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Abstract

In this thesis the light bound states of N = 1 supersymmetric Yang-Mills theory
(SYM) with the gauge groups SU(2) and SU(3) are studied in the framework of
lattice quantum field theory. SYM is the supersymmetric extension of Yang-Mills
theory and it describes the interactions between gluons and their superpartners,
the gluinos. Similarly to QCD, SYM is confining at low temperatures. Its lightest
bound states form a mass degenerate (chiral) multiplet consisting of three states.
Two of these, a scalar and a pseudoscalar state, are mixed states of glueballs and
mesons. The third state is a spin-1/2 bound state of gluons and gluinos. Using
the variational method in combination with APE and Jacobi smearing we have
been able to determine the masses of the ground and first excited states of the
chiral multiplet. For this purpose, the techniques to analyze the light states have
been systematically optimized leading to a significantly increased precision of the
results compared to previous investigations concerning the ground states of SYM
with the gauge group SU(2). Supersymmetry is broken by the lattice discretization
and thus we have extrapolated the results to the chiral and continuum limit where
the symmetry is restored. Indeed, we find the expected mass degeneracies of the
ground and first excited states of the chiral supermultiplet. The supersymmetry
restoration in the chiral and continuum limit is further supported by the super-
symmetric Ward identities, which we have analyzed numerically, and which are
fulfilled in this limit. Furthermore, we have quantitatively analyzed the mixing of
glueball and meson components of the scalar and pseudoscalar states and we have
studied the effect of soft supersymmetry breaking by a non-vanishing gluino mass.
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Notational Conventions

Throughout this thesis the natural unit system

1 = c = ~ = kB (0.1)

is used and hence all dimensionful quantities are expressed in powers of eV. Fur-
thermore, Einstein summation convention is used, i.e. indices appearing twice in a
term shall be summed over. We denote the Dirac (spinor) components of an object
by upper Greek indices and the gauge (color) components by upper Latin indices.
On the discretized lattice, the space-time dependency of fields and operators can
also be written in index notation such as

λ̄αax λ
αa
x (0.2)

which implies a summation over the Dirac and gauge indices α and a, respectively,
as well as a sum over all lattice sites x. Using a multi-index notation, where capital
Latin letters denote the collection of gauge and Dirac and lattice-site indices, Eq.
0.2 can be written as

λ̄MλM . (0.3)

To avoid the implicit summation, the space-time dependency of the fields can be
written in parentheses. For example, the expression

λ̄αa(x)λαa(x) (0.4)

implies a summation over the Dirac and gauge indices, but not over the lattice
sites. To differentiate between Euclidean and Minkowskian space, the temporal
component of the four vector x is labeled by x0 in Minkowskian space-time and
by x4 in Euclidean space-time. Three dimensional spatial vectors are denoted as ~x
and its components are labeled by Latin indices, e.g. xi, to distinguish them from
four dimensional space-time vectors x whose components are denoted by Greek
indices xµ. Thus,

λ̄αa~x (x4)λβb~x (x4) (0.5)

implies only a spatial sum over all lattice sites at a fixed value x4 of the temporal
component.
The trace over gauge and spin indices is denoted by Tr, whereas Trc denotes the

trace over the gauge (color) indices only.
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1. Introduction

The search for the fundamental laws of nature belongs to the oldest and greatest
challenges of humanity. Throughout history scientists have achieved tremendous
progress to answering this puzzle by learning from ever more elaborate experiments
and extensive theoretical studies. This hunt for the elementary building blocks of
nature and their interactions has culminated in two theories: General Relativ-
ity (GR) and the Standard Model of Particle Physics (SM). GR is the theory of
gravitation between macroscopic objects and the SM is the theory of the known
elementary particles and their electroweak and strong interactions. These two
theories accurately predict the physics from the smallest up to the highest scales
accessible in present-day experiments. Particularly impressive examples are the
discovery of gravitational waves almost 100 years after they have been predicted
by Albert Einstein on the basis of GR [1, 2], and the agreement of measured and
predicted values of the electron’s anomalous magnetic moment to more than 10
significant figures [3].
Despite their great success, GR and the SM cannot be the final theory of

everything. In fact, GR and the SM are actually not even compatible with one
another since GR is a classical theory, while the SM is a quantum field theory
(QFT). All attempts to quantize GR in the framework of QFT have failed because
the resulting theory is not renormalizable perturbatively. A non-trivial UV-fixed
point of the renormalization group flow could lead to consistent non-perturbative
renormalizability. However, such a fixed point has not been found, yet. Therefore,
many physicists believe that a fundamental theory of the laws of nature, which
includes quantum gravity, cannot be a QFT of particle fields. Such a QFT could
then be viewed as an effective theory that can be derived from the fundamental
theory. String Theory and Loop Quantum Gravity are possible candidates for such
an underlying fundamental theory. However, these theories are still under devel-
opment and it has not been possible, yet, to recover the known physics from these
theories.
Gravity is by far the weakest of all known interactions (at the subatomic scale it

is a factor 10−37 weaker than the weak interaction). The effects of quantum gravity
are therefore expected to become important only for very large gravitational fields,
such as in the presence of black holes or at very large energy scales, such as the
Planck scale. In this thesis we therefore leave aside the problem of quantum gravity
and work in the framework of QFT which provides the currently most accurate,
complete and consistent description of elementary particles and their interactions.
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1. Introduction

Apart from the the conflict with GR at the fundamental level, there are further
theoretical and observational indications that the SM is not complete. Some of
the most prominent open puzzles are

1. The existence of the Higgs field in the SM leads to the so-called
hierarchy problem: Due to the Higgs field being scalar, quantum loop
calculations predict a very large correction to the mass of the Higgs boson
[4, 5]. Only by an unnatural fine-tuning of the bare Higgs mass the observed
value mHiggs ' 125 GeV [6] can be recovered in the SM.

2. Dark matter: Several cosmological observations such as rotational curves
of galaxies [7], the bullet cluster [8] and large scale structure formation [9]
provide evidence for the existence of electromagnetically non-interacting and
therefore dark matter. In the SM the neutrinos are examples for such dark
particles. Their abundance is, however, too low to explain the cosmological
observations which suggest that approximately 85 % of the matter in the
universe is dark matter. In fact, there is no known particle within the SM
to explain these observations.

3. Grand unification: The quantization of electric charges and the exact can-
cellation of proton and the electron electric charges are not explained by the
SM and suggest that strong and electroweak interactions should be combined
in a Grand Unified Theory (GUT). This is supported further by the fact that,
due to renormalization group running, the three coupling constants of the SM
meet almost, but not exactly, at a common energy scale λGUT ∼ 1016 GeV
[10].

4. Strong CP problem: There exists a term in the QCD part of the SM
Lagrangian that is allowed by the SM’s symmetries, but whose coefficient
θ ≤ 10−9 is unnaturally small [11]

LCP = θ
nfg

2

32π2
FµνF̃

µν . (1.1)

This term would lead to CP-violation in QCD which is not observed. There-
fore, θ must be very small or zero. This fine-tuning problem suggests that
there is an underlying mechanism, not yet know, that suppresses the value of
θ, which would naturally be of the order of one. There are several proposals
for such a mechanism, one of them is an additional pseudoscalar elementary
particle, the so-called axion [12].

5. Matter-Antimatter asymmetry: The Λ-CDMmodel (ColdDarkMatter),
which is also called the Standard Model of Cosmology, is based on GR, the
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SM, additional cold dark matter and a cosmological constant Λ. With only
few assumptions it is able to explain the structure of our universe. However,
no explanation has been found, yet, within the the Λ-CDM model for the
much larger abundance of baryonic matter than anti-baryonic matter [13].

6. In the SM the neutrinos are massless. The observation of neutrino os-
cillations, which was awarded with the Nobel Price in 2015 for T. Kajita
and A. B. McDonald, has proven that neutrinos do have a mass. While the
squared mass differences ∆m2

21 and ∆m2
23 are known from experiments [6],

only upper limits to the values of the masses themselves have been found.
The most stringent limits have been obtained from cosmology on the basis
of the Λ-CDM model to be mν < 0.17 eV [14]. The KATRIN experiment
aims to perform a direct measurement of the electron antineutrino mass. It
is designed to be sensitive to a neutrino mass down to 0.2 eV [15] which is
above the threshold excluded by cosmological observations.

7. The observation that the universe is expanding at an accelerating rate is
parameterized in the Λ-CDM model by an exotic form of energy, so-called
dark energy [16]. The Λ-CDM model predicts that dark energy contributes
with 68 % to the energy content of the universe. However, it is presently
still very unclear, what the nature of this dark energy is.

The failure of the SM to explain these puzzles shows that the SM is incomplete and
needs to be extended to also incorporate so-called physics Beyond the Standard
Model (BSM). The search for extensions of the SM has yielded many promising
new ideas and concepts. Some of them tackle only specific problems of the SM,
while others solve more than one problem at once.
One of the most promising and mathematically most elegant ideas is super-

symmetry (SUSY) which postulates an additional symmetry between bosonic and
fermionic degrees of freedom. Supersymmetric theories are interesting and useful
from different perspectives. On the one hand, they elegantly solve several problems
of the SM, see [10] for an overview. In particular, the hierarchy problem is solved
naturally, SUSY theories provide different dark matter candidates, the running
coupling constants meet much more precisely at a GUT scale ΛGUT ≈ 1016 GeV
and the strong CP problem can be solved within SUSY theories [17]. Furthermore,
SUSY is an essential component of string theory. On the other hand, supersym-
metric theories can serve as very useful toy models to theoretically understand the
phenomena of quantum field theories because the additional symmetry simplifies
investigations dramatically. A well known example is the AdS/CFT correspond-
ence which is deduced from string theory and which in its original form relates
N = 4 super Yang-Mills theory to string theory in five-dimensional anti-de Sit-
ter space times a five-sphere [18]. In this thesis we make use of the additional
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1. Introduction

symmetry in the form of the Ward identities corresponding to the SUSY trans-
formations (cf. Sec. 15).
The first studies of supersymmetric field theories have been done in the 1970’s,

with the Wess-Zumino model [19] being one of the first and most important toy
models. A more realistic supersymmetric model is the Minimally Supersymmetric
extension of the Standard Model (MSSM) [20]. There have been many studies of
supersymmetric models and experimental searches for the particles predicted by
supersymmetry. To date, no such particle has been found. Since unbroken SUSY
predicts for each fermion a boson of the same mass and vice versa, it must be broken
if it exists in nature. If this breaking is soft, such that no additional UV-divergences
occur, the aforementioned hierarchy problem is still under control. However, it is
not clear which mechanism is responsible for the breaking of supersymmetry.
In fact, despite the long ongoing investigation of supersymmetric models, most of

the low energy phenomena of these theories are still largely unknown. The reason
is that the most commonly used tool in QFT, perturbation theory, breaks down at
small energies, where the running gauge couplings become large for strongly inter-
acting (asymptotically free) theories. Other computational methods are needed to
study low energy features like the spectrum of bound states or the phase diagram.
A technique that is particularly useful to investigate this non-perturbative realm

of strongly interacting theories is Lattice Quantum Field Theory. Lattice QFT
allows to calculate non-perturbative properties of strongly interacting QFTs from
first principles. Amongst others, the correct prediction of the hadron spectrum [21]
and the deconfinement phase transition of QCD [22] belong to the most important
successes of lattice QFT.
Based on early theoretical work of Curci, Veneziano and Yankielowicz [23], [24]

the Desy-Münster collaboration investigates non-perturbative properties of N = 1
supersymmetric Yang-Mills theory (SYM) using the framework of lattice QFT.
SYM is the simplest supersymmetric non-abelian gauge theory. It describes the
interactions of gluons and their superpartners the gluinos. Since it does not include
the other particles of the SM, it is not expected to describe the laws of nature,
but it is rather used as a toy model to study supersymmetric gauge theories in
the context of lattice QFT and should be viewed as a first step towards a more
realistic theory, e.g. the supersymmetric extension of QCD, called Super-QCD. In
the last decade the Desy-Münster collaboration has achieved considerable progress
to perform lattice calculations of SYM. For SYM with the gauge group SU(2) the
masses of the lightest bound states have been computed [25, 26, 27, 28, 29, 30],
the SUSY Ward identities have been studied [31, 32, 33, 29], and the deconfine-
ment phase transition at finite temperature has been investigated [34, 35]. The
results are consistent with theory predictions from effective models and confirm
that, indeed, SYM can be studied in the framework of lattice QFT. Recently, the
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collaboration has moved on to investigating SYM with the gauge group SU(3), the
gluon and gluino part of Super-QCD. First results have already been obtained [36,
37] and show many similarities to the results for the gauge group SU(2).
This thesis is a contribution to the lattice simulations of SYM conducted by the

Desy-Münster collaboration. It summarizes the recent progresses in the investig-
ations of the spectrum of bound states in SYM with the gauge groups SU(2) and
SU(3). A major improvement compared to earlier investigations of SYM with the
gauge group SU(2) is the utilization of the so-called Variational Method, which
we use in combination with APE and Jacobi smearing. We have systematically
optimized the techniques and the relevant parameters used within this approach.
Consequently, we were not only able to increase the precision of the determined
masses of the lightest bound states, but we have also extracted the corresponding
first excited states as well as mixing properties of glueball and meson components
of these states. The improved results for SYM with the gauge group SU(2) have
been published in [30]. Furthermore, the variational method is also successfully
applied in the investigations of SYM with the gauge group SU(3), where in ad-
dition to the masses and mixing properties we also study the influence of a soft
supersymmetry breaking gluino mass on the spectrum of bound states. Moreover,
recent investigations of the SUSY Ward identities are presented for the case of the
gauge group SU(3).
The thesis is structured as follows. In Sec. 2, SYM is briefly introduced and the

theoretical expectations for the low energy bound states are discussed. In Sec. 3,
the discretized formulation of SYM that we use to study SYM in the framework of
lattice QFT is discussed. This formulation requires extrapolations of intermediate
results to the so-called chiral and continuum limit. For this purpose, the simulated
energy and length scales and the mass of the gluino need to be determined and
the simulation parameters have to be tuned such that the extrapolations can be
performed reliably. The procedure to estimate the scales and the gluino mass is
discussed in Sec. 4.
The calculation of observables in lattice QFT is typically performed in several

steps. First, field configurations are generated for different choices of simulation
parameters. This step, called Production, is described in Sec. 5 and the generated
field configurations are summarized in Sec. 6. In the second step, the so-called
Measurement, correlation functions are determined from these field configurations.
From these correlation functions, the observables are calculated in the third step
(Analysis). The measurement and analysis steps, optimized for the variational
investigation of the low energy spectrum, are described in detail in Secs. 7 to 12. In
the last step, the observables, obtained from different sets of gauge configurations
are extrapolated to the desired point in parameter space, here to the chiral and
continuum limit. In Sec. 13, the details of these extrapolations are discussed and
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1. Introduction

in Sec. 14 the extrapolated results are presented and discussed.
In addition to the variational analysis of the low energy spectrum, we also in-

vestigate supersymmetry restoration in the chiral and continuum limit by means
of the SUSY Ward identities. Our findings are briefly summarized in Sec. 15.
Finally, the conclusions and an outlook are presented in Sec. 16.
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2. Supersymmetric Yang-Mills Theory

Symmetries have become the guiding principle to construct theories of the fun-
damental laws of physics. In fact, QFTs that aim to describe physics on a broad
range of energy scales can be uniquely determined by defining their symmetries,
their field content and a finite set of parameters. The Lagrangian of such a theory
is given by the most general expression that can be formed from the given fields
such that it is scalar, i.e. invariant under the demanded symmetries, and such that
the theory is renormalizable. Renormalizability requires that all terms of the Lag-
rangian have a mass dimension of four or less. While the Lagrangian necessarily
has to be invariant under the defining symmetries, this does not always guaran-
tee that the quantum theory is also invariant because symmetries can be broken
dynamically or anomalously. Therefore, it has to also be assured that the vacuum
state as well as the measure of the path integral fulfill the demanded symmetries.
The framework of QFT itself is based on the requirement of Poincaré invariance.

Therefore, every quantum field theory describing elementary particles is necessar-
ily symmetric under the Poincaré group. Furthermore, quantum field theories
are also invariant under CPT [38], which is the subsequent application of charge
conjugation (C), parity transformation (P), and time conjugation (T).
The quantum field theory investigated in this thesis is N = 1 supersymmetric

Yang-Mills theory (SYM). It is defined to be invariant under N = 1 global su-
persymmetry and under transformations of a gauge group G. Its field content is
given by the gluon field Aaµ(x) and its superpartner, the gluino field λaα(x), where
α, a and µ are Dirac, gauge and space-time indices, respectively. In this thesis we
consider the gauge groups G = SU(2) and G = SU(3). The corresponding theories
are abbreviated as SU(2)-SYM and SU(3)-SYM.
In the following, the most important aspects of SYM that are needed in this

thesis are summarized. This includes a brief introduction of the two ingredients
of SYM, Yang-Mills theory and supersymmetry. In addition, the expected low
energy spectrum is discussed. For a more complete overview of supersymmetry
the reader is referred to the literature, e.g. [10] and previous doctoral theses of the
Desy-Münster collaboration [39, 40, 41, 25, 42, 43].

2.1. Yang-Mills Theory

Yang-Mills theories are quantum field theories that are invariant under non-abelian
gauge group transformations. Gauge groups are generated by compact, reductive
Lie algebras, most importantly the special unitary groups SU(N). The field con-
tent of Yang-Mills theories consists of only the gauge fields, i.e. the fields that are
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2. Supersymmetric Yang-Mills Theory

required to construct the gauge covariant derivative. For this reason Yang-Mills
theories are also called pure gauge theories. Non-abelian Yang-Mills theories are
confining at low temperatures, meaning that free particles, which are represen-
ted in QFT as asymptotic states, are not charged under the gauge group (color
neutral). Hence, elementary particles that are charged under the gauge group are
confined in color neutral bound states. Furthermore, these theories have a mass
gap, i.e. the bound states are massive. Confinement is not yet completely under-
stood theoretically and its existence in Yang-Mills theories has not been rigorously
proven. In fact, the proof of a mass gap in Yang-Mills theories is one of the un-
solved ”Millennium Prize Problems” stated by the Clay Mathematics Institute in
2000 [44].
While, in general, semi-simple Lie groups, e.g. U(1)⊗SU(2)⊗SU(3), are valid

gauge groups of a Yang-Mills theory, we restrict ourselves here to the case of
simple Lie groups which contain only one type of gauge field, e.g. SU(N). The
Lagrangian of such a Yang-Mills theory is given by

L = −1

4
F aµνF a

µν , (2.1)

where F a
µν is the field strength tensor

F a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν (2.2)

of the gauge field

Aµ(x) = Aaµ(x)T a (2.3)

and where T a and fabc are the generators and the structure constants of the gauge
group’s Lie algebra, respectively.
Pure gauge theories are the simplest non-abelian gauge theories since they con-

tain only gauge degrees of freedom, i.e. its elementary particles are only gluons.
The particle spectrum therefore consists of bound states of gluons, so-called glue-
balls. Pure gauge theories can be studied very efficiently in the framework of
lattice QFT. The necessary computations are much simpler compared to analog-
ous computations for theories that contain fermion fields because of the absence
of the fermion propagator, which is typically the most cost intensive part to be
computed in lattice QFT calculations.

2.2. Supersymmetry

The next ingredient of SYM is supersymmetry which relates fermion and boson
fields to one another. Actually, due to the Coleman-Mandula theorem [45], it
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2.3. N = 1 Supersymmetric Yang-Mills theory (SYM)

is not obvious that such a symmetry is realizable in quantum field theory. The
theorem states under very general assumptions that in QFT, Poincaré space-time
symmetry and internal symmetries cannot be combined in the form of Lie groups
in any other but the trivial way, i.e. as a direct product. Later, Haag, Łopuszański
and Sohnius discovered that the Poincaré space-time symmetry actually can be
extended if the restriction to Lie groups is loosened [46]. By generalizing ordinary
Lie algebras to Z2-graded Lie algebras, also called Lie superalgebras, a new class
of space-time symmetry is obtained: Supersymmetry. In fact, they also showed
that the Lie superalgebra is the only possible non-trivial extension of the Poincaré
algebra.
A Lie superalgebra has to fulfill two axioms:

1. [A,B] = (−1)|A||B|+1 [B,A] (Skewsymmetry) , (2.4)

2. 0 = (−1)|A||C| [A, [B,C]] + (−1)|C||B| [C, [A,B]] + (−1)|B||A| [B, [C,A]] ,
(2.5)(Super Jacobi Identity)

where |A| denotes the degree of the generator A and it can be either 0 or 1.
Generators with degree 0 are called bosonic generators and generators with degree
1 are called fermionic generators or supercharges. The generators of the Poincaré
group have charge 0. When restricted to generators of charge 0, the ordinary Lie
algebra axioms are recovered.

2.3. N = 1 Supersymmetric Yang-Mills theory (SYM)

N = 1 supersymmetric Yang-Mills theory is the simplest supersymmetric ex-
tension of Yang-Mills theory. In addition to the Poincaré group, one Majorana
supercharge Qα is introduced, fulfilling the Majorana condition

Q̄ = QTC , Q = CQ̄T , (2.6)

where C is the charge conjugation operator

C = iγ2γ0 . (2.7)

The Lie superalgebra is then given by

[P µ, P ν ] = 0 , (2.8)
[Mµν , P ρ] = i(ηµρP ν − ηνρP µ) , (2.9)

[Mµν ,Mρσ] = i(ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ) , (2.10)
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[P µ, Qα] = 0 , (2.11)
[Mµν , Qα] = −σµν,αβQβ , (2.12){
Qα, Q̄β

}
= 2γαβµ P µ , (2.13)

with P µ the generators of translations, Mµν the generators of the Lorentz group,
ηµν the metric tensor of Minkowskian space-time, γµ the Dirac matrices and
σµν = i

2
[γµ, γν ] . Eqs. 2.8 to 2.10 define the Poincaré algebra and Eqs. 2.11 to

2.13 are introduced due to the Z2-grading.
The Lagrangian of SYM is then constructed by including all renormalizable

terms that can be formed from the gluon field Aaµ(x) and the gluino field λaα(x)
such that it is scalar under the supersymmetry group generated by the superalgebra
defined in Eqs. 2.8 to 2.13. On-shell it is given by

L = −1

4
F a
µνF

µν,a +
i

2
λ̄a( /Dλ)a . (2.14)

We neglect here a θ-term similarly to the θ-term of QCD which is mentioned in
Sec. 1. Such a term would be consistent with the symmetries but it is not studied
in this thesis, i.e. we consider θ = 0.
Since the gluino is the superpartner of the gluon, their degrees of freedom have

to match. Hence, the gluino field has to be in the same representation of the gauge
group as the gluon, which is the adjoint representation. Thus, also the covariant
derivative Dµ (Eq. 2.14) is the adjoint one

(Dµλ)a = ∂µλ
a + gfabcAbµλ

c . (2.15)

Furthermore, the gluino field is of Majorana nature, i.e. the gluino is its own anti-
particle and the gluino field λ has to fulfill the Majorana condition (Eq. 2.6). The
global infinitesimal supersymmetry transformation that relates gluon and gluino
field is

δAaµ = −2iλ̄aγµε , δλa = −σµνF a
µνε , (2.16)

where ε is the Grassmann valued infinitesimal parameter of the transformation.
The supersymmetry transformation yields a conserved Noether current at the clas-
sical level and corresponding Ward identities in the quantized theory. They are
discussed in more detail in Sec. 15.
For the lattice simulations of SYM and to study supersymmetry breaking, it is

useful to introduce a gluino mass term

L���SUSY = −m0λ̄
aλa , (2.17)
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which breaks supersymmetry softly, meaning that this term does not introduce
additional ultraviolet divergences. The full SYM Lagrangian, including the super-
symmetry breaking term is then given by

LSYM = −1

4
F a
µνF

µν,a +
i

2
λ̄a( /Dλ)a − m0

2
λ̄aλa . (2.18)

2.3.1. Symmetry breaking

The SYM Lagrangian (Eq. 2.14) is very similar to the QCD Lagrangian with only
one flavor. The difference is that in SYM the fermion field λ is of Majorana type
and in the adjoint representation of the gauge group, whereas in QCD the fermions
are of Dirac type and in the fundamental representation. Due to this similarity,
SYM features similar symmetries as one-flavor QCD at the level of the Lagrangian,
i.e. at the classical level. In particular, for vanishing fermion mass, the Lagrangians
of both theories have an accidental chiral symmetry and are conformally invariant.
These two symmetries are broken anomalously by quantum corrections.
The aforementioned generation of a mass gap breaks the conformal symmetry.

The chiral symmetry of SYM, whose infinitesimal transformation is given by

δλ = iαγ5λ , (2.19)

with α the infinitesimal transformation parameter, is broken in different ways.
Quantum corrections break it to the discrete subgroup Z2NC [47]. Furthermore,
when SYM is studied on the lattice, the discretization may break this discrete
subgroup explicitly. Finally, a non-vanishing gluino mass, as it is introduced by
the soft SUSY breaking term (Eq. 2.17), breaks this symmetry completely. The
chiral symmetry breaking pattern is further discussed on the basis of the lattice
discretization chosen for our investigations in Sec. 3.2.
In addition to the chiral and conformal symmetry breaking it is natural to ask

whether supersymmetry could be broken spontaneously. However, in SYM this is
not possible. This is demonstrated by considering the Witten index, which counts
the number of bosonic minus the number of fermionic states with zero energy and
which has to be necessarily zero for a broken SUSY phase to exist [48]

w = Tr[(−1)F ] = nboson − nfermion . (2.20)

Witten further showed that in SYM the Witten index is non-zero

w = Nc . (2.21)
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2.3.2. Low energy spectrum

Using the methods of effective field theory, Veneziano and Yankielowicz have
worked out candidates for the lightest bound states in SYM [23]. They claimed
that the lightest bound states form a mass-degenerate multiplet, the chiral super-
multiplet, consisting of a scalar meson, a pseudoscalar meson ( 0++ and 0−+ in
JPC-representation, respectively) and a spin-1/2 bound state of gluons and gluinos
which we call gluino-glue. The scalar meson is closely related to the f0 meson
known from QCD. The difference is that in SYM the fermions are in the ad-
joint and not in the fundamental representation of the gauge group. Therefore,
in SYM the scalar meson is called a-f0 where a stands for adjoint. Analogously,
the pseudoscalar meson is called a-η′ due to its similarity to the η′ meson of QCD.
The gluino-glue does not have an analogue in QCD.
Later Farrar, Gabadadze and Schwetz extended this analysis by considering also

glueballs [49, 50], which are bound states of gluons without any valence fermions.
They argued that there is, a priori, no reason why these glueball states should be
heavier than the meson states. Therefore, they considered another multiplet con-
sisting of a scalar glueball (0++), a pseudoscalar glueball (0−+) and a gluino-glue
bound state. These glueballs have the same quantum numbers as the respective
mesons and therefore it is expected that the physical states are mixed states of
glueballs and mesons of the same quantum numbers. Hence, when mixing is con-
sidered, the physical states are expected to be arranged in chiral supermultiplets,
each formed of three mass degenerate states: A scalar and a pseudoscalar mixed
state of glueball and meson states and a gluino-glue state. In the following, the
states in the lightest multiplet are called the ground states and the corresponding
states of the heavier multiplet are called the first excited states. Furthermore, the
collection of all scalar states is abbreviated by the scalar channel, and similarly
for the pseudo-scalar and spin-1/2 states.
The authors of [50] have also worked out the multiplet structure when soft

supersymmetry breaking is considered, e.g. by a non-vanishing gluino mass. They
found that the ground states become heavier when SUSY is broken softly. In that
case, the mass of the scalar is shifted the least and the mass of the pseudoscalar
the most. The masses of the excited states are shifted by the same amounts, but
to lower values. Therefore, when SUSY is broken softly, the pseudoscalar becomes
the lightest particle of the excited multiplet and the scalar particle becomes the
heaviest. The structure of the two chiral supermultiplets is depicted in Fig. 2.1.
The investigation of the ground and first excited states of the chiral multiplet is

the central subject of this thesis. The expected mass degeneracy is a crucial test
if our lattice calculations are suited to investigate SYM. First results of investig-
ations for SU(2)-SYM that have been performed before the scope of this thesis,
have confirmed the expected mass degeneracy of the ground states in the limit
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2.3. N = 1 Supersymmetric Yang-Mills theory (SYM)

Figure 2.1.: Structure of the two considered chiral supermultiplets. When SUSY
is not broken the scalar, pseudoscalar and gluino-glue states form two degenerate
multiplets ( - and + ). Soft supersymmetry breaking leads to mass shifts that
break the degeneracy. Figure taken from [50].

of unbroken SUSY [28]. In fact, in these investigations, the glueball and meson
components of the scalar and pseudoscalar channel haven been considered separ-
ately. While the lowest masses, obtained from the analysis of the glueball and the
meson components, agree approximately in the scalar channel, in the pseudoscalar
channel the lowest masses obtained from the glueball components are significantly
larger than the masses obtained from the meson component. This suggests that
the physical ground state has only a small glueball component in the pseudoscalar
channel, whereas in the scalar channel the mixing between glueball and meson
states is considerably large in the ground state.
In the scope of this thesis, we have improved our methods and obtained more

precise results for the ground state masses of SU(2)-SYM. Our findings not only
confirm the degeneracy for the ground states, but we are now also able to observe
the degeneracy in the first excited multiplet. Furthermore, we have been able to
extract information about the glueball and meson contributions to the scalar and
pseudoscalar states. The improved results for SU(2)-SYM have been published in
[30] and the results for the gauge group SU(3) have been published in [36, 37].
The optimization of our methods and their application in the simulations of SYM
with the gauge groups SU(2) and SU(3) are explained in much detail in Secs. 7 to
13. The final results for the bound state spectrum are discussed in Sec. 14.
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The states belonging to the chiral supermultiplets are not the only bound states
in SYM. There are, for example, baryons, i.e. states with three valence gluinos,
vector mesons and more. In addition, there are also multi-particle states. The
masses of these states have not been analyzed, yet, and they could be lighter than
the first excited states of the chiral supermultiplet. In order to understand the
spectrum of physical states in more detail, the Desy-Münster collaboration has
started to investigate baryon states [51]. The investigations of such states are,
however, beyond the scope of this thesis and we focus here only on the ground and
first excited states of the chiral supermultiplet.

24



3. Lattice Formulation of SYM

Quantum field theories are usually defined in the continuum. The approach of
lattice QFT is to discretize space-time on a finite hypercubic lattice with a non-
zero lattice spacing a, see Fig. 3.1, and to calculate observables numerically on this
lattice. Since computational resources are limited, the lattice has to be of finite
extent. The results, obtained for different lattice spacings a and different lattice
volumes V are then extrapolated to the thermodynamic limit of infinite lattice
volume V → ∞ and to the continuum limit of vanishing lattice spacing a → 0.
To obtain correct results in the continuum limit, it is necessary that, on the one
hand, the lattice spacings are fine enough to resolve the observables of interest and
that, on the other hand, the lattice sizes are large enough to sufficiently suppress
so-called finite volume effects. For computations of particle masses the former
requirement translates to

a .
1

m
. (3.1)

The latter requirement means that the lattices need to be larger than the typical
correlation lengths ξ, which are governed by the masses m of the lightest particles

ξ ∼ 1

am
. (3.2)

Limited computational resources restrict the number of lattice sites per spatial
direction to be of the order NS = O(101−102), which requires the lattice spacings
to fulfill

NS � ξ
Eq.3.2⇒ a� 1

NSm
= O(10−2 − 10−1)m−1 . (3.3)

In QCD and similarly in SYM (cf. Sec. 4) this condition typically corresponds to
lattice extents of

L = aNS & 1-2 fm . (3.4)

The extent aNT in temporal direction is related to the temperature T via (for a
derivation see, for example, [52], Chap. 12)

aNT = 1/T . (3.5)
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Figure 3.1: Two dimensional slice
of the four dimensional hypercubic
lattice. The lattice spacing is de-
noted by a and the lattice extent
by L.

In this thesis we study the properties of SYM at low temperature and we therefore
set for our simulations NT = 2NS. To account for translational invariance and
the Grassmanian nature of fermion fields, we generally use periodic boundary
conditions for all fields, but antiperiodic temporal boundary conditions for the
fermion fields (for an explanation see [53], Chap. 4). Other choices are possible;
the most prominent alternatives are periodic, Dirichlet [54] or open [55] temporal
boundary conditions for the fermion fields.
Due to its similarity to QCD, the lattice calculations for SYM are very similar

to the corresponding calculations of QCD which are explained in many textbooks
about lattice QCD, e.g. [53, 52]. Therefore, in the following only the most im-
portant steps are explained, highlighting, in particular, the differences to QCD
calculations.

3.1. Discretizing the action

In order to calculate observables on the lattice, a corresponding discretized formu-
lation of SYM is required. For this purpose, a discretized action Slatt, which in
the continuum limit a→ 0 agrees with the continuum action Scont, is constructed.
The choice of the discretized action Slatt is not unique. Any lattice discretization
that yields the correct continuum limit is a valid discretization. Lattice QFT cal-
culations are usually performed in Euclidean space-time and hence all calculations
in the remainder of this thesis are done in the Euclidean formulation. It is ob-
tained from the Minkowskian one by performing the Wick rotation of the temporal
space-time component

x0 → −ix4. (3.6)

The most naïve lattice discretization is obtained by replacing the continuum gauge
action

Scont
G =

∫
d4x

(
1

4
F a
µνF

µν,a

)
(3.7)
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and the continuum fermion action

Scont
F =

∫
d4xTrc

[
λ̄
(
/D +m0

)
λ
]

(3.8)

by the lattice actions

Slatt
G =

β

Nc

∑
p

Re
(
Trc
[
1− U (p)

])
, (3.9)

Slatt
F =

a4

2

∑
x

Trc[λ̄Dλ] =
a4

2

∑
x,a,α

λ̄αax D
αa,βb
xy λβby , (3.10)

where

D(x, y) =
4∑

µ=1

γµ
Vµ(x)δx+µ̂,y − V †µ (x− µ̂)δx−µ̂,y

2a
+m0δx,y (3.11)

is the so-called Dirac operator (Dirac and gauge indices suppressed), µ̂ denotes a
unit vector in µ direction and

β =
2Nc

g2
. (3.12)

Furthermore, Vµ(x) is the parallel transporter from lattice site x to the neighbor-
ing lattice site in µ-direction. These parallel transporters, called gauge links, are
required for gauge invariance of the action and represent the gauge field on the
lattice. A derivation of these formulae can be found in almost any textbook on
lattice QCD, e.g. [53, 52]. The main difference is, that here the gauge links Vµ(x)
in the Dirac operator are in the adjoint representation of the gauge group in con-
trast to QCD, where the gauge links Uµ(x) are in the fundamental representation.
The gauge links of the two representations are related via

V ab
µ (x) = 2Trc

(
U †µ(x)T aUµ(x)T b

)
. (3.13)

Traces of closed loops of gauge links, called Wilson loops, are gauge invariant. The
smallest possible Wilson loop is called plaquette U (p)

µν (see Fig. 3.2)

U (p)
µν = Trc

(
Uµ(x)Uν(x+ µ̂)U †µ(x+ ν̂)U †ν(x)

)
, (3.14)

and the gauge action Slatt
G contains a sum over all possible plaquettes in the fun-

damental representation (
∑

p U
(p)).

