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1 Introduction

1. Introduction

Since the first deep inelastic scattering experiments, so the high-energy lepton-hadron scat-
tering, like electron-proton collisions, we learned about the hadronic substructure consisting
of quarks, antiquarks and gluons. This concept of a partonic structure may be restored in a
hadron-hadron collision, as Drell and Yan suggested in the early 1970s[1]. Following this idea,
the Drell-Yan process predicts, for example, the dimuon production by a quark-antiquark
annihilation. Today, this is one of the central processes in high-energy particle physics, since
it allows to study various phenomena.

In this thesis, we examine the Drell-Yan process with the specific focus on its meaning for
Standard Model (SM) propagator particles and Beyond Standard Model (BSM) theories.
In section 2 we start with the invariant amplitude and cross section calculations for the
explicit subprocess qq̄ → γ/Z0 → l+l− and proceed to the parenting process cross section.
Afterwards, we focus on the numerical computation with parton distribution functions
(PDFs) in section 3. After discussing some basic properties of the PDFs, we visualize the
cross section course and examine the effect of the different propagators. In the last section
we handle with the expansion of the SM in the Sequential Standard Model (SSM). It predicts
heavier gauge bosons, called Z ′ and W ′, which are apart from their masses and widths
identical to their SM equivalents. If they exist, they exhibit an influence on the already
described cross section, which we will illustrate and explain.

We presume the reader to have a basic knowledge of quantum electrodynamics (QED)
because since it is a rather wide field, no explicit background explanations will be given.
Only the Feynman rules and some properties and relations of gamma matrices and their
traces will be specified in Appendix A.

The conventions in this thesis orientate on the ones used in most of the publications
and QED books like [2]. Especially important for the understanding is that we use natural
units, so we set the two fundamental constants, the speed of light and the Planck constant,
to c = ~ = 1, throughout the whole text. Only when we actually visualize the cross sections
and compare them to experimental results, we need to transfer them back to SI units, which
will be pointed out explicitly. Furthermore, to separate four- and three-momenta, we denote
this by providing a vector arrow over the latter.
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2 Theoretics of the Drell-Yan Process

2. Theoretics of the Drell-Yan Process

The Drell-Yan process describes the lepton pair production in hadron-hadron collisions and
was first suggested by Sidney D. Drell and Tung-Mow Yan[1]. It occurs when a quark and
an antiquark of the two hadrons interact, creating a photon or one of the intermediate
vector bosons Z0, W + or W − which decay into a lepton pair. Because the photon and
the Z-boson do not carry any charge, their particular partonic subprocesses are given by
qq̄ → γ/Z0 → l+l−. Since they yield an equivalent process, which is shown in Fig. 1a in
lowest order, we have to consider them together in the further derivations.

The W -bosons carry charge and therefore the interacting particles have to be different.
Considering the conservation of the lepton family number, the final products have to be a
lepton and its related neutrino. Hence a possible process would be ud̄ → W + → e+νe or
dū → W − → e−ν̄e where u and d denotes the up- and down-quark. Note that the charged
current may occur between two different quark families as well. This is because of the
assumption that the W -boson couples to quark states which are rotated with the Cabibbo
angle. Nevertheless, transitions like us → W + → µ+νµ are possible but widely suppressed[2].
The lowest order feynman diagram with a W +-boson propagator is shown in Fig. 1b.

The calculation of the hadronic cross section σ requires weighting the partonic cross section
σ̂ with the PDFs, which give the probability to find a specific quark in the hadron and will
be discussed in detail later. In the following sections, we will therefore concentrate on the
subprocess. Since the comparison with experimental data at the end of this thesis focuses on
Drell-Yan production with an uncharged propagator, the specific calculations will adopt this
focus. The basic idea of how to handle the process with a charged current will be stated,
but neither explicit derivations are made nor results discussed.

l+

l−

h

h

q

q
p

γ/Z0

(a)

l+

νl

h

h

q

q
p

W +

(b)

Figure 1: Shown are the lowest order Feynman diagrams of the Drell-Yan process with an
uncharged photon or a Z-boson propagator on the left and a charged W +-boson
propagator on the right. For the latter, quark and antiquark may be u/c/t and
d/s/b respectively. The equivalent diagram for the W −-boson is not shown but
can be obtained by switching the quark and antiquark flavors and the lepton and
neutrino with its antiparticles.
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2 Theoretics of the Drell-Yan Process

2.1. Kinematics

Examining hadronic collisions, it is crucial to distinguish between the hadronic and the
partonic centre-of-mass system (CMS). As already mentioned before, the production of
lepton pairs in the Drell-Yan process underlies a parton interaction and therefore we will
calculate the cross section of the qq → l+l− subprocess first. We assign the four-momenta
and the corresponding energies p1, p2, Eq1 and Eq2 to the incoming quarks and k1, k2, El1

and El2 to the outgoing leptons respectively. Due to the conservation of momentum, the
propagator momentum is given by the sum p = p1 + p2 = k1 + k2. Furthermore, θ∗ describes
the scattering angle between ~p1 and ~k1 in the CMS and since we can choose ~p1 = |~p1|~ez it is
the polar angle. We will only consider high energy collisions so that the particle masses will
be neglected from now on. The directions of the momenta in the partonic subsystem are
visualized in Fig. 2.

Figure 2: Pictured are the three-momenta and there directions of the qq → l+l− interaction
in the partonic CMS.

The absolute values of the three-momenta in the CMS are equal and as we neglect the masses,
it is clear to see that all four particle energies can be expressed with the centre-of-mass
energy

√
ŝ of the partonic system:

Eq1 = Eq2 = El1 = El2 =
√

ŝ

2 . (2.1)

We will use the convention that that variables with a hat describe the partonic system
only. Now we may describe four-momenta scalar products with just two variables, the
centre-of-mass energy and the scattering angle. For example

ŝ = (p1 + p2)2 = p2
1 + p2

2 + 2p1 · p2 ≈ 2p1 · p2. (2.2)

3



2 Theoretics of the Drell-Yan Process

In a similar way, one may also derive

p1 · p2 = k1 · k2 = p2

2 = ŝ

2 (2.3)

p1 · k1 = p2 · k2 = ŝ

4(1 − cos θ∗) (2.4)

p1 · k2 = p2 · k1 = ŝ

4(1 + cos θ∗) (2.5)

p · p1 = p · p2 = p · k1 = p · k2 = p2

2 = ŝ

2 . (2.6)

2.2. Invariant Amplitudes

We may write the differential cross section dσ in the general form

dσ = |M|2

F
dPSn (2.7)

with the initial flux F , the Lorentz invariant phase space element for an n-particle final state
dPSn and the invariant amplitude M[2]. Considering the subprocess shown in Fig. 3, there
are two different propagators possible, giving us the invariant amplitude as the sum of both
M = Mγ + MZ . We assign Mγ to the photon and MZ to the Z-boson propagator. This
yields

|M2| = |M2
γ | + |M2

Z | + 2 Re
{
MγM

†
Z

}
(2.8)

which we now want to derive step by step with the Feynman rules given in section A.1.

q

q

l+

l−

p1

p2 p

γ/Z0 k1

k2

Figure 3: Shown is the Feynman diagram of the subprocess with an uncharged propagator.

