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Chapter 1

Introduction

In recent years, interest in a precise calculation of the effective number of neutrinos (Neff) has
grown. Defined by the energy density of free-streaming, ultra relativistic particles relative to the
energy density in photons (approximately 3 in the Standard Model for the three neutrinos), Neff

provides an important parameter for hot Big Bang cosmology, as it determines the expansion
rate at temperatures below 1 MeV (after neutrino decoupling). As a result, Neff influences many
areas, such as the primordial light element abundances [1, 2, 3], the correlation statistics of the
CMB [4, 5], and the large-scale matter distribution [6]. This makes experimental determination
possible and increases interest in a theoretical calculation. Furthermore a lot of beyond the
standard model scenarios include Neff changing effects. Examples are light sterile neutrinos
[7, 8] or axions [9], but there are also many more.

The state of the art calculation for Neff solves the fully momentum-dependent transport equa-
tions using FortEPiano [10], the calculation takes into account finite temperature corrections
to the EoS, neutrino oscillations and also a first estimate of NLO contributions in the weak
interaction rate [11, 12, 13, 14] (see table 1). And yields a result of N th

eff = 3.0440 ± 0.002,
which is in perfect agreement with the measured value of N exp

eff = 2.99 ± 0.34 [15] nevertheless,
a discussion about the third decimal place remains [16].

Table 1.1: Standard-model corrections to NSM
eff and their leading-digit contributions [13, 17].

Standard-model corrections to NSM
eff Leading-digit contribution

me/Td correction +0.04
O(e2) FTQED correction to the QED EoS +0.01
Non-instantaneous decoupling + spectral distortion −0.006
O(e3) FTQED correction to the QED EoS −0.001
Flavor oscillations +0.0005
FTQED corrections to the weak rates . 10−4
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CHAPTER 1. INTRODUCTION

Numerous calculations have already been performed on Neff . In [18, 19] the energy transfer
into the neutrinos was calculated up to NLO in the imaginary time path formalism with the
approximation that me = 0. Also, the deviation that arises because of the finite electron mass
on LO was quantified. In [16] the NLO contributions in the real time formalism where calculated
for e−e+ → ναν̄α, but in fact they took the interaction rates originally calculated for energy loss
in stellar plasma [20]. Where scattering contributions and the NLO diagram that was calculated
in [13] were neglected. The diagram that was neglected is enhanced by a t-channel and should
therefore at first glance yield the biggest contribution. In general, there is a need for clarification
of the influence of the NLO contributions with me 6= 0 and all diagrams included. This is what
this work aims for, at least to contribute to the full NLO calculation.

The structure of this thesis is organized as follows. In chapter 2 we will introduce Neff and
see how ∆Neff effects can be calculated via entropy conservation and by solving the generalized
neutrino Boltzmann equations and the continuity equation. After that in chapter 3 we will
introduce thermal field theory. As the neutrino decoupling happens at rather high temperatures
compared to today’s time, it is important to also include thermal effects to the rate, which
is done by using thermal field theory. In addition, it is possible to deduce a first-principle
kinetic equation from thermal field theory, which can be used instead of using the Boltzmann
formalism, since the Boltzmann formalism has multiple problems [21]. With the foundations,
we will calculate the LO rate in chapter 4. After that we will focus on the NLO (chapter 5).
On NLO, there are multiple infrared divergences that appear. In addition to the well-known
infrared divergences from vacuum theory, there are also thermal infrared divergences appearing,
with which we will deal in section 5.2. After we canceled all divergences we will go over to the
calculation of the neutrino interaction rates. The results we get for the neutrino interaction
rates will then finally be evaluated numerically in chapter 6.
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Chapter 2

Effective number of neutrino species

The energy density of radiation in the SM consists of the energy density of photons ργ and
neutrinos ρν . If one also looks at BSM physics that contribute to the radiation energy density,
we could also include an energy density for that ρBSM. This in general would stand for light-
sterile neutrinos, axions, gravitational waves, etc. With that we can write the radiation energy
density as ρR = ργ + ρν + ρBSM. Under the strongest approximations, namely:

• Ideal gas approximation: the QED plasma and the neutrino sector are described by an
ideal gas

• Instantaneous decoupling: generally decoupling is a process, which has to be described
by kinetic equations. In this approximation the system changes, at temperature Td from
a state of thermal contact in an instant into a state of no thermal contact

• Ultra-relativistic approximation: the decoupling of the neutrinos occurs at tempera-
ture, where all particles are still relativistic, therefore Td

me
→ ∞

and also the assumption that there is no BSM physics that would contribute to the radiation,
we get that (see [22])

ρR = ργ

[
1 + 7

8

( 4
11

) 4
3

· 3
]
, (2.1)

where the factors of 7
8 come in due to different relativistic degrees of freedom of fermions and

bosons and the factor of ( 4
11)

4
3 accounts for the cooling of photons relative to neutrinos after

electron-positron annihilation. Now, if we have deviation from that, for example due to loosening
the approximations or postulating new particles, we could exchange the 3 by the parameter Neff

to account for these deviations. This parameter will then, of course, differ slightly from 3. For
this work we will drop ρBSM, as this thesis focuses only on the SM, but here you can see how
also BSM physics can in principle on Neff . We therefore can write the following as the definition
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CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

of the effective number of neutrino species:

ρν
ργ

= 7
8

( 4
11

) 4
3

·Neff . (2.2)

2.1 Entropy conservation

The complete calculation for a change in Neff would mean evolving the distribution function
for neutrinos fν . This is a calculation that takes a lot of computation time, but in general it
would eliminate all approximations. As you can see in table 1 the biggest contribution of the
approximations comes from not setting Td/me → ∞. It is believed that the universe is expanding
adiabatically; therefore, entropy is conserved in a comoving volume. We assume that our QED
plasma and the neutrino sector is to a good approximation an ideal gas, and we also think
of the decoupling as an instantaneous process. Therefore, we only loosen the ultra-relativistic
approximation. Because of entropy conservation, we have that:

se+γ(a1)a3
1 = se+γ(a2)a3

2 , (2.3)

sν(a1)a3
1 = sν(a2)a3

2 , (2.4)

where se+γ is the entropy density of the QED plasma and sν(a1) is the entropy of the neutrinos.
We take a1 to be at the epoch of neutrino decoupling, then the temperature of the neutrinos is
just their decoupling temperature Tν(a1) = Td = T (a1) with T being the photon temperature.
Then we choose a2 to be a long time after neutrino decoupling. The entropy density of a
relativistic particle is given by [22]

sR = gs
2π2

45 T
3 , (2.5)

gs =
∑

i,boson
gi

(
Ti
T

)3
+ 7

8
∑

j,fermion
gj

(
Tj
T

)3
, (2.6)

where gs is the degree of freedom of the entire particle gas, while gi and gj are the degrees of
freedom of bosons or fermions, respectively. With that, the entropy of neutrinos can be written
as follows

sν = 37
8

2π2

45 gνT
3
ν (a) . (2.7)

Therefore, by using equation (2.4) we get that

Tν(a2) = a1
a2
Tν(a1) = a1

a2
Td . (2.8)

4



CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

Now the entropy for the QED-Plasma in the ideal gas approximation can be written as:

s(a) =2π2

45 g̃s(a)T 3(a) , (2.9)

with the effective degrees of freedom of an ideal gas

g̃s = gγ + 45
4π4

ge
T 4(a)

∫ ∞

0
dpp2

(
Ee + p2

3Ee

)
fF (Ee, T (a)) + 7

8
∑
β 6=α

gνβ
. (2.10)

Now by using equation (2.3) and (2.8) we get the following relation between the neutrino and
the photon temperature:

Tνα(a2)
T (a2) =

[
g̃s(a2)
g̃s(ad)

] 1
3
. (2.11)

In general, now the decoupling temperature of νe would differ from ντ, µ. However, because of
the large mixing in the neutrino sector, it can be argued that all neutrinos effectively decouple
at the same temperature. Further we take a2 to be long after e± annihilation, it therefore holds
that g̃s(a2) = gγ = 2, while for a1 that we choose to be around the decoupling time g̃s(a1) can
be written as:

g̃s(ad) = gγ + 45
π4T 4

d(e)

∫ ∞

0
dpp

(
Ee + p2

3Ee

)
fF (Ee, Td(e)) (2.12)

Now we translate the temperature ratio (2.11) into an energy density ratio. For that we use
ργ ∝ gγT

4 and ρνα ∝ 7
8gναT

4
ν giving

ρν
ργ

∣∣∣∣∣
T

me
→0

=
∑
α

ρνα(a2)
ργ(a2) = 3 × 7

8

[ 2
g̃s(ad)

] 4
3
. (2.13)

After using the definition for Neff (2.2) we get:

Neff = 3 ×
[11

4
2

g̃s(ad)

] 4
3
. (2.14)

2.2 Generalized neutrino Boltzmann equations and continuity
equation

A more involved way to calculate the change in Neff would be to solve the generalized neutrino
Boltzmann equations that are derived from non-equilibrium thermal field theory (see section
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CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

3.6)

dfα
dt = [1 − fα]Γ<α − fαΓ>α . (2.15)

Also, one has to solve the continuity equation to get an evolution of the temperature of the QED
plasma. With the total energy density ρ, the pressure P and the Hubble constant H [22].

ρ̇+ 3H(ρ+ P ) = 0 (2.16)

For the full calculation, one could use FortEPiaNO [10], a precision neutrino decoupling code.
Apart from that, it is also possible to make the damping approximation. There, it is assumed
that the thermal distribution functions of the neutrinos fα(p) only differ slightly from the equi-
librium distributions fD(p) (see also [17]). Then it is possible to write fα(p) = fD(p) + δfα(p).
Expanding equation 2.15 up to linear order in δfα(p) we get:

dfα
dt ≈ −Γαδfα . (2.17)

Here, Γα = Γ<α +Γ>α is the mode-dependent interaction rate. We follow the discussion in [23, 17],
where comoving quantities x = ame, y = ap and z = aT were introduced. In these quantities x
can be thought of as a comoving time, y corresponds to the comoving momentum and z to the
comoving temperature. With that, the continuity equation can be written as:

dz
dx =

x

z
J(xz ) − 1

2z2
dρ̄
dx +G1(xz )

x2

z2 J(xz ) + Y (xz ) + 2π2

15 +G2(xz )
. (2.18)

The new introduced functions have different purposes. The ideal-gas behavior of the QED
plasma is given by the two functions

J(u) = 1
π2

∫ ∞

0
dww2 e

√
w2+u2

1 + e
√
w2+u2 (2.19)

Y (u) = 1
π2

∫ ∞

0
dww4 e

√
w2+u2

1 + e
√
w2+u2 . (2.20)

Finite-temperature corrections up to order O(e2) are encoded in

G1(u) =2παem

[
1
u

(
K(u)

3 + 2K2(u) − J(u)
6 −K(u)J(u)

)

+
(
K ′(u)

6 −K(u)K ′(u) + J ′(u)
6 + J ′(u)K(u) + J(u)K ′(u)

)]
(2.21)
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CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

G2(u) =2παem

[
− 4

(
K(u)

6 − 1
2K

2(u) + J(u)
6 +K(u)J(u)

)

+
(
K ′(u)

6 −K(u)K ′(u) + J ′(u)
6 + J ′(u)K(u) + J(u)K ′(u)

)]
(2.22)

Further, the function K(u) is determined via:

K(u) = 1
π2

∫ ∞

0
dw w2

√
w2 + u2

1
e

√
w2+u2 + 1

. (2.23)

The derivative of the comoving neutrino energy density ρ̄ν = ρνa
4 can be calculated by looking

at the integral, weighted by the energy over the distribution function. Generally, this would be
ρ(t) = g

(2π)3
∫

d3pE(p)f(p, t). In this case, with the comoving variables, we get:

dρ̄ν
dx = 1

π2

∫
dy y3∑

α

dfα(x, y)
dx , (2.24)

where the derivative of the distribution function is given by the approximated generalized neu-
trino Boltzmann functions of equation (2.17) now written in comoving variables

dfα(x, y)
dx ≈ −Γα(x, y)

xH(x) δfα(x, y) . (2.25)

One could now solve equation (2.25) and the continuity equation (2.18) for a set of neutrino
momenta that would cover almost all of the neutrino distribution. This method is called the
full-momentum approach and is obviously very expensive. It is also possible to only look at
the mean momentum mode, which is typically set to 〈y〉 = 3.15z(T0), where T0 is the photon
initialization temperature. In the mean-momentum approach we would then only change the
number of total neutrinos, but we would assume that the distribution function has the shape of
the equilibrium function

fα(y) = fα(〈y〉)
fD(〈y〉T )fD(yT ) . (2.26)

In the mean-momentum approach we get

dρ̄ν
dx = − 7π2

120xH(x)
∑
α

Γα(〈y〉)
(
fα(x, 〈y〉)
fD(〈y〉T ) − z3(x)

)
. (2.27)

After calculating ρ̄ν and z in the full-momentum or mean-momentum approach, we can use the
definition of Neff of equation (2.2), which can be written in terms of comoving variables as

Neff = 8
7

(11
4

) 4
3 30

2π2

(
z(T0)
z(x)

)4
ρ̄ν(x)

∣∣∣∣∣
x→∞

(2.28)
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CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

In fact, it turns out that the mean momentum approach and the full momentum approach only
differ very slightly in the end. This is discussed further in [13].

2.3 A brief thermal history of the universe

The impact of Neff on cosmological phenomena, such as the CMB and BBN, arises from its
contribution to the radiation energy density during the radiation-dominated era of the uni-
verse. During this phase, the Hubble rate is proportional to the total radiation energy density,
H2 ∝ ρrad, to which Neff contributes. Therefore, increasing Neff directly increases the expansion
rate H.

To understand the effects on Neff one has to understand neutrino decoupling. We now want to
discuss the thermal history of the universe. This will allow us to see neutrino decoupling in the
broader spectrum of the whole history of the universe. A more detailed discussion of this can
be found in [24, 25, 26].

• 1019 GeV − 10 TeV (10−43 s − 10−14 s) Our universe undergoes an hypothetical infla-
tionary phase. It is believed that this inflationary phase exists because it can explain
the flatness of the universe, the homogeneity of the CMB and the monopole problem that
would otherwise occur. It is also believed that baryon asymmetry creating processes, called
Baryogenesis happen in this area.

• ∼ 160 GeV (∼ 10−11 s) At this scale the Standard Model undergoes the hypothetical
Electroweak Phase Transition. The SU(2)L× U(1)Y gauge symmetry gets broken into
the U(1)em gauge symmetry. This process gives mass to almost all particles.

• ∼ 150 MeV (∼ 10−5 s) Quarks and gluons that were previously free become confined in
baryons and mesons. This transition is called QCD Phase Transition.

• ∼ 1 MeV (∼ 1 s) The temperature is now so low that the Hubble rate is of the same order
as the interaction rate between neutrinos and the QED plasma H ∼ Γ, which means that
neutrinos decouple.

• ∼ 0.5 MeV (∼ 6 s) The typical energy of the universe now corresponds to the mass of
the electron. At this energy, the process γγ → e+e− becomes energetically suppressed.
Therefore, electron-positron annihilation is favored over pair production. This trans-
fers energy from the electrons and positrons into photons. The transfer of energy increases
ργ . At this point, the highly energetic neutrinos are still in thermal equilibrium with the
QED plasma, meaning they are also affected by the energy flowing into the photon energy
density.

8



CHAPTER 2. EFFECTIVE NUMBER OF NEUTRINO SPECIES

• ∼ 0.1 MeV (∼ 3 min) Light elements, in general 2H, 4He and 3Li are formed in a process
that is called Big Bang Nucleosysthesis. Also, at around this temperature positron-
ium formation is possible. This has an impact on Neff through modifications of the QED
EoS [14].

• ∼ 0.3 eV (∼ 300 kyr) The temperature is now below the ionization energy of hydrogen,
which means that there are now only a few free electrons left that can scatter with the
photons. At around this temperature the CMB got released.

• ∼ 5 meV (∼ 300 Myr) Stars and galaxies are formed in the universe.

9



Chapter 3

Finite temperature field theory

An assumption we make in “normal” (vacuum) quantum field theory is that our fields have
well-defined asymptotic states. By that we mean that the states after the scattering are free
states, which do not interact anymore. And when we calculate expectation values of an operator
we would just write

〈Ô〉 = 〈ψ| Ô |ψ〉 . (3.1)

This is a really good approximation for collider physics because our particles scatter in a prepared
vacuum. This obviously does not hold for early universe kinematics. The particles constantly
interact with each other and never are “free”. Therefore, we cannot make this approximation
anymore. We now have to specify our system in terms of a density matrix %̂. In this case, we
would write our expectation value as

〈Ô〉thermal =
∑
ψ 〈ψ| %̂Ô |ψ〉∑
ψ 〈ψ| %̂ |ψ〉

=
Tr
[
%̂Ô
]

Z(β) , (3.2)

where now Z(β) is our well-known partition function with β = 1
T .

To evaluate the thermal expectation value, there are different methods. The first method was
developed by Matsubara [27]. He used the similarity of the statistical density matrix %̂ =
exp (−βĤ) to the time-evolution operator exp(−itĤ). If one only allows imaginary times t =
−iβ, it is possible to treat the density matrix as a time evolution into imaginary time, hence
the name: Imaginary time (Matsubara) formalism. In this formalism, one gets a sum over
the so-called Matsubara modes. This is very useful for phase transitions where only long-range
interactions, which are described by the zeroth Matsubara mode, are needed [28]. The problem
is that first of all we assume that our density matrix has the form %̂ = exp (−βĤ) which only is
the case in equilibrium. We also restrict ourselves to an imaginary time evolution, which means
that we are not able to treat dynamical systems with this method.

10



CHAPTER 3. FINITE TEMPERATURE FIELD THEORY

To circumvent these problems, Keldysh and Schwinger worked out a formalism where also real
time values are allowed, its called: Real time (Keldysh-Schwinger) formalism ([29],[30]). This
method can then be used for non-equilibrium and dynamical systems. But due to the more
complicated contour that we have to choose later in this chapter, we get a doubling of the
degrees of freedom, which makes the calculations more involved.

In this chapter, we are focusing on the real-time formalism and mainly look at it for the equi-
librium case. We will deduce the generating functional ZC for scalar particles, give the new
Feynman rules, and calculate the thermal propagators. This chapter follows the discussions in
[17],[31],[32][33][34][35].

3.1 Scalar fields

To construct the formalism, we use a real scalar field φ. Later, one also has to calculate the
propagators for fermions and gauge bosons. But these calculations are much more involved and,
therefore, not that pedagogical. The scalar field has the following Lagrangian:

L = 1
2∂µφ∂

µφ− 1
2m

2φ2 . (3.3)

We will find that the thermal averages 〈Ô〉β (t) = Tr
[
%̂(t)Ô

]
/Z(β), where the density matrix can

in general be time-dependent, can be calculated by a generating functional. For this functional
the time arguments are not restricted to lie on the real-axis but can be, and will be complex.
We therefore choose a contour C that starts at t+i = ti + iε with an infinitesimal small step ε in
the imaginary direction. The Contour then turns over to tf + iε, performs a semicircle and goes
back to t−i = ti − iε. We then send tf → ∞ to allow arbitrarily large times. With that we get
the contour shown in figure 3.1.

