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1 Introduction

Compelling evidence for dark matter and neutrino masses apart from the fact that there is no
unified description of the four fundamental forces indicate the need for physics beyond the
Standard Model. The R-parity conserving Minimal Supersymmetric Standard Model (MSSM)
is one of the most appealing top-down approaches for the extension of the Standard Model as
it expands the Poincaré group as one of the main building blocks of the Standard Model in
the only possible non-trivial way. The quest for more symmetry has often proven successful
in the past. The invariance under general coordinate transformations led to general relativity
and the principle of gauge symmetry allowed the description of the electroweak and the strong
force. In this sense, supersymmetry provides with the lightest neutralino a candidate for cold
dark matter, a possible solution for the hierarchy problem and furthermore allows for the
unification of gauge couplings at the GUT scale.

Having a well-motivated dark matter candidate on the one hand and a very precise measurement
of the present amount of dark matter in the universe through the cosmic microwave background
on the other hand, justifies the inclusion of higher-order corrections to relic density calculations
such that the theoretical precision matches the experimental one. For this purpose, the DMENLQO
project aims at providing next-to-leading order (NLO) corrections for a broad range of (co)-
annihilation processes in the MSSM which in turn allow to constrain the MSSM parameter
space from cosmological observations. It turns out that for parameter regions where the
masses of the scalar top and the lightest neutralino are nearly degenerate, the annihilation of
a squark-antisquark pair can contribute in a sizeable manner to the relic density. For this
reason, the subject of this thesis is to provide a NLO correction for the annihilation of squarks
into two gluons within the DMONLO codebase.

The second chapter gives a short introduction into supersymmetry with the main focus to
provide an overview of the particle content of the MSSM as well as the mixing patterns in the
squark and gaugino sector that emerge from soft supersymmetry breaking. The problem of
dark matter is introduced in the third chapter along with the freeze-out mechanism which
is a model for the production of dark matter in the early universe that allows to compute
the present relic density. In chapter four, Ward-Takahashi identities are introduced in the
context of BRS-symmetry and polarizations sums. These allow to derive how ghost processes
have to be included. The fifth chapter deals with the development of the Catani-Seymour
dipole subtraction method for massive initial states which represents a continuation of the
work started in [1]. The following chapter deals with colour bases that are a necessary
ingredient for resummation and allow a more efficient calculation of scattering amplitudes in
(SUSY)-QCD. Chapters seven and eight are devoted to the calculation of the cross section
for squark-antisquark annihilation into two gluons. The computation of the tree level cross
section and the virtual corrections is shown in detail. The real emission processes that are
needed to achieve an infrared finite result are included as well.



Notation and conventions

The Einstein summation convention is employed throughout this thesis unless denoted other-
wise. The complex conjugate is indicated via an asterisk * whereas a bar  on a four-component
spinor 1) represents the Dirac adjoint 1) = 1149, In the case of a two-component Weyl fermion
€ the bar is used as a shorthand for € = ¢T instead. The Minkowski metric g* follows the
mostly plus convention g = diag (+, —, —, —). The spatial components of a four-vector p are
denoted with an arrow p. The "Feynman slash notation” p = v,p" is used as a shorthand
for the inner product between a four-vector p and the Dirac gamma matrices v#. The Dirac
algebra is chosen to be {v#,v"} = 2¢g*”. Divergent loop integrals are regularized in D = 4 — 2¢
dimensions. Physical quantities are expressed in natural units, i.e. ¢c¢=1 and A = 1.



2 Supersymmetry and the MSSM

With the success of gauge and relativistic quantum field theories to describe elementary
particles in the 1950s, the idea came up whether it would be possible to combine the external
space-time symmetries given by the Poincaré group and internal symmetries into some sort of
a higher symmetry group. This pursuit lead to the "no-go” theorem by Coleman and Mandula
who found that a combination of these two types of symmetries besides their trivial direct
product results in an overconstrained S-matrix and is therefore not possible [2]. In 1974 Wess
and Zumino discovered a new type of transformation which is not parameterized by an ordinary
commuting number, but by an object that transforms like a spinor under the Lorentz group
and converts bosonic into fermionic fields [3]. They originally called these transformations
supergauge transformations but they spread under the name of supersymmetry (SUSY). As
a follow-up it became apparent that the Coleman-Mandula theorem takes only commuting
generators into account and can, consequently, be bypassed by expanding the concept of a Lie
algebra to include anticommuting generators. This idea ultimately resulted in a theorem by
Haag, Lopuszanski und Sohnius in 1975 stating that the most general continuous symmetry
of the S-matrix is achieved by including supersymmetry as a non-trivial expansion of the
Poincaré algebra [4].

The application of supersymmetry to the Standard Model led to the MSSM which is a possible
supersymmetric extension of the Standard Model. As a full understanding of supersymmetry
and especially the superfield formalism is not necessary to be able to give phenomenological
predictions for a given final supersymmetric theory, the reader is referred to [5, 6, 7] for more
information on supersymmetry and the MSSM . However, to grab the quintessence the path
of Wess and Zumino of constructing a simple toy model is adopted here followed by a brief
summary of the particle content of the MSSM. In addition, the parameter space of a variant
of the MSSM is introduced which takes into account phenomenological observations and is
the so-called pMSSM-19.

2.1 A supersymmetric toy model

As a supersymmetric toy model we consider a theory with only massless and non-interacting
fields with the Lagrangian density

L= Escalar + ‘Cfermion = ,ud)*auqb + @5“3;@ (21)

which consists of a single chiral supermultiplet, i.e. a complex scalar field ¢ as well as
left-handed Weyl fermion with components 1,. A simple approach to relate the boson to the
fermion is the global supersymmetry transformation

bep = V2e1) (2.2)
5ed™ = V2 () (tha)* = V2" = V2D (2.3)



where the infinitesimal transformation parameter € is not an ordinary commuting number
but a two-component Weyl spinor which anticommutes with itself and has mass dimension
[mass] /2. In order to counteract the variation of the scalar part under this transformation

OcLocater = Va0 0" + V260 8" Otb, (24)
one can deduce that the Weyl fermion must transform as
Setbe = —iV2 (0"€),, Db (2.5)
Sethy = V2 (eo™), 040" (2.6)
such that the variation of the fermionic part becomes
O Liormion = —V2 (€)™ 0,¢*0yibe + V205" 07 €0,0,, 6 . (2.7)
In order to match the right hand side to 0 Lgca1ar, We can employ the Pauli matrix identity
ohle” + oot = 2g"" (2.8)
and the fact that partial derivatives commute to perform the simplifications

(e0” ") Dyd* Dpth = Oy (€07 T™)® Dy ™oy + €2 S V0) + €2 0u " 1he (2.9)

Gt 00, 0,0 = Ve’ = —ea0,p 0" + 0, (Ved" 9) (2.10)

so that when we combine both transformations the Lagrangian remains unchanged up to a
surface term

Sl = 0 (0" TM)* D™ the — €201 ¢ 1) — EYO" D) (2.11)

which has no effect on the action 6.5 = 0. We can now derive the supersymmetry algebra. For
two supersymmetry transformations parameterized by € and 7, we obtain for the commutator
acting on the scalar

[0c, 0p)p = —2i (not'€ — ea"'7)) 0 (2.12)

whereas we have for the Weyl fermion
[0, Onltpa = =2i (677]) , €Ot — 1 (7€), MOt (2.13)
which can be recast into a more useful form by applying the Fierz identity
Xa (&) = =a(nX) = 1a(XE) (2.14)
involving three Weyl spinors y, &, n which yields
[0c, Opltha = —2i (not'€ — ea"'T)) Opthe — 2iN0 €640, + 2i€ana" 0. (2.15)

If 4 is on-shell, its equation of motion implies %9, = 0 and we can conclude that the
commutator takes the general form

[0c, 0p] = —2i (no''e€ — ea?'7) O. (2.16)



As P, = —i0,, is the generator of space-time translations, the commutator gives the insight that
supersymmetry is indeed a symmetry of space-time. In order to ensure that supersymmetry
also holds off-shell, one can use a trick and introduce an auxiliary complex scalar field F' with
a Lagrangian density

»Cauxiliary =F'F (217)

and mass dimension [mass]?. This new field can now be used to compensate the terms in
eq. (2.15) which do not vanish for an off-shell fermion. A simple guess is that F' transforms
into a multiple of the equation of motion for v:

5 F = —V/2ie5" 0,1 (2.18)
6 F* = V210,15 e . (2.19)
Then the auxiliary part in the Lagrangian transforms as
5e£auxiliary = \@ia,U‘EEMEF + \@f&“auwF*- (220)
A small modification of the transformation rule of v which is
Setba = —V/2i (7€), 0y + V2eo F (2.21)
Setby = V2i (e0™), 0™ + V2eo F* (2.22)

suffices to ensure that the extra term in deLiermion cancels 6 Lauxiliary UP to a surface term.
With that
L= Acscalar + ['fermion + Eauxiliary (223)

is invariant under supersymmetry and eq. (2.16) holds also off-shell. The generators @, and
Q,, of supersymmetry transformations are themselves two-component Weyl spinors and are
defined through the requirement

5 X = (eQ+eQ) X (2.24)

for any field X that transforms under supersymmetry. Consistency of the generators with
eq. (2.16) requires

[6c, 6y) = [€Q +EQ,nQ +7Q] = [eQ,7Q] + [€Q,nQ)]
= (Uagd — €“Tg,) {Qm@a} < 9 (note — eat7) 9. (2.25)
Comparing the last two expressions yields
{Qou@d} =2 (Uu)ad PM' (226)

From

[6.,a"8,] = 0 (2.27)

for any four-vector a*, one can deduce that the generators ), commute with translations

[Qa, P*] = [Q4, P"] = 0. (2.28)



Next to a chiral supermultiplet we could also have a vector supermultiplet which consists of
a massless gauge field A% and a massless two-component Majorana fermion )\,. The gauge
transformations for these two fields are

1

AP — AF 4 —0Fa, + [P A, (2.29)
g

Ao = FPNpar (2.30)

where a, parameterize the transformation, ¢ is the gauge coupling and ¢ are the totally
antisymmetric structure constants. Whereas the degrees of freedom of A4 and A\, match
on-shell, the gauge boson has off-shell three real degrees of freedom and the gaugino as a
complex object with two components has four degrees. In order to ensure that supersymmetry
also holds off-shell, we can again introduce an auxiliary field D*. The Lagrangian density

Loange = —iF;}F;”’ +iXa*DyAg + %DaDa (2.31)
with the field strength tensor
Flv = 0 AL — 0 Al + g f* AL A (2.32)
and the covariant derivative
DFA\g = 0"\ + gf P ALN, (2.33)

is then invariant under supersymmetry. In order to get further insights into the construction
of supersymmetric theories with the help of the superfield formalism and the inclusion of
interactions the reader is referred to [6].

2.2 The Minimal Supersymmetric Standard Model

The R-parity conserving Minimal Supersymmetric Standard Model (MSSM) is the super-
symmetric extension of the Standard Model with one set of SUSY generators A’ =1 and an
additional discrete Zo symmetry called R-parity whose corresponding conserved multiplicative

quantum number is defined as
Pp = (—1)*B-0res (2.34)

with baryon number B, lepton number L and spin s. The concept of R-parity was initially
introduced to forbid lepton and baryon number violating processes which would be in principle
allowed by the requirements of supersymmetry, gauge invariance and renormalizability but
undergo very stringent experimental limits. As a very important phenomenological side
effect each Standard Model particle receives R-parity +1 and each supersymmetric particle
(sparticle) —1 which forbids the decay of a sparticle into Standard Model particles alone, thus,
offering the possibility for a stable dark matter candidate.

Within the MSSM, each helicity state of a fermion receives a scalar superpartner, which,
apart from the spin, does not differ from its Standard Model equivalent. In a similar way,
each gauge boson receives a Majorana fermion as superpartner. Concerning nomenclature,
each scalar superpartner is prefixed with ”s” and each superpartner of a boson is suffixed
with ”ino”. In addition, all sparticles are distinguished by a tilde. For example, the partner
of a quark ¢ is then called a ”"squark” labelled as ¢ and the partner of a gluon is referred
to as a "gluino” g. In contrast to the Standard Model, its supersymmetric version does not



only contain one Higgs doublet but is a so-called Two-Higgs-Doublet model. Otherwise the
theory would become inconsistent on quantum level through gauge anomalies appearing in
the electroweak sector. Consequently, the Higgs with hypercharge Y = +1/2 gives mass to
the "up-type” quarks and the other one with Y = —1/2 gives mass to the "down-type” quarks
and the charged leptons. The corresponding fermionic superpartners are called Higgsinos.

The whole particle content of the MSSM is displayed in tables 2.1 and 2.2 and given in
terms of supermultiplets which are in fact elements of the representation space of irreducible
representations of the supersymmetry algebra and combine the Standard Model particles with
their superpartners.

Names spin 0 spin 1/2 | SU(3)c, SU(2)L, U(1)y

squarks, quarks | Q | (4p dr) (ur, dr) (3,2, %)
(x3 families) u uh uly (3,1, -2)
d | dy df (3.1 %)

sleptons, leptons | L (v er) (v er) (1,2, -3)
(x3 families) | e & el (1,1, 1)

Higgs, higgsinos | H, | (H} H?) (ﬁj ﬁg) (1,2, —I—%)

Hy | (H] Hy) | (H] Hy) (1,2, —3)

Table 2.1: Chiral supermultiplets in the MSSM. Table taken from [6].

Names spin 1/2 spin 1 | SUB3)¢, SU2)r, U(1)y
gluino, gluon g g (8,1,0)
winos, W bosons | W W0 | w* wo (1,3,0)
bino, B boson B° B (1,1,0)

Table 2.2: Gauge supermultiplets in the MSSM. Table taken from [6].

2.3 Soft SUSY Breaking

The commutation relation [Pz, Qa] = 0 indicates that particles within one supermultiplet
must possess the same mass. However, in experiments no superpartners have been observed
so far which in turn requires that SUSY must be broken. There is no agreement on how
SUSY should be broken but the general idea is that SUSY breaking takes place in a hidden
sector which is transferred to the visible sector via a messenger which could be gravity or a
gauge force. From a practical point of view the simplest way to break SUSY is to introduce
additional terms in the effective MSSM Lagrangian which break SUSY explicitly. These terms
should be ”soft” in the sense that the fermionic and bosonic loop corrections to the Higgs



mass still cancel. With the Supersymmetry Parameter Analysis (SPA) convention [8] one
agreed on the following form of the soft SUSY breaking Lagrangian !

et 2 (MIBB + MWW + Msgg + hlc') + Qi <m%>m Qi+ Lir (m%>23 Ljr
+ g (m3),,; ir + dip (mg)“ din+ &l (m2),; &m
+miy, [Hal* +m¥, |Hy* — (BpHy - Hy + he.)

(1) Hu - Quuitg + (Ta)y; Ha- Quudi + (To)yy Ha- Linéjp + e | (2:35)

where the T matrices are defined as the product of Yukawa couplings Y and the soft super-
symmetry breaking trilinear couplings A

T;; = Ai;Yi; (no summation). (2.36)

In eq. (2.35) only generation indices are explicitly given whereas all other are implicitly
summed over. In contrast to unbroken SUSY where only the supersymmetric higgsino mass
term p appears as an additional parameter, the soft breaking of SUSY introduces in total 105
new free parameters.

2.4 The phenomenological MSSM

The large number of 105 additional parameters in the MSSM make it impossible to explore
the parameter space in full generality. For this reason, simplified models such as the phe-
nomenological MSSM (pMSSM) have evolved which constrain the MSSM based on strong
experimental evidence. The pMSSM-19 takes into account the following three assumptions
[10]:

o No Flavour Changing Neutral Currents (FCNC)
The appearance of FCNC is strongly constrained by experimental observations. There-
fore, all sfermion mixing matrices and T" matrices are assumed to be diagonal in flavour
space.

e No new source of CP-violation
Experimental limits in the K-meson system as well as on the electric moments of the
electron and neutron indicate no new sources of CP-violation. The simplest way to
include this observation is to set all complex phases to zero.

e First and Second Generation Universality
The Yukawa couplings of the first two generations are small compared to the third
generation. Hence, the associated trilinear couplings are less important and can be set
to zero. In addition, K° — i’ mixing indicates a small mass splitting between first
and second generation squarks, unless their masses exceed 1TeV significantly. This
justifies the assumption of identical soft-SUSY breaking scalar mass terms for the first
two generations.

These assumptions leave 19 free parameters:

!Note that the Lagrangian given in [9] used by the first version of SPheno differs from eq. (2.35), but SPheno
supports the SPA conventions starting with version 2.2.2.



tan(3) ratio of the vevs of the two-Higgs doublet fields

My, My, M3 gaugino mass parameters

Ay, Ay, A third generation trilinear couplings

W higgsino mass parameter

m 40 mass of the pseudoscalar Higgs boson
MZL’ Mz, , MZR’ Mz, soft slepton masses

Mg, , Mgy, MEIR soft first/second generation squark masses
Mgy, M, MER soft third generation squark masses.

2.5 Squark and gaugino mixing pattern

So far, the Lagrangian of the MSSM is expressed through gauge (or interaction) eigenstates.
However, as known from the Standard Model one has to distinguish between gauge and
mass eigenstates where the latter ones are defined as those states that diagonalize the mass
terms and are related through a change of basis to the gauge eigenstates. As the mass
eigenstates correspond to freely propagating particles with fixed mass that are measured
in experiments, calculations are usually performed in the mass basis. In the following, the
connection between mass and gauge eigenstates for the sectors that are most important for
this work are highlighted.

2.5.1 Neutralino sector

After electroweak symmetry breaking the mass terms for the uncharged higgsinos (ﬁlg and
HY), wino W° and bino B can be combined into the overall mass term

< 1
_‘Cgl(;ss = 5 (Q/)O)TMxowo (237)

with all gauge-eigenstates being combined into the vector

()" = (B W i1 i) (2.38)
and with the mass matrix
M,y 0 —MgoCgSw  MzoSESW
Mo = 0 M MmyoCgCw  —MzoSECW (2.39)
—MmzoCpSw mzocCgCw 0 — K
MyoSgsSw  —MyoSgCw —u 0

where the Weinberg angle 0y and the angle 8 enter trough cg = cos 3, sg = sin 3, sy = sin Oy,
cw = cosfy. The wino and bino mass parameters M; and M3 in M,o come directly from
the soft-breaking Lagrangian whereas — is the supersymmetric higgsino mass term. As M, o
is self-adjoint, it can be diagonalized through a unitary 4 x 4 matrix N whose rows are the
eigenvectors of the mass matrix

N*MXO ]\IJr = diag (mﬁ, mig y mig, mxg) (2.40)



where the order of the eigenvalues (masses) is conventionally chosen as mgo < ... < Migo. The
fields x? that emerge from the change of basis

Xi = Nigy (2.41)

are the so-called neutralinos. It is possible that there arise imaginary or negative masses in the
diagonalization procedure which can be turned into physical masses mso > 0 by performing
chiral rotations on the components of 1. As the neutralinos couple only to electroweak
interactions, the lightest neutralino x! is usually assumed to the standard candidate for
non-baryonic dark matter unless there exists a lighter gravitino which is the superpartner of
the graviton.

2.5.2 Squark sector

As we work within the pMSSM, all non-diagonal terms in flavour space are neglected and
for that reason only mixing between the superpartners ¢;, and ¢gr related to the two chirality
parts of a quark takes place. All squark mass terms can be summarised under

*‘quuark mass — Z (Cjz QE) M?] (g;) (2'42)

q

where ./\/lg is a 2 x 2 Hermitian matrix in chirality space

M2 M2
Mz = ( g %LR> (2.43)
! MflzR M@RR
with the diagonal

M%LL = m% +mo (TgL — Qg sin? 0W> cos2f3 + mg (2.44)
MgRR = mzﬂ + quQZo cos 23 sin” Oy + mg (2.45)

and off-diagonal elements
M%LR = —mgX, (2.46)

where X, is defined as X, = A} + p (tan ﬂ)_2T§L, TgL as the third component of the weak
isospin and @), as the electric charge of the quark ¢ in units of e. Furthermore, me is the soft
SUSY breaking mass for "left-handed” squarks and mg 3 for "right-handed” up- and down-type
squarks respectively. The eigenvalues of a 2 X 2 matrix can be conveniently expressed in terms
of its trace and determinant

Q1,2

1
2 2 2 Aq2 2
Ma2 = 5 (Tr/\/l;] + \/Tr Mz — 4det /\/lq) (2.47)
such that the off-diagonal matrix elements enter the square root with a positive sign through

the determinant. For the stop sector, this can induce a large mass splitting between ¢; and
to due to the large mass of the top quark which elevates #; to a potential candidate for the
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next-to-lightest supersymmetric particle (NLSP). The gauge eigenstates are transformed to
mass eigenstates through the orthogonal 2 x 2 matrix R?:

(Zi) - <R% R?%) (Z;) : (2.48)
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3 Dark Matter: Evidence and Production
Mechanism

3.1 Observational evidence for dark matter

The question of dark matter dates back to the 1930s when the astronomer Fritz Zwicky provided
the first renowned measurements of the velocity dispersion of the Coma cluster through the
redshift. He found that in order to explain the observed velocities in the Coma cluster, its
mean mass density would have to be four hundred times larger than what the amount of
luminous matter indicates [11]. This ”"missing mass problem” was studied systematically in
the 1970s by Vera Rubin and Kent Ford who investigated the rotation curve of the Andromeda
Nebula (also called Messier 31 or M31) meaning the dependence of the circular speed v, on
the distance r from the center of the galaxy [12].

According to Newtonian gravity and under the assumption of circular orbits, one would expect
objects far from the center to rotate with a velocity

welr) = 1 PO (3.1)

where M (r) denotes the mass enclosed within  and G the gravitational constant. Since the
largest amount of matter must be located near the center of the galaxy, M (r) remains roughly
constant for large distances and thus v, is expected to decrease as 1/ with increasing radial
distance. However, their measurements showed a completely different picture - the rotation

[ u 8 12 16 20 KPC 24
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V(km s™')

50

ROTATIONAL YELOCITY  (KM/SEC)

-
100 120

o 20 40 &0 80
DISTANCE T0 CENTER (MINUTES OF ARC) r (kpc)

(a) Rotation curve of M31 from Rubin and Ford (b) Rotation curve of M33 [13].
[12].

Figure 3.1: Rotation curves for the galaxies M31 and M33 (black dots with error bars).
curves remain almost constant (”flatten”) in outer regions of the disk as shown in fig. 3.1a.
Since then, the rotation curves of many more spiral galaxies have been investigated, further

confirming the problem of missing mass. In some cases like the M33 galaxy v. even increases
as shown in fig. 3.1b.
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The accidental discovery of the cosmic microwave background (CMB) in 1965 lead to a series
of space missions including the COBE, WMAP and Planck satellites that allowed to measure
the CMB with increasing precision which made it possible not only to give qualitative hints
towards the existence of dark matter, but also to provide quantitative information on the
dark matter content of the universe [14]. It turned out that this background radiation is
not isotropic but contains small temperature fluctuations of the order of parts per million.
These anisotropies in the spectrum are related to small density fluctuations in the early
universe which allowed dark matter to accumulate within these over dense regions whereas
the attraction of baryonic matter was counteracted by radiative pressure. The resulting
oscillations are what we observe nowadays as the temperature fluctuations in the CMB and
allow to deduce the relic density of cold dark matter with an astonishing precision

Qcpumh? = 0.1200(12) (3.2)

where the "little h” gives the present value of the Hubble expansion parameter Hy in units
of 100km s~ Mpc~! and the uncertainty corresponds to the 68 % confidence level [15]. The
increasing accuracy of the relic density measurement can be visualized by comparing the
temperature variations as measured first by the COBE and then by the Planck satellite. The
skymap of both temperature variations is displayed in fig. 3.2.

] ] (b) Planck. Source: https://wuw.esa.
(a) CO]?E.. S.ourc;z. bhttps ://science.nasa. int/ESA_Multimedia/Images/2013/03/
gov/missions/cobe Planck CMB

Figure 3.2: Skymap of the temperature variations in the cosmic microwave background as
measured by the COBE and Planck satellites. (both pictures were retrieved on
the 2021-10-02)

3.2 The freeze-out mechanism

The standard paradigm to explain dark matter is that it could consist of weakly interacting
massive particles (WIMPs) which were in thermal equilibrium with the rest of the particle
content of the universe shortly after the Big Bang. As the universe cooled down, the
temperature must have dropped below their production threshold at one point and annihilation
took over until the point where the expansion of the universe dominated the annihilation rate
and the dark matter particles "froze-out”. This so-called freeze-out mechanism leads under
the assumptions of WIMPs naturally to the right relic density which is referred to as WIMP
miracle. As we assume that dark matter consists of neutralinos, we describe the three different
regimes more precisely directly on the example of the MSSM as in [16]. Therefore consider a
set of N supersymmetric particles x; which eventually all decay to the dark matter candidate
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X. The evolution of the number density n; of a particle ¢ over time ¢ is then described by a
set of N coupled nonlinear ordinary differential equations

N
1d
?& (nia?’) = — Z <O'Z'j’l)ij> (nmj — nfqn§q> (3.3)
7j=1
- Z [<a}<iiji> (anZ - ni?nfq) — <J’invxj> (anj — ni?n?qﬂ (3.4)
X j#i
— Z |:Fij (TLZ — nfq) — Fji (nj — nj-q)} y for 1 < 1 < N (3.5)

where X and Y are labels for all SM particles that could appear in the scattering or decay
process, (ov) denotes the thermal average of a cross section o with a velocity distribution
v and a(t) the scale factor of the universe which is related to the Hubble expansion rate

via H(t) = % The left-hand side of this equations corresponds to the change of the total

number of particles n;a® of the species i in time which is caused through different scattering
processes described by the right-hand side where the differences between the number densities
and equilibrium number densities ensure that no change occurs in thermal equilibrium. The
first term accounts for annihilation

Oij = ZU(XZ'X]' — X), (36)
X

the second accounts for the conversion of a supersymmetric particle through scattering with a
SM particle

oij =0 (Xxi = X)) (3.7)
Y
and the last one y; decays
Tij=>_ (i & x;X). (3.8)
X

As every sparticle must eventually decay to the LSP, all particle densities can be combined to

N
n = Z n; (3.9)
i=1

which corresponds to the density of the neutralino for infinite times. Therefore, the set of
equations above greatly simplifies to one equation

N
1d
3q (na®) = — Z (04jVij) (ninj — n:“qnjq> . (3.10)
ij=1

To express the right hand side of eq. (3.10) also through n, we can make the assumption
that all supersymmetric particles remain in thermal equilibrium by scattering with the much
lighter Standard Model particles

n; nd
M (3.11)
n ned

Inserting this approximation into eq. (3.10) results in the Boltzmann equation

n = —3Hn — (0cgv) (n2 - ngq) (3.12)

15



where the whole particle physics information now resides in the effective cross section

N n?q n?q
(oeiiv) = Y (o01)) ﬁniq' (3.13)
ij=1

As the number density ny,, of a non-relativistic particle species with mass m scales as [17]

m

Npr ~ €XP <7?) (3.14)

at a temperature T, the ratios of the equilibrium number densities are proportional to

eq A
i exp <—mmx> . (3.15)
n

T

From this relation, one can deduce that the contribution of annihilations involving particles
which are much heavier than the neutralino are suppressed whereas co-annihilation becomes
important if the mass difference between the next-to-lightest supersymmetric particle (NLSP)
and the LSP is small. If the NLSP and the LSP are nearly mass degenerate, even pair-
annihilation of the NLSP can contribute in a sizeable manner which is the subject of this
thesis.
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4 BRS-symmetry and polarization vectors

An important aspect of calculations of scattering amplitudes in quantum field theories with
massless gauge bosons is the treatment of polarization sums. It is well covered in the literature
that ghosts can appear as internal lines [18, 19], but it is also possible to have them as external
lines depending on the treatment of unphysical polarizations. The only common example for
the latter case in the literature are processes with two gluons in either the initial or final state
with only heuristic explanations as to why the ghosts processes have to be included that way.
As a means to construct such processes for an arbitrary number of gluons BRS-symmetry as
the quantum version of gauge symmetry and Slavnov-Taylor identities are introduced in this
chapter. The applications follows in chapters 7 and 8.

4.1 Classical Electrodynamics

For the discussion of the relationship between gauge invariance and polarization states of
massless gauge bosons we start with classical electrodynamics. Let’s consider the homogeneous
Maxwell equation in covariant form

8, F™ = 0. (4.1)
All information about the gauge field A, is contained inside the field strength tensor
F = 0,A, — 0,A,. (4.2)

If we now tried to solve the equations of motion for the field A,, we would recognize that the
solutions are not uniquely determined since Maxwell’s equations are invariant under a gauge
transformation

Au(@) = Au(@) + Buo(a) (4.3)

where « is an arbitrary scalar field that depends on space-time x. Thus, it is necessary to fix
the gauge by imposing further constraints on A,. The Lorenz condition

9, A" (z) = 0 (4.4)

is a common choice for this since it leaves the theory covariant and therefore belongs to the
class of covariant gauges. Imposing this constraint reduces eq. (4.1) to the wave equation

OA,(z) =0 (4.5)
whose solution is given by a plane wave
Au(x) = eu(k)e”“” + e;i(k)e_im (4.6)

if the four-momentum £k is lightlike k2 = 0. The next step is to determine the polarization vector
€, (k) which has for now four degrees of freedom related to its four entries. In momentum space
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the Lorenz condition becomes k, A" = 0, so that the polarization vector must be transverse
to the momentum k&

k-e(k)=0 (4.7)

which reduces the number of degrees of freedom to three. However, there still remains some
gauge freedom. As long as the scalar field « satisfies Oa = 0, it is still possible to add an
additional term to the field A, without changing the physics. The function
s ikx s —ikx
a(z) = —ine'™ +ine (4.8)
with an arbitrary real number 7 fulills this condition since the momentum £ is already defined
to be lightlike k2 = 0. Inserting o into the gauge transformation gives

Ay — (eu(k) +nky) ehr 4 (eu(k) +nky)" e ke (4.9)

which means that two polarization vectors that differ by a momentum £, are physically
equivalent €,(k) ~ €,(k) + k,, and define an equivalence class. This brings us to a total of two
degrees of freedom which we already know from experiments as linear or circular polarized
light (or from Wigner’s theorem which states that every unitary irreducible representation of
the Poincaré group for a massless particle contains two states independent of the particle’s
spin [20]). For the explicit construction of the polarization vectors

€n = (60,61,82,{53)T (4.10)
consider a momentum & parallel to the z-axis

ky = (ko,0,0, ko). (4.11)

The transversality condition in eq. (4.7) gives €9 = £3 and then 7 can be chosen as n = — 2
so that only the components €; and e; remain which we can use to build a basis for the two

physical polarizations. Two possible bases for the transverse polarizations are

0 0 0 0
1 0 1 1 1 1
el (k) = 0 ey (k) = . or ep(k)= ﬁ : e (k) = ﬁ o
0 0 0 0
(4.12)

where the first choice corresponds to linear polarized light and the second one to circularly
polarized light. In order to ensure that all polarization vectors form a complete basis of
Minkowski space, it is common to also define the unphysical polarization vectors. One possible

definition is
) LR
- — kM (k) = — Ll =—k 4.13
k (%) 21kl2 \ —k 2|k|? (4.13)

B = < ]j% > (4.14)

where the notation
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for a parity transformed four-vector is used. These two vectors are called the forward
and backward lightlike polarization vectors. The forward lightlike polarization cannot be
normalized but the other vectors are normalized to —1. Another choice is

(4.15)

™
ox
—
Sy
~—
I
S O o=
M
SRS
—
&y
~—
I
— o O O

where €y is called the timelike polarization and €5 the longitudinal polarization. One convenient
aspect of the latter choice is that €g,...,e3 form a canonical basis of Minkowski space and
satisfy €} (k)ex (k) = gav. So far, we have only considered the Lorenz gauge 9,4 = 0. A
different approach are axial gauges which fix an axis n* such that n,A"* = 0. Special cases are
the lightcone gauge where n# is lightlike n? = 0 or the Coulomb gauge VA (in momentum
space kA= 0). A similar discussion of the polarization vectors for a massless gauge field for
the Coulomb gauge instead of the Lorenz gauge is available in [18].

In order to perform sums over the two physical (transverse) polarizations with the transverse
lightlike direction k* without relying on any particular basis we need to specify any other
direction n* with n -k # 0 and €(\, k) -n =0 for A = 1,2 to form a complete basis. This is
the idea behind the axial gauge. Then, we can make the covariant ansatz

A (kyn) = > @ k) (A k) = Arg" + AskPkY + AsnkY + Am¥k" + AsnPn” (4.16)
A=1,2

with coefficients A;. The transversality conditions of the polarization vectors
k,d" = k,d" =n,d" =n,d" =0 (4.17)

show that A5 must be zero and provide the constraints

A1+A3k:-n:A1+A4k-n:A2k-n+A4n2:0 (4.18)
which give
Ay n?
A3 =Ay = —— Ay =A1—. 4.19
3 4 ]{; n 2 1 (k; i n)2 ( )
Thus, d" can be completely parameterized in terms of A;. If we now contract d*” with
g and use the normalization of the transverse polarizations €*(\, k) - (X, k) = —1 we get
A1 = —1 and the final expression for the polarization tensor is
Etn” + kVnt kHEY
d" (k,n) = —g"” —n? : 4.20

4.2 Canonical quantization of Yang-Mills theories

The standard canonical quantization method following the work of Dirac, which can be carried
out successfully in the case of abelian theories, becomes extremely difficult for non-abelian
theories and ultimately fails because of the complexity [21]. However, after Faddeev and Popov
found a path integral formulation of non-abelian gauge theories in covariant gauge [22], Becchi,
Rouet and Stora discovered a transformation which leaves the associated Lagrangian density
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invariant including the gauge fixing terms [23]. This symmetry is called BRS-symmetry after
its discoverers. This symmetry allows the canonical quantization of Yang-Mills field theories
and thus offers the possibility to determine the Hilbert space of physical states which is not
possible within the path integral formulation. Instead of going the historical route of the path
integral, we postulate BRS-symmetry as quantum version of gauge symmetry and derive a
gauge fixing term from it allowing to proceed with the quantization following the work of
Kugo and Ojima [24, 25].

