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Chapter 1

Introduction

The subject of magneto-hydrodynamics is the study of the interaction between an electrically
conducting fluid with a magnetic field. The fluid motion induces electric currents which lead to
a modification of the magnetic field; at the same time these modifications end up in a stretch-
mechanism of the lines of force and thus react on the fluid motion in terms of the Lorentz force.
MHD turbulence is of great importance for the theoretical treatment of all kinds of cosmic
problems: the explanation of the existence of magnetic fields in spiral arms of certain galaxies
[Chab3], the occurrence of sunspots as a consequence of the Sun’s magnetic field [Alf50], or
simply the presence of the Earth’s magnetic field.

Especially the particular behavior of the
Sun’s magnetic field can have tremen-
dous influences on our everyday lifes.
The so-called solar wind, a stream of
charged particles ejected from the up-
per atmosphere of the Sun, can cause
power grid outages or the loss of GPS
signals, crucial for the GPS aircraft land-
ing on foggy days. Thereby, massive
bursts of solar wind, so-called coronal
mass ejections that are preceded by a
sudden brightening of the Sun’s surface,
can occur. Such a brightening and a fol-
lowing large mass ejection along the lines
of force of the sun’s magnetic field is de-
picted in fig. 1.1.

Another important phenomenon that
occurs on a more regular basis, is the
sunspot-cycle already mentioned above.
The observation of sun spots has a his-
tory of about 400 years: Every 11 years,

Figure 1.1: A medium-sized (M-2) solar flare pro-
vokes a spectacular coronal mass ejection observed
by the Solar Dynamics Observatory (SDO) [Nasl1]
on June 7, 2011. The cloud of particles was thrown

an increasing sun activity that manifests out along the lines of force and fell back down cov-
itself in the occurrence of sunspots, like ering an area of more than a quarter of the solar
the one depicted in fig. 1.2, can be ob- surface.

served.

These spots are the center of strong magnetic fields, which was first observed by Zeeman splitting
and a first theory based on the MHD equations was given by [Alf50]. Thereby, the temperature

1



in these spots is inferior to the temperature outside and the missing thermal pressure is balanced
by an additional magnetic pressure.
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A major problem for the theory of MHD turbulence is its relation to hydrodynamic turbulence:
The fluid motion is governed by the Navier-Stokes equation under the additional influence of the
Lorentz force. Although the fundamental equations of fluid mechanics are known since the 18th
century, their implications for statistical physics and mathematical physics are far from being
fully understood. Exact solutions exist only for some special cases and common perturbation
theories, which work well in quantum mechanics or field theory, can not reproduce the basic
character of the nonlinearity in the equation.

The characteristics of a turbulent flow can be summarized as follows

e chaotic spatio-temporal behavior,
e the involvement of a multitude of length scales,

e the equations are very sensitive with respect to small perturbations; fluid particles that
were very close initially can rapidly disperse,

e increasing transport of momentum and energy that exceeds simple diffusion processes.

The aim of this work is to examine the structural and scaling properties in MHD turbulence in
the same manner, as it has been performed for the Navier-Stokes equation in hydrodynamics.
In this context one has to focus on the year 1941, where Kolmogorov’s similarity hypothesis
and the concept of energy cascades introduced by Richardson led the way to a whole new
interpretation of the theory of turbulence (for references see [Arg07]). Thereby, moments of
spatial velocity differences play a central role and the theory predicts the scaling behavior of these
so-called structure functions. A similar treatment of the MHD equations was first performed



by Batchelor [Bat50] and continued in a more rigorous way by Chandrasekhar [Cha50] who
made use of the invariant theory of isotropic turbulence introduced by Karman and Howarth
[Kar38], Chandrasekhar [Cha51], Robertson [Rob40] and Batchelor [Bat60]. The contributions
of Chandrasekhar to magneto-hydrodynamics and references to his papers are collected in a
review by E.N. Parker [Par96].

The thesis is organized as follows: First-of-all, the MHD equations and their fluid- and electro-
dynamical implications are discussed in chapter 2. The statistical description of MHD turbulence
follows in chapter 3. A hierarchy of structure function equations is presented in chapter 4 in
analogy to equations that were recently derived for hydrodynamic turbulence [HilOla], [Yak02].
The obtained relations are finally compared to direct numerical simulations of the 2D MHD
equations, as discussed in chapter 5.






Chapter 2

The governing equations of MHD
turbulence

The MHD equations combine the ordinary electromagnetic and hydrodynamic equations, in
order to take into account the interaction between the magnetic field and the fluid motion. In a
first approximation, the accumulation of charges and thus Maxwell’s displacement current are
neglected. This is justified in considering the equation of continuity of electric charge in which
the term representing the rate of change of charge density is proportional to u?/c?. Maxwell’s
equations thus read

VxH = A4rj, (2.1)
0

V. = o, (2.3)

V.H = (2.4)

Thereby, H is the magnetic field, E the electric field and j is the current density. If the material
moves with the velocity u, we have to calculate the electric and magnetic fields E' and H' by
means of the Lorentz transformations. Since even in astronomical plasmas, the velocities are
much smaller than the velocity of light, it is appropriate to use the non-relativistic approximation
, and the transformations read

E = E+puuxH, (2.5)
H = H.

The magnetic field is therefore independent of the frame of reference, whereas the definition of
the electric field is meaningless without making reference to its corresponding coordinate system.
The current density thus reads

j=0o(E+ pux H), (2.7)

where o is the electric conductivity.
The electromagnetic consequences of the equations can be seen by inserting (2.7) in (2.2). We
obtain the induction equation for the magnetic field H

0 1.

= —u-VH+H. Vu+\V?H,
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2.1. FLUID DYNAMICAL PROPERTIES

where we have introduced the magnetic diffusivity A = (4ruo) L.

Turning next to the fluid dynamical implications, the ordinary Navier-Stokes equation has to
be modified to take into account the body force pj x H which is acting on the fluid motion per
unit mass. The evolution equation for the velocity thus reads

1
2u—i—u-Vu:—fV}H—VVQu—i—Hj x H. (2.9)
ot p p

where v is the kinematic viscosity.
The supplementary term can be interpreted in terms of Maxwell’s stresses

. pH? pHH
H=-V|— V. . 2.10
HI X < 8T ) + < 47 ( )
The body force thus consists of a hydrostatic lateral pressure “S—If together with a tension %
along the lines of force.
Inserting equation (2.10) into (2.11) yields
0 u 1 pH? 5
— . ——H - VH=—- —_— . 2.11
875u—i—u Vu Inp \Y4 pV <p+ o +vVu (2.11)
In the following we introduce the quantity
1
/’L 2
h=(-—) H 2.12
<4w) | (2.12)
which has the dimension of a velocity.
The MHD equations can now be written as
0 1 1 9 9
—u+u-Vu—h-Vh = —=-V|(p+ -ph|*| +vV-u, (2.13)
ot p 2
0
P Tu Vh-h-Vu = AV?h, (2.14)

Equation (2.13) and (2.14) in addition to the incompressibility conditions® for the velocity and
magnetic field

V.-u=0, V-h=0, (2.15)

are the basic equations of our problem.

2.1 Fluid dynamical properties

In the following, the focus lies on the fluid dynamical implications of the MHD equations.

!The incompressibility of the magnetic field is directly given by equation (2.4). The incompressibility of the
velocity field can be justified as follows: In general, pressure changes in a fluid imply changes in the density. These
changes however are negligible if the occurring velocities are small compared to the velocity of propagation of
sound [Bat60]. This is the case in laboratory plasmas which are usually confined by a strong magnetic field. Also
the motion in the core of the Earth can be considered as incompressible. However, in the interstellar medium,
which is rather cold so that density changes can become important, we have to deal with compressible velocity
fields [Bis03].



2.1. FLUID DYNAMICAL PROPERTIES

2.1.1 The magnetic and fluid Reynolds numbers

Transitions from a laminar state of the fluid into a turbulent state can be characterized by the
so-called Reynolds number. Therefore we introduce the following dimensionless quantities

. u -~ h . t . x _ plL L

u U 9y U 9 T ) X L ) p p U2 ) T Y ( )
where L, T and U = L/T are characteristic length, time and velocity scales of the flow and the
density p is assumed to be constant. Omitting the tilde signs, we get the MHD equations in the
form

0 1 1 1

— . —h-Vh = —— —|h/? —v? 2.1
8tu—i—u Vu \% pV(p—i-Q! \)—i—ReV u, (2.17)
0 1

il .Vh-h- = _—v? 1
875h—i—u Vh—-h-Vu Rmv h, (2.18)

which solely depend on the magnetic and fluid Reynolds number

UL UL
= — and Re = —.

Rm 3 ”

(2.19)

At high Reynolds numbers, the influence of the nonlinearities in (2.17) and (2.18) dominate
the dissipative terms and we expect turbulent behavior. Furthermore there exists a geometrical
similarity between flows with different scales but equal Reynolds number, so that experimental
data can adequately be compared to real flows, for instance behind a wind turbine. In MHD
turbulence the ratio between fluid and magnetic Reynolds number is given by the so-called

magnetic Prandtl number

Rm v
Pm=—"=_. 2.20
T Re T A (2.20)

Typical Reynolds and magnetic Prandtl numbers are listed in table 2.1.

Rm Re Pm
Liquid sodium experiments 10° 103 1076
Liquid Earth’s core 103 107 1076
Jupiter’s core 106 10'2 1076
Sun’s convective zone 1010 10%3 1073
Numerical simulations 103 103 1
Accretion Disks 102 107 103
Galaxies 103 10* 10°
Air passing a car 107
Water passing a ship 107 — 1019

Table 2.1: Typical fluid and magnetic Reynolds numbers and their corresponding magnetic Prandtl
number in astrophysics [Plul2].

2.1.2 The role of pressure in MHD turbulence

As Elsésser [Els46-50] has pointed out, the MHD equations can be symmetrized by the intro-
duction of the variables
zt =u+h and z- =u-—h (2.21)



2.1. FLUID DYNAMICAL PROPERTIES

The ideal MHD equations (v = A = 0) in terms of the Elsésser fields thus read

J 4 - + 1 1 2
pre +z -Vz' = ;V (p + §p|h] , (2.22)
o _ L o - 1 Lo
52 +z"-Vz© = —pV (p—i— 2p|h| ) . (2.23)

These equations treat z* and hence u and h with complete symmetry, with one exception:
On the right-hand side of equation (2.22) and (2.23) the term p|h|? appears directly, but the
pressure term p appears instead of % plul?. This underlines the important role of the pressure
term for the spatio-temporal behavior of magnetohydrodynamic flows.

In taking the divergence of equation (2.13), and by making use of the incompressibility conditions
for the two fields, we can derive a Poisson equation for the pressure term at a given point x

V2 <p(x, t)+ %p\h(x, t)|2> = —pV - (u(x,t) - Vu(x,t) — h(x,t) - Vh(x, 1)), (2.24)

which can be solved by making use of a Green function, introduced in the appendix A.1.
For an infinite three-dimensional region we get

Vy - (u(x/,t) - Veu(x',t) — h(x',t) - Vx/h(x’,t))'

Ar|x — x/|

1
p(X, t) = —§p‘h(X, t)’2 +p dx’ (225)

The nonlocal character of the pressure term is next to the nonlinearities in the equations of
motion, the main reason for the complexity of the fluid motion. Due to the incompressibility
condition, the velocity of a turbulent fluid at a point x is not only influenced by the fluid motion
in its surrounding, but instantaneously by the velocity and magnetic field over the whole space.
In addition to hydrodynamic turbulence, the pressure p(x,t) has a local contribution that arises
from the magnetic pressure 3p|h(x, ).

2.1.3 The vorticity equation of MHD turbulence

In order to determine the occurrence of coherent structures of a turbulent flow, it is sometimes
helpful to introduce the vorticity, which is defined as the curl of the velocity

w(x,t) =V xu(x,t) . (2.26)

A strong vorticity can be found in regions, where there is an accumulation of several vortices.
Whereas the nonlocality of the pressure avoids a local accumulation of the velocity, the vorticity
in two dimensional fluid dynamics can organize itself into bigger clusters.

In taking the curl of (2.13) and setting \/4mu/p to unity, we arrive at

Qw(x, t) +u(x,t)  Vw(x,t) = w(x,t)-Vu(x,t)

ot
+h(x,t) - Vj(x,t) — j(x,t) - Vh(x,t) + vV3w(x,1).
(2.27)
The second term on the left-hand side is a convective term, where the vorticity is transported
by the velocity field. The first term on the right-hand side is the so-called vortex stretching

term, which organizes the vorticity in thin vortex tubes and sheets. This term vanishes in two
dimensional fluid dynamics, and the vorticity can organize itself into bigger clusters.
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2.2. ELECTROMAGNETIC EFFECTS

The other terms in (2.27) are pure magnetic influences and can also result in a stretching mech-
anism, which can be seen in 2D MHD. Instead one observes the formation and decay of so-called
current sheets, which will be discussed in chapter 5 on 2D MHD turbulence. It is important to
mention that although the pressure term dropped out of the vorticity equation, the nonlocality
of the equations is still conserved due to the velocity, which is related to the vorticity over the
whole space by the Biot-Savart law, as described in the appendix A.1.

In contrary to MHD flows, the vorticity equation in fluid mechanics exhibits several exact solu-
tions. For instance, for inviscid fluid flows in two dimensions, the partial differential equation
can be reduced to a Hamiltonian system of ordinary differential equations for the temporal
evolution of so-called point vortices, provided that the vorticity initially consists in a superposi-
tion of delta-distributions [Are83-07]. Another important vortex solution for the case of viscous
three dimensional flows, is the Lamb-Oseen vortex, a singular azimuthal-symmetric vortex that
reduces the vorticity equation to a simple heat equation. The vortex solution therefore decays
in time due to dissipation. Contrary to this particular solution, the so-called Burgers vortex
consists in a stationary solution in the presence of dissipation, since it is exposed to an azimuthal
strain field. For further discussion of vortex solutions and vortex methods the reader is referred
to [Arg07] and [Saf92].

2.1.4 Kelvin’s circulation theorem in fluid mechanics

An important consequence which follows from the vorticity equation of ideal fluid dynamics

gtw(x, t) +u(x,t) Vw(x,t) = w(x,t) - Vu(x,t), (2.28)

is the conservation of the line integral of the velocity u along a closed curve C', which is known

as the circulation I'
F:fdr-u:/da-w. (2.29)
C A

In the last step the line integral was written as a surface integral of the vorticity, according to
Stokes’s theorem. A is thereby a surface bounded by the closed curve C. Kelvin’s circulation
theorem now states that any circulation I' about a closed curve that moves within an incom-
pressible, inviscid and barotropic! fluid, is a conserved quantity. If the fluid is subjected to
dissipation, the circulation along the trajectories of particles moving with the fluid is no longer
conserved.

2.2 Electromagnetic effects

In the following, we consider the implications of the MHD equations that originate from the
induction equation in its original form (2.8). If the material is at rest, we get

%H(x, 1) = AV2H(x, ). (2.30)
which has the form of a diffusion equation. This leads to a decay of the magnetic field and
dimensional arguments indicate a time of decay of the order 7 = L2\~ = 4woL?, where L is a
length scale comparable with the region in which current flows. In laboratory conductors, for
instance in a copper sphere of a radius of 1m, the time of decay is less than 10s, whereas for
cosmic conductors these decay times can be very long. Elsdsser calculated the free decay time

LA fluid is called barotropic, if the pressure is independent of the temperature and only depends on the density.
In addition, the fluid should only be subjected to conservative volume forces

9



2.2. ELECTROMAGNETIC EFFECTS

of the earth’s magnetic field, assuming that its core consists of molten iron [Cow76]. He obtains
a time of decay of 15000 years, and these times increase further for larger stellar objects.
The opposite case, where the material is exposed to a strong turbulent motion leads to

aatH(x,t) =V x (u(x,t) x H(x,1t)), (2.31)
which has the same form as the vorticity equation of inviscid fluid dynamics. The interpretation
that the vortex lines move with the fluid, can therefore be adapted for the magnetic field. A
motion of material relative to the lines of force generates an induced electric force. In the case of
high-conductivity, the induced electric force must vanish, and with it the motion of the material
relative to the lines of force. Only a transverse motion affects the magnetic field, and carries its
lines of force with it. According to Alfvén [Alf50] one might also say that the lines of force are
frozen into the material and carried about by its motion. The implications for frozen-in fields are
discussed in considering a tube with a normal cross section da. Since the lines of force are frozen
into the material the strength Hda has to remain constant. If dl is the distance between two
neighboring segments, the mass pdadl of this segment remains constant as the tube is carried

about by the motion and we arrive at
H ~ pdl. (2.32)

Therefore, the stretching of the lines of force increases also H.

Turning again to the mechanical effects of the MHD equations, we have seen that the body
force pj(x,t) x H(x,t) of electromagnetic origin is perpendicular to the magnetic field. It thus
has no influence on the fluid motion in the direction of the magnetic field. This can also be
seen in dividing u(x,t) into a part longitudinal to the magnetic field u;(x,t) and a part u;(x,t)
transverse to it

u(x,t) = w(x,t) + w(x,t), (2.33)
where

wy = % . <g : u> ) (2.34)

w = —% X <g X u> . (2.35)

Therefore, the longitudinal equation reads

gul(x, t) 4+ u(x,t) - Vuy(x,t) = —[Vp(x, )], + vV2uy(x, 1), (2.36)

1
ot P

and the fluid motion in the field parallel direction is governed by the Navier-Stokes equation of

fluid dynamics, with a pressure gradient [Vp(x,t)]; in the direction of the magnetic field.
For the discussion of the transverse motion it is convenient to focus on two cases:

i.) The case where the resistance is important:

In replacing j(x,t) according to (2.7), we get
w30, t) x H(x,8), = o ([Bx 1) x He )], — pl2(x, ux 1), (237)

for the transverse part of the Lorentz force. Inserting this in (2.11) yields

%ut(x, t)+u(x, t) - Vuy(x, t) = Fy(x,t) + po ([E(x, t) x H(x,t)], — pH? (x, t) g (x, t)), (2.38)

10



2.3. ALFVEN WAVES

where F(x,t) takes into account all non-electromagnetic forces. If the two terms on the right-
hand side of (2.38) are rather small, the transverse motion is damped due to the induction
drag represented by the last term, which can be regarded as a strong magnetic 'viscosity’. This
quantity is characterized by the so-called Hartmann number

M = pHL+\/opv, (2.39)

where L is a characteristic length scale and H is a mean magnetic field profile.
it.) The case where the resistance is unimportant:

In the case, where the lines of force are frozen into the material, the current j(x,t) is expressed
by
1
j(x,t) = 4—V x H(x,1), (2.40)
T

instead of equation (2.7), and again by the use of Maxwell’s stresses, we obtain

pH? (x, t)

0 1
—w(x, t)+u(x,t)-Vut(X,t)——M H(x,t)-VH(x,t) = ——V; (p(x,t) +
4dmp P 8T

5 )—}—VVQut(x, t).

The mechanical effects can now be separated. First-of-all, the lateral pressure w inhibits
the compression of a bundle of lines of force, whereas the tension %}r{(m along the lines of
force shrinks themselves. Both effects pose certain restraints on the material motions, since if
the lines of force are displaced from equilibrium the force pj(x,t) x H(x, t) has a restoring effect
and is always normal to H(x, t). Therefore the presence of a magnetic field imparts to the fluid
a certain rigidity. On the other hand it also imparts to it certain degrees of freedom, like the
property of elasticity, where disturbances are transmitted by new modes of wave propagation,

which are discussed in the following section.

2.3 Alfvén waves

In contrast to hydrodynamic turbulence, in MHD turbulence we can find solutions that represent
the propagation of waves. Suppose that a uniform magnetic field Hy is present in an infinite
homogeneous medium of an incompressible fluid and consider a velocity and a magnetic field
u(x,t) and h(x,t) that are produced by small disturbances. The linearized MHD equations in
their original form (2.8) and (2.11) thus read

0 1 uHo - h(x,t) 9
&u(x, t) —Hp - Vh(x,t) = ;V <p(x, t) + — + vVu(x,t),
gth(x,t) —Hp-Vu(x,t) = AV?h(x,1). (2.41)
Taking the divergence of the first equation yields the Laplace equation
Hy - h(x,t
V2 (p(x,t) + “047T(X)> = 0. (2.42)

Since the disturbance h(x, t) vanishes outside the region that is unperturbed, and the equilibrium
condition yields Vp(x,t) = 0, the solution of the Laplace equation has to be constant everywhere

in space and we get
Hy - h(x,t
v (p(x, t) + “04(")) = 0. (2.43)
0

11



2.3. ALFVEN WAVES

Inserting this in (2.41) yields

0
gu(x, t) — Hy - Vh(x,t) = vV2u(x, t). (2.44)
Making the plane wave-ansatz
u(x,t) = uaekx-wk)t (2.45)
and h(x,t) = hekxwkt

for the magnetic and velocity field fluctuations yields

(w(k) — vk = ﬁ(k-Ho)ﬁ, (2.46)
(w(k) —iXk>h = (k-Hp)a, (2.47)

and
k-a=0, k-h=0. (2.48)

Combining (2.46) and (2.47) gives a dispersion relation for the magnetohydrodynamic waves,
namely

(w(k) — ivk?)(w(k) —i\k?) = VK2, (2.49)

where

1 A
Vy = <£> * Hycos®, (2.50) H, ? T

47 A )

is the so called Alfvén velocity
and 6 is the angle between Hg and
the direction of propagation. As
one readily can see from the equa-

N

tions (2.48), the Alfvén waves are 4 , /

transverse waves. This is indi-

cated in fig 2.1, where the Alfvén Yo oo | [~

waves propagate in the direction

of a magnetic field Hy. Figure 2.1: Alfvén waves moving in the direction of a

magnetic field Hy, which points in z-direction.
In the following we distinguish two cases:
i.) The case when there is no viscosity and resistivity v = XA = 0:

The waves are undamped and the dispersion relation has two solutions

k
“;) = £Vy, (2.51)
and in this case k:
I
t) = ——H, 0 h(x,t 2.52
u(x7 ) 47pr(k) OCOS (X7 )) ( 5 )

which implies an equipartition of the mean energy of the wave over the kinetic and magnetic

energy.

1 p
ip‘u(xvt)P = 8771_’h(x7t)|2 (253)

12



2.4. EXACT SOLUTIONS OF THE MHD EQUATIONS

The group velocity of the waves is

o\ 2
=Vxwk)=x-—] H 2.54
v = Vi) =+ () Ho (2.54)

which corresponds to wave-packets traveling parallel and anti-parallel to the lines of force, under
the assumption that 6§ = 0. This effect stands in analogy with the theory of stretched strings,
where tensions lead to the possibility of transverse waves along the lines of force.

i1.) The case when there is finite viscosity and resistivity v # 0 and A # 0.

