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Abstract

Today there are several pieces of evidence for dark matter. One well-known experiment
is the measurement of the Dark Matter relic density by the Planck satellite.

The thesis introduces the Dark Matter at next-to-leading order (DM@QNLO) project
which provides predictions for the dark matter relic density in the MSSM including
higher-order corrections. Specifically the thesis will deal with the implementation of the
processes 5(?)2? — Hj H; within DMQNLO. The second part will be the calculation of
the relic density, by solving the numerical integration of the Boltzmann equation within
DM@NLO.

Zusammenfassung

Heutzutage gibt es viele Hinweise auf die Existenz von Dunkler Materie. Ein bekan-
ntes Experiment ist die Vermessung der Reliktdichte dunkler Materie mit dem Planck
Satelieten.

Diese Arbeit gibt einen Einblick in das Projekt Dark Matter at next-to-leading or-
der (DM@NLO). Mit DM@QNLO werden Vorhergesagen iiber die Reliktdichte dunkler
Materie im MSSM gemacht unter Beriicksichtigung von Korrekturen nachster Ordnung.
Das Augenmerk dieser Arbeit wird auf die Berechnung und Einbindung elektroschwacher
Prozesse in DM@NLO liegen. Des weiteren wird die Berechnung der Reliktdichte genauer
diskutiert und eine eigenstindige Integrationsroutine zur Losung der Boltzmann Gleichung
in DM@QNLO programmiert.
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1. Introduction

Theoretical particle physics has still few open questions. One open question deals with
the content the Universe. Only around 5% of the content of the Universe is from the
luminous matter. The rest of the content is split into dark matter (~ 27%) and dark
energy(~ 68%) [17]. This begs the question, what is dark matter and dark energy.

Today there are several observational indications for dark matter. One well-known
experiment is the measurement of the Dark Matter relic density by the Planck satellite
[15].

Within the Minimal supersymmetric Standard Model (MSSM) a dark matter candidate
is predicted, namely the lightest supersymmetric particle (LSP). This is due to the fact
that in the MSSM the R-parity conservation force that one supersymmetric particles can
only decay to another supersymmetric particle. The lightest particle is therefore stable
[25].

Dark Matter at next-to-leading order (DM@NLO) is a code which provides predictions
for the dark matter relic density in the MSSM including higher-order corrections.

There are two main objects of this work. The first part is the calculation and imple-
mentation of the neutralino annihilation into Higgs and vector bosons )Z?)Z? — HiH,,
XiXj = HiVi, XiX5 — ViV in DM@NLO. The second part is the calculation of the relic
density by solving the numerically the Boltzmann equation in order to make DM@NLO
a stand alone code.

The thesis is organized as follows, first there is a short overview, explaining the main
aspects of the Standard Model and its remaining unsolved issues. Focusing on one weak
point of the Standard Model the sector of Dark Matter will be discussed in more detail
citing experimental evidence and possible dark matter candidates. Furthermore, the
supersymmetric extension of Standard Model will be introduced, which provides a dark
matter candidate, the neutralino of the MSSM.

Afterwards, the project Dark Matter at next to leading order (DM@QNLO) will be
presented with an overview of the included processes within DM@QNLO.

This part starts with, the calculation and implementation of the electroweak pro-
cesses and their comparison (analytically and numerically) with FormCalc [34] [35] and
micrOMEGAs [20].

Second part is devoted to the stand alone code for DM@NLO for the calculation
of the relic density. First the Boltzmann equation will be introduced and later on the
numerical integration routine to solve the Boltzmann equation will be discussed. Finally
the integration routine will be compared numerically with results from micrOMEGAs
[19]. At the end the results will be summarized and a short outlook will be given.



2. Theoretical Background

2.1. The Standard Model

The Standard Model (SM) is the current model used to describe elementary particles
and their interactions [14] [16].

The elementary particles are split into two groups, the fermions, with a spin of %
and the bosons with a spin of 1 (see figure 2.1). The fermions include quarks with six
different flavors and leptons, all ordered in three families. To each particle there is a
corresponding antiparticle with the opposite quantum numbers (unless the particle is its
own anti-particle). The first generation represents the lightest particles of each group,
while the third generation represents the heaviest ones. The second and third generation
particles have a very short life time, that means, they decay very quickly into particles
of a lighter generation.

There are four different ways for the elementary particles to interact with each other.
The interactions can be separated into strong, electromagnetic, weak and gravitational.
However, the gravitational interaction is not included in the SM.

All fermions interact weakly and the electrically charged ones interact also electromag-
netically. The quarks are also affected by the strong interaction because of their color
charge. Quarks do not exist as free particles, they have only been found experimentally
in bounded states so called hadrons.

The gauge bosons are the mediators of the interactions. In an electromagnetic interac-
tion between electrically charged particles a massless photon is transferred. In the weak
interaction, the massive W*- and Z-bosons represent the mediators. There are eight
types of gluons. They all carry color charge, which induces them to interact. The Higgs
boson is an indicator for the Higgs mechanism inducing some particles to be massive.

Despite the experimental success of the SM, several problems arise that cannot be
explained within the SM. One of the main problems is the so-called hierarchy problem.
In addition to the hierarchy problem, in the SM, it is not possible to unify all three inter-
actions and form a grand unitary theory (GUT). The last problem, which is mentioned
here is that the SM does not have candidate for dark matter'. To solve these problems,
one has to extend the SM.

Igee section 2.2
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Figure 2.1.: The elementary particles of the Standard Model
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2.2. Dark Matter

Today one still does not know what dark matter really is. There are several efforts
to explain dark matter. As far as we know dark matter is some kind of matter that
does not interact electro-magnetically and is therefore invisible for most observations.
Several pieces of evidence predict the existence of dark matter and indicate attributes
for possible dark matter candidates.

2.2.1. Evidence

One of the earliest evidence for dark matter was given by F. Zwicky in 1933 [37]. He
measured the red shift of the galaxies in the Coma Cluster. Within his calculations,
he discovered that the luminous matter is not massive enough to explain the observed
high velocities of the galaxies in the Coma Cluster. He discovered that there has to be
around four hundred times more matter than luminous matter to explain the observed
red shift. Until now, there a several more observations which show the existence of dark
matter.

Rotation curves

One important evidence for dark matter is given by the analysis of galactic rotation
curves. The rotation velocity of a star in a galaxy depends on its distance r from the
galactic center. Using Newtonian mechanics the velocity can be determined as

2
mZZQ@?Q o=y EMO) (2.1)
T T T

where m is the mass of the stars, G the gravitational constant and M (r) is the mass of the
galaxy up to the distance r from the center. The rotation velocity can be experimentally
determined by the measurement of the red shift of the stars. The light spectrum of the
stars is red shifted because of the Doppler effect. To keep it simple, the mass density of
the galaxy p(r) is set to be radial in the following

M(r) =4r /07‘ dr'rp(r’). (2.2)

The mass is concentrated around the center of the galaxy (black hole), so the stars
further away from the center do not contribute radial to the mass any more. The
mass starts to be r independent. As a result the star velocity v is anti-proportional to
the distance from the center of the galaxy for large distances r. Figure 2.2 shows the
measurement of the rotation curve of the galaxy MGC 6503. The theoretical prediction
is the lowest curve, named as ‘disk’ The measurement of the galaxy MGC 6503 shows
a plateau at higher distances, which does not agree with the theoretical prediction.
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Figure 2.2.: Rotation curves of the MGC 6503 [10]

There are two possible approaches for this discrepancy. One idea is that the Newtonian
mechanics is not valid for such small accelerations. The other approach is that there is
still mass in the outer area of the galaxies, which interacts gravitationally. In Fig. 2.2
the theoretical prediction for this invisible massive matter is shown as ‘halo’. Adding the
effect of the ‘halo’ to the Newtonian prediction, the newly obtained prediction describes
experimental data.

The Bullet-Cluster

Another evidence for dark matter is the observation of the Bullet Cluster [18]. The
Bullet Cluster, such as in Fig. 2.3 accrues by the collision of two galaxy clusters 100
million years ago.

The most mass contained in the cluster is in the interstellar dust, which is visible
via the X-ray radiation (colored red in Fig. 2.3). Total (even invisible) mass can be
reconstructed by looking at gravitational lensing? which distorts the image of stars. It is
to mention that the interstellar dust is affected by the collision of the galaxies because of
electro-magnetically interactions. While for the blue colored matter, which is measured

2Gravitational lenses is the name of the effect that in the present of heavy masses the light is deflected
by gravitational fields. This can be observed by blurred or shifted objects behind heavy masses.
With statistical methods one can determine the mass of the gravitational lenses.
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by gravitational lensing, the mass in unaffected by the collision and therefore interacts
only weakly.

Figure 2.3.: Coloured Bullet-Cluster 1E0657-558 [1]

Cosmic Background

The cosmic microwave has its background origins in the epoch of the evolution of the
Universe when the radiation and matter decoupled.The cosmic microwave background
(CMB) was measured by several experiments (COBE, WMAP, Planck...). The CMB
was identified with the black body radiation with a temperature of 2.7 K. The CMB is
more or less isotropic on large scale, with temperature anisotropies around 60 pK. In
Fig. 2.4 the fluctuations of the temperature are shown. These fluctuations are essential
for our understanding of the universe. Without these fluctuation, the universe would
not have any structure, like galaxies. These anisotropies can be also used to calculate
the relic density of dark matter and of the baryonic matter [15]

Qcpm = 0.1186 £ 0.0020 Qparyonic = 0.02226 £ 0.00023 (2.3)

2.2.2. Candidates

Today several theories exist which describes possible dark matter candidates. Some
theoretical candidates will be named in the following.
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Figure 2.4.: Measurement of the cosmic background by Planck [2] [15]

MACHOs

Massive Astronomical Compact Halo Objects (MACHQ's) are heavy compact but not
bright objects. Known MACHO’s are brown and white dwarfs, neutron stars and
black holes. In the outer region of the galaxies,there has to be an enormous number
of MACHO’s to explain the observed phenomena. But there are still some infirmities in
MACHO’s. One of the main weak points is that this objects did not exist in the early
universe, so that they can not explain phenomena like the structure formation. Another
point is that MACHQO's can be detected via the gravitational lensing effect®, but by now
there are not enough MACHQ'’s observed to explain the amount of dark matter.

WIMPs

Weakly Interacting Massive Particles (WIMPs) are particles which do not interact electro-
magnetically. They have to be massive, stable and not relativistic. There are three
different possibilities for WIMPs to interact:

e they interact only gravitational
e they interact gravitational and weakly only with themselves
e they interact gravitational and weakly with SM particles.

WIMPs can not interact strongly, because then they should already be detected within
the search for anomalous protons.

3If a light signal pass the MACHO there is a flash up of the beam
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MOND

Modified Newtonan Dynamics (MOND) [28] is the approach to extend Newtonian mech-
anics by modifying the 2nd Newton law of motion

F = ma. (2.4)

With a correction term p(z) the modified Newtonian mechanics becomes

F = ma,u(a%), (2.5)
where
e >>1)=1 pler << 1) = . (2.6)

With the condition for p(z), one ensures that the Newtonian mechanics is a limiting
case of the modified theory. Typical functions for pu(x) are

pla) =g )= ﬁ (2.7)

This correction leads to a modified velocity

2
GmM_ m— = v=aGM, (2.8)

r2 ao

which is independent of distance. This modification of the Newtonian mechanics would
explain the behavior of the rotation curves. But other phenomena, like the Bullet
Cluster, can not be explained by MOND. Another important point is that until now
the modified theory cannot be extended to the relativistic case, which is necessary for a
valid theory.

2.3. Supersymmetry

Supersymmetry (SUSY)[25] [9] [8] is one of the most popular ideas on extending the
SM. Supersymmetry was introduced in order to solve the hierachy problem but it has
other nice features such that it allows the grand unification of coupling constants and
introduces a dark matter candidate.

2.4. Formulation of SUSY

In SUSY the SM is extended by a symmetry between fermions and bosons

()|Boson >= |Fermion > @|Fermion >= |Boson > . (2.9)
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The generator of SUSY @) transform fermionic states into bosonic states and vice versa.
Within the extension of the SM with SUSY, new particles are included, the so called
super-partners of the SM (sparticles).

If SUSY would be an exakt symmetry the superpartners should have the same mass as
their corresponding SM partner. But by now there was no sparticle found , the sparticles
have to be much heavier. SUSY have to be broken.

2.4.1. The Minimal Supersymmetric Standardmodel (MSSM)

The Minimal Supersymmetric Standard Model (MSSM) takes the SM and extends the
symmetry to a minimal amount of sparticles. That means, only one set of generator is
considered, the so called N =1 SUSY.