2.2.1. Photon Propagator

The invariant amplitude, its adjoint and the square of the absolute value for the photon
propagator are

− iMγ = v̄(p2)ieqγµu(p1)
(

− igµν

p2

)
ū(k1)ielγ

νv(k2) (2.9)
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2 Theoretics of the Drell-Yan Process

= v̄(p2)ieqγµu(p1)
(

− igµν

ŝ

)
ū(k1)ielγ

νv(k2) (2.10)

(−iMγ)† = iM†
γ = (−ieq)ū(p1)γµv(p2) igµν

ŝ
(−iel)v̄(k2)γνu(k1) (2.11)

=⇒ |Mγ |2 =
e2

qe2
l

ŝ2 v̄(p2)γµu(p1) ū(k1)γµv(k2) ū(p1)γνv(p2) v̄(k2)γνu(k1). (2.12)

In the unpolarized cross section we do not seperate between different spin states in the initial
and final states. Hence we average over the spins of the incoming particles and sum over the
spins of the outgoing particles. Assigning the spins s1 and s2 to the incoming quarks and s3

and s4 to the outgoing leptons, results in the averaged amplitude

|Mγ |2 = 1
4
∑

s1,s2,
s3,s4

|Mγ |2 =:
e2

qe2
l

ŝ2 Lµν
q Ll

µν . (2.13)

To get the calculations well-arranged, we established the tensors Lµν
q and Ll

µν which are
associated to the quark and lepton vertex. Their definition

Lµν
q := 1

2
∑
s1,s2

v̄(p2)γµu(p1) ū(p1)γνv(p2) (2.14)

Ll
µν := 1

2
∑
s3,s4

ū(k1)γµv(k2) v̄(k2)γνu(k1) (2.15)

allows to separate the calculations. Writing the tensors as the explicit product of matrices
and vectors, taking Latin letters as their indices, also giving the assigned spin explicitly and
using the completeness relation Eq. A.1 yields:

Lµν
q = 1

2
∑
s1,s2

v̄(s2)
a (p2)γµ

abu
(s1)
b (p1)ū(s1)

c (p1)γν
cdv

(s2)
d (p2) (2.16)

= 1
2 /p1bc

γν
cd /p2da

γµ
ab (2.17)

= 1
2 Tr

{
/p1γν

/p2γµ
}

. (2.18)

Using the trace relation Eq. A.4 one may evaluate the quark vertex tensor

Lµν
q = 1

2p1ηp2ρ Tr{γηγνγργµ} (2.19)

= 1
2p1ηp2ρ4 (gηνgρµ − gηρgνµ + gηµgνρ) (2.20)

= 2(pν
1pµ

2 + pµ
1 pν

2 − p1 · p2gνµ) (2.21)

and taking the same steps to evaluate the lepton vertex tensor as well:

Ll
µν = 1

2
∑
s3,s4

ū(s3)
a (k1)γµab

v
(s4)
b (k2)v̄(s4)

c (k2)γνcd
u

(s3)
d (k1) (2.22)

= 1
2 Tr{ /k1γµ /k2γν} (2.23)
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2 Theoretics of the Drell-Yan Process

= 2(k1µk2ν + k1νk2µ − k1 · k2gµν). (2.24)

Now we plug them into Eq. 2.13, carry out the multiplications and simplify the occurring
scalar products with the results of the kinematic preparations in section 2.1:

|Mγ |2 = 4
e2

qe2
l

ŝ2 (pν
1pµ

2 + pµ
1 pν

2 − ŝ

2gνµ)(k1µk2ν + k1νk2µ − ŝ

2gµν) (2.25)

= 4
e2

qe2
l

ŝ2 [2(p1 · k2)(p2 · k1) + 2(p1 · k1)(p2 · k2)

−ŝ [(p1 · p2) + (k1 · k2)] + ŝ2
] (2.26)

= 4
e2

qe2
l

ŝ2

[
2
(

ŝ

4(1 − cos θ∗)
)2

+ 2
(

ŝ

4(1 + cos θ∗)
)2
]

(2.27)

= e2
qe2

l (1 + cos2 θ∗). (2.28)

Similar to allowing all possible spin configurations which led to an averaging, we cannot
separate between the color states of the participating quarks either. Hence, we owe to
perform the average of the color combinations. There are N = 3 possible color states for the
quark and antiquark respectively and therefore we have to make the replacement

|Mγ |2 → 1
N2

∑
all color
states

|Mγ |2. (2.29)

Since the photon as well as the Z- and W -boson do not carry color, the only option is that
the interacting quark and antiquark carry color and the associated anticolor. Taking this
into account, the sum in either invariant amplitude produces the factor N . Thus, the final
spin and color averaged absolute value of the invariant amplitude results in

|Mγ |2 = 1
N

e2
qe2

l (1 + cos2 θ∗). (2.30)

2.2.2. Z-Boson Propagator

Once again, we start of by deriving the invariant amplitude and its adjoint for the Z0-boson
propagator

−iMZ = v̄(p2)
(

−i
g

cos θW
γµ 1

2
(
cq

V − cq
Aγ5

))
u(p1)

 −i
(
gµν − pµpν

M2
z

)
(p2 − M2

Z) + iMZΓZ


ū(k1)

(
−i

g

cos θW
γν 1

2
(
cl

V − cl
Aγ5

))
v(k2)

(2.31)

= − g2

4 cos2 θW
v̄(p2)γµ

(
cq

V − cq
Aγ5

)
u(p1) (−i)

(
gµν − pµpν

M2
z

(ŝ − M2
Z) + iMZΓZ

)
ū(k1)γν

(
cl

V − cl
Aγ5

)
v(k2)

(2.32)
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2 Theoretics of the Drell-Yan Process

iM†
Z = − g2

4 cos2 θW
ū(p1)γρ

(
cq

V − cq
Aγ5

)
v(p2) i

(
gρη − pρpη

M2
z

(ŝ − M2
Z) − iMZΓZ

)
v̄(k2)γη

(
cl

V − cl
Aγ5

)
u(k1)