The general solution of (2.49) reads

w(k) = ik\/Vj — i(l/ —N)2k2 + %Z(V + \)k2, (2.55)

which has the effect of a damping of the waves, where v and A occur additively and a phase
shift of the waves, where v and A occur differentially. In the limit of small » and A, we obtain
the following approximation

wik) = +Vak (1 _ (”S_V;)Qk?) + %i(u R, (2.56)

Thus waves with different wave fronts do not all move with the same velocity along the lines
of force. The time required for the diffusion of the Alfvén waves is in the order of the time
of decay of magnetic fields mentioned in 2.2. This is caused by the fact that in general the
electric resistance is much more important then the viscosity. In mercury under laboratory
conditions one obtains for example magnetic Prandtl numbers Pm=v/\ of 1,6 - 1077, which is
also comparable with Pm= 1073 in the solar material.

The discussion of Alfvén waves can be extended to a nonuniform field Hy = Hy(x). The

consequence of such a field is, that different parts of the waves move along separate lines of force

— K
4mp

hierarchy of structure function equations in chapter 4, in which a large-scale magnetic field is
present.

with a local velocity vg(x) Hy(x). This will be of importance for the discussion of the

2.4 Exact solutions of the MHD equations

Contrary to the vortex solutions, mentioned in 5.4, the MHD equations do exhibit far less exact
solutions. Therefore we have to restrict ourselves to steady-state solutions. In the following we
consider three special solutions of this kind.

2.4.1 The equipartition solution
A simple steady state solution of (2.8) and (2.11) is given by

u(x) = + (4:;;») : H(x), (2.57)
and
v (p(x) + 8%]H(x)\2> —0. (2.58)



2.5. CONSERVED QUANTITIES

This means that the fluid velocity is parallel or anti-parallel to the direction of the magnetic
field at every point x in space. Furthermore (2.57) implies that there is equipartition between

kinetic and magnetic energy
1
sl = 2 [Hx)P (2:59)

Although this solution seems to be arbitrary, it is worth noticing that only the condition of
hydrostatic equilibrium (5.12) imposes a restriction on the spatial dependence of the field and
the motion. The condition in equation (2.57) is a priori not forbidden.

2.4.2 The vanishing of the Lorentz force

If the Lorentz force in (2.11) vanishes, there is no back-reaction of the magnetic field on the
fluid motion: Under these circumstances the conditions of hydrostatic equilibrium is satisfied if

[V x H(x)] x H(x) =0, u(x) =0, and Vp(x) = 0. (2.60)

This implies that the magnetic field and the current density are aligned at every point in space,
which can be satisfied if

V x H(x) = aH(x). (2.61)

These so-called force-free fields, when the stresses vanish inside a given region, do not automat-
ically imply that the stresses vanish outside this region, since they impose more complicated
boundary conditions.

2.4.3 The Taylor-Proudman theorem for MHD turbulence

In the presence of a uniform magnetic field Hy, we can ask the question how perturbations
behave when there are no fluid motions at the beginning. We denote h(x, t) as the perturbation
in the magnetic field and u(x,t) as the velocity perturbation. If a steady state is reached (2.8)
and (2.11) read

pHo - Vh(x) = V(MXHMW)

Hy-Vu(x) = 0. (2.63)

(2.62)

An interesting feature of this system can be seen from (2.63). The fluid motions cannot vary in
the direction of the uniform magnetic field Hy and all steady slow motions become necessarily
two-dimensional. An analogy can be found in the Taylor-Proudman theorem for rotating fluids
[Cha81]. It states that the velocity field of a fluid that is rotated with a high angular frequency
Q) is uniform along any line parallel to the axis of rotation.

2.5 Conserved quantities
In addition to the basic conservation laws of ordinary inviscid fluid dynamics, the ideal MHD
equations exhibit further conservation laws involving the magnetic field. We consider the MHD

equations in the form of (2.17) and (2.18).

14



2.5. CONSERVED QUANTITIES

2.5.1 Fluid invariants

The total energy Eio in a fluid elemgnt of the volume V' and constant densit}; p =1 is composed
of the kinetic energy Ej;, = [, dx% and the magnetic energy Epqg [;, dx5-, according to

u? h?
Etot = Egin + Emag = / dx <2 + 2> . (264)
\%4

The density of the total energy e;o; = u; + h; has to satisfy the following balance equation

et 1)+ V3, 1) = 4, ) (265)

where

/ dx q(x,1), (2.66)
1%

is the total energy per time that is generated or destroyed in the volume V and

/ dx V- J"(x,t) = / da - J**(x, ), (2.67)
\% S

is the transported energy throughout the surface S of the fixed volume V.

The current density J*!(x,t) and the source term follow from the MHD equations and are
derived in the appendix A.2.

u?(x
Jlx,t) = u(x,t) [(2,75) + h?(x,t) + p(x, t)] —h(x, t)u(x,t) - h(x,t)

—gvlﬁ(x, t) — vu(x,t) - Vu(x, t)

—%VhQ(X, t) — Ah(x, t) - Vh(x, 1),

(2.68)
q(x,t) = f(x,t)-u(x,t)+g(x,t) h(x,t) —e(x,t) — e x,1). (2.69)

The two first terms in the brackets of (2.68) denote the kinetic and magnetic energy which are
transported throughout the surface. It is important to notice, that, due to the pressure con-
tribution, there is always the double of the magnetic energy which is transported. The second
term u(x, t)p(x, t) is the work from the fluid against the pressure. The next term is the so-called
cross helicity u(x,t) - h(x,t) which is transported anti-parallel along the lines of force.

The source term takes into account the power density which stems from an external forcing mech-
anism, f(x,t) and g(x,t), and contains the local energy dissipation rates €”(x,t) and &*(x, 1),
which are defined as

v . 14 8u2 8uj 2
A Oh;  Oh;\?
MNx,t) = 52 (axj + &UZ) : (2.71)
i,J

The local energy dissipation rates play an important role in the statistical theory of isotropic
turbulence discussed in chapter 3. They are linked with the gradient of the velocity and the
magnetic field so that an important amount of energy is dissipated in regions of high velocity
and magnetic field gradients, like for example in the region of currents sheets, discussed in the

15



2.5. CONSERVED QUANTITIES

section 5.4 about the vorticity equation in MHD.

In the case of ideal MHD turbulence (v = A = 0), the source term ¢(x,t) on the right-hand side
of (2.65) vanishes and Ey is a conserved quantity, provided that the current density J'°!(x,t)
vanishes at the domain boundary S.

Another important conserved quantity in ideal MHD is the so-called cross helicity

Eoross = / dx u- h. (2.72)
1%

The corresponding balance equation for the cross helicity density €cross = u-h

gtecmss(x, 1) + V- 3T (x, 1) = q(x, 1), (2.73)
with
Jeross (X, t) — [u(x, t) + h(X, t)] u(Xv t) éh(x7 t)
—h(x, ) w1 _ (x,t)| — vATh(x,t) — ABlu(x, t) (2.74)
X, 5 p(x, v X, u(x, .

q(x,t) = f(x,t) -h(x,t)+gx,t) ulx,t)+ ¥+ Njx,t) wx,t) (2.75)

For the viscous terms we have introduced the velocity and magnetic gradient tensors

ou;
A = L 2.
J 81‘j ( 76)
Oh;
Bij = oz, (2.77)

From (2.74) we conclude that there is a transport process of cross helicity along the vector sum
of the magnetic and velocity field u(x,t) + h(x,t). Furthermore, a transport of kinetic energy
occurs against the lines of force next to a work by the magnetic field lines during a translation
against the pressure.

2.5.2 Magnetic invariants

The induction equation (2.8) for H itself provides the conservation of two purely magnetic
invariants in the case of vanishing resistivity: the magnetic flux ¢ and the magnetic helicity Hy,qg4.
The first one stands in analogy with the circulation I' in hydrodynamics, since there is a similarity
between the induction equation and the vorticity equation in hydrodynamic turbulence, as
mentioned in 2.1.4. In the case where the lines of force are frozen into the material, the surface
integral over H, defined as the magnetic flux

g{):/sda-H, (2.78)

is conserved.
The other invariant, the magnetic helicity

Hipag = /de A-H, (2.79)

16



2.5. CONSERVED QUANTITIES

is a measure for the twist and linkage of the lines of force, where A is the vector potential, so

that
H=VxA. (2.80)

Again, H,,,g is similar to the kinetic helicity
Hyin :/ dx u-w, (2.81)
1%

which is a conserved quantity in ideal hydrodynamics. However the kinetic helicity and the
circulation are no longer conserved quantities in ideal MHD turbulence.

17
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Chapter 3

Statistical description of MHD
turbulence

In the preceding chapter, we have discussed the basic properties of the MHD equations. In this
chapter, the focus lies on a statistical description of MHD turbulence which treats the velocity
and the magnetic field as random functions. Since turbulent fluid motion involves a high number
of active non-locally-coupled degrees of freedom, it is intuitively clear that a combination between
a deterministic and a statistical treatment of the basic equations would mean further progress in
the long-standing problem of turbulence. In the first section however, the need for a statistical
description is discussed in detail. Most of the viewpoints presented in this chapter are taken
from statistical fluid mechanics, mainly related with the name of A. N. Kolmogorov, but also
with people like C. F. Weiszéicker, W. Heisenberg and G. 1. Taylor.

3.1 The need for a statistical description

The Navier-Stokes equation, and also the MHD equations, are deterministic, nonlinear partial
differential equations. If we know the velocity field u(x,t) at a given instant ¢ at every point in
space x, we should able to determine the field at a later time ¢'. The deterministic character
of those kind of differential equations is best resumed in a note by Laplace, who talks about a
fictive omniscient daemon:

“Une intelligence qui pour un instant donné, connaitrait toutes les forces dont la nature est
animée et la situation respective des étres qui la composent, si d’ailleurs elle était assez vaste
pour soumettre ces données a l'analyse, embrasserait dans la méme formule, les mouvements
des plus grands corps de l'univers et ceux du plus léger atome: rien ne serait incertain pour elle,
et Uavenir comme le passé serait présent a ses yeuz. “

However, we know from dynamic systems theory that some differential equations are very sen-
sitive with respect to their initial conditions. The Navier-Stokes equation shows this feature,
too: small deviations in the initial conditions can have a great influence on the dynamics for
later times. This is demonstrated in a simple example by Frisch ([Fri95] section 3.2, p.31). Nev-
ertheless, Laplace’s argumentation is still valid, there exists simply not such a creature, which
possesses the whole information of the velocity field at a given instant ¢ over the whole space.
Similar problems arise in quantum theory where we are not able to determine the momentum
and the location of a small particle, due to Heisenberg’s uncertainty principle. We can only make

!This note is taken from [Arg07] p.16. An adequate translation would be: A creature that knows at a given
instant all forces acting on (fluid) elements, whose positions in an object of nature are known additionally, pos-
sesses the whole information about movements from the largest objects in the universe to the lightest atoms:
nothing would be uncertain for it and the future as well as the past would be present to it.
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3.1. THE NEED FOR A STATISTICAL DESCRIPTION

statements which have their foundations in probability theory. It seems therefore necessary, to
develop a statistical description of turbulence. To this end, we suppose that the velocity in a
turbulent flow takes random values of u(x,t¢) and are mainly interested in the mean value of
this random function. This immediately brings up the question of what we mean by a random
function: Since we know that it is impossible to determine the exact value of u(x,t), we rather
assume that the random values of u(x,t) are distributed according to certain probability laws.
Then the method of taking averages consists in finding an appropriate statistical ensemble. This
takes into account the totality of all possible realizations of a turbulent flow, which only differ
in their initial conditions ug(x) at all points x at a time ¢. The ensemble is then characterized
by a statistical distribution for the initial field up(x) and we can derive a probability density
function p(u, x,t) for the velocity field u at position x and time ¢.

In general there will be a statistical connection between several velocities u; at a point x;, and
we have to consider the N-point probability function p(uy, ..., u,, X1, ..., Xy, t) and then perform
the continuum limit. In order to take an average of some function F(uy,...,u,,t) an integra-
tion over all possible realizations u; with a weight of the joint-probability function has to be
performed according to

(F) ensemple = /dxl...dan(ul,...,un,t)p(ul,...,un,xl,...,xn,t) (3.1)

This rather mathematical method of taking averages is not useful for applications, since the
totality of all realizations is never accessible in experiments or in direct numerical simulations.
Therefore the ergodicity hypothesis is used, which states that the ensemble average is replaced
by temporal averages

T
(Fremporat = (F(1)) = lim % /0 APt + 1), (3.2)

T—o0

The probability functions provide an adequate mean to characterize a turbulent flow with respect
to the following aspects

¢ Homogeneity:
The multi-point distributions are functions of the relative distance r;; = x; —x; only. This
can be interpreted as the invariance of the probability densities under translations X
p(ay, ..., up,x1 + X, ..oy xp, + X, 1) = p(ug, ..., Uy, X1, .y X, 1), (3.3)
Take for example the two-point velocity field correlation function

C’f;‘(x,xl,t) = (u;(x)u;(x')), (3.4)

under the assumption of homogeneity, it solely depends on the relative distance r = x — x’
between the velocity field u;(x) at point x and the velocity field u;(x) at point x’, or

CP(x,x',t) = CF(r, 1). (3.5)

e Stationarity:
The probability density function is not dependent on the time ¢ and is thus invariant under
time translations 7

p(U1, ey Upy X1,y ooy Xy t +7) = p(Un, ooy U,y X1,y ooy Xy 1) (3.6)
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3.1. THE NEED FOR A STATISTICAL DESCRIPTION

e Isotropy:
The probability density function is invariant under rotations C' € SO(3) with respect to
an arbitrary axis of the coordinate system. This invariance can be broken by the presence
of buoyancy and rotational forces, which suppress vertical and horizontal motion.

p(Cuy,...,Cuy,, Cx,...,Cxy, t) = p(uy, ..., Uy, X1, ..., Xp, 1). (3.7)

The assumption of isotropy and homogeneity has also a great influence on the tensorial
form for the two-point velocity correlation function C;‘j“(r, t). For instance, it follows from
the calculus of isotropic tensors, discussed in the appendix B.1, that its tensorial form is
given according to

uu uu uu iy uu
Cij (r,t) = (C(rt) — Cif(r, 1)) TQJ + Cy(r, t)5ijv (3.8)

where C(r,t) and C*(r,t) are the longitudinal and transverse correlation functions,
with respect to the relative distance r.

e Mirror Symmmetry:
This symmetry is closely related to the condition of isotropy. In the invariant theory of
turbulence and especially in the invariant theory of MHD turbulence, we have to deal
several times with statistical quantities that are not invariant under the full rotation
group. This is demonstrated at the example of the vorticity-velocity correlation func-
tion Byj(x,x’,t) = (ui(x,t)w;(x’,t)). For the following a basic knowledge about isotropic
tensor fields from the appendix B.1 is needed, in order to understand the different symme-
try behavior of the tensor B;j(r,¢) compared to the tensor C7/*(r,t): This difference arises
due to w being an axial vector, which is unchanged under a reflexion, contrary to the true
polar vector u, which changes signs, as indicated in fig. 3.1. Tensors which involve an odd

w

—u
Figure 3.1: Symmetry behavior of u and w under reflections [Rob40].

number of polar vector quantities, like!

Bij(r,t) = (ui(x, Hw;j(x', t)) = B(r,t)sijk%k, (3.9)

The summation over equal indices is implied in the following.
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3.2. MOMENT EQUATIONS AND THE CLOSURE PROBLEM OF TURBULENCE

thus lack the mirror symmetry, whereas tensors like C’,L“j“( ,t) that involve an even number
of polar vectorial quantities can be written in the usual form according to equation (3.8).
Since the magnetic field is an axial vector, similar to the vorticity, the invariant theory of

MHD turbulence has to deal with correlations, like
u u Tk
Cijh(r7 ) <’U/L(X t)h (X t)> = C h(’r’, t)61]k7 (310)

that lack the mirror symmetry. The extension of the invariant theory to MHD turbulence
was first introduced by Chandrasekhar [Cha51] and is discussed in section 3.4.4

3.2 Moment equations and the closure problem of turbulence

Important quantities in the statistical treatment of turbulence are correlation functions, like for
example the two-point velocity correlation function CP*(x,x',t) = (u;(x, t)u;(x',t)). An evolu-
tion equation for this moment of second order can be derived from the Navier-Stokes equation
by making use of the incompressibility condition for the velocity field. This can also be done
for moments of order n. The infinite chain of evolution equations for the n-point correlation
functions in hydrodynamic turbulence is called the Friedmann-Keller hierarchy. However, these
equations are not closed, and one has to deal with what is called the closure problem in tur-
bulence: Due to the nonlinearity in the Navier-Stokes equation the evolution equation of the
correlation function of order n is dependent on the divergence of the correlation function of
order n 4 1, highlighting the fact that there is physics in the equations of order n + 1 that is
not contained up to n-th order. However, it is important to mention that the closure problem
originates not only from the convective part, but mainly arises due to the nonlocality of pressure
contributions in the moment equations.

In a later section 3.4.4 we will derive similar equations for three correlation functions of second
order that occur in MHD turbulence, along the lines of Chandrasekhar [Chab1].

In the next chapter, the MHD equations are treated by a statistical description that was intro-
duced for hydrodynamic turbulence by Osborne Reynolds in 1883. Its focus lies on the evolution
equation for the mean field u(x,t).

3.3 Reynolds averaged MHD equations

For most practical purposes, for instance in engineering, it is not necessary to know every detail
of the fluctuating fields. In fact, one is rather interested in the behavior of the mean fields of
the flow. This is also the case in dynamo theory, described in section 3.7, which is primarily
concerned with the growth or maintenance of a mean magnetic field.

To this end, we assume that the magnetic and velocity field can be divided into mean and
fluctuating parts, according to

u(x,t) = ax,t)+u'(z,b), (3.11)
h(x,t) = h(x,t)+h'(z,1), (3.12)
p(x,t) = p(x,t) +9(x,1), (3.13)

where the temporal mean values of the fluctuating parts vanish

t+T

(u'(x,t)) = Tlgr;oT/ dt’ u'(x,t") =0, (3.14)
ttJrT

W(x,)) = Tlggo/t dt’ W' (x, ') = 0. (3.15)
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3.3. REYNOLDS AVERAGED MHD EQUATIONS

Furthermore, terms like (u'(x,t) - Vu(x,t)) vanish, since the mean streaming profile is assumed
remain constant over the interval T. In addition, the mean and fluctuating fields are taken to
be incompressible and p is set to p = 1. The Reynolds equations for MHD turbulence read

ﬁu(x t) + u(x,

g ) - Vii(x t) ( B(x, ) + V - (u/(x, )u'(x, ) — b(x, Db (x, 1))
R VR C Lt L >+uv2 (3.16)
%h(x B -V x ((x,8) x h(x,8) - V x (W/(x,8) x W(x,8)) = \W2h(x,0).  (3.17)

0

Q

In introducing the derivative % = % + Uny,—, these equations can be written in component
n
form according to

D o[ (0w o 72 B
—u = a[ ( Yy UJ)_(]?+5ij>_<u§u;‘_héh;>_<2>5ij}, (3.18)

Dt 856] 6 €Ty 2

D - 0 oh; Oh -

ﬁhi = By |:)\ (3:6 + al’]> + uih]‘ + 5ijk£kmn<uinh%>:| , (3.19)
7 j i

which corresponds to the MHD equations of the mean fields with supplementary nonlinearities.
These terms represent the turbulent pulsations and have a non-negligible influence on the mean
fields. The tensor which enters in equation (3.18)

! ! AN <h/2>
Rij = (uzuj — hihj) — 5 i, (3.20)
is composed of the Reynolds and Maxwell stresses as well as an isotropic contribution from the
12
lateral pressure %

The effect of the turbulent pulsations on the mean magnetic field is contained in the tensor
Sij = €ijk€hmn (Un ) = Eijek, (3.21)

where € = (u’ x h') is the electromotive force, which is (apart from resistive effects) the induced
electric field. It can be considered as an extra mean electric force which arises from the interac-
tion of the turbulent motion with the magnetic field and plays an important role in the theory
of dynamos.

The knowledge of these tensors in terms of functions of the mean fields would signify a great
step forward in the calculations of mean streaming profiles, as for example the flow behind a
wedge, or the explanation of the growth of a mean magnetic field due to small-scale turbulent
motion, crucial for dynamo theories. To the present day there exists no such knowledge, and one
has to model the turbulent stresses by an effective damping term that characterizes the energy
flux from the mean field to the small-scale turbulent fine structure.

In ordinary turbulence the Reynolds stresses are written in a form analogous to the viscous
stress tensor used in the derivation of the Navier-Stokes equation

< ou; ou j

Rij = (i) = 0x; * ox;

> + 1<ukuk>5 (3.22)

The so-called eddy viscosity 14 is thereby much larger than the kinematic viscosity v and in the
simplest model one assumes that it depends only on the the turbulent kinetic energy K = (u u)
and the local energy dissipation rate ¢,

CK?
()’
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where C is a free numerical parameter.
Another interesting model goes back to Prandtl and is based on the mixing length r,,,

v = U |rp, (3.24)

where 7, is typical mixing length. The mixing length can be seen as a turbulent 'mean free
path’ and an additional transport equation for the turbulent kinetic energy has to be solved.
For the case of MHD turbulence an ansatz for the turbulent tensors was first given by [Yos90]
as

1 kin [ OUi o0, ma 8}_11 oh;
Rij = §<U§CU§C — h;h;}éw — UV (axj + axz> —+ vy 9 <axj + 6xz> s (325)
_ oh;  Oh; o (OU; Oy
Sij = —agegphp + B L — ) g (L - ). 3.26
J ate JkIk + Bt (81‘Z 895]) t 6.%'1 6iL'j ( )
The last equation can be rewritten in terms of the electromotive force as
e = azh — "% + B w, (3:27)

with the current density j = V x h and the vorticity w = V x u. The interpretations of
the transport coefficients are the following: v is an eddy viscosity similar to that in (3.22),
and Bfm is a turbulent resistivity. The term 1,"*’ represents the influence of the magnetic
fluctuations h’(x,¢) on the mean field t(x, ) and similarly SF" represents the influence of the
turbulent velocity field u/(x,¢) on the mean magnetic field h(x,t). Furthermore the coefficients
vfm and B are connected with the turbulent energy E = 1(uju) + h)h),, whereas 1" and
BF™ are connected with the turbulent cross helicity H¢ = (v/ - h’). We will come back to the
issue of mean magnetic fields in the section about mean field electrodynamics 3.7.2, where the

ag-term in equation (3.26) will play an important role for the maintenance of a mean magnetic

field.

3.4 The concept of turbulent cascades

The observation that the turbulent motion manifests itself by the presence of many vortices of
different sizes, which decay after a certain time, led the way to the concept of energy cascades.
These observations were already made by Leonarda da Vinci, who tried to qualify the complex
streaming profiles in sketches like that in fig. 3.2.
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Figure 3.2: Leonardo da Vinci’s sketch of water passing a row. A separation of vortices with different
length scales and intensities can clearly be observed.

Richardson interpreted the emergence and the decay of vortices in three dimension as an energy
transfer between vortices of different length scales. In the following, it will be seen that the
nonlinearity is responsible for this energy flux from large to small scales, a characteristic feature
of a direct cascade. It is important to stress that during this process no energy is lost. Only
when a smallest scale is reached, the kinetic energy is dissipated by molecular viscosity. The
concept of energy cascades was then followed by Kolmogorov. He made quantitative statements
about the rate of energy transfer and characteristic scales in turbulence: In his first hypothesis
of local isotropy he assumed that in the limit of high Reynolds numbers, the system forgets
about large-scale anisotropies during the cascading process. These large scale anisotropies can
be imposed by a forcing mechanism or by certain boundary conditions.