The Higgs sector is also extended in a minimal way.

The full Lagrangian describing all SUSY interaction in the MSSM is given in [26]. In
the following the structure of the MSSM will be discussed (see Fig. 2.5).

The fermions of the SM receive a scalar (spin 0) partner, sfermions (quarks—squarks,
leptons— sleptons). The bosonic and fermionic degrees of freedom have to be the same,
therefore each fermion becomes two superpartners fr, fz in the MSSM, for each chiral
component one superpartner (up- and down-typ).

The gauge bosons have the gauginos (spin %) as their superpartners(gluon—gluino,
Z—Zino, W —Wino...)

Taking a look on the Higgs sector, the SM Higgs is extended into two complex Higgs
doublets, to give mass to the up- and down-type fermions. The included superpartners
of the Higgs fields with spin % are called higgsinos.

The new particles of the MSSM inherit gauge interactions from their SM counterparts
and the only additional interaction is given by the MSSM superpotential. The MSSM
superpotential is characterized by the choice

W =yJu,Q; - Hy =y d;Q; - Ha — yZeL; - Hy+ pH, - Hy. (2.10)

2.4.2. R-Parity

Taking a deeper look at the superpotential (2.10) of the MSSM, the superpotential could
be extended by other gauge invariant and renormalizable terms, like

Warzt = N¥ L - Ljey + X[* Ly - Q;dy + pi Li - H, (2.11)

Wap—1 = )\gkmd-dk. (2.12)

The superfields @; carry the baryon number B = 3, u, d carry B = —%. The lepton
number L = 1 is carried by the superfield L; and € carries L = —1. Therefore the
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particles in the SM additional particles in the MSSM
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H°: heavy Higgs boson
AP pseudoscalar Higgs boson

Figure 2.5.: Particles in the MSSM

Lepton number conservation would be violated by the terms (2.11) and (2.12). Further-
more, if A¥% and N" would exist the proton could decay via et 7, 70, ... So far this
decays were not observed, therefore the two extensions of the superpotential should be
forbidden. Introducing a new conservation law, the R-parity conservation

R = (_1)3B+L+25 (213)

with S as the spin of the particles, the formula (2.11) and (2.12) are forbidden, whereas
the superpotential (2.10) conserve R-parity.
R-parity has important phenomenological consequences:

e for R-parity conservation there has to be an even number of sparticles in an inter-
action

e There exist a lightest supersymmetric particle (LSP) which is absolutly stable. It
can not decay in a lighter sparticle any more and the decay in two SM particles is
forbidden by R-party conservation.

e The decay products of all other sparticles must contain an odd number of LSP’s .

e In accelerator experiments sparticles can only be produced in pairs.

10
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2.4.3. Higgs sector

Due to consistency reasons, in MSSM an additional Higgs doublet has to be added to
the theory. The new doublet has an opposite hypercharge to the original Higgs doublet
and is used to give masses to the up-type fermions. The Higgs potential in the MSSM is

Vo= m?|H|? 4+ m|Hy > — m?,(H H, + H] H)) (2.14)
1 1
+§(92+9/2)(’H1’2— \H2\2)2+§92!H1TH2’2, (2.15)

where m3, = m% , + |u/*>. In the MSSM the self-interaction of the Higgs fields is
determined by the gauge couplings.
The neutral Higgs boson fields acquire a vacuum expectation value (VEV)

(Hy) = < %15 ) . (Ha) = ( % ) : (2.16)

The doublets are parametrized as

H = ( Y ) _ ( (U1+¢?;1X?)/\/§> A (2.17)

_( HYY\ o _
Hz:( 11‘)_(<v2+¢8+2ix8)/ﬂ>’ Yo = (218)

The electro-weak symmetry breaking makes the gauge bosons massive and one of the
VEVs can be related to the masses of the gauge bosons and the gauge couplings as

2 2 2
+
m2Z _9 1 g (U% + vg) , mQW = —94 (vf + v%) , (2.19)
Am>
2 2 2 Z 2
v = (vi +v3) = g (246GeV)~. (2.20)

The other VEV remains a free parameter of the theory and is conventionally replaced
by the mixing angle § which is defined as

tanf= 23>0, 0<B<Z (2.21)
(%1 2
The Higgs mass matrix is defined as
; 1 0V
MEeE = - 2.22
K 2 OH,0H; (HO)=u, (222)

11
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The mass matrix is split into four independent 2 x 2 blocks
H Y\ cosa  sina o3
< h° > N ( —sina cosa > < ) (2.23)
G0> (—cosﬁ sinﬁ)(x?)
= ) , 2.24
( A sinf8  cosf3 X5 (2.24)
G* B —cosf3 sinf o
( H* ) - ( sinf3  cosf3 of ) (2.25)
After the vector bosons absorb the Goldstone bosons G° and G* as their longitudinal
components, three neutral Higgs bosons— two CP even states (h°, H°) and one CP odd

state A% and two charged (H*) Higgs bosons remain. There are three free parameters
in the Higgs sector and these are conventionally chosen to be

mao , tanfB, and p. (2.26)

All parameters for example the masses of the Higgs bosons can be expressed using these
free parameters as

1
Mio go = 5 {mio +m%F \/(mio +m%)? — 4m?,m% cos? B (2.27)
Mmie = mi +miy, (2.28)

The masses in the Higgs sector are modified by loop corrections. The most obvious
example is the mass of the lightest Higgs which should be lower than the mass of the
Z-boson according to Eq. (2.27).

2.4.4. Sfermion sector

The sfermions are scalar superpartners of the fermions. Each chiral part of a fermion
get one scalar superpartner i.e. for each fermion there are two scalar sfermions va R-
These scalar fermions are not the mass eigenstates though. The sfermion mass matrix
is off-diagonal in the basis (fr, fz) and it has the form

M = ( ﬁéf e ) 7 (2.29)
Ir
where
mp = My g+ (I —ep siy) cos2Bmg +mj (2.30)
mp, = M{QU,D,E} + ey sy cos28my +mi, (2.31)
ap = As—p(tan )20 (2.32)

12
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Mg, My, Mgy, Mp and Mg are the soft SUSY-breaking masses, Ay is the trilinear
scalar coupling parameter, p the higgsino mass parameter, tan 8 = %’ is the ratio of
the vacuum expectation values of the two neutral Higgs doublet states , I ?L denotes the
third component of the weak isospin of the fermion f, ef the electric charge in terms of
the elementary charge e, and sy is the sine of the Weinberg angle tan y,.

The mass eigenstates are obtained by diagonalizing the mass matrix. In the process we

introduce the mixing angle 6 (i.e. the mixing matrix RY).

m2  arm ~t/{ m2 0 ~
M}% — ( fr f 2f ) _ <Rf) < Ofl ) )Rf, (2.33)
Qg my mfR me
where
RF = cosfp s (2.34)
—sinf; cost;
The masses of the sfermions and the mixing angle are
1
2 _ L/ 9 2 2 .02 )2 2,9
mp = 2<me+mfR:F\/(mf~L mf~R) —|—4afmf> , (2.35)
—asm
cosfy = [ (0<8;<m). (2.36)

L

\/(m? —mf;l)2 + afcmfc

2.4.5. Chargino sector

The fermionic superpartners of the charged gauge bosons, the gauginos, and the super-
partners of the charged Higgs bosons, the higgsinos, mix to form mass eigenstates called
charginos.

The Weyl spinor chargino fields are

Yt = (=W, HY), Y~ = (=W, H]). (2.37)

The mass Lagrangian in this basis is

L= _% (*,97). ( )O( ‘X(;T ) . ( f ) 1 he., (2.38)

with the chargino mass matrix

B M V2myy sin 8
X = ( V2 cos p ) ) (2.39)

This mass matrix is made diagonal by using two unitary matrices U and V as

UXV = diag(m, &, m, &), | < [myge] . (2.40)

13
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The Dirac mass eigenstates are constructed as follows

- ahT
Xi = ( ZJZ] ) : (2.41)
ij ¥

The mass eigenvalues are given by

1
mfd[2 =3 M? + i +2miy, F \/(M2 + p? +2m3)? — A4(mEy sin 26 — uM)?| . (2.42)

2.4.6. Neutralino sector

The neutralinos are a mixing between the gauginos and higgsinos. The mass Lagrangian
of the four Weyl states

is given as
1
L= —i(goo)TngO + h.c. (2.44)
Y is the neutralino mass matrix
M’ 0 —myzsSw cos B mysy sin 3
v 0 M mycw cos 3 —mycy sin 8 (2.45)
—myzSw cos 8 mygcy cos B 0 — I
mzswsinf3  —mgew sin S — I 0

sw and cy are short forms of sinfy, and cosfy,, with the Weinberg angel 6y,. The
neutralinos are Majorana particles and therefore the matrix can be diagonalized using
only one rotation matrix

(2.46)

1

T
2Y z~ = diag(mye, myg, myo, myo) ‘mio

Concluding the 4-component Majorana spinors for the neutralino fields can be construc-

ted as .
0= (777 ). 2.47
v=(74) (247

14
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Dark Matter at next-to-leading order (DM@NLO) is a program which provides pre-
dictions for the dark matter relic density in MSSM including higher order corrections.
There are already other existing codes for the calculation of the relic density, like micrO-
MEGAs |20] and DarkSUSY [30]. But the programs do not include full next-to-leading
order corrections. In the following, the project DM@NLO will be introduced in more
detail.

3.1. Structure of the project

DM@NLO [13] [23] [29] [12] is a FORTRAN-based code which calculates several (co-
Jannihilation cross section including next-to-leading (NLO) SUSY-QCD corrections within
the MSSM. The included processes will be discussed in section 3.2.

For the calculation of the relic density it is important to specify a particular scenario.
One specifies a scenario via a set of input parameters at a given input scale M, (e.g.
M, ~ GUT). The parameters a given in a format, specified by the SUSY Les Houches
Accord (SLHA) [38]. These parameters are passed further to the spectrum calculator
SPheno [SPheno|, which calculates the spectrum of the MSSM. The spectrum calculator
calculates the masses and couplings of the SUSY and Higgs sector at an output scale
Moys (e.g. Moy ~ O(TeV). The mass spectrum is then used by micrOMEGASs for the
calculation of the relic density. The relic density is calculated via solving the Boltzmann
equation, which will be discussed in more detail in chapter 5. For the calculation of
the relic density the cross section of the important processes are essential. In micrO-
MEGASs these cross sections are calculated by CalcHEP [33] [7]. DM@NLO provides an
alternative calculation of annihilation processes which are then used by micrOMEGAs
to calculate the relic density instead of those of CalcHEP.

To make DM@QNLO a stand alone code, there is the need of an own integration routine
for the Boltzmann equation. The new structure of DM@NLO is shown in 3.2. How far
this step was taken will be discussed later within chapter 5.

The difference between figure 3.1 and 3.2 is obviously that micrOMEGASs is replaced
by an integration routine, which first calculates the thermal average of the cross sec-
tion.Afterwards the Boltzmann equation is solved which is discussed in chapter 5 in
more detail. Moreover CalcHEP is no longer included in the software chain. Therefore
DM®@NLO is the only source for the cross section. Within the step of going over to a
stand alone code, the most relevant processes should be included in DM@QNLO.
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3. DM@NLO

SPHENO INPUT
SUSY spectrum SUSY parameter

!

micrOMEGAs CalcHEP
integration of the > (co-)annihilation processes
Boltzmann equation at tree level

CalcHEP crosssection
exchanged by DMNLO-calculations

> _
l DM@NLO
relevant processes incl.
Output QCD corrections

neutralino relicdensity

Figure 3.1.: Visualization of the software chain by including DM@QNLO to micrOMEGAs
for the calculation of the relic density.

SPHENO ! INPUT
SUSY spectrum SUSY parameter
1]
Integration routine DM@NLO
integration of the «> relevant processes incl.
Boltzmann equation QCD corrections
integration < vo >

!

Output
neutralino relic density

Figure 3.2.: Visualization of the software chain by including an routine which solves the
Boltzmann equation within DM@QNLO.
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3. DM@NLO

3.2. Included processes

By know there are several processes included in DM@NLQO. The included processes are
listed below.

