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1 Introduction

The Standard Model (SM) is the greatest achievement of particle physics. It explains
experimental results very accurately and was able to predict a sizeable number of par-
ticles, e.g. the top quark, the W and Z bosons and the Higgs boson. But there are also
a number of phenomena which can not be explained by the Standard Model. Notable
examples are gravity, dark matter (DM), and neutrino masses. To see where exactly
the Standard Model fails, physicists around the world try to find experimental results
which contradict the Standard Model. One of these experimental values is the muon
anomalous magnetic moment a, = (g, — 2)/2, which is the topic of this thesis. It
describes the deviation of the g-factor g, from the result predicted by the Dirac equa-
tion, namely g, = 2. The g,-factor describes a proportionality constant between the
magnetic moment 4 of the muon and its spin S, and is therefore defined by:

- e g

M= g“z—mMS

Recent experimental results from the Fermilab National Accelerator Laboratory (FNAL)
show a combined average of aj; " = (116592061 + 41) - 107! [Abi+21], which devi-
ates from the value predicted by the Standard Model, i = (116 591810+ 43)-10~"!
[Aoy+20], by Aay, = ap’ — aiM = (251 +59) - 1071 or 4.20. This is just short of So,
above which a deviation is considered a discovery in particle physics. The theoretical
Standard Model value is calculated considering electroweak and hadronic contribu-
tions, and contributions due to Quantum Electrodynamics (QED). From these values
it can be seen that both theoretical and experimental results can be determined with
similar precision, which makes the anomalous magnetic moment a promising test for
new physics.

Beyond the Standard Model (BSM) minimal extensions of the Standard Model can
be used to explain neutrino masses and yield a candidate for dark matter. An example
for this is the scotogenic model [Ma06], which extends the Standard Model by an exact
Z,-symmetry and a set of particles odd under Z,. This enables radiative corrections
to the neutrino masses and yields dark matter candidates from the new particles. In
this thesis an extension to the scotogenic model, presented in [CN19], is analyzed with
respect to the anomalous magnetic moment. Experimental constraints regarding relic
density, lepton flavor violation (LFV) and the Large Electron-Positron Collider (LEP)
charged particle mass limit are imposed.

First the anomalous magnetic moment is calculated analytically both in the SM
and in the extended scotogenic model by expressing the invariant amplitude in dif-
ferent form factors and identifying the form factors in the explicit calculation. The
anomalous magnetic moment can then be obtained from one of the form factors in
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the non-relativistic limit. After that, the analytical result is compared to the one nu-
merically computed by SPheno [Por03; PS12]. At last, the whole parameter space is
scanned using SPheno and micrOMEGAs [Bé1+18]. The necessary files for this were
generated using SARAH [Sta08] and minimal-lagrangians [May21].
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2 Dark matter

The ACDM model is a cosmological model to describe evolution of the universe, start-
ing from the Big Bang. It includes the so called cold dark matter (CDM), which is a
type of matter that makes up 26.4 % of the energy density of the universe or 84.4 % of
the matter density [Zyl+20]. The “A” in ACDM stands for the cosmological constant
A, which describes the energy density of the vacuum and can be associated with dark
energy in the universe. This accounts for the biggest part of the energy density present
in the universe and is hypothesized to be the cause of its accelerating expansion. The
“coldness” of this dark matter means that it is moving slowly compared to the speed
of light.

2.1 Evidence for the existence of dark matter

There are several sources of evidence for the existence of dark matter. The first one are
the rotation curves of spiral galaxies: Equating the gravitational and the centripetal
force yields the rotation velocity v dependent on the distance r from the origin of the
galaxy [GD11]:

u(r) = oM(r) . (2.1)

r

Here M(r) is the mass enclosed within a sphere of radius r. For large distances r
from the galaxy’s origin, M(r) can be assumed to be constant in eq. (2.1), such that
u(r) ~ i, i.e. the rotation velocity v(r) should decrease with increasing radius r.
However, rthe observed results deviate from this prediction: Measured rotation curves

stay constant at large distances, as shown in fig. 1. This means that M(r) can not stay
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Figure 1: Measured velocity distribution of the spiral galaxy NGC 6503. The labeled
curves show the contributions by the observed disk, gas, and the dark matter halo.
Source: [JKG96, p. 207]



2 Dark matter 5

constant but has to increase, even for large r. It follows that the matter contained in a
spiral galaxy is not concentrated at the center, but it has a halo of electromagnetically
non-interacting, or dark, matter.

Another type of evidence is provided by gravitational lensing around heavy ob-
jects, e.g. galaxies or clusters of galaxies. It describes the property of light to take
the shortest path in space, which can be curved, according to the theory of general
relativity. Around large gravitational wells, like the aforementioned galaxies, this ef-
fect enables light to travel around an object completely. The amount of curvature
is predicted by general relativity, so that images of gravitational lensing can be used
to measure the mass distribution of a distant object. This works even if the mass is
non-luminous matter, i.e. does not interact electromagnetically and can thus not be
detected by optical telescopes. With this method the Bullet Cluster (fig. 2) can be ex-
amined: It consists of two colliding clusters of galaxies, which show a discrepancy
between the concentration of luminous matter, and dark matter. In fig. 2 the lumi-
nous matter (hot gas), observed by the X-ray Chandra telescope and shown in blue,
is separated from most of the dark matter, shown in red. The latter was observed
by measurements of gravitational lensing [Opt06]. During the collision, a drag effect
slowed down the hot gas and separated it from the dark matter, which in turn did not
undergo this effect, since it only interacts very weakly.

At last, another source of evidence is the cosmic microwave background (CMB).
From peaks in its power spectrum the contents of the universe can be determined.

Figure 2: The Bullet Cluster (1E 0657-56). Luminous matter is shown in red, and dark
matter, observed by gravitational lensing, is shown in blue. Source: [Opt06]

2.2 WIMPs as a candidate for dark matter

One of the most promising dark matter candidates are weakly interacting massive
particles (WIMPs). These are generally a type of particle with an interaction strength
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on the scale of the electroweak interaction or weaker, but nonetheless with a nonzero
strength. WIMPs are said to have been produced during a period of thermal equilib-
rium after the Big Bang, until the temperature of the universe decreased due to expan-
sion and the WIMPs began to only annihilate. This led to an exponential decrease of
their number density, up to a point after which the annihilation would stop completely
and leave behind a WIMP relic density. This is called the freeze-out mechanism and is
shown in fig. 3. Here the comoving number density Y = % is plotted logarithmically

against x = % n is the dark matter number density and s is the entropy density, such
that Y is the number of particles in a comoving volume, i.e. in a volume unaffected
by the expansion of the universe. Because the temperature T decreases with time due
to the expansion of the universe, the x-axis also shows increasing time. The num-
ber density Ygq in thermal equilibrium decreases exponentially, up until when the
freeze-out happens at a decoupling temperature T, which is defined by the point in
time where the interaction rate I’ = o v n of the annihilation is equal to the Hubble
parameter H(t). Here o is the WIMP annihilation cross section and v the velocity. At
this decoupling temperature the actual number density starts to diverge from the one
in thermal equilibrium and remains constant. Additionally, a dependence on (ov)
is shown in fig. 3, which is the thermal average of the WIMP annihilation cross sec-
tion o times the velocity v. For an increasing cross section ¢ the annihilation would
of course continue up to a later point in time, so that the number density after the
freeze-out is smaller. The time evolution of the number density n(t) can be described
by the Boltzmann equation [GD11],
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Figure 3: The freeze-out mechanism of WIMPs, where Y is the comoving number
density, dependent on the mass m divided by temperature T. The solid line shows its
exponential decrease at thermal equilibrium, the dashed lines show its actual trend,
dependent on (ov). Source: [KT90, p. 126]
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% = —3H(O)n(t) — (G)(n(t)® — neg(t?). (2.2)

where H(¢) is the Hubble parameter at time ¢ and n.4(f) is the number density at ther-
mal equilibrium.

