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”
Das Unendliche!“ Törleß kannte das Wort aus dem Mathematikunterrichte.

Er hatte sich nie etwas Besonderes darunter vorgestellt. Es kehrte immer
wieder; irgend jemand hatte es einst erfunden, und seither war es möglich, so
sicher damit zu rechnen wie nur mit irgend etwas Festem. Es war, was es
gerade in der Rechnung galt; darüber hinaus hatte Törleß nie etwas gesucht.
Und nun durchzuckte es ihn wie mit einem Schlage, daß an diesem Worte
etwas furchtbar Beunruhigendes hafte.

– Robert Musil
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Kurzfassung

In dieser Arbeit werden supersymmetrische Einschleifenkorrekturen der starken Wechsel-
wirkung zur elastischen Streuung vom leichtesten Neutralino an Nukleonen berechnet.
Die Rechnung wird im Detail beschrieben und erfolgt in voller Allgemeinheit innerhalb
des Minimal Supersymmetrischen Standardmodells (MSSM). Um hierbei auf das etablierte
Verfahren der Tensorreduktion zurückgreifen zu können, ist es notwendig, diese Methode
für verschwindende Gram-Determinanten zu stabilisieren. Anschließend werden die Strah-
lungskorrekturen auf eine effektive Feldtheorie abgebildet, welche auf dem skalaren Opera-
tor χ̄χq̄q und dem axialen Vektoroperator χ̄γ5γµχq̄γ5γ

µq beruht. Diese Abbildung erfolgt
an der hohen Skala µhigh ∼ 1000 GeV, während die zugehörigen nuklearen Matrixelemente
an der niedrigen Skala µlow ∼ 5 GeV definiert sind. Um beide Skalen zu verknüpfen, wird
das Laufen der effektiven Operatoren und der assoziierten Wilson-Koeffizienten in Form
von Renormierungsgruppengleichungen berücksichtigt.

Das leichteste Neutralino gilt als kanonisches Beispiel für ein schwach wechselwirken-
des, massives Teilchen, aus welchen die dunkle Materie bestehen könnte. Um die Exis-
tenz derartiger Teilchen zu überprüfen, werden derzeit Experimente zu ihrem direkten
Nachweis durchgeführt. Diese basieren auf der Wechselwirkung von dunkler Materie mit
Nukleonen. Die führenden Beiträge zum spinunabhängigen, beziehungsweise spinabhän-
gigen Neutralino-Nukleon Wirkungsquerschnitt werden durch die oben genannten effek-
tiven Operatoren beschrieben. Die Berechnung der zugehörigen Strahlungskorrekturen
entspricht einer Reduktion der theoretischen Unsicherheit und ermöglicht eine genauere
Bestimmung der Eigenschaften des Neutralinos im Falle eines positiven Signals sowie das
Setzen von robusteren Ausschlussgrenzen im Falle negativer Befunde.

Des Weiteren werden Strahlungskorrekturen zu Annihilations- und Koannihilations-
prozessen von Gauginos in Quarks berechnet, wobei der Fokus erneut auf supersym-
metrischen Einschleifenkorrekturen der starken Wechselwirkung liegt. In vielen Szenarien
des MSSM tragen diese Prozesse führend zum in der Boltzmann-Gleichung auftretenden
(Ko)Annihilationswirkungsquerschnitt bei. Die Boltzmann-Gleichung ermöglicht es, die
Reliktdichte der Neutralinos zu bestimmen, d. h. ihre gegenwärtige Menge vorherzusagen.

Diese Vorhersage ist experimentell überprüfbar und somit von großer phänomenologi-
scher Bedeutung. Genaue Messungen der Temperaturfluktuationen der kosmischen Mikro-
wellenhintergrundstrahlung ermöglichen eine präzise Bestimmung der Reliktdichte. Durch
einen Vergleich der theoretischen Vorhersage mit dem experimentellen Befund können
große Bereiche des Parameterraums des MSSM ausgeschlossen werden. Um dabei die ex-
perimentelle Präzision bestmöglich auszunutzen, ist es notwendig, theoretische Unsicher-
heiten zu minimieren und die genannten Strahlungskorrekturen zu berücksichtigen.

Die Strahlungskorrekturen zur elastischen Neutralino-Nukleon Streuung und zur zu-
gehörigen Reliktdichte sind in das numerische Paket Dark matter at next-to-leading

order implementiert worden. Mithilfe dieses Programms wird eine phänomenologische
Untersuchung durchgeführt und der Einfluss der Strahlungskorrekturen analysiert. Dabei
zeigt sich, dass die Reliktdichte der Neutralinos oftmals nicht nur von einem, sondern
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von einer Vielzahl von Gaugino (Ko)Annihilationsprozessen abhängt. Die berechneten
Strahlungskorrekturen führen zu einer relativen Verschiebung der Reliktdichte von bis
zu 10%, was die experimentelle Unsicherheit (±2% für das 1σ-Konfidenzintervall) signi-
fikant übersteigt und deutlich macht, dass diese Korrekturen bei einer Identifikation des
kosmologisch bevorzugten Parameterbereichs des MSSM berücksichtigt werden sollten.
Zusätzlich wird der Zusammenhang zwischen der Reliktdichte und den Neutralino-Nukleon
Wirkungsquerschnitten untersucht. Im spinunabhängigen Fall führt die Berücksichtigung
der Strahlungskorrekturen zu einer relativen Verschiebung von etwa +14% gegenüber
einer Rechnung auf Bornniveau. Diese Verschiebung ist vergleichbar mit gegenwärti-
gen nuklearen Unsicherheiten, welche die Vorhersage ebenfalls beeinflussen. Der spin-
abhängige Wirkungsquerschnitt ist noch größeren Veränderungen unterworfen und wird
durch Strahlungskorrekturen um bis zu −50% verschoben.
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Abstract

In this thesis we calculate supersymmetric one-loop corrections of the strong interaction to
elastic neutralino-nucleon scattering. The calculation is described in detail and performed
in full generality within the Minimal Supersymmetric Standard Model (MSSM). In order
to benefit from the well-established tensor reduction method, we have to stabilise the latter
for vanishing Gram determinants. Afterwards the radiative corrections are matched onto
an effective field theory based on the scalar operator χ̄χq̄q and the axial-vector operator
χ̄γ5γµχq̄γ5γ

µq. This matching procedure is performed at the high scale µhigh ∼ 1000 GeV,
whereas the associated nuclear matrix elements are defined at the low scale µlow ∼ 5 GeV.
To link both scales, the running of the effective operators and their corresponding Wilson
coefficients is taken into account via renormalisation group equations

The lightest neutralino can be considered as a canonical example for a weakly interact-
ing, massive particle which could constitute dark matter. To verify the existence of such
particles, so-called direct detection experiments are conducted currently. These are based
on the interaction between dark matter and nucleons. The leading contributions to the
spin-independent and spin-dependent neutralino-nucleon cross sections are governed by
the effective operators mentioned above, respectively. The calculation of the associated
radiative corrections corresponds to a reduction of the theoretical uncertainty and permits
to identify neutralino properties more reliably in case of positive findings and to set more
robust exclusion bounds in case of negative findings.

Furthermore, we calculate radiative corrections to annihilation and coannihilation pro-
cesses of gauginos into quarks, where we focus again on supersymmetric one-loop correc-
tions of the strong interaction. These processes contribute dominantly to the (co)anni-
hilation cross section entering the Boltzmann equation in many scenarios of the MSSM.
The Boltzmann equation allows to determine the neutralino relic density, i.e. to predict
their present abundance.

This prediction can be checked experimentally and is thus of great phenomenologi-
cal relevance. Measurements of the temperature fluctuations of the cosmic microwave
background permit to determine the relic density precisely. Comparing the theoretical
prediction with the experimental finding allows to exclude large fractions of the MSSM
parameter space. In order to maximally benefit from the experimental precision, it is nec-
essary to minimise theoretical uncertainties and to include the aforementioned radiative
corrections.

The radiative corrections to the elastic neutralino-nucleon scattering and the corre-
sponding relic density have been implemented into the numerical package Dark matter

at next-to-leading order. With the help of this program, we perform a phenomenolog-
ical investigation and analyse the impact of the radiative corrections. It turns out that the
neutralino relic density depends not on a single but a multitude of gaugino (co)annihilation
processes in parallel quite often. The calculated radiative corrections lead to a relative
shift of the relic density of up to 10%, which is significantly larger than the experimen-
tal uncertainty (±2% at the 1σ confidence level) and demonstrates that these corrections
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Abstract

should be included when identifying the cosmologically preferred region of the MSSM.
Moreover, we investigate the relation between the relic density and the neutralino-nucleon
cross sections. In the spin-independent case, the inclusion of radiative corrections leads
to a relative shift roughly +14% in comparison to a tree-level calculation. This shift is
comparable to typical recent nuclear uncertainties, which influence the prediction as well.
The spin-dependent cross section is subject to even larger shifts and modified by up to
−50% by radiative corrections.
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1. Introduction

Mankind has marvelled at the stars and wondered about their nature and origin for thou-
sands of years. In the course of time, this wondering has inspired mythology, enabled
nautical navigation and became a distinct field of science, namely astronomy. Apart from
that, we are unalteredly awed by stellar distances and the sheer eternalness of stars.

Given their heavy impact on our cultural history, there is a touch of irony in the fact,
that stars seem to make up only a small fraction of the matter content of the universe and
that we got originally aware of this by studying stellar motions (cf. [1–3]). According to
recent cosmological observations, so-called dark matter outnumbers usual baryonic matter
by a factor of five (cf. [4]). Even though the existence of dark matter is experimentally
well confirmed nowadays, almost nothing is known about its nature and the identification
of dark matter remains one of the biggest unsolved problems of modern physics.

A popular and consistent explanation for dark matter is based on the existence of
weakly interacting massive particles (WIMPs) which are supposed to stream through the
universe in large numbers. This hypothesis has led to a fruitful intertwining of cosmology
and particle physics – the most extreme possible pairing in terms of involved length scales.
Assuming that dark matter consists of WIMPs, their quantity, the so-called relic density,
can be inferred from a multipole analysis of the cosmic microwave background. The
most recent measurement is given by the Planck satellite and allows to determine the
relic density with a relative error of only ±2% at the 1σ confidence level (cf. [5, 6]). In
contrast, little is known about WIMP qualities like its mass or associated interactions. To
gather such information and to confirm the existence of WIMPs, so-called direct detection
experiments are executed (see e.g. [7, 8]). These experiments aim at observing WIMPs
directly by detecting the nuclear recoil of a rare WIMP-nucleus interaction.

The Standard Model of particle physics does not include any suitable WIMP candidate
and has to be extended to explain dark matter. A theoretical well motivated example
for such an extension is given by Supersymmetry (SUSY) – a new symmetry between
bosons and fermions. Incorporating SUSY in its minimal form leads to the Minimal
Supersymmetric Standard Model (MSSM), which includes numerous additional particles.
The lightest neutralino χ̃0

1 is one of those particles and turns out to be a good WIMP
candidate if the conservation of a new quantum number called R-parity is postulated.

Within this thesis we adopt the MSSM, assume the lightest neutralino to account for
dark matter and perform precision calculations affecting its predicted quality and quan-
tity. On the one hand, we calculate radiative corrections to the neutralino-nucleon cross
sections. These cross sections are essential when translating the (positive or negative) find-
ings of a direct detection experiment on the MSSM. Including radiative corrections to the
neutralino-nucleon cross sections corresponds to a reduction of the theoretical uncertainty,
which in turn allows to determine the neutralino qualities more reliably in case of positive
findings or to set more robust exclusion bounds in case of negative findings. On the other
hand, we calculate radiative corrections to neutralino and chargino (co)annihilation into
quarks. In many scenarios of the MSSM, these processes contribute dominantly to the
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(co)annihilation cross section entering the Boltzmann equation. Solving the Boltzmann
equation permits to predict the relic density. This prediction may then be compared with
the experimental value deduced from the Planck data. In order to fully benefit from
the experimental precision and to reliably identify the cosmological preferred region of
the MSSM parameter space, theoretical uncertainties have to be minimised and radiative
corrections to the (co)annihilation cross section have to be included.

This thesis is organised as follows: The subsequent chapter 2 is devoted to Supersym-
metry. We sketch the basic idea of SUSY and present its main motivation. After a brief
summary of the SUSY algebra, we argue that SUSY can not be realised exactly and dis-
cuss possible SUSY breaking mechanisms. Moreover, we introduce the MSSM and specify
its particle content. In chapter 3 we turn from microscopic length scales and elementary
particles to cosmological length scales and dark matter. We collect and discuss experi-
mental evidence for the existence of dark matter. Afterwards we present and analyse the
most common explanatory models. Out of these models, we favour the aforementioned
WIMP hypothesis and assume the lightest neutralino to be the WIMP candidate.

Chapter 4 can be considered as the analytical core part of this thesis. We present the
basic idea of direct detection and illustrate the composition of the corresponding detection
rate. This rate includes the neutralino-nucleon cross sections, which can be calculated in
the framework of effective field theory. We perform a full O(αs) matching calculation of
the full and effective theory, where the former is given by the MSSM and the latter consists
of the dominant four-fermion operators χ̄χq̄q and χ̄γ5γµχq̄γ5γ

µq. To the knowledge of the
author, this calculation has not been done before. Moreover, we detail the running of these
effective operators and their associated Wilson coefficients, i.e. we describe their evolution
from the high scale µhigh ∼ 1000 GeV down to the low scale µlow ∼ 5 GeV. We continue
with the discussion of the Boltzmann equation and the prediction of the neutralino relic
density in chapter 5. To render this prediction more precisely, a full O(αs) calculation of
neutralino and chargino (co)annihilation into quarks has been performed. We illustrate
this calculation and comment on the main difficulties.

The analytic results of chapters 4 and 5 have been implemented in the numerical pack-
age Dark matter at next-to-leading order (DM@NLO, cf. [9]). This package, its main
functionalities and chronological development, is presented in chapter 6. Thereafter we
use DM@NLO for a phenomenological study in chapter 7. More precisely, we analyse the
impact of the radiative corrections calculated in chapter 5 on the cosmological preferred
region of the MSSM parameter space. In addition, we combine these calculations with
those of chapter 4 to precisely predict the neutralino-nucleon cross sections for a given
MSSM scenario. We finally conclude in chapter 8.

Remarks on the conventions, useful mathematical relations and technical details of
methods relevant for the calculation in chapter 4 are presented separately in the appen-
dices A to H. The reasons for this outsourcing are twofold: On the one hand, we aim at
better legibility of the main part, especially for those already familiar with the technical
machinery or more interested in phenomenology. On the other hand, readers particularly
interested in technical details can directly access the respective self-contained appendix.
We stress that chapter F includes additional original work. This chapter deals with dimen-
sional regularisation, a well-known procedure to identify and isolate poles from divergent
integrals. The associated tensor reduction method fails in case of vanishing Gram deter-
minants, which occur naturally for zero relative velocity between incoming particles. This
situation is encountered in chapter 4 and an alternative solution is worked out in detail.
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2. Supersymmetry

What is the essence, the most fundamental property of a physical theory? A possible
answer to this profound question could be: The essence of any physical theory is its
underlying mathematical structure which in turn is defined by its symmetries.

Regarding symmetries as fundamental principles of nature has proven very fruitful in
particle physics. Historical examples include the so-called eightfold way introduced by
Murray Gell-Mann to organise mesons into octets and the Higgs mechanism, which gives
rise to the masses of the weak gauge bosons [10]. Mathematically spoken, the former is
based on a conserved SU(3) flavour symmetry and the latter on a spontaneously broken
SU(2)×U(1) gauge symmetry. Both of these findings are included in the Standard Model
(SM) of particle physics, our recent and extraordinarily successful physical theory of the
microscopic world.

Nevertheless, the SM has its shortcomings. In this chapter we illustrate some of these
shortcomings and motivate the introduction of yet another symmetry – namely Super-
symmetry (SUSY) – to compensate for them. We briefly discuss the corresponding SUSY
algebra and sketch why and how SUSY is broken. Afterwards we present the Minimal
Supersymmetric Standard Model (MSSM) and its particle content. This is of interest as
the aim of this thesis are precision calculations within the MSSM (cf. chapters 4 and 5).
We finally present the so-called phenomenological MSSM (pMSSM), which can be con-
sidered as a handy version of the MSSM including less free parameters. More detailed
introductions to SUSY can be found in e.g. [11–14].

2.1. Basic idea and motivation of Supersymmetry

The introduction of Supersymmetry into particle physics is usually accredited to Julius
Wess and Bruno Zumino [15, 16]. Note that although Wess and Zumino were the first to
construct a consistent supersymmetric Lagrangian, SUSY was mentioned in quite different
contexts several times before, see e.g. [17–19].

The basic idea of SUSY is to connect bosonic and fermionic degrees of freedom. More
precisely, we introduce one1 additional generator Q which transforms bosons into fermions
and vice versa.

Q |boson〉 = |fermion〉 and Q |fermion〉 = |boson〉 . (2.1)

The inclusion of SUSY has far reaching consequences. A direct result is that the numbers of
bosonic and fermionic degrees of freedom are equal. Interestingly, SUSY also affects some
of the shortcomings of the Standard Model, which we discuss in the following subsections.

1In this thesis we restrict ourselves to the MSSM, which belongs to the class of so-called N = 1 SUSY
models. Hence, we introduce only one SUSY generator Q.
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Figure 2.1.: Standard Model fermionic correction (left) and supersymmetric bosonic cor-
rections (middle and right) to the Higgs mass

2.1.1. Hierarchy problem

We start with the analysis of the so-called hierarchy problem [20–22]. The hierarchy
problem basically raises the question why the weak interaction is about 1032 times stronger
than gravity. From a more technical point of view, this problem becomes manifest in
radiative corrections to the Higgs mass mh0 . Within the Standard Model, the Higgs self-
energy is subject to radiative corrections including fermions f as shown on the left of
figure 2.1. The most important contribution stems from the heaviest fermion, the top
quark. Assuming that the Standard Model is valid up to a high scale Λhigh and using
a cut-off method to regularise the divergent integral (cf. chapter F), we see that these
radiative corrections are quadratically divergent, i.e. that they are proportional to Λ2

high.
If the Standard Model is valid as long as quantum gravity effects are negligible, we can
identify the high scale with the Planck scale ΛPlanck ∼ 1019 GeV.

In contrast to that, the Higgs boson has recently been found experimentally and its mass
has been measured to be around 125 GeV [23, 24]. What happened with the tremendous
radiative corrections? The answer is that they vanish in the process of renormalisation (cf.
chapter G). Even though renormalisation offers a consistent and technically solid solution
to this dilemma, it seems to be unnatural that the Higgs mass is not only very sensitive to
the Planck scale but that this dependence is somehow cancelled with incredible precision
order by order in perturbation theory.

The introduction of SUSY offers an alternative solution to the hierarchy problem. Due
to the transformation given in (2.1), every fermion of the Standard Model is accompanied
by a supersymmetric bosonic partner, a so-called sfermion f̃ . These sfermions lead to
radiative corrections to the Higgs mass as well, the relevant diagrams are shown in the
middle and on the right of figure 2.1. Interestingly, the contributions from these diagrams
precisely cancel the quadratic divergence mentioned before. Having included SUSY, the
final result depends only logarithmically on the high scale Λhigh and the original hierarchy
problem is solved.

2.1.2. Unification of gauge couplings

One or maybe even the greater goal of physics is to describe nature with as little formulae
as possible. In order to reduce the theoretical machinery, it has proven fruitful to find a
common description for seemingly disconnected phenomena. Historical examples include
the unification of electricity and magnetism to electromagnetism by James Clerk Maxwell
or the unification of electromagnetic and weak interactions to the electroweak Standard
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Model by Sheldon Lee Glashow, Mohammad Abdus Salam and Steven Weinberg [25, 26].
Following this path, the next logical step would be the unification of electroweak and
strong interactions, i.e. to embed both in one, large simple gauge group like e.g. SU(5)
[27]. Such theories are usually called grand unified theories (GUTs).

An essential feature of any GUT is the unification of gauge couplings at some high energy
scale ΛGUT [28]. For energies larger than ΛGUT, strong and electroweak interactions are
unified and only one microscopic interaction remains. This unification can be investigated
in detail with so-called renormalisation group equations (RGEs, cf. section G.4), which
determine the value of physical parameters at a given energy. Within the Standard Model,
the three gauge couplings approach each other but do not meet at a specific point.

This outcome is modified by SUSY. The additional supersymmetric particles contribute
to the RGEs and allow for a unification of the gauge couplings at ΛGUT ∼ 1016 GeV. As
SUSY is in no sense tailored to optimise the running of gauge couplings, this result is quite
remarkable.

2.1.3. Dark matter

According to recent cosmological observations, the dominant matter component of the
universe is so-called dark matter, a non-luminous, non-baryonic, massive form of matter
whose origin and nature has not been identified yet. A popular hypothesis states that
dark matter consists of weakly interacting massive particles (WIMPs). However, there
is no suitable WIMP within the Standard Model. This fact can be interpreted in two
ways. On the one hand, one might assume that the Standard Model is complete, i.e.
that there are no additional non-SM particles. According to this assumption, the WIMP
hypothesis has proven false. On the other hand, one might stick to the WIMP hypothesis
and conclude that at least one additional non-SM particle has to exist. Taking into account
that there are several other known shortcomings of the Standard Model, the second option
is commonly preferred.

When introducing SUSY, a whole zoo of new supersymmetric partner particles is cre-
ated. It turns out that in particular the neutralino χ̃0

1, which is the lightest supersymmetric
particle (LSP) in many scenarios of the MSSM, is a suitable WIMP. This means that in
contrast to the SM, SUSY offers a consistent explanation for dark matter. More details
on dark matter are given in chapter 3.

2.1.4. Haag- Lopuszański-Sohnius theorem

Another, more formal motivation for SUSY is given by the Haag- Lopuszański-Sohnius
theorem [29]. This theorem states that the most general symmetry a non-trivial quantum
field theory can possess, is an internal gauge symmetry paired with external Poincaré
symmetry and extended by SUSY. The Standard Model is an example for a non-trivial
quantum field theory. As gauge and Poincaré symmetry are realised, it seems natural to
expect that SUSY is realised as well.

A crucial condition for the Haag- Lopuszański-Sohnius theorem to hold is the anticom-
mutativity of the SUSY generators. If these generators would commute, i.e. if they would
be of bosonic rather than fermionic character, no additional non-trivial symmetry can be
constructed. This is covered by the Coleman-Mandula theorem [30].

Having presented the main motivation for introducing SUSY, we stress that this moti-
vation is originally of rather formal, mathematical character. The fact that SUSY gives
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rise to a rich phenomenology and can e.g. explain dark matter additionally, is the rea-
son for the sustained attractivity of this approach. Nevertheless, no explicit experimental
evidence for the realisation of SUSY in nature has been found yet.

2.2. SUSY algebra

In this section, we present the SUSY algebra which has been worked out in the context
of the Haag- Lopuszański-Sohnius theorem [29]. The SUSY algebra extends the Poincaré
algebra given by

[Pµ, Pν ] = 0. (2.2)

[Mµν , Pρ] = i(gνρPµ − gµρPν). (2.3)

[Mµν ,Mρσ] = i(gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ). (2.4)

Here Pµ denotes the generator of space-time translations and Mµν the generator of Lorentz
transformations. In order to write down the SUSY algebra in compact form, we introduce
the generalised Pauli matrices σµ and σ̄µ which are defined via

σµ = (1l, σi) and σ̄µ = (1l,−σi), (2.5)

where σi denotes the usual Pauli matrices.

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0

0 −1

)
. (2.6)

Furthermore, we define

σµν =
i

2
(σµσ̄ν − σν σ̄µ) and σ̄µν =

i

2
(σ̄µσν − σ̄νσµ). (2.7)

We decompose the spinorial generator Q into two Weyl components Qa with a = 1, 2 (cf.
chapter E). Undotted indicies stand for the (1

2 , 0) representation and dotted indices for
the (0, 1

2) representation of the homogeneous Lorentz group. SUSY generators of both

representations are linked via Q̄ȧ = Q†a. Using this nomenclature, we can write down the
SUSY algebra as

{Qa, Q̄ḃ} = 2(σµ)aḃPµ and {Q̄ȧ,Qb} = 2(σ̄µ)ȧbPµ. (2.8)

{Qa,Qb} = {Q̄ȧ, Q̄ḃ} = 0. (2.9)

[Mµν ,Qa] = −1

2
(σµν) b

a Qb and
[
Mµν , Q̄ȧ

]
= −1

2
(σ̄µν)ȧ

ḃ
Q̄ḃ. (2.10)

[Qa, Pµ] = [Q̄ȧ, Pµ] = 0. (2.11)

The consequences of this highly abstract algebra are quite counterintuitive. According
to (2.8), transforming e.g. a fermion into a boson and back into a fermion is linked with
a space-time translation. However, in order to meet phenomenological requirements, it
has proven useful to extend this algebra even further by imposing an additional U(1)
symmetry. If R denotes the generator of this new symmetry, we have

[Qa, R] = Qa and [Qȧ, R] = −Qȧ. (2.12)

As R is a bosonic generator, the Coleman-Mandula theorem holds and R commutes with
the generators of the Poincaré algebra, i.e.

[Pµ, R] = [Mµν , R] = 0. (2.13)
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2.3. Soft SUSY breaking

In the last section we have formally introduced SUSY and disregarded any experimental
finding, which we try to make good for at this point. Remember that SUSY transforma-
tions as given by (2.1) only modify the spin of the considered particle. SUSY is an external
symmetry and does not affect gauge symmetry. There are no new interactions introduced
and any SUSY particle possesses the very same quantum numbers as its partner particle –
except for spin. In particular, both particles have the same mass as the mass operator −P 2

commutes with the SUSY generator Q according to (2.11). Hence, if SUSY is an exact
symmetry of nature, there should exist light and even massless supersymmetric partners
of e.g. the electron and the gluon, respectively. These particles would have been easily
detected long ago. Therefore, SUSY has to be a broken symmetry.

The trick is to break SUSY softly, i.e. in such a way that its original benefits persist. In
particular, softly broken SUSY has to be renormalisable and shall solve the hierarchy prob-
lem. Soft SUSY breaking is included by adding suitable terms to the MSSM Lagrangian,
i.e. via

LMSSM = LSUSY + Lsoft. (2.14)

In this notation, the full MSSM Lagrangian consists of a SUSY conserving part LSUSY

which contains Yukawa and gauge interactions and additional SUSY violating mass terms
and trilinear couplings collected in Lsoft. The crucial point is that the latter all have
positive mass dimension. An explicit expression for the full MSSM Lagrangian can be
found in e.g. [13].

As we do not know if SUSY is realised at all, we can only speculate about its breaking
mechanism. In practice, one parametrises this lack of knowledge by adding all possible
terms which respect gauge symmetry and renormalisability. This can be interpreted as
an effective field theory (cf. chapter H) approach. The usual assumption is that there
exists a so-called hidden sector which is responsible for soft SUSY breaking at some high
scale Λsoft � Λelectroweak ∼ 100 GeV. The hidden sector involves heavy particles which are
somehow connected with the visible SUSY sector via a messenger sector. This means that
although the heavy particles of the hidden sector are absent at the electroweak scale, they
leave marks affecting the visible sector. These remnants are nothing but the soft breaking
terms incorporated in Lsoft.

However, dealing with soft SUSY breaking in this manner comes with its downsides.
The biggest disadvantage in comparison to unbroken SUSY is the considerably increased
number of free parameters. The Standard Model of particle physics involves 19 free pa-
rameters.2 The SUSY conserving part LSUSY modifies the Higgs sector and the higgsino
mass parameter µ effectively replaces the SM Higgs boson mass mh0 as a free parameter
(cf. subsection 2.4.1). In contrast, soft SUSY breaking introduces 105 new independent
parameters, leading to 124 free parameters in total and resulting in a large arbitrariness
of the theory [31]. To handle this arbitrariness and to allow for meaningful comparisons
with experimental data, so-called phenomenological models are introduced. We return to
this issue in section 2.5.

2A possible parametrisation is given by the six quark masses mq, the three lepton masses ml, the Higgs
mass mh0 , the Higgs vacuum expection value v, the strength of the three gauge couplings, the three
mixing angles of the Cabibbo-Kobayashi-Maskawa matrix, the associated CP violating phase and the
vaccum angle θQCD = 0 of quantum chromodynamics (QCD), which is included to avoid the strong CP
problem. The Standard Model does not include non-zero neutrino masses, which would lead to three
more mass terms, three additional mixing angles and one additional phase.

7



2 Supersymmetry

Some of the 105 soft breaking parameters are mass parameters. Let msoft denote the
largest mass parameter appearing in Lsoft. The corresponding terms lead to additional
contributions to the Higgs self-energy proportional to m2

soft. If this mass parameter is
very large in comparison to the electroweak scale Λelectroweak ∼ 100 GeV, the Higgs mass
becomes subject to large radiative corrections again and the hierarchy problem reappears.
To avoid this, msoft is assumed not to be substantially larger than the electroweak scale,
i.e. msoft ∼ 1 TeV. As the mass splittings between the known Standard Model particles
and their superpartners are determined by the mass parameters of Lsoft, this translates
to the masses of the SUSY particles. At least the lightest SUSY particles should possess
masses around msoft or smaller. This line of arguments has led to the optimism that
SUSY particles are observable with the Large Hadron Collider (LHC). However, since no
evidence for SUSY at the TeV scale has been found yet, this theory – or at least its original
motivation – is on the edge.

One might also go beyond the effective approach and wonder what the actual SUSY
breaking mechanism might be, i.e. where the terms in Lsoft are stemming from and how
SUSY breaking is mediated into the visible sector. The most prominent examples for the
latter include gravity mediated and gauge mediated SUSY breaking [32–36]. In case of
gravity mediated or Planck scale SUSY breaking, the mediation is due to gravity and the
resulting soft mass parameters are related to the Planck scale via

msoft ∼
Λ2

soft

ΛPlanck
. (2.15)

Assuming that msoft is around ∼ 1 TeV, we conclude that gravity mediated SUSY breaking
occurs at Λsoft ∼ 1011 GeV. On the other hand, we have gauge mediated SUSY breaking,
which bases on ordinary strong and electroweak interactions. The soft breaking terms are
generated by loop diagrams including some new messenger particles of mass mmess. This
leads to

msoft ∼ cL
Λ2

soft

mmess
, (2.16)

where cL ∼ 0.1 denotes a loop factor including Standard Model gauge couplings. If
we assume that the messenger mass is of similar size as Λsoft, we deduce that gauge
mediated SUSY breaking can take place at much lower energies than gravity mediated
SUSY breaking, namely at Λsoft ∼ 104 GeV.

2.4. The Minimal Supersymmetric Standard

Model

Having motivated and introduced SUSY on a general footing, we turn to the concrete
model relevant for our studies, the Minimal Supersymmetric Standard Model. In brief,
the MSSM can be understood as a supersymmetrised version of the Standard Model
with as little new particles as possible. In particular, only one SUSY generator Q is
introduced, which is referred to as N = 1 SUSY. The essential features of the MSSM can
be summarised as follows:

• Each gauge boson gets a supersymmetric fermionic partner. This affects all glu-
ons g and the electroweak gauge eigenstates B, W1, W2 and W3. The associated
superpartners are called gluinos g̃, bino B̃ and winos W̃1, W̃2 and W̃3.
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2.4 The Minimal Supersymmetric Standard Model

• The Standard Model includes one Higgs doublet containing four degrees of freedom.
In the course of the Higgs mechanism, three of them are “eaten up” by the weak
gauge bosons rendering them massive. Afterwards one physical particle is left – the
Higgs boson h0 [10].

If one wants to consistently implement SUSY, a second Higgs doublet has to be
added as the masses of up- and down-type quarks can not be generated from the
same doublet anymore [13]. Moreover, the inclusion of a second doublet avoids
certain gauge anomalies [37]. The result is that from the original eight degrees of
freedom five become manifest as physical particles, i.e. Higgs bosons. There is a
light scalar h0, a heavy scalar H0, a pseudoscalar A0 and two charged H± Higgs
bosons. All of these Higgs bosons get supersymmetric fermionic partners, so-called
higgsinos. More details on the Higgs sector of the MSSM are given in subsection
2.4.1.

We stress that the light scalar Higgs boson has to be SM-like and possess a mass of
mh0 ∼ 125 GeV, which is one of the most severe constraints on the MSSM.

• The winos W̃2 and W̃3 are electrically charged and possess the same quantum num-
bers as the charged higgsinos. These particles mix into mass eigenstates called
charginos χ̃±k , where k = 1, 2. Similarly the electrically neutral bino B̃, wino W̃1 and
the neutral higgsinos mix into so-called neutralinos χ̃0

i , where i = 1, 2, 3, 4. These
mixings are described in subsection 2.4.2. We commonly refer to charginos and
neutralinos as gauginos.

• Each quark q of the Standard Model gets supersymmetric scalar partners, so-called
squarks q̃. As quarks consist of left- and right-handed chiral components qL/R which
are independent degrees of freedom, there are two squarks q̃L/R per quark. These two
squarks are interaction eigenstates, which mix into mass eigenstates q̃1,2 as described
in subsection 2.4.3. Note that the squarks themselves are spin zero particles for
which chirality is not defined. The subscript L/R simply refers to the chirality of
their original quark partners.

In the same way each lepton l gets accompanied by so-called sleptons l̃. There are
two sleptons l̃L/R per charged lepton (i.e. for l = e, µ, τ). In case of neutrinos, we
have only one sneutrino ν̃L per neutrino νL as only left-handed neutrinos exist in
the Standard Model.

• The MSSM introduces a new conserved multiplicative quantum number called R-
parity. The underlying symmetry is of Z2 type and a remnant of the U(1) symmetry
defined by (2.12) and (2.13). More precisely, the R-parity of a particle possessing
baryon number B, lepton number L and spin S is given by

PR = (−1)3(B−L)+2S . (2.17)

The outcome is simple: Every Standard Model particle (including the additional
Higgs bosons H0, A0 and H±) has R-parity +1 and all associated SUSY partners
have R-parity −1. If R-parity is conserved, baryon and lepton number violating
processes are absent and SUSY introduces no new possible channels for e.g. the
decay of the proton.

9



2 Supersymmetry

Table 2.1.: Particle content of the MSSM

Standard Model
SUSY partners

plus second Higgs doublet

Symbol Name Symbol Name

u, c, t Up quarks ũi, c̃i, t̃i, where i = 1, 2 Up squarks

d, s, b Down quarks d̃i, s̃i, b̃i, where i = 1, 2 Down squarks

e, µ, τ Charged leptons ẽi, µ̃i, τ̃i, where i = 1, 2 Charged sleptons

νe, νµ, ντ Neutrinos ν̃e, ν̃µ, ν̃τ Sneutrinos

g Gluons g̃ Gluinos

W± W± bosons
χ̃±k , where k = 1, 2 Charginos

H± Charged Higgs bosons

γ Photon

χ̃0
j , where j = 1, 2, 3, 4 Neutralinos

Z0 Z0 boson

h0 Light scalar Higgs boson

H0 Heavy scalar Higgs boson

A0 Pseudoscalar Higgs boson

Another important consequence is that SUSY particles can only interact pairwise.
This implies that heavier SUSY particles may subsequently decay into lighter ones,
but the lightest supersymmetric particle (LSP) can not decay and has to be stable.
In typical scenarios of the MSSM, the LSP turns out to be the lightest neutralino
χ̃0

1. If this particle is stable, it turns out to be a viable dark matter candidate as it
is in addition uncoloured, electrically neutral and massive (cf. subsection 3.2.3).

R-parity conservation also affects the production of SUSY particles at colliders.
SUSY particles can only be produced in pairs. In case of the LHC, the primarily
produced particles are likely to be strongly interacting, i.e. squarks or gluinos, which
quickly decay into the LSP. If the LSP is only weakly interacting as e.g. the lightest
neutralino, this particle is not detectable. Hence, the typical LHC signal of a SUSY
production process consists of missing energy plus jets. The latter occur necessarily
during the decay processes of the coloured SUSY particles.

We finally mention that R-parity violating models are studied as well, the main
phenomenological motivation being the generation of neutrino masses [38].

Having collected the main features of the MSSM, we present its particle content, i.e.
its mass eigenstates in table 2.1 (inspired by [39]). The particle content of the MSSM is
investigated in greater detail in the following subsections.
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2.4 The Minimal Supersymmetric Standard Model

2.4.1. Higgs sector

We begin with the discussion of the Higgs sector of the MSSM, wherein we basically follow
the extensive review [40]. As mentioned before, two Higgs doublets H1 and H2 have to be
included in case of the MSSM. These doublets can be written as

H1 =
1√
2

(
H0

1

H−1

)
=

1√
2

(
v1 + φ0

1 + iξ0
1

φ−1

)
. (2.18)

H2 =
1√
2

(
H+

2

H0
2

)
=

1√
2

(
φ+

2

v2 + φ0
2 + iξ0

2

)
. (2.19)

The first Higgs doublet has hypercharge Y = −1 and is responsible for the mass generation
of down-type quarks, whereas the second doublet has Y = +1 and takes care of the up-type
quark masses. The neutral components of both doublets acquire non-vanishing vacuum
expectation values (VEVs) in terms of

〈H1〉 =
1√
2

(
v1

0

)
and 〈H2〉 =

1√
2

(
0

v2

)
. (2.20)

These VEVs are restricted by the condition

v2
1 + v2

2 = v2 =
1√

2GF
∼ (246 GeV)2, (2.21)

where GF denotes the Fermi constant. The Fermi constant has been introduced in the
Fermi theory of beta decay (cf. chapter H) and can be reexpressed in terms of the weak
coupling constant gw and the W± boson mass mW± as

GF =

√
2g2
w

8m2
W±

. (2.22)

Having set the absolute value of the two VEVs, their ratio remains undetermined yet.
This ratio is of great phenomenological relevance and phrased tanβ, i.e.

tanβ =
v2

v1
. (2.23)

The physical Higgs bosons are related to the individual components of the Higgs doublets
via rotation matrices. More precisely, we have

(
H0

h0

)
=

(
cosα sinα

− sinα cosα

)(
φ0

1

φ0
2

)
. (2.24)

(
G0

A0

)
=

(
cosβ sinβ

− sinβ cosβ

)(
ξ0

1

ξ0
2

)
. (2.25)

(
G±

H±

)
=

(
cosβ sinβ

− sinβ cosβ

)(
φ±1
φ±2

)
. (2.26)

The neutral and charged Goldstone bosons G0 and G± do not correspond to physical
particles but are absorbed into the longitudinal components of the massive gauge bosons
[41–43].
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2 Supersymmetry

Up to now, the Higgs sector contains six parameters: Four independent Higgs boson
masses and the mixing angles α and β. However, it turns out that only two of them can
be chosen independently. The conventional choice is to define tanβ and mA0 as input
parameters. The other parameters can then be obtained via

m2
h0,H0 =

1

2

(
m2
A0 +m2

Z0 ∓
√

(m2
A0 +m2

Z0)2 − 4m2
A0m

2
Z0 cos2 2β

)
. (2.27)

m2
H± = m2

A0 +m2
W± . (2.28)

tan 2α = tan 2β
m2
A0 +m2

Z0

m2
A0 −m2

Z0

. (2.29)

We stress that these relations only hold at tree-level and are subject to radiative correc-
tions. These corrections are substantial as the tree-level prediction

m2
h0 =

1

2

(
m2
A0 +m2

Z0 −
√

(m2
A0 +m2

Z0)2 − 4m2
A0m

2
Z0 cos2 2β

)

≤ 1

2

(
m2
A0 +m2

Z0 −
√

(m2
A0 +m2

Z0)2 − 4m2
A0m

2
Z0

)

=
1

2

(
m2
A0 +m2

Z0 −
√

(m2
A0 −m2

Z0)2

)
= m2

Z0 (2.30)

is clearly not fulfilled.
So far we have omitted another important and independent parameter of the Higgs

sector, namely the higgsino mass parameter µ. This parameter appears in front of the
two chiral superfields Ĥ1 and Ĥ2 in LSUSY. These chiral superfields can be considered as
objects simultaneously including the Higgs doublets introduced in (2.19) and their SUSY
equivalents, the fermionic higgsino doublets H̃1 and H̃2 given by

H̃1 =
1√
2

(
H̃0

1

H̃−1

)
and H̃2 =

1√
2

(
H̃+

2

H̃0
2

)
. (2.31)

For more details on the superfield formalism, we refer to [13].
The higgsino mass parameter has manifold implications. Firstly – as its name suggests

– it drives the masses of the higgsinos. Being a dimensionful parameter, it also appears
in front of trilinear couplings, i.e. couplings between three scalar particles. Some of these
couplings are relevant for the mixing of the squarks. Therefore, we reencounter µ in
subsection 2.4.3, where we discuss squark mixing in greater detail. Finally, µ appears in
the scalar Higgs potential.

The latter is connected with the so-called µ-problem of the MSSM, which bears some
resemblance to the hierarchy problem and can be summarised as follows. µ is a SUSY
preserving quantity and thus not connected to Lsoft and its typical mass scale msoft. The
latter is assumed to be around the TeV scale in order to solve the hierarchy problem,
whereas µ can be arbitrarily large, e.g. of O(ΛPlanck). However, the scalar Higgs potential
includes not only µ but a couple of soft SUSY breaking terms as well. After electroweak
symmetry breaking, we want to obtain a non-vanishing VEV of v ∼ 246 GeV. This implies
that either some miraculous cancellation is going on or all parameters entering the Higgs
potential should be roughly of the same order and hence µ has to be around the TeV
scale as well. Within the MSSM, there is no a priori reason why µ should be that small.
Possible explanations can be found in e.g. [44–46].
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2.4 The Minimal Supersymmetric Standard Model

2.4.2. Chargino and neutralino sector

The electrically charged higgsinos H̃−1 and H̃+
2 introduced in the previous subsection

possess the same quantum numbers as the charged winos W̃2 and W̃3. These particles mix
into mass eigenstates called charginos χ̃±k , where k = 1, 2. The corresponding part of the
MSSM Lagrangian reads

LMSSM ⊃ −(ψ−)TMχ̃±ψ+ + h. c., (2.32)

where we have introduced the shorthand notation

ψ+ =

(
W̃2

H̃+
2

)
and ψ− =

(
W̃3

H̃−1

)
. (2.33)

The chargino mass matrix includes the higgsino and wino mass parameters µ and M2 and
is given by

Mχ̃± =

(
M2

√
2mW± sinβ√

2mW± cosβ µ

)
. (2.34)

The aim is to diagonalise this matrix, i.e. to find the mass eigenstates. To achieve this,
we introduce two unitary 2× 2 chargino mixing matrices U χ̃

±
and V χ̃± which satisfy

(
U χ̃
±
)∗
Mχ̃±

(
V χ̃±

)−1 !
=

(
mχ̃±

1 0

0 mχ̃±

2

)
. (2.35)

Given this diagonalisation and following [11], the physical four-component Dirac chargino
fields can be constructed via

χ̃+
i =


 χ+

i(
χ−i

)T


 , where χ+

i = V χ̃±

ij ψ+
j and χ−i = U χ̃

±

ij ψ−j . (2.36)

The two chargino masses are given by

m2
χ̃±1,2

=
1

2

(
M2

2 + µ2 + 2m2
W±

∓
√

(M2
2 + µ2 + 2m2

W±)2 − 4(m2
W± sin 2β − µM2)2

)
. (2.37)

By convention, the first chargino is chosen to be the lighter one.

In a similar fashion, the neutral bino B̃, the neutral wino W̃1 and the neutral higgsinos
H̃0

1 and H̃0
2 mix into so-called neutralinos χ̃0

i , where i = 1, 2, 3, 4. By collecting all the
aforementioned neutral fields into a vector

(
ψ0
)T

=
(
B̃, W̃1, H̃0

1 , H̃0
2

)
, (2.38)

we can compactly write down the corresponding term of the MSSM Lagrangian as

LMSSM ⊃ −
1

2

(
ψ0
)TMχ̃0

ψ0 + h. c. (2.39)
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Herein the symmetric 4× 4 neutralino mass matrix Mχ̃0
is given by

Mχ̃0
=




Mχ̃0

11 Mχ̃0

12 Mχ̃0

13 Mχ̃0

14

Mχ̃0

21 Mχ̃0

22 Mχ̃0

23 Mχ̃0

24

Mχ̃0

31 Mχ̃0

32 Mχ̃0

33 Mχ̃0

34

Mχ̃0

41 Mχ̃0

42 Mχ̃0

43 Mχ̃0

44



, (2.40)

where its components read

Mχ̃0

11 = M1. Mχ̃0

22 = M2. (2.41)

Mχ̃0

34 = Mχ̃0

43 = −µ. Mχ̃0

12 =Mχ̃0

21 =Mχ̃0

33 =Mχ̃0

44 = 0. (2.42)

Mχ̃0

13 = Mχ̃0

31 = −mZ0 cosβ sin θW . Mχ̃0

14 =Mχ̃0

41 = mZ0 sinβ sin θW . (2.43)

Mχ̃0

23 = Mχ̃0

32 = mZ0 cosβ cos θW . Mχ̃0

24 =Mχ̃0

42 = −mZ0 sinβ cos θW . (2.44)

Hence, the neutralino mass matrix includes the bino, wino and higgsino mass parameters
M1, M2 and µ. To diagonalise the neutralino mass matrix, we introduce the 4× 4 unitary
neutralino mixing matrix N which is defined by




mχ̃0
1

0 0 0

0 mχ̃0
2

0 0

0 0 mχ̃0
3

0

0 0 0 mχ̃0
4




!
= N∗Mχ̃0

N−1. (2.45)

In this convention, the four neutralinos are ordered by mass, i.e. mχ̃0
1
< mχ̃0

2
< mχ̃0

3
< mχ̃0

4
.

Moreover, we can introduce four-component Majorana fields via

χ̃0
i =


 χ0

i(
χ0
i

)T


 , where χ0

i = Nijψ
0
j . (2.46)

2.4.3. Squark sector

As stressed earlier, we have to distinguish between squark gauge eigenstates q̃L/R and
squark mass eigenstates q̃1,2. The latter constitute the actual particles, whereas the former
correspond to SUSY transformed quark gauge eigenstates which occur in the kinematic
part of the MSSM Lagrangian in terms of

LMSSM ⊃ −
(
q̃L, q̃R

)∗
Mq̃

(
q̃L

q̃R

)
= −

(
q̃L, q̃R

)∗
(
Mq̃

11 Mq̃
12

Mq̃
21 Mq̃

22

)(
q̃L

q̃R

)
. (2.47)

The components of the squark mass matrix Mq̃ are given by

Mq̃
11 = M2

q̃ + (I3 − eq sin2 θW ) cos 2βm2
Z0 +m2

q . (2.48)

Mq̃
12 = Mq̃

21 = mq(Aq − µ(tanβ)−2I3). (2.49)

Mq̃
22 = M2

ũ/d̃
+ eq sin2 θW cos 2βm2

Z0 +m2
q . (2.50)
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2.5 Phenomenological MSSM

Here M2
q̃ , M2

ũ and M2
d̃

are soft breaking parameters. If the considered squark q̃ is of

up-type, we include M2
ũ , otherwise M2

d̃
. The weak mixing or Weinberg angle is given by

θW . In addition, eq denotes the electric charge of the corresponding quark in units of the
elementary charge e and I3 denotes the third component of its weak isospin. This means
that we have

I3 =
1

2
and eq =

2

3
for up-type quarks. (2.51)

I3 = −1

2
and eq = −1

3
for down-type quarks. (2.52)

In order to arrive at the mass eigenstates, we have to diagonalise the squark mass matrix
Mq̃, which is accomplished by the squark mixing matrix U q̃. More precisely, we demand

(
m2
q̃1

0

0 m2
q̃2

)
!

= U q̃Mq̃
(
U q̃
)†
. (2.53)

In this notation, the squark masses m2
q̃1,2

correspond to the eigenvalues of Mq̃ and are
given by

m2
q̃1,2 =

1

2

(
Mq̃

11 +Mq̃
22 ∓

√
(Mq̃

11 −Mq̃
22)2 + 4(Mq̃

12)2

)
, (2.54)

where we have chosen the first squark to be the lighter one. We can finally parametrise
the squark mixing matrix U q̃ as a rotation matrix, i.e. we can introduce the squark mixing
angle θq̃ via

U q̃ =

(
cos θq̃ sin θq̃

− sin θq̃ cos θq̃

)
, where tan 2θq̃ =

2Mq̃
12

Mq̃
11 −Mq̃

22

. (2.55)

2.5. Phenomenological MSSM

In this section we return to the issue of free parameters already mentioned in section 2.3.
The inclusion of soft SUSY breaking in its most general form leads to 105 new parameters.
Fortunately, not all of them are completely unrestricted. In fact, many of these parameters
affect Standard Model precision observables via loop corrections and are therefore strongly
constrained. This is especially true for SUSY induced flavour changing neutral currents
or new sources of CP violation. In order to incorporate these constraints and to reduce
the amount of free parameters, phenomenological models are introduced.

Our numerical studies presented in chapter 7 are performed within the so-called phe-
nomenological MSSM (pMSSM) as described in [47]. This model is based on the following
three assumptions:

• No new sources of CP violation

• No flavour changing neutral currents

• First and second generation universality

Taking these postulations into account, only 19 free parameters remain. These parameters
are collected and described in table 2.2. Remember that the Higgs mass mh0 ∼ 125 GeV
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Table 2.2.: Parameters of the pMSSM

Parameter Description

tanβ Ratio of the two vacuum expectation values v2 and v1 as discussed

in subsection 2.4.1 and defined in (2.23)

µ Higgsino mass parameter as discussed in subsection 2.4.1

mA0 Pole mass of the pseudoscalar Higgs boson A0

M1 Bino mass parameter, appearing e.g. in (2.41)

M2 Wino mass parameter, appearing e.g. in (2.34) and (2.41)

M3 Gluino mass parameter

Mq̃1,2 and Mq̃3 Squark mass parameters, correspond to Mq̃ in (2.48)

for the first two and third generation, respectively

Mũ1,2 and Mũ3 Up squark mass parameters, correspond to Mũ in (2.50)

for the first two and third generation, respectively

Md̃1,2
and Md̃3

Down squark mass parameters, correspond to Md̃ in (2.50)

for the first two and third generation, respectively

Ml̃1,2
and Ml̃3

Slepton mass parameters, analogs of Mq̃1,2 and Mq̃3

in slepton mass matrix

Mẽ1,2 and Mẽ3 Slepton mass parameters, analogs of Mũ1,2 and Mũ3

in slepton mass matrix

At, Ab and Aτ Trilinear couplings of stops, sbottoms and staus

is not a free parameter anymore and has to be reproduced by the pMSSM, which reduces
its valid parameter space.

However, within this thesis and the DM@NLO project (cf. chapter 6), we eliminate eight
more parameters and work with a simplified version of the pMSSM consisting of only
eleven free parameters. This is achieved by the following suppositions:

• The slepton sector is of minor phenomenological interest for our studies and para-
metrised by a common mass parameter Ml̃ := Ml̃1,2

= Ml̃3
= Mẽ1,2 = Mẽ3 .

• The first two generation of squarks are described by a common mass parameter, i.e.
Mq̃1,2 = Mũ1,2 = Md̃1,2

.

• The third generation of squarks is described by two independent mass parameters,
namely Mũ3 and Mq̃3 = Md̃3

.

• All trilinear couplings except for At are set to zero, i.e. Ab = Aτ = 0.

All in all, we are left with the following eleven parameters defining our pMSSM setup:

tanβ, µ,mA0 ,M1,M2,M3,Mq̃1,2 ,Mq̃3 ,Mũ3 ,Ml̃ and At. (2.56)
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3. Phenomenology of dark matter

More than 80 years ago, curious astronomical observations indicated the existence of an
additional, non-luminous form of matter, so-called dark matter [1]. Since then, further
evidence has been found by many independent experiments operating on a vast range
of length scales and by now, the field of dark matter has become mature. The ongoing
experimental effort is impressive and includes the most sensitive detectors ever built [7, 8].
Thanks to measurements of the cosmic microwave background, the amount of dark matter
is known with percent precision [4–6]. Review articles on dark matter are appearing
frequently to keep track of this rapidly evolving field, cf. e.g. [39, 48–51]. Textbooks for
scientists and many popular science books for a broader audience are available, see e.g.
[52–55]. People are even starting to investigate the subject of dark matter from a historical
and sociological perspective [56]. Despite all this progress, the true nature of dark matter
is still unknown and identifying it remains one of the biggest open problems for modern
physics.

