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Abstract

The Minimal Supersymmetric Standard Model (MSSM) is under intense scrutiny at the
LHC and in dark matter searches. Interestingly, scenarios with light squarks of the third
generation remain not only viable, but also well motivated by the observed Standard-
Model-like Higgs boson mass and dark matter relic density. The latter often requires
important contributions from squark pair and squark-anti-squark annihilation.

In this thesis, we consider the neutralino as the dark matter candidate. Constraints
on the MSSM can be set by predictions on the relic density in comparison with the
corresponding experimental value. Due to its high precision the uncertainties of the
theoretical prediction have to be reduced. Main uncertainties arise in the investigation
of the annihilation cross section. Our phenomenological study shows the importance of
the squark annihilation into quark final states and the squark-anti-squark annihilation
into quark pairs with respect to the relic density.

Following up on previous work, we present in this thesis a precision analysis of squark
pair annihilation into quarks and squark-anti-squark annihilation into quark-anti-quark
at next-to-leading order of QCD including Sommerfeld enhancement effects. We discuss
all technical details of our one-loop, real emission and resummation calculations, their
implementation in the precision tool DM@QNLO, as well as the numerical impact on the
annihilation cross section and in case of the squark pair annihilation into quarks the
cosmological relic density in phenomenological MSSM scenarios respecting in particular
current LHC constraints. We demonstrate that including these radiative corrections
leads to substantial shifts in the preferred parameter regions by up to 20 GeV.






Zusammenfassung

Analysen am LHC und die Suche nach Dunkler Materie setzen immer hoéhere Limits
auf den Parameterraum des Minimal Supersymmetrische Standard Models (MSSM). In-
teressanterweise bleiben Szenarien mit leichten Squarks der dritten Generation nicht nur
realistisch, sondern sind auch gut motiviert durch die Beobachtung der standardmod-
ellahnlichen Higgs-Bosonenmasse und der Reliktdichte der Dunklen Materie. Fiir die
Bestimmung der Reliktdichte sind Beitrdge von Squark-Paar- und Squark-Anti-Squark-
Annihilation wichtig.

In der vorliegenden Dissertation wird das leichteste Neutralino als Dunkle Materie
Kandidat betrachtet. Der Parameterraum des MSSM wird iiber die Vorhersagen der
Reliktdichte im Vergleich zum entsprechenden experimentellen Wert eingeschrankt. Auf-
grund der hohen Prazision des experimentellen Wertes miissen die Unsicherheiten der
theoretischen Vorhersage reduziert werden. Die Hauptunsicherheiten in der Bestim-
mung der Reliktdichte stammen aus der Berechnung des Wirkungsquerschnitts. Un-
sere phanomenologische Studie zeigt den Einfluss der Squark- Annihilation in Quark-
EndzustA xnde und der Squark-Anti-Squark-Annihilation in Quark-Paare in Bezug auf
die Reliktdichte.

Im Anschluss an frithere Arbeiten wird in dieser Arbeit eine Prazisionsanalyse der An-
nihilation von Squark-Paaren in Quarks und der Annihilation von Squark-Anti-Squarks
in Quark-Anti-Quark unter Beriicksichtigung der néchst héheren Ordnung von SUSY-
QCD Korrekturen einschliefilich des Sommerfeld-Effektes préasentiert. Alle technischen
Details unserer Berechnungen zu den Schleifen, der Emissions zusétzlicher Teilchen
und der Resummation, sowie deren Umsetzung im Prézisionstool DM@QNLO werden in
dieser Arbeit besprochen. Des Weiteren werden die numerischen Auswirkungen auf den
Wirkungsquerschnitt und — im Falle der Squark-Paar-Annihilation in Quarks — auf die
kosmologische Reliktdichte in phdnomenologischen MSSM-Szenarien unter Berticksichti-
gung aktueller LHC-Limits gezeigt. Unter der Einbeziehung dieser Korrekturen kommt
es zu erheblichen Verschiebungen der Parameterregionen um bis zu 20 GeV.
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Introduction

One of the still unsolved questions in particle physics is the nature of dark matter (DM).
There are several observations indicating the existence of an unknown mass in the Uni-
verse, the so-called dark matter. Even though no direct or indirect experiment could
detect dark matter so far, cosmological observations have led to the assumption that
there has to be some kind of dark matter. Dark matter is therefore a highly discussed
topic. On the theoretical side various different theories try to explain the observation
of the phenomena and the lack of detection of dark matter up to now. These theories
go from minimal extensions of the Standard Model, where only a minimal amount of
particles is added to the Standard Model, to complex theories like the Minimal Super-
symmetric Standard Model (MSSM) based on the introduced Supersymmetry (SUSY).
Supersymmetry is a new symmetry leading even in the MSSM to many new particles
and a high number of undetermined free parameters. The MSSM provides a candidate
for cold dark matter, due to R-parity conservation. This dark matter candidate fulfills
several properties, which are known from astrophysical observations and experiments.

Via the measurement of the Planck satellite, the relic density of dark matter is known
with high accuracy. The relic density represents the present amount of dark matter in
the Universe. This parameter and also other observations and discoveries (like the Higgs
particle) set constraints and exclude parts of the parameter space of the MSSM. In order
to match the theoretical predictions with the experimental observations, the theoretical
uncertainties have to be of the same order as the experimental errors. Due to the high
precision of the Planck data, the theoretical uncertainties have to be reduced. In most
public tools, the calculations of the cross-section are limited to tree-level calculations or
include effective corrections at the most. In order to reduce the theoretical uncertainties,
higher-order corrections have to be considered.

The relic density depends on the annihilation and co-annihilation cross sections of the
dark matter particle and potential mass-degenerate particles. Within the MSSM, the
stop and sbottom masses might be degenerate and close to the mass of the dark matter
particle. Therefore, not only the dark matter annihilation and co-annihilation with
squarks have to be taken into account, but also squark-squark and squark-anti-squark
annihilation can provide large contributions to the relic density.

In this thesis, the focus lies on the squark annihilation to quark final states within



1. Introduction

the MSSM, where a full next-to-leading order SUSY QCD calculation for QCD and
Yukawa processes is performed. Additionally, the resummation is calculated for the
initial particles at low velocities.

An introduction to SUSY is given in Chapter 2 including the motivation for SUSY
and the theoretical framework. We then introduce the MSSM with its particle content
and the dark matter candidate. Complementing this chapter, experiments for SUSY
searches are presented with their current bounds and constraints.

In Chapter 3, we take a deeper look at dark matter in terms of astrophysical obser-
vations and possible particle candidates. Furthermore we review current experimental
searches for dark matter. We additionally focus on the calculation of the relic density.

A short sidestep will be taken in Chapter 4 to an experimental side project within this
thesis. In this experimental project, the electric field configuration of the Hamamatsu
R12199-02 MOD three-inch photomultiplier tube (PMT) is investigated. This PMT is
relevant for the newly developed optical module of the future extension of the IceCube
neutrino telescope.

The project Dark Matter at Next-to-Leading Order DMQNLO will be introduced in
Chapter 5, providing an overview on the project including the current status of imple-
mented NLO calculations.

In Chapter 6, we discuss the phenomenology of the squark annihilation within the
MSSM. We take a deeper look at the dominating channels within the tree level calcula-
tions and study the color structure.

The virtual corrections are discussed in Chapter 7. Starting with an introduction to
dimensional regularization, we provide the most important tools for the calculation of
the virtual corrections. The virtual corrections are described using selected examples.

Chapter 8 deals with the renormalization, first explained in the simple ¢*-theory and
then applied to squark annihilation. Furthermore, different renormalization schemes are
presented and the used scheme is described. Finally, the cancellation of the occuring
ultraviolet divergent terms is demonstrated.

Within Chapter 9, the real emission is discussed. First, the phase space for three
particles in the final state is shown and the parametrization is displayed. We discuss
the method of phase-space slicing, with the factorization of the divergent part, shown
for an example chosen from the processes in question.

The resummation is treated in Chapter 10. Due to the fact that the relevant processes
are s-wave dominated, we concentrate on the s-wave resummation of identical and non-
identical particles in the initial state.

In Chapter 11, we show the numerical results of the calculations and study the impact
of the NLO calculation and the resummation on the relic density.

Finally we give a conclusion on the performed work and an outlook on further research
in Chapter 12.



Supersymmetry

Up until now most experimental observations in astro-particle physics can be explained
within the well-known Standard Model. However, there are still some open questions.
Since the Standard Model describes many experiments with high precision, it is assumed
that the Standard Model should be included in the extended theory. Such an extension
can be formed by the consideration of a new symmetry, the so-called Supersymmetry.
This symmetry is described by a set of generators that connect the bosons and fermions.
If the Standard Model is extended only by a pair of these generators (one speaks also of a
N=1 Supersymmetry), the so-called Minimal Supersymmetric Standard Model (MSSM)
results. This model has more than a hundred free parameters, which makes the search
for this model very difficult. There are experiments as ATLAS [1] and CMS [2], which
have already produced large analyses of this model. So far there has been no sign from
Supersymmetry. Due to the absence of signs, limits have been set on the existence
of the MSSM and the corresponding parameter space. However, there is still a large
parameter space open in the MSSM. In the following, the motivation, theoretical basics
and algebra of Supersymmetry will be given with the focus on the resulting MSSM and its
particle content. Furthermore, we will discuss the phenomenological MSSM (pMSSM),
defined by a reduced number of free parameters. Finally, we give an overview of current
experimental limits in the parameter space of the MSSM . The interested readers are
referred to secondary literature on Supersymmetry, e.g. [3, 4, 5, 6].

2.1. Motivation

Even though there is no hint of supersymmetric particles in nature so far, SUSY and
the resulting MSSM are theoretically appealing. Within the MSSM several unsolved
problems can be explained at the same time. In the following, we very briefly discuss
three motivations for Supersymmetry and the MSSM.
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Figure 2.1.: Diagrams for SM contribution (left) and scalar contribution (middle, right)
to the Higgs self energy.

2.1.1. The Hierarchy Problem

The discovery of the Higgs boson in 2012 by ATLAS [7] and CMS [8] and the experi-
mental determination of the Higgs boson mass [9] highlights one of the problems in the
SM, the so-called Hierarchy Problem [10, 11]. Assuming that the SM is part of a larger
unified theory (GUT), one considers two scales, the electroweak symmetry breaking scale
O(100 GeV) and the unification scale O(10'® GeV). Quantum corrections (see Fig. 2.1),
that contribute to the Higgs mass, depend on the unification scale (for example through
the ultraviolet cutoff). To get rid of these much too large quadratic contributions, an
unnatural fine-tuning would be needed. In the MSSM this problem is solved by the in-
troduction of new particles which provide additional quantum corrections which cancel
the quadratic dependence of the unification scale of the SM corrections.

2.1.2. Dark Matter

Another hint of physics beyond the Standard Model is given by some astrophysical
observations. These observations cannot be described with the known baryonic mass
of the Standard Model. They suggest that there is more matter in the Universe, the
so-called dark matter. A popular assumption is that dark matter consists of weakly
interacting massive particles (WIMPs) of about 100 GeV mass. Even though the neutrino
can be a candidate for dark matter, it can not explain the amount of dark matter needed
to explain the observations. In the supersymmetric extension of the SM where R-parity,
an ad-hoc Z-symmetry, is conserved, the lightest supersymmetric particle is stable and
if neutral it can be a candidate for dark matter. Typical candidates are ether the lightest
neutralino ! or the sneutrino 7. This topic will be discussed in more detail in Chapter
3.
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2.1.3. The Grand Unified Theory

Based on the unification of forces in the electroweak model, the search for a theory with a
unification of forces is appealing. Such a theory is called Grand Unified Theory (GUT). If
the couplings in the Standard Model are evolved to high scales using the renormalization
group equations (RGE), the gauge couplings do not lead to a unification at any arbitrary
scale. However, for the dicussed minimal supersymmetric extension of the SM, adding
the MSSM content to the RGE’s, the couplings meet at an energy Agur ~ 10'¢ GeV
[12].

2.2. The Theory Framework of SUSY

In the following we give an introduction to the most important aspects of the theory
framework of SUSY [5], [6], [13], [14]. First we focus on the SUSY algebra. We continue
with the introduction of superfields and finally construct a supersymmetric Lagrangian.

2.2.1. SUSY Algebra

In 1967, the Coleman Mandula theorem [15] stated that the Poincaré supersymmetry
group is the largest possible one. Therefore, the only way to add a new symmetry to it
is by a direct product with another group. But in 1975, the Haag-Lopuszanski-Sohnius
theorem [16] showed a non-trivial way to combine two algebras by considering anti-
commuting generators. In parallel, Wess and Zumino [17, 18] used the same idea to
build the first supersymmetric model. The extension of the Poincaré group with anti-
commuting generators this led to a new kind of symmetry, the so-called Supersymmetry.
Supersymmetry is therefore a non-trivial (in the sense that the new generators are related
to the old ones) extension of the Poincaré symmetry.

In SUSY, the even (bosonic) generators of the Lie subalgebra obey the Coleman-
Mandula theorem, it is a direct sum of the Poincaré algebra with an internal symmetry.
The odd (fermionic) generators are represented by (5,0) and (0, 3) of the homogeneous
Lorentz group. The spinor generators exist in the fermionic subalgebra and lead to the
supercharges (). The generators are responsible for the transformations among the two
subalgebras.

In the following we concentrate on the N = 1 Supersymmetry, where only one ad-
ditional pair of fermionic generators QY :1,Q§[ =1 is added. The generators transform
fermionic into bosonic degrees of freedom and vice versa, symbolically written:

Q| fermion) = |boson) Q|boson) = | fermion). (2.1)
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The underlying algebra consists of the usual Poincaré algebra.

[P, P)=0, (2.2)
[(Myu, Pyl = i(0up Py — 0o Py), .
[Muua M ] i(nu,oMua - nuUMVp - anMuo - nquup)a (2'4)

P" is a four-momentum generator of space-time translations and M, the generator of
the Lorentz transformations. This leads to the Poincaré super-algebra

{Qa, Q) = 204, P, (2.5)
{Q%, Q%) = 204, P,, (2.6)
{Qa, Q) = {Q%,Q"} =0, (2.7)

[Qa, P = [QF, P¥] = 0, (2.8)
(M, Q%) = — (GW)BQg (2.9)
(M, Q%) = —(6u,)3Q;. (2.10)

The index a = 1,2 indicates the representation (%,

The generalized Pauli matrices o/, = (1,0;) and &/ 5

0), while & = 1,2 indicates (0, 3).
= (1, —0;) were used, including
the well known Pauli matrices o;.

Furthermore, the usual Minkowski space with its four "bosonic" commuting space-time
coordinates has to be extended by four "fermionic" anticommuting Grassmann variables

0a=12 and 0,;—; 2, indicated as two-component Weyl spinors, which obey
{0a, 05} = {0405} = {a, 65} = 0. (2.11)
The superspace is built up out of these eight coordinates. Defining a unitary operator
U(z,0,0) = 0" Qat0aQ%—auP¥) (2.12)
in terms of the hermitian operators P, Qa, Q4, the product can be written as
Ulay, &)U (0,,0,0) = Ula, +x, + (600 — 05E),0 +£,0 +€). (2.13)

The generators are linked via 6, = Q}. Since @ and @ do not commute, an additional
term appears in the Minkowski coordinates. This illustrates the non-trivial connection.
Each function ®(x, 6, 0) is called a superfield, the superfield is defined using the unitary
matrix

(auaf U (mu,e,é)@(O)U (xme‘g) (auv€5>

, (2.14)
O(a, +x, + i(Eo0 — 00€),0 +£,0 +€).
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o(z),m(z),n(x) | complex or pseudo-scalar fields
W(z), p(z) left-handed Weyl spinor fields
()

X(x), ANz right-handed Weyl spinor fields
A, Lorentz four-vector field
d(x) real scalar field

Table 2.1.: List of the component fields arising in the general superfield.

The differential representation of group operators is obtained by the analysis of an
infinitesimal variation of the superfield dg®

0 N = 0 .
The covariant derivatives are defined by
0 A — 0 .
D, = a0, + wzﬁﬂﬂﬁu D, = ~a5 wgdﬁﬁ(?u, (2.16)
which anticommute with the supersymmetric transformations
{Dom QB} = {DO!?Qﬁ} = {Dd>Qﬁ} = {Dém Qﬂ} = 0. (217)

We refer to Refs. [19, 20] for further details.

2.2.2. Superfields

A superfield is understood as a function in superspace, depending on the coordinate set
z = {x,0,0}. Due to the commutation relations (2.11) higher orders of # vanish within
the expansion of the superfield in #, making the expansion finite. A general superfield
expanded in # and 6 is given by

D (2,0,8) =(x) + 00(x) + 8 X(x) + 09m() + 8 On(x)
+00"0A, () + 000 \(z) + 0 00p(x) + 000 0d(x).
The superfield contains a finite multiplet of the component fields listed in Tab. 2.1.

The representation of the general superfield (2.18) can be reduced to an irreducible
superfield by imposing covariant constraints

(2.18)

Dy®(z,6,0) =0, (2.19)
Do ®"(x,0,0) =0, (2.20)
®(z,0,0) = d(x,0,0). (2.21)

A superfield obeying (2.19) and (2.20) is called a chiral superfield, whereas a superfield
obeying (2.21) is called a vector superfield. Both types of superfields are discussed below.
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Chiral Superfields

The chiral superfield contains among its component fields the chiral SM fermion and
its superpartner. There are two kinds of chiral fields, left-handed chiral superfields &,
satisfying Eq. (2.19), and right-handed chiral superfields ® g, which satisfy Eq. (2.20).
Using the condition (2.19) and performing a variable transformation y* = z* 4 ifo*0,
the left-handed superfield is simplified

D1y, 0) = d(y) + V200 (y) + 00F (y). (2.22)

Similarly the right-handed superfield can be determined using Eq. (2.20) and the variable
transformation z# = z# — o0

Dp(2,0) = ¢*(2) + V200 (2) + 00F(2). (2.23)

Applying the general form of the supersymmetric transformation

= ( + 2(0“)a5958“) + & <8§ + i(o“)dbﬁlﬁu) (2.24)
gives the following infinitesimal transformations of the component fields
Isd(y) = V201 (y), (2.25)
Isp(y) = V2aF(y) +iv20"ad,ey) (2:26)
0sF(y) = —iv20,1b(y)o"a . (2.27)

The transformation from a bosonic to a fermionic degree of freedom takes place via the
transformation (2.25), vice versa via (2.26). The auxiliary field F(y) transforms into a
total derivative. This transformation will later be usefull when we construct Lagrangians
invariant under Supersymmetry.

Vector Superfields

A wvector superfield V' can be used to describe spin-1 bosons and is defined by the con-
dition Eq. (2.21). The vector superfield can be written as

V(x,0,0) =C(x) + 0&(x) + 0 &(x) + (00)M (x) + (0 0)M*(x)

_ 7 Mz J_ (2.28)
+(0510) A, (z) + (00)8 Mz) + (0 0)0A(x) + (00)(0 0)D(x)

with real scalar fields C'(x) and D(z), a complex scalar field M (x), complex spinor fields
&(z) and A(z) and a real vector field A, (z). As we will discuss in the next section, the
Lagrangian containing vector superfields is invariant under a gauge transformation. The
Wess-Zumino gauge [18]

Vivz(x,0,0) = V(z,0,0) + Az,0,0) + A" (x,0,0) (2.29)
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is chosen as an appropriate gauge, where A is a general chiral superfield. In supersym-
metric theories, the Wess-Zumino gauge is adopted where the A chiral superfield is used
to make ¢, C'and M vanish. By choosing {(z) = C(x) = M(x) = 0, the component fields
vanish. Adopting the Wee-Zumino gauge still leaves the conventional freedom of gauge
choice A,(x) = A,(z) + 0,¥(x). Finally, a general vector superfield in Wess-Zumino
gauge can be written as

Vivz(z,0,0) = (00"0) A, (x) + (00)0A(z) + (00)(09)D(x). (2.30)

The highest order component field D(x) is an auxiliary field. Similar to F(x), it trans-
forms as a total derivative.

2.2.3. Lagrangian

In the following, we want to construct a supersymmetric Lagrangian. In order to be
invariant under supersymmetric transformation, the Lagrangian has to vanish up to a
total derivative. First, we investigate a product of left-handed chiral superfields

Oy 1 Pro= (01 + V200, + (00)Fy) (o2 + V205 + (00) F3)
= @102 + \/59(%% + V12) + 00(p1 s + oo Fy — 1)s).

The component field with the highest order in 6 of the expanded chiral superfield trans-
forms under supersymmetric transformation as a total space-time derivative. The terms
linear in (00) are called F-term and contribute to the Lagrangian. The —11, term gives
rise to a fermion mass term. Now we consider the product of three left-handed chiral
superfields

(2.31)

O 1P a®rs = roacds + V20(d1d + s + d11a¢s + V1 das)
+ (00) (910285 + ¢1Fog3 + Fidags) (2.32)
— (00) (V130203 + 102005 + P1021)3).

The product of three chiral superfields would lead to a mass dimension greater than
four and thus to a non-renormalizable interaction in the term —(60)(¢112¢3 + 11¢205 +
P1121)3).

Another possibility to combine chiral superfields is the product of a left-handed and
a right-handed superfield. The resulting superfield product, is a vector superfield

&% |p = FF* — $0,0"¢" — i1h0,0". (2.33)

Only 6 6 6 @ is invariant under SUSY transformation. Therefore this part must be
considered for the supersymmetric Lagrangian. The last two terms of the expression
Eq. (2.33) are kinematic terms for the scalar ¢ and fermionic ¢ component. The
term F'F™* is the scalar superpotential, by defintion greater than or equal to zero. The
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kinematic term F' for the component field does not appear, which means that the field
does not propagate and is only a non-physical, auxiliary field.
The Lagrange constructed so far looks like

1 1
where the first term is the canonical Kahler potential and the second term the superpo-

tential W ] 1

The Lagrangian does not contain any derivatives of the auxiliarly field F'. Hence the
Euler-Lagrange equations read

82@6) = F () + gi + migd; (x) + Aijed; () () = 0

OFr (2) = Fi(z) + g7 + mj;¢;(x) + Ajj¢0;(x)dp(x) = 0= F, = —W-

Terms containing the auxiliarly filed F' can be expressed in terms of the scalar field
¢(x). Therefore, the chiral superfield has only two bosonic degrees of freedom from the
complex scalar field ¢. With the two fermionic degrees of freedom of the Weyl-spinor
field ¢, they form a supermultiplet.

By looking at the spin-1-particle interaction, we construct the Lagrangian of the su-
persymmetric Abelian theory. The supersymmetric field strength

(2.36)

W, = —i(DD)DaV(x,H,H), (2.37)
W, = —i(DD)DdV(x, 6,6) (2.38)

is similar to the electromagnetic field strength tensor F,, = d,A, — 9,A,. W, and W,
are chiral superfields, D,, Dy covariant derivatives and V' a general vector superfield.
The supersymmetric field strengths expanded in terms of component fields read in Wess-
Zumino gauge

Wa = Aa(y) + DY) — (0"0)aFou(y) + i(00)0" ;0,77 (y), (2.39)
Wa = Aal2) + D(2)8a — €44(5"0)° Fu(2) + (8 0) (8, (2)0")a (2.40)

The supersymmetric field strength is a chiral superfield, so W,W® are chiral superfield
as well. Again, terms linear in 06 are the relevant expressions for the Lagrangian. Thus
the corresponding Lagrangian for Abelian case is

1 .
L= Z(WQWO‘ + W W\ F
1 1

= S D2 (a). Fou ()™ (2) + ;A(a;)o—um(x) _ ;(@)\(a:))a“;\(m),

(2.41)

10
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where 2/ = 2# — ifof and y* = 2 + ifcf are used. The auxiliary field D(xz) is
substituted by the use of the equations of motion (2.36). The fermion A entering the
gauge interaction is called gaugino.

Now, regarding the non-abelian gauge interactions, the vector field transforms under
a general non-abelian supersymmetric gauge transformation like

eV — eI Vel (2.42)

A is a chiral superfield, specifying the gauge transformation. This can be performed
similarly for the field strength

W, — e Wae™, (2.43)
Wa — e Wae ™, (2.44)

Combining Eq.(2.34) with Eq.(2.41) and taking into account the modified expressions
Eq.(2.42)-(2.44), the final supersymmetric Lagrangian becomes

ot W(®;) + h.c.)

L= cbj(ev)ijq)j]l) + i (Weewg + wewee) . (2.45)

where a indicates the gauge indices. The Lagrangian, again rewritten in terms of com-
ponent fields, reads

L = i;0,D5; + (Do) (D) A* — V2g(N ;TS5 + hec.)

1 . o
— JFL PR+ X D, — V (61, 6) - [zwiijij(qs) + h.c} .

(2.46)

The covariant derivatives Dj; = 6;;0" + ig AT are defined with the gauge field A"®,
the gauge coupling g and T} as a generator of the group. The scalar superpotential is
given by

1
Vi(gi, ¢;) = Fil| + §D“D“, (2.47)
with F; = —%‘;\}I and D* = —g¢.F T};¢;. Starting with this most general supersymmetric

Lagrangian we can now construct an extension of Standard Model. In the following, we
focus on the smallest possible extension, the Minimal Supersymmetric Standard Model

(MSSM).

2.3. The Minimal Supersymmetric Standard
Model

The minimal extension of the Standard Model with N = 1 supersymmetry is called the
Minimal Supersymmetric Standard Model (MSSM). In this extension, each fermionic

11
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Chiral superfields spin 0 spin 1/2 | SU3)¢c, SU((2), U(1)y
Q (aL?JL) (uL?dL) (3727 é)
squarks, quarks - ~ N _ )
.- u u}(% Ug (37 7_§)
(3 families) - - N -
d di dp (3,1,3)
sleptons, leptons L (7,ér) (v,er) (1,2, —%)
(3 families) e €x e (1,1,1)
. . H, | (HI H) | (HF H) (1,2, +3)
Higgs, higgsinos 0 - 0 .
Hd (Hd7Hd) (Hded) (1727_5)

Table 2.2.: Chiral superfields in the MSSM [3].

Gauge superfields | spin 1/2 | spin 1 | SU(3)¢, SU(2).,U(1)y
gluino, gluon g g (8,1,0)

winos, W bosons | W= WO | W+ o (1,3,0)
bino, B boson B° B (1,1,0)

Table 2.3.: Gauge superfields in the MSSM [3].

chirality state from the SM has a corresponding spin-0 superpartner, the so-called sfer-
mion'. Each pair is embedded in a chiral superfield. All superfields are listed with the
corresponding SM fermion in Tab. 2.2 and with the corresponding SM boson in Tab.
2.3. For every generation of quarks, a SU(2)-doublet @ of left-handed chiral superfields
exists as well as two SU(2)-singlets of right-handed superfields @ and d. For leptons
each family has a SU(2),-doublet L of left-handed superfields and a singlet of right-
handed chiral superfield e. To obtain up and down quark masses, two Higgs doublets
are necessary. Furthermore, these doublets cancel anomalies introduced by the higgsi-
nos. There exist two chiral superfields containing a Higgs boson and its superpartner,
the higgsino, forming two Higgs doublets H, and H,;. Each gauge boson gets a fermionic
spin-1/2 superpartner, the so-called gaugino.

In order to construct a renormalizable MSSM superpotential, the following contribu-

!The nomenclature refers to a supersymmetric particle as a sparticle, also a supersymmetric fermion as
sfermion, the same goes for quarks and leptons and their superpartners. It is different with bosons,
where the gluon becomes the gluino, the W-boson becomes the wino and so on.

12
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tions of the aforementioned chiral superfields are possible:

Wirssy = (Yu)ij HuQitiy + (Ya)is HaQidj + (ye)ijHaLi€; — pHyH,, (2.48)
1 .. . _ .
War-1 = 5)\UkLiLjék + N9 LQydy + 1 LiH,, (2.49)
1 ... _
Wap=1 = §kaaidjdk' (2.50)

Here ¢,j are generation indices, y,,ys and y. are the 3 x 3 Standard Model Yukawa
coupling matrices, p is the supersymmetric mass term of the Higgs doublets and A, N
and \" are 3 x 3 matrices similar to the Yukawa couplings. The terms in Eqgs. (2.49) and
(2.50) violate baryon number B (2.50) or lepton number L (2.49) conservation. There
are stringent constraints on the couplings A, \” due to the non-observation of proton
decay and due to the fact that no B— or L— violating processes have been observed. To
forbid the decay of the proton, a new multiplicative quantum number called R-parity is
introduced

Pp = (—1)3B-L)+2s (2.51)

where s stands for the spin of the particle. This discrete Z, symmetry causes all Standard
Model particles to have an even R-parity (Pr = +1) and all supersymmetric particles
an odd R-parity (Pr = —1). The conservation of R-parity forbids B— and L— violating
terms. Furthermore, the conservation of R-parity forbids the lightest supersymmetric
particle (LSP) to decay. If this LSP is stable and interacts only weakly, it provides a
suitable candidate for dark matter (for more detail see Section 3.3).

Since @, commutes with P? (2.8), all sparticles in the supermultiplets? must have the
same mass. But if a seletron had the same mass as the electron, it would have had to be
discovered in the experiments. Therefore, the masses cannot be the same, which means
that SUSY must be broken, see Section 2.3.1.

2.3.1. SUSY Breaking

Due to the symmetry between the new superparticles and the Standard Model particles,
the superpartners would have the same mass as their Standard Model partners. There-
fore, one would have expected signatures of particles in several experiments. But this is
not the case. This leads to the assumption that the supersymmetric particles must be
heavier than their Standard Model partners, which means that SUSY has to be broken.
Furthermore, taking a look at the parameter p from Eq.(2.48), u yields masses for the
higgsinos and leads to a non-negative scalar potential

al? (JHOF |1 [+ | ) (252

with a minimum at H? = HJ = 0.

2The irreducible representation of the Poincaré super-algebra.

13
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This non-negative scalar potential implies that the general MSSM Lagrangian is not
able to generate the electroweak symmetry breaking. One way in which SUSY can be
broken is the spontaneous SUSY breaking. This means that the vacuum state is not
invariant under SUSY transformations

Qal0) #0  Q4l0) #0, (2.53)

with the SUSY generators Q, and Q4. If supersymmetry is a global symmetry, the
Hamilton operator H is expressed by the SUSY generators as

H=rP"= i(%@i +QiQ1 + Q2Qs + Q5Qa) - (2.54)

A spontaneously broken SUSY would lead to a positive vacuum expectation value (VEV)

(01H10) = i(HQl\O)HQ +[1Qil0)* +11Q2/0)[1* + [1Q210)][*) > 0. (2.55)

Furthermore, a positive expectation value is implied in (0|H|0) = (0|£]0) = (0|V]0).
Taking Eq. (2.47), this can be obtained by

(O|F|0) =A% #0 or (0|D]0) =A% #0 (2.56)

with the mass scale A2 and F' as well as D as the introduced auxiliary fields. By now,
we have no clear hint how SUSY should be broken. Therefore we assume the most
general form for SUSY breaking, which breaks SUSY explicitly. These so-called soft
SUSY breaking terms have a positive mass dimension, maintaining the mass hierarchy

and avoiding new divergences. The most general soft SUSY breaking Lagrangian is given
by

—_

ﬁé\gftSM _ _§(M1§B + MyWW + Mg + h.c.)

— (M3);;Qi Q; — (M3);5uf tt; — (MQ)”dJrCZ
— (M) LI Ly = (M2)i52

—miy HfHy, —m¥y Hi Hy — (b, HaH, + h.c.)

+ (AW HaQitty + (A)i HaQud; + (A)i; HaLie; + hoc.,

where M, My and Mj; are the complex bino, wino and gluino mass parameters and
M 5, M2, MZ, M7 and M? are the 3 x 3 hermitian matrices of the soft SUSY breaking
mass terms of the squarks and sleptons. Additionally, we introduce the real soft SUSY
breaking Higgs mass terms M7 and Mg , the trilinear couplings A,, Ay and A, as well
as the complex parameter b,, depending on the off-diagonal Higgs squared mass term
miy, = b,. In the unbroken MSSM, only one additional parameter p was introduced,
whereas with soft SUSY breaking we now have 124 free parameters in the MSSM. 18
parameters are still Standard Model parameters, one new parameter is introduced in
the Higgs sector, and 105 parameters result from the soft SUSY breaking.

(2.57)

14
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2.3.2. A Specific MSSM Model - the Phenomenological
MSSM

Not all 105 parameters can be completely free. The fact that the SM already predicts
most of the experimental data with high accuracy, implies that those predictions should
not be influenced by the extension of the SM. Therefore, parameters entering those
predictions should be highly restricted. There are several constraints to be considered
to reduce the amount of parameters [21].

1. No new sources of CP-violation
Due to experimental constraints on the electric moment of the electron and neut-
ron, new sources of CP-violation must be avoided, even if the fine tuning of the
parameters can allow the contributions to cancel each other. It is simpler to as-
sume that all phases in the soft SUSY-breaking potential vanish. This leads to
the elimination of new CP-violating sources and has the advantage of reducing the
number of free parameters.

2. No flavor changing neutral currents

Today’s experimental data constrain the existence of flavor changing neutral cur-
rents (FCNC), which can be induced by the off-diagonal terms in the sfermion
mass and the trilinear coupling matrices. These restrictions lead to two possib-
ilities for the sfermion mass matrices: either they are close to the unit matrix in
flavor space, or they are almost proportional to the corresponding fermion mass.
Assuming that the sfermion mass matrices and the trilinear coupling matrices are
diagonal, the number of free parameters is reduced and large effects on the FCNC
are avoided.

3. First and second generation universality
It is a valid assumption that the soft-SUSY breaking scalar masses are equal for
the first and second generation, while there are few experimental constraints on
the third generation. The trilinear couplings are only important for the third gen-
eration, because they multiply the fermion masses. This leads to the assumption
that A,, Ay and A; are equal for the first and second generation. In addition, they
can be set to zero without phenomenological consequences.

Some parameters in the Higgs sector can also be associated with SM parameters. All
in all, this leads to the 19 parameters for the pMSSM, see Table 2.4.