∣∣
· · ·

· · ·
t → ∞ti

C1

C2

Figure 3.1: Real-time Closed Time Path

Choosing this contour also is the reason for the doubling of degrees of freedom, as we will treat
the fields φ1 on C1 to be a different field as the field φ2 on C2. It will then be important for the

11



CHAPTER 3. FINITE TEMPERATURE FIELD THEORY

later discussion to define an appropriate step function ΘC on this contour:

ΘC(x0, y0) =


Θ(x0 − y0) if x0, y0 ∈ C1

Θ(y0 − x0) if x0, y0 ∈ C2

1 if x0 ∈ C2, y
0 ∈ C1

0 if x0 ∈ C1, y
0 ∈ C2 .

(3.4)

From this definition via δC(x0, y0) = dΘ(x0,y0)
dx0 we directly get the definition for the δ-distribution

as:

δC =


δ(x0 − y0) if x0, y0 ∈ C1

−δ(y0 − x0) if x0, y0 ∈ C2

0 otherwise .

(3.5)

3.2 Equilibrium density matrix as time evolution operator

In general, the density matrix can have an arbitrary form. But in equilibrium, we know that
the density matrix has the following form:

%̂(β) = exp(−βĤ)
Tr
[
exp(−βĤ)

] . (3.6)

We realize that the density matrix can be written as a time evolution U(ti − iβ, ti). With that
we can write %̂(t) as:

%̂(t) = U(t, 0)U(ti − iβ, ti)U(0, t)
Tr [U(ti − iβ, ti)]

. (3.7)

Here it does not matter how we choose the time ti. Now when we calculate the thermal expec-
tation value of an operator O we can write the density matrix in terms of evolution operators
and get the following:

〈Ô〉β (t) = Tr
[
%̂(t)Ô

]
= Tr [U(t, 0)U(ti − iβ, ti)U(0, t)O]

Tr [U(ti − iβ, ti)]

= Tr [U(ti − iβ, ti)U(ti, t)OU(t, ti)]
Tr [U(ti − iβ, ti)]

, (3.8)

where we have used the cyclic property of the trace and that the two evolution operators U(ti −
iβ, ti) and U(ti, 0) commute. Now we insert another time evolution U(ti, tf )U(tf , ti). It might
seem redundant to insert this time evolution. But in the end, when we are working out the
generating functional this will be important to include fields with an arbitrary time. If we

12
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would only look at the imaginary time path formalism we would not have to insert this. With
this insertion, we get:

〈O〉β (t) =
Tr
[
U(ti − iβ, ti)U(ti, tf )U(tf , t)ÔU(t, ti)

]
Tr [U(ti − iβ, ti)U(ti, tf )U(tf , ti)]

. (3.9)

The physical interpretation of this is that the field evolves from ti → t it then interacts with the
Operator O after that it evolves until tf , which we will send to ∞ in the end. After that, the
field evolves back to ti and then evolves into imaginary time until ti − iβ. As you can see here,
this is the contour that we will use later but with an additional part from ti → ti− iβ (see figure
3.2). In the end, the integral over this piece will only be a multiplicative constant and therefore
will be included into the normalization constant.

∣∣
· · ·

· · ·

ti − iβ

t → ∞ti

C1

C2

C3

Figure 3.2: Real time path that also includes the contour from ti to ti − iβ

3.3 Generating functional

In vacuum theory, we were interested in finding a generating functional for expectation values
of the form:

〈T [φ̂(x1)...φ̂(xN )]〉 . (3.10)

In the end we find [36, 37]

Z(J) =
∫

Dφ exp
(
i

∫ ∞

−∞
dt
∫

d3x(L + Jφ)
)
. (3.11)

Here we integrate over t from −∞ up to ∞, because our time evolution starts at ti = −∞ and
ends at tf = ∞. The difference now in the real time path formalism is that our time evolution
starts at ti to t → ∞ then back to ti and then down to ti − iβ due to the density operator. We
therefore in the end integrate over this more complicated contour instead from −∞ to ∞. But
there are some more steps we have to take.

We are going to follow the deviation for the generating functional in [37] for vacuum theory
but include the thermal density matrix. We therefore first look at an expectation value with

13
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no extra fields added. In vacuum theory, this corresponds to 〈0, tf |0, ti〉. We can then write the
trace using a path integral:

Tr [%̂] =
∫

Dφ 〈φ; tf | %̂ |φ, ti〉 . (3.12)

Let us for now only look at the matrix element 〈φ; tf | %̂ |φ, ti〉, the path integral only gives a
normalization constant in the end. Similarly to the vacuum path integral derivation, we now
insert a time quantization into the matrix element to get the following:

〈φ; tf | %̂ |φ, ti〉 =
∫

Dφ1 · · · Dl · · · Dφm · · · Dφn

× 〈φ| eδtĤ(ti−iβ+iδt) |φn〉 〈φn| · · · |φm+1〉 〈φm+1| e+δtĤ(ti) |φm〉︸ ︷︷ ︸
Time evolution ti→ti−iβ

× 〈φm| eiδtĤ(ti+δt) |φm−1〉 〈φm−1| · · · |φl+1〉 〈φl+1| e+iδtĤ(tf ) |φl〉︸ ︷︷ ︸
Time evolution tf →ti

× 〈φl| e−iδtĤ(tf −δt) |φl−1〉 〈φl−1| · · · |φ1〉 〈φ1| e−iδtĤ(ti) |φ〉︸ ︷︷ ︸
Time evolution ti→tf

. (3.13)

Now each of the pieces 〈φj+1| e−iδtĤ(t) |φj〉 can be evaluated by inserting
∫

DΠ |Π〉 〈Π| = 1 and
then finding a Gaussian integral. But first we should talk about the Hamiltonian. In general,
the Hamiltonian can be written as H = 1

2
(
δtφ̂
)2 + 1

2
(
∇φ̂
)2 + 1

2m
2φ̂+ V (φ̂). The interactions of

the field lie in the potential V (φ̂). We then introduce δtφ̂ = π̂. The states |Π〉 that we insert
are the eigenstates of π̂. Also for the scalar product, it holds 〈Π|φ〉 = exp

(
−i
∫

d3xΠ(~x)φ(~x)
)
.

With that we can write:

〈φj+1| e−iδtĤ(t) |φj〉 =
∫

DΠj 〈φj+1|Πj〉

× 〈Πj | exp
(

−iδt
∫

d3x

[1
2 π̂

2 + 1
2
(
∇φ̂
)2 + 1

2m
2φ̂+ V (φ̂)

])
|φj〉

=
∫

DΠj exp
(
i

∫
d3xΠj(~x) [φj+1(~x) − φj(~x)]

)
× exp

(
−iδt

∫
d3x

[1
2Π2

j + 1
2
(
∇φj

)2 + 1
2m

2φj + V (φj)
])

. (3.14)

To perform the Gaussian integral over Π we have to complete the square

−1
2[δtΠ2 − 2Π(φj+1 − φj)] = −1

2

(√
δtΠ − (φj+1 − φj)√

δt

)2
− 1

2
(φj+1 − φj)2

δt
. (3.15)

After shifting
√
δtΠ − (φj+1−φj)√

δt
→

√
δtΠ′ we perform the Gaussian integral, which just gives

14
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some constant N . We therefore can write:

〈φj+1| e−iδtĤ(t) |φj〉 = N exp
(

−iδt
∫

d3x

[
−1

2

(
φj+1 − φj

δt

)2
+ 1

2(∇φ)2 + 1
2m

2φ2 + V (φj)
])

= N exp
(

−iδt
∫

d3xL(φj , ∂tφj)
)

(3.16)

When we put this back into equation (3.13) and piece together the integration path that goes
from ti → tf → ti → ti − iβ instead of just ti → tf as it was in vacuum theory. We get the
following result

〈φ; tf | %̂ |φ, ti〉 = N

∫
Dψ(~x, t)ei

∫
C

d4xL , (3.17)

which is the same as in vacuum theory besides the contour that we integrate over. The depen-
dence on φ′ can be absorbed into N . Putting this back into equation (3.12) and integrating the
integral over Dφ and absorbing this into the normalization constant, we get:

Tr [%̂] = N ′
∫

Dψ(~x, t)ei
∫

C
d4xL . (3.18)

If we want to have field insertions into our Green’s function we have to include the same source
term as in vacuum theory; we therefore get for the generating functional:

Z(β, J) =
∫

Dφei
∫

C
d4x(L+Jφ) . (3.19)

It should be noted that the generating functional, for tf → ∞, factorizes into the parts
ZCβ

= ZC1∪C2 × ZC3 . Here ZC3 just gives some constant that in the end does not matter.
We are therefore safe by restricting our integration contour on C1 ∪ C2. We can then gener-
ate our thermal Green’s function by functional differentiation of the generating functional, for
example:

GC(t− t′) = 〈TC(φ(t)φ(t′))〉β

= 1
Z(β, J)

δ2Z(β, J)
iδJ(t)iδJ(t′) . (3.20)

3.4 Free scalar propagators

The propagator of a field is given by the two-point function:

〈TC [φ̂(x1)φ̂(x2)]〉β = i∆(x1 − x2) . (3.21)
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Suppose there exists a function GC(x1, x2) such that the generating functional can be expressed
as:

Z[β, J ] = N exp
(

− i

2

∫
C

d4xd4x′J(x)GC(x, x′)J(x′)
)
, (3.22)

where N is a normalization constant. To extract the two-point function from this generating
functional, we take functional derivatives with respect to the source J(x):

〈TC [φ̂(x1)φ̂(x2)]〉β = (−i)2

Z(β)
δ2Z(β, J)

δJ(x1)δJ(x2)

∣∣∣∣∣
J=0

= iGC(x1 − x2) . (3.23)

You can then see that the function GC(x1 − x2) we introduced is the two-point function that
we want to calculate. We now start with the generating functional of equation (3.19) and use
the Lagrangian of equation (3.3). We then get for the generating functional:

Z(β, J) = Z(β)
∫

Dφ exp
(

−i
∫
C

d4x
1
2φ(∂µ∂µ +m2)φ− J(x)φ

)
(3.24)

The field φ is understood to satisfy lim
x→∞

φ(x, t) = 0. Also, the discussion for the iε prescription
is rather involved; we will therefore not go into detail here. But you can read about this in [32].
We can then introduce a substitution:

φ̃(x) = φ(x) +
∫
C

d4x′GC(x− x′)J(x′) . (3.25)

With the substitution it is possible to write∫
C

d4x
1
2 φ̃(∂µ∂µ +m2)φ̃ =

∫
C

d4x
1
2

(
φ(x) +

∫
C

d4x′GC(x− x′)J(x′)
)

(3.26)

× (∂µ∂µ +m2)
(
φ(x) +

∫
C

d4x′′GC(x− x′′)J(x′)
)
.

We now force GC(x1 − x2) to satisfy (∂µ∂µ +m2)GC(x1 − x2) = −δC(x1 − x2). For now we will
use this to bring the generating functional into the form of equation (3.22), but later this will
be the condition that we have to solve to get the propagator.

∫
C

d4x
1
2 φ̃(∂µ∂µ +m2)φ̃ =

∫
C

d4x

[
1
2φ(x)(∂µ∂µ +m2)φ(x) − J(x)φ(x)

−1
2

∫
C

d4x′J(x)GC(x− x′)J(x′)
]

(3.27)

16



CHAPTER 3. FINITE TEMPERATURE FIELD THEORY

Putting this back into the generating functional we get:

ZC(β, J) = Z(β) exp
(

− i

2

∫
C

∫
C

d4xd4x′J(x)GC(x− x′)J(x′)
)

(3.28)

×
∫

Dφ exp
(

− i

2

∫
C

d4x
1
2φ(x)(∂µ∂µ +m2)φ(x)

)
.

Now we can use the identity:∫
Dφ exp

(
i

∫
dtφ(t)Oφ(t)

)
= N [det O(t)]−

1
2 , (3.29)

where N is just a normalization constant. With this identity the path integral part of equation
(3.28) only changes the constant in front, which does not matter for the propagator. We finally
get:

ZC(β, J) = Z̃(β) exp
(

− i

2

∫
C

∫
C

d4xd4x′J(x)GC(x− x′)J(x′)
)
. (3.30)

Now we have to find a solution to the equation we forced GC to satisfy

(∂µ∂µ +m2)GC(x1 − x2) = −δC(x1 − x2) . (3.31)

First we Fourier transform the equation. With E =
√

p2 +m2 we get(
∂2

∂x2
0

+ E2
)
GC(x0 − y0, E) = −δC(x0, y0) . (3.32)

A solution to this equation that also holds for the periodic boundary conditions from the KMS-
relation 〈Ô1(t)Ô2(t′)〉β = 〈Ô2(t′)Ô1(t+ iβ)〉β (see also section B.3) is given by:

iGC(x0 − y0, E) = fB(E)
2E

(
ΘC(x0, y0)

[
eβE−iE(x0−y0) + eiE(x0−y0)

]
+ ΘC(y0, x0)

[
eβE−iE(y0−x0) + eiE(y0−x0)

] )
. (3.33)

This actually reduces to the vacuum solution for β → ∞. Evaluating the Θ-functions in the
four different areas, the four options arise because the fields φ1 or φ2 can either lie on C1 or C2.
This yields the propagators:

i∆11(p) = i

p2 −m2 + iε
+ 2πδ(p2 −m2)fB(|p0|) = (i∆22)∗ , (3.34)

i∆12(p) = 2πδ(p2 −m2)[fB(|p0|) + Θ(−p0)] , (3.35)

i∆21(p) = 2πδ(p2 −m2)[fB(|p0|) + Θ(p0)] . (3.36)
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3.5 Remaining propagators and Feynman rules

The calculation for the free Dirac fermion propagator is analogous to the free scalar propagator.
With the Fermi-Dirac distribution fD we get:

iS11(p) =
i(/p+m)

p2 −m2 + iε
− 2π(/p+m)δ(p2 −m2)fD(|p0|) = γ0(iS22)†γ0 , (3.37)

iS12(p) = −2π(/p+m)δ(p2 −m2)[fD(|p0|) − Θ(−p0)] , (3.38)

iS21(p) = −2π(/p+m)δ(p2 −m2)[fD(|p0|) − Θ(p0)] . (3.39)

The photon propagators are given by:

iDab
µν(p) =

(
−gµν + (1 − ξ)pµpν

p2

)
i∆ab(p)

∣∣∣
m=0

, (3.40)

where i∆ab(p)
∣∣∣
m=0

is the scalar propagator with zero mass. You can see that the propagators are
composed of different parts. The so-called vacuum part lies in the 11 and 22 propagators. This
part is the same as the propagators in vacuum theory and is also not temperature dependent.
The other parts are in a sense the temperature-dependent correction the vacuum propagators.

The Feynman rules in thermal field theory are similar to the vacuum Feynman rules. But
remember that because of the two branches C1 and C2 we have essentially doubled our degrees
of freedom. Therefore, we now have Type-1 and Type-2 vertices. Also denoted by a Closed-
Time-Path index (CTP index) ’1’ or ’2’ at the vertex. The Type-2 vertices get an additional
minus and we have to sum over all CTP indices. Also a vertex with CTP index a is connected
to a vertex with CTP index b via an ∆ab propagator.

3.6 Dyson-Schwinger and Kadanoff-Baym equations

The aim of this section is to find an evolution equation for the propagator. There are different
methods to do this, but both of them include one particle irreducible graphs (1PI), these are
graphs which stay connected if you cut only one particle line. In the first method, one can find
a generating functional for 1PI correlation functions and deduce the evolution equation from
that. This is the more rigorous ansatz, but its not that insightful. The more insightful way is
to think of the full propagator as a sum over the 1PI graphs (see figure 3.3).

+ + + · · ·

Figure 3.3: Schematic representation of the Dyson-Schwinger equation for fermions.
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This can be written as an infinite sum in the following way ([38]):

i∆ab
Full(x, y) = i∆ab

Free(x, y) −
∫
C

d4x′d4y′i∆ac
Free(x, x′)iΠcd(x′, y′)i∆db

Free(y′, y)

+
∫
C

d4x′d4y′d4x′′d4y′′i∆ac
Free(x, x′)iΠcd(x′, y′)i∆de

Free(y′, x′′)iΠef (x′′, y′′)i∆fb
Free(y

′′, y)

+ · · ·

= i∆ab
Free(x, y) +

∫
C

d4x′d4y′i∆ac
Free(x, x′)iΠcd(x′, y′)

[
i∆db

Free(y′, y)

−
∫
C

d4x′′d4y′′i∆de
Free(x, x′′)iΠef (x′′, y′′)i∆fb

Free(y
′′, y) + · · ·

]

= i∆ab
Free(x, y) −

∫
C

d4x′d4y′i∆ac
Free(x, x′)iΠcd(x′, y′)i∆db

Full(y′, y) . (3.41)

In a sense these are self-consistent integral equations for the full propagator. But the problem
is the still remaining free propagator. To remove these, we act with (�x +m2) on the equation.
Recall that the free propagator solves (∂µ∂µ +m2)GFree(x, y) = −δC(x− y).

(∂µ∂µ +m2)GFull(x, y) + i

∫
C

d4y′Πcd(x, y′)GdbFull(y′, y) = −δ(4)
C (x− y) (3.42)

This is known as the Dyson-Schwinger equation in position space, where the self-energy on the
contour can be written as:

Π(x, y) = θC(x, y)Π>(x, y) + θC(y, x)Π<(x, y) . (3.43)

Now we define the advanced and retarded propagators and self-energies in this manner:

OR(x, y) = θ(x0 − y0)(O>(x, y) − O<(x, y))

= O11(x, y) − O12(x, y) = O21(x, y) − O22(x, y) (3.44)

OA(x, y) = θ(y0 − x0)(O<(x, y) − O>(x, y))

= O11(x, y) − O21(x, y) = O12(x, y) − O22(x, y) . (3.45)

In general, the Dyson-Schwinger equations are four equations, one for each combinations of
thermal indices. But the equations are not linearly independent. We can therefore write the four
Dyson-Schwinger equations into two sets of equations for the advanced and retarded propagator
and for the (<) and (>) propagator:

(−�x −m2)∆R/A(x, y) = (∆R/A � ΠR/A)(x, y) + δ(4)(x− y) (3.46)

(−�x −m2)∆≷(x, y) = (Π≷ � ∆A)(x, y) + (ΠR � ∆≷)(x, y) , (3.47)

where we have defined the product � as the integration over the intermediate variable of the two
functions (f � g)(x, y) =

∫
d4zf(x, z)g(z, y). We then introduce yet another set of functions, the
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Hermitian and anti-Hermitian, which are defined by:

∆H = 1
2(∆R + ∆A) (3.48)

∆A = i

2(∆R − ∆A) . (3.49)

With them we get the final form of the Kadanoff-Baym equations for the scalar propagators:

(−�x −m2)∆≷ − Π≷ � ∆H − ΠH � ∆≷ = 1
2(Π> � ∆< − Π< � ∆>) . (3.50)

When transforming this into momentum space we have to be careful because the functions in
non-equilibrium are not only dependent on the relative coordinate r = x − y but also on the
average coordinate z = x−y

2 . One could now think that, as we look on everything in equilibrium
we can also suppose equilibrium now and reduce the functions on the relative coordinate r. The
problem is that we are calculating the evolution of the propagators and in equilibrium there is
obviously no evolution. We therefore have to think of the system on a large scale to not be
in equilibrium while on small scales the system is in equilibrium. We can then use equilibrium
thermal field theory to calculate the scatterings that happen on small scales but we can also use
the non equilibrium equations for the evolution of the propagators.

