

S¢,z- Two algorithms are now on offer:

e Heatbath:
Propose the new field values ¢’ ,, I = 0,...,3, with a probability distribution, which

z,D

only involves the Gaussian (quadratic) part of S ;:

1
bog = Ppy =/ —C(; Inr sin (2nr') + o bet, (A.15)
with uniform random numbers r, 7' € (0, 1).
e Overrelaxation:
Reflect the scalar field components as
, 2
¢m,l — ¢1:,l - bz,l - ¢w,l ) [ = Oa sy 3’ (A]-G)

Ca

which is only exact with respect to the Gaussian (quadratic) part of Sy ;.

Since the quartic part in eq. (A.12) has not been treated so far, both proposals are accepted

in an additional accept-reject step with probability

Pr(¢p — ¢)) = min{l,e‘ASW}

2A—1+G\° A—14G\’
_ 2 z _ 2 _ z
ASy, = A [ (pz ) ) <p‘,‘c o . (A7)

An optimization of the acceptance rates is achieved by coincidence of the minima of the

quadratic and quartic parts in Sy ., which is equivalent to the cubic equation
3
A2 = (G +20—1), B=b[7 = bl,. (A.18)
1=0

To avoid any unwanted loss of speed in both updates, it is approximately solved by writing
(z = 1+ &, (note that ¢, =1 for |b;| = 1), hence
Co=1—2X+2X02 + O(e2, Aey) (A.19)
and the acceptance condition (A.17) passes into
Pa(¢e — ¢) = min{l,e 2%} AS,, = A[(pf —53)° — (02 —83)°] . (A-20)

Finally, T should stress that the very small values of A < O(107%) in the SU(2) Higgs
simulations of this work are crucial for the high acceptance rates larger than 98 % (or even
99 %) for the two algorithms.
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At an early stage of the investigations the overrelaxation of the Higgs field length was
done separately from the SU(2)-reflection of its angle by a method introduced in [178]. Here
the scalar field part of the action (5.14) is arranged in the form

S¢,m(pz) = —CgPg + Pi + )‘(pi - 1)2 —3lnp, (A'21)
4
e = K Z Tr (go;rﬁUz,Naz + af UppuPoip) » (A.22)
p=1

in which the In p,—term emerges from the transformation of the functional integral measure
in polar coordinates according to ¢, = p,a,. The idea is to determine a non-exact ‘reflected’
value pl, # p, with Sy .(p,) = Sp«(pz) by polynomial approximation through a third order

Taylor expansion of (A.21) and Newton iteration, and the Metropolis step with acceptance

_1} (A.23)

compensates for the non-trivial functional determinant caused by the lacking symmetry of

probability

l dS,.(pz) ] l dSsq(0}) ]

dpz dpl,

Py(py — py) = min {1,

Sy, in regard of its minimum. The inclusion of this algorithm already leads to an impressive
reduction of the integrated autocorrelation times compared to pure Metropolis or heatbath
sweeps, typically about a factor 5 — 6, but as illustrated in section 5.3 and refs. [137, 139],
it can not compete with the algorithm above, which beyond that also performs faster than

the overrelaxations of both Higgs degrees of freedom together.

A.3 Expectation values and autocorrelations

Suppose that the system has reached independence of the starting field configuration after
a sufficient number of thermalization sweeps'. During the Ny, measurement sweeps one
generically calculates the lattice averages of site and also direction dependent observables

O, and O, i.e. in the four-dimensional isotropic case

4
onzéz:om, OnEEZZOz,N, ne{l,. .. Nl (A.24)

TEA zeA p=1

The sample average over all available measurements or configurations

N,
L N
(0)= 5 — ; On (A.25)

LA popular starting configuration is the cold one, where all fields are set to the unit element of the group
they take values in.
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is, under the non-realistic assumption of their statistical independence?, related to the true

expectation value by its variance A% as

(%) -0y

J— 2 =
(07 =(0) £ 8o, Np=-—

(A.26)
In order to account for the intrinsic correlations between the subsequent configurations in
a simulation, quantified below by the integrated autocorrelation time 7, one averages first

over blocks (bins) of length lp;n,

b-lnin

Y O, be{l,...,Nyn}, (A.27)

n=(b—1)-lpin+1

— 1
Ob_

l bin

leading to mean values over these bin averages thereafter:

1 Npin 1 Npin
O)pin = 0y = (0), (0%)pin = 0;. A28
Ohin= 5= 2.00=1(0), (O%n=5—_0; (A.28)
b=1 b=1
If lyin 2 Ting, the field configurations averaged over Npin = Nmeas/lbin bins become statistically

uncorrelated, and the correct statistical error estimate is

(0%)bin — (O)iin .

p— 2 —_—
(0)7=(0) 80, Np=""Fr—0

(A.29)

A practical way to proceed in a computer program is then, eventually after an internal
binning for data and further 7,;—reduction, to calculate the binning errors Ao for increasing
lengths Iy, (e.g. growing like powers of 2), and to quote the true statistical error Agme) on
the measured observable from the plateau of its so-obtained binning table, which should lie
beyond the autocorrelation time but with 50 — 100 bins at least. An immediate consequence
of egs. (A.26) and (A.29) is that AU™ is roughly proportional to 1/v/Npmess, and allows to
predict the computational costs for a gain in this error.

The Npeas — 00 limit of the true variance of (O) now implies with Ap = A(Onaive) from

(A.26) the following formula for the integrated autocorrelation time:

2
1 Agrue)
Tint = Tint [O] = 5 A(Onaive) ' (A30)

A precise definition of 7, comes from the autocorrelation function [169, 170]

Nmeasft

Po(t) = lim = > (0w (0))(0n=0) (a3

2In the situation of uncorrelated data one also says that (O) is an unbiased estimator of the true expec-
tation value (O)z, i.e. ({O))z =(0)z.
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and reads after its normalization by I'p(0) = N,jeas Zi:f;"f“ (0, — (0))* = A%, if the computer
or MC time t counts the number of sweeps:
1 X Tot) 1 X To(t)
“n O = _ — — . A32
wol=5 3 T8 = 5+ L 1% (432

The truncation of the sum at the first zero of the autocorrelation function I'p, which has
the largest 7, [O] in the system belonging to the operator O with the slowest modes, is
consistent with the methods described in ref. [169]. There it is suggested too that about
207exp thermalization sweeps — 7. is the exponential autocorrelation time given by the
large t asymptotics of the (exponentially decaying) autocorrelation and depends only on the
updating process — are in most cases adequate to prepare an equilibrated field configuration.
This can be controlled later on by evaluating eq. (A.31) for full measurement samples,

sometimes called histories, of the observables of interest.



Appendix B

Tools of data analysis

Here I have included a sketch of some more technical tools of numerical data analysis. They
are referred to without any further explanations in those passages of the main chapters,
where they are used. For more details and other applications in lattice investigations the

reader should consult the original literature.

B.1 Methods of error determination

Besides the statistical errors of primary quantities directly averaged in a MC run, it is also
necessary to have reliable error estimates for secondary quantities, which are functions of
these averages. Prominent candidates are correlation functions as defined in eq. (1.56) of
section 1.2 and eq. (A.31) above, and fit parameters of primary or secondary quantities them-
selves. The difficulties to be faced are limited numbers of measurements, potentially wrong
estimation of variances by error propagation formulas, and possible correlations between dif-
ferent (primary or secondary) quantities entering the same functions, whose statistical errors

are desired.

B.1.1 Jackknife analysis

Given a history with Npe.s measurements of some observable O,, one calculates for 1 <

Nick < Nmeas jackknife bins with length lix = Nmeas/Njex and 4,5 € {1,..., Nj}, the

jackknife bin averages and jackknife sample averages by omitting a single bin:

(jck) 1 e 1 Vick (jck)
0" = — On, O0j=—— 0. B.1
) ljck Z J ]\Gck -1 Z ) ( )

n=(i—1)-ljc+1 i=1,i4j

200
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Then the jackknife average of a function f = f(O) is obtained as

Nik
1 — ., ~
o= 5 10 (B.2)
with variance
Njex
N — 1 & )2
(F)z = (Piac £ By, A?z;;T;(wck—f(On) . (B.3)

For uncorrelated primary quantities (i.e. f = id and ljg = 1) the naive relation (A.26) is
reproduced, and (O);« is an unbiased estimator of (O);. The bias of secondary quantities,
which here means the difference (f)z — ( (f)j« ) in dependence of Nj, is normally ignored,
because it converges faster to zero than the statistical error, and the jackknife variances Ay
of the functions f(O) are superior to those from ordinary binning as it would be analogous
to section A.3. This method is very popular in numerical simulations on the lattice for a
long time [180, 181, 182].

