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1 Introduction 1

1 Introduction

The Standard Model of particle physics is one of the most successful theoretical frameworks
in science. It was able to explain a wide range of observed phenomena and to predict new
particles, which were then found experimentally. The crowning achievement of the Standard
Model was the discovery of the Higgs boson at the LHC in 2012 [[1],[2]]. This was the last
missing particle predicted by the Standard Model, and its discovery confirmed the mecha-
nism of electroweak symmetry breaking and mass generation for charged fermions and gauge
bosons. Despite all these successes, the Standard Model is not a complete description of all
fundamental interactions because it does not feature gravity. In addition, there are also some
phenomena in particle physics, which are not explained by the Standard Model. Thus, there
is evidence that motivates extensions to the Standard Model.

This thesis deals with two open questions of particle physics. One of these questions is the
nature of dark matter. Many astrophysical observations give evidence that there has to be
a form of matter which does not interact electromagnetically, but its presence can be de-
duced from its gravitational effect. However, dark matter particles have not been detected
yet. Hence, we do not know the structure of dark matter, but the Standard Model does not
provide a suitable dark matter candidate. Therefore, the evidence of dark matter is a good
motivation to go beyond the Standard Model.

Another open question of particle physics is the origin of neutrino masses. In the Standard
Model, neutrinos are massless. In contrast to that, the discovery of neutrino oscillations
[[3],[4]] gives evidence that neutrinos are actually massive. This shows that there is still a
missing piece in the Standard Model which explains neutrino masses.

An elegant explanation for the origin of neutrino masses is given by the so-called seesaw mech-
anisms. Seesaw models typically introduce heavy degrees of freedom, such as right-handed
neutrinos or scalar triplets, and generate neutrino masses at tree level through effective
dimension-five operators. Omne problem of these models is that the new particles have to
carry large masses to obtain the tiny neutrino masses. Thus, their mass scales are far beyond
the experimental reach, making it impossible to find them experimentally and confirm the
model.

In this thesis, we study radiative seesaw models. These models generate neutrino masses at
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loop-level. Therefore, the smallness of the neutrino masses can be explained by loop sup-
pression and the masses of the new particles can be smaller compared to conventional seesaw
models. The masses of the new particles are typically in the TeV regime Furthermore, some
of the introduced particles in these models are suitable dark matter candidates.

This thesis is structured as follows. In Chapter 2] we present evidence for dark matter. In
addition, we explain the properties dark matter candidates have to satisfy and present some
dark matter candidates. At the end of this chapter, we also explain the genesis of dark mat-
ter, where we focus on the freeze-out mechanism. Chapter [3| deals with neutrinos. There,
we explain why neutrinos are massless in the Standard Model and how the existence of their
masses is deduced from the discovery of neutrino oscillations. We also mention some relevant
experiments for this discovery. Chapter 4] introduces the Scotogenic Model [[5],[6]]. There,
the new particle content is given and the neutrino mass generation is explained. Furthermore,
we mention the suitable dark matter candidates in this model, derive the conditions to sat-
isfy vacuum stability, and explain lepton flavor violating processes in this model. In Chapter
we deal with the numerical analysis of the Scotogenic Model. Therefore, we explain the
setup used for the analysis and show the viable parameter space of the model. After that,
we analyze the effects of the renormalization group equation on the viable parameter space.
Chapter |§| introduces the KNT-Model [7] and explains the neutrino mass generation in this
model. As for the Scotogenic Model, we also mention the suitable dark matter candidates,
derive the vacuum stability conditions and explain lepton flavor violating processes. After
that, we also perform a numerical analysis for the KNT-Model, where we scan the viable
parameter space and analyze the effects of the renormalization group evolution. This is done

in Chapter [7] In the end, we draw our conclusion in Chapter
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2 Dark Matter

Dark matter is a form of matter that does not interact with electromagnetic radiation. The
structure of dark matter is one of the biggest open questions in particle physics, because until
today dark matter has not been detected yet, although there is much evidence for such a kind
of matter. Throughout the years, physicists have come up with many approaches to explain

dark matter.

2.1 Evidence

The history of the discovery of dark matter in the Universe goes back to Fritz Zwicky. In 1933
he studied the redshifts of galaxy clusters to obtain the radial velocities of these galaxies.
Throughout his work, he found that the Coma cluster had a large velocity dispersion. Because
of this observation, he used the virial theorem to estimate the mass of the cluster. The virial
theorem claims that the radial velocity v depends on the distance from the center r and the

mass contained within this distance M(r) in the following way

v(r) = . (2.1)

Zwicky found that the estimated mass of the Coma cluster is larger than the observed mass.
He concluded that there has to be a certain amount of non luminous matter[§]. Three years
later, Smith observed the same phenomenon while studying the Virgo cluster[9]. This phe-
nomenon can be observed for different galaxies, for example the M33 galaxy, which is shown
in Figure taken from [10]. There, the observed rotation curve and the expected rotation
curve without considering dark matter are shown. It can be seen that these curves differ from
each other and that the observed velocities are much higher than the expected ones, but the
observed rotation still shows a %—proportionality. Thus, it is still possible that this behavior
can be described by the virial theorem if one considers a higher mass density. This leads to

the conclusion that there should be a form of matter that has not been detected yet.
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Figure 2.1: Decomposition of the rotation curve of the M33 galaxy taken from Ref. |10]

Another evidence for the existence of dark matter comes from observations of cluster colli-
sions, which are known as bullet clusters. The biggest part of baryonic matter in a bullet
cluster consists of hot gas. Hence, it is possible to obtain its mass distribution by X-ray
emission. The total mass distribution can be measured via gravitational lensing. The X-ray
image and the total mass distribution of a bullet cluster are shown in Figure taken from
[11]. The distribution of the hot gas and the total mass distribution differ from each other and
the Figure shows that dark matter and baryonic matter have to be spatially separated from
each other to reach this total mass distribution. This is a special feature of bullet clusters,
because the hot gas of the two colliding galaxies interacts with itself while the dark matter
particles experience negligible interactions with each other and the visible matter. Thus, the
hot gas experiences a collisional shock wave and the dark matter clouds of the two systems
just pass through each other, which leads to spatial separation. This observation puts strict
constraints on alternative interpretations, in which dark matter is replaced by modifications

of gravity because those modifications cannot be separated from visible matter.

Another good evidence for the existence of dark matter is the cosmic microwave background
because of its observed temperature fluctuations, which are an imprint of primordial density
fluctuations. Dark matter does not interact with photons. It only influences via gravity,
while baryonic matter interacts with photons via radiation pressure. Hence, dark matter
contributes to the gravitational pull without having an effect on the radiation pressure.
Therefore, it deepens the gravitational well, which changes the balance of acoustic oscil-
lations. A model, which explains the CMB spectrum very well, is the ACdark matter model,
which includes dark matter and dark energy. Fitting the data with this model shows that
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Figure 2.2: The collision of a pair of clusters of galaxies, with the colored map representing
the X-ray image of the hot baryonic gas. This is displaced from the distribution
of the total mass reconstructed through weak lensing, shown with green contours.
The white bar corresponds to the length of 200 kpc. From Clowe et al. (2006) in
[11)

the matter of the universe consists of 5% baryonic matter, 25% dark matter and 70% dark
energy. The most recent measurements lead to a relic abundance of QA% = 0.120 4 0.001 for

dark matter.

2.2 Dark matter candidates

2.2.1 Properties of dark matter particles

Throughout the years, people came up with different approaches to explain dark matter.
Since dark matter has not been detected yet, there is still a lot of free space to integrate dark
matter into your theory, but there are still some properties that all these approaches have to
satisfy.

First of all dark matter candidates are not able to carry an electric charge because otherwise
they would interact with electromagnetic radiation. In this case, dark matter would be
visible and would have been detected. Additionally, dark matter particles have to be stable
for a time longer than the universe because it is still abundant in the presence, which is
shown by the evidence. Another property of dark matter is that it has to be non-relativistic
because it should be able to build structure formation, which is not possible if the particles
are relativistic because of their speed. There are also limits on the mass of dark matter

candidates. The lower limit arises from the request that the De Broglie wavelength of a dark
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matter particle has to fit within the small gravitationally bound of dwarf galaxies [12]. Thus,
the lower limit of the dark matter mass is 2.2 - 1072! eV. The upper limit of dark matter
has to be smaller than the mass of a small dwarf galaxy, which is known to be the smallest
astrophysical structure for hosting dark matter. These galaxies typically have masses on the

order of a few 10° solar masses. Hence, the span of dark matter mass M is given by

1072 eV < M < 10% kg . (2.2)

The Standard Model particles, which come closest to the required properties of dark matter
are neutrinos, because they are neutral and stable, but the experimental bounds on their
tiny masses require that they move at relativistic speeds during the early stages of structure
formation in the universe. Thus, the Standard Model neutrinos are not suitable dark matter
candidates and many scientists assume that dark matter is made of one or more undiscovered
particles. This is why they come up with models beyond the Standard Model to explain dark

matter.

2.2.2 Dark matter candidates

Historically, there have been many approaches to explaining dark matter. One approach is
to modify the theory of gravity, which results in a theory like MOND [13]|. Other approaches
try to explain the observations by suggesting a dark matter candidate. These approaches
range from suggesting very massive dark matter candidates like MACHOs and primordial
blackholes to particle dark matter in the form of axions or WIMPs. Some historic dark mat-
ter candidates are given in Table taken from [14].

In this thesis, we focus on WIMPs as dark matter candidate. WIMPs are weakly interacting
massive particles. In our case, WIMPs appear in minimal models with only a few free pa-
rameters. WIMPs satisfy the above mentioned criteria very well. Their mass is usually of the
order O(100 GeV) because they yield the correct relic density in this case [15]. Additionally,
they are stable, which is satisfied through an additional symmetry. In our minimal models,

stability is guaranteed via a Zy-Symmetry.

2.3 Genesis of dark matter

The dark matter relic density can be produced via different mechanisms. The most famous is
the freeze-out mechanism. This is also the mechanism which is considered responsible for the

relic density in this thesis. Here, we briefly explain the formalism of this mechanism which
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Candidate Date Reference(s)

Primordial BH 1966, 1971 | Zeldovich & Novikov, Hawking [16]
MACHOs 1981, 1986 | Petrou; Paczynski [17]

Gravitinos 1981, 1982 | Fayet; Witten; Pagel & Primack [18r
Axions 1983 Preskill, Wise & Wilczek [19]
Neutralinos 1984 Ellis et al. [20]

Strangelets 1984 Witten; Fahri & Jaffe [[21], [22]]
Q-balls 1984 Witten [23]

Extra-dimensional DM | 1984 Kolb & Slansky; Servant & Tait [24]
WIMPs 1985 Steigman & Turner [25]

Sterile neutrinos 1993 Dodelson & Widrow [26]

Fuzzy DM 2000 Hu, Barkana & Gruzinov [27]
Sub-GeV DM 2003 Boehm, Fayet et al. [2§]

Table 2.1: List of of some historic dark matter candidates taken from [14]

is given in [29].

In this scenario, it is considered that the dark matter density is in thermal equilibrium after
the big bang, which means that the amount of dark matter which is produced and annihilated
is the same. In this case, the number density n., is proportional to T3 with T being the
temperature of the universe. After the big bang, the universe expands and the temperature
drops down. At some point the energy is too low to produce dark matter particles, but the
annihilation still continues at this point. In the case that the expansion is slow enough to

maintain the equilibrium, the number density would be given by

3
my T \2 _mx
neq:g< 2>7<T > e T . (2.3)

Here, m,, is the dark matter mass and g is the number of degrees of freedom. In reality, the
universe expands too fast to maintain equilibrium and neq is not the real number density.

The evolution of the number density is described by the Boltzmann equation
A(t) = 3H(t)n(t) = —(ox0)[n(t)* = neg(t)?] - (2.4)

Here, H(t) is the Hubble parameter and (o, v) is the thermally averaged dark matter self
annihilation cross section which is given by
[ @p1 [ dpaora—zatneginieg

o v) = . 2.5
< 12 > fdgpl fd3p2neq1neq2 ( )
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The indices 1, 2 represent the educts and 3, 4 the products of the process. The velocity v is
given by

\/(pl 'Pz—m%m% 2.6

v =

In our case, the annihilation process has the form yx — ¢¢, where ¢ represents Standard

Model particles. Furthermore, we can rewrite the Boltzmann equation by introducing new

n

quantities Y = % and z = % Here, s is the entropy which is proportional to T° and its

evolution is given by

ds
— +3Hs=0. 2.7
5 T 3Hs (2.7)
Using the new quantities and % = —HT allows us to rewrite the Boltzmann equation as
follows
x dy _ Neq(Txx—69Y) Lj —1) . (2.8)
Yeq dx H Yy,

In principle, the Boltzmann equation has to be solved numerically, but it is possible to
determine an analytical expression for the relic density using some approximations given in

29]

Tfo1.43-107% GeV ™2

Oh? ~0.12
20 <Uxx—>¢¢v>

(2.9)

Freeze-out generally occurs in the range xy, = 20 to zy, = 30. Therefore, we see that the

relic density is antiproportional to the thermally averaged cross section.
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3 Neutrinos

One remaining question in particle physics is how neutrinos obtain their mass. In the Stan-
dard Model, neutrinos are massless, but the discovery of neutrino oscillations gives evidence
that neutrinos are massive. This chapter explains why neutrinos do not carry a mass in the
Standard Model and why neutrino oscillations give evidence for their mass. Furthermore, we

also describe some experiments in this context. This chapter is based on [[30], Chapter 14]

3.1 Neutrinos in the Standard Model

In the Standard Model, all interactions are described by the gauge symmetry SU(3).xSU(2)xU(1)y.
Additionally, the Standard Model contains three generations of massive fermions. There are

five different representations of the gauge group for each generation

(1,2, —;), <3,2, é), <1, 1, —1), <3, 1, i), <3, 1, —;) . (3.1)

The matter content together with the corresponding representation is given in table 3.1 The

electric charges of the particles are given by

Qe =T3+Y . (3.2)

In addition to the matter content the Standard Model contains a Higgs doublet H with the

charges (1,2,1/2) and a vacuum expectation value (vev)

(H) = (o, \%) . (3.3)

The vev breaks the gauge symmetry and after electroweak symmetry breaking the gauge
group is SU(3). x U(1)gas. As shown in Table neutrinos are singlets in this gauge group
because they neither obtain a strong charge nor an electric charge. They only interact weakly.
These neutrinos are called active neutrinos because they can interact with other Standard
Model particles. As seen in Table these neutrinos are left-handed. It is also possible to
define right-handed neutrinos, which are singlets under the Standard Model gauge group with
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the charges (1,1,0). Thus, the right-handed neutrino would not interact with the Standard
Model gauge bosons. This is why they are called sterile neutrinos and are not part of the
Standard Model.