The dark matter relic density Qh? describes how much dark matter is present in
the universe. It is determined by fitting Cosmic Microwave Background (CMB) radi-
ation spectra, which was done by the Planck collaboration and results in a value of
[Agh+20]

Qh? = 0.1200 £ 0.0012. (2.3)

The density parameter Q is defined as the dark matter mass density divided by the
critical density p., which is the matter density in a universe with no curvature, and h
is the Hubble constant H, at present time divided by 100 ;—m

sMpc

3 a, in the Standard Model

3.1 From the Dirac equation to the Pauli equation

A great success of the Dirac equation was the theoretical result of g, = 2, which is al-
ready very close to the experimental result. It is obtained by taking the non-relativistic
limit of the Dirac equation, the Pauli equation, which was formulated by Wolfgang
Pauli in 1927. The Pauli equation describes a charged spin-2 particle in an external
electromagnetic field, moving at a speed much less than the speed of light. The deriva-
tion of the Pauli equation and the value g, = 2 shall be demonstrated in this section.
It is based on [Kuh16, pp. 45-46].
The Dirac equation in Hamiltonian form can be written as

129 = Hyp, (3.1)

where 7 is a 4-component Dirac spinor and Hy, is the Hamilton operator correspond-
ing to the Dirac equation:
Hp = —id -V + m. (3.2)

Here V is the nabla operator with respect to position space and m is the mass of .
The Dirac representation of the 4 X 4 matrices &’ (i € {1,2,3}) and B is

;[0 q (1, 0
a _(Ui 0) and ﬁ—(o _1]2). (3.3)
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o; denotes the i-th Pauli matrix:

01 0 —i 1 O
al=10, 02=io,cr3=0_1. (3.4)

To obtain the Dirac equation for a particle with charge —e in an electromagnetic field
the replacement p* — p* + eA*, where

0 -
H— it =i —., —
p io 1(6t’ V),

can be made. Here (4%) = (¢,/Y) is the Lorentz contravariant electromagnetic poten-
tial, containing the scalar electric potential ¢ and the vector potential A. With this the

Dirac equation becomes

i%z,b =|a- (—iV + eA) + fm — eply. (3.5)

Now the following ansatz can be used:

b= (qo) e~ imt (3.6)

where the rapid time dependence caused by the rest mass is factored out. ¢ and y are
two-component spinors. Plugging eq. (3.6) into eq. (3.5) results in:

ALl Do) )l S)C) -

Carrying out the matrix products yields two coupled differential equations:

i%go +mp=ao- (—i% + ef_f))( +(m—ep)p (3.7)
i%){+m)(=c?-(—i§+eg)go+(—m—e¢))(. (3.8)

These can be simplified using the non-relativistic limit, i.e. the change in time of y

and the electric potential can be neglected in comparison to the mass,

i%){ <my and epy <my, (3.9)

such that eq. (3.8) becomes

1 N 2 -
X = %a-(—1V+eA)qo.
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Plugging this into eq. (3.7) yields

a N = - 1 N = >
i=p=0- (—iV + eA)y — epp = %[a (—iV + eA)]Zgo —edp. (3.10)
The first term can be simplified as follows (using the identity V x (/qu) = (% X ff)qo +
(Vo) X A):

> s = 12 a a
o-(—iV +eA = a-a~<—i— + eA~)<—i— + eA~)
[ ( )] qD [Ad] axi 1 axj ] qO

= (6;; + isijkok)<—iaixi + eAi><—iaixj + eAj)go

= (—iV + eA)2p +15 - [(=iV + eA) X (—iV + ed)]p

= (—iV + eAPp + 3 - [V x (Ap) + A X (V)]

= (=iV + eA g + e - (V x A)p. (3.11)

By plugging eq. (3.11) into eq. (3.10) together with using B=VxAandS = —a the
following can be obtained:
o}

i—p= —( iV + eA)? +

ez
m
which is the Pauli equation in its general form. From this the magnetic moment, i.e.
the coupling of the spin to the magnetic field, can be obtained. For the muon it is
defined as:

- e -

=g,—S, 3.13

H= 8y (3.13)
which is also the definition of the proportionality constant, the g-factor. From eq. (3.12)
it can be seen that gu =2, which is of course also true for the electron and the tau. To
quantify the deviation of an experimentally measured or theoretically predicted value
from g, = 2, a new variable is introduced, namely the anomalous magnetic moment

a,. Itis defined via
gpL —2

Ay =—5—- (3.14)

where the factor 1/2 arises due to the definition of the magnetic form factor, which will

be introduced in the next section. The reason for these deviations are loop corrections,
which are not considered by only looking at the Dirac equation in the non-relativistic
limit.
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3.2 The electromagnetic form factors

The relevant process from which a, can be calculated is shown in fig. 4. It describes
the interaction of a muon with an electromagnetic field, which is why the incoming
photon does not have to be on-shell. The blob in the middle in principle represents
all possible loops, which introduce corrections to g, = 2.

In the beginning it is sensible to think about the structure of the invariant ampli-
tude M = ¢, M¥, where ¢, is the polarization vector of the incoming photon. Because
MH transforms like a Lorentz vector, we can parametrize it by the possible Lorentz
vectors that can appear in the calculation of the blob in fig. 4, similar to the calcula-
tion shown in [Jegl7, pp. 202-203]:

M = a(@)| it +Lp* + hd + hd

(3.15)
AP + PP + KAl + Ky Jula).

Only f; to f, can appear in quantum electrodynamics (QED), as f; to fg are combined
with y°, but QED is parity invariant. Because the photon can not be assumed to be
on-shell, p? # 0. Furthermore, momentum conservation requires p = g, — q;.

Y

v
2 N
wo wo

Figure 4: The relevant process in the calculation of the anomalous magnetic moment.

Because they are Lorentz scalars, the f; can only depend on other Lorentz scalars,
such as scalar products of two momenta (p?, q% /2041 * Q2> D * qa/2) Or slashed momenta
(ps q, /2). This simplifies eq. (3.15) by using the following considerations:

1. Because the incoming and outgoing muon are on their mass shells, q7,, = m.

Therefore q; - g, can be rewritten as
1 1
G- @ =—3|(@ - a)? - - at| = mi - 5p? (3.16)
and p - q;/, can be expressed as
1 1 1
P Q2= iz[(ch/z + p)? - p* — Q%/z] = iz[qi/l -p° - mﬁ] = 1§P2- (3.17)

2. The slashed momenta ¢, , and p = ¢, — ¢, can be converted into terms de-
pendent on m,, by using the Dirac equation (A.1) and its adjoint equation (A.2).
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Terms with y° can be brought into the right order to apply the Dirac equation
via the anticommutation relation (A.8) of y° and a Dirac-matrix y*.

So it is apparent that the f; only depend on p? and m,, (and on other scalar parameters
such as particle masses (e.g. of particles in loops) or the fine structure constant a =
e?/(4r)).

Momentum conservation p = g, — q; allows to substitute p* by ¢} and ¢} in
eq. (3.15), which is equivalent to setting f, = 0 and fs = 0. The Ward identity p, M* =
0 can be used to relate some of the remaining f;:

puMH =0
= i M M M a5 M, 5 M. 5
= pﬂu(qz)[fly +hG + L@ + YR+ ARGy + Ky ]u(ql)
= A@)|fip+ D+ Q1+ faD - G2 + 507 + D~ @y + fip - @1 [u(qy).

The first term becomes

higpu(ay) = faa)|q, - 1, [u(a)

(ADA2) .
=7 fiqn)| my — my ju(an) = 0,

and the fourth term can be written as

i(a)pr*u(@) = fi(a2)|q, - 4, |y ula)

(A.8)

=" fsu(q)| 4,7 +7°q, Jucan)

(A1),(A2) _
= 2my fsu(q)y’u(q) -
So the Ward identity simplifies to

W@ 1+ fiD - G2+ 2mu sy’ + fip - 017 + fip - @21 [u(qy)

(3.17)

= agn)| ~5 07 = SN+ 2my i = 59705 = v ucan) = 0.

Because 1, and y° are linearly independent, their factors must vanish separately. Equat-
ing the coefficients yields

L=1as (3.18)
k—h=—-—15- (3.19)
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This result can now be plugged into eq. (3.15):

iME =a(@)| it + A6+

+ 577 + By + hdsy jua)

=a(@)|ir* +hd +idh

+ 7 + 505 = G = P+ 50+ Xt + )

(3.18),(3.19)

=" a(q)| irk + fldl +45)

2m 1
+ fs(y” - p—z“p“)ys + 5+ B + @2 )yslu(ql).
Now the Gordon decomposition, eq. (A.15), and its counterpart including 7>, eq.(A.16),

can be used to express the ¢} + ¢} occurrences in terms of the commutator o*” of the
gamma matrices (defined by eq. (A.4)):

iIMH =1(q,)

(h +2my f)r* —ifs0"p,

ZmH

+f5(7“ - Fpﬂ)yﬁ — S+ fs)o‘”pvyslu(ql)

These coefficients are now defined as four different form factors [Jegl7, p. 203]:

The electric charge form factor Fg(p?) = é[ fi(@®) + 2my fi( pz)] ,

the magnetic form factor Fy(p?) = é[—Zmes(Pz)] ,

i (3.20)
the anapole moment F,(p?) = P f:(p?),
and the electric dipole moment Fp(p?) = é[—imu( H+ fg)] .
Using these, the invariant amplitude can be written in the following form:
iMH = —ien(qy)| Y*Fe(p?) + ﬁa‘”vaM(pz)
" (3.21)

2m 1
+ (7/“ - —z“p“)ySFA(pz) + —Cf’“‘”pnyFD(pz)]u(ql)
p ZmM
At tree level, the “blob” in the middle of fig. 4 is just a vertex. This results in the
invariant amplitude

IMy = —ien(q)r*ulq;) (3.22)
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for which the g-factor is g, = 2. Corrections to this result thus have to come from
Feynman diagrams including loops. This also shows that at tree level all form factors
are 0, except for Fg(p?) = 1.

