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Zusammenfassung

Basierend auf der Grundlage verschiedener experimenteller Beobachtungen wird heutzu-
tage mehrheitlich davon ausgegangen, dass ein Grofiteil der im Universum auftretenden
Materie aus sogenannter kalter dunkler Materie besteht. Mittels der Vermessung der Tem-
peraturfluktuation des kosmischen Mikowellenstrahlungshintergrunds ist es mdoglich, die
Dichte der im Universum vorliegenden dunklen Materie fast bis auf das Prozent genau (1o-
Unsicherheit) zu bestimmen. Mit dem leichtesten Neutralino )2?, einem Teilchen, welches
zu der aus phdnomenologischer Sicht interessanten Klasse der schwach wechselwirkenden,
massiven Teilchen gehort, existiert nun fiir eine Vielzahl supersymmetrischer (SUSY) Mo-
delle ein hervorragender Kandidat fiir dunkle Materie, dessen Restdichte €. 0 auf natiirliche
Weise innerhalb der experimentell favorisierten Groflenordnung liegt. Dlese hohe Genauig-
keit der Messdaten kann dazu genutzt werden, die kosmologisch bevorzugten Bereiche des
SUSY-Parmeterraumes zu bestimmen und so phidnomenologisch interessante Szenarien zu
identifizieren. Dazu gilt es jedoch, auch auf Seiten der Theorie mégliche Unsicherheiten
zu lokalisieren und zu minimieren. Eine wichtige Gréfle, die mafigeblich die Neutralino-
Restdichte bestimmt, ist die thermisch gemittelte Summe iiber verschiedene Annihilations-
und Koannihilationswirkungsquerschnitte zwischen dem leichtesten Neutralino und wei-
teren supersymmetrischen Teilchen. Diese Grofle kann erheblichen Schleifenkorrekturen
unterliegen, wie sie im Rahmen der stérungstheoretischen Behandlung von Quantenfeld-
theorien auftreten. Doch obwohl vermutet wird und teilweise auch nachgewiesen werden
konnte, dass die theoretische Unsicherheit der Neutralino Restdichte (2. 0 auf Grund dieser
Korrekturen hoherer Ordnung die experimentelle Unsicherheit ubertreffen kann, sind diese
Schleifenkorrekturen bisher nur unvollstindig berechnet worden. In der vorliegenden Dis-
sertation berechnen wir nun im Rahmen einer minimalen supersymmetrischen Erweiterung
des Standardmodells (MSSM) mit erhaltener R-Paritit bis dato unbekannte Korrekturen
héherer Ordnung zu verschiedenen Annihilations- und Koannihilationswirkungsquerschnit-
ten des leichtesten Neutralinos X\ und untersuchen die zugehérige Restdichte Q)Z? auf deren
FEinfluss hin. Genauer bestimmen wir in dieser Arbeit Korrekturen der Ordnung O(a;) zur
(Ko)Annihilation von Neutralinos und Charginos in Quarks sowie zur (Ko)Annihilation
von Squarks in elektroschwache Endzustinde im Rahmen der supersymmetrischen Quan-
tenchromodynamik. Des Weiteren beschreiben wir im Kontext der Behandlung ultravio-
letter Divergenzen detailliert das von uns verwendete DR/on-shell Renormierungssche-
ma sowie die Verfahren des ,,phase-space slicings” und der ,,dipole subtraction”, welche
wir zur numerischen Evaluation der im Rahmen von Korrekturen héherer Ordnung auf-
tretenden infrarot und kollinear divergenter Wirkungsquerschnitte bendtigen. Zusétzlich
schlieflen wir auch nicht-perturbative sogenante Coulomb-Korrekturen, welche im Fall der
Squark-Annihilation die Wirkungsquerschnitte mafigeblich beeinflussen kénnen, mit in die
Berechnungen ein.

Die oben genannten Korrekturen sind in ein Softwarepaket namens DMONLO implementiert
worden, welches in der Lage ist, eine Vielzahl relevanter (Ko)Annihilations Wirkungsquer-
schnitte auf Einschleifen-Niveau in oy zu bestimmen. DM@NLO stellt damit eine Erweite-
rung Offentlich zugénglicher Software dar, die zumeist nur eine Berechnung auf Ebene des
effektiven Born-Levels ermoglichen. Zur numerischen Auswertung untersuchen wir inner-
halb der zwei oben genannten Prozessklassen fiir jeweils drei représentative Szenarien den



Einfluss dieser Korrekturen auf die Neutralino-Restdichte 2¢0. Innerhalb beider Prozes-
sklassen, d.h. sowohl fiir die (Ko)Annihilation von Neutralinos und Charginos, als auch fiir
die (Ko)Annihilation von Squarks, zeigt sich, dass unsere Korrekturen die experimentelle
lo-Unsicherheit weit iibertreffen konnen. Diese Arbeit bestétigt somit die Relevanz von
Korrekturen héherer Ordnung und gewéhrt dariiber hinaus einen tieferen Einblick in das
Zusammenspiel verschiedenster, teils exotischer (Ko)Annihilations-Kaniile innerhalb der
Berechnung von Qf(?'
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Abstract

Based on experimental observations, it is nowadays assumed that a large component of the
matter content in the universe is comprised of so-called cold dark matter. Furthermore,
latest measurements of the temperature fluctuations of the cosmic microwave background
provided an estimation of the dark matter relic density at a measurement error of one
percent (concerning the experimental lo-error). The lightest neutralino ¥\, a particle
which subsumes under the phenomenologically interesting category of weakly interacting
massive particles, is a viable dark matter candidate for many supersymmetric (SUSY)
models whose relic density Q)Z? happens to lie quite naturally within the experimentally
favored ballpark of dark matter. The high experimental precision can be used to con-
strain the SUSY parameter space to its cosmologically favored regions and to pin down
phenomenologically interesting scenarios. However, to actually benefit from this progress
on the experimental side it is also mandatory to minimize the theoretical uncertainties. An
important quantity within the calculation of the neutralino relic density is the thermally
averaged sum over different annihilation and coannihilation cross sections of the neu-
tralino and further supersymmetric particles. It is now assumed and also partly proven
that these cross sections can be subject to large loop corrections which can even shift the
associated ch? by a factor larger than the current experimental error. However, most
of these corrections are yet unknown. In this thesis, we calculate higher-order correc-
tions for some of the most important (co)annihilation channels both within the framework
of the R-parity conserving Minimal Supersymmetric Standard Model (MSSM) and inves-
tigate their impact on the final neutralino relic density Qi?' More precisely, this work
provides the full O(as) corrections of supersymmetric quantum chromodynamics (SUSY-
QCD) to the (co)annihilation channels of neutralinos and charginos into quarks as well
as of squark (co)annihilation into electro weak final states. Therefore, we give a detailed
description of the DR/on-shell renormalization scheme used in the context of associated
UV-divergences. On top of that, we introduce the methods of “phase-space slicing” and
“dipole subtraction”, which are needed to evaluate infrared and collinear singular cross
sections numerically. Furthermore, we describe additional non-perturbative effects, so-
called Coulomb corrections, which turn out to alter the cross sections connected to the
(co)annihilation of squarks sizeably.

We have implemented all of the corrections aforementioned into a software package called
DM@NLO, which provides the full O(a;) corrections for a broad variety of relevant (co)anni-
hilation channels. DM@NLO therefore presents a significant extension of currently available
public tools, which so far only allow for a calculation of (co)annihilation channels at the
effective Born level.

Concerning the numerical analysis of our results, for each of the above two (co)annihilation
classes, we choose three different scenarios to present the impact of our higher-order cor-
rections on the final neutralino relic density QX?' We find that both classes of cross
sections, namely for the (co)annihilation of neutralinos and charginos as well as for the
squark (co)annihilation, yield sizeable corrections to the final {20, which can be much
larger than the current experimental uncertainty. Hence, this work confirms the relevance
of higher-order corrections for a high precision estimation of the neutralino relic density

iii



and, moreover, allows for a distinct insight into the interplay of the different, partly exotic,
(co)annihilation channels in the calculation of the final Q.
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1. Introduction

The questions of the existence and nature of dark matter (DM) are nowadays some of the
most compelling mysteries of modern physics and led to a deep and fruitful intertwining
between the fields of cosmology and theoretical particle physics. After the first observa-
tional hints towards its existence in 1933 by Zwicky, many experiments started to look for
this new, speculative mass component, dubbed dark matter, which seemed to provide a
very natural explanation for the observed discrepancies between theory and experiment.
Maybe one of the most noticeable observations in the subsequent series of experiments
concerning the clarification of the nature of DM was the measurement of the anisotropies
of the cosmic microwave background (CMB) by the COBE satellite in 1992 together with
its follow-up experiments WMAP and Planck which provided an insight into its number
density and composition, e.g.. However, all of these observations turned out to be rather
indirect such that DM still lacks its final concrete experimental proof. Hence, while the
very extensive and elaborate searches for DM are still ongoing, theorists try to come up
with ideas which can explain the observations obtained and make further testable predic-
tions. During this search for DM-models consistent with experiments, theory has been led
to step even beyond the Standard Model of particle physics (SM), the milestone in our
understanding of particle physics. This insight has amplified the interest in the nature of
DM as it is one of the few experimentally unambiguously underpinned calls for physics
beyond the SM (BSM). It turned out that certain so-called R-parity conserving super-
symmetric extensions of the SM naturally provide such a viable DM candidate; this is the
lightest neutralino Y. Moreover, since low scale supersymmetric models provide solutions
not only for DM but also for many other potential shortcomings of the SM, supersymmet-
ric DM candidates quickly became subject to very detailed analyses. Due to the lack of
observational evidence it is clear that low scale supersymmetry (SUSY) as realized, e.g.,
in the Minimal Supersymmetric Standard Model (MSSM), cannot be an exact symmetry
of nature. This insight led physicists to the introduction of a broad variety of different
soft SUSY breaking terms which account for the necessary mass splitting between SM
particles and their supersymmetric partners as required by experiment while respecting
the renormalizability of the underlying quantum field theory. These terms come along
with a vast amount of additional SUSY-breaking parameters (in the MSSM more than
one hundred), which can be freely adjusted and, hence, undermine the predictive power
of the corresponding theory. This is the point where the work of this thesis enters the
scene. Turning around the original line of argumentation to find viable DM models which
explain the DM observations and to test their predictions in experiments, we use the latest
experimental data from the Planck experiment on the DM relic density to cut the large
MSSM parameter space down to the small cosmologically favored regions. Moreover, since
experimental data already reached a precision in the percent regiorﬂ it becomes manda-
tory to improve the actual precision of relic density calculations to fully benefit from the
experimental accuracy. For this purpose, we calculate the next-to-leading order (NLO)
SUSY-QCD corrections to some of the most important (co)annihilation processes of the
lightest neutralino within the MSSM. More precisely, we provide the full O(«a;) corrections

!The experimental error at 1o on the DM relic density amounts to 2% of the measured value.



CHAPTER 1. INTRODUCTION

for the (co)annihilation of neutralinos X? (i € {1,2,3,4}) and charginos ;" (i € {1,2}) into
quarks as well as for squark (co)annihilation into electroweak (EW) final states. We also
consider the so-called Coulomb enhancement of squark annihilation, a non-perturbative
effect, which can be ascribed to the exchange of potential gluons between the incoming
squark-antisquark pair at low relative velocity and which needs to be resummed to all
orders in perturbation theory to yield a reliable result.

This thesis is organized as follows.

In Chapter 2, we introduce the basics of supersymmetry providing its motivations and
theoretical framework. We introduce the MSSM as well as a constrained version of it,
the phenomenological MSSM (pMSSM), which is the setup for our analysis on the actual
impact of the O(a;) corrections on the DM relic density.

Chapter 8 is devoted to the introduction of dark matter. We give a short summary of the
experimental evidences of its existence and discuss the resulting insights about its nature.
This is followed by a compact overview over potential DM candidates. Afterwards, we
address the very active field of recent searches for particle DM, giving a concise overview
of current progress. We further provide the standard calculation of the DM relic density
as common to the thermal production of a relic particle. This chapter is completed by a
summary of the different uncertainties which enter the estimate of the DM relic density
and which one should keep in mind to obtain a complete theoretical picture.

Chapter 4 deals with the presentation of the actual numerical routine, named dark mat-
ter at next-to-leading order (DM@NLO), in whose context this work takes place. Moreover,
we discuss its integration into publically available codes. Thereafter, in Chapter 5, we
turn to the two sub-projects of DMONLO relevant to this work, namely ChiChi2qq (gaugino
(co)annihilation into quarks) and QQ2xx (squark (co)annihilation into EW final states), and
discuss their tree-level contributions as well as the associated phenomenology. Thereby,
we introduce the representative scenarios which are used to investigate the relevance of
our higher-order corrections. This is followed by the discussion of the higher-order cor-
rections. More precisely, we give an introduction to NLO calculations on quite general
grounds, providing the necessary tools to handle the different types of ultraviolet, infrared
and collinear divergences, which we encounter throughout our NLO calculations. Further-
more, we present the theoretical framework of the above mentioned Coulomb corrections
as well as additional subtleties which arise in the context of QQ2xx. In Chapter 6 and
7, we present the actual numerical impact of the higher-order corrections on the differ-
ent (co)annihilation channels introduced in Chapter 3, first on the cross section level and
subsequently on the level of the neutralino relic density. A final summary and outlook is
given in Chapter 8.

The main results of this thesis have already been published in the publications Ref. [1] and
Ref. [2]. Whereas Ref. 2] has been subject to this thesis completely, I have contributed a
distinct part to Ref. [1], namely the real corrections and associated methods (see below).
I further performed certain checks on the tree-level and virtual corrections, but did not
calculate them as a whole.



2. Supersymmetry: Motivation, Theory and
Model Building

Supersymmetry is nowadays seen as one of the theoretically best motivated extensions of
the Standard Model. Guided by the theoretically well established and experimentally af-
firmed principle of symmetries, SUSY is able to improve on many of the phenomenological
and aesthetical shortcomings of the Standard Model. In the following, we present some of
the motivations of supersymmetry, provide an introduction to its mathematical formula-
tion and discuss a possible realization in terms of a phenomenologically viable extension
of the Standard Model, the MSSM. Before we start with the motivation of N'= 1 super-
symmetry, we give a short introduction to the representations of the Lorentz group and
thereby clarify some definitions and notations which we need in the subsequent paragraphs.

2.1. The Poincaré Group, Definitions and Notations

The Poincaré group is the starting point of the discussion. This is the group of all
Minkowski-space-time isometries A [3], which obey

Juv = AﬁAggkn- (2'1)

The algebra of the Poincaré group takes the form

[P, PY] = 0, (2.22)
(PP, MI] = i(gPPY — g PP, (2.20)
(MP7, M) = (g7 M 4 g7 MO — g MOH — M), (2.2¢)

where the hermitian generators M#” and P* are the generators of rotations, boosts and
space-time translations. The Lorentz group O(1,3) is a subgroup of the Poincaré group
generated by the M* of Eq. H It is divided into four non-connected subsets accord-
ing to the properties of their elements

detA = =+£1, (2.3a)
AOO Z 1 or A()O S 1, (23b)

as required by Eq. . The only subset of the Lorentz group, which is for itself a
subgroup as it contains the neutral element 1, is the set of proper and ortochronous
Lorentz transformations SO*(1,3) = {A € O(1,3) : detA = 1,Agp > 0}, whose
elements preserve orientations in space-time. The SO™(1,3) is often referred to as the
restricted Lorentz group. Due to the appearance of boosts, the restricted Lorentz group

!The Lorentz group is the isotropy subgroup (stabilizer subgroup of the origin) of the isometries of
Minkowsi space-time, also called homogenous Lorentz group, whereas the Poincaré group, the group of
all isometries of Minkowski space-time, is the Lorentz group extended by space-time translations, also
called inhomogenous Lorentz group.



CHAPTER 2. SUPERSYMMETRY: MOTIVATION, THEORY AND MODEL BUILDING

is non-compact. Hence, all of its faithfu]ﬂ and finite-dimensional representations are non-
unitary.
To get a deeper insight into its representations, one can rewrite the M* as

1
Jp = §€prsMr57 (2.4a)
K, = —My,. (2.4b)
One can then define the new generators
1 .
T = 5 (Jp £ k), (2.5)
which fulfill
[jp+7~7q+] = iépqro+, (2'63‘)
(T, T, | = depgr T, (2.6b)
VARVAIRENE (2.6¢)

As apparent from Eq. jlf and J,~ decouple. Moreover, Eq. and Eq.
show the homomorphic relation between SOT(1,3) and SU(2); ® SU(2)- such that lo-
cally SOT(1,3) = SU(2); @ SU(2)— ﬂ Hence, the task of finding the finite-dimensional,
irreducible representations of the Lorentz group can be reduced to the construction of the
corresponding representations for SU(2); ® SU(2)-. As known from, e.g., the coupling
of different spin-3 states, one can label the different representations of SU(2)4 ® SU(2)_
by pairs (j,77) where jT can take integer or half integer values. For instance, (%, 0) and
its complex conjugated representation (0, %) specify the left and right chiral representa-
tion, i.e., the fundamental and anti-fundamental representation of SL(2, C). (3,0)& (0, %)
refers to the representation of massive Dirac spinors. Finally, four vectors correspond to
the fundamental representation of the Lorentz group denoted as (%, %)

The Weyl spinors &4 and & 4 with A A e {1,2}, which transform under the lowest-
dimensional spinor-representations of SO (1,3), labeled (%, 0) (big Latin index, e.g., A)
and (0, 3) (dotted big Latin index, e.g., A), turn out to be central objects in the discus-

sion of SUSY. Within this spinor space one can introduce the two-dimensional Levi-Civita

symbol
AB AB 0 1 0 -1
AB = A8 = (_1 o) €aB =€ = (] (2.7)

as a metric. It can be used to raise and lower dotted as well as undotted spinor indices,
drawing the connection to the corresponding linear forms and wvice versa. Furthermore,
we have

which can be written in component form as
& = (N, & = Mt (2.9)
We also make use of the definition
o = %(0“6” —a’at), (2.10)

2Here, the trivial representation is excluded.

To be more precise, in contrast to the elements of su(2), J;5 are not hermitian (see the non-unitary
statement above). Hence, in are the generators of SL(2, C), the universal covering group of SO (1, 3),
which is, however, locally isomorphic to SU(2)+ ® SU(2)—.



2.2. MOTIVATIONS OF SUPERSYMMETRY

where we have introduced

ohp = (Loh0%0%) 5 = (1,7) 5, (2.11a)
o = (1, —0o' —0? —H)M = (1,-)*. (2.11b)

Here, o° (i € {1,2,3}) represents the well known Pauli matrices.
The Weyl or chiral representation of massive Dirac spinors ,, in the following labeled by
small Latin indices, e.g., a € {1,2, 3,4}, is characterized by

Tu = <50M 00”>' (2.12)

We can further define a matrix ~s

Y5 = 10717273 (2.13)

Making use of Eq. ([2.12)), 75 is then brought to diagonal form

e = <—Oﬂ g). (2.14)

In this representation, one can decompose a Dirac-spinor v, into a direct sum of left and
right chiral Weyl spinors &4 and y*
€A
Yo = (A : (2.15)

X

Another quantity, which is needed to form Lorentz-invariant scalar products between two
Dirac spinors, is the barred Dirac-spinor @H It is defined as

b = (o). (2.16)
Finally, the so-called left and right chiral projectors are defined as
1 1
PL = 5(]1 —’}/5), PR = 5(]14-’}/5). (2.17)

These are composed in a way that they project onto the left and right chiral eigenstates
of v5 with eigenvalue +1.

2.2. Motivations of Supersymmetry

2.2.1. The Hierarchy Problem

One of the most prominent problems of the SM is the hierarchy problem. It is connected
to the general assumption that some effective theory, valid at an energy scale Aoy, should
arise from the properties of its underlying theory, valid at Apign, without making it nec-
essary to finetune the parameters of the high energy theory with a precision of the order
O(Aiow/Anign). In such an effective theory, parameters are still allowed to be small, i.e.,
of the order O(Ajow/Anigh), if they are somehow insensitive against the high scale physics

4The obvious guess 1T does not work here as the spinor representation of the Lorentz group is non-
unitary (see statements above).
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(this means not altered by corrections of O(Anigh/Alow)). Guided by this assumption Ger-
ardus 't Hooft was led to the following insight: A parameter of the effective theory Aoy (A)
at a scale A is allowed to be very small if taking the limit Aoy, — 0 increases the symmetry
of the theory. |4]

The SM is nowadays understood as a low energy approximation of some more fundamental
theory valid at a much higher scale Apjgn ~ O(10'6 —101®) Ge\/ﬂ It suffers from the prob-
lem that its only fundamental scalar particle, the Higgs boson, which has been discovered
recently at the Large Hadron Collider (LHC) at CERN, Geneva, possesses a measured
mass of [5,(6]

Mo phys = 125.36 1537 (stat.)

~ 125.0370:35 (stat.)

(syst.) GeV  (ATLAS), (2.18a)

M0 (syst.) GeV  (CMS). (2.18b)

,phys

This value, which is connected to the electro-weak (EW) breaking scale Ajoy =~ 100 GeV
(= O(Mz)), happens to be much smaller than the assumed Apign, a finding that somehow
contradicts 't Hooft’s statement, as the limit m;o0 — 0 does not increase any symmetry
of the SM. Hence, following the above assumption, one would expect the Higgs mass to
tend against the high scale Apjgn rather than being somewhere of the order O(Ajy). To
be more explicit, one can write down the higher-order corrections 6mi0’ Apign £O the bare

: 2
Higgs mass squared M0 bare

2 _ 2
Mpo phys = TR0 bare + 5m207Ahigh7 (219)

introduced by the top-quark which contributes to myo s via the self-energy diagram
shown in the first graph of Fig. These terms depending on Ayg, take the form

6t _ |)‘t|2
miovAhigh o 167-(-2

Avigh )

—2A3,1, + 6m In( -
t

(2.20)
The fact that the measured Higgs mass Eq. (2.18]) is nevertheless of the order of the EW

scale, even though 6;“2 At depends quadratically on Apigp, is then said to be unnatural
R0’ 1g

as it would require an extreme fine-tuning, e.g., for Apjen = Aplanck of one part in 1036
between the two basically independent parameters mio,bare and (5m20, Anigh (see Eq. (2.19)).

Hence, Eqgs. and elucidate the high sensitivity of the SM Higgs mass to the
high scale physics at Apjgn, which is in conflict with the introductory statement. This
intertwining of physics at Apjgn and Apjgn spoils the hierarchy of scales AW ~ O(My)
and ACT™VY ~ O(Mp)).We call this the hierarchy problem of the Sl\/Jﬂ Note that although
solving the hierarchy problem is one of the strongest theoretical motivations for the in-
troduction of SUSY, this is merely an aesthetical than a real physical or mathematical
problem. Furthermore, there may also arise some new physics at an intermediate scale far
below Agur, which can result in a significant softening of the hierarchy problem. Due to

5Ahigh is often considered as the GUT-scale, typically Agur >~ (9(1016 GeV), or the Planck scale Apianck
quantified by, e.g., the reduced Planck mass Mp; = 1/v/87GNewton =~ 2.4 - 10'® GeV, the highest
known energy scale in physics, where the unification of gravity with strong and electroweak forces is
expected to take place.

5Due to its large mass, which enters the top-Higgs-coupling, the top quark corrections are expected to be
the dominant corrections to the Higgs mass.

7All massterms in Lsy are connected to the characteristic EW-breaking scale, the vacuum expectation
value (vev) v of the Higgs-field, which is proportional to the Higgs mass myo. Therefore, the question
concerning the stability of the Higgs mass against Anign also translates into the question of the radiative
stability for all SM masses.
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Figure 2.1.: Self-energy diagrams contributing to the Higgs mass for the top quark (left)
and the two scalars S, S (right).

its high sensitivity to the high scale physics, the SM Higgs-boson is however considered as
a very interesting object concerning searches for physics beyond the SM (BSM) Fj

An example of how the hierarchy problem might be attacked is now given by the electron.
The electron gets large corrections of order (’)(Ahigh) to its mass via the emission and sub-
sequent absorption of photons. However, these corrections cancel against contributions
stemming from the positron, a new particle, which happens to be a mandatory ingredient
of any relativistic quantum field theory that includes the electron (e.g., Quantum Electro-
dynamics (QED))ﬂ Intertwining electrons and positrons, the symmetry of chiral rotations,
which is softly broken in QED via the electron mass-term, becomes an exact symmetry
in the limit m, — 0 and, hence, renders the smallness of the electron mass natural in ’t
Hooft’s sense. It can be shown that new contributions, which arise through the production
and annihilation of electron-positron pairs, cancel the O(Apign) corrections to the electron
mass and soften the dependence of the electron mass on Ayjgn to only a mild logarithmic
dependence [3,7].

SUSY attacks the naturalness problem of the Higgs mass following quite similar lines as
chiral symmetry did for the electrorm Supersymmetry links the Higgs mass to the mass
of its chiral spin—% superpartner. The latter is protected against corrections linear and
quadratic in Apig via chiral symmetry, as explained above for the electron, which results
in an at most logarithmic dependence of 5m}2107 Anign O Apigh. The mechanism, which leads

to this cancellation of terms quadratic in Ayjgn in Eq. , relies on the introduction of
two new complex scalars S and S’. If these additional scalars couple to the Higgs boson
via interaction terms of the form —A;_ |h0)2]5)?, —Aig |hY|?|S’|2, the resulting diagram on
the outer right of Fig. adds a contribution

S, As s

m,0,MAnigh W high (2.21)

to the Higgs self energy. Requiring \g¢ = Ag = |>\£t|2 (m¢ = mg = mg) would
then lead to a cancellation of quadratic divergences in the sum of Eq. and Eq.
. It seems natural to connect the equality of couplings to some symmetry. Hence,
assuming {9, 8’} = {i1,tr} where {{1,fr} are the scalar superpartners of the top-quark,
one sees that SUSY yields exactly this cancellation of (’)(Aﬁigh) contributions to (55120’ Anigh”
Therefore, SUSY provides a solution to the hierarchy problem. Making further usg of the
non-renormalization theorem, which is valid in supersymmetric theories, it can be shown
that at least in exact SUSY the corrections quadratic in Ay, cancel in perturbation the-

8The SM-Higgs is also often said to be a “window” towards BSM-physics.

9The positron has been newly introduced when going from non-relativistic to relativistic quantum me-
chanics.

0T here are of course other ways out of the hierarchy problem, e.g., via assuming that the scalar Higgs is
not a fundamental but rather a composite state (see technicolor theories [8]) or the pseudo-Goldstone
boson of some broken symmetry [9].



CHAPTER 2. SUPERSYMMETRY: MOTIVATION, THEORY AND MODEL BUILDING

ory to all orders and are not reintroduced by some higher-order corrections E}

But since no sparticle has been observed so far, low-energy SUSY, if existent, has to be
broken somehow. SUSY-breaking reintroduces corrections of the order O(A%; 4y ). How-
ever, the need of fine-tuning can at least be decreased to an acceptable amount if one
expects SUSY-breaking to take place at around Agygsy ~ O(1 TeV). Then, the radiative
corrections to the Higgs mass and in turn to all SM masses would be tied to this new
scale Agysy. Finally note that one runs again into the hierarchy problem if experiments
turn out to disfavor light SUSY particles making it necessary to push the SUSY breaking
scale Aguysy to much higher values. But when exactly one says that a model is unnatural
is a matter of taste as the naturalness bound, if imposed anyway, can of course not be
translated into a strict upper bound.

2.2.2. SUSY in the Context of Grand Unified Theories

Offering a solution to the hierachy problem is not the only appealing feature of SUSY.
In the history of physics it turned out that theories which originally described distinct
physical phenomena could be understood as different manifestations of the same physical
cause, e.g., the theories of electricity and magnetism, which have been successfully unified
into the theory of electromagnetism followed by the conflation of the weak theory and
electromagnetism into the EW theory. Pursuing the above road it seems to be quite
natural to consider the unification of EW and strong forces via the embedding of the
corresponding SM-gauge group U(1)y x SU(2)1, x SU(3). into a larger simple group such
as SU(5) or SO(10) or, going even further to (heterotic) superstring theories, into the
group SO(32) or the exceptional group E(8) x E(8). Unification of forces would then
mean that the EW and strong gauge couplings taken at Agy are just the low energy
manifestations of a single gauge coupling of some simple unification group which appears
in its unbroken form above some high scale Agyr. This picture gets further support from
the observation that, described via their renormalization group running, the SM-gauge
couplings tend to meet each other in a region around Agyr ~ O(10'6 GeV) as shown in
Fig. However, this intersection of the different SM-gauge couplings is actually not
exact. Note that Fig. assumes that no new physics arises between the EW and the
GUT scale, an assumption which of course does not have to pertain. Via the introduction
of additional particles into the renormalization group equations (RGE) of the three gauge
couplings at the TeV-scale, SUSY turns out to change the corresponding energy-dependent
running in such a way that unification of the different SM gauge couplings into a single
gauge coupling at the GUT-scale is improved a lot (see Fig. . Considering the particle
content of the MSSM as a minimal extension of the SM, it now turns out that the changes
induced into the RGEs are already sufficient to obtain the unification of gauge couplings
at Agur ~ O(10'6 GeV), whereas the introduction of further gauge non-singlets such as,
e.g., a third and fourth Higgs doublet, would already spoil unification. In addition, the
renormalization group analysis turns out to be rather robust against changes of Agusy
showing only a mild logarithmic dependence on the choice the breaking scale. Hence, a

" The non-renormalization theorem states that in exact SUSY any perturbative correction can be rewritten
as a single integral [ d*e := f d?©d?0 (see Sec for more details about the Grassmann variables

Ou4, @A). Hence, due to fd@A = fd@A = 0, no counterterm in the Lagrangian can have the
structure of a holomorphic superpotential term (see Sec. for more details about the superpotential
W(®)). Therefore, the renormalization of couplings and masses must completely balance the wave
function renormalization of chiral superfields. Since the latter has to be dimensionless it can be deduced
that the former can at most depend logarithmically on Apign, true to all orders in perturbation theory [3].



2.2. MOTIVATIONS OF SUPERSYMMETRY

1.5
1.0
“bo
0.5
0.0
104 108 1012 1016
H [GeV]

Figure 2.2.: Energy-dependent running of the three SM gauge couplings in the SM and in
the MSSM. Figure taken from [3].

Agyusy somewhere between Agpy up to O(10 TeV) turns out to be in accordance with
unification |7]. Since going from global to local SUSY (the so-called supergravity models)
automatically leads to the incorporation of gravity due to the appearance of a spin-2 boson
typically identified with the graviton, SUSY finally seems to be an important cornerstone
of the unification of known forces.

2.2.3. The Haag-Lopuszanski-Sohnius Theorem

Another important motivation for SUSY arose in the context of the famous no-go-theorem
of Coleman and Mandula [10]. It states that starting under the physically reasonable
assumptions that, i.a.,

e all particle types correspond to positive energy representations of the Poincaré group,

e for any mass M, there is only a finite number of particle types with mass less than
M,

e the amplitude for elastic two-body scattering is analytic in the Mandelstam variables
s and t except at normal thresholds,

e any two-particle state |pp’) undergoes some scattering (T'|pp’) # ql'_ZD at almost all
energies,

the full symmetry group of the S-Matrix has to be a direct product of the Poincaré group
and internal symmetry groups

(PP, T = [M*™,T% = 0, (2.22)

inhibiting any non-trivial mixing.
SUSY now circumvents this constraint by going beyond Lie algebras. As SUSY turns

127 is defined as a part of the S-matrix § = 1 —i(27)*™ (P — P’)T with total ingoing/ outgoing
momentum P/P’.
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bosons into fermions and wice versa,
Qqlfermion) = |boson), (@Q,|boson) = |fermion), (2.23)

its generators have to be anticommuting quantities to obtain the correct (anti)commutation
relation as required by the spin-statistics theorem. Extending the symmetry algebra of
the S-matrix, comprised of purely bosonic (even) generators as covered by the Mandula-
Coleman theorem, by fermionic (odd) generators of the SUSY-algebra

[even,even] = even, (2.24a)
[even,odd] = odd, (2.24b)
{odd,odd} = even, (2.24c)

to a so-called Zo-graded Lie algebraﬂ one can circumvent the tight constraints on a non-
trivial mixing with the external symmetry group (Poincaré group) of the S-matrix Eq.
(2.22)).

The Haag-Lopuszanski-Sohnius theorem [11] exactly covers this case of graded Lie alge-
bras. It states that the most general continuous symmetry group of the S-matrix consistent
with the assumptions of the Coleman-Mandula theorem is generated by elements of a Zo-
graded algebra, whose odd generators belong to the (%, 0) or (0, %) representation of the
Lorentz group and whose even generators are a direct sum of the Poincaré and other gen-
erators. Hence, supersymmetry turns out to be the most general extension of the Poincaré

group. This deep insight raised further interest in supersymmetric theories.

2.2.4. SUSY in the Context of Dark Matter

As it is shown later, for many realizations of SUSY such as the MSSM the lightest super-
symmetric particle is stabilized by a residual Zs-symmetry, the so-called R-parity. Within
the MSSM, the lightest supersymmetric particle (LSP) often happens to be the lightest
neutralino )2(1), a state comprised of the superpartners of the B and W gauge bosons as
well as of the uncharged Higgs fields. The resulting particle is hence only weakly inter-
acting. Together with the observation that for most of the realizations of the MSSM the
lightest neutralino acquires a mass of @(100 GeV), the neutralino falls under the category
of weakly interacting massive particle (WIMP). Since WIMPs yield quite automatically
a dark matter relic density within the right ball park as favored by experiments (see the
so-called WIMP-miracle), WIMPs turn out to be very prominent candidates to explain
the amount of cold dark matter (CDM) observed in today’s universe. In contrary to the
SM the MSSM hence provides with the lightest neutralino x{ a viable DM candidate.
However, this is explained in greater detail further below.

This ends the discussion of the different motivations for the introduction of low-scale
SUSY, which were both of purely theoretical and phenomenological kind. However, note
that although SUSY provides interesting solutions to these problems, there is yet no
experimental evidence that SUSY is realized in nature.

13 A general graded Lie Algebra takes the form t.t, — (—1)"*"tyt, = iCS T (no summation over a,b on
the left hand side), where generators ¢, with 7, = 0 are called even (bosonic) and generators t, with
Ne = 1 are called odd (fermionic).

10
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2.3. The Theory behind Supersymmetry

In this section, we provide an overview of the mathematical framework of SUSY. For this
purpose, we start with the presentation of the enlarged Super-Poincaré algebra and discuss
its phenomenological implications. We then turn to the construction of a supersymmetric
Lagrangian providing its basic building blocks within the superfield formalism. After-
wards, we discuss the phenomenologically required SUSY breaking as well as the topics
R-symmetry and R-parity, which are of particular interest in the context of supersymmet-
ric dark matter.

2.8.1. Algebraic Aspects of Supersymmetry

In the context of the Haag-Lopuszanski-Sohnius theorem stated in Ref. [11] the authors
derived the exact form of the super Poincaré algebra. They showed that the extension
of the Poincaré algebra Eq. (2.2a])-(2.2d) associated to the new left and right chiral Weyl
superchargespzl takes the following form in two-component notation:

{Qa.Qz} = 20" .Pu. {Q1.QF} = 2048p, (2.250)
[Qa, P = [Q4,P)] = 0, (2.25D)
(M, Qal = —(0)3Qs, (2.25¢)
(M, QY = —(0.)3Q5, (2.25d)
{Q4.Q5} = {Q*,Q%) = 0. (2.25¢)

This extension of the Poincaré algebra has far reaching consequences for the arising physics
of the corresponding supersymmetric theory. First of all, Eq. (2.25a)-(2.25c|) imply the

equality of bosonic and fermionic degrees of freedom (d.o.f.)
ny = ng (2.26)

within each irreducible representation of the Super-Poincaré algebra, a so-called super-
multiple@ Furthermore, due to Eq. , the SUSY generators @, commute with P?
such that all particles within a supermultiplet have to possess the same mass. However,
a selectron with the same mass as its SM counterpart, the electron, would have already
been discovered if existent. Hence, one is directly led to the need of SUSY-breaking, an
insight of great theoretical as well as phenomenological importance, which is discussed in
greater detail in Sec. [2.3.4]

One can further introduce a chiral rotation on the supercharges

Qe = exp(ipl) apQB, (2.27)
ei¢RQAe_i¢R = QB exp(—i¢ﬂ)BA, (2.28)

A four component Majorana like supercharge can then be written as

@ = (@)

np — nr is the so-called Witten-Index of the particle spectrum. It can be shown that a ground state
|Q), which breaks SUSY spontaneously, needs to have vanishing Witten index [3].

15

11
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with a real phase ¢, basically a separate U(1) phase transformation on the left and right

chiral Weyl spinors Q4 and Q 4, which leaves the algebra Egs. (2.25a)-(2.25¢) unchanged.
The generator R of the symmetry fulfills

[Q4.R] = Qa, Q"R = —Q*, (2.29)

Due to Eq. (2.29) R is a bosonic operator. Hence, its relation to the Poincaré group is
constrained by the Coleman-Mandula theorem

R,P,] = [R,M,,] = 0. (2.30)

However, this U(1)g-symmetry may or may not be a good symmetry of nature. We see
later that if R-symmetry is imposed on some low scale SUSY model, it is typically broken
down to a residual Zs symmetry, which turns out to be of great phenomenological impor-
tance, e.g., in the context of dark matter.

2.3.2. The Superspace-Formalism

We now introduce the superspace-formalism, a convenient form for constructing the above-
mentioned supermultiplets, which are the main building blocks of a superymmetric La-
grangian. _

The superspace is spanned by the coordinates (z*,04,04). The new spinorial coordi-

nates ©4 and ©4 (A, A € {1,2}), whose number agrees with the number of space-time

coordinates, transform under the (3,0) and (0, 3) representation of the Lorentz group.

These so-called Grassmann variables obey the relations
(64,08} = {64,681 = {04,685} = 0. (2.31)

One can formally introduce derivatives and integrations with respect to Grassmannian
coordinates. The corresponding definitions can be found in Ref. [3]. Furthermore, dimen-

sional consistency requires to attribute the mass dimension —% to ©4 and ©4.
A global SUSY-transformation in superspace takes the form

(z",0,0) = (2 — iO0"e + icd"0,0 + ¢,0 +¢), (2.32)

with €, € being anticommuting spinorial constants. The above transformation is chosen
such that z# remains real. Hence, a global SUSY-transformation corresponds to just a co-
ordinate transformation in superspace. For some linear realization of SUSY-transformation
generated by Q4 and Q4, e.g., of the form

ot — i(eQ + €Q)at, (2.33)
the superspace representations of () 4 and QA can be written as
Qa = —i(0a+id" ,0%0,), (2.34a)
Qt = —i(0* +ie"4BORa,). (2.34b)
In Eq. and we have introduced the Grassmannian derivatives
o = 0/004, (2.35a)
o4 = 9/06, (2.35D)

12
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which are for themselves anticommuting quantities.

A superfield is now understood as a function in superspace which depends on the coordinate-
set z = {x,0,0}. A general, even superfield F, which transforms as a singlet under the
Lorentz group, can then be grasped in its most general form as

F(z) = f(z) +V20¢(x) + V20x(x) + ©OM () + OON ()
+ 00O A, (x) + OO BX(x) + 00 OC(x) + %@@ 66D(x). (2.36)

Due to Eq. , the expansion of F(z) in the Grassmanian coordinates stops with the so-
called D-Term o« ©© OO (summation over the spinorial indices of is implicitly assumed).
Since F(z) is required to transform as a scalar under the Lorentz group, the component
functions of F(z) inherit the transformation behavior from their prefactors. This means
that f(z) transforms as (0,0), whereas £(z) transforms in the (1,0) representation of the
Lorentz group etc.. The transformation behavior of the component fields of F with respect
to a global SUSY transformation Eq. can then be worked out from the requirement
that the variation §.F is again of the form of a superfield Eq. with all components
replaced by their variations. The resulting transformations can also be found in Ref. [3].
To identify the proper supermultiplets we have to make sure that the superfield F of Eq.
(2.36) transforms irreducibly under i(eQ + €Q) as given by Eq. . It actually turns
out that F is highly reducible. To end up with an irreducible supermultiplet, one imposes
additional constraints on F. For this purpose, we introduce the new so-called left and
right chiral covariant derivatives

Dy = 94— id" 070, (2.37a)
D; = —0;+i0%a" .8, (2.37b)

which transform covariantly under global SUSY transformations Eq. (2.32)), satisfying
{Da,Qs} = {D4.Q"} = {D;,Q"} = {D;.Q5} = 0. (2:38)

This can be explicitly checked using Eq. (2.37a)) and (2.37b)) together with Eq. (2.34al) and
[2.341).

Possible constraints on F, which result in irreducible superfields with respect to the trans-

formation Eq. (2.32)), are

D,F = 0, (2.39a)
DaF" = 0, (2.39b)
F = F. (2.39¢)

The different types of superfields arising from the constraints Eq. (2.39a)), Eq. (2.39b]) and
Eq. (2.39¢|) are discussed in more detail in the next two sections.

13
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Chiral Superfields

The superfields fulfilling Eq. (2.39a)) or (2.39b)) are called left and right chiral superfields,
in the following denoted as @ and &'. The chiral superfields take the general form

B(z) = d(x) — 10O, () — %@@ 000"9,6(x)
7
V2
Bl(2) = ¢*(x) +iO0HOIG" () — %@@ 000"9,6" ()

+V20¢(z) + —=000,£0"6 + OO F (), (2.40a)

V2

Their field content is comprised of a complex scalar ¢(z), a two-component complex spinor
&(x) and another complex scalar F(z), a so-called auxiliary field. It vanishes when the
equation of motions (e.o.m.) are imposed upon &@(z). Hence, F(z) is actually not a
dynamical field. However, F'(x) turns out to be mandatory for the SUSY-transformation
to close over @, if it is taken off the mass shel]ﬂ Furthermore, the scalar ¢(z) determines
the mass dimension of the &(z) to be equal to one. Note that within such a superfield
ny equals np as required by SUSY Sec. Following the Egs. (2.32)) to (2.34b) the
transformations of the different components take the form

+v20¢(x) 006 0019, + OOF* (). (2.40b)

8 = V2, (2.41a)
0a = \fQEAF—\/iZ'(GNE)Aaﬂd), (2.41b)
OF = id,(V2tate). (2.41c)

The transformations Egs. (2.41a)) to (2.41c]) transform fermionic components of @ irre-
ducibly into bosonic components and vice versa. Note that the component proportional
to F(x) in Eq. (2.404)), the so-called F-term, transforms into F(x) plus a space-time deriva-
tive as given by Eq. @ Hence, a Lagrangian £ build out of the F'-Term of some left or
right chiral superfield [®]p = DaDAP(2,0,0)|g _ ¢, [PT]r = D;D4P'(2,0,0)l6 = o
is SUSY-invariant up to some total derivative, which typically vanishes in the associated
action.

Vector Superfields

Superfields which satisfy the reality-condition Eq. (2.39¢)) are called vector superfields, in
the following denoted as V. Imposing Eq. (2.39¢) upon Eq. (2.36) one is left with

V(z) = C(x) + V20€(x) + V20€(x) + OOM (z) + OOM*(x)
+ OO A, (7) + OO OX(z) + OO O\(z) + %@9 06D(x). (2.42)

C(x) is a real scalar, M(z) is complex scalar field, A,(x) is a real vector and A(z) as well
as &(x) are complex, two-component spinors. Finally, D(z) is a real scalar which vanishes
if the e.o.m. are imposed upon V(z,0,0). Counting fermionic and bosonic degrees of
freedom, one ends up with ng = np, as expected. It is known that a real vector A,(x)
possesses the mass dimension one, a fact, which directly translates into the mass dimension

16The fact that the theory maintains its SUSY invariance even off the mass shell is however an important
property for a supersymmetric quantum-field theory.

14



2.3. THE THEORY BEHIND SUPERSYMMETRY

of the full vector superfield being zero (see Sec. [2.3.2]).
A SUSY transformation Eq. (2.32)) acts on the component fields of V(z,©0,0) via the

following variations of its component fields:

6C(x) = V2 + V28, (2.43a)
5(V28a) = 2eaM + (0"€) a(—i0,C + A,), (2.43b)
SM = er+ ——d,t0"e, (2.43¢)

V2

0A, = 60'#5\ + Ao,€ — -

V2
SAa = eaD + %eAB“AM —i(0M€) A0, M* — (0" €) 4D, Ay, (2.43¢)
6D = id,(Aote + Aa'e). (2.43f)

(€D,€ — 0,E€) + iV2(€0,,0" € — €5,,07E), (2.43d)

As can be deduced from Eq. (2.43a]) - (2.43f]), a vector field transforms irreducibly under
Eq. (2.32). One can now define a vector superfield by postulating an invariance under a
linear transformation in the space of all vector superfields of the form

V =V +i(A—AD). (2.44)

In Eq. (2.44), A is a left chiral superfield. Then, i(A — AT) forms a vector superfield,
which fulfills Eq. . The transformation Eq. can be understood as a super-
symmetrized version of an Abelian gauge transformation. A specific supergauge choice is
the Wess-Zumino gauge which brings the general vector superfield Eq. to the form

Vivz(z) = ©0"OA,(z)+ OO OX(z) + OO OA(z) + %@@ ©6D(z). (2.45)

Hence, using a certain supergauge one can reduce the component fields of an arbitrary

vector field to just one real vectorfield A, (), its fermionic Spin—% superpartner A(z) and

an auxiliary scalar D(x). Note that the Wess-Zumino gauge includes the transformation
AF(x) = AP (x) — 20" {o(x)} (2.46)

on the real vector field A*(x). However, bringing a general vector superfield to the form of
Eq. does not impose any constraints upon S{¢(x)}. Hence, this freedom is not used
up yet. This is an important observation since the A* are identified with the SM gauge
fields and the transformation Eq. is considered as the corresponding U(1)-gauge
transformation. Moreover, it is apparent from Eq. - that Vjyz does not
maintain its form under a SUSY-transformation. However, its form can always be restored
by an appropriate subsequent supergauge transformation.

Finally, note that the highest component in the expansion of V(z,0,0) in © and ©
transforms into a full space-time derivative Eq. (2.43f]). In addition, this so-called D-term
is supergauge invariant such that adding a term [V]p = [d?©d?0© V(z,©,0) |Z| to the
Lagrangian results in an action which is invariant under SUSY as well as under supergauge
transformations.

2.3.8. Supersymmetric Lagrangian

To build a supersymmetric Lagrangian, the SUSY-invariant and renormalizable building
blocks comprised of chiral and vector superfields need to be identified. Note that products

TAseg. J d’e = f d?*© = 0 integration of this form project the D-term out of some vector superfield.
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of only left or only right chiral superfields are again left or right chiral superfields and the
number of factors is only limited by the demand for the renormalizabilty of the model
requiring a mass dimension of at most four for each term in the Lagrangian £. Hence, as a
chiral superfield acquires a mass dimension of one, only the F-terms of products fulfilling

#[0,0,..0)] <3, (2.47)
ACHCINCHES: (2.48)

are allowed to appear in L. Here, 4, j,... stand for the different types of chiral superfields.
In addition @Z@; apparently fulfills the reality condition Eq. . Hence, it can be
brought to the form of a vector superfield. Its D-term provides the kinetic energy term
for a complex scalar field as well as for its superpartner, a Weyl fermion, as shown below.
A first SUSY-invariant Lagrangian £ describing a set of left and right chiral interacting
superfields @ and ®' can be written as

Lechiral = [@I@i] b -+ [W(SZS) + h.C.]F, (2.49)
where 1 1
W(P;) = hi®; + §mz‘j@i¢j + gfijk@i@j@k (2.50)

is the so-called superpotential. Since only the F-term of a chiral supermultiplet transforms
into itself plus a space-time derivative (see Eq.[2.41c)), SUSY invariance requires W (W)
to depend only on @ (@T), a property known as holomorphy. Let us define

ow

Wi(¢) = 3@@"@:@:0’ (2.51a)
Wi() = %\@:@:o, (251b)
W) = aif;jb:@:o, (2.51c)
Wis(3) = jﬂ%r@:@:o. (2.51d)

Written in component fields L.pira takes the form

Lehiral = %((auéi)ff“gi — &M 0L + 0P d70uds — (& Wij(9) + huc.) — WV (8), (2.52)

where we omit terms which are just a space-time derivative. Moreover, the e.o.m.

