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Abstract

This thesis presents preliminary results of a modern C++ package for the evolution
of parton distribution functions by solving the DGLAP equations in x-space or in
Mellin-space. The z-space solution uses Lagrange interpolation for the z-grid as well
as for the convolution, so that the integro-differential evolution equations reduce to
sums of parton distribution functions and pre-computable evolution kernels. The
actual integration can be performed using an arbitrary ordinary differential equa-
tion solver such as the fourth-order Runge-Kutta method, which is employed at
present. The solution in Mellin-space is implemented as flexible as possible using
functional representations and thus exhibits strong agreement with the theory. It
is intended for calculations and fitting procedures in Mellin-space. Nevertheless, an
inversion to x-space is also implemented, which especially allows for a comparison
between both methods. The evolution methods are accessible through a streamlined
user interface, allowing easy change of input parametrizations or evolution methods.
Numerical results demonstrate high agreement with already existing tools like
HOPPET [42] or QCD-PEGASUS [44]. The comparison between both methods
verifies their equivalence, thus allowing them to be used for data fitting in numerous
settings in the future.
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Chapter 1

Introduction

Parton distribution functions (PDFs) are an essential part of collider physics and
a necessary ingredient for high energy physics predictions. Moreover, although the
proton/neutron PDFs have already been calculated with high-accuracy using data
from for example the Drell-Yan process and deep inelastic scattering (DIS) (see
e.g. [15]), in nuclear collisions they have to be corrected by cold nuclear matter ef-
fects. Furthermore, the gluon distribution is not sufficiently constrained for small
Bjorken z. Therefore, due to missing data, the (nuclear) parton distribution func-
tions ([n]PDFs) are still an ongoing and fundamental research topic.

The calculation and accuracy of the PDFs depends — besides the actual experi-
mental data — on two ingredients: on the one hand, the theoretical calculations
and predictions have to be carried out up to a required order in perturbation the-
ory, and on the other hand, the PDFs have to be evolved from an initial scale up
to the required energy scale. In practice, the PDFs are given at an initial scale
through a parametrization, and with the help of the well-known Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equations these PDFs are evolved up to the scale
of measurement. Then the parametrization parameters are adjusted by a fitting
procedure.

This master’s thesis concentrates on the evolution of the PDFs, i.e. on numerical
solutions of the DGLAP equations. The code is intended for future use with nuclear
PDFs in the nCTEQ collaboration (see e.g. [32]). In fact, there already exist multi-
ple solutions for this challenge but most of them suffer from some shortcomings for
the intended usage:

e The most prominent programs are old, i.e. they were designed in a differ-
ent decade of computational power and in somewhat outdated programming
languages like FORTRAN-77.

e External code is often insufficiently documented so that it is hard for users
to gain any insight into the approximations and other sources of deviations in
the implementation. Further, it is difficult to adapt third-party code to once
own interests.

e To the authors best knowledge, there is at present no prominent program which
is designed in modular form to be used easily with different input parametriza-
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tions or evolution methods. In particular, the presented code will be able to
solve the evolution equations in z-space and in Mellin-space. This way, both
solution methods can be compared directly within one consistent framework.

At present, the evolution in z-space is able to evolve given parametrizations or
PDFs at an initial scale up to a user specified scale using a fixed flavour number
(FFN) scheme or a variable flavour number (VFN) scheme at leading order (LO).
Also next-to-leading order (NLO) effects have been taken into account, so that no
fundamental modifications are required if higher order contributions will be imple-
mented. Likewise, the solution in Mellin-space is able to evolve the PDF's from an
initial scale using the FFN or VFN scheme to another scale and afterwards to invert
the results back to the x-space. Nevertheless, the evolution currently requires an
analytic input parametrization unlike the x-space solution. Again NLO expansions
have been considered. Both methods have been embedded in a streamlined user
interface.

In future, the presented code is intended to be extended by an interpolation routine,
a fitting procedure, and by the calculation of observables such as structure functions
and cross sections, in order to be able to fit PDFs.

The structure of this thesis is as follows:

Chapter 2 A short summary of the basics of quantum chromodynamics (QCD),
leading to factorization and the derivation of the DGLAP equations, will be
presented.

Chapter 3 The theoretical questions concerning the DGLAP equations such as
solution methods, evolution basis, flavour thresholds etc. will be discussed in
view of the factual solutions.

Chapter 4 The actual implementations, their approximations, advantages and fu-
ture optimizations are discussed.

Chapter 5 Numerical results of different evolution settings, evolution accuracies,
comparisons with existing tools, and of comparisons between the implemented
methods are analyzed.

Chapter 6 A summary of the main results and of possible extensions of the code
project concludes this thesis.



Chapter 2

QCD Summary

Quantum chromodynamics (QQCD) is an extensive field of research. The aim of this
chapter is not a complete representation of the current state of research but a rough
sketch along the path from the most elementary principles to the DGLAP equations.
The description predominantly follows current textbooks like Halzen & Martin [30]
(see also Martin [35]), Aitchison & Hey [2,3], Ellis et al. |[16] and Muta [37]. Natural
units ¢ = A = 1 are used throughout.

2.1 General QCD Introduction

One of the most important assumptions of QCD is the concept that hadronic matter
consists of quarks. This concept was until the early 70th first only introduced as
mathematical model to explain the multiple hadrons which have been observed.
In particular Gell-Mann (Nobel Prize 1969) introduced the global SU(3)¢ flavour
symmetry between three spin one-half constituents, the up, down and strange quark,
to explain these observation (see [22]). In this model new particles such as the -
Baryons could be predicted and were experimentally proofed. However, at that
time, the model was neglected to be of any physical relevance by large parts of the
physical community as no free quarks could be observed.

Then, in 1969, it was the detection of Bjorken scaling (see [7]), i.e. the independence
of the structure functions from the momentum transfer Q? = —¢? at a given Bjorken
x value, that lead Richard Feynman to the invention of the (naive) parton model of
a nucleon consisting of free pointlike so called “partons” [18]. The measurements of
the structure functions showed the partons to be of spin one-half, so that they were
soon identified with Gell-Mann’s quarks. Nevertheless, still no free quarks could be
observed. The parton model was later improved — and justified theoretically as well
as experimentally — to become the current parton model described below.

Further problems occurs with the detection of baryons such as the AT (= uuu)
which seems to violate the Pauli exclusion principle. Therefore a new quantum
number “colour” was invented (Greenberg) having three different values: red (r),
green (g), and blue (b). However, only the detection of asymptotic freedom and
confinement around 1973, for which Gross, Wilczek [28], and Politzer [39] were
awarded Nobel Prize 2004, was able to overcome the challenge due to the missing

7



8 CHAPTER 2. QCD SUMMARY

quark observations. Now, the color symmetry was interpreted in a non-Abelian
gauge theory, the local SU(3). colour (see [19]). As colour could not be observed,
it was concluded that only colour neutral particles, i.e. colour singlets, could be
stable. Thus, no free quarks could be observed; they are confined in the nucleon.
The SU(3). colour symmetry is thought to be exact.

2.2 QCD Lagrangian

Since there is no mixing in the standard model Lagrangian between the electroweak
and strong interactions, it is possible to discuss the QCD and its Lagrangian sepa-
rately. The QCD Lagrangian in general can be separated in the following parts:

EQCD = Eclassical + £gauge—ﬁxing + Eghost' (21)

Putting aside the discussion of the gauge-fixing and ghost parts, the “classical”
contribution is given by

. 1 v
»Cclassical = Cja(zm — m)abe — ZFlﬁ/FX ) (22)
where Flﬁ, = [0, 47 — 81,Af} — ngBCAfAﬂ (2.3)
and ¢, is the triplet representation of the colour group. It is the third non-abelian
term in the field strength tensor (F) ;3,) which especially distinguishes QCD from
quantum electrodynamics (QED) as it gives rise to triplet and quartic gluon self

interactions. This, in fact, is the reason for asymptotic freedom (see Section [2.3)).
The covariant derivative is defined for the quark triplet fields as

(D,u)ab = a,u(sab + Z.g<tcl4g)ab7 (24)

where a, b, ¢ runs over all colours (r, g, b). The generators t are in the fundamental
representation and the generators 7" belong to the adjoint representation of SU(3).,
obeying the following algebra

[tA,tB] — ifABCtC, [TA,TB] — ifABOTC, (TA>BC’ — —ifABC. (25)
In general, the eight Gell-Mann matrices A\ are chosen as representation for the
generators t4 = \4/2. Using the normalization

1
Tr t'8 = Ty 648, Ty = 3 (2.6)

the Casimir operator for the fundamental representation of SU(N) is

N? -1 4
tAt) = dac—57— = OacC, e for SU(3): Cp = T (2.7)

The Casimir operator of the adjoint representation is given by

Tr TOTP = fABCfABD — sCDN — §9PCy e for SU(3): Cy=3.  (2.8)
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(b)

Fig. 2.1: Some contributions to the running of the strong coupling constant at one loop:
a) gluon loop (anti-screening), b) quark loop (screening).

2.3 Running Coupling and Asymptotic Freedom

Due to the well-known running of the strong coupling constant, the coupling is large
at low energy scales (large distances) and small at higher energies (short distances).
This explains why on the one hand quarks and gluons are confined in the nucleon at
large distances and on the other hand particles are asymptotic free and perturbation
theory is valid at high energies.

This behavior of the coupling constant is in particular related to the self interactions
of the exchange bosons, the gluons. It can be determined by calculating higher order
perturbative corrections. In Fig. some contributions to the one loop corrections
are shown. In fact, the QCD coupling shows the behavior described above because
the anti-screening of the gluons overcomes the screening due to the quarks.
Applying the renormalization group equation (RGE) yields up to three loops for
as = ag/(2m)

o Oas  Odag
@ o = 22— ), 29)
ﬂ(as(t)) = _as(t) (ﬁoas(t) + Blag(t) + BQag(t))’ (2'10)

where t = In Q? and the 3; are the contributions from the ¢ + 1 loop correction. The
B; are given up to NNLO by

Gy — 4Ty 111

Bo . 5 3 (2.11)
17C2 — (10Cy — 6Cx)T; 11
= TR0 =0 o 5119, o1
p 2857C3 + (108C2 — 1230CkCy — 2830C2)Tyng + (264CH + 316C4 ) T2n?
2 pu—

432
2857 5033 325 ,

R e PR 2.1

16 144 "

where n¢ is the number of effective (light) flavours. The first two / functions are
independent of the renormalization scheme, and the last (83) is defined in the mod-
ified minimal subtraction (MS) scheme.
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Fig. 2.2: Summary of measurements of oy as a function of the energy scale Q. The
respective degree of QCD perturbation theory used in the extraction of ay is indicated in
brackets (NLO: next-to-leading order; NNLO: next-to-next-to-leading order; res. NNLO:
NNLO matched with resummed next-to-leading logs; N®LO: next-to-NNLO) (from [38|
p. 134]).

At LO, Eq. (2.9) can be solved analytically. Thus, in the leading-log approximation

as(Q?) = L R A N (2.14)
: L+ a(12) Bt o |

where ugr is the renormalization scale.
The current world average value of the coupling according to the Particle Data
Group [38, p. 122 ff.] is

a(M2) = 0.1185 + 0.0006, (2.15)

where My is the mass of the Z boson. The behaviour of the coupling as a function
of @) is depicted in Fig. [2.2

2.4 Parton Model

As described above, one of the major advances in QCD was achieved through the
introduction of the parton model, i.e. thinking of the proton as consisting of point-
like and free constituents: quarks and gluons. The aim of this section is to shortly
introduce this model by calculating the main steps in deep inelastic scattering (DIS:
Q* = —¢* > M:, (p+q)* > M?) for the example of electron-proton scattering as
shown in Fig. |2.3]

In its most general form the cross section of this lepton-hadron process can be due to
photon or Z-boson exchange. The differential cross section including the interference
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Proton (p)

(a) (b)

Fig. 2.3: Deep inelastic electron-proton scattering: a) scattering of an electron from a
proton, b) scattering of an electron from a quark constituent of the proton in the parton
model.

between those processes can be written as

do a? E,
— =2T—— LYYW, 2.16
dE5dcosf 7Tq4 by - it W ( )
where ¢ runs over v, ZZ and ~vZ, n; includes the different contributions from the
couplings and propagators, and L; and W; are the leptonic and hadronic tensors,
respectively.

The leptonic tensors are:

Liy =2 (m*g" — g py - po + Db + piDY) | (2.17)
Lyz = =2¢" (m* (¢} — &) + (X + &) p1 - pa)

+2 (A + &) (Pph + pips) + dicacye™  prypas, (2.18)
Liy =2 [2ey (g™ (m® = p1 - pa) + D{0h + DY) + 2icac™ piops,],  (2.19)

where m is the lepton mass, p; and psy are the initial state and final state momenta
of the lepton, respectively, and

d=d +cl =t] —27sin’0y, =c - =t} (2.20)
where f denotes the lepton, t§ is the third component of the weak isospin, e/ is the
charge of the lepton, and Oy is the Weinberg angle.