In this chapter we basically address two questions: Why do we believe dark matter
actually exists and what could it be? We are not aiming for completeness and just stress
the most essential aspects. Parts of the following are inspired by [57]. Similar chapters
can be found in almost every recent PhD thesis related to dark matter phenomenology,
see e.g. [58–64].

3.1. Evidence for the existence of dark matter

3.1.1. Dynamics of the coma cluster

Although there were other, earlier observations (cf. [49, 65–67]), Fritz Zwicky is probably
the most famous pioneer of dark matter. In 1933 he investigated the redshifts of galaxies,
which were referred to as “extragalactic nebulae” at that time [1]. Zwicky applied the
virial theorem of classical mechanics on the coma cluster, assuming that it had reached
mechanical equilibrium. The virial theorem directly connects the averaged kinetical and
potential energy through

Ēkin = −1

2
Ēpot. (3.1)

Moreover, he estimated the total amount of luminous matter to M ∼ 1.6 · 1042 kg and the
radius of the cluster to R ∼ 1022 m, which allowed him to calculate the averaged potential
energy via

Ēpot = −3

5
G
M2

R
, (3.2)

where G denotes the gravitational constant. Given this result, he was able to infer the
averaged kinetical energy and hence averaged velocity to

√
v̄2 ∼ 80 km/s. When com-

paring this value with the one obtained from his redshift measurements, he found serious
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3 Phenomenology of dark matter

Figure 3.1.: Rotation curve of the galaxy NGC 3198

disagreement, the latter being much larger. He concluded that there must be an addi-
tional, non-luminous matter component which he omitted when estimating M : “Falls sich
dies bewahrheiten sollte, würde sich also das überraschende Resultat ergeben, dass dunkle
Materie in sehr viel größerer Dichte vorhanden ist als leuchtende Materie” [1].

3.1.2. Rotation curves

The next essential observation in the field of dark matter was made by Vera Rubin and
W. Kent Ford Jr. roughly fourty years later. Rubin and Ford determined the rotation
velocities vrot of stars orbiting their galactic centers by measuring the redshift of the stars
[2, 3]. Following Newtonian mechanics, this velocity is given by

vrot(R) =

√
GM(R)

R
, (3.3)

where R denotes the distance to the corresponding galactic center. The mass profile M(R)
is assumed to be spherically symmetric and reads

M(R) = 4π

∫ R

0
drr2ρ(r). (3.4)

For large r, the mass density ρ(r) should decrease heavily as most stars are populating the
inner regions of the galaxy. Hence, M(R) becomes almost constant for large R and the
rotation velocities should fall proportional to 1/

√
R in complete analogy to the rotation

velocities of the planets orbiting the sun.
Interestingly, no such behaviour was found in the experimental data as exemplarily

shown in figure 3.1 (taken from [68]), where the spiral galaxy NGC 3198 has been in-
vestigated. The upper line labelled ‘NGC 3198’ represents the actual measurement. The
rotation velocities stay basically constant for large distances to the galactic center. The
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3.1 Evidence for the existence of dark matter

Figure 3.2.: Distribution of interstellar gas (shown in red) confronted with information
obtained from gravitational lensing (shown in blue) in the bullet cluster

lower curve labelled ‘disk’ corresponds to the argumentation given above and shows the
expected but not observed 1/

√
R decline for large radial distances. We stress that this

discrepancy between theory and experiment has been found in dozens of galaxies.

Taking these measurements seriously, there are basically two ways how to resolve the
dilemma. The first option is to reconsider and modify the underlying theory, namely New-
tonian mechanics. This sounds drastically but has been worked out in detail. We return
to this point in subsection 3.2.1. The second, commonly preferred option is to conclude
that one of the ingoing assumptions is not fulfilled. The experimental observations can be
brought into agreement with Newtonian mechanics when adjusting the mass profile. More
precisely, we assume that a halo of dark matter surrounds each galaxy. This halo extends
to much larger radii than the luminous part of the galaxy. Its impact on the resulting
rotation velocity is illustrated by the curve labelled ‘halo’ in figure 3.1. Superposing the
effects of the disk galaxy and the dark matter halo, we obtain the observed curve.

3.1.3. The bullet cluster

The cluster 1E 0657-558, usually referred to as the bullet cluster, consists of two galaxy
clusters which collided about 100 million years ago. It is located in the constellation
Carina and led to an “empirical proof” of the existence of dark matter [69]. Let us briefly
recapitulate the main findings of this paper and ignore its paradoxal title.

The bullet cluster is depicted in figure 3.2 (taken from [70]). The two original clusters
have passed each other without major losses and are located in the midst of the blue areas.
The clusters themselves are directly observable as they emit visible light. We see that the
left cluster is much larger than the right one.

Both clusters consist not only of galaxies which in turn consist of stars and planets
but also of interstellar gas. The interstellar gas is usually the dominant baryonic matter
component and emits X-rays, which can be easily detected. The corresponding regions are
those marked red in figure 3.2. We see that the interstellar gas has noticed the collision.
Electromagnetic friction processes slowed it down and separated it from the galaxy clusters.
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3 Phenomenology of dark matter

Figure 3.3.: Temperature anisotropies of the cosmic microwave background measured by
the Planck satellite

The blue regions correspond to those of the highest mass density. These regions have
been determined via weak gravitational lensing and coincide with the regions of the clusters
themselves although the interstellar gas is the dominant baryonic matter component.

Similar to the previous subsections, we end up with the conclusion that there must
be more than just ordinary baryonic matter to explain the observation. More precisely,
we postulate that both of the original clusters are surrounded by dark matter halos. In
contrast to the interstellar gas, these halos stick to their corresponding clusters during the
collision and surpass each other unhinderedly as dark matter does not interact electro-
magnetically.

3.1.4. Cosmic microwave background

So far we have gathered strong qualitative evidence that dark matter exists but its actual
amount is only vaguely guessable. This situation has changed in the past decades due to
the measurement of the cosmic microwave background (CMB).

The CMB can be seen as an afterglow of the big bang and its sheer existence is an
essential prediction of the big bang theory. It arose when the universe got transparent,
i.e. when matter and radiation decoupled. At that time, the universe was about 380000
years old and had a temperature of roughly 3000 K. The CMB should be of black body
nature and spatially homogeneous, the latter being explained by an inflationary epoch
of the early universe. Moreover, the CMB should possess tiny temperature fluctuations
which lead to the clumping of matter and the formation of galaxies during the evolution
of the universe.

All of these predictions were confirmed by the Cosmic Background Explorer (COBE) in
1992 [71]. The black body temperature was found to be T = 2.7 K and the inhomogeneities
have shown up at O(10−5) K. To obtain further information on the CMB and in particular
its anisotropies, two successive missions were launched, namely the Wilkinson Microwave

20



3.1 Evidence for the existence of dark matter

Anisotropy Probe (WMAP) [4] and the Planck satellite [5, 6]. A full sky map of the
temperature anisotropies measured by the Planck satellite is shown in figure 3.3 (taken
from [72]).

One can perform a sophisticated multipole analysis of these anisotropies and try to
reproduce the obtained spectrum by a cosmological model. This fit is usually performed for
the so-called ΛCDM model, which can be considered as the recent cosmological standard
model [73]. The ΛCDM model is based on a flat universe obeying a Friedmann-Lemâıtre-
Robertson-Walker metric. Its dynamic is dominantly driven by the eponymous dark energy
and cold dark matter content, which are abbreviatory denoted Λ and CDM, respectively.
The model contains six free parameters in total. We are mainly interested in the baryonic
and cold dark matter densities, which were found to be

Ωbh
2 = 0.02205± 0.00028 and ΩCDMh

2 = 0.1199± 0.0027, (3.5)

respectively [5]. Here h denotes the present Hubble expansion rate H in units of 100 km
s−1 Mpc−1. The densities are given in terms of the critical density

ρc =
3H2

8πG
. (3.6)

In these units a density of one corresponds to a perfectly flat universe. Within the ΛCDM
model, the amount of dark energy is fixed by the condition that the universe is flat, i.e.
that all contributing densities add up to one. For any more details on the CMB and the
aforementioned multipole analysis we refer to [74–76].

3.1.5. Numerical N-body simulations

As discussed in the previous subsections, valuable cosmological information can be ex-
tracted from the CMB and its anisotropies. The obtained knowledge can be used as a
starting point for another validity check of the ΛCDM model. More precisely, the tempe-
rature anisotropies and corresponding density fluctuations can be implemented as initial
conditions in numerical N -body simulations, which aim at simulating the structure for-
mation of the universe. Examples for such projects are the Millennium and the Bolshoi
simulation [77, 78].

The central finding of all these simulations is that structure formation is dominantly
driven by dark matter. As dark matter interacts gravitationally but not electromagneti-
cally, it starts to clump earlier than baryonic matter which gets driven apart by radiation.
Therefore, dark matter amplifies initial density fluctuations and forms so-called dark grav-
itational centres which also attract ordinary baryonic matter. In case of the Millennium
simulation, the amount of dark matter was chosen to be

ΩDMh
2 = 0.1092445. (3.7)

Given this input, typical cosmological structures including galaxies, clusters of galaxies
and voids could be numerically reproduced. Moreover, smaller structures like galaxies
formed earlier than larger structures like clusters, which is in agreement with cosmological
observations.

Apart from confirming the ΛCDM model and the importance of its dark matter compo-
nent, N -body simulations lead to a second insight. The dark matter component should be
mainly cold, i.e. heavy and moving non-relativistically. Otherwise, gravitational centres
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3 Phenomenology of dark matter

get washed out again and structure formation follows the opposite direction, i.e. larger
structures form earlier than smaller structures. On the other hand, a small portion of
warm or hot dark matter is preferred to avoid more detailed discrepancies between the
simulations and reality. One example for such a discrepancy is the so-called missing satel-
lite problem [79, 80]. Structure formations basing solely on cold dark matter lead to a
hierarchical formation of structures and give rise to many small scale structures like dwarf
galaxies and dark matter subhalos. Although these objects exist in reality as well, their
observed number is much smaller than the one predicted by simulations basing solely on
cold dark matter.

3.2. Dark matter candidates

3.2.1. Modified Newtonian mechanics

We are now turning to possible explanations of the phenomena described in the previous
section. The first option is to deny that dark matter exists and that these observations
point to shortcomings of the underlying theory, namely Newtonian mechanics. In 1983
Mordehai Milgrom published his modified version of Newtonian mechanics (MOND) [81].
The main motivation of this theory is to explain the observed rotation curves (cf. subsec-
tion 3.1.2) without adding an additional dark matter component.

The basic assumption of MOND is that Newtons second law ~F = m~a is only valid for
large accelerations ~a. Large refers to accelerations which we encounter in daily life as e.g.
the gravitational acceleration on earth. The postulated, more general form also valid for
small circular accelerations present in the outer regions of a galaxy reads

~F = m~aµ

(
a

a0

)
, (3.8)

where a0 denotes a new constant of nature and a = |~a|. The function µ(x) is a priori not
uniquely defined but has to fulfill the limits µ(x � 1) = 1 and µ(x � 1) = x. Typical
choices for this function include

µ(x) =
x

1 + x
or µ(x) =

x√
1 + x2

. (3.9)

Let m denote the mass of a star orbiting its galactic center at a distance R and M(R) the
mass profile of the galaxy as given in (3.4). Using modified Newtonian dynamics, we can
determine the rotation velocity of the star to

GmM(R)

R2
= m

a2

a0
⇔ a0GM(R)

R2
=
v4

R2
⇔ v = 4

√
a0GM(R). (3.10)

Due to the fact that the mass profile is almost constant for large R, we obtain a constant
rotation velocity for stars in the outer galactic regions as found experimentally. Hence,
MOND is able to explain the observed rotation curves successfully and reproduces New-
tonian mechanics in the limit of large accelerations.

Moreover, Jacob Bekenstein was able to generalise MOND into a relativistic theory in
2004 [82, 83]. This theory is usually referred to as tensor-vector-scalar gravity (TeVeS)
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3.2 Dark matter candidates

and can be understood as an alternative to general relativity. In TeVeS, the usual metric
tensor3 ηµν is replaced by

η̃µν = (ηµν + vµvν)e−2φ − vµvνe2φ, (3.11)

which includes an additional vector vµ and an additional scalar φ. An introduction to
TeVeS can be found in [84].

Nevertheless, MOND and its relativistic counterpart TeVeS suffer from several deficits.
The probably most serious counter-argument for these theories are the findings of the bullet
cluster (cf. subsection 3.1.3). When investigating the bullet cluster in the TeVeS scheme,
alternative formulae for weak gravitational lensing have to be applied which slightly mod-
ify the result. However, the main outcome remains unchanged: The dominant matter
component as indicated by gravitational lensing does not coincide with the interstellar gas
which is the dominant baryonic matter component. Ironically, another detail of the bullet
cluster can be interpreted in favour of MOND, namely its collision velocity [85].

3.2.2. Massive astronomical compact halo objects

Another possible explanation of the phenomena described in section 3.1 agrees on the need
for an additional, non-luminous matter component but denies its exotic, non-baryonic
nature. The assumption here is that dark matter consists of so-called massive compact
astronomical halo objects (MACHOs). Examples for MACHOs include brown and white
dwarfs, neutron stars or black holes. These objects are meant to be present in the outer
regions of galaxies in large numbers and make up the dark matter halo.

Although MACHOs do not emit light themselves, they are indirectly observable via
weak gravitational lensing. Whenever a MACHO passes the line of sight of a luminous
object, it bends the emitted light due to its massive nature and acts as a gravitational
lens. The resulting brightening of the light signal is very characteristic and can be well
distinguished from other possible effects. Basing on this principle, there have been several
studies looking for MACHOs, like e.g. the Expérience pour la Recherche d’Objet Sombres
(EROS) experiment [86]. The EROS experiment was able to detect MACHOs in the
Magellanic clouds. However, the observed number was much too small to account for the
total amount of dark matter.

MACHO surveys and in particular the assumptions they are based on have been ques-
tioned recently [87]. Following this paper, limits placed on the MACHO content of the
galactic halo from surveys in the Magellanic clouds are inconsistent and model-dependent
and do not provide a secure basis for rejecting an all-MACHO halo.

However, there are other, more deadly counter-arguments against MACHOs as the do-
minant component of dark matter, namely the findings of subsections 3.1.4 and 3.1.5.
The total amount of baryonic matter and hence MACHOs is strictly limited by the mea-
surement of the CMB as given in (3.5). Moreover, MACHOs were not present in the
early universe. Therefore, it is highly questionable how they should have formed dark
gravitational centres and supported structure formation during that period.

3We are using ηµν for the metric tensor of general relativity and gµν for the metric tensor of special
relativity which also appears in quantum field theory.
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3 Phenomenology of dark matter

3.2.3. Weakly interacting massive particles

The hypothesis we are following in this thesis is based on the existence of weakly interacting
massive particles (WIMPs). These WIMPs are supposed to stream through the universe in
large numbers and form dark matter halos around galaxies which explain the observations
described in section 3.1.

Such a dark matter particle has to fulfill a number of conditions. First of all it should
be dark, i.e. it should not interact electromagnetically. Moreover, it should also be colour
neutral as it otherwise would have been detected in searches for exotic isotopes [88, 89].
As we expect the dark matter particle to be still present these days, it should be stable
or at least stable with respect to the age of the universe. Finally, it should be cold, i.e.
heavy and moving non-relativistically to meet the findings of N -body simulations (cf.
subsection 3.1.5).

By now, the attentive reader might have noticed the biggest shortcoming of this hy-
pothesis: There is no WIMP within the Standard Model of particle physics. The best
candidate within the SM are neutrinos, which are very light and hence contribute to hot
dark matter. Apart from that, neutrinos are simply not abundant enough to completely
account for dark matter [48].

This leads to two possible conclusions. Either the WIMP hypothesis has proven wrong
or it points towards physics beyond the Standard Model and the existence of at least one
new particle. We optimistically pursue the latter option in this thesis. More precisely, we
identify the dark matter particle with the lightest neutralino χ̃0

1, the lightest supersymmet-
ric particle in many scenarios of the MSSM (cf. chapter 2). This particle is the canonical
example for a WIMP and fulfills all the requirements listed above. We stress that the
main motivation of the MSSM is not the creation of a suitable dark matter candidate but
solving the hierarchy problem. The fact that the MSSM additionally gives rise to such
a candidate and furthermore enables the unification of gauge couplings at high energies,
makes this approach very appealing.

Another example of a WIMP with an original motivation independent of dark matter
is the axion. From a theoretical perspective, terms violating charge and parity symmetry
(CP) simultaneously are not excluded in quantum chromodynamics (QCD). However, such
a violation is not observed in nature. A solution to this so-called strong CP problem is
the Peccei-Quinn mechanism [90]. In the course of this mechanism, a new symmetry is
introduced and broken globally. The axions appear as remnants of the broken symmetry,
namely as pseudo-Goldstone bosons. For an overview of axions as a dark matter candidate,
we refer to [91, 92]. Sometimes the Peccei-Quinn mechanism is combined with SUSY,
which leads to yet another WIMP, namely the axino [93–95].

Of course there are plenty of other models which are directly motivated by dark matter,
i.e. their main purpose is to generate a suitable WIMP by modifying the Standard Model
as little as possible. These models are commonly referred to as minimal models, which
can be traced back to [96]. Other examples for minimal models include e.g. [97, 98].
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4. Calculation of neutralino-
nucleon cross sections

In this chapter we introduce the concept of direct detection of dark matter and discuss the
composition of the corresponding detection rate. Starting with the tree-level contributions,
we show how to calculate radiative corrections to the four-fermion couplings between neu-
tralinos and nucleons in detail. Including these radiative corrections permits to set more
robust exclusion bounds on the MSSM parameter space in case of negative experimental
findings or to identify neutralino properties more reliably in case of positive experimental
findings. To be exact, we perform a full one-loop calculation in the framework of the
MSSM to determine all contributions up to O(αs) to the kinematically unsuppressed ef-
fective operators χ̄χq̄q and χ̄γ5γµχq̄γ5γ

µq and their associated Wilson coefficients. This
calculation can be seen as the core part of this thesis. To the knowledge of the author,
such a systematic analysis at next-to-leading order (NLO) for a concrete and non-minimal
model like the MSSM has never been done before.4 The results of this calculations have
been published in [103].

4.1. Basic idea of direct detection

The basic idea behind direct detection of dark matter is actually quite simple and was
first mentioned by Edward Witten [104]. The mechanism is based on the following line of
arguments:

1. We assume that there is a non-negligible local dark matter density ρ0. Furthermore,
we assume that dark matter consists (at least partially) out of weakly interacting
massive particles.

2. This implies that dark matter particles stream through the earth every second.
Rarely some of them weakly interact with one of the nucleons an atom, transferring
a small amount of energy. We call this the recoil energy. The process is depicted in
figure 4.1.5

3. If one is able to detect this recoil process and to safely exclude all other non-dark
matter sources simultaneously, one has found experimental evidence for the existence
of the assumed dark matter particle.

4An example for a somewhat similar study for a minimal model, namely the inert doublet model, can
be found in [99]. A one-loop analysis for a toy model with a charged mediator has been performed in
[100]. Some general remarks on loop contributions in the context of dark matter direct detection can
be found in [101]. We also mention [102], where QCD corrections in the context of indirect detection
are discussed.

5This and all other Feynman diagrams appearing in this thesis have been generated by the help of
FeynArts [105].
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χ̃0
1 χ̃0

1

N N

1

Figure 4.1.: Elastic scattering process of a neutralino χ̃0
1 and a nucleon N

The last point already names the experimental difficulties. One has to detect an event
which happens very rarely and in which only a small amount of energy is transferred.
Simultaneously, one has to ensure that the measured signal is actually due to dark matter
and exclude all other possible sources. Therefore, the key words of every successful direct
detection experiment are sensitivity and background reduction.

In practice, no indisputable positive direct detection signal has been found yet.6 That
is why the logic above is typically inverted and used to falsify or disfavour hypothetical
dark matter candidates. The line of arguments is as follows:

1. We assume there is a non-negligible local dark matter density ρ0. We postulate the
existence of a concrete WIMP dark matter candidate, e.g. the lightest neutralino χ̃0

1

in a concrete scenario.

2. We calculate the hypothetical direct detection rate for the given candidate.

3. If one does not detect a dark matter recoil signal with an experiment which is other-
wise sensitive and background free enough to measure it, the postulated candidate
is experimentally disfavoured.

As experiments progress and increase in sensitivity, more and more candidates become
disfavoured. This is precisely what has happened in the last decades. At the moment the
strongest exclusion limits are set by the LUX (“Large Underground Xenon dark matter
experiment”) and the XENON100 experiment [7, 8]. Both of them are two phase liquid
noble gas detectors working with xenon. Two comments are in order:

• The argumentation above bases on assumptions on the local dark matter density
ρ0. This astrophysical quantity is neither well understood nor directly measured.
Changes in the underlying astrophysical model propagate through the whole chain
of arguments and influence the final result. In e.g. [112] it has recently been shown
that barred galaxies such as the milky way feature significant deviations from the
standard dark matter halo model and that these deviations affect the resulting direct
detection rate heavily. This makes it difficult to strictly exclude or falsify a dark
matter candidate. In general, the experimental observations disfavour a certain
dark matter candidate. A falsification is only possible with respect to a concrete
underlying astrophysical model.

6We are not discussing the possible annual modulation signals of the CoGeNT (“Coherent Germanium
Neutrino Technology”) and DAMA/LIBRA (“Dark Matter Project/Large sodium iodide bulk for rare
processes”) experiments here. Consider e.g. [7, 8, 106–111] for this issue.
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Nevertheless, people try to minimise the influence of the astrophysical quantities
entering the calculation. This is usually called a halo-independent approach, cf. e.g.
[113–117]. We also mention [118], where the influence of non-standard cosmology on
direct detection is studied.

• The MSSM contains more than one hundred free parameters, giving rise to arbitrary
many different scenarios. Although one can disfavour or exclude some concrete
scenarios in the way discussed before, it is almost impossible to falsify the MSSM
as a whole. There are MSSM scenarios which lead to nearly SM-like observables,
including SUSY particles too heavy to be experimentally accessible. This is a severe
problem from the philosophical point of view. “Ein empirisch-wissenschaftliches
System muss an der Erfahrung scheitern können”, as Karl Popper said [119]. It is
not the aim of this thesis to discuss this problem but definitely something one should
keep in mind. More thoughts on the philosophical aspects of dark matter can be
found in [56, 120].

• If dark matter does not consist of particles (cf. section 3.2) or those particles interact
only via gravity, direct detection is a futile approach. An interesting possibility for
the latter has been given in [121] recently.

4.2. Composition of direct detection rate

In this section we present the standard formulae for the calculation of direct detection
rates. Therein we mainly follow [122–124], i.e. we reconstruct how this rate is determined
in DarkSUSY. Other useful introductions to this topic can be found in [52], the canonical
review [39] or the corresponding part of the micrOMEGAs manual [125, 126].

The desired quantity is the rate of events dR per energy interval dE. This differential
event rate is typically expressed in terms of counts per kg and day and keV. It can be
written as

dR

dE
=
∑

i

ci
σi

2mχ̃0
1
µ2
i

ρ0ηi. (4.1)

The sum is over all detector nuclides i and the factor ci is the mass fraction of the nuclear
species i in the detector. In our case we assume the dark matter particle to be the lightest
neutralino χ̃0

1 with mass mχ̃0
1
. Let mi denote the mass of the nucleus of species i. Then

µi describes the neutralino-nucleus reduced mass defined via

µi =
mχ̃0

1
mi

mχ̃0
1

+mi
. (4.2)

The local dark matter density is described by ρ0. Before using the canonical value of
0.3 GeV/cm3, one should calculate the neutralino relic density to ensure that its value is
in agreement with the experimental constraints and that the neutralinos can solely account
for dark matter (cf. chapter 5). ηi contains the integration over the dark matter velocity
~v relative to the detector.

ηi =

∫ vesc

vmin,i

d3v
f(~v)

v
with vmin,i =

√
miE

2µ2
i

. (4.3)
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The lower integration limit vmin,i is given by the minimal neutralino velocity which can
cause a recoil energy E. Note that the formula for vmin,i given above holds only in the
non-relativistic limit. The upper integration limit is fixed by the galactic escape speed
vesc, which is usually set to 544 km/s. Faster particles are not gravitationally bound in the
milky way. More details on the integration limits can be found in [127–129]. f(~v) is the
local velocity distribution, which is typically assumed to be Maxwellian. However, recent
studies have unveiled that this simplification might not describe the situation properly,
see e.g. [130–132].

All the particle physics is comprised in the cross section for elastic neutralino-nucleus
scattering σi, where we distinguish between spin-independent (SI) and spin-dependent
(SD) processes. The origin of these two kinds of interaction becomes more clear on the
microscopic level in the next section when we study the effective four-fermion coupling
between neutralinos and quarks. Spin-independent interactions are mainly due to scalar
or vector couplings, whereas spin-dependent interactions stem from axial-vector or tensor
couplings.

The spin-independent cross section can be written as

σSI
i =

µ2
i

π

∣∣ZigSI
p + (Ai − Zi)gSI

n

∣∣2 |F SI
i (Qi)|2, (4.4)

where F SI
i (Qi) is the spin-independent structure function for the nucleus i depending on

the momentum transfer Qi =
√

2miE. It can be understood as the Fourier transform of
the nucleon density and is normalised to F SI

i (0) = 1. As default, the form factor F SI
i (Qi)

is taken to be of Helm form in DarkSUSY [123]. We have to take the structure function
into account because the nuclei i are no fundamental particles. Instead each of them
consists of several nucleons. More precisely, the nucleus i consists of Zi protons and Ai−Zi
neutrons, where Zi is its atom and Ai is its mass number. To enable a comparison of direct
detection results independent of the detector material and technology, the experimental
collaborations typically publish constraints on the cross section between the dark matter
particle and a single nucleon7 N , which simply reads

σSI
N =

µ2
N

π

∣∣gSI
N

∣∣2 . (4.5)

Here the neutralino-nucleus reduced mass µi is replaced by the neutralino-nucleon reduced
mass µN in complete analogy. The nucleon masses mN are given by

mp = 0.9383 GeV and mn = 0.9396 GeV. (4.6)

The effective spin-independent four-fermion couplings between neutralinos and protons
p or neutrons n are denoted gSI

p and gSI
n . They can be determined via

gSI
N =

∑

q

〈N |q̄q|N〉αSI
q , (4.7)

where the nucleon index N stands either for proton or neutron and the sum is over all
quarks q. Just like nuclei, nucleons are no elementary particles. They are made of valence

7At this point it is typically assumed that the interaction strength of neutralinos is the same for protons
and neutrons. This is not necessarily fulfilled in a non-minimal model like the MSSM. Therefore, we
keep our calculations general and differ between protons and neutrons.
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Table 4.1.: Scalar coefficients fNTq used in different codes

Scalar coefficient DM@NLO DarkSUSY micrOMEGAs 2.4.1 micrOMEGAs 4.2.5

fpTu 0.0208 0.023 0.023 0.0153

fnTu 0.0189 0.019 0.018 0.0110

fpTd 0.0411 0.034 0.033 0.0191

fnTd 0.0451 0.041 0.042 0.0273

fpTs = fnTs 0.043 0.14 0.26 0.0447

fpTc = fpTb = fpT t 0.0663 0.0595 0.0507 0.0682

fnTc = fnTb = fnTt 0.0661 0.0592 0.0504 0.0679

quarks, virtual sea quarks and virtual gluons. On the microscopic level, the interaction
between nucleons and neutralinos is actually an interaction between these elementary par-
ticles and neutralinos. The spin-independent interaction between quarks and neutralinos
is denoted αSI

q . The next sections demonstrate in detail how to determine it. The quark
matrix element 〈N |q̄q|N〉 can be qualitatively understood as the probability to find a
quark q in the nucleon N . We write it as

〈N |mq q̄q|N〉 = fNTqmN , (4.8)

where mN denotes the nucleon mass and mq the quark mass. The scalar coefficients fNTq
are determined experimentally or via lattice QCD. We point out that especially fNTs is
affected by experimental uncertainties, which mainly stem from the determination of the
pion-nucleon sigma term [133–135]. We use the values in agreement with [136–138]. These
values differ from those implemented in DarkSUSY or micrOMEGAs [139, 140], which we list
for comparison in table 4.1. The drastic differences in fNTs illustrate the aforementioned
uncertainty quite well. As demonstrated in [141], the factors fNTq of the heavy quarks are
linked to those of the light quarks via

fNTc = fNTb = fNTt =
2

27


1−

∑

q=u,d,s

fNTq


 . (4.9)

The spin-dependent cross section can be casted into the form

σSD
i =

4µ2
i

2J + 1

(
|gSD
p |2Spp,i(Qi) + |gSD

n |2Snn,i(Qi) + |gSD
p gSD

n |Spn,i(Qi)
)
, (4.10)

where J denotes the nuclear spin. The main difference in comparison to (4.4) is that there
are three spin structure functions Spp,i(Qi), Snn,i(Qi) and Spn,i(Qi) which come with the
contributions of the proton, the neutron and the interference term. Previously we had
just one global structure function F SI

i (Qi). More details on the structure functions can be
found in [142] and [143]. The spin-independent cross section between the neutralino and
a single nucleon N reads

σSD
N =

3µ2
N

π
|gSD
N |2. (4.11)
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4 Calculation of neutralino-nucleon cross sections
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Figure 4.2.: Example processes for inelastic neutralino scattering

Note that the prefactor four of (4.10) has turned into three. This is due to the evaluation
of the spin structure functions in the case of a single nucleon [123].

Analogously to the spin-independent case, the effective spin-dependent four-fermion
couplings between neutralinos and protons p or neutrons n are denoted gSD

p and gSD
n .

They are given by

gSD
N =

∑

q=u,d,s

(∆q)Nα
SD
q . (4.12)

In contrast to the spin-independent case, we sum only over the light quarks u, d and s
as they mainly determine the nucleon spin.8 (∆q)N can be seen as the fraction of the
nucleon spin carried by the quark q. More precisely, it describes the second moment of
the polarised quark density and is related to the nucleon spin vector sµ via

〈N |q̄γµγ5q|N〉 = 2sµ(∆q)N . (4.13)

We choose the default values of micrOMEGAs for the polarised quark densitites. Note the
isospin symmetry, i.e. (∆u)p = (∆d)n and (∆d)p = (∆u)n.

(∆u)p = (∆d)n = 0.842. (∆d)p = (∆u)n = −0.427. (∆s)p = (∆s)n = −0.085. (4.14)

We discuss the spin-dependent interaction between quarks and neutralinos αSD
q in detail

in the next sections. A few remarks are in order:

• In the way presented here, the direct detection rate factorises into a particle physics
and an astrophysics part, which nicely simplifies the calculation.

dRSI/SD

dE
=
∑

i

ci
σ

SI/SD
i

2mχ̃0
1
µ2
i︸ ︷︷ ︸

Particle physics

ρ0ηi︸︷︷︸
Astrophysics

. (4.15)

We stress that this only holds true in the non-relativistic limit, where the cross
section σi is independent of the neutralino velocity.

• In the following we treat only elastic scattering processes. Within elastic scattering
processes the total kinetic energy is conserved and the external particles stay the
same. In principle one could also think of inelastic processes as shown in figure 4.2.

8Although it was recently claimed that bottom quarks may also contribute to the spin-dependent inter-
action [144].
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4.2 Composition of direct detection rate
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Figure 4.3.: Example processes for neutralino-gluon interaction at one-loop (left) and an
electroweak correction to the neutralino-quark four-fermion coupling (right)

Inelastic dark matter nucleus scattering was considered as a possibility to explain
the annual modulation signal observed by the DAMA experiment [58, 107, 145, 146].
However, as dark matter nucleus scattering occurs in the non-relativistic regime,
inelastic processes are only relevant for very small mass splittings δ between the
dark matter particle and its partner. In the cases shown in figure 4.2 this partner
is the second neutralino χ̃0

2 or the chargino χ̃+
1 . More concretely, the mass splitting

has to fulfill the kinematical constraint δ < β2µi/2, where µi denotes the reduced
mass for a nucleus i as given in (4.2) and β is the relative velocity between the
neutralino and the nucleus in natural units [145]. For neutralino and nucleus masses
of O(100 GeV) and velocities β of O(10−3) we obtain mass splittings δ of O(10 keV).

Mass degeneracies between the neutralino and other gauginos or stops can provide
efficient coannihilation mechanisms (cf. subsection 5.2.2) which in turn lead to the
correct relic density as demonstrated in e.g. [147–150]. In these publications, a mass
degeneracy refers to splittings of O(10 GeV). Even smaller mass splittings lead to
an additional enhancement of the coannihilation processes and a relic density way
too small. Therefore, mass splittings of O(10 keV) can be regarded as unnatural,
at least in standard scenarios of the MSSM. Nevertheless, it might be interesting to
include inelastic scattering processes in other models.

• The central quantities of the next sections are αSI
q and αSD

q , the so-called Wilson
coefficients for the neutralino-quark interaction. As stated in the beginning of this
chapter, we determine all contributions up to O(αs) in the framework of the MSSM
to these coefficients and the corresponding operators.

Besides the valence and virtual sea quarks, there are also virtual gluons inside the
nucleons. As gluons interact only via the strong and neutralinos only via the weak
interaction, they can not interact at tree-level. Nevertheless, exchange processes
can occur at NLO, e.g. via a top quark triangle coupling to the gluons and a Higgs
boson which in turn couples to the neutralinos as depicted on the left-hand side
of figure 4.3. In this way the virtual gluons also contribute to the direct detection
rate. These contributions have been calculated in [151] and [152] by Manuel Drees
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4 Calculation of neutralino-nucleon cross sections

and Mihoko Nojiri and are already included in DarkSUSY. The results were partially
recalculated and extended by Junji Hisano et al. in [153–155]. The impact of the
gluonic corrections is usually negligible if the top squark is much heavier than the
neutralino and the top quark together, i.e. if (mt +mχ̃0

1
)2 � m2

t̃1
.

• Apart from radiative corrections due to the strong interaction, there are also elec-
troweak corrections to αSI

q and αSD
q . Selected contributions have been calculated by

Junji Hisano et al. in [156, 157]. An example process of this work is depicted on
the right-hand side of figure 4.3. Note that these calculations do not allow for a
general neutralino admixture and are based on further simplifying approximations.
Parts of these corrections were recalculated in [129], where some serious disagreement
has been found. Further electroweak corrections including Higgs boson or sfermion
loops can be found in [158] and [159]. We also mention the recommendable article
[160], which gives a detailed and general introduction to the theoretical framework
behind dark matter direct detection and comments on the inclusion of electroweak
corrections. In addition, the aforementioned gluonic contributions are discussed.

• Including the NLO contributions to the Wilson coefficients αSI
q and αSD

q means to
improve on the precision from the particle physics point of view. Although this
is certainly desirable, we should not forget that the direct detection rate contains
a lot of other quantities as well, each coming with its very own uncertainty. The
astrophysical and nuclear uncertainties can easily account for a total factor of three
or four [132, 133, 161].

4.3. Tree-level contributions

In this section we determine the tree-level contributions to the Wilson coefficients αSI
q and

αSD
q . We present the calculations in great detail to exemplify the procedure in general.

By doing this, we set the basis for the more complicated loop calculations. Furthermore,
a step by step calculation of this kind is rarely found in the literature, which is why this
section might prove useful on its own. These calculations have first been carried out by
Kim Griest [162–164].9 A recommendable introduction to the topic is given in [165]. Our
calculation is performed in a pragmatic and pedagogic fashion, starting from the basics.
The underlying effective field theory formalism is introduced meanwhile and illustrated
separately in chapter H.

The four relevant tree-level processes are shown in figure 4.4. We have t-channel Higgs
exchanges, a t-channel Z0 exchange and squark processes occuring in the s- and u-channel.
We label these processes T1, T2, T3 and T4. The arrows on the scalar squark lines shall
indicate the electric and colour flow. Majorana fermions like the neutralino are represented
by a straight and a wavy line.10 The squark processes are calculated for a general squark
q̃i. When including these contributions, we sum over i = 1, 2.

9In contrast to our calculations, all squark mixing effects were neglected by Griest.
10Although gluinos are Majorana fermions as well, the usual convention is to draw a straight and a cycled

line in this case.
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Figure 4.4.: Tree-level contributions to the neutralino-quark four-fermion coupling

4.3.1. T1: Higgs contributions

The simplest contribution to the Wilson coefficient αSI
q stems from the t-channel Higgs

processes depicted in the left of figure 4.4. Using the kinematical conventions given in
section A.3, we can write down the amplitude as

iMT1 =
[
ū(p1)i 1 u(pa)

] i

t−m2
φ

[
ū(p2)i 2 u(pb)

]
, (4.16)

where φ stands for h0 or H0. We use the notation of [166] for the couplings. Without any
loss of generality, each scalar or pseudoscalar coupling can be written as

i j = i(cLj PL + cRj PR), (4.17)

where we introduced the chirality projectors PL and PR.

PL =
1l− γ5

2
and PR =

1l + γ5

2
. (4.18)

Properties of the fifth gamma matrix γ5 are listed in chapter C. The coefficients cLj and

cRj are complex numbers. In the considered case we have pure scalar couplings, so we

write cL1 = cR1 = gφχ̃0
1χ̃

0
1

for the Higgs-neutralino and cL2 = cR2 = gφqq for the Higgs-quark

coupling.11 Concrete expressions for these and other couplings of the MSSM can be found
in [11, 62, 167]. This simplifies the amplitude to

MT1 = −
gφχ̃0

1χ̃
0
1
gφqq

t−m2
φ

[ū(p1)u(pa)] [ū(p2)u(pb)] . (4.19)

This almost completes our first tree-level calculation. To read off the Wilson coefficient,
we have to identify the spinors ū(p1), u(pa), ū(p2) and u(pb) with their corresponding
spinor fields χ̄, χ, q̄ and q (cf. section D.3), which leads to

MT1 = −
gφχ̃0

1χ̃
0
1
gφqq

t−m2
φ︸ ︷︷ ︸

Wilson coefficient

[χ̄χ][q̄q]. (4.20)

11The latter coupling has to be treated with special care as described in subsection G.5.1.
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4 Calculation of neutralino-nucleon cross sections

Table 4.2.: Most common four-fermion operators and their resulting interaction

Effective operator Name Resulting interaction

[χ̄χ][q̄q] Scalar type SI

[χ̄γµχ][q̄γµq] Vector type SI

[χ̄γµνχ][q̄γµνq] Tensor type SD

[χ̄γ5γµχ][q̄γ5γ
µq] Axial-vector type SD

[χ̄γ5χ][q̄γ5q] Pseudoscalar type Strongly Suppressed

In terms of an effective Lagrangian, we have arrived at an effective four-fermion interac-
tion of scalar type. Scalar interactions are spin-independent. At tree-level, the Wilson
coefficient is just the remaining factor in front, which gives us the first contribution to αSI

q .

αSI
q,T1 = −

gφχ̃0
1χ̃

0
1
gφqq

t−m2
φ

. (4.21)

In the non-relativistic limit we have t� m2
φ. This limit is performed and the Mandelstam

variable is dropped in the standard approach to obtain a velocity-independent Wilson
coefficient.

One might ask oneself why there is no contribution from the pseudoscalar Higgs A0.
The calculation is mainly analogous, the only difference being cL1 = −cR1 = gA0χ̃0

1χ̃
0
1

and

cL2 = −cR2 = gA0qq, which means we have pure pseudoscalar couplings. We end up with

MA0 = −
gA0χ̃0

1χ̃
0
1
gA0qq

t−m2
φ

[χ̄γ5χ][q̄γ5q] (4.22)

and arrive at an effective four-fermion coupling of pseudoscalar type. This kind of in-
teraction is kinematically strongly suppressed in the non-relativistic limit. Therefore, we
neglect all contributions stemming from the pseudoscalar Higgs.12

Which effective operators lead to spin-dependent or -independent interactions and which
of them are kinematically suppressed is a non-trivial question. It is studied in detail in
chapter six of [169], which is a highly recommendable reference for this topic. We collect
the main results for the most common effective operators in table 4.2. The tensor γµν

appearing therein is defined via

γµν =
i

2
[γµ, γν ] =

i

2
(γµγν − γνγµ). (4.23)

All other effective operators occuring at NLO are kinematically suppressed [129, 169,
170]. For the beginning we focus on the NLO contributions to the kinematically unsup-
pressed operators listed above. Actually, the situation simplifies even further as we deal
with neutralinos, which are Majorana fermions. In case of Majorana fermions, there are
no vector or tensor contributions, the operators χ̄γµχ and χ̄γµνχ vanish exactly [129, 171].
This is explicitly proven in chapter E. Therefore, we only consider effective operators of
scalar and axial-vector type, which is in agreement with [134].

12Although it is demonstrated in [168] that pseudoscalar couplings can be important under specific cir-
cumstances.
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4.3 Tree-level contributions

4.3.2. T2: Z0 contribution

We continue with the calculation of the Z0 t-channel process, which is the second process
shown in figure 4.4. The amplitude is very similar to the previous one. The topological
difference is that we are dealing with a vector instead of a scalar propagator. Using the
Feynman gauge13 we obtain

iMT2 =
[
ū(p1)iγµ 1 u(pa)

] −igµν
t−m2

Z0

[
ū(p2)iγν 2 u(pb)

]

⇔MT2 =
1

t−m2
Z0

[
ū(p1)γµ 1 u(pa)

] [
ū(p2)γµ 2 u(pb)

]
. (4.24)

Similarly as before, the couplings are written generically as

iγµ 1 = iγµ(cL1PL + cR1 PR) = iγµ(gLZ0χ̃0
1χ̃

0
1
PL + gRZ0χ̃0

1χ̃
0
1
PR). (4.25)

iγν 2 = iγν(cL2PL + cR2 PR) = iγν(gLZ0qqPL + gRZ0qqPR). (4.26)

Performing the calculation steps of the previous subsection, this amplitude leads to
four different effective operators, namely the vector type [χ̄γµχ][q̄γµq], the axial-vector
type [χ̄γ5γµχ][q̄γ5γ

µq] and two mixed type structures [χ̄γ5γµχ][q̄γµq] and [χ̄γµχ][q̄γ5γ
µq].

The mixed type structures are kinematically suppressed14 and the vector type interaction
vanishes for Majorana fermions. We are left with the axial-vector contribution which can
be written as

MT2 =
cR1 − cL1

2

cR2 − cL2
2

1

t−m2
Z0

[χ̄γ5γµχ][q̄γ5γ
µq] (4.27)

and read off the first spin-dependent contribution to the Wilson coefficient αSD
q .

αSD
q,T2 =

cR1 − cL1
2

cR2 − cL2
2

1

t−m2
Z0

. (4.28)

4.3.3. T3 and T4: Squark contributions

The remaining tree-level contributions are those due to the squark processes depicted on
the right in figure 4.4. It is important to differ between the first coupling with the ingoing
quark and outgoing squark and the second one with outgoing quark and ingoing squark.

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR). (4.29)

i 2 = i(cL2PL + cR2 PR) = i(gLχ̃0
1q̃iq

PL + gRχ̃0
1q̃iq

PR). (4.30)

13Within the so-called Rξ gauge, the propagator of a weak gauge boson possessing four-momentum pµ

and mass m can be written as −i
p2−m2

(
gµν − (1− ξ) pµpν

p2

)
. Due to the vector nature of the particle,

we encounter the two Lorentz indices µ and ν. In addition, ξ denotes a gauge parameter which can
be arbitrarily chosen. The Feynman gauge corresponds to the choice ξ = 1, which simplifies the
propagator to

−igµν

p2−m2 . The disadvantage of the Feynman gauge is that in contrast to e.g. the unitary

gauge, unphysical particles such as Goldstone bosons have to be included explicitly (cf. e.g. [172–174]).
However, in the present context we omit all contributions stemming from the pseudoscalar Goldstone
boson G0 as they are kinematically strongly suppressed.

14The effects of these kinds of operators are discussed in [175]. They turn out to be irrelevant for the
MSSM but can be interesting for other models with dark matter candidates in the GeV range.
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4 Calculation of neutralino-nucleon cross sections

We start with the s-channel and write the amplitude as

iMT3 =
[
v̄(pa)i 1 u(pb)

] i

s−m2
q̃i

[
ū(p2)i 2 v(p1)

]

⇔MT3 =
−1

s−m2
q̃i

[
v̄(pa) 1 u(pb)

] [
ū(p2) 2 v(p1)

]
. (4.31)

We identify the spinors v̄(pa), u(pb), ū(p2) and v(p1) with their corresponding spinor fields
χ̄, q, q̄ and χ and obtain four different operators.

MT3 =
−1

s−m2
q̃i


c

R
1 + cL1

2

cR2 + cL2
2

[χ̄q] [q̄χ]︸ ︷︷ ︸
Scalar type

+
cR1 − cL1

2

cR2 − cL2
2

[χ̄γ5q] [q̄γ5χ]︸ ︷︷ ︸
Pseudoscalar type

+
cR1 + cL1

2

cR2 − cL2
2

[χ̄q] [q̄γ5χ]︸ ︷︷ ︸
Mixed type

+
cR1 − cL1

2

cR2 + cL2
2

[χ̄γ5q] [q̄χ]︸ ︷︷ ︸
Mixed type


 . (4.32)

If we neglect the mixed type operators, we are left with a scalar type and a pseudoscalar
type operator.

MT3 =
−1

s−m2
q̃i


c

R
1 + cL1

2

cR2 + cL2
2

[χ̄q] [q̄χ]︸ ︷︷ ︸
Scalar type

+
cR1 − cL1

2

cR2 − cL2
2

[χ̄γ5q] [q̄γ5χ]︸ ︷︷ ︸
Pseudoscalar type


 . (4.33)

The situation seems to be familiar, but in contrast to the previous cases the spinor fields
are in wrong order. There is always a neutralino spinor field contracted with a quark
spinor field. We have to rearrange the spinor fields before we can read off the Wilson
coefficients. This procedure is called Fierz transformation. As this process is central
for our calculations, we devote the whole chapter D to it. We transform [χ̄q] [q̄χ] and
[χ̄γ5q] [q̄γ5χ] according to table D.4.

[χ̄q] [q̄χ] = −1

4
[χ̄χ][q̄q]− 1

4
[χ̄γµχ][q̄γµq]− 1

8
[χ̄γµνχ][q̄γµνq]

+
1

4
[χ̄γ5γµχ][q̄γ5γ

µq]− 1

4
[χ̄γ5χ][q̄γ5q]. (4.34)

[χ̄γ5q] [q̄γ5χ] = −1

4
[χ̄χ][q̄q] +

1

4
[χ̄γµχ][q̄γµq]− 1

8
[χ̄γµνχ][q̄γµνq]

− 1

4
[χ̄γ5γµχ][q̄γ5γ

µq]− 1

4
[χ̄γ5χ][q̄γ5q]. (4.35)

Now that the spinor fields are in correct order, we can proceed as before. The vector
and tensor type interactions vanish for Majorana fermions and the pseudoscalar type
interactions are kinematically suppressed. This simplifies the transformation to

[χ̄q] [q̄χ] = −1

4
[χ̄χ][q̄q] +

1

4
[χ̄γ5γµχ][q̄γ5γ

µq]. (4.36)

[χ̄γ5q] [q̄γ5χ] = −1

4
[χ̄χ][q̄q]− 1

4
[χ̄γ5γµχ][q̄γ5γ

µq]. (4.37)
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4.3 Tree-level contributions

We insert these results in (4.33) and obtain

MT3 =
1

16(s−m2
q̃i

)

((
(cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
[χ̄χ][q̄q]

+
(
− (cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
[χ̄γ5γµχ][q̄γ5γ

µq]

)
. (4.38)

This expression allows us to read off the Wilson coefficients.

αSI
q,T3 =

1

16(s−m2
q̃i

)

(
(cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
. (4.39)

αSD
q,T3 =

1

16(s−m2
q̃i

)

(
− (cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
. (4.40)

In contrast to the previous processes, the squark processes contribute to both the spin-
dependent and spin-independent Wilson coefficient. Concrete expressions for the couplings
can be found in [62] and [11].

The remaining tree-level process is T4, the squark u-channel depicted on the right of
figure 4.4. The amplitude is given by

iMT4 = [ū(p1)i 1 u(pb)]
i

u−m2
q̃i

[ū(p2)i 2 u(pa)]

⇔MT4 =
−1

u−m2
q̃i

[ū(p1) 1 u(pb)][ū(p2) 2 u(pa)]. (4.41)

Note that we have denoted the lower coupling with the outgoing squark as i 1 . In this

notation the couplings i 1 and i 2 equal those from the s-channel as given in (4.29) and
(4.30). The spinor fields corresponding to ū(p1), u(pb), ū(p2) and u(pa) are χ̄, q, q̄ and χ.
This brings us to

MT4 =
−1

u−m2
q̃i

[χ̄ 1 q][q̄ 2 χ], (4.42)

which is exactly the same expression as before, the only difference being s ↔ u. The
resulting Wilson coefficients are thus given by

αSI
q,T4 =

1

16(u−m2
q̃i

)

(
(cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
. (4.43)

αSD
q,T4 =

1

16(u−m2
q̃i

)

(
− (cR1 + cL1 )(cR2 + cL2 ) + (cR1 − cL1 )(cR2 − cL2 )

)
. (4.44)

The heavy squark limit is given by s, u � m2
q̃i

. In this limit, both channels lead to the
same contribution and including the u-channel can be done by doubling the s-channel
contribution. Although the heavy squark limit is quite popular, it may lead to incorrect
results when the aforementioned condition is nut fulfilled. As we are aware of the fact
that a mass degeneracy between the lightest neutralino and the lightest stop may create
an efficient mechanism to obtain the correct relict density [148–150], which in turn leads
to phenomenologically relevant scenarios, we do not perform this limit in the following
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4 Calculation of neutralino-nucleon cross sections

and distinguish between s and u channel contributions. To be more precise, we replace
the Mandelstam variables by

t→ 0, s→ (mχ̃0
1

+mq)
2 and u→ (mχ̃0

1
−mq)

2 (4.45)

in the non-relativistic limit, which is in agreement with [176]. We also mention [177],
where the direct detection prospects in case of a mass degeneracy between the lightest
neutralino and a squark are investigated. To obtain meaningful results, it has proven
crucial to keep the masses in the Mandelstam variables s and u in this analysis.

This completes our calculation of Wilson coefficients at tree-level. In the next section
we determine the NLO contributions and extend the basic procedure explained here. Let
us sum it up by four steps.

Determination of Wilson coefficients at tree-level

1. Write down and simplify the amplitude of the fundamental process. Identify
the spinors with their corresponding spinor fields.

2. Sort out irrelevant effective operators.

3. If necessary, perform a Fierz transformation.

4. Read off the desired Wilson coefficients in front of the kinematically unsup-
pressed operators.

4.4. Virtual corrections

In the previous section we have determined the tree-level contributions to the neutralino-
quark four-fermion couplings stemming from the processes depicted in figure 4.4. These
are the simplest processes of the form χ̃0

1q → χ̃0
1q. More complicated processes arise when

virtual corrections are included, which corresponds to allowing further interactions via e.g.
the strong coupling gs. From the technical point of view, the tree-level is just the leading
order contribution of a perturbative expansion in the respective coupling constant and the
virtual corrections contain the higher order terms.

In this section we calculate the O(αs) corrections to the leading tree-level contributions,

where αs = g2s
4π . The NLO contributions are divided into propagator corrections, vertex

corrections and box contributions. The propagator and vertex corrections give rise to
ultraviolet divergences (cf. chapter F) which are removed by adding the corresponding
counterterms (cf. chapter G).