In the Standard Model, fermions obtain their masses through Yukawa interactions, which

L.(1,2-1/2) | QL(3,2,1/6) | Er(1,1-1) | Ur(3,1,2/3) | Dp(3,1,-1/3)

(Ves ©)L (u,d)r eRr uR dr
(Y, 1)L (cs)L KR CR SR
(vr, T)L (t,b)r TR tr br

Table 3.1: Matter content of the Standard Model

couple the left-handed doublets with the Higgs doublet and the right-handed fields
Lyukawa = Yi?@LiHDRj + Yz'?@LiﬁURj + Yz'ljfLiHERj : (3.4)

Here, the indices i, j are flavor indices and H = imoH*. These terms lead to the following

fermion masses after electroweak symmetry breaking
(3.5)

This mechanism does not work for neutrinos because the Standard Model does not contain
right-handed neutrinos as explained above. Hence, neutrinos cannot gain masses via Yukawa
interactions in the Standard Model. In principle, it would be possible that neutrino masses
occur at loop level, but this does not happen in the Standard Model because of an accidental

lepton flavor number symmetry
U(I)Le X U(l)LH X U(I)LT . (36)

The only possible neutrino mass term in the Standard Model is proportional to ZLLg, which
would break the lepton number symmetry. That is why the existence of neutrino masses is a

good motivation to go beyond the Standard Model.

3.2 Neutrino oscillations

There are three different neutrino flavors and they are able to transform into each other. This
phenomenon is called neutrino oscillation. Experimental evidence for this phenomenon was
found in the Super-Kamiokande-Experiment [3] and in the Sudbury Neutrino Observatory
[4]. The oscillation of the interacting (flavor) eigenstates of neutrinos is only possible if the

propagating (mass) eigenstates are not the same as the interacting eigenstates. Thus, the



3 Neutrinos 11

discovery of neutrino oscillations gives evidence for massive neutrinos. The flavor eigenstates
|vo) and the mass eigenstates |v;) can be transformed into each other by the neutrino mixing

matrix, which is called Pontecorvo-Maki-Nakagawa-Sakata-Matrix (PMNS-Matrix) UpnNs

3
Va) = > (Upning)ai [13)
=1
3
i) = > (Upnins)ia [Va) - (3.7)
=1

If we want to calculate the probability for neutrino oscillations, we have to look at the
evolution of a flavor eigenstate after traveling a distance L (L ~ ct for relativistic neutrinos)
3
Va () =Y (Upas)ai vi(1)) - (3.8)

=1

Now we assume that |v) is a plane wave and its time evolution is given by

wi(t)) = e it |1;(0)) , with E; = \/p? +m? . (3.9)

The probability P,g, that a neutrino of flavor « oscillates into a neutrino of flavor 3 is given

by

3
2
Pag = | walva(t) 12 = | D Usillss (wilwi(0))|
ij=1
B 2
= | > U B sl | (3.10)
ij=1
Now we can use the identity (v;|v;) = d;5, which gives us
3 2
Pag = ’ 3 UL Ugie Pt (3.11)
=1
3 .
=Y UnUpiUajUp e EmEDE (3.12)

i,j=1

For relativistic neutrinos, we get p; = p; = p = E. Thus, we are able to approximate the

energy

/ 2 2 m;?
= 2 1 m? L, 1
E, p; +m; p+2 (3.13)
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This approximation leads us to

2 2 2

) m? —m? m; —ms;
e_Z(Ei_Ej)t X COS (#t) — ¢sin (#t) . (314)

Using this approximation, we can express P, as

3
Pap =0ag —2 Y RelUUsiUa;Upy] sin®(X5)

ij=1
3
+ > Im[U,UpiUa; U, sin(2X55) (3.15)
ij=1
with
m? —m?2)L
X;j = (mi —mj)L : (3.16)

These equations show that the oscillation depends on the mass differences between the neutri-
nos and the entries of the PMNS-Matrix, but not on the absolute mass scale of the neutrinos.
Even the mass hierarchy of neutrinos is still unknown. That is why there are two mass

schemes, the normal hierarchy (NH) with

myp < mg < mg (3.17)
and the inverted hierarchy (IH) with

m3 <mp <mg . (3.18)

An illustration of the different mass hierarchies is shown in Figure
The PMNS-Matrix can be parametrized by three angles 019,013,023 and three phases, the

CP phase dcp and two Majorana phases aq, s

1 0 0 c13 0 8136—i60p ci2 s12 0 ei% 0 0

Upymns = [0 o3 s23 0 1 0 —s19 c19 0 0 &% 0
0 —s23 c23) \—s13€"cP 0 c13 0 0 1 0 0 1

(3.19)

with ¢;; = cos(6;;) and s;; = sin(6;;). The neutrino oscillation parameters are probed in some

experiments.
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normal hierarchy inverted hierarchy

Figure 3.1: Pictorial representation of the possible neutrino mass hierarchies taken from [31].
Note: Am2,,, is equivalent to Am3, and Am?, is equivalent to Am3,;.

3.3 Neutrino experiments

Neutrino oscillations were studied by many experiments using different neutrino sources. The
main neutrino sources are the sun, the earth’s atmosphere, accelerators, and nuclear reactors.
In the sun, electron neutrinos are produced in thermonuclear reactions, which generate so-
lar energy. These electron neutrinos can oscillate into muon and tauon neutrinos. That is
why the number of detected electron neutrinos from the sun is smaller than the theoretical
prediction. This observation was a main step in the discovery of neutrino oscillations. Solar
neutrino experiments are very sensitive to the upper row of the PMNS matrix because elec-
tron neutrinos are always involved in these experiments. Solar neutrino experiments are for
example Super-Kamiokande and Borexino.

In the earth’s atmosphere, neutrinos are produced in the decays of pions and kaons, which are
generated by interactions of cosmic rays with nucleons in the atmosphere. The atmospheric
neutrinos consist of all flavors. Some detectors for atmospheric neutrinos are, for example
IceCube, ANTARES and KM3NeT.

Accelerator neutrinos are produced by collisions of high-energy protons with a target. In
these collisions, pions and kaons are produced, which decay into neutrinos. The most abun-
dant product in the collisions are pions. Thus, muon neutrinos are dominant in the neutrino
beam coming from accelerators. The main experiments with accelerator neutrinos are K2K,
T2K, MINOS and NOvA.

Nuclear reactors are a good source of electron antineutrinos in the MeV energy region. These
antineutrinos are generated in nuclear fissions of heavy isotopes like 23°U, 238U, 239 Py, and
241 py. An experiment probing reactor neutrinos is, for example, KamLAND.

An overview of the experiments and their contribution to the neutrino oscillation parameters
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is given in table which is taken from [30]. The measured parameters are given in table

taken from [30].

Reactor MBL (Daya-Bay, Reno, D-Chooz)
Atmospheric Experiments (SK, IC-DC)

Accel LBL v,,7,,, Disapp (K2K, MINOS, T2K, NOvA)

Accel LBL v,,7,, Disapp (MINOS, T2K, NOvA)

Experiment Dominant Important
Solar Experiments 012 Am%l, 03
Reactor LBL (KamLAND) Am3, 012, 013

013, |Am3, 3|

\Am§1,32|’ O3

dcp

2
023, |Am3; 35|, 613, dcp

013, ta3

Table 3.2: Experiments contributing to the present determination of the oscillation parame-
ters. Table taken from [30]

Normal hierarchy

Inverted hierarchy

sin2 912
Sin2 923

SiIl2 913

dop [rad]
Am3; [107° eV?]

Am3, [1073 eV?]

0.3070:013
0.558T0:08
0.021970-350%
1.1970-227
7.531018

+2.45570-028

0.3070:013
0.55310:91§
0.021970-350%
1‘21+0.22

—0.22T

750148

—2.52970-0%9

Table 3.3: The fit values for the neutrino oscillation parameters for both hierarchies taken

from [30]

The neutrino oscillation experiments are not sensitive to the absolute neutrino mass scale

because the absolute neutrino mass has no impact on the oscillations, but there is an exper-

iment that tries to find the mass of the electron neutrino. This is the KATRIN experiment.

If the mass of the electron neutrino is known, the other masses can be determined from the

mass differences which are known from the oscillation experiments. The current upper limit

measured by the KATRIN experiment is m,. < 0.45 eV [32].
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4 Scotogenic Model

The Scotogenic Model, proposed by Zhijian Tao in 1996 [5] and Ernest Ma in 2006 [6], is
a simple extension of the standard model. In this model the left-handed neutrinos obtain
masses from a one-loop radiative seesaw mechanism and the model also delivers a bosonic

and a fermionic dark matter candidate.

4.1 Particle content

In the Scotogenic Model the standard model is extended by three generations of right-handed
singlet fermions N; and a scalar doublet n. Additionally, a Zs-symmetry is introduced, under
which all Standard Model particles are even and the new particles are odd. This symmetry
implies that the lightest odd particle has to be stable. Thus, it is a suitable dark matter
candidate, if it is neutral. The new particle content of the model is given in Table The

Lagrangian is extended by the following terms
1 — S
L=Lsm — §MZN1NZC + yijNﬂ]Lj + h.c. + V(H, 77) . (41)

Here, L; is the SU(2)-doublet for the jth lepton generation. V(H,n) is the scalar potential,
which is given by

A A
V(H,n) =miH H+min'n+ %(HTHV + 52(?7“7)2 + X\s(HTH) (n'n)

+ M(H') (T H) + <)\25(nTH)2 + h.c.) : (4.2)

H is the Standard Model Higgs doublet. Hence, mpy and A are the parameters known from
the Standard Model Higgs potential. The Zs-symmetry is considered unbroken and 7 does
not require a vev. Therefore, we ensure that the lightest odd particle is stable even after
symmetry breaking. After electroweak symmetry breaking (EWSB), there are four physical
particles, the Standard Model Higgs boson h, the charged component of the other scalar
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doublet n* and two neutral components 1’ = %. The squared masses of these particles

are given by:

mi = \v? (4.3)
mi = m?l + %)\31}2 (4.4)
m3 = m% + %()\3 + Mg+ A5)0? (4.5)
m3 = m,2] + %()\3 + M — A5)0? . (4.6)

In this case, v = 246.22 GeV denotes the vacuum expectation value of the Standard Model

Higgs.
Field Generations | Spin | U(1)y x SU(2)r x SU(3). | Za
N 3 3 (0,1,1) -1
n 1 0 (3,2,1) -1
SM particles - - - +1

Table 4.1: Particle content of the scotogenic model.

4.2 Neutrino masses

In this model, neutrino masses are generated by a radiative seesaw mechanism through a
one-loop interaction of the neutrinos with the Higgs boson. This is shown in Figure The

neutrino mass matrix is given by

(1) 23: Miyriye; [ m% | m3 m3 | m3 (47
i = og| —% | - ——F=log| — || - .
S U V7. S\az) "~ mi- a2 R\ a2

This mass term will vanish if A5 = 0, because, as one could see in equation mp = my if
A5 = 0. This would lead to a larger symmetry, because the Majorana masses of the neutrinos
violate lepton number conservation. Therefore, A5 can be considered small and the neutrino
mass can be expanded for small A5, which leads to the following expression for the neutrino

mass with mpr =~ my; = mp

3

Asv2 Myykiv;j M? m g
(My)ij =) o e s v € Relbens k Tl ) (4.8)
=1 O MR — Mg mypr — My »

The neutrino mass can be written in matrix form

M, =y Ay (4.9)
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Here, we define the diagonal matrix A as

. 502 M, M? m%l
A = diag(Aq, Ao, A3), A; = 1— k1 ) - 4.10
fag(A1, Az, As), As 872 m%yI—M,? m%ﬂ —M,? ! Ml? ( )

The neutrino mass matrix M, can be diagonalized by the PMNS matrix Upnns
Ml, = diag(ml, mg,mg) = UgMNSMuUPMNS . (4.11)

Here, m; denotes the mass of the neutrino mass eigenstates. The equation above can be

transformed to

1=/ M, UL\ nsy” AyUpnins \/ M,

~ T A
1= (Al/QyUpMNsM,}/2) A1/2yUpMNsM3/2 . (412)

Thus, the matrix product AY 2yUL—ol\/ﬂ\fsj\Z[Vl/ % has to be an orthogonal matrix R and we can

calculate the Yukawa couplings by

y= VA R\ NLUD s - (4.13)

This is a modified version of the Casas-Ibarra parametrization [33] and will be useful for the
numerical analysis of the parameter space of this model because this parametrization allows
us to express the Yukawa couplings in terms of three free angles, which are the degrees of

freedom of an orthogonal matrix.

/ \
Vi ot Vj
N;

Figure 4.1: Neutrino mass generation in the scotogenic model
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Ny [t N

Nl [~ Nl 1%

Figure 4.2: Annihilation channels for Fermionic Dark Matter in the scotogenic model

4.3 Dark matter

As mentioned above, the Zs-symmetry of the scotogenic model ensures that the lightest
odd particle is stable. Thus, it is a suitable Dark Matter candidate, if it is electrically
neutral. Therefore, this model delivers scalar candidates 1 ; and fermionic candidates V;.
Throughout this thesis, we will focus on the case in which the lightest right-handed neutrino
Ny is the Dark Matter particle. The annihilation channels of this particle are given in Figure
Hence, N; annihilates via t-channel diagrams. Regarding these annihilation channels,

we can calculate the thermally averaged cross section using [[34], Appendix C]

|y1a*lyas]* Mm%, (myy +my)
(ov) = 1 L (4.14)
azﬁ 487 (m2 +m3;, )4

Equation shows that the cross section must be of order O(1077) to satisfy the relic density.
This cross section is velocity suppressed and in the freeze-out scenario, we can approximate
RIS x%. In this thesis, we assume that the masses are in the range of 100 GeV up to 10
TeV. In this case, the Yukawa couplings have to be of the order O(1), which means that
they are sizable. In addition to that, equation shows that the Yukawa couplings have
to become larger to satisfy the correct relic density if the masses become larger because the

cross section is antiproportional to m?\, I

4.4 Vacuum stability

We want to ensure that the vacuum in our model is stable. Therefore, the potential has to
be bounded from below. Thus, the quartic couplings in the scalar potential have to satisfy
some conditions. We derive these conditions using the ideas of [35]. This article states that
a potential of the form )\abgpggog is bounded from below if the matrix of the scalar couplings
Agb 18 copositive. Copositivity is defined as follows: A symmetric matrix A is copositive if
the quadratic form 27 Az > 0 is for all vectors > 0. This means that if the matrix of

the couplings Ay is copositive, the potential is always positive, because a vector given by
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the parameters (2 is always bigger than 0. Thus, we have to bring the quartic terms of the

potential from equation [4.2]into the following form

Vi = 90(21)\@1)901% ) (4.15)