Starting from the most general Lorentz structure, the hadronic proton tensor can
be parametrized as
pp’ ip*q’em q"q" (r"q" +p"q")

Wy + ———+—W. w.
Mﬁ 2+ 2]\/[5 3+M§ 4+ MS

WH = —gh Wy + Ws, (2.21)

where p is the proton momentum, M, is the mass of the proton and ¢ is the mo-
mentum of the exchange boson. This expression can be simplified considerably by
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Fig. 2.4: The proton structure function F} measured in electromagnetic scattering of
electrons and positrons on protons (collider experiments H1 and ZEUS for Q? > 2 GeV?),
in the kinematic domain of the HERA data, and for electrons (SLAC) and muons (BCDMS,
E665, NMC) on a fixed target. The data are plotted as a function of Q2 in bins of fixed
x. For the purpose of plotting, F} has been multiplied by 2% where i, is the number of
the x bin (figure from p. 303], where additional information are available).
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applying current conservation g, W*" = 0:
q"q” 4"p-q q'p-q\ Wa | ipgPe*?
i (B8 Yy (P8 (20 Vs
q> q> q? M? 2M?2
(2.22)

For simplicity, the calculations are reduced to the case of massless leptons (high
energies) and weak current contributions are neglected. Using the Mandelstam
variables

s=(p+p)’ u=(p—p2)° t=(p —p2)° (2.23)

and the Bjorken variable

) 2
e -9 (2.24)
2p-q  2p-q
the result is
do dra® 1 9
= MW, — W. 2.25
(dtdu>ep—>eX t282 S+ u [(S + u> R usv 2] ( )
dra? 1
= 7 s a [(s+u)’zF) — usky], (2.26)

where v = E; — F5 and where the form factors are expressed through the structure
functions Fy = MW, and F; = vW,. The experimental result of this process was
the scaling of the structure functions, i.e. their independence of the scale Q? = —¢?
at a given value of z. This scaling is — despite logarithmic scaling violations (see
below) — visible in Fig. especially for 0.1 < x < 0.4.

Richards Feynman’s approach and subsequently further elaborated parton model is
able to explain this fact. In this model, the proton consists of point-like quarks.
At high energies, the proton/hadron can be described using the so called infinite
momentum frame, so that the partons can be thought of as having a momentum
collinearly to the proton and carrying a longitudinal momentum fraction z of it. Be-
cause of the time dilation and Lorentz contraction, the constituents can be handled
as independent, and hence cross sections can be expressed through the incoherent
sum of its partonic contributions. Therefore, parton distribution functions (PDFs)
fq(x) can be introduced, reflecting the probability of finding a quark of type ¢ with
momentum fraction x of the proton in the proton. This way, the inelastic electron-
proton cross section is explained by elastic electron-parton scattering:

do do
(dtdu)wx 22/ & @) (M)W’ (227

where ¢ = u, u,d, ... The electron-quark elastic scattering cross section equals apart
from a colour factor the well known electron-myon scattering, so that

2

(d(tigu) o Z/dx fq(f‘f)w% [(s+w)? = 2su] 5(t + x(s + u)), (2.28)

S
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%m&%

Fig. 2.5: O(ag) corrections to the naive parton model through real gluon emission.

where the delta distribution fixes the parton momentum fraction of the proton to
the Bjorken variable x. Comparing both solutions, Eqgs. (2.26)) and (2.28]), yields the
Callan-Gross relation

2¢Fy () Z e2xf,(x (2.29)

and explains Bjorken scaling, since the structure functions only depend on the
Bjorken scaling variable x.

Instead of the structure functions F; and F3, alternate structure functions for the
absorption of a transversal and longitudinal polarized virtual photon can be intro-
duced. For large Q?,

FT—>F1, FL—>F2/2.I—F1. (230)

The measured vanishing of F}, proofs the quarks to be of spin one-half, because
spin one-half quarks cannot absorb longitudinal polarized vector bosons. This is of
course in agreement with the spin one half calculation above; especially with the
Callan-Gross relation 2z F (z) = Fy(z) (see Eq. 2.29).

2.5 Scaling Violations

In contrast to the “naive® parton model above, scaling violations, proportional to
asIn(Q?), can been observed. These logarithmic effects can already be seen in
Fig. 2.4, For example these O(as) corrections are due to gluon emissions of the
quarks struck by the photon (see Fig. . A straightforward calculation of this
cross section v* + g — g + g for the real gluon emission yields the squared matrix
element P 202
— 3 U
IM|? = 327° (e ) Cr ( 3 ; " ) :

where hats (") indicate partonic variables, Mandelstam variables are used, and run-
ning coupling effects have to be considered. Since the virtual photon still scatters

from a spin one-half quark, the Callan-Gross relation (see Eq. [2.29) is also valid for
the structure function of each parton separately. That is, in the DIS limit

(2.31)

Fy ~ 5

229 =5 2.32
x ! 0T47‘r2 ( )

5 7re2ozozs —t 5 2002
i /dcosGCF ( —%4— uC?) (2.33)

47ra 3
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Proton (p) pi = yp 2pi = 2yp = ap

Fig. 2.6: Momentum fractions for the real gluon emission parton process.

by

Fig. 2.7: Kinematics for the real gluon emission of Fig.

Introducing the momentum fractions: p — p; = yp — pi’ = zp; = yzp = xp as
described in Fig. [2.6] a partonic version of x and can be expressed through
2 2 2
¢ ¢ _ @& (2.34)
2pi-q  (pita)P—¢ S$+0Q
Using ¢ = cos @ and the kinematics described in Fig. [2.7] the partonic Mandelstam
variables are

z

Q*(1—2)

S=(@+p) =@ +9)="—, (2.35)
t=(g—p)*=(9-p) = # (2.36)
= =y = (g -9 = ~LULD, 237)

2z
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Thus,

n ey ! l—c  2(1—2) 22(1 4 ¢)
2F1_C’FE/_1dc <2(1_Z>+ - +(1_C)(1_Z)>. (2.38)

In this last expression are multiple sources of infra-red divergences. First, the in-
tegral diverge for ¢ — 1, in which case the gluon is emitted collinear to the initial
quark p;. It is exactly this long-range contribution which will be later factorized
in the PDFs. In addition, the integral is also divergent for z — 1, which occurs
if the gluon is soft, i.e. has vanishing momentum, or is collinear to the outgoing
quark. An accurate handling of this infra-red divergences would imply regulariza-
tion techniques like dimensional regularization. Instead, in this short summary, the
¢ — 1 collinear divergence will be regularized using a lower cut-off x4 in transverse
momentum

1Q°(1 — =)
=2 11— 2.39
p= 20" (2.39)
In the collinear limit, ¢ ~ 1, therefore
R 5/4 1 o 1 +22 p2
2F) ~ é? dpt |5 [ =C o= 2.40
1 eq/MQ Pr [p% <27T F1_2)+ <Q2 ’ ( )

where the lower pr scale p regularizes the collinear singularity and gives rise to
logarithmic corrections (dimensional regularization yields a pole in 1/¢.). Thus,

2

2F) = P (2)log = + C(2), (2.41)
1
with the incomplete and unregularized splitting function
1+ 22

The remainder term C(z) contains no initial state collinear singularities. The addi-
tional soft infra-red divergences for z — 1 will be canceled by the virtual diagrams
of Fig. Instead of explicitly calculating the contributions from these diagrams,
an easier way to consider them is proposed by Altarelli and Parisi [5]. The virtual
diagrams contributes only for z = 1 and are proportional to §(1 — z). Moreover,
the splitting function, regularized by the virtual contributions, can be expressed by
introducing the plus distribution:

1 1

— f(1

/ dz ) :/ dz M, with (1 —2)y =(1—2) for z <1, (2.43)
0 (1—2)+ 0 (1-2)

and requiring that f(z) is sufficiently regular at the end points. Furthermore, due

to valence quark number conservation the integral fol dz P,,(2) has to vanish, which

can be used to fix the proportionality constant of the delta distribution. Thus,

1+ 22

Py(z) = CFm

+26(1— 2). (2.44)
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Fig. 2.8: Virtual diagrams contributing to the order O(«;g) through interference with the
leading order parton diagram.

Finally, the hadronic structure function F} is given as the sum of all its partonic
contributions

1 1
% =2F = Z/ dy fq(y)/ dz 2Ff(Q2,u2,z)5(x —yz) (2.45)

S5 L O

Including the O(«) contributions, the total structure function up to O(aqy) is

g f B0 ((-3) (g o)) e

where the term proportional to log Q? violates Bjorken scaling.

2.6 Factorization and DGLAP Equations

The result of the last section still includes the collinear singularity for u — 0.
One way to handle this long-range contribution is to define — similar to the renor-
malization of ultra-violet divergences — dressed parton densities f,(x, u#) using the
factorization scale ug

o) = 1o+ 22 [ Lie,(2) (e o(H)). e

so that
o[ B (1-5) [ (G]) e

The treatment of the term C'(z/y) depends on the choice of the factorization scheme.
The collinear singularity is factorized in the well defined “running” parton density
fo(z, ud), which therefore includes non-perturbative long-distance physics. This
density has to be obtained experimentally, but its evolution can be calculated since
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the structure functions should not depend on an arbitrarily chosen factorization
scale. Using renormalization group techniques yields

Ofy(w, 1) _ os /1 dy 2 x
alogu% ~ o Ty fq(ya,uF)qu y) (2.50)

and hence allows to calculate the p# dependence of the PDFs. However, until now
gluon splitting into two quarks P, has been neglected, which couples the quark
distribution to the gluon distribution. Including this contribution, the well-known
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation [5,(14,[27,|34] for a
quark density reads

af (x7#2) Qg ldy xT T

Then, using equal factorization and renormalization scales p2 = pi = @Q? and
denoting the convolution by ®, the evolution equation for PDFs is:

0fy(x,Q%) _ 0s(Q%)

dlog Q2 on [[fa ® Py) (#,Q%) + [fy ® Py] (,Q%)], (2.52)

and considering the triple gluon vertex, the equation for the gluon density is:

0fy(x, Q%) _ os(Q?)
dlog@? 2«

[fo ® Pogl (2, Q%) + ) [f ® Pyl (2, Q)| - (2.53)

This derivation is, of course, only a sketch. A more formal and accurate derivation
would include operator product expansion techniques etc. [23},29,37], which is beyond
the scope of this thesis.

2.7 Relevance of PDFs and Their Evolution

The above sketch of the derivation of the DGLAP equations has similarities in
other QCD calculations. First, the factorization, used above to handle initial state
collinear singularities, can be used to calculate hard parton processes. This way,
they can be split into a product of the unperturbative PDFs and perturbative short-
distance cross sections,

Opp—sX = Z/dﬂﬁldwz fi(h;ﬂ%)fj(@;ﬂ%)&ij (p17p2aoés(:ulz% = M%>7Q2/M%)7 (2.54)
i,

which is illustrated in Fig. [2.9] Despite this result, the PDFs have still to be de-
termined and cannot be predicted a priori at any scale ()y. But once they are
determined, they are universal and so perturbative QCD can be predictive.

The procedure for determining PDF's is, in principle, to use existing experimental
data to fit PDFs, and to use these PDF's afterwards as input for predictive calcula-
tions. In concrete:
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Gij(as)
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S

P,

fi(z2)

Fig. 2.9: Factorization in the parton model hard scattering process.

e First a parametrization for the PDFs at an initial scale is proposed. This
parametrization can be inspired using spectator counting rules and Regge be-
haviour to be proportional to z%(1 — x)?, but details are beyond the scope
of this work. This central part can be extended for example by polynomials.
Typical parametrizations are |41}44]

@ fo(2, Q) = NeaP! (1 — x)P2eP? (1 + pgaz)'  or (2.55)
zf,(2,Q5) = Nypg12P+2 (1 — 2)P23[1 + p, s2P* + p,e7], (2.56)
where ¢ = g,u,u, ..., N, are the normalizations, and p, ; are fitting parame-

ters.

e Then the PDFs will be evolved using the DGLAP equations up to the ex-
perimental scale and used to calculate observables such as structure functions

and cross sections. Data are typically obtained from deep inelastic scattering
(DIS) and the Drell-Yan process.

e Using a fitting procedure the parameters of the parametrization will be ad-
justed to the experimental data.

Finally, the PDF's can be evolved to other scales and hence used for predictions.
Furthermore, besides the experimental data so called “sum rules” put theoretical
restrictions on the PDFs. For instance, for the proton there are the valence quark
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Fig. 2.10: The recent CTEQ CT14 parton distribution functions at @ = 2GeV and
Q = 100GeV for u, u, d, d, s =5 and g (from )

numbers:

/1 dz uy(z) = /1 dz (fu(x) — fa(z)) =2, 1ie. two u-valence quarks, (2.57)

0 0

/1 dz dy(x) = /1 dz (fs(z) — fg(x)) =1, 1i.e. one d-valence quarks,  (2.58)
0 0

1
/ dz [s(z) — §(x)] =0, 1i.e. no s-valence quark. (2.59)
0

And, of course, momentum has to be conserved

/0 dzr z [fg(a:) + Z(fq(x) + fz(z)) | =1, (2.60)

which experimentally requires that the gluon carries — depending on the scale —
about 50 % of the proton’s momentum.