OL/OF; — OM(OL/DOFM)) = OLJOF; = 0, (2.53a)

OLJOF; — 9M(ILJO(OF™)) = OLJOF! = 0 (2.53b)
which lead to

Fy = —WZ(Q/;) = —h;—mijéj—% {;k(/;lq;ka (2.54a)

F' = —Wi(¢) = _hi—mij¢j—%fijk¢i¢ka (2.54b)

are already imposed upon the auxiliary fields F; (F}).
Looking at the first three terms of Eq. (2.52]) one recovers the Lagrangians associated with
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the Weyl equation for a left and right chiral massless spinor as well as the Klein Gordon
equation for massless complex scalar. In addition, Eq. (2.52) contains the associated
Yukawa-interactions via (§£;W;;(¢) + h.c.) as well as the scalar potential term

V(b o) = WW'(§) = F/F,. (2.55)

The next step is the incorporation of gauge interactions. For this purpose we have to

include some real vector field in Eq. or Eq. which plays the role of the gauge
field. Real vector fields reside in the vector superfield V. We start directly with the
non-Abelian case as it simplifies in the well known way to the Abelian case by simply
assuming the generators T, of the gauge group to commutate with each other. A gauge
transformation acting on chiral superfields can be written as

= exp(=2igA(2)Ty) 1Py, (2.56)
B = & exp(—2igh™ (2)T) 1. (2.57)

I and J are gauge group-indices and the A%(z) are complex left and right chiral functions
specified by the gauge transformation. They have to obey

DANT = 0, (2.58a)
DAATT? = 0 (2.58b)

to maintain the chiral nature of &; and @} under the transformations Eq. 1’ and 1'
A vector superfield V' transforms according to

eV = iVt (2.59a)
eV = emiheVeil (2.59b)
Defining V7; = (29V*T*)1; and Ar; = 2gA°T}; one can set up the gauge invariant
trace
Tr[dle’ 0] = > (@'eV®)y, (2.60)
1

which, i.a., constitutes the supersymmetric analogue of the interaction terms between
gauge and matter ﬁeldslﬂ Note that exponentiating the vector superfield V' does not
destroy renormalizabilty. This can be seen by going to the Wess-Zumino gauge Eq. ,
where due to Eq. products of the form (Vjyz)" vanish for n > 3. Hence, the D-
term of the form [@'el;, ,®]|p does not exceed mass dimension four and therefore does not
introduce any non-renormalizable terms in £. To describe the dynamics of gauge fields it is
further necessary to build the corresponding supersymmetric version of the field strength
tensor F7,. This can be done via

1.
Wa = —ZDDe_VDAeV, (2.61a)

L 1 .
W = —;DDeV Dhe". (2.61b)

Moreover, WaW4 and W AWA are left and right chiral superfields. With this at hand one
can write down the supersymmetric analogue of a gauge theory

1 N i
= T Wa+W ;W

ot [@}(ev)ij@j} _ADV@) +help  (262)

¥Note that a general vector superfield Eq. possesses mass dimension zero and can therefore be
exponentiated.
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including & = T(R), defined via Tr[T*T?] = T(R)é, and the superpotential W(®;)
already discussed in the context of Eq. (2.52)). The index ¢ now covers the particle type as
well as the gauge group index I. Having eliminated all auxiliary fields F; and D; via their
e.o.m., a supersymmetric version of a non-Abelian gauge theory Lagrangian Eq.
can be written in terms of component fields as

) ¢ 1 a papy \a Na
L= ijUuDinfz‘ + (ij@)T(Am'ksﬁk) — —F§ F* +4iX%" D\

4K
_ .1
— V29N Ty505 + he.) — Vs, ¢7) — F&i&Wis(9) +hee.| . (2.63)
Here, we made use of
DZ = (5@'6“ + igAMaEC; (2.64)
as well as of the generalization of the scalar potential Eq. ([2.55])
* * 1 a a
Vigi, ;) = FiF; +5D°D (2.65)
with )
ow a a
Fy = —ﬁb —06=0 D= —9¢ZTTij¢j- (2.66)

So far, the Lagrangian Eq. also includes the description of unphysical degrees of
freedom connected to the gauge freedom of the corresponding gauge theory. Following
a suggestion proposed by Faddeev and Popov [12], one can restrict Eq. to only
the physical degrees of freedom, via the introduction of so-called gauge-fixing terms. The
inclusion of these terms into £ corresponds to fixing a certain gauge for the gauge fields.
A typical choice, which corresponds to the generalized Lorentz gauge

0M"A,(z) —w(xz) = 0, (2.67)
(w(z) can be any scalar function) takes in its non-Abelian formulation the form [3]
1
Lo = — Tr (0" A,0"A,) . 2.68
o = e O A0 A) (2.68)

§ is a gauge parameter, which can be any finite constant. It leads to the so-called R
gauges [12]. The supersymmetric generalization of Eq. can than be written as

L375Y = —migngr (V{DD,DD}V). (2.69)
The latter leads to the introduction of additional scalar fields with Fermi-Dirac statistics,
the so-called ghost fields ¢, for each component of the gauge fields, which follow from
a path-integral formulation of the gauge fixing terms [12]. These ghost fields can be
understood as negative degrees of freedom, which compensate for the above mentioned
miscounting. Due to the definition of the supersymmetric gauge transformation Egs.
in terms of the two chiral superfields A and Af, we are lead to the introduction of
two gauge fixing functions and, hence, to the inclusion of two sets of ghost fields, which
we embed into the ghost superfields C' and C’ comprehensively. Up to quadratic order in
the gauge superfields V and with & = 1 (the case relevant to us), the ghost terms finally
take the form

1
ghost = 492k

1
Tr (CT’C +cier 4 (' + o w.c - O

b (OO, V.0 + 1), (2.70)

18



2.3. THE THEORY BEHIND SUPERSYMMETRY

Note, that due to the appearance of commutators, the ghost superfields C' and C” decouple
from the actual physical fields if one goes to the Abelian case. These are basically all
building blocks needed for the construction of a supersymmetrized version of a non-Abelian
gauge theory. Its actual formulation in terms of a phenomenologically interesting theory,
the MSSM, is given further below in Sec. 2.4}

2.8.4. The Breaking of Supersymmetry

Since no supersymmetric partner of any SM particle has been observed so far, one is led to
the insight that SUSY, at least in its low-energy realization, can not be an exact symmetry
of nature. A way to break a symmetry from which we already know that it is used by
nature is the spontaneous symmetry breakdown. Phrased in terms of SUSY, this means
that the ground state |2) can not be invariant under the supersymmetry transformations
Eq. , or equivalently, that at least one SUSY-generator does not annihilate the
ground state

QalQ) #0 and/or Q4|Q) £ 0. (2.71)

Moreover, following Eq. (2.25a)) the Hamilton-operator H can be expressed through the
supercharges

H = P’ = %({Qla@j}‘F {Q2,Q5}) . (2.72)

This translates directly into a ground state energy

(QIH|) = %(IIQ1>H2+\|Q1>|\2+H!Q2>H2+IIQ2>H2) >0, (2.73)

provided that Eq. (2.71)) holds true. As the non-vanishing ground state energy is connected
to a non vanishing minimum of the scalar potential Eq. (2.65|)

(QV (i, ¢7)[2) # 0, (2.74)

it follows that the scalar potential has to feature a non-zero minimum. One can hence
deduce from Eq. (2.65)) that

(QIFIQ) = A2#0 and/or (QD|Q) = A2#0 (2.75)

for the auxiliary fields F' and D of Eq. and Eq. , where the scales A; and
A, can be identified as the mass scales of the SUSY-breaking. The former case is the so-
called F-term breaking (O’Raifeartaigh mechanism [13]) while the latter case is known as
D-and term breaking (Fayet-Iliopoulos mechanism [14]) of supersymmetry. Since within
the MSSM a purely spontaneous breakdown of SUSY turns out to be in tension with the
non-observance of sparticles, it becomes necessary to step beyond the MSSM [3]. This
can be done via adding a so-called hidden sector, a singlet with respect to the SM gauge
group, to the MSSM where supersymmetry is spontaneously broken together with a mes-
senger sector, which propagates the SUSY breaking from the hidden sector to the visible
sector. Consistent examples for the mediation of SUSY breaking are known, for example,
gauge mediated or gravity mediated SUSY-breaking, which are both extensively discussed
in Ref. [3].

To stay on more general grounds, one can violate SUSY through the Heisenberg- Wigner
mode, namely by adding all theoretically allowed SUSY-breaking terms to Lyiggm with-
out stating their actual theoretical origin. This is an approach, which in a way just
parametrizes our lack of knowledge about the actual mechanism behind the breakdown of
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supersymmetry. These new terms are chosen such that they respect the well established
principles of gauge-invariance and renormalizability@ leading to the so-called soft breaking
of supersymmetry, most generally grasped in the form

1 1 1
Loote = —¢F(m?)ijo; + (gAijkd%%'(ﬁk - §Bij¢i¢j +Cipi — §Ma)\a)\a + h.c.). (2.76)

In Eq. , ¢; is the scalar component of some chiral superfield @; with a mass term
proportional to the hermitian matrix (m2)ij. Eq. further contains terms linear,
bilinear and trilinear in the scalar fields proportional to the tensors C;, B;; (symmetric in
i,j) and A;j, (symmetric in 4, j, k), as well as a gaugino mass term proportional to M®.
For not to break gauge-invariance, the gaugino-mass has to be the same for all gauginos
within some simple Lie-group. Hence, we have one bino- (U(1)y), one wino- (SU(2)L)
and one gluino-mass parameter (SU(3)c). But as already mentioned in Sec. such
a Majorana mass term violates the R-symmetry introduced in Sec. as can be easily
seen from Eq. . Hence, only a residual Zs-symmetry, named R-parity, can be main-
tained. The values of the soft-breaking parameters (mz)ij, Ajji, C and M*® can then be
obtained or at least constrained via fitting the theoretical predictions to experiments. For
a low energy realization of supersymmetry, Lg can now be understood as a part of some
effective Lagrangian valid at a scale Ajy. As the mass scale of the messenger sector, which
propagates the SUSY-breaking from some hidden sector to the supersymmetric part of the
model, has to be much larger then Aj,, to be phenomenologically acceptable, the terms
of Eq. may then be recovered from some more comprehensive theory by integrating
out the heavier d.o.f. down to Ajyy.

2.3.5. R-Symmetry

As already introduced in Eq. and Eq. , one can extend the super-Poincaré
algebra by chiral rotations, the so-called R-symmetry. The transformation behavior Eq.
leads to the R-charges -1 and 1 for the two-component supercharges Q4 and Q4.
Furthermore, due to their representation in superspace Eqs. (2.34a)) and (2.34b)) the Grass-
mann coordinates © and © attain the R-charges 1 and -1 such that

0 — 0 (2.77a)
6 — e 0. (2.77b)
If one defines an R-transformation on the superfields as
P (z,e%0,e790) = leg(1,0,0), (2.78a)
P'1(z,e90,e790) = e WFepl(2,0,0), (2.78b)
V'(z,e%0,e7%0) = Py (2,0,0), (2.78c¢)

this indicates the following assignment of R-charges for the various component fields (see

Eqs. (2:40a), (2-40D) ):

R(¢) = Ro, (2.79)
R(¢) = —R(§) = Rs —1, (2.80)
R(F) = Rg—2. (2.81)

This means that at least every field operator in Lsysy has to have a mass dimension not more than
four.
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Note that due to the reality condition Eq. (2.39¢) R(V') equals zero such that (see Eq.
2.42))

R(A,) = 0, (2.82)
R(\) = —R(\) = 1, (2.83)
R(D) = 0, (2.84)
R(C) = 0, (2.85)
R(¢) = —R(¢) = 1, (2.86)
R(M) = —R(M*) = —2. (2.87)

Further, note that the kinetic energy term of chiral superfields Eq. (the D-term)
as well as the the supersymmetric version of the gauge interactions Eq. turn out
to be invariant under the transformations Egs. —. But as already stated
before, R-symmetry cannot be a symmetry of the full theory because conservation of the
corresponding Noether current would be violated within a supergauge theory by quantum
anomalies. In addition, R-symmetry is explicitly broken by the gaugino mass terms of
Eq. . These terms can not be avoided as the existence of massless EW or strongly
interacting gauginos are excluded by nullresults of corresponding searches at LEP and
TEVATRON. Furthermore, extending global supersymmetry to a local symmetry leads to
models of supergravity and, hence, to the inclusion of the gravitino, the superpartner of
the graviton, whose mass term violates R-symmetry, too. However, in all these cases, a
residual Zs-symmetry, the so-called matter-parity (R, in terms of superfields) or R-parity
(R, in terms of component fields), can still be preserved. Being symmetric with respect to
R, or R, states then corresponds to the invariance of the theory under multiplication of
super- or component- fields with the factor ¢™® = (—1)f. One can implement R-parity
by defining the R in Egs. — for the different left and right chiral superfields
in such a way that the SM-particles obtain positive R, (by convention R = {0,£1}
throughout while their superpartners possess a R, less than zero. It turns out that,
following these definitions, R,, and R, can be identified with

Ry = (—1)3B-0), (2.88a)
R, = (—1)¥B-0%8, (2.88b)

where B and L are the baryon and lepton number and S is the spin of the particle described
by the particular component field. As the total baryon and lepton number are separately
conserved within the SM, the assumption of R,-symmetry, which can be understood as
the supersymmetric generalization of baryon and lepton number conservation, may not
seem to be too arbitrary. The reason which raises particular interest in R-symmetry in
terms of model building is the observation that imposing R-parity conservation upon a
model rejects terms which would otherwise lead to an unacceptable low lifetime of the
proton and, hence, to a phenomenologically unacceptable theory. E.g., the requirement of
renormalizability and gauge invariance would in general allow for the terms

[(DiN; — UiE;) Dy, (2.89a)
[(EiNj — NiEj)E]r, (2.89h)
[DiD;Us]F (2.89¢)

in £. These interactions introduce processes of the form

urdrur — €R, (290)
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which would manifest themselves as a proton decay
p— et (2.91)

at a way too high rate. However, beside the prevention of rapid proton decay the intro-
duction of R-parity conservation possesses very important additional phenomenological
implications:

All sparticles decay at some point into the lightest supersymmetric particle, the LSP.

Sparticles can only be produced in pairs.

The LSP becomes stable. This is a necessary, though not sufficient requirement for
a viable dark matter candidate.

The collider signatures for sparticle searches with an EW LSP typically include
searches for missing energy as the LSP may escape the detector unhinderedly (e.g.,
in case of a neutralino-LSP).

Since we are interested in supersymmetric models which feature a viable dark matter
candidate, we assume R-parity conservation throughout the following?]

2.4. The Minimal Supersymmetric Standard Model

The MSSM is the minimaﬂ R-parity conserving, N/ = 1 supersymmetric version of
the SM. To construct such a minimal extension, every particle field of the SM has to be
embedded into a chiral or a vector superfield and is hence accompanied by its associated

superpartners. The full particle content of the MSSM is given in Tab. (2.1)) and Tab. (2.2))
where superpartners of SM-particles are furnished with a tildéSince there is no relativistic

Table 2.1.: The chiral supermultiplets (see Sec. [2.3.2) of the MSSM.
’ chiral superfields: particle content ‘ spin 0 ‘ spin 1/2 ‘ SU@3)c, SU2)L, U(1)y ‘

squarks, quarks Q (ar,dy) | (uydy) (3,2, %)
(x3 generations) U 7k u% (3,1, %)

d diy di (3,13
sleptons, leptons L (DeL) (ver) (1,2, -1)
(x3 generations) e €R ei& (1,1, 2)
Higgs, higgsinos H, (RORr7) | (WY hY) (1,2, -1)

H, 519 | (5 79) (1,2, 1)

QFT known, which includes spin-1 matter fields, the spin—% SM fermions decomposed

with respect to chirality are embedded into left and right chiral superfields @;, @I. Due

to the Egs. (2.40a) and (2.40D)), each chirality part is accompanied by a complex scalar,
its spin zero superpartner. They are given in the first two rows of Tab. and must be

2ONote that models which violate B or L separately can still be in accordance with the non-observance of
the proton-decay and, hence, be phenomenologically allowed. Therefore, many investigations also deal
with R-parity violating theories [15].

2lin terms of field-content
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Table 2.2.: The vector supermultiplets (see Sec. [2.3.2)) of the MSSM.
vector superfields: particle content ‘ spin 1/2 ‘ spin 1 ‘ SU@3)c, SU2)L, U(1)y ‘

gluino, gluon g g (8,1,0)
winos, W bosons wWEWO | wEwo (1,3,0)
bino, B boson B B (1,1,0)

reproduced three times, once for each family of the SM@ The name of the corresponding
superfield is written in the second column of Tab. The last row of Tab. contains
the chiral supermultiplets which include the Higgs fields of the MSSM. In the SM one
Higgs doublet is already sufficient to build up the U(1)y invariant Yukawa-terms for the
quarks. However, due to the holomorphy condition of the superpotential Eq. , this
is not possible within the MSSM. Here two Higgs doublets

Y L (h
= (1), e = (4 o)

with the assigned U(l)y quantum numbers Y, = -1 (down-type), Y, = 1 (up-
type) are necessary to achieve the gauge invariant supersymmetric versions of the Yukawa-
interactions (see Tab. [2.1))

— fEHy - Qudy — f4Q; - Hati + hc. (2.93)

for the quark{™]
Their vacuum expectation values are

) = (%) o = (1) (2.0

which can always chosen to be real, and the vevs have to fulfill

Vot + o2 = 1/(V2Gp)? ~ 246 GeV. (2.95)

In Eq. (2.95), GF is the Fermi constant. Since Eq. (2.95)) only fixes one vev, the other one
is left free. This degree of freedom is typically parametrized via

tan g = 2. (2.96)
U1

Of course only the uncharged Higgs fields are allowed to evolve a non-zero vev (Eq. (2.94)).
Finally, the spin—% superpartners of the two Higgs-doublets hy and he are the so-called

higgsinos
. A ha
hy = ;1 ho = (5% ). 2.
' (h;)’ ’ <h8> z97)

For a selfconsistent supersymmetric version of the SM, the SM-gauge bosons BY, W'
(i = 0,1,2, a SU(2)p-index), g* (a = 1,..8, a SU(3)c-index) have to be included into
vector superfields. Their superpartners, the bino (B°), the winos (W* (i = 0,1,2)) and

22Note, that chirality is not defined for scalar fields. Hence, in terms of scalars the subscripts L and R,
which refer to left and right chiral states, are just names to distinguish between different particles.
2Note, that in Eq. the SU(2)-scalar product is defined as A- B = eep AP BE.
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the gluinos (g% (@ = 1,..,8)) are listed in Tab. Since the SUSY-transformations
commute with the generators of internal symmetries, all particles within a supermultiplet
possess the same quantum numbers (see right column in Tab. and ) and trans-
form under the same representation of the gauge group.

With all necessary ingredients at hand, one can construct the MSSM Lagrangian Lyigsm-
One just has to set up the kinetic and interaction terms as given in Eq. for the
field content of Tab. and . One further has to specify the vector superfield V' in
(ﬁg(ev)ij@' according to the quantum numbers of the respective left and right chiral su-
perfields @; and @ZT. The only part left to further specification is the superpotential W. In
addition to the assumptions which entered the superpotential Eq. , the conservation
of R-parity by Whissm is now explicitly assumed. Wyissm then takes the form

Wussm = pHi-Hy — f&Hy - LiEj — f&Hy - QiDjy — 15 Q; - HaUj. (2.98)

The first term of Eq. can be understood as a supersymmetric generalization of an
higgsino massterm since, due to dimensional analysis, its prefactor p turns out to pos-
sess the mass dimension ond>)] The last three terms are supersymmetric versions of the
SM-Yukawa mass terms. Moreover, the full gauge fixing Lagrangian of the MSSM for the
Feynman-gauge including the corresponding ghost terms can be found in Ref. [17]. There,
it is given in the 't Hooft-Feynman gauge (¢ = 1), which is the gauge used throughout
this work.

As already discussed in Sec. [2.34] low energy supersymmetry can not be an exact symme-
try of nature. Within the MSSM, an explicit breaking of supersymmetry via soft breaking
terms of the form Eq. is assumed. Written out in component fields Ei\ngtSM takes
the form

—LUEM = LMD iaiz + ip(M3)ilir + dip(M3)idir + U (M3 )zafJL

+ ER(M2)ijéiR + [P L (f Ac)ij€sr + h1 - Gi(f™ Apijdin
+ Gir, - hg(fu*Aa)ijﬂ;R +h.c]+ m%|h1|2 + m§|h2|2 + (Bu hy - ha + h.c.)

1 -~ -
+ 5(MlBB + MoW'W* 4+ M3g*3* + h.c.). (2.99)

Note the absence of any C-type terms of Eq. in Eq. (2.99) which is due to the
fact that the MSSM, which is required to preserve gauge invariance, does not contain any
singlets under the SM-gauge group. Let us now quickly go through the different terms
of Eq. (2.99). ./\/lf; with f = {4, l~} are the left handed soft breaking mass matrices for
sleptons and squarks. They are hermitian 3 x 3 matrices in generation space. They further
have to be the same for up- and down-type sfermions to leave the SU(2)1,-symmetry intact.
M? ade represent the analogues for the right-chiral sector. They can in general differ from
each other as they are not connected by any gauge symmetry. The terms proportional
to the A ( f =éua d) for sfermion type f are the trilinear scalar coupling terms. The
A are complex 3 x 3 matrices in generation space. The last three terms are the gaugino
mass terms already mentioned in Eq. - Note, that we set vgr, Vg in Eq. - ) to
zero for all three generations. The full set of Feynman rules which result from the full
MSSM-Lagrangian can again be found in Ref. [17]. This is also the main reference for all

24Within the MSSM the radiative breakdown of EW symmetry requires p to be around the EW scale.
Like in the discussion of the hierarchy problem in the context of the Higgs-mass Sec. this raises
the question, why u should stick to the EW-breaking scale and not rather tend against some high scale.
This is the so-called p-problem, which can be solved, e.g., in extensions of the MSSM such as in gravity
mediated SUSY-breaking models (see Ref. [16] and references therein).
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the calculations of Feynman diagrams connected to this work.
Having included Ei}gﬁSM, the full MSSM Lagrangian contains 124 parameters in total.
105 of these 124 new parameters stem from the soft breaking terms Eq. , e.g.,
from intergenerational mixings or complex phases. In order to not become completely
undetermined or unpredictive due to this vast amount of degrees of freedom, one can go
to more constrained versions of the MSSM parameter space. In addition, there are severe
constraints on the MSSM-parameters due to measurements on CP-violation and flavor
changing neutral currents (FCNC) which constrain the set of soft breaking parameters.
The phenomenological MSSM (pMSSM) is one example of a constrained version of the
MSSM which tries to minimize dangerous sources of CP violation or FCNCs. Since the
pMSSM is the relevant model for the analysis connected to this work, it is shortly addressed
in the following section.

2.5. The Phenomenological MSSM

Depending on the choice of its parameters, LMSSM can have a sizable impact on precision
p g p y ~~soft p p

observables of the SM via higher-order corrections. This requires to constrain the MSSM
soft-breaking parameters to avoid tensions with experiments. The pMSSM, which is a
19-parameter version of the MSSM, takes these phenomenological constraints ab initio
into account. It is built on the following assumptions [18]:

e No new sources of CP-violation:
To minimize potential sources of C' P-violation, already tightly constrained by exper-
imental limits on the electron and neutron electric dipole moment, all soft breaking
parameters are taken to be real.

e No Flavor Changing Neutral Currents:
Non diagonal terms in the sfermion mass matrices and trilinear couplings can in-
duce new, already tightly constrained sources of FCNC. To circumvent these large
contributions, mass matrices and trilinear couplings are taken to be diagonal in
generation-space.

e First and Second Generation Universality:

Since the trilinear couplings of a particular fermion always appears accompanied by
the associated fermion-mass, the trilinear couplings for the first two generations are
only of minor importance and can hence be set to zero. Furthermore, the splitting
between first and second generation sfermions is severely limited by experimental
data, e.g., from K% — K% -mixing, unless they are much heavier than one TeV. Hence,
one may assume universality of the soft breaking sfermion-masses between the first
two generations.

The 105 additional MSSM parameters are then reduced to the following set of only 19 free
parameters:

e tan 3: the ratio of the Higgs vevs Eq. (2.96])

e m 40: the pseudoscalar Higgs mass

e i the higgsino mass parameter Eq. (2.98)

e My, My, Ms: the gaugino masses Eq. (2.99))
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® MGy oy Mgy, MG, o M, s Mep,: first /second generation left/right soft breaking
sfermion masses Eq. (2.99)
® Mgy, Mg, MG, M, Mey: third generation left/right soft-breaking sfermion masses
Eq. (2.99)
o Ay, Ay, A;: third generation trilinear couplings Eq. (2.99)
Since we study the impact of perturbative as well as non-perturbative corrections on

gaugino and stop annihilation into SM particles, the slepton sector as well as the bottom-
squark are of minor relevance. Hence we further impose the constraints

®mj , = Mg, = My = Meg: acommon soft breaking mass m; in the slepton
sector

® Mg = Mg : acommon third generation left and bottom-right soft breaking mass
mg;

® Mg, = My, = Mg ,: acommon left /right soft breaking mass mg, , for first and

second generation squarks
e Ay = A, = 0: negligible trilinear coupling for the bottom-squark and all sleptons.

Moreover, in the following we state our results using the parameter T; instead of A;. These
are related via
T, = YAy, (2.100)

with the top-Yukawa coupling Y;. This leaves us with an 11-parameter version of the
pMSSM, spanned by the free parameters

{tan B, ma0, p, M1, Ma, M3, mz, mgy, mg, 5, Ty, My |} - (2.101)

This model is used throughout the analysis presented in the following chapters.

2.6. Going from Interaction to Mass Eigenstates

So far we have defined the MSSM Lagrangian in terms of interaction eigenstates. But
as already known from, e.g., the EW sector of the SM, one has to distinguish between
interaction and mass eigenstates, of which the latter are the states that correspond to
freely propagating particles at fixed mass. The mass eigenstates are now defined as the
basis in which the mass terms of Lyisgnv take diagonal form. They are a linear combina-
tion of the different interaction eigenstates and, hence, their phenomenology is connected
to the properties they inherit through the corresponding admixture. Therefore, we go
through those sectors of the MSSM that turn out to be of special importance for the
subsequent analysis and present the arising mass eigenstates as well as their connection
to the particular interaction eigenstates.

2.6.1. The Higgs Sector

The SU(2)1, doublets hy and hs of Eq. , which are comprised of four complex scalars,
give rise to in total eight degrees of freedom. As seen in Sec. these two SU(2)y,
doublets allow for the construction of U(1)y-invariant Yukawa-terms Eq. while still
being compatible with the requirement of a holomorphic superpotential Whyissm. The
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2.6. GOING FROM INTERACTION TO MASS EIGENSTATES

contributions to the complete scalar potential written in terms of hy and hs are derived
from Eq. (2.65) together with Eq. (2.98) and Eq. (2.99)). At tree level, these take the form

1 g2
Vi = g(g% +93) (| |* = |hal?)* + flhihle? + (m3 + ) ha|* + (m3 + [uf?) |he|?

+ (B hi - hg +h.c.), (2.102)

where the SU(2)y-scalar product is defined as in Sec. Eq. (2.102)) implies a non-trivial
mixing between the two Higgs doublets. This results in mass eigenstates, which generally
do not coincide with the components of h; and ho as given in Eq. (2.92)). Expanding the
fields h(l) and hg near their vevs Eq. (2.102)) gives rise to the following mixing pattern:

e The imaginary parts of the complex scalars h{ and hJ combine to

AV = ﬁ(%{h?}sinﬁ—l—%{hg}cosﬁ), (2.103a)
G0 = ﬁ(—%{h?}cosﬁ—i—%{h%}sinﬁ) , (2.103b)
with masses
2 2
9 v] + U3 2Bu

_ By — 2K 2.104

a0 VU9 H sin 23’ ( )

mzo = 0. (2.105)

e The remaining two degrees of freedom stemming from the real parts of hY and hY
mix to

0 — — 0 ) sin o 9 ) cos « .106a
h —\/§<(§R{h} f (R (A9} - f ) (2.106a)

0 0 0
H <§R{h } - \f Jcosa+ (R{hy} — \f sma> (2.106Db)
(2.106c¢)

the SM-like lighter Higgs h” and the heavier scalar Higgs H® with squared tree-level
masses

1
mio’Ho =3 [mio + MZo F {(m%o + M%0)* — AM Zom?® cos® Zﬁ}l/q . (2.107)

e The charged Higgs hic and hQjE form the states

H* = sin h + cos BhT, (2.108a)
G* = — cos Bhi + sin Bhi. (2.108b)

Here, the H* and G* acquire the squared tree-level masses

B 1
mi. = ( K +g§> (v} +03) = m¥o +mip, (2.109)
V102 4

mé. = 0. (2.110)
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The Higgs masses given here are only tree-level masses as derived from the tree-level
potential Eq. . Hence, they can still be subject to large higher-order corrections (see
Sec. . Moreover, note that the neutral and charged Goldstone bosons, one for each
generator of the spontaneously broken symmetry (here three, SU(2);, xU(1)y — U(1)em),
remain massless as required by the Goldstone theorem [12].

So far, we did not include the contributions of the gauge fixing terms Eq. in the
estimation of the tree-level masses. The masses of the Goldstone bosons GY and G¥,
which are associated with the longitudinal polarization states of the Z° and W boson,
are dependent on the specific gauge choice and, hence, modified by terms from £§fUSY.
In the general R¢-gauge, the contributions to the Goldstone bosons (the supersymmetric
partners are the so-called Goldstinos) take the form [17]

mago = VEmyz, mgr = Empyx, (2.111)
which in the 't Hooft-Feynman gauge ({( = 1) leads to the masses
mgo = Mz, Mgt = My+. (2.112)

The corresponding Fadeev-Popov ghosts of Eq. (2.70) obtain the same masses as the
Goldstone bosons [12]. The propagators of massive vector bosons, which results from Eq.

(2.68]) can then be written as

s o o PuPv .
Z(Quu (1-9) 2 )% —iGuw

2
p* —my, p>—m

-~ (2.113)

This simplifies the form of propagators of massive vector bosons. In contrary to, e.g., the
unitary gauge, the Goldstone bosons are not automatically included as the longitudinal
polarizations of the massive vector bosons but need to be taken into account separately.
Let us close this section with two additional comments on the scalar potential Vy as given
in Eq. . It follows from Eq. that for the uncharged field content of Vi the
requirement of a non-zero vev and a potential that is bounded from below can be grasped
into the two inequalities

m3 +mi + 2|u* > 2| By, (2.114a)
|Bul? > (mi + |u|*)(m3 + ). (2.114b)
It turns out that in the limit m; = meo these two inequalities become mutually incom-
patible (SUSY-invariance corresponds to the limit m; = mg = 0). This observation

leads to the intriguing insight that, at least within the MSSM, SUSY breaking is deeply
connected to the spontaneous breakdown of EW symmetry SU(2);, x U(1)y = U(1)em-
However, it is a nice feature of the MSSM that even if one starts with the same soft break-
ing masses m; = my (see Eq. ) at some high scale the required inequality mi # mo
can be dynamically obtained via the corresponding renormalization group running. More
precisely, since only the beta function of the squared soft breaking mass m3 depends on
the relatively large top-Yukawa coupling the RGE running of the soft breaking scalar
masses m1 and my can induce the required splitting at the EW scale. Whereas in the SM
the prefactor p? < 0 has to be adjusted by hand to achieve EW symmetry breaking, the
MSSM hence provides a mechanism to drive the prefactors of the scalar potential to the
required values.
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2.6.2. The Neutralino and Chargino Sector

With a look at Lyssy one sees that after EW symmetry breaking U(1)y x SU(2);, —
U(1)em the higgsinos and gauginos mix with each other. However, gauge invariance forbids
the mixing between different interaction eigenstates if they do not possess the same gauge
quantum numbers.

Starting with the electrically neutral gaugino-higgsino sector, the full contributions in

Lyssm to the mass mixing given in the basis (¢9)T = (B, W9, Bé, l~1(2)) can be grasped in
the form
Lo\ 0
‘CMSSM ‘neutralino—mass = - 5 (w ) MX01/1 ; (2115)
where
My 0 —MzocosBsinOw  Myo sin 8 sin Oy
Mo — 0 Mo Mzo cos Bcos Oy  —Mzo sin [ cos Oy,
X' T | =MgocosBsin®Oy Mo cos 3 cos O 0 —u
Mgosin Bsin Oy —Mzo sin 8 cos Oy — i 0
(2.116)

The mass matrix M, o can then be brought to diagonal form via

M3 = Z*MpZ™" = diag(mg, m,g,mgm,o). (2.117)

Here, we choose 0 < |m,o| < |m,g| < |mo| < [m,o| by convention and Z is a unitary
4 x 4-matrix. Eq. (2.117)) induces a change of basis

Xi = Ziy, (2.118)

which corresponds to going from interaction to mass eigenstates. The x? (i = 1,2,3,4)
are the so-called neutralinos. Depending on whether they possess a large admixture of
gauginos or higgsinos, they are called gaugino or higgsino like. Due to the unitarity of Z,
M ;?0 can be computed from

(M3)* = ZM!,MoZ ™", (2.119)

Note that if all potential phases in M,0 are ignored@ Z can be assumed to be orthogonal
and real. The price to pay is that there may arise negative mass squares on the diagonal
of (M )?0)2. One can then use chiral rotations x9 — x?/ to obtain the physical fields with

meo:= m o >0.
Xi X?

The four component Majorana spinors can be comprised of the two-component X?I via,

X = <(>_2%?;T> (2.120)

)

such that Eq. (2.115)) can be finally written as

4
1 5~
£MSSM’neutralin07mass = _5 Z m>~<l0 X?X? (2121)
=1
Let us now turn to the charged part of the gaugino-higgsino sector. Defining W+ = % (let
in), the contributions in Lyssm to the mass mixing in the charged sector takes the form

EMSSM’chargino—mass = _(w_)TMXid}_“‘h-C-- (2122)

25This is one of the building assumptions of the pMSSM (see Sec. .
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Here, the definitions ()7 = (W+, hJ) and (v7)7 = (W, hy) are used. M+ is a
2 x 2-mass matrix which in the ¢*-basis given above can be written as

M> V2myy sin 8
M+ = : 2.12
¢ = (Vamweos 2129
Eq. (2.123) can then be brought to diagonal form via
MXDi = UMV = diag(mxf,mxgt) (2.124)
with 0 < Myt = my- <myy = mxf and U as well as V are some unitary matrices.

Due to the definition of U and V in Egs. (2.122)) together with (2.124] m the corresponding
mass eigenstates can then be obtained via

Xi = Vit (2.125a)
Xp = Uy (2.125b)

Going from the two-component spinors to Dirac spinors the charginos take the form

X+
X+ = (_%), (2.126a)

X+
X§ = (_%). (2.126b)

In terms of these Dirac spinors £assm|chargino—mass can be rewritten as

LrssM|chargino—mass = Z m. +XZ X (2.127)
i =1

where we have redefined mg, : = m,, (i € {1,2}) for convenience. Further note, that the
gluinos do not contribute to the above mixing as they are strongly charged. Therefore,
they cannot mix with the gauginos and higgsinos of the EW sector. Since all gluinos have
to encounter the same mass terms as required by SU(3)c symmetry, their mixing pattern
is such that there is no difference between interaction and mass eigenstates.

2.6.3. The Sfermion Sector

The sfermion sector encounters some important mixing, too. Since only the squark sector
turns out to be of greater importance for this work we solely concentrate on this part.
The mixing of sleptons, which follows the same line, can be found in Ref. [3]. We further
neglect all flavor-mixing and, hence, neglect the off-diagonal elements of the CKM-matrix.
We finally require all soft-breaking parameters to be diagonal in generation space[g_gl such
that only the mixing between left and right chiral scalars of a specific squark-type are
taken into account. In this case the mass matrices simplify significantly. Written in the

basis
q = <‘{L> (2.128)
dr

26 A valid assumption in the context of the pMSSM as discussed in Sec.
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the sfermion-mass terms in Lyrsgy can be grasped in the compact form

LMSSM ‘sfermion—mass - Z QTMEQ, (2129)
q
where
M2 M2
2 — :
Mg = <M§LL M{LR) (2.130)
RL fRR

is a 2 x 2-matrices in chirality space. Since we neglect all flavor mixing, these matrices need
do be reproduced only thrice, once for every generation, while ¢ runs through § = {a,d}.
For up- and down-type squarks M% possesses the following entries

M2 - M% + M%o (TgL - Qq sin® 914;) cos 23 + mi my, (—Ag — p(tan B)_QTSQL)
% (—Ag — p(tan B)~2TsL)m,, M?udi + QqM%, cos 2Bsin” Oy + m2,
(2.131)
Here, i = {1,2,3} is a generation index and ¢ can be either up- or down-type. T??L is the

third component of the weak isospin and @), are the quark-electric charges in units of e.
Finally, the m,, are the ith diagonal entry of

1 u
(my)i; = i (2.132)

for the up-type and of
L g

(mg)i; = 7 1701 (2.133)
for the down type (see Eq. (2.93)) (f; = ,g- = 0 for i # j as stated above). The

remaining parameters Mg-i, M121 i and Ag, are the ith diagonal entries of the soft-breaking
matrices Mg, MZ i and A; as discussed below Eq. (2.99). Further note that all soft

breaking and EW parameters in Eq. (2.131]) are taken to be real as it is common in terms
of the pMSSM (see Sec. . The mass matrices M, q? can now be brought to diagonal form
via the real rotations

M2 = (UF)ME (U = diag(m?,,,m2, ), (2.134)

Gi Gi,10 %G 2

31 < m2 . The sfermion mass eigenstates can then be

where we coose the convention m %

obtained from

(@,1) _ (i) (fIL) _ <C9S(9qﬁ-) - Sin(@ﬁ) (@':L> . (2.135)
qi,2 4i,R sin(Og,)  cos(Og,) 4i,R

Due to the proportionality of the off diagonal elements in Eq. to the quark mass,
only the third generation chiral squark eigenstates are expected to mix significantly, which
can result in a sizable mass splitting between the corresponding mass eigenstates. Since
the quark masses on the off diagonal of Eq. are further multiplied by the trilinear
couplings Ag,, a large Ag is expected to enlarge the splitting and to drive the lighter
squark mass eigenstate to even lower values.

Let us close this section with a short look beyond the pure tree level as discussed above by
providing the renormalization group equations, which describe the renormalization scale
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dependent running of the squark soft breaking-masses. For third generation squarks, the
scale dependence takes the fornE]

d/(\i/lf?’ = # (ftgst + £ S — ?gs?lM:?\ — 3g3|M3| — ég%\Mfl - ég%&) . (2.136)
d/;/?s - # <2fESt - 136932,\%?\ - ?g%\Mf! - gg%Sy> : (2.137)
dj:i/?s - # <2fb?5b - ?9§\M§| - gg%lel + ;g%Sy> , (2.138)
where f; = f% and f, = (f%)s3 are the third generation Yukawa couplings. Moreover,

in the pMSSM we have |[M?| = M? (i € {1,2,3}. We further made use of the definitions

Sy = m3+ Mgg + M2, + A, (2.139)
Sy = mi+ MZ, + M5+ | A (2.140)
as well as 1
Sy = §an§ (2.141)
i

with hypercharges Y;. Here, i runs over all MSSM scalars, i.e., over all Higgs bosons,
squarks and sleptons. In the Egs. — the large third generation Yukawa cou-
pling f; multiplies a positive term. This may be even more enhanced by a large trilinear
coupling A; such that third generation squark masses are expected to rise particularly
strong with growing energy (or quickly decrease their masses towards low energies), driv-
ing the stop #; to be rather light at low energies. Since the right handed stop breaking
parameter M%3 comes with a factor of two in front of the terms x f; and with no wino-
mass term o |MZ2| subtracted, M%S is expected to vary even stronger with energy than the
left breaking mass. This may lead to a ¢;, which features a potentially larger admixture
of TR, |sin ©g,)> > | cos O, |}

2Tt is defined as t : = In(u/po) with some arbitrary constant po and the renormalization scale p which
can be set to the “external” energy scale of the corresponding process.
28This is of course strongly dependent on the initial parameter choice.
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3. Dark Matter: Evidence, Candidates and
Calculations

3.1. Experimental Evidence for Dark Matter

Nowadays, there exists is a lot of evidences for the existence of a sizable, yet unknown
matter component in the universe. Experiments suggest that this new type of matter does
not emit any detectable amount of light, such that hints toward the existence of this so-
called dark matter are only obtained via its gravitational interactions down to the present
days.

3.1.1. The First Hints

One of the first observations which hinted toward the existence of DM were made by
J. H. Oort and F. Zwicky in the early 1930’s [19]. Making use of well defined mass-to-
luminosity relations van Oort was able to give a rough estimate of the luminous mass
within the milky way. When he further measured the velocities of stars near the galactic
center via redshift analyses, he ascertained that the velocities of stars exceeded the escape
velocity of the galaxy. He was thus led to the conclusion that an additional non-luminous
mass component should be added to the luminous mass to strengthen its gravitational
pull [20]}

At the same time, Zwicky studied the Coma cluster, a cluster comprised out of about
a thousand galaxies roughly 400 million lightyears away from our solar system [21]. As
a starting point of his consideration Zwicky assumed that the Coma cluster has reached
mechanical equilibrium. Footing on this assumption, he applied the virial theorem

U=-V 1
U=3V. (3.1)

which relates the averaged total kinetic energy
U= _-Mv? (3.2)

with total mass M and mass averaged velocity v, to the time averaged potential energy V.
Assuming an equal distribution of masses over a sphere, which interacts only gravitation-
ally (k = —1), the averaged potential V at distance R follows from the third Keplerian
law as

3CTYNeW‘con M2
5R

with the gravitational constant GNewton. By further assuming that no direction of velocity,
apart from the overall velocity component caused by the movement of the Coma cluster

V=- (3.3)

Tt should be mentioned that Oort also considered further possibilities that he thought may account for
this discrepancy. However, this was one of the first evidences which may be interpreted as a hint toward
the existence of DM.
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relative to us, is distinguished from another, i.e.,
v? = 3v2, (3.4)
Zwicky was able to estimate a peculiar velocity

__ GNewtonM

Tp = "R (3.5)
for this configuration. He took R ~ 10°ly as the radius of the cluster. As Zwicky was
further able to give a rough estimate of the luminous mass My, = 1.6 x 10%g via known
mass-to-luminosity relations for galaxies, he compared the W of Eq. and the ob-
served velocities along the line of sight obtained via redshift analyses. He found that the
mass of the Coma cluster has to be about two to three orders of magnitude larger than
My,. Phrased differently, the luminous mass makes up only 2% of the total mass of the

Coma cluster [19], which can be understood as another early hint toward the existence of
DM.

3.1.2. Rotation Curves

Roughly four decades after Zwicky’s discovery Rubin, Ford, Thonnard and others started
to measure the rotation curves of many isolated galaxies [22]. These were preferably
oriented in such a way that material on one side of the galactic nucleus approached our
galaxy while material on the other side receded. They found that the rotation velocities
vrot Of visible matter around their galactic center were way too large to be caused by the
visible amount of matter only. Footing on Newtonian mechanics, one would expect a mass
dependence of vyt according to

GNewtonM (7")

ro = — 3.6
Vrot () , (3.6)
with the mass up to radius r given by
M(r) = 477/ dRR?p(R). (3.7)
0

In Eq. (3.7), M (r) is determined by the mass density p(r), which is assumed to be radially
symmetric. Hence, v.o¢ should decrease if one goes to the far exterior of the visible disk
where M (r) is expected to raise more slowly than r. However, via measuring the redshift
of stars and Hl-gas clouds via spectral spectroscopy and the measurement of the 21-cm
line, investigations led to the insight that this is actually not the case for many galaxies.
Examples of measured rotation curves are now given in Fig. There, the dependence
of vy on the distance r to the galactic center is shown for many different galaxies. The
possible solutions to this dissent between theory and experiment are mainly two-fold. On
the one hand, there is the so-called theory of modified Newtonian dynamics [23], where
a change of the 1/4/r-dependence in Eq. is assumed for large r such that vy ()
tends toward a constant value. On the other hand, there is the idea of an additional mass
component which changes M (r) in such a way that its profile is able to account for the
measured vyo1(r). Following Eq. and Eq. , it turns out that a M (r) o r for radii
way larger than the visible disk is needed. This new mass component should therefore
be located in an approximately spherical halo around the galaxy (see the plot on the left
hand side of Fig. and, due to its non-observance, should be non-luminous. Hence,
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Figure 3.1.: On the left, the rotation curve of the spiral galaxy NGC 6503 is shown. Con-
tributions of different mass components in dependence of the distance R to
the galactic center are given. A hypothetical DM halo, necessary to account
for the observed velocities, is added. On the right hand side rotation curves
for further spiral galaxies are shown. Graphics taken from [24] and [25].

its interaction with photons have to be at least highly suppressed. These rotation curves
are of course only measured for visible objects such that it is yet unknown how far the
dark matter halo outreaches the disc of visible mattelﬂ Furthermore, a similar behavior
has been measured for the rotation of galaxies and gas clouds around other galaxies. The
results suggest that for most of the cases at least 90% of the matter of their centers of
rotation should be compounded out of DM.

3.1.3. The Bullet Cluster

There is further evidence for DM on the scale of galaxy clusters. Its origin is the obser-
vation of the bullet cluster by the Chandra telescope, which has already been claimed as
the first direct observation of dark matter |26].

The bullet cluster 1E0657-558 consists of the two merging galaxy clusters. Due to col-
lisions, their matter distributions were brought out of dynamic equilibrium. This allows
for new insights into their mass compositions contrary to, e.g., the already relaxed spiral
galaxies, which are the typical targets to measurements of rotation curves. In 2006, the
Chandra telescope was able to observe the bullet cluster as shown in Fig. 3.2l The X-ray
emissions of the hot gas and the intergalactic plasma are given in red and blue which are
typically the largest components of the visible mass. The green contours show the gravi-
tational potential in the bullet cluster obtained via weak gravitational lensing. The main
outcome of the investigations on the bullet cluster is a clear 8-0 spatial deviation between
the gravitational centers and the centers of the baryonic components. Moreover, whereas
the gas clouds show a typical shockfront, the gravitational centers seemed to have passed
through each other without any collisions, leaving the gas clouds behind somehow. This
observation finds a quite natural explanation in terms of DM whereas MOND theories
struggle to give a coherent explanation.

2Here the test objects are gas clouds which typically outreach the stellar disc.
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Figure 3.2.: The merging cluster 1E0657-558 as seen from the Chandra telescope. The
green contours represent the mass distributions as reconstructed from weak
gravitational lensing. The blue regions represent the intergalactic plasma
clouds as obtained from X-ray emission. The red to white shaded regions
show the shock cones of the colliding hot gas clouds. Image taken from [26].

3.1.4. N-Body Simulations

By means of today’s computing power, it is possible to study the formation of cosmic
structures via N-body simulation with quite high resolution.

Starting from seed inhomogenities, the evolution of structures through time are then most
commonly approximated via non-linear gravitational clustering from the dark matter par-
ticles with specific initial conditions and further refined via the inclusion of astrophysical
processes such as gas dynamics, chemistry etc. [24].

Within these simulations, the inclusion of a sizable cold DM (CDM) component was
found to yield good agreements between the simulated and the actually observed struc-
tures in the universe. Here, CDM refers to matter, e.g., neutralinos or axions, which was
non-relativistic at the beginning of structure formation in the universe. This happened
roughly at redshift z ~ 10° (¢t ~ 1yr), when mass of the order of DM halos of galaxies such
as our Milky Way (~ 10'2Mg) has been encompassed by the cosmic event horizon. Due
to the slow motion of CDM their free streaming length, i.e., the distance, which a particle
can in average cover until it is gravitationally trapped, tends to be rather low. CDM could
thus have been quickly captured within gravitational wells. Hence, CDM yields an hierar-
chical clustering, which starts at small scales and grows larger and larger [28|. Moreover,
N-body simulations yielded a universal CDM halo density profile of the form

plr) = £ (3.8)

_77

(r/RY (1 + (r/ R)*) 5

which supports the halo shape as predicted by the measurement of rotation curves (see
Ch. ﬂ However, the cuspy behavior in the innermost region r — 0 of Eq.
is still under debate as it turned out to be in tension with observations. But in this
region, the impact of baryons, which contribute with increasing importance to the overall
matter distribution for » — 0, is not yet well understood such that the precise theoretical
description of the innermost region is still speculative.

30ne example is the famous Nawarro-Frenkel-White profile « = 1, 8 =3, v = 1, R = 20 kpc [27].
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Note that in the context of N-body simulations with a sizable CDM component, further
tension arose with observations due to the non-observance of small scale structures like
dwarf galaxies and subhalos as predicted by the hierarchical clustering favored by CDM
models [29,130]. Their predicted number exceeds the number of observed satellite galaxies,
e.g., of the Milky Way, which has become famous as the “missing satellites problem”
of CDM [31]. The non-observance of predicted small scale structures raised interest in
other DM species, mainly in hot (HDM) and warm DM (WDM) models, whose distinct
behaviors at the beginning of structure formation have been expected to soften the satellite
problem. HDM is typically composed of very light particles, for example neutrinos with
masses up to a few electron volts, which move with highly relativistic velocities and hence
possess a large free streaming length. HDM therefore smeared out the initial density
perturbations eliminating fluctuations on scales below a characteristic wave number. This
cutoff on the matter power spectrum yields an inverted hierarchy of clustering, which starts
with high scales structures. This can be a supercluster with a mass mgyper 2 1015M®,
which subsequently fragmented into the observed small scale structures such as galaxies
etc.. However, simulations yielded a collapse of superclusters at a redshift z < 2. This
is in contradiction to experiments, in which the observation of superclusters or stellar
populations indicate galaxy-formations way earlier,i.e., before z ~ 3 [28]. WDM, particles
with masses typically in the keV range such as a sterile neutrino [32] or axino [33], is yet
another type of DM which raises large interest. WDM has been brought up as a model
which may maintain the strengths of HDM and CDM and at the same time avoids their
shortcomings. WDM is heavier than HDM and has not been highly relativistic at the
beginning of structure formation. Therefore, the WDM free streaming length turns out
to be smaller than the one of HDM, leading to first mass fluctuations in the range of
> 10" M, which could have formed earlier than the superclusters encountered in HDM
models. These structures may have subsequently fragmented into the smaller structures
observed today, while suppressing the overproduction of small scale structures on the
Megaparsec (Mpc) scale and below. Furthermore, structure formation driven by WDM
results in DM halos with a shallower inner profile, avoiding the problem of a too cuspy
CDM profile in the inner most halo region as stated above. On the other hand, WDM
models permit the production of small DM halos at large redshift. It is expected that
the first stellar populations were formed inside such small halos which led to the uniform
production of metal in the early universe as indicated by observations of the Lyman «
foresﬁ [28]. Furthermore, doubts have recently been raised if WDM with masses constraint
by studies of the Lyman « forest [34] is really capable to alleviate the problem of the CDM
small scale structures [35]. Finally, the Sloan Digital Sky Survey has reported the discovery
of many additional ultra faint dwarf galaxies, which may help to alleviate the missing
satellite problem, lending credence to the hypothesis that many of these missing satellites
may have remained undiscovered as they have formed little to no stars [23,36]. Hence,
the investigations of structure formation through N-body simulations revealed important
insights into the nature of DM and motivated the distinction between cold, warm and hot
DMﬂ Though, a conclusive answer about the true nature of DM has yet not been given.

4The Lyman o forest is a collection of sharp absorption lines in the spectra of quasars, which were caused
by the light passing through intergalactic clouds of hydrogen.
5DM can of course also be a mixture of different components.

37



CHAPTER 3. DARK MATTER: EVIDENCE, CANDIDATES AND CALCULATIONS

Figure 3.3.: CMB anisotropies as seen by the COBE satellite. Figure taken from .

3.1.5. The Cosmic Microwave Background

From the list of hints toward the existence of DM, the cosmic microwave background
(CMB) is quite exceptional as it allows to give a very precise estimation of the DM den-
sity in today’s universe. Originated during the time of recombination at a redshift of
2z ~ 1100 ( t ~ 3.7 x 10%yrs after the big bang), when the universe has cooled down far
enough to allow an efficient formation of neutral atoms without subsequent ionization, the
CMB photons traveled mainly unaffected from the surface of last scattering all the way
to us. Thus, through intrinsic temperature fluctuations in combination with gravitational
redshifts (non-integrated Sachs-Wolfe effect) [37], the CMB represents an exceptional im-
print of seed inhomogenities of the very early universe, allowing for a view far back in
time.

Though already predicted by Georg Gamow and Robert Dicke in 1946, the first obser-
vation of the CMB actually happened accidentally, when Arno Penzias and Robert W.
Wilson noticed an unexpected background noise, while experimenting with a Holmdel
Horn Antenna at the Bell Labs back in 1964. In 1978, the Nobel Prize for Physics was
awarded to Penzias and Wilson for their joint discovery. In 1992, the COBE satellite
confirmed the existence of the CMB . The collaboration measured a nearly perfect
black body spectrum, implying that the universe was in thermal equilibrium during the
time of last scattering, with a temperature T &~ 2.725 K isotropic down to a scale of
107 (~ 30uK). These very small temperature fluctuations AT shown in Fig. the
so-called CMB anisotropies, which have been measured for the first time by the COBE
experiment, have been extensively studied since then as they turned out to provide very
rich cosmological information. The COBE results have been refined by the WMAP and
most recently by the Planck experiment, which yielded the measurements of the CMB
anisotropies shown in Fig. [3.4] Furthermore, the exceptional isotropy of the CMB spec-
trum well beyond the cosmological horizon, i.e., over regions in the sky which could not
have been in causal contact during the time of decoupling, has raised the so-called horizon
problem. This leads to the assumption of a time of exponential growth of the universe, the
so-called inflationary epoch , most presumably between 10735 — 107! seconds after
the Big Bang, where initial inhomogenities have been smeared out, leaving us with this
extremely isotropic universe which we observe in the CMBﬂ Moreover, the CMB-photons
can suffer from several effects on their way from the surface of last scattering to us. One
important effect is the integrated Sachs-Wolfe effect, which describes the change of the

SInflation also helps to solve the flatness problem, the question, why the universe seems to be so close to
being perfectly flat.
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spectrum of CMB photons on their way to us caused by the transition of time dependent
potential wells. These can change the energy of CMB photons, e.g., when the energy
gained by falling into the potential is not completely compensated on the way out of the
potential due to a flattened potential caused by the spatial expansion of the universe. To
correctly recover the original CMB spectrum at the time of decoupling, one has to account
for these modifications. More details on this can be found in Ref. [41].

