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This project studies the temperature evolution of dark matter in a hidden

sector, and the student needs to do the following:

· Learn the basics of cosmology, general relativity, and quantum field

theory;

· Read the paper by Gondolo and Gelmini [Nucl. Phys. B

360(1991)145] that gives a full analysis on calculating the dark

matter relic density;

· Apply this method to reproduce the results of Bringmann et al

(arXiv:2007.03696);

· Extend the application to our present model.
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TEMPERATURE AND NUMBER DENSITY EVOLUTION IN A FEEBLY
COUPLED DARK SECTOR

Temperature and Number Density Evolution in a Feebly
Coupled Dark Sector

摘 要

因为弱相互作用暗物质（WIMP）从没有被直接观测到，它变得越发具有争议性，这预
示着暗物质可能存在于一个处于不同温度的隐藏区域里。我们导出了适用于二温区的暗物

质演化方程，并将它套用在了一个基于粒子物理标准模型的极简 Stueckelberg 拓展模型上；
后者给出了暗物质的一种新的可能的存在形式，被称作极弱相互作用暗物质（FIMP）。对这
个拓展模型所允许的某些参数，数值模拟给出了正确的暗物质遗迹丰度。然而，如果强行让

两个温度区间等温，那么起到相同效果的参数位置将会发生明显偏移。在前一种情形下，产

生正确遗迹丰度的参数区间和暗光子实验给出的限制没有矛盾。

关键词：弱相互作用暗物质，极弱相互作用暗物质，温度演化，Stueckelberg拓展
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TEMPERATURE AND NUMBER DENSITY EVOLUTION
IN A FEEBLY COUPLED DARK SECTOR

ABSTRACT

Weakly interacting dark matter (WIMP) has been under pressure owing to null results in direct
measurements, which calls on dark matter in a hidden sector at some different temperature. We
derive the yield equations for dark sector models that allows for different temperatures in the visible
and dark sectors, and apply it to a minimal Stueckelberg extension to Standard Model, which gives
rise to a new possibility of dark matter (FIMP) that feebly interacts with Standard Model particles.
Numerical solution produces the correct relic density in a subset of the allowed parameter space.
However, we see a noticeable drift of parameters producing the same relic density after forcing the
two sectors to have the same temperature. In the former case, the parameter space that produces the
correct relic density sees no tension with constraints set by dark photon experiments.

Key words: WIMP, FIMP, temperature evolution, Stueckelberg extension
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Chapter 1 Introduction

It took human until 1970s to credibly conclude the existence of dark matter, and it still remains
an ongoing pursuit to directly measure it. The notion, on the other hand, was already budding at
the opening of 20th century. The idea had been gradually gaining its popularity since, by having
observations after experiments that confirmed with each other and ultimately led to the indisputable
conclusion: Baryonic matter which we can see and perceive daily is not the dominant form of ex-
istence in this universe. In order to savour this statement and confront the difficulties we meet in
today’s research, we have to go over this course of history.

1.1 Evidences for the existence of dark matter
The first indications of dark matter came from observations of the Milky Way. First, it was

known from experience that the mass-to-luminosity ratio of most stars has similar orders of magni-
tude; with this, astronomers were able to give an estimation of mass distribution of the galaxy from
photometry. On the other hand, by measuring the redshift of atomic spectral fingerprints of distant
stars, they were able to determine the relative speed of stellar motions. Oort[1] found that with their
measured speeds, stars could well escape the gravitational pull of the luminous mass encircled by
their orbits, so there must be extra mass unseen by us, holding stars in their orbits. Observations on
other galaxies[2-4] continued to report similar differences in mass distributions estimated from lumi-
nosity and from galaxy rotation curves, so there must be something unilluminated yet gravitationally
interacts enveloping the galaxies, thus owing to the name “dark matter”.

At modern times, cosmology provides a series of stronger and more quantifiable evidences that
further increase the credibility of the existence of dark matter; most of them come from studies on
Big Bang Nucleosynthesis (BBN) and the Cosmic Microwave Background (CMB).

BBN gives theoretical predictions to the relative abundance of light elements like hydrogen and
deuterium with known reaction rates obtained from nuclear physics, and it has precise agreement
with the observed abundance from distant areas where the level of heavier elements are low. This
estimation, however, requires total abundance of baryonic matters as a sensitive input, so we obtain
an accurate estimation of this value, finding that baryonic matters only account for about 20% of
total matter density[5].

CMB shows a highly isotropic thermal background of the universe, with its anisotropy a conse-
quence of the last acoustic scatterings before recombination, directly reflecting the elastic properties
of the photon-baryon fluid, which in turn sets limit on the amount of baryonic matters in the uni-
verse; this insight confirms the BBN and together they yield the total and baryonic matter densities[6]

which comprise the most important quantities in dark matter research (see (2–53) for definition)

Ω𝑚ℎ
2 = 0.1334+0.0056

−0.0055 Ω𝑏ℎ
2 = 0.02260 ± 0.00053 (1–1)

Also, the smallness of the CMB anisotropic fluctuation, accompanied with results from large scale
simulations, suggests our universe would not have enough time to form the structure we see today

– Page 1 of 45 –
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were we not to include a dark matter that is electrically neutral[7].
In brief, all these evidences suggest our missing type of matter to be electrically neutral and

exhibit almost no collisions with ordinary baryonic matter, yet their existence is unequivocal given
their gravitational consequences, which are so significant that even the history of our universe would
have been totally different without it.

1.2 Traditional dark matter candidates
Since dark matter does not emit or block light, it is natural to resolve to electronically neutral

and dense celestial bodies that can significantly bend lights glancing through them. These types
of dark matter candidates are called MACHOs (MAssive Compact Halo Objects). If MACHOs
happen to coincide with light-emitting objects in the background, we can expect a sudden change
of luminance on their passing, called “microlensing”[8-10]. However, of 11.9 million stars studied
by MACHO Collaboration[11], only 13–17 possible lensing events are detected. This means even if
MACHOs exist at all, they can only account for a very small fraction of unilluminated mass in our
galaxy; we must seek for dark matter in a diffused, particle-like form.

The next reasonable speculation then goes to neutrinos—a candidate that lies right in the es-
tablished framework of Standard Model and naturally interacts weakly with baryonic matters, but
then our dark matter would be highly relativistic given the small mass of neutrinos, and would dis-
favour the observed history of universe’s large-scale structure formation[12-13]. Moreover, WMAP①

and large-scale structure data collectively constrain the neutrino mass to 𝑚𝜈 < 0.23 eV, resulting in
Ω𝜈ℎ

2 < 0.0072[6], which attests that neutrinos are unable to fill up a significant part of total dark
matter density.

Supersymmetry (SUSY) is an extension to Standard Model (SM) by assuming an additional
symmetry between fermions and bosons, associating every SM fermion to a bosonic superpartner
and every SM boson to a fermionic superpartner. This idea of introducing extra symmetries has
the potential to answer many of the most critical problems of SM, and allows for unification of
electroweak and Planck scales[14]. The fact that this extension arises naturally from string theory,
the only viable theory that has the potential to unify quantum world with gravity, makes SUSY
particularly promising into taking the next step for unification. On the part of dark matter research,
SUSY presents exactly one candidate, neutralino, that would produce the right overall density in
the form of “cold dark matter”[15-16]. Since it only weakly interacts with baryonic matter, this dark
matter candidate is given name WIMP (weakly interacting massive particle); the “WIMP Miracle”
refers to the simplicity of its theoretical formulation.

Although the idea of WIMP is theoretically successful, direct measurement programmes have
seen no clue thus far for its presence, but for the ongoing efforts. WIMP is considered to be fixed to
the galaxy halo[17] in comparison to the rotating disc in which our solar system locates, so we have
the possibility to capture their collisions with heavy nucleons that have large weak interaction cross
sections; this underlies the principle of dark matter direct detection. With detectors of increasing
sizes being built and the upper bound for nucleon scattering cross section refreshed, a large fraction
of allowed WIMP parameter space has already been excluded[18-22].

①Wilkinson Microwave Anisotropy Probe

– Page 2 of 45 –
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1.3 This work
The fact that WIMP dark matter models have been pushed to their limits impels us to consider

alternative scenarios, among which the idea of dark (or hidden) sectors has gained considerable at-
tention lately. The basic idea of dark sector is to have dark matter particles neutral to the visible
Standard Model gauge group[23]; depending on the coupling size between dark and visible sectors,
one can achieve the correct dark matter density via freeze-out or freeze-in processes[24], or a com-
bination of both. In most situations, the dark matter particle in the hidden sector is referred to as a
feebly interacting massive particle (FIMP) when the coupling between the visible and hidden sec-
tors is very small. As a result, the two sectors need not have the same temperature. This would then
require us to track their temperatures relative to each other.

In this work, we derive the yield equations that allow for different temperatures in the visible
and hidden sector. Next, we apply these equations to a minimal Stueckelberg extension to Standard
Model with kinetic mixing[23, 25-27] that has been extensively studied. By solving these equations
numerically using inputs specific to our models, we confirm that this model can be used to achieve the
right dark matter relic density specified in (1–1). Comparisons are then made against results obtained
from the traditional formalism that assumes dark sector in thermal equilibrium with the visible one,
showing a noticeable shift of optimal region of parameters, further asserting the necessity of having
the visible and hidden sectors in different temperatures.

– Page 3 of 45 –
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Chapter 2 A brief review of particle cosmology

2.1 Friedmann equations
Einstein’s field equation generically describes the dynamics of space-time. Cosmology simpli-

fies the theory by imposing certain assumptions, called cosmological principles, i.e. the universe is
spatially homogeneous and isotropic[28]. Starting from Einstein’s field equation

𝑅𝜇𝜈 −
1
2
R𝑔𝜇𝜈 := 𝐺𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈 (2–1)

where 𝐺𝜇𝜈 is Einstein tensor, 𝑇𝜇𝜈 is energy-momentum tensor of all the fields, denoted in our case
𝑇𝜇𝜈 = diag{𝜌,−𝑝,−𝑝,−𝑝}; 𝜌, 𝑝 are energy density and pressure in that specific frame. With
Robertson-Walker metric that most generically satisfies cosmological principle[28-29]

d𝑠2 = d𝑡2 − 𝑅2(𝑡)
{

d𝑟2

1 − 𝑘𝑟2 + 𝑟2 d𝜃2 + 𝑟2 sin2 𝜃 d𝜙2
}

(2–2)

we arrive at

¤𝑅2

𝑅2 + 𝑘

𝑅2 =
8𝜋𝐺

3
𝜌 (00 component) (2–3)

2
¥𝑅
𝑅
+

¤𝑅2

𝑅2 + 𝑘

𝑅2 = −8𝜋𝐺𝑝 (𝑖𝑖 component) (2–4)

Eliminate ¤𝑅2/𝑅2 + 𝑘/𝑅2 to get

¥𝑅
𝑅

= −4𝜋𝐺
3

(𝜌 + 3𝑝) (2–5)

(2–3) and (2–5) are Friedmann equations. They completely describe the evolution of the universe
after taking the dynamics of matter into consideration. 𝑘 is the intrinsic curvature of the universe
that can take ±1 or 0, and is by far observed to be 0①. From now on, we take 𝑘 ≡ 0 unless otherwise
stated.

To make the physical nature of Friedmann equations more tangible, we take d/d𝑡 on both sides
of (2–3) and simplify with substitution ¤𝑅/𝑅 →

√
8𝜋𝐺𝜌/3

¥𝑅
𝑅

=
8𝜋𝐺

3
𝜌 +

√
2𝜋𝐺

3
¤𝜌
𝜌

(2–6)

comparison with (2–5) gives

¤𝜌 = −3
¤𝑅
𝑅
(𝜌 + 𝑝) (2–7)

This is nothing but a re-expression of energy-momentum conservation 𝑇 𝛼𝛽;𝛽
②. (2–3) and (2–7)

are therefore equivalent Friedmann equations. (2–7) also shows that we must consider energy-
momentum drain into gravity field throughout expansion of the universe. ¤𝑅/𝑅 is conventionally

① Angular scale of Cosmic Microwave Background (CMB) provides an observational evidence to flatness of our universe[30-31].
② “;” before subscripts denotes covariant derivatives.
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denoted as 𝐻, Hubble parameter, whose reciprocal is the time it would take for the current universe
to expand to twice as large, were it to expand at a constant speed ¤𝑅. This period is taken to be
𝑡𝐻 := 1/𝐻, a Hubble time.

The first Friedmann equation (2–3) can be interpreted as the universe’s state equation, which
allows us to study its thermodynamic properties. Since homogeneity of the universe inhibits direc-
tional energy flow, entropy 𝑆 per comoving volume 𝑉 = 𝑅3 is conserved. Thermodynamic relation
shows (see Appendix A) 𝑆 = (𝜌 + 𝑝)𝑉/𝑇 . It is useful to define the entropy density 𝑠

𝑠 :=
𝑆

𝑉
=
𝜌 + 𝑝
𝑇

(2–8)

that scales as 𝑅−3 as the universe expands.

2.2 Boltzmann equation
With Friedmann equations at hand, we are able to track the evolution of the universe by integrat-

ing on the time axis, if we further know how properties (𝜌 and 𝑝) of matter would react to universe’s
expansion. Boltzmann equation is a systematic means that describes the motion of a collection of
particles governed by classical mechanics. To simplify things, I start with Boltzmann equation for
motions in 3 + 1-dimensional Minkowski spacetime.

