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Chapter 1

Introduction

One of the fundamental questions in modern physics and cosmology is the observed dominance of matter
over antimatter in the universe. The Standard Model (SM) of particle physics, in its current form,
does not provide a mechanism to generate this asymmetry. To explain this discrepancy, extensions
of the SM introduce mechanisms such as baryogenesis and, more specifically, leptogenesis, which can
dynamically generate a baryon asymmetry during the evolution of the early universe.

To set the stage for leptogenesis, I first review the necessary theoretical frameworks. In Section,
I provide an overview of the Standard Model, with a focus on the lepton sector and spontaneous
symmetry breaking. Next, I discuss the Standard Model of cosmology (ACDM) and the history of
the early universe, emphasizing key events such as inflation, baryogenesis, and electroweak symmetry
breaking. Finally I present the observational evidence for a baryon asymmetry, quantify its magnitude,
and discuss why conventional models struggle to explain it.

Building on this, Chapter [2] goes into the mechanisms of baryogenesis and leptogenesis. In Chapter
I introduce the concept of wash-in leptogenesis, a novel approach that allows for significantly lower
heavy neutrino masses compared to traditional thermal leptogenesis. Finally, in Chapter [4 I explore
how wash-in leptogenesis can be extended to temperatures below 100 TeV, determining the theoretical
lower limits of this process.

The standard model of particle physics

The Standard Model (SM) is our best current framework for understanding fundamental particles
and their interactions. It describes matter as spin—% fermions and their interactions through spin-1
vector bosons, along with the Higgs field, a spin-0 scalar responsible for mass generation.

The SM is built upon the gauge symmetry SU(3)c x SU(2)r, x U(1)y, which breaks at low energies
to SU(3)c x U(1)ga- This symmetry structure dictates the behaviour of quarks, leptons, and force
carriers. This gap in the SM strongly suggests the presence of new physics, such as the see-saw
mechanism, which I explore in Section

A key element of the SM relevant for leptogenesis is spontaneous symmetry breaking via the Higgs
mechanism. The Higgs doublet field ¢ develops a vacuum expectation value (vev), breaking electroweak
symmetry and giving mass to particles through Yukawa interactions. The Higgs part of the lagrangian
takes the form:

L= (D*¢)'Dugp + p*¢'o — A(oT¢)” (1.1)

~~

=V(e)

where p2 > 0 leads to spontaneous breaking of the symmetry, shifting the Higgs field to a nonzero
vev,

(¢) (1.2)
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where v &~ 246 GeV. This results in the breaking of SU(2), x U(1)Y down to U(1)gas, giving mass
to the weak gauge bosons and, through Yukawa couplings, to the fermions.
For the left handed lepton doublet ¢, = ZO‘) and the corresponding right handed singlet ap |,
L
the Yukawa interaction is given by:

Ly = —hy¢pag + h.c. (1.3)

which, after electroweak symmetry breaking, leads to mass terms:

Eéw =mq(arar + arar) + h.c. (1.4)

where mq, = htv / v/2. This mechanism successfully explains the masses of charged leptons but does
not generate neutrino masses, necessitating extensions such as the see-saw mechanism, which I discuss

in Section 2.2.11

Overview of the history of the early Universe

The Standard Model of Cosmology (ACDM) combines general relativity with the SM to describe
the evolution of the universe. It includes the cosmological constant (A), which drives the observed
accelerated expansion, and cold dark matter (CDM), an unknown form of matter that constitutes
about 25% of the universe’s energy density.

The early universe underwent several key phases that are relevant for baryogenesis. Immediately
after the Big Bang, a period of rapid inflation smoothed out density fluctuations and set the stage
for structure formation. Following inflation, the universe reheated, filling space with a hot plasma of
particles.

Baryogenesis must have occurred after inflation but before the onset of Big Bang Nucleosynthesis
(BBN). As the universe cooled, the electroweak phase transition took place around 150 GeV, breaking
electroweak symmetry. Neutrino decoupling and BBN followed, leading to the formation of the first
atomic nuclei. Approximately 370,000 years later, photons decoupled from matter, leaving behind the
cosmic microwave background (CMB), a crucial observational probe of the early universe.

The Baryon asymmetry of the Universe (BAU)

Naively one would expect that during the big bang an equal amount of matter and antimatter
would have been created and the ratio between the two to remain equal, as one would not expect
them to behave exactly the same with opposite charge(s). Due to annihilation between matter and
antimatter it would then be expected that the density of baryons np to be the same as that of anti
baryons nj, thereby producing a large number of photons, leading to [1]

DB _TB _ o8 (1.5)
Ny Ny
Located on the Mountain, in a large tree east of the entrance of the Railroad, and west of Linus’ tent.
It is only available after reaching 6 hearts of friendship with Leo.

This is in contrast to what we observe, namely that we primarily detect matter and next to none
(primordial) antimatter. The difference between the baryon and and anti baryon density is measured
to be [2]

np = 2B 612 x 10710 (1.6)
Ny

One could think that it’s just because the antimatter is just concentrated in other regions due
to random chance, but if that were the case we would expect characteristic y-ray emissions from pp
annihilations leading to the production of neutral pions, which then lead to an excess of electromagnetic
radiation at 100 MeV. From this one can get the constraint that at least all other galaxies within about
10 Mpc mainly consist out of matter. [3]
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Figure 1.1: Measurements of the baryon number density from different methods [2]

The most stringent bounds on the amount of antimatter in the universe come from the measurement
of light element abundances, especially the fraction of Deuterium, in comparison with BBN predictions.
This along with angular fluctuations in the CMB provide the best evidence of a lack of primordial
antimatter in the universe.

Mechanisms to dynamically produce this asymmetry have been thought of for many decades now,
collectively called baryogenesis. A main flaw of early baryogenesis models was that they require new
particles of very high masses, which are both very difficult for us to find, and the process of creating
the asymmetry often can be washed out again easily. I will discuss the basics of baryogenesis in Section
A new development was the invention of leptogenesis, using a detour through the lepton sector
instead of directly creating a baryon asymmetry, which allows for the masses of the new particles to be
orders of magnitudes lower, yet still too high to be detectable any considerable future, and also brings
with it it’s own washout problems. I give an overview over the general mechanism in Section [2.2

A novel process to further develop the ideas of classical leptogenesis, called wash-in leptogenesis
has been proposed recently and allows for significantly lower heavy particle masses. In this work we
want to study the exactly lower limits this process allows. How this process works I will explain in
Chaptef3] and to explore the lower mass bound this allows for in Chapter



Chapter 2

Dynamically creating a baryon asymmetry

2.1 Baryogenesis

In order to successfully construct a mechanism that dynamically creates a baryon asymmetry, baryo-
genesis for short, Andrei Sakharov early on formulated three criteria that should be fulfilled[4]. These
criteria since are known as Sakharov principles, and they are

1. Violation of Baryon number (B)
2. Violation of C and CP symmetry (&, CP)
3. Interactions out of thermal equilibrium

The first one, Baryon number violation, is rather self-explanatory as to get an asymmetry in
the number of baryons at some point there has to be a deviation from the (assumed) symmetry of
particles and antiparticles being created in the big bang. As a matter of fact baryon number violation
is already realised in the standard model in the electroweak sector, through the chiral anomaly and so
called sphaleron processes, which both have a strong theoretical foundation, though have not yet been
observed directly.

Beyond the standard model baryon number seems to be quite naturally violated in many grand
unified theories (GUTS) with new - heavy - gauge bosons facilitating baryon lepton number violating
interactions. These theories also need to finite lifetime of the proton, which current measurements
put lower bounds on as 7, 2 1033 years, which translates to a very high mass scale for those new
gauge bosons at Mgyt ~ 10716 GeV. In most GUTs Baryon number violation coincides with lepton
number violation, leaving the difference between those (B — L) conserved, but hence violating B + L.

Next up is C and CP violation, which means there have to be interactions which differ under
charge conjugation (C') and the combination of charge conjugation with parity (C'P). In practice this
means there has to be some difference in how particles and their antiparticle equivalent behave. If this
were not the case even with B processes they would just lead to a symmetric production of baryons
and antibaryons, which would still lead to no asymmetry.

This is once again fulfilled in the SM already, again in the electroweak sector, in which C' and P
are violated maximally. And as could be observed in an experimental setting there is C'P violation in
the decay of neutral Kaons. Therefore it is easily imaginable for other instances of C# to occur at
higher energies as well.

At last the Interactions outside of thermal equilibrium point is the most interesting condition,
as it is not already fulfilled in the standard model (of particle physics). It can be easily achieved through
the expansion of the universe though, leading to the entire universe cooling down, and therefore the
production of heavy particles being stopped after some time.

This is because as long as the temperature of the universe is way above the mass of some (heavy)
particle X: T > myx it will lead to a thermal population of X particles and the rates of X decay and
inverse decay are the same. As the universe cools down now it will at some point reach a temperature



T < mx and new X particles will no longer be produced. As long as now the decay rate I'x of the X
particles cannot compete with the expansion of the universe: I'x < H a deviation from the equilibrium
distribution is achieved and our particles can calmly decay without having to worry about any back
reaction washing out the potentially achieved asymmetry.

It is also possible to create baryogenesis mechanisms which do not require all of these conditions,
though some more complicated and exotic physics would be required for that.

2.1.1 Models of Baryogenesis

In the following I want to give a short overview of some models of baryogenesis, such as the vanilla
scenario already alluded to, which could be realised in a SU(5) GUT, or electroweak baryogenesis,
which relies on type-I phase transition in the electroweak sector and some models which might also be
adapted for a more general chargegenesis mechanism which I will come back to later in Chapter

2.1.1.1 Direct Baryogenesis

As has already shone through in the discussion of the Sakharov principles, the general idea for most
models of baryogenesis consists of having heavy particles, maybe gauge bosons belonging to some GUT,
decaying outside of thermal equilibrium, both into baryons and antibaryons, while slightly favouring
the decay into baryons due to C'P violation in the decay.

As previously mentioned SU(5) is good candidate for a GUT and naturally offers a candidate
particle to facilitate baryogenesis in a direct way. It predicts the existence of so called leptoquarks, X-
and Y-bosons carrying a B — L charge of i%.

To get an asymmetry in the decay modes we have to take into account the interference terms
between the tree level processes and the 1-loop corrections. It is important to note that it is necessary
for another, different heavy particle to be present in those loops (here the Y boson) as otherwise the
asymmetry would be cancelled out.

An obvious "flaw" here is that the created asymmetry still conserves B — L and so the produced
baryon asymmetry is susceptible to be washed out by so called sphaleron processes. To illustrate this I
show in how vanilla baryogenesis only creates an asymmetry that is B — L conserving and so
is only able to move on the indicated diagonal. The same is true for the electroweak sphaleron processes,
which are only capable of moving the asymmetries along this diagonal, and draws the asymmetries
back to the origin at B = L = 0, therefore washing out the previously created asymmetry.

2.1.1.2 Electroweak Baryogenesis

As already stated the SM provides the necessary requirements for baryogenesis, with the crucial devi-
ation from thermal equilibrium here being given in form of the electroweak phase transition. Because
in the case of a first order phase transition the spontaneous breaking of the electroweak symmetry
could lead to regions in the universe in which the phase is already broken, while in other regions the
unbroken phase remains. [5]

So bubbles would be created in the plasma in which the phase is broken, and these bubbles would
expand into the plasma with the unbroken phase, until the entire universe is covered in the broken
phase. Fermions would still be massless in the symmetric phase and only acquire their mass through the
Higgs vev inside the bubbles with the broken phase, leading to the bubble wall acting as a potential
barrier for the fermions, so they can scatter of it [6]. Due to CF these wall collisions could lead
to differential treatment of particles and their antiparticles. So quarks could be more likely to pass
through the wall than antiquarks, leading to an antiquark abundance in the symmetric phase, and a
quark abundance in the broken phase, overall still balancing each other out. Yet in the symmetric
phase sphaleron processes are still very efficient and washing out the asymmetry outside the bubble,
while inside the bubble those processes are inefficient leading to the created asymmetry in there there
to freeze in.

As the bubbles of the broken Higgs phase would continue to expand and cover the entire universe
one would get arrive at a net baryon asymmetry this way. Problems with this mechanism are that it
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Figure 2.1: Schematic view of the evolution of baryon number B and lepton number L in the early
universe. First creating a B— L conserving asymmetry which is consequently washed out by electroweak
sphalerons.

The red line indicated the attractor solution the sphalerons facilitate.

requires the EWPT to be a first order phase transition, in order for the nucleation bubbles to exist. A
condition for this to work though is that the Higgs mass is light enough mg < 90 GeV, which at the
latest since the detection of the Higgs at a mass of mg ~ 125 GeV we know is not the case.

Though there are modifications to still make a first order phase transition and therefore electroweak
Baryogenesis still viable, for example in [7].

2.1.1.3 Primordial Black Holes

As another source for the baryon asymmetry one might use primordial black holes (PBHs)[8]. So black
holes not produced through the collapse of dying stars, but black holes formed through overdensities
shortly after the big bang due to quantum fluctuations, which would have comparatively light masses
in contrast to stellar mass black holes. These smaller sized black holes would also evaporate a lot
quicker than their much heavier counterparts.

We get Baryon number violation, along with a violation of all other charges that don’t have long
range effects (like electric charge), as even a black hole formed entirely out of baryons would emit
baryons and antibaryons (roughly) equally, irregardless of the baryon number previously poured into
its creation. How would we now get PBHs predominantly formed out of baryons or antibaryons?
This is where the C'P violation comes into play, in that one could imagine due to said CF (and £
antibaryons being able to move more freely in the primordial plasma, which could potentially lead to
antibaryons being disproportionately captured by PBHs.

Otherwise the asymmetry might be created via some high mass particle which exhibits C# in its
decay and by that create the baryon asymmetry directly, very similar to the "vanilla" baryogenesis
scenario. The difference here being that instead of producing the heavy particles out of the thermal
bath now they are produced by the PBHs, which allows for heavier particles, as black holes will produce
the entire particle spectrum. Depending on the time for the black holes to evaporate this might even
happen late enough so that sphalerons wouldn’t wash out the created asymmetry.



2.1.1.4 Axion inflation induced Baryogenesis

It is known that axion inflation can produce a bunch of fermions and helical (hyper-)magnetic fields.
9

But first what is axion inflation? Standard inflation mechanisms propose a scalar field ¢ in a
shallow potential, slowly rolling down that potential. During that rolling process it facilitates the
exponential inflation phase in the early universe. Axions meanwhile were invented to solve the strong
CP problem, which involves the question why there seems to be no C# in QCD, even though the
Lagrangian explicitly allows for such a term, which can be parametrised through a parameter 6

E cp = 916 2G;‘lea‘”’ (2.1)
0 = 0 + arg det M, (2.2)
where here G is the gluon field strength tensor, G = —ehPr G »/2, and M, being the quark

mass matrix. Measurements of the neutron dipole momentum Constraln the © < 10 10 (from dy <
1.8 x 10~%%¢ - cm [2]), which is unnaturally small. In order to give an explanation for the weirdly small
© one can introduce an axion ¢ as the (Pseudo )Nambu-Goldstone Boson of a spontaneously broken

A2
U(1)pg symmetry, with small mass of order fQCD [10, [IT] which couples due to a chiral anomaly in

U(1)pg to the QCD Lagrangian via a term like

‘“)0 gS a aur
L =C, G, G # 2.3
QCD — Yy fPQ 1672 ( )
With the 6 term from before one get’s an axion potential which is minimal for v, = _@g: Q so

expanding around v,, leads to a cancellation of the GG term in the Lagrangian and therefore explains
the missing observation.