Starting with

WMAP

PLANCK

-300 T (MK) 300

Figure 3.4.: CMB anisotropies as seen by WMAP (upper) and Planck (lower) figure. Fig-
ure taken from .

o(#) = % (3.9)

for some direction 2, one can expand ©(7) in the orthonormal basis of spherical harmonics

e l
O) =3 " ahn Vi), (310)
l

=2 m=—

Projecting the coefficients of this expansion onto a certain Yj,,, the so-called multipole
moments a;,, are obtained via

G = / dRYE ()O(7). (3.11)
Averaging over the different angular orientations of the fluctuation modes m = {—1, -1 +

1,...,1}, one finally ends up with the variance of the a;,

l

1 *
Cl = mz;l %—Halmalm, (312)
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Figure 3.5.: The upper panel shows the power spectrum of the CMB temperature
anisotropies as seen by the Planck-satellite, together with the best fit of ACDM
cosmology, shown in red. The lower plot shows the residuals of the power
spectrum together with the best ACDM fit. Figure taken from [45].

which is usually plotted as I(I + 1)C;/27 against the corresponding ! (see Fig. [3.5). The
multipole moment [ corresponds to the characteristic angular size of the temperature
fluctuation following roughly © = GTO (O in degrees). The power spectrum can then be
interpreted in certain cosmological models, whose parameters are fixed via fitting theory
to the data. Finally note that there is a limit on the precision of the Cj, the so-called

cosmic variancem
2
AC; =/ — C]. 1
G \/21+1Cl (3.13)

This is due to the fact that we are bound to only (2] 4 1) “probes” to detect a particular
multipole /. For example, the cosmic variance on the monopole moment is basically unde-
termined as we have only one CMB which we can measure. A fit of a certain cosmological
model, the ACDM , to the CMB anisotropies is presented in Fig. in red. The theoretical
error including the cosmic variance is given by the error bars in the lower panel of Fig. [3.5]
that show the residuals of the power spectrum. The name ACDM refers to a 6-parameter
model dominated by components of dark energy (A), whose origin is even less understood
than DM, and cold dark matter |[45]. The different parameters of ACDM are introduced
in greater detail in Ch. As apparent from Fig. the ACDM turns out to be very
successful in reproducing the observed power spectrum of the CMB. As stated above, one
is able to deduce the total relic density of CDM in the universe from this, which is usually
given in terms of the critical density pﬂ times the reduced Hubble constant h squared.
The most recent measurements of the CMB carried out by the Planck collaboration [45]

"There are of course further sources of uncertainties which enter the C; such as instrumental noise, finite
beam resolution, subtraction of foreground sources such as the Milky Way etc..
8 p. corresponds to the mass density of a flat universe.
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Figure 3.6.: These diagrams present the decomposition to the energy content of our uni-
verse as estimated from a best fit of ACDM to the CMB-anisotropies before
(left) and after (right) the Planck experiment. Figure taken from .

in combination with WMAP data have led to a precise determination of the dark matter
relic density
Qepwh? = 0.1199 4 0.0027, (3.14)

with A in units of 100 km s~ Mpc™?, given at the 1o confidence level.
Another interesting result is the amount of baryonic matter, which can also be deduced
from Fig. As a best fit to the Planck measurements, one obtains the value

Quh? = 0.02207 + 0.00033. (3.15)

Hence, only around one sixth of the total amount of matter in the universe turns out to
be baryonic. The full energy composition of the universe is concisely shown in Fig. It
is apparent that dark energy is actually the dominant energy component in the universe.
Hence, the CMB provides us with rich information about fundamental cosmological pa-
rameters and can be used for their determination with exceptionally high precision.

This list of evidence for the existence of DM is actually far from being complete. E.g.,
we did not mention the results of gravitational lensing at galaxy cluster, another way
to estimate the total amount of mass independent from the actual amount of luminous
mass . However, the above list already presents evidence for DM stemming from a
large variety of experiments which follow very different ideas. Hence, it seems fair to say
that DM is a very good guess to solve the different discrepancies between experiment and
theory.

As a final remark, note that in 2014 the BICEP2 collaboration announced the discovery of
imprints of primordial gravitational waves in the B-mode polarization (the curl component
in CMB polarizations) pattern of CMB anisotropies, which are a generic prediction of
inflationary models [48]. However, in a joint analysis of the BICEP2 and the Planck
collaboration, it turned out that the analysis was incorrect as the foreground effect of
interstellar dust-polarization has not been taken into account properly, such that the
supposed discovery had to be withdrawn .
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3.2. Requirements and Candidates for Dark Matter

In the last chapters we have encountered many hints for the existence of a sizable DM
component in the universe, ranging from cosmological scales, e.g. the formation of large
scale structures in N-body simulations over galaxy cluster as the bullet or Coma cluster
down to the scale of galaxies via the analyses of rotation curves. From this perspective, the
introduction of new models that provide a viable DM candidate became a field of central
interest. But as there is no direct evidence for DM so far, this prompted the proliferation
of many ideas about its nature. However, based on the insights on the nature of DM from
the previous chapter, one can draw a number of requirements from observations that need
to be fulfilled by a potential DM candidate in order to pertain as viable. These is stated
in the following.

e The candidate should be dark:

As already apparent from its name, dark matter has to be non-luminous in order
to be in accordance with the current non-observance, e.g., of the assumed DM halo
around our galaxies, whose existence and rough form are suggested by the mea-
surements of rotation curves (Sec. and by N-body simulations (Sec. [3.1.4).
Therefore, the DM coupling to photons has to be at least highly suppressed, taking
place, e.g., through higher orders in perturbation theory (as it is the case for the
neutralino). Moreover, null results in searches for exotic isotopes, i.e., boundstates
of DM with ordinary nuclei, suggest that DM is not only electrically neutral but also
transforms as a singlet under the SU(3)¢ [51L[52].

e The candidate should be stable on cosmological time scales:

Since experiments suggest that DM is all around us even today, the formation of long-
lived structures such as galactic halos suggest that a viable DM candidate has to be
stable on cosmological time scales. Hence, the lifetime of the DM particle should
be of the same size as (or larger than) the lifetime of the universe 7 > 4.3 x 107
as provided by the Hubble Space Telescope Key Project [50]. This long lifetime is
typically achieved via the introduction of a symmetry that prevents the particle from
decaying. From this perspective, one of the most prominent examples is the lightest
neutralino in SUSY models with R-parity conservation.

e The candidate should be non-baryonic:

This is suggested by the fitting of the ACDM model to the CMB. As already discussed
in Sec. this led to a very low fraction of baryons compared to the total amount
of matter in the universe (see Fig. . Hence, DM can not be solely baryonic
to be in no tension with the CMB. This excludes the so-called MACHOS, Massive
Astrophysical Compact Halo Objects, such as planets or brown dwarfs, which are
purely baryonicﬂ as viable DM candidates. Though, they would have been a first
good guess as they would not make it necessary to introduce some entirely new
physics.

e The candidate should be cold:
The arguments which speak in favor of cold DM in contrast to hot and warm dark
matter, a distinction that was discussed in the context of N-body simulations, have
been given in Sec. Although we found that this question still waits for its

®Furthermore, searches for MACHOs via weak gravitational lensing toward the galactic center yielded a
too low density for MACHOs to account for the DM.
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final clarification, the CMB as fitted by ACDM favors the existence of a sizable cold
DM component in the universe (see Eq. [3.14]), too. Hence, we expect a viable DM

candidate to be cold. This excludes the SM-neutrinos as the dominant component
of DM which subsume under the HDM]

These are only a few of the requirements a viable DM candidate has to meet to be in
accordance with the current theoretical and experimental knowledge. However, already
at this stage, we see ourselves forced to consider extensions of the SM in order to find
an appropriate DM candidate. Now, the authors of Ref. [53] refined the catalogue of
requirements of a viable DM candidate, proposing a catalogue of ten questions, which a
potential DM candidate has to affirm to be in accordance with the up to date experimental
and theoretical wisdom. Assuming that the candidate accounts for the whole DM, these
questions can be phrased as follows:

1. Does it match the appropriate relic density?
2. Is it cold?
3. Is it neutral?
4. Is it consistent with Big Bang Nucleosynthesis (BBN)?
5. Does it leave stellar evolution unchanged?
6. Is it compatible with constraints on selfinteractions?
7. Is it consistent with DM searches?
8. Is it compatible with gamma ray constraints?
9. Is it consistent with other astrophysical bounds?
10. Can it be probed experimentally?

For more details see Ref. [53]. The authors checked some of the most prominent DM
candidates against this catalogue of questions. Their result is comprehensively shown in
Fig. It turns out that many different models provide a good DM candidate yielding a
rich zoo of potential candidates. A good overview over these different types of DM can be
found in Ref. [54]. As it can be seen in the table of Fig. the neutralino turns out to be
in agreement with all of the theoretical as well as the experimental requirements, phrased
by the ten-point catalogue written above. The neutralino, as introduced in Ch. is
a weakly interacting particle with a typical mass of O(100 GeV). It therefore subsumes
under the category of WIMPs, a category, which is one of the best studied ones in the
context of particle DM. Maybe one of the most driving motivations in favor of WIMP-DM
is the so-called WIMP miracle. The relic density Qwmvp of WIMP-DM can for many
WIMP-models be approximated as

3 x 107 27em3s!

(Oefrv)

QWIMph2 [ (316)

YOFurthermore, the SM-neutrinos can not be abundant enough to account for the (whole) DM in the
universe, since Q, = 3 0_, 2o — Q,h* < 0.07 for neutrino masses m; < 2.05 (i € {1,2,3}) eV as
suggested by experiments [24].

43



CHAPTER 3. DARK MATTER: EVIDENCE, CANDIDATES AND CALCULATIONS

I. | IL. | III. |IV.| V. |VI.| VIIL |VIIL| IX. X. |Result

DM candidate ©h? |Cold |[Neutral |[BBN |Stars | Self| Direct | 4-rays| Astro|Probed

SM Neutrinos X x v v s v v v ®
Sterile Neutrinos | e v v v v v v v v ~
Neutralino v Y v v v v V! vl vl v v
Gravitino v v v ~ v v v v v v ~
Gravitino (broken R-parity) v |V v v v |V v v v v v
Sneutrino r ~ | ¥ v v v |V % v v v ®
Sneutrino g v | v v v v V! V! V! v v
Axino vV v v v v v v v v v
SUSY Q-balls v |V ' v ~ vl v v v ~
B! UED v |V ' v v |V vl V! V! v v
First level graviton UED v | W v v v v v X % v x "
Axion v Y v v v v V! v v v v
Heavy photon (Little Higgs) v |V v v v v v v v v v
Inert Higgs model v v v v v v v v v
Champs v X v X v ®
Wimpzillas v v v v v v v v ~ ~

Figure 3.7.: Check on the ten point test for selected DM candidates. A “v"” symbols that
the requirement is satisfied by the DM candidate and a “x

is not the case. The appears, when present or upcoming experiments are

44'77

9

is used when this

able to probe a significant portion of the candidate’s parameter space. The
“~” is used if the requirement is not generically or only in tension with other
observations fulfilled by the considered DM candidate. Since the requirements
phrased by the ten point test are necessary conditions, which must be fulfilled
in order for a particle type to be viable DM candidate, a single “x” is already

sufficient to exclude a certain particle species. Table taken from [53].
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Eq. shows an inverse proportionality of Qwmvp to the thermally averaged annihi-
lation cross section of the WIMPs into SM particles (o.gv), meaning that efficient anni-
hilation yields a low relic density, whereas a low annihilation cross section may lead to a
potential overproduction of DM compared to the experimental bounds as stated in Eq.
. For particles with only weak-scale interactions such as WIMPs, Qwivp happens to
be in the right ballpark quite naturally as favored by experiments. This is a circumstance
that is often referred to as the WIMP miracle mentioned above.

This chapter has highlighted that DM is most presumably composed out of a new particle
species, e.g., out of neutralinos. There are many experiments, completed or ongoing, which
look for this new speculative particle and put additional very stringent constraints upon
a viable DM candidate. These are shortly presented in the following sections.

3.3. DM Detection Experiments

Though there seem to be many hints toward the existence of DM as discussed in the
previous section, DM still lacks any concrete evidence that does not base on gravitational
interactions. Assuming the existence of a DM particle x, Fig. shows schematically

indirect detection

o

t X SM

direct detection

X SM

-

production at colliders

Figure 3.8.: Sketch of different detection modes connected to the interaction of DM parti-
cles x with SM particles. Figure taken from [55].

the conceivable detection modes via DM interactions with SM particles. There are many
different experiments planned, ongoing or already completed which rest upon the different
search strategies of Fig. These are typically divided into the three categories

e direct detection: x SM — x SM,
e indirect detection: xx — SM SM,
e production at colliders: SM SM — yx.

The actual type of detection, its realization in experiment as well as current results and
future prospects are discussed in greater detail in the following subsections.

3.3.1. Direct Detection

If the DM halo of our milky way is composed of WIMPs, an expected WIMP flux of
2
the order 10° x Ws_lcm_2 should hit the earth |23]. Even for weakly interacting
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particles this flux is sufficiently large such that a potentially detectable fraction of WIMPs
should scatter elastically off terrestrial nuclei [56]. Hence, many different experiments aim
at the measurement of these nuclear recoils caused by elastic WIMP scattering, where the
scattering rate as well as the recoil energy (sometimes the direction of scattering) serve as
the most important identification criteria. However, the radioactive background from the
surrounding material, which is expected to be more than a million times larger then the
WIMP-nucleus interaction rate, as well as the production of neutrons by incident cosmic
muons, which could fake a dark matter signal E], make this a very challenging task. Such
experiments with all DM reactions taking place inside some terrestrial apparatus are called
direct-detection experiments.

Following Fermi’s golden rule, the differential WIMP-nucleus recoil spectrum at recoil
energy () can be written as [57.[58]

dr _ _O0WNPO
dQ  mugmyp?

where oy is the @Q-independent WIMP-nucleon cross section for elastic scattering and
F(Q) is the nuclear form factor, which accounts for the structure effects of the nucleus.
Furthermore, pg is the local WIMP density (po =~ 0.3 GeV/cm3c?), T(Q) is a dimensionless
integral over the local WIMP velocity distribution and p, = % is the reduced mass
of the WIMP-nucleus system. In experiments the recoil energy ) takes values between

FAQ)T(Q), (3.17)

2mN 2

Qmin = chresh, Qmax = WUQSC. (318)

In Eq. (3.18), vesc is the escape velocity vesc &~ 544 km/s (& 0.002 c), the velocity, above
which WIMPs are no longer trapped within the gravitational potential of our galaxy.
For typical WIMP and nucleus masses (m,, my ~ O(100GeV /c?)), this corresponds to
a maximal energy Qmax ~ O(100keV), which sets the range of nuclear recoil energies
relevant for direct-detection experiments. Direct-detection experiments further possess a
threshold energy Qinresh, Which corresponds to the lowest amount of energy that has to
be deposited within the detector during a single WIMP-event to yield a signal. In current
experiments, Qnresh reaches down to typically ~5 keV. Eq. shows that, due to
the decrease of QQmax With decreasing m,, direct-detection measurements turn out to be
insensitive to the WIMP-nucleus scattering if the WIMP-mass m, drops below a certain
value.

Since WIMPs are expected to move non-relativistically in the earth’s rest frame, it seems
reasonable to decompose o 'y into a spin-independent and a spin-dependent part [59)

32G2u2 J + 1

—%Z A—2)f]?
TOWN = [Zfp+( ) fnl” + - 7

(ap(Sp) + an(Sn))*. (3.19)
Here, f), and f, (a, and a,,) stand for the effective spin-independent (spin-dependent) cou-
plings for WIMP-proton and WIMP-neutron interactions, respectively, Z is the atomic
number, N is the number of neutrons inside the nucleus and A = Z + N is the mass
number. J corresponds to the total spin of the nucleus and (S,,) = (N|Spn|N) is the
spin expectation value of the proton or neutron within the nucleus ((S,,) = 0.5 for a free
proton or neutron).

1To be well shielded from cosmic rays, direct-detection experiments are typically installed deep under
ground.
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Figure 3.9.: Elastic scattering differential rate and spin-independent scattering form factor
plotted against the transferred energy for various nuclei [57].

Since for many WIMP models there is no difference between f, and f,, the spin-independent
part of Eq. can be approximated as

4 2
Frp2 a2, (3.20)

O0,WN,ST =~
T

Eq. now reveals a dependence og N 51 < p2 A% which indicates the advantage of
using rather heavy nuclei to measure the spin-independent WIMP recoil spectrum. On the
other hand, in both spin-independent as well as spin-dependent WIMP-nucleus scattering,
coherence on a nucleus as a whole gets lost when the de Broglie wave length A = /i/q of
the incoming WIMP with momentum q drops below the radius of the nucleus. This leads
to a lowering of the form factor F(Q) of Eq. at high @, which can be translated
into an upper bound on the recoil energy

2 x 10%
Qeon < zé keV (3.21)

3

below which coherent scattering takes place. Hence, for high recoil energies, there is only
a modest gain in sensitivity for spin-independent scattering if one goes to higher mass
numbers A. This is presented in greater detail for the spin-independent case in Fig. [3.9
for a WIMP with mass m, = 100 GeV/c2 and oo N = 10~% e¢m?. It is apparent that the
use of heavy nuclei such as Xenon or Wolfram leads to a sensitivity that is enhanced at
low recoil energy but turns out to be diminished for larger values of @ due to a decreasing
form factor F'(QQ). Whereas the spin-independent interactions depend on the total number
of nucleons within the nucleus, the spin-dependent part is mainly sensitive to the total
angular momentum J of the nucleus, resulting in a pre-factor (J + 1)/J (see Eq. (3.19)).
One further distinguishes between the spin-dependent scattering off neutrons and protons.
The total event rate can finally be calculated as the integral over the differential event
rate Eq. , starting from Quin up to Qmax-

In direct-detection experiments, the main search strategies rest upon the techniques of
ionization, scintillation and the detection of phonons [58,60]. This is comprisingly shown
in Fig. together with the used detection material, energy sensitivity and efficiency for
various direct-detection experiments. Current experiments often combine different detec-
tion techniques to be sensitive to a wide range of recoil energies on the one hand and to
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Figure 3.10.: Forms of energy dissipation from particle recoil for various direct-detection
experiments [57].

be able to better discriminate between background (electron recoils on orbital electrons,
caused by, e.g., v and 8 backgrounds, which results in sparse ionization density and high
ionization efficiency) and signal (WIMP recoil on nuclei, results in high ionization density
and low ionization efficiency) on the other hand. A calibration plot of the Cryogenic Dark
Matter Search (CDMS) [61] for discrimination between nucleus and electron recoil via the
measurement of both phonon and ionization energy for every single event, is shown in Fig.
3.11} Here, the electron events (blue), where nearly all energy of an event given by the
associated phonon energy is transferred into ionization energy, are shown in combination
with the energy dissipation of nuclear recoils (green), where the ionization efficiency turns
out to be rather low.

Current results on the spin-dependent cross sections are shown in Fig. The tightest
constraints on spin-dependent WIMP scattering off neutrons are set by the XENON100
experiment [62], which uses the Xenon isotopes 129%e and ®'Xe. These isotopes pos-
sess an even number of protons but an odd number of neutrons in order that the latter
combine to a larger net-spin leading to a high sensitivity for the spin-dependent neutron-
WIMP coupling [58]. This can be seen in Fig. where the tightest constraints on
spin-dependent WIMP scattering off protons are actually due to the SIMPLE IT [63] and
the COUPP [64] experiment whose DM detection does not rely on the use of Xenon. The
SIMPLE II experiment further released new results in 2014, which are given in Ref. [65].
These new bounds are still not competitive against XENON100 for spin-dependent WIMP
scattering off neutrons but show a slight decrease in their upper bound shown in Fig.|3.12
for the case of protons roughly by a factor of 3/4.

The most stringent results on spin-independent WIMP-nucleon elastic scattering for WIMP
masses m, > 6 GeV are provided by the Large Underground Xenon experiment (LUX)
located in the Stanford Underground Research Facility Lead in South Dakota [66]. It uses
liquified Xenon as detection material which features a high sensitivity at the recoil energies
of interest besides a very high self shielding against external electromagnetic backgrounds
due to a large atomic number and a high density. The experiment takes further advantage
of the excellent scintillator and ionizer properties of liquid Xenon to discriminate between
nuclear and electron recoils. Moreover, Xenon possesses no long-lived isotopes whose de-
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showing the high ionization efficiency of electron recoils vs the low ionization
efficiency of nuclear recoils .
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Figure 3.13.: The left and right plot show upper bounds on the spin-independent WIMP-
nucleon cross section. The left plot, taken from [68], includes the latest LUX
result at 90% confidence level (blue line) in comparison with further exper-
iments named within the plot. It further shows favored regions of certain
supersymmetric models (green and blue regions) as well as preferred regions
from annual modulation experiments also named within the plot. The right
plot, taken from [69], shows CoGeNT (99% C.L.-region, yellow), DAMA (30
C.L.-region, light orange), CRESST (20 C.L-region, light blue) and CDMS-
Si (90% C.L.-region, light green) favored regions from annual modulation
measurements together with upper bounds on the spin-independent cross
section stemming from CRESST-II (solid red and red shaded), SuperCDMS
(solid green), CDMSlite (dashed green), EDELWEISS (dashed-dotted green),
XENON100 (dashed blue) and LUX (solid blue).

cays would increase the background. Finally, Xenon features a good scalability toward
larger masses (currently < 800$/kg).

LUX firstly took WIMP search datasets during the period of April to August 2013. The re-
sults from 85.3 live-days for the upper bound on the spin-independent WIMP-nucleon cross
section gy at a 90% confidence level are shown in blue in the left plot of Fig.[3.13] There,
the recent LUX result is compared with other experiments such as, e.g., the XENON100
result [67] after 225 live days in red, showing the improvement of the exclusion limits, e.g.,
in the minimum around m, = 55 GeV/c? from ogr ~ 2 - 1074 cm? (Xenon100) down to
os1 ~ 8- 1074 ¢cm? (LUX). With this reach in sensitivity, direct-detection experiments
are already able to probe (and exclude) certain interesting SUSY models as shown in Fig.
0.1l

Moreover, CRESST-II started a run in 2013 probing the low mass region of WIMPs below
my ~ 3 GeV/c?, which has not been tested before in direct-detection experiments [69).
This comparatively high sensitivity to the low-mass region can be ascribed to the specific
detection material used by the CRESST-II experiment, CaWQ,, which contains the heavy
Wolfram nuclei besides the relatively light nuclei Calcium and Oxygen. The new upper
limits on the spin-independent WIMP-nucleon scattering are shown in red in the plot on
the right side of Fig. The kink in the red solid line is the point where WIMP scat-
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Figure 3.14.: Simplified view on the source of the WIMP winds annual modulation on
earth |71].

tering off Oxygen and Calcium takes over, whereas for larger masses ooy is dominated
by WIMPs scattering off Wolfram.

There are further direct-detection experiments that try to detect the WIMP wind on earth
through its annual modulation [71]. This WIMP wind, which is caused by the movement
of our solar system around the center of the milky way leading through the essentially
non-rotating DM halo, is expected to be modulated by the earth orbital motion around
the sun. This modulation depends on whether the direction of rotation of the earth around
the sun points toward the direction or opposite of the direction of the WIMP wind (see
Fig. . The solar system moves at a speed of roughly vy = 2201%11 around the center
of our galaxy, which is expected to correspond to the mean value of the WIMP velocity
on earth. Since potential backgrounds should lack any form of similar modulations, these
annual modulations are expected to facilitate the signal-to-background discrimination.
Since several years, the DAMA /Nal (DAMA /Libra) experiment claims the observation
of annual modulations at now more than 9 o confidence level, favoring a ~10 GeV/c? or
~80 GeV/c? WIMP [72]. Whereas the high mass window opened by DAMA has already
been excluded by the non-observance of modulation by subsequent experiments in both
spin-dependent as well as spin-independent measurements, the CoOGENT experiment re-
ported a 2.80 evidence for annual modulation 73] in the favored low mass region. A third
experiment, CRESST-II, also reported 67 events [74] in the region of potential low mass
nucleus-WIMP recoils. A likelihood analysis revealed with high statistical significance
that these events are not explainable by usual background sources alone. However, these
results have been corrected by the latest CRESST-II run excluding parts of the previously
favored low mass region (see Fig.[3.13)). To sum up, all three experiments seem to favor
the low mass region m, ~ 10 GeV/c? with O0OWN = 1074 — 10740 ¢cm? although their
consistency is still under debate.

Reporting null results in this preferred region until 2012 [75], CDMS II updated their
analysis of data acquired during their final four runs from July 2007 to September 2008
in October 2013, revealing three WIMP-candidate events with a highest likelihood at
mass m, = 8.6 GeV/c? and oownN = 1.9 x 10~4!' cm?, potentially consistent with CO-
GENT data [76]. To clarify the annual modulation results, a complementary experiment
to DAMA /LIBRA and DAMA /Nal, the DM-Icel7 experiment, has been built from 2010
to 2011 deep in the south pole glacial ice. First results of a two year run from July 2011
to June 2013 were published in 2014, but no WIMP signal has been observed so far |77].
Finally, all regions favored by annual-modulation experiments have already been fully ex-
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cluded by, e.g., XENON10, XENON100 and the LUX experiment as shown in Fig. In
the future, LUX plans to perform a second run with 300 live-days in 2014/15. These new
datasets are expected to improve their sensitivity on the spin-independent cross section of
Fig. by another factor of 5. Additional direct-detection experiments are still ongoing
or planned such as XenonlT [79], DarkSideG2 [80] and LZ (a merger between the LUX
and the ZEPLIN experiment [81]). These experiments are expected to gain a sensitivity
of og1 =~ 107%"cm and better, in order that even coherent scattering of astrophysical neu-
trinos on nuclei is expected to become a non-negligible source of background.

To summarize, there is currently much tension between different direct-detection experi-
ments, which still waits for clarification. However, potential loopholes are, for example, a
more involved structure of the DM halo, which enters Eq. or a more complicated
WIMP coupling to nucleons, which may differentiate between neutrons and protons (see

Eq. (3.20)) [59[78].

3.3.2. Indirect Detection

Indirect-detection experiments search for secondary particles such as ~-rays, neutrinos,
positrons, antideuterons or charged leptons, emanating from the annihilation of DM par-
ticles at a distant location [82,83]. Typical targets of such observations are the center of
the earth or the sun and the galactic center, where an enhancement of the DM density
due to gravitational accumulation is expected. Further subjects to many investigations
are galaxy clusters and supernova remnants such as the Crab nebula in 6300 ly distance.
But since the annihilation rate depends quadratically on the DM density, the robustness
of obtained constraints or signals from certain objects hinges sensitively on the knowledge
of the associated DM density. Hence, also the halo of our galaxy as well as nearby dwarf
galaxies, where the density profiles are presumably better understood than, e.g., at the
core of our galaxy (see Ch. , are subject to indirect-detection experiments{ﬂ

To identify a DM signal, it is important to possess a distinct knowledge of potential back-
ground sources as well as of potential signal distortions that the DM signal may encounter
during the propagation from its origin to the earth. In this perspective, v-rays as well as
neutrinos are considered good signals since they only suffer from absorption and, in the
case of neutrinos, from flavor oscillation, whereas charged cosmic rays are further sensi-
tive to magnetic turbulences which they may pass on their way to us. Therefore, their
spectral shape is much more likely to be deformed during their travel and reconstruction
of the original signal turns out to be far from trivial. From the observation of the anni-
hilation products one can draw conclusions about the properties of DM particles. In this
regard, spectral features within the energy spectra of the observed particles, in the best
case unique energy lines, turn out to be of main use.

Starting with ~-ray searches, these can be produced via DM annihilation into quark-
anti-quark pairs and gauge bosons followed by subsequent hadronization and pion decay
yielding a continuous spectrum. Furthermore, «-rays can also be produced directly, even-
tually revealing spectral features, which are difficult to attribute to astrophysical processes.
These are signals such as a monochromatic ~-ray line, a smoking gun signal in terms of
DM-indirect detection, or sharply peaked lines from photons radiated off virtual particles,

2Hierarchical clustering, growing from small to large structures as favored by CDM models, led to a
much richer substructure of the DM halo in many N-body simulations. This substructure is, however,
expected to be coverable by just an enhancement or boost factor applied to the whole primary spectrum.
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the so-called internal bremsstrahlung [84]H A key experiment, which has measured the
sky’s y-ray spectrum from below ~ 20 MeV to more than 300 GeV, is the Fermi Large
Area Telescope (Fermi LAT) launched in 2008 by the NASA [85]. The datasets collected
are publicly available on their homepage. Moreover, energies above 100 GeV are better
probed by Imaging Air Cherenkov Telescopes (IACT), such as HESS [86], Magic [87] and
VERITAS [8§].

In 2012, evidence for a spectral line at 130 GeV stemming from the region close to the
galactic center was reported in Ref. [89,90] based on the first 43 month Fermi LAT dataset.
This line feature was confirmed in Fermi LAT observations of nearby galaxy clusters, even
revealing a double line feature at 110 GeV and 130 GeV [91]. Using an Einasto or NF'W
DM density profile (see Sec. , the 130 GeV line can be interpreted as a photon sig-

nal of WIMP-DM annihilation with a WIMP mass m, = 129.8 & 2.4f53 GeV and an

annihilation cross section into photons of ov|yy—yy = (1.27 £ 0.32753%) x 10727 cm3s~!

at 3.2 o significance. Another possibility is the interpretation of the 130 GeV ~-line as
caused by internal bremsstrahlung. Interpreted within a model specified in Ref. [90], this
would suggest a WIMP-DM mass m, = 149 £ 4f?5 GeV with a cross section including
photon bremsstrahlung ovl,, ¢z, = (6.2 % 157929 % 10727 em3s~! at 3.1 o significance.
However, an improved analysis of the Fermi LAT data presented in Ref. [92] decreased the
significance of this line feature and, while rejecting that the line could be caused by known
systematic effects alone, raised doubts in its interpretation as a DM signal. Clarification
of this situation is expected by the ongoing or upcoming HESS-II experiment, Cherenkov
Telescope array (CTA) and GAMMA-400 which are expected to allow for a final conclu-
sion within the next years [94].

The discovery of a peak in the Fermi LAT ~-ray spectrum between 1-3 GeV from the inner
volume of the galactic center has also raised further attention. It can be well fitted by, e.g.,
leptophilic DM (here, dominantly annihilating into 77-pairs) of mass between m, = 7—10
GeV [95] and (ov) = 4.6-10727 —5.3-10726 cm?s ™! as well as by DM particles with mass
my = 497013 GeV and (ov) = 1.767023 . 10726 cm3s™! annihilating into bb-pairs [96].
However, due to large uncertainties in the interpretation of Fermi LAT data for the inner
most region of our galaxy, the ascription of this excess to DM annihilation is still under
debate [97.98].

Neutrino searches are performed by neutrino telescopes such as IceCube [99], situated
at the south-pole, ANTARES [100], located in the Mediterranean sea close to France,
or Super-Kamiokande in Japan [101], which target basically the same objects as v-ray
searches. However, one of the most interesting objects in terms of neutrino signal searches
is the sun, where gravitational capturing followed by subsequent annihilation of the DM
particles such as WIMPs is expected to appear. Since neutrinos can pass dense masses
quite unhinderedly, the WIMP induced neutrino flux from the sun is expected to be
measurable on earth. Due to the hydrogen dominance of the sun, which possesses a
low mass number, neutrino searches for solar neutrinos turn out to be very sensitive to
the spin-dependent WIMP-nucleon cross section (see Eq. ) Hence, the currently
world-leading constraints on the spin-dependent WIMP-proton cross section are set by
the IceCube experiment, which turn out to be even better than the best constraints from
direct-detection experiments such as COUPP (see right plot of Fig. [3.12). However, in
contrast to y-ray searches, no potential hint for DM annihilation has been found in neu-

13The latter can even dominate the total photon spectrum in the case of annihilation of Majorana-fermions
(e.g. neutralinos), since radiation of an additional vector boson can lift the helicity suppression of the
typically important s-wave amplitude for annihilation into fermions.
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Figure 3.15.: The left plot shows current «-ray bounds for DM annihilation via b-quark
channels against the DM mass for several experiments. The right plot shows
expected limits of existing and upcoming experiments, already starting to
probe cosmologically favored regions of the MSSM-7 (specified in [93]) pa-
rameter space: red points consistent with DM relic density, blue points have
lower relic density. Plots taken from .

trino spectra so far. The present status of limits on annihilation cross sections together
with constraints from v-ray searches are comprehensively shown in Fig. [3.16

In charged cosmic ray searches experiments mainly concentrate on signals in antimat-
ter spectra such as antiprotons or positrons. Since these turn out to be only a very rare
component of the cosmic radiation background, even a small rise caused by DM annihila-
tion is expected to result in a detectable signal. The antimatter-spectra are conveniently
presented as positron to electron or antiproton to proton ratio to cancel acceptance sys-
tematics from which particles as well as antiparticles should both suffer equally.

An anomaly connected to a potential DM signal in the energy spectrum of cosmic positrons
has been reported by the PAMELA experiment in 2008, which measured a devia-
tion in the positron spectrum from predictions of standard secondary particle production
modelﬁ for energies above 10 GeV. The observed deviation has been confirmed by the
AMS experiment in 2013, which has been installed in 2011 on the International Space
Station (ISS) [103]. AMS also encountered an unexpected rise of the positron fraction
with energies starting at ~ 10 Gev up to ~ 200 GeV (see plot on the left of Fig. ,
suggesting modifications in acceleration and propagation models for cosmic rays or the
existence of a primary source of high energy positrons. Described in terms of DM, the
datasets may be interpreted in favor of DM with a mass m, ~ 1 TeV and a somehow
enhanced annihilation cross section (e.g. via Sommerfeld enhancement, see Ch. below)
(ov) ~ 1072 em3s~! to be in accordance with PAMELA measurements . On the
other hand, these DM models are already subject to significant constraints due to ~-ray
or antiproton results, where in the latter case no clear evidence for a deviation from back-
ground expectations has been found so far (see right plot of Fig. [105]. In addition,
there are also well motivated conventional sources, e.g., pulsars (rapidly spinning neutron
stars) or super nova remnants (SNR), which may give rise to the observed positron flux
such that an ascription of the observed excess to DM annihilation alone is in fact quite

speculative [106].

HSecondary particles are particles typically produced in collisions of cosmic ray protons with interstellar
matter.
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Figure 3.16.: Both plots show current bounds from neutrino telescopes on the DM anni-
hilation cross section for several experiments. The plot on the left shows
IceCubeb9 and IceCube79 results for different targets. The plot on the right
contains current limits from ANTARES, IceCube79, and AMS. For compari-
son, bounds from 7-ray searches are shown in gray. Plots are taken from [82].

Future experiments also concentrate on the detection of antideuteron, since in this case
DM signals are expected to exceed the background even by orders of magnitude. Cur-
rent measurements of the antideuteron flux are performed by the AMS experiment though
main improvements in this direction are expected from the upcoming General AntiParticle
Spectrometer (GAPS) [107].

To conclude, there are several hints in the energy spectra of cosmic rays which may be
interpreted as due to DM annihilation. However, large uncertainties arise in the esti-
mation of, e.g., the background, particle propagation or the theoretical modeling of the
DM density, which complicate any final conclusion. Hence, the situation still waits for its
clarification.

3.3.3. Production at Colliders

DM searches at colliders provide a third way of DM experiments discussed here. Since
DM, which is detectable in direct-detection experiments, couples to nucleons, it should in
principle be possible to produce this kind of DM also at, e.g., proton-(anti)proton colliders
such as the TEVATRON [10§] or the LHC [109]. It turns out that the main advantage of
DM production at colliders is the independence from astrophysical uncertainties as well as
the sensitivity to very low DM masses which complements direct and indirect DM searches.
To keep things as model independent as possible, one usually makes use of the framework
of effective field theories [110], the low energy limit of a more comprehensive theory valid
up to higher energies, where the low energy limit can be obtained from the corresponding
high energy theory by integrating out the heavy degrees of freedom. The latter typically
appear in DM models to connect the DM sector to the SM and are often expected to be
too heavy to be produced directly at the provided energies (for example at the LHC M, 2
a few TeV). After integrating over these heavy degrees of freedom, one is left with a set of
higher dimensional operators, so-called effective or contact operators, which describe the
coupling of the DM sector to the SM sector without the heavy mediators but suppressed
by their characteristic mass scale M,. Turning this approach around, via writing down
all relevant effective operators up to a certain power in 1/M, the resulting set of higher
dimensional operators can be fitted to the experimental results, which can provide addi-
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Figure 3.17.: The plot on the left shows the positron fraction e /(e™ +e7) as a compilation
of FERMI, PAMELA and recent AMS-02 data [103]. The plot on the right
shows the antiproton flux as a compilation of older and more recent data
from experiments named within in the plot. The astrophysical background
is depicted in gray [83].

tional information about the nature of the DM particle. As known from direct-detection
experiments, spin-dependent and spin-independent scattering cross sections off nucleons
are common quantities to characterize the DM particle. Since some of the contact oper-
ators contribute to these cross sections, one can finally estimate associated limits of the
DM-nucleon cross section drawing a connection between results from direct, indirect and
collider searches.

For DM production in proton-antiproton (Tevatron) or proton-proton (LHC) collisions the
initial state consists of (anti)quarks and gluons only. A collection of corresponding contact
vertices for different kinds of dark matter (fermionic, real scalar and complex scalar) to-
gether with the associated suppression of these higher dimensional operators by the heavy
mass M, is given in Fig. [3.I8 For example, the DM-nucleon cross section for fermionic
DM depends on the effective vertices D1, D5 and D11 (D stands for Dirac fermion) as
given in Fig. [318]

Especially at low DM masses, current colliders turn out to give the most stringent bounds
on DM-nucleon scattering. On the other hand, since DM is expected to be stable on
timescales such as the lifetime of the universe, DM is efficiently produced at colliders only
in pairs such that their production rate drops very quickly with raising m,.. Hence, collider
experiments can complement direct and indirect DM searches, which are rather insensitive
to the DM low mass region but give good results at higher masses (see Ch. .

Since DM has to be stable, it does not decay inside the detector and as it is further
expected to be electrically neutral and colorless (e.g. WIMPs), it escapes the detection
volume basically unhinderedly. Hence, the presence of DM particles in a single event is
typically inferred from an imbalance in the total momentum in the plane transverse to the
beam axisiﬂ The magnitude of this imbalance is the so-called missing transverse energy

5The transversality to the beam axis is at least important for hadron colliders, where the longitudinal
momenta of the colliding particles are basically unknown.
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Name| Operator |Coefficient
D1 XXdq my/M;}
D2 XY’ xdq imq/ﬂ;ff'
D3 xxa’q | img/M?
D4 | xv°xa7v°q | mg/M}
D5 | XY“XTV.4 1/M?
D6 | xv*v’xqv.q | 1/M?
D7 | Xv*xqwy’q | 1/M?
D8 |xv*v°xqwuy’q| 1/M?
D9 | xo"xqoug | 1/M?
D10 |X0,,7°Xq0apq| 1/M?
DIl | ¥xGuG" | a./4M3
D12 | ¥7°XGwG* | ias/4M?
D13 | WG G |ias/aM?
D14 )ﬁz’xGWé“” s [AM}

Figure 3.18.: Different effective couplings for DM-quark and DM-gluon contact interac-
tions. D stands for fermionic (Dirac fermion), C for complex scalar and R

for real scalar DM ||
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Name| Operator |Coefficient
C1 x'xaq mg/M}
C2 | x'x@v®q | img/M?
C3 | x'9uxav"q 1/M2
Ca [xTouxgv"yPe| 1/M
C5 | xIxGuG™ | a./aM?
C6 XTXG#UGW ia3/4Mf
R1 X*qq | mg/2M?
R2 X2qv%q img/2M?2
R3 | x3G,,G* | a,/8M2
R4 | x2*GuG* | ias/8M?
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Figure 3.19.: ATLAS bounds on the spin-independent DM-nucleon cross section from the
scalar operator D1 (plot on the left, red) and on the spin-dependent DM-
nucleon cross section from the tensor operator D9 (plot on the right, red) at
90% C.F. as a function of the DM mass m,. In comparison, the currently
best bounds from the direct detection experiments (named within the plot)
are given in yellow and green [117].

Eiss (or missing transverse momentum piiss).

Colliders, whose results we shortly address in the following, are the electron-positron col-
liders LEP (Large Electron Positron collider) [112] and the future ILC (Internation Linear
collider) [113] as well as the TEVATRON and LHC with its two large general-purpose
experiments ATLAS and CMS.

Results on DM production for LEP and TEVATRON datasets are presented in [114,115].
As LEP and TEVATRON provided cms energies of up to /s = 209 GeV and /s = 1.96
TeV, they were mainly able to constrain rather light DM models which fall within their
kinematic reach (m, < 100 GeV at LEP, m, < a few 100 GeV at TEVATRON) . The
limits obtained turn out to be complementary to or competitive with direct and indirect
searches. However, no excess over the SM background which could be assigned to the
production of DM has been found in the data.

LHC searches mainly rely on events that are tagged by monojets or single photons from
initial- or final-state radiation (ISR/FSR). These are needed to balance the total momen-
tum of the DM particles such that they are not produced back-to-back, which would result
in a negligible p%‘iss [116]. ATLAS results for searches on DM production in association
with b-tagged jets for 20.3 fb~! at /s = 8 TeV have currently been published in [117]
(also see Ref. [118] for earlier results). The data are found to be consistent with SM ex-
pectations. Upper bounds of the spin-independent and spin-dependent DM-nucleon cross
section from the scalar and tensor operators D1 and D9 (see Fig. are shown in Fig.
One can see that the LHC has been able to improve on both spin-dependent as well
as on spin-independent DM-nucleon cross section compared to the latest direct-detection
results, especially imposing the upper bounds os; ~ 6 - 107%2 ¢cm? and ogp ~ 8- 10740 cm?
on the D1 and D9 contact operators in the low masses region m, < 10 GeV. A current
CMS analysis for the /s = 8 TeV run at 19.7 fb~! integrated luminosity also fitted the
expected SM background. Upper bounds of spin-dependent and spin-independent cross
sections are shown in Fig. for the vector and axial vector operators D5 and D8, which
couple DM to quarks, as well as for the scalar operator D11, which describes the coupling
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Figure 3.20.: CMS bounds on the spin-independent DM-nucleon cross section from vector
coupling to quarks and scalar coupling to gluons D5 and D11 (left plot, red
and purple) and on the spin-dependent DM-nucleon cross section from the
axial vector operator D8 (right plot, red) at 90% C.F. as function of the
DM mass m, (A = M,). In comparison, the plots show the currently best
bounds from direct and indirect-detection experiments (named within the
plot) [119].

of DM to gluons. It is evident that, similar to the ATLAS results, these new constraints
are competitive with current direct and indirect-detection bounds with sensitivities of
ost ~ 2-107% cm? and ogp ~ 8- 107*! cm? for the scalar DM-gluon and the axial vector
DM-quark contact operators.

There are also theories, in which the mediators between the DM and the SM sector are
light enough to be accessible at the provided energy in order that it would be a bad ap-
proximation to collaps the DM-SM mediation into contact interactions. In these cases,
limits on the spin-dependent as well as on spin-independent DM-nucleon cross section set
by mono-jet searches turn out to be Weakenedﬁ and can become less constraining than
limits from direct-detection experiments. This is shown in more detail in Fig. for an
analysis of TEVATRON datasets in terms of fermionic (Dirac) DM for vector and axial
vector mediators.

Finally, there are also theories such as SUSY, in which the model is fully specified maybe
up to some UV completion and in whose terms the DM candidate, e.g., the lightest neu-
tralino, transforms non-trivially under the SM-gauge group. In these cases, a more detailed
investigation of DM signatures is possible. Searches for SUSY at colliders typically look
for events with large E{Fniss, accompanied by a high final-state multiplicity, which arises
when the (heavy) SUSY particles produced turn into the LSP via cascade decays. A recent
review on SUSY searches for the LHC run at /s = 8 TeV is given in Ref. [120]. However,
no hint for the existence of SUSY has been found so far.

A future collider experiment is the International Linear Collider (ILC), an electron-
positron collider such as LEP, which is designed to work at cms energies of /s = 500
GeV with a potential upgrade to /s = 1 TeV. Its discovery potential has been investi-
gated in Ref. [121,122]. Furthermore, lepton-antilepton colliders such as the ILC may be
of special interest in terms of DM production, as the tension between DAMA as well as

16 A slight enhancement is however possible when the mediator can be produced on shell (see Fig. for
M = M, =100 GeV and m, < 50 GeV).
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Figure 3.21.: TEVATRON bounds on the spin-independent (left) and spin-dependent
(right) DM-neutron cross section for small mediator masses M = M, and
fermionic (Dirac) DM [115].

CoGENT annual modulation data and bounds of WIMP-nucleon cross sections from, e.g.,
LUX, may be reconciled by the existence of leptophilic (i.e.., possessing tree-level couplings
only to leptons) DM, which can only be produced through higher-order loops at hadron
colliders. But these theories are under debate and partly disfavored by other analyses [123].

To summarize, there is no evidence for the production of DM particles at colliders so far.
Stringent bounds on the spin-dependent and spin-independent DM-nucleon cross section,
especially at low DM mass, have been obtained, which complement results from direct
and indirect searches nicely. Further improvements in this direction are on their way such
as the LHC upgrade to a cms energy of approximately /s = 13 TeV or the future ILC,
which are expected to reveal more details about the nature of DM.

3.4. Standard Calculations in the Context of Neutralino
Dark Matter

3.4.1. Prelude

In the following, we show how to calculate the relic density ch? of the neutralino LSP
in case of a supersymmetric model with R-parity conservation. Therefore, we expect the
space-time to be well described by the Friedmann-Robertson-Walker-metric (FRW-metric)

gEBW, an exact solution to the Einsteins field equation [3]
1
Ruw — §gw/7€ = 8mG'Newton T juv- (3.22)

Here, R, R and T},,, are the Ricci-tensor, the curvature scalar and the energy momentum
tensor. gEf‘W can be derived from the assumptions of isotropy and homogenity of our
universe which base on the observed isotropy of the CMB as well as on the conjecture that
our place in the universe is not somehow distinguished from others. Its concrete form can

be inferred from the line element
dr?
1— kr?

In Eq. (3.23), k = —1,0,+1 corresponds to an open/flat/closed universe. R(t) is the scale
factor. It is related to the Hubble parameter H via H = R(t)/R(t), which quantifies the

ds? = dt* — R*(t) + r2dQ?| . (3.23)
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expansion rate of the universe. Its today’s value is measured to be

100km km
= -h=674+1.4 .
s - Mpc s - Mpc

0 (3.24)

Making use of the FRW-metric in Eq. (3.22), for the 00-component this leads to the

equation
2

K P

H? + = = :

TR 3M,

By further combining the 00-component of Eq. (3.22)) with its ii--components (i € {1, 2, 3}),
one is left with

(3.25)

H+ H? = (p+ 3p). (3.26)

6M1§1

Egs. (3.25)) and (3.26) are the famous Friedman equations. They describe the expansion of
the universe and its acceleration in dependence on the curvature x and its total averaged
energy content p and pressure p. Moreover, one can introduce the so-called critical density
pe, which follows from Eq. in the case of vanishing curvature x = 0. In the following,
all energy densities of some component i are given in terms of this critical density via

Qi = pi/pe.

3.4.2. The Boltzmann Equation

In this section, we present the formalism used to calculate today’s neutralino relic density
ch?‘ We further cover coannihilation effects such that all calculations directly include the
presence of N species of unstable sparticles x; (i € {1, ..., N}) heavier than the neutralino-
LSP X! = xo0. The time evolution of their number densities n; is then well described by a
system of coupled Boltzmann equations [124}125]

N
dn;
dtz = — 3HTLZ' — Z <Uijvij> (nmj - n?qnj-q)
7=0
N
— Z [<J§(ijvij> (ninx —ngtnS) — (o'y i) (njnx — n?qnf;?)}
JF
- Z |:Fij (nz - nfq) — Fji(nj - n?q)} (3.27)
J#i

with i,j = 0,1,...,N. In Eq. (3.27), n;? is the particle number density of the species y;
in thermal equilibrium (chemical potential p,, = 0)

35,
n; (T) =gi/ gﬂp)@,ffq(pi,T)- (3.28)

For usual freeze-out temperatures T' < mgo, the occurring equilibrium phase space density
fi% can be well approximated by a Maxwell-Botzmann-distribution

fm e BT (3.29)
Then, the n;? take the form
eq dgpi eq glm?T m;
n; () = gi Wfi (B, T) = 9.2 Ky (?> . (3.30)

61



CHAPTER 3. DARK MATTER: EVIDENCE, CANDIDATES AND CALCULATIONS

In Eq. (3.30)), g; is the number of internal degrees of freedom of the particular species ¢ and
K; (%) is the modified Bessel of the second kind of order 4, which in the non-relativistic
limit 7" << m; K; (%) turns into the Boltzmann suppression factor

Ki(z) ~ /%e—f for > 1. (3.31)

Finally, (ov;;) is the thermal average of the respective cross section o times the relative
velocity v;;

V(pi - p;)* —mim;
vy = . 3.32
v EZE] ( )
(ov;) is discussed in greater detail in the subsequent section.
Now, the first term on the right-hand side of Eq. (3.27), proportional to the Hubble
parameter H, stands for the dilution of the particle number density due to the expansion
of the universe. The second term describes the creation and (co)annihilation of the species

Xi and x; via processes of the form

XiXj +— X = Oij = ZU(Xin — X) (3.33)
X

Finally, the third and fourth term of Eq. (3.27)) account for the conversion of sparticles
via scattering on the thermal background

Xi,jX — Xj,iX/ = 045 = Z U(Xi,jX — ijiX,) (334)
X, X’

as well as via decays of the form

Xji & Xz’,jX = 05 = ZJ(XZ'J' — Xj,iX) (3.35)
X

addded up over all possible sets of SM particles X and X’, which are allowed by R-
parity. All other processes that cannot be resolved into the above processes turn out to
be forbidden by the symmetry imposed.

At some point, all sparticles heavier than ¥ decay into the lightest neutralino. Hence,
the quantity relevant for the estimation Qxh2 is the total number density of sparticles
Ny = Zﬁio n;. Since only processes of the type Eq. can change n,, the second and
third line of Eq. cancel in the sum. The time dependence of n, can then be brought
to the concise form

dn 2
ditx = —3Hny — (0eqv) [ni — (n3Y) ] (3.36)
with the thermally averaged effective cross section
ngq ne-q
<O'eﬂv> = Z<Uijvij>%q%q‘ (337)
Ny M

ij
For the case under consideration, the cross sections of Eqs. - are of similar
size. Since processes of type Eq. are Boltzmann suppressed relative to the processes
in Eq. and Eq. , the latter take place at a much higher rate keeping the ratios
n;/ny via decays or scattering on the thermal SM-background within thermal equilibrium.
Hence, it seems valid to assume that n;/n, &~ n;?/n?, which has been used in Eq. (3.36).
Let us conclude this section with a short qualitative discussion of the solution of Eq. (3.36)).
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x=m/T (time =)

Figure 3.22.: The comoving number density in dependence of . The comoving equilibrium
number density is shown as solid line. Depending on the size of (o¢fv) the
freeze-out occur at different x . Then, the comoving number density remains
constant following one of the dashed lines. Graphic originally published in
Ref. [126].

The Boltzmann equation now nicely resembles the Boltzmann equation in the case
of a single sparticle species without any coannihilation. Dominated by the term o (oegv)
at high temperatures (T' > m;), the sparticles species x; stay in thermal equilibrium with
their environment comprised of SM particles and other sparticles. As the temperature T
decreases further and further (7" < m;), the production of the y;’s becomes kinematically
more and more suppressed, basically following n,, o e~™i/T  since only SM particles in
the tail of the Boltzmann distribution have enough kinetic energy to produce the heavy
sparticles. At some point, the expansion term starts to sizably alter the time evolution of
the total number density n,. When the mean free path for sparticle-producing collisions
grow larger than the Hubble radius, the n; are solely dominated by the expansion term
of the universe such that their number density per comoving volume remains constant
(see Fig. [3.22)). This fall out of thermal equilibrium is called freeze-out of a particle
species from the thermal bath, which is typically characterized by the associated freeze-
out temperature T}(;) or :):%1) = mi/TIgl). The exact point of freeze out and, hence, the
final relic density €1, hinges on the relative size between the expansion term oc H and
the creation and (co)annihilation term o (oegv). It is therefore highly sensitive to (oegv).
This makes it crucial to precisely determine o.ry. To improve on this is the main subject
of this work.

3.4.83. The Thermal Average

Since the particle velocities can not be assumed to take a certain value but should rather
follow a distribution, one is led to the introduction of a so-called thermal average in the
following denoted by (...) (see Egs. (3.27) and (3.36))). Following Ref. [124], (ocgv) is now
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defined as

eq neq

n,
(oeiv) = Y _{oijv35) e —&q
i

x Tx

Z 9:9;
— (277_;6/dspidgpjfifjaijvij. (338)
ij

Using again the Maxwell-Boltzmann approximation but now for f; and f;, which seems
to be reasonable at least for T" < m;, the final result suitable for numerical evaluations
can be written in the form

fo dpeff peffWefle (\[/T)

(Oev) = 5 (3.39)
| T2 2 ot T)
In Eq. -, off is defined as
eff — Z Pij 9iG; WU (340)

Deft g

pij is the absolute value of the three-momentum of x; (or x;) in the center-of-mass frame
of the (xi—x;) pair

N|=

[s — (mi +my)?2[s — (mi — my)?]2

(3.41)

(pet = Poo) and

1 d>p
Wij = —— Z /!M| (2m)6* (pi + pj — pr H r 32fEf (3.42)

S
9igj=f internal d.o.f.

for a general n-body final state with momenta py. Finally, in Eq. (3.42), Sy is a sym-
metry factor which accounts for identical particles in the final state. More details on the
derivation of Eq. (3.39) can be found in Ref. [124].