A direct consequence of his hypothesis is that every turbulent flow with equal Reynolds number
should show the same statistical properties at scales small compared to the so called integral
length scale L, where energy is injected into the system. Homogeneity and isotropy is then
reached at smaller scales, where the energy transfer to smaller scales takes place. In his first
similarity hypothesis Kolmogorov postulates that the processes in this range are uniquely de-
termined by the averaged rate of energy dissipation (¢) and the kinematic viscosity. From
dimensional arguments we can therefore define characteristic length, velocity and time scales,
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at which the hypothesis is fulfilled. It follows from the Navier-Stokes equation that v and (e)
have the following units

v=— l&l=3 (3.28)
If we define a length scale 7 that depends only on v and e, its dimensional form is given as
m2\” /m2\"
= om0 1= (%) (%) (3.20)

Since the dimension of 1 has to be m, the exponents in (3.29) have to be chosen as a = 3 and

1
b= —i. The so-called dissipation length 7 is therefore given as

- (2)" a0

Similar considerations can be made for the time and velocity scales. The so-called Kolmogorov
length scales thus read

[

n= (2’;) wy = (E0): and 7= <<€”>> (3.31)

The corresponding Reynolds number of these scales is
Re, = — =1. (3.32)

They can thus be considered as a characteristic scale of a laminar fluid motion.
In the following we want to introduce further characteristic length scales that play an important
role in the statistical treatment of turbulence.

3.4.1 The integral length scale

As it was mentioned in the preceding section, Kolmogorov’s first similarity is only fulfilled on
scales that are small compared to the integral length scale L, which defines the typical length
scales of the biggest vortex structures and also the scale at which energy is injected into the
system. A formal definition of the integral length scale makes use of the longitudinal velocity
correlation function

() = (up (% + 1) (X)), (3.33)
and is given as
[, O
L= /0 d (o) (3.34)

The integral scale depends on the kinetic energy F and the energy dissipation rate (e), L =
L(E,¢). By dimensional analysis, we find

3
LB _ Gt

5 7<€> ) (3.35)

where s = 1/(u?) is the root mean square velocity.
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3.4.2 Taylor microscale

It is sometimes helpful to use another scale then the integral length scale, for instance for the
definition of Reynolds numbers in experiments that have no comparable boundary conditions.
This so-called Taylor microscale A\ is defined by the radius of curvature of the longitudinal
velocity correlation function. A Taylor-Reynolds number can therefore be defined as

Upms A

Rey = ==, (3.36)

where 0 = y/(u’?) denotes the standard deviation of the velocity fluctuations. The advantage
of the Taylor-Reynolds number is its independence of the integral length scale L. Therefore,
experiments that have different boundary conditions or a different energy injection mechanism
can be compared more reasonably.

The integral length scale and the Taylor microscale limit the so-called inertial range, at which
Kolmogorov’s theory is fulfilled. At scales that are smaller then the Taylor microscale, dissipative
effects play an important role. This range is therefore called the dissipation range and A is the
appropriate length scale.

Since A = \(E, v, (€)), this gives by dimensional analysis

A== (3.37)

3.4.3 Taylor hypothesis

Structure functions based on spatial velocity increments v(x,x’,t) = u(x,t) — u(x’,t) play an
important role in the statistical treatment of turbulence. In experimental measurements, these
increments are often not accessible and velocity increments are measured rather in the temporal
domain. The obtained temporal increments At can be transformed into spatial increments
r = x — x’ by the use of Taylor’s hypothesis:

Let us consider a wind tunnel where the velocity u’(x,t) is measured in the frame of reference
of the mean flow, which points in the direction of x. In the frame of reference of the laboratory
we would therefore measure the velocity

u(x,t) = u'(x — Ut,t) + U, (3.38)

where U denotes the mean flow U = (u(x,?)). Under the assumption, that the mean flow is
large compared to the fluctuations

u'f?
UJ?

<1, (3.39)

most of the time-dependence in u(x,t) arises from x — Ut in u’(x,t). Therefore, the temporal
variation of u(x,t) can be interpreted as a spatial variation of u’(x,t) and one gets

r = UAt. (3.40)

3.4.4 The Karman-Howarth equation of MHD turbulence

In analogy to the equation of motion of the two-point correlation function C'i“j“(x,x’ 1) =
(ui(x,t)uj(x’,t)) resulting from the Navier-Stokes equation of fluid dynamics mentioned in sec-
tion 3.2, we can derive three equations for the three correlation functions occurring in MHD
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turbulence, namely

CHr(x,x',t) = (ui(x,t)u;(x',1)), (3.41)
C’Z-hjh(x, x',t) = (hi(x,t)h;(x, 1)),
and Cl-“]h(x, x' 1) = (ui(x,t)h;(x',1)).
To this end we consider the MHD equations in component form
0 0 19
aui + 87.%'16(““”{: — hzhk) = p (9sz + I/V2 < Wi, (342)
0 0 9
—h; + — (hjug — uihg) = AVih,, (3.43)
ot 8 Tk
where P = p+ éth is the total pressure exerted on the fluid. Furthermore we have introduced
the Laplace operator V2 = d ag acting in x-space and sum over equal indices.

By a procedure developed by von Kdrman and Howarth [Kar38], we multiply (3.42) by v} =
u;(x',t) and take the ensemble average
0 0 10
!/ / /

Wi ;) + —— ((ujupu;) — (hihpus)) = ——

(ol )+ (Cwstgas) = (i) = = o
where it is assumed that the ensemble average commutes with the partial derivatives.
In interchanging the indices and the primed and unprimed quantities, we arrive at a second
equation

(Pul) + vV (uu W (3.44)

9 9 vy / 19 b 2wl
<ul8tuj> + o, ((wjugus) — (hhpuq)) = 00 (Plug) + vV (ugus). (3.45)

Before we add the two equations to one another in order to get the evolution equation for
O (x,x',t) = (ui(x,t)uj(x’, 1)), we can simplify some terms on the basis of symmetry argu-
ments:

e Since we are assuming homogeneity, the correlation functions are only dependent on the
relative distance r = x’ — x, so that
Ciy(r,t) = (ui(x t)u;(x', 1)) = G (—r,1),
Cllcl;lju( ) = <uk(xv t)ui(xv t)uj (X/’ t)? >
Crii(=r,t) = (up(x, t)u;(x, t)ui(x',1).) (3.46)

Therefore, we can rewrite the viscous terms as
(Vi + Vi) {ua(x, t)uy (<, 1)) = 2V (u (x, t)u (', 1)) (3.47)
The same relations hold for the tensors
CER(,t) = (i, )hy(x, 1)), (3.48)
ORI, t) = (hlx hi(x, tu; (', 1)),

since they are isotropic and mirror symmetric.
Consequently, the triple correlation tensors fulfill the following relation

(ui(x, )uj(x, uk(x', 1)) = —(uwi(x', t)u; (%, H)ug(x, 1)), (3.49)
(hi(x,t)hj(x, t)uk(x', 1)) = —(hi(x',0)h; (X, t)ug(x,t)).

!This relationship is derived in the appendix B.2.3 in equation (B.79) and is only valid for homogeneous
correlation functions.
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e Turning to the total pressure, we conclude that the pressure correlation %(P(X, tuj(x',t)),
is a vectorial quantity that depends on the relative distance r. On the basis of isotropy it
can thus be written as

1 .
(PG uj (<, 6) = C7(r, ). (3.50)
The incompressibility condition for the velocity field implies that
1 0 r;
P(x,t ) = ———CP(rt)2L = 51
o, p( (x, t)u;(x', 1)) = (%C (r,t)- =0, (3.51)

which immediately yields C*(r,t) = 0, so that the pressure correlations vanish.

Respecting these considerations, we arrive at a balance equation for the two-point velocity
correlation function, which reads

0 0
a(uzuw - 28—7%((uluku;> — (hihgu})) = QVV]%(uiu;), (3.52)
or in shorter form
0 uu 0 uuu hhu 2 ~uu
70 ( ’ ) 2 (Ckz,j ( ) Ck:z] ( )) - 2I/vrCz] ( ) ) (353)

ot ory,

In the same manner, we get an evolution equation for the two-point magnetic field correlation
from (3.43)

§t<h hl) — ;k ((hiug — hyug)BY) = 2AV 2 (hih}), (3.54)
which can be rewritten as

0 0

achh( 1) — 2870,?;1;1( t) = 2AVICPP(r, ). (3.55)

Turning to equation (3.53), the defining scalars of each tensor can be rewritten in terms of its
longitudinal correlation function only. This is possible due to the incompressibility condition
and it is derived in the appendix B.1.2. One obtains

10 f 10
)= 5y PO ) 5 o (PO )

~

uu _ uu
I G R

uuu < 0 C;l;l;l(r t) TiTiTk
cpmpen = -G (D)
iﬁ 2 ~yuuu Crl‘l;l;l(r t) Ty .
+47’8 ( Crrr( )) ( 6k] 2]) 9 T,(Slk’
u 2 9 C;‘,l,l;‘ (ryt)\ rirjry
Ci??j (r,t) = 5o ( o
+i3< 2B, 1)) ( i + 05 — GO (3.56)
4r Or rrra ki T+ 0 2 ik '

The scalars can be interpreted as indicated in fig. 3.3, where the longitudinal direction lies in
z1 direction: The correlation between u? (or u3) at M = (0,0,0) and u} at M = (r,0,0) is
determined from equation (3.56) as

(u%u&) = —4Cy"(r,t) and <u%u/1> =2rCy M (r, t) = —4CES (1, ). (3.57)

rrr Trr
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A similar consideration can be made for the correlations between h3 (or h3) at M = (0,0,0)
and v} at M = (r,0,0). We get

(huh) = —ACH(rt) and  (hup) = 2rCH(r, 1) — —ACHM( 1) (358)
In fig. 3.3 the mixed correlation function CE™M(r,t) = —3CHBY(r,t) is depicted, since it is more
illustrative.
uuu hhu
Uy Cr rr ht ht Ct tr

— >e > . Y RTI

M u, M Uy

Figure 3.3: The third order correlation functions involved in the Karmén-Howarth equation of MHD
turbulence.

It follows from a Taylor expansion of CP*% (7, t) that the longitudinal correlation function scales

as r> near the origin'. This is however not the case for C*P%(r t) which can be expanded as
CPP(r,t) = Cor, (3.59)
where 1, 50u; 1, 50u;
Co = _Z<h187:1> = §< 2871’1> (3.60)

can be seen as a contribution to the magnetic energy from the stretching of the magnetic field
lines by the velocity field.

Let us sum over equal indices 7 and j in equation (3.53). We define

Qk’in(rat) = E Cz'llju(r7t>7 (361)
i=j

TE () = ) [CRPS () — O (x, 1)), (3.62)
=7

and arrive at a balance equation for the quantity Qg;, (7, t) with a corresponding current J*" (r, ¢)

0 0 ki

— Quin(1,t) + 25— JF" (1, 1) = 20V2Qpin(r,1). (3.63)

ot ark
Qpin(r,t) and its corresponding current J*(r, t) can be expressed in terms of C*%(r, ), C2%%(r, ¢)
and CPBY(r,t) as it is shown in the appendix B.1.2. In exchanging the derivatives after ¢ and 7,
we arrive at

o _ 192 (39 qum
athﬂn(T’t) = 29 <T‘ atCrr(rat)a>7

0 kin _ i g 1 2 4/ uuu hhu
25 ) = ﬂm(mJM@mewq”mm],
20, _ L9 (20,
verl’n(ra t) - T2 37“ r 37“ len(rv t) . (364)

!See for instance in [Mon71] Vol. II p. 65.

30



3.4. THE CONCEPT OF TURBULENT CASCADES

Inserting these relations in equation (3.56) yields the von Kérman-Howarth equation of MHD
turbulence

6 uu _ 1 6 uuu hhu a uu
GO = o [ (emeo 2t 2w lomen)] . e

This equation contains the longitudinal correlations C**(r,t) and C**(r, t) as well as the mixed
correlation CPPY(r,t). It indicates therefore how the kinetic turbulent energy is transferred: In
addition to the energy transfer from large to small scales in fluid dynamics we have another

process, ending up in stretch mechanism of the lines of force caused by the velocity field.

Let us now turn to the evolution equation of the two-point magnetic field correlation function
(3.55). We have to deal with the antisymmetric tensor

C]?:l?( ) <(hzuk - hkuz)h” = Cuhh(r, t) (Eékj — Tiéz]) (366)
r r
Its significance can best be seen in considering the configuration depicted in fig. 3.4.

Ut Cuhh
Uy

>»o0— >
M h, M hy

Figure 3.4: Antisymmetric correlation tensor occurring in the evolution equation of the two-point mag-
netic field correlation function.

Therefore, one obtains

((hyug — hauy)hb) = C™BB(y, t)% (3.67)
From a Taylor expansion we find that
CUbb (1 1) = g (1 )1, (3.68)

where C¥PR(r ¢) = ((hyug — hgul)%?). It can be shown under the assumption of isotropy
[Chab1], that as r — 0

8h2 5 28u1
((hiug — h2ul)ax1> Z<h1 0751% (3.69)
or
CUBh () = sCRBu (- ¢, (3.70)

This is an interesting result, since at small r we find a connection between the evolution equation
of the longitudinal two-point velocity correlation function and the evolution equation of the
longitudinal two-point magnetic function. Generally speaking, we expect an exchange between
kinetic energy and magnetic energy at small values of r (thus large values of k).

In order to get a second balance equation, we take the sum over i,j of equation (3.66) and
introduce the following quantities

Qumag(r;t) = Zc.uu(r t), (3.71)

T (e, t) = —Zc,gfj;l . (3.72)
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The balance equation for the magnetic correlation can be derived as

0 0 ma
anag(r, t) + 287%‘]’“ I(r,t) = AVZQimag (1, t). (3.73)

Analogous to (3.64) we insert the following relations and get

0 10 (30
anag(T, t) = 7’725 (T aCTT. (T, t)) 5 (374)
i mag — ig 2 ~uhh
25, D) = 2 (PO (3.75)
2 _ Lo (-0
ViQmag(r,t) = 33, \7 8erag(r,t) . (3.76)

After the calculation of the divergence we get an evolution equation for the longitudinal two-
point magnetic field correlation function

0 hh _ 4 uhh 21 0 4 9 hh

acrr ('I", t) = ;C (7"7 t) + ’)"745 T ECTT (T, t) . (377)
The third evolution equation is that for the correlation tensor of the cross helicity
0 0 0 10 9

(3.78)
Since this equation involves only skew tensors, the mirror symmetry is broken. The pressure
and the magnetic pressure correlations vanish on the basis of isotropy. The equation can be
rewritten as

0 uh 0 uuh hhh uhu 2 ~hh
5.0 (E5t) = %(Cm,j (r,1) = iy (r, ) + O3 (1) = 2(v + )V (x,t). (3.79)

The tensor of the cross helicity correlation has the form
CEP(x,t) = C"™(r, t)esj—. (3.80)
r

The first two triple tensors on the left-hand side are skew, symmetric in the indices ¢ and j and
solenoidal in k, whereas the third one is skew, antisymmetric in j and k£ and solenoidal in i, so
that its defining scalar is restricted by an incompressibility condition that is evaluated in the
appendix B.1.2. One obtains

r rooT r

C]?x;l(l‘yt) = <U1Ukh;> = CUUh(’F, t) (%Giﬂ?l + ?Zﬁkjl?l) . (3,81)
r T r

C’,ﬁ‘ﬁ‘(r,t) = (hihphy) = Chhb(r 1) (fﬁijz?l + ?Zﬁkjl?l> . (3.82)

uhu uhu 0 uhu Tj Tl Tk Tl
Cj ,};72 (I’,t) = <ul(h;u;€ — uéh%)) =2C h (T,t)eijk +r <8TC h (T, t)> (%ekil? — 7€jil?) .

(3.83)

By inserting these tensors into (3.79), we get an evolution equation for the defining scalar of the
cross helicity correlation function

0 uh
&C (Ta t)

10

3 0r

uh r
r3(CUB(r, t) — CPIR(r, 1)) — 7”4887« (C’“hu(r, H =2+ 3 E ) 75 ’”)] .

(3.84)
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3.5 Kolmogorov’s theory of locally isotropic homogeneous tur-
bulence

As we will see in chapter 4, it is possible to derive an exact relation for the third order longitudinal
structure function Dy..(r) = (Ju.(x+r) —u,.(x)[3) = (v,(x,x+r)3) in hydrodynamic turbulence
directly from the Navier-Stokes equation. Thereby, u,(x) is the part of the velocity u(x) that
points in the direction of the relative distance r between the velocities u(x) and u(x +r). The
corresponding tensor calculus for the structure functions is discussed in the appendix under B.2.
The important relation was derived by Kolmogorov in 1941 and is known as Kolmogorov’s 4/5
law:

In the limit of infinite Reynolds number, the third order longitudinal structure function of
homogeneous isotropic turbulence evaluated for increments r small compared to the integral
scale L is given in terms of the mean energy dissipation per unit mass (¢) by

Dyypr(r) = 75<e>r. (3.85)
In the following we want to discuss the significance of this scaling behavior of the third order
structure function, for structure functions of order n. First-of-all, equation (3.85) signifies that
in turbulence one has to deal with a non-Gaussian statistic, since all odd order moments should
vanish for these kind of statistic. The extrapolation of this exact result is of great importance
especially for the second order longitudinal structure function D,,(r), since it can be seen as a
measure of the kinetic energy of an eddy of size r.
Let us consider the probability distribution p(v,,r) of the longitudinal increment v,. According
to Kolmogorov’s first similarity hypothesis for » < L this can only be a function

p(vp,r) = F(vp, 1, (€),1). (3.86)

By introducing the Kolmogorov length and time scales, according to (3.31), we arrive at dimen-
sionless unities v v , ,
~ T T ~
Up=—=—+ and 7= - = ————F. (3.87)
Touy (v no (W3 {e)
and we can write a probability distribution P(o,,7) for these unities, which is related to the old
one by

do, 1 vy T
Ty = P ~T7 r = 7P N . .
p(vp, 1) (0r,T) Qv uy <Un 7I> (3.88)
In the inertial range, p(v,,r) should be independent from v, so that
0 o1 Vp T
a. T = A 7P Ty = U .
8Vp<v ") ov [un (“77 77)] ! (3.89)
By making use of the chain rule we arrive at a differential equation for P(%,,7), namely
9 [0, P (0, 7)] + BFQP(TJ 7)=0 (3.90)
8177“ T T af Ty - .
which can be solved by
. 1 Uy

This is what is called a self-similar distribution and the corresponding self-similar probability
distribution in the old length and time scales reads

p(vp, 1) = ! («5’” ) (3.92)

(@n” \ ({e)r)e
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where ( is a constant that remains to be determined.
In order to see the consequences for the n-th order moments of the longitudinal velocity incre-
ments we have to evaluate the following integral

(o (1)) = / dvv"p(v, 7) = (<8>1T)< / dvu™p < : <€§’T> <> — O, (3.93)

where the coefficients are given by C,, = [ dww"p(w).

Since equation (3.93) also holds for n = 3, the exponents ( are determined by Kolmogorov’s
4/5 law. The hypothesis of self-similarity in addition to an exact relation which follows directly
from the Navier-Stokes equation, therefore determines the scaling behavior of every longitudinal
structure function according to

(r(r)") = Cul(e)r)™, (3.94)

with the exponent ¢, = 3.

3.5.1 The energy cascade in 3D hydrodynamic turbulence

As it was mentioned above, the extrapolation of (3.95) for the second order longitudinal structure
function

Wl

D, (r) = Csy({e)r)3, (3.95)

is of great importance for the kinetic energy of an eddy of size r. This scaling behavior implies
an energy spectrum of the form

wlut

E(k) = Cile) k73, (3.96)

for the inertial range. The energy spectrum is thereby defined as the Fourier transform of the
auto-correlation function

B(k,t) = 5 > (k1) (k, 1)), (3.97)
i=j
where
ik, 1) = 27173 / dx u(x, £k, (3.98)

is the Fourier transform of the velocity field u(x,t).

This so-called 5/3 energy spectrum was also reproduced by Heisenberg’s heuristic formulation
of statistically isotropic homogeneous hydrodynamic turbulence and can be observed in several
experiments. A typical energy spectrum is depicted in fig. 5.7: The K41 phenomenology suggests
a cascade process where energy is injected at large scales (thus small values of k).
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TURBULENCE
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Figure 3.5: Schematic energy spectrum of 3D turbulence: The energy is injected at the integral scale L
and cascades down towards small scales at the rate (¢) until it is removed by dissipation.

This picture changes dramatically if one considers two-dimensional flows: As it was mentioned
in the section about the vorticity equation 2.1.3, the vorticity tends to organize itself into bigger
clusters. Therefore, the energy transfer does not proceed from larger to smaller scales anymore,
but propagates inversely from smaller to bigger scales. The cascade is therefore termed an
inverse cascade.

3.5.2 The phenomenon of intermittency

In the preceding section, the significance of the assumption of self-similarity represented by equa-
tion (3.91), was underlined. In experiments with hydrodynamical flows however, one observes
deviations from the self-similarity in small scale turbulence [Ren01].

Whereas at larger scales, the
probability  density functions

p(v,r) follow a normal dis- 10°

tribution, the smaller scales ,

distinguish themselves by a more 10

frequent occurrence of small and I

big velocity increments v, like S 107

it is depicted in fig. 3.6. This <

phenomenon is called intermit- E 107

tency, and there exist several =

multi-fractal models that take the 1071

breaking of the self-similarity into

account. Thereby, the scaling 1076710 T T
exponents (, in equation (3.95) vla,

become nonlinear functions of n

and an increasing deviation from Figure 3.6: Probability density functions of the velocity in-
the K41 prediction of ¢, = % crements v from experimental data [Ren01]. Deviations from
with increasing n agrees better Gaussianity is attained at small scales r given in unities of the
with experimental and numerical integral length scale L.

data.
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3.6 The energy cascade in MHD turbulence

We have seen from the von Karman-Howarth equation of MHD turbulence (3.65), and its con-
nection to the equation of the two-point magnetic field correlation function (3.77), that we have
to deal with the possibility of energy cascades in the magnetic energy in addition to the usual
energy cascade in hydrodynamic turbulence.