It is simple to show that the naïve lattice action (Eqs. 3.9, 3.10) approaches
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Figure 3.2.: Plaquette U (p)
µν (x) (left) and clover plaquette Qµν (right).

the continuum action (Eq. 2.18) in the limit a → 0. However, it is unsuitable
for lattice simulations. The reason is the so-called fermion doubling problem: The
quark propagator, derived from the naïve lattice action, has 15 poles in the corners
and on the edges of the first Brillouin zone in addition to the pole at p = (0, 0, 0, 0)
which is known from the continuum action. This means that the naïve lattice
action leads to 15 additional unphysical modes. Therefore, lattice simulations
using the naïve lattice action do not have the correct continuum limit.
This problem is avoided by choosing a more sophisticated lattice fermion action

Slatt
F . Some of the most prominent fermion discretizations are known as Wilson

fermions, staggered fermions [56], domain wall fermions [57] and overlap fermions
[58]. Each of them has pros and cons.
For the lattice simulations of SYM we use the Wilson fermion discretization. In

this discretization the fermion doubling problem is avoided by adding the so-called
Wilson term to the Dirac operator

Oab
Wilson(x, y) = −a

4∑
µ=1

V ab
µ (x)δx+µ̂,y − 2δabδx,y + V †,ab(x− µ̂)δx−µ̂,y

2a2
, (3.15)

which is a discretized version of −(a/2)DµDµ. The Wilson term is an irrelevant
operator, meaning that it vanishes in the naïve continuum limit. Due to this term,
the fermion doublers acquire a mass which goes to infinity in the continuum limit.
Therefore, in this limit, the fermion doublers decouple and the correct continuum
limit is obtained. The Wilson fermion action of SYM reads

S
(Wilson)
F =

1

2

∑
x

Trc[λ̄DWλ] , (3.16)

Dab
W (x, y) = δx,yδ

ab − κ
4∑

µ=1

(
V ab
µ (x)δx+µ̂,y (1 + γµ) + V †,abµ (x− µ̂)(1− γµ)δx−µ̂,y

)
,

(3.17)

where DW is the Dirac-Wilson operator (Dirac indices suppressed) and the fields
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λ have been rescaled with respect to Eq. 3.10 to absorb the factor a4 and such
that the action can be written in terms the so-called hopping parameter κ

κ =
1

2am0 + 8
. (3.18)

The Dirac-Wilson operator can be written in matrix form (DW )MN where M and
N are multi-indices representing the space-time, gauge and spin indices x, a, α.
An important property of the Dirac-Wilson matrix is that it is γ5-Hermitian

D†W = γ5DWγ5 , (3.19)

which implies that its eigenvalues are real or come in complex conjugate pairs.
Furthermore, due to the adjoint representation of the gluino fields, each eigenvalue
is doubly degenerate [35].

3.2. Breaking of SUSY on the lattice and its restoration

Discretizing quantum field theories on the lattice breaks some of their symmetries.
Since the symmetries are one of the defining properties of a quantum field theory,
it is crucial that this symmetry breaking is dealt with appropriately if one wants
to obtain any meaningful result.
First and foremost, the introduction of a discrete space-time lattice breaks Poin-

caré invariance to a discrete hypercubic subgroup. Consequently, also supersym-
metry is broken, which is directly clear from Eq. 2.13. In the continuum limit,
Poincaré invariance is restored. From the Callan-Symanzik-β-function (not to be
confused with β defined in Eq. 3.12), which for SYM is known exactly [59] to be 1

β(g) = µ
d

dµ
g(µ) = − g3

16π3

3Nc

1− Ncg2

8π2

, (3.20)

one can straightforwardly derive (see [52], Chap. 3 for a derivation for QCD) that
the continuum limit corresponds to

a→ 0⇔ g2 → 0 , (3.21)

and consequently

a→ 0⇔ β →∞ , (3.22)

1Since the β function depends on the regularization scheme, the lattice β function might differ
from this formula. When β(g) is expanded in powers of g, however, the first two expansion
coefficients are universal, i.e. independent of the regularization scheme.
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where β is defined in Eq. 3.12. Therefore, the results obtained for finite values of
β have to be extrapolated to the limit β →∞.
However, this is not sufficient to simulate SYM. The reason is that the Wilson

fermion discretization breaks chiral symmetry explicitly (for a derivation see [52],
Chap. 7), but SYM is invariant under chiral rotations of Z2NC as explained in
Sec. 2.3.1. This breaking of chiral symmetry is reminiscent of the Nielsen-Ninomiya
no-go theorem, which forbids a chirally invariant, doubler-free, local lattice discret-
ization in even dimensions [60].
It would be desirable to find a lattice formulation of SYM that keeps full super-

symmetry intact also on the lattice. However, the supersymmetry violation due to
the absence of the Leibniz rule on the lattice can be amended only by giving up
locality as has been proven in [61]. In our lattice investigations we adopt an idea
proposed by Curci and Veneziano in 1987 [24] to simulate N = 1 SYM on the lat-
tice. They suggested to let the lattice discretization spoil both, Poincaré invariance
and chiral symmetry, and to extrapolate the results to limit where the Z2NC chiral
symmetry and Poincaré invariance are restored. In this chiral and continuum limit
also supersymmetry is restored. Hence, this limit is called supersymmetric limit.
In the extrapolation to the chiral limit, the soft SUSY breaking term (Eq. 2.17)

comes into play. The breaking of chiral symmetry by the lattice formulation implies
that the bare gluino mass receives an additive contribution and hence the gluino
mass needs to be renormalized additively (and also multiplicatively). This additive
contribution can be countered by a suitable value of the bare gluino massm0. Thus,
the chiral limit, i.e. the point where the renormalized gluino mass mr vanishes, can
be found by varying m0. In practice, m0 is tuned implicitly by means of varying κ
(cf. Eq. 3.18). The value of κ where mr vanishes is called critical κc and it depends
on the value of β which regulates the lattice spacing. As mentioned above, SYM
cannot be studied directly in the chiral limit, i.e. at κc. This can also be observed by
the fact that the condition number, which is the ratio of the largest to the smallest
eigenvalue of the Dirac Wilson matrix DW , approaches infinity in this limit which
makes simulations impossible (cf. Sec. 8.4). Furthermore, there appears a sign
problem when approaching the chiral limit (for further discussion see Secs. 3.4 and
5.5). Hence, the chiral extrapolation is unavoidable when using Wilson fermions.
The extrapolations to the chiral and continuum limit are explained in more detail
in Secs. 4 and 13.
In order to study the chiral properties of SUSY on the lattice, it is interesting

to consider other fermion discretizations, such as the aforementioned domain wall
fermions or overlap fermions. Domain wall fermions avoid the Nielsen-Ninomiya
no-go theorem by introducing a fifth space-time dimension in such a way that the
desired four dimensional theory of chiral fermions establishes as a domain wall in
the five-dimensional space. The idea of overlap fermions goes back to early work
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of Ginsparg and Wilson who formulated a lattice version of chiral symmetry which
approaches chiral symmetry in the continuum limit [62] and which is kept intact
on the lattice when overlap fermions are used. Lattice simulations using domain
wall fermions or overlap fermions are computationally very expensive. The Desy-
Münster collaboration has recently started first exploratory studies of using overlap
fermions for the simulations of SYM. These studies are, however, beyond the scope
of this thesis.

3.3. Improving the lattice action

The precision of the results, extrapolated to the continuum limit, depends crucially
on the dependency of the observables on the lattice spacing a. A strong dependency
drives the theory away from the continuum limit for finite values of a and usually
leads to larger final errors of the extrapolated results. In order to tame these
lattice discretization effects, we employ different techniques in our simulations.
In the simulations of SU(2)-SYM we use a tree-level Symanzik improved gauge
action and a Stout smeared fermion action. For the corresponding simulations for
SU(3)-SYM we use an unimproved gauge action, but a one-loop clover improved
fermion action. These improvements are explained in the following.
The lattice action (Eqs. 3.9, 3.16) can be expanded as a power series of the

lattice spacing a

Slatt = Scont + aS(1) + a2S(2) +O(a3) . (3.23)

The terms aS1 + a2S2 + O(a3) lead to lattice discretization effects. Irrelevant
operators (counterterms) can be added to the lattice action in order to cancel the
leading order terms in a. Improving the action in this way improves automatically
all on-shell observables, i.e. observables that fulfill the equations of motions, such
as masses of particles. For a full improvement, not only the action, but also all
discretized operators used for estimating (measuring) off-shell observables have to
be improved similarly. The procedure to systematically remove the leading order
lattice discretization effects is known as Symanzik’s improvement program [63, 64].
When the SYM lattice action is expanded in a, it turns out that the Wilson

gauge action Slatt
G is already free of lattice discretization effects proportional to a

while the fermion action Slatt
F contains such a term (for a derivation see [52]):

Slatt
G = Scont

G + a2S
(2)
G +O(a4) , (3.24)

Slatt
F = Scont

F + aS
(1)
F + a2S

(2)
F +O(a3) . (3.25)

A single additional dimension five operator is sufficient to cancel the leading term
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aS
(1)
F in the fermion action. This operator is the so-called clover term, defined as

OCL(x) = −csw
a

4
λ̄a(x)σµνF

µν,ab
latt,adj(x)λb(x) , (3.26)

where csw is the so-called Sheikholeslami-Wohlert coefficient named after the au-
thors who first proposed this improvement [65] for QCD. F µν

latt(x) is the lattice field
strength tensor written in terms of the clover plaquette Qµν(x) (see Fig. 3.2)

F µν
latt(x) = − i

8a2
(Qµν(x)−Qµν(x)) , (3.27)

Qµν(x) = U (p)
µν (x) + U (p)

µν (x− µ̂) + U (p)
µν (x− µ̂− ν̂) + U (p)

µν (x− ν̂) . (3.28)

For the adjoint field strength tensor F µν
latt,adj(x), adjoint plaquettes V (p) constructed

from adjoint gauge links (Eqs. 3.13, 3.14) have to be used in Eq. 3.28 instead of
the plaquettes U (p) in the fundamental representation. For a complete cancella-
tion of the aS(1) term, csw has to be tuned non-perturbatively. For QCD such a
tuning has been done [66, 67, 68, 69]. The non-perturbative tuning is, however,
rather complex and while a non-perturbative calculation of csw has been done for
adjoint fermions in the gauge group SU(2) [70], such a calculation has not yet been
performed for the gauge group SU(3). There exists, however, a perturbative cal-
culation of csw at one-loop order for general gauge groups SU(N) which in the case
of the gauge group SU(2) agrees within 5 % with the non-perturbative estimation
[71]. The perturbative expansion of csw is given by

csw = c(0)
sw + c(1)

swg
2 +O(g4) . (3.29)

The one-loop calculation of the improvement coefficients yields [71]

c(0)
sw = 1, c(1)

sw = 0.16764(3)CR + 0.01503(3)Nc , (3.30)

where CR is the quadratic Casimir invariant of the gauge group representation.
For the adjoint representation of the gauge group SU(N), it is given by

CR(SU(N), adjoint) = N . (3.31)

For SU(3) this yields

c(1)
sw = 0.54801(13). (3.32)

We use this one-loop estimation for the clover improvement of the fermion action
for our simulations of SU(3)-SYM.
For the simulations of SU(2)-SYM, which have been initiated prior to the in-
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3.4. Calculation of observables in SYM on the lattice

vestigations of SU(3), clover improvement is not used. Instead, one level of Stout
smearing is used in the fermionic action, i.e. the gauge links Vµ(x) in the fermion
action (Eq. 3.16) are replaced by a smeared gauge links Ṽµ(x) using the Stout
smearing technique introduced in [72] with a smearing parameter

ρ = 0.15 . (3.33)

The smearing reduces short range topological defects of the gauge field and removes
the corresponding small eigenvalues of the Dirac-Wilson operator, as was pointed
out in [25]. Furthermore, in the simulations of SU(2)-SYM a tree-level-Symanzik
improved gauge action is used as it was introduced in [73, 74] to cancel the leading
order lattice discretization term a2S

(2)
G in the gauge action (cf. Eqs. 3.9, 3.24).

Based on the simulations of SYM with gauge group SU(2), it was demonstrated
in [28] that using the clover-improvement in favor of the Stout smearing in the
fermion action leads to a suppression of lattice discretization effects and therefore
this option was chosen for our investigations of SU(3)-SYM.

3.4. Calculation of observables in SYM on the lattice

Using the discretized action, observables of SYM can be calculated in the frame-
work of lattice QFT. Typically, in QFT observables are calculated from correlation
functions C of field operators O(x)

C(x1, x2, . . . ) = 〈O1(x1)O2(x2) . . . 〉 . (3.34)

In the continuum the expectation value of an operatorO (hereO = O1(x1)O2(x2) . . . )
in the Euclidean path integral formalism is given by

〈O〉 =
1

Z

∫
DΦOe−S ≡ 1

ZTr
[
Oe−S

]
, Z =

∫
DΦe−S ≡ Tr

[
e−S
]
, (3.35)

where Φ stands for the collection of all fields. The Euclidean path integral formal-
ism is closely related to the canonical ensemble in statistical mechanics where the
partition function is given by

〈O〉 =
1

Zstat

Tr
[
Oe−βĤ

]
, Zstat = Tr[e−βĤ ] . (3.36)

Thus, relating S ↔ βĤ and the path integral over the field configurations with
the trace over all microstates, methods of statistical mechanics can be applied to
Eq. 3.35, which is also discussed in Sec. 5.
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3. Lattice Formulation of SYM

When discretized, the path integral is replaced by a finite number of integrals∫
DΦ→

∫ ∏
x

dΦ(x)=̇

∫
[dΦ] , (3.37)

where the product runs over all lattice points x. However, the number of lattice
sites x and thus the number of integration variables is too large (cf. Sec. 3) to
compute the integrals exactly. Thus, the standard approach in lattice QFT is to
evaluate Eqs. 3.35, 3.37 numerically by Monte Carlo integration and importance
sampling, which is explained in the following. Even though these techniques reduce
the computational cost significantly, the computations are still very demanding and
are performed on the largest computing clusters currently available.
The Euclidean action (Eqs. 3.9, 3.16) consists of boson and fermion fields.

While boson fields are unproblematic, the Grassmannian nature of the fermion
fields makes it non-trivial to simulate the theory on the computer. The fermion
fields are therefore integrated out analytically. This is possible because fermions
appear as bilinears in the fermionic action Slatt

F yielding a well known Gaussian
function of Grassmann variables in the path integral. For convenience, the fermion
action is repeated here

Slatt
F =

1

2

∑
x

Trc[λDWλ] . (3.16)

In QCD, where the fermions Ψ are in the fundamental representation, integrating
the fermions fields yields the so-called fermion determinant∫ [

dΨdΨ̄
]
e−Ψ̄DWΨ = det(DW ) , (3.38)

while in the case of Majorana fermions λ, which are present in SYM, the fermion
integration yields a Pfaffian (for a derivation see [33])∫

[dλ] e−Trc[λ̄DWλ] = Pf(CDW ) , (3.39)

where C is the charge conjugation operator. It can be shown that the eigenvalues
λi of DW come in degenerate pairs and that for each complex pair of eigenvalues,
the complex conjugate pair is also a pair of eigenvalues [43]. The Pfaffian of the
fermion matrix DW is given by

Pf(CDW ) =

no degeneracy∏
i

λi , (3.40)
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3.4. Calculation of observables in SYM on the lattice

where the product only includes one of the doubly degenerate eigenvalues. Since
these eigenvalues are real or come in complex conjugate pairs, this Pfaffian is real.
Up to its sign, the Pfaffian is equivalent to the square root of the determinant

Pf(CDW ) = sgn(Pf(CDW ))
√

det(DW ) , (3.41)

where det(C) = 1 was used.
After the fermion integration, the lattice action depends only on the gauge field

U(x) and the lattice path integral becomes

〈O〉latt =
1

Z latt

∫
[dU ]Ow(U) , Z latt =

∫
[dU ]w(U) , (3.42)

w(U) = sgn(Pf(CDW (U)))
√

det(DW (U))e−Sboson(U) , (3.43)

where the x-dependency of U(x) has been suppressed. In the Monte Carlo integ-
ration approach (without importance sampling) the integral over all gauge field
configurations is approximated by a sum over randomly sampled gauge configura-
tions Ui ∫

[dU ] f(U)→ 1

N

N∑
i

f(Ui) , (3.44)

where N is the number of samples. The expectation value of an observable is then
approximated by

Ô =
1
N

∑N
i O(Ui)w(Ui)

1
N

∑N
i w(Ui)

. (3.45)

Ignoring the sign of the Pfaffian for the moment, Eq. 3.45 shows that Ô is ob-
tained by a weighted average of O(Ui) where the weight is given by w(Ui). The
efficiency of the Monte Carlo integration is improved drastically by a technique
called importance sampling: Instead of using uniformly sampled random gauge
configurations, random gauge configuration with a probability distribution given
by the weight function w(Ui) are generated and used for the Monte Carlo Integ-
ration. The generation of such gauge configurations is further discussed in Sec. 5.
Using these gauge configurations Ô is given by

Ô =
1

N

N∑
i

O(Ui) , (3.46)

The integration error of Monte Carlo integration decays with 1/
√
N .
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The sign of the Pfaffian appearing in the weight is a problem and an incarnation
of the infamous sign problem in lattice QFT: w(Ui) can only be interpreted as a
weight if it is strictly positive. The occurrence of negative signs in the weights for
the importance sampling therefore spoils the interpretation of w(Ui) as a weight for
importance sampling. The sign problem can be circumvented if only a few gauge
configurations have a negative Pfaffian (mild sign problem). In that case the sign
of the Pfaffian can be ignored in the generation of the gauge configurations and
this is corrected in the estimator of O

Ô =

∑N
i O(Ui) sgn(Ui)∑

N
i sgn(Ui))

, (3.47)

where

sgn(Ui)=̇sgn(Pf(CDW (Ui))) . (3.48)

This correction technique is called reweighting. From Eq. 3.47 it is clear that re-
weighting only works well for a mild sign problem. If the number of positive and
negative signs are approximately equal, the denominator of Eq. 3.47 becomes very
small and therefore leads to large fluctuations and hence an unreliable determin-
ation of Ô. The process of calculating observables in SYM using lattice QFT is
then summarized as follows

1. For different values of β and κ, sets of random lattice gauge configurations
distributed by the weight w(U) are produced. A set of gauge configurations
for fixed values of β and κ is called ensemble.

2. The correlators (here represented by 〈O(Ui)〉) are determined (measured)
from the configurations of the gauge ensembles.

3. In the analysis step the observables are extracted from the measured correl-
ators. Uncertainties are estimated using statistical methods.

4. The results obtained for different values of β and κ are extrapolated to the
chiral and continuum limit.
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4. Towards the supersymmetric limit: Scale
setting and the adjoint pion

As explained in Sec. 3, supersymmetry is broken by the lattice discretization. It is
restored in the limit of vanishing (renormalized) gluino mass mr → 0 (chiral limit)
and vanishing lattice spacing a→ 0 (continuum limit). Neither the lattice spacing
a nor the renormalized gluino mass mr are input parameters of the simulations,
but they are tuned by means of β and κ. In order to reliably extrapolate the results
to the supersymmetric limit, a and mr have to be estimated from the ensembles.
The methods that we apply in our calculations to do this are summarized in the
present section.

4.1. Tuning the renormalized gluino mass

For the chiral extrapolation it is not required to directly determine mr, but an ob-
servable which is proportional to mr is suitable as well to define the massless point.
It is desirable that the measurement of this observable should be cheap and come
with only a small error since this error propagates into all chirally extrapolated
results.
In our project we employ two observables which fulfill these requirements: The

squared mass of the adjoint pion m2
a-π and the subtracted gluino mass mSZ

−1
S

defined from the supersymmetric Ward identities (where ZS is a renormalization
factor). While the adjoint pion is not a physical particle of SYM, it can be defined
in the partially quenched limit of SYM with one additional flavor [27]. Based
on the OZI-approximation of SYM it has been argued [23] that, analogously to
the Gell-Mann-Oakes-Renner relation of QCD, the squared adjoint pion mass is
proportional to the renormalized gluino mass

m2
a-π ∝ mr . (4.1)

m2
a-π is a particularly useful observable because the signal-to-noise ratio is typic-

ally very high and the measurement of the corresponding correlation functions is
required anyhow for the mass determination of the a-η′ bound states (for details
about the measurement, see Sec. 8.2). Therefore, we employ m2

a-π as a measure for
the gluino mass to extrapolate to the chiral limit (for an example see Fig. 4.1). The
supersymmetric Ward identities can then be used as an additional check of super-
symmetry restoration in the chiral and continuum limit. This is further discussed
in Sec. 15.
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4. Towards the supersymmetric limit: Scale setting and the adjoint pion

For the simulations of SYM, we tune κ, such that the adjoint pion mass is in
the range

0.15 . ama-π . 0.7 . (4.2)

For larger values of ama-π > 0.7, lattice artifacts are likely to become large (cf.
Sec. 3) and the determination of the particle masses becomes difficult because the
correlation functions decay very quickly (the technique to extract masses from
correlation functions is explained in Sec. 7). Smaller values of ma-π are compu-
tationally very expensive to simulate because of the rapidly growing condition
number of DW (cf. Sec. 8.4) and the increasing sign problem (cf. Secs. 3.4, 5.5)
when approaching the chiral limit.

4.2. Scale setting

The lattice spacing a is not an input parameter of the simulations, but can be
controlled by the parameter β, as explained in Sec. 3.2. The continuum limit
corresponds to a → 0 ⇔ β → ∞. The value of a in physical units has to be
determined from the simulations.
Due to the lack of an external scale, dimensionful quantities determined from

the lattice simulations, e.g. masses of particles, can only be expressed in units of
scales defined within the simulation. In principle, any dimensionful observable can
be used as a scale. The simplest scale available is the lattice spacing a and as a
first step, dimensionful observables are typically measured in multiples of powers
of the lattice spacing. Since we are interested in the continuum limit, where the
lattice spacing vanishes, the observables have to be converted, in a second step,
into units of a scale which does not vanish in the continuum limit. Ideally, that
scale is also accessible from other calculations or experiments so that the final
results can be compared.
The precision of the final results depends crucially on the precision of the scale

determination, since all dimensionful observables are expressed in units of the
scale. We conclude that, ideally, the observable used for the scale setting fulfills
the following requirements

1. Its measurement is computationally inexpensive.

2. Its measurements comes with a small error (statistical and systematical).

3. It has a physical interpretation and ideally can be compared to experiments
or other calculations.

In QCD simulations, hadron masses, which can be very well compared to exper-
imental values, are often chosen for the scale setting. The disadvantage of using
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4.2. Scale setting

hadron masses is that the measurements of hadron masses in lattice calculations
can be computationally expensive and come with a sizable error.
In order to profit from the experience obtained in lattice QCD, it is desirable to

choose an observable which is comparable to QCD calculations for the scale setting
in SYM. However, the hadrons of SYM are different from the ones of QCD. Due to
these reasons, we use purely gluonic scales, i.e. observables that can be obtained
directly from expectation values of Wilson loops and no fermion propagators have
to be calculated. Such scales are defined in QCD and in SYM since the gluon field
is defined identically in SYM and in QCD. This scale could then also be used in
investigations of Super QCD.
A commonly used gluonic scale is the Sommer parameter r0 [75]. It can be

measured efficiently and it has a clear physical interpretation in QCD since it is
calculated from the static potential of two quarks. Its physical value

r0 ' 0.5fm (4.3)

can be used to compare the results of lattice calculations to experiments and we
use this relation in SYM to convert the results to fm and GeV. However, r0 is
generally not the best choice since its computation requires smoothing and fitting
procedures which make it prone to systematic and statistical errors.
Other scales which avoid these problems have been developed in the context of

gradient flow, most prominently the scales t0 [76] and w0 [77], which also have the
dimension of length. These scales share many advantages with the Sommer scale
r0, while the measurements come with much smaller errors. The use of these scales
in SYM has been analyzed in detail by the Desy-Münster collaboration [78]. The
analysis showed, that these scales are suited for the scale setting as long as effects
from different topological sectors are under control (cf. Sec. 5.4). As was pointed
out in [77] w0 is less affected by cutoff effects than t0 and therefore we use w0 for
the scale setting in SYM.

4.2.1. Mass dependent and mass independent scale setting

There exist different schemes for the scale setting. Similar to renormalization
schemes, there are mass dependent and mass independent ones.
In the mass dependent scale setting scheme, all dimensionful quantities, determ-

ined from a given ensemble, are expressed in units of w0 which is also measured
from the same ensemble. In the mass independent scheme, on the contrary, the
measured values of w0, determined at different values of κ and fixed values of β,
are extrapolated first to a specified point and all dimensionful quantities at this
value of β are expressed in units of this extrapolated value. In QCD one may,
for example, use the value of w0 extrapolated to the physical point (i.e. the point
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4. Towards the supersymmetric limit: Scale setting and the adjoint pion

Figure 4.1: Chiral extrapolations of
the scales w0 and r0 for SU(3),
β = 5.4. r0 has been determined on
only a few ensembles since it is not
used for the final results, but rather
to get a rough estimate of the lattice
spacing in the unit fm.
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where the pion mass in terms of some scale agrees with the experimental value).
Since SYM is defined in the chiral limit, we extrapolate w0 to the chiral limit (see
Fig. 4.1) and denote the chiral value with the index χ

w0,χ(β) = lim
m2

a-π→0
w0(β,m2

a-π) . (4.4)

Similarly r0,χ denotes the chirally extrapolated value of r0. The extrapolations are
performed by polynomial fits of the form

w0,β(x) = w0,χ,β + c1x+ c2x
2 + c3x

3 +O(x4) , (4.5)

where β is written as an index to stress that β is fixed in the extrapolation and
x = (ama-π)2, w0,χ,β ≡ w0,χ(β). The ci are the fit parameters. Note that both, x
and w0,β(x), come with measurement uncertainties and we therefore use the ODR
(Orthogonal distance regression) fitting routine provided by the SciPy library for
Python.
It is not clear, a priori, which scale setting scheme is to be preferred. For

infinite statistics, both schemes yield the same chiral limit (see App. A.5). The
way this limit is approached, however, may be influenced by the choice of the
scale setting scheme. Thus, for finite statistics the two procedures may lead to
different uncertainties for the final results. In Sec. 13 the influence of the scale
setting scheme on the extrapolated results is investigated on the basis of the ground
states masses of SU(3)-SYM.
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5. Generation of gauge configurations

In the previous sections, the basic concepts of simulating SYM in the framework
of lattice QFT are explained, leaving out the details about generating gauge con-
figurations, measuring the observables and extrapolating the results to the super-
symmetric limit. These details are explained in the following sections, starting
with the production of configurations.
The generation of gauge configurations, distributed according to the weight

w(U), is the most basic and therefore probably also the most important step
in lattice QFT calculations. A lot of effort has been made to develop efficient
algorithms for the production of such gauge configurations. For theories including
dynamical fermions so-called Hybrid Monte Carlo (HMC) algorithms have proven
to be useful. These algorithm are based on Markov chains, which means that
each configuration is calculated from the previous one. This is done by evolving
a molecular dynamics trajectory with randomized initial momenta, followed by
an accept/reject step to guarantee the distribution according to the weight w(U).
Hence, the configurations are not completely independent of one another. HMC
algorithms have become the standard in lattice gauge theory and details can be
found in [79] and in many other textbooks on lattice QFT. The most important
steps are:

1. A proposal for a new gauge field configuration is calculated by evolving
the previous configuration on a molecular dynamics trajectory. This means
that, in the spirit of classical Hamiltonian mechanics, conjugate momenta
to the bosonic quantum fields are introduced, and the fields are integrated
numerically along the equations of motion with Gaussian distributed random
initial momenta for a time interval of length τ using N steps of length ε,
i.e. τ = Nε. Except for numerical integrations errors, the energy of the
molecular dynamics trajectory, and thus the action of the produced gauge
configurations, stays constant. This step is called Update.

2. To achieve the correct distribution of configurations, the proposed config-
uration is accepted or rejected with a probability according to the weight
w(U).

The main requirement for Monte-Carlo algorithms is ergodicity, i.e. that starting
from an arbitrary field configuration, every other field configuration can, in prin-
ciple, be reached by the algorithm. Here, the numerical integration error of the
molecular dynamics trajectory is important. If the integration were exact, the
algorithm would only produce configurations of constant action (constant energy
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of the molecular dynamics trajectory) and thus the produced ensemble would be
the microcanonical and not the canonical one (cf. Sec. 3.4).
The generation of gauge configurations for our investigations of SU(3)-SYM have

been performed in the scope of this thesis, whereas the configurations of SU(2)-
SYM were produced earlier. Also, the implementation of the HMC algorithms has
been done earlier, so that the main task required for this thesis was setting up and
monitoring the production of configurations. Therefore, only the most important
aspects of the HMC-algorithms that we use and the setting of their parameters
is outlined in this section. For more details the reader is referred to the cited
references.

5.1. Polynomial and rational approximation

The main difficulty in HMC algorithms is handling the fermion determinant and
its square root that arise from integrating out the fermion fields (Eqs. 3.39, 3.41)
and thus encode the interactions of the gauge links at different lattice sites. This
section briefly summarizes how the resulting non-local action is simulated by the
algorithms used in our investigations.
It is convenient to work with the squared Hermitian Dirac-Wilson matrix

D2
5=̇(γ5DW )2 (5.1)

instead of the Dirac-Wilson matrix DW because its eigenvalues are positive. This
can be achieved by rewriting the inverse root of the fermion determinant as(√

detDW

)−1

=
(
det(DW )2

)− 1
4 =

(
det(γ5DW )2

)−1/4
= det

(
(D2

5)−
1
4

)
, (5.2)

and using det(γ5) = 1. The fermion determinant is exponentiated as a bilinear of
complex boson auxiliary fields φ, so-called pseudofermions, as(√

detDW

)−1

= det
(

(D2
5)−

1
4

)
=

∫
dφdφ†e−SPF (U,φ,φ†) , (5.3)

with

SPF (U, φ, φ†) = −φ†(D2
5)−1/4φ . (5.4)

Note that SPF (U, φ, φ†) implicitly depends on the gauge field U through DW (U).
The lattice action in terms of the gauge field U and the pseudofermions φ is then
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given by

Slatt(U, φ, φ†) = SG(U) + SPF (U, φ, φ†) . (5.5)

The pseudofermion fields φ are sampled according to the probability distribution
e−SPF (φ,φ†) by generating a vector R of random complex numbers with a probab-
ility distribution proportional to exp(−R∗R) at the beginning of each molecular
dynamics trajectory. The pseudofermion fields φ are then given by

φ = (D2
5)1/8R , (5.6)

and they are kept fixed during the molecular dynamics integration of the gauge
field. The operator (D2

5)1/8 in Eq. 5.6 cannot be directly computed since the
dimension of D2

5 are too large. Hence, in the Polynomial Hybrid Monte Carlo
algorithm (PHMC) it is approximated by a polynomial functional of D2

5 and in
the Rational Hybrid Monte Carlo algorithm (RHMC) it is approximated by a
rational functional. The error stemming from the approximation can be corrected
in the accept/reject step or in the reweighting factors (cf. Sec. 3.4).
For the production of configurations for SU(2)-SYM, the so-called Two step multi

boson polynomial HMC (TSMB) algorithm that has been developed by Montvay
in [80] and a slightly modified version called (TS-PHMC) as described in [81]
were used. As the name suggests it is based on a polynomial approximation in
combination with multiple pseudofermions. For further details, see the reference.
For the production of configurations for SU(3)-SYM we use the RHMC algorithm.
For details see [43].