3.4.4. Solving the Boltzmann Equation

Now, the remaining step is to obtain the final relic density from Eq. (3.36)). Following
Ref. [124], one can start with the introduction of the yield

Y= X (3.43)
s
with the entropy density
272
=" heg(T)T? 44
$= (1) (3.44)

and photon temperature T. Assumed that the effective number of relativistic degrees of
freedom heg(T) is constan heg = 0 as well as a mainly adiabatic evolution of the

"Here, T has to be away from the QCD-phase-transition at Tqcp & 200 MeV, since due to the formation
of hadrons out of free quarks and gluons (due to asymptotic freedom, quarks and gluons move nearly
freely at temperatures T' > Tqcp), hes(T') changes quickly at T' &~ Tqcp. However, for our typical
scenarios the freeze-out of sparticles occurs at temperatures Tr =~ m; /20 with typical WIMP masses of
O(100 GeV) such that Tr > Tqep is expected be a viable assumption (see Sec. for a more detailed
discussion).
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universe, s o< R73(t) — s - R3(t) = const. (' o R7'(t)), s can be related to the Hubble
parameter H via
§= —3Hs. (3.45)

Thus, it follows that
1 1ds 1 ds
—_—_e—,— = — — -4
T sdT 3HsdT (346)

Taking the time derivative of Eq. (3.43)), this yields
vy =" 43X (3.47)
s s
Hence, Eq. (3.36]) can be rewritten as
Y = —s{oeqv)(Y? = Y2). (3.48)

Since the time dependence of Eq. (3.48) can be completely expressed through the tem-
perature T, it is common to replace the time derivative by a derivative with respect to

x = mX?/T. So, using Eq. 1j one is left with

dY 1 ds
dz 3H dx

By making further use of the Friedmann equation Eq. (3.25)

I G ) (3.49)

H? = 3]\2%1 (3.50)
for a flat universe (k = 0) as well as of the energy density
2
pP= %geff(T)T4 (3.51)

for a radiation dominated universe with effective degrees of freedom geg(7"), one can finally

rewrite Eq. (3.49)) as

dY 47 G+ 9 9
— =M o Y —-YZ). 3.52
b = MoV ) (V2 ~ ¥2) (3.52)

In Eq. (3.52) g« is defined as

heff < 1 T dheﬁ‘>
— 14+ = 3.53
\/g* v/ Geft 3 heff dr ( )
and Y4 can be expressed through
n®

s 47r4heﬂ Zgl<ml> 2< :nno> (3.54)

where Eqgs. (3.30) and (3.44)) have been used. Integrating Eq. (3.52) from = = 0 up
to zo = myo /To with Ty = Ty, the current temperature of CMB-photons, today’s relic

density can be expressed through today’s yield Yy as

yed =

0
Y,
q, = Xx = Mosoto, (3.55)
pe e
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Here, the definition Eq. l) has been used. Moreover, p?c and sg are today’s energy
density for X} and entropy density, respectively. Using Ty = T = 2.726 K this finally
yields [124]

Qh% = 2.755 x 108 Y] 3.56
X Y Gev Y (3:56)
which due to Eq. (3.52)) results in the qualitative behavior
1
O o —— 3.57
X <0—effv> ( )

as already discussed in the context of Fig. [3.22

Since in the following analyses we investigate on the impact of coannihilation on the
neutralino relic density Qi‘f = ), let us end this section with a more detailed view on
the Boltzmann suppression factors from Eq. (3.37)). Recall that using Eq. in the
non-relativistic limit 7' < m; (z > 1, see Eq. (3.31), the ratios n;*/ny'n}"/ny" turn into
the factors |127]

mi+mj

3 3
-\ 2 m; \2 —Tp
eq .. [ T g m
ng'ny 995 (m> <m) © ’
nl nt 3 m; ]2
X X m; 2 —me
Zigi mo € 0

In the case of mg &~ m; < mg mostly relevant to this work and neglecting all contributions
for i > 1 in the sum Eq. (3.58]), this yields

(3.58)

ned ngt
0o "o
eq —eq ~ 1, (3.59a)
iy T
3
eq eq 2 _
ng N 1 /M1 \2 _—g,m1=™0
0 éng() eI Ty (3.59b)
eq _eq 2 3 m;—m,
nyn 1 mq Qg MO
o iq%(g> () e mo (3.59¢)
Ny Ny go mo

Thus, for xr =~ 20 only particles with a mass close to mg can give sizable contributions to
(oev) and, hence, are able to sizably alter the time dependence of n,. This means that
coannihilation for a next-to-lightest supersymmetric particle (NLSP) x; may significantly
alter 2, only if mg =~ m;. To be a bit more quantitative, let us assume the mass hierarchy
m1 = 1.5 -mg. Then, the exponential in Eq. turns into a suppression factor of
O(107%) and Eq. would be even more suppressed by a factor O(1071°). Thus, an
approximate mass degeneracy mg =~ my is a mandatory prerequisite for a sizable coanni-
hilation contribution, though these supressions may still be compensated by large cross
sections og1, 011 > 0q0.

Finally note that there is no general solution to the Egs. and . However, it is
possible to expand Eq. in O(1/zp = Tr/mp). In this case an analytic or semian-
laytic solution turns out to be possible (see Ref. [128,129]). For neutralino dark matter,
xp is roughly of the size xp ~ 20 and, hence, should lead to a quickly converging power
series. But since (2, is in general no analytic function of zp, this way is also far from
trivial and potentially affected by large errorﬂ [127]. Due to the growing computative
power, Eq. can today be solved completely numerically with quite high accuracy

¥More precisely, expanding Q, in zF typically includes the expansion of (o;;v;;) in orders of v;;. This
is expected to yield a quickly convergent power series since sparticles freeze out at non-relativistic
velocities. But since o0y is in general no analytic function of v;;, e.g., at normal thresholds or propagator
poles, this can spoil the actual convergence of this series.
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at low time cost. Public codes, which are able to solve Eq. , e.g., within the MSSM
including a comprehensive set of different (co)annihilation channels, are DarkSUSY [130],
SuperIso Relic [131], IsaRED (as subroutine of the IsaJET 7.84 package |132]) and
micrOMEGAs [133]. For this analyses we make use of the latter.

3.5. Uncertainties in the Estimation of the Relic Density

The oldest data about the history of the universe stem from the abundances of light
elements such as Deuterium, Helium etc., whose formation is described by the big bang
nucleosynthesis, which took place roughly 200 seconds after the big bang (at 7" ~ 0.8 MeV).
Since the freeze-out of WIMP particles is expected to occur at much higher temperatures
Tr ~ my/20 and, hence, at much earlier times, the DM relic density relies on the properties
of the universe during the pre-BBN era from which we do not have any direct experimental
information. Therefore, one has to rely on several assumptions about the universe during
the pre-BBN era, which enter the final estimation of €2, in Eq. and which do not
necessarily have to pertain. Some of them are the following:

1. WIMPs have once been in thermal equilibrium with the surrounding hot gas of SM
particles: For this to be true, it is necessary to assume that the reheating temperature
after inflation T has been high enough such that WIMPs were able to reach thermal
equilibrium. This means that at least Tr 2 m/10 should have been reached whereas
we have only direct evidence of the BBN epoch and the subsequent evolution of
the universe where a Tr = 4 MeV turns out to be already sufficient (note that for
WIMPs/sparticles typically m 2> O(100GeV)). An alternative model describing DM
candidates, which never reached thermal equilibrium, can be found e.g. in |134].

2. The entropy density per comoving volume was conserved during the pre-BBN epoch
(see Eq. (3.45)): It was already mentioned in Sec. that, e.g., some time-
dependent change in the effective number of entropy-effective degrees of freedom

hest Eq. (3.44) may spoil this assumption.

3. The freeze-out occurred during the radiation dominated epoch (see above Eq. ):
This assumption rests upon the success of BBN models, which relied on a radiation
dominated universe during the BBN era. But this assumption does not necessarily
pertain for the pre-BBN era (see below).

There are many more potential loopholes in the estimation of the relic density not nec-
essarily directly connected to the derivation of the Boltzmann equation. These can arise,
e.g., in the estimation of input parameters as well as in the analyses of experimental data.
Therefore, this chapter shall serve as a concise overview over some potential sources of
uncertainties and subtleties in the calculation of Qcpw.

The model dependence in the interpretation of CMB data:

Any interpretation of experimental data relies on some theoretical framework. This is
the case for the interpretation of the CMB data and thus for the value of Qcpym obtained
through the analysis of these data. The cosmological model which underlies the result given
in Eq. is the so-called ACDM, also referred to as the standard model of big bang
cosmology. It is a six parameter model, which bases on the assumption of an expanding,
spatially flat universe, whose dynamics are governed by general relativity. At late times,
its constituents are dominated by a CDM component and a cosmological constant A as
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parameter value at 1o description
Q,h? 0.02207 4+ 0.00033 baryon density
Qcpmh? 0.1196 4 0.0031 cold dark matter density
Qa 0.686 + 0.020 dark energy density
In[1019 4] 3.103 £ 0.072 log-power of primordial curvature fluctuations (ko = 0.05Mpc™!)
Ng 0.9616 £ 0.0094 scalar spectrum power law index (ko = 0.05Mpc ™)
T 0.097 4+ 0.038 Thomson scattering optical depth due to ionization

Table 3.1.: Parameter set of the ACDM model with current values given at 1o confidence
level [45]

implied by the acronym ACDM. The ACDM six parameter set is given in Tab. [45].
The values in the second column of Tab. are given at lo confidence level and are
obtained via fitting the CMB power spectrum as measured by the Planck collaboration
within ACDM (see Ch. [3.1.5)). Note that this parameter set is to some extent ambiguous
as it is possible to replace one parameter by another if they are somehow dependent.
Whereas the first three parameters €2,, Qcpy and 2p are more or less self-explanatory,
the last three are concisely explained in the following [45].

e The primordial scalar density fluctuations P(k) and its connection to As and ns:
The CMB is understood as an imprint of the density fluctuations of the primordial
universe. It is believed that these density fluctuations rely on seed inhomogenities
caused by quantum fluctuations, which were enlarged by inflation and froze into
the observed density fluctuations when inflation stopped. These density fluctuations
P(k) in dependence of the wave number k are commonly grasped in the form

k ns—1
P(k) = As <> (3.60)
ko

with the power law index ng, the size of the inhomogenities parametrized by As and
the Pivot scale ky. Hence, ng measures the deviation from a scale invariant fluctu-
ation spectrum (ns = 1,dns/dIn(k) = 0, Harrison-Zel’dovich spectrum). It turned
out that the density fluctuation seen in the CMB deviates only slightly from a scale
invariant spectrum (see Tab. [3.5)).

o The Thomson scattering optical depth T: The small scale fluctuations of the CMB
are damped via Thomson scattering on electrons which propagated freely after reion-
ization. This damping translates into a lowering of the acoustic peaks of the CMB
power spectrum for [-values, which correspond to angular distances smaller than the
Hubble radius at the time of reionization. This damping is connected to the optical
depth for Thomson scattering 7 via a factor e =27, which multiplies the amplitudes
of the acoustic peaks for the particular [-values.

Despite the big success of the ACDM, studies pose the questions of how robust the results
obtained, such as Qcpw, actually are against some changes of the cosmological model. This
question has been explored in Ref. [45] for one-parameter extensions of the fiducial ACDM
model. There, the authors allowed for a deviation of, e.g., a flat universe parametrized as

Q=1—Q — Qepn — (3.61)
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and a k-dependence of the power law index ng, extending Eq. (3.60))

L ns—1+3 (dns/dIn(k)) In(k/ko)
P(k) = As <> . (3.62)
ko
Moreover, they allowed for a deviation of the w-parameter from the usual value w = —1
for a cosmological constant = vacuum energy in the equation of state
p=wp (3.63)

with pressure p as well as for a variable effective number of relativistic neutrino species
Neg at decoupling T, ~ 2 — 3 MeV [135]. The main outcome is presented in Fig. It
is shown that the quality of these fits to the data for the extended ACDM is not much
improved. But the error bands, e.g., for Qcpym turn out to be broadened in case of strong
degeneracy with the additional parameter. Following Occams razor, the ACDM seems
to be the right choice, although one should keep in mind that an extension of the stan-
dard model of cosmology can broaden the ranges allowed for values of observables gained
through the analyses of the CMB.

Following this road, Ref. [136] investigated on an up to 5-parameter extension of the
ACDM. There, it turned out that Qcpy is even allowed to vary by a factor of two while
still being in accordance with the data.

The Hubble parameter H in the pre-BBN era:

As already mentioned above, it is explicitly assumed within the derivation of Eq.
that the freeze-out of the relic particle took place during the radiation dominated epoch.
This assumption rests upon the success of BBN models, which rely on a radiation dom-
inated universe during the BBN era at Tgpy ~ 0.8 MeV. But since the freeze-out of
WIMPs should have taken place long before the BBN Tr > 0.8 MeV, the extrapolation
Ty — TF concerning the energy content of the universe is far from trivial. Hence,
following models like quintessence [137], k-essence [138] or dark fluid [139], it seems pos-
sible that a dark energy component may have played a sizable role in the evolution of the
universe at high T > TgpN.

It is therefore conceivable that, following the Friedmann equation, different assumptions
about the energy content of the pre-BBN era may de- or increase the expansion rate of the
universe H and may thus have changed the freeze-out temperature T of the relic particle
(see Eqgs. (3.25) and (3.26])). For this purpose, the authors of Ref. [140] have added an
additional temperature dependent dark energy density

op(T) = po(Th) (;;)D (3.64)

to the Friedmann equation of a radiation dominated universe (see Eq. (3.25))

H? — PRad + PD

3M22p; (365)

where both pp(Tp) > 0, pp(Tp) < (] are possible. Depending on the particular choice of
np = (3,4,6) in Eq. (3.64), pp mimics a matter density, radiation density or, e.g., a den-
sity of a quintessence field. The authors of Ref. [140] explored the change of the final relic

YNote that pp does not have to be a real energy density but can also be understood as some effective
term to parametrize the change in the expansion rate.
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density Q, for different values np and pp(Tp) and for different mSUGRA or NUHM (non
universal Higgs mass) scenarios. Their analyses revealed that even a very small increase
of H before the BBN, presently undetectable in cosmological observations, can change
Tr and is able to shift the final 2, by a factor up to 10° toward higher values. On the
contrary, they found that €, is never or only very slightly decreased (for pp(Tp) < 0) by
an additional component pp. The authors of Ref. [140] concluded that the lower bound
of the relic density obtained from, e.g., Planck, should be used with care as parameter
points with a too low €1, may always be shifted toward the correct region via altering the
expansion rate in the pre-BBN era, while the upper bound on the DM relic density turned
out to be rather robust against these changes.

The effective degrees of freedom revisited:

The effective degrees of freedom g, enter the estimation of the relic density Eq. (3.52). It
has already been pointed out that in the derivation of Eq. , it is necessary to assume
a freeze out temperature well above Thep ~ 200 MeV. For temperatures larger than Tqcp,
quarks und gluons couple only weakly due to the asymptotic freedom and, hence, may be
well described by an ideal gas. As non-perturbative studies and experiments revealed a
significant departure of this assumptions in Ref. [141] the equation of states of quarks and
gluons have been re-examined in the critical regime around Tcp. The authors improved,
e.g., in the deconfined regime on the assumption of an ideal gas by rescaling the pressure
of the colored degrees of freedom within the equation of state by a factor deduced from
lattice and perturbative calculations. With these results at hand, the authors recalculated
the associated effective degrees of freedom of Eqgs. and and in turn the relic
density. They discovered a significant change within some of their investigated mSUGRA-
benchmark scenarios even for freeze-out temperatures Tr > Tqcp. After comparison
with DarkSUS@ they found a shift larger than 2% due to their improvements even for
temperatures Tp 2 20 Tocep. The authors further stated a systematic error of 0.5%-1%
due to used approximations in the equation of state near Tqcp.

Finite-temperature effects:

In terms of relic density calculations, one usually estimates the (co)annihilation cross
section via the vacuum expectation value of some operator O, e.g., S-matrix elements, at
zero temperature

(01010). (3.66)

Due to weak scale interactions, the freeze-out of WIMPs occurs roughly at Tp ~ m, /20.
Therefore, calculations of cross sections should rather take place at non-zero temperature,
thus making it necessary to replace Eq. (3.66) by

> (O™ n)
Y (nle=#n) -

The partition function in Eq. given in state space spanned by the |n), accounts
for the excitations of the vacuum occupied with probability e #F» (8 = 1/(kgT)) as a
consequence of the finite temperature. These corrections yield a set of modified Feynman
rules for the S-matrix as appropriate for perturbation theory at finite temperature [142].
A throughout investigation of finite-temperature effects in the context of NLO calculation

(3.67)

20DarkSUSY relies on the assumption of quarks and gluons interacting via a linear potential V(r) = K -
(K =0.18 GeVQ) for temperatures 7" > Tqcp, an assumption, which almost corresponds to an ideal
gas.
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has been done in Ref. [143]. There, it is shown that thermal effects leave the Boltzmann

equation intact

dn
d—tx + 3Hn,, = (o5 va) 720 (ning! — nyng) (3.68)

and only alter the velocity averaged annihilation cross section, which has to be calcu-
lated at non-zero temperature. Furthermore, the cancellation of infrared and collinear
divergences for sufficiently inclusive observables is checked at finite temperature, a prereq-
uisite for UEHLO to be well defined at T' # 0. Guaranteed by the Bloch-Nordsieck and the
Kinoshita-Lee-Nauenberg theorem for zero-temperature QFT, the authors showed that
these cancellations also hold at non-zero temperature.

Finally, it was found in Ref. [143] that finite-temperature corrections enter the calculation
of ai\g‘o suppressed by a factor a x (Tr/mg)? (Tr < mg) and, thus, are expected to be
parametrically smaller than the zero-temperature NLO corrections. Finite-temperature
effects can hence alter the relic density but are not sizable, compared to the current level
of precision, which is a subsequent justification for the zero-temperature approach taken
in, e.g., the Refs. [1], [2] and [144]- [148].

The impact of finite-temperature effects in the presence of coannihilation has to some
extend been investigated in Ref. [142]. There, the non-zero temperature effects on the
LSP-NLSP mass splitting for neutralino DM with a stau LSP within the MSSM have
been considered. Since the mass splitting enters the final relic density exponentially, as
apparent from Egs. and following, small changes in this splitting may potentially
evolve to large shifts in ch?‘ However, the authors found that the finite-temperature effects
on the neutralino relic density are at most of the relative order 10~%, which is considerably
below the detection threshold of any ongoing or planned relic density experiment. They
can hence be neglected at the current level of precision.

The impact of higher-order corrections on the (co)annihilation cross section:
As already pointed out at the end of Sec. , a precise estimation of (2, relies sen-
sibly on an accurate calculation of oeg. It is well known that the (co)annihilation cross
sections which add up to o.g in Eq. can be subject to large higher-order correc-
tions. There have been many investigations which study the effect of higher-order cor-
rections. Starting from the Born-level, one of the first improvements were accomplished
via the effective coupling approach. Mainly motivated by the lower computational effort,
only the leading radiative corrections are typically taken into account within this for-
malism. In Ref. [149,|150], certain classes of EW corrections{ﬂ to neutralino annihilation
were calculated and their impact on Qcpy was analyzed. Furthermore, complete NLO
calculations have been performed including electro weak (EW) corrections to neutralino
annihilation |[151] or SUSY-QCD corrections to neutralino annihilation and coannihilation
with heavier neutralinos and charginos going into quarks [1,|144H146|, coannihilation be-
tween the neutralino and the lighter stop [147.[148] as well as annihilation of lighter stops
into EW final states [2]. The authors concluded that, depending on the exact parameter
point of the DM model under consideration, the higher-order corrections can exceed cur-
rent experimental uncertainties by far. It thus makes sense to improve the calculation of
radiative corrections to oeg to benefit from the precision gained in experiments. However,
current state of the art tools like micrOMEGAs or DarkSUSY calculate the relic density at
effective tree level only.

It should further be mentioned that there are additional higher-order corrections to the
(co)annihilation of DM particles, which can become non-perturbative in certain kinematic

2IThese classes cover corrections which are less suppressed than the expected NLO suppression agw /.
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regions. In these cases, it is necessary to sum up the corrections to all orders in per-
turbation theory in order to gain a reliable result, since the expected suppression with
higher orders in the coupling constant is lifted by some large (kinematic) factor. A very
prominent example for such non-perturbative corrections are the so-called Coulomb or
Sommerfeld corrections as discussed in greater detail in Sec. These become most
important when the (co)annihilating DM particles move at non-relativistic velocities v as
it is, e.g., the case for thermally produced WIMPs after freeze-out. If these particles ex-
change a massless or relatively light (compared to the masses of the annihilating particles)
particle, it turns out that every exchange of an additional particle comes with a factor
a/v. Due to a/v 2 1 for sufficiently small v, this can lead to a large enhancement of
such higher-order corrections rendering them non-perturbative. The impact of Coulomb
or Sommerfeld corrections on DM production has been extensively discussed in the litera-
ture [152,153]. For example, the effect of gluon exchanges on stop annihilation in the case
of neutralino DM accompanied by a stop NLSP is thematized in Ch. below. It is found
that these non-perturbative corrections can overcome current experimental uncertainties
by far. These non-perturbative corrections should hence also be taken into account.

Additional sources of uncertainties:

Finally note that this list of uncertainties in DM calculations is far from being com-
plete. Further investigations about potential sources of uncertainties can be found in
the Refs. [154,/155], where the uncertainties in the estimation of low scale parameters,
obtained from the corresponding high scale parameters via their renormalization group
running, is considered. In those studies, several public SUSY spectrum calculators like
SPheno |156], Suspect [157], Isajet [132] or SOFTSUSY [158] are compared with each
other and an uncertainty of O(1%) in parameters like masses was found. In Ref. [155],
these deviations in the generated SUSY spectra turned out to be already sufficient to
alter Qcpym by up to 30%, of course strongly dependent on the particular region of the
SUSY-parameter space. It is of particular interest for this work that, in the case of stop
coannihilation, Ref. [155] found differences of O(10%) in the generated masses for certain
regions of parameter space, which translated into an order of magnitude difference for the
corresponding 2cpyv. However, note that the latest paper referenced here is from 2005.
Since then, the cited SUSY-spectrum calculators have undergone several improvements
such that a new cross check of the different routines may be of certain interest.

n-body final states with n > 2 are another potential source of uncertainties. So far, they
are not fully considered in public tools like micrOMEAGs, SuperIso Relic or DarkSUSY
as they are usually of higher order and propagator suppressed. But below production
thresholds, when a certain two particle final state is kinematically just not allowed, they
can become important as they allow for the production of a massive particle away from
its mass shell, followed by its subsequent decay into two lighter, physical particles. In
Ref. [159] the author showed that, taking into account annihilation to three-body final
states such as (Y)x) — t*f — WTbt), can thus lower the neutralino relic density by more
than 10% .

Finally note that with SuperIso Relic, there is a public code which accounts for some of
the uncertainties described above. By means of SuperIso Relic, it is possible to change
the radiation equation of state and hence the Hubble expansion rate in the pre-BBN era
following Ref. [140]. There is also the possibility to improve on the QCD equation of state
as described in Ref. [141]. This variety of possible changes in the underlying model turns
SuperIso Relic into an interesting tool for more non-standard studies in the context of
Qcpum calculations.

73



CHAPTER 3. DARK MATTER: EVIDENCE, CANDIDATES AND CALCULATIONS

This completes the discussion of uncertainties on €2, , though not all of them are discussed,
here. However, we have seen that there are many different loopholes through which our
experimental as well as theoretical lack of knowledge of the true nature of DM may enter
the estimation of the final relic density. Hence, the work presented in the following should
be understood as a step on the way to a precise estimation of the amount of DM in our
today’s universe.
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In the previous chapters, we presented many potential sources of uncertainties that arise
in the estimation of Qcpym. In particular, we mentioned that perturbative as well as non-
perturbative radiative corrections to annihilation as well as to coannihilation channels of
the neutralino LSP alter the final relic density sizeably. But even though these corrections
turned out to be much larger than the actual experimental error on Qcpwm, as provided by
the Planck collaboration, they are not yet completely covered by current public DM-tools
such as micrOMEGAs or DarkSUSY.

The work presented here is embedded into a larger project called Dark Matter @ Next to
Leading Order (DMGNLO), which is developed to improve exactly on this shortcoming of
currently available DM-tools. In the following, we introduce the DM@NLO project in more
detail and present its usage in combination with public tools for relic density calculations
as well as the current status of its sub-projects connected to this work. Afterwards, we
address the actual calculation of the corresponding higher-order corrections and survey
their impact on the associated (co)annihilation cross sections as well as on the neutralino
relic density Qcpw.

4.1. DM@NLO and its Sub-Projects

DM@NLO is a Fortran code that provides automatic calculation of NLO-SUSY-QCD correc-
tions for many (co)annihilation cross sections relevant for the estimation of the neutralino
relic density within the R-parity conserving MSSM. The usage of the DM@NLO software
package in combination with current DM-tools such as micrOMEGAs is depicted in Fig.
This usage is shortly discussed in the following.

The starting point of the calculation of Q2cpy within a certain model is the choice of a
particular scenario via the specification of a set of input parameters at a given input scale
My, e.g., within the MSSM or pMSSM, as introduced in the Chs. and These input
parameters, which are commonly given in a format specified by the SUSY Les Houches Ac-
cord (SLHA) [166], are then passed to a spectrum calculator, which provides the full mass
spectrum of the SUSY and Higgs sector as well as connected mixings at a required output
scale Myyt. The spectrum calculator has to solve a set of renormalization group equations
(RGEs), which describe the scale dependent running of parameters like couplings and
masses for the SUSY and Higgs sector, starting at Mj, down to the output scale[ﬂ Typical
scale choices are My, ~ GUT scale, or, following the Supersymmetric Parameter Analysis
(SPA) convention [167], M, = 1 TeV, whereas the output scale within supersymmetric
models is typically set to the SUSY-scale Moy = \/mz Mz, ~ O(1 TeV). In our case of the
pMSSM with SPA-input, we use My, = Moyt = 1 Te\/ﬂ Moreover, spectrum calculators of-
ten provide associated branching ratios and production cross sections as well as further im-
portant observables such as the flavor changing neutral current (FCNC) observable b — s

Yor in terms of SM-parameters, the running, e.g., from the scale of electroweak symmetry breaking
~ O(Mz) up to Mout

2In contrast to, e.g., mSUGRA RGE-running is of course not of primary interest if one starts with a low
scale SUSY-model like the MSSM without any high scale completion such as a GUT theory. In this
case, the input parameters are typically understood as being defined at the output scale.
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Figure 4.1.: Software chain of the relic density calculation including DM@NLO. Flow chart
taken from Ref. [55].

and corrections to the muon g-factor g,. Throughout this work, we use SPheno-3.2.3 as
the spectrum calculator. SPheno-3.2.3 provides the RGE running at two-loop precision
as well as complete one-loop corrections to all SUSY and Higgs masses supplemented by
two-loop corrections to the neutral Higgs bosons and to the p parameter. Since version
3.0, SPheno includes the full flavor as well as CP structure of the MSSM. Moreover, it
is possible to include the violation of R-parity into the calculations. Decay widths and
cross sections are calculated at tree level though certain higher-order corrections are cap-
tured via the use of running couplings [156]. However, note that DMGNLO has also been
tested with other publically available spectrum calculators such as Suspect, Isajet and
SOFTSUSY. In a next step, the low-scale parameters are passed to micrOMEGAs-2.4.1,
which we use throughout this work. micrOMEGAs is able to calculate the relic density of a
DM-candidate within many predefined models. Beside the particularly important MSSM,
these are additional models such as the next-to MSSM (NMSSM) |160], the CP-violating
MSSM (CPVMSSM), the little Higgs model |161], a right handed neutrino model [162]
and the inert doublet model |163|ﬂ The Born level (co)annihilation cross sections, as re-
quired by micrOMEGAs, are provided by CalcHEP [164] at effective tree level as discussed
in Ch. Using these cross sections micrOMEGAs-2.4.1 further improves on the Higgs
Yukawa coupling to bottom quarks as provided by CalcHEP, which can be affected by large
SUSY-QCD corrections Amy, of the order Amy ~ O((asptan 5)™). These corrections can
become non-perturbative, e.g., for large tan 3, but can be resumed to all orders |[165] (see
Sec. below). With the necessary input at hand, micrOMEGAs solves the Boltzmann
equation Eq. (3.36) as discussed in Sec. numerically to obtain the final relic density
within the considered model.

3Besides these predefined models, it is also possible to use completely user defined models within
micrOMEGAs-2.4.1
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The interface between micrOMEGAs and CalcHEP is the point where DM@GNLO enters the
stage. For every cross section called from micrOMEGAS, it is checked if DMGNLO can improve
on the cross section via the inclusion of higher-order SUSY-QCD corrections. If this is the
case, DM@ONLO replaces the CalcHEP result including the Born level cross section with input
parameters consistently passed between micrOMEGAs-2.4.1 and DM@NLO. Otherwise, the
default CalcHEP cross section is kept.

At the moment, the different SUSY-QCD corrections for (co)annihilation processes in-
cluded in DMONLO are split into three sub-projects:

e ChiChi2qq: Includes all (co)annihilation channels of neutralinos and charginos into
quarks;

e NeuQ2qgx: Includes all neutralino-squark coannihilation channels into a quark plus
an additional SM-boson;

e QQ2xx: Includes all squark (co)annihilation channels into EW SM-bosons.

The sub-projects connected to this work are ChiChi2qq and QQ2xx. They are therefore
presented in greater detail in the following, whereas the status and results of NeuQ2qx can
be found in Refs. [147]148].

4.2. ChiChi2qq: Gaugino (Co)Annihilation into Quarks

The following section and especially all results shown in the context of ChiChi2qq rely on
the publication [1].

ChiChi2qq covers SUSY-QCD corrections to (co)annihilation channels of neutralinos x9
(i € {1,2,3,4}) and charginos X (i € {1,2}) (in the following collectively called gauginos)
into quark-antiquark pairs

XOXT = aq (i, 5 € {1,2,3,4}), (4.1)
iy —ad (i€{1,2},5€{1,2,3,4}),
Xi X; —aq (i,j € {1,2}),

with ¢q,¢" € {u,d,c,s,t,b} as shown in Fig. Gaugino (co)annihilation can hence take
place through the s-channel exchange of one of the five Higgs-bosons h?, HY, A° and
H* as well as through the s-channel vector exchange of a Z-, or W¥ boson or a photon
~ depending on the initial-state charges (photon exchange contributes only for incoming
)ZTX; (1,5 € {1,2})). Additional contributions stem from the t— and u— channel exchange
of scalar quarks. Moreover, since neutralinos are Majorana fermions, there is no difference
between particle or antiparticle. One can therefore arbitrarily assign a fermion flow to their
lines within a Feynman diagram. A particular choice can then be understood as fixing a
convention for the corresponding mathematical expressions obtained via the applications of
the associated Feynman rules. The assignment of the fermion flow and external momenta
used throughout all calculations in the context of ChiChi2qq is given in Fig. Finally
note that all tree-level cross sections have been cross checked with CalcHEP, replacing
running masses (exemplified in Sec. and effective couplings (exemplified in Sec.
in CalcHEP as well as in ChiChi2qq if necessary.

We perform our studies on the relevance of the channels depicted in Fig. for the
neutralino relic density within the pMSSM-11 as introduced in Sec. We further make
use of the SPA-convention [167] such that all soft breaking parameters are given at the
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Figure 4.2.: Tree-level diagrams of gaugino (co)annihilation processes included in
ChiChi2qq. Figures originally taken from Ref. [1].
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Figure 4.3.: Assigned fermion flow to Majorana lines used in the calculations in the context
of ChiChi2qq.
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input scale Q = 1 TeV. Within the pMSSM-11 the typical GUT-induced low energy
ordering of the soft-breaking gaugino masses

2M1 . M2 : M3/3 (44)

does not hold anymore. Since the masses M7 and Ms in combination with y determine the
decomposition of neutralinos and charginos as discussed in Sec. this higher degree
of freedom consequently allows for a more interesting ordering of gaugino masses and,
hence, for a larger variety of gaugino-coannihilation channels relevant to the final relic
density Q)Z? (see Sec. . In order to find appropriate scenarios to present the impact
of our corrections, we perform a random scan over one million points of the pMSSM-11
parameter space within the boundaries

2 < tan 8 < 50,

—3000 GeV < p < 3000 GeV,
100 GeV < m 40, M1, My < 2000 GeV,
1000 GeV < M3 < 2000 GeV,
500 GeV < mg, ,, m; < 4000 GeV,
500 GeV < mg,, mg, < 2500 GeV,
—5000 GeV < T;/Y; = Ay < 5000 GeV.

Out of the resulting sample of scenarios, we finally choose three representative scenarios
which have to fulfill the following constraints:

(1) Qcpmh? = 0.1199 + 0.0027 (4.5)

We require the neutralino relic density Q)ch to fall within the vicinity of the above Planck-
result given at 1o confidence level [45]. Hence, we expect the lightest neutralino to account
for the whole CDM relic density in the universe. But since our higher-order corrections
shift the final QX?’ we apply this bound rather loosely.

(2) 122 GeV < myo < 128 GeV (4.6)

The mass of the lighter, CP-even Higgs h° (SM-like) is required to lie within the vicinity of
LHC observations. We allow for an additional theoretical uncertainty of Amjo = £3 GeV
due to higher-order corrections [169] that are not included in the used spectrum calculator
SPheno-3.2.3.

(3) 2.77-107* < BR(b — s7) <4.07-107* (4.7)

These bounds on the branching ratio b — s correspond to the HFAG value published in
Ref. [170] at 30 confidence level. They limit flavor changing neutral current contributions
from the SUSY sector.

Finally, the chosen scenarios have to feature sizeable contributions of gaugino (co)annihila-

tion into quarks to allow for a comprehensive analysis of the SUSY-QCD corrections cal-
culated in the context of ChiChi2qq.
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Table 4.1.: pMSSM input parameters for three selected reference scenarios. All parameters
except tan 8 are given in GeV.

tan 3 I ma M, Moy Ms Mg, , Mg Mg, M; T,
I 13.4 1286.3  1592.9 731.0 766.0 1906.3 3252.6 1634.3 1054.4 3589.6 -2792.3
11 6.6 842.3 1566.9 705.4 1928.4 1427.0 1238.5 2352.1 774.1 2933.2 -3174.6
111 10.0 1100.0 19514 1848.0 1800.0 1102.3 3988.5 2302.0 1636.6 1982.1  -2495.3

Table 4.2.: Gaugino masses, the decomposition of the lightest neutralino and selected ob-
servables corresponding to the three reference scenarios of Tab. All masses
are given in GeV.

Mo Mg myg Mo M mt Z5 Zw Z\ g, Z\ g, mpyo Qf(?hQ BR(b — sv)
I 738.2 802.4 1288.4  1294.5 802.3 1295.1 -0.996 0.049 -0.059 0.037 126.3 0.1243 3.0-107%
II 698.9 850.5 854.0 1940.2 845.6 1940.4 | -0.969 0.012 -0.187 0.162 125.2 0.1034 3.2.107*
IIT | 1106.7 1114.9 1855.0 1865.6 | 1109.6 1856.3 0.046 -0.082 0.706 -0.702 126.0 0.1190 3.2.107*

Our three representative scenarios I to III are now given in Tab. Further important
characteristics of these scenarios such as gaugino masses, the decomposition into gauge
eigenstates and previously introduced observables are presented Tab. As already
stated above, these have been obtained using SPheno 3.2.3 and micrOMEGAs-2.4.1 with
the standard CalcHEP implementation of the MSSM. As the only slight changes we set
the light quark masses to zero, m, = mg = ms = 0, and include a lower bound on the
squark width I'; > 0.01 GeV. These modifications turn out to be necessary to stabilize
the numerical evaluation of the NLO corrections, which are described further below. We
checked that this does not influence the final relic density. As shown in Tab. the se-
lected scenarios fulfill the constraints above mentioned within the uncertainties required.
A distinct analysis of the contributing (co)annihilation channels for each of the three sce-
narios is given in Tab. We list all gaugino annihilation channels into light and heavy
quarks, which contribute at least 0.1% to the thermally averaged total annihilation cross
section. In Tab. we further decompose the tree level into different subchannel contri-
butions from the s—, t— and u—channels as shown in Fig. All results are given at a
center of mass momentum p.,, = 100 GeV, the region where the thermal distribution in
the integrand of Eq. roughly peaks for the parameter sets considered. We group the
contributions from the s-channel scalar exchange (contribution denoted sg), the s-channel
contribution from vector boson exchange (sy) and the exchange of squarks in the ¢- and
u-channels (¢/u). The contributions from the corresponding squared matrix elements are
denoted sg x sg, sy X sy and t/u X t/u, while their interference terms are denoted by
ss X sy, 8g X t/u, and sy x t/u. Negative numbers in Tab. refer to destructive inter-
ferences. We perform all calculations in the Feynman gauge. Hence, we have to include
the exchange of associated Goldstone bosons, which become the longitudinal polarization
states of the particular massive vector boson. In Tab. these Goldstone boson contri-
butions are subsumed under the scalar s-channel exchange.

We now turn to the discussion of the three representative scenarios I-I1I:

e Scenario I: Scenario I is dominated by the coannihilation of the neutralino LSP
) with the lighter chargino fd[ into heavy quarks (see Tab. . This channel
contributes to the total annihilation cross section by far the most, as its impact lies at
approximately 43%. This is the case although this channel is Boltzmann suppressed
via the mass splitting Myx — Mo compared to the annihilation of the LSP. The
next important channel happens to be the coannihilation between the LSP and the
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Table 4.3.: Most relevant gaugino (co)annihilation channels into quarks in the reference
scenarios of Tab. Channels which contribute less than 0.1% to the ther-

mally averaged cross section are not shown.

Scenario 1 Scenario I1 Scenario 11T

Xy =t 1.4% 15.0% -
bb 9.1% 5.9% =

cc — 0.1% -

uil — 0.1% —

WXy — 2.5% 12.0% 3.3%
bb 23.0% 6.9% 1.6%

cc - - 1.3%

S5 — — 1.7%

uil - - 1.3%

dd - - 1.7%

WXy —  tt —~ 9.1% -~
bb - 5.3% -

X9 —  bb 0.2% — -
Xy — tb 43.0% 40.0% 0.8%
cs ~ — 8.5%

ud — — 8.5%

oOX; — th 0.4% - 0.4%
cs 0.9% - 4.6%

ud 0.9% — 4.6%
GXp & 0.2% - 3.2%
bb 0.6% - 2.7%

e 0.2% — 2.3%

55 0.2% - 1.4%

uil 0.2% — 2.3%

dd 0.2% - 1.4%

Total 83.0% 94.4% 51.6%
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Table 4.4.: Sub-processes for the most important channels of Tab. (more than 2%)
contributing individually at least 0.1% at pem = 100 GeV.

Sy X sy Sy X 8g S5 X 89 sy X t/u ss X t/u t/uxt/u

Scenario 1
%Y — b - - 90.5% - 9.1% 0.4%
WXy — tt - 0.1% 27.7% 0.1% 3.8% 33.8%
X9x9 — b - - 96.1% - 3.8% 0.1%
QX = tb 2.8% - 79.1% -4.4% 11.4% 1.1%
Scenario 11
O — - - 3.2% 0.5% 1.3% 95.0%
%) — vb - - 93.5% - 6.4% 0.1%
QK9 — tt - - 91.5 % -0.1% 7.9% 0.7%
%9 — bb - - 99.8% - 0.2% -
QxS — tt - - 97.8% - 2.1% 0.1%
X9XY — bb - - 100.0% - - _
% = b 0.1% - 84.0% -0.5% 14.0% 2.4%
Scenario 111

W — es/ud 100.4% - - -0.4% - -

ggﬂ 7 cs/ud 100.0% - - - - -
X1X2 >t 16.2% - 1.0% 111.2% 2.7% 196.7%
X1 Xy =t 46.2% - 3.1% -52.9% 4.4% 108.0%
x1 Xy — bb 21.6% - 0.7% -131.4% -0.4% 209.5%

XXy — ce/ua 100.2% - - -0.2% - -

second lightest neutralino )Zg into bottom quarks, which contribut to (cegv) by 23%,
whereas annihilation of the lightest neutralino into quarks turns out to be only the
third most important channel contributing in total to (oegv) by roughly 10.5%. This
hierarchy of processes can be explained with a view on Tab. It is apparent that
the s-channel scalar exchange is actually the most important contribution to the
tree-level cross section. This can be traced back to s-channel resonances connected
to the exchange of the pseudoscalar Higgs A° and the charged Higgs H* with masses
mo = 1592.9 GeV and my+ = 1595.1 GeV, which both lie very close to the total
mass of the incoming particle pairs Mgo + Mgy R 1Myo and m T Myt X My

(mgo +my + = 1540.5 GeV and mpy+ = 1595 1 GeV see Tab. [4.2)). In contrast, the

LSP Wlth mass 2m. Q= = 1476.4 GeV is already further away from the A°-resonance
and, hence, its anmhﬂatlon through the s-channel exchange of the pseudoscalar
Higgs is kinematically suppressed. One can also observe that the annihilation of
the two lightest neutralinos into down-type quarks is enhanced compared to the
corresponding channel into up-type quarks. This can be traced back to a sizeable
tan 8, which is already large enough to favor bottom quarks in the final state due to a
tan S-enhanced bottom Yukawa coupling (see Tab. . Finally note that although
kinematically even closer to the A%-resonance (2m>28 A 2m>~dE ~ 1600 GeV), the
pair annihilation of the lighter chargino and of the second lightest neutralino do not
sizeably contribute as their impacts on (oegv) turn out to be highly suppressed by
the Boltzmann factor Eq. .

e Scenario II: Scenario II mainly differs from scenario I by a lower higgsino mass
parameter ;1 and a much larger wino mass My. Their interplay modifies the com-
position of the lightest neutralino, which results in an increased higgsino admixture
(see Z, i and Z; i, In Tab. . Compared to scenario I, the hierarchy of domi-
nant coannihilation channels is quite similar. The total annihilation cross section is
still dominated by the coannihilation of the lightest neutralino Y with the lighter
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chargino >~<1i through the s-channel exchange of a H¥ which contributes to (oegv)
by 40%. However, the order of x{-x{ annihilation and x?-y9 is reversed, which con-
tribute to QX? by 21.1% and by 18.9% in total. This can be ascribed to a larger

mass gap between the LSP and {9 compared to scenario I, which leads to a larger
Boltzmann suppression of the %3 coannihilation process compared to the ! an-
nihilation. Moreover, in scenario II, tan § = 6.6 happens to be only roughly half
as large as in scenario I. This gives rise to a decreased suppression/enhancement
of up/down type Yukawa couplings, as can be seen in the increased importance of
the top quark final state in Tab. The x{ annihilation is dominated by the t-
channel exchange of the lighter top squark #; as apparent in Tab. This can be
traced back to a much lighter #; compared to scenario I (mz, = 874.8 GeV against
m;, = 1009.0 GeV in scenario I) and in turn to a smaller propagator suppression.
For the y-xJ channel, the stop exchange turns out to be less relevant. Here, the
kinematical configuration leads to a total mass of the incoming particles being very
close to the resonance of the heavier C'P-even Higgs boson, mgo + mgo = 1549.4

GeV and mpyo = 1567.1 GeV. This yields a dominant contribution of the H s-
channel exchange. Since the mass gap between X and the third neutralino is much
smaller than in scenario I, there is still another non-negligible contribution due to
the coannihilations between the LSP and the third lightest neutralino %9. This
process proceeds dominantly through the s-channel exchange of scalars. As previ-
ously seen, this can be ascribed to the kinematic situation close to the H°-resonance
(mi(f +mgo = 1552.9 GeVa2 m o). Finally, the vector exchange of Z and W* bosons
in the s-channel turns out to be almost negligible for both scenario I as well as for
scenario II. On the one hand, this is due to the kinematic situation, which suppresses
the exchange of the comparatively light vector bosons (mz, myy+ < mf(?)' On the
other hand, this can be ascribed to the dominantly bino-like nature of the lighter
neutralino, which suppresses any couplings to vector bosons as there is, for example,
no bino-bino-Z coupling.

Scenario III: Scenario I1I is quite diverse from the scenarios described so far. Here,
the pMSSM-11 parameter set yields a dominantly higgsino-like LSP and a mass
degeneracy between the two lightest neutralinos and the lightest chargino, which re-
sults in the spectrum of relevant (co)annihilation channels as shown in Tab. Asa
consequence, the LSP-pair annihilation is basically negligible, whereas coannihilation
with the second lightest neutralino and the lighter chargino as well as chargino-pair
annihilation turn out to be the dominant processes. Moreover, the configuration at
this parameter point leads to final states with first and second-generation quarks
that are dominant, while contributions from third-generation quarks only amount
by 12% overall. Tab. shows that, in contrast to the two scenarios described
above, all (co)annihilation proceeds through the t- and wu-channel squark exchange
as well as through the s-channel exchange of vector bosons. The former are driven
by a, compared to the involved gauginos, relatively light ¢; (mz, = 1664.2 GeV) and,
hence, by a numerically less suppressed squark propagator. The latter becomes size-
able due to the higgsino nature of the lighter gauginos whose annihilation can now
proceed, e.g., through the higgsino-higgsino-Z vertex. This configuration also leads
to an increased importance of destructive interferences between the squark exchange
and the s-channel vector contributions. Finally, the exchange of the heavier Higgs
turns out to be negligible as their resonances already lie below the total mass of the
incoming particles (e.g., Mge + My > My ~ myo = 1951.4 GeV).
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This completes the introduction of the (co)annihilation of gauginos into light and heavy
quarks at the tree level. The actual existence of scenarios with sizeable contributions from
a large variety of different gaugino (co)annihilation processes can be seen as the original
motivation for the work presented here, especially since these regions of important gaugino
(co)annihilation turn out to stretch over wide ranges of the pMSSM-11 parameter space,
as described in the following chapters.

4.3. QQ2xx: Squark (Co)Annihilation into Electroweak
Final States

4.8.1. The Tree Level

The following section and especially all results shown in the context of QQ2xx rely on the
publication [2]. This section is conceptually closely related to the previous chapter about
gaugino (co)annihilation.

Y

e e

e

Figure 4.4.: Tree-level diagrams of squark (co)annihilation processes included in QQ2xx
with H ¢ {h% H°, A° H*}, V ¢ {G,v,Z,W*} and ¢/f can be any
quark/lepton. xi € {)22, Xf} depending on the initial-state net charge. wu-
channel diagrams ar not explicitly shown but can be obtained through crossing
of final states in the corresponding ¢-channel graphs.

The QQ2xx software package covers all squark-antisquark (co)annihilations into arbitrary
SM-final states at tree level as depicted in Fig. Depending on the initial-state net elec-
tric charge, the corresponding cross sections get contributions from the s-channel exchange
of one of the five Higgs-bosons h°, HY, AY and H* as well as through the s-channel vector
exchange of a photon, Z- or W*-boson. Moreover, additional contributions come from the
t- and u- channel exchange of scalar quarks in case of bosonic as well as of gluinos and neu-
tralinos/charginos (again depending on the initial-state net charge) in case of fermionic fi-
nal states. Finally, contributions arise due to quartic (quartic=four external particles) cou-
plings of squarks with Higgs or vector bosons as well as from (anti)squark+ (anti)squarks
pairs going into two (anti)quarks. In contrast to the case of gauginos, these new quartic
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Figure 4.5.: Tree-level diagrams of squark (co)annihilation processes, whose higher-order
corrections are included in QQ2xx. Here H = h?, HY A? H* V = 4,Z, W+
and £ can be any lepton.

couplings arise since we only encounter scalars in the initial state. As a coupling of four
boson possesses an overall mass dimension equal to four, such interaction terms turn out
to be renormalizable (see Sec. , whereas fermions, which posses a mass dimension
[fermion]| = %, cannot pair up with two bosons to form a quartic coupling without vio-
lating renormalizability. Therefore, we do not encounter such interactions in the gaugino
(co)annihilations of part Sec. Finally, note that all tree-level cross sections included
in QQ2xx have been cross checked with CalcHEP replacing effective couplings and running
masses in CalcHEP and QQ2xx if necessary. We found an agreement with a precision of
1/10* or better for all processes considered.

Besides the pure tree level, the QQ2xx package also includes the full SUSY-QCD O(ay)
corrections for a subset of the processes above shown in Fig. namely for squark

(co)annihilation going into EW final states (i.e. leptons, EW vectors and Higgs bosons)

@q; = VYV, (4.8)
@q; — VH, (4.9)
@:iq; — HH, (4.10)
Giq; — L. (4.11)

The condition for these corrections to have a sizable impact on the calculation of Q)Z? re-
mains the same as in the gaugino (co)annihilation case, i.e, the mass of the (co)annihilating
squark has to be close to the LSP mass to evade a large Boltzmann suppression. Due to
the considerations of Sec. it turns out that the lighter stop t1 is realized as the NLSP
over wide ranges of the pMSSM parameter space. In addition, there is ample theoretical
and phenomenological motivation, which give hints on a light stop. We shortly present a
few of them in the following

4.8.2. Motivations for a Light Stop

e A light stop and the relic density: It turns out that for most of the MSSM pa-
rameter space, the neutralino annihilation cross section alone is actually too small to
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Figure 4.6.: Contribution of ¥1#; coannihilation to (oegv) =~ a + %ba: at x = 1/23 for
different final states as a function of the SUSY-breaking universal scalar mass
mo (note that mg does not equal the neutralino mass here). Furthermore, the
universal gaugino mass m1 as well as the universal trilinear Ay coupling (a)

2
mi = 230 GeV, Ag = 1000 GeV and (b) mi = 450 GeV, Ag = 2000
GeV are varied. The total cross section as well as the associated contributions
from neutralino annihilation are also shown. Figure taken from [171].

yield efficient annihilation of neutralinos in order to meet the cosmologically favored

relic density Eq. .
(Tefiv)
within the experimental uncertainty. To circumvent an associated overproduction of
neutralino LSPs, the total annihilation cross section of (oegv) Eq. needs to be
enhanced by additional mechanisms, e.g., by resonant neutralino annihilation within
Higgs-funnel regions [144] or by efficient coannihilation. Both can be obtained by
choosing an appropriate MSSM-parameter set.

As described in Sec. coannihilation becomes phenomenologically relevant if
the mass of the coannihilating particle, typically the NLSP, is close to the mass of
the neutralino LSP to avoid a large Boltzmann suppression. Besides the heavier
gauginos presented above, it turns out that the lighter top squark #; is a suitable
candidate as it happens to be the NLSP for many MSSM scenarios. Hence, it can
significantly contribute to the total annihilation cross section potentially driving the
relic density to the right ballpark as favored by cosmology [171]. This is explicitly
shown in Fig. and Fig. for several cMSSM (constrained MSSM) scenarios,
where the different contributions to the partial wave expansion of the total, thermally
averaged annihilation cross section

QOh? (4.12)

1
(Oet) = a+ be (4.13)

with @ = Theeze/my are shown. It is apparent that stop annihilation can sizeably
contribute to Eq. and can even overcome the contributions of neutralino anni-
hilation as well as the ones from the corresponding stop coannihilation by far.Hence,
although the presented scenarios are already excluded by the LHC, these plots serve
well to exemplify the potential importance of #; (co)annihilation in terms of neu-
tralino DM and to emphasize the importance of #1¢; annihilation for the neutralino
relic density.
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Figure 4.7.: Same as Fig. but for #1¢; annihilation. Figure taken from [171].

e A light stop at colliders: To keep SUSY models natural, one is led to the as-

sumption that SUSY breaking should take place at around 1 TeV to not reintroduce
the problem of fine-tuning. This is of particular interest for the third generation
squarks as they turn out to give large radiative corrections to myo (see Sec.
and, in turn, are especially affected by this bound. But as the LHC moves on to ex-
clude larger and larger pieces of the MSSM-parameter space with increasing energy
and higher integrated luminosity, the non-observance of sparticles puts pressure on
these low scale SUSY models and tends to shift the SUSY breaking scale toward
higher and higher values. However, one can circumvent this constraint via so called
compressed SUSY-mass spectra [172,|173]. These assume a compressed mass hier-
archy in the SUSY sector in order that the different sparticle masses lie very close
to each other. These scenarios may then evade detection while staying relatively
light since the identification of SUSY events at the LHC takes place by the obser-
vance of signatures connected to the decay chains of SUSY-particle going into the
LSP, i.e., going into SM-particles plus missing energy as the lightest neutralino is
typically able to escape the detector unhinderedlyﬂ However, when the sparticles
produced in proton-proton collision lie close in mass to the LSP, e.g., for a mass
splitting Amﬁ_i? = mg — Mmgo < My, certain decay products tend to be very soft

(or even non-existent, if the available energy difference Amf _, turns out to be too
1-X5

small) and may therefore exacerbate detection. Hence, compressed spectra with a
light third squark generation can allow for low scale SUSY while still evading the
LHC exclusion bounds. Consequently, this argues for a stop mass close to the LSP
mass if the fine-tuning problem is taken seriously.