2.2.1 Boltzmann equation in Minkowski space

In this scenario, a single particle tracks a line in 6-dimensional phase space, characterised by a
Dirac-delta distribution (2𝜋)3𝛿6(𝒙 − 𝝃 (𝑡), 𝒑− 𝝅(𝑡)), whose normalisation doesn’t change over time.
Now consider a swarm of 𝑁 perturbatively-interacting identical particles, the expected number of
particles found per unit phase volume around some point is then

𝑓 (𝒙, 𝒑, 𝑡) = (2𝜋)3
𝑁∑
𝑖=1

𝛿6(𝒙 − 𝝃𝒊 (𝑡), 𝒑 − 𝝅𝒊 (𝑡)) (2–9)

In practice, we usually replace it by a smooth function of the same normalisation that mimics its
shape. From (2–9) we speculate

• 𝑓 (𝒙, 𝒑, 𝑡) is an incompressible flow in phase space.
• The dynamics of 𝑓 (𝒙, 𝒑, 𝑡) is given by canonical equation

𝜕 𝑓 (𝒙, 𝒑, 𝑡)
𝜕𝑡

= {𝐻 (𝝃𝒊 , 𝝅𝒊), 𝑓 (𝒙, 𝒑, 𝑡; 𝝃𝒊 , 𝝅𝒊)}PB

=
𝜕𝐻

𝜕𝝅𝒊
· 𝜕 𝑓
𝜕𝝃𝒊

− 𝜕𝐻

𝜕𝝃𝒊
· 𝜕 𝑓
𝜕𝝅𝒊

= ¤𝝃𝒊 ·
𝜕 𝑓

𝜕𝝃𝒊
+ ¤𝝅𝒊 ·

𝜕 𝑓

𝜕𝝅𝒊

= − ¤𝝃𝒊 · (2𝜋)3𝛿′(𝒙 − 𝝃𝒊) − ¤𝝅𝒊 · (2𝜋)3𝛿′( 𝒑 − 𝝅𝒊)

= − ¤𝒙 · ∇𝒙 𝑓 (𝒙, 𝒑, 𝑡) − ¤𝒑 · ∇𝒑 𝑓 (𝒙, 𝒑, 𝑡) (2–10)

where ¤𝒙 := 𝜕𝐻 (𝒙, 𝒑)/𝜕 𝒑, ¤𝒑 := −𝜕𝐻 (𝒙, 𝒑)/𝜕𝒙
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(2–10) is rearranged to give

d
d𝑡
𝑓 (𝒙, 𝒑, 𝑡) :=

(
𝜕

𝜕𝑡
+ ¤𝒙 · ∇𝒙 + ¤𝒑 · ∇𝒑

)
𝑓 (𝒙, 𝒑, 𝑡) = 0 (2–11)

This is the collisionless Boltzmann equation. Arbitrary distribution that depends solely on energy
𝐸 is a solution

d 𝑓 (𝐸)
d𝑡

= ¤𝒙 · ∇𝒙 𝑓 (𝐸)︸   ︷︷   ︸
d 𝑓
d𝐸

𝜕𝐸 (𝒙,𝒑)
𝜕𝒙

+ ¤𝒑 · ∇𝒑 𝑓 (𝐸)︸   ︷︷   ︸
d 𝑓
d𝐸

𝜕𝐸 (𝒙,𝒑)
𝜕𝒑

=
d 𝑓
d𝐸

[
¤𝒙 · 𝜕𝐸 (𝒙, 𝒑)

𝜕𝒙
+ ¤𝒑 · 𝜕𝐸 (𝒙, 𝒑)

𝜕 𝒑

]
︸                                    ︷︷                                    ︸

{𝐻,𝐻 }PB≡0

= 0 (2–12)

There are two means by which the evolution of phase space distribution does not follow from
Hamiltonian mechanics—elastic and inelastic collisions. Elastic collisions transfer probability den-
sity from several points to some other several points satisfying energy-momentum conservation,
with some probability. On the other hand, if we have distributions describing particles of different
kinds, inelastic transfer of probability density across distributions is allowed as long as it happens
locally, satisfies energy-momentum conservation, and has a non-vanishing transition amplitude.

Therefore, we can schematically extend (2–11) to include collisions (subscript denoting species)

d
d𝑡
𝑓1(𝒙, 𝒑, 𝑡) = 𝐶 [ 𝑓1(𝒙, 𝒑, 𝑡)] (2–13)

with

𝐶 [ 𝑓1(𝒙, 𝒑1)] =
𝒑1+𝒑2=𝒑3+𝒑4∑

𝒑2 ,𝒑3 ,𝒑4

𝛿(𝐸1 + 𝐸2 − 𝐸3 − 𝐸4) |ℳ |2

× { 𝑓3(𝒙, 𝒑3) 𝑓4(𝒙, 𝒑4) − 𝑓1(𝒙, 𝒑1) 𝑓2(𝒙, 𝒑2)}
(2–14)

for processes of type (1) + (2) ↔ (3) + (4), assuming 𝐶𝑃 invariance[32]. In V → ∞ limit①, the
summation becomes②[32]

𝐶 [ 𝑓1( 𝒑1)] =
1

2𝐸1

∫
d3𝑝2

(2𝜋)32𝐸2

∫
d3𝑝3

(2𝜋)32𝐸3

∫
d3𝑝4

(2𝜋)32𝐸4
|ℳ |2

× (2𝜋)4𝛿3 ( 𝒑1 + 𝒑2 − 𝒑3 − 𝒑4) 𝛿 (𝐸1 + 𝐸2 − 𝐸3 − 𝐸4)

× { 𝑓3 ( 𝒑3) 𝑓4 ( 𝒑4) [1 ± 𝑓1( 𝒑1)] [1 ± 𝑓2( 𝒑2)]

− 𝑓1( 𝒑1) 𝑓2( 𝒑2) [1 ± 𝑓3 ( 𝒑3)] [1 ± 𝑓4 ( 𝒑4)]}

(2–15)

subject to quantum corrections. Here [1 ± 𝑓𝑖] factors for outgoing particle species account for Pauli
blocking or spontaneous emission—− for fermionic 𝑖’s, and + for bosonic species. In the extreme
case when 𝑓𝑖 = 1, i.e. the interested quantum state taking unit phase space volume (2𝜋ℏ)3 is fully
occupied, this process is either completely inhibited (for fermionic product) or enhanced by a factor 2
(for bosonic product), as compared to classical processes. However, our use case can safely disregard
this quantum effect altogether (because 𝑓𝑖’s are generically small), taking those factors as 1[33].

① V means the physical dimension of the system. In box regularisation scheme under periodic boundary condition, taking V → ∞
corresponds to continuous momentum spectrum.
② Since collisions happen locally, we drop 𝒙 without further notice.
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momentum
transfer

momentum
transfer

Figure 2–1 Illustration[32] shows the effect of collision term on phase space distribution
functions. The red cell represents 𝑓1 at that particular point, and the green cell stands for 𝑓3.
For given 𝒑2 and 𝒑4, rate of change of 𝑓1 and 𝑓3 where the 2 cells are located are connected

via collision term (2–15).

Figure 2–1 shows how collision term plays a part. It transfers population to and from parts of the
distributions in order to minimise itself. Unlike collisionless Boltzmann equation that takes arbitrary
solution 𝑓 (𝐸), the collision term tries to drive the distribution until it reaches certain configuration.
In particular, if 𝑓3(𝐸3) 𝑓4(𝐸4) − 𝑓1(𝐸1) 𝑓2(𝐸2) vanishes for all 𝐸1 + 𝐸2 = 𝐸3 + 𝐸4, detailed balance is
established. Boltzmann distribution 𝑓𝑖 (𝐸𝑖) = exp(−𝛼𝑖 − 𝛽𝐸𝑖) can be assumed to meet this condition

𝑓3 𝑓4 ≡ exp[−(𝛼3 + 𝛼4)] exp[−𝛽(𝐸3 + 𝐸4)] = exp[−(𝛼1 + 𝛼2)] exp[−𝛽(𝐸1 + 𝐸2)] ≡ 𝑓1 𝑓2 (2–16)

on putting 𝛼1 + 𝛼2 = 𝛼3 + 𝛼4. Consider now the special case where (1) = (2) = (3) = (4) (elastic
collision, or self-interaction), Boltzmann distribution is automatically a solution to (2–13)—a closed
system in thermal equilibrium will remain in equilibrium. We therefore speculate: stronger the self-
interaction, faster the thermal equilibrium is established.

2.2.2 Boltzmann equation in Robertson-Walker universe

Boltzmann equation lacks a direct generalisation in curved space, since we are in general unable
to find a global frame that preserves symplectic structure①. Fortunately, this can be done with flat
(𝑘 ≡ 0) Robertson-Walker metric defined in (2–2), rewritten in 𝑡𝑋𝑌𝑍 frame

d𝑠2 = d𝑡2 − 𝑅2(𝑡)
(
d𝑋2 + d𝑌 2 + d𝑍2) (2–17)

where particles initially at rest will remain at rest

d2𝑋 𝑖

d𝜆2 = −Γ𝑖𝛼𝛽
d𝑋 𝛼

d𝜆
d𝑋𝛽

d𝜆
= −2

¤𝑅
𝑅

(
𝑃0𝑃𝑖

)
= 0 (2–18)

Here 𝑖 denotes spatial dimensions and 𝜆 parameterises trajectory of the particle, whose 4-momentum
is defined by 𝑃𝜇 := d𝑋 𝜇/d𝜆. This is why the coordinate selection 𝑡𝑋𝑌𝑍 is called the comoving

① Although we are able to write down the generally covariant Liouville operator that governs the collisionless flow, which reads
�̂� ≡ 𝑝𝛼𝜕𝛼 − Γ𝛼

𝛽𝛾 𝑝
𝛽 𝑝𝛾𝜕𝛼

[29], we will need to switch back to local inertial frame at each point in order to deal with collisions.
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frame. On the other hand, physical frame (denoted by 𝑡𝑥𝑦𝑧) absorbs the scale factor 𝑅 such that the
Euclidean distance squared takes its usual form

d𝑙2 = −𝑔𝑖 𝑗 d𝑋 𝑖 d𝑋 𝑗 = 𝛿𝑖 𝑗 d𝑥𝑖 d𝑥 𝑗 (2–19)

This is done by applying variable change 𝑡 → 𝑡, 𝑅𝑋 𝑖 → 𝑥𝑖. Under this frame, local conjugate
momentum (neglecting gravitation for the moment, since we are considering much stronger interac-
tions resulting from collisions) coincides with d𝑥𝑖/d𝜆, so collisions are carried out as if in Minkowski
metric.

The dynamics of phase space flow 𝑓 (𝒙, 𝒑, 𝑡) is obtained as usual with (2–13)(
𝜕

𝜕𝑡
+ ¤𝒙 · 𝜕

𝜕𝒙
+ ¤𝒑 · 𝜕

𝜕 𝒑

)
𝑓 (𝒙, 𝒑, 𝑡) = 𝐶 [ 𝑓1(𝒙, 𝒑, 𝑡)] (2–20)

We have 𝜕 𝑓 /𝜕𝒙 ≡ 0 due to homogeneity of the universe. Dynamics of 𝒑 in this case is given instead
by the geodesic equation

d𝑝𝑖

d𝑡
=

d
d𝑡

(
𝑅𝑃𝑖

)
= ¤𝑅𝑃𝑖 + 𝑅d𝑃𝑖

d𝜆
d𝜆
d𝑡

= − ¤𝑅𝑃𝑖 =︸︷︷︸
𝑅𝑋 𝑖=𝑥𝑖

− ¤𝑅 𝑝
𝑖

𝑅
= −𝐻𝑝𝑖 (2–21)

where we have used (2–18) and the fact that 𝑃0 = d𝑡/d𝜆. (2–21) is to say that gravitation in
Robertson-Walker universe does not change particles’ direction of motion. For an isotropic uni-
verse where 𝑓 ( 𝒑, 𝑡) ≡ 𝑓 (𝑝, 𝑡), we further have

¤𝒑 · 𝜕

𝜕 𝒑
= ¤𝑝 𝜕

𝜕𝑝
= −𝐻𝑝 𝜕

𝜕𝑝
(2–22)

Therefore, Boltzmann equation in a homogeneous, isotropic, flat Robertson-Walker universe reads

𝜕 𝑓

𝜕𝑡
− 𝐻𝑝 𝜕 𝑓

𝜕𝑝
= 𝐶 [ 𝑓 ] (2–23)

Integration over 3-momentum① yields the equation of number density

d𝑛(𝑡)
d𝑡

+ 3𝐻𝑛(𝑡) =
∫

d3𝑝

(2𝜋)3𝐶 [ 𝑓 ] (2–24)

This is the equation we will be using throughout this research. In practice, we often add up densities
for spin/matter/anti-matter degrees-of-freedom, assuming the equipartition theorem holds. Boltz-
mann equation then reads

d𝑛(𝑡)
d𝑡

+ 3𝐻𝑛(𝑡) = 𝑔
∫

d3𝑝

(2𝜋)3𝐶 [ 𝑓 ] (2–25)

Here 𝑔 marks the number of internal degeneracy, for instance, 𝑔 = 4 for Dirac fermions and 𝑔 = 3
for massive spin-1 bosons. For processes of type (1) + (2) ↔ (3) + (4), right hand side of (2–25)
for species (1) reads

① 𝑝𝜕 𝑓 /𝜕𝑝 term is integrated by part, assuming 𝑝3 𝑓 (𝑝) = 0 for 𝑝 = 0 and 𝑝 → +∞, so that boundary terms do not contribute.
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spins∑
1, 2

spins∑
3, 4

∫ ∫ ∫ ∫
d3𝑝1

(2𝜋)32𝐸1

d3𝑝2

(2𝜋)32𝐸2

d3𝑝3

(2𝜋)32𝐸3

d3𝑝4

(2𝜋)32𝐸4
|ℳ |2

× (2𝜋)4𝛿(𝐸1 + 𝐸2 − 𝐸3 − 𝐸4)𝛿3( 𝒑1 + 𝒑2 − 𝒑3 − 𝒑4)

× [ 𝑓3(𝑝3) 𝑓4(𝑝4) − 𝑓1(𝑝1) 𝑓2(𝑝2)]

(2–26)

Boltzmann equation is dedicated to processing collisions, whereas the evolution of scale factor
𝑅(𝑡) is calculated using Friedmann equations and supplied back to the Boltzmann system.

2.2.3 Collision terms with reaction products in equilibrium

Further simplifications can be made if we assume the reaction products at thermal/chemical
equilibrium. This is generally expected for reaction products that are electrically charged—as dis-
cussed in section 2.2.1, the fact that electrically charged particles interact copiously via thermal
photon will quickly drive their distributions to detailed balance

𝑓3(𝑝3) = 𝑓 eq
3 (𝑝3) = exp(−𝛼3 − 𝛽𝐸3) (2–27)

and

𝑓4(𝑝4) = 𝑓 eq
4 (𝑝4) = exp(−𝛼4 − 𝛽𝐸4) (2–28)

where energy-momentum is related by mass-shell condition 𝐸2
𝑖 − 𝑝2

𝑖 = 𝑚
2
𝑖 . Due to energy conser-

vation 𝐸1 + 𝐸2 = 𝐸3 + 𝐸4, we can further define equilibrium distributions of (1) and (2)

𝑓 eq
1 (𝑝1) = exp(−𝛼1 − 𝛽𝐸1) (2–29)

and

𝑓 eq
2 (𝑝2) = exp(−𝛼2 − 𝛽𝐸2) (2–30)

such that 𝑓 eq
1 𝑓 eq

2 = 𝑓 eq
3 𝑓 eq

4 . (2–26) now becomes

∑
1, 2

∑
3, 4

∫ ∫ ∫ ∫
d3𝑝1

(2𝜋)32𝐸1

d3𝑝2

(2𝜋)32𝐸2

d3𝑝3

(2𝜋)32𝐸3

d3𝑝4

(2𝜋)32𝐸4
|ℳ |2

× (2𝜋)4𝛿(𝐸1 + 𝐸2 − 𝐸3 − 𝐸4)𝛿3( 𝒑1 + 𝒑2 − 𝒑3 − 𝒑4)

×
[
𝑓 eq
1 (𝑝1) 𝑓 eq

2 (𝑝2) − 𝑓1(𝑝1) 𝑓2(𝑝2)
]

(2–31)

=
∬

d3𝑝1

(2𝜋)32𝐸1

d3𝑝2

(2𝜋)32𝐸2

×
{∑

1, 2

∑
3, 4

∬
d3𝑝3

(2𝜋)32𝐸3

d3𝑝4

(2𝜋)32𝐸4
(2𝜋)4𝛿(𝐸1 + 𝐸2 − 𝐸3 − 𝐸4)𝛿3( 𝒑1 + 𝒑2 − 𝒑3 − 𝒑4) |ℳ |2

}
×

[
𝑓 eq
1 (𝑝1) 𝑓 eq

2 (𝑝2) − 𝑓1(𝑝1) 𝑓2(𝑝2)
]