Therefore, the field bilinears can be parametrized as |H|?> = h2, |n|> = n? and Hn = hnpe'®
with the parameters p € [0,1] and ¢ € [0, 27]. Using this parameterization the quartic terms

of the potential V; can be written as

h2
Vi = 2T Az, with z = (4.16)
n2
with the matrix A
1 A A3+ p2 (A — |
A== o 3t = Psl) ) (4.17)
2\ 34020\ — [Xs) A

If A is copositive, the potential is bounded from below. Thus, we have to minimize A and
calculate the copositivity criteria to ensure that A is copositive for all values. The potential
reaches its minimum for p = 0, if Ay — |A\5] > 0 and if Ay — |A\5] < 0, the potential reaches its
minimum for p = 1. The copositivity criteria given in [35] lead to the following constraints

for the quartic couplings

A1 >0
A2 >0
A3 > —v/ A
A3+ Mg — | As] > =V A he (4.18)

4.5 Lepton flavor violation

The Standard Model has an accidental lepton flavor symmetry. This symmetry can be broken
if the Standard Model is extended. This is the case in the Scotogenic Model. Here, lepton
flavor violating processes are allowed at one-loop level. The diagrams for the decay of a
lepton of flavor « into a lepton of flavor 8 and a photon are shown in Figure Hence, we

see that lepton flavor violating processes are possible due to the interaction of leptons with
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Figure 4.3: 1-loop Feynman diagrams leading to the lepton flavor violating process I, — lg7y

the right-handed fermions N; and the charged part of the scalar doublet n*. The branching

ratio of this process is given by

Sﬁaem * m%\fl —
BR(la — 157) = W|yiﬁyia|2F2< 2 >BR(la — lgl/y) (4.19)
n n

with the loop factor

_ 2t3 4312 — 6t Int — 6t + 1

(4.20)

This branching ratio is calculated in Appendix [A]using [36]. There are also decays of the form
lo — 3l are also allowed and the diagrams are similar to those shown in Figure The only
difference is that the photon decays into lgfg and the photon can also be replaced by a Z-
boson. In addition, there are box diagrams and Higgs-penguins contributing to this process.
These are given in [37]. The term Higgs-penguin is used to denote loop diagrams, where
a Higgs boson mediates flavor changing processes between fermions. There are experiment
limits for the branching ratio of lepton flavor violating processes. These limits place stringent
constraints on our model. The most stringent limit comes from the processes in which a muon
decays into an electron. As shown in equation these constraints affect the size of the

Yukawa couplings and the masses of the new particles in the Scotogenic Model.
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5 Numerical Analysis of the Scotogenic Model

This chapter contains a numerical analysis of the Scotogenic Model. Therefore, a parameter
scan of this model is performed. In the first section of this chapter, the computer tools that
are used for the scan are explained. After that, the constraints and the ranges for the scan
are imposed. To perform the parameter scan, we use emcee [38] which is an implementation
of a Monte-Carlo-Markov-Chain Ensemble sampler [39]. The use of emcee and the statistical
treatment of the data is explained in Appendix [Bl After scanning the parameter space, we
analyze the effects of the renormalization group equations (RGEs) on the viable points of the
parameter space. Our analysis is based on [40], where the same analysis was performed for

the Scotogenic Model and we try to confirm their results.

5.1 Tool chain

In the analysis of the model, different computer tools are used. These tools are connected to
a tool chain which is shown in Figure [5.1} This tool chain can be divided into two parts. In
the first part, the model is defined and implemented in the setup. In the second part, the
numerical scan is performed.

The first step is to define the model and implement it in the tool chain. This can be done
with the tool SARAH[41]. SARAH is a tool to analyze new models. It takes the definition of
the new content of the model as input. These input files can be written by hand or generated
by the program MINIMAL-LAGRANGIANS, which has been developed by Simon May [42].
After specifying the new particle content and the symmetries, MINIMAL-LAGRANGIANS
is able to generate the most general Lagrangian for a model and the input files for SARAH.
Thus, SARAH takes the new model content and the Lagrangian as input and is able to
calculate analytical expressions for vertices, particle mass eigenstates up to one-loop level,
mixing matrices and the renormalization group equations up to two-loop level. Furthermore,
it uses these results to generate input for the next tools in our tool chain, SPheno and mi-
crOMEGAs. The steps leading to the use of SARAH are the part of the tool chain, where

the model is defined and implemented. Hence, these steps are performed only once.
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Definition of the field content

- N
minimal-lagrangians

\ J

Manual changes SARAH model files

\rﬁ

SPheno code SARAH cHEP model

Model generation

\Nlllll(%ri(f§il scan
o

SLHA input file SPheno

SLHA spectrum file

micrOMEGASs

Figure 5.1: Tool chain used for the parameter scan, splitting up the process into the model
generation and the numerical analysis.
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The next step in the tool chain is performed by SPheno[43]. SPheno takes the model pa-
rameters as input and calculates the mass spectrum, particle decay modes, mixing matrices,
contributions of BSM physics to the p-parameter and the branching ratio of lepton flavor
violating processes. In addition to that, SPheno generates input for micrOMEGAS, the next
tool in our tool chain. MicrOMEGAs [44] takes the output of SPheno and the model files
generated by SARAH as input. It calculates the dark matter relic density and shows the
contributing annihilation channels. These steps are performed several times to check if a
proposed point satisfies the limits for lepton flavor violating processes and the constraint on

the relic density.

5.2 Constraints

In this section, we want to specify the constraints that have to be satisfied by the points of

the parameter space.

5.2.1 Theoretical constraints

To ensure that the vacuum is stable and the potential is bounded from below, the scalar
couplings have to satisfy the constraints given in In addition, we demand that the
scalar couplings and the Yukawa couplings be perturbative to ensure that the tree-level and

one-loop results can be trusted. So, we impose

lyis I, Aegas] < 4. (5.1)

5.2.2 Experimental constraints

We require that our model satisfies some experimental limits. Therefore, we have to ensure
that the points of our parameter space are in accordance with the experimental limits for
the branching ratios of lepton flavor violating processes. Furthermore, the points must yield
the correct relic density and the constraints from neutrino masses and mixing angles have to
be satisfied. Notice that our experimental analysis is based on [40]. Thus, we use the same
experimental limits that were used in this work.

To ensure that the constraints from neutrino masses and neutrino oscillation data are sat-
isfied, we use a modified version of the Casas-Ibarra parametrization 33| given in equation
This allows us to calculate the Yukawa couplings in dependence on the neutrino data
and 3 additional angles, which parametrize the orthogonal matrix. In our numerical scan, we
use the neutrino data in the 3o interval given in [45]. In our analysis, we focus on the normal

hierarchy.
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Lepton flavor violating processes usually set very stringent constraints on the model. There-

fore, we make sure that the following experimental limits are satisfied

BR(p — ey) < 5.7-10713[46)
BR(u — 3e) < 1.0- 10~ '2[47]

(5.2)
(5.3)
CR(p—e,Ti) < 4.3-107'?[48] (5.4)
BR(1 — wy) < 4.4-1078[49) (5.5)
BR(T — ey) < 4.4-1078[49] . (5.6)

In the numerical analysis, the branching ratios are calculated by SPheno [43].
As explained in the previous chapter, we consider the thermal freeze-out scenario with the
lightest right-handed fermion N7 as dark matter particle. Therefore, we have to ensure that
N7 is the lightest Zs odd particle. In addition to that, we want to avoid coannihilations. To
ensure this, it is requested that all other odd particles are at least 20% heavier than Ni. We
saw that N7 annihilates into leptonic final states via t-channel and the relic density depends
on the mass of Nj, the mass of the scalar boson 7 and the Yukawa couplings. Hence, the
relic density gives restrictions on all of these parameters. We require that every point yields

a relic density of Qh? ~ 0.12. Here, we allow a deviation of 15% from this value.

5.3 The viable parameter space

Now we are able to perform the scan over the parameter space of the Scotogenic Model.
The Scotogenic Model introduces 17 new parameters as follows: 3 fermion masses M;, 5
parameters in the scalar sector, which are taken to be the scalar couplings A2 345 and the
charged scalar mass My, and 9 new Yukawa couplings y;;, which are taken as real parameters
throughout our analysis. Using the Casas-Ibarra parametrization given in equation we
are able to express the 9 Yukawa couplings in terms of the neutrino data and an orthogonal
matrix, which can be parametrized by 3 angles «;. This allows us to reduce the number of

free parameters from 17 to 11. We perform the parameter scan in the following ranges:

100 GeV < M; < 10 TeV
100 GeV < My < 10 TeV
|A2,3.4| < 4m
10712 < |x5] <1078
0<a;<2m. (5.7)
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Notice that the masses and the scalar couplings are transferred on a logarithmic scale in order
to scan them logarithmically.

The viable parameter space is shown in Figure It is projected onto two different planes.
In the left panel, it is projected onto the plane of dark matter mass versus the maximum
magnitude of the Yukawa couplings y;; and the right panel shows the plane of the dark matter
mass versus the charged scalar mass.

First of all, it is observable that the dark matter mass never exceeds 5 TeV in our scan. The
plot on the left shows that the largest Yukawa coupling is always sizable. This observation
was expected because the Yukawa couplings have to be large enough to satisfy the correct
relic density, as we explained in Section [£.3] We also see that the lower limit for the maxi-
mum size of the Yukawa couplings becomes smaller if the dark matter mass decreases. In the
right panel of Figure [5.2] it is observable that the mass of the charged scalar increases if the
dark matter mass increases. This is also expected because the charged scalar mass has to be
larger than the dark matter mass. Otherwise, the dark matter particle would not be stable.

However, we also see that the dark matter mass never exceeds values over 8 TeV.

3.54 . — °
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S50l
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' Y 500
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(]
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0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Dark Matter Mass [GeV] Dark Matter Mass [GeV]

Figure 5.2: Our set of viable points projected onto two different planes. Left: Dark matter
mass versus the largest Yukawa coupling y;;. Right: Dark matter mass versus the
charged scalar mass.

5.4 Analysis of the RGE effects

After scanning the parameter space, we want to analyze the effects of the renormalization
group equations (RGEs) on the parameter space because the evolution of the RGEs might
lead to a violation of the theoretical constraints at higher scales. The relevant RGEs for our
analysis are given in Appendix [C| These equations are derived by SARAH . We follow

the renormalization group evolution for each viable point from the weak scale up to a scale
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Figure 5.3: Scale of inconsistency Amax as a function of the heaviest mass in the model. All
models below the red line are inconsistent. The color coding shows the reason for
the inconsistency.

Amax, where one of the theoretical constraints is violated. Thus, either the vacuum becomes
unstable or the couplings become non-perturbative at An.x. The evolution of the RGEs is
done by SciPy .

In Figure[5.3] we show Anax for every point in dependence on the highest mass scale M.y
in the model. In addition to that, we also draw a red line in the plot, which stands for
Amax = Mmax. This red line marks the consistency limit because every point below the red
line is inconsistent. The reason for this is that in these models the scale of inconsistency Apax
is lower than a mass scale intrinsic to the model. We find that only 10.61% of the points
feature a Apay larger than My,.. So, almost 90% of the viable points are inconsistent. In
Table the amount of points that are consistent up to Max, 2Mmax, 3Mmax, 4Mmax and
5Mmax is given. There, we confirm that most points are not consistent up to high energy
scales. Almost 99% of the points become inconsistent before reaching 5Mpax.

Furthermore, we color-coded the points in Figure to differentiate between the different
reasons for the inconsistency. The points where the vacuum becomes unstable are drawn in
orange and the points violating the perturbativity criterion are marked in green for the scalar

couplings and in blue for the Yukawa couplings. In our analysis, we find that 61.09% of the
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Consistency Scale | Fraction of the parameter space
Minax 10.61%
2 M ax 2.92%
3Mnax 1.88%
AM ax 1.39%
5Mmax 1.07%

Table 5.1: Fractions of the parameter space that are consistent up to certain energy scales.
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Figure 5.4: The modification of the parameter space once renormalization effects are taken
into account. Requiring consistency of the model up to a scale 2Mpax (5Mmax)
leaves only about 3% (1%) of the viable parameter space. Left: The dark matter
mass versus the maximum value of the Yukawa coupling y;;. Right: The dark
matter mass versus the charged scalar mass.

points violate vacuum stability, for 37.81% the scalar couplings become non-perturbative and
for 1.08% the Yukawa couplings become non-perturbative. Thus, the violation of vacuum
stability appears to be the main reason for inconsistency. In Figure it is observable that
this condition tends to be violated at low scales. In addition to that, 94.37% of the points
violate vacuum stability because Ao becomes negative.

We also investigated the regions of the parameter space, where the points remain consistent
after taking RGE-effects into account. This is illustrated in Figure [5.2] There, the points
that are consistent up to 2My,.x respectively 5 M.« are marked in red respectively black. We
observe that the points consistent up to high scales are located in regions of the parameter
space that feature small Yukawa couplings. This provides evidence that there is a dependence
between the size of the Yukawa couplings and the scale of inconsistency. Our assumption
is that there are terms in the RGEs that are dependent on the sizable Yukawa couplings

and lead to inconsistencies. As mentioned above, the main reason for inconsistencies is the
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violation of vacuum stability because Ao becomes negative. Regarding the RGE of Ay, we

assume that the main driving force for this is the following term

Brg x —ATr(ytyyly) . (5.8)

If the Yukawa couplings become large, this term also increases. According to that, it drives
A2 to negative values. In the case that this term is the dominant one in the RGEs, we are

able to calculate an analytical estimate for Apax given by

log (Aest) _ 472
o Tr(y'yy™y) |y

(5.9)

We calculate the estimate for every point that violates vacuum stability directly from low-
energy data and compare the estimated scale with Apa.x. This is shown in Figure In
the left panel, the ratio Apax/Aest versus the dark matter mass is shown. This plot shows
that the ratio is almost 1 for most of the points. In addition to that, the normalized density
for the ratio Amax/Aest is illustrated in the right panel of Figure This distribution has
a peak at % = 1. Hence, we can conclude that our analytical estimate is a good estimate
for Amax if the vacuum stability is violated. This confirms that the term —4Tr(yTyyty)
is the main driving force in the RGEs. Thus, the violation of vacuum stability is closely
related to the size of the Yukawa couplings. As a consequence, we get stringent constraints
on our parameter space if we request consistency up to high scales because the picture of
the parameter space (Fig. shows that large parts of the viable parameter space feature
large Yukawa couplings. As mentioned before, this size of the Yukawa couplings is required to
obtain the correct relic density. Therefore, this constraint restricts big parts of the parameter
space.