4.2.1 BRS-transformations

As a first step we fermionize the gauge transformations of the gauge field A, and the matter
field ®; by replacing the transformation parameter a(x) with a Grassmann number 6(x)
multiplied with the ghost field ¢(z). The field ®; is just a placeholder for any matter
field that could appear in the gauge invariant Lagrangian £(A, ®). The infinitesimal gauge
transformations then take the form

dpAt(z) = 919D“ca(a;) (4.21)
op®i(z) = i0ca ()T} P5(x) (4.22)

with the covariant derivative DFc, = 9"c, + gs fabcAZ c. and where the generators TZ‘; of
some semi-simple compact Lie group are in the representation of ®;. We arrive at the BRS-
transformation d g by removing the Grassmann valued constant 6 from the transformation
0 = 00p. The operator dp is now itself Grassmann valued which means that one has to pay
attention to the Grassmann parity of the fields within the product rule

d5(FG) = (65F)G + (—)FlégFa (4.23)

where the statistical index |F'| takes the value zero if F' is a bosonic field and one if F' is
fermionic. The operator d g which is sometimes referred to as Slavnov operator has the
property of being nilpotent 623 = 0 as a consequence of its Grassmannian nature. The
antighost field ¢, is defined to transform under the BRS-symmetry into the Nakanishi-Lautrup
field B, which is for now just an auxiliary field that later enforces the gauge fixing condition

as a Lagrange multiplier

8 5Ta(z) = - Ba(). (4.24)

gs

From the nilpotency of d g follows directly the transformation rule of the Nakanishi-Lautrup
field
dpB.(x) =0. (4.25)

The transformation of the ghost field ¢, () is derived from the requirement that the Slavnov
operator is nilpotent

0= 53((53‘1%) = iT;}aB (Ca‘bj) = iTg} [(5Bca)‘1>j — Ca(SB(I)j]

: ! 1 :
=1 (5Bca)1}‘;¢>j — icacb (Ndabc + lfabc) TZCJ(I)J] . (4.26)

20



The symmetric term dg,. drops out due to the anticommuting nature of the ghosts which
means that the ghost field must transform as

1
(sBCa = _ifabccbcc (4.27)

in order for the whole expression to vanish. In summary, the BRS-transformations are as
follows

(SBCI)Z' = icaj—%q)j (428)
1
dpAL = ;auca + fabcAch (4.29)
S
1
8570 = — B, (4.30)
S
1
0BCy, = —Efabccbcc. (4.31)

4.2.2 Gauge fixing the theory

With the tool of BRS symmetry it is now possible to add a gauge fixing Lgr and Faddev
and Popov term Lpp to the classical Lagrangian density £(A, ®). For this, we select a gauge
fixing function F*(A, ®, ¢, ¢, B) which must contain the same number of ghosts and antighosts
and write

Lcrirp = gs05(Cal™) (4.32)
such that global BRS invariance of the gauge fixed Lagrangian

ﬁ(A, P, ¢z, B) = E(A, (I)) + EGF+FP(A7 P, c,z, B) (433)

is guaranteed through the nilpotency of § g independently of the explicit choice for F*. Note
that £ is locally BRS invariant by construction but on the level of £ only global BRS invariance
holds. Applying the BRS transformation allows the separation of the ghost and the gauge
fixing term

Lap = BoF® (4.34)
Lpp = —gSEa(SBFa. (4.35)

There are two main classes of gauge fixing conditions. The class of covariant and renormalizable
R¢-gauges

1
F, = 0,AL + §§Ba (4.36)
as well as the class of axial gauges

1
Fu = n, Al + 5\Ba. (4.37)

where A\ and £ are gauge parameters and n* an arbitrary non-zero four-vector. As we want
the theory to be covariant and the commutation relations to be as simple as possible, the
Feynman gauge £ = 1 turns out to be a good choice.
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4.2.3 Covariant canonical quantization of the free fields

In the case of Yang-Mills theories, the problem arises that the theory is intrinsically interacting,
which is why there exists no free-field mode expansion for the Heisenberg operators. We are
in this work only interested in computing elements of the S-matrix where it is according to
the LSZ reduction formula sufficient to know the asymptotic in- and out-fields. These are in
turn described by the free Lagrangian density

; 1 wy pa H Lo = Ak

Lo = _ZF“ Fi, + Ba0y Al + §Ba + 0,€,0"cq (4.38)
which originates from eq. (4.32) upon using Feynman gauge with all interaction terms turned
off (g5 = 0) and matter fields suppressed. From eq. (4.38) we obtain the canonically conjugate
fields

9Ly 9Ly

Ho— = FM0 4 B, g"° =—=0 4.39
K7 I "B (4.39)

o 0Ly ., . 0L
e = Bea = M= paa = C (4.40)

and the equation of motions

B, +0,A" =0 (4.41)
Ocq =Uc, =0 (4.42)
OA* — 9H9,AY +9*B, =0 (4.43)

where it is important to recall the rule for differentiating Grassmann valued fields. The
temporal component of 74 is now non-zero thanks to the gauge fixing condition which allows
to perform the quantization by writing down the canonical equal time (anti)-commutation

relations
(ALt 7). 7 (8, )] = i6ang™ 6 (7 - ) (4.44)
(ALt 2), A (8 9)) = [mA(8,3), 7 (1,5)) = 0 (4.45)
{era),mbe.g) | = {et.@), 7t ) | = 10760 (@ — ) (4.46)
(e @), 27 ) = {ma.2), 7kt )} =0 (4.47)
{ew @), | = {mee @), mep ) =0 (4.48)
{ca(t,a‘:’),éb(t,g)} =0 (4.49)

Note that eq. (4.49) is consistent with eq. (4.46) due to the minus sign in 7¢. Moreover, the
field B, can be integrated out by replacing it with its equation of motion B, = -8, A* which
yields the canonical momenta

T = —0, A" (4.50)
7 =9"AY — 9V A (4.51)

so that one obtains for the commutation relation of the gauge field

Al T), AY (¢, 9)| = —10mg" 0B (7 — 7). (4.52)

22



Now we can proceed with the mode expansion of the fields. Combining eq. (4.41) and eq. (4.43)
yields the equation
0Ar =0 (4.53)

which means that the gauge field enjoys the simple expansion into Fourier modes

Plx) = ¢k 1 (N k)a —ika e al (N, k)elk®
A )_/( )3FA§12[ A R)aa(\ Be ™ 4 e (0 Raf L B] (450

where the polarization vectors are chosen to form an orthogonal basis
E(k, )\) . G(k, )\/) = gr\’- (455)
The mode expansion of the free ghost fields is more peculiar. In order to ensure that Lo is

hermitian Lo = ﬁg such that time-evolution is described by a unitary operator and energy is
T

an observable quantity, the anti-ghost field has to be anti-hermitian ¢, = —¢, whereas the
ghost field is taken to be hermitian CIL = ¢,! such that
(O#EQGMCG)T = @Lcjﬂ“d = —0,,cq0"Cq = 0,Cq0" ¢q. (4.56)

As a consequence, the expansion of the anti-ghost field must contain a relative minus sign

cal2) / Sk 1 calR) ke, (B)) ke
— A i ) 4.57
<ca(x)> (2m)3 /2kg | \ —Cu(k) + 62(14:) ‘ ( )
Based on these free-field expansions and the postulated commutation relations, the creation
and annihilation operators fulfill

a0 (A F) . af(X.5)] = gaxdan(2m)?6 (E - ) (4.58)
{catB),ef@} = {ea () .cl(@} = dun(2m)*6® (K - ). (4.59)
The relative minus sign also allows to properly close the contour of the time ordered product
(01 T{c(x)e(y)} [0) = 8(xo — yo) (0] c(x)e(y) |0) — B(yo — o) (0] e(y)e() |0) (4.60)
to obtain the Feynman propagator
(0| T{c(2)2(y)} 10) = Dir(x — ) (4.61)

as for the scalar field.

4.2.4 Slavnov-Taylor identities

In general, global symmetries of a theory allow to derive relationships between different Green’s
functions. Such identities are called Ward-Takahashi identities or Slavnov-Taylor identities in

'Kugo and Ojima define an additional factor —i into the ghost part of the Lagrangian £, D —10,€.0"ca
which allows to define ghost and anti-ghost as hermitian. However, this leads to different signs in the
Feynman rules for the ghost propagator and ghost-gluon vertex than the ones provided in appendix B.
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the non-abelian case. For BRS-symmetry these identities emerge from the application of the
BRS-operator d g on time-ordered products [25]

0="> (=1)* (0| T{O1 (z1) ... O 1 (1) (6 8Ok (¥4)) Ok 11 (wh11) - - On ()} [0) -
= (4.62)

The index s = Zi-:ll |i| counts the number of bosonic and fermionic fields before O), where
|i| gives the Grassmann parity of O;, i.e. i takes the value zero for bosonic and 1 for fermionic
fields.
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5 The Catani-Seymour dipole formalism for
massive initial states

The main goal of this chapter is to work out the integrated dipoles, which make it possible
to transfer analytically the infrared poles from the real corrections to the virtual ones. This
represents a continuation of the work started in [1] where the necessary splitting functions
are "derived” by showing that they obey the desired asymptotic behaviour and where the
factorization of the different phase spaces is performed. In order to be able to use the new
results for the completely massive case in conjunction with those of Catani and Seymour,
the structure of this chapter and the notation follow the style of [26] to a large extent. We
begin with a brief review of the dipole subtraction method and end with a comparison of
the new results with the phase space slicing method which is an alternative approach for the
treatment of infrared divergences.

5.1 Brief review of the dipole subtraction method

A generic cross section o™V describing the production of m particles at NLO accuracy in
(SUSY)-QCD is composed as
O_NLO — O_Tree + AO’NLO (51)

where the NLO part AcNFO receives contributions from virtual corrections doV as well as
from real emission de® of massless particles

AgNLO :/ dav+/ do® (5.2)
m m+1

where the subscript on the integrals refers to the number of particles in the final state. After
successful renormalization the virtual part is ultraviolet (UV) finite but still contains another
type of divergence: the infrared (IR) divergence which appears when the loop momentum of a
massless virtual particle becomes almost zero or collinear to the direction of another particle.
Therefore, one distinguishes between soft, collinear and soft-collinear infrared divergences
where in the latter case the massless particle is soft and collinear at the same time.

The same kind of infrared behaviour occurs within the real contribution. According to the
Kinoshita-Lee-Nauenberg theorem every unitary quantum field theory such as the Standard
Model or its supersymmetric extension the MSSM is infrared finite as a whole [27]. As a
consequence, the IR divergences from the phase space integration cancel the ones coming
from the loop integrals on the right hand side of eq. (5.2). In practice, the divergences
have to be extracted in terms of some regulator which could be an artificial mass. However,
the only known regularization procedure which preserves gauge and Lorentz invariance (as
well as supersymmetry) is dimensional regularization (dimensional reduction). Within these
procedures, the number of space-time dimensions is continued analytically from four to
D = 4 — 2¢. In this regularization scheme, soft and collinear divergences take the form of
simple 1/c poles whereas soft-collinear divergences appear as double poles 1/:2. Due to the
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large number of terms that enter during the standard Feynman-diagrammatic calculation of
(SUSY)-QCD matrix elements, it is often impossible to perform the integration over the m + 1
particle phase space in eq. (5.2) analytically in D dimensions except for the very simplest
processes or by exploiting special symmetries in the scattering amplitudes. In order to make a
numerical evaluation possible, Catani and Seymour developed the dipole subtraction method
[28]. The basic idea is to construct an auxiliary cross section do® which converges pointwise
to do® in the singular region in D dimensions, so that do™ — do? is finite over the whole
region of phase space and can be integrated in D = 4 dimensions. At the same time it must
be possible to integrate do™ analytically in D dimensions over the one-particle phase space
of the radiated massless particle giving rise to the divergence. This allows to add back the
subtraction term and to cancel those divergences appearing in the virtual contribution which
are present in the form of poles in 1/e. The computation of the NLO correction can then be
summarized as

AGNEO = / [daﬁzo—daﬁzo] + / [dav—i- / daA] : (5.3)
m+1 m 1 e=0

The counterterm do? is constructed from the knowledge that QCD amplitudes factorize in
the soft and collinear limit in the process dependent Born level cross section do® convoluted
with a universal splitting kernel dVg;pole which reflects the singular behaviour. From another
point of view, the factorization can be thought of as a two-step process. In the first step, m
final state particles are produced through the Born level cross section de®. In the second
step, the final (m + 1)-particle configuration is reached through the decay of one of the m
partons - the emitter - into two partons. This last step is described by the splitting function
dViipole- The information about colour and spin correlations are accounted for by referencing
an additional parton - the spectator. The final expression for do? is obtained by summing
over all possible emitter-spectator pairs

do® = Y do® @ dVipole- (5.4)

dipoles

The fact that the underlying structure of this factorization is formed by these pairs coined the
name dipoles. However, as this factorization holds only in the strict soft and collinear limit
and it is desirable that do® approximates do™ also in a small region around the singularity
to render the subtraction procedure numerically stable, one has to introduce the so-called
dipole momenta to ensure that the factorization does not violate momentum conservation.
These obey momentum conservation in the whole m + 1-particle phase space and are defined
through a smooth map from the m + 3 real emission momenta to the m + 2 dipole momenta.
The fact that this map is smooth has the important consequence that soft and soft-collinear
divergences do not undergo double counting.

In order to implement the aforementioned colour and spin correlations into the factorization
formula, the splitting functions V gjpele are realized as operators in colour and spin space. For
this purpose, Catani and Seymour introduce in [28, 26] a certain set of conventions as well
as a special notation for matrix elements. That is, coloured particles in the initial state are
labelled by a,b, ... and partons® in the final state by i, j, k, .... Since non-coloured particles
are irrelevant for the subtraction procedure, they are suppressed in the notation. Scattering

In this context a parton stands for a coloured particle and not necessarily a constituent of the proton.
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amplitudes are considered as objects in an abstract vector space spanned by the spins sg, s;
and colours ¢, ¢; of all coloured particles involved in the process

ia — 1 {cissi5ca;8a} . citc sit s
i, a}), 0 nc(b)Mm ({pispa}) (Heis cad) @ {51554 1)) (5.5)

where [], 1/n¢(b) fixes the normalization by averaging over the n.(b) colour degrees of freedom
for each initial parton b. The kets [{c;;c}) and |{s;;s,}) constitute formally an orthogonal
basis of the colour and spin space respectively. The colour charge operators T; or T, reflect
the emission of a gluon (or another massless coloured particle) from a parton i or a. Their
action on colour space is defined as

. . . o 1 ClyeeisCjreensCliyenyCmiz{a} . *
i@} T T lfisab),, = g [ M ({piipa})]

diyeeisdsseeediseeydims:
X T 4, Tl g Moy B (s by (5.6)

crdg

and analogously if j or k are initial state partons. For a final state parton j the colour-charge
matrix T, is defined as T, = —i feq4e if j is in the adjoint representation of su(3)., as T = t<;
if j is in the fundamental representation of su(3). and T = —tf, if j is in the anti-fundamental
representation of su(3). where the t* = 2" are the usual Gell-Mann matrices. The colour
charge operator T, of an initial parton a obeys the same action defined in eq. (5.6). However,
by crossing symmetry the colour charge matrix in this case is defined as T, = —t7, if a is
in the fundamental representation and as 7%, = t¢; if a transforms in the antl fundamental.
Since every (SUSY)-QCD interaction preserves colour, it follows directly from construction

that each state |{i,a}),, must be a colour singlet

ZT + ZTb i, a}),, (5.7)
The final dipole factorization formula that defines the auxiliary matrix element related to

do®
RS WILTEO DI AP NI AD WIS

1,5 k#1i,j a,i j#i a,i b#a

where one has to distinguish between four different dipoles for the four different initial/final
state combinations of emitter and spectator which are shown in fig. 5.1. The precise definition

of the dipoles D;; 1, Dy, D‘“ and D% will be given in the following sections.

5.2 Final-state emitter and initial-state spectator
The dipole contribution Df; in eq. (5.8) is defined as

1 1

i = =50 - e ({3) 53| =g 27 B C7) IR A S (5.9)
) i

where the tree matrix element with m-final state particles is obtained by discarding the
external leg of the radiated particle ¢ and replacing the momenta p, and p; in the real emission
(m + 1)-particle matrix element with their dipole momenta p, and p;;. The function Vi

describes the splitting process ZT] — i+ j. The mass of the emitter z~] is denoted as m;; and
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Figure 5.1: Effective digrams for different emitter-spectator pairs. Figure taken from [26].

will be defined for each splitting process separately.

Since a treatment of massless initial partons with massless [28] and massive final states [26] is
already available in the literature, the initial parton a will be treated as massive throughout
this section.

5.2.1 Dipole kinematics and phase space factorization

The phase space factorization in dimensional regularization for the fully massive case was
worked out in [1] where the kinematics of Dittmaier’s work [29] were adopted with a slightly
different notation. However, Dittmaier uses a small photon mass as IR regulator which is
common in electroweak physics so that the crucial part lied in the generalisation of the phase
space parametrization from four to D dimensions. In the following, the kinematic variables as
well as the end result for the factorized phase space are summarized.
The two main quantities are the square of the total outgoing momentum of the dipole phase
space

P? = (pi+pj)2, P =p;+p;j (5.10)

and the total transferred momentum

Q=P —ps=ps— Pk (5.11)

Q*=Q>—mi—m] (5.12)

where py, denotes the sum of the momenta of all other (m — 1)-final state particles besides p;
and p;. The dipole splitting functions are formulated in terms of the momentum fractions

_ Pa Dy

— 5.13
P o, (5.13)

j
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_ DPaDpi

5.14
Zi P - Da ( )
P-p. —pi-n
Tija = —p; 'ppl e (5.15)
a

which take by definition only values between zero and one. They can be expressed in terms of
the future integration variables P%, Q2 and z; through the relations

_QQ
PP= 1 Q?*—m? (5.16)
Lij,a
fQQ
P-p, = 5.17
Pa 21 ( )
Zj =1- Zi. (5.18)

It is worth noting that since the product P - p, is always positive and z;;, can only take
values between zero and one, the quantity Q? is always negative such that /Q% = —Q? where
Q* = (Q2)2 to be precise. The auxiliary variables

Agj = A (QQ, mjz, mg) =Q*— 4mzm§ (5.19)
R (Q2 + ngxij,a)2 - 4m¢21Q2x12j,a _Q2 (P? — Q* —mg)? — 4mzQ?
“o Aaj CP2-Q%+m2 Aaj
(5.20)

with the Kallén function
Mz, y, z) = z? + y2 + 22— 2y — 2yz — 2zx (5.21)

are introduced for later convenience. It is straightforward to check that z;, z;, %ij.a, P? and
R,j behave in the soft pf — 0 and collinear limit p, - p; — 0 as

2z — 0 zj —r 1 Tija —7 1 P2 — mJQ Rzzj — 1. (5.22)

The dipole momenta of the emitter and spectator

52 2 2 2 _ .2
~L Tij.a 1 Q +2m Tija Q + mg mj
Pij = R Pot <Raj 2Q2a N 202 +1Q" (5.23)
b =Py — Q" (5.24)

are constructed from the requirement to fulfill the on-shell conditions p2 = m2, ﬁ?j = m?j
and momentum conservation p, + py = p;; + px. The factorization of the three-particle phase
space d®s (pi, pj, Pk; Pa + Pp) into the two-particle phase space d®s (PQ, Q2) and the dipole

phase space dp; (QQ, P?, zi) involves a convolution over P?

P2 1p2
dP
/d<1>3 (pi,pj,pk;pa+pb)=/ +§ d®o (PQaQZ))/[dPi (Q% P )] (5.25)

2
mj
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which corresponds to the integration of the boost parameter P? between the CM frame of
p; + pj and the CM frame of p, 4+ p,. The integration of the splitting function over the
one-particle phase space

2 p2 2r  (P?) " [ Raj\/2a e —e
[l @ p22)] = Zop = (R ) [Tl s )

(4m)* = I —Q? .

(5.26)
yields the singular behaviour parameterized by D = 4 — 2¢ dimensions where the integration
limits read 5

1—2 —Q° £ /i Raj
Zy = i Y- (5.27)

2 :Umj2 —-Q*(1—2x)

In the case of a 2 — 2 process, the remaining m-particle phase space is just the usual
two-particle phase space with outgoing momenta p; and P

Q2 P2 dQZ

/ d®, (P%,Q /
/ S mg’ 2 P2) 87T

where the "particle” that corresponds to P is off-shell. As Q? is a Lorentz invariant quantity
the integration limits can be derived in any frame. Therefore, it is convenient to choose the
center-of-mass frame of the initial particles with the well-known kinematics [30, 31]

(5.28)

2 2 2 2
s+my —m s+mi; — P
sHmy, — M E) = smy — 77 (5.29)
2/s 2¢/s
A (s, m2, mz) A (s, m2, Pz)
which were also derived again in [1] directly in the context of the phase space factorization. If
we expand @Q? into its components

By, =

(5.30)

Q° = mi + mj, — 2E, By, + 2|y |pi| cos 0 (5.31)

and use the knowledge that —1 < cosf < 1, we obtain the integration limits

(5 m = m2) (s £ P2) A (somomd) A (s, P2)

2 2\ _ .2 2
@ (P)_mb+mk 2s 2s

(5.32)

where it is important to realize that the integration limits of Q? depend on P?. For P? = m?

the integration over Q2 reduces to the usual two-particle phase space involving the integration
over the scattering angle cos ¢

d 2
/ 2 8% 16775” s, mi, m /dcosz? (5.33)
/A sm?l, m-
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As the integrand of the remaining m-particle phase space is IR finite the integration can be
performed for € = 0. In order to deduce the integration limits for P?, we can take into account

the soft limit .
p; —0
P? = m]2~ +2p;i-p; — m? (5.34)

which gives the lower limit P? = mj2 The upper limit can be obtained by minimizing

P?=s—m2 —2P - p. (5.35)

By working in the CMS of p, and p;, and using energy /s = \/"7%2 + |pil? + \/mz + |Pk|? + |7j]

and momentum conservation |P| = ||, the product P - pj, can be parameterized through |P|
as

pr- P = <\/g_ \/|13|2+mg) \/|ﬁ|2+mg+ |P|? (5.36)
which becomes minimal for \15 | = 0. Therefore, we arrive at the upper limit

P2 = (s —my)”. (5.37)
In the massless case m; = 0 the integration limits related to z; simplify to

1

Z+ = (1 + Raj) . (538)

O |

Furthermore, an additional auxiliary parameter xy with 0 < g < 1 is introduced as a lower
limit on x;;, for which the splitting functions are applied. This lower limit on xq is provided
by the constraint that the argument of the square root in eq. (5.20) remains positive for all
possible values of Q% which translates to the condition

—Q
2my, (ma — \/@)

Since the singular behaviour occurs for z;j, — 1, applying the splitting function V7, for
NLO

<o < 1. (5.39)

xo < x4 < 1 still cancels the divergences. In addition, the independence of Ao on the
choice of xg serves as a non-trivial check for the correct implementation of the subtraction
procedure.

5.2.2 The dipole splitting functions

The functions V{; in eq. (5.9) for the three QCD splitting processes
« Q= g(pi) +Qps) - mi =0 and mij =mj =mgq
« 9= 9(pi) +9(pj) : mij =mi=m; =0
« 9 Qi) +Qlpy) : mi =m; =mgq and my; =0

were worked out for the fully massive case in [1]. The associated C'PT-conjugated splitting
processes are formally identical to those given here and are therefore not listed separately.
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Explicitly, the dipole functions read

2
(5| Ve |y = 2¢%u*Cr 2 -2+ (1—¢€)z — ™ dss = (V2 )se  (5.40)
9 ° 2—ija— 7 Pi - Dj 7
Vi) = 42 Ca |- (4 )+ o] s
142 —Tija  2—2i— Tyja Di " Dj
1 1
Vo) =4g2u*C -2 —2) (2 — 2— 5.42
(Vi) =4°5Ca | g+ g ~ 2+ (- ) (= 2| (4
2
pw|Ve_|v) = 2¢2u* Ty (—g”’/ — C‘”’) 5.43
(WIVE o) = 2g° o (5.43)
2
(Vig) = 202 1% Ty (1 e (24 — 2i) (2 — z_)> (5.44)

where zy correspond to the integration limits in eq. (5.27). The spin correlation tensor

0 = (7t =) (7 — ) a5
depending on the new variables

m 1 m
():zi—z_:zi—f(l—Raj) Zm)

Z; 5 i

1
=Zj —R- =25 — 5 (1 — Raj) (5.46)
is constructed such that it is orthogonal to the direction of the emitter
ﬁijW = P;;Cu = 0. (5.47)

By Lorentz invariance the integral over the one-particle phase space of a splitting function
with a gluon emitter can only take the form

=g

SH sy U 258 Sp ~l ~
DDy + D::D meop: D M=

/ [dpi (Q%, P2, 2:)] (u[VE[v) = —Aygh + Ag =90 070 _ g, 0Ty g Peba (5 4g)
Pij * Pa (Dij - Pa) mg

Due to the transversality condition on C,, in eq. (5.47) the term Ay is zero. The coefficients
Ay and Ajz can be chosen arbitrarily by the virtue of Slavnov-Taylor identities. However, in
order to include the correct number of physical polarizations, we can think of Ao and Ajs as
being equal to A; such that A; can be disentangled by averaging over the D — 2 transverse
polarizations of the emitter

Ay = / [dp: (Q, P2, )] (V) (5.49)
with the averaged splitting function
1 .
(V) = g (i ) IV o) (5.50)
The polarization tensor
Blph + BBy m2HEY

d" (pij, Pa) = —g"" + (5.51)

Dij * Pa (Dij - Pa)?
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was introduced in eq. (4.20) and fulfills in D dimensions d*’d,, = D — 2.

5.2.3 The integrated dipole functions

The integral of the spin-averaged dipole function (ij> over the dipole phase space is defined
as

1
2pi - Pj Tija

2 T €
g;grr‘giljd[% (P2’Q2§6) = / [dpi (QQ,PZ,ZZ')] <Vf}]> (5‘52)

where I depends on the auxiliary variables P2 and Q?. By writing the single-parton phase
space in eq. (5.26) in the form

Z4 1
/ dzi [(zi — 2=) (24 — 2)] © = (24 — z_)l_%/o dt[(1—t)t]° (5.53)

through the substitution ¢t = =~ the integration of the splitting function becomes straight-
+—z—

forward in terms of the beta and Gaussian hypergeometric function listed in appendix A.1
giving

= 2
a (P2 QQ' ) o CF (mg + P2 - Q2)1+2€ mjzxij,a + Qz(xij,a - 1) ) LZ €
gQ ) €)= mRaj (PQ _ m?)1+2€ _QQ P2
y (w/AajRaj (1 n Q4(xij,a —1)2
QQ

A(m3zij 0 + Q(ija — 1))

(e — 1)> B(l—e,1—¢)—I1(—A4; s))
(5.54)

CANZE P2 _ Q2
Raj (Pg)l-‘ra QQ

12 (P2, Q%e) = (11 (—A;e) — Iy ([1;5)

“R3.B(2-6,2—€)+2Ry;B(1—e,1—¢)) (5.55)

TF,UQE Q2 — p2
(P2)1+6 QQ

I8 (P2Q% <) = ; </5(1 —e,1—¢)— %53@5(2 -£2— 6)) (5.56)

where the variables A and A are defined as

24 — 22— 24 — 22—

A= ———7— A="F == 5.57
1l—x+42_ 2—x—2z_ ( )

The e-expansion of the hypergeometric function hidden in the new function

Lo(1—tt)=
Ii(z;¢) :z/ dt((l)zt) =z08(1—¢,1—¢)2F1(1,1 —¢,2 —2¢;2) (5.58)
0 _
1

=—In(l—2)+¢ <2 Lis(z) + 3 In?(1 — z)> + 0(£?) (5.59)

is calculated in appendix A.1.3. The expansion is valid as long as the argument z remains
bounded between one and negative infinity —oo < z < 1 which is always fulfilled for a massive
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emitter as in eq. (5.54). Following the Pfaff transformation of the hypergeometric function
given in eq. (A.11), the function I (z;¢) obeys the relation

z
I (z;¢) = —1 (2_1;6) . (5.60)
In the massless case m; = 0 as in eq. (5.55), A and A take a similar form

2v/1 — w?

A= L 0<A 5.61
1—+v1—w? - (5.61)

- V1 — w? -

A= 2MZw i< (5.62)

14+v1—w?

when being expressed through the quantity

_ VAPY(mZ +2P? — Q%)

w 3P0 , 0<w<1. (5.63)
Writing A and A in this manner makes the relation
A
= =—A (5.64)
A-1

apparent which allows to simplify the difference of the I; functions in eq. (5.55)
Li(—Aje)— I ([1; 5> = o) (~As¢) (5.65)

by employing the identity in eq. (5.60). Recall that egs. (5.61) and (5.62) are only valid for
m; = 0. In the massive case A reads

—2+/AaiRai
A= - A J]:f / . (5.66)
=20 (Q2 +m?) +3Q2 + /Aoy Rag

For ¢ = 0 the functions I become singular at the endpoint P? — m? giving the infrared
divergence. Therefore, the integration of the I, i over P? and Q? can not be handled numerically
yet. To allow for the extraction of the divergence in terms of € while being able to perform
the integration of the product I |/\/l]2 involving the tree matrix element squared numerically,
the [...]t-distribution? defined as

b
o) = lg(@)jy + 3~ a) [ dygv (5.67)

provides a way around and serves as an artificially inserted zero to render the endpoint
contribution finite. The endpoint part is then further decomposed into a finite ij;NS and
singular Jiaj;s piece where the latter contains the infrared poles in €. This approach of making
the convolution over P? numerically accessible for e = 0 and the treatment of interdependent

2The [...]T-distribution defined in [1, 26, 29] involves the upper instead of the lower limit.
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integration limits in the context of the [...|"-distribution is best illustrated for the case of
Q — gQ splitting:

P2 1p2 Q3 (P?) 2
[ [ gt [ ()

2m J@2 (p2) 24/ A (s,m2,m?) 5
=4/ smk, / dcosz? (Q )—l—JaNS( )>|M|
dp2 1(m3)
+/2 o /2 2J dQ*
my Q_(mj)

On the left hand side appears the integral we want to evaluate numerically but which is
singular for £ = 0. Notice that the integration limits of Q? depend on P2. The first term on
the right hand side corresponds to the integral proportional to the Dirac delta distribution in

q. (5.67). It was used that the integral over @Q? reduces to the usual integration over the

scatterlng angle cos® in the limit P? — m (cf. eq. (5.33)). The pieces J& prs S and J aQNS arise

AQ2TS, (P2,Q2;o) ‘M(P{Q?)‘Q. (5.68)

P2m?]|: 9

mj, O

from the integration of the singular factor

ﬁ in eq. (5.54) which is placed inside the
i

"plus”-distribution”

@S (2. aNS (A2 _ 7a ). Pg qp? 1
JgQ (Q7€)+J9Q (Q)_ ( ]7Q )/m? o (PQ—m?)H’?&
1 1 -
T o <_25 +n (P02 _m§)> 90 (mi,Q2;5) + O(g). (5.69)

One can take any value for the integration limit Pg as long as m? < PO2 < PJQr since this
choice must cancel out which can be seen by inserting the definition of the [...]"-distribution
back into eq. (5.68). Checking the final result for P? independence is a further non-trivial
check for the correct implementation of the ”plus”-distribution. The factor jng <P2, Q2 0)
in the second term on the right hand side of eq. (5.68) is defined through everything of the
integrated dipole IgQ (P?,Q?;¢) which is not inside the "plus”-distribution. The integration
limits of Q? in this part were shifted through the substitution

Q%= Q* = AQ* (Q% - Q1 (m))) + Q% (P?) (5.70)
with S 5 o
QL(P7) —QRL(P7)
Q) — ()
to guarantee a consistent numerical evaluation. From now on Q? represents the integration
variable associated with the limits Q2 (m ) and Q2% (m ) whereas the transformed variable
Q2 is associated with the integration hmlts Q% (P?) and Qi(Pz) The explicit expressions

for the singular terms Jgg and J;&?NS are provided at the end of this subsection. The lengthy
integral form of decomposing the integrated dipole used in eq. (5.68) served only the purpose
to illustrate the idea of the "plus”-distribution and to highlight the dependent integration

AQ? = (5.71)
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limits. It is more convenient to perform the decomposition by transforming the [;; functions
to distributions. So, an alternative to eq. (5.68) is

00 (P2.Q%¢) = [Jig (P*,Q)], +276(P*—m3) (J;§ Q%) + 5" (@ )>+O(€) (5.72)

where [ 90 (PQ, Q2)}+ is given by

2 2_02 Mo R
i (P, Q). = Cra@ e | o '][ ]<¢7J
J 2 p2

ViR | P2 =m0 Q?

X (1 . Q4(x:_ b > +1n(1 +A)> . (5.73)
4m2z + Q*(z —1))?

Note that the notation in eq. (5.73) is purely symbolic: [JgQ (Pz,QQ)} is not a "plus”-
+

distribution itself but contains all the plus distributions.