4.4.1. Propagator corrections

We start with the simplest virtual corrections, the propagator corrections shown in fig-
ure 4.5. From left to right we label these diagrams P1, P2, P3 and P4. They are understood
as insertions in the tree-level squark processes depicted on the right of figure 4.4. The
details of these insertions work are discussed explicitly at the end of the subsection. As
we are calculating corrections in the strong coupling constant, there are no propagator
corrections to the t-channel processes which contain weakly interacting h0, H0 and Z0

mediators. The following calculations are quite fundamental and have been performed
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Figure 4.5.: Propagator corrections to the neutralino-quark four-fermion coupling

several times before, e.g. in [166]. Nevertheless, we discuss them in full detail to illustrate
the general procedure.

Propagator correction P1

We label the incoming and outcoming four-momentum with p. The gluon carries the
undetermined momentum q. The couplings are labelled 1 and 2 , starting on the left.

i 1 (pi + pf)
µ = −igs(2p+ q)µ. (4.46)

i 2 (pi + pf)
ν = −igs(2p+ q)ν . (4.47)

Therein pi denotes the initial and pf the final squark momenta at the respective coupling.
Using dimensional reduction (cf. chapter F) and inserting the colour factor CF = 4/3 we
obtain the amplitude

iMP1 = CFµ
4−D

∫
dDq

(2π)D
i 2 (2p+ q)ν

−igµν
q2

i 1 (2p+ q)µ
i

(q + p)2 −m2
q̃i

⇔MP1 = −αsCF
4π

(2πµ)4−D

iπ2

∫
dDq{D0D1}−1(4p2 + 4pq + q2)

= −αsCF
4π

(
4p2B0(p, 0,m2

q̃i) + 4p2B1(p, 0,m2
q̃i) +A0(m2

q̃i)
)
. (4.48)

In the intermediate step we introduced D0 = q2 and D1 = (q + p)2 −m2
q̃i

.

Propagator correction P2

We denote the external four-momenta with p and the gluino momentum with q. Starting
on the left, the couplings are given by

i 1 = i(cL1PL + cR1 PR) = i(gLg̃q̃iqPL + gRg̃q̃iqPR). (4.49)

i 2 = i(cL2PL + cR2 PR) = i(gLg̃qq̃jPL + gRg̃qq̃jPR). (4.50)

In the following we also need the twisted couplings

i
←→
1 = i(cR1 PL + cL1PR) and i

←→
2 = i(cR2 PL + cL2PR), (4.51)

which arise when commuting with a Dirac matrix. The amplitude reads

iMP2 = (−1)CFµ
4−D

∫
dDq

(2π)D
Tr

(
i 2

i(/p+ /q +mq)

(p+ q)2 −m2
q

i 1
i(/q +mg̃)

q2 −mg̃

)
, (4.52)
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4 Calculation of neutralino-nucleon cross sections

where mq and mg̃ denote the quark and gluino mass. As we encounter a closed fermion
loop, we insert an additional factor (−1) and take the trace over the whole expression.
Some useful formulae for evaluating such traces are listed in chapter C. We define D0 =
q2 −m2

g̃ and D1 = (q + p)2 −m2
q and get

MP2 = − CF
16π2

(2πµ)4−D

iπ2

∫
dDq{D0D1}−1 Tr

(
2 (/p+ /q +mq) 1 (/q +mg̃)

)

= − CF
16π2

(2πµ)4−D

iπ2

∫
dDq{D0D1}−1 Tr

(
2
←→
1 (/p+ /q)/q + 2 1 mqmg̃

)

= −CF
8π2

(2πµ)4−D

iπ2

∫
dDq{D0D1}−1

(
(cR2 c

L
1 + cL2 c

R
1 )(pq + q2) + (cR2 c

R
1 + cL2 c

L
1 )mqmg̃

)

= −CF
8π2

(
(cR2 c

L
1 + cL2 c

R
1 )(p2B1(p,m2

g̃,m
2
q) +A0(m2

q) +m2
g̃B0(p,m2

g̃,m
2
q))

+(cR2 c
R
1 + cL2 c

L
1 )mqmg̃B0(p,m2

g̃,m
2
q)
)
. (4.53)

Propagator correction P3

We label the coupling as i 1 = ic1g
µν = igq̃iq̃iggg

µν and obtain the amplitude

iMP3 = CFµ
4−D

∫
dDq

(2π)D
ic1g

µν−igµν
q2

⇔MP3 = CF
Dc1

16π2

(2πµ)4−D

iπ2

∫
dDq

1

q2
= CF

Dc1

16π2
A0(0) =︸︷︷︸

(F.14)

0. (4.54)

This contribution vanishes as the one-point function for the massless gluon equals zero.

Propagator correction P4

This calculation is as short as the previous one. Labelling the four-squark coupling as
i 1 = ic1 = igq̃iq̃j q̃k q̃k leads to

iMP4 = CFµ
4−D

∫
dDq

(2π)D
ic1

i

q2 −m2
q̃k

⇔MP4 = −CF
c1

16π2

(2πµ)4−D

iπ2

∫
dDq

1

q2 −m2
q̃k

= −CF
c1

16π2
A0(m2

q̃k
). (4.55)

When including this correction, we sum over both internal squark types, i.e. k = 1, 2.

Insertion of the propagator corrections

As mentioned before, the propagator corrections are understood as insertions in the squark
tree-level processes, which is illustrated by the grey circles in figure 4.6. Note that the
propagator corrections may change the squark type in general. Therefore, one has to sum
over i, j = 1, 2 independently. In case of the propagator correction P1 there is no squark
type change, only diagrams with i = j are contribute. This is taken into account by the
inclusion of an Kronecker delta δij in the respective coupling.
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Figure 4.6.: Insertions of the propagator corrections in the tree-level diagrams (left and
middle) and propagator counterterm for the neutralino-quark four-fermion
coupling (right)

The final four-fermion couplings are obtained by multiplying the tree-level couplings
given by (4.39) and (4.40) for the s-channel or (4.43) and (4.44) for the u-channel with
the correction factors MX with X ∈ {P1, P2, P4} given by (4.48), (4.53) and (4.55) and
the additional squark propagator i

s−m2
q̃j

or i
u−m2

q̃j

. The final result reads

αSI
q,X = αSI

q,T3

iMX

s−m2
q̃j

+ αSI
q,T4

iMX

u−m2
q̃j

and (4.56)

αSD
q,X = αSD

q,T3

iMX

s−m2
q̃j

+ αSD
q,T4

iMX

u−m2
q̃j

, (4.57)

where again X ∈ {P1, P2, P4}.

4.4.2. Propagator counterterm

As mentioned earlier, the propagator corrections possess ultraviolet divergences. These
divergences are removed via renormalisation, i.e. by a redefinition of the original param-
eters of the theory. In this subsection we list the needed propagator counterterm and its
decomposition. For further details on the renormalisation scheme concretely implemented
in DM@NLO we refer to chapter G and [62].

The propagator counterterm for an incoming squark q̃i of momentum p and an outgoing
squark q̃j is depicted in figure 4.6. It can be casted into the form

MPC =
1

2
δZijq̃ (p2 −m2

q̃i) +
1

2
δZjiq̃ (p2 −m2

q̃j )− δijδm2
q̃i , (4.58)

where δZijq̃ denotes the counterterm of the squark wave function and δm2
q̃i

denotes the
counterterm for the squark mass. Note that the artificial inclusion of the squark wave
function counterterm allows to separately check the ultraviolet finiteness of the propagator
corrections plus counterterm and vertex corrections plus counterterms. Otherwise, only
the sum of the propagator and vertex corrections and associated counterterms would be
ultraviolet finite. Of course this artificial inclusion does not alter the final result as the
dependence on δZijq̃ exactly cancels when adding the propagator and vertex counterterms.
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Figure 4.7.: Vertex corrections to the neutralino-quark four-fermion coupling

The insertion of the propagator counterterm in the tree-level diagrams works analogously
to the insertion of the propagator corrections. More precisely, we have

αSI
q,PC = αSI

q,T3

iMPC

s−m2
q̃j

+ αSI
q,T4

iMPC

u−m2
q̃j

and (4.59)

αSD
q,PC = αSD

q,T3

iMPC

s−m2
q̃j

+ αSD
q,T4

iMPC

u−m2
q̃j

. (4.60)

4.4.3. Vertex corrections

We continue with the vertex corrections which are shown in figure 4.7. From upper left to
lower right we label them V1 - V8. These corrections are understood as insertions in the
corresponding tree-level processes, which is explicated at the end of this subsection. All
of these calculations are performed in generic manner in [166]. We briefly reproduce the
first two of them to illustrate the procedure. As before, we sum over all internal squark
types when finally including these corrections.

The resulting expressions include the three-point functions C0, C1, C2 and C00. These
functions are defined and discussed in chapter F. As we want to evaluate these functions at
zero velocity transfer, the standard method of determining C1, C2 and C00 – the so-called
tensor reduction (cf. section F.4) – breaks down. An alternative approach is worked out
and presented in section F.5.
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Figure 4.8.: Vertex corrections V1 (left) and V2 (right) inserted in the corresponding tree-
level process T1

Vertex correction V1

We start with the gluonic correction to the tree-level process T1, namely the vertex cor-
rection V1. The corresponding diagram is shown on the left in figure 4.8. Using our usual
nomenclature, we write down the amplitude as

iMV1 =
[
ū(p1)igφχ̃0

1χ̃
0
1
u(pa)

] i

t−m2
φ

−igµν
q2

CFµ
4−D

∫
dDq

(2π)D

[
ū(p2)(−igsγµ)

i(/p2
− /q +mq)

(p2 − q)2 −m2
q

igφqq
i(/pb − /q +mq)

(pb − q)2 −m2
q

(−igsγν)u(pb)

]

⇔MV1 = [ū(p1)u(pa)]
−gφχ̃0

1χ̃
0
1

t−m2
φ

αsCF
4π

(2πµ)4−D

iπ2

∫
dDq

[
ū(p2)γµ

/p2
− /q +mq

(p2 − q)2 −m2
q

gφqq
/pb − /q +mq

(pb − q)2 −m2
q

γµu(pb)
1

q2

]

:= [ū(p1)u(pa)]
−gφχ̃0

1χ̃
0
1

t−m2
φ

[ū(p2)IV1u(pb)] . (4.61)

We compare this expression with (4.19) and note that the algebraic form is identical, the
only difference is that the original coupling gφqq is replaced by the loop coupling IV1. This
is the central idea of the approach in [166]. The vertex corrections are calculated in a
generic, modular fashion and can be regarded as couplings which are inserted in Feynman
diagrams as usual. In the present case, this insertion corresponds to simply replacing gφqq
in the tree-level calculation T1 by the more complicated expression IV1. We continue with
the evaluation of IV1. Bearing in mind that it is encircled by the spinors ū(p2) and u(pb)
allows us to use the Dirac equation in terms of

ū(p2)/p2
= mqū(p2) and /pbu(pb) = mqu(pb). (4.62)

After some algebra we finally find the purely scalar loop coupling

IV1 = gφqq
αsCF

4π
(4B0 − 2 + 4pbp2(C0 + C1 + C2)) , (4.63)
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4 Calculation of neutralino-nucleon cross sections

where the two- and three-point functions are evaluated for the arguments B = B(pb −
p2,m

2
q ,m

2
q) and C = C(pb, p2, 0,m

2
q ,m

2
q). Furthermore, we have used

DB0 = (D − 4)B0 + 4B0 = −2 + 4B0 +O(D − 4) (4.64)

and are thus taking into account that the two-point function diverges in the limit D → 4.
This is explained in greater detail in section F.6. Giving some foresight, we already
mention that this contribution vanishes completely after the matching procedure described
in section 4.5.

Vertex correction V2

Next we consider the vertex correction V2, the supersymmetric version of V1. This process
is depicted on the right in figure 4.8. We label the couplings as follows:

i 1 = ic1 = igφχ̃0
1χ̃

0
1
. (4.65)

i 2 = ic2 = igφq̃iq̃j . (4.66)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃qq̃iPL + gRg̃qq̃iPR). (4.67)

i 4 = i(cL4PL + cR4 PR) = i(gLg̃q̃jqPL + gRg̃q̃jqPR). (4.68)

The coupling i 3 includes the outgoing squark q̃i and the coupling i 4 includes the ingoing
squark q̃j . Given this labelling, we obtain the amplitude

iMV2 =
[
ū(p1)igφχ̃0

1χ̃
0
1
u(pa)

] i

t−m2
φ

CFµ
4−D

∫
dDq

(2π)D
[
ū(p2)i 4

i(/q +mg̃)

q2 −m2
g̃

i 3 u(pb)

]
igφq̃iq̃j

i

(p2 − q)2 −m2
q̃j

i

(pb − q)2 −m2
q̃i

= [ū(p1)u(pa)]
igφχ̃0

1χ̃
0
1

t−m2
φ

CF
4π2

(2πµ)4−D

iπ2

∫
dDq

[
ū(p2) 4

/q +mg̃

q2 −m2
g̃

3 u(pb)

]
gφq̃iq̃j

(p2 − q)2 −m2
q̃j

1

(pb − q)2 −m2
q̃i

⇔MV2 := [ū(p1)u(pa)]
−gφχ̃0

1χ̃
0
1

t−m2
φ

[ū(p2)IV2u(pb)] . (4.69)

We see that the factorisation works precisely as before. This time the tree-level coupling
gφqq is replaced by the expression IV2 which reads

IV2 = −CF gφq̃iq̃j
16π2

(
4 3 mg̃C0 − 4

←→
3 mqC1 −

←→
4 3 mqC2

)
, (4.70)

where three-point functions are evaluated for the arguments C = C(pb, p2,m
2
g̃,m

2
q̃i
,m2

q̃j
).

We can decompose this coupling into a left-handed and a right-handed part.

IV2 = ILV2PL + IRV2PR. (4.71)

ILV2 = −CF gφq̃iq̃j
16π2

(
cL4 c

L
3mg̃C0 − cL4 cR3 mqC1 − cR4 cL3mqC2

)
. (4.72)

IRV2 = −CF gφq̃iq̃j
16π2

(
cR4 c

R
3 mg̃C0 − cR4 cL3mqC1 − cL4 cR3 mqC2

)
. (4.73)
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It is important to note that we want to replace gφqq in (4.19) by another completely scalar
expression to reobtain the scalar operator [χ̄χ][q̄q]. Hence, the correct replacement is
gφqq → 1/2(IRV2 + ILV2). In contrast to that, the replacement gφqq → 1/2(IRV2 − ILV2) would
lead to a different operator, namely [χ̄χ][q̄γ5q] which is kinematically suppressed.

From now on we just list the final results needed for our vertex corrections. These results
stem originally from [166]. A Mathematica script was used to transfer them from LATEX
to Fortran and to relabel the variables. Furthermore, we just list the left-handed parts
of the loop couplings. The right-handed parts always follow by the substitution L↔ R.

Vertex correction V3

The gluonic correction to the tree-level process T2 leads to a loop coupling

ILV3 =
αsCF

4π

(
2(C1 + C2)cR1 m

2
q

+ cL1 (−1 + 2B0 − 4C00 + 4pbp2(C0 + C1 + C2) + 2(C1 + C2)m2
q)
)
, (4.74)

where the two- and three-point functions possess the arguments B = B(pb − p2,m
2
q ,m

2
q)

and C = C(pb, p2, 0,m
2
q ,m

2
q). The coupling

iγµ 1 = iγµ(cL1PL + cR1 PR) = iγµ(gLZ0qqPL + gRZ0qqPR) (4.75)

connects the quarks and the Z0. As it is the case for the vertex correction V1, this
correction vanishes after the matching procedure.

Vertex correction V4

This vertex correction is the supersymmetric version of V3. We find the compact expres-
sion

ILV4 =
2CF
16π2

C00c1c
L
2 c
R
3 . (4.76)

The arguments of the C00 function are C = C(pb, p2,m
2
g̃,m

2
q̃i
,m2

q̃j
). The first coupling

represents the coupling between the squarks and the Z0. We write it as

i 1 (pi + pf)µ = ic1(pb + p2 − 2q)µ = igZ0q̃iq̃j (pb + p2 − 2q)µ, (4.77)

where pi denotes the initial, incoming and pf the final, outgoing squark momentum. The
remaining two couplings couple a quark, a squark and a gluino, the difference being that
the second coupling contains an ingoing and the third coupling an outgoing quark.

i 2 = i(cL2PL + cR2 PR) = i(gLg̃qq̃iPL + gRg̃qq̃iPR). (4.78)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃q̃jqPL + gRg̃q̃jqPR). (4.79)

We stress once more that this is just the part of the loop coupling relevant for our calcula-
tion. There are other terms as well, but these terms generate different Lorentz structures
and lead to kinematically suppressed operators.
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Vertex correction V5

The loop coupling for the vertex correction V5 reads

ILV5(s) = −αsCF
4π

(
2(C0 + C1 + C2)cR1 mqmχ̃0

1

− cL1 (B0 − 4papbC2 + 2(C0 − C2)m2
q + 2C1m

2
χ̃0
1
)

)
, (4.80)

where the two- and three-point functions are evaluated for the arguments B = B(pa +
pb,m

2
q̃i
, 0) and C = C(pa, pb,m

2
q ,m

2
q̃i
, 0). The coupling

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR) (4.81)

connects the neutralino, the incoming quark and the outgoing squark. This kinematic
configuration holds true for the s-channel process, i.e. the insertion in the tree-level T3.
However, we also want to insert this loop coupling in the u-channel process, i.e. the tree-
level T4. In this case we have to replace pa ↔ −p1 and obtain

ILV5(u) = −αsCF
4π

(
2(C0 + C1 + C2)cR1 mqmχ̃0

1

− cL1 (B0 + 4p1pbC2 + 2(C0 − C2)m2
q + 2C1m

2
χ̃0
1
)

)
, (4.82)

where the two- and three-point functions are now evaluated for the arguments B =
B(−p1 + pb,m

2
q̃i
, 0) and C = C(−p1, pb,m

2
q ,m

2
q̃i
, 0).

Vertex correction V6

The gluino vertex correction to the squark processes T3 and T4 leads to a bit more lengthy
loop coupling. We find

ILV6(s) =
CF

16π2

(
− cR1

(
C2c

L
3 c
R
2 mq + cL2 (mg̃(C0 + C2)cL3 + (C0 + C1 + C2)cR3 mq)

)
mχ̃0

1

− cL1
(
cR3 mq(mg̃C1c

R
2 + (C0 + C1)cL2mq)

+ cL3 (mg̃C0c
L
2mq + cR2 (B0 + C1m

2
q + C2m

2
χ̃0
1

+ C0m
2
q̃j ))
))
. (4.83)

The three couplings occuring here are all given in the usual, generic form.

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1q̃jq

PL + gRχ̃0
1q̃jq

PR). (4.84)

i 2 = i(cL2PL + cR2 PR) = i(gLg̃qq̃iPL + gRg̃qq̃iPR). (4.85)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃qq̃jPL + gRg̃qq̃jPR). (4.86)

The first coupling connects the neutralino, the incoming squark q̃j and the outgoing quark,
the second one the incoming quark, the outgoing squark q̃i and the gluino and the third
one the incoming quark, the outgoing squark q̃j and the gluino. The two- and three-point
functions possess the arguments B = B(pa + pb,m

2
g̃,m

2
q) and C = C(pb, pa,m

2
q̃j
,m2

g̃,m
2
q).

As before, the u-channel version of this loop coupling is obtained by the replacement
pa ↔ −p1. As there are no momenta occuring in (4.83), the expression remains un-
changed. Hence, we have ILV6(s) = ILV6(u), where the two- and three-point functions are
now understood as B = B(−p1 + pb,m

2
g̃,m

2
q) and C = C(pb,−p1,m

2
q̃j
,m2

g̃,m
2
q).
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Vertex correction V7

This vertex is topologically equivalent to V5, but the fermion flow is inverted. We find

ILV7(s) = −αsCF
4π

(
2(C0 + C1 + C2)cR1 mqmχ̃0

1

− cL1 (B0 − 4p1p2C2 + 2(C0 − C2)m2
q + 2C1m

2
χ̃0
1
)

)
, (4.87)

where B = B(p1 + p2,m
2
q̃i
, 0) and C = C(p1, p2,m

2
q ,m

2
q̃i
, 0). The coupling

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1q̃iq

PL + gRχ̃0
1q̃iq

PR) (4.88)

connects the neutralino, the outgoing quark and the incoming squark. The u-channel
version of this is obtained via the substitution pa ↔ −p1. Hence, we have

ILV7(u) = −αsCF
4π

(
2(C0 + C1 + C2)cR1 mqmχ̃0

1

− cL1 (B0 + 4pap2C2 + 2(C0 − C2)m2
q + 2C1m

2
χ̃0
1
)

)
, (4.89)

where B = B(−pa + p2,m
2
q̃i
, 0) and C = C(−pa, p2,m

2
q ,m

2
q̃i
, 0).

Vertex correction V8

The last vertex correction to discuss is V8. This correction equals V6 with an inverted
fermion flow. We find the loop coupling

ILV8(s) =
CF

16π2

(
− cR1

(
C1c

L
3 c
R
2 mq + cL2 (mg̃(C0 + C1)cL3 + (C0 + C1 + C2)cR3 mq)

)
mχ̃0

1

− cL1
(
cR3 mq(mg̃C2c

R
2 + (C0 + C2)cL2mq)

+ cL3 (mg̃C0c
L
2mq + cR2 (B0 + C2m

2
q + C1m

2
χ̃0
1

+ C0m
2
q̃j ))
))
, (4.90)

with B = B(p1 + p2,m
2
q ,m

2
g̃) and C = C(p1, p2,m

2
q̃j
,m2

q ,m
2
g̃). The couplings accord with

those from V6 with inverted fermion flow, i.e.

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1qq̃j

PL + gRχ̃0
1qq̃j

PR). (4.91)

i 2 = i(cL2PL + cR2 PR) = i(gLg̃q̃jqPL + gRg̃q̃jqPR). (4.92)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃q̃iqPL + gRg̃q̃iqPR). (4.93)

As usual, the loop coupling for the u-channel is obtained by the replacement pa ↔ −p1.
This leads us to ILV8(s) = ILV8(u) with the two-point functions B = B(−pa + p2,m

2
g̃,m

2
q)

and three-point functions C = C(−pa, p2,m
2
q̃j
,m2

g̃,m
2
q).
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Figure 4.9.: Insertions of the vertex corrections in the tree-level diagrams

Insertion of the vertex corrections

We continue with the insertion of the vertex corrections in the corresponding tree-level
processes. As already mentioned, the vertex calculations are performed in a generic,
modular approach. In the end, we just replace the tree-level couplings by the corresponding
loop couplings. This insertion is illustrated in figure 4.9. We stress that in case of the
squark processes T3 and T4 we insert only one vertex correction at a time. Otherwise, we
would get a correction of O(α2

s).

The calculation of the vertex corrections V1 and V2 has been performed explicitly.
These contribute to the spin-independent Wilson coefficient. More precisely, we have

αSI
q,V1 = αSI

q,T1(gφqq → IV1) and αSI
q,V2 = αSI

q,T1

(
gφqq → (IRV2 + ILV2)/2

)
. (4.94)

In contrast to that, the vertex corrections V3 and V4 contribute to the spin-dependent
Wilson coefficient. The replacement rules are

αSD
q,V3 = αSD

q,T2(c
R/L
2 → I

R/L
V3 ) and αSD

q,V4 = αSD
q,T2(c

R/L
2 → I

R/L
V4 ). (4.95)

Just like the corresponding tree-level processes, the remaining vertex corrections V5-V8
contribute to the spin-independent and the spin-dependent Wilson coefficient. Further-
more, they can be inserted in both the s- and the u-channel processes T3 and T4. The
replacement rules read

αSI
q,V5 = αSI

q,T3(c
R/L
1 → I

R/L
V5 (s)) + αSI

q,T4(c
R/L
1 → I

R/L
V5 (u)). (4.96)

αSD
q,V5 = αSD

q,T3(c
R/L
1 → I

R/L
V5 (s)) + αSD

q,T4(c
R/L
1 → I

R/L
V5 (u)). (4.97)

αSI
q,V6 = αSI

q,T3(c
R/L
1 → I

R/L
V6 (s)) + αSI

q,T4(c
R/L
1 → I

R/L
V6 (u)). (4.98)

αSD
q,V6 = αSD

q,T3(c
R/L
1 → I

R/L
V6 (s)) + αSD

q,T4(c
R/L
1 → I

R/L
V6 (u)). (4.99)

αSI
q,V7 = αSI

q,T3(c
R/L
2 → I

R/L
V7 (s)) + αSI

q,T4(c
R/L
2 → I

R/L
V7 (u)). (4.100)

αSD
q,V7 = αSD

q,T3(c
R/L
2 → I

R/L
V7 (s)) + αSD

q,T4(c
R/L
2 → I

R/L
V7 (u)). (4.101)

αSI
q,V8 = αSI

q,T3(c
R/L
2 → I

R/L
V8 (s)) + αSI

q,T4(c
R/L
2 → I

R/L
V8 (u)). (4.102)

αSD
q,V8 = αSD

q,T3(c
R/L
2 → I

R/L
V8 (s)) + αSD

q,T4(c
R/L
2 → I

R/L
V8 (u)). (4.103)
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Figure 4.10.: Vertex counterterms for the neutralino-quark four-fermion coupling

4.4.4. Vertex counterterms

In the previous subsection we have demonstrated how to calculate the vertex corrections

V1 to V8 and how to cast them into the loop couplings I
R/L
V1 to I

R/L
V8 . These loop couplings

replace the original tree-level couplings gφqq (for V1 and V2), gZ0qq (for V3 and V4), gχ̃0
1qq̃i

(for V5 and V6) and gχ̃0
1q̃iq

(for V7 and V8) as given in (4.94) to (4.103). We absorb the
involved ultraviolet divergences by adding coupling counterterms in an analogous fashion.
More precisely, we include a coupling counterterm for each tree-level coupling mentioned
before and refer to them as δgφqq, δgZ0qq, δgχ̃0

1qq̃i
and δgχ̃0

1q̃iq
. These counterterms are

shown in figure 4.10.

We start with the discussion of the counterterms δgφqq and δgZ0qq which are simply
given by

δgLφqq = gLφqq

(
δmq

mq
+

1

2
δZLq +

1

2
δZR∗q

)
. (4.104)

δgLZ0qq = gLZ0qq

(
1

2
δZLq +

1

2
δZL∗q

)
. (4.105)

Here δmq denotes the counterterm for the quark mass and δZq the counterterm for the
quark spinor field which is decomposed into its left- and right-handed part as usual. The
associated right-handed parts are obtained by the replacement L↔ R. We stress that the
vertex correction V1 including the gluon is ultraviolet divergent, whereas its supersym-
metric counterpart V2 including the gluino is ultraviolet finite. On the other hand, both of
the Z0 vertex corrections V3 and V4 are ultraviolet divergent. This is mirrored by the as-
sociated counterterms. When replacing gφqq → (δgRφqq + δgLφqq)/2 in the tree-level diagram
T1, all divergent terms are of gluonic, i.e. Standard Model origin. In contrast to that, su-

persymmetric corrections contribute to the divergent part when replacing c
R/L
2 → δg

R/L
Z0qq

in the tree-level diagram T2. We return to this issue when matching the full theory onto
the effective theory (cf. section 4.5).

The counterterms δgχ̃0
1qq̃i

and δgχ̃0
1q̃iq

are much lengthier and include several parameters
introduced in chapter 2. In particular, we encounter the 4 × 4 neutralino mixing matrix
N and the 2 × 2 squark mixing matrix U q̃. The latter has to be renormalised and its
associated counterterm reads δU q̃. Having all the ingredients at hand, the counterterms
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δgχ̃0
1qq̃i

and δgχ̃0
1q̃iq

for up-type quarks can be written as

δgLχ̃0
1qq̃i

=
−eN∗14

(
δmqU

q̃
i2 +mqδU

q̃
i2

)

√
2 sin θW sinβmW±

−
√

2e

sin θW
((eq − I3) tan θWN

∗
11 + I3N

∗
12) δU q̃i1

+
1

2
gLχ̃0

1qq̃1
δZ1i

q̃ +
1

2
gLχ̃0

1qq̃2
δZ2i

q̃ +
1

2
gLχ̃0

1qq̃i
δZLq . (4.106)

δgRχ̃0
1qq̃i

=
−eN14

(
δmqU

q̃
i1 +mqδU

q̃
i1

)

√
2 sin θW sinβmW±

+

√
2eeq

cos θW
N11δU

q̃
i2

+
1

2
gRχ̃0

1qq̃1
δZ1i

q̃ +
1

2
gRχ̃0

1qq̃2
δZ2i

q̃ +
1

2
gRχ̃0

1qq̃i
δZRq . (4.107)

δgLχ̃0
1q̃iq

=
−eN∗14

(
δmqU

q̃
i1 +mqδU

q̃
i1

)

√
2 sin θW sinβmW±

+

√
2eeq

cos θW
N∗11δU

q̃
i2

+
1

2
gLχ̃0

1q̃1q
δZ1i

q̃ +
1

2
gLχ̃0

1q̃2q
δZ2i

q̃ +
1

2
gLχ̃0

1q̃iq
δZR∗q . (4.108)

δgRχ̃0
1q̃iq

=
−eN14

(
δmqU

q̃
i2 +mqδU

q̃
i2

)

√
2 sin θW sinβmW±

−
√

2e

sin θW
((eq − I3) tan θWN11 + I3N12) δU q̃i1

+
1

2
gRχ̃0

1q̃1q
δZ1i

q̃ +
1

2
gRχ̃0

1q̃2q
δZ2i

q̃ +
1

2
gRχ̃0

1q̃iq
δZL∗q . (4.109)

For down-type quarks, these counterterms are given by

δgLχ̃0
1qq̃i

=
−eN∗13

(
δmqU

q̃
i2 +mqδU

q̃
i2

)

√
2 sin θW cosβmW±

−
√

2e

sin θW
((eq − I3) tan θWN

∗
11 + I3N

∗
12) δU q̃i1

+
1

2
gLχ̃0

1qq̃1
δZ1i

q̃ +
1

2
gLχ̃0

1qq̃2
δZ2i

q̃ +
1

2
gLχ̃0

1qq̃i
δZLq . (4.110)

δgRχ̃0
1qq̃i

=
−eN13

(
δmqU

q̃
i1 +mqδU

q̃
i1

)

√
2 sin θW cosβmW±

+

√
2eeq

cos θW
N11δU

q̃
i2

+
1

2
gRχ̃0

1qq̃1
δZ1i

q̃ +
1

2
gRχ̃0

1qq̃2
δZ2i

q̃ +
1

2
gRχ̃0

1qq̃i
δZRq . (4.111)

δgLχ̃0
1q̃iq

=
−eN∗13

(
δmqU

q̃
i1 +mqδU

q̃
i1

)

√
2 sin θW cosβmW±

+

√
2eeq

cos θW
N∗11δU

q̃
i2

+
1

2
gLχ̃0

1q̃1q
δZ1i

q̃ +
1

2
gLχ̃0

1q̃2q
δZ2i

q̃ +
1

2
gLχ̃0

1q̃iq
δZR∗q . (4.112)

δgRχ̃0
1q̃iq

=
−eN13

(
δmqU

q̃
i2 +mqδU

q̃
i2

)

√
2 sin θW cosβmW±

−
√

2e

sin θW
((eq − I3) tan θWN11 + I3N12) δU q̃i1

+
1

2
gRχ̃0

1q̃1q
δZ1i

q̃ +
1

2
gRχ̃0

1q̃2q
δZ2i

q̃ +
1

2
gRχ̃0

1q̃iq
δZL∗q . (4.113)

Note that we have included the squark wave function counterterm again. As described in
subsection 4.4.2, the final result is independent of this counterterm, but the intermediate
inclusion allows to separately check the ultraviolet finiteness of the propagator and vertex
corrections.
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Figure 4.11.: Box contributions to the neutralino-quark four-fermion coupling

The vertex counterterms are inserted in the tree-level processes via

αSI
q,VC1 = αSI

q,T1

(
gφqq → (δgRφqq + δgLφqq)/2

)
. (4.114)

αSD
q,VC2 = αSD

q,T2(c
R/L
2 → δg

R/L
Z0qq

). (4.115)

αSI
q,VC3 = αSI

q,T3(c
R/L
1 → δg

R/L

χ̃0
1qq̃i

) + αSI
q,T4(c

R/L
1 → δg

R/L

χ̃0
1qq̃i

). (4.116)

αSD
q,VC3 = αSD

q,T3(c
R/L
1 → δg

R/L

χ̃0
1qq̃i

) + αSD
q,T4(c

R/L
1 → δg

R/L

χ̃0
1qq̃i

). (4.117)

αSI
q,VC4 = αSI

q,T3(c
R/L
2 → δg

R/L

χ̃0
1q̃iq

) + αSI
q,T4(c

R/L
2 → δg

R/L

χ̃0
1q̃iq

). (4.118)

αSD
q,VC4 = αSD

q,T3(c
R/L
2 → δg

R/L

χ̃0
1q̃iq

) + αSD
q,T4(c

R/L
2 → δg

R/L

χ̃0
1q̃iq

). (4.119)

4.4.5. Box contributions

In this subsection we discuss the box contributions to the neutralino-quark four-fermion
coupling. In contrast to e.g. the vertex corrections, the box contributions are not contained
in previous DM@NLO subprojects. Therefore, we present how to calculate them from scratch
at this point. The corresponding Feynman diagrams are shown in figure 4.11. From left to
right we refer to these box processes as B1, B2, B3 and B4. The colour algebra is the same
for all four processes. More precisely, all amplitudes carry a colour factor of CF = 4/3.
We sum over all internal squark types when finally including these corrections.

Box B1

We start with the box B1 shown on the very left in figure 4.11. As usual, we label the
initial four-momenta pa and pb and the final four-momenta p1 and p2. Starting with the
neutralino-quark-squark coupling in the upper left, we clockwise label the couplings i 1 ,

i 2 and i 3 and i 4 . For the quark-gluon couplings we plug in its precise form.

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR). (4.120)

i 2 = i(cL2PL + cR2 PR) = i(gLχ̃0
1q̃iq

PL + gRχ̃0
1q̃iq

PR). (4.121)

iγµ 3 = iγµ(cL3PL + cR3 PR) = −iγµgs. (4.122)

iγν 4 = iγν(cL4PL + cR4 PR) = −iγνgs. (4.123)

We label the four-momentum of the gluon q and define it to be flowing from the right to
the left. Using dimensional reduction (cf. chapter F), the amplitude can then be written
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4 Calculation of neutralino-nucleon cross sections

as

iMB1 = CFµ
4−D

∫
dDq

(2π)D

[
ū(p2)iγµ 3 i

/q + /p2
+mq

(q + p2)2 −m2
q

i 2 v(p1)

](−igµν
q2

)

(
i

(q + pa + pb)2 −m2
q̃i

)[
v̄(pa)i 1 i

/q + /pb +mq

(q + pb)2 −m2
q

iγν 4 u(pb)

]

= −iαsCF
4π

(2πµ)4−D

iπ2

∫
dDq{D0D1D2D3}−1

[
ū(p2)γµ(/q + /p2

+mq) 2 v(p1)
] [
v̄(pa) 1 (/q + /pb +mq)γµu(pb)

]
, (4.124)

where we used αs = g2s
4π and introduced the denominators D0,D1,D2 and D3 given by

D0 = q2, D1 = (q+pa+pb)
2−m2

q̃i , D2 = (q+p2)2−m2
q , and D3 = (q+pb)

2−m2
q . (4.125)

We can freely choose to reorder the denominators and exchange e.g. D0 ↔ D2. What really
matters is to keep track of the corresponding rotation of the arguments inside the four-
point functions. This is especially important for the tensor integrals (cf. section F.4). For
the choice above we get four-point functions of the form D(pa + pb, p2, pb, 0,m

2
q̃i
,m2

q ,m
2
q).

The amplitude given in (4.124) contains terms proportional to q0, qρ and qρqσ which
in turn lead to the four-point functions D0, Dρ and Dρσ. For the definition of the tensor
integrals Dρ and Dρσ we refer to section F.4 and in particular (F.76) and (F.77). We
obtain

MB1 = −αsCF
4π

D0

[
ū(p2)γµ(/p2

+mq) 2 v(p1)
] [
v̄(pa) 1 (/pb +mq)γµu(pb)

]

− αsCF
4π

Dρ

([
ū(p2)γµγρ 2 v(p1)

] [
v̄(pa) 1 (/pb +mq)γµu(pb)

]

+
[
ū(p2)γµ(/p2

+mq) 2 v(p1)
] [
v̄(pa) 1 γργµu(pb)

])

− αsCF
4π

Dρσ

[
ū(p2)γµγρ 2 v(p1)

] [
v̄(pa) 1 γσγµu(pb)

]
. (4.126)

The next step is to simplify these expressions using the Dirac algebra presented in chap-
ter C and the Dirac equation. In the present case we have for example

ū(p2)/p2
= mqū(p2) and /pbu(pb) = mqu(pb). (4.127)

v̄(pa)/pa = −mχ̃0
1
v̄(pa) and /p1

v(p1) = −mχ̃0
1
v(p1). (4.128)
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We perform this calculation for the term following D0.

[
ū(p2)γµ(/p2

+mq) 2 v(p1)
] [
v̄(pa) 1 (/pb +mq)γµu(pb)

]

=
[
ū(p2)γµ 2 v(p1)

] [
v̄(pa) 1 γµu(pb)

]
m2
q +

[
ū(p2)γµ/p2

2 v(p1)
] [
v̄(pa) 1 γµu(pb)

]
mq

+
[
ū(p2)γµ 2 v(p1)

] [
v̄(pa) 1 /pbγµu(pb)

]
mq +

[
ū(p2)γµ/p2

2 v(p1)
] [
v̄(pa) 1 /pbγµu(pb)

]

=
[
ū(p2)γµ 2 v(p1)

] [
v̄(pa) 1 γµu(pb)

]
m2
q

+
[
ū(p2)(−mqγ

µ + 2pµ2 ) 2 v(p1)
] [
v̄(pa) 1 γµu(pb)

]
mq

+
[
ū(p2)γµ 2 v(p1)

] [
v̄(pa) 1 (−mqγµ + 2pb,µ)u(pb)

]
mq

+
[
ū(p2)(−mqγ

µ + 2pµ2 ) 2 v(p1)
] [
v̄(pa) 1 (−mqγµ + 2pb,µ)u(pb)

]
.

= 4p2 · pb
[
ū(p2) 2 v(p1)

] [
v̄(pa) 1 u(pb)

]
. (4.129)

Interestingly, all terms of vector and axial-vector type cancel out in this case. We proceed
by identifying the spinors ū(p2), v(p1), v̄(pa) and u(pb) with their corresponding spinor
fields q̄, χ, χ̄ and q. As usual, we keep only the relevant effective operators and obtain

4p2 · pb[q̄ 2 χ][χ̄ 1 q] = p2 · pb(cR2 − cL2 )(cR1 − cL1 )[q̄γ5χ][χ̄γ5q]

+ p2 · pb(cR2 + cL2 )(cR1 + cL1 )[q̄χ][χ̄q]. (4.130)

Just like in the squark tree-level processes discussed in subsection 4.3.3, the spinor fields
are in wrong order and we have to perform a Fierz transformation. Using table D.4 leads
to

p2 · pb(cR2 − cL2 )(cR1 − cL1 )[q̄γ5χ][χ̄γ5q] + p2 · pb(cR2 + cL2 )(cR1 + cL1 )[q̄χ][χ̄q]

=
p2 · pb

4
(cR2 − cL2 )(cR1 − cL1 )

(
− [χ̄χ][q̄q]− [χ̄γ5γ

µχ][q̄γ5γµq]
)

+
p2 · pb

4
(cR2 + cL2 )(cR1 + cL1 )

(
− [χ̄χ][q̄q] + [χ̄γ5γ

µχ][q̄γ5γµq]
)
. (4.131)

Therefore, the spin-independent and spin-dependent contributions of the first term of
(4.126) to αSI

q and αSD
q are

αSI
q =

αsCFD0p2 · pb
16π

(
(cR2 − cL2 )(cR1 − cL1 ) + (cR2 + cL2 )(cR1 + cL1 )

)

=
αsCFD0p2 · pb

8π

(
cR2 c

R
1 + cL2 c

L
1

)
. (4.132)

αSD
q =

αsCFD0p2 · pb
16π

(
(cR2 − cL2 )(cR1 − cL1 )− (cR2 + cL2 )(cR1 + cL1 )

)

= −αsCFD0p2 · pb
8π

(
cR2 c

L
1 + cL2 c

R
1

)
. (4.133)

Note that this is just the part of (4.126) proportional to D0. The calculations for the
remaining two terms including Dρ and Dρσ are completely analogous but much lengthier.
Therefore, a Mathematica script was written to determine the box contributions to αSI

q

and αSD
q . This script automatically performs the steps above. The simplification of the
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amplitudes is performed with FeynCalc [178]. The final result for B1 in the non-relativistic
limit15 is

αSI
q,B1 =
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Considering the impressive length of the intermediate results, these expressions are sur-
prisingly compact and have several interesting features. Firstly, we reencounter the terms
proportional to D0 as given in (4.132) and (4.133). We also observe two symmetries,
namely 1 ↔ 2 and R ↔ L. Moreover, we stress that only certain combinations of
tensor coefficients appear. For example D1 may appear isolated, but D2 appears only in
combination with D3, i.e. we encounter only the sum D2 + D3. The same holds true for
the combinations D12 +D13 and D22 + 2D23 +D33. The reason behind that is discussed
in the context of tensor reduction for vanishing Gram determinant (cf. section F.5).

Box B2

The procedure for the gluino box B2 is completely analogous. As this box can be seen
as the supersymmetric counterpart to B1, all fermions inside the loop are transformed to
bosons and vice versa (cf. figure 4.11). Starting from the upper left, we clockwise label
the couplings as

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1q̃jq

PL + gRχ̃0
1q̃jq

PR). (4.136)

i 2 = i(cL2PL + cR2 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR). (4.137)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃q̃iqPL + gRg̃q̃iqPR). (4.138)

i 4 = i(cL4PL + cR4 PR) = i(gLg̃qq̃jPL + gRg̃qq̃jPR). (4.139)

15Special care is needed when sorting out irrelevant effective operators of the amplitudes of B1 and
B3 in the limit v → 0. It may happen that seemingly irrelevant operators become relevant in this
limit. One important example is the expression [ū(p2)v(p1)][v̄(pa)/p2u(pb)] which can not be simpli-
fied further in general. However, if v = 0 we have p2 = pb and hence [ū(p2)v(p1)][v̄(pa)/p2u(pb)] =
[ū(p2)v(p1)][v̄(pa)/pbu(pb)] =mq[ū(p2)v(p1)][v̄(pa)(pb)] which is nothing but the effective operator of
scalar type. The results given above are correct for v = 0. The same calculation has been performed
for v 6= 0 with a second Mathematica script. Both results are implemented in the code to allow for
consistency checks. In case of the boxes B2 and B4 these problems do not occur and sorting out effective
operators is relatively straightforward.
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4.4 Virtual corrections

In contrast to B1, there are no vector couplings as the vector boson, the gluon, is replaced
by a fermion, the gluino. The gluino momentum q is flowing from the left to the right.
The amplitude reads
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, (4.140)

where the four-point functions are understood as D(−p2,−pb,−pa− pb,m2
g̃,m

2
q̃i
,m2

q̃j
,m2

q).
This result is transferred to the Mathematica program mentioned before to perform the
actual evaluation. As the spinors and corresponding spinor fields are already in desired
order, we can skip the Fierz transformation. The final result is
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The spin-dependent result is really short and contains only terms proportional to D00. It is
symmetric under R↔ L and antisymmetric under 1 ↔ 2 and 3 ↔ 4 . In contrast to

that the spin-independent counterpart is symmetric under R↔ L, 1 ↔ 2 and 3 ↔ 4 .

Box B3

We continue with the calculation of box B3, the twisted gluon box. Starting in the upper
left, the couplings are clockwise named i 1 , i 2 and i 3 and i 4 .

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1q̃iq

PL + gRχ̃0
1q̃iq

PR). (4.143)

i 2 = i(cL2PL + cR2 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR). (4.144)

iγµ 3 = iγµ(cL3PL + cR3 PR) = −iγµgs. (4.145)

iγν 4 = iγν(cL4PL + cR4 PR) = −iγνgs. (4.146)
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4 Calculation of neutralino-nucleon cross sections

Note that in comparison to box B1 the couplings 1 and 2 are exchanged, ie. the fermion
flow is inverted. The gluon carries the four-momentum q which flows from the right to
the left. This leads us to the amplitude
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The four-point functions possess the arguments D(p2−pa, p2, pb, 0,m
2
q̃i
,m2

q ,m
2
q). As for

the gluon box B1, a Fierz transformation is necessary to rearrange the spinor fields. The
final result reads
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Thanks to the symmetry 1 ↔ 2 , these expressions completely agree with those for
B1 given in (4.134) and (4.135). However, we stress again that the four-point functions
possess different arguments than previously.
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4.4 Virtual corrections

Box B4

We are left with the twisted gluino box B4 shown on the very right of figure 4.11. The
couplings are given by

i 1 = i(cL1PL + cR1 PR) = i(gLχ̃0
1qq̃i

PL + gRχ̃0
1qq̃i

PR). (4.150)

i 2 = i(cL2PL + cR2 PR) = i(gLχ̃0
1q̃jq

PL + gRχ̃0
1q̃jq

PR). (4.151)

i 3 = i(cL3PL + cR3 PR) = i(gLg̃q̃iqPL + gRg̃q̃iqPR). (4.152)

i 4 = i(cL4PL + cR4 PR) = i(gLg̃qq̃jPL + gRg̃qq̃jPR). (4.153)

The gluino possesses the four-momentum q flowing from the left to the right. The ampli-
tude is given as
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ū(p2) 3 mg̃ 4 u(pb)

] [
v̄(pa) 1 (−/pa + /p2

+mq) 2 v(p1)
]

+
i

16π2
Dρ

([
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The four-point functions are understood as D(−p2,−pb, pa − p2,m
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q). As it
was the case for B2, a Fierz transformation is not necessary. We obtain
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These expressions equal those given in (4.141) and (4.142) for box B2, where we have to
take into account different arguments for the four-point functions.
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Figure 4.12.: Neutralino-quark scattering process in the effective theory at tree-level (left),
including an additional gluon (middle) and including the corresponding coun-
terterm (right)

4.5. Matching of full and effective theory

So far we have evaluated all amplitudes up to O(αs) relevant for the elastic scattering
of neutralinos and quarks within the full theory, namely the MSSM, at the high scale
µhigh ∼ 1 TeV. The next step is to map these amplitudes onto the Wilson coeffients of the
effective field theory (EFT), which is illustrated in this section. In case of the tree-level
calculations, we have basically already obtained the final results in section 4.3. However,
in the following we repeat the matching procedure at tree-level on a more formal basis.
Afterwards we use this solid footing to perform the matching procedure at NLO. A general
introduction into effective field theory is given in chapter H.

4.5.1. Matching at tree-level

The effective field theory we are interested in is governed by the effective Lagrangian16

Leff = C1Q1 + C2Q2 = C1χ̄χq̄q + C2χ̄γ5γµχq̄γ5γ
µq. (4.157)

It consists of only two effective operators Q1 and Q2 accompanied by their Wilson co-
efficients C1 and C2. As explained in section 4.3, the former operator is responsible for
coherent, spin-independent interactions and the latter operator for spin-dependent inter-
actions. Both of them lead to effective four-fermion interactions as shown on the left of
figure 4.12.

The Wilson coefficients are fixed by the so-called matching condition. The effective
theory has to reproduce the full theory at the high scale. More precisely, we demand that

Mtree
full

!
=Mtree

eff ⇔MT1 +MT2 +MT3 +MT4
!

= Ctree
1 Qtree

1 + Ctree
2 Qtree

2 . (4.158)

The four tree-level amplitudesMT1 toMT4 are given by (4.19), (4.24), (4.31) and (4.41).
As we include only the two dominant operators in the effective Lagrangian, we drop contri-
butions stemming from kinematically suppressed operators like χ̄γ5χq̄γ5q when evaluating
the amplitudes in the full theory. Moreover, we have explicitly added the identification
mark tree to stress that this is just the tree-level matching procedure. As demonstrated in
section 4.3, this procedure leads to

Ctree
1 = αSI

q,T1 + αSI
q,T3 + αSI

q,T4 and Ctree
2 = αSD

q,T2 + αSD
q,T3 + αSD

q,T4. (4.159)

16The effective Lagrangian given in (4.157) describes the interactions between quarks and neutralinos. The
usual kinematic terms and in particular the interactions between quarks and gluons remain unaltered.
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4.5 Matching of full and effective theory

The relevant contributions are given in (4.21), (4.39), (4.43), (4.28), (4.40) and (4.44).

4.5.2. Matching at next-to-leading order

We continue with the matching calculation at next-to-leading order. The matching con-
dition remains basically unchanged, we have

MNLO
full

!
=MNLO

eff ⇔Mtree
full +M1loop

full
!

= CNLO
1 QNLO

1 + CNLO
2 QNLO

2 . (4.160)

In this nomenclature, the full NLO result consists of the tree-level result and its O(αs)
one-loop correction. The latter includes all the corrections calculated in section 4.4: The
propagator corrections and their counterterm, the vertex corrections and their counter-
terms and the box contributions.

What about the right-hand side of (4.160)? The crucial point is that there is a one-loop
correction to the Wilson coefficients and the effective operators. Hence, we write
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2 +O(α2
s). (4.161)

At O(α0
s) we have reproduced the tree-level matching condition (4.158) which is already

fulfilled. Therefore, we obtain at O(αs)

M1loop
full − Ctree

1 Q1loop
1 − Ctree

2 Q1loop
2 = C1loop

1 Qtree
1 + C1loop

2 Qtree
2 . (4.162)

The aim of the matching procedure is to calculate the O(αs) corrections to the Wilson

coefficients, i.e. to determine C1loop
1 and C1loop

2 . Before we can achieve this, we have to

identify the one-loop corrections to the effective operators Q1loop
1 and Q1loop

2 . In the end
of this section we demonstrate that they are given by

Q1loop
1 = (KEFTV1 +KEFTVC1)Qtree

1 and Q1loop
2 = (KEFTV2 +KEFTVC2)Qtree

2 , (4.163)

i.e. that they can be expressed as the tree-level operators multiplied with correction factors
describing vertex corrections and vertex counterterms in the effective field theory. This
allows us to explicitly write down the one-loop Wilson coefficients as
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1 = αSI
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q,P2 + αSI
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+ αSI
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C1loop
2 = αSD

q,P1 + αSD
q,P2 + αSD

q,P4 + αSD
q,PC

+ αSD
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− Ctree
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These two formulae include all the virtual corrections calculated in section 4.4 plus
the correction factors to be given. We stress that each of the lines above is separately
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ultraviolet finite. However, there are also infrared divergences (cf. section F.1) involved,
which have not been discussed yet. Although most of the individual terms given above are
infrared divergent, C1loop

1 and C1loop
2 as a whole are infrared finite, which is an essential

feature of the matching procedure (cf. subsection H.3.2). The appearance of infrared
divergences is connected to massless particles such as gluons. These particles are likewise
degrees of freedom in the full and the effective theory. In other words: The infrared
regimes of both theories are the same. Whenever there occurs an infrared divergence in
the full theory, the very same infrared divergence occurs in the effective theory as well and
both cancel during the matching procedure. In our calculation, this cancellation is due to
the correction factors KEFTV1, KEFTVC1, KEFTV2 and KEFTVC2 which we determine now.