This result is also the main result of |[40]. Hence, we can confirm their discovery that the
violation of vacuum stability is an intrinsic feature of the Scotogenic Model with fermionic
WIMP dark matter. To avoid the violation of the vacuum stability constraints, one has to find
a way to decrease the size of the Yukawa couplings and still satisfy the constraint arising from
the relic density. In [40], some approaches to achieve this are mentioned. One approach could
be to consider coannihilations between the singlet fermions and the scalar particles to obtain
the relic density. As shown in [51], this would lead to smaller Yukawa couplings. It would
also be possible to consider scalar dark matter instead of fermionic dark matter because the
relic density of scalar dark matter is mostly determined by gauge interactions. In this case,
the Yukawa couplings can be taken to be small. Another approach is to consider the freeze-in
scenario [52] instead of the freeze-out. This scenario has been studied for the Scotogenic

Model in [53]. In the case that the lightest singlet fermion is the dark matter particle, the
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Yukawa couplings associated with this particle have to be tiny to prevent thermalization in
the early universe. The remaining Yukawa couplings can naturally be small to explain the
tiny neutrino masses.

The points that violate the perturbativity criterion for the scalar couplings make 37.81% of

100

20
104 >
‘»
&

g1y o 151
5 ko]
5 N

S 01y T 107
£
[e]

0.014 Z 59

0.001+ T T T T - 0 T . - T . .
0 1000 2000 3000 4000 5000 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4
Dark Matter Mass [GeV] Amax/Nest

Figure 5.5: Ratio of estimated and numerically determined scale of inconsistency for viable
points that violate the vacuum stability condition. Left: Ratio of the two scales
versus the dark matter mass. Right: Distribution of the ratio of the scales.

the total number of points. This is also a large part of the parameter space. In [40], they
claim that these points tend to feature large scalar couplings. Thus, we compare the size
of the scalar couplings of the perturbativity violating points to all viable points. In order
to do that, we determine the largest scalar coupling |[Amax| = |max(Ag, Az, A4, A5)| for every
point. In Figure we illustrate the normalized density of the largest scalar coupling for all
viable points in the left panel and for the points that violate the perturbativity condition in
the right panel. Comparing these two distributions, we observe that the points violating the
perturbativity criterion feature larger scalar couplings compared to all viable points. Hence,
we assume that in this case the scalar couplings dominate the RGEs and drive themselves
to non-perturbative magnitudes. The main driving force in the RGEs is most likely a term

with the following structure
By = bA? | (5.10)

where b is a coefficient depending on the scalar coupling. However, the phenomenology of the
model does not require large values for the scalar couplings. This is why it should be possible
to set lower limits on the scalar couplings without modifying the rest of the parameter space.
In this case, most of the points that violate the perturbativity criterion could be eliminated.
This was also checked in [40]. Thus, the main restriction of the parameter space arises from

the violation of vacuum stability due to the sizable Yukawa couplings.
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Figure 5.6: Normalized density for the largest scalar coupling |Ayax| for all viable point (left)
and the points that violate the perturbativity criterion (right).



6 KNT-Model 31

6 KNT-Model

The KNT-Model, proposed by Lawrence M. Krauss, Salah Nasri and Mark Trodden in
2002[7], extends the Standard Model with the aim to introduce neutrino masses. In this
model, the left-handed neutrinos obtain their masses from a three-loop radiative seesaw

mechanism. Furthermore, the model delivers a fermionic dark matter candidate.

6.1 Particle content

The KNT-Model extends the Standard Model by two singlet charged scalars S; and Se and
three generations of right-handed fermions N;. In addition, a Zo symmetry is introduced,
under which all Standard Model fields and S; are even and Sy and the right-handed fermions
are odd. This symmetry ensures that Dirac mass terms are forbidden. Additionally, this
symmetry stabilizes the lightest odd particle. Thus, the lightest odd particle can be a dark
matter candidate if it is neutral. Therefore, only the new fermions NV; are suitable dark
matter candidates because So is charged. The particle content of this model is given in Table

The Lagrangian of the Standard Model is extended as follows:
L= Loy + YijLT CiraL; S} + Yi;NiSiljr + MiNFCN; + h.c. + V(H,51,5,) . (6.1)

Here, L; is the SU(2)-doublet for the ith lepton generation and ljr denotes the right-
handed lepton singlet for the jth generation. The Yukawa couplings ffij are antisymmetric.

V(H, Sy, S2) is the scalar potential, which is given by

)\Sl 4 )‘Sz 4
5 |S1]* + > | Sa]

1
+ sy [H? 18117 + s, [ H % Sa]” + Asy 5|1 %9l + 5 (N5, (S155)° + hoc)
(6.2)

A
V(H,S1,82) = =M |H[* + M§,|S1[* + M§,|S:f* + ZF|H|* +
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The Zy symmetry is considered unbroken in this model as well as in the Scotogenic Model.
This ensures that the lightest odd particle remains stable. After electroweak symmetry

breaking the masses of the scalar particles are given by

m% = A\yv?

1
msl ]\451 -+ 2)\H5’1
1
mSQ MS2 + 2)\H5’2 . (63)

Here, v = 246.22 GeV is the vacuum expectation value of the Standard Model Higgs.

Field Generations | Spin | U(1)y x SU(2)r x SU(3). | Zo

N; 3 3 (0,1,1) -1

S1 1 0 (1,1,1) +1

Sy 1 0 (1,1,1) -1

SM particles - - +1

Table 6.1: Particle content of the KNT Model.

6.2 Neutrino mass

In this model, neutrino masses are generated by a three-loop diagram, which is shown in
figure The calculation of the neutrino mass matrix is given in [54], and the neutrino

mass matrix is given by

N, 5, MMk
(4m2)3m

M? m%
(Mu)aﬁ — YazYﬁsz]Yk]F<Tn23, 1> . (64)
S

2
5 s,
In this case my; denotes the lepton masses with the flavor indices i = (e, u, 7) and F'(z,y) is
a loop function given by

‘F ar

F(x,
(z,y) = - e

(/Oldxlnx(l—x)r+(1—x)y+:c>2' (6.5)

z(l—x)r+x

Due to the antisymmetry of Y, its determinant is det(f/) = 0. Therefore, equation implies
that the determinant of M, is also det(M,) = 0. This means that one of the eigenvalues of

M, has to 0. According to that, we can set one of the three neutrino masses to 0.
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Figure 6.1: Neutrino mass generation in the KNT model.

6.3 Parametrization of the Yukawa couplings

In the Scotogenic Model, we could parametrize the Yukawa couplings with a modified version
of the Casas-Ibarra parametrization, which is given in equation Now we want to derive
a similar parametrization for the Yukawa couplings in the KNT-Model. This is done in this
section. Our parameterization for the Yukawa couplings is inspired by [55].

First of all, the neutrino mass matrix given in [6.4] can be written as

M, = cY MY (M) YT M. YT (6.6)
)\/
with the prefactor ¢ = ﬁ, the lepton mass matrix M, = diag(me, m,, m;) and the

diagonal matrix

1 ME m§
(Me )_ = diag(Fl,FQ,Fg) with F@ = F<22, 21> . (67)
Sy M,
Due to the antisymmetry of Y, the neutrino mass matrix can also be written as
M, = —cY MY (Meg) 'Y MY . (6.8)

First, we want to derive a parametrization for Y. Therefore, we can use the antisymmetry of
Y because this implies that one eigenvalue of Y is zero and the corresponding eigenvector a

is given by

a = (Yog, —Y13,Y12) . (6.9)
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Regarding equation we see that a also has to be an eigenvector of M, with the corre-

sponding eigenvalue 0. In addition, we can diagonalize M, using the PMNS-Matrix
M, = Upnins My Uy s - (6.10)
This leads to the following equation
M, Uynga =0 - (6.11)

Since one neutrino mass is 0, one equation of the system is trivial. The other two equations
can be used to calculate two of the three entries of Y in dependence on the third. In this
thesis, we choose Yag as the free parameter. The expressions of the other two parameters
depend on the hierarchy. For NH, they are given by

(Y)13 _ 28812 | —isop 523513

(Y)os  C12€13 €13

f/ .

Wiz _ s2812 | —isepC23513 (6.12)
(Y)es  c120€13 €13

For IH, they are given by

()13 is.p C23C13
_ lidop 223°13

(?)23 513

Y .

(~ )12 = —626013 523¢13 . (6.13)
(Y)23 513

In the next step, we want to derive a parameterization for the other Yukawa coupling Y as

well. Therefore, we write the neutrino mass matrix in the form
M, = —cY My Y . (6.14)
Here, we define an auxiliary matrix
Maux = MY (M) "' YT M, (6.15)

This auxiliary matrix My is symmetric. Thus, it has six independent parameters. Equation
defines a set of six equations that relate the entries of M,,x to neutrino data, but three of
these equations are trivial because of the one neutrino mass which is set to 0. The remaining
three equations can be used to express three entries of M, in dependence on the other

Yukawa couplings }N’ij, neutrino data and the three remaining entries of M,ux. We will not
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show how to solve the equations in detail because they are very long. We use Wolfram
Mathematica [56] to solve the equations. Notice that it does not matter which entries of
Mux are chosen as free variables because it is possible to bring this system of equations into
a Gaussian form. If this is the case, every possible choice of free variables will parametrize
the same solution space, which is shown in [[57], Chapter 1].
After solving the equations, Y can be calculated by
A1

Y = MUY M2 R(Meg)? (6.16)

Here, Maux is the diagonalized auxiliary matrix, U,y is the transformation matrix that

diagonalizes M,,x, and R is an orthogonal matrix.

6.4 Dark matter

As mentioned above, the Zo symmetry ensures the stability of the lightest odd particle. This
particle can be a dark matter candidate if it is electrically neutral. In this model, there
is no scalar candidate because the odd scalar particle Sy is charged. Therefore, the only
possible candidates are the three right-handed fermions N;. In our analysis we regard N; as
dark matter candidate and consider the freeze-out scenario. The contributing annihilation
channel is shown in figure Thus, the annihilation channel is a t-channel diagram and
we can use [[34], Appendix C] to approximate the thermally averaged cross section for this

annihilation

Yo 121V 512 m3, (mE 4+ mé
<U’U> _ Z ‘ 1a| | 15‘ N1(2 So - Zl)v2 ) (6.17)
" 487 (mg, +my,)

Here, we can observe that this cross section is similar to the cross section in the Scotogenic
Model given in equation We also assume that the masses of the new particles are in the
range of 100 GeV up to 10 TeV. Therefore, we are able to argue that the Yukawa couplings
have to be of order O(1) to obtain the correct relic density as in the Scotogenic Model.

6.5 Vacuum stability

We also have to ensure that the vacuum is stable and the potential is bounded from below
in the KNT-Model. Therefore, the scalar couplings have to satisfy some constraints. We

want to derive these constraints by performing the same process as we did for the Scotogenic
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Figure 6.2: Annihilation channel for Fermionic Dark Matter in the KNT-Model.

Model by using the copositivity criteria. This is explained in [35]. The quartic terms of the

potential are given by

A A A
Vii= H| + 221+ 2251+ A, [HPIS1 P + s HI ol
1 «
+ )\31$2|Sl‘2’52|2 + 5()\5(8152)2 —+ hc) . (618)

First, we have to bring Vj into the special form given in equation [4.15] Therefore, we

parametrize the field bilinears with
|H|? = h2,|S1)? = 52|95, = 52, (5155)% = s2s2e™ (6.19)

Using this parametrization, the quartic potential can be written as

h2
Vi=a2"Az, witha = | 42 (6.20)
55
and with the matrix A
) A AhS, AhS,
A= 5 /\h.5'1 )\31 )\5152 — ‘)\s| cos . (6.21)

AnS, Asy 8, — |As|cosd As,
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This potential reaches its minimum for § = w. The matric A has to be copositive to ensure
vacuum stability. Applying the copositivity criteria given in [35] to this matrix leads to the

following conditions for the scalar couplings

Ahs ASy, Asy >0
Ansy +/ AnAg, >0
Ans, + v/ ApAs, >0
AsySy — |As| + v/ AsyAs, >0
VAAsAs; + Ansi Vs, + Ans, Vs + Asisy — sV

+\/2()\h51 + VArAs ) (Ans, + VARAS, ) (Asy s, — [As] + VA As,) >0 . (6.22)

6.6 Lepton flavor violation

In the KNT-Model, lepton flavor violating processes are also allowed at one-loop level as in
the Scotogenic Model. Here, these processes are possible due to interactions of the charged
leptons with the scalar boson S; and left-handed neutrinos, as well as interactions with the
scalar boson S> and right-handed fermions N;. The Feynman diagrams for the decay I, — lg7y
for the interaction with S, and the left-handed neutrinos are shown in Figure and for the
interaction with Sy and N;, the Feynman diagrams are shown in Figure The branching
ratio for this process is calculated in Appendix [A] following [36]

BR(la — l5y) = BRi(la — 37) + BRa(la — 157)
_ TCem <‘}7/B>kz?al|2 3‘)/;zy'la ’2
G

i o )BR(la — lgD) (6.23)
1 2

with the loop factor

2343t —6t°Int — 6t + 1

(6.24)

As in the Scotogenic Model, the decay I, — 3l3 is also possible. The contributing diagrams
are similar to those shown in Figures and The only difference is that the photon
decays into [ /32/5 and the photon can also be replaced by a Z-boson. In addition, there are also
box diagrams and Z-penguins contributing to this process, as shown in [58|. The experimental
limits on the branching ratios of the lepton flavor violating processes set stringent constraints

on the model, particularly the processes in which a muon decays into an electron.
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Figure 6.3: 1-loop Feynman diagrams leading to the lepton flavor violating process lo — lgy
due to interactions with S; and the left-handed neutrinos.

Figure 6.4: 1-loop Feynman diagrams leading to the lepton flavor violating process I, — lg7y
due to interactions with S5 and the right-handed fermions N;.
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7 Numerical Analysis of the KNT-Model

In this chapter, we deal with the numerical analysis of the KNT-Model. Therefore, we use
the tool chain explained in Chapter for the implementation and numerical analysis of the
model. To perform the parameter scan, we use emcee [38] which is an implementation of
a Monte-Carlo-Markov-Chain Ensemble sampler [39]. The use of emcee and the statistical

treatment of the data is explained in Appendix [B]

7.1 Constraints

7.1.1 Theoretical Constraints

To ensure that the potential of the model is bounded from below and the vacuum is stable,
some constraints for the scalar couplings are required. These constraints are derived in
Chapter and are given in equation[6.22] Furthermore, the scalar coupling and the Yukawa
couplings have to be perturbative to ensure that tree-level and one-loop results can be trusted.

Therefore, the following perturbativity limits are imposed

|}7ij‘27 Dfij‘Q’ |>‘51|7 ’/\52’7 ‘)‘H51|7 |/\H52‘7 |)‘5152|7 ’/\{9182‘ <A . (71)

7.1.2 Experimental Constraints

To ensure that our model satisfies the constraints from neutrino masses and mixing angles, we
use the parametrization explained in chapter This parametrization allows us to calculate
the Yukawa couplings in dependence on the neutrino data. The formula for this is given in
equation The mixing angles and the mass differences are given in Table which is
taken from [30].