Because the functions are now also dependent on the average coordinate z we can not just
Fourier transform the equation, but we have to introduce the Wigner transformation:

f(p, z) =
∫

d4reiprf

(
z + r

2 , z − r

2

)
. (3.51)

Now we also have to define the moyal product � [39], which is important to write the integration
over the intermediate variable f � g in Wignerspace. In equilibrium f � g would just be a
convolution f ∗ g but we have to be more rigorous now.

�{f(p, z)}{g(p, z)} = 1
2(∂zf∂pg − ∂pf∂zg) (3.52)∫

d4reipr(f � g) = e−i�(f(p, z))(g(p, z)) (3.53)

where e−i� acts as a series expansion on {f(p, z)}{g(p, z)}. After partial integration, we get
(−� −m2)∆(x, y) → (p2 −m2 − 1

4∂
2
z + ip∂z). We then get in Wignerspace:

(p2 −m2 − 1
4∂

2
z + ip∂z)∆≷ − e−i�

[
{Π≷}{∆H} + {Π≷}{∆H}

]
= −1

2e
−i�
[
{Π>}{∆<} − {Π<}{∆>}

]
. (3.54)

Now we can use the gradient expansion that assumes ∂z � p. This means that the average
coordinate changes rather small compared to the the momentum. We can then expand e−i�

only to a given order. We then also can assume homogeneity and isotropy, which means that all
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spatial derivatives drop out. Furthermore, it should be noted that ΠH and ∆H are intrinsically
real objects while Π≷ and ∆≷ are purely imaginary. The real part of equation (3.54) then
becomes:

p0∂t(i∆≷) = −1
2(iΠ>i∆< − iΠ<i∆>) . (3.55)

That is, the Kadanoff-Baym equation in Wignerspace for scalar particles. In the same way, we
would get the following for fermions:

γ0∂t(−iS≷) = iΣ>iS< − iΣ<iS> . (3.56)

You can already see that if we put in the (<) or (>) free propagators we would get an evolution
equation for the distribution function fD of the particle. This is what we will use later.
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Neutrino interaction rates – Leading
Order

From the Kadanoff-Baym equation for fermions (3.56) of the Keldysh-Schwinger formalism we
can derive a quantum kinetic equation for the neutrino distribution functions

dfα(p)
dt = [1 − fα(p)]Γ<α (p) − fα(p)Γ>α (p) . (4.1)

There is a high similarity to the Boltzmann formalism as you can see in section 5.6. This
similarity will lead to some names of the rates that would otherwise be not directly obvious.
Neutrino oscillations are not included in the kinetic equation (4.1). Therefore, we only have to
calculate the production and destruction rates, which are given by:

Γ≷
α(p) = ∓ 1

2p0
Tr
[
−i/pΣ≷

α

] ∣∣∣∣∣
p0=p

. (4.2)

The total neutrino interaction rate is the sum of the production and destruction rates. We can
use the KMS relation to express the total rate solely in terms of the production rate

Γα(p) = 1
2p0

Tr
[
−i/p(Σ<

α − Σ>
α )
] ∣∣∣∣∣
p0=p

(4.3)

= 1
2p0

Tr
[
−i/p(Σ<

α − eβp0Σ<
α )
] ∣∣∣∣∣
p0=p

(4.4)

= 1
2p0fD(p0)Tr

[
−i/pΣ<

α

] ∣∣∣∣∣
p0=p

. (4.5)
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4.1 LO neutrino self-energy

The leading order diagram for the neutrino self-energy has all propagating fermions put on shell
(figure 4.1). We therefore can think of it as a cut through the whole diagram, which in the end
would give the squared tree-level matrix element of the 2 → 2 processes. This is also a way to
connect to the Boltzmann formalism. Indeed in the end it turns out that on leading order the
Keldysh-Schwinger formalism and the Boltzmann formalism give the exact same result. Thermal
corrections appear only on the NLO.

να να

p q

e

u

e

l

να

1 2

Figure 4.1: The leading order diagram for neutrino self interactions. The blue numbers denote
the thermal indices.

The thermal indices in the diagram in figure 4.1 are put to 1 and 2, respectively, because we
only want to calculate the production rate. Then we can write the following:

Tr
[
i/pΣ12

]
= (−1)a+b

(
i4GF√

2

)2 ∫
l,q

Tr
[
/pγ

ρPLiS
12
να

(l)γσPL
]

(4.6)

× Tr
[
iS12
e (p+ q − l)γσ(PLgαL + PRgR)iS21

e (q)γρ(PLgαL + PRgR)
]
,

where
∫
q =

∫ d4q
(2π)4 . We use the thermal propagators that were derived in chapter 3. It is then

possible to bring the equation (4.6) into the following form:

Tr
[
iΣ12

LO

]
=
∫
l,q

(2π)3δ(l2)δ(q2 −m2
e)δ(u2 −m2

e)F(l0, q0, u0)TLO . (4.7)

The thermal distribution functions are contained in:

F(l0, q0, u0) = [fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0|) − θ(−u0)] . (4.8)

It is important to mention that the integral is symmetric under u ↔ −q, all the asymmetric
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terms under this symmetry therefore drop out. For the traces over the γ-matrices we then get:

TLO = 27G2
F

[
(gαL)2 (p · q)2 + g2

R (l · q)2 − gαLgRm
2
e (p · l)

]
. (4.9)

This result is in complete agreement with the result of [11]. To evaluate the integrals over l and
q we will work out a strategy in the next section 4.2.

4.2 The integral

We now want to calculate the integral for the general function f(p, l, q):

I =
∫

d4ld4q δ(l2)δ(q2 −m2
e)δ(u2 −m2

e)f(p, l, q) . (4.10)

First, we can use the delta distributions δ(l2), δ(q2 − m2
e) to fix l0 = ±l and q0 = ±

√
q2 +m2

e.
We therefore have to sum over these different solutions. Also p0 = p as p is an external particle.

I =
∫ d3ld3q

4|l||q0|
δ(u2 −m2

e)f(p, l, q) . (4.11)

Now we choose a parameterization for p, l, q in the following way:

p = |p|


0
0
1

 , l = |l|


0

sinα
cosα

 and |q| = |q|


sin θ sin β
sin θ cosβ

cos θ

 . (4.12)

We can use δ(u2 −m2
e) to fix cosβ. As we integrate β over [0, 2π] we get two solutions for sin β.

Although sin β does not appear in the scalar products, we still have to form the sum. For cosβ
we get:

cosβ = −|l||q| cosα cos θ − |l||p| cosα+ |p||q| cos θ + l0|p| + l0q0 − |p|q0
|l||q| sinα sin θ . (4.13)

With that and Eq =
√

|q|2 +m2
e we get the following for the integral. We also have to add

θ(1 − cos2 β) to ensure that −1 < cosβ < 1.

I = 2π
∫ ∞

0
d|l|

∫ ∞

0
d|q|

∫ 1

−1
d cosα

∫ 1

−1
d cos θ |l|2|q|2

4|l|Eq

∑
sinβ f(p, l, q)θ(1 − cos2 β)
2|l||q| |sinα sin θ sin β|

(4.14)
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Note that the integration over the azimuthal angle of l was already done. From that we get the
factor of 2π. We can write θ(1 − cos2 β) in the form θ(a cos2 θ + b cos θ + c).

c = −|l|2|p|2 cos2 α+ 2|l||p| cosα(l0(|p| + q0) − |p|q0) + |l|2|q|2 sin2 α

− l20(|p| + q0)2 + 2l0|p|q0(|p| + q0) − |p|2q2
0 (4.15)

b = −2|q|(|l| cosα− |p|)(|l||p| cosα− l0(|p| + q0) + |p|q0) (4.16)

a = −|q|2
(
|p|2 + |l|2 − 2|pl| cosα

)
< 0 (4.17)

Evaluating the θ-function one gets new endpoints for the integral over cos θ = z:

z± = − b

2a ±

√(
b

2a

)2
− c

a
. (4.18)

And we get a new θ-function: θ(b2 − 4ac) that forces z± to be real values. Also, the sum
∑

sinβ

just gives a factor of two. In addition, we note that |l||q|| sinα sin θ sin β| =
√

(zp − z)(z − zm).

I = π

2

∫ ∞

0
d|l|

∫ ∞

0
d|q| |l||q|2

Eq

∫ 1

−1
d cosα θ(b2 − 4ac)

∫ zp

zm

dz f(p, l, q)√
(zp − z)(z − zm)

(4.19)

The function f(p, l, q) has the form Z0 + Z1z + Z2z
2. We can use:

∫ zp

zm

dz Z0 + Z1z + Z2z
2√

(zp − z)(z − zm)
= π

(
Z0 − b

2aZ1 + 3b2 − 4ac
a2 Z2

)
. (4.20)

Numerically it is also a huge improvement to do this integral analytically, this is because the
integral has end point singularities, that are hard to calculate numerically. We get the following
end result:

I = π2

2

∫ ∞

0
d|l|

∫ ∞

0
d|q| |l||q|2

Eq

∫ 1

−1
d cosα θ(b2 − 4ac)

(
Z0 − b

2aZ1 + 3b2 − 4ac
8a2 Z2

)
. (4.21)

25



Chapter 5

Neutrino Interaction Rates – Next
to leading order
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Figure 5.1: Schematic representation of the NLO diagrams. The main focus of this work is on
the “Baseball” diagram. While also certain parts of the “Ladybug” and “Donut” diagrams are
also calculated to cancel arising divergences.

On NLO there are four different diagrams (see figure 5.1). The three “Baseball”, “Frog” and
“Donut” diagrams are connected because the Baseball diagram contains the virtual vertex cor-
rection while the real corrections that are needed to cancel the infrared divergence are contained
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in the Baseball, Ladybug and Donut diagrams (see section 5.2). Only the “Frog” diagram gives
a finite result by itself. It is also believed, that because of the t-channel enhancement the Frog
diagram gives the biggest contribution of the NLO order diagrams. That is the reason why it
was already calculated by [13].

5.1 Frog

Let us first calculate the rate of the Frog. In general Tr
[
iΣ12

Frog/p
]

is a sum over all possible

internal indices c and d. We first notice that the non-diagonal parts of Tr
[
iΣ12,cd

Frog /p
]
, the parts

where c 6= d are just zero because in both cases all particles of an eeγ-Vertex are on shell. This
process is kinematically forbidden. In addition, we have Tr

[
iΣ12,11

Frog /p
]

= Tr
[
iΣ12,22

Frog /p
]∗

. This
yields:

Tr
[
iΣ12

Frog/p
]

= 2Re
(
Tr
[
iΣ12,11

Frog /p
])

. (5.1)

The corresponding diagram can be seen in figure 5.2.
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e
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e

l

να

e e
1

1 1

2

Figure 5.2: The 11 part of the Frog-diagram. The blue line denotes a cut through the diagram.

The interaction rate given by this diagram is written as:

Tr
[
iΣ12

Frog/p
]

= (ie)2
(
i4GF√

2

)2 ∫
l,q,k

Tr
[
/pγ

ρPLiS
12
να

(l)γσPL
]
iD11

µν(p− l) (5.2)

×Tr
[
iS11
e (k)γνiS11(p+ k − l)γσ(PLgαL + PRgR)

]
×Tr

[
iS12
e (p+ q − l)γµiS21(q)γρ(PLgαL + PRgR)

]
.

If we think about this diagram 5.2 in terms of cuts we just get the t-channel enhanced diagram
(see figure 5.3) contracted with the tree diagram. We already see that we get a diagram that in
itself contains an electron bubble which is the same for the photon self-energy. This will be the
reason for using the photon self-energy to calculate the interaction rate.
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Figure 5.3: t-channel part of the Frog diagram, which contains the photon-self energy.

We can bring Tr
[
iΣ12

Frog/p
]

in the same form as equation (4.7) but we have to change TLO → TFrog.
Now with the photon self-energy Πνσ

11 (P ) that contains the vacuum self-energy but also thermal
correction to the photon self-energy, we can write:

TFrog = 16G2
F g

α
V Re

(
Tr [(u+me)γµ(q +me)γρ(gαLPL + gRPR)] (5.3)

×Tr
[
/pγ

ρPL/lγ
σPL

]
D11
µν(P )

)
Πνσ

11 (P ) . (5.4)

It is now useful to think of the rate as a vacuum and a thermal part TFrog = TVacuum + TThermal.
The vacuum part contains only the vacuum part of the diagonal propagators, while the thermal
part contains the rest. We call it the vacuum part because TVacuum is not temperature dependent
while TThermal is temperature dependent. To write TVacuum we can use the well-known vacuum
photon self-energy Π2(P 2):

TVacuum = −210G2
Fαem

(gαV )2

4π [−m2
e (p · l) + 2 (p · q)2]ReΠ2(P 2) . (5.5)

At first one could think the rate is divergent, because the photon propagator is proportional to 1
P 2

and could, in general, yield an infrared divergence. But the photon self- energy is proportional to
P 2. With that our rate is finite. This is not the case for thermal contributions to the self-energy
because in these contributions Π11 ∝ T and therefore this rate divergence for P → 0. To fix this
one has to resum the photon propagator and give it a thermal mass. We write the resummed
photon propagator as D̄. For TThermal the thermal contributions for the photon self-energy have
to be calculated (see section B.5). With them we get the following for the thermal rate:

T L/T
Thermal =28G2

F (gαV )2Re
(
D̄
L/T
R (P )

)
Re
(
ΠL/T
R,T 6=0(P )

)
(5.6)

×
[
−2 (p · q)PµνL/T pµqν + (p · l) (−aL/T (p · l) + PµνL,T lµlν + PµνL/T qµqν)

]
.

Where PL/T are the longitudinal or transverse projector, aL,T = 3∓1
4 , D̄R is the retarded and

resummed photon propagator and ΠL/T
R,T 6=0(P ) is the retarded thermal photon self-energy.
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5.2 Cancellation of infrared divergences

When working with massless particles, one frequently encounters infrared divergences. As the
name suggests, these divergences appear when the momentum of a massless particle approaches
zero. In vacuum quantum field theory, it has been proven that all infrared divergences cancel
out in the end, as stated by the Kinoshita-Lee-Nauenberg (KLN) theorem [40]. Consequently,
the interaction rates are finite.

In thermal field theory, additional infrared divergences can arise. These divergences may be more
severe due to the presence of Bose-Einstein distributions. Nevertheless it is widely believed that
the KLN theorem also holds [41, 42], although a formal proof is still lacking. The aim of this
section is to explain how one can generally deal with infrared divergences and to demonstrate
explicitly how these divergences cancel out in the NLO calculation for the neutrino interaction
rates.

5.2.1 Phase-space slicing & soft photon approximation

Phase-space slicing is a method to deal with infrared divergences in real emission diagrams.
The divergence lies in the phase-space part, where we have a low-energy photon (soft photon).
Therefore, we slice the phase space into two parts. The first is where the photon is soft, and
so the photon momentum is smaller than all other momenta and masses that are arising. The
other part where the photon is hard. So now there is an artificially introduced cut Energy ∆E
for the rates, it follows:

Treal(λ) = Tsoft(∆E, λ) + Thard(∆E) . (5.7)

The end result should not depend on ∆E as this is not a physical parameter. Also, the divergence
lies only in the soft part, so we can safely send λ → 0 in the hard part. Now let us have a look
at a real emission of a soft photon in a general process

M = A0(p− k)
i(/p− /k +m)
(p− k)2 −m2 (−iQf )/ε(k)u(p) . (5.8)

Here, Qf is the charge of the fermion and A0(p−k) corresponds to the process that is indicated
by the gray bubble in figure 5.4.
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p

k

A0

Figure 5.4: Schematic radiating of a photon from an external fermion line

As we are working in the soft part it holds that kµ � pµ. We therefore can neglect all k’s in the
numerator, with which we get:

M = A0(p)
i(/p+m)
−2 (p · k)(−iQf )γµu(p)εµ(k) (5.9)

= A0(p)
i(−γµ/p+ 2pµ +m)

−2 (p · k) (−iQf )u(p)εµ(k) (5.10)

= A0(p) (p · ε)
(p · k)(−Qf )u(p) , (5.11)

where we used the Dirac equation in the end. With the Tree-level matrix element, which is given
by MTree = A0(p)u(p) we get the end result, which also holds for anti fermions:

M = (−Qf ) (p · ε)
(p · k)MTree . (5.12)

5.2.2 Vacuum infrared divergences
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Figure 5.5: On the left side you can see the contribution of the Baseball diagram, that contains
the virtual vertex correction, which you can see on the right side.

30



CHAPTER 5. NEUTRINO INTERACTION RATES – NEXT TO LEADING ORDER

In the Baseball diagram, there is the vertex correction hidden in the 11 and 22 contributions (see
Figure 5.5). We know that the vertex correction is infrared divergent. This can also be easily
seen when one uses formfactors to calculate the rate. Similarly to equation (4.7) we can define
TVertex to be the vacuum rate of the virtual vertex correction part of the Baseball diagram.

TVertex = 2Re
((

i4GF√
2

)2 ∫
l,q

Tr
[
/pγ

ρPL/lγ
σPL

]
Tr
[
(/u+me)γσ(gV − gAγ5)(/q +me)

× α

π

[
gV

(
F1γρ + F2

iσρνP
ν

2me

)
− gA (F1 − F2) γργ5

] ])
(5.13)

with σρν = i
2 [γρ, γν ] and P = p− l. When we talk about the infrared divergences only the part

proportional to F1 is important for us, as F2 contains no infrared divergences. With that we
get:

TVertexl, λ = 2Re
(
F1
α

π

(
i4GF√

2

)2 ∫
l,q

Tr
[
/pγ

ρPL/lγ
σPL

]

Tr
[
(/u+me)γσ(/q +me)

α

π
γρ(gV − gAγ5)

])
(5.14)

= 2Re(F1)α
π

TTree . (5.15)

When we only keep the infrared divergent part of the formfactor, we are left with:

TVertexl, λ = −2 e2

(2π)2 ln λ

me

[
1 + 1 + θ2

1 − θ2 ln θ
]
TTree (5.16)

θ =

∣∣∣∣∣∣1 −
√

1 − 4m2
e

P 2

1 +
√

1 − 4m2
e

P 2

∣∣∣∣∣∣ . (5.17)
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Figure 5.6: The real emission diagrams that cancel out the infrared divergence of the virtual
diagram. Note that we have to take the square of the absolute value of the sum of these two
diagrams.
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This obviously now begs the question how to cancel this infrared divergence. As this is standard
vacuum theory, there is also a standard answer: Also include real emission diagrams [37]. Real
emission diagrams are diagrams in which a real photon gets emitted (see figure 5.6).