The magnetic form factor yields the anomalous magnetic moment in the non-
relativistic limit, i.e. for p = 0, because the magnetic moment is measured at non-
relativistic energies:

82 po 3.23
ay = = = Fy(0) (323)

This means that a term proportional to o#” (and not proportional to y°) has to be

identified in the result of the calculation.

3.3 Calculation of the anomalous magnetic moment in the Stan-
dard Model

In the Standard Model, the mainly contributing one-loop diagram takes the form of
fig. 5. The blob of fig. 4 is thus replaced by the loop in fig. 5. In this chapter the
anomalous magnetic moment a, will be obtained by first explicitly carrying out the
calculation of the invariant amplitude and then identifying the magnetic form factor
of eq. (3.21). The calculation of this chapter is based on [Sch14, pp. 318-320].

Figure 5: The Feynman diagram from which the first-order loop corrections to the
g-factor can be calculated in the Standard Model.

Using the Feynman rules in appendix A.7, the diagram 5 leads to the invariant

amplitude
iMoy = ¢ d4k —igyp (g (—ier”)
M f QR k=2 H i 2
ik+p+my) ik my)
(k+p2- +1s( er )kz —m +i£( ieyP)u(q)
e € u( )/ d4k V(k + P + mM)yM(k + mu)%} ( )
10(q2 Qm)* [(k — q)? + ie][(k + p)? — m3 + ie|[k2 — m2 + ie] u(q).

(3.24)
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The mass m,, always stands for the muon mass and therefore has an upright index
U, whereas a u in italics acts as a Lorentz index and therefore can have the values
u€1{0,1,2,3}.

To consider the numerator and denominator separately, the following abbrevia-

tions are introduced:

d*k NH
. _ 3 A
I‘MSM = —e &'M » (271')4ABC’ (325)
where
NK = a(q)y* (K + p + m)y*(k + m)nu(qy),
A= k2 — mﬁ + ic ,
(3.26)

B = (k + p)*> — m} +ie,
C=(k—ql)2+l€

To aid with the evaluation of the integral in the end, the following identity (see ap-

pendix A.5) is used:
1 ! 1
m:zl dxdydzé(x+y+z—1)(xA+yB+ZC)3. (3.27)
Because of the §-function the identity
x+y+z=1 (3.28)
can be used, momentum conservation gives the relation
P=q@—q; (3.29)
and the incoming and outgoing muon are on their mass shells:
G=q=m. (3.30)

The denominator of eq. (3.27) can be written as

XA+ yB + zC = x(k* — m}, + ic) + y(k* + 2k - p + p* — m, + i¢)

+ z(k? =2k - q; + @3 + i¢)

G212 4 ok (vp—zq1) — (A — z)m} + yp* + zqi + ie

(3.31)

=" (k+yp—zq)? —y*p* —z%qi + 2yzp - q
—(1—2)mf + yp* + zqf + ic
=:(k+yp—zq)*—A+ic
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where the following was used in the third line:

(k+yp —zq,)* = k* + y*p* + z2q} + 2yk - p—2zk - q; — 2yzp - q4

&  k*+2k-(yp—zq) = (k+yp—zq)® —y*p* - 2°qt +2yzp-q. (331
Also the variable A was defined. It can be simplified further:

—A = —(1-2)mj +yp® + zq7 — y*p* — z%q7 + 2yzp - q4

(3.30)
= —(1—-2)mi +z(1 —2)m} + y1 —y)p*> +2yzp - q4
(3.28)
=" —(1-2z)*m} + xyp* + yz[p* + 2p - q1]
= —(1—-2)’mj + xyp* + yz[(p + ¢1)* — i |
(329) q%

3.28
G2 —(1—z)*m} + xyp*.

So in conclusion the basis in the denominator of (3.25) simplifies to

XA+ yB+zC=(k+yp—zq,)?—A+ie
y. ( yzp q1) 4 (3.32)
with A = —xyp*+ (1 —z)*my.

If an integral substitution k — k — yp + zq, is carried out, this result changes to
XA+ yB+2zC=k*—A+ic. (3.33)

Now the numerator N# can be evaluated. By using various y-matrix identities (see
eq. (A.7)), it can be written as

NE = a(q)y”(k + p + m)y*(k + my)yu(qy)
= ﬁ(qz)[yv(k + PIrikn + muy (K + ey
+ My YRR, + MRy YRy fua)
(A7)

=" a(qy)| —2kyH(k + p) + 4my(p + P + 4my ke — 2mEy# Ju(qy)
= —2ﬂ(qz)[ky“p + KyHk + miyH — 2m, (2k* + p")]u(ql)-

The aforementioned integral substitution changes this in the following way:

1 subst.
—SNE TS (@) (k- yp + 207 p + (k= yp + 2074k — yp + 2q,)

+ miy* — 2m, (2k* — 2yp* + 2zqy + p“)]u(ql)
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= a(q,)| kr*p + (—yp + 20, )7*p
+ kyHk + kyH(=yp + zq,)

+(=yp +zq )"k + (=yp + zq )r*(—=yp + zq,)

+ miy* — dmyk* — 2m, (1 — 2y)p* — 4muzq’f]u(q1).

The underlined terms are linear, i.e. antisymmetric, in one component of k, respec-

tively. Therefore integrals with these integrands vanish, as explained in appendix A.8.

This is equivalent to just leaving them out of N*:

1
—SNH = (gy)| (—yp + 20, )7*p + kr*k + (—yp + 20 )7*(—yp + 24

+ miy = 2my (1 - 2y)p* — dmyzq) ]u(ql)
(3.29)

=" a(q) [ kr K+ (~ + 2)p + 20,)r(1 — )p + 24,)

+ myH = 2my(1 = 2y)p* — 4my 2} |u(qy)

ME gl + (~O + 2p + zm A - y)p + zmy)

+ miyH —2my (1 - 2y)pH — 4myzqy ]u(ql)
= a(q,)| kr#k — (1= x)(1 = y)pyrp
— (1 = x)zmy py* + A — y)zmyy*p + z2mgyH

+miy* —2m, (1 - 2y)p* — 4mqu'i‘]u(q1).

Some terms can be examined individually:

(A26) 1 Aa7n 1
kykk = kkPyyty, =" KPRy =" —SkiE
(A.3)
PYEp = pupo¥ YHYP =" pyppy" (28 — ¥PYH)
= pp — ppy* = ptp — p*r*
_ y (3.29) _ p 2
= a(@pr*pu(q) = (@) p*(q, — 9,) — p*r*]ulqr)

(A1UAD a(qo)|—p*r*ulqy)
aq)prtua) EY w(qy)my, — 4,7 u(qy)

(A3) _

= a(qa)(myy* — 247 + y*q,)u(q:)
= 2a(gy)(myr* — ¢ulq)
_ (3.29),(A.1) _

a(@)r pula) L alg)rH(g, — mu(ay)

(A3) _

=" 1(q2)(2q5 — 1" — muyFu(qr)
A1) _ _
= 2”(512)(515‘ - mgV’“)“(Ql)-

(3.34)

(3.35)

(3.36)

(3.37)
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Using this, the numerator becomes

1 _ 1
—3NH = ()| — 3k + (1= (1 = y)pirH
—2(1 = x)zm, (myy* — q) +2(Q - y)zmu(qg —muy*) + szﬁy'u

+ myk = 2my(1 = 2y)p* — 4my 2} |u(ay)
i 1
= u(qz)[ - zkzy“ + (1 —x0)A - y)p*rH + (1 -2z — 2)mpy*

+2(1 - x)zqu’i‘ +2(1 - y)zmuq‘; —2m, (1 —2y)p* — 4mqu’f]u(q1).

The Gordon identities proved in appendix A.6 can be used to find the desired form of
the numerator. To apply them, the required term g}’ + g5 has to be obtained from the

following terms occurring in the numerator N*:

2(1 — x)zmuq‘f +2(1 - y)zmqu —2m, (1 —2y)p* — 4mqu§‘

= —2(1 + x)zmyq} + 2(1 — y)zmyqs — 2m, (1 — 2y)pH

(3.29)
= =2(x + y)zmyq} —2(1 — 2y — (1 — y)z)m, pH

= —(1 — 2)zmy(q} + ¢5 — p*) — 2(1 — 2y — (1 — y)z)m,, p

=—(1- z)zmu(q/f + qg) +(—2+4y+2z—-2yz+2z— zz)me“

(3.28)
=" —(1—2)zmy(qf + q5) + (z — 2)(x — y)my, p*.

Now the Gordon identity can be used:

1 ) 1
5Nk = u(qz)[ - zkzy" + (1 —x)A - y)p*rH + (1A -2z — 2)mpy*

— (1= 2)zmy (@} + a5) + (2= 2)(x — y)my,p# |u(ar)
(A15)

=7 ()| — 3K + (= D)1 =y + (1 = 22 =

—2(1 — 2)zmiy* +iz(1 — 2)m, "’ p, + (z — 2)(x — y)mMp/“‘]u(ql)
= a(qy)| — 3K + (1= )1 = PP + (1 = dz + 2
+iz(1 = 2)m, kP, + (2 — 2)(x — y)m, p* [u(qy).