The averaging in the jackknife bins is often already done during the program runs by
dividing the full data sample into subsamples. Their length, which should exceed the typical
autocorrelation times, determines the number of available jackknife samples, likely between
10 and 200 for the latter. By the way, it is obvious that egs. (B.2) and (B.3) apply to
functions of secondary quantities or fit parameters too, i.e. the required calculations can be

done within the jackknife samples before estimating their values and errors.

B.1.2 Bootstrap analysis

The bootstrap is a method of non-parametric statistics, which has been invented in ref. [183]
and used e.g. for mass calculations with correlation functions in the context of lattice field
theory in ref. [185]. This method is closely related to the jackknife just described — namely,
the jackknife estimators and errors are approached by the bootstrap in the limit of large
samples — but it should be preferred, if the statistics is lower and large fluctuations owing to
correlations between data from the same configuration are to be expected. Its characteristic
feature is that is not does base on the underlying assumption of a known, in particular the
normal (Gaussian), probability distribution for the data. A further textbook reference is

[184], and I want to outline the bootstrap method in the following.

Consider sets M® of independent measurements O,(f) of primary or secondary quantities
OW 1<i<I, 1<n<N,froma single MC run with N = Np,s measurements, which
can be interpreted as the empirical probability distributions of these observables. Now the
strategy is to draw for each O from these original N measurements N objects independently
and with repetition allowed, in order to form the so-called bootstrap samples B®. The total

numbers of NV such possible bootstrap samples constitutes the bootstrap distributions for
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the O specified by the original MC samples, and they are the best approximations to their
true distributions, which can be made by taking a large number of completely independent
sets of N configurations. Having in mind contingent correlations between the O, it is crucial
that for fixed n all O emerge from the same configurations for a given bootstrap sample.
By the way, it is also obvious that the jackknife ensembles are carefully chosen subsets of
the full bootstrap ensembles. Because of the huge number of possible bootstrap samples this

procedure is realized in practice by generating many independent representative bootstrap

samples B,(,i) = {Or(fb) |ny = 1,..., N} randomly, where the same measurements may occur
several times in such a set. The index b = 1,..., B counts the number of bootstrap iterations.

In each of the so-obtained bootstrap samples one computes the averages of the primary or

secondary quantities O,
i 1 ; ,
0) =5 08, 1<i<I, (B.4)

and from these a bootstrap sample estimate f, of a secondary quantity or some further
function f = f({O}) of it, e.g. a mass from fits of correlation functions, while for each
bootstrap iteration b the once generated index set Z, = {n;, |n, = 1,..., N} has to be used

for all . The bootstrap average and its variance is then

1 & , 1 < 2
(f)bts = B beb, A = 31 bz <<f>bts - fb) : (B.5)
=1 =1

however, a more meaningful estimate of the statistical error of the observable f is inferred
by the dispersion of the f,—values, more precisely by the two values left and right to the
median containing 68.3 %, i.e. 34.15 % in each direction, of their (distinctly asymmetric)
distribution in a histogram after B bootstrap iterations. This is motivated by the definition
of a confidence interval [F'_, F';] such that one has a 15.85 % probability to find f below F_

and above F,, respectively, which gives the statistical error through
bts 1
AP = = <F+ - F_) (B.6)

from the central 100(1 — «) % confidence interval with a confidence level o = 0.683 corre-
sponding to one standard deviation of the normalized Gaussian distribution in both direc-

tions.