Experimental limits on lepton flavor violating processes also impose stringent constraints on
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the model. In our analysis, we calculate the branching ratios for these processes with SPheno

[43]. We impose the current experimental limits

BR(ju — ey) < 3.1-10713 [59]
BR(p — 3e) < 1.0-10712 [47]

Q

(
(
R(p—e,Ti) < 4.3-10712 [48)
BR(1 — wy) < 4.2-1078 [60]

(

BR(1 — ey) < 3.3-107% [49] . (7.2)

Our viable points also have to yield the correct relic density of Qh? ~ 0.12. As in the
Scotogenic Model, we allow a deviation of 15%. In Chapter we explained that we consider
the freeze-out mechanism with N; as dark matter particle. Furthermore, we do not consider
coannihilation channels. Thus, we have to ensure that Nj is lighter than the other Zo odd
particles. To ensure this, we request that all other odd particles are at least 20% heavier

than Nj.

7.2 Ranges of the parameters

The KNT-Model introduces 23 new parameters which are given in Table[7.1] Here, we can use
the parametrization explained in Chapter [6.3] This parametrization allows us to eliminate
some of the parameters. Only one entry of the antisymmetric Yukawa couplings }N’ij can be
freely chosen and the other two depend on this free parameter and neutrino data. We choose
Y3 as the free parameter. The other Yukawa couplings Y;; can be calculated in terms of an
orthogonal matrix and a symmetric auxiliary M,,x matrix, which is shown in equation |6.16
We find that only three entries of M,y are and the other three depend on the free ones and
the neutrino data. In this thesis, we choose M1, Mya, M3 as the free parameters. Thus, Y
has just one free parameter and Y has six, three angles parametrizing the orthogonal matrix
and three free parameters of M,.x. Now we have to define the ranges for the parameters.
For the couplings, it is very easy, since they have to satisfy the perturbativity limits; for the
angles, we can choose the range 0 — 27 and the masses are usually in the range 100 GeV up
to 10 TeV, which is the required mass scale for WIMPs. To choose the limits for the entries

of Mux, we regard its structure

Maux = MeY(Meff)ilyTMe (73)
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with the effective matrix

2 2
S, Mg,

M2 m2
(Meg) ™! = diag(Fy, Fy, F3) with F; = F< : Sl) : (7.4)

Here, F(x,y) is the loop function given in equation This loop function has a limit of
F(z,y) < 1.05, which is shown in [61]. Furthermore, the Yukawa couplings Y;; must satisfy

the perturbativity limit |Yij\2 < 4. Hence, we can set a limit on the entries of Mux
Maux,; < 3-1.05-4m - mymy; (7.5)

Here, my; stands for the lepton masses. The parameter scan is performed in the following

ranges

100 GeV < M;, Mg, , Mg, < 10 TeV (7.6)

X815 ASas AHS1 > A S5 AS1 850 N, 5, | < 470 (7.7)
0<oa;<2m (7.8)

Yoz |? < 47 (7.9)

|(Maus)ij) < mim; - (3-1.05 - 4r) . (7.10)

In our numerical analysis, we scan the masses, the scalar couplings, the Yukawa coupling Yas
and the entries of M, on a logarithmic scale. The scan is performed for both hierarchies.
In addition to that, we also perform a scan for the normal hierarchy, where we scan the
scalar couplings on a linear scale. In this case, the scalar couplings should become larger.
In our analysis for the Scotogenic Model, we found that large scalar couplings could lead to
a violation of the perturbativity criterion at higher scales. In addition to that, we assumed
that it should be possible to reduce the size of the scalar couplings without modifying the
rest of the parameter space because the phenomenology does not require them to be large.
This is why we want to investigate whether larger scalar couplings affect the parameter space

and the evolution of the renormalization group equations in the KNT-Model.

Sort of parameters Parameters
3 fermion masses Mp,, Mn,, Mn,
2 scalar masses Ms,, Mg,
6 scalar couplings AS1y ASys NHS s AH Sy AS1 82, N, 5,
3 complex entries of the Yukawa matrix Y '
9 complex entries of the Yukawa Matrix Y Y

Table 7.1: New parameters in the KNT-Model.
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7.3 Viable Parameter Space

After defining the limits, the parameter scan is performed. In Figure the parameter
space is illustrated for NH (left) and IH (right). There, it is projected on the plane of dark
matter mass versus the maximum size of the Yukawa couplings Y;;. Comparing the two
results for the parameter space, it is observable that the parameter space projected on the
chosen plane has a similar shape for both hierarchies. One could observe that the lower limit
for the maximum size of Y increases if the dark matter mass increases. Furthermore, the
largest Yukawa coupling is always of order O(1). This observation is expected because the
Yukawa couplings have to be large enough to satisfy the constraint arising from the relic
density, as explained in Chapter [6.4] The shape of this parameter space is also similar to the
parameter space of the Scotogenic Model projected on the plane dark matter mass versus
largest Yukawa coupling y;; (see Fig. [5.2)).

However, there is also a difference between the two hierarchies. For IH, the dark matter mass
never exceeds 2.5 TeV, while higher masses up to 4 TeV seem to be possible for NH. The
reason therefore could be that for IH the lepton flavor violation constraints arising from the
decay p — ey are significantly more restrictive than for NH, as shown in . This enforces
smaller Yukawa couplings in the TH case. As a consequence, the dark matter mass is forced

into a narrower and lower range compared to the NH case to obtain the correct relic density.

Normal Hierarchy Inverted Hierarchy
3.51 0% 3.5
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2.51 2.51
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© ©
£ 1.5 £ 151
1.01 1.01
0.51 0.51
0.0 ‘ : ‘ ‘ 0.0+ : ’ ‘ ; ;
0 1000 2000 3000 4000 0 500 1000 1500 2000 2500
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Figure 7.1: Our set of viable points projected on the plane of dark matter mass versus the
maximum size of the Y;j; Yukawa couplings for NH (left) and IH (right).

7.4 Analysis of the RGE-effects

After performing the parameter scan, we want to investigate how the evolution of the renor-
malization group equations (RGEs) affects the consistency of our viable points because the

running of the couplings might lead to the violation of theoretical constraints at higher scales.
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The RGEs for the KNT-Model are derived by SARAH [41] and all relevant RGEs for our
analysis are given in Appendix In our analysis, the evolution of the RGEs is performed
for every viable point, from the weak scale up to the scale A ax, where one of the theoretical
constraints is violated. This is the case if the vacuum becomes unstable or some couplings
are non-perturbative. Thus, Apax is the scale up to which the KNT-Model is consistent.
Therefore, the KNT-Model can only describe new physics beyond the Standard Model below
Amax. To perform the evolution of the RGEs, SciPy [50] is used.

We determine Ay, .« for every viable point. The results of this are shown in Figure for NH
in the left panel and for IH in the right panel. There A, ax is illustrated in dependence on the
highest mass scale M.« of the viable model. In addition to that, we also add a red line to
the plot, which corresponds to Apax = Mmax. If a parameter point lies below this red line, it
is inconsistent because the corresponding viable model violates one of the constraints at an
energy scale below its highest mass scale. Therefore, new physics would be required below
an energy scale intrinsic to the model, which is not possible. Thus, we determined how many
points are consistent with this criterion and find that for NH 4.46% of the points are consistent
up to a scale Apax > Mpnax and for TH 9.23% of the points are consistent. We also determined
the fraction of the parameter space that is consistent up to the scales 2Max — 5Mmax. The
results for both hierarchies are shown in Table Regarding this table, we see that only a
small amount of points is consistent up to high energy scales once taking the RGE effects into
account. The table also shows a difference between the two hierarchies because the number
of consistent points is larger for IH than for NH. This could be explained by the limits of the
parameter space. For NH, the dark matter mass can exceed larger values compared to those
of IH. In addition, we determine the regions of the parameter space that remain consistent.
This is illustrated in Figure [7.3] where a modified picture of the parameter space is shown.
There we mark the points that are consistent up to 2M,.x respectively 5 M.y in different
colors. This plot shows that consistent models tend to feature small dark matter masses.
This explains why the scan for IH generates more consistent points than the scan for NH
because the upper limit for the dark matter mass seems to be smaller in IH than in NH.
Therefore, the percentage of points that are in regions of low dark matter masses is larger
for IH compared to NH, which causes a higher percentage of consistent point in IH. We also
see that consistent points feature small Yukawa couplings. This provides evidence that there
could be a dependency between the size of the Yukawa couplings and the consistency, as is

the case for the Scotogenic Model.

Furthermore, the reason why viable models become inconsistent is determined. Therefore, we

differentiate between three scenarios, which are color coded in Figure The viable points
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Figure 7.2: Scale of inconsistency Apax as function of the largest mass scale M.« in the
model for NH (left) and IH (right). The color coding indicates the reason for the
inconsistency. All models below the red line are inconsistent because their scale
of inconsistency is below the largest mass scale.

Consistency Scale | Fraction of parameter space(NH) | Fraction of parameter space (IH)
Max 4.46% 9.23%
2Mnax 1.15% 2.95%
3Max 0.57% 1.67%
AM nax 0.30% 1.21%
5 Mmax 0.22% 0.99%
Table 7.2: Fractions of the parameter space that are consistent up to certain energy scale for
NH and IH

become inconsistent because the vacuum becomes unstable (orange) or either the scalar cou-
plings (green) or the Yukawa couplings (blue) become non-perturbative. In Table the
fractions of the parameter space for the different scenarios are given. The main scenario is
the violation of vacuum stability with 85.46% for NH and 72.45% for TH. We also investigate
which scenario is dominant in certain intervals of dark matter masses. Therefore, histograms
for both hierarchies are made, which are shown in Figure [7.4] These histograms illustrate
the relative frequencies for the different scenarios in different intervals of dark matter masses.
The violation of vacuum stability is dominant in all intervals, but its influence increases if
the dark matter mass increases. In addition, we observe the same behavior for the violation
of the perturbativity of the Yukawa couplings. In contrast to that, the amount of points vio-
lating the perturbativity of the scalar couplings decreases if the dark matter mass increases.
Regarding the parameter space, we notice that points with large dark matter masses tend to
feature large Yukawa couplings. This is why the amount of points violating the perturbativity
of the Yukawa couplings grows with the dark matter mass because these couplings become
larger and are closer to the perturbativity limit. The increase in the number of points that

violate the vacuum stability can also be explained by the increase in the size of Yukawa cou-

plings because 99% of these points violate the condition A\g, > 0 at Ayax in both hierarchies.
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Figure 7.3: Modification of the parameter space once the RGE effects are taken into. The
points consistent up to 2M.x are color coded in red and the points consistent up
to 5Mpax are color coded in black. Requriring consistency up to 2Myax (5Mmax)
leaves only 1.15% (0.22%) of the viable points for NH and 2.95% (0.99%) for IH.

Inconsistency scenario | Fraction of parameter space | Fraction of parameter space
(NH) (1H)
unstable vacuum 85.46% 72.45%
|A| > 4w 12.31% 26.55%
Y2 > 4r 2.22% 1.00%
Table 7.3: Distribution of the viable points over the different scenarios for inconsistency for

NH and IH.

Thus, the main reason for an inconsistency is that Ag, becomes negative. This behavior can

be explained by the RGE of Ag,, which is proportional to the following term
Brs, x —ATyy = —ATr(YYTYYT) . (7.11)

This term is similar to the term that causes the violation of vacuum stability in the Sco-
togenic Model, which is given in equation In the case where the Yukawa couplings are
large, this term increases. Then it is the main driving force in the RGE of A\g, and drives
As, to negative values. This explains why the number of points that violate vacuum stability

increases if the size of the Yukawa couplings increases.

Assuming that Sy o —4Tr(YYTYYT) is the dominant term in the RGEs, it is possible to

derive an analytical estimate for A, which is given by

A 1, 47T2AS
log< = ) = : . (7.12)
Lo Tr(YYTYYT) Ji= 1o

We calculate this estimate for every viable model that violates vacuum stability directly from

the low-energy data and compare the estimated scale to the scale An.x we found in our
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Figure 7.4: Relative frequencies of the different reasons for the inconsistency in different re-
gions of the dark matter mass for NH (left) and IH (right)

numerical analysis. In Figure the normalized density of the ratio Amax/Aest is illustrated
for both hierarchies. The distributions for both hierarchies have a peak at almost % =1
This leads to the conclusion that the estimated scale and the scale A,.x found in the numerical
analysis are almost the same for most of the points. Hence, our estimation works very
well. This confirms our assumption that the term S, o —4Tr(YYTYYT) is actually the
dominant term in the RGEs. This leads to the conclusion that the consistency of our viable
models is related to the size of the Yukawa couplings. If the Yukawa couplings become large,
the model tends to become inconsistent. However, the Yukawa couplings have to be large
enough to satisfy the constraint arising from the relic density if we consider the freeze-out
mechanism without coannihilations. Thus, this constraint drastically restricts large parts of
the parameter space.

In Figure [7.4] we observe that the number of points that violate the perturbativity of
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Figure 7.5: Distribution of the ratio Apyax/Aest sShown as normalized density for NH (left) and
IH (right).

the scalar couplings falls if the dark matter mass increases. An explanation for this could

be that for small dark matter masses the parameter space features more points with small
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Yukawa couplings. For those points, the effect of the Yukawa couplings on the RGEs is
smaller compared to points with large Yukawa couplings. According to that, there is a higher
probability that other parameters, such as the scalar couplings, play an important role in the
evolution of the RGEs. In that case, it is possible that the scalar couplings drive themselves
to the perturbativity limit because the RGEs of the scalar couplings feature terms of the
structure Sy o< bA2, where the coefficient b depends on the scalar coupling. The influence of

the scalar couplings on the RGE effects is also analyzed in the next section.

7.5 Influence of the scalar couplings on the RGEs

In the next step, the influence of the scalar couplings on the RGE effects is analyzed. There-
fore, we use the data we obtained from the scan, where the scalar couplings were scanned on
a linear scale. These results are compared with the results from the scan, where the scalar
couplings are scanned logarithmically. First of all, the scalar couplings should be larger in
the linear scan than in the logarithmic scan. To ensure this, the largest scalar coupling is

determined

p‘maX| = |max()‘51? )‘5'2’ )\HSN )\HSQ7 >‘5152> )\{5152)| (7'13)

for every viable point. In Figure the normalized density of the largest scalar coupling is
illustrated for the logarithmic and linear scan. There, it is observable that the distribution
for the linear scan is actually more shifted towards larger values compared to the distribution
for the logarithmic scan. We also calculate the mean value for the largest scalar coupling

[A]

max”’

[A]

max

For the logarithmic scan we get Wmax = 8.130 £ 0.002 and for the linear scan
= 9.65 £ 0.02. Thus, the scalar couplings in the linear scan are larger on average than
in the logarithmic scan.

