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Abstract

The N = 1 supersymmetric Yang-Mills (SYM) theory describes the inter-
action between the gluon and its supersymmetric partner, the gluino. We
investigate this theory on the 4D space-time lattice. The introduction of
the lattice as a regulator of the theory breaks the supersymmetry explicitly.
Additionally, the supersymmetry is broken softly by a non-zero gluino mass.
The supersymmetric Ward identity is a key instrument for extrapolating the
theory to the chiral limit where it is characterised by massless gluinos, and for
probing the size of supersymmetry breaking by the lattice regulator. In this
thesis we present improved methods for the analysis of the supersymmetric
Ward identity of SYM theory with the gauge group SU(3) and formulate a
method based on the generalised least squares fit, the so-called GLS method.
This method considers the correlations among different observables present
in the formula of the supersymmetric Ward identity. We obtain the sub-
tracted gluino mass by the GLS method for each gauge ensemble and obtain
the remnant gluino mass in the chiral limit. The lattice artifacts for the rem-
nant gluino mass at finite lattice spacing are of the order a? and vanish in
the zero lattice spacing limit. This agrees with our theoretical expectations.

In addition, this thesis discusses baryonic states composed of three gluino
fields. We derive correlation functions of these states and implement them
in the simulation code. Preliminary results of the effective masses of the

baryonic states for SYM theory with the gauge group SU(2) are presented.



Zusammenfassung

Die N/ = 1 Supersymmetrische Yang-Mills-Theorie beschreibt die Wechsel-
wirkung zwischen dem Gluon und seinem supersymmetrischen Partnerteilchen
dem Gluino. Wir untersuchen diese Theorie auf dem 4D-Raum-Zeit-Gitter.
Die Einfiihrung des Gitters als Regulator der Theorie bricht die Supersym-
metrie explizit. Zusétzlich wird die Supersymmetrie durch einen Gluino-
Massenterm weich gebrochen. Die supersymmetrische Ward-Identitét ist ein
Schliisselinstrument, um die Theorie zum chiralen Limes zu extrapolieren,
wo sie durch masselose Gluinos charakterisiert ist, und um die Grofle der Su-
persymmetriebrechung durch den Gitterregulator zu untersuchen. In dieser
Arbeit stellen wir fiir SYM verbesserte Methoden zur Analyse der supersym-
metrischen Ward-Identitdt mit der Eichgruppe SU(3) vor und formulieren
eine Methode, die auf der verallgemeinerten Methode der kleinsten Fehlerquadrate
basiert. Diese Methode berticksichtigt die Korrelationen zwischen verschiede-
nen Observablen in der Formel der supersymmetrischen Ward-Identitiat. Die
Gitterartefakte in Form einer nicht verschwindenden Gluino Masse im chi-
ralen Limes sind von Ordnung a? und verschwinden im Limes des Gitterab-
stands Null. Dies stimmt mit unseren theoretischen Erwartungen tiberein.
Dariiber hinaus behandelt diese Arbeit Baryonenzustinde, die aus drei
Gluino-Feldern bestehen. Wir leiten Korrelationsfunktionen dieser Zustande
her und implementieren sie im Simulationscode. Es werden vorldufige Ergeb-

nisse der effektiven Massen mit der Eichgruppe SU(2) vorgestellt.
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Chapter 1
Introduction

The fundamental constituents, of which the whole known matter is com-
posed of, are leptons and quarks. They interact via four fundamental forces
of nature, namely strong, weak, electromagnetic and gravitational forces[I].
In particle physics, the Standard Model (SM) describes the electromagnetic,
weak and strong interactions within the framework of Quantum Field Theory
(QFT). Despite the fact that the Standard Model is the most successful the-
ory valid up to the weak scale (100 GeV), some problems are still unsolved,
i.e. what happens at smaller distances (higher energies), large number of
free parameters, smallness of the weak scale, mismatch of three couplings at
higher energies, mass hierarchy, neutrino masses, dark matter, etc [2]. There-
fore, it is natural to study physics beyond the Standard Model (BSM), for
example, Grand Unified Theories (GUT), technicolor theories, string theo-
ries and supersymmetric theories. These theories have been proposed and
studied over the past decades. Supersymmetric extensions of the Standard
Model have become very popular among theorists and experimentalists since

they provide natural solutions to some non-trivial problems of the SM.

N = 1 supersymmetric Yang-Mills (SYM) theory is a supersymmetric
extension of pure gauge part of the SM [3]. In this thesis we focus on the non-
perturbative dynamics of the strong interaction between the gluon and its
superpartner, the gluino in A/ = 1 SUSY Yang-Mills theory. Supersymmetry

on the lattice at non-zero gluino mass is broken explicitly. To find the point

14



CHAPTER 1. INTRODUCTION

in parameter space where supersymmetry is restored and the theory has
vanishing gluino mass as well as zero lattice spacing a, we have to fine tune
the theory. For this purpose it is sufficient to tune the hopping parameter
k which is related to the gluino mass, and the inverse gauge coupling
which is related to the lattice spacing. In addition to the adjoint pion mass
squared we employ supersymmetric Ward identities in order to tune N' =1
SUSY Yang-Mills theory on the lattice [4]. In our collaboration, the major
goal is to study, among other quantities, the mass spectrum of bound states
in N/ =1 SUSY Yang-Mills theory on the lattice [3, Bl 6] [7, 8], to confirm
the theoretical prediction based on effective actions [9, 10]. The particles
of the spectrum arrange themselves in supermultiplets with same mass, this
is the major motivation to investigate this model non-perturbatively. We
also investigate the soft breaking of supersymmetry introduced by a non-zero
gluino mass and the difference of mass between the particles belonging to the
same supermultiplet. We also, for the first time, investigate an interesting
particle composed of three gluinos called “baryon”. This object is not a part
of a chiral supermultiplet of effective actions VY [9] and and generalisation of
VY [10]. The major focus of this thesis is the search for the supersymmetric
point with the help of supersymmetric Ward identities. In addition, we also
derive the correlation functions of the baryon and simulate them in order to
find the mass of the baryon in N' = 1 supersymmetric Yang-Mills theory. In

this thesis we proceed in the following way

1. In the first chapter, besides the general introduction we introduce su-
persymmetry and explain the importance of this symmetry. In addi-

tion, we also give a concise review of chiral and vector superfields.

2. In the second chapter we briefly explain N'=1 SUSY Yang-Mills the-
ory in the continuum reviewing the construction of the supersymmetric
Yang-Mills action with Us(1) anomaly and the first order phase tran-
sition. We also discuss predictions based on effective actions about the
mass spectrum of NV = 1 SUSY Yang-Mills theory and consequences
of soft breaking of supersymmetry. In addition, we describe how the
N =1 SUSY Yang-Mills theory can be simulated on the lattice, re-

15



CHAPTER 1. INTRODUCTION

16

lated challenges and techniques. Moreover, we give the details of the
simulation parameters and perform the chiral and continuum extrap-
olations of our results to verify the mass degeneracy formation of the

supermultiplet.

. Chapter three essentially is about the data analysis techniques includ-

ing effective mass, fitting correlation functions and variational analysis
that we use to determine expectation values of masses and their uncer-
tainties. These techniques rely on theoretical considerations of corre-
lation functions and their lattice prescriptions which are also discussed
in this chapter. For the measurements of the correlation functions with
the help of powerful computing machines we need gauge ensembles
which can be produced using a variety of algorithms. In particular,
we discuss very briefly the two-step multi-boson (TSMB) algorithm for
SYM theory with the gauge group SU(2) and the rational hybrid Monte
Carlo (RHMC) algorithm with the gauge group SU(3).

. The full analysis of supersymmetric Ward identities is provided in chap-

ter four. We start from the derivation of the master formula for the
Ward identities and then specify it for N’ = 1 SUSY Yang-Mills the-
ory in the continuum. To answer the question whether an anomaly
appears in the supersymmetric Ward identity, we renormalise it. We
also show numerical results of the correlation functions appearing in
the formula of the Ward identities and do discrete symmetry tests in
order to check the correctness of the numerical data from simulations.
An important task is to estimate the subtracted gluino mass, which is
done by three different methods that we call the Local, the Global and
the GLS methods. Finally, the remnant gluino mass is obtained at van-
ishing adjoint pion mass squared to perform the chiral and continuum

extrapolations in order to find the supersymmetric point.

. The fifth chapter comprises the derivation of baryon correlation func-

tions starting from the Rarita Schwinger field for SYM theory with the
SU(2) and SU(3) gauge groups. We use discrete symmetries in order to



CHAPTER 1. INTRODUCTION

check the correctness of correlation function obtained numerically. The
baryon correlation function has two contributions, the so-called sunset
piece and the spectacle piece. The implementation of the sunset piece
in the simulation code is simple whereas the spectacle piece is rather
challenging. The signal for the spectacle piece obtained so far is noisy

and the work is in progress to improve the signal-to-noise ratio.

6. The chapter six summarises the overall work and discusses possible

future perspectives.

1.1 Supersymmetry (SUSY)

Since the seventies SUSY has played a vital role in the progress of theoretical
physics, introduced in 2D world sheet theory in the context of string theory
as a theoretical tool [I1]. Soon after, it was believed that SUSY could be
adopted in the elementary particle physics as a space-time symmetry in QFT:
it was the birth of superstrings. Thereafter, innumerable supersymmetric
theories have been formulated. These theories are invariant under global
supersymmetry transformation or even under local SUSY i.e. supergravity.

Supersymmetry is a fascinating and an elegant idea that relates fermions

to bosons whose spin differs by % through the supercharge @) as
() |Boson) ~ |Fermion), @ |Fermion) ~ |Boson). (1.1)

SUSY requires each particle to have its SUSY partner with equal mass, other
properties could also be different but with spin difference of % [12]. The
bound states of fundamental particles arrange themselves into supermulti-
plets. SUSY transforms the members of multiplets into each other. Each
supermultiplet is forced to include at least one fermion and one boson with
spin difference of % Many supersymmetric models are toy models. They
have a high degree of symmetry, are simple to be solved, and serve as a guide
towards realistic theories. As an example, the SUSY Yang-Mills theory may
provide insights of the strong dynamics and quark confinement expected in

Super QCD [13]. These models are dual between weak and strong coupling

17



CHAPTER 1. INTRODUCTION

and therefore are easily solvable whereas it is way more difficult to extend
the same duality to non-symmetric theories. Up to now SUSY has not yet
been observed in any of the experiments despite many searches at CERN lab-
oratory. Hence SUSY is not exactly realised in nature otherwise we would
have observed superpartners of the Standard Model particles, for example
selectron with mass 0.51 MeV. However, there are several motivations to
investigate the theories comprising supersymmetry.

To fill some of the gaps, SUSY is a potential extension of the Standard
Model. Among the several reasons that particle physicists are interested in
SUSY theories, the major motivation is that, in perturbation theory, the
fermion and boson loops cancel each other which results in severe radiative
corrections [I1]. Outstanding examples consist of “the hierarchy problem”
(large gap between the Higgs mass and the Planck scale), “extreme small-
ness of the cosmological constant”; and “renormalisation of quantum gravity”.
Low energy limit of superstring theory is a promising candidate for unifica-
tion of four fundamental forces. Supersymmetric theories unify three running
couplings at large energy scale (10'¢ GeV) [14] [15]. SUSY has become a nec-
essary ingredient so that the theories are consistent and more importantly
it is being vastly used in non-abelian Yang-Mills theories which are strongly
coupled theories like QCD [13]. A large number of new results on strong
coupling and in non-perturbative sector of Yang-Mills theories have been
obtained by supersymmetrising these theories. For the dark matter, an ad-
ditional component of matter density, the “lightest supersymmetric particles
(LSP)” are good candidates [16].

For the sake of completeness, we introduce briefly the SUSY-algebra and
the superfields. For further reading and definitions of the quantities being

used, references are given accordingly.

1.2 SUSY-algebra

SUSY-algebras are Zj-graded Lie algebras which means that operators have

“even” or “odd” labels. These operators obey the following (anti-)commutator

18



CHAPTER 1. INTRODUCTION

relations [13]

[even, even] = even, (1.2)
lodd, even| = odd, (1.3)
{odd, odd} = even. (1.4)

To determine the structure of general SUSY-algebra, let’s consider [odd, even| =
odd first

Qi Ba| = —(ha) 3503 (1.5)
where Q,, i = 1,..., N are the supercharges and B, are the generators of
the Poincaré group (Translations plus Lorentz group) with the index a as
the number of generators. Further, h, are structure constants of the graded

algebra. The (Q, B,, By)-Jacobi identity forces h, matrices to show bosonic

symmetry algebra
[haa hb] = ifabchca (16)

where fu,. are the structure constants. Particular examples of B, are P,

(Translations) and J,, (Lorentz generators)
@0 B =0
Qb Tur] = (D)@ (1.8)

where b, = %(7/“, is required for %, to be in the Lorentz group representation

(0,2) ® (3,0). Similarly
Q6 T°] = (1)5Q0 +1()55(15)as @ (1.9)

where [* + it*y5 is an element of the Lie algebra of the internal symmetry

group and T* are the group generators.

For {odd, odd} = even, the most general relation compatible with Coleman-

Mandula theorem

{ f)m Q,jB} = _25” (,Y,uc)aﬁ PM + CO&,BUU + (’750)015 Vija (110)

19



CHAPTER 1. INTRODUCTION

here U and V are “central charges” and commute with everything. The

matrix C' is charge conjugation matrix.

1.2.1 Irreducible representation

Some properties, independent of representation, of the SUSY algebra are

given as follows [13]

SUSY Hamiltonian:
Eq. (T.10) together with the Majorana condition Q° = (Q%)7C, leads to
{QL. Q5 =207 P s+ 0asU" + (75) 5 V. (1.11)
By multiplying with v on both sides and taking the trace, we get
P—l{Qi (Qi)T+hc}>0 (1.12)
0= SN a a .C.p = U. .

This simply means that the Hamiltonian of SUSY theory is positive definite.

Same number of fermionic and bosonic degrees of freedom:

If Nr be the fermion number operator then we define a trace as
Ny = tr ()N {@L, Q5}] (1.13)
Using (—1)M Q! = —Q(—1)"*, we have

Moy = 2Pt (1)), (114)
Nbff = 0, for P() # O, (115)

here w = tr [(—I)N F } = Nposon — Nfermion 18 called Witten index, where nyoson
is number of zero energy bosonic states and ngemion is numMber of zero energy
fermionic states. Note here that the Witten index w is zero, therefore nyoson

and Ngermion degree of freedom is same. However, we can not generalise this,

20



CHAPTER 1. INTRODUCTION

for example in the adjoint representation of SUSY-algebra at P = 0, the
Nhoson aNd the Ngermion are different from each other.

Regarding the breaking of SUSY we have the following cases [17]:

Case I, w # 0:

If there is imbalance between ny,s0n and the ngemion then SUSY is not broken

spontaneously.

Case II, w = 0 and 7Nposon = Nfermion 7 0:

In this case SUSY is not broken spontaneously.

Case III, w = 0 and nposon = Mfermion = 0:

If there are not zero energy states at all then SUSY is broken spontaneously.

1.2.2 Chiral superfield

In order to obtain chiral supermultiplet we consider S, (z,6,8) as chiral (or
left chiral) superfield and its complex conjugate field S (z, 0, 0) as anti-chiral
(or right chiral) superfield [I8]. Where 6 and € are anti-commuting Grass-
mannian coordinates whereas x is a space-time coordinate, they span a su-
perspace. Introducing the coordinates y* = z#+ifa*6, these superfields have

the following constraints

DsS, =0, (1.16)
D, S} = 0. (1.17)

with the chiral covariant derivatives

0 , ~ 0
Da: %4—21 (O’HQ)QTW, (118)
_ 0
Dy = —, 1.19

21



CHAPTER 1. INTRODUCTION

where o are the Pauli matrices with ¢° as 2 x 2 identity matrix [I8]. From
Eq. (1.19) it is obvious that Sx(y,979_) can be chosen as any function ex-
cluding 6 dependence. In the simplest model, for the case of a free chiral

supermultiplet, one possible choice for chiral superfield can be

S (y.0) = d(y) + V20x(y) + 0> H(y). (1.20)

The factor /2 is conventional. The fields represent
e ¢(y) is a complex scalar field,
e x(y) is a two-component fermion field,
e H(y) is an auxiliary field.

Their explicit forms will be given in Sec. ([2.1.4])

1.2.3 Vector superfield

To obtain a vector (or real) superfield V(z,6,0), we impose the condition

V1 = V. The vector superfield in terms of its components reads [I§]

V(z,0,0) = ¢(x) + V20x(x) + V20x(x) + 0*H(z) + *°H(z)  (1.21)
+ 000 A, () + 0200, (x) + 000, (x) + 0260%d(z), (1.22)

where

i

na(«’f) = )‘a(x) - ﬁ (6#8102) ) (1'23)
() = 5D(a) + {0,"0(). (1.24)

This vector supermultiplet consists of
o A,(x) is a gluon field,
e \(z) is a gluino field,
e D(x) is a gauge auxiliary field.

22



CHAPTER 1. INTRODUCTION

To make full field theory representation we have to formulate an invariant

action for the multiplets that will be given in the next chapter.

1.3 Motivations

N =1 SUSY Yang-Mills theory is the minimal supersymmetric extension of
the gluonic part of the Standard Model of particle physics. It describes the
strong interaction of the gluon and the gluino, the supersymmetric partner of
the gluon [3]. Tt is a simple model with gauge invariance and supersymmetry.
Moreover, it is similar to QCD [19], where we have the asymptotic freedom
and the confinement of fundamental constituents. In the low energy regime,
the numerical simulations are possible. In addition, we verify the mass spec-
trum predicted by effective actions [9, [10]. In this model, the bound states of
the spectrum arrange themselves in a chiral supermultiplet, if SUSY is not
broken. However, on the lattice SUSY is broken due to a non-zero gluino
mass and due to the lattice regulator, which motivates us to study it on the
lattice to check whether the chiral supermultiplet is still formed in the chiral

and in the continuum limits.

23



Chapter 2

N =1 SUSY Yang-Mills theory

In this chapter we shall briefly introduce theoretical background of the NV = 1
SUSY Yang-Mills theory. The answer of a very interesting and important
question regarding spontaneous breaking of SUSY will also be addressed
here. We include predictions for the bound states of the theory from the
effective actions, these bound state form mass degenerate supermultiplets
at vanishing gluino mass. At non-zero gluino mass the degeneracy of the
spectrum is broken, this scenario is called soft breaking of SUSY and will also
be addressed. In addition, we give the lattice formalism of SYM theory and
discuss related challenges. Finally, we show the mass degeneracy formation
of the chiral supermultiplet by performing the chiral and the continuum

extrapolations.