(2–32)
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but the spin-averaged cross section 𝜎① is connected via

4𝐹𝜎( 𝒑1, 𝒑2) =
1
𝑔1𝑔2

∑
1, 2

∑
3, 4

∬
d3𝑝3

(2𝜋)32𝐸3

d3𝑝4

(2𝜋)32𝐸4
(2𝜋)4𝛿(𝐸1 + 𝐸2 − 𝐸3 − 𝐸4)𝛿3( 𝒑1 + 𝒑2 − 𝒑3 − 𝒑4) |ℳ |2

(2–33)

where 𝐹 =

√(
𝑝1𝜇𝑝

𝜇
2

)2
− 𝑚2

1𝑚
2
2 = 𝐸1𝐸2𝑣Møl

[33-34] is a Lorentz invariant quantity. So

𝑔1

∫ d𝑝3
1

(2𝜋)3𝐶 [ 𝑓1] = 𝑔1𝑔2

∫
d3𝑝1

(2𝜋)3

∫
d3𝑝2

(2𝜋)3𝜎( 𝒑1, 𝒑2)𝑣Møl( 𝒑1, 𝒑2)
[
𝑓 eq
1 (𝑝1) 𝑓 eq

2 (𝑝2) − 𝑓1(𝑝1) 𝑓2(𝑝2)
]

= 〈𝜎𝑣Møl〉𝑛eq
1 𝑛

eq
2 − 〈𝜎𝑣Møl〉′𝑛1𝑛2 (2–34)

with

〈𝜎𝑣Møl〉 :=

∫ d3 𝑝1
(2𝜋)3

∫ d3 𝑝2
(2𝜋)3 𝑓

eq
1 (𝑝1) 𝑓 eq

2 (𝑝2) · 𝜎𝑣Møl∫ d3 𝑝1
(2𝜋)3

∫ d3 𝑝2
(2𝜋)3 𝑓

eq
1 (𝑝1) 𝑓 eq

2 (𝑝2)
(2–35)

and

〈𝜎𝑣Møl〉′ :=

∫ d3 𝑝1
(2𝜋)3

∫ d3 𝑝2
(2𝜋)3 𝑓1(𝑝1) 𝑓2(𝑝2) · 𝜎𝑣Møl∫ d3 𝑝1

(2𝜋)3

∫ d3 𝑝2
(2𝜋)3 𝑓1(𝑝1) 𝑓2(𝑝2)

(2–36)

Notice that 𝑛1 and 𝑛2 are total number densities counting internal degeneracy. To this point, we
have removed the dependence on individual final states, so 𝜎( 𝒑1, 𝒑2) can be easily reinterpreted to
account for any possible channel. When 〈𝜎𝑣Møl〉 = 〈𝜎𝑣Møl〉′, the collision term is commonly written

𝑔1

∫ d𝑝3
1

(2𝜋)3𝐶 [ 𝑓1] = −〈𝜎𝑣Møl〉(𝑛1𝑛2 − 𝑛eq
1 𝑛

eq
2 ) (2–37)

This requires 𝑓1 and 𝑓2 to have clearly defined temperature (shape) and chemical potential (magni-
tude) at every moment, and their temperature must remain identical to that of 𝑓3 and 𝑓4. It is chemical
potential that defines the population (normalisation) of a quantum field until it ultimately balances
out (reaches equilibrium) with or decouples (freezes in place) from the rest. We will have to give up
(2–37) and consider separately if this ceases to be the case.

More generally, if (3) and/or (4) are not in chemical equilibrium, detailed balance 𝑓 eq
1 𝑓 eq

2 =

𝑓 eq
3 𝑓 eq

4 would no longer hold. In this case, following the procedure from (2–31) to (2–34), we can
write down

𝑔1

∫ d𝑝3
1

(2𝜋)3𝐶 [ 𝑓1] = 〈𝜎34→12𝑣Møl〉𝑛3𝑛4 − 〈𝜎12→34𝑣Møl〉𝑛1𝑛2 (2–38)

Solving this, however, requires combining number density Boltzmann equations for all the interact-
ing species.

① This is the invariant cross section, or cross section in target’s rest frame. 𝑣Møl is Møller velocity, defined such that 𝜎𝑣Møl𝑛1𝑛2 repre-
sents the rate of reaction per unit volume at any Lorentz frame[33]. In terms of particle velocity 𝒗𝒊 = 𝒑𝒊/𝐸𝑖 , 𝑣Møl =

√
|𝒗1 − 𝒗2 |2 − |𝒗1 × 𝒗2 |2.
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COUPLED DARK SECTOR

Gondolo and Gelmini[33] improves the analysis on 〈𝜎𝑣Møl〉 for 2 → 2 annihilation processes.
Since each collision specifies a plane in centre-of-mass frame, differential cross section d𝜎/dΩ
depends only on Mandelstam 𝑠 and refraction angle 𝜃. After integration over Ω, invariant cross
section will be a function of 𝑠. Now in lab frame, changing variables of (2–35) to 𝐸1 + 𝐸2, 𝐸1 − 𝐸2,
𝑠 makes the integral particularly simple[33] (see Appendix B)

〈𝜎𝑎�̄�→𝑏�̄�𝑣Møl〉(𝑇) =
1

8𝑚4
𝑎𝑇𝐾

2
2 (𝑚𝑎/𝑇)

∫ +∞

𝑠0

𝜎(𝑠) · (𝑠 − 4𝑚2
𝑎)
√
𝑠𝐾1(

√
𝑠/𝑇) d𝑠 (2–39)

where 𝐾𝑖 is modified Bessel functions of order 𝑖. 𝑠0 marks the minimal 𝑠 allowed in this process.
(2–39) is also applicable to 2 → 1 processes since 𝜎 continues to depend solely on 𝑠.

2.2.4 Collision terms for 1 → 2 decay processes

For processes of kind (1) → (2) + (3), right hand side of (2–25) is written

−
spin∑

1

spins∑
2,3

∭
d3𝑝1

(2𝜋)32𝐸1

d3𝑝2

(2𝜋)32𝐸2

d3𝑝3

(2𝜋)32𝐸3
|ℳ |2

× (2𝜋)4𝛿(𝐸1 − 𝐸2 − 𝐸3)𝛿3( 𝒑1 − 𝒑2 − 𝒑3) 𝑓1(𝑝1)

= −
∫

d3𝑝1

(2𝜋)32𝐸1
𝑓1(𝑝1)

×
[spins∑

1,2,3

∬
d3𝑝2

(2𝜋)32𝐸2

d3𝑝3

(2𝜋)32𝐸3
(2𝜋)4𝛿(𝐸1 − 𝐸2 − 𝐸3)𝛿3( 𝒑1 − 𝒑2 − 𝒑3) |ℳ |2

]
= − 2𝑔1𝑚1Γ1→23

∫
d3𝑝1

(2𝜋)32𝐸1
𝑓1(𝑝1)

= − Γ1→23 ·
[
2𝑚1

∫
d3𝑝1

(2𝜋)32𝐸1
𝑓1(𝑝1)

/ ∫
d3𝑝1

(2𝜋)3 𝑓1(𝑝1)
]
·
∫

d3𝑝1

(2𝜋)3 𝑔1 𝑓1(𝑝1)

= − Γ1→23 ·
𝐾1(𝑚1/𝑇)
𝐾2(𝑚1/𝑇)

· 𝑛1 (2–40)

where the spin-averaged decay width is as usual, averaged over initial spin and summed over final
spins[34]

Γ1→23 =
1

2𝑚1𝑔1

spins∑
1,2,3

∬
d3𝑝2

(2𝜋)32𝐸2

d3𝑝3

(2𝜋)32𝐸3
(2𝜋)4𝛿(𝐸1 − 𝐸2 − 𝐸3)𝛿3( 𝒑1 − 𝒑2 − 𝒑3) |ℳ |2 (2–41)

Details of integration in (2–40) are discussed in Appendix B. Conventionally, the factor before
𝑛1 is defined as thermally averaged decay width

〈Γ1→23〉(𝑇) :=
𝐾1(𝑚1/𝑇)
𝐾2(𝑚1/𝑇)

Γ1→23 (2–42)

This is the effective decay width due to thermal motion. At high temperatures (𝑇 → +∞), relativistic
time dilation makes the observed half life longer (〈Γ〉 → 0), whereas at low temperatures (𝑇 → 0+),
observed width degenerates to that in centre-of-mass frame (〈Γ〉 → Γ).
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2.2.5 Thermal properties in terms of phase space distribution

Now that Boltzmann equation tells us how a species evolves and interacts with other species,
we need to extract thermal properties that Friedmann equations can recognise. Expressed in terms
of phase space distribution, number density, energy density, and pressure are

𝑛 = 𝑔
∫

d3𝑝

(2𝜋)3 𝑓 (𝑝) (2–43)

𝜌 = 𝑔
∫

d3𝑝

(2𝜋)3 𝐸 𝑓 (𝑝) (2–44)

𝑝 = 𝑔
∫

d3𝑝

(2𝜋)3
𝑝2

3𝐸
𝑓 (𝑝) (2–45)

where

𝑓 (𝑝) = 1
e(𝐸−𝜇)/𝑇 + 𝜆 (2–46)

𝜆 = 1 for fermions, 𝜆 = −1 for bosons, and 𝜆 = 0 for classical particles. Doing variable change
𝑝 → 𝐸 =

√
𝑚2 + 𝑝2 in spherical coordinates, we have[29]

𝑛 =
𝑔

2𝜋2

∫ +∞

𝑚

√
𝐸2 − 𝑚2

e(𝐸−𝜇)/𝑇 + 𝜆𝐸 d𝐸 (2–47)

𝜌 =
𝑔

2𝜋2

∫ +∞

𝑚

√
𝐸2 − 𝑚2

e(𝐸−𝜇)/𝑇 + 𝜆𝐸
2 d𝐸 (2–48)

𝑝 =
𝑔

6𝜋2

∫ +∞

𝑚

(
𝐸2 − 𝑚2)3/2

e(𝐸−𝜇)/𝑇 + 𝜆 d𝐸 (2–49)

or equivalently (𝐸 → 𝑢 = 𝐸/𝑇)

𝑛 = 𝑇3 𝑔

2𝜋2

∫ +∞

𝑥

(
𝑢2 − 𝑥2)1/2

𝑢 d𝑢
exp(𝑢 − 𝑦) + 𝜆 (2–50)

𝜌 = 𝑇4 𝑔

2𝜋2

∫ +∞

𝑥

(
𝑢2 − 𝑥2)1/2

𝑢2 d𝑢
exp(𝑢 − 𝑦) + 𝜆 (2–51)

𝑝 = 𝑇4 𝑔

6𝜋2

∫ +∞

𝑥

(
𝑢2 − 𝑥2)3/2 d𝑢

exp(𝑢 − 𝑦) + 𝜆 (2–52)

here 𝑥 := 𝑚/𝑇 , 𝑦 := 𝜇/𝑇 .
Since chemical potential is usually neglected for radiation-dominated universe (see Appendix

A), we set 𝑦 = 0. In 𝑇 � 𝑚 limit where 𝑥 approaches 0, 𝑇-3 and 𝑇-4 laws become evident. This is
also why massless particles conform strict power laws.

The above discussion also allows for elaboration on relic density. (2–3) can be rearranged to

𝑘

𝑅2 = 𝐻2
(

𝜌

3𝐻2/8𝜋𝐺 − 1
)
= 𝐻2(Ω − 1) (2–53)

where critical density 𝜌𝑐, density ratio Ω are defined

𝜌𝑐 :=
3𝐻2

8𝜋𝐺
Ω :=

𝜌

𝜌𝑐
(2–54)
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Current observation of 𝑘 ' 0 shows that the total energy density 𝜌 is very close to critical. It is
therefore also defined Ω𝑖 = 𝜌𝑖/𝜌𝑐 that characterises the contributing fraction of some particular
component. Since all 𝜌𝑖’s must add up to one, the fraction that is explained neither by the Standard
Model of particle physics nor by cosmological constant① is called dark matter. Observationally,

ΩDM ' 0.26 (2–55)

The community seeks to find this fraction of energy attributable to some unidentified quantum
fields.

2.3 Freeze-out and freeze-in mechanisms
We can now write down number density Boltzmann equation of an annihilation process 𝑎�̄� →

𝑏𝑐 with reaction product in thermal equilibrium. Combining (2–25) and (2–37), we have

d𝑛𝑎
d𝑡

+ 3𝐻𝑛𝑎 = −〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉
[
𝑛2
𝑎 −

(
𝑛eq
𝑎

)2
]

(2–56)

Since the universe cools down as it expands, it is customary to set temperature 𝑇 , instead of 𝑡,
as time variable; number density is also to be replaced by yield which is defined

𝑌𝑎 = 𝑛𝑎/𝑠 (2–57)

Since 𝑠 scales as 𝑅−3, 𝑌𝑎 is the particle number density per comoving volume; it shall be constant in
the absence of collisions. (2–56) then becomes

LHS =
d(𝑌𝑎𝑠)

d𝑡
+ 3𝐻𝑌𝑎𝑠 = ¤𝑌𝑎𝑠 + 𝑌𝑎

d
d𝑡

(
𝑆

𝑅3

)
+ 3𝐻𝑌𝑎𝑠 = ¤𝑌𝑎𝑠 − 3𝐻𝑌𝑎𝑠 + 3𝐻𝑌𝑎𝑠 = ¤𝑌𝑎𝑠

RHS = − 〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉𝑠2
[
𝑌 2
𝑎 −

(
𝑌 eq
𝑎

)2
]

(2–56) ⇒ d𝑌𝑎
d𝑡

= −〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉𝑠
[
𝑌 2
𝑎 −

(
𝑌 eq
𝑎

)2
]

(2–58)

Energy conservation (2–7) allows for transition of variable from 𝑡 to 𝑇

d𝑇
d𝑡

d𝜌
d𝑇

= −3𝐻 (𝜌 + 𝑝) ⇒ d𝑡
d𝑇

= −d𝜌/d𝑇
4𝐻𝜌𝜁

(2–59)

where 𝜁 := 3(1 + 𝑝/𝜌)/4 equals 1 for radiation-dominated universe and equals 3/4 for matter-
dominated universe. 𝜌, 𝜁 , and d𝜌/d𝑇 can be obtained from lattice field theory calculations[35], while
𝐻 is connected to 𝜌 via (2–3). Boltzmann equation hence reads

d𝑌𝑎
d𝑇

=
𝑠

𝐻

d𝜌/d𝑇
4𝜌𝜁

〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉
[
𝑌 2
𝑎 −

(
𝑌 eq
𝑎

)2
]

(2–60)

If 𝑌𝑎 deviates from 𝑌 eq
𝑎 , d𝑌𝑎/d𝑇 will seek to counter this difference as the system evolves. This

suggests that 𝑌𝑎 will closely track 𝑌 eq
𝑎 when the prefactor

𝑠

𝐻

d𝜌/d𝑇
4𝜌𝜁

〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉 (2–61)

① The part explained by cosmological constant is called dark energy.
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Figure 2–2 Plot of prefactor against temperature, for a radiation-dominated universe, with
𝜎(𝑠) a simple Lorentzian.

is sufficiently large, but may fail to do so as it diminishes. In radiation-dominated case, using (2–8),
(2–3), and (2–51), power analysis gives

𝑠

𝐻

d𝜌/d𝑇
4𝜌𝜁

= 𝑂 (𝑇0) (2–62)

whereas 𝜎𝑎�̄�→𝑏𝑐 (𝑠) is controlled by resonance of the mediator located around some particular 𝑠 (see
Figure 2–3). (2–39) tells us 〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉 will be small at extreme low and high temperatures at
which the mediator is far off-resonance (see Figure 2–2).