The bootstrap procedure has been applied for the determination of the statistical error
of the electroweak interface tension from the two-coupling method in the second part of this
work. For this purpose it had to be slightly modified, because the relevant data were not
obtained in a single MC run, but in different runs for different pairs of the scalar hopping
parameter k, labelled by 1 < 57 < J. There the simulations provide independent histories of
measurements of the p-links LS) and Lfoz), which are to be treated as correlated, i.e. I = 2 for

each k—pair under study. Hence, the separate generation of the new bootstrap samples B, via
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the randomly chosen index sets I,Ej ), drawn with replacement for every j as described above,
is performed simultaneously for the different xk—pairs in every iteration, and for ¢ = 1,2 and
fixed j-th k-pair the Lg)—measurements have to be averaged within the bootstrap replicas
on the same set Ilgj). The least-squares fits of these bootstrap sample averages result in
fit parameters (and thereby the interface tension, see sections 7.1, 7.2, and 9.2), which
represent the desired secondary quantities in the present situation, and the distributions of
their values after B bootstrap iterations determines their statistical errors in the manner
of eq. B.6. In order to eliminate the influence of autocorrelations, I have combined the full
samples of original measurements to bins of increasing length so that the final bootstrap
error estimates can be looked up from the plateau in the error table, which develops when

the bootstrap analyses are done with these bin averages considered as the raw data.

B.2 Least-squares fits

Suppose N < Npeas mean values O,(t), n € {1,..., N}, over subsamples of a primary
or secondary quantity O = O(t) to be statistically independent, e.g. after dividing the
full history of Npyess data in long enough blocks, which were averaged first. For O(t) one
may think of a, say, timeslice correlation function with discrete arguments ¢t € {t,, |m =
1,..., M}, but the remarks also carry over to other classes of observables. The task is now
to fit these data to a theoretically given function f = f(¢;{a}) and estimate the best fit
parameters {a} = {a; |i = 1,..., I} and their statistical errors in the resulting identification
(O(t)) = f(t;{a}). Owing to their origin from the same configuration, the data sets O, (t,,)
and Oy, (t,) usually are strongly correlated in the fitted direction. These correlations among

the data reflect in the off-diagonal elements of the covariance (correlation) matrix

Cont = 57— 2o (Onlt) = (Ota))) (Oltr) ~ (O(t)
Oltn)) = 373 Onltm), B.7)

whose diagonal elements would equal the ordinary variances, i.e. (O(t))z = (O(tm)) £
Ao(tm)s Ao(tm) = \/Cm,m - Now the best fit is found via its maximum likelihood definition

by minimizing the sum of squares

M

= xa) = D [(Otm) — f(tmi {a}) | Cot | (Otw)) = fltwi{a})| (B8
m,m’'=1

with respect to the fit parameters. Under the assumption of an infinitely large sample of

stochastically independent measurements, the distribution of the O, (,,) is Gaussian (central

limit theorem) with probability P({a}) < exp{—3 x*({a})} to find the right answer that f
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represents the data sample indeed. The same holds true for the best fit parameters, whose

distribution around their ensemble averages over the subsamples is Gaussian as well [19, 186].

The x2-value in its minimum indicates the applicability and the quality of such a fit and
serves in the following to select the most reasonable fit interval. If ‘dof’ denotes the number
of degrees of freedom in the fit, i.e. the difference M — I, the occurrence of x?/dof ~ 1 always
provides a safe criterion for a good and reliable fit. The problems, which can arise in this
context, are twofold. Whereas too large values of x?/dof doubt of a really good modelling
of the distribution of the data by the fit function, one is also confronted with notoriously
low x?2/dof for many fit intervals in question so that the decision for a definite interval is
made harder. On the other hand, the correlated fits, which in general could overcome these
difficulties by inclusion of the correlations between the data in its off-diagonal elements, are
often plagued with very small eigenvalues of the covariance matrix as a consequence of low
statistics and thus large statistical errors in the inverse correlation matrix [187]. Then the
inversion of Cy,,,y in eq. (B.8) leads to a drastic increase of x?/dof and deformations of the
fit function. Under these circumstances the authors of refs. [187] argue that for a suitable
covariance matrix a number of at least N > max{M? 10(M +1)} independent measurements
(respective subsamples) is sufficient, and they propose the following recipe to remove any
very small eigenvalues of C,,,,, if the total sample size is too small to avoid unreasonable

fluctuations among the data. One calculates the normalized covariance matrix,

Coame = CV2Cpp C12 (B.9)

m'm'

its eigenvalues \,,, which are taken to be arranged in decreasing order, and smears the M — F

smallest eigenvalues through substitution by their mean value

A = K max{ A, Amin } (B.10)
with
1 -l 1 —
Amin = Ama K_l = )\ma Amin 3 B.11
V-2, g 2 Ao (B