2.1 N = 1 SUSY Yang-Mills theory in the

continuum

N =1 SUSY Yang-Mills theory (SYM) is the minimal supersymmetric ex-
tension of the pure gauge part of the Standard Model of particle physics. It
describes the strong interaction of gluons and gluinos, the supersymmetric
partners of gluons. It is a gauge theory with fermions as degrees of free-
dom and similar to QCD in this respect, see Ref. [3] and Refs. therein. An

important difference is, however, that the gauge invariance together with
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supersymmetry requires the gluinos to be Majorana fermions transforming
in the adjoint representation of SU(N,.). In order to construct a model with
SUSY and gauge invariance, one has to consider a vector superfield V (z, 6, 6),

satisfying VT =V, and in Wess-Zumino gauge [20] it is given as
_ _ _ __ 1 __
Viwz(x,0,0) = 00"0A, +1(00)0¢ —i(60)y + 5(96’)(99)D, (2.1)

where the gauge boson A, is a real vector field of gauge boson, v is complex
Weyl-spinor field representing the superpartner of the gauge boson and D is
an auxiliary field. This vector superfield transforms under the non-abelian

gauge transformation according to [11]

’

eV = e MeVelh (2.2)

where A is a chiral superfield. To obtain an action that contains SUSY
together with gauge invariance, based on “superfields” [21], 22, 23], we intro-
duce the spinorial field strength superfield W, = W, (z, 4, 04) that depends
upon space time coordinates x, for u = 0,1,2,3 and on the anti-commuting

Weyl-spinor variables 6,04 for o, & = 1,2, and it is given as [I8]
W, = —é(DD)e_QVDaegv, (2.3)
with the superspace derivatives
D4 = =04 —10°04,0,, Do = 0o + 10" ,0°0. (2.4)

The general form of Wess-Zumino gauge action in Minkowski space for N' = 1
SUSY Yang-Mills theory with SU(N.) gauge group in terms of W, is written
as

Sevar = Re{ [ dwdotwew,] } (2.5)

where tr, represents the trace over colour indices. In the Wess-Zumino gauge

the bosonic vector field A, reads
A, = —igTA°, (2.6)
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where g is the gauge coupling and a is the colour index, wherea = 1,...,N?—
1. 7% is N. x N, matrix called generators of the gauge group SU(N,) with
the normalisation relation 2 tr[T%7T%] = 6, its explicit form is given in Ap-
pendix . SUSY requires a fermionic superpartner of the bosonic field

A, which is a spin—% complex Weyl-spinor field, and is defined as
Vo = PET. (2.7)

The invariance of the action under SUSY and gauge transformation demands
the fermionic fields to be in the adjoint representation of the gauge group
SU(N,). Therefore the fermion, associated to fermion field, is spin—% Majo-

rana particle satisfying the following Majorana condition

v =y"C, (2.8)

where C' is the charge conjugation matrix that relates particle and anti-
particle fields, which means that particles and anti-particles in this model
are same. Note that Eq. is derived from analytical continuation of
correlation functions from Minkowski to Euclidean space and holds for a
Euclidean Majorana field [25] 26]. The Grassmannian integration w.r.t. 6 of
the action in Eq. leaves the following result

1 a ra i a \a i 7\a = a 1 aMa
Ssym = /d4x{ - ZFMVF,U«V + §w ou(Dyt)* = §<Duw) oYt + §D D }7
(2.9)
where D is the auxiliary scalar field which lacks a kinetic term and can be
integrated out by Gaussian integration, and Fj, is the field strength tensor

which is given as
Fy, = —igF;,T" = 0,A, — 0,A, + [Au, A, (2.10)
and D, is the covariant derivative in the adjoint representation

(Duth)* = 0t + g fare Apt°. (2.11)
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Let A be a Majorana bi-spinor in the adjoint representation of the gauge

group SU(N,). It can be represented in terms of the Weyl-spinors ¢ and "

_ (Y
A= (%) . (2.12)

The following transformations change the Lagrangian density leading to the
action of Eq. (2.9) only by a total divergence 6L = 9"}, = "}, [27]

as

§A, = —2g\,6, (2.13)
O\ = — 0 Fe, (2.14)
J
N = +—0, F, (2.15)
9
where € is a Grassmannian spinor parameter and j,, = —%SM. This leaves the

supercurrent S, conserved, and for A = 1 SUSY Yang-Mills theory it gets
the following form .
1 14 a
S, = —50 PEuas (2.16)

The on-shell Lagrangian density Lgyys in Minkowski space from the action

in Eq. (2.9) reads
1 -
Lsyy = —-F% F 4 %)\“7“ (D), (2.17)

47 HrTa

2.1.1 Uy(1) anomaly and first order phase transition

In addition to the SUSY and the gauge transformations, the Lagrangian
density is also invariant under Uy(1) transformation of the field A which
coincides with R-symmetry of the SUSY supercharges. The Uy(1) symmetry

transformation is given as [27]
A =9\, (2.18)
the corresponding axial current
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Iy = Py, (2.19)

has a divergence equal to

N.g?
5 C a a

GMJN = WEUVPUFNVFPU' (220)
Therefore, Us(1) symmetry (global chiral symmetry in this case) is anoma-

lous. However, a subgroup Zan, of Us(1) is still unbroken for [27]

km

gb:gbkEN—, where £k =0,1,...,2N. — 1. (2.21)

Moreover, when the fermionic condensate (A\)
(AN o pPe®™/Ne  where k=0,1,...,N. — 1, (2.22)

is non-zero 28] 29], the residual discrete global chiral symmetry Zoy, is ex-
pected to be broken spontaneously to Zy, where Z, is change of sign i.e.
A — —A. The parameter p is the scale parameter for the gauge group
SU(N.). The breaking of this discrete global chiral symmetry results in a
first order phase transition at my = 0, see Fig. . As a consequence, N,

number of degenerate vacua exist which are related by transformations of

ZaN.

the quotient group A

2.1.2 1Is SUSY broken spontaneously?

The answer of this essential and interesting question is given by the value of
the Witten index w [30]

w = tr {<_1)NF} = Nposon — Mfermion (22?))

it is the difference of bosonic and fermionic ground states. In pure SUSY
Yang-Mills theory, in the absence of additional matter supermultiplets, the
Witten index wgy s is equal to number of colours N, because there are not

any fermionic ground states and bosonic states are equal to N, [31]. There-
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fore, as a consequence, the SUSY is not broken spontaneously.

2.1.3 Spectrum of ' =1 SUSY Yang-Mills theory

Just like QCD, in N/ = 1 SUSY Yang-Mills theory at low energy the fun-
damental particles are confined into colour-neutral bound states. Some of
these states consist of mesons, glueballs and the gluino-glue. If the SUSY
is realised in this model then the bound states form a chiral supermultiplet

with same masses. This scenario is shown in Fig. ([2.1])

Bosons Fermions
> >
20 20
sl @ = ® |[:
:___’ Gluons Bosons and fermions Gluinos z
= in adjoint representation o0
:: \ \ / j :
- [ ) >
2 2
! (0@ N NE
o o
g e E
Glueball Gluino—glue Meson
Degenerate masses in the same supermultiplet

Figure 2.1: In N/ = 1 SUSY Yang-Mills theory, the fundamental particles
are gluon and its superpartner, the gluino. Due to asymptotic freedom they
are free at high energy. At low energy, however, they show confinement and
form colour-neutral bound states that result into glueballs, mesons and the
gluino-glue. At zero gluino mass they have same masses belonging to the
same supermultiplet. This figure is take from Ref. [I7] and modified.

2.1.4 Predictions from the effective actions

The spectrum of masses is independent of the effective actions, but different
effective actions provide insights into different parts of the spectrum. Here
we consider the predictions from the VY effective action [9] and from the

generalisation of the VY effective action [10].
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The VY effective action [9]:

At the classical level, the action of N'= 1 SUSY Yang-Mills theory is sym-
metric under Uy(1), and superconformal transformations. At the quantum
level, however, these symmetries are broken by their corresponding anoma-
lies. The chiral supermultiplet S, can the be expressed in terms of linear

combination of operators that appear in the formulas of anomalies [32] [33]
Sy(,0) = d(x) + V20x(x) + 6°H(z), (2.24)

where ¢(x) is the lowest component containing scalar and pseudoscalar com-
posites with corresponding quantum numbers whereas x(z) is a fermionic
component describing the gluino-glue bound states. Apparently, there is no
kinetic term in H(x), for details see Ref. [9], and it can be integrated out
from S, with the help of Euler-Lagrange equation. The lowest-spin scalar,
pseudoscalar and fermionic operators are given as

B9) B9)

¢(x) = —g e x(z) = 23/2g{ —idaD+ (0" N)aFuw}.  (2.25)

Here $(g) is defined in Ref. [34], and D is component of non-abelian vector
superfield which is eliminated by means of the equations of motion. The
composite operators in Eq. are interpolating fields for NV = 1 SUSY
Yang-Mills theory and have zero anomalous dimensions. Therefore, the mass
of the corresponding particles can be obtained by the correlation functions
(correlators) of those fields. Moreover, the VY effective action in terms of

chiral superfield S, can be written as

Syy = /d4x;(s;sx)1/3’D + vKSX log(i;‘) - SX>

where (S;SX)U?’ is the Kéahler potential that obeys scale, Uy(1), and su-

perconformal symmetries. « and 7 are positive constants. Based on these

+ h.c.], (2.26)

correlation functions, one expects the following lowest-spin supermultiplet of

JPC eigenstates with corresponding operators
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e scalar, 077, 1=1,5s =1 ~ A\ (a-fy)

gluino-gluino bound state (gluinoball);

e pscalar, 07F, 1=0,s = 0 ~ M\ (a-7))

gluino-gluino bound state (gluinoball);

e spinor, %H,l =1,s=43 ~0"Fu,\ (99)

gluon-gluino bound state (gluino-glueball).

Generalisation of the VY effective action [10]:

The VY effective action does not contain all possible lowest-spin composites.
The bound states of gluon-gluon, after this referred as “glueballs”, are absent.
In order to include glueballs in the spectrum, we have to concentrate on the
field H(z) from Eq. which has been ignored in VY action. By using
the equations of motion for D and for A in H(z), we obtain

H(z) = Big) [FF,, + %FWEMUFM}, (2.27)
The first term of Eq. represents a scalar glueball and from the second
term, by means of three-form potential and real tensor superfield, one obtains
a pseudo-scalar glueball and a gluino-glue, for further details see Ref. [10].
As a consequence, an additional chiral supermultiplet with corresponding

quantum numbers is given as

e scalar, 07", 1=0,s =0~ F"F,, (gb)
gluon-gluon bound state (glueball);

e pscalar, 0° ", 1 =18 =1~ F¢,,,, [ (gb)
gluon-gluon bound state (glueball);

e spinor, %(_iH, 1=0,8s=1~0"F,A\ (99)

gluon-gluino bound state (gluino-glueball).

Generally, the operators of physical states have mixing when they share com-

mon transformation properties. Physical states of the above supermultiplets

31



CHAPTER 2. N =1 SUSY YANG-MILLS THEORY

are not purely gluon-gluon, gluino-gluino or the gluino-glue, but are rather
mixtures of these composites. Therefore, it is natural to expect mixing among
scalar and pseudo-scalar glueballs with corresponding mesons. The investiga-
tion of the model including mixing shows that the physical states are settled
from two distinct mass “multiplets” [32]. The heavier set of physical states

(m™) from VY effective action has:

without mixing
e A scalar meson ——— a-fj

without mixing
e A pseudoscalar meson ———— a-n'.

e A gluino-glue fermion (¢g).

The lighter set of physical states (m~) obtained from the generalisation of

the VY effective action contains:

without mixing 0++

e A scalar state glueball.

without mixing 0_+

e A pseudoscalar state glueball.

e A gluino-glue fermion (¢g).

This scenario together with soft breaking of SUSY is shown in Fig. (2.2).
In addition to these supermultiplets, besides others an other interesting
object interpolated by operators composed of three gluino fields. We call
these objects “baryons” in analogy to the baryons in QCD with three quarks
(anti)-quarks. This bound state is not present in the effective actions [9,
10], however, there is no any argument against the presence of this state.

Therefore, we develop and construct the corresponding operator and discuss
it in details in Ch. .

2.1.5 Ward identity in N' =1 SUSY Yang-Mills theory

The SUSY Ward identity is the quantum version of the Noether theorem
in the classical theory which gives a conserved current corresponding to the
symmetric action of a physical system corresponding each continuous sym-

metry of the action of the system [35]. Due to quantum effects, however, an

32



CHAPTER 2. N =1 SUSY YANG-MILLS THEORY

+
m* Mg
m??

Ma- fo m;

P

*
m

—>

mg # 0 mg # 0

€—ASNS UN0Iq A[3oS—P-
ASNS PIXIAL

<€——ASNS PXIWUN)——Fp

m;

m,f

<€—ASNS uNo1q A[os;

m

m- My

m mg =0

Figure 2.2: Theoretical spectrum predicted by the VY and by the general-
isation of VY form two distinct supermultiplets without mixing. Physical
states, however, are mixtures of particles and supermultiplets are different
from the unmixed states. Furthermore, non-zero gluino mass in the action
breaks the SUSY softly and the particle spectrum is shifted. The subscripts

s, p and f stand for scalar, pseudoscalar and fermion. This figure is based
on Ref. [32].

additional term appears which is called the contact term. If we ignore this
term then the divergence of the supercurrent will be zero and one obtains a
conserved supercurrent. This identity is very useful in the case where SUSY
is explicitly broken. By making use of this identity one can tune the theory
in order to obtain SUSY point where broken SUSY is recovered. Therefore,
among the other quantities the SUSY Ward identity can also be used to
tune the theory and ensures the recovery of the explicitly broken SUSY. In
Ch. we shall discuss its forms in the continuum and on the lattice. We
also renormalise it in order to check the existence of the anomalies and treat
properly the additional symmetry breaking terms [4]. SUSY Ward identity
is a good candidate for a cross check of correctness of tuning of the theory

in its numerical simulations.

2.1.6 Soft breaking of SUSY

In the case where the gluino has a non-zero mass (m; # 0), an additional

mass term (—%mgxa)\a) will appear in the potential of Lagrangian density
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which modifies it as follows [3]

Lsyr = —ingng + %MM (D), — ;mgma. (2.28)
This Lagrangian density is not invariant under SUSY transformation any-
more. Due to the non-zero mass of the gluino field, the breaking of SUSY is
soft. The degeneracy of N. vacua is broken, this means that there exist N,
non-degenerate vacuum states for mg # 0. According to Eq. (2.22), in Dirac
representation, one gets two condensates: a scalar condensate <5\)\> and a
pseudoscalar condensate (AysA\). In NV = 1 SUSY Yang-Mills theory with
the gauge group SU(2) we expect that the theory is characterised by 2 vacua
whereas with the gauge group SU(3) it is characterised by 3 vacua. Quali-
tatively, it is represented in Fig. where x-axis has (A\) and on y-axis
we put (A\ys)), for details see Ref. [31] and Refs. therein. The spectrum of
particle masses predicted by means of the effective actions is modified too.
According to Ref. [32], masses of the physical states in the m™ multiplet at
non-zero gluino mass gets lowered whereas this behavior is opposite in the m™
multiplet. In the scalar channel this shift is small and the pseudoscalar chan-
nel gets the largest change, whereas the fermion stays in between the scalar
and pseudoscalar in both multiplets. The whole shift, due to softly broken
SUSY of mixed case and of unmixed case, is demonstrated in Fig. (2.2)).

2.2 N =1 SUSY Yang-Mills theory on the

lattice

Discretisation of the space-time with lattice spacing a spoils most of the
symmetries related to space-time and Poincaré invariance. Eq. (1.10) for
SYM theory reads

{Qa; Qﬁ} = (nyﬂ>oz,8 P,uy (229)
It is apparent from Eq. (2.29) that SUSY itself is broken on the lattice.

Here @), are the SUSY generators and P, are the generators of translations.

The infinitesimal translations generated by P, are not possible any more if
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Figure 2.3: Vacua of N'=1 SUSY Yang-Mills theory with SU(2) and SU(3)
gauge groups.

the formalism is put onto the lattice, which breaks SUSY unavoidably, for
details see [36]. The restoration of broken SUSY is an important test for the
validity of numerical simulations for N' = 1 SUSY Yang-Mills theory where
this restoration is shown in terms of degeneracies of the mass spectrum of
bound states [§] and can be cross checked by SUSY Ward identities [37]. For
this purpose, we have to tune some parameters, see Sec. (2.3.1).

2.2.1 Lattice formulation

To put the whole formulation of N' = 1 SUSY Yang-Mills theory on the
hypercubic space-time lattice, we consider the lattice action (SX,) suggested
by Curci and Veneziano [38] in the Wilsonian framework. It consists of a

gauge part (5,;) and the fermionic part (Sf) as

S& = S, + Sy, (2.30)
where
1
S, = 5; (1 — . Re [tr[UW]D, (2.31)
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with the inverse gauge coupling 5 = =5¢. The trace is over the colour indices

2N,
92
and over all lattice sites. The plaquette variable U, (z), which is related
to the field strength by U, (z) = e~ Fu (@) is the product of path-ordered
links U, (z) around the boundary of “U” [24]. It is shown in Fig. (2.4]) and

mathematically given as

‘x+1/ < :17+;H—1/‘It
U;E(x+y)
Y Ul(=) Up(z+f1) A
Up(z)
— > —
z T+ [

Figure 2.4: Elementary plaquette U, (x) at space-time coordinate = in the
pr-plane.

Un() = Un(@)U(x + UL (& + 9)U} (2), (2.32)

here gauge link is connected to gauge field by the relation U, (z) = e~ (@),

We define the anti-symmetrized clover plaquette PIE,C}) (x) as

P (z) = L(U@ () — U (). (2.33)

2 8ig\ M

The P (x) is constructed from the clover plaquette Ul (z) in fundamental
representation that shares the same time-reversal and parity transformation

as the field strength tensor F,, [39]. In terms of link variables the clover
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plaquette is given as [51]

Ul = Uu2)U,(x+ pUl(z+ 1)Ul (z) (2.34)

+U(x = ) Uu(e = v)Uy(x — v + p)Ul(z)
+Ulz — ) Ul (z — pp— v)Uu(x — p — v)U, (7 — v)
(

I

@)U+ v — U@ — U — p).

The fermionic part (Sf) of the full action (S%) reads

Sy =52 {A@i( —KZ[A“  Vara(2) (L4 7) A () (2:35)
+ A (1)Vih ><1—w>aﬂA5<x + i)}

where the X\ and X are not independent, but are related by the Majorana
condition A = CAT. The hopping parameter  is related to the gluino mass
by the relation given in Eq. (2.49). The adjoint link variables get the form [52]

Vanu(%) = 2t [Uf (2)TuU,(2) T3], (2.36)

where Vi, ,(x) satisfies the following properties

Vi () = Vi u(0) = (Vb (1)) . (2.37)

The St can also be written like
1 3\ o
= 52X (@) (Dw)iy (2.9)X (), (2.38)
"'E7y

where the fermionic matrix (D,,) reads

(D)3 (@, 4) = 0a0y 0 = 13 [y s V() (1 + 7,,) (2.39)

=1

6y Vs (0) (1 = )7 .
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The eigenvalues of matrix D,, are not real. We define D, = vsD,, which is
Hermitian due to the 5 hermiticity of D,, (D} = v5D,7s) and has doubly

degenerate real eigenvalues. Furthermore, D,, satisfies the following relations

CvsDyysC~t = D:, CD,C'= DI (2.40)
det(D,,) = det(D,,) = [[w? > 0. (2.41)

Where @; are the eigenvalues of matrix D,,. The following path integral
representation in Euclidean space gives the two point correlation function
for the gluino field

J1AU[AN] M)A (y) e 56V

J[dU][d\] eS¢V (2.42)

(T{A@)AW)}) =

Here the integration is over [d)] is ignored because A and A are not indepen-
dent. Moreover, number of degrees of freedom for Majorana fermions is half
than the one of Dirac fermions. For the sake of convenience we integrate out

the gluino field from the above path integral. The integral
/ [dA] e~ 33D, (2.43)

is the “Pfaffian” of the anti-symmetric matrix M = C'D,, and it is related to

the determinant as [27]
Pf(M)?* = det(D,,) = det(M), (2.44)
it can also be written as

PH(M) = \/det(D,,) x sign(Pf(M)). (2.45)

In terms of polynomial of M the above Pfaffian reads

1

Pf(M) = W6a151..-aNﬁNMa1,31 s MO&NﬁNﬂ (2'46)
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where o, 3 = 1,...,2N. Using the definition D_'(z,y) = A(x,y) the resul-

tant gluino propagator is given as
(T@AW)Y) = 25" [AUTPIM) & (e,)e,  (247)

where

2%::/ﬁﬂﬂPﬂA4k‘%. (2.48)

Now the variables depend mainly on gauge link on the gauge field U which
can be produced using some Monte Carlo algorithms, discussed in Sec. (3.1]).
Alternatively, one can also find the result by considering some source
J(x) of gluino field in the path integral approach and doing shift in the gluino
field where this field is easily integrated out, for details see Ref [39]. The two
point function in Eq. is the basic ingredient of different operators on
the lattice and this integral can be solved numerically by means of Monte

Carlo simulations.

2.2.2 Non-zero gluino mass and hopping parameter

The hopping parameter x and bare gluino mass m; are related as follows [40]

1
5 S T D) (2.49)

We calculate adjoint pion mass squared m?2_ which is related to k by
1 1
m? :A<—>. (2.50)

The above relation is analogous to the PCAC relation. We also obtain the
subtracted gluino mass from the Ward identities and calculate it numerically
in simulations, full details are given in Ch. (). As a consequence of the non-
zero gluino mass, the chiral symmetry is broken. We change x in small steps
and monitor the above masses in order to approach to the critical value of the
hopping parameter k. where m2_ and the subtracted gluino mass vanish. At

this point, the first order phase transition occurs and we observe a jump in
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gluino condensate (A)\), it is shown in Fig. (2.5)) qualitatively. Furthermore,
in the chiral and in the continuum limits the formation of the supermultiplet

with degenerate masses is expected, and broken SUSY is recovered.

A
Phase structure
IS¢
%,

%'*p,)

K" tralls‘ .
1[1011
1
8
>

Figure 2.5: The phase structure of N' = 1 SUSY Yang-Mills theory. The
dotted curve represents 1°* order phase transition corresponding to mg = 0.
At this point N. degenerate vacua of the theory are expected. The degeneracy
of these vacua is, however, shifted when my is switched on.

2.2.3 Sign of the Pfaffian

The Pfaffian (2.45)) is gauge invariant and uniquely defined. Nevertheless,
in numerical simulations especially at coarser lattices (larger lattice spacings
a) and at smaller gluino masses (closer to the chiral limit) it appears to be
negative for several configurations. To resolve this issue the absolute value
of the Pfaffian is taken

IPE(M)| = |det(D2) 1], (2.51)

and it is balanced by the reweighting procedure as

_ (0% sign(Pf(M)))

2.52
(sien (PO 252

(O
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In the case when a considerable number of configurations have a negative
sign, large cancellations in the reweighting procedure occur which leads to
large statistical fluctuations. Therefore, it is important to stay away from

such regions.

To compute the Pf(M), one can construct the anti-symmetric matrix M

in terms of a block-diagonal matrix J and in terms of a triangular matrix P
as

M = PTJP, (2.53)

for the definitions of P and J, see Ref. [41]. The Pfaffian will be given as
Pf(M) = det(P). (2.54)

This procedure, nevertheless, can only be used for small lattice due to large

storage requirements, for details see Ref. [27] and Refs. therein.