𝑖

𝑖

𝑍′

𝐷

𝐷

Figure 2–3 A typical Drell-Yan process mediated by 𝑍 ′ boson introduced in our model.
Resonance occurs around 𝑠 = 𝑚2

𝑍 ′ , when the mediator 𝑍 ′ is almost on-shell, resulting in a
Lorenzian centred around 𝜎(𝑠) |𝑠=𝑚2

𝑍′ .

Shape of the prefactor is roughly as drawn, but its absolute magnitude positively correlates to
coupling strength. At either ends of the spectrum lay freeze-in and freeze-out schemes; they are the
most important physical notions in this subdomain.

Freeze-out happens when the coupling is of weak-scale size, resulting in the species of our
interest quickly establishing chemical equilibrium with its bath once the prefactor (2–2) grows large
enough. As the universe continues to cool down, collisions happen less frequently until the prefactor
is not large enough to track the rapid fall of 𝑌 eq, as pointed out in Figure 2–4, when our dynamical
variable,𝑌 , starts to deviate from chemical equilibrium. As seen from Figure 2–2, the prefactor drops
drastically as temperature drops below mass of the mediator or centre-of-mass energy of terminal
states, leaving 𝑌 almost constant afterwards. 𝑌 |𝑇 =0 is what we can expect to observe, called frozen-
out final yield. Since there is a stage during which 𝑌 closely tracks equilibrium, the freeze-out
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Figure 2–4 Comparison between freeze-in and freeze-out schemes. Arrow points to where
freezing-out species decouples and starts to deviate from chemical equilibrium.

mechanism is irrelevant to initial conditions; it has successfully explained many problems regarding
element abundance.

Freeze-in happens when the coupling is feeble, which means that 𝑌 never reaches chemical
equilibrium throughout. Shown in Figure 2–4 as the green line, the interested species slowly gets
populated and finally freezes in place as the universe gradually cools down. This process depends
on initial condition at higher temperatures, so we need to start integrating from the very beginning
when the field starts to get populated after spontaneous symmetry breaking; we set the initial 𝑌 to 0.

Depending on coupling strengths, general evolution of yield can share mixed features from
either of the two schemes, and would require further analyses when the other species are in general
off equilibrium.

2.4 Two sectors of different temperatures
If all the species can be divided into multiple feebly-interacting groups, each of which interacts

much more copiously such that thermal equilibrium is established within, and that we assign to each
sector an individual temperature. In this case, energy conservation (2–7) would no longer hold for
each sector, but be modified as

d𝜌𝑖
d𝑡

+ 3𝐻 (𝜌𝑖 + 𝑝𝑖) = 𝑗𝑖 (2–63)

with 𝑖 denoting label of temperature sectors. To the interest of this research, species are divided into
2 sectors, visible (denoted by subscript 𝑣) and hidden (by subscript ℎ), with the former including
all the Standard Model particles, and the latter constituting of a Dirac fermion, whose relic density
corresponds to dark matter, plus a massive mediator that propagates self-interaction and thus helps
establish the notion of temperature in this sector. Details of 𝑗ℎ are defined by trans-sector reactions,
and are to be revisited in Section 3.3.

Changing variable of (2–63) from 𝑡 to 𝑇ℎ gives

d𝑡
d𝑇ℎ

=
− d𝜌ℎ/d𝑇ℎ

4𝐻𝜁ℎ𝜌ℎ − 𝑗ℎ
(2–64)
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here 𝜁ℎ := 3(1 + 𝑝ℎ/𝜌ℎ)/4 is defined as usual. Yield equation (2–60) then becomes

d𝑌𝑎
d𝑇ℎ

=
𝑠

𝐻

d𝜌ℎ/d𝑇ℎ
4𝜌ℎ𝜁ℎ − 𝑗ℎ/𝐻

{
〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉(𝑇𝑎)𝑌 2

𝑎 − 〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉(𝑇𝑏)
[
𝑌 eq
𝑎 (𝑇𝑏)

]2
}

(2–65)

where 𝑇𝑖 (𝑖 = 𝑎, 𝑏) denotes the temperature that species 𝑖 is at. 𝑌 eq
𝑎 (𝑇𝑏) stands for the would-be

equilibrium yield if species 𝑎 were at temperature 𝑇𝑏. General yield equation without assuming 𝑏,
𝑐 at chemical equilibrium reads

d𝑌𝑎
d𝑇ℎ

=
𝑠

𝐻

d𝜌ℎ/d𝑇ℎ
4𝜌ℎ𝜁ℎ − 𝑗ℎ/𝐻

[
〈𝜎𝑎�̄�→𝑏𝑐𝑣Møl〉(𝑇𝑎)𝑌 2

𝑎 − 〈𝜎𝑏𝑐→𝑎�̄�𝑣Møl〉(𝑇𝑏)𝑌𝑏𝑌𝑐
]

(2–66)

Of course, (2–66) is coupled, and thus only solvable combined with equations for all other species.
(2–65) and (2–66) involve temperatures from multiple sectors, so in our case with 2 sectors we

need to treat 𝜂 := 𝑇𝑣/𝑇ℎ as a dynamic variable and track its evolution as well.
This is done by imposing total energy conservation (2–7) where 𝜌 = 𝜌𝑣 + 𝜌ℎ and 𝑝 = 𝑝𝑣 + 𝑝ℎ

stand for contributions from all the field components. (2–7) is equivalently written(
d𝜌𝑣
d𝑇𝑣

d𝑇𝑣
d𝑇ℎ

+ d𝜌ℎ
d𝑇ℎ

)
d𝑇ℎ
d𝑡︸︷︷︸

(2–64)

+3𝐻 (𝜌 + 𝑝) = 0 (2–67)

from which we can solve for d𝑇𝑣/d𝑇ℎ

d𝑇𝑣
d𝑇ℎ

=
d𝜌ℎ/d𝑇ℎ
d𝜌𝑣/d𝑇𝑣

· 3𝐻 (𝜌 + 𝑝) − (4𝐻𝜁ℎ𝜌ℎ − 𝑗ℎ)
4𝐻𝜁ℎ𝜌ℎ − 𝑗ℎ

(2–68)

Dynamics of 𝜂 can be expressed in terms of d𝑇𝑣/d𝑇ℎ as

d𝜂
d𝑇ℎ

=
d(𝑇𝑣/𝑇ℎ)

d𝑇ℎ
=

1
𝑇ℎ

d𝑇𝑣
d𝑇ℎ

− 𝑇𝑣

𝑇2
ℎ

=
1
𝑇ℎ

(
d𝑇𝑣
d𝑇ℎ

− 𝜂
)

(2–69)

Since we basically deem all species to be in equilibrium of their corresponding temperatures,
energy density and pressure are well-defined functions of the sector’s temperature. (2–50)–(2–52)
suggest certain power laws in relativistic limit, so we can absorb the effects of non-vanishing mass
and non-boson statistics into temperature-dependent effective degrees-of-freedom

𝜌 𝑗 =
𝑇4

2𝜋

∫ +∞

0

𝑢3 d𝑢
e𝑢 − 1

∑
𝑖

𝑔𝑖

∫ +∞

𝑥𝑖

(𝑢2 − 𝑥2
𝑖 )1/2𝑢2 d𝑢

e𝑢 + 𝜆𝑖∫ +∞

0

𝑢3 d𝑢
e𝑢 − 1︸                                ︷︷                                ︸

:=𝑔eff (𝑇 )

=
𝜋2

30
𝑔eff (𝑇)𝑇4 (2–70)

and

𝑠 𝑗 ≡
𝜌 + 𝑝
𝑇

=
𝑇3

2𝜋
4
3

∫ +∞

0

𝑢3 d𝑢
e𝑢 − 1

3
4

∑
𝑖


𝑔𝑖

∫ +∞

𝑥𝑖

(𝑢2 − 𝑥2
𝑖 )1/2𝑢2 d𝑢

e𝑢 + 𝜆𝑖∫ +∞

0

𝑢3 d𝑢
e𝑢 − 1

+

𝑔𝑖
3

∫ +∞

𝑥𝑖

(𝑢2 − 𝑥2
𝑖 )3/2 d𝑢

e𝑢 + 𝜆𝑖∫ +∞

0

𝑢3 d𝑢
e𝑢 − 1

︸                                                                           ︷︷                                                                           ︸
:=ℎeff (𝑇 )

=
2𝜋2

45
ℎeff (𝑇)𝑇3 (2–71)
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where 𝑖 is summed over all species belonging to the sector 𝑗 with temperature 𝑇𝑗 ≡ 𝑇 . En-
ergy degrees-of-freedom 𝑔eff (𝑇) and entropy degrees-of-freedom ℎeff (𝑇) are such defined that each
bosonic internal degree-of-freedom contributes 1 in relativistic limit 𝑇 � 𝑚. In the same limit,
each fermionic degree-of-freedom contributes 7/8. If interactions among species become so strong
that near-independent statistics are no longer assumed, 𝑔eff (𝑇) and ℎeff (𝑇) are extended to include
possibilities of bound states and phase transitions as well. Effective degrees-of-freedom data for the
visible sector are obtained by Drees et al.[35] by means of lattice field theory, which we will be using
in this research.

In terms of effective degrees-of-freedom, (2–69) can also be rearranged to give

d𝜂
d𝑇ℎ

= − 𝐴𝑣
𝐵𝑣

+ 𝜁 𝜌𝑣 + 𝜌ℎ (𝜁 − 𝜁ℎ) + 𝑗ℎ/(4𝐻)
𝜁ℎ𝜌ℎ − 𝑗ℎ/(4𝐻)

d𝜌ℎ/d𝑇ℎ
𝐵𝑣

(2–72)

where

𝐴𝑣 = 𝜂
d𝜌𝑣
d𝑇𝑣

=
𝜋2

30

(d𝑔𝑣eff

d𝑇𝑣
𝜂5𝑇4

ℎ + 4𝑔𝑣eff𝜂
4𝑇3
ℎ

)
(2–73)

and

𝐵𝑣 = 𝑇ℎ
d𝜌𝑣
d𝑇𝑣

=
𝜋2

30

(d𝑔𝑣eff

d𝑇𝑣
𝜂4𝑇5

ℎ + 4𝑔𝑣eff𝜂
3𝑇4
ℎ

)
(2–74)

For historical reasons, we will use 𝑇 , rather than 𝑇𝑣 , to denote the visible sector temperature
(photon temperature) from now on.
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Chapter 3 The Stueckelberg extension of the Standard
Model

Our model is a Stueckelberg extension to the Standard Model with kinetic mixing[23, 25, 36]. The
relevant 𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌 -invariant part of Lagrangian for the original Standard Model reads

LEW = −1
4
𝐹𝑎𝜇𝜈𝐹

𝑎𝜇𝜈 − 1
4
𝐵𝜇𝜈𝐵

𝜇𝜈 + 𝑔2𝐴
𝑎
𝜇𝐽

𝑎𝜇
2 + 𝑔𝑌 𝐵𝜇𝐽𝜇𝑌 − 𝐷𝜇Φ

†𝐷𝜇Φ −𝑉 (Φ†Φ) (3–1)

where 𝐹𝑎𝜇𝜈 are corresponding field strength tensors for vector fields 𝐴𝑎𝜇 and Higgs potential𝑉 (Φ†Φ)
reaches minimum at 𝑣2/2 as usual. The covariant derivative 𝐷𝜇 to Higgs doublet Φ is written

𝐷𝜇 = 𝜕𝜇 − i𝑔2𝐴
𝑎
𝜇𝜏

𝑎 − 1
2

i𝑔𝑌 𝐵𝜇 (3–2)

Expansion of Higgs doublet Φ → (𝜋𝑎, ℎ)

Φ = exp(2i𝜋𝑎𝜏𝑎/𝑣)
(

0
(𝑣 + ℎ)/

√
2

)
(3–3)

cancels 1st order in ℎ and gives mass to𝑊±/𝑍 bosons that come in as linear combinations of 𝐴𝑎𝜇 and
𝐵𝜇

[37].

𝑊±
𝜇 =

1
√

2
(𝐴1

𝜇 ∓ i𝐴2
𝜇) (3–4)

𝑍𝜇 = cos 𝜃𝑊 𝐴3
𝜇 − sin 𝜃𝑊 𝐵𝜇 (3–5)

with

tan 𝜃𝑊 =
𝑔𝑌
𝑔2

(3–6)

The other orthogonal mode is massless, and is given a name photon.