(2.33)

with the Feynman rules. Due to the fact that there will be a quite similar problem at
the end of this thesis, the further calculations will be carried out in a more general way
to cover either. So we treat the Z-boson propagator in MZ and M†

Z as if the allocated
bosons have different masses and widths but can be treated in the same way regarding all
other properties. Acting with foresight, we call the two bosons Z- and Z ′-boson. With this
specification we evaluate

=⇒ MZM
†
Z′ = g4

16 cos4 θW

(
gµν − pµpν

M2
Z

)
(ŝ − M2

Z) + iMZΓZ

(
gρη − pρpη

M2
Z′

)
(ŝ − M2

Z′) − iMZ′ΓZ′

v̄(p2)γµ
(
cq

V − cq
Aγ5

)
u(p1)ū(k1)γν

(
cl

V − cl
Aγ5

)
v(k2)

ū(p1)γρ
(
cq

V − cq
Aγ5

)
v(p2) v̄(k2)γη

(
cl

V − cl
Aγ5

)
u(k1).

(2.34)

Before going on, some tensors will be introduced to arrange the upcoming steps. For the
enumerators of the propagators, P Z

µν and P Z′
ρη will be used. Analogue to the derivation of

Mγ there will be tensors associated to the vertex of the quarks Lµρ
q and leptons Lνη

l as well.
We redefine them as

P Z
µν :=

(
gµν − pµpν

M2
Z

)
P Z′

ρη :=
(

gρη − pρpη

M2
Z′

)
(2.35)

Lµρ
q := 1

2
∑
s1,s2

v̄(p2)γµ
(
cq

V − cq
Aγ5

)
u(p1) ū(p1)γρ

(
cq

V − cq
Aγ5

)
v(p2) (2.36)

Lνη
l := 1

2
∑
s3,s4

ū(k1)γν
(
cl

V − cl
Aγ5

)
v(k2) v̄(k2)γη

(
cl

V − cl
Aγ5

)
u(k1). (2.37)

Plugging these tensors into the formula for the spin averaged invariant amplitude yields

MZM
†
Z′ = g4

16 cos4 θW

1
(ŝ − M2

Z) + iMZΓZ

1
(ŝ − M2

Z′) − iMZ′ΓZ′
P Z

µνP Z′
ρη Lµρ

q Lνη
l . (2.38)

Using the completeness relation Eq. A.1 and calculating with the explicit product of matrices
and vectors as done before for Mγ one may describe Lµρ

q and Lνη
l as traces. We can solve

these with the trace relations Eq. A.4 and Eq. A.6 as exemplary shown for Lµρ
q :

Lµρ
q = 1

2Tr
[

/p1γρ
(
cq

V − cq
Aγ5

)
/p2γµ

(
cq

V − cq
Aγ5

)]
(2.39)

= 1
2p1σp2χTr

[
γσγρ

(
cq

V − cq
Aγ5

)
γχγµ

(
cq

V − cq
Aγ5

)]
(2.40)

= 1
2p1σp2χ

(
(cq

V )2 Tr [γσγργχγµ] + (cq
A)2 Tr

[
γσγργ5γχγµγ5

]
−cq

V cq
A

(
Tr
[
γσγργ5γχγµ

]
+ Tr

[
γσγργχγµγ5

])) (2.41)

7



2 Theoretics of the Drell-Yan Process

= 1
2
(
(cq

V )2 + (cq
A)2

)
4 (pρ

1pµ
2 + pµ

1 pρ
2 − p1 · p2gρµ)

+ cq
V cq

Ap1σp2χ4i(εχµσρ + εσρχµ)
(2.42)

= 2
{(

(cq
V )2 + (cq

A)2
)(

pρ
1pµ

2 + pµ
1 pρ

2 − ŝ

2gρµ
)

+ 2icq
V cq

Ap1σp2χεσρχµ
}

. (2.43)

Performing the same steps once again, one will gain an analogue expression for Lνη
l . After

the multiplication of the propagator tensors, the averaged amplitude is given by

=⇒ MZM
†
Z′ = g4

4 cos4 θW

(
gµνgρη + pµpνpρpη

M2
ZM2

Z′
− gµν

pρpη

M2
Z′

− gρη
pµpν

M2
Z

)
[
(ŝ − M2

Z) + iMZΓZ

][
(ŝ − M2

Z′) − iMZ′ΓZ′
] (2.44a){(

(cq
V )2 + (cq

A)2
)(

pρ
1pµ

2 + pµ
1 pρ

2 − ŝ

2gρµ
)

+ 2icq
V cq

Ap1σp2χεσρχµ
}

(2.44b){((
cl

V

)2
+
(
cl

A

)2
)(

kν
1kη

2 + kη
1kν

2 − ŝ

2gνη
)

+ 2icl
V cl

Ak1τ k2βετνβη
}

. (2.44c)

To arrive at a final form for the spin-averaged amplitude, the next steps will be to perform
the multiplication of the propagators with the brackets. Since the calculation will be rather
long, we will divide it into parts in which the propagator product will be multiplied with
one summand of Eq. 2.44b and Eq. 2.44c each. Beginning with the first summands of each
bracket but leaving out the factors dependent on the vector and axial vector couplings yields:

P Z
µνP Z′

ρη

(
pρ

1pµ
2 + pµ

1 pρ
2 − ŝ

2gρµ
)(

kν
1kη

2 + kη
1kν

2 − ŝ

2gνη
)

(2.45)

= 2(p1 · k2)(p2 · k1) + 2(p1 · k1)(p2 · k2) − ŝ(p1 · p2) − ŝ(k1 · k2) + ŝ2

+ 1
M2

ZM2
Z′

[
4(p1 · p)(p2 · p)(k1 · p)(k2 · p) − ŝp2(p1 · p)(p2 · p) − ŝp2(k1 · p)

(k2 · p) + ŝ2

4 p4
]

−
(

1
M2

Z

+ 1
M2

Z′

)(
(p · p1)(p · k2)(p2 · k1) + 2(p · p1)(p · k1)

(p2 · k2) + (p · p2)(p · k2)(p1 · k1) + (p · p2)(p · k1)(p1 · k2) − ŝ(p · p1)(p · p2)

− ŝ(k1 · p)(k2 · p) − ŝ2

4 p2
)

.