It seems therefore more complicated to deduce a phenomenological approach similar to that
mentioned for the hydrodynamic case and to identify mechanisms responsible for the energy
transfer. Nevertheless, there exist two different theories for the energy cascade in MHD tur-
bulence, the Iroshnikov-Kraichnan energy cascade [Iro64], [Kra65], and the Goldreich-Sridhar
energy cascade [Gol94]:

i.) The Iroshnikov-Kraichnan energy cascade:

This theory takes into account a modification of the inertial range scaling based on the Alfvén
effect. Its main assumption is that the large-scale magnetic field makes the small-scale fluctua-
tions to behave approximately as Alfvén waves. Therefore, Alfvén waves which move in opposite
direction along the lines of force, interact with each other and their correlation time is given by
T4 = r/va, where r is the typical size of a wave packet and v4 is the Alfvén velocity from 2.3.
The energy transfer time is thus increased by a factor 7,./74, where 7, is the energy transfer
time from ordinary turbulence, and we get

T=-—", (3.99)

Let us denote dv, and 6b, as the velocity and magnetic field fluctuations in an ’eddy’. Since the
Alfvén waves are an equipartition solution, we get dv, ~ db, and this yields

Svit/r? ~ e (3.100)
The requirement of constant energy flux over scales leads immediately to
50, ~ (evg) Y/ 4r1/4, (3.101)

It is important to stress that a wave packet has to experience many uncorrelated interactions
with oppositely moving wave packets and that the large scale magnetic field is not necessarily a
mean field, which is excluded by the assumption of isotropy, but is rather a macro-state which
has a non-negligible influence on the small scale fluctuations. The scaling behavior of equation
(3.101) corresponds to an energy spectrum

E(k) = Crx(evg)/?k3/2, (3.102)

where CTg is expected to differ from the Kolmogorov constant C'rc. This spectrum is less steep
than the Kolmogorov spectrum, but the difference between the two is rather small, which makes
it difficult to distinguish them in numerical simulations and experiments. An interesting fact of
this energy spectrum is that it formally coincides with the energy spectrum derived by Kraich-
nan in his direct-interaction approximation (DIA) for hydrodynamic turbulence [Kra59]. This
theory does not properly distinguish between the advection and the stretching of eddies and
small-scale fluctuations are therefore not independent from the large-scale velocity field, which
means that the localness of interactions assumed in K41 is not fulfilled anymore. isotropic
turbulence the large-scale velocity field can be removed by a Belinicher-L’vov transformation
to a co-moving reference frame and therefore the small scales should not be influenced by a
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large-scale field. In a later chapter we will explicitly see that a nonlocal interaction between the
large-scale magnetic field and the small-scale fluctuations can be introduced by the cross helicity.

i1.) The Goldreich-Sridhar energy cascade

Up to know, we have only considered isotropic MHD turbulence. A theory for a strong ex-
ternal field, however seems to contradict the assumption of isotropy, since we now have to deal
with a distinguished direction. Therefore, Goldreich and Sridhar assumed that ’eddies’ are
strongly anisotropic and elongated in the direction of the large-scale magnetic field. Their cen-
tral statement is the so-called critical balance condition which relates the field-parallel size 7
and the field-perpendicular r| size of the ’eddy’. The turbulent transfer to small scales in the
field-perpendicular direction is not affected by the magnetic field and therefore r| decreases,
which will elongate the eddy. The observed structures are then current sheets. This stretching
process will however be limited by a propagation along the lines of force with the Alfvén velocity
va. We therefore obtain the critical balance condition

Oury VA

3.103

TL ""” ( )
This can also be interpreted as a formal balance of the two advective terms in the MHD equations
in terms of the Elsésser fields with an external field H

9 + + +_ 1 Lo
52 +27-Vz© Fva-V)z :—;V p+§ph : (3.104)

where )

V4= (ﬁ)5 H. (3.105)

Under the assumption of constant energy flux, which takes mainly place in the k; direction we
arrive at

E(ky) ~ 3k, (3.106)
The parallel spectrum can be obtained by making use of the critical balance condition, and we
get

B(ky) ~ 2k, (3.107)

These two phenomenological theories and their applications are highly controversial to the
present day. A model that takes into account both theories is given by Boldyrev [Bol06], and
reproduces both spectra in their corresponding regimes, in focusing on the alignment character-
istics of the MHD flow.

3.7 Dynamo theory

The process of an amplification or the maintenance of a magnetic field by the conversion from
kinetic to magnetic energy is generally referred to as a dynamo. Since the theory of dynamos
is crucial for the description of the persistent presence of magnetic fields in the universe, there
exists a variety of contributions to this special field of magnetohydrodynamics. For an excellent
overview of the topic, the reader is referred to [Bra05]. In the following we want to focus
on the generation of a magnetic field due to the turbulent motion of the fluid. To this end
we consider the turbulent motion as given and focus solely on the induction equation (2.8)
neglecting any back-reaction of the magnetic field on the fluid by the Lorentz force in (2.11).
This kind of dynamo is also called a kinematic dynamo and the turbulent motion has to lack
mirror symmetry, since symmetric fields can not maintain an axisymmetric field, as it is shown
in the following section.
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3.7.1 Symmetric fields and dynamos

It was shown by Cowling [Cow76] that a magnetic field, which is symmetric about an axis, cannot
be maintained by a symmetric motion. For a proof of this so-called anti-dynamo theorem, we
divide the axisymmetric fields u(xt) and H(x,t) into poloidal u,(x,t), H,(x,t) and toroidal or
azimuthal parts u,(x,t)e,, Hy(x,t)e,, according to fig. 3.7 a). The corresponding poloidal
field Hy(x,t) in a meridian plane is depicted in fig. 3.7 b): The lines of force are closed curves
and they have two neutral points O and O’, where the poloidal field vanishes. In order to
maintain the magnetic field at these neutral points, an azimuthal current is required. Therefore,
we need an azimuthal electric field component E,(x = é,t), which can not be guaranteed by
u(x = 0,t) x H(x = O0,t), because the magnetic field reduces to Hy(x = 0, t)e, at this point.

\ r"!- _,‘rl'l

a) b)

Figure 3.7: a) Spatial division of the fields u(x,t) and H(x,t) into poloidal and toroidal (azimuthal)
components in a sphere. The circle MM’ is called the meridian circle. b) Lines of force of the poloidal
field H,(x, t) in a meridian plane through the axis of symmetry. The points O and O’ are neutral points.

3.7.2 Mean-field electrodynamics

As we have seen in the section about the Reynolds averaged MHD equations 3.3, the division
of the magnetic and velocity field into mean and fluctuating parts according to (3.11) yields an
induction equation for the mean magnetic field h(x,t), namely (3.17). This induction equation
that contains a supplementary mean electric force € = (u’ x h') resulting from the interaction of
the turbulent motion and field, is of great interest in the realm of kinematic dynamo theory. A
systematic approach to such a theory was first given by Steenbeck, Krause and Réadler in 1966
[Ste66], and is termed as mean-field electrodynamics. Since these works were only published in
German, their significance was only recognized by few people like Parker [Par70] and Cowling
[Cow81]. For a review of mean-field electrodynamics, the reader is referred to [Rae07].

In mean-field electrodynamics one is purely concerned to see if a given type of turbulent motion
u(x,t) can generate and maintain a mean magnetic field h(x,t). Thereby one assumes that the
correlation time 7 and scale length A of the velocity u(x, t) small compared to the scale time %
and scale length [y of the variation of the mean fields (x,¢) and h(x,t). The meaning of 7 is
thereby the time period in which the turbulent motion u’(x, t) is correlated with its initial value
and A can be regarded as a scale length comparable to the mean eddy size.

In order to determine the mean electric field e(x,t) occurring in (3.17) we have to derive an
evolution equation for the fluctuating part of the magnetic field h'(x,t). To this end we divide
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the evolution equation of h(x,t) = h(x,t) + h/(x,t) into mean and fluctuating parts

%h(x D = Vx(e(x,8) +(x,£) x h(x, 1)) + AV2h(x, 1), (3.108)
%h’(x B = Vo (@0 f) x B(x, 1)+ u'(x, 1) x h(x, 1) + g(x, 1)) + AV2H(x, 1),

(3.109)

where g(x,t) = u/(x,t) x h/(x,t) — €(x,t). Obviously, the first equation is identically to (3.17)
from the the section of the Reynolds averaged MHD equations.

In the following treatment of (3.109) we neglect u(x,t) and restrict ourselves to an electric
force €(x,t) generated purely by the turbulent motion. Furthermore we neglect g(x,t), which is
known as the “first-order smoothing” approximation. This approximation is only valid if

1. R VO 1 Thisis the high-resistance case where V x (u(x, t) xh'(x, t)) is balanced
by the res&stlve term.

2. %h’(x, t) is balanced by V x (u(x,t) x h'(x,t)), which is the case if the fluctuations occur
A

The evolution equation for the turbulent magnetic field thus reads

on a small time scale 7 <

gth’(x,t) — AV2h/(x,t) = V x (W/(x,1) x h(x,1)). (3.110)

Since we are only interested in the part of h”(x,¢) of h/(x,t) that is correlated with u'(x,t), we
integrate (3.110) from time ¢ — 7 to ¢ with the initial condition h’(x,¢ — 7) = 0 and obtain

h'(x,t) = /tt dt’ V x (u'(x,t) x h(x,t')), (3.111)

where resistive effects have been neglected.
Since 7 is at most of the order of an eddy turnover time ﬁ, it is reasonable to consider the
u

integrand in (3.111) as independent from ¢, which yields

h”(x,t) = 7V x (u'(x) x h(x)). (3.112)
In taking the vector product with u/(x,t) from the left and averaging, we obtain
(W' xh"y = (u' x h') = 7(u’ x [V x (u’ x h)]). (3.113)
Therefore the i-th component of € reads
€ = TEijkEkmnEnop(U ]8;? up hy) (3.114)
= 7€k (Oko0pm — Okpdom) (l_zp<u;8u;> + (u’u'O)aﬁp)
Oz, 77" 02

B ) 9
= TEijk <hm<u;8$u§€> - (u?u%)hk> )

where the incompressibility condition was used in the last step.
Under the assumption of isotropy, the following tensors can be inserted in (3.114)

0 1
(! ]8m —uy) = 6<U/ -V % u’}sjmk, (3.115)
(uuy,) = %(u’ ~uYdim (3.116)
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The mean electric field can thus be written as

e(x,t) = a(x,7)h(x,t) + B(x,7)V x h(x,1), (3.117)
where
T, / )
a(x,T) = —§<u (V xu)) and B(x,7) = §<u ). (3.118)

The quantity u'(x,t)- (V x u/(x,t)) is the helicity of the flow which is conserved in inviscid fluid
dynamics. If the mean helicity does not vanish, the vorticity w’(x,t) = V x u/(x,t) precesses
about the direction of the vorticity. Furthermore, non-zero values of the helicity are connected
with the lack of mirror symmetry in the turbulent motion as discussed in section 3.1. The
influence of the turbulent motion on the mean field h(x,t) can be seen in inserting (3.117) into
(3.108). This yields the mean-field dynamo equation

%E(X,t) =V x (a(x,7)h(x,t) + 0(x,t) x h(x,t)) = V x (A + B(x,7))V x h(x,t). (3.119)
The quantity B(x,7) is therefore an eddy diffusivity that is similar to the Ohmic diffusivity
M. The term a(x,7)h(x,t), which consists of an electric field parallel to h(x,t), is of great
importance for the dynamo maintenance. Since it was shown in the previous section that an
axisymmetric magnetic field cannot be maintained by an axisymmetric motion the so-called a-
effect guarantees an electric field a(x, 7)hy(r, 6, t)e, in azimuthal direction and therefore allows
the mean magnetic field to escape from the anti-dynamo theorem.

3.7.3 aw dynamos

In order to discuss axisymmetric mean field dynamos of a fluid in a rotating sphere, we introduce
cylindrical coordinates (7, ¢, z). The axis of rotation is assumed to point in the e,-direction and
the sphere is assumed to rotate with the (in general nonuniform) angular velocity w(r,t). The
azimuthal component of the velocity is therefore given as u, = w(r, t)r and the poloidal magnetic

field
day(r, z,t) 1 0(ray(r, z,t))
- ) 07 - )
0z r or

is determined by the toroidal vector potential a,(r,z,t)e,. Inserting the toroidal and poloidal
fields into the mean-field dynamo equation yields (3.119)

h,(r,z,t) =V x (ax(r, z,t)e,) = < (3.120)

= (77 )| 2.0 207 20+ )9y P2
= r(hy(r,z,t) - Vw(r,t) + [V x (afr, z,7)hp(r, 2,1))] - €y, (3.121)

for the azimuthal component of h(r, z,t), where A, = XA + [ is the total diffusivity, which is
assumed to be uniform.

The evolution equation for the poloidal part of the magnetic field hy(r, z,t) = V X (a,(r, 2, t)ey)
can be integrated in order to obtain an evolution equation for the azimuthal vector potential

0 1 1

[(‘% — N <V2 — 2)} ay(r, z,t) + —up(r, z,t) - V(ray) = a(r, z,7)he(r, 2, t). (3.122)
r r

The first two terms on the right hand side of (3.121) can be considered as source terms that

generate toroidal field from the poloidal field h,(r, z,t). In most cosmical problems the first term

that is due to nonuniform rotation is large compared to the o term. These kinds of dynamos

are known as aw dynamos, whereas the neglect of the first term in (3.121) leads to o dynamos.
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The production of toroidal field hy(r, 2,t)e, in an aw dynamo is depicted in fig. 3.8. Due to
the nonuniform rotation, the outer equatorial regions rotate more slowly than the inner regions.
According to Elsésser [Els46-50], the nonuniform rotation shears the magnetic field near the
center and the arms of the lines of force are drawn out into the azimuthal direction where the

regions farther from the axis rotate more slowly w < 0.

Iy

Figure 3.8: Generation of toroidal field h(r, z,t)e, from poloidal field h,(r, z,t) due to the nonuniform
rotation of the sphere

The source term on the right hand side of (3.122) is the reaction of the toroidal field onto the
poloidal field. The existence of a non-vanishing «(r, z, 7) is therefore necessary to maintain the
dynamo action. In neglecting the poloidal velocity component in (3.121) and (3.122), we arrive
at the evolution equations for an aw dynamo in the form

[gt Y <v2 - :2)] ho(rzt) = r(Va(rt) x Vay(r, 2 1)), (3.123)
{gt -\t <v2 - ;)] ap(r,z,t) = a(r,z,7)hy(r, 2,t). (3.124)

These two equations determine the maintenance of dynamo action on nonuniform rotating
spheres. Nonuniform rotation can be the result of Coriolis forces acting on convection cells,
for instance in the earths core. However, one should not forget that the parameter a(r,z,7)
retains the velocity field fluctuations and therefore all the uncertainties of a dynamo process.
Therefore the generation of the helicity for the a-effect has been discussed by several authors
[Bra05]. Parker explained this phenomenon by Coriolis forces that are acting on convection
cells, like they occur in the Sun’s convection zone. In a more general interpretation, a lack of
symmetry between rising and descending motion is needed to create a non-vanishing o. An
approximate expression for «(r, z,7) is given by Cowling [Cow81] as

afr, z,7) ~ T2 (u?)w(r) cos 0% In(p(r, 2)\/(u'?)), (3.125)

where p(r, z) is a changing density, which can change with height z as it is the case in most of
the Sun’s convection zone.

Although the properties of the factor a(r, z,7) are rather unknown, aw dynamos were success-
fully applied to the theory of the solar cycle, known as the Babcock-Leighton theory [Bab61],
[Lei64].

41



3.7. DYNAMO THEORY

42



Chapter 4

Hierarchy of structure function
equations for locally isotropic MHD
turbulence

In this chapter, Kolmogorov’s theory of locally isotropic turbulence is generalized to the case of
MHD turbulence. To this end, the tensor calculus introduced by Chandrasekhar in [Chab1] is
used and a hierarchy of structure function relations is derived. The equation of energy balance
of the velocity and magnetic increments is used to generalize the 4/5 law in the presence of a
magnetic field. A second evolution equation for the cross helicity of the increments is obtained
and discussed for the case of a homogeneous large-scale magnetic field that affects the small-scale
fluctuations in a nonlocal manner.

The next order equation relates the third- and fourth-order velocity structure function and is
the first order which provides a direct dependence of the longitudinal and the transversal struc-
ture function of fourth order based on the dynamics and not on the incompressibility condition.
This procedure is a generalization of Hill’s treatment [Hil01b] of structure function relations in
hydrodynamic turbulence to MHD turbulence. Equations identical to that of Hill were derived
by Yakhot [Yak02] using a generating function introduced by Polyakov [Pol95]. In this order one
has to deal for the first time with correlations containing the pressure-gradient, which vanishes in
the order below by the homogeneity assumption. It is therefore necessary to model the pressure-
gradient and an interesting way to do this consist in a projection of the pressure-gradient on the
quadratic longitudinal velocity increments based on the Bernoulli equation [Got02].
Furthermore, a rescaling relation between longitudinal and transversal structure function intro-
duced by [Gral2] for hydrodynamic turbulence is discussed and used for an approximation of
the relations between longitudinal and transverse structure functions in MHD turbulence.

4.1 Evolution equation for the magnetic and velocity increments

We consider the MHD equations in terms of the quantity

h = (”)éH, (4.1)



4.1. EVOLUTION EQUATION FOR THE MAGNETIC AND VELOCITY INCREMENTS

which has the dimension of a velocity.
The MHD equations thus read

0 0 0 10 1

a4 noa Wi hnihl = - -plh 2 2 % 4.2
T By Oy p Ox; <p+ 2p| | > Vi, (42)
) ) ) )

ahz + unaixnhl - hnaixnuz = )\Vxhl, (43)

where summation over equal indices is implied, and V2 = 8%8% is the Laplace operator in x
n n

space.

We introduce the velocity and magnetic increments

vi(x, %' t) = wi(x,t) —u;(x,t), (4.4)
bi(x,x',t) = hi(x,t)— hi(xX,t). (4.5)

For brevity, let u;(x’,t) = u}, hi(x',t) = h] etc. Furthermore it is required that x and x" have
no relative motion, so that terms like %ug and 8%1;@- vanish.

Subtracting (4.2) at point x’ from (4.2) at point x and performing the same procedure for (4.3)
yields

9 .9

0 0 , 2 2
Vi + Un 70 27V —hnm—bi—hy,7—b = —P 1) Vi, 4.
Vi U oz —i—unam%v h 6xnb h”ax;b +v(Vy + Vi )v (4.6)
9 . 9 ) / 9 ) 9 . / 0 R 2 2 \h.
abi + unT%bZ + Unax;l b’L hn 8$n (% hn agj/n vy = )\(Vx + vx/)b“ (47)
where 5
. ry o1 (! 1 2 I 2
P 1) = = = (e, 0) = p(, 1) + go((x. O = (G0 (1)

was introduced for the total pressure increment.
The equations of motion for the velocity and the magnetic increment read

0 0 0 0 0 1 0
Vit ong Ui+ Un Vi —bny—bi —Hp o by = ——-—P : 2 Ui
ot e, T e, T T, e pax,T TVt Velui
(4.9)
0 0 0 0 0
b o} b — v — H R 2 2 ;
8th + vnaTan + Unaanl bnarnvZ naXnv, MV + Vb,
(4.10)
where we have introduced relative and center coordinates
r = x—x, (4.11)
/
x - XX (4.12)
2
Furthermore, we have introduced the quantities’
t 't
U, ) = 260 +ul ) (4.13)

2 )

n this case H(x,x',t) is not to be confused with a strong uniform magnetic field H, as it has been discussed
in the section about the Alfvén waves 2.3. It can rather be interpreted as a large-scale field, that can strongly
affect the small-scale fluctuations.

44



4.2. STRUCTURE FUNCTIONS OF SECOND ORDER

h(x,t) +h(x', 1)

5 .
By this change of variables, the implication of homogeneity for the statistical interpretation
of the increment equations (4.9) and (4.10) can be seen directly: If % acts on a statistical
quantity, this gives zero, since this quantity should be independent of the rate of change with
respect for the place where the measurement is performed [Hil01b].

H(x,x',t) =

(4.14)

4.2 Structure functions of second order

The symmetry of the MHD equations provides the evolution equation of two different symmet-
ric structure functions of second order. These are (v;v; + b;bj) and (v;b; 4+ vjb;). The evolution
equation for the antisymmetric tensor (v;b; — v;b;) can not be written in a closed form but the
case of a uniform field H(x,x’,¢) is discussed in section 4.2.2.

4.2.1 The equation of energy balance in MHD turbulence
Let us multiply (4.9) by v; and then do the same procedure for interchanged indices. This yields

0 0 0 0 0 0 0
aij + vanij 9X, —U, nUilVj — bn’Uj 877.”[)1 — bnviairnbj — Hn?./j 78Xn b; — aniiaXn bj
= —v; P — v;Pj + vv; (V2 + V2)v; + v (V2 + V), (4.15)

where we have made use of the incompressibility condition for v, and U,. We now multiply
(4.10) by b; and again interchange the indices, which leads to

d 0 d d 0 d
50t + a—Mvnbibj e ——Upnbibj — bub; " —bnbja — Hybij—— o — Hpbj—— 3"
= A (V2 + VZ2)b; + \bi(VZ + V2)b;. (4.16)

It can readily be seen that equation (4.15) and (4.16) are linked together by terms in (4.9) and
(4.10) that are advected by either b(x,x’,t) or H(x,x',t), since we are not able to write the
balance equation for the kinetic and magnetic increments in a closed form separately. This can
be seen as a significant feature of locally isotropic MHD turbulence.

Adding equation (4.15) to (4.16) and taking the averages, gives an evolution equation for the
symmetric tensor (v;v; + b;b;) in MHD turbulence.

0 0 0
a(ij + bzbj> + 87%<’Un(’uivj + blbj» — 877‘”<bn(vibj + ’Ujbi)> (417)
0
toax (Un(vivy +bidj)) — 5 (Ha(vibj + v;bi))

= —(0;P, +v;P}) + 2w [(Vz vz ) (vivj) — <€?}‘>] +2A sz + zllv%‘> (biby) = <€?]h>} ’

where we have introduced
w Ou; ou; ou; 3U;
= () () + (52) (a2) (419
Oh;\ [ Oh,; On,\ [ On;
hh __ 7 ) 7 J
= () (5)+ () (550): (#19)
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The treatment of the viscous terms is described in the appendix B.2.3. Under the assumption

of homogeneity, the terms that stand behind the center derivative % can be neglected. Fur-
thermore the pressure term vanishes on the basis of local homogeneity [Hil97].
Summing over equal indices ¢ and j in equation (4.17) leads to the equation of energy balance

of MHD turbulence in a briefer form

'U2 r 2 r
28t<v £) + b (r )>+Vr-<v(r,t) (’t);b ( ’t)>—Vr~(b(r,t)v(r,t)-b(r,t)>

= V2 <v 1)) + V2 <b2 t)) —2(e¥ (x) + P (x)) + Q(r, 1) ,

(4.20)

where (eV(x,t)) and (P(x,t)) denote the corresponding local energy dissipation rates and
Q(r,t) = (v(r,t) - F(r,t)) + (b(r,t) - G(r,t)) takes into account a forcing procedure.