We start with the vertex correction incorporated in KEFTV1. The underlying process is
depicted in the middle of figure 4.12. Starting on the top, we label the couplings clockwise
as

i 1 = iCtree
1 , i 2 γµ = −igsγµ and i 3 γν = −igsγν (4.166)

and obtain the amplitude

iMEFTV1 = CFµ
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∫
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)
[ū(p1)u(pa)]. (4.167)

After some algebra and using (4.64) we get

MEFTV1 =
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The two- and three-point functions possess the arguments B = B(pb − p2,m
2
q ,m

2
q) and

C = C(p2, pb, 0,m
2
q ,m

2
q). We replace the spinors by their corresponding spinor fields and

identify the operator Qtree
1 and its vertex correction factor KEFTV1.
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1 Qtree

1 . (4.169)

We stress that the algebraic form of this vertex correction is identical to V1, i.e. to
(4.63). This has two important consequences. On the one hand, the vertex correction V1
completely cancels in the matching procedure. The gluon is likewise a degree of freedom
in the full and the effective theory and therefore the vertex correction V1 occurs in both
theories. It is included in the effective operator, not the Wilson coefficient. Moreover,
the correction factor KEFTV1 is ultraviolet divergent as it includes the two-point function
B0. To allow for a consistent matching procedure, we have to renormalise the effective
theory in the same way as the full theory. This means that we have to add a counterterm
δC1 to the four-fermion coupling, which is depicted on the right of figure 4.12. As this
counterterm has to be of the very same form as δgφqq given in (4.104), it reads

δCL1 = Ctree,L
1

(
δZm
mq

+
1

2
δZLq +

1

2
δZR∗q

)
. (4.170)
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4.5 Matching of full and effective theory

The correction factor KEFTVC1 is then simply given by

KEFTVC1 =
δCL1 /C

tree,L
1 + δCR1 /C

tree,R
1

2
. (4.171)

Remember that Ctree
1 does not only incorporate Higgs contributions, squark processes

contribute as well (cf. (4.159)). Whereas the Higgs vertex correction V1 and its associated
counterterm completely vanish in the matching procedure, this is not true for the vertex
corrections V5 and V7 and their counterterms. However, the infrared divergences of these
corrections and the ones stemming from the boxes B1 and B3 are precisely cancelled by
the correction factors. This is an important consistency check of the whole calculation.

We continue with the determination of KEFTV2, i.e. the vertex correction factor for the
spin-dependent operator Q2. The associated diagram is shown in the middle of figure 4.12
again, the only difference to the previous case is the included four-fermion coupling. More
precisely, we label the couplings clockwise as

i 1 γνγ5 = iCtree
2 γνγ5, i 2 γµ = −igsγµ and i 3 γρ = −igsγρ, (4.172)

where we start on the top again. The corresponding amplitude reads

iMEFTV2 = CFµ
4−D

∫
dDq

(2π)D

[
ū(p2)i 2 γµ

i(/q + /p2
+mq)

(q + p2)2 −m2
q

i 1 γνγ5

i(/q + /pb +mq)

(q + pb)2 −m2
q

i 3 γρu(pb)
](−igµρ

q2

)
[ū(p1)γνγ5u(pa)]. (4.173)

Thanks to the additional gamma matrices, the evaluation of this amplitude is a bit length-
ier. Keeping only the relevant effective operators, we finally obtain

MEFTV2 =
αsCF

4π
(2B0 + 4pbp2(C0 + C1 + C2)− 4C00 − 1)

Ctree
2 [ū(p1)γνγ5u(pa)][ū(p2)γνγ5u(pb)]. (4.174)

The two- and three-point functions possess the same arguments as before, namely B =
B(pb − p2,m

2
q ,m

2
q) and C = C(p2, pb, 0,m

2
q ,m

2
q). We replace the spinors by their corre-

sponding spinor fields and identify the operator Qtree
2 and its associated vertex correction

factor KEFTV2.

MEFTV2 =
αsCF

4π
(2B0 + 4pbp2(C0 + C1 + C2)− 4C00 − 1)Ctree

2 [χ̄γνγ5χ][q̄γνγ5q]

= KEFTV2C
tree
2 Qtree

2 . (4.175)

The missing piece is the counterterm δC2 which renders the vertex correction given
above ultraviolet finite. This counterterm is constructed in analogy to δgZ0qq given in
(4.105) and reads

δCL2 = Ctree,L
2

(
1

2
δZSM,L

q +
1

2
δZSM,L∗

q +
αsCF
π

)
. (4.176)

As before, the correction factor KEFTVC2 is obtained via

KEFTVC2 =
δCL2 /C

tree,L
2 + δCR2 /C

tree,R
2

2
. (4.177)
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4 Calculation of neutralino-nucleon cross sections

Note that we have included the additional finite term αsCF
π to retain a conventional axial

current divergence, which is in agreement with [179] and [171].17 Moreover, we incorporate
just Standard Model contributions to δZq in this case. The reason is as follows: In case
of the Higgs vertex corrections, i.e. V1 and V2, only the former is ultraviolet divergent.
The whole counterterm δgφqq as given in (4.104) is responsible for the cancellation of this
divergence. As the vertex V1 occurs likewise in the effective theory, we have constructed
its associated counterterm δC1 in complete analogy to δgφqq. In case of the Z0 vertex
corrections, i.e. V3 and V4, both are ultraviolet divergent. The divergences of the first
diagram are removed by the Standard Model part of δgZ0qq and those of the latter by the
SUSY part of δgZ0qq. During the matching procedure, the vertex correction V3 and its
corresponding counterterm has to cancel, whereas V4 and its counterterm contribute to
the Wilson coefficient. Hence, we only include Standard Model contributions to the spinor
field counterterms in δC2. This completes our matching calculation at NLO. We briefly
summarise it by the following four steps.

Determination of Wilson coefficients at NLO

1. Write down and simplify the one-loop amplitudes of the full and effective
theory, respectively. Identify the spinors with their corresponding spinor
fields.

2. Sort out irrelevant effective operators.

3. If necessary, perform a Fierz transformation.

4. Obtain the one-loop corrections to the Wilson coefficients by matching the
full theory onto the effective theory. The final result has to be infrared safe.

4.6. Running of operators and Wilson coefficients

The matching calculation presented in the previous section has fixed the Wilson coefficients
of the effective theory. This calculation has been performed at the high scale µhigh ∼ 1 TeV.
In contrast, the nuclear matrix elements, i.e. the scalar coefficients fNTq and the polarised
quark densities (∆q)N , are defined at the low scale µlow ∼ 5 GeV. This is the energy
regime we finally aim to describe with our effective field theory. To connect the two energy
regimes, we have to evolve the effective operators and associated Wilson coefficients from
the high scale down to the low scale by solving the corresponding renormalisation group
equations (RGEs, cf. section G.4). This part of the calculation is briefly referred to as
running and presented here.

The scale dependence, i.e. the running of the effective operators and associated Wilson
coefficients is intimately linked. More precisely, it has to be inverse as the scale dependence
of the product vanishes in every operator product expansion (OPE) and our effective

17The results given in [179] were obtained using the MS scheme and dimensional regularisation. Transfer-
ring results from this scheme to the DR scheme and dimensional reduction – which we are using – is
non-trivial in general. Discrepancies may arise due to the treatment of γ5 in D dimensions. However,
these problems should occur at the three-loop order for the first time and do neither affect the finite
contribution included in (4.176) nor the running of the axial-vector operator presented in the next
section [180].
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4.6 Running of operators and Wilson coefficients

Lagrangian
Leff = C1Q1 + C2Q2 = C1χ̄χq̄q + C2χ̄γ5γµχq̄γ5γ

µq (4.178)

is nothing but an operator product expansion, where higher dimensional operators have
been neglected (cf. chapter H). Therefore, we can deduce the running of the Wilson co-
efficients from the running of the effective operators. As we are only interested in QCD
effects, the running of the two operators given above is solely determined by their quark
parts q̄q and q̄γ5γ

µq.

4.6.1. Running of mq q̄q

We start with the discussion of the running of the scalar operator q̄q and its Wilson
coefficient C1. In this case, the evolution down to the low scale is rather simple. The
reason is that the operator mq q̄q is scale-independent [171]. Hence, we have to simply
factor out the quark mass mq(µhigh) from the coefficient C1. This quark mass has to
be evolved down to the low scale µlow in the usual way, i.e. by solving its RGE (cf.
subsection G.4.2). We then replace the combination mq(µlow)q̄q via (4.8).

4.6.2. Running of q̄γ5γ
µq

In contrast to the running of the scalar operator, the renormalisation and the resulting
running of the axial-vector operator is not trivial. This calculation has first been performed
in [179]. The relevant renormalisation constant reads

ZSinglet
A = 1 +

αsCF
π
− 1

ε

(αs
4π

)2
(

20

9
nf +

88

3

)
+O(α3

s), (4.179)

where nf denotes the number of active flavours and an additional finite term has been
added to cure the axial anomaly. It is precisely this term which has been included in
(4.176) as well. Finite terms of order O(α2

s) have been neglected as they are irrelevant for
the running up to the desired order. Given this renormalisation constant, we can calculate
the corresponding anomalous dimension via

γSinglet
A = (ZSinglet

A )−1 d

d lnµ
ZSinglet
A

=

(
1− αsCF

π
+

1

ε

(αs
4π

)2
(

20

9
nf +

88

3

))
dgs

d lnµ

d

dgs

(
1 +

αsCF
π
− 1

ε

(αs
4π

)2
(

20

9
nf +

88

3

))
+O(α3

s). (4.180)

We substitute dgs
d lnµ by the RGE of the strong coupling constant including its divergent

part as derived in subsection G.4.1 and obtain

γSinglet
A =

(
1− αsCF

π
+

1

ε

(αs
4π

)2
(

20

9
nf +

88

3

))
(−εgs + β(gs))

1

gs

(
2αsCF
π

− 4

ε

(αs
4π

)2
(

20

9
nf +

88

3

))
+O(α3

s)

=

(
2αsCF
π

− 2

(
αsCF
π

)2

− 4

ε

(αs
4π

)2
(

20

9
nf +

88

3

))

(
−ε+

β(gs)

gs

)
+O(α3

s). (4.181)
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4 Calculation of neutralino-nucleon cross sections

Next we perform the physical limit D → 4 and insert CF = 4/3 explicitly. Keeping only
terms of O(α2

s) leads to

γSinglet
A = −32

3

(αs
4π

)2
β0 + 4

(αs
4π

)2
(

20

9
nf +

88

3

)
+O(α3

s)

=
(αs

4π

)2
16nf +O(α3

s), (4.182)

where we have used β0 = 11− 2
3nf according to (G.31). The remaining step is to determine

the running of the Wilson coefficient C2 given by

d

d lnµ
C2(µ) = γSinglet

A C2(µ). (4.183)

This differential equation can be solved via

∫ C2(µhigh)

C2(µlow)

dC2(µ)

C2(µ)
=

∫ lnµhigh

lnµlow

d lnµγSinglet
A =

∫ gs(µhigh)

gs(µlow)
dg′s

d lnµ

dg′s
γSinglet
A

⇔ ln

(
C2(µhigh)

C2(µlow)

)
=

∫ gs(µhigh)

gs(µlow)
dg′s

γSinglet
A

β(g′s, ε)

⇔ C2(µlow) = C2(µhigh) exp

(
−
∫ gs(µhigh)

gs(µlow)
dg′s

γSinglet
A

β(g′s, ε)

)
. (4.184)

We perform the physical limit D → 4 and restrict ourselves to the leading contributions
to β(g′s) as given in (G.31) to finally obtain the result presented in [171].

C2(µlow) = C2(µhigh) exp

(
−
∫ gs(µhigh)

gs(µlow)
dg′s

g′4s
256π4 16nf

−β0
g′3s

16π2

)

= C2(µhigh) exp

(∫ gs(µhigh)

gs(µlow)
dg′s

g′snf
β0π2

)

= C2(µhigh) exp

(
2nf
β0π

(αs(µhigh)− αs(µlow))

)
. (4.185)
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5. Calculation of neutralino relic
density

In this chapter we introduce a second dark matter observable, namely the neutralino relic
density. We illustrate how to calculate it by solving the Boltzmann equation, describe
the constituents of the latter and comment on the associated uncertainties. One of these
constituents is the (co)annihilation cross section including all processes under which SUSY
particles transform into Standard Model particles. In many scenarios of the MSSM, gau-
gino (co)annihilation into quarks contributes dominantly to this cross section. To render
the relic density calculation more precisely, a full O(αs) calculation of these processes
has been carried out in collaboration with Björn Herrmann, Karol Kovař́ık and Moritz
Meinecke. The author of this thesis contributed significantly to the final numerical imple-
mentation (cf. chapter 6) and generated almost all numerical results published in [147].
However, as the original analytical work has mainly been done by the aforementioned peo-
ple, the corresponding section 5.4 is of rather brief and summarising character. Further
technical details on this calculation can be found in [63, 181].

5.1. Basic idea of relic density calculations

The neutralino relic density can be understood as its recent quantity and is a parameter
of great phenomenological relevance. A typical relic density calculation is based on the
following line of arguments:

1. We assume that the evolution of the universe is correctly described by a certain
cosmological model, e.g. the ΛCDM model. In addition, we postulate that dark
matter consists of WIMPs with known mass and interactions, e.g. of the lightest
neutralino in a concrete MSSM scenario.

2. Given these presuppositions, we perform a thermodynamical calculation to predict
the relic density Ωχ. In our case, this step corresponds to solving the Boltzmann
equation described in the next section.

3. We compare this prediction with the cold dark matter density ΩCDM, which can be
experimentally extracted from the cosmic microwave background very precisely (cf.
subsection 3.1.4). The comparison ends up in one of the following three possibilities:

a) Ωχ > ΩCDM

The relic density exceeds the experimental value. The underlying particle
physics model is falsified with respect to the assumptions.

b) Ωχ = ΩCDM

The relic density agrees with the experimental value. The underlying particle
physics model is experimentally favoured.
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5 Calculation of neutralino relic density

c) Ωχ < ΩCDM

The relic density falls below the experimental value. The underlying particle
physics model can not solely explain dark matter.

In this way, the neutralino relic density permits to constrain the MSSM. Thanks to
the remarkable precision of experimental data stemming from the Planck satellite, this
constraint turns out to be very incisive and allows to exclude large parts of the MSSM
space. This is of particular interest as the MSSM contains more than one hundred un-
determined SUSY breaking parameters (cf. section 2.3). In order to fully benefit from
the experimental precision and to reliably select the cosmological preferred region of the
MSSM parameter space, the theoretical prediction should be of comparable precision. In
section 5.3, we discuss several sources of theoretical uncertainties and finally minimise
one of them by including radiative corrections to gaugino (co)annihilation into quarks in
section 5.4.

5.2. Boltzmann equation

5.2.1. Boltzmann equation excluding coannihilations

To introduce the Boltzmann equation, we start with a simplified situation. We assume
that there is only one additional particle χ which pairwisely interacts with Standard Model
particles X. The latter resembles the conservation of R-parity in the MSSM. We denote
the cross section of all possible pairwise annihilations of χ particles by σ. More precisely,
we have

σ =
∑

X

σ(χχ→ X), (5.1)

where we sum over all Standard Model particles X. Furthermore, we denote the relative
velocity of two interacting χ particles by v. Given this setup, the number density n of
particles χ is governed by the non-linear differential equation

dn

dt
= −3Hn− 〈σv〉

(
n2 − (neq)2

)
. (5.2)

The first term on the right-hand side is proportional to the Hubble expansion rate H and
describes the dilution due to the expansion of the universe. The second term is proportional
to the thermally averaged18 annihilation cross section σ multiplied by the relative velocity
v and responsible for the annihilation and creation of χ particles. If the number density n
is larger than its corresponding number density in thermal equilibrium neq, annihilation
dominates and the number density is reduced. On the other hand, creation increases the
number density as long as it is smaller than the number density in thermal equilibrium.
The latter depends on the mass of the new particle mχ and the current temperature
of the universe T . According to [39], the following approximations for large and small
temperatures hold:

neq ∼




T 3, if T � mχ,(
mχT
2π

) 3
2

exp
(
−mχ

T

)
, if T � mχ.

(5.3)

18More details on the thermal averaging procedure can be found in [182, 183].
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5.2 Boltzmann equation
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Figure 1. A schematic of the comoving number density of a stable species as it evolves
through the process of thermal freeze-out.

Hubble expansion. When this takes place, the comoving number density of

WIMPs becomes fixed — thermal freeze-out has occurred.

The temperature at which the number density of the species X departs

from equilibrium and freezes out is found by numerically solving the Boltz-

mann equation. Introducing the variable x ≡ mX/T , the temperature at

which freeze-out occurs is approximately given by

xFO ≡ mX

TFO
≈ ln

[
c(c + 2)

√
45

8

gX

2π3

mXMPl(a + 6b/xFO)

g
1/2
! x

1/2
FO

]
. (6)

Here, c ∼ 0.5 is a numerically determined quantity, g! is the number of

external degrees of freedom available (in the Standard Model, g! ∼ 120 at

T ∼ 1 TeV and g! ∼ 65 at T ∼ 1 GeV), and a and b are terms in the non-

relativistic expansion, < σXX̄ |v| >= a + b < v2 > +O(v4). The resulting

density of WIMPs remaining in the universe today is approximately given

by

ΩXh2 ≈ 1.04 × 109 GeV−1

MPl

xFO

g
1/2
! (a + 3b/xFO)

. (7)

5

Figure 5.1.: Illustration of the freeze-out mechanism

This means that the hot early universe contains roughly as many χ particles as photons. In
the course of time, the temperature decreases heavily and the number density in thermal
equilibrium becomes exponentially supppressed.

All in all, the Boltzmann equation describes the so-called freeze-out mechanism illus-
trated in figure 5.1 (taken from [39]). This plot shows the number of χ particles per
comoving volume in dependence of time, the latter being parametrised as x = mχ/T . In
the early universe, the χ particles are in thermal equilibrium, i.e. they are created and de-
stroyed in equal rates. The expansion of the universe is negligible and the number density
indicated by the solid line is initially almost constant. For smaller temperatures, annihila-
tion dominates over creation and the number density decreases exponentially. However, at
a certain point the Hubble expansion is not negligible anymore and the χ particles freeze
out. The interaction rate falls below the expansion rate and the number of particles per
comoving volume stays asymptotically constant. This remnant is called the relic density.
The associated chemical decoupling is shown by the dashed lines in figure 5.1 and depends
on the thermally averaged cross section. Larger cross sections delay the freeze-out and
lead to a smaller resulting relic density.

To allow for comparison with the experimentally determined cold dark matter density
ΩCDM (cf. subsection 3.1.4), we have to multiply the number density by the mass of the
χ particle and divide by the critical density. The result is roughly antiproportional to the
thermally averaged cross section 〈σv〉.

Ωχh
2 =

nmχ

ρc
∼ 1

〈σv〉 . (5.4)
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5 Calculation of neutralino relic density

5.2.2. Boltzmann equation including coannihilations

We continue by generalising the formalism of the previous section to a more realistic
scenario involving coannihilating particles, wherein we basically follow [183]. We assume
that N additional particles exist which are labelled χ1, χ2, ..., χN and ordered by mass, i.e.
m1 < m2 < ... < mN . In case of the MSSM, N equals the total number of supersymmetric
partners and the lightest supersymmetric particle corresponds to χ1. Postulating that the
χi interact pairwise, we obtain a system of coupled Boltzmann equations. The number
density ni of particle χi is given by

dni
dt

= −3Hni −
N∑

j=1

〈σijvij〉 (ninj − neq
i n

eq
j )

−
∑

X

N∑

j=1

[
〈σXijvij〉 (ninX − neq

i n
eq
X )− 〈σXjivij〉 (njnX − neq

j n
eq
X )
]

−
N∑

j=1

[
Γij(ni − neq

i )− Γji(nj − neq
j )
]
. (5.5)

In comparison to (5.2), the term proportional to the Hubble expansion rate remains un-
changed, whereas the second term is extended and does not only include annihilations
(i = j) but also coannihilations (i 6= j). The generalised (co)annihilation cross section σij
reads

σij =
∑

X

σ(χiχj → X) (5.6)

and the relative velocity between χi and χj is given by

vij =

√
(pipj)2 −m2

im
2
j

EiEj
. (5.7)

The second line of (5.5) includes scattering or conversion processes of the form

σXij =
∑

Y

σ(χiX → χjY ), (5.8)

where we sum over all Standard Model particles Y . Note that we include all possible
conversions of χi and all possible conversions leading to χi. The third line of (5.5) describes
decay processes given by

Γij =
∑

X

Γ(χi → χjX). (5.9)

Just like before, we sum over all Standard Model particles X and include all possible
decays of χi and all possible decays into χi.

Solving this system of coupled Boltzmann equations in full generality seems to be cum-
bersome. However, due to the fact that the χi interact only pairwise, all of them decay
or convert into the lightest new particle χ1 in the course of time. This means that the
final relic density of χ1 particles corresponds to the sum n =

∑N
i=1 ni. Performing this

summation on both sides of (5.5) simplifies the Boltzmann equation and we are left with

dn

dt
= −3Hn−

N∑

i,j=1

〈σijvij〉 (ninj − neq
i n

eq
j ). (5.10)
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5.3 Uncertainties of relic density calculations

Conversion and decay processes precisely cancel. This is as expected as the total number
of χ particles is only changed by (co)annihilations but not by scattering or decay processes.
Nevertheless, the scattering processes are important as they lead to a thermalisation of
all individual χi, which implies

ni
n
∼ neq

i

neq
. (5.11)

This allows us to rewrite the Boltzmann equation as

dn

dt
= −3Hn−

〈
σ(co)annv

〉 (
n2 − (neq)2

)
(5.12)

and to reobtain the algebraic form of (5.2). Here we have introduced the (co)annihilation
cross section σ(co)ann given by

〈
σ(co)annv

〉
=

N∑

i,j=1

〈σijvij〉
neq
i

neq

neq
j

neq
. (5.13)

This quantity includes all possible annihilation and coannihilation processes under which
χ particles transform into Standard Model particles. However, coannihilations are accom-
panied by a Boltzmann suppression factor of the form

neq
i

neq
∼ exp

(
−(mi −m1)

T

)
, (5.14)

which means that coannihilations are negligible unless there is a second particle close in
mass to χ1. In our studies, the lightest particle χ1 corresponds to the lightest neutralino
and possible coannihilation partners include other gauginos. Another typical coannihila-
tion partner within the MSSM is given by the lightest stop (cf. [148–150]). More details
on the Boltzmann equation can be found in [182–185].

5.3. Uncertainties of relic density calculations

Having introduced the Boltzmann equation, we collect and briefly comment on the associ-
ated theoretical uncertainties. As discussed in section 5.1, these uncertainties have to be
minimised to fully benefit from the precise experimental data.

• Cosmological model

Any relic density calculation is based on some underlying cosmological model as e.g.
the ΛCDM model. Modifications of the cosmological model affect the relic density
calculation in two ways. On the one hand, the extraction of the cold dark matter
density from the cosmic microwave background gets altered. In [186] the ΛCDM
model was extended by five additional free parameters including non-zero neutrino
masses. Given this setup, the cold dark matter density was found to be

ΩCDMh
2 = 0.115± 0.021 (5.15)

at the 2σ level. In comparison to the WMAP analysis19, no significant change of
the central value was observed, but the associated uncertainty broadened by a factor

19Planck data were not present at that time. However, the main conclusion of [186] should still hold.
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5 Calculation of neutralino relic density

of two. On the other hand, the Boltzmann equation includes the Hubble expansion
rate. Variations of this rate during the cosmic evolution directly affect the freeze out
and thus the resulting relic density. Even modest variations of the Hubble expansion
rate before big bang nucleosynthesis heavily alter the resulting relic density while
having no consequences on other cosmological observables (cf. [187]).

• Three-body final states

Relic density calculations are not only affected by cosmological but also by micro-
scopic uncertainties stemming from particle physics. A first example for such an
uncertainty is given by three-body final states. Standard relic density calculations
implicitly assume that dark matter (co)annihilates or converts dominantly into real
two-body final states, i.e. into two on-shell Standard Model particles. However, one
might also end up with one real and a second massive virtual particle which subse-
quently decays into two real particles. Although these processes are of higher-order
and usually propagator-suppressed, they can be relevant near production thresholds.
Such a situation has been investigated in [188], where it has been shown that the
inclusion of the process χ̃0

1χ̃
0
1 → tt̄∗ → tW+b may decrease the resulting neutralino

relic density by up to 10%.

• Higher-order corrections

Even if three-body final states can be safely neglected and real two-body final states
dominate, there is a second microscopic uncertainty affecting the (co)annihilation
cross section, namely higher-order corrections. The evaluation of the relevant (co)-
annihilation processes is usually restricted to the tree-level and higher-order correc-
tions are either completely neglected or only approximately included via effective
masses and effective couplings (cf. [189]). In particular, public codes like DarkSUSY

or micrOMEGAs are following this approach. However, it is well known that QCD
corrections may shift cross sections by up to 30 − 40%. These shifts of cross sec-
tions result in a shift of the neutralino relic density in the MSSM parameter space
which is found to be larger than the experimental uncertainty stemming from the
Planck data (cf. e.g. [147–150]). Therefore, higher-order corrections have to be taken
into account to precisely identify the cosmologically preferred region of the MSSM.
The calculation of these kinds of radiative corrections and the analysis of their phe-
nomenological impact is the original aim of the DM@NLO project (cf. chapter 6). We
also stress that the inclusion of NLO corrections permits to estimate the remaining
theoretical uncertainty in terms of a variation of the renormalisation scale, which is
not possible in a consistent way at tree-level (cf. [190]).

• Thermal corrections

Perturbative calculations in the framework of quantum field theory such as the cal-
culation of higher-order corrections within the DM@NLO project are based on the
evaluation of the scattering matrix S. This unitary matrix connects asymptotically
free particles and can be expanded into the Dyson series [172]. However, in case of
non-zero temperatures such as the temperature at and before freeze-out, quantum
mechanics can not solely be described by the S matrix anymore and one has to revert
to methods of finite temperature field theory [191].

This machinery has been applied to relic density calculations in e.g. [192, 193] and in
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5.4 Gaugino (co)annihilation into quarks at O(αs)

particular to neutralino dark matter in [194]. Even though specific and parameter-
sensitive scenarios (including e.g. stau coannihilation) were investigated in [194], the
final modification of the relic density was found to be of O(10−4), which is well below
recent experimental sensitivity.

An extensive study of finite temperature effects on relic density calculations at NLO
was performed in [195]. The main results of this paper are threefold. Firstly, it was
shown that the algebraic structure of the Boltzmann equation as given in (5.12) is
reobtained even when derived from general principles of non-equilibrium quantum
field theory at NLO accuracy. Secondly, thermal corrections to the (co)annihilation
cross section were determined and found to be of O(αT 2/m2

χ). Here α denotes the
fine structure constant and mχ the WIMP mass. As usually T � mχ at freeze-out,
thermal corrections are smaller than the previously mentioned zero temperature
higher-order corrections. Finally, the cancellation of infrared divergences (cf. sec-
tion F.1) was investigated in detail and it was confirmed that the thermally averaged
annihilation cross section is a well-defined quantity also at non-zero temperatures.

We finally mention [196, 197], where the QCD equation of state has been investigated
in the context of relic density calculations. The derivation of the Boltzmann equation
bases on the assumption that quarks and gluons can be treated as an ideal gas
for temperatures above TQCD ∼ 200 MeV. However, significant deviations from
ideal behaviour were found for temperatures up to a few GeV. Incorporating these
deviations into an improved QCD equation of state increases the resulting relic
density by up to 3.5%.

• Determination of physical spectrum

Another possible uncertainty stems from the determination of the physical spectrum
of the considered WIMP model. In case of the MSSM, practical calculations are usu-
ally performed within a phenomenological model such as the pMSSM (cf. section 2.5)
and the required physical spectrum, i.e. all the particle masses and mixing angles, is
calculated numerically by a spectrum generator such as SPheno (cf. [198, 199]). This
calculation is based on solving renormalisation group equations (cf. section G.4) up
to a certain loop order for a given set of input parameters. However, depending on
the precision of the numerical routines, different generators may lead to different
spectra for the same input (cf. [200]). Although these differences were found to be
small in general, it was shown that in some scenarios even small mass deviations of
1% may modify the resulting relic density by 10% (cf. [201]).

5.4. Gaugino (co)annihilation into quarks at O(αs)
In this section we briefly present the calculation of SUSY QCD corrections to gaugino
(co)annihilation into quarks, i.e. to processes of the form

χ̃0
i χ̃

0
j → qq̄, χ̃±k χ̃

0
i → qq̄′ and χ̃+

k χ̃
−
l → qq̄, (5.16)

where i, j = 1, 2, 3, 4, k, l = 1, 2 and q = u, d, c, s, t, b can be chosen independently. The
quark type q′ is fixed by charge conservation. These processes are referred to as neutralino
annihilation, neutralino-chargino coannihilation and chargino annihilation in the following
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Figure 5.2.: Tree-level contributions to gaugino (co)annihilation

Table 5.1.: Possible gaugino (co)annihilation channels

Initial state s-channel t-channel u-channel Final state

φ V q̃′′m q̃′′m

χ̃χ̃′ = χ̃0
i χ̃

0
j h0, H0, A0, G0 Z0 q′′ = q q′′ = q q′ = q

χ̃χ̃′ = χ̃+
k χ̃

0
i H+, G+ W+ q′′

!
6= q q′′ = q q′

!
6= q

χ̃χ̃′ = χ̃+
k χ̃
−
l h0, H0, A0, G0 Z0, γ

q′′
!
6= q, absent q′′

!
6= q, absent

q′ = q
if q = d, s, b if q = u, c, t

and contribute dominantly to the (co)annihilation cross section σ(co)ann entering the Boltz-
mann equation in many scenarios of the MSSM.20 As discussed before, the inclusion of
the corresponding radiative corrections reduces the theoretical uncertainty of the resulting
neutralino relic density.

5.4.1. Tree-level processes

The Feynman diagrams of the relevant tree-level diagrams are shown in generalised no-
tation in figure 5.2. This notation is understood as follows: The initial state consists of
two gauginos χ̃ and χ̃′ which are either given by two neutralinos, one chargino and one
neutralino or two charginos as explicated in (5.16). If there is only one chargino involved,
it is chosen to be the upper gaugino χ̃ and to be positively charged by convention. The
respective processes including one negatively charged chargino are related by charge con-
jugation. In case of chargino annihilation, we choose the upper gaugino χ̃ to be positively
charged and the lower gaugino χ̃′ to be negatively charged. The final state consists of a
quark-antiquark pair. If the initial state is electrically neutral, i.e. in case of neutralino
or chargino annihilation, this pair consists of two quarks of the same type q = q′.21 In
case of neutralino-chargino coannihilation, the final state consists of an up-type quark q
and the corresponding down-type quark q′. A prominent example for such a process is
given by χ̃+

1 χ̃
0
1 → tb̄. These initial and final states can be connected in four topologically

20Note that coannihilation processes as e.g. χ̃0
1χ̃

0
2 → qq̄ are subsumed under neutralino annihilation in this

nomenclature. In the same way, coannihilation processes of the form χ̃+
1 χ̃
−
2 → qq̄ are simply referred

to as chargino annihilation.
21We neglect flavour mixing effects in the following, i.e. we choose the Cabibbo-Kobayashi-Maskawa matrix

to be the unit matrix.
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Figure 5.3.: Propagator corrections (first four diagrams) and associated counterterm
(rightmost diagram) for gaugino (co)annihilation

different ways: s-channel exchange of a scalar boson φ22, s-channel exchange of a vector
boson V , t-channel exchange of a squark q̃′′m and u-channel exchange of a squark q̃′′m, where
m = 1, 2. To be more precise, the mediated particles can be chosen as listed in table 5.1.
Note that we include the Goldstone bosons G0 and G+ explicitly as we are working in
the Feynman gauge.23 The squark type of q̃′′m occuring in the t- and u-channels is fixed
by charge conservation. We stress that in case of chargino annihilation, depending on the
final quark type q, either the t- or the u-channel exists.

The tree-level cross section is obtained by standard methods of perturbation theory
(c.f. e.g. [172]). The first step is to write down the amplitudes of all tree-level processes
Mtree and square this sum afterwards. Having the squared tree-level amplitude at hand,
we have to average over initial and sum over final state spins. Moreover, we include
a colour factor of NC = 3 to account for the coloured quarks in the final state. The
last step is to carry out the integration over the 2 → 2 phase space and divide by the
associated flux factor. A detailed tree-level calculation of this kind can be found in e.g.
section 3.2 of [57], where the process χ̃0

1χ̃
0
1 → A0 → b̄b is considered. We finally stress

that all tree-level cross sections have been numerically compared with CalcHEP [202, 203],
where we deactivated all effective masses and effective couplings in CalcHEP to allow for a
meaningful check. Excellent agreement has been found throughout with relative deviations
of O(10−3 − 10−5).

5.4.2. Virtual corrections

The tree-level processes presented in the previous subsection can be extended by addi-
tional internal interactions. These processes correspond to higher orders in perturbation
theory and are called virtual corrections. In the following we are focussing on strong vir-
tual corrections of next-to-leading order which involve additional gluons, gluinos, quarks
or squarks. As in section 4.4, we distinguish between propagator corrections, vertex cor-
rections and box diagrams. The propagator and vertex corrections give rise to ultraviolet
divergences which are regularised via dimensional reduction (cf. chapter F) and removed
via renormalisation (cf. chapter G), i.e. by adding suitable counterterms. More precisely,
we use the renormalisation scheme presented in section G.5.

The simplest virtual corrections are the propagator corrections depicted in figure 5.3.

22We stress that the corresponding Yukawa couplings between Higgs bosons and quarks have to be treated
with special care. This is described in more detail in subsection G.5.1.

23In the last chapter we have omitted all contributions stemming from the pseudoscalar particles A0 and
G0 as they lead to the effective operator [χ̄γ5χ][q̄γ5q] which is kinematically suppressed. In contrast,
we perform a full calculation for non-zero relative velocities here and these contributions are no longer
negligible.
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Figure 5.4.: Vertex corrections (upper two rows) and associated counterterms (lower row)
for gaugino (co)annihilation

We have encountered these corrections already in subsection 4.4.1 and the evaluation pre-
sented there remains completely unchanged. This demonstrates the strength of calculating
radiative corrections in generic form: A single result can be reused several times in different
contexts. The propagator corrections have to be inserted in the t- and u- channel tree-level
diagrams. To finally obtain a correction of O(αs) of the cross section, we multiply the
corresponding amplitudes Mprop with the tree-level amplitudes Mtree as |Mprop|2 leads
to a correction of O(α2

s). The same holds true for the associated propagator counterterm
which has been discussed in subsection 4.4.2 and is shown on the right of figure 5.3.

The vertex corrections are shown in the upper two rows of figure 5.4. In comparison
to the vertex corrections presented in subsection 4.4.3, these corrections are rotated and
generalised but otherwise topologically equivalent. Therefore, the evaluation is performed
in the same manner as before. The vertex corrections are calculated in generic form
and rewritten as loop couplings which are then inserted into the corresponding tree-level
diagrams. However, in contrast to the calculation presented in the previous chapter,
we keep all parts of the resulting loop couplings and not just those contributing to the
dominant effective operators. Apart from that, the involved couplings have to be treated
with special care as different particles may occur internally, depending on the concrete
initial and final state as listed in table 5.1. We stress that in particular internal squark
types can differ from external quark types. The associated vertex counterterms are shown
in the lower row of figure 5.4. They correspond to generalisations of those discussed in
subsection 4.4.4 and have to be inserted in the tree-level diagrams in the same way as
the vertex corrections. Remember that the sums of propagator corrections plus associated
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Figure 5.5.: Box contributions to gaugino (co)annihilation

counterterm and vertex corrections plus associated counterterms have to be ultraviolet
finite. This has been checked explicitly for every possible initial and final state by Moritz
Meinecke and the author of this thesis.

We are left with the box diagrams shown in figure 5.5. In contrast to the propagator and
vertex corrections, a modular approach is not possible here as the boxes are not inserted
into tree-level diagrams but form complete 2→ 2 processes themselves. In subsection 4.4.5
we have calculated these box topologies in rotated form and kept only those parts leading
to the dominant effective operators. These results can not be directly transferred to the
present situation and an independent calculation has to be performed. This calculation
has been carried out by Karol Kovař́ık with the help of Mathematica and FeynCalc [178]
and the numerical implementation into DM@NLO (cf. chapter 6) has been done by the author
of this thesis.

5.4.3. Real corrections

The virtual corrections discussed in the previous subsection lead to ultraviolet divergences
which have been removed by adding suitable counterterms. However, these loop diagrams
also give rise to a second class of divergences, namely infrared divergences (cf. section F.1).
Infrared divergences are connected to the low energy regime of the respective theory. In
the last chapter these divergences cancelled precisely during the matching procedure as
the low energy behaviour of full and effective theory has to be the same (cf. section 4.5).
In the present case, we are not performing an effective but a full calculation of the gaugino
(co)annihilation cross section.

The cancellation of infrared divergences in the present situation is guaranteed by the
Bloch-Nordsieck and Kinoshita-Lee-Nauenberg theorems (cf. [204–206]). As described in
section F.1, infrared divergences cancel automatically if so-called inclusive quantities are
considered. The gaugino (co)annihilation cross section we are interested in becomes an
inclusive quantity if not only virtual but also real corrections are included. Real corrections
are given by processes in which an additional gluon is emitted, i.e. by 2 → 3 processes
of the form χ̃χ̃′ → qq̄′g. The associated Feynman diagrams are shown in figure 5.6. The
additional gluon can either be emitted from one of the final state quarks or – in case of a
t- or u-channel process – the exchanged squark.

The calculation of the real corrections follows the usual path: One has to write down all
fundamental amplidutesMreal and square them to obtain a correction of the cross section
of O(αs). In contrast to the virtual corrections, we do not multiply with the tree-level
amplitudes. On the one hand, we have to multiply by another real amplitude to end up
with a correction of O(αs) as a single real amplitude is only of O(gs). On the other hand,
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Figure 5.6.: Real corrections to gaugino (co)annihilation

we can not combine the 2→ 3 real corrections with the 2→ 2 tree-level processes as the
underlying phase spaces differ.

These amplitudes have been calculated by Moritz Meinecke with the help of Mathematica
and FeynCalc. However, another technical difficulty arises at this point. The cross section
at NLO as a whole is infrared safe and consists of the tree-level contribution and its virtual
and real corrections.

σNLO =

∫

2→2
dσtree +

∫

2→2
dσvirtual +

∫

2→3
dσreal. (5.17)

Even though the sum as a whole is infrared safe, the last two terms themselves are not.
This is problematic as they are integrated over different phase spaces and these integrations
are usually performed numerically. The numerical integrations result in two ill-defined ex-
pressions which lead to an ill-defined NLO cross section. To obtain a physically meaningful
result and to check the cancellation of infrared divergences explicitly while still performing
the phase space integration numerically, one has to render both of the integrands infrared
safe. This modification has to be such that the final cross section remains unchanged.
There exist basically two popular but sophisticated methods to do so, the so-called phase
space slicing [207] and the dipole subtraction method [208–211]. Both of these methods
have been applied by Moritz Meinecke to obtain an infrared safe gaugino (co)annihilation
cross section. Numerical checks of the implemented results and the associated infrared
safety have been performed by Moritz Meinecke and the author of this thesis. The final
result was found to be infrared safe and independent of the chosen method. For more
details on the calculation of real corrections to gaugino (co)annihilation into quarks we
refer to [63].
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6. The DM@NLO project

The neutralino-nucleon cross section and relic density calculations presented in the last two
chapters have been implemented in the Fortran package DM@NLO (cf. [9]). In the following
we briefly introduce this project and describe its interface to micrOMEGAs. Moreover, we
comment on the chronological development of DM@NLO and its subprojects.

6.1. Basic idea of the DM@NLO project

As described in the previous chapter, the recent neutralino relic density can be obtained
by solving the Boltzmann equation. Assuming that cold dark matter solely consists of
neutralinos, the predicted value may then be compared with the Planck limit. We stress
again that this measurement is very precise, the relative error amounts to roughly ±2%.
To allow for an adequate comparison, the theoretical calculation should be of similar preci-
sion. However, the resulting neutralino relic density depends on the (co)annihilation cross
section σ(co)ann which includes all processes, where two SUSY particles (co)annihilate into
Standard Model particles. These processes are subject to radiative corrections. It is well
known that in particular QCD corrections may shift cross sections by up to 30-40%. The
idea of the DM@NLO project is to perform a full O(αs) calculation of the (co)annihilation
cross section σ(co)ann in order to reduce the theoretical uncertainty of the predicted neutra-
lino relic density and to allow for an adequate comparison with the precise experimental
data. This is of special importance when the relic density is used to constrain the MSSM
parameter space. Note that these radiative corrections are either neglected or only ap-
proximatively included in publicly available codes like micrOMEGAs or DarkSUSY.

The typical steps of a relic density calculation with DM@NLO are illustrated in figure
6.1. The starting point is the definition of a concrete SUSY scenario. In this thesis we
work within the so-called phenomenological MSSM (pMSSM) with eleven free parame-
ters as described in section 2.5. The chosen pMSSM parameters are handed over to a
spectrum generator which determines the physical SUSY spectrum, i.e. all the particle
masses and mixing angles, by solving the corresponding renormalisation group equations
(cf. section G.4) numerically. We choose to work with SPheno [198, 199]. Other possible
generators include SuSpect [212], ISAJET [213] and SOFTSUSY [214].

The obtained physical spectrum is imported by micrOMEGAs, which solves the Boltzmann
equation numerically and determines the desired neutralino relic density. Before doing
this, the relevant (co)annihilation cross sections of the model have to be given. This part
of the calculation is usually performed by CalcHEP [202, 203]. Afterwards the resulting
tree-level cross sections are imported by micrOMEGAs. To approximate certain one-loop
effects, effective couplings and masses are introduced. However, there are no full one-loop
corrections implemented in micrOMEGAs.24

24Albeit there are processes implemented which are inherently of one-loop order, as e.g. χ̃0
1χ̃

0
1 → γγ.
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Tree-level cross sections

pMSSM parameters

Neutralino relic density

Solve RGEs, calculate SUSY
spectrum

Figure 6.1.: Flowchart of a relic density calculation with DM@NLO

At this point our project DM@NLO enters the stage. If a certain (co)annihilation process
is relevant for the determination of the relic density and this process is available at O(αs)
in DM@NLO, we replace the corresponding CalcHEP cross section by ours. In this way we
modify the resulting neutralino relic density and reduce its theoretical uncertainty. The
impact of the NLO corrections on the relic density is investigated numerically in the next
chapter.

We also mention the SloopS project, which can be seen as complementary to DM@NLO.
The idea of the project is very similar, the difference being that electroweak corrections
to σann are calculated. Some selected results can be found in [215, 216]. However, due to
the large number of involved diagrams, the evaluation has to be performed automatically,
which leads to additional problems.
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6.2 Subprojects within DM@NLO

6.2. Subprojects within DM@NLO

At this time, there are five completed DM@NLO subprojects which we present in this section.

• ntnt2qq

The DM@NLO project was initiated by Björn Herrmann, Michael Klasen and Karol
Kovař́ık around 2006. The starting point was a SUSY QCD one-loop calculation
of the process χ̃0

1χ̃
0
1 → A0 → bb̄. This process is dominant in the so-called Higgs-

funnel region of the constrained MSSM. Therefore, the resulting relic density in the
Higgs-funnel region heavily depends on this process and its radiative corrections.
The results of this calculation contributed to the diploma thesis of Björn Herrmann
[217] and have been published in [218]. In 2013 the calculation has been performed
again by the author of this thesis, where additional two-loop contributions to the
Yukawa coupling of A0 and bottom quarks have been taken into account [57].

The chronological next step was the complete calculation of the processes

χ̃0
1χ̃

0
1 → bb̄ and χ̃0

1χ̃
0
1 → tt̄ (6.1)

at O(αs). This project is called ntnt2qq (sometimes also ntnt2bb) and the results
have been published in [219, 220]. A more detailed description can be found in the
PhD thesis of Björn Herrmann [181].

• ChiChi2qq

The ChiChi2qq project was started by Björn Herrmann, Michael Klasen and Karol
Kovař́ık directly after the ntnt2qq project and is meant as a generalisation of the
latter. More precisely, all gaugino25 annihilation and coannihilation processes of the
form

χ̃0
i χ̃

0
j → qq̄, χ̃±k χ̃

0
i → qq̄′ and χ̃+

k χ̃
−
l → qq̄ (6.2)

have been implemented at O(αs). Note that all kinds of combinations are included,
i.e. i, j = 1, 2, 3, 4, k, l = 1, 2 and q = u, d, c, s, t, b. The quark q′ is fixed by charge
conservation. We stress that this generalisation is quite extensive. Whereas the
ntnt2qq project includes exactly two processes, the ChiChi2qq project covers 108
different processes in total.26

However, for several reasons the project was not finished before 2014. The real
corrections were calculated by Moritz Meinecke [63]. Box contributions and missing
photon processes were implemented by Karol Kovař́ık and the author of this thesis.
The whole code was checked and debugged by Moritz Meinecke and the author of this
thesis. The results of this project have been published in [147] and the underlying
calculation is briefly presented in section 5.4.

• NeuQ2qx

Apart from coannihilating with another gaugino, the neutralino might also coanni-
hilate with a squark if the mass difference between them is small enough. The prime

25We stick to the nomenclature introduced in chapter 2: Charginos and neutralinos are called gauginos,
whereas gluinos are not.

26There are (4 + 3 + 2 + 1) · 6 = 60 different possible realisations for neutralino annihilation, 2 · 4 · 3 = 24
different neutralino-chargino coannihilation processes and 2 · 2 · 6 = 24 different combinations for char-
gino annihilation.
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candidate for a light squark in the MSSM is the lightest stop t̃1. The idea of the
NeuQ2qx project is to calculate the most important stop coannihilation processes
at O(αs) to allow for a precise prediction of the relic density in case of sizeable
coannihilations between neutralinos and stops. More precisely, the processes

χ̃0
1t̃1 → qV, χ̃0

1t̃1 → qH and χ̃0
1t̃1 → tg (6.3)

have been implemented by Julia Harz and Quentin Le Boulc’h. Here V = γ, Z0,W+,
H = h0, H0, A0, H+ and q = t or b so that charge is conserved. The results of this
project can be found in [148, 149] and the PhD theses [62, 64].

• QQ2xx

For even smaller mass differences between the lightest neutralino and the lightest
stop, stop annihilation becomes relevant as well. This is the basis of the QQ2xx

project executed by Moritz Meinecke, where the processes

t̃1t̃
∗
1 → V V, t̃1t̃

∗
1 → V H and t̃1t̃

∗
1 → HH (6.4)

have been calculated at O(αs). As before, V = γ, Z0,W± and H = h0, H0, A0, H±

can be arbitrarily combined as long as charge is conserved. In contrast to the
ChiChi2qq project, the SUSY QCD corrections occur in the initial rather than
the final state. In particular, n gluons can be exchanged between the incoming
stop-antistop pair in ladder diagrams. These so-called Coulomb corrections lead to
contributions proportional to (αs/v)n. In the region of low relative velocity v be-
tween the incoming stop-antistop pair, this factor can become large and spoil the
convergence of the perturbative series in αs. Hence, these multiple gluon exchanges
have to be resummed to all orders in perturbation theory in order to get a reliable
result, which is a special feature of the QQ2xx project. More details on this project
can be found in [63, 150].

It is planned to extend the QQ2xx project to strong interacting final states, i.e. to
calculate the full O(αs) corrections to the processes

t̃1t̃
∗
1 → gg, t̃1t̃

∗
1 → tt̄ and t̃1t̃1 → tt. (6.5)

• DD

The direct detection project (DD) substantially differs from all other previous sub-
projects. As mentioned before, the original idea of the DM@NLO project is to include
O(αs) corrections to the (co)annihilation cross section entering the Boltzmann equa-
tion to allow for a precise prediction of the neutralino relic density. In contrast to
that, the aim of the DD project is to calculate a second, loop-improved dark mat-
ter observable, namely the neutralino-nucleon cross sections which enter the direct
detection rate. The underlying fundamental process reads

χ̃0
1q → χ̃0

1q (6.6)

and the corresponding calculations are presented in chapter 4 in great detail.

The DD project is motivated by the fact that the sensitivity of direct detection ex-
periments has increased impressively during the last decade (cf. [7, 8]) and that this
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6.2 Subprojects within DM@NLO

trend is planned to be continued (cf. [221, 222]). Although no indisputable positive
signal has been found yet, it is desirable to increase the precision on the theory side
as well for mainly two reasons: On the one hand, in case of continous non-detection
of WIMPs, improved theoretical precision allows to set more robust bounds on the
MSSM parameter space. On the other hand, in case of WIMP detection, precise
theoretical calculations permit to reliably identify the WIMP and its properties. In
our situation, the theoretical precision is improved by including SUSY QCD correc-
tions to the neutralino-nucleon cross sections. A complete and consistent calculation
of this kind has not been done before.

We also stress that the direct detection rate and the relic density are linked at the
microscopic level. The fundamental process given in (6.6) corresponds to neutralino
annihilation into quarks (as included in the ChiChi2qq project) rotated by ninety
degrees. Remember that the latter is only one out of many processes incorporated in
the (co)annihilation cross section σ(co)ann entering the Boltzmann equation. Other
processes include electroweak final states which are not directly subject to QCD
corrections. In contrast, the neutralino-nucleon cross sections always involve strong
interacting particles and are therefore always affected by QCD corrections.

When including the relic density and the direct detection rate simultaneously to e.g.
constrain the MSSM parameter space, both observables have to be calculated in a
consistent way. This is of special importance at NLO to avoid mismatches between
different renormalisation schemes and to ensure that all parameters are uniquely
defined (cf. section G.3). A consistent numerical investigation incorporating both
observables is given in the next chapter.

The implementation of the DD project has solely been performed by the author of
this thesis and can be seen as its core part. Thanks to our modular approach of
calculating vertex and propagator corrections, parts of the needed loop amplitudes
were already present and could be transferred from the ChiChi2qq to the DD project.
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7. Numerical results

In this chapter we perform a numerical investigation with the help of DM@NLO and anal-
yse the phenomenological impact of the radiative corrections calculated in chapters 4 and
5. We examine five pMSSM scenarios which are introduced and described in the next
section. A common feature of these scenarios is that they are dominated by gaugino
(co)annihilation into quarks. Hence, the resulting neutralino relic density depends sen-
sitively on these kinds of processes and is influenced by the associated NLO corrections.
This influence is analysed in great detail and compared with the experimental uncertainty
given by the Planck data in section 7.2. Afterwards we combine our relic density and
neutralino-nucleon cross section calculations at NLO to heavily constrain the pMSSM pa-
rameter space and to precisely predict the neutralino-nucleon cross sections. The resulting
shifts of the neutralino-nucleon cross sections due to the inclusion of SUSY QCD correc-
tions are compared with typical nuclear uncertainties. Most of the results presented in
this chapter have been published in [103, 147, 190].