(2.46)

Plugging in the terms derived in section 2.1 for the four vector scalar product, the terms
depending on one of the two Z-boson masses vanish. The remaining part, expressed only in
the variables of the centre-of-mass energy and the angle between the incoming quark and
outgoing lepton in the CMS, reduces to

= ŝ2

4 (1 + cos2 θ∗). (2.47)

Going on with the calculations of Eq. 2.44 we will now examine the multiplication of the
propagator tensors with the second summand of Eq. 2.44b and Eq. 2.44c each. The crucial
aspect is to consider that the Levi-Civita tensor is totally antisymmetric. Thus the product

8



2 Theoretics of the Drell-Yan Process

of a symmetric term such as pµpνpρpη with εσρχµ vanishes. We get

P Z
µνP Z′

ρη

(
−4cq

V cq
Acl

V cl
Ap1σp2χk1τ k2βεσρχµενηβτ

)
(2.48)

= −4cq
V cq

Acl
V cl

Ap1σp2χk1τ k2β

(
gσagχbενηabε

νηβτ − pρpη

M2
Z′

gρcgσdgχeενcdeενηβτ

−pµpν

M2
Z

gµf gσggχhεηfghεηνβτ

)
.

(2.49)

Products of ε-symbols with partly the same indices can be simplified into Kronecker symbols
by applying the relations shown in section A.2. Using them, one finds a term only depending
on scalar products, which again reveals a quite compact solution when described with the
known variables ŝ and θ∗:

= −4cq
V cq

Acl
V cl

Ap1σp2χk1τ k2β

{
2gσagχb

(
δβ

b δτ
a − δβ

a δτ
b

)
+ pρpη

M2
Z′

gρcgσdgχe

[
δη

c

(
δβ

d δτ
e − δβ

e δτ
d

)
+ δη

d

(
δβ

e δτ
c − δβ

c δτ
e

)
+ δη

e

(
δβ

c δτ
d − δβ

d δτ
c

)]
+ pµpν

M2
Z

gµf

gσggχh
[
δν

f

(
δβ

g δτ
h − δβ

hδτ
g

)
+ δν

g

(
δβ

hδτ
f − δβ

f δτ
h

)
+ δν

h

(
δβ

f δτ
g − δβ

g δτ
f

)] }
(2.50)

= 4cq
V cq

Acl
V cl

A

{
2(p1 · k2)(p2 · k1) − 2(p1 · k1)(p2 · k2) −

(
1

M2
Z′

+ 1
M2

Z

)
[
p2
(
(p1 · k2)(p2 · k1) − (p2 · k2)(p1 · k1)

)
+ (p · p1)

(
(p2 · k2)(p · k1)

− (p · k2)(p2 · k1)
)

+ (p · p2)
(
(p · k2)(p1 · k1) − (p · k1)(p1 · k2)

)]}
(2.51)

= 2cq
V cq

Acl
V cl

Aŝ2 cos θ∗. (2.52)

Now the only parts left to consider of Eq. 2.44 are the mixed terms, so the product of the
propagator tensors with the first summand of Eq. 2.44b and the second of Eq. 2.44c and
vice versa. We will start of with the first option and again see that the antisymmetry of the
Levi-Civita symbol reduces the term a lot:

P Z
µνP Z′

ρη

(
(cq

V )2 + (cq
A)2

)(
pρ

1pµ
2 + pµ

1 pρ
2 − ŝ

2gρµ
)

2icl
V cl

Ak1τ k2βετνβη (2.53)

= 2i
(
(cq

V )2 + (cq
A)2

)
cl

V cl
Ak1τ k2βετνβη

(
p1ηp2ν + p1νp2η − ŝ

2gνη − 1
M2

Z′

[
(p · p1)

pηp2ν + (p · p2)pηp1ν − ŝ

2pνpη
]

− 1
M2

Z

[
(p · p1)pνp2η + (p · p2)pνp1η − ŝ

2pνpη
]) (2.54)

= 2i
(
(cq

V )2 + (cq
A)2

)
cl

V cl
Ak1τ k2βετνβη

(
− 1

M2
Z′

[
(p · p1)(k1η + k2η)p2ν + (p · p2)

(k1η + k2η)p1ν
]

− 1
M2

Z

[
(p · p1)(k1ν + k2ν)p2η + (p · p2)(k1ν + k2ν)p1η

]) (2.55)
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2 Theoretics of the Drell-Yan Process

= 0. (2.56)

From Eq. 2.54 to Eq. 2.55 the obvious products of symmetric terms with the ε-symbol were
erased. Furthermore, the momentum of the propagator p was assigned to the sum of the
momenta k1 and k2 like it is shown in section 2.1. This step reveals hidden symmetric
products like k1τ k1η which provide that the whole term vanishes. Analogue to this derivation,
the product of the other mixed term of Eq. 2.44 disappears as well. Now all products are
calculated and we can plug the solutions into Eq. 2.44 and add the color averaging factor
1/N :

MZM
†
Z′ = 1

N

g4

4 cos4 θW

1[
(ŝ − M2

Z) + iMZΓZ

][
(ŝ − M2

Z′) − iMZ′ΓZ′
]{ (

(cq
V )2 + (cq

A)2
)((

cl
V

)2
+
(
cl

A

)2
)

ŝ2

4 (1 + cos2 θ∗) + 2cq
V cq

Acl
V cl

Aŝ2 cos θ∗
}

.

(2.57)

To get the spin-averaged amplitude for the pure Z-boson propagator, we now go back from
our general solution for two different masses and widths to the particular case with the same
masses and widths resulting in

|MZ |2 = 1
N

g4

16 cos4 θW

ŝ2

(ŝ − M2
Z)2 + M2

ZΓ2

{(
(cq

V )2 + (cq
A)2

)
((

cl
V

)2
+
(
cl

A

)2
)

(1 + cos2 θ∗) + 8cq
V cq

Acl
V cl

A cos θ∗
}

.

(2.58)

The calculations of the invariant amplitude for a charged W ±-propagator would be equivalent
to the Z-propagator in the main steps since the Feynman rules are quite similar. Therefore,
one can gain the result by just setting the vector and axial vector coupling factors to one and
replace cos θW with

√
2. To gain this simple transition between Z- and W -boson we neglect

the mixing of the quark flavors with the Cabibbo angle. When looking at the CKM-matrix,
the assigned mixing matrix, this may be justified since it is nearly the unit matrix.

2.2.3. Interference Term

The interference term 2 Re
{
M1M

†
2

}
is now dependent on the already calculated amplitudes.

Therefore, we can carry out the multiplication directly:

MγM
†
Z = g2eqel

4 cos2 θW ŝ
gµν

(
gρη − pρpη

M2
z

(ŝ − M2
Z) − iMZΓZ

)
v̄(p2)γµu(p1) ū(k1)γνv(k2)

ū(p1)γρ
(
cq

V − cq
Aγ5

)
v(p2) v̄(k2)γη

(
cl

V − cl
Aγ5

)
u(k1).