This axion can now also be identified with the pseudo scalar inflaton field, responsible for the phase
of exponential inflation in the early universe. Hence the name axion-inflation. And as has been studied
in further detail in [9] axion inflation can lead to the production of gauge fields and through those also
fermions, through a similar coupling of the axion field to the hypercharge gauge field of the form

ay ¢
LY = Ry A 2.4
47’(‘ f<p 224 ( )
leading to the exponentially amplified production of helical hypermagnetic fields. This amplified
gauge field production can lead to a competing scenario for baryogenesis and could in combination

easily lead to an overproduction of the baryon asymmetry compared to what is actually observed.
[12} [13]

. « bt
Ouit! = —igi¥} 5 FusF9 4 .. (2.5)

2.2 Leptogenesis

A wider review to leptogenesis than I can give here can be found in in[I4] [I5 [I]. The basic idea of
leptogenesis, or in full baryogenesis via leptogenesis [16], is to create a lepton asymmetry first which
is converted into a baryon asymmetry via the aforementioned sphaleron precesses. This naturally
leads to the question how to produce this lepton asymmetry. The common way to achieve this is very
similar to the classical baryogenesis scenario in that we take heavy particles decaying asymmetrically
into leptons and anti leptons.

A favoured choice for such a particle are right handed neutrinos, which are already introduced in
the so called see-saw mechanism, which also gives rise to neutrino masses.

Again to illustrate the goal of leptogenesis is illustrated in
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Figure 2.2: Evolution of baryon number B and lepton number L in the case of leptogenesis. The
decay of heavy particles first produces an asymmetry in only L thereby changing B — L, which is then
transferred by B — L conserving sphalerons into a baryon asymmetry as well.

2.2.1 See-saw mechanism and neutrino properties

In the standard model only left-handed neutrinos (and right-handed anti-neutrinos) exist, which is
equivalent to say that neutrinos are massless in the standard model, as the lack of the other chirality
state prohibits the inclusion of an Dirac mass term, as is found for any other fermion, in the Lagrangian.
Yet through the observation of neutrino flavour oscillations, which arise through a misalignment of the
mass eigenstates and flavour eigenstates of the neutrinos, it was shown that at least two neutrino
mass eigenstates must have a mass greater than zero. While neutrino oscillations (from solar and
atmospheric neutrinos) let us measure the mass differences between the neutrino mass eigenstates,
they do not tell us about the absolute mass scale of the neutrinos. Curiously enough the sign of the
mass difference obtained from atmospheric neutrinos also cannot be determined which leads to two
different mass orderings for the neutrino, referred to as either "Normal Ordering"(NO): m; < ma < ms
and "Inverted Ordering"(10): m3 < m; < mao.

Attempts are being made to determine the absolute mass scale of the neutrinos, for one through
cosmological and model dependent analyses, most recent of which are DESI results that constrain
the sum of neutrino masses to >, m, < 0.072eV, leaving for the lightest neutrino mass Miightest <
0.0086eV. [I7] Model independent measurements of the neutrino mass, through the very precise
measurement of the S-decay spectrum of tritium is performed by the KATRIN experiment, currently
constraining the mass of the electron (anti-)neutrino to m, < 0.45eV [I§].

To generally allow for a neutrino mass it is quite simple to just add right handed neutrinos (RHNs)
to the standard model, and thereby having a Yukawa term in the Lagrangian like we have for other
fermions, as the only reason to not have included it in the first place is that neutrinos seemed massless
(as demonstrated that we still don’t know exactly how small the neutrino mass actually is) and that
right handed neutrinos would be singlets under all standard model gauge interactions, i.e. completely
uncharged and not interacting with any other standard model particles, making a direct detection
impossible.

Yet the measurement of non-zero neutrino mass would be enough motivation to now add the

10



relevant Yukawa term to the Lagrangian, denoting RHNs as N;, with ¢ denoting the generation:

N,
LYukawa — XR: > hiNiglo + h.c. (2.6)

i a=e,u,T

where Npg is the total number of RHNs, /¢, the left-handed lepton doublet of flavour @ and ¢ the
standard model Higgs field. Al denotes the Yukawa coupling matrix for the neutrinos. Through
the process of electroweak symmetry breaking the Higgs field acquires a vacuum expectation value
v = 246 GeV resulting in the generation of a Dirac mass term for the neutrinos:

AL 1
LYy N —5(mp)iaNiva (2.7)

i a=e,u,T

where the Dirac mass matrix is given as mp = h;fa%. In order to account for such small neutrino

masses (less than a millionth that of the lightest not-neutrino particle in the SM, the electron) an
almost unreasonably small Yukawa coupling would be required, leaving us to explain the huge hierarchy
between the Yukawa couplings of the different particles.

A way out of requiring such small Yukawa couplings is now to recognise that RHNs are completely
uncharged in the SM, which allows them to be their own anti particle. These types of fermions are
called Majorana fermions, and it it allows us to write an additional mass term in the Lagrangian:

: 1 <&
M C
gyt = —o > Ni"M;;N; (2.8)
i3
where M now is the Majorana mass matrix, which let’s us combine the two neutrino mass terms into
one like:

a= =8 (o e ) () 2

To now arrive at the neutrino masses we ob-
serve from that one has to diagonalise this mass
matrix. If we assume that the eigenvalues of
the Majorana mass matrix are significantly larger
than the eigenvalues of the Dirac mass matrix,
written as M > mp, which is called the see-
saw condition, we get a mass spectrum consist-
ing of three light neutrino masses and three very
heavy neutrino masses roughly corresponding to
the eigenvalues of M. The three light masses are
the ones for which the see-saw picture comes into
play as they turn out to be

SEE-SAW

T
_mpmp

o (2.10)

my = —m%MﬁlmD =
What this means is that the heavy Majorana
masses lead to observed neutrino masses orders
of magnitude smaller than the Dirac mass, like
on a see-saw when a heavier person simply lifts
up a person who is a lot lighter, though lifing up in the neutrino’s case means ending up lighter.
A way to parametrise the neutrino Yukawa matrix is the so called Casas-Ibarra parametrisation
[19, 20].

Figure 2.3: Illustration of the see-saw mechanism
(taken from [14])

i
W = —/M;Rig\/m,U} 2.11
k16 ’U/\/§ m f e ( )
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Figure 2.4: Diagrams relevant for successful leptogenesis

M; = (M1, Ms, M3) the eigenvalues of the Majorana mass matrix, and m, = (m1, ma, ms) the light

neutrino mass eigenstates, of which so far we are able to measure the mass differences Am?2, = m3 —m?

and Am%3 = m% — m?, while the absolute neutrino scale m; remains undetermined (potentially even

massless), though strongly constrained. U refers to the neutrino mixing, or PMNS, matrix

C12€13 $12€13 s13e” % 10 0
U= | —s12c23 — C12813523€"0 12023 — S12513523€0  Sa3c13 0 et 0 (2.12)
s s \
512823 — C12513C23€"°  —C12523 — S12513C23€"’  C23C13 0 0 e

Here ¢;; = cos§;; and s;; = sinf;;. o1 and o9 are two undetermined Majorana phases, and o; € [0, 27)

And R a rotation matrix:

R=S-R;-Ry, R, (2.13)
st 0 O 1 0 0 costy sinry 0 cosr, 0 sinr,

=10 s9 0 0 «cosr, sinrg —sinry cosry 0 0 1 0 (2.14)
0 0 s3 0 —sinr, cosry 0 0 1 —sinr, 0 cosr,

for which s; € [-1,1], z,y, 2 € C with |ry|, |ry],[r:| <1

This gives us now 3 real and 3 complex degrees of freedom, so in total 9 real d.o.f. Along with the 2
Majorana phases, the 3 Majorana masses and the unknown absolute mass scale of the light neutrinos,
we get in total 12 free parameters (15 real degrees of freedom) one can choose here.

The parameters for the PMNS matrix (except the potential Majorana phases) and the differences
between the light neutrino states can be measured and are shown in [Table 2.1]

012 33.68° ) 212°
015 43.3° Amd,  7.49 x 107 eV?
03  8.56° Am?, 2513 x 1073 eV?

Table 2.1: Measured neutrino parameters [21]

2.2.2 "Vanilla" leptogenesis

Important for leptogenesis to work is that that there are more than one type of particles running in the
loop, so the interference term leads to the possibility of C'P violation in the first place. This requires
therefore at least two generations of right handed neutrinos.

12



The this interference then leads to the asymmetry parameter

2

gi_32%[(”%7])@}5(%/%) (2.15)

167T 275] (hVThV)ll \/aj/ai

£(z) = 2o [(1+x)ln1+x 2”3}

3 1% (2.16)

By comparing the total decay rate of the heavy neutrinos I'; = Y~ I'(V; — £o¢) +T'(N; — Ei,d)*)
to the expansion rate of the universe when the temperature arrives at the mass of said heavy neutrino,
i.e. the temperature at which the RHN stop being relativistic, we arrive at the so called decay parameter
K; which describes the strength of the wash out of the asymmetry, or the strength how much the number
density of RHNs is pushed towards the equilibrium:

I

Ki=——"
H(T = M)

(2.17)

This means that for K < 1 the life time 7; = T; 'of the neutrinos will be (much) larger than the
lifetime of the universe at that point, as H ~ 1/(2t) during the phase of radiation domination. As a
consequence the equilibrium density of the neutrinos N]e\g starts dropping off a lot quicker than Ny,
will decrease, therefore leading to the out of equilibrium situation.

When K; > 1 the RHN will decay and inverse decay a lot more frequently leading to equilibrium
being restored far more easily and therefore washing out any asymmetry that may have been produced
before.

For a quantitative look at the evolution of the heavy neutrino particle densities one uses so called
Boltzmann equations(more on that in section [2.3). For the RHNs it can be written as |14} [I5]:

dNn,
Ni _ _p, (NNi _ vaq,) (2.18)
dz ‘
where z = %, and Ny, is the number density in a comoving (one might as well use ny, = nn,/n, or

YN, = nn,/s) volume and the Decay factor D; which is given through

Kl(z)

D — K:a:
i ZaZZK2(z)

(2.19)

M2
with modified Bessel functions of the second type K1, K, and a; = ﬁ’z and D; therefore only differ-

i
entiating between the heavy neutrino species based on K;.

In the end we only care about the contributions of the lightest RHN, as the asymmetries produced
by the heavier RHNs would get washed out by the inverse decays of Nj later on as T' > M; for quite
some time after T' < Mo, M3.

The total asymmetry is then described by a Boltzmann equation encompassing the total B — L
asymmetry

d]\;i—L _ Z e:D; (NNZ- ~ N ) —Np. Z Wi(z) (2.20)

Where the W;(2) is the wash out factor composed of the reaction rates of inverse decays and AL = 2
violating processes being mediated by IN;

To get the total created asymmetry B — L one now has to solve these differential equations until
z > 1, i.e. until the wash out through any processes involving any N; is not efficient any more and
Np_1 doesn’t get affected by this anymore. While B — L cannot be affected any more there are still the
aforementioned sphalerons which conserve B — L yet violate B + L, leading to that part of the lepton
asymmetry gets converted into a baryon asymmetry. This can be described by a simple conversion
factor which turns out to be agp, = %
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Aside from the elegance of explaining neutrino masses and the BAU all in one fell swoop, for
leptogenesis to work out successfully there are of course some constraints. For one the washout cannot
be large otherwise any produced asymmetry will be washed out again to quickly. Another point is
that the asymmetry needs to be sufficiently large to produce an asymmetry large enough to explain
the observed value of the baryon asymmetry. This leads to the famous Davidson-Ibarra bound on how
high the RHN masses have to be [22] 23]:

M; > 10° GeV (2.21)

Simultaneously heavy neutrino masses above M; > 107 GeV lead to questions about naturalness as
they would introduce strong corrections to the Higgs mass and one needs to include a lot of fine tuning
in the theory to make it work out. On the other hand lower heavy neutrino masses of course lead to
larger Yukawa couplings in order to achieve the small neutrino masses we observe, which further leads

to strong washout of the asymmetry.

2.2.3 Modifications

To tackle these problems there have been many many models suggested that also use right handed
neutrinos to create a lepton asymmetry - to be converted into a baryon asymmetry by sphalerons -
both via the same thermal mechanism as well as through non thermal means.

2.2.3.1 Resonant Leptogenesis

One way to get below the high mass requirements is to make use of resonant enhancement of RHN pro-
duction by having RHN masses which are nearly degenerate, in a scenario called Resonant Leptogenesis
[24], 25, 26).

Here

My~ My < M3 or My~ My =~ Mj (2.22)

Through these almost degenerate RHN masses the the potentially created asymmetry can be en-
hanced and allows for heavy neutrino masses around the electroweak scale in the case of two almost
degenerate RHN, or even below 100 GeV for three quasi-degenerate RHN.

2.2.3.2 ARS Leptogenesis

Another way to allow for right handed neutrinos to account for the BAU while having significantly
lower masses is achieved through oscillations of the RHNs. Hence this mechanism is called Baryogenesis
via neutrino oscillations , or as it is commonly referred to ARS leptogenesis, after Akhmedov, Rubakov
and Smirnov who first described it [27].

Very different from the previous resonant case, which required RHN masses to be nearly degenerate
to produce resonant enhancement, for the oscillation scenario to work out we need a strong mass
hierarchy so that the lightest RHN has a mass below the electroweak phase transition, when sphalerons
are virtually non existent any more, while at least one of the RHN needs a mass above the EWPT.

The way this mechanism works is that flavour oscillations in the RHN give rise to C'P violation,
while still conserving total lepton number

L' =L+ Ly + Lo+ L3 (2.23)

where L is the SM lepton number, and L; lepton number associated with the individual RHN. Oscil-
lations can then lead from a starting point at which L' = 0 = L; to a state in which L*°* = 0 # L;,
i.e. an uneven distribution of the lepton number across the different flavours. Through their Yukawa
couplings they can transfer that flavour asymmetry into the left handed neutrinos, at which point it
becomes important that at least one heavy neutrino (N7) has a mass below Trw ~ 100 TeV, so that it
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cannot fully equilibrate before the EWPT. This means some amount of the asymmetry can be stored in
L1 while the other flavour asymmetries will be converted into a baryon asymmetry through sphalerons.
As the sphalerons become inactive after EWPT the parts of the asymmetry that get produced then
cannot be converted anymore.

With this mechanisms a lightest RHN mass of M; ~ 1GeV (and M; < 100 GeV) can be achieved.

It can further be noted that it exhibits some similarities to the scenario of Dirac Leptogenesis|28],
in which neutrinos are assumed to have a Dirac nature (i.e. no Majorana masses), which can facilitate
leptogenesis by similarly "storing" the asymmetry in right handed electrons to protect it from washout.

2.3 Boltzmann equations

In order to describe the evolution of particle densities we want to make use of so called Boltzmann
equations. These are derived from the evolution of the phase space density f(&,p,t) for a classical
ideal gas in an enclosed volume. [29]

Generally this process can be expressed as

L{f] = ClF] (2.24)

With L being the Liouville operator, acting on the phase space density, and C' the so called collision
operator which encompasses the collisions the particles are involved in.

The Liouville operator is arrived at by considering the evolution of a number of particles within
an phase space volume element d3z d3p around (Z,p). In the presence of an external force ﬁ, but
no collisions, the particles will move into the new volume d3z’ d3p’ around (& + @5t, 5+ Fét). For a
conserved number of particles (i.e. no collisions) this leads to

F(Z 4 08t 5+ Fot, t + 6t)d>z' d°p' = f(Z,p,t)d>z d°p (2.25)

As long as the force F does not depend on time d3z’ d3p’ = d3z d3p and therefore

F(Z 4 TSt + Fot, t + 6t) = f(Z,7,1) (2.26)

By taking dt — 0 we can expand this to first order in §t giving us the common expression for the
Liouville operator

f(Z+ U8t, f+ Fot,t + 6t) — f(Z,p,t) =0 (2.27)
f(f,ﬁt)+[17-vmf+ﬁ-vpf+gﬂ 5t — f(Z,5,t) =0 (2.28)
“ 0 D N

The equality L[f] = 0 of course only holds as long as there are no collisions occurring, if there are we
get with the additional terms concerning the collisions being encompassed in C'. How these look
like we will see below.