Following eq. (3.21), there should be a term proportional to y# and one proportional
to o#”p,. Because fig. 5 is a QED diagram, y° can not be present in the invariant
amplitude, such that F,(p?*) = Fp(p?) = 0in eq. (3.21). This is exactly what can
be seen here, except for an extra term proportional to p#. However, this term does
actually vanish, because currently the integral can be written as follows:

d*k 1 NH
iMooy = —2e3¢ f fdxd dzé(x+vy+z—-1)——m .
SM TN Mt (x+y IE=a+10p
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Except for N¥, the integral is symmetric in exchanging x < y, because the respective
integrals have the same bounds, the d-function is symmetric in x < y, and A4 is too.
In N¥, the term proportional to p# is antisymmetric in swapping x < y. That means
the integral over this term is equal to its negative, after doing the substitution x < y,
which can only be true if it is zero.

By eq. (3.21) the relevant contribution now comes from the term proportional to
o p,,, which will be called Ni;:

N = —2z(1 — z)m, 1(qy)ic*” p,u(qy) - (3.38)

It is apparent that N%; does not depend on k. With that knowledge the k-integration
can be carried out by using the following identity:
d*k 1 —i

s %) (2 — A+ 32m2A (3.39)

This can be proven by utilizing Wick rotations in the complex plane, as shown in
[Sch14, pp. 823-824]. Thus the invariant amplitude can be simplified to

iMy = —2e3¢ j LN /1 dxdydz8(x+y+z—-1) Ny
M= —Ds——
H Jge @Qm)* ), (k2 — A + ig)3

1
= _2638”,/ dxdydzé(x+y+z—-1)
0

T AN“ , (3.40)

where again My, is the contribution proportional to the magnetic form factor to the
invariant amplitude. Equating iM,,; from eq. (3.21) with eq. (3.40) results in

. 1
. N 1 u
EM(—le)u(qz)—mM o’ p,Fu(pPu(qy) = —2€%, fo dxdydzd(x+y+z-1)7— ANM ,
which yields the following for the magnetic form factor:
(3.32),3.38) & ! z(1—2z)
Fu(p?) = —mzfdxd dzé(x+y+z—-1 — , (341
m(p°) o) dxdy (x+y ) Sopt+ (=2 (3.41)

where o = ¢’/ar = /137 is the fine-structure constant. To get the anomalous magnetic
moment, the non-relativistic limit p = 0 has to be taken (see eq. (3.23)). This leads to
the following anomalous magnetic moment:

_FM(o)“‘“)“f dxdydzé(x +y+2-1)

1
fdzf gfzdz
T Jo
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. (3.42)

The limits on the x-integral in the second line are caused by the 5-function: Because
y=1—-x—-zand 0 <y < 1, the inequalities

0<l—-x-2z
(3.43)
> x<1l1-2z,
and
l1-x—2z<1
(3.44)
> —-z<0<x
yield the integral limits 0 < x < 1 — z. The end result is thus
ay = 5 ~ 0.001161,
g (3.45)

& =2+ ~2002323.

The first one to calculate this result was Schwinger in 1948. The current loop cor-
rected theoretical value includes pure QED, electroweak and hadronic contributions
[Aoy+20]. The QED contribution is calculated by using a perturbative expansion in
a, including all terms up to O(«”), i.e. Feynman diagrams with more and more loops.
These contributions are the largest of the three, and have negligible numerical un-
certainties, as do the very small electroweak contributions. The latter are calculated
from Feynman diagrams including the W bosons, the Z boson or the Higgs boson.
The most difficult to calculate are the hadronic contributions, i.e. Feynman diagrams
including loop quarks and gluons, and additionally they yield the main part of the
numerical uncertainties. It is currently tried to calculate them using either a data-
driven, or a lattice-QCD approach. Reducing the uncertainty of the theoretical side is
very important to keep pace with current experiments, as the muon anomalous mag-
netic moment is a very promising hint of BSM physics.

4 a,in an extended scotogenic model

M

4.1 Introduction to the model

The scotogenic model is a radiative seesaw model which was first introduced by Ernest
Ma in [Ma06]. It is a minimal extension of the Standard Model, which yields small
neutrino masses via radiative corrections and also a candidate for dark matter. This
is achieved by extending the SM by an exact Z, symmetry (see appendix A.1). Now
three heavy singlet Majorana neutrinos N;, i € {1, 2, 3}and a scalar doublet (n*,n°) are
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added to the Standard Model. These have the properties listed for N and 7 in table 1.
The SU(2) column shows the dimension of the representation (i.e. if it is an SU(2)
singlet or doublet) of the respective particle and the U(1) one shows its weak hyper-
charge Y = 2(Q — T3), where Q is the electric charge and T; is the third component of
the weak isospin.

The exactness of the Z, symmetry prevents the 7 field from obtaining a vacuum
expectation value (VEV). It is notable that the new particles all have a Z, charge of —1,
while the Standard Model particles all have a Z, charge of 1. This has the effect that
every possible vertex has to consist of an even number of new particles to preserve Z,
charge conservation. Firstly, the Z, symmetry is thus the reason why no new particles
can decay into just Standard Model fields, which makes the lightest Z,-odd particle
a suitable dark matter candidate, if it has a neutral electric charge. Secondly, the
neutrino masses can be created only via loop processes, which keeps them sufficiently
small and does not have to involve particles with exorbitant masses.

In this thesis an extension to the scotogenic model, featured in [CN19], is con-
sidered. Here the vector-like fermion doublets X; = (xi,%x?) and X, = (x3,x7) are
included in addition to the fields already present in the scotogenic model. The prop-
erties of these are also listed in table 1.

Table 1: The field content of the scotogenic model (SM plus N and 1)) and its extension
(SM plus N, n and X, ,).

Field Generations Spin SU@3)c SUQ2); UQ)y 2,

Standard Model fields 1
N 3 ) 1 1 0 -1
7 1 0 1 2 1 -1
X, 1 iz 1 2 1 -1
X, 1 s 1 2 1 -1

The BSM Lagrangian £ of this model can be written as follows:

1
L == 52,0™M)* = A;H Hn'n — A,Hn"H — min™n
1 1
+ | = 525t = mxXi X, — Sy NNy (4.1)

— »HTXN — y,nX,e — y;HX,N — y,LnN + H. c.] ,

where H is the SM Higgs doublet, L is the SM left-handed lepton doublet, ef is the
SM right-handed lepton singlet, N = (Ny,N,,N3) and k € {1,2,3}. Implicitly the
convention of SU(2)-invariant products, presented in [May18, pp. 57-74], is used here.
Because of the multiple generations of N, e and L, y;, ¥, and y; are 3-component

vectors, and y, is a 3 X 3-matrix. For the parameters A; the notation from [Ma06]
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is followed. Because in [CN19] the Yukawa coupling y, is set to 0, this will be done
here too. The mixed states of the neutral fermions (x?, X3, Ny, N,, N3) will be called 1;,
i € {1,2,3,4, 5}, where their masses increase with increasing i, i.e. {, is the fermion
with the smallest mass and will therefore always be the dark matter candidate in this
thesis.

4.2 Calculation of the anomalous magnetic moment in the ex-
tended scotogenic model
In the extended scotogenic model the main contribution to the anomalous magnetic

moment arises from the diagram in fig. 6 [CN19]. Its invariant amplitude M and the

resulting anomalous magnetic moment will be calculated in this chapter.

M k+Q1 M

Figure 6: The relevant Feynman diagram for the anomalous magnetic moment.

The arrows show the direction of charge flow. The bottom loop propagator shows
one of the mixed states ¥;, i € {1, 2, 3,4, 5}, here called ¢ for simplicity. The contribu-
tions of the different fermions will be summed in the end.

The invariant amplitude is again compiled by using the Feynman rules established

in appendix A.7:
4 i
iM=c¢ (—ie)(2kH — p/‘)
H 2714 2 ; — )2 — 2 ;
R4 n)* — —m}. +ie(k— p)2 —mj. +ic
T-propagators
1(k + q + m¢)
,i d+dys L + 75 u
(q2) ( ) (ka7 —md+ie ‘(f f'7%) ulqr)
left u,m,P-vertex right w,m,p-vertex
P-propagator
d*k _ 2k* — p*)(d +d'y?
= —EM f (2—4u(q2) > ( p )( > 7/) (42)
e (270) [k2 — mi. +ie][(k — p)? — mp. +ic]
k+q, + m¢)(f +£'7%)
) u(qy) -

[(k+qy)? - mfp + ie]
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First the same abbreviations as in section 3.3 can be introduced again:

d*k NH

iM = —Eye » (271)41@ , (4.3)
such that
NF = 1(qy) 2k* — p*)(d + d'y*)(k + q, + my)(f + f'7)u(qr)
A=k*- m%i + ic
(4.4)

B=(k—p)y—mj. +ie
C=(k+q)*—mj +ie.