5.2. Running the algorithm

The TSMB, the TS-PHMC and the RHMC algorithms used for the production
of the gauge configurations fulfill the so-called detailed balance condition, which
guarantees the correct distribution of the gauge configurations in the limit of in-
finite statistics. In real simulations the number of configurations is, of course,
always finite. In order to obtain configurations distributed according to w(U), it is
therefore important to ensure, that the algorithm can efficiently sample the entire
configuration space and does not get stuck in specific regions. For this purpose,
we monitor the production of gauge configurations and adjust the parameters of
the HMC algorithm accordingly. The most important aspects are explained in the
following.
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5.2.1. Tuning the parameters

A disadvantage of HMC algorithms is that the produced configurations are not
independent of one another because they are generated as a Markov chain. The
correlation between consecutive configurations is called autocorrelation and the
typical number of subsequent configurations on which autocorrelations are meas-
urable in the Markov chain is called autocorrelation time. For an efficient sampling
of the configuration space, the produced configurations should ideally feature a
small autocorrelation time. The most important parameter to tune the autocor-
relation time is the trajectory length τ which controls the distance of two con-
secutive configurations in the configuration space. Therefore, τ should be chosen
sufficiently large. For increasing τ , however, also the integration error increases,
leading to large energy differences between two consecutive configurations and a
low probability of being accepted in the accept/reject step (acceptance rate). For
our simulations of SU(3)-SYM we therefore use the well established value

τ = 1.0 . (5.7)

The integration error is, furthermore, controlled by the choice of the integration
algorithm and number N of integration steps. A small step size ε = τ/N leads to
small integration errors and therefore to a larger acceptance rate. On the other
hand, it increases the computational cost of the integration. In investigations of
QCD, acceptance rates of 60-80 % have shown to lead to the best performance of
the HMC algorithms and we therefore tune the step size to achieve such a rate.
We use the integration scheme proposed by Sexton and Weingarten [82]. It

makes use of the fact that the gauge action SG and the so-called gauge force stem-
ming from SG, which has to be calculated for the integration of the equations of
motion, is much cheaper to compute numerically than SPF and the corresponding
fermion force. At the same time, the gauge force is usually much larger than the
fermion force. Therefore, it is useful to separate the time scales for the gauge force
integration and the fermion force integration, i.e. the fermion force is updated less
often than the gauge force. Thus, a larger step size εF is used for the integration
of the fermion force than the step size εG of the gauge force integration. The ratio
of the step sizes should optimally be inverse to the ratio of the magnitude of the
respective forces FG and FF

εF
εG

=
|FG|
|FF |

. (5.8)
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For our simulations of SU(3) this ratio is typically

εF
εG
≈ 4 . (5.9)

To achieve an acceptance rate of 60-80 %, NF = τ/εF is tuned in the interval

NF ∈ [12, 18] , (5.10)

and correspondingly NG = τ/εG = εF/εG NF ≈ 4NF .

5.3. Thermalization

To start the production of gauge configurations, an initial configuration has to be
provided and different choices are possible. In our runs we usually use a so-called
hot start, which means that random SU(N) matrices are generated for the gauge
links of SU(N)-SYM. As explained in Sec. 3.4, the configurations are sampled
according to the canonical ensemble, which means that, in equilibrium, the config-
urations fluctuate around the minimum of Helmholtz free energy (in the statistical
mechanics picture). The initial configuration consisting of random SU(N) matrices
is far out of this equilibrium (and thus hot). Hence, starting from the hot config-
uration, the algorithm evolves towards configurations of minimal Helmholtz free
energy. This process is called thermalization.
In order to obtain the desired distribution of gauge configurations, the hot con-

figurations produced during thermalization should be discarded since they have
been artificially introduced to start the run, but they are far out of equilibrium
and thus do not fit into the distribution given by the weight w(U). To determine,
how many configurations are affected by the thermalization, one can monitor dif-
ferent observables calculated from the produced configurations. We usually use the
average plaquette 〈U (p)〉, which is given by the average over all possible plaquettes
on the configuration, as a measure for the thermalization. Once the system has
thermalized, 〈U (p)〉 fluctuates around its expectation value. The thermalization
time τtherm can, hence, be identified as the number of configurations it takes until
〈U (p)〉 reaches its average value (see Fig. 5.1).

45



5. Generation of gauge configurations

Figure 5.1: Thermalization of a
gauge ensemble of SU(3)-SYM and
β = 5.4, κ = 0.1703 and a lattice
extent of 163 × 32. Depicted is the
average plaquette 〈U (p)〉 of each
configuration and its expectation
value 〈〈U (p)〉〉thermalized estimated
from its average over the thermalized
configurations. The thermalization
takes ∼ 500 HMC steps.
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5.4. Potential barriers and topological freezing

Detailed balance guarantees that in the limit of infinite statistics, the configuration
space is fully and correctly sampled. Due to potential barriers between different
regions of the configuration space, the HMC algorithm can, however, become stuck
in specific regions for a large number of subsequent configurations until it even-
tually tunnels to other regions. For low tunneling rates, many steps of the HMC
algorithm are needed until the configuration space is sampled sufficiently well. The
number of produced configurations is, however, limited by the computing resources
available. Thus, a low tunneling rate may lead to an insufficient sampling of the
configuration space and therefore to incorrect/biased results.
The most prominent source of potential barriers known in lattice QFT is due to

topology. The topological charge of a field configuration is defined in the continuum
as

Qtop =
1

32π2

∫
d4xεµνρσF

µν,aF ρσ,a . (5.11)

It can straightforwardly be discretized to be used on the lattice by replacing the
field strength tensor F µν,a by its the lattice version F µν,a

latt defined in Eq. 3.27

Qlatt
top =

1

32π2

∑
x

εµνρσF
µν,a
latt F

ρσ,a
latt . (5.12)

Unlike the continuum version, Qlatt
top is not necessarily integer. In [76] Lüscher

describes that field configurations ”between the sectors” have a rapidly decreasing
weight in the path integral when the lattice spacing approaches zero. In other
words, there are rapidly increasing potential barriers between field configurations
of different values of the topological charge. The algorithm can therefore become
stuck in the regions of fixed topological charge. This phenomenon is know as
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Figure 5.2.: Sampling of the topological sectors in SU(3)-SYM. While for β = 5.5
topological sampling is very efficient (left, green), at β = 5.6 fluctuations of the
topological charge are rare (left, purple). This problem is overcome by choosing a
larger lattice volume of 243 × 48 instead of 163 × 32 (right, green). The figure has
been published in [36].

topological freezing.
To avoid topological freezing, open boundary conditions in the temporal direc-

tion can be used [83]. In our simulations we do not use this technique. Instead,
we monitor the topological charge to make sure that this topological freezing does
not lead to inefficient sampling of the configuration space. The measurement of
the topological charge, which requires Wilson flow as a smoothing procedure, is
described in [78].
In our investigations of SU(3)-SYM, we observe significant topological freezing

only at the finest simulated lattice spacings (β = 5.6), when using the lattice
volume V = 163×32. The effect is overcome when the larger volume V = 243×48
is considered, see Fig. 5.2.

5.5. Monitoring the sign of the Pfaffian

In order to properly handle the sign of the Pfaffian, we monitor the lowest eigenval-
ues λi of the Dirac-Wilson operator DW , see Fig. 5.3. Since the λi are either real
or come in complex conjugate pairs and the Pfaffian is given by the non-degenerate
product of the eigenvalues (cf. Sec. 3.4), it can only be negative if there are real,
negative eigenvalues. These negative eigenvalues appear only for values of κ near
the critical value κc [84].
In the simulations of SU(2)-SYM a considerable number of negative Pfaffian

signs are observed only for the two ensembles at β = 1.75 where κ = 0.1494 and
κ = 0.1495, which are the ensembles where κ is closest to κc [26]. However, the

47



5. Generation of gauge configurations
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Figure 5.3.: Eigenvalues of the Dirac-Wilson matrix DW from 1022 SU(3)-SYM
configurations at β = 5.5, κ = 0.1683. The green points indicate eigenvalues close
to the real axis (〈v|γ5|v〉 > 0.001 with |v〉 the corresponding eigenvector). Negative
Pfaffian signs can only occur if there are real negative eigenvalues, i.e. green points
in the shaded region. This is not the case here. The figure has been published in
[36].

effect is still very mild at the 1-3 % level. The negative signs are handled using
the reweighting method, as explained in Sec. 3.4. We do not observe significant
negative eigenvalues in the investigations of SU(3)-SYM.

5.6. Finite size effects

Limited computing resources restrict the simulated lattice volumes in four dimen-
sional hypercubic lattice QFT with dynamical fermions typically to only a few
cubic fm. While analyzing quantum systems in finite boxes is interesting on its
own, e.g. for the analysis of scattering states [85], here we are mainly interested in
the limit of infinite volume. The deviations of the system from its infinite volume
limit are called finite size effects. It is intuitive that states which have a small
mass and therefore a large Compton wavelength are more affected by finite size
effects than states of larger mass and, hence, shorter Compton wavelength.
There are two approaches to reduce impact of finite volume effects. The first

approach is to run the simulation for different lattice sizes and to extrapolate the
results to the infinite volume limit. The second approach is to work with lattice
volumes that are already large enough such that finite size effects are smaller than
the statistical errors for the investigated observables. In our simulations we use
the latter approach. In order to ensure that our volumes are large enough, we have
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Figure 5.4.: Finite size analysis of the gluino-glue ground state and the a-π masses
at β = 5.6 in SU(3)-SYM and κ = 0.1660 for the different lattice sizes 83×32, 122×
32, 163× 32, 203× 40, and 243× 48. Lattices with a spatial extent L > 2.4r0 show
no significant finite size effects. The results have been fitted using the function
c exp(−αL)/L with the fit parameters c and α. Figure taken from [36]

tested the dependency of several observables on the (spatial) volume size [36]. We
find that for lattices with a spatial extent

L & 2.4r0χ , (5.13)

there are no significant finite size effects and hence for our simulations we use
lattice volumes that fulfill this requirement. The analysis for the masses of the
adjoint pion and of the gluino-glue ground state is depicted Fig. 5.4.
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6. Summary of the gauge ensembles

6.1. SU(2)-SYM

The ensembles of gauge configurations for the investigations of SYM with the gauge
group SU(2) have been produced before the scope of this thesis using the TSMB
and the TS-PHMC algorithm. They have been presented in [25], [26] and [28]. As
explained in Sec. 3, the simulations of SYM with gauge group SU(2) are based on a
Stout smeared action. For β = 1.75 the Desy-Münster collaboration has produced
two different kinds of gauge configurations. One kind is based on a one level Stout
smeared fermion action and the other kind is based on a three level Stout smeared
fermion action. For consistency we only consider the gauge configurations with one
level of Stout smearing in the scope of this thesis. Furthermore, for β = 1.75 there
are simulations of two different lattice volumes (V = 243 × 48 and V = 323 × 64).
Since finite volume effects are small for both studied volumes, we include both of
them and treat them on the same footing when extrapolating the observables to
the chiral and continuum limit.
The simulated parameters ranges of β and κ, as well as the corresponding lattice

spacings, lattice volumes and adjoint pion masses are summarized in Tabs. 6.1 and
6.2. The chirally extrapolated values of the scales w0,χ and r0,χ, needed for the
scale setting and the continuum extrapolations (cf. Sec. 4.2), are summarized in
Tab. 6.3. Further details are provided in Tab. A.1 in App. A.6.

6.2. SU(3)-SYM

The gauge configurations for the investigations of SU(3)-SYM have been pro-
duced in the scope of this thesis and first results have been published in [36]
and [37]. We have attempted to produce gauge configurations for different values
of β ∈ {5.2, 5.3, 5.4, 5.45, 5.5, 5.6, 5.8}. The lattices for β = 5.2 and β = 5.3 ap-
peared to be too coarse and we have not been able to tune κ towards the chiral
limit. The smallest pion mass obtained for β = 5.3 was ama-π = 0.600(6) for
κ = 0.1750. Upon increasing κ further, the conjugate gradient solver converged
only very slowly (after ∼ 15.000 iterations). We have therefore excluded β = 5.2
and β = 5.3 from our simulations. For β = 5.8 the simulations were significantly
affected by finite volume effects and simulations with lattice volumes large enough
to suppress these effects are prohibitively expensive.
We have therefore chosen to use β ∈ { 5.4, 5.45, 5.5, 5.6} for our simulations.

For each value of β we have produced gauge ensembles for at least four different
values of κ corresponding to ama-π between 0.2 and 0.7. On average ∼ 4700 con-
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6.2. SU(3)-SYM

figurations have been produced for each ensemble. The lattice volumes have been
chosen large enough, such that finite volume effects are sufficiently suppressed.
A summary of the simulated parameter ranges, lattice volumes, and the corres-
ponding physical values of the lattice spacings and of the adjoint pion masses
are presented in Tabs. 6.1 and 6.2. Further details are provided in Tab. A.3 in
App. A.6. Similarly to the case of SU(2)-SYM discussed above, we have simu-
lated two different lattice volumes for β = 5.6 (V = 123 × 24 and V = 163 × 32).
Finite volume effects are suppressed sufficiently on both volumes. This is suppor-
ted by the fact that both volumes fulfill the finite volume condition formulated
in Eq. 5.13. Thus, the simulations from both volumes are taken into account and
they are treated on the same footing in the chiral and continuum extrapolations.
The measurements of the scales r0 and w0 have been mainly performed by our

collaboration members Georg Bergner, Philipp Scior and Istvan Montvay. While
the lattice spacings in units of fm have been determined via r0, we use the more
precise scale w0 for all other purposes. For the chiral extrapolations of the two
scales we have used second order polynomials (cf. Sec. 4.2) and the resulting values
are presented in Tab. 6.3. Note that the values of χ2

r obtained in the chiral
extrapolations of the scale w0 are rather large. We have therefore also tested to
use a third order polynomial for the extrapolations. However, this has not reduced
the value of χ2

r. We therefore conclude that a second order polynomial is sufficient
for a reliable extrapolation. The most probable explanation for the large values of
χ2 is a slight underestimation of the uncertainties of w0.
The simulated physical lattice spacings and lattice volumes are comparable to

the ones of the simulations for SU(2)-SYM. Since the simulations of SU(3)-SYM
are significantly more expensive (the number of gauge degrees of freedom in the
adjoint representation is N2

C − 1 = 3 for SU(2) and N2
C − 1 = 8 for SU(3)), the

finest lattice spacing (a = 0.0496(13) fm) is ∼ 38 % larger than the finest lattice
spacing of the SU(2)-SYM simulations (a = 0.0358(6) fm). This is, however, well
compensated by the clover-improvement used in the SU(3)-SYM simulations.
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6. Summary of the gauge ensembles

β V a [fm] L [fm] #κ κmin κmax

1.6 243 × 48 0.0865(44) 2.1(1) 3 0.1550 0.1575
1.75 243 × 48 0.0528(16) 1.267(37) 4 0.1490 0.1493
1.75 323 × 64 0.0704(21) 2.253(67) 2 0.1494 0.1495
1.9 323 × 64 0.03584(61) 1.146(20) 4 0.1433 0.14435

5.4 123 × 24 0.0820(81) 0.984(97) 4 0.1695 0.1705
5.4 163 × 32 0.0820(81) 1.31(12) 6 0.1692 0.1705
5.45 163 × 32 0.0691(21) 1.106(33) 5 0.1685 0.1693
5.5 163 × 32 0.0535(39) 0.856(62) 4 0.1667 0.1680
5.6 243 × 48 0.0496(13) 1.1904(31) 4 0.1645 0.1660

Table 6.1.: Summary of the simulation parameters and the corresponding lattice
spacings a and spatial extents L determined from the chirally extrapolated scale
r0,χ (cf. Tab. 6.3). The last three columns provide information on the number of
different values of κ as well as the minimal and maximal values of κ studied for
the given value of β. Top: Values for SU(2) taken from earlier investigations [28].
Bottom: Values for SU(3) obtained in the scope of this thesis.

β (ama-π)min (ama-π)max (w0,χma-π)2
min (w0,χma-π)2

max

1.6 0.201(10) 0.5757(41) 0.140(14) 1.146 (17)
1.75 0.1263(65) 0.2380(14) 0.186(19) 0.659(10)
1.9 0.1498(32) 0.2255(72) 0.770(40) 2.825(81)

5.4 0.3123(33) 0.6954(14) 0.402(12) 1.607(36)
5.45 0.2282(36) 0.4748(22) 0.346(16) 1.497(51)
5.5 0.2606(29) 0.5468(13) 0.555(20) 2.445(67)
5.6 0.22819(86) 0.51380(42) 0.610(18) 3.082(87)

Table 6.2.: Ranges of the simulated adjoint pion masses in units of the lattice
spacing and of the physical scale w0,χ for each β. Top: SU(2)-SYM simulations,
bottom: SU(3)-SYM simulations.
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6.2. SU(3)-SYM

β w0χ/a χ2
r w

(3)
0,χ/a χ2

r r0,χ/a χ2
r

1.6 1.8595(39) - - - 5.78(15) -
1.75 3.411(18) - - - 9.47(14) -
1.9 5.858(84) - - - 13.95(12) -

5.4 2.031(22) 3.13 2.045(64) 3.74 6.10(60) 0.0215
5.45 2.577(43) 3.22 2.41(11) 3.70 7.24(22) 0.4730
5.5 2.860(39) 5.06 3.13(13) - 9.35(68) 1.6496
5.6 3.422(48) 1.42 3.54(11) - 10.07(26) 0.6248

Table 6.3.: Chirally extrapolated values of the scales r0 and w0. Top: Values for
SU(2) taken from [28]. Bottom: Values for SU(3) obtained by using a second
order polynomial (w0,χ/a) and a third order polynomial (w(3)

0 , χ/a) for the fit.
For β = 5.5 and β = 5.6 there are only four ensembles each. The third order
polynomial has also four fit parameters and therefore χ2

r cannot be determined
here.
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7. Measuring bound state masses

The masses of the bound states belong to the most interesting observables in non-
perturbative investigations of gauge theories. In particular, in SYM the expected
mass degeneracy of the supermultiplets provides a non-trivial measure for super-
symmetry restoration in the chiral and continuum limit (cf. Sec. 2.3.2). After
suitable gauge ensembles have been produced (cf. Secs. 5, 6), the masses of the
bound states in the chiral multiplet can be extracted from these ensembles. For this
purpose, suitable correlation functions need to be measured. The present section
provides an overview of the extraction of particle masses from these correlation
functions and the determination of their uncertainties.
The details concerning measuring the correlation functions and improved tech-

niques to increase the precision of the results are explained in Secs. 8 to 11.

7.1. Extracting bound state masses from the correlation
function

The correlation function Cij(t1, t2) of two operators Oi(t1) and Oj(t2), localized at
times t1 and t2, respectively, is defined as

Cij(t1, t2) =
〈
Oi(t1)O†j(t2)

〉
= 〈Ω|Oi(t1)O†j(t2) |Ω〉 , (7.1)

with |Ω〉 the vacuum state. Due to translational invariance, it only depends on
the relative time distance t = t1 − t2, hence

Cij(t) =
〈
Oi(t)O

†
j(0)

〉
, (7.2)

which is also to be interpreted as the i-j component of the correlation matrix
of the operators Oi. The correlation functions (correlators) decay exponentially
with the energies of the physical states |n〉 above the vacuum state |Ω〉. This is
demonstrated by inserting a full set {|Ω〉 , |n〉} of the Hamiltonian’s eigenstates

Cij(t) =
∑

φ={Ω,n}

〈Ω|Oi(t) |φ〉 〈φ|O†j(0) |Ω〉 (7.3)

= 〈Oi〉 〈Oj〉+
∑
n

〈Ω| etHOi(0)e−tH |n〉 〈n|O†j(0) |Ω〉 (7.4)

= 〈Oi〉 〈Oj〉+
∑
n

a
(n),∗
i a

(n)
j e−t(E

(n)−EΩ) (7.5)

= 〈Oi〉 〈Oj〉+
∑
n

a
(n),∗
i a

(n)
j e−tE

(n)

, (7.6)
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7.1. Extracting bound state masses from the correlation function

with
a

(n)
i = 〈n|O†i (0) |Ω〉 . (7.7)

In Eq. 7.6 the vacuum energy EΩ = 0 has been normalized to zero and for
notational convenience a discrete spectrum of physical states is assumed. In lattice
calculations with finite lattice volumes this assumption is certainly fulfilled. The
calculation can be straightforwardly generalized to continuous spectra. The first
term in Eq. 7.6 is usually avoided by subtracting the expectation value in the
definition of Oi if it is non-zero

Oi = O′i − 〈O′i〉 (7.8)

and therefore this term is neglected in the following. The diagonal elements of the
correlation matrix are given by

Cii(t) =
∑
n

∣∣∣a(n)
i

∣∣∣2 e−tE(n)

. (7.9)

The coefficient |a(n)
i |2 is the overlap of the state |n〉 with the the state created by

O†i acting on the vacuum, or in short, the overlap of the operator Oi with the state
|n〉. In order to determine the mass of a physical state |n〉 with high precision, the
operator Oi needs to have a sufficiently large overlap with this state and should
ideally have only small overlap with other states. In other words, the state created
by the operator Oi should be as similar as possible to the state |n〉. The operators
are therefore called interpolating operators or interpolating fields and they have to
have the same quantum numbers as the states that they interpolate. Otherwise
the overlap would be zero.
Furthermore, to estimate masses of bound states, the states created by the

operators should have have vanishing momentum ~p = ~0, such that the energy
of the interpolated state is identical to the mass E(n) = m(n). Corresponding
operators can be obtained by constructing interpolating operators in coordinate
space and Fourier transforming them with ~p = ~0

Oi(~p, t) =
1

L3

∑
~x

ei~p~xOi(~x, t) , (7.10)

Oi(t)=̇Oi(~0, t) =
1

L3

∑
~x

Oi(~x, t) . (7.11)

Inserting these operators back into the correlation function shows that the cor-
relator can be obtained from the correlation function C(x, y) in position space
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7. Measuring bound state masses

summed over all spatial indices

Cij(t)
Eqs.7.2

=
7.11

1

L6

∑
~x,~y

〈
Oi(~x, t)O

†
j(~y, 0)

〉
=

1

L6

∑
~x,~y

Cij(x, y)
∣∣∣
y4=0

=
1

L3

∑
~x

Cij(x, y0) ,

(7.12)

where in the last step translational invariance was used and t = x4 − y4
0. The

space-time coordinate y0 is arbitrary and can be chosen freely.
The finite size of the lattice and the (anti-)periodicity in the temporal direction is

not taken into account in the discussion above. Due to these boundary conditions,
the correlator has contributions that are even or odd under t → T − t (for a
discussion, see [53], Secs. 4.2.5 and 5.2.1). Projected to the even or the odd part,
the correlator is given by

Cij(t) =
∑
n

a
(n),∗
i a

(n)
j

(
e−tm

(n) ± e−(T−t)m(n)
)
. (7.13)

Thus, in addition to the forward propagating mode described in Eq. 7.9, the lat-
tice correlator has also backward propagating modes. In principle, there are also
contributions from wrapping once or several times around the lattice. Since the
these are exponentially suppressed, they are neglected here.
The procedure to extract masses of a bound states from a given ensemble is then

summarized as follows.

1. Construct an operator in position space that has sufficient overlap with the
bound state of interest; sum over the spatial indices according to Eq. 7.12.

2. Measure the correlation function Cii(t) (Eq. 7.2) on the ensemble. To im-
prove the precision of in the estimation of Cii(t), the measured values are
(anti-)symmetrized, depending on whether the even or the odd part shall be
analyzed

Cii(t) =
1

2
(Cii(t)± Cii(T − t)) . (7.14)

3. Extract the decay parameter m(n) from the correlation function.

The mass m(0) of the ground state |0〉 is the simplest one to extract. For suffi-
ciently large time separations t, all contributions of heavier states to the correlator
Cii(t) have decayed and, hence, the ground state mass is given by the decay para-
meter of the correlator at large t. The so-called effective mass provides a first
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Figure 7.1: Effective mass of the a-π
and of the a-η′ for SU(2)-SYM,
β = 1.75, κ = 0.14925. The effect of
the backward propagation mode is
visible from the effective mass of the
a-π at large values of t. For compar-
ison, the corresponding masses, es-
timated from fits of the correlators
are depicted as shaded bands.

estimate for m(0) from the time separations t and t+ 1

m
(0)
eff (t)=̇ ln

Cii(t)

Cii(t+ 1)
. (7.15)

Since at small values of t also heavier states contribute to the correlator, the
effective mass is larger than the ground state mass for small time separations t.
For larger values of t, the effective mass approaches the mass of the ground state
from above, see Fig. 7.1. Thus, once the higher states have decayed the effective
mass forms a plateau. For very large values of t two effects let the effective mass
deviate from this plateau:

1. The definition of the effective mass in Eq. 7.15 does not take into account the
backward propagation mode, which becomes important at very large values
of t.

2. There are always statistical uncertainties due to the limited number of config-
urations. At large t the correlator decays to very small values, often resulting
in a poor signal-to-noise ratio. In this case the measured effective mass fluc-
tuates strongly at large t.

A better method to estimate the particle masses is to fit the correlator Cii(t)
using a suitable fit function. The advantage of a fit over the effective mass estim-
ate is twofold. Fitting the correlator takes into account data of more than two
time separations and heavier states than the ground state are accessible by using
different fit functions (multi state fit).

7.2. Fitting the correlator

Fitting is the procedure of finding the most probable set of parameters {ck} for a
given functional form fck(x) to resemble the measured data points (xi, yi). Thus,
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7. Measuring bound state masses

the masses of bound states can be extracted from the correlation functions by
treating them as fit parameters. Fitting is a standard numerical method in science
and therefore only the relevant details are summarized here.
Assuming Gaussian distributed data points about the expectation values, the

most probable set of fit parameters {ck} is obtained by finding ck that minimizes

χ2 =
∑
i,j

(fck(x̄i)− ȳi)Cov−1
ij (fck(x̄j)− ȳj) . (7.16)

Here x̄i, ȳi are the data points averaged over repeated measurements and Covij
is the covariance matrix of the data. It can be estimated from the data points of
repeated measurements

Covij =
1

N − 1

N∑
n

(yi,n − ȳi)(yj,n − ȳj) . (7.17)

where N is the number of measurements. This method of determining the para-
meter set ck is called a correlated fit. If the data points are not correlated among
each other, then the covariance matrix Covij is diagonal. In this case the para-
meters ck can be determined from an uncorrelated fit where only the diagonal
elements of the covariance matrix are determined and all other elements are set to
zero (Cij = 0 for i 6= j).
For the extraction of masses, the functional form of the correlators is known

analytically (Eq. 7.13). Thus, to determine the mass of the ground state, the
correlator is fitted at large values of t using the fit ansatz

f(t) =

{
c cosh((t− T/2)m(0))

c sinh((t− T/2)m(0))
, (7.18)

depending on whether the correlator is even or odd in t→ T − t. c and m(0) are
the fit parameters.
It is possible to extract also heavier states than the ground state by performing

a so-called multi state fit, i.e. by using fit functions of the form

f(t) =

{∑N
n cn cosh((t− T/2)m(n))∑N
n cn sinh((t− T/2)m(n))

, (7.19)

to determine the masses of the N lowest states. Since these multi state fits have
many fit parameters, they require a good signal-to-noise ratio of the measured
data and are often unstable. A better method to determine the masses of excited
states is the so-called variational method which is explained in Sec. 7.3.
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Figure 7.2: Effective mass (bottom)
and χ2

r of an uncorrelated mass fit
with a fixed fit length tmax−tmin = 10
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ensemble β = 5.6, κ = 0.1655. From
the effective mass it is difficult to es-
timate tmin. It can be determined
more reliably by means of χ2

r which
stabilizes around t = 9.

In addition to the functional form, also the t-interval of the fit has to be chosen
with care. Especially the choice of the lower limit tmin is crucial. If tmin is too
small, the fit is affected by unwanted contaminations of heavier states. On the
other hand, choosing a too large value for tmin leads to poor precision because the
signal-to-noise ratio drops quickly for increasing values of t. The choice of the upper
limit of the fit interval tmax is not as critical because, due the small signal-to-noise
ratio at large values of t, those data points have only a small influence on the fitted
value for the mass m. For a fit of the correlator, the maximal value tmax = T/2 can
be used for the upper limit. For advanced methods like the variational method,
this might not necessarily be the case (cf. Sec. 11.4).
There are different ways to estimate the lower limit of the fit interval. One

method is to take the value of t where the effective mass plateau sets in, see
Fig. 7.2. This estimate is, however, not very precise because there is no unique way
to determine the beginning of the plateau and it is especially difficult if fluctuations
of the effective mass, due to limited statistics, are large. Another way to determine
the appropriate fitting interval is to perform fits using different values of tmin and
to judge the goodness of the fit interval by the reduced chi squared

χ2
r =

χ2

d.o.f.
(7.20)

#d.o.f.=̂ number of degrees of freedom (7.21)
= number of datapoints− number of parameters . (7.22)

If the fit function describes the data correctly and the data points are Gaussian
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7. Measuring bound state masses

distributed, then the expected value of χ2
r for a correlated fit is of order one

χ2
r = O(1) . (7.23)

This is only fulfilled for t-intervals, for which the heavier states have decayed suffi-
ciently. Otherwise χ2

r grows quickly with decreasing tmin. Therefore the procedure
to find the minimal value for tmin is to increase tmin until χ2

r stabilizes at a value
of O(1).
As was demonstrated in [86], a correlated fit is often unstable for small data

sets. The author suggests that, to reliably perform correlated fits, the data set
should have a size

N > max(D2, 10(D + 1)) , (7.24)

where N is the number of estimators, here the number of independent config-
urations, and D is the number of data points to fit. In lattice calculations this
condition is often not fulfilled and thus it is recommended to perform uncorrelated
fits, instead. Therefore we always use uncorrelated fits in the determination of the
bound state masses.
In this case, the condition χ2

r = O(1) has to be loosened. In practice, it is often
sufficient to find the region where χ2

r stabilizes for increasing tmin, see Fig. 7.2. As
a consequence of using uncorrelated fits, the uncertainty estimates, provided by
the fitting algorithms, are not correct. Therefore, the uncertainties of the results
are determined using the Jackknife resampling method which is explained in Sec.
7.4. Furthermore, instead of using Eq. 7.17, we also employ the Jackknife method
to estimate the (diagonal) entries of the covariance matrix Covij used in the fit of
the masses.

7.3. The variational method

Interpolating operators have, in general, non-vanishing overlap with more than just
one physical state. In Sec. 7.2, it is explained that the contribution of the lightest
states to the correlator can be separated by multi state fits or by considering large
values of t for the ground state. This procedure, however, has disadvantages. For
large values of t, the signal-to-noise ratio of the correlator is typically much worse
than for small values of t. Secondly, multi state fits become unstable very quickly
for large numbers of fit parameters. These effects lead to low precision of the final
data. It is therefore desirable to isolate the contribution of a single physical state
to the correlator and to extract its mass from this isolated part.
A method which has proved to be very useful in this regard is the so-called

variational method which was first suggested by Wilson [87] to improve the signal
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of the ground state. This idea was soon after generalized to also isolate the con-
tributions of higher excited states. The main idea is to systematically construct
an operator which has optimal overlap with the physical state to be analyzed and
only small overlap with the other states. This is achieved by forming a linear
combination of several different interpolating operators Oi(x)

O(x) =
∑
i

αiOi(x) , (7.25)

and optimizing the coefficients αi such that the overlap with the state is maximized.
For the ground state this amounts to maximizing [88]

λ(0)(t− t0) = max
{ai}

〈Ω|O(t)O(t0) |Ω〉
〈Ω|O(0)O†(0) |Ω〉

Eq. 7.9
= max

{ai}

∑
n |a(n)(αi)|2e−(t−t0)m(n)∑

n |a(n)(αi)|2
,

(7.26)

where now the overlaps |a(n)(αi)|2 depend on the coefficients αi. For t > t0 the
expression is clearly maximal when the overlap with the ground state |a(0)(αi)|2 is
maximal. It was quickly realized [89] that this extremal solution can be obtained
equivalently from solving the generalized eigenvalue problem (GEVP)

C(t)~v (n)(t, t0) = λ(n)(t, t0)C(t0)~v (n)(t, t0) , (7.27)

where C(t) is the matrix of cross-correlation functions, defined in Eq. 7.2, λ(n)(t, t0)
are the generalized eigenvalues, sorted by their magnitude and ~v (n)(t, t0) are the
corresponding generalized eigenvectors. In Ref. [90] it has been shown that the
generalized eigenvalues λ(n)(t, t0) satisfy

lim
t→∞

λ(n)(t, t0) ∝ e−m
(n)(t−t0)

(
1 +O

(
e−∆mn(t−t0)

))
, (7.28)

∆mn = min
l 6=n
|ml −mn| . (7.29)

Since the functional form of the eigenvalues λ(n)(t, t0) (Eq. 7.28) and of the cor-
relator Cii(t) (Eq. 7.9) are similar, the masses m(n) of not only the ground state,
but also of the next heavier states, can be extracted from λ(n)(t, t0) using the same
methods (effective mass, fitting) as explained for extracting the masses from the
correlator Cii(t). A multi state fit is not necessary.

Besides its benefits to extract higher excited state masses, the variational method
also increases the precision of the ground state mass estimation by allowing to use
smaller values of tmin, due to the reduced excited state contaminations in λ(0)(t)
compared to Cii(t).

There are several parameters to be optimized in the variational approach such
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7. Measuring bound state masses

as the choice of the operators Oi (sometimes called variational basis), the value
of t0, the fitting intervals, etc. A systematic optimization of these parameters is
described in Secs. 9 and 11.

7.4. Determining uncertainties, Jackknife method

As for all numerical calculations, it is important to determine the uncertainties of
observables calculated in lattice QFT. This can be achieved by means of statistical
methods. For this purpose, autocorrelations among the configurations (cf. Sec.
5.2.1) have to be properly taken into account, which is explained in Sec. 7.5. In
the present section, the data is considered to be free of autocorrelations.
This simplest approach to statistically estimate uncertainties is called Data

Blocking. It is, however, often unstable for small data sets and therefore it is
not commonly used in lattice computations. This stability problem is circumven-
ted by resampling methods. The two most popular resampling approaches are
Jackknife and Bootstrap. They are very similar. In both methods the estimator
Ô for the observable O is calculated from the full data set, while the estimator for
its error ∆Ô is obtained from resampled data sets of the original data. The two
methods differ in the way the original data set is resampled. The three methods,
data blocking, Jackknife and Bootstrap are standard statistical methods and they
are explained in many textbooks, e.g. [52], Chapter 4. In this thesis we use the
Jackknife method which is summarized in the following.
From the original data, consisting of N configurations, a new data set, called

Jackknife sample, is constructed by removing one configuration from the original
set. This way, N Jackknife samples are obtained by removing each configuration
once. On each Jackknife sample i, an estimator Õi for the observable O is cal-
culated in the usual way (Eq. 3.47). The Jackknife error estimate is then given
by

(∆Ô)2 =
N − 1

N

N∑
i=1

(Õi − Ô)2 , (7.30)

where Ô is the estimator calculated from the original data set. A potential bias
can be eliminated by means of

Ôunbiased = Ô − (N − 1)(Õ − Ô) , (7.31)
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where

Õ =
1

N

N∑
i

Õi . (7.32)

The bias correction, however, is known to sometimes lead to stability problems
and it is therefore not performed in this thesis. Instead, Ô is used as the final
result.