ChiChi2QQ [11] [13] [12]

e necutralino annihilation to quark antiquark pair:
XXy —aq (6,5 €{1,2,3,4}) (3.1)
e gaugino annihiation extended to chargino annihilation
~t ~ _
XipXi —aq (k1€ {1,2}) (3.2)
e co-annihilation of neutralino chargino initial states included

NONE — q@ (i€ {1,2,3,4},k € {1,2}) (3.3)

NeuQ2gx |[23]

e neutralino-squark co-annihilation to quark vector boson final state

Wi—qV (i €{1,2,3,4},q € {u,d,c,5,t,0},V € {G,7,Z°, W*}) (3.4)

e gaugino squark initial state

Xed—aV (ke{l,2} g€ {udcs t,b}, Ve {G,2° W} (3.5)

e modification of squark and Higgs in final state
Xid—qH  (i€{1,2,3,4},q € {u,d,c,s,t,0}, H € {n° H°, A°, H*}) (3.6)
)Zf@ — qH (k € {172}>q S {u>d> C>S7tab}7H € {hO?HoﬂonHi}) (37)

QQ2xx [24]

e squark pair annihilation to vector boson final state

i = VV (g€ {udcst,b},V e {G,~,2° W) (3.8)

e cxtended to Higgs final state

G* — HH (q € {u,d,c,s,t,b},H € {n°, H°, A°, H*}) (3.9)

17



3. DM@NLO

e including mixed final state

GG* — HV (g€ {u.d,c,st,b},H e {h’ H A" H*},V € {G,,2°, W*})
(3.10)

NeuNeu2EW at tree level (see chapter 4)

e neutralino annihilation to Higgs final state
XoX) — HH  (i€{1,2,3,4},H € {h°, H°, A°, H*}) (3.11)
e neutralino annihilation to mixed Higgs vector boson final state

XiXy = HV (i€ {1,2,3,4}, H e {h°, H°, A°, H*},V € {7, 2°,W*})
(3.12)

e neutralino annihilation to vector boson final state

VLS VY (€ {1,2,3,41V € {7, 2°, W) (3.13)

18



4. Electroweak Processes

In Fig. 4 is shown a typical DM@NLO relic scan. The input parameters are shown in
table 4. The scan includes a variation of the masses M1, M2 of the initial particles. The
scanned regions are colored in green, this shows how many of the dominant processes
are included in DM@NLO. At the top of the right side there is a more or less white area.
In this region the electroweak processes are dominant.

900 1.0
(V]
h
099
(W]
085
00
850 9
0.7=
> ®
=
3 0.67
c 800 0 5“5
=) =5
] 0.43’
750 b
1035
(W]
10.28
O 2

700 . : : — 0.1

700 750 800 850 900
M, in GeV

Figure 4.1.: DM@NLO relic scan for the scenario in Tab. 4 [12]

This Chapter will deal with a several kind of electroweak processes, the neutralino
annihilation to Higgs boson final state (NeuNeu2HH), mixed Higgs vector boson final
state (NeuNeu2HV) and pure vector boson final state (NeuNeu2VV), see Fig.4.2. It
is useful to start with the Higgs process because the calculation of the vector bosons
is based on the calculation of the Goldstone bosons, which are included in the Higgs
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4. FElectroweak Processes

Table 4.1.: MSSM input parameter for the selected scenario, the unit of the parameters
is all given in GeV, except tan 3

tan¢3 % ma A4i A4é A4é A4§L2 A4§ A4ﬁ A4} f4t

134 1286.3 1592.9 731.0 766.0 1906.3 3252.6 1634.3 1054.4 3589.6 -2792.3

process. Within the feynman gauge one does not only deal with the vector bosons
but also with Faddeev-Popov ghosts and Goldstone bosons in the final state[22]. The
implementation of the Higgs bosons can later be used for the calculation of the Goldstone
bosons within the vector boson final state.

X Hy, X Hy, X
// //
d d
- -4 [N
H; AN A N
X H; x H,
X H; x H,
/// -7
, d
- -
Ho 70
X Vi X Vi
X Vi X Vi
- X X
H; VA
X Vi x Vi x Vi x Vi
Figure 4.2.: Overview of calculated processes within the electroweak neutralino
annihilation

4.1. NeuNeu2HH

In Fig.4.3 all possible annihilation channels for the neutralino annihilation to Higgs final
states are shown. There are three different channels within this annihilation. In the first
two diagramms the s-channel is shown with a Higgs and a vectorboson as the mediator.
The other two processes are the t-channel (diagram at the bottom left) which is mediated
by a neutralino or chargino, depending on the final states. On the right side there is also
the u-channel. One can not distinguished between the possibility that the first Higgs
comes from the vertice of the first neutralino or from the second neutralino. So both
channels have to be taken into account. In the following will be
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4. FElectroweak Processes

X Hy, X Hy,
7/ 7/
/ 7/
7/ 7/
q // L //
BRI — 1 .
H; \\\ 70 \
/Pb N‘z /Pb sz
N \
N N
N N
X H; X H,
q -
X %‘ }:,’ k X
j
4’ ﬁ\\ 5
X H, X

Figure 4.3.: Neutralino annihilation to Higgs

4.1.1. Neutralino annihilation in the s-channel via Higgs
propagator

In figure 4.4 you see the Feynman diagram of the s-channel contribution with a Higgs
particle in the propagator. Two neutralinos annihilate to a Higgs particle which decays

again into two Higgs particles.
X Hy

(4.1) 9 -——-Z-- ¢ (4.2)
& 0

\
X H,

\
Figure 4.4.: Neutralino annihilation to two Higgs in the s-chanel via Higgs as a
propagator

The couplings of the two vertices are

—i(Cr(¢)Pr + Cr(i) Pr) (4.1)
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4. FElectroweak Processes

where Pg, Pp, are chirality operators and
—iILR(i, k,1). (4.2)
CL, Cr and IR are given in appendix ?? explicitly. With the Higgs-propagator

i

(4.3)

(s — m?) + im;wy,

where m; is the mass of the propagating Higgs particle and wy, is the width of the
propagating Higgs particle. One receives the invariant amplitude

iM = (py)(—i)(CL (i) P + Cr(i) Pr)u(pa) (LR k, 1))

—1

(4.4)
= T(py)(Cr.(i) P, + Cr(i) Pr)u(pa)

ILR(i,k,1)

(s — m2) + im;wp,

To write the formula in a shorter way, the indices of the couplings will be neglected in
the following. The squared amplitude is given by the product of the invariant amplitude
and its complex conjugated

M? =iM(iM)*. (4.5)

The complex conjugated of the invariant Amplitude is given by (skip the imaginary part
of the denominator)

(M) = u* (1) (CLP, + CPR)(0(p)) —— LR
1(8 m;) (4.6)
= u(pa)(CL PR+ CEPL)U(pb)m[LR*-
|M|? =iM (iM)*
Zﬁ(Pb)(CLBL + CRPR)U(?a)ﬂ(pa)(CZPR + CRPr)v(ps) (4.7)
—1 1 ]LR ) IzR

(s —m7) +imgwp, (s —m3)

(sfgﬁ Tr [(Pp — mzo)(CLPr + CrPR)(Pa + mgo)(CLPr + CRPL)]

M| =
i)
bring (P, + myo) to the left side of (C Py + CrPr)

2
]LR

|M|” = Gom)

2TI' [(ﬁb — mgo)(]ﬁa<CLPR + CRPL> + m;(o (OLPL + CRPR))(CZPR + C}}PI)]
(4.8)
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4. FElectroweak Processes

using(A.27) and (A.26) some terms vanish

(s —my)

using (A.28)

s Tr (9 — mo) (Pa(CLCL Pr + CrCRPL) + mgo(CLCR P + CrCY Pr))]

12 * *
|M’2 — ﬁ (TI‘ [ﬁbﬁa(CLCZPR —+ CRC;%PL)] - 2mf~<o<CLCR -+ CRCL)) (49)
with the relations from appendix (A.1.2) one receives

Iir
(s —m;)?

with the Mandelstam variables (see appendix E) the result is

|M|* = (2Pape(CLCT 4 CrCR) — 4mio(CLCR + CrCY) (4.10)

]2
|M|* = (S—L—ﬁ@y [(s = 2m%)(CLOT + CrCh) — 4mgo(CLCR + CrCT)] . (4.11)

4.1.2. Complete calculation of the Neutralino annihilation into
Higgs final states

In the subsection before, the neutralino annihilation in the s-channel via Higgs propag-
ator was calculated. For the calculation of the complete amplitude square one has to also
calculate the s-channel ‘MS(Z) ‘2 with the Z-boson as the propagator and the t- }Mt(x) ‘2

and u—channel‘]\/[u(x)f. Furthermore the interference terms have to be taken into ac-
count. Only the real part of the interference terms give a contribution to the complete
Moy M| and [Mag M | it
is only necessary to calculate one of the interference terms. Summarizing the complete
process is given as

process. Because of the symmetry between terms like

|Mgogossmnl” = [Mago|* + [ Muczy|* + [ Mago |* + [ Mo |
+ 2Re(| My M7 |) + 2Re(| My My |) + 2Re(| My M) (4.12)
+ 2Re(| My My, |) + 2Re(| M) My |) + 2Re(| My M |)

all calculated terms are listed in appendix ?7?.

4.2. NeuNeu2HV

In figure 4.4 you see the Feynman diagram of the s-channel contribution with a Higgs
particle in the propagator. Two neutralinos annihilate to a Higgs particle which decays
again into a Higgs and a verctor boson.
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4. FElectroweak Processes

G X GY
/ /
/ 7,

pa k1 \ a //‘kl
q ’

AT (4.2) (4.1) ----(>-)---.':(4.2)
H,; (4.3 N
pb “NQ\ /Pb N‘Q

X X Qo
Figure 4.5.: Neutralino annihilation to mlxed verctor boson Higgs state in the s-channel

via Higgs as a propagator

>

For the vector boson in the final state one has to take into account that within the
Feynman gauge there is a second process which has to be calculated, the neutralino
annihilation to a Higgs with a Goldstone boson. This process is completely similar with
the Higgs final states. There should only be the couplings exchanged in the squared
amplitude.

For the calculation of the full squared amplitude the Eq. (4.12) has to be taken for
both processes and summed together. The separate squared amplitudes and interference
terms are listed in the appendix D.1 and D.2. The checks on the processes of Higgs and
vector bosons in the final state are still work in progress.

4.3. NeuNeu2VV

Taking only a look on the the s-channel one has to take four different diagram into
account, see Fig.4.6. In case of the pure Goldstone final state one can again use the
squared amplitudes of the Higgs final states and the vector boson Goldstone squared
amplitudes are included into the squared amplitudes of the last section. Therefore the
remaining part is the calculation of the process x’x° — V'V in Fermi-gauge. The squared
amplitudes of the final states including Goldstone bosons can be added later on.

In addition to the Goldstone bosons one also has to deal with the Faddeev-Popov-
ghost, Fig.4.7. Ghost are also scalar particles, therefore the calculation is similar to the
calculation of the Higgs final states. The checking of the calculated squared amplitudes
is still work in progress.

4.4. Numerical results

In Fig.4.8 the cross section depending on the p.,, is shown. The black dashed curve
represents the results by DM@NLO and the orange line the results by micrOMEGAs
within effective couplings. The behavior depending on the p,,, is similar in both results.
At around p.,, = 290 GeV a peak is noticeable. This corresponds to the s-channel
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Figure 4.6.: Neutralino annihilation to vector boson final state in the s-channel via Higgs
as a propagator, taking Goldstone bosons into account

wy X wq

!

———e P ———— .
" ZO

X ' Wi % ' W
Figure 4.7.: For the calculation of the vector boson final state one has to take the

Faddeev-Popov-ghost into account.
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4. FElectroweak Processes

~0 =0 040
Xi X1 —h'h
| — Utree

0.30} : oMo

0.00

500 1000 1500 2000
pCTn [Gev]

Figure 4.8.: Calculation of the cross section of Y9%% — h°h°, comparing the results of
mictOMEGAs (effective couplings) and DM@QNLO (pure tree level).

resonance with the H° as the propagating particle. The Drop directly after the peak can
be a result of the interference term. The interference terms also recognize the resonance,
but the interference terms do not have to be positive. Therefore the resonance at the
outer region can effect a drop of the curve by a minus sign in the interference terms.

Fig. 4.10(b) shows the process YIx? — HTH~. In the low p,, regime there are all
channels closed until the p.,, is high enough that the final Higgs state can be produced.
The result of DM@NLO differs only in the highest Peak from the result by micrOMEGAs,
this is due to the effective couplings which are used in micrOMEGAs.

Comparing especially x{x) — h°A% with x?¥! — HYAY see Fig. 4.11(a) 4.11(b), or
Y — HYH with Y0x) — A°A° | see figure 4.9(b) 4.9(a), the behavior of the curves
is similar, due to the fact, that m40 ~ mgo (mo = 1592.90 GeV,mygo = 1592,66 GeV).
Additionally the channels of the annihilation processes are the same, where just the
value of the couplings differ.