2.2.4 Improved actions

There are different ways to define the action on the lattice with the
condition that they must respect all the concerned lattice symmetries. The
choice is, however, made on the basis of full recovery of the continuum sym-
metry and a faster approach towards the continuum limit is possible if one
choose a lattice formulation based on domain wall fermions [42]. In this case
the chiral limit is achieved without fine tuning and an additional dimension
is introduced where a massless fermion is supported by 4D domain wall. An-
other approach is to make use of overlap fermions [43|[44]. The advantage of

these formalisms is that the chiral symmetry is improved and well protected.

Most of the work has been done by using Wilson type actions. In the
previous investigations of our collaboration [3, [5], the tree-level Symanzik
improved gauge action [45] has been used instead of simple Wilson action
with the gauge group SU(2) along with one level of stout smearing to reduce
fluctuations of the low modes of the Dirac operator. In our recent investiga-

tions [6] [7, 8], for the case of the gauge group SU(3), we have used a clover
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improved fermion action. This improvement is made by adding a term

CZ” M@)o F™ \(2), (2.55)

in the action (2.9). The main advantage of this improvement is that it
reduces the O(a) lattice artifacts significantly. The coefficient ¢y, is called
the Sheikholeslami-Wohlert coefficient and its one loop value has been used
for the gauge group SU(3). Alternatively, in order to obtain the value of ¢y,
the tadpole resummation [3] has also been tested for SU(2) case that lead to
a large development in obtaining the degeneracy of masses at finite lattices.
Moreover, the values of ¢y, from one loop predictions are in the same range

of values obtained from the tadpole formula.

2.2.5 Smearing techniques

In order to improve the precision of the quantities measured on lattice with-
out putting much effort on statistics and numerics, the overlap of the op-
erators with the ground state of the particle should be enhanced. However,
some operators are not well suited to achieve the overlap. In order to enhance
this overlap with ground state, one can use so-called smearing techniques. In
addition, the smearing removes quantum fluctuations at short distances and
improves the signal-to-noise ratio. Furthermore, the smearing techniques are
applied in variational analysis to construct a set of different operators used
in the analysis [7]. We use APE and Jacobi smearings in A/ = 1 SUSY Yang-
Mills theory on the lattice for these purposes. The details of these smearing

techniques are as follows [5]:

APE smearing:

In APE smearing, gauge links are smeared. Smearing of gauge links is used as
a powerful tool in order to reduce UV-fluctuations of gauge configurations.
In APE smearing, the individual spatial link variable U;(z), i = 1,2,3 is
extended by the sum of itself and weighted staples orthogonal to the original
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spatial link as

+3
j=%1
J#i

where the parameter e 2pp affects the strength of smearing. This procedure
is shown in Fig. (2.6). The new smeared link is given by

—> +€APE1\r /J A

Figure 2.6: Graphical representation of APE smearing in which each link is
replaced by itself plus orthogonal staples.

Us(z) = Uilw) (2.57)

Vi @)Ule)

This procedure is equivalent to solving the diffusion equation with small value

of eapg. In terms of e4pp and Nypg, the smearing radius reads

RS = \/NAPE X €EAPE, (258)

where N4pg is the APE smearing level which represents that how many times
the APE smearing is applied. Nspg should not be much larger otherwise
it would just ruin the signal. Comparison R, to the lattice size gives an
estimate about the size of the lattice volume to contain sufficiently the wave
function of the particle to be simulated. The parameters € 4pg and Napg have
to be tuned in order to obtain best estimates of the quantities of interest.

Furthermore, the choice of the parameters for different observables will be

explained in Sec. ([2.3.1]).
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Jacobi smearing:

To gain the same objective, it is important to replace also fermion operator
with a smeared one. Therefore, Jacobi smearing is used for the construction

of the fermion source as [40]

N (&) 2 NO(#) = 3 FEE DA (D). (2.59)

a,o,y

Where F' is the Jacobi smearing operator which uses APE smeared adjoint

gauge link variable V;(x) and its suitable choice is given as [7], [46]

Ny ‘
Fy'(&,) = C37 8% (5f,y+ > (H)ba(E, 37)) : (2.60)
i=1
with ,
Hba Z |:6:Lff+l i, b(l + 5@57%‘/%;01(5 - g)j| . (261)
=1

Where N represents Jacobi smearing level, k; is smearing coefficient and
responsible for convergence, and C'; is a normalisation constant. The optimal
choice of the set {N,, k;,C,} will be explained in Sec. (2.3.1). In terms of
F, 3D Klein-Gordon equation in the limit N; — oo is written as

> Kaa (2, 2) Fan(&, ) = Sz76a, (2.62)
here spin indices are omitted. The kernel K is given as

Ko (T, ) = 3000 — Ky Z 05 24 Viaw (8) + 0 5 VI (F=7)] . (263)
=1
The Jacobi smearing radius R; reads
> |z |F(Z,0)[?
Ry=2= ——
> |F(Z,0)]

(2.64)
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For further details on how the Jacobi smearing operator acts on different

pieces of correlation functions see Ref. [7].

2.2.6 Stochastic estimator technique

In NV = 1 SUSY Yang-Mills theory, the computation of the disconnected
contribution to the correlator of the adjoint meson and the spectacle contri-
bution in baryonic states is a challenging task. It requires the computation of
all-to-all propagators. The major difficulty in the determination of all-to-all
propagators is to obtain the inverse of the Wilson-Dirac operator D,,. Di-
rect inversion can only be done on small lattice volumes. However, for large
volumes it is too expensive within current computational resources. There-
fore, a reasonable approximation for the inverse with a reliable precision is
required. The stochastic estimator technique (SET) is among the various
important techniques to do this job, for details see Refs. [7, [47]. The SET is

based on a set of random noise vectors |n®) satisfying the following relation

1 N

fzm ' =1+0(

1
) (2.65)

The noise, in our case, belongs to Z, i.e. i\gi. As a result the approximated

inverse of preconditioned Wilson-Dirac operator will be

1

Z s (n'| + O( ), (2.66)

%

where the source vector |s') = D_ ! [’) can be computed using conjugate gra-
dient method. Concerning the convergence in the approximation of the in-
verse Wilson-Dirac matrix it has been found that the SET is considerably fast
once it is combined with the truncated eigenmode approximation and even-
odd preconditioning [48]. From the lowest eigenvalues \; and corresponding

eigenvectors |v;) of 75D,. (the Hermitian version of D,.) the approximated
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inverse of preconditioned Wilson-Dirac matrix is

D;cl ~ Z N lv:) (vy] - (2.67)

The Eq. (2.67)) is combined with the noise vectors of SET [7] as

Ne 1 1 Ns N€+NS

Dyl ~ Z}\—Jw)(vil + 52 SO = Y ailwi) (i, (2.68)

% S 4 )

where |s% ) and |5 ) are the source and noise vectors which are projected or-
thogonal to the lowest eigenvectors. The combination of above both approx-
imations described above together with better choice of number of stochastic
estimator, not only speeds up the code but also converges to the better esti-

mation of the inverse of preconditioned Wilson-Dirac matrix.

2.3 Strategy

2.3.1 Simulation parameters

In N =1 SUSY Yang-Mills theory on the lattice, we need to tune two param-
eters. The first parameter is the inverse gauge coupling 8 which is related to
the lattice spacing a, we tune this parameter such that the continuum limit is
approached where broken SUSY due to the lattice regulator is recovered. We
have generated ensembles with the gauge group SU(3) using the RHMC algo-
rithm; the set of simulated values of 3 is {5.2,5.3,5.4,5.45,5.5,5.6,5.8}. The
values 5.2 and 5.3 are excluded because there might be bulk phase traditions
and algorithm does not converge. Whereas the value 5.8 is ignored as well be-
cause the corresponding lattice spacing is too small such that the topological
sectors can not be sampled properly and there appear to be the large finite
volume effects, the topological charge freezes and relevant quantities mea-
sured at this value are not reliable. Moreover, the value of Sheikholeslami-
Wohlert coefficient ¢y, is determined from the one-loop calculation, this value

is used in the clover part of the action. The Second parameter is called the
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hopping parameter x which is related to the gluino mass by the relation given
in Eq. (2.49). This parameter is tuned such that the chiral limit is obtained
where theory is characterised by a massless gluino. For the case of SU(3),
our choices for the inverse gauge coupling 5 and for the hopping parameter
k are shown in Tab. (2.1).

| B=54 || B=54 || p=54 || p=55 | B=56 ]
[ Cow=1609 [ cow=1603 [ cow=1598 [ cow=1587 [ co=1609 ]
| V_123><24 | V=16 x32 | V=16°x32 | V—163><32 | V=24x48 |
[ & [Newg | & [Nowtg|] £ [Newg| £ | Nowg || £ [ Nos |

0.1690 | 5642 | 0.1692 | 8080 || 0.1685 | 2314 || 0.1649 | 3212 | 0.1645 | 08611
0.1695 | 8199 || 0.1695 | 4277 || 0.1687 | 3333 || 0.1667 | 4515 || 0.1650 | 10286
0.1700 | 5962 || 0.1697 | 3896 || 0.1690 | 2637 || 0.1673 | 5108 || 0.1655 | 13986
0.1703 | 6076 || 0.1700 | 6152 || 0.1692 | 2126 || 0.1678 | 3603 || 0.1660 | 12760
0.1705 | 5070 || 0.1703 | 10513 || 0.1693 | 2394 || 0.1680 | 1511 - -
0.1705 | 9868 - - 0.1683 | 0917 - -

Table 2.1: Gauge ensambles corresponding to the optimal values of inverse
gauge coupling (8 for different lattice volumes. The ¢, values are used in
clover part of the action. Here N, represents the total number of gauge
configurations produced.

Smearing parameters for Ward identities:

For the Ward identities the best parameters are given in the Tab. (2.2). The
dependence of the gluino-glue Ward identity correlation functions on these

parameters is mild.

H APE H Jacobi H
| Napg | ears || Ny | £y |
| 4 o5 ] 6 [02]

Table 2.2: The optimal values of parameters used in APE and Jacobi smear-
ings for the Ward identities.
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Smearing parameters for adjoint Mesons (a-1’ and a-fj):

The disconnected contributions of the mesons are challenging to be computed
on the lattice. We apply Jacobi smearing in order to improve the signal which
introduces additional noise. To cope with this, we first apply APE smearing
on the gauge links and then use these links in the Jacobi smearing opera-
tor [7]. To avoid large errors, we optimise the x; and to keep the correlation
function of the same order of magnitude, we tune C;. The Tab. shows

the optimal choices of smearing parameters for mesons.

H APE H Jacobi H
| Napg | eare || N; | ks ] Cy |
| 20 | 05 [[upto80]0.2]0.87 |

Table 2.3: The best smearing parameters used in APE and Jacobi smearings
for mesons.

Smearing parameters for the gluino-glue and glueballs:

For the gluino-glue and glueballs bound states we apply the APE smearing

only and use 0.4 and 0.5 as values of € 4pg respectively with Napgp = 20.

Stochastic estimators and number of lowest eigenvalues for mesons

and baryons:

In our current measurement of mesons, we choose 40 stochastic estimators
along with the 20 lowest eigenvalues. For further discussions and details see
Ref. [7]

Results of autocorrelation time and estimated bin size:

Tab. (2.4]) shows the numerical values of integrated autocorrelation time 7¢ it
calculated from Eq. (3.59)) and estimated bin size Lp from Eq. (3.65).
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| B=55 | B=5.6 |
H R I Ncnfg ‘ TO,int ‘ LB H R I Ncnfg ‘ TO,int ‘ LB ‘
0.1649 | 08611 | 1.4997 | 24 || 0.1645 | 08611 | 1.4999 | 33
0.1667 | 10286 | 1.4998 | 27 || 0.1650 | 10286 | 1.4999 | 35
0.1673 | 13986 | 1.4998 | 28 || 0.1655 | 13986 | 1.4999 | 39
0.1678 | 12760 | 1.4997 | 25 | 0.1660 | 12760 | 1.4999 | 38
0.1680 | 10286 | 1.4993 | 18 - - - -
0.1683 | 13986 | 1.4989 | 16 - - - -

Table 2.4: Results for integrated autocorrelation time of the correlation func-
tions appearing in the Ward identities and estimated bin size.

2.3.2 Finite size effects

The determination of the mass spectrum of the theory on the lattice is af-
fected by the finite size effects. The degeneracy of the supermultiplet pre-
dicted by the effective actions [9, [I0] can be lost if they are not considered
and estimated properly. In principle, one should simulate the theory in in-
finitely large volume, but practically it is impossible. Therefore one should
be very careful in choosing the size of the box. Relatively larger volumes are
preferred, on the other hand the simulations are very expensive especially
when fermions are in the adjoint representation. Hence, some optimal size of
the box should be taken. In the lattice field theories the measurement of the
physical quantities in a finite box is different from those in infinitely large

box. The shifted mass due to definite size L of the box is given as
m(L) = mo+ Am(L), (2.69)

where myq is the mass in an infinitely large box and Am(L) is the shift that
has been investigated to all orders in PT' [49]. In the lattice field theory the
analogous investigations have been presented in [50] where the mass shift
gets the form

Am(L) ~ — e omol, (2.70)

L
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This behavior is generic and does not depend on the types of interactions.
In A/ =1 SUSY Yang-Mills theory the finite size L dependent mass m(L) is
obtained and fitted to infinite volume limit. In the fit the constants C, a and
mg are calculated. The mass gap between the gluino-glue and a-n’ is shown in
Ref. [51]. It has also been argued that the functional dependence in Eq.
is valid only for sufficiently large lattice volumes. Furthermore, Fig.

1.4

T T
a T ——
gluino-glue ——e—

1.2
1|

0.8

am

0.6 +

0.4 +

02 /,,.,/M""’—“:' |

D L L L L L L L L L L
08 1 12 14 16 18 2 22 24 26 28 3
L/ro

Figure 2.7: Lattice volume size dependence of the gluino-glue (blue) and
a-m (red) masses. The numerical simulations are performed at § = 5.6 and
k = 0.1660. The results are obtained by fitting the data to the functional

form in the Eq. (2.70).

shows the masses of the gluino-glue and a-m particles plotted against size L /rg
at the finest lattice spacing corresponding to the inverse gauge coupling 5 =
5.6 and the hopping parameter x = 0.1660 (very close to k.). We choose a set
of different lattice volumes i.e. {83 %32, 123x32, 163 x 32, 20% x40, 243 x 48}
to see the dependence of the mass on L/rg. It seems that we are already in
the safe region for volume 16® x 32 where the masses are constant and their
dependence on the volume is negligible, even though we have preferred to
perform simulations at the volume 243 x 48. At this lattice volume the finite

size effects are irrelevant [6].

2.3.3 The sampling of topological sectors

Topological quantities have large autocorrelation time and topological charge
is frozen towards the zero lattice spacing limit at the finest lattice spacing

(<0.05fm in QCD units). The autocorrelation time increases very quickly
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when the lattice spacing a is decreased, see Refs. [53] [54] for details. Monte
Carlo simulations loose ergodicity if topological sectors are not treated prop-
erly. We have already very fine lattice spacing corresponding to 8 = 5.6,
hence it is very important to sample the topological sector accordingly. The
mean value of the topological charge (@), the integrated autocorrelation time
7o and the susceptibility x¢ have been measured in our recent numerical sim-
ulations. For § = 5.5 the 7 seems to be reasonable and it becomes more
important at S = 5.6 where it is relatively large but still under control, see
Fig. which is taken from Ref. [6]. In addition, we have also performed
simulations and calculated these quantities for 5 = 5.8 (very close to contin-
uum), and found out that the topological charge is frozen. Hence, all related

quantities at f = 5.8 are not reliable and these ensembles are excluded.

f 16% x 32 ——
24% % 48 —— |

Q

1 0 ]

] L]

[ i | It ! T
o W% LI T
T

1 f
| | | |
L1 — ¥ e -
ff
Ul
. ok, . . .
0 200 400 600 800 1000 0 100 200 300 400 500 600

Figure 2.8: The history (8 dependence) of the topological charge on a lattice
volume 16® x 32 (left). The history (Volume dependence) of the topological
charge at inverse gauge coupling § = 5.6 and hopping parameter x = 0.1660
(right).

2.3.4 Scale setting

Numerical simulations give dimensionless numbers. To represent them into
physical units one needs to set a scale. On the lattice, it is equivalent to
put lattice spacing a to a fixed value. In principle, any dimensionful physical
observable can be used for this purpose. Nevertheless, the calculation of any
physical quantity from the lattice can only be as good as the determination of

its scale in physical units. In addition to the physical scale, it is equally im-
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portant to determine the lattice spacing at different inverse gauge couplings
to perform the continuum extrapolation. To express physical quantities in
terms of an accurately measured quantity it might be useful to choose a quan-
tity which is not directly measured in experiments, but easy to be calculated

with high precision and accuracy.

The Sommer parameter ry is one of this type which is introduced in
Ref. [55]. This has been used in N' = 1 SUSY Yang-Mills theory with the
gauge group SU(2) [3]. The advantage of this scale is that it makes use
of the static quark anti-quark potential V' (r/a) from gauge fields and fits
the data to extract ro/a or string tension a\/o without any expensive com-
putation of quark propagators etc. However, its computation is non-trivial
and requires asymptotic behavior of Wilson-loops. Moreover, its analysis is

complicated [56] which results in large error of the scale.

Alternatively, the wq scale from gradient flow can be obtained with high
precision. It is considered in Ref. [57] and the method how to determine wy
scale is explained in Ref. [58]. To obtain wy scale, the following observable

is considered

W(t) = tjt (P (E®)), (2.71)
with the condition
W)z = 1, (2.72)

where u is a reference scale. Different choices of u change the autocorrelation
strongly. Different values have been tried in Ref. [59] and it has been found
that the small value of u reduces fluctuations and spikes of w§. We used
u = 0.2 in our previous investigation [6] where topological sampling was
insufficient. In our recent work [7], [§], we have used u = 0.3 where topological
sectors are under control. (E(t)) is the expectation value of continuum-like
action density F that reads
1

E = ZGZVGZW (2.73)
where wa is the chromoelectric field strength tensor. The reason why W (t)
is preferred over t? (E(t)) of Ref. [57] is that W (t) is less influenced than
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t2 (E(t)) by the cutoff effects (discretisation effects). Moreover, t yields dif-
ferent relative scales for different values of t* (E(t)) whereas W (t) gives very
similar values of the scale.

We compute the scale wy for each g and for the full range of x as a
function of m2_. The data is fitted to a function of second order polynomial

of m2_, the function reads

a-T?

i_w) = W + c(l)mj_Tr + cPm? (2.74)

a-T)?

wo(m

where wy , is desired value of the scale.

2.3.5 Chiral and continuum extrapolations

In our previous investigations, we extrapolated masses to the chiral and in
the continuum limits separately in a two step procedure. Contrary to that,
we now perform a combined one 2D fit to obtain values of observables O cont.

in terms of the scale wy by the function

a
O(mi-m wO,x) = Ox,cont. + C(l)mz_ﬂ + 0(2)7 + 0(3)m

2 a
32 T 32

Instead of a we have used a/S? in Eq. (2.75) because lattice articfacts for on-

shell quantities are expected to be O(a/3?) due to one-loop clover improved

(2.75)

action [8]. In order to show the mass gap, we show the chiral extrapolation of
the gluino-glue, the pseudoscalar a-n’ and the 07" glueball in Figs.
for a set of coarser and finer lattice spacings. At the coarsest lattice spacings
corresponding to § = 5.4 one can see a mass gap between the gluino-glue
and other observables (a-n’ and 0%"). This gap squeezes already at 3 = 5.45.
For g = 5.5 and 8 = 5.6 their is no mass gap present between the particles
indicating the formation of supermultiplet in the chiral limit. Fig.
shows the continuum extrapolations of the masses using the fit function of
Eq. . It is very much clear from the extrapolations that the masses
are degenerate and hence form a chiral supermultiplet which indicates the
restoration of broken SUSY. Moreover, a quadratic fit in the lattice spacing

a has also been performed, however, the dependence of masses on the lattice
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Figure 2.9: The extrapolations of the ground state masses towards the chiral
point . where m?2__ vanishes at two coarser lattice spacings. These masses
consist of the gluino-glue g¢(® which is purely fermionic state, the scalar
channel 07+ which is mixed state of 07F glueballs and a-f,, and the pseu-
doscalar channel a-n'(®) which is purely mesonic state.

Figure 2.10: The extrapolations of the ground state masses towards the chiral
point k. where m?2__ vanishes at two finer lattice spacings. It is important
to note here that as the lattice spacing a becomes smaller (at larger ) the
lattice artifacts are significantly reduced and formation of supermultiplet is
quite clear which is the hint of restoration of the broken SUSY.

spacing is mild, see Ref. [§]. Additionally, SUSY Ward identities have been
employed in order to show the recovery of broken SUSY, full detail is given

in Ch. .
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Figure 2.11: The extrapolations of the ground state masses towards the
continuum limit performed at 4 different lattice spacings. These physical
states are same as shown in Figs. . The masses are compatible
within errors at a = 0, therefore they form a chiral supermultplet as predicted
in Refs. [9, 10].
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Chapter 3

Correlators and determination

of masses

In this chapter we shall consider algorithms for the production of gauge en-
sembles which have been used for the determination of different observables.
Moreover we discuss the correlation functions required to measure the spec-
trum of bound states. In addition, we review some data analysis techniques

for our research work.