2.4. Particle Content of the MSSM

For the further discussion of the next-to-leading order calculation within the MSSM,
especially the renormalization, the essential formulae of the sparticle masses and mixing

15
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tan 3 ratio of the vev of the two Higgs doublet fields
My mass of the pseudoscalar Higgs boson
" Higgs-higgsino mass parameter
My, My, Ms; bino, wino and gluino mass parameters
MGy o5 Mg first and second generation sfermion masses
Mgy, Miy, M, third generation sfermion masses
Ay Ay, A third generation trilinear couplings

Table 2.4.: The 19 parameters of the pMSSM.

matrices are summarized in the following, and the sparticle spectrum of the MSSM is
discussed.

2.4.1. Higgs Sector

In the MSSM, an additional Higgs doublet must be added to the theory for consistency
reasons. The new doublet is assigned the opposite hypercharge to the original Higgs
doublet and is used to give masses to the up-type fermions. The Higgs potential in the

MSSM is given by

V = miH|* + m2|H|? — m?,(H H, + HI H}) (2.58)
1 1
+§(92 +¢°)(|Hi|* — |Haf*)? + 592|HIH2|2, (2.59)

with miz = m3, , +|p[®. The gauge couplings g and ¢’ determine the self-interaction of
the Higgs fields in the MSSM.
The neutral Higgs boson fields have non-zero vacuum expectation values (VEVs)

<mb(%), u@:(g). (2:60)
V2

The doublets are parametrized as

‘m5<ﬂ>:(m+&+MWﬁ>7 (2.61)
Hy o1

HY '\ o
( Hy ) - ( (v2+¢8+z‘x8>/ﬂ> ' (262)
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The free parameter tan 3 is defined as the ratio of the VEV’s

tanf= 2 >0, 0<B<
U1

. (2.63)

bo| 3

The electro-weak symmetry breaking gives masses to the gauge bosons. The VEVs
are fully determined by the relation of the masses of the gauge bosons and the gauge
couplings as

/2 2

”L2Z = 4 (U% + U%) ) mIQ/V = 94 (U% + Ug) ) (264>
Am2
2 2 2\ Z o~ 2

The Higgs mass matrix is defined as

; 1 0%V
MET99 = — (2.66)
J 2 OH,0H; (HO)=u
The mixing is given by
HO : 0
( 0 _ cgs a  sina gb(l) ) | (2.67)
h —sina cosa o5
GY — i 0
] = cos B sinfp Xé , (2.68)
A sinf3  cosf Xs
G* B —cos3 sinf o (2.69)
H* B sinf cosf oy | '

After the vector bosons have absorbed the Goldstone bosons G° and G* as their lon-
gitudinal components, three neutral Higgs bosons — two CP even states (h°, H°), one
CP odd state (A°) and two charged Higgs bosons (H*) remain. This leads to three free
parameters in the Higgs sector, which are conventionally chosen to be

m 40 , tan 3, and pu. (2.70)

The masses of the Higgs bosons can be expressed using these free parameters at leading
order as

mio +my F \/(mi‘o +m%)? — 4m?ym% cos? | , (2.71)

2
th,HO =

mie = mio+miy . (2.72)
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2.4.2. Sfermion Sector

The sfermions are scalar superpartners of the fermions. Every chiral part of a fermion
gets a scalar superpartner, i.e. for each fermion there are two scalar fermions vaR.
However, these scalar fermions are not the mass eigenstates. The sfermion mass matrix
is off-diagonal in the basis (fr, fr) and has the form

M = ( " afo>> (2.73)
armsy mfR
with
mf = My + (I —ep siy) cos 28my +mj (2.74)
mf, = My p gy +ersiycos28mz +mi, (2.75)
aj = Ay —p(tanf)0". (2.76)

Mg, My, My, Mj and M; are the soft SUSY-breaking masses, Ay is the trilinear scalar
coupling parameter, p the higgsino mass parameter, tan 5 = o s the ratio of the va-

cuum expectation values of the two neutral Higgs doublet states , I }%L denotes the third
component of the weak isospin of the fermion f, ey is the electric charge in terms of the
elementary charge e, and sy is the sine of the weak mixing angle 6y .

The mass eigenstates are determined by diagonalization of the mass matrix with the
introduced mixing angle 67 in the mixing matrix RY,

2 . 2.0 .
./\/l? _ ( mg . agmg ) _ (Rf)T ( Trz)h , )Rf, (2.77)

g, n
where
7 cosf; sinf;
Rf:( e f) . (2.78)
—sinfy cosfj
The masses of the sfermions and the mixing angle are
1
2 _ 2 2 2 2 2.2
my, = i(me+mf}%$\/(me_mf}a)2+4afmf) : (2.79)
—army
cosff = (0<0p<m). (2.80)

\/(mfgL —mfgl)z + a3m?
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2.4.3. Chargino Sector

The charged gauginos and higgsinos mix to two mass eigenstates, the so-called charginos
Xf[:m. The Weyl-spinor chargino fields are

Yt = (=W, HY), Y~ = (=W, Hy). (2.81)

The chargino mass term in the Lagrangian in this basis is

1, [0 X7 s
£:—§(¢ ,w)(X . )(¢>+h.c., (2.82)

with the chargino mass matrix

M 2myy sin
V2myy cos 3 1
This mass matrix is diagonalized by using two unitary matrices U and V'
-1 71:
UXV™ = dlag(mxli,mxgi), \mxlﬂ < |mx21| (2.84)
The Dirac spinors of the mass eigenstates are constructed by
Vig 0}
e A (2.85)

Uy

The chargino masses are given by

1
miizi M2+u2+2m%,VZF\/(M2+u2+2m%,[,)2—4(m%vsin2ﬁ—,ul\/[)2 . (2.86)

2.4.4. Neutralino Sector

The neutralinos X?:M result from the mixing of the neutral gauginos and higgsinos. The
mass Lagrangian of the four Weyl states

©Y = (—iB, —iW3, HY, HY) (2.87)
is given by
L= —;(¢°)TY¢0 + h.c., (2.88)
where Y is the neutralino mass matrix
M’ 0 —mgswy cos B mysy sin 3
v — 0 M mycy cos S —mygcey sin 3 . (2.89)
—mySw cos B mycy cos 3 0 —
myzswsin B —mgew sin 8 — 0
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sw and cy are abbreviations for sinfy, and cosfy,. The neutralinos are Majorana
particles. Therefore, the matrix can be diagonalized using only one unitary rotation
matrix Z as

7Yzt = diag(mygo, myg, mgo, mgo) , ‘m;((l) < ‘m;(g < ‘mig < ‘m;(g : (2.90)

Finally, the 4-component Majorana spinors for the neutralino fields can be constructed

N o [ Zi¥]
Xi = (Zij@?) : (2.91)
2.5. SUSY Searches

The Large Hadron Collider (LHC) at CERN houses two of the leading experiments for
SUSY searches, ATLAS and CMS. In the following, we review SUSY searches in the
phenomenological MSSM recently performed by these experiments.

2.5.1. ATLAS

The ATLAS detector detects head-on collisions of high-energy protons. The recorded
data are analyzed for evidence of beyond the SM physics. In addition, theoretical models
such as the pMSSM can be constrained by the lack of observations of new physics
typically by placing lower limits on their mass parameters.

ATLAS conducted a large study [1] in the 19 parameter pMSSM with the LHC Run 1
data, including 22 separate ATLAS searches in this analysis. These searches are based on
data recorded by an integrated luminosity of up to 20.3 fb~* of proton-proton collisions
at the center of mass energies of v/S = 7 and 8 TeV.

Experimental Constraints on the pMSSM

In order to determine the constraints on pMSSM, the analysis has taken into account
electroweak precision measurements and some measurements of flavor observables. In
addition, measurements of dark matter observables were also considered. LHC searches
which provide crucial constraints on the pMSSM parameter space can be summarized
as

Decay products of sparticles

L : miss
Missing Energies ET:

Disappearing tracks

Long-lived charged particles
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Inclusive Third generation
O-lepton + 2-6 jets + Eiss 0O-lepton stop
O-lepton + 7-10 jets+ Ess 1-lepton stop
1-lepton + jets + Emiss 2-leptons stop
7(1/1) + jets + Eipss Monojet stop
same-sign/3-leptons + jets + EF | Stop with Z boson
0/1-lepton + 3b -jets + E5ss 2b-jets + Emiss
Monojet tb + E7®s stop
Electroweak Others
Lh Long-lived sparticle
2-leptons H/A— 1r7~
2-T
3-leptons
4- leptons

Disappearing Track

Table 2.5.: Different ATLAS searches for supersymmetry [1]

o Monojet signatures

o Dedicated searches for heavier neutral Higgs bosons.

Within this study, only pMSSM parameters were considered where the neutralino is
the LSP. The various search strategies are listed in Tab. 2.5.

The searches considered in the analysis are divided into four different categories, with
sensitivity to other categories overlapping. The categories are briefly explained below. A
detailed description of the searches can be found in [1] or in several separate publications
on the respective analyses.

Inclusive Searches

These data are primarily based on decays initiated by the production of first and second
generation squarks or gluinos with direct decays to the LSP ¢ — ¢+x%, § = ¢+q+x{ or
cascade decays that have additional jets, large missing energy E7* or possible leptons
(including 7). For example, in the case of O-lepton+2-6 jets +E7% [22], the proton-
proton collisions produce a pair of squarks or gluinos (¢¢*, g, GG*). These can decay into

21



2. Supersymmetry

weakly interacting neutralinos Y2 by ¢ — ¢x? and § — ¢qgx!. There may also be a decay
of squarks into charged charginos § — ¢¥=. The chargino can decay into neutralinos in
further steps Y= — W*x!.

Third-Generation Searches

These searches take into account the direct production of squarks of the third genera-
tion with masses expected in the TeV range or below. This is due to the reduction of
unnatural corrections to the Higgs mass. The decay of ¢ and b leads to unmistakable
experimental signatures, optionally including the production of top or bottom quarks
with additional large EZ"ss.

Electroweak Searches

Sparticles generated by electroweak interactions are considered here, leading to the pro-
duction of sleptons and electroweakinos. These in turn typically decay into states con-
taining high p; leptons and a significant EZ7ss.

Other Searches

Other searches include searches for long-lived particles such as stop or sbottom, gluinos,
staus or charginos.

2.5.2. Parameter Constraints on the pMSSM

The assumptions about the parameter space are motivated by experimental observations
and the desire for theoretical simplicity. The model must have the same constraints as
mentioned in Sec. 2.3.2 to feature the pMSSM model. The 19 parameters of the model
are shown in the Tab. 2.6 with the corresponding limits.

4 TeV is set as the upper limit so that all parameters are accessible at the LHC.
Limitations due to particle decays and experiments with dark matter are listed in Tab.
2.7.

2.5.3. Impact of ATLAS Searches on Sparticle Masses

With increasing sparticle mass, the corresponding cross section decreases. In addition,
the masses of other particles influence the visible decay products and their kinematics.
If a heavy LSP is produced at the end of the decay chain, less energy is available for the
observable decay products.

Stops are particularly are interesting for SUSY searches, since they provide the leading
contribution to the solution of the hierarchy problem of the Higgs boson mass. In Fig.
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Parameter | Min value Max value Note
my (=mp) | 90 Gev A TeV Left-handed slepton
(first two gens.) mass
s, (= m2,) 90 GV 4 Tev Right-handed slepton
(first two gens.) mass
mg, 90 GeV 4 TeV Left-handed stau doublet mass
M, 90 GeV 4 TeV Left-handed stau mass
Left-handed squark
ma, (=mgp,) | 200 GeV 4 TeV
(first two gens.) mass
ma, (= ma,) | 200 GeV 4 TeV Right-handed up-type squark
(first two gens.) mass
mg (=mg,) | 200 GeV 4 TeV Right-handed down-type squark
(first two gens.) mass
me, 100 GeV 4 TeV Left-handed squark (third gen.) mass
My 100 GeV 4 TeV Right-handed stop mass
mg, 100 GeV 4 TeV Right-handed sbottom mass
| M| 0 GeV 4 TeV Bino mass parameter
| M| 70 GeV 4 TeV Wino mass parameter
| 80 GeV 4 TeV Bilinear Higgs mass parameter
M; 200 GeV 4 TeV Gluino mass parameter
| Ay 0 GeV 8 TeV Trilinear top coupling
| Ap| 0 GeV 4 TeV Trilinear bottom coupling
|A-| 0 GeV 4 TeV Trilinear 7 lepton coupling
My 100 GeV 4 TeV Pseudo scalar Higgs boson mass
tan 3 1 60 Ratio of the Higgs VeV

Table 2.6.: Ranges for the 19 pMSSM parameters[1]. ("gen(s)" is short for generation(s))
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Parameter Minimum value Maximum value
Ap -0.0005 0.0017
Alg—2), —17.7x 10710 43.8 x 10710
BR(b — s7) 2.69 x 107* 3.87 x 107*
BR(Bs — utpu™) 1.6 x 107° 4.2 x 107°
BR(B* — 771;) 66 x 1076 161 x 1076
Qx(l)hQ — 0.1208
Cinvisible(susy) (Z) — 2 MeV
Masses of charged sparticles 100 GeV —
m(XT) 103 GeV —
m(iy.2, d1 9, ¢19, 512) 200 GeV —
m(h) 124 GeV 128 GeV

Table 2.7.: Acceptance of pMSSM due to electroweak and flavor results, relic density
and other collider measurements. The dash means that no requirements are
made [1].

2.2 the left image shows the fraction of excluded models in the pMSSM by ATLAS in
the £; — ¥} mass plane. For small masses of the lightest top squark there are not many
models: Either a large mass or mixing in the stop sector is required to obtain the large
quantum corrections required to explain the low SM Higgs boson mass. In addition,
most models below a mass of 600 GeV are already excluded by the ATLAS analysis.

The white lines indicate analyses with different decay channels. The decay channel
t1 — X" (solid white line) is constrained through mg, > my+myo. Due to the heavy top
quark in the final state within this decay channel the region close to the boarder, of equal
stop and neutralino mass, cannot be analyzed. To close this gap in the analysis, two
other decay channels are considered, t; — Wbx! (dotted white line) and #; — bf f'x}
(dashed white line), featuring only weak constraints on the masses.

The right figure is similar to the left figure, but shows the by — X} mass plane. The
sensitivity is already well captured by a simplified model that contains only one addi-
tional shottom and the lightest neutralino. The decay b; — bx! captures also the range
for small mass differences between sbottom and neutralino, due to the small bottom
mass. Considering the entire phenomenology of the pMSSM, there is a larger parameter
space to explore where SUSY can be realized in nature.

Fig. 2.3 shows the fraction of model points excluded by ATLAS analysis depending on
the gluino and neutralino mass. The shaded area shows the fraction of excluded models.
In the black area more or less all scenario points are excluded. This corresponds to
the light gluino range. For higher gluino masses fewer and fewer scenario points are
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Figure 2.2.: Exclusion from ATLAS analysis of 22 searches. Left: Stop-lightest neut-
ralino mass plane. Right: Sbottom-lightest neutralino maa plane [1].

excluded. The white line in the illustration shows a previous analysis performed on the
0 leptons + 2-6 jets +E** searches [22]. In this analysis, the model was only accessible
for gluino decays to 2 jets and the LSP. This model successfully captures the most
important pMSSM phenomenology. The new analysis not only includes several further
experimental constraints, but also takes into account the influence of other sparticle
masses. For the nearly degenerate region (m(g) ~ m(x°)), the sensitivity of ATLAS is
underestimated by the process of § — ¢gx?, where low-energy quarks are produced that
do not meet the kinematic requirements of jets. But based on the monojet analysis, the
sensitivity in this area is adequate.
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Figure 2.3.: Exclusion from ATLAS analysis of 22 searches in the gluino-lightest neut-
ralino mass plane [1].

Overall, the model points with the lowest fine tuning remain possible even after the
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LHC run 1. However, due to the fact that the lowest fine tuning models have relatively

light stop masses, this indicates the possibility that these models are accessible for the
ATLAS search within the LHC run 2.

2.5.4. CMS

A similar study was conducted by CMS [2]. CMS took their data with similar center-
of-mass energies /S = 7 and 8 TeV. CMS used integrated luminosities of 5.0 fb~! and
19.5 b1,

The analysis is based on the weak-scale R-parity conserving MSSM, where the grav-
itino is considered to be heavy. With restricted CP violation, all parameters are con-
sidered real. Further FCNC restrictions require that all sfermion mass matrices and
trilinear couplings are flavor-diagonal. Moreover, first and second generation squarks
are not experimentally relevant due to the very small Yukawa couplings. The upper and
lower bounds of the 19 pMSSM parameters are given in Table 2.8. The lower limit of 2
for tan § avoids non-pertubative effects in the upper Yukawa coupling.

In the analysis, not only the parameter space limits were considered, but also several
theoretical conditions, the lifetime of the charginos and constraints by non-direct CMS
SUSY searches (non-DCS) data, as well as high-precision measurements and pre-LHC
searches for beyond the SM physics, see Tab. 2.9.

A range for the SM Higgs boson masses from 120 GeV to 130 GeV takes the theoretical
uncertainties into account when calculating the mass within the MSSM. The uncertain-
ties about the anomalous magnetic moment also consider the theoretical uncertainties
in the SUSY calculations. Dark matter searches are not considered in the analysis of
the points.

While in the analysis by the ATLAS, Figures 2.2 and 2.3, the fraction of excluded
model points was represented, CMS shows the surviving points in their analysis, see
Figure 2.4. At a low gluino mass less points survive, at a gluino mass of 500 GeV all
points are excluded. In addition, the lightest colored particle must be above 300 GeV.
CMS has a sensitivity of up to m; = 700 GeV, but the total effect on the stop mass is
low. The highest sensitivity is below 500 GeV, which is already suppressed by results of
earlier experiments (b — s7v). In total, neutralino and chargino masses below 300 GeV
are strongly suppressed, but are not excluded by the CMS data.

26



2. Supersymmetry

Parameter | Min value Max value Note
| M, | 0 TeV 3 TeV Bino mass parameter
| M| 0 TeV 3 TeV Wino mass parameter
| | 0 TeV 3 TeV Bilinear Higgs mass parameter
Ms 0 TeV 3 TeV Gluino mass parameter
My 0 TeV 3 TeV Pseudo scalar Higgs boson mass
tan 3 2 60 Ratio of the Higgs VeV
Left-handed slepton
mi, 0 TeV 3 TeV
’ (first two gens.) mass
Right-handed slepton
Me, , 0 TeV 3 TeV
(first two gens.) mass
mi. 0 TeV 3 TeV Left-handed stau doublet mass
Me, 0 TeV 3 TeV Left-handed stau mass
Left-handed squark
me, , 0 TeV 3 TeV
’ (first two gens.) mass
Right-handed up-t k
. 0 TV 3 TV ight-handed up-type squar
’ (first two gens.) mass
ma 0 TeV 3 TV Right-handed down-type squark
’ (first two gens.) mass
mea, 0 TeV 3 TeV  Left-handed squark (third gen.) mass
My 0 TeV 3 TeV Right-handed stop mass
mg, 0 TeV 3 TeV Right-handed sbottom mass
| Ay 0 GeV 7 TeV Trilinear top coupling
| Ap| 0 GeV 7 TeV Trilinear bottom coupling
| A | 0 GeV 7 TeV Trilinear 7 lepton coupling

Table 2.8.: Constraints for the 19 pMSSM parameters in the CMS analysis [2] ("gen(s)"

is short form for generation(s)).
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Observables Constraints
BR(b — sv) (3.43 4 0.215%8 £ 0.24%" £ 0.07%%) x 10~*
BR(B, — ptp) (2.9+ 0.7 + 0.29™) x 1079
BR(B" — 77, 1.04 £0.34
Aa,, (26.1 4 6.3 £ 4.95M + 10.05USY) x 10-10
as(myz) 0.1184 £ 0.0007
my 173.20 4 0.875% + 1.3%° GeV
my(mp) 4.19 0 GeV
ma LHC: m¥ = 120 GeV, m;'®" = 130 GeV
h, CMS and ATLAS in LHC Run 1, Tevatron
sparticle masses LEP (by MicrOMEGAS)

Table 2.9.: Non-DCS measurements to set a prior on random points in SUSY space [2].

pMSSM CMS pMSSM CMS
Combined, 7 + 8 TeV Combined, 7 + 8 TeV
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Figure 2.4.: Survival probabilities after inclusion of the considered CMS searches left:
gluino lightest neutralino plane, right: stop lightest neutralino plane [2].
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Analysis VS [TeV] L [fh7!]
Hadronic Hr + HJ¥*** search

Hadronic Hr + EJ"*5+ b-jets search
]

7

7

Leptonic search for EW prod. of Y, ¥ 7

Hadronic Hr + H7"* search 8
Hadronic My search 8 19.5

8

8

8

8

Hadronic Hr + EF*+ b-jets search
Monojet searches
Hadronic third generation squark search
OS dilepton (OS II) search (counting experiment only)
LS dileptonic (LS II) search

8 19.5
(only channels w/o third lepton veto)
Leptonic search for EW prody?, =, g 10.5
(only LS, 3 lepton and 4 lepton channels)
Combination of 7 TeV searches 7 —
Combination of 7 TeV and 8 TeV searches 7,8 —

Table 2.10.: Considered data for the CMS study on non-excluded pMSSM scenarios [2].
(Hp: scalar sum of transverse momenta of jets, Ef% HS: magnitude
of the vector sum of the transverse momenta of final state particles, Mry:
transverse mass in events with two semi-invisibly decaying particles, OS:
lepton multiplicities including opposite-sign, LS: lepton multiplicities in-
cluding like-sign)
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Dark Matter

Only around 5 % of the energy content of the Universe consists of known baryonic matter
[23]. The rest is unknown but it can be divided into two distinct parts. 25 % of the
energy content is made of dark matter. There is plenty of evidence for the existence of
dark matter, but its nature is still an open question today. The remaining 70% of the
energy content of the Universe is called Dark Energy, about which even less is known.
The following is a brief summary of the evidence pointing to the existence of dark matter.
We discuss the properties of dark matter and possible candidates and review the current
state of various experiments looking for dark matter. Finally, we take a detailed look at
one of the most precisely determined dark matter observables, the relic density. There
are several reviews [24], [25], [26], lectures [27] and doctoral theses [5], [28], [29], [30]
with further information on dark matter.

3.1. Evidence for Dark Matter

At the beginning of the twentieth century, astrophysicists assumed for the first time that
there is invisible matter in the Universe. In 1922 Kapteyn [31] and Jeans [32] called this
invisible matter dark matter. In 1932 Jan Oort [33] studied the movements of nearby
stars, from which he deduced, there must be more mass than just the mass of the visible
stars to explain the movement of the stars. Only one year later Fritz Zwicky published
his studies about the Coma cluster [34]. Since then many further pieces of evidence have
been published, which additionally can be used to point out to the properties of dark
matter. In the following, we show different kinds of observations of dark matter. This
following list is not complete and should serve only as a short overview.

3.1.1. Coma Cluster

As already mentioned above, one of the first hints of dark matter came from Fritz
Zwicky’s study of the Coma cluster [34]. He calculated the velocity distribution of
individual galaxies within the Coma cluster by observing the doppler shifts in the galactic
spectra. A theoretical prediction about the velocity distribution could be given by
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3. Dark Matter

assuming mechanical equilibrium. For this the relation between the average kinetic
energy Fy;, and the average potential energy F, is given by the virial theorem

— 1—
Ein = _iEpot- (31)

Assuming that matter is evenly distributed over the Coma cluster, its mass can be
estimated as approximately M ~ 1.6 x 10*? kg. With a cluster radius of about R ~
10%2 m the total potential energy could be determined as

3 M?

Epot == —EG?, (32)

with G being the gravitational constant. This leads to an average velocity of VT? ~
80 kTm

If this result is compared to the redshift measurements, high discrepancies arise.
Zwicky came to the conclusion that the Coma cluster must contain additional non-
luminous matter in order to explain the observed mismatch. In addition, he concluded
that dark matter must have a higher density than luminous matter.

3.1.2. Rotation Curves

The circular velocity distribution of stars as a function of their distance from the galactic
center was investigated in several spiral galaxies. For illustration, the velocity distribu-
tion of the galaxy NGC 3198 is shown in Figure 3.1.

From Newtonian dynamics one would expect that the velocity v behaves as

or) = | D, (33

with the total mass of the galaxy up to the radius r is given as M (r) = 4 [3 dr'r?o(r’),
where o(r’) is the mass density.

Based on the nearly constant mass M (r) for large distances 7, the velocity should
decrease as ~ #, as seen in Figure 3.1 (curve disk). However, the measured velocity

(data points) shows a plateau. Assuming the presence of a halo of a invisible mass with
the density distribution p ~ T%, results in a rise of the velocity described by the curve
halo. Adding the contribution of the halo to the disk (third line), the resulting curve
describes well the measured velocities.

3.1.3. Bullet Cluster

If separation of baryonic matter and dark matter in a galaxy or galaxy cluster would
be observed, this would be an indication of the existence of dark matter and speak
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DISTRIBUTION OF DARK MATTER IN NGC 3198
200 —r——
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Figure 3.1.: The velocity distribution of the galaxy NGC 3198 is shown. The observed
velocity distribution is represented by the data points. The expected velocity
distribution of the baryonic matter corresponds to the curve marked as disk.
A halo of an invisible matter with a density distribution p ~ %2 gives the
curve called halo. The sum of disk and halo gives the third curve that
matches the data points of the observed velocity distribution. The image
was taken from [35].
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Figure 3.2.: The Bullet Cluster 1E0657-558 shown with different color codes for specific
mass sources. The red area visualizes the X-ray emission observed by the
Chandra telescope. The blue colored region shows the visible mass from the
galaxies. The gravitational potential is reconstructed assuming gravitational
lensing and visualized by the green lines. The image is taken from [36].
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against a modification of the laws of gravity, which could be an alternative explanation
for the rotation curve observations. With the observation of the Bullet Cluster by the
Chandra telescope such an evidence for dark matter was found [36]. Fig. 3.2 shows
the cluster 1E0657-558. While the galaxies are directly visible, the interstellar dust is
detected by its X-ray radiation. In Fig. 3.2 the location of the interstellar dust is shown
with red to white colored areas. The blue region highlights the position of the galaxies.
While the galaxies pass without collision, the intergalactic hot plasma is slowed down
by interaction between the respective clusters. In addition, the X-ray image shows the
shape of an impact cone. The total amount of matter in the cluster can be investigated
by gravitational lenses'. The gravitational potential determined by this method is shown
in Fig. 3.2 with the green contour lines. If there is no other source for the gravitational
potential, the dominant mass fraction of the clusters should lie in the plasma. This is not
the case in cluster 1E0657-558. With a significance of 8¢ the peak of the gravitational
potential has an offset to the center of the baryonic mass. This offset can be explained
by the presence of dark matter, which changes the gravitational potential. In addition,
the maximum of the gravitational potential is aligned with the former cluster center and
not slowed down, dark matter seems to react only weakly and is therefore not affected
by the collision.

3.1.4. Cosmic Microwave Background

There is not only evidence for dark matter, but also astrophysical observations from
which the total amount of dark matter in the Universe can be determined. Measure-
ments of the Cosmic Microwave Background (CMB) allow the determination of the relic
density with high accuracy. The CMB results from the time when the Universe became
transparent. Shortly after the electrons and atoms recombined, the photons decoupled
and spread without scattering forming the CMB. The CMB has an almost perfect black-
body spectrum at T' = 2.7255 K [37] and is globally isotropic within O(107°) K. In 1990
the isotropic blackbody spectrum was confirmed by the Cobe satellite [38, 39]. Later,
the Wilkinson Microwave Anisotropy Probe (WMAP) [40] improved the accuracy of the
measured density fluctuations in the early Universe. The most precise measurement to
date was performed by the Planck Collaboration [23].

The temperature of the photons is influenced by fluctuations in the energy density of
the photons at the time of the last scattering, Doppler shift, Sachse-Wolfe effect and the
integrated Sachse-Wolfe effect? [42].

I Gravitational lensing is an effect where in the presence of heavy masses, the light is deflected by
gravitational fields. This can be observed by blurred or distorted objects behind heavy masses.
Statistical methods can be used to determine the mass of gravitational lenses [35].

2If the photon reaches the potential well, the wavelength is shifted. When leaving the well, the
wavelength of the photon is shifted again, but the shifts do not compensate each other because the
gravitational potential flattens out caused by the expansion of the Universe.
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Figure 3.3.: Skymap of temperature fluctuations in the CMB, provided by the Planck
Collaboration [41].

The observed temperature fluctuations can be described by a two-dimensional power
spectrum [43].
6 [e.e]
(0 ¢ Z Z alm lm 0 ¢) (34)

=2 m=-—I

with the multipole moment a;,,, and the spherical harmonics Y},,,(0, ¢). The polar angles
0 and ¢ parameterize the sky.
The variance of the temperature fluctuations

2T 2
ST\ ? Ofof(%T) df sin pdo
T = p (3.5)
[ [ dOsin pd¢p
00
can be integrated and
(ST 2r
? ZZ//almay ’ lm(@ ¢)Y2/m/(9,¢)d9 Sin ¢d¢ (36)

Im U'm/

is obtained by exploiting the orthogonality relations of the spherical harmonics.
Based on the observations one can assume that the small temperature fluctuations
are gaussian-like distributed. Using the definition of the variance C; of a;,,

l
2 1 2

Cr = {ap,) = @i+1) m;1alm (3.7)
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Figure 3.4.: Planck 2018 temperature power spectrum [23].

the variance of the thermal fluctuations reads

5T\” 1
<<T> > = E Z almal’m’(;ll’(smm’
l
Z (3.8)

1
T 4
! l

2
Z

—2
The power spectrum of the CMB in Figure 3.4 is plotted in terms of I(l + 1)C;/(27) as
a function of the multipole moments [. The Planck data (red dots) is well described by
the plotted spectrum.

The latest cosmological Standard Model Agpy is based on a flat universe and fulfills
the Friedmann-Lemaitre-Robertson-Walker metric. This specific model describes cos-
mology using six different parameters, the so-called energy content of baryons Q,h2, the
physical density of dark matter Q,h?, the Hubble expansion rate Hy and the amplitude
A, of the power spectrum in Py(k) ~ A,k™ 1 which additionally contains the optical
depth parameter 7 and the spectral index n,, which describes the initial perturbations.

By adjusting the Acpym parameter to the observed data with a likelihood analysis, a
precise value for the relic density can be determined. The latest results from Planck [23]
give

Qph? = 0.02237 +0.00015 Q,h?* = 0.12 £ 0.0012, (3.9)

Okm

where h is the Hubble constant in units of 10 The relic densities are given in terms

of the critical density p, = . Total densities equal one correspond to a perfectly flat
universe. The dark energy content in the Universe results from > 2 = 1.
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3.1.5. N-Body Simulations

Based on its gravitational interaction, dark matter is expected to have a strong impact
on the structure formation in the Universe. The cosmological information from the
CMB, the temperature anisotropies and the corresponding density variations are used
as a starting state in N-body simulations [44] to enable the simulation of structure form-
ation in the Universe. Two well-known projects of this kind are the Millennium [45] and
the Bolshoi [46] simulation. The simulations show that dark matter dominates struc-
ture formation. Due to the earlier clumping of dark matter, so-called dark gravitational
centers can form, attracting baryonic matter, which would otherwise drift apart. Struc-
ture formation with purely non-relativistic dark matter (cold dark matter) would lead
to a large number of small structures, like dwarf galaxies and subhalos. These objects
exist in reality, but in a smaller quantity than predicted in these simulations. Therefore,
small amounts of warm or hot dark matter might additionally be needed to avoid these
discrepancies. This is known as the missing satellite problem [47].

3.2. Properties of Dark Matter

The observations and experiments not only provide evidence for dark matter and determ-
ine the relic density, but also reveal its properties. A short overview of these properties
can be found here.

Non-baryonic From the observations of the Bullet Cluster and the CMB it is deduced
that dark matter must be non-baryonic.

Stable The lifetime of the candidate for dark matter must at least exceed the age of
the Universe. The Hubble Space Telescope Key Project determined this time to
be 7 > 4.3 x 107 s [48].

Neutral Dark matter is known to be non-luminous, therefore it has to be electrically
neutral. Furthermore, a color charge is highly unlikely. If dark matter would be
charged, this would have an impact on the stability of disks of spherical galaxies
[49]. Charged particles would interfere with the CMB anisotropies [50]. From
direct detection experiments it is known that dark matter can only have a small
coupling to bosons charged under SU(2). Therefore, dark matter is proposed to
be electrically neutral and a color singlet. Furthermore, from the observation on
the Bullet Cluster, dark matter should be collision-less [36].

Cold Whether dark matter is hot or cold depends on whether it was relativistic or not
during the decoupling phase. Dark matter with velocities in the range between
relativistic and non-relativistic is called warm dark matter. The distance that dark
matter covers until it is trapped gravitationally is called the free-streaming length.
For hot dark matter the free-steaming length is large, so structure formation is
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washed out at small scales. Only the fragmentation of large structures could
lead to smaller ones. This contradicts the N-body simulation and the current
observation of the age of galaxies and galaxy clusters. Therefore, hot dark matter
is disfavored as the main candidate for dark matter [51]. In contrast, cold dark
matter was non-relativistic long before the matter dominated time, and therefore
has a short free-streaming length. The N-body simulations are in good agreement
with today’s observations. But there are still some discrepancies. One of them
is the so-called missing satellite problem [47]: The number of predicted satellite
halos in the Milky Way exceeds the number of observed galaxies. This leads to the
assumption that warm dark matter must also be considered. The amount of warm
dark matter is limited by the suppression of smaller structures, seen by studying
the growth of structures in galaxy clusters and the Lymann-a-forest [52]. Cold
dark matter is nevertheless the preferred candidate for dark matter.

Consistent with Big Bang Nucleosynthesis The predicted abundance of light elements
produced within the first three minutes after the Big Bang is in very good agree-
ment with the observations. The added candidate for dark matter should not
influence this [53]. The changes in Big Bang Nucleosynthesis (BBN) due to the
existence of additional relativistic particles would lead to a faster expansion rate
and thus to an earlier freezing out of the neutron-to-proton ratio. This would lead
to a higher He? abundance [54], also to particles decaying during BBN [55].