7.5. Eliminating autocorrelations, Binning

The uncertainty estimate from the Jackknife method can be spoiled if autocorrel-
ations are present in the data set. Therefore, autocorrelations need to be properly
handled. The simplest solution to eliminate autocorrelations is to take only every
n-th configuration and discard the configurations in between where n is larger
than the autocorrelation time scale. A more elaborate alternative, which takes
into account all configurations and which is used in this thesis, is a procedure
called Binning. In this method the data set is divided into bins, each containing B
consecutive configurations. The Jackknife samples are then constructed by remov-
ing a whole bin instead of removing only one configuration. Hence, NB = N/B
Jackknife samples are obtained, where N is the number of configurations.
The proper bin size required to eliminate autocorrelations can be estimated by

calculating the Jackknife error estimates for different bin sizes B. For increasing
bin sizes, the effect of autocorrelations is successively reduced. Therefore, the error
estimates (∆Ô)B plotted against B stabilize and form a plateau once autocorrel-
ations are eliminated. The bin size B, where the plateau begins, is then used for
the final estimation of the uncertainty, see Fig. 7.3.
An even more elaborate method to take into account autocorrelations, is the

so-called Γ-method which has been developed in [91]. However, the Γ-method is
not used in the scope of this thesis.
In general, the autocorrelation time varies for different observables and therefore

the determination of the proper bin size needs to be performed for each observ-
able individually. The longest autocorrelation times are typically observed for the
topological charge (cf. Sec. 5.4).
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7. Measuring bound state masses

Figure 7.3: Jackknife error estimates
for ama-π using different bin sizes B.
We read off a bin size B ' 200 re-
quired to eliminate autocorrelation.
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8. Constructing variational bases and measuring
correlation functions

As outlined in the previous section, the variational method is a very useful tech-
nique to investigate the ground and excited states of the SYM spectrum. In this
thesis the variational method is employed for the investigation of the states be-
longing to the chiral multiplet. For this purpose, variational bases of suitable
interpolating operators have to be constructed for the scalar, the pseudoscalar,
and the spin-1/2 channel. Our approach is to use a set of local interpolating oper-
ators on which smearing techniques are applied to construct the variational bases.
The definition of the basic interpolating fields and the smearing techniques used to
construct the variational bases are explained in the present section. Furthermore,
the details of measuring the corresponding correlation functions are described.
The techniques introduced in this section come with several parameters. The

tuning of these parameters to obtain high signal-to-noise ratios is explained in
Sec. 9.

8.1. Local interpolating operators

Interpolating operators are gauge invariant operators which are constructed from
fields on the lattice and which carry the quantum numbers of the respective state.
In principle, every operator that meets this condition is a valid operator to be used
in the variational method. In this section we define the set of local operators used
for the construction of the variational bases. We differentiate between different
kind of operators

• Operators which are constructed solely from gluonic fields (Wilson loops) are
called glueball operators.

• Operators that are bilinears of fermion fields are called meson operators.

• There are also operators constructed from both, gluon and fermion fields,
the prime example being the gluino-glue operator defined below.

The states in the scalar and in the pseudoscalar channel are expected to be
mixed states of glueballs and mesons. Hence, it is expected that both, glueball
operators as well as meson operators have non-vanishing overlap with these states.
The local glueball and meson interpolating operators used in our investigations

are commonly known from lattice QCD (with the difference the fermions of QCD
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8. Constructing variational bases and measuring correlation functions

Figure 8.1: Wilson loop Cijk(x) used in
the interpolating field of 0−+-glueball. x

i
j

k

are in the fundamental representation of the gauge group) and therefore the defin-
itions are simply stated here without much discussion. The glueball operator for
the 0++ channel is defined as

Ogb++(x) = Trc

[
U

(p)
12 (x) + U

(p)
23 (x) + U

(p)
31 (x)

]
, (8.1)

where U (p)
ij denotes a plaquette in the i-j direction. The corresponding local oper-

ator for the 0−+ glueball is given by

Ogb−+(x) =
∑
R∈Oh

[Trc [C(x)] -Trc [PC(x)] , (8.2)

Cijk =Ui(x)Uj(x+ î)U †i (x+ ĵ)Uj(x+ ĵ) (8.3)

Uk(x+ 2ĵ)U †j (x+ ĵ + k̂)U †j (x+ k̂)Uk(x+ k̂) ,

where the sum runs over all rotations of the cubic group Oh and PC is the parity
conjugate of the Wilson loop C, see Fig. 8.1. The meson interpolating operators
are given by

Oa-f0(x) =λ̄a(x)λa(x) , Oa-η′(x) = λ̄a(x)γ5λ
a(x) . (8.4)

The interpolating field of the gluino-glue state is obtained by discretizing the
continuum interpolator

Ocont
gg (x) =

1

2
σαβµνTrc

[
F µν(x)λβ(x)

]
, (8.5)

which has already been used in early works of SYM [23]. This is achieved by repla-
cing the field strength tensor with the lattice version (cf. Eq. 3.27) and restricting
the sum to the spatial components (indicated by the indices i, j)

Oα
gg(x) =

1

2
σαβij Trc

[
F ij

latt(x)λβ(x)
]
. (8.6)
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8.2. Evaluating the correlators and the a-π

Measuring the glueball correlation functions

Cgb(x, y) =
〈
Ogb(x)O†gb(y)

〉
(8.7)

by means of Eq. 3.47 is straightforward because the glueball interpolators Ogb(x)
can be evaluated directly on the gauge configurations.
Correlation functions of interpolating operators that include fermion fields are

more difficult to measure. As explained in Sec. 3.4, the fermion fields are integrated
out and not stored in the configurations. Therefore, the fermion fields appearing
in the correlation functions have to be Wick contracted for the measurement. Note
that due to the Majorana nature of the gluino, contractions of the form

λ̄λ̄
Eq. 2.6

= λ̄λTC and λλ
Eq. 2.6

= Cλ̄Tλ (8.8)

are non-vanishing and have to be taken into account. In the case of the meson
correlators, Wick contractions lead to connected and disconnected pieces

Cm(x, y) =〈Om(x)O†m(y)〉 = 〈λ̄a(x)Γλa(x)λ̄b(y)Γλb(y)〉 (8.9)

=〈λ̄a(x)Γλa(x)λ̄b(y)Γλb(y)〉+ 〈λ̄a(x)Γλa(x)λ̄b(y)Γλb(y)〉

+ 〈λ̄a(x)Γλa(x)λ̄b(y)Γλb(y)〉 (8.10)
=〈Trc

[
ΓD−1

W (x, x)
]
〉〈Trc

[
ΓD−1

W (y, y)
]
〉 − 2〈Trc

[
ΓD−1

W (x, y)ΓD−1
W (y, x)

]
〉 ,

(8.11)

where D−1
W (x, y) denotes the propagator from x to y (spin and group indices sup-

pressed) and Γ represents 1 or γ5. The first term in Eq. 8.11 is the disconnected
piece and the second term is the connected piece. A graphical representation of
the meson correlator is shown in Fig. 8.2.
The correlator for determining the mass of the adjoint pion is defined to be the

connected piece of the a-η′-correlator

Ca-π(x, y) = 〈Tr
[
γ5D

−1
W (x, y)γ5D

−1
W (y, x)

]
〉 . (8.12)

The adjoint pion is not a physical particle of SYM because its correlator cannot
be obtained from Wick contractions of interpolating operators. This is because in
SYM all interpolating operators are necessarily flavor singlets since SYM has only
one fermion species (1/2 flavor). Hence, the Wick contractions of fermion bilinears
always contain disconnected pieces.
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8. Constructing variational bases and measuring correlation functions

Figure 8.2.: Graphical representations of the meson correlator (left) and of the
gluino-glue correlator (right). The meson correlator consists of a disconnected and
a connected piece. The gluino-glue correlator consists of a fermion propagator
connecting two antisymmetrized clover plaquettes representing the lattice field
strength tensor F latt

ij .

Wick contracting the gluino-glue correlator yields

Cαβ
g-g(x, y) = 〈Oα

g-g(x)Ōβ
g-g(y)〉 (8.13)

=
1

4

〈
σαα

′

ij Trc

[
F latt
ij (x)λβ

′
(x)
]

Trc

[
F latt
kl (y)λ̄β

′
(y)
]
σβ
′β

kl

〉
(8.14)

=
1

4

〈
σαα

′

ij Trc
[
F latt
ij (x)T a

]
(D−1

W )α
′a,β′b
xy Trc

[
F latt
kl (y)T b

]
σβ
′β

kl

〉
, (8.15)

where T a are the generators of the gauge group.
It is simple to show that the the glueball and the meson correlators considered

here are symmetric in t→ T − t and, hence, cosh functions (Eq. 7.18) are used for
fitting the correlators. The gluino-glue correlator can be expanded in the basis of
the Dirac matrices Γi = {1, γ5, γµ, γmuγ5, iσµν}. By studying the transformation
properties of the correlator, it can be shown [92] that only two terms are non-
vanishing

Cαβ
gg (t) = C1(t)δαβ + Cγ4(t)γ4

αβ , (8.16)

where C1(t) and Cγ4(t) are real components. They are anti-symmetric and sym-
metric under t→ T − t

C1(t) = −C1(T − t) , Cγ4(t) = Cγ4(T − t) . (8.17)

The two correlators C1(t) = 1
4
TrD[Cgg(t)] and Cγ4(t) = 1

4
TrD[γ4Cgg(t)] can be used

separately for the mass estimation using a sinh or a cosh fit function, respectively
(Eq. 7.18).
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8.3. Smearing techniques

The interpolating fields defined in Sec. 8.1 are ultralocal in the sense that they
are defined from the smallest possible Wilson loops and fermion fields at single
space-time points. It is well known, however, that bound states have a finite
spatial extent. Therefore, ultralocal interpolating fields have only small overlaps
with these states. Even worse: Since heavier states have a smaller Compton wave
length compared to lighter states it is intuitive that the signals for the light states
are very contaminated by contributions of heavier states when using ultralocal
operators.
In order improve the spatial overlap with the light states, we use smearing

techniques on the ultralocal operators to construct spatially extended operators.
By varying the smearing parameters, and in particular the so-called smearing level,
different interpolating operators are constructed from the ultralocal operators. In
this thesis we use these different operators, obtained from different smearing levels,
as the operator basis in the variational method.
As an alternative, extended operators can be constructed manually, e.g. by con-

sidering Wilson loops of larger extent in the case of the glueball interpolators
(cf. Eqs. 8.1, 8.2). These extended operators could then also be smeared. This
approach is, however, not investigated in this thesis.
Many different smearing techniques have been explored in lattice QFT. In our

investigations we apply APE smearing [93] and Jacobi smearing [94, 95] to smear
the gauge and the gluino field, respectively. The spatially extended (smeared)
interpolating operators are then constructed by replacing the unsmeared fields
with the smeared fields.
Smearing does not only increase the spatial extent of local operators, but it

also smoothens short ranged (ultraviolet) fluctuations of the fields and hence it
may reduce noise. Besides the use of smearing in the construction of interpolating
operators, Stout smearing is applied to the gauge field in the fermionic part of the
action in our simulations of SU(2)-SYM to reduce the fluctuations of the gauge
field and correspondingly the fluctuations of the eigenvalues of DW , as explained
in Sec. 3.3.

8.3.1. APE smearing

As the name suggests, APE smearing was developed by the APE collaboration [93].
It is used to smear the gauge field by adding to each gauge link its surrounding
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Figure 8.3: Graphical represent-
ation of APE smearing

staples times a real smearing parameter εAPE, see Fig. 8.3

Ui(x)→ U
′

i (x) = Ui(x)+
±3∑

j=±1,j 6=i

εAPEUj(x)Ui(x+ ̂)U †j (x+ ı̂) . (8.18)

Here the spatial smearing function is given, which is used in this work. It can
be generalized to four dimensional smearing straightforwardly. The modified link
U ′(x) is not necessarily an element of the gauge group any more. Therefore, it has
to be projected back to the gauge group

Ũ(x) = PGU
′(x) , (8.19)

where PG represents the projector to the gauge groupG. The projection is straight-
forwardly done by normalizing the first row of the matrix U ′(x) and then applying
the Gram-Schmidt method to reconstruct the remaining rows.
By iterative application of the two smearing steps (Eqs. 8.18, 8.19), the gauge

field is progressively smoothened. At the same time the smeared link becomes
successively non-local, in the sense that it includes contributions from distant
links. The number of smearing iterations NAPE, called smearing level, is the second
parameter of APE smearing.

8.3.2. Jacobi smearing

In order to smear the fermion field λ, we use a modified version of the gauge
invariant Jacobi smearing which has been developed by the Wuppertal group [94]
and the UKQCD collaboration [95]. The idea is to use for the smearing function
F (~x, ~y) the three-dimensional scalar propagator M−1(~x, ~y)

λ(x)→ λ̃(x) =
∑
~y

F (~x, ~y)λ(y) =
∑
~y

M−1(~x, ~y)λ(y) , (8.20)
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where M is given by

Mab(~x, ~y) = δ~x,~yδab −Hab(~x, ~y) , (8.21)

and the hopping matrix H is defined by

Hab(~x, ~y) = κJ

3∑
i=1

[
δ~y,~x+îVi,ab(~x) + δ~y,~x−îV

†
î,ab

(~x− î)
]
. (8.22)

Here, V (~x) are the gauge links in the adjoint representation (cf. Eq. 3.13). Since
the smearing function is defined from the scalar propagator, the dependence on
the Dirac indices is simply given by an overall factor of δαβ which is suppressed
here. The smearing function F (~x, ~y) is given by the solution of three-dimensional
Klein-Gordon equation which can be constructed in the form of a power series∑

~y′

Mab(~x, ~y
′)Fbc(~y

′, ~y) = δ~x,~yδac (8.23)

⇒Fab(~x, ~y) = δ~x,~y +
∞∑
i=1

(H i)ab(~x, ~y) . (8.24)

For small values of the hopping parameter κJ this solution converges. However,
in this case the spatial extent of the smearing function is small and many terms
of the smearing function have to be calculated to obtain a good approximation.
In fact, the sum does not have to converge to be used as a smearing function. In
the Jacobi smearing method, one therefore uses a larger value of κJ , outside of the
convergent regime, and truncates the sum after NJ terms [95], where NJ is the
smearing level.
It was already realized in [95] that fluctuations of the gauge field are enhanced

and introduce unacceptably large noise when using large smearing levels. To over-
come this issue, we use a procedure which we call pre-smearing. Instead of using
the gauge links V in the hopping matrix H (Eq. 8.22), we use APE smeared gauge
links Ṽ , as has also been done in [96]. Ṽ is obtained by applying APE smearing
to the gauge links U in the fundamental representation and calculating Ṽ from
the smeared gauge links Ũ using Eq. 3.13. The hopping matrix defined from the
smeared gauge links is labeled H̃.
Furthermore, we introduce an overall normalization factor CJ in order to sup-

press exponential growth of the smearing function which can lead to numerical
issues in the calculations. The normalization factor cancels out in physical observ-
ables.
With these two modifications, the Jacobi smearing operator used in our invest-
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igations is given by

Fαa,βb(~x, ~y) = (CJ)NJ δαβ

(
δ~x,~y +

NJ∑
i=1

(H̃ i)ab(~x, ~y)

)
, (8.25)

H̃ab(~x, ~y), = κJ

3∑
i=1

[
δ~y,~x+îṼi,ab(~x) + δ~y,~x−îṼ

†
î,ab

(~x− î)
]
. (8.26)

To optimize the signal-to-noise ratio of the correlation functions, suitable values
for the pre-smearing parameters εAPE, NAPE and for the Jacobi smearing paramet-
ers κJ , NJ and CJ have to be used. The systematical tuning of these parameters
is discussed in detail in Sec. 9.1.
As explained in Sec. 8.2, the fermion fields in the correlation functions have

to be Wick contracted before the correlation functions can be measured on the
configurations, i.e. they are replaced by propagators D−1

W . A short calculation
shows (App. A.2) that smearing the fermion fields is equivalent to replacing the
propagator D−1

W with the smeared propagator

D−1
W → D̃−1

W = FD−1
W F † . (8.27)

Since the Jacobi smearing operator is Hermitian F † = F , the Hermitian conjuga-
tion can be dropped.

8.4. Calculation of the propagators

The measurements of the meson and the gluino-glue correlation functions require
the determination of the propagator D−1

W . While the Dirac-Wilson matrix DW is
sparse, its inverse D−1

W is not. Furthermore, D−1
W has

(Volume×Gauge components×Dirac components)2 = (L3 × T × (N2
c − 1)× 2)2

(8.28)

entries and quickly becomes very large for increasing lattice volumes. With current
computing resources it is impossible to calculate all elements of D−1

W or even to
store the complete matrix in memory for reasonably large lattice volumes. Instead,
in lattice QFT, correlators including fermion propagators are approximated by
methods that rely on iterative solvers which numerically solve the linear equation

DW |Si〉 = |So〉 (8.29)
⇒ |Si〉 = D−1

W |So〉 . (8.30)
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|So〉 and |Si〉 are called source and sink vectors, respectively and solving Eq. 8.29
numerically is called inversion. The inversions are the most computation-intensive
part of lattice calculations. The iterative solvers repeatedly apply the matrix-
vector multiplicationDW |v〉. Hence, to achieve a good performance it is important
that

• DW |v〉 is computed efficiently.

• The iterative solver is efficient, i.e. it needs as few matrix-vector multiplica-
tions as possible to converge. The convergence of iterative solvers depends
crucially on the condition number of DW (ratio of largest to smallest eigen-
value). The larger the condition number is, the more iterations are required
by the solver. This effect is observed, in particular, when κ approaches κc.

In our investigations of SYM we use the well-established conjugate gradient (CG)
solver for the inversion [97]. In order to speed up the matrix-vector multiplication
DW |v〉, we have, in the scope of this thesis, implemented a data structure that
allows vectorized multiplications. This is discussed in App. A.1.
In the following, the methods to calculate the correlation functions by means of

using the conjugate gradient solver are explained.

8.4.1. Connected piece

A short calculation shows that for the connected piece of the meson correlator it
is sufficient to calculate the forward propagator Tr[Γγ5D

−1
W (x, y)] (see [52], Chap.

6 for a derivation)

Cconn(x, y) =
〈
Tr[Γ(D−1

W )(x, y)Γ(D−1
W )(y, x)]

〉
=

〈 ∑
α,a,β,b

∣∣(Γγ5D
−1
W )α,a,β,b(x, y)

∣∣2〉 .

(8.31)

Projecting to zero momentum (Eq. 7.12) leads to

Cconn(t) =

〈 ∑
~x,α,a,β,b

∣∣(Γγ5D
−1
W )αa,βb(x, y0)

∣∣2〉 . (8.32)

Thus, the correlator is given by summing the absolute squares of the column entries
of Γγ5D

−1
W for a fixed position y = y0. These are in total (N2

C − 1) × 2 columns
(all combinations of color indices and Dirac indices).
The columns of D−1

W can be calculated efficiently using so-called δ-sources with
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8. Constructing variational bases and measuring correlation functions

fixed position y0, Dirac-index α0 and color-index a0

|S0〉M = δMN0 , (8.33)

where the multi-index notation N0 = (y0, α0, a0) was used. The sink
|Si〉 = D−1

W |S0〉, which is obtained using the iterative solver, provides the column
of D−1

W with the multi-index N0(
D−1
W

)
MN0

= (DW )−1
MNδNN0 =

(
D−1
W |S0〉

)
M

= |Si〉M . (8.34)

Jacobi smearing can be included straightforwardly by replacing the propagator
D−1
W with the smeared propagator D̃−1

W(
D̃−1
W

)
MN0

=
(
FD−1

W F † |S0〉
)
M
. (8.35)

Thus, the smeared propagator is calculated from a δ-source on which subsequently
F †, D−1

W and F are applied.
To calculate C(t), a corresponding δ-source is inverted for all values of color and

spin indices a0, α0. The source position y0 is arbitrary and in our investigations
we choose a random position y0 for each configuration. To increase the precision,
one could also average over several source positions per configuration. Using one
source position, the signal-to-noise ratio of the connected piece is usually already
higher than the one for the disconnected piece of the correlator and we therefore
use only one source position per configuration.

8.5. Disconnected piece and SET

For the disconnected piece of the meson correlator a different technique is needed
than for the connected piece. The reason is that in the disconnected piece the sum
for the zero momentum projection runs over the diagonal of the propagator

Cdisc(t) =

〈∑
~x

Tr[ΓD−1
W (x, x)]Tr[ΓD−1

W (y0, y0)]

〉
, (8.36)

which is very hard to compute. We therefore use the well-established stochastic
estimator technique (SET) to approximate D−1

W .
The idea of SET is to solve the Dirac equation on a set of source noise vectors
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8.5. Disconnected piece and SET

|ηi〉 fulfilling the relation

1

NS

NS∑
i

∣∣ηi〉 〈ηi∣∣ = 1 +O
(

1/
√
NS

)
. (8.37)

We use Z4 random complex numbers of the form (±1 ± i)/
√

2 for the entries of
the noise vectors |ηi〉. Other choices are possible. The propagator D−1

W is then
approximated by

D−1
W =

1

NS

NS∑
i

∣∣si〉 〈ηi∣∣+O
(

1/
√
NS

)
, with

∣∣si〉 = D−1
W

∣∣ηi〉 , (8.38)

and |si〉 is calculated using the conjugate gradient solver. To calculate the discon-
nected piece of the correlator, we first compute

DSET
Γ,Tr(x

4)=̇
1

NS

∑
~x

Tr

[
NS∑
i

Γ
∣∣si〉 〈ηi∣∣] (8.39)

from a set of stochastic estimators and then calculate the disconnected piece via

Cdisc(t) ≈
N2
S

N2
S −NS

(〈
DSET

Γ,Tr(x
4)DSET

Γ,Tr(y
4)
〉
− 1

NS

Cconn(t)(1− δt0)

)
,

where t = x4 − y4. The latter term and the prefactor correct a bias that is intro-
duced because the same set of stochastic noise sources is used for both propagators.
The bias correction is derived in detail in App. A.4.
Jacobi smearing can be included according to Eq. 8.27 by smearing the source

and the sink vector in Eq. 8.38

D̃−1
W ≈

1

NS

NS∑
i,~x

F |si〉 〈ηi|F †. (8.40)

8.5.1. Gluino-glue

The calculation of the gluino-glue correlator is rather similar to the calculation of
the connected piece of the meson correlator. The main difficulty is to calculate

(D−1
W )α

′a,β′b
xy Trc

[
F latt
kl (y)T b

]
. (8.41)

For this purpose, we use a so-called wall-source, which means that not only one
space-time point, but a whole time-slice (all sites for fixed value of y4

0) is filled. It
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8. Constructing variational bases and measuring correlation functions

is given by

(|S0〉)αay = Trc
[
F latt
kl (y)T a0

]
δαα0δy4y4

0
. (8.42)

The inversion is performed for each value of color and spin indices, a0 and α0,
similarly to the case of the δ-sources used in the calculation of the connected
piece. Having inverted the sources, the gluino-glue correlator Cαβ

gg (x, y) can be
calculated straightforwardly by evaluating Eq. 8.15.
Both, Jacobi and APE smearing can be applied to the gluino-glue correlator.

Jacobi smearing is implemented the same way as in the connected piece of the
meson correlator (cf. Eq. 8.35). APE smearing can be applied to the gauge field in
the field strength tensor F latt

ij (cf. Eq. 3.27). In the scope of this thesis we use only
APE smearing for the smearing of the gluino-glue correlator which has turned out
to be as effective as using Jacobi smearing or a combination of APE and Jacobi
smearing [98].

8.6. Speeding up the inverter

The inversions are by far the most time-consuming part in lattice QFT calcula-
tions. Therefore, the lattice QFT community has spent considerable effort to find
algorithms that reduce the computational effort and therefore speed up the inver-
sions. In this work we use two of these techniques that can be combined efficiently,
namely even-odd preconditioning and the truncated eigenmode approximation. In
this section the details of these techniques are explained. Furthermore, we have
restructured the data layout of our simulation code to utilize vector instructions,
which is discussed in App. A.1.

8.6.1. Truncated Eigenmode approximation

For the determination of the mass spectrum and other observables, many different
correlation functions are calculated. Hence, inversions of many different source
vectors are performed. The truncated eigenmode approximation makes use of the
fact that DW does not change for a given gauge configuration. The idea is to
calculate the NE lowest eigenmodes of the Hermitian Dirac operator γ5DW , given
by its lowest eigenvalues λi and the corresponding eigenvectors |vi〉, and use these
to speed up all inversions. The computation of the eigenmodes is done efficiently
using an accelerated Arnoldi algorithm as described in [84]. The propagator can
is then approximated by

D−1
W γ5 ≈

NE∑
i=1

1

λi
|vi〉〈vi| , (8.43)
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8.6. Speeding up the inverter

and D−1
W can be obtained by multiplying this expression from the right with γ5.

The truncated eigenmode approximation becomes exact if all
NE = V × (N2

c − 1)× 2 eigenmodes are calculated, which is, however, impossible
with current computing resources. Due to the factor λ−1

i in Eq. 8.43, the lowest
eigenmodes provide the largest contribution to the propagator and therefore trun-
cating the sum to the lowest NE eigenmodes could lead to a good approximation
of D−1

W .
The quality of the approximation, when used for the calculation of correlators,

has to be studied individually for each correlator by comparing with other methods,
e.g. with SET (cf. Sec. 8.5). In practice, we have found that the disconnected piece
of the meson correlators converges only slowly with increasing NE.
Therefore, the truncated eigenmode approximation is combined with the meth-

ods discussed in Secs. 8.4 to calculate the correlators. For this purpose, the source
vectors |S0〉 are projected to the subspace orthogonal to the lowest eigenmodes
before the inversion

|So⊥〉 = |So〉 −
NE∑
i=1

〈vi|γ5|So〉 |vi〉 (8.44)

and only |So⊥〉 is inverted. The sink vector is then given by

|Si〉 = D−1
W |So〉 =

NE∑
i=1

1

λi
|vi〉 〈vi|γ5|So〉+D−1

W |So⊥〉 . (8.45)

For the disconnected piece this amounts to

D−1
W γ5 ≈

NE∑
i=1

1

λi
|vi〉 〈vi|+

1

NS

NS∑
i=1

∣∣si⊥〉 〈ηi⊥∣∣ =̇NE+NS∑
i=1

ai |ui〉 〈u′i| . (8.46)

The inversion of the projected source |So⊥〉 converges faster than the inversion
of the original source because the condition number of DW is effectively reduced
by removing the lowest modes. Furthermore, the precision is increased in the
disconnected piece because the contribution to the propagator from the lowest
eigenmodes is computed exactly (up to the numerical precision of the computed
eigenmodes) and only the remainder is approximated stochastically. For the in-
vestigations presented in this thesis we have used between 20 and 40 eigenmodes
(depending on the used machine) which has turned out to be a good compromise
between the cost of calculating the eigenmodes and the gained speed up.
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8. Constructing variational bases and measuring correlation functions

8.6.2. Even Odd preconditioning

Even-odd preconditioning exploits the fact, that DW contains only nearest neigh-
bor interactions. By choosing a coordinate system, such that all coordinates are
positive and indexing (idx) the sites of the lattice in a four dimensional checker-
board pattern

idx(xµ) =

{
b0.5(x1 + x2L+ x3L2 + x4L3)c, mod(x1 + x2 + x3 + x4, 2) = 0

b0.5(L3 + x1 + x2L+ x3L2 + x4L3)c, mod(x1 + x2 + x3 + x4, 2) = 1
,

(8.47)

the lattice is decomposed into two sub-lattices; the so-called even sites are labeled
by the lower half of the indices and the odd sites are labeled by the higher half of
the indices. A lattice vector can then be written as

|v〉 =

∣∣∣∣ veve
〉
, (8.48)

where ve contains the even and v0 contains the odd sites. In this basis the Dirac-
Wilson matrix is written as

DW =

(
Mee Meo

Moe Moo

)
. (8.49)

In the next step the DW is factorized using the Schur complement technique into
a product of lower triangular, diagonal, and upper triangular block matrices

DW = LDU =

(
1 0

MoeM
−1
ee 1

)(
Mee 0

0 Dp

)(
1 M−1

ee Meo

0 1

)
, (8.50)

where the even-odd preconditioned Dirac-Wilson matrix Dp is given by

Dp = Moo −MoeM
−1
ee Meo . (8.51)

The inverse of the full Dirac-Wilson matrix DW can be reconstructed from the
preconditioned matrix Dp by

D−1
W = U−1D−1L−1 =

(
1 −M−1

ee Meo

0 1

)(
M−1

ee 0
0 D−1

p

)(
1 0

−MoeM
−1
ee 1

)
.

(8.52)
Thus, instead of D−1

W , only M−1
ee and D−1

p have to be computed which is more
efficient because the matrix Dp has only half the number of rows and columns as
DW and Mee can be exactly inverted without much effort because it is diagonal in
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8.6. Speeding up the inverter

the space-time components (Mee(x, y) ∝ δxy). In fact, in the plain Wilson action
without the clover term Mee = Moo = 1.
In order to simplify the smearing of D−1

W in the estimation of the disconnected
piece, we use the SET method with NS = 100 stochastic sources to approximate
M−1

ee , which is computed very efficiently. For the disconnected piece, even-odd
preconditioning is combined with the other methods by estimating D−1

p using the
truncated eigenmode approximation and SET

D−1
p γ5 =

NE+NS∑
i=1

ai |ui〉 〈u′i| . (8.53)

and inserting the result into Eq. 8.52, yielding

D−1
W γ5 ≈

(
M−1

ee γ5 +
∑

i ai |wi〉 〈w′i|
∑

i ai |wi〉 〈u′i|∑
i ai |ui〉 〈w′i|

∑
i ai |ui〉 〈u′i|

)
, (8.54)

where the vectors |wi〉 are related to the vectors |ui〉 by

|wi〉 = −M−1
ee Meo|ui〉 ⇒ 〈wi| = −〈ui|(M−1

ee Meo)
† = −〈ui|γ5MoeM

−1
ee γ5 ,

(8.55)
and correspondingly for |w′i〉 and |u′i〉 .
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9. Optimizing the variational bases

In the previous Secs. 7 and 8 the procedures to extract the masses of bound states
from the gauge ensembles are outlined. In order to get the best possible signal for
the ground and the first excited states of the chiral supermultiplet with minimal
computational effort, the relevant parameters have to be optimized. The tuning
of these parameters is subject of the present section.
Our investigations are based on the variational method. The variational bases

are constructed from different smearing levels of the interpolating operators defined
in Sec. 8.1. For the 0++ and the 0−+ channels, two different types of operators are
available for each channel: Glueball and meson interpolators (Eqs. 8.1, 8.2 and
8.4). Since the physical states are expected to be mixtures of glueball and meson
states, it is sensible to use a combined basis of glueball and meson interpolating
fields in these channels. For the spin-1/2 channel (gluino-glue) we consider only
one type of interpolator (Eq. 8.6). Therefore, in this case, the variational basis
consists of different smearing levels of the basic interpolator; for the investigations
in the present section we consider the C1(t) correlator (cf. Sec. 8.2).
The optimization of the parameters is carried out as follows. In the first step,

the smearing parameters are tuned to guarantee efficient smearing and a low
noise level. Then, the dependency of the statistical fluctuations on the num-
ber of stochastic estimators, used for the estimation of disconnected piece of the
meson correlator, is studied. Based on the optimized parameters, the choice of
interpolators to be used in the variational bases is optimized. For this purpose,
first, separate variational bases of only glueball, only meson, and only gluino-glue
operators are considered and the influence of using different smearing levels is in-
vestigated. Then, also mixed bases of glueball and meson operators are taken into
account.
The optimization of the methods is also described in our publication [30] and

therefore the present section has some overlap with the cited reference. However,
the tuning of the parameters is described in much more detail in this thesis.

9.1. Smearing parameters

Smearing is used to create extended operators from the local interpolating fields.
The spatial extent of the smeared operators can be estimated by the so-called
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9.1. Smearing parameters

smearing radius RS. For the smearing function F (x, y) it is defined as

R2
S =

∑
~x

|~x|2 |F (~x, 0)|2∑
~x

|F (~x, 0)|2
. (9.1)

In order to generate interpolating operators that have large overlaps with the phys-
ical states, it is reasonable to choose smearing radii that are not much larger than
the size of the states’ wave functions, which can be estimated by the Compton
wavelengths. The proton of QCD, for example, has a Compton wavelength of
λ(p) ' 1.321 fm and a (charge-)radius of r(p) ' 0.88 fm [6] (when measured from
electron scattering). The minimal bound state masses in our investigations, ex-
cluding the a-π, which is not a physical particle, are given by ammin ' 0.2 (see
Tabs. A.1, A.3, A.4 in App. A.6). Using this value, the maximal radius to be used
is approximately given by

RS . 1/mmin ' 5a . (9.2)

9.1.1. APE smearing

APE-smearing, used for smearing the gluon field, has two parameters. The strength
of the smearing steps is modulated by εAPE and the number of smearing steps is
given by the smearing level NAPE. The tuning of εAPE is not performed in the
scope of this thesis. Instead, we use standard values which have also been used in
previous investigations [42], [98]

εAPE =

{
0.4 for smearing gluino-glue interpolators
0.5 otherwise

. (9.3)

The smearing radius gives a hint for suitable values for NAPE. There are different
estimates for RS as a function of εAPE and NAPE. Demmouche [81] proposed 1

RDem.
APE =

√
NAPE εAPE a , (9.4)

whereas Bernard and DeGrand proposed an estimate for the smearing radius that
is smaller by a constant factor RB.D.

APE = RDem.
APE /

√
3 [99]. For the gluon field we

use smearing levels up to NAPE = 80, which results in estimated smearing radii
RDem.

APE ' 6.3a and RB.D.
APE ' 3.7a. Hence, Eq. 9.2 is approximately fulfilled. For the

gluino-glue, smearing levels up to NAPE = 95 are considered due to the smaller

1In the reference [81], the definition of the smearing radius is missing a square root. This has
been corrected here, resulting in the square root in Eq. 9.4.
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9. Optimizing the variational bases

value of εAPE in this case.