Now, one could argue that this is a different process because we have different particles in the
final state. However, we can choose the photon energy so low that the detectors are not able to
detect them. This holds not only practically, but also theoretically, because of the uncertainty
principle. We can find the different contributions in the Ladybug, Donut and in the Baseball
diagram. The squared terms lie in the Ladybug and Donut diagram, while the mixed term lies
in the Baseball diagram (see figure 5.7). You can see this because in the Baseball diagram the
photon connects to the upper and lower leg of the electron loop while in the Donut and Ladybug
diagram it only connects to the upper or lower leg.
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Figure 5.7: The parts of the NLO diagrams that contain the real emission diagrams.

For the soft part of the rate we can use the soft photon approximation (see section 5.2.1). With
that we get the following for the soft interaction rate:

Tsoft = −e2
∫
w

[
m2
e

(q · w)2︸ ︷︷ ︸
Donut

+ m2
e

(u · w)2︸ ︷︷ ︸
Ladybug

− 2 (q · u)
(q · w) (u · w)︸ ︷︷ ︸

Baseball

]
2πδ(w2)[fB(|w0|) + θ(w0)]TLO . (5.18)

In the soft rate, there are now two parts. One part is proportional to θ(w0). This is the vacuum-
like part, which cancels the infrared divergence of the virtual correction. The theta function
forces the photon to have a positive energy, as it should have as a real photon. The other
part, which is proportional to fB(|w0|) gives an additional thermal contribution. This thermal
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contribution is also infrared divergent. Its even a stronger divergence as fB(|w0|) ∝ 1
|w0| for

small w0. We will see how this cancels later in section 5.2.3. For now we just look at the vacuum
term.

T vac
soft = −e2

∫
w

[
m2
e

(−q · w)2︸ ︷︷ ︸
Donut

+ m2
e

(u · w)2︸ ︷︷ ︸
Ladybug

− 2 (q · u)
(−q · w) (u · w)︸ ︷︷ ︸

Baseball

]
2πδ(w2 − λ2)θ(w0)TLO . (5.19)

The minus in front of the q is induced because the momentum was defined in the opposite
direction in the soft-photon approximation. This can be evaluated with the integral of section
A.4. When we focus only on the infrared divergent part of the integrals, we get:

Iab =
∫

0≤w≤∆

d3w

w0

(a · b)
(w · a) (w · b) ⇒ Iλaa = 2π ln 4∆2

λ2 , Iλab = 2πα (a · b)
(αa)2 − b2 ln 4∆2

λ2 ln (αa)2

b2 , (5.20)

where α is defined by (αa− b)2 = 0 and αa0−b0
b0

> 0. When calculating α it makes sense to write
it in terms of P to see the connection to θ of the virtual correction (5.17). We therefore use
(q · u) = m2

e − P 2

2 :

α2m2
e + 2α (q · u) +m2

e = α2m2
e − α(P 2 − 2m2

e) +m2
e

⇒ α± = −2m2
e + P 2 ±

√
P 2(P 2 − 4m2

e)
2m2

e

. (5.21)

In fact, α(−q0)−u0
u0

> 0 is only fully filled for α−. Now we define β =
√

1 − 4m2
e

P 2 and multiply by
1

2me
(1+β)

1
2me

(1+β) we then get:

α =

1
2m2

e

(
−2m2

e + P 2 + β(−2m2
e + P 2 − P 2) − (P 2 − 4m2

e)
)

1 + β

= 1 − β

1 + β
. (5.22)

You can see that the absolute values of α and θ are the same. Inserting this into equation (5.19)
we get:

T vac
soft = − e2

(2π)3

(
Iqq
2 + Iuu

2 − 2I−qu
2

)
= −1

2
e2

(2π)3

(
4π ln 4∆2

λ2 − 4π α (−q · u)
(αq)2 − u2 ln 4∆2

λ2 ln (αq)2

u2

)
TLO (5.23)
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T vac
soft = − e2

(2π)2

(
ln 4∆2

λ2 −
(

−1
2

1 + α2

1 − α2

)
ln 4∆2

λ2 lnα2
)

TLO

= 2 e2

(2π)2 ln λ

4∆

(
1 + 1 + θ2

1 − θ2 ln θ
)

TLO . (5.24)

Now you can see that λ is exactly canceling out if we take the sum of the infrared divergent part
of the virtual correction and the infrared divergent part of the real correction:

T vac
soft + TVertex, λ = 2 e2

(2π)2 ln me

4∆

(
1 + 1 + θ2

1 − θ2 ln θ
)

TLO . (5.25)

We therefore can see that our total rate is finite, as it should. This cancellation is also a good
numerical check that everything was calculated correctly.

5.2.3 Thermal infrared divergences

Now it is still left to cancel the thermal infrared divergence that we left out during our consid-
erations in the last chapter. For this cancellation, we need another part of the diagram with
an infrared divergence, a Bose-Einstein distribution, and an on-shell photon. This divergence is
found in the “thermal cut” through the photon propagator (see figure 5.8). By a “thermal cut”,
we mean the part of the 11 or 22 propagator that contains a δ-distribution. Of course, this only
cancels the Baseball part from equation (5.18). To cancel the other parts, we would need the
corresponding pieces from the Ladybug and Donut diagram. As these parts are out of the scope
of this work, we will only focus on the part canceling the remaining thermal divergence from
the real emission diagram of the Baseball.
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Figure 5.8: By the dashed blue line we mean the thermal part of the 22 propagator. In a sense
this is a „thermal cut“ because it sets the photon on-shell.

For this we do not have to calculate the integrals because we can see that the two rates get the
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same form for w → 0 with a different sign. The rate for the thermal cut through the photon
line is given by:

T γ
Thermal = 2Re

(
− e2

(
i4GF√

2

)2 ∫
l,q,w

Tr
[
/pγ

ρPL/lγ
σPL

]
(5.26)

× Tr
[
(/u+me)γσ(gV − gAγ5)(/q +me)γµ(/q + /w +me)γρ(gV − gAγ5)(/u+ /w +me)γν

]
× i

(q + w)2 −m2
e − iε

i

(u+ w)2 −m2
e − iε

(2π)4δ(l2)δ(q2 −m2
e)δ(u2 −m2

e)δ(w2) (5.27)

× [fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0|) − θ(−u0)][fB(|w0|)]
)
. (5.28)

Due to the soft photon approximation we can drop all terms in the numerator. The Traces then
get a direct connection to the Tree-level traces, and we get:

T γ
Thermal = −2Re

(
e2
∫
w

1
(q + w)2 −m2

e − iε

1
(u+ w)2 −m2

e − iε
2πδ(w2)fB(|w0|)4 (q · u) TLO

)
(5.29)

= −2Re
(
e2
∫
w

1
2 (q · w) − iε

1
2 (u · w) − iε

2πδ(w2)fB(|w0|)4 (q · u) TLO

)
. (5.30)

It is important to note that the minus comes in because we also have one additional minus from
the fermion loop in the Tree-level interaction rate. The scalar products (q · w) and (u · w) are
only zero when w is zero. This is the only possibility because |q0| > q, |u0| > u. Therefore, we
can disregard iε

T γ
Thermal = −2e2

∫
w

(q · u)
(q · w) (u · w)2πδ(w2)fB(|w0|)TLO . (5.31)

We can compare this with the part that we have previously neglected:

T therm
soft = −e2

∫
w

[
m2
e

(q · w)2︸ ︷︷ ︸
Donut

+ m2
e

(u · w)2︸ ︷︷ ︸
Ladybug

− 2 (q · u)
(q · w) (u · w)︸ ︷︷ ︸

Baseball

]
2πδ(w2)fB(|w0|)TLO (5.32)

In the limit w → 0, the term T γ
Thermal exactly cancels the Baseball contribution from T therm

soft .
The other parts are canceled with parts of the Donut or Ladybug diagram. In the vacuum
calculation, we have to add a finite part for the integral between 0 and ∆E, this is not needed
here, as both contributions get exactly the same for w → 0.
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5.3 Baseball

The Baseball diagram (see figure 5.1) has an interesting structure. First of all, it contains the
virtual vertex correction in the 11 and 22 elements. This contribution is infrared and UV-
divergent. To eliminate the UV-divergence, one must renormalize the electron wavefunction.
This corresponds to including the counter term. To cancel the infrared divergence one has to
find the real emission diagrams (see also section 5.2) in the remaining diagrams that cancel the
infrared divergence. The mixed term of the real emission diagram lies in the 12 or 21 parts of
the Baseball diagram, the squared terms lie in the Donut and Ladybug diagram. To get a finite
result we therefore have to include the real emission parts of the Donut and Ladybug diagram.

Similarly to the Frog calculation we can find the following connections (see for more details
section B.6):

Tr
[
iΣ12,22

Baseball/p
]

= Tr
[
iΣ12,11

Baseball/p
]∗

(5.33)

Tr
[
iΣ12,12

Baseball/p
]

= Tr
[
iΣ12,21

Baseball/p
]∗

. (5.34)

With that we can write the sum over all CTP indices as:

Tr
[
iΣ12

Baseball/p
]

= 2Re
(
Tr
[
iΣ12, 22

Baseball/p
]

+ Tr
[
iΣ12, 21

Baseball/p
])

. (5.35)

This then corresponds to the diagrams in Figure 5.9
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w
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Figure 5.9: The two parts of the Baseball diagram that together form the sum over all CTP
indices.

The rate of these diagrams is given by:

Tr
[
iΣ12, cd

Baseball/p
]

= (−1)1+2+c+d+1(ie)2
(
i4GF√

2

)2 ∫
l,q,w

Tr
[
/pγ

ρPLiS
12
να

(l)γσPL
]
iDcd

µν(w)

× Tr
[
iSd2
e (u+ w)γµiS1d

e (u)γσ(PLgL + PRgR)iSc1e (q) (5.36)

× γνiS
2c
e (q + w)γρ(PLgL + PRgR)

]
,
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where c and d denote the internal CTP indices. First we notice that in the Tr
[
iΣ12, 21

Baseball/p
]

diagram if we set u or q on-shell, by using the thermal part of the 11 or 22 propagator we would
get a QED vertex with all particles on shell, which is kinematically forbidden. We therefore
deduce that this part does not have thermal contributions, as the thermal contribution of one
of the u or q propagators would also force them to be on-shell. For Tr

[
iΣ12, 22

Baseball/p
]

this is not
the case. It is therefore again instructive to define a vacuum rate and a thermal rate. They are
defined through the following

Tr
[
iΣ12, 22

Baseball/p
]

=
∫
l,q

(2π)3δ(l2)δ(q2 −m2
e)δ(u2 −m2

e)F(l0, q0, u0)(TVacuum + TThermal) , (5.37)

where we have pulled the integral over w into the rates T . The thermal distribution functions
are contained in the population factor:

F(l0, q0, u0) = [fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0|) − θ(−u0)] . (5.38)

Now again TVacuum and TThermal are defined in such a way that TVacuum is not temperature
dependent and directly connects to the terms we would also find in the Boltzmann formalism,
while TThermal is a temperature-dependent correction. We could of course do the same for the
22 diagram. But there we would have distribution functions of four particles in the population
factor, as we have an additional real photon.

To summarize, we get the following parts of the diagrams in figure 5.9 that we have to calculate
now. Here we make a differentiation in the thermal corrections. The term “thermal cut” refers
to the component of the 11 or 22 propagator that includes a δ-distribution. The other part of
the 11 or 22 propagator would in a sense be the vacuum part of the propagator.

• Tr
[
iΣ12, 12

Baseball/p
] (

Tr
[
iΣ12, 12

Ladybug/p
]
, Tr

[
iΣ12, 12

Donut/p
] )

)

– real emission diagrams, where we also include the Ladybug and Donut contributions
(vacuum part)

– no thermal corrections

• Tr
[
iΣ12, 12

Baseball/p
]

– virtual vertex correction (vacuum part)

– additional thermal cut through photon propagator

– additional thermal cut through electron or positron propagator

– additional thermal cut through electron and positron propagator

In the Tr
[
iΣ12, 12

Baseball/p
]

part there are now thermal cuts through the photon line and another line,
as this is kinematically forbidden. This will also be the structure of this section.
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5.3.1 Real emission diagrams

The real emission diagrams are contained in the diagrams in figure 5.6. We, of course, now have
to define a different population factor F as we now have five particles that are on-shell. We are
also transforming q ↔ −u and w → −w in the Donut diagram to bring the population factor
and the delta distributions in the same form as it is in the other diagrams. Further we can safely
neglect iε in the propagator because the phase space region where u2 = m2

e and (q + w)2 = m2
e

is kinematically forbidden. The rates are then given by:

Tr
[
iΣ12, 12

Ladybug/p
]

= −(ie)2
(
i4GF√

2

)2 ∫
l,q,w

Tr
[
/pγ

ρPL/lγ
σPL

] (−gµν)P
[u2 −m2

e]2
(5.39)

× Tr
[
(/u+ /w +me)γµ(/u+me)γσ(PLgL + PRgR)(/q +me)γρ(PLgL + PRgR)(/u+me)γν

]
Tr
[
iΣ12, 12

Donut/p
]

= −(ie)2
(
i4GF√

2

)2 ∫
l,q,w

Tr
[
/pγ

ρPL/lγ
σPL

] (−gµν)P
[u2 −m2

e]2
(5.40)

× Tr
[
(/q + /w −me)γµ(/q −me)γσ(PLgL + PRgR)(/u−me)γρ(PLgL + PRgR)(/q −me)γν

]
Tr
[
iΣ12, 12

Baseball/p
]

= −(ie)2
(
i4GF√

2

)2 ∫
l,q,w

Tr
[
/pγ

ρPL/lγ
σPL

] (−gµν)P
[u2 −m2

e][(q + w)2 −m2
e]

(5.41)

× Tr
[
(/u+ /w +me)γµ(/u+me)γσ(PLgL + PRgR)(/q +me)γν(/q + /w +me)γρ(PLgL + PRgR)

]
You can already see, that the Baseball diagram will be more involved to evaluate, due to the
more complicated propagator structure. The phase space factor P is defined as:

P = (2π)4δ(l2)δ(w2)δ(q2 −m2
e)δ((u+ w)2 −m2

e)[fD(|l0|) − θ(−l0)] (5.42)

× [fD(|q0|) − θ(q0)][fD(|u0 + w0|) − θ(−u0 − w0)][fB(|w0|) + θ(w0)]

Also note that the opposing parts Tr
[
iΣ12, 21

Ladybug/p
]

= Tr
[
iΣ12, 21

Donut/p
]

= 0 for the Ladybug and
Donut diagrams are just zero because all particles of a QED-vertex would be on-shell, which is
kinematically forbidden. This does not hold for the Baseball diagram. We have Tr

[
iΣ12, 21

Baseball/p
]

=

Tr
[
iΣ12, 12

Baseball/p
]∗

this is where the mixed terms get their factor of two of.

Because of the structure of the δ-distributions and the propagator, it is now sensible to choose
a different parameterization for the integral. We can see that only the momentum P = p − l

flows into the electron loop. That is why we choose the following:

p = |p|


0
0
1

 , l = |l|


0

sin(α)
cos(α)

 ,P = p − l , (5.43a)

q = |q|
(
cos(θq)P̂ + sin θq sin βq ê1 + sin θq cosβq ê2

)
, (5.43b)

w = |w|
(
cos(θw)P̂ + sin θw sin βwê1 + sin θw cosβwê2

)
, (5.43c)
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where P̂ , ê1 and ê2 are unit vectors. Further for the evaluation of δ((u+w)2 −m2
e) it is useful

to define:

β = βq − βw . (5.44)

The strategy for these integrals will then be similar to that of section 4.2. For abbreviation
purposes, we write the population factor:

F = [fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0 + w0|) − θ(−u0 − w0)][fB(|w0|) + θ(w0)] . (5.45)

Also the traces and the propagators are combined in the rate T . The integral can then be
written as

Tr
[
iΣ12, 12

Real /p
]

= (2π)4
∫
l,q,w

δ(l2)δ(q2 −m2
e)δ(w2)δ((u+ w)2 −m2

e)F · T (5.46)

= 1
(2π)8

∑
l0,q0,w0

∫ d3l

2|l|
d3q

2Eq
d3w

2|w|
δ((u+ w)2 −m2

e)F · T (5.47)

= 1
(2π)7

1
2

∑
l0,q0,w0

∫ ∞

0
d|l| l

∫ 1

−1
d cosα

∫ d3q

2Eq
d3w

2|w|
δ((u+ w)2 −m2

e)F · T , (5.48)

where the sum
∑
l0,q0,w0 over the positive and negative energy solution for the corresponding

particle was introduced. At this point, we can use δ((u+w)2−m2
e) for cosβ. In this parametriza-

tion, we get

cosβi =
q0w0 − cosθqcosθw|q||w| − cosθq|P||q| − cosθw|P||w| + 1

2(P 2
0 − |P|2) + P0q0 + P0w0

|q||w|sinθqsinθw
. (5.49)

We then also have to sum over the solutions for sin βi because β is integrated over [0, 2π].

Tr
[
iΣ12, 12

Real /p
]

= 1
(2π)7

1
2

∑
l0,q0,w0,βi

∫ ∞

0
d|l||l|

∫ 1

−1
d cosα

∫ d3q

2Eq
d3w

2|w|
θ(1 − cos2(βi))F · T∣∣∣2|q||w| sin θq sin θw sin βi

∣∣∣ (5.50)

The θ(1 − cos2(βi)) can be evaluated to get the boundaries for the integral. For that, one has
to notice that θ(1 − cos2(βi)) = θ(az2 + bz + c), where z = cos θw was introduced. This can be
achieved by multiplying 1 − cos2(βi) with (2q sin βi sin θq sin θw)2

a = −4|w|2
(
2 cos θq|P||q| + |P|2 + |q|2

)
< 0 (5.51)

b = −4|w|(cos θq|q| + |P|)
(
2 cos θq|P||q| + |P|2 − 2w0(P0 + q0) − P0(P0 + 2q0)

)
(5.52)

c = −
( (

2 cos θq|P||q| + |P|2 − 2w0(P0 + q0) − P0(P0 + 2q0) − 2|q||w| sin θq
)

(5.53)

×
(
2 cos θq|P||q| + |P|2 − 2w0(P0 + q0) − P0(P0 + 2q0) + 2|q||w| sin θq

) )
.

We then get the new bounds for the integral over z by solving the quadratic equation. The
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solutions are

z± = − b

2a ±

√(
b

2a − c

a

)2
. (5.54)

To ensure that the boundaries exist, we introduce θ(b2−4ac). Putting this back into the integral,
we find:

Tr
[
iΣ12, 12

Real /p
]

= 1
(2π)7

1
2

∑
l0,q0,w0,βi

∫ ∞

0
d|l||l|

∫ 1

−1
d cosα

∫ ∞

0

d|q||q|2

2Eq

∫
d cos θq

∫
dβq

∫ ∞

0

d|w||w|
2

× θ(b2 − 4ac)
∫ z+

z−
dz F · T

√
a
√

(z+ − z)(z − z−)
. (5.55)

For the Donut and Ladybug diagram we only get factors of z in the numerator, we therefore
can use the known integrals we already used in for the LO-diagram (see equation (4.20)). The
problem for the Baseball diagram is that the propagator 1

(q+w)2−m2
e

= 1
P 2+P (q+w) contains a z.