We can now move on to the integrated dipole Ig . Disentangling the infrared poles in this case
W in eq. (5.54)
the function I1(—A;¢) diverges as well for P2 — 0. Since the expansion in ¢ of I;(—4;¢)
is not analytic for P2 = 0, the hypergeometric function itself has to be placed inside the
[...]"-distribution. Since the entire content of the ”plus”-distribution has to be integrated over
P? analytically, it makes sense to choose the associated expression as minimal as possible, in
the sense that the integration becomes as simple as possible. This is achieved by introducing
the argument of the hypergeometric function as new integration variable

of g — gg splitting is more involved due to the fact that besides the factor

ya = % = P?A (P2, QQ) (5.74)

which behaves analogously to P? in the singular region. This factorization is achieved by
expanding the denominator and numerator of A as given in eq. (5.61) with 1 + v1 — w?

leading to
-1

A (PQ, Q2) -9 (mg +op? 522) [(p +3P2 — 522) p] (5.75)
with
p= \/(P2 — Q2)2 — 4m2P2. (5.76)
In this new variable y4 only the integral
Yo 1 1 1 2 1
Ty (yo;e) = [ d —Ze) = = _Lip(—— .
 (y0: ) /0 =y ( y,s) st s 12( y0> +0() (5.77)

has to be computed analytically. The associated steps are outlined in appendix A.1.4. When
the numerical integration of the [...]*-distribution is still performed in terms of P? (which is
advised in order to avoid separate integration routines), the derivative

dya 1 Q2 = =
VA= g =8 ( meP? = Q'+ T PAQ - 2ml — P+ QP(ml + PP (5.T8)
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has to be included inside the ”plus”-distribution. In fact, it is not necessary to compute
the derivative d% when we make the replacement Q% — Q2 within the parts of the plus-
distribution that are proportional to the Dirac delta distribution. As long as this replacement
is made consistently for the integral that results in the singular pieces and the counterpart
in the plus-distribution itself, this choice must cancel out. For the special case P? = 0 the
derivative y/y simply evaluates to

2 _ A2
/ — A(0,Q2) = Ma @7
yAP2:0 ( Q) Q4

The integrated dipole Iy, can now be expressed as a distribution itself

(5.79)

15, (P%.Q%2) = [J5, (P, Q)] +2m8 (P) (J5 (@%52) + 5™ (@) + 0) (550
with

+

u P2 Q2
el (11 IR

[0.F5]
2A

[ AA In (1 + A)] [ yARaj

> (5.81)

0,P?]

. ; s N . .
The singular Jgés and non-singular term Jg; S arise from the expansion

2\ €
iy (Q%e) + J@NS(@):;‘*(; <1’§02> (28(1-e1—¢) = B(2—e.2-¢))
—2p% A0, Q°)Th (yi™5)) + Oe)  (5.82)

with

Yy = PB (P, Q%). (5.83)
The extraction of the collinear divergence for the case of a gluon splitting into a massless
quark-antiquark pair proceeds as in the case of QQ — g@ splitting

a 2 2. _ a 2 2 2 a;NS
I (P, Q%¢) = [V (P2.Q7)| | +2m8(P?) (55 () + J55°) (5.84)
with _
Tw[1]7  Q*-P2 1
Jo(P2,Q%)| =AQ*=" {} < _— (1--R%). (5.85)
[ QQ( )}—i- 2 P2 [07P02] QZ 3 J
In summary, the three different singular and non-singular contributions are
TS Q) —~£ (11 1H(A +1) (5.86)
9Q ’ dre
70858 (2) =P L A Dy (2™ bo g P21+ 4) + Lip (-4
9Q 2m v Po2 — mj2 4
(5.87)
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2/ 2 A2
Tog (Q%e) = %’: <512 1 % (6111 <“ (mg% < )> + 11>> (5.88)
s (@) = S (mnz <u <m% = Q2)> . (;) 3614, (_ gm) 6T 3W2>
(5.89)
a;S o _E
JQQ( )= 6re (5.90)
aNs  TF u?
o5t = e (5 +3In <P02>> (5.91)

with v = ¥ %‘gj. Recall that A is evaluated in eqgs. (5.86) and (5.87) at P? = m? giving
LY
ng - Q2 - \/>\aj

The same poles given in eq. (5.88) are found in [32] after translating the different dipole
variables.

(5.92)

5.3 Initial-state emitter and final-state spectator

The dipole D}” is defined as

T (i AU [ Bt
2pq * Pi Tij,q miai

e A VN T ~> . 5.93
Tgi J J @ m,at ( )

where V;-” describes the splitting process ai = a +i. The momentum of parton a in the
tree level matrix element is replaced by the dipole momentum p,; and the momentum of j is
replaced by p;. Throughout this section the initial parton a is treated as massive since the
case mq = 0 is already worked out in [28, 26].

5.3.1 Kinematics and phase space factorization

The case of an initial-state emitter and final-state spectator is kinematically identical to the
case of a final-state emitter and an initial-state spectator after switching the roles played by 1~j
and a. Particle j takes over the role of the spectator and the associated dipole momenta are
relabelled accordingly as p;; — p; and p, — Dai- Therefore, the kinematics from section 5.2.1
can be adopted completely.

5.3.2 The dipole splitting functions

The function V;-” in eq. (5.93) for the SUSY-QCD splitting process
o G g(p) +d(pe) : mi = 0 and m, = m

in presence of a massive emitter ai was postulated in [1] and reads

2
VY |\ = 2020 1128 2 _2_maxij7a 5w = (V19§ 5.94
(s| VI |s') = 205Crp* | 5 ot ) B = (V%) (5.94)
ij,a j a 7
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5.3.3 The integrated dipole functions

The integral of the spin-averaged dipole function <V§”> over the dipole phase space is defined
as

1 1
2pq * Pi Tija

2 £
g:rrgm—) 51 (P?,Q%e) = / [dp: (Q*, P2, 2)] Vi, (5.95)
The cases of a massive spectator m; # 0 and a massless spectator m; = 0 have to be treated
separately due to different kinds of singular behaviour. The integrated dipole for m; = 0 is
marked with a hat to distinguish it from the massive case. The integral in eq. (5.95) can be
performed in straightforward manner through the hypergeometric and beta function given in
appendix A.1

) = —
VajRaj  (P?—m3)Ite -Q? P?
mQxZ a T Tij.a \/ a Ra
x([l(—A;s)—azll( Bie) + 4m2a2, ,— 2 O (ija J ! —eln(1+ B)

19 (2,7 = Cr  (mat PP Q)T (m?xij,ﬁcz?(x—l))% <u2>

Q* )‘a]R
.96)
— C 2e P2 _ Q2 1
2 2.\ _ F M ) . . _n.
19 (P?,Q%¢) = Ry W <11 (=Bse) + 711 (—A5e) — §(Rag + 1)1z ( Bﬁ))
(5.97)
where the variable B is defined as
— —2+/AaiRai
B="t" jel (5.98)
= QAR
In the massless case it can be written as
2v1 — u?
; (5.99)
1—+vV1—u2
with
2mgV P2
w= eV (5.100)

P2— Q%>+ m?
The variable A as well as the function I;(z;€) were introduced in section 5.2.3. The functions

Ii(—A;e) and I;(—B;¢) in eq. (5.96) have to be understood in terms of their expansion in ¢
since this explicit form was used to simplify the end result. The function

Ir(z;e) = 2/01 dt(((ll__tz):z;; =201 —¢e,1—¢)2F1(2,1 —¢€;2 —2¢;2) (5.101)
=1 i . +5§:iln(1 —2)+0(e?) (5.102)

is defined similarly to I;(z;€) but with a different argument set of the hypergeometric function
and the associated expansion is derived in appendix A.1.3. The extraction of the divergences
in the massless case is as peculiar as in the case of the gluon splitting function. However,
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it is possible to proceed in the same way. In fact, the divergent piece given by I (—A;¢) in

q. (5.97) leads to the same integral Z; (y{**; ) already worked out in section 5.2.3. The
poles that arise through I1 (—B;¢) and I (—B;¢) can now be disentangled in a very similar
manner by introducing the variable

ys = 3 = P*B (P, Q%) (5.103)

as new integration variable. This factorization is achieved as in the case of A by expanding B
written as in eq. (5.99) with 1+ v/1 — u? which yields

2mg,
B(PZ,QZ): (PQ—g;)p—l—,(ﬂ

where p was defined in eq. (5.76). For the integration of the function I (—B;¢) the integral

To(yo;€) /yod (-t Lo (142 +0(e) (5.105)
2(Y0; 0 Y y1+8 2 ya % Y0

is calculated in appendix A.1.4. Connected to the substitution from P? to yp the derivative

(5.104)

, _ dys _ 2mg(P?+ Q%)(2maP? + (Q° — P?)(P? + p— Q%))

= = - _ 5.106
Vs = qp2 o(P2— Q5 (P2 1 p— QP) — Am2P2) (5:106)
is needed which simply evaluates to
0, 5.107
dP2 P20 ( Q ) Q4 ( )

for P2 = 0. With the knowledge of the integrals Z; and Z, the poles result from the
expansion

j;lg;s (Qz;E) + j;lg;NS (Q2) _ _Cg;l:% (B(O,QZ)E (Il ( max7 ) I2< max7€))
— A0, QTy (y3;€)) + Oe).  (5.108)

Now, we can shift the integration limits for Q2 through the linear transformation Q% — Q? as
discussed in section 5.2.3 and perform the decomposition in terms of the ”plus”-distribution

07 (P2,Q%2) = 7 (P, @]+ 200 (B2 =) (4177 (@%5e) + 17 (@9)) + 0f0)
(5.109)

1 mZ—FPQ—Q?

P2 _ m?] [m?,Pz] \/ )\ajRaj

m?l“” at Q Lija — a]Ra]
v (5.110)
Q' - Aaj Ry Q?

7 (PLQY)] | = CraQ? (250 (1 + B) — In(1 + 4)

+4m1x

a zja

9 (P2, Q%) = [0 (P, @)] |+ 200 (P) (275 (@%) + 77 (@) (51
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55 AQ? n B N P2 — (2
J¥(P%Q*| =C 3BIn(1+ B — + [yyAln(1+ A —
[] ( ,Q)LL FRaj [ypBIn(1+ )][071302} ng—l—[yA n(1+ )}[07]302]"4 1,02
B> 1" B
—Yp——= — (14+ Ryj) | - (5.112
e o35 J>> (5,112
The singular and non-singular contributions in the massive and massless case read
Go: C 1 1+ B
Jj{zg,S Q%) :47:; (1_1}111(1114)) (5.113)
agNs (o2 _Crl 1+4 pmy 1
J! (Q)—%U ((v+ln(1+B In P2 +21n(1+B) (5.114)
1
+5 [In?(1 4+ B) — In*(1 + A)] + Lis (—B) — Liy (-A)) (5.115)
2 _ "2
72958 (02, oy = OF (1 _pp (Ma— @
J (Q%¢e) = e (1 1n< 2 >> (5.116)
7Gg;NS (2 Cr 1. prms Cpma 1y 2 (mg — Q%)
JI(Q7) = o <4ln ( o +In 2 1 G (5.117)

1 1 1
— Liy <—m> + Lio (—W> + In (1 + m)) (5.118)
Ya Yp Yg

with the maximum value

yB> = PyB (P§,Q%). (5.119)

5.4 Initial-state emitter and initial-state spectator

The dipole for emitter and spectator both from the initial state is defined as

. 1 ~ —_——  ~ T . T . . ~ —_~ ~
peib L (T, F 150, b =52Vt [T 15ai,b) L (5.120)
_2pa * Di Tjqb m,adb Tai m,ab

The m-particle matrix element is obtained by discarding the parton ¢ in the (m + 1)-parton
element and replacing all other partons except for the spectator b.

5.4.1 Kinematics and phase space factorization

For the description of the dipole kinematics the same quantities as in [29] are used. The
divergences are parameterized in terms of the variables
Tiap = Pa Pb —Pi*Pa —Pi" Pb (5.121)
DPa - Pb

(5.122)

which behave in the soft limit p/' — 0 as

Liab — 17 Yab — 0. (5123)

41



The sum of all outgoing momenta pj except for the soft gluon is denoted as

Pip=pa+tp—Dpi=Y b (5.124)
k

Furthermore, it is convenient to define the auxiliary variables

Aab = A (s, m2, m2) =52 — 4m2m} (5.125)

s —m2 —mj. (5.126)

|
Il

The construction of the dipole momenta is different from the previous two cases. Instead of
modifying only the momenta of emitter and spectator, the momentum of the spectator py
remains unchanged whereas all other momenta are modified. The new momenta

ﬁ‘u, — A (Pc?b7mg7m12;)pu+ Pa?b _mg _mg _ Pa - Db )\(Pc?wm?l’mg) pﬂ (5 127)
a Aab @ ng mg Aab b '
Pl = Py + 1} (5.128)

are build from the requirement to retain the mass-shell relations $2 = m?2 and ]5(12 = P%. The
outgoing momenta pj except for p; are modified by a Lorentz transformation

ﬁﬁ = AN py (5.129)

with

- O\ -
(Pab+Pab) (Pab+Pab>y+2Pg/:LbPab,I/'

A'LL = g‘u' _— =
v P2 4 Py - Py P2

(5.130)

If follows from direct calculation that A", indeed leaves the Minkowski metric invariant

A APY = g such that it can be verified easily that the new momenta pj, obey the on-shell
2

condition 13% = my. In order to ensure that A (Pgb, m2, m%) remains positive, so that the

dipole momenta take only real values, the kinematical lower bound

2mamy

S

Tjab > L0 > = (5.131)
has to be enforced. For values of x; 4, below & the splitting functions VP are set to zero. The
dependence on the lower bound zg must cancel out and can therefore be chosen arbitrarily
which offers the possibility to check whether the implementation of the subtraction procedure
is correct. Following again the work of Dittmaier [29] where a photon mass is used as regulator,
the phase space factorization is performed in dimensional regularization in [1]. For D =4 — 2¢
dimensions the dipole phase space then becomes

52—25 s~ ¢ Y+
/ [dpz (37 Z, yab)] = (47T)2_‘5F(1 — 8) )\ab1,25 / dyab [(yab - y—)(y—l- - yab)]_‘5 (5132)

with the integration boundaries

1 _
Y = 283“” <§+ om? + \//\ab) . (5.133)
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5.4.2 The dipole splitting function
The dipole function V¥ in eq. (5.120) for the SUSY-QCD process
© = q(pa) +9(pi) : mi =0 and me; = mq =mg
was derived in [1] and reads explicitly
(vist) = agiyrecy (2 -2 - Dttt (5,134
L =40 Pa - Pi

The same splitting function holds if the squark is replaced by an antisquark which is why the
associated conjugated process is not listed separately.

5.4.3 The integrated dipole functions

In complete analogy to previous cases, the integrated dipole for the case of emitter and
spectator both from the initial state is defined as

gz (4m)*

ati, . — . 1 !
%ml b(x,a)—/[dpz (8,2, Yab)]

——(yab 5.135
2pq + pi 37i,ab< ) ( )

and the factorized phase space of the gluon can be turned into the convenient form

Y+ 1
/ AYab [(Yab — ¥-) Y+ — Yap)] = = (Y4 — y_)”E/O dt[(1—t)t] (5.136)

via the substitution ¢ = Zﬁ%ﬁ: By expressing the denominator in the dipole as pg - p; = Yap5/2

and with the help of the already known integrals I1(z;¢) and I2(z;¢) defined in eq. (5.59) and
eq. (5.102), the integration of the splitting function in eq. (5.134) is straightforward

d9.b Cr 1 1 p2s\° [ 2m2s
I 7(%6):%\/)\7&{,(1—‘%)1*25 = sh(—C;e) — 4 I,(—C;e) (5.137)

where the new auxiliary variables dy and C are defined as

Y+ — Y- _ 2V
C = — 5.138
o 7 (5.138)

dy =5 +2m2 — /e (5.139)

Since only massive initial states are considered, the argument C' of the hypergeometric
functions hidden inside I; and Is does not diverge and we are allowed to use their associated
expansions in €. As it should be familiar now from section 5.2.3, the soft divergence can be
disentangled with the help of the [...]"-prescription

119 (3;) = [J9% )| R 7955 (2) 4 J1NS| 4 O(e). (5.140)

The finite part that contains the ”plus”-distribution is then given by

_ +
[qu,b(x)] = %f [1 i A . (1—dyIn(1+ C)) (5.141)
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and the singular terms originate from the expansion

1

1
ag9,b;S q9,5:NS _ 739,b(1. -
JaobS (g) 4 JaobiNS — fig (1,5)/ A

x0

— <_215 +In(1 — x0)> 1190(1;6) + O(e)  (5.142)

with (1 — z)~1=219b(z; ) = 199 (x; €) which gives

—_— C
agbSy — “F (1 _
J () Tre (1—-daIn(1+0()) (5.143)
Jag:bNS — % (é In(1+C) (C +2) + % (4Lio(—C) + In*(1 + C)) (5.144)
™
s
with B
S
dyg = —. 5.146
2 " ( )

5.5 Final-state emitter and final-state spectator

Since the mass of the initial particles does not influence the splitting behaviour, the case of
emitter and spectator both from the final state is already fully covered for the massless and
massive case in works by Catani and Seymour [28, 26].

5.6 Comparison with the phase space slicing method

In an earlier DMONLO work [33, 34] the NLO corrections to neutralino-stop coannihilation
processes were performed where the phase space slicing method was used to render the cross
section oM IR finite. The presence of this alternative method for the infrared treatment
offers the possibility to compare the newly worked out dipole subtraction method for massive
initial states against the results from phase space slicing.

Within the phase space slicing approach the three particle phase space is split into a hard
and a soft part by imposing a cutoff d; on the energy of the radiated gluon

o = ghard(5.) + 0% (5,) (5.147)

such that the real emission cross section o® is split into a finite part o' (45) which is safe

for numerical evaluation in D = 4 dimensions and a divergent piece o*°*(§5) which has to
be integrated analytically in D = 4 — 2¢ dimensions to isolate the infrared poles in . The
latter is made possible by usage of the eikonal (or soft) approximation. If the process contains
another massless particle, there can also occur collinear divergences. In this case the two
cutoff method was employed which introduces an additional collinear cutoff §. on the angle
between the two massless particles so that the hard phase space region is split further into a
hard and collinear and a hard and non-collinear part

oR = 0B (5, 5) + 0B 1 (64,6.) + 0* (). (5.148)
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The dipole subtraction method is implemented on top of the existing code for neutralino-stop
coannihilation NeuQ2qx. The processes XVt; — th/H as well as X{t; — tg are chosen for the
comparison. The first case is simpler since it involves only two dipoles where both the emitter
and spectator are massive whereas the latter requires twelve dipoles in total and in addition
features the more complicated case of a gluon as emitter.

tan 3 o ma My Mo M3 M(~1172 Mq My MZ A

5.8  2925.8 948.8 335.0 1954.1 1945.6 3215.1 1578.0 609.2 3263.9 3033.7

Table 5.1: Parameters for the example scenario in the pMSSM examined in [34]. All quantities
except tan 8 are given in GeV.

mso 338.3 GeV
my, | 375.6 GeV
mpo | 122.0 GeV
mpo | 942.7 GeV
Table 5.2: Physical neutralino, stop, and Higgs masses computed with SPheno 3.2.3 [9].

For the numerical study the example scenario in the pMSSM shown in table 5.1 is used.
The associated physical mass spectrum is computed with SPheno 3.2.3 [9] and the masses
relevant for the examined processes are displayed in table 5.2. All parameters that go into the
calculation are defined at the scale ugr = Qgusy = 1 TeV. The cutoffs p3, p > 65 = 3.0-107%/s
and 2ps - p3 > 0. = 3.0 - 107°s are chosen as in [34] where /s denotes the center-of-mass
energy. More details on the implementation of the dipole method for the selected processes
as well as the results of the comparison are provided in the next two subsections devoted to
respective processes.

5.6.1 Processes with a Higgs boson in the final state

A generic real emission diagram for the coannihilation process with a light C' P-even Higgs h°
or a heavy Higgs H? is shown in fig. 5.2.

Xy

Figure 5.2: Generic real emission diagram for the processes X1 — th and Y)t; — tH. The
four-momenta are explicitly labelled.
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According to the dipole factorization formula, the integral over the three particle phase space
is rendered finite by constructing the auxiliary cross section from the two dipoles Dlg’l and
Dll’?’. For a process with two coloured particles, the identity

Ty -T2[1,2) = -T{|1,2) = ~T3[1,2) (5.149)

follows from colour conservation and makes the colour algebra trivial in this case. The
expressions for the dipoles read

1 1
Do = iV Py, P1) | 5.150
317 on ps $31,b< gst1) M2 (Db, P31) | (5.150)
1 1 i
Db3 — Vv 1,693 MQ ﬁbg,ﬁl 2 5 151
b 2y ps 3331,b< 1Mz ( )| ( )

where the Mandelstam variables s, t and w in the existing LO matrix element | My (p;f L pt) ?
are replaced by the "dipole Mandelstam invariants”

§ = (pa + o)’ (5.152)
t=(pp—p2)° (5.153)
i = (pa —p2)*. (5.154)

The explicit expression for do? is given by

1
/3 do = SN / dds (Dgl + Dﬁ’?’) 0(x — x0) (5.155)

with the averaging factor 2N, for initial colours and spins. The Heaviside function ensures
that the auxiliary variable z is greater than xy where in this case the subscripts on = were
dropped since both dipoles defined in eq. (5.150) and eq. (5.151) share the same kinematic
quantities. The IR divergences appearing in the virtual corrections are cancelled by

1 g: i;s F1;NS F10: #1g;NS
/3 dot = oo [, (27T]M2]2 (755 (us) + TS () + T2 (s ) + TS ()

2 (Vas—mn,m)* qp2 1 +
R S

2 2 _ 2
u P2 =mi [ 2 p2)

x (T3 (P2, Q% 0) + I9(P2, Q% 0) ) ‘MQ (P%QQ)‘Z (5.156)

where AQ? and Q? were introduced in egs. (5.70) and (5.71). At this point it is appropriate
to highlight the limits

~ - 2
lim AQ*=1  lim =@’ lim _ ‘MQ (PQ, QQ)’ — M2 (5.157)

P2—m? P2—m? P2—m?

which are relevant for the implementation of the "plus”-distribution. In eq. (5.156) |Ms]|?
denotes the ordinary LO matrix element depending on s, t and u. The dependence of P? and
- RN

()? in the tree matrix element ‘MQ (PQ, Qg)‘ enters through the dipole momenta p;, and
P13
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Figure 5.3: Tree-level cross section (black dashed line), full one-loop cross section obtained with
phase space slicing (red dotted line) and with the dipole method (blue solid line)
as well as the micrOMEGAs cross section (orange solid line) for the coannihilation
processes with a Higgs in the final state. The upper part of each plot shows the
absolute value of ov, whereas the lower part compares the different cross sections
(second item in the legend).

Figure 5.3 shows the tree level cross section computed with DM@NLO and CalcHEP through
micrOMEGAs as well as the NLO corrected cross section obtained with both methods - phase
space slicing and the dipole subtraction method. The two free parameters zy and P02
introduced in the dipole method are chosen to be z¢g = 0.9 and P} = (\/5 — mh/H)2 where it
was sufficiently checked that the final result is independent of these two values. The relative
difference between the two methods is less than 1% and, thus, the dipole method verifies
the cutoff choice made in [34] and the results for the cross section with a Higgs in the final
state. The relative small difference of around 10 % between the DMONLO result and the tree
cross section provided by micrOMEGAs is due to the fact that DM@NLO uses the on-shell mass
mP = 173.3 GeV of the top quark, whereas micrOMEGAs takes the DR-mass mPR = 161.6 GeV
in account. In table 5.3 some values for Ao obtained with the phase space slicing and
dipole method are shown. The difference between the two methods is in the same order of

vASNO [1078 GeV 2

Pem [GeV] | dipole method | phase space slicing | (aoLo, — AoNE9)/AchEe (%]
10 0.05186 0.05096 1.8
100 0.04543 0.04446 2.2
250 0.02594 0.02569 1.0
500 0.00977 0.00985 —0.8

Table 5.3: Comparison of the O(as) QCD corrections to the process x)t; — th® between the
dipole and the phase space slicing (PSS) method.

magnitude as in [29].
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5.6.2 Processes with a gluon in the final state

Figure 5.4: Generic real emission diagrams for the process )Z(l)fl — tg.

At NLO the two real emission processes shown in fig. 5.4 contribute to x3t; — tg. Besides
the emission of another gluon also the decay of gluon into a pair of massless quarks leads to
additional collinear divergences which cancel those singularities that appear through massless
quarks running in a loop within the virtual corrections. In DM@NLO the first four quark flavours
Ny = 4 are considered massless to avoid quasi-collinear divergences (large logarithms) which
compromise the numerical stability.

For a process involving three coloured particles the different colour projections fully factorize
in terms of the associated Casimirs and it is not necessary to calculate any colour-correlated
tree amplitude thanks to the relation

2T, - T3]1,2,3) = (T — T3 — T3) [1,2,3) (5.158)

which holds analogously for T - Tg and T; - Ty. The factorization formula yields a total of
ten dipoles to compensate all infrared divergences in the three-particle phase space

1 Ca

Da12 = S0V a1, P2) | 5.159
31,2 2p1 - D3 2CF< 93t172>‘M2 (pb7p317p2) | ( )
1 Ca U
Doig = 20V 1
218 = 550y Vet Mo (P, D1, pa) | (5.160)
1 1
Doz = v v (Db, D1, 161
2.0 = 55 WV 25,1 [V) Ty (P P Ps) (5.161)
Dy = L LN )T (o o) (5162)
23 = 2P - 3 w235 2 9293 wv \DPb, P1, P23 .
1 1 Cy
D31 = — (1= 5~ 5.163
31 2p1 " P3 T31p ( 20F> < ggt1>‘M2 (Pb,P?)lapZ) | ( )
11 Ca
Diy = — 15 5.164
21 2p1 ) w21,b ( 2CF) < gzt1>‘M2 (pb7p217p3) ‘ ( )
1 1 Ca t
Dy = 2" IM 5.165
2 2pb - P332 2CF< >‘ 2 (praPLPQ) | ( )
DY = ! LG <V§1’b92>\/\42 (Pva> 1, 73) I° (5.166)
2pp - p2 223 2CF
D= (1 -l ) (V) Mo (B, B, po) | (5.167)
2py - p3 w31 2Ck
D = 1= vy 5.168
! 2pb * P2 ;z;21’b < 2C > < 1 >’M2 (pb27p17p3) ‘ ( )
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with the tree level matrix element |May (pzl,pt,pg) |2. The tensor T corresponds to the
LO squared amplitude where the polarization vector e‘)f (pij) of the emitter gluon has been
amputated. To cancel the collinear divergences from the production of Ny massless quark-
antiquark pairs the dipoles

1 ~ ~
Das1 = m§<M\VQ2§3,1|V>7Lu (v, P23, P1) (5.169)
1 1 1
b b . ~
- o5 Vo5, T (Bos 1, 5.170
R $23’b2<ﬂf 020, V) Tuw (Db; P1; P23) ( )

are needed. Due to different kinematics it is no longer possible to give a single set of ”dipole
Mandelstams” for all dipoles compared to >Z(1)£1 — thY. However, one can group together
dipoles with the same kinematics and form the associated invariants §, ¢ and @ which is done
in table 5.4.

D4, Df? D, D DS;, DY, DY
§=r+pa)’ | 5= +pa) | 5= (P +Da)
t=(pp—p3)° | t=(B—p2)° | t=(pa—p1)

i = (pa—p3)’ | @ = (pa—p2)® | @ = (P —p1)
D312 Doy 3 D31
§=Pat+p)” | 5= Pat+pp)” | $=(Pa+ 1)
t=(pp—p2)° | t=(pp—p3)° | t=(pa—1p1)
0= (pa—p2)° | &= (pa—P3)° | = (p—p1)°

Table 5.4: "Dipole Mandelstam invariants” for six different kinematical configurations that
can be distinguished for the process )2(1)51 — tg.

For the g — QQ dipoles Da3 1 and Db in egs. (5.169) and (5.170) the same dipole Mandelstam
variables apply as for their ¢ — gg counterparts. Since we compute a sufficiently inclusive
cross section, it is not necessary to evaluate the helicity correlation for the dipoles which
involve a gluon emitter explicitly. For example, the factorization

1 1 .
Doz 1 = T%ngggg)!/\/lz (b, P1, P23) |* (5.171)

in terms of the averaged splitting function leads to the same results as using eq. (5.161).
Compared to the Higgs in the final state, this real emission process features two identical
particles in the final state. That’s why each real emission diagram with two gluons in the final
state carries an additional Bose symmetry factor S3 = % In order to construct the auxiliary
matrix element for the virtual corrections from the dipoles, we have to count the symmetry
factors for the transition from two to one gluon®. The dipoles that are related through the
exchange of an emitted gluon result in the same integrated dipole. Thus, the symmetry factor
S3 gets cancelled in all cases except for the dipoles describing g — gg splitting Da3 1 and
DL,

3The counting of symmetry factors for the general case of going from m + 1 to m partons is discussed
extensively in [28].
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Since this process furnishes double poles, another important aspect is the definition of the
poles. In DM@NLO every pole is defined with the prefactor c. = (47)°T'(1 4 €) which leads to
an additional finite term in the presence of double poles through the expansion

1 m2e2

Fi - oriie — L 6 tOE) (5.172)

We are now ready to construct the auxiliary matrix element that cancels the infrared diver-
gences of the virtual one-loop correction

M2 = 2 Mof2 [Co (269 (512,10, 0:2) + VY (512,0, 15 1) + Y (512,11, 0))

162 g
2

y A N T W
+T()+’ygln<sjk>+’yg+K —f—C’A(CF ()+21n<812>—|—5 6

gs 5 7S Ns oy Cam Ca\ | Ny /ogis  iiNs
y/\/l\ [ <J (t;e) + Jo5 7 (t) s 19n + 5 (J7_|_J7>

Ca

51 Ca 7 ;.
a0k (7775 ey + o5 ) + (1 - 2CF> (ot () + I35 )

I8 (wie) + IS ()| (5.173)

where s19 = s — m% and s, t and u are the usual Mandelstam variables. The first part of
eq. (5.173) corresponds to the case where emitter and spectator both are from the final state
which is covered in [35]. The associated expanded expressions including the conventional
prefactor c. are

171 1 2 1 2 2 101 2
(S) 0e)= = | — 4+ —1n [ #~ b e (o IR T T (e
v (8127mt7 76) 2 |:€2 + - n <812 + 9 n 512 6 + 9 |z + In 512

2 2 2 2 2
me\ Ly (mey L s My mi
><ln<812> 4ln <512> 15 2ln( . ) [111(512) —|—ln< . >} (5.174)

V) (515, my,0) = gln (312) LT, ( : ) ~92In (&) i <mt2> (5.175)

6 S S12

V(NS) (512307mt;/{) = ﬁ In <ﬁ> _21n<\/§ mt> N - ) +£

g Ca s NG Vs +my 6
iy (%2) + <n - g) Zi <<2Nfgi - 1) In <\/§2Ttmt>) (5.176)
with
Vg = %CA - g FNy (5.177)
K,=Cu @Z - f) - TN (5.178)
T, (e) = Cr (i + %m <’:2t2> _ 2> (5.179)
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Fg(ff):ﬁ—%

: 5.180
= " 6 (5.180)

The second part in eq. (5.173) covers final-state emission with an initial spectator and vice
versa. The terms %‘ in eq. (5.180) and l%‘r in eq. (5.173) correspond to SUSY-restoring
counterterms which transform the CDR result to DRED and are provided in [35]. For the
remaining finite parts given by the different "plus”-distributions we have to distinguish between

two cases. The case of a gluon acting as emitter or spectator

2
Js CA 2t 1 7
Mpjus* = 521 Ma (P2, Q?) Po(w — o) <2CF e (P |+ g e (PQY)]

+% i (PQ,Qz)L> (5.181)

where Q? is related to the Mandelstam variable ¢ and the case of the top acting as emitter or
spectator

2
A 2_49 2 12\ |2 Ca i 2 12
Miwal? = 1Mo (P2,Q2) Pota —aw) (1= 550 ) ([0 (2. 02)]
+ [0 (P2, Q)] > (5.182)
+
where @Q? is related to the invariant u. In summary, the three different contributions to the
total auxiliary cross section are

/ qoh - 1 (Ve=me)® ap2
2N .F

/d@g (cos V) ML o —i—/o o /ch’Q (PQaQQ) \Mﬁlus,ﬂQ

° dp? 2 N2 A 2
+ ) ? d(I)Q (P 7Q ) ‘Mplusﬂ’ : (5183)
my

Figure 5.5a shows the comparison between the dipole and the and the phase space slicing
method. It becomes obvious that there is a large deviation between both methods. In order to
ensure a correct implementation of the dipole method as well as that the integrated versions
of the dipoles are correct up to additional finite terms that are independent of PO2 besides
the non-trivial check of infrared convergence, the dependence of the result on the artificially
introduced parameters z¢ and P§ is examined in figs. 5.5b and 5.5¢. It turns out that the
result is independent of both parameters.
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(a) Neutralino-stop coannihilation cross section ov with a top and a gluon in the final state for the
example scenario defined in table 5.1. The leading order result is computed with micrOMEAGs
(MO) and DM@ONLO (tree). The fixed-order NLO results are calculated with the phase space slicing
method (PSS) and the dipole method (dipole). The lower panel shows the ratio of different
cross-sections indicated through the second item in the legend.
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(b) Dependence of the real contribution and the (c) Dependence of ¢* and the ”plus”-distribution
"plus”-distribution on the artificial parameter on the artificial parameter P2.
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Figure 5.5: Comparison of the phase space slicing method with the dipole formalism for the
process X(t1 — tg and dependence of the results on the parameters xg and P02.
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6 Colour bases

The non-abelian nature of (SUSY)-QCD complicates the evaluation of processes involving
coloured particles. In order to make a systematic treatment of the colour factors feasible, the
idea of colour bases is introduced in this chapter. As the construction of these bases is rather
heavy on group and representation theory, some definitions and theorems are repeated in the
first section. More information on group theory can be for example found in [36, 37, 38].