Again, egs. (3.28) to (3.30) can be used to simplify the denominator of eq. (3.27):

XA+ yB + zC = x(k* — mj. +1i¢) + y(k* = 2k - p + p> — mj. +i¢)
+2(kK* + 2k - qy + qf — my, + i)

(3.28) k2 + 2k - (zq; — yp) + zq3 + yp* — zmlzp -(1- Z)n’l%i + i¢

(4.5)
=" (k—yp+zq))*—y*p* —z°q} + 2yzp - q4
+2q; +yp* — zmy, — (1 — 2)my. + ie
=:(k—yp+zq)?*—A+ic,

where the following was used in the third line:

(k—yp+zq)* = k* + y*p* + z2q} — 2yk - p+ 2zk - q; — 2yzp - 4
& k*+2k-(zqy—yp)=(k—yp+zq)? —y*p*—z*q¢; +2yzp-q;.  (4.5)

Analogous to the SM calculation the variable A was defined:

—A = zq7 + yp? — zmf, — (1 — z)my. — y*p* — 2°q7 + 2yzp - q

=y(1 = y)p* +2yzp - q1 + z(1 = 2)q; — zm, — (1 — Z)m7.
429 (xy + y2)p* + 2yzp - q1 + (xz + y2)qi — zm, — (1 — z)m;.
= yz(p + q1)* + xyp? + xzqi — zmy, — (1 — Z)my.

329
G2 )yzq% +xyp? + xz2qf — zmy — (1 — z)mj.

330),(3.28
(3:301(3.28) xyp® + z(1 = z)my;, — zmy — (1 — z)my. .

Using this, the basis in the denominator of eq. (4.3) simplifies to

xA+yB+zC=(k—yp+2zq)?—A+ic 46)
with A= —xyp?—2z(1 — z)mﬁ + zmﬁ, +(1— z)m%i . '
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Now the integral substitution k — k + yp — zq; can be carried out again. The overall
sign differs from the substitution used in the SM calculation, because in this section
the direction of the variable k was reversed in fig. 6 with respect to fig. 5. The substi-
tution again gets rid of the terms added to k:

XA+ yB+zC =k* — A +ic. (4.7)
The numerator N* takes the following form:

NH = (q,)(2kH — pU)Y(d + d'yS)(K + g, + my)(f + 7 )u(qy)
"B a(go)(d + d'y)2KE + 2y — 1)p* — 220%)
C(k+yp+ (1 =2)q, +myp)(f + fru(q)

= a(q,)(d + d'y®)| 2kHk + 2k4(yp + (1 = 2)q, + my)

+(@y = Dp* - 2241 i

+(@y = p* = 220} )(yp + (1 = 29, + my)|(f + '7P)utar)

The underlined terms are linear in the components of k again, so the integrals result
in zero (see appendix A.8). Additionally, to simplify the first term in the brackets,
eg. (A.26) can be used:

A.26) 1

2kHk = 2kHkVy, ( >

gy, = %kzy“- (4.8)
This leads to

_ el
NH = i(g)(d +d'y)| 5k37# + ((2y = Dp* - 224H)

(yp+ (=20, +my)|(f + FPuan).

To make use of the Dirac equation (A.1) and its adjoint (A.2), momentum conserva-
tion (eq. (3.29)) can be used to get rid of p:

(3.28),(3.29) _ , 1
NE =" algp)(d +d ys)[ikzy“ + ((Zy — Dp# - 2244 )

(e + xa, +my) |(f + Frua)
= aq)| 3k + (v - Vp* — 2268 g, @ - a0 + U@
+ aq)d +d'P)f - 7@y — Dp* - 220} )xq,u(qy)
+ a(q:)(d +d'y) @y — Dp# — 220} Jmy(f + 'y u(qy)
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AUAD a(qz)[%kzy“ +(@y - Dp# = 220 Jymy, |(d = d'P)(f + f7O)ulqn)

+ aw(q)(d +d'P)f - F79)(@y - Dp* = 220} Jxmyu(gy)
+ a(q)(d +d'y) 2y = Dp# — 220} Jmy(f + 7 u(qy).

Now the part proportional to y° can be separated:

N¥ = Za(@kpH(d = AP + 7Pua)
+ a(q)(@y — Dp* - 2241 )| (d + d'P)(S = f79)xmy
+ @=d'P)F + [Pymy+ @ +dV)S + f7omyua)
2 Sa@)df - d' PRy + 5E@)AS — d R u)
+a(@)(@y = Dp# - 220 )| @f — d'f)x +y)m,
S +d' fymyfu(qy)
+1(g)((2y — Dp* = 221 )| (@' f — df)(x = y)m,
+(d'f +df myJula).

The Gordon identities proved in appendix A.6 can be used to find the desired form of
the numerator. To apply them, the required ¢}’ + ¢ is obtained by using

(3.29)
2q =" qf +q5 — pH. (4.9)
This leads to
(3.28),(4.9) 1 _ ) o 1_ ' ,
NK T2 Sa(g)(df — d fORPyHu(qy) + Si(@)(df — d' Hiyky*u(q)

— (g)((x — y)p* + 2(df + ¢)))|(@f — d' ) (x + y)m,
+(df +d'fymy [u(a)
— (q2)((x — )P* + 2(q} + @[ (@' f — df)x = y)m,
+(d'f +dfymy Jucar)

SN Laga)df - &' RrFu) + 3R@AS - d PRy u(a)
— (qo)((x = Yp* + 2(2myy* +i0*(qr, = q20)))
[@f = d' )+ yymy + (@df +d'fImy |ular)
— a(q)((x = V)P + i20*(q1y — 42) )7
@' f = df) = yymy + (@' f +dfmy |uiqy).
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The terms underlined in red are antisymmetric in substituting x < y, the blue ones
are symmetric in x < y, so products which combine red and blue are antisymmetric.
The denominator of the integral is symmetric in x < y, see eq. (4.6), so these whole
integrals are antisymmetric in x < y, which means that the integrals must vanish.
This is again equivalent to leaving the terms out of the numerator N altogether. Also

momentum conservation can be used to replace q;, — g2, by —p,:

NH = Za(q)(df — d' fIKyFu(ay) + 5a(g)df — d' Py yutq,)
— w(qy)z(2myy* — 0¥ p,)
| @f = d G+ yymy + (@df +d'Fmy [u(a)
— a(q)(x = )*(d' f = df")my pHy°ulq,)
+(q2)izo*py(d' f + df Imyy*u(ay).

According to eq. (3.21) the relevant contribution now comes from the term propor-
tional to *” p,, (but not proportional to y*), which will be called Ni;:

N = a(qz)ialb‘”pvz[((l —z2)my + my)df — (1 — z)m, — m¢)d’f’]u(q1). (4.10)

Here too it is apparent that Ni; does not depend on k. Therefore eq. (3.39) can again

be applied directly:
. d*k (! N&
1MM__2€#€L4W£ dXdde5(x+y+Z—1)m
1 .
—i
= —2¢ e/ dxdydzd(x +y+z —1)=—=———Ni1, (4.11)
s 32724

where again M) is the contribution proportional to the magnetic form factor. Equat-
ing iMy; from egs. (3.21) and (4.11),

. 1 i
o i _ S
EM(—le)u(Ch)T%UMVPVFM(ZJZ)“(QI) = _2EI«le‘/0‘ dxdydzo(x +y+z— 1)3271'ZAN ’

yields the magnetic form factor in a preliminary integral form by rearranging and

division by ¢,2(q,)c*” p,u(q,):

1
Fu(p?) “OL10 —Lmuv/‘ dxdydzé(x+y+z—-1)
0

872
. z((1 = 2)my + my)df — z((1 — z2)m, — my)d’ f’
—xyp? —z(1 —z)mj + zmy + (1 —2)m.

(4.12)
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Here the non-relativistic limit can be employed again (see eq. (3.23)), i.e. p? can be
set to 0. For convenience the occurring integral is defined as If—lj. Its index ¥ should
remind of the different masses of the propagator fermions in fig. 6, which means that
the integral yields a different contribution for every fermion.

1
Fy(0) = —#muf dxdydzdé(x+y+z—-1)
0

. z((1 = 2)my + my)df — z((1 — z2)m, — my)d’ f’
—z(1 — z)m} + szp +(1 - z)m%i

2

1 m“ — 31 £

=: _@_z(lljl-df_INd .
My

which includes the definition

m2. 1 z(l—z)ym, +m
1$;= _”f dxdydzé(x+y+z—-1) ((2 ) “2 ¥) >
"y Jo —z(1 — z)my + zmy + (1 — 2)My»
= 1dxdydzE(x+y+z—1) Z(l_Zi%) , (4.13)
0 —zZ(1=2)2 + z(epA)* + 1 -z
where the abbreviations m m
gp=—r and 1=t (4.14)
I’)’lM mni

were used. Evaluation of the §-function and the substitution z’ = 1 — z change If—g to

1 1-z
) zZ(l—zxc¢
I = / dz f dy ( ¥)
0 0
1

—z(1=2)2 + z(epA)? + 1~z
: z(1-2)(1 -z xey)
B _/0 20—+ z(epd)2 +1—2z

e & Z’(1-2')(z tey)
fo C -+ (A —2) e+ 2

%)
o

u

3 1 , z'(1-z")(z" £ey)
B ,l z (epD2(1 = 2')(1 — €3%2") + 2/ '

(4.15)

The limits for the y-integration after the evaluation of the d-function can be obtained
by the same considerations made for the SM calculation, namely eq. (3.43) and eq. (3.44).