26



4. FElectroweak Processes

10000

0.030 ‘ ‘
~0 ~0
X1 Xi —~H H°
0.025| e
. MO
> 0.020} N
> y
7 0.015} { N
— | ~
o 5
! -~
= 0.010} : }
S i
|
|
0.005| |
l
|
1
0.000 - . . .
2000 4000 6000 8000 10000
pCTn [GeV]
(a)
0.030 ‘ ‘
~0 ~0 0 0
Xixp A A
0.025} L g
— MO
— ,/' \\\
& 0.020f Y .
> / A
(O] // \‘\\
© 0.015f / NG
3 f ~
o | ~
! | ~
= 0.010} ,' -
b ]
a
|
0.005| |
|‘
|
1
0.000 72000 4000 6000 8000
Pem [GEV]

Figure 4.9.: Calculation of the cross section of a)x{x? — H°H° b)x?x! — A°A°, compar-
ing the results of micrOMEGASs (effective couplings) and DM@NLO (pure

tree level).
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5. Calculation of the Relic Density

A way to decide whether a particle can be a dark matter particle or not, is by calculating
the relic density. The amount of dark matter particles evolves with the Universe. At
the beginning the Universe was very hot. With time as the Universe expanded the
Universe cools and depending on the temperature some production processes stop, when
the temperature gets too low. When the dark matter particles get diluted even their
annihilation stops. This is called the freeze out. The density of the particle is almost
constant, because there is no change of the number of particles by annihilation. This
state is called equilibrium. In the following the Boltzmann equation is presented. This
equation describes the evolution of the phase-space density. As the next step, it is
explained how the equation can be solved numerically. Finally the determination of the
thermal average of the cross section is explained.

5.1. The Boltzmann equation

The Boltzmann equation [31]

L[f] = C[f]. (5.1)
describes the evolution of the phase-space density f(p,x,t), with L as the Lionville
operator and C' as the collision operator. The net rate of the change in time of the
particle phase-space density is given by the Lionville operator L.

By taking into account that the phase-space density is homogeneous and isotropic,
which means, it depends only on the particle energy E and the time ¢, the Lionville
operator becomes

oo

Lm_ﬁ E OF

where H = R/R is the Hubble rate and R is the scale factor of the Universe. The dot
above the R represents the time derivative. On the right hand side of the equation the
collision operator C' counts the gained or lost particles, via collisions with other particles.
The particle number density n is defined as the integral of the phase-space density over
all momenta and the sum over all spins

n:/dn:/f(E,t)éf;; (5.3)

Here g represents the spin degrees of freedom. The evolution function for the particle
number density is given by the integrated Boltzmann-equation over all particle momenta

(5.2)
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5. Calculation of the Relic Density

and sum over the spin degrees of freedom. For a 2 — 2 process (12—34) the Lionville-
term becomes

/ (1) (d:)13 = %%(Rg’nl) =n1 + 3Hn,. (5.4)

Only the inelastic terms of the collision term survive the integration

/ (f1)(d P1 Z/ Sufa(L £ f3)(1 % f4)[Mig-54]?

Spin
— f3fa(l£ fL)(1 £ f2)|M34~>12| ) (27)45(]91 + P2 — D3 — pa) (5.5)
d*py d*ps d*ps d*py
(27T)32E1 (27T)32E2 (271')32E3 (27T)32E4’

where M is the invariant polarized amplitude. If the initial particle are identical, one
gets a factor % to avoid double counting and a factor 2 out of the disappearance of two
particle in each annihilation. So for identical particles there is no additional factor in
the equation. One can replace f3 and f; by their equilibrium distributions f5* and f;%,
because the annihilation product is in equilibrium with the thermal background.The
detailed balance allows the replacement

f3U 0 = R (5.6)

By taking into account unitarity, one receives

d*ps d’py
M. 2 4¢4 _ .
E /| sa-12]°(2m) 6% (p1 + p2 — ps — pa) (27)32E, (27)32E, (5.7)

spin

d’ps d’py
27T)32E3 (27T)32E4 ’

= Z/|M12—>34| (2m)*0*(py + p2 — p3 — p4)(

spin

Introducing the unpolarized cross section 05,34, one gets

d’ps d’py
M 2m)*6* — =4F 5.9
S%;/| 12-34)2(2m) 6% (p1 + p2 — p3 — pa) (27)32E; (27)°2E, 9192012534 (5.9)
with F' = [(p - p2)? — m?m2]*/? and ¢, and g, are the averaged spin factors. To include
all accessible final channels, one has to replace o15_.34 with the total annihilation cross
section

@11 = ov nidngs — dn$tdnS?
/ (f1)< oy / Mol(dnidns — dnftdns?). (5.10)

ny and ngy are the particle number densities and their equilibrium values are n{® and n5?,
dny and dns are the momentum-space differentials. The Mgller velocity vy, = EF i is
defined in a way that vysnins is invariant under Lorentz transformation. This product
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5. Calculation of the Relic Density

equals the product of the relative velocity v, with the particle densities ni1,, and ngap.
Using the Mgller velocity, the invariant interaction rate per unit volume and unit time
can be written in any reference frame as

dN

m = Uv{wmn’lné. (511)

The prime on the velocity and the particle densities symbolizes the chosen reference
frame, o is the invariant cross section. If one chose the cosmic comoving frame with the
particle velocities v = g—ll and vy = %22 the Mpgllervelocity becomes
1/2
VMgl = UU1 —vg)? — |y X 1)2|2} / (5.12)

By symmetry consideration, one realizes the distributions in the kinematic equilibrium
are proportional to those in chemical equilibrium, where the proportional factor is in-
dependent of the momentum. This is true for the species one and two in the kinematic
equilibrium through scattering in a thermal bath during the whole evolution even after
decoupling, when they are out of the chemical equilibrium.Taking equation (5.10) with
comparison of the situation before and after the decoupling, one obtains

d3 e [&]
gl/C(fl)ﬁ = — < 0UMg] > (n1n2 — nlanQ). (513)
The thermally averaged total annihilation cross section multiplied by the Mgller velocity

is given by
[ ovongdniidng?

< >= 5.14
0 UMgl fdn?qfdn‘iq ( )

By comparing Eq. (5.10) with Ey. (5.13), one receives
n1+ 3Hn; = — < ovmg > (nine — ni'ngt), (5.15)

and an analogous equation for ny. If the particles one and two are identical it follows
i+ 3Hn = — < ovyg > (n® —nd). (5.16)

Where o is summed over final and averaged over initial spins with no factor of % for
indentical particles. In the following only identical particles are taken into account.
One considers the expansion of the universe corresponds to the ratio of the number of
particles to the entropy Y = %, where s is the total entropy density of the universe,
to treat the decrease in the density implicitly. The total entropy per comoving frame
is given by S = R3s. This value is constant if there is no change in entropy. Dividing

(5.16) by S, one receives

Y = —s < ovng > (Y —Y2). (5.17)
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5. Calculation of the Relic Density

Yeq is the equilibriums abundance and is calculated as

45912 Ko(x)

Vg = —or 22,
b Amthesp (™)

(5.18)

where g stands for the degrees of freedom of the initial particles and h.f; denotes the
effective degrees of freedom for the entropy. Ko(™)[27] is the modified bessel function
of the second kind. By using the scale factor R as a time variable, one gets

dY s < O'/UMQ)] > 2 2
— =——(Y*-Y2). 5.19
e = R 7 (5.19)
H = (%WGp)% is the Hubble parameter, G the gravitational constant and p the total
energy density. The function for Y can also be rewritten in terms of the parameter
T

r ==
m

ay 1 ds
— = > (Y?-Y2 5.20
dx 3H dx O UMgl ( eq)? ( )
where T' being the photon temperature. In the following step the effective degrees of
freedom for the energy and the entropy density are introduced

2 2 2
%T“, s = heg(T) =275, (5.21)

pP= geff(T) 45

For relativistic particles with one internal degrease of freedom, it is geg(7) = heg = 1.
Using Eq. (5.21) in (5.20), one receives the final result for the Boltzmann equation

ay T g*%m 2 2
= VBg o <ot (VYY) (5:22)

The content of the universe is given by the degrees of freedom parameter

L he 1 T dh,
gtz == (1 + ﬁ) . (5.23)

3 heg dT

2
geff

The Eq. (5.22) is only valid as long as the statistical and mechanical factors are
neglected, the annihilation products are in thermal equilibrium, the species under con-
sideration remain in kinematic equilibrium after the decoupling and the initial chemical
potential of the species is negligible.

5.1.1. Integration Method for the Boltzmann equation

To calculate the relic density one has to solve the Boltzmann equation. This can be
done by a numerical integration of the function. In the following a way to do these
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5. Calculation of the Relic Density

numerical integration will be explained. The integration routine is based on the routine
in DarkSUSY [32]. Taking the formula (5.22) and defining the factor A

N [T Vg

“Via 2 < Oeff¥ >, (5.24)
the Boltzmann equation becomes
ay
o= —AMY? = ¢2). (5.25)

There is also the thermal equilibrium density renamed to ¢ = Y,,. To solve the equation
numerically, one can approximate the curve from above and from below and compare
both results. With the trapezoidal method one can underestimate the area under the
curve, see appendix F. (In the following there will be a short form used for functions
with z; as there argument f(z;) = f;). Furthermore, the right side of the Eq. (5.25) will
be represented by

fi= XY~ q)) (5.26)

and
Jiv1= >‘i+1(Yz|—1 - qz‘z+1) (5.27)

The equation which has to be discretized is

Vi - Vi = h% (5.28)

This quadratic equation is solved by

c
Yii1=——— 5.29
i 1+ 14 uc ( )
with

¢ =2Y; +u [(g1 + pa;) — pY7] (5.30)

Ai
= . 5.32
e (5.32)

In Eq. (5.29) one has to take into account that the denominator should not be complex.
Therefore the step will be repeated with a reduced step width h = % if 14+ wuc<0.

The Euler method is used to overestimate the area under the curve, see appendix G.
Therefore, in the next step the Boltzmann equation will be discretized as

Yigr =Y = hfin (5.33)
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5. Calculation of the Relic Density

which leads to the solution

1 c
= 5.34
with
¢ = A(Y; +ugd,,). (5.35)

As before, it should be checked whether 1 + uc¢’ < 0, then the step would be repeated
with the step width h = %

To have an efficient routine, it is useful to use an adaptive method for the step size
related to the difference of Y;;; and Y/,

/
Yipn — Vi

Yip

d= (5.36)

The difference d is then compared to a precision factor € which should be a fixed value
(e.g. 0.01). If d < ¢, the step size can be increased by a factor of 6%, but the factor should
not exceed 5. The factor s is a safety factor, which should be defined on a fixed value
(e.g. 0.9). If d > e, the step size should be reduced by the factor £, but this time the
factor should not be smaller then 1—10. In the whole calculation one should take care that
the step width should not becomes smaller then h,,;, = 1079. Another check should be
that the number of steps is limited by a maximal value (e.g. 10°). There are two things
missing by now. First we need starting values z;, h. One should take care that x; is
small enough so that the value is not starting after the freeze out. For the step size it is
a great choice to start at h = 0.01. In Fig. 5.1 one can see what is meant by the freeze
out. After a short plateau the comoving number density begins to decrease within time
until, the curve ends again on a plateau. This plateau means that the number density
is now only depending on the expansion of the universe, this is meant by the freeze out.
Secondly there has to be a check for the freeze out. For the freeze out one defines a
value z.,q where the routine starts to check for the freeze out. To check whether the
freeze out took place, one compares the old abundance Y; with the new one Y; . If

Yi—Yin

Y <e (5.37)

then the freeze out is reached. The relic density is then calculated by
Q=m-Y;-2.742 - 105, (5.38)

By now the thermal average of the cross section times the velocity was used in the
calculation of the relic density. But there is still the question how to calculate the
thermal average numerical|31]. This will be done by an integration via the Simpson’s
rule, see appendix H

Ti+1

< ov>= / ov(z)dz = % [av(azi) +4-ov (%) + Jv(xﬂ_l)} L (5.39)
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5. Calculation of the Relic Density
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Figure 5.1.: Example for the behavior of the abundance, which is proportional to the
number density|21]
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5. Calculation of the Relic Density

Table 5.1.: MSSM input parameter for the selected scenario, the unit of the parameters
is all given in GeV, except tan 3

tanﬂ % ma M1 M2 M3 M§1,2 Mq Mﬁ Ml“ At

5.8 2925.8 948.8 250.0 1954.1 1945.6 3215.1 1578.0 609.2 3263.9 3033.7

5.2. Comparing DMG@NLO with micrOMEGAs

Up until now DM@NLO used micrOMEGASs to calcualte the relic density. Therefor, a
routine for the integration is implemented, which uses the thermal average of the cross
section times the velocity of micrOMEGAs! to compare the results. The routine for
the integration was written in C to handle different functions for the thermal average,
the equilibriums abundance etc. The integration was implemented in the micrOMEGAs
main file as it was explained before.