6.1 Group and representation theory essentials

Definition 6.1.1 (Group). A group (G,o) is a set G together with an operation o fulfilling
the following axioms:

e Closure: g1,90 € G > g10g2 € G

 Associativity: (g1 092) 93 =91 (92°93) Vg1,92,93 € G

o Identity element: de€ G:goe=eog=gVge G

1 1 1

o Inverse element: Vg€ G 39~ :gog =g "og=e

Definition 6.1.2 (Lie group). A group G which is at the same time a (smooth) manifold is
called Lie group if the group operations

1. GXxG— G,(91,92) = 9192

2. G = G,gr gt
are both smooth maps.

The special properties of a Lie group allow to approximate each group element by an in-
finitesimal variation of its identity element. Studying this variation leads to the group’s Lie
algebra.

Definition 6.1.3 (Lie algebra). A Lie algebra is an algebra g where the bilinear product [-, -],
the Lie bracket, is no longer associative and obeys the following two additional requirements
for all elements 7, 7%, T¢ € g:

e Skew symmetry: [Ta,Tb] =— [Tb,Ta}
« Jacobi identity: [T, [T°,T¢|] + [T¢, [T, T"]] + [T°, [T, T*]] = 0.

The connection between Lie group and Lie algebra becomes evident through the matrix

exponential
g =exp (iagT?) . (6.1)

Definition 6.1.4 (Representation of a group). A representation D(g) of a group (G, o) acting
on a vector space V (referred to as representation space) is a group homomorphism

D:G — GL(V), g+~ D(g), (6.2)
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i.e. the function D fulfills D(gy o g2) = D(g1)D92)-
Definition 6.1.5 (Representation of a Lie algebra). A representation m(7%) of a Lie algebra
g acting on a vector space V is a Lie algebra homomorphism

m:g—gl(V), T — n(T?), (6.3)

i.e. 7 respects the Lie bracket of the Lie algebra
T ([Ta,TbD _ [w (T%) = (Tb)} VT T € g. (6.4)

Two important representations that exist for all Lie algebras are the fundamental or defining
representation where every element of the algebra is represented by itself 7 (7%) = T and
the adjoint representation where the Lie algebra acts on itself.

Definition 6.1.6 (Adjoint representation). For a Lie algebra g the linear map adza : g — g
given by
adya <Tb) - [Ta,Tb}, e Tt ¢ g (6.5)

defines the adjoint representation T® — adra.

Definition 6.1.7 (Generators and structure constants). Let {T%} be a basis for a finite-
dimensional Lie algebra g. The constants fup. satisfying

[T“, Tb} — i fupeT° (6.6)

are uniquely defined for the given basis and are called structure constants. The elements T
are called generators of the corresponding group G = exp (g).

With the notion of structure constants the adjoint representation can be directly read off the
commutator (adra), = F5 =1fape-

Definition 6.1.8 (Invariant subspace). A subspace W C V is an invariant subspace if
D(g)W C W for all g in a group G.

Definition 6.1.9 (Reducible and irreducible representations). A representation D(g) is
reducible if the representation space contains an invariant subspace. Otherwise the representa-
tion is 7rreducible and the associated subspace itself is called irreducible. A representation is
fully reducible if the representation space V' can be decomposed into a direct sum of irreducible
subspaces V = @, V;, where all the subspaces V; are invariant under D(g).

An irreducible representation is usually abbreviated as irrep.

Theorem 6.1.1 (Weyl’s theorem). Let G be a compact Lie group, then every finite-dimensional
representation of G is fully reducible.

Examples of compact Lie groups are SU(N) and U(N).
Theorem 6.1.2 (Schur’s lemma).

1) Let D1, D2 be two irreducible representations of a group G on respective vector spaces
Vi and V;. Let H : V4 — Vs be a linear operator such that HD1(g) = D2(g)H Vg € G .
Then either H = 0 or H is not singular and it holds Ds(g) = HD;(g)H ! Vg € G.In
the latter case, the representations D; and D9 are equivalent and H is the similarity
transformation.
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2) Let D(g) be an irreducible representation of a group G on a finite-dimensional vector
space V. Let H : V — V be a linear operator such that D(g)H = HD(g) Vg € G, then
H is a multiple of the identity element on V.

Definition 6.1.10 (Clebsch-Gordan coefficients). Let D(®(g) and D% (g) be two irreps
of a group element g acting on the respective vector spaces V(@ and V) with bases

{Uga), ...,vc(l?(l)} and {vgﬁ), vé())} In addition, let {DW } be a set of inequivalent irreps

labelled by ~ acting on the respective vector spaces W) with basis {wp), ey wg&)} For

each label v the dimension of the associated representation space is denoted by d(7) whereas
the representation itself is referred to as R.,. The decomposition

D @ DV @ a®D)| a2 e N (6.7)

of the tensor product representation into the direct sum of irreps is called Clebsch-Gordan
series. The spaces W) form a d(v)-dimensional subspace of V(®) @ V(#) invariant under the
irrep D) (g). The coefficients a?,ﬁ give the number of times the irrep occurs in the series and
are referred to as outer multiplicity or just multiplicity. This decomposition induces a basis

transformation
P d(y)

ZZZW Cosds’ (6.8)
n,y =
or alternatively

C’Y Nk \ (/3) (69)

d() d(B)
af;ij ’L
1

=1 j=

where v runs over all irreps contained in the decomposition and n,, refers to n-th occurrence
of the irrep . The (complex) coefficients CV’ . are called Clebsch Gordan (CG) coefficients

or CG matrices. If the outer multiplicities take only the values aw = 0,1 the group in simply
reducible. For simplicity, every group is in general considered simply reducible such that the
label n, can be omitted.

For the decomposition of a tensor product of an arbitrary number n of basis vectors

VR .U = ZZwk og{;} (i) (6.10)

v k=1

the multi-index notation {i} = i;...i, is suitable. Following this notation, the orthonormality
relations

sk ;
ZC{E} @ Cl iy = Finsi O (6.11)
ZCM*CW = 8yy10 (6.12)
o Hagi{iy H{ap{iy T OOk .

in the case of orthonormal bases of the representation spaces appear by expressing the
Kronecker symbols on the right-hand side through scalar products of the corresponding basis
elements and applying eq. (6.8) and eq. (6.9) afterwards.
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To derive multiplicities af;ﬂ a few methods have been developed such as Young tableaux or
the notion of characters. A convenient alternative is the usage of a computer program such
LiE [39]. The method that we will use in the following is the tensor method. As an example
consider a tensor 7% that transforms under a group element R of SO(3)

T9 — 7' = R*RI'TH. (6.13)

RIP ij : 11 723 33\ T

Another possibility to represent T is to arrange all elements in a column (T T ... T ) .
This column vector then transforms under a nine dimensional representation D(R) of R. To
find out whether this representation is reducible or not we have to find components of T%

that transform among themselves. One irreducible subspace that is easy to discover is the
trace TF* since

Ti _y pik pilgklpkl _ pik (RT)li Tkl _ sklpkl _ okl (6.14)

This trace furnishes a one dimensional representation as their is one independent component.
After taking out the trace we are left with a traceless tensor

S =T — %(WTW". (6.15)

The other subspaces that can be found in S% emerge from symmetrization of the indices.
Therefore, consider thy antisymmetric tensor A% = S[ij] = S% — S7¢. Under SO(3) the tensor
AY transforms into itself

AZ] N A/l] — S/l] _ S/]l — RZkR]lskl - Rijilskl — Rsz]lskl - leRikslk — leR]lAZj
(6.16)
The number of independent components of A% are 3* —3/2 = 3 which means that we have a
three dimensional representation. After taking A% out of S¥ we are left with a symmetric
tensor

54 = % (SU 4 571) + %A”’. (6.17)

which is denoted by S17} = §4  §7% and forms also in invariant subspace with 32 —3—1 =15
components where the proof goes as for A*”. Thus, we obtain the decomposition

303=10305. (6.18)

where the representations are denoted by their respective dimensions. If we have a complex
group such as SU(NV), we have to distinguish between vectors v and their dual vectors
¥ = 1, i.e. between upper and lower indices. By using this notation only traces between
upper and lower indices form SU(N) invariant subspaces. This short introduction to the tensor
method should be sufficient for the construction of the color bases. For more information the
reader is referred to [38].

6.2 Colour space

In order to lay down a clear mathematical foundation for the management of colour in
(SUSY)-QCD, the notion of colour space is introduced first. Considering only the colour of
particles, i.e. ignoring all other quantum numbers, squarks/quarks are elements of V = CNc,
whereas anti-squarks/quarks live in the dual space V = CNex, As gluinos/gluons transform
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under the adjoint representation of SU (N¢) they are defined as states in A = CNé-1. A
SUSY-QCD amplitude is in general associated with ng gluinos/gluons, n, squarks/quarks
and ng anti-squarks/-quarks. The colour space associated with this amplitude is then defined
through the tensor product C' = V" 2 V&4 @ A9, An element ¢ € C' is referred to as
the colour structure of the amplitude. A natural metric on C' is induced through the scalar
product

(cileg) = D et gyt (6.19)

a1;,...,an

which is given by summing over all external color indices.

6.3 Trace bases

The simplest form of colour bases are trace bases [40, 41]. They are obtained by rewriting the
structure constants fu. trough the generators in the fundamental representation

i fobe = I}F Tr ([T“, Tb} TC) (6.20)

and then ”contracting” all gluon indices with the Fierz identity given in eq. (A.35). After
this only linear combinations of products of traces over the indices of external gluons remain
or products of the form (7% ... T“”)ij with indices ay, ..., a, of external gluons and ¢, j of
external quarks/squarks.

6.4 Orthogonal multiplet bases

Trace bases have the disadvantage of being in general over-complete and non-orthogonal.
By choosing an orthogonal color basis scattering amplitudes can be subdivided into smaller,
separately gauge invariant pieces. Moreover, in the context of resummation it becomes
necessary to associate amplitudes with irreducible subspaces in colour space invariant under
SU (3) since particles forming a colour octet repel each other whereas singlets are likely to
form bound states.

6.4.1 Construction of the bases

The construction of orthogonal multiplet bases follows mainly the approach outlined in [42].
To start with, consider a scattering amplitude My, (1 describing a process with n coloured
particles in the initial state with colour indices {i} and N coloured particles in final state
with indices {f}. According to Weyl’s theorem the tensor product of initial and final state
representations can be decomposed into irreducible representations

Ro, ©..® Ra, = PR, Rs ®..® Rgy = EPRr. (6.21)
ol I

For further considerations it is useful to combine all equivalent irreducible representations
that appear in both decompositions in eq. (6.21) into pairs P; = (R, Rr) where the index j
denotes all allowed combinations.
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Using the orthogonality relation in eq. (6.11) the amplitude can be decomposed into irreducible
representations

_ v;ki v;ki* Uik ik
My = D MunamChnm Sl CroninCrovim (6.22)
'y,F,k‘i,kf
WU vk AVRG
> M Ol Cialn (6.23)

~v,skik s

The coefficients /\/l k are called partial amplitudes or subamplitudes and form themselves a

linear map M : V( ) — V. Each partial amplitude must conserve colour, i.e. obey the
transformation

M = DOV AT D) (6.24)

Hence, according to Schur’s lemma the representations R, and R are equivalent in the case
of a non-zero subf:urnplitude7 i.e. initial and final state belong to one of the pairs P; and are of

the form M ki k = /\/l'YFékik ;- Therefore, the final decomposition of the amplitude reads
_ j) .(9)
My = Z M(J)C{]Z.}’{f} (6.25)
J

with the basis elements

{GU} E:CWHﬂ WHH (6.26)

That the ¢) are indeed orthogonal with respect to the scalar product defined in eq. (6.19)
can be verified using eq. (6.12).

6.4.2 Calculation of Clebsch-Gordan coefficients

In order to determine the Clebsch-Gordan coefficients which are relevant for the process
4q* — gg, we have to decompose the product spaces of the initial and final states into
irreducible representations first. This is achieved with the tensor method as it is only a small
step from there to the CG coeflicients. We start with the initial state where we have a squark
and an antisquark. Therefore we have to decompose the product of a vector ¢ and a dual
vector x;. The only invariant subspace that we can take out is the trace Uiy; which yields
the decomposition

VX = <WXj - ;,sz') + %\Iﬂxz‘- (6.27)
The first part furnishes an eight dimensional representation as their are eight independent
components whereas the second part corresponds with one independent component to a one
dimensional representation which we can write as

303=8al. (6.28)

An alternative notation is to denote an irreducible representation (m,n) by the number of
symmetric upper m and lower indices n such that eq. (6.28) corresponds to

(1,0)® (0,1) = (1,1) & (0,0). (6.29)
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A useful formula that allows to relate the dimension of a representation to the number of
indices n and m is [3§]

D(m,n) = %(m+1)(n+1)(m+n+2). (6.30)

If we compare eq. (6.27) to eq. (6.8), we can see that we only have to rewrite the 8 part in
terms of an object that carries an index that runs from one to eight. As

. , 1 .
¥i =1 ¥ (6.31)
itself is a traceless and hermitian matrix, it can be written in terms of the generators T:

oh=> e (T} (6.32)

where v, is a real vector with eight components. This allows to directly read of the Clebsch-
Gordan coefficients

O34 = O (6.33)
3;
Coi =T (6.34)

where upper and lower indices are not distinguished for a clearer notation. For two gluons in
the final state we have to decompose the product of two tensors 1/1§ and Xf- As we usually label
gluons with indices that run from 1 to N2 —1, it is more practical to decompose both tensors as
in eq. (6.32) and turn the generators around using the trace orthonormality Tr (T“Tb) = %5“1’
and write ‘

viwb = (T*)(T)vix; . (6.35)

For the decomposition into invariant subspaces we can first take out the two traces

Pl = UnXi' — %5?%”% (6.36)
o = ik — o, (637

which gives
Xt =Ty + % (so%éf + oo] — Jiéiéfwxx@ (6.38)

and leaves as remainder the traceless tensor T;lk . It is possible to symmetrize gpféé’? and gb?df
further by decomposing them into a symmetric and an antisymmetric part with respect to the
two "gluon” indices a and b. This symmetry becomes more obvious by noting that (gb;“)* = go?
which allows to decompose them as

ol =3 (ve +iwe) (T9)] (6.39)

c

¢ =Y (ve —iwe) (T} (6.40)

[
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with two real vectors v. and w,.. Contracting both with the generators (T a)i (T)L gives
, , 4 1
(T (%)} (gowf + ¢§5;) =3 v (Tr (T“TbTC) +Tr (TbT“TC)) =32 e dase (6:41)
(& C

(T (1), (Wf - ¢§5;’) =3 iwe (Tr (T“TbTC) —Tr (TbT“TC>) — %Z e fape-
) ’ (6.42)

This shows that eq. (6.41) is indeed symmetric in the indices a and b and furnishes the
irreducible representation 8g whereas eq. (6.42) is antisymmetric in a and b and corresponds

to 8. As a next step we can antisymmetrize T““ in its upper indices Aik = T][ik} The tensor
Ak % 1s now antisymmetric in its upper indices and without any further massaging already
symmetric in its lower indices. The latter part can be seen by defining B,,;; = emZkA b As

we claim that By,  is symmetric in j and [, the contraction Bmﬂsnﬂ must vanish. With the
help of the identity
Emike " ~ O 5]5l + permuatations (6.43)

and the fact that A;’f is traceless, we get emikE”ﬂA;’f = 0. Inserting three symmetric lower

indices into eq. (6.30) tells us that B, corresponds to the irreducible representation 10.
The same steps can be repeated for B = emle;.’l“ with A;]f = [Z.k} which show that B™¥*

furnishes the 10 representation. After taking A;]lf and fl;’l“ out of I}Z]k only a symmetric tensor
with two upper and lower indices remains which is the irreducible 27. Thus, we arrive at

BR8=1D8s® 82 10D 10® 27 (6.44)

(1,1) @ (1,1) = (0,0) @ (1,1) ® (1,1) @ (0,3) @ (3,0) ® (2,2). (6.45)

For the eight dimensional subspace we can already read of the Clebsch-Gordan coefficients
from eqs. (6.41) and (6.42)

Ciiiy = dabe (6.46)
Codis = i fabe - (6.47)

In order to obtain the Clebsch-Gordan coefficients for the 1 representation in eq. (6.38), we
only have to compute (7%)] (Tb)i;éliék Tr(T*T") = 304 which gives

0818;ab = Oab- (6.48)

With these Clebsch-Gordan coefficients we have all we need for the construction of the bases
as the there are three possible combinations of equivalent initial and final state representations

P e {(1,1),(8,8a),(8,85)}. (6.49)

The corresponding orthogonal basis elements are

gt )ab = 031.3 st0818'ab = 0st0ab (6.50)
8; 853

<(st a%) 03365t08§ ab — dabCTgt (651)
I

gt alz ngcstcss?ab i fabe st (6.52)
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with the norms

M) = N (N? - 1)
1c®)|)2 = Cp (N? - 4) (6.53)
[c®A)]|> = NCACE .

The same basis elements are found in [42].
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7 Phenomenology of squark annihilation

This thesis focusses on the case where the lightest stop is nearly mass degenerate with the
lightest neutralino. There are several theoretical and phenomenological reasons why a light
stop could be realized as the NLSP in nature. First, it is well studied that a light stop predicts
within the MSSM the mass of the CP-even Higgs as measured at the LHC [43, 44]. Second, a
light stop which is close in mass to the neutralino avoids the exclusion regions of the LHC
[45]. Third, it turns out that the cross section for neutralino annihilation alone is too small to
account for the whole relic density. Therefore, the annihilation rate needs to be enhanced by
another mechanism which could be efficient coannihilation [46].

7.1 Squark annihilation into gluons at leading order

To prepare for the subsequent discussion of higher order corrections to squark annihilation into
gluons, it is useful to get some insight into the nature of SUSY-QCD scattering amplitudes
and show the computational techniques used to arrive at the tree level cross section. The
Feynman diagrams for the leading order process are displayed in fig. 7.1 along with the naming
convention employed for momenta and other indices relevant to the process.

~
4

T ~.
| A
! \\
| RN
| ////
I &~
I _-

s -7

Figure 7.1: Tree level Feynman diagrams for the annihilation of a squark-antisquark pair into
two gluons. Four-momenta, colours (s,t,a,b), sfermion indices (4,7), flavours («,/3)
and polarizations (A1,\2) are explicitly labelled in the first diagram. The same

naming convention is used for the 2 — 2 NLO corrections'.

The second and third diagram are identical except for the interchange of the two gluons
in the final state. Both diagrams have to be taken into account since the two gluons are
indistinguishable from each other. For the same reason, an additional Bose symmetry factor

In the real corrections appears a third gluon g¢? (A3) with momentum k3.
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Sy = 1/21 enters into the final expression for the total cross section. The different diagrams
are labelled according to which of the Mandelstam variables

s = (p1 +]92)2 = (k1 + 7€2)2
t = (ki —p1)” = (ko — p2)? (7.1)
u= (ks —p1)* = (k1 — p2)’

appears in the propagator. The last diagram is special since it has no propagator but due
to its shape this kind of topology is sometimes called v-channel (or "seagull” diagram) even
tough there exists no corresponding kinetic invariant. Because of momentum conservation, the
Mandelstam variables obey the relation s +¢+u = m?]? + m%y where all external particles are

considered to be on their respective mass shell, i.e. k2 = k3 = 0 for the gluons and p3 = m?2

a
q;’

P = mgq for the squarks. By following the Feynman rules given in appendix B and using
J
Feynman gauge £ = 1, one obtains the colour decomposed amplitudes

22
—i o y .
M = Cglez SgS (p2 - pl) Yop (gp (kl + 2k2)u - gPM (2k1 + k2)

—|—g’“’ (kl — kg)p) 62()\1, kl)ei()\g, kg) (72)
L1 @ | 8s)_ (8a) 10
My = 5 <Nc Cst ab + cstfzb - cst,lz:b t— mgq (2271 - kl)u

X (2])2 — kQ)V GZ()\l, kl)ei()\g, kg) (73)

L/ 1 @ 8s) , (8a)) 195
My == <]\]CCStvab + cstf‘lb + cstv‘;‘b P ;gg (2p2 — k1)

X (2p1 — kQ)V GZ(Al, kl)éz()\z, kg) (74)
1

M, =i (Ncg}ab + 45;3,) G29" €5 (M, k1 )b (Na, ko) (7.5)

for the diagrams shown in fig. 7.1. The colour decomposition into the basis elements cgf()lb
derived in section 6.4.2 is straightforward through the application of the su(N,)-identity givén
in eq. (A.42) for the t- and u-channel and eq. (A.34) for the v-channel. Since each interaction
vertex that appears in the tree process preserves flavour (as one of the key assumptions of the
pMSSM) and forbids the mixing of squark mass eigenstates, the associated Kronecker deltas
0;; and 0,4 are excluded from the amplitudes for simplicity. As these amplitudes appear
within the perturbative expansion of the S-matrix following the LSZ reduction formula and as
there appear no fermionic fields in the associated correlation functions which could possibly
introduce relative minus signs between the individual terms, the total transition amplitude is
given by the sum of all annihilation channels

Mo = Mg+ My + My + M, (7.6)
For the following computations it is useful to define the helicity

Mio = Mﬁge/’;()\l, k1)e;, (Aa, k2) (7.7)
and colour amputated amplitudes

Mio=3Y" cgfnggg. (7.8)
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As presented in chapter 4, a scattering amplitude involving a massless vector boson should be
invariant under the replacement €(\, k) — €(A, k) + k by the principles of gauge and Lorentz
invariance. That is, Mo should vanish if one of the polarization vectors is replaced by its
associated momentum. However, if we perform the contractions of M with k' and kj
and simplify the denominators to ¢t — m(%? = —2p1 -k and u — mgg = —2po - k1, we find that
this condition is only fulfilled if the gluons lie in the physical Hilbert space and are therefore
transverse

174 1 S *
ke (g, ko) MUY, = 5 B (w— t)ky - € (Mg, ko) (7.9)
2 2
v 1 S *
€5 (A1, i) kg, MIY = _%nggg (u— )k - € (M1, k1) (7.10)

unlike in QED where the Ward identity k,M#* = 0 holds for any scattering amplitude M
independently of the polarization states of the other photons involved in the process described
by M besides €,(A, k). The question arises whether these findings are due to the choice of the
gauge fixing condition which manifests itself in this case only in the gluon propagator or due
to the non-Abelian nature of the theory. To get to the bottom of this question, let us replace
the gluon propagator in Feynman gauge by the one in lightcone gauge given in eq. (B.1)
op
_g? - Hﬁghtcone

which yields for egs. (7.12) and (7.13)

(k1 + k2,n) (7.11)

* v i s n *
k1€ (A2, ko) MG = 295 cg‘gg <u ms) ko - € (A2, k2) (7.12)
* v 195 - 'n %
EM(AI, kl)kQ,lIMfo = —%Cgi‘gg (U - ms> k’l - € ()\1, kl) (713)

where the only nonzero additional contribution comes from the n?(k; + k2)? term whereas all
other drop out through (p2 — p1) - (p1 + p2) = 0. This shows that also in the axial gauge the
amplitude with one polarization vector being substituted with its associated momentum only
vanishes if the other gluon is physical.

In order to include only the physical states in the transition probability (the amplitude
squared), there are two possibilities. Within both approaches My, is kept in Feynman gauge.
The first possibility is to explicitly sum only the transverse polarizations with the help of
eq. (4.20) which holds as an algebraic relation independently of the chosen gauge fixing
condition where it is useful to choose the arbitrary vector n as the respective momentum of
the other gluon. Since ki and ko are lightlike, this particular choice for n corresponds to the
polarization sum as obtained from the lightcone gauge fixing condition. Even though in cases
where the quantization itself is done in the covariant Feynman gauge, this approach towards
the determination of the squared amplitude is sometimes referred to as "working lightcone
gauge”.

The second possibility follows the ”spirit” of BRST quantization. Thereby, all polarizations
are included by using —g"” for the polarization sum as in QED and the cancellation of the
unphysical degrees of freedom then proceeds through the inclusion of ghosts. The second
option will be explained in more detail in the following. The basic approach is to derive a set
of Slavnov-Taylor identities which relate the amplitude MI% to ghost amplitudes which are
then used to replace the longitudinal polarizations €,(L, k) ~ k, appearing in the polarization
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tensor d"”(k1, k2). The first step is to derive the mentioned identities. For this, consider the
four-point Green’s function

(QT{q(21) G (w2)Ca (y1) Ay (y2)} [©2) = 0 (7.14)

which vanishes because there must always appear an even number of ghosts and anti-ghosts
in a scattering process by conservation of the ghost number 2. Application of the BRS-
transformations yields

(QIT{(0Bq (1))7" (x2) Ca (1) A (y2)} )
+ (T {q (21) (687" (x2))Ca (y1) Ay (y2)} [©2)
+ QT {q (1) ¢ (x2) (65Ca (y1))Ab (y2)}€2)
—(QT{G(z1)q" (v2)Ca (y1) 65 Ay (y2)} ) =0. (7.15)

~— —
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T

Let us have a closer look at the first correlation function in more detail

QT {(dBG: (21))ds (v2) a (y1) Ay (y2)} [2)
= 1Ty (QUT {ca(1)qu (21) 45 (22) €a (1) Ay (y2)} [2) - (7.16)

As we wish to compute S-matrix elements from these Green’s functions, they are multiplied
with the inverse propagators of the external fields within the LSZ reduction formula which for
Gi(z1) amounts to i(mg — p?). After the transformation there are two fields with the position
x1 which means that only the sum of the momenta of ¢(z1) and ¢, (z1) yields the momentum

L and taking the on-shell limit

1

p1. Consequently, there will not appear a propagator -
17y

p; — mg will set the whole contribution from this Green’s function to the scattering amplitude
to zero. The same considerations apply to the second term as well as the additional field
introduced through the transformation of the gluon field within the covariant derivative in
eq. (4.29). A similar line of arguments can be found in [47]. After performing the remaining
transformations while keeping the LSZ formula in the back of our heads, we arrive at

QT {q(21)q" (1) 8y, AG (41) Ay (y2)) 1)
= —(QUT (4G50 (Y1) Oyp s (y2)) 1)
= (QUT (470000 (y2)) Ca (1) () (7.17)

where the anti-ghost field was commuted to the right® in order to ensure that all Wick
contractions can be performed without introducing a new overall minus sign that would
contradict the Feynman rules. The same steps apply to the four-point function

QIT{G(z1)q" (22) Ay (y1) T (y2)} ) =0 (7.18)

such that its BRS-transformation gives

QT (q(21)q" (22) A (y1) Dy 0 A (y2)) |€2)
= (T (4(21)q" (21) By, pca (1) € (y2)} [2) . (7.19)

2The ghost Lagrangian is invariant under a conformal transformation ¢ — ¢’¢, @ — ¢~%¢ with an arbitrary

real parameter 6. The resulting conserved quantum number is the ghost number which counts every ghost
as +1 and every anti-ghost as —1 [24].
3Recall that fermionic fields anticommute within a timre-ordered product.
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As a last step we can transform both relations to momentum space via LSZ which gives us at
lowest order the two Slavnov-Taylor identities

k1 MG = —K5 SO (7.20)
ko, MYy = —kI'S3° (7.21)

where SF0 and SI¥ are the leading order amplitudes associated with the two different ghost
processes. The corresponding diagrams are shown in fig. 7.2. The additional minus sign in
egs. (7.20) and (7.21) compared to egs. (7.17) and (7.19) comes from the antihermiticity of
the anti-ghost field.

. ¢ . c
. kl B a . kl Ca
EN /; RN /;
000000000005 5000000000900
g N d S
P kQ Eb e kQ Cb

Figure 7.2: Leading order Feynman diagrams for the amplitudes SO (left) and SO (right).

If we now use the Feynman rules for ghosts to write down the amplitudes

igs 8 lgs 8

SE = by (= pa) = 5 e (0 =) (r:2)
. . 2
_lgs 8 19s (8

850 = T clhky - (p —p) = S cga)(u—1) (7.23)

we realize that we have already verified the two Slavnov-Taylor identities by explicit computa-
tion in eq. (7.12) and eq. (7.13). These identities can now be used to replace the longitudinal
polarizations within the sum over the transverse polarizations

2

> MEEMET e (A1 k1) € (Mo ko) €a (M1, K1) €5 (Ao, K2) (7.24)
A1,A2=1
KEES 4 KAk kRS 4+ kvkP
_ LO poe 2 B 12 2™ 2
=M, M*a5< 7@ " )( 9t T (7.25)
= MIGMLD" — SO 8y0 — 810859 = MESMO* + 1810 — SEO12 — |STO — 850
(7.26)
= MEGMD* —|S1°) — |85 (7.27)

where the it is easy to see from egs. (7.22) and (7.23) that the difference of the ghost amplitudes
vanishes

SO —80—o. (7.28)

Thus, we have finally found that the squared amplitude at leading order can also be de-
termined by using the naive approach —g"” for the polarization sum, but it is therefore
necessary to introduce two ghost processes whose amplitudes are squared with themselves
and then subtracted. This calculation also shows that the ghost contributions receive the
same normalization factor as the actual process. Now that all physical states in the helicity
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space have been summed, the sum over the colours remains. For this purpose, the colour
normalized amplitudes

IMB) 2 = ||cB) ]2 M) 12 (7.29)

are defined where the norms are given in eq. (6.53). The absolute value |M 9|2 is defined to
also contain the sum over all Lorentz indices. In the last step it is necessary to perform the
phase space integration over the scattering angle 9 to arrive at the total cross section

/ MU 2 ddy (ky, k23 pa, pb) (7.30)

with the two-particle phase space in the center-of-mass frame
L
/d‘I)z (K1, k23 pas pb) = /_1 Tadcos? (7.31)

and the flux F = 4ppdv = 2, /A(s, m mq) where v is the relative velocity between the two

initial squarks

_|Pa_ P
Py Py
In order to be able to perform the integration, the Mandelstam variables t and u are expressed
trough 60

= [T, — Ty (7.32)

t/u = _78 + mg + 2 cos(0) Z — m?I Z (7.33)
such that one arrives after the integration at the colour decomposed cross sections
oM = 28;”/; (B(1+ p) + plp — 2) atanh(8)) (7.34)
5(8s) _ gam (7.35)
) = 379 (501 1 85) — 3p(p+ 2) atanh(3)) (7.36)

9532

with p = 4mae /s and 8 = /1 — p. In the context of dark matter relic abundance calculations
the quantity ov is more interesting since it appears in the thermal average (oegv). As we have

in the CM frame
Po = \/Pim+mi=p) = s (7.37)

with the CM momentum pey, the cross section weighted with velocity is simply vo = 8/20.

7.2 Selection of scenarios in the pMSSM

In order to select scenarios that take into account the constraints of the most important
experimental searches for supersymmetry, the results of an analysis by the ATLAS collaboration
performed within the pMSSM are used [48]. The collaboration started with 5 x 10® samples of
the pMSSM parameter space from which 300 000 viable points remain after applying exclusion
limits from ATLAS searches, requiring that the neutralino relic density is less than 0.1208 and
imposing further constraints from other precision observables such as (g — 2), and b — s7.
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In order to find scenarios which are in accordance with the assumption of DM@NLO that the
lightest neutralino accounts for the whole dark matter content in the universe and where the
annihilation of the lightest stop plays an important role, we impose two more cuts on the
viable points. To fulfill the first assumption points with 0.114 < ch(f h? < 0.126 are selected
which corresponds to a conservative 5o-interval of eq. (3.2). The relic density is computed with
micrOMEGAS 2.4.1 [49] which takes as input the original SUSY Les Houches Accord 2 [50] files
provided by the ATLAS collaboration within which the physical mass spectrum is computed
with SoftSUSY 3.4.0 [51]. The parameter points that remain after this cut in the m; — mgo
mass plane are shown in section 7.2 subdivided into bino-, higgsino- and wino-like neutralinos.
The categorization into these three different types follows the definition in [48]. To ensure
that the annihilation of stop makes a significant contribution to the effective cross section,
the second cut excludes all parameter points which do not feature the lightest stop as NLSP.
The remaining parameter points are depicted in section 7.2 where it becomes obvious that
under these conditions only bino-like neutralinos remain. From these points two reference

4000 1 2000 1 % Bino %
*  Scenario 2
i x X
3500 §*< 1750 1 % scenario 1 x
X % X\ X
3000 4 X 1500 o
— X =
> 4 >
v 200 Te x © 1250
G « X O
= 2000 X% = 000 x &
= x = 1
E 1500 E
5 : 5 750 X
1000 4 N X  Bino X
X Higgsino 500 +
500 1 X Wino x Nal
T T T T T T T T T 250 _v T T T T T T T T
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
my [GeV] my [GeV]

Figure 7.3: ATLAS points in the m; — Mo Mass plane with the two additional constraints
explained in the text.

scenarios are selected whose associated 19 pMSSM parameters defined at a scale Qgusy are
given in table 7.1. The corresponding physical mass spectrum is displayed in table 7.2 for

’ \ i I ‘ ’ \ I I
M, | 350.88 -1046.58 M;, |3188.43 3459.34
M, | 1397.86 -3942.8 M;,, | 522.26  3620.61
Ms | 2471.74  3637.32 Ma, | 2239.76 2375.07
A, | -1946.61 3833.12 M;, | 1573.94 1008.22
A, | 2616.21 -1492.51 My | 13817 2845.0
A, | -2742.65 676.78 M; | 1730.6  3045.87
M; | 2976.18  3397.18 1 655.09 1928.59
M;, | 2019.22  3927.05 tanf | 41.31  53.09
M; | 3146.26  2867.94 mao | 3877.15 2401.96
M;, | 2495.18 1661.57 Qsusy | 896.42  1909.68

Table 7.1: Reference scenarios in the pMSSM. All dimensionful quantities are given in GeV.

the spectrum generator used by the ATLAS collaboration and SPheno 3.3.3 [9] which is
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the standard spectrum generator in the DMONLO setup. There appears a surprising difference

mgo mgg Mg+ mg, my, Mpo Q)zghz

I SoftSUSY 3.4.0 | 352.34  657.21 658.06 379.13 40547 124.45 | 0.120
SPheno 3.3.3 352.35 657.14 657.84 344.24  373.08 123.94 -

I SoftSUSY 3.4.0 | 1043.55 1937.89 1937.90 1061.97 3089.04 127.56 | 0.121

SPheno 3.3.3 | 1043.51 1937.19 1937.17 1070.57 3095.72 127.17 | 0.158
Table 7.2: Physical mass spectrum for the two scenarios defined in table 7.1 computed with
two spectrum generators as well the relic density from micrOMEGAS 2.4.1. All
dimensionful quantities are given in GeV.

between both spectrum generators for the masses of for third-generation squarks of more than
30 GeV for scenario I and of more than 5 GeV for scenario II. For SPheno, in scenario I the
mass of the stop is even below that of the neutralino, so that the neutralino is no longer a
dark matter candidate and no relic density can be specified, while for scenario II the stop is
already too heavy to allow efficient coannihilation, so that there occurs an overproduction of
neutralinos. This shows that a set of soft-breaking parameters can lead to two completely
different phenomenologies depending on the spectrum generator and that it is always necessary
to specify the spectrum generator used as well as the resulting mass spectrum. This also
raises the question whether model points that were discarded by the ATLAS collaboration
would become viable points when using a different spectrum generator.