4.2.1.1 The 4/5 law in MHD turbulence

In the following we introduce the tensors

DYY (r,t) (viv;) (4.21)
DPp(r,t) = (bibj) (4.22)
DYy (r,t) = (vjvjop) (4.23)
DPPY (v,t) — DYPP (x,t) = (bibjun) — ((vibj + v;bi)by) - (4.24)

where the subscripts denote the corresponding increments.
The last tensor (4.24) decomposes in terms of the corresponding correlation functions according
to

DPPY (r,t) = DYPP (r,8) =+ 2((hjhaul) + (hihatly) + (hihjul,))
— 3({(unhy — ughn) B + {(unhs — b)WY — ((uihi + uhy)L)),
(4.25)

where terms like (u;h;hy,) — (u;h}h;,) vanish under the assumption of homogeneity. It can readily
be seen, that the structure function does not decompose into the corresponding correlation
functions like the structure function in the hydrodynamic case (4.23), considered in the appendix

B.2.2. This is crucial for the appearance of the antisymmetric tensor
(hjun = usha)hE) = C(r ) (L83 — 635 ) (4.26)
r r

whose defining scalar C"PB(r, t) is not touched by the incompressibility condition. We already
know this tensor and its properties from section 3.4.4.
The equation of energy balance in spherical coordinates can now be written in the form

lg Vv bb Lg 2 yvvv 2 bbv __ 7vbb

L (0 01+ D900 - (0P ) 420 (0 -0
10 (50 10 (5,0 b _o/v b
=V3a (7" 50 (r,t))> tA35, ( 5. 0% (r, t))) 2(eV +e°) +Q(rt) ,
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where we have inserted the following functions, which can be expressed in terms of longitudinal
structure functions and correlation functions as derived in the appendix B.2.1.1 and B.2.2.

DD = (PrD) = G (DY) (4.27)
;D""(r,t) _ 7«13; (r‘liDZ,‘f(r,t)) (4.28)
DV (rt) = (1) = 5 (PR )
9 10 (,0
EDbb(r,t) = 35 7“4874D7'?,,(7‘,t)> (4.29)
DYV (r,t) = UT(T',t)V(T‘,t)2>
A () (130
DPPY (r,t) = DYPP (r,t) = (vn(r,t)b(r, 6)%) = 2(b,(r,t)v(r,t) - B(r, 1))
= LD (k) 8O (4.31)

For stationary turbulence the fields are driven by a time independent source term Q(r,t) = Q(r),
and we obtain

ig 12 4 1 vvv hhu g vv g bb
r2 a,r <,,an (7" {6D7”7"7‘ (7") 2Ctt7" (T) VarDrr(T) AaT’DTr(T)

4 0 2 ~uhh v b
2 <5T7“ C*(r) ) = =2(e¥ +7) + Q(r) , (4.32)
Two integrations with respect to r yield
A'a'a% hhu 24 " /13 ~uhh/ / 4 v b
DMT(T)—12CHT(T)—T—4 dr’ 2O () = — 5(6 +e%)r
0
+ 61/£va (r)+ GAQDbb (r) +q(r)
a'f' rTr 87‘ rr q N
(4.33)
where the source ¢(r) is given by
q(r) = :1/ dr'r'/ dr”r”QQ(r") (4.34)
0 0

Equation (4.33) is the generalization of the 4/5-law from hydrodynamic turbulence in the pres-
ence of a magnetic field. The 4/5 law in hydrodynamic turbulence is an exact relation between
the second and third order longitudinal velocity structure function and the energy dissipation
rate (¢V). However, in the case of MHD turbulence this relation is not closed, since the source
term from C"P () doesn’t vanish in the inertial range. In the following we discuss the implica-
tions of (4.33).

4.2.1.2 Dissipation range

As it has been discussed in section 3.4.4, the third order longitudinal velocity structure function

DYYY (r) scales as ~ 3 for small r, whereas the mixed correlation functions only scale as 7

che () = —2Cor
cubh(r)y = 5Cyr, (4.35)

47



4.2. STRUCTURE FUNCTIONS OF SECOND ORDER

where C is taken from (3.60) and can be seen as the contribution to the magnetic energy from
the stretching of the lines of force by the velocity field. The source term can thus be expressed

in terms of the defining scalar CPP (r), namely CUPB(r) = —SChbu ().

In the dissipation range r < min(ny,m,)!, DYYY () can thus be neglected. Furthermore, by
inserting (4.35) into (4.33), one can readily see that the two mixed correlation terms exactly
cancel each other, which implies that energy is only lost due to dissipative effects. In the

dissipation range (4.33) thus reads

0 0 _bb 4 b
G%ﬁDﬂ0ﬁ+6%ﬁDM0ﬂ:g@¥+e>n (4.36)
where the forcing was assumed to take place on larger scales, so that ¢(r) = 0. An integration
with respect to r yields

1

j— re.
PIII

DY (r) + 5Dy (r) 5 (4.37)

4.2.1.3 Inertial range behavior

The inertial range behavior of (4.33) is obtained by neglecting the dissipative terms which yields

24

DYy () — 120H8 (1) - =5

rTrTr

r 4
0

The left-hand side of (4.38) therefore has to scale as r. The source term is somehow not closed
since it involves an integral relation and C"BR(r) can not be written in terms of CPPY (r), as in
the preceding section.

It would be necessary to find an expression for the defining scalar of the antisymmetric tensor
(4.26), which can already be seen from the equation of energy balance (4.20), where the cross
helicity term (b (r,t) v (r,t) - b(r,t)) is not closed. We will come back to this issue in section
4.2.3.

Focusing on the local behavior of (4.38), we conclude that in regions x where there is alignment
between the velocity and the magnetic field, we have no contributions from the source term,
since ((hjun — ujhy,)h;) vanishes in these regions. Therefore we obtain

rTrr

DYYY (r) — 12CPPY (r) = —% <EV + €b> T (4.39)

In these regions, (4.39) is an exact relation and one concludes that the velocity and magnetic
1

increments scale as r3.

4.2.1.4 The 4/5-law in terms of the vector potential a

The source term in (4.33) can be written in another form by introducing the vector potential a,
which is defined by

h=Vxa. (4.40)

We replace k) in (4.26) by the vector potential and get

0
(hi(ujhy — unhy)) = 5ik:m67rk<a/m(ujh” — unhyj)) - (4.41)

!These are the corresponding Kolmogorov length scales introduced in chapter 3.
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4.2. STRUCTURE FUNCTIONS OF SECOND ORDER

The defining tensor is skew, solenoidal in ¢ and antisymmetric in j and n. It can be written in
analogy to equation (3.83), namely

r 0 ri ry  Th T
(45 = tunhy)) = Ar,Dzign + 55 A1) (Lt — et ) . (4.42)

20r

We insert this tensor into (4.41) and get by comparison an expression for the scalar CUPR(r, 1)
in terms of the scalar A(r,t),

r 02 0

The source term in (4.33) thus can be rewritten and we get

CUPR(r 1) = 53 A ) +2

rrr

DYYY (r) — 12CP2 (r) = —% (7 +e2)r - 12§A(r). (4.44)

Therefore, the integral relation that enters in (4.33) is rewritten in terms of a vector potential
correlation. However, the correlation function (4.42) has no direct physical meaning since it
depends on a gauge field for a and the inertial range behavior of (4.44) has to be discussed in
including the evolution equation of the cross helicity, discussed in the following section.

4.2.2 The evolution equation of the cross helicity for the velocity and mag-
netic increments

The cross helicity (v;b;) in MHD turbulence is determined by the evolution equation of the second
symmetric tensor (v;b; + v;b;) and the antisymmetric tensor (v;b; — v;b;). These equations can
be obtained in multiplying (4.9) by b; and (4.10) for the index j by v;.
This yields

0 0 0 0 0 0

5 = vib; + o = UpU;bj + ox. = Unvibj — bjby, U nb —vibna—rnvj —bjH,

= —bj.PZ' + l/b](v}% + Vi,)vi + )\UZ(Vi + Vi/)b]

87)(7}71 — UZ‘HnTAX,nUJ

From this equation, we are able to calculate the symmetric and antisymmetric tensor of the
cross helicity. The equations read

0 0 0 0
f<Uzb + Ujbi) — 7<bnb1bj> — —(bnvw]) + —(vn(vibj + Ujbi»

ot J ory, ory, ory,
1 0 0
B <b]aXP+baXJ P)
v (b; (V2 4+ V2)v; + bi(VE 4+ V2)v;) + Mo (V2 + V)b + v (V2 + V2)b;).
(4.45)
and
0 0
g vibs = vibi) + a—rnwn(vibj —v;bi))
0 0 0 0
—<bn(bj67rnbi - bi@T"nbj» - <Hn(bj73ani - bii@Xn bj))
0 0 0 0
—<bn(vj£1’i - UiaTant)) - <Hn(vj87Xn”i - UiaanUj»
Lo, 0,

= laxt- 10X,
+v(b; (V2 + V2)v; — bi(Vz + V2)v;) + Mo (V2 + V)b — v (V2 + V2)b;).
(4.46)
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4.2. STRUCTURE FUNCTIONS OF SECOND ORDER

Since the tensor of the cross helicity is skew, it can be written as
Tk
<Uibj> = S(T, t)Eijk7, (4.47)

and the symmetric tensor (v;b; + v;b;) vanishes in equation (4.45).
The tensors (v;vjb,) and ((v;b; + v;b;)v,) are skew tensors, symmetric in 4,j. They can be
written as

T r T T
(vivjby) = B(r,t) (ijnka + 716”1/{;%) , (4.48)
T T T T
(it + vibiyo) = V(1) (Bejui ™ + Ly ). (4.49)
r r r r
Since (b;b;by) is skew and symmetric in ¢, j and n, it follows that it must vanish, thus
(bibjby) = 0. (4.50)

The same argument holds for the viscous and pressure terms, which are skew and symmetric
in two indices. Furthermore, the calculation of the divergence of the tensors (4.48) and (4.49)
gives zero

0 0
87%<’Uz‘7)jbn> — 871_”«2)@'[)]‘ + vjbi)vn> =0, (4.51)

and the whole equation (4.45) vanishes. This is an interesting result and an implication of the
fact that skew tensors can not be symmetric in all their indices.

Turning to equation (4.46), the terms which cause problems, are obviously the terms that are
advected by the large scale magnetic field H(x, x’,¢). A mean field approach for a homogeneous
magnetic field (H,) > (b,) yields

0 0 0 0
<Hn (bjaanz‘ - bz'aanj>> = (Hy) <bjaanz' - biaanj> ; (4.52)
and

0 0 0 0

Under the assumption of isotropy the following tensors can be inserted, in analogy to equation
(4.62) from the section about mean field electrodynamics 3.7.2

0 1
(Vimotn) = eign(v- Vo x V) (4.55)
Uzan’Un = Gawn v -V X V). .

One obtains

0 0 0 0 1

(4.56)
(H,.) <ujaaXnui _ viaffnvj> — (H,) <vj (ain”i _ 83&%» _ —égijn<Hn><v VX V).
(4.57)

The contribution from (b-Vx xb) = 47w (b-J) has the meaning of a turbulent resistivity, whereas
the contribution from (v - Vx x v) = (u- ) is the kinetic helicity of the velocity field.
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4.2. STRUCTURE FUNCTIONS OF SECOND ORDER

Under the assumption that the small scale terms in (4.46) are much smaller than the terms that
are advected by H(x, x’,t), the evolution equation for the cross helicity now reads

0 1 1
§<’Uibj — Ujbi> + gsz]n<Hn><b - Vx X b> + §€ijn<Hn><V -Vx X V>
= w(bj(Vi + Vi) — bi(Vi + Va)vj) + Mo (Vi + V)b — vi(Vy + Vi )bj).

(4.58)

In the following, we assume that the turbulent resistivity is rather small and conclude that
the source term for the cross helicity only exists if the large scale vorticity precises around the
small scale velocity vector so that the kinetic helicity does not vanish. Furthermore, due to the
large scale magnetic field H(x,x',t), the cross helicity introduces a nonlocal character into the
equation of energy balance (4.20). The implications of this fact are discussed in the next section.

4.2.3 An approximation for the source term

As it has been discussed in the two preceding sections, the equation system, consisting of the
equation of energy balance (4.20) and the equation of the cross helicity (4.46), is not closed. It
would be necessary to consider a third equation, namely the evolution equation for the large-scale
magnetic field H(x, x', t)

P P P P 9 s s
aHl + 'UnairnHl + Unaan - bnairnUl — Hnai)(nUZ = )\(Vx + Vx/)HZ. (459)

However, if we assume that the large-scale magnetic field doesn’t change that much over time,
we can directly integrate (4.58)

1 t
(’Uibj — Q}jbl‘> S 35ijn<Hn>/ dt/<V . VX X V), (4.60)

where we have neglected the viscous and the resistive parts.
The cross helicity tensor can be simplified according to

(vibj) = ((u; — i) (hi — hg)) = 2(uih;) — (uihy) — (uih}) = 2(u;hy), (4.61)

where in the last step it was used that (u;h) = —(u;h;), due to the lack of mirror symmetry.
Furthermore, we introduce the tensor

1 t
Qjjn = 5ijn/ dt/<V . VX X V>, (462)
6 —oo
along the lines of the a-effect from mean field electrodynamics. This yields

(uihj — Ujhi> = Oéijn<Hn>. (4.63)

Making use of the first order smoothing approximation from section 3.119 and multiplying by
hj, = hi(x + r), and again taking the average yields

((uihj — ujhi)hy) = (Hp){cvijnhi). (4.64)

For the case where the source term is the dominant term in equation (4.33), we thus obtain the
scaling
(H)(ah') ~ 7, (4.65)

o1



4.3. NEXT ORDER SYMMETRIC STRUCTURE FUNCTION

where « is a matrix in this case.

The preceding discussion shows similarities to the Iroshnikov-Kraichnan phenomenology from
section 3.101. First-of-all, the large-scale magnetic field H(x,x’,¢) introduces a nonlocal char-
acter to the equation of energy balance (4.20). Therefore the Alfvén effect can occur solely by
the presence of H(x,x',t), without an additional external magnetic field. In addition, equation
(4.65) predicts the scaling of a moment of fourth order, since the matrix « is a moment of second
order. The interpretation in the sense of the Iroshnikov-Kraichnan phenomenology would be
that the magnetic and velocity increments scale as 7, since the vorticity and the velocity in
(4.62) have the same dimension. However, it should be stressed that the above model takes into
account several approximations and is far from being exact.

4.3 Next order symmetric structure function

In the next order of the hierarchy we have to deal the first time with structure functions con-
taining the pressure gradient. There exist two obvious structure functions of third order which
are symmetric in ijk. We consider first the structure function which involves the triple velocity
increments v;vjv. By multiplying (4.9) and (4.10) by the corresponding increments we obtain
a first evolution equation for the triple velocity structure function (v;vjvi), which also involves
the dynamics of three terms similar to (v;b;by) (indices interchanged). Under the assumption of
homogeneity we obtain

0 0
§<U¢’Ujvk + ’Uz'bjbk + bi’l)jbk + b,;bj’l)k> + 877%<Uk’l}i’l)jvn — bibjbkbn>

0
W@n(vil}jbk + bﬂ}jvk + Uiijk»

(UZUJ + bibj) Py + (vivg + bibg) Py + (vjvg + bjby) Pr)

{viv;( (V2 + V2) oy, + vjup(V2 + V2)v; + vop(V2 + V2 i)

(bibj (V2 + V2 ) vk + bjbe (V2 + V2)v; + bib (V2 + V2)v;)

{v; j(v2 + V2)bg, + vpb; (V2 + V2)b; + vk (V2 + V2,)bj)

(0;b;(V2 + V2)bg + b (V2 + V2)b; + v;b (V3 + V2)bj ) . (4.66)

0
6 —— (Un (vibjb + bivby, + bibjvy)) —

—{
+v
+v
+A
+A

Another evolution equation can be derived for the triple magnetic structure function (b;b;by):

2 2,
ot ot
o o
+87Tk<vn(ijbk + vibjvg + bivjug + bibjbk» — men(biijk + bjv;by + v;bby + Uivj’Uk:»
= — ((vibj + vjb;) Py + (vibg + vpbj) Pj + (vgbj + v;by) P;)
+v (0bi (V2 + V2 )vg, + vjb (V2 + V2)v; + b (V2 + V2)v5)
1 {v;b (V2 + V2 vy, + vpbj (V2 + V2)v; + vibe (V2 + V2)v;)
A (0;0;(V2 4+ V)b + v05(V2 + V2)b; + v05(V2 + V2)b;)
A (bib; (V2 4+ V2)bg + biby (V2 + V2)b; + bibp (V2 + V2)bs) . (4.67)

<bibjbk> + Uﬂ}jbk + UibjUk + bﬂ}jvk>

In the following, we focus on the first equation (4.66). The tensors are written in the following
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4.3. NEXT ORDER SYMMETRIC STRUCTURE FUNCTION

form
;’]v]: I‘,t = vjvk>, 4.68
D;’]b,? r,t) = (vibjby + bjvjby + bibjuy), 4.69

DPPPP(r,t) = (bibjbiby), 4.71
D;’;f,?}; r,t) = (vvjbgby, — bibjugvy,), 4.72

(r,1) (v (4.68)
(r,t) { (4.69)

Drn(r,t) = (vivjvgon), (4.70)
(r, 1) { (4.71)
(r,?) { (4.72)
(r,?) {

(vivj + bibj) Py + (vivg + bibk) Pj + (vjvg + bjbg) P;) .
(4.73)

For the viscous terms, we restrict ourselves to the case where the magnetic Prandtl number
Pm= ¥ is unity, which simplifies the treatment. This restriction seems somehow arbitrary, but
for later times we are only interested in the inertial range behavior of the forth order structure
functions, where it was shown for the hydrodynamic case [Hil0lal, that the viscous terms should
have no contribution. We arrive at the following equation

a \A'AY v a VVVVv

= (DY) + DY (1)) + 5 — (DY (r,6) = DEPER (r.1)) (4.74)
a vv \A% vv

67’ (Dlj]:‘)g( )—’_Dk]??tz)( ) Dzk?g( t))

= “Tye(r,t) + 20 [V2 (DI, 6) + DIFR(r,)) = 2558 (0t) = ZXPE (1))
where we have introduced

k() = (v }‘k‘+vj€z‘§?+vk62‘}‘>
ZYPR(rt) = (vielh +vjeps +veelf + bi(eS R + i) + bi(ept + el + be(el 4+ €50)),
(4.75)

wa _ [Oui\ (Ouy oul\ ([ 0u]

= (o) (52)+ (5) (52) 1o
Ou;\ [ Oh; ou.\ [ On;

lll’l _ 1 it 7 J

- () (5)+ (3 G @

The treatment of the viscous terms can be found in [HilOla].
In the inertial range (4.74) reads

and

2 (prreen + D)

0
+ o (DI, t) = DPRER(x,0) — DYYPR(r, ) + DYSER(r, 1) + DIYEE(r, 1)) = Tyn(r, 1
n

(4.78)

The tensors in the first bracket are symmetric in all four indices. The tensorial form of such

a tensor and the calculation of its divergence is given in the appendix B.2.4. Only the tensor

D;’;’,‘:g( t) has to be determined. Since it is antisymmetric in exchanging ij against kn, its

tensorial form is _—
bb bb

DYV ( ) DYY (’l“ t) ( ;2]

ij,kn rrtt

TkTn
Son — 775”) . (4.79)
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The calculation is exerted in the appendix B.2.4. Under the assumption of stationary turbulence,
we obtain

1 a VVVVv 6 vvvv vv
- [P (DY) = DERRR() | = = (DR () = DEREP() = DYYSP(r)) = ~Toe(r),
(4.80)
for the longitudinal structure functions and
LI (e ) - DEREP )] — o (DEYY) — DR )) + DY) = ~Tu(r)
r4 Or rr rr 3r or " ’
(4.81)

for the mixed structure functions.
This can be written in a more investigative form as,

10 6
ﬁ7 [7‘2 (<Urvrvrvr> - <brbrbrbr>)] - ;(<Urvrvtvt> - <brbrbtbt> - <Urvrbtbt - Utvtbrbr>) = Ty
(4.82)
and
L0 0 (oo vnen) — (brbrbub))] — o ((wrvrien) — (bubibibi)) + (o0, byby — vrvnbyby) = —
Aoy T \\UrUr U Uy r0r0t0t 3r VUt UVt 100t 0¢ or UrUr 00t — UVt Ug0rOp ) = " gg)

For strong turbulence, the inertial range scaling of the fourth order structure functions derived
by Yakhot [Yak02] and Hill [HilOla] is recovered.

4.3.1 Rescaling relations between longitudinal and transverse structure func-
tions

The basic idea of this section was first developed by Siefert and Peinke [Sie04]. They start with
the Karman-Howarth relation that relates the transverse structure function to the longitudinal
structure function, according to

vv 19 vv
‘Dtt (T) = 55 (TQDTT(T7 t)) . (484)

This relation is an implication of the incompressibility condition of the velocity field and is
derived in the appendix B.2.1.1. Based on the observation that DYY(r) is a smooth function of
r we can interpret the right-hand side of (4.84) as the first two terms of a Taylor expansion for
small 7! of the form

vV ™\ o pvv ﬁg Aa%
DY (7’ + 5) ~ DYY(r)+ 5 87’DM (r). (4.85)

Under this approximation, the transverse structure function is simply the longitudinal structure
function rescaled by the factor %

Dy} (r)~ DY (27") . (4.86)

Grauer et al. [Gral2] generalized this procedure for structure functions of the order n in hydro-
dynamic turbulence. The procedure is described at the example of the fourth order equations

!With small we mean small compared to the integral scale L.
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(4.80) and (4.81)

7725 [T2Drrrr(r)] - ;Drrtt (T) = _TTTT(T)a
" or [T4Drrtt (T)] - thttt(T) = —Tru(r).

vvVvv

These two equations are solely related by the mixed term DYYYY(r), contrary to the MHD

equations, where the antisymmetric mixed terms D;’X?}’(r) appear. The rescaling properties

can be repeated under the neglect of the pressure terms, so that we obtain

0 3
DY)~ DY)+ = DYYY(r) ~ DY (2) , (4.87)
lDVVVV(T) ~ DVVVV(T) + EQDVVVV(T) ~ DVVVV §T‘ (4 88)
3 tttt ~ rrtt 20r rrtt ~ Hrrtt 9 ) .
(4.89)

which yields the rescaling between fourth order transverse and longitudinal structure function
\A'A'AY \A'AAY 3 5
Dtttt(r)%Drrrr 547 ) (490)

In general a transverse structure function of order n can be rescaled according to

35 n+1 I'(n+2)
DY(r)y=Dy|==...— | =DV | ———"— 4.91

In this context, two things are worthwhile noticing: First-of-all, the mapping of longitudinal
onto transverse structure functions is generally more complicated then the linear rescaling. This
is already the case for the approximation of the Karmén-Howarth relation. Secondly, in contrary
to the relation for the second order structure functions, the pressure term in the higher order
relations introduces significant differences between the longitudinal and transverse structure
functions, which have to be interpreted in the realm of intermittency.

The rescaling relation for the fourth order structure functions in MHD turbulence can only be
used if the antisymmetric tensor (4.79) and the pressure correlations are neglected. Under these
approximations, one obtains

VVvv vvVvv 3 5 3 5
DY) - DRER ) ~ Dy (5 r) - DR (5 ). (1.92)

This procedure will be adapted for the two-dimensional case in chapter 5. However, the rescaling
relation (4.92) for MHD turbulence should show significant differences to the hydrodynamic
rescaling relation from [Gral2], since the antisymmetric tensor (4.79) is neglected. Furthermore
the neglected magnetic pressure in Tj;j(r,t) should manifest itself in addition to the neglected
hydrodynamic pressure term.