In the table 5.2 are the MSSM input parameter shown for the test scenario. A special
scenario was chosen where 98.8% of the annihilation happens via the process Y°x° — .

The freeze-out curve of this implementation is shown in figure 5.2. The orange line
shows the equilibriums abundance by micrOMEGAs. The dashed black line shows the
relic abundance which was calculated by the implemented routine. As it is expected one
sees that slowly the annihilation dominates the processes and then the rapid decrease
of the equilibriums abundance to zero. Whereas the relic abundance first follows the
equilibriums abundance and then freeze out, where the relic abundance of the comoving
frame only depends on the expansion of the universe and therefor becoming a flat line.

Comparing the results of the relic abundance Y,,, and relic density of micrOMEGAs
Q.. with the new implemented numerical calculation of the relic abundance Y;.2and the
relic density €.

Yo = 8.217252- 10712 Y}, = 8.205265 - 102, (5.40)

Qmoh? = 0.563  Qu.h? = 0.5618. (5.41)

one sees that the results fit quite well.

As a next step one has to determine the thermal average. Therefore the implemented
routine was extended to an integration routine for the calculation of the thermal aver-
age, as it was discussed before. Within the comparison of micrOMEGAs and the new
integration routine, one has to take into account that we now only deal with 98.8% of the

'micrOMEGAs uses a different method to solve the Boltzmann equation, namely the Runge-Kutta-
method
2The index is chosen to clarify that the trapezoidal and euler method was used
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5. Calculation of the Relic Density
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Figure 5.2.: Calculation of the abundance with the new routine within micrOMEGAs,

where the thermal average and the equilibriums abundance was used from
micrOMEGAs.
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5. Calculation of the Relic Density
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Figure 5.3.: Calculation of the abundance with the new routine within micrOMEGAs,
where the equilibriums abundance was used from micrOMEGAs, but the
thermal average was calculated within the new routine.

complete cross section. Therefore one can expect differences between the result of mi-
crOMEGASs and the newly implemented routine. In figure 5.3 the freeze out curve of the
extended routine is shown. As before the orange line shows the equilibriums abundance,
which is exactly the same as before. Still the function for the equilibriums abundance of
micrOMEGAs was used. With the new thermal average, there is still the same behavior
of the relic abundance. The plateau at the end is now shifted a little higher then before.
Again comparing the results from micrOMEGAs and the implementation

Yoo = 8.217252 - 10712 Y;es = 13.81070 - 10712, (5.42)

Qmoh? = 0563 Quesh?® = 0.946. (5.43)

As only dominant processes are used the difference between the two relic densities is
acceptable.

The next step was to rewrite the routines in a FORTRAN code for the use with
DM@NLO. Therefore the equilibriums abundance has to be calculated as well with the
formula (5.18). The degrees of freedom ¢*, hess and g.;s were implemented in same
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5. Calculation of the Relic Density
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Figure 5.4.: Calculation of the abundance with the new routine implemented in
DM@NLO

way as they are in micrOMEGAs [19]. There were also the modified bessel functions
implemented from [27].

In figure 5.4 one sees the same behaviour of the equilibriums abundance and relic
abundance like before. Comparing the relic density

Yo = 8217252 - 107" Ypuynzo = 18.355548 - 10712 (5.44)

Qoh® = 0.563  Qpunroh® = 1.276. (5.45)

At the first view it looks like a huge difference. But again one has to take into account
that on the first side Q)0 was calculated within micrOMEGASs 4.1 while the relic density
of DM@NLO is calculated also on tree level® but with the convention of an older version
of micrOMEGAs 2.4.

3DM@NLO includes an option to decide whether one wants to have NLO correction or not
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6. Conclusion

This thesis is a part of an effort to transform the DM@NLO computer code to a stand
alone code. As a first step I have implemented the missing processx{x| — HiH;.
The results were cross-checked analitycally and numerically with other codes such as
FormCalc and micrOMEGAs. As was shown in the thesis, the results are in a good
agreement in different Higgs regimes. The final states including vector bosons are still
work in progress and will be finished as soon as possible.

Another goal was to solve the Boltzmann equation, which is also done and implemen-
ted into DM@QNLO. At the moment the Boltzmann integration routine uses only one
annihilation process to calculate the relic density. As a next step in this project one has
to find a efficient way to include all calculated cross section into the Boltzmann routine.
The main problem within this is the long calculation time within the integration of the
thermal average. A way to reduce the calculation time, would be if DM@NLO runs the
first time all cross section should be written into text files, which can be later reused by
each relic density calculation.

The transformation of DM@NLO into a stand alone package is still not complete. One
needs to implement still missing processes such as the neutralino annihilation into other
electroweak final states as well as processes as tf — gg,including the NLO corrections.
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A. Formulary

A.1. Dirac Matrices
[22]
p=""pu
{7} =2¢"
" = ="k 4 2k
tp = —pd +2a-b
YWy =4
Vuly* = =24
YVustpy" = 4a - b
Vulbi" = —2¢4p
By = ="k + 28"
(@ —75)7" =7"(1+75)

A.1.1. Spinors

S, e he() = (& Rermi-gauge
= (—g" — k;;llz ) unitary gauge
u(p)(p—m) =0
(p—m)u(p) =0

Je(k) =0
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A. Formulary

A.1.2. Trace's
Tr(l) =4
Tr(vs) =0
Tr(ap) = 4ab
Tr(dped) = 4[(a - b)](c-d) + (a-d)(b-c) — (a-c)(b- d)]
Tr(ysp) =0
Tr(ysdpt) = 0
Tr(vsdpid) = Aieapy,
A.2. Polarization

Pr=-(1-1s)

Prp=S(1+1)
PrPr, =0
PrPr = Pg PP, = P
P+ Pp=1
Tr(Py) =2 = Tr(Pg)
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B. Feynman rules

B.1. Neutralino/chargino-Higgs

[26]

Xi
N i —ig(Cr(k)Pr + Cr(k)PL)
X
Xi
R € —jg(CR(kJ)PR+CL(k7)PL)
X
Xi
—_—————-—-—-—- - Hg _lg<CR(k>PR+OL<k)PL)
X)
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B. Feynman rules

For neutralino annihilation to Higgs:

CL(1) = —E1/(2d08w) (= Sa)(Z2n(0,3) 220 (3:2) + Z2a (G, 3) 2203, 2)
- 2 (Zli3) 230 1) + 230l 3) 230, 1)
(O Zo (i, D205, 2) + Z20 G D Z200,2)

- B (Ll 2D + 2o D 1)

CR(1) = —Er/(2d0Sw)((—S5a)(Zzo (i, 3) Z30 (4, 2) + Z3o (4, 3) Zxo (4, 2)
— 2 (20,3 2500, 1) + Zio . i 1)

+ (=Ca)(Zxo(i,4) Z3o (4, 2) + Zyo(J, 4) Z3o (4, 2)
- 2 (Zrali ) Z50 (3. 1) + o . 0 1)

CL(2) = —EL/(QdOSW)((—FCA)(Z;o(i, 3)2;0 (7,2) + Z;o(j, 3)Z§0(z’, 2)
- B (Zl3) 230G 1) + 230l 3) 230, 1)

+ (—SA)(Z;O(z’,Zl)Z;O (7,2) + Z;co (j,4)Z;<O(i, 2)
- DBl 2305 1) + 2 4) 2302 1))

CR2) = —Ey /(2408w (+C) (Zio i, 3) Zio(1,2) + Zio (1. 3) Zio i, 2)
- 2 (20,3 2501 1) + o, i 1)
+ (=Sa)(Zzo (i, 4) Z50 (5, 2) + Zyo (4, 4) Zyo (i, 2)

_ g—g/(zxo(i, 4)Z30 (G, 1) + Z30 (4, 4) Zo (i, 1))))
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B. Feynman rules

CL(3) = —iE1/(2d08w) (—Sp)(Z2a(6,3) 73, 2) + Z20(). 3) Z2n(0,2)
- 220, 2. 1) + Z33)Z30li, 1)
(OB (Z20(6, )220, 2) + Z0(7,4) Z20(0,2)
- D20 ) 23005 1) + Zp (G 4) 250 1))
CR(3) = +iEL/(2d0Sw )((=Sp)(Zz0 (i, 3) Z30(j, 2) + Z30(j,3) Z30 (i, 2)
= 2 Ziali, 03, 1) + Zr03) 2o, )
+ (+CB)(Zxo(i,4) Z30(5,2) + Zxo(j,4) Z30 (i, 2)
— 2 (Bl )Ze0 (5, 1) + Zoo (. ) 05 1))

CL(4) = —iEL/(2d0Sw ) ((+Cp)(Z5e (i, 3) Z40 (4, 2) + Z5o (4, 3) Z50 (i, 2)
- 2 (20,3220 1) + 20, Za 1)
+ (+SB)(Z50(1,4) Z50(4,2) + Z30(4,4) Z50 (i, 2)
- 22 4) 23005 1) + Zn (G 4) (0 1)

CR(4) = +iEL /(2408 )(+C3)(Z5o (1.3 Z30 () 2) + Zyo(5. 3) Zen (0,2
— 2 (B0, 250 (0, 1) + o1, 0 1)
+ (+88)(Z50(i,4) Z50(5,2) + Zyo (4, 4) Z0 (i, 2)
- 2 (Bl ) Ze0 (5. 1) + Zoo () 0 1))

For chargino annihilation:

CLIB) =~ G- CalVi i D2l ) + (2 2) + G2 1)V (0.2)
CR() =~ Sa(Uss (1) 230(3) = —=(Zeo(:2) + o oo, D)Uss (,2)
CL) =~ Sn(Vi () 23004) + (2300 2) + S 221, 1)V ,2)
CR(6) = ZECol Uz 6:1) 2x0(33) = ~=(Zo0 (0. + 2oL Zoa (1)U 1 2)



B. Feynman rules

For chargino annihilation:

CL(l) = S \/_( SAV (Z, 1)U;i (], 2) + CAV;} (i, 2)U§i (j, 1))
CR(1) = SW\/_( SaVi= (4, 1)Uz (1,2) + CaVi=(4,2)Us= (4, 1))
CLE) = sfff(OAV (i UL (,2) + SaVia (i, 2)UL (.1))
CR(2) = Sf\/_(OAV +(7, 1)Uz=(4,2) + SaVizx (4, 2) Uz (4, 1))
CL(3) = —isff/ﬁ(—st;i (1, 1)U%(5,2) — CpVie(6,2) UL (5, 1))

Er : : . .
CR(3) 1SW\/§(—SBV>~F (4, ))UCha(i,2) — CpVix(7,2)UCha(i, 1))
CL(4) = 'sfff( (i 1)U (,2) — S5V (1, 2)U% (7,1)

. by : : :

CR(4) = 1SW\/_(C'BVXi (7, )h)UCha(i,2) — SpVi=(4,2)UCha(i, 1))

B.2. Neutralino/chargino-Vector boson

[26]  For chargino annihilation

el
207 A# ZO : i"}/“(ALPL + ARPR)
AM . iApL’)/'u
X
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B. Feynman rules

Xi
W+ V(AL Py, + AgPr)
X
70 iv*(ALPp + ArPg)
¥
Apr = —ELd;;

AL = EL/(Sw * Cw) * (=VCha(indj, 1) x VChaC(indi, 1) — 1/2d0 * V Cha(indj,2) * VChaC (indi, 2
AR = Ep/(Sw * Cw) * (=UChaC'(indj, 1) * UCha(indi, 1) — 1/2d0 x UChaC(indj,2) * UCha(indi, 2

For neutralino-chargino coannihilation:

Ey

AL = o * (ZNeu(indj,2) x VChaC(indi, 1) — 1/sqrt2 « ZNeu(indj,4) * VChaC(indi, 2))
w
E
AR = S_L x (ZNeuC/(indj,2) x UCha(indi, 1) + 1/sqrt2 x ZNeuC(indj,3) x UCha(indi,2))
w

For neutralino annihilation:

AL = Er/(2% Sw * Cw) * (—ZNeu(indj,3) x ZNeuC(indi,3) + ZNeu(indj,4) * ZNeuC(indi,4))
AR(2) = Ep/(2 % Sw * Cyw) * (ZNeuC'(indj, 3) * ZNeu(indi,3) — ZNeuC(indj,4) x Z Neu(indi,4))