Consistent with stellar evolution Light, weakly interacting particles generated in the
hot plasma of stars could escape without further interaction and cause a loss of
energy that would alter the evolution of the star [56].

3.3. Dark Matter Candidates and Theories

There are various approaches to solve the problem of dark matter. One possibility is
to modify the existing theory at the astrophysical level so that it is not necessary to
introduce new particles. An example would be Modified Newtonian Dynamics (MOND)
[57], motivated by the attempt to explain the observed discrepancies of the rotation
curves without a dark matter particle. The assumption is that Newtonian mechanics is
not valid for small accelerations. A constant aq is introduced into Newtonian mechanics
with the dimension of an acceleration for such small accelerations to be consistent with
the rotation curves. But this modified theory gives no explanation for the observations
in the Bullet Cluster.

There are astronomical objects that can partially explain the content of dark mat-
ter in the Universe. These astronomical objects are the so-called Massive Astrophysical
Compact Halo Objects (MACHOSs) [58], which consist of baryonic matter, but emit no
radiation (black holes, neutron stars and different kinds of dwarfs). Nevertheless, the
amount of baryonic matter is limited by CMB measurements and large scale structures.
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Therefore, a large part of the non-baryonic matter is still needed to explain the experi-
mental observations. A suitable way to explain the observation is a particle dark matter
candidate. In the following, we review a list of possible particle dark matter candidates.

Sterile Neutrinos Right-handed neutrinos can explain neutrino oscillations and baryon
asymmetry, but can also provide a candidate for dark matter. They are called
sterile because they are not involved in the weak interactions other than mixing
with active neutrinos. Sterile neutrinos are considered quite heavy. Through a
seesaw-like mechanism or some flavor symmetries, it is possible to produce a light
sterile neutrino in the keV range that can be considered a candidate for dark
matter. Yet, such a sterile neutrino would be warm dark matter and their relic
density is therefore limited. Current restrictions for sterile neutrinos as candidates
for dark matter can be found in [59].

Neutralinos We have already discussed the neutralino in the context of the MSSM. The
neutralino is the lightest sparticle in a wide range of the SUSY parameter space
and is stable due to the R-parity conservation. It is a suitable candidate for dark
matter. Regarding its properties the neutralino belongs to the weakly interacting
massive particle. (WIMP). In addition, the neutralino leads to the correct relic
density in many MSSM scenarios.

Sneutrinos The sneutrino is the superpartner of the previously discussed neutrino. The
left-handed sneutrinos are excluded as a dark matter candidate. Yet the right-
handed sneutrinos are still a viable option. The light sneutrinos are excluded by
the discovery of the Higgs boson. Heavy sneutrinos, on the other hand, are still
viable - but highly restricted.

Gravitinos SUSY as a local symmetry can be used to formulate a quantum theory of
gravitation - supergravity. In supergravity a new particle is formed, the gravitino,
which is the superpartner of the graviton. This new particle can be the lightest
SUSY particle and is stable.

This list of candidates for dark matter is far from complete. A complete list is outside
the scope of this thesis. In Chapter 6 - we focus on the lightest neutralino as a dark
matter candidate. In the next section, we will present WIMP dark matter searches.

3.4. Dark Matter Searches

The WIMP is a favored dark matter candidate and several experiments are carried
out to search specifically for such a candidate. The search strategies are divided into
three different types, these three options are shown in Figure 3.5 and briefly explained
including a current status in the following.
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Figure 3.5.: Overview of the different search channels for dark matter. x indicates the
dark matter particle and SM a Standard Model particle. Indirect detec-
tion searches for SM particles that are created by the destruction of dark
matter. Direct detection, on the other hand, attempts to detect collisions
between SM particles and dark matter particles. In the context of the col-
lider searches, the destruction product of the SM particles is examined for
final states of dark matter due to missing energies.

3.4.1. Collider Searches

Collisions with sufficiently high energies such as the ones at the LHC can produce a pair
of dark matter particles in a controlled collider environment. Dedicated LHC experi-
ments ATLAS and CMS use 36.1 fb~! of data at a center-of-mass energy of 13 TeV to
look for signals of dark matter.

There are two general approaches to collider searches for dark matter. One is very
model specific, taking into account every particle and interaction of the model. An
example of such an approach is given in Sec. 2.5.1. Here we will outline a model-
independent collider search based on an effective field approach.

In this approach used by the ATLAS collaboration all heavy particles apart from the
DM particle and the necessary heavy gauge bosons are integrated out and their effects
are included through the effective couplings.

Due to their weak interaction, if a pair of dark matter particles is produced at the
LHC, it does not leave any signature in the detector. In order to highlight dark matter
productions, one needs at least one visible particle being produced in the collision. The
simplest signature are monojets or monophotons, where one single gluon or photon
is radiated from the initial state. It is this visible particle which shows the missing
momentum and energy carried by the invisible dark matter particle.

Within the analysis of ATLAS [60] the data were in good agreement with the Standard
Model. The resulting exclusion limits for the pair production of weakly interacting dark
matter candidates are model specific. The different models used in the analysis are
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described in the following paragraphs.

The dark matter models are defined for Dirac fermion WIMPs (x), which are gen-
erated via an s-channel exchange of a spin 1 mediator between two colliding quarks.
Depending on the coupling, the mediator is either vector-like (Zy), axial-vector-like
(Z4a) or pseudoscalar-like (Z,). These models are defined with four free parameters, the
WIMP mass m,, the mediator mass mz,, mz,, mz, and the coupling g, to the quarks
and g, to the WIMPs. A coupling with other SM particles is not considered. From this
process a monojet signature is expected from the initial state radiating of a gluon.

Another production channel for WIMPs is mediated by a colored scalar, which is
assumed to couple as a color triplet, SU(2) doublet to left-handed quarks. A new
production mechanism via the u- and t-channel is considered with direct interaction
between standard model particles and dark matter particles as well as s-channel exchange
of two mediators. This model is defined with three free parameters, the WIMP mass m,,
the mediator mass m,, and the mediator coupling to the Standard Model particle and
WIMP g,,. Only interactions with the quarks of the first two generations are considered.

Figure 3.6 shows the results of the ATLAS search for axial (top left), vector (top
right) and colored scalar (bottom) mediators for dark matter production. The exclusion
contours on the ratio of the measured signal cross section to the predicted (1 = Zoy)
within a confidence level (C.L.) of 95 % are shown in the figures. The observed limits
are marked by a black line with a 1o band (dashed black lines) to take theoretical
uncertainties (PDF, scale...) into account. The expected limits are indicated by a blue
dashed line with the 1o (green) and 20 (yellow) band. The dashed black line shows the
kinematic limit for on-shell production, where the mass of the mediator particles is twice
the mass of the dark matter.

In the upper left corner of the Figure 3.6 the limits within the simplified model with an
axial vector mediator and a Dirac WIMP with the couplings g, = i and g, = 1 are shown
in the mz, — m, plane. An additional hashed region is marked which is excluded due
to the violation of pertubative unitarity in the parameter region for m, > \/gm z4- The

cyan line shows earlier results of ATLAS [62] with an integrated luminosity of 3.2 fb~!
at 13 TeV. The red relic density line , h? = 0.12, calculated from MaDM [61], crosses the
exclusion region at mz, ~ 1200 GeV and m, ~ 440 GeV.

A vector mediator is considered in Figure 3.6 top right, with the same couplings as in
the previous case. The boundaries are displayed in the plane myz, — m, with the same
color code as before. For light WIMPs, masses below 1.55TeV are excluded.

In the lower left figure the exclusion limits in the m, — m, plane are shown for a
colored scalar mediator with a coupling ¢ = 1. Mediator masses below 1.67 TeV are
excluded for light dark matter particles. Masses up to 620 GeV are excluded in the case
of my = m,,.

The results of CMS [63], Figure 3.7, are similar to the discussed ATLAS results. The
exclusion contours are displayed at 95 % C.L. in the m,,.q — mpa plane. The observed
contours (red line) are displayed with a 1o band (thin red solid lines), the expected
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Figure 3.6.: ATLAS search for axial (top left), vector (top right) and colored scalar
(bottom) mediator for DM production, showing the 95 % exclusion limits
depending on mediator particle mass and dark matter particle mass. The
shaded area is excluded due to perturbativity (m, > \/gm z,) in case of the

axial-vector mediator. The red line gives the kinematic limit for on-shell

production(mz,, mz,,mz, = 2m,). The solid black line is the observed
limit within an 1o band (dotted black lines), taking theoretical uncertainties

into account. The blue dashed line indicates the expected limit with the 1o

(green) and the 20 (yellow) band. The red line shows the relic density

Q,h? = 0.12 calculated by MaoDM [61]. Figures taken from [60].
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Figure 3.7.: CMS search for axial (upper left), vector (upper right) and pseudoscalar
(lower) mediator within DM production. Exclusion contours are shown
at 95 % C.L. in the m,,.q — mpyr plane. The red solid line represents
the observed contours with a 1o band (thin red solid lines), the expected
exclusion contour is shown by the black dashed line with corresponding 2o
band (thin dashed black lines). The dark blue contours (provided by MaDM
[61]) gives the region where the Planck limit Q, % = 0.12 [23] is overstepped.

Figures taken from [63].
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exclusion contour (black dashed line) with a corresponding 20 band (thin dashed black
lines). The region where the relic density Q,h* = 0.12 [23] is exceeded is represented by
the dark blue contours (provided by MaoDM [61]). For axial vector (top left) and vector
(top right) models, mediator masses up to 1.8 TeV and dark matter particle masses up
to 500 GeV and 700 GeV are excluded. The pseudoscalar mediator has limits for the
mediator mass up to 400 GeV and for the dark matter mass up to 150 GeV.

Figure 3.8 shows exclusion limits at 90 % C.L. on spin dependent/spin independent
cross section for the axial (top left) and vector-axial (top right) mediator model de-
pending on the particle mass of the dark matter. The observed (solid red line) and
the expected (dashed black line) limits are compared with the results of direct and
indirect detection, CDMSLite [64], LUX [65], XENONIT [66], PANDAX-II [67] and
CRESST-II [68] for vector-mediator and Picasso [69], PICO-60 [70], IceCube [71] and
Super-Kamiokande [72] in case of axial-vector. In the case of the vector mediator, the
biggest restrictions for masses below 5 GeV are provided by CMS, while for higher dark
matter masses CDMSLite and CRESST-II place more severe limits. For the axial vector
case, the strongest constraints are given by CMS up to a dark mass of 550 GeV, followed
by IceCube tt and PICO-60 for higher masses.

In the lower Figure 3.8 the upper limits of the pseudoscalar mediator are translated
into velocity averaged DM annihilation cross section ({ov)). The results are compared
with those of the indirect detection experiment Fermi-LAT [73]. Again, CMS provides
strongest constraints for low masses up to 150 GeV for the mass of dark matter. Since
the scattering cross section between dark matter particles and SM quarks is suppressed
at non-relativistic velocities for a pseudoscalar mediator, there are no comparable limits
from direct detection experiments.

3.4.2. Indirect Detection

Indirect detection [74] is looking for products of WIMP-WIMP annihilation. The annihil-
ation rate of WIMPs is proportional to the square of the dark matter density. Therefore,
it is sensible to look for dark matter annihilation in regions with expected high WIMP
densities, such as the sun, earth and the galactic center. Possible annihilation products
contain gamma-rays, neutrinos and antimatter.

The annihilation of WIMPs can produce quark-anti-quark pairs, which produce particle
jets. The resulting jets release gamma-rays. These processes are primarily expected to
take place in the galactic center. Detection devices for gamma-rays are shielded by an
anti-coincidence shield, to limit the amount of charged particles entering the detector.
After passing the shield, the gamma-rays hit thin sheets of heavy nuclei, where the
photons are converted to eTe™ pairs. The energies of the positrons and electrons are
tracked by calorimeters. If the anti-coincidence shield is not triggered, the registered en-
ergy is the signature of the gamma-ray event. IACT (Imaging Atmospheric Cherenkov
Telescope), HESS [75], VERITAS [76] and the FERMI satellite [77] search for v rays.
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Figure 3.8.:
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CMS limits at 90 % C.L. on spin-depend/spin-independent cross section
for axial (upper left), and vector (upper right) mediator models in depend-
ence of the mass of the dark matter particle. The solid red line give the
observed limits provided by CMS and the dotted black line the expected
limits. Further limits for comparison are from CDMSLite [64], LUX [65],
XENONIT [66], PANDAX-II [67] and CRESST-II [68] for vector mediator
and Picasso [69], PICO-60 [70], IceCube [71], and Super-Kamiokande [72]
are shown in case of the axial-vector. The velocity averaged dark matter
cross section for the pseudoscalar mediator (lower) is compared to upper
limits from Fermi-LAT [73]. Figures taken from [63].
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Antimatter is cosmologically rare and therefore an excellent signal of WIMP-WIMP-
annihilation. But unlike gamma-rays and neutrinos, antimatter is affected by magnetic
fields and lose energy due to inverse Compton and synchroton processes, which makes
it impossible to conclude on the annihilation origin. The antimatter particle flux is
therefore studied as a whole. Experiments searching for antimatter must be located at
the top of the earth’s atmosphere. Experimental facilities searching for charged cosmic
rays are PAMELA [78], FERMI [77] , HESS [75] and AMS [79].

Another important product of WIMP-WIMP annihilation is the neutrino. WIMPs
passing through the sun may be slowed down by scattering so that the WIMPs are
bound in the sun. These slow WIMPs accumulate to the center. This leads to an
enhancement of the corresponding density and annihilation rate. Even though the an-
nihilation products are most likely immediately absorbed, neutrinos wont. Neutrinos
can cover long distances of dense matter without interaction, making them an interest-
ing candidate for the indirect detection of dark matter, but also challenging to detect.
Neutrinos can only be detected by secondary particles, as done in IceCube [71, 80] and
Super-Kamiokande [72].

IceCube is a big neutrino telescope, located at the South Pole. The ice is used as a
medium for the neutrino detection, due to its excellent optical qualities and the massive
amount creating a large area for interaction. The secondary particles resulting from the
neutrino interaction move through the ice, causing the emission of Cherenkov light. The
Cherenkov photons are then detected by the photomultiplier tubes (PMTs), see also
Chap. 4.

In the following current limits on dark matter are discussed focusing on the publication
[71] and [80].

To set limits, it is assumed that dark matter annihilates to a certain final state with
a canonical thermal annihilation cross section (ov) = 3 x 10726 cm3s™!. In the IceCube
analysis [80], DarkSUSY was used to calculate the predicted neutrino spectrum at the
detector for each model and to obtain the dark matter population today. Figure 3.9
shows limits of the spin-dependent WIMP-proton cross section depending on the dark
matter particle mass. On the left side the results of IceCube for different final state are
shown. Soft final states like gluon (green dashed line) and bottom quark (red solid line)
have weaker limits than the hard final state like neutrino (orange dashed line) and tau
(solid blue line), which have stronger constraints. Furthermore, limits for Higgs boson
(pink dashed line), top quark (solid yellow line), W boson (solid orange line) and Z
boson (black dashed line) are displayed.

On the right side IceCube (orange) and Super-Kamiokande [72] (black) limits on
bottom quark (dotted), W boson (dashed) and tau (solid) final states are shown. IceCube
provides the strongest limits for WIMP masses above 200 GeV, while Super-Kamiokande
provides a higher sensitivity for lower WIMP masses. The PICO experiments (blue and
violet)[81, 82] provide the strongest limits compared to the indirect detection limits.

Due to the absence of significant dark matter signals, the data obtained by IceCube
is translated into lower limits for the lifetime of a dark matter particle. This study was
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Figure 3.9.: Left: Limits by IceCube on spin-dependent WIMP-proton cross section de-
pending on dark matter particle mass for different annihilation final states
(gluon (dashed green), bottom quark (solid red), Higgs boson (dashed rose),
top quark (solid yellow), W boson (solid orange), Z boson (dashed black),
tau (solid blue) and neutrino (dashed red)). Right: Comparison of limits
by IceCube (bottom quark dooted orange, W boson dashed orange, tau
solid orange lines) to limits by Super-Kamiokande (bottom quark dooted
black, W boson dashed black, tau solid black lines) [72] and PICO [81, 82]
(PICO-2L blue, PICO-60 violet). Figures taken from [71].
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Figure 3.10.: Left: Limits on dark matter lifetime for specific decay channels from
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(Dwarf Spheroidal Galaxies) [83], HAWC (Galactic Halo) [84] and Fermi-
LAT [85] . Figures taken from [80].
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done by the IceCube collaboration [80], the results are shown in Figure 3.10. On the left
side IceCube lifetime limits for dark matter are visualized for tau (blue), muon (green),
bottom quark(red), neutrino (violet), W bosons (yellow) and combined Higgs-neutrino
and Z boson-neutrino final states. The analysis of H + v and Z — v are treated as the
same channel because the resulting neutrino spectra are indistinguishable within the
energy resolution. The lower limit on the lifetime is not calculated in the b™ + b case
for masses below mpy; < 10° GeV, due to the similarity of the decay spectrum with the
atmospheric background fluxes.

The right figure shows that IceCube provides the strongest limits for dark matter
lifetime for masses above 107 GeV (red lines) for bottom (solid) and muon (dashed)
final states. The limits are compared with HAWC (Dwarf Speriodal Galaxies(dSph) [83]
green, Galactic Halo (GC)[84] blue) and Fermi/LAT [85] (yellow). While Fermi/LAT
provides the only constraints for dark matter masses below 1000 GeV, HWC provides
the stronger limits in the mass range from 1000 GeV up to 107 GeV. IceCube provides
the only limits for masses above 107 GeV. In the bottom final state, IceCube additionally
gives the strongest limits in the mass range from about 10° GeV to 2 — 3 x 10° GeV.

3.4.3. Direct Detection

Assuming that our galaxy is embedded in a dark matter halo, as suggested by the
rotation curves, the Earth would be exposed to a flux of dark matter as it orbits the
Sun. Dark matter from this flux may interact with nuclei from target material. These
interactions can lead to nuclear recoils, which produce a measurable signal.

Regarding the direct detection of dark matter [74], experiments are looking for the
discussed recoil when a dark matter particle scatters with a SM particle. As background
radiation could lead to similar signals, the experimental set-ups must be well shielded.
For detection purpose different types of probes can be used, phonons, ionization and
scintillation. All are sensitive in different regimes. With at least two of these chan-
nels, the best possible distinction between background and signal is obtained. Within
direct detection, a distinction is made between spin-dependent (axial vector) and spin-
independent (scalar) couplings.

One experiment in Gran Sasso is XENON, with the latest update of XENONI1T [86,
87]. A tank full of liquid xenon gives a large target for scattering with dark matter
particles. The nuclear recoils excite and ionize the liquid xenon, which de-excites under
the emission of scintillation light. The scintillation is detected by photosensors installed
at the top and bottom of the tank. Additionally, the ionization electrons are accelerated
by an electric field to the top of the tank, where they pass from the liquid phase to the
gas phase (which is on top of the liquid phase). Hence photons are emitted and can
be detected as a secondary signal. The run time between both signals gives rise to the
depth of the scattering. The interaction depth alongside the photodetector hit pattern
allows to determine the precise coordinates of the interaction.
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Figure 3.11.: Upper limits from XENONI1T on spin dependent WIMP-proton(right) and
WIMP-neutron (left) with 90 % C.L. [87] from one year measurements
(black line). The green band indicates the expected sensitivity in a lo
band and yellow the corresponding 20 band. In addition the results from
XENON100 [88] (gray), LUX [65] (red) and PandaX-IT [89] (blue) are
shown. For the WIMP-proton also results from PICO-60 [70] (light blue)
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Figure 3.12.: Upper limit from XENONIT in the myeq — m, plane for a simplified iso-
scalar model with 95 % C.L. The model contrains a Dirac WIMP with a
coupling (g, ) fixed to 1.0 and a axial-vector mediatorm where the mediator
quark coupling (g,) is fixed to 0.25 [87]. Again limits from PICO-60 [70]
are shown. Furthermore the previosly discussed (Figure 3.6 and Figure 3.7
upper left) limits by ATLAS [60] and CMS [63] are shown.
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Since the neutron and proton case data agree with the background hypothesis, upper
limits for the WIMP-proton and WIMP-neutron cross-sections are defined. In [87] these
upper limits are set for spin-dependent (SD) WIMP-proton (Figure 3.11 left) and WIMP-
neutron (Figure 3.11 right) case. The Figure 3.11 shows the 90 % C.L. limits and the
corresponding 1o and 20 sensitivity bands. The most stringent constraints from direct
detection experiments apply to neutron-only limits for WIMP masses above 6 GeV /c?,
for a minimum of 6.3x107* cm? for a 30 GeV/c? WIMP. For the proton limit, PICO-
60 [70] gives the highest constraints for the lower cross section limit. The minimum is
reached at 4x10™" c¢cm? for a 30 GeV/c™2 WIMP.

The analysis by the XENONTIT collaboration additionally contains a comparison of the
direct detection results from the SD searches with the collider experiments ATLAS and
CMS, see Section 3.4.1. The model containing a Dirac fermion WIMP of mass m, with
a s-channel interaction with quarks and a spin-1 mediator of mass m,,.q with an axial-
vector coupling to WIMP and quarks is considered. The upper limits can be transformed
into the plane m,,.q — m, and directly compared with the collider experiments from
section 3.4.1. The results from ATLAS (Figure 3.6 top left) and CMS (Figure 3.7
top left) are compared to the results from XenonlT [87] and PICO-60 [70] in Figure
3.12. The shaded regions are excluded by ATLAS (green), CMS (red), PICO (blue) and
XENONIT (black).Direct detection excludes additional parameter spaces.

3.4.4. Conclusion

Overall, no direct signal from dark matter was detected in the experiments under discus-
sion. Combining the three different types of experiments — direct, indirect and collider
searches — better constraints can be set for the annihilation cross section of dark matter.

3.5. Relic Density

The relic density €2, of dark matter is known by the measurements of the CMB, see
section 3.1.4. To investigate a theory that contains a candidate for dark matter for
its reliability, predictions about the relic density have to be checked. The relic density
is determined by solving the Boltzmann equation, which is discussed in detail in the
following. The derivation of the Boltzmann equation follows [90]. In addition, co-
annihilation within the Boltzmann equation and the thermal average of the cross section
are discussed.

3.5.1. Boltzmann Equation

The Boltzmann equation [90]
L{f] = C[f]. (3.10)
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describes the evolution of the phase space density f(p,x,t), assuming an interaction of
at most two particles. L is the Liouville operator describing the change of the particle
phase space density. The collision operator C' takes into account the interaction of
particles and the resulting changes in the number of particles per phase space volume.
Considering the fact that the phase space density is homogeneous and isotropic, i.e.
depends only on the particle energy E and the time ¢, the Liuoville operator becomes

_of _ Il of

ot E OF’
where H = R/R is the Hubble rate and R the scale factor of the Universe, with the
corresponding derivative R in time. On the right side of the equation, the collision
operator C' counts the gained or lost particles by collisions with other particles. The

particle number density n is defined as the integral of the phase space density over all
momenta and the sum over all spins

H (3.11)

L[f]

n = /dn — /f(E,t)‘?zf)];. (3.12)

g being the spin degrees of freedom and f = f(F,t) the phase space distribution function
of particles. The evolution function for the particle number density is given by the
integrated Boltzmann equation over all particle momenta and summed over the spin
degrees of freedom. For a 2 — 2 process (12 — 34) the Liouville term becomes

d3p 1d, . :
o / L(f1) (%)13 = = (R¥n) = iy + 3Hny. (3.13)

For the collision term, only the inelastic terms survive the integration

gl/C(fl)é:)g == Z /(f1f2(1 £ f3)(1 £ fa)[Migosal?

Spin
— f3fa(l£ fL)(1 £ f2)\M34a12\2) : (27T)45(P1 + p2 — p3 — pa) (3.14)
d*py d®py d®ps d®py
(27)32F) (2m)32F, (27)32E3 (27)32E,’

with the invariant polarized amplitude M.

For identical initial particles a factor % must be taken into account to avoid double
counting and a factor 2 from the disappearance of two particles at each annihilation.
Because of this cancellation of the factors, there is no additional factor for identical
particles in the equation. Both f3 and f4 can be replaced by their equilibrium distri-
butions f5% and fi“, omitted by the fact that the annihilation product is in equilibrium

with the thermal background. The detailed balance allows the replacement

S = AR (3.15)
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By considering unitarity, the collision term simplifies

S [ Mt o) 5" + = = pr) L (3.16)
< 34—12| (4T D1 TP2—P3 P4 (2m)32E; (27 )32E, :
d’ps d’py
= Mis_y34]?(2m) 6 — p3 — : 1
Sp21/| 125347 (2m)767(p1 + p2 — P3 — pa) (2521, (27)°2E, (3.17)

With the introduction of the unpolarized cross section 012,34 one obtains

d3p3 d3P4
(2m)32FE5 (2m)32E,

Z / |Mios4]*(27) 6% (p1 + p2 — p3 — pa)

spin

= 4F 192012534 (3.18)

with F = [(py - p2)2 — m2m2)2. ¢, and g, are the averaged spin factors. To include all

accessible final channels, 015_,34 is replaced by the total annihilation cross section

d’p eaq,
gl/C’(fl)(27T)13 = —/O'UMgl(dnldng — dnidng?). (3.19)

ny and ny are the particle number densities and their equilibrium values are nj* and ns*.
dn; and dn, are the momentum-space differentials. The Mgller velocity® vy, = ﬁ is
defined in a way that vysnins is invariant under Lorentz transformation. This product
equals the product of the relative velocity vy, with the particle densities 111, and nopyp.
Using the Mgller velocity, the invariant interaction rate per unit volume and unit time
can be written in any reference frame as

d*N

m = UU{VMITLQHIQ. (320)

The chosen reference frame is symbolized by a prime on the velocity and the particle
densities, ¢ is the invariant cross section. Choosing the cosmic comoving frame with the

particle velocities v; = %11 and vy = %22, the Mgller velocity becomes

1
Unigl = [I'Ul — vol® — |v1 X UQH 2. (3.21)

By symmetry considerations it occurs that the distributions in kinematic equilibrium
are proportional to those in chemical equilibrium, whereby the proportional factor is
independent of the moment. The equation (3.19) with the comparison of the situation
before and after decoupling leads to

d3 e e
g1 /C(fl) (2:)13 = — < oUMgl > (Mang — n7'ny"). (3.22)

3Note that in this case a lot of literature refers to the relative velocity, which was previously the
assumption, but was corrected later on[91].
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Figure 3.13.: Behavior of comoving number density in time. The solid line represents
the behaviour of the comoving number density in equilibrium. When the
chemical decoupling takes place, depending on (ov), the comoving number
density follows the dashed line on a plateau. This is happening at the so-
called freeze-out Image taken from lecture notes [92], originally published
in [93].

The thermally averaged total annihilation cross section multiplied by the Mgller velocity
is given by
[ ovnadnitdns?

< OV >= A [ dn® (3.23)
Comparing Eq. (3.19) with Eq. (3.22) results in
niy+ 3Hn; = — < ovng > (ning — ning?), (3.24)
similar for ny. For identical particles it follows
i+ 3Hn = — < ovyg > (n° —ndy). (3.25)

Where o is summed over final and averaged over initial spins with no additional factor
for identical particles.

The behavior of the comoving number density in time is given by the Boltzmann
equation shown in Figure 3.13. The solid line indicates the equilibrium value. Starting
at high temperatures, shortly after the Big Bang, the Hubble parameter term in the
Boltzmann equation was negligibly small. Annihilation and production of dark matter
were in equilibrium. The comoving number density remained constant until the pro-
duction of dark matter was reduced, which was caused by the decreasing temperature.
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3. Dark Matter

There was not enough energy left to produce new particles of dark matter. The comov-
ing number density decreased until the dark matter annihilation rate became too small
due to the expansion of the Universe. This is the point of freeze-out, where the comoving
number density reached the plateau. The freeze-out depends on the cross section of the
corresponding annihilation of dark matter. With increasing cross section the time of
freeze-out also increases.

3.5.2. Coannihilation within the Boltzmann Equation

In the previous section, the Boltzmann equation has already been discussed for non-
identical particles. This is important because the co-annihilation depends on the Boltzmann

factor

e
ned

: m; — m,y
~ . 2
Ny exp ( T > ’ (3:26)

with the dark matter equilibrium number density n{? and the corresponding mass m,
and the equilibrium number density of the other co-annihilating particle 7. T is the
freeze out temperature. When the particles are non-degenerated in mass, co-annihilation
is suppressed by the Boltzmann factor, but for nearly mass degenerated particles co-
annihilation can have a large impact on the annihilation cross section. Furthermore, the
annihilation of the mass degenerated particles can even be the leading contribution to
the relic density. In case of Supersymmetry, a candidate for the LSP can be the lightest
stop. This is not only limited to the next lightest sparticle (NLSP), but is true for all
mass degenerated particles. A further discussion of the importance of the annihilation
of the mass degenerated particles is performed in Chapter 6.

3.5.3. Thermal Averaging

Next, we will concentrate on the relevant expressions for the calculation of the thermal
average of the cross section times Mgller velocity, which is relevant for the relic density
calculation. In the following, the index Mgl is omitted from the velocity, the Mgller
velocity is simply denoted as v. The total number density in equilibrium is given as

e e Gi Ey T m;
nt = Yot = 3 s e = oY g, (7). (3.27)

with K5 being the modified Bessel function of second kind of order two [94]. Assuming
the Boltzmann statistics, holding for non-relativistic dark matter particles, the previous
formula can be rewritten as

ca o _5 B dPp, d’p;
> _{oijviginiini? = %:/Wijgigje "¢ " 2n)2E, 2n)2E, (3.28)

i
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3. Dark Matter

with the annihilation rate per unit volume W;; = 4FE;F;o0;;v;;. Performing the first
integration and reformulating the expression, we derive

e oq T 00 Vs
> _{ijuigni'nj® = 39,74 Z-Zj/(mi+mj)2 dsg19;pi Wi s <T> ’ (3.29)

pij stands for the momentum of the particle x; (or x;) in the center-of-mass frame of
the pair x;x;. The effective annihilation rate Weg is defined as

Z 9i9;pijWij = gipeﬁ“weﬁ“ (3.30)

tj
further using the definition of

1 2

Pet = P11 = 55— 4my. (3.31)

To sum it up, we end with
2
cq_eq _ Iyl [ s
D (oijvighni*nit = 75 / dpespze Wea K <\:/F_> (3.32)

Finally the thermal average of the cross section times velocity can be written as

J5° dpesp?a Wea K1 (37

m;l(T[ &meQ (?)}Qa

(Oeppv) = (3.33)

L gy mi

where annihilation and coannihilation processes are considered.

3.5.4. Computation of the Relic Density

In the following, only identical particles are considered to illustrate the schematic calcu-
lation. The expansion of the Universe corresponds to the ratio of the number of particles
to the entropy Y = %, where s is the total entropy density of the Universe to implicitly
treat the decrease in density. The total entropy per comoving frame is given by S = R®s.
This value is constant as long as there is no change in entropy. Dividing (3.25) by S,
results in

Y = —s < ovyg > (Y2 =Y2). (3.34)

Yeq is the equilibrium abundance determined by

_ 45912 Ky () | (3.35)

Y, FOYL A2
C Amtheg( )
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3. Dark Matter

The degrees of freedom of the initial particles is given by g and heg denotes the effective
degrees of freedom for the entropy. The scale factor R is a time variable, such that

dY . S < OUMgl >

— = Y2 —Y2). 3.36
= PR Ty (336)
H = (%WGp)% is the Hubble parameter, G the gravitational constant and p the total
energy density. Rewriting (3.36) in terms of the parameter x = %, results in
dY 1 ds
—=——x > (Y?-Y.2 3.37
v~ 3Hdr o0 e (3:37)

with T being the photon temperature. In the following step the effective degrees of
freedom for the energy g.q and the entropy heg density are introduced
72 272
= gos(T)=—T"* = heg(T)—T2. 3.38
For relativistic particles with only one internal degree of freedom, the effective degrees
of freedom for the energy and the entropy equal one go(7") = heg = 1. Using Eq. (3.38)
in (3.37), the final result for the Boltzmann equation reads

ay T gtim 9 9
% = — @ 2 < OUMgl > (Y — }/eq)' (339)

The content of the Universe is given by the degrees of freedom parameter

L he (. 1T dheg
o et (g - . 3.40
9 < " 3ty dT ) (3.40)

Yeir

As long as the statistical and mechanical factors are negligible, Eq. (3.39) is valid.

The annihilation products are in thermal equilibrium, the considered species remain in

kinematic equilibrium after decoupling and the initial chemical potential of the species
is negligible.
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Influence of External
Components in the
Vicinity of a PMT on Its
Electric Field

The previously mentioned experiment IceCube [95] also researches in the direction of
dark matter, but its main focus is on the detection of high energy cosmic neutrinos,
where the data can be analyzed in regard to dark matter. Since neutrinos only interact
weakly they are not directly detectable. IceCube uses the ice at the South Pole as a
large medium for interactions with cosmic neutrinos. If such an interaction takes place,
charged particles are formed, which in turn emit Cherenkov light. The detection of this
light not only identifies the neutrino, but also allows analyses to be carried out with
regard to the origin, direction and energy of the neutrino.

The existing detector of IceCube will now be upgraded [96], where additional strings,
equipped with optical modules featuring an array of several small photomultiplieres, so-
called multi-PMT digital optical modules (mDOMs), for the detection of the Cherenkov
light, will be added to the inner core of the detector. The Hamamatsu R12199-01 HA
MOD photomultiplier tube will be the baseline PMT for this extension. An important
aspect for this PMT is a low background rate, since in the deep ice at the South Pole only
negligible optical noise reaches the PMT. Since the PMT is contained in the mDOM,
several other components are located near the PMT. For this the influence of external
components on the electric field in the PMT has to be taken into account, such as
a shielding of the dynode structure by the so-called HA-coating and reflectors near
photocathodes.

In the following, an introduction to basic functionality, operation principles and in
particular noise mechanisms of the photomultiplier tube is given. Furthermore the in-
fluence of external components in the vicinity of the PMT on its electric field will be
investigated using finite element simulations. This simulation contributed to publication
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97).