7.1. Introduction of reference scenarios

Throughout this thesis we work within the pMSSM with eleven free parameters as pre-
sented in section 2.5. The input parameters of our five reference scenarios are listed in
table 7.1, where dimensionful quantities are given in GeV and all parameters are defined
at a scale M̃ = 1 TeV according to the SPA convention [223]. This scale is identified
with our renormalisation scale µ, which corresponds to the high scale µhigh of our EFT
calculation simultaneously. We stress that the chosen pMSSM setup is designed for relic
density calculations including light stops (cf. [148–150]). As it has proven sufficient for
finding interesting direct detection scenarios, we stick to it for consistency and keep in
mind that a more specific pMSSM setup may lead to considerably larger loop contribu-
tions to the neutralino-nucleon cross sections. In particular, such a setup should allow for
(at least) three independent mass parameters of the first two squark generations, namely
Mq̃1,2 , Mũ1,2 and Md̃1,2

. However, we leave this analysis for future work.
Following the procedure described in chapter 6, the pMSSM input parameters are

handed over to a spectrum generator to obtain the physical spectrum, i.e. all the par-
ticle masses and mixing angles. We choose to work with SPheno 3.2.3. The spectrum
gained this way is imported by micrOMEGAs 2.4.1, which is used to solve the Boltzmann
equation. Moreover, the neutralino relic density and neutralino-nucleon cross sections cal-
culated by micrOMEGAs are used for comparison. However, we have modified the default
configuration of micrOMEGAs in three ways. Firstly, we neglect the quark masses of the
first two generations in the kinematics. This simplification increases the numerical stabil-
ity of the implemented dipole subtraction method (cf. subsection 5.4.3) and the numerical
stability of loop integrals (cf. chapter F). To allow for Higgs exchange processes, we keep
those masses in the Yukawa couplings. This is of particular importance when calculat-
ing the spin-independent neutralino-nucleon cross sections, where the Yukawa masses are
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7 Numerical results

Table 7.1.: pMSSM input parameters for five selected reference scenarios

Parameter Scenario

I II III IV V

tanβ 13.4 6.6 10.0 13.7 7.0

µ 1286.3 842.3 1100.0 493.0 815.0

mA0 1592.9 1566.9 1951.4 500.8 1452.8

M1 731.0 705.4 1848.0 270.0 675.3

M2 766.0 1928.4 1800.0 1123.4 1423.4

M3 1906.3 1427.0 1102.3 1020.3 1020.3

Mq̃1,2 3252.6 1238.5 3988.5 479.9 809.9

Mq̃3 1634.3 2352.1 2302.0 1535.5 1835.5

Mũ3 1054.4 774.1 1636.6 836.7 1436.7

Ml̃ 3589.6 2933.2 1982.1 3469.4 3469.4

At -2792.3 -3174.6 -2495.3 -2070.9 -2670.9

basically factored out of the amplitudes and replaced by the nuclear matrix elements via
(4.8). It has been checked explicitly that the effect of this simplification on the final re-
sults is negligible. The second modification concerns the scalar coefficients fNTq. We are
working with micrOMEGAs 2.4.1 to benefit from our established interface for relic den-
sity calculations at NLO. As the scalar coefficients implemented in micrOMEGAs 2.4.1

are outdated, we have updated them manually to those implemented in the most recent
version micrOMEGAs 4.2.5 as listed in table 4.1. Thirdly, we have modified the treatment
of particle widths in micrOMEGAs such that they are always activated. By default particle
widths are switched on only in a narrow interval around resonances. This last change
allows for better comparison of our calculation with micrOMEGAs in figures 7.1 and 7.5,
but does not affect the resulting neutralino relic density in any scenario.

The physical spectrum generated by SPheno is imported by DM@NLO as well. However, as
we are interested in a consistent calculation of full O(αs) corrections, we have to carefully
choose a suitable renormalisation scheme and redefine some of the physical parameters.
In the following we are working with the hybrid on-shell/DR-scheme presented in detail
in section G.5. Within this scheme, the top and lighter stop mass are defined on-shell. In
contrast, the bottom mass and the strong coupling constant are defined in the DR scheme
and calculated by us.

Note that effective field theory calculations such as the calculation of the neutralino-
nucleon cross section presented in chapter 4 are usually performed in a minimal scheme like
MS or DR (cf. section G.3). Nevertheless, we stick to the hybrid scheme mentioned above
for basically three reasons. Firstly, we want to combine our relic density and neutralino-
nucleon cross section calculations consistently. This can only be achieved if all parameters
are uniquely defined, i.e. if the same renormalisation scheme is used throughout. The
hybrid scheme has proven very reliable for relic density calculations at NLO, in particular
for scenarios including light stops (cf. [148–150]). Moreover, it has been shown that the
on-shell treatment of the top and lighter stop mass leads to improved perturbative stability
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7.1 Introduction of reference scenarios

Table 7.2.: Gaugino, squark, gluino and Higgs boson masses in GeV, the composition
of the lightest neutralino and other selected observables corresponding to the
reference scenarios of table 7.1

Observable Scenario

I II III IV V

mχ̃0
1

738.2 698.9 1106.7 265.7 669.2

mχ̃0
2

802.4 850.5 1114.9 498.4 826.6

mχ̃0
3

1288.4 854.0 1855.0 502.6 826.7

mχ̃0
4

1294.5 1940.2 1865.6 1135.1 1438.6

mχ̃±1
802.3 845.6 1109.6 495.7 819.6

mχ̃±2
1295.1 1940.4 1856.3 1135.3 1438.9

mũ1 3270.9 1284.0 4024.9 549.5 865.0

md̃1
3271.6 1286.1 4025.5 555.7 868.4

mt̃1
1009.0 874.8 1664.1 834.2 1407.9

mb̃1
1631.0 2361.9 2311.8 1541.4 1837.3

mg̃ 2049.9 1496.8 1303.0 1061.2 1090.7

mh0 126.3 125.2 126.0 124.8 125.2

mH0 1592.7 1567.1 1951.5 500.9 1453.0

mH± 1595.1 1569.0 1953.2 507.2 1455.1

N11 -0.996 -0.969 0.046 -0.988 -0.972

N12 0.049 0.012 -0.082 0.008 0.018

N13 -0.059 -0.187 0.706 -0.131 -0.178

N14 0.037 0.162 -0.702 0.077 0.152

Ωχ̃0
1
h2 0.1243 0.1034 0.1190 0.1199 0.1179

BR(b→ sγ) 3.0 · 10−4 3.2 · 10−4 3.2 · 10−4 3.6 · 10−4 3.3 · 10−4

in comparison to a definition in the DR scheme (cf. [190]). Thus, it seems plausible to use
this scheme in the context of direct detection as well. A second reason is given by the end
of subsection 7.3.3, where the aforementioned improved perturbative stability becomes
evident once more. The last reason is a more pragmatic one. When using the hybrid
scheme, DM@NLO and micrOMEGAs are using the same on-shell squark masses calculated by
SPheno, which allows for simpler comparison of the leading order result with micrOMEGAs.

Having described the numerical setup, we continue with the phenomenological discus-
sion. Table 7.2 lists gaugino, squark, gluino and Higgs boson masses in GeV, the composi-
tion of the lightest neutralino, the neutralino relic density Ωχ̃0

1
h2 in units of the critical den-

sity ρc and the branching ratio of the decay process b→ sγ for the five reference scenarios.
The squark masses mũ2 , md̃2

, mc̃1 , mc̃2 , ms̃1 and ms̃2 are not explicitly shown. However,
as we are working with a common soft mass parameter Mq̃1,2 for the first two generations,
all of these squark masses are very similar. The mass of the pseudoscalar Higgs boson A0
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7 Numerical results

is an input parameter and shown in table 7.1. Note that mH0 and mH± are roughly the
same as the corresponding mA0 , which is in agreement with (2.27) and (2.28). The 4× 4
neutralino mixing matrix N is defined in subsection 2.4.2. The elements N11, N12, N13 and
N14 denote the bino, wino and higgsino admixture of the lightest neutralino, respectively.
These relative fractions add up to one, i.e. |N11|2 + |N12|2 + |N13|2 + |N14|2 = 1. The
neutralino composition is of fundamental importance for the resulting neutralino-nucleon
cross sections and discussed in more detail in section 7.3.

All of the reference scenarios fulfill certain experimental bounds. The first bound is
given by the mass of the Higgs boson mh0 . Remember that mh0 is not a free parameter
of the pMSSM (cf. subsection 2.4.1) but has to be correctly reproduced. More precisely,
we demand the mass of the light scalar Higgs boson to lie in the range

mh0 = 125± 1.5 GeV. (7.1)

This range is larger than the recent experimental uncertainty (cf. [224]) and motivated by
the limited precision of the spectrum generator SPheno. Higher order corrections to the
Higgs mass are not implemented yet and may slightly change the resulting Higgs mass for
a given set of pMSSM input parameters (cf. [225]).

The second bound is of cosmological origin. We assume that the lightest neutralino solely
accounts for the amount of cold dark matter as inferred from the Planck data. However,
the values given in table 7.2 are obtained by an (effective) tree-level calculation with
micrOMEGAs. As we are expecting that this result is modified by our radiative corrections,
we apply the Planck limit in rather loose form. We demand the scenarios to lie near the
cosmologically preferred region and to fulfill

Ωχ̃0
1
h2 = 0.12± 0.02. (7.2)

The branching ratio of the rare process b → sγ is included as the last bound. This
electroweak decay has been measured very precisely and no significant deviation from
Standard Model predictions has been found. Therefore, any non-SM contribution to this
process has to be highly suppressed and the associated branching ratio permits to constrain
the MSSM parameter space (cf. e.g. [226–228]). We impose the limit

BR(b→ sγ) = (3.42± 0.65) · 10−4, (7.3)

which corresponds to the 3σ range given in [229].
Table 7.3 shows the most relevant gaugino (co)annihilation processes into quarks and

their relative contributions to the thermally averaged (co)annihilation cross section roun-
ded to full percent for the five reference scenarios. These fractions are based on the
(effective) tree-level calculation implemented in micrOMEGAs. Processes which contribute
less than 1% or which are not implemented in DM@NLO are not shown. When performing
a relic density calculation, the CalcHEP tree-level cross sections of the listed channels are
replaced by ours. To be more precise, this replacement works as follows:

• All processes with a relative contribution larger than x1 to the thermally averaged
(co)annihilation cross section are taken into account when calculating the neutra-
lino relic density with micrOMEGAs.27 The corresponding cross sections are imported

27The parameter x1 is called Beps in micrOMEGAs.
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7.1 Introduction of reference scenarios

Table 7.3.: Most relevant gaugino (co-)annihilation processes into quarks in the reference
scenarios of table 7.1

Process Scenario

I II III IV V

χ̃0
1χ̃

0
1 → tt̄ 1% 15% 10% 52%

χ̃0
1χ̃

0
1 → bb̄ 9% 6% 78% 40%

χ̃0
1χ̃

0
2 → tt̄ 3% 12% 3%

χ̃0
1χ̃

0
2 → bb̄ 23% 7% 2%

χ̃0
1χ̃

0
2 → cc̄ 1%

χ̃0
1χ̃

0
2 → ss̄ 2%

χ̃0
1χ̃

0
2 → uū 1%

χ̃0
1χ̃

0
2 → dd̄ 2%

χ̃0
1χ̃

0
3 → tt̄ 9%

χ̃0
1χ̃

0
3 → bb̄ 5%

χ̃+
1 χ̃

0
1 → tb̄ 43% 40% 1%

χ̃+
1 χ̃

0
1 → cs̄ 9%

χ̃+
1 χ̃

0
1 → ud̄ 9%

χ̃+
1 χ̃

0
2 → cs̄ 1% 5%

χ̃+
1 χ̃

0
2 → ud̄ 1% 5%

χ̃+
1 χ̃
−
1 → tt̄ 3%

χ̃+
1 χ̃
−
1 → bb̄ 1% 3%

χ̃+
1 χ̃
−
1 → cc̄ 2%

χ̃+
1 χ̃
−
1 → ss̄ 1%

χ̃+
1 χ̃
−
1 → uū 2%

χ̃+
1 χ̃
−
1 → dd̄ 1%

Total 82% 94% 52% 88% 92%

from CalcHEP. We are working with x1 = 0.001%, i.e. we also include processes that
contribute only marginally and are not shown in table 7.3.

• If a process possesses a relative contribution larger than x1 but smaller than or equal
to x2 to the thermally averaged (co)annihilation cross section and is implemented
in DM@NLO, the corresponding CalcHEP cross section gets replaced by our tree-level
cross section.28 The parameter x2 can be chosen freely, but we recommend and use
x2 = 2%.

• If a process possesses a relative contribution larger than x2 to the thermally aver-
aged (co)annihilation cross section and is implemented in DM@NLO, the corresponding
CalcHEP cross section gets replaced by our NLO cross section.

28The parameter x2 is called ChannelFilter in DM@NLO.
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The second criterion based on x2 is introduced for practical reasons. As full NLO cal-
culations are far more time conusuming than tree-level calculations, we want to activate
the former only when really relevant. If a certain process is less relevant but implemented
in DM@NLO, we replace the corresponding CalcHEP cross section by ours at tree-level for
consistency, i.e. to ensure that all parameters appearing in gaugino (co)annihilation pro-
cesses into quarks are uniquely defined. The given value of x2 = 2% has proven reliable in
practice and can be seen as a reasonable compromise between accuracy and computation
time. If we assume that SUSY QCD corrections modify cross sections by maximally 50%,
the error due to the non-activation of NLO corrections for a single process contributing
maximally 2% can be naively estimated to be 50% ·2% ≤ 1%. This relative error is smaller
than the recent experimental uncertainty given by the Planck data. On the other hand,
typical computation times for relic density scans at NLO as presented in the next section
amount to a few days if the second criterion is considered. If this discrimination is dropped
and all gaugino (co)annihilation processes into quarks are calculated at NLO regardless of
their respective relevance, computation times may increase to more than a week without
any significant change of the final result.29

In the next section, the phenomenology of the first three scenarios is discussed in detail.
More precisely, we investigate how the individual channels listed in table 7.3 affect the
resulting neutralino relic density and how this result is modified when including NLO
corrections. However, let us emphasise a common feature of the first three scenarios at
this point: The thermally averaged (co)annihilation cross section can be dominated by
processes including not only the lightest neutralino but other gauginos such as χ̃0

2, χ̃0
3 or

χ̃+
1 as well. Moreover, the final state may include not only heavy but also light quarks

of the first two generations as in scenario III. This fact is the original motivation for the
generalisation of the ntnt2qq to the ChiChi2qq project (cf. chapter 6).

7.2. Neutralino relic density

7.2.1. Analysis of scenario I

Having introduced the reference scenarios, we continue our phenomenological analysis
by taking a closer look at the most relevant (co)annihilation processes of scenario I (cf.
table 7.3). The dominant channel is given by χ̃+

1 χ̃
0
1 → tb̄, followed by coannihilation of the

lightest and second lightest neutralino into bottom quarks. Annihilation between lightest
neutralinos into bottom quarks ranks third. Top quark final states are disfavoured as
tanβ = 13.4 is rather large, which decreases the Yukawa couplings of up-type quarks and
increases the Yukawa couplings of down-type quarks.

The observed hierarchy of (co)annihilation processes is mainly due to Higgs resonances.
The first process χ̃+

1 χ̃
0
1 → tb̄ occurs preferably via s-channel exchange of a charged Higgs

boson H+. As the total mass in the initial state given by mχ̃±1
+mχ̃0

1
= 1540.5 GeV is close

to mH± = 1595.1 GeV, this process is resonantly enhanced. The same holds true for the
second process χ̃0

1χ̃
0
2 → bb̄, which is preferably realised via s-channel exchange of a pseu-

29In contrast, the computation time of a relic density scan at leading order usually amounts to less than
two or even less than one hour. The given computation times refer to the usage of a single, recent
processor. Note that relic density scans can be parallelised easily by dividing the considered parameter
space into smaller subspaces and starting an independent scan for each of these subspaces on different
machines simultaneously.
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Figure 7.1.: Tree-level (black dashed line), full one-loop (blue solid line) and micrOMEGAs

(orange solid line) cross sections for selected channels in scenario I

doscalar Higgs boson A0. Here we have mχ̃0
1

+mχ̃0
2

= 1540.6 GeV and mA0 = 1592.9 GeV
leading to a resonance as well. Although both of these processes are Boltzmann-suppressed
according to (5.14), they turn out to be more relevant than the unsuppressed annihilation
process χ̃0

1χ̃
0
1 → bb̄ as mχ̃0

1
+ mχ̃0

1
= 1476.4 GeV is further away from the A0 resonance.

Note that the initial states mχ̃0
2
+mχ̃0

2
∼ mχ̃±1

+mχ̃±1
∼ 1600 GeV are even closer to the A0

resonance. However, due to their strong Boltzmann suppression, annihilation processes of
second lightest neutralinos or charginos are numerically irrelevant in this scenario.

The cross sections of the two most relevant processes are depicted in figure 7.1. More
precisely, we show the absolute value of σ in GeV−2 in dependence of the momentum
in the center-of-mass frame pcm for the processes χ̃+

1 χ̃
0
1 → tb̄ and χ̃0

1χ̃
0
2 → bb̄ calculated

with DM@NLO at tree-level (black dashed line), at NLO (blue solid line) and the corre-
sponding value obtained with micrOMEGAs (orange solid line). The grey areas indicate the
Boltzmann velocity distributions of the considered gauginos in arbitrary units. The lower
parts of the plots show the corresponding ratios of the cross sections (second item in the
legends).

The most striking feature of the left plot of figure 7.1 is the previously discussed H+

resonance at roughly 200 GeV. This resonance is located near the maximum of the thermal
distribution, which renders this process highly relevant for the relic density calculation.
The black dashed and blue solid lines are lying closely together, the relative shift due to
the NLO corrections amounts to less than 10% as shown by the solid blue line in the lower
part of the plot. Note that this shift is towards the direction of the orange solid line, i.e.
towards the effective tree-level calculation of micrOMEGAs which is meant to approximate
NLO effects. The deviation between micrOMEGAs and our tree-level calculation is rather
large and amounts to more than 20% as indicated by the black dashed line in the lower
part of the plot. This difference is due to a different treatment of bottom and top masses
and the inclusion of effective couplings in micrOMEGAs.

The right plot of figure 7.1 looks similar to the left one. Once again, we encounter
a pronounced resonance around 200 GeV, which is due to the exchange of pseudoscalar
A0 Higgs bosons in the s-channel this time. The black dashed and blue solid lines are
more separated than previously, the NLO corrections lead to a shift of almost 20% in
this case. As before, the shift is towards the effective tree-level calculation of micrOMEGAs,
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Figure 7.2.: Relative importance of the processes that contribute to the neutralino relic
density in the M1-M2 plane surrounding scenario I

i.e. towards the orange solid line. The deviation between micrOMEGAs and our tree-level
correction is even larger and amounts to roughly 30%. This shift is caused by different
treatments of the bottom mass and the associated couplings.

We continue by investigating the impact of the individual processes listed in table 7.3
on the resulting neutralino relic density in more detail. The green background contours
in the upper left plot of figure 7.2 show the total contribution of gaugino (co)annihilation
processes into quarks, i.e. the relative fraction of processes implemented in DM@NLO, to the
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7.2 Neutralino relic density

thermally averaged cross section in the M1-M2 plane surrounding scenario I. As a quick
reminder: Scenario I is located at M1 = 731.0 GeV and M2 = 766.0 GeV. The contribution
of gaugino (co)annihilation into quarks reaches more than 80% in the upper left corner
of the plot and drops below 20% in the upper right corner, where electroweak final states
become dominant.

The three coloured lines represent the cosmologically preferred part of the parameter
space, i.e. the region leading to a neutralino relic density compatible with the Planck limit
given in (3.5) when using the standard micrOMEGAs calculation (orange), our tree-level
calculation (grey) and our full one-loop calculation (blue). Note that these lines are very
thin and select only a tiny fraction of the pMSSM parameter space. This demonstrates how
constraining the Planck limit actually is, if one assumes lightest neutralinos to fully account
for cold dark matter. We continue with the analysis of the individual (co)annihilation
processes first and return to the relic density afterwards.

The remaining five plots of figure 7.2 depict the individual contributions from selected
processes. The most relevant process in the considered pMSSM parameter plane is given
by χ̃0

1χ̃
0
1 → bb̄ and the corresponding contribution is shown in the upper right plot of

figure 7.2. This process makes up more than 70% in large parts of the parameter plane
but only about 20% in the center left region near scenario I, where gaugino (co)annihilation
still amounts to more than 80% in total. In this part of the parameter space the processes
χ̃+

1 χ̃
0
1 → tb̄ and χ̃0

1χ̃
0
2 → bb̄ contribute up to 45% and 24%, respectively, as shown in the

middle plots of figure 7.2. The shape of both contours is very similar as the underlying
mechanisms are the same. Both processes are enhanced by Higgs resonances and the
involved masses are roughly equal (mχ̃+

1
∼ mχ̃0

2
and mH± ∼ mA0).

The lower left plot of figure 7.2 shows the contributions of the rather exotic processes
χ̃+

1 χ̃
0
2 → cs̄ and χ̃+

1 χ̃
0
2 → ud̄ which have been summed as the individual contributions

are basically identical. We see that this sum amounts to 16-18% in the cosmologically
preferred region, which demonstrates that light quark final states are non-negligible. The
contribution of the process χ̃+

1 χ̃
−
1 → bb̄ is shown in the lower right plot of figure 7.2 and

accounts for 15% inside and up to 35% outside the cosmologically preferred region. Not
shown are the less important contributions stemming from the channels χ̃+

1 χ̃
0
1 → cs̄ and

χ̃+
1 χ̃

0
1 → ud̄ (up to 10% each) and χ̃+

2 χ̃
−
2 → bb̄ (up to 5%).

These findings are quite remarkable. We have analysed the surrounding parameter
space of a single scenario and encountered a plethora of different gaugino (co)annihilation
processes. Using the filter mechanism described in the previous section, we correct up
to twelve processes in parallel in the individual scenarios of figure 7.2. This evidences
the necessity to treat gaugino (co)annihilation in full generality when calculating the
neutralino relic density in the pMSSM.

Let us now return to the analysis of the relic density. Figure 7.3 shows a more detailed
version of the upper left plot of figure 7.2. As before, the coloured lines represent the
cosmologically preferred region of the parameter space when calculating the neutralino
relic density with micrOMEGAs (orange line), DM@NLO at tree-level (grey line) or including
full O(αs) corrections (blue line). These three lines separate, i.e. the impact of the ra-
diative corrections is larger than the experimental uncertainty given by the Planck data.
This observation agrees with our previous findings on the cross sections. The dominant
processes χ̃+

1 χ̃
0
1 → tb̄ and χ̃0

1χ̃
0
2 → bb̄ are subject to large radiative corrections of roughly

10% and 20%, respectively. These shifts of cross sections are translated into a shift of the
relic density via the Boltzmann equation. The black contour lines denote the relative shift
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Figure 7.3.: Neutralino relic density in the M1-M2 plane surrounding scenario I

between the tree-level and one-loop relic density, i.e.
∣∣1−ΩNLO

χ /Ωtree
χ

∣∣. In the present case,
the latter amounts to roughly 5%, whereas the relic density obtained with micrOMEGAs

differs by 14% from our tree-level result.

One might wonder if this result is changed again when including not only one- but
also two- or three-loop corrections. Although the calculation of these corrections is very
laborious and clearly beyond the scope of the DM@NLO project, we are able to estimate
their impact in terms of a variation of the renormalisation scale. Remember that any
regularisation method introduces an artificial scale µ (cf. chapter F). The final result is
independent of µ when all orders in perturbation theory are included. If the calculation is
restricted up to a certain order, e.g. up to NLO, an unphysical dependence on µ remains.
To minimise potentially large logarithms, µ is usually chosen to be of similar size as
typical process energies or involved particle masses. In our case, we are following the
aforementioned SPA convention and set µ = 1 TeV. However, this choice is basically
arbitrary. Hence, we can vary µ by a factor of two and investigate its effect on the
corresponding cross sections and the associated neutralino relic density. The resulting
shifts can be seen as an indicator for the relevance of the neglected higher-order corrections.
We stress that this analysis is not possible at tree-level, meaningful results can only be
obtained if a full NLO calculation is performed.

The scale dependence of processes implemented in DM@NLO has been investigated in detail
in [190]. In this publication scenario I was considered as well and we briefly highlight the
respective findings at this point. As already mentioned, the most relevant processes in
scenario I are given by χ̃+

1 χ̃
0
1 → tb̄ and χ̃0

1χ̃
0
2 → bb̄, which are preferably realised via

resonant Higgs exchanges and of purely electroweak origin at leading order. Thus, one
could be led to the naive conclusion that the scale dependence is increased when adding
SUSY QCD corrections involving the scale-dependent strong coupling constant. In fact,
the opposite is the case here, which is explained as follows. The effect of varying the strong
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Figure 7.4.: Neutralino relic density in the M1-M2 plane surrounding scenario I when
varying the renormalisation scale

coupling constant between 500 and 2000 GeV is of minor importance as we are working
deeply in the perturbative regime, where αs is small anyway. In contrast, other scale-
dependent parameters such as the bottom quark mass mb enter the calculation already
at tree-level. Remember that mb is defined within the DR scheme and therefore scale-
dependent. This mass appears in the Yukawa couplings between Higgs bosons and bottom
quarks, which are crucial in the present case. As a consequence, the scale dependence of
mb dominates the overall scale dependence.

Let us investigate this connection more quantitavely. The tree-level cross section of the
process χ̃0

1χ̃
0
2 → bb̄ is decreased by 7% if µ is chosen to be 2000 GeV instead of 1000 GeV

and increased by 9% if µ is chosen to be 500 GeV. These shifts are in agreement with the
ratios m2

b(µ = 2 TeV)/m2
b(µ = 1 TeV) = 0.93 and m2

b(µ = 0.5 TeV)/m2
b(µ = 1 TeV) =

1.09. When NLO corrections are added and the vertex corrections to the Higgs-quark
Yukawa couplings are explicitly included, the scale dependence reduces to less than ±5%.

The additional uncertainty in the cross sections translates into an additional uncertainty
of the resulting relic density and leads to enlarged cosmologically preferred regions in
the pMSSM parameter space. This is shown in figure 7.4, where we have left aside the
green contours for better visibility and added grey and blue bands to the original grey
and blue lines which indicate the cosmologically preferred regions at tree-level and NLO,
respectively. The tree-level and NLO bands clearly overlap. However, note that the blue
band is smaller than the grey one, which corresponds to the aforementioned reduction
of the scale dependence at NLO. We also stress that the micrOMEGAs line lies outside of
both bands, which can be traced back to the usage of effective couplings and different
treatments of top and bottom masses.
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Figure 7.5.: Tree-level (black dashed line), full one-loop (blue solid line) and micrOMEGAs

(orange solid line) cross sections for selected channels in scenario II

More distinct scale-dependent features have been found in the two other scenarios inves-
tigated in [190], which include not only gaugino (co)annihilation but also neutralino-stop
coannihilation and stop-antistop annihilation. A peculiarity of the process t̃1χ̃

0
1 → tg is

the presence of the strong coupling constant at tree-level. The scale-dependence of the
latter turns out to be relevant here and is reduced by the inclusion of NLO corrections. In
case of stop-antistop annihilation, so-called Coulomb corrections become relevant at low
relative velocities. Coulomb corrections are caused by multiple gluon exchanges between
the initial squarks in ladder diagrams and have to be resummed to all orders to obtain a
reliable result. In the course of this resummation, the so-called Coulomb scale µC is in-
troduced, which can be varied independently of the renormalisation scale and constitutes
a second source of theoretical uncertainty. For more details on the scale dependence of
these processes we refer to [190].

7.2.2. Analysis of scenario II

We continue with the discussion of the most relevant gaugino (co)annihilation processes
in scenario II (cf. table 7.3). As before, the dominant channel is given by χ̃+

1 χ̃
0
1 → tb̄,

which contributes 40% to the thermally averaged (co)annihilation cross section. This
process is resonantly enhanced again, since we have mχ̃+

1
+mχ̃0

1
= 1544.5 GeV and mH+ =

1569.0 GeV. In comparison to the previous scenario, not only mχ̃+
1

and mχ̃0
2

but also mχ̃0
3

are close in mass. Thus, we encounter sizeable contributions from coannihilations between
lightest and second or third lightest neutralinos into top quarks, which are preferred over
bottom quarks as tanβ = 6.6 is smaller than previously. Both of these processes are
realised via resonant s-channel exchanges of H0 bosons (mχ̃0

1
+mχ̃0

2
= 1549.4 GeV, mχ̃0

1
+

mχ̃0
3

= 1552.9 GeV and mH0 = 1567.1 GeV). Pair annihilation of lightest neutralinos into

top quarks accounts for 15%. Note that mχ̃0
1

+mχ̃0
1

= 1397.8 GeV is rather far away from

the H0 resonance. In fact, this annihilation process is preferably realised via t̃1 exchange
in the t- or u-channel, which are kinematically favoured as mt̃1

= 874.8 GeV happens to
be relatively light in this scenario.

Figure 7.5 shows the cross sections of the processes χ̃+
1 χ̃

0
1 → tb̄ and χ̃0

1χ̃
0
2 → tt̄ in

GeV−2 in scenario II calculated by micrOMEGAs (orange solid line), DM@NLO at tree-level
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Figure 7.6.: Relative importance of the processes that contribute to the neutralino relic
density in the M1-µ plane surrounding scenario II

(black dashed line) and NLO (blue solid line) in dependence of pcm. As discussed be-
fore, both processes are resonantly enhanced and we observe large peaks at 140 GeV and
120 GeV, respectively. The positions of the peaks differ more than in scenario I as mχ̃+

1
and

mχ̃0
2

are less degenerated (cf. table 7.2). As a consequence, the H0 resonance enhancing

the process χ̃0
1χ̃

0
2 → tt̄ is located at lower pcm and further away from the maximum of the

thermal distribution shown in grey, which is why this process contributes only 12% to the
final relic density, whereas χ̃+

1 χ̃
0
1 → tb̄ accounts for 40%. Since both of the processes are
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Figure 7.7.: Neutralino relic density in the M1-µ plane surrounding scenario II

subject to large radiative corrections, the black dashed and blue solid lines cleary separate
in the upper parts of the plots. The relative shift amounts to 10-30% in case of neutralino-
chargino annihilation and remarkably 20-40% for the process χ̃0

1χ̃
0
2 → tt̄ as depicted by the

solid blue lines in the respective lower parts of the plots. However, note that the radiative
corrections are well approximated by effective couplings included in micrOMEGAs in this
case, the orange and blue lines basically coincide in the upper parts of the plots.

The impact of the individual gaugino (co)annihilation processes on the resulting neu-
tralino relic density is shown by the green contours in figure 7.6, where we have investi-
gated the M1-µ plane surrounding scenario II. Remember that scenario II is located at
M1 = 705.4 GeV and µ = 842.3 GeV. The coloured lines represent the cosmologically
preferred regions when using micrOMEGAs (orange line), DM@NLO at tree-level (grey line)
and NLO (blue line).

As shown in the upper left plot of figure 7.6, gaugino (co)annihilation makes up more
than 90% in a large part of the considered parameter plane but drops to less than 10% in
its upper right corner. Here the lightest neutralino becomes degenerated in mass with the
lightest stop, rendering neutralino-stop coannihilation and stop-antistop annihilation pro-
cesses highly relevant for relic density calculations (cf. [148–150]). The overall dominant
processes are given by the annihilation processes χ̃0

1χ̃
0
1 → tt̄ and χ̃0

1χ̃
0
1 → bb̄, which con-

tribute about 60% and 35% in the cosmologically preferred region, respectively. However,
both of these channels are of minor importance in the center left region near scenario II.
In this part of the parameter space, we encounter sizeable contributions from the pro-
cesses χ̃+

1 χ̃
0
1 → tb̄ (∼ 45%), χ̃0

1χ̃
0
2 → tt̄ (∼ 13%), χ̃0

1χ̃
0
2 → bb̄ (∼ 7%), χ̃0

1χ̃
0
3 → tt̄ (∼ 9%)

and χ̃0
1χ̃

0
3 → bb̄ (∼ 5%), which are shown in the remaining plots of figure 7.6. Thus, the

neutralino relic density is determined by a multitude of processes in parallel again.

To analyse the impact of the radiative corrections on the resulting neutralino relic
density, we show a more detailed version of the upper left plot of figure 7.6 in figure 7.7.
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7.2 Neutralino relic density

Note that the blue and orange lines basically coincide. These lines correspond to the
cosmologically preferred region when calculating the neutralino relic density with DM@NLO

at O(αs) and micrOMEGAs, respectively. In contrast, the grey line indicating our tree-level
calculation is clearly separated. The relative shift between our tree-level and NLO result
is very large in this scenario and accounts for almost 10% as shown by the black contour
lines. Both of these observations agree with our previous findings on the cross sections.
In this scenario, the effective couplings included in micrOMEGAs approximate the NLO
corrections of the leading processes quite well. Hence, our relic density calculation at
O(αs) is in good agreement with micrOMEGAs. We stress that this may happen but has
not to be the case necessarily as illustrated in e.g. scenario I. Moreover, the tree-level cross
sections of the considered processes χ̃+

1 χ̃
0
1 → tb̄ and χ̃0

1χ̃
0
2 → tt̄ are shifted by 10-30% and

20-40% when including SUSY QCD corrections, respectively. These large shifts lead to
the significant deviation between the relic density obtained at tree-level and NLO.

7.2.3. Analysis of scenario III

The phenomenology of the third scenario Is quite different and more complex. Central
features are relatively large mass parameters which result in large SUSY particle masses
(cf. tables 7.1 and 7.2). Moreover, mχ̃0

1
, mχ̃0

2
and mχ̃+

1
are almost degenerated and in

contrast to the previous scenarios, the lightest neutralino is mostly higgsino.
The given neutralino admixture increases the coupling to vector bosons, i.e. to Z0

bosons in case of neutralino annihilation and to W+ bosons in case of neutralino-chargino
coannihilation. Higgs resonances are absent as the gauginos are too heavy, we have e.g.
mχ̃0

1
+ mχ̃0

1
= 2213.4 GeV and mA0 = 1951.4 GeV. Consequently, s-channel processes

involving vector bosons contribute significantly. In contrast to Higgs processes, the latter
do not include Yukawa couplings and thus do not favour heavy fermions, which is why
light quark final states are relevant in this scenario (cf. table 7.3). In fact, the most
relevant processes not shown in table 7.3 include light fermions as well and are given by
χ̃+

1 χ̃
0
1 → e+νe, χ̃

+
1 χ̃

0
1 → µ+νµ and χ̃+

1 χ̃
0
1 → τ+ντ , which account for 3% each.

t- and u-channel processes involving squarks of the first two generations are strongly
suppressed as those squarks are very heavy (cf. table 7.2). Therefore, all processes leading
to light quarks listed in table 7.3 are almost exclusively realised via vector boson exchange
in the s-channel. Third generation squarks are lighter and the corresponding t- and u-
channel processes are relevant. This is especially true for the lightest stop with a mass
of mt̃1

= 1664.1 GeV. As a consequence, the process χ̃0
1χ̃

0
2 → tt̄ contributes slightly more

than the processes χ̃0
1χ̃

0
2 → cc̄ or χ̃0

1χ̃
0
2 → uū (cf. table 7.3). On the other hand, the t-

and u-channel processes may destructively interfere with the vector boson processes. This
happens in case of the process χ̃+

1 χ̃
0
1 → tb̄ which makes up only 1%, whereas χ̃+

1 χ̃
0
1 → cs̄

and χ̃+
1 χ̃

0
1 → ud̄ contribute 9% each.

The cross sections of the processes χ̃+
1 χ̃

0
1 → cs̄ and χ̃+

1 χ̃
0
2 → cs̄ are illustrated in

figure 7.8. Both plots are very similar. Resonances are absent and the curves drop
monotonously with increasing energy in the center-of-mass frame. Note that our tree-
level calculations are in perfect agreement with micrOMEGAs. The respective ratios have a
constant value of one as indicated by the black dashed lines in the lower parts of the plots.
In contrast to the processes investigated previously, effective couplings are absent within
micrOMEGAs and light quark masses are not modified by our renormalisation scheme.

The impact of the radiative corrections is rather small in both processes, leading to
relative shifts of 5% and 3%, respectively. Remember that SUSY QCD corrections involve
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Figure 7.8.: Tree-level (black dashed line), full one-loop (blue solid line) and micrOMEGAs

(orange solid line) cross sections for selected channels in scenario III

squarks and gluinos as virtual particles. As these particles are very heavy in scenario III
(cf. table 7.2), the corresponding loops are strongly suppressed. Given the additional
fact that gaugino (co)annihilation processes make up only 52% in this scenario (cf. ta-
ble 7.3), the corresponding radiative corrections affect the resulting relic density only
slightly. Therefore, we refrain from analysing the relic density at NLO in more detail at
this point.

However, let us stress once again that light quark final states are indeed relevant for
relic density calculations within the pMSSM. Although the associated radiative corrections
turn out to be of minor importance in the considered scenario, this may change in a
more general setup allowing for more free parameters. In particular, such a setup should
generate relatively light masses for the first two generations of squarks while simultaneously
fulfilling the experimental bounds discussed in section 7.1. All loop corrections in DM@NLO

are implemented in the most general form and suitable for any MSSM setup.

7.3. Neutralino-nucleon cross sections

The phenomenological analysis performed so far has focussed on the neutralino relic den-
sity and its modification due to the radiative corrections discussed in chapter 5. We
continue by investigating the impact of the O(αs) corrections presented in chapter 4 on
the resulting neutralino-nucleon cross sections. In addition, we combine both NLO calcu-
lations to precisely predict the latter in a given scenario.

7.3.1. Analysis of scenario I

We start with an investigation of scenario I once again. This scenario is interesting in
terms of relic density calculations as many gaugino (co)annihilation processes contribute
in parallel (cf. table 7.3). However, in the context of direct detection, this scenario is by
no means special and should thus be considered as a rather arbitrary and conservative
case in the following.

Although most of the phenomenological features of this scenario have been discussed in
subsection 7.2.1, we begin by studying the composition of the lightest neutralino in more
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Figure 7.9.: Neutralino composition in scenario I

detail as this parameter turns out to be essential for the resulting neutralino-nucleon cross
sections. Figure 7.9 shows the aforementioned composition in dependence of the mass
parameter M1. The lightest neutralino is mostly bino as long as M1 < M2 = 766.0 GeV
and turns into mostly wino for larger values of M1. The higgsino content stays always
small as M1,M2 < µ = 1286.3 GeV (cf. table 7.1). The upper horizontal axis shows the
corresponding mass of the lightest neutralino in GeV as a derived parameter. This shall
connect our theoretical predictions to experimental exclusion limits, which are usually
given in dependence of the WIMP mass. Note that the correspondence between M1

and mχ̃0
1

is basically 1:1 for M1 up to 800 GeV. For larger values of M1, the lightest
neutralino becomes mostly wino and its mass almost independent of M1. We finally
stress that scenario I itself, i.e. the cosmologically preferred region, sits near the turn-over
(M1 = 731.0 GeV). Such a situation is encountered in many pMSSM scenarios and clearly
calls for a general treatment of the neutralino admixture in the context of direct detection.

We turn to the neutralino-nucleon cross sections which are displayed in figure 7.10. The
upper left plot of figure 7.10 depicts the spin-independent neutralino-proton cross section
in cm2 in dependence of M1 calculated by micrOMEGAs (orange solid line), DM@NLO at tree-
level (black solid line) and including the radiative corrections presented in chapter 4 (blue
solid line). The shift between our tree-level calculation and micrOMEGAs stems mainly from
different nuclear input values for the scalar coefficients fTNq (cf. section 4.2 and table 4.1).
If we use the same nuclear input as micrOMEGAs, the deviation vanishes as indicated by
the black dotted line. The tree-level cross sections are rather small (10−47-10−46 cm2) as
long as the lightest neutralino is mostly bino. The bino nature suppresses couplings to
Higgs bosons, whereas squark processes are kinematically disfavoured because the squarks
are relatively heavy in this scenario (cf. table 7.2).
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Figure 7.10.: Spin-independent (top) and spin-dependent (bottom) neutralino-nucleon
cross sections in scenario I for protons (left) and neutrons (right)

We also observe a shift between our tree-level and NLO result. This shift is comparable
to the shift between our tree-level and micrOMEGAs, i.e. of the order of typical recent
nuclear uncertainties. In the present situation, SUSY QCD corrections to the Higgs-quark
coupling including third generation squarks turn out to be the major NLO contributions
as the other squarks are much heavier (cf. table 7.2).

The improved calculation of micrOMEGAs is shown as the green dotted line.30 Amongst
some minor improvements, this calculation is suppossed to replace heavy quark contribu-
tions by gluonic one-loop processes as given in [151, 152]. However, we could not find a
significant difference in the final result in any scenario. Consequently, the green dotted
line coincides with the orange solid line.

The neutralino relic density obtained with micrOMEGAs in units of the critical density is
shown as the orange dashed line (right ordinate). Note that the relic density is roughly in-
verse to the neutralino-proton cross section. This correlation is not completely unexpected
as larger neutralino-proton cross sections are linked to larger cross sections for gaugino
(co)annihilation into quarks which in turn lead to a smaller relic density. The crucial
condition for this interlinking is that the relic density calculation is dominantly governed
by quark final states. In the present case, this is true for M1 > 200 GeV. For smaller M1,

30More precisely, the improved calculation corresponds to the choice MSSMDDTest(loop=1, ...), whereas
we use MSSMDDTest(loop=0, ...) for the orange solid line.
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Figure 7.11.: Combined relic density and direct detection calculation in scenario I

electroweak final states become relevant and the observed bump in the relic density has
no counterpart in the neutralino-proton cross section. The cosmologically preferred region
is indicated by the orange vertical band. We return to this region later and continue with
the discussion of the remaining neutralino-nucleon cross sections.

The upper left plot of figure 7.10 shows the spin-independent neutralino-neutron cross
section. No major difference is found in comparison to the proton case. Within the
chosen setup, this usually happens to be true for mainly two reasons. On the one hand,
isospin-dependent effects can arise only if the cross sections of the fundamental processes
including up or down quarks differ in magnitude. This could be achieved by e.g. vastly
different first generation squark masses. However, as we are working with a common mass
parameter Mq̃1,2 for the first two squark generations, such a situation can not be realised
within the given pMSSM setup (cf. section 2.5). Secondly, isospin-dependent effects are
not significantly pronounced as the scalar coefficients listed in table 4.1 are rather similar
for protons and neutrons.

The spin-dependent neutralino-proton cross section is shown in the lower left plot of
figure 7.10. The blue and black lines completely overlap, indicating that the radiative
corrections are negligible. This is indeed the case. Remember that only light quarks, i.e.
only u, d and s contribute to the spin-dependent cross section. The associated squarks
are very heavy in scenario I (cf. table 7.2), which is why the corresponding SUSY QCD
corrections are strongly suppressed.

In contrast, the orange line is clearly separated and we observe a relative shift between
micrOMEGAs and our tree-level calculation of roughly +7%. This shift is not caused by
different nuclear input values as we are using the same polarised quark densities (∆q)N as
micrOMEGAs (cf. section 4.2). It is rather due to the running of the axial-vector operator as
described in subsection 4.6.2 which is neglected in micrOMEGAs. If we manually deactivate
this running in DM@NLO, we find perfect agreement with micrOMEGAs. The lower left plot
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7 Numerical results

Table 7.4.: Resulting M1 and spin-independent neutralino-proton cross section when com-
bining direct detection and relic density routines in scenario I

M1 in GeV σSI
p in 10−46cm2 Shift of σSI

p

micrOMEGAs 731 1.68 −15%

Tree-level 734 1.98

NLO 733 2.26 +14%

of figure 7.10 illustrates the spin-dependent neutralino-neutron cross section. As before,
no significant difference is found in comparison to the proton case.

Let us investigate the cosmologically preferred region around 700 GeV < M1 < 800 GeV
of the upper left plot of figure 7.10 in more detail. The situation is depicted in figure 7.11.
Apart from the previously discussed spin-independent neutralino-proton cross section cal-
culated by micrOMEGAs (orange solid line), DM@NLO at tree-level (black solid line) and in-
cluding O(αs) corrections (blue solid line), we show the neutralino relic density obtained
by micrOMEGAs (orange dashed line), DM@NLO at tree-level (black dashed line) and at NLO
(blue dashed line). The three dashed lines separate and result in different cosmologically
preferred regions which are indicated by the vertical bands of the respective colour.

We can use these bands to predict the spin-independent neutralino-proton cross section
in the given scenario by identifying the intersections of the vertical bands and the solid
lines of the same colour. Depending on the chosen routine, different results are obtained
for M1 and the neutralino-proton cross section as listed in table 7.4. The relative shifts of
the latter between micrOMEGAs, our NLO and our tree-level calculation amount to −15%
and +14%, respectively.

7.3.2. Analysis of scenario IV

We continue with a brief discussion of the phenomenology of scenario IV. The most salient
feature is given by the relatively small mass parameter Mq̃1,2 which results in light squark
masses for the first two generations (cf. table 7.2). The composition of the lightest neu-
tralino in dependence of M1 is shown in figure 7.12. As long as M1 < µ = 493.0 GeV, the
lightest neutralino is mostly bino. For larger values of M1 it turns into mostly higgsino
while its wino content is always small due to M1, µ < M2 = 1123.4 GeV (cf. table 7.1). In
comparison to figure 7.9, the transition is smoother, which results in a larger remaining
dependence of mχ̃0

1
on M1.

The corresponding neutralino-nucleon cross sections are depicted in figure 7.13. As
before, the orange, black and blue solid lines show these cross sections calculated by
micrOMEGAs, DM@NLO at tree-level and including the O(αs) corrections presented in chap-
ter 4, respectively. Moreover, the orange dashed line denotes the neutralino relic density
resulting from a pure micrOMEGAs calculation.

We observe three orange vertical bands which indicate three cosmologically preferred
regions in agreement with (3.5). Apart from scenario IV itself at M1 = 270.0 GeV,
we have a second vertical band on the other side of the peak of the orange dashed line
and a third one around M1 ∼ 475 GeV. The latter is directly located at the turn-over
of the neutralino composition (cf. figure 7.12), which stresses the necessity to treat the
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Figure 7.12.: Neutralino composition in scenario IV

neutralino admixture in full generality once again. The steep drop of the neutralino relic
density at M1 ∼ mχ̃0

1
∼ 250 GeV is mainly caused by a peak of the s-channel process

χ̃0
1χ̃

0
1 → A0 → bb̄, which is resonantly enhanced as we have 2mχ̃0

1
∼ mA0 = 500.8 GeV

at this point. Moreover, the coupling between bottom quarks and the pseudoscalar Higgs
boson is increased as tanβ = 13.7 is rather large in scenario IV. In case of the neutralino-
nucleon cross section, this resonant s-channel process turns into a non-resonant t-channel
process. The associated effective operator is kinematically suppressed and its contributions
are negligible. Thus, there is no analogous peak in the neutralino-nucleon cross sections.

The spin-independent neutralino-proton and -neutron cross sections are shown in the
upper plots of figure 7.13. As before, no major difference is found between the proton
and the neutron case. The relative shifts between our tree-level and micrOMEGAs or our
NLO calculation are roughly as before. No significant change is found when activating
the improved calculation of micrOMEGAs, the orange solid and green dotted lines coincide
again. In contrast to scenario I, a minor deviation between our tree-level calculation
and micrOMEGAs remains even after adopting the nuclear input, i.e. the black dotted line
separates slightly from the orange solid line. This is due to different treatments of the
top mass and the associated stop sector. Moreover, micrOMEGAs does not kinematically
differ between the squark s- and u-channels (cf. figure 4.4). These differences are present
in general and may lead to mild deviations, as e.g. in the present situation, or may be
completely negligible, as e.g. in scenario I.

Completely new features show up in the spin-dependent cross-sections depicted in the
lower plots of figure 7.13. The neutralino-proton and -neutron cross sections differ by al-
most an order of magnitude in the small M1 regime. Moreover, we observe a large splitting
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Figure 7.13.: Spin-independent (top) and spin-dependent (bottom) neutralino-nucleon
cross sections in scenario IV for protons (left) and neutrons (right)

of our tree-level and NLO result in the proton case in this region. Both phenomena have
a related origin. For small M1, the lightest neutralino is mostly bino (cf. figure 7.12). The
bino nature suppresses the coupling to the Z0 boson and decreases the associated, usually
dominant contribution. In addition, squarks of the first two generations are rather light
in scenario IV (cf. table 7.2). Due to these facts, squark processes contribute significantly
in the region of small M1. In contrast to contributions stemming from the Z0 boson,
the latter depend on the involved quark flavour and are thus sensitive to different choices
of the polarised quark densities (∆q)N as given in (4.14). Note that these densities can
have positive or negative signs. In the proton case, this results in a cancellation of the
individually large squark contributions and a strong decrease of the cross section in the
small M1 regime. Due to the cancellation of the leading terms, the cross section becomes
more sensitive to the radiative corrections, which are sizeable in the present situation as
the squarks are very light. This explains the observed splitting between the black and blue
solid line for small M1. For larger values of M1, the lightest neutralino becomes mostly
higgsino, the Z0 processes dominate and the corresponding NLO corrections are less im-
portant. As before, we observe a small deviation between micrOMEGAs and our tree-level
result, which is due to the missing running of the axial-vector operator in micrOMEGAs.

We continue by taking a closer look at the region around the A0 resonance in figure 7.14.
As before, the relic density calculated by micrOMEGAs, DM@NLO at tree-level and including
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Figure 7.14.: Combined relic density and direct detection calculation in scenario IV

Table 7.5.: Resulting M1 and spin-dependent neutralino-proton cross section when com-
bining direct detection and relic density routines in scenario IV

M1 in GeV σSD
p in 10−43cm2 Shift of σSD

p

micrOMEGAs 226 2.78 +3%

Tree-level 228 2.70

Full NLO 227 1.65 −39%

micrOMEGAs 270 4.14 +8%

Tree-level 267 3.84

NLO 269 2.47 −36%

the O(αs) corrections discussed in chapter 5 is indicated by the orange, black and blue
dashed line, respectively. The associated cosmologically preferred regions are shown by
the vertical bands of the respective colour. Thanks to the precision of the Planck limit
given in (3.5) and due to the fact that the relic density changes rapidly near the resonance,
these bands are very thin in the present situation and allow for a precise selection of the
preferred parameter space. We can read off the corresponding neutralino-proton cross
section by identifying the intersections of the dashed lines and vertical bands of the same
colour. The results are presented in table 7.5.

The deviations between micrOMEGAs and our tree-level result amount to +3% and +8%
and are smaller than in scenario I (cf. table 7.4) as we are using the same nuclear input in
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Figure 7.15.: Neutralino composition in scenario V

the spin-dependent case. Note that the relative position of the vertical bands decreases the
resulting shift at M1 ∼ 230 GeV and increases it at M1 ∼ 270 GeV. The exact opposite
occurs when comparing our tree-level and NLO results. The relative shifts are very large
here, accounting for almost −40%.

7.3.3. Analysis of scenario V

In the last considered scenario, squarks and gauginos are heavier than in scenario IV, but
mχ̃0

1
and the masses of first two generation squarks are still below 1 TeV (cf. table 7.2).

When varying the higgsino mass parameter µ, the lightest neutralino changes its compo-
sition from mostly higgsino into mostly bino as illustrated in figure 7.15. The transition
occurs at µ ∼ M1 = 675.3 GeV. Considering the neutralino admixture, this scenario can
be seen as a mirrored version of scenario IV (cf. figure 7.12).

The neutralino-nucleon cross sections are depicted in figure 7.16, where the labelling
is as before. Note that the slope of the relic density shown by the orange dashed line is
relatively small, which results in a broader cosmologically preferred region indicated by
a broader orange vertical band. The spin-independent cross sections are shown in the
upper plots of figure 7.16, where no essentially new features are found. The relative shift
between micrOMEGAs and our tree-level calculation is of similar size as the relative shift
between our NLO result and the tree-level calculation. For reasons already discussed in
subsection 7.3.1, no significant difference is found between the proton and neutron case.

In contrast, the spin-dependent cross sections depend on the considered nucleon as
evidenced in the lower plots of figure 7.16. This dependence and the rather strong deviation
between our tree-level and NLO result have a similar origin as in the previous subsection.
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Figure 7.16.: Spin-independent (top) and spin-dependent (bottom) neutralino-nucleon
cross sections in scenario V for protons (left) and neutrons (right).

For large values of µ, the lightest neutralino is mostly bino (cf. figure 7.15) and its coupling
to Z0 bosons is suppressed. In addition, squark processes are kinematically favoured again.
Remember that the denominators of these processes read s−m2

q̃i
and u−m2

q̃i
at tree-level,

which simplifies to (mχ̃0
1
±mq)

2 −m2
q̃i

in the considered non-relativistic limit according

to (4.45). Hence, it is the neutralino-squark mass difference that actually matters and
not the squark mass itself. This difference decreases with increasing µ, which is why
squark processes contribute significantly in the large µ regime. As disussed in the last
subsection, squark processes depend on the involved quark flavour and are thus sensitive to
the choice of the polarised quark densities. In the proton case, we encounter a destructive
interference of the individual squark contributions. The four-fermion coupling changes its
sign at µ ∼ 850 GeV and the associated neutralino-proton cross section vanishes. A similar
situation would be encountered in the neutron case for larger values of µ. However, we do
not investigate this region in more detail as the corresponding neutralino relic density is
way too large.