The integrals are therefore more involved. For these integrals, we have to use:∫ z+

z−
dz 1√

(z+ − z)(z − z−)
1

d+ ez
= π√

d+ ez−
√
d+ ez+

(5.56)

∫ z+

z−
dz z√

(z+ − z)(z − z−)
1

d+ ez
=
π

(
−d

(√
d+ ez−
d+ ez+

+ 1
)

+ ez−

)
e(d+ ez−) (5.57)

∫ z+

z−
dz z2√

(z+ − z)(z − z−)
1

d+ ez
=

π

2d

d
√

d+ez−
d+ez+

d+ ez−
− 1

+ e(z− + z+)


2e2 . (5.58)

These integrals hold only when 0 < d+ ez− < d+ ez+ or when d+ ez− < d+ ez+ < 0, in the
case that d+ ez− < 0 < d+ ez+ the integrals would diverge, but this phase space area is kine-
matically forbidden. We further can analytically integrate over βq as cosβq and sin βq only
appear in the numerator in T . The last step we are going to take is now numerically important.
As we know, the integral diverges in the area where w → 0. But also z+ − z− → 0. That means
that the integrator does not find the phase space area where we get a contribution. The integral
becomes then very expensive to evaluate in the regions where w � me. We therefore should
evaluate θ(b2 − 4ac) into boundaries to make sure that the integration routine also works for
small w.

b2−4ac =

16
(
cos θ2

q − 1
)

|q|2|w|2
[

− 2|P|2
(
2
(
− cos θ2

q |q|2 + q0w0 + |w|2
)

+ P 2
0 + 2P0(q0 + w0)

)
+ 4 cos θq|P|3|q| − 4 cos θq|P||q|

(
P 2

0 + 2P0(q0 + w0) + 2
(
q0w0 + |w|2

))
+ |P|4 (5.59)

+
(
P 2

0 + 2w0(P0 + q0) + 2P0q0 + 2|q||w|
) (
P 2

0 + 2P0(q0 + w0) − 2|q||w| + 2q0w0
) ]
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In general, this is a polynomial of fourth degree. This would be very tedious to solve. But
when we realize that these are just two polynomials of second degree multiplied, the evaluation
simplifies drastically. As cos θ2

q − 1 ≤ 0 we can divide by −16
(
cos θ2

q − 1
)

|q|2|w|2 and still do
not change the θ-function. The remaining polynomial ã cos θ2

q + b̃ cos θq + c̃ with:

ã = − 4|P|2|q|2 < 0 (5.60)

b̃ = − 4|P|3|q| + 4|P|P 2
0 |q| + 8|P|P0|q|q0 + 8|P|P0|q|w0 + 8|P||q|q0w0 + 8|P||q||w|2 (5.61)

c̃ = − |P|4 + 2|P|2P 2
0 + 4|P|2P0q0 + 4|P|2P0w0 + 4|P|2q0w0 + 4|P|2|w|2 − P 4

0 − 4P 3
0 q0 (5.62)

− 4P 3
0w0 − 4P 2

0 q
2
0 − 12P 2

0 q0w0 − 4P 2
0w

2
0 − 8P0q

2
0w0 − 8w0P0w

2
0 + 4|q|2|w|2 − 4q2

0w
2
0 .

We then get for the integration over cos θq the bounds

z̃± = − b̃

2ã ±

√√√√( b̃

2ã − c̃

ã

)2

. (5.63)

And we have to introduce θ(b̃2 − 4ãc̃) to ensure that z̃± exists. It should be noted that we could
again use θ(b̃2 − 4ãc̃) to find boundaries for cosα but this numerically is only a minor change;
that is why we are not going to do it. Using the integrals of equation (4.20) or (5.56) we get an

analytical term for
∫

dβ
∫ zp

z−
dz

∑
βi

T√
(z+ − z)(z − z−)

= Z and the end result

Tr
[
iΣ12, 12

Real, hard/p
]

= 1
(2π)7

1
8

∫ ∞

0
d|l| |l|

∫ 1

−1
d cosα

∫ ∞

0

d|q| |q|2

Eq

∫ z̃+

z̃−
d cos θq

×
∫ ∞

∆E
d|w| |w|θ(b̃

2 − 4ãc̃)F · Z√
a

, (5.64)

where we have also introduced the cut off ∆E to regularize the infrared divergence, this is
therefore only the hard part of the rate. As discussed already in chapter 5.2 there are different
contributions in this rate. There is the vacuum part that we would also see in the Boltzmann-
formalism, which comes from the θ(w0) out of the population factor F and then there also is
the thermal part with the additional Bose-Einstein distribution fB(|w0|). The divergence for
fB(|w0|) cancels with another part (see chapter 5.2) without leaving a finite part of

∫∆E
0 dw.

This does not hold for the θ(w0) part, that is why we calculated the soft part for that (also in
section 5.2). The full result for the real emission diagrams is then given by the sum of the soft
and hard part

Tr
[
iΣ12, 12

Real /p
]

= Tr
[
iΣ12, 12

Real, soft/p
]

+ Tr
[
iΣ12, 12

Real, hard/p
]
. (5.65)

For the real emission diagrams there are no more thermal corrections, as the thermal corrections
would set all particles of a QED vertex on shell, which is kinematically forbidden.
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5.3.2 Vacuum virtual correction

To write the vacuum virtual vertex correction TVertex of figure 5.5 (that we also looked at in
section 5.2.2) it is convenient to use the well-known QED form factors [43, 44]. With them we
can write:

TVertex = 2Re
((

i4GF√
2

)
Tr
[
/pγ

ρPL/lγ
σPl
]

(5.66)

×Tr
[
(/u+me)γγ(gV − gAγ5)(/q +me)

α

π

[
gV

(
F1γρ + F2

iσρνPν
2me

)
− gA (F1 − F2) γργ5

]])
.

Defining f1,2 to be the real part of F1,2 and evaluating the traces, it yields the result:

TVacuum = 28αem
π

(
g2
V

[
f1
(

− (p · l) ((l · q) +m2
e) + (p · q) ((p · l) + 2 (l · q))

)
+ f2 (p · l)2

]

+g2
A

[
(f1 − f2)

(
(p · l) (− (l · q) + (p · q) +m2

e) + 2 (l · q) (p · q)
)]

(5.67)

+2gV gA
[
f2 (p · l) ((l · q) + (p · q))

])
.

From this point on, to calculate the integrals
∫
ql we can use the exact strategy of section 4.2.

It is also possible to use Passarino-Veltman reduction A.2 to evaluate the loop integrals. Then
for the evaluation of the scalar integrals one could use LoopTools [45], which is a library for
optimized evaluation of loop integrals. But this is still slower than the calculation with the
formfactors and serves only to verify the results.

5.3.3 Thermal virtual correction - Photon cut

To calculate the photon cut part of the thermal virtual correction we are using the integrals L, Lµ

and Lµν (definition in equation (5.89)) that were worked out in section 5.5. The corresponding
diagram can be seen in figure 5.8, the divergence of this diagram was already discussed in section
5.2.3. We can then write the rate as:

T γ
Thermal = 2Re

(
(ie)2

(
i4GF√

2

)2 ∫
w

i

(u+ w)2 −m2
e − iε

i

(q + w)2 −m2
e − iε

2πδ(w2)fB(|w0|)

× Tr
[
(/u+me)γσ(gRPR + gLPL)(/q +me)γν(/q + /w +me)

× γρ(gRPR + gLPL)(/u+ /w +me)γµ
]

× Tr
[
/pγ

ρPL/lγ
σPl
]

(−gµν)
)
. (5.68)
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When evaluating the traces, it is possible to drop all terms that contain only one wµ, because
Lµ = 0 these terms simply drop out. For the g2

L-terms it was also used that the integrand is
invariant under q ↔ −u. In the end, we then get:

T γ
Thermal = 29e2G2

F

(2π)3

(
L
[
2(g2

R + g2
L) (l · u) (p · q) (q · u) − 2gLgR (l · p) (q · u)m2

e

]
(5.69)

+ Lµν
[
(g2
R + g2

L)
{
qµuν (l · p) − pµqν (l · u) + lµpν (q · u) − lµuν (p · q)

}
− 2gLgRlµpνm2

e

])
.

5.3.4 Thermal virtual correction - Electron cut

The calculation for the thermal correction due to a cut through the electron or positron propa-
gators is similar to the calculation in section 5.3.1, but a bit more involved. We pull the traces
and the population factor F in the function f(p, l, q, w), the corrections from the cut through
the electron and through the positron then have the following form.

Tr
[
iΣ12, 12

e+-cut/p
]

=
∫
l,q,w

1
w2 − iε

1
(u+ w)2 −m2

e − iε
f(p, l, q, w)δ(l2)δ(q2 −m2

e)δ(u2 −m2
e) (5.70)

×
[

− 2πδ
(
(q + w)2 −m2

e

)
fD(|q0 + w0|)

]
Tr
[
iΣ12, 12

e−-cut/p
]

=
∫
l,q,w

1
w2 − iε

1
(q + w)2 −m2

e − iε
f(p, l, q, w)δ(l2)δ(q2 −m2

e)δ(u2 −m2
e) (5.71)

×
[

− 2πδ
(
(u+ w)2 −m2

e

)
fD(|u0 + w0|)

]
Now we substitute q ↔ −u and w → −w in Tr

[
iΣ12, 12

e−-cut

]
. We then get the same phase space for

both cuts. The result therefore can be written as:

Tr
[
iΣ12, 12

e±-cut/p
]

=
∫
l,q,w

1
w2 − iε

1
(u+ w)2 −m2

e − iε
[f(p, l, q, w) + fq↔−u,w→−w(p, l, q, w)] (5.72)

×
[

− 2πδ
(
(q + w)2 −m2

e

)
fD(|q0 + w0|)

]
δ(l2)δ(q2 −m2

e)δ(u2 −m2
e) .

To evaluate this, we first look into the structure of the propagator poles. The first propagator
has a pole at w2 = 0, but this is forbidden because this would be the point where all particles
on a QED vertex are on-shell. We can therefore safely neglect the +iε in this propagator.
Furthermore, we can use the identity

1
k2 −m2 + iε

= PV 1
k2 −m2 − iπδ(k2 −m2) , (5.73)
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where PV denotes the principal value of the integral for the other propagator. Using (u+w)2 =
2 (P · w), we can write

Tr
[
iΣ12, 12

e±-cut/p
]

= PV
∫
l,q,w

1
w2

1
2 (P · w) [f(p, l, q, w) + fq↔−u,w→−w(p, l, q, w)] (5.74)

×
[

− 2πδ
(
(q + w)2 −m2

e

)
fD(|q0 + w0|)

]
δ(l2)δ(q2 −m2

e)δ(u2 −m2
e) .

We then use the parameterization that was defined for the real emission diagrams in equation
(5.43) and (5.44). Evaluating the different δ-distributions, we get:

cos θq = −|P|2 + P 2
0 + 2P0q0

2|P||q|
(5.75)

cosβi = −2 cos θq cos θw|q||w| + 2q0w0 − |w|2 + w2
0

2|q||w| sin θq sin θw
. (5.76)

Note that we get two solutions for βi that we have to sum over. To make sure that cos θq and
cosβq are both smaller than one we get two θ-functions, namely θ(1 − cos2 θq) and θ(1 − cos2 β).
The second is a polynomial in cos θw, which has the following form a cos2 θw + b cos θw + c with:

a = −4|q||w| < 0 (5.77)

b = 4 cos θq|q||w|
(
w0(2q0 + w0) − |w|2

)
(5.78)

c = −4
(
cos2 θq − 1

)
|q|2|w|2 −

(
|w|2 − w0(2q0 + w0)

)2
(5.79)

z± = − b

2a ±

√(
b

2a

)2
− c

a
. (5.80)

With z = cos θw the rate reads

Tr
[
iΣ12, 12

e±-cut/p
]

= PV2π
4

∑
l0,q0,w0,βi

∫
d|l|

∫ 1

−1
d cosα

∫
d|q|

∫ 2π

0
dβq

|l||q|2

Eq(2|P||q|)

×
∫

dw0

∫
d|w| |w|2

w2
0 − |w|2

1√
a

∫ z+

z−
dz 1

2(P0w0 − |P||w|z)
1√

(z+ − z)(z − z−)
× [f(p, l, q, w) + fq↔−u,w→−w(p, l, q, w)]

[
− 2πfD(|q0 + w0|)

]
. (5.81)

The introduced sum
∑
l0,q0,w0,βi

just sums over the two solutions that we get for the vari-
ables. At this point now it is possible to do the integral over βq as there are only cosβq
and sin βq appearing in [f(p, l, q, w) + fq↔−u,w→−w(p, l, q, w)]. We can then also use the in-
tegrals of equation (5.56) to perform the integral over z. But this time it is possible that
P0w0 − |P||w|z+ < 0 < P0w0 − |P||w|z−. The integral then includes a pole, which gets regu-
lated by taking the principle value, in this phase space area we have to use the following integrals
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for the integration over z∫ z+

z−
dz 1√

(zp − z)(z − zm)
1

d+ ez
= 0 (5.82)

∫ z+

z−
dz z√

(zp − z)(z − zm)
1

d+ ez
= π

e
(5.83)

∫ z+

z−
dz z2√

(zp − z)(z − zm)
1

d+ ez
= π(e(zm + zp) − 2d)

2e2 . (5.84)

5.3.5 Thermal virtual correction - Two cuts

It is now also possible to have to thermal cuts at the same time. This can occur when we put
the photon and either the electron or the positron on-shell. But this contribution is kinemat-
ically forbidden. The other option is to put the electron and the positron both on-shell. The
corresponding rate is given by:

Tr
[
iΣ12, 12

two-cut/p
]

=
∫
l,q,w

Tr [...] i

w2 − iε
δ((u+ w)2 −m2

e)δ(l2)δ(q2 −m2
e)δ(u2 −m2

e)

× δ((q + w)2 −m2
e)F .

(5.85)

Here we can again use the identity of equation (5.73), to get

= PV
∫
l,q,w

Tr [...] i

w2 δ((u+ w)2 −m2
e)δ(l2)δ(q2 −m2

e)δ(u2 −m2
e)δ((q + w)2 −m2

e)F (5.86)

+
∫
l,q,w

Tr [...] δ(w2)δ((u+ w)2 −m2
e)δ(l2)δ(q2 −m2

e)δ(u2 −m2
e)δ((q + w)2 −m2

e)F .

The first term is just imaginary and therefore cancels out when we perform the sum over the
CTP indices. The second term gives zero because it is kinematically forbidden; you can see this
by investigating the δ-distributions.

5.4 Donut and Ladybug overview

There are still some parts left for the Donut and Ladybug diagrams. In general, for these
diagrams the following holds:

• Tr
[
iΣ12, 12

Donut & Ladybug/p
]

= Real emissions, already calculated

• Tr
[
iΣ12, 11

Donut & Ladybug/p
]

= Tr
[
iΣ12, 22

Donut & Ladybug/p
]∗
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• Tr
[
iΣ12, 21

Donut & Ladybug/p
]

= 0 QED-Vertex on-shell .

Therefore, it is only left to calculate

Tr
[
iΣ12, 11

Donut & Ladybug/p
]

+ Tr
[
iΣ12, 22

Donut & Ladybug/p
]

= 2Re
(
Tr
[
iΣ12, 11

Donut & Ladybug/p
])

(5.87)

The corresponding diagrams to these rates can be seen in figure 5.10. These parts contain the
electron self-energy on an outer leg, which is normally absorbed into the mass.

να να

p q

e

e

e

l

να

w

u

e

1 1 1 2
να να

p

u

e
e

e

l

να

w

q

e1

1 1

2

Figure 5.10: The parts of the Donut and Ladybug diagram, that are still left to calculate.
Both diagrams contain the electron self-energy on a propagator with an on-shell particle. These
diagrams would not arise in the Boltzmann formalism

The parts of these diagrams that contain the electron self-energy on an outer leg contain the
following structure, which arises because we have a propagator with momentum q (Donut) or u
(Ladybug) and also set that momentum on shell due to the cut trough the diagram:

1
q2 −m2

e + iε
δ(q2 −m2

e) = −1
2δ

′(q2 −m2
e) − iπδ2(q2 −m2

e) , (5.88)

where the derivative of the δ-distribution acts as δ′(x)f(x) = −δ(x)f ′(x). But now we get terms
with δ2(q2 −m2

e), which are known as pinch singularities. These terms, of course, have to cancel,
and they do, because they are purely imaginary. This holds for all pinch singularities arising in
these diagrams, they are purely imaginary. If we then sum over the CTP-indices they just drop
out.

Further, it is important to find the contributions that cancel the remaining infrared divergence of
the squared real emission diagrams. This divergence also contains a Bose-Einstein-distribution.
It is therefore believed that this divergence gets canceled with the thermal correction to the pho-
ton propagator, which sets the photon on-shell and also introduces a Bose-Einstein-distribution.
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5.5 Thermal integrals for the photon cut

While calculating the cuts through the photon propagator, we encounter quite complicated
integrals. The integrals are given in equation (5.89). It is useful to reduce them analytically as
far as we can.

L =
∫

d4w
1

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|) (5.89a)

Lµ =
∫

d4w
wµ

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|) (5.89b)

Lµν =
∫

d4w
wµwν

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|) (5.89c)

I define P = p − l, kinematically it holds that P 2 < 0 or P 2 > 4m2
e. The other momenta are

defined in figure 5.9. It should also be noted that for this diagram (P · q) = −P 2

2 holds.

5.5.1 Scalar integral L

First we want to bring the integral into the form that we know from the soft photon limit A.4,
but note that we are not using the soft photon approximation here.

L =
∫

d4w
1

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|)

=
∫

d4w
1

2 (u · w)
1

2 (q · w)δ(w
2)fB(|w0|)

= 1
8

∫
d3w

1
(u · w)

1
(q · w)

fB(|w0|)
w (5.90)

When introducing Feynman parameters, one has to be careful not to integrate over 0. Therefore,
we have to make different choices depending on whether P 2 > 0 or P 2 < 0. But first for P 2 < 0
we can proceed as follows

L = 1
8

∫
d3w

∫ 1

0
dx 1

[x (u · w) + (1 − x) (q · w)]2
fB(|w0|)

w

= 1
8

∫
d3w

∫ 1

0
dx 1

[x (P · w) + (q · w)]2
fB(|w0|)

w

= 1
8

∫
d3w

∫ 1

0
dx 1

((xP + q) · w)2
fB(|w0|)

w
. (5.91)

Now we can define w in the direction of Q = xP + q. That means (Q · w) = Q0w0 −Qw cos(θ).
So the integral over ϕ gives a factor of 2π. Also, we have to sum over the two solutions for
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w0 = ±w.