9.1.2. Jacobi smearing

Jacobi smearing has more parameters than APE smearing due to the additional
pre-smearing. The tuning of the parameters cannot be done independently for
each parameter since the optimal value for one parameter might change, when the
other parameters are varied. Therefore, the parameters are tuned in a hierarchical
order, readjusting the parameters in between. The order is given as follows.

1. The smearing parameters κJ and NJ have the largest influence on the smear-
ing function since κJ determines whether the smearing function is in the
convergent or divergent regime (cf. Sec. 8.3.2) and NJ regulates how much
smearing is applied and has therefore direct influence on the smearing radius.
Furthermore, it is expected that the pre-smearing procedure has only minor
influence on the smearing radius since it smoothens fluctuations, but does
not drastically change the gauge links. The first step is therefore to find
suitable values of κJ and NJ . This is done by studying the smearing radius
Rs and the shape of the smearing functions. For this purpose, pre-smearing
is switched off in this step and the normalization factor is set to CJ = 1.

2. Using the suitable values for κJ andNJ , estimated in step 1, the pre-smearing
parameter NAPE is tuned by studying the connected and disconnected pieces
of the meson correlation functions. The parameter εAPE is set to εAPE = 0.5
as discussed in Sec. 9.1.1.

3. The tuning of κJ and the range for NJ are readjusted using the pre-smearing
parameters determined in step 2.

4. The value of the normalization constant CJ is determined by studying the
norm of the smearing function ‖F‖. The other smearing parameters do not
need to be readjusted because CJ is merely a normalization factor which does
not change the effect of the smearing but only suppresses potential numerical
issues.

The tuning is done on the basis of the SU(2)-SYM ensemble with the parameters
β = 1.75, κ = 0.14925. This ensemble was chosen because it is situated in the
center of the simulated parameter range, i.e. it has a medium lattice spacing and
a medium value of the adjoint pion mass. The four tuning steps are explained in
the following.
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1. κJ and NJ :
In order to find reasonable values for κJ and NJ , we measured the smearing radius
RS for different values of κJ and for smearing levels in the interval NJ ∈ [0, 100].
As expected, RS is a monotonously increasing function of the hopping parameter

κJ and of the smearing level NJ , see Fig. 9.1. Furthermore, the convergence
behavior of the smearing function becomes apparent: For κJ < 0.2 the smearing
radius approaches rather small constant values (Rs < 1a) with increasing values
of NJ . For κJ ≥ 0.2 the smearing radius does not approach constant values within
the interval NJ ∈ [0, 100]. We conclude that the critical value of κJ that separates
the convergent and the divergent regime is κJ,crit. ≈ 0.2. A precise estimation of
κJ,crit. is not needed here.
Interestingly, the dependence of the smearing radius on κJ is small, as long as

κJ is sufficiently larger than κJ,crit. (see κJ = 0.25, κJ = 0.3 in Fig. 9.1). The
smearing radii are RS < 5a for all considered smearing levels NJ and hence the
parameter range NJ ∈ [0, 100] is appropriate according to Eq. 9.2. In Fig. 9.2 the
norm of the smearing function

‖F (x, 0)‖=̇Tr[F (x, 0)F †(x, 0)] (9.5)

is shown in the x1-x2 plane for a fixed smearing level NJ = 40 and varying values
of κJ . It is noticeable that the overall shape (envelope) of the smearing function
does not depend much on κJ as long as κJ is in the divergent regime. This is
consistent with the observation that the smearing radius depends only mildly on
κJ in this regime. However, for increasing values of κJ , spikes appear in ‖F (x, 0)‖
because ‖F (x, 0)‖ grows in an alternating pattern with the number of smearing
levels. Even smearing levels contribute only to the even sites and odd smearing
levels contribute only to the odd sites in ‖F (x, 0)‖, see Fig. 9.3. This can be
explained by the hopping nature of the Jacobi smearing kernel H(~x, ~y) (Eq. 8.22),
which in each step connects neighboring sites. In odd smearing iterations only odd
sites are connected to the even site y = 0 and thus contribute to ‖F (x, 0)‖ and
similarly in even iterations only even sites contribute. Since in the divergent regime
the smearing function grows exponentially with NJ , the contributions to the even
or to the odd sites from each smearing levels are so large that they overshoot
the smearing function of the previous smearing level, causing spikes. This effect
increases for increasing values of κJ .
The wave functions of the low lying states are expected to be smooth and not

spiky. Thus, we prefer a value of κJ that is just above κJ,crit rather than a larger
value of κJ . The smearing radius can then be controlled by the parameter NJ .
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κJ = 0.3 Figure 9.1.: Smearing radius as a
function of κJ and NJ for the en-
semble SU(2) β = 1.75, κ = 0.14925,
no pre-smearing was used.
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Figure 9.2.: Smearing functions for different values of the smearing parameter
κj (see legend) and fixed smearing level NJ = 40, pre-smearing was enabled
(NAPE = 20, εAPE = 0.5); a corresponding plot for the case of disabled pre-smearing
is very similar. For increasing κJ the smearing function develops sharp spikes while
the overall shape (envelope) is similar. The smearing function was not normalized
(CJ = 1). The SU(2)-SYM ensemble β = 1.75, κ = 0.14925 was used.
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Figure 9.3: Every odd smearing step
contributes only to the odd sites and
every even smearing step contributes
only to the even sites. This is shown
here for the odd site x = (0, 1, 0, 0)
and for the even site x = (1, 1, 0, 0)
using pre-smeared, non-normalized
Jacobi smearing with κJ = 0.5.
The SU(2)-SYM ensemble β = 1.75,
κ = 0.14925 was used.

2. Pre-smearing parameter NAPE

The next step is to tune the pre-smearing parameter NAPE. First tests indicated
that κJ,crit. is lowered slightly when pre-smearing is enabled. We therefore chose a
value of κJ = 0.2 for the tuning of the pre-smearing parameter, which for all con-
sidered pre-smearing levels 1 ≤ NAPE ≤ 160 is large enough to assure a smearing
radius RS > 4a at NJ = 100 . Furthermore, the normalization is set to CJ = 0.9
in this step.
To investigate the noise suppression of the pre-smearing technique, the correla-

tion functions of the scalar meson a-f0 and the pseudoscalar meson a-η′ are studied
using different pre-smearing levels NAPE. The noise is determined by means of the
Jackknife error estimate of the correlation function averaged over the t-interval
t ∈ [3, 10], which is the relevant interval for the extraction of the masses

〈∆C〉=̇1

8

10∑
t=3

C(t) . (9.6)

The noise of the a-f0 correlator grows with NJ if no pre-smearing is applied,
especially in the disconnected piece (see Fig. 9.4). The noise is suppressed when
using pre-smearing with pre-smearing levels in the interval NAPE ∈ [10, 80]. The
results are not very sensitive to the value of NAPE and values of NAPE between 10
and 80 all lead to comparable noise suppression. For larger values of NAPE the
signal degrades again.
The a-η′ correlator is less affected by noise stemming from Jacobi smearing at

large smearing levels NJ . Using pre-smearing does not significantly suppress this
noise (see Fig. 9.5). However, when pre-smearing is used, Jacobi smearing more
effectively suppresses excited state contributions to the a-η′ correlator. Again, the
results are not very sensitive to the exact value of NAPE as long as it is in a suitable
range NAPE ∈ [10, 80]. Considering both correlators (a-f0 and a-η′), we choose the
smearing level NAPE = 20 for our investigations, as it appears to be a good choice

85



9. Optimizing the variational bases

0 10 20 30 40 50 60 70 80

NJ

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0.045

〈∆
C
〉

NAPE = 0

NAPE = 10

NAPE = 20

NAPE = 40

NAPE = 80

NAPE = 160

0 10 20 30 40 50 60 70 80

NJ

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

〈∆
C
〉

NAPE = 0

NAPE = 10

NAPE = 20

NAPE = 40

NAPE = 80

NAPE = 160

Figure 9.4.: Jackknife-error of the full a-f0 correlator (left) and of the disconnected
piece (right) averaged over the interval t ∈ [3, 10] and plotted against NJ using
different pre-smearing levels NAPE. Larger Jacobi smearing levels lead to large
statistical uncertainties (blue). Using pre-smearing suppresses those significantly.
The SU(2)-SYM ensemble β = 1.75, κ = 0.14925 was used. A similar figure has
been published in [30].
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Figure 9.5.: Left: Jackknife-error of the a-η′ correlator averaged over the interval
t ∈ [3, 10] and plotted against NJ using different pre-smearing levels NAPE. Right:
Effective mass of the a-η′ correlator using different pre-smearing levels NAPE. The
Jacobi smearing level is fixed to NJ = 20. When pre-smearing is applied, excited
state contributions are more effectively suppressed compared to not using pre-
smearing (blue). The SU(2)-SYM ensemble β = 1.75, κ = 0.14925 was used. A
similar figure has been published in [30].
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for suppressing noise and excited state contributions.
As an additional test, we have also tested Stout smearing instead of APE smear-

ing. It did not improve the noise suppression further and we therefore stay with
APE pre-smearing.

3. Re-tuning κJ and NJ :
In this third step, suitable ranges of NJ are determined and we verify whether
the previously used value of κJ = 0.2 needs to be modified when the pre-smearing
parameter is set to the optimal value NAPE = 20. For this purpose, the smear-
ing functions and the smearing radius are studied on five different ensembles of
different simulation parameters κ and β, including SU(2)-SYM and SU(3)-SYM
ensembles. The considered ensembles are listed in the legend of Fig. 9.6. We
find that for all of the five ensembles the critical value κJ is κJ,crit ≈ 0.175(20) and
thus κJ = 0.2 is in the divergent regime for all of these ensembles. Apparently,
in the simulated parameter range the value of κJ,crit depends only very mildly on
the simulation parameters Nc, β and κ. This is also apparent from the smearing
radius, plotted as a function of NJ , which is very similar for the tested ensembles,
see Fig. 9.6. Furthermore, with κJ = 0.2 the smearing function develops only
minor wrinkles and no sharp spikes (see Fig. 9.7). We therefore stay with this
value of κJ .
Concerning the smearing levels we consider smearing levels up to NJ = 80

which provides smearing radii RS < 6a, which is approximately in accordance
with Eq. 9.2.
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Figure 9.6: Smearing radius for
fixed κJ = 0.2 as a func-
tion of NJ for different ensembles.
The pre-smearing parameters are
NAPE = 20, εAPE = 0.5.
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Figure 9.7.: Smearing functions for for fixed value of the smearing parameter
κj = 0.2 and different smearing levels NJ (see legend), pre-smearing was enabled
(NAPE = 40, εAPE = 20). The smearing function was not normalized (CJ = 1).
The SU(2)-SYM ensemble β = 1.75, κ = 0.14925 was used.

4. CJ
As a final step, the normalization constant CJ needs to be determined, so that
exponential growth of the correlators for large values of NJ is avoided. For this
purpose, we calculate ‖F‖ for different smearing levels using stochastic noise vec-
tors |η〉 similarly to the SET method explained in Sec. 8.5

‖F‖2 = Tr
[
F †F

]
≈
∑
i

Tr
[
F |η(i)〉 〈η(i)|F †

]
=
∑
i

‖F |η(i)〉 ‖2 , (9.7)

where the trace runs over Dirac and color indices and over all lattice sites. Already
a single noise vector evaluated on five gauge configurations provides a very precise
estimate of ‖F‖ (see Fig. 9.8). ‖F‖ grows close to exponentially with the smearing
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level NJ . We therefore determine CJ by a fit to ‖F‖ in the interval NJ ∈ [10, 100]
using the fit function

f(NJ) = aCJ
−NJ . (9.8)

The region t < 10 is excluded from the fit since ‖F‖ is not exactly exponential and
the normalization is more important for larger smearing levels where the smearing
function grows rapidly if not normalized. The fit returns the parameters

a ≈ 4.6 · 106, CJ ≈ 0.87 . (9.9)

When CJ = 0.87 is used in the Jacobi smearing, ‖F‖ stays within the same
order of magnitude in the interval NJ ∈ [0, 100]. Thus, the smearing function is
successfully normalized. Since, as discussed above, the smearing function does not
change drastically, when other values of the simulation parameters β, κ, Nc are
considered, we use CJ = 0.87 throughout all our investigations.
In summary the optimized Jacobi smearing parameters are given by

κJ = 0.2 , CJ = 0.87 , εAPE = 0.5 , NAPE = 20 . (9.10)
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Figure 9.8.: ‖F‖ as a function of NJ . Each data point is evaluated from five inde-
pendent gauge configurations of the SU(2)-SYM ensemble β = 1.75, κ = 0.14925
using one stochastic noise vector. The error bars are too small to be visible. The
data obtained from non-normalized smearing (CJ = 1) is plotted in blue. It was fit-
ted in the interval NJ ∈ [10, 100] using the functional form f(NJ) = aCJ

−NJ . The
fitted function is displayed in green. The orange data points show ‖F‖ obtained
from normalized smearing with the normalization factor CJ = 0.87.

89



9. Optimizing the variational bases

9.2. Number of stochastic estimators

After the optimized Jacobi smearing parameters have been determined, the number
of stochastic estimators NS, used for the estimation of the disconnected pieces of
the meson correlators, can be optimized. For this purpose, we normalize the
disconnected pieces Cdisc(t = 1) = 1 and consider the averaged Jackknife error
estimates of 〈∆Cdisc〉 similarly as in step 2 of Sec. 9.1.2.
We have estimated the dependence of 〈∆Cdisc〉 onNS using every fourth configur-

ation of our SU(2)-SYM test ensemble with the parameters β = 1.75, κ = 0.14925.
We find that higher smearing levels require less stochastic estimators, see Fig. 9.9,
and the scalar correlator requires more stochastic estimators than the pseudoscalar
one. At around 20 stochastic estimators the error is dominated by the gauge noise
(the stochastic error is smaller than 15 % of the gauge noise) for all tested smearing
levels except for the unsmeared scalar correlator.
Thus, at the level of our statistics, it is sufficient to use 20 stochastic estimators.

For the investigations in the scope of this thesis we stayed, however, with the more
conservative choice of

NS = 40 . (9.11)
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Figure 9.9.: Jackknife error estimates of the disconnected piece averaged over
t ∈ [3, 10] for the scalar (left) and the pseudoscalar (right) meson as a function of
the number of stochastic estimators. The statistical uncertainties stemming from
the stochastic estimation decrease quickly with an increasing number of stochastic
estimators. At around 20 stochastic estimators, the statistical uncertainties ap-
proach plateaus. The plateau values represent the gauge noise, stemming from
the fluctuations of the gauge field in the ensemble. The disconnected pieces are
normalized to 1 at t = t0. A similar figure has been published in [30].
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9.3. Optimizing the variational operator bases

In the previous sections, the systematic optimization of the parameters for the
smearing techniques and the stochastic estimator technique are discussed. Using
the optimal parameters, the next step is to systematically optimize the operator
bases of the variational method. Our approach is to construct the operator bases
from different smearing levels of the basic interpolating operators.
The optimization is done in three successive steps.

1. To identify the most relevant smearing levels for each interpolating operator,
only the minimal choice of smearing levels is considered, i.e. only single
smearing levels for the determination of the ground state and two smearing
levels for the determination of the excited state.

2. For each basic interpolating operator, variational bases of several different
smearing levels are investigated.

3. In the scalar and pseudoscalar channel, mixed variational bases consisting of
both, smeared glueball and smeared meson operators are studied.

The three steps are discussed in detail in the following sections.
For the optimization we consider gluino-glue and meson interpolating operators

with the smearing levels NS ∈ {0, 5, 15, .., 95} and glueball interpolating operat-
ors with the smearing levels NAPE ∈ {8, 16, ..., 48}, where NS represents NAPE

in the case of the gluino-glue and NJ in the case of the mesons. The maximal
smearing level of the glueball operators considered here is smaller than suggested
in Sec. 9.1.1. The reason is that while we have measured the meson correlators
specifically for this analysis, the glueball correlation functions have already been
measured in the scope of previous investigations [26] and we reanalyze those cor-
relation functions here. The considered smearing levels are still large enough to get
an impression which smearing levels are relevant. In the case of the gluino-glue, an
investigation of the smearing levels has already been done in [98]. In order to get
a complete picture of all three channels of the chiral multiplet, we reanalyze the
gluino-glue correlation functions of the SU(2)-SYM ensemble β = 1.9, κ = 0.14415
that have been measured in the scope of the previous analysis. The investigations
of the glueball and meson smearing levels are based on the SU(2)-SYM ensemble
with the parameters β = 1.75, κ = 0.14925, which is also used in Sec. 9.1.2.
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9. Optimizing the variational bases

9.3.1. Single Smearing Levels

The first step of the systematic optimization is to consider only single smearing
levels for the estimation of ground states. To judge the quality of the interpolation
by the smeared operators, we study the effective masses of the corresponding
correlators at fixed time distances t. The effective mass at small values of t is
expected to be smaller, the stronger higher excited states are suppressed. To find
the smearing level for each operator that optimally interpolates the ground state,
we therefore search for the minimum of the effective mass when the smearing level
is varied. In addition, the noise level of the optimal smearing level should be low,
i.e. the effective mass should have a small statistical uncertainty.
Except for the case of the a-f0, the effective masses of all studied correlators de-

crease monotonically with increasing smearing level, while their errors stay almost
constant (in the case of the 0−+ glueball, the noise even reduces for increasing
smearing level), see Figs. 9.10, 9.11, 9.12. This suggests that in these cases, the
largest considered smearing levels are optimal because they provide the strongest
suppression of higher excitations, while featuring a low noise level. In fact, the
analysis indicates that even larger smearing levels could provide an even better
signal. However, in the scope of this thesis we have not considered larger smearing
levels because the smearing radii are already quite large for the smearing levels
considered here (cf. Secs. 9.1.1, 9.1.2). The effective mass calculated from a-f0 cor-
relator shows a minimum around NJ = 25, also its uncertainty is minimal here.
The corresponding analysis for the first excited states requires to use at least

two operators, i.e. two smearing levels, in the variational approach. Thus, for the
first operator we assign the smearing level that has been found to be optimal for
the ground state and vary the smearing level of the second operator. The effective
mass of the first excited state is then calculated from the corresponding eigenvalue
of the GEVP.
Similarly to the study of the ground states, we observe monotonously decreas-

ing effective masses with increasing smearing levels, see Figs. 9.10, 9.11, 9.12. The
uncertainties of the effective masses are almost constant except for the case of the
glueball operators where the uncertainties grows rather strongly with increasing
smearing level. This increased noise could have two reasons. Either the additional
noise is a direct consequence of using large smearing levels, or the two used smear-
ing levels are too similar and a large difference between the two used smearing
levels is favored (the smearing level of the first operator was set to the maximal
choice NAPE = 48 and, hence, it might be favorable if the smearing level of the
second operator is small). This is further investigated in Sec. 9.3.2.
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Figure 9.10.: Effective masses at fixed t of ground and first excited state in the 0++

channel. Left: a-f0 correlator, Right: Glueball correlator. For the ground state,
only single smearing levels were used (abscissa), whereas for the first excited state
two different smearing levels were used and one of the two smearing levels was set
to the optimal smearing level of the ground state (NJ = 25 for the a-f0-correlator
and NAPE = 48 for the glueball-correlator), the other smearing level is labeled at
the abscissa.

0.25

0.50

0.75

1.00

1.25

a
m

e
ff

(t
=

2
)

excited state

0 20 40 60 80

NAPE

0.25

0.50

0.75

1.00

1.25

a
m

e
ff

(t
=

2
)

ground state

Figure 9.11: Similar plot for the
gluino-glue channel as in Fig. 9.10.
The optimal smearing level of the
ground state is NAPE = 95.
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Figure 9.12.: Similar plots for the 0−+ channel as in Fig. 9.10. Left: a-η′ correlator,
Right: Glueball correlator. The optimal smearing level of the ground states are
NJ = 95 for the a-η′-correlator and NAPE = 48 for the glueball-correlator.

9.3.2. Combining several smearing Levels

In the present section, combinations of different smearing levels are studied to find
the optimal ones for each basic interpolator. Mixed operator bases of glueball and
meson operators for the analysis of the scalar and the pseudoscalar channels are
subject of Sec. 9.3.3.
In principle, it is expected that the interpolation of the physical states is im-

proved with every additional operator in the GEVP. However, each additional
operator typically requires to measure further correlation functions and thus in-
creases the computational cost. In particular, for the gluino-glue correlator and
for the connected piece of the meson correlator, every considered smearing level
requires the inversions of the smeared sources (cf. Secs. 8.4.1, 8.5.1). If the addi-
tional information of the new operator is small, it might be better to spend the
computing time elsewhere, e.g. to increase the statistics. Furthermore, stability
problems may arise if too many operators are considered in the GEVP. Two such
problems are discussed in Secs. 11.1 and 11.4. For these reasons, it is desirable
to find a small set of smearing levels for each channel, which includes the most
relevant operators and hence allows efficient and precise estimations of the bound
state masses.
To find these optimal combinations of smearing levels we systematically choose

different subsets of the sets of smeared operators that are also studied in the
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previous Sec. 9.3.1.
For each number n of operators we consider the following sets:

1. Small smearing levels: Only the smallest n smearing levels of the full set are
taken into account.

2. Large smearing levels: Only the largest n smearing levels of the full set are
taken into account.

3. Uniformly distributed: Out of the full set, the smallest and the largest smear-
ing levels and n − 2 additional smearing levels, uniformly distributed in
between, are taken into account.

4. Mid-large, uniformly distributed: Out of the full set, a medium and the
largest smearing level, and n − 2 additional smearing levels, uniformly dis-
tributed between them, are considered. For the medium smearing level we
choose NAPE = 35 for the gluino-glue and the a-η′ operators, and NAPE = 24
for the glueball operators. For the a-f0 operator we choose NJ = 25 for the
medium level because the analysis of the previous Sec. 9.3.1 suggests that
this smearing level is optimal for the ground state.

Similarly to the analysis in Sec. 9.3.1, we employ the effective masses of the
lowest two states at fixed time distances t to judge the quality of the interpola-
tion. The results for the two lowest eigenvalues of the GEVP are shown in Figs.
9.13, 9.14 and 9.15 together with the best estimate for the masses obtained by
fitting the eigenvalues using the optimal choice of interpolating operators. The de-
pendency of the effective masses on the smearing levels is mostly similar for all five
interpolators: Considering the set of smallest smearing levels obviously leads to
unwanted contributions of higher excitations so that the effective masses at small
t are significantly higher than the best estimate. Using only the largest smearing
levels leads to the strongest suppression of these excited state contributions. The
uniformly distributed subsets also suppress excited state contributions, but not
quite as much as the large smearing levels. Furthermore, with the exception of the
glueball interpolators, the error of the effective masses is almost constant for the
different combinations of the smearing levels.
Hence, using a set of rather large smearing levels for the mass estimations gener-

ally appears to be the optimal choice. With this choice, even a few operators seem
to interpolate the states efficiently and additional smearing levels do not lower the
effective mass further. The optimal number of different smearing levels depends
on the interpolator and the physical state to be analyzed. While for the ground
states typically 2-3 different smearing levels seem to be optimal, some of the ex-
cited states (gluino-glue, a-η′) benefit from up to six different operators. The fact
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that the largest smearing levels are optimal even for the ground state estimated
from the a-f0 interpolator is a bit surprising in view of the result from Sec. 9.3.1
where a medium smearing level NJ ≈ 25 was found to be optimal.
The effective masses from the glueball operators become very noise with increas-

ing number of interpolating operators. In the case of the first excited states of the
pseudoscalar glueball correlator, the set of uniformly distributed smearing levels
seems to be better suited than the set of large smearing levels as it leads to smaller
statistical fluctuations and a lower effective mass. However, this state appears to
be significantly heavier than the other considered states and it is therefore not
investigated further. The excited state of the scalar channel cannot be extracted
reliably from the glueball interpolators because the signal is too noisy.

Figure 9.13: Effective masses at
fixed values of t of the ground and
first excited state of the gluino-glue
channel using the different sets of
interpolating operators described in
Sec. 9.3. The final result of the fit to
the eigenvalues is shown for compar-
ison. For better visualization, small
offsets haven been used in the ab-
scissa for the different sets. A sim-
ilar figure has been published in [30].
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Figure 9.14.: Similar plots for the 0++ channel as in Fig. 9.13. Left: a-f0 inter-
polators. Right: Glueball interpolators. A similar figure has been published in
[30].
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polators. Right: Glueball interpolators. A similar figure has been published in
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9.3.3. Mixed operator bases

In the previous section only variational bases from different smearing levels of
single basic interpolating operators are considered. As discussed in Sec. 2.3.2,
earlier investigations [28] suggest that in the pseudoscalar channel the ground state
seems to be rather meson-like, i.e. it has only a very small glueball component,
whereas there is considerably large mixing in the ground state of the scalar channel
between glueball and meson states. Such mixed physical states are expected to
be best interpolated by extended operator bases consisting of both, glueball and
meson interpolators in the variational method. This extended variational approach
serves two purposes. Firstly, due to the better interpolation of the physical states,
cleaner signals are expected, which consequently improves the precision of the
computed masses. Secondly, using mixed operator bases in the variational method
allows to investigate quantitatively how much mixing is present in the physical
states. The present section focuses on the optimization of the variational bases to
obtain clean signals for the extraction masses in the scalar and in the pseudoscalar
channel. In addition, the mixing is assessed qualitatively. The corresponding
quantitative analysis is discussed in Secs. 10 and 14.4.
The mixed operator bases are constructed from different smearing levels of glue-

ball operators Ogb and meson operators Om. The full correlation matrix is then
written in the following form

C(t) =

 〈
Ogb(t)O†gb(0)

〉 〈
Ogb(t)O†m(0)

〉〈
Om(t)O†gb(0)

〉 〈
Om(t)O†m(0)

〉
 (9.12)

where each entry is a submatrix consisting of the correlators among the different
smearing levels of two basic interpolators. While the correlators in the diagonal
blocks are the ordinary glueball and meson correlators, which are discussed in
Sec. 8.2, the correlators in the off-diagonal blocks are mixed correlation functions
of glueball and meson interpolators. Wick contraction of the fermion fields leads
to a disconnected propagator in the mixed correlation functions

〈Om(0)O†gb(0)〉 =
〈∑

~x

λ̄(x)Γλ(x)O†gb(y0)
〉

=
〈∑

~x

Tr[ΓD−1
W (x, x)]O†gb(y0)

〉
.

(9.13)

A graphical representation of the mixed correlation matrix is depicted in Fig. 9.16.
Similarly to the analyses in Sec. 9.3.1 and 9.3.1 we explore variational bases

consisting of differently smeared operators and use the effective masses at a fixed
time distance t as a measure to judge the quality of the interpolation. In the scalar
channel even the minimal set of only one meson smearing level NJ = 80 and one
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Figure 9.16: Graphical representa-
tion of the correlation matrix when
a mixed basis of glueball and meson
operators is considered. The glueball
components are represented by the
plaquette and the meson components
by the disconnected and connected
loops

glueball smearing level NAPE = 48 provides a better suppression of higher excited
states at a low noise level than using solely meson or solely glueball operators,
see Fig. 9.17. The signal from the mixed basis is also quite independent of the
used smearing levels. The addition of further meson or glueball operators to the
minimal basis does not improve the signal further. Instead, higher excitations
become accessible. We conclude that it is crucial to include both, meson and
glueball operators in the variational basis to reliably extract the ground state
mass in the scalar channel.
The corresponding analysis of the pseudoscalar channel yields much different res-

ults. The mass estimation of the ground state does not improve when the mixed
basis is considered. In fact, the signal is identical to the one from the a-η′ interpol-
ator, see Fig. 9.18. Furthermore, the off-diagonal blocks of the correlation matrix
(Eq. 9.12), which contain the mixed correlation functions (Eq. 9.13) and hence en-
code the mixing of the glueball and meson states, turn out to be zero within rather
large uncertainties, indicating only small mixing in the pseudoscalar channel. This
confirms the earlier supposition that the ground state in the pseudoscalar channel
is predominantly of mesonic type [28].
There are two separate excited states of very similar mass in the pseudoscalar

channel. The signal of one of these two states is very similar to signal of the lowest
state obtained from using solely glueball operators, whereas the other signal is very
similar to the one of the first excited state estimated from the meson interpolators,
see Fig. 9.18. These states are further discussed in Sec. 10.
We conclude that for the mass determination of the ground and first excited

states in the scalar channel it is optimal to use a mixed basis of glueball and
meson operators. In the pseudoscalar channel the mass determination does not
benefit from the mixed basis and we therefore extract the masses by separately
using purely mesonic variational bases or purely gluonic variational bases.
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Figure 9.17.: Left: The ground state and the first excited state of the 0++ channel
are accessible with the mixed basis of one meson and one glueball operator (blue,
gray, orange). The signal is insensitive to the used smearing levels which are
indicated by M: meson smearing levels, G: glueball smearing levels in the legend.
Also adding further meson or glueball operators does not further suppress excited
states. If solely meson or only glueball operators are used (orange and light green),
the effective mass at t = 2 is larger compared to the mixed bases, suggesting that
the states are interpolated worse in this case.
Right: The first two generalized eigenvalues are plotted for the minimal mixed
basis of one meson and one glueball operator (gray). Adding another operator
to the mixed basis does not change the signal for the ground state and the first
excited state, but a signal for a second excited state appears (purple).
A similar figure has been published in [30].
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side plot (same notation as in Fig. 9.17). The signal of the ground state does not
improve by including glueball operators compared to using only meson operators.
The mixed approach yields two excited states of very similar mass. One of them
can be also obtained by from using solely glueball operators and the other one can
be also obtained by using solely meson operators. The figure has been published
in [30].
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10. Glueball and meson mixing in the two lowest
chiral supermultiplets

The variational method provides approximations of the entire physical states.
Hence, it does not only give insight into the masses of these states, but also other
properties such as the predicted mixing of meson and glueball components in the
scalar and pseudoscalar channel [49, 50] can be investigated. First results of the
extended variational approach, discussed in detail in Sec. 9.3.3, indicate only a
small mixing in the 0−+ channel, but a rather large mixing in the lowest two
states of the 0++ channel. The details of studying the mixing in the scalar channel
quantitatively are discussed in the present section. They have also been presented
in [30].
The approximation of a physical state |n〉 is given by the scalar product of the

generalized eigenvector ~vn of the GEVP with the interpolating operators ~O† acting
on the vacuum |Ω〉

|n〉 ≈ |φn〉 = ~vn ~O
† |Ω〉 =

∑
i

vniO
†
i |Ω〉 =

∑
i

vni |ϕi〉 . (10.1)

It can be decomposed into a glueball contribution |φ(g)〉 and a meson contribution
|φ(m)〉

|φn〉 =

ng∑
i=1

v
(g)
ni O

(g),†
i |Ω〉+

nm∑
i=1

v
(m)
ni O

(m),†
i |Ω〉 (10.2)

=

ng∑
i=1

v
(g)
ni |ϕ(g)

i 〉+
nm∑
i=1

v
(m)
ni |ϕ(m)

i 〉
.
= |φ(g)

n 〉+ |φ(m)
n 〉 , (10.3)

where v(g)
ni and v

(m)
ni are the components of the eigenvectors ~vn corresponding to

the glueball operators O(g)
i and the meson operators O(m)

i , respectively, and |Ω〉 is
the vacuum state. Note that |φn〉 , |φ(g)

n 〉 and |φ(m)
n 〉 are not normalized here.

We define the glueball content c(g)
n and the meson content c(m)

n of the physical
state |n〉 as the overlap of this state with its glueball and meson contributions

c(g)
n

.
= 〈n(g)|n〉 ≈ 1

N
(g)
n Nn

〈φ(g)
n |φn〉 =

1

N
(g)
n Nn

∑
i

v
∗(g)
ni c

(g)
ni , (10.4)

c(m)
n

.
= 〈n(m)|n〉 ≈ 1

N
(m)
n Nn

〈φ(m)
n |φn〉 =

1

N
(m)
n Nn

∑
i

v
∗(m)
ni c

(m)
ni , (10.5)
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where N (g)
n , N

(g)
n and Nn are normalization factors. The coefficients c(g)

ni and c(m)
ni

are the restrictions of the inner products

cni=̇ 〈ϕi|n〉 ≈ 〈ϕi|φn〉 (10.6)

to the glueball and the meson components. They can be calculated as the com-
ponents of the vectors dual to the generalized eigenvectors ~vn [88]∑

i

v∗micni = δmn . (10.7)

So they are given by the components of the row vectors of M−1, where M is
the matrix formed by the column vectors ~vn. The normalization factors can be
obtained by inserting a full set of states

N2
n = 〈φn|φn〉 =

∑
k

〈φn|k〉 〈k|φn〉 Eqs. 10.1
=

10.6

∑
ij

v∗nivnj
∑
k

ckic
∗
kj . (10.8)

N (g)
n

2
= 〈φ(g)

n |φ(g)
n 〉 =

∑
ij

v
∗(g)
ni v

(g)
nj

∑
k

c
(g)
ki c
∗(g)
kj , (10.9)

N (m)
n

2
= 〈φ(m)

n |φ(m)
n 〉 =

∑
ij

v
∗(m)
ni v

(m)
nj

∑
k

c
(m)
ki c

∗(m)
kj , (10.10)

Note that glueball contribution |φ(g)〉 and the meson contribution |φ(m)〉 are not
necessarily orthogonal to each other and therefore |c(g)

n |2 and |c(m)
n |2 in general do

not add up to 1.
The calculation above shows that the meson content c(m) and glueball content

c(g) can be fully calculated from the eigenvectors ~vn of the GEVP. Since these can
be determined for any value of t individually, also the c(m) and c(g) are determined
for each value of t. For the best estimate of c(m) and c(g), the values obtained
from different values of t are averaged, weighted by their corresponding Jackknife
uncertainty estimates, which is equivalent to determining c(m) and c(g) by fitting a
constant to the respective data.