Now we want to use this equation also for relativistic particles and for this the Liouville operator
can be expressed in a covariant and relativistic form as [10]

. 0 0
L=p— —T0plp’ — 2.
RN (2.30)

As we are interested in the expansion history of the universe we use the Friedman-Lemaitre-Robert-
Walker metric (for the case of a flat universe):

ds* = dt? — a(t)*di* (2.31)
1 9900 | OGus  Oguv
P — PO po H
L 29 <8x“ Mz 83:0) (2.32)
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The only non vanishing Christoffel symbols then evaluate as

rh= S0k T = a0, (2.33)

Plugging it into (2.30]) and assuming a spatially homogeneous phase space distribution f(p#,z#) =
f(E,1) leads to

0 af f 0 v af % v 6f
Lifl=p 30 +p' o =I,0'p a0 r,p'p 2]21 (2.34)
=0 -0
0 0
= 5%~ aas'y 5o (2.35)

As we operate in an expanding universe the metric gives us a slight deviation for the standard
energy-momentum relation:

P'pp = G’ = E* — a(t)?6p"p’ = m? (2.36)
Here we can now introduce a physical momentum pfoh = a(t)p’ so that
E = \/m?+ |ppn|? (2.37)
i.e. we regain the standard relation through this. For ease of notation we can now just define
91 = [Ponl* = dijppnpl, = a(t)?0ip'p’ (2.38)
Inserting this into the expression for the Liouville operator then leads to the expression
Lo, = B - 42t (2.39)

With this we can now determine the evolution of a particle density described by f(F,T), which is
given as

n(t) = (279r 5 / Bpf(E,t) (2.40)
Applying a time derivative on this:
dn g Of(E,t)
s [ oo
29
- (27gr)3 /d3p [ é] +a@8ﬁ (242)

By making use of spherical coordinates in momentum space, for which I define p = 4/ p% + p% + p?)) =
|p] and the relativistic energy momentum relation E = /p? + m? we can apply the chain rule on the
energy derivative leading to:

of _0fdp _OfE

2.43
OE  9pdE  9pp (243)
and substituting in the integral d®p = dp4mwp? we can then use partial integration like
lp|* Of / 20° EOf
4 ——— 2.44
/dpEaE T dppEpap (2.44)
of
=dr [ dpp® = 2.45
u / iy (2.45)
3 0 2
—1n [ 2541, [ o3 1(p.0) (2.46)
- —3/d3pf(E,t) (2.47)
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Inserting this back into (2.42)) then gives

dn g g a g 3 Clf]
o p — f(E,t)+ d’p (2.48)
dt (277)3/ :(; (27r)3/ E

@% 4 3Hn = (er)g /d3p][5f] (2.49)

With each reaction that affects the number of a particle species X being summed over in the
collision term like [30]

nxn. . nymn.. .

X..&oY.

17



Chapter 3

Wash-in leptogenesis

Let’s remind ourselves how we got from classical Baryogenesis to Leptogenesis: Instead of directly
creating a baryon asymmetry we create a lepton asymmetry first which we can then convert into the
desired baryon asymmetry. So what if we apply the same trick again for leptogenesis as well, by first
having some other asymmetry generated which we can then maybe convert into the desired lepton
asymmetry, to later facilitate a baryon asymmetry. The way to do this is to use interactions that
usually wash out the lepton asymmetry to now"wash-in" a previously existing charge asymmetry into
a lepton asymmetry.

3.1 Basic idea

What we use here is that in the presence of a non trivial primordial chemical background the standard
linear relation between chemical potentials becomes an affine relation.

3.1.1 Construction of the Boltzmann equation

s P
7
N
lo No
0 P
7
N
lo Ng*

Figure 3.1: Tree level diagrams of relevant 2 — 2 processes

To start we want to construct the Boltzmann equations that describe the evolution of the flavour
asymmetries A, = g — L. For this we take into account the those 2 — 2 interactions which violate
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total lepton number by AL = 2 and those conserving total lepton number AL = 0 but still violating
lepton flavour number AL, # 0, i.e. those in which RHNs serve as the mediator. And of course the
the decay of the neutrinos

Instead of modelling simply modelling the particle densities we study the behaviour of the difference
between particles and antiparticles ¢, = n, — nz [31]. As none of these interactions affect baryon
number: A, ~ —L,. The particle number density for such a charge would then be expressed as the
sum of all the particles carrying this charge, with the average number of baryons so that

_ nQ; g
nA, = Ny, — Ne, + = Z 3 + 3] (3'1)
i q
N
Mo | gprg, =3 | Mals N S (N
i + da, = Z ;q Zq ( a® — ) - N ( — a¢)
7 « [3
ZT Mg nn;
- neqieq v (Qy(?* — Ni) + € o (Ni — Q&)]
Ty "y,
ne,n ZT Mg~
+ Z [nzqniﬁ]’ysﬁb ( O¢¢ — E ¢ > - W'ysub < qu* — Eaé)
B=e,u,T 2 "
Tyt T MesNg .
~ o7 Voub <€T¢ — 5/3@5) + e e Vsub (f6¢ — Lo )
of, o L3¢
Lo 277, *
+Z [neqneq’Y (lals — ¢*0") —2¢ (970" — Lalp)
BZEnU'?T ea ZB (ZS*
" nZT v 2n¢ el T T
" Mt ng'
Nng,n NysMNg
+ [ cieq Vo (la® — (50) = —ar—cqVoup (L0 — Lag)
5:@7%7’ ZQ (b ZB ¢>
Z]L ¢ ZTn * *
— 227 Voub (€T¢ — " ) + a7 Veud ( bt — Lho )
o o 0
Ny, N> TopgMp*
+ Y |G (Gt — fet) - ittt 1" (ho — o)
peeqr L0 Mg
Nt Ng
N Mg ?
T eq eq’yeq ZTQS —>£ ¢ + eq/B eq’yeq ZT(JS —>£Ta¢
n.n ni.n B
o9 e
a nét NN H* %
+ Z neqneq ,qu (E le — ¢¢ ) - jz)] (iq “ <¢¢ — Eagg)
B=eur [ el Mo g
UL NN
) g (eem)] oo
0 B

Assuming a Boltzmann distribution f = exp (E tix ) the particle density can be calculated as

nx(T) =gx/d3pf(E;ux), (3.3)
m2 ex m
_9x XT%S (ux/T)K2( TX> (3.4)
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From which the particle density in equilibrium nf can be derived from as the case with vanishing
chemical potential p = 0, leading to

UT) = 9X7nXTK-2 <mX) (3.5)

So we can express the fractions of the number densities as they appear in the Boltzmann equations,
assuming “TX < 1

nx HUx HUx
—a = — ~ 14 —= 3.6
p = e = 14 (3.6)

Furthermore we can assume that the chemical potentials for particles and antiparticles are of the

same magnitude with opposite sign, so ux = —puy
Nr
dqa, _ Heo + e
2 +3HqAa—;[<1+T (b — V) (1) 0 (0, — t00)
- <1+_W“T_“¢) vi(de —N) o+ <1+ EX) yer (N — o)

S K M)%m( ¢—>z¢>) —<1+_’“5 ) Sub(ﬂqﬁ —>£a¢)

B=e,u,m

- (1 e ) v (e > o)+ (14 E7 ) it (100 — )
2 X s (14 gt o0 - (14 TR ) 168 hat)
ot
—<1+W>yeq(£(§zg—>¢¢) +<1+2“¢> (¢¢—>NT)]
b X (e et s t00) (14 P ) it 60—t

+

—<1+_“T“¢> 7y (ot — o) <1+_Wﬁ ) Ve (e — dhov)
+ Y KHMT%> (L™ — (56" (

— e, + — g, +
—<1+M>VW(£L¢—>£;¢) Sy “¢>yeq<£;¢—>eg¢)]

—_

+ > (g™ — Lod")

T
+ 3 KHW“;%)W(@@—>¢¢*) 144 “¢> " (90" — tath)
Bemr
_<1+W>76q(€l‘gﬂ—>¢*¢) +<1+_“¢;_“¢> (¢¢_>5Tgﬁ>]

Let’s do some reordering now, grouping all the terms without the temperature/chemical potential
dependence together. And also we want CPT invariance to not be violated from which follows that
the CPT conjugated rates are identical: v°? (XY — AB) = v (AB — XY)
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. 22%}3 [ (€atd — Ni) =7 (9" — W) |

Ao
dt
Z,UN { €4 (0ud — N;) — 7 <€L¢*—>Ni)}
ZmaJr/w[ (a¢—>N)+'yeq(fT¢ —>N)}
+2 3 ol (tad — o) =21l (0" — £39)

B=¢e,u,7

2 30 {1 (als — 6"0%) =71 (Ahth — 66) } (1+50)

+26§T%ub (a6 —> £50) =72ty ((ho™ — £ho")

+2B§ (bad” — £36") =7 (tho — €ho)

+26§7 7 (tath — 60) =7 (€t — ¢70) |

L P L (0 o, ()]

+B 2; sk Ak O Ty (1aty — 6°67) + 9 (€Lt — 90)] (1 + bas)

+ﬂ_§TW" P2 [ty (tat — €30) + 977 (6" — tho)

T ZM‘” T (bad” — 507 7 (o — £ho)

+:§§ e [y (ball, — 66") + 71 (thts — ¢79)] (3.7)
o

The only terms for which we allow CP violation (CP) is those with real RHN participating, there
fore we can say for the 2 — 2 rates which do no not require RIS subtraction, that the difference
between them and their CP conjugate has to vanish:

VU (Lol — ¢ ") — 7 (f% — <¢><f>) =0
7 (Lad” — £p0") =7 (tho — £ho) =
~ed (gag}j — ¢¢*) — % ([&65 — qS*qb) =0 (3.8)

The reaction rates for the RHN decay and inverse decay can be expresses through the (a)symmetry
parameters p, e and a universal decay rate ~;

V(N — Lad) — 71 (Ni — 52925*) = €iaYi (3.9)
Y (N;i — Lad) +7 (Nz- — ﬁggb*) = PiaVi (3.10)
(3.11)
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Where we can express:

T (Ni = lad) — T (Ni = eL¢*)

Ein = — BR(N; — lu¢) — BR (Ni = £;¢*) (3.12)
S D (N; = ly¢) + T (Ni o ei,qb*)
T (N; = lad) + T (NZ- N qus*)
Pia = = BR(N; = lag) + BR (N; > £},6") (3.13)
ST (N; = £y¢) +T (N,- N d,qs*)
AN Lad) = 59 (67— N2) = 5 (i +<10) 3 = BR (N = Lag) % (3.4)
,qu (Nz — ngb*) = ,yeq (€a¢ — Nz) = % (pm — Em) Yi = BR (Nz — EL(}S*) Yi (3.15)

The rates with the subtracted RIS we need to consider separately and we write them as

Veap (Lot — L50) =7 (bad — £3d) = > Y (lap — Ni) BR(N; = £3¢) ete.  (3.16)

(3.17)

With the unsubtracted part not violating CP, so:
7ty (Lat — ") =758, (tho™ — €s9)

_ —§764(6a¢—>N,~)BR (N — (h* ) +Zve" (M) —>N)B7€(N — L)

= - Z pzoz 52& sz 515 + Z pza + 5104 pzﬁ + eiﬁ) Yi

R
1
ZZ —DiaPiB + Dia€ig + Pif€ia — €iafip + Pialig + Piakip + Pig€ia + Eiakig) Vi
WLy
25 Pia€ip + Dip€ia) Vi (3.18)

Vel (lat — £30) =78, (tho* — (o)

Ngr N
=Dl — N BR(N, > £59) + 37 (6" — N) BR (N - tho")
Nr Ngr

1 1
== ZZ (Pia — €ia) (Pig + €ig) + Z 1 (Pia + €ia) (Pip — €ip) i
3 (2

= ZZ (=PiaPi — Pia€ig + Pig€ia + €iafis + DiaPif — Pia€if + Dis€ia — €iakif) Vi
1

= Zg (=Pia€ip + Dig€ia) Vi (3.19)
i

So this now takes care of all the CP odd terms. For the CP symmetric reaction rates we can
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introduce as a shorthand notation: ¥*¢ (XY — AB) +v°1 (XY — AB) = v3}

Nr
dga,, :_Z< ,UNZ'>8 .
dt dA. i T ia Vi
Nr
Heo + 1
+ Z Tqﬁpm%
(2
Ngr
+ Z Z (Piagig + Pig€ia — Pia€ip + Pip€ia) Vi
( 6:8711'77—
Poo + Heg + 208 [ 46 Cals
+ T Vet ge, sup T Toror (1+dap)
B=¢e,u,7
1., Meﬂ ) ot
+ > [%m R +7¢,¢* } (3.20)
B=¢e,u,7
al [ fue, + 1
N; lo
:Z —(2+ )5ia+T¢pia+2 Z Pip€ia | Vi
? ﬁ:enu‘ﬂ-
oo + e + 210 Hto — e _
+ > - VAR + ?‘Wﬁ; 0 (3.21)
B=e,p,T
Then we can simplify by using Zﬁ eprPig =1 and resubstituting: - 1 = (Z%: — 1) andI'; = nl—gz
Npr Ngr =Yia
dga, Pt + Mg
o a:g:(”N”N)eWF +zi: T ? D
Peo + 1 AL=2 | AL=0\ , Ps T Hé  Ap—s _AL—0
2. (ap ™ +Yas )+ =7 (Vap™ —ap )
5267,"’/77-
Z H2a+ﬂ¢>( AL=2 | AL=0) _ Z /M(H‘l% AL=2 | AL=0)
T ’Yaﬁ ’Yaﬁ - T 7010 Yao
/3:67“77 0-267}’[/77—
Heg + o
= > 3 s BT (Va2 + 4550 (3.22)
O'ZB,,UJ,T /8:67/"/77-
Feg + 1o AL= AL= P, + H¢ AL= AL=
Z BT (’Yaﬁ 2 — Yap 0) = Z 7040' 2 ~ Yao 0)
B=e,u,7 o=, T
Pes + 1o o Ap— AL=
= Z Z 506% (7@0’ 2 - Yoo 0) (323)
5267/'[/77- o=e,U,T
Also defining the rate for the washout through inverse decays:
Ngr
Yah = Y Viabap (3.24)
i
we can now write the total washout rate
A A A A
PYEI/B = Vig + Z 7040L 2 + ,‘y()!O"L 0) 504,3 + (PyozaL 2 ﬁYaJL O) 505 (325)
o=e,u,T
Leading to a compact form of writing the Boltzmann equations
Ngr
dqa, Heg + Po
o zz: (’I’LN — TLN ) ezal“ + BZ ET’YQ,B (326)
e, T
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3.1.2 Interrelation of chemical potentials in the Standard model at low tempera-
tures

We want to look at the chemical potentials of all the SM particles:
P=Ae,p, 7, ley by, bryu et d,s,b,Q1,Q2,Q3, ¢} (3.27)
And we cleverly choose a set of interactions which are linearly independent in particle space [32].
Y:, SS, WS, Y, Yo, Yo, Yy, Yeb, Ys, Ya, Yas, Ye (3.28)

Y here refers to the different types of Yukawa interactions with the index indicating the effected
fermion, while SS, WS refer to strong and weak sphalerons respectively.

Take as an example the strange quark Yukawa interaction Y; = s¢ +— Q5 while it is in thermal
equilibrium the chemical potentials follow the relation:

s+ He = HQy € HQs — Hs — o =0 (3.29)

We can now write the particles involved in this interaction in vector form, with all the SM particle
as particles like:

le Ly b u

v e U T " ct d b
7'+ = (0,0,0,0,0,0,0,0,0,0,—1,0, 0, 1, 0,—1) (3.30)

So writing the chemical potentials into a 16-dim vector as well we can write (3.29) as:

>l = =0 1)
7

This we can do for all the previously listed interactions and we get a set of 12 constraint equations
for the SM chemical potentials. To fully solvable set of equations we need 16 equations though, so we
also consider four in the SM globally conserved charges, those being the electroweak Hypercharge Y
and the lepton flavour asymmetries A, = % — Lg.