3.1 The Stueckelberg 𝑍′ extension to 𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌
Now, if we assume another gauge field 𝐶𝜇 of 𝑈 (1) symmetry (denoted 𝑈 (1)𝑋 ) on top of elec-

troweak’s 𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌 , and denote 𝐶𝜇𝜈 as its field intensity, the extended Lagrangian reads

LStk = −1
4
𝐶𝜇𝜈𝐶𝜇𝜈 + 𝑔𝑋 �̄�𝛾𝜇𝐷𝐶𝜇 + �̄� (i/𝜕 −𝑚𝐷)𝐷 − 𝛿

2
𝐶𝜇𝜈𝐵𝜇𝜈 −

1
2

(
𝑀1𝐶𝜇 + 𝑀2𝐵𝜇 + 𝜕𝜇𝜎

)2 (3–7)

where Dirac fermion 𝐷 is charged under𝑈 (1)𝑋 , 𝐶𝜇 does not enter the covariant derivative of Higgs
doublet Φ; 𝛿 marks the magnitude of kinetic mixing between𝑈 (1)𝑋 and𝑈 (1)𝑌 , 𝜎 is the axion field.
Infinitesimal gauge transformation of𝑈 (1)𝑋 and𝑈 (1)𝑌 are then
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𝛿𝑌 𝐵𝜇 = 𝜕𝜇𝜆𝑌

𝛿𝑌𝜎 = − 𝑀2𝜆𝑌


𝛿𝑋𝐶𝜇 = 𝜕𝜇𝜆𝑋

𝛿𝑋𝜎 = − 𝑀1𝜆𝑋
(3–8)

keeping LStk gauge invariant.
Stueckelberg extension affects the mixing between 𝐴3

𝜇 and 𝐵𝜇. In unitary gauge of basis 𝑉𝑇𝜇 =

(𝐶𝜇, 𝐵𝜇, 𝐴3
𝜇), kinetic mixing[26] and mass-squared matrices are

K =
©«
1 𝛿 0
𝛿 1 0
0 0 1

ª®®®¬ (3–9)

𝑀2
Stk =

©«
𝑀2

1 𝑀1𝑀2 0
𝑀1𝑀2 𝑀2

2 + 1
4𝑣

2𝑔2
𝑌 − 1

4𝑣
2𝑔2𝑔𝑌

0 − 1
4𝑣

2𝑔2𝑔𝑌
1
4𝑣

2𝑔2
2

ª®®®¬ (3–10)

where kinetic mixing matrix is defined such that kinetic term of (𝐶𝜇, 𝐵𝜇, 𝐴3
𝜇) reads

Lkin. = −1
4

(
𝐶𝜇𝜈 𝐵𝜇𝜈 𝐴3

𝜇𝜈

) ©«
K11 K12 K13

K21 K22 K23

K31 K32 K33

ª®®®¬︸                 ︷︷                 ︸
K

©«
𝐶𝜇𝜈

𝐵𝜇𝜈(
𝐴3) 𝜇𝜈

ª®®®¬︸    ︷︷    ︸
𝑉 𝜇𝜈

(3–11)

When 𝛿 � 1, sinceK is positive-definite, simultaneous diagonalisation of Hermitian matricesK and
𝑀2

Stk can be achieved under field variables 𝐸𝑇 = (𝑍, 𝑍 ′, 𝐴𝛾), satisfying 𝑉 = 𝐾𝑅𝐸 , with 𝐾 ∈ 𝐺𝐿 (3)
and 𝑅 ∈ 𝑈 (3). In this basis, the transformed kinetic mixing matrix 𝑅𝑇𝐾𝑇K𝐾𝑅 = −1/4 × 𝐼3, and
we have the diagonal mass-squared[25]

𝑀2
𝛾 = 0 𝑀2

𝑍 ′ = (𝑞 − 𝑝)/2 𝑀2
𝑍 = (𝑝 + 𝑞)/2 (3–12)

with

𝑝 =

√√√(
𝑀2

1 𝛽
2 +

(
𝑔SM
𝑌

)2
𝛽 + 𝑔2

2

4
𝑣2

)2

− 4𝑀2
1

(
𝑔SM
𝑌

)2 + 𝑔2
2

4
𝑣2𝛽 (3–13)

𝑞 = 𝑀2
1 𝛽 +

(
𝑔SM
𝑌

)2
𝛽 + 𝑔2

2

4
𝑣2 (3–14)

where 𝛽 := (1−2𝜖𝛿+ 𝜖2)/(1−𝛿2), 𝜖 := 𝑀2/𝑀1, and 𝑔SM
𝑌 = 𝑔𝑌 /

√
1 − 2𝜖𝛿 + 𝜖2 is the 𝑔𝑌 replacement

for the Standard Model. In limit 𝜖, 𝛿 → 0, and when 𝑀2
1 𝛽

2 <
[ (
𝑔SM
𝑌

)2
𝛽 + 𝑔2

2

]
𝑣2/4, the Stueckelberg

sector gets decoupled and we recover the electroweak theory

𝑀𝛾 = 0 𝑀𝑍 ′ = 𝑀1 𝑀𝑍 =

√
𝑔2

2 +
(
𝑔SM
𝑌

)2

2
𝑣 (3–15)

and the neutral current is
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LNC = 𝑔2𝐴
3
𝜇𝐽

3𝜇
2 + 𝑔SM

𝑌 𝐵𝜇𝐽
𝜇
𝑌 + 𝑔𝑋 �̄�𝛾𝜇𝐷︸ ︷︷ ︸

𝐽
𝜇
𝑋

𝐶𝜇 (3–16)

𝐽𝜇𝑋 and 𝐽𝜇𝑌 are vectors, whereas 𝐽3𝜇
2 is axial. Re-expression of neutral current in 𝐸𝑇 = (𝑍, 𝑍 ′, 𝐴𝛾)

gives rise to V–A interactions with Standard Model fermions[23]

𝑍 (′) 𝑓 𝑓 : −i

√
𝑔2

2 +
(
𝑔SM
𝑌

)2

2
𝛾𝜇

[
𝑣 (′)𝑓 − 𝛾5𝑎 (′)

𝑓

]
(3–17)

where[25]

𝑣 𝑓 = cos𝜓
[
(1 − 𝜖 sin 𝜃 tan𝜓)𝑇3

𝑓 − 2 sin2 𝜃 (1 − 𝜖 csc 𝜃 tan𝜓)𝑄 𝑓

]
(3–18)

𝑎 𝑓 = cos𝜓 [1 − 𝜖 sin 𝜃 tan𝜓]𝑇3
𝑓 (3–19)

𝑣 ′𝑓 = − cos𝜓
[
(tan𝜓 + 𝜖 sin 𝜃)𝑇3

𝑓 − 2 sin2 𝜃 (𝜖 csc 𝜃 + tan𝜓)𝑄 𝑓

]
(3–20)

𝑎′𝑓 = − cos𝜓 [tan𝜓 + 𝜖 sin 𝜃]𝑇3
𝑓 (3–21)

with parametric angles defined

tan 𝜃 :=
𝑔SM
𝑌

𝑔2
tan 𝜙 := 𝜖 tan 2𝜓 :=

2 sin 𝜃𝑀2
0 𝜖

𝑀2
1 − 𝑀2

0 +
(
𝑀2

1 + 𝑀2
0 − 𝑀2

𝑊

)
𝜖2

(3–22)

and

𝑀0 :=
𝑣

2

√
𝑔2

2 +
(
𝑔SM
𝑌

)2
𝑀𝑊 :=

𝑔2𝑣

2
𝜖 :=

𝜖 − 𝛿
√

1 − 𝛿2
(3–23)

𝑄 𝑓 and 𝑇3
𝑓 are as defined in the Standard Model for each fermion kind①.

On the other hand, Dirac particle 𝐷 couples to 𝑍/𝑍 ′/𝐴𝛾 only via 𝛾𝜇

𝑍�̄�𝐷 : − i𝑔𝑋𝛾𝜇
[
R12 −

𝛿
√

1 − 𝛿2
R22

]
(3–24)

𝑍 ′�̄�𝐷 : − i𝑔𝑋𝛾𝜇
[
R11 −

𝛿
√

1 − 𝛿2
R21

]
(3–25)

𝐴𝛾 �̄�𝐷 : − i𝑔𝑋𝛾𝜇
[
R13 −

𝛿
√

1 − 𝛿2
R23

]
(3–26)

with the R matrix such defined

R :=
©«
cos𝜓 cos 𝜙 − sin 𝜃 sin 𝜙 sin𝜓 sin𝜓 cos 𝜙 + sin 𝜃 sin 𝜙 cos𝜓 − cos 𝜃 sin 𝜙
cos𝜓 sin 𝜙 + sin 𝜃 cos 𝜙 sin𝜓 sin𝜓 sin 𝜙 − sin 𝜃 cos 𝜙 cos𝜓 cos 𝜃 cos 𝜙

− cos 𝜃 sin𝜓 cos 𝜃 cos𝜓 sin 𝜃

ª®®®¬ (3–27)

Since we have to first order

R13 −
𝛿

√
1 − 𝛿2

R23 ' − cos 𝜃
𝜖

√
1 − 𝛿2

(3–28)

and 𝑀2 = 0 in this model, Dirac particle 𝐷’s coupling to photon 𝐴𝛾 is not considered.

① Definitions are slightly different in this model[25] but irrelevant in our context.
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3.2 Effective Interaction

SM fermions  boson

 boson

 photon

Visible 
Sector

 dark fermion

Dark
Sector

V-A 

V-A

Stueckelberg
Extension

Figure 3–1 Schematic view of model we use in this research, where Dirac fermion 𝐷, of
which dark matter is comprised, is much more strongly coupled to 𝑍 ′ than to 𝑍 . Strong

coupling within each of the 2 sectors but feeble couplings between them allows for different
but clearly defined temperatures in each sector.

Figure 3–1 shows schematically the effective model we use in simulation. The visible sector
comprises of all the Standard Model particles, most of which self-interact copiously via electromag-
netism, so we treat them as in thermal and chemical equilibrium. On the other hand, couplings of the
only processes that connect the hidden sector are feeble, in the sense that the rate of collision is way
scarcer than time scale of the universe expansion, i.e. 𝑛reactant〈𝜎𝑣Møl〉 � 𝐻[27], so that this means for
energy exchange would not make up for the expansion, and would thus never see the process in both
directions reaching detailed balance. This fact forces us to track temperatures from the two sectors
separately.

3.3 Source term 𝑗ℎ

Defined in (2–63), 𝑗ℎ is the rate of energy density injection from the visible sector into the
hidden sector, so we list all the (kinetically allowed) processes connecting both sectors

• 𝑍 ′ → 𝑒+𝑒−, 𝑓 𝑓 → 𝑍 ′. Decay into Standard Model species other than electron/positron is
kinematically disallowed.

• 𝐷�̄� ↔ 𝑍/𝑍 ′ ↔ 𝑓 𝑓 , where 𝑍/𝑍 ′ are propagators.
Let us discuss case by case (see Appendix B for integral calculations)
1. Annihilation of Dirac fermion 𝐷�̄� into Standard Model fermions: 𝐷�̄� → 𝑓 𝑓
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𝑗ℎ ⊃ −
∑
spins

∬
d3𝑝1

2𝐸1(2𝜋)3
d3𝑝2

2𝐸2(2𝜋)3 𝑓𝐷1 (𝑝1) 𝑓𝐷2 (𝑝2) · (𝐸1 + 𝐸2)

×
∫ ∏

𝑖

d3𝑝𝑖
2𝐸𝑖 (2𝜋)3︸           ︷︷           ︸

terminal states

×(2𝜋)4𝛿

(
𝐸1 + 𝐸2 −

∑
𝑗

𝐸 𝑗︸ ︷︷ ︸
terminal states

)
𝛿3

(
𝒑1 + 𝒑2 −

∑
𝑘

𝒑𝒌︸ ︷︷ ︸
terminal states

)
|ℳ |2

=︸︷︷︸
(2–33)

−
∬

d3𝑝1

2𝐸1(2𝜋)3
d3𝑝2

2𝐸2(2𝜋)3 𝑓
eq
𝐷1
(𝑝1) 𝑓 eq

𝐷2
(𝑝2) · (𝐸1 + 𝐸2) ·

𝑛𝐷1𝑛𝐷2

𝑛eq
𝐷1
(𝑇ℎ)𝑛eq

𝐷2
(𝑇ℎ)

× 4𝐹𝑔1𝑔2𝜎𝐷�̄�→𝑋 ( 𝒑1, 𝒑2)

= −
𝑔2
𝐷𝑇ℎ

32𝜋4

∫ +∞

𝑠0

𝜎𝐷�̄�→𝑋 (𝑠) · 𝑠(𝑠 − 4𝑚2
𝐷)𝐾2(

√
𝑠/𝑇ℎ) d𝑠 ×

𝑌 2
𝐷[

𝑌 eq
𝐷 (𝑇ℎ)

]2 (3–29)

2. Annihilation of Standard Model fermions into Dirac: 𝑓 𝑓 → 𝐷�̄�, 𝑓 𝑓 → 𝑍 ′.
For 𝑓 𝑓 → 𝐷�̄�, apply detailed balance 𝑓 𝑓1 𝑓 𝑓2 = 𝑓 eq

𝑓1
𝑓 eq
𝑓2

= 𝑓 eq
𝐷1
𝑓 eq
𝐷2

at temperature 𝑇 so that
we can convert integral to over particle momenta in the visible sector. Following similarly
from (3–29) would lead us to

𝑗ℎ ⊃
𝑔2
𝐷𝑇

32𝜋4

∫ +∞

𝑠0

𝜎𝐷�̄�→ 𝑓 𝑓 (𝑠) · 𝑠(𝑠 − 4𝑚2
𝐷)𝐾2(

√
𝑠/𝑇) d𝑠 (3–30)

For 𝑓 𝑓 → 𝑍 ′, we have

𝑗ℎ ⊃
𝑔2
𝑓 𝑇

32𝜋4

∫ +∞

𝑠0

𝜎 𝑓 𝑓 →𝑍 ′ (𝑠) · 𝑠(𝑠 − 4𝑚2
𝑓 )𝐾2(

√
𝑠/𝑇) d𝑠 (3–31)

3. 𝑍 ′ decay into Standard Model fermions: 𝑍 ′ → 𝑓 𝑓

𝑗ℎ ⊃ −
∑
spins

∫
d3𝑝1

2𝐸1(2𝜋)3 𝑓𝑍 ′ (𝑝1)𝐸1

×
∫ ∏

𝑖

d3𝑝𝑖
2𝐸𝑖 (2𝜋)3︸           ︷︷           ︸

terminal states

×(2𝜋)4𝛿

(
𝐸1 −

∑
𝑗

𝐸 𝑗︸ ︷︷ ︸
terminal states

)
𝛿3

(
𝒑1 −

∑
𝑘

𝒑𝒌︸ ︷︷ ︸
terminal states

)
|ℳ |2

=︸︷︷︸
(2–41)

− 2𝑔𝑍 ′𝑚𝑍 ′Γ𝑍 ′

∫
d3𝑝1

2𝐸1(2𝜋)3 𝑓
eq
𝑍 ′ (𝑝1)𝐸1︸                       ︷︷                       ︸

𝑛
eq
𝑍′ (𝑇ℎ)/2𝑔𝑍′

· 𝑛𝑍 ′

𝑛eq
𝑍 ′ (𝑇ℎ)

= − 𝑚𝑍 ′Γ𝑍 ′𝑠 · 𝑌𝑍 ′ (3–32)

Add up contributions from all processes above to get the total 𝑗ℎ.
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Chapter 4 Formulation of computer code

In this chapter, we discuss formulation of the Boltzmann system by imposing details of our
model (Chapter 3) to general Boltzmann systems with two separate temperature sectors (Chapter 2).

4.1 Formulation of Boltzmann system
The simulation is carried out in natural units of GeV. Since we treat all the Standard Model par-

ticles in thermal equilibrium at temperature 𝑇 , we only need to keep track of yields for hidden sector
species—𝑌𝐷 , 𝑌𝑍 ′ , and 𝜂 ≡ 𝑇/𝑇ℎ. Standard Model fermions are collectively denoted by (summation
over index) 𝑓 .