After comparing the size of the scalar couplings, the evolution of the RGEs is performed for
our data from the linear scan. In Figure the parameter space projected onto the plane
of dark matter mass versus the largest Yukawa coupling is illustrated for the logarithmic
and linear scan. Here, we also mark the regions where the points remain consistent up to
2M . Tespectively 5 My« in red and black. The plot shows that the parameter space seems
to have the same shape in both scans and that the Yukawa couplings are always sizable for
both scans. We also see that the regions where the points remain consistent feature small
dark matter masses and small Yukawa couplings. Thus, the plots of the parameter space
do not show big differences between the two scans. We also compare the results for Apax

for both scans. In Figure Amax in dependence on M.y is shown for both scans. There

we also notice no big difference between the two scans because the plots almost have the



48 7 Numerical Analysis of the KNT-Model

Logarithmic Scan Linear Scan

Normalized Density
© © o
= ~ N
o w o

o

=)

a
1

0.00-

8
[Amax| Amax|

Figure 7.6: Normalized densities for |Apax| for the points of the logarithmic scan (left) and
the linear scan (right).
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Figure 7.7: Our set of viable points projected on the plane of dark matter mass versus the
maximum size of the Y;; Yukawa couplings for the logarithmic scan (left) and the
linear scan (right). Points that are consistent up to 2Mpyax are colored in red and
points that are consisten up to 5My,.x are colored in black.

same shape. However, if we analyze the number of points that are consistent up to certain
scales, a difference between the two scans occurs. The fractions of the parameter space that
are consistent up to certain scales are given in Table [7.4] This table shows that the number
of consistent points is larger for the linear scan than for the logarithmic scan. The biggest
difference is observed for M,.x because the amount of points that are consistent up to this
scale is almost three times greater for the linear scan than for the logarithmic scan. For all

other scales, the amount of points differs by a factor of approximately 2.

Another big difference arises regarding the reasons for the inconsistency. Table shows
how the viable points are distributed over the three scenarios. The results show that in the
linear scan the dominant scenario is the violation of the perturbativity constraint for the
scalar couplings with 72.84%, while the violation of vacuum stability is the main scenario for
the logarithmic scan with 85.46%. This can also be seen in Figure[7.9. There, the histogram

of the relative frequencies for the three different scenarios in different intervals of the dark
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Consistency Scale | Fraction of parameter space | Fraction of parameter space
(logarithmic scan) (linear scan)
Minax 4.46% 12.64%
2 M max 1.15% 2.24%
3Max 0.57% 0.93%
AMax 0.30% 0.57%
5 Minax 0.22% 0.42%

Table 7.4: Fractions of the parameter space that are consistent up to certain energy scales
for the logarithmic and the linear scan.
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Figure 7.8: Scale of inconsistency Apna.x as function of the largest mass scale My, in the
model for the logarithmic scan (left) and the linear scan (right). The color coding
indicates the reason for the inconsistency. All models below the red line are
inconsistent because their scale of inconsistency is below the largest mass scale.

matter mass is illustrated. This histogram also shows that for the linear scan the scenario in
which the scalar couplings become non-perturbative is the dominant one except for the case
where the dark matter mass exceeds 2 TeV. There, the violation of the perturbativity of the
Yukawa couplings becomes the dominant reason for the inconsistency. This behavior could
be explained by the size of the scalar couplings. If they are larger, they are closer to the
perturbativity limit, and it is more likely that they reach this limit. Furthermore, regarding
the RGEs for the scalar couplings, we see that they feature terms that are proportional to a

product of two scalar couplings

Bra X Zcﬁé)\ﬁ)\é - (7.14)

Bo
Here, the indices {«, 3,0} stand for {H, S1,S2, HS1, HS2, 5152} and cgs stands for a coef-
ficient which depends on the scalar couplings. Regarding the RGEs, it is observable that
cgs > 0 for all 8,4. We assume that these terms become dominant if the scalar couplings are
large. In this case, the scalar couplings drive themselves to the perturbativity limit. This

behavior could also explain why the violation of the vacuum stability is the weakest reason
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for inconsistency in the linear scan. In our analysis of the logarithmic scan, most of the
points violate the vacuum stability because A\g, becomes negative. The main driving force
for this is the term s, X —ATr(YYTYYT) because of the sizable Yukawa couplings. If the
scalar couplings are also large, the terms proportional to them counteract this term because
these terms have different signs. This is why it is more likely that one of the scalar couplings
becomes non-perturbative before the vacuum stability is violated. This behavior could also
explain why the linear scan generates more consistent points compared to the logarithmic
scan because the counteraction of the terms proportional to the scalar couplings against the
term featuring the Yukawa couplings could lead to a violation of the theoretical constraints
at higher scales.

However, we observe that the amount of consistent points generated by the linear scan is
still small because if the scalar couplings are too large, the perturbativity criterion is often
violated. There is also no phenomenological reason that requires the scalar couplings to be
large, like the constraint arising from the relic density which forces the Yukawa couplings
to be sizable. Comparing the pictures of the parameter space for the linear and logarithmic
scan in Figure [7.7, we observe that the size of the scalar coupling has no big impact on the
rest of the parameter space. Therefore, it should be possible to require small scalar couplings
without modifying the rest of the parameter space. Thus, if one wants to get more consistent
points, it is a better strategy to decrease the size of the Yukawa couplings than to increase
the size of the scalar couplings. If the Yukawa couplings and the scalar couplings tend to be
small, the perturbativity criterion and the vacuum stability should be satisfied up to high
energy scales, and more points of the parameter space should remain consistent. As for the
Scotogenic Model, one could also consider coannihilations between the singlet fermions to
decrease the size of the Yukawa couplings. In addition to that, it is also possible to consider
the freeze-in scenario. As we know so far, these two approaches have not been studied yet
for the KN'T-Model, but it would be possible that they lead to smaller Yukawa couplings.
The reason therefore is that they work for the Scotogenic Model and as we have seen in our
analysis, the KNT-Model shows a similar behavior as the Scotogenic Model in many ways.
In the Scotogenic Model, we also suggested that considering scalar dark matter avoids large
Yukawa couplings, but this does not work for the KNT-Model because this model features

no scalar dark matter candidate, since the odd scalar particles are charged.
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Inconsistency scenario | Fraction of parameter space | Fraction of parameter space
(logarithmic scan) (linear scan)
unstable vacuum 85.46% 5.82%
|A| > 47 12.31% 72.84%
Vi 2 > 4r 2.22% 21.34%

Table 7.5: Distribution of the viable points over the different scenarios for inconsistency for
the logarithmic scan and the linear scan.
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Figure 7.9: Relative frequencies of the different reasons for the inconsistency in different re-
gions of the dark matter mass for the logarithmic scan (left) and the linear scan
(right)
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8 Conclusion

In this thesis, we studied two radiative seesaw models, the Scotogenic Model [|5], [6]] and
the KNT-Model [7]. Therefore, a scan of the viable parameter space was performed and the
evolution of the renormalization group equations was performed for every viable point.
After performing the parameter scan, we found that some Yukawa couplings are always siz-
able. This observation could be made for both models. This event can be explained by the
constraint arising from the dark matter relic density because the annihilation cross sections
are velocity suppressed in both models. Thus, the Yukawa couplings have to be large enough
to obtain the correct relic density.

After scanning the viable parameter space, the effect of the renormalization group evolution
on the parameter space was studied because this evolution could lead to a violation of the
vacuum stability or the perturbativity constraints at higher scales. We followed the renormal-
ization group evolution for each viable point from the weak scale up to a scale Ay, where
one of the theoretical constraints is violated. Thus, the model only describes new physics
below Amax. In our analysis, we found that large parts of the parameter space violate one
of the conditions before reaching the highest mass scale of the model Mpy,x. If this is the
case, the model is inconsistent because it violates the imposed constraints below an energy
scale intrinsic to itself. We found that for the Scotogenic Model 89.39% of our viable points
were inconsistent and for the KNT-Model 95.54% of our viable models were inconsistent for
NH and 90.77% for TH. Hence, the effects of the renormalization group evolution drastically
reduced the size of the parameter space.

We also investigated the reasons for the violation of the theoretical constraints and found that
there is a scalar coupling in the Scotogenic Model (A2) as well as in the KNT-Model (\Ag,)
which is driven towards negative values because of the sizable Yukawa couplings. This leads
to the conclusion that the constraint arising from the relic density is a stringent constraint for
the parameter space because it causes sizable Yukawa couplings which lead to the violation
of vacuum stability. Therefore, the violation of vacuum stability is actually an intrinsic and
important feature of the two models with fermionic WIMP dark matter.

We also found that points that violate the perturbativity of the scalar couplings tend to fea-

ture large scalar couplings. However, in contrast to the Yukawa couplings, the phenomenology
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does not require them to be large. Therefore, it should be possible to consider smaller scalar
couplings without modifying the rest of the parameter space. This was checked for the
KNT-Model. We scanned the scalar couplings logarithmically and linearly and compared the
results. In the linear scan, the scalar couplings obviously tended to be larger compared to
the logarithmic scan, but that the rest of the parameter space was not really affected. The
numerical analysis showed that less points from the logarithmic scan violated the perturba-
tivity criterion compared to the linear scan. Thus, it is possible to avoid the violation of the
perturbativity criterion by choosing smaller scalar couplings.

In contrast to that, it is more difficult to avoid the violation of vacuum stability because it
requires small Yukawa couplings, while sizable Yukawa couplings are required by the relic
density. Thus, one has to find a way to decrease the Yukawa couplings, while still obtain-
ing the correct relic density. Some ideas for this are given in [40]. There, they suggested
that smaller Yukawa couplings can be reached by considering coannihilations in the freeze-
out mechanism the freeze-in mechanism to obtain the relic density. This has already been
studied for the Scotogenic Model and it has been shown that these approaches actually lead
to smaller Yukawa couplings. For the KNT-Model, these approaches have not been studied
yet, as we know so far. Thus, it could be the next step to study these approaches in the

KNT-Model.
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A Lepton Flavor Violation

In this chapter, we want to describe how the branching ratios of lepton flavor violating
processes of the form [, — I3 are calculated. This calculation is taken from [36].

Thus, we want to compute the process lo(p1) — 13(p2)7(q) with ¢ = pl — p2. First, we have
to calculate the amplitude of this process to get the branching ratio. The amplitude of such
a decay is given by ee;, M* with the electric charge of a positron e and the polarization vector
€, Due to gauge invariance g, M* has to vanish. Therefore, M* must contain the form with

the coefficients oy, og, 6, and dp

MH* = ﬂg[iaquy(dL’}/L + O'R'}/R) + 5LAZ + (5RA%]UO¢ (A.l)

Here, uq and g represent I, and lg, o*” is defined as o = $[y*,9"], 41 and g are the

projectors of chirality and A} and Al; are given by

2

q
AT =q"y + ml—mL Y (mgyL + maYr) (A.2)
o
2
q
A} = ¢"vr + —5—57"(mpyR + maL) (A.3)
mg — mg,

Here, m, and mg are the masses of [, and lg. We can use the fact that the photon is on-shell
in this process and ¢> = 0. Furthermore, we use the identity €, (q)g" = 0. Therefore, only the
coefficients o7, and op are relevant for the calculation of the amplitude. These coeflicients
can be given in terms of loop integrals, which are also given in [36]. The decay width for our

process is given by

(mg —m3)*(lorl* + |orl*)

16mm?

(A.4)

Laspy =

The branching ratio BR(l, — lgv) is defined as the decay width of the process I, — lgy
divided by the total decay width of [,. Here, we can use the fact that the branching ratios

of the processes l, — lgv¥ are measured in experiments [30] and the decay width for these
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. . G2m?2 . .
processes is given by I'a— 5,5 ~ 75§ with the Fermi constant Gr. Hence, we can calculate

the branching ratio for our process by

r
BR(lo — lgy) = ——PLBR(l,, — l5vD) (A.5)

a— vy

Furthermore, we use m, >> mg and Z—i << 1 in the processes we calculate. Therefore, we

can simplify the branching ratio

1272

BR(l, — lgy) = W(’”F + |lor|*)BR(lo — lsvD) (A.6)
FMa

In our models, the lepton flavor violation processes are allowed at one-loop level because
of the interaction of [, and g with an additional spin-0 boson B and a fermion F. The

Lagrangian for this interaction is given by
Lyw = Y  BF(Livp + Rivr)li + B*Li(L{yr + RivL)F (A7)
i:avﬁ

with dimensionless coefficients L, Lg, R, and Rg. These coefficients can be used to calculate

the following coefficients

A=LjL,
p = R5R,
¢ =L}R,
v =RLo (A.8)

These interactions lead to four possible Feynman diagrams, which are shown in Figure [AT]
There are two self-energy diagrams in which the photon attaches either to [, or Iz and these
diagrams are proportional to @J; = —e, which is the charge of the leptons. In the other
diagrams, the photon attaches to F' or B. Thus, these diagrams are proportional to the
charges Qr or Qp of F or B. Furthermore, Q; = Qr — Qp has to be satisfied. That is why

or, and or can be written in terms of Qr and () as

o1 = Qr(pky + Mka + vk3) + Qp(pk1 + Mka + Ck3)
or, = Qr(\k; +pk2+(k3)+QB()\%1 +pEQ+I/E3) (A.Q)
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Here, k; and k; are constructed using loop functions

k1 =mq(c1 +di + f)

ko = mg(ca +do + f)

ks =mp(c1 + c2)

k1 =ma(—c1 +di + f)

ko = mp(—cz +dz + f)

ks =mp(—a+ ¢ + ) (A.10)

Here, mp denotes the mass of F'. The loop integrals are given in [36]. Using the approximation

2

m;, = m% =0 and ¢% = 0, they can be expressed as

i [ —1 Int
“T TonZm3 |11 (1- 1)2]
_ i [ t-3 Int
=T Tomd |4 12 20— 1)3}
i [-22+Tt—11 Int
h=d=2f=d= s | T8 —1F 30— 1)4]
_ i [ 1 tint
“ T TonmZ |11 (1- 1)2]
s [ 3t—1 t?Int
P T T emmy, (4t —1)2 2(t— 1)3}
- r 2 3
h=d=2f=d= 167r;m2B _111t8(75_—7t1;2 - 3(7; i11175)4] (A-11)

2
Here, mp is the mass of the scalar boson B and ¢ denotes t = %
B

Figure A.1: 1-loop Feynman diagrams for the process l, — Ig



58 A Lepton Flavor Violation

A.1 Scotogenic Model

We want to calculate the branching ratio for the process I, — lg7y in the Scotogenic Model.
Therefore, we have to bring the interaction Lagrangian of the Scotogenic Model given in
equation [4.1] into the form of equation The scalar boson is the charged part of the new
scalar doublet 7 and the fermion is represented by the right-handed fermions N;. Therefore,

we can write the interaction Lagrangian as

Log = —Yia® Nivila — vl () TayrNi (A.12)
—yign Nivrls — yis(n) lgvrN; (A.13)