L = π

4

∫
dww2

∫ 1

−1
d cos(θ)

∫ 1

0
dx
∑
±

1
(±Q0 − Q cos(θ))2

fB(|w|)
w3 (5.92)

This integral converges if Q0 > Q or −Q0 > Q → Q2 > 0 → x2P 2 + q2 + 2x (P · q) > 0 Now we
can use that 2 (P · q) = −P 2 to get → x2P 2 − xP 2 + q2 > 0 → P 2 < 0. This was the reason to
be careful with the Feynman parameters. Now we can use this integral:∫ 1

−1
d cos(θ) 1

(±Q0 − Q cos(θ))2 = 2
Q2 . (5.93)

As we sum over the sign of Q0 we get an additional 2.

L = π

∫
dw

∫ 1

0
dx 1
Q2

fB(|w|)
w

= π

∫
dwfB(|w|)

w

∫ 1

0
dx 1

(x2P 2 + 2 (P · q)x+ q2)

= π

∫
dwfB(|w|)

w

∫ 1

0
dx 1

(x2P 2 − xP 2 +m2
e)

(5.94)

For the integral over x we use the following:

∫ 1

0
dx 1
x2P 2 − xP 2 +m2

e

= 4
arctan

( √
P 2√

4m2
e − P 2

)
√
P 2
√

4m2
e − P 2

= 4
arctan

(
i

√
P 2

P 2 − 4m2
e

)
i
√
P 2(P 2 − 4m2

e)
(5.95)

It follows with
√

P 2

P 2 − 4m2
e

= β and arctan (ib) = i
1
2arctanh

( 2b
b2 + 1

)
for b < 0:

∫ 1

0
dx 1
x2P 2 − xP 2 +m2

e

= 2 β

|P 2|
arctanh

( 2β
β2 + 1

)
. (5.96)

In the end, we therefore get in the area where P 2 < 0:

L = 2π β

|P 2|
arctanh

( 2β
β2 + 1

)∫ ∞

0
dwfB(|w|)

w . (5.97)
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Now for the area where P 2 > 4m2
e we have to insert a minus to not integrate over 0. But the

rest of the calculation is the same.

L =
∫

d4w
1

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|)

= 1
8

∫
d3w

−1
− (u · w)

1
(q · w)

fB(|w0|)
w

= 1
8

∫
d3w

∫ 1

0
dx −1

[−x (u · w) + (1 − x) (q · w)]2
fB(|w0|)

w

= 1
8

∫
d3w

∫ 1

0
dx −1

((−x(u+ q) + q) · w)2
fB(|w0|)

w (5.98)

In this case, we choose Q = (−x(u + q) + q). We get the same cos θ integral as before. With
Q2 = x2(−P 2 + 4m2

e) − x(−P 2 + 4m2
e) +m2

e:

L = π

∫
dw

∫ 1

0
dx−1
Q2

fB(|w|)
w

= π

∫
dwfB(|w|)

w

∫ 1

0
dx −1

(x2(4m2
e − P 2) − x(4m2

e − P 2) + q2) (5.99)

Now we are using:

∫ 1

0
dx −1

(x2(4m2
e − P 2) + x(4m2

e − P 2) +m2
e)

= −4

arctanh

√1 − 4m2
e

P 2


√
P 2(P 2 − 4m2

e)
(5.100)

We then get in the area where P 2 > 0 :

L = π

∫
dwfB(|w|)

w

∫ 1

0
dx −1

(x2P 2 + 2 (P · q)x+ q2)

= −4π

arctanh

√1 − 4m2
e

P 2


√
P 2(P 2 − 4m2

e)

∫
dwfB(|w|)

w

= −4π β

|P 2|
arctanh

( 1
β

)∫
dwfB(|w|)

w . (5.101)

The full scalar integral is therefore:

L =


2π β

|P 2|
arctanh

( 2β
β2 + 1

)∫ ∞

0
dwfB(|w|)

w if l0 > 0 ⇔ P 2 < 0

−4π β

|P 2|
arctanh

( 1
β

)∫ ∞

0
dwfB(|w|)

w if l0 < 0 ⇔ P 2 > 0
(5.102)
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5.5.2 Vector integral Lµ

Lµ =
∫

d4wwµ
1

(u+ w)2 −m2
e − iε

1
(q + w)2 −m2

e − iε
δ(w2)fB(|w0|)

=
∫

d4w
wµ

2 (u · w)
1

2 (q · w)δ(w
2)fB(|w0|) (5.103)

Now, this integral is an odd function in w. Therefore, it is just zero.

Lµ = 0 (5.104)

5.5.3 Tensor integral Lµν

In this part, to shorten the expressions, i will use the integrals defined in Appendix B.2. The
Tensor Integral contains two scalar products, each including a photon momentum. Now we
decompose these scalar products:

(x · w) (y · w) = (x0w0 − ~x~w)(y0w0 − ~y ~w)

= x0y0w
2
0 − (y0xi + x0yi)w0w

i + xiyjw
iwj . (5.105)

For the first part that contains w2
0 we can make the analog calculation as for the scalar integral

L but we would get a B1 integral (see Appendix B.2) form the integral over w therefore:

L00 =


2π β

|P 2|
arctanh

( 2β
β2 + 1

)
T1 if l0 > 0 ⇔ P 2 < 0

−4π β

|P 2|
arctanh

( 1
β

)
T1 if l0 < 0 ⇔ P 2 > 0 .

(5.106)

For the second part, after defining wi = Q̂i cos(θ) + ~e1i sin(θ) sin(ϕ) + ~e2i sin(θ) cos(ϕ) we get
the integral:

L0i = 1
8

∫
d3w

∫ 1

0
dxw0w(Q̂i cos(θ) + ~e1i sin(θ) sin(ϕ) + ~e2i sin(θ) cos(ϕ))

(±Q0 − Q cos(θ))2
fB(|w|)

w3 . (5.107)

The parts that depend on sinϕ or cosϕ drop out. Therefore, we get

L0i = π

4

∫
dw wfB(w)

∫ 1

−1
d cos θ

∫ 1

0
dx
∑
±

± cos(θ)
(±Q0 − Q cos(θ))2 Q̂i

= π

2T1

∫ 1

0
dxG1Q̂i

= π

2T1

∫ 1

0
dxG1

Q
~Q . (5.108)
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Now we can put our definition for ~Q back in. Recall that ~Q was defined differently depending
on P 2 to make sure that we are not integrating over 0. We then get:

L0i = π

2T1

∫ 1

0
dxG1

Q

{
x~P + ~q if l0 > 0 ⇔ P 2 < 0
x(~u+ ~q) + ~q if l0 < 0 ⇔ P 2 > 0 .

(5.109)

For the last remaining part, we can write:

wiwj = w( Q̂i cos(θ) + ~e1i sin(θ) sin(ϕ) + ~e2i sin(θ) cos(ϕ))

×w( Q̂j cos(θ) + ~e1j sin(θ) sin(ϕ) + ~e2j sin(θ) cos(ϕ)) . (5.110)

All of the mixed terms now drop out because of the Integral over ϕ. The squared terms (cos2 ϕ

and sin2 ϕ) give a factor of π and the rest a factor of 2π Therefore it remains after integration
over ϕ:

wiwj = 2πw2(cos2 θQ̂iQ̂j + 1
2 sin2 θ(ê1,iê1,j + ê2,iê2,j)) . (5.111)

With the completeness relation, this gives:

wiwj = 2πw2(cos2 θQ̂iQ̂j + 1
2 sin2 θ(δij − Q̂iQ̂j))

= 2πw2(cos2 θQ̂iQ̂j + 1
2(1 − cos2 θ)(δij − Q̂iQ̂j))

= 2πw2((3
2 cos2 θ − 1

2)Q̂iQ̂j + 1
2(1 − cos2 θ)δij) . (5.112)

With all of this, we get the following:

Lij = π

2T1

∫ 1

0
dx



1
Q2

(3
2G2 − 1

2G0

)
[x2PiPj + x(Piqj + Pjqi) + qiqj ]

+1
2(G0 −G2)δij if l0 > 0 ⇔ P 2 < 0

1
Q2

(3
2G2 − 1

2G0

)
[x2(u+ q)i(u+ q)j + x((u+ q)iqj + (u+ q)jqi) + qiqj ]

+1
2(G0 −G2)δij if l0 < 0 ⇔ P 2 > 0

(5.113)

5.6 Connection to the Boltzmann formalism

In this section we build the connection between the well-known Boltzmann-formalism and the
Keldysh-Schwinger formalism. As an example, we look at the LO process. In the Boltzmann
picture the change of our distribution function is then given by the collisional integral C in the
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following way:

dfα(p)
dt = C . (5.114)

In the Keldysh-Schwinger formalism we get the kinetic equation from the Kadanoff-Baym equa-
tions (3.56). Our distribution function can then be evolved by:

dfα(p)
dt = [1 − fα(p)]Γ<α (p) − fα(p)Γ>α (p) , (5.115)

where the production and destruction rates are given as:

Γ≷
α(p) = ∓ 1

2p0
Tr
[
−i/pΣ≷

α

] ∣∣∣∣∣
p0=p

. (5.116)

In the end we will find that on LO it holds that C = [1 − fα(p)]Γ<α (p) − fα(p)Γ>α (p). We can
write the collisional integral C for a ν as follows (see [22]):

C = 1
Ep

∫ ∞

0
dl0dq0du0

∫
d3ld3q d3u(2π)3δ(l2)δ(q2 −m2

e)δ(u2 −m2
e)(2π)4δ(4)(p+ q − l − u)

×
[
|Mνν̄→e−e+ |2fpfl(1 − fq)(1 − fu) − |Me−e+→νν̄ |2fqfu(1 − fp)(1 − fl) (5.117)

×
(
|Me−ν→e−ν |2 + |Me+ν→e+ν |2

)
[fpfl(1 − fq)(1 − fu) − fqfu(1 − fp)(1 − fl)]

]

Here, fi are the respective distribution functions of the particles. Now, since our matrix element
is CP invariant it holds that |Mνν̄→e−e+ |2 = |Me−e+→νν̄ |2. Then we can also use δ(4)(p+q−l−u)
for u and get:

C = 1
Ep

∫ ∞

0
dl0dq0du0

∫
d3ld3q d3u (2π)3δ(l2)δ(q2 −m2

e)δ(u2 −m2
e)F

×
(
|Mνν̄→e−e+ |2 + |Me−ν→e−ν |2 + |Me+ν→e+ν |2

)
(5.118)

where we have defined the population factor:

F = [fpfl(1 − fq)(1 − fu) − fqfu(1 − fp)(1 − fl)] . (5.119)

The crucial difference to our calculation before was that these integrals now only integrate
over positive energy while the integrals we looked at before always integrated over positive and
negative energies. Integrating over positive and negative energies of a particle can be thought
of as flipping the leg from an incoming to an outgoing particle. The neutrino self-energy can
be generally thought of as two tree level diagrams that are contracted. The integration over
positive and negative energy then yield a lot of different types of the tree level diagram (see
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figure 5.11).
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Figure 5.11: The three diagrams on the top are the only ones that are kinematically viable.
There are also three more diagrams that are not included in this figure. These diagrams are just
the complex conjugate of the diagrams in the bottom row.

A lot of those diagrams are kinematically forbidden, there are actually only three that survive
namely νν̄ → e−e+, e−ν → e−ν and e+ν → e+ν so exactly the ones we also get in our collisional
integral C. Let us see how these terms actually drop out of the LO self-energy.

Tr
[
i/pΣ12

]
=
(
i4GF√

2

)2 ∫
l,q

Tr
[
/pγ

ρPL/lγ
σPL

]
(2π)3δ(l2)δ(q2 −m2

e)δ(u2 −m2
e)

× Tr
[
(/u+me)γσ(PLgαL + PRgR)(/q +me)γρ(PLgαL + PRgR)

]
(5.120)

× [fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0|) − θ(−u0)]

Now first lets only look at the traces and investigate how we get our two into two particle matrix
elements.(

i4GF√
2

)2
Tr
[
/pγ

ρPL/lγ
σPL

]
Tr
[
(/u+me)γσ(PLgαL + PRgR)(/q +me)γρ(PLgαL + PRgR)

]
=
(
i4GF√

2

)2
[/pabγ

ρ
bcP

cd
L /ldeγ

σ
efP

fa
L ]

× [(/u+me)ghγhiσ (PLgαL + PRgR)jk(/q +me)klγlmρ (PLgαL + PRgR)mg] (5.121)

Now it is we use the completeness relation for spinors (/k + mk)ab =
∑
s(us(k))a(ūs(k))b and

(/k−mk)ab =
∑
s(vs(k))a(v̄s(k))b. It has to be noted that these completeness relations are meant

for positive energy’s. Now let us look at the phase space area where l0, q0 < 0 and u0 > 0.
Recall that p is not integrated over and therefore p0 > 0. To bring the terms in the form
of the completeness relation namely that they have a positive energy, we have to make the
substitutions ~l → −~l and ~q → −~q. This gives (/q + me) → (/q − me), it is therefore clear that
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we have to use v-spinors for q and u-spinors for u. It is not so clear, actually mathematically it
does not matter. It only matters for the physical picture that underlies this calculation. If we
look into our population factor we can see that for l0, q0 < 0 and u0 > 0 it can be written as:
[fD(|l0|) − 1][fD(|q0|)][fD(|u0|)] out of this we know that q and u are out going particles and l is
an incoming particle. To make this kinematically possible, p has to be also an incoming particle,
therefore, we choose p to have u-spinors and l to have v-spinors. We therefore get:

=
(
i4GF√

2

)2 ∑
spins

[u(p)aū(p)bγρbcP
cd
L v(l)dv̄(l)eγσefP

fa
L ]

× [u(u)gū(u)hγhiσ (PLgαL + PRgR)jkv(q)kq̄(l)lγlmρ (PLgαL + PRgR)mg]

=
(
i4GF√

2

)2 ∑
spins

[v̄(l)eγσefP
fa
L u(p)a][ū(p)bγρbcP

cd
L v(l)d]

× [q̄(l)lγlmρ (PLgαL + PRgR)mgu(u)g][ū(u)hγhiσ (PLgαL + PRgR)jkv(q)k]

= −
∑
spins

(
i4GF√

2

)
[v̄(l)γσPLu(p)][q̄(l)γρ(PLgαL + PRgR)u(u)]

×
(
i4GF√

2

)∗
[v̄(l)γσPLu(p)]∗[q̄(l)γρ(PLgαL + PRgR)u(u)]∗

= −|Mνν̄→e−e+ |2 (5.122)

As you can see, we can connect the neutrino self-energy to the matrix element. In general
one can say, that the interaction rate between neutrinos and electrons is included in the self
energy Tr

[
i/pΣ12

]
. In addition, all other matrix elements are recovered for the different signs

of l0, q0 and u0. The only parts that we are still missing to fully connect to the collisional
integral C is the energy 1

Ep
= 1

p0
and also the phase space distribution function for p. But it is

straightforward to see where these parts come from. The factor of 1
p0

comes out of the equation
for the full production or destruction rate (5.116). The population factor is given by

[fD(|l0|) − θ(−l0)][fD(|q0|) − θ(q0)][fD(|u0|) − θ(−u0)] (5.123)

of equation (5.120). Here, the θ-functions dynamically change if the particle swaps from an
incoming to an out going particle. The remaining distribution function for p comes from the
connection of the production and destruction rate to the change in fα (5.115).
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Chapter 6

Numerical evaluation

In this chapter, the numerical results of the rates that were discussed in chapter 5 are evaluated.
The numerical evaluation was mainly done in C, the integrals were solved by using the Cuba
Library for multidimensional numerical integration [46]. For the experimentally determined
parameters, the following from the Particle Data Group [47] given values were taken:

• Electron mass: me = 0.51099895000(15) MeV

• Electromagnetic fine-structure constant: 1
αEM

= 137.035999180(10)

• Fermi constant: GF = 1.1663788(6) 1
MeV2

• Weinberg angle: sin2 θW = 0.23863(5).

In the calculation of the virtual correction, one has to choose the renormalization scale µR

and the photon mass λ. The numerical evaluation is not dependent on λ, as it should when
the infrared divergence was canceled correctly, we therefore give no value for this here. The
renormalization scale was set to the electron mass

• Renormalization scale µR = me.

The calculation of the rates depends on the momentum of the incoming particle p and also on the
temperature T . In general the momentum can be chosen freely but based on the mean momen-
tum approach, discussed in section 2.2, we are going to set the incoming neutrino momentum
to

• Incoming neutrino momentum: p = 3.15T .

6.1 Energy cut off independence

To cancel out the infrared divergences we introduced the parameter ∆E in chapter 5.2. As this
parameter is not physical, our results can not depend on the energy cut off. Numerically, we
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CHAPTER 6. NUMERICAL EVALUATION

have to find the area where the result is not dependent on the energy cut off ∆E. As we made
the approximation w � p, q, l,me the area should lie below the electron mass. We are not able
to expand this area to arbitrarily small energy cut offs, because the numerical evaluation will
become unstable.
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Figure 6.1: These are the results for the cut off dependence for νe. The top figures present
the dependence for the vacuum rates, while the bottom figures display the dependence for the
thermal rates. On the left side, the individual rates are shown alongside the sum of the canceling
rates for comparison. On the right side, only the sum is plotted to highlight the ∆E-independent
part in greater detail. The red shaded region represents the uncertainty in the results, which
arises from a 1% uncertainty in Γreal. The uncertainties in the other rates are smaller and
therefore negligible. The blue shaded region indicates the range where the result is independent
of ∆E.

You can see in the figures 6.1 and 6.2 that the results are independent of ∆E in the area
∆E ∈ [0.0001, 0.01] MeV for the vacuum part and ∆E ∈ [0.002, 0.2] MeV for the temperature-
dependent part. The stable area for the temperature-dependent part is smaller because the
divergence is harder. In the vacuum part, the divergence is proportional to log ∆E but because
of the additional Bose enhancement, the thermal divergence is proportional to 1

∆E . The small
tilt that you can see in figures 6.1 and 6.2 lies fully in the uncertainty. The uncertainty for this
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calculation is rather big, as we are subtracting to divergent terms to get the remaining finite
part. For the rest of the numerical evaluation we choose

• Energy cut off: ∆E = 0.05 MeV .

The area where the result does not depend on the energy cut off is only very slightly dependent
on the temperature, we can therefore choose this cut off also for different temperatures.
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Figure 6.2: These are the results for the cut off dependence for νµ,τ . The figures on the top
show the cut of dependence for the vacuum rates while the lower two figures show the cut of
dependence for the thermal rates. The sum of the canceling rates is given in comparison to the
individual rates on the left side. On the right side only the sum was plotted to the the ∆E
independent part in better detail. The red area is the uncertainty of the results, this results
from the uncertainty of 1% of Γreal respectively. The uncertainty of the other rates is smaller
and can be neglected. The blue area marks the part where the result does not depend on ∆E.