We can define a similar charge vector for these, encompassing all the particles making up the
respective charge:

1 1 1222 1 1 111111
=Y
=(-1,-1,-1,—=,—=,— =, 222 - - - - - > -°_ 32
n < ) ) ) 27 27 27373737 37 37 37676767672> (33 )
1

ihe = (-1,0,0,—1,0,0, 9’08’89’’’ 50 (3.33)

(3.35)

ﬁAu - <O,_170707_1,0, 7777777 7770> (334)
it = (0,0,—1,0,0,—1, fffffff 0)
And we can define an effective potential uc to these charges as

Yonfgini™ = (A0 g) - @™ (3.36)

With ¢ containing the colour and weak isospin multiplicities of the SM fields:
g=1(1,1,1,2,2,2,3,3,3,3,3,3,6,6,6,4) (3.37)

By collecting all the charges associated with the interactions and the conserved charges into a
Matrix we can write all the 16 constraint equations in the very compact form

Mji=m&ji=M"'m (3.38)
=JAVA
Witth( () ) m:< 0 > (3.39)
(i€ 0 g) pe
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So when all the aforementioned are indeed in equilibrium we get as a full matrix equation

0 0 0 0 0 0 0 0O -1 0 0 0O 0 0 1 0 Le
0 0 0 0 0 o -1 -1 -1 -1 -1 -1 2 2 2 0 i
0 0 0 1 1 1 0 0 0 0 0 0O 3 3 3 0 r
0 0 0 0 0 0 0 0 0 0 O -1 0 0 1 -1 0 e,
0 0O -1 0 0 1 0 0 0 0 0 O 0 0 0 -1 0 JI
0 0 0 0 0 0 0O -1 0 0 0 0O 0 1 0 1 0 e
0O -1 0 0 1 0 0 0 0 0 0 O 0 0 0 -1 0 o
0 0 0 0 0 0 0 0 0 0O -1 0 0 0 1 -1 0 Le
0 0 0 0 0 0 0 0 0 O -1 0 0 1 0 -1 0 - Lt
0 0 0 0 0 0 0 0 0 -1 0O 1 0 0 -1 0 d
0 0 0 0 0 0 0 0 0 -1 0O 0 1 0 -1 0 s
-1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 -1 0 L
-1 -1 -1 -1 -1 -1 2 2 2 -1 -1 -1 1 1 1 2 0 1o,
o0 20 0 bbby 22z o] | |
o 10 0 20 bbb bbbt ol | e

o 10 o0 2 b bbb o) L)

Here I made use of the gauged nature of U(1)y to determine that py = 0 always holds. This now
allows us to express any SM potential as a linear combination of the effective potentials associated
with the leptons flavour asymmetries A, especially the potential combinations we’re interested in for
our Boltzmann equation, which we can express as

pio + i =— > _ Capin, (3.40)
3

where C' is the according flavour coupling matrix and the minus sign is convention. Or explicitly:

_ 257 20 _ 20
e, + g 711 711 711 UA,
_ 20 257 20
pe, to | = | =51 —F1 —an | | pas (3.41)
fie, + tig 20 _20 _257 | \pa,

IS U SV ¥

3.1.3 Out of equilibrium electron Yukawa

The problem with this approach so far is that we assumed all the interaction to be in equilibrium,
which only holds for temperatures T < 10° GeV. Going to higher temperatures, i.e. at earlier times
in the evolution of the universe, the electron Yukawa interaction Y, becomes less efficient and goes out
of equilibrium and we can no longer assume 7% - ji = 0.

What we do instead is to observe that between those active interactions the electron Yukawa is
the only one affecting right handed electrons e, so when this interactions has become inefficient the
number density n., and hence the chemical potential p., remains untouched and can therefore be a
conserved quantity, and we treat it like the other (globally) conserved charges from before.
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Doing so changes the matrix equation from before to:

0 0 0 0 0 0 0 0O -1 0 0 0 0 0 1 0 Le
0 0 0 0 0 o -1 -1 -1 -1 -1 -1 2 2 2 0 i
0 0 0 1 1 1 0 0 0 0 0 0O 3 3 3 0 Lr
0 0 0 0 0 0 0 0 0 0 0O -1 0 0 1 -1 0 e,
0 0O -1 0 0 1 0 0 0 0 0 0 0 0 0 -1 0 ey
0 0 0 0 0 0 0O -1 0 0 0 0O 0 1 0 1 0 s
0O -1 0 0 1 0 0 0 0 0 0 0 0 0 0 -1 0 Loy
0 0 0 0 0 0 0 0 0 o -1 0 0 0 1 -1 0 Le
0 0 0 0 0 0 0 0 0 o -1 0 0 1 0 -1 0 - Lot
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from which we can already see that the relation between the potentials changes from the simple linear

relation in ([3.40]) into an affine relation:

pio + 1o = 110, — Y Caplia, (3.42)
8

with the pre existing (primordial) potentials written as /i, which here only encompass j.. Explicitly
this now looks like

fue, + - 41% 5 0 0 [ua
e, + g | = o 0 b B A (3.43)
e, + He 37 0 17 11 BA,

It is important to mention here that we assume pu. # 0, which is the core aspect of wash-in lep-
togenesis, and introduces through the differing sign in the shift vector i° that what under previously
considered circumstances would simply result in an asymmetry wash out, now leads to a new equilib-
rium, which is offset from the original B — L = 0 line. Thereby we can use this mechanism to create a
situation where B — L # 0 even if originally B — L = 0 without even needing the explicit violation of
CP through the RHN

3.1.4 At even higher temperatures

As we go to even higher temperatures we see more and more interactions going out of equilibrium.
One can now divide the temperature range the universe goes through after reheating until all the
Interactions are in thermal equilibrium (10'° GeV — 10° GeV) into five sections, in which each a
subset of interactions goes into/out of equilibrium. An overview of these temperature regimes as the
interactions starting to go off equilibrium can be see in [Table 3.1}

Another effect one needs to account for is that at temperatures of T > 10'® GeV, when all the
charged lepton Yukawa interactions are out of thermal equilibrium, no SM interaction can probe the
flavour composition of charged lepton states any more. Which means we have to treat charged leptons
as one fully coherent field. Similarly this has to be taken into account in the temperature regime down
to T > 10° GeV when the muon Yukawa interaction has not yet reached thermal equilibrium, leaving
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T |GeV] Interaction leaving equilibrium | New conserved charge
(10°,109) Y, e
6 109 Yas 2By — By — B3
(10°,107) Y, u—d
Y, d—s
(109, 1011~12) Y By — By
Y, 7
Y. uU—c
11~12 1013 Y- T
(10 ,101°) Y, d—b
WS B
(1013, 10%) SS u

Table 3.1: Temperature regions and the interactions that leave thermal equilibrium in each region
along with the new conserved charges arising from this

us with the 7 state and a coherent e — u lepton state. In this work I will not further go into these
effects as I will primarily focus on the low end of this temperature scale.

It is clear that this rough subdivision into temperature regimes, in which we simply assume that
an interaction is either fully in or fully out of equilibrium, does not capture the full picture. For each
interaction there is a transition regime in which the efficiency of the interactions transitions smoothly
from 0 to 1. I will later have a detailed look at this transition regime for the electron Yukawa interaction
(T < 10° GeV) in Chapter

3.2 Calculation of the reaction rates

To determine the rate at which the processes contributing to the wash-out / wash-in occur I follow
[24] 25] calculations of the relevant rates, while ignoring the extra attention they paid to the resum-
mation of the Yukawa couplings, as they focus on the scenario of resonant leptogenesis, which requires
highly degenerate RHN masses (see Section , while the wash-in scenario requires a strong mass
hierarchy between the RHS. For the sake of comparison this means Bi = h¥ and hY = hV*.

In general any reaction rate of a process X — Y can be expressed as

FUX —Y) = / drxdry (20)26@ (px — py)e PX/TIM(X — V)2 (3.44)

with the phase space factors being shortened as
1 5
dry = Sy il;[lfs(pzz —m)0(py) (3.45)

Sx = n;q! here being a symmetry factor if X contains any identical particles, and nx referring to
the total number of individual particles in X.
For a 1 — 2 process (i.e. a decay) of the form X — AB this simplifies into

eq K, (y)
X Ks(y)
here y = % and the decay width of the particle I'4 and K, being modified Bessel functions of the

second kind, of order n.
As the particle density of A is calculated via

v (A — BC)=n

I'(A — BC) (3.46)

ABp g
na(T) = QA/ (27:))36 (Ba=pa)/T Eq=\/p*+m? (3.47)
2 popa/T
B gam5Te my
= G ) (3.43)
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from which we can get the equilibrium distribution from the case where p4 = 0, i.e.

2
gam5T
ne = ngm (y) (3.49)

hence conveniently cancelling the Ks(y) in (3.46) leading to

gam?

7% (A — BC) = 52 ;Kl(y)F(A — BC) (3.50)
3

v (A — BC) = Q;WZ‘; K1 (y)T(A — BC) (3.51)

For 2 — 2 processes, one can use the reduced cross section 6(s) in (3.44) like, to arrive at

4 0o
X )+ (X V) =0 = A [ de RV @) (3.52)
T Zo

Here z = m% with the standard mandelstam variable s, and ¢, being the the kinematic threshold
A

for the given scattering process.
In the following we will of course use as the reference energy scale the mass of the lightest heavy
neutrino Mj.

3.2.1 Decays and inverse decays

For the simple decay processes (and their inverse) the rate at which these occur in a comoving volume
is given through the relatively simple expression.

Vi = Pia% =11 (Ni > £a) + 77 (N; = ") (3.53)
gn, M2T M;
— T;Kl <T Ty, (3.54)

Here we introduce a and ¢ as parameters to express the relative size of the RHN masses and the
RHN decay width T" to the lightest RHN mass M; as a dimensionless parameter:

M M;\? e\ 2

With the decay width of a RHN of generation i decaying into a lepton (or antilepton) of flavour «
being given as

I¥ =T% =T(N; — lad) + D(N; — £1,¢6%) (3.56)
M,;

= W B 3.57

87T (6 %) ( )

These dimensionless parameters and inserting the internal degrees of freedom for the RHN gy, = 2
then give rise to the following form of the decay rate

4 Q0
o = N 1 (3.59)
In order to give some numerical examples I to choose 12 essentially free parameters (or 15 real
degrees of freedom) as I already showed in section My choice for those parameters is shown in
Table While most of these values are essentially random, I placed the lightest RHN mass in the
range I later want to look at, so a bit below 100 TeV, while the two heavier neutrinos I choose to be
several orders of magnitude higher.
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M; 50TeV x  0.7+0.5i s; —0.07 o 1/127
My M x 103 y —0.240.4 s 09 oo 2/3m
Ms M x 10* z —0.4-0.2i s3  —0.8 m;  1meV

Table 3.2: Benchmark parameters I choose to calculate a neutrino Yukawa matrix

| 7@6 | | ’Yiﬂ | | 7@7 |
—_— =1
1034} 1 10%- g 10%- .
10" 4 10185°N B R 0N :
AN

2L\ N i -2 i -2 i
10 v 10 _\ 10 _\

20V '\ I -20 4 I -20 . I
10705 10T 10T 100 1970 10T 10' 100 1070% "10T 10' 10°

Z:Ml/T Z:Ml/T Z:Ml/T

Figure 3.2: Shown here are the CP symmetric reaction rate of the decay (and inverse decay) of the
RHN ~;4. It’s the rate IV; decays into a lepton-Higgs pair or anti-lepton conjugate Higgs pair, with the
lepton of flavour «. It is clearly visible that until the temperature exceeds the mass of the respective
RHN N; the rate drops of with 27!, after which it experiences exponential suppression coming from
the modified Bessel function.

It becomes also clear that around z = 1 therefore only the lightest RNH contributes in any significant
way to wash-out, assuming a strong enough hierarchy.

The form these rates appear in the Boltzmann equations are summed over the RHN generations,
and projected into the lepton flavour basis like. A numerical example for these rates is shown in

Ngr
Yoz = Y Yiadap (3.59)
7
Nr Pie O 0
i 0 0 pir aB

Indeed seeing that for a large mass hierarchy for the RHNs only the lightest RHN contributes to the
total rate, in the temperature regime we’re looking at, it is sufficient to only consider its contribution
and therefore ignore the sum and just take the ¢ = 1 parts:

pe 0 0
%136% =7|(0 Pu 0 ’ Pa =Plas T =M (361)
0 0 pr
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Figure 3.3: The rate ’yaﬁ is the sum of the (inverse) decay rates of all the heavy neutrino species. As
we can see aside from very small values for z it’s the lightest RHN indeed dominates

3.2.2 AL =2 cross sections

o

e

<.

\¢*

Figure 3.4: Feynman diagrams for the AL = 2 violating processes

To determine the reaction rates for the AL = 2 violating processes I use (3.52)). The reduced cross
section for the process £n¢ +— ETﬁQZ)* is given by [25]

ef¢* j{:%%{

[hg’* hﬁ]
[hy* hz/

ai'tag

heibohi

Bi

hV* hl/

ai' g

+ hV hV*

ai'tag

Ux

+ hpihigihaiha;

hg* hﬁ]] 'A(tt) }

nyhs] ALY

v

ve] Alst)x

ij

(3.62)

The functions A%, A®) describe the s-channel and t-channel contributions respectively, while
A describes the accounts for their interference. These functions are defined as [24]
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xra;

i
(ss) 47‘—’D22” o I
_Az.j = v@a ‘ (3.63)
P T
i L]
a;a; . .
AL VG g BT, T (3.64)
2nP; T aj
£/ Aiaj T+ a; T+ a; . .
M[(m—i—aj)ln a"]—(l‘—f—(li)ln . y le#]
A = Y ! ' (3.65)

a; [:): ) :):—I—az}’ ifi=j

2rx aj' - a;

P; here is the s-Channel Propagator of the heavy Neutrinos, which appears due to the s-channel
process creating propagating RHNs. As we assume temperatures around the lightest heavy neutrino
mass also the production of real intermediate neutrinos has to be considered, as is included in the
substitution of the squared propagator |P;|? with |D;|? in the i = j case. For that case the production
of on-shell neutrinos has to be subtracted in order to avoid double counting, as they are already
accounted for in the Boltzmann equations. The (inverse) propagator is given by

1
Pl = 3.66
! T — a; +1/a;¢ (3.66)

_ _ 7T
D7 =[P - ﬁfs(ﬂf - aj) (3.67)

Furthermore ¢; here refers to the decay width summed over the left handed lepton flavours relative

to the lightest RHN mass:
S ey TN
¢ = <an> £ > (3.68)

a=¢e,[,T

I also want to look at the asymptotic behaviour of these functions (a more detailed calculation can
be found in Appendix |A]) which turn out to be

T L a; T > a4
RAGS) O (1/z)
JAL) O (1/2?)
RAC | O(z) | O(lnz/x)
JAGY O (Inz/z?)
A const

Table 3.3: Asymptotics of A

now show numerical examples, confirming the analytical observations. Especially for
A the behaviour clearly follows a linear growth in the beginning and then assumes a constant value
at large energies. For the off diagonal components (i # j) there is also some transitory regime between
the respective mass scales occurring (a;, a;). AG3) and AGY also show the expected linear growth
behaviour at low energies and the % (m%) suppression at higher energies for the real (imaginary) parts.
For the energies in between though the nature of the propagators become obvious leading to the sharp

peaks around energies of the mass scales of the respective heavy neutrino (a;).

For the process {o{g <— ¢*¢* the expression is a lot simpler as it does not involve any s-channel
contributions and is given by [24] 25]
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Figure 3.5: Shown here are numerical results for the different components for the 3 A functions. I
display the absolute value to also have the negative parts visible while retaining the logarithmic scaling
on the y-axis. For A®*) and A®Y both real and imaginary part are shown.

Note the small discontinuities in some components of A" and A®) . These are the results of numerical
instabilities from terms containing numbers of vastly different orders of magnitude. To fix those I
implemented an approximate expression for values below a cutoff at which this instability occurs. As
these plots mainly serve to show the qualitative behaviour of these functions, this is not a problem.
Furthermore I do not include the subtraction term intended to deal with the on-shell production of
RHN, as numerically implementing a ¢ function can be very tricky
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Figure 3.6: Plots for B;; shown in a more reduced way
NN
Goge = Y R[DSIRLEERG;] By (3.69)
i7j
/i 1 ai(x+ a; 1 T+ a;)(x+ aj e
22]{ In Z(( +j;+ T ln( i) ) , ifi#£j
T |la;—a; aj(r+a; T+ a; +a; ;0
with  B;; = L ’ L o (3.70)
1 T n 2a; | T+ a; vy .
— n ) if i =
2r |z +a; x4 2q a; J

shows B, which exhibits a very similar behaviour as A in that it is linearly growing
for small x and assumes a constant value at larges energies. Indeed the asymptotics turn our to be the
same:

B*" 0 (x) B %" const (3.71)

We can also see that the ¢ = j components, corresponding to processes in which the RHN flavour does
not change give the largest contribution.