A light stop in the light of a m;0 =~ 125 GeV Higgs: The existence of a light
stop gets further support from the LHC discovery of a new boson with a mass of
m ~ 125 GeV [5/6,174]. If we interpret this as the light “SM-like” Higgs boson h°,
its squared MSSM tree-level mass (see Eq. (2.107))

1
m%zo,tree = 5 [mio + M% - {(mio + M%)Q - 4M%m1240 COS2 2ﬁ}1/2 (4'14)

needs to be enhanced, e.g., by a large stop-loop contribution. In the decoupling limit

*Here, we assume a neutralino LSP which is stable on cosmological time scales as necessary for CDM and

as guaranteed, e.g., via imposing R-parity.
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Table 4.5.: Input parameters for the three selected reference scenarios in the pMSSM. All
values except tan 3 are given in GeV.

tan 6 1% uyy ]\’i[l ]\/../.,2 ]\/[3 M G120 ]\/1(73 ]\/1713 ]W; Tt

Ia 16.3 2653.1 19179 750.0 1944.1 58324 3054.3 2143.7 1979.0 22483 -3684.1
Ib 16.3 2653.1  1917.9 989.0 1944.1  5832.4 3054.3 2143.7 2159.0 2248.3  -3684.1
1II 27.0 2650.8  1441.5 1300.0  1798.4  1744.8 2189.7 2095.3 1388.0 1815.5  -4097.9

m 40 > my this takes the form [175,|176]

3 2.4 M2 X2 X2
mi, ~ mycos 2B + % In < SU25Y> + 2t <1 - 5) , (4.15)
8TEmyy, 4 mj Mgygy 12Mgygy

where X; = Ay —ptan  and Mgysy = /my, my,. For these contributions to become
sufficiently large while still keeping the theory natural | X;| ~ V6 Mgusy needs to be
fulfilled which maximizes the stop-loop contributions at fixed Mgygy. This in turn
hints toward a sizable A; and, hence, toward a large stop mass splitting m; < m;,

(see Eq. [2.131)) driving #; to be rather light.

To draw a final conclusion, of the different squark-(co)annihilation channels, which con-
tribute to the neutralino relic density, annihilation of the lighter stop #; turns out to be
of main interest as it is a natural NLSP over wide ranges of the MSSM parameter space.
Moreover, there is ample motivation why SUSY, if realized in nature, may come with a
light stop 1. Therefore, the focus of the subsequent analyses lies on #; annihilation.

4.3.3. The Representative Scenarios

We now move on to the introduction of our representative scenarios, which we use to
investigate on the impact of our higher-order corrections on Qcpy. For this purpose, we
reuse the parameter points we found in the pMSSM-11 parameter scan described in Ch.
However, the constraints imposed on the collection of scenarios are slightly changed
although their motivation remains the same (see Sec. [4.2)):

0.1145 < Qepuh? < 0.1199 (4.16)
120 GeV < myo < 130 GeV (4.17)
2.56-107* < BR(b — s7) < 4.54-1074 (4.18)
la,| < 288-1071 (4.19)
The last constraint limits the SUSY corrections da, = a; ™ — aftheo to the muon g-factor

gy with a, = (g, — 2)/2 taken from Ref. [177]. We expect the SUSY corrections of the
particular pMSSM-11 scenario to improve this discrepancy.

Beside these limits on important observables, we require the representative scenarios to
provide a rich spectrum of squark-annihilation channels into EW final states as described
above to demonstrate the impact of our NLO corrections. Based on our scans of the
pMSSM-11 parameter, we choose the three scenarios presented in Tab. Note that we
have introduced two scenarios, named Ia and Ib, which only differ by the choice of the two
parameters M; and mg,. As the shift in these two parameters effects the lighter stop mass

my, as well as the mass mgo of the neutralino-LSP, this has far reaching consequences as
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Table 4.6.: Physical squark, neutralino, chargino and Higgs masses, the bino (B) contri-
bution to %Y, the decomposition of #; into left- and right-handed parts, and
selected observables corresponding to the reference scenarios of Tab. All
masses are given in GeV.

I - - - P P P 2 ~ 2 " p i~ S 2
mgo m, mg, my, Mgy M+ mpo  mgo my+ ‘ZXO-JB‘ [Zi1pl? 1Z51gl7 | BR(D — s7) day, Qoh

1
Ta | 758.0 826.1 | 1435.1 1260.5 1986.7 1986.8 | 128.8 1917.4 1919.6 | 0.9996 0.27 0.74 3.1-100%  284-10T [ 0.1146
Ib | 999.6 1079.6 | 1543.4 1265.8 1986.8 1986.9 | 129.4 1917.9 1919.6 | 0.9995 0.55 0.46 3.1-107%  284-107'% | 0.1193
IT | 1306.3 1363.0 | 2128.8 2055.2 1826.9 1827.1 | 124.6 1440.7 1443.6 | 0.9992 0.08 0.92 3.1-107%  279-107'1 | 0.1209

Table 4.7.: Most relevant stop annihilation channels into EW final states of the reference

scenarios in Tab.

Scenario Ia Scenario Ib Scenario II

tit; —  hORO 46.1% 15.9% 11.3%
hOHO - 46.6% 11.1%

tit; — ZA° - 4.0% 7.4%
W+HT - 4.2% 13.6%

tht; —» 727 8.7% 4.3% 7.4%
WTw— 12.5% 2.7% 13.6%

Total 67.3% 77.7% 64.4%

we show further below. Masses and mixings, which become relevant in the phenomeno-
logical analysis, as well as the values of the above observables are given in Tab. They
have been obtained using micrOMEGAs 2.4.1 with the standard CalcHEP [164] implemen-
tation of the MSSM. In addition, we adopt some slight changes on the CalcHEP model
files to render the evaluation of the higher-order corrections numerically stable. They are
discussed later in the context of the corresponding higher-order corrections, when their
motivation becomes clearer. However, it turns out that these changes do not have a large
impact on the final result.

In order to better understand the origin and impact of the radiative corrections in our
scenarios, we dissect all scenarios and show which processes are of particular impor-
tance in which parameter point. We therefore present the contributions of the different
(co)annihilation channels to the thermally averaged total cross section in Tab. where
channels have to contribute at least 1% to (oegv) to be listed. One sees that especially
stop annihilation can largely contribute to the relic density covering a broad variety of dif-
ferent EW SM-final states. Hence, it is apparent that the full set of processes presented in
Egs. — can become relevantﬂ We also show all remaining, sizable contributions
to (oegv), which are not corrected in this work as they do not subsume under the pro-
cesses listed in the Eqgs. (4.8]) to in Tab. Furthermore, as in the case of gaugino
(co)annihilation, in Tab. we present a decomposition of the tree-level cross sections
considered into the different subchannels as given in Fig. We group the contributions
from quartic couplings (contribution denoted as @), s-channel scalar exchange (denoted
ss), and the squark exchange in the ¢- and u-channels (¢/u). The vector contributions sy
to the s-channel is absent in Tab. as they turn out to be negligible within our reference
scenarios (see below). The corresponding contributions from the squared matrix elements
are denoted as Q X @, sg X sg and t/u x t/u, while the interference terms are denoted as

5The case of fermionic final states is a bit more peculiar and is discussed further below. However, it turns
out that even these final states can contribute sizeably, e.g., in the vicinity of s-channel resonances.
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Table 4.8.: Most relevant (co)annihilation channels which are not included within the cor-
rections of this work for the reference scenarios of Tab. L5l Channels which
contribute less than 1% to the thermally averaged cross section are not shown.

Scenario Ia  Scenario Ib  Scenario 11

Wt — Ut 10.8% 5.3% 1.4%
Wt — gt 5.8 % 2.8% 6.3%
Wt — 7t 1.2% 1.7% -
1?1{1—> tt — — 7.7%
tity — R 1.5% 1.0% -
thity — H% - 1.3% -
tht; — g — - 1.8%
tity — bb 1.5% 1.6% -
thiy — 5.3% 1.5% -
thty — g9 4.3% 3.9% 12.3%
Total 30.4 % 19.1% 29.5%

Q x sg, Q@ xt/uand sg xt/u. Negative values again refer to destructive interferences. The
percentages in Tab. are obtained for the center-of-mass momentum of the incoming
particles pcyn = 200 GeV, which is roughly the region where the thermal distribution in
the integrand of Eq. peaks for the scenarios presented here. All calculations are
performed in the 't Hooft-Feynman gauge. Moreover, we follow the treatment of external
vector bosons as presented in App. B of Ref. [178] and App. C of Ref. [179]. Hence, we
replace the sum over polarizations of final-state vectors by —g,,, and add the contributions
of Goldstone bosons and Faddeev-Popov ghosts to correct for the corresponding wrong
counting of physical polarization states. Before we turn to the discussion of the unique
characteristics of each of the three representative scenarios, we firstly give some more gen-
eral statements. First of all, note that since the incoming scalar-antiscalar configuration
is C'P-even and since all relevant interactions are C'P-conserving, every intermediate and
final state has to be C'P-even, too. This limits all possible final states such that pseu-
doscalar Higgs bosons can appear only in pairs or together with a suitable vector boson
and are otherwise partial-wave suppressed (see Tab. . The same argument prohibits
any exchange of pseudoscalars in the s-channel. Finally, any s-wave annihilation through
the s-channel exchange of vector bosons is forbidden due to conservation of total angu-
lar momentum (see Tab. , whereas p-wave annihilation through the s-channel vector
exchange is possible but again partial-wave suppressed. These statements follow solely
from the general physics of the initial states and the model under consideration and are
basically scenario independent. Further scenario dependent investigations for each of the
chosen models are given in the following.

e Scenario Ia: In scenario Ia, #; annihilation into EW final states contributes by
67.3% to Qg0 h2. The dominant contribution stems from the h°hY final state (46.1%),
whereas final states that include one or more of the heavier Higgs bosons H?, A°, H*,
are already too heavy to be kinematically accessible. One also encounters a relative
dominance of the Higgs-Higgs final state over the vector-vector final states, where the
latter contribute by roughly 21% to the relic density. This dominance can be traced
back to the fact that the Higgs coupling to scalar top quarks is actually enhanced
compared to all other relevant couplings, e.g., the gauge interactions of EW vector
bosons to squarks. It is caused by a large top mass and a large trilinear coupling
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Table 4.9.: Sub-processes for the channels of Tab. contributing individually at least

0.1% at pem = 200 GeV.

QxQ Q X sg Q xt/u 85 X 89 ss X t/u t/u X t/u
Scenario Ia
4Lt — hORO 0.7% -0.2% -17.5% - 2.4% 114.6%
zZ7 2.7% -0.3% -37.7% -4.8% 4.2% 135.9%
WHw- 2.2% -0.4% -32.7% -6.1% 6.1% 131.0%
Scenario Ib
tHtr — hORO 2.1% -0.2% -32.9% - 1.5% 129.6%
hOHO - - 0.6% - -0.6% 100.0%
Z A0 - - 2.3% -21.7% 10.3% 109.0%
WEHT - - 1.8% -35.4% 32.9% 100.8%
77 5.1% -0.3% -54.5% -5.3% 4.3% 150.7%
WHw- 6.6% -1.2% -52.4% -19.2% 18.7% 147.7%
Scenario 11
hiy — hOn? 8.0% -0.4% -72.2% - 1.8% 162.7%
hOHO - - 2.4% - -0.6% 98.2%
Z A0 - - 3.0% -2.1% 1.4% 97.7%
W*HT - - 2.9% -1.8% 0.8% 98.1%
zZ7 11.9% -0.3% -92.6% -3.5% 3.1% 181.4%
WHw- 11.4% -0.3% -90.1% -3.1% 3.0% 179.2%

A; o< T3, where the large A; is needed to achieve a sizable stop-loop contribution to
myo as discussed in the previous section. This enhancement is of special importance
for the ¢- and u-channels where the enhanced stop-Higgs/Goldstone-boson coupling
enters twice. This results in large contributions and explains the overall dominance
of the ¢- and u-subchannels as given in Tab.[4.9] Although the massive vector final
states get contributions from Goldstone bosons, which give rise to couplings as large
as the usual Higgs couplings, their corresponding ¢- and w-channels contributions
are further suppressed by large propagators. This is due the fact that G° as a
pseudoscalar only couples light and heavy squark mass eigenstates. Furthermore,
the charged Goldstone boson G* connects up- and down-type squarks which, in
scenario la, leads to contributions of ¢- and u-channel diagrams where the exchanged
particle is much heavier than the lighter stop t;. This finally results in an overall
propagator suppression of the Goldstone boson contributions to vector-vector final
states relative to, e.g., the h9h° final state.

Scenario Ib: In scenario Ib, we correct diagrams that in total contribute to Q)Z? h? by
77.7%. The situation is quite similar to scenario Ia, except for the lightest stop, which
is heavy enough so that the heavier Higgs bosons are now kinematically accessible,
too. As the final state has to be C'P-even, the only additional, sizeable contributions
stem from the hHC, ZA° as well as from the W*HT final states (see Tab. [4.7).
Comparing the scenarios Ia and Ib, one encounters a shift of the main contribution
to the relic density from the R°hY final state to the R H final state. This is the most
important channel of scenario Ib contributing to Q)Z? h? by 46.6%. This shift is mainly
driven by the dominant ¢- and u-channel contributions in Tab. The special
feature of the h®HO final state is that it features mpo + mpyo ~ 2mg, . Moreover,
since the dominant contribution to any cross section relevant to ch(f h? is due to the
region /s & 2my , the final-state Higgs bosons hOHY cannot have large momenta.
For the h9HO final states, the ¢- and u-channel propagators are therefore close to
their mass shells, whereas for the h°h final state these propagators can still be far
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off their mass shells. This even outweighs the larger accessible phase space of the
hPhY pair and translates into the h® H? final state being the leading contribution.

e Scenario II: In scenario II, 64.4% of the contributions to €2 oh2 are affected by our
corrections. The mass difference between the squarks and the heavier Higgs boson
leads to the same structure of relevant processes as in scenario Ib but, in contrast to
the two scenarios encountered previously, scenario II is chosen in order that it gets
roughly equal contributions from all possible vector and Higgs boson combinations
in the final state.

In Tab. one further encounters an absence of final states containing one or more
photons. These comparatively low contributions can be traced back to the fact that the
photon as the massless (— no coupling to the electrically neutral Higgs sector) gauge
boson of the Abelian U(1) (— no coupling to any other electrically neutral gauge boson)
possesses no s-channel contributions to #1#} annihilation. In addition, since the photon can
not be longitudinally polarized, there are no Goldstone boson contributions to photons in
the final state, which turned out to be the dominant contributions to the ZZ and WW~
final states as explained above. Finally, as the photon coupling to sfermions is diagonal
in the squark mass eigenbasis, the ¢; annihilation lacks all contributions of f;-exchange in
the t- and u-channel. All together, this results in the absence of final states containing
one or two photons as shown in Tab. Any other (co)annihilation channels such as,
e.g., coannihilation with heavier neutralinos, charginos, sbottoms, etc., turn out to be
irrelevant in our scenarios Ia/b and II as the mass gaps between all these particles and the
lightest neutralino turn out to be too large already (see Tab. [4.6), which prevents these
particles from significantly altering Qﬁ) h? due to a large Boltzmann suppression (see Eq.
(3.58])).

This ends the introductory discussion of the two different sub-projects connected to this
thesis, gaugino (co)annihilation into quarks (ChiChi2qq) and squark (co)annihilation into
electroweak SM final states (QQ2xx). We now move on to the main part of this thesis,
the inclusion of the corresponding higher-order corrections of O(as) and (partly) beyond.
However, their evaluation makes it mandatory to introduce new calculational methods.
Therefore, we start with the discussion of the higher-order corrections on quite general
grounds, providing the necessary calculational tools, before we move on to the explicit
calculation of the relevant O(«;) corrections for each of the sub-projects above mentioned.
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In the course of higher-order calculations, one typically encounters infinities at interim
stages or in final results, which make it mandatory to have completely new calculational
methods at hand to render expressions numerically evaluable or to even obtain physically
meaningful results. In terms of NLO calculations, there are the prominent examples of
the so-called soft (= low momentum) and collinear (= small angle) [180] as well as ultra-
violet (UV, high momentum) [181] divergences, which are deeply connected to the arising
integrations over unconstrained momenta.

The appearance of UV-divergences makes it necessary to introduce the methods of regu-
larization and remormalization, where roughly speaking, in the step of regularization the
infinities are rendered finite by the use of a certain regularization procedure such that the
infinities manifest themselves as poles in a variable specific to the particular regularization
scheme. In the subsequent step of renormalization, these poles are subtracted by so-called
counterterms, which need to be defined within a certain renormalization scheme.

In contrast to UV-divergences, soft and collinear divergences actually appear only at in-
terim stages and can typically be made to cancel in the final result of appropriately (here
sufficiently inclusive, see below) defined observables. However, a numerical evaluation of
soft and collinear divergent amplitudes turns out to be far from trivial as the different
divergences reside in distinct integrands, which have to be integrated over different phase
spaces. As each of these integrals is ill defined, it is not possible to evaluate them sepa-
rately numerically. This makes it mandatory to follow a similar road of regularization and
clever subtraction of soft and collinear divergences as in the UV case.

5.1. Virtual Corrections and the Treatment of UV
Divergences

5.1.1. The Appearance of UV-Divergences

Due to integrations over unconstrained momenta, divergent loop integrals are often en-
countered in terms of higher-order corrections. A typical N-loop amplitude Iy can be
grasped in the generic form [12]

IN X /d4q1d4q2...d4qN ((h @ 2 QNZ) 3 (51)
(¢, — ml)...(qj — mj)...qN

with an arbitrary polynomial F'(q1,q2,...,qn), which is nonsingular in the internal mo-
menta ¢;. For every loop, there is a potentially divergent four-momentum integral, whose
divergence (convergence) may be softened (enhanced) by additional powers of g; in the
denominator from internal propagators. Roughly speaking, this integral converges if there
are more powers of ¢; in the denominator than in the numerator for every i € {1,2,.., N}.
One can then introduce the superficial degree of divergence

D = # of momenta in numerator — # of momenta in denominator, (5.2)
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Figure 5.1.: Degree of divergence D for the triangle [D = 0 — UV divergent], and the box
diagram [D = —2 — UV-convergent.

which quantifies if the numbers of factors of ¢; in the nominator outweighs the number
of g; in the denominator or not. In turn, the superficial degree of divergence of the
integrand can be related to the number of vertices and external particles (propagators)
of the associated Feynman (sub)diagram as well as to derivatives attached to the vertices
under consideration. Hence, one can express D completely by

3
D:4—Nb—§Nf—ZAm. (5.3)

Here, we introduced the definitions

A, =4—b; — %fl —d; (5.4)

as well as
e Ny := # of external fermion propagators,
o N, := # of external boson propagators,
o V; := # of vertices of type i,
e b, := # of bosons attached to the vertex of type 7,
e f; := # of fermions attached to the vertex of type i,
e d; := # of derivatives in a vertex of type i.

The artificial degree of divergence D allows to assess already at the level of Feynman
diagrams, if a NLO correction is UV divergent (see Fig. for two examples). Note
that it is well possible that a diagram ~ with D(7y) > 0 turns out to be convergent, e.g.,
because of certain cancellations of divergent parts due to some symmetries. Moreover, a
diagram with D(vy) = 0 is expected to diverge logarithmically, while there are also cases,
in which an Feynman amplitude with a vanishing degree of divergence D(y) = 0 turns
out to be convergentﬂ Hence, the superficial degree of divergence should be used with
care. A statement which one can, however, draw is the following: Diagrams turn out to be
UV-finite if D(y) < 0 for every one-particle irreduciblﬁﬁ subdiagram ~v of the particular
Feynman diagram. In addition, dimensional analysis of some Lagrangian reveals that the
quantity A; of a vertex i equals the mass dimension of the associated coupling constant
gi- Hence, following Eq. for A; < 0, the degree of divergence D becomes more and

! An example is the trivial diagram without any propagators or loops. This possesses a vanishing superficial
degree of divergence D(y) = 0 while being UV-convergent.

2The term ‘one-particle irreducible” here refers to diagrams that cannot be split into two by cutting a
single internal propagator
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more positive the more loops and, in turn, vertices one adds to a particular Feynman
diagram. This worsens the UV-behavior of the diagram by introducing new divergent
structures with every higher order in perturbation theory. Therefore, it is possible to
categorize the renormalizability of a theory footing only the dimensionality A; of their
coupling constants:

1. Super-renormalizable (A; > 0): The theory is finite with no divergences.

2. Renormalizable (A; = 0) : Only a finite number of amplitudes (substructures)
diverges such that a finite number of countertems is sufficient to render the theory
UV-finite. However, divergences occur at all orders in perturbation theory.

3. Non-renormalizable (A; < 0): Structurally new divergences arise with every
higher loop order such that an infinite set of counterterms is necessary to render
the theory UV-finite to all orders in perturbation theory.

The theories analyzed in the context of this work fall within the framework of (non-
)Abelian gauge theories, which subsume under the category “renormalizable”. Hence, it
is possible to cancel all UV divergences that we encounter at the one-loop level by the
proper definition of just a finite number of counterterms. How this is done is presented in
greater detail in Sec. further below.

So far, we have treated the general case of N-loop calculations, pointing out that these are
potentially ill defined, i.e., divergent due to contributions from the region of large internal
momenta. However, we found that not every loop diagram has to be ultraviolet diver-
gent. Nevertheless, in order to gain some physically meaningful results, the procedures of
regularization and renormalization are introduced in the following.

5.1.2. The Procedure of Regularization

After the identification of divergent amplitudes, the next step to obtain a physically mean-
ingful result is the regularization of divergent integrals.

Basically speaking, regularization is the process whereby an ill defined correction to some
amplitude gets separated into a singular (or infinite part, when the limit of the unregular-
ized theory is restored) and a nonsingular (or finite part within the original theory) part.
The regularization schemes relevant to this work are the so-called Dimensional Regular-
ization (DReg) and Dimensional Reduction (DRed) [182] schemes. These regularization
schemes turn out to be especially appealing within the work presented here as they can
be either used to regularize UV as well as soft and collinear divergences simultaneously.
They will be presented in greater detail in the following.

Using DReg or DRed, the integral Eq. (5.1) gets analytically continued from four to D < 4
(UV) or D > 4 (soft and collinear) spacetime dimensions

[t =t [ aPa. (5.5)

In Eq. , we have introduced an additional mass scale i, the so-called renormalization
scale, which is needed to keep the mass dimensions on the left and right hand side equally.
In the UV region, these regularization methods are inspired by the fact that lowering the
dimension of the integrand can render an initially divergent integral finite, e.g.,

o0 1 3 . . & 1 2 . . .
/a T—2d r — linearly divergent, /a T—Qd r — logarithmically divergent, (5.6)
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|
/ r—zdr — finite. (5.7)

Going from four to D < 4 dimension, this results in poles of the form 1/(4-D) in order
that infinites get restored in the limit D — 4. On the other hand, this argument can be
turned around yielding a lift of soft divergences ¢; — 0 for the exchange of some massless
particle ¢ if the powers of ¢; in the numerator are raised using D > 4.

Although physically rather unintuitive compared to, e.g., the cutoff-scheme [12] or the
Pauli-Villars scheme [183], the methods of DRed and DReg are especially appealing as
they neither violate Lorentz invariance nor the Ward-Takahashi or Slavnov-Taylor identi-
ties (the quantum field theoretical manifestation of (non)Abelian gauge symmetries) nor
unitarity of the S-matrix (at least in the non-super-symmetric case (see Ref. [182])). Even
though DReg and DRed both work in D # 4 dimensions, there is still an important dif-
ference between these two regularization schemes. As we work within supersymmetric
models (up to some explicit SUSY breaking), observables are expected to be symmetric
under the exchange of bosons (fermions) and their corresponding fermionic (bosonic) su-
perpartners. This makes it mandatory to treat (s)fermions as well as (s)bosons equally
within the considered regularization scheme. Whereas in DRed vector bosons as well as
fermions are understood as four-dimensional objects, this is not the case within DReg, in
whose terms vectors are taken as D = 4 — 2e-dimensional. Hence, within DRed, the four
dimensional vectors can just be decomposed into a D-dimensional object plus so-called
e-scalars [184] to draw the connection to DReg. As in DRed, DReg keeps all fermions in
four dimensions so that these e-scalars turn out to be the only difference between these two
regularization schemes. However, the different treatment of fermions and vectors within
DReg results in a mismatch between bosonic and fermionic degrees of freedom (more
explicitly, between gauge bosons and their corresponding fermionic superpartners, the so-
alled gauginos) and, in consequence, to an explicit though somehow artificial breaking of
global SUSY invariance. Although this mismatch within DReg can indeed be corrected
via the introduction of supersymmetry restoring counterterms, whose existence is always
guaranteed by the renormalizability of supersymmetric gauge theories, their evaluation
turns out to be quite involved as these counterterms do not originate from multiplicative
renormalization as known from the typically encountered UV-counterterms [185] (see Sec.
below). Hence, DRed is typically used to calculate higher-order corrections within
supersymmetric theories. The treatment of DRed can now be specified as follows:

e All four-momenta, space time coordinates and the metric tensor g, are analytically
continued to D = 4 — 2e dimensions (e.g. g}, = D).

e The Gamma-matrices v* are still 4 X 4 matrices with the anti-commutation relation
{v*, 7"} =29"1.

e All vector bosons as well as all fermions are kept in four dimensions.

Note that the definition of ~5 in D dimensionﬂ is quite peculiar [186]. The problem can
be traced back to the incompatibility between the anti-commutation relation

{+*,715} =0 (5.8)

and the relation
Tr(y" 9"~ 75) # 0 (5.9)

3~5 is needed in the context of theories, containing chiral fermions such as the EW part of the SM.

96



5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

in D # 4 dimensions, where the latter is often considered to be mandatory to find
Tr(y# "7 75) = 4ie™?? (5.10)

in the limit D — 4. Here, we follow a strategy outlined in [186], called the quasi self-chiral
scheme, where the “naive dimension regularization scheme” (NDR) is used. Hence, we
keep the anti-commutation relation Eq. but drop the trace relation Eq. To
complete this section about regularization we finally give a first glimpse onto an actual
calculation where DReg/DRed is used.

The starting point is the potentially soft as well as UV divergent-expression

p, 1
/d it (5.11)

which may arise within a Feynman diagram by the propagator of some massless boson,
e.g., a gluon (a = 1). After the so-called Wick rotation of the four vectors’ time component

qo — iqo, (5.12)

which corresponds to a transformation from Minkowski to Euclidean coordinates, Eq.

(5.40) takes the form
1 1
dPq =i(-1 a/qu. 5.13
J g =i [ 1)
The subscript E stands for a vector in an euclidean space (qg - qg = Z?:o q%z) As the

integrand of Eq. (5.41]) does not depend on the angles, one can already perform the angular
integral over the D-dimensional solid angle. This simplifies to

Q / a0y = 27 (5.14)
D — D — . .
Qp I'(D/2)
In Eq. (5.14)), the definition of the I'-function
I'(z) :/ dt t*7te™t, (5.15)
0
valid for R(z) > 0, has been used. By further substituting
9B = qp (5.16)
Eq. (5.13) can be brought to the form
1 7TD/2 0
dPg—— =i(-1 a/ dgZ (g3 )P/ 1, 5.17
] it =V e, b 47

From Eq. , it can be deduced that the integral is ultraviolet divergent for D > 2«
and soft divergent for D — D’ < 2«. This means that there is no region in D, where the
integral can be properly defined. Therefore, one can split the integration into two regions
g% > A? and ¢4 < A?, as

7.‘.D/2 A? 00
/qu(q;)a =iV 5 </0 dq%(q%)D/z_l_“Jr/A2 dq?;(q%)D/z_l_a) (5.18)

4Note that, since traces of this order in the gamma-matrices appear in our case only in 2 — 2 calculations
with the rank-four Levi-Civita symbol contracted with external momenta, these expressions yield zero
anyway due to conservation of total momentum.
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After performing these two integrations separately, one is left with

1 orD/2 [ AD'-20c  AD-2a
/qu = i(—1)" =" - (5.19)

(¢*) (D/2) \ D'—2a D -2«

7.[.2—5 A—2€IR A—QEUV
=i(-1)“ — 5.20
i=1) I'2-—e < €IR €UV ) (5:20)
where
4—-D

CIRUV = —5 (5.21)

has been introduced. One sees that in the limit D, D’ — 4, these two kinds of divergences
actually cancel each other, yielding

4 1 _
/d T = 0, (5.22)

which justifies the definition

D 1 _
/d Iz =0 (5.23)

in D-dimensional calculus for any a. This integral, which is proportional to the scalar
integral Bg(0,0,0,) (o = 2), which will be introduced later, serves as a first example of
dimensionally regularized soft and UV divergences.

In the next chapter, we discuss the appearance and treatment of UV divergences in the
context of NLO calculations. There, we outline one of the most important calculational
methods used within this work, the so-called Passarino- Veltman-reduction.

5.1.8. The Passarino-Veltman Reduction

As already mentioned above, the DM@NLO project is primarily concerned with the effect of
NLO corrections. A central method in this context is the so-called Passarino-Veltman-
reduction [168]. Its central statement is that it is possible to decompose an arbitrary
N-point tensor-integral

N _ (27‘-#)4_D D Quy---Aupy
Tul,y2,,..,uM(p17"‘7pN*17m07'”7mN71) - in2 d qDODl..i,DN,1 (524)
with
Do = (¢* —mg +i€), Di=((qg+pi)*—m;+ie) (i=1,..N—1) (5.25)

as shown in Fig. into a finite collection of scalar integrals named Ag, Bg, Co and Dg.

Defining
4-D
/:: W/qu, (5.26)
q

im2
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Figure 5.2.: Feynman representation of N-point tensor integrals. Figure taken from Ref.
[55].

these scalar integrals take the form

1
Ao(mp) = /qu, (5.27)
q Do
1
Ba(p2. m2. m?2 :/ D 9
0(p1>m0am) qd qD()D17 (5 8)
1
C 27 _ 27 27 2’ 2, 2 :/dD ’ 5.99
o(p1, (P1 — p2)°, p3, M, M7, Mm3) . qiDoDng ( )

DO(p%7 (p2 _p1)27 (p3 _p2)27p§7p37 (pl _p3)27m37m%7m§)m§) =

1
dPg— 5.30
/q “DoD1Dy Dy (5:30)

where we have chosen the arguments of the scalar integrals in close correspondence with
Ref. [207] following the convention depicted in Fig. The starting point of the Passarino-
Veltman reduction is the decomposition of an arbitrary tensor integral T* (i=1,2,3,...) in
terms of Lorentz-tensors of appropriate rank, e.g.,

B = p' By, (5.31)

CcH = plfcl +p502, (5.32)

ARV — gt A, (5.33)

B" = g" Boo + py'p{ B11, (5.34)

CM = g" Coo + PPYC1 + (PIP5 + PYPh) Crz + phps Caa, (5.35)

with the redefinition T — A, T? — B, T3 — C, T* — D, ... corresponding to one-,
two-, three-, four-, ... point tensor—integralsﬂ Here, A;, B;, B;j, ... can be understood

as coefficients in a basis expansion of the N-point tensor-integral spanned by all possible
Lorentz tensors, which can be symmetrically (under the exchange of Lorentz indices)

®Note that for a consistent use of the tensor decomposition Eqs. (5.31) to (5.35)), one has to fix the signs
of the momenta according to the signs in the propagator D; of Eq. (5.25), e.g., p1 — —p1, where the
latter depends on the assignment of momenta to the particular Feynman diagram.
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composed out of the external momenta p!' and the metric tensor g””ﬂ These A;, B;, Bij,

defined in Eq. and following contain the integrations over the unconstrained
momenta ¢; of Sec. and can be fully reduced to the scalar integrals Ag, Bg, Co and
Do mentioned above (see e.g. [181] for explicit examples). The steps to follow here are
basically

1. Contraction of the tensor-integral with all possible tensors of appropriate rank which
can be build from external momenta and the metric tensor.

2. Extension of the arising numerator in the contracted tensor-integral to cancel prop-
agators in the denominator.

3. Solve the arising system of linear equations from the different contractions of point
1 for the tensor coefficients.

For example, B* of Eq. (5.31)) can be decomposed into the scalar integrals Ao and By
as follows: First of all, one has to contract Eq. (5.31)) with p;,, the only Lorentz-vector
available, as stated under point 1. This yields

piB = / P1q .
g (@@ —md)[(q+p1)? —m?]

The next step, following point 2, is a clever extension of the numerator of the integrand
to cancel propagators in the denominator

/ [(q+p1)? —m}] — (¢* —md) — (B} — m} +m])
g 2(q? — m)[(q + p1)? — m3]

(5.36)

piBy

_1/ 1 1/ 1 1/ p} —mi+mj (5.37)
2Jga*=mi  2Jg(a+p)?—mi 2J,(®-mdlg+p)?-mi]

This finally results into a decomposition of the tensor coefficient By in terms of the scalar
integrals Ag and Bg of the form

1
Bi(p, mo,m1) = 22 [Ao(mo) — Ag(ma) + (pT — mi + m§)Bo(p}, mo,m1)] . (5.38)
1

The same can be done for, e.g., C*(p1, pa, mo, m1, ma) of Eq. (5.32), which results in

1
Ch 1( p? p1p2>
—— 5.39
<C2> 2 (plpz 1% (5:39)
Bo(p3, m&,m3) — Bo((p1 — p2)?,m1,m2) — f1Co(p?,p3, m3, m3, m%))
BO(p%v mg7 m2) - BO((pl - P2)27 my, m?) - f2CO(P%ap%7 mga m%7 mg)

with the definition f; = p? —m? +m3 (i = 1,2).

Via dimensional analysis of their integrands (see Sec. , it turns out that both Ag and
By are UV divergent. Hence, Feynman graphs, which contain N-point integrals that can
be ascribed to some linear combination including any of these two integrals, are actually
ill defined. In the next chapter, we will discuss the actual calculation of some of the scalar
integrals defined in the Eqgs. — and show how to explicitly single out their UV
divergent parts.

5The appearance of the Levi-Civita symbol turns out to be forbidden by the symmetry of the integrand
under the exchange of different momenta.
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5.1.4. The Scalar Integrals in Dimensional Regularization

In the following, we present the explicit extraction of UV-poles for the scalar integrals Ag
and Bg within DRed/DReg .
The starting point in the calculation of Ag Eq. (5.27) is the integral

1
In= [ dPqg—s——— 5.40

N / P—Aatiov (5.40)
which for N = 1 reduces to Ag except for a factor (2ru)*=P/(in?). After the Wick
rotation of the four vectors’ time component, Eq. (5.40) takes the form

. 1
Ay = z(—l)N/quE

— 5.41

where the subscript E stands for the euclidean metric (¢g - qg = Z?:o qZEl) as already
introduced above. The angular integral over the D-dimensional solid angle can again be
performed following Eq. (5.14)). Substituting

gp = qh =1 (5.42)
followed by
x — y(A —ie), (5.43)
Eq. (5.41) then takes the form
~D/2 oo yD/2-1
Ag =i(—-1)N A —ie D/2N/ dy-—~>——. 5.44
o, Yare 40
This can be solved using the Beta function
> r(D/2)I'(N —D/2
B(D/2,N — D/2) := / dy yP/21(1 4 )N = TP /2 (5.45)
0 I'(N)
such that one ends up with the important result
Iy = i(—l)N/an/QM(A —ie)P/2N, (5.46)

I'(N)

where again [ x Agp.
To finally evaluate the poles of Ag in the limit D — 4, one still needs to know the behavior
of the I'-function I'(z) for z — 0. In this case, the I'-function can be expanded as

1

2
I(z) = S e + % <7%3 + 6) z+ 0(2%) (5.47)

where g is the Euler-Mascheroni constant. Together with the useful identities

(14 2) =2I'(2), (5.48)
I'(1—2z2)=—2I'(—2), (5.49)
T(1/2) = V7, (5.50)

these are all ingredients needed to identify potential singularities in the definition of Ag.
Hence, after setting D = 4 — 2e and N = 1, the expansion in € of Eq. (5.46) up to terms

of O(e) results in
2

Ao = m? <A —In <m u; ie) +14 O(e)> (5.51)
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with .
A = - — g+ In(4n), (5.52)
€

which reveals a single UV-pole in the four-dimensional limit ¢ — 0.

Solving the scalar integral Bg as defined in Eq. turns out to be more involved.
As it includes some new tricks in its evaluation, we sketch the most important steps in
the estimation of its UV-pole structure in the following. Making use of the so-called
Feynman-trick

! /1d day & f: 1 (n = 1)t (5.53)
_— = z1...dx,, T — .
A1As. A, 0 ! — [1‘1A1 + 2949 + .ZL‘nAn]n

for n = 2, it is possible to bring the integrand of Eq. (5.28) to a structure of the form of

I Eq. (5.40)

1 1 »
= /[ d 2 _m2iie)(1— 2 2 =
DuD: /0 :c{(q mg + i€)(1 — ) + [(qg + p1) m1+15]a:} (5.54)
1 —
- / da;{ (¢ + ap1)? —2®p] + x(p] — mi + mg) — m —1—2'6]} : (5.55)
0
=q’ ——A

Hence, By can be rewritten as

9 4-D 1
By = (72/;)2/ dfv/qu'(q'2 — A+ie)2. (5.56)
0

=I2(A)

One can now use the result Eq. (5.46) and following to separate the UV-pole, which results

in
1 2,2 2 .02 2 2 _
Bo=A —/ d In (z pi = (@ s my) + My “) +0(e) (5.57)
0 H
with A as defined in Eq. (5.52]). After a somehow lengthy calculation of the z-integration
and clever grouping of logarithms, Eq. (5.57) can finally be brought to the concise form

2 2
mom m§ —m ml
Bo(p%,m%,m%):A—ln( 0 1)—1—2—1—0211n

2

H b1 mo
\/A(p%’mg’m? - dime [m (1 - 1) I (1 - 1) ] +O(>e) (5.58)
2p7 T T2
with
T12 = 2;% <p% —mi +md + \/(p% —m2 —m3)? — 4m3m? + 4ip%e> . (5.59)

This completes the calculation of Byg.

However, in many cases general solutions such as Eq. do not provide reliable results
for arbitrary argument sets as they do not smoothly converge, e.g., in the limit when
certain masses are zero or become equal (compare, e.g., Eq. and Eq. (5.58)). In
these cases, one has to step back from Eq. and recalculate the parameter integral Eq.
with this new parameter set. Hence, another difficulty beside the actual calculation
is to cover all special solutions of scalar integrals Egs. - for the different
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argument sets needed in the NLO calculations. An extensive collection of scalar integrals
for various parameter sets can be found in Refs. [188-190]. The ones we need have been
implemented within the DM@NLO-package and cross checked with the publically available
code LoopTools [187]. Note that the correct comparison of DM@NLO and LoopTools makes
it mandatory to include a conversion factor

1+ 722 /6

T(1+ €)(4m)e (5.60)

Here, the part o< €2 becomes relevant only if the integral under consideration contains
double poles due to simultaneously soft and collinear divergent terms. This turns out to
be relevant, e.g., for integrals needed in the implementation of gaugino annihilation into
light /massless quarks extended by a gluon exchanged between the final-state quarks. Such
integrals arise in the context of ChiChi2qq.

5.1.5. Renormalization

So far, we have described the regularization of divergent integrals and identified the form
of the arising singularities. The final step left is to render the initially ill defined Feyn-
man amplitudes UV finite, even in the limit of a removed regulator. This is done via
so-called multiplicative renormalization, in whose terms the arising singularities get com-
pletely absorbed into so-called bare couplings, wave functions, mixings and masses of the
initial Lagrangian Ly (in the following bare quantities are furnished with the subscript
0). This is done in a way that leaves the symmetries of the initial £y intact. The final
UV-finite Feynman amplitudes are then comprehensively expressed in terms of so-called
renormalized parameters, which are connected to the bare parameters by a multiplicative
renormalization constant [181], e.g.,

A =N ZAA*, Yo = \/Zyp, ¢o =\/Zs¢ <+ Renormalization of wave functions,

(5.61)

mo = Zimy =ms 4 dmy + Renorm. of fermion masses, (5.62)

mab = 75 m? =m? + om} < Renorm. of boson masses, (5.63)

Ao =2ZHA=A+6A < Renorm. of coupling constant, (5.64)

Oy = Zp® =0 + 00 < Renorm. of mixing angles. (5.65)
The perturbative expansion of the renormalization constants

Zi=1+6Z;=1+0(\) (5.66)

(in this case A — as) leads to the introduction of new terms in the initial bare Lagrangian,
the so-called counterterms

Lo = £0|A0_>A7¢0_>¢,_” + oL . (5.67)
=Lren counterterms

These counterterms, collectively summarized as dL£ in Eq. , are defined in such a
way, that they exactly cancel the previously encountered UV singularities of Sec. [5.1.4]
order by order in perturbation theory. As this requirement only fixes the counterterms
up to some nonsingular part, their complete form is freely adjustable to a certain extent.
A specific choice for these nonsingular parts corresponds to picking a certain renormal-
ization scheme. In the subsequent sections we make use of a mixture of the two schemes
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called on-shell and DR renormalization schemes, leaving us with a hybrid on-shell/DR
scheme, which shares some important features with a renormalization scheme previously
introduced in Ref. [191]. The on-shell and the DR renormalization scheme are presented
while we go through renormalization of the different particle sectors of the MSSM relevant
to this work.

These new terms in 6L result in an extended set of Feynman rules, which can be under-
stood as new sorts of interactions. They hence leave us with an additional set of diagrams.
These new diagrams supplement the set of Feynman diagrams as derived form Ly, whose
Feynman rules match the Feynman rules of £y, but with all parameters replaced by their
renormalized counterparts as defined in Egs. — . In the following, we mark the
insertion of counterterms within a Feynman graph by a cross (see, e.g, Fig. . Finally
note that it is far from trivial that all arising divergences can be entirely absorbed into
the available parameter set of the bare Lagrangian order by order in perturbation theory.
Theories that fulfill these criteria are called renormalizable as already discussed in Sec.
Fortunately, nature seems to favor renormalizable theories.

The Quark Sector
The bare Lagrangian of the massive quark sector takes the form
LI = o35 (9 — Mo ) 0,05 (5.68)

where i, j are indices in generation space and account for potential flavor mixing. We
can now substitute the bare fields and the bare mass in ﬁguark by their renormalized
counterparts via the replacements

1 1
Q. — (i + §5Z%LPL + 552;1]#““173,%)(17, (5.69)
mQO,i — in + 6mqi7 (570)

which can be deduced from Eq. (5.61) and Eq. (5.62)) together with Eq. (5.66]). Hence, we

introduce distinct renormalization constants for each chirality

L
) (b o Ny -
(:Ié?i 0 dij + %5Z1%3R QF

After the replacements Eqs. (5.69) and (5.70)), the bare Lagrangian Eq. (5.68)) up to one-

loop order takes the form
tk — . 1_.
L8 =303 — my)ai + 5 (5ngLPL + 5Z%RPR> gj

1_
— iqimqi (5Z%LPL + (SZ;IJ?RPR) q;

1 — . * *
+ iqﬂa ((02%5)5:Pr + (8Z277)5: Pr) a;

1_ " %
— 50", ((62%%)%,Pr + (6Z%%)5,PL) ¢;
—(5mqi(jiqi. (5.72)

-~

quark uark
Lren 6L

We fix the counterterms in 6£9%%™% within the on-shell renormalization scheme. As a
starting point serves the one particle irreducible two-point function ng (the inverse of the

104



5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

Figure 5.3.: Renormalized two-point function for quark mixing with definition of indices.

two-point Green function) depicted in Fig. It can be related to the S-matrix element
M via the LSZ-reduction formula [12]

MO = i () (p). (5.73)

Here, the hat symbolizes that fgj is a renormalized quantity containing both divergent
loop corrections as well as the associated counterterms. fgj can be expressed in terms of

the renormalized quark self energy ﬁgj
nd _ 79 (-2
% = 0ij (p — my,) + 1155(p"). (5.74)

According to the common structure of fermionic propagators, we decompose the renor-
malized self energy ITj; as

1Y (p) = pPLILG" (0%) + pPRIE" (p?) + TE°F () P + T () Pr, (5.75)

where II9L/R and T195L/5R gtand for the decomposition of f[gj into a vector (oc p) and

a scalar part (o< 1). Following Eq. 1) [19L/R and T195L/SR can be expressed by
the divergent self-energy contributions subsumed under II¢E/f and T1%5L/SE and the
counterterms from §L£IK a5

~q,L/R _ aL/R | 1 o.L/R L/Ryx
I =7 + B <5Zij +6(214 )ﬂ> ) (5.76)

N 1
e (madZEH T 4 ma,6(Z9FEY5) = dijomy,. (5.77)

The final task is to fix the counterterms within the on-shell scheme. The associated
renormalization conditions can be grasped into the form

R 0407 g, 0)lommz =R [07)] g, (0)lyomz, =0, (5.78)

R |140)] . (p) = g, (0): (5.79)

2 2 —
pi—my, 7) Mg,

The first condition Eq. taken at ¢ = j fixes the renormalized mass to the physical
mass, i.e., to the real part of the propagator pole, requiring any real mass correction to
vanish at p? = m . For i # j, Eq. (5.78]) prohibits any mixing of different quark flavors
induced by the self energy graphs collected under II ( 2) for Hq (p?). Finally, the second
condition Eq. - requires the real part of the propagator re51due to be one. Plugging

the Eqgs. (5.74]), (5.75]), (5.76) and (5.77) into the Eqgs. and (| -, one finds that
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the above on-shell renormalization conditions adjust the counterterms to

1 L R SL SR
omQS =R [ma, (MG"(m2) + 18 m2)) + 155 (m2) + 15 (m2 )|, (5.80)

VAR :M%[mingﬂ F(m2,) + mgmg, Y (m?2)

+ mg IS (m2 ) 4 my, 11T SL(mgj)} for i+ j, (5.81)
S(ZHRQS =) — i 2 ) + 2,; (SR 2 ) — TS 2 )|

—my, aap2 [ (1% + T (p2) ) 4+ 15 SR )

I )] (5.82)

p2=m2, }

The Egs. - fix all the counterterms in §£9¥ yielding a UV-finite result
with all renormalization constants defined in the on-shell scheme. Since we do not take
the mixing of different flavors into account one can set i = j , e.g., in Eq. in the
following. Furthermore, due to the renormalization condition Eq. , this mixing is
not reintroduced by higher-order corrections.

After this general introduction, we move on to the actual renormalization of the up and
down type quarks. The wave function renormalization follows from the Egs. and
(5.82). However, due to the different characteristics of the quarks, we choose to renormalize
their masses within different renormalization schemes.

Due to its relatively large mass, the top-quark decays quickly after its production and,
hence, cannot form any bound states. Its mass is directly measurable such that it seems
reasonable to fix the renormalized mass to this physical mass (m;)°° = 172.3 GeVIZ] using

of the on-shell scheme Eq. ([5.80))
1
omPS = SR [me(G (me) + T (me)) + 157 (me) + 10457 (me) | (5.83)

The situation turns out to be quite different for the bottom quark, which happens to
be long-lived enough to hadronize. Its mass cannot be directly measured but needs to
be deduced within a certain theoretical framework. We therefore choose to renormalize
the bottom mass as well as all quarks of the first and second generation within the DR
scheme related to the use of DRed as introduced in Sec. [5.1.2l The DR scheme fixes the
counterterms by the simple requirement that they have to subtract A as defined in Eq.
from the radiative corrections. It takes the general form

DR osCr

dmg " = (=2) g

_J

mPRA, (5.84)

Note that Eq. MD vanishes in the limit of a vanishing quark mass my — 0 (see chiral
symmetry, Sec. [2.2.1)). Quark masses of the first and second generation are renormalized
within the D R-scheme. However, these only become relevant in the context of ChiChi22qq,
where we set the DR masses of the u-, d- and s-quark to zero. We keep the charm quark as
massive only, where we use the M S-mass throughout as provided by micrOMEGAs (see SPA-
convention). This slight numerical inconsistency does not spoil renormalization. Moreover,
it has no large impact on the final result due to the smallness of the charm-quark mass

"Note that the top-mass renormalized in the DR scheme yields mP® = 161.6 GeV, which is quite a
difference.
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compared to the top-quark massﬁ and the relevant energy scale of the processes under
consideration.

The treatment of the bottom quark mass my is more elaborated and deserves our special
attention. Its evaluation is therefore outlined in the following section.

5.1.6. The Treatment of my,

In the following, we provide a quite careful treatment of the bottom quark mass. This is
motivated by the fact that its mass appears in the bottom-Yukawa coupling, which enters,
i.a., the s-channel Higgs exchange for gaugino (co)annihilation into bottom quarks. As
this channel can yield large contributions to the total (co)annihilation cross section of
gauginos, for example within the so-called Higgs-funnel regions as discussed in Sec. a
precise estimation can be of great importance for an accurate evaluation of QX?.

The mass parameter my(my) is typically extracted in the MS renormalization schemeﬂ
from the SM analysis of T sum rules [192]. To obtain the corresponding DR value within
the MSSM taken at a scale u = @Q (typically Q~ O(1 TeV)) from the MS bottom mass
calculated within the SM at the renormalization scale y = my, one has to go through the
following steps of recalculation:

my SN (mg) S S NQ) B M@ B M Q). (5.85)

In step (1), we use the SM three-loop renormalization group equation for five active quarks

flavors to evolve the bottom mass from the scale my to the scale @ [193], which leaves

us mé\/IS’SM(Q). In a second step, we convert m?ﬂs’SM(Q) to the corresponding DR mass

using the two-loop relation

.2 —
DR,SM _ MS,SM el o\ 11 a1, 3
my, Q) = my Q) [1 220t ( x ) 1020ACF T\ qOF T 50alr

(5.86)

ae\2 (3 9 1
— — —CfrT
+ ( ) <320F+ 320F an> +

™

as provided in Ref. [194]. The dots indicate corrections of higher orders, which are not
relevant here, n is the number of active quark flavors and Tr = %, Cp=3aswellasCp =
4/3 are QCD colorfactors. In Eq. , we have also introduced a so-called evanescent
coupling a.. It arises due to the decomposition of the four dimensional gluon as common to
DRed into a D-dimensional part and an e-scalar a9 gq — asg(D)(jq+aeeg(jq as mentioned
in Sec. There, it was stated that the contributions of e-scalars just account for the
difference between DRed an DReg in order that their appearance in Eq. is not
unexpected. a., taken in the SM, now relates to the strong coupling renormalized in the

8 Due to m¢/me ~ 40, resonant annihilation through a s-channel Higgs into up-typ quarks is, at least for
the scenarios relevant here, always dominated by the top quark contribution.
9The MS renormalization scheme is the pendant of the DR scheme but for DReg instead of DRed (see

Sec. .
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Figure 5.4.: Sample of top-quark and SUSY-QCD corrections to the bottom mass up to
two-loop. Fig. taken from Ref. |195].

DR scheme in the MSSM via [195]

DR,MSSM s

Qe = Oy 1+
i=1,2 Mg — Mg,

DR,MSSM 2
ag L, Cy mg.

g qi

. m?
+4F< (-1—2L§+2Lqi+(—L§+Léi>m2_q;n2>
1=1,2

m2
X —5—— 4 (=3 —2Lj) + O(e)) H : (5.87)

Mg — Mg,
Here, we make use of the shorthand notation L; = In(Q?/m?) and, again, € = (4 — D)/2.
The third and last step in Eq. involves the conversion of the bottom mass calculated
within the SM with ny = 5 light quarks to the bottom mass estimated within the MSSM
with ny = 6. This step requires the addition of threshold corrections to the bottom
mass from top quark as well as from SUSY-QCD loops as depicted in Fig. Following
Ref. [195], this can be achieved using

mPPSM(Q) = ¢, PSS (@) (5.88)

where the coefficient ¢, , expanded in terms of the strong coupling, takes the form

DR
Cmb = 1+ (%)
T

The one and two-loop decoupling coefficients Cél) and (the very lengthy) CIEQ) can again

be found in Ref. [195]. After inverting Eq. (5.88]), we are finally left with the required

m?R’MSSM(Q), which has been used throughout our analyses. Note again that we do not

go through this procedure for the quarks of the first and second generation.

s

PR 2
c§1)+<o‘s >g§2)+0(a§;). (5.89)

This ends the discussion of the quark sector of the MSSM. Before we go on and provide
the same for the squark sector, we shortly discuss how to improve on the bottom-Yukawa
coupling by the incorporation of additional higher-order corrections providing a short view
on the use of effective couplings.