In Fig. [2.10, a recent proton PDF plot from the CTEQ collaboration is shown
(as usual, parton momenta zf, (xPDFs) are plotted). The valence distributions
of the up and down quark peaks at = ~ 0.2 with the zero limit for x — 1 and
x — 0, whereas the sea-quarks increase strongly for x — 0 and the gluon distribution
dominates for x < 0.2. Of course, this picture is not complete and especially for small
x < 1073 the PDF's are only weakly restricted by the current data. At these small
x-scales, saturation effects are present and other mathematical descriptions beyond
DGLAP are required such as the BFKL equation. A depiction of the kinematical
coverage of current measurements is given in Fig. [2.11

This whole fitting procedure, of course, requires a great deal of PDF evaluations
and evolutions. Thus, an exact and fast solver of the DGLAP evolution equations
is of fundamental importance.
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108y

107}

Fig. 2.11: Kinematic domains in 2 and Q? probed by fixed-target and collider experi-
ments. Some of the final states accessible at the LHC are indicated in the appropriate
regions, where y is the rapidity (from p. 299)).



Chapter 3

DGLAP Equations and Related
Topics

In this chapter, further properties of the DGLAP equations in view of their numerical
solution will be discussed. First, the solution in z-space is dealt with, and afterwards
its modifications in Mellin-space are presented if differences are significant. A general
overview can be found in [16], especially on z-space solutions see [42] and for the
solutions in Mellin-space see [21],44].

3.1 The Solution in z-Space

There is no analytic solution of the DGLAP equations in z-space, but the complete
equations can be simplified by basis transformations. In addition, challenges due to
heavy flavour thresholds will be discussed.

3.1.1 DGLAP Equation

As described in Chapter [2| the DGLAP equations are renormalization group equa-
tions for the parton densities. They are coupled integro-differential equation with
the splitting functions as kernel elements. These splitting functions P,;(z) describe,
for z < 1, the probability of finding a quark of type a from a quark of type b carrying
a fraction z of the longitudinal momentum of . From now on, the PDF's, resolved
at a scale Q?, are denoted by ¢;(z, Q*) for quarks and g(x, Q?) for gluons, where x
is the fraction of the longitudinal momentum of the hadron and i = u, u,d, . ..
Introducing the new scale variable ¢t = In Q?, using the convention for a; = /27
(see Section and considering the most general form of the DGLAP equations,
Eqgs. (2.52)) and (2.53)) can be written as

() oz [ S [Cnlent) ) (20)]

where the ¢ and j runs over all flavours: u, u, d, d...

22
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3.1.2 Splitting Functions

Moreover, the splitting functions themselves have a perturbative expansion in the
strong coupling constant. The above calculation of P, is only the first order term

of
Pyj(x,t) = P(z) + al ()P (x) + a2(t) P (3.2)

In the last chapter, one splitting function was already calculated explicitly: P,,..
However, the general formulation of the DGLAP equation (Eq. includes multiple
splitting functions. Due to charge conjugation invariance and flavour symmetry their
number can be reduced significantly:

qu‘Qj = P@z@j (3.3)
FPoa; = P, (3.4)
Pog = Pag = Pyg (3.5)
Pyq = Pog, = Pyq- (3.6)

Furthermore, at LO, Pq(i%)j is proportional to d;;, and the probability of a gluon
coming from a quark with momentum fraction z should be equal to the probability
of quark with the momentum fraction (1 — z) coming from the same quark:

Byg(2) = Fyg(1 = 2). (3.7)

Thus, at LO, four splitting functions remain [5], which are listed in Tab. 3.1l The
LO spitting functions are independent of the factorization scheme. Higher order
contributions to the splitting functions have already been calculated (e.g. NLO:
[13,20]); NNLO: [364/45]).

Table 3.1: Leading order splitting functions and associated diagrams.

Diagram Splitting Function

PO (z) = Cp |22 4 35(1 — x)]

| (1—z)

T

Pyq (x) = C :—1+(1—w)2]

Py (z) = Ty [2% + (1 — 2)?]

Pg(g) (Q}) = 2CA [1;—x + Q;(l — x) + ﬁ—i- + (5(1 _ I‘) 11C’A—64Tpnf
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3.1.3 Evolution Basis

The physical basis of the PDF's used thus far can be modified to a more appropriate
basis, which decouples non-singlet distributions from the gluon solution [9,21]. This
means that a new basis is introduced, which will also depend on the number of
active flavours ny:

ng
Singlet: = (g + &) (3.8)
i=1
Non-singlet: ¢;; = (¢; = @) — (¢; = @), (3.9)
ng
Valence (non-singlet): ¢ = Z(qZ —q), (3.10)
i=1
Gluon: g=g. (3.11)

In general there are 3+ 2n¢(ns— 1) possible nontrivial distribution functions but not
all of them are independent, so that the number can be reduced to 3 + 2(ng — 1)
which is equivalent to the size of the physical basis. Different basis schemes are
possible and in use. In this thesis the following basis is chosen:

gGi=(£q) — (@ +q) fori>1, (3.12)
since ¢35 — i} = ¢3; = —¢3; etc. The numbering of the flavours follows an increasing
order: u (Z 1)7 d(: 2)7 s (: 3)7 C(: 4)7 b(: 5)7 t(: 6)

Basis Transformation

As in the calculation of observables the PDFs are required in the physical basis
the PDFs have to be transformed from one basis to the other. The transformation
procedure adopted in this thesis is:

e First u, = (u+ @) and u,, = (u — u) are calculated using the singlet (valence)
basis and subtracting the non-singlet ¢;} (g;;) contributions. Thus, for u,:

up:nlf(g_qgl_q:—ﬁ...) (3.13)
:lf((u+a)+(d+d_)+(s+§)+---
—[(d+d) = (u+a)] = [(s+5) — (ut+a)]—-)

e Then the other quark combinations ¢;, and ¢; , are calculated by adding wu,
and wu,, to the non-singlet ¢} (q;;) basis. For example d,,:

dy =g +up = [(d+d) — (u+a)] + (u+1a) = (d+d). (3.14)

e Finally, the physical quark distributions read

1 1
s=5(sptsm), 5= 5(sp = 5m)- (3.15)
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Splitting Functions in the Evolution Basis

The basis change also alters the DGLAP equations and introduces new combina-
tions of splitting functions [9,21]. Separating P,, und P,; in valence and singlet
contributions leads to

Poaw = Pra. = (SikPq\é + quq, 3.16)
P‘quk = P(?i(]k = 5kaqvq + quq (317)

Charge conjugation and flavour symmetry up to two loops yields

Pyy = Pg» Pyg = Py (3.18)
Py =Py =Po =P (3.19)
PQi!] = P‘jig = qu’ (3-20)
P, = Py = P,y (3.21)

Therefore, for the non-singlet evolution holds
+ _ pV \%
Pt =P, P, and (3.22)
% \% \% S S
P = qu — qu + nf(qu — qu), (3.23)
but while Pq\g starts at first order and PY and PS

9 qq
(P, — Px) vanishes up to second order. Thus,

unequal zero at second order,

P* = PO + q,PW* 4 g2P@*, (3.24)
PV =PV 4 a, PV 4+ 2PV, (3.25)
In the singlet case the new defined splitting functions are

qu = 2anqi7g = 27’Lqui7g = 2anq,ga

qu:qui :Pgém

Py =P+ P™, with P" =ny(P; + P5),
ng = ng7

where PS stands for purely singlet.

DGLAP Equations in the Evolution Basis

In summary, the evolution equations for the non-singlets are

8aq§ = as(t) / | © P (L ) aii =), (3.30)
0 ) [P () )

And the coupled equations for the singlet and gluon read

(o) o0 [ SGREED 2R GED] oo
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3.1.4 Matching Conditions

There is still a problem left concerning the number of active flavours. While it is
a valid approximation to exclude flavours with pole masses beyond the virtuality
M ,ff > (92, it can happen that the evolution crosses such a flavour threshold and
new flavour contributions have to be considered. This is relevant for both the strong
coupling constant and for the PDFs. Nevertheless, if the evolution is performed in
fixed flavour number (FVN) scheme, this contributions are neglected. In contrast,
in variable flavour number (VFN) scheme the evolution is carried out up to the
threshold with the number of light quarks n¢ and from the thresholds upwards
using n¢ + 1 flavours. Thus, a matching between both effective theories, above and
below the threshold, has to be carefully defined.

Matching Conditions for ag

One way of formulating a matching condition for the strong coupling as is to require
continuity at pole masses Q* = M?,. However, since both effective theories are only
valid for Q% > M}%f and Q? < M, iy continuity is not a requirement of the theory.
The required consistency of the full theory leads to discontinuous thresholds at least
at NNLO. Since the number of active flavours change at a heavy flavour threshold
the slope will be discontinuous anyway.

The threshold conditions have been calculated and can be found in [9}/11}33}|44].

Using & = “& at N'LO holds:
F

a™ Y (ktye) = al™ (kitye) + Z { :‘ithf n+1 Z Crj I “} d (333)
=0

where [ is the order of perturbation theory, as = as/27, and ty¢ is the heavy flavour
threshold, which is the heavy quark pole mass. The relevant factors up to NNLO
for equal renormalization and factorization scale are

Cio =0, i.e. continuous at NLO for up = p# and

7
Cop = & i.e always discontinuous at NNLO.

Matching Conditions for the PDFs

The matching conditions for the PDFs have been calculated in [10] and can be found
also in [9,44]. The general structures of these matching conditions up to NNLO are:

Gt (@5 tor) = 5, (2, ) + [Aé? ® i) (2, the), (3.34)
Gne1 (T, ) = Gng (7, i) + @2 {[ ) ® Enf} (x,tn) + [Afg) ® gnf] (z, thf)} , (3.35)
Bt t) = a2 {4 @ 2, ] + [Ag; ® o] (2t} (3.36)
h;f+1<x7 thf) = 07 (337)
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where h* denotes the new heavy flavour basis elements, ¢y is the heavy flavour
threshold, and the A’s are renormalized operator-matrix elements (OME’s) calcu-
lated in [10]. At present, the main conclusion for this thesis is that the PDFs are
continuous at LO and NLO.

3.1.5 Solution in z-Space

Despite all the modifications described above, the DGLAP evolution equations still
cannot be solved analytically in z-space. Therefore the derived and partially decou-

pled Egs. (3.30), (3.31]), and (3.32]) have to be solved numerically with an ordinary

differential equation solver such as the Runge-Kutta method. The numerical solu-

tion will include additional modifications and optimizations, which are described in
detail in Chapter [4.2]

3.2 The Solution in Mellin-Space

In the solution in Mellin-space, the basis transformation described above in z-space
can be equally applied, so that the problem reduces to a coupled equation for the
singlet and gluon and non-singlet equations. The matching conditions can likewise
be transformed to the Mellin-space, but as everything is continuous up to NLO (for
equal renormalization and factorization scale up = pug) an explicit consideration is
skipped in the following discussion.