The couplings f and f’ can be expressed in terms of d and d’. To see why, the
relevant interaction terms in the Lagrangian after electroweak symmetry breaking
are looked at [LPQ18, p. 25]:

Line = dn™bu~ + d'n*dy°u” + H. c.
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The coefficients are equal to the couplings up to a constant phase. To get the couplings
on the other side of fig. 6, the hermitian conjugate is examined:

H.c. = d* Ty un)" + d™*(*Ty0p o)t
= d*(W)YOPMHT + d* )Ty ()T
@)yt — Ayt

= FEO) b + F Ry b

Thus the result is f = d* and f' = —d'*. The couplings of course also depend on
the fermion in the propagator of fig. 6, so they will get an index in the following sum-
mation over the fermions. The summation index ¥ will count the mass eigenstates of
the mixed fermions. Finally, the anomalous magnetic moment in integral form can
be written as

2
_ _ 1 my + 2 —1 47 12
Aay, =Fy(0) = —¢— — D, @ldyl? + Ildy )

Nn* fermion VP

B R e N e L L
8772 m%i foriiomn v Jo (epD)?(1 — x)(1 — gl—pr) + X
(4.16)

This result is also featured in [LPQ18, p. 26] in eqgs. (26a) and (26b), and in [JNO9,
p. 101] in eq. (264). In the latter the polynomials for the scalar and pseudoscalar
coupling directly under eq. (264) have to be plugged in to agree with the result in
[LPQ18] and the one calculated here.

Equation (4.16) is suited for actual numerical evaluation with a method to cal-
culate integrals numerically, because Iqi: consists only of polynomials of up to third
order, and the limits of integration are not prone to be affected by numerical errors.
Therefore this result is used in section 5.3.

Further analytical evaluation of I$ is still possible. For that, at first the square in
the denominator is completed:

(ep)?(1 = x)(1 — €57%) + x = x> + (1 — (g — /12>x + (e 1)>
= /12(x2 + (A2 —¢ey - 1) x) + (4 1)?

N— —_———
=:2m

= P(x + m)* = 2m? + (gyA)*.

where m is a dimensionless abbreviation. Using the substitution y = x + m, the
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integral transforms into

Ii—lfmﬂd y—m(1—y+m)(y—m=ey)
2
=—a

with a real constant a. The numerator can then be rewritten as a polynomial in y:

Y-—mA—-y+m)(y—m=ey) =—y>+ (1 +3mFey)y?
+(=3m? —2m = 2m + D)ey)y — m(m + 1)(—m * gy)

Now for the different powers of y the integrals shown in appendix A.9 can be used,

which leads to the rather lengthy equation

1;—;: —$[2m+1+azln %]
Lasmzeo[i+ ZnBEIZ g
+%(—3m2—2mi(2m+1)5¢)ln %
—zi/pm(m+1)(—mi£¢)[ln %‘— nmeIZH

= 2%12 [—a2 —3m? —2m+ 2m+ 1)E¢] In ’%

1 _ m m+1-—a m-—a

1 1
+ /? [Zm + 5 + Eq):l
5 Numerical calculations

5.1 The coupling of the n -1 — 1 vertex

The couplings d and d’ from section 4.2 still have to be determined, which is done
here for the extended scotogenic model. This was achieved by using the Mathematica
extension SARAH [Sta08]. It analytically calculates various quantities for a model,
e.g. mass matrices or vertex couplings. The SARAH output is obtained as

+ /
my 3
—1i (U‘L]) ;‘2 (Ue)im (yZ)m PL (5-1)

m,n=1
3

+1i Z V8)mn Vedim (Up)jnez Pr

m,n=1

e
-t
Il
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3
G2 .
= —i ) (Up)h )i Py
n=1

3
+1i Z (Va)in (Up)jns2 Pr >
n=1
where V, is the mixing matrix of the left-handed SM leptons, U, is its right-handed
counterpart, and Uy, is the mixing matrix of the BSM fermions. y, and y, are Yukawa
couplings defined in eq. (4.1). At last, P; and Py are the left-handed and right-handed
projectors (see appendix A.4). Because there is no mixing between the leptons and

the antileptons, V, and U, are the identity matrices, i.e.

(Ve)im = (Ue)im = Oim - (5.2)

5.2 Introduction to the used toolchain

In this section the toolchain for analyzing the parameter space is presented briefly.
The model files for the extended scotogenic model were created using the Python
module “minimal-lagrangians” [May21]. These then were used by SARAH [Sta08]
to build the files for SPheno [Por03; PS12] and micrOMEGAS [Bél+18]. Using these
tools, a Python toolchain was used to input the parameters into the SPheno and mi-
crOMEGAS, either sampling one parameter continuously or a set of values randomly,
and reading out the output values, e.g. Aa,,. The former is used in section 5.3 and the
latter in section 5.4.

5.3 Comparison of SPheno and the analytical result

In this section the analytical result is compared to the anomalous magnetic moment
calculated by SPheno. For this, eq. (4.16) is used to calculate Aa,,, where the couplings
dy and d{p are taken as the term proportional to 1, and y°, respectively, from eq. (5.1).
The mixing matrix Uy, for the analytical result was also determined by SPheno. Using
the aforementioned toolchain, m,, y,, y; and y, were probed.

The results are shown in fig. 7 and the parameters and ranges are listed in ta-
ble 2. It should be noted that the lightest of the mixed ¢ fermions is always taken as
the dark matter candidate, which is always {,, such that mpy = my,. In fig. 7a my
was sampled, for which the analytical results are in excellent agreement with SPheno.
The assumption that the diagram in fig. 6 yields the main contribution to Aa,, thus
seems to be correct (in this range of parameters). The shape of the curve also makes
sense, because with increasing masses of the loop particles, i.e. my, the contribution
of the relevant diagram should get smaller. This can be seen in fig. 7a. In fig. 7b the

vector Yukawa couplings y, and y; were sampled with every component the same,
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and the matrix Yukawa coupling y, was sampled as being proportional to 1, (see ta-
ble 2). It is apparent that the results agree with SPheno above a certain value of the
different Yukawa couplings, which seems to vary between them. The discrepancy
could stem from other contributing diagrams, which SPheno considers but are not
calculated in this thesis, or from SPheno making approximations to increase the per-
formance of the calculations. Either way, this is not a problem, because mainly the
order Aay ~ O(107°) is of interest, in which the analytical results agree with SPheno.
The downward spikes shown in fig. 7b are caused by a change of sign in Aa,, i.e. Aa,
becomes negative for decreasing values of the Yukawa couplings, which could not be
plotted here because of the logarithmic scale. At last, it is apparent from fig. 7 that a
value of Aa,, can (for now) be reached in this model.
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Figure 7: Comparison of analytical results and results calculated by SPheno. In (a)
my is varied, in (b) the Yukawa couplings. Spikes due to logarithmic scaling show
where the sign of Aa, changes. The parameters and variation ranges can be found in
table 2.
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5.4 Random sampling of the parameter space

Now the random sampling of the parameter space is presented. Similar to the pre-
vious section, the varied parameters and their limits can be found in table 3 in ap-
pendix A.10. To ensure correct neutrino masses, the Casas-Ibarra parametrization
was used to determine the Yukawa coupling y,. Instead of sampling y; directly, the 3-
component vector § (introduced in [CN19, p. 12]) where § = y,y;,i.e. & = (¥4)ij(13);5
was sampled around a benchmark point presented in [CN19, p. 16]. y; was thus de-
termined by y; = (y,)~!&, which was achieved by solving the corresponding system
of equations numerically.
After the probing, the following limits were imposed on the parameter space:

1. relic density: Qh? = 0.12 £ 0.07 (see eq. (2.3))

2. lepton flavor violation: BR(u — ey) < 4.2- 10713, BR(t — ey) < 3.3-1078 and
BR(i — 3e) < 1-10712[Zyl+20]

3. LEP (Large Electron-Positron Collider): my+ > 102 GeV [Abb+03]

Note that the actual experimental uncertainty on the relic density Qh? (see eq. (2.3))
is much smaller than the interval used here. The problem is that the probability of
reaching this interval is very small if most of the free parameters are sampled over
multiple orders of magnitude. Many points would then be discarded, even if they have
a relic density very close to the experimental value. Another reason are numerical
errors produced by micrOMEGAS, which introduce another theoretical uncertainty.