Lastly I also show the effective cross sections resulting from these form functions in [Figure 3.7
What we can mainly see is as the cross sections are effectively a weighted sum of all the components
of the form functions, weighted with different index combinations of the neutrino Yukawa matrix, that
the dominant asymptotic behaviour remains conserved in that for low energies the cross section grows
linearly, until the energy matches the mass of the first heavy neutrino at x = a;. After this we see
some sort of a plateau region, until it starts growing again around when the energy is at the threshold
for the next heavy neutrino and remaining constant at the end. We also see the enhancement for the
cross section £n¢ <— E}iqﬁ* at the energies of the heavy neutrinos, as due to the s-channel contributions
real intermediate RHN can be produced, which for this numerical example I have not subtracted.

As all of these functions are being summed up both cross sections end up with the same dominant
asymptotic behaviour

CRRSENG) (x) 5 "% const (3.72)

as well as depending on the combination of Yukawa couplings to the fourth power

3.2.3 AL =0 cross sections

The treatment of the AL = 0 processes remains very similar as for the AL = 2 processes, though
now one needs to keep in mind that scatterings for which a = 8 do not contribute to our Boltzmann
equation as in these cases both AL = 0 and AL, = 0,Va. To see if this actually has computational
consequences let us look at the full term for the wash-out rate, as it appears in the Boltzmann equations.
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Figure 3.7: Plots for the reduced cross sections for the AL = 2 processes. Again the subtraction of
real intermediate RHNs is not included leading to very pronounced peaks in the red curves.
Even though it is barely visible the green curves do indeed rise around = = as.
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Figure 3.8: Tree level Feynman diagrams for the AL = 0 processes

Straight forwardly we can just subtract the diagonal components from *£=0

Yos = Yap + D (Vaw -+ Yaw (L= 8a0)) s = (Var =" = Yaw (1 = bac) dop (3.73)
If we then only focus on the AL = 0 terms:
Z{VM (1 = Gao)0as — Vagr (1 = bac)dos} = Z’YAL =U(1 = o) (6ap — 00p)
—Z {165~ (Gas = 008) = Yy ~"Gac(9ap — 00s)}

_Z {VAL 06 aﬁ - 506) - 75[%:0(5046 - 5a6)}

So we can pretty much neglect how to actually remove the a = 3 terms as they will cancel out in the
final rate.
Now the cross section for the process £n¢ — {g¢ is given by [25]

Aga VKLU LU L UX vk
e Z::Z[ Gihaihihes + hiihaihigihe;] Cij (3.74)
7j
=
. Ar|Dz|’
with Gy = T\/aia; it (3.75)
4 PF P}’ wr7J

The propagator is defined as before in (3.66) and (3.67). On closer look we can see that this
form factor function is indeed identical to the one we saw before for (pure) s-channel contribution of

Lo —— quﬁ*. Le.
Cij = A

This is of course only natural as these processes are almost identical, except of the conjugate particles in
the end state. And as any potential C'P violation will be encompassed in the Yukawa coupling, and this
function only describes the scattering dynamics, we end up with the same expression. Consequently
this leads to the same asymptotics as A(9)

Next we have a look at the process £,¢* «— {g¢*, which exhibits a very similar structure as the
t-channel interaction for £,¢ +— KTBQZ)*, leading to a very similar expression
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Figure 3.9: The form factors for the £ functions. As C and D are already covered in the previous cases
I omitted them to allow for a less busy plot

slad™ _ * *
Gl = D W(RGThGihis;he;) D (3.76)
17-]
a;a; : ,
m[(x—i—aj)lnw—’—a]—(m+ai)lnx+al , ifi#j
W'th D — W.T(ai — aj) aj a; .
1 iy w [ T+ a ( . )
’[—ln ] ifi=j
™™ | a; a;

In fact

Dy = 24 (3.78)
So the asymptotics simply follow from A®).

The last process Zaﬁ}j +—— ¢¢* we cannot simply copy from before, but it turns out rather simple.

AEO‘KT vkl UV LU 123
2%
Vi (li(LL‘—FCLj)’ oy
With  &; = ”(“ix_ aj)  aj(2 +ai) (3.80)
L if i = j
m(z + a;)

Which also exhibits a the same asymptotic behaviour as the functions before

LRSANG (), £ %" const (3.81)

So now shows a numerical example for the components of &;;, which again confirms the
prior analytical observations, in that they start out growing linearly and assume a constant value for
high energies.

In [Figure 3.10] I now show the resulting reduced cross sections from the AL = 0 processes. The
t-channel processes exhibit the same behaviour we saw previously for the /g «— ¢*¢* process, in
that it start growing linearly at low energies until around the mass of the first heavy neutrino and
continues in this step like pattern until it assumes a constant value at high energies.

The s-channel process is very similar to the previously seen s-channel process in that it also starts
growing linearly at low energies, has some very stark peaks around the heavy neutrino masses due to
the propagator and ending in a % suppression for very high energies.
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Figure 3.10: Reduced cross sections for AL = 0 processes, even though they don’t appear in the final
rates for the Boltzmann equations I included the cross sections for the a = 3 cases
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3.2.4 Real intermediate state subtraction

So far all the numerical calculations ignored the subtraction of real intermediate states, as the subtrac-
tion in consists of a delta function, which is numerically difficult to implement. On the other
hand a delta function makes the analytical evaluation of integrals a lot easier and as the reaction rates
are calculated through the integration of the reduced cross section we can make use of that.

Starting out with the full contributions to the wash-out rate, as in (3.25)

%% ID AL= AL= AL= AL=
Yo =B + D (Va2 + Yo )0ap + (Va2 = 1&F=")00s

I now want to consider the on-shell contributions which are being subtracted in the 2 — 2 rates,
which I write as

AL=2: 'Y;Ea;i = VEZb(€a¢ - @‘b*) + ’Y:Zb(gijj* = La®)

=7 (latp = C10") — 7ol pon(lad = €0°) + 1L = lad) — 70 (Ul = o)
20 lad

T el g o ¢* on—shell
lo
AL=0: 'ylaf = 'yggb(ﬂagb — ls) + ngb(fgqb — Lo @)

=Y1lap — Lop) — 'Vngshell(gaﬁb = o) + VUl — Ladd) — '72275}1611 (bod — La@)

_ Had Lo
= Yood — Ve, ¢, on—shell

The on-shell contributions are each then given through

4 00
lad _ M Lot
f)/ﬁj,qﬁ*,on—shell B 6474z /»Tth dx\/EKl(z\/E)Uéj,qﬁ*,on—shell (382)
lad _ My doy/TK, (2y/7)550 3.83
’yégqﬁ,on—shell_ 6474~ AR 1(2 ‘T)O-Eo—dn,on—shell ( ’ )
Lthr

The reduced cross section for £,¢ +— ZLd)* is then by as seen before:

ZL(j)*,on—shell at'tag'loi'tog ai'tag'toilloyj ¥

a_@acb _ Z R { [hw)fhu RVERY 4 BV RVERY y*] A@@S),onfshell}
i,

With AE;S) :Agjs),total7A§;s),onfshell
= i Cliaj — i 5(x—ai)5ij

C 4AnPrP; 4yJac

=on-shell part

P N0 _Z { VKLU UKLV VLUK LU 1 U% rayg NS
=0 =) R [RLRL AR + R hE SRy Y §(z — a;)é
oE % on—shell ailtajitonltog aitaj'toilboj = i)0ij
¢ 7 4. /a;c
= TR RRERYRY, 4 B L) TS — ay)
- L' "ot "ol ot oL "ot Yot Yo 4 aiCi
ra;
:22%{h”*h”-h”*h”- : 5(x—ai)}
- at "ol "ol 014\/@
1 T
I vipv prxpy —a 84
2 ;%{ho& Ot’LhO'Z g1 azcz(s(ic Q )} (38 )

Reinserting this expression for the reduced cross section into the integral for v“? then allows us to
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eliminate the integral:

4 00
Lo _ Ml / virv oy LA
vl = dx\/EKl(z\/E)%{h “hY . hZ%h 6(x—a‘)}
¢h¢*, on—shell 1287r4zzi: o ool Tl faic '
M

virv vk y QiQ
= 128742 Zle(Z\/») {hazhazhazhcn }

a;C;

M4 M
=3 e G it | (3.89)

1

Similarly in the o0 <— {,¢ case:

5 vt = Z%R{ (W2 hS + B hhs ]~ (e aim-j}

4./alcl
. 1 verv pvkpy L@ ) _ A£a¢
=3 Zz:é)% {hmhmhm hoi—e==0@ —ai) [ =600 (3.86)
Thereby:
Lo M4 VKLU ULV Lo
’de@ on—shell — Z 128742 (Z\/>) hozzhazhazh’mri = ’yfj;¢>*,0nfshell (387)

The decay width and Yukawa couplings are of course linked by:

Iy, = ththz
& hhY, = 4 T3

ai'’ai M N;
i

Using that in (3.85)) and (3.87) we get:
M} 642 M
Lo _ } : " 1l _ oo
7&,(1), on—shell — 128742 (Z ) { I‘O‘ Falf } B 762¢*,0n—shell

Z MQM%\FKl Z\F)

272z

-5 “’fmzﬂ

2 & 2
%
1 T%
- 5 TNZ QL

I‘O’
U5 I (a5 )+ 910 )

As it appears in the wash-in/wash-out terms:

e

Lod Lo o N;
Véz(z;*,onfshell + 7€U¢,on—shell - Z TN’YZ@ (388)

7 1

N0 )
’YET ¢*,on—shell a ’Yéz;(i’ on—shell — =0 (389)
Summed up:
lad lag 5o Y, 5
Z 753¢*,0n*shell + Yty ¢,0n—shell ) OB = Z TNVZa aof
7 1,0 g
=D Viabap = 78 (3.90)
[
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Figure 3.11: Comparison between the RIS containing rates, without the subtraction applied. In dashed
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lines also the numerically determined on-shell contribution as per (3.82)) and (3.83) is included.

The reason the on-shell contribution seems to be greater than the base rate including this on-shell
contribution is due to numerical difficulties arising from trying to integrate over the poles of the
propagator, which occur at different orders of magnitude, and the same for implementing a § function
numerically.

For comparison I also show 7/”, and we can see that qualitatively the on-shell contributions lead to a
very similar shape, as we would expect from the analytical results
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Figure 3.12: Comparison between the on shell contribution as they appear in the final expression to
P We can see it well coinciding with the expected analytical result in the intermediate part of
the z-range, but shows strong deviation at high and low z, as again z stretches over a wide range of
magnitudes and it leads to the numerical approximation used for the § function to become unreliable

3.2.5 Comparison of the rates

As one can see especially from the subtraction of intermediate states the numerical calculation of the
rates becomes a bit difficult, mainly as a result of the numerical integration. For this reason I have been
looking at the asymptotic behaviour of the functions before, to identify if any rates are subdominant
and can be neglected in the determination of the total wash-out rate.

We saw before that the reduced cross section for all the 2 — 2 rates behaves for all interactions
like

o(z) ~ |PY |1 F(x) (3.91)

Where F(z) represents the form factors appearing in the different interactions. As we sum over the
different rates it is sufficient to look only at the leading order contribution among all the rates.
We arrive this behaviour by analysing the general Form of the reaction rates being

- M} /Oodx\/ﬂ(l(z\/i)&(x) (3.92)

- 64miz

- | e oy i ) (3.98)

zo

For small z — 0 we can approximate the modified Bessel function in the integrand as

VIR (/7 ~ %e(ﬂ _ ) (3.94)

Leading to
4 o)
eq #X1 My 1 -2 _ v
g / e 0 )W F @ (3.95)
M4|h1/ 4 272
N 122‘ / - F)da (3.96)

When z is small enough the dominant contribution in the integral will be the constant part of F
at high energies, so we can approximate it as such in the integral:

M4 hY 4 272
SV~ it L L | ; | / dz (3.97)
z zo
MRt MR
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For large z the form factor is dominated by the linear growth part of F at low energies. So as long
-2
as 2z~ ° > xo:

M4 hY 4 272
v 2zt Milh xdr (3.99)
22
xo
MR (1 4 1 5\ MR

To get a better picture how the scaling behaves for even larger values for z, we have to treat the
asymptotic behaviour of the modified Bessel function more carefully, which is given by:

2
Ki(z) R | e (3.101)
z
So for the integral
eq 221 Mil Ood 2m —zﬁhuzl - d _2ud
T Stk ), TV P W"F(z), uw=zvr,de= —du (3.102)
M4 hY 4 e8] 1 2
NIH/ d“l;u\fe“f(uz) (3.103)
z svz 2 Vu z
2
~z
M4 hY 4 o)
~ 1|6‘/ uze™ (3.104)
z Z\/%
MR (9
= 12,|6|F <2; Z\/$0> (3.105)

Which then shows us for sufficiently large z there will be an exponential suppression of the reaction
rate, as the incomplete I' function appearing here behaves like T'(z;y) Y70 e

Now we of course have to compare this to the inverse decay rate, which is considerably easier to
analyse, as it does not involve any further integrals. Simply by using (3.101]) again we see that

=1 MPMPTS [2r M; .M
2 / / 3.106
Yie MEMym22\ 2 My € ( )
1 7
MPMZ|pY 2 _, M
o MEMEINTE i (3.107)
z2

From which we can see that an exponential suppression will kick in a lot earlier than compared to the
2 —» 2 rates, and also that the heavier RHN will already play no role any more at larger values for z.
So we can just focus on the case for the lightest RHN:
M4 hY 2
Via ~ %eﬂ (3.108)
Z2
It can also be interesting to look at the case for small z here. Then the modified Bessel function
takes the asymptotic form:

Ki(y) ~ ; (3.109)

This asymptotic behaviour will only apply to the lightest RHN at the values for z we are interested
in, so they will remain in the regime of exponential suppression, as long as z > \/—1(17, which will be
fulfilled down to very small z as we assume a significant hierarchy of masses among the RNH.

MAM2T™ M,

o 3.110
i = N2 Myn2z 2 M; (3.110)
M4 hY 2
~ % (3.111)
z
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What we see from this is that at earlier times the inverse decays indeed contribute the most to the
total washout rate, due to only being suppressed by two powers of the Yukawa matrix, and will drop
off more slowly, before the exponential cut off kicks in.

Furthermore we can numerically check how well all of this holds in and we see that
indeed up to values z ~ 20 the inverse decays indeed dominate over the 2 — 2 rates and also outpace
the expansion of the universe in form of the Hubble rate H. The reaction rates has to be compared to
the expansion of the universe given by the Hubble rate, which at early times in a radiation dominated
universe is given by

2 72 2 M2
H =4/ Y (3.112)
90 Mpy 90 22Mpy
as well as to the lepton number density n,
3¢(3)geT® _ 3¢(3)M7F
MELT e 4 2372 ( )
v v
If then > 1 the contribution of the given rate is significant, while for < 1 it cannot
ne

compete with the expansion of the universe.

With this we can see in that indeed the inverse decays dominate over the 2 — 2
scatterings in the relevant regions around z = 1. Though this is of course highly dependent on the
choice of Yukawa couplings. From the analytical treatment one can say as long as sufficiently many
components of h” are of small enough magnitude the suppression of |h” |* will be strong enough to
leave the inverse decays to be the dominant contribution.

This is of course also the case for the s—channel scatterings which exhibit the same asymptotic
behaviour (or are more strongly suppressed in the case of C(z)), aside from the large contributions
from around the poles of the propagator. As they are supposed to be subtracted this leaves a total
scattering rate, very much comparable to the others.