3.2.1 General Mellin Transformation

The Mellin transformation [6,[12}31},44] for a function f(z) is defined

f(n) ::/0 dz 2" f(x), (3.38)

with n € C. If f(n) is holomorphic in a strip a < Re(n) < b and if f(c £ iw)
tends uniformly to zero for w — oo, then the inverse transformation for a < ¢ < b
(a,c,b € R) is given by

f(z) = L /C - dn 27" f(n). (3.39)

211 ) eCioo

The main advantage of this transformation is that in Mellin-space the Mellin-
convolution reduces to a product

/01 dz 2" /; %h(y)g(x/y) = /01 da 2" UOI dy /01 dz h(y)g(2)d(z — yz)

_ / dy v 'h(y) / dz 2" g(z)

= h(n) - g(n). (3.40)
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3.2.2 Mellin-Space Solution of the DGLAP Equations

Solutions of the DGLAP equations in Mellin-space are discussed in [17,21,44]. Start-
ing from the general DGLAP equation

8qéxt,t) _ a;;) /x dZZP< a(t ))q(z,t) _a;Sf) Poq (o) (3.41)

using as = a,/(2m) and the Mellin transformation, the problem reduces to

dq(n,t)
ot

= as(t)P(n,as(t))q(n,t), (3.42)

where the bold print indicates vectors/matrices in the singlet and gluon case and
scalars in the non-singlet cases. Using P’ = asP and a4 as independent integration
variable results in

oq(n,as) 1

Oas Brmsolay)” (. @) (3.43)

Considering the series expansion for the splitting functions Eq. (3.2) and for the
strong coupling Eq. (2.10]), and sorting everything in a powerseries in as, yields

1
8q(8n,as) -—3 PO(n) +a, (PV(n) — 5,PO(n))
aS as
0 (3.44)
+al (PP(n) = BIPO(N) + (7 = ) PO (n)) + - lq(n, as).
Introducing further the abbreviations
1
Ry, = —PY, Ry 3.45
0= ;ﬁ - (3.45)
leads to a compact form of the DGLAP equation
aq(n, as) i
8—as = —— RO + ZCL Rk n CLS). (346)
At LO, the exponential solution of this equation reads
qro(n,as) = exp [ In (a ) Ry(n )] q(n,ap)
0
aq Ro(n)
= (a_) q(n,ap) = L(n,as, a9)g(n, ap), (3.47)
0

where as denotes the coupling at the final scale and ag the coupling at the initial
scale. Beyond leading order, the solution is more complicated, since in the singlet
and gluon case the matrices Ry do not commute and therefore cannot be written in
an exponential form.
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The Singlet and Gluon Case

One strategy to solve the equation in the coupled singlet and gluon case is to expand
the solution around the LO solution (Eq.|3.47))

q(n,as) = U(n,as)L(n, as, ag)U " (n, ag)q(n, ag) (3.48)

L(N7 Qs, CL())

1+ia§Uk(n)] a(N,ap), (3.49)

1+ afUs(n)
k=1

where U is expressed through a powerseries in as and matrices Ug(n), which only
dependent on n. The calculation of this matrices is described below. Moreover, the
third factor normalizes the evolution operator to the unit matrix at as = ay.

Calculation of the U-Matrices For all higher order solutions the already intro-
duced U matrices have to be defined. Inserting the general solution Eq. (3.49) into
the evolution Eq. (3.46) and sorting powers of ag results in a series of commutation

relations
Uy, Ro| = Ry + Uy,

Uz, Rg] = Ry + R U, + 2Us,
(3.50)

k—1
U, Ro] = Ri. + > Ri_1Uy + kUy = Ry, + kU,
=1

Then, performing an eigenvalue decomposition of Eq. (3.45])
1 p(o) P(O)
Ro—=— [ % “a 3.51
=5 (i a

with the eigenvalues

1 2
o= o | P+ B [ (B + D) apD P+ ap B

1 i 2

= o5 | P \/ (P = Pi) +arrs) (3:52)
leads to
RO = ’["_,’_e_i_ + r_e_ (353)
1

with ey = [Ro — 1], (3.54)

where 1 is the identity matrix. The matrices e_ and e obey the following relations

ere_=e_e; =0, (3.55)
€€ = €4, (356)
e_e_=e_, (3.57)
ey +e_=1. (3.58)
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Inserting all that into the exponential representation of the LO solution (Eq. |3.47)
yields

L(as, a0,n) = e_(n) (“—) R e, (n) (“—) o (3.59)

Qo ap
Moreover, Eq. (3.58]) can be used to decompose the Uy matrices of Eq. (3.49)

Uk = (€+ + e_)Uk(e+ + 6_)
=e_Ure_+e_Ugey +erUge_ + ey Ugey. (3.60)

This expression can be used in the commutation relations Egs. (3.50)) so that

e Rpe_ e_Rpey

1 ~ ~
Uk = —= [e_Rke_ + €+Rk€+] +
r

p (3.61)

_—ry—k ro—r_—k

The poles in the denominator are cancelled by the U~! terms. Now, there are at
least three possibilities to define N™LO solutions.

Solution 1 (z-Space Solution) In the first truncation scheme, the terms orig-
inating from fxmpo (Eq. and Pympo (Eq. are kept in accordance with
N™LO solution in the z-space, described above. This means that the sums in the
evolution matrices U run up to infinity (or up to contributions that are sufficiently
high numerically). At NLO the differential equation reads

6qgn,as) _ _51 POn) + a, (P(l)(n) _ ﬁlP(O)(n))
s 0fs (3.62)
+ a? (—BIP(I)(N) + ﬁfP(O) (n)) q(n,as),
with
L 5o L 5y
R, = B_P R, = ﬁ_P — iRy, Ry =Ry fork>2.
0 0

Solution 2 Another choice is to keep terms in the matrices R up to the specified
order but still keep them up to infinity in U. Therefore at NLO remains

oq(n,as) 1

aas a BOGS

PO(n) + a; (PY(n) — B PO(n)) |q(n,a,), (3.63)

with

1 1
Ry=—PY R =_—
Bo

3 PY — B3Ry, R,=0 fork>2.
0
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Solution 3 (Truncated Solution) Alternatively, one could keep terms in R and
U only up to the specified order. At NLO this leads to the differential equation

dq(n,as) 1

do. ~ Fea POn) + as (PY(n) — 5P (n)) |q(n, as), (3.64)
with
L po L 5
Ry=—P", R =—P"'—-5Ry, R;,=0 fork?>2.
Bo Bo

Thus, the solution reads
a(n, as) = [1 4 a;Uy(n)] L(n, ag, ao) [1 + agUy(n)] " q(n, ag). (3.65)

This can be further simplified with the help of a series expansion of the third term
U~ and by neglecting all terms of a?

q(n,as) = [L(N,as, ag) + asU1(n)L(n, as, ag) — L(N, as, ag)agUz(n)] g(n, ap).
(3.66)

Finally, using the explicit LO solution, the Solution 3 at NLO, where Ry = Ry
holds, is

q(n, a,) — [ (“—) - {e_ + (a0 — as)e_Rye_

Qo

- (ao — s (Z_(S))T_u> %} +(+ —)] q(n,ag),

where for (ry —r_) = 1 not only the denominator but also the coupling prefactor
vanishes. In contrast to Solution 3, the Solutions 1 and 2 include an infinite sum
over Uy, which will require in each numerical solution an abort at sufficient high k
(e.g. for k 2 15 as used in QCD-PEGASUS [44]).

(3.67)

All three solutions differ only in contributions beyond the order under consider-
ation. In particular, the first solution should reproduce the solution in x-space.
While the first two solutions fullfill Egs. (3.62)) and (3.63)), respectively, exact (if the
whole infinite sums in U are considered), the third solution fulfills Eq. only
up to order m. The differences between these solutions can be used as an estimate
for a lower limit of the uncertainties due to higher-order corrections [44].

The Non-Singlet Case

In the non-singlet case, the evolution equation is a scalar equation so that the
commutation relations vanish. The different N™LO solutions from above are defined
as follows.
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Solution 1 (z-Space Solution) Since no commutation relations have to be con-
sidered, Eq. can be directly integrated with a truncation similar to Solution
1 in the singlet and gluon case, i.e. keeping the terms from Bymro (Eq. and
Pymro (Eq. up to the specified order. In NLO using U; = —Ry:

U=V (14 Bia
“V(n, as) = ex L _In < s)
o, a) P P 1+ Brag

Qo

_REV
as C v
— gV (n,ag). (3.68)

Solution 2 Keeping only the terms in R up to the chosen order yields, in NLO
with U1 = —Rl,

Solution 3 (Truncated Solution) The full untruncated solution is

—1 R:t,V

q:I:,V(n7 as) -

1+ Zan,;t’V
k=1

I+ ZalgU:’V
k=1

Truncation of the U, at NLO yields

+,V
1+ a,U;" (a )—Ro

+V sY1 s +V
Y(nyas) = | ————— | | — Y (n,ag), 3.71
q( ) 1+ aoU1i’V ao ¢ (n, a0) ( )

and fully truncated
,RB‘:’V
Qs

¢V(n,as) = [1 +a UV — aoUllL’V] (a_o) ¢V (n,ag). (3.72)

Again, using this solution in Eq. (3.46|) returns U; = —R;.

3.2.3 Splitting Functions / Anomalous Dimensions

In the solutions described above already the splitting functions in Mellin-space have
been used. The Mellin transformations of the LO z-space splitting functions Tab.
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O(m) = Ci __% b zki; %] (3.73)
= Cp g + m - 251(n)} : (3.74)
O () = Ci (iz;;—j?;)} , (3.75)
Yoy (n) = T Ms I T)&?Q)} ! (3.76)
Vg () = 2Ca _% * n(nl— DTGy 1)1(j T2 :2 %] - g”fTF (38.77)
_ 9, E_; . n(nl— - 1)1(3_ — Sl(n)} _ %nfTF, (3.78)

where S; is a harmonic sum of depths one, i.e. a simple harmonic sum. The plus

distributions
O (I A (R (€Y
/de o _/0 et (3.79)

are transformed, as in [43], using the relation

o
xm

= > k. (3.80)

k=0

3.2.4 Inverse Mellin Transformation

In a final step perhaps a back-transformation to the x-space is required. In general,
the inverse Mellin transformation is given by
1 c+ico

T)= — dn 7" f(n), 3.81

f@)=5m [ anas (3.81)

with ¢ € R, which requires ¢ to lie right of all singularities of f(n) (see Section

3.2.1)). In the above solution two sources of singularities have to be considered: the

anomalous dimensions as well as the initial parametrization in Mellin-space. The

LO anomalous dimensions include the rightmost pole for n = 1, so that depending

on the initial conditions ¢ has to be chosen at least greater than one. In addition, for

the inversion the anomalous dimensions have to be continued in the complex plane

(see Section {4.3.2)).

3.2.5 Solution in Mellin-Space

In this section the solutions of the DGLAP equations up to NLO in Mellin-space
have been derived explicitly. Whereas the solutions in Mellin-space are analytic, the
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inversion is not, and hence an numerical procedure is required — if x-space PDF's are
demanded. The analytic solutions can be implemented almost as described above.
The details of the implementation are described in Chapter [4.3]



Chapter 4

Implementation of z-Space and
Mellin-Space PDF Evolutions

In this chapter a more detailed description of the actual implementation of the
DGLAP solutions is given. First, the general code structure and user interface is
sketched, and then the details of the numerical implementations first in z-space and
afterwards in Mellin-space are described.

4.1 The General Code Structure

The code consists of a streamlined user interface, which allows easy switching be-
tween parametrizations and evolution methods. Its general structure uses two in-
heritance levels. In short, one central abstract class CORFE has been implemented
as generally as possible. It controls the z-Q)-Grid and the PDFs and contains the
two main virtual and abstract functions fillGridatinputScale and fillGrid. These
virtual functions are implemented by new classes inheriting virtually from CORE:
IntialParametrization< Name>, which implements fillGridatInputScale, and Evolu-
tion<Name>, which implements fillGrid. Finally, the user has to declare a new
class just inheriting from a chosen parametrization and evolution class. Through
this class both mentioned methods and the grid data are accessible.

There is, of course, a larger amount of classes controlling the strong coupling beta
function, splitting functions, interpolation weights etc., but normally there is no
need for the user to access them. The evolution settings can be controlled with an
input file using YAML for data serialization.

4.2 The z-Space Evolution

The z-space evolution is oriented on the well established HOPPET toolkit [42].
Nevertheless, beyond the object-orientated implementation in C++ also some modi-
fications and optimizations have been done.

The general idea is to use a grid in x-space and interpolate it piecewise polynomial
with the help of Lagrange interpolation. The splitting functions can be represented

35
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in terms of their convolution with these basis functions. Afterwards, the evolution
in @ is carried out, currently using fourth-order Runge-Kutta integration.

4.2.1 Discretization and Interpolation of the Parton Mo-
mentum Densities

First, the evolution is designed to operate on parton momentum densities zg;(x, Q?)
instead of parton densities ¢;(z,Q?), as they are smoother and so numerical de-
viations are reduced. Using Gi(z, Q%) = wxq;(z,Q?) the general DGLAP equation
reads:

M0 [l o SrEmieien e [ e pnitn(Z). 0

2
z T

The introduced momentum densities are represented by an equidistant grid of N,
points in a variable y = In(1/z), so that y, = ady = In(1/x,) with a = 1... N,.
Thus, the moments at an arbitrary y are given with the help of Lagrange interpola-
tion by

rqly =In(1/2),t) = > wa(y)ga(t) with ¢u(t) = 2aq(yast),  (4.2)

whereby « runs over all n+ 1 points used for the interpolation of order n. The w,(y)
represent the Lagrange interpolation weights

wa(y):H vy

7
i;éozya_yi

(4.3)

whereby 7 runs over all n + 1 points except © = a.

General Properties of Lagrange-Like Interpolations

To take care of all possible sources of errors, the interpolation is the first approxi-
mation to be considered. Note, therefore, that it is indeed continuous at the grid
points, but the first derivatives may already be discontinuous.

Furthermore, the accuracy of the interpolated values will increase with the number
of grid points (N,), i.e. smaller grid distances, but that requires more computation
time. Moreover, the interpolation order n could be increased, but — besides higher
computational efforts — the accuracy is not automatically increased, because of pos-
sible oscillations in higher order polynomials. Lower order interpolations such as
linear interpolation (n = 1) as well as high interpolation orders like n > 10 tend to
misfit the data, and an appropriate value in between has to be chosen [40, p. 110
ff.]. Numerical tests indicate n = 6 to be a reasonable choice (see Chapter [5)).