The Effective Treatment of the Bottom-Yukawa Coupling

As already explained above, the bottom-Yukawa coupling can become phenomenologically
important so that its exact calculation is of large interest. The bottom Yukawa coupling
can be improved via the inclusion of additional higher-order EW, QCD and SUSY-QCD

108



5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

corrections. Leading QCD and top-quark induced corrections are known up to O(a?) [196]
up to date. These corrections can be included in the form of an effective Yukawa coupling
via

(et Q)]" = [WEH(Q)]" [1 + Agco + A (5.90)

for each Higgs H=h", H?, A°. The QCD corrections Agep are explicitly given by

s 17 o}
Aqep = —22¢) er)cF4 + 0‘752@ ) [35.94 —1.359 nf}
(@)
= [164.14 — 9577y + 0.259 nﬂ (5.91)
a3 (Q) 2 3
+ 2272 [39.31 - 2209my + 9.685 0 — 0.0205m3]

The top-quark induced corrections A for each Higgs boson H read

2
Al = c,(Q)|1.57 — gln 2; + %m? ”%Q(QQ)] , (5.92)
: 2
AF = cp(Q)|1.57 — gln 7?; + %m? ”%Q(QQ)] , (5.93)
i t
[ 2 2
Al = ca(Q) %3 —lngﬂ—i—élnz me(QQ)]’ (5.94)
i t

with

a? 1 tan o 1

{Ch(Q)’ cr(Q), CA(Q)} - S7T(2Q) {‘Esmoztaunﬁ7 tan 8’ tan? B} | (599
As we provide a full O(ag) calculation, we exclude the one-loop parts from the above
corrections as they are already consistently provided by our NLO result.
It is well known that within the MSSM, higher-order corrections of the bottom-Yukawa
coupling can be enhanced for large tan 5 or large A, eventually spoiling the perturbative
series in «ay. Therefore, we include these corrections that can be resumed to all orders in
perturbation theory [165,[197]. They can be incorporated in the Yukawa couplings Eq.
(15.90) via

hMSSM,h(Q) :hIZIS:QCD?h(Q) o Ab (5 96)
b 1+ A, tanatan 3 |’ ’
hfS’QCD’H(Q) tan «
MSSM,H A\ _ %
hy @) =" A A, Ay 5| (5.97)
PISSHA () :hgs’QCD’A(Q) AV (5.98)
b 14+ Ay tan2 3 |’ '

where the resumable part is denoted by A,. Moreover, we include the NNLO corrections
to Ay, which can be found in Ref. [198]. Note that A; is also known for non-minimal
sources of flavor violation [199]. Finally, EW one-loop corrections to the bottom-Yukawa
coupling, analytically resumed to all orders, can be found in Ref. [200]. These corrections
are also part of the current DM@NLO code.
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Figure 5.5.: Renormalized two-point function for squark mixing with definition of indices.

The Squark Sector

Starting with the bare Lagrangian of the squark sector

k ~% ~ ~k ~
Lot = 11G0,i0" Go,i — m?jo%,iqoﬂ‘a (5.99)
we insert the replacements
- T 6~
Go,i — (0ij + 5(5sz)%‘7 (5.100)
2 2 2

which can be deduced from Eq. (5.61) and Eq. (5.63) together with Eq. (5.66). We find
that the Lagrangian up to next-to-leading order takes the form

k U e~ 1. 5 kA~ -
LG =0uq10" G = ma @4+ 50255 (0uG;0" G — MG 4} )

1 q\* ~x ~ ~x ~
+ 5(5Zq)ji (0,5 0" G — mE, 4} )

—8mZ. G G- (5.102)

Ve
quuark 5quuark
ren

The double index in Zgj accounts for additional mixings of squarks, which may be intro-
duced due to higher-order corrections as shown in Fig. The subscripts ¢,7 € {1,2}
indicate that we work in the basis of mass eigenstates. Like we already did in the quark
sector, we begin with fixing the counterterms in §£%9"#™ within the on-shell renormaliza-
tion scheme. i

The renormalized one particle irreducible 2-point function fgj is depicted in Fig. It is

related to the S-matrix element MY via
M1 =il (5.103)
and to the renormalized self energy ﬂ?j via

f?j = ]_2[?] + (p2 — mi)&j (5104)

A~

I1;; gets contributions from divergent loop diagrams subsumed under II;; as well as from
the counterterms in 6£59%'K Eq. (5.102) associated to the wave function and mass renor-
malization constants. Following Eq. (5.102)), H?j can be decomposed as

P o1 1 .
I (p%) = T + 5 (0° = mg )0 Z + 5 (0" — mg,)3(27)j; — 6ij0my,. (5.105)
The renormalization conditions in the on-shell scheme require the counterterms to fulfill
R {fgj(pz)\pzzm%] =R [ﬁgj(pz)yPQngj] =0, (5.106)
: 1 ~G
lim, ——— R [ng.(gﬂ)} —1, (5.107)

2 2
P %méi p qi
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5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

which adjust the renormalization constants of Egs. (5.100)) and (5.101)) to

6(m2)%% = % [ (m2)] (5.108)
2R [T12 (m2,)
8205 = M for i # j, (5.109)
qi ¢
5 8H?i P>
§(ZNP = —R ap(z)lpz—mq ] —R [Hq( )] . (5.110)

The first two results arise from condition Eq. (5.106)). They fix the renormalized mass
to the physical mass, i.e., to the real part of the propagator pole, requiring any real
mass correction to vanish at p? = mg (Eq. ) They further prohibit any mixing of

squark mass eigenstates due to the self energy graphs collected under Hq ( 2 (Eq. (5 )
5107

The third condition Eq. ( stems from the renormalization condltlon Eq. (5. It
requires the real part of the propagator residue to be one, which can be seen by looking
at the expansion of the propagator in terms of the renormalized self energy

1 1 . 1 1 IL;i(p?)
7t s () e = 5 <1+2” ~ . (5.111)

2 _ ~ — p — p — pe — pe
pT=mg,  pm =My, pT=mg Pt Mg pm=mg,

Due to the mixing of squarks, it actually turns out that the renormalization of squark
masses is not that straight forward but has to be discussed in conjunction with all other
parameters appearing in the tree-level squark matrix Eq. (2.131)) and Eq. (2.134))

2
mg, 0 _
< 0 m2, (5.112)
Ui M% + M2, (T??L — Qg sin? Ow) cos2f + m; my(Ag — p(tan B) 2 ) Ui

(A; — p(tan 6)—2T§L)mq M?L,d + QgM?Z, cos 23 sin 2w + m?h_ '

Here, we redefined A; — —Aj; to match the definitions of Ref. [147]. As stated in Sec.
the up and down type sectors of left-handed squarks are intertwined by the SU(2) -
symmetry, which leads to the introduction of a common soft breaking mass /\/lg-. Therefore,
the renormalization of both sectors has to be considered simultaneously It turns out that

from the eleven parameters M2 M, /\/l2 Ay, Az, O, O, m2 , m2 m andm , which

u17 U’
appear in the up and down type squark mass-matrices Eq. ( , only ﬁve are completely
independent and can be considered as input parameters. Hence their counterterms can
be adjusted freely. The rest is fixed by the requirement that Eq. holds true even
at the one-loop order. For the particular choice of the five independent parameters out
of the above set, it is important to think about the regions of parameters space that are
of particular interest to the analyses performed in the context of DM@NLO. As we consider
(co)annihilation of 3rd generation squarks, in particular of the top squark, which, due to
the Boltzmann suppression Egs. (3.59al) and (3.59b)), happens to be extremely sensitive
to the lighter stop-mass mtg1 it seems reasonable to take the up-type squark mass m%l
as an input parameter and to renormalize it in the on-shell scheme. We also treat the

down-type squark masses mfl and m?2 g, s input parameters and renormalize them on-

shell, whereas the heavier up squark mass m~ ,» Which is typically much heav1eIiE| and,

10The masses mg, and m; play an important role in the gaugino (co)annihilation Sec. where they
can appear in the corresponding ¢- and u-channel propagators.

At least, this is the case in the scenarios investigated here, which typically feature a large mixing
proportional to the quark mass and in turn a large mass splitting in the 3rd-generation squark sector.
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CHAPTER 5. CALCULATION OF HIGHER-ORDER CORRECTIONS

hence, less sensitive to radiative corrections, is treated as a dependent parameter. We
take the trilinear couplings Az and Aj; as input parameters since, e.g., the Higgs coupling
to squarks, which can become important to squark annihilation within the Higgs-funnel
regions of the MSSM-parameter space, depends sensitively on Az and Aj;. As it turns out
that in the on-shell scheme Aj; can be subject to potentially large higher-order corrections

1 «
0A; = p— [— (A4 — p* tan B)dmy, + ...] (5.113)

as discussed in Ref. [201], which render the perturbative expansion in oy unreliable if | A; —
p* tan 8| happens to be large, we choose to renormalize the trilinear couplings within the
DR-scheme. This leaves us with a hybrid DR/on-shell scheme with the input parameters

(m2 )05, (mle)os’ (mlzb)os’ ADR AdpR (5.114)

and the dependent parameters

ma,, Mz, M3, M% O, O (5.115)
The next step is to specify the corresponding counterterms according to the above choice.
The counterterms for the squark masses renormalized in the on-shell scheme follow from
Eq. (5.108)), whereas the counterterms of the trilinear couplings A?R (¢ € {u,d} for up
and down type) take the form

1r - - _ o _ o o _
5quR = [UﬂU{]z@m?h)DR + U§1U§2(5m§2)DR + (U5, Ufy + UﬂUz%)(m?;l - méz)é@qDR
q
omb® 2 qrrd . 2
- — (U Ufymd, + U UGymE,)] - (5.116)
q

Just like in the case of the bottom mass, the 5AquR counterterm is defined to cancel the A
defined in Eq. (5.52)) including the singularity, which arises through radiative contributions
to the trilinear couplings. The counter terms for the squark masses and mixings in Eq.

(5.116) are for i # j (ie. i=1—7=2,i=2— j=1)

pr  asCr ce ; G G § 71§
(5m2~i)DR R [((Uﬁ)Q - (Uzq2)2)2m§i - mi + (U5 Ufy — U§2U112)2m§j
+ 8mgmgUL UG — 4mZ — 4m?] (5.117)

and

DR Crec 1 — - - .
005 DR :Oés € Uq Uq _ Uq Uq Uq 2 Uq 2y2, 2
(004) AT € mgl _m% [( 21¥11 22 12)((( 1) (Ui2)%) mg,

+ (U3 = (Uh)?m,) + dmgmg(UR UG, + URUS)|. (5.118)
Here, we introduce ¢, defined by
ce =T (14 ¢€)(4m)" (5.119)

(see also Eq. for the definition of 5mqDR). As already mentioned above, the de-
pendent counterterms are fixed by the requirement that Eq. should hold even at
the one-loop order. Taking the trace and determinant of both sides of Eq. in the
up- and down-squark sector, this yields the required identities for fixing the soft breaking
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5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

masses M% and ./\/l%, ./\/l% in terms of the input parameters and other parameters of the
mass matrices such as p and tan 8, which do not receive any QCD-corrections and, hence,
do not require renormalization. However, as the corresponding counterterms never appear
in any vertex, we do not calculate them. By further diagonalizing the right hand side of

Eq. (5.112)), again for both the up- and the down-squark sector, the recovered eigenvalues
can be identified with the chosen input masses mtgl, mgl, mgz and the dependent mass
2

mg . These identities can then be used to fix the counterterms of the remaining mixing

angles O;

dmg(As — p(tan B)_2T§L +mgdA; — Ulqug(ém% — 5m§2)

(UglUf2 + UiﬂUé]z)(mél - mé)

50, =

(5.120)

The last counterterm still missing is the mass counterterm for the heavier up-type squark
dmg,. It takes the form
1 L . - -
2 = sap | (UBUD + URUS) (Uf)?m?, + (U5h)?om3,
21Y12
+ 2011 Usy (m3, —m3 )80 5 — 2madmy
— (Uf‘l)Q(Sm%l + 2mu5mu) — 2U§1U§1 (5mu(Aﬁ — p/ tan f3)
+ medAg — UﬁU{;émglﬂ . (5.121)

Using all the relations above, we finally end up with a scheme that cancels all UV-
divergences that we encounter during the calculation of the one-loop corrections to the
Born-level processes listed in Sec. 4.2 and Sec.

This section is closed with a short comment on the renormalization scheme presented
here. Egs. and make evident that the mixed DR /on-shell scheme stated

above leads to difficulties if m22 — m%l, which correspond to a small squark mixing angle

©7 — 0. Unfortunately, thereqis no renormalization scheme known by now which is well
defined for the entire MSSM parameter space. Since scenarios with light third genera-
tion squarks favor a large mixing and, in turn, a large mass splitting, the renormalization
scheme presented here turns out to be an appropriate choice for the parameter combina-
tions that we expect to encounter throughout our analyses.

Moreover, we include the wave function renormalization constant for external and internal
particles at each vertex and propagator of a Feynman diagram. Although the wave func-
tion renormalization constants for internal particles have to drop out of the final result,
this distribution over the Feynman graphs allows for a better check of our results as it
renders the vertex correction as well as the propagator corrections UV-finite separately.

Further note that we use the strong coupling aSDR’MSSM(Q) defined in the DR scheme at
scale () within the MSSM. However, since ag enters the calculation of corrections to the
processes presented in the Secs. and starting at NLO, the inclusion of the corre-
sponding counterterms is only a NNLO effect. It is therefore beyond the scope of this work.

We finally need to know how to construct the counterterm of functions V' that depend
on more than one renormalized parameter A; (i € {1,..,n}). Following the guideline of
perturbative renormalization, it turns out that these counterterms can be evaluated by an
expansion of V' in the counterterms (i.e. here in orders of «ag), which yields

"L OV (4;
SV (A1, A, ..., Ay) = 81(4‘ )

SA;. (5.122)

=1
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Examples of such functions V' (Ay, ..., A,,), whose counterterms are evaluated by Eq. ,
are couplings, which may depend on masses, mixings, coupling constants, etc. as well as
propagators, which depend on the propagator mass and on the wave function renormal-
ization constants of attached external and internal particles (see statement above).

5.1.7. The Treatment of as

This section deals with the treatment of the strong coupling ag. Although certain steps in
its recalculation turn out to be of NNLO for the processes investigated herd'] we give a
concise overview of its treatment within DM@NLO for the sake of completeness. The estima-

tion of ag follows quite similar lines as in the case of the bottom quark mass my encountered
MS. SM,np=>5 2
(m7)

Q) following the steps

previously. The strong coupling is extracted from experimental data as aj

DR,MSSM,n ;=6
and, hence, needs to be converted into the required a Y

MS,SM,n =5 (1) MS,SM,ns=5 (2) DR,SM,n;=5 3) DR,MSSM,n ;=6
aNSSMns =5 2y (1) (MSSMny=5 ) (3] DRSMins=5 ) &) L Q). (5.123)
In the first step, we run the strong coupling with ny = 5 active quark flavors within the
MS scheme from the scale p = Mz up to the scale p = @ by the N™LO renormalization
group equation

das k+2
I8 = Bymro(as) = Za B (5.124)
Here, we use the shorthand notation ag = 2/[5 SMiny=5 /4w. The above expansion co-

efficients B, of the B-function of QCD at k = 3, i.e., at N°LO (= NNNLO) take the
form [202]

Bo =11 —2/3ny, (5.125)
81 =102 — 38/3n;, (5.126)
By =2857/2 — 5033/18ny + 325/54n7, (5.127)
B3 =29243.0 — 6946.30n5 + 405.089n7 + 1093 /729n7. (5.128)

In the second step, we convert the strong coupling defined in the MS scheme to its DR
value. Following Ref. [203], a5 and aP® are related by

—=\ 2
MS MS 11
Ca (O‘S ) ( c? fCFTan) : (5.129)

5 T 12 T 72

where it is implicitly understood that all couplings are evaluated at the same scale within
the SM and for ny = 5. We finally transform the strong coupling of the SM with ny = 5 to
the strong coupling evaluated in the MSSM and including top quark effects (ny = 6). To
do so, we need to correct for the different p-dependent running of o within (SM,ny = 5)
compared to (MSSM,ny = 6) up to the scale Q). Just as in the case of the bottom mass,
this is obtained at two-loop accuracy by adding the threshold corrections from diagrams

DR,MSSM Mp= G(Q) _ agull, can

full DR DR al? i 2
at =ag |1 - :r ; (2¢; — C2) | - (5.130)

12For the processes under consideration, o first enters the calculation at the one-loop order.

as shown in Fig. M This last step, which yields the final as
be written as
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Figure 5.6.: Sample of top-quark, ghost (¢) and SUSY-QCD corrections to the strong
coupling constant up to two-loop. Fig. taken from Ref. |[195].

Figure 5.7.: s- and ¢-channel vertex corrections to the gaugino (co)annihilation processes
as included in ChiChi2qq [1]. w-channel contributions can be obtained via
crossing of the corresponding ¢-channels.

The decoupling coefficients ¢; and (the very long) (2 can again be found in Ref. [195].
Although not needed here (see Sec. |5.1.6)), we finally give the resulting D R-counterterm
for af'!" for the sake of completeness. It takes the form

full

Safull = O;S—WA [ns —3C4). (5.131)

5.1.8. ChiChi2qq: The Virtual Corrections

The virtual O(ay) corrections to gaugino (co)annihilation cover all possible tree-level di-
agrams of Fig. £.2] extended by the exchange of additional gluons, gluinos, quarks and
squarks. The resulting diagrams of O(«y) are shown in the Figs. to They are
most commonly categorized into vertex- (Figs. propagator (Fig. 5.8 . box-corrections
(Fig.]5.9) and the corresponding counterterms (Flg as outlined in the Secs. |5.1.5| “ 5land
0.1.6 Thelr mathematical expressions are then contracted with the complex conjugate of
the different tree-level amplitudes in order to yield the contributions of the virtual O(ay)
corrections to the overall squared matrix element. This contribution averaged/summed
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Figure 5.8.: t-channel propagator corrections to the gaugino (co)annihilation processes as
included in ChiChi2qq [1]. u-channel contributions can be obtained via cross-
ing of the corresponding t-channels.

L G
[

q’ g
c=-

X In q

Figure 5.9.: Box diagrams of gaugino (co)annihilation processes as included in ChiChi2qq
[1]. u-channel contributions can be obtained via crossing of the corresponding
t-channels.

]
]
ql’]’l *
]
]

———'-’*ﬂ'—‘

v i

X q

Figure 5.10.: The counterterms of gaugino (co)annihilation processes as included in
ChiChi2qq [1]. u-channel contributions can be obtained via crossing of the
corresponding ¢-channels.
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over initial-/final-state colors and spins s takes the form

2R {(MBorn)TMVirt} :i Z Z 2%{ (M]S?)orn)TM;/irt + (M?orn)TMYirt

colorout Sin, out

+ (Msorn)T MXirt _ (MsBorn)T M;/irt

i (MsBorn)TMXirt _ (Mforn)TMXirt} (5.132)

1 . .
=CrNe 30 R{ (P ME 4 (M)

+ (Msorn)T MXirt - (MsBorn)T M;/irt

+ (MSBOrn)TMXirt _ (M?Orn)TMxirt}’ (5133)

where we suppress all spin correlations between each two matrix elements. In Eq. ,
we have included the relative minus signs connected to the ordering of fermion fields in
the particular amplitude according to Fig.

The general calculational method of the virtual corrections has been outlined in the Secs.
to [5.1.5] Furthermore, the corrections to the bottom mass and the effective treat-
ment of its Yukawa coupling as explained in the Secs. [5.1.5] and [5.1.6] turn out to be of
particular importance as we encounter large contributions from gaugino (co)annihilation
into bottom final states. But since the particular calculation of the virtual corrections has
not been subject to this work, we do not go into greater detail.

5.1.9. QQ2xx: The Virtual Corrections

The calculation of the virtual corrections to the processes Eq. — is one of the
main parts of this work. They are presented in more detail in the following.

For the tree-level as well as for the virtual corrections, we rely on the Born-level conventions
as shown in Fig. The contribution of the virtual corrections to the overall squared
matrix element at O(as) averaged/summed over initial-/final-state colors, spins s and
polarizations A takes the form

2%{(MBorn)TMVirt} :NES Z Z

coloriy Sout;Aout

2] [ME™ + MEor - paPom 1 ppor]!
[Mprop+Mvertexl | Avertex2 _i_Mbox}}’ (5.134)

where we suppress the Lorentz-, spin- and color structures, which connect each two matrix
elements in Eq. . We have also introduced the symmetry factor S, which accounts
for identical particles in the final state. It equals two, if the two final-state particles are
identical, and equals one, otherwise. The different Feynman amplitudes which contribute
to MVI'* are then obtained via inserting gluon, quark, squark and gluino loops into the
Born level diagrams depicted in Fig. (4.5). But there also arise additional diagrams,
which do not have a direct Born-level equivalent. Further note that we do not encounter
any gluino loops to quartic couplings (see Fig. , as a vertex with two fermions and
two bosons would possess a mass dimension larger than four and would hence be non-
renormalizable.

117



CHAPTER 5. CALCULATION OF HIGHER-ORDER CORRECTIONS

Figure 5.11.: Conventions used in the calculation of 2 — 2 processes included in QQ2xx.
p1 and po are ingoing momenta, k; and ko are outgoing. The arrows on the
outer legs indicate the assignment of particles and antiparticles (and/or the
sign of corresponding electric charges).

Figure 5.12.: Conventions used for the naming of the different types of virtual corrections
for squark (co)annihilation into EW final states as given in the Eqs. (4.8))-
(4.11)).
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We give the general form of the higher-order corrections in Fig. (5.12). There, we also
present the naming of the different O(«a;) contributions that are used in the following.

qk _
'ﬂ\ g g9
G o\ ! gi di i qj i i
el - - - > e e o
\w”
7] 4q

Figure 5.13.: The different propagator corrections that subsume under the associated gen-
eral amplitudes in Fig. [5.12

KN Gi \\2 q KN Gi \\2 q p ‘
s Vi s Vi T\
qj q; qj q;

N h dk SN NN

Fa g ;@ g L7 g T

Figure 5.14.: The different vertex insertions that subsume under the associated general
diagrams in Fig. |5.12

~ (;"'L AN - H \ ~
N - H ), N g . < NG Qe H O/ qi H,//
‘& e \ W ‘ ~ )/ \ <
g “\ Pz qu \// \/, X
)éj N ’/ Q\J /w\\‘-’, N /1* \\\
}rf H s 2 e dm H:\\ i Py HN, . TOH U~
v

Figure 5.15.: The different irreducible vertex corrections for the Higgs-Higgs final states
that subsume under the associated general amplitudes in Fig. The
u-channel contributions can be obtained via crossing of the corresponding
t-channels.

The concrete propagator and vertex insertions as well as additional NLO corrections are
shown in the Figs. to [5.18] Their calculation, regularization and renormalization
follows the explanations of Sec. [5.1} However, as these calculations have been a big part of
the work connected to this thesis, we go through the different contributions in a bit more
detail.

The Propagator Corrections

We start with the propagator corrections MP™P and MY P, which subsume under
MPIP = MPPP - METP (5.135)

of Eq. (5.134]). These can be obtained via substituting the corrections depicted in Fig.
for At and A“__ of Fig. Note that the pure gluon loop does not contribute

prop prop
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Figure 5.16.: The different irreducible vertex corrections for the vector-Higgs final states

that subsume under the associated general amplitudes in Fig. [5.12

Figure 5.17.: The different irreducible vertex corrections for the vector-vector final states
that subsume under the associated general amplitudes in Fig. The

u-channel contributions can be obtained via crossing of the corresponding

t-channels.

~oG o H ~s_@G - H . ~_G -V ) H ., »~ H .~ Vv
q - qi 7 qi - q 4 B q s q
R N N S g W
gg *q”k gg *f;’k gg Y‘k 5}53 V¢ iy ig e
Lt - L ‘e - - -
T T AT A T 4T T

Figure 5.18.: The different box corrections that subsume under the associated general
amplitudes in Fig. The wu-channel contributions can be obtained via
crossing of the corresponding t-channels.
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as it is proportional to Ag(0) = 0.

As we only encounter corrections to squark propagators that are scalars, these corrections
completely factorize from the Born-level cross sections. We can simply calculate the
corresponding expression by the replacements

MtBorn N Z (t prop)2 Pgrn — Mgrop’ (5136)
Lk Mg

MSorn N Z ( PYOP) Born Mprop (5137)
— m

e v Q@

with Mandelstam variables ¢t = (p; — k1)? and u = (p1 — k2)? (see Fig. . Note that
the squark mass eigenstate, which runs into the propagator correction, can in principle
differ from the outgoing squark mass eigenstate (see the fixing of the squark-propagator
counterterm Eq. and the subsequent discussion). Hence, one has to separately sum
over ingoing and outgoing mass eigenstates ¢ and ;. As we attach the wave function
renormalization constants also to internal lines, the full propagator corrections Eqs.

and (5.137)) take the general form (see Eq. (5.105|) and Fig.

_m2~

X T AN ~ 9 7: -
(Apmp)lk - ; [qu< N (5Zq)lm5nk - 5lm522k> 577171 + 6lm<5m(j(5mn - annn(x))énk}
2
L myg q\* q 2 7 G
=| - =5 (027 + 62, ) + omZou. - ank(@} . (5.138)

H‘j stands for the different insertions corresponding to the first three diagrams of Fig.
where we already pulled a factor i/(4m)2 out of the propagator corrections. These
insertions have been calculated as outlined in the Secs. and whereas the coun-
terterms 0Z and dm? are calculated according to Sec. Our results coincide with the
results given in Ref. [207]. Moreover, we verify that the implemented Eq. yields a
UV-finite result.

The Vertex Corrections 1

In this section, we discuss the corrections that are obtained by inserting the O(ay) cor-
rections depicted in Fig. for ASH. AV AlA AvA and AYB of

vertex’ vertex? vertex’ vertex ’ vertex vertex

Fig. |5 The AZ, iex (z € {sH,Sv,ta,tB,ua,up}) symbolize the different sorts of radia-
tive correctlons to the squark-squark-Higgs as well as to the squark-squark-vector vertex.
These enter the corresponding matrix elements

Mvertexl — M;fzrtexl +MZ$rtex1 Mvertexl Mvertexl szjtexl _|_MX(j3rtex1 (5139)

of Eq. (5.134). We can obtain the matrix elements MY*"**! from the corresponding Born
level matrix elements MB°™ by replacing the Born-level couplings in ME°™ by so-called
general couplings. These replacements in D dimensions are of the form

Srylle L Syl (5.140)

Born

for the ¢ Hqy-vertex and of the form

(VBorn)lk(pk )t ((Vvl’rt’+)lk(pk + )" + (Ve (o —Pz)“> (5.141)
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for the ql qu vertex. Note that the decompositions on the right hand sides of Eq. m
and Eq. ( are already exhaustive in terms of linearly independent Lorentz structures
of appropriate rank that can be formed out of the available Lorentz tensors. The replace-
ments Eq. and in MBe are sufficient to end up with a convenient form
for MYer*X in which we can grasp all the corrections of Fig. The expression for the
effective couplings can now be written as

(R =3 [5 (6700 + mo28,) (Vi)

i (s )]
-y [% (0270 + om0 23 ) (Vibn) |

)

((5VH - ik +

Born

(3 H,
G (5.142)
for the ¢ Hqj-vertex Eq. ( and
V7 7+ _ q\* q V7
(VV“J2 )lk - Z [5 <(5Zq)lm6"k + 5lm5ng) (VBOfn>mn

)

+ dim <(5V]_;:)7fn)mn + —— I +> 5nk:}

e
SHICATRANENTEAN
(5V]§ffn)zk i ) | (5.143)
(V\‘//iféf)lk 47r 2 Zél” mn’ Onk = (4%)2111‘2%7 (5.144)

for the ¢V gi-vertex Eq. m We have again included the wave function renormal-
ization constants Z¢ for every squark ¢ attached to the particular vertex as described in
Sec. Further note that, since the counterterms in Eq. and Eq. only
multiply the kinematic structures of the the Born-level o (px + p;)*, multiplicative renor-
malizability guarantees that all UV-poles reside in V\Xfi’Jr of Eq. lb whereas V\yiﬁ’_

remains UV-finite. The vertex counterterms 5VH/ V.

Born . (©g, Mg, ...) can then be obtained
via Eq. (5.122). There, the ©5 dependence on the squark mixing angle enters as we still
have to transform the original vertices V', typically given in a basis of squark-interaction

eigenstates, into a basis of squark-mass eigenstates according to
V =U1(0,) V (Ui(0,) (5.145)

as explained in Sec. The arising counterterms 00, dm, etc. can then be calculated
as outlined in Sec. HlH/ V%% includes the different insertions that correspond to the
first seven diagrams of Fig. [5.14} divided by a factor i/(47)2, which we pulled out of the
vertex corrections. Moreover, we decomposed the full correction according to Eq. .
All insertions haven been calculated as outlined in the Secs. and B.1.4l Note that the
contributions to HZIZ/ V£ can be calculated on quite general grounds such that only the
kinematics have to be adjusted according to the corresponding z € {s, sy, ta,tp,ua, up}.
The general results of the insertions have been cross checked completely with the results

given in Ref. [207].

122



5.1. VIRTUAL CORRECTIONS AND THE TREATMENT OF UV DIVERGENCES

The Vertex Corrections 2

The Feynman diagrams of the Figs. to differ from the vertex corrections con-
sidered before, as they connect all four external particles and, hence, cannot be reduced
to simple insertions plugged into the Born-level matrix element MPB°™  They therefore
correspond to diagrams of the type Apox of Fig. m The full contribution to MVertex2 of

Figure 5.19.: The conventions used for the calculation of general amplitudes subsumed
under MYe"**2_ Here, the momentum p; corresponds to the sum of momenta
of the two external particles attached to the same (quartic) vertex and the
arrows on the lines indicate the momentum flow.

the depicted diagrams can be written as

Mg Z 3 E <(5Z@)7m5nk + 61m522k) (Véﬂf@)mn

m,n

a Z a
+ Ot <(5v]§0§3;‘9)mn 7 4F)2H§nﬁ?> b

-5 s i) ().

)

ab), { ab
+ (Ve @)k + (47r)2ﬂl(k ), (5.146)

where we suppressed the Lorentz structure, which depends on the specific final state ab
(a,b € {H,V}). The vertices VBE @ are the quartic couplings of Fig. which are

orn
nonzero only if (a =b= H,V), and
Ve =5 [UTeN G4 (Ui(en)] (5.147)

Born Born

are the corresponding counterterms as defined in Eq. ((5.122f). Except for the counterterms,

all diagrams of Fig. to Fig. m are subsumed under Hl(Zb). According to their Lorentz
structures, these can be decomposed into the general amplitudes

HEH) = A, (5.148)
for the Higgs-Higgs final states (Fig. ,
(H(VH>)” = (Aop} + A1p}) (5.149)
for the Vector-Higgs final states (Fig. and

uv
(H(VV)) = (Aog"” + A1pip + Aop!ps + Aspip! + Asplps) (5.150)
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for the vector-vector final states (Fig. with kinematics chosen according to Fig.|5.19
Note that the above decomposition into Lorentz tensors of appropriate rank is already
exhaustive. This is because all external momenta attached to II(®®) are on-shell. Hence, we
can eliminate one external momentum via overall four-momentum conservation. Moreover,
in the Figs. to there are always at least two external momenta attached to a
single vertex as indicated by the double arrow in order that we can replace these two
momenta by their sum, leaving us with at most two independent four momenta. The
matrix elements of the virtual corrections, decomposed as in Egs. ((5.148]) to (5.150)), can
then be contracted with the Born-level matrix element following Eq. . The explicit
results for the coefficients A; (i € {0, ...,4}) are finally obtained by the calculation of the
diagrammatic expressions of the radiative corrections and decomposition of the arising
results according to the general amplitudes given above. The coefficients of the Feynman
diagrams shown in Fig. to Fig. [5.17] can be found in App. [A]

The Box Corrections

The Box corrections are depicted in Fig. [5.18 Similar to the vertex2 corrections of the
previous subsection, the box corrections connect all four external particles. The general

pl

Figure 5.20.: The conventions used for the calculation of diagrams subsumed under MPo%,

Lorentz structure of the corresponding general amplitudes is a bit more complex as we
encounter three independent external momenta, which form the general amplitudes. We
choose the following decomposition:

i

MOF5) = WAO (5.151)
for the Higgs-Higgs final states,
box \/ _ i Iz Iz Iz
(M(VH)) = 20t (Aopy + A1phy + Aaps) (5.152)

for the Vector-Higgs final states and

(Mi0,)" = e (Aag + Aupt + Aaplys + A
+ Aaph' P + Asphpl + Aephpy
+ Arphps + Asphpy + Agpgpé) (5.153)
for the vector-vector final states (Fig. , where the kinematics have been chosen ac-

cording to Fig. [5.20] The coefficients of the Feynman diagrams shown in Fig.[5.18| can be
partly found in App. [A]
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DIVERGENCES

5.2. Real Corrections and the Treatment of Soft and

Collinear Divergences

5.2.1. Kinematics and Cross Sections

In this section, we present the so-called real corrections, which are, compared to the
virtual corrections discussed in the previous sections, another kind of O(as) corrections.
Following Ref. [207], we provide a comprehensive overview of the most important formulas

and conventions used in the calculation of the real-radiation amplitudes.

In the present case, the real correction arise due to the radiation of an additional gluon
off a colored particle stemming from the original Born-level process. The nomenclature

Figure 5.21.: Conventions used in the calculation of 2 — 3 processes.

used throughout the calculations is shown in Fig. We choose the parametrization of
external four momenta according to Fig. Hence, the four momenta can be expressed

by
2 2
(1 + Hpy = Hpys 0,0, \/(1 - ”1231 o M1272)2 - 4!“1271“1%2) )
\/> 2 2
7 (1 Hpy + MPWO’ 0, 7\/(1 o /1’1271 - 'U’Z2>2)2 - 4”%1“1272) )
\2[ (xg, A /:z:?,) - 4ui3 sin ©, 0, 4 /:z:?,) - 4ui3 cos @) ,
Vs .
=5 (2t - 4,
with

fiT = (cos&sin © + sin & sin 7 cos O, sin € cos 7, cos £ cos © — sin sinnsin O) .

In the Eqgs. (5.154)) to (5.157)), we make use of the definitions

2]{}? m;

i:\/ga ,ui—ﬁ

in order that in these new variables energy conservation is expressed by

8

2=1x1+ 22 + 3.
k’; follows from overall momentum conservation

Ky =i +ph — ki — K.
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Figure 5.22.: Parametrization of the 2 — 3 phase space for p, — p1, P — po. Figure
taken from Ref. [207].

The three-particle phase space with external momenta k1, ko, k3 takes the form

4 4 4
JEEE gf)4 g f)i (‘; ﬂ’_“; (2m)6(k2 — m2,)(2m)3 (K2 — m2, ) (2m)8(kE — m2,)

O(k1)O(k3)O(k3)(2m) 8" (p1 + p2 — ki — ks — k3),
(5.162)

where (overall) energy-momentum conservation is explicitly assumed. By using the above
parametrization and integrating out the J-functions, the phase space Eq. (5.162)) can be
rewritten as

3y s 1

/ dr® = 52 @) / dz1dndasd cos ©dg. (5.163)

The corresponding integration boundaries now take the form
n € (0,27), ¢ € (0,27), © € (0,7), (5.164)
(€3)™" = 2papg,  (23)™ =1 = (ipy + p1,)” + 2tk (5.165)

and
max __ Ly 2 2 = 2\(= 2

(o) = oo |0 + i) & 403 = 42, /(7 = 1) (7 = 122) (5.166)

where we introduced the definitions
g:=2—x3, 7_'::1—353—1—#%3, Pk = [y £ [l (5.167)

Moreover, the angle £ can now be expressed by

(2 — 21 —x3)® + 4;1%1 + 4/1%3 — 4;1%2 — x% — x%

2 2 2 2
2\/361 — 4dpg, \/wg — 4dpg,
These are the basic ingredients needed for the calculation of real-radiation amplitudes
and the evaluation of the corresponding cross section or. A more process dependent
discussion is given further below, in which we consider the real corrections in the context
of ChiChi2qq and QQ2xx. In the following, we discuss the intimate intertwining between

the real and virtual corrections and introduce additional methods that are necessary to
render the full NLO cross section onp,0 numerically evaluable.

cos§ =

(5.168)
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Figure 5.23.: Radiation of a massless particle j with momentum k; off an internal particle
ij with momentum p; + k; running out of a hard process Ag(p; + k;).

5.2.2. The Appearance of Soft and Collinear Divergences

Since in this work we study the O(«ay) corrections of gaugino (co)annihilation into quarks
as well as of stop annihilation into EW SM particles, we need to know how to handle the
previously mentioned soft and collinear (or quasi-collinear) divergences connected to the
exchange of virtual gluons (see Sec. . This investigation leads to the introduction of
so-called inclusive cross sections, which cover both virtual as well as real corrections.
The cross section up to NLO can be written as [204]

O':/ dop + oNLO, (5.169)

where fm dop is the differential Born-level cross-section integrated over the m-particle
phase space (in our case m = 2) and oNL0, i.a., includes all O(ay) virtual corrections as
discussed in Sec. Considered a general 1-loop integral I (compare, e.g., Eq. (5.24])) as

it typically arises in the calculation of oviyt, we can grasp it in the form

l

= / AN (s gsma) [T (5.170)

paley (kZ —m?) + i€’

where the momenta k; are linear combinations of internal and external momenta ¢ and p;

i—1
ki=q+ Y Tinpn (5.171)

n=1

and the coefficients 7, can take the values +1 or —1 depending on the relative orientation
(incoming or outgoing) of the associated momentum. The problem of soft and collinear
divergences is now connected to propagators that can become singular in certain physical
regions of the phase space. An arbitrary propagator with nomenclature as given in Fig.

[5.23] is proportional to

o = . (5.172)

m2
Bi= 11— o5 (5.173)

If the particle radiated off the internal line is taken as massless, expression Eq. (5.172]
turns out to be divergent in the limit £; — 0, the so-called soft limit, as the denominator
in Eq. (5.172) goes to zero. If the particle ij is massless (m;; — 0), too, there is yet

Here, we define
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PL

non-coll

Pu

hard
O

Figure 5.24.: The phase space of the radiated particle, dissected into soft and collinear
regions. Figure taken from [55].

another kinematic region, where the denominator can become zero. This is the collinear
limit ©;; — 0 (cos(©;;) = 1 < kj | — 0), i.e., when the parent particle ij splits in two
particles radiated off nearly parallel to each other. Making use of, e.g., DRed, integration
over these regions of phase space introduces single as well as double poles % and 6% in
the virtual corrections, of which the latter can appear in the overlap regions of soft and
collinear singularities (see Fig. . In addition, there may arise so-called quasi-collinear

divergences, i.e., terms of the form In(™2), which can be understood as collinear diver-

S
gences, regularized by the mass of the parent particle m;;. If m;; happens to be much

smaller than the CMS energy of the associated process m;; < /s, these quasi-collinear
divergences blow up eventually spoiling perturbativity of the virtual corrections. Hence,
even after regularization of UV-divergences, the virtual corrections may still be ill de-
fined. However, there are theorems by Bloch and Nordsieck (BN-theorem) [205] and by
Kinoshita, Lee and Nauenberg (KLN-theorem) [206] which may help us out here. They
state that for a sufficiently inclusive quantity, e.g., the cross section onp,o defined as

UNLO:/ d0R+/ dovire, (5.174)
m+1 m

which covers the full O(as) corrections including both virtual (m-particle final state) as
well as real (m + l-particle final state) correctionﬂ all soft singularities of ov; can-
cel order by order in perturbation theory in the sum with poles of same analytic form
but opposite sign stemming from the real corrections or (BN-theorem). Following the
KLN-theorem, the same holds true for (quasi)collinear divergences caused by final-state
radiation, whereas in the case of initial-state radiation the (quasi)collinear regions must
be treated with special carﬂ Therefore, in principle, Eq. is finite. But this
statement is only valid after summing up both integrated parts. Note that this intimate
intertwining between real and virtual corrections is not accidental but can be inferred from

3Note that the divergences encountered here are actually physical. But since the energy as well as spatial
resolution and covering of the full solid angle around the collision point of a detector are limited,
one typically measures inclusive cross sections, which contain both virtual corrections as well as real-
radiation processes and, hence, are soft and collinear finite.

' The appearance of initial-state radiation in the collinear regime leads to momenta running into the hard
process of or, which differ from the momenta going into ovirt by the momentum of the radiated particle.
Since in the collinear region the latter may happen to be hard, the shift in the momenta can be sizable
and may lead to uncanceled collinear divergences (see Fig. [5.25). However, due the factorizability of
the remaining collinear poles as guaranteed by the KLN-theorem, these can always be separated and
absorbed into, e.g., the partition function (pdf) of an incoming Hadron.
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Figure 5.25.: Real (figure on the left) and virtual (figure on the right) corrections by radia-
tion off a particle with momentum p running into the hard process Ao (p — k)
(figure on the left) or Ag(p) (figure on the right).

the optical theorem

23 {M(prp2 = kiks)} = <H/ L . ) “(k1k2 = {a ) M(pip2 = {a})

x (2m) W (pr+p2 =Y ai). (5.175)

This relates the matrix element of internal loops with momenta ¢; to the same diagram
but cut through internal lines in any possible way (sum over n) and with every cut line put
on-shell (see also the Cutkosky cutting rule Ref. [12]). Taking p; = k; and ps = ko, the
latter can then be related to the squared matrix element of the associated real corrections.
Note again that n can correspond to any set of possible final states depending on the
chosen cut such that the real corrections are just a part of the final states on the right
hand side of Eq. for p1 = k1 and py = ko (see also App. . This motivates the
intertwining mentioned above and even allows to identify at the level of diagrams already
(more precisely, on the level of squared matrix elements), which parts of og and oy,
added up, provide a soft and collinear finite resulﬁ [181]. This is exemplified in Fig.
As a consequence of the complexity of the arising integrands in Eq. , it is usually
impossible to solve the integrations in a completely analytic way. Hence, Eq. is
typically evaluated numerically. But as in this case the m-particle- and (m + 1)-particle
phase space are again evaluated separately, the theorems above do not apply so that one
runs into the problems of soft and collinear ill defined amplitudes again. Therefore, the
numerical evaluation of Eq. is far from trivial. There are approaches that carry
out only a small part of the phase space-integrations in Eq. analytically, namely
the integration over soft and (quasi)collinear regions of the phase space, while the regular
part of the integrals is evaluated numerically. Two of these approaches are presented in
the following.

5.2.3. The Phase-Space Slicing Method

In this section, we present the so-called phase-space slicing method, which we use to render
the squark (co)annihilation numerically evaluable in the soft region.

The phase space slicing method isolates the soft and collinear divergences in the real
corrections by slicing the 2 — 3 phase space into soft, collinear, soft-collinear divergent
and regular parts using cuts AFE and A®O on the energy of the radiated gluon as well as on

15 At least, these divergences cancel up to some collinear singularities connected to initial-state radiation
as stated above.
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ky —q I Ky

Figure 5.26.: Correlation between virtual and real corrections.

the relative angle ©;; as defined below Eq. (see Fig. . Since for this work only
the treatment of the soft divergences in terms of phase space slicing is of further interest,
we solely concentrate on this case. A comprehensive study and treatment of the collinear
regime in the context of phase space slicing can be found in Ref. and references
therein.

Starting point is the splitting of the real cross section according to

or = o (AE, D) + ok (AE). (5.176)

After choosing an appropriate cut AFE on the gluon energy, all soft divergences reside
in the soft part Jf{’ft(AE, D), regularized by, e.g., DRed with D > 4 as introduced in
Sec. aﬁard(AE) remains free of any soft divergence and can, hence, be integrated
numerically without any further effort.

The main idea behind this splitting is to analytically integrate doo(AFE, D) over the
associated single gluon phase space connected to the soft singularities (see Fig. in
D dimensions by using the soft limit to simplify the integrands. The analytic integration
over the gluon-phase space then yields the expected soft divergences but regularized by the
DRed-parameter € as introduced in Ch. If everything works out as guaranteed by
the BN-theorem, these poles cancel against poles of the same analytic form but opposite
sign from the virtual corrections, such that the sum of oy and af{jft(AE, D) is infrared
finite.

Starting point of the soft photon approximation used in a%’ft(AE,D) is the general ex-
pression for a matrix element

2=k oy (5.177)

M = My ® (—igsT*)) ((p— k)2 —m2) ™~

(g9s == Vamas). Eq. describes the radiation of a gluon with polarization vector e
off a scalar particle going into a hard process Ap(p — k) as shown in the left diagram of
Fig.[5.25] The T (a € 1,...8) are half of the Gell-Mann matrices, the generators of the
fundamental SU (B)ﬂ Eq. also describes the setup relevant to later calculations,
where we use the phase space slicing method to render initial-state gluon radiation off
incoming squarks suitable for numerical evaluations. In the soft limit |k| < || and,

hence, for a massless gluon k* < p* Eq. (5.177)) simplifies to

a

p-€
(p- k)
16To keep things a bit clearer, we do not explicitly write out the color correlations between the scalars

and the hard part of the amplitude Ay (p — k), which we symbolize by ® in the following. However,
this correlation should be kept in mind for explicit calculations.

M = —~Mo(p) ® (gsT%) (5.178)
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Note that this factorization even holds true for radiation off spinors and vectors, because
in the soft limit one finds that the spin-dependent part actually drops out of M. Since
final-state radiation also only differs from Eq. by a relative sign, the most general
expression for gluon radiation from initial and final states can be written as

M = (—gs) M ®Z T“pl (5.179)

As the differential cross section is proportional to the absolute value squared of M, we
are left with the result

VR = 3 Mol x (210 [ P (B = e (5180)

spin ’ (p1-k3)®  (p2-k3)>  (p1-ks)(p2 - ks)
where Eq. | is a fully averaged quantity already, ie averaged over incoming and
summed over outgomg spins, gluon-polarizations A (>, € (kg) Mks3) = —glw) and colors.
Moreover, we replaced the color sum by the overall color factor Cr=4/3 ( -3 T TS =
Cr) as it is valid for squark annihilation going into a color singlet, which is the case of
relevance here. In Eq. ([5.180)), we also made use of the overall color conservation, which
implies

> T =0, (5.181)

where 7 runs over all colored particles involved in the procesﬂ As we later use dimensional
regularization to regularize the soft poles, we need the D-dimensional cross section of a
three-particle final state. It takes the form

(QW)Dd(D) (p1+p2—Fk1—ko—k3)| M2

(5.182)
285 is the flux factor and AFE limits the integration over the gluon momentum k3 to its soft
region, where the approximation |k3| < |p] (see Fig. With k — k3) is valid. In the soft
gluon approximation, the argument of the d-function simplifies to p; +ps — k1 — ko — ks —
p1 + pa — k1 — ko such that one is left with

/dF ></ A ks IM2. (5.183)
7ot =95 ) 27 Jrcar (2m)P12E; ’

Here, dI's is the D-dimensional 2 — 2 phase space element

/ dD_lkl dD_le dD_lkg 1
g = R
l<ap (2m)P12k0 (2m)P—12k9 (27)D-12E; 25

dD_lkl dD_lkg

dly =
27 (2m)D-12k0 (27r)D—12kg(

21)P5P) (py + pa — k1 — k). (5.184)

Combining Eq. (5.180) and Eq. ((5.183]), one already sees that the cross section Eq. ((5.182))
in the soft gluon approximation nicely factorizes such that it can be rewritten in differential

form as
do do dD_lk:g
drs =\ar. ) % e L 5.185
(dr2>soft (dF2>0 /|E3|<AE (2m)P~12F; ( )

Note that an incoming antiparticle corresponds to an outgoing particle. Hence, it contributes with a
relative minus to the color sum.
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and (do/dI'y), is the differential Born-level cross section in D dimensions. Following Eq.
(5.180)), in the case of pure initial-state radiation (the case relevant for us) T takes the
form
gs 1t p? " I 2p1 - p2

83 (p1-ks)?  (p2-k3)>  (p1-ks)(p2-ks)|
In Eq. , we attached the soft factorization scale p to the strong coupling oy =
g2/(47) following the reasoning given in Sec. Hence, by defining the integral

T=-

2,,4—-D
[ (5.186)

dP1ks 2a - b
Iy = 44D / , 5.187
P Es|<ap (21)P~12E;3 (a - k3)(b - k3) ( )

we can grasp our final result in the concise form

do B do g2CF
((ir?)s()ﬁ S <dr2>0 x 2 (Ipi(AE) +1:(AE) — 2Ip1p2(AE)) . (5.188)

where according to the above derivation, the integral I, matches the soft singularities
connected to the real-radiation amplitude with gluon radiation off the initial-/final-state
particle with momentum a contracted with the complex conjugated real-radiation diagram
with gluon radiation off the initial-/final-state particle with momentum b. Details on the
calculation of the last missing piece of Eq. , the integrals I3, are quite lengthy and
can be found in Ref. [207,208]. However, for our purposes we only need the two special
cases a = b and @ = —b (all calculations are performed in the CMS). In the former case,
the integral I, takes the form

4AE?* a® — ||
Ip=2 {A e <7A)} 5.189
= A s g (5:159)

In the latter case, I, can be expressed by

2r(a-b) (1 AAE? O+ p 1, 5+ |p] . 2|p]
Iy = I —(Ag +1 1 -1 -
b (a0+b0)|ﬂ{2( = e T e 2(a0+|ﬁ])
1 4AE% W+ p] 1. 500+ |p] 2|
~(Arg+1 1 — —In? — Li 5.190
pBrrtIn— ) o — I 2(b0+|;5])} (5.190)
with @ = —gzﬁand
1
Arr = — +vg — log4m, (5.191)
€IR
where we define ep := (D —4)/2. In Eq. (5.190)), Lis is the dilogarithm defined as
“In(1 —
Lis(2) = —/ n(tt)dt. (5.192)
0

The only thing left for the calculation of the phase space slicing are the 2 — 2 kinematics
in D dimensions, which we apply in the soft limit in Eqgs. (5.186])-(5.190). For the CMS
we choose the following convention:

p1 = (E1,...,0,0,[p1]), (5.193)
p2 = (B, ...,0,0, —|pa]), (5.194)
ki = (Es,...,0,sin Ok, cos ©|k1|), (5.195)
ky = (B4, ..., 0, — sin O|ky|, — cos O|ka)) (5.196)
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with
By = erm%—m%’ By — s—m%+m%7 By = 5+m§—mi7 B, 5—m§+m?17
2./s 2/s 2./s 2./s
(5.197)
G VA mE )
= =Y 2 | = |k = B2 5.198
|p1‘ |p2| 2\/§ ) | 1| | 2| 2\/; ( )
and the so-called Kéllén function
Nz, y, 2) = 22 + % + 2% — 22y — 202 — 2y2. (5.199)

Including this last part, we have everything at hand we need to perform the phase space
slicing on the initial-state gluon radiation off an incoming squark pair going into EW final
states.

5.2.4. The Dipole-Subtraction Method

We now proceed to the so-called dipole-subtraction method, a second method that can be
used to bring Eq. to a numerically evaluable form.

The dipole-subtraction method renders the integrands in Eq. separately non sin-
gular by adding and subtracting an auxiliary cross section g4. Within DRed, Eq.

can be rewritten as

ONLO =/ dUR-i-/ dovirt =/ [dor|e=0 — doae=0] +/ [dUVirt-i-/dUAHe:o,
m+1 m m+1 m 1

(5.200)
where the second step is, roughly speaking, just a very sophisticated way of adding a
zero. On the right hand side of Eq. (5.200), the (m + 1)-particle phase space integral
is now factorized into the m-particle phase space integral times the integration over the
one-particle phase space of the radiated gluon. Further note that in the first term on the
right hand side of Eq. , the limit € — 0 has already been applied at the integrand
level as the associated soft and collinear singularities first arise during the integration
over the (m + 1)-particle phase space. doa is now constructed in such a way that it
correctly matches up all soft and (quasi)collinear singularities that arise in the integrands
of the (m + 1)- as well as of the m-particle phase space integrals in Eq. (5.200]). For this
cancellation to work out correctly, do 4 has to fulfill certain requirements:

1. doy has to possess the same pointwise singular behavior like dogr in D dimensions,
smoothly (i.e., avoiding double counting of singularities) reproducing the associated
soft and (quasi)collinear terms in the singular regions.