4.3.2 A remark on the implications of a Gaussian distribution of the velocity
field for the Yakhot-Hill equations

The idea of expressing fourth order moments in terms of second order moments traces back to
the first half of the last century [Mil41]. The simplest way to do so, is to assume a Gaussian
distribution for the velocity moments. In the following the implications of such a distribution
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in addition to the Karm&an-Howarth relation are discussed at the example of the Yakhot-Hill
equations ((4.82) and (4.83) in the hydrodynamic limit), namely

10 , 6

ﬁg[r <v7"v7"v7"v7">] - ;(UM],«U{UO - _Trrm (493)
and Lo A

ﬁa[#@rvr”t”t” - 37,<Utvtvtvt> = —Upt. (4.94)

If the velocity increments follow a Gaussian distribution, the fourth order moments read

(vpvpvpy) = 3(vw)?, (4.95)
<vtvtvtvt> = 3<’Ut1}t>2, (496)
(vpvpvpvy) = {(vpvp) (Vpvy). (4.97)

In replacing the transverse structure function by the Karman-Howarth relation

10
(vpvg) = ga(TQQ}r’U,«)), (4.98)
and inserting the expressions into (4.93), we observe that the terms on the left-hand side cancel
each other, so that

Ty (r) = 0. (4.99)

Non-vanishing longitudinal pressure correlations 7. () therefore stand in contrast to a Gaussian
distribution of the velocity moments. The equation for the mixed structure functions (4.94) reads

82

2
g <<vrvr>ar2<vrvr> + 11"<UTUT>687‘<UTUT> - <;<vrvr>> > = —Tu(r), (4.100)

which is a second order differential equation for (v,v,) with an inhomogeneity T} (r). In sum-
mary it can be said that the Gaussian approximation is not appropriate to describe the statis-
tical behavior of the longitudinal structure functions, however the mixed and transverse struc-
ture function can be described by a Gaussian distribution and further investigation of equation
(4.100) seems necessary. For the case of two spatial dimension, Yakhot [Yak99] derived that the
transverse structure functions follow a Gaussian statistics that is governed by a corresponding
Langevin equation.
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Chapter 5

Two dimensional MHD turbulence

The relations for the structure functions in 3D MHD turbulence derived in the preceding chap-
ter are checked by numerical simulations of forced 2D MHD turbulence. Therefore, the tensor
calculus described in the appendix B.1 has to be translated for case of two dimensions. Relations
similar to the 3D MHD structure function relations are obtained. The chapter begins with a
description of the numerical methods used for the numerical simulations that were performed
on a graphic card. To this end, a pseudo-spectral code that was written for the Electron-MHD
equations by Martin Rieke [Riel0] was rewritten for the purpose of solving the 2D MHD equa-
tions. A forcing procedure that conserves the total energy was applied to the evolution equation
of the vorticity, in order to guarantee statistical isotropy and stationarity. The characteristic
length scales from section 3.4 are calculated to make qualitative statements about the obtained
velocity and magnetic structure functions. The rescaling relation from section 4.3.1 is applied
to the 2D case and checked for the second and fourth order moments. Furthermore, the ki-
netic and magnetic energy spectra are calculated and compared to the Iroshnikov-Kraichnan
phenomenology.

5.1 The 2D MHD equations

The evolution equation for the magnetic field (2.14) in 2D MHD turbulence reduces to a scalar
advection-diffusion equation for the flux function ¥ (x,t).

%@Z)(x,t) +u(x,t) - Vi(x,t) = AVZ)(x, t). (5.1)

The relation to the magnetic field is thereby given as
h(x,t) = e, x Vi (x,t). (5.2)
There exists now an analogy between the current density j(x,t) and the vorticity w(x,t), which
both reduce to a pseudo-scalar in 2D MHD. The current density is related to the flux function

by
j(x,t) = V2(x,t). (5.3)

The vorticity equation reads

gtw(x, t) +u(x,t) - Vw(x,t) — h(x,t) - Vj(x,t) = vV3w(x,t) . (5.4)
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5.2 Numerical methods

In the following, the numerical methods used for the purpose of solving the 2D MHD equations
within a pseudo-spectral code on a periodic box of the length 27 are discussed.

Since the 2D MHD turbulence exhibits a direct energy cascade, in contrast to ordinary 2D
turbulence which exhibits an inverse energy cascade, one has to deal with high velocity and
magnetic field gradients imposed by the formation and decay of current sheets, as mentioned in
section 2.1.3. In the regime of quasi-stationary sheets, where the spectral energy density scales
as E(k) ~ k=2, one would not speak of turbulence at all and the generation of turbulence in its
proper sense is dependent on three important factors

e initial conditions: As it has been shown in [Bis89], the generation of small scale turbulence
arises from non-symmetric initial conditions. In this work we consider two kinds of initial
conditions.

A-type initial conditions:

The A-type initial condition from [Bis89] is given by
¢pw(x,y) = cos(x+ 1.4) + cos(y + 0.5), (5.5)
1
Ypw(z,y) = g(cos(2ac +2.3) + cos(y +4.1)),

which constitutes a generalization of the Orszag-Tang vortex

dor(xz,y) = cos(x)+ cos(y), (5.6)
Yvor(z,y) = %cos(Q:c) + cos(y).

This large-scale initial condition has a ratio of kinetic to magnetic energy of Eiy/Emag =
0.4 and one observes the formation of four current sheets which become unstable via a
so-called tearing instability [Bis03].

e forcing procedure: In order to guarantee statistical isotropy, a forcing procedure based on
the Diploma thesis of Anton Daitche [Dai09] was chosen. It consists of an energy conserving
scheme applied to the large scales of the vorticity. This avoids the buildup of correlated
structures and is important for the statistical investigation of different realizations of the
fields. We can therefore take time averaged mean values, provided that the ergodicity
hypothesis holds.

e hyperviscosity: To allow a clearer separation from the dissipative scale and the inertial
range, more general diffusion terms were used and the simulated evolution equations for
the vorticity and the magnetic potential finally read

0

5700 +ulx 1) - Vw(x,t) = h(x,1) - Vj(x,1) = (=) IV w(x,t) + F(x,t),

(5.7)

0

S VD) Ful ) Vi(xt) = (=17 INOVE(x,0),

at
(5.8)

where v = 1 would correspond to ordinary diffusion. F'(x,t) represents the applied forcing
mechanism mentioned above.
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The choice of such a hyperviscosity guarantees that small scale structures are damped
more efficiently (in Fourier space by exp[—vk?t]). In the following v = 2 was chosen and
a restriction to unity magnetic Prandtl numbers, Pm= v(?) / A =1, was made.

In the next section the basic ideas of a pseudo-spectral code for the numerical integration of a
partial differential equation are discussed.

5.2.1 The idea of a pseudo-spectral code

The pseudo-spectral code treats the MHD equations in Fourier space. The convolutions arising
from the nonlinearities are evaluated in real space and then transformed into Fourier space again.
To this end, the CUDA FFT library' is used in order to calculate the Fourier transforms of the
physical fields, for example

u(x,t) = Z XXy (t). (5.9)
k

The Fourier coefficients Gy (t) are calculated on a N x N square grid, where N is the spatial
resolution.

In the numerical simulations, the evolution equation for j(x,t) was used instead of the evolution
equation for ¥(x,t) (5.8), since the continued multiplication with k2 rendered the code instable.
The evolution equation for j(x,t) is obtained in applying the Laplacian to (5.8). Therefore, the
simulated equations in Fourier space read

;@Mw+wﬂﬁmww = ik Flu(x, Hw(x,t) — h(x, t)j(x, )]k (5.10)
;@@th%%@@>: —ik%k - Flu(x,1)7(x, )] (5.11)

Since u(x,t) and h(x,t) are related to w(x,t) and j(x,t) by the Biot-Savart law, mentioned in
A.1, they can be obtained in Fourier space according to

ik x dx(?) 5 ik X Jic(t)

12 and hy(t) = 12 (5.12)

(1)

5.2.1.1 De-aliasing

The destabilizing effect of aliasing for the pseudo-spectral code arises from the finite resolution
in real space and its translation into Fourier space. Since the simulated physical fields are only
known at certain grid points in real space, there exists a smallest structure that can be resolved
properly. The characteristic length A. of this structure corresponds to a maximal wave number
kmaz = ?\—: in Fourier space.

If a wave number k > k;q, occurs during the numerical simulations, this wave number is
misinterpreted as a smaller wave number leading to an energy transfer from an unresolved
domain to smaller wave numbers leading to a blow-up of the solution for the physical fields.
These higher wave numbers can not arise from the linear terms in (5.10) and (5.11), and are
restricted to the nonlinearities on the right-hand side of the equations. A convenient mean to
avoid Fourier coefficients originating from the nonlinearities is to set all Fourier coefficients with
wave numbers |k| > %kmm to zero. For further discussion, see for instance [Wil07].

"https://developer.nvidia.com/cufft
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5.2. NUMERICAL METHODS

5.2.2 Time integration

The time integration used in the simulations consists of Heun’s scheme of second order. The
linear terms in the MHD equations are solved analytically. This is demonstrated at the example
of the vorticity equation of 2D fluid mechanics

<§t - (_1)7—1y<v>v2V> w(x,t) = Nlw(x, 1) (5.13)

where the nonlinearity was written as

Nw(x,t)] = —u(x,t) - Vw(x,t). (5.14)
In Fourier space this reads
<§t + Mv”) (t) = Naw(t))], (5.15)
We make the substitution
Fe(t) = ne(t)e R (5.16)
which leads to the equation
%ak(t) = Nlaw(t)e " F1er VRE (5.17)

The viscous terms are therefore treated exactly within every specific time step. The time stepping
consists in two steps, according to

O = o+ dtN o), (5.18)
. o+ dt

The whole scheme involving the viscous steps (5.17) thus reads

by = (w0+dtN[a0]) evVkdL (5.19)
o+ @o  di
Dy = <“1 ;“0 - 2N[¢D1]> eV KL

5.2.3 The CFL condition

In order to guarantee the stability of the numerical integration, the time step dt has to be chosen
in such a way that an information, for instance the value of the vorticity w at a point x;, is
not advected farther then one grid point per time step. This manifests itself in the so-called
Courant-Friedrichs-Levy condition
dxA 2T
dt = = =, (5.20)

Umazx Umaz N

where A, is the Courant number and A, < 1 and N is the resolution of the simulation. This
procedure takes into account the correct advection of an information. A similar condition exist
for a diffusive transport due to the viscous terms. However, one can show [Riel0] that the
time-stepping scheme introduced in the previous section, removes the condition for the diffusive
process.
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5.2. NUMERICAL METHODS

5.2.4 Energy-conserving forcing procedure

The applied forcing procedure conserves the total energy

u? h? 1 .19 -
Eiot = Ein + Emag = dx 5 + 5 )73 E <|uk] + |hyg| ) . (5.21)
v k

In applying the vector product with ik to (5.12) and making use of k-, = 0 and k - ji = 0, we
can write the total energy according to

1 ol Ll
Eyor = 22( ot | (5.22)

k

In order to conserve the total energy, Fourier modes of @&y that lie within the so-called forcing
band B are multiplied with a factor f. Thereby, the forcing is only applied on large-scales of
the vorticity, and B = {k € [0, 3]} was chosen.

The forcing factor is determined by the condition that the total energy after a time step E,F;fl)
is equal to the energy before the time step Eéot), namely
+1
By = £ By + B\ = By (5.23)

where

|Wk!
By = Z , (5.24)

kGB

is the total energy that is contained in the forcing band, and

) _ 1 oncl® | Lncl?
Erest - 5 Z < ]{:2 + ,I{JZ ) (525)

k¢B

is the total energy that is contained in the other Fourier modes.
Since during a time step the total energy is only dissipated, so that Et(:;rl) > Et(:t), the forcing
factor is determined by

E(nJFl) o E(n)
f — tot o) rest ) (526)
Eband
If only the vorticity equation is forced, one can simply multiply the Fourier coefficients wy € B
by f. Therefore the following scheme is obtained

~(n) .
T (5.27)
fao, ifke B

and
GO =5, (5.28)

For the discussion of statistical isotropy of the applied forcing procedure or alternative forcing
procedures, the reader is referred to [Dai09].

61



5.3. ANALYSIS OF THE NUMERICAL SIMULATIONS

5.3 Analysis of the numerical simulations

High-resolution numerical simulations of 2D MHD turbulence were performed in a periodic box
with a resolution of 3072 x 3072 collocation points.

A typical time series for the current density j(x,t) originating from A type initial conditions is
depicted in fig. 5.2. One clearly observes the emergence of four stretched monopoles at t=1.6.
As it can be seen from the time series of w(x,t), these sheets are surrounded by a quadrupole
distribution of the vorticity.

These structures are the so-called current sheets, regions of strong current density and vorticity.
In the following these sheets are stretched, which is known as thinnig, and eventually become
unstable and decay. An interesting effect in this context, is the effect of magnetic reconnection,
which can be observed in the left upper corner of the plot for j(x,t) at t = 2.1: In the regions of
the black ovals, an exchange of magnetic field lines occurs between different magnetic domains,
initially separated by the current sheet. This process that can be observed in highly conducting
plasmas, is thus a rearrangement of the magnetic topology, whereby a great amount of magnetic
energy is converted into kinetic energy. Since the total energy is conserved due to the forcing,
it is interesting to investigate the temporal evolution of the kinetic and magnetic energy, as
depicted in fig. 5.1.

18 kinetic eneréy — ' '
17 - magnetic energy —— 1
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7 1 1 1 1 1
0 20 40 60 80 100 120

Figure 5.1: The temporal evolution of the kinetic and magnetic energy.

The observed curves reveal a chaotic behavior and the occurrence of reversals, where either the
kinetic or the magnetic energy becomes dominant. In total, 10 reversal events can be counted.
Furthermore an extreme increase of the kinetic energy can be seen after ¢t ~ 55. Whether this
increase is caused by the forcing in the vorticity equation, or if it is a fundamental signature of
2D MHD turbulence, remains an open question. Furthermore, the chaotic time series has to be
evaluated in the context of dynamic systems theory.

In the following, the calculation methods for the energy spectra and the characteristic scales in
the simulations are described.
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Figure 5.2: Temporal evolution of the current density j(x,t) for six times t.
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Figure 5.3: Temporal evolution of the vorticity w(x,t) for six times .
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5.3. ANALYSIS OF THE NUMERICAL SIMULATIONS

5.3.1 Energy spectra and energy dissipation rate

Under the assumption of isotropy, the radial energy spectra are calculated in a spherical shell
of the energy sphere according to

1

Bn(kit) = 5 >, Ko, 0)P, (5.29)
k—i <k'<k+3
1

Emag(kit) = 5 >, K. 0P (5.30)

k—i<k/<k+3
The averaged rate of energy dissipation in the case of hyperviscosity is
(epin) = VDV and  (emag) = AP (VZH)?). (5.31)
These quantities were calculated in Fourier space as

(2)

<5km> = 1

A2
vl (Ku(k,t))?>  and  (egin) :Azk: (K*H(k,t))? (5.32)

k

where A is the area of the 2D simulation, in that case A = 472.

5.3.2 Characteristic length scales and hyperviscosity

In order to obtain useful statistical statements from the direct numerical simulations, the calcu-
lation of the characteristic length scales mentioned in 3.4 is indispensable. Since we deal with
hyperviscosity and hyperresistivity, the unities of #() and A() are somewhat different. For our
case, v = 2, we get

4 4
P =" and [)\(2)] _— (5.33)
S S
The unity of the averaged rate of energy dissipation remains %-. As a consequence, the quantities

in chapter 3.4 that depend on v and AV, have a dlfferent form for hyperviscosity. The
Kolmogorov scales for v = 2 and Pm= 1 thus read

y@)3) L oA
n= <( <€>) > , Uy = (<€>3V(2)> , and 7, = <<€>2> , (5.34)

where (€) = (€gin) + (Emag) is the total energy dissipation.

The Taylor scale A is given as
1
@Dp\*
A= . (5.35)
{e)

For Pm= 1, these length scales can be considered as universal length scales in MHD turbulence,
since they depend essentially on the total energy E and the corresponding energy dissipation
rate <€> = <5km> + <5km>

Therefore the integral length scale reads

(A2t h2,))
b= @ ’
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where ums and hyps are the root mean squared velocity and magnetic field.
The so-called large-eddy turn-over time can thus be defined as

L
T, = (5.37)
urms
Furthermore, the corresponding macro- and microscale Reynolds numbers read
. Uppms L? . Upms A
Rer = el and Re) = 2 (5.38)

5.3.3 Structure functions in 2D MHD turbulence

The structure functions from the numerical simulations discussed in the preceding section are
evaluated over several large-eddy turn-over times (& 19). It is necessary to average over such
long time spans, in order to include such rare events, as the strong increase of the kinetic energy
that is observed in fig. 5.1. Statistical stationarity is thereby attained by the energy conserving
forcing mechanism, described in section 5.2.4. The characteristic parameters of the simulations
are listed in table 5.1.

Rey Urms  Prms v@ =2\@  gx T L T, N?

n
110-170 0.831 0.759 21010  2,05-1073 1,64-103 0.037 4.741 5.705 (3072)2

Table 5.1: Characteristic parameters of the numerical simulations: Taylor-Reynolds number Rey =

“T;’g;)AS, root mean square velocity u,ms = 1/(u)?, root mean square magnetic field b5 = 1/ (h)?2, dissi-

1 1 3

. @Y\ .. . .. 5, L2, +h2n.))2

pation length 7 = <(V<E>) ) ", dissipation time 7, = (7’(5()2;) , integral length scale L = —(2(u7"”<:> Fms))
L

and large-eddy turn-over time T, =

Urms

The structure functions of even order up to the 8th order are depicted in fig 5.4. The curves in
blue stand for the magnetic and the curves in red stand for the velocity structure functions. Fo-
cusing on the second order structure functions, one observes that DPP(r) overlaps with DYY(r)
in a great part of the inertial range. This is an interesting result, since for now no relation
between these two functions could be derived from the MHD equations.

Furthermore, one observes that longitudinal and transverse magnetic structure function ap-
proach each other at large r. This is an effect that can be observed at all even orders. In
the fourth order, longitudinal magnetic and velocity structure functions overlap each other in
the dissipation range. The same is true for the transverse structure functions. In the inertial
range the functions cross each other two times, and the fourth order longitudinal (transverse)
magnetic structure functions is for the first time larger then the corresponding velocity structure
function. Compared to the second order, the magnetic structure functions are thus shifted to
the top. This effect increases at the sixth and eighth order. However, the transverse structure
functions become rather unsmooth and a more accurate evaluation of the structure functions
seems necessary. In the following the scaling behavior in the inertial range for the structure
functions up to the sixth order is discussed.
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Figure 5.4: Structure functions of even order up to the 8th order. The transverse structure functions
are always above the corresponding longitudinal structure functions. Blue curves represent the magnetic
structure functions and red curves represent the velocity structure functions.

5.3.4 Scaling behavior of the structure functions

From the Taylor-Proudman theorem of MHD turbulence, discussed in chapter 2.4.3, it follows
that 2D MHD turbulence can be considered as a limit case of 3D MHD turbulence in the
presence of an external magnetic field. Therefore, the Iroshnikov-Kraichnan scaling seems to be
the appropriate choice for the scaling behavior and it was already reported for the case of 2D
decaying MHD turbulence [Bis01]. To this end, the longitudinal structure functions of order n
up to order six were compensated by a factor r¢». Thereby, a factor ¢, = 7 would correspond to
the Iroshnikov-Kraichnan phenomenology. The corresponding functions are plotted in fig. 5.5
a) and fig. 5.5 b). Furthermore a 'guessed’ power law for each function is plotted. In order to
simplify the plots, no functions that are compensated by r¢» with ¢, = 7 were plotted. It will
be seen in the next section that the K 41 / Goldreich-Sridhar phenomenology can be excluded
for this simulation.
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Figure 5.5: Compensated longitudinal a) velocity and b) magnetic structure functions of even order up
to the 6th order. The functions were vertically shifted for clarity.

The corresponding guessed exponents are plotted in fig. 5.6. It becomes obvious that they
are always inferior to the Iroshnikov-Kraichnan scaling. Whether this is an effect similar to
the intermittency that leads to deviations from K41 in hydrodynamic turbulence, or if it is an
effect related to the proposed Alfvén wave picture in the Iroshnikov-Kraichnan phenomenol-
ogy, remains an open question. Furthermore, the difference between the magnetic and velocity
structure function exponents seems to increase with the order n, and the magnetic exponents
correspond better to the Iroshnikov-Kraichnan scaling for larger n.

2nd order structure functions
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Figure 5.6: Velocity (red) and magnetic (blue) structure function exponents of order n against the n.
The straight line corresponds to the Iroshnikov-Kraichnan prediction (= 7.
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5.3.5 Evaluation of the energy spectra

The kinetic and magnetic energy spectra were calculated according to (5.29) and (5.30). The
time averaged spectra are depicted in fig. 5.7 a) and 5.7 b), where the average was taken over
the same time span as for the structure functions in section 5.3.3.
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Figure 5.7: The kinetic a) and magnetic b) time averaged energy spectra from the numerical simulations
according to table 5.1. A clear power law behavior can be observed in the inertial range.

In order to determine the power law behavior of the energy spectra, the spectra depicted in fig.
5.8 a) and 5.8 b) are compensated by a factor k*. The exponent a = —g thereby corresponds
to the Goldreich-Sridhar scaling and the exponent a = —% represents the Iroshnikov-Kraichnan
scaling. The compensated spectra indicate that the Iroshnikov-Kraichnan theory is more ap-
propriate to explain the spectral properties of this simulation of forced 2D MHD turbulence,
then the Goldreich-Sridhar theory does. However, the exponent of % is not the best fit and a
third plot for a guessed exponent a is depicted in each of the two figures. Furthermore, it seems
that the magnetic spectra differs more from the % value than the velocity field does. This can
depend on the forcing mechanism which is solely applied to the vorticity equation. Therefore,
further investigations are necessary, in order to determine if there exists a difference between
the scaling exponents in the power law of the kinetic and magnetic energy.
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Figure 5.8: The compensated kinetic a) and magnetic b) time averaged energy spectra from the numerical
simulations according to table 5.1. The blue curves correspond to guessed exponents a.
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5.3.6 The Karman-Howarth relation in 2D MHD turbulence

The Karman-Howarth relations in 2D for the second order velocity and magnetic field structure
functions follow from the incompressibility condition in analogy to the 3D case. The procedure
is described in the appendix B.2.5.1.

DY(rt) = —(rDY(1), (5.39)
DYty = S (rDPR(1)). (5.40)

Following Siefert and Peinke [Sie04], the right-hand side of (5.39) can be interpreted as the
Taylor expansion of the function DYY(r + r,t). In this approximation the transverse structure
can be expressed as a spatial shift of the longitudinal structure function

Dy (r,t) ~ DJJ(2r1), (5.41)
Dpp(r,t) ~ DPP(2r,t). (5.42)

Q

The rescaling relation is now checked for the second order velocity and magnetic structure
functions.