Thus, we get for the coefficients L, = v;,,, Lg = y;3 and R, = Rg = 0. Then we can calculate

the other coefficients

A = Y;Yia

p=0

(=0

v=0 (A.14)

Now we can use the fact that the right-handed fermions are neutral (Qz = 0) and the charged

scalar has the charge Qp = e. Therefore, we get for o, and o

oL = €yfg yialg

OR = eyl-*ﬁymk:T (A.15)

Using the loop function given in we get the following

2

eyl sYia 263 + 3t2 — 6t2Int — 6t + 1
YipYio 2"+ O g+ m2) (A.16)

16m2m3 12(t — 1)*

loL? + |og|* =

2
with t = n;]\gjl . If we use the approximation m, >> mg again, we get as a result the branching

n

ratio
BR(lo — lgy) = ST%em lytsvi. |* F m2i BR(lo — lgvD) (A.17)
& B 2G2 % yif)’yla 2 % [e] B .

with the loop factor

2634312 — 6t Int — 6t + 1

(A.18)
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A.2 KNT-Model

In the KNT-Model, we have two candidates for the scalar boson and the fermion. Thus, the
process l, — lgy can be realized via interactions of the leptons with the scalar boson S;
and the neutrinos v; or interactions with the scalar boson S and the right-handed fermions
N;. That is why we have to consider both cases to calculate the branching ratio. First, we
calculate the branching ratio for the interaction with .57 and neutrinos. Therefore, we have

to bring the interaction Lagrangian given in into the form of [A.7]

Lopt = —YoaiS1TvLla — Y5(S1) lavrYs (A.19)
—171%517@'%55 — ?Ei(sl)*Z[g’yRVi (A.20)

Thus, we get the coefficients L, = Yai, Lg = }7& and R, = Rg = 0. Here, we see that the
same coefficients vanish as in the Scotogenic Model. Furthermore, the fermion v; is neutral
and the boson Sy is charged with Qg, = e as it is in the Scotogenic Model. Therefore, we
will get the same result as for the Scotogenic Model. We just have to change the Yukawa
couplings and get the following

3Tem s o m12/ _
1 1

with the loop factor

262+ 3t — 6t Int — 6t + 1
B 6(t —1)4

Fy(t) (A.22)

Here, we can use the fact that the masses of the left-handed neutrinos are very small compared

to the other masses in the model (WT; ~ 0). We can simplify the branching ratio by taking
S1
F5(0) = £. This brings us to
TQem |1 oe (2 _
Fm51

At least we calculate the branching ratio for the interaction with Se and the right-handed

neutrinos. Therefore, we bring the interaction Lagrangian in the form of [A.7] again

Eaﬁ = YtL'aSQWi’YLla + Y;Z(SZ)*ZO/YRNZ' (A24)
Yl‘BSQﬁi’leg + {E(SQ)*ZB’YLN,' (A.25)
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Here, we get the coefficients R, = Yj,, Rg = Yjg and L, = Lg = 0. This brings us to the

following coefficients: p = Yngm and A = ( = v = 0. Now we can use the fact the NN; is

neutral and S has the charge QJs, = 0 to calculate

oL = eY5Yinki

OR = GY;BY;OJQ

Thus, using the loop functions in we get the branching ratio

37Taem m?\/
BRo(la = 1g7) = =55 |75 ia|2F2< 1>BR(za — L)
2GF 5, m%g

Hence, we get the total branching ratio of this process

BR(lo — lgy) = BRi(lo — lg7) + BRa2(lo — l57)

VY |2 * 2

Tlem <|YB1Y(M| ‘Y Yi.| ) _

= BR(lo — lgv7)
G2, 477’%1 2m ?92

(A.26)

(A.27)

(A.28)
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B Methods

In this thesis, we want to perform parameter scans for radiative seesaw models. Our first
attempt to do that was to perform a random scan, but we found out that this is really slow
and that it takes a long time to collect enough data for further analysis. Thus, we had to
come up with a different strategy. This chapter introduces the methods we used for our

parameter scan.

B.1 Monte-Carlo-Markov-Chain

The sampling of the parameter space is done by a Monte-Carlo-Markov-Chain (MCMC)
ensemble sampling. This method is introduced in this section. First, we explain the basic
idea and properties of a Monte-Carlo-Markov-Chain. After that, we extend this idea to
MCMC ensemble sampling. This section is based on [62].

B.1.1 MCMC

The aim of a Monte-Carlo-Markov-Chain (MCMC) is to characterize a distribution without
knowing its analytical expression by trying to sample values randomly out of the distribution.
This is can very useful in Bayesian inference, because in this context one often deals with the
problem of giving an analytical expression of the posterior distribution p(z|D). Although it
is possible to calculate the likelihood p(D|z) and the prior p(z) for a point z and given data
D. Then the posterior is proportional to the product of prior and likelihood

p(z|D) o« p(Dlx) - p(x) (B.1)

MCMC combines the properties of Monte-Carlo sampling and Markov-Chains. Monte-Carlo
sampling describes the idea of characterizing a distribution by sampling from it randomly.
Markov-Chains are series of points, where every point depends only on its previous point,
which is called Markov-Property. Thus, the idea of MCMC is to use the current point x;
in the sampling process to make a proposal for the next point x;11. After proposing a new

point z;4+1, an acceptance probability p(x;41|z;) is calculated. Then the proposed point is
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accepted with the calculated probability. If the proposed point is accepted, it becomes the
next point in the chain. Otherwise, the chain stays in the previous state. The acceptance
probability compares the posterior of the proposed point with the posterior of the previous

point and is given by

) = p(@it1|D) _ p(Dlziy1)p(2is1)
p(Tiy1|z:) (@i D) (Dl () (B.2)

This is the basic idea of MCMC. However, one still has to define, how to propose the next
step. There are many different approaches for this process. An easy way to propose a new

point x;41 is to add a small perturbation ¢ to the current point z;
Tit1 = T + ) (B3)

However, there is still the question of how to choose §, which remains. In our following exam-
ple, § is generated from a proposal distribution, which is a normal distribution A/ (0, o) with
a mean value of 0 and a standard deviation o. The choice of ¢ depends on the distribution
from which we want to sample. If ¢ is too small, the chain makes very small steps and it takes
a long time to sample the whole distribution. Then the sampling process becomes inefficient.
Otherwise, if ¢ is too large, the chain can make too big steps. In this case, it is very likely
that the chain jumps out of the distribution and the acceptance probability becomes small.
In this case, the chain could stay in the same position for a long time, and the sampling
process also becomes inefficient. This is, why one has to choose o carefully. In practice, it is
very common to do the sampling multiple times with different o to choose the best ¢ in the
end. Thus, ¢ is a tuning parameter.

We want to do an MCMC sampling process for a simple example to practice this method
and to analyze the influence of the starting point x( in the chain and the tuning parameter
o. Therefore, we used MCMC sampling to sample from a normal distribution A(0, 10) with
a mean value po = 0 and a standard deviation oy = 10. First, we did a sampling for 5000
steps and used xg = 1 as the starting point and ¢ = 10 as the tuning parameter. Thus, the
proposal distribution is N'(0, 10). The results for this sampling are shown in figure where
we plotted the sampling results after different amount of steps. We also added the distribu-
tion, from which we sample, to the plots to see, how well our sampling results represent this
distribution. There one can observe, that the sampled values fit the sampling distribution
better, if the sampling is done for more steps. The results after 100 and even after 500 steps
do not really show the shape of the sampling distribution. After 1000 steps the sampled
values begin to show the shape of the expected distribution, but the result is still not good.

However, it gets better after doing more iterations in the sampling process and after 5000
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steps, one can observe, that the sampled values represent the sampling distribution very well.

This leads to the conclusion that the Markov chain needs some time to converge.
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Figure B.1: Sampling results after different amount of steps (blue) and Sampling Distribution
(orange)

In the next step, we want to investigate the influence of the tuning parameter ¢ on the sam-
pling process. Therefore, we conduct the sampling process with ¢ = 1,10,100. We choose
xo = 10 as the starting point in every sampling process, and every sampling is done for 5000
steps. Our results are shown in figure [B.2] For every o, we made a plot showing the sampled
values in dependence on the iteration, and a plot showing the density of the sampled values
and the sampling distribution. For ¢ = 1 one can observe, that the sampled values oscillate
less than for larger 0. This means, that the chain moves slower than for ¢ = 10,100. It
is also observable, that the sampled values do not represent the sampling distribution very
well. The reason for this could be, that the 5000 steps were not enough for the Chain to
converge because of the slow motion. This is why ¢ = 1 is not a good choice for o, because it
might be too small. For 0 = 10 one can see, that the sampled values oscillate faster than for

o = 1 and that there are no observable points, where the chain stays in one position for some
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iterations. Looking at the density of the sampled values, we see that the data fit the sampling
distribution very well. This leads to the conclusion that the chain has already converged and
that ¢ = 10 might be a good choice. At least, we did the sampling with ¢ = 100. Therefore,
we see, that the chain can make big steps and the sampled values also oscillate faster than
for o = 1, but looking at the sampled values in dependence on the iteration, we also observe
some points, where the chain does small steps or stays in one position over a few iterations.
This means, that at these points the proposed steps are not accepted and the chain does not
move. This behavior is typical, if o is too large. Regarding the density of the sampled values,
one also comes to the conclusion, that the sampled values do not fit the expected distribution

well and that ¢ = 100 might not be a good choice.
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Figure B.2: The evolution of the Markov Chain (left) and the density of the sampled values
(right) for different values for o

At least we want to investigate the influence of the starting value of the sampling process.
Therefore, we conduct the sampling process for the starting values zg = 1,100,300. Here,
we choose o = 10 and perform the sampling processes for 5000 steps. The results are shown

in figure We do a plot showing the density of the sampled values and the sampling
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distribution and a plot showing the sampled values for the first 300 steps of the chain for
each starting value. The first observation is that the sampled values represent the expected
distribution very well for all three starting values. Thus, it seems that the chain converged
in all three cases. Furthermore, we observe that the density for values in the region of the
starting value for xg = 100,300 is not observable in the plots. Hence, the density there is
really low, as it should be. Regarding the Markov-Chains for the first 300 steps, one can
observe that the sampled values start to oscillate directly from the beginning for g = 1. For
xg = 100 and zg = 300, the chain does not oscillate from the beginning. Instead, the values
of the chain decrease until the right region of the distribution is reached. For xg = 100 it
takes approximately 50 steps, and for zg = 300 150. This period is called burn-in phase.
Thus, we can conclude that the chain needs some time for the burn-in if the starting value
is too far away from the mean value of the distribution, but after the burn-in the chain will
converge. So, if it is possible to choose a starting value in a good region, one should do that
to avoid the burn-in. Otherwise, if one does not know how to choose the starting value, it
is not a big problem because the chain will still converge. Then one should just identify the

burn-in steps and cut the sampled values by this number of steps.

B.1.2 Ensemble Sampler

In this subsection, we introduce MCMC ensemble sampling. This sampling method was
proposed by Goodman and Weare in 2010 [39]. The idea of ensemble sampling is that one
state in the chain does not consist of one point X. Instead, one state consists of an ensemble
of points (X7, ..., Xx). The different chains are called walker. Combining the properties of
ensemble sampling with the properties of MCMC sampling gives us the opportunity to use
more than one point for the proposed step. This can be an advantage, if one wants to sample
multidimensional distributions. If the distribution has d dimensions, one sampled point X
consists of d variables X = (z1,x2,...,24). Therefore, if one wants to use basic MCMC
sampling, as explained in the previous section, where a small perturbation § is added to X
for the proposed step, ¢ also has to be d dimensional, as well as the distribution ¢ is sampled
from. We saw in the previous section that the distribution used to sample § has a tuning
parameter. For d dimensions, this distribution will have d tuning parameters. Thus, it will
take longer to find the best set of tuning parameters, because one has to do this for each
dimension. In this case, the different variables of X are treated independently of each other.

This also can cause problems, because the variables can be correlated. For example, if we
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want to sample the point of a circle with radius r, the two variables X = (x, y) have to satisfy

the condition
4y < r? (B.4)

If z is almost as large as r, y has to be small to satisfy the condition, and vice versa. This
means that the sampling process can become more efficient if the variables are not treated
independently, which can be done if more points are taken into account for the proposed step.
There are many different ways to propose a new step in ensemble sampling. In our sampling
process, we use two different methods, the so-called Stretch Move and DE-Move.

The stretch move was also proposed by Goodman and Weare [39]. If the proposed step for
walker ¢ at position X; is done by the Stretch Move, another walker j at position X; has to
be chosen randomly. After that, walker ¢ is moved in the direction of walker j by a stretch

factor z.
The stretch factor z is chosen from a distribution g(z) with

% if z € {i,a]

0 otherwise

9(z) (B.6)

Here a is the so-called stretching parameter, which is a tuning parameter in this case. The

acceptance probability is given by

p(X]|X;) = min<1,zd—1§2§£) (B.7)
The DE-Move uses differential evolution for the proposal step. The first approach to using
differential evolution in the MCMC context was taken by ter Braak in 2006 [63]. The idea of
this method is to use the difference between two walker to propose the next step for another
walker. If one wants to propose a step for walker 7 at position X; by the DE-Move, two other
walker j and k at positions X; and X} have to be chosen randomly. Then the proposal step

X! for walker i is calculated by

Here, vy is the scale factor and € is a small perturbation. These are the tuning parameters of

the DE-Move. The optimal choice for v is v = 228 which is recommended by [63]. Typically €

V2d’
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is drawn from a d dimensional distribution with a small variance. The acceptance probability

is given by

p(X!|X;) = mn(ligi) (8.9)

The DE-Move works very well if the distribution we want to sample is highly multimodal
and correlated.

In our parameter scan, we implement the ensemble sampler using the Python package emcee
[38]. In this package, it is possible to use different moves. This means that we can allocate
probabilities to different moves, and then one move is used with a certain probability for the
proposal step. In our parameter scan for the KNT-Model, we use the Stretch Move with a
probability of 65 % and the DE-Move with a probability of 35 %.