In order to verify the correctness of the calculation, we have determined c(m) and
c(g) from the test ensemble SU(2), β = 1.75, κ = 0.14925 for the ground state and
the first excited state of the scalar channel using different combinations of smeared
glueball and meson interpolators. In Fig. 10.1 the expected formation of a plateau
in the interval t ∈ [2, 7] is clearly visible. For larger values of t, the estimates
deviate from the plateau value, which is expected because the contribution of
excited states decay exponentially and hence the eigenvectors ~vn are not resolvable
reliably for large values of t. Fig. 10.2 shows the result obtained from fits in
the interval t ∈ [2, 7] for different combinations of smeared glueball and meson
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10. Glueball and meson mixing in the two lowest chiral supermultiplets
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Figure 10.1.: Glueball content c(g)

0++ and meson content c(m)

0++ of the ground state
(left) and the excited state (right) of the 0++ channel determined at different time
separations t. The values fitted in the interval t ∈ [2, 7] are plotted in gray.
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Figure 10.2.: Glueball content c(g)
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(left) and the excited state (right) of the 0++ channel determined from different sets
of interpolating operators and weighted averages over time separations t ∈ [2, 7].
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Figure 10.3.: Comparison of the two methods to calculate the mixing components.
The results are more precise, when c(0)(m)

0++ is calculated by means of Eq. 10.7 (blue)
in comparison to using Eq. 10.14 (orange).

interpolators. It is apparent that, when using at least two glueball interpolators
and two meson interpolators, the final results are stable (within errors) against
varying the interpolators. We conclude that the meson content c(m)

0++ and glueball
content c(g)

0++ of the ground state and first excited state of the scalar channel can
be extracted using two meson interpolators and two glueball interpolators.
We have, furthermore, explored an alternative to calculate the coefficients cni

by means of

cni = 〈ϕi|n〉 ≈ 〈ϕi|φn〉 (10.11)

= 〈Ω| v∗imOmvnjO
†
j |Ω〉 (10.12)

= ~v(i),†C(0)~v(n) (10.13)

=
1

λ(n)(t, 0)
~v(i),†C(t)~v(n) , (10.14)

where in the last step the defining equation of the GEVP (Eq. 7.27) was used. The
exponentially decreasing denominator in Eq. 10.14 leads to large fluctuations and
hence this method is less precise than calculating the cni by means of Eq. 10.7; a
comparison of the two calculations is shown for c(0)(m)

0++ in Fig. 10.3. Thus, we use
Eq. 10.7 to calculate the mixing coefficients.
In the pseudoscalar channel the mixing coefficient indeed turn out to be

c
(0)(g)

0−+ = −0.03(2), c(0)(m)

0−+ = 1.000(1) on the test ensemble, confirming that the
ground state is meson-like. A first analysis of the the mixing coefficients of
the corresponding excited states indicates considerable mixing c

(1)(g)

0−+ = 0.86(8),
c

(2)(m)

0−+ = 0.24(7), c(2)(g)

0−+ = 0.70(4), c(2)(m)

0−+ = 0.94(2). In the scope of this thesis
we have, however, not further analyzed the mixing of the excited states in the
pseudoscalar channel and leave the subject open for future investigations.
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11. Further details of the variational analysis

The optimization of the variational bases to extract the masses and the mixing
properties of lowest bound states using the variational approach are discussed
in detail in the previous sections. There are further parameters to adjust and
additional techniques that can be used to improve the precision of the results.
They are explained in the following.

11.1. Solving the GEVP and the truncation method

The GEVP (Eq. 7.27) can be solved using different methods. It can, for example,
be reformulated as an ordinary eigenvalue problem by multiplying both sides of
the equation from the left with with C(t0)−1

C(t0)−1C(t)~v (n)=̇M(t, t0)~v (n) = λ(n)(t, t0)~v (n) . (11.1)

A similar method is to apply the Cholesky decomposition C(t0) = LLT where L
is a lower triangular matrix. The GEVP can then be reformulated as

L−1C(t)L−1,TLT~v (n) = λ(n)(t, t0)LT~v (n) , (11.2)

M(t, t0)~̃v (n) = λ(n)(t, t0)~̃v (n) , (11.3)

with

M(t, t0)=̇L−1C(t)L−1,T , ~̃v (n)=̇LT~v (n) . (11.4)

The Cholesky decomposition has the advantage that M(t, t0) in Eq. 11.4 is sym-
metric in contrast to M(t, t0) in Eq. 11.1 and thus easier to handle. Solving the
GEVP via the Cholesky decomposition is implemented in the GSL C++-library,
which we usually use.
Both methods require that C(t0) has full rank since otherwise it is not invert-

ible. Thus, linearly independent interpolating operators Oi should be chosen. In
practice, it is, due to limited statistics, already problematic if the variational basis
is approximately linearly dependent, indicated by very small eigenvalues that fluc-
tuate in the vicinity of zero. In [90] it has therefore been suggested to limit the
number of interpolating operators to r < NS/2, where NS is the spatial extent of
the lattice in units of the lattice spacing a.
In order to automatize the selection of linearly independent operators, the trun-

cation method can be applied. The idea is to diagonalize C(t0) by a unitary matrix
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11.2. t0

transformation and discard the rows and columns whose diagonal elements are ap-
proximately zero. For this purpose, the eigenvectors ~v(n)

0 and the corresponding
eigenvalues λ(n)

0 of C(t0) are calculated. The truncated correlation matrix is then
given for all values of t by

(Ctrunc)ij(t) = ~v
(i),†
0 C(t)~v

(j)
0 , (11.5)

where only those eigenvectors are used whose corresponding eigenvalues fulfill

λ0 < ε , (11.6)

and where ε is the truncation threshold that can be adjusted to obtain reliable
results.
The truncated correlation matrix Ctrunc(t) can then be used in the GEVP. The

new basis vectors are given by linear combinations of the old basis. Since a linear
combination of interpolating operators forms again an interpolating operator, the
new basis is a valid variational basis. The truncation method thus discards (trun-
cates) those parts of the operators that have no (or very small) overlap with the
physical states.
The truncation method is only necessary when correlation functions among

many different interpolating operators are considered. However, the measurements
of correlators that include fermion propagators are typically computationally ex-
pensive and thus only the glueball correlators are cheap to compute. Furthermore,
as explained in Sec. 9, in our investigations it is not beneficial to use more than
∼ 5 interpolating operators and in the scope of this thesis we include only the few
most relevant interpolators. These small variational bases are usually not linearly
dependent and thus it is not necessary to utilize the truncation method.

11.2. t0

We have investigated the influence of the parameter t0 of the GEVP on the results.
In [88] it is argued that t0 ≥ t/2 should be chosen to suppress excited state
contributions. In Figs. 11.1 and 11.2 the dependence of the effective mass on the
value of t0 is shown for the different channels. The effective masses from different
values of t0 vary only very slightly and a suppression of excited states is hardly
visible. For large values of t0 two problems appear. Firstly, the signals become
very noisy. Secondly, due to the increased noise, some of the eigenvalues of C(t0)
fluctuate in the vicinity of zero, resulting in a breakdown of the methods to solve
the GEVP, as explained in Sec. 11.1. For the gluino-glue correlator C1(t) the
method already breaks down for t0 ≥ 1 at the SU(2)-SYM ensemble β = 1.9,
κ = 0.14415 . Since the excited state suppression by using large values of t0 is
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11. Further details of the variational analysis

only very small and problems arise if t0 is chosen too large, we chose rather small
values for t0 that worked reliably for all investigated ensembles. The values of t0
used for the different channels are collected in Tab. 11.1.

Channel t0/a

0++-mixed 1
a-η′ 1
Gluino-glue C1(t) 0
Gluino-glue Cγ4(t) 1
0−+ glueball 0

Table 11.1.: Values of t0 used in the GEVP for the different channels.

Figure 11.1: Effective masses of the
0++ channel for different values of t0
measured from the SU(2)-SYM en-
semble β = 1.9, κ = 0.14415. The
suppression of higher excited states
by using large values of t0 is not
observed. The variational basis
consists of a-f0 operators with the
smearing levels NJ ∈ {20, 40} and
glueball operators with the smearing
levels NAPE ∈ {40, 80}.
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Figure 11.2.: Effective masses of the ground state and first excited state of the
a-η′ channel (left) and the gluino-glue channel (right) using different values for
t0. The suppression of higher excited states by using large values of t0 is neg-
ligible. The variational bases consist of the smearing levels NJ ∈ {0, 3, 20, 40}
for the a-η′ channel and of the Cγ4(t) correlators from the smearing levels
NAPE ∈ {55, 65, 75, 85, 95} for the gluino-glue channel, respectively.

11.3. Offset Handling / Derivative Trick

Due to limited statistics, it may happen, that the correlators do not properly de-
cay to zero. Instead, they approach finite constants (offsets), see Fig. 11.3, or
show other unexpected behavior such as going to negative values, see Fig. 11.4.
If these effects are not handled properly, the masses of the states may be over or
underestimated. If the correlator approaches a positive constant, the correspond-
ing effective mass does not form a plateau, but decays to zero, and the mass of
the particle is likely to be underestimated (see Fig. 11.3). Contrarily, if the correl-
ator approaches negative values, the effective mass is pushed to too large values,
leading to a fake plateau at small values of t where higher excitations have not
sufficiently decayed. Therefore, in this case the mass of the particle is likely to be
overestimated (see Fig. 11.4). In our simulations we observe such effects in some of
the data. They could be overcome by simply producing more statistics. However,
due to limited computing resources, this is not always possible and therefore other
methods are required to handle these effects. For this purpose, we have studied
two such techniques, the offset subtraction method, and the derivative trick.
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Figure 11.3.: In the case of low statistic, the correlator might not decay to zero. To
demonstrate this effect, the a-η′ correlator, estimated from only 200 configurations
(orange), is compared to using the full statistics of 7736 configurations (blue).
The plot on the right shows mass fits of fit length 5 with different values of the
lower limit tmin of the fit interval. Due to the finite offset, the mass would be
underestimated from the reduced statistics. In fact, a plateau is not even visible.
Using the derivative trick removes the offset and reproduces the correct mass
estimates of the full statistics. The offset subtraction method leads to a slight
overestimation of the mass and larger uncertainties in comparison to the derivative
trick. The ensemble SU(3), β = 5.5, κ = 0.1678 was used. Note that the error bars
might be slightly underestimated for the case of the reduced statistics because, due
to the small statistics, the bin size could not be chosen large enough to eliminate
all autocorrelations.
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Figure 11.4.: Smeared 0−+ glueball correlator C(t) and its derivative d
dt
C(t) meas-

ured from the ensemble SU(2), β = 1.9, κ = 0.14435, using NAPE = 80. The
unphysical decay to negative values is mitigated by using the derivative trick. The
effective mass corresponding to C(t) has a fake plateau around ameff ≈ 0.6. The
derivative trick leads to a mass plateau ameff ≈ 0.4.
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11.3. Offset Handling / Derivative Trick

In the offset subtraction method, the unphysical offset c of the correlator is
estimated by a weighted average of the correlator at the largest n values of t. The
weights are given by the squared Jackknife error estimate of the correlator

c =

∑n−1
i=0 wiC(T/2− i)∑n−1

i=0 wi
, wi =

1

(∆C(T/2− i))2
, (11.7)

where T is the number of lattice sites in the temporal direction. The offset c is
then subtracted globally from the correlator

Csubtracted(t) = C(t)− c . (11.8)

The offset subtraction method can be used in the variational method by applying it
to the eigenvalues λ(n)(t) of the GEVP. The parameter n can be varied to improve
the precision of the estimation. While the offset subtraction method is able to
reduce the effect of a finite offset, it does have several disadvantages.

1. If the mass of the particle is small, the correlation function may correctly
be finite at large t, even if it is not affected by an offset. The offset sub-
traction method would erroneously subtract this finite value leading to an
overestimation of the mass.

2. The offset might not be estimated reliably if n is small and uncertainties are
large. If n is increased, however, the error discussed in 1. is more likely to
set in.

3. The offset subtraction method is not able handle unphysical effects of the
correlator that are not constant offsets (see, for example, Fig. 11.4).

To overcome the disadvantages of the offset subtraction method, the derivative
trick can be used. The idea is to use the time-derivative of the correlator instead of
the correlator itself for the mass extraction. A potential constant offset would then
drop out. The derivative of the correlator is also a sum of exponential functions
that decay with the energy of the physical states

d

dt
Cij(t)

Eq. 7.6
= −

∑
n

m(n)a
(n)
i a

(n),∗
j e−tm

(n)

, (11.9)

and thus the usual techniques can be applied to extract the massed from d
dt
Cij(t) .

On the lattice, the derivative has to be discretized and we choose the forward
derivative here

d

dt
Cij(t)→

Cij(t+ 1)− Cij(t)
a

. (11.10)
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11. Further details of the variational analysis

Since the lattice derivative agrees with the continuum derivative only up to order
a, it is better to use a modified fit function fder(t) for the extraction of the masses
that correctly resembles the lattice derivative

fder(t) =
f(t+ 1)− f(t)

a
, (11.11)

where f(t) is the original fit function (cf. Eq. 7.18). In the variational method
the derivative trick is applied to the generalized eigenvalues of the GEVP. The
disadvantage of the derivative trick is that contributions of higher excitations to
the correlator are enhanced due to the additional factor mn in Eq. 11.9.
The two offset handling methods can be demonstrated on the example of the

a-η′ correlator, estimated on a small subset which consists of only 200 out of the
7736 configurations of the SU(3)-SYM ensemble β = 5.5, κ = 0.1678, see Fig. 11.3.
While the correlator determined from the full statistics properly decays to zero, the
correlator determined from the subset approaches a positive offset. In the latter
case it would be very difficult to correctly estimate the a-η′ ground state mass
without any offset handling because, due to the positive offset, no mass plateau
is visible. Both, the offset subtraction method and the derivative trick allow a
correct mass estimation within uncertainties. The offset subtraction method leads
to a slight overestimation of the mass and to larger uncertainties compared to
the derivative trick. These two effects can be explained by the aforementioned
disadvantages 1. and 2. of the offset subtraction method. The enhancement of
excited state contributions by using the derivative trick only affects the mass fits
with tmin = 1. The mass fits with tmin ≥ 2 are consistent with the correct result
from full statistics.
Besides removing constant offsets, the derivative trick seems to even mitig-

ate other unphysical behavior of the correlator such as becoming negative (see
Fig. 11.4) or not decaying to exponentially to zero.
Due to the several advantages of the derivative trick over the offset subtraction

method we apply the derivative trick in the cases when the correlator does not
properly decay to zero.
Yet another method would be to introduce a constant as an additional fit para-

meter. We have not tested this method, but we don’t expect any further improve-
ment since this method can only deal with constant offsets, similarly to the offset
subtraction method, and additional fit parameters often lead to unstable fits.
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11.4. Ordering and fixed vector method

11.4. Ordering and fixed vector method

The generalized eigenvalues of the GEVP decay exponentially with the masses
of the physical states. The statistical fluctuations of the correlators, however,
usually decrease more slowly with t, leading to an exponential decay of the signal-
to-noise ratio, see Fig. 11.5. Thus, for sufficiently large values of t, the noise of
the correlators is larger than the signal. The same is true for the generalized
eigenvalues. The statistical fluctuations can then lead to a wrong ordering of the
eigenvalues. This can be best explained by the following example. Let the true
eigenvalues at t = 10 be

λ̂(0) = 0.2 , λ̂(1) = 0.01 , (11.12)

and let the statistical fluctuations, induced by finite statistics, to be of the order

σ(λ̂(0)) = 0.1 , σ(λ̂(1)) = 0.5 . (11.13)

Due to the statistical fluctuations, the eigenvalues, determined on an ensemble
could then, for example, be

λ(0) = 0.1 , λ(1) = 0.51 . (11.14)

Now, if the eigenvalues are sorted by their magnitude, one would erroneously
deduce

λ(0) = 0.51 , λ(1) = 0.1 . (11.15)

The determined value for λ(0) deviates significantly from the true value, far out-
side the statistical uncertainty. The ordering may even fluctuate on the different
Jackknife samples.
There are different techniques to avoid such errors. In the following we dis-

cuss, in particular, different sorting algorithms for the eigenvalues, the fixed vector
method and reducing the number of interpolating operators.

Sorting by eigenvectors:
An alternative to sorting the eigenvalues by their magnitude is to sort the ei-
genvalues by their corresponding eigenvectors as follows.

1. Choose a small time separation t1 where the statistical uncertainties of the
eigenvalues λ(t1) do not overlap. Calculate the eigenvectors ~v(t1) and sort
eigenvalues and eigenvectors as usual by the eigenvalues’ magnitudes.

2. Identify the eigenvectors and the corresponding eigenvalues at all other values
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Figure 11.5.: Comparison of different methods to sort the eigenvalues on the ex-
ample of the first excited state of the 0++ channel, using the SU(2)-SYM ensemble
β = 1.9, κ = 0.1433. If the eigenvalues are sorted by their magnitude, they are
misidentified for t ≥ 7. All three methods, the fixed vector method, sorting by
volume forms and reducing the number of operators to four interpolators lead to
correct estimations for larger values of t. Right: The signal-to-noise ratio decays
exponentially with t.

of t by using the eigenvectors ~v(t1) as a reference.

There are different possibilities to identify the eigenvectors. One method is to
calculate the scalar products of all ~v(t) at fixed t with all reference vectors ~v(t1),
identify the pair that has the largest scalar product, and repeat until all vectors
are identified. Another method is to calculate all volume forms V at fixed t

V = | detM | , (11.16)

where the columns of the matrix M are given by the reference vectors ~v(t1) and
one the reference vectors is replaced with one of the vectors ~v(t). One then iden-
tifies the pair of vector and reference vector that leads to the largest volume form
V upon replacement. The process is then repeated until all vectors are identi-
fied. This method is more stable compared to the identification based on scalar
products, which can be intuitively understood because the volume forms takes into
account all reference vectors in contrast to the scalar product which is calculated
from only one reference vector.

Fixed Vector Method
In the fixed vector method, instead solving the GEVP for each time separation t in-
dividually, the GEVP is solved only at a fixed time separation t1. The generalized
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11.5. Normalization and Symmetrization

eigenvalues for the values of t are then obtained via

λ(n)(t) = ~v(n),T (t1)C(t)~v(n)(t1) , (11.17)

which avoids the sorting issues at larger values of t. The fixed vector method is cor-
rect because the generalized eigenvectors are, in general, independent of t if only a
finite number of physical states is accessible [88]. A disadvantage of the fixed vector
method, compared to solving the GEVP for every value of t, is that the statistical
fluctuations of the eigenvectors do not average out over several different values of t.

A comparison of the two methods is displayed in Fig. 11.5 on the example
of the first excited state in the 0++ channel, estimated from three glueball and
three meson interpolators. It is visible, that both methods, sorting by the volume
form and the fixed vector method, lead to a more consistent estimation of the
generalized eigenvalues for large values of t. It is, however, similarly efficient
to reduce the number of interpolating operators to two glueball and two meson
operators. Indeed, we observe in our investigations that incorrect ordering of
the eigenvalues appears less often, the fewer operators are used in the variational
basis. In Secs. 9 and 10, it is explained that we generally consider variational
bases consisting of only the few most relevant operators. With this choice, false
ordering of the eigenvalues is rare and we therefore do not use the fixed vector
method (which has a disadvantage, as discussed above) and only use the sorting
by volume forms if necessary. Note that incorrect ordering of the eigenvalues
usually only appears in the region of large values of t, which is of small importance
when extracting the masses from the fits since the signal-to-noise ratio is small at
large values of t.
Another alternative, that could overcome the disadvantage of the fixed vector

method, but which we have not tested, is to apply the fixed vector method using
several values of t1 and averaging the final results.

11.5. Normalization and Symmetrization

The correlation matrices are in general Hermitian (cf. App. A.3). Due to finite
statistics, the measured correlation functions might, however, turn out to be not
exactly Hermitian. To stabilize the computations, they are therefore Hermitianized

Cij(t)→ C ′ij(t) = 0.5(Cij(t) + C∗ji(t)) . (11.18)

In principle, this technique can be applied to all three channels. However, we have
only used the symmetrization in the scalar and pseudoscalar channels and not for
the gluino-glue channel. Furthermore, we normalize the correlation matrices such
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11. Further details of the variational analysis

that the diagonal elements become unity at t0 to eliminate potential numerical
issues

Cij(t)→ C ′ij(t) =
Cij(t)√

Cii(t0)
√
Cjj(t0)

(no index sum) . (11.19)

This is a valid procedure because it simply amounts to normalizing the interpol-
ating operators.
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12. Summary of the measurements

Using the improved techniques explained in Secs. 7 to 11, we have extracted the
masses of the ground and first excited states of the chiral multiplet and the mixing
coefficients c(g) and c(m) in the scalar channel from the produced gauge ensembles of
SYM with the gauge groups SU(2) and SU(3) (The ensembles are discussed in Sec.
6.). For this purpose, we have chosen the smearing levels NJ ∈ {0, 3, 20, 40} for the
meson interpolators and smearing levels up to NAPE = 80 for the glueball operators
using the optimized smearing parameters which are summarized in Eqs. 9.3 and
9.10.
In the scalar channel, the analysis is based on mixed variational bases including

glueball and meson interpolators. We have mostly used two meson and two glueball
operators for the analysis of masses and mixing properties, choosing smearing levels
that led to clean signals (e.g. the combination NJ ∈ 20, 40, NAPE ∈ 40, 80). On
the finest lattices, it was in some cases also possible to include three meson and
three glueball operators without running into the problems discussed in Sec. 11.4.
The inclusion of these additional operators produced consistent results.
In the pseudoscalar channel, on the contrary, we have not used mixed variational

bases, but extracted the masses separately from the meson and the glueball op-
erators since the mixed operator bases did not give rise to improved signals (cf.
Sec. 9.3.3). The analysis based on pseudoscalar glueball interpolators was only
possible in the case of the SU(2)-SYM simulations. In the SU(3)-SYM simula-
tions, the signal was too noisy to reliably estimate effective mass plateaus and
appropriate fitting intervals.
Note that the used smearing levels of the meson interpolators are chosen more

conservatively, also including smaller smearing levels than the ones discussed in
Sec. 9. For the case of the scalar channel this does not have a large influence, as
the choice of smearing level has only a small influence on the results (cf. Secs.
9.3.3 and 10). In the pseudoscalar channel, this choice might not be optimal, but
it was compensated by choosing the lower limit of the fit intervals tmin sufficiently
large.
Throughout the analysis, we have made sure that systematical uncertainties are

under control, i.e. they are not larger than the statistical ones. This includes the
estimation of proper bin sizes to eliminate autocorrelations and to guarantee the
correct estimation of the statistical uncertainties (cf. Secs. 7.4 and 7.5), as well as
choosing suitable values tmin of the fitting intervals based on the criteria of χ2

r and
the formation of effective mass plateaus as discussed in Secs. 7.1 and 7.2.
The results of our analyses are collected in Tabs. A.1, A.2, A.3 and A.4 in App.

A.6. They have partly been published in [30] and [37].
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13. Extrapolations

Ultimately, we are interested in the supersymmetric limit, i.e. the chiral and con-
tinuum limit (cf. Sec. 3.2). The next step is therefore to extrapolate the collected
data to this limit. There are different approaches to perform these extrapola-
tions. In the following, the two methods that we use and which we call two-step
extrapolation and combined extrapolation are discussed on the basis of the meas-
ured ground state masses of the chiral supermultiplet of SU(3)-SYM. This data is
ideally suited to study the extrapolations because the ground state masses feature
small uncertainties compared to the other observables which we have considered
(excited states, mixing coefficients) and the parameter space spanned by β and κ
is sampled more uniformly than in the case of the SU(2)-SYM simulations.
The present section is devoted to exploring and optimizing the two extrapolation

approaches. The final results for the different observables are discussed in Sec. 14.

13.1. Two-step and combined extrapolations

In the two-step approach, the observables are first extrapolated to the chiral limit
for each value of β individually, similarly to the chiral extrapolations of the scales
w0 and r0 (cf. Sec. 4.2). In a second step, the resulting chiral values are extra-
polated to the continuum limit. In the combined approach, on the contrary, the
extrapolation to the chiral and continuum limit is done simultaneously.
To explain these two approaches in more detail and to discuss how they are

related to each other, some notation is introduced first. As explained in Sec. 4, we
use the squared mass of the adjoint pion m2

a-π and the lattice spacing a to tune to-
wards the chiral and continuum limit, respectively. Furthermore, all dimensionful
observables are expressed in units of a scale s, where the scale can be the lattice
spacing s = a or a dimensionful observable such as w0 or w0,χ. The lattice spacing
is not a suitable scale for the extrapolation to the continuum limit since it vanishes
in this limit. Therefore, we use s = w0 or s = w0,χ in the continuum extrapola-
tions. We label the squared pion mass and the lattice spacing in units of the scale
s as

x = (sma-π)2, y =
a

s
, (13.1)

where s is assumed to have the mass dimension [s] = −1. If an observable with a
different mass dimension is chosen for the scale setting, it has to be raised to an
appropriate power, such that the results has mass dimension −1 and can be used
as the scale s. We furthermore denote the observable which shall be extrapolated
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13.1. Two-step and combined extrapolations

to the supersymmetric point by O. It should also be formulated dimensionless and
in terms of the scale s, e.g.

O =

{
sm, (particle mass)
c(g), (glueball mixing coefficient)

. (13.2)

The extrapolations of the observables to the supersymmetric point are based on
the assumption that the observables can be described by analytic functions O(x, y)
in the simulated vicinity near the supersymmetric point. The function O(x, y) can
be approximated by a Taylor expansion in x and y

O(x, y) = Oχ,cont + c1x+ c2y + c3xy + c4x
2 + c5y

2 + c6xy
2 +O(higher) , (13.3)

where Oχ,cont and the ci are Taylor coefficients. Here, all terms that we consider
for the extrapolations are included.
While the Taylor expansion in Eq. 13.3 is appropriate for the extrapolations of

the SU(2)-SYM results, the ansatz can be improved further for the simulations
of SU(3)-SYM because these are based on a one-loop clover improved action (cf.
Sec. 3.3). The leading discretization effects are therefore expected to be of the
order O(ag4) = O(a/β2). Thus, in this case, y can be replaced with

y → ỹ =
a

sβ2
(13.4)

in the terms of the Taylor series that are linear in y. The ansatz used in the
extrapolations for the SU(3)-SYM simulations is then given by

O(x, y) = Oχ,cont + c1x+ c2ỹ + c3xỹ + c4x
2 + c5y

2 + c6xy
2 +O(higher) . (13.5)

13.1.1. Combined extrapolation

The combined extrapolation is then straightforward. The extrapolated value
Oχ,cont of the observable O in the supersymmetric point is obtained by performing
a two dimensional fit (in x and y) of the Taylor polynomial (Eq. 13.3 or 13.5) to the
data, where ci and Oχ,cont are the fit parameters. For this purpose, we use the ODR
fitting routine provided by the SciPy library for Python. In Figs. 13.1 and 13.2
these fits are visualized for the mass of gluino-glue ground state in SU(3)-SYM.
In order, to keep the error of the extrapolated value Oχ,cont small and to prevent

overfitting (which means fitting the noise rather than the actual data), the fit
function should include only the dominating terms of the Taylor series, which lead
to an acceptable χ2

r of the fit. We therefore consider only subsets of the coefficients
ci and set the others to zero. While in the case of the SU(2)-SYM simulations we
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Figure 13.1.: Combined chiral and continuum extrapolation of the of the gluino-
glue ground state mass using the chirally extrapolated observable w0χ for the scale
setting. The data points are color coded for the different values of β (see legends).
Left: Linear extrapolation in ỹ (fit coefficients c1, c2, c3), Right: Quadratic extra-
polation in ỹ (fit coefficients c1, c5 and c6).

expect the linear terms in x and y to be dominating, in the SU(3)-SYM the linear
terms in ỹ might be very small due to the clover improvement, i.e c2 � 1, c3 � 1.
In this case, the next higher order O(y2) is expected to be dominating. To find
the most suitable extrapolations, we test different fit functions and compare the
corresponding values of χ2

r and the resulting uncertainties of Oχ,cont. We label
these extrapolations as

• Linear extrapolation: Neglect quadratic terms in y, i.e. c5 = c6 = 0 .

• Quadratic extrapolation: Neglect linear terms in ỹ, i.e. c2 = c3 = 0 .

• Linear + quadratic extrapolation: Consider both, linear terms in ỹ and quad-
ratic terms in y .

Instead of using a single observable for the scale setting, principally, one may
use different observables s1, s2 and s3 for the scale setting of ma-π, a and O,
respectively. The value Oχ,cont of the observable at the supersymmetric point does
not depend on the choice of the scales s1 and s2, which can be demonstrated easily
(see App. A.5). The coefficients ci, which determine how this limit is approached,
however, may differ and therefore one could try to find for each observable the
combination of scales that leads to the best fit result, i.e. to a small value of χ2

r

and to a small uncertainty ∆Oχ,cont. However, this would not only be very time
consuming, but it is also error prone because fluctuations of the data can randomly
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Figure 13.2.: Similar plots as in Fig. 13.1. The difference is that here the values
w0 measured at the individual ensembles were used as the scale.

lead to small values of χ2
r and ∆Oχ,cont, even for non-optimal choices of the fit

parameters. We have therefore decided to use one common scale s = s1 = s2 = s3.
We test both, using the chirally extrapolated scale s = w0,χ and the scale s = w0

measured at each ensemble for the scale setting. Note that the extrapolated value
Oχ,cont does not depend on this choice because in the supersymmetric point (and
also in the chiral limit) both scales agree.
A detailed discussion about the choice of the fitting coefficients and of the scale

setting is provided in Secs. 13.2 and 13.3.

13.1.2. Two-step extrapolation

In the two-step extrapolation approach, the observables are first extrapolated to
the chiral limit and the obtained data is then extrapolated to the continuum limit.
This approach has the advantage, that different scales sχ and scont can be used
for the chiral and continuum extrapolations, respectively. In particular, the lattice
spacing sχ = a may be used for the scale setting in the chiral extrapolations,
which avoids the additional error stemming from the measurement of the scale
setting observable. It is, of course, not possible to use the lattice spacing a for the
scale setting in the combined extrapolation because the lattice spacing vanishes
in the continuum limit. The chiral extrapolation is performed for each value of β
individually by fitting a polynomial to the data

Oy(x) = Oχ,y + c̃1,yx+ c̃2,yx
2 +O(higher) , (13.6)
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where the dependency on y is written as an index to stress that y is kept fixed
in the chiral extrapolation. The coefficients c̃i are related to the coefficients of
Eq. 13.3 by

Oχ,y = Oχ,cont + c2y + c5y
2 , (13.7)

c̃1,y = c1 + c3y + c6y
2 , (13.8)

c̃2,y = c4 . (13.9)

To prevent overfitting, the set of fitting parameters should be chosen minimally. In
contrast to the combined extrapolation, different sets of fitting coefficients can be
used for different values of β which is a further advantage of the two-step approach.
In the second step, the chiral values Oχ(y) of the observables are extrapolated

in a similar fashion to the continuum limit. For this purpose, the values of Oχ(y),
obtained from the chiral extrapolation, are first converted to the scale scont used
for the continuum extrapolation by multiplying with a suitable power of scont/sχ.
Then, the extrapolation is performed by a polynomial fit

Oχ(y) = Oχ,cont + c2y + c5y
2 +O(higher) . (13.10)

13.1.3. Theoretical comparison of the two approaches

Based on the assumption that the observable O(x, y) is analytic in the simulated
vicinity of the supersymmetric point (in the quadrant x ≥ 0, y ≥ 0), both, the
two-step and the combined extrapolation should provide correct results because
then

Oχ,cont = lim
(x,y)→(0,0)

O(x, y) = lim
x→0

lim
y→0

O(x, y) , (13.11)

and the two limits on the r.h.s commute. However, both approaches have advant-
ages and disadvantages, which may lead to different statistical and systematical
uncertainties. These are discussed in the following.
The combined approach takes into account all data points in a single fit. There-

fore, it requires less fitting parameters in total. Consider, for example, a set of
20 ensembles consisting of four different values of β and five different values of κ
for each β. The two-step approach would require four chiral extrapolations and
one continuum extrapolation. If only the constant term and the linear orders in
x and y are considered, this would amount to 2(4 + 1) = 10 fitting paramet-
ers. The corresponding combined approach requires only four fitting parameters
(Oχ,cont, c1, c2, c3). Hence, it is expected to be much more stable against fluctu-
ations of the data. Furthermore, the combined approach returns the most probable
values of the fit parameters because it minimizes the global χ2

r in the x-y-plane.
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13.2. Optimizing the two-step extrapolation

The two-step approach, on the contrary, minimizes χ2
r for the chiral and the con-

tinuum extrapolations subsequently. Thus, in general, it does not minimize the
global χ2

r and hence does not find the most likely value of the Oχ,cont. This devi-
ation can be thought of as a bias that vanishes in the limit of infinite statistics.
Besides its shortcomings, the two-step approach also features advantages com-

pared to the combined fit. Firstly, the lattice spacing a can be used for the scale
setting in the chiral extrapolations which avoids the additional uncertainty stem-
ming from the measurement of the scale setting observable. Secondly, the set of
fit parameters can be adjusted for each extrapolation individually.

13.2. Optimizing the two-step extrapolation

We have tested both extrapolation approaches on the basis of the ground states
masses of the chiral multiplet of SU(3)-SYM to optimize the choice of the fit para-
meters and the scale setting observable. In order disentangle any possible issues
appearing in the chiral and continuum extrapolations it is useful to first consider
the two-step extrapolations where the chiral and continuum extrapolations are
performed separately.
The first step is the chiral extrapolation which is performed individually for

the different values of β. As a first attempt, we have tested linear extrapolations
(c̃2,y = 0 in Eq. 13.6) using the lattice spacing for the scale setting sχ = a. We
find acceptable values of 0.1 < χ2

r < 3 in most of the cases, see Tab. 13.1. Larger
values of χ2

r occur in the extrapolations of the gluino-glue ground state mass at
the two finer lattice spacings

β = 5.5 : χ2
r = 4.07 , (13.12)

β = 5.6 : χ2
r = 7.08 . (13.13)

Using a second order polynomial for the fit function in these cases (c̃1,y 6= 0 6= c̃2,y)

β am
(0)
gg χ2

r am
(0)
a-η′ χ2

r am
(0)

0++ χ2
r

5.4 0.5272(86) 0.32 0.364(10) 2.19 0.363(32) 0.43
5.45 0.4040(81) 0.37 0.322(22) 0.36 0.310(39) 1.30
5.5 0.366(12) 4.07 0.288(11) 0.09 0.292(51) 0.77
5.6 0.2997(71) 7.08 0.270(14) 2.80 0.298(53) 0.47

Table 13.1.: Chirally extrapolated ground state masses of SU(3)-SYM using all
available ensembles and only linear extrapolations in x = (ama-π)2.