4.1. Photomultiplier Tubes

Photomultiplier tubes (PMT) [98, 99] are devices that convert photons into measurable
electrical signals. Due to their high sensitivity, it is possible to detect signals from
individual photons.

Figure 4.1 sketches such a PMT. When a photon hits the photocathode, an electron
is released from the thin photocathode layer by the photoelectric effect.Inside the glass
there is a vacuum so that the electron can move freely. These photoelectrons are acceler-
ated to the electron multiplier by an applied electrical potential. The electron multiplier
consists of an arrangement of several electrodes (dynodes). When the electron hits the
first dynode, secondary electrons are released. Due to the electrical potential differences
between the dynodes, the electrons are further accelerated to the second dynode. Sec-
ondary electrons are also released here. This process is repeated until the electrons hit
the anode. An output signal is generated. The signal is amplified by the generation of
secondary electrons.

photocathode / 3
focussing
electrodes /

Figure 4.1.: Schematic representation of a photomultiplier tube. The photon (red) hits
the surface of the photocathode and an electron (green) is released. The
electron is accelerated towards the first dynode. On impact, secondary
electrons (yellow) are released, which are accelerated to the next dynode
and release further electrons. Due to the dynode structure, the signal is
amplified by the multiplication of the electrons. At the end, the electrons
reach the anode that outputs the signal.
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There are two possibilities to convert the incoming electrons at the anode into a
signal. A distinction is made between a current signal and a voltage signal. With a
current signal the incoming charge signals of the PMT are integrated in a certain period
of time with a current value as result. This mode is called current or analog mode.
This mode is used when the PMT is permanently exposed to a light source or when
the time information of individual signals is not needed. In pulse or photon counting
mode, the output is connected to a resistor, resulting in voltage pulses. These can be
read-out with an oscilloscope. This way individual pulses can be analyzed and maximum
information about the photon flux can be obtained. This mode is advantageous by low
light intensities.

Even in complete darkness, the PMT delivers a measurable signal. This so-called dark
rate (or dark current in analog mode) has different origins. In the following the possible
sources for dark rates are briefly discussed. We start with the thermal noise, which is
caused by the spontaneous emission of electrons. These enter the dynode system and
are amplified like a photoelectron. The spontaneous emission is strongly temperature
dependent. This main source of dark rates can be suppressed by cooling. Field emission
is the emission of electrons induced by the electric field by the voltages applied to the
dynodes. Leakage current refers to the constant flow of charge through materials that
are not perfectly insulated. Other sources can also be emissions from isotopes within
the PMT, as well as cosmic rays.

There are also noise pulses that originate from the signal itself. Late pulses are
pulses that are measured nanoseconds after the actual signal, e.g. resulting from the
backscattering of the photoelectron at the first dynode. Photons can also be emitted
from the last dynode or anode, which can begin to scintillate under strong electron
bombardment.

Afterpulses are signals that are measured a few microseconds after the actual signal.
These can be triggered by photoelectrons, which ionize the remaining gas in the PMT
on their way to the first dynode.

Finally, photons can also pass through the photocathode without being absorbed.
These generate electrons not until the first dynode. Since one dynode is missing during
amplification, the signal is correspondingly smaller than a typical signal of a correctly
measured photon.

4.2. Simulation

PMTs operated at negative high voltage have a higher dark rate due to the influence
of external electric fields [100]. It is necessary to avoid conductive objects such as re-
flectors near the PMT, especially if they are additionally grounded. A common method
to reduce these influences is to use a conductive coating around the PMT connected to
the photocathode potential of the PMT. Another approach investigated in [101] is the
coating of PMT with insulating varnish, which prevents possible discharges between sur-
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rounding objects and the tube. However, such a coating does not protect the particularly
sensitive photocathode [100].

For a realistic simulation of the influence of electric potentials close to the PMT, a
realistic model of the PMT is required. A non-functional PMT was removed from its
glass shell and modeled with Autodesk Inventor® [102] in realistic dimensions including
all components. Fig. 4.2 shows the photo of the PMT (top left), the corresponding
complete model (bottom) and the model in the same view as in the photo (top right).
The effects of electrical potentials in the vicinity of the PMT were simulated using
COMSOL Multiphysics® [103].

Fig. 4.3 on the bottom left shows the cut plane of the PMT, depicting the field of
interest for the simulation of the influence of the reflector (blue box) and the HA-coating
(red box). Corresponding to a cathode-anode voltage of -1300 V| the electric potential
was assigned to each component of the PMT.

Figure 4.2.: Top left: Photo of a PMT without the glass and the ceramic plate on one
side. Top right: The model of the PMT with almost the same view as on
the left photo. Bottom: View of the complete model of the PMT.

The photoelectrons and secondary electrons can be disturbed by external fields on
their way through the dynode system. These can be caused by grounded conductive
materials in the vicinity of the PMT. If electrons are deflected in such a way that they
hit the glass envelope of the PMT, scintillation light is emitted which can reach the
photocathode, leading to increased dark rates of the PMT [101].
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Reflector at floating potential Reflector at ground Reflector at cathode potential

Electric field strength (V/m)
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Figure 4.3.: Buttom left: Cut plane through the simulated geometry of the PMT. The
blue dashed square indicates the region of the diagrams in the top and the
red square depicts the region of the two diagrams in the lower right. The
coating thickness has been increased for visibility. Top: Finite-element sim-
ulation of the electric field around the PMT window with the reflector on
floating potential (left), ground (center) and photocathode potential (right).
Bottom right: Electric field around the envelope of the tube with and
without coating at photocathode potential. The color scale indicates the
electric field strength in V/m and the arrows indicate the direction of the

field in the plane.
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In the following we investigate the effect of shielding around the PMT tube with an
inner conductive layer placed on the potential of the photocathode. This is coated with
an insulating layer. Figure 4.3 (bottom left) shows this layer, labeled as coating. On the
right side, in the lower two diagrams the resulting electric field is shown near the dynode
system with and without coating. The coating increases the electric field between the
dynode system and the glass by approximately 80%. By increasing the electric field, a
repulsive field prevents electrons from escaping the dynode system and impacting the
glass, resulting in a reduction of the background rate. Likewise, the dynode system is
shielded from external fields.

To increase the effective area of a PMT, aluminium reflectors are used (such as in
KM3NET [104], MAGIC [105], H.E.S.S [106]). The reflectors are located directly at the
window of the PMT, near the photocathode, where there is no possibility to shield the
PMT from external fields. However, since these reflectors are conductive, they can have
a significant influence on the electric field.

Investigating the electric field in vicinity of the photocathode is a crucial aspect,
as the electric field acts on the band structure in the semiconductor and leads to the
emission of electrons In Fig. 4.3, top row, we show the resulting electric fields for three
different configurations of the reflector in the region of the red box (bottom left). From
the left, the reflector is set to floating potential. In the glass of the PMT there is a
strong electric field that has a maximum of 4.6 kV/m at the point where the reflector
is closest to the glass (~1 mm distance). If the reflector is grounded (center diagram)
the electric field strength increases dramatically up to 0.14 MV /m. Both configurations
also feature high electric fields in regions further away from the reflector. At the center
of the photocathode, the surface of the glass still has values of 12 kV/m (ground) and
0.4 kV/m (floating).

If the reflector is set to the potential of the photocathode (right), the electric field in
the glass varies only between ~5 V/m and ~25 V/m, which would be the preferred use.

All in all, this analysis provided a deeper understanding of the noise mechanism and
what kind of counter measurements can reduce those.
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Dark Matter at next-to-leading order (DM@NLO) is a tool that provides predictions for
the relic density of dark matter in MSSM models including higher order QCD correc-
tions. There are other existing public tools for the calculation of the relic density, like
micrOMEGAs [107] and DarkSUSY [108].

Bjorn Herrmann, Michael Klasen and Karol Kovarik have created DMGQNLO 2006. Since
then, the tool has been constantly developed further. In the following we give an overview
on the current status of DMQNLO, in addition the tool chain of DMQNLO with the interface
to micrOMEGAs is explained.

5.1. Status of DMQNLO

Over the years, many new processes have been implemented in DM@GNLO that contribute
to the annihilation cross section for the calculation of relic density. Figure 5.1 gives a
schematic overview of already implemented and analyzed processes, ongoing work and
future projects.

The first diagram shows the first implemented process, the annihilation of the lightest
neutralinos into heavy quark final states. In the first publication [109] the focus was
on the Higgs funnel. This was the dominant process in regions of minimal supergravity
(mSUGRA)! parameter space at large tan 3, which was theoretically favored at that
time by the unification of the Yukawa couplings in the GUT. The analysis showed a
strong influence of the corrections on the extraction of SUSY mass parameters from
cosmological data.

In 2009, the same process was additionally analyzed with respect to the full QCD
and SUSY-QCD corrections [110]. Omitting the fact that the light quark final states
do not lead to significant contributions in the analyzed mSUGRA, only heavy quark
anti-quark final states were considered. Again, there was a significant influence on the
annihilation cross section and further on the extraction of SUSY mass parameters from

!The number of free parameters in MSSM is reduced to (my, Ao, my /2, tan 3, sgn(u)) with the
additional constrains by = Agmg, m3/2 = mo. Meanwhile, nSUGRA is largely excluded as a viable
SUSY model.
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Figure 5.1.: Schematic overview of included processes and future processes of DM@QNLO,
with ¢ = H, V. The grey circle symbolizes the Oag SUSY-QCD corrections,
while the gluon lines between the particles indicate included Sommerfeld
enhancement effects. The focus on this work lies on the processes ¢;G; — qq
and G;G; — qq.

cosmological data. The observed differences were in the same order of magnitude as
the experimental error from cosmological precision measurements. In a further step,
scenarios without scalar and gaugino mass unification were analyzed [111, 112] with an
effect on the annihilation cross section of 20 to 50% and a shift between 5 GeV to 50 GeV
for the extracted SUSY mass parameters.

Within 2014, the previously discussed process was expanded so that all gaugino’s
annihilations and co-annihilations into heavy and light quark-anti-quark final states
were considered [113]. The analysis was not based on mSUGRA, like the previous ones,
but focused on the pMSSM, Section 2.3.2. Three reference scenarios with a variety of
annihilation and co-annihilation channels for gauginos were investigated. The resulting
neutralino relic density was shifted by up to 10% relative to the tree level. In particular,
these shifts are greater than Planck’s experimental uncertainty.

The co-annihilation of gauginos with squarks was published in 2012 [114, 115] with
a focus on the full O(ag) SUSY-QCD corrections for neutralino-stop co-annihilation in
quark and electroweak vector or Higgs boson final states. The analysis was performed
on scenarios within the pMSSM considering the limits of the WMAP relic density data.
The one-loop corrections had an influence on the annihilation cross section of about 30%,
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the relic density received an influence of about 9%. Only two years later the extension
of co-annihilation into top quark-gluon final state was published [116]. By corrections
to 80% of the contributing processes in the example scenario, a relative correction to
the default micrOMEGAs relic density of about 20% was achieved, leading to a significant
shift of the 20 relic density band of the experimental Planck value.

Since stop annihilation also has non-neglectable contributions to relic density, the anni-
hilation was implemented in electroweak final states in DMQNLO with almost degenerated
masses of stop and lightest neutralino. In 2014, the effect of the full O(ag) SUSY-QCD
corrections of stop-antistop annihilation was published [117], including additionally the
coulomb corrections by gluon exchange between incoming stops. Substantial corrections
were identified in three reference scenarios.

With the annihilation channels discussed in the meantime a study on the theoretical
uncertainty of the supersymmetric relic density of dark matter from scheme and scale
variation was carried out by DMQNLO [118]. To illustrate the effects of the higher or-
der SUSY-QCD corrections and their scale uncertainties, three different scenarios were
examined. The theoretical uncertainties have been reduced in many cases and can be
compared with the size of the experimental ones in some scenarios.

Now we come to a process considered in this thesis [119] a precision analysis of the
annihilation of squark pairs in quark end states is performed with full O(«ag) SUSY-QCD
corrections, including Sommerfeld enhancement effects. Details of the calculation are
described in the following chapters. The numerical results are discussed in detail in the
Chap. 11.

In addition, the processes that take into account the annihilation and co-annihilation
of squark-anti-squark in quark-anti-quark final states will be investigated. The current
status is given in the Chap. 11 showing preliminary results for the end states top-anti-
top and top-anti-bottom. Open questions corresponding to the bottom-anti-bottom-final
state are also discussed.

To complete the most relevant squark-annihilations that contribute to the annihilation
cross section, squark-anti-squark annihilation into gluon final state should be considered
as a next step. Furthermore the annihilation of gluinos and co-annihilation of gluinos
with scalar top quarks are interesting processes within scenarios, where the gluino or
both stop and gluino are almost mass degenerated to the neutralino.

Another part of DMQNLO is the implementation of SUSY-QCD corrections for the
direct detection of neutralino dark matter in 2016 [120, 121]. A complete NLO-QCD
calculation of neutralino scattering on protons or neutrons in the MSSM was performed.
By adapting the results of the NLO-QCD calculation to the scalar and axial vector
operators in the effective field theory approach, predictions could be made about the
spin-independent and spin-dependent detection rates. The NLO-QCD effects are proven
to be at least equal and sometimes greater than the currently estimated nuclear uncer-
tainties.
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Figure 5.2.: Visualization of the software chain with an interface of DMQNLO to
micrOMEGAs for the calculation of the dark matter relic density.

5.2. Structure of the Tool

DMQANLO is a FORTRAN-based code that provides the (co-)annihilation cross section in-
cluding NLO SUSY-QCD corrections within the MSSM of previously discussed processes
relevant to the calculation of the relic density of dark matter.

A schematic overview of the relic density calculation involving DM@QNLO is given in
figure 5.2. DMQNLO is a program, providing the annihilation cross section within next-
to-leading order calculations. For the determination of the relic density, DM@QNLO is
linked through an interface to micrOMEGAs, which solves the Boltzmann equation. Pro-
cesses, which are not yet implemented in DM@NLQO are provided by the internal version
of CalcHEP within micrOMEGAs. CalcHEP includes the calcualtion of the annihilation
cross section at leading order containing effective couplings? in special cases. As Input
the SUSY spectrum is needed, which is taken from a spectrum file in SUSY Les Houches
Accord 2 [122]. In our case the scenario is defined through the 19 free parameters of the
pMSSM at a scale Qsusy. These 19 parameter and the scale are used as the input for
the spectrum calculator SPheno [123, 124], which determines the spectrum and hands
it over to micrOMEGAs in SUSY Les Houches Accord 2.

A further interface to DarkSUSY is currently under development.

A schematic overview of the calculation of the relic density with DM@NLQ is shown in
the figure 5.2. DM@NLO is a program that provides the annihilation cross section within
the next leading order calculations. To determine the relic density, DMQNLO is linked
to micrOMEGAs via an interface. micrOMEGAs determines the solution of the Boltzmann

2Effective couplings only contains part of NLO calculations and do not feature full NLO result.
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equation. Processes not yet implemented in DM@QNLQO are provided by the internal version
of CalcHEP within micrOMEGAs CalcHEP contains the calculation of the annihilation
cross section in leading order with effective couplings®. As input the SUSY spectrum is
needed, which is taken from a spectrum file in SUSY Les Houches Accord 2 [122]. In
our case, the scenario is defined by the 19 free parameters of the pMSSM on a Qsysy
scale. These 19 parameters and the scale are used as input for the spectral calculator
SPheno [123, 124], which determines the spectrum and passes it on to micrOMEGAs in
SUSY Les Houches Accord 2.
Another interface to DarkSUSY is currently under development.

3Effective couplings contain only a part of the NLO calculations and does not contain the full NLO
results.
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Squark Annihilation into
Quark Final States

The analysis presented in this thesis focuses on the contribution of squark-pair and
squark-anti-squark annihilations to the total annihilation cross section o,,, of neutralino
dark matter. Scenarios are investigated in the pMSSM in which the processes

1?11?1 — tt, 5161 — bb, {161 — tb, (61)

are important for the determination of the relic density. As already mentioned, the
annihilation and co-annihilation of the NLSP can make a dominant contribution to
the annihilation cross section entering the relic density calculation. To illustrate the
relevance of both annihilations, a set of parameter points was generated, with the lightest
neutralino as the LSP and the lightest top squark as the NLSP. The other parameters
are chosen so that other particles do not contribute to the annihilation cross section.

The contribution of annihilation X959 — tf, £14; — tt, t1t; — tf and co-annihilation
Yt — tg to the total cross section depending on the mass difference between the stop
and the neutralino is shown in Fig. 6.1. AM is defined as the ratio between the mass
difference of the stop and neutralino mass in respect to the neutralino mass

mg, — Mg
AM = TR (6.3)

This variable is motivated by the Boltzmann factor Eq. (3.26)

n;? m; — My, m; — My,
i _ M — X 6.4
ng’ P ( T ) P ( myx (6.4)

that contributes to the annihilation cross section. The importance of the cross section
of the NLSP depends on AM entering through (6.4)

nS

(0) = > (0503) g o - (6.5)

ij X 1UX
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contribution to o [%]

0.4

Figure 6.1.: Contribution of stop (red), neutralino (black) annihilation and neutralino
stop co-annihilation (blue) to the annihilation cross section ¢ as a function
of AM = MTOX? The dashed lines show the #; ; (green) and #; £} (orange)

X1
contribution of the stop annihilation.

The black solid line shows the contribution of pure neutralino annihilation, which
increases with increasing mass differences. When the stop mass is about 1.4 times
the neutralino mass, 100 % of the annihilation cross section depends on the neutralino
annihilation. With decreasing mass difference the stop annihilation (red solid line) is
the most important process, which reaches more than 90 % for equal mass of stop and
neutralino. This contribution can be divided into stop-anti-stop (orange dotted line)
and stop-stop annihilation (green dotted line). The co-annihilation of neutralino and
stop has a non vanishing contribution at AM = 0. The co-annihilation contribution
increases for higher AM with a maximum at AM =0.12, the point, where the stop
and neutralino contribution lines cross. From there the contribution decreases until it
vanishes.

Summarizing, for AM in the range of 0 and 0.08, the stop annihilation is the leading
contribution, by AM =~ 0.08 until 0.15 the co-annihilation leads, then the neutralino
annihilation is the leading contribution. At AM = 0.25 the stop annihilation no longer
contributes to the relic density calculation.

In order to consider the most important experimental constrains on the pMSSM,
the previously discussed results of the ATLAS analysis, Sec. 2.5.1, were used to find
suitable scenarios in the parameter space. The analysis of ATLAS contained 5 x 108
parameter points, after the applied constraints from various searches of ATLAS and
other experiments survived a subset of about 300,000 viable scenario points.

The subset of points is shown in Fig. 6.2 in the mg — mj plane. The diagram
distinguishes the type of neutrinos within the color code. Most ATLAS points contain
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Figure 6.2.: ATLAS points with higgsino-like (blue), bino-like (green) and wino-like (red)
lightest neutralino in the m,o — my, plane.

a bino-like neutralino (green). Higgsino-like neutralinos (blue) are centered around the
neutralino mass ~ 1000 GeV. Wino-like neutralinos (red dots) are rare. At in the range
of almost generated masses, several scenario points are viable.

In the following, we will take a closer look at the viable points to examine the regions
of the parameter space in which the processes (6.1),(6.2) contribute significantly. As
already discussed, the mass of the particle must be almost mass degenerate to the LSP
mass in order to contribute to the annihilation cross section. For the third squark it is
not an unnatural requirement. To explain the Higgs boson of the Standard Model within
the MSSM, a light scalar top squark is required. In addition, mass degeneration makes
the testing in colliders more difficult due to different topologies, making their exclusion
less likely.

Moreover most of the viable points are bino-like, see Fig. 6.2. Whereas higgsino-like
and wino-like lightest neutralinos most likely lead to scenarios with other gauginos as the
NLSP, bino-like lightest neutralinos need an enhancement mechanism to be consistent
with the relic density (3.9). The pure annihilation of the LSP is not efficient enough.
Such kind of enhancement is provided by the LSP-NLSP co-annihilation and NLSP
annihilation.

Fig. 6.3 shows the number of scenarios for the corresponding contribution percentages
for the processes (6.1) and (6.2). Contributions below 1% were neglected. First it is to
mentioned that most of the scenarios relevant here contain a bino-like lightest neutralino
as the LSP.

The first figure shows the contributions of stop annihilation to a top pair. This process
contributes up to 30% to the cross section. Altogether the process contributes to about
490 scenarios of the ATLAS points. Most scenarios receive a contribution of up to 10%,
60 scenarios even receive a contribution of more than 10% and up to 15%. 6 scenarios
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Figure 6.3.: Relevant contributions of ¢¢§ — ¢qq and G¢* — ¢q to the relic density of the
ATLAS ;_)oints. First: tht; — tt, secgnd: flﬁ — tt, third: b;b; — bb, fourth:
tlti — bb, fifth: tlbl — tb, sixth: tle —tb
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actually receive a contribution of up to 30%.

The next figure illustrate the contributions of stop-anti-stop annihilation to top-anti-
top final states. This process contributes to about 150 scenarios. Contributions of up to
30% are possible. In most scenarios the process contributes up to 5% to the annihilation
cross section.

With contributions to nearly 900 scenarios, the sbottom annihilation is the most
strongly represented process. Contributions of up to 35% still occur in 18 scenarios.
Almost half of the points get contributions of over 10% from this process.

The stop-anti-stop annihilation has an interesting scenario, where in one scenario
point the process contributes more than 80% to the cross section. In total, the process
contributes to about 80 scenarios.

The last line of the figure shows the stop-sbottom and stop-anti-sbottom contribu-
tions. While stop-sbottom co-annihilation is relevant for about 320 scenarios, stop-anti-
sbottom has about 60 scenarios influenced by the process.

In summary, it can be said that there are a large number of viable scenarios to which
the considered processes give large contributions. It is expected that the NLO corrections
of these processes will make an important contribution to the calculation of the relic
density.

6.1. Reference Scenarios

The numerical part of the presented study will be based on three reference scenarios
following the study by ATLAS [1]. Three pMSSM scenarios were chosen, the relevant
soft-breaking parameters and particle masses are listed in Tab. 6.1. It is to mention,
even by taking identical input soft mass parameters, the resulting physical masses slightly
differ to those in the ATLAS study. This results from a different computational setup,
used here. Despite the small changes in the physical masses, all experimental constrains
are still satisfied and the phenomenology is not altered.

The scenarios feature bino-like neutralinos as the lightest sparticle. This results from
the bino mass parameter M;, which is smaller than the wino and higgsino mass parameter
M, and |p|. The masses of the third-generation squarks are depending on the 'left-
handed" stop and sbottom mass parameter My, and the 'right-handed" ones M;, and
Mj,,. The squarks of the first and second generation, the sleptons, and other electroweak
gauginos are heavier such that they do not influenced the phenomenology discussed here.
As discussed in Sec. 5.2 the soft-breaking terms defined at scale Qsusy, see Tab. 6.1, are
handed to the spectrum calculator SPehno3.3.3 [123, 124] to obtain the physical mass
spectrum. The mass spectrum is then given to micrOMEGAs2.4.1 [107, 125] using the
SUSY Les Houches Accord 2 [122]. In addition to the calculation of the relic density,
micrOMEGAs provides the contribution of all individual channels contributing to ..,
given in Tab. 6.2.

The processes given in Eqs. 6.1 and 6.2 have significant contribution. More precisely,
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Scenario M, Mo Ms M;, M; Mg,
I 1278.5 2093.5 1267.2 2535.1 1258.7 3303.8

II 1629.2 3613.4 1720.8 1513.2 3964.9 3871.5
I1I 1106.0 21214 3790.9 1310.3 2001.94 1473.3

Scenario A, Ay 1 ma  tanf | Qsusy
I 2755.3 23209 -3952.6 3624.8 15.5 | 1784.64

II -4434.9 2201.7 26154 3451.3 53.1 | 2447.96
111 3307.8  2683.2 2590.7 24514 6.0 | 1615.85

X X
I [ 1279.7 2153.6 2153.5 1301.9 2554.2 14955 125.8 3625.6 0.12
IT | 1624.4 2606.6 2606.6 1652.0 1654.9 1944.9 127.8 3451.2 0.12
IIT | 1101.0 2127.8 2128.0 1192.9 12229 3680.7 1229 2450.9 0.12

) - ) 72
Mo myo My mi, mg, mg M0 Mo ngh

Table 6.1.: Reference scenarios within the phenomenological MSSM for our numerical
study. Note that only the parameters which are relevant for our analysis are
given here. All dimensional quantities are given in GeV.

in Scenario I, the annihilation of stop quark pairs is second most important process.
With previously analyzed processes, Sec. 5.1 DMQNLO can provide 45% of the total
annihilation cross section. Around 30% corresponds to the stop pair annihilation, the
other 15% came from the stop neutralino co-annihilation. The NLSP is the mostly
"right-handed" scalar top #; with a mass difference of about 20 GeV compared to the LSP.
Moreover, the process is enhanced by the relatively low gluino mass mg. The bottom
squark are heavy, therefore the corresponding annihilation channels are negligible. In
Fig. 6.4 the importance of different relevant contributions to the annihilation cross
section in and around this scenario is shown. The part of the parameter space, where the
neutralino is not the LSP is indicated by the grey region. In this region the stop is lighter
than the neutralino and therefore the LSP and would be the dark matter candidate.
The shades of green indicates the contribution of the different processes towards the
annihilation cross section. The red point gives the location of Scenario I. The first plot
shows the complete contribution of DM@NLO to the annihilation cross section. The other
five figures show the contribution of specific processes of LSP-NLSP co-annihilation and
NLSP annihilation. In general the co-annihilation is most important, when the mass
splitting between LSP and NLSP is about 150 GeV. The parameter region where the
dark matter relic density is within 20 of the experimental value (3.9) is highlighted in
orange. The relic density is computed using micrOMEGAs. We see that around Scenario
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Contributing processes Scenario | Scenario IT ~ Scenario III
tit, — tt 30.5% 8.8% -
biby — bb ~ 7.4% -
fiby — tb — 34.0% -
Lty — tt 3.1% — 32.1%
ttr — bb - 2.4% 9.7%
tbt — th - 4.0% 39.6%
XiX§ = aqq - - -
Wi, — tg 9.3% - -

Wt — qV.,q9 5.8% - 3.0%
Wb — qV,q¢ ~ ~ 1.2%
ttt = gg 38.7% 9.8% 2.3%
bt — gg - 8.1% -
qq — gV 5.6% 19.1% 1.3%
i — EW - - 3.9%
Wg —» X 3% — —
G5 = X . . .
DM@NLO current analysis 30.5% 50.2% 71.7%
DMQNLO total [109, 110, 111, 113, 114, 116, 117] 45.6% 50.2% 79.8%

Table 6.2.: Dominant annihilation channels contributing to .., and thus to the neut-
ralino relic density in the two reference scenarios given in Tab. 6.1. Here,
V =~,Z9 W=, ¢ = h°, H°, A°, H* and EW includes all pure electroweak
final states including V'V, ¢¢, ¢V, Il and v;l. Further contributions below 1%

are omitted.
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I, the line for the relic density lies in the region with dominant contribution of stop
annihilation. For lighter neutralino and stop masses as in the reference Scenario I the
same processes contribute to the annihilation cross section. For higher masses, new
processes occur. We reach a point, where the LSP and NLSP are of the same mass as
the light gluino (m; = 1495.5 GeV). In these parameter space, three particles are almost
mass degenerated and gluino annihilation and gluino-stop co-annihilation dominate the
total annihilation cross section.

We have a slightly different situation in Scenario II. Here, the 'left-handed" mass
parameter My, is much smaller than the "right-handed" masses M, and Mj , resulting in
mainly 'left-handed" physical states ¢; and b; with almost mass degenerated masses. The
mass differences between them and the lightest neutralino is around 30 GeV. Processes
containing stop and sbottom contribute to the total annihilation cross section, see Tab.
6.2. The three processes (6.1) contribute to more than 50% of the total annihilation
cross section. The mixed annihilation #;6; — tb dominates compared to stop-pair and
sbottom-pair annihilation, discussed further in the next section. In Fig. 6.5 the relative
importance of the channels of Scenario II are shown. As before, the 20 relic density
limit by Planck closely follows the border, where the neutralino is no longer the LSP.
Differently to Scenario I, when the stop mass reaches ~ 1600 GeV, which is around
half of the heavy Higgs mass mpyo = 3451.2 GeV the composition of the contribution of
the processes changes. The stop-anti-stop annihilation, enhanced by the exchange of the
Higgs, grows. Another differences is seen in higher stop and neutralino masses, where the
annihilation and co-annihilation processes are not efficient enough to reach the observed
relic density. For this region, the relic density 3.9 lies in the region, where the stop is
the LSP and therefore the dark matter candidate. Meaning that for M; = 1800 GeV the
neutralino would be excluded as a dark matter candidate.

In Scenario IIT as in Scenario II, we have three almost mass degenerate particles, the
neutralino as the LSP and the stop and sbottom as NLSP and NNLSP, omitted by the
small parameter M;, compared to the "right-handed" mass parameters. The phenomena
that the Higgs mass is around twice the size of the NLSP and NNLSP enhances the
squark-anti-squark (co-)annihilation in the close region around the reference scenario.
The main contribution is given by the co-annihilation of the lightest stop and the lightest
sbottom, centered around the Higgs resonance dominated region. The second most
contribution process is given by the annihilation of the lightest stop-anti-stop to top-
anti-top final state. The bottom-anti-bottom final state is also enhanced by the Higgs
resonance. Around the reference scenario, the annihilation of the neutralino contributes
to the relic density with an enhancement around M; ~ 1230 GeV and My, 2 1370 GeV.
This enhancement is again due to a Higgs resonance, where the neutralino mass equals
half of the heavy Higgs mass. Around the border, where the neutralino is no longer the
LSP, except the Higgs resonance region, the dominant annihilation channel is given by
the stop-anti-stop annihilation into gluon final state.
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Figure 6.4.: Contribution of selected processes to the total annihilation cross section o,y
in the M;-M;,, plane around reference Scenario I. The orange band indicates
the parameter region in agreement with the Planck limit given in Eq. (3.9)
at the 20 confidence level. The green levels indicate the relative importance
of the processes that can be corrected by DMAQNLO (first and fifth plot) and of
selected individual processes (remaining plots). The grey region corresponds
to ms, < mg. The red dots indicate Scenarios I of Tab. 6.1.
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Figure 6.5.: Contribution of selected processes to the total annihilation cross section oy,
in the M;-M;, plane around reference Scenario II of Tab. 6.1. The same
color scheme as in the previous Fig. 6.4 is used.

78



6. Squark Annihilation into Quark Final States

1500 1 1500 0.7
i 0. _
1450 9 ; 1450 06 ,,T:.
1400 0.8 ® 1400 A P .
P
— 07 2 — i 0.5 &
S 1350 | [s] S 1350 A : u
v 06 %5 v °
9. 1300 05 S 9, 1300 04 §
& 2 9 & =
= 1250 | 5 1250 2
04 3 0.3 ¢
= =
1200 A 0.3 ag 1200 0.2 é
1150 . 0.2 © 1150 A . '
(Scenario lll) o1 (Scenario lll) o1
950 1000 1050 1100 1150 1200 1250 1300 950 1000 1050 1100 1150 1200 1250 1300
M [GeV] M [GeV]
1500 0.45 1500 0.2
1450 04 g 1450 A I8
1400 ey 035 1 1400 1 T
~ ) ~ 0.15 s
< 1350 | - 03 ¥ S 1350 1 s
9. 1300 025 § 9, 1300 { 5
& = & =}
= 1250 A 02 3 S 1250 4 / 01 3
1200 1 ~ 0.15 < 1200 1 <
1150 -~ . 01 © 1150 - . ©
) (Scenario 111) 0.05 (Scenario Ill) 0.05
950 1000 1050 1100 1150 1200 1250 1300 950 1000 1050 1100 1150 1200 1250 1300
M [GeV] M [GeV]
1500 0.7 1500 0.4
1450 0.6 'E 1450 0.35
6 % ;
1400 o 1400
05 & / 03 o
< 1350 A e S 1350 A el
] . o (3] . 0.25 o
S 1300 ? 04 § & 1300 { ¢ o
& E=, & 02
S 1250 | ) 0.3 3 I 1250 | 3
s o5 0.15 S
1200 5 1200 S
1150 A e X 1150 A i 0.1
- (Scenario II) 01 (Scenario lll 0.05
950 1000 1050 1100 1150 1200 1250 1300 950 1000 1050 1100 1150 1200 1250 1300
M [GeV] M [GeV]
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79



6. Squark Annihilation into Quark Final States

6.2. Leading Order Cross Section

Having shown that the processes in Eq. (6.1) are important in large regions around
the first two scenarios and Eq. (6.2) in the third scenario, introduced in the previous
section, we now turn to review important features of the leading-order cross sections of
these processes. The Feynman diagrams for the processes in question are shown in Figs.
6.2 and 6.2. The matrix elements of all three processes of Eq. (6.1) have contributions
from t-channel or u-channel exchanges of strongly interacting gluinos as well as from
electroweak gauginos. The matrix elements of the processes (6.2) have no contribution
from u-channel, but additionally has contributions from s-channel with the exchange of
gluon, vector boson and Higgs. Therefore the cross sections can be symbolically written
as

o =0, (ai) + Oge (ozs ae) + o, (ai) , (6.6)

where o, is the cross section proportional to the square of the strong coupling constant
a?, o4 is the cross section originating from the interference of the strong and electroweak
interacting parts of the scattering amplitude and o, is the purely electroweak cross
section proportional to the square of the electromagnetic coupling constant o

q}”»”)—% q Gi---»-- q Gi---»>-- q Gi---»-- q
J: 7 0 0
G g 0yt g g q
7 2 7S 2 TS t
f 0 e
b= > h by b b

Figure 6.7.: Tree-level Feynman diagrams for squark annihilation into quark pairs for
the case of squarks of identical (upper row) and different (lower row) type.