7.3 Numerical analysis

The contributions of different channels to o.un ~ (th)_l can also be computed with
micrOMEGAs and are displayed for the two reference scenarios in table 7.3. For both scenarios

Contributing channel ‘ Scenario I Scenario II

thtt—=gg 50.5 % 61.4%
tit—tt - 5.0%
T by —>th 2.0% -
Xiti—gt 6.6 % 14.6 %
XVt —Wto 2.6 % -
thty—2%g 9.1% 2.6 %
thity—vg 6.4 % 8.7%
85— hO RO 2.4% -
hot—=Wtyg 5.9% -

Table 7.3: Dominant annihilation channels contributing to (QhQ)_l for the mass spectrum
obtained with SoftSUSY 3.4.0 and the cross sections provided by micrOMEGAS
2.4.1 where contributions below 2 % are omitted.

t ﬁ — g g contributes more than 50 % and represents the most important channel. With the
knowledge that stop annihilation in gluons is an important process, we can discuss aspects of
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the tree level cross section. The leading order cross section as well as its singlet, symmetric

— Otree
1078 -~ owo
o
f'TJ_' 10794 ——— o8
. ol8a)
3 10710 -
)
— 7]
> 10 11_] /.
(o) /
10-12;
10—13 [
E 1_ B U(IJ/Utree
U_ L —_ 0(85)/017'99
[ i ———— o OO
T T T T
0 400 800

Figure 7.4: The upper panel shows the leading-order cross section ov as a function of the
center-of-mass momentum pey, computed with micrOMEGAs (MO) and DM@NLO
(tree) as well as the subdivision into the three different colour channels. Their
respective relative contribution to oyee is display in the lower panel.

octet and antisymmetric octet contributions are shown in fig. 7.4 along with the result from
micrOMEGAs. The small deviation between the oy and oyree results from a different precision
in the strong coupling. As the cross section is invariant under the exchange of the two gluons,
the partial wave of the antisymmetric octet is a p-wave which causes the dominance of the
singlet and symmetric octet cross section as both contain s-wave contributions.
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8 Computation of the next-to-leading order
corrections

A next-to-leading order calculation consists in general of two main building blocks which are
virtual and real corrections. Virtual corrections have the same initial and final states as the
tree process but contain the exchange as well as creation and annihilation of virtual particles.
For the process considered in this work the virtual corrections are 2 — 2 processes with the
same kinematics and phase space as the tree process. All the different Feynman diagrams that
reflect these quantum effects share divergent integrals over the undetermined virtual particle’s
momentum. These infinities occur at high energies (UV divergences) as well as at low energies
(IR divergences). Their treatment requires the computational machinery of regularization
to parametrize the divergence in the form of some artificially introduced quantity. The UV
divergences are then removed through a procedure called renormalization whereas the infrared
divergences in the loop integrals should cancel against those which appear through the phase
space integration over the real emission matrix element squared.

8.1 Regularization and one-loop integrals

The essence behind regularization is to introduce new quantities into the theory that parame-
terize the divergence such that all integrals converge but the original divergence is recovered if
these new quantities are set back to zero. As an example consider the correction of a fermion
loop to the Higgs propagator

e e [ A Te[(@+m)g+ptm)
D) =-- - Q‘(l”/ Or) (@~ m? +i9(a+ o -2 i OV

where the coupling is just denoted as \. If we count the power of the loop momenta we get
six in the numerator (including the integration measure d*q) and four in the denominator.
For high loop momenta this approximation leaves the integral

1
/ d*q po ~ 00 (8.2)
which scales quadratically with the loop momentum after the integration and is therefore
called to be quadratic divergent. This idea of power counting leads to the concept of the
superficial degree of divergence D defined as the difference of the number of loop momenta in
the numerator and denominator

D = # of momenta in the numerator — # of momenta in the denominator (8.3)

which states that an integral diverges logarithmically for D = 0, as a polynomial for D > 0
and converges if D < 0. However, these assignments hold only if all loop momenta diverge at
the same rate and if each propagator contains at least one divergent 4-momentum. Therefore,
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the superficial degree of divergence should be applied with care to decide whether a diagram
is UV convergent or not.

The simplest way to apply regularization and parametrize the divergence is to impose an
upper limit A < oo on the momentum of the fermion such that

A
/ dgg=A? (8.4)
0

is finite. This method is know as the cutoff method but has the clear disadvantage of violating
Lorentz invariance as the value of the cutoff depends on the frame of reference.

8.1.1 Dimensional regularization

A modern regularization procedure which respects not only Lorentz but also gauge invariance as
well as unitarity and was even awarded with a Nobel Prize in 1999 is dimensional regularization
invented by 't Hooft and Veltmann [52]. The key observation is that an integral as in eq. (8.1)
diverges in four but not in less than four dimensions. For this reason, the dimension is used
as regularization parameter and the loop integrals are analytically continued to a complex
number of dimensions D = 4 — 2¢. The divergences manifest themselves as poles in the
complex plane. In order to ensure that the mass dimension of the integrals remains unchanged,
one has to introduce an artificial scale p with mass dimension [u] = 1 so that integration

measure in D dimensions reads
dq 2 [ dPq
[ i [ (8:5)

where the factor W is conventional. As we work in D dimensions, Lorentz indices take

values from zero to D — 1 such that components of a momentum vector become

¢ =(q", . ...d"" (8.6)

and the trace of the metric tensor evaluates to ¢g", = D instead of four. The Dirac vy-matrices
are kept four-dimensional by definition Tr (y#+") = 4¢g*”.

8.1.2 Scalar n-point functions and Passarino-Veltman reduction

A central method for calculating one-loop integrals is the so-called Passarino-Veltman reduction
[53] which is presented in a very pedagogical way in [54]. The starting point is that a general
one-loop integral

2 )€ Quy ---q
TN . DN— ) = G gD G 8.7
L1y D (plv s PN—-1,T0, y MN 1) ) / qD()Dl...DN_l ( )
with N propagators
Do = ¢* — mi + ie (8.8)
Dy = (q+p1)? —mi + e (8.9)
(8.10)
Dn-1=(q+pn-1)" —m}_; +ic (8.11)
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in the denominator and M four-momenta g, ,...,q,,, in the numerator can be reduced to
four scalar integrals (M = 0) called Ay, By, Cy and Dy which just follow from the redefinitions
TV — Ay, T? — By, T? — Cy and T* — Dy. Their argument sets in DM@NLO follow the
convention specified in [30]

1
Ag(m§ :/ 8.12
0o(mg) . Dy (8.12)
1
Bo(p?, mg, m7) :/qDoD1 (8.13)
1
CO(pfﬂ (pl _p2)27p§7m37m%7m%) - m (814)

2 2 2 2

DO(p%’ (pQ - pl)Q) (p3 - p2)2)p§7p37 (p3 - p1)27m07m17m2)m3 (815)

)= [ 5p
~ J, DoD1DyDs

/ 2“‘ 2E/dD (8.16)

is employed. The decomposition of a tensor integral is performed by considering all symmetric
and covariant tensor structures of rank M that can be built out of the momenta p1,...,py_1
and metric tensors, i.e.

where the shorthand

B* =D Bl
B" = g"" Boo + pypi B
Ct =] LCy + Dy KOy (8.17)
2
CH = g Coo + Y Pi'piCyj
ij=1
2 2
CHe = (g™ P} + g"°pY + g"°pl') Cooi + D, pi'Pip[Ciji
i=1 i joh=1

The coefficients By, Bgg, B11 and so on are called Passarino-Veltman coefficient functions and
are computed through the following two steps:

1. Contraction of the decomposition into covariant quantities with external momenta and
metric tensors where squares ¢? of the loop momentum are combined with artificially
introduced masses (¢? = (¢> — m?) + m?) so that they cancel against the denominators.

2. Solving the linear system of equations for to the coefficient functions.

Having performed this reduction, it is still necessary to compute the scalar integrals. As an
example on how to solve such an integral within dimensional regularization, we consider the

simplest case
2m)* [ p 1
Ao ( ) iz d™q q? — m? +ie (8.18)

following the path outlined in [30]. The integrand of this function is complex and has poles at

@ =+V @ +m?Fie (8.19)
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Their position in the complex plane allows to change the integration over gy from the real to
the imaginary axis through the application of Cauchy’s integral theorem. This transformation
corresponds to a change from Minkowski to Euclidean space as we have ¢y = iggo and ¢ = ¢r
which changes ¢? in the denominator to

C=q¢ -7 =—abo— b =—0¢ (8.20)

where g is the new integration variable that parametrizes the integration along the imaginary
axis. After this change the integrand depends only on the absolute value of the ”Euclidean”
vector ¢g = (qE.,0,(r) which means that the integral can be greatly simplified by switching to
spherical coordinates

. & _ 1 o0 D_,y
/quzl/dQD/ dgpqp ' = 2/dQD/ daf (d%) (8.21)
0 0

with the D-dimensional solid angle [18§]

QD:/dQD:FQZ;;). (8.22)

The remaining integral can be related to the Eulerian [S-function with the help of the

substitution
‘o —m? + ie 1—t

2 2 _ .
———— = — 8.23
—q% —m? + i€’ @ = (m” — i) (8.23)

which gives

_2)5 1 1
/dq%(qE) = (m? —ie)g_l/ dtt=% (1—t)z !
0

—q% —m? +ie
— (m2—ie) T FB(e—1,2—¢). (8.24)
If we collect all terms together, we get
27TM)25 7.[.275
w2 T(2-—¢)

Ag(m?) = ( (m? —ie)' B (e —1,2—¢). (8.25)
The UV pole in € can be made visible by relating the S-function to the Gamma function
Be—1,2—¢)=T(e—1)I'(2 —¢) followed by the application of the recursive property of the
Gamma function I'(1 4+ ¢) = e(e — 1)I'(e — 1) giving

21 © 1
2 ) r— (8.26)

As the one-loop integrals are not multiplied with any further poles, we can safely neglect all
terms of O(¢g). This is achieved through the expansions

(5 () o

1 1
o140 (8.28)

Ag(m?) = —(m? —ie) (4m)°T(1 + ¢) <m
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which gives when multiplying everything out

C m2
Ag(m?) = m? <6 — log <u2> +1+ (’)(e)> : (8.29)
The factor
ce = (4m)°T(1+¢) (8.30)

turns out to be a common prefactor for divergent loop integrals and is ”defined into the pole”
and not expanded any further. This convention applies to all UV and IR poles in DM@NLO
equally. It is important to realize that the multiplication of a loop integral with D gives an
extra finite part

(4 — D) Ag(m?) = 2m?>. (8.31)

These factors of D usually occur through traces of the metric tensor ¢g*,,. To obtain the finite
terms, it is of course necessary to know the poles which can be found for a large number
of one-loop tensor integrals in a compact form for example in [55]. As the loop library of
DM@NLO is already quite comprehensive, it was only necessary to include the argument set
Dy(0,0,m3, m3,p3, (p3 — p1)?,0,0,0,m3) given in [56] as new special case and to compare
it with LoopTools [57]. However, the integrals in LoopTools are defined with a different

R
prefactor % with rp = % which requires the following conversion
. I(1-¢)? u. 2 .
N;DM@ENLO __ N;LoopTools __ 2 N;LoopTools
Iﬂlw-,uM - Cfr(l _ 25) IMWMM =ce (1 6 € Im,m,uM + 0(8) (8‘32)

where c. is effectively treated as a one.

8.1.3 Variants of dimensional regularization and dimensional reduction

Even though its many advantageous features, dimensional regularization as described in
section 8.1.1 has the drawback of breaking supersymmetry as in D dimensions a vector boson
has D — 2 degrees of freedom which are then mapped under supersymmetry to a Majorana
spinor with 2 degrees of freedom. This mismatch was originally pointed out by Siegel
who proposed regularization by dimensional reduction (DRED) as a variant of dimensional
regularization which should preserve supersymmetry [58]. Within this regularization scheme
the number of dimensions of all momenta and space time coordinates is analytically continued
from four to D whereas the number of components of all other tensors, spinors and y-matrices
remains fixed.

In order to avoid potential mathematical inconsistencies within DRED that were also outlined
by Siegel himself [59] and to formulate the two schemes in a consistent manner it is necessary
to introduce three different spaces which are characterized by their metric tensors [60, 61, 62].
The original four-dimensional space (4S) with metric g"”, a quasi-four-dimensional space (Q4S)
with metric tensor g"” for e.g. gluons in dimensional reduction and a quasi-D-dimensional
space (QDS) with metric g*” as a subspace of Q4S. By construction, Q4S can be decomposed
into the direct sum of QDS and its 4 — D = 2e-dimensional complement called Q&S

Q4S = QDS & QsS (8.33)
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which induces the metric g*” with g = g"*” 4+ g". The dimensionality of the space becomes
apparent through the traces

g/ﬂ/gﬂ’/ = g/ﬂ/gwj =4 g[JJI gwj =D g[JJI g’w = 2¢. (834)
The projection relations

g,lll/gyp = gup gur/gyp - ?Iup ?;u/gup - ?p,p guugyp = gup gMngp = 0

show that QDS is a subspace of Q4S and that 4S is a subspace of QDS. This embedding is
made possible through the fact that Q4S and QDS are actual infinite dimensional spaces whose
properties resemble those of a 4 or D dimensional space. For this reason, we are talking about
a quasi-four-dimensional space and not a four-dimensional space. Intuitively, D-dimensional
quantities can be thought of as four-dimensional but whose remaining 2¢ components are
zero. Furthermore, this resolves the ambiguity of contracting a partial derivate with a gauge
field which itself has four components in dimensional reduction but depends on D space-time
coordinates. A quasi-four-dimensional vector t* can be projected onto the subspaces using
the metrics g*” and g'” as projection operators

thg,” = v thg,” =1". (8.35)
In particular, one finds
gty = 9" g, tpt, = 1Pt = 1,0 =7 (8.36)

which makes it unnecessary to hat squared momenta. The spinor algebra is introduced in a
similar way compared to dimensional regularization by assuming that there exist quasi-four-
dimensional y-matrices that fulfill the anti-commutation relation {y#*,~"} = 2¢g"1, where the
spinor identity element must obey the trace condition Tr 1 = 4. Using the projectors defined
above the anti-commutation relations of the other components can be deduced:

{3".9"} = 29""1 {797} =29""1 {391 =0. (8.37)

Before moving on to the discussion of the 4° matrix, it is useful to recall two identities related
to the fifth y-matrix in four dimensions:

{75, 'y“} =0 Tr (fy“fy”fypfy"fyf’) = 4je"re (8.38)

The treatment of 4° in dimensional reduction is a peculiar as in dimensional regularization
due to the infinite-dimensional nature of Q4S and Q4D which makes counting impossible.
The problem is that the relations given in eq. (8.38) are not compatible with each other
in D # 4-dimensions. Two approaches have developed to deal with this problem. The
t’Hooft-Veltman-Breitenlohner-Maison scheme (HVBM) [63] defines 7° as an element of 4S
7° = iy'4293~4% and, consequently, insists on the trace condition, whereas the naive scheme

(NS) assumes 7° to anti-commute with all other y-matrices
{757,7/1} =0 {75’;)/#} =0 {757:}/‘«} =0 (839)

causing a vanishing trace of 4° with any number of y-matrices, i.e.

n
Tr <75 11 I““) = 0 with T# = 4* 3" or 4 (8.40)
=0
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for any n. To fix this wrong result the trace can be constrained to obey the condition
Tr (T'TVTPT74°) = 4ig"P7 + O () (8.41)

where the tensor £é#¥°7 is completely antisymmetric in all indices and gives the following result
when being contracted with itself

gl ., =G

3]
o GGG (8.42)

to ensure that é#P7 converts into the four-dimensional Levi-Civita symbol in the limit D — 4.
The square brackets denote the usual complete antisymmetrization symbol and G* stands
for the metric tensor depending on the I'*’s in the trace. More information on the treatment
of 4° in the different schemes is available in [64, 61]. In connection with SUSY and DRED the
HVBM-scheme has the disadvantage that supersymmetry in the case of the MSSM is already
broken at one-loop level [61]. Both definitions have the property

%=1 ¥ =1 (8.43)

which guarantees the orthogonality Py, Pr = PrPr, = 0 and idempotency Pf = Py, P}% = Pp
of the chiral projection operators:

1
PL:*(]I—’)/E)) PR:

5 (1++°) . (8.44)

N =

The NS-scheme is mostly used in DRED and is also applied in this work!.

With these definitions at hand it is now possible to describe the different computational
rules for dimensional regularization and dimensional reduction. As the momenta are kept
D-dimensional in both schemes it remains to be specified how the gluons are treated, i.e.
to what space the metric tensors in the propagator, vertices and polarization sum belong.
As it is not necessary to regulate all gluons, we have to introduce the notion of ”internal”
and "external” gluons following the definition given in [62]. Within the virtual corrections
internal gluons are defined as gluons in a one-particle-irreducible diagram and within the
real corrections they are defined as gluon that can become soft or collinear. All other gluons
are defined as external gluons. Depending on how the external gluons are treated one can
distinguish two subvariants of each scheme. Dimensional regularization has the two variants:

o Conventional dimensional regularization (CDR): Internal and external gluons are treated
as D-dimensional.

» 't Hooft-Veltman scheme (HV): External gluons liven in 4S whereas internal ones are
D-dimensional.

The two variants of dimensional reduction are:

o original/old dimensional reduction (DRED or DR): Internal and external gluons are
elements of Q4S.

o Four-dimensional helicity scheme (FDH): External gluons are strictly four-dimensional
whereas internal ones are quasi-four-dimensional.

!Traces of 4° with four or more y-matrices appear within this work during the evaluation of box diagrams
containing gluinos. Since the Levi-Civita symbol with four indices gets contracted with external momenta
and there exist in a 2 — 2 processes only three linearly independent momenta, these expressions yield zero
anyway.
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The different metric tensors that are used within these variants are summarized in table 8.1.
The analogue of the modified minimal-subtraction renormalization scheme MS in dimensional
regularization is called the DR scheme in dimensional reduction.

| CDR | HV | DRED/DR | FDH
g gt g g

internal

v

external | g | g" gt [rlad
Table 8.1: Treatment of internal and external gluons in different regularization schemes. Table

taken from [62].

In practice, the schemes differ at one-loop level only through additional finite parts coming
from extra D’s which are introduced through the contractions of g*’s. As an example consider
the 1PI diagram?

4
. o Y 1 N (8s)\ v
) = id;; 16;2 <Cgt,)ab + 2cgtz)b> g" (—3Bo ((pl —|—p2)2 ,0, 0) + 9D2>

(8.45)
where an extra finite part occurs depending on whether g"” or g"” is used for the internal
gluons which is indicated through the new parameter 6p which takes the value one for
dimensional regularization (HV) and zero for dimensional reduction (FDH). It is important
to realize that also 1PI diagrams in dimensional reduction can give D-dimensional metric
tensors from the Passarino-Veltman decomposition

B" = g" By + pMp” Bna (8.46)
which takes place in QDS. One relation that often appears in this context is

9" = (G + Guv) 9" = D + 9" Gupg”, = D (8.47)

8.2 Renormalization in DM@NLO

The concept behind renormalization is that every UV divergence can be absorbed into free
parameters of a theory which could be the mass of some particle or a coupling constant. This
redefinition comes at the prize that the theory loses its predictivity for those observables.
Another way to think about renormalization is that the classical or "bare” Lagrangian has no
connection to the quantum world, thus, the parameters in the bare Lagrangian are useless to
predict quantum effects as they undergo quantum corrections themselves. A simple picture
that one can keep in mind is that for example the electron is constantly surrounded by a
cloud of electron-positron pairs that are created from the vacuum and therefore these effects
have an impact on the charge that is measured. In this sense, the bare parameters have no
connection to quantities that can be physically measured and consequently they need to be
redefined /renormalized. A gentle introduction to renormalization can be found in [18] and
renormalization of pure QCD is discussed in [65].

With the framework of regularization by dimensional reduction, we are now ready to discuss

2The index structure for this diagram is the same as for the tree level calculation shown in fig. 7.1.
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how the UV divergences can be removed through renormalization. As only the renormalization
of the gluon, squark and ghost sector as well as the renormalization of «; is relevant for this
work to achieve a UV finite result and therefore presented in the following, we refer to earlier
works on DM@NLO [33, 66, 67] for other sectors.

8.2.1 Gluon sector

In multiplicative renormalization, the bare gluon field Ag’ . is related to the renormalized field
Af through the field strength renormalization constant Z,. In perturbation theory, Z, can be
expanded around the tree level value Z, =1+ 67, + (’)(g;") where Z; is defined at O(gg)

Al = ZgAl = <1 + ;5Zg> Al (8.48)

Consequently, the kinetic part of the gluon in the MSSM Lagrangian including the gauge
fixing term splits into a renormalized and a counterterm part that absorbs the divergence.
The counterterm 67, appears as new interaction vertex in the Lagrangian and yields the
Feynman rule

gh 00000 R 0000090008~ g = —10Zy0qp (pQg’“’ —p“p") . (8.49)

It is convenient to decompose the gluon two-point function at one-loop into a transverse Ilp
and a longitudinal part IIj,

2 L, L, ptp” 2y, P'PY 2
—IH%(P): gg unuu@nnnn gbV :_i(sab |:(g}w_p2)HT(p)+ p2 HL(p) 7
(8.50)

where we do not distinguish between g"”, g"”, g"” in the decomposition as we use the FDH
scheme and all three give the same result when being contracted with g*” from the external

gluons.

Figure 8.1: One-loop contributions to the gluon self-energy.

The individual contributions to the gluon self-energy are shown in fig. 8.1. The explicit
contributions to the transverse and longitudinal part read

0= 3 8T (01, 02) — 4Bl )~ P BaP ) (551)
M =0 (8.52)
I = _1g6§7gA (240(m3) — 4Boo(p*, mg, m3) — p* Bo(p*, mg, m3)) (8.53)
1 - (8.54)
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2 2
—95Ca p
e = 168772 <2p2Bo(p2,0,0)+5Bog(p2,0,0)+(9D3> (8.55)
2c
A
7 = $=2p* Bo(p?,0,0) (8.56)
2
G —9s1F 2 2 9
o K 12 Boo(p”, mge, map ) (8:57)
«,
2
aq 9sTF 2
e = k g2 Ao(ma) (8.58)
&,
2c
z A
H% = ?.8671'2 BOO(p27 07 0) (859)
2
cc gsCA 2 2
= —2 242 By(p?,0,0 8.60
L 647T2p 0(p s Uy ) ( )
2
i g Z 951F
H% = H% = §7T2 Ao(mgg) (861)
a,k
I, =119 =0 (8.62)

where the superscript denotes the two virtual particles that run in the loop. It is observed
that only the sum of the gluon and ghost loop as well as the sum of the squark loop and
squark tadpole give a gauge invariant result, i.e. II7(p?) = 0. Up to order gg the renormalized
gluon two-point Green’s function GZZI’, (p) reads then

*iGZl;/(P) :Mmmmmmmf++ +o
(8.63)
—igab Pupby —igae Pubp\ . ced DpPo
=2 (gu- - _Pubp ) j5ed | (g Pobo 64
p? +ie (g“ p? > p? +ie <gup 7 ) 9 p? (864
—ig% Pop
I (2 5712 pppaH 2 1 = oDy 4 ‘
x (Ip(p*) + 6Z4p%) + 2 L(») 2 i\ 2 +0(g;)  (8.65)
—igab PuPv HT(PQ) + 529172 4
=% (g - 1— _ . .
e (I ) 0l (8.66)

The gluon is renormalized in the on-shell scheme, which means that the physical mass must
be identical to the pole mass. This is achieved by requiring that the renormalized Green’s

function has a simple pole at p? = —ie with residue 1
. . . : Ur(p?) + 0Z4p
1 =Res(G, —ie) = 1 > +ie) G(p?) = 1 1— — 8.67
eS( 16) p2i>niie (p 16) (p ) pQLIIEie p2 + 1€ ( )
which adjusts the gluon wave-function renormalization constant to
§Zy=—Re <8HT (p2)) (8.68)
g Op2 0

after applying L’Hopital’s rule and setting € to zero. From this on-shell condition the different
contributions to §Z, can be deduced

—9:Tr
1272

_ : 1
6217 = <2m§BO(o,mg,m§) + Bo(0,m2, mZ) — > (8.69)

3
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- —g2C : 1
5799 = 252971_2’4 <2m§Bo(O,m§,m§) + Bo(O,mg, mg) - 3> (8.70)
9:Ca
6239 = ﬁ (57By(0,0,0) — 67 + 6p12) (8.71)
6290 = —0:Tr Bo(0,m2,m2) — 4m2By(0, m2,m2) 42 (8.72)
g = 4872 0\Y, g, g g -0\H, Ttgy 1) T g :
_ 2¢
575 = 59;67:; (3B(0,0,0) — 1) (8.73)
621 =677 =0. (8.74)
For massless particles in the loop one has to be aware of the limits
: . 1
lim p®By(p?,0,0) = —1 lim m2B(0,m? m?) = = (8.75)
p2—0 m2—0 6

which can be found in [30]. The renormalization constant 67, is ultraviolet and infrared
divergent. Both parts can be extracted from the Passarino-Veltman functions and yield

2
570V = L (Cy -2 .
3V = foh— (Ca—2Tpm) (8.76)
2
§Z® =I5 (4N, TR — .
T (4NfTp — 5C4) (8.77)

where n, gives the number of quarks included in the loops and Ny the number of quark
flavours that are treated as effectively massless.

8.2.2 Squark sector

Having discussed the renormalization of the gluon, we can move on to the squark sector where
we have to account for mixing effects. Therefore, the squark wave-function renormalization
constant ij carries indices i, j related to the two squark mass eigenstates of squarks. As
squarks are massive we also have to introduce a mass counterterm 5m§i

- 7 -~ 1. g\ -
qo,i = ZZqJ q]' = (513 + 252%) Qj (878)
ma;ﬁ = mgi + 5m§i. (8.79)

Then we can define the squark two-point function as

p p
~ ~ouk —_—> —_—> ~ .
I () = 48 - om (e gy = 1607 T () (8.80)

where «, 8 are flavour, s, colour and 7, j sfermion mass eigenstate indices.

Qfsﬁ% RN
- - - - ! )
/ /
AR ¢ \\ ’

e N

—_——pm- N P =

Figure 8.2: Contributions to the squark self-energy at one-loop.
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Note that the squark propagator at one loop is symmetric in the sfermion indices ¢ and j.
The contributions to the squark self-energy shown in fig. 8.2 read explicitly

12(3%) = 2% (5, (Ao(m2) + Aalr)) + Buly?, 2, )
x (8ij (m2a +mg — p®) — 2mgmge (R RS + RYRS)))  (8.81)
I (") = gglif;gij (Ao(mZe) = 2Bo(p%,0,mZ.) (m + 1)) (8.82)
2
I (p°) 91‘36?; kAT Ao(mZo) (8.83)
k=1
¢,(p*) = 0. (8.84)

From there we can define the renormalized two-point function as

1

2

. T ~
2 2 2 2 2 2
Iy = (%) + 5 (p* = m3,) 928, + 5 (v? —m2)) 623 — 5ijom?, (8.85)
In order to work out the on-shell renormalization conditions for the squark sector, we can
look at the one-loop corrected Green’s function for squarks

e —— (51-]- H(p)) +0(gh). (5.86)

T2 02 T2 02 g
D mqi—i—le D mqj—i—le

The requirement that the pole of the propagator is located at the physical mass is equal to
setting the residue to 1 for i = j

1 = Res(G? mgi —ie)= lim (p*— mgi + ie) G?Z-(pQ). (8.87)

10 ''0q .
p2—m?2 —ie
q;

Applying L’Hopital’s rule as well as setting € to zero gives the squark field strength counterterm

L i=7. (8.88)

The next condition )
- (i) o)

forbids an on-shell squark to change its mass eigenstate while propagating freely and adjusts
the counterterm in this case to

2

ey (8.89)
pP=mj_

_ 2Relli;(m2
0z} = # i (8.90)
meg, — Mg,
The last condition R
II;;(mg,) =0 (8.91)

ensures that any mass correction to a physical squark vanishes and defines the squark mass
counterterm to be

(5m§i = Relly; (mgz) . (8.92)
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For the case of identical sfermion mass eigenstates the two contributions to 5Zg are

. 2c
JR

57291 — ggﬁf (BO (mgi,m?], mg) (mg + mg - m%i - 4mgqui1Ri2) — DBy (mgi,mg, mg))
(8.93)
57891 _ 9:CF 2 B 2 2 B 2 2 A
i = g2 (27% 0 (g, 0,mg,) + Bo (mg,, Ovmqi)) (8.94)

and the squark renormalization constant is ultraviolet finite

5750V =0 (8.95)

whereas it may contain UV divergent pieces for different sfermion indices depending on the
mixing matrices in eqs. (8.81) and (8.83). It is the other way round for the infrared divergent
parts

g2Crp . .
570 _ {8 = (8.96)
1 . . N N

! 0, i #j

Since the correction to the squark propagator does not contain any infrared divergent pieces,

IR
the squark mass renormalization constant is infrared finite as well (5m§i> = 0.

8.2.3 Ghost sector

As we renormalize the n-particle irreducible Green’s function and not the complete NLO
process as a whole, the ghost fields must also be renormalized. As ghost and anti-ghost share

Figure 8.3: One-loop contributions to the ghost self-energy.

the same self-energy they can be renormalized with the same wave function renormalization
constant 0Z,.. The renormalized fields are then defined as

& =/z:l 8.97)
0 =/ Z.cl (8.98)

where we need §Z, only up to O(gg) which leads to the expansion
Z.=1+0Z,. (8.99)

Since the gluon is renormalized in the on-shell scheme, the same scheme is chosen for the
ghost. That is, the ghost renormalization constant is obtained by requiring that the ghost
Green’s function at one-loop level has a unit residue

0

6Z. = —Re (E)pznc (p2)> (8.100)

p?=0
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The ghost two-point function takes the general form

p p
i1, (p?) = Cq ooee oo ) . G = 10,11°(p?) (8.101)

and there exists only one contribution which is depicted in fig. 8.3 and gives

95Ca

I°(p?) = 292

p*Bo(p,0,0). (8.102)
The QCD derivative of the ghost self-energy is then

9
Op?

2
9:Ca 2
I°(p%) = =225 (Bo(p*,0,0) — 1) . 8.103
(P*) = =555 (Bo(p*,0,0) — 1) (8.103)
As the gluon renormalization constant is both ultraviolet and infrared divergent, the same
is expected for the ghost renormalization constant. The UV and IR divergent parts read
explicitly

2c
520V = 3295% (8.104)
T4EUV
c
g7 = - IsTA 8.105
¢ 32m2e1R ( )
8.2.4 Renormalization of o«
The renormalization of the strong coupling oy = % is already discussed in detail in an earlier

work [33]. For that reason only the value of the associated renormalization constant

6gs  g?

= — 1
= gppn (g = 3Ca) (8.106)

that emerges from the perturbative expansion of the bare coupling g o
9s,0 = ngs =gs+ 593 (8107)

is repeated.

8.3 The virtual corrections

The computation of the virtual corrections is performed by identifying all one-particle ir-
reducible subgraphs which represent a correction of O(a;) with respect to the tree level
amplitude. These subgraphs then correspond to corrections to the propagators and vertices
and are shown as blobs in fig. 8.4. The advantage of focusing on the computation of Green’s
functions rather than the overall S-matrix element is that the 1PI graphs can be renormalized
individually and are process independent. Thus, they can be calculated once and for all and
then be embedded in any other process or diagram making an efficient and clear computation
of a large number of diagrams feasible.
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Figure 8.4: Irreducible subgraphs that can be embedded into the overall 2 — 2 process.