Instead, we investigate the spin-dependent neutralino-proton cross section near the cos-
mologically preferred region around 700 GeV < µ < 900 GeV in more detail. The situation
is depicted in figure 7.17. As mentioned before, the vertical bands are rather broad be-
cause the neutralino relic density increases less rapidly. The orange and blue vertical bands
clearly overlap, which signalises that the effective couplings implemented in micrOMEGAs
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Figure 7.17.: Combined relic density and direct detection calculation in scenario V

Table 7.6.: Resulting µ and spin-dependent neutralino-proton cross section when combin-
ing direct detection and relic density routines in scenario V

µ in GeV σSD
p in 10−43cm2 Shift of σSD

p

micrOMEGAs 815 - 821 1.80 - 2.43 +63%

Tree-level 823 - 829 1.06 - 1.53

NLO 813 - 819 1.08 - 1.62 +4%

approximate the leading SUSY QCD corrections to the relic density quite well in this sce-
nario. On the other hand, the spin-dependent neutralino-proton cross section calculated
by micrOMEGAs neither includes effective couplings nor full one-loop corrections. Conse-
quently, the orange solid line closely follows our tree-level result shown as the black solid
line. The remaining difference is due to the running of the axial-vector operator which is
missing in micrOMEGAs.

We can combine both calculations again to determine the cosmologically preferred value
of µ and to predict the neutralino-proton cross section. The resulting intervals are shown
in table 7.6.31 Note that our NLO and tree-level calculations favour distinct regions of

31These intervals are present in general but very small in scenario I and IV, where the vertical bands
are much thinner. Therefore, we have omitted them for reasons of simplicity so far but include them
explicitly in scenario V, which features rather broad vertical bands. The relative shifts presented in
table 7.6 are exemplary and have simply been obtained by comparing the mean values of the cross
sections.
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7.3 Neutralino-nucleon cross sections
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Figure 7.18.: Spin-dependent neutralino-neutron cross section in scenario V using a pure
DR scheme

µ. Moreover, the impact of the radiative corrections is very large. The relative devi-
ation between the NLO and tree-level cross section amounts to more than −50% near
the drop. However, when identifying the neutralino-proton cross section at the respective
cosmologically preferred region, both effects cancel and the result is basically the same.
In contrast, we observe a deviation of more than +60% between micrOMEGAs and our
tree-level calculation.

Before we conclude, we take a small detour and comment on the chosen renormalisation
scheme. As discussed in the beginning of this chapter, we are working with the hybrid
on-shell/DR-scheme presented in detail in section G.5, even though EFT calculations are
usually carried out in a minimal scheme like MS or DR (cf. section G.3). In particular, the
hybrid scheme uses on-shell masses mOS

q̃ for the squarks of the first two generations, just

like micrOMEGAs. Our code also supports a pure DR scheme, where these on-shell masses
are replaced by their smaller and scale-dependent DR equivalents mDR

q̃ (µ). The spin-
dependent neutralino-neutron cross section in scenario V has proven useful to compare
both approaches and to illustrate scheme-dependent effects.

Therefore, we show this cross section in figure 7.18 once again, this time using a pure
DR scheme. In comparison to the lower right plot of figure 7.16, no significant difference
is found for small values of µ. In this region virtual corrections are of minor importance,
which is not modified by choosing another renormalisation scheme. For larger values of
µ, our tree-level calculation clearly separates from micrOMEGAs, which has previously not
been the case (cf. figure 7.16). Remember that the cross section in this regime is largely
driven by squark processes which are sensitive to the neutralino-squark mass difference
and thus the definition of the squark mass. To investigate this in more detail, we write
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7 Numerical results

the scale-independent on-shell mass as

mOS
q̃ = mDR

q̃ (µ) + ∆mDR
q̃ (µ), (7.4)

where the second term resums virtual corrections. Choosing a pure DR scheme corre-
sponds to neglecting this term and working with a smaller squark mass at tree-level. As
a consequence, the neutralino-squark mass difference appearing in the squark propagators
is reduced, which leads to the observed drop of the black solid line in figure 7.18.

However, this effect diminishes at NLO and the blue solid lines in the lower right plot
of figure 7.16 and in figure 7.18 basically agree. The reason is that the leading correc-
tions included in ∆mDR

q̃ (µ) reappear as virtual corrections to the squark propagators (cf.
subsection 4.4.1). Consequently, the NLO result is more stable than the tree-level result.
The main difference between both approaches is that parts of the virtual corrections are
already absorbed in the squark masses within the on-shell scheme, whereas these correc-
tions become manifest as large propagator corrections within the DR scheme. We prefer
the former to avoid large virtual corrections and to improve perturbative stability.

We finally stress that the considered situation should be regarded as rather extreme. In
many other scenarios, the choice of the renormalisation scheme was found to be of minor
importance. More details on scheme-dependent effects in the context of relic density
calculations can be found in [190].
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8. Conclusion

In this thesis we have calculated radiative corrections to elastic neutralino-nucleon scat-
tering within the framework of effective field theory. More precisely, we have performed
a full O(αs) matching calculation of the MSSM and an effective theory including the
four-fermion operators χ̄χq̄q and χ̄γ5γµχq̄γ5γ

µq. These effective operators govern the
dominant spin-independent and spin-dependent contributions to the direct detection rate
of neutralinos, respectively. The calculation of the corresponding virtual corrections has
been presented in great detail. The regularisation of the divergent loop integrals has been
carried out by using dimensional reduction, where we distinguished between infrared and
ultraviolet poles. In order to apply the associated and well-established method of tensor
reduction, it has proven necessary to stabilise this method for vanishing Gram determi-
nants, which occur naturally for vanishing relative velocities. An alternative solution for
all needed tensor coefficients has been worked out. We have compared our results with the
standard approach for small but non-vanishing Gram determinants and found excellent
agreement throughout. Given this improved regularisation procedure, we were able to
check explicitly that all ultraviolet poles vanish when adding the corresponding countert-
erms to the virtual corrections. Moreover, we have verified that all infrared divergences
cancel in the course of the matching procedure. We have finally described the running
of the effective operators and their corresponding Wilson coefficients, i.e. their evolution
from the high scale µhigh ∼ 1000 GeV, where the matching calculation is performed, down
to the low scale µlow ∼ 5 GeV, where the nuclear matrix elements are defined. It turned
out that the running of the axial-vector operator is not taken into account properly in
publicly available codes such as micrOMEGAs.

Furthermore, we have illustrated the calculation of SUSY QCD corrections to gen-
eral gaugino (co)annihilation into quarks. These processes contribute dominantly to the
(co)annihilation cross section entering the Boltzmann density in many scenarios of the
MSSM and are thus relevant for the prediction of the neutralino relic density. The cor-
responding cross sections are inclusive quantities, i.e. the infrared divergences stemming
from the virtual corrections cancel when adding the corresponding real corrections which
include the emission of an additional gluon. The cancellation of infrared and ultraviolet
poles has been checked explicitly.

Both of the calculations have been implemented in the numerical package DM@NLO. With
the help of this program, we performed a phenomenological analysis and studied the
impact of the radiative corrections. We started with an investigation of the cross sections
of gaugino (co)annihilation processes, where we found relative shifts of 10-40% caused by
the NLO corrections. The NLO results were found to be in tension with the effective tree-
level approach implemented in micrOMEGAs in scenario I, whereas reasonable accordance
was found in scenario II. Afterwards we analysed the influence of these processes on the
resulting relic density. It was found that the latter may depend on a multitude of gaugino
(co)annihilation processes in parallel. In particular, processes including gauginos other
than the lightest neutralino or light quarks in the final state may contribute as well, which
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8 Conclusion

confirms the necessity to treat gaugino (co)annihilation processes in full generality. The
radiative corrections lead to a relative shift of the relic density of about 5% in scenario
I and of roughly 10% in scenario II. Both of the shifts exceed the recent experimental
uncertainty given by the Planck data, which demonstrates that these radiative corrections
should be taken into account when identifying the cosmologically preferred region of the
MSSM parameter space.

Thereafter we turned to the neutralino-nucleon cross sections. It was shown that these
quantities depend sensitively on the neutralino admixture. Moreover, it was demonstrated
that the neutralino-nucleon cross sections may be roughly inverse to the corresponding relic
density if the latter is driven by (co)annihilation processes including quarks in the final
state dominantly. We have combined our relic density and direct detection routines to
identify the cosmologically preferred region of the MSSM parameter space and to predict
the neutralino-nucleon cross sections precisely. This prediction is modified by about +14%
in the spin-independent case when radiative corrections are included consistently. The
observed modification is of similar size as recent nuclear uncertainties, which affect the
neutralino-nucleon cross sections as well. The spin-dependent neutralino-nucleon cross
sections were found to be subject to even larger corrections, accounting for almost −40% in
scenario IV and more than −50% in scenario V. The reasons for these large shifts are given
by destructive interferences of the leading squark processes which render the resulting cross
sections more sensitive to the otherwise more subleading radiative corrections. Squark
processes were favoured over Z0 processes due to the bino nature of the lightest neutralino
and relatively small neutralino-squark mass differences. Moreover, the running of the
axial-vector operator was found to modify the result by −7%.

The implementation of the presented neutralino-nucleon cross section calculations adds
a second loop-improved observable to our numerical package DM@NLO and permits to con-
sistently analyse correlations between the direct detection of neutralino dark matter and
its relic density including O(αs) corrections for the first time. However, we stress again
that both calculations are affected by several other uncertainties as well.

The work presented in this thesis can be extended in several ways. First of all, one may
calculate radiative corrections to processes not yet implemented in DM@NLO to allow for a
precise prediction of the relic density in additional parts of the MSSM parameter space,
where these processes contribute. Here SUSY QCD corrections to stop-antistop annihila-
tion processes including strongly interacting particles in the final state are of particular
relevance. In the context of direct detection, one may include additional effective oper-
ators. The spin-independent contributions from heavy quarks can either be included as
presented in this thesis or be traced back to one-loop processes including gluonic operators.
It is an interesting option to implement both approaches and to contrast them. More-
over, one may include the tree-level contributions from kinematically suppressed operators
such as e.g. χ̄γ5χq̄γ5q and compare them with e.g. the NLO corrections to unsuppressed
operators. Apart from that, it might be interesting to perform a phenomenological anal-
ysis based on a more general pMSSM setup which allows for independent squark mass
parameters of the first two generations.
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A. Choice of conventions

The conventions used throughout this thesis agree with those in [57] and the following
sections are basically a translation of the corresponding appendices.

A.1. System of units

In theoretical particle physics one usually works with natural units, wherein the given
thesis is no exception. In natural units, the reduced Planck constant ~, the speed of light
in vacuum c and the Boltzmann constant kB have value 1 and are omitted in calculations.
To transform a result from natural units into e.g. the SI system (“Le Système international
d’unités”) one has to multiply or divide by a combination of these constants until the
desired unit is obtained. This transformation is unique. Some examples are given in table
A.1. The numerical values of the fundamental constants can be found in e.g. [230] and
read

c = 2.99792458 · 108 m/s. (A.1)

~ = 1.054571726 · 10−34 Js. (A.2)

kB = 1.3806488 · 10−23 J/K. (A.3)

A.2. Concerning the notation

We use the summation convention due to Albert Einstein. According to this convention,
summing over doubly appearing indices is automatically understood. As an example, we
write down the product of two n× n matrices A and B.

(A ·B)ij =
n∑

k=1

AikBkj = AikBkj . (A.4)

Furthermore, the slash notation of Richard Feynman is used. In this notation, the
contraction of a four-vector with a vector of Dirac matrices can be written down compactly.
We have

/p = γµpµ. (A.5)

A.3. Kinematical variables

The Feynman diagrams appearing in this thesis are all labelled in a common manner,
which is explicated here. The diagrams have to be read from left to right. Particles in
the initial state (on the left) are named a, b, c etc. The corresponding four-momenta are
given by pa, pb, pc and so on. Analogously the particles in the final state (on the right) are
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A Choice of conventions

Table A.1.: On the transformation of natural units

Quantity Natural unit Real unit

Energy eV eV

Time 1/eV ~/eV

Length 1/eV ~c/eV

Mass eV eV/c2

Temperature eV eV/kB
e+e− → γ → bb̄

b 2

1

s s

t

t

a

2 → 2

λ(x, y, z) = (x − y − z)2 − 4yz .

a #a a γ

#a = aµγµ .

j

dσ =
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F
|M|2dPS(j)

F M
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σ =
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F

∫
|M|2dPS(j) .
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2
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√
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e .

bb̄ D = 4
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=

1

8π
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s ∓
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Figure A.1.: Kinematics of a 2 → 2 process

called 1, 2, 3 and so on and their four-momenta are labelled p1, p2, p3 etc. Four-momenta
are generally understood as

pi = (Ei, ~pi), (A.6)

where Ei is the energy of the considered particle i. Three-momenta ~pi are explicitly marked
by an arrow. Spin variables are usually omitted.

In case of a 2→ 2 process, as shown in figure A.1 (taken from [217]), one can additionally
introduce the Mandelstam variables s, t and u.

s = (pa + pb)
2 = (p1 + p2)2. (A.7)

t = (pa − p1)2 = (pb − p2)2. (A.8)

u = (pa − p2)2 = (pb − p1)2. (A.9)

Due to energy and momentum conservation, namely

pa + pb = p1 + p2, (A.10)

the Mandelstam variables are linked to the particle masses via

s+ t+ u = m2
a +m2

b +m2
1 +m2

2. (A.11)
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B. Special mathematical functions
and useful mathematical
relations

In this chapter we introduce some special mathematical functions, namely the Gamma
function, the Beta function, the Dilogarithm and the hypergeometric function. We list
some useful properties which are partially taken from [166] and [231]. One encounters
these functions when evaluating loop diagrams (cf. chapter F). Furthermore, we present
the concept of Feynman parameters.

B.1. Gamma function

The Gamma function can be understood as a shifted continuation of the factorial function
to real and complex numbers. It is also known as Eulerian integral of second order and
defined as

Γ(x) =

∫ ∞

0
dttx−1e−t. (B.1)

It obeys the functional equation

Γ(x+ 1) = xΓ(x), (B.2)

which can be proven by integration by parts. Combining this result with Γ(1) = 1, we
obtain via complete induction

Γ(n+ 1) = n! for n ∈ N. (B.3)

Sometimes the Pi function is used instead of the Gamma function to stress the connection
to the factorial function.

Π(x) = Γ(x+ 1) =

∫ ∞

0
dttxe−t ⇔ Π(n) = n! for n ∈ N. (B.4)

The Gamma function is also needed when calculating the volume V or surface A of a
sphere with radius r in D dimensions. We have

VD =
π
D
2

Γ
(
D
2 + 1

)rD and AD =
2π

D
2

Γ
(
D
2

)rD−1. (B.5)

The second formula above can be obtained from the first one by derivating with respect
to the radius. The well known special cases for D = 2 or D = 3 can be found when using
the functional equation given in (B.2) and

Γ

(
1

2

)
=
√
π. (B.6)
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This value can be directly obtained by transforming the Gamma function to a Gaussian
integral.

Γ

(
1

2

)
=

∫ ∞

0
dt
e−t√
t

=︸︷︷︸
x=
√
t

2

∫ ∞

0
dxe−x

2
=
√
π. (B.7)

In the context of loop calculations, the following expansion of the Gamma function
proves useful.

Γ(1 + ε) = εΓ(ε) = Γ(1) + ε
∂Γ(x)

∂x

∣∣∣∣
x=1

+
ε2

2

∂2Γ(x)

∂x2

∣∣∣∣
x=1

+O(ε3)

⇔ Γ(ε) =
1

ε
+
∂Γ(x)

∂x

∣∣∣∣
x=1

+
ε

2

∂2Γ(x)

∂x2

∣∣∣∣
x=1

+O(ε2)

=
1

ε
− γE +

ε

2

(
γ2
E +

π2

6

)
+O(ε2). (B.8)

Therein we have introduced the Euler-Mascheroni constant

γE = − ∂Γ(x)

∂x

∣∣∣∣
x=1

= lim
n→∞

(
n∑

k=1

1

k
− ln(n)

)
≈ 0, 57721. (B.9)

B.2. Beta function

The Beta function is also known as Eulerian integral of first order and defined as

B(x, y) =

∫ 1

0
dttx−1(1− t)y−1. (B.10)

The Beta function is symmetric under x ↔ y, which can be seen explicitly by using the
substitution t = 1− u. Another substitution, namely t = u

1+u , leads us to the alternative
representation

B(x, y) =

∫ ∞

0
du

ux−1

(1 + u)x+y
. (B.11)

The most important property of the Beta function is its connection to the previously
introduced Gamma function

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
. (B.12)

This useful identity can be shown as follows. We start with the product of two Gamma
functions

I(p, q) = Γ(p)Γ(q) =

∫ ∞

0
dx

∫ ∞

0
dyxp−1yq−1e−xe−y (B.13)

and substitute x = u(1− v) and y = uv. Taking into account the Jacobi determinant

det(J) = det

(
1− v −u
v u

)
= u, (B.14)
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we obtain

I(p, q) =

∫ ∞

0
du

∫ 1

0
dv det(J)up−1(1− v)p−1uq−1vq−1e−u

=

∫ ∞

0
duup+q−1e−u

∫ 1

0
dvvq−1(1− v)p−1 = Γ(p+ q)B(q, p)

⇔ B(q, p) = B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
. (B.15)

Furthermore, the Beta function obeys

B(x+ 1, y) = B(x, y + 1) =
x

x+ y
B(x, y). (B.16)

B.3. Dilogarithm

The Dilogarithm or Spence function is defined as

Li2(z) = Sp(z) = −
∫ 1

0

dt

t
ln(1− zt) = −

∫ z

0

dt

t
ln(1− t). (B.17)

It is the special case s = 2 of the more general Polylogarithm Lis(z) which can be written
as a series of the form

Lis(z) =

∞∑

k=1

zk

ks
. (B.18)

Some concrete values are

Li2(0) = 0, Li2(1) =
π2

6
, Li2(−1) = −π

2

12
and Li2

(
1

2

)
=
π2

12
− ln2(2)

2
. (B.19)

Several useful identities including the Dilogarithm can be found in [166].

B.4. Hypergeometric function

The hypergeometric function 2F1(a, b, c, z) is the general solution to the second-order linear
differential equation

z(1− z)w′′(z) + (c− (a+ b+ 1)z)w′(z)− abw(z) = 0 with w(0) = 1. (B.20)

It can be written as an infinite series via

2F1(a, b, c, z) =
Γ(c)

Γ(a)Γ(b)

∞∑

n=0

Γ(a+ n)Γ(b+ n)

Γ(c+ n)

zn

n!
(B.21)

or via its integral representation

2F1(a, b, c, z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0
dttb−1(1− t)c−b−1(1− zt)−a. (B.22)

There are thousands of relations and identities including the hypergeometric function.
Impressive collections can be found in [232, 233]. We use the hypergeometric function
to evaluate special cases of scalar Passarino Veltman integrals (cf. subsections F.3.1 and
F.3.2).
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B.5. Feynman parameters

The basic idea of Feynman parameters is to rewrite a fraction as a multidimensional
integral. The most simple relation of this kind is

1

ab
=

∫ 1

0
dx (a(1− x) + bx)−2 , (B.23)

which can simply be proven by direct calculation.

∫ 1

0
dx (a(1− x) + bx)−2 =

−1

(b− a)(a(1− x) + bx)

∣∣∣∣
1

0

=
1

ab
. (B.24)

The analogous equation for three denominators reads

1

abc
= 2

∫ 1

0
dx

∫ 1−x

0
dy (a(1− x− y) + bx+ cy)−3 . (B.25)

Both of the previously presented formulae (B.23) and (B.25) are special cases of the more
general relation

1

A1...An
=

∫ 1

0
dx1...

∫ 1

0
dxnδ

(
n∑

i=1

xi − 1

)
(n− 1)!

(x1A1 + ...+ xnAn)n
, (B.26)

where we have used the Dirac distribution δ. This relation can be proven via complete
induction. We also list the special case of k equal denominators.

1

ABk
=

∫ 1

0
dx

∫ 1

0
dyδ(x+ y − 1)

kyk−1

(xA+ yB)k+1
. (B.27)
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C. Dirac algebra

When evaluating the invariant amplitude of a given Feynman diagram, one has to calcu-
late products and traces of Dirac matrices. These terms originate from the vertices and
fermion propagators of the process. In the following we list fundamental properties of the
Dirac matrices and useful formulae for the aforementioned calculations. This appendix is
partially a translation of the respective parts of [57].

C.1. Dirac algebra in four dimensions

The Dirac or gamma matrices are 4×4 matrices which are defined by the anticommutation
relation

{γµ, γν} = γµγν + γνγµ = 2gµν1l. (C.1)

Herein gµν is the metric tensor in four dimensions and 1l is the four dimensional unity
matrix. The Dirac matrices generate a Clifford algebra. We normalise them via

(γ0)† = γ0 and (γi)† = −γi with i = 1, 2, 3 (C.2)

and define the fifth gamma matrix as

γ5 = iγ0γ1γ2γ3. (C.3)

With these definitions one can derive the equations given below (cf. e.g. [234]).

Properties of γ5 and its connection to the Levi-Civita tensor

(γ5)† = γ5, (γ5)2 = 1l and {γ5, γ
µ} = 0. (C.4)

We can also rewrite the fifth gamma matrix by using the four dimensional Levi-Civita
tensor.

γ5 = iγ0γ1γ2γ3 = − i

4!
εµνρσγ

µγνγργσ = − i

4!
εµνρσγµγνγργσ. (C.5)

The Levi-Civita tensor is defined as

εµνρσ =





1 if µνρσ is an even permutation of 0123,

−1 if µνρσ is an odd permutation of 0123,

0 otherwise.

(C.6)

Sometimes one encounters products of two Levi-Civita tensors which can be expressed in
terms of Kronecker deltas [235].

εµνρσε
µνρσ = −24. (C.7)

εµνραε
µνρβ = −6δβα. (C.8)

εµναβε
µνγδ = −2(δγαδ

δ
β − δδαδγβ). (C.9)
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C Dirac algebra

Trace theorems

Tr(γµγν) = 4gµν . (C.10)

Tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ). (C.11)

Tr(γµγνγρ...︸ ︷︷ ︸
2n+1

) = 0 with n ∈ N. (C.12)

Tr(γ5) = 0. (C.13)

Tr(γµγνγ5) = 0. (C.14)

Tr(γµγνγργσγ5) = 4iεµνρσ. (C.15)

Tr(γµγνγρ...︸ ︷︷ ︸
2n+1

γ5) = 0 with n ∈ N. (C.16)

Contraction identities

γµγµ = 41l. (C.17)

γµγνγµ = −2γν . (C.18)

γµγνγργµ = 4gνρ1l. (C.19)

γµγνγργσγµ = −2γσγργν . (C.20)

Chisholm identity

γµγνγρ = gµνγρ − gµργν + gνργµ + iεµνρσγσγ5. (C.21)

The Chisholm identity can be used to shift factors of gamma matrices between two con-
tracted spinor chains, see e.g. [236]. By doing this, it can be shown that for arbitrary
spinors ā, b, c̄ and d the following relations are fulfilled.

[āγµγσγν(1l− γ5)b][c̄γµγσγν(1l− γ5)d] = 16[āγµ(1l− γ5)b][c̄γµ(1l− γ5)d]. (C.22)

[āγµγσγν(1l− γ5)b] [c̄γνγσγµ(1l− γ5)d] = 4[āγµ(1l− γ5)b][c̄γµ(1l− γ5)d]. (C.23)

C.2. Dirac algebra in D dimensions

In the framework of dimensional reduction (see chapter F), the phase space becomes D-
dimensional. Lorentz indices now run from 0 to D−1. The defining Dirac algebra remains
unchanged, we have {γµ, γν} = 2gµν1l, where the Dirac matrices are still 4×4 objects and
Tr 1l = 4.

Unfortunately, it is not possible to generalise the fifth gamma matrix with the properties
of (C.4) in a trivial way to D dimensions (cf. [237–242]). We follow the so-called naive
dimensional reduction prescription which is based on the identities

{γµ, γν} = 2gµν1l, gµµ = D and {γµ, γ5} = 0. (C.24)

This set of rules is inconsistent with Tr(γµγνγργσγ5) = 4iεµνρσ in four dimensions but
works quite well in practice [243]. The trace theorems of the previous section remain
unchanged. In contrast, the contraction identities generalise as follows.
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C.2 Dirac algebra in D dimensions

Contraction identities

γµγµ = D1l. (C.25)

γµγνγµ = (2−D)γν . (C.26)

γµγνγργµ = 4gνρ1l + (D − 4)γνγρ. (C.27)

γµγνγργσγµ = −2γσγργν − (D − 4)γνγργσ. (C.28)
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D. Fierz identities

The Fierz identities have first been found by Swiss physicist Markus Fierz in 1932 (cf.
[244]) and are briefly mentioned in most textbooks on quantum field theory (cf. e.g.
[231, 235, 245]). However, a detailed discussion including the derivation of the coeffi-
cients is rarely found. As the Fierz identities play a crucial role for our calculation of
neutralino-nucleon cross sections, we give this detailed discussion in the following. The
most useful references are [246–248]. One of the few articles commenting briefly on the
Fierz transformation in the context of dark matter is [249]. We agree with the final
transformation given there and in particular with the discussion about the sign which we
present in section D.3.

D.1. Basic idea of Fierz identities

Let ā and b denote two spinors which may correspond to two different particles. It is
possible to construct five different and independent Lorentz-covariant quantities out of
these spinors which are classified in table D.1. Here we introduced

γµν =
i

2
[γµ, γν ] =

i

2
(γµγν − γνγµ). (D.1)

As obviously γµµ = 0 and γµν = −γνµ the number of independent components of γµν is
six. Note that the classification scheme in table D.1 is not unique. Other authors include
additional factors of i or a factor of 1√

2
in front of γµν , which affects of course the final

results, i.e. the coefficients as they are given in table D.3. Thus, when reading off the
coefficients of such a table it is important to ensure that the conventions concerning the
operators agree.

Let c̄ and d denote two more spinors which may correspond to two more independent
particles. Given these additional spinors, we can use the covariant quantities listed in
table D.1 to construct the Lorentz scalar in five different ways which are presented in
table D.2. By introducing the operators Oi as given in table D.2, we can write the Lorentz
scalar compactly as

[āOib][c̄O
id], where i = S, V, T,A, P. (D.2)

In this case, there is no summation over i. The central idea of the Fierz identities is to
rewrite this expression as a linear combination of similar terms with changed spinor order.

[āOib][c̄O
id] =

∑

k

cik[āOkd][c̄Okb]. (D.3)

This is possible as the 16 matrices included in the operators Oi form a complete basis.
All that remains is to determine the coefficients cik. They are given in table D.3 and
derived in the next section. Note the symmetry of table D.3 with respect to its central
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D Fierz identities

Table D.1.: Lorentz-covariant quantities constructed out of two spinors

Covariant quantity Name Number of components

āb Scalar 1

āγµb Vector 4

āγµνb Tensor 6

āγ5γ
µb Axial-vector 4

āγ5b Pseudoscalar 1

Table D.2.: Lorentz scalar obtained in five different ways

Lorentz scalar Name Operator Oi

[āb][c̄d] S-variant OS = 1l

[āγµb][c̄γ
µd] V-variant OV = γµ

[āγµνb][c̄γ
µνd] T-variant OT = γµν

[āγ5γµb][c̄γ5γ
µd] A-variant OA = γ5γµ

[āγ5b][c̄γ5d] P-variant OP = γ5

Table D.3.: Fierz coefficients for spinors

S V T A P

S 1
4

1
4

1
8 −1

4
1
4

V 1 −1
2 0 −1

2 −1

T 3 0 −1
2 0 3

A −1 −1
2 0 −1

2 1

P 1
4 −1

4
1
8

1
4

1
4

element. As an example for using this table, we give the Fierz identity for the S-variant.

[āOSb][c̄O
Sd] =

1

4
[āOSd][c̄OSb] +

1

4
[āOV d][c̄OV b] +

1

8
[āOTd][c̄OT b]

− 1

4
[āOAd][c̄OAb] +

1

4
[āOPd][c̄OP b]

⇔ [āb][c̄d] =
1

4
[ād][c̄b] +

1

4
[āγµd][c̄γµb] +

1

8
[āγµνd][c̄γµνb]

− 1

4
[āγ5γµd][c̄γ5γ

µb] +
1

4
[āγ5d][c̄γ5b]. (D.4)
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D.2 Derivation of the Fierz coefficients

D.2. Derivation of the Fierz coefficients

To derive the Fierz coefficients cik we start with (D.3) and write it in components.

āαbβ c̄γdδ(Oi)αβ(Oi)γδ =
∑

k

cikāαdδ c̄γbβ(Ok)αδ(O
k)γβ

=
∑

k

cikāαbβ c̄γdδ(Ok)αδ(O
k)γβ. (D.5)

In the last step we have assumed that the individual components of the spinors are complex
numbers, i.e. that the spinor components commute. We return to this issue in section D.3.
Remember that the four spinors ā, b, c̄ and d are completely arbitrary. Hence, the equation
above can only hold if all of the tensor components agree, i.e. if

(Oi)αβ(Oi)γδ =
∑

k

cik(Ok)αδ(O
k)γβ. (D.6)

In the next step, we multiply this expression with an operator (Oj)βγ and sum over β
and γ.

(Oi)αβ(Oj)βγ(Oi)γδ =
∑

k

cik(Ok)αδ(O
j)βγ(Ok)γβ

⇔ OiO
jOi =

∑

k

cikOk Tr(OjOk). (D.7)

To determine the cik one has to insert all 25 possible combinations of Oi and Oj in (D.7).
We start with the right-hand side as it is always the same for a given i. In the following
calculations we use the formulae given in appendix C extensively.

Right-hand side

• j = S

ciS1l Tr(1l1l) + ciV γµ Tr(1lγµ) + ciTγµν Tr(1lγµν)

+ ciAγ5γµ Tr(1lγ5γ
µ) + ciPγ5 Tr(1lγ5)

= 4ciS1l. (D.8)

• j = V

ciS1l Tr(γρ1l) + ciV γµ Tr(γργµ) + ciTγµν Tr(γργµν)

+ ciAγ5γµ Tr(γργ5γ
µ) + ciPγ5 Tr(γργ5)

= 4ciV γ
ρ. (D.9)

• j = T

ciS1l Tr(γρη1l) + ciV γµ Tr(γρηγµ) + ciTγµν Tr(γρηγµν)

+ ciAγ5γµ Tr(γρηγ5γ
µ) + ciPγ5 Tr(γρηγ5)

= 2iciS1l(gρη − gηρ) + ciTγµν Tr(γρηγµν)

= − i
8
ciT (γµγν − γνγµ) Tr((γργη − γηγρ)(γµγν − γνγµ))

= −iciTγµγν Tr(γργηγµγν) with µ 6= ν, ρ 6= η

= 8ciTγ
ρη. (D.10)
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D Fierz identities

• j = A

ciS1l Tr(γ5γ
ρ1l) + ciV γµ Tr(γ5γ

ργµ) + ciTγµν Tr(γ5γ
ργµν)

+ ciAγ5γµ Tr(γ5γ
ργ5γ

µ) + ciPγ5 Tr(γ5γ
ργ5)

= −4ciAγ5γ
ρ. (D.11)

• j = P

ciS1l Tr(γ51l) + ciV γµ Tr(γ5γ
µ) + ciTγµν Tr(γ5γ

µν)

+ ciAγ5γµ Tr(γ5γ5γ
µ) + ciPγ5 Tr(γ5γ5)

= 4ciPγ5. (D.12)

The results obtained so far are very interesting. By explicit calculation, we have shown
that for a given j the term proportional to cij is the only one contributing from the right-
hand side. This simplifies the calculation enormously. Besides the practical aspect, the
result implies that

Tr(OjOk) ∼ δjk. (D.13)

This means that Tr(OjOk) defines a suitable scalar product on the set of operators Oi.
In the sense of this scalar product, the operators form an orthogonal basis. We can even
construct an orthonormal basis, i.e.

Tr(OjOk) = δjk, (D.14)

by redefining

OS →
1

2
OS , OV →

1

2
OV , OT →

1

2
√

2
OT , OA →

i

2
OA and OP →

1

2
OP . (D.15)

However, in the following we stick to the original definitions given in the beginning of this
appendix and continue with the evaluation of the left-hand side for all possible i and j.

Left-hand side, i = S

• j = S

1l1l1l = 1l ⇒ cSS =
1

4
. (D.16)

• j = V

1lγρ1l = γρ ⇒ cSV =
1

4
. (D.17)

• j = T

1lγρη1l = γρη ⇒ cST =
1

8
. (D.18)

• j = A

1lγ5γ
ρ1l = γ5γ

ρ ⇒ cSA = −1

4
. (D.19)

• j = P

1lγ51l = γ5 ⇒ cSP =
1

4
. (D.20)
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D.2 Derivation of the Fierz coefficients

Left-hand side, i = V

• j = S
γµ1lγµ = γµγ

µ1l = 41l ⇒ cV S = 1. (D.21)

• j = V

γµγ
ργµ = −2γρ ⇒ cV V = −1

2
. (D.22)

• j = T
γµγ

ρηγµ = 0 ⇒ cV T = 0. (D.23)

• j = A

γµγ5γ
ργµ = 2γ5γ

ρ ⇒ cV A = −1

2
. (D.24)

• j = P
γµγ5γ

µ = −4γ5 ⇒ cV P = −1. (D.25)

Left-hand side, i = T

• j = S

γµν1lγµν = −1

2
(γµγν − γνγµ)γµγν

= −1

2
(−2γν − 4γν)γν = 121l ⇒ cTS = 3. (D.26)

• j = V

γµνγ
ργµν = −1

4
(γµγν − γνγµ)γρ(γµγν − γνγµ)

= −1

4
(γµγνγ

ργµγν − γµγνγργνγµ

+ γνγµγ
ργνγµ − γνγµγργµγν)

= −1

2
(γµγνγ

ργµγν − γµγνγργνγµ)

= −1

2
(4γρ − 4γρ) = 0 ⇒ cTV = 0. (D.27)

• j = T

γµνγ
ρηγµν = − i

8
(γµγν − γνγµ)(γργη − γηγρ)(γµγν − γνγµ)

= − i
4
γµγν(γργη − γηγρ)(γµγν − γνγµ)

=
i

2
(γηγργν − γργηγν)γν

= 2i(γηγρ − γργη) = −4γρη ⇒ cTT = −1

2
. (D.28)

• j = A
γµνγ5γ

ργµν = γ5γµνγ
ργµν = 0 ⇒ cTA = 0. (D.29)
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D Fierz identities

• j = P

γµνγ5γ
µν = γ5γµνγ

µν = 12γ5 ⇒ cTP = 3. (D.30)

Left-hand side, i = A

• j = S

γ5γµ1lγ5γ
µ = −41l ⇒ cAS = −1. (D.31)

• j = V

γ5γµγ
ργ5γ

µ = −2γρ ⇒ cAV = −1

2
. (D.32)

• j = T

γ5γµγ
ρηγ5γ

µ = 0 ⇒ cAT = 0. (D.33)

• j = A

γ5γµγ5γ
ργ5γ

µ = 2γ5γ
ρ ⇒ cAA = −1

2
. (D.34)

• j = P

γ5γµγ5γ5γ
µ = 4γ5 ⇒ cAP = 1. (D.35)

Left-hand side, i = P

• j = S

γ51lγ5 = 1l ⇒ cPS =
1

4
. (D.36)

• j = V

γ5γ
ργ5 = −γρ ⇒ cPV = −1

4
. (D.37)

• j = T

γ5γ
ρηγ5 = γρη ⇒ cPT =

1

8
. (D.38)

• j = A

γ5γ5γ
ργ5 = −γ5γ

ρ ⇒ cPA =
1

4
. (D.39)

• j = P

γ5γ5γ5 = γ5 ⇒ cPP =
1

4
. (D.40)

We close this section with a remark. The derivation above bases on the fact that the
operators Oi listed in table D.2 form a complete basis for 4× 4 matrices. This works out
nicely in four dimensions. However, in the context of dimensional reduction (cf. chapter
F) the Lorentz indices run from 0 to D−1 and performing a Fierz transformation becomes
highly non-trivial [250, 251]. Fortunately, we do not have to worry about all the extra
formalism involved as the corresponding problems become manifest only in higher order
corrections, e.g. at three-loop order [252–254].
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D.3 On the sign of the Fierz coefficients

Table D.4.: Fierz coefficients for spinor fields

S V T A P

S −1
4 −1

4 −1
8

1
4 −1

4

V −1 1
2 0 1

2 1

T −3 0 1
2 0 −3

A 1 1
2 0 1

2 −1

P −1
4

1
4 −1

8 −1
4 −1

4

D.3. On the sign of the Fierz coefficients

In this section we clarify what is meant by a spinor in the context of Fierz identities as
this turned out to be a possible source of sign errors. The field equation for a free spin
1/2 particle with mass m is the Dirac equation

(i/∂ −m)Ψ = 0. (D.41)

In classical field theory Ψ can be understood as the wave function of the particle. In
quantum field theory Ψ is quantised, i.e. Ψ contains annihilation and creation operators.
A general quantised plane-wave solution of the Dirac equation in position space can be
written as (cf. [172])

Ψ = Ψ(x) =

∫
d3~p

(2π)3
√

2E

∑

s=1,2

(
cs(p)u(p, s)e−ipx + d†s(p)v(p, s)eipx

)
, (D.42)

where E =
√
m2 + ~p2 is the energy of the particle and s denotes its spin. cs(p) is the

annihilation operator for the considered particle and d†s(p) is the creation operator for the
corresponding antiparticle. We call u(p, s) and v(p, s) the spinors for the particle and
antiparticle, respectively. As stated in the Feynman rules, they occur in scattering ampli-
tudes including external fermions. The components of the spinors are complex numbers,
which is why the derivation of the Fierz coefficients as given in section D.2 is valid.

However, in other situations one might use Fierz identities for spinor fields like Ψ(x). In
this (arbitrarily chosen) nomenclature, the components of a spinor are complex numbers,
whereas the components of a spinor field include fermionic creation and annihilation op-
erators. Fermionic operators anticommute and so do spinor fields and their components.
This enters the calculation in (D.5). For spinor fields we obtain

āαbβ c̄γdδ(Oi)αβ(Oi)γδ =
∑

k

cikāαdδ c̄γbβ(Ok)αδ(O
k)γβ

= (−1)3
∑

k

cikāαbβ c̄γdδ(Ok)αδ(O
k)γβ

= −
∑

k

cikāαbβ c̄γdδ(Ok)αδ(O
k)γβ, (D.43)

as we need three permutations to achieve the desired order of spinor field components.
Hence, in the case of spinor fields all Fierz coefficients as given in table D.3 change sign.
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D Fierz identities

Whenever we use Fierz identities in the context of direct detection, we use them for spinor
fields in this sense, i.e. we use table D.4.

D.4. Fierz transformations of tensorial quantities

Here we collect and prove some useful relations for the Fierz transformation of tensorial
objects. They are needed for the Mathematica program mentioned in subsection 4.4.5 to
evaluate the box contributions to the neutralino-quark cross section.

Proposition 1. āγµγνbc̄γ
νγµd = āγµνbc̄γ

µνd+ 4ābc̄d.

Proof. Let ā, b, c̄ and d denote four independent spinors. We have

āγµγνbc̄γ
νγµd =

1

4
ā(γµγν + γµγν)bc̄(γνγµ + γνγµ)d

=
1

4
ā(γµγν − γνγµ + 2gµν)bc̄(γνγµ − γµγν + 2gνµ)d

= −1

4
ā(γµγν − γνγµ)bc̄(γµγν − γνγµ)d+ gµµ ābc̄d

= āγµνbc̄γ
µνd+ 4ābc̄d. (D.44)

Proposition 2. γµνγ5 = i
2ε
µναβγαβ.

Proof. This identity deals with the pseudotensor γµνγ5. As the operators given in table D.1
form a complete basis, this operator can be reexpressed as a linear combination of them.
We start by inserting the definition of the tensor operator given in (D.1) and the definition
of the fifth gamma matrix according to (C.5).

γµνγ5 = − i
2

(γµγν − γνγµ)
i

4!
εαβγδγαγβγγγδ

=
1

48
(γµγν − γνγµ)εαβγδγαγβγγγδ

=
1

24
γµγνεαβγδγαγβγγγδ with µ 6= ν. (D.45)

In the last step we have assumed µ 6= ν. However, for µ = ν we obtain directly γµνγ5 =
i
2ε
µναβγαβ = 0. The next step is to observe that ν has to equal either α, β, γ or δ. Hence,

we write

1

24
γµγνεαβγδγαγβγγγδ =

1

24
γµγνενβγδγνγβγγγδ +

1

24
γµγνεανγδγαγνγγγδ

+
1

24
γµγνεαβνδγαγβγνγδ +

1

24
γµγνεαβγνγαγβγγγν

=
1

24
γµενβγδγβγγγδ −

1

24
γµεανγδγαγγγδ

+
1

24
γµεαβνδγαγβγδ −

1

24
γµεαβγνγαγβγγ

=
1

6
γµενβγδγβγγγδ, (D.46)
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where we do not sum over the triple index ν. In the last step we have renamed and
reordered the indices, obtaining the same expression four times. Now we proceed with the
index µ in complete analogy. As µ 6= ν, µ has to equal either β, γ or δ. We get

1

6
γµενβγδγβγγγδ =

1

6
γµενµγδγµγγγδ +

1

6
γµενβµδγβγµγδ +

1

6
γµενβγµγβγγγµ

=
1

2
ενµγδγγγδ =

i2

4
εµνγδ(γγγδ + γγγδ) =

i

2
εµνγδγγδ. (D.47)

Proposition 3. āγµγνγ5bc̄γ
νγµγ5d = āγµνbc̄γ

µνd+ 4āγ5bc̄γ5d.

Proof. This identity is similar to proposition 1 but contains additional factors of γ5. As
before, a, b, c and d denote arbitrary independent spinors. By complete analagous steps
as in proposition 1 we obtain

āγµγνγ5bc̄γ
νγµγ5d = āγµνγ5bc̄γ

µνγ5d+ 4āγ5bc̄γ5d. (D.48)

We use proposition 2 and (C.9) to modify the first term.

āγµνγ5bc̄γ
µνγ5d = −1

4
εµναβε

µνγδāγαβbc̄γγδd = −1

4

(
−2(δγαδ

δ
β − δγβδδα)

)
āγαβbc̄γγδd

=
1

2
(āγαβbc̄γαβd− āγαβbc̄γβαd) = āγαβbc̄γαβd. (D.49)
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E. Weyl spinor formalism and
Majorana fermions

This chapter deals with the Weyl spinor formalism, named after German physicist Her-
mann Weyl. We use it to derive two identities for Majorana fermions in section E.3. Weyl
spinor fields are solutions to the Weyl equation which is just the massless case of the Dirac
equation (cf. [255] and [256]). The Weyl equation reads

i/∂Ψ = 0. (E.1)

Remember that the Dirac spinor field32 Ψ is a four-component object in spinor space.
In the following we decompose Ψ into two Weyl spinor fields which are two-component
objects.

E.1. Weyl representation

Before we can discuss the connection between Weyl and Dirac spinor fields, we have to
develop the Weyl formalism, wherein we basically follow [257]. The starting point is the
Weyl or chiral representation of the Dirac matrices. In this representation the Dirac
matrices take the form

γ0 =




0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0



, γ1 =




0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0



, γ2 =




0 0 0 −i
0 0 i 0

0 i 0 0

−i 0 0 0



,

γ3 =




0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0




and γ5 =




−1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1



. (E.2)

Let us introduce the shorthand notation

γµ =

(
σµ

σ̄µ

)
and γ5 =

(
−1l

1l

)
, (E.3)

where 1l corresponds to the 2×2 identity matrix and the empty spaces correspond to 2×2
zero matrices. Moreover, we encounter the generalised Pauli matrices σµ and σ̄µ again,

32We stick to the nomenclature of section D.3. The components of a spinor are complex numbers and
commute, whereas the components of a spinor field include fermionic creation and annihilation operators
and anticommute.
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E Weyl spinor formalism and Majorana fermions

which have been introduced in chapter 2. They are defined as

σµ = (1l, σi) and σ̄µ = (1l,−σi), (E.4)

where σi denotes the usual Pauli matrices. In addition, we define

σµν =
i

2
(σµσ̄ν − σν σ̄µ) and σ̄µν =

i

2
(σ̄µσν − σ̄νσµ). (E.5)

Now we decompose the Dirac spinor field Ψ in its left- and right-handed part via

Ψ =

(
ψL

ξR

)
and Ψ̄ = Ψ†γ0 =

(
ξL, ψR

)
. (E.6)

We call ψL the left-handed Weyl spinor field and ξR the right-handed Weyl spinor field.
They obey

ψ∗L = ψR and ξ∗R = ξL (E.7)

and can be picked out of Ψ by the projection operators

PL =
1l− γ5

2
and PR =

1l + γ5

2
. (E.8)

In the Weyl representation the Weyl equation decouples into a left- and right-handed part.
We obtain

pµσ̄
µψL = 0 and pµσ

µξR = 0. (E.9)

E.2. Weyl spinor formalism

In this section we define scalar products for left- and right-handed Weyl spinor fields,
respectively. Let AL and BL denote two left-handed Weyl spinor fields. The associated
scalar product is defined via

ALBL = (AL)a(BL)a = (AL)1(BL)1 + (AL)2(BL)2. (E.10)

For the scalar product of right-handed Weyl spinor fields AR and BR we use dotted indices
and define

ARBR = (AR)ȧ(BR)ȧ = (AR)1̇(BR)1̇ + (AR)2̇(BR)2̇. (E.11)

The metric tensor gµν raises and lowers the Lorentz indices of four-vectors. In case of
Weyl spinor fields we can define the similar quantities

εab = εȧḃ = iσ2 =

(
0 1

−1 0

)
and εab = εȧḃ = −iσ2 =

(
0 −1

1 0

)
, (E.12)

which can be used to raise and lower the indices of Weyl spinor fields.

(AL)a = εab(AL)b. (AL)a = εab(AL)b. (AR)ȧ = εȧḃ(AR)ḃ. (AR)ȧ = εȧḃ(AR)ḃ. (E.13)

134



E.3 Identities for Majorana fermions

As a first exercise, we calculate

(AL)a(BL)a = εabε
ac(AL)b(BL)c = −δ c

b (AL)b(BL)c

= −(AL)b(BL)b = −ALBL. (E.14)

(AR)ȧ(BR)ȧ = εȧḃεȧċ(AR)ḃ(BR)ċ = −δḃċ(AR)ḃ(BR)ċ

= −(AR)ḃ(BR)ḃ = −ARBR. (E.15)

Prior to calculating the desired identities for Majorana fermions, we return to the gene-
ralised Pauli matrices. The corresponding Weyl structure can be found by investigating
the Lorentz transformation properties of those matrices (cf. [257]). We find

(σµ)aḃ and (σ̄µ)ȧb and accordingly (σµν) b
a and (σ̄µν)ȧ

ḃ
. (E.16)

Furthermore, the generalised Pauli matrices fulfill

(σµ)T = σ2σ̄µσ2, (E.17)

which can be checked easily by explicit calculation. Let us write this expression with Weyl
indices and use (E.12).

(σµ)aḃ = (σµ)T
ḃa

= −εḃċ(σ̄µ)ċdεda = εḃċεad(σ̄
µ)ċd = (σ̄µ)ḃa. (E.18)

E.3. Identities for Majorana fermions

Majorana fermions, named after Italian physicist Ettore Majorana, are their own antipar-
ticles (cf. [258]). This is only possible for electrically neutral particles. There are no
Majorana fermions in the Standard Model of particle physics. Examples in the context of
SUSY are the neutralinos and gluinos. The Dirac spinor field Ψ of a Majorana fermion
can be written as

Ψ =

(
ψL

ψR

)
and Ψ̄ = Ψ†γ0 =

(
ψL, ψR

)
. (E.19)

In the following we use the formalism developed in the last sections to prove two identities
for Majorana fermions, namely

Ψ̄γµΨ = 0 and Ψ̄γµνΨ = 0. (E.20)

The definition of γµν is given in (D.1).

Proposition 4. Ψ̄γµΨ = 0.

Proof. In the Weyl representation we have

Ψ̄γµΨ = ψRσ̄
µψL + ψLσ

µψR. (E.21)

The second term can be written as

(ψL)a(σµ)aḃ(ψR)ḃ = −(ψR)ḃ(σµ)aḃ(ψL)a =︸︷︷︸
(E.18)

−(ψR)ḃ(σ̄µ)ḃa(ψL)a

=︸︷︷︸
(E.14), (E.15)

−(−1)2(ψR)ḃ(σ̄
µ)ḃa(ψL)a = −ψRσ̄µψL. (E.22)

The first minus sign occured because Weyl spinor fields anticommute. Hence, we have
Ψ̄γµΨ = ψRσ̄

µψL − ψRσ̄µψL = 0.
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E Weyl spinor formalism and Majorana fermions

Proposition 5. Ψ̄γµνΨ = 0.

Proof. In the Weyl representation we have

Ψ̄γµνΨ =
i

2
Ψ̄(γµγν − γνγµ)Ψ = ψLσ

µνψL + ψRσ̄
µνψR. (E.23)

The first term can be written as

ψLσ
µνψL = (ψL)a(σµν) b

a (ψL)b

=
i

2

(
(ψL)a(σµ)aċ(σ̄

ν)ċb(ψL)b − (ψL)a(σν)aċ(σ̄
µ)ċb(ψL)b

)

= − i
2

(
(ψL)b(σ

µ)aċ(σ̄
ν)ċb(ψL)a − (ψL)b(σ

ν)aċ(σ̄
µ)ċb(ψL)a

)

=︸︷︷︸
(E.18)

− i
2

(
(ψL)b(σ̄

µ)ċa(σ
ν)bċ(ψL)a − (ψL)b(σ̄

ν)ċa(σ
µ)bċ(ψL)a

)

=
i

2

(
(ψL)b(σ

µ)bċ(σ̄ν)ċa(ψL)a − (ψL)b(σ
ν)bċ(σ̄µ)ċa(ψL)a

)

=︸︷︷︸
(E.14), (E.15)

(−1)3 i

2

(
(ψL)b(σµ)bċ(σ̄

ν)ċa(ψL)a − (ψL)b(σν)bċ(σ̄
µ)ċa(ψL)a

)

= −ψLσµνψL. (E.24)

Hence, we have ψLσ
µνψL = 0. A completely analogous calculation shows ψRσ̄

µνψR = 0
and thus Ψ̄γµνΨ = 0.
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F. Regularisation

When evaluating Feynman diagrams including loops, one encounters a symptomatic prob-
lem. To discuss it, we depict the simplest loop diagram of QCD in figure F.1. It shows
the one-loop correction to the quark propagator, the so-called self-energy. Due to energy
and momentum conservation, the ingoing four-momentum pa equals the outgoing four-
momentum p1. However, this does not fully determine the four-momenta of the inner,
virtual particles. If we label the four-momenta of the virtual quark with q, the gluon has
four-momentum q − p1, where q is still unrestricted. To include all possible kinematics,
we have to integrate over all values of q.

Unfortunately, the resulting integral is divergent. This is a problem for an empirical
science like physics. The theory – in this case QCD – should make predictions about
observables in nature which are obviously finite. On the first glimpse, it seems that
theory has failed. Interestingly, this is not the case. Instead it turned out that the finite
observables are kind of “hidden beneath the infinities” and are actually calculable within
the theory. During the second half of the last century, a sophisticated machinery was
developed to do this. The procedure is based on two steps:

1. Regularisation

The divergent integrals are evaluated, the divergences are identified and isolated.

2. Renormalisation

The divergences are removed via redefining the original parameters of the theory.

There exist several ways for both steps. In this chapter we discuss the method of di-
mensional regularisation, which was mainly developed by Giampiero Passarino, Gerardus
’t Hooft and Martinus Veltman [259–261] and is one variant of performing the first step.
Although this technique is well known, we also repeat the basics. This is necessary to dis-
cuss the tensor reduction in the case of a vanishing Gram determinant, which is important
for our calculations. We follow the conventions of [166] and [262], which are also the most
relevant references for this chapter. The second step of this procedure is discussed in the
next chapter G.