In total this now means that one can ignore the contributions of the 2 — 2 scatterings to the
total wash-in rate, at least in temperature regimes up to potentially 106 GeV.

3.3 Analytical solution

As we can see that at low temperatures T ~ 100 TeV the inverse decays are dominating the wash out
term, allowing us to ignore further contributions. With that we can actually achieve an analytical
solution for the Boltzmann equations

As the Boltzmann equations are linear in ga, we can split them up into a thermal leptogenesis
contribution and a wash-in contribution qWlrl so that

0
(875 +3H ) K= Z T3 75 Vo (qﬂ Z Cﬁoqwm>
=> T <q/3 - Z Cﬁngm> (3.114)
E

From having one interaction dominating we get that we can factorise the wash-in rate as FC% =

FWPa[g, where IT'" now encompasses the flavour neutral interaction rate, while all the flavour structure
is absorbed into P,g. In the temperature regime we want to look at it’s the inverse decays dominating,
so P is a diagonal matrix with the branching ratios into the different flavours on the diagonal.

0 win w win
((% + 3H> gy = Zr P.gs <qﬁ — Zoﬁaq ) (3.115)
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line)

Figure 3.13: The behaviour of the 2 — 2 reaction rates compared to the inverse decay rates and
Hubble expansion
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At this point it is helpful to formulate these Boltzmann equations in a comoving frame

: dQo  3dgXt  ,da®
Qo = d’ ¢, — = a®—2e + g{”
o dt dt o dt
dqwin ) 4
3 Aq 3 _win
pry a —_— —_
gt +a qAQS a
~—~

=H

dqwin )

3 A win
= « +3H

a ( dt + q Ao )

= TP |’} =D CpoQs (3.116)
5 N~ o
EQ%
Or in a more compact matrix notation, and in dependence of z = % so that with H ~ %
d __ d
@ =Hzg;
d -~ T™W /. -
ta-Gr(@-c
sz zH @ @
= W (2)PC (0—1@0 - Q‘) (3.117)

We can assume that there exists a matrix B that diagonalises PC again, so that D = BPCB™!.
Then defining

Q=BQ Q* =BG = BC™'Q" (3.118)
So then
d = _ -1 Se 3
—(G=Ww(=B"'DB(¢"-q)
& d%Q =W(z)D(Q% — Q) (3.119)

To analytically solve this equation now we can introduce a shift J = Q@ — Q¢? so that

dQ dy  dQ*
=& a = WEDYE) (3120)
By introducing an integrating factor
E(zp,2) = exp/ dz'W (2D (3.121)
20

and multiplying the Boltzmann equation with it we arrive at

d dQ*d dQ*1
E(zo, 2)% + E(20, 2) i = —E(20, 2) i (3.122)
d dQ*1
- (V(2)E(z0,2)) = —E(20, 2) i (3.123)
Now integrating both sides
N / d / / N / !/ d “
/ZO dz a7 (V(2)E(z0,2")) = — /ZO dz' E(zg, 2 )% (3.124)
z eq
E(z0,2)Y(z) = —/ dz"E(zo, z’)% + E(20, 20)Y(20) (3.125)



Resubstituting ) then leads to

E(20,2)Q(2) = E(z0, 2) Q°(=) + Q(z0) — Q“(z0) — / d2'E(z0, z')%
Q(2) = Q%(=) + E(2, 20) [Q(z0) — Q(z0)] / dz’E(z,z')% (3.126)
Here we made use of
E(z, 20) " = exp— / "4 W (=)D = exp / P 4 WD = Bz, 2) (3.127)

Considering that we started out looking at the specific temperature range 10° GeV < T < 10% GeV
in which we focus on a specific conserved charge - here of course ¢° ~ ¢. - which as the name suggests
is in fact conserved, meaning in a comoving frame it’s value remains constant, i.e.

0% = BC'a3¢® = const (3.128)
Therefore its derivative vanishes and the integral term drops out, leaving
Q(z) = Q%+ E(z, 20) [Q(z0) — Q%] (3.129)

Now we need to rotate it back into its original basis, but as D is a diagonal Matrix and its exponential
is diagonalised by the same matrix - in this case B - we simply have

B~ 'E(z, 2)B = exp {— / dz’ W(z)PC} =B (3.130)

20

So that we simply arrive at
Q(z) = G0 + B[ g™ - G| (3.131)

In order to reach a form closer to the original Boltzmann equation we can leave the comoving frame
again and write it out in its components again, in order to compare with [31]

) =+ B ((22) - ) (3152
7 5 ini ((Gini |3
= Z ((Saﬁ — Eaﬁ) QZZB + ZEaﬁQAB ( 211) (3133)
B B

When we assume no initial asymmetry we get as an expression for the final asymmetry after wash-in
leptogenesis has happened
Assuming no initial asymmetry this has an exact solution:

a0 =D (0ap — Bag)da, (3.134)
8

Here we now have to be careful to take into account the entire evolution history into E, i.e. we take
the limit z — oo and zyp — 0. As we also saw before it’s only the lightest RHN that contribute as
any asymmetry created previously No and N3 will already be washed out again, so that P is not only
diagonal but contains only the branching ratios for Ny, i.e. Pyg = p1adag so that

E = exp {—me’aﬁ/ dz W(z)} (3.135)
0
How to calculate W (z) = LY and TW = % as seen in (3.61]).

zH
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In the case of strong wash-in, translating to a high decay rate of the RHN, the exponential is of
course suppressed, as long as we one also assumes a generic flavour structure, in which the branching
ratios are roughly of the same size and p1, < 1. So then (3.134)) reads as

g = g, (3.136)
Meaning for the total washed in B — L asymmetry:
wi 3
GBI~ dp = ) dA, = — 15k (3.137)
«

3.4 Potential mechanisms to create the primordial charge(s)

The great advantage of this mechanism for leptogenesis is that it allows for a wide variety of different
mechanisms to produce the required primordial charge asymmetries. Therefore one has a great amount
of flexibility in model building.

3.4.1 Axion inflation

The previously described scenario of Baryogenesis through axion inflation (see section ?7) can also be
the source of other primordial charges, thereby leading to a more flexible scenario for the model.

Through the coupling of the fermion currents to the gauge fields, we can then get (chiral) fermionic
charges which can then be used as the desired non trivial chemical background to employ wash-in
leptogenesis. In [33] the authors demonstrate how they can produce the following set of fermionic
charges:

ge , Qu—d » Qs qr 4B , qu (3.138)

Whose amplitude can be quantified through one single effective parameter x

3.4.2 Primordial Black hole evaporation

Another way to produce primordial asymmetry, is - similar to the classic Baryogenesis scenario - just
to have a very heavy particle decaying asymmetrically into whatever asymmetry is desired. In order
to produce these heavy particle, which might have masses above the reheating temperature, is to have
them be produced via evaporating primordial black holes (PBHs).

In [34] the authors consider simple scenarios with a heavy Majorana fermion X which through it’s
decay creates an asymmetry in right handed electrons, i.e. produces g.. For this to work they also
introduce an additional scalar field S which couples to X in a Yukawa-like term:

LD yXerS (3.139)

They then investigate for different PBH masses mppy and asymmetron masses mx how much a g,
charge can be produced assuming a specific Yukawa (-like) coupling y

This mechanism could of course also work to produce other asymmetries given the right type of
"asymmetron", which could then also be used for wash-in leptogenesis.

3.4.3 Gravitational Chargegenesis

One more way to to produce a set of primordial charges is through introducing a gravitational coupling
of the form [35]

1
Lo 5 /d4m\/—gJ§8uR (3.140)

In a FLRW universe this leads to an effective Potential

R 3pw N V3 (14 w) (1 —3w)
M2 M2M2 M2M3

njw

P = p (3.141)

A in this case can be just about any conserved charge that we might want to wash in.
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3.4.4 Heavy Higgs decay

As a last pathway to create primordial asymmetries there is also the introduction of more Higgs
doublets which through CP violation in their decay create the desired asymmetries.

In [36] the authors use a three-Higgs doublet model (3HDM), which in addition to the SM Higgs
field also contains two heavier Higgs fields Hy, Hy with a lot higher masses: mg < mpy, < mpy,, but
which have a vanishing vacuum expectation value. The introduction of these new fields then gives rise
to a new set of Yukawa interactions, which for the leptons look like:

Ly =~ H Y se5 + O Hh N; + hec. (3.142)

Assuming heavy Higgs masses are larger than the lightest Majorana mass: M < mpy, S mpy, <
My, M3, so that H; is below the reheating temperature and we can assume H; to be populated
thermally, and M; € (10°,105) GeV, so in a regime where only right handed electrons are out of
equilibrium, we can consider the heavy Higgses only coupling to one lepton flavour, i.e. the electron.

Similar to other Baryogenesis and Leptogenesis scenarios the decay of the heavy Higgses now gives
the CP violation needed to produce an asymmetry in right handed electrons.

Having now generated an asymmetry in right handed electrons at T > 10% GeV so when the
universe cools off further and the wash-in mechanisms kicks in at T' ~ M; we can get the observed
baryon asymmetry.
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Chapter 4

Wash-in leptogenesis below 100 Tev

As stated before, the description of a fully out of equilibrium electron Yukawa interaction is only valid
down to about 100 GeV, when the strength of the Yukawa interaction becomes competitive with the
expansion of the universe. Yet it cannot simply be taken to be fully equilibrated at this point, but mere
partially equilibrated. This can also be modelled by also taking into account an additional Boltzmann
equation for the conserved charge associated with the electron Yukwawa interaction, which as we saw
before is the difference of right handed electrons and left handed positrons ge.

4.1 A Boltzmann equation for right handed electrons

To construct the Boltzmann equation for right handed electrons we follow a very similar process as for
the construction of the Boltzmann equation for lepton asymmetries A,. The processes we take into
account here are firstly the directly through the Yukawa interaction mediated 1 — 2 processes in
and additionally to those also 1n — 2n processes in which the in- and outcoming particles
also emit soft gauge bosons. They do not however affect the charge in ¢. and is mainly relevant in the
computation of the reaction rates.

bl
¢*__ __¢*
(& e

Figure 4.1: Feymans diagram for Higgs decay and inverse decay, without the inclusion of 1n — 2n
processes that can occur due to the emission of gauge radiation

The 2 — 2 processes which contribute to leading order consist of interactions with quarks (those
lighter than top quarks are sufficiently strongly suppressed to be neglected) and are shown in ,
as well as interactions with the electroweak gauge Bosons V = W;, B, shown in

To construct the BE we can also just split up the contributions into a 1 — 2 part, one for the quark
contributions to the 2 — 2 scatterings and one for those including gauge Bosons in the scatterings,
so that

9 _ 9 1-2 quarks gauge
(8t+3ﬂ>qe—<at+3ﬂ> (qe + g™ + ¢ ) (4.1)

So we get for the 1 — 2 contribution, neglecting the gauge radiation as it does not affect the
chemical potential structure of the BE
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Figure 4.2: Feynman diagrams for the quark contributions to the BE for ¢,

0 n « ygTe *
(8t + 3H> 12— fq o (gb — Ele) ~ eq’yeq (Ele — ¢ )
Mg it
Ny Mg Net
—WW@HMO +éeﬂ@&%® (4.2)
TL¢ néeneT

Which as we saw before leads to some exponential factors we can expand around a small chemical
potential, along with remembering that ux = —u g as well as making use of CPT symmetry

0 1—2 M6+N€E_N¢ eq * Il /’LE_/"LZe—'_lu(ﬁ eq T *
<8t+3H> —<2— T vy ((b —>€ee)— 2+ T o <€e€—>¢>

—9 ,yeq ((b* N €l€> _ ,qu (616 N ¢*> + <:ue +;€e - lu‘d’) ,.yj:e (43)

~~

=0due to no CF

Where as before 155 =% (X — Y) + (Y — X)
Very similarly we get for the for the quark contributions

0 . nyn NeN i
<8t + 3H> quarks — éq éQqs 76(1 (tTQZS — efl) — eq eeq ’76(1 (ele — Q?)tT)
Myt Ne nel
mn
Ql NeiNg,
T eq eZ 761} (th — 6T66> + :q eq ,.yeq (eTge — Q;[J,t>
’I’Lt TLQT neTnge
3
T, mn,
+ LT (Qabe — te) — i7" (te — Qate)
TLQSTL& nt
ZT NNt
& W@W_Mg +%;wwﬁﬁ%®
nQT nﬂ TL“ ’I’LEJr
Nt Ne
LT Q
éq Eq eq (tTf — QT ) - eq3 eq’qu (Qge — tTfe)
n_iMe
3
ntn NQ4 Mot
i fyeq tl — Qsel) + e e (Qset — #f) (4.4)
Q3" et

Expanding in the chemical potentials and again cancelling CP asymmetric terms yields

0 — Ht — He +
<3t +3H) quarks _ <NQ3 :utT He N&) I:,yt Q3 +’YQ3£ +7QT :| (4.5)
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Figure 4.3: Feynman diagrams for the 2 — 2 scatterings involving gauge bosons, consisting of V¢* —
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For any temperature 7' < 102 GeV the top Quark Yukawa interaction is of course in thermal
equilibrium, which is obviously the case at T" < 100 GeV, so

[t = pQs t e Qs — Mt = —[ig (4.6)

and inserting that into (4.5)) gives then

0 e
<8t + 3H> quarks __ < H ,_/;fe :U’¢> ,yguarks (47)
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At last we do the same for the 2 — 2 scatterings involving gauge bosons:

0 Ny N N 1 .
(at + 3H> e = Z [neqniq e <V¢ — €z€> T peaped 76q <€le — Ve )
1% vV e e
nyn Ng Nt
T Teq gbq ,yeq (V¢* — EeeT) + eq Zq ’qu (EeeT — V¢)
ny ng Ny M
nynyg, NN
+ —egeg VP (Vle — ¢e) - %7 (pe — Vi)
ny ny. Mg e
nyn T TVt
— g1 (VO — o7 + = e (¢t — vet)
TLV ne]u d)*
Ny, Mg . nyn .
o V! (Led” — Ve) —% UV e — Leg")
¢* V 6
nzzn¢ nyn i
— ——eq 7! (Zlqb — VeT) + —eq—eq 1’ (V el —s Elqb) (4.8)
nglnd> ny N

(4.9)

After making use of CPT symmetry and again expanding around small chemical potential this
simplifies to

0 A o O 2 Vo* | Vie | Led*
(875 + 3H> gauge _ E ( T [’Yéle %" T e (4.10)
\%

As V denotes the electroweak gauge bosons we have py = 0 due to the nature of the gauge
symmetry and thereby we end up with the same combination of chemical potentials again

o — _
(8t + 3H> gauge __ ( He +l;fe :U'¢> ,yg;auge (4.11)

When we now combine all the contributions into for the BE into one equation again, with v, =
Y172 4 yduarks 4 BAUEC o1 using the constraint equations from Section to relate the chemical
potentials appearing here to the charges we’re solving for, we get:

0qe e, — He — [
3H Tte == =¥
ot + e = < T

Ye 711 5 4
- e — 4.12
n < RTMe ~ 13t T 37 (o, + pa,) (4.12)

To determine reaction rate v, we can use the expressions derived in [37]. The contributions from
the 1 — 2 interactions, without taking into account the gauge radiation turn out to be negligible,
so I drop those, while the contribution from multiple soft scattering in the Higgs (inverse) decays is
computed using the so called Landau-Pomeranchuk-Migdal resummation, LPM for short. I denote the

resulting (approximate) rate as 2™ . The 2 —+ 2 reactions are combined into one v272 rate
h2T* 1 )
2-2 - 2
LPM h2T4 9 o
Ye [h3ds + (39° + g) d¢ + 4g™d.] (4.14)

™ 20487

where ¢;, d; are factors determined through numerical integration. As these rates are purposefully
constructed to have the same form, one can just combine them into one single rate as

hgT4 2 2 2 1 9 1
20487 [ht b+ (39 + ") (b/g + log w) + 44’ (beR + log 49”)] (4.15)

=TC
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Figure 4.4: Running of the SM couplings and the top-quark Yukawa coupling