123



13. Extrapolations

Figure 13.3: Chiral extrapola-
tion of the gluino-glue ground
state mass at β = 5.6. A
first order polynomial (green)
cannot accurately resemble all
data points. A second or-
der polynomial fits the data
much better (red). Alternat-
ively the data point with the
largest adjoint pion mass may
be neglected, leading to an
acceptable first order polyno-
mial fit.
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leads to acceptable values of

β = 5.5 : χ2
r = 0.0170 , (13.14)

β = 5.6 : χ2
r = 2.75 . (13.15)

Closer inspection of the fits for β = 5.6 shows that the data is best described by a
convex function, i.e. c̃2,y < 0, see Fig. 13.3. Apparently, a linear fit function does
not suffice to describe the data points at large values of m2

a-π accurately enough at
the level of our precision and higher orders of the Taylor series become important.
The data shows a similar behavior for β = 5.5 and also for the a-η′ mass at β = 5.6
whose extrapolation leads to an acceptable, but rather large value of χ2

r = 2.80
when using a linear fit.
A disadvantage of using a second order polynomial for the chiral extrapolation,

is that due to the additional fit parameter, the uncertainty of the extrapolated
result is larger compared to a linear fit and the extrapolation is more prone to
overfitting. As an alternative we have tested to neglect the mass estimates that
are outside of the linear regime. This way, the values of χ2

r, obtained from the
extrapolations of the gluino-glue ground state mass, significantly reduce to

β = 5.5 : χ2
r = 0.14 , (13.16)

β = 5.6 : χ2
r = 0.06 . (13.17)

The chirally extrapolated masses, obtained from both methods (second order poly-
nomial or neglecting the ensembles outside of the linear regime) are compatible
within their errors, see Tab. 13.2. Due to the considerably larger value of χ2

r at
β = 5.6, the method to use using a second order polynomial is slightly disfavored.
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13.2. Optimizing the two-step extrapolation

Poly. Order c̃1 c̃2 sχ κ = 0.1645 w0m
(0)
gg χ2

r

1 X - a X 1.026(28) 7.08
1 X - w0,χ X 0.994(36) 2.18
1 X - w0 X 0.929(33) 2.38
2 X X a X 0.869(54) 2.75
2 X X w0,χ X 0.877(73) 1.11
2 X X w0 X 0.84(10) 3.88
1 X - a - 0.943(35) 0.06
1 X - w0,χ - 0.944(44) 0.03
1 X - w0 - 0.879(43) 1.38

Table 13.2.: Comparison of chiral extrapolations at β = 5.6 of the gluino-glue
ground state mass using different polynomial orders and scales. Using the scale
w0 does not reduce the statistical error nor the value of χ2

r compared to using
w0,χ. The fifth column marks whether the ensemble with κ = 0.1645 is included
in the extrapolation or not. The extrapolation considered for the final results is
highlighted in blue.

In order to understand, when the linear description of the data breaks down, it
is useful to consider the adjoint pion masses in physical units rather than units
of the unphysical lattice spacing, cf. Tab. 6.2. The squared pion masses in units
of w0,χ at the ensembles that are apparently outside the linear regime, are given
by (ma-πw0,χ)2 = 2.445(67) and (ma-πw0,χ)2 = 3.082(87) for β = 5.5, κ = 0.1667
and β = 5.6, κ = 0.1645, respectively. Since these are the largest squared physical
pion masses of all ensembles, this suggests that for

(ma-πw0,χ)2 & 2.5 (13.18)

quadratic terms become important. Of course, this value is only a rough estimate
that depends on the precision of the data and on the observable. The mass in
0++ channel might, for example also be affected, but due to the larger statistical
uncertainties the effect is not observed there. We conclude, that at our precision,
it is necessary to use a second order polynomial for the chiral extrapolations if
ensembles with such large adjoint pion masses are included. In hindsight, it would
have therefore been better to only simulate ensembles with (ma-πw0,χ)2 . 2.5.
Another alternative that we have tested is to use the scale sχ = w0, i.e. the

non-extrapolated values of w0, in the chiral extrapolation, which might suppress
the effect of higher orders in x, as discussed in Sec. 13.1. Due to the additional
error from the measurements of w0, the uncertainties are larger in this case. These
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13. Extrapolations

Extr. Type c2 c5 w0m
(0)
gg χ2

r w0m
(0)
a-η′ χ2

r w0m
(0)

0++ χ2
r

Lin X - 0.782(72) 0.75 0.991(93) 0.18 1.07(31) 0.03
Quad - X 0.887(45) 0.99 0.907(57) 0.11 0.95(19) 0.04
Lin + Quad X X 0.56(34) 1.03 0.66(62) 0.06 1.4(1.7) 0.004

Lin X - 0.689(94) 2.56 0.95(10) 1.01 1.17(29) 0.21
Quad - X 0.837(58) 3.14 0.884(63) 0.89 1.01(18) 0.27
Lin + Quad X X 0.00(44) 2.60 -0.20(84) 0.11 2.1(1.5) 0.05

Table 13.3.: Ground state masses of the chiral multiplet, extrapolated to the con-
tinuum limit using different fit functions in the the two-step approach. The top
and bottom tables differ in the way how the data outside the linear regime has
been handled in the chiral extrapolations. Top: Data outside of the linear regime
has been discarded and a linear fit was used in the chiral extrapolations. Bottom:
All data points have been taken into account and a second order polynomial was
used in the chiral extrapolations for β = 5.5 and β = 5.6. The data considered for
the final results is highlighted in blue.

larger uncertainties may hide the effects stemming from higher orders. For bet-
ter comparison, we have therefore also performed the chiral extrapolations using
sχ = w0,χ which should provide very similar results to the case sχ = a since it
amounts to just multiplying all masses by a common factor, but takes into ac-
count the additional uncertainty of w0,χ. The results for the gluino-glue at β = 5.6
are shown in Tab. 13.2. Indeed, the extrapolated mass and its uncertainty using
sχ = w0,χ is very similar to the case sχ = a, while the value χ2

r, is smaller for
sχ = w0,χ since the data points are essentially unchanged, but have larger uncer-
tainties. Using the scale w0 does not reduce the error of the extrapolated results,
nor does it reduce χ2

r, but in fact χ2
r appears to be larger compared to using w0,χ.

We therefore stay with sχ = a for the scale setting in the chiral extrapolations.

The second step of the two-step approach is the continuum extrapolation. For
this purpose, we convert the chirally extrapolated values to units of w0

1 and fit
a polynomial (Eq. 13.10) to extract Oχ,cont. As discussed in Sec. 13.1, we test
different fit functions: Linear, quadratic and linear + quadratic extrapolations.
The extrapolated values, their uncertainties and the corresponding values of χ2

r

are presented in Tab. 13.3. The values of χ2
r for the linear and the quadratic

continuum extrapolations are quite similar. Hence, we cannot deduce whether the
linear or the quadratic order in y is dominant in the simulated parameter range.
Using both, linear and quadratic orders in y, leads to very large uncertainties in

1Note that after the chiral extrapolation we do not need to distinguish between w0 and w0,χ

anymore, because in this limit w0 = w0,χ per definition.
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13.3. Optimizing the combined extrapolation

the continuum extrapolations and should not be used.
From the continuum extrapolations we can also gain additional information

about the question, discussed above, whether to use second order polynomials
or to discard data outside the linear regime in the chiral extrapolations. For
this purpose, we have performed the continuum extrapolations for the differently
chirally extrapolated data sets; the results are also included in Tab. 13.3. The
values of χ2

r of the continuum extrapolations are smaller when the data outside
the linear regime is discarded. As discussed above, this method is also favored by
the values of χ2

r in the chiral extrapolations. It therefore seems more consistent to
discard the data affected by quadratic effects and to always use linear fits in the
chiral extrapolations than to use second order polynomials.
We conclude that it is optimal to use the scale sχ = a and scont = w0χ, and to

discard the mass estimates outside the linear regime at large values of (w0,χma-π)2,
namely

• β = 5.6, κ = 0.1645: All three channels.

• β = 5.5, κ = 0.1667: Gluino-glue.

Since it is not clear, whether the linear or the quadratic continuum extrapolation
is to be favored, we consider both for the final results.

13.3. Optimizing the combined extrapolation

Similarly to the case of the two-step approach, we have tested several different
combinations of fitting parameters and scales in the combined extrapolations. Of
course, the fitting parameter Oχ,cont is always included. Based on our experience in
the two-step extrapolation, we have excluded the masses, estimated from ensemble
β = 5.6, κ = 0.1645, and the gluino-glue mass at β = 5.5, κ = 0.1667, when not
using the quadratic term in x, i.e. when c4 = 0. The extrapolated masses, their
uncertainties and the χ2

r of the fits are collected in Tab. 13.4.
We first consider the results obtained using the chirally extrapolated scale w0,χ.

The minimal sensible choice of fitting parameters is to allow only terms propor-
tional to x and ỹ, i.e. only the fit parameters c1 and c2. This leads to a rather large
value of χ2

r = 3.35 in the linear extrapolation of the the gluino-glue mass, which
indicates that it is not sufficient to consider only these two terms. The reason
becomes clear when visualizing the data, see Fig. 13.4. The slope in x-direction
changes with β and therefore with y. Hence, the mixed term c3xỹ needs to be
included in the fit function for a reliable extrapolation. This reduces χ2

r to an
acceptable value χ2

r = 0.67. For the a-η′ and the 0++ channels, the reduction of
χ2
r, when the c3 term is included, is not as drastic as for the gluino-glue because
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13. Extrapolations

the slopes do not vary so much with β (see Fig. 13.5) and the uncertainties of the
data points in the 0++ channel are much larger than the ones of the gluino-glue.
We have also tested to include the term proportional to x2 (c4) and not neg-

lecting any data points. However, we find that it lowers the precision of the final
results. This is intuitive because only very few data points are outside the linear
regime. Therefore, it is not beneficial to include these data points at the cost of
having to use an additional fit parameter that results in larger uncertainties of the
extrapolated results.
Since it is not clear, a priori, whether the linear order in ỹ or the quadratic order

in y is dominating in the simulated parameter range, we have also performed quad-
ratic extrapolations, i.e. instead of c2 and c3, the fit parameters c5 and c6 are used.
The results are very similar to the linear extrapolations, i.e. the masses are com-
patible within errors with the corresponding ones from the linear extrapolations
and also the values of χ2

r are very similar. Also in the quadratic extrapolations it
turns out to be optimal to use three fitting parameters c1, c5 and c6.
Based on the values of χ2

r we cannot conclude if the linear or quadratic order in y
is dominating in the simulated parameter range, in agreement with the discussion
of the two-step approach in Sec. 13.2. This suggests that the linear order might
still be important, but one would need more data points and/or higher precision
to make a clear statement. Principally, it could even depend on the observable.
Unfortunately, the linear + quadratic fit in y does not provide any further inform-
ation regarding this point since the resulting uncertainties are very large due to
the larger number of coefficients.
Additionally, we have tested to use the scale s = w0 instead of s = w0,χ. In-

terestingly, even the minimal choice of using only the c1 and c2 terms leads to an
acceptable value of χ2

r = 1.14 for the gluino-glue. This suggests, that the coeffi-
cient of the mixed term (c3) is not as large compared to the case of using w0,χ for
the scale setting. One could therefore be tempted to use only c1 and c2 for the final
results. However, the quadratic extrapolation (c1 and c4) also yields acceptable
values of χ2

r, but different results for the masses, which are incompatible with the
ones from the linear extrapolation (far outside of the uncertainties). We therefore
prefer the more conservative choice to also include in this case the terms c3 and c6

for the linear and the quadratic extrapolation, respectively. Moreover, when using
s = w0 for the scale setting, also extrapolations using the linear and the quadratic
order in y are stable as long as only one of the mixed terms (c3 or c6) is used.
In summary, we have found that the different extrapolations with the fitting

parameters (c1, c2, c3) and (c1, c5, c6) lead to reliable extrapolations. The results
of these extrapolations are all compatible within their uncertainties. The ones
using the scale s = w0,χ have slightly smaller values of χ2

r compared to s = w0.
We therefore consider these for the final results. In addition, we also include the
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13.3. Optimizing the combined extrapolation

linear + quadratic extrapolation with the coefficients (c1, c2, c5, c6) and using the
scale w0 into the considerations for the final results.
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Figure 13.4.: Projection of the plots in Fig. 13.1 to the continuum plane a/w0 = 0
for the gluino-glue ground state mass. Shown are the data points and slices of the
fit for each value of β (see legend) together with the extrapolated fit function at
vanishing lattice spacing a/w0 = 0. Left: Linear extrapolation. Right: Quadratic
extrapolation.
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Figure 13.5.: Similar plot for the a-η′ ground state mass as in Fig. 13.4.
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13.
E
xtrapolations

s y-Order c1 c2 c3 c4 c5 c6 sm
(0)
gg χ2

r sm
(0)
a-η′ χ2

r sm
(0)

0++ χ2
r

w0χ Lin X X - - - - 0.282(46) 3.35 0.955(52) 1.32 1.83(14) 0.89
w0χ Lin X X X - - - 0.847(87) 0.67 1.04(10) 1.34 1.13(31) 0.55
w0χ Lin X X X X - - 0.819(96) 0.70 0.93(13) 1.22 1.29(32) 0.63
w0χ Quad X - - - X - 0.594(30) 4.01 0.889(35) 1.29 1.403(93) 0.91
w0χ Quad X - - - X X 0.951(54) 1.19 0.943(62) 1.31 0.97(18) 0.52
w0χ Quad X - - X X X 0.911(64) 1.17 0.853(86) 1.19 1.05(21) 0.59
w0χ Lin+Quad X X X - X - 0.23(25) 0.28 0.74(32) 1.36 0.56(97) 0.56
w0,χ Lin+Quad X X - - X X 0.06(24) 0.34 0.72(31) 1.35 0.80(92) 0.55

w0 Lin X X - - - - 0.886(26) 1.14 0.807(30) 1.33 1.150(87) 0.46
w0 Lin X X X - - - 0.991(76) 1.66 0.81(12) 1.42 1.26(37) 0.51
w0 Lin X X X X - - 1.009(74) 1.64 0.85(12) 1.51 1.46(33) 0.58
w0 Quad X - - - X - 0.957(16) 1.53 0.695(20) 1.69 0.757(61) 0.77
w0 Quad X - - - X X 0.976(36) 1.61 0.768(51) 1.65 1.02(15) 0.61
w0 Quad X - - X X X 1.039(48) 1.97 0.756(81) 1.66 1.10(21) 0.62
w0 Lin+Quad X X X - X - 0.889(74) 1.47 0.96(11) 1.47 1.40(32) 0.60
w0 Lin+Quad X X - - X X 0.847(66) 1.36 0.940(91) 1.44 1.29(29) 0.57

Table 13.4.: Extrapolations of the ground state masses of the chiral supermultiplet to the supersymmetric point using
the combined fitting approach and different choices of fitting functions and scales s. The ticks in the ci-columns
mark which terms have been taken into account (cf. Eq. 13.5). The rows with the combinations of fit parameters and
scale considered for the final results are highlighted in blue. In the extrapolations that include c4 (quadratic order in
(sma-π)2), all data points are includes , whereas for the other ones, the estimated masses outside the linear regime in
x have been discarded (all three channels at β = 5.6, κ = 0.1645, and the gluino-glue mass at β = 5.5, κ = 0.1667).
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13.4. Summary of the extrapolations
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Figure 13.6.: Similar plot for the scalar ground state mass as in Fig. 13.4.

13.4. Summary of the extrapolations

The tests and optimization of the two extrapolation approaches show that it is
optimal to include only the linear order in x and discard the few data points
that are outside of the linear regime. For our the ground state masses of SU(3)-
SYM, this corresponds to discarding mass estimates form the ensembles with
(ma-πw0,χ)2 & 2.5. It is not clear whether the linear or the quadratic order in
the lattice spacing is dominating in the simulated parameter range.
We have found several reasonable procedures for the extrapolation to the chiral

and continuum limit out of which we consider five for the final results. They are
listed in Tab. 13.5. The mass estimates from these extrapolation procedures are
compatible within the statistical uncertainties for each of the channels. This in-
dicates that the systematic error, resulting from the choice of the extrapolation
approach, is under control, i.e. it is not larger than the statistical uncertainties
obtained from the fits. It is not clear which of the extrapolation procedures is to be
favored. One could argue that the combined approach has theoretical advantages
as discussed in Sec. 13.1.3. However, also the two-step extrapolation has advant-
ages, such as the possibility to choose sχ = a in the chiral extrapolations. For the
final results, which are discussed in Sec. 14, we therefore average the masses and
their errors obtained from the five different extrapolations. We do not weight the
average by the uncertainties because the deviations of the results are rather sys-
tematic errors than statistical ones since the results are all obtained from the same
data set. Hence, it does not seem consistent to use the statistical uncertainties as
weights.
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13. Extrapolations

Approach Extrapolation type sχ scont Fit parameters

Two-step Linear a w0,χ c̃1,y, c2

Two-step Quadratic a w0,χ c̃1,y, c5

Combined Linear w0,χ w0,χ c1, c2, c3

Combined Quadratic w0,χ w0,χ c1, c5, c6

Combined Linear + Quadratic w0 w0,χ c1, c2, c5, c6

Table 13.5.: Collection of the extrapolation approaches that have turned out to be
most useful and that are considered for the final results

Note that for the tests of the different extrapolation techniques we have con-
sidered the ground states of SU(3)-SYM, which has been simulated using a clover-
improved action. The simulations of SU(2)-SYM, however, were performed without
clover improvement. Therefore, in the case of SU(2)-SYM, we expect the linear
term in y to be dominating and do not include the quadratic order in y for the
extrapolations.
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14. Results of the mass spectra and the mixing in
the scalar channel

Using the two-step and combined extrapolation approaches, discussed in Sec. 13,
we have extrapolated the masses of the ground and excited states of the chiral
supermultiplet as well as the mixing coefficients of the scalar channel to the super-
symmetric point. The extrapolations yield also first insights into supersymmetry
breaking by a non-vanishing gluino mass. In the following, the results from the
extrapolations are summarized (Secs. 14.1 to 14.4) and discussed (Sec. 14.5). Some
parts of these results have been published in [30] and [37]. Here, an updated and
much more detailed discussion is provided.

14.1. Light bound state masses of SU(2)-SYM

The results for the masses of the ground and first excited states of the chiral
supermultiplet of SU(2)-SYM, extrapolated to the chiral and continuum limit, are
collected in Tabs. 14.1 and 14.2. Similarly to the case of SU(3), we have neglected
the data for gluino-glue ground state mass of the ensemble β = 1.9, κ = 0.1433,
which appeared to be outside the linear regime ((w0ma-π)2 = 2.825(81)). Since
the SU(2)-SYM simulations were performed without clover improvement, we have
only taken into account the two linear extrapolations out of the five approaches
summarized in Tab. 13.5. The continuum extrapolations of the two approaches are
depicted in Fig. 14.1. Further plots can be found in Fig. A.2 in App. A.7.1. The
results from the two-step and from the combined approach are consistent within
their uncertainties except for the mass of the ground state in the scalar channel
where the results from the combined fit deviates from the result of the two-step
approach by 2.3σ. When neglecting the outlier from the combined approach, we
find the expected degeneracy of the ground states masses in the supersymmetric
point

w0m
(0)
gg = 0.945(62) , w0m

(0)
a-η′ = 0.978(61) , w0m

(0)

0++ = 1.12(21) . (14.1)

To estimate the mass of the supermultiplet we use a weighted average of the
masses in the three channels

w0m
(0) = 0.968(43) , (14.2)

where the weights are given by the inverse of the squared uncertainties. The
uncertainty of the weighted average is estimated by standard error propagation.
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14. Results of the mass spectra and the mixing in the scalar channel

For simplicity, we have not taken into account correlations among the different
channels. The masses of all three channels are compatible with this estimate
within uncertainties.
If, on the other hand, the outlier is not neglected, we obtain

w0m
(0)

0++ = 1.36(18) (14.3)

leading to a modified result for the mass of the supermultiplet

w0m
(0) = 0.984(42) . (14.4)

In this case, the mass of the 0(++) channel deviates by 2.1σ from this average.
Let us discuss the outlier. Unfortunately, the SU(2)-SYM ensembles are very

inhomogeneously distributed in the parameter space spanned by β and κ. For
β = 1.6 there are only ∼ 1500 thermalized configurations on average for each
ensemble, while for β = 1.75 and β = 1.9 there are 7000 and 13000 thermalized
configurations, respectively, on average for each ensemble. Furthermore, the range
of simulated physical pion masses is very different for each value of β (see Fig. 14.2
and Tab. 6.2). Due to the inhomogeneous sampling of the parameter space, it is
plausible that the fit of the masses, especially in the scalar channel, in which the
uncertainties are much larger than in the other channels, could be unstable. In
particular, the estimation of the mixed term (c3xy) which determines the change
of the slope in the x-direction with varying y, could be poor because there are
only very few data points in the region (w0,χma-π)2 > 1. From the present data it
is, hence, not unambiguously clear whether the outlier should be taken seriously
or not.
Fortunately, such an ambiguity does not occur in the extrapolations of the ex-

cited state masses. Here, the two-step extrapolation and the combined approach
yield compatible results that are degenerate within errors among the three channels

w0m
(1)
gg = 3.07(24) , w0m

(1)
a-η′ = 2.89(22) , (14.5)

w0m
(1)

0++ = 2.87(28) , w0m
(0)

gb−+ = 3.20(33) . (14.6)

As already observed in Sec. 9.3.3, the lowest mass, determined from the pseudo-
scalar glueball interpolator, is compatible with the excited state multiplet at all
values of β and also in the continuum limit, see Fig. 14.1. It is therefore very
likely that the first excited state in the pseudoscalar channel is a mixed state that
includes glueball and meson components. However, a detailed mixing analysis has
only been performed for the scalar channel in the scope of this thesis.
The weighted average of the three channels yields an estimate for the supermul-
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14.1. Light bound state masses of SU(2)-SYM

tiplet of excited states

w0m
(1) = 2.98(13) , (14.7)

where, before calculating the weighted average over all three channels, the mass of
the pseudoscalar channel has been determined by a weighted average of the results
from the glueball and the meson analysis. The masses of all three channels are
compatible with this value within errors.

β am
(0)
gg χ2

r am
(0)
a-η′ χ2

r am
(0)

0++ χ2
r

1.6 0.623(22) 1.23 0.362(36) 0.31 0.374(70) 0.10
1.75 0.3122(93) 0.94 0.193(32) 0.28 0.252(35) 1.74
1.9 0.167(11) 0.01 0.1511(51) 0.22 0.173(30) 3.70

Extr. type w0m
(0)
gg χ2

r w0m
(0)
a-η′ χ2

r w0m
(0)

0++ χ2
r

Lin (two-step) 0.930(69) 0.21 0.979(57) 1.96 1.12(21) 3.06
Lin (combined) 0.959(54) 0.65 0.976(64) 0.42 1.60(15) 2.71
Average 0.945(62) - 0.978(61) - 1.36(18) -

Table 14.1.: Ground state masses of the chiral supermultiplet of SU(2)-SYM extra-
polated to the chiral limit (upper table), and to the continuum limit (lower table).
The outlier in the scalar channel is highlighted in red. The last row, highlighted in
green, summarizes the final results (averages of both extrapolation approaches).

β am
(1)
gg χ2

r am
(1)
a-η′ χ2

r am
(1)

0++ χ2
r am

(0)

gb−+ χ2
r

1.6 1.08(23) - 0.932(89) - 0.53(42) - 1.014(14) -
1.75 0.663(52) 2.33 0.678(52) 3.00 0.594(61) 0.75 0.69(14) 0.79
1.9 0.457(15) 1.52 0.455(30) 4.77 0.389(17) 0.39 0.502(45) 0.49

Extr. t. w0m
(1)
gg χ2

r w0m
(1)
a-η′ χ2

r w0m
(1)

0++ χ2
r w0m

(0)

gb−+ χ2
r

Lin (2s) 3.06(23) 0.64 3.08(25) 0.04 2.75(31) 0.28 3.37(37) 0.19
Lin (c) 3.07(24) 1.63 2.70(18) 3.13 2.98(25) 0.62 3.03(29) 0.78
Average 3.07(24) - 2.89(22) - 2.87(28) - 3.20(33) -

Table 14.2.: Table for the first excited states corresponding to Tab. 14.1 . In the
first column 2s and c abbreviate two-step and combined, respectively.
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Figure 14.1.: Extrapolations to the supersymmetric point of the ground and first
excited states of the chiral supermultiplet of SU(2)-SYM. Left: Continuum extra-
polation of the two-step approach. Right: Combined extrapolation, projected to
the chiral plane, i.e. to the plane where the gluino mass vanishes. The data points
in the plot on the right mark the chirally extrapolated values at the simulated lat-
tice spacings. Since the chiral and continuum extrapolation is done simultaneously,
they align completely with the fit curves.

Figure 14.2: Combined extrapolation
of the ground state in the scalar chan-
nel of SU(2)-SYM projected to the
continuum plane where a/w0,χ = 0.
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14.2. Light bound state masses of SU(3)-SYM

14.2. Light bound state masses of SU(3)-SYM

The results of the extrapolations of the ground and first excited state masses of
SU(3)-SYM are collected in Tabs. 14.3 and 14.4. As explained in Sec. 13, we have
neglected the masses estimated from the ensemble β = 5.6, κ = 0.1645 completely
and also discarded the gluino-glue ground state mass at β = 5.5, κ = 0.1667.
Averaging the results over the different extrapolations we obtain estimates for

the masses of the ground states

w0m
(0)
gg = 0.863(65) , w0m

(0)
a-η′ = 0.964(81) , w0m

(0)

0++ = 1.08(26) , (14.8)

of the chiral supermultiplet. The weighted average yields an estimate for the
ground state mass of the chiral supermultiplet

m(0)w0 = 0.909(50) . (14.9)

Within their errors, the ground state masses obtained in all three channels are
compatible with this value. Hence, we have found the expected degeneracy.
The corresponding analysis of the first excited states yields

w0m
(1)
gg = 2.90(18) , w0m

(1)
a-η′ = 2.59(14) , w0m

(1)

0++ = 1.78(47) , (14.10)

The mass of the first excited state in the 0(++) channel is considerably lower
(m(1)

0++ = 1.78(47)) than the ones of the gluino-glue and the a-η′. The weighted
average over only the gluino-glue and the a-η′ channels yields

w0m
(1)
gg,a-η′ = 2.71(11) , (14.11)

and the masses from both channels are compatible with this estimate. Including
also the scalar channel yields a weighted average

w0m
(1) = 2.62(11) (14.12)

and the mass of the scalar 0(++) channel deviates by 1.8σ from this weighted
average. This deviation can still be explained by statistical fluctuations. A more
detailed discussion is provided in Sec. 14.5.
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14. Results of the mass spectra and the mixing in the scalar channel

β am
(0)
gg χ2

r am
(0)
a-η′ χ2

r am
(0)

0++ χ2
r

5.4 0.5272(86) 0.32 0.364(10) 2.19 0.363(32) 0.43
5.45 0.4040(81) 0.37 0.322(22) 0.36 0.310(39) 1.30
5.5 0.332(17) 0.13 0.288(11) 0.09 0.292(51) 0.77
5.6 0.2755(96) 0.06 0.244(18) 1.05 0.271(66) 0.46

Extr. type w0m
(0)
gg χ2

r w0m
(0)
a-η′ χ2

r w0m
(0)

0++ χ2
r

Lin (two step) 0.782(72) 0.75 0.991(93) 0.18 1.07(31) 0.03
Quad (two step): 0.887(45) 0.99 0.907(57) 0.11 0.95(19) 0.04
Lin (combined) 0.847(87) 0.67 1.04(10) 1.34 1.13(31) 0.55
Quad (combined) 0.951(54) 1.19 0.943(62) 1.31 0.97(18) 0.52
Lin+Quad (combined) 0.847(66) 1.36 0.940(91) 1.44 1.29(29) 0.57
Average 0.863(65) - 0.964(81) - 1.08(26) -

Table 14.3.: Ground state masses of the chiral supermultiplet of SU(3)-SYM, ex-
trapolated to the chiral limit (upper table), and to the continuum limit (lower
table). The last row, highlighted in green, summarizes the final results (averages
of the different extrapolation approaches)

β am
(1)
gg χ2

r am
(1)
a-η′ χ2

r am
(1)

0++ χ2
r

5.4 1.106(49) 1.54 0.889(19) 1.99 0.71(17) 1.77
5.45 0.910(46) 6e-4 0.761(29) 1.34 0.67(11) 0.42
5.5 0.883(27) 0.80 0.741(17) 1.09 0.61(11) 1.73
5.6 0.747(20) 0.04 0.649(32) 1.84 0.459(53) 0.90

Extr. type w0m
(1)
gg χ2

r w0m
(1)
a-η′ χ2

r w0m
(1)

0++ χ2
r

Lin (two step) 2.96(21) 0.33 2.73(16) 0.28 1.68(59) 0.29
Quad (two step) 2.73(12) 0.33 2.40(10) 0.44 1.67(34) 0.28
Lin (combined) 3.03(22) 0.90 2.84(18) 1.33 1.90(59) 1.97
Quad (combined) 2.77(13) 0.90 2.47(11) 1.29 1.86(34) 2.00
Lin+Quad (combined) 3.00(21) 0.88 2.53(15) 1.11 0.95(60) 1.54
Average 2.90(18) - 2.59(14) - 1.78(47) -

Table 14.4.: Table for the first excited states corresponding to Tab. 14.3. The
linear + quadratic extrapolation (red) was unstable for the first excited state of
the scalar channel and thus has been neglected for the final results.
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14.3. Soft supersymmetry breaking
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Figure 14.3.: Fit functions of the combined extrapolations, projected to the chiral
plane ((w0ma-π)2 = 0) for the ground and first excited states masses of chiral
multiplet. Left: Linear extrapolation. Right: quadratic extrapolation. The data
points mark the chirally extrapolated values at the simulated lattice spacings.
Since the chiral and continuum extrapolation is done simultaneously, they align
completely with the fit curves.

14.3. Soft supersymmetry breaking

If supersymmetry exists in nature, it must be broken since no supersymmetric
particles have been observed, yet. The breaking mechanisms are still unknown.
One possibility, is a dynamically generated gluino-mass, which breaks supersym-
metry softly. The fit parameter c1 of the combined extrapolation approach provides
insight into the symmetry breaking by a non-vanishing gluino-mass and is, hence,
of special interest. The parameters c2 and c5 quantify the supersymmetry breaking
by lattice discretization artifacts.
We have collected the numerical results for c1 in Tabs. 14.5 and 14.6 for the

ground and first excited states of SU(3)-SYM. Since the parameter space spanned
by β and κ is sampled not very homogeneously in the case of the SU(2)-SYM
simulations, we have not performed such an analysis for SU(2)-SYM.
When employing the chirally extrapolated scale w0,χ, the results are not very

consistent, which is most pronounced in the case of the gluino-glue ground state
where the results from linear, quadratic and linear+quadratic extrapolations are
not compatible within their uncertainties. Using the scale s = w0, however,
provides consistent results. This is most likely due to the fact that the slopes
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14. Results of the mass spectra and the mixing in the scalar channel

of O(x, y) in x-direction vary only slowly with y when using s = w0, i.e. the cross
terms c3xỹ and c6xy

2 are small, which is also observed in Sec. 13.3. Therefore,
the extrapolation of the slope c1 is much more stable in this case. The final res-
ults for the ground states (also displayed in Tab. 14.5) have been obtained from a
weighted average over the three different extrapolations. We find that the scalar
ground state is affected the least by a non-zero gluino mass and the pseudoscalar
ground state is affected the most, while the gluino-glue ground state is between
the two. This is consistent with the ordering predicted in [50] on the basis of an
effective field theory model (cf. Sec. 2.3.2).
The analysis of the slopes c1 of the corresponding first excited states yields

rather large uncertainties. Hence, it is difficult to interpret this data and no clear
statement on the ordering of the states by a SUSY breaking gluino mass can be
made based on our analysis. The results do, however, favor a positive contribution
to the bound state masses, in contrary to the analysis in [50] which predicts a
negative mass contribution in this case.

s Extrapolation c
(0)
1,gg c

(0)
1,a-η′ c

(0)

1,0++

w0,χ Lin (combined) 0.079(73) 0.325(72) 0.74(24)
w0,χ Quad (combined) 0.267(46) 0.353(44) 0.53(15)
w0,χ Lin+Quad (combined) 0.322(49) 0.360(45) 0.44(13)

w0 Lin (combined) 0.252(99) 0.35(13) -0.02(44)
w0 Quad (combined) 0.291(53) 0.378(78) 0.06(24)
w0 Lin+Quad (combined) 0.261(55) 0.387(78) 0.14(25)
w0 Average 0.278(69) 0.372(95) 0.06(31)

Table 14.5.: Extrapolated results for the slopes c1 of the ground states of SU(3)-
SYM. The results using the scale w0,χ (red) do not seem trustworthy because
using different extrapolations result in very different results for the gluino-glue.
The results when using the scale w0 seem to be stable and the average over the
different extrapolations of these stable results is provided in the last row.
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14.4. Mixing coefficients in the scalar channel

s Extrapolation c
(1)
1,gg c

(1)
1,a-η′ c

(1)

1,0++

w0,χ Lin (combined) 0.16(18) 0.17(14) -0.10(54)
w0,χ Quad (combined) 0.33(10) 0.369(86) 0.13(30)
w0,χ Lin+Quad (combined) 0.36(11) 0.406(89) 0.27(31)
w0 Lin (combined) 0.10(29) -0.02(22) 0.63(94)
w0 Quad (combined) 0.24(16) 0.22(13) 0.37(52)
w0 Lin+Quad (combined) 0.19(16) 0.33(13) 0.48(53)

Table 14.6.: Slopes c1 of the first excited states corresponding to Tab. 14.5. The
uncertainties are rather large.