The decomposition of the total cross section into contributions from different channels
and interferences of the three processes (6.1), is shown in Fig. 6.9. The cross sections
for £,4; — tt and byb; — bb in the top left, top right and bottom right panels in Fig.
6.9 show the expected hierarchy, in which the gluino ¢-channel and u-channel exchanges
dominate the cross section and are about an order of magnitude larger than the next
largest contribution which is the interference of the gluino exchange with the electroweak
t- and u-channels. The contribution from the interference between the gluino exchange
diagrams and the gaugino exchange diagrams is yet another order of magnitude larger
than the purely electroweak contribution. As argued before, in scenarios where the
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Figure 6.8.: Tree-level Feynman diagrams for the squark-anti-squark annihilation into
quark-anti-quark final state for the case of identical types of squark and
quarks (first two rows), stop-anti-sbottom (third row) and identical squarks
annihilating into different type of quarks (fourth row).

processes in Eq. (6.1) are important, the lightest neutralino is bino-like and the gluino
mass is relatively small. These facts imply that the neutralino-squark-quark coupling
and the gluino-squark-quark coupling differ mainly by the coupling constant. Therefore,
the hierarchy observed in Fig. 6.9 is simply due to the ratio of the different coupling
constants o (y/mz,my,)/ae(mz).

The only process where this hierarchy is not present is the annihilation &b, — tb.
Here the hierarchy observed in the other two processes is modified due to a few factors.
First, there is no gluino u-channel exchange. Then, the gluino mass in this scenario is
larger, and this processes proceeds also through a chargino u-channel exchange. The
larger gluino mass together with the missing u-channel suppresses the gluino contribu-
tion compared to the other two processes. Moreover, in the case of the higgsino-like
chargino exchange, the Yukawa component of the chargino-squark-quark coupling is not
suppressed as in the case of bino-like neutralino. The combination of these effects results
in the interference between the gluino and the chargino exchange being suppressed with
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Figure 6.9.: Upper part: Leading-order cross section ov as a function of the center-of-
mass momentum p.,, into different sub-channels according to Fig. 6.2 in the
two pMSSM scenarios I and II of Tab. 6.1. In the legend, ov,. denotes
the total tree-level cross section, the subscripts g, x and gy correspond
to gluino exchange squared, gaugino exchange squared, and gluino-gaugino
interference. The superscripts indicate squared ¢-channel (T), squared wu-
channel (U), the sum of both (T+U) and the ¢-u interference contributions
(TU). For the gaugino exchange, the superscript “Int” refers to the sum
of all involved diagrams. Lower part: Contributions relative to the total
tree-level result o, ee.

respect to the pure gluino contribution only by a factor of about two. On top of that,
the electroweak contribution is comparable with the gluino-chargino interference.

The decomposition of the total cross section into contributions from different channels
and interferences of the three processes (6.2), is shown in Fig. 6.10. The heavy Higgs
boson mass is of the order of two times the lightest stop mass, leading to an enhancement
of the s-channel Higgs contribution by the resonance. Within all three panels a peak is
visible increasing the cross section about some order of magnitudes. The cross sections
for £, — tf in the upper left panel shows the gluino ¢-channel as the second most
contributing channel. Around a center-of-mass momentum of 400 GeV the gluon s-
channel contributes more than the gluino t-channel. Around p.,, ~ 850, GeV the gluon
s-channel is the dominating contribution. But indicated by the grey shaded region, the
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Figure 6.10.: Upper part: Leading-order cross section ov as a function of the center-
of-mass momentum p.,, into different sub-channels according to Fig. 6.2
in the scenario III of Tab. 6.1. In the legend, or,. denotes the total
tree-level cross section, the subscripts g, x, g, H and V correspond to
gluino, gaugino, gluon, Higgs boson and vector boson exchange squared.
The superscripts indicate squared ¢-channel (T) and squared s-channel (S).
Lower part: Contributions relative to the total tree-level result orec.

velocity distribution, which will be multiplied to the cross section ov, when taking the
thermal average, only contributions up to around p., ~ 700 GeV are important. The
neutralino t-channel contributes is an order of magnitude less than the gluino ¢-channel.
The contribution of the vector boson s-channel is more than three orders of magnitude
suppressed.

In the case of #;#% — bb in the top right panel in Fig. 6.10 a similar hierarchy as
in the left panel is shown, except the fact that no gluino ¢-channel contributes to the
cross section. The gluon s-channel contribution dominates already at a center-of-mass
momentum p.,, ~ 500 GeV. The Higgs s-channel contribution decreases more strongly
with increasing pe,. Again the contribution of the vector boson s-channel is orders of
magnitude smaller.

For the annihilation channel fll;’{ — tb the lower panel, again the Higgs s-channel is
the dominant channel, caused by the Higgs resonance. Followed by the gluino ¢-channel
contribution. The contribution of the vector boson is greater by the exchange of a W™+
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6. Squark Annihilation into Quark Final States

boson. The contribution of the neutralinos contributes the least.

6.3. Color Decomposition

Another important aspect of the processes we investigate is the fact that both initial and
final state particles carry color. The color structure of the initial and final state will be
extremely relevant later in the discussion of the next-to-leading SUSY-QCD corrections
and their resummation. The color decomposition is discussed in greater detail for the
squark annihilation, the squark-anti-squark annihilation will be briefly summarized.

In case of the squark annihilation both scalar quarks in the initial state (and also
the quarks in the final state) transform under the fundamental representation of the
SU(3) group (denoted here as 3 due to the dimensionality of the representation). The
two particle system however transforms under a tensor product of the corresponding
representations 3 ® 3 which can be decomposed via a Clebsch-Gordan decomposition
into SU(3)-invariant subspaces as

33=396. (6.7)

In order to construct a color basis adapted to our matrix element, we can use the
Clebsch-Gordan coefficients of the decomposition

3 1
3
C(ia}lag = \/56()6&1&2 9 a = 17 2; 37 (68)
{6} 1
Caalaz - 5 (6a1a15a2a2 + 5a1a25a2a1) ) o;=1,...,6,
(6.9)

where the indices a; 5 can take the values 1 to 3 (for details see Ref. [126]). The basis
is constructed by considering that SU(3) color symmetry is an exact symmetry of the
theory and so the color is conserved between the initial and final states. That means if
a pair of initial state particles transforms in an irreducible representation of the SU(3)
group, the pair of final state particles must transform in the same representation. After
proper normalization, we can combine the Clebsch-Gordan coefficients into the following
basis relevant for our processes

1

T s (ereaTones = OoseBes) (6.10)
and
cles)  — 2Nc(§vc = s G- (6.11)
The matrix element can be expanded in this basis as
My = Mg OS5 + Mo (6.12)
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6. Squark Annihilation into Quark Final States

where s,t,% and j are the color indices of the incoming and the outgoing particles.
Given the orthonormality of the basis, the triplet and sextet parts of the amplitude can
be determined as e

M§ - Mstij0§t§;3}> MG = MStZ]C§S36} . (613)
In the case of the annihilation process t1¢; — tt or 5151 — bb, the triplet and the sextet
matrix elements are a linear combination of the gluino and gaugino ¢-channel and wu-
channel exchanges. At tree-level the explicit expression for the triplet part of the matrix
element is

N2 -1
Mz = (Ve — 1) (=M + M) (6.14)
24/2N.(N. — 1)
N.(N,—1) "
2N.(N.—1)
Analogously, the sextet part of the matrix element is
N2 -1
Mg = (Ve ) (M; + M) (6.15)
2\/2N.(N.+ 1)
N¢(N.+1) "
(Mg + M)
2N.(N.+ 1)

The same decomposition can be performed for the process {101 — tb and the explicit
results given in Egs. (6.14) and (6.15) can be used after setting M3 = 0 and interpreting
M as the u-channel chargino exchange. The squared amplitude is then in all cases
given simply by

M2 = | Mgl + | Me]?, (6.16)

where due to the orthonormality of the color basis, there is no interference between the
triplet and the sextet matrix elements.

The leading order triplet and sextet cross sections for the relevant processes are shown
in Fig. 6.11. The general behavior of the color decomposed cross sections for the processes
t1t; — tt and l;llN)l — bb is very similar. Both processes contain identical particles in
the initial state and are symmetric with respect to their interchange. Given that the
color basis vector C133} is anti-symmetric with respect to the same interchange, the
partial wave of the the triplet cross section is a p-wave, making its contribution to the
relic density subdominant. For these two processes only the sextet color combination
contributes. In the case of the last process t,b; — tb, the symmetry argument does not
apply and both color combinations contain an s-wave and contribute equally to the relic
density.

The analog procedure was proceeded on the squark-anti-squark annihilation. As before
the scalar quark and anti-quark in the initial state (and also the quark and anti-quark
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Figure 6.11.: Upper part: Decomposition of the leading order cross section into color
basis in typical pMSSM scenarios for identical (left) and nonidentical
(right) incoming particles. The superscripts 3 and 6 refer to the respect-
ive color representation. Lower part: Contributions relative to the total
tree-level cross section oy ee.

in the final state) transform under the fundamental representation of the SU(3) group
(denoted here as 3 due to the dimensionality of the representation). This time the
two particle system however transforms under a tensor product of the corresponding
representations 3 ® 3 which can be decomposed as

303=138. (6.17)

In order to construct a color basis adapted to our matrix element, we can use the
Clebsch-Gordan coefficients

1
cit, = Ve (6.18)
c® ., = VT2, a=123.

(6.19)

After proper normalization, we can combine the Clebsch-Gordan coefficients into the
following basis relevant for our processes

1

s = i Saroadusas (6.20)
and
Clataas = Ni—l <5a1a35a4a2 — iéaméam) . (6.21)
The matrix element can be expanded in this basis as
Mgy = My C;{tli}l} + Mg Cs{fzf} : (6.22)
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6. Squark Annihilation into Quark Final States

Given the orthonormality of the basis, the triplet and sextet parts of the amplitude can
be determined as
1,1 8,8

M1 — MStijOs{tij }, Mg — MStist{tij } . (623)
In the case of the annihilation process #,#; — tf, the singlet and the octet matrix elements
are a linear combination of the gluino and gaugino ¢-channel and either Higgs (singlet)
or gluon (octet) s-channel exchanges. At tree-level the explicit expression for the singlet
part of the matrix element is

N2 -1

My = NeMp + My + =5 M; (6.24)

Analogously, the octet part of the matrix element is

VN2 —1 1
Mg = 0 M, + /N2 = 1My + (= 530)y /N2 = 1M (6.25)

The same decomposition can be performed for the process fli)f — tb and the explicit
results given in Egs. (6.24) and (6.25) can be used after setting M, = 0 and for the
process t,t% — bb interpreting M;% as the t-channel chargino exchange and setting M. 5 =
0. The squared amplitude is then in all cases given simply by

|M[* = [My[* + | Mg|?, (6.26)

where due to the orthonormality of the color basis, there is no interference between the
singlet and the octet matrix elements.

The leading order singlet and octet cross sections for the relevant processes are shown
in Fig. 6.12. It is worth mentioning that by the Higgs resonance the singlet is the
dominant contribution. Only in the bottom-anti-bottom case, the octet enhanced by
the gluon s-channel becomes dominant at a pcm of > 500 GeV. In the case of £,b* — tb
where no gluon s-channel exists, the octet contribution is even smaller and has lost its
p-wave form, whereas in the case of top-anti-top and bottom-anti-bottom the octet has
a unique p-wave dominated shape.
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Figure 6.12.: Upper part: Decomposition of the leading order cross section into color
basis in typical pMSSM scenarios for identical (left) and nonidentical
(right) incoming particles. The superscripts 1 and 8 refer to the respect-
ive color representation. Lower part: Contributions relative to the total
tree-level cross section oryee.
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Virtual Corrections

For the calculation of the NLO corrections to the respective tree level diagrams, Fig.
(6.2) and (6.2), all virtual and real contributions (Chapter 9) are needed. The virtual
corrections are characterized by the fact that they have the same initial and final states.
Only the internal exchange of particles by additional virtual particles differs. Therefore,
the same kinematics and phase space are used as for the tree level calculation. We dis-
tinguish between three different virtual contributions, self-energies (2-point functions),
vertex corrections (3-point functions) and box diagrams (4-point functions). In our cal-
culations we consider all SUSY-QCD corrections, whereby the virtual particles to be
exchanged are limited to squarks, quarks, gluons and gluinos. Through the exchange
of these virtual particles, there are divergences in the contributions that need to be
specifically addressed. In general, taking into account all virtual and real contributions,
these divergences are generally canceled out.

Figure 7.1.: N-loop diagram. The kinematic can be fixed by the external momenta, only
the momentum ¢ stays unconstrained

The diagrams that contain such virtual corrections are also called loop diagrams.
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7. Virtual Corrections

Such a N-loop diagram can be seen in Fig. 7. The loop contains a virtual undefined
momentum ¢, which is integrated over the entire phase space. In general, such a loop
diagram has the general form

(7.1)

/ d*qd*(q+p1) ... d* g+ pn_1)
(4 —mo)?+ ((d+p1) —ma)? + ...+ ((4 + Pnv—1) — mn-1)

Since the propagator contains the momentum ¢, it can become infinite, causing di-
vergences. Even though the full calculation becomes finite in the end, the individual
contributions must be manageable. Therefore it is important to extract the divergences.
There are several ways to do this. One possibility is the so-called dimensional regular-
ization, which we consider in the following.

7.1. Dimensional Regularization

Let us first consider the simple divergent integral

o0

1
T—2d3r. (7.2)

a
This integral has a linear divergence. If the integration is reduced by one dimension

o0

1
[ . (7.3)

a

the integral has only a logarithmic divergence. If the integration is reduced by another
dimension, we get a convergent integral

o0

/ :er. (7.4)

a

For the calculation of divergent integrals in four dimensions, the integration is trans-
formed into D dimensions. After the integration the limes D — 4 can be performed
and the pole of the integral becomes visible again in the final result. The advantage of
dimensional regularization is the conservation of Lorentz invariance, gauge invariance
and unitarity. In the following we consider the extraction of divergence more closely.

Extraction of Divergences

Each diagram in the calculation of the virtual corrections contains a slightly modified
loop integral. A great benefit are the calculations by Passarino and Veltman [127], who
reduced the loop integral to a few calculable integrals.
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Figure 7.2.: Vertex correction for stop-anti-stop-Higgs vertex containing virtual ex-
change of a gluon between initial particles.

This strategy will be illustrated in the following example. For this we consider the
vertex from stop-anti-stop to Higgs with an exchange of a gluon between the initial
particles, see Fig. 7.2. This three point function contains the integral

4—D

, dP + 2p1)*(q — 2p2)¥
M=Z6M3( > )909192/( q (g + 2p1)"(q — 2p»)

2m)P ¢? [(q + 2p1)* — mi] [(q — 2p2)* — m3]

(—=g™).  (7.5)

The coupling constants g 1 2 contain the color structure of the respective vertices, since
these are currently not relevant for the consideration of divergences. The momentum
g to be integrated is also contained in different orders in the numerator. Therefore we
decompose the integral into integrals sorted by the order in ¢

3(4=D wl [ d°%q ¢"q’
M= s | | (2m)2 ¢ [(q + 2p1)% — m3] [(q — 2p2)® — 3]
/ dPq 204 q”
(2m)P ¢%[(q + 2p1)? — mi] [(q — 2p2)? — m3]
/ dPq —2¢"p}
(2m)P ¢? [(q + 2p1)* — mi] [(q — 2p2)* — m3]
dPq —4pi'py
| e e

The numerator factorizes with the spinor structure so that it is irrelevant for the
integral and only the order in ¢ plays a role. Altogether we get three different integral
loops for loops with three external legs. If these integrals are calculated in advance,
they can be reused for each integral of this form. Looking at the other contributions
of the virtual corrections, the self-energies have two external legs, with two propagators
and the box diagrams have four propagators with four external legs. Extending this to
a general form for one-loop diagrams with N propagators and M loop momenta, this
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results in

N

277—:“ 4-D
Tm,m,uM (p1,---pN-1,M0, ..., MN_1) = %

im?

/dD Q,U«l L Q/LN .
(¢ —mi +ie)[(q + p1)? — mi +ie] ... [(q + pyv—1)? — mi_; + i€]

2m)4 . . . .
The constant % is set for conventional reasons. The momenta are shown in Figure 7.

In the following we adopt the usual naming convention and refer to the tensor integrals
as
™ —=A T°—=b T°—-C T*—= D (7.8)

depending on the number of propagators. The scalar integrals Ag, By, Cy, Dy, which
contain no loop momenta in the numerator and therefore no Lorentz indices, have been
developed by t'Hoft and Veltman [128]. In the following we will deal with the generic
integral and later on with the example of the scalar integral Ay in more detail.

7.1.1. Generic Integral

The scalar integrals can be reduced to the generic structure

D 1
L) = [P0

(7.9)
Whether the integral is convergent or not depends on the dimension D and the power n.
In the case A > 0 (since A stands for a mass, this can generally be assumed) converges
the integral for D < 2n. The function that is integrated is generally complex and has a

scalar pole at
0=q>— A+ie (7.10)

= qo=+\/q?+ AFic (7.11)

The position of the pole is shown in Figure 7.3 by the crossing lines.

By the application of the Cauchy theorem, it is possible to shift the integration along
the real axis to an integration along the imaginary axis. The change of direction of
integration is known as the Wick rotation. With the transformation to the Euclidean
metric using the new variables

o = o, ¢ =qp, (7.12)
¢ = @—G"=—qho—qp=—qy <0, (7.13)
the integral can be expressed in dependence of ¢g as
I(A) = i | daw [P an(—aho — @E - A+i) "
— @/quE (—1)" (& + A —ie)™. (7.14)
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Im qq

Figure 7.3.: Visualisation of the position of pole within the complex plane. Figure taken
from [129].

This integral in terms of ¢g is spherical symmetric in D dimensions. For further con-
sideration, proceed as we do with 2 or 3 dimensional integrals, where in this case polar
coordinates or spherical coordinates are introduced. For this we use the definition of the
solid angle

) D/2
Qpy= (7.15)
r(D/2)
in D dimensions with the Euler I' function. By the spherical coordinates
00 00 1
/ Py = / dQp / dgp q2~! = / dQp / A} 5 (aB)"* ™" (7.16)
0 0
the generic integral to
I'n—D/2
I(A) =i(=1)" 7P/ L(n—D/2) (A —ie)P/2m . (7.17)

[(n)

can be determined. Formula (7.17) was determined for the convergent case D < 2n,
but since I' is defined in the full complex plane with the exception of the poles at
z = 0,—1,—2..., the limes D — 4 can be performed. The two possible divergent
integrals I; and Iy are divergent by the poles of I' in I; and I resulting in the ultraviolet
(UV) divergences in the dimensional regularization.
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7.1.2. The Scalar Integral A,

As an example for a real loop integral we consider
(2
AO ( m2) 7T:u / dD

the other integrals are not discussed in detail. The parameter p has the dimension of
energy. The coefficient =P ensures that the dimension of the integral does not depend
on D. The other integrals are not discussed in detail. With the solution for the generic
integral (7.17), the expression for Ay can be expressed as

(2mp)tP

im?

= —(m® — ie) (n’iﬂ;je) - F<2_2D> : (7.19)

The Euler I' function has a pole for D — 4 which makes Ay divergent. To determine
the expansion of A, around this pole, a new variable € = =2 D is introduced

m2 + e’ (7.18)

Ag(m?) = I;(m?)

Ap(m?) = —(m? — ie) (”i;,je) T(e—1). (7.20)
For extraction of the pole, the relation
['(z4+1)=2I(2) (7.21)
of the Euler I" function is used. In addition, the factor
= (4m)T(1+e¢) (7.22)
is extracted, so that we obtain
Ag(m?) = —c.(m? — ie) (ml; ZE) - (61_ ok (7.23)

If the terms (mjﬂ “) and for e = 0 are expanded in Taylor series and the small

imaginary part ‘e is neglecteé

) o [ Ce m?
Aog(m?*) =m ?—ln oz +1+0(e) |, (7.24)
results. If additionally the factor ¢, is expanded and the conventional notation
1
A=-—~vg+In(4m), (7.25)
€

is used, where g is the Euler-Mascharoni constant. The final result for the scalar
integral is

Ao(m?) = m? (A In (7;2> +140(e )) (7.26)

The integral contains an ultraviolet divergence expressed in the limit ¢ — 0.
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7.1.3. The Scalar Integral B,

The scalar integral

2 1
Bo(p?, m2,m?) = (7 /dD . 7.27
o(pi 710, 1) @ —mridla P —miid
appears at two point functions. By the Feynman parametrization
1 1 1
— =/ dz 5. (7.28)
ab  Jo (a(l —x)+ b:c)
identifying
a=q*—mj+ie, b= (q+p1)*—mj+ie. (7.29)
and the parametrization
qd =q+xp, dg = dq’, A= —2(pf —m3+md) +md. (7.30)
(7.27) can be written as
2,2 2 27TM
By(py, mg,my) = / dz I(A (7.31)
with the integral
F<4—D>
2
L(A) = mD/QW (A —ie)P/22, (7.32)
The parameter € = % is introduced again and the relation
1
Fle)=-T(1+e). (7.33)
€

for the Euler I' function is used. If the result is expanded around € = 0, the result is

1 2,2 2 .2 2 2
Bo(pf,mg,mf):<cg—/0dxln(mpl x (p; — my +m§) +mg ZE>+O(€)>.

12
(7.34)
We again encounter the factor ¢, which when expanded transforms the pole %
Ce 1
—=A=—-—vg+In4r. (7.35)
€ €

An additional feature of the scalar integral By is that the argument can become negative
in the logarithm for certain parameter sets of the arguments. Therefore the logarithm
in the complex plane must be considered for such a case. As an example we very briefly
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discuss By(0,0,0). Here the logarithm results in a further divergence which can be
identified as infrared divergence. This specific loop can be expressed as

Bo(0,0,0) = —— — 1 (7.36)
€uv  €IR
Infrared divergences occur through the exchange of mass less particles, like in our case the
gluon. While the UV divergences are canceled by the respective counterterms, Chapter
8, the IR divergences are canceled by diagrams emitting an additional gluon. This is
discussed in greater detail in Chapter 9.

7.1.4. Tensor Reduction

So far we have only considered scalar integrals. As seen in the vertex correction in
Eq.(7.6), the numerator can also contain any order of q. Therefore we need also non-
scalar integrals. We look at these occurring tensors using the example of the 2-point
functions. With the order ¢ in the numerator the tensor B* can occur, with the factor
g"q” the tensor B*” occurs. These tensors can be represented as follows

B* = p'B (7.37)
B" = g" Byy + pl'p} B . (7.38)

Let us take a closer look at B* and multiply on both sides of the Eq. (7.37) the only
external 4-momentum p;

27T,u p1-q
LB, = / dD — B, 7.39
g T vidla-p —mitig b (039)

The product p;.q can be factorized with the respective denominators

1 | .
pra = 5((g+p1)* —mi+ie = ¢ —mg +ie] = [p — mi +mg)) (7.40)

By this trick the integral in Eq.(7.37) can be decomposed into already known scalar
integrals

2mp)4=P 1 1
piB = @) 7 M)z (/qu2 s — /dDC] TR
i q> —mg + i€ (q —p1)?> —mi +ie

1
2 2 2 D
— @) —mi+md) [a _ .
P0) =) J = R = + i
1
= 5 [o(m3) = Ag(m2) = (4 = mid + ) Bo(ph,mid, )] ). (T41)
The factor By for the integral Eq.(7.37) is
1
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The divergence of

1
Bi(p3,m3, m}) ~ _iA + finite terms (7.43)

can be determined from the scalar integrals. Analogously, the coefficients

Boo (2, m3, m3) = 2@1_1) [Ag(m2) + 2m3 By (p?, m3, m?)

+ (p? — mi +mg) By (p7, m§, m3)], (7.44)
By (p, m3, m?) = 2(;_1) [(D = 2)Ag(m?) — 2m3By(p?, m2, m?)

— DR —md DB (L mEmY)]  (7.45)

for Eq.(7.38) can be determined. Where the factors
of € to show the divergences explicitly

1 1 1

20D—1)  6(1—2¢ (1 * gf + (9(6))- (7.46)

57 D I have to be expanded in terms

Resulting in the corresponding divergent proportions

1
Boo(pi, mg, m3) ~ —E(p2 3(mg 4+ m?))A + finiteterms (7.47)
1
B (p3, ma, m3) ~ §A + finiteterms. (7.48)

7.2. Calculation of Virtual Corrections

Before we discuss specific details of the next-to-leading order calculation, we will address
the systematics of SUSY-QCD corrections to processes which at leading order have
both strong and electroweak contributions (see Eq. (6.6)). If we consider any radiative
corrections (SUSY-QCD or electroweak) to the processes in question, the cross section
including the next-to-leading order corrections can be symbolically written as

oNLO TYee+A NLO( >+AJNLO<a ae) (7.49)
+ AgNHO (Ozs ) + AgNEO (%) .

The SUSY-QCD corrections contribute to the Ao 2O, AgNEO and A parts of the
NLO cross section whereas the electroweak corrections would contribute to the AgNE©
AcNO and AoNEO parts. Both classes of corrections, the SUSY-QCD and the elec-
troweak, are ultraviolet and infrared finite and gauge independent by themselves making
them formally consistent.

The first and leading term in the NLO correction is AgYt© (as) which receives con-
tributions only from SUSY-QCD corrections. In particular these are the SUSY-QCD
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corrections to the gluino exchange diagrams interfered with the gluino tree-level contri-

bution. These corrections are the main result of this analysis.

The following term AgNM© (a?ae) receives contributions from three sources - from the

interference of the SUSY-QCD corrected gluino exchange with the electroweak gaugino
exchange, from the interference of the SUSY-QCD corrected electroweak gaugino ex-
change with the gluino diagrams and the last contribution would come from electroweak
corrections to the gluino exchange interfered with the gluino tree-level. The last con-
tribution is not included in this analysis and even though it is formally of the same
order, due to the small size of the electroweak corrections which are typically a factor 10
smaller than SUSY-QCD ones this last contribution is the smallest of the three. This

way our analysis provides also the leading corrections in the term Ao (ozgoze).

The third term AoYt© (awzi) contains the interference of the SUSY-QCD corrected
electroweak gaugino exchange with the leading order electroweak gaugino diagrams as
well as electroweak corrections to both parts of the interference between the gluino and

the electroweak gaugino exchange.

e

The last term AgNLO (oz?’) is not considered here as it contains only electroweak cor-
rections to the electroweak parts of the cross section.

The analysis presented here does not consider electroweak corrections as they are for
the most part subleading and contribute about 1% to 3% correction [130, 131]. In some
instances however, the electroweak corrections and specifically the Yukawa corrections
can become important [132]. Even though we do not calculate electroweak corrections
in this analysis, the leading effects of the enhanced Yukawa corrections are taken into
account as described in [114]. In particular, these become relevant in the case of chargino
exchange in the Scenario IT (neutralino exchanges are not as enhanced due to the lightest
neutralino being a pure bino in both scenarios).

As the discussion below shows, the SUSY-QCD corrections presented here are the
dominant corrections even in scenarios with large tan 5 and are even more dominant
owing to the presence of the Sommerfeld enhancement.

The one-loop SUSY-QCD corrections receive contributions from propagator-, vertex-
corrections and box diagrams

AGNLO = Ag¥ert 4 Ag¥ert 4 AgPoP 4 AgPox (7.50)

In order to provide a powerful tool for SUSY-QCD corrections, a generic extendable
structure is chosen. In the following we demonstrate the calculation on chosen examples.
First we investigate the propagator corrections with a more detailed view on the gluino
propagator corrections [133]. The calculation of the vertex corrections will be discussed
by the vertex corrections depicted in Fig. 7.2. Furthermore the generic structures of all
contributing vertex corrections are summarized. As a last step, the generic box diagrams
are briefly discussed.
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7. Virtual Corrections

7.2.1. Propagator Corrections

The gluino propagator corrections receives contributions of three self energy diagrams
depicted in Fig. 7.4. Due to the majorana nature of the gluino, the third diagram con-
taining an anti-quark and anti-squark (the opposite fermion flow to the second diagram)
has to be taken into account.

Figure 7.4.: Contributing self energy diagrams for the propagator corrections of the
gluino.

We start with the calculation of the first loop diagram Fig. 7.5 containing a gluino and
a gluon. The coupling constants gy and ¢, are just constants defined by the corresponding
Feynman rules (B.3). The matrix element is given by

w <ty [ AP ) g e

q (27T>D Dl Dg
=—a(p)u*" / ((21 ) 59091 (Zfabc)(@f(wb) W’y“%:u(p)
== Nl [ (D~ )+ )+ DM faly)
—(ZZZ)QU(p)gogl l(D —2)(pBy + pBy) — DMlBo] u(p), (7.51)

with N? from the color structure of the diagram. The matrix element leads to the generic
form

MEP — (4;)2u(p) [mg(HS’LPL + 98 Pg) + p(II - Py + 117 ’RPR)] u(p),  (7.52)

@: igo(1f20¢)yH
1]+ iga(if*)y”

M[):O,Ml:Mg

Figure 7.5.: Self energy containing a gluon and a gluino in the loop.
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7. Virtual Corrections

having I1;"" = T17F = 1195 and 11)F = T19F = 1197 = 197 in the case of Eq. 7.51 with

M
9 = —NQDgoglmeo (7.53)
g

19" = N*(D — 2)gog1(Bo + B) - (7.54)
The arguments of the tensor reduction are

Bo(p?, M3, M?), (7.55)
By(p?, M3, M3). (7.56)

With the use of the generic masses My and M; and the momentum p? this set of argu-
ments is true for all self energies contributing to the gluino propagator correction in t-
and u-channel.

The second self energy contributing to the propagator correction of the gluino is the
loop containing a quark and a squark Fig.7.6. The coupling constants gOL /B and glL/ R
are given by (B.8) and (B.9). The matrix element is

[0]: iT9(gk Py + g Pr)
: iT(tls(g%PL + Q{ZPR)

My = My, M, = M;

Figure 7.6.: Self energy of gluino, containing a quark and a squark in the loop.

wie a2 AR ) ) (757
:u(p)ﬂ4_D/q (ZW;D DolDl [(lﬁo + ]531) + M, By ] @u(p) 5 (7.58)

with the coefficient identified by comparison with Eq. (7.52) as

N M
I5F = gkt LB 7.59
2 9 90 91 mg 0 ( )
N
1t = 0691 (Bo+ B1). (7.60)
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The factor % comes from the color structure. The right chiral parts can be obtained by
switching the chiral components of the couplings

5% =% (gf <> gf") (7.61)
e =T (g7 < g7).

[0]: iTe(gfPL + gb Pr)
(1] 4Ta(gf Py + gt PR)

My = My, My = M;

Figure 7.7.: Self energy of gluino, containing a anti-quark and a anti-squark in the loop.

The only differences in the calculation of the third diagram with a anti-quark and
anti-squark in the loop to the previous calculation is the change of left and right handed
part in the couplings due to the opposite fermion flow and a minus sign for the fermionic
coupling. Therefore this diagram results in

N p g M
3" = — gt — B, (7.63)
2 0J1 mg

N
3" = =951 (Bo + B) (7.64)

The total matrix element is given by

st = 3 st 5k = 3 SR, (7.65)
i=1,3 i=1,3

HﬁL — Z ]-—[zf,L7 nyR — Z Hlf’R . (766)
i=1,3 i=1,3

The generic amplitudes corresponding to the different processes containing a gluino
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7. Virtual Corrections

propagator are

Miopii—aa m(ﬂ(lﬁ)(ngL + 91" Pr) (=1 + F1 + mg) (=1 + f)
x (" Py + TP Pg) + mg (13" P, + T2 PR)) (=1 + 1 + my)
X (g5 Pr + g5 Pr)v(k2) , (7.67)
Mot =g — gy W00 Pr+ g Pr) (= + ) (= + )
x (P Py + T Pr) + mg (T Py + T Pg)) (= + fo +my)
X (95 P + g5 Pr)v(k2) , (7.68)
Moy s == s ) (0 Pr o Pr) (= + o+ ma) (= + o)
x (II7F Py + I Pr) + mg(ITF Py + T1%F Pg)) (=1 + F1 + my)
X (95 Pr + g5 Pr)v(ks) . (7.69)

The amplitude squared including propagator corrections is then written as

| M2 = 2R (M + 2R(M!

:

q9—4q9 PYOP G4—qq g) prop,Gg—qq §>
+ 23%( PYOP 44—qq ;() + 2§R(M£rop 44—qq ;)
+ 2§R( prop G4—qq tg) + 2%(/\/{3?013 G4—qq g)
éR( PYOP 44—qq ;() + 2§R(Mgrop 44—qq ;L() (770)
|M2 4q*—qq = 2%( PYOP qq* —>qu;) + 2§R(M;rop 4q* —>qu8 )
éR( PYOP qq* —NJQMS ) + 23%('/\/1:”01) qq* —NJQMt)
+ 2R(M op i qaM5) - (7.71)

7.2.2. Vertex Corrections

We start with the process G§* — qq, reconsidering the vertex correction Fig. 7.2 of the
s-channel with a Higgs in the propagator the amplitude can be rewritten to a generic
form for the amplitude
—1 N
1= guu(ky) (g Pr + grPr)v(ks) , (7.72)

S—Mmpg

with a redefined coupling constant gg. By performing the tensor reduction in Eq. (7.6)
the redefined coupling constants resolves in

g =Crgog1 9o <Bg + (C’l(—s +3m? 4+ m3) + Co(—s +m? + 3mg))

+ Co(M3 +2(—s +m? +m§))), (7.73)
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with My = 0 as the gluon mass, M; and M, are the corresponding sfermion masses,
the couplings g; and gy correspond to the Feynman rules (B.4) and gq is given by the
Feynman rule (B.21). The tensors having the argument set

Ci(miS?mgaMOz?Mlz?Mg) (774)

By setting gy back on the tree level coupling, the tree level amplitude would be restored.
In general divergences only occur in parts of the amplitude proportional to the tree level
amplitude. Occurring divergences in non tree level structures already cancel within the
amplitude.