For which the combined numerical factors come out to be
by =c +dy =~ 4.3, by = cp+dy ~ 4.296, be = Co +do ~4.72 (4.16)

g, g here are of course the gauge couplings for SU(2)z, and U(1)y respectively. As they also depend
on the energy scale we calculate the running of these couplings through the following 5 functions

dg 1 19 4
= — 2—9
dlog i 167= 6
dg 1 41 ;4

= — 4.1
dlogp 1672 6 g (4.18)

(4.17)

Then there are also the electron and top quark Yukawa couplings h., h; that appear, for which
we only need to consider the running of h; as h. varies little due to it’s small size, so we consider
it as constant: h. = \/2v/Grme, where m, = 0.511MeV is the regular electron mass and Gp =
1.1664 x 1075 GeV~2 Fermi’s constant. To describe the running of h; we also need to include the
evolution of the SU(3)¢c coupling gs, which therefore adds the following two S-functions

dgs 1 3
_ 4.1
dlog i 1672 79s (4.19)
dhy 1 17 5 95 o 9 4
= g2 g2 862 ) by + o 4.20
dlogp 1672 K 17 T 9 7% )t (4.20)

As a reference energy scale we use the mass of the Z-boson mz ~ 91 GeV and as the renormalisation
scale 7T". The values for the couplings at energies of myz we have

g(mz) = Viray,, oy, = 0.0338 (4.21)
3
g (mz) = 47rgo/, o' =0.0169 (4.22)

gs(mz) =V4r - ag, o, =0.1184 (4.23)

hi(mz) = \/2V2GF - my (4.24)
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Figure 4.5: The left plot shows right handed electron interaction rate and it’s components, scaled in
units of h2T* for comparison with [37] and the left plot shows this rate in comparison to the expansion
of the universe

where the top quark mass is taken as m; = 173 GeV

In we see the strength of the interaction rate, and see it’s pretty much stable, i.e. it
doesn’t change much over a large temperature range. Comparing it to the expansion rate of the
universe as done before we see that indeed at temperatures above T' ~ 80 TeV these interaction cannot
compete any more, as expected when we assumed the electron Yukawa interaction to be fully out of
equilibrium at temperatures above 100 TeV

4.2 Implementation

In order to solve the Boltzmann equations numerically it is helpful to reformulate them in a comoving
frame, so the +3H term gets absorbed in the charges. Additionally it is common to formulate the
BEs in terms of a leptogenesis variable z = %, so that the main action going on around 7' ~ M;
occurs at around z = 1. It allows for better comparison of the behaviour for different heavy neutrino
masses. Furthermore one can also normalise the charge to the initial right-handed electron charge ¢,
which makes it easier to see how efficient the conversion from primordial asymmetry to final B — L
asymmetry is.

To do that we first have the charge densities (normalised) in a comoving frame as

Qx:< “ >3 G e {Aae) (4:25)

o
iy ini
Aing 9e

Which then let’s us write the Boltzmann equations in a rescaled way analogously to as we saw before
in (3.116]), and inserting back the RHS then leads to

dQa ( a >3 1 <M€5+M¢) W
== — 4.26
dt \aini) @i zﬁ: T ) (4.26)
5 6
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a 1 413 13 i 4 e fyaﬁ
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Here in the last step we used pu, = GTLQ“" As we know during radiation domination H ~ % which

helps us convert the derivative with respect to time, into a derivative with respect to z

2 2 2
g«ms  Mj Mj 90
00 22Mp  22M. PV gon? (430)
1 M, 22 M.,z 1
21 e Mz T HY (4:31)
w
Inserting this into the Boltzmann equations again, and writing Fo% = 6;“35 , Ie= 6?;
dQa dQq
=H 4.32
a7 (432)
5 6
- = 0 0 Qa w
dQn,, 13 3 e r
ee=d Il w Jee- | 0 g || ea )| (4.33)
z 4 0 o Hz
B 37 11 111 Qa. 3
dQ. T 711 5 4
— 0. - = — 4.34
&>~ Hs | 1s19 " 398 37 (Qa+Qa) (4:34)

As of now we’d need to fix about 15 free parameters in order to use the Casas-Ibarra parametrisation
to arrive at values for the neutrino Yukawa matrix, which is far to many to meaningfully scan over. So
what we’ll do now is to reduce the number of parameter by reformulating the Boltzmann equations in
the term of just four effective parameters.

To do so we first come back that the washout term ’yc% is dominated by the inverse decays, with
the 2 — 2 interactions being negligible. Thus allowing us to write:

Yo = Vaf = Z’Ym%g = me%(saﬁ (4.35)
i i
Pe 0 0
=> % |0 pu O (4.36)
: 0 0 pr
—
—W .

As we also saw only the lightest RHN plays a role, i.e.

M3T,
Swmm = =) (4.37)
(3

And also we absorb all further temperature dependence into the rate:

oW _ 67" 6271y

ﬁ = 7‘(‘2 Kl(Z) (438)
(4.39)
Here I'; is the decay width of Ny, and can be calculated as
My M,
T, = -t vk _ 1 VYT v 4.4
Y78 ;halhal 8T ((h )'h >11 (4.40)
T
Ml (mDmD)ll (441)

T v2/2

(mbmo)

Which let’s us define the effective neutrino mass [15] m = m; = 75— and therefore leading

to the total washout rate

622M?2m
M=""1"§g 4.42
8m3v2 /2 1(2) (4.42)
M 623m _ 8mv?/2
— = K = = 4.4
7~ 1(z) = W(m), m M (4.43)



And in a similar manner for the right handed electron BE, we can collect all the terms and express
them as a function only depending on M; = M;

r. 6CT

=z (4.44)
6C M,
=3 = Ban) (4.45)

With all this the only free parameters left in the BEs are pe,p,,m, M; with the equations now
looking like:

Qa pe 0 0 -2 % 0 0 Qa
d ¢ - 43 30 4 ‘
1 QAH =W(m) | 0 pu O ? Qe — 0 @ g QAM (4.46)
QAT 0 0 pr 37 0 111 111 QAT
dQe 711 5 4
—B(M) |-, - 2 — 4.47
7 (M) 481Q 13QA5 + 3 (Qa, +Qa,) (4.47)

To evaluate the efficiency we want to compare how much of the primordial right handed electron
charge can be converted into the lepton flavour asymmetries. As we already normalised to the initial
electron charge it is therefore sufficient to just add up the resulting lepton flavour asymmetries:

o 133 [Qa. (= = 00) + Qa, (2 = 00) + Qa, (= = o0)] (4.48)

The factor ? here comes from the optimal conversion factor that could be achieved with the non
dynamic right handed electron potential, as discussed in Section As of now even low conversion
factors would be just fine if we had a large enough primordial asymmetry to compensate and still
produce the observed baryon asymmetry we see today, but as it turns out one cannot just have an
arbitrarily large primordial right handed electron charge, as I will discuss in the next section.

4.3 Constraints on the conversion efficiency and the Chiral Plasma
instability

The main constraint on the magnitude of the conversion efficiency is of course the observed size of
the baryon asymmetry we want to explain through this mechanism 77% = 6.12 x 10719, Under the
assumption that wash-in leptogenesis is the only mechanism that produces a B — L asymmetry and
is therefore fully responsible for the resulting baryon asymmetry through sphaleron conversion. The
baryon asymmetry can then be expressed as

0 0 0
0 4B 9x.s 4B 9x,s qB—L Gx.s ge
ng=—| = SV = Usph g = Cwincsph SMH (449)
USAN g*,s Ny fin q*78 "y lfin 9*78 "y lini

Where Cypp = :1,,% [38, [39] is the efficiency factor that gives the resulting B asymmetry from a B — L
asymmetry, and Cyin = % is the optimal conversion efficiency we determined previously for wash-
in leptogenesis, to convert a right handed electron asymmetry into a B — L asymmetry. 99,5 = %
are the entropy degrees of freedom in the standard model in present day, and gflff = 106.75 at high

temperatures.

Including the expressions for n., and writing ¢. = 6‘% in the units of a chemical potential again,
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the total baryon asymmetry can further be expressed as

0 2
0 Ix,s ™ He

— ClinClapy 25— € 4.50
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So far the observed baryon asymmetry can be achieved with any conversion efficiency « as long as
the initial charge stored in the right handed electrons is sufficiently large. There is however a upper
bound on this charge, due to the so called chiral plasma instability. This instability arises through the
chiral anomaly, which - as seen before - couples chiral fermion currents to gauge fields.

2 12

. hZg -
Ouitt = =163 Fuw " (4.54)

So a too large chiral electron asymmetry would lead to a too efficient conversion of the asymmetry
into helical hypermagnetic fields, which curiously enough can lead to an overproduction of a baryon
asymmetry [40], as I already discussed in the section of baryogenesis through axion inflation (see
2.1.1.4)

In order to avoid triggering the instability we should have [37]
’%’ <14x1073 (4.55)

Where pys = %pe[lﬂ, 32| refers to the chiral chemical potential. This leads to the limit for the

maximally allowed right handed electron asymmetry at the start onset of wash-in leptogenesis

‘&
T
For the constraints of the conversion efficiency that now means that

0 K pe/T
~ 457
"B 96 % 107% 9.6 x 104, . (4.57)

<9.6x1071 (4.56)

ini

As the chiral plasma instability is not too well understood yet and these limits are rather rough, I
will set the benchmark for the minimally required conversion efficiency to

!
k| >3 x107* (4.58)

As the sign of the primordial right handed electron charge is not fixed both negative and positive values
for k are possible.

4.4 Solutions of the Boltzmann equations

Before starting out with scans of the entire 4-dimensional parameters space let us look at some indi-
vidual solutions of the Boltzmann equations.

To start we can see how much the inclusion of the right handed electron charge influences the
evolution of the charges. For this I pick some benchmark values to test the behaviour with. For the
branching ratios I take p. = 0.6,,p, = 0.3, p; = 0.1 which fulfil the criterion of being rather "generic",
while still inducing strong enough differences between the individual flavours (to distinguish the lines in
the solution). Also to distinguish between the scenario of strong wash-in and weak wash-in, which can
be parametrised through the effective neutrino mass my, I pick once for strong wash-in m; = 100 meV,
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while for weak wash-in m; = 0.1 meV. As initial conditions I always set Qa, = 0,Q. = 1, so we start
out with no primordial B — L asymmetry.

At a RHN mass of My = 300 TeV the previous description of a constant right handed electron
charge (at the relevant times for leptogenesis) should still hold. In we see the evolution in
the case of weak wash-in, and can see that qualitatively little changes whether we include the evolution
of Qe or keep it constant, though the total washed in asymmetry turns out to only be about half
as big when including the evolution of )., which makes makes sense as the washed-in asymmetry is
depended on the size of the size of the electron asymmetry and if that gets washed out, less of the A,
asymmetries can be washed-in any more. And for the case of weak wash-in this effect is still rather
small.
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(a) Without BE for Q. (b) Including the BE for Q.

Figure 4.6: Evolution of the flavour asymmetries in the described benchmark scenario in the case of
weak wash-in. The black line shows the total B — L asymmetry created. Dashed lines indicate a
negative sign for the respective charge
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Figure 4.7: Evolution of the flavour asymmetries in the described benchmark scenario (p. = 0.6 ,p, =
0.3, M; = 300 TeV in the case of strong wash-in (m = 100 meV).

If we now look at the case of strong wash-in in shown in we can see a significant
qualitative difference when we include the evolution of ). versus when we keep it constant, as the
washed out right handed electron asymmetry is able to affect the flavour asymmetries up to later times
due to the stronger wash-in strength, so instead of already plateauing for z < 10 the asymmetries
still experience some washout around z ~ 10 before then assuming their final values. While for the
old scenario in which @, is assumed to be constant we can indeed see that x = 1 is achieved as the
analytical considerations in [3.3] predicted, while when we include the according BE for Q. the achieved
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conversion efficiency is significantly smaller, even smaller than we saw before for a weak wash-in.

Also we can see a different flavour structure in the final asymmetry, which in the simplified case
leads to Qa, =~ Qa, the now refined calculation results in more of a hierarchy between them, along
with Qa, being less dominant.
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Figure 4.8: Evolution of the flavour asymmetries in the described benchmark scenario (p. = 0.6, p,, =
0.3) but for a lower mass M; = 50 TeV both for the cases of strong and weak wash-in.
Due to the low RHN mass the BE for @), is now always included

With the inclusion of the Boltzmann equation for ). masses below 100 TeV can now also be
considered, so taking the same benchmark scenario as before now with a RHN mass of M} = 50 TeV
leads to the results shown in [Figure 4.8] For weak wash-in strength it is a qualitatively similar picture
to before, with the main difference being that Q. is more strongly washed out, as the wash-in process
takes place at lower temperatures now, at which Y, is more equilibrated.

For strong wash-in though the picture changes more, in that one can now clearly see the strong
washing in of the lepton asymmetries as first, which then experience wash-out again, as Q. gets also
washed out. Notably the sign of the total B — L asymmetry produced here switches compared to the
weak wash-in case.

4.4.1 Exploring the parameter space

Next I want to look at the parameter space of the branching ratios. For that I now take a few points
in My —m space and look at the conversion efficiency « in p. —p, space, which as we are talking about
branching ratios that have to sum up to 1: p. +p, + p- = 1 can be visualised in a triangular plot. [42]
The way I calculate  is by solving the Boltzmann equations from z = M;/10° GeV, so starting at a
temperature of T = 10% GeV, which is the upper limit where we (for now) assume the effects of other
interactions can still be ignored, so the Boltzmann equations as stated still hold true. As an endpoint
to evaluate the washed in Charge asymmetries I take the cut-off to be at z = 25 as at this point the
entire process is mostly over, as we can see in the BE solutions in the previous section.

To start out before looking into the region of low RHN masses (M; < 100 TeV) I want to explore
again the previously considered case with a constant Q. for RHN masses 100 TeV < M; < 1000 TeV
for strong washout, as we already saw the conversion efficiency in this case through the analytical
calculation, though which required a "generic" flavour structure. To visualise the need for these
conditions we can now see that indeed a large part of parameter space is made up of
k = (—)1, at least in the centre containing the region of "generic" branching ratios, in which no single
branching ratio clearly dominates over the others.

And we can also see in the more "extreme" regions that the conversion efficiency indeed deviates
form the optimal case, and even is able to surpass it (|x| > 1) in the specific edge cases of at least one
branching ratio being zero or being very close to vanishing.
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Figure 4.9: Conversion efficiency & in p. — p,, space for strong wash-in at m = 10 meV with fixed RHN
mass M7 = 300 TeV, once including the BE for the right handed electrons and once without.

Meanwhile [£.9D] shows the same scenario including the dynamic modelling of Q. and it can be
clearly seen that the conversion efficiency is far from homogenous in p. — p,, space, and is for the most
part also significantly less efficient.

We can now also take a look at one of these extreme points by plotting the solutions for that
specific point p. = 0,p, = pr = 0.5 in again once with modelling Q. and once without.
We see explicitly that || > 1 when taking Q). = const and in we see that taking a dynamical
Q. into account has a notable effect on the flavour asymmetries as at later times the washout of Q.
also drags down Qa, leading to a conversion efficiency that is on order of magnitude smaller than in
the simplified case.
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Figure 4.10: Solution at one extreme point from |Figure 4.9al (M; = 300 TeV ,m = 100meV, at p, =0
and p, = p, = 0.5

Now we want to look into the actual mass range we are interested in by taking M; = 100 TeV
and see how the branching ratio space looks like for different wash-in strengths in I
consider four different strengths of wash-in. First weak wash-in at an effective neutrino mass
of m = 1073 meV for which we can see that the conversion efficiency is rather low - with the highest
value to be achieved at kK ~ —4 x 10™* - and seems to be mostly independent of the choice of DPu/Pr
but effected by pe.
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A higher wash-in strength at m = 1 meV can be seen in In comparison to the weak wash-in
we can observe significantly higher conversion efficiencies, along with some structure depending on p,,
(pr), though qualitatively still looking quite similar, with p. dominantly contributing to the efficiency
reached.