For the numerical implementation of the ensemble sampler, we use the Python package emcee
[38]. Now we want to show some properties of ensemble sampling and the explained moves.
Therefore, we use the example already mentioned. We want to sample the points X = (z, )

of a circle with radius » = 1. As a posterior distribution p(x,y) we use

1 ifa? 492 <1
p(z,y) = (B.10)
0 otherwise

This means that all points inside the circle receive a probability of 1 and all points outside
receive a probability of 0. Since all points inside the circle receive the same probability, the
sampled point should spread homogeneously around the circle. The structure of the posterior
causes some consequences for the chain. One consequence is that the chain has to start at a
point that is already inside the circle. Otherwise, the posterior would be 0 at the beginning of
the chain and the acceptance probability cannot be calculated because there one has to divide
by the posterior of the starting point. However, after choosing a possible starting point, the
movement of the chain is very simple. If a proposed step moves the chain outside the circle,
the step is not accepted. Otherwise, if the proposed step is inside the circle, it is definitely
accepted. This example is also a good model for our parameter scan for the KNT-Model,
because there we also want to find the points, which satisfy some constraints. Therefore, it
makes sense to define the posterior in such a way that all points which satisfy the constraints
are accepted and all other points are neglected. Thus, the posterior has the same structure
as the one in equation with the difference that its dimension is higher and that more
than one constraint has to be satisfied. Returning to our example, we first have to choose a
suitable starting point. In this example, we choose the center of the circle Xy = (0,0) and for

the starting ensemble, we choose random points in the neighborhood of the starting point,
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because the walker have to start at different points. Otherwise, they would not move because
the proposal steps are based on the difference between walkers. Here, we choose the starting
region so that the coordinates of every walker differ by a maximum of 108 from the starting
point.

First, we want to analyze the behavior of the sampling process throughout different amounts
of iteration steps. Therefore, we sampled the circle with 10 walker for different numbers of
steps for the Stretch Move and the DE-Move. The results are shown in figure [B.4] The first
observation is that the sampling results improve if the sampling process takes more steps
because then more points can be sampled. This leads to the conclusion that we have to
be careful with the number of steps because if this number is too small, the ensemble does
not have the opportunity to sample the whole parameter space, which can be seen for the
examples with 100 steps. Another observation is that the starting region is very dense in the
plots. This can be observed very well in the plots for 100 and 200 steps. The explanation
for this behavior is that the ensemble starts in a small area around the starting point. Thus,
the differences between the walker are very small. This causes small proposal steps because
the Stretch Move as well as the DE-Move use difference between walker to propose the next
step. This is why the ensemble stays near the starting point at the beginning of the sampling
process and the starting region is overrepresented. This means that the ensemble needs some
time to spread out from the starting region. Nevertheless, this behavior is different for the
Stretch Move and the DE-Move. Regarding the plots for the Stretch Move, one can observe
the high density of the starting region in every plot except the plot for 1000 steps because
there the density is very high almost everywhere. Additionally, it seems that the Stretch Move
favors one direction in the parameter space before spreading out on the whole space because
one can observe lines of high density in the plots. Comparing the plots for the DE-Move to
the ones for the Stretch Move, we observe that the DE-Move spreads out from the starting
region faster because there the starting region appears less dense than in the plots for the
Stretch Move and it seems that the ensemble reaches out to the full circle earlier. This can
be observed in the plots for 100 steps. While the plot for the Stretch Move shows some area
with no or few points, the plot for the DE-Move almost shows a homogeneous distribution
of points throughout the whole circle with a small dense area around the starting point.
Furthermore, it seems that the DE-Move does not favor one direction because the points
spread out into all directions right from the beginning.

In the next step, we want to analyze the influence of the number of walker on the sampling
process. Therefore, we sampled the circle again with 500 steps and a different number of
walker. The results are shown in figure The results show that the sampling results

improve after using more walker. This is expected because the more walker that are used,
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the more points are sampled and the points better represent the full circle. One also can
observe that the points spread out from the starting region faster if more walker are used.
This behavior can be observed very well by looking at the plots for the Stretch Move. In the
plots for 5 and 10 walker, one clearly sees the dense starting region and a dense line, which is
the favored direction of the ensemble at the beginning. These things cannot be observed in
the plots for 15 and 20 walker. In these cases, the spread-out process has improved. However,
we can still observe the differences between the two moves as before. We still observe that
the results for the DE-Move are more homogeneous spread than the results for the Stretch
Move. We can conclude that the sampling process improves if more walker are used, but we
have to be careful with the number of walker because an increasing number of walker leads
to an increasing computation time.

At least we want to analyze the effect of the tuning parameters on the sampling process.
Therefore, we sampled the circle for 500 steps and used 10 walker. We used different stretch
parameters a for the Stretch Move and different scaling factors v for the DE-Move. The
results for the Stretch Move are shown in figure [B.6] and the results for the DE-Move are
shown in figure B.7] For the Stretch Move we observe that the spread-out process from the
starting region is faster if we use a larger stretching parameter because then the proposed
steps are larger. For example, for a = 1.5 and a = 2 one can observe the typical dense
line, and for a = 10 the points spread almost homogeneously around the circle. However,
for a = 100, we see that the points also spread homogeneously, but the plot shows fewer
points than the other plots. The reason for this is that large stretching parameters can lead
to large proposal steps. As a consequence, it is very likely that the proposed point is outside
the circle and neglected in the sampling process. The same behavior can be observed for the
DE-Move with different scale factor . In figure [B.7], we observe that the spread-out process
improves for larger scale parameters because of larger proposed steps. Furthermore, we also
see that the scale parameter can be too large, which can be observed in the plot for v =5
because this plot has fewer points than the other plots. The explanation is the same as for
the Stretch Move. If the scale parameter is too large, the proposed steps are outside the circle
and neglected. This leads to the conclusion that we have to be careful with the stretching
parameter and the scale parameter because if they are too small, the spread-out process takes
too long, but if they are too large, the proposed steps are too large. In practice, it is even
better to choose these parameters a little bit too small than too large because then it is still
possible to take the sampling results after the spread-out process is done. This means that
the sampled points at the beginning are neglected. This strategy is similar to the burn-in
phase.

Thus, it is a good strategy to neglect the first iteration steps to avoid a high density in the
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starting region. Nevertheless, it is very hard to determine, when the spread-out process is
done, if the parameter space is high dimensional, for example the parameter space of the KNT-
Model has 28 dimensions. Furthermore, since the states of the chain depend on the previous
state, the states are not independent from each other and can be correlated. Therefore, we
have to find a strategy how we could analyze the sampling results statistically, even if the
starting region is very dense and the states in the chain are correlated. This strategy is
explained in the next section, but before explaining the strategy we want to demonstrate the
problem with our example. Therefore, we did a scan with 10 walker for 500 steps. The results
are shown in figure In the left plot, the sampled points are shown. There we observe that
the points almost spread homogeneously around the circle and the starting region appears
a little bit more dense, but this is barely observable. Here, we also do further analysis of
the sampling results to investigate the influence of the dense starting region. Therefore, we
calculate the mean radius 7 of the sampling results and investigate the distribution of points
depending on the radius and compared the results with those theoretically expected. The
expected density for a homogeneous circle depending on z and y is p(x,y) = % with the
area A = mR? of a circle. Hence, we can set R = 1 in our case. If we want to calculate the
density in dependence of the radius r, we have to integrate the angle. Therefore, we get for

the density depending on the radius

2m
p(r) :/0 %Tchb: 2r (B.11)

Using this density, we are also able to calculate the expected mean radius 7

1
= /0 rp(r)dr = 2 (B.12)

In the right plot of figure [B:8| we show the density of our sampling results and the expected
density. There, we see that the data match the expected density pretty well, except for
small 7, which is the starting region. The density of the points in that region is higher than
expected. Thus, the influence of the starting region is observable in this analysis, even if it
seems that the points in the left plot spread almost homogeneously. This influence can be
seen in the calculation of 7 because for the sampled points we get ¥ = 0.6209. This result is
less than expected, and the reason could be that we have more points than expected with a

small . This result confirms that another strategy is needed to analyze the results.
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B.2 Importance Sampling

In our case, the density of points should be homogeneous as explained in the previous chapter,
but due to the choice of a starting region and correlations they are not. Therefore, the
real distribution of the points does not match the expected distribution, which leads to
misleading statistics. This problem can be solved by using importance sampling. This method
is explained in this subsection based on [, Chapter 29.2]. The idea of importance sampling
is to reweight the data if it does not show the expected distribution. For example, if the data
should be distributed in the shape of a distribution p(z), the mean value of an observable is

calculated by

fz/fum@Mx (B.13)

Now we consider the case where the data is distributed in the shape of another distribution
q(x) instead of p(z). Then it is still possible to calculate the mean value of an observable f,

if we weight the data with a factor w(x) = % and the mean value is calculated by

7=/}mm@Mx:/fmmwmme (B.14)

Thus, we need to know the distributions p(x) and g(x) to weight the data and perform the
statistical analysis. In our case, the expected distribution should be homogeneous. Therefore,

p(z) is constant. According to that, we just need to determine the real distribution of the
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data g(z). Therefore, we have to estimate the density of the points, which we do by using a

method called normalizing flows. This is explained in the next section.

B.3 Normalizing Flows

Normalizing Flows can be used to estimate the density of a dataset. The basic knowledge of
this method is given in this section. It is based on [65]. The main idea of flow-based models
is to express a data point x as a transformation T of a point w which is sampled from a

distribution p,(u)
z="T(u) (B.15)

The flow-based model takes a base distribution p,(u) and tries to find a transformation T,
which transforms the points sampled from p, into the data. The transformation and the
base distribution can have parameters of their own, which induces a family of distributions
over the data x parametrized by these parameters {¢,}. Transformation 7' has to be
a diffeomorphism. This means that T is invertible and 7T, as well as inversion 7! are
differentiable. If this is the case, the distribution of the data p,(z) can be calculated by

change of variables
Pa() = pu(u)|detJr(u)| ™" (B.16)
This can also be written in terms of x using u = T~!(x)
pa(z) = pu(T ™ (2))|detJp-1 ()] (B.17)

Here, Jr is the Jacobian of T given by

on ., o
8u1 BuD
Jru)=1: . (B.18)
aIp ... 9Ip
8u1 8uD

Here, D is the number of dimensions of the data. An important property of diffeomorphisms
is that the composition of diffeomorphisms is also a diffeomorphism. Thus, we are able to

construct T as a chain of n transformations

T=Ty0T50..0T, (B.19)
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This means that it is possible to construct a complex transformation as a chain of many

simpler transformations. In this case, the Jacobian is given by
detJT(u) = detJTl (u) . detJT2 (u) -...-detdp, (u) (B.QO)

The easiest way to construct such a flow is to use one kind of transformation and chain it
multiple times. We use a transformation called Masked Autoregressive Flow (MAF) [66].
Autoregeressive flows have the property that the transformation is done dimension-wise and
the transformation of one dimension only depends on previous dimensions. This means that if
we consider that our data x have dimension D, the transformation 7; of dimension ¢ depends

only on the previous dimensions j <
T(z) = Ty(wj<:) (B.21)

The advantage of this property is that our Jacobian gets a triangular structure because the

differentials 8‘;?; = 0 vanish. In this case, it is very easy to calculate the determinant

D
IT;
detJr = B.22
e H 81’1 ( )

i=1
The distribution of our data can be calculated using equation [B.I7] Our specific transforma-

tion (MAF) has the following structure
yi = Ti(x) = z; - exp(s;) + t; (B.23)

Here, s; and ¢; are functions that depend on z;-;. Thus, the transformation scales a variable
x; with a scale factor exp(s;) and shifts it by ¢;. The functions s; and t; are determined by
neural networks throughout the normalizing flow process.

We use the package nflows [67] for our normalizing flow application. This is a comprehensive
collection of normalizing flows using PyTorch [68]. The training process to estimate the
density of our points is structured as follows. First, we have to choose a base distribution
pu(u). Usually a normal distribution is chosen. Then we have to choose a number of layers.
This defines how many transformation steps are done. The complete transformation T is
then determined by the neural networks. After that, our data is transformed by the inverse
transformation 7! to get the positions of our data in the base distribution. In the next step,

the logarithm of the density of our data is calculated

log(pz(z)) = log(pu(u)) + log |detJT(u)|71 (B.24)
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After that, we are able to calculate the loss function £, which is the average negative log-

likelihood of the data
| X
_ (4)
L= N ;1 log px(z'") (B.25)

Here, N is the number of points and z() is the i-th point. The loss function measures how
well the density given by the transformation of the base distribution fits the data. Therefore,
the aim of the training process is to minimize the loss function. After this step, the gradients
of transformation parameters are calculated and the parameters are updated. Then the whole
process starts from the beginning again until the loss function is minimized.

Now we want to return to our example that we showed at the end of Section appendix
There we saw that our sampling results did not match the expected results for the density
depending on the radius and the mean radius because the starting region of the sampling was
really dense, which leads to misleading statistics. Thus, we estimate the density of our data
using normalizing flows and weight our data to use importance sampling. Now we can plot
the density with weights taken into account. This is shown in figure In the left plot,
the density without the weights is shown, and in the right plot the weights are taken into
account. In addition, we plot the expected density p(r) = 2r in both plots. We observe that
the weighted density matches the expected density very well because the density for small r
the weighted density is also small compared to the original density. We also calculated the
mean radius taking the weights into account and the result is 7 = 0.668. This also matches

2

the expected value 7 = 5 compared to the original result 7 = 0.6209. This leads to the

conclusion that importance sampling actually improves the results of our sampling process.



80

B Methods

Distribution of the Radius

2.00 {1 M Sampled Data
—— Expected Density

pln)

Weighted Distribution of the Radius

2.00 A

mm Weighted Data
—— Expected Density

Figure B.9: Density of the sampled points of the circle depending on the radius with not
taking the weights into account (left) and taking the weights into account (right)



C RGEs of the Scotogenic Model

81

C RGEs of the Scotogenic Model

In the following section, we give the 1-loop RGEs for the Scotogenic Model. We derived these

equations with the help of SARAH [41] and compared them with [69].

RGEs in terms of the beta functions, which are defined as

dg
Bg = 16772/1@

In the following equations, we are using the short-hand notations
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(
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C RGEs of the Scotogenic Model

C.2 Yukawa couplings

b = Yo SOV, - V¥ + T - 1t - a3 -
B =Yl S 00[Ya = Y[V 4 T = ot -
By, = Ye{ngYe + %yTy +T - %9? - 295}
By = Y{zzﬂy + %YJYe +T, - %gf - igg}

C.3 Quartic scalar couplings

Bay = 1202 + 403 + 4M3)g + 203 +2)2 +

3
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D RGEs of the KNT-Model

In the following section, the 1-loop RGEs for the KNT-Model are given. These equations are
also derived by SARAH[41]. We write down the RGEs in terms of the beta functions, which

are defined as

dg
By = 16#2#@ (D.1)

We use the following short-hand notations

T = Te(Y]Y, + 3Y,]Y, + 3Y] Yy) (D.2)
Ty = Tr(YTY) (D.3)
Ty = Tr(YYT) (D.4)
Ty = Te(YY. VY, 4+ 3V} Y, Y1, + 3V Yav]vy) (D.5)

Ty =Tr(YTYYTY) (D.6)
Ty = Tr(YYTYYT) (D.7)
Ty, = Tr(YYY[Y,) (D.8)
Tye = Tr(YTYY]Y,) (D.9)
D.1 Gauge couplings
15
691 = ?g% (D.lO)
19
592 - _Egg (D'll)

Bgs = —T93 (D.12)
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D.2 Yukawa coupling
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D.3 Quartic scalar couplings
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