14.4. Mixing coefficients in the scalar channel

In addition to the extrapolation of the masses and the slopes c1, we have ex-
trapolated the mixing coefficients c(0)(g)

0++ , c
(0)(m)

0++ of the scalar ground states and
c(1)(g), c(1)(m) of the corresponding first excited states to the supersymmetric limit.
The results are listed in Tabs. 14.7 and 14.8. The corresponding plots of the extra-
polations are presented in Figs. A.4 and A.5 in App. A.7.2. The results indicate
a rather large mixing of glueball and meson components in the ground and first
excited state of the scalar channel.
The mixing coefficients come with much larger uncertainties than the masses,

which makes the extrapolations difficult. Some of the fits have very large values
of χ2

r up to χ2
r = 10.10 in the case of two-step extrapolations for the gauge group

SU(2). This indicates that the uncertainties are underestimated in some cases.
A possible explanation is that in addition to the statistical errors that we have
considered, there are also systematic errors that we have not taken into account.
As explained in Sec. 10, the calculation of the mixing coefficients requires that the
physical state is described reasonably well by the interpolating fields. This may
not always be the case and this is hence is a source of systematic errors. Due to
the large uncertainties, we have decided to use all data points, including the ones
that are outside of the linear regime when considering the masses, to obtain more
stable fits. Possible quadratic effects are most likely only relevant at a much higher
precision than the one achieved with our statistics.
In the case of SU(2)-SYM we have used the same techniques for the extrapola-

tions as for the extrapolation of the masses. In the case of SU(3)-SYM, however,
due the limited statistics, we had to restrict the fit function in the chiral plane
(m2

a-π = 0) to a constant; i.e. in the combined extrapolations we have only used
the fitting coefficients c1 and c3 in Eq. 13.5 and for the continuum extrapolation
of the two-step approach we fitted a constant to the chirally extrapolated data.
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14. Results of the mass spectra and the mixing in the scalar channel

One might argue that such fits are unreasonable. As an alternative one could
therefore also take the coefficients obtained from the finest lattice spacing as the
final results.
Due to the large and possibly underestimated uncertainties, the results for the

mixing coefficients should be considered rather qualitatively than quantitatively.
We find for both gauge groups SU(2) and SU(3) rather large mixing coefficients
between 0.4 and 0.95, indicating a considerably large mixing of glueballs and
mesons in the ground and first excited state of the 0++ channel.
Note that for the pseudoscalar channel we have found no apparent mixing in

the ground state which is manifested by the vanishing off-diagonal blocks (mixing
terms) in the correlation matrix (Eq. 9.12), cf. Sec. 10. A full quantitative mixing
analysis for the corresponding first excited state has not been performed in the
scope of this thesis.

β / Extr. c(0)(g) χ2
r c

(0)(m)

0++ χ2
r c

(1)(g)

0++ χ2
r c

(1)(m)

0++ χ2
r

1.6 0.883(93) 0.13 0.569(77) 6e-4 0.76(28) - 0.56(21) -
1.75 0.78(15) 0.39 0.704(51) 4.27 0.43(15) 3.65 0.775(44) 4.58
1.9 0.828(28) 7.60 0.602(32) 8.64 0.593(38) 7.97 0.826(16) 10.1

Lin (2s) 0.804(60) 0.21 0.620(59) 3.44 0.59(13) 1.41 0.913(62) 0.18
Lin (c) 0.730(66) 2.48 0.657(58) 4.10 0.83(11) 4.14 0.669(45) 5.88
Average 0.767(63) - 0.639(59) - 0.71(12) - 0.791(54) -

Table 14.7.: Meson and glueball contents of the scalar ground (0) and first excited
state (1), extrapolated to the chiral limit (top) and to the supersymmetric limit
(bottom) for SU(2)-SYM.
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14.5. Summary and discussion of the extrapolated mass spectra

β / Extr. c
(0)(g)

0++ χ2
r c

(0)(m)

0++ χ2
r c

(1)(g)

0++ χ2
r c

(1)(m)

0++ χ2
r

5.4 0.573(69) 2.16 0.638(36) 1.14 0.55(13) 0.77 0.667(58) 3.25
5.45 0.21(11) 0.51 0.714(48) 1.11 0.68(17) 1.35 0.896(53) 0.28
5.5 0.62(15) 1.45 0.520(80) 0.99 0.960(87) 0.41 0.918(70) 0.63
5.6 0.49(10) 0.26 0.822(83) 0.05 0.883(88) 0.70 0.767(45) 0.10

Lin (2) 0.31(22) 4.00 0.85(15) 3.42 1.40(25) 1.41 0.94(12) 5.23
Lin (c) -0.09(19) 2.18 0.92(12) 1.17 2.23(19) 2.22 0.53(10) 4.68
Const (2) 0.491(48) 0.66 0.665(26) 0.84 0.837(53) 2.68 0.802(27) 3.95
Const (c) 0.444(45) 2.52 0.677(24) 1.34 1.003(50) 4.99 0.861(24) 5.09
Average 0.468(47) - 0.671(25) - 0.920(52) - 0.832(26) -

Table 14.8.: Extrapolated mixing coefficients for SU(3)-SYM corresponding to
Tab. 14.7. The data is not precise enough for a linear continuum extrapolation
(red) and leads to wrong values, e.g. c(g)(1)

0++ � 1. Therefore, fit functions that are
constant in the chiral limit have been chosen (cf. discussion in Sec. 14.4). Altern-
atively the values from the finest lattice spacing (β = 5.6) can be considered as
the final results.

14.5. Summary and discussion of the extrapolated mass
spectra

We observe the degeneracies in the supersymmetric limits of the ground states in
SYM with the gauge groups SU(2) and SU(3) as predicted in [50]. This is strong
evidence that, indeed, our lattice simulations are suitable to provide information
about the supersymmetric theory in the continuum. The observed degeneracy of
the corresponding first excited states supports this further. These heavier states
are naturally affected stronger by lattice artifacts, which is also visible in the larger
slopes of the excited states compared to the ground state in Figs. 14.1 and 14.3.
There are two outliers that do not fit into the expected degenerate supermul-

tiplets: The scalar ground state of SU(2)-SYM when the combined extrapolation
is considered, and the excited state mass in the scalar channel of SU(3)-SYM. As
discussed in Sec. 14.1, the reason for the outlier in the case of SU(2) could be
insufficient sampling of the parameter space, which is supported by the fact that
the two-step and the combined approach provide significantly different results.
In the case of the excited scalar state in SU(3)-SYM, the results of the two-step

and the combined extrapolations are consistent with each other. The deviation
of 1.8σ from the multiplet can be explained by multiple reasons. It could be a
statistical fluctuation of the data. A different explanation could be, that the state
that we observe in the 0++ channel does not belong to the same multiplet as the
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14. Results of the mass spectra and the mixing in the scalar channel

other two states. In fact, two-particle states would be expected to have a mass
of about twice the ground state mass. In the case of SU(2) we do not observe
such states with the operators that we have considered, which suggests that these
operators have very small overlap with such states. It is possible that the state
observed in the scalar channel of the SU(3)-SYM simulations is, in fact, such a
multi-particle state. The observed mass is certainly in the expected range of two-
particle states. However, at the moment we can only speculate. Including multi-
particle state operators in the GEVP could be a first step to gain more information
regarding this question. A phase shift analysis [85] could also provide further
insights regarding multi-particle states. Such an analysis is, however, beyond the
scope of this thesis and most probably also not doable with our current statistics
since it requires very precise data.
In this thesis, we only consider the ground states and the first excited states of

the chiral supermultiplet. The full spectrum consists of many more states, such as
vector mesons, baryons, etc. It is an interesting question, how such states fit into
the spectrum that we have found so far. Therefore, the Desy-Münster collaboration
has started to also consider baryonic states [51]. These investigations are still in
an early stage and quantitative results are so far not available.
Qualitatively and quantitatively the spectrum appears to be very similar for the

gauge groups SU(2) and SU(3). Not only are the resulting supermultiplet masses
in the supersymmetric limit in units of w0 very similar, but the spectra are also
affected almost identically by the lattice discretization, cf. Figs. A.2 and A.3 in
App. A.7.1.
Using the combined extrapolation, we have also attempted to study, how the

ground state masses are affected by a soft supersymmetry breaking gluino mass
in SU(3)-SYM. Only the extrapolations using the scale w0 provided consistent
results. We find that the ground state masses of all three channels become larger
with an increasing gluino mass. The data suggests that the a-η′ is affected the
most by a gluino-mass term and the 0++ the least, while the gluino-glue is in the
middle. This ordering is consistent with the prediction of [50]. A similar analysis
has not been carried out for SU(2)-SYM.
In addition, rather large mixing coefficients of glueball and meson components

in the range 0.4 < ci < 0.95 have been found for the ground and first excited state
of the scalar channel. In the pseudoscalar channel such a mixing is not observed
for the ground state, but it appears to be meson-like. The corresponding first
excited seems to be a mixed state with glueball and meson contents. However, a
full quantitative mixing analysis has not been carried in this case.
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15. SUSY Ward Identities

The main focus of this thesis lies on the investigation of the chiral supermultiplet
spectrum of SYM, and Secs. 7 to 14 are devoted to this investigation. The fact
that we have found the expected mass degeneracies in chiral and continuum limit
is a strong evidence that this limit is indeed the supersymmetric limit of the
theory. Another important check of supersymmetry restoration in this limit can
be performed by studying the supersymmetric Ward identities. The analysis of
the Ward identities in SU(3)-SYM is primarily done by our collaboration member
Sajid Ali in the scope of our common supersymmetry project and our findings are
briefly summarized here. A corresponding analysis for SU(2)-SYM has been done
earlier and it has been presented in [28].
Ward identities arise from symmetries of a theory. For each continuous sym-

metry there is a conserved Noether current jµ(x) and corresponding Ward iden-
tities. The Ward identities derived from the supersymmetry transformation (cf.
Eq. 2.16) have been worked out in [100] and [31]. In the continuum and before
renormalization they are given by

〈
∂µSµ(x)Q(y)

〉
= m0

〈
χ(x)Q(y)

〉
−
〈
δQ(y)

δε̄(x)

〉
, (15.1)

where Q(y) is an arbitrary insertion operator, ε̄ is the infinitesimal parameter of
the supersymmetry transformation and Sµ(x) is the Noether current, also called
supercurrent. The last term is a contact term that vanishes for x 6= y and we
restrict the analysis to this case. Sµ(x) and χ(x) are given by

Sµ(x) = −1

2
Tr
[
Fρν(x)σρνγµλ(x)

]
, (15.2)

χ(x) =
1

2
Tr
[
Fρν(x)σρνλ(x)

]
. (15.3)

Already from these equations it is clear that the supersymmetric Ward identities
relate the gluino mass m0 to correlators of the gauge fields, represented by Fµν ,
and the gluino fields, represented by λ. To be used in the lattice calculations, these
formulae have to be properly discretized and renormalized. Furthermore, another
current of mass dimension 7/2 that mixes with Sµ has to be taken into account.
This calculation is described in detail in [31]. In the end, an overdetermined system
of equations of correlation functions with two unknown parameters is obtained.
The two parameters are

A = ZTZ
−1
S and B = amSZ

−1
S , (15.4)
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Figure 15.1.: Renormalized gluino mass from the Ward identities for SU(3)-SYM
using the quadratic combined extrapolation. Left: Projection of the data points
and the fit function at each simulated value of β to the continuum plane. Right:
Projection of the fit function to the chiral plane (The data points resemble the fit
and are only included to indicate the simulated lattice spacings).

where ZT and Z−1
S are renormalization coefficients and mS is the additively renor-

malized, so-called subtracted, gluino-mass

mS = m0 − a−1Zχ , (15.5)

with the additional renormalization parameter Zχ. The parameter B in Eq. 15.4
therefore defines the renormalized (multiplicatively and additively) gluino mass in
lattice units on the basis of the supersymmetric Ward identities. The correlation
functions required to estimate the parameters A and B can be directly measured
from the gauge ensembles. For the insertion operator, the choice

Q(y) = χ(y) (15.6)

leads to a good signal-to-noise ratio which we improve further by applying APE and
Jacobi smearing to the gauge and gluino fields, similarly as for the estimations of
the mass spectrum (cf. Sec. 8.3). The parameters A and B are then determined by
a linear fitting procedure of the parameters that minimizes the squared deviations
of the system of equations. We use an elaborate version that has been worked out
in [29] and that fully takes into account all correlations among the different time
slices and correlators.
We have determined the renormalized gluino masses from the supersymmetric

Ward identities for SU(3)-SYM and the data is presented in Tab. A.4 in App. A.6.
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β amSZ
−1 χ2

r

5.4 0.0326(23) 1.75
5.45 0.0214(57) 1.58
5.5 0.011(11) 0.30
5.6 0.0098(23) 0.56

Lin (two step) -0.008(18) 0.12
Quad (two step): 0.016(12) 0.17
Lin (combined) -0.022(23) 0.77
Quad (combined) 0.015(15) 0.62
Lin + Quad (combined) -0.072(21) 1.42

Average -0.014(18)

Table 15.1: Renormalized sub-
tracted gluino mass in lattice
units calculated from the SUSY
Ward identities, extrapolated to
the chiral (top) and to the super-
symmetric limit (bottom).

Furthermore, we have extrapolated the results to the chiral and continuum limit
using the two-step and combined extrapolations, analogously to the extrapolation
of the mass spectrum, see Fig. 15.1 and Tab. 15.1. Indeed, the gluino mass
calculated from the Ward identities is consistent with zero within uncertainties in
the supersymmetric limit amSZ

−1 = −0.014(18). Thus, the SUSY Ward identities
hold, which is an important, non-trivial confirmation of supersymmetry restoration
in this limit.
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16. Conclusions and Outlook

In this thesis the recent progress of the Desy-Münster collaboration to study the
chiral supermultiplet in SU(2)-SYM and SU(3)-SYM is presented in detail. We
have not only increased the precision significantly compared to earlier investiga-
tions of the ground states in SU(2)-SYM [28], but we have also studied the sector
of the first excited states. Furthermore, we have successfully extended our invest-
igations to SYM with the gauge group SU(3), which is computationally much more
demanding.
For this purpose, we have greatly improved the algorithms and techniques for our

lattice simulations and, in particular, for determining the properties of the bound
states. I have personally performed most of the recent optimizations and measure-
ments associated to the studies of the bound state masses and their extrapolations
to the supersymmetric limit. Furthermore, I have contributed significantly to the
generation of the gauge ensembles for the investigations of SU(3)-SYM, including
setting up and monitoring the runs, as well as tuning the simulation parameters
to accurately sample the theory and to utilize the computing time most efficiently.
Moreover, I have contributed to optimizations that speed up the simulation code.
For example, I have implemented a new data structure that allows vectorized
computations, cf. App. A.1.
The analysis of the bound states has been performed on the basis of the vari-

ational method where the operator bases have been constructed from APE and
Jacobi smeared interpolating fields. We have optimized the relevant parameters
to obtain high signal-to-noise ratios. Using these improved techniques, we have
found the predicted degeneracies of the ground and first excited states of the chiral
supermultiplet in the supersymmetric limit [50]. Including mixed variational bases
of smeared glueball and meson interpolators in our investigations allowed to per-
form quantitative analyses of the glueball and meson mixing in the scalar channel.
The mixing coefficients ci of the ground and first excited states have turned out
to be considerably large, ranging from 0.4 to 0.95 and indicating significant mix-
ing in these states, cf. Sec. 14.5. In the pseudoscalar channel, such mixing is not
observed in the ground state which appears to be meson-like. The correspond-
ing first excited seems to feature mixing, but a full quantitative analysis has not
been performed in the scope of this thesis and this point is left open for future
investigations.
The extrapolations to the chiral and continuum limit allow first insights into

the effects of a (soft) supersymmetry breaking gluino mass in the case of SU(3)-
SYM. They indicate positive mass shifts of the ground states, induced by the
non-vanishing gluino mass, that are consistent with the predictions from [50]. The
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results are, however, not completely unambiguous and depend on the scale setting
method cf. Sec. 14.3.
Further evidence of supersymmetry restoration in the chiral and continuum limit

is provided by means of the supersymmetric Ward identities (cf. Sec. 15), which
we have investigated with very high precision and which hold in this limit.
In the future, the techniques presented in this thesis can be further improved.

For instance, the variational bases could be complemented by adding further op-
erators, e.g. multi-particle operators, glueball operators constructed from larger
Wilson loops or operators including derivatives. The techniques are not restricted
to SYM and we expect that they can be applied similarly in lattice studies of other
theories, such as QCD or technicolor theories.
In this thesis only a tiny part of the non-perturbative phenomena of SYM has

been studied. There are many more interesting topics that are currently under
investigation or that can be studied in the future, such as the phase structure at
finite temperature [101] or the other constituents of the particle spectrum, e.g.
baryons and vector mesons. In fact, the Desy-Münster collaboration has started
to investigate baryonic states in SU(2)-SYM [51]; the studies are still in an early
stage.
The investigations of SYM represent the first step towards understanding even

more complex and more realistic supersymmetric theories, such as the supersym-
metric extension of QCD (Super QCD). First consideration towards this direction
have been presented by the Desy-Münster collaboration at the Lattice 2018 sym-
posium [36]. The techniques, developed in this thesis, could be very useful for
these future investigations, in particular in Super QCD which contains SYM as a
subsector and in which mixing can occur between many more states, for instance
between mesons of gluinos and quarks as well as glueballs and squark bound states.
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A. Appendix

A.1. Data layout and vectorization

In order to utilize the computing time most efficiently, we have restructured our
simulation code to increase its performance by utilizing so-called vector instruc-
tions. Vector instructions are a feature of modern CPUs that allows for parallel
computation of floating point operations such as addition and multiplication. The
instruction sets go by the name of SIMD, AVX, AVX2, AVX-512, etc. and mod-
ern CPU cores are capable of processing up to 64 single precision floating point
operations in parallel (for AVX-512). To enable the compiler to use these vector
instructions we have changed the data layout of our simulation code, which is
explained in the following.
Let N be the size of the vector registers R in units of the size of a floating point

number

N = sizeof(R)/sizeof(float) . (A.1)

A vectorized instruction is then able to perform N similar floating point operations
in a single instruction (i.e. N additions, N multiplications, etc.). For example,
instead of multiplying two of real numbers a ∗ b, N pairs of real numbers can be
multiplied simultaneously

aN ∗ bN = (a1 ∗ b2, a
2 ∗ b2, ..., an ∗ bn) , (A.2)

where aN and bN denote vectors of N real numbers with coefficients ai, bi. In order
to perform vector operations efficiently, the operands have to be stored contiguous
in memory and aligned to specific boundaries, so that a full vector register can be
loaded and stored with a single instruction (the requirement of alignment depends
on the size of the vector registers).
In lattice simulations the quantum fields are usually stored as complex numbers,

i.e. pairs of two floating point numbers representing the real part < and the ima-
ginary part =. Hence, the most used basic operations are complex multiplication
and complex addition. The complex multiplication

z1 ∗ z2 = <1 ∗ <2 −=1 ∗ =2 + i (<1 ∗ =2 + =1 ∗ <2) . (A.3)

does not straightforwardly benefit from vector instructions because it consists of
different floating point operations and the operands are usually not stored in the
correct order in memory, such that they can be loaded with a single instruction.
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A.1. Data layout and vectorization

However, if several complex multiplications of independent operands have to be
performed, these multiplications can be parallelized by vectorizing each of the basic
floating point operations contained in the complex multiplication (multiplication,
addition and subtraction) according to Eq. A.2. For this purpose, the operands
<N and =N have to be contiguous in memory such that they can be loaded and
stored efficiently. Then, N complex multiplications can be performed in parallel,
needing only as many compute cycles as a single complex multiplication.
The most computing intensive of lattice simulations is usually the Dirac-Wilson

matrix-vector multiplications which run over the complete lattice-volume and
therefore it is useful to parallelize the loop over the lattice sites. The simula-
tion code used in previous studies of the Desy-Münster collaboration was based on
a data structure called array of structures (AOS). A lattice vector, i.e. the object
that the Dirac-Wilson matrix acts upon, was implemented as a three-dimensional
array of complex numbers with the following structure

[Volume][Spin][Group][2] , (A.4)

where [2] denotes the inner structure storing the complex number. That is, the
outermost array runs over all lattice sites, the second array runs over the spin
indices and the third array runs over the group indices. This layout is, however,
not optimal for using vector instructions because the real and the imaginary parts
of the complex numbers are contiguous in memory and not blocks of N real and
N imaginary parts as required for the vectorized complex multiplications.
In order to utilize vector instructions, it is better to use a data layout called

structure of arrays (SOA), such as

[2][Spin][Group][Volume] , (A.5)

where the real parts of the lattice sites are stored contiguously followed by the
imaginary parts and hence the Dirac-Wilson matrix-vector multiplication can be
parallelized over several sites of the lattice.
Following [102], we chose a hybrid data structure called AOSOA where the x1

direction of the lattice is subdivided into blocks of block length B

[Volume][Spin][Group][2]⇒ [Volume/B][Spin][Group][2][B] . (A.6)

This way, the real and the imaginary parts of one block are contiguous in memory,
respectively, and the vector operations can be performed efficiently. The other
three space-time directions are parallelized using the OpenMP and MPI frame-
works. The operations, such as the Dirac-Wilson matrix-vector multiplication,
then effectively run over the blocks instead of the lattice sites. The block length
B can be adjusted according to the used machine and lattice size.
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A. Appendix
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Figure A.1.: Comparison of the timings for one Dirac-Wilson matrix-vector multi-
plication using the old data layout (AOS) and the new data layout (AOSOA). The
clover term was only used in SU(3). The test was performed on the NWZPHI com-
pute cluster of the WWU Münster that is equipped with Intel Ivy Bridge CPUs
and Xeon Phi 5110p (Knights Corner) accelerators. Note that the benchmark was
carried out by averaging over many identical matrix-vector multiplications. The
benchmark may differ from real application since, due to the repeated multiplic-
ations in the benchmark, the data can be stored in the caches of the CPUs and
Xeon Phi accelerators.

Using the new data layout, we have increased the performance of the simulation
code considerably, see Fig. A.1.

A.2. Jacobi smearing the fermion fields and the propagator

Smearing the fermion fields using Jacobi smearing

λ→ Fλ (A.7)

is equivalent to smearing the propagator

D−1
W → FD−1

W F † . (A.8)
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A.3. Hermiticity of the correlation matrix C(t)

This can be demonstrated best by considering the following expression that appears
in the disconnected piece

λ̄XΓXY λY = −λY ΓXY λ̄X = −ΓXY (D−1
W )Y X = −Tr(ΓD−1

W ) , (A.9)

where A and B are multi indices denoting the collection of color and spin indices
and the space-time dependence has been suppressed. If the fermion fields are
smeared, we find

FλΓFλ = FXX′λX′(ΓF )XY ′λY ′ = λX′(F
†)X′X(ΓF )XY ′λY ′ (A.10)

= −(D−1
W )Y ′X′(F

†)X′X(ΓF )XY ′ = −Tr(ΓFD−1
W F †) . (A.11)

It is simple to realize, that a similar calculation can be done for any other con-
traction of two smeared fermion fields. Comparing Eqs. A.9, A.11 concludes the
calculation.

A.3. Hermiticity of the correlation matrix C(t)

A short calculation shows that the correlation matrix is Hermitian

Cij(t) = 〈φi(t)|φj(0)〉 = 〈Ω|Oi(t)O
†
j(0) |Ω〉 = 〈Ω| eHtOi(0)e−HtO†j(0) |Ω〉 (A.12)

= 〈Ω|Oi(0)e−HtO†j(0)eHt |Ω〉 = 〈Ω|Oi(0)O†j(t) |Ω〉 = 〈φi(0)|φj(t)〉 (A.13)
= 〈φj(t)|φj(0)〉∗ = C∗ji(t) , (A.14)

where the time independence of the vacuum state and the skew-symmetry of the
scalar product were used.

A.4. SET bias

As explained in Sec. 8.5, the disconnected piece of the correlator is computed using
the SET method which amounts to approximating

∑
~x

Tr[ΓD−1
W (x, x)] ≈ 1

NS

∑
~x

Tr

[
NS∑
i

Γ
∣∣si〉 〈ηi∣∣] =̇DSET

Γ,Tr(t) , (A.15)

where |ηi〉 are Z4 noise source vectors and |si〉 = D−1
W |ηi〉 are the corresponding

sink vectors. One might be tempted to use the same approximation, i.e. calculated
from the same set of stochastic estimators, for both propagators in the disconnected
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A. Appendix

piece ∑
~x

Tr[ΓD−1
W (x, x)]

∑
~y

Tr[ΓD−1
W (y, y)] ≈ DSET

Γ,Tr(x
4)DSET

Γ,Tr(y
4) . (A.16)

However, this leads to a bias, which is shown below. To circumvent the bias,
different sets of stochastic estimators can be used for both propagators. This
would be not very efficient because both sets of stochastic estimators would have
to be inverted. Instead, we subtract the bias, which is explained in the following.
For this purpose we use the multi-index notation to represent Dirac, color and

lattice-site indices. Furthermore, the sum over ~X shall denote a summation over
all indices except the time component x4:∑

~X

=̇
∑

x1,x2,x3α,a

(A.17)

To understand the source of the bias, it is useful to first consider the expectation
values of the components of the noise vectors. Using Z4 noise leads to the following
expectation values [103]

E[η∗XηY ] = δXY , (A.18)
E[η∗Xη

′
Xη
∗
Y η
′
Y ] = δXX′δY Y ′ + δXY ′δX′Y − δXYX′Y ′ , (A.19)

where

δXX′Y Y ′ =

{
1 if X = Y = X ′ = Y ′

0 otherwise
. (A.20)

Furthermore, we calculate

NS∑
i,j

(ηi)X′(η
i)∗X(ηj)Y ′(η

∗,j)Y (A.21)

=

NS∑
i

(η)iX′(η
i)∗X

NS∑
j 6=i

(ηj)Y ′(η
∗,j)Y +

NS∑
i

(ηi)X′(η
i)∗X(ηi)Y ′(η

i)∗Y (A.22)

≈NS(NS − 1)δXX′δY Y ′ +NS(δXX′δY Y ′ + δXY ′δX′Y − δXX′Y Y ′) (A.23)
=N2

SδXX′δY Y ′ +NS(δXY ′δX′Y − δXX′Y Y ′) , (A.24)

where in line A.23 Eqs. A.18 and A.19 where used. If the two propagators in the

154



A.4. SET bias

disconnected piece are approximated by the same set of noise vectors, one finds

DSET
Γ,Tr(x

4)DSET
Γ,Tr(y

4) (A.25)

=
1

N2
S

∑
~X,~Y

NS∑
i,j

(Γsi)X(ηi)X(Γsj)Y (ηj)Y (A.26)

=
1

N2
S

∑
~X,~Y

NS∑
i,j

(ΓD−1
W ηi)X(ηi)∗X(ΓD−1

W ηj)Y (ηj)∗Y (A.27)

=
1

N2
S

∑
~X,~Y ,X′,Y ′

(ΓD−1
W )XX′(ΓD

−1
X )Y Y ′

NS∑
i,j

(ηi)X′(η
i)∗X(ηj)Y ′(η

j)∗Y (A.28)

Eq. A.24
=

1

N2
S

∑
~X,~Y ,X′,Y ′

(ΓD−1
W )XX′(ΓD

−1
W )Y Y ′(N

2
SδX′XδY ′Y (A.29)

+NS(δXY δX′Y ′ − δX′XY Y ′))

=
∑
~X,~Y

[
(ΓD−1

W )−1
XX(ΓD−1

W )Y Y +
1

NS

(ΓD−1
W )XY (ΓD−1

W )−1
Y X(1− δXY )

]
. (A.30)

The latter term is the aforementioned unwanted bias. It has the form of the con-
nected piece of the correlator. The connected piece is estimated for the calculation
of the bound state masses and we can use the measured value here to correct for
the bias by subtracting the connected piece from the naïve stochastic estimation
as follows

Cdisc(t) =

〈∑
~X,~Y

(ΓD−1
W )XX(ΓD−1

W )Y Y

〉
(A.31)

≈ N2
S

N2
S −NS

(〈
DSET

Γ,Tr(x
4)DSET

Γ,Tr(y
4)
〉
− 1

NS

Cconn(t)(1− δt0)

)
,

where t = x4 − y4 .
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A. Appendix

A.5. Independence of the results of the scale setting
observables

One may use different dimensionful observables s1, s2 and s3 for the scale setting
of ma-π, a and O, respectively. Let s1, s2 and s3 have mass dimension −1. If the
chosen observable for the scale does not have this mass dimension, it can be raised
to a suitable power, such that the results has mass dimension −1.
The results, extrapolated to the supersymmetric limit are independent of the

choice of the scales s1 and s2. Furthermore, the result does not depend on whether
the chirally extrapolated s3,χ value or whether the scale s3 is used directly in
the extrapolations. This is demonstrated in the following. For this purpose, the
following notation is introduced

x=̇s1ma-π , y=̇
a

s2

, O=̇(s3)dOd , (A.32)

where Od is the observable with mass dimension d and thus O is dimensionless.
Correspondingly, upon changing the observables used for the scales we use the
following notation

x′ = s′1ma-π , y′ =
a

s′2
, O′ = (s′3)dOd . (A.33)

The extrapolation of the observable O to the supersymmetric limit relies on Taylor
expansion in x and y

O(x, y) = Oχ,cont. + d1x+ d2y + d3xy +O(higher) . (A.34)

In the following, we only consider the first terms of the Taylor expansions as in Eq.
A.34 and drop all higher orders. The calculations, considering also higher orders,
are similar. To understand the effect of changing the scale setting observables, it
is useful consider the following Taylor expansions

x(x′, y) = a1x
′ + a2y + a3x

′y , (A.35)
y(x, y′) = b1x+ b2y

′ + b3xy
′ , (A.36)(

s′3
s3

)d
= s+ c1x+ c2y + c3xy , (A.37)

where

s=̇

(
s′3
s3

)d
χ,cont

. (A.38)
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A.5. Independence of the results of the scale setting observables

By inserting Eq. A.35 into Eq. A.34 we find

O(x, y) = Oχ,cont. + d1(a1x
′ + a2y + a3x

′y) + d2y + d3(a1x
′ + a2y + a3x

′y)y
(A.39)

= Oχ,cont. + d1a1x
′ + (d1a1 + d2)y + (d1a3 + a1d3)x′y (A.40)

=̇Oχ,cont. + d′1x
′ + d′2y + d′3x

′y . (A.41)

Thus, we have replaced x → x′, or conversely s1 → s′1. The value of the observ-
able in the chiral and continuum limit Oχ,cont. remains unchanged, but the Taylor
coefficients change. Replacing y → y′ ⇔ s2 → s′2 has a similar effect, which can
be shown by inserting Eq. A.36 into Eq. A.34

O(x, y) = Oχ,cont. + d1x+ d2(b1x+ b2y
′ + b3xy

′) + d3x(b1x+ b2y
′ + b3xy

′)
(A.42)

= Oχ,cont. + (d1 + b1d2)x+ d2b2y
′ + (d2b3 + b2d3)xy′ (A.43)

=̇Oχ,cont. + d′′1x+ d′′2y
′ + d′′3xy

′ . (A.44)

The observable O′, expressed in terms of the new scale s′3 can be obtained from
the observable O in terms of the old scale s3 by

O′ = (s′3)dOd =

(
s′3
s3

)d
(s3)dOd =

(
s′3
s3

)d
O . (A.45)

Inserting Eqs. A.34 and A.37 into Eq. A.45 we find

O′(x, y) = (s+ c1x+ c2y + c3xy) (Oχ,cont. + d1x+ d2y + d3xy) (A.46)
= sOχ,cont. + sd1x+ sd2y + (sd3 + c1d2 + c2d1)xy (A.47)

=̇O′χ,cont. + d′′′1 x+ d′′′2 y + d′′′3 xy , (A.48)

where

O′χ,cont. = sOχ,cont =

(
s′3
s3

)d
χ,cont

Oχ,cont . (A.49)

If s3 = w0 and s′3 = w0,χ, then s = 1 and hence the chiral value Oχ,cont is the same
in both cases.
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A.6. Summary tables of the ensembles and measured data
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A.6. Summary tables of the ensembles and measured data
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A.7. Plots

A.7.1. Spectra
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Figure A.2.: Measured mass spectrum of SU(2)-SYM and combined linear extra-
polations, projected to the continuum plane (a/w0,χ=0) for the different simulated
values of β. Top-left: β = 1.6. Top-right: β = 1.75. Bottom-left: β = 1.9.
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Figure A.3.: Measured mass spectrum of SU(3)-SYM and combined linear extra-
polations, projected to the continuum plane (a/w0,χ=0) for the different simulated
values of β. Top-left: β = 5.4, top-right: β = 5.45, bottom-left: β = 5.5, bottom-
right: β = 5.6.
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Figure A.4.: Combined linear extrapolations of the mixing coefficients c(g)

0++ and
c

(m)

0++ of the ground state (0) and first excited state (1) of the scalar channel for
SU(2)-SYM. In the top row and in the bottom-left, the projections to the con-
tinuum plane (a/w0χ = 0) of the measured data points and the fits are shown for
fixed values of β. Top-left: β = 1.6. Top-right: β = 1.75. Bottom-left: β = 1.9. In
the bottom-right, the projection to the chiral plane (w0χ,m

2
a-π = 0) is shown and

the data point mark chirally extrapolated values at the simulated lattice spacings.
Since the chiral and continuum extrapolation is done simultaneously, they align
completely with the fit curves.
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Figure A.5.: Combined extrapolation of the mixing coefficient c(g)

0++ and c(m)

0++ of the
ground state (0) and first excited state (1) of the scalar channel for SU(3)-SYM,
projected to the continuum plane (a/w0,χ=0) for the different simulated values of
β. Top-left: β = 5.4. Top-right: β = 5.45. Bottom-left: β = 5.5. Bottom-right:
β = 5.6. Note that the fit function is constant in the chiral limit, i.e. c2 = 0.
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