3.1 Production of configurations and algorithms

The gauge field configurations are the basic requirements to perform Monte
Carlo simulations of N' = 1 SUSY Yang-Mills theory. The implementation
of fermions on the lattice is expensive especially when they are in adjoint
representation. In N/ =1 SUSY Yang-Mills theory it is more challenging to
simulate the theory near the chiral and the zero lattice spacing limits. We
focus mainly on algorithms which produce the gauge field configurations in
order to significantly reduce computational power.

On the lattice, we compute expectation values of observables, as an ex-
ample see Eq. (2.42). The exponential may suppress some regions of con-
figuration space, therefore it is crucial to find an algorithm that produces

configurations with a significant weight. This is achieved by the “importance
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sampling”. Moreover, we employ Markov chain process producing new con-
figuration from the previous one, which may result into autocorrelations that
can be controlled as explained in Sec. .

There are many algorithms to achieve the similar results. However, in
our case we have used the two-step multi-boson (TSMB) and the PHMC
algorithm for the gauge group SU(2) and the Rational Hybrid Monte Carlo
(RHMC) algorithm for the gauge group SU(3).

3.1.1 Two-step multi-boson (TSMB) algorithm

Many pseudofermion fields are required in order to have highly precise ap-
proximations of {det(Dﬁj)F which might result into the requirement of large
storage space and long autocorrelations. To solve this issue, a two-step ap-
proximation scheme is introduced in Ref. [52] and extended to multi-step in

Ref. [60]. These two steps are explained as

Step 1:
_ 41 _
{det(Dfu)} * is approximated by a polynomial P(x) as
R0 — (3.1)
det (P (D2))
With § as a deviation norm.
Step 2:
The polynomial P(z) is factorised as
N 1
[det(D)] " 2 (3.2)

det (P (D3)) det (P (D2))

Where det (P (Di)) is called “noisy correction” and considered in Metropo-

lis correction step. The canonical gauge field distribution in terms of only U
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is

v o 33
w[U] = — _ : :
det (P (D2[U])) det (P (D3[U]))
w in terms of U and pseudofermion field ¢(x) reads
)= — (3.4)
w(U, ¢] = - : :
det (P (D2[U]))
The acceptance probability has to satisfy the condition
Py (U] [0]) _ det (P (D4[V])) 55

Py([U < [U])  det (P (Di[U’D)‘

Where Py ([U'] < [U]) is the probability of acceptance in the correction step.
To avoid prohibitively expensive simulations, we consider the simple distri-

bution of Gaussian type

il 3.6
e .
where 1 can be obtained from 7’ as
n=P(D2U) * . (3.7
This n will then be used in
dple— P(DLIU)n dnle— P(DLU)n
PA ([U/] «— [U]) — fA>1[ 7]]6 + f/{<1[ 77]6 ’ (38)
f[dn]efnTP(D?u[U])n
where
A [U") - [U]) = 7 (DR =P (BRI, (3.9)
with the following step to accept the change [U’] < [U]
min{1, A (n; [U'] <= [U])}. (3.10)

The exact solution is much more difficult. However, the two-step polynomial

approximation can be used for the result. The two-step multi-boson (TSMB)
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algorithm is not “exact” but still good enough to have the required precision
where we monitor the spectrum of the dirac operator to check whether the

approximation is good enough.

3.1.2 Rational hybrid Monte Carlo (RHMC) algorithm

In our collaboration, the RHMC algorithm has been used for the production
of configurations for the gauge group SU(3). This review, in order to make
the whole story complete, is based on Ref. [I7]. For the complex vector ¢(x),
the \/det(D2) can be calculated as

[ dple@ge @O _aaBn, ey

where D,, = 75D, and ¢(z) fields represent pseudofermions. The ¢(z) can

be computed from 9 (x) and D? as

o) = ([D2)F) (@, y)o (@), (3.12)

here ¢(x) is a complex random vector and has Gaussian distributed entries.

To compute ([Dfu]%) (z,y), we introduce the rational approximation T8

pi =Y —* (3.13)

A %—Fbk'

The coefficients ¢ and by, are calculated by the Remez algorithm. The Dirac
Eq.
(D2 + bi)mie = ¢, (3.14)

is solved to compute Eq. (3.12)) as

P(x) = chnk- (3.15)

If ([Di]’ﬂ (x,y) is represented as a new rational approximation as in Eq. ((3.13))
then the force can be calculated, that leads to the Rational Hybrid Monte
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Carlo (RHMC). In the rational approximation the derivative is

OU,(2) {¢ D2+ b,fb} ~ o0 () (3.16)

The detailed steps of the algorithms are given in Ref. [17].

3.2 Measurement of correlators

To obtain the masses of bound states formed by gluons and gluinos, suitable
gauge invariant operators are considered. According to the total spin of
the bound states, they are divided into bosons and fermions just like the
classification of particles in the Standard Model. Additionally, there is a
bound state with only one valence fermion that has no analogue in QCD, the

gluino-glue.

3.2.1 Bosons

Adjoint mesons:

The bound state of two Majorana gluino fields in the adjoint representation
form an adjoint meson just like mesons in QCD where they are formed out
of two quarks (one quark and one anti-quark). The meson with J¢ = 0+

is called a-fy and can be interpolated by the following operator

Oaso (1) = M) A(2), (3.17)

whereas the meson with quantum numbers JF¢ = 0T is called a-n’ (in

analogy to the ' of QCD). Its interpolating field reads
Oay (2) = M)A (), (3.18)
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where the prefix “a” in both of mesons represents the adjoint representation.

The corresponding lattice transcription is given as

Ci(At) =tr [ A (z,2)|tr [ A (y,y)] =2 tr [ A (z,y)I" A (y,x)], (3.19)

Disconnected contribution Connected contribution

where tr is over color and spin indices. The factor 2 is due to the Majorana
nature of the field A\(z) and A = D_'. The matrix I is 1 for the a-f; whereas
it is 75 for the a-n’. The graphical representation of the connected and the
disconnected contributions is shown in Fig. .

The contribution of the connected part is rather easy to computer where
we only need to compute the inversion of a d-source for each combination of
spin and gauge indices. This inversion is achieved by the Conjugate Gradi-
ent (CG) method. The disconnected piece is challenging and computation-
ally expensive. We use the Stochastic Estimator Technique (SET) together

with the truncated lowest eigenmode approximation of the operator, which

is explained in Sec. ([2.2.6)).

Disconnected contribution

-2 Yy

Connected contribution

Figure 3.1: Graphical representation of “Connected” and “Disconnected”
contributions of mesonic correlation functions.
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Glueballs:

Glueballs are the bound states made of gluons, predicted in the generalisa-
tion of the effective action of Ref. [I0]. There are scalar and pseudoscalar
bosonic glueballs. The operators and their lattice versions are discussed as

follows:
0" glueballs

The operator of the J7¢ = 0*+ (scalar) glueball reads

Ogot = > F"F,, (3.20)

1%

and its lattice form in terms of space-like plaquette is given as
Ogb""" (l‘) = tr [Plg(l’) + P23(.CL’) + P31(LIZ')] s (321)

where P;; is a spacial plaquette given in Eq. (2.33]). All the plaquettes which
take part in the glueball operator are symmetric and connected to the same

space-time lattice point x.
0~* glueballs

The following operator corresponds to the glueball with the quantum

numbers 0~ (pseudo-scalar)

Ogpt = D FMeppe FP. (3.22)

pvpo

There is a difficulty in using this operator to create a gluonic state with
required quantum numbers because this operator has two plaquettes which

are orthogonal and do not fit onto a single time-slice. Therefore the following
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form of the operator is chosen

Og—+(z) = > {tr[C(@)]-tr[PC()] }, (3.23)

ReOy,
where C is the loop that is shown in Fig. (3.2]), PC (parity conjugate) rep-
resents the mirroring of C. Oy, is the cubic group and the sum is over all

possible rotations. From the numerical results it turns out that the signal for

< < <
- < <

Figure 3.2: Glueballs in A/ = 1 SUSY Yang-Mills theory.

glueballs is too noisy and requires some smearing techniques. APE-smearing
is applied in order to improve the signal-to-noise ratio. Its details along with
the choice of smearing parameters is explained in Sec. (2.2.5)). For a detailed

analysis see Ref. [7].

3.2.2 Fermions
Gluino-glue:

The investigations of N' = 1 SUSY Yang-Mills theory also comprises the
bound state of the gluon and its fermionic superpartner, the gluino. This
bound state is called the gluino-glue and predicted by effective actions [9, [10].
Itisa spin—% Majorana fermion, the superpartner of glueballs. Such a particle
does not exist in pure QCD. However, similar bound states are present in
QCD-like models with quarks in the adjoint representation of gauge group,
for details see Refs. [6, [51]. The operator of such a bound state can be

constructed from the gluino field and the field strength tensor as follows

Ogg = > ot [FM )], (3.24)

uv
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where 0, = % [V 7). The lattice prescription of a related operator is given
as
Og =3 ol tr [PFON] (3.25)

1<3,8

where P/Eff) (x) is the clover-symmetrized plaquette, the lattice version of field
strength tensor F),,(z), and defined in Eq. (2.33). The indices ¢ and j are
along space coordinates. It is graphically represented in Fig. (3.3). The

A

Y

XES )

A

Y

Figure 3.3: Correlation function of the gluino-glue particle in N' = 1 SUSY
Yang-Mills theory.

correlation function corresponding to the identity of the Dirac basis is

C(At) = —- Z S S0 e [Py (@) T (D) () o [P () TY) ),

zykl:cyaﬁp ab
(3.26)

where At = x5 — yo is the time slice distance. The correlation function
Cy3(At) can be expanded in the basis of 16 Dirac matrices, using discrete
symmetries one can show that the non-vanishing contributions are only the

ones proportional to the identity 1 and with ~4, hence
Col (At) = Cy (AL) 6% + Cy (AL) 57 (3.27)
The time reversal gives [39]
Cy (At) = =C1 (N, — At), Cy(At) = Cy (Ny — At). (3.28)

64



CHAPTER 3. CORRELATORS AND DETERMINATION OF MASSES

Where (' is anti-symmetric and Cy is symmetric. In order to verify the
correctness of the correlation function of the gluino-glue the above relations

can be used.

Baryons:

An interesting object that can be constructed from three gluinos is called
“baryon” in analogy to the baryon of QCD. The interpolating field of such

an object reads
Obar(x) = tachA)\a(x) (Ag<x)FBAc(x))7 (329)

here ¢4, is the structure constant and it is given explicitly in Appendix (B.3))
whereas I' is the spin matrix. The correlation function of baryon splits up

into a “Sunset piece” and a “Spectacle piece”, it is given as

B(ZL’, y) = <BSset(xa y) + BSpec(J77 y)> 5 (330)

where

BSset(xa Z/) = Qta’b’c’tabcrﬂvrﬁlvlpz(txal X {
F 208 (2,y) Ay (2,y) AL (2,y)
FANLY (v,y) A (2,y) AL ()}, (3.31)

BSPGC(‘T7 y) - 8 ta/b’c’t(zbcrﬁwrﬁlf}/ Paa’ {
+4 A (z,2) Abﬁlv<
+ 100 (2,y) A (2, 2) Aé,’g/

(
+200 (2,y) Ay (2,2) A (y,9)C°CTY, (3.32)

here P+ are parity projectors, defined as P+ = %(H%) and 6 is defined in
Tab. (5.1)). The calculations, choice of spin matrices, and numerical strategies

are explained in Ch. (f]). The presence of the “Spectacle graph” is due to the
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fact that we have a single flavour gluino field. The graphical representation
of the two contributions above is depicted in Fig. (3.4]).

Sunset contribution

Spectacle contribution

Figure 3.4: The “Spectacle” and “Sunset” contributions of baryon correlation
function in A/ = 1 SUSY Yang-Mills theory.

3.2.3 Mixing

The adjoint mesons and glueballs with the same quantum numbers are mixed.
The physical states might not be purely gluonic or mesonic but rather be
mixed. This mixing is predicted in Ref. [I0] where the authors have shown
that when a mixing term is included in the Lagrangian, the heavier state
m™ becomes even heavier and lighter state m~ gets even lighter. In our
recent investigation [7], we have enlarged the variational basis in the vari-
ational analysis to take into account mixing between mesons and glueballs.
The physical state |n) in terms of glueball contribution |¢(¥)) and meson

contribution [¢{™) is written as

In) = [6\9) + [6™), (3.33)
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with,
169y =30l 161, (3.34)
=1
6™y =3 wl g™y | (3.35)

i=1

Where vff? and vfgb) are the components of the generalized eigenvectors in
the variational method [7]. The glueball content c\9) and the meson content

c™ are defined as

1 1 *

! = oy, O =y, el 30
1 1

m) _ Y m)y 3 *(m) (m)

where N,,’s are normalisation constants. It has been found that in the scalar
channel the ground state is more glueball like whereas this behavior is oppo-
site in the excited state. In the pseudoscalar channel, however, the physical
state is dominated by a-1’ and hence 0~ glueball is ignored. The numerical

results of mixing and details of the full analysis is given in Ref. [7].

3.3 Determination of masses

To determine the masses of the bound states predicted by effective actions [0,
10] in A/ = 1 SUSY Yang-Mills theory we construct suitable operators with
corresponding quantum numbers. These operators are gauge invariant and
respect required symmetries. We exploit asymptotic behavior of Euclidean
time correlators of these operators to obtain their masses. There is a large
variety of the operators which keep the same quantum numbers as that of
the particles. The choice, however, is made on the basis of large overlap with
ground states and good signal-to-noise ratio. The choice of the operators and
their lattice prescriptions is discussed in Sec. .

Numerical data of correlation functions obtained from Monte Carlo sim-

ulations on the lattice is fitted to the functional form of the operators. As a
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first result, the effective mass meg of each correlation function is calculated
to have a rough estimate of the mass. Let’s first discuss how m.g is obtained

from the correlation functions.

3.3.1 Effective mass

In order to obtain the effective mass, a typical correlation function is given

as

C(z,y) = (O"(2)O(y)). (3.38)

We fix the position y at 0 and apply Fourier transformation on spatial coor-

dinates as .
C(t,p) = 3 Z C(x,0)e PZ, (3.39)

We are interested in the mass only, therefore a zero-momentum interpolating

field is considered as .
S(t) = o2 Z O(t, ©), (3.40)

and

C(At) = (ST(t + At)S(t)), (3.41)

where At = xg—yo. With the help of the identity Y- [n)(n| = 1 for n possible
eigenstates of the Hamiltonian. The correlation function C'(At) gives the

spectral decomposition as [61]

CAt) = 3 (]S (1)[0) e (0] (8 [m) e P-4,

n=0

=al+ Z (aie_E"At + aie_E"(Nt_At)> . (3.42)

n=1
As far as the sign + is concerned, for the periodic boundary conditions +,
whereas for the anti-periodic BCs — is chosen. It is preferred to choose
periodic BCs for spatial direction. In temporal direction the periodic BCs
are used for bosons, whereas anti-periodic BCs for fermions. The correlation
function of Eq. decays exponentially and the lowest state corresponds

to n = 1 with energy F; = my as t — oo. The quantum numbers of this
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lower energy state are the same as of the corresponding operator itself. The
constant a2 is non-zero for scalars and can be omitted by redefinition of the

operator as

S(t) = 5(t) = {(S®))v- (3.43)

Here U represents the gauge configuration ensemble. The numerical data of
C'(At) is fitted to the following function to obtain the mass m; = E; = m of
the particle

C(At) = a? (e_mAt + e_m(Nt_At)) . (3.44)

The effective mass can be obtained as follows

C(At) ) '

Meg = In (C’(At—l—l) (3.45)

When plotting m.g against At one sees a plateau, that can be used to set
the fitting interval. Note that the meg is just a guide towards the estimation
of mass, in order to obtain more reliable results one has to adopt a proper

fitting procedure.

3.3.2 Fitting correlators

In order to obtain the best estimates of masses from numerical data of the
correlation function evaluated on the hypercubic lattice with the help of
Monte Carlo simulations, we need to have the functional form of the these
correlators. The functional form of the correlation function at large distance

in case of periodic BCs is given as [40]
N,
C (t) = co + ¢1 cosh (m (t - ;)) , (3.46)

whereas for the case of anti-periodic BCs it reads

C (t) = ¢; sinh (m <t — ?)) : (3.47)

where ¢ is a constant that is zero if (0| S(¢) |0) = 0, N, is the time extent of

the lattice and m is the mass of the particle. The mass can be obtained by

69



CHAPTER 3. CORRELATORS AND DETERMINATION OF MASSES

fitting the functional forms of Egs. to the numerical data of the
correlators of Sec. . At early time slice distance t there is a contribution
from excited state and at large ¢ the noise shows up. Therefore, for a the good
estimate of the mass, the fit range should be taken appropriately. To improve
the signal-to-noise ratio APE and Jacobi smearings are performed depending

upon the interpolating field. These smearing techniques are explained in

Sec. ([2.2.5).

3.3.3 Variational method

The variational method is used in order to further improve the determination
of the ground state mass and to separate it from the excited state. As a result
of this improvement, the variational method has a significant influence on the
mass determination of excited states, too.

The main idea is to build a set of interpolating operators O;, i = 1,2,..., N
with the same quantum numbers J”¢ as that of physical state of choice. The
construction and the choice of these operators influence the precision directly,
therefore it is crucial to optimise these operators. Ideally, the interpolating
operators should have large overlap with the physical state of interest. The
cross correlation matrix in terms of time-slice correlation functions is given

Ci;(t) = (0l(1)0;(0)). (3.48)

Smearing techniques play a crucial role in the construction of these operators.
APE and Jacobi smearings are used in order to have a full correlation matrix
of the operators. Each operator differs from the other by taking different
set of smearing parameters. The spectral decomposition of the correlation

function reads

Cij(t) = > (01O |n) (n] O; |0) 7", (3.49)

Where m,, is the mass of nth state. The corresponding solution of the Cj;(?)
by generalised eigenvalue problem (GEVP) is

C)T™ = A (t,t)C(te)T™, (3.50)
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where the A, n = 1,2,..., N are the eigenvalues and #'" are the corre-
sponding eigenvectors. The eigenvalues A decay exponentially with ¢, it is

given by the relation [62]

: (n) —mn(t—to) —Amay (t—to)
Jim A (t,to) x e 0 [1 +0 (e 0 )} : (3.51)
here
Am, = III;iIl |my — my,| . (3.52)

The largest eigenvalue contains the mass of the ground state and second
largest has the mass of the 15 excited state. There is a possibility of excited
state contamination in the ground state; to get rid of that, in principle, one
should consider the results at ¢, > t/2, for details see Ref. [63]. To have an

idea about the mass one calculates the effective mass as a first result as

A8, to) ]

A (t+ 1, t0) (3:53)

m{W (¢, to) = In l
For more precise and reliable results of the mass with proper estimation of
errors, it is important to fit a proper function to the data from numerical
simulations. The numerical results obtained by the variational method and

full details of the analysis are explained in Ref. [7].

3.3.4 Error analysis

The data obtained by Monte Carlo lattice simulations has unavoidable er-
rors. It is important to distinguish between statistical errors and systematic
errors. Let’s first discuss about possible systematic errors. Systematic errors
have multiple sources namely lattice discretisation and finite volume effects.
Furthermore, in the evaluation of the data, systematic errors can occur in
the mass determination when fitting to the correlation function. One can get
rid of these errors by continuum extrapolation, performing simulations on a
lattice with a larger volume and choosing the proper fit interval, etc [64].

In Monte Carlo simulations the random variables are used repeatedly

causing fluctuations around the true values of the observable of interest and
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give approximate results. Therefore, it is pertinent to estimate their sta-
tistical errors with the help of statistical methods. The values of primary
observables x; are obtained by averaging the values measured on the N con-
figurations. Where 7 is only an estimate of the true value of x and must
therefore always be given in together with its statistical error. For uncorre-

lated data
1

N , N ,
T = ;xi, 0: =N 1 2 (x; — )" (3.54)
It is shown in [65] that the mean value of measurement x; with its statistical
erTor is given as

(3.55)

Note that the accuracy depends strongly on the number of measurements

and the statistical error decreases inversely with v/ N.

Integrated autocorrelation time:

In the process of generation of the configurations in a Markov chain where
new configurations are generated from previous ones, configurations are cor-
related in Monte Carlo time. If the error for correlated data is determined
by the above method, it will be underestimated. To compensate for this, we

need to calculate the integrated autocorrelation time [66]. It is given as

o = 5+ 3 40) (1= 2). (3.56)

with
0i0i4;) — (0;)*
(OF) = (0:)?