F.1. Different kinds of divergences

Before introducing the concept of dimensional regularisation and the Passarino Veltman
integrals in the following sections, we move a step backwards and take a closer look at
the divergences themselves. The divergences we have sketched above are called ultraviolet
divergences. They occur for large internal momenta, which naturally arise as the integra-
tion over internal momenta is unrestricted. Provided that the singularities are properly
regularised, ultraviolet divergences can be removed via renormalisation.
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1

q q

q

q

g

q q

q q

g

1

Figure F.1.: Quark self-energy in QCD (left) and a quark emitting a gluon (right)

However, there exists a second class of divergences which has a different origin. These
are called infrared divergences and they are connected to specific configurations of the
internal loop masses and the external momenta. A systematic study of the occurrence
of infrared divergences was performed by Lew Dawidowitsch Landau in 1959 [263]. He
derived the so-called Landau equations, which are necessary conditions for the appearance
of such singularities. Fulfilling the Landau equations in practice is usually related to
the exchange of at least one internal massless particle like a gluon or photon. Classical
examples for infrared divergent processes are given by V1, V3, B1 and B3 (cf. subsections
4.4.3 and 4.4.5 and figures 4.7 and 4.11). We also explicitly evaluate two infrared divergent
loop integrals in the following (cf. subsections F.3.1 and F.3.2).

In order to obtain a meaningful result, these divergences have to disappear somehow.
Interestingly, infrared divergences cancel out automatically if one calculates a physical
observable. In this context, such observables are called inclusive quantities and the famous
Bloch-Nordsieck and Kinoshita-Lee-Nauenberg theorems state that inclusive quantities are
infrared safe [204–206].

What is meant by an inclusive quantity and how do the divergences vanish? Consider
the electroweak process e+e− → q̄q as an example. One may calculate strong corrections
to this process, where amongst others the vertex V3 shows up in rotated form (cf. subsec-
tion 4.4.3 and figure 4.7). The exchange of the internal massless gluon leads to an infrared
divergence. However, when actually realising this process at a lepton collider and detect-
ing the final state, one can not exclude that an additional gluon has escaped detection.
This is especially true if the gluon either possesses vanishing energy or is emitted along
the direction of an emitting massless particle. These two situations give rise to so-called
soft and collinear divergences, respectively. Let us investigate this in greater detail.

We assume that one of the final state quarks emits an additional gluon. This emission
process is called a real correction and is depicted in figure F.1. We label the ingoing quark
momentum pa, the outgoing quark momentum p1 and the gluon momentum p2, where
pa = p1 + p2 due to energy and momentum conservation. Note that the ingoing quark is
a virtual particle in the process e+e− → q̄qg. Hence, we encounter its propagator when
writing down the amplitude of the process. The relevant part of this propagator reads

1

p2
a −m2

q

=
1

(p1 + p2)2 −m2
q

=
1

2p1p2
, (F.1)

where we have used the on-shell conditions p2
1 = m2

q and p2
2 = m2

g = 0. We insert the four-
vectors p1 = (E1, ~p1) and p2 = (E2, ~p2), introduce the angle θ between the two outgoing
particles and obtain

1

2p1p2
=

1

2(E1E2 − ~p1 ~p2)
=

1

2E2(E1 − |~p1| cos θ)
. (F.2)
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We can identify two cases causing this expression to diverge. The first possibility is that
the gluon possesses vanishing energy, i.e.

E2 → 0. (F.3)

We refer to this as a soft divergence. The second option is that the emitting quark is
massless and the gluon is emitted in the direction of the quark.

E1 − |~p1| cos θ → 0, i.e. E1 → |~p1| and θ → 0. (F.4)

We call this a collinear divergence and both the soft and collinear divergence are subsumed
under infrared divergences.33

To construct an inclusive quantity, we have to sum the cross sections of the processes
e+e− → q̄q and e+e− → q̄qg as this is the actual observable. The Kinoshita-Lee-Nauenberg
theorem states that this sum is infrared safe. The infrared divergences stemming from the
virtual corrections cancel with those from the real corrections.

This cancellation only works if the divergences are properly regularised. One possibility
to regularise infrared divergences is to introduce a fictitious gluon (or photon) mass λ.
If the final result is an inclusive quanitity, it should be independent of λ and the limit
λ → 0 can be performed safely. However, in practice this method is usually avoided in
case of QCD calculations as it breaks gauge symmetry. Fortunately, there is no need for
a specific regularisation method for infrared divergences as both ultraviolet and infrared
divergences can be regularised via dimensional regularisation. This approach34 is chosen
within the DM@NLO project, where we differ between infrared poles and ultraviolet poles.
The infrared behaviour of many loop integrals is taken over from [264] and [265].

There is yet another complication in this context we have not mentioned yet. The
cancellation of infrared singularities works on the level of cross sections. The inclusive
cross section at NLO is infrared safe and given by the sum of the tree-level and its virtual
and real corrections.

σNLO =

∫

2→2
dσtree +

∫

2→2
dσvirtual +

∫

2→3
dσreal. (F.5)

Note that the virtual and real corrections possess different phase spaces and hence have
to be integrated separately. Although the sum is infrared finite, the individual terms are
not. This is a problem as the integration is usually performed numerically, which leads to
two ill-defined terms. There are two popular but involved methods to cure this problem,
the so-called phase space slicing [207] and the dipole subtraction method [208–211]. Both
of these methods have been implemented in the DM@NLO project but not by the author of
this thesis. Therefore, we do not go into details here and refer to the PhD theses of Julia
Harz and Moritz Meinecke for detailed descriptions of these methods and their numerical
implementation instead [62, 63].

We can skip these details because we do not face this problem in the context of direct
detection. Here the cancellation of infrared divergences happens on the level of amplitudes
when matching the full and the effective theory (cf. section H). An explicit calculation of
real corrections is not needed.

33Note that this nomenclature is not always chosen. Sometimes people speak of infrared and collinear
divergences, i.e. only soft singularities are called infrared singularities.

34To be more precise, we are working with dimensional reduction, which is explained in the next section.
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F.2. Basic idea of dimensional regularisation

The main idea of dimensional regularisation is to modify the dimensionality of the mo-
menta. To illustrate this, note that e.g.

∫ ∞

a
dDx

1

x2
with a > 0 (F.6)

diverges linearly for D = 3, logarithmically for D = 2 and converges for D = 1. The
dimensional regularisation method makes use of this fact. The integration over the unre-
stricted loop momentum q is replaced by

∫
d4q

(2π)4
→ µ4−D

∫
dDq

(2π)D
. (F.7)

The integration is then carried out for an arbitrary D. The mathematical basis of this
continuation is presented in chapter four of [237]. Afterwards one can identify and isolate
the terms diverging in the limit D → 4.
µ is an arbitrary mass scale, the so-called renormalisation scale. It has no direct physical

meaning and is introduced to fix the dimensionality of the integral. The final result, e.g. the
cross section, should be independent of the choice of µ. However, in practice observables
like cross sections are typically calculated only up to a fixed order in perturbation theory,
which leads to an artificial remaining dependence on the renormalisation scale. This
dependence decreases in general with increasing order of perturbation theory and should
(in principle) vanish completely, if the calculation is performed to all orders.

Dimensional regularisation is more technical than e.g. a simple momentum cut-off
method. Nevertheless, dimensional regularisation is usually preferred as it preserves
Lorentz covariance. Another symmetry, namely SUSY, can be preserved if one uses dimen-
sional reduction [266, 267]. Dimensional reduction is a modification of the dimensional
regularisation scheme. The main difference between these two schemes is that vector
bosons in the dimensional reduction scheme stay four-dimensional, whereas in the dimen-
sional regularisation scheme vector bosons are D-dimensional objects. The mathematical
details of this regularisation scheme are still under discussion [252, 254, 268]. However, in
practical calculations dimensional reduction has proven reliable so far. A common advan-
tage of both schemes is the possibility to classify all possible loop diagrams and reduce
them in an algorithmic manner to a set consisting of only four fundamental scalar integrals
at one-loop order. This very efficient technique is presented in the next sections.

F.3. Scalar Passarino Veltman integrals

The aforementioned four fundamental scalar integrals are given by:

A0(m2
0) =

(2πµ)4−D

iπ2

∫
dDq

1

D0
. (F.8)

B0(p1,m
2
0,m

2
1) =

(2πµ)4−D

iπ2

∫
dDq

1

D0D1
. (F.9)

C0(p1, p2,m
2
0,m

2
1,m

2
2) =

(2πµ)4−D

iπ2

∫
dDq

1

D0D1D2
. (F.10)

D0(p1, p2, p3,m
2
0,m

2
1,m

2
2,m

2
3) =

(2πµ)4−D

iπ2

∫
dDq

1

D0D1D2D3
. (F.11)
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F.3 Scalar Passarino Veltman integrals

The denominators are defined by

Di = (q + pi)
2 −m2

i + iε with p0 = 0, (F.12)

where the infinitesimal terms iε are added to shift possible poles from the real axis into
the complex plane. We omit them whenever they are not needed explicitly. A0, B0, C0

and D0 are also referred to as one-, two-, three- and four-point functions. They can be
further evaluated by substitutions, the use of Feynman parameters, the Gamma function
and the Dilogarithm (cf. chapter B). Furthermore, we need the auxiliary integral

In(A) =

∫
dDq

1

(q2 −A+ iε)n
= i(−1)nπD/2

Γ(n−D/2)

Γ(n)
(A− iε)D/2−n. (F.13)

We finally find

A0(m2
0) = m2

0

(
∆− ln

(
m2

0

µ2

)
+ 1

)
+O(D − 4) (F.14)

and

B0(p1,m
2
0,m

2
1) = ∆−

∫ 1

0
dx ln

(
x2p2

1 − x(p2
1 −m2

1 +m2
0) +m2

0 − iε
µ2

)
+O(D−4), (F.15)

where we have introduced the divergent factor

∆ =
2

4−D − γE + ln(4π) =
1

ε
− γE + ln(4π). (F.16)

The corresponding analytical expressions for C0 and D0 in the most general case have an
impressive length and can be looked up elsewhere (cf. [166, 265, 269]). In the following two
subsections we evaluate the scalar integrals C0 and D0 for rather unusual sets of arguments
which we encounter in chapter 4 when calculating the neutralino-nucleon cross sections.
The standard methods and results given in the literature fail under these circumstances
and these special cases have to be treated separately.

F.3.1. Evaluation of C0(p, 0, 0,m2, 0)

The first special case we consider is C0(p, 0, 0,m2, 0), which is needed for the vertex cor-
rections V5 and V7 in the case of massless quarks (cf. subsection 4.4.3 and figure 4.7). As
the integral leads to an infrared divergence (cf. section F.1), we evaluate it in D = 4− 2ε
dimensions. This three-point function reads

C0 =
(2πµ)4−D

iπ2

∫
dDq

1

(q2 + iε)2((q + p)2 −m2 + iε)
. (F.17)

We rewrite it by using the identity (B.27) for k = 2.

C0 =
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0
dx1

∫ 1

0
dx2

δ(x1 + x2 − 1)2x2

(x1((q + p)2 −m2 + iε) + x2(q2 + iε))3

= 2
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0
dx2x2

(
(q + (1− x2)p)2 − (1− x2)2p2

+ (1− x2)p2 − (1− x2)m2 + iε
)−3

. (F.18)
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The next step is to substitute q′ = q + (1 − x2)p and to use the auxiliary integral (F.13)
with n = 3 and A = (1− x2)m2 − x2(1− x2)p2. We obtain

C0 = −(4π)εΓ(1 + ε)(µ2)ε
∫ 1

0
dx2x2

(
(1− x2)m2 − x2(1− x2)p2 − iε

)−1−ε

= −cε(µ2)ε
∫ 1

0
dx2x2(1− x2)−1−ε

(
m2 − x2p

2 − iε

1− x2

)−1−ε

= −cε(µ2)ε
∫ 1

0
dx2x2(1− x2)−1−ε(m̄2 − x2p

2
)−1−ε

= −cε
1

m̄2

(
µ2

m̄2

)ε ∫ 1

0
dx2x2(1− x2)−1−ε

(
1− p2

m̄2
x2

)−1−ε
. (F.19)

In the previous steps we have introduced the shorthand notation cε = (4π)εΓ(1 + ε) and
absorbed the infinitesimal complex part into a redefinition of the mass m̄2 = m2 − iε′ =
m2 − iε

1−x2 . As the fraction 1
1−x2 does not change its sign in the domain of integration,

it makes no difference in avoiding poles. Hence, we can treat m̄2 as independent of x2.
Given these substitutions, the integral above is nothing but a hypergeometric function (cf.

section B.4) with parameters a = 1 + ε, b = 2, c = 2− ε and z = p2

m̄2 .

C0 = −cε
1

m̄2

(
µ2

m̄2

)ε
Γ(2)Γ(−ε)
Γ(2− ε) 2F1

(
1 + ε, 2, 2− ε, p

2

m̄2

)

= cε
1

m̄2

(
µ2

m̄2

)ε
1

ε(1− ε) 2F1

(
1 + ε, 2, 2− ε, p

2

m̄2

)
. (F.20)

In the last step the 1/ε divergence shows up explicitly. All that remains is to expand
this expression in a series in ε.35 This leads to an infrared divergent part proportional
to 1/ε which cancels out in the matching procedure (cf. chapter H), a finite contribution
and negligible terms of O(ε). To expand the hypergeometric function, we start with its
defining differential equation (B.20), insert the given parameters and choose the ansatz

w(z) = r(z) + εs(z) +O(ε2) with r(0) = 1 and s(0) = 0. (F.21)

We obtain the differential equations

O(ε0) : 0 = z(1− z)r′′(z) + (2− 4z)r′z − 2r(z) and (F.22)

O(ε1) : 0 = z(1− z)s′′(z) + (2− 4z)s′z − 2s(z)− (1 + z)r′(z)− 2r(z), (F.23)

which can be solved with e.g. Mathematica. The result reads

r(z) =
1

1− z and s(z) =
z(1− iπ) + (z + 1) ln(z − 1)− iπ

z(z − 1)
. (F.24)

We insert this back into the three-point function and finally get

C0 = cε
1

m̄2

(
µ2

m̄2

)ε
1

ε(1− ε)(r(z) + εs(z) +O(ε2))

= cε
1

m̄2

(
1

ε
r(z) +

(
1 + ln

(
µ2

m̄2

))
r(z) + s(z)

)
+O(ε). (F.25)

35For conventional reasons we leave the factor cε unexpanded.
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F.3.2. Evaluation of D0(p, 0, 0, 0,m2, 0, 0)

The second special case we investigate is D0(p, 0, 0, 0,m2, 0, 0). This four-point function
is needed for the boxes B1 and B3 in the case of massless quarks (cf. subsection 4.4.5 and
figure 4.11) and reads

D0 =
(2πµ)4−D

iπ2

∫
dDq

1

(q2 + iε)3((q + p)2 −m2 + iε)
. (F.26)

As one might guess when comparing the expression above with (F.17), the evaluation of
this integral completely follows the steps of the last subsection. We start by introducing
Feynman parameters as in (B.27) for k = 3 and get

D0 =
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0
dx1

∫ 1

0
dx2

δ(x1 + x2 − 1)3x2
2

(x1((q + p)2 −m2 + iε) + x2(q2 + iε))4

= 3
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0
dx2x

2
2

(
(q + (1− x2)p)2 − (1− x2)2p2

+ (1− x2)p2 − (1− x2)m2 + iε
)−4

. (F.27)

We substitute q′ = q + (1 − x2)p and use the auxiliary integral (F.13) with n = 4 and
A = (1− x2)m2 − x2(1− x2)p2 to obtain

D0 =
1

2
cε(µ

2)ε(1 + ε)

∫ 1

0
dx2x

2
2

(
(1− x2)m2 − x2(1− x2)p2 − iε

)−2−ε

=
1

2
cε

1

m̄4

(
µ2

m̄2

)ε
(1 + ε)

∫ 1

0
dx2x

2
2(1− x2)−2−ε

(
1− p2

m̄2
x2

)−2−ε
. (F.28)

Once again we encounter a hypergeometric function, this time with arguments a = 2 + ε,

b = 3, c = 2− ε and z = p2

m̄2 .

D0 =
1

2
cε

1

m̄4

(
µ2

m̄2

)ε
(1 + ε)

Γ(3)Γ(−1− ε)
Γ(2− ε) 2F1

(
2 + ε, 3, 2− ε, p

2

m̄2

)

= cε
1

m̄4

(
µ2

m̄2

)ε
1

ε(1− ε) 2F1

(
2 + ε, 3, 2− ε, p

2

m̄2

)
. (F.29)

To expand the hypergeometric function, we proceed as in the last section and choose
the ansatz (F.21). For the given parameters we obtain the differential equations

O(ε0) : 0 = z(1− z)r′′(z) + (2− 6z)r′z − 6r(z) and (F.30)

O(ε1) : 0 = z(1− z)s′′(z) + (2− 6z)s′z − 6s(z)− (1 + z)r′(z)− 3r(z), (F.31)

which are solved by

r(z) = − 1

(z − 1)3
and s(z) =

2 ln(1− z)− z
(z − 1)3

. (F.32)

Inserting this back into the four-point function, we obtain the final result

D0 = cε
1

m̄4

(
1

ε
r(z) +

(
1 + ln

(
µ2

m̄2

))
r(z) + s(z)

)
+O(ε). (F.33)
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F.4. Tensor Passarino Veltman integrals

In case of the scalar integrals introduced before, only the denominators Di depend on q.
This is not the most general case, especially fermion propagators lead to factors of q in the
nominator. Integrals of this form are called tensor integrals. We classify them as follows:

Aµ(m2
0) =

(2πµ)4−D

iπ2

∫
dDq

qµ
D0

. (F.34)

Aµν(m2
0) =

(2πµ)4−D

iπ2

∫
dDq

qµqν
D0

. (F.35)

...

Bµ(p1,m
2
0,m

2
1) =

(2πµ)4−D

iπ2

∫
dDq

qµ
D0D1

. (F.36)

Bµν(p1,m
2
0,m

2
1) =

(2πµ)4−D

iπ2

∫
dDq

qµqν
D0D1

. (F.37)

...

Cµ(p1, p2,m
2
0,m

2
1,m

2
2) =

(2πµ)4−D

iπ2

∫
dDq

qµ
D0D1D2

. (F.38)

Cµν(p1, p2,m
2
0,m

2
1,m

2
2) =

(2πµ)4−D

iπ2

∫
dDq

qµqν
D0D1D2

. (F.39)

...

Dµ(p1, p2, p3,m
2
0,m

2
1,m

2
2,m

2
3) =

(2πµ)4−D

iπ2

∫
dDq

qµ
D0D1D2D3

. (F.40)

Dµν(p1, p2, p3,m
2
0,m

2
1,m

2
2,m

2
3) =

(2πµ)4−D

iπ2

∫
dDq

qµqν
D0D1D2D3

. (F.41)

...

Note that Aµ = 0 as the integrand is an odd function of q. The idea of the tensor reduction
method is not to calculate all of these integrals directly but rather rewrite them in terms
of the fundamental scalar integrals given in (F.8)-(F.11). In the following we focus on the
evaluation of Bµ, Bµν , Cµ and Cµν as these integrals turn out to be the most important
ones. The procedure works the same for all other tensor integrals.

Before we start with the tensor reduction, we set up a shorthand notation for the
arguments of the scalar two-point function. We introduce

B0(i, j) = B0(pj − pi,m2
i ,m

2
j ), (F.42)

so that i and j correspond to the contributing denominators Di and Dj . As an example,
we give

B0(1, 2) =
(2πµ)4−D

iπ2

∫
dDq

1

D1D2
= B0(p2 − p1,m

2
1,m

2
2). (F.43)

Later on, we use the same notation for the two-point tensor coefficients, i.e. for B1, B00

and B11.
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F.4.1. Evaluation of Bµ

The tensor reduction method makes use of the fact that dimensional regularisation (as
well as dimensional reduction) preserves Lorentz covariance. This implies that the final
results can be written as linear combinations of covariant four-vectors. The only available
four-vector in the case of Bµ is the external momentum p1, so we choose the ansatz

Bµ(p1,m
2
0,m

2
1) = p1,µB1(p1,m

2
0,m

2
1). (F.44)

The goal is to determine the unknown tensor coefficient B1. To do so, we contract both
sides with pµ1 . We obtain

pµ1Bµ(p1,m
2
0,m

2
1) = p2

1B1(p1,m
2
0,m

2
1) =

(2πµ)4−D

iπ2

∫
dDq

p1q

D0D1

=
(2πµ)4−D

iπ2

∫
dDq

((q + p1)2 −m2
1)− (q2 −m2

0)− (p2
1 −m2

1 +m2
0)

2D0D1

=
(2πµ)4−D

iπ2

∫
dDq
D1 −D0 − (p2

1 −m2
1 +m2

0)

2D0D1

=
1

2

(
A0(m2

0)−A0(m2
1)− (p2

1 −m2
1 +m2

0)B0(p1,m
2
0,m

2
1)
)

⇔ B1(p1,m
2
0,m

2
1) =

1

2p2
1

(
A0(m2

0)−A0(m2
1)− (p2

1 −m2
1 +m2

0)B0(p1,m
2
0,m

2
1)
)
. (F.45)

Hereby we have reduced the tensor integral Bµ to the scalar integrals A0 and B0. In the
next three subsections we apply the same procedure to the tensor expressions Bµν , Cµ
and Cµν . Therein we regularly use

piq =
1

2

(
((q + pi)

2 −m2
i )− (q2 −m2

0)− (p2
i −m2

i +m2
0)
)

=
1

2
(Di −D0 − fi) , (F.46)

where
fi = p2

i −m2
i +m2

0. (F.47)

F.4.2. Evaluation of Bµν

Our ansatz for Bµν is

Bµν(p1,m
2
0,m

2
1) = gµνB00(p1,m

2
0,m

2
1) + p1,µp1,νB11(p1,m

2
0,m

2
1). (F.48)

We contract the expression with gµν and obtain

gµνBµν(0, 1) = DB00(0, 1) + p2
1B11(0, 1) =

(2πµ)4−D

iπ2

∫
dDq

(q2 −m2
0) +m2

0

D0D1

= A0(m2
1) +m2

0B0(0, 1), (F.49)

where we have used the shorthand notation introduced in (F.42). Contraction with pµ1
gives

pµ1Bµν(0, 1) = p1,ν(B00(0, 1) + p2
1B11(0, 1))

=
(2πµ)4−D

iπ2

∫
dDq

qν
2

D1 −D0 − f1

D0D1

=
p1,ν

2

(
A0(m2

1)− f1B1(0, 1)
)

⇔ B00(0, 1) + p2
1B11(0, 1) =

1

2

(
A0(m2

1)− f1B1(0, 1)
)
. (F.50)
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In the second step above we have used Aν(m2
i ) = 0 and substituted q′ = q + p1 in the

second term of the integrand. Combining (F.49) and (F.50) leads to

B00(0, 1) =
1

2(D − 1)

(
A0(m2

1) + 2m2
0B0(0, 1) + f1B1(0, 1)

)
. (F.51)

B11(0, 1) =
1

2(D − 1)p2
1

(
(D − 2)A0(m2

1)− 2m2
0B0(0, 1)−Df1B1(0, 1)

)
. (F.52)

One has to be careful when taking the limit D → 4 of the expressions above. As the
integrals A0, B0 and B1 are divergent (cf. section F.6), the fraction in front has to be
expanded in terms of D − 4. We perform this for B11(0, 1) and begin with the Taylor
expansion of the fraction.

1

D − 1
=

1

D − 4 + 3
:=

1

x+ 3
=

1

3
− 1

9
x+O(x2). (F.53)

There are no ultraviolet double poles, so terms of order (D− 4)2 can be neglected. There-
fore, we get in the limit D → 4

B11(0, 1) =
1

6p2
1

(
1− 1

3
(D − 4)

)(
(D − 2)A0(m2

1)− 2m2
0B0(0, 1)−Df1B1(0, 1)

)

=
1

6p2
1

(
1− 1

3
(D − 4)

)(
(D − 4)A0(m2

1) + 2A0(m2
1)− 2m2

0B0(0, 1)

− (D − 4)f1B1(0, 1)− 4f1B1(0, 1)
)

=
1

6p2
1

(
2A0(m2

1)− 2m2
0B0(0, 1)− 4f1B1(0, 1) + (1− 2

3
)(D − 4)A0(m2

1)

+
2

3
m2

0(D − 4)B0(0, 1) + (−1 +
4

3
)f1(D − 4)B1(0, 1)

)

=
1

6p2
1

(
2A0(m2

1)− 2m2
0B0(0, 1)− 4f1B1(0, 1)− 2

3
m2

1 −
4

3
m2

0 +
1

3
f1

)

=
1

6p2
1

(
2A0(m2

1)− 2m2
0B0(0, 1)− 4f1B1(0, 1)−m2

1 −m2
0 +

1

3
p2

1

)
. (F.54)

Applying the same procedure for B00 as given in (F.51) leads to

B00(0, 1) =
1

6

(
A0(m2

1) + 2m2
0B0(0, 1) + f1B1(0, 1) +m2

0 +m2
1 −

1

3
p2

1

)
. (F.55)

F.4.3. Evaluation of Cµ

In the case of the three-point function, we have in general two independent external
momenta, so our ansatz is

Cµ = p1,µC1 + p2,µC2, (F.56)

where we have omitted the arguments for the sake of readability. Contracting this expres-
sion with pµ1 gives

pµ1Cµ = p2
1C1 + p1p2C2 =

(2πµ)4−D

iπ2

∫
dDq
D1 −D0 − f1

2D0D1D2

=
1

2
(B0(0, 2)−B0(1, 2)− f1C0) := R1. (F.57)
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In complete analogy a contraction with pµ2 leads to

pµ2Cµ = p1p2C1 + p2
2C2 =

(2πµ)4−D

iπ2

∫
dDq
D2 −D0 − f2

2D0D1D2

=
1

2
(B0(0, 1)−B0(1, 2)− f2C0) := R2. (F.58)

This can be written in matrix form as(
p2

1 p1p2

p1p2 p2
2

)(
C1

C2

)
:= A

(
C1

C2

)
=

(
R1

R2

)
, (F.59)

hence C1 and C2 are given by
(
C1

C2

)
= A−1

(
R1

R2

)
=

1

detA

(
p2

2 −p1p2

−p1p2 p2
1

)(
R1

R2

)
. (F.60)

F.4.4. Evaluation of Cµν

The ansatz for Cµν is given by

Cµν = gµνC00 + p1,µp1,νC11 + (p1,µp2,ν + p2,µp1,ν)C12 + p2,µp2,νC22. (F.61)

Note that Cµν is symmetric under 1 ↔ 2, so only the sum p1,µp2,ν + p2,µp1,ν has an
independent coefficient and not the single terms p1,µp2,ν and p2,µp1,ν . Contracting with
the metric tensor gµν gives

gµνCµν = DC00 + p2
1C11 + 2p1p2C12 + p2

2C22

=
(2πµ)4−D

iπ2

∫
dDq

(q2 −m2
0) +m2

0

D0D1D2
= B0(1, 2) +m2

0C0. (F.62)

Next we contract with pµ1 .

pµ1Cµν = p1,νC00 + p2
1p1,νC11 + p2

1p2,νC12 + p1p2p1,νC12 + p1p2p2,νC22

=
(2πµ)4−D

iπ2

∫
dDq

qν
2

D1 −D0 − f1

D0D1D2

=
1

2
(p2,νB1(0, 2) + (p1,ν − p2,ν)B1(1, 2) + p1,νB0(1, 2)

− f1p1,νC1 − f1p2,νC2)). (F.63)

As p1,ν and p2,ν are completely arbitrary, we actually obtain two equations out of (F.63).

1

2
(B1(1, 2) +B0(1, 2)− f1C1) = p2

1C11 + p1p2C12 + C00. (F.64)

1

2
(B1(0, 2)−B1(1, 2)− f1C2) = p2

1C12 + p1p2C22. (F.65)

A contraction with pµ2 gives analogously

pµ2Cµν = p2,νC00 + p1p2p1,νC11 + p1p2p2,νC12 + p2
2p1,νC12 + p2

2p2,νC22

=
(2πµ)4−D

iπ2

∫
dDq

qν
2

D2 −D0 − f2

D0D1D2

=
1

2
(p1,νB1(0, 1) + (p1,ν − p2,ν)B1(1, 2) + p1,νB0(1, 2)

− f2p1,νC1 − f2p2,νC2)), (F.66)
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so we find

1

2
(B1(0, 1) +B1(1, 2) +B0(1, 2)− f2C1) = p1p2C11 + p2

2C12. (F.67)

1

2
(−B1(1, 2)− f2C2) = p1p2C12 + p2

2C22 + C00. (F.68)

Now we can determine C00 by subtracting (F.64) and (F.68) from (F.62).

(D − 2)C00 = m2
0C0 +

1

2
(B0(1, 2) + f1C1 + f2C2) . (F.69)

Due to the B0 on the right-hand side, this expression diverges in the limit D → 4. When
performing this limit, one has to proceed as described in the end of subsection F.4.2, which
leads to

C00 =
1

2
m2

0C0 +
1

4
(B0(1, 2) + f1C1 + f2C2 + 1) . (F.70)

Finally, we can cast (F.64) and (F.67) in matrix form to determine C11 and C12.

A

(
C11

C12

)
=

(
R3

R4

)
⇔
(
C11

C12

)
= A−1

(
R3

R4

)
=

1

detA

(
p2

2 −p1p2

−p1p2 p2
1

)(
R3

R4

)
, (F.71)

where

R3 =
1

2
(B1(1, 2) +B0(1, 2)− f1C1 − 2C00) and (F.72)

R4 =
1

2
(B1(0, 1) +B1(1, 2) +B0(1, 2)− f2C1) . (F.73)

Note that the matrix A in (F.71) is exactly the same as in (F.60). Next we also write
(F.65) and (F.68) in matrix form. This gives a second but analytically identical expression
for C12 and one for C22.

A

(
C12

C22

)
=

(
R5

R6

)
⇔
(
C12

C22

)
= A−1

(
R5

R6

)
=

1

detA

(
p2

2 −p1p2

−p1p2 p2
1

)(
R5

R6

)
. (F.74)

Hereby we have set

R5 =
1

2
(B1(0, 2)−B1(1, 2)− f1C2) and R6 =

1

2
(−B1(1, 2)− f2C2 − 2C00) . (F.75)

Once more, we encounter the matrix A in front of the three-point functions C12 and C22.

The next tensor integrals are Dµ and Dµν which are defined by the decompositions

Dµ = p1,µD1 + p2,µD2 + p3,µD3 and (F.76)

Dµν = gµνD00 + p1,µp1,νD11 + p2,µp2,νD22 + p3,µp3,νD33

+ (p1,µp2,ν + p2,µp1,ν)D12 + (p1,µp3,ν + p3,µp1,ν)D13

+ (p2,µp3,ν + p3,µp2,ν)D23. (F.77)

The associated tensor coefficients can be determined analogously to the presented proce-
dure.
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F.5. Tensor reduction for vanishing Gram

determinant

In the last section we have presented the standard technique for evaluating the tensor
Passarino-Veltman integrals. This technique works in an algorithmic manner. The more
complicated tensor coefficients (e.g. C11 and C12) are expressed as linear combinations
of simpler ones (e.g. C1 and B1) which finally can be reduced to the fundamental scalar
integrals. Unfortunately, this elegant method does not always work. To see this, recall
the expressions determining C1, C2, C11, C12 and C22, namely

(
C1

C2

)
= A−1

(
R1

R2

)
,

(
C11

C12

)
= A−1

(
R3

R4

)
and

(
C12

C22

)
= A−1

(
R5

R6

)
, (F.78)

as given in (F.60), (F.71) and (F.74). All of these expressions implicitly assume that the
matrix A is invertible. The quadratic matrix A is invertible if its determinant

det(A) = p2
1p

2
2 − (p1p2)2 (F.79)

does not equal zero. In general, the columns of a m×n matrix B are linearly independent
if and only if the Gram determinant

Gram(B) = det(BTB) (F.80)

does not vanish. For quadratic matrices both criteria are equivalent. In the following we
investigate how to perform tensor reduction if the Gram determinant vanishes, wherein we
basically follow [270]. Concerning numerical procedures, this method is not only relevant
for exactly vanishing Gram determinants – as in the context of direct detection in chapter 4
– but also for very small ones, where the standard procedure might give unstable and
therefore unreliable results. Further references in this direction are [271–278].

We start with the reevaluation of (F.60). We have
(
C1

C2

)
=

1

detA

(
p2

2 −p1p2

−p1p2 p2
1

)(
R1

R2

)
. (F.81)

If det(A) = 0 and if we assume that C1 and C2 still exist, we get

p2
2R1 − p1p2R2 = 0 and − p1p2R1 + p2

1R2 = 0. (F.82)

As R1 and R2 depend only on the fundamental two- and three-point functions B0 and C0

(cf. (F.57) and (F.58)), both of the equations above allow to express C0 solely in terms of
B0. This means that in the case of a vanishing Gram determinant it is not necessary to
calculate C0 directly. Instead it is given by

C0 =
p2

2B0(0, 2) + (p1p2 − p2
2)B0(1, 2)− p1p2B0(0, 1)

p2
2f1 − p1p2f2

. (F.83)

C0 =
p2

1B0(0, 1) + (p1p2 − p2
1)B0(1, 2)− p1p2B0(0, 2)

p2
1f2 − p1p2f1

. (F.84)

These two equations clearly show the symmetry 1↔ 2 of C0. Although they are analyti-
cally equivalent, it is useful to keep both for numerical purposes.
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Now we reconsider (F.71) and (F.74). We assume that C11, C12 and C22 exist. The case
of det(A) = 0 then leads to

x11R3 + x12R4 = 0 and x21R3 + x22R4 = 0. (F.85)

x11R5 + x12R6 = 0 and x21R5 + x22R6 = 0. (F.86)

Therein we have defined

A−1 =
1

det(A)
X ⇔ X =

(
p2

2 −p1p2

−p1p2 p2
1

)
=

(
x11 x12

x21 x22

)
. (F.87)

Even in the case of a vanishing Gram determinant, (F.70) allows to determine C00. In-
serting this equation in the four expressions of (F.85) and (F.86) connects the unknown
tensor coefficients C1 and C2 to the already determined quantities C0, B0 and B1. After
some calculation this can be casted in compact matrix form

Zi

(
C1

C2

)
=

(
R7,i

R8,i

)
⇔
(
C1

C2

)
= Z−1

i

(
R7,i

R8,i

)
with i = 1, 2. (F.88)

The abbreviations used here are

R7,i = xi1

(
B1(1, 2) +B0(1, 2)− 2m2

0

D − 2
C0 −

1

D − 2
B0(1, 2)

)

+ xi2 (B1(0, 1) +B1(1, 2) +B0(1, 2)) . (F.89)

R8,i = xi1 (B1(0, 2)−B1(1, 2))

+ xi2

(
−B1(1, 2)− 2m2

0

D − 2
C0 −

1

D − 2
B0(1, 2)

)
. (F.90)

Zi =

(
Yi + xi1

D−2f1
xi1
D−2f2

xi2
D−2f1 Yi + xi2

D−2f2

)
with Yi = xi1f1 + xi2f2. (F.91)

This is a possible way to perform tensor reduction in case of a vanishing Gram de-
terminant. The coefficients of tensor order n are determined by those equations which
determine the tensor coefficients of order n+ 1 in the standard approach. As an example
we have shown how to calculate the tensor coefficients C1 and C2 (n = 1). To do this, we
needed the equations defining C00, C11, C12 and C22 (n = 2). The method is slower and
more complex in comparison to the standard approach. Nevertheless, one can continue
the procedure up to the desired tensor order in an algorithmic manner. However, the
expressions soon get rather lengthy. Further results can be found in [270]. When looking
closely at this alternative approach, two questions may show up.

On the one hand, one might ask oneself if all this extrawork in the case of a vanishing
Gram determinant is actually needed. Why not taking the limit of the rational functions
given on the right-hand sides of (F.78) and use l’Hôpital’s rule to get the desired tensor
coefficients? This does not work as the Gram determinant reappears in the denominator
when taking the limit [270]. Therefore, the procedure described above is necessary.

The original motivation for the extended tensor reduction method presented in this
section is the failure of the standard method in the case of a vanishing Gram determinant.
In this case, the matrix A is not invertible and the tensor coefficients can not be obtained
via (F.78). However, the final result for determining C1 and C2 in the extended approach
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has the same algebraic form as before (cf. (F.88)) but the expressions hiding behind Zi,
R7,i and R8i are longer. There is no a priori reason why Zi should be invertible in every
case. Hence, one might think that the problem is shifted but not solved.

Indeed this is not the case. First note that we actually have two equations for obtaining
e.g. C1: We can either use Z1 or Z2. If one formula fails, the other one might still work.
For precisely this reason we kept both equations leading to C0 in (F.83) and (F.84). If one
denominator vanishes, the other one might still be finite. Of course there are situations
in which both formulae determining e.g. C1 fail. Even in this case we improve because we
can take the limit and apply l’Hôpital’s rule without encountering det(Zi) again.

Unfortunately, our calculation of the neutralino-nucleon cross sections leads exactly to
this situation. In the remaining part of this section, we investigate in detail why the
aforementioned approach fails and find yet another alternative analytic way to perform
the tensor reduction. In this way we avoid applying l’Hôpital’s rule in every individual
case to allow for a more systematic approach. To the knowledge of the author, this method
has not been worked out in detail before.

As we would like to keep things transparent and stress the main idea, we restrict our-
selves to the evaluation of the tensor coefficients needed for the vertex corrections pre-
sented in subsection 4.4.3, namely C1, C2 and C00. We identified four symptomatic sets
of arguments and treat them in individual subsections. For all other cases with vanishing
Gram determinant encountered here, the tensor reduction according to [270] has proven
to be applicable. The brief notation C(p1, p2,m

2
0,m

2
1,m

2
2) is meant to collect all kinds of

three-point functions of the given argument set. The tensor reduction of the four-point
functions needed for the box contributions can be performed in an analogous manner.
As the resulting expressions are rather lengthy and unhandy, a self-written Mathematica

script has been used in this case.

F.5.1. Tensor reduction for C(p, p,m2
0,m

2
1,m

2
2)

In this situation the external momenta are equal, we have p1 = p2 = p. Note that this
condition is stronger than just p2

1 = p2
2 which occurs regularly if two external particles are

of the same type. This set of arguments leads directly to a vanishing Gram determinant
as det(A) = p2

1p
2
2 − (p1p2)2 = p4 − p4 = 0 and occurs for the t-channel vertex corrections

V1, V2, V3 and V4 (cf. subsection 4.4.3 and figure 4.7) with massive quarks.
We begin by reinvestigating the expressions (F.83) and (F.84) for the scalar integral C0.

If p2
1 = p2

2 = p1p2 = p2 we simply get

C0 =
B0(0, 2)−B0(0, 1)

f1 − f2
=︸︷︷︸

(F.47)

B0(0, 2)−B0(0, 1)

m2
2 −m2

1

. (F.92)

This expression diverges for m2
1 = m2

2. However, in this special case we encounter nothing
but the derivative with respect to m2

1.

C0 = lim
m2

1→m2
2

B0(0, 2)−B0(0, 1)

m2
2 −m2

1

=
∂

∂m2
1

B0(0, 1). (F.93)

We continue with the tensor reduction for Cµ. The crucial observation is that in this
case the Lorentz decomposition for C1 and C2 breaks down to

Cµ = p1,µC1 + p2,µC2 → pµCa. (F.94)
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F Regularisation

As there is just one independent external momentum, C1 and C2 are no longer uniquely
defined. Instead of that we have just one alternative tensor coefficient denoted by Ca
which can be identified with the sum C1 +C2 in the limit p1 → p2. It is precisely this sum
C1 + C2 that remains in all the corresponding amplitudes in the limit p1 → p2. Terms
containing C1 or C2 individually vanish. This has been checked explicitly. For simplicity
we set C1 = C2 = Ca/2, but as already stated, it is the sum that matters.

The remaining task is to determine Ca. This is done in the usual way. We contract
(F.94) with pµ and obtain

p2Ca =
(2πµ)4−D

iπ2

∫
dDq

pq

(q2 −m2
0)((q + p)2 −m2

1)((q + p)−m2
2)

=︸︷︷︸
(F.46)

(2πµ)4−D

iπ2

∫
dDq
D1 −D0 − f1

2D0D1D2

⇔ Ca =
1

2p2
(B0(0, 2)−B0(1, 2)− f1C0) . (F.95)

Alternatively, we can use the substitution pq = D2 − D0 − f2 for the nominator and get
as a second, equivalent expression

Ca =
1

2p2
(B0(0, 1)−B0(1, 2)− f2C0) . (F.96)

The next step is to reinvestigate the tensor reduction for Cµν . The Lorentz decomposi-
tion breaks down to

Cµν = gµνC00 + p1,µp1,νC11 + (p1,µp2,ν + p2,µp1,ν)C12 + p2,µp2,νC22

→ gµνC00 + pµpνCaa. (F.97)

The alternative tensor coefficient Caa replaces the sum C11 + 2C12 + C22 in the limit
p1 → p2 but does not occur in our calculations for the vertex corrections. We contract
this equation with gµν and get

p2Caa +DC00 =
(2πµ)4−D

iπ2

∫
dDq

q2 −m2
0 +m2

0

D0D1D2
= B0(1, 2) +m2

0C0. (F.98)

A second equation is obtained by contracting with pµ.

p2pνCaa + pνC00 =
(2πµ)4−D

iπ2

∫
dDq

pqqν
D0D1D2

=
(2πµ)4−D

iπ2

∫
dDq

qν
2

D1 −D0 − f1

D0D1D2

=
1

2
(Bν(0, 2)−Bν(1, 2)− f1Cν) =

pν
2

(B1(0, 2) +B0(1, 2)− f1Ca)

⇔ p2Caa + C00 =
1

2
(B1(0, 2) +B0(1, 2)− f1Ca). (F.99)

Note that we have used our previous result Cν = pνCa here. Subtracting (F.99) from
(F.98) leads to

(D − 1)C00 = m2
0C0 +

1

2
(B0(1, 2)−B1(0, 2) + f1Ca)

⇔ C00 =
1

D − 1

(
m2

0C0 +
1

2
(B0(1, 2)−B1(0, 2) + f1Ca)

)

=
1

3
m2

0C0 +
1

6
(B0(1, 2)−B1(0, 2) + f1Ca + 1) . (F.100)
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F.5 Tensor reduction for vanishing Gram determinant

The substitution pq = D2 −D0 − f2 for the nominator leads to the equivalent expression

C00 =
1

3
m2

0C0 +
1

6
(B0(1, 2)−B1(0, 1) + f2Ca + 1) . (F.101)

F.5.2. Tensor reduction for C(p, 0,m2
0,m

2
1,m

2
2)

The situation, that one external momentum equals zero while the other one does not,
occurs for the s- and u-channel vertex corrections V5, V6, V7 and V8 (cf. subsection 4.4.3
and figure 4.7) with massless quarks. As before, the Gram determinant vanishes and there
is only one external momentum available for the Lorentz decompostion of Cµ. Once again
we have

Cµ = p1,µC1 + p2,µC2 → pµCa. (F.102)

The difference to the previous subsection is that we have p1 = p and p2 = 0. Hence, we
set C1 = Ca and C2 = 0 in the limit p2 → 0. The determination of Ca is carried out as
previously. We contract with pµ and obtain

p2Ca =
(2πµ)4−D

iπ2

∫
dDq

pq

(q2 −m2
0)((q + p)2 −m2

1)(q −m2
2)

=︸︷︷︸
(F.46)

(2πµ)4−D

iπ2

∫
dDq
D1 −D0 − f1

2D0D1D2

⇔ Ca =
1

2p2
(B0(0, 2)−B0(1, 2)− f1C0) . (F.103)

Note that there is no second choice for Ca in this case, i.e. we can not use (F.96) here.

F.5.3. Tensor reduction for C(0, p,m2
0,m

2
1,m

2
2)

This case is just the permutation 1 ↔ 2 of the previous case. Here we have p1 = 0 and
p2 = p. Hence, we set C1 = 0 and C2 = Ca in the limit p1 → 0. Ca is given by

Ca =
1

2p2
(B0(0, 1)−B0(1, 2)− f2C0) , (F.104)

i.e. here we use the second variant (F.96) and not the first one (F.95) as in the previous
subsection.

F.5.4. Tensor reduction for C(0, 0,m2
0,m

2
1,m

2
2)

If both external momenta are zero, the Gram determinant det(A) = p2
1p

2
2 − (p1p2)2 obvi-

ously vanishes. This situation occurs for the t-channel vertex corrections V1, V2, V3 and
V4 (cf. subsection 4.4.3 and figure 4.7) with massless quarks. The Lorentz decomposition
for Cµ simplifies to

Cµ = p1,µC1 + p2,µC2 → 0, (F.105)

as there is no Lorentz covariant quantity available. This can also be seen directly. For the
given set of arguments we have

Cµ =
(2πµ)4−D

iπ2

∫
dDq

qµ
(q2 −m2

0)(q2 −m2
1)(q2 −m2

2)
= 0. (F.106)
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F Regularisation

This integral vanishes as the integrand is an antisymmetric function of q, whereas the
integration interval is symmetric in q. Hence, we set C1 = C2 = 0. However, in practice
this choice is irrelevant as all terms in the amplitudes proportional to C1 and C2 vanish
in the limit p1, p2 → 0. This has been checked explicitly.

In contrast to that, the tensor coefficient C00 is still relevant and non-zero. The tensor
reduction for Cµν reduces to

Cµν = gµνC00 + p1,µp1,νC11 + (p1,µp2,ν + p2,µp1,ν)C12 + p2,µp2,νC22 → gµνC00. (F.107)

We contract with gµν and obtain

DC00 =
(2πµ)4−D

iπ2

∫
dDq

q2 −m2
0 +m2

0

D0D1D2
= B0(1, 2) +m2

0C0

⇔ C00 =
1

D
(B0(1, 2) +m2

0C0) =
1

4
(B0(1, 2) +m2

0C0 +
1

2
). (F.108)

As we can freely choose how to add the zero in the nominator above, we get two more
analytically equivalent expressions.

C00 =
1

4
(B0(0, 2) +m2

1C0 +
1

2
) =

1

4
(B0(0, 1) +m2

2C0 +
1

2
). (F.109)

F.5.5. Numerical investigation

We close this section with a numerical investigation of the tensor reduction in the limit
of vanishing relative velocity and hence vanishing Gram determinant. For this purpose
we have chosen a kinematical situation corresponding to vertex diagram V2 (cf. sub-
section 4.4.3 and figure 4.7). The three-point functions needed for this process possess
the arguments C(pb, p2,m

2
g̃,m

2
q̃i
,m2

q̃j
). The limit v → 0 leads to pb = p2 and hence to

t = (pb − p2)2 → 0.
The upper left plot of figure F.2 shows the numerical stability of the tensor coefficients

C1 and C2 in the aforementioned limit. More precisely, we show the real parts of C1

(in red) and C2 (in blue) obtained by the regular tensor reduction method divided by
Ca/2 obtained via (F.95) and subtracted by one. In this representation, the black null
line corresponds directly to Ca/2. We observe that both C1 and C2 are relatively stable
for t ≤ −0.5 GeV2 and marginally differ from Ca/2. This is as expected. The regular
tensor reduction is still working here and the small but finite velocity leads to a small shift
relative to the black null line. However, when we approach the limit t → 0 the regular
tensor method fails and both of the coefficients become numerically unstable.

As explained in subsection F.5.1 the individual tensor coefficients C1 and C2 are no
longer uniquely defined in this limit, only their sum is. The real part of this sum divided
by Ca and subtracted by one is shown in the upper right plot of figure F.2. It is more stable
than the individual coefficients but still becomes noisy at very small relative velocities.
For larger (but still small) relative velocities the agreement between C1 + C2 and Ca is
excellent, which justifies our approach.

Although these coefficents are not directly needed for the vertex correction V2, we show
analogous plots for the tensor coefficient C00 and the sum C11+2C12+C22 in the lower part
of figure F.2. The main features are as before. Using the original tensor reduction method,
the tensor coefficients become numerically unstable at very small relative velocities. When
using the alternative approach described in this section, we obtain a stable result for v = 0
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Figure F.2.: Numerical stability of the three-point tensor coefficients in the limit v → 0 or
equivalently t→ 0

which is in perfect agreement with the standard method for small but non-zero relative
velocities.

We stress again that the alternative tensor reduction method has been implemented in
DM@NLO not only for the three-point functions stemming from the vertex corrections but
also for the box corrections. These corrections involve four-point tensor coefficents of sec-
ond order i.e. D00, D11, D12 etc. The general idea behind the alternative reduction remains
completely unchanged but the expressions blow up enormously.36 Hence, a Mathematica

script was written to perform these calculations. All of the resulting tensor coefficents
have been tested extensively and excellent agreement with the standard method for small
but non-zero relative velocities has been found throughout.

Although of minor importance for the tensor reduction itself, we list all the masses
used in the plots above for reasons of completeness. They are given by mb = 2.3 GeV,
mt = 148.0 GeV, mg̃ = 1170.7 GeV, mb̃1

= 1007.3 GeV, mb̃2
= 1071.9 GeV, mt̃1

= 827.9

GeV and finally mt̃2
= 1042.6 GeV. Note that we have p2

2 = p2
b = m2

b in the first three
plots, whereas p2

2 = p2
b = m2

t in the lower right plot.

36Remember that the method of [270] requires the equations for tensor coefficients of third rank to deter-
mine those of second rank.

155



F Regularisation

Table F.1.: UV behaviour of some scalar integrals and tensor coefficients

Scalar integral or tensor coefficient UV Behaviour (D − 4) × integral

A0 divergent −2m2
0

B0 divergent −2

B1 divergent 1

B00 divergent 1
6

(
p2

1 − 3(m2
0 +m2

1)
)

B11 divergent −2
3

C00 divergent −1
2

C0, C1, C2, C11, C12, C22 convergent

D0, D1, D2, D3 convergent

D00, D11, D12, D13, D22, D23, D33 convergent

F.6. Ultraviolet behaviour of Passarino Veltman

integrals

In this section we investigate and collect the ultraviolet (UV) behaviour of some scalar
Passarino Veltman integrals and tensor coefficients. We start with the most simple one,
the scalar integral A0 as given in (F.14). This integral contains the factor ∆ as given in
(F.16) which diverges in the limit D → 4. We quantify the divergence by multiplying with
(D − 4) and obtain

(D − 4)A0 = −2m2
0 +O(D − 4). (F.110)

In complete analogy we analyse B0 as given in (F.15) and find

(D − 4)B0 = −2 +O(D − 4). (F.111)

As expected, the mass dimension of this expression is two orders lower than the one before.
The scalar integrals C0 and D0 are ultraviolet convergent, i.e.

(D − 4)C0 = O(D − 4) and (D − 4)D0 = O(D − 4). (F.112)

Thanks to the tensor reduction method, the tensor coefficients can be expressed as
linear combinations of the scalar integrals. Therefore, the ultraviolet behaviour of the
tensor coefficients is determined by the ultraviolet behaviour of the scalar integrals and
can be computed easily (cf. e.g. [262]). As an example, we investigate the tensor coefficient
B1 as given in (F.45).

(D − 4)B1 =
1

2p2
1

(
(D − 4)A0(m2

0)− (D − 4)A0(m2
1)

− (p2
1 −m2

1 +m2
0)(D − 4)B0(p1,m

2
0,m

2
1)
)

=
1

2p2
1

(
−2m2

0 + 2m2
1 + 2(p2

1 −m2
1 +m2

0)
)

+O(D − 4)

= 1 +O(D − 4). (F.113)

In table F.1, we list the ultraviolet behaviour of all scalar integrals and tensor coefficients
studied so far.
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G. Renormalisation

In the last chapter we have introduced the concept of dimensional regularisation, a method
to identify and isolate poles from divergent loop integrals. As already mentioned, there
are two kind of poles, infrared and ultraviolet ones (cf. section F.1). Whereas the former
cancel when adding up the corresponding real corrections, the latter have to be removed
via renormalisation.