(2.59)

With the same methods as before, the spin averaging results in traces which can be calculated
with the relations given in section A.2. To shorten the expression we omit the prefactor
containing the first part of Eq. 2.59 until the Z-boson propagator and the averaging factor

10



2 Theoretics of the Drell-Yan Process

1/4. This yields the proportionality

MγM
†
Z ∝ Tr

{
/p1γρ

(
cq

V − cq
Aγ5

)
/p2γµ

}
Tr
{

/k1γν /k2γη
(
cl

V − cl
Aγ5

)}
(2.60)

= p1σp2χ Tr
{

γσγργχγµ
(
cq

V − cq
Aγ5

)}
k1βk2τ Tr

{
γβγνγτ γη

(
cl

V − cl
Aγ5

)}
(2.61)

=
[
4cq

V (pρ
1pµ

2 + pµ
1 pρ

2 − (p1 · p2)gµρ) + i 4cq
A p1σp2χεσρχµ][

4cl
V (kν

1kη
2 + pη

1pν
2 − (k1 · k2)gνη) + i 4cl

A k1βk2τ εβντη]. (2.62)

Now, the relevant step is to multiply this with the enumerator of the Z-boson propagator
and the metric of the photon propagator. Hence, we start by carrying out the multiplication
with the first and second brackets, respectively. Using the whole expression yields:

MγM
†
Z = g2eqel

16 cos2 θW ŝ

1
(ŝ − M2

Z) − iMZΓZ
16
{

cq
V

[
p1ηpµ

2 + pµ
1 p2η − ŝ

2g µ
η − 1

M2
Z(

ŝ

2pµ
2 pη + ŝ

2pµ
1 pη − ŝ

2pµpη

)]
− icq

Ap1σp2χ

(
ε σχµ
η − pρpη

M2
Z

ερσχµ

)}
{

cl
V

(
k1µkη

2 + kη
1k2µ − ŝ

2g η
µ

)
− icl

Ak1βk2τ ε βτη
µ

}
.

(2.63)

Over again, it is crucial to use that the ε-symbol is totally antisymmetric and hence vanishes
if multiplied with a symmetric expression. The imaginary part of the first curly braces

p1σp2χpρpηερσχµ = 0 (2.64)

cancels itself out to some extent. Here, the symmetry is hidden and can be shown explicitly
if the propagator momentum is written as the sum of the two initial state momenta. The
multiplication of the left over imaginary part of these braces with the real part of the second
braces

p1σp2χ

(
k1µkη

2 + kη
1k2µ − ŝ

2g η
µ

)
ε σχµ
η = 0 (2.65)

vanishes as well. A further reduction can be made when multiplying the real part of the
first brackets with the imaginary of the second[

p1ηpµ
2 + pµ

1 p2η − ŝ

2g µ
η − 1

M2
Z

(
ŝ

2pµ
2 pη + ŝ

2pµ
1 pη − ŝ

2pµpη

)]
k1βk2τ ε βτη

µ = 0. (2.66)

Here again, one has to rewrite the propagator momentum as the sum of the final state
momenta. So the only products left are the multiplication of each the real and imaginary
parts in the curly braces of Eq. 2.63. Calculating them step by step, starting with the real

11



2 Theoretics of the Drell-Yan Process

parts and including the scalar products from section 2.1 yields

cq
V cl

V

[
2(p1 · k2)(p2 · k1) + 2(p1 · k1)(p2 · k2) − ŝ(p1 · p2)

− 1
M2

Z

(
ŝ

2(p2 · k1)(k2 · p) + ŝ

2(p2 · k2)(k1 · p) − ŝ2

4 (p2 · p)

+ ŝ

2(p1 · k1)(p · k2) + ŝ

2(p1 · k2)(p · k1) − ŝ2

4 (p1 · p)

− ŝ

2(p · k1)(p · k2) + ŝ2

4 (p · p)
)]

(2.67)

= cq
V cl

V

ŝ2

4 (1 + cos2 θ∗). (2.68)

For simplifying the remaining product, we use the ε-relation Eq. A.12

− cq
Acl

Ap1σp2χk1βk2τ

(
ε µχτ
η εη βτ

µ

)
(2.69)

= −2cq
Acl

A [(k2 · p2)(p1 · k1) − (p1 · k2)(p2 · k1)] (2.70)

= cq
acl

A

ŝ2

2 cos θ∗. (2.71)

Now we merge the prefactor with the multiplication results and add the color averaging
factor 1/N . Finally, we just need to calculate the real part of our invariant amplitude
product:

2 Re
{
MγM

†
Z

}
= 2Re

{
g2eqel

N cos2 θW ŝ

1
(ŝ − M2

Z) − iMZΓZ[
cq

V cl
V

ŝ2

4 (1 + cos2 θ∗) + cq
acl

A

ŝ2

2 cos θ∗
]} (2.72)

= g2eqel

N cos2 θW
ŝ

[1
2cq

V cl
V (1 + cos2 θ∗) + cq

acl
A cos θ∗

]
Re
{

1
(ŝ − M2

Z) − iMZΓZ

} (2.73)

= g2eqel ŝ

N cos2 θW

ŝ − M2
Z

(ŝ − M2
Z)2 + M2

ZΓ2
Z[1

2cq
V cl

V (1 + cos2 θ∗) + cq
acl

A cos θ∗
]

.

(2.74)

We completed the calculations for the total invariant amplitude for the Drell-Yan process
with an uncharged propagator, which is given by the sum of the amplitude parts in Eq. 2.30,
Eq. 2.58 and Eq. 2.74.
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2 Theoretics of the Drell-Yan Process

2.3. Partonic Cross Section

As mentioned above, the differential cross section may be written in the general form

dσ = |M|2

F
dPSn. (2.75)

For a collision in the CMS with two particles in the initial and final states each, so
A + B → C + D, one can simplify the invariant phase space element as it is shown in
[3]:

dPS2 = 1
4π

1
2 λ

1
2

(
1,

m2
C

s
,
m2

D

s

)
dcos θ

2
dϕ

2π
. (2.76)

The angles θ and ϕ denote the polar and angular angle of the scattering process, s is assigned
to the square of the centre-of-mass energy and the λ-function is

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (2.77)

Rewriting the λ-function first and then neglecting the masses yields:

dPS2 = 1
(4π)2

λ
1
2 (s, mC , mD)

2s
dcos θ dϕ = 1

32π2 dcos θ dϕ. (2.78)

The flux[2]