For normalised autocorrelation function we put A(0) = 1. If the time sepa-

(3.57)

ration is sufficiently large then this function decays exponential as

J

A(j) 1225 qe O, (3.58)
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where a is constant and 7oy, represents the exponential autocorrelation
time. The exponential behavior of A(j) and for N > 7p ey, the quantity
(1 — %) is neglected without any problem. Thus the integrated autocorre-
lation time is

1 X
TO,int - 5 -+ ZA(]) (359)
=1
The error from Eq. (3.55)) of the correlated data now modifies to

2 in
o= T; ‘o (3.60)

Data blocking method (Binning):

For large data produced in Monte Carlo simulations if it is expensive to
compute autocorrelation time, the simplest way to obtain the statistically
independent data is to apply binning. In this procedure the data x; is divided
into Np sub-blocks called bins with bin size Lg. The number of new data

points will be
N

:?B

where N is total number of data points. The mean values of sub-blocks x5 ;

Np (3.61)

will then serve as new data points. The variance of new data set is

0% = W f (zp; — T)°. (3.62)

i=1

The variance 0% of the new data set should decrease with NLB The bin

size should be large enough to have statistically independent data. One way
to estimate size of Lpg is: increase Lp, the corresponding variance will also
increase, choose Lp where the variance is stable. The autocorrelation time

can also be calculated from this procedure as [66]

2
Tt = Lp=2.. (3.63)

2
202
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where o2 is from Eq. ([3.54]). This estimation of the integrated autocorrelation
time is not as accurate as determined by the autocorrelation function, but it
can be implemented easily. The error of the variance 0% of the binned mean

value zp;, it can be found in [68], is

(3.64)

Estimation of bin size (Lg):

Once the integrated autocorrelation time is known, the optimal bin size can
be estimated to make the data statistically independent. In this case the error
calculated by Jackknife procedure will be reliable. According to Ref. [69], the

optimal bin size is given as

1
. IN
%m=mm<>. (3.65)

TO,exp

This formula keeps the balance between number of resultant data points Ng
after binning and statistical errors. If Lg is too large then Ng will be small,

. . .o 1
resulting in large statistical errors as o o< —~.
g g B 2 Ng

Jackknife:

For normal observables, the expectation value together with its statistical er-
ror can be obtained using standard way of taking its mean value and variance,
or fitting observable etc. However, for functions which depend non-linearly
upon the expectation values of the correlation functions, the standard error
propagation methods are more complicated. Therefore, we use an alterna-
tive approach called Jackknife method. It is a systematic way of getting the

standard error of stochastic measurements.

Let’s consider a set of N data points in a measurement and let 0 be an
observable computed from this original set. N subsets can be constructed by

omitting ith entry of the given set. The mean value 6; is obtained from each
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subset. The standard error of 0 reads [65]

o5 = J NA71 > (0 - i)’ (3.66)

The final result would be
(6) = =0, (3.67)

If the 6 is biased , it is replaced by the unbiased estimator  — (N-1)(0— é),
where

1
b=52 0 (3.68)

=1
Bootstrap:

Just like Jackknife let’s consider again a data set of IV entries. Suppose that
the object of interest is 6. Let’s call the observable obtained from the original
set 6. The 6 can be obtained by taking simple mean or by fitting the data.
Let’s take K number of sets each of N data points. This recycling of the
data actually costs nothing. Some data points may appear more than once,
that would not harm. From each set 8; is computed. The mean value of the

6, and its error is calculated as [65]

52;20]-, aéiéz(ejé)? (3.69)

J=1

Jj=1

The final result would be
0) = 0+0y. (3.70)

If the observables are biased, then 6 # 6. The difference gives the bias and

provides an estimate of divergence from the true value (f).
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Chapter 4

Ward identities in N =1 SYM
theory

4.1 Introduction

In this chapter we shall discuss the full analysis of the SUSY Ward identi-
ties (WIs). We start with the derivation of a master formula for the Ward
indentity followed by its supersymmetric form in the continuum and on the
lattice. We renormalise it and include all relevant operators of dimensions
9/2 and lower. Furthermore, we determine numerical results of correlation
functions appearing in the formula of the Ward identities. We explain three
different methods, namely the Local method, the Global method and the
GLS method to estimate the subtracted gluino mass which will then be used
together with the adjoint pion mass squared to obtain the remnant gluino
mass in the chiral limit. Finally, we perform the continuum extrapolation
using the remnant gluino mass in physical units as a function of the physical

lattice spacing squared to see whether SUSY is recovered.

4.1.1 Noether’s theorem

The Noether’s theorem provides, at the classical level, the relation between
symmetries and conservation laws [35]. It is stated as “every symmetry of

the action of a physical system has corresponding conservation law” [70].
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Let’s consider a field ¢(x) = ((ﬁ’“ (x)) at space-time coordinates x in a field
theory. An infinitesimal transformation of the field by a set of infinitesimal

real valued parameters w®(z), with a = 1,..., N, results
o(x) = ¢ (z) = " @ p(x) = (1 +iw (@) + - - - )p(x), (4.1)

as w®(x) are small, the higher order terms can be ignored, therefore the

variation of the field reads

0¢(z) = ¢ (z) — () = iw(2)T*¢(x). (4.2)

Here we assume that internal symmetries hold and they do not change the
coordinates x. In Eq. (4.1)) e @)T" is an element of Lie group and the

matrices T are the group generators satisfying
|7, T"] = ifuc T, (4.3)

where f,. are the structure constants, they can in general be the real or the

complex numbers. Now let’s consider the variation of the action in a given

theory
oL oL
6S = [ d*z| =6 —————04(0, 4.4
[ oot + s o)) )
[ a [ 0L
_1/dx<a¢@)+ﬂ#@>5¢@y (4.5)
with 7# = %. The Lagrangian density £ (¢(x),d,¢(x)) depends upon

field ¢(x) and its first derivative. By partial integration and assuming the
boundary terms to vanish, Eq. (4.5)) is reduced to

5S:/fx£ifd@, (4.6)
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where 52& 7 = 82@? 7 — Oum'". Plugging Eq. (4.2) into Eq. (4.6) we get

08
5S:i/d4x w(x)T¢(x). 4.7
o T () (@)
Here 5 (zf y are the classical field equations and this expression vanishes
08
= 4.8
30(a) )

Let’s take the functional derivative of Eq. (4.7) with respect to w®(x). We

have

oS[¢'] _ . 48

dwe(r) oo(x)
Suppose that, there exist some local functions jj;(z) and A%(z) of field ¢(z)
such that

T (x). (4.9)

98
dw? ()
If the equations of motion are satisfied then the left hand side of Eq.
will be zero. Hence we are left with 0*j7(z) = A%(z) where A%(z) is sym-
metry breaking term. If symmerty holds then A%(z) = 0 and 9"j;(z) = 0,

— —9"j%(x) + A%(x), (4.10)

which is a continuity equation where ji () is conserved current according to
Noether’s theorem. In this case the action is invariant under transformation

with constant w?(z) = w*

(9w“ /d4 (M /d%@“]u( ) =0. (4.11)

To determine the j&(z) of Eq. (4.10]), we consider the variation of £ as

oL oc
oL = 3?()5¢($)+3(3“¢($))8 (0¢(x)) (4.12)
£ H
= oz )5¢( ) 4 ()"0 (¢(2)) (4.13)
oL ., o
B (m—a ”M@) 66(x) + 0" (mu(0)0(x),  (414)
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from Eq. (4.2)

05 a 10" (7, (x)w ()T (x
5£=15¢(x)w (@)T¢(x) + 10" (my(x)w (2)T () ,
from Eq.
oL = w“(x)éwik?x) +io" (Wu(x)wa(fb)TaMx))a

from Eq. (4.10)

0L = —w'(2) (9"j(x) = A%(x)) + 10" (mu(2)w® ()T 0())
= — W' (@)2" (ji(x) — imu(@)T0(2)) + w* (2) A" (@)
+ im(2) (9w (2)) T ().

If w*(z) = w?, it is global in this case
0L = —wd" (ja(z) — imu(2)T"6(x) ) + w*A%(x).
As A%(x) is a symmetry breaking term, if A%(z) = 0 then
0L = —w"0" (ji(x) — imy ()T ¢(x))

Let
fi(@) = ju(z) — im, ()T ¢(),

we have

0L = —w*df(x),

(4.15)

(4.16)

(4.19)

(4.20)

(4.21)

(4.22)

Let’s consider a case in which £ is invariant under the given transformation,

that means 0L = 0 and Eq. (4.22) reduces to

0" fi(x) =0,

(4.23)
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hence f{(7) is a constant and we choose it to be 0 without loss of generality.
Consequently, Eq. (4.21]) gets the form

Ju(z) = imu(2)T¢(z). (4.24)

4.1.2 Ward identities

In the classical field theory, the Noether’s theorem gives the conserved cur-
rent j,(x). If field equations are satisfied then the divergence of the current
vanishes i.e. 0*j,(x) = 0. However, in quantum field theory the functional
integral integrates over all field configurations and the field equations are not
satisfied. In this case we use quantum version of the Noether’s theorem, the
so-called Ward identities.

Now lets consider the generating functional of Green’s functions
Z|J) = / [dge™S1ehe), (4.25)

where
(J,6) = / 'z J(2)o(x), (4.26)

and J(x) is a source term. In the end we will set this source term to zero. Sup-
pose that [d¢] is invariant under the symmetry transformation (4.1)). Then

217) = [{del)e St 0)
- / [dgJeSI¥ 1)

=: Z[J,w]. (4.27)
Therefore
_ 0Z[J, W]
0 dw?(z) ‘wZO
= [ [d¢] {— 5?@) + gﬁ)‘i’(g } e SoH(J9) (4.28)
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Also

5(J el T
5(J, ) /d4y (J(w)e(y) )

dw?(z) - dwe(x)
=iTJ(x)¢(x). (4.29)
Put Egs. in Eq. we get
({0"ji(x) =A%) +iT" I (2)é(x) } e"9) = 0. (4.30)

This is the master formula for the Ward identities. If we set J(x) = 0 in
Eq. (4.30]) naively it becomes

(9"4n(x)) = (A(2)) (4.31)

where A%(x) is symmetry breaking term. If we take the derivative of Eq. (4.30))
with respect to J(y) and set J(z) = 0 we obtain

(07500)0(y)) = (A"(@)(y))  +id(x —y) (T(y)).  (4.32)

Symmetry breaking term Contact term

Divergence of current

In general, for fields ¢*i(y;) we get

(0402 (1) . & () = (A" (@)™ (1) - $™ () (4.33)

n

+Y (@ =) (@ () (T6()™ - 67 (ya))

=1

4.1.3 SUSY Ward identities in the continuum

The supersymmetric version of Ward identities of Eq. (4.32)) in the contin-
uum, for any gauge invariant operator )(x) and for the supercurrent S, (z),

reads

05,210 = my (@) ~ (o). s

where the symmetry-breaking term my (x(x)Q(y)) appears due to non-zero
gluino mass in the action of the theory and the last term of Eq. (4.34)) is a
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contact term. The continuum versions of the supercurrent S,(z) and of x(x)
have the following forms
2i

Sula) = =t [Fop(@)on,mu ()], (4.35)

() = +2gitr (Fyu(2)0 A (@) (4.36)

The massless limit can be obtained by determination of the subtracted gluino
mass non-perturbatively on the lattice. For this purpose, we need to have a

lattice version of the Ward identity and corresponding operators.

4.1.4 SUSY Ward identities on the lattice

SUSY transformations on the lattice complying with parity (P), charge con-

jugation (C), time-reversal (7)) and gauge invariance are [71]

SU(r) = 2 (&) Uu(r)A) + el + Ay + DU), (437
SUj () = +19§“ (E(@)7M@)U} (2) + & + RUl)A @ + 7)), (4.38)
oA(z) = +;Pg;l>(g;)awe(x), (4.39)
5A(x) = —;e(a:)UWPIE,Cf) (z), (4.40)

where €(z) and €(z) are fermionic parameters, and P{)(x) is the clover-
symmetrised plaquette defined in Eq. . For any local insertion operator
Q(z), the above transformations result in the following form of the lattice
Ward identity

0Q(y)

(9,50 QU0 = 13 (1(Q) + (Ks(Q) - (522 ). ()

I

In Eq. (4.41) the operators V,S,(z) and x(z) serve as “sink” operators
whereas the opeator Q(z) is the “source” operator in numerical simulations.

The operator Q(z) should have at least one non-zero spin-i

5 component. It
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may be chosen as

Q(z) = 0T (x) = C'O(x), (4.42)

where O(z) is a Majorana bispinor and must be gauge invariant. Its optimal
choice can be x(*P)(z), sp stands for “spatial plaquette”, the reason behind
this choice is that it gives the best signal, see Ref. [4] for detailed discussion.
x*P) () reads

X (@) =3 oyte [P (2)A(@)] - (4.43)

i<j

The contact term of Eq. is proportional to a strongly peaked function
(Dirac delta function) and has only contribution when the distance |x —y| is
zero. In numerical simulations, if source and sink are placed apart, then the
distance |z —y| is non-zero, and consequently the contact term can be ignored

in the following discussions. The resultant Ward identity now becomes

> (ViSu(2) Qy)) = my (x(2)Q(y)) + (Xs(2)Qy)) - (4.44)
7

The term containing y(z) arises due to the non-zero gluino mass in the action
that breaks the SUSY softly and can only be recovered in the chiral limit.
The term Xg(x) is introduced by the lattice regulator and gives rise to a non-
trivial contribution which breaks the SUSY explicitly. The broken SUSY due
to the lattice regulator can only be recovered in the zero lattice spacing limit.
For the moment, the term Xg(z) is irrelevant because at tree level it is of

the order a and will vanish in the continuum limit.

There are many definitions of the supercurrent S,(z), they differ from
each other up to terms which go to zero in the continuum limit [4]. One
choice could be the point split (ps) [72]

S ]' C A
$89 (@) = =5 2 oponutr [P (UL (@)A (@ + 1)Un() (4.45)
po
+PE (x4 p)Uu ()M ) Uf ()],
together with backward derivative V2 f(z) = J@)=J@=R) - Another possible

a
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definition of the SUSY current is the local (loc) one, that is
S1N(z) = =3 opeutr [P (2)A(2)] - (4.46)
po

To fulfill the Ward identity (4.44)), as required by parity and by time reversal,
the symmetric lattice derivative V™ f(z) = %{W for local definition
is used. Moreover, the symmetry breaking terms due to the lattice regulator
for the case of local and point split agree up to O(a) effects i.e. X (z) =
X% () + O(a). Finally, the operator x(z) which is involved in the soft

breaking term has the following form
X(@) =" opotr | PED ()M ()] . (4.47)
po

The SUSY Ward identity in Eq. connects bare correlation functions. In
numerical simulations, the gluino mass has non-zero value. For small gluino
mass (large k), the inversion of Wilson-Dirac operator D,, is prohibitively
expensive and additionally there is a problem of the Pfaffian sign. This
symmetry breaking term has an obvious dependence on the choice of lattice
SUSY transformations. Naively the symmetry breaking term Xg(x) vanishes
in the continuum and SUSY WI is recovered [72].

At leading order the term Xg(z) gives a finite contribution, and the re-
covery of the broken symmetry is a challenging task. The axial Ward identity
is anomalous due to this situation. If the SUSY Ward identity is anomolous
too, then SUSY itself is intrinsically broken and can not be used in super-
symmetrically extended Standard Model. We have to renormalise the gluino

mass and the supersymmetric current in order to make this situation clear.

4.1.5 Renormalisation of SUSY Ward identities

In the renormalisation process we have to consider all operators having di-

mensions < 9/2. These operators should be gauge invariant and should have
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same quantum numbers as that of Xg. At tree level
XS = CLYS, (448)
and the definition of the subtracted Xy is [38, [73]

Xg=aYs=alYs+ > Z0,), (4.49)

where the operators O; have dimensions < 11/2. The renormalisation coef-

ficient Z1;/5, by power counting, is logarithmically divergent
211/2 ~ IH(GIU/) (450)

Since Eq. (4.49) has an overall multiplicative factor a, therefore, in the con-

tinuum its contribution vanishes.

Let’s now analyse gauge invariant operators with dimensions < 9/2 with
the same quantum numbers as that of 0*S,,, see analysis in [40]. To construct
these operators the fields at hand are the gluino field A(z) and the gauge field
F,,(z) with dimensions 3/2 and 2 respectively. Further constraints on the
construction of these operators are that they must have the same behavior as
0,S,, xX(x) and Xg under parity transformation, and they are spin—% colour-
neutral operators. These constraints leave us no choice other than the number

of gluino fields to be one or three.

The most general construction of spin—% operators with dimensions < 9/2

built from three gluino fields can be written as

a

W () = €ane (Ah (2)CTXN(2)) T'Ac(), (4.51)

where C is the charge conjugation matrix, I' and [ are Dirac matrices and
can be any element of Dirac space . Since €4 is an anti-symmetric
tensor, therefore the product CT must be symmetric otherwise W (z) will be
zero identically. Explicit forms of these matrices are given in Appendix ((A.2]).
The possible choices for I' are v, and o,,,. Furthermore, the Lorentz indices

of I and I must be contracted because W (x) has to be transformed as a
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spin—% object under the Lorentz group. The object with I" = 57, behaves
differently under parity transformations, therefore we are left with the fol-

lowing choices of I" and IV only
Farl = V> Opv- (452)

Using Fierz identities given in Appendix , it can be shown that W (z) =
0 in all cases.

Now we have to proceed further with the choice of only one gluino field.
The object W (z) can contain, in addition to the gluino field, the field strength
tensor defined in Eq. or from the covariant derivative defined in Eq.

or from combinations of these two i.e.

| DDy, D, TyupA ()] (4.53)
[ D, (1) DA ()] (4.54)
Outr | () Dp A ()] (4.55)

The trace is over colour indices. The covariant derivative defined in Eq. (2.11])

for the field w(z), which can either be A(x) or F),,(z), is written as
D,w(z) = dyw(z) +i[Au(x), w(z)]. (4.56)
The trace commutator is zero and we get
tr[D,,...D,, w(x)] = 0y, ...0,, tr [w(z)]. (4.57)

One can easily show that the operators of Eq. vanish identically
and the operators in Eq. can be written in the form of operators
in Eq. [4]. Hence, we conclude that the gauge invariant operators of
dimension 9/2 are only of the type which is in Eq. ([4.54).

We can use the tensors 0,, and €,,,, together with I' in order to con-
struct T for Eq. . As 9, and €,,,, have an even number of in-
dices, therefore I' must have an odd number of indices which leaves us with

{Y V5 Vs 0 Yps Yuwp b However, not all of them are independent, see Ap-
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pendix (A.3)). Hence the possible choices for I' now are v, and 57,,.

1. Case 1, I' = ,:
In this case the structure of " will be
(a) fulm = O Vp
(b)

The choice is forbidden by the parity. The operator in Eq. (4.54))
for the case becomes

=

pvp = €uvpolo

tr [DFLFH,/(.T)’)/,,)\(I)} . (458)

There are three different combinations that can be formed depending

upon how D, acts on the fields.

(D (Fyu(2)3,A ()] (4.59)
(D, (Fpu(2) 1A ()] (4.60)
tr [Fyu (27, D, (Ma))] (4.61)

Using the equations of motion
D, Fy, () = —igeanehs(2) 7 (2), (4.62)
in Eq. together with the Fierz identities of Appendix (A.4])
tr [ (A@)1A(z)) wA@)] = 0. (4.63)

Eq. (4.59) is just the sum of Eqgs. (4.60§4.61]) by Leibniz rule. Therefore,

the only independent operator is

— _ 9
tr [ Dy, (Fu (2)7,A(2))] = Outr [Fly (2)nA(z)] = iauTu(x)a (4.64)
where we call T),(z) the mixing current.

2. Case 2, I' = 5y,
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88

This case can also be handled in a more or less similar way as in .

In this case the structure of I’ will be

(a) F;wp = 5/u/757p

(b) F/ﬂ/p = €uvpo V5o

Again, is excluded by parity and becomes

Lyvp = €uvpoV5Yo = —0upVu + (0 Yp — OppTv)- (4.65)

Only the first part of Eq. (4.65)) is new, the rest has the same form as
the operator in (4.58). The operator (4.54) with new part of Eq. (4.65))

Is given as
—tr [D,Fyp(x)ou,yuA(x)] . (4.66)

Again, applying Leibniz rule to reduce the number of independent op-

erators from three to two

—tr [Dy, (Fup()ovp7uA ()] (4.67)
—tr [F,,(2) 00,7, D, (A(2))] - (4.68)

The operator in (4.67)) is proportional to the divergence of the super-
symmetric current in Eq. (4.35])

=t D, (Fyp )0, A (@))] = 50,5 (). (4.69)

The operator in (4.68]), by using equation of motion (v,D,, + mz) A =0,
gets the form

g
= tr [Fyp(2)ov, 1Dy (M2))] = mgtr [Fyp()ov, (AM2))] = 5rmgx(@).
(4.70)
Where x(z) is the mass term that is given in Eq. (4.36) and my; is the

bare gluino mass. The operators of dimensions 9/2 which contribute
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to the expression of the SUSY Ward identity are

2i

Su(@) = =t By (2)or,mud @), (4.71)
() = +2gitr Fu(@) 1A ()], (4.72)
x(z) = —1—?‘51“ P (7)o (z)]. (4.73)

The next step is to find operators with dimensions 7/2. They must contain
only one gluino field together with the covariant derivative and the field

strength tensor

tr| DD, T\ (x)], (4.74)
tr [ Fu DA (z)], (4.75)
(4.76)

the operators in (4.74) vanish because of Eq. (4.57). I',, has to be an anti-
symmetric tensor with even parity, therefore the only possibility is o,,. The

corresponding operator is

tr [Fomh(z)] = %X(Q;). (4.77)

The presence of this operator produces a mass subtraction m(x, 3, my).