In total, the s-channel diagrams contributing to the process ¢§* — ¢¢ contain scalar
(index H) and vector (index g) propagators. The introduced generic forms of the amp-
litudes to model the vertex corrections receive a one as an index for the vertex correction
on the initial state side and a two for the final state side. The corresponding generic
amplitudes are given by Eqgs. (7.72) and

l _
01 = ;(Apl_pQ (P — Ph) + Ap, 1, (Ph +p§))u(k1)7u(9LPL + g7 Pr)v(ks) , (7.76)

i > v v v
o = Dk = p)e k) (v (AT, + AT Pr) + (K — k) (AF Py + Af Pr)

+ (k) + k3) (A5 P+ AF Pr) + 7" (B{ P + B Pr)(¥2 — ma)

+ (kY = k§)(By P + By Pr) (K2 — ma) + (kY + k3)(By P + By Pr)(F2 — ma)

+ (Fr = m3)y" (CY P+ Cf'Pr) + (o — mg) (K] — k3)(Cy Pr, + C5 Pr)

+ (F1 = m3) (K + k5)(C5 P+ C5'Pr) + (J1 — ma3)y" (D1 P + D1 Pr)(F2 — ma)

+ (J — ms)(k{ — k5)(Dy P+ D3 Pr)(f2 — ma)

+ (f1 — ms) (K + k8)(D§ Py + D§Pp) (K2 — ma) Jv(kz) | (7.77)
o = _‘;H (k1) ((ArPr + ArPr) + (BLPr + BrPr) (K2 — ma), (7.78)

+ (k1 - m3)(CLPL + CrPr) + (K1 — m3)(D P + DgPr) (2 — m4))v(k2)

M = — ~t(ky) ((ALPL + ArPr) + (BLPL + BrPRr)(p1 — F1 — my)
+(k mg)(CLPL+ORPR) (k‘l —mg)(DLPL—i-DRPR)(ﬁI —,%1 —TI’LQ))
X (= 251 + K1 — my)(grPL + 9. Pr)v(k2) , (7.79)
MG, = o — ~u(k1)(grPr + grPr)(—p1 + F1 — ( (ALPp + ApPr)
(BLPL + BrPr)(—H#2 — my) + (P2 — 2 — mg)(CLPr + CrPr)
+ (o — K2 — mg)(DLPy + DpPr)(—k2 — ma) Jo(k2) . (7.80)

103



7. Virtual Corrections

The corresponding loop diagrams for the vertex corrections of M3, and Mj;, are
depicted in Fig. 7.8. The vertex corrections of the gluon propagator are depicted in
Figs. 7.9 and 7.10. The fermionic propagator in the t-channels and u-channels of the
processes ¢¢* — qq and ¢ — qq differ in color factor, coupling constant and mass for
gauginos (neutralino and chargino) and gluino, but receive same the generic structure
in the amplitudes. In case of the t-channel in ¢G* — qq the generic amplitudes are given
in Egs. (7.79) and (7.80) with the corresponding loop diagrams depicted in Fig. 7.11.
Here, for the vertex correction of the lower vertex the opposite fermion flow has to be
taken into account.The same diagrams contribute for the t- and u-channel of GG — gq
with the generic amplitudes Eqs.(7.81) and (7.82). For the u-channel the amplitudes are
given by Eqs. (7.83) and (7.84)

. -
M = —0(k) (ALPr + ArPr) + (BLPL + BrPr)(h — f1 — my)
g

+(k1—m3)(CLPL+CRPR)+(k1— )(DLPL+DRPR)

x (i — o = mg) ) (=1 + fr + ) (95 PL + g5 Pr)v(ka) (7.81)

- —i
M%‘C’Q%‘fj_t " 0(k1) (g1 P + g1'Pr)(—p1 + ¥1 +my)

PL -+ CRPR)<_k2 — m4) + (—ﬁz + kQ — mg)(DLPL -+ DRPR)
k2 —ma))o(ka), (7.82)

MG =——v(h) ((ALPp+ ArPr) + (BLPy + BrPr)(ps — 1 — m5)
g

+(k1—m3)(CLPL+C’RPR)+(k1— )(DLPL+DRPR>

X ( ALPL —|—ARPR) ( ﬁ2 + kz - mg)(BLPL + BRPR)
+(C
><(

X (P2 — f1 — mg))(—ﬁz + 1 +mg) (g5 Pr + g5 Pr)v(ks) (7.83)
M = __Z ~0(k1) (g1 Pu + 97 Pr) (= + F1 + my)

X ( ALPL + ArPg) + (=p1 + k2 — mg)(BL P, + BrPg)

+ (CLPL + CrPr)(—K2 — ma) + (=p1 + §2 — mg) (D P + DrPr)

X (—Hz — ma) Jv(ky) (7.84)

Summing up, the squared amplitude containing all loop contributions up till now for
4q — qq reads
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[MP[zertes = QR(MILTIL ME) + 2R(M
+ 2R(MILTIL ML) + 2R(M
+ 2R(MI I MY) + 2R(M
+ 2R(MITTI MY ) + 2R(M
+ 2R(MILTIME) + 2R(M
+ 2R(MII ML) .

HLI M) + 2R(MITTILE M)
BT M) + 2R(MIT AT
I ME) + 2R(MIL 1 M)
WA MY) + 2R(MIT MY
D09 M)+ 2R(MIE M)

vert,x,1

(7.85)

In case of §G* — qq the squared amplitude is given by

MP[5er5 s = 2R(MUL T M) + 2RMIL 5 M) + 2R(MIL T M)
+ 2RO M) + ZRAMI M) + 2RMIEE M)
+ 2R(MIT M) + 2R(MIT T M)
+ 2R(MIL T M) + 2R(MIL S M) + 2R(MIG T M)
+ 2%(_/\/[32:;;?3 SMS*) + 2§R(M€g:tz;q{], Ms*) §R( %rt’—;]q tMS*)
+ 2R(MIL N3 ) 4 2R(MIT M)
+ PRI M) + 2ROMILTIE M) + 2RO M)
+ 2%(/\/{32:5;?3 SME*) + 25}3(/\/{32:;;‘7{1’ _/\/ltg*) 2R(M 3Zr1:;?q’t/\/lt*)
+ 2R(MIT I8 A L OR(MIT 2 pg )
+ 2§R(M?fgrtj}§qls ;*) + 2%( 3;:&1%8 7;(*) 8%( ?/grt;;?q SMt*)
+ 2%(/\/{33:5;?3 "M ;) + 2%(/\/{32;7_;‘1{1’ X*) 2R(M %r;;?q,tMt*)
+ ZRMUG FTME) + 2RMIG T MT) (7.86)
N \ N \
AN
— - = _ _ . o
Vs
» ¥

Figure 7.8.: Vertex correction of Higgs-fermion-femion and Higgs-sfermion-sfermion

vertex.
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Figure 7.9.: Vertex-correction of the squark-squark-gluon vertex.

Jr= P b B

Figure 7.10.: Vertex correction of Gluon fermion femion.

B e e
b b

Figure 7.11.: Vertex-correction of the squark-quark-gluino vertex in the first line, vertex-
correction of the squark-quark-neutralino vertex in the second line.
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Figure 7.12.: Box-correction for g — qq.

7.2.3. Box Corrections

The last piece which is missing of the virtual corrections are the contributions of the
box diagrams. Box contributions in case of the process ¢§ — qq are represented in
Fig. 7.12. The process ¢§* — qq have similar box diagrams resulting from the t-
channel contributions of the gluino exchange Fig. 7.13 with additional diagrams from
the s-channel gluon exchange. Further box diagrams from s-channel Higgs exchange are
depicted in Fig. 7.14. Diagrams resulting from t-channel neutralino exchange are shown
in Fig. 7.15.
All box diagrams can be expressed with the generic amplitude

Muox =iti(ky) (F1(CF Py + CR Pr + D) + fo(C2 Py + CJ Pr + D)
+ $1(CY Py + CF Pp+ D™) + (BLPy + BrP) + A)v(ks). (7.87)
The full squared matrix amplitude of the box contribution then reads

ME g = 2R(Mipo M) + 2R(Mipo M)
+ 2R(Mpox M) + 2R(Mpox MT) (7.88)

MBS = IR(MupME) + 2R (M M)

G4—qq

+ 2R( Mo M) + 2R(Mpy M) (7.89)

107



7. Virtual

Corrections

1 1
1 1
Y A
1 1

- - < —

U U UUUUU

:

B e T =
1

1
e <-l--_-_ <«

—>—  -->-A00000000)———
1
1
1
1
Y
1
1
1
1
R A R
- = .
D 1
») 1
D 1
1
P 1
p 1
D 1
D 1
D 1
- - - - L

Figure 7.14.: Box-correction for ¢¢* — qq including Higgs.
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.. Box-correction for ¢¢* — ¢q including neutrinos.
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Renormalization

In the last chapter we showed that by performing the calculation of the virtual correc-
tions in D dimensions, the divergences of the loop integrals could be separated. However,
the final result is expected to be finite. The infrared divergences cancel with the con-
tributions of the emission of an additional gluon. For the ultraviolet divergences the
renormalization has to be considered, in this case divergences are drawn into the fields
and parameters of the Lagrangian.

To illustrate the basic strategy the simpler ¢*-theory will be used as an example
in the following section. We briefly show the relevant differences of different popular
renormalization schemes. Furthermore, we will introduce the DM@QNLO renormalization
scheme, which has been specially adapted for this purpose due to its unproblematic use
in large ranges of the MSSM parameter space.

8.1. Renormalization Principle

The multiplicative renormalization principle will be performed on an introductory ex-
ample, the ¢*-theory The Lagrangian of the ¢*-theory is given by

mo

*5 P00uo — Cb ¢o (8.1)
As before, the calculation will be done in D- dimensions therefore if the dimension of
the Lagrangian L is D the field ¢ has dimension 252, Those the coupling constant A
would get dimension 2 2 , but the coupling Constant should be dimensionless, therefore
a parameter p will be mtroduced which will make the coupling constant dimensionless

)\0 — Aoﬂ%. (82)
This parameter p is the so called renormalization scale. It is the same parameter that

was introduced in the loop integral (7.18) to retain the mass dimension. Further the
multiplicative renormalization factors are introduced to all bare field Zy, couplings Z
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and masses Z,, in the Lagrangian, for the ¢*-theory they can be defined as

0 = \/Zs0 (8.3)
Ao = ZH)A\ 4

mg = Zmm?. (8.5)

In the perturbative theory, this leads to

b0 = (1+ ;52¢>¢> (8.6)
Mo = (14 ;5ZA)>\ (8.7)
mg = (14 6Z,,)m>. (8.8)

The resulting Lagrangian from (8.1) yields

)ﬁ

2
£ =308 00,6+ J02,0" 00,6 — "% — (62,4 2,) 2 ?

- i\!¢4 62y + zaz@i!ng* +O(522) (8.9)

:Eren + £count-

The Lagrangian can be split in a renormalized part L., and a counterterm Lagrangian

£Count
1 m? A
— Ak v a2 4
Lo = 50" 00,6 — -0 — 116 (8.10)
1 m m2 2 )\ 4
Leount = §5Z¢8 $0,p — (02, + 5Z¢,)—2 o°— (02 + 2(52¢)E¢ . (8.11)

The divergences are absorbed in the counterterm part. As far as the loop calculation
are of order one, higher Terms O(§Z?) do not have to be considered. These results can
now be used to define similar Feynman rules:

= L =i[(p* —m?*)0Zy — m*6Z,,)

T p?2—m24ie

Y

X

— i) = —i(6Zy + 207,).

(8.12)
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The counterterms are not uniquely defined but depend on a chosen renormalization
scheme. Each renormalization scheme has its cons and pros, depending on the situation
a suitable renormalization scheme is chosen.

DR and DR Renormalization Scheme

For the pure divergence subtraction the dimensional reduction (DR) scheme is used, so
the counterterms only include the divergent terms and no finite ones. As a first step the
next-leading-order propagator will be taken into account to derive the mass counterterm
8Z,, in the ¢3-theory. The NLO propagator includes the pure propagator, the self energy
and the counterterm,

a
u —
v v ‘ .
W m(_zz@z))ﬁ
i i | i i 2 (p?)
—iX(p? = 14 ——— 1
o G g = G (1 ) 619
where Y(p?) is the mass correction,
Y NI N 12 2 2
—i%(p?) = —ZWAO(TI’L ) +i[(p° —m*)6Zy —m*0Z,,). (8.14)

The term proportional to the scalar loop function Ag(m?) comes from the self energy
of the propagator, the remaining part is the previous calculated counterterm. The loop
integral is independent of p, therefore one can set 67, = 0! without loss of generality.
Using the definition of Ag(m?) in Eq. (7.24) the mass correction is expressed as

m? — ie
2
i

A

1672

1

—i%(p?) = — — g +In(47) — In ( ) + 1] — im>6 Z,y,. (8.15)
€

As it was mentioned in the beginning, the dimensional reduction counterterm is defined

to cancel only the pure divergence meaning ~ % This leads to the renormalization factor

Al
() p— 8.16
m 3272 ¢ ( )
and the finite mass correction
Am? m? — ie
2\ __

IThis is a special feature of the ¢*-theory.
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The DR scheme not only subtract the pure divergence, but includes the whole Ayy-
term (7.25)

DR A
§ZPR %AUV (8.18)
Am? m? — ie
2y
Y(p7) = 39, ll — ln( e )] . (8.19)

In both renormalization schemes the corrected mass depend on the renormalization scale
L.

On-Shell Renormalization Scheme

The on-shell renormalization scheme is of interest for particle, with a directly measurable
mass, like the top quark. The ansatz in this scheme is to have the renormalized mass
as the measured one. Therefore no mass corrections enter the renormalized mass. To
ensure this, the scheme has to fulfill two renormalization conditions:

RE(D?)[pz=mz =0, (8.20)
lim %E(ﬁ) =1. (8.21)

The first condition ensures that the renormalized mass is the physical mass of the
particle. The second condition forces the residuum to the value of one. By a performed
Taylor series of the mass correction around the pole mass
d2
Y(p?) = 20 |pemmz + d—pQE(ﬁ)ypz:mz (p* —m?) +... (8.22)
and taking the first renormalization condition into account, we end up with

Sp?) A&

2 —m? ding(p2)|p2:m2 = 0. (8.23)

For our example ¢*-theory, the on-shell mass counterterm is given by

\ o
5205 — - [AUV —In (m “) n 1] . (8.24)

As it was given as a condition of the on-shell schemes, the mass correction is equal to
ZEero.

S(p?) =0 (8.25)

Thus the renormalized mass is at the same time the physical mass and receives no
corrections. Therefore the mass counterterm contains additional finite terms.
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8.2. Renormalization Scheme in DMQNLO

The goal of DMQNLO is to provide the calculation of the cross sections including one-loop
corrections for processes that contribute to relic density. These shall be determined
uniformly for all processes. For this purpose a viable renormalization scheme must
be provided that can be reliably used over large regions of the MSSM parameter space.
Difficulties are the definition of the bottom (s)quark and top (s)quark sectors so that they
behave well over the full parameter space. While the top quark is directly measurable
and does not form hadronic states, the on-shell scheme can be used, whereas the bottom
quark forms hadronic states and is not directly measurable, so the DR scheme would be
a preferred choice. As the squarks are included in the calculation as external particles, a
treatment of the squark sectors in the on-shell renormalization scheme is recommended.

The trilinear coupling of the bottom quark A, also requires careful handling. Using an
on-shell renormalization scheme for A, we obtain the following renormalization constant

A, [134]

5A, = T:Lb[— (Ay — jrtan 8) dmy + ... ] (8.26)
For a parameter region where ptan 5 >> A, the counterterm would receive a large
shift, which would result in a large correction of Ay [134]. In addition, this would also
lead to large corrections in the Higgs mass. Therefore the trilinear coupling should be
treated in the DR scheme. Therefore, a hybrid on-shell DR schema is used to avoid
potential problems with sensitive parameters. In the next sections the details of the
renormalization scheme with respect to the renormalization of the squark, quark, gluon
and gluino sector are discussed. Furthermore, the renormalization of the strong coupling
constant a is briefly summarized. The renormalization and factorization scale is set to

W= \/mzmg,. (8.27)

8.2.1. Quark Sector

The renormalization considering the quark sector was investigated in Ref. [114]. When
considering the quark sector, we restrict ourselves to the third generation of quarks,
therefore in the following the mixture of quarks does not have to be considered.

The parameter to be renormalized are the quark fields and masses. The wave-function
renormalization is performed by introducing counterterms 02,/ for each chirality of the
third generation squarks

1+ 2157 0
L S e ) (8.28)
dr 0 1 + §5ZR qr
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The renormalization condition (8.21) fixed the wave-function renormalization constants

67, = 3%[ — T (m2) — m? (HL(mg) + ﬁR(m§)> (8.29)
+ 271% (HSL(mg) - HSR(m§>> e (HSL(m§> + HSR(mg)ﬂ ,
57n =67u(L & R), (8.30)

where II;, z(k?) and IIg; sg(k?) represent the vector and scalar parts of the two-point

Creen’s function as in Ref. [135] and II(m?) = (525 I1(k?) ] k22

As a next step, we introduce the squark mass counterterm. The top and bottom
quarks are treated in different renormalization schemes.

As already mentioned, the top mass is renormalized on-shell. The mass of the top

is set to its physical mass m; = 173.1 GeV, the counterterm for the top quark mass is

defined as
s _ 1 2 2 2 2
dmg> = 23‘%[77% (HL(mt) + HR(mt)) + gr(my;) + Hgr(my)| . (8.31)

The bottom mass requires special considerations, as it cannot be measured directly
in experiments and forms hadrons. In order to obtain a bottom mass in the DR scheme
of the MSSM, some intermediate steps have to be taken. First the bottom mass is
conventionally extracted in the MS? renormalization scheme. By using the next-to-
next-to-leading or renormalization group evolution, the mass of the bottom quark is
obtained at a scale . This mass mj>°" (Q) is then converted to a mass mp " (Q) in
the DR renormalization scheme. In the last step it must be considered that the threshold
correction Am,, contributes the mass through the transition from SM to MSSM. The

corresponding counterterm

OésCF
41

SmP* = (=2) mPA (8.32)

is determined with the mass in the DR scheme
my Q) = myt Q) — Amy, (8.33)

A way the mass of the quarks can enter the calculations is through the Yukawa
coupling of the Higgs bosons to the quarks. QCD and top quark induced corrections to
the Yukawa coupling of Higgs boson to bottom quark are already calculated up to order
O(a?) [136]. These are used to determine the effective Yukawa coupling. This effective
coupling is defined by

PP = [P (@) [1+ Aqep + AT (8.34)

2MS is a minimal subtraction renormalization scheme in dimensional regularization of the SM. The
whole divergent factor is absorbed in the counterterm.
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for each Higgs boson ® = h°, H?, A%, where [h®®(Q)]? corresponds to the usual MS-
Yukawa coupling of Higgs boson to bottom quarks. The QCD corrections Agcp are
given by

s 1 2
Aqep = = fTQ)CFZ + O‘ig’?) {35.94 - 1.359n4

3

AC) [164.14 — 25.7Tn; + 0.259n§] (8.35)
™
4

At [39.34 —220.9n; + 9.685n% — 0.0205nj’z] ,
™

and the top quark induced corrections AP for each Higgs boson ® are

2 2 2
n_ (@) [ 2 Q1 2mb<Q)}
Ay = 2 tanatan 1.57 3 log " + 9log 0 ] (8.36)
2 2 2
H _ ozS(Q)tana[ 2 Q 1 2mb(Q)]
AVEIES 2 tan 1.57 3 log e + 5 log 0 ) (8.37)
2 2 2
a_ 5@ 1 [23 Q1 mb(Q)]
AVRES 2 tan’ 516 log 2 + 6 log ok (8.38)

enters the corrected Yukawa coupling. These correction are taken into account, excluding
the one-loop part as it is provided consistently through our own calculation.

Due to large tan § or large A, the Yukawa coupling to bottom quarks can receive
large corrections even beyond the next-to-leading order. This large correction can affect
our analysis significantly, therefore we include these corrections. The corrections are
resummend in all orders in pertubation theory [132, 137], denoting the resumable part
by A,. With these the bottom quark Yukawa coupling is defined as

s ) = M2 (@) - 2 } (8.39)
b 1+ A tanatan 8]’ '
hWS’QCD’H(Q) tan o
MSSM,H / ~y _ 1
W) = [1 e 6} , (8.40)
PMSSMA (O (%) [1 AV } (8.41)
b 1+ A, tan? 8] '

As before, one-loop corrections are excluded and only the resummed remainder is con-
sidered, since the one-loop contributions are already part of our calculation.

8.2.2. Squark Sector

As in the last section, we only consider squarks of the third generation, stop and sbottom.
The wave-function renormalization counterterm 07;; is defined by

1
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including also off-diagonal terms in contrast to the case of the quark. The requirement
of the squark loop to have a unit residue (8.21), fixed the wave-function renormalization
counterterm. As a condition, we require that the mixing for on-shell squarks is absent,
leading to the counterterms

32i = ~R|THE () (8.43)
2%[ng(m§j)] o
82 = W : for i # 7, (8.44)

with the two-point Green’s function H?j for squarks.

Omitted by the mixing of squark of the third generation, the renormalization of the
squark masses is complicated. The masses m% for stops and sbottoms at leading order
are obtained by diagonalization of the mass matrix

U‘? ( m%L m%R ) (UQ)T — ( mgl 02 ) 7 (845)

m%ﬂ mfm 0 mg,
where
mi, = M%—l— (13" —eq sy) cos2Bmy +m? (8.46)
Mmhp = M{QU’D} + €q Sy cos 28 my +m? (8.47)
mip = mpy =mg(Ag—p(tanB)2"), (8.48)

relating the input parameters in the whole squark sector, which are defined in different
renormalization schemes. In the next step, we determine the dependence of the soft
supersymmetry-breaking squark mass parameters M % and M{ZU’ py of the three on-shell
masses mj, , mg,, Mz, and the input parameters contained in mjy (Ag mg). In the
sbottom sector the parameters M é and M]% are contained in the matrix elements m?

b,LL
and m% rp» Which are given by the on-shell masses as
mi . = l(m2 —i—mg)j:l (mg —mg>2—4mil
b,LL 2%, b 2 by bo bLR’
2
2 = 12 2 1 2 _m2) — 4
Myrr = 2 (mb1 + mbz) + 2\/<mb1 mb2> 4mb,LR'

(8.49)

One notices that there are two possible values for the parameters M é and M% and

consequently also for the third parameter Mé which can be found in one of the diagonal
elements of the non-diagonal scalar top mass matrix and is related to the first two
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parameters through

9 1
m:pp=—5—>
i RR 2 3
mg o — Mg
2 2 4 4
X (mflmﬂLL — mfl —+ mﬂLR) . (850)

The parameter M2 is common to both elements m%y ., and mtgy ;.- Given the freedom
to choose from two possible solutions for the squark soft supersymmetry-breaking mass
parameter, we can end up with two possibly very different mass matrices and two differ-
ent sets of mixing matrices (three out of four masses of the squarks would be the same
in both cases as they are used as input). In order to ensure a naturally small correction
to the mixing matrices when changing between our and the DR renormalization scheme,
we always select the solution which preserves the hierarchy between the mass matrix
elements in the scalar top quark sector mt% ; and mtg’ rr Which was present in the pure
DR scheme.

The DR counterterms of the trilinear parameters are given by

— 1 ~ 5 _ B B o
0AF = m, UL Uy (0m, )™ + U3y Ugy (6me, ) (8.51)
q 774 q 17d 2 2 \ sDR JLp— 2 g 2
+ (U1 Uty + Uty Us) (g, — mg,)00g" — ——= (Ut Utomg, + U5 Uzymg, ) | -

q

The mixing angles ; and 6; enter the calculation through the vertices and therefore
need to be renormalized. The corresponding counterterms read

G2

= a,CFpc, . ~ o\ 2 o o
(2 =22 (W) = (UR)) w2, — m2, + (VS VR, — USUB P
+ 8mymyUS U2 — 4m? — 4m§] , (8.52)
1 3L
00; = ) <5mq(Aq — p(tan B)~24 )

(U401, + UL UL, ) (m2, —m?2
+mgb Ay — UL UL, (6m?, - 5m§2)) . (8.53)

Which also includes the mass counterterm of the heavy stop

1
UsL Ul
+ 2UflU§’1 (mg1 — m§2)(59,; — 2mydmy, — (Ufl)zémtg1 + thémt>

omi =
2

{(U%Ué + U1£1U§2) ((Ufl)%ng,l + (Ugl)zémi
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8.2.3. Gluon Sector

As DM@NLO also includes processes with gluon in the final state and therefore as an
extermal particle, it requires renormalization [116]. Again using a wave-function renor-
malization constant Z,

1
AP s 7 AN = {1 4 2529] Ar (8.55)
to rescale the gluon field. The wave-function renormalization constant is connected to
the general two-point Green’s function of a vector field, parameterized as
krEY

(k) = g = S 1) +

krEY

e T (k?), (8.56)

with transverse II7 and longitudinal II* form factors. Considering the condition Eq.
(8.21)m the renormalization constant is expressed by

oI (k2)

(SZg:—?R W

kQZO} , (8.57)

containing ultraviolet as well as infrared divergences. Separating these divergences, the
ultraviolet part of the renormalization constant is given by

.1
570V = %E Cu — 2Tyny| (8.58)

with n, indicating number of all quarks. The infrared divergent part of the renormaliz-
ation constant is given by
a1

5 4
o7 — 52 2 —Teny .
! 4“[ 2Ca+3Tym (8.59)

where n, is the number of effectively massless quarks.

8.2.4. Gluino Sector

In all our analyses we adopt a convention where not only the complete next-to-leading
order corrections to the cross section should be rendered UV finite, but also all building
blocks such as the n-particle irreducible Green’s functions should be UV finite as well.
This choice requires to introduce wave-function renormalization constants not only to
the fields that correspond to the initial and final state particles but also to fields that
give rise to internal propagators. In our case, the only strongly interacting particle that
only appears in a propagator in our amplitude is the gluino.

In the case of the gluino, both wave function and mass have to renormalized in order
for the vertex corrections and propagator corrections to be separately UV finite. To this
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end, we introduce counterterms to the gluino wave function 6Z§  and the gluino mass
dmg as

vy o (14 30ZLP+ 3620P0) s, (8.60)

mg — My + 5m§ . (861)

All gluino counterterms are determined by considering the gluino two-point Green’s
function. The one-loop contribution to the two-point Green’s function is given by the
gluino self-energy diagrams shown in Fig. 7.4. This contribution can be parameterized
as

T(k) = (PLIT"(K?) + PpIl™(k?)) (8.62)
+mg (P (k?) + PRITPR(K?))

where 157 (k%) and TI525E(k?) are form factors which receive contributions from the
corresponding self-energy diagrams.

Even though the gluino is not an external particle in the processes considered in this
analysis, we still require that the residue of the propagator at one-loop order is set to
unity. This condition fixes the wave-function renormalization constant using the form-
factors as

6Z§/R _ _HL/R(mg) + ;(HSL/SR(mg) (8.63)

g g g

. HSR/SL(mg)> . m; (ﬁL/R(m2) + HR/L(mg)

+ HSL/SR<m§) + HSR/SL(m§)> :
where H’(mg) = % T (k%) K2=m2- Using the gluino wave-function counterterm renders
both the propagator and vertex corrections separately UV finite. Moreover, given that
the gluino is not an external particle, renormalization of its wave-function is not ne-
cessary for UV finiteness of the full next-to-leading order amplitude and so the full
amplitude is independent of the gluino wave-function counterterm. This constitutes
another consistency check of our analytical calculation.

The mass counterterm is determined from the on-shell condition which requires that
the gluino mass mg, which is an input parameter, is identical with the position of the
pole of the gluino propagator. It is given as

omg = smzR (HL(mg) + HR(mg)
HIH (m3) + 1197 (m2)) (8.64)
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8.2.5. a5 Renormalization

As a last step the renormalization of the strong coupling constant a; [116] is to perform.
The counterterms will be defined in the DR-scheme. The value is scale dependent and
has to be obtained from the conventional value extracted from experimental data at the
scale ) = my if the mass of the Z-boson. The steps that have to be taken are the change
of scale and the change to the DR renormalization scheme. Furthermore effects of heavy
particles and all colored sparticles have to be considered. The scale dependence of the
strong coupling constant in the SM in the MS-scheme at N™LQO is given by

dag

dlog,u BN mLO as - Z ak+26k ’ (865)
NS, 5 M,n p=5
introducing the shorthand notation a, = “=———, with n; as the number of effectively

massless quark flavors. In our case we use the expansion coefficient f3,, of the 3 function
at m = 3, at N™LO [138]

2
38
By =102 — SN (8.66)
5 2857 5033 L 3% 325 2
=——— - ——n
2 2 18 T 5y
B3 = 29243.0 — 6946.3n ¢ + 405.089n% + @n?’

After shifting the scale using the three-loop renormalization group equations from Q? =
m?% to scale of the calculation Q% = Qg,, we change the strong coupling constant in the

DR-scheme [139]
L MSC MS 2,11 1
MS YA 2
_ 0% - SC.T .
P = { T +< - ) <720A 8CF nf)], (8.67)

where both coupling constants are evaluated at the same scale. Taking the effects
of heavy top quark and heavy supersymmetric particles into account, the final strong
coupling constant is determined by

full __ DR
oy = oy {1

N (aDR> (20— CQ)] ’ (8.68)

with the first-order decoupling coefficient (; is given by

1 Qﬁ Qﬁ 1 Q?i
=——1 L log LS| L 8.69
o 6 % mt Z(13221:2 qz 2 o mg ( )

The second order is too long to be shown here, we refere to [140]. The counterterm of
o, in the MSSM in the DR-scheme is

oy = 22N [nq - 30,4} . (8.70)
8
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8.3. Vertex Counterterms

Having counterterms for masses, mixing angles, the strong coupling constant and the
wave function renormalization constants, the vertex counterterms can be constructed.
In the following, the construction of a vertex counterterm is presented on the example
of the gluon-quark-quark vertex Eq. (B.16).

Having the Lagrangian

L= _gsTthGZCYi,s/yMQj,t ) (871)

the corresponding coupling can be written as

(ITs )" (97 PL + g% PR) , (8.72)

with
97" = —9s0ij , (8.73)
97" = —gs0i; - (8.74)

The vertex counterterm has the same form as the tree level

(iT5 )" (097" PL + 695" PR) (8.75)

where the constants dg77%, receive contributions from the renormalization of the strong

coupling constant entering in form of Ag, ~ 555' Furthermore the wave function renor-

malization constants of the gluon and the quaris enter the vertex counter term, leading
to

1
593" = —g.(Ags + 502, +0Z1(a:)" + 0Z1(;)))di; (8.76)

1
093" = —g.(Ag. + 502, +0Z5(g:)" + 0Zr(5))) 0 - (8.77)
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Real Emission

Processes (6.1) and (6.2) can emit massless gluons, these diagrams also contribute to
the calculation of the NLO corrections. To discuss the emission of another particle, we
need to extend the calculation of the phase space from two particles in the final state
to a three particle final state. The emission of an additional massless particle results
in IR divergences, as did the virtual corrections. These IR divergences should cancel
each other out with the ones of the virtual corrections. The divergences result from the
integration of the gluon phase space. With phase space slicing, the integration can be
divided into different regions, whereby only one region retains the divergences.

In the following we discuss the phase space of the three particle final states, as well
as phase space slicing. In the end, we consider the real emission of gluons in our two
processes.

9.1. The Phase Space Element for Three
Particle Final States

In order to determine the three particle phase space, first a parametrization of it will be
defined, see Fig. 9.1. The pulses p, and p;, are those of the incoming particles, while k;
ko and k3 are those of the outgoing particles. Here the pulses lay in two planes, ki, ko
and k3 give the plane € and p,, p, and k3 lie in the plane o. £ is the angle between kj
and ky. n is the angle between the two normals to the plane ¢ and e. The phase space
element of the three particle final state is of the form

AR A Ed ks

dr o

5(15% - m§)5(k§ - mi)(S(kJ% - m§>5(4)(]91 +p2— ki — ke —k3). (9.1)

As a first step the delta function 6 (p1 + p2 — k1 — ko — k3) is used to eliminate the
integration over ko

Atk

dI' = ok §(k2 —m2)o(k3 —m3)6(k3 —m3) : (9.2)

ko=p1+p2—k1—ks
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9. Real Emission

Figure 9.1.: The phase space of a 2 — 3 process [129].