• We consider following processes that conduct
– Creation of 𝐷: 𝑓 𝑓 → 𝑍/𝑍 ′ → 𝐷�̄�, 𝑍 ′𝑍 ′ → 𝐷�̄�.
– Annihilation of 𝐷: 𝐷�̄� → 𝑍 ′𝑍 ′, 𝐷�̄� → 𝑍/𝑍 ′ → 𝑓 𝑓 .
Dynamics of 𝑌𝐷 therefore reads①

d𝑌𝐷
d𝑇ℎ

= − 𝑠

𝐻

d𝜌ℎ/d𝑇ℎ
4𝜁ℎ𝜌ℎ − 𝑗ℎ

[
〈𝜎𝑣Møl〉𝐷�̄�→ 𝑓 𝑓 (𝑇)𝑌 eq

𝐷 (𝑇)2 − 〈𝜎𝑣Møl〉𝐷�̄�→ 𝑓 𝑓 (𝑇ℎ)𝑌 2
𝐷

− 1
2
〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑌 2

𝐷 + 〈𝜎𝑣Møl〉𝑍 ′𝑍 ′→𝐷�̄� (𝑇ℎ)𝑌 2
𝑍 ′

] (4–1)

• And following processes that conduct
– Creation of 𝑍 ′: 𝐷�̄� → 𝑍 ′𝑍 ′, 𝑓 𝑓 → 𝑍 ′.
– Annihilation/decay of 𝑍 ′: 𝑍 ′𝑍 ′ → 𝐷�̄�, 𝑍 ′ → 𝑓 𝑓 .
Dynamics of 𝑌𝑍 ′ therefore reads

d𝑌𝑍 ′

d𝑇ℎ
= − 𝑠

𝐻

d𝜌ℎ/d𝑇ℎ
4𝜁ℎ𝜌ℎ − 𝑗ℎ

[
1
2
〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑌 2

𝐷 − 〈𝜎𝑣Møl〉𝑍 ′𝑍 ′→𝐷�̄� (𝑇ℎ)𝑌 2
𝑍 ′

− 1
𝑠
〈Γ𝑍 ′→ 𝑓 𝑓 〉(𝑇ℎ)𝑌𝑍 ′ + 〈𝜎𝑣Møl〉 𝑓 𝑓 →𝑍 ′ (𝑇)𝑌 eq

𝑓 (𝑇)
2
] (4–2)

• Dynamics of 𝜂 is given by (2–69), written as (2–72) in our code of simulation.
Here, 𝑠 and 𝐻 are as defined in (2–8) and (2–3), with 𝜌 and 𝑝 calculated (for hidden sector species)
using (2–51)–(2–52), and in terms of effective degrees-of-freedom (for visible sector), using (2–70).
As an approximation, 𝑝 𝑓 = 𝜌 𝑓 /3 for radiation-dominated visible sector.

Integration on 𝑇ℎ is carried out backwards until 𝑇ℎ = 1.0 × 10−5. It is assumed that the hidden
sector is initially not populated, so the initial condition is set to be 𝑌𝐷 = 𝑌𝑍 ′ = 0, 𝜂 = 1000, at
𝑇ℎ = 1000 GeV. Calculation is insensitive to initial values of 𝜂 and 𝑇ℎ as long as both are set � 1,
but higher values that better approximate the scenario would result in numerical difficulties② that
significantly increase consumption.

① Notice an extra factor of 1/2 before the cross section of 𝐷�̄� → 𝑍 ′𝑍 ′. It follows from discussion in Sredniki et al.[38] on spin and
particle-antiparticle averaging.
② 〈𝜎𝑣Møl 〉 (𝑇 ) calculation takes much longer for 𝑇 ≳ 106, since the integral kernel (see (2–39)) becomes flat at high 𝑇 ’s.
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Figure 4–1 Experimental upper bounds on spin-independent dark-matter–proton cross
section. Regions above the line show the boundary of exclusion by recent experiments[40-42]

4.2 Parameter space
There are 4 independent parameters in our model, namely, 𝑚𝐷 , 𝑚𝑍 ′ , 𝑔𝑋 , 𝛿. 𝑚𝐷 is the Dirac

mass of 𝐷, 𝑚𝑍 ′ ≈ 𝑀1 � 𝑚𝐷 is the mass eigenvalue of 𝑍 ′ mode①, 𝑔𝑋 is the coupling strength of 𝐶𝜇
to𝑈 (1)𝑋 current, 𝛿 is kinetic mixing between 𝐵𝜇𝜈 and 𝐶𝜇𝜈 . Their orders of magnitude are

𝑚𝐷 / GeV 𝑚𝑍 ′ / GeV 𝑔𝑋 𝛿

∼ 100 ∼ 10−3 ∼ 10−2 10−10 ∼ 10−7

A recent measurement of CMB[39] supplied a sensitive probe of dark matter annihilation into
the visible sector. In our model, the greatest contribution at low energy comes from process 𝐷�̄� →
𝑍 ′𝑍 ′, with each actual 𝑍 ′ consequently decaying into 𝑒+𝑒−. Taking branching ratio of 𝑍 ′ → 𝑒+𝑒− as
0.3, we have the effective annihilation cross section

〈𝜎𝑣〉eff ≈ 0.32 × 〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇 → 0+) ∝ 𝑔4
𝑋 (4–3)

The work puts an upper limit to this 〈𝜎𝑣〉eff as a function of dark matter mass, 𝑚𝐷 in our case.
For 𝑚𝐷 ∼ GeV, the experiment favours a small 𝑔𝑋 up to 10−2, but establishing a self-interaction
𝐷𝐷 ↔ 𝐷𝐷 strong enough (𝑛𝐷 〈𝜎𝑣Møl〉 � 𝐻) to maintain kinetic equilibrium within the hidden
sector throughout requires a 𝑔𝑋 not too small[27]. We therefore allow 𝑔𝑋 to variate between 0.01 and
0.015.

Some direct measurement programmes[40-42] use nucleons to probe dark matter particles,
namely Dirac particle 𝐷 in our case. Each of them individually suggests null results, but jointly
they set upper bounds for dark-matter–proton spin-independent (DM–𝑝 SI) cross section (Figure
4–1) which our parameters have to conform. This quantity is estimated for every set of parameter
inputs using (C–8) (see Appendix C).

Finally, there are also experimental constraints on lifetime of 𝑍 ′. Integration of (2–64) from
the end of cosmic inflation to Big Bang Nucleosynthesis (BBN) temperature would give an elapsed
time within orders of around a second. On the other hand, the standard BBN calculations are carried

① 𝑀2 → 0+ is taken in our model.
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out without accounting for the presence of a decaying species, yet they show reasonable agreements
with the observed abundances. In order for this to happen, effects due to injection from 𝑍 ′ to the
visible sector during BBN must be minimal. Kawasaki et al.[43] revisited this issue, according to
which we allow the lifetime of 𝑍 ′ up to 10 s.

In order to search for parameters that
• Give the right final yield Ω𝐷ℎ

2 ' 0.12①;
• Locate near the boundary for direct detection;
• Have a lifetime shorter than 10 s,

we put 𝑔𝑋 ∈ [0.01, 0.015] with 0.001 increments; with 𝑔𝑋 fixed, a grid is then created on 𝑚𝑍 ′–𝛿
plane, where we solve for 𝑚𝐷 that fixes 𝜎SI just below the boundary shown in Figure 4–1. Of all
possibilities, parameters with 𝑚𝐷 ≲ 5 GeV are considered.

① ℎ is the reduced Planck’s constant, defined such that 𝐻 = 100ℎ.
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Chapter 5 Results and discussions

With theoretical and technical prerequisites laid out in previous chapters, we present our numer-
ical results in this chapter. First, we demonstrate the general features of this model using a typical set
of parameter, investigating the impact of introducing a second temperature sector to the final yield.
Next we scan over the parameter space in order to look out for the interested region that has the cor-
rect ΩDMℎ

2 prediction, and also the shift of such region due to assuming a separate 𝑇ℎ from 𝑇 . Then,
we compare our results to what have been previously obtained with the standard paradigm assuming
a single temperature sector, and discuss the impact to values taken by the parameters. Finally, the
explored parameter space that gives the correct relic density are examined with constraints set by
dark photon experiments.

5.1 General features

Yield	and	temperature	evolution

Y
ie
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Figure 5–1 A typical course of evolution. 𝜉 := 𝜂−1 = 𝑇ℎ/𝑇

Figure 5–1 shows a typical course of evolution with 𝑚𝐷 = 2.82 GeV, 𝑚𝑍 ′ = 7.38 × 10−3 GeV,
𝑔𝑋 = 0.015, and 𝛿 = 3.30 × 10−9. Note that the system evolves backwards on temperature axis.
In the beginning, particles get injected to the hidden sector, but chemical equilibrium of reaction
𝐷�̄� ↔ 𝑍 ′𝑍 ′ is not established until 𝜉 := 𝜂−1 = 𝑇ℎ/𝑇 begins to rise, then𝑌𝐷 and𝑌𝑍 ′ continue to grow
while maintaining chemical equilibrium within. The rise of 𝑌𝑍 ′ meets a plateau just before QCD
phase transition as it chemically decouples from 𝑌𝐷 , where the latter experiences some fluctuation
before ultimately freezing out. 𝑌𝑍 ′ on the other hand continues to rise, in parallel with the heating
up of the hidden sector, until 𝜂 reaches unity. Unstable 𝑍 ′ then goes away once 𝑇ℎ drops below 𝑚𝑍 ′ .

In order to qualitatively understand the above features, let us first consider the limiting case
where energy injection 𝑗ℎ is neglected and all degrees of freedom are relativistic, i.e. to treat the
two sectors thermally decoupled; each of them expanding adiabatically at high temperatures. Since
dark matter injection from the visible sector is mainly accomplished via 𝑠-channel reactions 𝑓 𝑓 →
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Figure 5–2 Relative magnitude of 𝑗ℎ and 4𝐻𝜁ℎ𝜌ℎ; effect of 𝑗ℎ remains subdominant until 𝑇ℎ
drops to ∼ 10−2 GeV

𝑍/𝑍 ′ → 𝐷�̄� that result in 𝑗ℎ ∝ 𝑇3①, whilst 4𝐻𝜁ℎ𝜌ℎ ∝ 𝑇6② at high temperatures, this claim is
properly justified (also quantitatively rendered in Figure 5–2). In this scenario, (2–69) is simplified
to (coloured text to be neglected; note that ℎeff ≈ 𝑔eff at high temperatures since each counts the
number of relativistic degrees of freedom)

d𝜂
d𝑇ℎ

=
1
𝑇ℎ

[
d𝜌ℎ/d𝑇ℎ
d𝜌𝑣/d𝑇

· 3𝐻 (𝜌𝑣 + 𝑝𝑣 ) + 𝑗ℎ
3𝐻 (𝜌ℎ + 𝑝ℎ) − 𝑗ℎ

− 𝜂
]

=
1
𝑇ℎ

[
𝑔ℎeff𝑇

3
ℎ +

(
𝑔ℎeff

) ′
𝑇ℎ
𝑇4
ℎ/3

𝑔𝑣eff𝑇
3 +

(
𝑔𝑣eff

) ′
𝑇
𝑇4/3

·
ℎ𝑣eff𝑇

4 +15 𝑗ℎ/2𝜋2𝐻

ℎℎeff𝑇
4
ℎ −15 𝑗ℎ/2𝜋2𝐻

− 𝜂
]

≈ 1
𝑇ℎ

(𝜂 − 𝜂) = 0 (5–1)

We hence conclude that the hidden sector is only heated due to non-negligible injection at lower tem-
peratures, or when ℎeff or 𝑔eff change drastically③, e.g. during phase transitions. This is confirmed
in our example course of evolution (Figure 5–1), where the first heating process (marked by a green
arrow) that happens at 𝑇ℎ ≈ 1 GeV (corresponding to 𝑇 ≈ 101 ∼ 102 GeV) sees a bump in d𝑔𝑣eff/d𝑇
and d𝑔ℎeff/d𝑇 at around the same temperature (compare with Figure 5–3).

The following plateau of 𝜉 at 𝑇ℎ ≈ 10−1 ∼ 100 GeV corresponds to a pit in Figure 5–3 (dashed
lines) that comes after the previous bump. This is located at 𝑇 ≈ 101 GeV where the number of
effective degrees of freedom is relatively stable, immediately followed by its radical drop during
QCD phase transition (denoted by the red arrow, Figure 5–1).

Non-trivial d𝑔eff/d𝑇ℎ and non-negligible 𝑗ℎ have an effect on the dynamics of yields, in that

d𝑌
d𝑇ℎ

=
𝑠

𝐻

d𝜌ℎ/d𝑇ℎ
4𝐻𝜁ℎ𝜌ℎ − 𝑗ℎ

[· · · ] (5–2)

① 𝜎 (𝑠) for 𝑠-channel reactions exhibits a sharp peak, so we can treat it essentially a Dirac delta located around 𝑠 = 𝑚2
𝑍/𝑍′ (𝑍/𝑍 ′ is

the 𝑠-channel propagator). Plug this into (3–30), carry out the integration, and estimate using asymptotic behaviour of Bessel 𝐾 for small
arguments, the ∝ 𝑇 3 behaviour is obtained.
② Use (2–3) and (2–50) to obtain 𝐻 ∝ √

𝜌 and 𝜌 ∝ 𝑇 4. Take 𝜁 = 1.
③ Strictly speaking, the hidden sector is not actually being “heated” for the case where injection 𝑗ℎ is negligible compared to adiabatic

dilution of entropy density 4𝐻𝜁ℎ𝜌ℎ , but either due to deposition of heavy species or phase transition in the visible sector that makes𝑇 drop
faster than 𝑇ℎ .
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Figure 5–3 Effective relativistic degrees of freedom in the visible sector[35] and their
derivatives, obtained with lattice field theory.

we have the prefactor sensitive to the two quantities, so as long we have some species highly rel-
ativistic, its trend would be alike that of 𝜉—this is clearly seen on 𝑌𝑍 ′ for 𝑇ℎ � 𝑚𝑍 ′ . However,
once 𝑇ℎ gets lower than 𝑚𝐷 ≈ 100 GeV,𝑌𝐷 will chemically decouple from𝑌𝑍 ′ . From the point when
temperature drops below particle mass to when 〈𝜎𝑣Møl〉𝑛 for all connecting reactions fall below 𝐻①,
the track of evolution would follow from fine-tuned balance among all the competing reactions that
require further speculation.

Figure 5–4 (right panel) is such a diagram that allows us to make this comparison. It also shows
the alternative result using identical parameter inputs, but assuming 𝑇 = 𝑇ℎ (𝜂 = 1) throughout the
course②; the two-sector system then falls back to traditional particle cosmology. Our aim is to
compare these two paradigms, finding whether and why this difference in treatment would result in
an appreciable change on final yields, and to how large an extent would it shift the optimal range of
parameters that fits in ΩDMℎ

2 ' 0.12.
There are 4 panels in Figure 5–4. Top-left shows the course of evolution on𝑇 axis; 𝜂 = 1 case is

denoted by dotted lines and superscript 1, while 𝜂 ≠ 1 case is shown in solid lines. Bottom-left shows
〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑛𝐷 compared with Hubble constant. Right panels compare the magnitude inside
the bracket of (2–60) or (4–1) for each reaction that changes the particle number of 𝐷. For instance,
the blue line labelled 𝐷�̄� → 𝑍 ′𝑍 ′ is a plot of 〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑌 2

𝐷/2. One can see from these
panels the relative contribution from each reaction, and the transition of dominant reactions at each
stage.