48



B. Feynman rules

B.3. Vector boson-Higgs-Higgs

In the calculation the coupling was given as Jp g this gives the prefactor of the couplings
mentioned next to the following images:

H+
7
7
. A BOHY . —ifey(ky — k)
W A~~~
8 AN 0. g _ H
\\ A . Q(kg k’d)
AN
H),
AO
7
0 // ZCOg(GW Ck(kQ - k?’)M
’W
Z” .
\\
N
H),
cl = cos(a — ) ¢y = sin(a — ) (B.1)

B.4. Higgs-vector boson-vektor boson

In the calculation the coupling was given as Ly g this gives the prefactor of the couplings
mentioned next to the following images:
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B. Feynman rules

Wi
ho : igsin(f — a)gh”
h?, HY - == - --
HO . ig cos(f — a)gh”
W,
ZO
h? icos%w) Sin(ﬁ - a)gﬂl’
hOHO - - — - - -
HO - iosfy cos(B — a)g
<0
Xi 0
\\ ZM
_II iu .7 k
\_ ______ 0 tr(i, 7, k)
///
/
X

20



B. Feynman rules

B.5. Higgs Higgs Higgs

ILR(1,1,1) = —3 % 5Co S x C2A % SAB

ILR(1,1,2) = —;éfwj‘éfv % (2% S2A %« SAB — CAB % C2A)
ILR(1,2,2) = ;éLW]‘ng % (2% S2A %« CAB 4+ SAB x C2A)
ILR(1,3,3) = —QELWAéjV « C2B % SAB

ILR(1,3,4) = —jéfwj\éjv « S2B x SAB

ILR(1,4,4) = QIZLV%?V « C2B x SAB

ILR(1,5,5) = SE—L x (My * SBA+ Mz/(2x Cy) x C2B x SAB)
w

E
ILR(1,5,6) = QSL

* (My x CBA — Mz /Cw % S2B x SAB)

w
ILR(1,6,6) = (QOEﬁ « My« C2B « SAB
ILR(2,2,2) = —3 % 2%%; « C2A x CAB
ILR(2,3,3) = ;éLWAng x* C2B x CAB
ILR(2,3,4) = QJéLWAéjV % S2B x CAB
ILR(2,4,4) = _2€*ij\ng x* C2B « CAB
ILR(2,5,5) = —5—; * (My x CBA — My/(2% Cyw) *« C2B x CAB)
ILR(2,5,6) = —22; s (My * SBA — M, /Cy  S2B x CAB)
ILR(2,6,6) = Bt M, «coBCAB

IL =i
R(3,5,6) =ix 5G

(2Cw Sy
E
L * MW

w
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B. Feynman rules

B.6. Short forms
My is the mass of the W-boson, My is the mass of the Z-boson

Cyw = cos by

Sy = sin Oy,

SBA = (sin  cos @ — cos [3 sin «)
CAB = (cosacos B — sinasin f3)
SAB = (sinacos f + cos asin f)
C2B = cos 3? — sin 3

C2A = cosa? —sina?
S2A = 2sin acos o
S2B = 2tan 3 cos 3°
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C. Amplitudes

C.1. NeuNeu2HH

The neutralino annihilation in the s-channel to Higgs final states

iMmry = 0(po) (—1)(Cr(i) P + Cr(i) Pr)u(pa) (=ilLr(i, k1)) (C.1)

(5 —m?)

M) = B(0) ()77 (AL () PL + Ar(i) Pr)u(pa)

(s i—g(:ﬂv) (—1Tpr(i, k1) (ky = £2))) (C.2)
th(x) = @(pb)(—i) (YL(Z')PL + YR(i)PR)
i(Fa — o +my) (C.3)

(—1)(Zp(1)Pr + Zr(i) Pr)u(pa)

(t—m2)

i(Pa = fo +my)

iMigo = o) (=)W (D) P+ Wa(i) Pr) == 53

(—1)(X1(2)PL 4+ Xg(i)Pr)u(pa)
(C.4)

C.2. NeuNeu2HV

—1

My = 5 (Jor * 0(po)(Cr % Pr+ Cpx Pu(pa) * (2% ki + £2)" x ) (kz)) (C.5)
. 1 _ v vp. *
M) = — = (Lrr *0(pp)y" (AR * Pr + AL * Pr)u(p.)g"'g" e} (ks)) (C.6)
) —1 _ Y
1My = #0(py)V"(Ur * Pr+ UL * Pr)(mg — k1 + Pa)

(t —m2) (C.7)
(Zr * Pr+ Z1, x Pp)u(pa)e;, (k2))

—1

iMyey) = * U(py) (Wr * Pr+ Wp * Pr)(mg — K2 + pa)¥"

u —m2) (C.8)
(TR * PR + TL * PL)u(pa)€;(k’2))
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C. Amplitudes

C.3. NeuNeu2VV

iMS(H) =

) 1
lMs(V) =

(s —MV?)

1

(s — m?)

Vivo(pe)y’ (= (ArPr) + ALPp)u(pa)e;, (k1)e, (k2)

Lrrv(ps)(CrPr + CLPL)u(pa)g e], (k1)e; (k2))

(877 (=K1 — 22)"e" + 8" (201 + K2)" + & (k1 — #2)7))

My =

—i

U(pp)Y” .(Ugr * Pr + UL * Pp)(my — K2+ p)

s —m2
X
Y (Ve * Pr + Vi, * Pp)u(pa) * ,(k1)e; (k2))
. —i _
lMu(X) = (S o mg) * U(pb)ﬂyu(SRPR + SLPL)(mX - kQ +¢a)
X
Y (TrPr + T1PL)u(pa)e;, (k1) (k2))
C.4. Ghosts
. —i _
lMs(h) = (S — m?)GGHUpb (CLPL —f- ORPR)U<pa)
. —1 Ve
IMS(h) = (S _ m%/) GGV(kl + k2> Upb’VH(ALPL + ARPR)u<pa)
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D. Square amplitude

D.1. NeuNeu2HH

| My

‘ 2

]2
= —LE (s — 2m2%)(CLOf + CrCp) — 4my(CrCh + CrCH)] . (D.1)

2 1

== (m¥ — s)(s — myc?
(A - A5 (m3(m3 +3m3 — s+t —u) + m3(3m3 +m3 — s —t +u)

+mj — 2m2m? — 2m3s +mj — 2m3s + 5% — 1? + 2tu — u?) (D.2)
+ 2myma AR (—2m3 — 2m? + 5)) + Ar(2mima A% (—2m3 — 2m3 + s)

+ AR(m3(m3 + 3m3 — s+t —u) + m3(3m3 +m3 — s —t +u) + mj

— 2mam; — 2m3s +my — 2m3s + s — 12 + 2tu — u?)))

)JLR Jir

— (o = t;(t - mi)YR*(mchizg(YR(mx(mf +m3 — 8)Zg

—my(m? —2m3 4+ mi —t)Z;) + moY L(Zr(2m? +m3 +mi — s — u)
+2mym, Z1)) + Z5(maY L(my, Zp,(2m} +m3 +mji — s — u)

4 2my(—m? +m3 +t)Zg) + Y R(Zp(—mi +m2(3m3 — 3m2 4+t + u)

+my +ma(mi — s — 2u) — mj +mis +mit + miu — tu)

— (2 — 2m3 = )Z8)) + ¥ L (my Z5(Y Llmy(md + m3 — )7
—my(m? —2m2 +m?2 — ) Zg) + maY R(Z;(2m? + m2 +m? — 5 — u)

+ 2mym, Zg)) + Z5(maY R(my Zp(2m3 + mj +mj — s — u)

4+ 2my (—m? +m3 + ) Z1) + Y L(Zg(—m] + m2(3m3 — 3m3 +t + u) + mj
+m3(m2 — s — 2u) —mj +mis +mit + miu — tu)

— mamy (my — 2mj +mj —)Z1))))

(D.3)

95



D. Square amplitude

2 1 * * 2 2 2

= ) VRl X B (Wa(m XL(2m 4 m3 4 mi = s 1)
+my (m] +m3 — 8)XR) + moWy((m] —mj +u) X R+ 2mym,XL))
+ X L*(maWy(my(m] —mi +u) X L + 2miuX R)
+ Wgr(mim, X R(2m3 +m3 +mj — s — t)

| Muy)

+ XL2m] +m2(m3 —m3 — s —t +u) —mims — mj +m3s +mit + miu — tu))))

+ Wi (my XL*(Wr(my X R(2m3 +m3 +mj — s —t) + my(m} +m3 — s)XL)
+moWr((m] —mj +u) XL+ 2mym, XR))

+ X R*(maWg(my (m3 — mi +u) X R+ 2muXL)

+ Wr(mim, X L(2m3 +mj +mj — s — t)

+ XR(2m] +m2(m3 —m3 — s —t +u)

— m%mi — mi + mis + mit + miu —tu)))))

1 *
) ) e
(CL(mo A% (—m3 +mi +t —u)
+my Aj(—=mi +m3 +mj —mj +t —u))
+ Cr(mi A5 (—m3 +m3 +m3 —m2 +t — u)
+moAp(—m3 +mi +t - u)))
1
= =D
(CL(Y L*(my(m7] — 2m3 +m3 — ) Z5,
— my(m? + m3 — 5)7) (D.6)
— maY R*((2m] + m3 +mj — s — u) Z} + 2mym, Z3,))
+ Cr(Y R*(my(m} — 2m3 +mji — )25 — my(m3 +m3 — s)Z3)
— mupY L*((2m3 + m3 +mj — s — u) Z§ + 2mim, Z7)))

MMy | = —(1/((m7 — s)(m2 —u)))ILr
(CL(Wf(mi(2m? +m3 +m] — s — ) X R* + m,(m; +mj3 — s) X L")
+ maWg((mi —mj +u) X L* + 2mym, X R*))
+ Cr(W5(mi(2m3 +m3 +mi — s — t) X L*
+ my (m] +m3 — )X R*) + moW;((m] —mj + u)XR*
+ 2mym, X L")))

Mmy M| = (

(D.5)

VLr

(D.7)

o6



D. Square amplitude

MMy | = —(1/(2(m3 — t)(m}, — 5)))JLr
(AL(2maY L*(my Z5(—m3 +m3 + 2m3 +2m3 — s+t — u)
+my (—m3 +mi+t —u)Z;) + YR (2mym, Zh(—m] +m3 +m3 —m] +t —u)
+ Z5(—mi +m3(m5 +m3 — 6m3 + s+ u)
+m3(—3m3 + s + 2t — 3u)
+ 2mam; + mjs — mjt — mau — 2my + 3mjs
+mit + miju — 8° + t° — 2tu + u?)))
+ Ar(2moY R*(my Z5 (—m? + m3 + 2m3 +2m? — s+t — u)
+my (=m3 +mi 4+t —u)Zg) + Y LN (Zx(—my + mi(ms +m3 — 6mi + s+ u)
+m3(=3mj + s + 2t — 3u) + 2mim; + m3s — mit — mju — 2my + 3m;s
+mit +miu — s° + 17 — 2tu + u?) — 2mym, Z5(m3 —m3 — m3 +m3 —t +u))))
(D.8)

M) M| = =(1/(2(m5 = w)(m}y = ))) Jun
(AL (W5 (2mym, X R*(—m7 4+ m3 +m3 — m] +t — u)
— XL*(m$ —m3(m3 +mj + 4m3 — s + 2t — 3u)
—m3(mj + 2m3 — s +u) + 2mam3 + m3s — mat — miu — 2mj
+ 3mis +mit + miu — s* + % — 2tu + u?))
—2maWi(my(2m3 + 2mi — s — t + w) X R* + m,(mj —mj —t + u) X L*))
+ Ap(Wi(=2mim, X L*(m} — mj — m3 +mj — t +u)
— XR*(m} —m3i(m3 +mj + 4mj; — s + 2t — 3u) — m3(m3 + 2m3 — s + u)
+ 2m3m} + mis — m3t — mzu — 2m;
+ 3m3s +mit + miu — 57 +t° — 2tu + u?))
— 2myWh(my(2m3 +2m?3 — s —t +u) X L*
+my (m3 —mi —t +u)XRY)))
(D.9)

o7



D. Square amplitude

Migo My |* = (1/ (5, = w)(mi§, 1))
(W3 (my XL*(Y L(my(mF — 2m3 +mj — t)Zg — my(m] +m3 — 8)Z1)
— maY R(Zp(2m3 +mj +mj — s — u) + 2mym, Zg))
+ XR*(moY R(my Zp(—3m3 —m3 + s+t + u)
—my(m} —mj +u)Zg) — Y L(mym, Zr,(2m} + m3 +mi — s — t)
+ Zr(mi(m3 + 2mj —u) +u(mj + ) +my — mi(s +t +u)))))
— WH(m, X R*(Y R(m,(m} +m3 — s)Zp
—my(mi —2m3 +mi —t)Z1) + moY L(Zr(2m] +m3 +m3 — s — u)
+2mym, Z1)) + X L*(maY L(my Zr(3m3 +m3 — s —t — u)
+my (m3 —mji +u)Z;) + Y R(mym, Zr(2mi +m3 +mj — s — t)
+ Zi(mi(m3 + 2m3 — ) +u(ms +t) +my —mi(s +t +u))))))
(D.10)