The amplitude for the virtual corrections is grouped further into propagator corrections, the
three different vertex corrections and counterterms that render the amplitude UV finite

MV = MProP +MXertex +M:\37§rtex _i_szlggtex_i_Mcounter. (8108)

For the evaluation of the Feynman diagrams the same naming conventions for momenta and
indices as for the tree level process shown in fig. 7.1 are used. The cross section for the virtual
part averaged /summed over initial/final state colours and polarizations is then computed as

1
oV = W/d(f[)g (k1,k2) > > 2Re MjoMY (8.109)

s,t,a,b A1,A2

where only the transverse polarizations are summed, which is why the tensor d"”(kq,k2)
introduced in eq. (4.20) is used for the polarization sums. The alternative possibility to use
ghosts for the subtraction of the unphysical polarizations as well as the corresponding virtual
corrections are discussed separately in section 8.3.3.

The virtual corrections are computed in the FDH scheme which has the advantage that it is
in practice not necessary to distinguish between four- and D-dimensional metric tensors that
occur within the Passarino-Veltman decomposition as both give the same result when being
contracted with an external strictly four dimensional metric g*¥. To convert the squared
matrix element from FDH to DRED one can use the transition rules provided in [62]. The
individual contributions in eq. (8.108) are presented in the following in more detail.

8.3.1 The propagator corrections

We begin with the propagator corrections M5 P MP™P and ME™P which sum up to
MPTP = MPTP - AMPTP o AqDPTOP (8.110)

of eq. (8.108). These are obtained by inserting the squark self-energies in fig. 8.1 and the
gluon self-energies in fig. 8.2 into the blobs shown the first row of fig. 8.4. As the squark is a
scalar, the propagator corrections completely factorize from the tree level amplitude. The
transverse part of the gluon self-energy factorizes as well even though the gluon is a vector

87



particle. This is because all terms proportional to p{ 4+ p4 in I}/ (s) cancel out when inserting
them into the s-channel amplitude in eq. (7.2) through the relation (ps — p1) - (p1 + p2) = 0.
Thus, the corresponding corrections are achieved through the replacements

g9
M — HS( )Ms MEroP (8.111)
_Hq
M — t_ns )Mt MEP (8.112)
qi
—T17, ()
My = o My = MEFP. (8.113)

qi

It is important to realize that the one-loop corrected squark propagator allows in principle
the annihilation of different squark mass eigenstates. However, since all NLO matrix elements
are combined with the tree level amplitude to arrive at the NLO cross section, this process is
forbidden at NLO as well.

In the context of the propagator corrections the question may arise as to why external lines
are not corrected but internal ones are. This is because in the renormalized LSZ theorem only
Green'’s functions of renormalized fields are considered. For the derivation of the LSZ, however,
one had to assume that the external fields are free for asymptotic times ¢ — 400, but the
renormalized fields result precisely from the free fields by including the series of 1PI insertions
onto the corresponding propagator. In our case these are the squark and gluon self-energies
that shift the bare masses to the pole masses and define the wave function renormalization
constants. Thus, loop corrections of the external legs are already taken into account by using
the on-shell scheme while this does not apply to the internal propagators.

8.3.2 The vertex corrextions

In the case of all three vertices, the computation of the corrections follows the same scheme
of choosing a certain parametrization for each vertex that captures all possible structures
of a correction. For the calculations themselves, aside to manual calculations a dedicated
Mathematica [68] function was developed for each vertex that reduces the amplitude to
Passarino-Veltmann functions. These functions are build upon FeynCalc 9.3.1 [69] which
provides the necessary Mathematica [68] objects for four-momenta and metric tensors and
handles the contraction of Lorentz indices as well as the expansion of scalar products. The
package Tracer 1.1 [70] takes on the evaluation of Dirac traces as it allows to define an
anticommuting y®-matrix in D-dimensions within the naive scheme. The Levi-Civita symbols
that occur then through traces of ¥° with four or more y-matrices during the evaluation of
diagrams with fermions as virtual particles are directly set to zero since they vanish anyway
when being contracted with external momenta. The code for each vertex is available in
appendix C.6. As a further computational support, FeynArts 3.11 [71] was used for the
verification of all Feynman diagrams that were found based on graph theory. In the following,
the chosen parametrizations are explained in more detail.

8.3.2.1 The four-gluon-squark vertex correction

The most general form of the four-gluon-squark vertex is constructed by considering all Lorentz
structures of rank two build upon metric tensors as well as incoming and outgoing momenta.
Then, the linear coefficients still depend on the colour structure but can be decomposed in
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terms of the colour basis elements found in section 6.4.2. The only remaining dependence is on
the squark mass eigenstates ¢ and j which cannot be separated further due to the possibility of
mixing effects. A special feature of this vertex is that the external particles already correspond
to those of the target process. For this reason, the momenta and other indices follow the same
convention as defined in fig. 7.1. The final parametrization takes the form

qz,t
ST (b1, Ry k) = P =100 ey | gAY 3T (M AL
A R m,n=1
i g
v R);ij v R);ij v R);ij
P A e+ KT AG L+ kALY ) (8114)

During the computation the external squarks and gluons are already taken to be on-shell since
the corrected vertex cannot be embedded into another diagram without increasing the loop
order. Because of the large number of Feynman diagrams that contribute to this corrections,
they are further subdivided into bubbles, triangles and boxes according to their topology and
are shown in figs. 8.5 to 8.7 respectively. One might be lead to the wrong assumption that
the boxes are convergent on their own, however, they turn out to be badly UV divergent and
that’s why they subsume under this correction and can not be treated separately . The form

- e __ - -

Figure 8.5: Bubble contributions to the four-gluon-squark vertex correction at one-loop.

factors A, and Ay, for the bubbles and triangles are given in terms of Passarino-Veltman
functions in appendix C.1 for each diagram. This is no longer reasonable for the boxes due
to the large number of terms arising from the tensor reduction. Nevertheless, to ensure the
reproducibility of the results, the associated amplitudes are given in appendix C.1 along with
the Mathematica code in appendix C.6. Even though the u-channel contributions are related
to the t-channel ones by crossing symmetry through the exchanges t <> u, p <> v, a <+ b and
k1 <> ko the corresponding results are still given in appendix C.1 for completeness. The final
contribution of this vertex correction in eq. (8.108) is

M = T e (A e (N, ko). (8.115)

8.3.2.2 The triple-gluon vertex correction

The three-gluon vertex correction can be decomposed by considering all Lorentz structures
of rank three build out of the momenta ki, ko and k3 and as well as metric tensors. Just
based on the available colour indices the corrections can only be proportional to f.ge Or dege.
However, as all interactions that lead to the corrections are non-chiral and therefore anomaly
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Figure 8.6: Triangle contributions to the four-gluon-squark vertex correction at one-loop.

free, the anomaly coefficient? is zero and therefore only f.4e can contribute. The correction of
this vertex is then parametrized as

3 3
ifeaeDGe" (K1, ks ks) = 9§ =i (ifeae) D | D KokSk] Amno
1

m=1 \n,o=

+977 ki Agtm + 97Tk Agam + 97T kb, Agam) (8.116)

where all gluons are assumed to be in general off their mass shell. All Feynman diagrams that
contribute are shown in fig. 8.8 and their decomposed amplitudes are given in appendix C.2.
The Mathematica code is provided in appendix C.6.2. Note that within the quark triangles
the first two quark generations are considered as massless. The matrix element M‘ggrtex in
eq. (8.108) is obtained by inserting the O(ay) correction into the s-channel amplitude

_ 5. (8a)"9s
lJCst,ab

Mvertex —

3g (p1—p2), T5g" (—k2,p1 +pa, k1) (8.117)

X 62()\1, kl)ez()\g, k’Q).

3For a discussion of (gauge) anomalies and the anomaly coefficient A(R) see [18, chap. 30].
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Figure 8.7: Box contributions to the four-gluon-squark vertex correction at one-loop.

8.3.2.3 The squark-gluon vertex correction

In contrast to the previous two vertex corrections, the Lorentz basis for the squark-gluon
vertex is chosen to be minimal in the sense that momentum conservation is already used

from the beginning to eliminate the momentum of the gluon. The vertex correction is then
parametrized as

Qi
‘a D1t D2
0TIy (p1,p2) = P 97 =167, (Alf (o] +p5) + A% (7 - p‘z’))
/’/
0% P2

lLu

(8.118)

so that it is easy to read off the part proportional to the tree level vertex which is A%*. Just
based on the available colour indices one can deduce that this vertex can only be proportional
to the colour basis element 7. This vertex correction was already computed within DM@NLO
in [67] for the process G§* — QQ under use of the same parametrization. However, there
it was sufficient to consider only on-shell squarks. In order to be able to embed the vertex
correction also in the amplitudes M; and M,,, it is necessary to compute the correction again
but this time for all external fields taken to be off-shell. All diagrams that contribute to
this vertex correction are shown in fig. 8.9 and the corresponding form factors Alf and A%
are provided for each diagram in appendix C.3 along with the Mathematica code for the
Passarino-Veltmann reduction in appendix C.6.3. The matrix element

M\éggtex _ Miquark + quuark + quuark + Msu?llllglr)ker + quuark (8119)

t,upper t,Jlower u,lower
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Figure 8.8: One-loop contributions to the triple-gluon vertex.

of eq. (8.108) consists of the following five insertions into the tree amplitude

, N
e = O T (1,2) (5, (b + 2h0)” — g, (2D + )"

g (k= ka), ) €n (A, kr)es (o, k)

(8.120)
n
—
il _
171 @ (8s)  (8a) Js
quuark _ ‘ S I ( s) _ A
t,upper Y Tkl —m 9 Ncst,ab + Cst,ab Cst,ab t— m%é
LI I T T Fg{ig (p1,k1 — p1) (k2 — 2p2)” GZ()\l, k1)e, (Aa, k2)
(8.121)
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Figure 8.9: One-loop contributions to the squark-gluon vertex.
S ST L LR
k_k—l‘ (1w s 8a))_ s
Miig\?v:er = 7P ‘Y - 5 (Ncst,ab + Cst,?zb - Cst,[;b t— m?]q
“4/—]3;— x Ty (ky — pa,p2) (201 — k1)" €,(M1, )€ (Ao, ko)
2
(8.122)
squark __ _ 1 1 (1) (8s) (8a) s
w,upper - 5 Ncst,ab + cst,ab + cst,ab U — 2
a4
x Ty (p1, ke — p1) (k1 — 2p2)" €, (A1, ke (Ao, ko)
(8.123)
squark 1 1 (1) (8s) (8a) 9s
u,lower - 5 Ncst ab T Cst ab + Cotab U — m2
a
x THY (k1 — p2,p2) (2p1 — k2)” € (A1, )€ (Ao, ko)
(8.124)

8.3.3 Ghost corrections

For the construction of the ghosts at NLO we can follow the same considerations as for the tree
level. The two Slavnov-Taylor identities in egs. (7.17) and (7.19) are valid non-perturbatively
for all orders and can therefore be expanded to the next higher order, so that we get in
momentum space the identities

ki M = —ky SN (8.125)
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koo, MY = — k) SHHO (8.126)

where SZNLO is the NLO analogue to SZLO. The different irreducible subgraphs that can be
embedded into the tree ghost processes and yield the NLO corrections are shown in fig. 8.10.

~

1 ~ e -
3 @ o \>

¥ “’.. s } ‘.

RN v A v

)’/ ‘ ,A// A 4

Figure 8.10: Irreducible subgraphs that can be embedded into the two 2 — 2 ghost processes
where only the diagrams for SN*© are shown. The diagrams for SY© can be
obtained by reversing the ghost flow.

There is the correction of gluon propagator which factorizes as discussed in section 8.3.1

sro o, () gro _ goror

(8.127)
e >
v
NI
A\
..... <.
Figure 8.11: One-loop contributions to the ghost-gluon vertex.
Next we have the correction of the ghost-gluon vertex which is parametrized as
ko Ce
<
i fuge D%, (ki k) = 5 W o) (A + A42kS) (8.128)
ks — ki ™.
Ce

and whose two contributions are shown in fig. 8.11. The values of their associated amplitudes
split into the form factors A; and As which are provided in appendix C.4. This vertex
correction can be embedded into the 2 — 2 process to give

k

\\A _.1.
host AN g _ saf (8a) —Gs o
S = sl = 0%0udih (= pe)y — T (Chak)  (8:129)

k
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Figure 8.12: Triangle and box corrections to the ghost process SNC which do not have a tree

level analogue. The diagrams for S%\ILO can be obtained by reversing the ghost
flow

and similarly for SzghOSt. The squark-gluon vertex correction is embedded into the tree diagram
as in the case of MWK ¢4 yield S? quark, Lastly, there are the box corrections with amplitudes
S}’OX which do not have a direct tree analogue and are shown in fig. 8.12. Their amplitudes
are given for both directions of the ghost flow in appendix C.5. The total amplitude is then

the sum of these four corrections an the counterterms SfO™** additionally
SN0 — gprop . gghost | guauark | gbox 4 geounter, (8.130)

The construction of the amplitude squared proceeds as in the tree level case as well by inserting
the Slavnov-Taylor identities given in egs. (8.125) and (8.126) into the full polarization sum

2

Z 2Re [M%Mi/aﬂﬁz (A1, k1) €, (A2, k2) €a (A1, k1) €5 (A2, kz)} (8.131)
A1, 2=1
— 2Re [M%*MEVLO _ sLorgy SQLO*SQNLO] . (8.132)

It was checked numerically that the NLO amplitudes obey SN0 — SN0 =  similar to the

tree level. However, note that the construction of the amplitude squared is independent of
this identity.

8.3.4 The counterterms

With all necessary renormalization constants for masses, wave functions and the strong
coupling at hand, we are now able to construct the counterterms for all corrected vertices. As
an example, we can derive the counterterm for the four-squark-gluon vertex with the bare
Lagrangian density

1 1 bos
L= 592,0 (N‘Sstéab + dabe sct> S,MA{)L’ qS,i,sqo7i7t' (8.133)
If all bare quantities are now substituted with their renormalized analogues and the associated
renormalization constants are expanded around the tree level value up to order g2, the term
1) 1. 5 1 51"
54 = 2%6]% +0Zydj0 + 502+ 5 k3 (8.134)
S

appears as new constant in the interaction vertex. As a non trivial check whether this
counterterm makes sense, we can verify that the dependence of the number of squark and
quark flavours present in dg, and Z, drops out since there appear no UV divergent diagrams
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within the vertex correction itself that carry this dependence. A short calculation shows that
this is true oV )

SLUV _ 9005~ | 570V = Q;CA (8.135)

s 8meeuy

where we looked only at the case of identical sfermion indices relevant for us. The derivation
of the other counterterms proceeds in the same way and they are all provided as additional
Feynman rules in appendix B.3. The matrix elements M and SEOUMT of eq. (8.108) and
eq. (8.130) respectively are then obtained by inserting the counterterms instead of the vertex
corrections.

8.4 The real corrections

In this section, the real corrections are addressed which are another kind of O(as) corrections
and feature the emission of massless particles. The inclusion of these real emission processes
should ultimately cancel the infrared divergences that one encounters within the virtual
corrections. For the calculation of the cross section, it is of course not possible to use the
usual two-particle phase space, so a parametrization of the three-particle phase space has
to be found. In order to ensure the unitary of the real emission matrix element, it is again
necessary to include ghosts as asymptotic states. How this must be done exactly is deduced
with the tool of BRS-symmetry. As the integration is performed numerically, the infrared
divergences that emerge from the phase-space integration have to be somehow transferred to
the virtual corrections which is achieved through the dipole subtraction method. Lastly, the
long standing question is answered on whether the processes stsT2gg and stsT2QQbar have
to be combined - the answer is yes - and how this has to be done.

8.4.1 Kinematics and phase space integration

We begin with a brief discussion of the parametrization of the three-particle phase space and
of the associated final state momenta. Following [30, 67] the three-particle phase space

dk d4k: d*k
/dCI)g / 1 2 on )3 (2m)0 4 (k% —m?)(2m)0 1 (k3 — m3)

x (21)04 (k3 —m3)0W (ky + ko + k3 — pa — pp)  (8.136)

with external momenta ki, k2, k3 and p,, pp can be parametrized through three angles n, 0, ¢
and two energies k¥, kg. For real emission processes it is common to use the dimensionless

quantities
2k m;
xiZT;aZ:LQag /'612727
instead of energies and masses directly. In these new quantities energy conservation can be
written as

i=1,2,3,a,b (8.137)

1+ a9+ 23 =2 (8.138)
and integrating out the Dirac distributions yields the phase space
by = 51 [ dz) dydey deos6d

@3 = EW 1 dn dxrg dcos QZS (8139)
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with the integration limits

e (0,27), € (0,2m), 6€(0,n) (8.140)

T = 23, B =1 — % + (8.141)
max 1

(@1)min = 5 |o(T + pp-) £ \/a:§ - 4u§\/(r —pd) (r=p2)|. (8.142)

The shorthands o, 7 and m4 are defined as
o=2—1x3, T=1—a3+p3 px=p £ o (8.143)

The derivation of this parametrization was performed in the center-of-mass frame of the initial
momenta p, and p, which are taken to be aligned along the z-axis

S

P = ‘2[ <1+ﬂ2—u§,0,0, \/(1—u2—ub) 4uaub> (8.144)
S

Pl = ‘2[ (1 — pz + 113, 0,0, —\/(1 — uE — up)? 4uaub> (8.145)

From there it follows that the final state momenta take the form

cos(n) cos(8) sin(§) + sin(#) cos(§)

ki = \[ — 42 sin(n) sin(€) (8.146)
cos () cos(&) — cos(n) sin(#) sin(§)
sin(0)
ks = ‘f — 42 0 (8.147)
cos(6)
where Eg follows from momentum conservation /22 = —El — fég and the respective temporal

components form the energy-momentum relation (k?)2 = l;:? + mf The auxiliary angle & is

(2 — @1 —w3)” +4p7 +4p3 — 4u2 —af a3

2\/531 N1\/$3

The integration within DM@NLO itself is performed numerically using the Vegas algorithm from
the CUBA library [72]. In order to ensure the correct implementation of the three-particle
phase space, the phase space volume ®3(mq,mo, m3) was computed analytically for different
mass configurations and compared to the numerical result. The analytic results are

cos& =

(8.148)

s
o 14
3(0,0,0) = 2563 (8.149)
2
2m?sIn (%) —mi + s?
®3(m1,0,0) = (8.150)

25673 s
> 1 0y . p —
3(my,m2,0) = 10943 | 8 2i (ud — 202 (3 +2) + (ph — 4)p3) arcsin ——

—impt 4 2u2 \/(u% — 1) (2 = 1) + 2imp? 2+ 2u2 \/(p% —1)(2 1)
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2 _
+4\/(u2_—1)(ui—1)—8 uu+ln< (*2‘—(1)“+) 1)

(n2 — 1)M+

p2 (i — 1)

As ®3(my, ma2,ms) is symmetric with respect to the interchange of masses, the results for
other mass configurations with the same number of massless and massive particles are identical
to those given here. For the fully massive case no analytic result could be found.

+84/p2 12 In ( + 1) + dimp? —impl + 4i7wi)> . (8.151)

8.4.2 Real emission processes

As postulated in the Kinoshita-Lee-Nauenberg theorem [27], it is necessary to include real
emission processes to cancel the infrared divergences that appear within the virtual corrections.
At first sight, in our case this is the process

@it (1) + G5 s (D2) — g4 (k1) + gy (k2) + g7 (k3) (8.152)

whose corresponding diagrams are depicted in fig. 8.13 where the momenta of the gluons are
read from top to bottom starting with k.
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Figure 8.13: Real gluon emission diagrams contributing at next-to-leading order to squark
annihilation into two gluons.

However, there can also occur infrared divergences through massless quarks which in turn
depend on the number Ny of quarks whose masses are neglected. In the following, we want
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to track this dependence within the virtual corrections to find out whether it is necessary to
include real emission diagrams with massless quarks as final states. We perform the discussion
in the "lightcone” gauge first and then again with ghosts. The only potential source for
infrared divergences within the vertex corrections (not the counterterms) that depend on Ny
is the quark triangle diagram. These double poles cancel each other out within the vertex
correction itself when considering both directions of the fermion flow. Furthermore, the Ny
dependent simple poles also disappear when the vertex correction is contracted with M (34)
under usage of the full polarization sum. The only other source is the gluon renormalization
constant that enters through the counterterms in many places. The easiest way to track
this dependence is to explicitly write down all contributions with the help of the colour
decomposition

1 * * * 3 *
§5Zg M§8A)ML(§A) + 2M§8A)ML(08A) + QMSSA)ML(OSA)} + §5Z9M28A)ML(OSA)

q*qg 3g

~ZMEVM; G ¢ Z 5ZyMIP A 4 L 5025 [2MIO M + oMM

propagator 4-vertex

q*qg

=62, |IMI))? (8.153)
R

which means that we are left with 927+N; /127215 | M1,0|? after including the normalization
factor from the colour basis elements and cancelling the Bose symmetry factor Sy with the
global factor two from ZMNLOMEO‘l.

We can now focus on the case where the polarization sum is performed by means of the
ghosts. In that case the Ny dependent simple poles from the two quark triangles do not
drop out by "themselves” but are precisely cancelled by the infrared dependence of the gluon
renormalization constant entering through the propagator correction of the ghost diagrams. In
addition, we receive in total a term —8Z,(|S1|? +|S2|?) from the squark-gluon and ghost-gluon
counterterm within the ghost corrections. So, we obtain the same Ny dependence for both
methods. This contribution to the infrared divergences can only be compensated by including
the process

4q* — qr (k1) + Gy, (ko) + gl (k3) .

The corresponding diagrams are shown in fig. 8.14. However, it turns out that only a subset
of the diagrams shown are needed for the process stsT2gg. These are the four which contain
the splitting of a gluon into a massless quark-antiquark pair which becomes obvious by
constructing the singular parts of the associated dipoles

gst T3Ty q;S T T3 q* +5 ToT3 ~ ~* gsTFNf
o <JQQ9 ™ ey Tl 13 )07 99 = o,

|MLO’2
(8.154)

(q,q"

where colour conservation Ty + Ty + Ty = —T3 with Ty = T3, T2 = Ty, T3 = T, and
T4 = T3 was used to combine the different integrated dipoles 5. But since only all six diagrams
taken together reflect the correct probability of this process, we cannot consider only the

“This factor two is not included in eq. (8.153).
>The dipole for emitter and spectator both from the final state J>~ computed by Catani and Seymour was
converted from their notation and convention in [28] to the one used in chapter 5.
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Figure 8.14: Real emission diagrams with light quarks as final states that contribute to squark
annihilation into two gluons at next-to-leading order. The infrared divergences
from the two diagrams in brackets are found in stsT2QQbar.

relevant four diagrams. The IR poles from the other two diagrams occurring for massless
quarks must also be found somewhere. Since the same diagrams show up as real emissions for
the process G¢* — QQ which is already available for massive quarks in DM@NLO as stsT2QQbar,
the poles are expected to be found there. Futhermore, Cutkosky’s cutting rules tell us also
where these poles are to be found. These double poles can only be located in the correction
of the quark-gluon vertex. These findings then indicate that stsT2QQbar must inevitably be
extended to support massless quarks and combined with stsT2gg to obtain a well defined and
infrared finite cross section.

Another source of additional processes which have to be considered is gauge invariance. As
in the case of the 2 — 2 process, we face the issue that we want to include only the two
physical polarizations within the polarization sum. The first options is again to use the full
polarization sum from eq. (4.20). However, it is not simply possible to use the momentum
of another gluon as reference vector n as any gluon can potentially become collinear to any
other gluon which would violate the condition n - k # 0. An easy way out is to use to the
parity transformed vectors k; which can be obtained from the parametrization introduced in
section 8.4.1 such that the polarization sum for each gluon becomes

N k'E] + kYRS

O ki) (A ki) = —gM
D ke k) = —g# 4 S

A=1,2

(8.155)

where the denominator is always nonzero by construction. The second option is to use ghost.
In order to find out what processes with ghosts as asymptotic states have to be included and
how, we can resort to Slavnov-Taylor identities. For their derivation, let us have a look at the
Green’s functions

QT {qq ca(y1) Ay (y2) AC(y3) } [2) = (8.156)
(QUT {qq" A7 (y1)es(y2) AL(y3)} [€2) = 0 (8.157)
QT {qq" A5 (1) Ay (y2)ec(ys) 1 ) = 0. (8.158)

Applying the BRS-transformation dp to the first one yields

0= (QIT{qq" (d5%a(yr)) A (y2)p A% (y3)} 1) — (Q T {47 Ca(y1) (98AY (y2)) A (y3)} [2)
— QT {qq"a(y1) Ay (y2) (d3AE (y3))} () (8.159)
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and in more detail

QT {q~q~*aylAﬂ(m)A”(m)A%ys)] |ﬂ> — (T {44 % (y2)3} 0 (42) AL(ys) } 192) (8.160)
—(Q| T {Gq"Cala1) Ay (22) 08, cc(3) } ) (8.161)
where the contribution from the transformations that are nonlinear in the fields are already

neglected for the same reasons discussed in section 7.1. The same steps can be repeated for
the other two Green’s functions so that we arrive at in total six ghost processes

S1: Gie (p1) + GG 5 (p2) — Ca (k1) + cp (k2) + gt (k3) (8.162)
Sa: @iy (p1) + (j}s (p2) — ca (k1) + T (k2) + gt (k3) (8.163)
Sz Git (p1) + GG s (p2) — Ca (k1) + gy (k2) + ce (k3) (8.164)
Syt Giy (p1) + Qs (P2) — ca (k1) + gl (k2) +Cc (k3) (8.165)
S5 Gix (p1) + GG 5 (P2) — g (k1) + cp (k) +Cc (k3) (8.166)
Se: Git (p1) + GG 5 (P2) — g (k1) +C (k2) + cc (k3) (8.167)

with amplitudes &7 to Sg which are simultaneously used as labels for the different processes.
Applying the LSZ formula with the assignments y1 23 — k12,3 yields the generalized Ward-
Takahashi identities

1 ME" = ST — 1S
ko, ME"P = —K\' S — kLS (8.168)
k3 pME"" = —RY'SY — k5 S,

whereby one has to commute all anti-ghost fields to the right and to include the additional

minus sign from the antihermiticity of the anti-ghost field to obtain the correct relative sign.
The BRS-transformation of the five-point functions

(UT{Gq" ca (y1) T (y2) Cc (y3)} 1£2) = 0 (8.169)
(UT{qq ca (y1) e (y2) Te(ys) } [€2) = 0 (8.170)
(UT{qq ca (y1) b (y2) cc (y3)} 1) = 0 (8.171)

allow us to relate the different correlation functions associated with the ghost amplitudes to
each other

0= (QT{qq"ca (y1) 952 Ay (y )c( )}\Q> (QUT {d3 ca (1) T (y2) 05> AL (y3) } 1)

Ay
—(QT {G7* 05 AL (y1) eb (y2) Tc (y3) } 1) — (AT {G7") Ca (y1) o (y2) 942 AL (y3} |92)
= — (T {Gq o5 A% (y1) @ (y2) e (y3) } Q) + (T {Gg"ca (y1) O AY (y2) ce (y3)} |2)
(8.172)

which read in momentum space

ko, Sy = ks ,Sh
ko uSE = k3 ,SP (8.173)
b uSE = ko, Sy .
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Figure 8.15: Ghost diagrams that contribute to squark annihilation at next-to-leading order.
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With these two sets of Ward identities at hand, we are now ready to replace the unphysical
modes through ghost

2
Z MHPP M g€ (A1, k1) €, (A2, ko) €, (A3, k) € (A1, ) e (N2, k2) € (A3, k3)

aByEu
A1,A2,A3=1
(8.174)
Bk + kMRS kD k5D FOkY + k0K
:MVMZ —Ma—l—ll,ll _Vﬁ+22722 _p'y_i_33733
e 57( g ki -k g ko - ko g k3 - k3
(8.175)
=— MMPM:,, + 8183+ Sy ST+ S5 Sf+ S84S5+ 8585+ S Sk (8.176)
koS ks - S
F 2 S — kg S 4+ = (k- S — ks ST (8.177)
k‘g-kg k3'k3
ks-S
423y S — ks - SY) (8.178)
ks - k3
:—MquMZl,p-f—Sl'554-52'Sf+33‘SZ+S4'S§+S5'Sg—I-SG-Sg (8.179)
6
== MMPME, + > SES], (8.180)
=1

The first step corresponds to the replacement of the transverse polarizations with the polar-
ization sum in eq. (8.155). Then the identities in eq. (8.168) are used to replace the momenta
in the polarization sum. In the following step, the relations in eq. (8.173) between the ghost
amplitudes themselves are used to eliminate the differences of the ghost amplitudes. For
the last step we need further identities between the ghost amplitudes, which result from the
explicit evaluation of the amplitudes with the help of Feynman rules

(S1—82)" - (S1—82) = (S5 —S1)* (S5 — Sa) = (S5 — Se)* - (S5 — S6) =0.  (8.181)

Inserting these gives a similar picture as in the 2 — 2 calculation. The ghost processes are
only squared with themselves and then subtracted from the matrix element squared of the
actual process.

After all processes that have to be included are found, we can proceed with the calculation of
the squared matrix elements. After the manual construction of all amplitudes, the contraction
of all Lorentz indices is performed with FeynCalc 9.3 which also handles the summation
of all colour indices. The matrix element describing the production of the three gluons is
equipped with a Bose symmetry factor 1/3! to account for the fact that we have three identical
particles in the final state. The additional Dirac traces which occur for the process with
quarks in the final state are calculated with Tracer 1.1. In that case, the summation over
all final spin states is achieved through the common completeness relations

Z wl® (p)@(s) (p) = p+m (8.182)

Z ) (p)a®) (p) = p—m. (8.183)

s
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56 (k3) Mirey (p1 — k3) -
q

(8.184)

8.4.3 Treatment of soft and collinear divergences

To make the integration over the three-particle phase space numerically accessible, we rely
on the results for the dipole subtraction method from chapter 5. As there are already two
detailed examples provided for the application of the dipole method in the mentioned chapter,
only the required dipoles are discussed briefly and a special feature which occurs in processes
with more than three coloured particles is described. To simplify the notation, the initial
momenta are labelled as p, = p1 and pp = po in this section.

8.4.3.1 Three gluons in the final state

For the tree process with three gluons in the final state, all four possibilities to form emitter
and spectator pairs occur. The dipole formula results in a total of 27 dipoles which have to
be considered:

o FE-FS: D123, D132, Da31

e IE-IS: Dal’b Da2’b Da3,b Dbl,a Db2,a beS,a

- IEFS: Df?, D, D5, D5, D§?, D', D2, DY, DY, DY, D2, D!
e FE-IS: DS, DYy, Diy, DYy, Dby, D

For a tree matrix element involving four coloured particles it is no longer possible to factorize
the colour charge algebra. It follows from colour conservation, that four of the six colour
charge operators T;T; with ¢ # j can be expressed through the quadratic Casimir invariants
and T1 Ty, T T3 giving [28]

(1

T3T4|1,2,3,4) = 3 (C14+Cy—C5—Cy) + Tng] I1,2,3,4) (8.185)
1

ToTy ‘1, 2,3, 4> = B (C1+C3—Cy —Cy) + Tng] ‘1, 2, 3,4) (8.186)
1

TyT3[1,2,3,4) = |5 (C4 = C1 = Gy = Cs) = T4 Ts Tng] 1,2,3,4) (8.187)

TTy ‘1, 2,3, 4> = — (Cl + T1To + T1T3) ‘1, 2,3, 4> . (8188)

The four colour charge operators are associated with the particles in our process as follows:

T1 = Tq, TQ = T;J*, T3 = Tga and T4 = Tgb. (8189)
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For the remaining two operators the colour correlations have to be evaluated explicitly. For
TT5 the colour correlated matrix element splits into the three known colour channels

<1727374| T1T2 |1727374> = |:Mit(7)ab (pavpbaklka) (_tit) tgqul]j’lSab (pavpbaklka) (8190)
~ (1 L s NG
= —CrlMEP + 5o MES P + S 1M P (8.191)
whereas T T3 mixes them

(1,2,3,4| Ty T3 [1,2,3,4) = [M3 (0, 2o s o) | (—£60)  aca MG (s Doy R Fz)
(8.192)

Recall that s denotes here the colour of the anti-squark and t the colour of the squark.
This means that Ty acts on ¢t and T on s. As an additional cross-check we can compare
the relations from colour conservation above with the explicit computation of the colour
correlation, for example

<1, 2, 3, 4’ T3T4 ’1, 2, 3, 4> = [MZZEI) (paypln kl; k2)] (_ifeca)ifdchgg’ad (paaplb klv k2)

N N
= —CaMP)? - E\Mggsw -5 M 8A)|2 = (1,2,3,4|Cp — Ca + T T3 |1,2,3,4) .

(
99
(8.193)

The large number of different dipoles, which have to be considered on the real side, are reduced
to a few on the virtual side since two dipoles, that are related through the exchange of gluon,
give the same results after integrating out the emitted gluon

o FE-FS: 31,
o IE-IS: 3199 31979:4
« IE-FS: 61239, 6119

« FE-IS: 314, 31%,.