For dimension 5/2 and 3/2, the relevant operators are

tr[ DI (@)], (4.78)
tr[IA(z))], (4.79)

they vanish identically.
With this we conclude renormalisation process of the SUSY current and

the gluino mass. As a result we obtain the following form of properly renor-

malised supersymmetric Ward identity.

Zs(0uSu(@)QW) ) + Zr(0,Tu(x)Q(y)) = (mg —m)(x(2)Q(y)). ~ (4.80)
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Where Zg and Zp are renormalisation coefficients of currents S,(z) and
T, (x). According to Ref. [40] [72] they have the forms

Zs =1+ 0(gp), (4.81)
Zr = O(gd). (4.82)

We define mg = mgz — m as the subtracted gluino mass and rearrange the

renormalisation coefficients to get the following Ward identity.
(0uSu(@)QW)) + ZrZ5" (uT(2)Q) ) = msZs" (x(@)Qy)).  (4.83)
By defining the renormalised SUSY current SISR)(x) as
S (x) = ZsSu(x) + ZrT,(), (4.84)

and renormalise the operator x(z) multiplicatively, for the fully renormalised

Ward identity we obtain
(0,85 (2)Q(y)) = my” (XM (2)Q(y)). (4.85)

Where méR) is the renormalised gluino mass and proportional to subtracted
gluino mass by
_ (B 1
ms=mg 7 ", (4.86)

g
here Z, is renormalisation coefficient of the operator x®)(z) which is ex-

pected to diverge in the continuum limit [40].

For numerical analysis we use the Eq. (4.83) because we are interested
in a limit where mg is zero, this limit is called the chiral limit. The critical
value of the gluino mass (m.) at k. is m. x 1/k., and m(k., B,7) = my(k.),

therefore mg vanishes in this limit.

The value of amgZg' can be obtained in numerical simulation at fixed 3
and k. More importantly its value can be used in order to tune the theory.
It has been shown in [38] that the chiral and supersymmetric limits coincide

in the continuum limit.
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4.1.6 Zero spatial momentum and lattice prescription

of the operators

Numerically it is convenient to consider zero spatial momentum Ward iden-
tity by performing a sum over all three space coordinates of the correlation
functions. As a result, one obtains a Ward identity for each time slice sepa-
ration t = x4 — y4. Each term in Eq. is a 4 X 4 matrix in Dirac space

and can be expanded in the basis of 16 Dirac matrices (I';) as

C(t)=> Cr, )Ty, (4.87)
I;
where Cr, (t) = 1tr [C(t)I';] and tr is over Dirac indices which are not written

explicitly. The elements of Dirac space are given in Appendix (A.3). Now
Eq. (4.83) becomes

CoY + (20251 LY = (amsZs)CRY, (4.88)

where the expectation values of lattice operators are

e () = 3 (Vasi™ (@)Li0(y)) (4.89)
]. / /a/ o N a ’ R
== X (5o 0T e [Pl + 4) T AL (@ + s v)
Z,p,0,1,]
—tr [Ppa(x — ﬂ4)Ta] AZ@' (:L‘ — s y)}tl‘ [Pij(y)Tb} Ufjlﬁ>’
Cr 7 () = 2 (ViTi) (@)10(y)) (4.90)
= 3 (T [Pule + )T AL (@ + fu,y)
Zv,i,]
— tr [Py (z — )T AZ{Z, (x — [ig, y)}tr [P,;j(y)Tb} gfjlﬂ>7
(1) = 3 (x(@)N0w)) (4.91)
= 3 (o T tr [P (2)T%) AL (w,y) tr [Py (n)T] 7).
NTRIN N |
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The space time position y is fixed at any point on the lattice, usually the
origin is chosen for this purpose. With the help of discrete symmetries, it is
possible to show that the contributions of correlation functions of Eq.
are non-vanishing only for I'; = 1,74 [39]. This forms a set of two overdeter-

mined, non-trivial and independent equations [4]

O 4 (Zr25H O = (ams 25O, (4.92)
OB 4 (27 25O = (ams 51O (4.93)

These equations will now be solved for the ratio ZrZg! and for the subtracted
gluino mass|'|amgZg" using different methods which will be explained below

in details.

4.1.7 Smeared sources

From the previous experience of our collaboration, it has been seen that APE
and Jacobi smearings provide great improvement in the gluino-glue signal-to-
noise ratio which allowed proper determination of ground state masses. Since
the structure of operators of SUSY Ward identitied?] is similar as that of the
gluino-glue, therefore we apply same smearing techniques on these operators.
Usually smearing is applied on both source and sink sides, however, in Ward
identities case the situation is slightly different. We apply smearing only on
source side i.e. on the local insersion operator of Eq. . We have tested
wide range of smearing parameters for APE and Jacobi smearings and have
found that the dependence of signal on the parameters is mild. Nevertheless,

the optimal choice of parameters used for our analysis is given in Sec. (2.2)).

'In fact, amSZ§1 is subtracted mass times the renormalisation constant in lattice units,
but for the sake of convenience we shall call this quantity the “subtracted gluino mass”.
2From now on we shall call Ward identities instead of Ward identity because of the set

of two independent Egs. (4.92}l4.93)).
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4.1.8 Numerical results of correlation functions

The 6 correlation functions of Eqs. (4.92l4.93) at each time slice distance
#] are calculated numerically with the help of high performance facilities.

The numerical results of their expectation values with errors, estimated by
Jackknife procedure, are shown in Fig. (4.1)).

It is very interesting to note that the data points in the correlation func-
tions of Fig. at the smallest and at the largest value of the time-slice
distance do not behave properly and are off from the expected pattern, actu-
ally this is the price we have to pay for ignoring the contact term of Eq. .
Of course, this effect will also be seen in the estimated quantities from these
correlation functions. Therefore, it is pertinent to consider some reliable

starting value of t.

4.1.9 Discrete symmetry test

In order to check correctness and validity of numerical data of the correlation
functions, it is easy with the help of discrete symmetries to show that these
functions follow some rules. We employ parity (P) and time reversal (7) for
that purpose. We follow similar steps as have been followed in Sec. (5.1.4)),

on the basis of Ref. [39], to show that the correlation functions obey

S,0 S,0 S,0 S,0
CIE,t ) - = g,NtZt’ C’(M,t : = Cw(q,Nt)*t’
T,0 T,0 T,0 T,0
oy =, oY =), (4.94)
o) o) 0 o)
Cixt )= Y,(szt’ Cgff,t ) = %,Nt)—t-

Numerical values of the correlation functions are given in Appendix (B.1))
and are plotted in Fig. (4.1)). They clearly depict that these symmetries are

being respected by these correlation functions within errors.

3t is £, we ignore a for convenience
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Figure 4.1: Average values of 6 correlation functions present in a set of two
non-trivial Eqgs. (4.9214.93)) for an ensemble where we have maximum statis-
tics available i.e. § = 5.6 and k = 0.1655.

4.1.10 Symmetrisation of correlation functions

From Eq. (4.94) it is now possible to (anti-)symmetrise the data in order to

reduce statistical uncertainties. We combine the data at ¢ and N, — ¢, which

makes the time extent of the data simply one half (N;/2). In this way, we

do not throw out the useful information.
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4.2 Numerical analysis of SUSY Ward iden-
tities

The purpose of eployment of SUSY Ward identities is to estimate the ex-
pectation value of the subtracted gluino mass for each gauge ensemble. This
will be used to tune the A/ =1 SYM theory as well as to ensure the recovery
of broken SUSY on the lattice.

4.2.1 Estimation of the subtracted gluino mass amgsZg*

To obtain the best estimate for A = Z;Z5' and B = amgZg"' we proceed as
follows. Let

Zo (S’O) o (T,O) Lo (XaO)
Tit,1 = Cu y  L1t2 = C1,t o L1t3 = Cl,t ’ (4-95)
A _ (50) A _ ~(1,0) . _ ~(x0)
$27t71 = O’m,t s .1]2775’2 = O’Y4at s Q?Q’t’?) = O’y4,t . (496)

be the expectation values of the measured values z;;, in Monte Carlo simu-

lations. They are random variables with expectation values &y ;0 = (Tp10)-
Zpp1 + AZpro — By = 0, where b=1,2, (4.97)

The Eq. with the notation
Ai=1, Ay=A A3;=-B, (4.98)

leads to
> Apdppa =0, where a=1,2,3. (4.99)

With double index i = (b, t), running over a number of 2/N; values, Eq. (4.99)

becomes
> Autia = 0. (4.100)

Now the challange is to determine A,, with A;=1, in an overdetermined
system of two non-trivial equations. Two methods for the analysis of SUSY

Ward identities have already been used in our collaboration in the previous
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studies of N'=1 SYM theory with gauge group SU(2) in order to solve the
Egs. for A and B; for details see [4] and for recent results see [3].
We call these methods “the Local method” and “the Global method”. These
methods do not consider proper weights in the solution of A and B, where
the quantities with smaller errors have higher weights. Moreover, the statis-
tical errors are over estimated and systematic errors, if they exist, are not
considered at all. In this thesis, we shall consider proper weights for the
Local and for the Global methods. In order to include correlations among
the different correlators appearing in the expression of Ward identities we
formulate a method based on generalised least squares fit called the GLS
method.

4.2.2 The Local method

This method is based on linear fit and has been previously discussed in
Ref. [4]. We improve this method by proper estimation of weighted averages.

In this method, we proceed by minimising the following quantity from the

Fq. 2
Fe=3" (Z Aa ri*b,t,a> : (4.101)
b «

With the condition
OFlee

0A,

=0, (4.102)
and the definition }2, Z4 112442 = X 12,+ Tesults in

A — X3 X 03 — X 12X 33

_ R (4.103)
X220 X1 33 — Xio3
Bt _ Xt,13Xt,22 - Xt,IQXtQ?’ (4.104)

= = 5
Xy 20X 33 — Xt,23

Eqgs. (4.103]4.104)) are valid only for averages over the whole Monte Carlo
ensemble. The quantity B is of particular interest, therefore we shall only

focuss on this quantity, of course the analysis techniques which are valid for

B are also true for A. The estimator for the statistical variance of B, is
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obtained by standard Jackknife procedure, for further details see [65], and is

given by the following formula:

) NS (- ) (4.105)

(Ufmt
where 7 = 1,..., N represents a set of N Jackknife samples and B;; is de-
termined from each sample. If it turns out that the differences between the
various B, are typically larger than the statistical errors ostat (for a more
quantitative statement see Ref. [74]), we have to suspect that there are fur-
ther sources of errors o;”°.

Et 'LUtBt 1 1

where w; = — = (4.106)

B =
T 7 (P ()

and its total error o would be given by

5= Zt: ot (4.107)
In our case, however, we do not consider systematic error for this method,
therefore 0¥ = 0.

The Local method has been deployed for all gauge ensembles. Fig.
shows the numerical outcome of B = amgZg" for 3 = 5.6 (corresponds to the
finest lattice spacing) and x = 0.1655 (maximum statistics) by this method
using Eq. . The x-axis represents simply the time slice distance (t),
the maximum time extent in the figure is 24 instead of 48 because of sym-
metrisation of the data. We see a plateau as expected. To extract the value
of subtracted gluino mass in lattice units by Local method we take a weighted
average using Eq. (4.106]). This weighted average together with its error band

is also shown in the same figure.

4.2.3 The Global method

This method makes use of global fit and has also been used previously in

our collaboration. We improve this method by taking proper weights into

97



CHAPTER 4. WARD IDENTITIES IN N/ =1 SYM THEORY

account. In this method the following quantity from the Eq. (4.100) is min-
imized

A 2
RO _ > (Za Aﬂm) | (4.108)

i Ot
where the total variance o7 = >, oat,a serves as weight at each ¢ and could
be obtained from correlation functions x;, by using Jackknife procedure.

In this method an additional sum over ¢ is performed, where t = ., ..., tmaz-
The choice of ¢,,;,[] depends upon the contact term present in Eq. ([{.44). In
principle it should influence the results only at ¢ = 0, but due the presence
of symmetric derivative in t direction, two more points are contaminated,
therefore it is better to take t,,;, > 3. The correlation functions present
in Eq. are symmetric (anti-)symmetric, therefore they can be (anti-
Jsymmetrised and t,,,, is then defined as t,,,, = % + 1, where N, is the
time extent of the hypercubic lattice. We apply the same condition as in
Eq. with the definition Y3; 2,122 = X124, where i = (b, t), which

results in the following expectation value of A and B.

A

A _ Xtmin713Xt'min723 _ Xtmin712Xtmin733 (4 109)
X, X X2 '
tmin722 tmin733 - t,23

A

B, = Xtmm,lA?)Xtmm,QAQ — Xtpn12Xt,00.23 (4.110)
- Xtpin 22X t33 — Xio3

Similar to the Local method, the estimation of error is done by using Jack-
knife procedure. This method takes full data into account at each t, there-
fore, there is no need to perform fit or weighted average. One has to choose
values of the quatities A and B at some optimal choice of %,,,. Using

Eq. (4.110) of the Global method to estimate subtracted gluino mass we
obtain Fig. (4.2(b))).

4.2.4 The GLS method

The Local and the Global methods have been used previously and discussed

in the above subsections in order to find solutions for A and B numerically

*Actually it is ‘2 but for simplicity we use only ¢,
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to Eq. (4.104) by the Local method which  Eq. (4.110) by the Global method. An op-
needs to be fitted with suitable fit range.  timal value of t,,;, needs to be chosen.

Plateau is formed at t = 3 to ¢t = 8.

Figure 4.2: Numerical results at § = 5.6 and k = 0.1655 by the Local and
by the Global methods for SYM theory with gauge group SU(3).

such that with the measured averages 2 o the equations are satisfied approx-
imately in an optimal way. None of the above two methods have considered
correlations among various quantities at different time slices. To consider the
correlations in our present studies of N/ = 1 SUSY Yang-Mills theory with
gauge group SU(3) we develop a method, based on generalised least squares

fit (GLS). Here we describe complete analytical calculations.

Let’s assume 7;, be the true values, and the measured values x;, differ
from the true ones by
Yia = Tia — fiay (4111)

where y;, are stochastic variables with (y;,) = 0 and

(YiaYjs) = Cia,js; (4.112)

where Ci s = (TiaTjp) — (Tia){x;s) is the covariance matrix of x;,. The

probability distribution of the y;, is given by

1
P ~ exXp {—2 Z yiaMia;j,Byjﬁ}a (4113)

i7a7j7ﬁ
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where M = C~!. The aim is to calculate A,. We employ the method of

maximum likelihood in the following way.

1. For given x;,, consider A, to be fixed and find Z;, such that P is

maximum. The value at maximised (P,,q,) depends on the A,.
2. Find A, such that P,,,,(A,) is maximum.

1. Let’s consider

L=3 > (Tia — Bia) Miayjs(xis — Ejp). (4.114)

i,0,7,0
We want L to be minimum with constraint >, A,Z;n = 0 from Eq. (4.100)).

L/ - L + Z )\Z Z Aai‘iom (4115)

where \; are Lagrange multipliers, and

oL’ oL’
= =0. 4.116
0Ziq 0 O\ 0 ( )
Now
oL’ R
57 = 2 Miaijp(Ejp — xj5) + Aida = 0 (4.117)
(10% y B
Multiplying Eq. (4.117) by Ci, js we have
Tio — Tia = — Z Cia,jpNjAp- (4.118)
5B
Multiplying Eq. (4.118]) by >, A, we get
> Aaia =D A Y AuCiajpAs. (4.119)
a J a,
We denote
> AaCiajsAs = Dyj, (4.120)

a?/B
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so that

@ J

From this it follows

A=Y (D Y Agja. (4.122)

J

Putting this result for \; into Eq. (4.118) gives

ZEW Z Om ]5Aﬂ Z jkxlc'y (4123)

By using Egs. (4.12014.123)) in Eq. (4.114]), we obtain

1 _
Lnin = 5 Z (Aamia)(D l)ij(Aﬁxjﬁ)' (4124)
i7a7j7/3
This is the result of the first step in the maximum likelihood method. Now,

for the averages Z;, the corresponding quantity is given by

1

Lypin = 5 Z (Aajia)(D_l)ij(Aﬁjjﬁ)v (4'125)

i7a7j7/3
where D;; is estimated from the measured values by

D,; = %AQAB(@mxﬂ) — Zialjp). (4.126)
2. In the second step we have to find the minimum of L,,;, as a function
of the parameters A,, where we use A; = 1, so that it remains to find
Ay and As. The minimisation of Ly, (A,) with respect to A, must be
done numerically, because D;; depends on the A,, it is impossible to find
the solution analytically. We employ standard Jackknife method to obtain
statistical errors by re-sampling the data and making subsets of the full
sample by removing nth entry. We calculate Ay and A3 where there is global
minimun of L,,;, for each subset and repeat the whole procedure for all
subsets. In this way we arrive at our final result for B = amgZg' with

error. Tab. (4.1) compares the results from these methods. The values are
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compatible within errors, however, with GLS method we have more reliable

measure O1n errors.

K \ The Local method \ The Global method \ The GLS method H

I
0.1645 0.1306(18) 0.1317(17) 0.1333(20)
0.1650 0.1054(14) 0.1057(12) 0.1040(14)
0.1655 0.0712(19) 0.0706(16) 0.0701(09)
0.1660 0.0352(11) 0.0364(09) 0.0352(13)

Table 4.1: For comparison, the results of amSZ§1 from these three methods
at the inverse gauge coupling # = 5.6. The subtracted gluino mass by the
Global and the GLS methods is considered at t,,;, = 5. The weighted average

of the mass by the Local method is also considered from ¢t =5 to t = %

4.2.5 Adjoint pion mass (M)

The adjoint pion (a-7) is an unphysical particle in supersymmetric Yang-
Mills theory with a fermion (the gluino) in the adjoint representation. It is
related to the fermion mass by partially quenched chiral perturbation theory
(xPT) and can be computed in the numerical simulation of N' = 1 SUSY
Yang-Mills theory on the lattice from the connected piece of a meson whose
interpolating field is A(z)ysA(z), for details see Ref. [75]. This meson is
a colour-neutral bound state called a-n’ with quantum numbers 0~F. The

correlation function of a-7 is given by

Cx,y) = (tree [15(7" D)~ (@,9)71: (4" D)~ (9, )], (4.127)

where tr,. is trace over spin and colour indices. The adjoint pion mass
squared (m?2 ) scales linear with the gluino mass (mg) near the chiral point,
a point in the theory where SYM theory is characterised by a massless gluino.
Mathematically

m2_ o mg. (4.128)

This relation is in analogy with Gell-Mann-Oakes-Renner (GOR) relation of
QCD [9]. Therefore, the adjoint pion mass can also be used for the tuning
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of the chiral limit, see Ref. [76]. Fig. shows the numerical results of the
subtracted gluino mass and the adjoint pion mass squared in lattice units.
Both are proportional to each other, however, there is a small discrepancy
at k. which should be due to lattice artifacts and would go away in the zero
lattice spacing limit. With recent developments, see Ref. [37], the subtracted
gluino mass is also precise enough to be used for the tuning of SYM theory
in the same spirit of the adjoint pion mass squared. However, the pion mass
is less expensive to be computed in simulations and is used for the tuning

preferably.

4.2.6 Handling of discretisation effects

In the derivation of Eq. we have ignored the term (Xg(z)Q(y)) of
Eq. (4.41). This term is introduced by the lattice discretisation and its lead-
ing order is hence O(a). It has a form of a correlation function. Moreover, it
is expected to depend on time slice distance ¢ exponetially and decays with
t, as this can be seen in Fig. . In principle, it vanishes in the continuum
limit, however, it can be problematic in the continuum extrapolation if it is
not handled with care. In N/ =1 SUSY Yang-Mills theory on the lattice we
simulate the theory for different values of lattice spacing which leads to dif-
ferent O(a) effects. This potentially influences the continuum extrapolation,
see Fig. where we have used t,,;,, = 4. Due to O(a) effects the fit

does not converge to zero.