Chosen Interpolation Scheme and Boundary Problems

The interpolation only requires choosing points in the vicinity of the interpolation
point. However, instead of the obvious choice of the n + 1 points centered around
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r<l1 r=1 r>1
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|
L
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Fig. 4.1: Implemented interpolation scheme.

the evaluation point, another scheme was chosen: as shown in Fig. a point is
interpolated by the next lower (higher) grid point in y (x) and the n higher (lower)
grid points in y (z). The reason for this choice is an optimization of calculation
time and a simplification of the boundary value problems. Since this scheme is
shift-invariant, it reduces the number of terms to be calculated roughly by a factor
of the interpolation order as will be shown in Sections [4.2.34.2.3] Moreover, for
small x all supporting points are in the grid. In contrast, for large x the supporting
points lie outside the grid, i.e. correspond to x > 1, which is also shown in Fig.
That is of course not physical, but as all PDFs should vanish for z — 1, all these
values can be set to zero whilst only producing small deviations (depending on the
sampling size in x). This way, the first n sections are interpolated with lower-order
polynomials. In sum, the following calculations are done with an interpolation using
the n + 1 points {y;,...,y;—n} for interpolating a value in the section [y;, y;—1] (see
Fig. |4.1)).

4.2.2 Implementation of the Interpolation

As Eq. shows, the n+1 interpolation weights have to be used each time a point
is interpolated. To reduce computation time, their calculation can be modified with
regard to the direct implementation of Eq. .

Each value of the introduced variable y can be represented through

y=ys+xdy, with ze€l0,—-1] or vy € lys ysl, (4.4)

in the equidistant (dy) grid. The n + 1 weights w, are given by

B4+x—1
wa(y) = ] (4.5)
i=f—n#a @ =
Using an index shift i — i — § and setting ' = —z > 0 results in

wa(y) =[] T (4.6)

im0 (5o B W) 1

One important feature of this representation is that it only depends on the difference
B — a, and not on « and [ separately. This will be used later. Note also that if
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' = 0 and 2’ = 1, then the weights are evaluated at grid points. At these points
holds:

1, f —a=0

if 2/ =0, then w,(y) =< orf-a=0, (4.7)
0, else,
1, f —a=1

if 2/ =1, then w,(y) =< orf-a=1, (4.8)
0, else.

Furthermore, to reduce computation time, the derived expression can be split in
weight normalizations, which have to be calculated only once because of the equidis-
tant grid, and point dependent contributions:

n

) = 7 L I o (4.9)

imo(p-a) (B =) =1 _ 25 )

Since there are only n+ 1 possible values of 5 € {a, a+n} for each «, a new variable
can be introduced v = § — o € {0,n} so that

n

1

_ " —1. 4.10
H?=0#v vt i=0£v o o

w(v,z) =

Splitting this function into the normalization wn(v) and the point dependent factor
wz (v, z') reads

w(v, 2") = wn(v) - wr(v, z). (4.11)

Weight Normalization

As the normalization does not depend on « and [ separately, but only on their
difference, it can be pre-calculated. First wn(—n + 1) is calculated and afterwards
a loop is performed, which uses the following recursive relation:

n n—1

L/wn(v+1) = H v+1l—i= H v—1i =

1=07#£v+1 i'=—17v

1 v+1
wn(v)v—n’

(4.12)

Point Dependent Weight Factor

Instead of considering the exception ¢ # v in the product of the point dependent
weight factors explicitly (see Eq. , the product is performed over all i = 0 to
n and is divided afterwards by the term belonging to ¢ = v. This way, divisions
by zero are introduced for the special cases Eqs. and , which have to be
excluded. In the notation of Eq. these cases read

1, f =0

w(v, ' =0)=13 "’ or=s (4.13)
0, for all other cases,
1, f =1

wv, ' =1)=3 " ar=s (4.14)
0, for all other cases.
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4.2.3 Discretization and Interpolation of the Convolution

In the same way as the momentum distributions were described on the grid, the
whole convolution can be expressed by

Ponn = [ aePeat () - SalPean. (@13

)

where ¢ denotes momentum densities and ® now denotes the convolution with the
momentum densities. The evaluation of the convolution at a grid point x, is given
by

(P®q)a(t) = [ dz P(z,a.(t))q <e;ya,t) , (4.16)

where ¢ is again the momentum density, which itself can be expressed by the inter-
polation. Introducing the integer division symbol “\”, returning the integer quotient
of a division, this can be written as

e =a—(In(z)\dy)
1 a— (IH(Z)\5u)—n
- / LAz Pt Y wlye+In(=)as(t). (4.17)

B=a—(In(2)\5,)

The expression is rather complicated because the support points depend on the
argument of the weights w, i.e. on z. If the integral is decomposed in each grid
section, the expression can by simplified. Therefore, when integrating over the
interval [e”¥ e ¥i-1] then

In(z) € [—yi, —yi1] or In(z) = —(yim1 + 20y) = —yi1 + 20y, (4.18)
with 2/ = —2E0% € [0, —1]. Thus,

e Yi—1 a—i+1
(P ®q)a Z/ dz P(z,t) Z we(Yo — Yim1 + 2'0y)qs(t)
B=a—i—(n—1)
a—i+1 e Yi—1
— Z Z qs(t) /_ | dz P(z,)ws(Yo — yi1 + 2'0,). (4.19)

i=1 B=a—i—(n—1)

This is the central representation which is used in the numerical calculations and
includes « - n terms. To gain more insights into the properties of the solution, it
can be further modified. Since each gz contributes only in n consecutive intervals,
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ieforie[a—p—n+1a—p+ 1], the sum may be rearranged to

“Ya—-B—i

Ponu= > [ [ Pltnln = vorat )] ast0
Be—p1 L Je Pamptim
a “Ya—B—i
S [Z/ s P, )un((5 + 00y + 28] as(0

B=—n+1 - =0 Ya—pti-i

(4.20)

if the additional condition
—B+1—i<0 Viandp, (4.21)

which avoids over counting, is fulfilled. Moreover, using the above described property
of the interpolation weights, w,(y) = w(f — a, z'), the problem reduces to

a

(Pogu= 3 [

B=—n+1
«a

= 3 Puslt)as(t). (4.23)

B=—n+1

“Ya—-pB—i

S [ e PGt s)|an (22

=0

with

e Ya—p—i

P =) / dz P(z, t)w(idy + 2'0,), (4.24)
=0

e Ya—p+1—i

whereby P, 3 now only depends on the difference of o and 3: P,_3. Therefore, it is
enough to calculate Py,_g for all € [-n+ 1, N,| (= {Fo, Pn,4n-1}). Instead of
directly computing these terms, Eq. is used and thereby the terms for each
qp are collected, since this procedure avoids the additional condition Eq. .

Irrespective of this last remark, the convolution at grid point ¥, under the assump-

tion gz = 0 for B < 0 (see Section [4.2.2)) is finally

(P®q)a Z Pa54s. (4.25)

Number of Terms

Due to the equidistant grid and chosen shift invariant interpolation scheme the
number of calculations has been significantly reduced. Whereas in general for each
Yo (INz) one interpolation (n) has to be performed, in total O(N, - n) terms, now,
in the above formulation, only O(N, + n) terms are sufficient, since the kernels P
depend only on the difference of o and .
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4.2.4 Final DGLAP Equation and Evolution Operators

Finally, the DGLAP equations can be reformulated on the grid. Since the interpo-
lation weights for the momentum densities and the convolution terms are identical,
the result is simply

4o
q Z Paﬁ q/g (426)

taking into account that as = as/(27). In the evolution basis described in Section

they read

D) o3 P ) o
5=0
and
9 (Sa®)) _ N (Fast) PO (s(t)
ot (ga(t)) - s(t);:; (ng(t) Pfg(t)) (gﬁ(t))' (4.28)

Now, if the PDFs are used in a fitting procedure, a repeated evaluation of these
equations is highly time consuming. As for each basis element the derived DGLAP
equation is a matrix in the z-grid space (a) of homogeneous ordinary differential
equations with non-constant coefficients, it has a fundamental matrix solution (fun-
damental system). Therefore the problem can be further simplified by splitting the
evolution in evolution operators M and the initial conditions.

The Non-Singlet Case

This way, each grid point in the uncoupled case can be described by
t) = Mas(t)gs(to) with Mos(to) = das. (4.29)

Inserting Eq. (4.29) into the derived DGLAP equation for the uncoupled case,

Eq. (4.26)), yields
Z qs tO Z Pocﬁ

(67

8
Zas ZPaﬁ )M, (£)qy (to).
=0 =

ZMBV g (to ]

(4.30)

A careful investigation of these summations
p=0 PaoMoogo

B=1 PuMogp + PuMiuiq
B =2 PyuMyqp + PoMug
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proofs that Eq. (4.30) can be rewritten as

> as(t) M0 — ) S 510 ZPM)Mw(w]
=0 . - =0 (4.31)
= Pell) _ )Y PN (1),
v=8

Since P,p = Po—p and M,g(ty) = Ma_s(to), it also follows that M,s(t) = M,_s(t).
Thus, again only one row, e.g. 5 = 0, has to be evolved:

o =) P (0200 (432

The Singlet/Gluon Case
The gluon and singlet are coupled to each other so that they are described by

«

Ya(t) = % [ngﬁ(t)25(to) + Mg%(t)gﬁ(tO)} (4.33)

with MZ%(to) = 5(167 M(Z%(t0> = 07

9a(t) = Y [MI5(1)S5(to) + MZ5(t)g5(to)]
8=0
with Mz%(to) == O, Mg%(to) == (Saﬁ.
Inserting these expressions into the coupled DGLAP equations, without marking all
the explicit ¢ dependencies, yields

a a B

0 (U B (SH0) S5 (B 1) (1 ) ()

5=0 ot Maﬂ Moeﬁ gﬁ(to) B=0 =0 Pa,B Poaﬁ Mﬂ'y M,BW g’Y(t())
(4.35)

The result of the same rearrangement of the sums as in the uncoupled case is

ZQ M%qg M%% Eﬁ(to) :GSZZ Paqg ng M,Z% MZ% Eg(to)

(4.34)

=0 p=0~v=p4
o (M M - P PN (M M
o (Mgg Mgg) =) <sz ng) (Mzg Mgg) |
af af ~v=8 oy oy B B

(4.36)
Then again, as in the uncoupled case, for P,g = P,_p and M,s(tg) = M,_p(to) this
can be reduced to:
0 (qu ng) z“: (pqu quy) (ng Mgg) o
—_ @ a = ayq a— a— .
ot \Mg* Mg o \FeL, PIL )\ Myt Mg
e a9 ag aq a9
=03 (i N i N g ) - (439
a= 7+O‘_'7 2 =y ’y+oc—7 ~

=0
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This rather long derivation using two evolution matrices for both the singlet and the
gluon is in fact the same as in the non-singlet case, constructing a basis using N,
gluon and N, singlet values with one 2N, x 2N, evolution matrix. In this thesis the
presented solution is used, because it avoids different array sizes for the evolution
matrices in the code.

The useful result of the above derivations is that the evolution has been split in
evolution operators and initial conditions. Thus, in a fitting procedure, the evolu-
tion matrices have to be calculated only once (!) and can afterwards be applied to
the modified initial conditions.

4.2.5 Splitting Functions

Nevertheless, in any case the kernels Eq. have to be calculated, but the
splitting functions are singular for x — 1 (plus distribution) or for x — 0. The
implementation has to take care of these special cases. In the code the decomposition
of the splitting functions used in QCDNUM [9] has been adapted for reasons which
will become obvious below:

P(z) = A(x) + [B(x)]+ + R(x)[S(2)]4 + K(2)d(1 — ), (4.39)

where + indicates plus distributions.
All splitting functions will be evaluated in the integral fel,ya dz so that the singu-
larities for x — 0 can be neglected. Because each grid section will be integrated

separately as described by Eq. (4.19) the main part f::yil also involves non of these
special cases. Therefore

e Y1
I= / P(z,t)ws(ya +1Inz) dz (4.40)

—Ya

= /e [A(2) + B(2) + R(2)S(2)| wp(ya + In 2) dz. (4.41)

—Ya
The remaining part can be evaluated using the plus distribution
1

/ P(z,t)ws(ys + Inz) dz :/ [A(z)ws(y, +1Inz)] dz

—y1 e Y1

—y1

[ sl +n2) = sl BE) ds = ws(o) | M@d4

# [ IRGIws(a-+1n2) = ROwsn)IS() d = Rws(n) [ S(2) d:

-y1

+ K (1)ws(ya)- s
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1
(1-z)+

In LO, only plus distributions of the type S = occur, so that the expression

can be simplified to

1

/ P(z,t)wg(y, +Inz) dz = / [A(x)ws(y, +1Inz)] dz

-1 e~ V1

+ /1 R(Z)wﬁ(ya +In Z) - R(l)wﬁ(ya)dz + R(l)wﬂ(ya) hl(l . 6—y1) (443}

1—2z
+ K(Dws(ya)-

This again can be rearranged to

1 1
/ P(z,t)wg(y, + Inz)dz = A(z)ws(y, +1n z)

R ws(ge+1n2) — R(Dws(u)

+ 1—=2

dz + [R(1)In(1 — e ™) + K(1)] wa(ya)-

(4.44)
There is still a singularity in the fraction of the integrand for z — 1, but since
both the numerator and the dominator vanish, this case can be handled by using
L’Hopital’s rule

L R()ws(ye +12) = R(1ws(ya)
z—1 1—=2

=~ [ Rt + RO Tt +102)
(4.45)

Using the separation of the weights in normalization and z dependent part, the
derivative of the weight is

d 2
T ws(ya +1n2) = wn(g)

d dy |0, else,

(—D{HLA%% or =0, e

where 8 = 8 — « and it is implied that the interpolation order is greater than one.