One can see from the top-left panel that considering the hidden sector at a separate temperature
results in a significant decrease on final yield. This drop in estimation turns out to be a general feature
of all the experiments carried out in this research, and in order to offset this drop, one has to tune the
parameter in favour of a larger final yield in order to keep up with the experimental ΩDMℎ

2 ' 0.12.
This is to be seen in grid simulation results.

① As usual, 〈𝜎𝑣Møl 〉𝑛 � 𝐻 is the criterion of whether some reaction is “strong enough”, i.e. would change the concentration of the
component much more strongly than dilution due to cosmic expansion.
② Dynamics of 𝑌𝐷 and 𝑌𝑍′ are then given by (2–60).
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Figure 5–4 Comparison between cases of 𝜂 = 1 and 𝜂 ≠ 1

But why letting 𝜂 ≠ 1 would cause final𝑌𝐷 to fall? This is because𝑇ℎ corresponding to the same
𝑇 is much lower assuming 𝜂 ≠ 1, so the chemical equilibrium 𝐷�̄� ↔ 𝑍 ′𝑍 ′ happens much earlier
at much higher 𝑇 ; this is characterised by an overshooting of 〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑛𝐷 above 𝐻 (see
bottom-left panel). Before then, the injection 𝑓 𝑓 → 𝐷�̄� from the visible sector, controlled by 𝑇 , is
dominating, and due to the absence of a reaction that removes 𝐷 efficiently, 𝐷 quickly accumulates
population during that stage. Since 𝐷�̄� → 𝑍 ′𝑍 ′ grows above 𝐻 from early at 𝑇 ≈ 104 GeV for
𝜂 ≠ 1, but not until 𝑇 drops below 102 GeV for 𝜂 = 1, 𝐷 in the latter case would evidently get much
better populated, as confirmed from the upper-left panel. Then, at energy scale 𝑇 ≈ 100 ∼ 101 GeV,
since the chemical equilibrium is still maintained for 𝜂 = 1, 𝑌𝐷 is further pulled upwards by the
increase of 𝑌𝑍 ′; 𝑍 ′ is so light that it too easily gets populated by injection from the Standard Model
( 𝑓 𝑓 → 𝑍 ′). This effect continues to prevail until 𝑇 drops below 𝑚𝐷 so that 𝑍 ′𝑍 ′ → 𝐷�̄� quickly
goes away. 𝑌𝐷 has then no sooner started to drop than 𝐷�̄� → 𝑍 ′𝑍 ′, the most efficient reaction
that removes 𝐷, falls below 𝐻, freezing 𝑌𝐷 in place. For the case 𝜂 ≠ 1, however, 𝑍 ′𝑍 ′ → 𝐷�̄�

goes away at much higher 𝑇 because 𝜂 � 1 around that time, so we see a sudden drop in 𝑌𝐷 at
𝑇 ≈ 101 GeV (upper-left panel, blue solid line), but this falling trend is then interrupted by injection
𝑓 𝑓 → 𝐷�̄�, which then result in a dynamic equilibrium of 𝐷 population via 𝑓 𝑓 → 𝐷�̄� → 𝑍 ′𝑍 ′

process at energy scale 𝑇 ≈ 100 ∼ 101 GeV (bottom-right panel, coinciding blue and green lines).
𝑓 𝑓 → 𝐷�̄� goes away shortly before 𝐷�̄� → 𝑍 ′𝑍 ′ falls below 𝐻, causing 𝑌𝐷 to drop another bit
before freezing in place.

We therefore conclude that behind the freezing-in of𝑌𝐷 are distinct physics, assuming a separate
dark temperature or not. The point when 〈𝜎𝑣Møl〉𝐷�̄�→𝑍 ′𝑍 ′ (𝑇ℎ)𝑛𝐷 rises above or falls below 𝐻 can

– Page 29 of 45 –



TEMPERATURE AND NUMBER DENSITY EVOLUTION IN A FEEBLY
COUPLED DARK SECTOR

always be sooner or later depending on specific models. This means the claim that 𝑌𝐷 would be
lower with 𝜂 ≠ 1 is specific to our model①.

5.2 Grid simulation
Based on analyses in the previous section, we know 𝑓 𝑓 → 𝐷�̄� has the overall governing effect

of all reactions on increasing 𝐷 population, and 𝐷�̄� → 𝑍 ′𝑍 ′ on decreasing it, so we have to adjust
the parameters strengthening the former and weakening the latter. As a result we expect the optimal
region of 𝛿 and 𝑚𝑍 ′ satisfying ΩDMℎ

2 ' 0.12 to individually shift to larger values. 𝑔𝑋 , on the other
hand, would favour a smaller value, since 𝜎 𝑓 𝑓 →𝐷�̄� ∝ 𝑔2

𝑋 , and 𝜎𝐷�̄�→𝑍 ′𝑍 ′ ∝ 𝑔4
𝑋 to tree level; this

means the latter would be additionally enhanced than the former were we to increase 𝑔𝑋 , allowing
for stronger depletion before freezing out. This means we have been underestimating 𝑚𝑍 ′ and 𝛿, but
overestimating 𝑔𝑋 with traditional relic density calculations.

Figure 5–5 shows ΩDMℎ
2 on grid of varying 𝑚𝑍 ′ and 𝛿 for different 𝑔𝑋 ’s, assuming 𝑇 different

from 𝑇ℎ or not. The value is obtained from 𝑌 0
𝐷 ≡ 𝑌𝐷 (𝑇ℎ → 0+) using

ΩDMℎ
2 =

𝜌𝐷ℎ
2

𝜌𝑐
=
𝑚𝐷𝑌

0
𝐷𝑠0ℎ

2

𝜌𝑐
(5–3)

where 𝑠0 = (𝜌 + 𝑝)/𝑇 |now ≈ 2.8912 × 109 is the observed entropy density of the universe, ℎ :=
𝐻/100 ≈ 0.674 is the reduced Hubble parameter, and 𝜌𝑐 ≈ 10.537 is obtained from (2–3) with
the observed Hubble parameter②. ΩDMℎ

2 is represented in different shades of colours defined on
the colour bar, with the observed ΩDMℎ

2 = 0.12 exactly shown in white. Left panels are results
assuming a separate dark sector, whilst the right panels are their single-sector counterparts. Left and
right panels on the same row have identical 𝑔𝑋 and 𝑚𝑍 ′–𝛿 domain, so we can see how the optimal
region represented by a white tilde shift between the two cases. The white tilde shift inwards, and
the value taken by points with the same 𝑚𝑍 ′–𝛿 coordinates turns higher from left (𝜂 ≠ 1) to right
(𝜂 = 1), confirming our speculation.

Finally in Figure 5–6, we compare the allowed region we have probed on 𝑚𝑍 ′–𝛿 plane giving
the correct relic densities③ with constraints set by numerous dark photon experiments[44], among
which the most relevant results are displayed; namely, E137[45] and CHARM[46-47] that monitor the
decay of dark photons (𝑍 ′ in our case) into visible Standard Model particles. The blue and orange
regions show the excluded areas on the𝑚𝑍 ′–𝛿 plane. This comparison sees no tension in the explored
parameter space.

① An unpublished source that has a scalar mediator (as opposed to the vector 𝑍 ′ in this research) reports a higher yield for 𝜂 ≠ 1.
② All the numerical results are expressed in GeV natural units.
③We allow the calculated yield to fluctuate in range ΩDMℎ

2 ∈ (0.10, 0.15) .
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a) 𝜂 ≠ 1, 𝑔𝑋 = 0.01 b) 𝜂 = 1, 𝑔𝑋 = 0.01

c) 𝜂 ≠ 1, 𝑔𝑋 = 0.012 d) 𝜂 = 1, 𝑔𝑋 = 0.012

e) 𝜂 ≠ 1, 𝑔𝑋 = 0.015 f) 𝜂 = 1, 𝑔𝑋 = 0.015

Figure 5–5 Grid simulation results. Colour bar represents ΩDMℎ
2, with 0.12 exactly shown in

white. The polygon encircles data points accepted in range (0.10, 0.15), if exist. Each row
compares 𝜂 ≠ 1 and 𝜂 = 1 with increasing 𝑔𝑋 ’s
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Figure 5–6 Experimental constraints on the 𝑚𝑍 ′–𝛿 plane. The green shaded area shows the
region in the explored parameter space that gives the correct relic density. The blue and
orange regions represent exclusions recast from experiments E137[45] and CHARM[46-47].
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Chapter 6 Summary

6.1 Conclusion
This work makes use of identical physical model as in Aboubrahim et al.[27], but we further

include back-reactions 𝑓 𝑓 → 𝐷�̄� in expressions for 𝑗ℎ, d𝑌𝐷/d𝑇ℎ, and d𝑌𝑍 ′/d𝑇ℎ, which generate
slight, but insubstantial differences in numerical results.

Dynamics for the Boltzmann system involving two temperature sectors, (2–65)–(2–69) are de-
rived in a heuristic and motivated way, represented in a form where physics are more evident than
in their original form.

Then, we present for the first time a thorough comparison between traditional uni-sector dy-
namics, which is extensively adopted by existing computer packages[48], and the new double-sector
dynamics, which was derived in [27]. We discover that with this specific model, allowing for a
dark temperature 𝑇ℎ different from 𝑇 would result in a much lower terminal 𝑌𝐷 , and consequently
underestimation of 𝑚𝑍 ′ and 𝛿 but overestimation of 𝑔𝑋 when fitting for ΩDMℎ

2 ≈ 0.12.
Next, we discuss the reason behind by looking into individual reactions. Our analyses indi-

cate completely different mechanism for dark freeze-in/out, assuming 𝑇 different from 𝑇ℎ or not.
We therefore conclude the necessity of assuming multiple temperature sectors for models whose
Lagrangians are comprised of several feebly-connected parts.

Finally, our simulation presents an array of parameter sets (white dots, Figure 5–5) that not only
agrees with the measured relic density but also lies on the boundary of direct detection, suggesting
this model to be a promising candidate for dark matter that has imminent experimental consequences.

Unlike most other related works, this research does not make use of an existing code-base;
rather, the numerical code is completely written in Julia Programming Language[49], a language that
stresses both efficiency and agility. The code itself is simple to read and requires no more than basic
knowledge on Python and MATLAB to make use of, but would compile to much faster, type-stable
static code on the first run. This makes the language particularly suitable for relic density calculation
that mostly involves iterating over the derivative function 𝑓 : (𝑌, 𝜂;𝑇ℎ) ↦→ (𝑌 ′, 𝜂′) and repeatedly
making tentative steps.

However, being an emergent language, Julia’s infrastructure is not as developed as Python or
MATLAB, meaning the community is experiencing a scarcity of packages, documentations, and
readily available code to learn from. Our code keeps all these in mind when writing: it is well-
documented, making extensive use of Julia’s exclusive features like abstract typing and multiple
dispatch that largely simplify code structure and greatly enhance extendibility in a Julia way. The
programme contains less than 800 lines, making it easily understandable or modified to work with
other models; the abstract typing also allows for higher precision or more efficient computing with
data structure implementations from the future. In words, our code provides a working example for
this type of system, and will very likely open up opportunities for this study. The code will soon be
available on GitHub.

– Page 33 of 45 –



TEMPERATURE AND NUMBER DENSITY EVOLUTION IN A FEEBLY
COUPLED DARK SECTOR

6.2 Limitations of numerical results
Albeit its overall success, this study has a few shortcomings worth noting. They are not expected

to affect any qualitative feature obtained above, but may cast a slight quantitative influence.
First is that we manually shut down 𝑗ℎ and d𝜂/d𝑇ℎ once the hidden sector gets thermalised

(𝜂 = 1), in order to attain numerical stability at low temperatures. As seen from Figure 5–2, 𝑗ℎ
would then be comparable to 4𝐻𝜁ℎ𝜌ℎ, threatening to invert the denominator in the prefactor of (4–1)
and (4–2). We would then encounter numerical difficulties entailed by this divergence. Physically
this corresponds to the violation of 𝑡–𝑇ℎ monotonicity—when the injection within a short time is
comparable to total energy stored in the hidden sector, reheating the sector more than it would cool
down, this can indeed be happening. Therefore, one resolution would be selecting 𝑇 , rather than 𝑇ℎ,
as time variable; the visible sector contains massless degrees of freedom like neutrino and photon,
making the sign of 4𝐻𝜁𝑣𝜌𝑣 − 𝑗𝑣 hard to invert. After changing temperature axis to 𝑇 , (4–1) and
(4–2) would be instead

d𝑌
d𝑇

= − 𝑠
𝐻

d𝜌𝑣/d𝑇
4𝜁𝑣𝜌𝑣 − 𝑗𝑣

[· · · ] (6–1)

where 𝑗𝑣 := − 𝑗ℎ. Dynamics for 𝜉 would become①

d𝜉
d𝑇

=
1
𝑇

(
d𝑇ℎ
d𝑇

− 𝜉
)

(6–2)

with②

d𝑇ℎ
d𝑇

=
d𝜌𝑣/d𝑇
d𝜌ℎ/d𝑇ℎ

· 3𝐻 (𝜌 + 𝑝) − (4𝐻𝜁𝑣𝜌𝑣 − 𝑗𝑣 )
4𝐻𝜁𝑣𝜌𝑣 − 𝑗𝑣

(6–3)

Fortunately, 4𝐻𝜁ℎ𝜌ℎ− 𝑗ℎ is not inverted until𝑇 ≈ 10−2 GeV, where 𝐷 is already frozen in place
(see bottom-left panel of Figure 5–4), so whether we shut down 𝑗ℎ and d𝜂/d𝑇ℎ would not make a
sizable difference.

Another problem is that we neglect chemical potential altogether, but there are clearly stages
(see Figure 5–1) at which 𝑌𝐷 and 𝑌𝑍 ′ deviate substantially from chemical equilibrium. To sort out
this problem, one can follow Bringmann et al.[50] where the author considers non-trivial chemical
potentials by tracking their evolution alongside other dynamic variables.

① Tracking dynamics of 𝜉 rather than of 𝜂 is to avoid numerical division as possible; we need to obtain 𝑇ℎ from 𝑇 by multiplication
by 𝜉 rather than the other way round.
② Formally equivalent to doing 𝑣 ↔ ℎ subscript switching in (2–68).
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Appendix A Proofs of theorems and equations

Theorem 1 For an equilibrial thermodynamic system at temperature 𝑇 with chemical poten-
tial ignored confined to a volume 𝑉 , whose energy density denoted as 𝜌, pressure denoted 𝑝, a
selection of entropy function is

𝑆 =
(𝜌 + 𝑝)𝑉

𝑇
(A–1)

Proof 2nd law of thermodynamic for this system reads

d𝑈 = d(𝜌𝑉) = 𝑇 d𝑆 − 𝑝 d𝑉 (A–2)

Rearrange to give

d𝑆 =
𝜌 + 𝑝
𝑇

d𝑉 + 𝑉
𝑇

d𝜌 =
𝜌 + 𝑝
𝑇

d𝑉 + 𝑉
𝑇

d𝜌
d𝑇

d𝑇 (A–3)

Notice that 𝑝 and 𝜌 are intensive variables, so they do not depend on𝑉 . Using integrability condition

𝜕

𝜕𝑇

( 𝜌 + 𝑝
𝑇

)
𝑉
=

𝜕2𝑆

𝜕𝑇𝜕𝑉
=

𝜕2𝑆

𝜕𝑉𝜕𝑇
=

𝜕

𝜕𝑉

(
𝑉

𝑇

d𝜌
d𝑇

)
𝑇

(A–4)

and finding that

𝑇
d𝑝
d𝑇

= 𝜌 + 𝑝 (A–5)

insertion back to (A–3) would lead us to

d𝑆 =
1
𝑇
[d(𝜌𝑉) + 𝑝 d𝑉] = 1

𝑇
d[(𝜌 + 𝑝)𝑉] − 𝑉

𝑇

d𝑝
d𝑇

d𝑇

=
1
𝑇

d[(𝜌 + 𝑝)𝑉] − (𝜌 + 𝑝)𝑉 d𝑇
𝑇2

= d
[
(𝜌 + 𝑝)𝑉

𝑇
+ const.