Going slightly higher in the strength of the wash-in to m = 10meV we can see in a signifi-
cant shift in the qualitative behaviour. While the conversion efficiency remains at the same order of
magnitude now the lower values for p. lead to a negative value and higher ones to a positive conversion
efficiency, while in the previous cases this was flipped.

At the highest wash-in strength I now want to look at with m = 1eV we reach a quite extreme
regime in which the wash-in of the asymmetry isn’t the dominating effect anymore and we again reach a
strong wash-out, except for very extreme values for the branching ratios. While for the case previously
referred to as "generic" (i.e. the inner part of the triangle) any washed in asymmetry get’s quickly
washed out again.

0.2
0.0004

0.0002 0.1

0.0000 <«

0.0 ¥

-0.0002 —01

-0.0004

yn Yo

(a) Weak wash-in (b) Weak intermediate wash-in
(m =10"3meV) (m = 1meV)

0.10
0.05
0.00 %
—-0.05

—-0.10

Py P
(c) strong intermediate wash-in (d) strong wash-in
(m =10meV) (m=1eV)

Figure 4.11: Different scans in branching ratio for different wash-in strength for a RHN mass of
My =100TeV

Doing the same for a lower RNH masses yields qualitatively only little difference. The conversion
efficiency achieved ends up lower in total, and for strong wash-in the wash-out effect becomes a lot
stronger, leaving only very slim regions that can still produce a significant asymmetry wash-in.
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4.4.2 Full 4D scan

102

M [TeV]

e’ \
1072 100 102
m; [meV]

Figure 4.12: Contour plot showing the optimal conversion efficiency in m — M; space, as discussed the
lowest conversion efficiency possible is at |x| ~ 3 x 107%, so the lowest RHN masses reached on the
according contour lines are indicated with a star

To produce a full scan over the entire 4-dimensional parameter space, I determine s over a range
for p. € [0,1] and accordingly p, € [0,1 — pe]. The mass ranges I want to look at is for the RHN
mass of course bounded upwards at 100 TeV and as a lower limit I go down to 4 TeV, while I scan the
effective neutrino mass over a range of m € [10*2, 102] meV. For the two neutrino mass parameters
I use a logarithmic spacing on a grid of 71 points each. To keep computation time to a reasonable
amount I choose a more coarse grid for the branching ratios, using a linear spacing for both and 21
points each.

In total I therefore calculate x(pe,py, M1, m) over a 4-dimensional grid of 212 x 712 = 2223081
points. To be able to visualise, I choose to reduce the dimensionality to show the dependence on M;
and m while marginalising over the branching ratios. To do this I simply look what the highest and
lowest (or highest negative) value of k can be achieved for any pair of neutrino masses (m, M;) and
also take note of the required branching ratios for this optimal conversion efficiency. I then show the
results in a contour plot, with one set of contour lines representing (shown in blue) corresponding to
the highest value of —k, i.e. for the case in which ¢, is converted into a B — L asymmetry with a
negative sign, which I will further denote as k™, and in red a set of contour lines corresponding to the
highest values of +k, i.e. ¢, is converted into a B — L asymmetry of the same sign, which I will denote
as k.

The corresponding branching ratios at these optima I'll call pF, pf respectively.

The results of this can be seen in The lowest values for M on the |x| = 3 x 107%

contour end up at (m~, M; ) = (1.07meV,7.1TeV) for k= and (m™, M;") = (... meV,... TeV) for
Jr
KT,

A major problem I encountered here is that comparisons with slightly closer spacing in branching
ratios leads to significantly different results in the M&m with p. getting closer and closer 1. This is
due to something we actually saw before in that for strong wash-in/out scenarios the inner parts of the
parameter space of branching ratios lead to a vanishing conversion while for increasingly narrow parts
of parameter space, close to p. = 0 and p,,/» = 0. Thereby through the constant and linear spacing I
start missing the optimal branching ratio which lies somewhere in between the last step in the interval
pt € 10.95,1], yet it falls off quickly around it.

The simplest solutions one could come up with is of course to just increase the resolution, though
this would of course increase computation time immensely. Though as I can see now around what
values the optimal branching ratios lie I can now exclude large part of parameter space and just scan
around those values we have good reasons to believe the true optimum to lie in.
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Figure 4.13: Contour plot showing the conversion efficiency s achieved with a different spacing for the
branching ratios. The inset shows the relevant || = 3 x 10~ contour line in more detail.
The lowest potential RHN masses are shown with a red and blue star respectively.
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For this I started out by estimating the optimal value for p; ~ as well as pf ~1— and
use this as a centre point to place 10 logarithmically spaced points around it. The results from this

improved scan are shown in

The lowest possible mass I achieve in the case of a negative conversion efficiency for which a clear
minimum can be seen at (m~, M_. ) = (1.02meV, 7.1 TeV) with an optimal branching ratio of p, =1,
and therefore p,, = pr = 0.

We can now see that even for large wash-out strengths the minimal possible RHN mass can still
be relatively low, or even drop further as in the case for M:gm which arrives at its lowest value only at
the end of the parameter range and only seems to drop further.

Problem with the positive conversion efficiency is that - as seen before - to achieve a good conversion
efficiency in this very strong wash-out regime one needs to get the right branching ratios and cannot
deviate to much from then, making the theoretically reached lower limits here quite unstable and in the
need of a lot of fine tuning. The lowest value we get in this way is at (m™, M, ) = (100 meV, 8.1 TeV),
which could be pushed down even further by going to higher m.

In comparison if we look at the conversion efficiency in the branching ratio space, at (m~, M )
we can check how fine tuned these branching ratios have to be. I show the results in and it
can be seen that the drop off in conversion efficiency isn’t nearly as strong as in the strong wash-out
regime, leading to a in total far bigger possible parameter space in this region.

A better value for the positive conversion efficiency could be achieved by taking the values at the
first local minimum of the contour line instead of trying to find a global minimum. This first dip
that can be seen in both contour lines, is for the £ located at (m™*, M. ) = (1.93meV,8.96 TeV).
Performing a scan in branching ratio space here leads to where we can also see that the situation
now needs a lot less fine tuning now.

Closer investigation reveals that the shape of these contour lines with the sharp peak - which for
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Figure 4.14: The conversion efficiency in branching ratio space at the previously determined lowest
potential masses in for positive and negative conversion efficiency respectively. In both cases it can be
seen that a slight deviation in branching ratios would still lead to a comparable efficiency, unlike in
the presence of strong wash-out.

It has to be noted that parameter space allowing for a positive conversion efficiency is markedly smaller

the kT = 3 x 107 line is located at m = 5.2meV while for the x~ line it is located at m = 2.29 meV
- arises from the fact that for low wash-in strengths, below that critical m., the optimal conversion
efficiency is always reached for p; = 1 and p} = 0. For m > m,. the situation changes and instead the
optimal solutions are reached for p; ~ % and pf ~1— %, indeed close to my initial guesses.

For the branching ratio into the p (and 7) flavour I find p, =0and p; = % regardless of the

wash-in strength. As the solutions are also symmetric between p <+ 7 as can be easily seen from the
BEs, as well as from the 2D scans before, p, = 1 gives the same result.

The sharp peaks in the contour lines now simply shows the transition between the two regimes of
wash-in/out strength.
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Chapter 5

Conclusions

5.1 Summary

So what I did in this work is expanding the framework of wash-in leptogenesis into temperatures below
100 TeV, which require the inclusion of an additional Boltzmann equation for the primordial charge
stored in right handed electrons.

In this work, I have expanded the framework of wash-in leptogenesis below a temperature of 100 TeV
by incorporating an additional Boltzmann equation for right-handed electrons. This extension let me
analyse the lower bound on the mass of right-handed neutrinos required to maintain a sufficiently large
conversion efficiency of the generated lepton flavor asymmetry into the observed baryon asymmetry of
the Universe. The results indicate that the lowest viable mass for the lightest right-handed neutrino is
My = 7.1 TeV. However, given the uncertainties surrounding the precise amount of baryon asymmetry
needed and the fine-tuning required for specific branching ratios, it is reasonable to conclude that
heavy neutrino masses below 10 TeV remain a viable possibility within this framework.

Furthermore, I could find that even at temperatures well above 100 TeV, the effects of a dynamically
evolving right-handed electron asymmetry cannot be neglected. This challenges the assumption that a
quasi conserved charge it would be irrelevant at higher energy scales, highlighting the need for a more
comprehensive treatment of the conserved charges.

Wash-in leptogenesis thus continues to offer a versatile mechanism for generating a B — L asym-
metry without necessitating strong C'P violation in the heavy neutrino sector. Instead, it provides a
pathway in which a variety of primordial asymmetries - arising from primordial C' P-violating processes
- can be efficiently converted into a lepton asymmetry via right-handed neutrinos. This asymmetry is
subsequently transformed into a baryon asymmetry through sphaleron processes, much like in classical
leptogenesis. The results presented in this thesis reinforce the robustness of the wash-in mechanism
and underscore its potential to accommodate a range of model parameters while remaining consistent
with observational constraints.

I also examine the specific branching ratios that must be realized for successful wash-in leptogenesis
at the lowest possible right-handed neutrino mass. The analysis shows that for large wash-in/wash-out
strengths m, the viable parameter space for the branching ratios becomes extremely narrow, requiring
significant fine-tuning to maintain the lowest possible M;. More generally, the results indicate that
high values of m lead to a strong wash-out effect, which can severely limit the efficiency of lepton
asymmetry generation and preservation.

5.2 Future steps

A natural next step in this line of research would be to extend the analysis to higher temperature
regimes. While this work has already demonstrated that the effects of a dynamically evolving right-
handed electron asymmetry remain relevant well above 100 TeV, a more systematic study at higher
temperatures could provide deeper insights into the interplay of the different conserved charges and
what happens when the corresponding interaction partially equilibrates.
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Another important direction would be to include the effects of all right-handed neutrino species
and investigate how different mass hierarchies influence the generation and evolution of the lepton
asymmetry. In this work, the focus has been on only the contribution of the lightest right-handed
neutrino, but incorporating the full right-handed neutrino sector could reveal additional effects that
modify the efficiency of asymmetry conversion, especially in absence of a strong mass hierarchy.

Lastly, it could be interesting to explore whether the critical wash-in strength m , which determines
the transition between efficient and inefficient wash-in leptogenesis, can be determined analytically.
While the numerical results provide valuable insights, an analytical expression for m. would offer a
clearer theoretical understanding of the wash-in mechanism and its dependence on key model param-
eters. Such a result could serve as a useful benchmark for future studies and further constrain the
viable parameter space.
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Appendix A

Asymptotics of the form factors

A.1 The Propagator

It is helpful to have a look at the asymptotic behaviour of the functions that contribute to the effective
cross sections and therefore the reaction rates of the scattering processes in order identify the scaling
at high and low energies.

I start out with the propagator:

Pl = 1
¢ T — a; + 1y/a;c;
() =

¢ T — a; — 15/0;C;

At low energies it is quite straight forward to see that energy dependence becomes irrelevant, so
the propagator can be seen as constant:

_q <y 1
P N — = const
‘ i\/aici — a;
1y x x<ka; 1
(P i 1) N = const

B 1\/a;c; + a;
This then also translates to the squared propagator

(P_l)* P_l J:<§/ai 1
' J a;a; + ,/a;a;C;Cj + 1a;\/a;jCj — iaj,/a;C;

f = const

At high energies on he other hand the energy dependence play of course a bigger role, and one also
has to treat the real and imaginary contributions seperately, leading to

)* x%ai 1

T — 14/a;¢;

= éR((P;l)*) ~ M/ﬁ ~O <;>
() > 5 ~o ()

This differentiation between real and imaginary part also needs to applied for the propagatpor
squared, leading to.

(7

)
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1
(x — ai)(x — aj) + \/@ia;ic; + i(x — ;) /a;¢; — i(x — aj)\/aic
r>a;,a; 1

T o 224in (Vajc; — a;c;)

22
— ?)‘E((]Di_l)*Pg'_l) e — (V@i — vaici) ~ O <g:12>

Note here that in case ¢ = j the imaginary part vanished.

A.2 The A functions

A.2.1 AGS)

The s-channel function A% is mainly dependent on the propagator squared, so at low energies only
the z dependence from the prefactor remains:

r<Ka;,a;
~Y

Al 2(P7)P ~ O (a)

At high energies though due to the difference in real and imaginary part of the propagator the
asymptotics for A®%) come out as

(ss) p~hHy*p-1 ~ 1
RAS ~ 2 R(PTH*P, o<x>
1
1Y
SALY ~ 2 S(PY)P;! - O(ﬁ) A7
0 Jif i =

A.2.2 A6

The interference contribution A®Y depends in one part on the propagator again. The other factor
scales at low energies like

r+a, r+aj
In —— =
x Qj

(1 + ﬁ) (Inz 4+ a; —Inay)
T

PSR (1 + a—]) <lnaj —Ina; + x)
x a;

J
S| ~ O (x)
aj
Leading to in total a liner scaling at low energies
AB) O (z)
At high energies the prefactor scales as
T+ ay lnx—l—aj wz%
T aj

Inx ~ O (Inx)

In total this leads to the overall scaling behaviour

S — * l
%(Agjﬂ) ~R(PTY (1 —Inx) ~O (T)
S(AG") ~S(P) (1 - Ina) ~0 (h;f)
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A.2.3 A

The t-channel contribution now does not depend on the propagator any more, so we just look at the

individual terms.
At low energy for the case i # j

(z +aj)lIn z +‘aj ~ (z + aj) <lnaj —Ina; + x)
a; a;

) 1 N NG D N
— Ay . [(m+aj) (x + a;) ai] =z (aj ai) O ()

aj
And analogously for the case i = j, though we have to go to next to leading order in the expansion

of the logarithm to obtain non vanishing contributions here

. 2
ln.’E+az £—£+O($3)

(073 - a; a?
1|z T x?
w T |la; a; + a? (z)

Again in both cases leading to linear scaling.

The high energy behaviour looks like

(z+aj)ln Ty nRy z(lnz —Inay)
aj
1
— Agt) ~—lzlnz —zlnae; —rnr+zlhae) =Ina; —Ina; = const
x
while for ¢ = j
ln%—i_aZ ~Inx —1Ing;
a;
In total therefore
(tt) 1 Inz Ina; R
AZ,Z, or 5 - Ry T const
A3 B
The function for the next scattering at low energies is for ¢ # j
M :lngc—i-aj—ln:t:—kal#—lnﬂ
a; (z + a;) aj
T x a; 1 1
~naj+——-Ina; ——+Ih—=o— - — ~ O (x)
a; 473 a; a; a;
In (2 + ai)(@ + a5) =Inz+a;+Inz+a; —Ina;a;
aiaj
T T 1 1
~Ina; +Ina; —Inaa; + —+ — = —+ — ~ O (x)
a; CLJ' 473 aj
1 n (z+ ai)(z + aj) . l+i ~ ()
T+ a; + a; a;a; a; +a; \a; aj
Very similarly for ¢ = j
T AT ~ O(z)
T+ a; a;
20 T ~ O (z)
x + 2a; a; a;
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Again one finds a linear dependence on energy, at low energies.

For high energies in the i # j case:

In ~ =1In— ~O(1
a; (z + a;) a;x aj (1)
1 x+a;)(x+aj 1 z? Inx
ln(+z(+3)%fln ~0O(—
T+ a; +a; a;a; T a;a; T
So we see the dominant contribution in for large x is constant, while the @ contribution vanishes
here.
Very similarly we can see for the ¢ = j case
T x
~— = const
T+ a; x
2a; rz+a; 2a;, x Inz
i TG 2y T ~0(—
x + 2a; a; T o x

As for A one also gets a dominant constant contribution at large  in both cases for B

A4¢€

The last scattering that is not also covered by the considerations of a previous scattering process is
the function £ For low energies

ai(x—l-aj) ~ 0O

In ~ 0 (x), iF# ]
a; (.%' + ai) ( ) # J
x
_— €T R 1 =
7 (x + a;) (=) J
While for high energies
lnwzconst, 1#£ ]
aj (x + a;
x ¢ .
—— =~ const, 1=
m(x + a;) J

Again resulting in a linear energy dependence at low energies, while at high energies becoming
constant.
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