To have a simplified version of the continuum extrapolations, one pos-
sibility will be to have sufficiently large t,,;, such that the contribution of
the term disappears. Another way out can be to choose the fixed physical
time slice distance (not the time slice distance in lattice units) so that the
contribution of this term will be the same for all lattice spacings. In this
way all the data points in the continuum extrapolation will be influenced
equally which will lead to a constant shift (can be regarded as a systematic
uncertainty). This additional shift in the data points will vanish in the zero

lattice spacing limit.
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4.2.7 Sufficiently large time slice distance

In principle, the subtracted gluino mass should show a plateau at earlier
t/tmmﬂ, however, this is not the case due to contribution of the contact
term and due to discretisation effects at first few values of ¢/t;,, and due
to noise at large t/t,,,. Therefore, the plateau can only be seen at some
intermediate values of t/t,,;,. One way to get rid of these effects is to consider
the data from some optimal value of ¢/t,,;, where the plateau is formed and
other contributions vanish, one can see this in Fig. . An additional
check on this choice is the x?/DoF calculated from Eq. (1.114). This also
stabilises when discretisation effects are just absent, see Tab. . We

I - T -
El s GLS! fis GLS! E
0.24 E : 3 0.2 E :
F k= 0.1645 E k= 0.1650
TNUJ 0.18 i e TNm 0.15
< u i § " .
£ 012 S 01 .
0.06 E 0.05 E
O ............................................. 0 é.... .............................................
2 4 6 8 10 12 2 4 6 8 10 12
tmin tmin
(1.2 [rrmrprerremer e NN T — -
El . GLS! El . GLS!
0.16 E : E 0.12 £ :
E k= 0.1655 E k= 0.1660
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Figure 4.3: The subtracted gluino mass amgZg L as function of t,,;, calculated
from GLS method for 5 = 5.6. At small values of t,,;, the signal of the mass
is larger than the plateau value. This effect decays with t,,;, and can be
explained by O(a) discretisation effects.

repeat the same procedure for the selection of ¢,,;, to extract the subtracted

>The term t/t i, means t or t,,i,, not the ratio.
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gluino mass for a full range of the inverse gauge coupling (/) and the hoping
parameter (x), the results are presented in Tab. (4.2)).

| B=54 || B=54 | B=54 | B=55 | B=56 |
[V =12° x 24|V = 16° x 32[[V = 16° x 32[|[ V = 16° x 32 [[V = 24° x 48]
[ & [twinll 6 [twn] & lwin | K Jtmin | K [t
0.1695 [ 4 01692 | 4 [[0.1685 [ 5 [ 0.1667 [ 5 [ 0.1645 | 7
0.1700 | 4 |/ 0.1695 | 4 || 0.1687 | 5 | 0.1673| 5 || 0.1650 | 7
0.1703 | 4 |/ 0.1697 | 4 |/ 0.1690 | 5 | 0.1678 | 5 |/ 0.1655 | 6
0.1705 | 4 || 0.1700 | 4 |/ 0.1692 | 5 | 0.1680 | 5 || 0.1660 | 7
- - | 01703 | 4 |/ 0.1693 | 4 | 0.1683 | 5 - -
- - ] 0.1705 | 4 - - - - - -

Table 4.2: The choice of t,,;, for a set of all gauge ensembles corresponding
to each 5. This selection is made by considering sufficiently large t,,,;, where
plateau is formed and O(a) effects go away. The shaded values have different
tmin from the rest of gauge ensembles for each .

4.2.8 Fixed physical time slice distance

An alternative way could be to consider the values of amgZg' at the same
physical time slice distance for all lattice spacings. In this case, the excited
state contamination would be the same for all data points and would vanish
in the continuum limit. To find ¢,,;, corresponding the same physical time
distance for each 3 we use the gluino-glue mass mgy; and the Wilson flow
parameter wy. We select maximum possible value of t,,, for one lattice

spacing and find the t,,;, for other values of  as

m ~
T e (4.129)
99,Bi
Wo 3,
tmin,ﬁi = tminﬁoﬂ s (4130)
wOaBO

where 1 = 1,2,3, By = 5.4 and 5; = 5.45,5.5,5.6. The resultant t%,,, is
a real number and rounded to nearest integer value, see Tab. (4.3). The
Tab. (B.1]) has chirally extrapolated values of my; and wy which are used in
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H I} H Ui \ARGIA0 G5 \ tomin from wq H

5.4 4 4
5.45 > 5
5.5 5 6
5.6 7 7

Table 4.3: The choice of t,,;, at a fixed physical time slice distance from the

gluino-glue mass (my;) and from the physical scale wy by Eqgs. (4.129}14.130)).
The value of ¢,,,, at 3 = 5.5, obtained from mgy; and from wy, is different.

Eqgs. (4.12914.130)) to produce Tab. (4.3)).

4.2.9 Chiral limit

The chiral limit is a point in parametric space where the theory has massless
adjoint pion and massless gluino. This limit can be achieved by plotting
adjoint pion and gluino masses as a function of 1/2k, and extrapolating
them to the zero masses. The value of k at the critical point is called k..
The k. assists in order to tune further values of k. Fig. shows chiral
extrapolations towards k.. The Tab. shows all k. from all available

ensembles.

H B | ke from (amar)? | k. from amgZg' H

54 ][ 0.170814(27) 0.170984(34)
545 | 0.169541(52) 0.169730(54)
5.5 || 0.168400(31) 0.168644(74)
5.6 || 0.166366(12) 0.166635(54)

Table 4.4: Values of k. obtained from (am,_)? and from amgsZg' by extrap-
olation towards the chiral limit for 4 optimal values of 3.

4.2.10 Remnant gluino mass A(amgZg')

The remnant gluino mass is the subtracted gluino mass at vanishing adjoint

pion mass squared. In principle, it should vanish at vanishing adjoint pion

106



CHAPTER 4. WARD IDENTITIES IN N/ =1 SYM THEORY

7T . L, L L - oo T T T T T T T T T T ™

T amsZ;! * 0.228 T amsZs 7

0.409 ; }_I_{ ( am,,,ﬂ)z ‘ 3 _: 0.190 :— FE" ( am(,,ﬁ)2 * _:

0327 g =51 el % : 0.1520 / ]

£ 0.245F S . Soauf ]

r o 4 ] [ ]

0.164F . 0.076F ]

0.082F ] 0.038F 1

[)‘(JUU: M R | I | T | PR |‘_: ()'[)()():_\ Ly | | | 1 \_:

2024 2930 2937 2943 2049 2.955 2046 2.950  2.955 2.950 2.9G3 2.967

1/2k 1/2k

o fT e ——— B 4 s

0.0_3E & sy J- 0.265F g amsZ;! A

0519F i (@myr)? A 0.221F i (am—r)? VA

E yd ] [ * ]

0.416F 3 0.176F ]

E 8=55 ] F ]

- E ] ! r .

£ 0.312F - T Eoaef 1 -+

g T ] : e :

0.208F a0 =an 3 0.088F ]

0.104F = ] 0.044F ]
AP ] r

O(JUO 1_ |~’1*| PRI R | PR | P | PRI 1 E 0'000 : | - I I | - I 1l I I il I I 1l - I It

2065 2979 2992 3.005 3.019 3.032 3001 3.000 3.016 3.024 3.032 3.040

1/2k 1/2k

Figure 4.4: The subtracted gluino mass amgZg' and the adjoint pion mass
squared (am,.)? in lattice units as a function of 1/(2x), and the correspond-
ing extrapolations towards the chiral point (k.) for all available values of

B.

mass squared according to the Eq. (4.128]). However, due to lattice artifacts
there appears a small discrepancy. It is expected to disappear in the zero
lattice spacing limit. The remnant gluino masses are presented in Tab. (4.5]),

these values are obtained by taking an average of the values calculated using

procedures explained in Secs. (4.2.74.2.8)).

| B | 54 | 545 | 55 | 56 |
| AlamsZg") | 0.0334(48) | 0.019(12) | 0.0099(88) | 0.0103(33) |

Table 4.5: The remnant gluino mass A(amsZg') obtained at m2_ = 0
for 4 available values of § in two step procedure by taking the average of
A(amgZg?) for repeated values of 3 from Tab. (B.4).
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Figure 4.5: The subtracted gluino mass amgZg' calculated by the GLS
method as function of the adjoint pion mass squared (am,.)? for all available
values of 3 in order to obtain the remnant gluino mass A(amsZg'). The
remnant gluino mass is the value of amgZgy ! at vanishing (amar)>

4.2.11 Continuum limit

After careful determination of remnant gluino mass in the chiral limit, now
we perform an extrapolation towards the zero lattice spacing. It is crucial to
know how the remnant gluino mass should depend on the lattice spacing a.
In the case of lattice QCD, the pion mass squared in leading order Wilson
xPT depends linearly on the quark mass plus order a term as

m?2 1o = 2Bymg + 2Woa, (4.131)

T

where By and W, are low energy constants, see details in Refs. [77, [78]. On
the other hand PCAC quark mass in leading order from the chiral Ward
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Figure 4.6: The remnant gluino mass A(wemsZg"') in physical units (w) as
a function of the physical lattice spacing squared, and its linear extrapolation
towards the continuum limit.

identity exhibits the same shift [79],

2BOmPCAC7[O = QBqu + QLL()CL. (4132)
['l erefore,
m + a .
PCAC 2B0 )

as a result, at zero pion mass the remnant PCAC quark mass is O(a?), and

this result is true for all orders of x PT
mpcac = O(a®) at m2=0. (4.134)

The structure of the terms in N/ = 1 SUSY Yang-Mills theory is similar to
QCD, therefore we believe that the remnant gluino mass in some physical
units from SUSY Ward identities at vanishing adjoint pion mass squared is
also of the order a?. We express the masses in the physical scale wg, which
is defined through the gradient flow; for details see [6]. Fig. shows
the remnant gluino mass of Tab. in the physical scale as a function of

a® in the same scale wy. With current statistics, 4 different lattice spacings
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have been used for the linear extrapolation towards the zero lattice spacing
limit, and the remnant gluino mass is consistant with zero within errors, as
expected. Fig. is obtained by performing 3D fit using fit function
of Eq. (2.75). This fit function is implemented by Mr. Henning Gerber, the
complete method is explained in his Ph.D. thesis [80]. In addition to that
Fig. shows the same extrapolation, however, the remnant gluino
mass is obtained by the choice of t,,;, of Tab. . Finally, the t,,;, obtained
from mgyz and from wy, see Tab. , is used to obtain Figs. .

We have presented our first complete result of the continuum extrapo-
lation in Ref. [37] with two data points. Now we have more statistics and
more data points to confirm rigorously the restoration of broken SUSY in
the continuum in A/ = 1 SUSY Yang-Mills theory. This result also confirms
the correctness of Eq. , where the remnant gluino mass is propotional

to a? in the continuum.
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Chapter 5

Baryonic states in V=1 SYM
theory

5.1 Rarita Schwinger object for baryons

In A =1 SUSY Yang-Mills theory, besides the gluon field A,(z), we have
the gluino field A(x), the superpartner of the gluon. Combination of three
A’s can make a colourless object provided that all the colour indices must
be contracted with the indices of structure constants t,,. where a,b,c =
1,...,N? — 1, which is analogous to baryons in Quantum Chromodynamics
(QCD). Due to the fact that fermions are in the adjoint representation, this
object can be constructed for both SU(2) and SU(3) gauge groups. We would
also call this object a “baryon”. A possible general construction in matrix

notation of Dirac indices is given by
W (@) = tael*Aa(x) (] (@) TPAe()) (5.1)

which represents a Rarita Schwinger field [81]. Where I'* and I'? are the spin
matrices, for the sake of convenience one can choose I'4 = 1 and I'? = T.

With all Lorentz components we consider I' = C'y,

Wi() = taseha () (A} (2)Cude()) (5.2)
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1

If this field satisfies the following conditions, the spin-; is completely pro-

jected out and this will purely be spin—%

YWy, =0, (5.3)
oW, =0. (5.4)

Using Fierz identities, the first condition is satisfied. The second condition,
however, is not fulfilled, therefore we must have Spin-% and spin—%components

in the field W (z). There are three possible choices, all giving rise to quantum
1+
2
obtained from I' = C;, © = 1,2,3, where 7; are spatial gamma matrices.

numbers J¥ = namely I' = Cvy, Cs, i74Cys. Baryons with JP = %, are

Two gluino fields give rise to di-gluino state with J = 1 and together with

3

the left over gluino field it gives J = 5 contributions, but also an admixture

of J = 3 [65].

5.1.1 Baryons with gauge group SU(2)

For SU(2) ta. is simply replaced by an anti-symmetric tensor egp., its val-
ues are given in Appendix . We choose I' = (C'y,, the reason for
this choice is that the spin matrix I' must be symmetric if ¢, is chosen
to be anti-symmetric, to prove this the analytical calculations are given in
Appendix . As a result of this replacement Rarita Schwinger field reads

W () = areda(®) (A (2)Crahe(2)) (5.5)

In addition to colour indices, the gluino field A\(x) has Dirac index which is

omitted for convenience.

5.1.2 Baryons with gauge group SU(3)

For SU(3) there are two possibilities for tu., either it is dg,. which is com-
pletely symmetric or fu,. which is anti-symmetric, for their numerical values
see Appendix (B.3.2]). One possible choice of T' for SU(3) is Cys which is
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symmetric, therefore we have to use f,,.. The conjugate field is

W (@) = faeha(@) (A (2)CrsNe()) (5.6)

Now we need to construct the correlation function which will be computed

on the lattice with the help of high performance facilities.

5.1.3 Baryon correlation function

For the computation of the baryon mass the basic building block is the corre-
lation function. A suitable function is fitted to the numerical data obtained
from each gauge ensemble. To achieve this we consider here the following
correlation function obtained from the interpolating field W (z) and from its
conjugate field W (x)

Bla,y) = (W(@)W(y)), (5.7)

where conjugate field W (x) for T' = Crys is given as

7 T

W(x)=—(CW()) . (5.8)
For its derivation, see Appendix (B.2). Now we write correlation function
B(z,y) with its Dirac indices explicitly

B (x,y) = (W*(2)W’ (1))

= — (W)W (y))
= — <fabcfa’b’c’(CV5>B’Y(CV5)5I’Y/C6Q/X
A2 ()N (2) AL ()AL ()N (YA (). (5.9)

The easiest way to evaluate this further, combining terms by using symme-
tries, is to represent the correlation function in terms of six A\, and not to

write it in terms of A and A. With all possible contractions
A (@)X (y) = Ko (,y) = —(A(z,9)C)iy (5.10)
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where the fermion propagator is simply the inverse of the Wilson-Dirac ma-
trix i.e. A(x,y) = D' (z,y). By taking into account the fermionic signs, we

get the following 15 terms

AS(@)A (@) AL (@) A (1) My ()AL (y) =
+ Ky (v, 2) K5 (2,9) Ky d (v, y) (5.11)
— K, 2) K (2, 9) K2 (v, y) (5.12)
+ Ko (@, ) K (2, y) K3 (v, ) (5.13)
Koz, 2) Kyt (v,9) K2 (v, y) (5.14)
+ K (w,2) Ky (2, 9) KoY (y,y) (5.15)
— K3 (v, 2) K (v, ) Ko (y,y) (5.16)
+ Ko (2, y) K (@, 2) K0 (v, y) (5.17)
— Koo' (2, ) Ky (2, 9) K (2, y) (5.18)
+ Ko (2, ) K (v, 9) K (2, y) (5.19)
— Ko (a,y) Ky (2, 2) K2 (y,y) (5.20)
+ Ky (2, y) K (2, 9) K2 (2, y) (5.21)
— K3 () K (2, 9) KD (y,y) (5.22)
+ K (x,y) Ky (2, 2) Ky (v, y) (5.23)
— Ko (@, y) Ky (2,9) K (2, y) (5.24)
+ Ko (@, y) Ky (2, 9) K (2, y) (5.25)

The term (5.11)) can be combined with (5.14) and term the (5.12) with
(5.13),(5.15)) and ((5.16]). Terms (5.20)) and (5.23) can be united to one. Terms

(5.18) and (5.19) can be joined. Similarly terms ([5.21), ((5.22)), (5.24)) and

(5.25)) can also be merged to one. After combining most of the terms we are
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left with only 6 terms and substituting back into the Eq. (5.9) we get

B*(x,y) = = (favefarvre f<075>ﬁ”(075)5’”'05“'{ (5.26)
—QKM( )Kbﬁf (z, )KW(

— 2K (x, l‘)K’Ya (z,y

ca’

— 4K (2, 2) KL,

Kc,b,
7( K
— 1K (2, y) K ( K;?’
— 2K (x.y) K (

7
z,3) K25 .

Explicit calculations of each term in Eq. ([5.26)) are then able to represent K in
terms of propagator A, see Appendix (B.5] for the derivations. Further, we
have tried different choices of I'; all of them give rise to the same result leaving
different signs. These signs are accumodatd in variable 0, see Tab. (5.1). The

resulting correlation function gets the form

B (z,y) = (0 tyyota TP x { (5.27)
+208 (v,y) Dy (2,y) AL (x,y)
+A 0N (2,y) O (x,y) AL (,y)
+2 AO‘B (z, ) A‘SO‘ (x,y) Aﬁf{f/ (vy, y)CWSC’VW
+A DL (v,2) Ay (y,2) ALS (4, y)
+ 102 (2,y) A (z,2) ALY (y,y)C7°C*
+2007 (3,y) A (2,2) A (y,y)C7°CT7Y)

This correlation function can be categorised into two parts, the sunset piece
Bgser(z,y) and the spectacle piece Bgpec(z,y). The graphical representation
of these pieces is given in Fig. (3.4). Projection to the parity states and the
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I 0 I
+1 -1
I'=0C, Cyiga | I'=Cryp, i7aCs
H Labe I
fabc dabc
I'=C, Cyiza | I'=Chys, i74Cs

Table 5.1: The values of 8 and choice of ¢, for corresponding spin matrices.

trace over Dirac indices leave

BSset('Ta y) =0 ta’b’c’tabcl—\ﬁ’yrﬂ/ﬂ/P:ﬁa/ X {

and

+ 2008 (2,y) Ay (2,y) AL (z,y)
HAAY (v,y) Ay (2,y) AL (2,y)}, (5.28)

Bspee(,y) =0t gyetap T PEY x|

+2 0% (z,2) A (
FANSY (z,2) DY (
F1A2 (2,9) A (z,2) ALY

zy) AU (y,y)C 0T
Y, 'T) AZ’; (y> y)

) e
Y)

(y
+ 20 (2,9) AP (2,3) AP (y, y)CP TN, 5.29
ac be ba

where P+ are parity projectors and for zero momentum they are defined as

Pi = $(1+v4). It is important to note here that the total correlation function

in terms of these two pieces can be written as

B(:L‘7y) = <BSset(l’7y) + BSpec(l'7y)> : (530)

We compute them separately then add the data configuration by configura-
tion and then take the average.
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5.1.4 Discrete symmetry test of correlation function

In order to cross check whether the correlation function of Eq. (5.27) is
correct, we use some symmetries. The fermionic interpolating field W (x)
transform in the same way as spinors under time reversal (7) and parity (P)

transformations [82), 39]

W(z) — WP(") =nuW(2h), (5.31)
W) —» W (2")=W(@")nu, (5.32)
W(z) — W) =W ("), (5.33)
W) — W (@) =W ). (5.34)

For convenience we drop out the Dirac indices. The correlation function

transforms as

WP @YW (4P)) =By ), (5.35)
B(x, y) — BT(xTa yT) = <WT($T>WT(3/T)> :74’753(557: ZJT)’YE)’M- (5-36)

=
8
"
Sy
o
—
8
Lo
-
I

Taking zero spatial momentum correlation function

B)= Y By (5.37)
B
t=x0—Yo
Eq. (5.35)) implies that
B(t) = muB(t)y (5.38)

Eq. (5.36) together with anti-periodicity gives
B(t) = —uyB(Ny — )57 (5.39)

vs Hermiticity (¢ = zo-yo, with transpose of B(t) it becomes —t) and anti-

periodicity gives
B(t) = =B (N, —t)7. (5.40)
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Property of inverse Dirac matrix together with anti-periodicity
B(t) = —C'BT(N,-1t)C. (5.41)

Combining Eq. (5.39)) with Eq. (5.40]), we obtain

B(t) = ~B'(t)ys. (5.42)

Combining Eq. (5.40) with Eq. (5.41]), we get
B(t) = C'ysB*(t)ysC. (5.43)

From Egs. (5.385.42) we conclude that B(t) is 4 x 4 Hermitian matrix in

Dirac indices and can be expanded in the basis of 16 Dirac matrices (I';) as
B(t) =Y Br,(t)T;, (5.44)
I

these I'; are given in Appendix (A.3)). By using the Egs. ([5.38] 5.43)), the

above expression is reduced to
B(t) = By(t)1 + B., (). (5.45)

where By (t) = 1tr [B(t)] and B, (t) = tr [B(t)y4]. Moreover, from Eq. (5.39)

we derive that

Bi(t) = —Bi(N;—1), (5.46)
By, (t) = By (Ne—1), (5.47)

Furthermore, By (t) and B,,(t) are also real.

In principle each term of Eq. (5.27) should obey symmetricity and anti-

symmetricity of Eqgs. (5.46{5.47). The Fig. (5.1)) shows the numerical results
of the sunset piece of the correlation functions By (t) and B.,(t). It is clear

from the figure that the correlation functions satisfy the Eqgs. (5.46)5.47)).

The spectacle piece is obtained using stochastic estimator technique for the
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inverse Wilson-Dirac operator D !, however, it is noisy and requires some

additional techniques as well as efforts to get reasonable results.