In the next sections, we sketch the basic idea of renormalisation, exemplarily apply
renormalisation in the context of QCD and present the most common renormalisation
schemes. Afterwards we discuss the so-called renormalisation group equations for the
strong coupling constant and the quark mass. These formulae are needed for the running of
the operators mq q̄q and q̄γ5γ

µq (cf. section 4.6). The discussion is meant to be general and
rather introductory. For further details on renormalisation we refer to [166, 237, 262, 279].

Moreover, we discuss the renormalisation scheme implemented in DM@NLO. Although the
work on this thesis has significantly improved the numerical capability of the implemented
regularisation routines, the renormalisation scheme itself remained basically unchanged.
Hence, we do not reproduce all of its details and just list the counterterms needed for the
calculation of the neutralino-nucleon cross sections. More details on this scheme can be
found in [62, 148, 149].

G.1. Basic idea of renormalisation

So far we have demonstrated how to calculate and regularise divergent loop integrals. The
final result still contains ultraviolet poles which diverge in the physical limit D → 4 or
equivalently ε→ 0. To enable meaningful scientific predictions, these poles somehow have
to disappear, which is precisely what happens after renormalisation. The reason for this
disappearance is deeply connected with a profound question: What exactly is meant by a
physical parameter like a coupling constant or a particle mass?

To illustrate this, we start with the Lagrangian of QCD which can be briefly written as

LQCD = q̄
(
i /D −mq

)
q − 1

4
F aµνF

µν
a . (G.1)

The first term describes the kinematics of the quarks and the interaction between quarks
and gluons. It includes the quark spinor field q and its adjoint counterpart q̄ = q†γ0, the
quark mass mq and the covariant derivative Dµ = ∂µ− igsTaAaµ which in turn consists out
of the strong coupling constant gs, the generators of the SU(3) colour group Ta and the
gluon fields Aaµ. The last two carry a colour index a. The second term is responsible for
the kinematics of the gluons and their self-interactions. The gluon field strength tensor
reads F aµν = ∂µA

a
ν − ∂νAaµ + gsf

abcAbµA
c
ν . The essential feature of QCD as a non-abelian

gauge theory is the appearance of the structure constant fabc. This term vanishes in case
of abelian theories like quantum electrodynamics, where the generators of the U(1) gauge
group permute and self-interactions between photons are absent.
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1

q q

q

q

g

q q

Figure G.1.: Quark propagator at tree-level, including the gluonic NLO correction and
including the counterterm

What do we mean by e.g. the quark mass? Within classical mechanics, the mass of a
particle corresponds to its resistance against acceleration and its susceptibility to gravi-
tational attraction. The mass can be measured with a suitable scale and expressed as a
fixed number. This might lead to the conclusion that the mass mq entering the Lagrangian
(G.1) is nothing but a fixed, directly measurable quantity as well. Unfortunately, things
are more involved in quantum field theory (QFT) and its perturbative treatment.

We can define a bare mass mq0 which appears in the one-particle irreducible two-point
function Γq̄qtree(p) of quarks at tree-level.

Γq̄qtree(p) = i(/p−mq0). (G.2)

The corresponding diagram is depicted on the left in figure G.1. The two-point function
is linked with the quark propagator via

Gq̄qtree(p) = −Γq̄qtree(p)
−1 =

i

/p−mq0

. (G.3)

At tree-level, the bare mass is nothing but the pole of the propagator.

Now we consider the relevant NLO correction, namely the quark self-energy shown
in the middle of figure G.1. We write the amplitude of the self-energy as iM(p) =
iū(p)Πq̄q(p)u(p) and keep only its truncated part Πq̄q(p). After a short calculation we
obtain

Πq̄q(p) = −αS
4π
CF
(
DmqB0(−p,mq, 0) + (D − 2)/pB1(−p,mq, 0)

)
, (G.4)

where we have worked with an unspecified quark mass mq provisionally. This modifies the
two point-function to

Γq̄q(p) = i(/p−mq0) + iΠq̄q(p) (G.5)

and leads to the propagator

Gq̄q(p) = −Γq̄q(p)−1 =
i

/p−mq0 + Πq̄q(p)
. (G.6)

Remember that B0 and B1 and hence Πq̄q(p) diverge in the limit D → 4 (cf. chapter F).
More precisely, the divergent part reads

Πq̄q
div(p) =

αS
4π
CF

1

ε

(
/p− 4mq

)
. (G.7)
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G.2 Renormalisation of QCD in a nutshell

If we assume that the bare quark mass is a directly measurable, fixed quantity, (G.5)
leads to a divergent two-point function and hence ill-defined quark propagator. This
demonstrates that the concept of mass in QFT is far from intuitive.

The problem is that there is no such observable like a bare mass in nature. We have
introduced the bare mass as the pole mass of the tree-level propagator in the context of
perturbation theory. But nature does not care about perturbation theory and its suc-
ceeding orders. In reality particles just interact and we can neither force nor beg them to
restrict themselves to tree-level interactions. If we try to measure the mass of a particle
by e.g. observing a resonance, all orders in perturbation theory contribute. Nevertheless,
quarks seem to possess a finite mass as e.g. new decay channels open up at certain finite
energies.

What does this tell us about the bare mass? To obtain a finite and observable mass in
the end, the ultraviolet divergences stemming from the virtual corrections have to vanish
order by order. Hence, the bare mass has to incorporate poles as well so that the sum in
(G.5) becomes ultraviolet finite.37 Therefore, we rewrite it as a sum of a finite renormalised
mass mq and an ultraviolet divergent counterterm δmq.

mq0 → mq + δmq. (G.8)

The counterterm is meant to cancel ultraviolet divergences. A theory is called renormali-
sable if all appearing ultraviolet divergences can be absorbed by a finite and constant
number of counterterms order by order in perturbation theory. Fortunately, the Standard
Model of particles turns out to be a renormalisable theory.

However, note that there is some freedom left in shifting finite terms between the renor-
malised mass and the counterterm. Using this freedom in different ways corresponds to
choosing different renormalisation schemes. The most common renormalisation schemes
are presented in section G.3. Furthermore, we stress that the self-energy given in (G.4)
includes finite but scale-dependent terms. Depending on the chosen scheme, these contri-
butions may be shifted into the renormalised mass or the counterterm. We return to the
scale dependence of the mass in section G.4.

G.2. Renormalisation of QCD in a nutshell

Now that we have sketched the basic idea of renormalisation, we exemplarily apply it to
QCD. Parts of the results presented here are taken from [280] and [238]. We start with
the bare Lagrangian of QCD LQCD,0, consisting only of bare quantities, i.e. the bare quark
mass mq0 , the bare coupling gs0 and the bare fields q0 and Aaµ,0. This Lagrangian reads

LQCD,0 = q̄0

(
i /D0 −mq0

)
q0 −

1

4
F aµν,0F

µν
a,0, (G.9)

where Dµ,0 = ∂µ− igs0TaAaµ,0 and F aµν,0 = ∂µA
a
ν,0− ∂νAaµ,0 + gs0f

abcAbµ,0A
c
ν,0. All the bare

quantities are rewritten in terms of renormalised quantities and associated counterterms.

37To be more precise, the ultraviolet divergences stemming from the virtual corrections have to be absorbed
by the combination of all bare parameters and not just the bare mass as we demonstrate in the next
section.
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This is done via multiplicative renormalisation. More precisely, we have

mq0 → Zmmq = mq + δmq. (G.10)

q0 →
√
Zqq = (1 +

1

2
δZq)q. (G.11)

Aµ,0 →
√
ZAAµ = (1 +

1

2
δZA)Aµ. (G.12)

gs0 → Zgµ
εgs = gsµ

ε + δgsµ
ε. (G.13)

We have added the term µε in case of the coupling constant renormalisation to retain gs
dimensionless when working in D = 4−2ε dimensions, where µ denotes the renormalisation
scale introduced in section F.2.

Let us exemplarily perform this substitution for the kinematics of the quarks. Note that
all counterterms are proportional to αs. To obtain a consistent NLO result, we neglect all
terms of order α2

s.

Lq,0 = iq̄0/∂q0 − q̄0mq0q0 → i
√
Zq q̄ /∂

√
Zqq −

√
Zq q̄Zmmq

√
Zqq

= i(1 + δZq)q̄ /∂q − (1 + δZq)q̄(mq + δmq)q

= iq̄ /∂q − q̄mqq + δZq q̄ /∂q − δZq q̄mqq − q̄δmqq = Lq + LC . (G.14)

Multiplying out everything, we arrive at a sum of two Lagrangians. The first term Lq
equals the initial bare Lagrangian but includes renormalised instead of bare quantities.
The second term includes the counterterms and leads to new Feynman diagrams appearing
at NLO for the first time.

We can now recalculate the one-particle irreducible two-point function Γq̄q(p) of quarks
at NLO and get

Γq̄q(p) = i(/p−mq) + iΠq̄q(p) + i

(
δZq/p− (δZq +

δmq

mq
)mq

)
. (G.15)

These three terms correspond to the diagrams shown in figure G.1: The tree-level propa-
gator, its gluonic correction and the propagator counterterm which is marked by a cross.
Demanding that the sum of these three terms is ultraviolet finite fixes the divergent part
of the counterterms δZq and δmq, respectively. Comparing with (G.7) leads to

δZq,div = −αs
4π
CF

1

ε
and δmq,div = −αs

4π
CF

3

ε
mq. (G.16)

The divergent parts of the counterterms δZA and δZg can be determined in a similar
fashion. In this case one has to calculate one-loop corrections to the gluon propagator and
the quark gluon vertex, respectively. The relevant diagrams are depicted in figure G.2.
The third diagram in the upper row represents the contribution from Faddeev-Popov
ghosts η. These unphysical particles have to be included in non-abelian gauge theories to
compensate for the overcounting of degrees of freedom. The calculation is a bit lengthier
and leads to

δZA,div = −αs
4π

(
2

3
nf −

5

3
NC

)
1

ε
and δZg,div = −αs

4π

(
11

6
NC −

2

6
nf

)
1

ε
, (G.17)

where nf denotes the number of quark flavours and NC = 3 denotes the number of colours.
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Figure G.2.: One-loop QCD corrections to the gluon propagator (upper row) and to the
quark gluon vertex (lower row)

G.3. Different renormalisation schemes

G.3.1. MS and MS scheme

The so-called minimal subtraction (MS) scheme corresponds to the approach we have
presented in the previous section. Within this scheme, the divergences are regulated
via dimensional regularisation and the counterterms are meant to absorb nothing but
the ultraviolet poles. This leads to the fact that the renormalisation constants Zi and
associated counterterms δZi are mass-independent and depend solely on the coupling
constant. In the MS scheme, each renormalisation constant Zi can be written as

Zi = 1 +
∞∑

n=1

Zi,n(gs)

εn
. (G.18)

Another important feature is that additional finite but scale-dependent contributions are
absorbed in physical parameters like quark masses or coupling constants rendering them
scale-dependent. We return to this issue in the next section.

The modified minimal subtraction (MS) scheme basically coincides with the MS scheme,
the only difference is that universal constant terms are absorbed in the counterterms as
well. More precisely, the whole divergent factor

∆ =
2

4−D − γE + ln(4π) =
1

ε
− γE + ln(4π) (G.19)

and not just the pole 1/ε gets absorbed into the counterterms in the MS scheme.
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G.3.2. DR and DR scheme

The dimensional reduction (DR) and the modified dimensional reduction (DR) schemes
can be seen as the SUSY equivalents of the MS and MS scheme, respectively. The sole
difference consists in the chosen regularisation method, which is dimensional reduction
in this case. In contrast to dimensional regularisation, dimensional reduction preserves
SUSY (cf. section F.2).

G.3.3. OS scheme

The previously introduced renormalisation schemes are commonly referred to as minimal
schemes. A popular example for a non-minimal, physical scheme is the so-called on-
shell (OS) scheme, which is motivated differently and often used for directly measurable,
heavy particles like the top quark. The main idea is that the renormalised mass should
correspond to the observed, physical mass of the particle. In particular, this mass has to
be scale-independent.

If we want to renormalise a quark on-shell, we have to impose two renormalisation
conditions to fix its mass and spinor field counterterm. These conditions read

Γq̄q(p)u(p)
∣∣∣
p2=m2

q

!
= 0 and lim

p2→m2
q

1

/p−mq
Γq̄q(p)u(p)

!
= iu(p), (G.20)

where we have used the two-point function Γq̄q(p) as given in (G.15). To investigate these
renormalisation conditions, we decompose Πq̄q(p) into a vector and a scalar part via

Πq̄q(p) = /pΠ
q̄q
V (p) +mqΠ

q̄q
S (p). (G.21)

The first condition sets the renormalised mass to the physical mass, i.e. the pole mass.
Using the Dirac equation /pu(p) = mqu(p) leads to

0
!

= Γq̄q(p)u(p)
∣∣∣
p2=m2

q

=
(
Πq̄q(p)− δmq

)
u(p)

∣∣∣
p2=m2

q

⇔ δmq

mq
= Πq̄q

V (p)
∣∣∣
p2=m2

q

+ Πq̄q
S (p)

∣∣∣
p2=m2

q

. (G.22)

The second condition fixes δZq. We obtain

iu(p)
!

= lim
p2→m2

q

1

/p−mq
Γq̄q(p)u(p)

= lim
p2→m2

q

i

/p−mq

(
(/p−mq) + Πq̄q(p) + δZq(/p−mq)− δmq

)
u(p)

⇔ 0 = lim
p2→m2

q

1

/p−mq

(
/pΠ

q̄q
V (p) +mqΠ

q̄q
S (p) + δZq(/p−mq)− δmq

)
u(p)

= lim
p2→m2

q

(
Πq̄q
V (p) + δZq +

mq

/p−mq

(
Πq̄q
V (p) + Πq̄q

S (p)− δmq

mq

)
u(p)

)

= lim
p2→m2

q

(
Πq̄q
V (p) + δZq +

mq(/p+mq)

p2 −m2
q(

Πq̄q
V (p) + Πq̄q

S (p)−Πq̄q
V (p)

∣∣∣
p2=m2

q

−Πq̄q
S (p)

∣∣∣
p2=m2

q

)
u(p)

)

⇔ δZq = −Πq̄q
V (p)

∣∣∣
p2=m2

q

− 2m2
q

(
∂Πq̄q

V (p)

∂p2

∣∣∣
p2=m2

q

+
∂Πq̄q

S (p)

∂p2

∣∣∣
p2=m2

q

)
. (G.23)
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G.4. Renormalisation group equations

In the course of the regularisation procedure, we have introduced an artificial renormal-
isation scale µ. This scale drops out when calculating a physical observable like a cross
section up to all orders in perturbation theory. However, human lifetime is limited and
therefore practical perturbative calculations are performed only up to a certain order.38

This results in a remaining dependence of the final result on the renormalisation scale.
In minimal renormalisation schemes, even parameters like quark masses or coupling con-
stants are scale-dependent. This dependence is described by so-called renormalisation
group equations (RGEs). In this section we derive and discuss the RGEs of the strong
coupling constant and the quark mass in the MS scheme.

G.4.1. Renormalisation group equation for αs(µ)

The first step is to solve (G.13) for gs = gs(µ). We obtain

gs =
gs0
Zgµε

. (G.24)

Note that the bare coupling gs0 does not depend on the renormalisation scale. Now we
can define the QCD beta function via

µ
dgs
dµ

=
dgs

d lnµ
= β(gs, ε), (G.25)

where

β(gs, ε) = −εgs + β(gs) = −εgs − gs
1

Zg

dZg
d lnµ

= −εgs − gsf(gs). (G.26)

The first term proportional to ε vanishes in the limit D → 4. In minimal schemes, the QCD
beta function has no explicit dependence on the renormalisation scale µ and is independent
of any mass. We proceed by applying (G.18) and write

f(gs)Zg = f(gs)

(
1 +

Zg,1
ε

+
Zg,2
ε2

+ ...

)
. (G.27)

On the other hand we have

f(gs)Zg =
dZg

d lnµ
= µ

dZg
dµ

= µ
dgs
dµ

dZg
dgs

= β(gs, ε)
dZg
dgs

= β(gs, ε)

(
1

ε

dZg,1
dgs

+
1

ε2
dZg,2
dgs

+ ...

)
. (G.28)

Comparing the non-singular terms of (G.27) and (G.28) leads to

f(gs) = −gs
dZg,1
dgs

(G.29)

and thus

β(gs) = −gsf(gs) = g2
s

dZg,1
dgs

= 2g3
s

dZg,1
dg2

s

. (G.30)

38To the knowledge of the author, the highest order considered so far is tenth order [281].
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This means that in minimal renormalisation schemes the QCD beta function can be di-
rectly obtained from the 1/ε coefficient of the renormalisation constant Zg. Up to NLO,
this coefficient is given by (G.17) and we readily obtain

β(gs) = − g3
s

16π2

(
11

3
NC −

2

3
nf

)
= −β0

g3
s

16π2
. (G.31)

Note that the higher order corrections contribute to the 1/ε coefficient as well. These
corrections have been determined up to fourth order in [282] and extended to fifth order
very recently [283]. They can be written as

β(gs)

gs
= −β0

αs
4π
− β1

(αs
4π

)2
− β2

(αs
4π

)3
− β3

(αs
4π

)4
− β4

(αs
4π

)5
(G.32)

with β0 as given in (G.31) and

β1 = 102− 38

3
nf . (G.33)

β2 =
2857

2
− 5033

18
nf +

325

54
n2
f . (G.34)

β3 =
149753

6
+ 3564ζ(3)−

(
1078361

162
+

6508

27
ζ(3)

)
nf

+

(
50065

162
+

6472

81
ζ(3)

)
n2
f +

1093

729
n3
f . (G.35)

β4 =
8157455

16
+

621885

2
ζ(3)− 88209

2
ζ(4)− 288090ζ(5)

+ nf

(
−336460813

1944
− 4811164

81
ζ(3) +

33935

6
ζ(4) +

1358995

27
ζ(5)

)

+ n2
f

(
25960913

1944
+

698531

81
ζ(3)− 10526

9
ζ(4)− 381760

81
ζ(5)

)

+ n3
f

(
−630559

5832
− 48722

243
ζ(3) +

1618

27
ζ(4) +

460

9
ζ(5)

)

+ n4
f

(
1205

2916
− 152

18
ζ(3)

)
. (G.36)

To shorten the expressions above, NC = 3 has been explicitly inserted. Moreover,

ζ(x) =

∞∑

n=1

1

nx
(G.37)

denotes the Riemann zeta function.
We can use the results collected so far to express the running of the strong coupling αs

as
dαs

d lnµ
=

dαs
dgs

dgs
d lnµ

=
gs
4π
β(gs, ε). (G.38)

Restricting ourselves to NLO and performing the physical limit D → 4 leads to

dαs
d lnµ

= −2β0
α2
s

4π
. (G.39)
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We introduce an auxiliary scale µ̄ and solve this differential equation via

∫ αs(µ)

αs(µ̄)

dαs
α2
s

=
−2β0

4π

∫ lnµ

ln µ̄
d lnµ′

⇔ 1

αs(µ)
− 1

αs(µ̄)
=

β0

4π
ln

(
µ2

µ̄2

)

⇔ αs(µ)

4π
=

1

4π
αs(µ̄) + β0 ln

(
µ2

µ̄2

) . (G.40)

This result includes two remarkable properties of QCD. For large energies µ the coupling
constant becomes small. The theory is perturbative and quarks behave asymptotically
free. On the other hand, we observe confinement for small energies µ, where the coupling
constant increases. Within this non-perturbative regime, quarks can not be observed as
free particles. We can introduce a scale ΛQCD to signalise the breakdown of perturbation
theory. At µ = ΛQCD the coupling diverges, i.e. we have

β0 ln

(
Λ2

QCD

µ̄2

)
= − 4π

αs(µ̄)
. (G.41)

We can reinsert this result into (G.40) to eliminate µ̄ and finally obtain the running of the
strong coupling constant αs at NLO.

αs(µ)

4π
=

1

β0 ln

(
µ2

Λ2
QCD

) . (G.42)

G.4.2. Renormalisation group equation for mq(µ)

We continue with the derivation of the RGE for the quark mass mq(µ). All calculation
steps are basically analogous to those of the previous subsection. We start by solving
(G.10) for mq = mq(µ) and get

mq =
mq0

Zm
. (G.43)

The bare quark mass is scale-independent. We define the anomalous dimension of the
quark mass γ(gs) via

µ
dmq

dµ
=

dmq

d lnµ
= −mq

Zm

dZm
d lnµ

= −γ(gs)mq. (G.44)

Next we apply (G.18) again and write

γ(gs)Zm = γ(gs)

(
1 +

Zm,1
ε

+
Zm,2
ε2

+ ...

)
. (G.45)

Alternatively we can express this as

γ(gs)Zm =
dZm
d lnµ

= µ
dZm
dµ

= µ
dgs
dµ

dZm
dgs

= β(gs, ε)
dZm
dgs

= β(gs, ε)

(
1

ε

dZm,1
dgs

+
1

ε2
dZm,2

dgs
+ ...

)
. (G.46)
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Comparing the non-singular terms of (G.45) and (G.46) leads to

γ(gs) = −gs
dZm,1

dgs
= −2g2

s

dZm,1
dg2

s

. (G.47)

We insert the divergent part at NLO as given in (G.16) and get

γ(gs) =
6g2
s

16π2
CF = γ0

αs
4π
. (G.48)

As stressed before, the anomalous dimension of the quark mass depends only on the strong
coupling constant if we are working in the MS scheme. We also list the available higher
order corrections to the anomalous dimension of the quark mass. They can be written as

γ(gs) = γ0
αs
4π

+ γ1

(αs
4π

)2
+ γ2

(αs
4π

)3
+ γ3

(αs
4π

)4
, (G.49)

where γ0 is given by (G.48) and

γ1 =
404

3
− 40

9
nf . (G.50)

γ2 = 2498−
(

4432

27
+

320

3
ζ(3)

)
nf −

280

81
n2
f . (G.51)

γ3 =
4603055

81
+

271360

27
ζ(3)− 17600ζ(5)

+

(
−183446

27
− 68384

9
ζ(3) + 1760ζ(4) +

36800

9
ζ(5)

)
nf

+

(
10484

243
+

1600

9
ζ(3)− 320

3
ζ(4)

)
n2
f +

(
−664

243
+

128

27
ζ(3)

)
n3
f . (G.52)

To shorten the expressions above, NC = 3 and CF = 4/3 have been inserted explicitly.
We can finally derive the running of the quark mass from a given scale µ̄ to another scale
µ by solving the differential equation

dmq

d lnµ
=

dmq

dgs

dgs
d lnµ

=
dmq

dgs
β(gs, ε) = −γ(gs)mq. (G.53)

We restrict ourselves to NLO and D = 4, which leads to

∫ mq(µ)

mq(µ̄)

dmq

mq
= −

∫ gs(µ)

gs(µ̄)
dg′s

γ(g′s)

β(g′s)
=

∫ gs(µ)

gs(µ̄)
dg′s

γ0

β0g′s

⇔ ln

(
mq(µ)

mq(µ̄)

)
=

γ0

β0
ln

(
gs(µ)

gs(µ̄)

)

⇔ mq(µ) = mq(µ̄)

(
αs(µ)

αs(µ̄)

) γ0
2β0

. (G.54)

Hence, the QCD running of the quark mass is directly linked to the running of the strong
coupling constant.
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G.5. DM@NLO renormalisation scheme

In this section we describe the renormalisation scheme concretely implemented in DM@NLO,
a hybrid on-shell/DR scheme optimised for the treatment of neutralino-stop coannihilation
processes, which has proven reliable for many other situations as well. In particular, we
stick to this scheme when calculating the neutralino-nucleon cross sections. More details
on this scheme can be found in [62, 148, 149].

G.5.1. Quark sector

We start with the discussion of the quark sector, where we have to renormalise two pa-
rameters: The quark spinor fields and the quark masses. This is done via multiplicative
renormalisation, i.e. by replacing the bare parameters according to

mq0 → Zmmq = mq + δmq and q0 →
√
Zqq = (1 +

1

2
δZq)q. (G.55)

The quark spinor fields are renormalised on-shell. We require the external quark prop-
agators to have unit residue even at one-loop order. In our notation this precisely corre-
sponds to

lim
p2→m2

q

1

/p−mq
Γq̄q(p)u(p)

!
= iu(p) (G.56)

and thus

δZq = −Πq̄q
V (p)

∣∣∣
p2=m2

q

− 2m2
q

(
∂Πq̄q

V (p)

∂p2

∣∣∣
p2=m2

q

+
∂Πq̄q

S (p)

∂p2

∣∣∣
p2=m2

q

)
. (G.57)

The mass of the top quark is directly measurable in experiments. Hence, it seems
plausible to use the physical on-shell mass mt = mOS

t = 173.1 GeV in our calculations and
to renormalise the top quark mass in the on-shell scheme via

δmOS
t

mt
= Πq̄q

V (p)
∣∣∣
p2=m2

t

+ Πq̄q
S (p)

∣∣∣
p2=m2

t

. (G.58)

In contrast, all other quarks are rather light and may form bound states. Their masses
are not directly measurable. Therefore, we renormalise all other quark masses in the DR
scheme. Their counterterms are given by

δmDR
q

mDR
q

= −2
αsCF

4π
∆. (G.59)

In comparison to (G.16) we have absorbed the whole factor ∆ as given in (G.19) in the
mass counterterm. Moreover, the prefactor of −3 has turned into −2. The reason is that
we have switched from a pure Standard Model to a SUSY calculation, where an additional
propagator correction involving a gluino and a squark occurs.

We import the DR masses of the quarks of the first two generations from micrOMEGAs.
In contrast, the DR mass of the bottom quark is calculated by our code. This calculation
is performed in three subsequent steps via

mMS,SM
b (mb) −→

Running
mMS,SM
b (µ) −→

Conversion
mDR,SM
b (µ) −→

Correction
mDR,MSSM
b (µ). (G.60)
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Figure G.3.: Example diagrams contributing to ∆φt (left) and ∆b (middle and right)

We start with the bottom mass defined at its own scale mb within the MS scheme and
the Standard Model. This parameter is obtained from an analysis of Υ sum rules and
transformed to an arbitrary scale µ by RGE running at next-to-next-to-leading order.
Afterwards we convert the result from the MS to the DR scheme. In the last step we add
so-called threshold corrections which incorporate additional SUSY contributions. More
details on the individual steps of this calculation can be found in [284–288].

The bottom quark mass enters the Yukawa coupling to Higgs bosons. This coupling
has been studied intensively and Standard Model corrections up to O(α4

s) have been
determined. We include them by rewriting the Higgs-bottom couplings gφbb with φ =
h0, H0, A0 as follows:

gh0bb →
gh0bb

1 + ∆b

(
1− ∆b

tanα tanβ

)√
1 + ∆QCD + ∆h0t. (G.61)

gH0bb →
gH0bb

1 + ∆b

(
1 +

∆b tanα

tanβ

)√
1 + ∆QCD + ∆H0t. (G.62)

gA0bb →
gA0bb

1 + ∆b

(
1− ∆b

tan2 β

)√
1 + ∆QCD + ∆A0t. (G.63)

The angles α and β are introduced in subsection 2.4.1 and ∆QCD denotes finite QCD
corrections which are not included in the running [289, 290]. They are explicitly given by

∆QCD =
αs
π

17

3
+
(αs
π

)2
(35.94− 1.359nf ) +

(αs
π

)3
(164.14− 25.77nf + 0.259n2

f )

+
(αs
π

)4
(39.34− 220.9nf + 9.685n2

f − 0.0205n3
f ). (G.64)

At O(α2
s), we encounter additional corrections induced by top quarks as depicted on the

left of figure G.3. These scale-dependent corrections have been calculated in [291] and can
be casted into the form

∆h0t =
α2
s

π2

1

tanα tanβ

(
1.57− 2

3
ln
µ2

m2
t

+
1

9
ln2 m

2
b

µ2

)
. (G.65)

∆H0t =
α2
s

π2

tanα

tanβ

(
1.57− 2

3
ln
µ2

m2
t

+
1

9
ln2 m

2
b

µ2

)
. (G.66)

∆A0t =
α2
s

π2

1

tan2 β

(
23

6
− ln

µ2

m2
t

+
1

6
ln2 m

2
b

µ2

)
. (G.67)

Apart from Standard Model corrections, the Higgs-bottom couplings are also subject to
SUSY contributions which are particularly relevant for large tanβ or large Ab. We denote
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the resummable part of this corrections by ∆b. Two contributing diagrams are exemplarily
shown in the middle and on the right of figure G.3. More details on this resummation
can be found in [57, 292–294]. We finally stress that we exclude the O(αs) part of the
effective Higgs-bottom couplings defined via (G.61) to (G.63) as these contributions are
already present in our full NLO calculation and would be double counted otherwise.

G.5.2. Squark sector

We continue with the discussion of the squark sector. In contrast to the quark sector,
mixing effects can not be neglected here, which complicates the procedure. We start
by multiplicatively renormalising the bare squark mass mq̃i,0 and the bare squark wave
function q̃i,0 via

m2
q̃i,0 → m2

q̃i + δm2
q̃i and q̃i,0 → (δij +

1

2
δZijq̃ )q̃j . (G.68)

Analogously to (G.15), the one-particle irreducible two-point function Γq̃
∗
i q̃j (p) of the

squarks at NLO reads

Γq̃
∗
i q̃j (p) = iδij(p

2 −m2
q̃i) + iΠq̃∗i q̃j (p)

+
i

2
(p2 −m2

q̃i)δZ
ij
q̃ +

i

2
(p2 −m2

q̃j )δZ
∗ji
q̃ − iδijδm2

q̃i , (G.69)

where Πq̃∗i q̃j (p) denotes the squark self-energy. All squarks are renormalised on-shell and
the corresponding renormalisation conditions are given by

Γq̃
∗
i q̃j (p)

∣∣∣
p2=m2

q̃j

!
= 0 and lim

p2→m2
q̃i

1

p2 −m2
q̃i

Γq̃
∗
i q̃i(p)

!
= i. (G.70)

These conditions fix the squark masses and squark wave function counterterms to

(δm2
q̃i)

OS = Πq̃∗i q̃i(p)
∣∣∣
p2=m2

q̃i

. (G.71)

δZijq̃ =
2

m2
q̃i
−m2

q̃j

Πq̃∗i q̃j (p)
∣∣∣
p2=m2

q̃j

for i 6= j. (G.72)

Re δZiiq̃ = − ∂

∂p2
Πq̃∗i q̃i(p)

∣∣∣
p2=m2

q̃i

. (G.73)

The next step is to renormalise the trilinear couplings Aq. As all squarks are renor-
malised on-shell, it seems natural to proceed in the same way here. However, trilinear
couplings renormalised in the on-shell scheme are subject to large radiative corrections,
whereas a definition in the DR scheme leads to improved perturbative stability [295, 296].
Hence, we renormalise all trilinear couplings in the DR scheme. The associated counter-
terms can be written as

δADR
q =

1

mq

(
U q̃11U

q̃
12(δm2

q̃1)DR + U q̃21U
q̃
22(δm2

q̃2)DR + (U q̃21U
q̃
12 + U q̃11U

q̃
22)(m2

q̃1 −m2
q̃2)δθDR

q̃

−
δmDR

q

mq
(U q̃11U

q̃
12m

2
q̃1 + U q̃21U

q̃
22m

2
q̃2)
)
. (G.74)
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The quark mass counterterm appearing above is given by (G.59). Furthermore, we need
the DR squark mass and squark mixing angle counterterms which read

(δm2
q̃i)

DR =
αsCF

4π
∆

((
(U q̃i1)2 − (U q̃i2)2

)2
m2
q̃i −m2

q̃i + (U q̃21U
q̃
11 − U q̃22U

q̃
12)2m2

q̃j

+ 8mqmg̃U
q̃
i1U

q̃
i2 − 4m2

g̃ − 4m2
q

)
for j

!
6= i. (G.75)

δθDR
q̃ =

αsCF
4π

∆
1

m2
q̃1
−m2

q̃2
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(U q̃21U

q̃
11 − U q̃22U

q̃
12)
((

(U q̃11)2 − (U q̃12)2
)2
m2
q̃1

+
(

(U q̃21)2 − (U q̃22)2
)2
m2
q̃2

)
+ 4mg̃mq(U

q̃
11U

q̃
22 + U q̃12U

q̃
21)

)
. (G.76)

We also encounter the squark mixing matrix U q̃ introduced in subsection 2.4.3 and defined
by (2.53). Remember that we have included counterterms δU q̃ij in the vertex counterterms

VC3 and VC4 (cf. subsection 4.4.4). The individual components U q̃ij can be considered as

functions of other renormalised parameters – in this case m2
q̃1

, m2
q̃2

, mq and Aq. To obtain

the counterterms δU q̃ij we have to perform the expansion

δU q̃ij =
∂U q̃ij
∂m2

q̃1

δm2
q̃1 +

∂U q̃ij
∂m2

q̃2

δm2
q̃2 +

∂U q̃ij
∂mq

δmq +
∂U q̃ij
∂Aq

δAq. (G.77)

A final complication is due to the fact that not all parameters studied so far can be
treated independently. This is of particular importance for the third generation involving
massive quarks. The associated stop and sbottom sector includes eleven parameters,
namely m2

b̃1
, m2

b̃2
, m2

t̃1
, m2

t̃2
, Ab, At, θt̃, θb̃ and the soft SUSY breaking parameters M2

q̃3
,

M2
d̃3

, M2
ũ3

of the third generation (cf. chapter 2). Only five out of these eleven parameters

can be chosen freely. We define (m2
t̃1

)OS, (m2
b̃1

)OS, (m2
b̃2

)OS, ADR
t and ADR

b as independent

input parameters and m2
t̃2

, θt̃, θb̃, M
2
q̃3

, M2
d̃3

and M2
ũ3

as dependent parameters. The

counterterms of the independent parameters are given by (G.71) and (G.74), respectively.
However, we also need the counterterms of the dependent parameters m2

t̃2
, θt̃ and θb̃.

These can be expressed in terms of already given quantities by

δθq̃ =
δmq(Aq − µ(tanβ)−2I3) +mqδAq − U q̃11U

q̃
12(δm2
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− δm2

q̃2
)
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−m2
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(G.78)

and

δm2
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=
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. (G.79)

Note that we use (G.78) only for q̃ = t̃, b̃. In all other cases we stick to (G.76).
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G.5 DM@NLO renormalisation scheme

G.5.3. Gluon sector

Our renormalisation scheme includes the renormalisation of the gluon field Aµ and the
strong coupling constant gs as well. The corresponding counterterms are relevant for
processes with a gluon in the final state as e.g. χ̃0

1t̃1 → tg but absent in all calculations
presented in this thesis. Hence, we simply refer to [62] for more details on this part of the
DM@NLO renormalisation scheme.

All that remains is to detail our implementation of the strong coupling constant and its
associated RGE running. The value of αs defined in the DR scheme and within the MSSM
with nf = 6 active flavours at a scale µ is obtained by three subsequent steps which are
somewhat similar to (G.60) and read

α
MS,SM,nf=5
s (mZ0) −→

Running
α

MS,SM,nf=5
s (µ) −→

Conversion
α

DR,SM,nf=5
s (µ)

−→
Correction

α
DR,MSSM,nf=6
s (µ). (G.80)

Following the usual convention, we start with αs defined in the MS scheme and within
the Standard Model with nf = 5 active flavours at a scale mZ0 . This value is extracted
from experimental data. The first step is to transform this value to an arbitrary scale µ
by RGE running at O(α3

s), i.e. by applying (G.32). Afterwards we convert αs from the
MS to the DR scheme. This happens at a fixed scale and for a fixed number of flavours.
According to [297], the two-loop relation between αMS

s and αDR
s is given by

αDR
s = αMS

s


1 +

αMS
s

4π
+

(
αMS
s

4π

)2

(22− CFnf )


 . (G.81)

The last step is to transfer this result into the MSSM and include the existence of additional
heavy coloured particles. We add the effects stemming from the top quark simultaneously,
i.e we also shift from nf = 5 to nf = 6 at this place. More details on this last step can be
found in [298].
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H. Effective field theory

In chapter 4 we have calculated the neutralino direct detection rate within the MSSM
including corrections up to O(αs) to the leading four-fermion operators. The calculations
were performed in a pragmatic and pedagogic fashion. This chapter shall illustrate the
underlying effective field theory (EFT) formalism itself in more detail. Therein we closely
follow the recommendable review [238]. Other mentionable references include the very
recent EFT textbook [299] and the more qualitative EFT introductions [300] and [301].

H.1. Basic idea of effective field theory

In contrast to a full theory – which should be valid at any energy scale – the corresponding
effective field theory is only valid in a certain regime of energy. This is usually characterised
by some scale Λ. If the typical process energy E is much smaller than Λ, we can construct
an effective field theory which approximates the full theory in this energy regime.

Let us illustrate this by a concrete example, namely the beta decay. This decay process
is depicted in figure H.1. The left diagram corresponds to the modern interpretation
in terms of the electroweak Standard Model, the full theory in this example. Here the
electroweak force is mediated by a W± gauge boson. The historic predecessor is the Fermi
theory, the corresponding effective theory. The diagrammatic interpretation of the beta
decay in terms of this theory is depicted on the right of figure H.1. The force mediation is
contracted to a point, the W± boson is gone and we are left with a four-fermion interaction.
The characteristic scale of the process is given by Λ ∼ mW± ∼ 80 GeV, whereas typical
mesonic decay energies are around E ∼ 2-5 GeV. Hence, we have E < Λ.

What exactly is happening when contracting the diagram to a point? We say that
the heavy mediator gets integrated out. The electroweak Standard Model includes all the
known elementary particles as degrees of freedom. However, interactions including heavy
particles like t, Z0 or W± are extremely short ranged. In the Fermi theory this range is
effectively set to zero. Heavy particles are not degrees of freedom of the theory anymore.

H.2. Operator product expansion

After presenting the general idea of effective field theories in the previous section, we turn
to a bit more formal view. Let us begin by writing down the amplitude of the beta decay
in the full theory and expand it in the transferred momentum k

iM =

[
igw cos θc

2
√

2
ūγµ(1l− γ5)d

] −igµν
k2 −m2

W±

[
igw

2
√

2
ēγν(1l− γ5)νe

]

⇔M = −GF√
2

cos θc[ūγµ(1l− γ5)d][ēγµ(1l− γ5)νe] +O(k2/m2
W±). (H.1)
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d u

W±

νe e

νe e

d u

1

Figure H.1.: Diagrammatic representation of the beta decay within the electroweak Stan-
dard Model (left) and the Fermi theory (right)

Here we have introduced the Fermi constant

GF =

√
2g2
w

8m2
W±

(H.2)

and the Cabibbo angle θc, which takes into account flavour changing effects. The leading
term in this expansion is nothing but the effective Lagrangian of the Fermi theory

Leff = −GF√
2

cos θc[ūγµ(1l− γ5)d][ēγµ(1l− γ5)νe]. (H.3)

We interpret this effective Lagrangian as a product of a coupling constant or so-called
Wilson coefficient C times a point-like vertex or effective operator Q. In this case we have
C = −GF√

2
cos θc and Q = [ūγµ(1l − γ5)d][ēγµ(1l − γ5)νe]. Note that the effective operator

is non-renormalisable as its mass dimension is six. In general, any effective Lagrangian
can be written as a sum of these products which is called an operator product expansion
(OPE) [302, 303].

Leff =
∑

i

CiQi. (H.4)

Neglecting higher order terms in the momentum expansion of the amplitude in (H.1) cor-
responds to neglecting higher dimensional operators, which typically include derivatives,
in the effective Lagrangian in (H.3). Hence, the OPE can be understood as a systematic
approximation scheme for low energies. The complete, i.e. infinite OPE series including all
effective operators corresponding to all orders in k2/m2

W± is equivalent to the full theory.39

It is important to note that the Wilson coefficients contain all the information about
the high energy regime and corresponding short distance effects of the full theory, whereas
the effective operators are responsible for the low energy regime and corresponding long
distance effects. In the example of the beta decay, the Wilson coefficient includes the
mass of the heavy mediator as a remnant of the high energy regime. On the other hand,
the effective operator consists of spinor fields of light quarks and leptons, which are still
degrees of freedom in the low energy regime.

So far we have considered the beta decay only at tree-level. However, one may also
calculate electroweak or strong corrections to this process. These corrections lead to more
complicated contributions to the Wilson coefficients which – unlike the bare tree-level
coefficient – depend on some (renormalisation) scale µ in general. For this reason, we have

39A formal investigation of this equivalence can be found in [304].
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to replace Ci by Ci(µ), leading to a scale-dependent effective Lagrangian. Now remember
that the effective Lagrangian is directly connected to an amplitude of the full theory. This
amplitude can be used to compute physical observables like cross sections which have to
be scale-independent. Hence, we seem to miss something.

The solution to this dilemma is that the amplitude and therefore the effective Lagrangian
as a whole has to be scale-independent but not necessarily its individual components. This
is precisely what is happening in effective field theory. Not only the Wilson coefficients
but also the effective operators become scale-dependent when including higher order cor-
rections. We have

Leff =
∑

i

Ci(µ)Qi(µ), (H.5)

where the scale dependence of the coefficients is inverse to the scale dependence of the
effective operators and thus cancels in the product.

The choice of µ corresponds to defining our high and low energy regimes. This is an
essential feature of the OPE: We can split the procedure into two distinct parts. The high
energy and hence perturbative calculation of the Wilson coefficients on the one hand and
the low energy and hence non-perturbative or experimental determination of the effective
operators and their matrix elements on the other hand.

H.3. Typical steps of an effective field theory

calculation

Having set up the fundamentals in the previous section, we show how a typical calculation
in the EFT framework is performed. Such a calculation can usually be divided in four
steps. To illustrate these four steps, we refer back to our example of the beta decay.

H.3.1. Setting up the effective field theory

We identify the characteristic scale of the process Λ and choose a lower scale µlow which
separates the high and low energy regime. Afterwards we determine the relevant remaining
degrees of freedom in the low energy regime and write down the corresponding effective
operators accompanied by yet unknown Wilson coefficients. By doing this, we have set up
our effective field theory. This first step can be rather simple.

In case of the beta decay, the characteristic scale of the process is given by the mass of
the W± boson, we have Λ ∼ mW± ∼ 80 GeV, whereas the low scale should match typical
process energies. Hence, we choose µlow ∼ E ∼ 2-5 GeV. The leptons and light quarks
remain degrees of freedom in the low energy regime but the W± boson does not and we
integrate it out. The effective Lagrangian consists of a single term and reads

Leff = CQ = C[ūγµ(1l− γ5)d][ēγµ(1l− γ5)νe]. (H.6)

H.3.2. Matching of full and effective theory

The goal of the second step is to determine the Wilson coefficients. This is done in the
matching procedure. We require that the effective theory reproduces the full theory at
the scale Λ. More precisely, we write down the amplitude of the considered process at the
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scale Λ in both the full and the effective theory and require that they equal each other.
This so-called matching condition fixes the Wilson coefficients.40

Mfull(Λ)
!

=Meff(Λ). (H.7)

In case of the beta decay, the matching calculation is rather trivial. The comparison
of the amplitude of the full theory with the amplitude of the effective theory determines
the sole Wilson coefficient to C = −GF√

2
cos θc. Usually more than one effective operator

and related Wilson coefficient is involved in the matching procedure, but the basic idea
remains unchanged.

However, some care is needed when including radiative corrections. The crucial point
is that one has to include radiative corrections up to the desired order in perturbation
theory also in the effective theory, provided that the respective virtual particles are still
degrees of freedom. This means that e.g. a weak correction to the beta decay consisting
of an additional Z0 boson exchange occurs only in the full theory and has no counterpart
in the effective theory as the heavy Z0 boson is not a degree of freedom of the EFT. In
contrast to that, a strong correction consisting of an additional gluon exchange occurs also
in the effective theory as the massless gluon remains a degree of freedom.

This brings us to another essential feature of the EFT formalism. Processes involving
massless virtual particles like the aforementioned gluons may give rise to infrared diver-
gences (cf. section F.1). However, as the EFT has the same degrees of freedom as the full
theory in the low energy regime via construction, the very same divergences occur when
calculating the corresponding radiative corrections in the EFT. Provided that the infrared
divergences are properly regularised in both cases, they cancel in the process of matching.
This allows for valuable checks of the matching calculation.

H.3.3. Running of operators and Wilson coefficients

The next step consists of the evolution of the Wilson coefficients from the high scale
µhigh ∼ Λ down to the low scale µlow ∼ E. The matching procedure described above
determines the Wilson coefficients at the high scale Λ. However, we are interested in results
valid at typical process energies E. Hence, we have to find and solve the renormalisation
group equations (cf. section G.4) of the Wilson coefficients. As the scale dependence of
the Wilson coefficients has to be inverse to that of the effective operators, this can be done
indirectly by calculating the anomalous dimension of the operators, determining their scale
dependence and inverting it.

H.3.4. Determination of the matrix elements

The last step is to determine the hadronic matrix element of the operators. We have to
determine the expectation values 〈Qi〉 at the low scale µlow for the hadron in consideration.
This can either be done via non-perturbative calculation methods like e.g. lattice QCD or
via experimental measurement. This part of the procedure often constitutes an important
source of uncertainty for the whole calculation.41

40We are performing the matching calculation in the standard, diagrammatic approach. Alternatively one
may use functional methods to do so. This is illustrated in [305].

41Therein the calculation of the neutralino-nucleon cross sections is no exception – cf. section 4.2 and
especially the discussion about fNTs.

176



H.3 Typical steps of an effective field theory calculation

We close this chapter with a remark. We are using effective field theory as a tool
to approximate the full theory in the low energy regime, where direct detection takes
place. The occuring interactions between quarks and neutralinos are effectively described
by point-like interactions with Wilson coefficients derived from the given full theory, the
MSSM. Analogously we have used the electroweak Standard Model to derive the effective
Lagrangian of the Fermi theory in the beginning of this chapter. However, in practice
one also uses EFT the other way round. One may write down an effective Lagrangian to
parametrise effects from an unknown full theory. Comparing the predictions of this effec-
tive Lagrangian with experimental data allows to constrain its Wilson coefficients and in
turn the full theory hiding behind it. This is precisely what is done at the LHC at the
moment to put constraints on physics beyond the Standard Model [306–313]. Note that
this approach is under debate in the context of dark matter production, where the trans-
ferred momentum may be comparable to the mediator mass [314–317]. In this situation
so-called simplified models are more reliable [318, 319].
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[252] Stöckinger, Dominik: Regularization by Dimensional Reduction: Consistency,
Quantum Action Principle, and Supersymmetry. In: Journal of High Energy Physics
03 (2005), p. 076

[253] Mihaila, Luminita: Precision Calculations in Supersymmetric Theories. In: Ad-
vances in High Energy Physics (2013), p. 607807

[254] Avdeev, Leo V. ; Vladimirov, Alexei A.: Dimensional regularization and super-
symmetry. In: Nuclear Physics B 219 (1983), p. 262

[255] Dirac, Paul A. M.: The Quantum theory of electron. In: Proceedings of the Royal
Society A 117 (1928), p. 610

[256] Weyl, Hermann: Electron and gravitation. In: Zeitschrift für Physik 56 (1929), p.
330
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Running of QCD coupling constant. 2016. – http://arxiv.org/abs/1606.08659v1

[284] Melnikov, Kirill ; Yelkhovsky, Alexander: b quark low-scale running mass from
Υ sum rules. In: Physical Review D 59 (1999), p. 114009

[285] Hoang, Andre H.: 1S and MS bottom quark masses from Υ sum rules. In: Physical
Review D 61 (1999), p. 034005

196

http://arxiv.org/abs/0912.0310
http://arxiv.org/abs/0912.0310
http://arxiv.org/abs/1606.08659v1


Bibliography

[286] Beneke, Martin ; Signer, Adrian: The bottom MS quark mass from sum rules at
next-to-next-to-leading order. In: Physics Letters B 471 (1999), p. 233

[287] Penin, Alexander A. ; Pivovarov, Alexei A.: Bottom quark mass and |Vcb| matrix
element from R(e+e− → bb) and Γs1(b→ clνl) in the next-to-next-to-leading order.
In: Nuclear Physics B 549 (1999), p. 217

[288] Baer, Howard ; Ferrandis, Javier ; Melnikov, Kirill ; Tata, Xerxes: Relating
bottom quark mass in DR and MS regularization schemes. In: Physical Review D
66 (2002), p. 074007

[289] Chetyrkin, Konstantin G.: Correlator of the quark scalar currents and Γtot(H →
hadrons) at O(α3

s) in pQCD. In: Physics Letters B 390 (1997), p. 309

[290] Baikov, Pavel A. ; Chetyrkin, Konstantin G. ; Kühn, Johann H.: Scalar Corre-
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[308] Falkowski, Adam ; González-Alonso, Mart́ın ; Greljo, Admir ; Marzocca,
David: Global constraints on anomalous triple gauge couplings in effective field
theory approach. In: Physical Review Letters 116 (2016), p. 011801

[309] Alloul, Adam ; Fuks, Benjamin ; Sanz, Verónica: Phenomenology of the Higgs
Effective Lagrangian via FeynRules. In: Journal of High Energy Physics 04 (2014),
p. 110

[310] Grazzini, Massimiliano ; Ilnicka, Agnieszka ; Spira, Michael ; Wiesemann, Mar-
ius: BSM effects on the Higgs transverse-momentum spectrum in an EFT approach.
2015. – http://arxiv.org/abs/1511.08059

[311] Azatov, Aleksandr ; Contino, Roberto ; Panico, Giuliano ; Son, Minho: Ef-
fective field theory analysis of double Higgs boson production via gluon fusion. In:
Physical Review D 92 (2015), p. 035001

[312] Balázs, Csaba ; Li, Tong ; Newstead, Jayden L.: Thermal dark matter implies
new physics not far above the weak scale. In: Journal of High Energy Physics 08
(2014), p. 061

[313] Liem, Sebastian ; Bertone, Gianfranco ; Calore, Francesca ; Ruiz de Austri,
Roberto ; Tait, Tim M. P. ; Trotta, Roberto ; Weniger, Christoph: Effective
Field Theory of Dark Matter: a Global Analysis. 2016. – http://arxiv.org/abs/

1603.05994

[314] Buchmüller, Oliver ; Dolan, Matthew J. ; McCabe, Christopher: Beyond
effective field theory for dark matter searches at the LHC. In: Journal of High
Energy Physics 01 (2014), p. 025

198

http://arxiv.org/abs/1603.08012
http://arxiv.org/abs/1603.08012
http://arxiv.org/abs/1604.01019
http://arxiv.org/abs/1604.01019
http://arxiv.org/abs/1511.08059
http://arxiv.org/abs/1603.05994
http://arxiv.org/abs/1603.05994


Bibliography

[315] Busoni, Giorgio ; De Simone, Andrea ; Morgante, Enrico ; Riotto, Antonio:
On the validity of the effective field theory for dark matter searches at the LHC. In:
Physics Letters B 728 (2014), p. 412

[316] Busoni, Giorgio ; De Simone, Andrea ; Gramling, Johanna ; Morgante, Enrico
; Riotto, Antonio: On the validity of the effective field theory for dark matter
searches at the LHC, part II: complete analysis for the s-channel. In: Journal of
Cosmology and Astroparticle Physics 06 (2014), p. 060

[317] Busoni, Giorgio ; De Simone, Andrea ; Jacques, Thomas ; Morgante, Enrico
; Riotto, Antonio: On the validity of the effective field theory for dark matter
searches at the LHC part III: analysis for the t-channel. In: Journal of Cosmology
and Astroparticle Physics 09 (2014), p. 022

[318] De Simone, Andrea ; Jacques, Thomas: Simplified models vs. effective field
theory approaches in dark matter searches. In: The European Physical Journal C
76 (2016), p. 367

[319] Matsumoto, Shigeki ; Mukhopadhyay, Satyanarayan ; Tsai, Yue-Lin S.: Effec-
tive Theory of WIMP Dark Matter supplemented by Simplified Models: Singlet-like
Majorana fermion case. 2016. – http://arxiv.org/abs/1604.02230

[320] Musil, Robert: Die Verwirrungen des Zöglings Törleß. Wiener Verlag, 1906
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