8.4.3.2 A quark-antiquark pair in the final state

For the process with a quark-antiquark pair in the final state a total of 15 dipoles are needed
to ensure an infrared finite result:

o IE-IS: Db phd.a

o IE-FS: D33, D33, Db3 DL3

o FE-FS: D123, D132, Da31

« FES: D%y, Dby, DYy, Dy, DYy, Dy

It is important to recognize that in the singular limit, the Feynman diagrams in parentheses
from fig. 8.14 are reduced to the process ¢¢* — QQ, while the remaining diagrams transition
to G¢* — gg. For this reason, two different tree matrix elements occur in the dipoles. For
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the latter process the already known amplitude Mr,o applies and for the other one the new
amplitude

: 2
Mag= — 6, TAT 25 (py — po), @9 (k)70 (ka)  (8.194)

u
4 S

which gives the squared and summed matrix element
Mygl? = g—;LNC' (82 — dmZas — (t — u)2> (8.195)
qql ) F q .

has to be used. The colour correlated matrix elements factorize into |M,g|? and a colour
factor

1 2 — N?
<17 2, 374| T1Ty |17 2, 3a4> = ﬁ‘MtﬁF <17 2, 3>4| T1T3 |1v 2, 374> = W|MCI§|2'

(8.196)

8.5 Preliminary results and discussion

To check the consistency of the result for the corrected cross section AcNYC both the virtual
and real corrections are with the methods of ghosts and also by using the lightcone gauge (full
polarization sum). As the ghosts emerge from Slavnov-Taylor identities that the amplitudes
must fulfill, this effectively probes the gauge invariance of the cross section. However, since the
discrepancy between the dipole and the phase-space slicing method for the process 92(1)51 — tg
could not be resolved until the thesis was to be finished and thus the correctness of the finite
parts of the integrated dipoles could not be finally confirmed, we refrain from giving a result
for the entire NLO correction. However, by applying the newly developed integrated dipoles
to the mentioned process, the correctness of the singular parts for the cases of a final emitter
with an inital spectator and vice versa could be confirmed which legitimises their application
to this process. Through extensive checks the infrared and ultraviolet convergence could
then be verified which provides a non-trivial check for the virtual cross section. In addition,
this confirms the correctness of the singular parts of the integrated dipole involving § — Gg
splitting for emitter and spectator both from the initial state which have not been probed yet
by another process. The results for the virtual corrections in both gauges where the infrared
poles are discarded are shown in table 8.2. Both gauges for different center-of-mass momenta
agree within two or three digits. Due to the lack of reference results in the literature, it is not
possible to determine whether this difference is of pure numerical nature or whether there
might still be an error in the calculation. However, it should be noted that this uncertainty is
smaller than the errors arising in connection with methods such as the phase-space slicing
approach as discussed in section 5.6.2 or [29].
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voy . (FDH)
Pem [GeV] vo© | lightcone | ghost
100 9.735215 | 4.857407 | 4.856361
200 9.276764 | 2.934100 | 2.931544
300 8.595282 | 2.192852 | 2.188095
400 7.785973 | 1.741655 | 1.734365
500 6.94020 | 1.414466 | 1.404658

Table 8.2: Leading order cross section vo™© and the IR finite parts of the virtual cross section

UUXnite in the FDH scheme for different center-of-mass momenta p., and for the
two different gauges. All cross sections times velocity vo are given in 10~2GeV 2
and are obtained for the pMSSM scenario II defined in table 7.1.
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O Conclusion and outlook

In this thesis, the virtual corrections to squark-antisquark annihilation into two gluons were
computed within the DMONLO project where an infrared and ultraviolet finite result was
achieved. As an additional cross check the calculation was performed by employing the full
polarization sum (”lightcone gauge”) for the matrix element squared as well as by including
ghosts to subtract the unphysical polarizations of the gluon. However, the agreement of both
methods on the level of the cross section is limited to three digits which might point towards
an inconsistency within the calculation or implementation. In order to arrive at this result
orthogonal multiplet bases were introduced as an efficient method to deal with colour in (loop)
calculations as well Slavnov-Taylor identities that emerge from BRS-symmetry and allow to
derive how ghost processes have to be included in order to ensure a gauge invariant cross
section.

Building on [1] the dipole subtraction method for massive initial states was brought to the
point where all integrated dipoles relevant for this process are present. To check the correctness
of the results, the dipole method was implemented as an alternative for two processes which
are already available in DM@NLO and for which the phase-space slicing method was used. For
the first process YVt; — th?/H where only soft divergences appear both methods agree
within the expected uncertainties whereas for the second process ¥{f; — tg where in addition
collinear and soft-collinear divergences are present, a large deviation between both approaches
is observed. However, the correctness of the singular parts of the integrated dipoles was
confirmed which allowed to render the process of this thesis §§* — gg (stsT2gg) infrared finite
in the first place. Related to the real corrections it turned out that the process §i* — QQ
(stSt2QQbar) needs to be extended to support massless quarks in the final state and that
this process then has to be combined with stsT2gg in order to ensure a well-defined cross
section. However, as long as the discrepancy between the dipole and the phase-space slicing
method remains unsolved no final result for gG* — gg can be given which prevents this process
from being finished. In addition, it is reasonable to compare the dipole method against the
phase-space slicing approach for other processes available in DM@NLO. Suitable examples would
be §§ — QQ and §G* — QQ as these also cover the integrated dipole for an emitter and
spectator both from the initial state whose corresponding finite parts have not been checked
so far.
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A Useful formula and relations

A.1 Useful functions within dimensional regularization

This section lists some special functions and relations which turn out to be helpful for
calculations in dimensional regularization and can be found in the many standard mathematical
handbooks such as [73, 74]. In addition, expansions for two different argument sets of the
Gaussian hypergeometric function are derived in detail starting from the hypergeometric
equation in appendix A.1.3.

A.1.1 Gamma and Beta function

For complex numbers z with a positive real part, the Gamma function I'(z) can be defined as
the improper integral

I'(z) = / dtt*~ e Rez > 0. (A1)
0
It obeys the recursion relation I'(z 4+ 1) = 2I'(z) and has the expansions
1 1/, n? 1[4 w2 5 5
P(z)=- -+ (1+—=)z2— 2 (1 +1Es +2€03) )22+ 0(2°) (A.2)
z 2 6 6 2
1 2, 1o T\ 4
— i - A.
T02) z+ Bz +2<7E 6)2 + O(z*) (A.3)

where v is the Euler-Mascheroni constant and {(z) the Riemann zeta function. The Euler
B-function (or Eulerian integral of the first kind)

[(a)L(b)

I'(a+0) (A.4)

B(a,b) = /01 S

often makes an expansion of an integral in some small parameter ¢ accessible through the
Gamma function. Two of these expansions needed within this work are

2
ﬁ(1—5,1—5)21+25+<4—6)52—1—(’)(53) (A.5)
ﬁ(2—5,2—5):1+35—1—0(52). (A.6)

6 18

A.1.2 Spence function

The Spence function or dilogarithm is defined as

1 n(l—z Z In(1-—
Lig(z):—/o dtl(ltt):—/o dtl(ltt). (A7)
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A.1.3 Gaussian hypergeometric function

The Gaussian or just ordinary hypergeometric function u = 9F(a,b;c;2) is in general a
solution of the hypergeometric equation

2(1—2)u"(2) + (c— (a+b+1)2)u(2) —abu(z) =0 (A.8)

with the initial condition u(0) = 1. A solution of this homogenous second-order linear ODE is
given by the integral

c 1 b—1(1 _ 3ye—b—1
oF1(a,b;c;2) = I( )—b)/o dtt ((11_2)(1 ) (A.9)

The identity
F(a)(c)T'(a — a)'(b— «)

/ 4191 5 7y (a, b ¢ —1) = . 0 < Re(a) < min(Re(a), Re(b))

0 [(a)L(®)(c - a)
(A.10)
allows to integrate over a hypergeometric function[75]. The Pfaff transformation
oF (a,b;¢;2) = (1 — 2) % 2F <a,c—b; ¢ 21> (A.11)
Z J—

relates different argument sets.
It is often very useful to expand the argument set of the hypergeometric function for an
infinitesimal parameter €. The expansion can be obtained by inserting the ansatz

u(z) =r(z) +es(z) + O(e?) (A.12)

into the differential equation in eq. (A.8) and solving the resulting system of equations order
by order while enforcing the boundary conditions r(0) = 1 and s(0) = 0. This method is
illustrated by the argument set 9F (1,1 —&,2 — 2¢; z) leading to
O(EO) (1= 2)2r"(2) + (2=32)r"(2) —r(2) =0 (A.13)
0(61) (1= 2)28"(2) + (2 = 2)r'(2) + (2 — 32)8'(2) — s(2) +7(2) = 0. (A.14)

This system of ODEs can be solved by applying the product rule for differentiation "inversely”
giving

(9(50) % [(1 - z);zzr(z)} =0 (A.15)
O(e') : % {(1 — z)%zs(z) + 2r(z) — 27‘(2:)} =0 (A.16)

such that one obtains after two subsequent integrations

r(z) = C11n(1z_ ) + % (A.17)
s(z) = % (03 In(1 — 2) + 2 Lig(2) + %1112(1 — z)> + % (A.18)
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where the C; are constants of integration. These take the values C; = —1, Cy =0, C3 = 2 and
C4 = 0 after using L’Hépital’s rule to ensure the limits r(0) = 1 and s(0) = 0. The complete
result reads

In(1 — 1
DFi(1,1—¢6,2 —2;2) = —n(zz) + z <2 Lis(2) + 5 In%(1 = 2) + 2In(1 - z)> +0().
(A.19)
The same steps can be repeated to obtain the expansion
1 € 2
oF1(2,1 — 6,2 — 265 2) = —+ o) (22 +1In(1 = 2)(2 - 2)) + O(e%). (A.20)
A.1.4 Integrals related to the dipole subtraction method
The following integral is needed up to order O(e)
T (yo0:€) md1[< ! ) (A.21)
1Yo €) = Y 1| —=¢ . 21
0 yl—i-s y

The integral can be separated into a part giving the divergences for y — 0 and a finite part
Ti(yose) = B(1 1)(1/EfFO1 29 t)
1o;€) =Pl —¢&, 1 —¢ oF1 (1,1 —£;2 — 265 ——

v Jo Yo
o0
/ ALt oFy (1,1 — ;2 — 2¢; t)) . (A.22)
0

The last integral contains the divergent piece and is evaluated using eq. (A.10)

e L T2 (—20)(—e)T(1+e) 1 1
/0 det 2F1(1, 1—¢e,2—-2¢; —t) = F(l — 35)I‘(1 — 5) — 2762_24_0(5)‘ (A.23)

The other integral is finite and can be evaluated for € = 0 where the hypergeometric function
takes the form of the zeroth order term in eq. (A.19) giving a dilogarithm

1
t 1
/ ditt® o Fy (1, 1—¢e;2—2¢; —> = —yo Liy <—> + O(e). (A.24)
0 Yo Yo

After expanding everything up to order O(g) one obtains

1 2 1
Ty (yo; €) = 5 T % — Lig <_yo> + O(e). (A.25)

The same steps can be repeated for the integral

To(yo: ) /Wd L, (-2 L (1) 100 (A.26)
ce) = S - =—+1In — .
2\Y0; € 0 yyl—‘ra‘ 2 y7’5 % Yo €
which are
o0 I'(2—2e)'(—2e)'(e + 1) 1
dttfoF1(2,1 —,2 — 2e; —t) = =——+4+14+0 A.27
| arranea—e2-2n— T S F1+0() (A20)
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! t ! 1 1
/ dttegFl (2,1—5;2—28;—> :yo/ dt +O(€)=yoln (1+> +O(5).
0 Yo 0 t+ yo Yo
(A.28)

A.2 Useful relations for the SU(N,) generators

These relations can be found in [76] but are given here in a more modern notation. It is
convenient to introduce a matrix notation for the f- and d-symbol

(F')pe = 1fbac (A.29)
(D")pe = dbac - (A.30)

The (anti)commutators are defined through

[T%Tﬂ — i fop T (A.31)
[Fa,Fb} — i fpFC (A.32)
[FG,D"} — i fupD° (A.33)
{T",Tb} - %5@1 4 dgp T . (A.34)
The Fierz identity
ToTs = (@% - }V&-j{sm) (A.35)

allows to contract indices that belong to the adjoint representation. The quadratic Casimirs
take the following values

N2 -1
arpa —_
7T = Cpl, Cp = 5N (A.36)
FF=Cul, C4y =N (A.37)
N% -4
D*D* = 1. A.38
= (4.39)
The Dynkin indices define the normalization of a representation and are given by
1
Tr (T“Tb> = Tidu, Tr = 5 (A.39)
Tr (F“Fb> = Néu (A.40)
N% -4
Tr (D“Db> - S - (A.41)
Other useful relations that can be derived from the definitions above are
ab 111 . c
T = 5 Ndab]l + (dabc + lfabc) T (A'42)
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Tr (F“Fch> - %N Fabe (A.43)

Lo (A.44)

TaTbTa — _
2N
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B Feynman rules

B.1 Propagators

The momentum p in the fermionic propagators points for internal lines in the direction of the
fermion flow.

wov
—g"+(1-) P b

My @ 9999999908 v, b = iéabﬂl’g (P) = 10—~ (B.1)
Y . B v BV Vol '
16abﬂﬁghtcone(p’ TL) - 5abp2jri€ —g"+ - p"+1? g )
1 + Myge
a,S —— 57t = 55t6a5M (BQ)
P* — Mga + 1€
i(p+mg
0 9999000008 ) — 5abM (B.3)
P — mg + 1€
16705408
Oé,i,’l”***V***B,j,S :% (B4)
P — mqia + 1€
10ap
Q s | N b — a B5
p? +ie (B:5)

B.2 Couplings

All couplings relevant for stop annihilation into gluons are listed below. These are taken
from [5] and compared to those in [77]. In order to arrive at the Feynman rules given in
[77] starting from [5], the quark gauge eigenstates have to be redefined via the replacements
Uvr Udr Uvr — 1 and U% — V9. In addition, the squark mixing matrices W/ have to

be flavour diagonal reducing them to the L — R-mixing matrices Rf in accordance with the
assumptions of the pMSSM.

2-quark-gluon vertex

ga = —igsT5, 6" (B.6)
qs
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2-gluino-gluon vertex

a = —gs fabe?"

Triple-gluon vertex

g4

k:l/

% \kg = —gsfave (ks = k1)"g™" + (k1 — k2)g"" + (k2 — ks)"g"")
ks

gt

2-squark-gluon vertex

g or AP = —ig,T1 00055 (ks — k)"

—
k1o
~B
s
Gluon-ghost vertex
Cp
«
géj AL = _.gsfabck“
.
Four-gluon-squark vertex
~[B%
ga s
<
’ = igg(saﬁéij{Ta,Tb} gwj
\\ ST
‘\
9 iy

)
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Four-gluon vertex

Ja 9y
= —ig? (fabeede (9"79" — 9"7g"")
+ facefbde (gul/gpa - g;w'gup)
9 9 + fade foce (9" 977 — " g"7))
(B.12)
Four-squark vertex
@y Qe
N — _ig? <T“ T2 A% AD 4 50T T A9 a.) (B.13)
X 9s rsttuttigitkl rustst il kg .
« X
s, i
with A%- = R} ?‘1 — R, ?2 (B.14)

Quark-squark-gluino vertex

Ja W\\ = —1V2g, 786" (R, Pr — Ry PL) (B.15)

@
G
J— ’/

7 W\ = —iv/29, T8 (RS P, — RPr) (B.16)

A

B.3 Counterterms
p p

14, @ 990990000 @900 v, b = —id4 (p?g" — pH'p”) 62, (B.17)
Q0T @ - -e-—- 3,5 =18°P6,, ((p2 — mé)&Zgj — 67;j5m?1z_1> (B.18)
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4
) = igfg“”{T“,T ”} 50550
/ st
/}
i a9t
(5 1 a 1 sa*
with 54 = ;’S O+ 02y + 5025 + 5 |0Z1 |
m
kl/ Ga
gt \kg = —gsfabe (k3 — k1) g™ + (k1 — k2)Pg"" + (ka2 — k3)!g"?) 034
ko
gt
. 09s
with 034 = (5Z + ==
s
dir
ke ~
gh ”?fbjf\@ \k‘3 = —igsT%0Y (kg — k3)" 53;19’0‘
kq
~B3
QJ s

- ) 1. -a
: 2qg,a _ [ 99s q q
with 6299 = ( s 52 > Sij + = [52 ] + 5025

Cp
“r i

gk ’?ﬂfm
>

= _gsfabck“(Sch
‘cc

s 1
with dacy = == + 62 + 562,

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)



C Vertex corrections

The vertex corrections in this chapter are computed in the HV and FDH schemes simultane-
ously. The parameter 0p takes the value zero for the dimensional reduction and one for the
dimensional regularization scheme. The shorthand fq is used for

/qu pEgy 1)
2m)P Dy... D, '

where to correct number of appearances m of the strong coupling gs and number of propagators
n + 1 have to be inserted depending on the underlying Feynman diagram. Each vertex is
decomposed into partial amplitudes that are defined in the respective section in section 8.3.
The colour structure for each vertex has already been simplified so that only the colour basis
elements remain where each basis vector is accompanied by a real number as prefactor which
is referred to as colour factor and written directly in front of the basis element. The partial
amplitudes listed here are given without the colour factor. Of course, the final expression for
a whole vertex correction is obtained by combing the colour factors and form factors listed
in this section. In some cases additional mixing matrices appear which are kept outside the
form factors. In other cases, there arise colour structures that do not factorize with the rest
of the amplitude as in eq. (C.3) or eq. (C.73). In those few cases the relation between the
partial amplitudes and the rest of the amplitude is explicitly written out. The relationship
between colour factors and partial amplitudes is illustrated by some further examples such as
eq. (C.7) or eq. (C.89). Furthermore, the form factors listed for each vertex correction are
defined without the imaginary unit i that comes from the definition of the general n-point
integral in eq. (8.7). The subamplitudes that are not listed for a given diagram are zero.

C.1 Four-gluon-squark vertex

The momentum and index convention for the correction of the four-squark-gluon vertex as
well as its parametrization in terms of the form factors A, and A,,, is shown in eq. (8.114).
As the external fields of this vertex coincide with the ones of the whole 2 — 2 process, the
same indices and momentum labels are used.

C.1.1 Bubbles
Squark bubble

The matrices A7 related to the mixing matrices R” for the squark sector with flavour + are
defined in eq. (B.14).

By (s, m2y, m%) (C.2)

i i

121



A\\ ,f \ _ SS Ao 40 P CF (1) 1 ( s) A A,y oy
//>|\ I - Z 2 Cst,ab“Vji ki T N Cstyab — 2N Cst,ab ki )9 g
/; \\»// v,k
’ (C.3)
4
—9s
= 4
9 1672 (C.4)
_ 2 2 : _ 2 2 .
Dy =q — Mgy +ie D1 =(q— k1 — ko) — Mgy +ie (C.5)
Gluon bubble
By (s,0,0) (C.6)
q
“ @, N 89
//\ = 152.7 ( Cst ,ab +5 9 stib) gHVAg (07)
&
g
Ag = 1672 ( 3By + 0D2) (CS)
_ 2 2 : _ 2 2 .
Dy = q~ — mge + ie D1 =(q— k1 — ko) — mge + 1€ (C.9)
Squark-gluon bubble t
By (t, O,mgg) (C.10)
e
 /N2-2 4y N?2_-4 gy N?2_4 4 ,
q <V\ = léij < 2N2 Cgt,)clb + AN Cgtz%) - AN Cﬁt,ﬁﬁ) gH Ag (Cll)
IR
_g4
Ay = 62 By (C.12)
Do = ¢* — mge +ic Dy = (q+p2 — ka2)? + e (C.13)
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Squark-gluon bubble u

By (u,O,m%) (C.14)

N?—2 ) | N?—4 85  N?—4 (8,
2N?2 Cst,ab AN Cst7ab AN Cst,ab

> g™ A, (C.15)

A, = °*B 1
97 1672 " (C.16)
Do = ¢* — mge + ie Dy = (q— k1 +p2)* + ie (C.17)
C.1.2 Triangles
Gluon exchange left
Co (m?]?, s,mgg,o,mgg,m?}?) (C.18)
By <s,m?]g,mgq> (C.19)
—a
N Cr ) _ 1 (ss>)
q > = ;i (cs wb— 7 Carop 1 9" [ 2p1 —q) - (—2p2 — q) (C.20)
lE/‘, J N t,ab 2N t,ab q
4"
94 2 2
=163 (Bo + (4mg, —25)Co + 2 (4mZ, — s) C1) (C.21)
DO :q2+iE Dl = (q—{—p2)2—m?]la —|—l€ DQ = (q—2p1)2 —mgzx +l€ (022)
Gluon exchange above
Co (mgg,t,o,o,mgg,o) (C.23)
Bo (t, ma, 0) (C.24)
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= 0i;

A (o) |

gs
A pu—
9 167r2(
g
A = 5 (2C03 + C)
167
gt
Azz = 22-(2C1 + C
33 167r2( 1+ Cn)
gt
Az = —=2-(2 4
13 167T2( Co+ C1 + Ci2 +4C5)
gt
Az = —25(2C0 + C1 + C12 — 2Cy)
167
_ 2 : _ 2 2 .
Do—q 4+ 1€ Dl—(q+p1) —mazgx‘i‘lG

Gluon exchange above u

124

Co

(
By (u m2a 0)

q 9

(9" (2k2 + q)7

4
9s
Ay = ~T6m2
4
Aoy = 16 =3 (202 + 022)
gs
Asz3 = 16,2 (201 + CH)
g4
Aoz = 1678'(2 (200 +Ci + Cig — 202)
4
Ago = 25 (2Cy + Cy + Cia + 4C5)
167

x (9" (2k1 + q)° + g"

—(2]71 + Q)U

7(q—k1)" = g"7 (k1 + 29)")

a(2C) + 3C1 + CQ) —2tCy — tC1 — tCy + By — C()o)

Dy = (q+ k1)? +ie

2 2
mala , U, 0, 0, qua ) 0)

—-N
(8 +02) [~ + 0
q

— 9" (k2 +2q)” + 9" (q — k2)")

(MQ(QCO +3C1 + CQ) —2uCy — uCi — uCsy + By — C()o)

(C.25)

(C.33)
(C.34)

(C.35)

(C.36)
(C.37)
(C.38)
(C.39)

(C.40)



Do = ¢° +ie Dy = (g+p1)° —mie +ie Dy = (q + ko)* +ic
Gluon exchange below

2 2
C[) mq;x N t, O, 0, mq? s O)

By (t, m2a, 0)

(8s)
stib stab / 2p2_q
q

4
Is (m2a(2Co + 3C) + Ca) — 2tCy — tC1 — tCy + By — Coo)

97 162
g4
Aoy = 16 — (202 + 022)
gt
Ay = — 16;2 (2C1 + Cny)
g4
Aoy = — 16;2 (200 +Cq +Cig — 202)
4
Ago = — 16;2 (2Cy + Cy + C12 + 4C5)
Dy = ¢* +ie Dlz(q—i—pg)Q—mg?—i—ie Dy = (q + ko)? + e

Gluon exchange below u

/ —2p2 — q)o
q

M (—=(2k2 + q)7) + g7 (k2 + 29)" + 9" (k2 — @)*)

+q)7) + 9" (k1 — @) + ¢"7 (k1 + 29)*)

(C.41)

(C.42)

(C.43)
(C.44)

(C.45)

(C.53)
(C.54)

(C.55)
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4

g = lg;‘?( gf‘ (200 + 301 + CQ) — QUC() — u01 - UCQ + B(] — C()o) (0.56)
4
App = —1ng2 (205 + Css) (C.57)
Agy = — g;l (201 + CH) (0.58)
1672
4
Ay = —1%(200 4 Cy + Cp + 4C) (C.59)
4
Ay = — Is 5 (200 +Cy+ Cig — 202) (0.60)
167
Dy = ¢* + e Dy = (q+p2) — mo +ie Dy = (q+Fk)*+ie  (C.61)
Gluon exchange right
Cy(0,s,0,0,0,0) (C.62)
By(s,0,0) (C.63
‘\\ - (1) (8s) m ok Bk
P q — Yy Cst,ab+§ st,ab q(g ﬂ(_ l_q)g+gU( 1_Q)p
&
- +9p0 (k1 +29)") (9" (2k2 — q)7 — ¢"7 (k2 + @)” + "7 (2q — k2)")
(C.64)
gs 5
Ag = 16:1'2 (230 - §SCO + 10CH — sCq — 29[)) (C65)
g4
A = 16’;2 (501 + 10011) (0.66)
4
Aoy = 12;_2 (501 + 10011) (0.67)
_ 4
Ap = 8735 (Co +4C7 + 5012) (0.68)
gt
Ao = 87;2 (200 - C1 — 5012) (0.69)
Do = ¢* + ie Dy = (q — ko)* + e Dy = (q+ k1)* +ie (C.70)
Squark exchange left
Co <m?]ia, s,mgia,m?]ia, 0, 0) (C.71)
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BO(S’()?O) (072)

.
ql* = 1035 [( G+ 5 5 Sigy) (9" Ag + PYPT Ass + php5 Asa)  (C.73)
4
+cht ab <p1p5A34) + phpy ( ))
94 2 2
Ag = 5555 (2Bo + (4mj, — 5) Co — 2Co0 +2 (s — 4mj,) C1) (C.74)
4
Agy = Au = 755 (C1 = On) (C.75)
4
1 1 s
8 8 N g;
Agf) = Az(13S) = 9 39.2 (Co —2C1 + 2C12) (C.77)
4
A — A —av 2 0y -y e
647
Do = ¢° — mio +ie Dy = (q+p2)* +ie Dy=(q—p1)*+ie  (C.79)

Squark exchange above

q )

Co (O t, m o m2a m O) (C.80)

N?—2 8
2N Cgtzzb_cgt?z37+cstab>/2q_k1) (p1+Q)
q

(C.81)
gl

Ag — ﬁcoo (082)
gl

A = 168 5 (Cl + 2011) (C'SS)
gt

Aszz = 87 (Co — C2) (C.84)
gl

Az = 6.0 Is 5 (Co +2C1 — 2C12 — (o) (C.85)
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Az = %012 (C.86)
Dy = ¢* —m o + i€ Dy = (q—k1)? —m o + i€ Dy = (q—p1)* +ie (C.87)
Squark exchange above u
Co (O U mga,mga,mga,0> (C.88)
s L (N?—2 ) 8s) _ (8a)
= léijﬁ < IN cst,ab - Cstzb - Cst,2b> (089)

X (g™ Ag + Kbk Agy + pi'pY Ags + ki Agg + Pkl Azo)

g
A, = =% .
9= 3,200 (C.90)
gs
Aoy = 1672 (Cl + 2011) (C.Ql)
_g4
Aszz = Tg (Cy — Cy2) (C.92)
gt
Agz = 87;_’2012 (C.93)
A
Agzy = 952 (Co +2C1 — 2C19 — CQ) (0.94)
167
Do = ¢> — m2a + i€ Dy = (q — k2)? — m2a + i€ Dy = (q—p1)? +ie (C.95)
q; q;
Squark exchange below
Co (0 £, m2 mga,mga,o) (C.96)

N2-2 ¢ 8
2N cgt,)ab_ ;(Stig)+cstab>/k2_2Q) ( pQ_Q)
q

(C.97)
g4
Ay = L5009 (C.98)
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Aoy = 1672 (Cl + 2011) (099)
_g4
Agg = 3 5 (C2 — C2) (C.100)
s
9s
Az =500 (C.101)
_ 4
Aygp = 952 (C() +2C1 — 2C19 — 02) (C.102)
167
— 42 2 ; _ 2 2 : _ 2, .
Do =q" —mge + i€ Dy = (q = k2)” — mge + i€ Dy = (¢ — p2)” +ie (C.103)
Squark exchange below u
Co (O,U,m?h_, m%i, mgi,O) (C.104)
. 1 (N?*-2 8 8
=ity 57 (Mgl —clish — o)) (€.10)
- x (9" Ag + Ky KY Arr + phyps Asa + Ki'ps Avg + py ki Agq)
gt
A, = =250 C.106
9= g,2C00 ( )
gs
Ay = 6.2 (C1+2Cn) (C.107)
_ 4
Agg = 87r§ (C2 — Cx) (C.108)
4
—Ys
Ay = 2C1 — 2 — 1
14 1672 (C() +2C4 Cha Cg) (C 09)
gs
An = 82 Chz (C.110)
2 2 _ 2 o2 . _ 2, .
Do =q" —mge + i€ Dy = (¢ —k1)” — mgo + e Dy = (q —p2)” +1ie (C.111)
Squark exchange right
CO <0a570>m§Z7m§zam§Z) (C112)
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R Alq + R qu =iz<4c$z3714§?;14zk

& S & ¥ 7.k
P V% P Vm?n\ C 1
15 lc(l) _ 70(85) A% AV
9N “stab g\ “stab 7k ki

X (g" Ag + KKV Ay + kY KRS Agg + kY ES Arg + K EY Agy)

g
Ay = 53 Coo (C.113)
gt
Al = Ay = 477:2 (Cl + 2011) (0114)
_ 4
Ap = 87['; (C() +4 (Cl + Cu)) (C.115)
4
-9
Ay = —2 11
21=55 Cr2 (C.116)
Do = ¢* —mZ +ie D1 = (q—k2)* = mg, +ie Dy = (q+k1)* = mg +ie
(C.117)
C.1.3 Boxes
Box 1
Dy (m%}?O, O,mgg,t,s,o,mglp‘,m%g,mgg) (C.118)
Co (0, 0, s,mgg,mgq, m§g> (C.119)
S
: Cr (1) 1 s) , 1 (8a)
ql v = 5ij <cs ab ™ 47 Cstab T 17 Cstoab (kQ +p1—p2— Qq)u
E( 2N st 4N st 4N st q
Sonll X (=2q = 2p2 + k2)” (2p1 — q) - (¢ + 2p2)
(C.120)
Do = ¢ D1 = (q+p2)* — mie (C.121)
Dy = (g — k2 +p2)? — mie D3 = (q—p1)* — me (C.122)
Box 1 u (18)
Dy (mg;_x, 0, O,mgia,u, s, 07m§fc,m?]?, m?ﬁ) (C.123)
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Co (0,0, s, mgg, mgg,mgq) (C.124)

- ,*,,
‘ Cr (1) L 8s) 1 (8a)
ql v = 0 <cS b — Catoh — TCors /(k:l — 2pos — 2¢)" (C.125)
E 77: J 2N t,ab AN t,ab AN t,ab .
Sl X (p1 —p2 + k1 —29)" (2p1 —q) - (¢ + 2p2)
_ 2 _ 2 9
Dy =q Dy = (q+p2)” — mge (C.126)
Dy=(q+p2—Fki)* — mgg Ds=(q—p1)* - m?]? (C.127)
Box 2
2 2 2
DO <mq?,0,0,mq?,t,s7 mq?,o, O, O) (0128)
Co (0,0, 5,0,0,0) (C.129)
By (0,0,0) (C.130)
e
‘ 1 N N s
ql v = 0ij (20;‘/,)@ + cht% - 4C§t,‘2z3> /(q +p1), (2 —4),
| q
-

- X ((q — 2k + p2)? g% + (k2 — 2p2 — 29)" §°° + (q+ p2 + k) 9””)

X ((q — 2ka +2p2 +p1)° 95" (g =201 —p2+k2)5 97" + (p1 — 2q + k2 — pz)“g%)

(C.131)

Do = % — m2 D, — 2
0 =q" — Mg 1=(q+p2) (C.132)
Dy = (q+p2 — k)? D3 = (q—p1)* (C.133)

Box 2 u
D < 2 2 2

0 mq?,0,0,mq?,u,s,mq?,o,o,()) (C134)
Cy(0,0,s,0,0,0) (C.135)
By (0,0,0) (C.136)
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1 N N
=y (et + e+ o) [ @m0, m=a),

x <(q — 2k1 + p2)” "% + (k1 — 2p2 — 29)* 97 + (¢ + p2 + k1)’ g* )
X ((q —2k1 +2p2 +p1)7 95" + (¢ — 2p1 —p2 + k1) 677 + (p1 — 2¢ + k1 — )
(C.137)
Do — o — m2 Dy — 2
0=¢q" — Mg 1=(q+p2) (C.138)
Dy = (q+p2 — k1)? D3 = (q—p1)? (C.139)
Box 3.1
Do (me,0,m3,0,t,u,m2,0,0,m ) (C.140)
Co (0, mgg,u,o,o,mgg) (C.141)
|y = ugelbia [ Qo b (@ 2+ e = pa), (0ol
- X ((q — 2ky +p2)° ¢"7 + (k2 — 2q — 2p2)" 9% + (q + p2 + k2)” g™
(C.142)
Do — o — m2 Dy — 2
0=4q" — Mg 1= (q+p2) (C.143)
Dy = (q — ko +p2)2 D3 = (q + k1)2 — m?ﬁ (0144)
Box 3.2
Do (mgg ,0,m 20,0, £, 1,0, m2e, M, 0) (C.145)
Co (0, mB, u, e, m. 0) (C.146)

1 « 14
= 5ij1¢$3w / (2p2 + @) (k2 — 2p2 — 2q)" (k1 + 2k2 — 2p2 — )
q

X ((q = k1)? g + (=k1 — 2¢)" g*" + (2k1 + @) g"")
(C.147)
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Do = ¢° Dy = (q+p2)? — m?]?