2. doa has to be analytically integrable over the one particle phase space of the gluon
(see Eq. (5.200)) yielding the same single and double pole structure (but with op-
posite sign) as dovirt.

If doa fulfills these two requirements, it will act as a local counterterm for dog, rendering
the sum [doR|e=o — doal|e=0] soft as well as collinear well defined and, hence, numerically
evaluable even in D = 4 dimensions. Moreover, fl doa cancels the poles in the virtual
corrections such that [dovyiy + fl doalle=o is soft and collinear finite, too. Furthermore,
it matches all quasi-collinear terms and prevents the real as well as virtual contributions
from separately blowing up for m;; < /s.
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Figure 5.27.: The dipole structure for a (x — m + 1)-process, which mimics the factor-
ization of the (x — m + 1)-matrix element in the singular regions into a
(z — m)-process with subsequent splitting of the emitter particle ij — i+
Figure originally taken from Ref. [180].

The attraction of this method relies on the observation that the singular behavior of the
(m + 1)-particle matrix element M,,+; = Mpg turns out to be universal, i.e., independent
with respect to the details of the matrix element M,, = Mg. This allows for a process
independent construction of the doa (up to a factor |[Mp|?) and especially for a process
independent evaluation of fl doa (see Eq. ) Therefore, most of the calculational
steps presented in the following can be done once and for all.

We later use the dipole-subtraction method to render the gaugino (co)annihilation into
light and heavy quarks numerically evaluable. There, the final-state (anti)quarks as well
as squarks in the ¢- and u-channel turn out to be the only partons (i.e. colored particles)
in the process. Since the t- and u-channel propagator squarks do not lead to any soft
or collinear divergences as they are massive and typically far off the mass-shell, in the
following, we solely concentrate on radiation off final-state partons, i.e., on processes with
no initial-state partons.

To be able to construct the required doa, more information about the exact structures of
the real and virtual corrections in the soft and collinear regions is needed. Therefore, we
start with the construction of bras and kets in the helicity and color space spanned by all
partons involved in the process

1y ooy Y = (101, oy Con) @ |81, 0 $ya)) - MEREmistessm (g o), (5.201)

Here, Mgy 7m0 m(ky ... k) is the matrix element that describes the production of
m final-state partons with colors ¢; and helicities s;. The indices of all other uncolored
particles involved in the process are suppressed, which also is the case throughout the
rest of this section. We can then express the square of color correlated tree-amplitudes
summed over all colors and parton helicities | M3/ |? by

IMETE =, (1, oo, m| T T, om)
[ fﬁ""’bi""’b"""am(kl, vy km)]*TI;aiTIfjaj g (k). (5.202)
In Eq. (5.202), we have Tbci a =1 fb;ca; (color-charge matrix in the adjoint representation
of the su(3)c with structure constants fp,.), if ¢ is a gluon, and 1% o, = thoa, (color-charge
matrix in the fundamental representation of the su(3)color), if ¢ is a quark (if ¢ is an
antiquark, then T =~ = t_ii a = —t, ai)’ It further follows directly from construction that,

assuming overall color conservation in each process, all vectors in this space have to be
color singlets

m
D Tl iy m) = 0, (5.203)
=1
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Using the above definitions, we can express the squared matrix elements of (m + 1) final-
state partons summed over the corresponding helicities and colors as

M1 = mir, 2 (Dmet,ae (5.204)

In the soft limit of some momentum (k;), — A(k;), (p € {0,1,2,3}), A — 0 [180], one
finds )
9s
et D mt, = =35 et (3 k)] T (K)o 1 (5.205)
where only the most singular terms O(1/A?) are kept. The right hand side of Eq. (5.205)
has been obtained by simply removing the particle ¢ from M., 1. J,(k;) is the so-called
etkonal current for the emission of a soft gluon with momentum k;. Its explicit form is
kj
3. (ki) = ; T, . (5.206)
Ve

The square yields

ki - kg k2
[ (k)] T3 (ki) = T, T}, 2 -2, (5.207)

' ;k;] PN\ (R ) (Ri k) (R k)
where Eq. (5.181))/Eq. (5.203) have been used. Plugging Eq. (5.207)) into Eq. (5.205)), we

rediscover the result Eq. (5.180) (Eq. (5.179))) from the previous section, but written in
terms of final-state radiation. Note again that this factorization is only strictly valid in

the limit (k;), — 0 in order that away from this limit, the factorization has to be used
with care. Furthermore, Eq. can become collinear divergent if the momentum k;
is parallel either to k; or ki (k; - kj — 0, k; - ki, — 0).

In the (quasi)collinear region things look a bit different. One can express the momenta k;
and k; through the Sudakov parametrization [180]

k2 +22m2 —m?2 pr

A ] 2
p; =zpt' + k| . o (5.208)
k2 4+ (1 —2)2m2% —m?2 pm
(1 — )t — kP - ij J 9
Py =(1—2z)p 1 1> o -n (5.209)

where p? = 0 is a light-like vector and n* is an auxiliary light-like vector necessary to
specify the transverse component of k| (ki <0, (ky -p=k,-n=0). The invariant mass
of the i-j pair then takes the form

k2 m? m?
ki k"2:— 1 7 J
(ki + k) z(l—z)+ z +1—z

(5.210)

If one further performs the rescaling k| — Ak, m; — Am;, mj — Am; and m;; — Am;;,
the collinear limit is recovered for A — 0. In this limit, the (m + 1)-parton matrix element
behaves like

1, 2g2 R .
m+1,...,1<”>m+17...,1 — ﬁ,ul ¢ (kl T k:]); _ m,LQ] m,...,1<|P(ij),i(Z7 kJ_a €)|>m7...,17 (5211)

where terms less singular than 1/A? have again been omitted. In Eq. (5.211)), the right
hand side is obtained by replacing the two particles ¢ and j by the single particle ¢5. The
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kernel P(ij)7i(z, k| ;e€) is the so-called D-dimensional generalized Altarelli-Parisi splitting
kernel (generalized from the collinear to the quasicollinear case) [210]. It is a matrix in the
helicity space of the parton ij and, hence, acts on the spin of ij. Therefore, Eq.
factorizes only up to some spin correlation between the splitting kernel and the remaining
squared m-particle matrix element |M,,|2. In the relevant case of gluon radiation off some

(anti)quark ¢ (g), ]5( ),i(2,k1;¢€) acting on the helicity of the particle ij s, s’ takes the

]

form
A 14+ (1—22 m2
(s|Pjyi(2, kis€)|s’) = 055 Cr 1A= ™ (5.212)
z Dg " Pq

This completes the short investigation on the singular behavior of the real-radiation matrix
element |MRg| in the soft and collinear limit specified to the case of gluon radiation off final-
state quarks. These limits are needed when we construct the dipoles.

The dipole expansion of the square of a real final-state radiation matrix element |Mg|?
can be grasped in its most general form as

M =" " Diji+ . = Dygq + Dygg + .- (5.213)
07 ki

where 4, 7 and k£ run over all final-state partons and the dots stand for additional soft as
well as collinear finite terms. Eq. encodes the singular structure of the squared
real-radiation matrix element in different regions of phase space as a summation over so-
called emitter-spectator pairs, singled out over the m Born-level external partons in all
possible ways. The final (m + 1)-parton configuration is then reached in a second step,
where the emitter ij splits into two final-state particles ¢ and j (i.e., in the present case
into a (anti)quark plus an additional gluon) as shown in Fig. while the spectator k is
needed to maintain total-momentum conservation. Both, Eq. (5.213]) as well as Fig. |5.27
embody the observation that the matrix element M,,+1 can, with respect to its soft and
collinear terms, always be considered as being obtained by the insertion of the radiated
particle ¢ over all possible external legs of the Born-level matrix element Mp. This crucial
insight translates into the factorization of dipoles according to E

Dijk = Vija ki, kij, ki) @ | Mg (kij, k), (5.214)

which mimics the two step-process of the Born-level production of an emitter-spectator
pair with momenta l;:ij and ky, subsequently followed by the emitter-decay described by
the Vi; (see Fig. . The V;; . are matrices in color and helicity space of the emitter-
spectator pair and depend on the momenta of the final-state particles 7, 7 and k. In
addition, the ® symbols the associated helicity and color correlations between V;; and
]MB(IEZ-]-, /;:k)|2. Due to the factorization of Eq. , the V;; 1, are basically independent
of the Born-level-cross section. Therefore, they need to be calculated only once for each
splitting-processes.

Now, with regard of point 1 above, doa has to approximate dog in the soft and collinear
limit. Hence, one can rewrite the general structure of the associated matrix element of
doa as

IMAP =" Dy =YY Vijlki, kij, k) @ [Mp(kij, ki) [*. (5.215)

ij k#ij ij ki

18Gee, e.g., the factorization in the soft limit exemplified in Sec. 1|
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Figure 5.28.: Factorization of a 2 — 3 process in the soft and collinear limit with the
emitter-spectator correlating matrix element Vj; .

For the relevant case without initial-state partons the D’s of Eqs. (5.214]) and (5.215]) can
be written as

1 - Ty Ty S
Diir, = — OO/ TN T Pty /AN IS S LN S 5.216
17,k (ki+kj)2_m?j m< 1] ’ TZQJ zy,k| ) >m ( )

For the relevant case of gaugino (co)annihilation into quarks with additional gluon radi-
ation, i.e., for a (anti)quark-emitter and an antiquark (quark)-spectator, we can be even
more explicit. Since in the present case the quark-antiquark pair forms a color singlet, the

color structure in Eq. (5.216)) reduces to onﬂ This simplifies Eq. (5.216)) to

1 _. .
Dz’j,k = — (k n kj)2 ey ‘/”ij,k(kiy kij7 kk) ® ‘MB(kij, kk))’2 (5217)
i T kj i

Here, the ® still accounts for helicity correlations between Vj; ; and |M B(l;:ij, /;:k))|2, which,
however, vanish after integrating V;;, over the gluon phase space [204]. After averaging
over incoming and summing over outgoing color states [211], the color factors from the
(anti)quark-gluon vertices of the squared amplitude become

iZ(Ta) (T%) h5h:izl(N _i)(s :*NE_NC:CF (5.218)
Ne efgh R Ne fg 270 N " 2Ne | |

where summation over a is implicitly assumed. The V;;; of Eq. has to be chosen
such that according to point 1 it reproduces the singular part of Mpg in the soft and
collinear limit (Eq. and Eq. ) In addition, it has to feature a convenient
form for its analytic integration over the one particle phase space as demanded by point
2 above. The authors of Ref. [204] chose to express Vj; in the case of (anti)quark-gluon
splitting as

2 Viik m?2
s|Viikls) = 8ma 26C’F — — 424+ —L 4 e(1—2)] sy
(sVijkls) sH {1—Zj(1—yij,k:) Uij,k[ J kik; ( )] }0ss

= (Vijk)Osst (5.219)

where i = g, j = ¢q (or ) and k = g (or ¢q) and s, s’ are helicities in the helicity space
of the emitter. Moreover, i is the dimensional regularization scale. We further made use

9Note, that we assign the color charges of the Born-level amplitude to the emitter and spectator.
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of Eq.. For remaining definitions see App. The appearance of §,y signals that
there is no helicity flip induced by the radiated gluon, i.e., V;; ; takes diagonal form in the
helicity space of the emitter.

Another important observation is that Eq.([5.214]) allows for a factorizable mapping of the
of the (m + 1)-particle phase space onto the m- partlcle phase space represented by the
emitter- and spectator-momenta kl] (ki, qj, ki) and ki (Ki, qj, ki). For the case of final-state
radiation with no initial-state partons, we use the mapping [204]

2 m2 m?2 2 2 2
o V@) @ ey 4 LTI (5.220)
VM@, (ki + ky)2,m?) @ 2Q
and 3 3
k= Q" — k) (5.221)
with
Q= ki +kj + kg, (5.222)

which is symmetric under i <> j. For further definitions see App. [Bl Making use of the
definitions Egs. (5.220])-([5.222)), the phase space element of a three-particle final state in
D dimensions (see Eq. (5.162))

ap kq deQ deg
(2m)P (2m)P (2m)P

ar® = = (2m)3 (ki —mi, ) (2m)d (ks —mi,)(2m)5(k3 — mi,)
O(K))O(k)O (k) (2m) 6P (P — ki — kj — ki) (5.223)

with overall four-momentum P factorizes according to

A0S (ky, ke, ki, Q) = d(kij, ke, Q) dy(Kij, k) © (1 — (5.224)

m; m; mig
/02 /02 /02
(note that @* = s for a three-particle final state (m = 2)). For more details, e.g., the
explicit form of dk;(k;j, ki), see Ref. [204]. This factorization of the phase space element
allows for an analytic integration of doa over the one particle-phase space spanned by k;
independent of M (k;j, ki) (see Eq. (5.214)). This is an important result as it allows to

perform the necessary analytical integration fl do 4 just once and for all.
Let us now turn to the wirtual dipole-contributions of Eq. (5.200]), where exactly this
property turns out to be of great use. The virtual dipole can be rewritten at NLO as [204]

/m [dUVirt + /1 dUA] = /m [do"\/irt +do” ®Im} o

_ / 4, [20 { (MP)T AN (5.225)

m{[Im (e, I {Ka ma}mm} L:O’

where a runs over all Born-level final-state partons and d®,,,(k1, ..., kp,, P) is the m-particle
phase space element already including flux factors and spin averaging. Following Eq.
(5.225]), I, is then defined as

Vij,
Lu= ) / dVaipote = ), D ( / i kw,]gk)(ki +<kj)2k> mgj)ﬁ/ (5.226)

dipoles J k#i,j

k—k
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where the replacement of momenta on the right hand side is performed after the integral
has been evaluated. For the particular case of (anti)quark-gluon splitting, (Vj;) is de-
fined in Eq. . The actual calculation of the integral Eq. is quite involved.
Therefore, we only state the final result. Following Ref. [204] again, I,, in Eq.
takes the form

2

Im(E, ,UQ, {kaama}) = 8;2 I‘ 1— 6 Z ’I‘2 ZT Tk
J k#j

2 2
2, K . T
X [Tj(sjk)e <Vj(sjk,mj,mk, €) — 3)
+T5(p, mj, {mp};e)
2

it B+ K+ 0 )} (5.227)
]

where in the present case j can be either the quark or the antiquark of the Born level cross
section considered (in either case j = ¢ such that only the momenta k; and kj, have to be
fixed in agreement with the kinematics in M®). The necessary definitions can again be
found in App. One can further decompose V; of Eq. into a (j«rk)-symmetric
and a soft as well as (quasi)collinear singular (S) and a (j <> k)-non symmetric and a soft
as well as (quasi)collinear nonsingular (NS) part

Vj(Sjk, My, Mi; €) = V(S) (Sjlm My, Mi; €) + V](NS)(Sjk, my, mg). (5.228)

Here, the subscript j indicates that VJ(NS) depends on whether the parton j is a gluon

or a(n) (anti)quark. As we also deal with light quarks in the final state, we encounter
numerical instabilities of the relevant dipoles when the mass of a final-state quark drops
far below the CMS energy my < /s. To circumvent this problem, we set the light quark
masses M, mq, Mg to zero. This in turn makes it necessary to also take the associated
V) and V™) into account, which distinguish between massive and massless partons. All
necessary V( )(sjk, m;j, my; €) and V( )(sjk, mj, my,) for every possible mass configuration
are prov1ded in App. Moreover one has to expand the prefactor in Eq. m in €
to obtain the right structure of singular and finite (in the limit ¢ — 0) terms by the
multiplication with the singular terms in V; and T';.

Putting everything together, these are all necessary building blocks for the construction
of do4 as well as of fl do 4 to render the onpo of Eq. suitable for a numerical
evaluation. Finally note that for the following numerical investigations, the dimensional
regularization scale p introduced in this chapter, which drops out of the final on1,0, is set
to be equal to the renormalization scale.

5.2.5. ChiChi2qq: The Real Corrections

The real radiation amplitudes connected to gaugino (co)annihilation can be understood as
the tree-level graphs of Fig. extended by the radiation of an additional gluon as shown
in Fig. Since only the final states as well as t- and u-channel propagators carry color,
these turn out to be the only legs or internal lines to which the additional gluon can be
attached. The polarization (\), spin and color summed (over final states)/averaged (over
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Figure 5.29.: Real radiation corrections to gaugino (co)annihilation processes as included
in ChiChi2qq [1]. w-channel contributions can be obtained through crossing
of the corresponding t-channels.

initial states) squared matrix element can be written as

|MR‘2 _Zt%t?z Z ) (ed)s [(MR)THMRV (M%a)m M{{,V n (MS)T# ME
—2n{ (Mlj)”‘ M} o { (ME) Ml L o { (M) Ml
(5.229)
= — N IME 4 |ME + | M2
1R {(MR)TMR} {(MR)TMR} P {(M?)WE} } . (5.230)

Here, the relative minus signs between the different squared matrix elements, which arise
by appropriately contracting the different fermion fields in the amplitude according to Fig.
are already included. We also suppress all color and spin structures connected to final-
state particles that are already present at the Born level in Eq. (see Eq. for
greater detail). However, we explicitly write out the Lorentz and color structure connected
to the radiated gluon. The latter collapses into C'r owing to the fact that the incoming
particles are color singlets. In Eq. we further make use of the polarization sum

> (ex) e — —g™, (5.231)
A

where it has to be paid attention to the fact that this identity holds true only if the Ward-
Takahashi or Slavnov-Taylor identities are imposed [12]. This insight can become relevant
if one checks for the positivity of the associated squared amplitudes. The convention for
the kinematics as well as the phase space integration are used as outlined in Sec.
In addition, there arise subtleties in the calculation of the real-radiation amplitudes that
are connected to the nature of the incoming neutralinos. As already stated in Sec.
neutralinos as Majorana fermions do not carry any fermion number. Hence, one can assign
an arbitrary fermion flow to the neutralino lines, which can be understood as fixing a con-
vention for the application of the Feynman rules (i.e., the assignment of u- and v-spinors).
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After this choice, there may arise clashing arrows within a Feynman diagram as well as
in the contraction of different (s-, t-, u-channel) amplitudeﬂ The appearance of clash-
ing arrows within a Feynman diagram is connected to the fact that Majorana fermions as
selfconjugated particles feature Wick contractions, which differ from conventional contrac-
tions known for Dirac fermions. Moreover, we also encounter clashing arrows in the case
of charginos owing to fact, that the assignment of particle and antiparticle and, hence, the
assignment of the (anti)fermion flow is arbitrary to a certain extend. A pair of clashing
arrows may be associated with a spinor structure of the form u(p)vT(p), e.g.. It is then
not possible to apply the common spin sums for Dirac fermions [12]

Zu(s ©(p) =p+m, Zv p)o) (p) = p —m, (5.232)

which makes it mandatory to introduce new spin sums as given in Ref. [212]. However, we
use a set of transformations outlined in Ref. [213], which allows to transform the bilinears
X'T'x for some spinors x, X’ € {u,v} and T € {1, iv5, 7", v"v5, 0"} in such a way that we
end up with a convenient form to evaluate the corresponding squared amplitudes using
Eq. solely. The only necessary ingredients are the spinor identities

v=Cu", u=CoT (5.233)
with the charge conjugation matrix C' (CT = C~1, CT = —C) as well as
CrC~t =qr (5.234)

with
o 17 ifI' e {LW&’Y”’Y&S}
{ -1, if T e {y*, 0"}

Note that these transformations apply equally well to Majorana as well as to Dirac spinors.
The concrete calculation of the corresponding squared amplitudes are performed half-
automatically using Feyncalc [214] to simplify the Dirac algebra and the kinematics. The
resulting expressions are finally implemented into the Fortran code ChiChi2qgq.

Within ChiChi2qq, we further rely on the dipole-subtraction method of Sec. to
render the integral over the phase space of the radiated gluon numerically evaluable. The
resulting 2 — 3 cross section og is than added to the virtual cross section ovy;t as defined
in Eq. in order to cancel the soft and (quasi)collinear divergences as explained in
Ch. We finally verify that

/ (domleco — doaleco) (5.235)
3

/2 [dUVirtJr /1 dUA}

are indeed soft as well as collinear finite. This turns out to be a nice cross check as it
connects both the 2 — 3 matrix element as well as the virtual corrections in the singular
regions of the phase space to the Born-level matrix element times the corresponding dipoles

following Eq. (5.215) and Eq. (5.225)).

2ONote that this subtlety of course also arises in the tree-level calculation and in the calculation of the
virtual corrections.

as well as
(5.236)

e=0
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5.2.6. QQ2xx: The Real Corrections

In this section, we outline the calculation of the real corrections associated with the pro-
cesses of Egs. to and describe how to handle the singularities connected to
Sec.

The real corrections diagrams that arise in the context of squark (co)annihilation into
electroweak final states are depicted in Fig. [5.30] They are obtained by attaching a single
final-state gluon to every colored particle in the diagrams of Fig.[£.5] Moreover, since there
exist quartic couplings of two squarks together with an electroweak vector boson and an
additional gluon, one can also attach the additional gluon to a squark-squark-vector boson
vertex as exemplified in the last diagram of Fig. [5.30

The differential cross section of the real corrections dog is then proportional to the
polarization- (), spin- and color-summed (over final states)/averaged (over initial states)
squared matrix element

TAARI2 1 a ia a\x /[ a T,
| ME2 N Ztijtji 2(6,\)#(6)\)1/ (MG 1+ MGy + ME + M+ M !
C 7/7] )\
(MG 1+ MG o+ MF+ MF+ M (5.237)

=—Cp [ME 1+ MGy + MF+ M+ MY o
(MG + MG+ ME+ ME+ M (5.238)

Here, we subsume all real radiation diagrams under Mg 1, which already possess a quartic
coupling at the Born level, whereas Mg > includes all diagrams where the additional gluon
is attached to a three particle vertex. Note that the only fermions, which we encounter
throughout our calculations of the real corrections are final-state leptons as shown in the
last diagram of Fig. As squark (co)annihilation into leptons can only proceed through
the s-channel at leading order, we do not have to pay attention to relative minus signs
between the different squared matrix elements connected to an appropriate contraction
of fermion fields, as opposed to the case of gaugino (co)annihilation of Sec. In
Eq. , we further suppress all Lorentz and spin structures as well as symmetry
factors connected to final-state particles that are already present at the Born level (see
Eq. for greater detail). However, we explicitly write out the Lorentz and color-
structure connected to the radiated gluon. In Eq. , one can completely collapse the
color structure into Cr due to the fact that all of the Born-level final-state particles are
color singlets. We also make use of the polarization sum Eq.

Z(Q\)T’“GK — —g". (5.239)
A

The conventions used and concrete calculations of the different amplitudes as well as of
the real radiation cross section or follow the lines presented in Sec. Again, all
calculations are performed in the 't Hooft-Feynman gauge in order that we have to keep
track of Goldstone bosons. Moreover, we use the replacement Eq. for all external
(massive as well as massless) vector bosons. Hence, to correct for this wrong summation
over polarizations, we also have to take external Faddeev-Popov ghosts as well as Gold-
stone bosons into account following the discussion of Ref. [178] (App. B) and Ref. [179]
(App. C) (see also the discussion of Sec. [2.6.1)).
As already discussed in Sec. [5.2.2) Eq. (5.238) is not suitable for a numerical integration
as we encounter soft poles during the integration over the gluon phase space connected
to the gluon-radiation off an incoming (anti)squark. However, we do not encounter any
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-

Figure 5.30.: Diagrams depicting the real gluon emission corrections of O(as) to the stop-
annihilation processes shown in Fig. Again, V = ~,Z°, W#* and H =
hO, H? A% H*. The corrections to the u-channel processes are not explicitly
shown, as they can be obtained by crossing from the corresponding ¢-channel
diagrams.
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(quasi)collinear divergences as the only colored particles at the Born-level are massive
squarks with masses typically of the order mg ~ /s. We cure the problem of soft sin-
gularities via the phase-space slicing method outlined in Sec. One can perform
several cross checks, which foot on the intimate intertwining between the soft singularities
of the real and virtual corrections as stated by the BN-theorem and as discussed in Sec.
Since the soft-gluon contributions, which match the poles in the real as well as in
the virtual part, once on the integrand level (— dogr) and once after integration over the
gluon phase space (— dovirt), are connected to the 2 — 2 tree-level cross section (see Eq.
(5.185))), this, moreover, allows to include the Born-level amplitudes into this cross check.
Now, since ogof(AE, D) as defined in Eq. features the same soft singularities as
oRr, the BN-theorem a}{f{rosafe guarantees the cancellation of all soft singularities in the
sum

ol safe — (i 4+ 0o (AE, D)) | posa (5.240)

in the limit of a removed regulator. Hence, a first check is the validation of the actual
cancellation of all soft poles between the virtual part and the integrated soft gluon part
in the sum of Eq. . Furthermore, it follows from the discussion below Eq.
together with the correspondence of virtual and real corrections as given in Fig. that
the result Eq. even allows for a diagram wise validation of Eq. . This entan-
glement is not conducted easily within the Dipole-subtraction method. We verified that,
within our implementation, the cancellation of soft poles works out as expected.

In addition, the final sum of the soft-gluon approximation and the regular part of the
2 — 3 integration has to be independent of the unphysical cutoff parameter AFE. This is a
second cross check, which turns out to be particularly nice as it relates the 2 — 2 tree-level
cross section to the 2 — 3 cross section of the real radiation via Eq. . An example
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Figure 5.31.: Cutoff dependence of sliced 2 — 3 cross section at pey, = 100 GeV. The
left plot shows the different contributions of the regular and soft-divergent
part as well as the total sum in dependence of the cutoff AE/,/s for stop-
annihilation into h®h°G final states and the right plot shows the same but
for the ZZG-final state.

of what this cutoff independence can numerically look like is given in Fig. [5.31] for the two
processes t11; — h®h®G and 1t} — ZZG of scenario Ia as introduced in Ch. @ The
regular part of the 2 — 3 total cross section (green) as well as the soft-photon approxima-
tion (red) and the sum of both (black) are plotted against AE/+/s. It is apparent that the
total sum is basically cutoff independent for the cutoff region shown here. However, this
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Figure 5.32.: Gluon corrections, e.g., to the s-channel annihilation of a flf’{—pair.

independence breaks down if one goes to much lower or to much larger values of AE/y/s.
In the former case, this breakdown can be traced back to the original numerical instability,
which gets reintroduced if a too low AFE is taken. In the latter case, the cutoff dependence
signifies that the soft gluon approximation is used up to inappropriately high values of
AE. Hence, from this perspective, it turns out that a “good” choice of the cutoff scale is
mandatory to obtain reliable results for the full 2 — 3 cross section. For what follows, we
choose a cutoff value of AE//s = 5-107%, which falls into the cutoff independent regime
for the processes under consideration.

As a final cross check we can numerically compare the 2 — 3-cross sections with CalcHEP
for specific processes. As CalcHEP provides analytic expressions for squared 2 — 3 ampli-
tudes, we are able to compare our results for certain channels by copying the corresponding
analytic squared amplitudes from CalcHEP into our code (translating the CalcHEP con-
vention into ours) and to evaluate both numerically. Comparing the CalcHEP amplitudes
with our implementation, we find a numerical agreement at the cross section level (oR) of
better than 0.1 % for the processes under consideration.

5.3. Coulomb Corrections

In the previous sections, we have discussed the different methods and techniques that
arise in the context of NLO calculations. However, the trust in the accuracy of NLO
corrections relies on the concept of perturbativity and its applicability to the particular
calculation. It is well known that an expansion in terms of some small parameter P < 1
(in the present case this is the strong coupling ag), does not necessarily yield a (quickly)
convergent series but can feature large higher-order corrections. One example of such
non-perturbative corrections are the so-called Coulomb or Sommerfeld corrections firstly
discussed in Ref. [215].

During the calculation of the O(as) corrections to squark (co)annihilation, we encounter
diagrams of the form depicted in Fig. where a gluon is exchanged between an in-
coming squark-antisquark pair of equal mass mg. It turns out that, following the road
outlined in Sec. [5.1.3 - the corresponding mathematical expression includes the scalar in-
tegral Cg(m s, m ,0, m ,m2) as introduced in Eq. 1' Co(m s, m ,0, m ,mé ) with

q
this partlcular argument set can be written as

Cg(mg,s m ,0, m ,Mma ) fFl (AIR—HH M) + Fg (5.241)
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B > B ’% g
R @
Figure 5.33.: Ladder diagram for a LO Coulomb potential.

with Arg as defined in Eq. (5.191]) and

Fy = S; In <gm _T_ 1) , (5.242)

_ 2 B — 1\ meBm B — 1 B +1
FQ.—Sﬁm[ln<ﬁm+1>ln - —2L2< i >+2L (2,6m N (5.243)

The prefactor sﬁ% of the above defined F} and Fy with

B =11 - Tq (5.244)

tends to diverge in the limit 3, = v/2 — 0, i.e., when the relative velocity of the incoming

squark-antisquark pair v approaches zero (v — 0 < 4%3 — 1). Hence, we find that higher-
order corrections can feature prefactors ~ 1/v, which can lead to a strong enhancement of
these presumably small (compared to the LO) contributions{ﬂ The above enhancement of
higher-order corrections can be traced back to the exchange of so-called potential gluons,
i.e., gluons with momentum k& ~ O(pem ), between the incoming squarks{z_?l As the squarks
relevant to the thermal production of DM moved at non-relativistic energies during freeze-
out with Eyin 5 & Theeze—out < Mg (see Eq. as well as the thermal distribution
presented in Fig. below), the characteristic v is actually expected to be quite small,
eventually reaching the regime

as/v 2 O(1). (5.245)

Since the exchange of n potential gluons comes with a correction factor (ag/v)™, it turns
out that terms of O(as) and beyond are not necessarily suppressed but can even be en-
hanced compared to the leading order. This so-called Coulomb enhancement of higher-
order corrections can spoil the perturbativity of Feynman amplitudes expanded in terms
of as. Hence, it can become mandatory to add up the exchange of gluons to all orders in
perturbation theory, leading to the inclusion of so-called ladder diagrams as depicted in
Fig. This resummation can be implemented within the framework of non-relativistic
QCD (NRQCD) [218]. In the following, we consider the case of multiple gluon exchange
between a color singlet formed by particles of equal mass. This is the case relevant to
this work as the opposite case of unequal masses typically turns out to be largely Boltz-
mann suppressed in DM calculations (at least for the representative scenarios of Sec.

2'The divergence at v — 0 is the well-known Coulomb singularity, which signals the production of a
squark-antisquark quasi-bound state, a so-called squarkonium.

22The exchange of gluons with momentum k ~ pem leaves the incoming squarks basically on-shell and,
hence, avoids a large suppression of the corresponding amplitude by subsequent (off-shell) squark
propagators.
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4.3.3]). Moreover, we provide the formulas which allow to sum the Coulomb corrections of
O((as/v)™) and O(as(as/v)™) to all orders in perturbation theory, i.e., for arbitrary n, as
shown in Fig. [5.33

The Coulomb corrected result can be grasped in the form

oM (G — BW) = 1S { G (e = 05 +Tg) ) x o' (60" - EW).  (5.246)
q

Here, ULO(Q@* — EW) is the annihilation cross section of the squark-antisquark color
singlet into EW final states and G (r; /s +1ilg) = G (r,r’ = 0;/s + i) stands for
the color-singlet Greens function of the Schrodinger equation at r' = 0. The prefactor
477/(vmg-) is chosen in order that oo (g7* - EW) — o0 (g¢* — EW) in the limit
as — 0. Derivations of Eq. can be found in the Refs. [219}228]229]. However, the
final result is spin independent and can therefore be applied in equal ways to the case of
quarks and squark. We also provide a concise overview of the derivation of Eq. in
App.[C

Eq. governs the dynamics of the would-be squarkonium evaluated at distance r.
More precisely, G (r; Vs + in) is the solution to

H = (V5 + i) | G (13 V5 + iTg) = 6@ (1), (5.247)

where H!Y is the Hamilton operator of the squark-antisquark system

1

mq

HWY = — — A 4 2m; + VI(r). (5.248)

The Coulomb potential VIH(r) can be written at NLO as [220,221]

) ] 2
vl =- MO‘S(;_"QG)C X [1 + O‘Si“G) <ﬁ0 In %G + a>] (5.249)
7

with

4
Cll =Cp =, Ca=3,

31 20
_2on = 2
11 4
Bo ZECA = 3Tmy (5.250)

and Ty = :l:% is the third component of the weak isospin. The zero-distance NLO Greens
function is known in compact analytic form. It takes the form

C[l]as(ug)mé y {QL as(pa)

GU(0; /5 4 iTg) = = o+ =

gNLO + - } (5.251)
where its UV-divergence at r = 0 is removed via MS-subtraction [222]. We work with
ny = 5 massless quark flavors since the typical energy scale of the potential gluon, here
O(pem) =~ O(100 GeV) (see Fig. [5.34)), is still too low to neglect the top quark mass
my [223]. Hence, we ignore all top-quark effects in the potential Eq. (5.249))*°l However,

28 As we expect the SUSY particles to be rather heavy, we, hence, also neglect all gluino and squark
corrections in the potential.
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following Ref. [224] we include additional top quark effects into the strong coupling oy,
which we renormalize in the MS-scheme. Additional definitions used in Eq. (5.251]) are

1
go =— o=+ L -9,
2K
gnLo =50 | L% — QLW(O) _ mﬁﬂ)) + k@ 4 (¢(0))2 _ 3¢,(1) _ sz,(o)qp(l)
Y4 4F(1,1,1,152,2,1 — & 1)} n a[L — 9O 4 mp“)] (5.252)
and
Z'CD]OZS(,UG)
Y —T, (5.253)
v :\/\/g +ilg = 2mg (5.254)
mg
L=In_t¢ (5.255)
mqv

Here, 1" = (") (1 — k) is the n-th derivative of 9(z) = 45 + d/dzInT'(z) and
4F5(1,1,1,1;2,2,1 — k;1)] is a hypergeometric function. The latter is discussed in greater
detail in App. E Considering u¢g for the NLO Greens function Eq. , it turns out
that pug can be chosen independently from the renormalization scale p introduced in Ch.
Since the Coulomb corrections are related to the exchange of potential gluons with
momentum |p| &~ mgv, taking pg of the order

pHG ~ mgu (5.256)

is expected to be a natural choice. On the other hand, oy taken at a very low scale ug
may reach the non-perturbative regime

as(pa) 21 (5.257)

as it approaches its Landau pole in the integration over the thermal distribution Eq. (3.39).
Hence, we define pug to be [225]

pe = max{CMmgag(ug), 2mgv}, (5.258)

where g = CMmgas(ug) corresponds to twice the inverse Bohr radius (see Eq. )
In Ref. [226], it has been shown for the color singlet top-antitop pair production near
threshold that with ug set to this characteristic (s)quarkonium-energy scale, the Greens
function possesses a well convergent perturbative series, whereas for lower values loga-
rithms of the scale ug can blow up and again spoil perturbativity. The masses of the
incoming squarks do actually not depend on u¢, since we use the associated on shell
masses (at least for the case relevant here, i.e., for § = ;) as specified in Sec.
One could use another scale in Eq. , for example the typical SUSY-QCD-choice
pa ~ mg. It would then become advantageous to resum terms of the order O(aslog" v) in
the same way as the O((as/v)"™) and O(as(as/v)™) contributions. Methods that account
for the resummation of these potentially large logarithms have been developed within ve-
locity non-relativistic QCD (vNRQCD). These can be found, e.g., in Ref. [216].

Since we add the Coulomb corrections to our full NLO calculation, we have to avoid a
double counting of contributions that are partly included in the Greens function as well
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as in our full NLO result (see, e.g., the first diagram of Fig.|5.18)). We therefore subtract
the O(as) corrections from the Greens function Eq. (5.251))

W (0: /540y L = 2l O [y Csue)CW rim e
%{G (O,\/§+1Fq)}—mq%{4ﬂ{z+ . <2 +ln2mq~v

) + O(ag)} } (5.259)
which is obtained by expanding Eq. up to O(a?).

There are still additional subtleties arising in the context of the Coulomb corrections,
which we want to address shortly in the following. Since Eq. is only an expansion
around the leading-order bound-state poles, it induces poles in the Greens function of the
general form [agELC/(ELXO — /s — iI‘g)]k (k=1,2 at NLO). These differ from an exact
treatment by an O(a2) correction [220,227]. However, this difference becomes relevant
near the associated bound-state poles only, whose production is suppressed by the non-zero
temperature during freeze—ou@ Hence, there is no need for a more elaborated treatment
for a precise calculation of Q5o h2.

Furthermore, for the above calculations we have implicitly assumed that the amplitudes
that enter ¢™© in Eq. (5.246)) do not depend on the momenta of the Coulomb enhanced par-
ticles (see also App. E . In the case of dominant s-wave annihilation in the non-relativistic
limit, this turns out to be an approximation well justified, but can become misleading for
cross sections dominated by higher partial waves. However, these are typically suppressed
by orders of v compared to the leading s-wave contribution. Since the contributions to the
relic density are typically s-wave dominated (see below for a more detailed discussion),
these corrections turn out to be negligible for the aimed level of precision. To be more
precise, as we provide a full NLO calculation, the error turns out to be of the order O(a?2)
for ag < v and remains of this order relative to the leading O((as/v)™) Coulomb correc-
tions even in the limit oy 2 v. Therefore, we choose to rely on this simplified treatment.
However, the Coulomb factors for arbitrary partial waves for a leading order Coulomb
potential can be found the Refs. [228]229].

In Fig. we present cross sections multiplied by the relative velocity for squark an-
nihilation into R H® and W+ W~ final states. These include the Coulomb corrections to
the corresponding tree-level cross sections for two processes of scenario II of Sec. [£.3.3]
Note that, though we chose scenario II to present our results, the basic qualitative be-
havior of the Coulomb corrections is actually scenario independent. We further show the
thermal average of Eq. in arbitrary units in the two plots, which indicates the ther-
mal weighting of the ov contribution to Q;(th. It is apparent that for both cases the
Coulomb corrected ov (green line) steeply rises at low pem due to the attractive force felt
by the squark-antisquark pair (see Eq. ), while the s-wave dominated tree-level
contribution (orange line) is roughly constant as expectedﬁ Going to higher pey values,
the 1/v-enhancement becomes more and more subdominant and the Coulomb corrections
turn into a usual perturbative series in as. However, we encounter a sizeable splitting be-
tween the orange and the green line in the vicinity of the peak of the thermal distribution.
Hence, Fig. elucidates the relevance of these corrections for a precise estimation of
Q50 h2.

Moreover, with pg set to the renormalization scale pg = p and with ag renormalized
according to Sec. the Coulomb corrections of the order O(as) of Eq. should

24Gee also the vanishing weighting factor of the thermal distribution for v &~ 0 (mgv K Tireeze—out); €.8-,
in Fig.

ov can be expanded according to o v = a 4+ bv? + O(v*) with a and b being velocity independent. a
includes all s-wave contributions at O(vo), whereas b includes the leading p-wave contributions, which
set in at O(v?), as well as the O(v?) s-wave contributions.

25
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Figure 5.34.: The leading-order (orange line) and the Coulomb-corrected cross section
(green line) multiplied with the relative velocity v in dependence of the
center-of-mass momentum pc, for two selected channels of scenario II. The
gray areas indicate the thermal distribution (in arbitrary units).
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Figure 5.35.: The NLO contributions of the Coulomb enhanced diagrams (orange line) and
the Coulomb corrections off O(as) (green line) multiplied by the relative ve-
locity v in dependence of the center-of-mass momentum p,, for two selected
channels of scenario Ia. The gray areas indicate the thermal distribution (in
arbitrary units). The lower parts of the plots show the corresponding ratios
of cross sections (second item in the legends).
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actually match the Coulomb enhanced diagrams of the full NLO calculation within the
threshold region. This is explicitly checked in Fig. where we present the relative de-
viation between the sum of O(a) contributions of all Coulomb enhanced diagrams (oN=©)
and the O(a;) corrections of Eq. (oCoulomb) = Ag expected, we encounter a devia-
tion between these two cross sections of less than 1% at low pem, whereas toward larger
Pem values, the non-Coulomb enhanced terms in the NLO result start to contribute and,

hence, increase the difference between oNFO and gCoulomb

5.4. Further Subtleties in the Context of QQ2xx

This section summarizes subtleties, which we encounter in the context of squark (co)annihila-
tion. Since some of the 2 — 2 amplitudes that contribute to the final neutralino relic
density Q)”c? h? contain a gluon and an unstable electroweak particle X (e.g., a Higgs or a
Z-boson) in their final state, we partly double count contributions if we simply add the
2 — 3 processes (see the diagrams of the first line of Fig. to the Born level cross
section. This is because in the case of an on-shell Higgs or vector boson propagator in a
2 — 3-process, the 2 — 3 amplitude corresponds to the 2 — 2-on-shell production of a
gluon and a heavy boson X followed by its decay (exemplified in Fig. . But since the
on-shell production is already included within the 2 — 2 contributions, this would hence
result in the aforementioned double counting. To avoid this double counting, we subtract

Figure 5.36.: Example for ‘a potential double-counting between 2 — 2 and 2 — 3 ampli-
tudes for a ¢4 final state.

the 2 — 2 matrix element but weighted by the fraction of the EW decay width I'x_,gw
divided by the total decay width I'x_,tot from the 2 — 2 matrix element

r
\les;qxg\z — (1 - F)):f::) X \M{Ig,ﬁng, (5.260)
both for a two particle final state. Within our implementation it is, however, possible
that in some rare cases a gluon-X final state is corrected as in Eq. without taking
into account the corresponding 2 — 3 amplitude. But as we correct all processes that
contribute to €250 h? by more than 1%, we expect this to be a minor error with respect to
the aimed level of precision.

Beside the real radiation of soft gluons, we also encounter the radiation of soft photon
radiation in the 2 — 3 processes that subsume under the EW final states described in Eqgs.
and , while we integrate over the 3-particle phase space. As for the gluon, the
soft photon radiation introduces soft poles to the 2 — 3-matrix cross section, which would
cancel if one takes into account the corresponding virtual corrections. This would require
the inclusion of the corresponding EW corrections into oi, which is beyond the scope
of this work. Hence, we regulate these divergences with the help of a lower bound on the
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photon energy similar to AFE introduced in Sec. We check explicitly that this bound
does not much alter the final relic density but prevents the phase-space integrations from
becoming numerically unstable. This is even more the case as the 2 — 3 corrections turn
out to be only a small contribution to Qi?hQ for most of the relevant channels (see Sec.
E below) and channels with photon final states turn out to be even less important (Sec.
We finally introduce electron and muon masses, m, = 5.1 - 1074 GeV and m, = 0.106
GeV, to keep the photon propagator in the last diagram of Fig. away from its mass
shell.

To obtain consistent cross checks, all these changes, including the associated lepton-Higgs
couplings, are implemented in CalcHEP and are used by micrOMEGAs in our analysiﬂ
Furthermore, as already mentioned in the context of gaugino (co)annihilation, we include
a lower bound on the squark widths to stabilize the phase space integration in the vicinity
of squark-propagator poles. We choose this bound to be 0.01 GeV. If the value of a
particular squark width, by default taken from micrOMEGAs, drops below this bound, we
set its value to 0.01 GeV and keep the micrOMEGAs value, otherwise.

26Yukawa couplings proportional to such small masses of course only lead to minor corrections.
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6. Gaugino (Co)Annihilation: The Results

Provided all of the components necessary to calculate the virtual and real corrections,
we now come to the discussion of the impact of the higher-order corrections included in
ChiChi2qq on the processes presented in Sec. basing on Ref. |1]. A discussion on the
cross section level serves as the starting point, followed by an investigation of the impact
of the SUSY-QCD corrections on the neutralino relic density QX?'

6.1. Impact on the Cross Sections

In this section, we discuss the numerical impact of the full O(«)-corrections of the Secs.
and on the different gaugino (co)annihilation cross sections of Egs. —.
Therefore, we go trough the different scenarios presented in Sec. and investigate the
impact of our higher-order corrections for the channels of Tab. in greater detail.

Fig. shows two of the most relevant (co)annihilation channels plotted against the CMS-
momentum pen, for each of the scenarios of Tab. It contains the cross sections at tree
level (black dashed line) and at full one-loop (blue solid line) as well as the micrOMEGAs
result, including the changes reported in Sec. (orange solid line). The lower part of
each plot shows different ratios between micrOMEGAs and our tree-level oM© /ot (black
dashed line), between our full correction and micrOMEGAs oNt©/oMO (orange solid line)
and between our full result and our tree level o™N“© /gt (blue solid line).

The plot in the upper left of Fig. presents the cross section for the process )Z?)Zf —tb
of scenario I. One encounters a broad peak around p.m, =~ 200 GeV due to a resonance
in the s-channel exchange of the H™ boson, as already discussed in Sec. Our tree
level deviates from the micrOMEGAs result by ~ 20%, whereas our full O(a;) corrections
decrease this discrepancy relative to micrOMEGAs to at most ~ 10%. The former devi-
ation can be traced back to a different treatment of third generation quark masses in
micrOMEGAs compared to our code, as discussed in Sec. These enter the important
Yukawa couplings as well as 2 — 2 kinematics, which results in the observed shift between
ot and MO,
The second plot in the upper row shows the cross section of the process )2(1)5(8 — bb of
scenario I. Again, we encounter a broad resonance at p.m, ~ 200 GeV. This resonance can
be ascribed to the s-channel exchange of the pseudoscalar Higgs A°, which weights nearly
as much as the charged Higgs m 40 ~ mp+, whereas the coannihilating particle 9 fulfills

Mgy A Mg (~ m)zi) necessary to evade a large Boltzmann suppression. The deviation
1

between micrOMEGAs and the tree level reaches here even more than 30%, which is now
decreased to roughly 10% by our full NLO result, while the full O(«as) corrections yield a
shift of roughly 15% relative to our tree level.

Keeping in mind that according to Tab. these two processes already contribute to
the full annihilation cross section of scenario I by 66%, it already becomes clear at this
early stage that the NLO corrections investigated in this work can overcome the current
experimental error as stated by the Planck experiment.

In the third and fourth plot of the second row of Fig. we present the processes
ﬁfﬁ — tb and X)Xy — tt of scenario II. These two channels already account for 52%
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Figure 6.1.: Tree-level (black dashed line), full one-loop (blue solid line) and micrOMEGAs
(orange solid line) cross sections for selected channels of the scenarios of Tab.
The upper part of each plot shows the absolute value of o in GeV~2
in dependence of the momentum in the center-of-mass frame pcy,. The gray
areas indicate the thermal distribution (in arbitrary units). The lower part of
each plot shows the corresponding ratios of the cross sections (second item in
the legends). Figure taken from [1].
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of the full (oeg). Again, both plots feature broad resonances at pe, = 120 GeV and
Pem = 140 due to s-channel exchanges of the HT and the H° boson. In contrary to the
previous plots, these resonances differ in their relative p.,, position. This can be traced
back to a less degenerated mass spectrum (concerning Mg+ = Mgg, Mpo —Mm H+) as com-
pared to scenario I (see Tab. [4.2)), which results in the observed small pcpy,-shift, necessary
to hit the resonances within this slightly changed kinematic situation. Our O(ay) correc-
tions account for a shift relative to the original tree- level cross section by 10%-30% for
the X% — tb process and even by 20%-40% for the Yx3 — ¢ process. Moreover, we
encounter a relatively large difference between our tree level and micrOMEGAs, whereas the
NLO corrections nearly compensate for this deviation, leading to a maximum discrepancy
oNLo/omo of only 5% in the case of YI¥{ — tb and of 10% in the case of the YI%y — t#
channel. This compensation, also visualized by the overlapping orange and blue bands in
the particular upper plot, hints toward a good approximation of the higher-order correc-
tions by the effective heavy quark masses, which enter the kinematics as well as important
Yukawa couplings.

The remaining two plots of Fig. show the channels Y)¥{ — ¢35 and Y9%{ — ¢35 for
scenario III, which all together contribute to the thermally averaged annihilation cross
section by 13.1%. It is apparent that there is no resonance contributing to the cross sec-
tions due to reasons already explained in Sec. This results in a monotonous dropping
of the cross section with raising p.n, as required by unitarity. Moreover, one encounters a
good agreement between our tree level and the micrOMEGAs result, whose deviation turns
out to be nearly negligible as depicted by the black dashed line in the associated lower
plots lying constantly close to one. This behavior can be traced back to the particular
final states. These are now composed of second generation quarks, which are not affected
by our renormalization scheme and, hence, agree with micrOMEGAs. The full NLO correc-
tions result in deviations of ~ 5% for the )ngzf — ¢5 channel and of only ~ 3% for the
X9X] — ¢5 channel, relative to micrOMEGAs as well as to our tree level. The corrections
in scenario III turn out to be quite small compared to the examples of scenario I and
IT encountered previously. This is due to the relatively heavy SUSY-mass spectrum of
scenario III, as can be seen in Tab. which leads to the suppression of the higher-order
corrections observed here.

Finally note that within our code the widths are always active, whereas in micrOMEGAs/
CalcHEP these are switched on only within a rather narrow interval around the resonance.
In order to compare our results to the micrOMEGAs implementation, we modify this treat-
ment in micrOMEGAs for the plots shown in Fig. such that the widths are taken into
account over the full p.,. However, for the following calculation of the relic density, we
do not include these modifications within micrOMEGAs/CalcHEP as their impact on Q)Z? is
expected to be negligible.

6.2. Impact on the Relic Density

In this section, we investigate the impact of the O(«y) corrections on the final DM relic
density €2 0 Therefore, we include the full NLO corrections as discussed in Sec. into
mlcrOMEGAs following the float chart presented in Fig. 4.1l These corrections cover all
possible (co)anmhllatlon channels of two gauginos going into any quark-antiquark combi-
nation as presented in Egs. —, in all 102 different processes, not distinguishing
between different charge combinations in the chargino sector. All other processes, such
as , e.g., squark (co)annihilation or any (co)annihilation into EW final states are left un-
changed, which means that for these cases, we take the original CalcHEP result at effective
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tree level. However, the relevant channels out of the list of corrected processes (Eqgs.
—) are actually unknown beforehand as they strongly depend on the particular
pMSSM-11 parameter point as defined in Sec. Moreover, since the NLO calculations,
especially the integration over the three-particle phase space, turn out to be quite time
consuming, we correct only those processes that contribute to the full (o.gv) as provided
by CalcHEP by more than some predefined lower bound, here by more than 2%. Processes
that do not pass this bound are kept at tree level using our result instead of CalcHEP for
consistency.

In the Figs. and we show the relic density bands as obtained by using CalcHEP (or-
ange), our tree-level (gray) and the one-loop corrected result (blue) within the pMSSM-11
giving the region of parameter space as favored by Planck Eq. at the 1o level. We
dissect the scenarios into their contributions of different channels represented by the green
background in each of the different plots of Fig. and

Since the gaugino (co)annihilation strongly depends on the different mass splittings of the
involved gauginos, which in turn are explicitly dependent on the soft breaking parameters
M, My and p as shown in Sec. we present the relic density bands obtained in the
pMSSM planes spanned by different combinations of these parameters scanning around
the scenarios I and II as defined in Tab. [41l

Starting with Fig. we present a scan over the M; — Ms plane surrounding scenario
I. Since in this scenario the lightest neutralino Y! is dominated by large bino and wino
contributions Z, 5 and Z,; (see Tab. , varying these two parameters is expected to
sizeably alter the final relic density. The plot in the upper left shows the total contribution
of all processes improved by DM@NLO in green. These reach up to 80% in the upper left and
drop down to 20% in the upper right corner, where EW final states become dominant. The
three relic bands, which correspond to the color code defined above, now cut out the cos-
mologically favored region within the presented parameter plane. The thinness of the lines
already shows how constraining the demand that the lightest neutralino should account
for the whole DM, actually is. One observes a distinct separation of the full CalcHEP result
relative to the tree-level and NLO results obtained by DM@NLO over large parts of the given
parameter plane. However, our higher-order corrections tend to decrease this separation
as already observed and discussed at the cross section level in the previous section. Our
tree-level and NLO results tend to lie closely together with a separation of maximally 1o
as given by the colored bands. However, the exact separation varies strongly with the
particular parameter point in close correspondence to the total contribution of processes
corrected by DM@NLO. This leads to a strong overlap of all three bands, e.g., in the upper
right and lower left, which are regions with relatively low DM@NLO contributions, whereas
in the upper left of the plot, where DM@NLO contributes to the relevant channels by 80%,
the distinction of the bands is much more pronounced.