The delta-functions d(k? — m?) can be applied by rewriting the integration over the
four-momenta into

ko (k> — m?) = |k[2d|k|dk°dQS (k)% — |k|? — m?). (9.3)
Rewriting d|k| — d;é'f yields
- .
d*ko(k* —m?) = ’2|d|k\2dk:0d95((k0)2 — |k[? —m?). (9.4)

By integrating d|k|2 one receives |k| = \/k2 — m?2, which leads to

(k;O)Q — m?2

d*kS(K* —m?) = fdkoda. (9.5)
Therefore, the phase space element becomes
|kky||ks] 1
dl' = 4 (2ﬂ)5dk?d91dkgd935(k§ —m3) (9.6)
with
d)y =d cos&dn (9.7)
dQ3 =d cos0de . (9.8)
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Here, d{2; is defined in respect to 123 and €23 in respect to the collision plane. Rewriting
the d-function §(k3 — m3)

Ky —mi = (k3)" = [kof* — m} (9.9)
and using the three-momenta conservation

Pothr=hi+ky+k;=0, (9.10)
|ks| can be eliminated

k| =|k1|? + |ks|® + 2k, - ks

- - o (9.11)
:’/{31’ + ‘k3| + 2|k1||]€3| COSf
ks —m3 =(k8)* — |k1|* — |ks|* — 20ka| | k3| cos & — m} 0.12)
=(V/5 = k) = K§)* + 3+ m2 — m3 = 2/(k9)? — m3\/(k§)? —mEcos€.
Furthermore, energy conservation was used to rewrite kg
K+ ky + k) =/s (9.13)

and the fact that the outgoing momenta are on-shell k2 = m?. As a next step, the
integration over cos ¢ has to be performed. Using

1
0 dz = 9.14
J @)= s (914)
with
f'(cos€) = =2/ (k) — m3y/(KS)? — m3 (9.15)
the phase space element reduces to
1 1 0 0
dlI' = 3 (27T>5dk1d17dk3d cos fd¢ . (9.16)
Rewritten the d-function (9.12) yields
R Y R Rt Tt T ) e )

2,/ (k)2 — m3,/(k§)? — m3

The integration variables that are left over are two energies kY and kS and three angles
1,6 and ¢.
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Introduction of Dimensionless Variables

Instead of using masses and energies it is common to use dimensionless variables, defined
as

2KY m;
=L = —. 9.18
n=g M (9.18)

The energy conservation of the new particles becomes
2:U1+$2—|—l’3. (919)

Substitution of the integration variables dx; = %dkg gives the phase space element

s 1
dr' = @deldndxgd cosfd¢ . (9.20)

Furthermore, cos ¢ can be rewritten to

(2 —xy — x3)% + 4dps + dps — 4y — 23 — 23

(9.21)
2y/at — 4y a3 — w3

cosé =

Integration Boundaries

The angles give only a relative position related to the plane ¢, therefore the angles are
not bounded through conservation laws, leading to the following integration boundaries

n € (0,27), ¢ € (0,2m), 0e(0,m). (9.22)

Hence, z; and x3 are bounded through the conservation laws, which are included in cos &
Eq. (9.21)
|cosé| < 1. (9.23)

The limitation leads to two equations
Flan,eg) =(2 = 21— 23)° + 4 + 4y — 44 — o} — 22 = 2y/a? — 4y3\/aF — 42 < 0

g(x1,23) =(2 — 2y — 23)% + 43 + 4pi — dpi — x1 — 23 + 2\/:(;% — 4u§\/x§ —4u2 > 0.
(9.24)

The boundaries of z; andxs are given by
f(z1,23) =0 and g(w1,23) = 0. (9.25)

To include a cutoff energy for the emitted gluon, the integration of x; is integrated first.
The boundaries of z; can be calculated by solving (9.25)

max 1 (= T T
i = 5z [T+ ) £ Vai — 42— 2)(r —i2)| (9.26)

with the definitions

G=2—a3, T=1—m3+pd jpe=ps%u,. (9.27)
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Summary of Phase Space Element

The integration of the phase space element reduced to the integration over three
angles 7, ¢, 0 and two energies k¥, k9

1 1 0 0

The integration boundaries for the angles are given by
n e (0,2m), ¢ € (0,2m), 0e(0,m). (9.29)

The boundaries of the energies are limited by conservation laws

min max \/E mg + m4>2 —m
(k)™ =ms, (k)™ = TR (ms e > (9.30)
1 .
(K = 5 |o(rtmamo) £ Rl (r = mi)(r —m2)| . (9.31)
with
o=+s—ky, T=s5—2skS+mi mi=mzEtmy. (9.32)

Massless Particle in final state

If one of the final state particles is massless (e.g. photon or gluon) (we choose the
particle with the moment k3 to be massless), the formulas are simplified because mz;=0
(in dimensionless case us = 0). If the emission of a massless particle is treated with the
phase space slicing method, Chapter 9.3, the integration limit for the energy k9 is set
to a suitable cut AFE for a minimal energy of the outgoing massless particle. The angle
from the massless particle to the beam axis ¢ and the lower limit of the particle energy
k$ changes the limits to

0 (A0, m—AB), (K™ = AE. (9.33)

0.2. Parametrization of Final State Momenta

To perform the integration of the phase space the 4-momenta have to be rewritten
in the previous introduced parameters w1, z3,7,cos0,¢ (or in k% k9, n, cosf,¢). The
squared amplitudes can be expressed in terms of the masses and scalar products of the
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Figure 9.2.: New coordinate system for the calculation of the incoming 3-momenta of
the 2 — 3 process [129].

4-momenta. Therefore we rewrite the scalar products. The energy conservation

S :(kfl —I— ]{32 —f- ]{?3)2 = k% + k’g —f- k’% + 2]{31.]62 —f- 2]{'1./{?3 + 2]{32.]{33
= — K+ k2 + k2 + 2k1.(ky + ko + k3) 4 2ky. k3

9.34
= — kI k2 4 k2 25K 4 2k ks (9.34)
= —mg —}-mi —|—m§ + sxq1 + 2kq.ks3
is leads to
2ky.ks = s(1 — xp) — m3 +m3 —m3 (9.35)
2ky.ky = s(1 — 1) +mi —m3 —m3 (9.36)
2ky.ky = s(1 — x3) —m? —m3 +m3. (9.37)

Choosing the coordinate system as depicted in Fig. 9.2, choosing the beam axis along
the z-axis. The y-axis is defined perpendicular to the plane defined by the beam axis
and the 3-momentum ks, the x-axis results from & x § = 2.

Within the definition of the coordinate system the the 4-momenta p,, p, and k3 can
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be written as

s
o=V (1t = 12,0,0,(0— i — s — i) (9.33)
s
b 2\2[ (1 — 2 02,0,0, /(1 — 41— p3)? — 4/~L%/~b%> (9.39)
kL :\f (:)33, Va3 —4u3sind, 0, /a3 — 4p3 cos 9> : (9.40)

One momenta can always be eliminated by rewriting it in terms of the other four mo-
menta,leaving only the 4-momentum k; undefined. Using the reference frame defined
by(z’,y, Z') as in Fig. 9.2, the angles £ and 1 can be seen like the angles of the spherical
coordinates leading to the components

(k1)w =|ky|sin & siny (9.41)
(k1) —|k1|sin € cosn (9.42)
(k1). =|ky|sin€. (9.43)

The transformation back to the frame (z,y, z) is performed by

x =1’ cosf + 2’ sin @ (9.44)
y=y (9.45)
z=—2a'sinf+ 2 cosb. (9.46)
Resulting in
Kl = \f (:rl, 3 — 4;1%7?) (9.47)

with the unit vector 77 defined as

n, =(cos§ sin @ + sin € sinn cos 0) (9.48)
n, =siné cosn (9.49)
n, =(cos§ cosf — sin € sinnsinb) . (9.50)
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The scalar products therefore can be expressed as

D1 P2 :%(1 — i — M%) (9.51)
pok = [en (b ) - A (- d) s 952)

-(cos & cos f — sin € sin nsin 9)} (9.53)
p1 - ks :Z<(1 — i+ ,uZ)xg (9.54)

— /23— 4m§\/l — 2<u3 + u%) + (,ug — u%)Q cos 9> (9.55)

S
D1 - ko 25(1—M3+M2> —p1- ki —pi-ks (9.56)
pg-k’l:—pl-k‘1+m%—|—k1-k2—l—k1-k‘3 (957)
,p2~k2:—pl-k3+m§+k1-k3+k2-k3 (958)
p2~k3:—p1~k2+m§—|—/€1-k2+k2~k3. (959)

9.3. Phase Space Slicing

The IR-divergences from the virtual corrections are compensated by the emission of an
additional massless particle with zero energy, in our case the gluon. Since detectors
have an energy detection threshold, massless particles with almost no energy are not
detectable, so that processes with and without an extra gluon, with an energy below
this threshold, can be considered identical. To treat the three particle final state, the
phase space is divided as seen in Fig. 9.3 with the corresponding cross section

0" = g™ (1, AE) + "™ (AE), (9.60)
€IR

with the cut-off gluon energy AFE dividing the phase space, so that a soft cross section
(0%°™) can be calculated separately from the hard cross section (opawq). In our case, we
do not need to distinguish between collinear and non-collinear contributions to the hard
cross section, the collinear contribution is only of importance if the emitting particle
is also massless. Since we consider third generation quarks in the final state, there is
no need. The IR divergences only contribute to the soft cross section. Using the fact
that the gluon energy is small the soft differential cross section can be factorized into
the differential cross section without an additional gluon and an universal factor. The
IR divergence can be extracted from this factor, discussed in Sec. 9.4. The hard cross
section is determined by the integration of the summed amplitude squares depending on
the scalar products of the momenta in the 2 — 3 phase space. The final complete cross
section 0™ is independent of the cut-off energy AE.
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pL

T

hard
Ocoll

AE O-Ikllgi(—icoll

Figure 9.3.: Illustration of phase space slicing [129]. The parameter space is splitted in a
region defined by an cut-off energy AFE giving rise to the so-called soft cross
section (0*°*). The hard cross section (oya.q) is further divided in a collinear
and a non-collinear part. Whereby the collinear part is of importance if the
emitting particle is also massless.

0.4. Soft Gluon Emission

The 2 — 3 processes contributing to the calculation of the annihilation cross section
of the process (6.1) are depicted in Figs. 9.9 and 9.10, the ones of the process 6.2 are
shown in Figs. 9.5 9.6 9.8 and 9.7. Emissions of a gluon from propagator in case of
gluino t-channel and gluon s-channel or emission from vertex like in gluon s-channel do
not lead to divergences and are therefore only considered in "

In the following we show the factorization of the divergent part of a 2— > 3 process
in terms the 2— > 2 phase space. As an example we take the emission of a gluon from
an initial squark with momentum p,, see Fig. 9.4. The Amplitude of this diagram is

. 1 o ay *
Msoftgluon,pl = Zu(kl)( PL + 0 PR) (kQ) 592 gs(2p1 - k3 )ea(k3) )
(9.61)

s—mjp"" (p1 — k3)? —m2
for simplicity we neglect the color factors for the illustration of the factorization. The
coupling g, results from the gluon-squark-squark coupling (B.5), g, ¢* and g, are the
couplings of the tree level amplitude. Therefore the amplitude can be rewritten in terms
of the tree level amplitude M

Is o *
Msoftgluon,pl - ( ]{?3) (2p1 k3 >€a<k3)M%ee : (962>
Simplifying the denominator (py — ks)* — mj = 2piks, since pj = m? and k3 considered
zero. Furthermore in the numerator ks does not contribute to the calculation, ending
up with

piea(ks)
Msoftgluon,p1 =—9s—— ! L MTree . (963>
P1-R3
Considering the analog calculation of the other diagrams in Fig 9.6, we end up with
piealks)  poen(ks)  kien(ks) | ke (ks)
Mso uon = —Ys + M ce - 9.64
ftgluonp: g p1-ks3 pa.ks3 k1 ks k. k3 & ( )
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Figure 9.4.: Real emission of Higgs s-channel for §§* — ¢g with the emission of a gluon

from the incoming squark with the momentum p;. To illustrate the momenta
convention within the calculation.

1

Going one step further and considering the squared amplitude, including the color
factors

H 2 H |2 2 p% pg k% k%
Mso uon:Mreex_sC{ + + +
| fte! | | B | (g) g (pl-k3)2 (]92-143)2 (kl-k3)2 (kz-k3)2
B P1-P2 B k. ko }
(p1-k3)(p2-ks)  (K1k3) (ko ks3)
—I—O[— p1-ky B Da.ka
(pl.k?3)(k?1.k33) (pgk’g)(k’gk’?,)
p1-ka D2.k1 ]
+ + . 9.65
(b1 ko) (o) (pz.k3><k1.k3>} (9:65)

The average squared amplitude can be plugged in the cross section

(27T)45(4) (p — k?l — ]{32 — If3)|MH |2 y

softgluon

do — / d3k’1 dsk‘z dgk’g i
B (2m)32E) (2m)32F5 (2m)32FE;5 25
|ks|<AE
(9.66)
with 2s as the flux factor and AFE the cut-off energy of the gluon. In the soft approxima-
tion p— ki — ko — ks = p—k;, — ks is valid, simplifies the delta function to 8 (p—k; — k).
In the center of mass system the cross section can be rewritten as

dik?dQ APy 1 e
do = / (@2 2E, (2m)72, 25 20 Fon = B = Bo) Mgt (R = ).
k3| <AE

(9.67)
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with Ey = \/k} —m? and E; = /k3 — m3. By introducing a new variable

ki ks
LR 2 .
5t E2) . (9.68)

d(E) + B) = (

for the integration, the integral becomes

Ad(Ey + E»)k2dQ 1 d3ks
do = —6(Ecy — Fy — E / 0
7 1672k, (B, + E,) 25 (Eow = B1 = £) (27)32E;

"/\/lsho’ftgluon’2(];2 — El) :
|ks|<AE
(9.69)

Integrating out the delta function gives

kdQ 1 / dBhy

do = Sae e M |2(];2 — Eh (E1 + E3) — Ecy), (9.70)

16m2Ecy 25 (2m)32F, " softglion
|ks|<AE
with ]MgftgluonP(Eg — k1, (Ey + E3) — Ecy) in the kinematics of the 2 — 2 process.
Writing Eq.(9.70) as the differential cross section for a 2 — 2 process
do Ky 1 =3
Ly 9.71
<d§2> 1672 Ecy 28 S%% M (9.71)
factorizes nicely. The soft gluon result can be written in the form
do do g? d3ks
— | = —| —= 5 —T 9.72
<d§2> (d9>ﬁee “ np / 2E, (9.72)
|k3|<AE

where 7" includes the kinematic structure

p% p% k% k% P1-D2 k. ko

(p1-k3)? - (p2-k3)? - (Ky.k3)? " (K2.k3)? _(Pl-k3)(p2-k3) B (K1.kg) (ko ks) )

(9.73)

T:C’F[

The remaining integrals, which have to be solved, have the general form

dsl{g 2a.b
I, = . 74
ab / 2F; (a.ks)(b.ks) (9.74)

|ks|<AE

This integral is investigated within several publications [128] and theses [5], therefore
we will restrict ourselves to the solution of the general integral

———¢ —In—-1

(a)? — b2 " "

— 11 — =
2 AQ b2 4 PO+ |P|

N _ P=a«
P’ —|P P’ +|P
+Liy (1 - ||> + Liy (1 - H’) } : (9.75)
v v

P=b
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Figure 9.5.: Real emission of gluon s-channel for ¢G* — ¢q.

where A is the polarization of the emitted gluon and A the boundary.
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function Lis used here is defined in Sec. A.1. The constant « is given by the defined

4-momenta p and ¢ such that

choosing the solution which fulfills

aa® — b0

o >0

The parameter v is defined through an introduced short hand notation

} 1
l=p" =" =%[p—¢q and vi=q(p—q)=50"—-¢).

2

In the case that a and b are equal, the integral has the expression

With the solution of the Integral we can obtain the results for (9.72).
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Figure 9.6.: Real emission of higgs s-channel for §G* — qq.
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Figure 9.7.: Real emission of gluino t-channel for ¢¢* — qq.
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Figure 9.8.: Real emission of neutralino t-channel for §G* — ¢q.
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Figure 9.9.: Real emission of gluino t-channel for ¢G — qq.
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Figure 9.10.: Real emission of neutralino t-channel for gg — qq.
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Sommerfeld
Enhancement

When calculating the relic density in our case, an important contribution comes from
the annihilation of squarks moving with non-relativistic velocities. If annihilating, non-
relativistic particles couple to much lighter force mediators which in our case are the
gluons, the annihilation cross section is modified due to the well-known Sommerfeld
effect [141]. The reason for this modification is that the exchange of n gluons between
the initial state squarks (see Fig. 10) contains a correction proportional to (cs/vre)™.
This correction becomes significant and can spoil the perturbative expansion when the
relative velocity of the squark pair v, is comparable to the strong coupling constant
a,. In such a case these contributions have to be resummed to all orders leading to the
Sommerfeld effect.

Small relative velocities occur naturally in the freeze-out regime, Ey;, ~ Tro ~ Mo /25
and therefore the Sommerfeld resummation is expected to be relevant in the case of dark
matter annihilation in general and in our case in particular.

As for our processes of interest, §;§; — qq' and §(q;)* — q¢', the cross section is dom-
inated by the s-wave component (see Figs. 6.11, 6.12). We can factorize the resummed

t t
el TN o i el LT N
A\ A\
—_—
TR BE A SR
1 31

Figure 10.1.: Ladder diagram for a LO Coulomb potential. For non-relativistic velo-
cities, the initial state particles couple to light mediators, modifying the
annihilation cross section.
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10. Sommerfeld Enhancement

cross section as

(0V) resum = SO,[E] (Uv)gqu,[g] + S0,j6) (Uv)ggqu,[ﬁ] ) (10.1)
(Uv)resum = 507[1] (O"U)qT(;Se_}q@[l] + SO,[S} (Uv)q?\t;f:q(j,[S] 5 (102)

where we have split the leading-order cross section according to its color contribution
to the triplet and sextet (singlet and octet) configurations (see Sec. 6.3). S; (3) 6, (11,8]}
indicate the corresponding s-wave Sommerfeld factors, whose evaluation we discuss in the
following. In the non-relativistic limit, the resummation of the gluon exchange diagrams
as shown in Fig. 10 amounts to solving the Schrodinger equation with the corresponding
Coulomb potential. The Coulomb potential including gluon loops at next-to-next-to-
leading order was evaluated in [142] and extended by fermion loops in Ref. [143]. In the
MSscheme, the Coulomb potential reads [144]

(R]

VIRl = ) 0‘(/:0) (10.3)

[R]
X {1 - 0‘8(4“; ) [Qb()(ln(ﬁb[g]?“) +'7E> +a11 }

with vy = 0.5772 being the Euler-Mascheroni constant. Furthermore, we have defined

11 4

31 20
ap = ?CA — ? mr, (105)

where by corresponds to the one-loop [-function coefficient with C'y = 3 and Tp =
1/2. We treat the top as the only massive quark, such that we set the number of
massless quarks to five (ny = 5). The Coulomb potential, given in Eq. (10.3), describes
the interaction of any non-relativistic colored particles transforming in general SU(3)-
representations R; and Ry. The color structure of such a scattering process can be
decomposed as

RioR. =R @&R". (10.6)

The color factor C® is given in terms of the quadratic Casimir operators of the relevant
SU (3)-representations as

i a a 1 a a a a
CRT = W'Ty = 9 [(TI + 15 )2 - (TI )2 - (T2 )2] (10~7)
1 i .
=3 (CR —CcP —CR2)  where R'=R/,R".
In the case considered here, the two squarks in the initial state both transform under
the fundamental representation of SU(3) and the color decomposition is 3 ® 3 = 3 & 6.
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10. Sommerfeld Enhancement

Using the quadratic Casimir operators for the fundamental, the sextet, the singlet and
the octet representations, we obtain [145]

1 1
3 _ = ) =
=3 <1+NC) 2/3, (10.8)
06—1(1—1)—1/3 (10.9)
2 N, T '
C'=Cp = Z, (10.10)
1
8 —
= -0 (10.11)

The Sommerfeld factors are then obtained by solving the Schrodinger equation

mid V2 4+ VIRIr) — (Vs + zFfl)} G (r; /5 + Ty,
= 66)(r) (10.12)

with the reduced mass myeq = (mz mg)/(mg+mg) of the two annihilating particles ¢ and
¢'. The solution of the Schrodinger equation with the NLO Coulomb potential defined
in Eq. (10.3) is given by the Green’s function G®l(r, E+il;) = G®l(r v’ = 0, E+iTy)).
The Sommerfeld factor which is used to correct the cross section in Eq. (10.1) is given
by a ratio of two Green’s functions at the origin (r = 0) [146, 147]

S[G™(0, E +ily)]
3[90(0, E + Zrt~1)] ’

So,R] = (10.13)
where the Green’s function Gy(0, E + iI';,) stands for the solution of the Schrodinger
equation without any Coulomb potential. The solution to Eq. (10.12) at the origin is
well known [148], and we consider here all terms up to NLO,

2 C[R] R]\, 2
G[R}(07 \/§+ irfl) — UMeqUs + Oés(/lc )mred
T
[R]
a
X |gro + (4“0 ) grto] (10.14)
T
where the LO and NLO contributions are given by
gro =L -, (10.15)

g0 = Bo| 17 = 2050 — ki) + 5 + (O
— 3 — 2k O 14 F35(1,1,1,1;2,2,1 — ;1)

+a [L — O ¢ w“)} . (10.16)
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In Egs. (10.15)-(10.16) and in the following, we use the short-hand notation
iCMa, (ne)
K= —————=

10.17
7 ; ( )
T — 2May
oy = (V50 = 2wy (10.18)
ered
| i
L=In—%—. 10.19
n4mredvs ( )

Moreover, 1™ = (™ (1 — ) is the n-th derivative of 1(z) = 4 + d/dzInT(z) with
the argument (1 — &), 4F5(1,1,1,1;2,2,1 — &; 1) a hypergeometric function, and myy,, =
(mg + mg)/2 the average mass of the two incoming particles. Note that in the case
of identical initial state particles the parameter v in Eq. (10.18) is the non-relativistic
velocity of one of the incoming particles, and should not be confused with v, = 2vs,
the relativistic, relative velocity of the two annihilating particles. In order to calculate
the Sommerfeld factor in Eq. (10.13), we also need the Green’s function that solves the
system without any potential term in Eq. (10.12), which is given by

2
3[Go(0, E +iTy,)] = % (10.20)

Finally, we need to fix the scale uc that appears in the potential and has an impact on

the evaluation of oy in the Sommerfeld factor. We follow here the treatment presented
in Ref. [145] and set

p,g{] = max {4mredvs, ,ug{]} : (10.21)

where 4m,qus is motivated by the typical momentum exchange of the gluons in the
ladder diagram and the scale u%{] corresponds to twice the inverse Bohr radius rg. It is
defined via

P =2 /rp = 20, g0, (1) (10.22)

In order to obtain ,ugﬂ, we solve Eq. (10.22) iteratively.

As the box diagrams in the full NLO calculation also contain the velocity-enhanced
part of the one-gluon exchange, which is at the same time already included in the
Sommerfeld resummation, we have to subtract this contribution in order to avoid any
double counting.

To isolate the velocity-enhanced term from the box contribution, we expand the box
contribution in the relative velocity (for details see App. C.3). We then construct the
subtracted cross section (ov)3°, based on the expanded matrix element of the box
diagrams given in Eq. (C.20). The leading velocity-enhanced term of the subtracted
cross section is

su OCS(ILR)TF
(00Xt ~ D (U : ) B (g’ (10.23)
R re
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Comparing Eq. (10.23) with the next-to-leading order part of the Sommerfeld resum-

mation which arises from the imaginary part of g0, namely ¢i*> = im/2, and reads

C[R]QS(ILL[R])W
CONSEEDY (2@0 (o) (10.24)
R s
[R]

we see, that given C®l = Choe and vg = vy01/2, the two expressions differ in the scale at
which the strong coupling constant is being evaluated. While in the perturbative NLO
calculation ay is evaluated at the renormalization scale ur = /mgmg, in Sommerfeld
resummation the characteristic scale pc is used. By choosing to use Eq. (10.23) to
avoid the double counting, we make use of the fact that the natural scale used in the
description of the interaction between incoming particles at small velocities is pe. This is
consistently used to all orders in the resummed cross section (00)esum given by Eq. (10.1).

The full next-to-leading order cross section including consistently also the Sommerfeld

resummation reads
(Uv)full = (O-U)NLO + (Uv>resum - (O-U)Sl\}llljo . (1025)

Because of the large trilinear couplings in the scenarios, it might be interesting to study
the Sommerfeld enhancement coming from the exchange of Higgs bosons [149, 150, 151,
152, 153, 154]. In the regime of Sommerfeld enhancement, also bound state formation
can potentially occur, giving rise to new annhilation channels and thus altering the relic
density prediction. This has been previously studied for stop-antistop annihilation for
both gluon [155] and Higgs exchange [156]. Such studies, however, are far beyond the
scope of this work and are left for future analyses.
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Numerical Results

11.1. The NLO Cross Section Results

In this section we present the first result of our analysis, which is the impact of SUSY-
QCD next-to-leading order corrections on the annihilation cross sections of scalar top
or bottom pairs. Apart from the cross section (or more precisely ov) we also show in
arbitrary units the Boltzmann distribution function which is involved in the calculation
of the thermal average (ov) at the freeze-out temperature (grey shaded area). It should
serve as a reminder that the cross section contributes to the determination of the relic
density only in a limited range in the center-of-mass momentum p,,.

11.1.1. Scenario |

In the first scenario introduced in Sec. 6.1, the mass splitting between the lightest neut-
ralino and the lightest stop quark is relatively large. As a result the dark matter an-
nihilation cross section receives important contributions not only from the stop pair
annihilation into top quarks but also from the neutralino-stop co-annihilation into a
top quark and a gluon and other final states. The results of SUSY-QCD corrections
for these processes are shown in Fig. 11.1. As described in the previous section, the
next-to-leading order cross section consists of vertex corrections, propagator corrections,
box corrections, counterterm contributions and the real radiation cross section, which
has to be added to render the prediction infrared finite. The corrections from each
contribution are not shown in Fig. 11.1 due to the cancellations of the ultraviolet and
infrared divergencies between the contributions, which make each contribution on its
own ill defined. In addition to the NLO cross section, we include also the enhanced
higher-order contributions stemming from the non-relativistic Coulomb correction.

In case of the annihilation of a pair of scalar top quarks, both initial particles are
colored and in the limit of vanishing relative velocity of the squark pair, the Coulomb
corrections dominate the full corrected cross section. The origin of these corrections is the
exchange of multiple gluons between a pair of slowly moving squarks in the initial state
and the details were discussed in Sec. 10. The effect of the Coulomb corrections strongly
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depend on the color multiplet, in which the pair of squarks transform. Based on the color
decomposition presented in Sec. 6.3, the annihilation cross section ¢, £, — tt in Scenario
I is dominated by the contribution where the squark pair forms a SU(3)—sextet (see
Fig. 6.11). In this representation the multiple exchange of the gluons can be described
by a repulsive non-relativistic QCD potential, as discussed in detail in Sec. 10. That
is why the Coulomb corrections in this case cause a reduction of the cross section. As
already discussed in the previous section, the next-to-leading order cross section contains
the one-loop contribution included also in the Coulomb enhancement. This one-loop
contribution can be traced back to all box diagrams in Fig. 7.12, where one gluon is
exchanged between the incoming squarks. The contribution from this class of diagrams
dominates the one-loop cross section for small velocities and is so large that it causes
the cross section with one-loop corrections to be negative (see the green dashed line in
Fig. 11.1). As discussed in Sec. 10, in order to prevent double counting, we remove the
part of the box contribution which is already included in the Coulomb resummation.
This allows us to quantify the pure one-loop correction to the annihilation cross section
without any enhancement (red dash-dotted line in Fig. 11.1). We see that the one-loop
correction without the enhancement is a large positive correction of about 30-40% over
a large range of pe,,.

Comparing the result for the non-enhanced NLO cross section with the full result,
which is the sum of the non-enhanced NLO cross section and the Sommerfeld correc-
tions shows that the latter are important for all relevant values of p.,. Starting at
the largest value of p., ~ 600 GeV which is still relevant for the determination of
the relic density, we observe that the Coulomb corrections already reduce the constant
30% NLO correction by a few percent. For smaller relative velocities corresponding to
Pem ~ 150 GeV', the NLO correction is fully cancelled by the Coulomb corrections, and
for very slow velocities the Coulomb corrections take over and the overall correction
is large and negative. For almost vanishing velocities the total cross section becomes
negative due to this large negative correction. Even though a negative cross section is
unphysical, the fact that the cross section vanishes should not be very surprising. The
dynamics of the squark pair in the regime when Coulomb corrections are very large
(meaning for vanishing velocities) correspond to a motion of the pair in a highly re-
pulsive QCD potential. This in turn means that large repulsive forces repel one squark
from the other reducing the probability of annihilation and thereby reducing the cross
section. The cross section becomes negative only for p.,, < 10 GeV, which is irrelevant
for the relic density determination, as for such small momenta it is multiplied by an
almost vanishing Boltzmann distribution function.

In summary, we can conclude that SUSY-QCD corrections to ¢, ¢, — tt are size-
able either through the one-loop corrections for large p., or the enhanced Coulomb
corrections for small pc,,.

The co-annihilation processes important in this scenario were discussed in detail in
Refs. [114, 116]. In Fig. 11.1 we also show the effect of the SUSY-QCD corrections on
the co-annihilation cross sections in Scenario I. We see that the next-to-leading order
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corrections in the case of co-annihilations are substantial ranging from -30% in the case
of the co-annihilation into top quark and Higgs-boson final state to +50% in the case of
the top gluon final state. There are a few substantial differences such as the fact that
the corrections are negative in the case of co-annihilations with electroweak bosons or
Higgs bosons in the final state or that there is a large difference between our leading
order result and the micrOMEGAs result for the co-annihilations with electroweak and
Higgs bosons, which can be traced to a different definition of underlying parameters
in our renormalization scheme. The next-to-leading order correction with respect to
the micrOMEGAs result is largely reduced to at most -10%. Given that our leading order
prediction for the co-annihilations into top quark and a gluon coincides with micrOMEGAs
prediction, the large next-to-leading order correction gives directly also the correction
with respect to the micrOMEGAs result.

11.1.2. Scenario Il

In the second scenario, the choice of parameters such as tan [ and the gaugino and
squark mass parameters cause the masses of the lightest neutralino, the lightest scalar
top and bottom quarks to be almost degenerate. This leads to different processes con-
tributing significantly to the total dark matter annihilation cross section. The smaller
mass difference renders co-annihilations ineffective and the fact that three particles are
mass degenerate leads to a larger number of annihilations. Moreover, the large value of
tan 0 enhances the gaugino exchange in the case of the stop-sbottom annihilation, and
this together with a different color structure makes this annihilation dominant in the
case of Scenario II.

The full next-to-leading order results for three dominant processes are shown in
Fig. 11.2. The processes t1 ¢, — tt and 51 51 — bb have very similar features to
the annihilation of a pair of scalar top quarks in Scenario I. The main difference in this
scenario is the process £;b; — tb, which has an entirely different decomposition of
the leading order cross section in terms of the ¢- and u-channel exchanges combined
with a different color decomposition, which is essential in explaining the behaviour of
the NLO cross section. Similar to the already discussed case of ¢1¢; — tt, the NLO
correction contains a velocity enhanced term, which is already resummed in the Som-
merfeld correction. In order to avoid double counting, we define again the non-enhanced
NLO correction oxp,o, Where we subtract the term which is already accounted for by the
Sommerfeld resummation (red dash-dotted curve in Fig. 11.2). As one can see in Fig.
11.2, the non-enhanced NLO correction is substantial in all processes in Scenario II. In
the case of stop pair or sbottom pair annihilations, this NLO correction is compensated
by a large and negative Sommerfeld correction which is here derived from a repulsive
QCD potential. The color decomposition of the &1 b; — tb shows (see Fig. 6.11) that
in contrast to the other processes, the cross section is here dominated by the part where
the initial stop and sbottom quarks transform as a SU(3)—triplet. In this color configur-
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ation a pair of slowly moving squarks experiences an attractive strong force, which leads
to a large enhancement of the annihilation cross section. Comparing the full result (solid
blue line in Fig. 11.2) with the result containing just the non-enhanced NLO corrections,
we see that the Sommerfeld enhancement is important over the whole region in p,, that
is relevant for the calculation of the relic density.

It is worth mentioning that due to the large value of tan in Scenario II and to
the fact that the chargino u-channel exchange gives an important contribution to the
cross section £, b; — tb, the Yukawa corrections to the chargino exchange can give a
non-negligible contribution. We have included the tan 3 dependent Yukawa corrections
even beyond next-to-leading order in the full result and show their effect separately in
Fig. 11.2 (yellow dashed line). Even though the Yukawa corrections are non-negligible,
they are small (about 3%) compared to the remaining SUSY-QCD corrections or to the
Sommerfeld enhancement.

The full correction to #,b; — tb is larger than 50% over the whole relevant range
of pem and can even exceed 100% (without threatening perturbativity as this correction
originates from a resummation). We will show in the next section that using the fully
corrected annihilation cross sections in Scenario II has a large impact on the relic density.

11.1.3. Scenario Il

In the third scenario, the squark mass parameter cause the masses of the scalar top and
bottom quark mass to be almost degenerate. The Higgs mass which is almost twice the
third squark mass lead to an resonance, enhancing the squark-anti-squark annihilation
through the s-channel Higgs boson exchange. Making the annihilation dominant for the
relic density calculation.

Due to the fact that this annihilation is still under investigation, we will confine
ourselves on the stop-anti-stop annihilation cross section, which is shown in Fig. 11.3.

In contrast to the cross sections discussed above, the NLO cross section (green dashed
line) contains resummation contributions. In order to avoid double counting of these
contributions, they are deducted from the resummation contribution. This causes both
the full cross section (blue solid line) and the NLO correction to have an enhancement
at low pem.

The correction from the NLO contribution are large due to the Higgs resonance which
already starts in the still enhanced region of the resummation. When the Higgs resonance
decrease we observe a different enhancing mechanism, which is still under investigation.
This enhancement occurs from the overlapping of two annihilation processes when con-
sidering the 2 — 3 processes. Taking for example the s-channel gluon exchange, we can
have a gluon emitted from the propagator, this diagram has the same final states as the
annihilation of squark-anti-squark into gluon-pair final state, when one of the final state
gluons annihilates further into a quark-pair. The squared amplitude of this diagram usu-
ally cancels the nearly divergent parts of the gluon renormalization. For smaller masses,
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like the bottom quark mass, this enhancement becomes even larger. The treatment of
this enhancement is part of further research.

11.2. Impact on the neutralino relic density

We finally come to the discussion of the impact of the corrections presented in the last
chapters on the neutralino relic density QX? h?. To this end, we have implemented the cor-
rections into the numerical code DM@QNLO, which is used as an extension to micrOMEGAs.
In practice, this means that the Boltzmann equation is still integrated using the latter,
while the cross section calculation of the relevant processes (see Tab. 6.2) is performed
by DM@QNLO instead of CalcHEP.

In the following, we will illustrate the impact of the corrections by comparing the
relic density obtained using the full DMQNLO NLO calculation to the values obtained
using the tree-level calculation of micrOMEGAs/ CalcHEP. Since scenario III is still under
investigation, the analysis here is reduced to the first two scenarios.

11.2.1. Scenario |

We start by examining the impact of NLO corrections in the vicinity of Scenario I,
where we compare the relic density obtained from the micrOMEGAs calculation to the
one obtained using our full NLO result as presented in the last chapters. The impact is
illustrated in Fig. 11.4, where we show the corresponding viable regions of parameter
space in the M;-Mz, plane. As can be seen, the favoured parameter region where
the calculated relic density satisfies the experimental constraint, Eq. (3.9), is shifted
towards smaller mass parameters in order to compensate the increased annihilation
cross section. It is important to note that this shift is larger than the width of the band
which corresponds to the Planck 2o-uncertainties.