F = 4
(
(pA · pB)2 − m2

Am2
B

) 1
2 (2.79)

simplifies as well, when using the characteristics of the considered Drell-Yan process. So
neglecting the masses and plugging in the known scalar product from Eq. 2.3 one gets

F = 2s. (2.80)

Therefore, the differential and total partonic cross section of the Drell-Yan process may be
evaluated using

dσ̂ = |M|2

2ŝ

1
32π2 dcos θ∗ dϕ. (2.81)

=⇒ σ̂ =
1∫

−1

dcos θ∗
2π∫
0

dϕ
|M|2

64ŝπ2 =
1∫

−1

dcos θ∗ |M|2

32ŝπ
(2.82)

Since the invariant amplitude does not depend on ϕ, we can directly perform its integration.
With this relation, we just need to integrate over the scattering angle θ∗ to get the total
cross section. We separate this like we separated the invariant amplitudes for the different
propagators and substitute the charges using the fine structure constant α = e2

4π . The lepton
charge equals the elementary charge el = e but the quark charge does not. Hence, we rewrite
the quark charge in units of the elementary charge eq → eq e so that eq ∈

{
±1

3 , ±2
3

}
from

13



2 Theoretics of the Drell-Yan Process

now on. This yields

σ̂γ = 1
N

4πα2

3ŝ
e2

q (2.83)

σ̂Z = 1
N

g4

192π

1
cos4 θW

ŝ

(ŝ − M2
Z)2 + M2

ZΓ2
Z

(
(cq

V )2 + (cq
A)2

)((
cl

V

)2
+
(
cl

A

)2
)

(2.84)

σ̂Z/γ = 1
N

g2 αeq

6 cos2 θW

ŝ − M2
Z

(ŝ − M2
Z)2 + M2

ZΓ2
Z

cq
V cl

V . (2.85)

The full partonic cross section consists of the sum of the seperated ones.

2.4. Hadronic Cross Section

Now it is time to figure out how we can transfer our results of the partonic subprocess to
get the hadronic cross section. If two hadrons A and B collide in the CMS with a fixed
centre-of-mass energy S, the interacting partons do not necessarily collide in their CMS
and therefore their collision energy is not fixed. We describe the parton momentum as the
fraction 0 ≤ x < 1 of the parent hadron momentum. Hence, with the hadron four-momenta

PA =


EA

0
0

pA

 PB =


EB

0
0

pB

 (2.86)

one may derive the parton four-momenta

p1 =


x1EA

0
0

x1pA

 p2 =


x2EB

0
0

x2pB

 . (2.87)

The parton distribution function (PDF) fi(x, Q2) describes the probability that the parton i

carries the momentum fraction x of the hadron. Q2 is the factorization scale and is normally
given by the momentum transfer. Factorization theorems yield that the hadronic cross
section factorizes into its subprocesses weighted with the integration of the assigned PDFs[3].
Thus, the hadronic cross section may be calculated with

σhh→l+l− =
∑

q

∫
dx1dx2

{
fq(x1, M2)fq̄(x2, M2) + (q ↔ q̄)

}
σ̂qq̄→l+l−(ŝ). (2.88)

The factorization scale M is typically the momentum transfer, so here it can be connected
to the invariant mass of the lepton pair and accordingly to the centre-of-mass energy

√
ŝ

later on. A more common way to express the integration variable is with the scaling variable
τ = x1x2 and the rapidity of the parton system in the lab frame ycm. Considering a ring
collider for example, so the lab frame equals the centre-of-mass frame of the hadron collision,
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2 Theoretics of the Drell-Yan Process

the energy of the particles is equal and the momentum is just directed in opposite directions.
Applying this on Eq. 2.86 and Eq. 2.87, the centre-of-mass energies may be connected

S = (PA + PB)2 =


2EA

0
0
0


2

= 4EA (2.89)

ŝ = (p1 + p2)2 =


(x1 + x2)EA

0
0

(x1 − x2)EA


2

= 4E2
Ax1x2 = τS (2.90)

=⇒ ŝ

S
= τ. (2.91)

Here the masses were already neglected, so that EA = pA. To get an expression for the
parton system rapidity, we first describe the momentum Pcm and plug this into the rapidity:

Pcm = (p1 + p2) =
(
(x1 + x2)EA, 0, 0, (x1 − x2)EA

)
(2.92)

βcm = | ~Pcm|
EA

= x1 − x2
x1 + x2

(2.93)

=⇒ ycm = 1
2 ln

(1 + βcm

1 − βcm

)
= 1

2 ln
(

x1
x2

)
. (2.94)

With these relations, we may express the fractions x as

x1/2 =
√

τe±ycm . (2.95)

With these variables, we rewrite the hadronic cross section. We directly use that the particles
are approximately massless, so the interval of integration simplifies

σhh→l+l− =
∑

q

1∫
0

dτ

− 1
2 ln τ∫

1
2 ln τ

dycm σ̂qq̄→l+l−(τS)

{
fq(

√
τeycm , M2)fq̄(

√
τe−ycm , M2) + (q ↔ q̄)

}
.

(2.96)

This expression can only be evaluated numerically and will therefore be part of the next
chapter.
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3 Numerical and Experimental Evaluation

3. Numerical and Experimental Evaluation

In this section, we will concentrate on a comparison of the numerical evaluations of the
hadronic cross sections with the experimental data. The computation is based on the most
recent PDF set CT18nnlo[4], which describes the parton density in protons and antiprotons.
Hence, the selected experimental data from Fermilab includes proton-proton and proton-
antiproton collisions only. All numeric evaluations will be made with Python 3.9.5 and in
particular with the parton package from LHAPDF[5].

3.1. PDF

Revealing the fundamental structure of nucleons is one of the major topics in particle
physics, hence parton distributions of hadrons are relevant. They play a central role in
the upcoming numerical computations for hadronic cross sections and therefore we want
to gain some basic knowledge about them. First, the general idea of PDFs, how they are
obtained from experiments and how to use them when calculating cross sections will be
given. The explanations, especially regarding the derivation of the PDFs from experiments,
will not be exact nor complete but give an overview. For further details, one may consult [6].
Afterwards, some applied parts of the PDFs will be addressed by means of the particular
PDF set CT18nnlo.

3.1.1. PDFs in General

As stated before, the PDF f
(h)
i (x) yields the probability to find the parton i carrying the

momentum fraction x in the hadron h. Right now, it is not possible to get the PDFs from
first principle and so they are determined by comparing calculated hadronic cross section
predictions with experimental measured data. Data from deep-inelastic scattering, Drell-Yan
production, jet and hadron production and top production from high energy experiments are
mainly taken into account to cover different areas of transmitted energy Q and momentum
fraction x. The PDF itself is assumed to be a function of different parameters which are
determined by fitting the function over the data in a procedure called global QCD analysis[6].