The five remaining plots of Fig. state the contributions of different (co)annihilation
channels, whose contribution to {oegv) is given in percent in green. By far the most domi-
nant contribution to (oegv) over wide parts of the presented M; — My plane stems from the
WX — bb channel, which reaches up to 80% in the upper left. However, this contribution
is decreased to less than 10% toward the lower left corner, where the DM@NLO processes
still correct by around 60% of the relevant channels. There, the processes X{X3 — bb and
>~C1+>~<(1) — tb take over contributing to the total annihilation cross section by up to 24% and
45% in the cosmologically preferred region, respectively. The reason for this enhancement
can be found in the s-channel resonances due to the exchanges of one of the Higgs bosons
A% and H* discussed previously (see Sec. . These resonances lead to the typical kinks
in the relic density bands as common to these so-called Higgs funnel regions. Furthermore,
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Figure 6.2.: Relative importance of the processes that contribute to the neutralino relic
density in the M;—M> plane surrounding scenario I. The three colored lines
represent the part of the parameter space that leads to a neutralino relic
density compatible with the Planck limits given in Eq. using the standard
micrOMEGAs calculation (orange), our tree-level calculation (gray) and our full
one-loop calculation (blue). Figure taken from \|
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the shape of the two contributions turns out to be very similar, which can be traced back
to the fact that the particles Y5 and ¥ on the one hand and the Higgs bosons A° and
H? on the other hand are almost degenerate in mass (see Tab. and the discussion in
Sec. [4.2)). Therefore, coannihilations of X! with these two particles become important in
the same region of the parameter space.

The plot in the lower left shows the sum of the rather exotic channels )Zfig — ¢5 and
)fo(g — ud. Their individual contributions to the relic density are basically identical,
since the main difference, the nonzero mass of the charm quark m,, is already negligible

X
sum of these channels with light quarks in the final state accounts for up to 16% in the
cosmologically favored region.

We further show the analogous plot for the annihilation channel )Zf)zlf — bb in the lower-
right part of Fig. This channel constitutes more than 35% outside and roughly 15%
inside the cosmologically preferred region. Additional contributions, which are not pre-
sented but which contribute by more than the cutoff bound of 2%, are >~GL>~C(1] — CS,
XY = ud, XY9XY — tt (~ 10% each) and Y9x3 — bb (~ 5%).

Fig. contains the corresponding plots for scenario II of Tab. Since the lightest
neutralino now features beside a large bino component Z, 5 also sizeable higgsino com-
ponents Zugh and Z1H2 driven by the parameters M; and u (see Sec. , in Fig. 6.3
scans around scenario II in the plane spanned by these two parameters are performed.
One encounters a broad overlap between the pure CalcHEP result and the O(«y)-corrected
result, signalizing the good approximation of the higher-order corrections by the effective
masses and couplings used within CalcHEP, as discussed in Sec. Moreover, the relic
band obtained by our tree level shows a clear spatial deviation from the former two, which
indicates a shift of the final relic by more than 1o due to the higher-order corrections.
The sum of all channels corrected by DMONLO now sums up to more than 90% over large
parts of the presented parameter space and drops down to less than 10% in the upper right
corner, where (co)annihilation processes with (of) the lighter stop 1, as discussed in the
Refs. [2,147],/148|, become relevant. In this case, the largest contributions are due to the
channels %Y — #f and Y0%} — bb, whose contribution to (o.gv) reach up to ~ 60% and
~ 35% across the scanned M; — u plane. However, there is yet another region in the center
left, similar to scenario I, where the contributions of these channels drop below 20% and
10%, respectively, while the total contribution still remains above 90%. There, the most
relevant channels turn out to be X} X9 — tb (~ 45%), X{x3 — tt (~ 13%), ¥{x3 — bb
(~ 7%), XIXY — tt (~ 9%) and X{X3 — bb (~ 5%), which are enhanced by the s-channel
exchange of the A° and H?* yielding the characteristic Higgs-funnel kink. It is further
apparent that in contrast to scenario I, tt final states are dominant in scenario II due to
reasons discussed in Sec. [£.2l We even encounter contributions from coannihilation with
the third neutralino )Zg, which is remarkable, because a quite compressed mass spectrum
in the neutralino sector is necessary to avoid a potentially large Boltzmann suppression.
Summarizing the observed contributions to the different gaugino (co)annihilation chan-
nels Eqgs. — in the scanned planes around our scenarios I and II, we find a
large variety of different processes that sizeably contribute to the final relic density (e.g.,
we correct between two and twelve gaugino annihilation and coannihilation channels in
parallel in scenario I) yielding an overall sum of processes corrected by DMONLO of up to
more than 90%. This underlines the importance of the different gaugino (co)annihilation
channels, even of the rather exotic ones such as Y{x3 — bb (~ 5%), and, hence, of their
corresponding higher-order corrections for a precise estimation of the final relic density.
To conclude the investigation of the impact of our O(«ay) corrections on Q)Z?’ in Fig. we

at the considered energy scale /s 2> \/ (mfcf)Q + (m~(2>)2. It becomes evident that the
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Figure 6.3.: Relative importance of the processes that contribute to the neutralino relic
density in the Mj;—u plane surrounding scenario II. The three colored lines
represent the part of the parameter space which leads to a neutralino relic
density compatible with the Planck limits given in Eq. using the standard
micrOMEGAs calculation (orange), our tree-level calculation (gray) and the full
one-loop calculation (blue). Figure taken from .
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Figure 6.4.: Neutralino relic density in the M;—Ms-plane surrounding scenario I (left) and
the Mj-p-plane surrounding scenario II (right). The three colored lines rep-
resent the part of the parameter space that leads to a neutralino relic density
compatible with the Planck limits given in Eq. . For the orange line,
we use the standard micrOMEGAs routine, the gray one corresponds to our
tree-level calculation and the blue one represents the full one-loop calcula-
tion. The black contour lines denote the relative shift between the tree-level
and one-loop relic density, i.e. ‘1 — QELO / Q;ree|. Figure taken from .

zoom into parts of the cosmologically favored regions of Fig. [6.2 and Fig. [6.3] The former
is shown in the left hand plot of Fig. As already mentioned above, the three lines
separate completely. This confirms the observations concerning the upper plots of Fig. 6.1
where the cross sections of the channels )Z?fdr — tb and Y{X3 — bb are depicted. As these
channels dominate the parameter space around scenario I shown in Fig. [6.4] (see also Fig.
, the deviations between the three cross sections propagate through the Boltzmann
equation to yield sizeable deviations in the final relic density. This shifts our one-loop
result away from the tree-level relic density by roughly 5%, whereas the relic density ob-
tained with micrOMEGAs differs by ~14% from our tree-level result. The right-hand side
of Fig. [6.4] shows a detailed view on Fig. [6.3] As already mentioned, the orange and blue
lines overlap, which agrees with our results from Sec. There, we find that the one-loop
corrections of the dominant channels 5(?5@ — tb and Y{x) — tt are well approximated
by the effective tree-level calculation from micrOMEGAs (see middle part of Fig. . As
a consequence, the relic density determined by micrOMEGAs agrees with the full one-loop
calculation. The one-loop corrections shift the relic density by roughly 9-10%. Note that
the size of the corrections is, hence, larger than in scenario I.

We now turn to the final states with first and second generation quarks. Scanning through
the pMSSM-11 parameter space, we find that phenomenologically viable scenarios are quite
similar to our reference scenario III, featuring rather heavy squarks of the first and second
generation, while those of the third generation are lighter in order to meet the requirement
of the 125 GeV Higgs boson. Consequently, the NLO corrections to the annihilation cross
section into final states with first and second generation quarks happen to be suppressed
by the corresponding large squark masses (in the t- and u-channel) as can be seen in Fig.
for scenario III. Thus, this correction of the neutralino relic density will be even less
important since these final states typically account for far less than 50% of the total cross
section, the rest being, e.g., annihilation into third-generation quarks. We therefore do
not show extensive studies of the relic density for our scenario III. Note, however, that in

160



6.2. IMPACT ON THE RELIC DENSITY

a more general SUSY framework, the situation can be different and the corrections to the
(co)annihilation into light quarks can become numerically relevant. Since our numerical
code includes O(ay) corrections in the most general form, such an investigation within a
more general MSSM setup is actually possible.
Let us finally briefly comment on potentially large Sommerfeld enhancement effects (the
Coulomb corrections in the case of massless boson exchange) to the processes investi-
gated in this section. As discussed in Sec. these can largely alter the corresponding
(co)annihilation cross section between two particles at low relative velocity v. The im-
pact of the Sommerfeld enhancement for WIMP dark matter is widely discussed in the
literature [230]. Although we have discussed the Coulomb corrections only in the context
of gluons, i.e., for strongly interacting, massless particles, the qualitative enhancement at
low v is also found for the photon exchange or for the exchange of some massive bosons ¢,
at least, as long as mg < my is fulfilled, such that the incoming gauginos x can be kept
on-shell during the multiple ¢ exchanges. To be more precise, these corrections become
relevant when the Bohr radius 1/my becomes smaller then the interaction range 1/my or
awmsg/mg 2 1, where ayy is the coupling constant between the boson ¢ and the incoming
particles. In the MSSM with typical neutralino-LSP masses mgo < 1 TeV and with EW
bosons with mass my 2 O(100)GeV (except for the photon), this situation is, however,
almost never realized. In particular it is never realized in our representative scenarios I-111
in Tab. The only case where this may be of certain interest is the case of Coulomb
corrections due to the exchange of photons between an incoming chargino pair. In sce-
nario III, we find that chargino annihilation can sizeably contribute to the final DM relic
density. The corresponding calculation of the Coulomb corrections follows the exact same
lines as for the gluon discussed in Sec. [5.3] where it would be necessary to only replace
the couplings and color factors by the corresponding electromagnetic Charges{ﬂ However,
as the electromagnetic coupling happens to be much smaller than the strong coupling
constant, one would have to go to much smaller velocities to reach the non-perturbative
regime

ae/v 21, (6.1)

a region, where the Boltzmann suppression may already counteract the Sommerfeld en-
hancement. As, in addition, the chargino annihilation is still only a subleading contribution
(~ 10% to (oegv) ) we leave this topic for later investigations.

Note that Sec. only treats the case of particles with equal masses. Hence, the case of chargino
coannihilation between different mass eigenstates would only be (approximately) covered if met R
1

mox. However, the opposite case would of course be highly Boltzmann suppressed and, hence, be
2
rather irrelevant.
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7. Squark (Co)Annihilation: The Results

7.1. Impact on the Cross Sections

We now turn to the discussion of the impact of the full corrections of QQ2xx for the pro-
cesses listed in Eqs. - based on the corresponding discussion of Ref. [2].

Fig. presents the cross sections multiplied by the relative velocity v as a function of
the center-of-mass momentum p.,, for selected annihilation channels of the three reference
scenarios presented in Tab. We show the cross section at tree level (black dashed
line), including the full O(a;) corrections as discussed in Secs. [5.1.9] and [5.2.6] (red solid
line), with the full corrections including the Coulomb corrections of Sec. (blue solid
line) and the corresponding value obtained by micrOMEGAs/CalcHEP (orange solid line).
In the lower part of each plot, we give different ratios between the different cross sections
(second item in the legend). The gray shaded regions represent the thermal weighting of
the ov contributions to (gannv) of Eq. (3.39).

Turning to the different graphs, the plot on the upper left of Fig. illustrates ov for
the process t1t; — h°hY, which happens to be the dominant subchannel in scenario Ia.
We find that our prediction for the cross section at tree level deviates by roughly 45%
from the micrOMEGAs result. This deviation can be traced back to a different treatment
of couplings as well as different input parameters used within micrOMEGAs compared to
DM@NLO. In particular, micrOMEGAs uses the DR-top mass mPR = 161.6 GeV, whereas we
take the on-shell top mass m? = 172.3 GeV. As these enter the Yukawa couplings and
in turn alter the important ¢- and u-channels, which happen to be the dominant contri-
butions for most of the corrected processes (see Tab. , this is the main reason for the
observed shift between our tree level and the micrOMEGAs result. Note, that this behavior
has also been encountered previously in Ch. [6] At low relative velocities of the incoming
stops (i.e. at small pcy), the higher-order corrections (red and blue curves) rise steeply
due to the Coulomb corrections discussed in Sec. For larger values of pey > 400 GeV,
the Coulomb corrections become less relevant turning into a usual perturbative series in
s, whereas the 2 — 3 processes become more and more important due to the enhanced
phase space and already start to significantly alter the p¢ dependence of the NLO and
the full result. Here, the full corrections lead to a change of roughly 35% compared to our
tree-level calculation.

Comparing the ratios o1 /otree (red line) and onpo/0tree (Orange line) in the lower part
of the plot within the region favored by the thermal weighting of the integrand in Eq.
(here between pe, = 50 GeV and pen = 350 GeV), we observe that the Coulomb
corrections significantly contribute even beyond NLO. This observation has already been
suggested earlier by Fig. in Sec. Its contribution at NNLO and higher amounts
up to about half of the O(a;) contribution. Furthermore, our full result deviates from the
tree level by up to 300% and from the micrOMEGAs result even by up to a factor of seven
to eight within the above interval of high thermal weighting.

In the upper right corner of Fig. we show the analogous plot for the process flf*l‘ —
Z970 of scenario Ia. The difference between our tree level and micrOMEGAs amounts up
to 60%. This deviation can again be traced back to the different treatment of couplings

163



CHAPTER 7. SQUARK (CO)ANNIHILATION: THE RESULTS

10° AN LA LAY 10° A A A S
£,f] =h'n® (scenario la) ] t,f) =27 (scenariola) 1
ot (M0 /gtres ) ] otTee (oM /gtree ) ]
L\‘I O_MO (O_NLU /O_tree) L\‘l (TMD (O_NLD /O_tree)
% 10’5; Lo [T /O_tree) | % , VLo (o1 /O_tree)
LCP) o_full (o_full /UMD) Cg 107 - O_full (O_full /O_MU)
> >
® S
107
H 10° 14
g 10 = 10'E
o E 5 E
o [ o [
? 10°F o 10°L
£ I T T L T T
) 0 500 600 700
Pem 1N GEV P IN GEV
sy AT
£,f, =h°H® (scenario Ib) | t,t, —»2° A® (scenario Ib)
10° — - gtree (OMD /Htree) 107 — - gtree (UMD /Utree)
C\‘I OMD (HNLD /Utree) c\‘l (TMD (UNLD /otree)
% ONLD (Ufull /Otree) % L'TNLU (ofull /Utree)
(é - ofnll (ofnll /UMD) 1 (CD u_full (Ufull /(TMU)
£ il c
> F > |/ ___ =
® 2 Y S
5
o
[
P 1N GEV P IN GEV
107 A S A
t,t, =W H~ (scenario Il) ] t,t, = W*T W~ (scenario Il) ]
— - gtree (oym /”tree) 1 1071 — - gtree ((TMD /Ucree) i
3 M (M0 /gtree) o £ oM (MO /gtres)
% \ N (Ufull /O,r,ree) % L0 (ofull /U:ree)
CCD 107 o,full (o,full /UMD) CCD ﬂfull (Hfull /O’MD)
k= £
> > £
& &
1077 LHHHHTHHHHHHHHHHHE T
IS 10
o
S
T :
B I FRRETRTEY FYRURTRUTY FRTRNRTRN] FRUTRURTNE FNNRTRUETE FENNRTNT FRVRUNTRNY INUTRURTNL SVRUTL ST YRR PSR AL PR RRTRRNT] SYRURTRUT] FNTNURTUTE NRTRRTRY FYRUTUATY FUTRUTRUL: |
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

Do IN GEV Pe IN GEV

Figure 7.1.: Tree-level (black dashed line), micrOMEGAs (orange solid line), NLO (O(as))

corrections (red solid line) and full corrections (blue solid line) for selected

channels in the scenarios of Tab. The upper part of each plot shows ov in
GeV~2 in dependence of the momentum in the center-of-mass frame pem. The

gray areas indicate the thermal distribution (in arbitrary units). The lower

parts of the plots show the corresponding ratios of the cross sections (second
item in the legends).
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and input parameters due to our choice of the renormalization scheme. For small pep,
the Coulomb enhancement takes over yielding large corrections of a factor of 10 and more
relative to our tree level. Moreover, our full corrections deviate from our tree level by up
to a factor of three or four in the important region between p.,, = 50 GeV and 350 GeV,
whereas the ratio between the full result and micrOMEGAs gets even larger by another
factor of three and more. Since these two final states h°h° and Z°Z° constitute around
55% of the total annihilation cross section (oegv) (see Tab. [£.7), the importance of our
corrections to the neutralino relic density is already indicated at this point.

One further encounters small kinks in the upper two plots of Fig. around pey, = 485
GeV. These are due to a very broad s-channel resonance caused by the heavier C P-even
Higgs H°. Although the pseudoscalar Higgs boson A is similar in mass (m 40 ~ mpgo =
1917.4 GeV), it does not contribute to the s-channel in the case of ##; annihilation (see
Sec. as it is C' P-odd and, hence, does not couple to two identical squark mass eigen-
states.

The remaining four plots show #;#; — RYH? and #1#; — Z°A° for scenario Ib and
t1t; — WHTH™ and 18, — WTW ™ for scenario II. In all four cases, our tree level differs
from the micrOMEGAs result by 30% to 50%. It may seem to be quite surprising that
for Z°AY the deviation between our tree level and micrOMEGAs turns out to be only half
as large as in the case of Z°Z° final state, although their different contributions can be
considered as relatively similar. The larger difference seen in the case of the Z°Z° final
state can be traced back to the longitudinal polarized vector bosons, which, in the 't
Hooft-Feynman gauge are represented by the Goldstone bosons G° (beside the different
treatment of the top mass). More accurately, it turns out that the coupling #;£oG? causes
the large difference in Fig. It is treated differently in micrOMEGAs compared to our
implementation that uses the proper tree-level coupling. The reason for the shift observed
is that this coupling enters the important ¢- and u-channel contributions twice in the case
of Z9Z9 but only once, e.g., in the case of the ZYA° final state.

In the last four plots, the Coulomb corrections dominate our higher-order corrections in
the region of small pey,. For large values of pen, the Coulomb corrections again turn into
a usual perturbative series in a; such that the full O(«y) corrections become relevant and
give rise to corrections roughly between 15% and 35%. In the region relevant for Qg0 h?,
i.e., in the vicinity of the peak of the thermal distribution, the deviation between our full
result and our tree level accounts for roughly 50% to 100% and between our full result
and micrOMEGAs for around 200%.

Fig. shows the decomposition of the absolute value of the NLO cross section without
the tree-level contributions o"0 /g*¥¢® —1 (black) into the various types of UV finite O(ay)
corrections for each of the processes of Fig. More precisely, we show the vertex (or-
ange), propagator (red), box (blue) and real corrections (green) where the latter already
includes the soft-gluon contribution as discussed in Sec. The different contributions
due to the vertex, box and propagator corrections are already summed up with their ap-
propriate counter terms discussed in Sec. |5} yielding UV-finite results. However, together
with the real corrections, these different contributions are separately IR divergent as well
as dependent on large logarithms of the associated factorization scale u (see Sec. .
These terms cancel in the final cross section but can lead to an enhancement of each con-
tributions of Fig. individually.

Looking at Fig. one can clearly identify the subclasses of O(a) corrections which are
enhanced by the Coulomb corrections of Sec. namely the vertex and box corrections.
Only the vertex corrections of the processes t~1t~’1‘ — hYHY and t~1t~’1‘ — W1H~ show no
significant rise at small p.y,. We find that in these cases, the dominant contributions are
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due to the t- and u-channel, which turn out to be much larger than the Coulomb enhanced
diagrams sum under the vertex corrections (see Tab. . Therefore, much smaller values
of pem ~ O(1073 GeV) have to be considered to see a significant rise in the vertex correc-
tions which is, however, not shown here.

Finally note, that the sum of box and vertex corrections results in a positive correction
at low pem, whereas for large pen the situation is reversed and the overall corrections are
negative. The point where the overall correction changes its sign is approximately given
by the point where the dominant contributions of the box and vertex corrections com-
pensate each other. Moreover, the real emission corrections turn out to be subdominant
for all cases. They only rise toward larger p.n, where the larger kinematically accessible
phase space of the 2 — 3 processes enhances the associated total cross sections. However,
in those regions, the thermal weighting already yields a suppression too large for these
contributions to significantly alter the final relic density.

7.2. Impact on the Relic Density

We now come to the investigation of the impact of our higher-order corrections on the
neutralino relic density Qﬁ). For the following analysis, we use the setup presented in the

flow chart Fig. The overall number of corrected processes for the relevant case of 1t}
pair annihilation presented in the Egs. to amounts to 24 different final states.
All other processes that do not sum under the processes listed in Egs. - or
the processes named in Sec. (see Fig. are provided by CalcHEP at the effective
tree level. The actual relevance of each of these different channels for the final Q)ch) is a
priori unknown as it is strongly dependent on the specific parameter point. Hence, each
of the 24 processes needs to be considered separately. To optimize the calculational time
cost for the evaluation of QX?’ we include a cutoff on the contribution of the different
channels to (oeg), similar to the one discussed in Sec. We set this bound to 1%. This
is in accordance with the current experimental precision of QﬁhQ, which lies at around
2% at 1o confidence level. All remaining channels are either replaced by our tree level
for consistency or are left unchanged, i.e., are calculated via CalcHEP at the effective tree
level.

In the representative scenarios of Tab. the lightest neutralino appears to be bino-like
always (see ‘ZXO,I 3l* in Tab. and, hence, its mass is predominantly determined by
the bino-mass parameter M;. Since within our scenarios Ia/b and II, the lightest scalar
top quark turns out to possess a large admixture ‘Zf,l R|2 of tg, the superpartner of the
right-handed part of the top quark, m; is also sensitive to the right-handed supersym-
metry breaking parameter Mjy,. We therefore present our results in the M;-Mj, plane
of the pMSSM-11 parameter space as defined in Sec. These two parameters directly
influence the important mass splitting mgo —my, to which the relic density in the stop
(co)annihilation region is extremely sensitive.

The Figs. and [7.4] show scans around our reference scenarios of Tab. Following
the color convention introduced in Sec. the orange band (Q"0) refers to the neutralino
relic density Qg0 h? obtained by micrOMEGAs /CalcHEP and the gray band (2**°°) indicates

the prediction of the relic density QX? h2, in which our tree—level calculation replaces the
CalcHEP result for the processes specified in Egs. - Finally, the blue band
(qull) represents (). 0h2 as a result of the full Calculatlon discussed in the Secs.
and 6.3 We add the relic density obtained by our NLO calculation alone in red to

Flg. .
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Figure 7.3.: Planck-compatible relic density bands (see Eq. in the M;—Mj, plane sur-
rounding scenario Ia and Ib. The calculation includes micrOMEGAs (orange),
our tree-level (gray) and our full corrections (blue). The white and red stars
mark the positions of our reference scenarios la and Ib. The black lines of the
plot on the upper left show the deviation between micrOMEGAs and our full
result in per cent. In the plot on the upper right, the black lines stand for the
mass of the lightest Higgs boson my0 in GeV. For further explanations see the
text.
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The experimental 1o-uncertainty of Eq. is reflected by the width of the three bands
of Fig. and Fig. Their fineness underlines the impact of the constraining assump-
tion that the lightest neutralino ¥ accounts for the whole cold dark matter in the universe.
As evident from the Figs. and a distinct separation between the bands correspond-
ing to our tree-level result (gray) and the default result of micrOMEGAs (orange) can be
observed nearly everywhere throughout the M; — My, plane. This separation becomes
even larger when the NLO (red) or full (blue) corrections are taken into account. The
black contour lines in the top left plots of Figs. and quantify the magnitude of the
corrections between micrOMEGAs and the full result more precisely. They amount up to
roughly 50% in Fig. and reach even more than 50% in the cosmologically favored region
of the corresponding plot of Fig. [7.3] while our fully corrected result deviates by up to 25%
from our tree level in Fig. and by nearly 40% in Fig. respectively. In Fig. the
importance of the NNLO Coulomb corrections for a precise estimation of the relic density
is pointed out. Here, the full result deviates by far more than one standard deviation from
our NLO result, which is visualized by the splitting of the associated blue and red bands.
This deviation, caused by Coulomb corrections of NNLO and beyond, even exceeds the
size of our full NLO corrections. Beside the fact that for v &~ «a; the higher-order Coulomb
corrections are roughly of the same size as the leading order Coulomb corrections, this
result can be traced back to a cancellation among the NLO contributions to the relic
density as shown in Fig. [T.1] By looking at Fig.[7.1] it becomes apparent that the NLO
corrections at large v tend to lower the tree-level cross section, whereas for lower v the
Coulomb corrections start to sizeably alter the cross section turning the NLO corrections
to positive values. Since for certain processes, this transition takes place quite closely to
the peak of the thermal distribution as defined in Eq. , the associated cancellation
significantly lowers the total contribution of the NLO corrections to the final relic den-
sity. On the contrary, the Coulomb corrections of O(a?) and beyond yield a throughout
positive correction, lacking any kind of cancellation in the thermal integral. This prop-
agates through to the overall large importance of the higher-order Coulomb corrections
as observed in Fig. Note that this large impact of the O(a?) Coulomb corrections
also increases the scale uncertainty of the final result connected to the unphysical scale
ua of Eq. , which drops out of the corresponding O(as) Coulomb correctionsﬂ
Apart from the corrections discussed above, Figs. and [7.4] highlight several regions of
parameter space, where stop annihilation into different EW final states become impor-
tant. The cosmologically preferred region of parameter space lies along a line of almost
constant mass difference between the neutralino-LSP and the stop-NLSP as apparent in
the plots in the upper left of the Figs. and For scenario Ia/b, one observes that
for higher values of Mj, the processes with Higgs bosons in the final state dominate along
the cosmologically favored region, whereas for small Mg, and M;, the processes with a
vector boson in the final state take over and become the most important contributions.
This is because for smaller Mg,, the stops are lighter and two Higgs bosons in the final
state turn out to be no longer kinematically allowed or are at least largely suppressed. The
same observation, though less pronounced, holds for scenario II, where one encounters an
increasing relevance of vector-vector final states toward lower values of M3, and M in the
last plot of Fig. [7.4]

Although the scenario Ia/b as well as scenario II fulfill the experimental bounds on the
Higgs boson mass, only scenario II lies within the vicinity of the experimentally favored
myo region (see Eq. ), whereas the scenarios Ia and Ib lie at the edge of this con-
straint. The mass of the lightest Higgs boson is mainly driven by the Mj, parameter as

LOf course, this is valid only apart from the intrinsic scale dependence of the strong coupling a (1a)-
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Figure 7.5.: Scan of the scenario Ia/b-plane. The white star marks the position of the
scenario Ic (M) = 831 GeV, My, = 2057 GeV) further analyzed in Fig.

discussed in the Secs. [2.2.1] and [4.3.2] which determines the mass mj;, in our scenarios.
Consequently, the parameter My, influences the mass splitting between the top quark and
its superpartner 1, which in turn enters the mass corrections of the mass of the lightest
Higgs boson (see Eq. (4.15)).

Another interesting contribution including electroweak final states, which has not been
disussed so far, is the annihilation of scalar top quarks into lepton-antilepton pairs. Al-
though this process is not the leading contribution to the total cross section in any of the
representative scenarios, there is a region in the Mj,-M; plane shown in the bottom-right
plot of Fig. |7.3] where the process with 77 final state actually contributes to (oeg) by as
much as 13%. In order to get a closer look at this, in Fig. [7.5 we zoom into this area of
enhanced 77 contributions. It turns out that the enhancement of the 77 final state is due
to an s-channel resonance caused by the heavier Higgs H® accompanied by a Yukawa cou-
pling, which, for tan § = 16.3, is already large enough to significantly favor the down-type
fermions. Interestingly, the corrections to this process are significant enough to cause a
shift of the relic density by surprisingly large 20% relative to our tree level and by even
more than 30% relative to micrOMEGAs despite the fact that its contribution is compara-
tively low. The reason for this unexpectedly large contribution is that the annihilation into
77 proceeds only through an s-channel exchange of vector and Higgs bosons. As pointed
out in Fig. while for all other final states the corrections from the vertex and the box
diagrams tend to cancel each other and lead to a reduction in the total correction, this
is not the case for 7-leptons in the final state as they do not feature any box corrections.
Thus, this cancellation cannot take place. For further discussion we introduce a fourth
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Figure 7.6.: Cross sections and NLO contributions to scenario Ic of Fig.

representative scenario Ic marked by the white star in Fig.[7.5] The relevant cross section
contributions for this parameter point are shown in greater detail in Fig. It becomes
evident that, starting from the H°-resonance at around p., = 80 GeV (first plot of Fig.
, the corrections to the annihilation into 77 are comprised of large Coulomb corrections
from the vertex diagrams, whereas for larger pe, the corrections are dominated by the
relatively large contributions of the 2 — 3 processes (see second plot of Fig. due to
the phase-space enhancement of the 2 — 3 final states. The latter already sets in at much
lower pcm, because of the small 7-mass. Finally note that the s-wave annihilation through
the H? of a stop-antistop pair into ¢ final states is suppressed by a factor of (my/ mgl)Q.
Therefore, a more elaborate treatment that takes the full Coulomb corrections for the
p-wave into account may lead to relative corrections of the particular cross section that
are less suppressed than O(a?) compared to the leading s-wave contribution (see Sec. .
However, as the leptons tend to unfold their main impact on the relic density in the vicin-
ity of the H%-resonance, this decreases the impact of the p-wave contributions (see plot
on the left of Fig. ), which do not feature the above suppression factor (my /mgl)z.
Hence, we leave this open to further investigations.

Finally note that there is a theoretical uncertainty or “error” for both the ChiChi2qq as
well as for the QQ2xx results due to higher-order corrections not yet included. A common
way to give an estimate of the impact of higher-order corrections is to check the dependence
of associated observables such as cross sections or the relic density on the unphysical scales,
in the present case these are the renormalization scale p and the scale of the Greens
function pug. This dependence is expected to be successively decreased by adding higher-
order corrections not yet included. More precisely, the scale dependence relies on the
interplay between renormalized parameters evaluated at the scale u via the corresponding
RGEs on the one hand and the accuracy of the higher-order virtual corrections in O(a)
as calculated in Sec. on the other hand. Hence, if one uses the RGEs to evolve the
parameters, whose virtual corrections are explicitly included, given at the accuracy of
the corresponding virtual corrections, the full result is expected to be scale independent.
However, as this is in general not the case here (see Sec.[5.1.5] Sec.[5.1.7and Sec. [4.1]for the
precision of RGEs used for my, o and for additional parameters estimated by the spectrum
calculator used here), we expect a residual scale dependence of observables, which allows
to give a rough estimate about the size of the higher-order virtual corrections. Moreover,
as we provide strong corrections to processes that do not include the strong coupling «
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at the Born level, our corrections are the first who allow to test the impact of higher-order
strong corrections via the scale dependence of the strong coupling constant.

In order to somehow quantify the size of the higher-order corrections, the renormalization
scale and the scale of the Greens function are varied typically between half and twice
of their default values. The size of the shifts of observables is then said to quantify the
theoretical error. Note, that this has to be handled with special care, because, on the one
hand the variation of scales only tests the scale dependent terms and does not allow to
give an estimate about the size of scale independent corrections, which are known to be
potentially large, too. On the other hand, the size of the variation is completely arbitrary
in order that the shift of observables with p and ug is actually not a real error but rather
a way to estimate the size of the higher-order corrections. However, we investigate on the
scale dependencies in the context of DM@NLO in greater detail in a paper which is currently
in production.
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8. Summary, Conclusions and Outlook

The Standard Model presents a well established theory of particle physics, whose over-
whelming success, which relies on the cornerstones of local gauge invariance and renormal-
izability, substantially influenced our understanding of nature. However, experiments hint
toward the existence of a sizeable mass component composed out of non-luminous and non-
baryonic matter, whose nature cannot be consistently explained by the Standard Model
alone. In this thesis, we have discussed an extended version of the Standard Model, the
R-parity conserving minimal supersymmetric Standard Model (MSSM), whose enlarged
particle sector provides the lightest neutralino as a viable dark matter candidate. We have
further presented the standard calculation of the relic density of thermally produced dark
matter, where we have emphasized on the importance of approximate mass degeneracy
for efficient coannihilation to evade a large Boltzmann suppression. Moreover, a closer
look was taken on the different sources of uncertainties that can enter the estimation of
the final DM relic density both on the experimental as well as on the theoretical side. In
this regard, we have found that the precise calculation of the thermally averaged effec-
tive annihilation cross section (oegv), as in parts provided by this work, can be of great
importance for an exact estimation of the DM relic density competitive with the current
experimental accuracy as provided by the WMAP or Planck experiment. However, we
have also seen that this should only be understood as one part of a much larger picture
of various uncertainties entering the final Qpyr. We have then moved on to introduce the
DMGONLO project, a software package, which covers the O(as) SUSY-QCD corrections for
many important (co)annihilation channels within SUSY-QCD. We have further presented
two sub-projects of DM@NLO, namely

ChiChi2qq:Gaugino (co)annihilation into quarks,
QQ2xx: Squark (co)annihilation into electroweak final states,

in whose context the work described in this thesis has taken place. We have subse-
quently turned to the discussion of the corrected channels for each of the above projects
and introduced the corresponding representative scenarios within the phenomenological
MSSM, in which later investigation of our higher-order corrections took place. After that,
we went on to the actual work of this thesis, the estimation of higher-order corrections
comprised of virtual, real and Coulomb corrections. We have discussed the theoretical
methods to separate the ultraviolet, soft and collinear divergences, which we have encoun-
tered in higher loop contributions. To cancel the former, we have introduced a hybrid
DR/on-shell scheme, which has been chosen in order that it ensures numerically stable
calculations over wide regions of parameter space. Moreover, we have presented meth-
ods that handle soft and (quasi)collinear divergences. These are the phase-space slicing
and the dipole-subtraction method. Afterwards, we have introduced the non-perturbative
Coulomb corrections, whose contributions are connected the exchange of potential gluons
and which have been included into QQ2xx. Based on the representative scenarios men-
tioned above, we have provided extensive studies of our higher-order corrections, both
on the cross section level and on the level of the relic density. In the case of gaugino
(co)annihilation, we have encountered a large variety of different (co)annihilation chan-
nels which turned out to sizeably contribute to the final relic density. We have stated
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that both quite common as well as rather exotic initial states such as {J¥9 can become
important for a precise estimation of 0 which provided to (oegv) partly more than
90%. Concerning the corrections to the (co)annlhllatlon cross sections and the final relic
density, we have found that the effective treatment of couplings and masses as provided
by micrOMEGAs often yields a good approximation of the full NLO calculation. Hence,
we have often encountered a broad overlap between the lo-bands of our NLO-improved
calculation and the standard implementation of micrOMEGAs. However, this agreement
did not pertain through the whole parameter space such that we found regions, where
our corrections yielded a 9% deviation from the micrOMEGAs result, largely overcoming
the experimental precision of the dark matter relic density. We have further found that
the impact of first and second generation quarks on {2 0 is rather low as these channels
are typically accompanied by large contributions of heavy quarks and are furthermore
suppressed by heavy first and second generation squarks in the ¢- and u-channel (at least
in the scenarios investigated in this work).

In the case of squark (co)annihilation, we have mainly focused on the annihilation of the
lighter stop ¢, a particle, which turned out to be a quite natural and also phenomeno-
logically well motivated next to lightest supersymmetric particle. In the analyses of the
higher-order corrections, we have distinguished between Higgs-Higgs, vector-Higgs, vector-
vector and lepton-antilepton final states. As in the case of gauginos, we have found a large
variety of different final states from the above list that became relevant in the evalua-
tion of Q)Z?' We have corrected scenarios where the processes, whose NLO corrections
are covered by QQ2xx, provided more than 70% to the final (oegv). The corrections have
shifted the tree-level result of ch? by far further than the experimental 1o interval within
the cosmologically favored region. Moreover, also the splitting between our full result
and micrOMEGAs has exceeded the current experimental uncertainty by far. Most no-
ticeable, the Coulomb corrections of O(a?2) and beyond turned out to sizeably alter the
relevant cross sections by a factor of four and more within the pep, region of large thermal
weight. This has propagated through to the final relic density where we found, that these
higher-order Coulomb corrections of O(a?) can even become larger than the full NLO
corrections, whereas the latter suffered from an intrinsic cancellation in the Boltzmann
integral of (oegv) to a certain extend. Compared to the bosonic final states, the leptonic
final states have been a bit more special. However, also these final states have given large
corrections to the neutralino relic density, e.g., when they are enhanced by a Higgs reso-
nance. These comparatively large contributions have been traced back to the lack of all
box contributions and, hence, to the lack of an associated cancellation in the correspond-
ing virtual contributions, which took place for all bosonic final states in the sum of box
and vertex corrections.

To provide an overall conclusion, we have shown that the corrections encountered in this
work can become larger than the current experimental uncertainty on the DM relic density
provided by WMAP and the Planck satellite. Hence, these corrections play an important
role on the way toward a high precision estimation of the DM relic density Qpy. More-
over, we have observed that even the inclusion of rather exotic (co)annihilation channels
can become mandatory as various interplays between mass spectra, particle resonances and
enhancements or suppressions of couplings may lead to a strongly increased importance of
such typically highly Boltzmann suppressed processes.

An obvious though not straightforward next step in the context DM@NLO is the inclusion
of strong final states to squark (co)annihilation. We further encountered many regions in
the pMSSM, where a combined analysis of all the sub-project of DM@NLQO, covering gaug-
ino (co)annihilation, neutralino-squark coannihilation and squark (co)annihilation, might
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become interesting. We have further mentioned that the higher-order corrections given
in this work also possess a theoretical “error”, which can basically be understood as an
estimate of the yet unknown corrections of O(a?) and beyond. A hands-on approach to
quantify this includes the variation of the Coulomb and renormalization scales g and u, a
topic which will be subject to subsequent publications. Another important project in the
context of DMEONLO is the inclusion of O(as) radiative corrections to neutralino scattering
on nucleons as required in direct detection calculations. Additional future goals are the ex-
tension of the DM@GNLO project by new models beyond the MSSM, e.g., the next-to-minimal
supersymmetric Standard Model, as well as the inclusion of stau (co)annihilation, as the
lighter stau 7, similar to the #;, turns out to be the NLSP for many realizations of the
MSSM. It is further planned to include an integration routine into the DMGNLO package to
solve the Boltzmann equation Eq. in order to become independent from public codes
such as micrOMEGAs or DarkSUSY at some point. However, in this regard, it is of course
necessary to include many additional relevant (co)annihilation channels, which enter the
thermally averaged (co)annihilation cross section (oegv) of Eq. such as annihilation
of the lightest neutralino into EW final states.
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A. Virtual Corrections

Here, we give the results for the vertex2 and box corrections of Sec. The arrows on
the lines indicate the momentum flow and the momentum at double lines stands for the
total momentum of both lines summed up. The box diagrams including a fermion loop
lead to rather long expressions and are therefore not given here.

A.1. HH-Final States
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A.1. HH-FINAL STATES

~ -~
~ m e
N \ My / 2= 0] g0 [ + 2p1]"
__b_—?
: :igl
q, My Y M. 2] : igo
. : g
3|: 2
ST M - P32 e
s P3 b \\
rd b =

C(a) [p%7 (p2 _P1>27P§7M37M127M22] P C(b) [pga (p3 _p2)27p§7M027M227M??] )
C(C) [(pQ _p1)27 (p3 _p2)27 (p3 _p1)27M127M227 Mg] y
D [p%7 (p? —P1>27 (p3 _p2>27p§7p%a (pl _p3)2aMgaM12aM227M??]

Ap = —90919293 [Céa) + Co(b) — Céc) — (Mg — M} — M3 — 4(p1 - p3) + p} +p§)D0}

181



APPENDIX A. VIRTUAL CORRECTIONS

Ap = —g09192C1

Ay = 909192 [Co + 2C1]
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A.2. VH-Final States
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A.3. VV-Final States
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B. Dipole Formulas

With regard to Ref. [204], further important formulas and definitions are presented here.
The definitions of the quantities used in Eqgs. (5.220)) and ([5.219) are:

Mz, y,2) = 22+ + 2% — 22y — 202 — 2y2,

kjk,
kiky, + kiky

Zj =

kjki

Yok = ok + kyky, + kil

(B.1)

(B.2)

(B.3)

2R+ (U= i = i = ) (1= o)) — 4
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my;

Mz‘zﬁy
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2
mi—|—mj

2
Hy 7 (
)

i A2, s 17)
Vij bk = —7 5 5

The definitions used in Eq. (5.227)) take the form

Sjk = 2k‘j . k‘k,
7 n?
K, = - ——|C
q |:2 6 :| F,
3
Ye = §CF
as well as
1 1
Ly(p,mgie) = Cr E—i-iln—
for massive quarks and
1
Lyle) = E’Yq

(1= p? — p? — ) (1 = yijx)
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1‘“%‘/12 ‘
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(B.10)
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APPENDIX B. DIPOLE FORMULAS

for massless quarks. Finally, the singular part of Eq. ([5.228]) for all possible combinations
of emitter-spectator masses are

1|1 1 1 2
V(S)(sjk,mj > 0,mg > 0;¢) = — [ log(p) — ~log? (p?) — ~log? (pk) — ]
Vjk | € 4 4
2
+ — log(p) log <1k> , (B.13)
ik ik
11 mi\ 1 mi\ 72
) (g, > 0.0:€) = — 4+ —log| —L | — Z 1002 —L | —
v (S]k’mj >0,0;¢) 2€2 + 2€ 08 Sjk 4 08 Sjk 12

1 m? Sik
— ~log| =& | log| =%~ |, (B.14)
2 <Q3k> ( i
VO (51,0,0;¢) = =. (B.15)

The non-singular part takes the form
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— Lig(1—p3) — ] +lo ( ik >
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. 2 . .
V) (s5,m; > 0,0) = 2Llog 25 ) 1 T g, | 25 ) g 1og( 22
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J J J
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2 .
+ T Ly (2R, (B.18)
6 ik
VN (s4,,0,0) = 0. (B.19)
Here we have used
1 —vjp+2wn/(1 —wj —wy)
Wi, W) = : B.20
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for n = j,k and

= [— 2k B.21
p 1+ Vj k ( )
with
m2
Wy = =1, (B.22)
ik
Qi = \J @ = \Jsu +m? +md, (B.23)
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C. The Coulomb Corrections

The function f‘(p, q) serves as a starting point, which we require to fulfill the iterative
equation

- dk* —T'(k,q)
T(p,q) = 1
(-a) ! / (2m)* {(% + k)2 — m% + imgf‘q} [(% — k)2 — mg- + imqf‘q}
—ig2Cp(k+p+q)u(k+p—q*
. < (p—k)? ) (G-1)

as depicted in Fig. Eq. (C.1) is the so called Bethe-Salpeter equation [229], specified
to our needs. We assume that the incoming scalar particles possess equal masses and

ite .
E o
P -_——<"
—————— - v
= + p—Fk
S CL .
P2 p2’§_k\_ ~S._ 2P
' S

Figure C.1.: Tterative equation for T.

form a color singlet 1/N, Zij T5T5 = Cr already averaged over incoming colors. If one
can now explicitly construct a function f(p, q) that fulfills Eq. , 1t would sum up all
ladder insertions to infinite order in perturbation theory as depicted in Fig.[5.33] This can
be seen by iteratively substituting the diagrammatic expression for I' on the right hand
side of Fig. We now set ¢ to ¢ = (2mg + E, 6), where F is the kinetic plus binding
energy (in the CMS) of the incoming squark-antisquark (quasi-squarkonium) system.
Making use of the threshold expansion of Feynman integrals as described in Ref. [231], the
non-relativistic limit of Eq. is then reached by an expansion in the relative velocity
v using the countin po, ko ~ v2, |pl, |E! ~ v. Assuming E < mg, Eq. can then be
brought to the form

I dk4 _f(k7Q)
P(pv q) ~1 +/ (271')4 e ‘f\q P ‘~q
2ma(B/2+ ko — o + i) [2ma(B/2 = ko — - +i%F)]
x (4m2iV (15— F))) . (C.2)
Here, we have approximated
.9 2 2
—ig;Cr(k +p+@)u(k +p—q*  —ig;Cpdmg 2. 7
~ = =: dmz;iV(|p—k C.3
e e W (F-F)  (C3)

!Note that we actually integrate over k after this expansion.
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and, moreover, assumed that the squark width I'; is momentum independent. V(|7 — k)
is the Fourier transformed of the leading order QCD-potential for a color-singlet

C'Fas

V() = aEe

(C.4)

with as = g2/4n. This leadlng order potential can be supplemented by additional pertur-
bative corrections (see Eq. (5 ), e.g., a quark loop inserted into the gluon line. These
contributions, approximated in the non-relativistic limit and calculated up to a certain
order in «yg, are then repeatedly inserted between the incoming squark lines.

As it turns out that T'(p, ¢) in Eq. (C.2) is actually independent of py (I'(p, q) — L'(7,q)),
we may assume the same for f(k,q) in terms of kg. This allows us to perform the kg
integration of Eq. using the residual theorem. Picking up the pole in the upper
complex plane, we end up with the result

B(Fq) = 1+/(‘;§3 [( )V (If ]I ©5)

We further define

- . 1 _
G(k,E—i—iF(j) = — F(k‘,E—FZTq), (C.G)

2 T
(B - & 4 ily)

where we have used T'(k, ¢) = D(k, E+1iT'; ;) since ¢ = 0 as introduced above. Plugging Eq.

(C.6) into Eq. (C.5)), we find

P
mg

&k
(27)3

—(E—I—ifq)] é(ﬁ,Eﬂ'rqH/ V(p—-k)Gk,E+iTz) = 1,  (C.7)

where the one on the left hand side just symbolizes the lack of any interactions (see Fig.
u and Eq. - ) below). Eq. ( can be expressed in position space via its Fourier

transformed G(7, E + i'; ) (= G( =0,E +ily)) as
[H — (E +iT)] G(F, E +1iT;) = 6¥(7) (C.8)
with
H = f%vuvqm (C.9)

Eq. (C.8) describes the propagation of the squarkonium with reduced mass mgg = mg/2
and total decay width Igg» = 20 II(¢?) is the full (Coulomb-)loop corrected matrix
element connected to the Fourier transformed of I'. It can be related the fully corrected

Coulomb cross section ¢©°" via the optical theorem Eq. (5.175). Together with Fig.
this finally yields

@ (G - EW) = N S{I(¢))} x 0" (§7* — EW) (C.10)
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with

‘ [ dpt —I'(p,q)
@) = | o [(§ +p)2 = m2 +imql'g] [(§ —p)? = m2 + imgl]

1 / dp*  —il(p,q)
~ 2 3 .
ami ) Cm* B - 2 4 iry)

i dp® -~

= G(7 =0, E 4 il;). (C.11)

In Eq. (C.10), N is a normalization factor, which is chosen in order that ¢©°" — o0 is

~ \
N \
'pl‘ f+p
’__--b—-_\
_ (
-..___“__’/
/ q
PZ’ 3P

Figure C.2.: Connection between I' and the Born-level matrix element.

fulfilled in the limit agy — 0 (see Eq. ) Note that in Eq. , we have implicitly
assumed that the hard part ¢™© is independent of the momentum p. This assumption
leads to the simple, factorized form of Eq. . However, this does not apply to the
general case though it turns out to be a good approximation for the case of dominant
s-wave annihilation (see Sec. |5.3)). In this case the Coulomb corrected cross section o“°!
can simply be related to the Born-level cross section o© via [152]

O.Coul

Lo = =0 (€.12)

where 1 is the solution to the stationary Schrédinger equation with the squarkonium
Hamilton operator Eq. (C.9) and the energy eigenvalue E + il'z. Its connection to the
Green function takes the form

W) = /dgr’G(F,F’, B+ i)V (7)), (C.13)

which can be iteratively solved for ¢ (7) (see below).
To calculate G(7,r', E 4 il'g) we go back to Eq. 1’ which we write in the more general

form

D 3 oo ~ ~
(fqu> Gl 7 B+t + [ GV REG-EE) = @nWG-7). (14

Here, we define E = E + il'g. Eq. 1) can be brought to the form

B 2 35(3) = o Bk - o - . _
Gop.E+iry = CPED L [ SR mag-RiE), (1)
I -E (2m)
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which allows us to iteratively determine é(ﬁ, p,E+il;). Eq. l) describes the prop-
agation of a particle that undergoes repeated scattering at the potential V (k). Starting
with the propagator of a free particle

- 211363 (57— ¢
GO(p, 7 E +iTy) = (”); =7 (C.16)
mg

on the right hand side of Eq. (C.15)), we can calculate the Green function of the (re)scattered
particle iteratively to higher orders in the potential V' (i.e, in higher orders of ay).
Here, Eq. (C.16|) and Eq. (iterated once) used together with the potential defined in
Eq. are already sufficient to resum all terms of O((as/v)") to all orders in n. Hence,
to end up with a Green function, calculated at the required accuracy as a solution of Eq.
(C.14) (here, we use the NRQCD counting a5 ~ v again) one has to do both, enough
iterations (with a potential of appropriate accuracy_’in O(as) which is repeatedly inserted
hC 14))

into Eq. ) as well as using the potential V(k) calculated up to the required order
in perturbation theory (which is inserted only once)
G = GOV|p(a)G?..COV|0(0) GO +... + GOV (an GO (C.17)
n times

The Green function G(7, r , E+1iI'3) can be finally obtained from the Fourier transforma-
tion of Eq. (C.15). In Eq. , it turns out that we actually need the Green function
at the origin G(7" = 0, r= 0, E + il'g), which features an ultraviolet divergence. We use
dimensional regularization to render G(7, 7/, E + il'y) well defined at the origin

. 2 e\ € dey  diy -
— . /’LGe D D - .
B r~‘ = P 7 E+iT; 1
G B+ ( < ) [ & e By (Cas)

with d+1 = 4—2¢. The choice of the prefactor in Eq. corresponds to the subtraction
of the divergence in the M S-scheme, i.e., subtracting the 1/e-pole plus the additional terms
—~g 4 In(47). The used potential V (k) up to O(a?2) as well as the corresponding result
for G(7= 0,7 = 0, E +iT'3) are both given in Sec.
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D. The Hypergeometric Function

The hypergeometric function is defined as

qu(al,ag,...,ap;bl,bg,...,bq;z) = (Dl)

n

Z (a )n(a2§n( p)nz

1 a
(bl)n(b2 n (bq)n ﬁ

n=0

with the restriction by # 0, —1, ... for i = 1,2, ...,q, where (), = ['(z + n)/T'(z) are the
Pochhammer symbols. The series defined by Eq. (D.1)) converges for 4F3(1,1,1,1;2,2,1 —

k; 1), if
a q+1
?R{an—Zan} > 0. (D.2)
n=1 n=1

To improve on the convergence of this series we have repeatedly employed

1

4F3(1,1,1, a,a,251) = ax(x —2(2 —a))(a — x)?

[aQ(m — D4 4F3(1,1,1,1;a,a,2 + 1;1)

(D.3)
+a(a—1)32(3a + 1 — 4z) 4F3(1,1,1,1;a + 1,a,z;1)
+ (@ — D)*z(x —a) 4F3(1,1,1,1;a+ 1,a + 1,2;1) |,
1 (a—1)4
Fs3(1,1,1,1;a,b,2;1) = Fs(1,1,1,1; 1,b,z;1
4 3(7 ,1,15a,0,; ) a+b+x—4[a(a—b)(a—x)4 3(5 9 Ly ,CL"‘ , 0,77 )
(D.4)
(b-1)*
— = 4F3(1,1,1,1;a,b+ 1,z;1
+b(b—(l)(b—$)4 3(7 y 1, 1@, + y L3 )
(z—1)*
Fs3(1,1,1,1;a,b 1;1
+a:(:1:—a)($—b)4 3(7 , 1, 15a, Jx—i_ ) ) )

which is valid for z # —1,—2,... and a,b € N/{0,1}, a # b [220,1232].
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