]
(A–6)

It would therefore be convenient to set 𝑆 = (𝜌 + 𝑝)𝑉/𝑇 . □

Theorem 2 Radiation (𝑚 � 𝑇) has vanishing chemical potential.

Proof Recall total differentials

d𝑈 = 𝑇 d𝑆 − 𝑝 d𝑉 (A–7)

d𝑆 =

(
𝜕𝑆

𝜕𝑇

)
𝑉

d𝑇 +
(
𝜕𝑆

𝜕𝑉

)
𝑇

d𝑉 (A–8)

Combine them to get
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d𝑈 = 𝑇

(
𝜕𝑆

𝜕𝑇

)
𝑉︸     ︷︷     ︸

𝐶𝑉

d𝑇 +
[
𝑇

(
𝜕𝑆

𝜕𝑉

)
𝑇︸  ︷︷  ︸

(𝜕𝑝/𝜕𝑇 )𝑉

−𝑝
]

d𝑉 (A–9)

where 2nd-order Maxwell relation is applied. We have(
𝜕𝑈

𝜕𝑉

)
𝑇

= 𝑇

(
𝜕𝑝

𝜕𝑇

)
𝑉

− 𝑝 (A–10)

On the other hand, (2–44) and (2–45) shows 𝑝 = 𝜌/3 in extreme relativistic case, so (A–10) becomes

𝜌(𝑇) = 1
3
𝑇

d𝜌
d𝑇

− 1
3
𝜌 (A–11)

This is a separable differential equation. Solving this gives

𝜌 = 𝑎𝑇4 ⇒ 𝑈 = 𝑎𝑉𝑇4 (A–12)

where 𝑎 is a universal constant. (A–1) enables us to write down entropy as well

𝑆 =
4
3
𝑎𝑉𝑇3 (A–13)

Gibbs function is then

𝐺 = 𝑈 − 𝑆𝑇 + 𝑝𝑉 ≡ 0 (A–14)

This suggests that all extreme relativistic gases in thermal equilibrium have vanishing chemical po-
tential. □
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Appendix B Thermally averaged integrals

B.1 Annihilation cross sections
See 2.2.3 for definition of variables we use. In a system with well-defined temperature 𝑇 ,

thermal averaged cross section (2–35) reads

〈𝜎𝑣Møl〉 =
∫
𝐹𝜎/(𝐸1𝐸2) e−𝐸1/𝑇 e−𝐸2/𝑇 d3𝑝1 d3𝑝2∫

e−𝐸1/𝑇 e−𝐸2/𝑇 d3𝑝1 d3𝑝2
(B–1)

where we have used the relation 𝐹 = 𝐸1𝐸2𝑣Møl. Since (1) and (2) are on-shell particles, the integrand
depends on momentum magnitudes 𝑝1, 𝑝2, and their intersection angle 𝜃. After integrating over
excessive dimensions and imposing mass shell condition 𝐸2

𝑖 = 𝑝
2
𝑖 +𝑚2, the volume element becomes

d3𝑝1 d3𝑝2 → 4𝜋𝑝2
1 d𝑝1 · 2𝜋𝑝2

2 sin 𝜃 d𝜃 d𝑝2 = 4𝜋𝑝2
1 d𝑝14𝜋𝑝2

2 d𝑝2 ·
1
2

d cos 𝜃

= 4𝜋𝑝1𝐸1 d𝐸14𝜋𝑝2𝐸2 d𝐸2 ·
1
2

d cos 𝜃
(B–2)

Next, adopt variable changes (𝐸1, 𝐸2, cos 𝜃) → (𝐸+, 𝐸−, 𝑠), with

𝐸+ = 𝐸1 + 𝐸2 𝐸− = 𝐸1 − 𝐸2

𝑠 = 2𝑚2 + 2𝐸1𝐸2 − 2𝑝1𝑝2 cos 𝜃

then we have

d3𝑝1 d3𝑝2 → 2𝜋2𝐸1𝐸2 d𝐸+ d𝐸− d𝑠 (B–3)

Region of integration transforms into

|𝐸− | ≤
√

1 − 4𝑚2

𝑠

√
𝐸2
+ − 𝑠

𝐸+ ≥
√
𝑠 𝑠 ≥ 4𝑚2

Thus, the numerator of (B–1) is calculated[51]

2𝜋2
∫

d𝐸+

∫
d𝐸−

∫
d𝑠 𝜎𝑣Møl𝐸1𝐸2e−𝐸+/𝑇

= 4𝜋2
∫

d𝑠 𝜎𝐹
√

1 − 4𝑚2

𝑠

∫
d𝐸+e−𝐸+/𝑇

√
𝐸2
+ − 𝑠

= 2𝜋2𝑇

∫
d𝑠 𝜎(𝑠) · (𝑠 − 4𝑚2)

√
𝑠𝐾1(

√
𝑠/𝑇) (B–4)

In the last step we have used 𝐹 =
√
𝑠(𝑠 − 4𝑚2)/2.

The denominator follows similarly with variable change (𝐸1, 𝐸2, cos 𝜃) → (𝐸1, 𝐸2, 𝑠)
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∫
e−𝐸1/𝑇 e−𝐸2/𝑇 d3𝑝1 d3𝑝2 =

∫
e−𝐸1/𝑇 2𝜋𝐸1 d𝐸1 ·

∫
e−𝐸2/𝑇 2𝜋𝐸2 d𝐸2

∫
d𝑠 (B–5)

with region of integration transformed into

2𝑚2 + 2𝐸1𝐸2 − 2𝑝1𝑝2 ≤ 𝑠 ≤ 2𝑚2 + 2𝐸1𝐸2 + 2𝑝1𝑝2

𝐸1 ≥ 𝑚 𝐸2 ≥ 𝑚

Explicitly carry out this integration, we have the denominator[51]

∫
e−𝐸1/𝑇 2𝜋𝐸1 d𝐸1 ·

∫
e−𝐸2/𝑇 2𝜋𝐸2 d𝐸2 · 4𝑝1𝑝2 =

[∫
e−𝐸/𝑇 4𝜋𝐸𝑝 d𝐸

]2

=
[
4𝜋𝑚2𝑇𝐾2(𝑚/𝑇)

]2

(B–6)
Therefore, the thermally averaged annihilation cross section at temperature 𝑇 reads

〈𝜎𝑣Møl〉 =
1

8𝑚4𝑇𝐾2
2 (𝑚/𝑇)

∫ +∞

4𝑚2
𝜎(𝑠) · (𝑠 − 4𝑚2)

√
𝑠𝐾1(

√
𝑠/𝑇) d𝑠 (B–7)

If the reaction product is more massive, the annihilation channel will not open up immediatly above
4𝑚2, resulting in a raised integration lower bound 𝑠0 > 4𝑚2, as written in (2–39).

B.2 Decay widths
Here we explicitly carry out integrals in (2–40), that is, to prove

2𝑚1

∫
d3𝑝1

(2𝜋)32𝐸1
𝑓1(𝑝1)

/ ∫
d3𝑝1

(2𝜋)3 𝑓1(𝑝1) =
𝐾1(𝑚1/𝑇)
𝐾2(𝑚1/𝑇)

(B–8)

This expression is already normalised, so we choose in this calculation 𝑓1(𝑝1) = 𝑓 eq
1 (𝑝1) = e−𝐸1/𝑇 .

In spherical coordinates, the numerator reads

𝑚1

2𝜋2

∫ +∞

0

𝑝2 d𝑝√
𝑚2

1 + 𝑝2
e−
√
𝑚2

1+𝑝2/𝑇 (B–9)

Changing integration variable from 𝑝 to 𝐸 =
√
𝑚2

1 + 𝑝2

𝑚1

2𝜋2

∫ +∞

𝑚1

√
𝐸2 − 𝑚2

1 e−𝐸/𝑇 d𝐸 =
𝑚2

1𝑇

2𝜋2 𝐾1(𝑚1/𝑇) (B–10)

It follows similarly that the denominator equals

𝑛eq
1

𝑔1
=

1
2𝜋2

∫ +∞

0
𝐸
√
𝐸2 − 𝑚2 e−𝐸/𝑇 d𝐸 =

𝑚2
1𝑇

2𝜋2 𝐾2(𝑚1/𝑇) (B–11)

(B–8) is therefore proven.
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B.3 Source terms
Following is the proof of (3–29), i.e.

∬
d3𝑝1

𝐸1(2𝜋)3
d3𝑝2

𝐸2(2𝜋)3 e−(𝐸1+𝐸2)/𝑇ℎ · (𝐸1 + 𝐸2) · 𝐹𝜎( 𝒑1, 𝒑2)

=
𝑇ℎ

32𝜋2

∫ +∞

𝑠0

𝜎𝐷�̄�→𝑋 (𝑠) · 𝑠(𝑠 − 4𝑚2
𝐷)𝐾2(

√
𝑠/𝑇ℎ) d𝑠

(B–12)

Setting off from left-hand side and apply variable change (B–3), we have

LHS =
1

2(2𝜋)4

∫ +∞

𝑠0

d𝑠 𝜎(𝑠)𝐹 (𝑠)
∫ +∞

√
𝑠

d𝐸+ e−𝐸+/𝑇 𝐸+ · 2
√

1 − 4𝑚2

𝑠

√
𝐸2
+ − 𝑠 (B–13)

=
𝑇

32𝜋4

∫ +∞

𝑠0

d𝑠 𝜎(𝑠) · 𝑠(𝑠 − 4𝑚2)𝐾2(
√
𝑠/𝑇) = RHS (B–14)

Again, we make use of 𝐹 =
√
𝑠(𝑠 − 4𝑚2)/2 in the last step.
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Appendix C Dark matter–nucleon spin-independent cross
section

The following discussion applies to dark matter–nucleon interactions mediated by a vector bo-
son, 𝑍 ′ in our case

Lint = �̄�𝛾
𝜇 (𝑔𝑉 + 𝑔𝐴𝛾5)𝐷𝑍 ′

𝜇 + 𝑞𝛾𝜇 (𝑔
𝑞
𝑉 + 𝑔𝑞𝐴𝛾

5)𝑞𝑍 ′
𝜇 (C–1)

Consider the following process

𝐷𝐷

𝑍′

𝑞 𝑞

Taking soft limit (momentum transfer 𝑞2 → 0) in 𝑍 ′ propagator, (C–1) becomes

Leff =
𝑔𝑉 𝑔

𝑞
𝑉

𝑚2
𝑍 ′
�̄�𝛾𝜇𝐷𝑞𝛾

𝜇𝑞 +
𝑔𝐴𝑔

𝑞
𝐴

𝑚2
𝑍 ′
�̄�𝛾𝜇𝛾

5𝐷𝑞𝛾𝜇𝛾5𝑞 (C–2)

as crossing terms vanish in the non-relativistic limit[52]. The 𝑉-term contributes to the spin-
independent cross section, whereas the 𝐴-term contributes to the spin-dependent cross section. Dirac
algebra shows

�̄�𝑠𝛾𝜇𝑢
𝑠′ ≈ 2𝑚𝛿0

𝜇𝛿𝑠𝑠′ (C–3)

and

�̄�𝑠𝛾𝜇𝛾
5𝑢𝑠

′
= 𝑜(𝑚) (C–4)

This means at low energy, the effect of the 𝑉-term prevails.
For nucleons, scattering amplitude adds up contributions from asymptotic states of each valence

quark

𝑖ℳ =
∑
𝑞=𝑢,𝑑

2𝑚𝑁

𝑔𝑉 𝑔
𝑞
𝑉

𝑚2
𝑍 ′
�̄�𝑠𝐷𝛾𝜇𝑢

𝑠′

𝐷 〈𝑁 |𝑞𝛾𝜇𝑞 |𝑁〉

=︸︷︷︸
(C–3)

∑
𝑞=𝑢,𝑑

4𝑚𝑁𝑚𝐷
𝑔𝑉 𝑔

𝑞
𝑉

𝑚2
𝑍 ′
𝛿0
𝜇 〈𝑁 |𝑞𝛾𝜇𝑞 |𝑁〉 (C–5)

where the nucleon state admits normalisation 〈𝑁 |𝑁〉 = 1/2𝐸𝑁 ≈ 1/2𝑚𝑁 . For 𝑁 = 𝑝 (proton, 𝑢𝑢𝑑),
we have
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〈𝑝 |�̄�𝛾𝜇𝑢 |𝑝〉 = 2 × 1
2𝑚𝑝

�̄�𝑝𝛾
𝜇𝑢𝑝 ≈ 2𝛿𝜇0 (C–6)

〈𝑝 |𝑑𝛾𝜇𝑑 |𝑝〉 = 1 × 1
2𝑚𝑝

�̄�𝑝𝛾
𝜇𝑢𝑝 ≈ 𝛿𝜇0 (C–7)

Total cross section is therefore

𝜎SI =
∫

dΩ
(
d𝜎
dΩ

)
CM

=
∫

dΩ
|ℳ |2

64𝜋2𝐸2
CM

≈ 4𝜋 × |ℳ |2
64𝜋2(𝑚𝐷 + 𝑚𝑝)2 =

𝑚2
𝑝𝑚

2
𝐷𝑏

2
𝑝

4𝜋2(𝑚𝑁 + 𝑚𝐷)2 (C–8)

with

𝑏𝑝 = 2 ×
𝑔𝑉 𝑔

𝑢
𝑉

𝑚2
𝑍 ′

+ 1 ×
𝑔𝑉 𝑔

𝑑
𝑉

𝑚2
𝑍 ′

(C–9)

We can identify 𝑔𝑉 and 𝑔𝑞𝑉 from Chapter 3

𝑔𝑉 = 𝑔𝑋

[
R11 −

𝛿
√

1 − 𝛿2
R21

]
(C–10)

𝑔𝑞𝑉 =
1
2

√
𝑔2

2 +
(
𝑔SM
𝑌

)2
𝑣 ′𝑞︸︷︷︸

(3–20)

(C–11)

and in turn obtain 𝜎SI as a function of (𝑚𝐷 , 𝑚𝑍 ′ , 𝑔𝑋 , 𝛿).
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