Leading Order Splitting Functions

The LO splitting functions and their representations in the above scheme are

47 1+ 22 3
PO(z)= - | ——— 4+ 26(1— 4.47
qq (x) 3 (1 _ x)_‘_ + 2 ( :C) Y ( )

4 1

0 2 0 0
1
Pi(x) = 5(a” + (1 —2)?), (4.49)
1

AD = Z(a? + (1 - 2)?), (4.50)
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41+ (1 —x2)?
PO(z) = R (4.51)
41+ (1 —x2)?
0) _
A =5—— (4.52)
11—z T 33 — 2ng
0 _

Pg(g)(x) =6 [ . +x(l —x)+ T +5(1—x)T, (4.53)

- 1 33 — 2ny

AY =6 { — +a(l- 93)] , RV =62, 5= T Kl = —
(4.54)

And in the used evolution basis (see Section [3.1.3)) they are given by

£(0) _ p(0 V(0) _ p(0 0 _ plo 0 _ plo 0 _ 0 0 _ plo
p()_pq(q)’p()_p() PO — p0) pg(g)_p() pq(g)_gnqu(ig), pg(q)_p()

qq > qq qq 99 94 °

(4.55)

4.2.6 Strong Coupling

Furthermore, the value of the strong coupling at the scale t is required by DGLAP
equations. It is primarily implemented in its differential form of Eq. . Indeed,
at LO, an analytic expression exists, too, but having higher orders in mind, the
differential form is the default implementation. In this form, the strong coupling
is first evolved from its value at a given scale, e.g. Mz, down (up) to the initial
scale of the PDF's using a precise integration procedure, i.e. adaptive Burlisch—Stoer
integration [40, Chapter 17]. For congruence with the PDFs, the strong coupling is
subsequently evolved in parallel with the PDFs using their integration procedure,
which, at the moment, is fourth-order Runge-Kutta integration.

4.2.7 Matching Conditions

If the evolution is performed using a VFN scheme, both the strong coupling and the
PDF's matching conditions have to be evaluated. Neglecting higher-order contribu-
tions, they are all continuous at the heavy quark thresholds, i.e. the pole masses
(see Section . But since this concerns only the physical PDFs and not the
evolution basis, still the new basis contributions have to be determined. At the
threshold ¢y¢ they are, at LO and at NLO, of type hft(tn) = —up, = —(u + @)
and hf~ (tn) = —um = —(u — @). The quantities u, and uy, are calculated from
the evolution basis using the same procedure as for the basis transformation (see
Section . Actually, uy, is a non-singlet basis so that it can simply be evolved
from the beginning, but since that is not possible for w,, both are treated in the
same way, at the moment.

4.2.8 General Code Structure

In sum, the general code contains the following steps.
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1. The grid variables, flavour thresholds etc. are calculated (C++ object: class
CORE).

2. The grid at the initial scale (stored in class CORFE) is filled using a user-chosen
initial parametrization (C++ object: class IntialParametrization< Name>; method:
fillGridatInputScale).

3. The main evolution procedure is called (C++ object: class FvolutionInX ; method:

fillGrid)

3.1 The initial PDFs are transformed to the evolution basis.
3.2 The weight normalizations are calculated.

3.2 The strong coupling at initial scale is calculated using adaptive Burlisch—
Stoer integration |40, Chapter 17].

3.3 The evolution kernels are calculated using an adaptive thirteen-point
Gauss—Lobatto method with a Kronrod extension [40, Webnote 4].

3.4 The PDFs or the evolution matrices are evolved.

3.4.1 For direct PDF evolution: the PDFs and the strong coupling are
jointly evolved up to the final scale or next threshold using fourth-
order Runge-Kutta integration. If there is a threshold, the matching
conditions are evaluated and the number of active flavours is in-
creased by one for both, i.e. in the splitting functions and in the
strong coupling beta function. Afterwards the evolution is continued
using the extended basis.

3.4.2 For matrix evolution: the evolution matrices and the strong cou-
pling are jointly evolved up to the final scale or next threshold using
fourth-order Runge-Kutta integration. If there is a threshold, the
matching conditions are evaluated and the number of active flavours
is increased by one for both, i.e. in the splitting functions and in the
strong coupling beta function. Afterwards the evolution is continued
using the extended basis. Finally, the evolution matrices are applied
to the PDF's at initial scale.

3.5 The evolved PDF's are transformed back to the physical basis.

4. Finally an output procedure can be implemented.

4.3 The Mellin-Space Evolution

The Mellin-space evolution is based on the well established QCD-PEGASUS pro-
gram [44]. Nevertheless, as in the case of the z-space evolution, some modifications
and optimizations have been implemented along with the object-orientated imple-
mentation in C++.

In principal, the implementation in Mellin-space is straightforward. Since all ex-
pressions are given analytically, numerical challenges occurs especially in the infinite



4.3. THE MELLIN-SPACE EVOLUTION 47

sums, in initial parametrizations, and in the inverse Mellin transformation. Since
the Mellin PDFs are generally intended to be used in Mellin-space applications,
normally the PDFs need not be inverted. Nevertheless, as the aim is to develop
a flexible toolkit, the program is kept as generally as possible, and an inversion is
therefore also implemented.

Furthermore, there are two main approaches to a numerical implementation. On the
one hand, all the calculations can be performed with fixed (or user specified) grid
values as in z-space. For instance, this method is faster if a whole grid in x-space
is required, since the inversion can be optimized in view of the chosen grid points
and the evaluations of functions are reduced to a minimum. QCD-PEGASUS has
adopted this procedure.

On the other hand, C++ offers the possibility to directly implement the analytic
functions and products of functions using functors. This way, the implementation
almost directly reflects the theory. Besides this, the advantages of this approach
are a fast evaluation of single PDF values in Mellin-space and great flexibility. The
drawback of this procedure is that functions will unnecessarily be evaluated multiple
times in a full PDF inversion to the x-space, expanding computation time signif-
icantly. Nevertheless, with little additional effort, a method using wvalues can be
derived from this approach.

Therefore, at present, the second way is implemented because of its greater flexibility.
In future, it is desirable to implement both options depending on the requirements.
Below, the main numerical challenges are discussed.

4.3.1 Initial Parametrization

In principal, the Mellin-space method applies to all kinds of initial PDFs such as
functions or grid values in x-space. However, if the initial PDFs cannot be trans-
formed analytically to Mellin-space, great numerical efforts are required to perform
a numerical Mellin transformation. In the future, this option should be implemented
too, but until now, the code depends on an analytic initial parametrization in Mellin-
space. This is of course available for the z-space initial parametrization Eq. ,
but not for the CTEQG6 basis Eq. . Therefore, to compare both z-space and
Mellin-space evolutions, the first one is preferable. At the moment, this and an ex-
tended version of it are implemented [44]. The first also equals the PDF benchmarks
from [24] and is therefore particularly appropriate for testing and comparison:

$fq($, Qg) = ]quq,lzpq’Q(1 — )P (1 + Pg 5P +pq,6x]7 (4.56)

where ¢ indicates the basis and is often used for: u—u, d—d, 2(u+d), d—u, g, s%35.
The moments of these functions are given in terms of Euler’s beta functions, which
itself can be represented as gamma functions for Re m,n > 0:

I'm)I'(n !

B(m,n) = L)) _ / du u™ (1 — u)" L, (4.57)

L'(m+n) 0
The gamma function can be analytically continued to the complex numbers except
for non-positive integers. Its arguments can be shifted to the real positive numbers
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with the functional equation
C(m+1) =ml(m). (4.58)
Therefore, in Mellin-space, the first parametrization Eq. (4.56|) is given by
1 1
fq(Q(Q)’ n) = ngq,l |:/ da qu,2+n—2(1 _ x)pq,s +pq’5/ dzr qu,2+pq,4+n—2(1 . x)pq,:),
0 0
1
-I—pq,ﬁ/ dz zPe2 (1 — x)pq*?’}
0

= IVgPga {B(pqﬂ +n— 17pq,3 + 1) +pq,SB(pq,Z + Dga+ 1 — 1apq,3 + 1)

+ g6 B(pg2 + 1,03 + 1)] (4.59)
pq,ﬁ(pqﬁ +n—1)
= Nypg1|B(pg2+n—1,pg3+1 {14—
qql{ <q2 4,3 ) Doz + Do+ 10
+pq,5B(pq,2 + Pq,4 +n— 1apq,3 + 1):| ) (460)

so that only two beta functions have to be evaluated. The normalization factors N,
have to be calculated for a given initial distribution using the sum rules described
in Chapter [2.7]

Basis transformations in Mellin-space are generally performed via a linear combi-
nation of the functions of the initial PDFs that are for example in the physical
basis. Since functions/functors are used in the current implementation, this leads
to superfluous computations (see below). In the future, it might be more efficient
to implement the PDFs directly in the evolution basis or switching at least at this
point to the walue approach, fixing the PDFs at initial scale by a fixed grid and
interpolation scheme.

Euler’s Beta Function and Gamma Function

The beta function is implemented with the help of the gamma functions as described
in Eq. (4.57). The gamma functions are calculated using the Lanczos expansion and
algorithm described in Numerical Recipes [40, Chapter 6.1]:

1
1\*"2 1 c1 c
T 1) = - —(z+7+3),/9 it I 4.61
(z4+1) <z—|—7—|—2> e 7T CO+Z+1+ +Z+N+6 (4.61)
with specific calculated v and ¢’s, and an error smaller than |e| < 107 if terms
up to N = 14 are considered. This approximation applies for the complex gamma
function everywhere in the complex plane with Re z > 0 and can be shifted to

negative values using Eq. (4.58)).
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4.3.2 Anomalous Dimensions

Moreover, the anmalous dimensions in the complex Mellin-space are required. They
have been easily derived by transforming the splitting functions as described in
Section . However, at LO, this includes harmonic sums S (n), which have to be
continued in the complex plane for a Mellin inversion. Their analytic continuation
is given by

Si(n) = ¢(n) + s, (4.62)

where 1) is the digamma function and g is the Euler-Mascheronie constant [4,8,25].

Digamma Function

The digamma function is implemented using the asymptotic series expansion [1],
valid for |z| — oo and arg(z) < 7:

1 1 1 1 1 1
-1 - _ — O(— 4.63

W) =Inz) = o0 = 5 12001~ 25000 T 25028 (210) o (463)
which can easily be expanded to higher order terms. The second condition concern-
ing the argument will be automatically fulfilled because of the chosen contour of the
inverse Mellin transformation (see Section 4.3.5)). The first condition, |z| — oo, can
be handled using the recurrence relation for the digamma function

Yz +1) = %)+ 2, (4.64)

and requiring for example that Re z > 10 (see [25, Appendix A]).

4.3.3 Strong Coupling

In addition, like in z-space, multiple evaluations of the strong coupling are required
by the solution (see e.g. Eq.[3.47). Unlike in a-space, in this approach the analytic
implementation of the coupling — if possible — is preferable. Therefore, at LO,
the analytic expression for the coupling is used, but with little additional effort,
Burlisch—Stoer integration of the differential definition can be implemented.

4.3.4 Matching Conditions

Again, if the program is used in VFN scheme, matching conditions have to be
evaluated. Their implementation equals the implementation in the z-space solution
and follows Section with the difference that now functions and not values are
combined. And since at threshold, tne, hf~ (tnf) = —um = —(u — @) is a non-singlet,
it can be directly evolved from the beginning. This option is also available in the
code to speed up a PDF inversion.
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4.3.5 Inverse Mellin Transformation

The final inverse Mellin transformation is at present just a test option for the com-
parison of results with respect to z-space PDFs, and is is also only designed for PDF
inversion. The method used is adopted from QCD-PEGASUS [26,/44] and modifies
the general inversion contour of Eq. by changing the argument from 7/2 to
(3/4)7 (see Fig. [4.2).