The parameter points, constrained by the above limits, are shown in fig. 8. In total,
1033 580 data points were sampled, from which 840 survive all constraints. The most
points are excluded by the relic density and LFV constraints. Because the lepton flavor
violating u — ey process has essentially the same diagram as the anomalous magnetic
moment contribution, LFV excludes the greater Aa, values more prominently, as seen
in fig. 8b. In fig. 8c the excluded values are plotted in front of the allowed values,
because many more values are allowed than excluded. The hard cut at ~# 100 GeV
in fig. 8c can be explained by the fact that the dark matter candidate is taken as the
lightest neutral fermion, i.e. mpy = my,: Thus the masses of the mass eigenstates
M+ have to be bigger than my;, . The reason for this is that m,+ is charged, so it can not
be a dark matter candidate. At mp); > 102 GeV this means that m
bigger than 102 GeV, so the LEP constraint is always fulfilled.

In fig. 8b it can be seen that the limiting factor seems to be LFV, although it seems
to be possible to achieve Aa, ~ O(10?). Because the probability of fulfilling the LFV
constraint and getting a sizable Aa,; is so small, none of the points with all constraints

xt 1s automatically

get a Aqy, of the right size. This is also shown in fig. 9. The upper left quadrant here
is the region where parameter points which fulfill both constraints would show up.
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It can be seen that there are some points in this region, although with all constraints
imposed there are none left. Conclusively, the right size of the anomalous magnetic
moment could still be reached, but getting the right parameter points is very improb-
able in random sampling the parameter space. Maybe finding the right combinations
of parameters can better be achieved with more sophisticated methods of probing.

Also the relationship between the branching rations of the three lepton flavor vi-
olating processes used as limits can be evaluated. This is done in fig. 10. Here all
sampled points are plotted, where by the LFV constraints, shown as lines, it can be
seen that the process u — ey imposes the strictest constraint.

At last the direct detection spin-independent cross section ,(SI) was examined.
This is shown in fig. 11. If a parameter point has a main annihilation channel (i.e.
one with a branching ration greater than 50 %), it is colored accordingly. As expected,
the main annihilation channel changes with the dark matter mass. With an increase
of mass, more annihilations get kinematically allowed, which can be seen e.g. for
P; P — tt: Its mass is approximately 173 GeV, and this is the smallest dark matter
mass which shows this annihilation channel. The downward spikes at about 45.5 GeV
and 62.5GeV are the Z° (Z-boson) and h (Higgs boson) resonances. These can be
explained as follows: The ¥, P; annihilation happens with either a Z° or a h as the

1
2 b
p?>—my, p>—my,

where p is the total four-momentum of the incoming {;. These become very large for

propagator, so the invariant amplitude of this process gets terms L and

p* ~ myo, S0 in turn the cross section of this process also gets bigger. That means
less scattering with the direct detection atoms happen and such o, gets smaller. The
process ¥, P; — Wt W~ is favored in such a way over the elastic scattering with the
proton that the cross section of the latter becomes several orders of magnitude smaller.
The XENONIT limit excludes many parameter points, which makes finding points
with the correct anomalous magnetic moment even more improbable. A solution for
this could be to use an algorithmic determination of the parameters, i.e. moving the
parameter steadily into regions with output values agreeing with the experimental
limits, instead of random sampling the points. The disadvantage here would be that
for this a certain smaller region of parameters has to be chosen. Also the Yukawa
coupling y;, which was set to 0 from the start, as it is done in [CN19], could influence

the anomalous magnetic moment if it has a nonzero value.
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Figure 8: The sampled values, shown as Aqa, against mpy = my, . In (a), (b) and (c)
the individual constraints are imposed upon the parameter points, (d) shows all the
constraints at once.
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Figure 9: Correlation of the anomalous magnetic moment with LFV. The upper left
quadrant shows parameter points that are both allowed by the LFV constraint and
also have a Aa,; of the right magnitude.
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Figure 10: The different branching ratios which where used as limiting constraints in
this section, plotted against each other. A correlation between the three processes is
visible. The process u — ey imposes the strictest constraint.
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Figure 11: The spin-independent direct detection cross section against the dark matter
mass. The XENONI1T limit is taken from [Apr+18]. The parameter points shown here
are the ones fulfilling all imposed constraints.
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6 Conclusion and outlook

In this thesis, the anomalous magnetic moment of the muon was examined in an ex-
tended scotogenic model, i.e. a radiative seesaw model. For this, it was first shown
how g, = 2 follows from the Dirac equation in the non-relativistic limit. Then the in-
variant amplitude of the process which yields the anomalous magnetic moment was
considered. First it was written in terms of the electromagnetic form factors, and af-
ter that it was calculated in the Standard Model, leading to the expected result of a
correction of = to g,.- Then the extension of the scotogenic model was introduced, in
which the one7—rloop contribution to g, was calculated again. The result could be found
to be in agreement with the literature. For the numerical calculations a toolchain of
different tools was presented, in which the analytical calculation was compared to
the numerical result of the anomalous magnetic moment. In the relevant parameter
regions both results could be found to be in good agreement. At last a random scan
was conducted, where it was found that the model can indeed yield parameter points
with an anomalous magnetic moment in the right order of magnitude. But these are
severely constrained by LFV processes, as both are connected by similar Feynman di-
agrams, so only a few points satisfying both these constraints remained. The imposed
constraint on the relic density then discarded all of these points, so that in conclu-
sion the experimental constraints lead to an anomalous magnetic moment which is
too small. In principle the method of scanning randomly could be at fault, where
the probability of reaching a specific suitable parameter configuration gets smaller
with the addition of every free parameter. A solution could be a more sophisticated
probing method which gradually moves the parameter points to regions where the
experimental constraints can be fulfilled.

The anomalous magnetic moment of the muon continues to pose a promising hint
on BSM particle physics. It can therefore be hoped that the improvements in deter-
mining its experimental and theoretical value lead to a bigger discrepancy in the next
years.
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A Appendix

A.l The group Z,

The group Z, is interpretable as two isomorphic groups: The quotient group (Z/27, +),

where
7/27 ={0,1} and +: Z/27Z - 7/2Z, (a,b)—~ a+b mod 2,
or the cyclic group of order 2, (Z,, -), where
Z,={-1,+1} and -:27,—>7,, (a,b)—~a-b.

Here it is more meaningful to use the second interpretation, because then, like it is
done in [Ma06] and [CN19], the terms “odd” and “even” and the abbreviations “—”

and “+” can be used for the elements of Z,, —1 and +1.

A.2 The Dirac equation

The Dirac equation regarding a spin Y2 particle with momentum g in momentum
space reads

qu(q) = mu(q), (A1)

where m is the mass of said particle and u(q) its momentum space spinor. Here the
Feynman slash notation ¢ = q,y* is used. The adjoint Dirac equation can then be
obtained as

u(q)q = mu(q), (A.2)

with the adjoint spinor (q) = u(q)y°.
A.3 Relations regarding the Dirac gamma matrices
The gamma matrices y* fulfill an anticommutator relation:
W77y =y + 7k = 281, (A.3)

where 1, is the four-dimensional identity matrix.

The commutator of the gamma matrices y* is defined as
o = [ 7). (A4)

Useful for the proof of the Gordon identities, the following can be observed from
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eq. (A4):
.y (A3)
ioh? "=" gtV — yHy¥, (A.5)
and also substituting y#y? in eq. (A.5) by using eq. (A.3) results in
iogh? = yVyH — g, (A.6)
The following identities simplify handling products of the y-matrices [Sch14, p. 820]:

Yy =41,

Y'Y = -2y
YRV Py, = 4870 14

Y YRyl = =2y°yPy”

v

(A.7)

The fifth Dirac matrix y° = iy%y'y?y? anticommutes with the other four Dirac
matrices:

Phy1=0 o yHyS = —pyH (A.8)

Moreover, its square is the identity:
() =14 (A9)
A.4 The left- and right-handed projectors
The projectors P; and Py are defined as follows:
1 5 1 5
PL=§(1—V) and PR:§(1+y). (A.10)

They can be used to get the left- and right-handed Weyl spinors out of a Dirac spinor.
In the Weyl-basis, the Dirac spinor 3 can be written as a doublet of the two-component

=(5r)

y° is represented as follows in the Weyl basis (where free space is to be interpreted as

0):
5 _ =1,
’ _< “2).

Weyl spinors:
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Therefore the projection operators take a very simple form in the Weyl representation:

1 0
PL=(2 ) and PR=< ),
0 1,

from which the projection property

Py =19, and Pry =1y

can be seen.

A.5 Feynman parametrization

This section is based on the proof sketch presented in [PS95, pp. 189-190]. The Feyn-
man parametrization is used to simplify denominators arising due to propagators,
where the multiplied terms are converted into a sum at the cost of some extra in-
tegrals. The advantage is that the loop momentum which comes up in this sum can
be shifted, such that a complete square is present in the denominator, which is the
case in section 4.2. This makes the integration over the loop momentum easier.