5¢ — 05 grrrm RARARL RAasRasyessasayaaaan e 5¢ — 05 grrrm Raaaay RAASAAANLAAAAAZRCER SR LR Ay

4e—05 E & Bi(t) de—05 B & B, (1)

3e — 05 3e — 05

2e — 05 2e — 05

le — 05 & le — 05

0 R AAAAAAAAAAAAA AAAAA Ahasd O 2 AAAAAAAAAAAAA AA AAA -
—le —05 & —le—05 & N
—2¢ — 05 —2e — 05
—3e — 05 —3e — 05
—4e — 05 —4e — 05 &
—He — 05 Bl s b b, —5e — 05 B b ol
0 8 16 24 32 40 48 0 8 16 24 32 40 48
t t

Figure 5.1: Numerical results of the sunset piece of baryon correlation
functions By (t) and B,,(t) to varify associated symmetries at f=1.75 and
k = 0.14925 with gauge group SU(2).

5.1.5 Numerical results

For N =1 SYM theory, the major task to compute a correlation function
is to compute the inverse of the Wilson-Dirac operator. The inverse of the
Wilson-Dirac operator for the sunset piece is computed easily, where we only
need to compute the inversion of a d-source for each combination of spin and
gauge indices. This inversion is achieved by the Conjugate Gradient (CG)
method. However, for the spectacle piece it is calculated using stochastic
estimator technique together with the truncated eigenmode approximation
as explained in Sec. (2.2.6). Fig. shows the full correlation function
(including the sunset piece and the spectacle piece) and its effective mass.
The results are not satisfactory at the moment and we need to test which
part of the correlation function is noisy. In Fig. we have shown the
effective mass of both pieces separately and it is clear that the spectacle
piece is noisy. In order to further investigate the source of noise, we have
estimated the gauge noise and the stochastic noise of the spectacle piece,
and the reuslts are given in Tab. . It turned out the stochastic noise is

larger as compared to the gauge noise. Therefore, we need to focus on how to
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improve this signal-to-noise ratio. One way could be to increase the number
of stochastic estimators and to repeat the measurement for several positions

of the wall-source tource-

1000 gmmmpormorurrsmmmmmmmmmmmm——h A ——
E Spec = Sset =« Full = 4
3 : 385
o ; 2
F & = 1
E E 3=
0.001 F = 3 0 il
= i1 g O 1 1l
Tl R .
le—06 £ i o 5
A I :
16—09 T A A T AR A AT TR N n _5 \\\\\\ T ITTITIn bbb bbb b b b i
0] 8 16 24 32 40 48 0 4 8 1216 20 24 28 32 36 40 44 48
t t

(a) Spectacle, sunset and full baryon corre- (b) Effective mass of full baryon correlation
lation function. function.

Figure 5.2: Numerical results of the baryon correlation function and the
effective mass at § = 1.75 and k = 0.14925. In spectacle part, 40 stochastic
estimators have been used for the computation of D! with no smearing.
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Chapter 6
Conclusion and outlook

The N =1 SUSY Yang-Mills theory is the supersymmetric extension of the
pure gluonic part of the Standard Model of particle physics. It describes
the strong interaction of the gluon and its SUSY partner, the gluino. The
gluino is a Majorana fermion and it transforms according to the adjoint rep-
resentation under gauge group SU(N.). At low energy these fundamental
particles exhibit confinement. According to the predictions on the basis of
effective actions [9, [10] these bound states, among others, consist of mesons,
glueballs and a spin—% gluino-glue which form, if SUSY is realised, a chiral
supermultiplet. In our collaboration we have calculated the masses of these
states of A/ =1 SUSY Yang-Mills theory non-perturbatively. To do this we
employed the framework of lattice QF'T. The introduction of the space-time
lattice as a regulator breaks SUSY explicitly. Additionally, the supersym-
metry is broken softly by a non-zero gluino mass. Similar to the previous
studies [3], 6, 4], we have employed SUSY Ward identities in order to obtain
a limit where N/ = 1 SYM theory is characterised by the massless gluino,
the so-called chiral limit. In order to test whether the SUSY Ward identity
is anomalous or not it has been renormalised and all relevant operators of
dimensions < 9/2 have been included [4]. The resulting equations contain a

ratio of renormalisation coefficients and subtracted gluino mass.

In this thesis we have explained how the subtracted gluino mass is ob-

tained from correlation functions which are computed numerically on the lat-
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tice with the help of the simulation code and supercomputers. For the data
analysis we have improved the methods, namely the Local method and the
Global method which have been used previously in our collaboration [3], [31].
Despite being improved these methods do not take into account the correla-
tions present among the relevant observables. To consider these correlations
we have formulated a method called the GLS method and have obtained the
subtracted gluino mass for each gauge ensemble. We have extrapolated the
subtracted gluino mass as a function of the adjoint pion mass squared (m?2_)
to the chiral limit. In principle, the subtracted gluino mass should have van-
ished at m2 . = 0 according to Eq. (4.128), however, due to lattice artifacts
there has been a small discrepancy. This remaining mass has been called
remnant gluino mass. We have computed it for each lattice spacing and have
discussed in Sec. that it is of the order a?. The w, scale based on
Wilson flow has been used to represent the remnant gluino mass and lat-
tice spacing in physical units. We have properly handled additional lattice
artifacts and have extrapolated the remnant gluino mass to the zero lattice
spacing limit where the remnant gluino mass is consistent with zero within
error. This is exactly in accordance with the theoretical predictions.

In addition, we have investigated a bound state composed of three gluino
fields, the so-called baryons in A/ = 1 SUSY Yang-Mills theory. We have
derived correlation functions of the baryons and implemented them in the
simulation code to determine their masses non-perturbatively. The baryon
correlation function consists of two parts, namely the sunset piece and the
spectacle piece. Furthermore, we have used discrete symmetries to check the
correctness of the numerical data of the correlation function obtained from
lattice simulations. The numerical results of the sunset piece are quite en-
couraging whereas the spectacle piece is still noisy. Finally, we have presented
numerical results of the baryon correlation functions and of the effective mass.

For the future, to improve the signal-to-noise ratio, one possibility could
be to use large number of stochastic estimators and to use the full time extent
of the lattice for the sources.

We have successfully determined masses of particles in N' = 1 SUSY
Yang-Mills theory and have shown that they form a chiral supermultiplet [§].
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This means that SUSY is realised on the lattice. This project could possibly
be extended to super QCD or to extended SUSY (particularly N' =2 SYM
theory). Moreover, we have started to study the spectrum of baryons in
N =1 SUSY Yang-Mills theory. There might be more states which can be

investigated in the future.
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Appendix A

Group generators and matrices

A.1 Group generators of SU(N,)

The group generators, in matrix representation, are N, x N, matrices and
are N2 — 1 in number. We shall restrict ourself only to the generators for

SU(2) and SU(3) because we have investigated the N' =1 SUSY Yang-Mills

theory only for these two gauge groups.

A.1.1 Group generators of SU(2)

For the case of SU(2) we have following three generators

a

T — % with a = 1,2, 3. (A.1)

Where 0% are Pauli matrices given in Sec. (A.2)).

A.1.2 Group generators of SU(3)

In this case they are 8 in number and acquire the following forms

a

T“:)\Q, witha =1,2,...,8. (A.2)
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Where \* are Gell-Mann matrices and their conventional representation is

010 0 —i 1 0
M=1]10 0|, =11 As=10 —1 0}, (A.3)

000 0 0 0

00 1 00 —i 000
M=1]00 0|, =]00 0], X=]00 1], (A.4)

1 00 i 0 0 010

1

00 0 7 0 0
M=10 0 —i|[, =10 % 0 (A.5)

. 2

0 i 0 0 0 —%

A.2 Gamma matrices

Explicit representation of Euclidean Dirac matrices (v matrices) in a 2 2

0 —io
7,2,3 = ( 1’273) ) (A-G)

0123 0

block notations

Where Pauli matrices are

01 0 —i 1 0
01:<1 0)702:(1 0),03:<0 _1>. (A.7)

Chiral representation of v, and s is

01 1 0
742(1 0),752(0 _1). (A.8)

{7 Y} = Oy (A.9)
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The charge conjugation Dirac matrix

0
—1

o O

C =y =—n7%

o O O =
—= O
=2

p—

satisfies

C? = -1, ct=cT=c"'= —C,
C'7’1,3,5 = 71,3,50, 072,4 = —72,40,
(C’Yu,5)T = C’Yu,En C'Vuc_l = _’7;1;-

A.3 Dirac space

Dirac space consists of a set of following matrices
Fi = {17 V55 Vs Y V55 io_uu} 5
where v and o satisfy the following relations

['Vua UVp] =2 (5W7p - 5#0’%) )
{1V Ovp} = =260 Vs-

A.4 Fierz identities

Fierz identities are defined as [40]

Oy (x) = =04(z) = Og(z) — Op(x),
Or(z) = —(Os(x) + Op(x)).
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where

Os(x) = tr[ (V(x)i(x) )i ()], (A.19)
Op(x) = tr[(D(2)5(x) ) 359 (2)], (A.20)
Ov(x) = tr[(P(2) 1t (x) )b ()] (A.21)
Oa(x) = tr[(V(@) 1570 (2) )15t (), (A.22)
Or(x) = tr| (P(2)0 () ) 0 tb ()] (A.23)

Here ¢ (x) is 4-component Dirac spinor. For the case of Majorana spinor the

follwing results hold
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Appendix B

Derivations and results

LB myg | w |
5.4 ] 0.5272(86) | 2.046(16)
5.45 | 0.4040(81) | 2.577(43)
5.5 | 0.4292(79) | 2.925(38)
5.6 | 0.2997(71) | 3.422(48)

Table B.1: Chirally extrapolated values of the gluino-glue mass (m,;) and of
the scale wy which are used to obtain t,,;, of Tab. (4.3).

B.1 Ward identity correlation functions
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Figure B.1: The remnant gluino mass A(wymgZg') in physical units (wj)
as a function of physical lattice spacing squared, and its linear extrapolation
towards the continuum limit by two step procedure where we perform chiral
extrapolation followed by the continuum extrapolation.

B.2 Rarita Schwinger field

The Rarita Schwinger field for I' = C'ys is

132
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we omit dependence of fields on space-time points for the sake of simplicity.

As Cvys is symmetric, therefore we choose anti-symmetric structure constant
fabe. Using properties of Egs. (B.11]|B.13)) one obtains

W= fabc)\a (Xb75A0> . <B2)

The conjugate field W = Wy, reads

[)\a ()\b’Ys)\ )} Vs (B.3)
— e (AN R (B.4)
= fare (A ) AT C, (B.5)
= fure P (Bos))] €. (B.6)
= —(cw)". (B.7)
Note that
W=—(cw)', forl = Crp. (B.8)
W=+(CW)', forD=Cri=123. (B.9)
(B.10)

In the derivation of above conjugate field, the following properties have been

employed
X = A'C, Majoran condition, (B.11)
A= Ay, (B.12)
C*=-1,Cc'=C"=-C, (B.13)
ANy = —ApA,, Grassmannian nature, (B.14)
Cr35 = 7350, Cy20 = —724C, (B.15)
YaYi5 = —Yi,574, ’7,1,5 = Vw55 (B.16)
Vaas =245 Vi = —V13; (C%,5>T = (C%,f))- (B.17)
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B.3 Structure constants

Depending upon the choice of the gauge group and spin matrices one can use

(anti-)symmetric structure constant which will be given below

B.3.1 Structure constants ¢,

The anti-symmetric €4, reads

€123 = €231 = €312 = +1, (B.18)

€391 = €213 = €132 = —1. (B-19)

All other values of g, are zero.

B.3.2 Structure constants d,. and f,.

These structure constrants take the following values

1

di1s = doog = d333 = —dgss = —=, B.20
118 = (228 = U338 88 = 73 (B.20)
1
dys = dszs = dges = dprg = ———, B.21
448 = (558 = dees = A778 53 (B.21)
1
disg = dis7 = —doar = dose = d3as = dss5 = —dze6 = —dgr7 = > (B.22)
fia3 = +1, (B.23)
1
Jiar = = fis6 = faae = fosr = faas = —faer = > (B.24)
V3
fass = fors = 5 (B.25)

All other du. and f. not related to these by permutation are zero.
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B.4 Choice of structure constants and spin

matrices

For I' = C' and t4. = du., the Eq , in Dirac indices, is given by
W = dapeCTINN N, (B.26)
using numerical values of C' from Eq. , the Eq reduces to
W = dape Xy {NAZ = NAL = MM+ AA2 ) (B.27)
here
ML= A2 = A2 (B.28)

As XN’s are Grassmannian objects, interchange of the two \’s gives an addi-
tional minus sign. It does not matter if we interchange color indices b and ¢

because dgp. is symmetric in a, b and ¢
W =2 dupe X {NA2 + NA2) (B.29)

this implies that
W = dgpeCPANINT £ 0. (B.30)

Note that the charge conjugation matrix C' is anti-symmetric whereas the
structure constant dg. is symmetric. We can show that, by performing sim-
ilar steps of calculations, W # 0 for all I'’s which are anti-symmetric. It is
also possible to use same analogy to show that W = 0 for all I'’s which are
symmetric. We conclude that the field W will be non-vanishing: if .. is

symmetric and I' is anti-symmetric, and vice versa.
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B.5 Derivation of different terms of baryon

correlation function

In order to simplify each term of Eq. (5.26]), let’s consider the 1%

D?é(‘ru y) - = fabcfa’b’c’(075)67(0'75)'8/’\/06(1/ X
{ — 2K (a, ) K2 (z,y) K1) (x, y)}

Consider

C K (2,y) = —(= O (a,y) O C°
= (AMx,y)C*)aa = = Adar (2,).

D?é(xa y) = fabCfa’b/C’ (075)57(075)ﬁl7/ X

{42408 (2,9) A (2,y)C77 AL (2,y)C"},

O (Cs) 7 O = —(CPsC)" = (Cs)”".

By interchanging the idices, d <> o/, o’ <> (', p/ <> 7/, we get

Dim/ (:I), y) = fabCfa’b’C’ (075)57(075)5/7/ X
{+200 (@.y) B3 (w,y) AL (2,9) ).

Similarly
Dga/ (ZE, y) - fabcfa’b’c’ (CVB)ﬂW(C’}%)ﬂW, X
{+405 (@9) 8% (2,9) 2% (@)},
now

Dgcﬁ (i’, y) S fabcfa’b’c’ (075)57(075)5"y/ C(Sa/ »
{ = 2K (@, ) K33 (2, ) K2 (y,9) },
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(B.34)
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C K3 (2,y) = —(= A (2,9)C) e C°
= (A(x,y)Cg)Zj, = — AZ;S, (z,y). (B.38)

Interchanging 0 <> o/,

D?O/ (ZE, y) = - fabcfa’b’c’(075)ﬂ7(c’75>ﬁ,7/ X (B39)
{+200 (2,0)C7 22 (2,9) DV (9,9)C77 ),

now

CUB<C’Y5)B’Y = 7" = (v:0?)7 = (075)”56"’5, (B.40)

and
CoP(Crs)P " = A8 = (5027 = (Cys)7 Y 077 (B.41)

By interchanging the indices, o <> 3, o/ < ', § <> 7, §' <> 4/, we obtain

D?a/ (l'a y) = - fabcfa’b’c’(075)57(0’75)5,7/ X (B42)
{+208 (2.2) DL (w.y) ALY (,9)C7°CT7 ).

Using the similar calculations on gets the other terms as follows

Dga/ ([L’, y) - fabcfa’b’c/(C’YS)ﬁ’Y(C"YS)ﬁ/’YI X (B43)
{+407 (@) A7 (9.2) AV (0,9)}
D?a, (337 y) = - fabcfa’b/c’(075)57(075)&7/ X (B.44)

(4185 (2,9) AP (v.2) AV (9,9)C7 Y,
and

Dga/ (*Tu y) = fabCfa’b’C’ (075)67(075)6/7/ X (B.45)
{4200 (@) A (2.2) AJS (5,9)07C77 ).

137



APPENDIX B. DERIVATIONS AND RESULTS

B.6 Implementation of spectacle piece

In order to implement the spectacle piece we need to have each term of the

correlation function of the following form
B=> MAS. (B.46)
The 1°* term of the Eq. (5.29) can be written as

BS..(t) =26 727 S° P MO (2, ) A (2,y)Sw(y,y),  (BAT)

zo=yo+t c,a’

where
M (z,2) = tape AP (z, 2)DPC°,
By
a,b
Sa’ (yvy) = Z Larbre Ai//l?/, (%y)FﬁWCN/&/- (B48)
5177/751
v
For I' = C'v,
MO“s (z,z) Ztabc An)ab (z,x),
a,b
So(W.y) = Y taye Dy (v, y). (B.49)
8
For I' = C'v;

M (2, x) Ztabc Ays)% (z, ),

a,b

Su (1, y) == > tawe (Dvs)20 (1, y). (B.50)
6/ b/ /

138



APPENDIX B. DERIVATIONS AND RESULTS

The 2" term of the Eq. (5.29) can be written as

BOL.()=—40 Y Y PrMP(z,2) A (2,9)S5% (v, y),

Y a8
ro=yo+t b’
where
M (z,2) =3 tape AP (z, )P,
Byy
a,b
Sg//a/(y,y) = Z ta/b/c/cr&’ﬂ’rﬁ”y’ Az’a’ (y,y)
ﬁ:ﬁ/’
For I' = C,
Mo“S (x,x) Ztabc A’y4)ab (x,x),
a,b
Sy (s y) = = Y tawer (D)2 (9:9)-
For I' = C;

Ma‘;(a: x) Ztabc Afyg,)ab (z,z),
a,b

SYY (1Y) = — 3 taye (10)58 (4, y).

a’,c

The 3" term of the Eq. (5.29) can be written as

Bgz’a)ec() +0 ?% Z .T .T Aaa (:E,y)Sa/(y,y),

ro=YyYo+t a,a’

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)
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7

where “+7 is for the symmetric I' and “—” in the case when it is anti-

symmetric.
M,(x,z) = Z tapCOTY8 Aff (x,x),
/37%5
Sa (Y, y) Z tave Ay (y,y) 17707 (B.56)
ﬁ/ ,y/ 5/
v
For I' = Cvy
Ma<x7 aj) - Z tabC('MA)gg(x? 33),
d,b,c
S, y) = 3 tawe(Dv)28 (). (B.57)
8 b !
For I' = Cvs
Ma(‘r’ IE) = Z tabC(,YSA)gg($’ ZL‘),
4,b,c
Sa (Y, y) Z Loy e A%) b (3/ Y). (B.58)
6/ bl /
The 4™ term of the Eq. (5.29) can be written as
Bipet) =20 57 30 P2 Ma(w,2) A3 (2,9)S2% (), (B59)
?,7 a,a’
ro=yo+t a,c'
where
M, (z,x) = Z tapeCOTY8 Aff (x,x),
57%5
S5 (y,) Z taye COVTVE ABS (4 1), (B.60)
ﬂ/ !
a',b’
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For I' = Cv,
Ma<x $ Ztabc 74A) ( )
4,b,c
S‘S/ /(y Y) Zt el 74A)b/ ; (y,y). (B.61)
a’ b’
For I = Cn;

My(2,2) = = tape(v0)50 (2, ),
4,b,c

S‘S/ of (y,v) Zt e (V5 ,'(y,y). (B.62)

a’ b’

B.7 Effective mass of sunset and spectacle

pieces

6 T — - S ————
4
4 T 3 35
2 E 2
E E 1
s,F ™ I o I 0 1
SO0 | i, ! il
2 -2
—4 j ;
—6 Buvwbiony wiliblinhlug bbb bbbl e — 5 Ewwbwlnblunnhun 1 dudin bl 1
0 4 8 12 16 20 24 28 32 36 40 44 48 0 4 8 12 16 20 24 28 32 36 40 44 48
t t
(a) Sunset. (b) Spectacle.

Figure B.2: Effective masses of sunset and spectacle pieces of correlation
function with error bars at f=2.75 and x = 0.14925 for for SYM theory with
gauge group SU(2).
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B.8 Comparison of stochastic noise with gauge

noise
H t ’ BSPEC(t) ‘ Bstoch (t) H
1 [-0.071877(1386) | -0.070431(1955)
2 | -0.006160(580) | -0.006384(947)
3 | 0.000134(353) | 0.000659(522)
4 | -0.000147(277) | 0.000136(318)
5 | -0.000275(224) | -0.000116(344)
6 | 0.000419(203) | -0.000656(309)
7 | -0.000504(184) | 0.000218(230)
8 | 0.000029(165) | -0.000005(240)
9 | 0.000063(139) | 0.000206(161)
10 | -0.000136(145) | -0.000047(157)
11 | -0.000060(149) | 0.000335(202)
12 | -0.000068(115) | -0.000098(154)

Table B.5: Bgpe(t) is baryon spectacle piece (40 stochastic estimators and
20 lowest eigenvalues with no smearing) with full statistics whereas Bgioen (t)
is the spectacle piece of the correlation function measured 50 times on one
configuration by keeping the source fixed in order to estimate the stochastic
noise at §=2.75 and x = 0.14925 for gauge group SU(2). The overall noise of
the correlation function is due to stochastic noise. For convenience we have
shown only first 12 values of time slice distance and corresponding correlation
functions.
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