In fig. 5.9 a) the rescaled longitudinal velocity structure function DYY(2r,t) is depicted in black.
It coalesces with the transverse structure function DY (r,t). The same is true for the rescaled
longitudinal magnetic structure function in fig. 5.9 b).
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Figure 5.9: Rescaled a) velocity and b) magnetic structure functions: The black curves are the rescaled
longitudinal structure functions according to equation (5.41).

The rescaling relation following from the 2D Karman-Howarth relation, is therefore appropriate
to map the longitudinal functions onto the transverse function. However, one observes small
deviations between the black and red curves in 5.9, which can be the effect of higher order
terms in the Taylor expansions. In the following the implications for the fourth order structure
functions are discussed.
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5.3.7 Fourth order structure functions in 2D MHD turbulence

The equations for the fourth order structure functions (4.80) and (4.81) are derived for two
dimensions in the appendix B.2.5.4 according to

;5 |:T (Drrrr(r) - DEEE?(T))} - ; (Drrtt (’I") - DEEPF(T) - Drr,??(r)) = _TTTT(T)a
(5.43)
S [ (DI ) = DRRRP ()| = < (D) = DEFRR() ) + 5-DXEP () = T,
(5.44)
or in other form as
10 3
v [r ((vpvpvpvp) — (brbyrbrby))] — ;((vrvrvtvt> — (bpbybiby) — (vpvpbiby — vevibyby)) = =Ty,
(5.45)
and
10

1 0
[7“3 (<UTUTUtUt> — <brbrbtbt>)] — ;(<1}tUtUt’Ut> - <btbtbtbt>) + —(vrvrbtbt — UtvthbT> = _Trtt

3 Or or
(5.46)

In the following section, the rescaling relation for 2D hydrodynamics are derived.
5.3.7.1 The Yakhot-Hill equations and the rescaling relation for 2D hydrodynamic
turbulence

If there is no magnetic field present, the equations (5.43) and (5.44) read
10 3

;87' [TDT‘T"I‘T‘(T‘)] - ;Drrtt (T) = _TTW‘(T>7
(5.47)

3 or [rgDrrtt (7')] - ;Dtttt(r) = —Tpu(r).
(5.48)

These equations are the Yakhot-Hill equations for 2D hydrodynamic turbulence. Following
[Gral2], we are able to derive a rescaling relation for 2D in analogy to the

0
SV (r) = Dyi(r) + rg D) = D (2r) (5.49)
EDVVVV(T) ~ DVVVV<T) + EQDVVVV(T,) ~ DVVVV %7’ (5 50)
3 tttt ~ rrtt 30r rrtt ~ Hrrtt 3 ) .
(5.51)

which yields the rescaling between fourth order transverse and longitudinal structure function

vVVV vVVV 4
Dtttt(r) %Drrrr <23T> . (552)

It is tempting to introduce the rescaling relation for a transverse structure function of order n
in 2D according to
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5.3.7.2 The implications of the fourth order equations and the rescaling relation
for 2D MHD turbulence

In analogy to the previous section, one can derive a rescaling relation for the fourth order
moments in MHD turbulence. This is done in neglecting the antisymmetric tensor DYY?P(r)

and the pressure contributions in (5.43) and (5.44). One therefore obtains the rescaling relation

VVVVv vvvv 4 4
DY) - DPER ) = DYy (257 ) - DB (257). (5.54)

However, in considering the fourth order structure functions depicted in fig. 5.10, one concludes
that magnetic and structure function overlap in a great part of the inertial range.
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Figure 5.10: a) Fourth order longitudinal structure functions. DYYYY(r) is plotted in red, DPPPP(r) in

blue and the difference | DYYYY.(r) — DPPPP(r)| in black.

rTrTrTr rTrrr
b) Fourth order transverse structure functions. DYYYY,(r) is plotted in red, DPPPP(r) in blue and the

difference |DYYYY,(r) — DPPRR(r)| in black.

As it can be seen, the differences DYYYY(r) — DPPPP (1) that are depicted in black, tend to zero
for two times in the inertial range. This is an interesting result, since it implies an equipartition

solution for the fourth order moments
(VpvpU0p) & (bypbybyby) and (vivpvgvy) &= (bybbeby). (5.55)

Furthermore, as it was shown in section 2.57 of chapter 2, the pressure contributions vanish for
the equipartition solution and one might conclude that T,,.(r) and T,4(r) are zero. In these
regions of the inertial range, the equipartition solution of the fourth order moments can therefore
be considered as a trivial solution of the equations (5.43) and (5.44).

However, the physical reasons for the observed equipartition solution remain uncertain and fur-
ther investigations mainly of 3D MHD turbulence seem necessary. To this end, the meaning of
the antisymmetric tensor DY X';’P (r) and its relation to the magnetic pressure has to be under-
stood, since it introduces a new scaling behavior in equation (5.43) and (5.44).

In order to check the rescaling relation from the previous section, we focus on the magnetic and

velocity structure functions only, and not on their differences, so that

4 4
D) =pey (25r)  wd DERRG) =D (25r). o0
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Figure 5.11: a)DYYVV¥(r) and DYYYY(r) and the rescaled curve in black according to equation (5.56). b)

rTTrTrT

DYPPb (1) and DPPPP(r) and the rescaled curve in black according to equation (5.56)

The rescaling relation seems therefore to be fulfilled independently for each of the functions in
equation (5.54).

In order to determine the influence of the pressure terms, each of the terms on the left -hand side
in (5.43) and (5.44) are investigated. The plot for the longitudinal equation (5.43) is depicted
in fig. 5.12 a). The longitudinal pressure contributions r7,,-(r) are represented by the black
curve and reveal the question of a scaling behavior. The mixed pressure contributions 77, (r)
in5.12 b) do not show a particular scaling behavior and saturate for larger r.

: 0.1 T
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Figure 5.12: a) Longitudinal equation (5.43) in the form 8% [r (Dyy¥v(r) — DPERR(r))] =
3(DYYYy(r) — DEPPP(r) — DYYER(r)). The left-hand side of this equation is thereby depicted in red.

rrtt rrtt rrtt
The right-hand side A corresponds to DYYYY(r) — DPPPP(r) and the right-hand side B to the antisym-
metric contribution DYY2P(r). The pressure contributions #T;..(r) can be read off from the black curve

that stands for the difference between the left-hand side and the right-hand side.

b) Transverse equation (5.44) in the form %2% [P3DY¥YY(r)] = DYYYY,(r). The left-hand side A thereby
1.9

corresponds to the term - [TSDZX‘{‘[(T)] and the left-hand side B to the antisymmetric contribution

r 2 DY¥EP(r). The pressure contributions 7 (r) can be seen from the black curve.

These plots reveal the question whether the longitudinal pressure contribution can be modeled
in a similar way as in [Got02]. This would be of great interest for the magnetic pressure
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contributions, since they already possess a quadratic form. In the last section, we want to focus
on a relation for the third order longitudinal velocity structure function.

5.3.8 The 3/2 law in 2D MHD turbulence

In analogy to the 4/5 law in 3D MHD turbulence, a relation for the third order velocity structure
function can be derived for 2D MHD turbulence, which is done in the appendix B.2.5.3. In the
inertial range one obtains

24 (T 3

hh 2 ~uhh b

DYy (r) — 1202475 (r) — 73/0 dr’ P2C" (") = 5 <£v+€ >

The third order longitudinal velocity structure function is shown in fig. 5.13. In contrast to
the even order moments, discussed in the previous sections, the odd order moments are close to
zero, and it becomes difficult to obtain useful statistical data. This is due to the fact, that all
moments have only small deviations from Gaussianity.
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Figure 5.13: The third order longitudinal velocity structure function from the simulations in table 5.1. The
lines ~ r and ~ 71 are plotted as a comparison. The former one corresponds to the K41 phenomenology
that coincides with the Goldreich-Sridhar scaling, while the latter one corresponds to the Iroshnikov-
Kraichnan phenomenology.

The interpretation of (5.57) is therefore rather complicated: First-of-all, we notice that no clear
power-law behavior can be observed in the inertial range, since the slope increases from ~ r3/4
to r in the middle of the inertial range. However, it is not clear if this is a characteristic feature
of 2D MHD turbulence, or if it is a limitation of the numerical simulations. It is therefore
necessary to investigate the third order structure function over longer time intervals and with
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a higher spatial resolution. If these investigations reveal similar results, one might argue that
the correlation functions that enter in (5.57), mainly C*P®(7) are dominant on small scales and
lead to deviations from the K 41 scaling.

In any case it seems satisfying to obtain a third order longitudinal velocity structure function
that shows some kind of scaling, in contrast to the third order longitudinal magnetic structure
function that is depicted in fig. C.1 in the appendix C.1. This might result from the fact that no
3/2 law exists for a third order longitudinal magnetic structure function. In addition, it might
be argued that such a function can even not exist, since the third order magnetic moment lacks
mirror symmetry and therefore (b;b;by;) = 0.
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Chapter 6

Conclusion

An extension of the statistical description of the MHD equations was presented in this the-
sis. To this end, the tensor calculus introduced by Chandrasekhar [Cha51] for isotropic MHD
turbulence was generalized to the case of locally isotropic MHD turbulence. For this purpose,
Chandrasekhar’s paper about the invariant theory of isotropic MHD turbulence was discussed
from a modern point of view in chapter 3.4.4.

A hierarchy of structure function equations was derived in chapter 4. The hierarchy starts with
the evolution equations for the energy and the cross helicity tensor. The 4/5 law for MHD tur-
bulence was derived in section 4.2.1.1 and the implications of an additional term were discussed.
It was stressed that the theory of locally isotropic MHD turbulence can show similarities to the
Iroshnikov-Kraichnan theory. However, further investigations in this direction seem necessary
to obtain more information about the nonlocal influence of the large-scale magnetic field on
the small scale fluctuations. A starting point would be to write the evolution equation of the
increments in terms of the Elsésser fields. In analogy to [Bel87], a change of variables to a
frame of reference that moves either parallel or anti-parallel to the large scale magnetic field
H(x, x',t) leads to four different evolution equations for the Elsésser fields. The resulting mo-
ment equations should show different features than the moment equations derived in this work.
The derivation of exact relations from this approach would mean a step forward in the direction
of a mean field theory for MHD turbulence, similar to the K41 theory.

Turning to the next order equations derived in section 4.3, it can be generalized to moment
equations of order n. The influence of the antisymmetric tensor, especially on the rescaling
relation remains to be evaluated. However, one can conclude from the numerical simulations
that its contributions should remain rather small. Furthermore, the implications of the mag-
netic pressure should be discussed in analogy to the role of pressure in hydrodynamic turbulence
[Got02].

The implications of a Gaussian distribution of the velocity moments for the next order equation
in hydrodynamic turbulence were discussed in section 4.3.2. Whereas the description is not
appropriate for the longitudinal velocity structure functions, it seems tempting to search for a
Gaussian description of the mixed and transverse structure functions. A good starting point for
this purpose seems to be the case of 2D turbulence in the context of the works of [Yak99] and
[Friel0]. Therefore a modification of the Biot-Savart law seems to be appropriate to take the
deviations of the longitudinal structure functions into account.

The other emphasis of this thesis was the numerical simulation of 2D MHD turbulence. For this
purpose, a pseudo-spectral code was rewritten for the 2D MHD equations. The forcing mecha-
nism that conserves the total energy seems to be appropriate to attain statistical isotropy of the
turbulent flow. However, it remains to check if the structure functions are really invariant under
rotations or if there exists a distinguished direction, probably introduced by the magnetic field.
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Since the 2D MHD equations are characterized by the thinning of current sheets, hyperviscosity
was chosen in order to damp the high gradients that occur. This extended the inertial range
in a significant way. The obtained energy spectra pointed in the direction of the Iroshnikov-
Kraichnan theory. However, the scaling exponents of the structure functions did not reproduce
exactly the predicted scaling exponents. This is not astonishing, since the Iroshnikov-Kraichnan
itself is not an exact theory.

The translation of the results from the section 4.3 to two spatial dimensions was performed and
checked by the numerical data. The rescaling relation were used to map longitudinal structure
functions onto transverse structure functions. However, it remains an open question how the
pressure contribution can be modeled in the fourth order equation, and further investigations
seem necessary.
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Appendix A

A.1 The Biot-Savart law

Due to the incompressibility condition (2.48), we can express the velocity field u(x,t) as the
sum of a gradient field and the curl of a vector potential A(x,t)?

u(x,t) = Vo(x,t) + V x A(x, 1), (A1)
where the scalar field ¢(x,t) has to satisfy the Laplace equation
V2p(x,t) = 0, (A.2)
and the vector potential has to satisfy the Poisson equation?
V2A(x,t) = —w(x, ). (A.3)

We can formally solve this equation by making use of the Green’s function of the Laplacian
G(x — x), which satisfies
ViG(x —x') = —6(x — ). (A.4)

The integrated form of (A.3) therefore reads
A(x,t) = /dx’G(x —xw(x/,t). (A.5)

The Green’s functions of the Laplacian in an infinite two-, respectively three-dimensional space
read

— 5= Injx — x| for x € R?
Gx—-x)= (A.6)
ﬁﬁ for x € R3

The velocity field in equation (A.1) thus reads
u(x,t) = Viop(x,t) + Vi X /dx’G(x —xw(x/,t). (A.7)
If there is no gradient field present, we can express the velocity field by Biot-Savart’s law as

u(x,t) = /dx' w(x' 1) x K(x —x'), (A.8)

!This vector potential is not to be confused with the vector potential A(x,t) defining the magnetic field
H(x,t) =V x A(x,1).

2This can be seen by taking the curl of (A.1)
V x [V x A(x,t)] = V(V - A(x,t)) — VZA(x,t) = w(x,t). Since we possess a certain liberty in the choice of the
vector potential, it can be assumed for convenience that it is incompressible and we arrive at (A.3).
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A.2. BALANCE EQUATIONS FOR THE CONSERVED QUANTITIES IN MHD
TURBULENCE

where we have introduced the quantity

K(x —x') = —VxG(x — X'). (A.9)
According to (A.6), we obtain
%‘XX__%,/'Q for x € R?
K(x-x)= (A.10)
L for x € R?

A.2 Balance equations for the conserved quantities in MHD tur-
bulence

In the following we derive the balance equations, used in the section about conserved quantities
in MHD turbulence.

A.2.1 The balance equation for the total energy

We multiply (2.13) by u(x,t) for p =1 and (2.14) by h(x,t). This yields

;gtu2(x,t) +u(x,t) - [u(x,t) - Vu(x,t)] — u(x,t) - [h(x,t) - Vh(x,t)]
2(x
= —u(x,t)-V <p(x,t) + h(2’t)> + vu(x, t) - Viu(x, t), (A.11)

and

;gthz(x,t) +h(x,t) - [u(x,t) - Vh(x,t)] — h(x,t) - [h(x,t) - Vu(x,t)]

= +Ah(x,t) - VZh(x, 1), (A.12)

Adding these two equations to one another yields the evolution equation for total energy density
etot = (x,t). The following terms are evaluated by making use of the incompressibility of the
velocity and magnetic field

112 X
u(x,t) - [u(x,t) - Vu(x,t)] = V- <u(x,t)(2’t))7
2 X
h(x,t) - [u(x,t) - Vh(x,t)] = v.<u(x’t)h(2’t))
u(x,t) - [h(x,t) - Vh(x, )],
+h(xt) - [h(x,0) - Val )] = V- (b tulx?) - hixb),

(A.13)

u(x,t) -V <p+ hQ(;(’ t)) = V- (u(x,t) <p(x,t) + hg(;(t)» )

80



A.2. BALANCE EQUATIONS FOR THE CONSERVED QUANTITIES IN MHD
TURBULENCE

Let us consider the magnetic field as an example for the treatment of the viscous term, the
calculation is the same for the velocity field. We get

Ah( ) V?h(x. )

2
_ 212 (x
= )\Vh AE(a% >

1 212 (x Ohi(x,1t) Gh Oh;(x,t) Ohj(x,1)
B 2)\V h( )\Z ( Oz; 83:Z )\Z Oz, oz; ’
_ %)\V2h2(x,t) _ A (x,8) £ AV - [h(x, ) - Vh(x, £)]. (A.14)

A.2.2 The balance equation for the cross helicity
We multiply (2.13) by h(x,t) and (2.14) by u(x,t) and add the resulting equations together.
This reads
ll(X, t) ’ h(X, t) + h(X, t) ’ [U.(X, t) ’ VU(X, t)] - h(X, t) ’ [h(X, t) ’ Vh(X, t)]
+ U.(X, t) ’ [U.(X7 t) ’ Vh(xa t)] - U(X, t) ’ [h(x7 t) ' VU(X, t)]

B 1 h2(x, t)
= - ;h(x,t) -V (p(x, t)+ p2>

+ vh(x,t)- V2u(x,t) + du(x, t) - V>h(x, t), (A.15)

9
ot

and make use of the relation

V- [u(x,t) x (u(x,t) x h(x,t))] = h(x,t)- (u(x,t) - Vu(x,t)) +u(x,t) - (u(x,t) - Vh(x, 1)),
— 2u(x,t) - (h(x,t) - Vu(x,t)).

Inserting this relation for the term u(x,t) - (h(x,t) - Vu(x,t)) yields

u(x,t) h(x,t) + %h(x,t)-(u(x,t)-Vu(x,t))—h(x,t)o(h(x,t)~Vh(x,t)),

+ %u(x,t) - (u(x,t) - Vh(x,t)) + %V cJu(x,t) x (u(x,t) x h(x,t))],

_ h(x,t)-V(p(X7t)+h2(2w>

+ vh(x,t) - V2u(x,t) + du(x, t) - V2h(x, ). (A.16)

9
ot

The same procedure as in (A.13) can now be performed, and we get for the current density

2(x
D000 L uot) x (ux, ) % hi(x, 1)

h(x,t) (p(x,t) + h2(2x,t)) —vATh(x,t) — ABTu(x, t). (A.17)

JTos(x,4) = u(x,t)

u(x,t) éh(X’ t) h(x, 1)

The vector product can be rewritten and we get

u(x,t) - h(x,t)
2

u?(x
— h(x,t) [(2’75) —p(x,t)] —vATh(x,t) — ABTu(x, t)
q(x,t) = f(x,t) -h(x,t)+gxt) ulxt)+ v+ Njx,t) wx,t) (A.18)

Jcross(x’ t) — [u(x, t) + h(X7 t)]
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TURBULENCE

For the viscous terms we have introduced the velocity and magnetic gradient tensors
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Appendix B

B.1 The calculus of isotropic tensors

A good overview over the calculus of isotropic tensors can be found in [Arg07], [Mon71] and
[Hil01]. In the following we focus on homogeneous and isotropic tensor fields. Considering the
second order tensor

Ajj(x,x+r,t) = (ui(x, t)uj(x +r, 1)), (B.1)
we conclude that under the assumption of homogeneity, A;;(x,x + r,t) depends solely on the
relative distance r between the velocity field u;(x,t) and uj(x + r,t), and not on x

Aij(X7X+rat) = Aij(ra t) (B2)

Turning next to the symmetry of isotropy, the basic idea is that the tensor A;;(r,t) has to be
invariant under rotations. This means that it has to be invariant under a coordinate transfor-
mation of the form

¥ =Ur U'U=1, (B.3)
where U € SO(3).
This implies that

Ay (v ) =Y UnUnAij(x', 1), (B.4)
kl
has to be equal to A;;(r,t), which yields
Aij(r,t) =Y UpUjAij(U'r,t). (B.5)
ki
One can show that for this tensor of second order only the basic tensors r;r;/r?, §;; and EijkTk/T

fulfill the invariance condition. A general tensor of second order can thus be written as

Aij(r,) = AL(r )5 4+ Ag(r, )05 + As(r, et (B.6)

For the next order we can write

Augi(r,t) = Ar(r ) 5 4+ Ag(1, )05 + As(r, 002 + Aa(r, )05 + As(r, ez (B.T)

3
The last basic tensor involving the e-tensor can be omitted if the tensor A;j,(r,t) is invariant
under reflections, which is certainly the case for the tensor considered in (B.7), since both w;
and u; change their sign under a reflection. Nevertheless, tensors like Bjji(r,t) = (wi(x +
r,t)uj(x, t)ur(x,t)) are not invariant under these reflections since only u; and uj, change their
sign, whereas w; is an axial vector that keeps its orientation [Rob40]. The resulting tensor is
skew and can be written as

Bijk(r, t) = B1 (7”, t)gz’jk . (BS)
Since H can be seen in analogy with the vorticity w one has to respect that in the corresponding
normal forms of the tensors of MHD turbulence.
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B.1. THE CALCULUS OF ISOTROPIC TENSORS

B.1.1 Longitudinal and transverse correlation functions

If we consider the velocity fields u(x + r,¢) at point x + r and u(x,t) at point x, we can divide
the vector u into a part u' parallel to r, and a transverse part u*. These parts are thereby given
as

u == (E : u) , (B.9)
r
t — (T (t
v (7“ X (r % u)) '
The longitudinal correlation function
CEn(r, 1) = (ul(x, £) - ul(x + 1, 1), (B.10)

can be calculated in multiplying the two-point correlation tensor C7}*(r, t) = (u;(x, t)u;(x+r,1))
by r; and ;.

Assuming that C7'(r,t) = (ui(x,t)uj(x + r,t)) is isotropic and mirror symmetric, it follows
from (B.6) that its general form is given as

OB, t) = (Cre(rt) = CRR(rt) ) 5 + O ()05, (B.11)

where Cy(r,t) is the transverse correlation function
CP(r,t) = (u(x +r,t) - u'(x,1)). (B.12)

Turning next to the third order correlation function
ik (0, 1) = (ui(x, t)uj(x, t)ug(x + 1, 1)) (B.13)

we conclude that it is symmetric in ¢ and j, therefore Az(r,t) = A4(r,t)in (3.53). From (B.7)
we get the longitudinal correlation function in multiplying by r; r; and 7,
Crly(rt) = Ar(r, t) + Aa(r, t) + 2A3(r, ). (B.14)

B.1.2 The correlation functions for incompressible, isotropic and homoge-
neous fields

B.1.2.1 The correlation functions of second order

Due to the incompressibility condition it is possible to reduce the tensorial form of Ci“]u(r,t),
to a dependence of the longitudinal structure function C*¥(r,t) only. The incompressibility
condition is therefore used according to

0 u [ Oui(x+r,t) ' B

where the summation over equal indices is implied.

By making use of the relation 5%_ = %%, one gets

9 vv _ 9 vV vv Ty 2 vv vV Ty 0 vV Yo
aqung (r7t)*E(Drr(r7t) Dtt (T’t))7+;(Drr(rat) Dtt (nt))?—i_aDtt (T7t>7*07
(B.16)
which yields
uu 19 uu
Ctt (T7 t) = 55 (TQCTT (T,t)) . (Bl?)
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The correlation function Cl-“j“(r, t) can therefore be described solely in terms of the longitudinal
correlation function CP*¥(r,t).