For a general contour the inversion is given by

1 & . ) )
xf(x) = = [/ dz [el¢x1_c_zeXp(‘¢)f(n =c+ ze“ﬂ}
0
0
—l—/ dz [e70z! 7229 f(n = ¢+ ze 7)) |. (4.65)

Further, as the PDFs and splitting functions are real in z-space, it follows that

f*(n) = f(n*). And because of v — v* = 2i-Im(v) V v € C,

xf(z) = %/ dz Im [ei¢xl_c_zeXp(i¢)f(n =c+z2¢?)], (4.66)
0

with ¢ larger than the the rightmost singularity and ¢ > 7. As already mentioned,
the anomalous dimensions are singular for n = 1. Using the above initial conditions
with typical parameter values as described in [24] (see Eq. yields no further
singularities for n > 1. Therefore ¢ > 1 has to be chosen, and the choice ¢ = 1.9
from QCD-PEGASUS [44] was adopted. In principle, numerical tests of these values
should be performed to a obtain an inversion for small and for high = as fast and as
accurate as possible.
If @ > m/2, there is exponential damping because of the term proportional
exp{zlog(1/z)cos(¢)} which allows for a smaller upper limit in the integration de-
pending on the x value. Again, in general, numerical tests have to be performed to
optimize this cut. Currently, the following values from QCD-PEGASUS are taken:

r<0.01: z<5,
001 <z <03: z<14,
03<2<0.7: z2<32
x>0.7: z<8&0.

(4.67)

In contrast to fixed grid values, the implementation of functions allows for the use
of an adaptive integration procedure. Currently an adaptive thirteen-point Gauss—
Lobatto method with Kronrod extension [40, Webnote 4] is used.

4.3.6 Number of Evaluations

A short sketch of the evaluations for a full z-grid shows the differences between both
previously described approaches using fized values or functions. In the inversion for
each ag(@), each flavour, and for each in the adaptive procedure chosen value of n
the LO solutions, eigenvalue decompositions, basis transformations, and matching
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Im(n)
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- Re(n)
“le=1.9

Fig. 4.2: Chosen and default integration contour for the inverse Mellin transformation
described in Section Crosses indicate the singularities of the Mellin-space function.

conditions have to be evaluated. Thus, there are a lot of redundant calculations.
For example, the LO solutions L for all non-singlet PDFs at a given n and a4 are
identical, but since the adaptive procedure can choose (slightly) different values of
n in the integration, each of them has to be calculated anew. Fixing instead the
supporting points of the inversion-integration, it is enough to evaluate the PDFs
and (matrix-)solutions only once at the expense of adaptive integration and flexibil-
ity. Thus, an implementation of both solutions — if z-grids by Mellin methods are
required — is a future objective.

4.3.7 General Code Structure

At present, the Mellin code is not designed for a specific application but besides
single Mellin moments the provided methods can be used to create either an z-grid
or a grid of Mellin moments (see the numerical analysis in Chapter [5)). The x-grid
solution proceeds as follows:

1. The grid variables, flavour thresholds etc. are calculated (C++ object: class
CORE).

2. The z-Q-grid at initial scale (stored in class CORFE) is filled using a user cho-
sen initial parametrization (C++ object: class IntialParametrization< Name>;
method: fillGridatInputScale). Both the analytic forms of the z-space and
the Mellin-space parametrizations are implemented, so that no transformation
is necessary at this step. Furthermore, the parametrizations in both spaces
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are handed over to the evolution method using function pointers in the class
CORE.

3. The main evolution procedure is called (C++ object: class FvolutionInX ; method:

AllGrid)

3.1 The new basis functions are constructed using the initial parametrization
functions.

3.2 The strong coupling at initial scale and at thresholds (recall that ag is
the integration variable) is calculated using the analytic LO expression
or Burlisch-Stoer integration [40, Chapter 17].

3.3 Functions returning the PDF Mellin moments are constructed from the
LO solutions and the initial conditions.

3.4 The inversion is called for each flavour, for each x, and for each ag (or
Q?), calling itself for each Mellin n the LO solution L (its eigenvalue
decomposition etc.) and using adaptive thirteen-point Gauss—Lobatto
integration with a Kronrod extension [40, Webnote 4].

3.5 The evolved PDF's are transformed back to the physical basis.
4. Finally an output procedure can be implemented.

At alternative implementation to produce a grid in Mellin-space can be easily ob-
tained. The Mellin moments can be directly returned from the defined functions
under point 3.3. At least, just a basis transformation has to be performed.

4.4 Overview and Comparison of Both Methods

At this stage, a summary of the approximations used in each method and of the
possible future optimizations is possible. In addition, a first comparison between
both methods is reasonable.

4.4.1 The z-Space Evolution

The following approximations and sources of uncertainty occur in the LO code of the
x-space solution (i.e. besides numerical accuracy — all real numbers are implemented

as double):

e The general discretizations of the PDFs and the convolutions, using Lagrange
interpolation, are sources of deviations. Their accuracy depends on the sam-
pling size in x and on the order of interpolation (see Chapter [3)).

e The distribution of grid points equidistant in y = In(1/x) implies large dis-
tances in the x-grid for large x. A possible optimization will be the implemen-
tation of subgrids.
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e The interpolation scheme contributes to further deviations because of the un-
physical interpolation points for > 1 described in Section [4.2.2]

e The integration procedures: while the adaptive thirteen-point Gauss—Lobatto—
Konrod integration for the splitting functions and the adaptive Burlisch—Stoer
integration for the strong coupling constant at initial scale only contribute
marginal deviations, the fourth-order Runge-Kutta integration includes a to-
tal accumulated error of O(stepsize?) (see Chapter [5). Changing this last
integration procedure to an adaptive method or increasing the stepsize will
increase the precision. The higher computational efforts can be neglected in
a fitting procedure, because the calculation of the evolution matrices is per-
formed only once.

e The choice of equal factorization and renormalization scale is only negligible if
all orders in perturbation theory are considered. Their variation can be used
to estimate the error due to higher order contributions.

Beyond accuracy, some optimization of computation time and the development of
additional tools are short-term objectives. In sum these are:

e Implementing subgrids in z, i.e. y = In(1/x), for large x values.

e Implementing an interpolation scheme that is centered around the interpola-
tion point and does not use unphysical PDF values for x > 1. Thus, the error
in the above implementation can be estimated.

e Transforming the evolved evolution matrices instead of the PDFs to the phys-
ical basis. That way, a lot of computation time can be saved in a fitting
procedure.

4.4.2 The Mellin-Space Evolution

In Mellin-space the following sources of deviation have to be used:

e (Neglecting higher-order terms in the series expansions of the beta/gamma
function of the initial parametrization.)

e Neglecting of higher-order terms in the implementation of the digamma func-
tion in the anomalous dimensions. In NLO further approximations will be
required (e.g. in the implementation of the dilogarithm).

e In higher-order solutions, uncertainties due to truncations of series expansions
occur. In fact, irrespective of the distinction in three solutions all solutions
have to truncate the infinite sum in the U matrices at a specified or sufficient
high order.

e (The chosen Mellin inversion; especially the abort criterion for the integration
contour.)
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The items in brackets denote sources of deviations which are not due to the Mellin
evolution itself. Here, the short-term objective is

e Implement value-orientated scheme to create fast x-grids.

4.4.3 Comparison

A detailed comparison of both code projects is not possible. Numerical compar-
isons would include computation time and accuracy. Particularly the former is only
reasonable if a fixed goal for the use of both methods is formulated, which is not
presently the case. However, some general remarks are possible: for a given initial
parametrization in Mellin-space the Mellin evolution is more flexible, e.g. it does not
depend on a any grid, and can return the PDF value at a given Mellin n at marginal
computation time. In contrast, the x-space solution can be easily applied to mul-
tiple initial conditions but requires a sufficiently large sampling in x to evolve the
PDFs. In general, the z-space solution is more computationally intensive, and the
above list of approximations suggests more uncertainties in the case of the z-space
evolution. Numerical results will be discussed in the next chapter.



Chapter 5

Numerical Results

In this chapter the numerical properties of the derived evolution methods will be
analyzed. This includes primarily comparisons with respect to the well established
tools HOPPET [42] and QCD-PEGASUS [44]. First, both methods will be tested
separately and afterwards they will be compared.

5.1 Common Settings

The tests described in this chapter were all carried out using the settings mentioned
below, which corresponds to the setup used for the reference results from the Les
Houches meeting, 2001 [24].

The initial scale Q2 of the input parametrization is

Q2 =2GeV?, (5.1)
and the parametrization of the PDF moments reads
wu, (1, Q7)) = x(u — u) = 5.1072002"%(1 — x)?,
xdy (7, Q) = 2(d — d) = 3.0643202°%(1 — x)*,

)
J:ggx, Q§§ = 1.700000z (1 — z)°, 5:2)
)

zd(z, Q) = 0.19398752 %1 (1 — 2)°,

(. Q) = (1 — x)ad(x, QY),

ws(r, Qf) = v3(x, Qf) = 0.2z(u + d)(z, Q}).
Furthermore, equality of the factorization and renormalization scale was assumed,
the strong coupling constant was initialized by

as(Q* = 2GeV?) = 0.35, (5.3)
and the heavy quark thresholds are defined by the pole masses
me = v2GeV, (5.4)
mp = 4.5 GeV, (5.5)
my = 175 GeV. (5.6)

If not explicitly mentioned otherwise, all evolutions were run in LO mode and in
VFEN scheme.

25
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5.2 The z-Space Evolution

The x-space solution depends in particular on the interpolation, the grid sampling
size in z, and the Runge-Kutta integration stepsize. These parameters are tested
first, in order to be able to estimate their influence, and to optimize the configuration.
Then the results are compared to HOPPET.

5.2.1 Interpolation Order

The influence of the interpolation order has already been mentioned in the imple-
mentation. Especially for orders higher than eight, oscillations can be observed, as
expected (see Section or [40, p. 110 ff.]). In Fig. a reference plot of the
momentum PDF (xPDF) at order n = 7 for integration stepsize h = 0.5 (see below)
is shown, and below the absolute values of the relative deviations from another cal-
culation using one order less, i.e. n = 6. Significant deviations are present for large
x because of the already mentioned low grid density for these values. Moreover,
because of the convolution of the DGLAP equations, these large x deviations con-
tributes to the xPDF for all smaller x. However, they vanish at smaller x due to the
high absolute xPDF values for these x. Thus, for small x, i.e. a fine grid, despite of
this large = influence, the interpolation scheme is of vanishing influence. Therefore,
a higher sampling size NV, (a plot for a coarser grid is shown in Appendix or a
subgrid for large x will improve the numerical stability. The latter is preferable as
it requires less computation time.

A comparison of different interpolation orders for the xPDFs with the strongest
deviations (i.e. for g, u, d) is shown in Fig. . The sum of squared deviations
was chosen as indicator for the accuracy, summing over the least number of grid
points (N, = 161). From this figure it can be concluded that interpolation orders
for n > 4 and n < 8 are of marginal difference in view of the total xPDF (e.g. for
large = this fact holds not necessarily). In the currently implemented interpolation
scheme using O(N, +n) terms instead of a more general scheme with O(N, -n) (see
Section [£.2.3), this choice is of little importance with regard to computation time.
By default, n = 6 is chosen.

Moreover, the in Fig. also depicted comparison between different sampling sizes
in x for the same interpolation orders demonstrates again the improved accuracy
for higher sampling sizes. It further suggests that the influence of the interpolation
scheme depends only weakly on the sampling size.
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Fig. 5.1: Upper panel: reference xPDF using a sampling size in x of N, = 321 and an
interpolation order of n = 7 at scale ) = 100 GeV. Lower panel: absolute values of the
relative deviations of a xPDF with interpolation order n = 6 from the reference xPDF.
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Fig. 5.2: Deviations of xPDFs with different interpolation orders from the reference
xPDF with an interpolation order of n = 7 at scale Q = 100 GeV for sampling sizes in x
of N, = 321 and N, = 161.

5.2.2 Sampling Size in z

Besides the interpolation order, the sampling size is of great influence as was shown
in the last example. Since the computation time depends approximately linearly on
the size of the sampling, a careful choice is required. For interpolation order n = 6
and Runge-Kutta integration stepsize h = 0.05 (see below) different sizes have been
tested and their deviations with respect to the highest sampling size of N, = 1921
points have been determined. The deviations for a low sampling size N, = 161 are
shown in Fig.[5.3] Again, for large z (> 0.1) deviations become relevant. This is not
only due to the sampling size itself, but also due to the unphysical interpolation,
using z > 1, that becomes more relevant in this region.