The situation changes for higher masses, where the processes discussed in this work
and corrected at the NLO level, are less relevant. The correction of the remaining
processes relevant in this part of parameter space are left for future work.

In Fig. 11.5, we show the same results in the vicinity of Scenario I, but this time
projected onto the plane of the physical neutralino and stop masses. Note that, here,
the variation of the physical masses solely stems from varying the parameters M; and
M, respectively, while all other soft parameters, including those that in general may
influence the neutralino and stop masses, are kept fixed to the values of Table 6.1. From
Fig. 11.5, we see that the cosmologically favoured region of parameter space is shifted
by about 7 GeV in both the neutralino and the lighter stop mass.

These results lead to the conclusion that the corrections presented in this work are
relevant when performing an extraction of either physical masses or fundamental model
parameters from cosmological data. Let us note that this conclusion is the same as for
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the previous analyses of other processes entering the calculation of QX? h? (109, 110, 111,
113, 114, 116, 117].

In order to get a better understanding of the impact of the different contributions
to the annihilation cross section o,,,, and consequently to the relic density Qx(l)hQ, we
have performed a one-dimensional scan along the region where micrOMEGAs predicts the
correct relic density varying simultaneously the parameters M; and Mj,. The result of
this scan is shown in Fiig. 11.6 as a function of both parameters while all other parameters
were fixed to the values given in Tab. 6.1.

First, it can be noticed that our tree-level prediction differs from the micrOMEGAs
result. This is a direct consequence of the corresponding difference in the annihilation
cross sections, as discussed in Sec. 6.2 and shown, e.g., in Fig. 11.1. Taking into account
the corrections discussed in Sec. 7, it can be seen that the total correction is split
into two parts associated with the relevant classes of processes, namely ¢1#; — tt and
Wt — qg,qV, q¢. Fig. 11.1 shows that the correction to the relic density in Scenario I
is dominated by the corrections to the co-annihilation processes even though at leading
order these processes contribute about a factor two less than #;¢; — tt. This is a
consequence of the Sommerfeld supression of the annihilation cross section as discussed
in Sec. 11.1. Moreover, we see that for lower bino/squark mass parameters M, /Mg,
the correction to the co-annihilation processes is numerically more important than for
large mass parameters. This is explained by the fact that the relative importance of
the co-annihilation processes is higher in this region of parameter space (see, e.g., Fig.
6.4). Moving towards higher values of M, the relative importance of the stop-pair
annihilation increases and, consequently, the associated correction to the relic density
becomes more important.

Overall, the relic density obtained using our full (i.e. NLO including resummation)
caluclation is about 6% smaller than the one obtained by using micrOMEGAs. Again, we
emphasize that this shift is more important than the uncertainty given by the Planck
measurement, which is, at the 20 confidence level of about 2%.

11.2.2. Scenario Il

Let us now focus on Scenario II, where not only ¢#; — t¢ is relevant, but also the related
processes bib; — bb and #;b; — tb give sizeable contributions to the annihilation cross
section 0,,,. Therefore they need as well to be corrected at the NLO level including the
resummation, as discussed in the last chapters.

Again, we start by depicting the parameter region compatible with the measured value
for the relic density (see the second row of plots in Fig. 11.4) in the vicinity of Scenario
IL, in this case in the M;-Mj;, plane, which are the relevant neutralino and squark mass
parameters. Similar to Scenario I, as discussed above, the viable regions with respect to
the relic density is shifted towards lower masses. Here, the shift is again more important
than the uncertainty and is much larger than in Scenario I. It corresponds to a shift
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of about 17 GeV in the bino mass parameter M; and about 15 GeV in the left-handed
squark mass parameter Mg, .

In terms of physical masses, shown in Fig. 11.5, this corresponds to a shift of about
17 GeV for the neutralino mass, and of about 15 GeV in the lighter stop mass. Once
more, these findings underline the importance of the presented corrections in the light
of precision cosmology. It is to be noted that for this part of the analysis only M; and
M5, have been varied and the results have been projected on the so obtained plane of
the physical neutralino and stop masses, while all other parameters have remained fixed
to the values given in Tab. 6.1.

In order to decompose our full NLO prediction for the relic density into the contribu-
tions from different processes, we show in Fig. 11.6 the NLO corrected contributions to
the relic abundance from individual processes along the region where micrOMEGAs pre-
dicts the correct relic density varying simultaneously the parameters M; and M;, . We
see that already using our tree-level annihilation cross section with differently defined
input parameters shifts the relic density by a few percent (black dashed line). In all
remaining contributions we use our tree-level annihilation cross section for all relevant
processes. Starting from our tree-level, a very small correction of about 1% in the whole
region comes from including NLO corrections only to the #;£; — tt and 5151 — bb.
It is important to point out that the reason for this extremely small correction is the
Sommerfeld enhancement, which in this case in fact suppresses the cross section. This
is due to the repulsive nature of the dominant SU(3)—sextet contribution. Even if the
full correction to the cross section was large and negative for small p.,, (see Fig. 11.2),
interestingly the correction to the thermal averaged cross section is still positive leading
to a drop in relic density. The largest contribution comes from the annihilation cross
section of £;b; — tb. The first reason is the large contribution of this process to the
total annihilation cross section already at tree-level (see Tab. 6.2). The second reason is
the large Sommerfeld enhancement emerging from the attractive potential of the dom-
inant SU(3)—triplet contribution, which in this case makes the full correction to the
cross section extremely large. We see that depending on the dominant contribution of
the color decomposition, SU(3)—sextet or SU(3)—triplet, the Sommerfeld corrections
either suppresses or enhances the cross section such that the total SUSY-QCD correction
to the relic density over the whole range is about 25%. This results in the visible shift of
the preferred parameter region, which is much larger than the experimental uncertainty
given in Eq. (3.9).
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Figure 11.1.: Annihilation cross section ov for the stop annihilation into top quarks
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els) for Scenario I, computed using the micrOMEGAs tree-level calculation
(MO), our leading-order calculation (Tree), our fixed-order NLO calcula-
tion (NLO, only first panel), our fixed-order NLO calculation without the
velocity enhanced part of the box contributions (NLOg, only first panel),
and our full NLO calculation including resummation (F). The lower part
shows various relative cross sections according to the second part of the

legend.

150



11. Numerical Results

1078 — - 1078 — -
tt1 — tt (Scenario Il) byby — bb (Scenario Il)
e i S & LT N ===
- A > o
O owmo (oF/omo) 8 omo (oFlomo)
.:. 9 === OTree (OTree/OMO) ':' O Tree (O Tree/OMO)
o 1077 —== ono ) ono
== ONLOs (ONLOs/O Tree) ONLOg (ONLOs /O Tree)
0r (0F/OTree) 0 (0F/OTree)

= E s E

o E o E

v} E o E

< E o E

1200 00

by — tb (Scenario II)

omo (oFlomo)
=== OTree(OTree/OMO)
—== ono
—— ONLO; (ONLO,/O Tree)

—— 0r(0F/OTree)

ov[GeV~?]

oM,

rel. corr

o
o

pem [GeV]

Figure 11.2.: Same as Fig. 11.1 for the three quark-annihilation processes relevant in
Scenario II. In the last panel, we show in addition the cross section for
chargino u-channel exchange with S-enhanced Yukawa corrections (oany, )-

10-5 #Ht, — ft (Scenario Ill) |
T 1077\
) S——=fF="
N I o e —
® -9 | B Ey—
9. 10 owmo (oFlomo)

=== OTre (OMO/OTrec)
——= omo

—— 0F(0F/oTree)

T T T
pen [GEV]

Figure 11.3.: Annihilation cross section ov for the stop-anti-stop annihilation process
relevant in Scenario III.

151



11. Numerical Results

1450

1400

1350

1300

M, [GeV]

1250

1200

1150

(Scenario )

1250 1300
M [(;e\/]

1150 1200 1350

1700

1650

1600

1550

1500

MaL [GeV]

1450

1400

1350

(Scenario I1)

1400

1450 1500 1550 1600 1650 1700 1750 1800

M, [GeV]

Figure 11.4.: Parameter regions compatible

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.1

)
i}
=2
®
3
s o
° 0
g_‘
s =
2
5
[y
O
o
o)
-
=2
®
=
a 3
b~ [}
° o0
s =
= 5
5 =
Ee]
=
5
[
O
O

1300

1280

1260

1240

1220

1550

1500

1350

(Scenario )

1580
M [(56\/]

1240 1260

1300

1320

1500 1550
M, [GeV]

1450

1600

(Scenario I1)

1650

presented in the M;-Mj, plane around Scenario I and in the M;-

are excluded due to stop LSP.

1340

1330

1320

1310

1300

M; [GeV]

1290

1280

1270

1260

(Scenario I)

1280
My [GeV]

1240 1260 1300

Figure 11.5.: Same as Fig. 11.4, but projected into the plane of the physical neutralino

and stop masses.

1320

Contribution of #— tt
M, [GeV]

152

1700

1680

1660

1640

1620

(Scenario I1)

1620 1640
Mi? [GeV]

1580 1600

1660

M-

q

0.1

0.1

Contribution of DM@NLO

Contribution of DM@NLO

with the Planck limits given in Eq. (3.9)
. Plane
around Scenario II. The orange band corresponds to the micrOMEGAs cal-
culation, while the blue band stems from the full DMQNLO one-loop calcu-
lation. The right panel corresponds to a zoom into the left panel around
Scenario I (or Scenario II), which is indicated by the red dot. Grey regions

Contribution of DM@NLO



11. Numerical Results

M, [GeV] My, [GeV]

1000 1100 1200 1300 1400 1450 1500 1550
(Scenario 1) [ 4 (Scenario I1) -
Quoh? 0.12- - Quoh?
0.12 Loo--- Quen? it oo e cciiciaaooas - Qrh?
— Qrh? — Qrh?
TE, __________________________________________________ —— Qih? '357 0.11 F —— Quh?
< i B & L o
0.104 F
0.114 = R t
0094 i j
- Tree /2 Q770 /Q
L s D PP — o I N e T T T T T T T T T — Qo
5 0.96 e B N | F—— Quom s 1 Fo—— Qufam
0095 i e T Fooos awane o084 Foo quow
© 0.94 r [ ]
- - o o6 L +—
1100 1200 1300 1550 1600
M; [GeV] M; [GeV]
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our full one-loop calculation including the resummation (ph?). For Scen-
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Conclusion

Although the Standard Model successfully describes countless experimental observations
in (astro)particle physics, some questions remain unanswered. As a part of this thesis,
the MSSM was discussed as a possible extension of the Standard Model. The basic
structure of the supersymmetric algebra was discussed all the way to the Lagrange
density. The MSSM was summarized including its particle content. Current analyses
of ATLAS and CMS were shown, which gave information about the parameter space in
the MSSM for our later analysis.

With the open question on the nature of dark matter we reviewed astrophysical obser-
vations. We discussed properties and possible particle candidates for dark matter. We
also briefly talked about ongoing experimental research on dark matter, including its
current results. Furthermore, we discussed the determination of the relic density, which
is well predicted by the Planck collaboration.

As an experimental project, the electric field configuration of the Hamamatsu R12199-
02 MOD three-inch PMT was investigated using a finite element simulation. The con-
sidered setups are relevant for use of this PMT in the newly developed optical module of
the future extension of the IceCube neutrino telescope. The negative impact of conduct-
ive materials in the vicinity of the photocathode or the dynode system, associated with
increased noise levels, was reproduced in the study. The effectiveness of the intended
noise reduction measures, i.e. connecting the PMT reflectors to the cathode potential
and coating the PMT with a conductive layer at the same potential ("HA coating"),
could also be demonstrated. This study resulted in an improved understanding of the
mechanisms of increased PMT noise as well as its reduction.

Scenarios in the MSSM with light stops are still very appealing due to their poten-
tial to address many problems that the MSSM with heavy particles might have. The
contribution of squark- and squark-anti-squark annihilation to relic density as a func-
tion of mass difference of squarks to dark matter particles was discussed, and scenarios
were presented in which squark- or squark-anti-squark annihilation provide important
contributions to relic density. Those scenarios pass all current experimental constraints.
The scenarios and the surrounding parameter space were analyzed for contributing pro-
cesses. Furthermore, the contributions of the individual channels to the respective cross
sections were discussed, as well as the color separation of the respective cross sections for
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identical and different particles. We focused on the SUSY-QCD corrections to squark
pair annihilations into quarks and squark-anti-squark annihilation into a quark pair. We
have reviewed the details of the one-loop calculation and of the Sommerfeld enhance-
ment. We have shown that the one-loop corrections of the cross sections are sizeable
even without the Sommerfeld enhancement. The Sommerfeld corrections are shown to
cause two different effects depending on the nature of the strong force between the pair
of incoming scalar quarks. In the case of annihilations between the same type of squarks,
the enhancement turns into a reduction of the cross section as here the squarks experi-
ence a strong repulsive force. If the scalar quarks are different, however, the cross section
is strongly enhanced due to the attractive strong force, like it is the case for squark-anti-
squark annihilation. Finally, we have investigated the impact of the corrections of the
squark annihilation on the predicted relic density of the first two scenarios. We have
demonstrated in our typical scenarios that even with the Sommerfeld reduction, the cor-
rections are larger than the experimental uncertainty. In case of an enhancement, the
corrections cause a 25% shift in the preferred parameter region where the relic density
satisfies the experimental constraints.

Further investigation is needed to finalize the analysis on the squark-anti-squark an-
nihilation. Here the enhancement due to the overlapping of different processes has to
investigated. This will be part of future research.

A lot of processes which contribute to the calculation of the relic density are already
implemented in DM@QNLO, starting with the annihilation of neutralinos, including also
co-annihilation with squarks and furthermore squark annihilation to electro weak final
states as in quark final states. In each case, the NLO SUSY-QCD corrections resulted
in large corrections regarding the cross section and a significant shift of the relic density
line within the parameter space. For future projects the implementation of squark-
anti-squark in gluon pair final states remains, which is most likely a leading process,
considering squark-anti-squark annihilation in quark-anti-quark final states. Further-
more, the consideration of stau-anti-stau is planed. During the analysis of the scenarios,
Sec 6.1, it also became apparent that in many regions of the parameter space gluino an-
nihilation and co-annihilation with squarks are important processes for the calculation
of the relic density.
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Summary of Formulae

In the following formulae used in the calculation contributing to the thesis are listed
below.

A.1. Euler di-logarithm

The spence function is defined as

Lis(z) = —/U”fflnu )= —/Olaffln@ e (A1)
with the relations
S [Lig(z + t€)] = wln(2)0(z — 1) (A.2)
and
d . In(1 — z)
Eng(Z) = (A.3)

Summary of useful values

Li5(0) = 0 (A.4)
Liy(1) = O (A.5)
Liy(—1) = % (A.6)
Lip() = T - 1) (A7)
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and useful identities

2
Lis(z) = —Lis(1 — 2) = Inzln(1 — 2) + %
. e 1 w2
Lis(z) = —Lis <2> ~ 5 In?*(—2) — ry
. . 1 1 2 7T2
Lis(z) = Liy <1 — z> + §ln (1—-2)—In(—2)In(1 —2) — r
Lis(z) = —Li ( 2 ) L — o+ Ty ln<z_1> ifz>1
12\ 2) = 19 1 9 1 z B (2 22 Z

A.2. Dirac Algebra

Here we present a short list of used formulae of the Dirac algebra [157].

A.2.1. Dirac Matrices

P="py Yufy = =24
{2} =2g" Vuthy" = 4a - b
By = ="k + 2" Vulbir" = —244p
fip = —pd +2a - b By = ="+ 2k
Wy =4 (@a—75)7" =~°(1+7s5)

A.2.2. Spinors

a(p) = u" (p)vo a(p)(p—m) =0
> _a(p)u(p) = Te(p+m) (p —m)v(p) =0
° 7 fe(k) =0
Zv(p)v(p) = Tr(p — m)
Yo (k)eu(k) = (g") Fermi-gauge

= (—g" — %) unitary gauge
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A.2.3. Traces
Tr(1) = Tr(ysp) = 0
Tr(vs) =0 Tr(vsdpt) = 0
Tr(dp) = 4a - b Tr(ysdpid) = 4ieapq,

Tr(dpfd) = 4[(a - 0)](c-d) + (a-d)(b-c) = (a-c)(b- d)]

A.3. Polarization

Py =5(1-) (A12)
Pr ;u +75) (A.13)
PrPp =0 (A.14)
PprPr=Pr  PLPL =P (A.15)
P+ Pp=1 (A.16)
Tr(Py) = 2 = Tx(Pr) (A.17)
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A.4. Color

In the following we briefly discuss color relations and important formula2 [158, 159]
relevant for the calculations.

A.4.1. SU(N)

The special unitary group SU(N) is made up of unitary N x N matrices. The basis
of this group is given by (N? — 1) linearly independent matrices, which are known as
the hermitian generators T of the group. Taking a look on the SU(3) the hermitian
generators, they can be related to the Gell-Mann matrices \*

A\
(T%)i; = % (A.18)

The generators of the group SU(N) fulfill the commutation relations
[T T°) = ifeTe. (A.19)

fa% are the fully anti-symmetric structure constants of the SU(N). The commutation
relation has to be fulfilled by each generator of SU(N). The fundamental representation
is given by

AL
(T)iy = (T%)i; = - (A.20)
In the fundamental representation the generators of the group are normalized
1
Te(TeTY) = Tpo®™  with  Tp = 3 (A.21)

Tk is known as the Dynkin index. The invariant quadratic Casimir operator is given by

a a . N? -1
Z(TF)ik(TF)kj = Crd;; with Cp = SN
a,k

(A.22)

The fundamental representation is a complex representation. The complex conjugated
anti-fundamental representation (7%);; has the generators

(Tge)ij = —(T7)s5- (A.23)

In the adjoint representation the generators are defined due to the structure constant

(Tg)bc = _ifabc (A24)
with the normalization
Y (T9)ad(Td)ab = Y facafoea = Caday ~ Ca=Ta=N. (A.25)
c,d c,d
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The fully anti-symmetric structure constant is calculated by
foe = ATy (T[T°, T°)) . (A.26)

The fully symmetric structure constant is defined by anti-commutation relations

1
{T°, 7% = 0+ dan T (A.27)

A.4.2. Useful Relations

Z i = 5zl5kj 5ij5kl) (A.28)
> TiTy; = Crd (A.29)
a,k
Tr(T*) = 0 (A.30)
Te(T°T%) = ;5@ (A.31)
Te(T°T'T¢) = i(d“’wﬂ ) (A.32)
1
arpbrparc - _ be A.
Tr(T°T"TT°) 4N65 (A.33)
1
Te(TTT*T®) = —5Cr (A.34)
Te(T*T*T*T*) = C%N¢ (A.35)
Te(T°T TP TTT) = —;Ci (A.36)
Te(T*T*TT*T’T) = 4]1\7 Crp(N? +1) (A.37)
1
brperparqpebra _
Te(T°TT*TT*T") = 4NCCF (A.38)
arpbrc 2 1
(Tr(T°T*T°))" = —5Cr (A.39)
1 1
Te(TT*T)Te(T*TT) = 3 <C§NG — 20F> (A.40)
TaTb — 1 <15ab 4 (dabc + ifabc)Tc> (A 41)
2 \N '
facdfbcd — N(Sab (A42)
(77, [T°, 7)) = {T° AT, T"}} = {T".{T°, T"}} (A.43)
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2
fabCfdec — N((Sadébe o éae5bd) + (daecdbdc o dbecdadc)‘

[Ta7 [/1-1127 TcH — ifbce<ifa6de)

facddbcd =0
N abc
fadefbeffcfd — Ef b
N
dabc cde pefa _7dbdf
petepete = -2
N? -4
dabcddbc — 5ad
N
dabkdkcl — ]]\'f (5ac(5bl + (Sal(sbc - 5ab5d + fackfblk 4 falkfbck)
abc jede refa 3
dbddff :§fbdf

[Ta7 Tb]st[Ta7 Tb]ts = _NCZCF

{1, T} {T°, T"};s = Cp(N? - 2)
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Couplings

This chapter includes all used Feynman rules [6, 133, 160] for the calculation of the
Feynman diagrams. The conventional style is, each sfermion f is visualized by a dashed
line with an arrow pointing in the flavor flow direction. A dashed line without an arrow
corresponds to a scalar particle, not carrying squark flavor (e.g. higgs h°).

B.1. Gluons

Triple-Gluon

‘p/ 95
P

. . b
igs(i£7)[g*P (pr — p2)” + &7 (P2 — p3)* + &*(p3 — p1)”)]

a

9o
k 9?3 (B.1)
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4-Gluon
9a 95
g2 9%

Gluon-Gluino-Gluino

Gluon-Quark-Quark

J,
y4!
PN

igg [(ifeif") (g8 — g*7g”")
+ (ifeabifecd) (ga'ygéﬁ _ ga6gﬂfy)
4 (ifeacifedb) (ga6gﬁ'y _ gaﬁ g&y)]

g
igs (i.f*)y"
3
qi,s
—igs 5y
4t
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Gluon-Squark-Squark

‘7 / Gis
A

000000X —igs T4 (p2 — p3)*0y5

N
b2 N\ djt (B.5)

Gluon-Gluon-Squark-Squark

Tjr \ 95

AN

ig?(i{T“, Tb}st) gaﬁ(sij

/ b

Qi,s / gﬂ (BG)

B.2. Gauginos

Gluino-Squark-Quark

(B.7)

cosf sind
R = (Rir, Rig) =

—sinf cosf
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7 Qi
A
jt —V/2ig T%,(RiL P — RirPr)
A (B.8)
7 Gis
/
qjt —V/2ig, T4 (Rir P, — RigPr)
A (B.9)
Neutralino-Squark-Quark
f
fi— — >— — igs(af;PR + bkaL)
X (B.10)
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Chargino-Squark-Quark

I = —gVa R + hVja, Ry, lfj = —gUjRY + haUs, R,
ki = haUnRY, k= h,VpRY
u
di — — > — igs(l%PR—ka;PL)
Xj

B.3. 4 Squarks

N Vs C]z'f,t
~ 7
X i3 [TE TR AG AL + 0as T, TEAGAT]
YA
&5 / N @

B.4. Vector Bosons

Vector Boson-Quark-Quark
The Lagrangian is given as
£ =—ecp Ay f = L2y (CLPL + CRPR)f
— \%(WJu’y“PLd + W, dv" Pru)
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with the coefficient Cf = I3L — eys? and C = —eys2.

y Qi,s
P1 v o —ieepyH

—>
70« —iZyi(C{ Py + CfPr)

W= . —i%’y“PL
b2 qj.t

Va

v —ieepdgyt
ZO . — liZZ];(k’l — k’g)u
Cw

~ L _
7zl = CIRLRI, + CrRLRY, {4 01082 5 = swer)
— 5 I sin 20; (I} cos® 05 — siyey
Vector Boson-Squark-Squark
y / s
/ vl —i€€f5ij(55t(k1 — k]g)‘u
Va 2° : —i S 5,"(CLPL + ChPr)

\ W+ . —i%y“PL(SSt
\ q]t
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B.5. Higgs Boson
Higgs-Quark-Quark

y Qi,s
_n g KO HO : is](Pg+ Pp)

Hy— — — —

Hl+ . Z(y;PL +yleR)
b2 qjt

AO,GO : ZS£(PR — PL)

(B.20)
gt — g mmcosa b my sin o
! ngW sin 3 1T ngW cos 3
o — _ my sin « & g 1My, COS
2 ngW sin 3 2 2myy cos 3
o my cot o & :Z,gmbtanﬁ
3 g 2mW 3 2mW
St = ’Lg i Sb — —Zg M
4 2TnVV 4 2mW
y :gmtcotﬁ b:gmbtanﬁ
! \/ﬁmW ! \/ﬁmw
t My b
Yy = g2mW Ya QmW
Higgs-Squark-Squark
/ [ / fi
f — ff
Hy — — { iGlj, H > { iGiji
~ \ ~
N 7 (B.21)
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{ W+lth% =401 } = {h% H° A, G°} HY = {H",G*,H ,G"} and H, = (H{)" =
HY Gt H™,G~
Gly = GURT) = [RIGLp(BDT] (B.22)
ai g (I3 — €52 )Saup — V2hymyc,, —%(Atca—i-,usa) (B.23)
LR, —W(Atca + psa) 92126182 S0r s — V2himycy T
h
b o gzmz(Il?L - ebsgu)sa-‘rﬂ + ﬂhbmbsa _7%(141)304 + ,uca)
GLr1 = ( _h (4 5 3 (B.24)
s (Apsa + pica) 9:Mm=€oSyy Sats + V 2hymepsa
Glpo=Glp, witha = a — g (B.25)
. 0 —i(4
Glpy =—V2h ( i 3 (Aot 1155) ) (B.26)
5(Atcs + psp) 0
- 0 —icA
Gl}:R,:ﬁ = —\/ihb ( i 2( 55 1) ) (B.27)
3 (Apsg + pica) 0
Glpy=Glry withg — 38— g (B.28)

Sy =sinz, ¢, = cosx and s, = sin fy,. « is used as the mixing angle of the Higgs-system,
with the Yukawa couplings

gmy gmyp
hy = ——— hy=——-. B.29
' \/§mW5b ’ \/EmWCb ( )
For charged Higgs-Bosons to two sfermions:

Glk = GUHER 1) = alif = [RGll ()] (B.30)
G%R o hymy sin 3 + hymy cos B — ng;, sin2f  hy(Apsin 5 + pcos f) (B.31)

' hi(A;cos B+ psin 3) hymy, cos B + hym, sin 3
G?R - hymy sin 8 + hymy cos B — g%" sin2f8  hy(A;cos f + psin 5) (B.32)

’ hy(Apsin B + pcos 3) himy, cos 3+ hymy sin 3
Gih, = Gh, withg =g — = (B.33)
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Tensor Reduction

C.1. Loop Integrals

In the following the occurring loop integrals within the NLO calculation are listed,

following the introduced notation for the tensor reduction in Sec. 7.

Qﬂ.u (4 D)
Ao(m?) = / q m2 + ie

(Qﬂ_ﬂ’) (4-D) dD q,uql/

Ay(m?) = _—
2(m”) im2D y qq2 —m? +ie
27T,LL 1
Bo(p?, m2, m? /dD
o(py, mg,my) = —m2+i6)[(q + p1)2 — m? + i€]
p”Bl(p2 m2 m2) 277,“ /dD q”
e = mg+ie)[(g + p1)* —mi + i
CO(pim?)vmim%) -
27T/L /dD 1
—mg +i€)[(q + p1)? — m? +ie][(q + p2)* — m3 + ie]
Cl(ph m(2)7 mlv m2) + p202(p%7 m(2)a m%v m%) =
27w /d q”
T —m3+i0l(q + po)? — m3 +ie[(q + p2)> — m3 +id
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cH =
27 1) 4P a"q”
: -)2 /qu 2 2 | : 2 2 | 2 2 - (C.7)
in? S (@2 = mg +i0)[(g + pi)? = mi +ie[(g + p2)? —m3 + i
= g""Coo + PiP7Cr1 + (PP + 057 )Ciz + P15 Coo
If the masses are equal, there are the following relations between the integrals:
1
Bi(p*,m*,m?) = —iBo(pz,m2,m2) (C.8)
1 2
Buo(p?,m?,m*) = (Ao(m?) + 2m° By + p* By + 2m” %) (C.9)
2,2 2 1 2 2 2 s P
By (p®,m*,m*) = 6—p2(2A0(m ) —2m°By — 4p° By — 2m* + 3) (C.10)

C.2. Divergencies in Loop Integrals

The Tabs. C.1 and C.2 show the ultraviolet divergent and infrared divergent loop integ-
rals with the corresponding divergencies.

Integral UV div
Ag(m?) m2A
Ay(m?) LN
By(p*, mg, m7) A
By(p*, mg, m?) —3A
Boo(p?, m3, m3) — (5 - LmE+md) A
B, A
Boo —LA
Coo IA

Table C.1.: Ultraviolet divergent loop integrals.
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Integral IR div
By(m?, )2, m?) = By(m? m?,\?) — 5z In A2
Bi(m?,m?,\?) Tz A
Bi(m?, X2, m?) 0
By (m?,m?,\?) — 55 In \?
Co(m?2,s,m2, N\, m? m2) — b Iy )2

Table C.2.: Infrared divergent loop integrals.

C.3. Small Velocity Expansion of the Box
Contribution

In order to subtract the velocity enhanced part of the NLO contribution that is already
included in the Sommerfeld resummation, we expand the corresponding contribution of
the box diagrams in the relativistic relative velocity [161]

A(s, mi, m3)

: (C.11)

Urel = s—m%—m%
with A(a, b, c) = a® + b* + ¢ — 2ab — 2ac — 2bc.

All box diagrams that contain the velocity enhanced contribution feature an exchange
of a massless gluon between the incoming pair of scalar quarks. A generic diagram
showing the masses of internal and external particles is shown in Fig. C.1. The matrix
element contains tensor coefficients

my ms3
My

0 M,

Ms
mao my

Figure C.1.: Box diagram corresponding to the gluon exchange.

Dz’ (p%mp%lap?’)Q?p%Oap%mp?’)l? Mg? M127 M227 MSZ) = (012)

2 2 2 2 2 2 2
Di (m17 m37 m47 m27 ti? S, 07 m17 M2 ) m2) )
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where t; are the Mandelstam variables ¢ or u depending on the box diagram. The velocity
enhanced terms in the box contribution are contained in the scalar 4-point integrals
Dy (mf,m%,mi,m%,ti,s,(),m%,Mg,m% [162]. The full enhanced box matrix element
consisting of box diagrams, where different gauginos with mass m, are exchanged, can
be written using the corresponding color decomposed tree-level matrix element (see

Eq. (6.12)) as
MbOX = Z ZMg(of: =

(Cb] MTreext 0{3 ,3} +Cbox Treext C{G 6})><

stig stig

QE(S —mi —m3)(t; —m3) Dy, (C.13)

where the tensor integral has the arguments as in Eq. (C.12) with M; = m, and the
color factors C’box are given as

N.+1 N.—1

Pl = — cll = . C.14
box 2Nc ? box 2NC ( )
The scalar integral for the specific arguments from Eq. (C.12) can be written as
DO = 3 X

myma(t; — m2)(1 — x73)
Ce um
{21n(a:13) [—6 —1In <mi —Xti> +In(1 — 93%)]
+1In®(212) + In?(293) + Lig(22;)

+ Z EiQ(x137x]1€27xl23) - ﬂ-} ) <C15)

k=1

where ¢, is defined in Eq. 7.35. The generalized polylogarithm in Eq. (C.15) is defined
as [162]

Liy(x1,. .., 2,) = Lis (1 - ljx> + [m (ﬁ a:> - iz:;ln(fﬂi)]

[m (1_1:1135) _e<; 4 _1> « (C.16)
(m <—1i[1x> _ ;m @1 g;) _ ;gln(m)ﬂ | (C.17)

The variables z;; are defined using the loop masses M; and M, as well as the invariant
combinations of 4-momenta p?j, as given in Eq. (C.12), as

4MM
\/1 e — 1

AM; M;
\/1 o5 =, M>2+1

(C.18)
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In our case the only velocity dependent x;; is x13 which for My = m;, My = m, and

M3 = my gives
2(8 - m% - m%) - 2\/ >\<Sa m%a m%)

4m1m2

(1 - ) (C.19)

)
2
11— Urel

having used the relative velocity as defined in Eq. (C.11). Given the color factors C’box
are independent of the exchanged gaugino, we can simplify the enhanced matrix element
as

2§):E(A/\4box Tree) Z Z 2%(‘]\/[13(0:{ (M%(‘re?) )

tisti x,x’

= 2% (A (s () (C.20)
3 X X’

+ Ol (Mt o (M) ) ) 2RORE)

where FX" is given by

box
ot Qs (s — m% - m%) L13 % (C.21)
box T 2mymy (1 —a2) '
Ce MLy 2
{2111(1‘13) [—6 —In (mi _ tz> + 111(1 — xlS)]

+ ln2(1712) + lnz(ng) + LiQ(:L'%?))

. 2
+ Z Liy (213, T}, Thy) — 6} :

kl=+1

We first expand the expression in the relative velocity vy, retaining just the leading
term. The pre-factor can be expressed in terms of the relative velocity using

(s—mi—mj) a5 1

=— . C.22
2m1m2 (1 — 33'%3) 2Urel ( )
Taking the real part of the F{" factor results in
X t; Oés 1 2 2 .
2§R(Fb07)(2) = _?’U R4 In (1'12) +In (1123) + ng(l)
rel
7T2
kl=£1 6
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This expression seems to be implicitly dependent on the mass of the gaugino m,, through
the variables z15 and x93. However, this dependence vanishes after a more careful ana-
lysis, making the factor 2R(F %) generic for all underlying hard processes.

We will show the universality explicitly for a simple case where m; = my (i.e. 19 =
T93) and where all z;; are purely real. In such a case Lis(—1, z¥,, 24,) reduces to a simple

polylogarithm Li, (1 + ahf l). The factor then reduces to

. .1 '
PR(F) =~ 3‘3{21112(9612) + 2 Liy(2)
T Urel
+ Liy (1 + x%z) + Liz(l + :vff)} , (C.24)
which can be simplified using [163]
Lip(s) = —Lig (2 ) = g1 —2) =<1 (C.25)
is(z) = —Liy p— 5 n z) %z ) .

The use of this identity eliminates all dependence on x15 and the factor greatly simplifies
to 1
IR(F) = =272,

box
T Urel

(C.26)

Even though we have derived this particularly simple result in a special case, the same
can be obtained in the most general case as well. With such a universal factor the one-
loop contribution to the squared matrix element from the enhanced box contribution is
just

2R (Moo M. ) = (-O‘sn) (CB, | aggeep? (C.27)

Vel box
L)
This expression is compatible with the next-to-leading part of the Sommerfeld enhance-
ment after we realize that in the non-relativistic case the relative velocity can be eas-
ily related to the velocity used in the Sommerfeld enhancement for identical incoming
particles (see Eq. (10.18)) as vy = 2vs.
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