In summing ij“(r, t) over equal indices i, j, we get Qpin(r,t), introduced in the section of the
Karméan-Howarth equation 3.4.4 in equation (3.61)

0
Quinryt) = 37 O (r,0) = O, ) + 20820, 1) = = (FPCR(r0)) . (BAS)

=]

The same relations hold for the two-point magnetic correlation function CFF(r,?). This gives

hh(, gy~ L 9 (2-mk
Ct t (’f', t) - 2% Or (7" Crr (’I",t)) ) (Blg)
and
Qmag (7, 1) § :ohh _ () oty = £ 0 (7‘3Chh(r t)) . (B.20)
mag r, tt\'> r2 or rr \"

However, no relation similar to (B.19) can be derived for the cross helicity correlation function

CP(r,t) = (ui(x, t)hy(x +1,t)) = C"B(r, t)qﬂ% (B.21)
since the incompressibility condition
0
5P (r,t) =0 B.22
oy, Ciz (1) =0, (B.22)

is fulfilled without imposing any restrictions on the defining scalar CUB(r,t).

B.1.2.2 The correlation functions of third order

The incompressibility condition for the third order correlation function
0

has the following implications. Applying (B.23) to (B.14), yields

10 0 Ag(T, t) Ty 10 2 Ag(?“, t) o
(7‘2 or (’I” Al( )) +2Ta’r’7'> 7’2 + 7’72% (7" AQ(T’, t)) +2T 51] = 0. (B24)

Since both brackets in (B.24) have to vanish identically in order to satisfy the equation, we get
two equations along with (B.14) for the three prefactors Ay(r,t), Aa(r,t) and As(r,t). This
equation system is solved by

29 (Ot
A = 12 (2D @
) = Y,

19 uuu
A3(T,t) = Eﬁr( QCT’TT‘(T t))

Therefore the third order correlation function can be written in terms of C}¥'*(r,¢) only

uuu r? 9 071‘1;17]:1(7‘ t) Tk

ik (0 t) = — > o < ; ) .3 (B.26)
10 2 ~uuu T Ty C;l;:l;l( )Tk ..
4r Or ( Crir t)) ( O + 5lk> 2 7&]'
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B.2. TENSOR CALCULUS FOR THE HIERARCHY OF STRUCTURE FUNCTIONS IN
MHD TURBULENCE

For the derivation of the Karman-Howarth equation in MHD turbulence we need

T (e, t) =) (O (e, t) — O (r, 1)) (B.27)

=7

By making use of the relation CPY(r t) = —2CPR (1 1), we finally arrive at

rTrr

T, 0) = SO, 6) — O )] = 5 o) (F-20MR ) — Cn o)) 5 (B2g)

The evaluation of the incompressibility condition of the skew antisymmetric third order tensor

O (r, 1) = (ug(hjuy — uih}), (B.29)

)

is needed, for the evolution equation of the cross helicity correlation function (3.79). Since it is
skew and antisymmetric, its general form is given as

T T T
O (e, 1) = O Dz + Colrt) (e’ = o). (5.30)

1/]7

The incompressibility condition yields

0 h 0 Cy(r, t) ]
uhu — 2 i— = 07 B.31
aT’kC”’k (I‘,t) (87“01( ) r €jil r ( )
which can be fulfilled according to
1
Cl (’l“, t) = §CUhu(Ta t)a (B32)

0
Cy(r,t) = TEC“h“(r, t).

This gives

CH (r, 1) = C¥(r, e+ 7o

Cuhu(T‘ t) ( '6]]@1& — stikl%) . (B.33)
B.2 Tensor calculus for the hierarchy of structure functions in
MHD turbulence

This section contains the calculation used in the chapter 4 of the hierarchy of structure functions
in MHD turbulence.

B.2.1 Structure functions of second order

The structure functions in chapter 4 were introduced as moments of the magnetic and velocity
increments at the points x and x’ = x +r. The velocity structure function of second order thus
reads

Dzy]“,(x’ X/at) = <(u2( ) ui(X,,t))(uj(x,t) - Uj(X,,t)»
(wa(x, E)u; (%, 1)) 4 (ug (X, )y (x5 1)) — (ug(x, )i (x, 1)) — (i (x', t)uj(x, 1), )

= 2(u;(x, t)u;(x,t)) — 2(u;(x, t)u;(x', 1)), (B.34)
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MHD TURBULENCE

where homogeneity and isotropy were used in the last step, so that
(ui(x, t)u;(x, 1)) = (wi(x, t)uj(x,1)) = CF(0,1), (B.35)
(ui(x, uj(x', 1)) = (ui(x, t)uj(x',t)) = Ci“]}‘(r,t).

Therefore, the structure function D}y (r,t) can be written in term of the correlation function
Ci(r,t) according to
DYy (r,t) = 2C}7(0,t) — G (x, 1). (B.36)

The same relations hold for the magnetic structure function of second order
DPP(r,t) = 2CPP(0,t) — 2CPP (x, 1), (B.37)

whereas the cross helicity structure function behaves in another way due to the lack of mirror
symmetry

DZ‘»’jb(X, X' t) = ((wi(x,t) —ui(x',8))(hj(x,t) — hj(x,1)))

((u;
<ui (X7 t)h]' (X7 t)> + <ul (le t)hj (X/7 t)) - <u1 (X’ t)hj (X/v t)> - <ul (le t)hj (Xa t)) >
= 2ui(x, t)hy(x, ). (B.38)

In the last step we made use of the homogeneity assumption
(ui(x,t)hj(x,1)) = (ui(x',t)h;(x', 1)), (B.39)

and

(ui(x,t)hj(x', 1)) = —(ui(x', t)hj(x,1)). (B.40)

This last relation is responsible for the different decomposition behavior of the structure function
tensor of the cross helicity, which is used in section 4.2.3. The structure function reads

DYP(r,t) = 2CPP (0, t), (B.41)
so that the structure function is independent of r.

B.2.1.1 The Karman-Howarth relation

In general we are interested in relations between longitudinal and transversal structure functions.
If we consider the general tensor form mentioned above, we can write the tensor of the velocity
structure function of second order

DYy (r,t) = (DYY(r,t) = DY () "5t + DY (1, )05, (B.42)

The subscripts denote the longitudinal rr and the transverse ¢t structure functions.
It follows from equation (B.36) and (B.15) that

2 DY¥(r,t) = 0. (B.43)

From the incompressibility condition we can therefore write a first relation between the longi-
tudinal and the transverse structure functions.

9 vv _ 9 vv _ Vv Ty 2 vv _ VvV Ty 0 vv Yo _
aTqiDij (r,t) = E(‘Drr(rﬂ t) — Dy (r, t))7 + ;(Drr(r7 t) — Dy (r, t))7 + aDtt (r, t)7 =0,
(B.44)
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MHD TURBULENCE

where we have made use of é% = %%.

This yields

10
2r Or
which is known as the Karman-Howarth relation. The same relation holds for the magnetic
structure function of second order

DYy (rt) = (DY (r,1)) (B.45)

10
DEP(r.t) = 5o (PDRR (1)) (B.46)

Again, such a relation does not exist for the tensor D;’Jb(r, t) due to the lack of mirror symmetry
and

0 0

——DyP =2 (Cuh — B.4
DI (r.0) = 25 -CER0,1) = O, (B.47)
is fulfilled in any way.

Summing over equal 7 and j in (B.42) and the relation (B.45) yields
10

<U2(T’ t)> = ‘D:’,X(T’ t) + 2DZ¥(T) t) = ﬁ% (TgDX;’(T’ t)) ) (B48)
and similarly
19
((r,)) = DR (r,t) + 2DPP (1) = — = (PDER(r1)) (B.49)

which is needed fort the equation of energy balance in MHD turbulence (4.20).

B.2.2 Structure functions of third order

The third order velocity structure function reads
DTy (x,x,t) = ((ui(x,t) — wi(x,£)) (w;(x, 1) — uj(x, 1) (un(x, ) — un(x',1))) (B.50)

Since (u;(x,t)u;j(x,t)un(x,t) = 0), the structure function decomposes under the assumption of
homogeneity and isotropy according to

Dy (e,t) = =2(C755 (v, 8) + CFy3 (x, 1) + 20475 (x, 1)) (B.51)

Inserting (B.98) for CF7(r, ) gives

o (CEM(r )\ rirjr, O r T T
VvV _ 9.2 7 rrr \T J _ = uuu ns . 4 ts. Js.
D) =t (SR M ) (26 + Do+ Do) (B2

Contracting this tensor to a tensor of second order yields

D'r]n( ) 7Dz]n( ): <T80'rrr( T ) C’r'r r( )) r2 _E( Cr'r"r(r t))(s (B53)
Comparing this relation to the general form of a tensor of second order (B.42) gives
0
DY) = —o (O (r,1), (.51
0
DY) = (v C) = SCREN( 1)) + 2DY (1) = ~6CE ()

Therefore, a relation between the mixed and longitudinal structure function of can be derived
as

19 vVvV
68 ( Drrr(r t)) (B55)
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Summing (B.53) over equal indices j and n gives
DY (r,t) = (v, (r,)v(r,1)?) = DY)} (r,t) +2DYYY (1, 1), (B.56)
which can be rewritten with the relation (B.55) as

1 0
DY (rt) = 252 (r“D;’;",E’ (r,t)) . (B.57)
This is the quantity which is needed for the equation of energy balance in MHD turbulence
(4.20).
The mixed third order tensor D}’jbr:' (ryt) — D;’;’}L’ (r,t) from equation (4.25) that enters in the
equation of energy balance (4.20)

DPPY (v,t) = DYPP (r,t) = 4+ 2((hjhnuf) + (hihnt§) + (hihjul,))

ijn ijn
= 2(((unhy = ujhn)hi) + ((unhi — uihn)Ry) — ((ujhi +uih;)hy,)),

(B.58)
can be divided into
Uijn(r,t) = =2(=(hjhnuz) — (hihpu}) + (hihjuy,)), (B.59)
and
Hijn(r,t) = =2(((unhj — ujha) i) + ((unhi — wihn)W5) — ((ushi + uihj)hy,)) - (B.60)

Turning first to Uj;(r,t), we have to evaluate correlation functions like Cihj}’l,‘;(r, t) = (hihjul,),

whose prefactors are again determined by the incompressibility condition

9 b
We get
2 hhu
hhu 0 ((OCPM(r,t)\ 13Ty
h = —— B.62
Ch (e, ) 2 (Xt oy (B.62)
1 9 ( 2-hhu ri rj CPR(r,t) T
+ Ta (r CMT(r,t)> (T(sjmu - 5m) - Ry
Inserting this in (B.59) gives
0 il jln
Usntr) = (CB) = g OB ) ) P (B.63)

T Tj 0 T
- o) (264 0) + (3O 4 OG0 ) 26
r r or r
This yields the following relations between the structure function Ujj;y,(r,t) and the correlation
function CPhY (7 ¢)

rTrr

Uppr(r,t) = 202 (r, 1) (B.64)

Unalryt) = —CP(r, 1 (B.65)

Unr(rt) = SCR(1) v ORI 1) (B.66)
T
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For H;jn(r,t) we need the antisymmetric tensor
<(hjun - Ujhn)h/> Cuhh(T t) ( , (5m — %5%) y (B.67)
and its symmetric counterpart
((hjun +ujhy)hi) = YRR (r.t), (B.68)

which fulfills the same equation as C’,thhT‘l‘( ,t), namely (B.62)
One arrives at

a 0 ririTy
(e = (G200 —r Ol 0)) P4 (B.69)
1 0 5 uhh uhh Tio Tj ¢
<27“ 8?”( Crrr (T t)) + 20 (Ta t) (?5_771 + 76111) )

£ (CPPR (1) — 40" (1)

rrr

This yields the following relations

Hypp(r,t) = C;lr}*l:l(r t), (B.70)
10

Hu(rt) = o (r r*Hypp(r,t)) + 2002 (r, 1) (B.71)

Hy(r,t) = —%HTTT(r,t)—élC“hh(r,t). (B.72)

We need the function DPPY (r,¢) — DVPP (r.t) for the equation of energy balance in spherical
coordinates.
By making use of

CYPR(r,t) = =201 (1) (B.73)

we get

DPPY (1 ) — DVPP (r 1) (0 (1, )2 (7, 1)) — 2(b,(r, t)v(r,t) - b(r, 1))
Urrr(r t) + 2Utt7«(’l”, t) + Hrrr(r t) + 2Httr(7" t)

e ) e ) .74

Astonishingly, the contributions from the symmetric correlation tensor ((ujh; +u;h;)h;,)) vanish
from this expression.

B.2.3 The viscous term

As an example of the treatment of the viscous terms in (4.17) we focus on the viscous velocity
contributions. The calculation is the same for the viscous magnetic field contributions. The
viscous terms in (4.17) read

v; (V2 + V) + (V2 + V2)vj. (B.75)
We rewrite the Laplace operators in x- and x’-space according to

0o 0 o 0
2 v Y 2 _ _
Vi = Oy, Oxy, and Vi ozl Ox!’

(B.76)
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and make use of the identity

0 0 o 0 of g 0o 0
Oy, 0T, 9z, 19 = Bixnaixng +2 (8) <an> + gaxn Oxy, I (B.77)
Therefore, we can rewrite (B.75) as
o 0 o 0 g 0
Vi <8xn ozn  0al on ) Vit (a T o o ) (B-78)
B o 0 N o 0 82}] N ov; 0v;
= \0zn 0z, " 0a 0z, ) T e az!, ) \ ozl )|

Note that (8”’) (%) = (g;f:b) <%> and (g;’,’) <BUJ> = (8_,6, ) (g;é) and that

0 0 o 0 10 0
<3xn Oz, * Oy, 8xn> 2 <8rn Ory, 1 40X, 6Xn> ' (B.79)
can be rewritten by making use of
0 0 1 0 0 B 1 8
oz o 20x, 0 ol or 20X, (B.80)

If we rewrite the equations again with the Laplacian operators in r- and X-space, we get

1
0; (V2 + V2 v + v (V2 + V2 =2 Kv% + 4v§<> Vv — 5;‘;1] : (B.81)

wa _ [Oui\ [Ouj ou ou;
= (o) (52)+ (52) (52): (2

B.2.4 Tensors for the fourth order structure functions

with

The tensor of fourth order, symmetric in all four indices is given by [Mon71] in Vol. II by formula
(13.82). It has the form

TZ‘TkaTn

Dijkn(r7 t) = (DTT’T‘T(r7 t) - 6D7"7“tt(7'7 t) + Dtttt(r7 t)) v

1 T Tk ;T TiTE T TRT
+  (Dprae(r,t) — thttt(T, t)) [%&cn + ;T6jn + %@'k + 12 Oin + Zan dik, + Tzn dij

1
+ gDmt(T, £)[0i0kn + 0ikdjn + Oindjk). (B.83)

If we calculate its divergence we get a tensor of third order, whose tensorial form is given in
general by [Mon71] in Vol. II by formula (13.80), therefore we obtain

;nDz‘jkn(I‘a t) = (;TLDrrm( t) — 38(2nDrttn( )> Ti:érn
+ ainDrttn(r, t) [7“1 Ojk + ki 5113 + 1 5 ] (B.84)
This tensorial form can be compared with the original calculations. We get
Do) = 350 Drin(6s8) = (3742 ) (Drvee ) = 6D1ra(r:0)+ Disn(r,0)
+ (3; - ?) (Drm(r, t) — ;Dtttt(r,t)> , (B.85)
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and
0 0 4 4
%Dmn(r, t) = <87‘ + ’I"> DTT’tt(r7 t) — 37Dtttt(r7 t) (B86)

The last equation has to be inserted into (B.85) in order to get the equation for the longitudinal
structure function %Dm«n (r,t).
For the antisymmetric tensor

T rET
DYRR(r,8) = (vivsbiba — bibjurva) = DYYRP(r,t) (k0m — “505) (B.87)
we calculate the divergence as
1o} 0 TiTiTE Tk
87D2'}f/?2(r,t) = ED;’X?P( 775)[ ’Lré - 7517}
n
Dvvbb rt ) ) .
”’t;( ) [%@-k + %&k — ol _oTks, T (B.88)
r r
Let us define A;j; n(r,t) as
Agjin(r,t) = DYYRPR(r,t) + DYYPR (x, t) + DYYRD (v, t). (B.89)
We obtain
0 0 bb 6 bb TiTiTk
%Aijk,n(ryt) = (3mD¥Xtt (r,t) — ;Dﬂ,tt (r,1) 27:73
0 _wvbb 75 r; Tk
_ ED”’” (r,t) [?’5]-;C + ?] i+ 75”} . (B.90)

Therefore, the coefficients can be read of analogous to (B.85) and (B.112) as

) P o 6\ .
%Awm(r,t) — 367%14”,5”(1',15) = <387’ — 7’) D,,TE;)(T,t), (Bgl)
and 5 5
aTArttn(I'a t) = —ED;'X,??(T, t). (B.92)

B.2.5 The equations for 2D MHD
In the following the tensor calculus is applied to the case of 2D MHD turbulence.

B.2.5.1 Karman-Howarth relation in 2D

The only difference for the tensor calculus that arises from a change of 3D turbulence to 2D
turbulence is the calculation of the divergence of r;,,, namely

0
—r, = 2. B.
87“nr (B.93)

Therefore the calculation of the incompressibility condition for the second order velocity struc-
ture function from equation (B.42) yields

a uu o a uu o uu rj 1 uu _ uu Tj a uu 7”]‘ B
%DU (v 1) = E(DM (rt) = Dig'(r t))? T ;(Drr(rv t) — Diy'(r, t))7 + EDtt (r, t)? =0,
(B.94)
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where we have made use of ain = %%.
This yields

DI 1) = 2 (rDE ). (B.95)

The kinetic and magnetic energy thus read

10

(W 0?) = DErO)+ DE(D) = T o (DR D), (B.96)
(1) = DI 0)+ DER(r 1) = - (2D (1)), (B.97)

B.2.5.2 Structure functions of third order in 2D

The third order correlation function in 2D is again determined by the incompressibility condition.
This gives

o [OCHM(r t)\ rirjr
uuu _ 2 rrr \'» ilgln
ngn (I‘,t) = — T E < r > 3 (B98)
10 T r; (e t) ry,
- uuu ,t <*5n 7]5”1) _ rrT ) 751
I 37” (TCT'TT‘ (T )) r J + r 2 r J
The third order velocity structure function is calculated as
D (v, t) = =2(Ci55 (v, t) + CF R (r, 1) + 20575 (x, 1)), (B.99)

which yields

o [(CM™(r.t)\ rirjr 0 r Ty T
VvV _ a2 Y rrr \' vy'n 5, Y ~uuu n ST
DYy (xt) = 61 ( : ) ST — 2 O () (85 4 Ot + Lo ) . (B100)

The defining scalars can be read off according to

DY) = 22 Cu(n), (B.101)
T
DYYY(rt) = —6CR(r1).

Therefore, the relation between the mixed and longitudinal structure function reads

1 0
DYYY (r.t) = 5r5 DYy (r1). (B.102)

The quantity which enters the equation of energy balance is

DYV (r,t) = (v, (r,t)v(r,t)?) = DYY¥(r,t) + D¥YY (r, 1), (B.103)

rTrTr

which can be rewritten with the relation (B.102) as

A\a'a% 19 3 yvvb
DY (1) = 2 (7‘ DY, t)) . (B.104)
The same procedure has to be done for the mixed third order tensor Dzbjbr‘: (r,t) — D;’}’é’ (r,t) .
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B.2.5.3 Equation of energy balance in 2D MHD turbulence and the 3/2 law
The equation of energy balance for stationary 2D MHD turbulence in polar coordinates reads

i 2 vvv bbv _ vbb
o5 (rD*Y () + (D" (1,8) = D (1,1) )
0

— yi; <rarDW (r, t))> + /\iaar <r§;Dbb (r, t))> —2(e") = 2(") + QU 1),

where we have assumed homogeneity and isotropy.
The following tensors have now to be inserted

DYV (r,t) = (v(r, t)2> = 71"887" (T2D;’;’ (r, t)) (B.105)
8 vV 1 a é a vv
ED (T, t) = ﬁa TSEDTT(T, t)) (BIOG)
DYV (r,t) = (ve(r,t)v(r, t)2)
1 0 v
= ﬁg <r3Drr1t")(ra t)) (B107)
DP™ (r,t) = DYPP (r,t) = (ve(r,t)b(r,t)*) = 2(be(r,t)v(r,t) - b(r,1))
4 0 " u
=~ (k) —8CRR (). (B.108)
We arrive at
3 24 [T
A\a'a% . hhu — _ 2 /v b o /12 ~uhh/ /
DYYY (r) — 12C* " (r) 2<€ +e >r+r3/0drr Y (r")
0 vV 0 bb
+ GVEDM (r)+ 6)\87*D” (r) +q(r). (B.109)
where the source ¢(r) is given by
q(r) = 7"63/0 dr’r’/o dr"r"Q(r"). (B.110)

B.2.5.4 Tensors for the fourth order structure functions in 2D

In order to derive the next order equation for 2D MHD turbulence, we have to calculate the
divergences of the corresponding tensors. In calculating the divergence of the symmetric fourth
order tensor defined by equation (B.83), one arrives at

9 9 o 1
TrnDrrrn(I‘, t) - 3877%Drttn(1‘7 t) = (87’ + 7“) (DMW(T, t) — 6Drrtt(7”7 t) + Dtttt(r, t))
0 6 1
+ (387‘ - r) <Drrtt(ra t) — thttt(ra t)) , (B.111)
and 5 )
3 1
TmDMtn(r? t) = <87’ + ’I") Dr,,tt(r, t) — ;Dtttt(r7 t) (B112)

The last equation has to be inserted into (B.111) in order to get the equation for the longitudinal
structure function %Drmn (r,t).
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The equations for 2D turbulence now read

10 vVVVV 3 VVVV
;g[rDrrrr(r)]_;Drrtt (T) - _TTTT(T)7
190 1

3o [ DYV ()] — SDEY() = —Thu(r).

For the antisymmetric tensor

T;Tr; TET
DYYPR(r,t) = (viv;biby, — bibjugv,) = DYYEP(r, 1) (7;; O — 5" 5ij) ,

we calculate the divergence as

9 bb 9 bb itk Tk
G DU = G DY) [ — Ty
DYYRP(rt) 7y T TiriTE Tk
: oo lig, TR Tk
+ S S Lo — T = )

Let us define A;j; »(r,t) as

Agjrn(r,t) = DYYPP(r 1) + DYY2P (¢ t) + DYYOP(x, ).

ij,kn kjin ik,jn
We obtain
0 0 bb 3 wvbb TiTiTk
aanAz‘jk,n(ryt) = <387,D7Y¥,tt (r,t) — ;D}’Xtt (1) ZT?;
9 bb Ti Ty Tk
= S DYER D) [Shg + Lo+ oy

Therefore, the coefficients can be read of analogous to (B.85) and (B.112) as

0 0 o 0 3 vvbb
airnArrrn(ra t) - 367%Arttn(r7t) - <337‘ ,r> Drr,tt (T’t)v

and

0 0 v
%Arttn(nt) = —EDM,??(E t).
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Appendix C

C.1 Additional figures

C.1.1 The third order longitudinal magnetic structure function
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Figure C.1: The third order longitudinal magnetic structure function from the simulations in table 5.1.
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