Fig. shows for different sampling sizes the sum of the squared deviations, sum-
ming over the grid with the least sampling size of N, = 61, from the reference xPDF
using N, = 1921. The linear relationship in the double logarithmic scale implies a
power law behavior of the deviations depending on the sampling size. In general,
a sampling size of N, = 161 was chosen if not mentioned otherwise because of the
computation time relevance of the sampling size (this is also true in the solution
using evolution matrices!).
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Fig. 5.3: Upper panel: reference xPDF using a sampling size in « of N, = 1921 and
a interpolation order n = 6 at scale Q = 100 GeV. Lower panel: absolute values of the
relative deviations of a xPDF with a sampling size of N, = 161 from the reference xPDF.
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reference xPDF with a sampling size in  of N, = 1921, and an interpolation order n = 7
at scale @ = 100 GeV.

5.2.3 Integration Stepsize

The uncertainty of fourth-order Runge-Kutta integration can be well described by
a global O(h*) behavior, where h is the integration stepsize. Nevertheless, if the
stepsize h is to small, round-off errors become relevant. In Fig. the sum of the
squared deviations shows clearly the expected O(h®) behavior. The offset of the
gluon deviations is due to its higher values. The deviation below 1072 from the
Runge-Kutta behavior is due to the limited precision of the data type double.

Fig. depicts the absolute values of the relative deviations of a xPDF with a
stepsize h = 0.05 from an evolution using h = 10~ Even at this large stepsize,
deviations are already of order O(107®) and thus beyond any significance. Therefore,
a stepsize h = 0.05 is taken to be the default choice. Since the stepsize is only
relevant for the one-time calculation of the evolution matrices, this choice is not of
high relevance concerning computation time.

Furthermore, the @-grid is related to the stepsize: if the integration stepsize is
chosen larger than the )-grid spacing, then the actual stepsize will be reduced
and the choice of the Q-grid will become (again only one-time) computation time
relevant.
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5.2.4 Comparison to HOPPET

As already mentioned, the z-space solution is based on the HOPPET [42] toolkit.
Therefore a direct comparison of both methods can be used to test the accuracy
of the developed code. Despite the wide-ranging similarities, there are still differ-
ences in both codes to be considered. Whereas HOPPET evolves the PDFs using
a variable u = (Inln Q*/Aqcp)/Bo (so that du/dIn Q* ~ as(Q?)), in the presented
solution the integration variable is ¢t = In Q?. Further differences in the implemen-
tation are for example integration methods for the splitting kernels or a different
implementation of the splitting functions. For the comparison, the default setting
du = 0.1 of HOPPET has been modified to a higher precision du = 0.01, and the
x-code stepsize was fixed to the default value of h = 0.05. Both programs used a
sampling size N, = 161 with equidistant gridpoints in the variable y = In(1/x) and
an interpolation order n = 6. The results are presented in Fig. [5.7 The deviations
are again of order O(107®) and therefore of the order expected from the Runge-
Kutta methods. Thus, the developed code reproduces — with high accuracy — the
output of the HOPPET program.

Nevertheless, there are still deviations for large  and equivalently for very small
xPDF values. The main reason for these deviations are the different integration vari-
ables mention above, which lead to non-equivalent integration stepsizes. Therefore,
increasing the integration stepsizes to du = 0.001 and h = 0.01 reduces the devia-
tions further, as can bee seen in the appendix (see Appendix [A.2). Other possible
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sources of deviations are the implementation of the kernels (integration procedure,
splitting functions) or differences in the computation precision because of the small
absolute values.
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Fig. 5.7: Upper panel: comparison between the x-space code (crosses) and the HOPPET
(lines) output at @@ = 200 GeV using a sampling size N, = 161, an interpolation order
n = 6, and integration stepsizes du = 0.01 (HOPPET) and h = 0.05. Lower panel: relative
deviations from the HOPPET results.
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5.3 The Mellin-Space Evolution
5.3.1 Comparison to QCD-PEGASUS

The Mellin code can be tested in multiple ways. Leaving aside the inversion, the
solutions are nearly analytic, so that no initial tests like in z-space have to be
done. Therefore a comparison of Mellin moments should be almost exact. In QCD-
PEGASUS the normalization of the initial conditions is calculated which is respon-
sible for small deviations from the values given in Eq. (5.2)). Therefore, an anal-
ogous routine for the QCD-PEGASUS normalization options IMOMIN = 1 and
ISSIMP = 0 has been implemented in the Mellin code. Fig. shows the com-
parison for the second Mellin moment at different scales @) (see Appendix for a
comparison of the fifth Mellin moment n = 5). Again the deviations are of O(107%).
An investigation of the deviations revealed that in QCD-PEGASUS the value of the
strong coupling at initial scale is only exactly stored up to this precision, so that
the agreement is as exact as possible.

Beyond this, a comparison in x-space is interesting. The inversion depends on mul-
tiple ingredients: the chosen values for the angle ¢, the crossing of the real axis c,
the abort of the integration at large z, and the integration procedure. Each of these
aspects has to be tested and carefully optimized. As the inversion is only of lesser
interest at this stage of development, the specifications from QCD-PEGASUS are
adopted. Thus, besides differences in the integration, both methods should create
comparable results. Fig. depicts that for = < 0.6 the relative deviations are of
O(1079), which is in rough agreement with the asserted accuracy of QCD-PEGASUS
of five digits in 1077 < x < 0.9 [44, p. 13]. For higher x, significant deviations are
observable. Besides the less precise strong coupling value in QCD-PEGASUS de-
scribed above, the difference between the developed code and QCD-PEGASUS is
probably also due to the integration procedure, which is fixed in the latter tool
and adaptive in this tool (see below). Moreover, at large = values, the damping
o« In(1/z) is small. Hence the truncation at small z in the inversion integration
leads to deviations in both methods with respect to the exact/real solution.
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5.3.2 Comparison to Benchmark Tables

The z-grid produced by the Mellin evolution can also be compared to the above
mentioned benchmark results from Les Houches, 2001 [24]. Table reproduces
exactly the benchmarks results up to the stated precision. In contrast, the results of
QCD-PEGASUS deviate for large = and are less accurate in this region as table
demonstrates. This supports the hypothesis that in QCD-PEGASUS the error for
large = is underestimated and that the different integration procedures — adaptive
or fixed values — are of non-negligible influence.

Table 5.1: Results of the Mellin code with the default options to reproduce the Les
Houches [24] benchmark results for VFN at scale @@ = 100 GeV. The notation is: L_ =
d—1, Ly =d+1, ¢ =q+ q. To keep the table concise the superscripted values in the
PDF columns denote decimal powers.

z | au, xd, xL_ xLy TS+ rCq xby xg

1077 | 5.877175 3.49637° 7.823377 1.0181%2 4.9815t! 4.9088F' 4.6071+! 1.3272%3
1076 | 3.3933~* 2.0129~% 5.1142°% 5.1182+t1 247251 24148+ 22239+l  6.011712
10~% | 1.900672 1.122973 3.22497° 2.4693*t! 1.1659*t! 1.1201+' 1.0037t! 2.5282%2
104 | 1.018672 5.981973 1.9345~% 1.1406%! 5.15837T°% 4.7953%0 4.122210 9.6048+!
1073 | 5.089372 2.9576=2 1.07307% 5.0424T0 2097310 1.814710 1.4582%0 3.1333*+!
1072 | 2208071 1.2497"! 4.998573 2.038110 7.2625°' 5.3107"' 3.8106°! 7.7728%10
107! | 5716671 2.8334~! 1.042872 4.04967' 1.1596"! 5.828872 3.5056"2 8.4358!
0.3 | 3.75971 1.4044=' 3.262973 3.959272 1.036372 4.074073 2.20397% 7.80262
0.5 | 1.3284~1 3.480272 4.2031~* 2806672 7.1707"* 2.5958~* 1.3522~% 7.471973
0.7 | 2.264372 3.513473 1.54687° 6.7201~° 1.727875 6.3958—¢ 3.3996~¢ 3.5241~*
0.9 | 4.2047~* 2.15297° 1.0635~% 3.4998~% 9.8394=9 4.73307° 2.89037° 1.0307°

Table 5.2: Last row of QCD-PEGASUS results for the default options including de-
viations with respect to the Les Houches [24] benchmark results for VEN at scale
Q = 100GeV. The notation is: L_ =d—1u, Ly = d+ 4, ¢ = ¢+ ¢. To keep the
table concise the superscripted values in the PDF columns denote decimal powers.

x ‘ Ty, xd, xL_ xLy TSy TCq xby xg
0.9 | 4.20477* 2.15297° 1.0635"% 3.50207% 9.84497° 4.73497° 2891677 1.0306 ¢

5.4 Comparison of the Evolution Methods

At the beginning the intend was formulated, to create a tool that is able to solve
the DGLAP equations in both spaces. That way, for instance, they could be used
in fitting procedures at the same time. Therefore, it is required that both evolution
engines are equivalent in sufficiently high numerical limits. Until now, such a com-
parison can only be done by transforming the Mellin solutions back to the xz-space.
Thus, the comparison will strongly depend on the Mellin inversion.

A first comparison has been performed using the default options for the inversion
and the x-space settings: n = 6, N, = 161, h = 0.05. In Fig.|5.10]a good agreement
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at small x but large deviations at large x are apparent. This is not surprising since
both methods have shortcomings exactly in this region. Therefore multiple runs
with different options have been performed. Optimizing all options, i.e. N, = 641,
h = 0.001, and 2.« = 200 for all x > 0.3, reduces the deviations approximately by
two orders of magnitude, as Fig. demonstrates.

As depicted in Fig. [5.12] the sampling size in z is especially relevant for the devia-
tions. Since also the influence of the chosen interpolation scheme decreases with a
larger sampling size, it is probably also not negligible. Recall that although the in-
terpolation only directly affects n grid points, all other points are indirectly affected
by large x deviations through the convolution. However, due to the small absolute
values for x — 1, these deviations become irrelevant for smaller x and larger xPDF
values.

Finally, it can be concluded that despite the deviations for large z, which can be
reduced by subgrids or a higher sampling size and of course also larger inversion
limits 2z, — 00, both solution methods are in very good agreement and satisfy the
PDF benchmark tables of [24], since the Mellin code agrees with them. A direct
test of the z-space solutions with these benchmark tables requires an interpolation
of the final grid, which is still unfinished.
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Chapter 6

Summary and Perspectives

In this thesis, a computational tool has been developed which is able to evolve par-
ton densities given at an initial scale up to a higher scale by solving the DGLAP
equations. At present, the evolution can be performed at leading order using a
fixed flavour number scheme or a variable flavour number scheme in z-space or in
Mellin-space. The developed tool has been tested with the established tools QCD-
PEGASUS and HOPPET and shows very good agreement. A comparison of the
Mellin-space results with the Les Houches, 2001, benchmark results was also suc-
cessful. Only the direct comparison between the solution in Mellin-space and z-space
is not yet as accurate as desired. This is due to the inaccuracies at large z (z > 0.3),
which are due the interpolation scheme, the sampling size in the z-space solution,
and the inversion in the Mellin code. Possible ways of improving this situation, e.g.
by using subgrids in the xz-space evolution, have been proposed. Further short-term
objectives have been mentioned in Chapter

In the near future, the described code will be merged with an interpolation routine
for the final x-Q-grid and theoretical calculations of observables in a fitting pro-
cedure, and hence will be able to fit parton distribution functions to experimental
data.

Regarding long-term objectives for the evolution methods: these can, first of all,
be extended to next-to-leading order. This primarily involves implementing the
NLO splitting functions and anomalous dimensions. Furthermore, in Mellin-space
the evolution matrices U, described in Chapter |4 have to be implemented. The
code is already designed with such an extension in mind, so that this will require
little additional effort. However, in NNLO, also the matching conditions have to
be implemented since the PDF's are not continuous anymore. Other long-term ob-
jectives are a variable factorization and renormalization scale, polarized PDFs, a
Mellin transformation of initial PDF's, and an optimized Mellin inversion.

In summary, an extensive computation tool for PDF evolutions has been developed
in the modern object-orientated programming language C++ with a simple user in-
terface. Despite the preliminary status of the project, highly accurate results can
already be produced in an efficient manner. Thus, the evolution methods form a
substantial basis for extensions outlined above.
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A.1 Interpolation Order
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Fig. A.1: Upper panel: reference xPDF using a sampling size in z of N, = 161 and a
interpolation order of n = 7 at scale Q = 100 GeV. Lower panel: deviations of a xPDF
with interpolation order n = 6 from the reference xPDF.
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A.2 Comparison to HOPPET
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Fig. A.2: Upper panel: comparison between the z-space code (crosses) and the HOPPET
(lines) output at @ = 200 GeV using a sampling N, = 161, an interpolation order n = 6
and integration stepsizes du = 0.001 (HOPPET), and h = 0.01. Lower panel: relative
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A.3 Comparison to QCD-PEGASUS
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ung von Ubereinstimmungen sowie mit einer zu diesem Zweck vorzunehmenden Spe-
icherung der Arbeit in einer Datenbank einverstanden.

Miinster, 30. Oktober 2015

Florian Herrmann

I'Nach dem Vorbild des Priifungsamtes Physik der WWU Miinster.
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