D.2. NeuNeu2HV

| Moy | = -

1
(m? = 5)(s — m2) 7R
(2m3 — mi + 2s)(CL(CT(mT +m3 — s) + 2CEmams)

+ Cr(2CTmims + CH(mi +m3 — s)))

(D.11)

|My|” = (2LrrLig
(Ap(Arc(m] +m3 — s) — 4Agcmymy) + Ag(Agc(m? +m3 — s) (D.12)

— 4Aemims)))/ (M2 = s)(s — myc?))

o8



D. Square amplitude

My = (1/((m3 = 1)(t = m3)))
2(mi(ULUr ZrZ + URURZLZY) + miy(m UL Ur Z5 Zg
+m\UgURZ1Z5 + m\ U U Z1, 7,
+m URULZE ZR) +mi(2m3 (UL U ZrZ + UrUKZ1LZT)
+my (my (ULUF Z1Z5 + URURZRrZ%) — 2mo(ULURZR 2,
+UURZ1LZY)) — 2mam, (ULURZLZ5
+ UEURZRZ]*%) - (S + u)(ULUzZRZE
+ URURZLZY)) + ma(2m3(m UL Ur Z5 Zg
+m\UgURZ1Z5 + m\ UL U Z1, 7,
+ m URURZ} ZR) — 4may(m2ULURZLZ 5, + mymy Ui UrZ} Z
UL URZE Zg + tURURZLZ%) + (m3 — s — uw)(my U UL Z5 Zg (D.13)
+m URULZL Z 5+ m UL Us Z1 25 + m UrUKZT ZR))
+m3(mym, (ULUs Z1 7%
+URURZRZY) — (2m3 — t) (U U ZrZ3 + UrURZLZ}))
+ 2my(mj — t)(m UL U ZpZ5 + m UrUrZ [ Z}
+m U URZLZ} + m\ U UrZRrZ%,)
—myULUs ZpZ5 — maUrURZ 1 Z5 + misULUr Zr 25,
+m3sURUKZLZ5 + mitULUr ZpZ5 + matURURZ L 7}
+m3uULUs ZrZ5 + muURURZ L2
—mmy sULU; Z1,Z7 — mymy sSURURZRZ,
— tuUL U Zp 25 — tuUrUKZ1 Z5)
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D. Square amplitude

| Moo’

= —(1/((m} = t)(m}, — u)))

2(—2m (T UsW LZ; + TrU;W RZY,)

+mi(m (TLUsWRZ}, + TRURW LZY) — 4m, (TLURW LZ},

+ TRU;WRZ})) + mi(ma(—(TLURW LZ;

+ TRUFW RZE)) + mo(my (TLU W LZ; + TRURW RZ,)

—2m (TLURW RZ; + TrRUFW LZE)) + 2m3 (T, URW LZ;

+TRUFW RZ}) — miT UW LZ; — miTRURW RZ, + mym, T U W RZ}
+mm TRUFW LZ + sTLURW LZ5 + sTRUFW RZ,

—tTLURWLZE — tTRUFW RZ}) + my (2m3 (my (TLUW RZ},

+ TrUWLZY) — m (TLURW LZ5, + TRUFW RZ}))

+my(—(2m2 +2m? — s —t —u)(TLUfWLZY + tRUSW RZ})

— dm,m, (TLURW RZ}, + TRU;W LZY))

+mim, (TLUfW RZ}, + TRUFW LZY)

—2mim, TLURW LZ}, — 2mim, TrUFW RZ} + 2m, sTLURW LZ,

+ 2my sTRU;W RZ} + 2mu t T URW LZ},

+2m\ tTRUW RZ} — m\sTL U W RZ, — my sTRURW LZT

— my T uUf W RZ 3, — my TruUsW LZ}) + m3(ma(T UsW LZ; + TrUR W RZF)
+mymy (TLUFW RZ; + TRURW LZY) — (T LURW LZ; + TrUFW RZY,))

+ ma(2my (m3 — ) (TLURW RZ; + TRUFW LZ) + mi (—my ) (TLUF W LZ}
+ TRUEW RZE) + myu(T UsW LZE + TrRURW RZE)) + mami T ,URW LZ;
+mimiTRUFW RZ Y, — m3sT URW LZ; — masTRUFW RZ3,

—mATL UMW LZE —m2tTRUSW RZ, — mAT U W LZ; — mAtTrUF W RZ
— mymy ST UfW RZ] — mymy sSTRURW LZY, + stT .U W LZ + stTprUW RZ,
+ T URW LZ} + *TrRUFW RZ})

(D.14)
* 1 *
‘Ms(h)Ms(V)l - (mz —5)(s — mVCQ>)JLRLLR
Are(Crmo(—=3m?2 —2m2 — m?2 4+ 2t + u
( ( 21 1 3 4 ) (D.15)

+ Crmy(mF + 2m3 + 2m3 +mj; — t — 2u))
+ Agc(Crmy(m] + 2m3 + 2m3 + mj — t — 2u)
+ Crmao(—3m3 — 2m3 — mj + 2t +u)))
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D. Square amplitude

1
2(m7 — s)(m2 — 1)
JLr(CL(miURZE +mi(2mUkRZ5 — 6moUs Z5)
+miZ5 (5maUp — 6mam, Us + Ug(Tmj + s — 5u))
+ 2my Z5(2mam, Uf, + maUs (m3 — 2m3 + s + 2t + u)
+m UR(2m3 +mj —t — 2u)) + Z5(m3UR(3m3 + s — u)
+ 2mam, U (—2m3 — mj + 2t +u) — Uf(m3(3s — t + u) (D.16)
—mi(s+t—u)+ s +t*—u?)) + Cr(miUsZ5,
+2miZ5 (m, Ur — 3maUpy) + m3 Z5(5maUs
— 6mam, Uj, + Ur(Tm3 + s — 5u)) + 2my Z5 (2mam, U5
+maUp(mj — 2mj + s + 2t + u) + m, U (2m3 +mj —t — 2u))
+ Z5(m3UF (3m3 + s — u) + 2mam, Uf(—2m3 — mj + 2t + u)
—Ui(m3(3s —t+u) —mi(s+t—u) + s +t> —u?)))
1

My M* = —
s(h) u(x)‘ (2(m2 _ 5)(m§ _ t))

Jir(CrL(miURZE +mi(2m ULZy — 6maUr Z7,)

+m3 Z5 (5maUs — 6mam, Us + Ug(Tmj + s — 5u))

+ 2my Z5(2mam, Uf, + maUf (m3 — 2m3 + s + 2t + u)

+my UR(2m3 +mj —t — 2u)) + Z5 (m3UR(3m3 + s — u)
+ 2mam, Uy (—2m3 — mj + 2t + u)

— Un(m3(3s —t+u) —mi(s +t —u) + s>+ t* — u?)))
+ Cr(miUr Z5 + 2m3 Z5 (m, Uy — 3myU},)

+m3 Z5(5maUs — 6mam, U, + U (Tmj + s — 5u))

+2my Z5 (2mam, Us + moUp(mi — 2mj + s + 2t + u)

+m, UF(2m3 +mj —t — 2u)) + Z5(m3Ur(3m3 + s — u)
+ 2mam, UR(—2m3 — mj + 2t +u) — U (m3(3s — t + u)
—mi(s+t—u)+s*+t2—u?)))

My Mi| = —

(D.17)

MMy | = (1/((m2 = t)(mi, — 5)))2LLk
(AL(miU; Z +miZi (m Uy — 2maUp)
+my Z5(2m3UF — 4mam, Up + Ur(m3 — s — u))
+ Z5 (mam, UF + 2maUp(m3 — t) — m,sU;)) (D.18)
+ Ar(m3URZE +mi(m UpZs — 2muUrZ3)
+my Z5 (2m3Ux — 4mam, Us + Ux(m3 — s — u))
+ Zymdm U+ 2maUs (2 — £) — mysUR)
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D. Square amplitude

M) My | =

Mt(x)MJ(X)

‘ 2

1
(m3 —t)(mi, — s)
(Ap(miUL Z5 +mi Z; (m, Up — 2myUg)
+my Z5(2m3UF — 4mam, Up + Ur(m3 — s — u))
+ Z3 (mamy Ur + 2maUp(m3 — t) — mysU))
+my 25 (2maUs — Amaom, UT + Up(m3 — s —u))
+ Z5(mam, Uk + 2maUf (m3 — t) — m,sUR)))
1
(mi —t)(t — mi)
2mi(ULUr ZrZ + UrUKNZ L ZY)
+m3(m UL U Z5 Zp + m URURZ [ 2%
+m UL U 2,73 + m URUKZ5 ZR)
+m32ma(ULUs ZrZ3 + UgURZLZ7)
+ my (my (ULUF Z1,Z5 + URURZRrZ3,)
— 2mo(ULURZRZ Y + UrURZLZY)) — 2mam (UL U ZL 7}
+ UrURZRZE) — (s + u) (U UL ZpZt + URURZL Z3))
+my (2my(m U U Z5 Zg + mUpUnZ1 7},
+m ULUr Z,Z + mURURZ7 ZR)
— dmo(mm\ ULURZ 1 Z3, + mym U UrZ; Zg
+tULULZ; Zp + tUrUrZL Z5)
+ (m3 — s —uw)(m UL U Z5 Zr + m\URULZ L ZF,
+m ULUF Z1 75 + m URURZ; ZR))
+m3(m,m (U U Z1 25 + URURZRZ})
— 2mi — ) (ULUs ZprZ5 + URUKZLZY))
+ 2my(mj — t)(m UL U ZpZ5 + m UrUrZ L Z}
+m ULURZ1 25 + m Ut UrZpZ%,)
—mzULUs ZpZ5 — m3URUKNZ 1 7
+m3sUL U ZrZ3 + misURURZLZ;
+mstULUr ZpZ 3 + mstURURZ L 7
+m3uULUs ZpZ5 + mauURURZ L 7
—mym,sUL U Z1Z7 — mym, sURULZRZ,
—tuU U ZRZ5 — tuURURZ L ZT)

)2LLR
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(D.19)

(D.20)



D. Square amplitude

D.3. NeuNeu2VV

2 1

= 96—
(CL(CF(m3 4+ m3 — 5) + 2CHmimsy)
+ Cr(2CTmimy + Ci(m2 +m3 — s))))

| My

(4L pL% g
(D.21)

2 1 5

TR
(AL (A% (=9m] + m2(—9m2 — 5m3 + 8m? — 3s + 20t + Tu)
+m3(17m3 + 4m3 — 3s — 2t + 11u) + 2m3 — 22mim3 — 15m3s
+ 93t + Im3u + 2mj — 15mis + 9my + Imit + 9miu + 3s® — 1142
+ 4tu — 11u?) + 2Agremimo(17m3 + 17m? + 5s)) (D.22)
+ Ar(2Apemima(17m3 + 17m3 + 5s)
+ AR (—=9m] + m3(—9m3 — 5m3 + 8mj — 3s + 20t + Tu)
+m3(17m3 + 4m3 — 3s — 2t + 11u) + 2m3 — 22mam3 — 15m3s
+ 9mi3t + 9mzu + 2m; — 15mis + 9mit
+ 9miu + 3s* — 11¢2 + 4tu — 11u?)))

| M)
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D. Square amplitude

| My

’ 2

1
(m?< —5)(s — mi)

Am(ULUrVLVE + UgURVRVE)

+ 2mi (dmaULURVLVE + 4maUr UrVi Vi

+m UL UV VE + m UpURVEVr

+my ULUFVVR + m URURVLVE)

—m3(3ma(UL U VLV + UrURVRVE)

+ dmo(m UL URVLVE + mUrURVe Vi

+ my ULURVRVE + m UrURVLVY)

—3mi(ULUVLVE + UrURVREVE)