There are different constraints which have to be considered while modeling the theoretical
PDF. For instance, the momentum conservation implies that all the parton momenta have
to sum up to the hadrons momentum

∑
i

1∫
0

xf
(h)
i (x)dx = 1 (3.1)
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which is sometimes called completeness relation, too. Furthermore, the PDFs have to
conserve the structure of the hadrons valence quarks. This yields for the proton for example

1∫
0

(
f (P )

u (x) − f
(P )
ū (x)

)
dx = 2

1∫
0

(
f

(P )
d (x) − f

(P )
d̄

(x)
)

dx = 1 (3.2)

and the same calculation for all other quarks has to give 0[6].

When computing higher order partonic cross section singularities emerge which are fixed
by renormalization. As the PDFs have to be renormalized as well, a scale dependence is
needed. In this whole thesis, it is always set to the transmitted energy, so f

(h)
i (x, Q2). Note

that this scaling variable is unphysical and the hadronic cross sections do not depend on
this when calculated with all perturbative orders[6]. We will have a closer look at the PDF
scaling of the CT18nnlo set and give a further discussion. In this text, all calculations are
done at tree level. Considering that the scaling is unphysical, we add a scaling uncertainty,
by calculating the cross sections with the ideal scaling variable Q and moreover with 2Q

and 1/2 Q to get a scaling uncertainty band.

A general PDF set contains different members, one with the information about the optimum
values and the others with the information about the PDF uncertainty. These occur in
pairs f+ and f− that belong together and give the aberration above and below the best
values. To calculate the PDF intrinsic uncertainty of an observable X that depends on the
distribution, we use[7]

∆X = 1
2

√∑
k

[
X(f+

k ) − X(f−
k )
]2

. (3.3)

3.1.2. CT18nnlo

CT18nnlo is a PDF set, which was presented by the multi-institutional collaboration CTEQ.
They are worked out by taking data of different processes like deep inelastic scattering or the
production of Drell-Yan pairs and fit them with next-to-next-to-leading order calculations[4].
Checking the completeness relation Eq. 3.1 for CT18nnlo, it is striking that the quarks
and antiquarks only carry a percentage of approximately 54 % of the protons momentum.
Historically, the first experiment that really showed some kind of parton distribution in
form of the structure functions is the deep inelastic scattering. Since only the quarks and
antiquarks participate in this scattering, the physicists also noticed a similar fraction of
the protons momentum was unfound. This marks the start of the research on the field
theory of the strong interaction, the quantum chromodynamics (QCD). Later on, the gluon,
the quantum of the color field, was found[8]. Adding up the CT18nnlo momenta of the
constituents with the gluons, one finds just a small aberration from 100 % which can be
explained by inaccuracies from numerical integration.
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(a) Q = 10 GeV
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(b) Q = 100 GeV
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(c) Q = 1000 GeV

Figure 4: Shown is the distribution xfq(x, Q2) of some exemplary quarks, antiquarks and
the gluon in the proton at different scaling energies according to CT18nnlo[4]. For
clarity, the gluon distribution is multiplied with the factor 1/10.
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One may gain a general insight into the parton distribution of the proton when look-
ing at Fig. 4. The exemplary distribution for some quarks, antiquarks and the gluon
validates the high momentum fraction of the gluon, which is presented with the factor 1/10.
Furthermore, one can see that the valence quarks dominate only for x-values higher than
approximately 10−1. For decreasing fractions x the distribution for the sea quarks and
gluons increases and decreases for the valence quarks. So the probability to find a sea quark
that carries just a small part of the protons momentum is higher than to find one which
carries a big part of the momentum.

A further information about PDFs that is gained when comparing the different scaling
of the energy plots in Fig. 4. With higher energies, the distributions with small values of x

are increasing, while the distributions with high values are decreasing. This means that with
higher energy, the momentum is divided in smaller packages. This phenomenon is called
scaling violation and we can explain it with the continuous interaction of the quarks in the
hadron which leads to a permanent change in the distribution. As we know from QCD,
quarks can emit and absorb gluons, while loosing or gaining momentum. Furthermore, the
gluon may emit quark-antiquark pairs or further gluons[8].

Thinking of deep inelastic scattering for example, it is clear to see that the resolution
of the virtual photon is dependent on its wavelength and therefore increases with ∝ ~/

√
Q2.

So at lower energies, it is possible that the resolution is not high enough to separate a quark
and an emitted gluon. On the other hand, at higher energies one can measure more separate
particles and therefore the hadron momentum divides into smaller parts. The change of
the PDF with the scaling energies is proportional to the strong coupling constant αS(Q2)
and can be calculated with the so called DGLAP equations. This means, while gaining
information about the distribution functions via experiments, theoretically one only needs
the results of the experiments at one energy[8].

3.2. Scaling Behaviour of the Drell-Yan Cross Section

We can easily convert the subprocess cross sections from section 2.3 into a differential cross
sections of the hadron collision. The cross section for the production of a lepton pair with
the squared invariant mass M2 may be derived via

dσ̂

dM2 = σ̂ δ
(
ŝ − M2

)
. (3.4)
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The squared centre-of-mass energy may be transformed into the variables used for the
hadronic cross section. So taking ŝ = τS into the delta function, it can be rewritten like

δ
(
ŝ − M2

)
= δ

(
τS − M2

)
= 1

S
δ

(
τ − M2

S

)
(3.5)

where we neglect the absolute value of S because S ≥ 0. The corresponding differential
hardronic cross section is computed by plugging the differential subprocess cross section into
Eq. 2.96. Doing this for the photon propagator yields:

dσγ

dM2 = 4πα2

3NM2

∑
q

e2
q

1∫
0

dτ

− 1
2 ln τ∫

1
2 ln τ

dycm
{
f (h)

q (
√

τeycm)f (h)
q̄ (

√
τe−ycm)

+ (q ↔ q̄)
} 1

S
δ

(
τ − M2

S

) (3.6)

=⇒ M4 dσγ

dM2 = 4πα2

3N
τ
∑

q

e2
q

− 1
2 ln τ∫

1
2 ln τ

dycm
{
f (h)

q (
√

τeycm)f (h)
q̄ (

√
τe−ycm)

+ (q ↔ q̄)
}
.