Dg: (q—k‘g —|—p2)2—m?]? Dgz (q—|—k‘1)2
Box 4
D0< ae 0,0, m; a,t,s m%,mﬁ,mﬁ,mé)
Co (O 0,s mg,m?],mg)
By (O,mg,mg)
\\*\‘ 0000000
5 1 1 N 8 N 8
oy b = (G T - ) [mirsra - myp)
S q
/‘/ 0000000
: < (4= +ma) v (4= kot p, - ma) 2
< (4 4+, mg) (R PL— RoPR) (4 +mge)
D():qz_mga Dlz(q—l—pg)z—mg
Dy = (q — ko +p2)* —m3 D3 =(¢—p1)° —m}
Box 4 u
Do( G 0,0, ma U, S, m2 mﬁ,mﬁ,mﬁ)
Co (0 0,s mg,mg,mg)
By (0,m3,m})
\\*\‘ 0000000
3 _ ( ) N (85) (SA) 2T aP ROtP
71y 5 stab_{_z stab+ 4 Cst,ab - I‘[( 14 R — 142 L)
3 q
/‘/ 0000000

i ><(g—pl—i—mg)fy”(g—k1+p2+m§)fy“

x (g +py + mg) (RS PL = Ry Pr) (g +mge) |

Do=¢q —mga D (Q+p2) -m
Dy =(q— k1 +p2)?—m} Ds=(qg—m)*—-m

(C.148)
(C.149)

(C.150)

(C.151)
(C.152)

(C.153)

(C.154)
(C.155)

(C.156)

(C.157)
(C.158)

(C.159)

(C.160)
(C.161)
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Box 5

Box 5 u

Box 6.1
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0000000

\

Do< 2,,0,0,m2,t,5,m2, m mga,mga) (C.162)
C’o( ,0 s,m a,mga,mg ) (C.163)
By (0,m7a, m?) (C.164)

CF 1 1 8 1 8 « «
— (Gt~ e o)) [ -2l Pe - R
q

X (—g -+ mg) (R Py — RyPr) (—g = py + e ) 7"

X (= Py ot mge ) 7 (=g py e )|

(C.165)
Dy =q¢* —m; D1 = (q+ p2)* — m2a (C.166)
Dy = (q+p2— k2)? — mga D3=(q—p)* - mga (C.167)
D0< i 0,0, m oy U, S mg,m2 mza,mga> (C.168)
Co (o,o, S, M, Mo, M) (C.169)
By (0, mga, m?) (C.170)
. Cr 1 8 a a
E <2N it)czb 4Ncit,ig) - 4Ncgtzlz> / —2Tr [(RzIPR - Ri2PL)
( /. ¢2+%1+mq> V( g+p, +me )}

(C.171)
Dy =q° — mg D1 =(q +p2)2 - mga (C.172)
Dy = (q+p2—k1)> — mia Dy = (q—p1)* — m2a (C.173)
D0< a, 0, m ,0,t,u, m?] m?],mg,mg > (C.174)



Co <O m o U, m2, m2, m2. > (C.175)
(

m2 m2,m2a ) (C.176)

1
- ch}ab / —2Tr [(4 + Ky +mge) (R PR — RGPL) (4 — Ko+, +m3)
q

(51 TP, t+ mg) (R P, — R%PR) (¢ + mge) V“}

(C.177)
Do = ¢* — mga Dy = (q+p2)® —m] (C.178)
Dy = (q+p2— ko)’ — mg Dy = (q+k1)? - mga (C.179)
Box 6.2
Dy (m a, 0, m o, 0,t,u m?],mg mg mz) (C.180)
Co <0,mqq, u,mga,mga,m@ (C.181)
By (e, 2., m?) (C.182)
;UUUUUUU 1
a|f oy =l [ 2m [ (g mg) (BAPL - B PR) (< g+ )
3 q
_ - < 1/ 6] e
) ( 1- ?2+%2+mq ) (R$Pr — RHPL) (—¢ — 4 —i—mg)}
(C.183)
Dy =q¢* —m; D1 = (q+ p2)* — m2a (C.184)
Dy = (q+p2 — k2)> — mla Dy = (q+ k1) —m2 (C.185)

C.2 Triple-gluon vertex

The naming and momentum conventions for the triple-gluon vertex correction as well as its
parametrization in terms of the partial amplitudes A;nno, Agim, Aga,m and Agz ,, are shown
in eq. (8.116).

Gluon bubble k1

By (k3,0,0) (C.186)
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q

Gluon bubble k2

q
PATITRN

P —

DO | —

Gluon bubble k3

136

/ Japu9pu (gmgﬂ 7 — g7 g"T —

N, or V. o 1.7 T1.0
= Elfcder = lglfcde (gp klAgl,l + gp kl Ag2,1)

) (gaagﬂT . gaTgBo>)

X (" (k1 —2q)” + g"°(q — 2k1)" + g"P (k1 + @)*)

9g;
g1 3272
993
A S
921 = 3972
Dozq2+i6 Dlz(q—k1)2+ie
By (k3,0,0)

N‘ T 'N‘ g 1. T T
= Elfcderp = lflfcde (gp szgl,Z +9 kgAg3,2)

/ Gop G (—9579”” +¢PPgrm —2 (9579”" —-4¢° pg”))
q

x (97(2q — k2)7 + g% (k2 — )" + g"7 (2k2 — ¢)7)

~9g3
942 = 3972
9g3
93,2 3272
Dy = ¢* + ie Dy = (q — ko)? +ie
By (k3,0,0)

(C.187)

(C.188)

(C.189)

(C.190)

(C.191)

(C.192)

(C.193)

(C.194)

(C.195)

(C.196)

(C.197)

(C.198)



(C.199)

1
TroT — -5 /ga#gﬁy (—ghog"P + g"Pg"° — 2 (g" g¥P — gMPg¥?))
q

X (go‘ﬁ(k‘a —2q)" +9°7(q — 2k3)” + g7 (k3 + q)a) (€.200)

Agaz = 32952 (C.201)
Agz 3 = —392952 (C.202)
Dy = ¢* +ie Dy = (q — k3)? +ie (C.203)
Squark bubbles
All three squark bubbles vanish through the application of the identity
By (p2,m2,m2) = —%Bo (p2, m2,m2) . (C.204)

M - ssEssEs
N //)\\ r \\

! 4 = 200000 H ) = \ 4 =0 (C.205)
x e %”’m%
LI I

Quark and gluino triangles

The quark triangle where the fermion flow is in the clockwise direction gives a colour structure
Tr (T dp CTe) = % (dede — ifede) and a fermionic trace

LT (m) = Te (v (=g + k1 +m) 2" (=g +m) 77 (=g + K3 +m)) (C-206)

whereas the other quark triangle with the flow in the counter-clockwise direction gives a colour
structure Tr (TCTdTe) = % (dede + 1feqe) and a fermionic trace

7377 (m) =Tr (v (¢ — ks +m) 7" (4 +m) 7" (¢ — K1 +m)) . (C.207)

It can be shown by explicit computation that the sum of both traces vanishes 77" + 75" = 0
so that only the antisymmetric part with respect to the colour indices survives.

The direction of the fermion flow for the gluino triangle is chosen to be counter-clockwise such
that its trace coincides with 77" and the only difference lies in the colour factor. Consequently,
the quark and gluino triangles yield the same form factors in terms of Passarino-Veltmann
functions just evaluated for different argument sets. The form factors given below are the
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ones for the sum of both quark diagrams corresponding to —27;°". In order to arrive at the
partial amplitudes for the gluino, the form factors below have to be divided by two.

Co (k1. k3, k3, m2, m2y, m2) (C.208)
By (k3,m2,m2) (C.209)

1‘ oT oT
¢+ ¢ =Y [~ (T ) = T ()

¥ q

(C.210)

_ 2 2 . N2 2 N2 2
Dy = q° —myy +ie D1 = (¢—k1) Mgy +ie Dy = (q—ks) Mgy +ie (C.211)
Co (K3, kQ,k3,m mg,mz) (C.212)
By (k3, mZ, m2) (C.213)

PR N
b, B Tq = 2ifcde/—75"” (mg) (C.214)
oo & a

Do = ¢* —mZ +ie Dy = (q—k1)* —m} +ie Dy = (¢—k3)? —m2+ie (C.215)
3
Agry = % (—2C19(ky - ks) — 2k2Chy + k2Cs + 2By + By — 2Co0 + 4Co01) (C.216)
Agrs = —29; (2(C2 + Caa) (k1 - k3) + k7 (C1 + 2C12) + By + B1 — 2C00 — 4Cop2)  (C.217)
Agon = 2932 (=k3C3 + By + 2Co0 + 4Co01) (C.218)
Aga3 = “on 32 (kiC1 + Bo + B1 — 2Cq0 — 4Co02) (C.219)
Agz1 = 29; (=2(C1 + C1) (k1 - k3) — k3(2C12 + Ca) + By + 2Co0 + 4Co01) (C.220)
Agzz = 932 (—2C1a(ky - k3) + kiCy — 2k3C52 + By — By — 2Cq0 + 4Cop2) (C.221)
A = 2723(011 + C1n1) (C.222)
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e

Az = 3 95 (2C112 + Cha) (C.223)
3

Ang = %(Cn +2(C112 + C12)) (C.224)
3

Az = %(012 +2C122 + C22) (C.225)
g

A1z1 = %(Cn +2C112 + Ch2) (C.226)
7

Az = 82(012 +2C122) (C.227)

Azz = 7?52(2012 +2C122 + C22) (C.228)

293
Aszz = ?(022 + C222) (C.229)

Squark triangles

When taking into account both directions of the charge flow, the symmetric colour part d.ge
of the squark triangles vanishes, as for the quark triangles in appendix C.2. The form factors
given below are only valid for the sum of both diagrams.

Co ( kz,kg, M/’mg;/’m%) (0230)
/W /ﬂ“‘ﬁm\
A~ v 1. .
o< Alg tamme<T y|g = Tifae Y [ 2(2¢— k1 —ks)
\A\ : ‘\ | 4 ~ k q
T T X (24 — k1) (2q — k3)"
(C.231)
Do = ¢* —m2, +i Dy = (q—k1)* —m2, +i Dy = (¢—k3)*—m2, +ie (C.232
0 = ¢"—mg +ie 1= (qg—k1) My +ie o = (q—ks) may e (C.232)
e
Agin = —7?;0001 (C.233)
7
Agr3 = —27:2(000 +2C002) (C.234)
3
Aga1 = —%(COO +2Co01) (C.235)
3
Agaz = —2978_2(000 +2C002) (C.236)
3
Ags1 = —%(Coo +2Ch01) (C.237)
g
Agsz = ——5Co02 (C.238)
3
A = —%(01 +4(C11 + Cin1)) (C.239)
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3
Az = —%(20112 + C12) (C.240)

3

Aps = —%(00 + 40 + 4C11 + 8Ch12 + 8C1s + 2C4) (C.241)
Agis = —52(2012 + 4C19 + C + 2C5) (C.242)
Az = —zi(01 +2(Cn +2Ch12 + C12)) (C.243)
Az = —2952(012 +2C192) (C.244)
Ay = — 852 (Co + 201 + 4(2C1 + 2C15 + Cs + Ca)) (C.245)
Aszz = —4g52(02 + 4(Caz + C222)) (C.246)

Gluon triangle

The gluon triangle is the only correction to the triple gluon vertex where the dimensional
regularization and the dimensional reduction schemes differ.

Co (ki,k3,k3,0,0,0) (C.247)

By (k3,0,0) (C.248)
N

Tq = Eifcderpm— (0249)

rrem = —/ (gﬁ”(lﬂ —2q)" + g’B”(k:l +q)" +g""(q— 2k1)f8)
q

X (9au(ks —2q)" + 95" (ks + q)u + 9,7 (q — 2k3))
x (9", (k1 + ks — 2q)7 + g7 (k1 — 2ks + @) + 9,7 (—2k1 + ks + ¢)*) (C.250)

Dy = ¢* + ie Dy = (q— k1)* +1ie Dy = (q — k3)? +ie (C.251)

3

4
Agi = % <—320001 - 591:) +2(k1 - k3)(2C) 4 5C1 — C11 +4C%) — 2k3Cy + 2k3Cy

+ k3C — 2k3C12 + 6By + 2B + 14Cq01) (C.252)
3

2
Agl,g = — 12;_2 <16000 + 32Ch02 — 59[) + (kl . k3)(3C1 +2C12 — 602)

+ k7 (5Co 4+ 4C1 + 10C2) + 2k5Cs + 2k3Cas + 3By + 2B1 — 5C — 14Cpp2) (C.253)
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Ago1 =

Ag3 =

Agz1 =

Agsz =

A =
Az =

A1z =

162

3

<16000 + 32Ch01 — *9[) + (k?l kg)(?)Co + 13C1 + 2Ch1 + 2C12 + 302)

+ 2]61 (C1+Ch1) + k3CQ — k:3C'1 + 2k3012 — k§02 + By — 2B1 — 5Cy0 — 140001)

gs
1672

3

(C.254)

(16000 + 32Ch02 — §0D + (k‘l k3)(300 +3Ch1 +2C15 + 13C5 + 2022)

+ kl(Co —C1+2C15 — CQ) + 2]{%02 + 2k§022 + 3By + 2B; — 5Cy — 140002)

162

3

<16000 4+ 32Chp1 — *QD + (k1 - k3)(—6C1 + 2C12 + 3C5)

(C.255)

+ 2]{31 (Cl + 011) + 5/{?300 + 10/{?301 + 4k302 + By — 2B — 5Cpy0 — 140001) (0.256)

1222 <_320002 - é91) +2(k1 - k3)(2C0 +4C1 + 5C2 — )
+ k7 (2C0 — 2C12 + C2) — 2k3Ca + 4By — 2By + 14C002)
—2.3 %(Cu + C111)
1632 (3C1 — 18C112 — 9C12 — 3C2)

152 (—=3Co + 6C1 +9C11 + 18C112 + 18C12 — 6C%)

1232 (3Co + 3C1 + 9C12 + 18C122 + 15C3 + 9C32)
- 1g§r2 (3Coh + 15C1 +9C11 + 18C112 + 9C12 + 3C%)

1232 (3C1 +9C12 + 18C1a2 — 3C)

1632( 3Co — 6C1 + 18C12 + 18C122 + 6C3 + 9Ca2)
—gisz((bg + C222)

Ghost triangles

e 11 LLEN S 11LLLEN
v &
e v g s Ag
N AL
ML LT
Dy = ¢° +ie Dy = (q— k1)? +ie Dy = (q — k3)® + i€

Co (ki,k3,k3,0,0,0)

(C.257)

(C.258)
(C.259)
(C.260)
(C.261)
(C.262)
(C.263)
(C.264)

(C.265)

(C.266)

= gifcde /q (q"(q — k1)’ (k3 —q) +¢°

X (k1 —q)%(q = k3)7)

(C.267)

(C.268)
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e
Ag1a 87:2 Coo1
p
Ag13 = 168 3 (Coo + 2Coh02)
e
Agon = ﬁ(coo +2Ch01)
e
Ag23 = 7168 3 (Coo + 2Coh02)
g
Ags1 = 16 —>5(Coo + 2Co01)
7
Ags 3 = 8%0002
5
A = ﬁ(Cn + C111)
3
Asn = 168 (2C112 + C12)
g
Ang = 16 5(C1+ Ci1 +2(Chiz + Ci2))
e
Az = 16732(012 +2C122 + Co + C2)
p
Az = 16;2 (Ch + Ci1 +2C112 + Ch2)
g
Agzy = 16 5(C12 + 2C122)
Azz = 123 (2C12 + 2C122 + C2 + Co2)
P
Assz = 87(022 + Ca22)

(C.269)
(C.270)
(C.271)
(C.272)
(C.273)
(C.274)
(C.275)
(C.276)
(C.277)
(C.278)
(C.279)
(C.280)
(C.281)

(C.282)



C.3 Squark-gluon vertex
The momentum and index convention for the correction of the squark-squark-gluon vertex is

given in eq. (8.118). The form factors A* and Alff for this vertex are uniquely determined in
terms of their numerical value in contrast to the two vertex corrections before.

Gluon-squark bubble at pl

By (p%, m,, 0) (C.283)
.
’ N2? -2
j‘%ﬁm = T / (g +p1)” (C.284)
qx o= 2N q
- ‘ -
Ik Ik 93
Ak = Ak — s (By— B 2
+ = AT =gy 5 (Bo— Bi) (C.285)
Do =¢° — mg +ie Dy = (q—p1)? +1ie (C.286)
Gluon-squark bubble at p2
Bo (pg, m,., o) (C.287)
3 o 2
N2 -2
y — T [a- e (C.288)
4
Ik Ik 93
Alf = — A% = 52> (B~ Bo) (C.289)
Do =q° —mg +ie Dy = (q—p1)* +ie (C.290)

Squark bubble
The squark bubble vanishes through Bg(p?, m?, m?) — 2B1(p?, m?, m?) = 0.

A Py = (C.291)
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Gluon bubble

A\
IﬁgX?Jm =0 (C.292)
/A/
Gluon exchange
CYO (p% (Pl +P2) p270 m g mg ) (0293)
By ((P1 +p2)°, m?;;g, mgg) (C.294)
R S
. , ]
q DT = — QNTC (2p1 —q) - (g + 2p2) (p1 — P2 — 2q) (C.295)
&~ q
e
1k gs
AY = On 16 %5 (Bo + 2B — 2p3(C11 — Cha) + 2p3(Caz — Cha)
+2p1 - p2(2C1 + Ci1 — 202 — C2)) (C.296)
g
Al_k —0p l8 2 (2000 +p2(C’12 +Cy + 022) +p1<01 +Cn+ Clg)
—p1 - p2(2Cy + 3C1 + C11 + 2C12 + 3Cs + Ca2)) (C.297)
Do = ¢* +ie D1 = (q—p1)° —mip +ic Dy = (g +p2)® — mip +ic (C.298)
Squark exchange
Co (P2, (o1 + p2)%, 03 M2, 0,0) (C.299)
By ((p1 + p2)?,0,0) (C.300)
RRE S
le *TC / [(2p2 +a+p1) - (a+p1) (g —p2)°
et +(g—p2—2p1) - (¢ —p2)(¢+p1)° + (¢ —p2)(g+p1) (M

—p2 —2q)°]

Az/—[<2pg+q+p1>-<q+p1><q—pg>”+<q—p2—2p1>-(q—p2><q+p1>f’

q
+(g—p2)(g+p1) - (pr —p2 — 29)°)]
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A = 5y 32 = (P}(Co — 3C1 +2C11 — 2012 — Ca) + p3(—Co + C1 + 2C12
+3Cy — 2022) + 2py -pg(cl —Ci1 —Cy + 022)) (C.302)
3
A = Okl 33;_2 (—4Bo + 4Cyo —l—p%(—Co + C1 + 2C12 + 3Cy + 2C%) + p%(—CQ + 3C1
+2C11 + 2C12 + C3) — 2p1 - p2(Coy — 2C1 + C11 + 2C12 — 2Co + Caa) — 4Com§?>
(C.303)
Dy = ¢* —m +1e Dy = (q¢—p1)* +ie Dy = (¢ + p2)* +ie (C.304)

Gluino exchange

Co (P, (p1 + p2)%, p3, m m§ mia) (C.305)
By ((m +p2)2,m§a,m§a) (C.306)
iy S
q = —ﬁTC —2Tr [(Rg1 Pr — Ry PL) (mg — ¢) (C.307)
q
e « (R Pr, — R Pp) (mqa—g;_%)f (mqa—¢+¢1)}

3
Al_{f — s (ngmqa (RgaRin + Rk Ri2) (C1 — C2) + (Bo + 2B; — m%Cl — mgacl

{7 2
+p1C1 4+ m2Co 4+ m2aCo — p5C2)611) (C.308)
Ak = % (—2m§mqa (RraRjy + Rk Ry2) (Co+ Cy + Co) + (B + Qm?JCO + m?]Cl
+m§a01 +piC1 + mgcz + mga@ + p3C2) k1) (C.309)
Dy = ¢* —m+ie D1 = (q—p1)° —mia+ie Dy = (q+p2)* —mZa+ie (C.310)

Quark exchange

Co (1, (1 + p2)?, P3, mie, mZ, m2a) (C.311)
Bo ((p1 + p2)?, mg, m3) (C.312)

N

= 5T / 2 Tr [(RglpR — R, Pp) (mg +q- pl) A7 (C.313)
q

X <mg +4q +;¢2) (RjiPr — Rj3PR) (mqa + %)}
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3
Al — I (9mamge (RyaRiy + Ryt Riz) (C1 — Ca) + (Bo + 2B1 — m2Ch — m2.Cy

82
+pIC1 4+ m2Cs 4+ m2aCy — p5C2)611) (C.314)
3
Ak — % (—2m§mqa (RroRpn + Rk Ry2) (Co + Cy + Co) + (B + QmZQCQ
—i—mgCl + mga C1 + piCy + mgCg + mga Cs + p3C2)651) (C.315)
Dy = q2fm§a+ie Dy = (qu1)2fm§+ie Dy = (q+p2)27m§+ie (C.316)

C.4 Ghost-gluon vertex

The momentum and index convention as well as the definition of the partial amplitudes A
and As for the corrected ghost-gluon vertex are shown in eq. (8.128). For both Feynman
diagrams that contribute to this correction applies the same argument set

Co (k% (ko — k)2, K2, 0,0,0) (C.317)
By ((k2 ~ky)? ,0,0) (C.318)
with the denominators
Do = ¢° + ie Dy = (q — k2)? +ie Dy = (q — k1)? + ie. (C.319)
Gluon exchange
e >
V N o N o o
NETTILPH Tq = ?lfcde / —koy - (kl — q)(k2 — q) = 151fcde (Alkl + A2k2)
A\ q
""" b TEF
(C.320)
gs 2
Al = — 16;2 ((CQ + 022)(]{71 . k‘Q) + /6‘2012) (C.321)
3
Ay = —% ((ky - k2)(Co + Cy + Cha + Co) + k2(Cy + C1) + Coo) (C.322)
N' g g
A Tq = Elfcde / — ((k2 + k1 —29)7k2- g+ k3 (q — 2k2 + k1) - ¢ (C.323)
: q

N, - -
—|—q‘7(q + ko — 2]’61) . k‘g) = lilfcde (Alkl + Agk‘g)
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3

A= lg:ﬂ ((—=C2 + Co2)ky - bz + (C1 + Cr2 + Cz)kg)
3
Ay = 1(95:1'2 (_Bo + Cop + Czk% —(Cy — Cr12+ Co)ky - ko + an%)

C.5 Further ghost boxes and triangles

Ghost exchange right 1

CO(O7 07 S, 07 07 0)

T :
N : -
hR A ig 1 N (s
//CS;;Z = —32;2 0ij (cgt?ab + 20;‘;%)) s(Co+ Cy + Cy)
AN
-7 q i I
Do = ¢* + ie Dy = (q — k2)? + i€ Dy = (¢ — k1 — k)2 + e

Ghost exchange right 2

Cv(0,0,s,0,0,0)

‘.
~ : - 4
S : _ g @ , N @8
‘,’/% - _32;2 5ij (Cst,ab + QCstfzb> sCs
/// q\ .... ‘
Dy = ¢* + ie Dy = (q — k2)? + i€ Dy = (q — k1 — ko)? +ie
Ghost box 1
Co (0,0,5,0,0,0)
Do (mgg, 0,0,m2. 1,5, mgg,o,o,o)
B T T ITY PR
‘ : La | N sy N (8a)
q Y A = 5ij <208t,ab + cht,ib - cht,zb

x/(qu)-(qk‘2+p2)k1'(Q+p1)
q

(C.324)

(C.325)

(C.326)

(C.327)

(C.328)

(C.329)

(C.330)

(C.331)

(C.332)
(C.333)

(C.334)
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D0:q2—m§a—|—ie Dy = (q+p2)? +ie

i

Dy = (q+p2 — k2)? +ie D3 = (q —p1)* +ie

Ghost box 1 u

DO (m(%’r‘a0507m§97u)87m§9705050>
Cy(0,0,5,0,0,0)

‘ 1 N s N s
alv v = (e el - )

X/(q—pQ)‘lﬁ (q+p1)- (k1 —q—p2)

Do=q2—m§g + ie Dy = (q+p2)® +1e
Dy = (q+p2— k1)’ +ie Dy = (q—p1)* +1ie
Ghost box 2
DO <m§€¥7070>m§9‘7t737m?19‘10a0a0) CO (07078707070)
R e
‘ i L N s N (8a)
ql *‘ A = 5ij <2cst,ab cht;b o cht,gb

T X/_(q—m)'@(k2_p2_q>'(q+p1)
q

Do =¢° — mjs +ie D1 =(q+p2)° +ie

DQ:(Q+p2—k2)2+ie Dsz(q_p1)2+ie

Ghost box 2 u

DO <m?]‘?‘a Oa Oa m%‘?‘vuﬂ S, mg‘?‘voa Oa 0)
Cy (0,0,s,0,0,0)
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(C.336)

(C.337)
(C.338)

(C.339)

(C.340)
(C.341)

(C.342)

(C.343)

(C.344)
(C.345)

(C.346)
(C.347)



10

11

12

13

14

15

16

17

18

19

20

21

| 1 1 N 8 N 8A)
v A =y (e el - ) (c.319

) ></(q—pg)'(q—k1+p2)k2'(Q+p1)

Do = ¢ — mgo + ie Dy = (q+pa)? +ie (C.349)

i

Dy = (q+p2 —k1)* +1ie Dy = (q—p1)° +1ie (C.350)

C.6 Mathematica codes for the Passarino-Veltman reduction

For each vertex a dedicated Mathematica routine was developed built on top of FeynCalc
9.3 that performs the reduction of an amplitude to Passarino-Veltman functions. The
Mathematica functions CMu, DMu, DMuNu, ... correspond to the decompositions in eq. (8.17).

C.6.1 Boxes

The Mathematica function ToPaVeBoxes performs the Passarino-Veltmann reduction for the
Boxes. It takes the numerator of a Box amplitude as input as well as the Lorentz indices mu
and nu of the two vector bosons. The list ExtP is required to contain all external momenta
which in our case are pi, pa, k1 and ko. The variable q defines the loop momentum. The
momenta pl, p2 and p3 as well as masses m0 and m1 are the ones that appear in denominator
as defined in the general n-point function in eq. (8.7).

ToPaVeBoxes [numerator_, mu_, nu_, q_, ExtP_, pl_, p2_, p3_, mO_, mi_]
:= Module[{sigma, rho, temp, ExtP2, ExtP3},
temp = FCE[numerator // ExpandScalarProduct // ExpandAll // Contract];
ExtP2 = Tuples[{ExtP, ExtP}];
ExtP3 = Tuples[{ExtP, ExtP, ExtP}];
temp/.Flatten[{
MTD [mu, nu] SPD[q, q]"2 -> MID[mu, nu] (m0~4 xd0 + (m0"2 + m1~2
+ SPD[p1, pl1]l) xcO - 2 FVD[pl, sigma]
CMu[sigma, p2 - pl, p3 - pl] + xb0),
MTD [mu, nu] SPD[#1, q] SPD[#2, q] -> MID[mu, nu] FVD[#1, sigma]
FVD[#2, rho] DMuNul[sigma, rho, pl, p2, p3] & @@ ExtP2,
MTD [mu, nu] SPD[#, ql] SPD[q, q] -> MTD[mu, nu] (FVD[#, sigmal
CMul[sigma, p2 - pl, p3 - pl] - SPD[#, pl] xcO + m0~2 FVD[#, sigmal
DMul[sigma, pl, p2, p3]) & /@ ExtP,
MTD [mu, nul SPD[#, q] -> MID[mu, nu] FVD[#, sigma]
DMul[sigma, pl, p2, p3] & /@ ExtP,
MTD [mu, nu] SPD[q, gl -> MID[mu, nu] (xcO + m0~2 xd0),
MTD[mu, nu] -> MTD[mu, nu] xdO,
SPD[q, ql FVD[q, mu] FVD[q, nul -> m0~2 DMuNul[mu, nu, pl, p2, p3]
+ CMuNu[mu, nu, p2 - pl, p3 - pil] + FVD[pl, mu] FVD[pl, nul] xcO
- FVD[p1, mu] CMulnu, p2 - pl, p3 - pil]
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42
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11

12

13

14

- FVD[p1, nu] CMul[mu, p2 - p1, p3 - pil,
SPD[q, q] FVD[q, mu] FVD[#, nu]l -> m0~2 DMul[mu, pl, p2, p3] FVD[#, nul
+ FVD[#, nu] CMul[mu, p2 - pl, p3 - pi]
- FVD[#, nu] FVD[pl, mu] xcO & /@ ExtP,
SPD[q, q] FVD[q, nu] FVD[#, mu] -> m0~2 DMul[nu, pl, p2, p3] FVD[#, mul
+ FVD[#, mu] CMul[nu, p2 - pl, p3 - pil
- FVD[#, mu] FVD[pl, nu] xcO & /@ ExtP,
SPD[q, ql FVD[#1, nu] FVD[#2, mu] -> FVD[#1, nul] FVD[#2, mu] xcO
+ FVD[#1, nu] FVD[#2, mu] m0~"2 xd0 & @@@ ExtP2,
SPD[q, #] FVD[q, mu] FVD[q, nul -> FVD[#, sigma]
DMuNuRho [sigma, mu, nu, pl, p2, p3] & /@ ExtP,
SPD[q, #1] FVD[q, mul] FVD[#2, nu] -> FVD[#1, sigma] FVD[#2, nu]
DMuNu[sigma, mu, pl, p2, p3] & Q@@ ExtP2,
SPD[q, #1] FVD[q, nul] FVD[#2, mu] -> FVD[#!, sigma] FVD[#2, mu]
DMuNu[sigma, nu, pl, p2, p3] & Q@@ ExtP2,
SPD[q, #1] FVD[#2, nu] FVD[#3, mul -> FVD[#1, sigma] FVD[#2, nul
FVD[#3, mu] DMul[sigma, pl, p2, p3] & @@@ ExtP3,
FVD[#1, mu] FVD[#2, nu] -> FVD[#1, mu] FVD[#2, nu] xd0 & ©@@Q@ ExtP2,
FVD[q, nul FVD[#, mul -> DMul[nu, pl, p2, p3] FVD[#, mu] & /@ ExtP,
FVD[q, mu] FVD[#, nu] -> DMu[mu, pl, p2, p3] FVD[#, nu] & /@ ExtP,
FVD[q, mul FVD[g, nul -> DMuNu[mu, nu, pl, p2, p3l}] // Contract];

As an example consider the first box whose numerator

M =1 GS~4/(16 \[Pi]~2) SPD[2 pl - q, 2 p2 + q] FVD[k2 + p1l - p2 - 2 q,\[Mu]]
FVD[-2 q - 2 p2 + k2, \[Nu]l];

is given in eq. (C.120). The command
ToPaVeBoxes[M, \[Mul, \[Nul, q, {pl, p2, k1, k2}, p2, -k2 + p2, -pl, 0, mi]

yields the reduced amplitude. Notice that the factor i/(4r)? from the loop functions is already
defined into M since ToPaVeBoxes does not perform the corresponding replacement.

C.6.2 Triple-gluon vertex

ToPaVe3g[numerator_, q , ExtP_, pil_, p2_, mO0_] :=
Module[{alpha, temp, ExtP2, ExtP3},
temp = FCE[numerator // ExpandScalarProduct // ExpandAll // Contract];
ExtP2 = Tuples[{ExtP, ExtP}];
ExtP3 = Tuples[{ExtP, ExtP, ExtP}];
temp/.Flatten[{
MTD[a_, b_] FVD[g, c_] SPD[q, gl -> MTD[a, b] (BMulc, p2 - pi]
- FVD[p1l, c] xb0 + m0~2 CMulc, pl, p21),
MTD[a_, b_] FVD[#, c_] SPD[q, ql -> MID[a, bl FVD[#, c]
(xb0 + m0~2 xc0) & /@ ExtP,
MTD[a_, b_] FVD[q, c_] SPD[#, q] -> MTID[a, b] FVD[#, alphal
CMuNu[alpha, c, pl, p2] & /@ ExtP,
MTD[a_, b_] FUD[#1, c_] SPD[#2, q] -> MID[a, b] FVD[#1, c]

FVD[#2, alphal] CMulalpha, pl, p2] & ©@@@ ExtP2,
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MTD[a_, b_] FVD[q, c_] SPD[#1, #2] ->

MTD[a, b] SPD[#1, #2] CMulc, pl, p2] & @0@ ExtP2,

MTD[a_, b_] FVD[q, c_] -> MTD[a, b] CMulc, pl, p2],

MTD[a_, b_] FUD[#1, c_] -> MTD[a, b] FVD[#f, c] xcO & /@ ExtP,

FVD[q, a_] FVD[q, b_] FVD[g, c¢_] -> CMuNuRho[a, b, c, pl, p2],

FVD[q, a_] FVD[q, b1 FVD[#, c 1 -> FVD[#, c]
CMuNula, b, pl, p2] & /@ ExtP,

FVD[q, a_] FVD[#1, b_] FVD[#2, c_] -> FVD[#1, b] FVD[#2, c]
CMula, pl, p2] & @@ ExtP2,

FVD[#1, a_] FVD[#2, b_] FVD[#3, c_] -> FVD[#1, a] FVD[#2, b]
FVD[#3, c] xcO & @@Q@ ExtP3}] // Contract];

C.6.3 Squark-gluon vertex

ToPaVe2SqG[numerator_, mu_, q_, ExtP_, pl_, p2_, mO_] :=
Module[{alpha, temp, ExtP2, ExtP3},
temp = FCE[numerator // ExpandScalarProduct // ExpandAll // Expand //
Contract];
ExtP2 = Tuples[{ExtP, ExtP}];
ExtP3 = Tuples[{ExtP, ExtP, ExtP}];
temp /. Flatten[{
SPD[q, ql] FVD[q, mu] -> BMu[mu, p2 - p1] - FVD[pl, mu] xbO
+ m0~2 CMu[mu, pl, p2],
SPD[q, q] FVD[#, mu]l -> FVD[#, mu] (xbO + m0~2 xcO) & /@ ExtP,
SPD[q, #] FVD[q, mu] ->
FVD[#, alpha] CMulNu[mu, alpha, pl, p2] & /@ ExtP,
SPD[q, #1] FVD[#2, mu] -> FVD[#2, mu]l FVD[#1, alpha]
CMulalpha, pl, p2] & @@ ExtP2,
SPD[#1, #2] FVD[q, mu] -> SPD[#1, #2] CMulmu, pl, p2] & 0@Q ExtP2,
SPD[#1, #2] FVD[#3, mul] -> SPD[#1, #2] FVD[#3, mul] xcO & @@@ ExtP3,
FVD[q, mul -> CMu[mu, pl, p2],
FVD[#, mu] -> FVD[#, mu] xcO & /@ ExtP }] // Contract];
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