6.2 Numerical results

The interaction rates Γe and Γµ,τ at mean momentum p = 3.15T can be seen in figures 6.3 and
6.4, where they are plotted against the LO correction. We find a correction up to 50% of the LO
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correction. This result is orders of magnitude larger than the correction of the Frog, which was
in the range of 0.2+0.1% for νe and 0.0005+0.0002% for νµ,τ . In general, the results of the NLO
corrections are believed to be orders of magnitude smaller than the LO correction, especially
because it is believed that the Frog gives the largest contribution of the NLO diagrams [19].

The part of the results in the figures 6.3 and 6.4 that gets so big is the non divergent part of the
interference term of the real emission diagrams. All other parts give results that are at the same
order as the Frog results. Now there could be two reasons for that: (i) this is not the full NLO
calculations; missing parts of the Donut and Ladybug diagram could in principle cancel these
terms out, (ii) the interference term is due to the more complicated propagator structure the
most complicated calculation. So there could be a mistake, which can not lie in the divergent
term, as this cancels out perfectly (see figures 6.1 and 6.2). To verify this, one could generalize
the thermal integrals of section 5.89 to also hold for the vacuum part. This would give another
cross-check for the results and would also speed up the numerical evaluation.
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Figure 6.3: The results for νe, plotted in comparison to the LO rate. The important region for
neutrino decoupling is marked by the decoupling temperature Td ' 1.321 MeV.
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Figure 6.4: The results for νµ,τ , plotted in comparison to the LO rate. The important region
for neutrino decoupling is marked by the decoupling temperature Td ' 2.222 MeV.
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Chapter 7

Conclusion and outlook

In this thesis, parts of the NLO correction for the thermal interaction rates of neutrinos were
calculated. The work focused on the Baseball diagram, which exhibits both vacuum and thermal
infrared divergences. The cancellation of these divergences was demonstrated analytically in
Chapter 5.2. For this cancellation, the squared contributions of real emission rates included in
the Donut and Ladybug diagrams were also calculated.

The finite rates were evaluated numerically using thermal integrals. It was observed that the
results were dominated by the mixed term of the real emission diagram. At high temperatures,
this contribution increases to the same order of magnitude as the leading-order (LO) contri-
bution, which is concerning. So far, the vacuum parts of the Donut and Ladybug diagrams
that do not contribute to the infrared divergence have been neglected. In general, it is possible
that cancellations occur between these parts and the mixed real emission diagram, which would
constrain the result to remain at the level of O(1%) corrections to the LO rate.

The next step, in order to complete a full NLO calculation, is to evaluate the missing parts of
the Donut and Ladybug diagrams. Furthermore, it is possible to generalize the thermal inte-
grals to also hold for the vacuum contributions, which would improve the numerical evaluation.
Once all NLO contributions have been computed, the final step toward obtaining a complete
result—accounting for neutrino oscillations and other relevant phenomena—is to implement the
rates into a neutrino decoupling code such as FortEPiano.
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Appendix A

Loop calculations

In loop calculations, there are usually one or more momenta that are not fixed by the in or
out going momenta. We therefore have to integrate over these momenta. The arising integrals
regularly diverge. There can be two types of different divergences. One appears when the
integrand is not suppressed sufficiently hard for p → ∞; this is a UV divergence. It is then
obvious that the integral diverges if we integrate until ∞. This is also the type of divergence
that is being dealt with in this chapter. The other type of divergence is an infrared divergence,
for more detail on that see section 5.2.

The idea for UV-divergent integrals is to introduce a new artificial parameter. The divergence
will then be parametrized by this artificial parameter. That means that under the new intro-
duced parameter the integrals converge. But in the limit where the parameter goes to zero
(or ∞ for the cutoff) the divergence appears again in the new artificial parameter. This is
called regularization. In the end, we can absorb these divergent parameters into the different
free parameters of the Lagrangian. This is then called renormalization. There are two main
regularization schemes. (1) Introducing an UV- Cutoff [48] Λ and (2) doing the calculations
in D = 4 − 2ε dimensions [49] (Dimensional regularization). In this work we will use Dimen-
sional regularization for the UV-divergences, therefore this chapter focuses on this regularization
scheme.

A.1 Dimensional regularization

The idea in Dimensional regularization is that the integrals diverge in D = 4 dimensions but
not in D = 4 − 2ε dimensions. We therefore go over to D = 4 − 2ε dimensions, but in the end
we take the limit ε → 0. ∫ d4p

(2π)4 → µ2ε
∫ dDp

(2π)D (A.1)
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Where µ has mass dimension 1 and ensures, that the dimension of the integral stays the same.
We therefore have two artificially introduced parameters µ and ε and our physical result should
not depend on those in the end. When we do the calculation in D dimensions, we have to change
the properties of our momentum vectors, metric and Dirac matrices:

pµ = (p0, p1, p2, p3) → pµ = (p0, p1, · · ·, pD−1) (A.2)

gµµ = 4 → gµµ = D (A.3)

It becomes very complicated, when one tries to generalize this also for γ5 and εµνσρ, as these
are intrinsically four-dimensional properties for which one would have to use the BMHV-scheme
[50]. Now we will take a look at a generic integral:

A0(m2) = (2πµ)4−D

iπ2

∫ dDp
(2π)D

1
p2 −m2 + iε

. (A.4)

Do not get confused with the two epsilon’s that appear now. There is one ε that regulates our
UV-divergence and the other one ε that comes from the structure of the Feynman propagator.
After a wick rotation it is safe to neglect the iε and we get:

A0(m2) = (2πµ)4−D

π2 (−i)
∫ dDp

(2π)D
1

p2
E +m2 , (A.5)

where pE means the vector with an euclidean metric. Now we introduce spherical coordinates:

A0(m2) = −(2πµ)4−D

π2
1

(2π)D
∫

dΩ
∫

dpE
pD−1
E

p2
E +m2 , (A.6)

where the integral over all angles is denoted by
∫

dΩ = (2π)
D+1

2

Γ(D+1
2 )

and the integral over the radius

is given by
∫

dpE . We then can calculate the integral over pE . First we substitute x = p2
E :

∫
dpE

pD−1
E

p2
E +m2 =

∫
dx x

D
2 −1

x+m
(A.7)

Then by substituting y = m
x+m we can bring the integral into a form of a beta function

∫ ∞

0
dx x

D
2 −1

x+m
= 1
m

D
2 −1

∫ 1

0
dy(1 − y)

D
2 −1y− D

2 (A.8)

= 1
m

D
2 −1

Γ(D2 )Γ(1 − D
2 )

Γ(1) (A.9)

Putting this back in A.6, we get the following end result:

A0(m2) = −(2πµ)4−D

π2 π
D
2 Γ
(

1 − D

2

)
m

D
2 −1 . (A.10)
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You can see that we have a pole in the Γ function if we let D → 4. It is therefore insightful to
expand A0 in ε. But first we are using Γ

(
1 − D

2

)
= Γ(−1 + ε) = 1

ε(ε−1)Γ(1 + ε).

A0(m2) = −
(

4πµ2

m2

)ε 1
ε(ε− 1)Γ (1 + ε) (A.11)

Expanding up to order ε yields:

A0(m2) = m2
(

1
ε

− γE + ln(4π) − ln
(
m2

µ2

)
+ 1 + O(ε)

)
, (A.12)

where γE ∆ is the Euler-Mascharoni constant. You can see how this diverges for ε → 0 but we
can directly identify our divergent parts and cancel them with the divergences of the counter
term (see A.3) or with other loops. It is also common to define ∆ = 1

ε − γE + ln(4π).

A.2 Passarino-Veltman reduction

Now a general loop integral is given by

TNµ1,...,µm
(p1, · · ·, pN ,m0, · · ·,mN ) = (2πµ)2ε

iπ2

∫
dDq qµ1 · · · qµm

D0 · · · Dn−1
, (A.13)

where the propagators Di are defined like:

D0 = q2 −m2
0 + iε (A.14)

D1 = (q + p1)2 −m2
1 + iε (A.15)

· · · 1

DN = (q + pN )2 −m2
N + iε (A.16)

The integral defined in equation (A.13) is a tensor integral. However, it can be reduced to the
following scalar integrals [51]

A0(m2
0) = (2πµ)2ε

iπ2

∫
dDq 1

D0
(A.17)

B0(p2
1,m

2
0,m

2
1) = (2πµ)2ε

iπ2

∫
dDq 1

D0D1
(A.18)

C0(p2
1, (p2 − p1)2, p2

2,m
2
0,m

2
1,m

2
2) = (2πµ)2ε

iπ2

∫
dDq 1

D0D1D2
(A.19)

· · · 1 , 1
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by using

Bµ = pµ1B1 (A.20)

Bµν = gµνB00 + pµ1p
ν
1B11 (A.21)

Cµ = pµ1C1 + pµ2C2 (A.22)

Cµν = gµνC00 + pµ1p
ν
1C11 + pµ1p

ν
2C12 + pµ2p

ν
1C21 + pµ2p

ν
1C22 (A.23)

· · · 1 , 1

The introduced coefficient functions B1, B00, B11, ... can be calculated by contracting with the
external momenta, and then solve the equations. For Bµ one would contract with (p1)µ

Bµ
1 (p1)µ = (2πµ)2ε

iπ2

∫
dDq (p1 · q)

D0D1
= p2

1B1 . (A.24)

We can then use

(p1 · q) = 1
2
(
[(p1 + q)2 −m2

1 + iε] − [q2 −m2
0 + iε] − [p2

1 −m2
1 +m2

0]
)

(A.25)

to find a form of B1 in terms of the scalar integrals that were defined in equation (A.17)

B1(p2
1,m

2
0,m

2
1) = 1

2p2
1

(
A0(m2

0) −A0(m2
1) − (p2

1 −m2
1 +m2

0)B0(p2
1,m

2
0,m

2
1)
)
. (A.26)

The same procedure can be performed for all other coefficient functions to reduce them to the
scalar integrals of equation (A.17).

A.3 Counter term

After renormalizing QED we get the following vertex counterterm, which stems from corre-
sponding field renormalization factor:

= −ieRδ1γ
µ , (A.27)

with

δ1 = α

4π
1
ε

− α

4π

(
ln µ2

m2 + 2 ln λ2

m2 + 4
)
, (A.28)

where the photon gauge was set to one.
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A.4 The integral Iab

In the soft photon approximation we get integrals of the following form

I =
∫

0≤k≤∆

d3k

k0
1

(k · a) (k · b) , (A.29)

where k is the momentum of the photon. The calculation of this integral is quite involved;
therefore, we mainly follow the discussion in [52]. As a first step, we want to use Feynman
parameters, we therefore have to make sure not to integrate over 0. To do so, we introduce
p = αa with (p − b)2 = 0. This yields two solutions for α, from which we choose the one that
fulfills:

αa0 − b0
b0

> 0 . (A.30)

We can then safely introduce the Feynman parameter x and define P = (b+ (p− b)x) to get

I = α

∫ 1

0
dx
∫ d3k

k0

1
(k · P )2 (A.31)

We introduce a photon mass λ to regulate the integral. With this we can write k0 =
√

k2 + λ2.
We can then use spherical coordinates and substitute t = k

λ to get

I = 4πα
∫ 1

0
dx
∫ ∆

λ

0

dt t2√
t2 + 1

1
t2
(
P 2

0 − P2)+ P 2
0

(A.32)

We can now substitute u = t
1+t2 to evaluate the integral. We then get

I = 2πα
∫ 1

0
dx 1

P2

(
ln
(2∆
λ

)2
+ P0

P ln
(
P0 − P
P0 + P

))
, (A.33)

where the only dependence on x lies in P0 and P. We introduce the short-hand notation
l = p0 − b0 and vl = (b · (p− b)). The first part of the integral is trivial to integrate and just
gives

∫ 1

0

dx
P2 ln

(2∆
λ

)2
= 1

2vl ln
(2∆
λ

)2
ln
(
b2 + 2vl
b2

)
. (A.34)
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The second part is harder, but after some tedious calculations it is possible to find

∫ 1

0

dx
P 2

P0
P ln

(
P0 − P
P0 + P

)
= 1
vl

[
1
4 ln2

(
P0 − P
P0 + P

)
+ Li2

(
1 − P0 − P

v

)

+ Li2
(

1 − P0 + P
v

)]P=p

P=b

, (A.35)

where Li2 denotes the dilogarithm. Putting all together yields the final result Iab = (a · b) · I

Iab = 4πα (a · b)
(αa)2 − b2

{
1
2 ln 4∆2

λ2 ln (αa)2

b2 +
[1

4 ln2 P0 − P
P0 + P (A.36)

+ Li2
(

1 − P0 − P
v

)
+ Li2

(
1 − P0 + P

v

)]P=αa

P=b

}
.

If the momenta a and b are equal, we do not have to introduce Feynman parameters and can
re-derive an easier version for the integral that can be written as:

Ia2 = 2π
(

ln 4∆2

λ2 + a0

a ln
(
a0 − a
a0 + a

))
. (A.37)

A.5 Formfactors

Form factors are really useful in the context of loop calculations. In QED these are well known
in the sense of the anomalous magnetic moment. There we have a interaction that has a γµ

structure. Now in fermi theory (see section B.4) one part of the interaction has a γµ structure
while the other part has a γµγ5 structure.

να

να

e

p3

e

e

p4

e

w

Figure A.1: Virtual vertex correction in fermi theory.
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For calculating the form factors only the electron line of the diagram in figure A.1 is important.
Therefore we get:

Mµ = −e2 4GF√
2
ū(p3)

∫
w

γρ(/w + /p3 +me)γµ(gV − gAγ5)(/w − /p4 +me)γρ
[w2 − λ2 + iε][(w + p3)2 −m2

e + iε][(w − p4)2 −m2
e + iε]v(p4) (A.38)

These integrals are UV- and infrared-divergent. To extract these divergences, we calculate this
matrix element in D = 4 − 2ε dimensions. That is done because then in the end one gets
1
ε -Terms that contain the divergence (for more information, see section A.1). To get rid of the
UV-divergence we have to include the counter term. The electron wave function renormalization
constant is given by [37]

e2δ2 = e2

8π2

(
−1
ε

− 1
2
µ2

m2
e

− 2 − ln λ2

m2
e

)
(A.39)

From this we get:

Mµ
Counter = 4GF√

2
ū(p3)δ2γ

µ(gV − gAγ5)v(p4) (A.40)

And we are also giving the photon a mass λ. This gives log
(me
λ

)
-Terms, that also diverge for

λ → 0. But in the end, we will see that all of these divergent terms cancel out between different
diagrams (see section 5.2).

Normally, the formfactor is calculated only for the vector part (gV ). To get a modification for
γµ but now we also have the axial part, therefore we also have to calculate a replacement for
γµγ5. We will see that the modifications are given by [44]:

ē(p3)γµe(p4) → ē(p3)γµe(p4) + α

π
ē(p3)

(
F1γµ + F2

iσµνq
ν

2m

)
e(p4), (A.41)

ē(p3)γµγ5e(p4) → ē(p3)γµγ5e(p4) + α

π
(F1 − F2)ē(p3)γµγ5e(p4). (A.42)

F1 and F2 are the QED Formfactors.

A.5.1 Vector current

First, let us look at the vector part. The part that is proportional to gV . For simplicity, we
drop the factor of −gV e2 4GF√

2 :

MVector
µ = ū(p3)γρ

∫
w

(/w + /p3 +me)γµ(/w − /p4 +me)
[w2 − λ2 + iε][(w + p3)2 −m2

e + iε][(w − p4)2 −m2
e + iε]︸ ︷︷ ︸

I

γρv(p4) (A.43)
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For the integral I we want to use the Passarino-Veltman reduction (see A.2). But before we
insert the different tensor integrals we bring the numerator into a form where ist is easy to insert
the tensor integrals

(/w + /p3 +me)γµ(/w − /p4 +me)

=2wµ /w + γµ(m2
e − w2) +meγµ /w +me /wγµ + /p3γµ /w

− /kγµ/p4 +me/p3γµ −meγµ/p4 − /p3γµ/p4 (A.44)

For the w2 it is now useful to insert a λ2 − λ2 to cancel the one propagator factor. In the end,
this will yield a B0 function.

=2wµ /w + γµ(m2
e − λ2) − γµ(w2 − λ2) +meγµ /w +me /wγµ (A.45)

+ /p3γµ /w − /kγµ/p4 +me/p3γµ −meγµ/p4 − /p3γµ/p4

The other λ-Term just drops out in the end when λ → 0. With that we can use Passarino-
Veltman reduction. In the following, all C-functions have the argument set:

(p2
3, (p4 − p3)2, p2

4, λ
2,m2

e,m
2
e) = (m2

e, 2(m2
e − (p3 · p4)),m2

e, λ
2,m2

e,m
2
e) . (A.46)

The B-function has the argument set:

((p3 + p4)2,m2
e,m

2
e) = (2(m2

e + (p3 · p4)),m2
e,m

2
e) . (A.47)

For simplicity, we also dropped the factor (2πµ)2ε

iπ2 . In the end, when we put everything back
in again, we have to expand this factor in ε. We can also use that in this case, because of
permutation symmetries of the scalar functions C1 = C2 and C11 = C22 [52] For I we then get:

Iµ = −B0γ
µ + C0(m2

eγ
µ +me/p3γ

µ −meγ
µ
/p4 − /p3γ

µ
/p4)

+ C1(2me(pµ3 − pµ4 ) + /p3γ
µ
/p3 − 2/p3γ

µ
/p4 + /p4γ

µ
/p4) (A.48)

+ C11(2/p3p
µ
3 + 2/p4p

µ
4 ) + C12(−2/p4p

µ
3 − 2/p3p

µ
4 ) + C002γµ

Putting this back in (A.43) and summing over ρ we get factors of D. When we write D =
4 − 2ε. We get terms that are proportional to ε0 and ε1. Naively one could think that all terms
proportional to ε just drop out, because in the end we send ε → 0. But its important to be
careful, because there are scalar functions that are proportional to 1

ε . It holds ε × B0 = 1 and
ε× C00 = 1

4 . With this we get:

Mµ
Vector = (−4(C0 + 2C1) (p4 · p4) + 2B0 − 4C00 + 8C1m

2
e + 1)ū(p3)γµv(p4)

−4me(C1 + C11 + C12)(pµ3 − pµ4 )(ū(p3)v(p4)) (A.49)
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It is now useful to define P = p3 + p4. Then (p3 · p4) = −m2
e + P 2

2 . With the Gordon-identity:

ψ̄(p′)(p′ + p)µ

2m ψ(p) = ψ̄

[
γµ − i

σµν(p′ − p)ν
2m

]
ψ(p) (A.50)

we can write Mµ
Vector +Mµ

Counter as:

Mµ
R = (2B0 + 4m2

e(C0 + 2C1 + 2C11 − 2C12) − 2P 2(C0 + 2C1) − 4C00 + 1 − δ2)︸ ︷︷ ︸
F1

ū(p3)γµv(p4)

−8m2
e(C1 + C11 + C12)︸ ︷︷ ︸

F2

(ū(p3) iσ
µν(p3 + p4)ν

2me
v(p4))

(A.51)

Now by putting in the B and C functions one finds the well-known renormalized formfactors up
to second order in e, that were previously calculated in [43]. Now it is useful to define:

θ = −
1 −

√
1 − 4m2

e
P 2

1 −
√

1 + 4m2
e

P 2

, x =
1 −

√
1 − 4m2

e
P 2

1 −
√

1 + 4m2
e

P 2

. (A.52)

For P 2 < 0 we get:

F1(θ) = − log λ

me

(
1 + 1 + θ2

1 − θ2 log θ
)

− 1 − 3θ2 + 2θ + 3
4(1 − θ2) log θ

+ 1 + θ2

1 − θ2

(
−1

4 log2 θ + 1
2ζ(2) + Li2(−θ) + log θ log(1 + θ)

)
, (A.53)

F2(θ) = − θ

1 − θ2 log θ. (A.54)

For P 2 ≥ 4m2
e we get:

F1(x) = − log λ

me

[
1 + 1 + x2

1 − x2 (log x+ iπ)
]

− 1 − 3x2 − 2x+ 3
4(1 − x2) log x

+ 1 + x2

1 − x2

(
−1

4 log2 x+ 2ζ(2) + Li2(x) + log(x) log(1 − x)
)

(A.55)

+ iπ

[
−3x2 − 2x+ 3

4(1 − x2) + 1 + x2

1 − x2

(
log(1 − x) − 1

2 log x
)]

,

F2(x) = x

1 − x2 (log x+ iπ) (A.56)

The area 0 < P 2 < 4m2
e is kinematically forbidden.
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A.5.2 Axial current

Now it is left to calculate the axial part. The part that is proportional to gA. For simplicity, we
drop the factor of −gAe2 4GF√

2 :

MAxial
µ = ū(p3)γρ

∫
w

(/w + /p3 +me)γµγ5(/w − /p4 +me)
[w2 − λ2 + iε][(w + p3)2 −m2

e + iε][(w − p4)2 −m2
e + iε]γρv(p4) . (A.57)

The calculation is the same as for the vector part and we get the final result:

Mµ
Axial,R = (F1 − F2)ū(p3)γµγ5v(p4) + 4me(C1 − C11 + C12)︸ ︷︷ ︸

FP

ū(p3)(pµ3 + pµ4 )γ5v(p4) , (A.58)

where FP is the pseudo scalar form factor, but this is not relevant for our calculation, because
in the part of this form factor we would have a trace with less than three γ-matrices and a γ5

which then just drops out. We can therefore for this work only use the (F1 −F2)ū(p3)γµγ5v(p4)
part.
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Appendix B

Further Details

B.1 Use of AI tools

AI-Tool Used for Why Where

ChatGPT LATEX, C-code

LATEX: Grammar and
spell checking, transla-
tion
C-code: Troubleshoot-
ing of shorter code snip-
pets

In the LATEX-document
of this thesis
In the code for the nu-
merical evaluation

Writefull LATEX
Grammar and spell
checking

In the LATEX-document
of this thesis

Overleaf error
assist

LATEX Errors in the LATEXcode
In the LATEX-document
of this thesis
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B.2 Useful integrals

The following integrals have been numerically checked.
X-integrals

∫ 1

0
dx 1
x2P 2 − xP 2 +m2

e

= 2 β

|P 2|
arctanh

( 2β
β2 + 1

)
= XP 2<0

0∫ 1

0
dx 1
x2(4m2

e − P 2) − x(4m2
e − P 2) +m2

e

= β

|P 2|
arctanh

( 1
β

)
= XP 2>0

0∫ 1

0
dx x

x2P 2 − xP 2 +m2
e

= β

|P 2|
arctanh

( 2β
β2 + 1

)
= XP 2<0

1∫ 1

0
dx x

x2(4m2
e − P 2) − x(4m2

e − P 2) +m2
e

= 2 β

|P 2|
arctanh

( 1
β

)
= XP 2>0

1

∫ 1

0
dx x2

x2P 2 − xP 2 +m2
e

=
−β

(
P 2 − 2m2

e

)
arctanh

( 2β
β2 + 1

)
+ P 2

P 4 = XP 2<0
2

∫ 1

0
dx x2

x2(4m2
e − P 2) − x(4m2

e − P 2) +m2
e

=
2 1
β

(
P 2 − 2m2

e

)
arctanh

( 1
β

)
+ 4m2

e − P 2

(P 2 − 4m2
e)

2 = XP 2<0
2

Cos-integrals∫ 1

−1
d cos θ 1

(±Q0 − Q cos θ)2 = 2
Q2 = G0

∫ 1

−1
d cos θ cos θ

(±Q0 −Q cos θ)2 = ±
2
(QQ0
Q2 − arctanh

( Q
Q0

))
Q2 = ±G1

∫ 1

−1
d cos(θ) cos2 θ

(±Q0 − Q cos(θ))2 =
2
(

Q(Q2 +Q2
0)

Q2 − 2Q0arctanh
( Q
Q0

))
Q3 = G2

w-integrals

∫ ∞

∆E
dwfB(w) = ∆E − T ln

e
∆E
T − 1

 = T0

∫ ∞

∆E
dwfB(w)w = T

TLi2

e−
∆E
T

− ∆E log

1 − e
−

∆E
T


 = T1

B.3 KMS relation

The Kubo–Martin–Schwinger relation is a very useful relation for thermal field theory that
originates from the cyclic property of the trace. For a general thermal correlation function of
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two operators Ô1 and Ô2, with an equilibrium density matrix, the following can be shown [33]:

〈Ô1(t)Ô2(t′)〉β =
Tr
[
ρ̂(β)Ô1(t)Ô2(t′)

]
Z(β)

=
Tr
[
exp (−βĤ)Ô1(t) exp (βĤ) exp (−βĤ)Ô2(t′)

]
Z(β)

=
Tr
[
Ô1(t+ iβ) exp (−βĤ)Ô2(t′)

]
Z(β)

=
Tr
[
ρ̂(β)Ô2(t′)Ô1(t+ iβ)

]
Z(β)

= 〈Ô2(t′)Ô1(t+ iβ)〉β . (B.1)

B.4 Lagrangian in Fermi theory

The calculation of the weak interaction rate is only important around the decoupling temperature
td ≈ 1.3 MeV, which is much smaller than the masses of the W± and Z0 bosons, which are bigger
than 80 GeV. Therefore, it is possible to integrate out the W± and Z0 propagators, then we get
the following effective terms [17, 37]:

LZ = i4GF√
2

[ψ̄ναγ
µPLψνα ][ψ̄eγµ(PLg′

L + PRgR)] (B.2)

LW = i4GF√
2
δαe[ψ̄ναγ

µPLψe][ψ̄eγµPLψνα ] . (B.3)

Here GF =
√

2g2

8m2
W

is the Fermi constant. In addition PL and PR are right- or left-handed
projectors, respectively, with their prefactors g′

L = −1
2 + sin2 θW and gR = sin2 θW . The Fierz

identity [53] can then be used

[ψ̄1γ
µPLψ2][ψ̄3γµPLψ4] = [ψ̄1γ

µPLψ4][ψ̄3γµPLψ2] (B.4)

to fuse the two terms. We define gαL = g′
L + δαe, which now depends on the species.

L4GF = i4GF√
2

[ψ̄ναγµPLψνα ][ψ̄eγµ(PLgαL + PRgR)ψe] (B.5)

This is now written in left- and right-handed couplings. Sometimes, it is also insightful to use
vector and axial couplings gαV,A = 1

2(gαL ± gR).
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B.5 Finite temperature self-energy of the photon and resummed
photon propagator

The finite temperature self-energy of the photon at one-loop order reads

Πµν
ab = (P ) = (−1)a+bie2

∫ d4w

(2π)4 Tr
[
iSabe (w)γµiSbae (k − P )γν

]
. (B.6)

We first note that we can connect the contributions with different CTP-indices. It holds for
the diagonal components that (Πµν

22 )∗ = −Πµν
11 and further we can use the KMS-relation for the

off-diagonal components to find Πµν
21 = exp(P0

T )Πµν
12 . So we note that we only have to calculate

Πµν
11 and Πµν

12 . The diagonal part can be split into a vacuum and a thermal part. The vacuum
part reads

Πµν
vac = ie2

∫
w

i

k2 −m2
e + iε

i

(k + P )2 −m2
e + iε

Tr
[
(/k +me)γµ(/k + /P +me)γν

]
. (B.7)

The calculation is well known, and in MS-scheme the result is written

Πµν
vac = αem

π
(P 2ηµν − PµP ν)

[
2
3 ln

(
µ

me

)
+ 5

9 + 4m2
e

3P 2

+ 1
3

(
1 + τ

2

)√
1 − 4m2

e

P 2 ln
(√

1 − 4m2
e

P 2 − 1√
1 − 4m2

e
P 2 + 1

)]
. (B.8)

To calculate the thermal parts, we split the self-energy into a longitudinal and a transversal part

Πµν
ab = ΠL

abP
µν
L + ΠT

abP
µν
T , (B.9)

where the projectors for the longitudinal and transverse part are defined as

P 00
T = P 0i

T = P i0T = 0 (B.10)

P ijT = −δij + P̂ iP̂ j (B.11)

PµνL = gµν − PµP ν

P 2 . (B.12)

We can then use the thermal integrals

Kµ(P ) = 2g2
∫ d4k

(2π)3k
µ δ(k2 −m2)fD(|k0|)

(P + k)2 −m2 + iε
(B.13)

Kµν(P ) = 2g2
∫ d4k

(2π)3k
µkν

δ(k2 −m2)fD(|k0|)
(P + k)2 −m2 + iε

. (B.14)
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These were evaluated in [13]. For the vector integral, we get the following results

K0 = g2

8π2P

∫ ∞

m
dk0 k0 l2(k0, P )fD(k0) (B.15)

Ki = P i
g2

(4π)2P3

∫ ∞

m
dk0 [P 2l1(k0, P ) + 2k0P0l2(k0, P ) − 8kP]fD(k0) . (B.16)

Here we have defined

l1(k0, P ) = ln
∣∣∣∣∣(P 2 + 2kP)2 − 4P 2

0 k
2
0

(P 2 − 2kP)2 − 4P 2
0 k

2
0

∣∣∣∣∣ (B.17)

l2(k0, P ) = ln
∣∣∣∣∣P 4 − 4(P0k0 + Pk)2

P 4 − 4(P0k0 − Pk)2

∣∣∣∣∣ . (B.18)

Where the energy of k is just k0 =
√

k2 +m2, this is due to the delta-distribution δ(k2 − m2)
which forces k to be on-shell. The tensor integral is calculated to give

K00 = g2

8π2P

∫ ∞

m
dk0 k

2
0 l1(k0, P )fD(k0) (B.19)

K0i = g2P i

(4π)2P

∫ ∞

m
dk0 k0[2P0k0l1(k0, P ) + P 2l2(k0, P )]fD(k0) (B.20)

Kij = I1
P iP j

P2 +
(
δij − P iP j

P2

)(
I2 − I1

2

)
. (B.21)

with the two function I1 and I2

I1 = g2

2(2π)2P3

∫ ∞

m
dk0[(P 4 + 4P 2

0 + k2
0)l1(k0, P ) + 4P 2P0k0l2(k0, P ) − 8PkP 2]fD(k0) (B.22)

I2 = g2

(4π)2P

∫ ∞

m
dk0k2l1(k0, P )fD(k0) (B.23)

The diagonal part can then be written, by using the thermal integrals

ReΠµν
11,T 6=0 = 4(−ηµν (K · P ) + 2Kµν +KµP ν +KνPµ) . (B.24)

Inserting the thermal integrals and splitting the self-energy into a longitudinal and a transversal
part we get the result:

ReΠL
11,T 6=0 = αemP

2

πP3

∫ ∞

me

dk0[8kP − l1(k0, P )(P 2 + 4k2
0) − 4l2(k0, P )P0k0]fD(k0) (B.25)

ReΠT
11,T 6=0 = αem

πP3

∫ ∞

me

dk0
[
2l2(k0, P )P0P

2k0 − 4kP(P 2
0 + P2)

+ l1(k0, P )
(

P2P 2 + 2P 2
0 k

2
0 − 2k2P2 + 1

2P
4
) ]

(B.26)
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For the purely imaginary off-diagonal component we get the following result:

ReΠL
12,T 6=0 = −i2αem

P

∫ ∞

me

dk0
∑
±

[
θ

(
1 −

∣∣∣∣∣P 2 ± 2k0P0
2kP

∣∣∣∣∣
)

(fD(k0) − θ(±k0))

· (fD(| ± k0 + P0|)) − θ(∓k0 − P0)
]

×
(
P 2

2 − P 2

2P2 (P0 ± 2k0)2
)

(B.27)

ReΠL
12,T 6=0 = −i2αem

P

∫ ∞

me

dk0
∑
±

[
θ

(
1 −

∣∣∣∣∣P 2 ± 2k0P0
2kP

∣∣∣∣∣
)

(fD(k0) − θ(±k0))

· (fD(| ± k0 + P0|)) − θ(∓k0 − P0)
]

×

P 2

2 − k2

1 −
(
P 2 ± 2k0P0

2kP

)2
 (B.28)

With these self-energys one can calculate the retarded and advanced self-energy by using

ΠT/L
R/A = ΠT/L

11 + ΠT/L
12/21 = ReΠT/L

11 ± 1
2
(
ΠT/L

12 − ΠT/L
21

)
. (B.29)

The resummed photon propagator can be calculated by solving the Dyson-Schwinger equa-
tion (3.42) which can be written in terms of retarded and advanced self-energys as

D̄R/A
µν = DR/A

µν +DR/A
µα (Παβ)R/AD̄R/A

βν . (B.30)

Solving this yields the resummed photon propagator at one loop level

D̄
L/T
11 = ΩL,T

Ω2
L,T + Γ2

L,T

− i[1 − 2fB(|P0|)]sgn(P0) ΓL,T
Ω2
L,T + Γ2

L,T

(B.31)

with ΩL,T = P 2 + ReΠL/T
R , ΓL,T = ImΠL/T

R (B.32)

Note that the photon essentially gets a thermal mass, which can act as a regulator for infrared
divergences.

The calculation of this section was first and in more detail done in [13].
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B.6 Connection of rates with different CPT indices

The rate of the Baseball diagram is the sum over the thermal indices and can be written as
follows:

ΓBaseball = (−1)a+b+c+d+1(ie)2
(
i4GF√

2

)2

×
∫
l,q,w

Tr
[
/pγ

ρPLiS
12
να

(l)γσPL
]

︸ ︷︷ ︸
Trν

iDcd
µν(w) (B.33)

× Tr
[
iSd2
e (u+ w)γµiS1d

e (u)γσ(PLgL + PRgR)iSc1e (q)γνiS2c
e (q + w)γρ(PLgL + PRgR)

]
︸ ︷︷ ︸

TrQED

It is now possible to find a relation between the 11/12 and 22/21 elements. We start by inves-
tigating Tr∗

ν .

(Trν, σρ)∗ = Tr
[
P †
L(γσ)†(iS12

να
(l))†P †

L(γρ)†
/p

†
]

|Inserting γ0

= Tr
[
PRγ

σ(iS12
να

(l))PRγρ/p
]

= Tr
[
/pγ

σPL(iS12
να

(l))γρPL
]

= Trν, ρσ

We can see that taking the complex conjugate of Trν,σρ is the same as exchanging the Lorenz
indices. We are now going to do the same calculation for TrQED, but here we have to specify
the indices c and d. We first start with the c = d = 1 part.
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(TrQED, σρ
11)∗(iD11

µν(w))∗

= Tr
[
iS12
e (u+ w)γµiS11

e (u)γσ(PLgL + PRgR)iS11
e (q)γνiS21

e (q + w)γρ(PLgL + PRgR)
]∗

×(iD11
µν(w))∗

= Tr
[
(PLgL + PRgR)†γ†

ρ(iS21
e (q + w))†γ†

ν(iS11
e (q))†(PLgL + PRgR)†γ†

σ

×(iS11
e (u))†γ†

µ(iS12
e (u+ w))†]D22

µν(w)

|Insert γ0 use γ0γ
†
µγ0 = γµ, γ0(iS11

e (p))†γ0 = (iS22
e (p)), γ0(iS12

e (p))†γ0 = (iS12
e (p))

= Tr
[
(PLgL + PRgR)γ0γρiS

21
e (q + w)γνiS22

e (q)γ0(PLgL + PRgR)γ0γσ

×iS22
e (u)γµiS12

e (u+ w)γ0
]
iD22

µν(w)

= Tr
[
γρ(PLgL + PRgR)iS21

e (q + w)γνiS22
e (q)γσ(PLgL + PRgR)iS22

e (u)γµiS12
e (u+ w)

]
iD22

µν(w)

= Tr
[
iS22
e (u)γµiS12

e (u+ w)γρ(PLgL + PRgR)iS21
e (q + w)γνiS22

e (q)γσ(PLgL + PRgR)
]
iD22

µν(w)

|Substitute q + w → q, w → −w

= Tr
[
iS22
e (u+ w)γµiS12

e (u)γρ(PLgL + PRgR)iS21
e (q)γνiS22

e (q + w)γσ(PLgL + PRgR)
]
iD22

µν(−w)

= Tr
[
iS22
e (u+ w)γµiS12

e (u)γρ(PLgL + PRgR)iS21
e (q)γνiS22

e (q + w)γσ(PLgL + PRgR)
]
iD22

µν(w)

= TrQED, ρσ
22iD22

µν(w) (B.34)

Note that we got the same change in σρ as we got for Trν . Now performing the same calculation
for the 12 part we will see the same connection the the 21 part.

(TrQED, σρ
12)∗(iD12

µν(w))∗

= Tr
[
iS22
e (u+ w)γµiS12

e (u)γσ(PLgL + PRgR)iS11
e (q)γνiS21

e (q + w)γρ(PLgL + PRgR)
]∗

×(iD12
µν(w))∗

= Tr
[
(PLgL + PRgR)†γ†

ρ(iS21
e (q + w))†γ†

ν(iS11
e (q))†(PLgL + PRgR)†γ†

σ(iS12
e (u))†γ†

µ

×(iS22
e (u+ w))†]D12

µν(w)

|Insert γ0 use γ0γ
†
µγ0 = γµ, γ0(iS11

e (p))†γ0 = (iS22
e (p)), γ0(iS12

e (p))†γ0 = (iS12
e (p))

= Tr
[
γρ(PLgL + PRgR)iS21

e (q + w)γνiS22
e (q)γσ(PLgL + PRgR)iS12

e (u)γµiS11
e (u+ w)

]
D12
µν(w)

= Tr
[
iS12
e (u)γµiS11

e (u+ w)γρ(PLgL + PRgR)iS21
e (q + w)γνiS22

e (q)γσ(PLgL + PRgR)
]
D12
µν(w)

|Substitute q + w → q, w → −w

= Tr
[
iS12
e (u+ w)γµiS11

e (u)γρ(PLgL + PRgR)iS21
e (q)γνiS22

e (q + w)γσ(PLgL + PRgR)
]
D21
µν(w)

= TrQED, ρσ
21iD21

µν(w) (B.35)

Therefore it holds that:
Γ = 2Re(Γ22 + Γ21) . (B.36)
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