while retaining the property that Trémm, = M, and it is suggested to keep E ~ /N exact
eigenvalues in practice. After choosing the largest fit interval of the available t-range, which
respects the criterion x?/dof ~ 1, the best fit parameters are obtained as results of the

uncorrelated fit, i.e. neglecting the off-diagonal elements of the covariance matrix in (B.8),

oy - 35 { O SstaD) o

m=1
along this interval. In order to get a plain shape for the deviation between fit and data in
units of its statistical errors [(O(t)) — f(t; {a})|/Ao() against ¢, one typically has to discard a
few data points from the beginning of the ¢-—range examined, because these tend to contribute

too much to x?/dof.
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This Michael-McKerrel method has been employed in nearly all mass determinations
from correlation functions throughout the present work; for recent applications in the SU(2)—
Higgs model see refs. [137, 141]. Especially in my treatment of two-dimensional U(1)-Higgs
model, an eigenvalue smearing was not necessary, because the statistics was large enough
to fulfill the constraint on N. However, it readily served as a cross-check for the final
estimates. I always verified that both fits fairly agreed within their errors, and other fit
intervals of different lengths with similar or even lower x?/dof did not lead to any significant
discrepancies worthy to note, signalling the stability of the method and the insensitivity of

its results to the these potential uncertainties.

The statistical errors of the fit parameters can either be computed by ‘simulating’ the
fit using normally distributed random data with mean values and variances of the original
data as input or, in view of the existence of independent data subsamples, by a jackknife
analysis, which is certainly more trustworthy. In this case the errors on the data in the
subsamples were not used in the (correlated) Michael-McKerrel fits, whereas the errors of
the data in the total data sample — to be used in the uncorrelated fits — were determined
from the statistical fluctuations of the subsample data. Since the y?-minimization can be
done analytically only for simple rational functions [192], I utilized standard library routines

[191] to cope with more complicated fit functions.

B.3 Ferrenberg-Swendsen reweighting

For an arbitrary observable O in a model with action parameter (3, energy density e, lattice
field action S = ¢, and generating functional or partition function Z = Zg, see eq. (A.10),

the identity o)
(0 268
_ Zs

ZI@ Q(3-038"
(02, = <o—e g ﬁ>f> — (B.13)
»=\z, s (e,

with Zg /Z5 = (e UB=8e) 7, in the second equality, relates expectation values at different 3
to each other. It gives rise to the histogram or reweighting method [188], which in principle
is capable to obtain expectation values in form of curves in § from a single MC run. Since
for too large A = |3’ — 3| =~ O(1) the exponential causes that only configurations with
very small contributions to (O) 7y are generated, their sample is peaked at the wrong value
of ¢, whilst those configurations with large contributions have a low proposal probability
and are drastically damped. Hence, they may never occur during a simulation (importance
sampling), and one has to ensure QAS ~ O(1) in practice.

This technique is used within the finite-temperature SU(2)-Higgs model in the direct
vicinity of the phase transition point, triggered by the scalar hopping parameter « with all
other couplings fixed. Its characteristic changes are so small in this region (Ax < O(107°))

that the condition of a fine scale in 3 just mentioned is fulfilled, and eq. (B.13) is justified
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to be applied. As can be read off from the lattice action (5.14) in chapter 5, the ¢-link
operator L, is conjugated in the thermodynamic sense to the coupling . Therefore, in
order to estimate an expectation value of the considered quantity O at ' different from that
k—value, where the simulation has been performed, the factor e 26-5)¢ amounts to attach
the weight

Wy = Wy[L,] = e3Len(x'=H) (B.14)

to the n-th entry in the history of its full measurement sample at hopping parameter x and

to calculate:

1 Nmeas Nmeas
<O>K’ = w Z Onwna Wrot = Z W, . (B15)
tot n=1 n=1

Of course, for K = k' one gets the original average at , and these equations remain valid
for anisotropic lattices as well, if the space- and timelike parts of the ¢-link operator were

combined with the coupling anisotropies according to egs. (5.32) — (5.34) before.

Realistic statistical errors of reweighted expectation values are granted through jackknife
or bootstrap methods as described in sections B.1.1 and B.1.2 of this appendix, because these
account for the intrinsic correlations between numerator and denominator in eq. (B.13) in

an appropriate way.
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