+ m,m ULUr VRV + m,ym UgURVLV}

+ tULUS VLV + tURURVRVE + ulU Us VL VY

+ uUpURVRVE) — 2my (4m3 (UL URVLVE

+ ULURVE Vi) + 2my (m UL UL VL Vi

+m UrURVE VR +m UL UV Vg

+ m UrURVLVE) + 4ma(m,m UL ULV Vi

+m,m, Uy UrVL VS + tULURVL VS

+tUURVVR) — (m3 — t)(m UL U VLV

+m UrURV VR + m UL UV} Vg

+m UrURVLVE)) — my(ULUFVL VY

+ UrURVRVE) — 2miy(m UL ULV VY

+ m UFURVRV + m UL UR VRV

+ my UL URVLVY) — mi(m2(ULUF VLV,

+ UrURVRVE) + mym UL Ur VeV

+ m,m UpUEVL V] — s(UL UL VLV

+ URURVRVE) — 2uUL UV Vi — 2uURURVRVE)

— 2ma(m] — s — u)(m UL URVLVE + m UsUrVRVp

+m UL URVRVE + m UrUrVLVY)

+myUUr Vi Vi + myURURVRVE

—m3sULUFVLV) — misURURVRV

— m2tUL U VLV — mAtURURVRVE

— m2uUL U VLV — m2uURURVRVY

+ mym, sULU;VRVE + mymy sURURVL V]

+ tuULUFVLVE + tuUrURVRVE)

(D.23)
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D. Square amplitude

1
| Mgy’

(m3 — 5)(s —m2)
4(=2mi(SLS;TL Ty + SpSETRTE) + 4mi (m, S ST T T
+ my SrSETFTR + my SLST T TR + mySpSETLTS)
+m3(m3(—(SLS;TLTE + SrRSETRTE)) + 2ma(my SLSETLT
+m, STSRTRTf, + my SLSETRT R + my ST SRTLTT)
+m3(SLS;TLT + SrSETRTYE) — mymy SL.SETRTS
— mymy SRSETLTE + sSpSi T Ty + sSrSETRTS,
+ SLSTL Ty — SpSiTTiu + SrSptTRTR — SpSETRT W)
+ 2my (my(m, SpSiTL T + my SRSETy TR + m, SpSt T TR
+my SrRSETLTE) — 4ma(m,m, SLSETT TR
+ mmeSzSRTLTE + SLSETLThu + STSRT Tru)
+(mj — s — t)(my SL.S;TLTh + my SpSETF TR + m, SpS;TiTr
+ my SpSRTLTR)) + m3(m3(SLS; LT}
+ SrSETRTE) — mym, (SLS;TRTS + SrSETLTY))
— 2ma(m] — u)(m, SpSETLTE + m, St SrTRTS,
+my SLSETRTS, + my St SRTLTE) +mySpSiTL Ty
+mySprSETRT, — m3sSpS; T Ty — misSprSETRTS
—m32SL STt Ty — m2SLSi T Tru
— m3SrSHtTRTS, — m3iSrSETRT U
+ mym, sSpSTTRTr + mym,sSrSFTLTT + SLSTtTLT T u
+ SpSHTRTHu)

(D.24)

1
(m? —s)(s — MV?)

7

| My M| =

5LLRVVv(ALC<CLm2(m§ - mi —t+ U)
+ Crmy(m] —m3 —m3 +mji —t+u))
+ Agrc(Crmy(—m3 +m3 +m3 —mj +t — u)

+ Crma(—m3 +mj +t — u)))

(D.25)
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D. Square amplitude

1
(mi — s)(s —m3)
2L r(CL(miURVE — 2m3VE (maUs + m, Uy)
— my Vi (2m3Ux + d4mam, U;
+ Ug(t —mi)) + Vi (m5(=Uz) = 2mim, Ug, + moUp (—mi + s + u)
+2mysUR)) + Cr(miUL V) = 2miVi(maUg + my UT)
—mi Vi (2m3U7 + 4mam, U, + Uy (t — m3)) + Vi (m3(—Up)
—2mim, Us + maUp(—m3 + s + u) + 2m,sU;)))

My M| =

(D.26)
| = 1
! = G e m)
2L r(CL(2miSETy + miTy (meSy — 2m, Sg)
+ my Th(m3Sy — 4mam, St + Sk(mi — s — t)) + TF(—2m3m, Sk,
+ ma ST (u—m3) + 2mysSy)) + Cr(2miS;Tr
+m3 (maSETE — 2m, S3TE) +miTr(m3S; — 4mym, Sk,
+S5(m3 — s —t)) + Th(—2m3m, St + maSh(u — m}) + 2m,sS})))
(D.27)

M)

1

(mi —s)(s — MV?)
2V (Ar(miURVE — miVE(moUs + 2m, Up)
+miVE(=11m3Uf, — Imam, Uy + Uk (—3m3 + 2m3 + s — 2t + 3u))
+m VE(m3UF — Tmam, Up + moUs(2m3 + 2m3 — s +t — u)
+my UR(=Tm3 — 2m3 + 2t + Tu)) + Vi (—2myUpx
+ m3Uf(—4m3 — Tm3 + 2s + 3t + 8u) + mom, U (—2m3 — Tm} + 2t + Tu)
+ Up(—m3(m3 — 2s +t — 2u) + mj
+mi(s — 2t +u) — (t+2u)(s —t +u)))) — AL(miUV}

miVy(maUs 4+ 2m, Us) + miVE (= 11m3U; — 9mam, U,
+ Up(—=3m3 + 2m3 + s — 2t + 3u)) + my Vi (miUf, — Tmam, Uy
+ maUpR(2m3 + 2mj — s+t — u) + mUs(=Tmj — 2mj + 2t + Tu))
+ Vi (=2myUs + maUs (—4m3 — Tm3 + 25 + 3t + 8u)
+ mom, Up(=2mj — Tmj + 2t + Tu) + Uj(—m3(mj — 2s +t — 2u) + mj
+mi(s — 2t +u) — (t+2u)(s —t +u)))))

Mo M| =

(D.28)
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D. Square amplitude

1
MM =
) u(x)l mi _ 5)(5 _ MV2)

2Viry (AL (8miS; Ty — Tmim, S;Th

+mi Ty (4m3S; — 9mam, Sk + St(5m3 + 5mj — 3s — 9t — u))

+ my Th(—2m3am, S5 + maSk(—2m3 — 2m3 + s+t — u)

+ my SE(—2m3 — Tmj + Tt + 2u)) + TF(2m3 S5 (m3 — t)

+ mamy Sh(—Tm3 — 2m7 + 7t + 2u) + S;(m3(mF — 2s — 2t + u)
—mj —m3(s+t—2u)+ (2t +u)(s +t—u))))

+ Ar(—8miSETH + Tmim, ST

+ miTf(—4m3SF, + 9mam, S; + Sk(—5m3 — bmj + 3s + 9t + u))
+my T5(2m3m, Sp + maS(2m3 + 2mi — s — t + u)

+m, Sk(2m3 + Tm] — Tt — 2u)) + Tx(2m3SH(t — m3)

+ mam, St (Tm3 + 2m3 — Tt — 2u) + Sh(—m3(m; — 25 — 2t + u)
+mi+mi(s+t—2u) — (2t +u)(s+t—u)))))

(D.29)
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D. Square amplitude

1
(mi —s)(s — mi)
4(3mI(S;TrULVL + SETRURVR) + m3 (—3ma(S;TiUrVE
+ SETRULVL) + my (STTRULVEL + SETTURVER)
+2m (SFT UL VR + SETRURVL)) + mi(4ms(SiTrUL VL
+ SETRURVR) + mo(my (ST TURVL + SETRULVR)
—2my (STTRURVR + SETTULVL)) + myym, STTRUL VR
+ m,m SRTTURVL — 4s(STTTULVL + SETRURVER)
— STtIUL VL — SiTiuULVy — SptTRURVRE — SETRuURVE)
+ my(m3(—=(S;TFURVR + SETRULVL)) + ms(my (S3TFULVR
+ SRTRURVL) — 2my (STTRULVL + SETTURVER))
+ mo(STUR(TTVR( + u) — 4m,m, TrVL) + SRUL(—4m,m,T; VR
+tTEVEL 4+ ThuVe) + s(STT URVR + SRTRULVL)) (D.30)
+mi(my STTRULVL + my SETiUrVi+
my STTTULVR +my SETRURVL)
—m STtTRULVE, — my SptTTUrVe — mysSTTTUL VR
— mySSETRURVL — my STtTULVR — my SptTRURVE)
+my(S;TrULVL + SETRURVR) — miam, (S;TRURVR
+ SETrUL VL) — ma(SiUL(—=mymy TiVe + t T3V + TiuVy)
+ SRUR(TRVR(t + u) — mym,T7Vy) + 2s(STTTUL VY
+ SETRURVR)) + mao(mi(—(m STTRURVE + m SETrUL VL
+my STTTURVL + my SETRULVR)) + my (s + u) (STTRURVE
+ SETTULVL) + myu(STTURVE + SETRULVER))
+ s(SLUL(—=mym\TpVe + tT7 Ve + TiuVy) + SRUR(THVER(E + )
—mymy I7VL) + s(STTTULVL + SETRURVR)))

My M| =

D.4. Ghosts

2 1 * * 2 2 *
G —s)+2
’ = ( ? 5)(3 j2)( GHGGH(C’L(C’L(ml + mj 3) C’lemg) (D.31)

+ Cr(2CTmims + Cf(mi +m3 — 5))))

| My
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D. Square amplitude

| M|* = -

1 *
(m, = )(s —m) "
(AL(A% (2m] +m3(2m3 + 3m3 + 3mi + s — 3t — 3u) + (m3 +mj +s —t —u)(mj +mj +m3 -
— 2A5mymas) + Ar(A%(2m] + mi(2m3 + 3m3 + 3m] + s — 3t — 3u)

+ (M3 +mi+s—t—u)(ms+mj+m;—s—t—u)) —245mimss))

(D.32)

1
(m2 = )(s —m?

s

Moy M| = — )GcHva

(A5 (Cpma(—2m3 —mj —mj +t +u) + Crmy(mi +m3 +mj +m; —t —u))
+ A%R(Cpmy(m3 +m3 +m3 +mi —t —u)
+ Crma(—2m3 —mj —mi +t+u)))

(D.33)
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E. Kinematic
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Figure E.1.: s-channel, t-channel and u-channel with fermion flux and the momentum
direction

In figure E.1 the different channels of the calculated processes are shown. As a nota-
tion, it was used that the fermion flux goes from the upper spinor to the lower one. All
initial momenta p, and p, were ingoing momenta, while the final momenta k; and ks
were outgoing. Defining the Mandelstam variables [3] according to the chosen momenta
convention, they are

s = (b +pa)” = (k1 + k2)?
t = (P — k1) = (ks — pp)? (E.1)
u=(pp— k1)> = (pa — k2)*.
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F. Trapezoidal Method

The Trapezoidal Method [4] can be used for the calculation of an integral of the function
f(z). If you have a function f(x), like for example in figure F.1, you can calculate the
space under the curve by approximating the curve by a straight line between two points
on the curve. To improve the approximation the interval [a, b] can be splitted in smaller
intervals. To calculate the gray area, you can split the trapeze into a square f(a)*(b—a)
and a triangle (f(b) — f(a))(b—a)-1/2.

f(x) f(b)

a b X

Figure F.1.: Illustration of the explanation of the Trapezoidal Method
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G. Backward Euler Method

The backward Euler method [5] is used to over estimate the integral of a function f(z).
To integrate the function f(x) between the points a and b one lay an recangle over the
curve with the edge length of b — a and f(b) if f(a) < f(b), see figure G.1. The area of
the gray rectangle is then (a — b) f(b). Again to improve the result the width between a
and b can be splitted into smaller intervals.

f(x)

a b X

Figure G.1.: lllustration of the explanation of the Backward Euler Method
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H. Simpson Integration

With the help of the Simpon’s rule [6] one can numerically integrate a function. The
function, which should be integrated, will be approximated via parabolic functions. To
calculate an integral of the following form

/bf(x)dx (H.1)

one has to partition the interval [a,b] in N subintervals between [z;, z; 1]

Ti+1

b N-1
/f(x)dx = Z / f(z)dz. (H.2)
; i=0
The step width A for the subintervals is determined by the differ of the integration limits
[a,b] and the number of subintervals N

_b—a

=N

—xi=a+i-h, iy =a+(@{+1)-h (H.3)
The remaining integral can be approximated by the following function

€T; + LTit1

71f(x)dx ~ g {f(:ci) af (T) N f(ﬂfiﬂ)} | -
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