It is convenient to consider the special case for two factors A and B in the de-
nominator first. For this the following integral is evaluated (using the substitution
u=xA+(1-x)B):

fldx ! S‘i‘"fA du i_[_lr;
0 [xA+(1—x)B]2 p A—Bu? ulpA—B

__<l_l) 1 _ B-A 1 _ 1
~ \A4 B/JA-B  AB A-B AB’

which can also be written in a form where 1 — x is converted to a new variable y by
introducing a second integral:

1 1
i:f dx 1 _ =f dxdyS(e+y—1)——— . (A1)
AB [xA+ (1 - x)B| 0 [XA + yB]

Differentiating eq. (A.11) n — 1 times with respect to B yields

1
_ | )
(=" (n-1)! = / dxdyd(x+y—-1)

ABn 0 [xA + yB]n+1

1 -1
1 f ny"
RN = dxdyé(x+y—-1)————. (A.12)
ABn o [xA + yB]n+1

Now the actual proof for n factors A, ..., A, in the denominator can be carried out.
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The formula which shall be proven reads

1 n
1 _ (n—1)!
m = \/0‘ dxl dxn 5(; Xi — 1) 7 (A13)

[X141 + -+ + x,A4,]

The proof is done by induction. The base case is eq. (A.11) for n = 2, the induction
hypothesis (IH) is eq. (A.13). The induction step n — n + 1 is then conducted as

1 IH (n—1) 1
_— dx; ---dx ( X; — 1)
Ay An —/0‘ " Z : [xlAl + -+ ann]nAn+1

(A2 f dx; ---dx, 5(2 X; — 1)(n -1
0

i=1

nyn—l

1
f dxdyd(x+y—1)
0

1 n
:/ dx; ---dx, 5(2 X — 1)n!
0 i=1

1 _ n-—1
f dxe 1-x)
0 [XAp1 + (1 = X)(0A; + - + X,4,)

n+1
[XAn+1 +y(x1A; + - + ann)]

]n+1 :

Now the substitution x; = (1 — x)x;, the renaming x — x,,,; and the identity 5(ctx) =
&(x)/|e| can be used:

1 1-x! n ’
1 sub. n+l X;
S f dxf - oy 8 3] —— —1

n! 1

1—x +1
1= Xni1 [x1A; + - + X1 A |

n+1 n n!
/ dx, +1/ dxi---dx}ﬂ(Zx{—l) i
0 i=1 [x141 + - + X} 414041 ]
(A 14) 1 n+l1 -
/ dxp - dxn+15<2x —1)[ ]n+l'
0

i=1 x1A1+"'+x;1+1An+1

The last equality holds because the §-function is 0 if any x; (j € {1, ..., n}) is greater
than the upper integral limit:

n+1
5(2 x§—1>=0 i X >1— x4, (A.14)

i=1
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This can be seen by considering

n+1

fo—lzx’+...+x +X .+ XX+ X =1
i 1 J+1 n j n+1

i=1 —

>01ij>1—xthl

> X+ X X e+ X, >0,

but the d-function is only nonzero if its argument is 0.
With this the proof of eq. (A.13) is complete. Equation (A.13) with n = 3 is used
in section 3.3 and section 4.2.

A.6 Gordon identity

The Gordon identity can be used to express the sum of two four vector momenta, sand-
wiched between the corresponding spinors, in terms of gamma matrices y* and their
commutator o#”. For the Standard Model calculation the identity shown in [Sch14,
p. 316] can be used:

a(q)(q) + @)ulqr) = 2ma(q)y*ulqy) + ii(q)o" (quy — ga)ulqr) . (A.15)

Here u(q;) and u(q,) are two on-shell spinors in momentum space with momenta q,
and g, respectively, and mass m,,. It can be proven by using the Dirac equation (A.1)
and its adjoint equation (A.2):

(A 5) (A.6)

11(q2)0"” (q1y = q20)u(q1) (qz)[(g“” =¥ — (rrF - g‘“’)qn]u(ql)

= a(qz)[—q Y-t a + 4 ]u(ql)

(1A (Clz)(ch +q; )u(%) 2m,u(q2)y*u(qy)

which is equivalent to eq. (A.15).
A similar identity holds if y° is present:

a(q2)(q) + @6)r>u(qy) = ia(q,)o* (qry, — q2)7°u(qy) - (A.16)

This can be proven in the same way:

. (A.5),(A.6) _
i0(q)0" (qry — @)y u(@) = @)@ = 74y — (7 — )z |y ular)

2 a @)k + ) + @@, - 4 u@)
I A @)@ + ) ula).
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A.7 Feynman rules

The following Feynman rules are used in the calculation in section 3.3 and section 4.2.
Those also occurring in the Standard model are taken from [HM84].

Spin ¥, fermion (in, out) . =ulg (A17)

Spin %5 fermion propagator .= H (A.19)

Spin 0 boson propagator e = m (A.20)

) —igh¥
Photon propagator =z (A.21)

Photon - spin 0 boson (charge e) = —le(k + K (A.22)

In section 4.2 there is also the specific coupling u= -n* - 1. The coupling consists of a
linear combination of the projectors P; and Py, which is why it includes a scalar and

a pseudoscalar part.

w—-nt -1 wo So=d+dy (A.23)

Here d and d’ are two scalars, that still depend on e.g. mixing matrices. The concrete
coupling for the extended scotogenic model is determined in section 5.1.

A.8 Loop momentum integrals

In section 3.3 and section 4.2 integrals linear in k* arise:

d*k k+
DH(A) = » 2n) (2 = 2)3 =0. (A.24)

The right equality holds because the integrand is antisymmetric in k#, and the integral
has symmetric improper bounds, so the integral with integration variable k* vanishes,

which results in the whole integral vanishing.
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Furthermore, integrals with terms consisting of k“k” appear:
d*k  kHkY
DHY(4) :=
@:= | Gorte-ap e
(A26) d*k g"k? 1 (A.25)
B re Q)4 (k2 —A4)3°

The second equality in eq. (A.25) means that

KK = gk (A.26)

in the context of the integral. The proof is featured in [Sch14, p. 380]. Due to D*” being

a tensor, it must be proportional to the only other occurring tensor in this calculation,

which is g#”. To match the dimensions, D¥¥ must also include the factor k2, which

results in the proportionality

d*k kMK Ak a1
e QA2 — 2y " ) G G2y

The proportionality constant ¢ can be obtained by calculating g,,, D*":

d*k  kMkY _ d*k v k2
8w | Gyt (ke =24y ~ 5w fR N CYE
N d*k k2 — 4c d*k k2
o Q) (12 — 2 . Q) (k2 = 4)3
o =1
4

Together this results in eq. (A.26)

A.9 Integrals needed for the analytical calculation of Aa,

The needed integrals are

n

X
dx—2 5
x2—a

(A.27)

where n € {0,1,2,3}. The first one (n = 0) can be calculated using partial fraction

decomposition:

1 1 A B

= — +
x2—a2 ((x+a)x—a) x+a x-—a

b

where A and B are the constants that have to be found. Multiplying by (x + a)(x — a)

gets

1=A(x—a)+B(x+a) < 1=a(B—-A)+(A+B)x,
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and equating the coefficients results in

1 1
A=—— d B=—.
2a an 2a

Now the first integral can be calculated:

1 1 1 1 1
d =—|d -—|d
/ *¥—a 2a *X—a 2a *X+a

1 1
—In|x—a|l——In|x+a
x—al = 5-In|x+al

2a
1 xX—a
= n‘x+a}. (A.28)
The second integral can be proven by using the substitution u = x* — a?:
X 1
f dx —— R f du o
1
=5 In|x? —d?|. (A.29)
The calculation of the third integral uses the first integral:
f f dx + f dx >
—a
(A 2%
2 ‘ - a} (A.30)
Analogously, the fourth integral makes use of the second one:
fdx P fdxx+fdx T2
WX a2, (A.31)

2 2
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A.10 Parameters used for the numerical calculations

Table 2: The parameters used for fig. 7.

(a) The parameters that were left constant throughout the probing.

A Ay A3 A As my[GeV] my[GeV]
026 05 6 —5 2-107° 1050 1000 - 15

(b) The variable parameters during the probing: if one parameter was varied, the others were
left constant. The ranges are shown as intervals.

parameter \ value if constant value if varied

my in GeV 950 [102,10%]

5-107 1

¥ ( 1 ) [107>,10] - (1)
0.5 1
—1.40 -1

Vs (—1.81) [107>,10] - (—1)
1.99 -1

1.3-107% 5.0-10"* 89-1073
1.0-107%2 24-1072 4.1-1073 [107°,10] - 15
—-2.8-1073 2.0-1072 2.7-1072

Ya

Table 3: The parameters used for the random sampling in section 5.4. If a general
component of a vector or a matrix is shown, then all those components were sam-
pled independently. If the sampling interval includes several orders of magnitude,
the variable was sampled uniformly on a logarithmic scale. The neutrino mass is an
input parameter for the Casas-Ibarra parametrization.

parameter value
A 0.26
A, 0.5
A3 |-V 2,47
Ay [max(—47r, —J1- 25 — A3 +125)), 47r]
As +[10715,10]
()i +[107>,10]
+[1078,1073]
3 +[1074,1]
+[1074,1]
m, in GeV [10%,10%]
my in GeV [102,10%]

my in GeV diag([1,10%],[1,10%],[1,10%])
m,, ineV [4-1073,2]
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