(3.7)

=: 4πα2

3N
τF (τ). (3.8)

This central result shows that the differential cross section exhibits scaling in the variable
τ . Here, this means it is not individually dependent on M2 and S but on their quotient
only and may be seen as the analogous to the Bjorken scaling in deep inealstic scattering.
Of course this is only possible while neglecting the already discussed scaling violation from
QCD. The Q2 dependence is especially striking at low x-values.

3.2.1. Experimental and Numerical Data

The photon is massless, while the Z-boson mass is in the GeV-region. Therefore, we would
expect the Drell-Yan process to show scaling behaviour at low M2, so at low energies. To
check this result, we want to compare it with experimental measured cross sections. In the
following discussion, we use data from the fixed target Fermilab experiment 772. Protons
get accelerated and collide with targets of deuterium, carbon, calcium, iron and tungsten at
a centre-of-mass energy of

√
S = 38.7 GeV[9]. The data is already cleared of the neutron

scatterings, so we can treat it like a proton-proton collision. The measurement of the muon
pairs is seperated by three different sized mass triggers and the data is transferred to the
differential cross section dσ

dM . The theoretically determined cross section from Eq. 3.7 will
thus be expressed with

dσγ

dM
= 2M

dσγ

dM2 . (3.9)
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For the numerical evaluation with the parton package, it is important to notice that the
intrinsic PDF function is xf(x). So the term

dσγ

dM2 = 8πα2

3NM3

∑
q

e2
q

− 1
2 ln τ∫

1
2 ln τ

dycm

{√
τeycmfq(

√
τeycm)

√
τe−ycmfq̄(

√
τe−ycm) + (q ↔ q̄)

} (3.10)

gets finally plugged in the python code. The hadron is not denoted in the superscript anymore
because now we only regard proton PDFs. The constants for the numerical evolution

c = 299 792 458 m s−1 ~ = 6.582 119 569 × 10−25 GeV s (3.11)

α = 7.297 352 569 3 × 10−3 (3.12)

are taken from [10, Reviews > Physical constants]. To gain the cross section dimension m2,
the natural units get transferred back via the factor (~c)2.

There are two different uncertainties that we have to take care of while calculation cross
sections with PDFs. The first one is the intrinsic PDF uncertainty which we can transmit
to any observable with Eq. 3.3 and the second one results from scaling. In the following
discussion the intrinsic PDF uncertainty and the square root of the quadratic addition of
both uncertainties will be shown explicitly. They clearly dominate any uncertainties from
constants, which therefore will be neglected.

3.2.2. Comparison of Experiment and Numerics

Both the experimental and the numerical results are shown in Fig. 5. Apart from two
peaks at around 3 GeV and 10 GeV, the measured and numerical data exhibit the same
course. Nearly all points overlap with the uncertainty band and hence confirm that the
computed results are a good prediction, although we only use the photon propagator, which
was calculated at tree level.

The two peaks can be physically discussed as well. In the experiment, many events are
measured, but our data is cleared in a way that we only get the cross section for dilepton
production. So in this manner, it is possible to only get the data which fits to our final
state. Since it is not possible to know their origin, they may not be produced via the direct
qq → γ/Z0 → l+l− process, but for example the quarks got engaged into a bound state
before they decay. The course of the peaks suggest, that they are such hadron resonances
which deacy into a lepton pair. Compared with the masses of neutral mesons, one finds, for
example, the J/Ψ(1S) resonance, which is the most common bound charmonium state. Con-
sidering the mass of mJ/Ψ = 3.0969 GeV and the branching ratio Γ(J/Ψ→µ+µ−)

Γ(J/Ψ) = 5.961 %[10,
Summary Tables > Mesons], indicates that the first peak shows a charmonium resonance
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Figure 5: Shown is the experimental data from [9] for the hadronic cross section as well as
the calculated prediction for the photon propagator only with CT18nnlo. Note
that the y-axis is scaled logarithmic.

like the J/Ψ.

The second peak seems to be an overlay of two different resonances because at least
two summits may be be separated. Considering the quark masses, one should especially take
bound bb̄ states into account, like the Υ meson. For the different energy levels there are,
for example, the Υ(1S) particle with mΥ(1S) = 9.460 GeV, which decays into a muon pair
with 2.48 % or the Υ(3S) with mΥ(3S) = 10.355 GeV and a decay probability of 2.18 %[10,
Summary Tables > Mesons].

Finally, we want to have a look at the uncertainty band which seems to widen up at
higher energies. Here, the crucial point is to remember the logarithmic scaled y-axis. Ac-
tually the PDF uncertainty decreases at higher energies which is now consistent with the
bands shown in Fig. 4. The scaling uncertainty band narrows as well with higher energies.

3.3. Drell-Yan Cross Section with Z- and W -Bosons

The Z-boson cross section and the mixed term cannot be neglected when considering higher
momentum transfers. Therefore, we now want to calculate the differential cross section
d2σ/(dM dycm|ycm|<1) for all terms and compare it to experimental measured data. The
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3 Numerical and Experimental Evaluation

used expression for the differential cross section will be explained in a moment. Afterwards
we will give the idea on how to measure the W -boson peak.

3.3.1. Z-Boson

The experimental data originates from proton-antiproton collision in the Collider Detec-
tor at Fermilab (CDF) from the 1988-1989 run[11] and the runs in 1992-1993 and 1994-
1995[12] at a centre-of-mass energy of

√
S = 1.8 TeV. The invariant lepton mass range is

11 ≤ Ml+ l− ≤ 150 GeV and 40 ≤ Ml+ l− ≤ 500 GeV respectively, where the lepton pairs
were assigned into bins. Error bars will show the bin width later on. Only dileptons with
a rapidity of |ycm| < 1 are taken into consideration and the data is transferred to the
differential cross section d2σ/(dM dycm|ycm|<1).

The semi correct differential cross section expression which is adopted from the experi-
mental publications is just an abbreviation for

d2σ

dM dycm|ycm|<1
:= 1

2

1∫
−1

d2σ

dM dycm
dycm (3.13)

with the factor 1/2 to account for the two units of rapidity. So with the same steps as before
and for a general subprocess cross section σ̂(ŝ) we gain

1
2

1∫
−1

d2σ

dM dycm
dycm = M

dσ

dM2

1∫
−1

dσ

dycm
dycm (3.14)

= M

S

∑
q

1∫
0

dτ

1∫
−1

dycm σ̂(τS) δ

(
τ − M2

S

)
{

f (P )
q (

√
τeycm , M2)f (P̄ )

q̄ (
√

τe−ycm , M2) + (q ↔ q̄)
} (3.15)

= 1
M

∑
q

σ̂(M2)Y (3.16)

with: Y : =
1∫

−1

dycm


√

M2

S
eycm f (P )

q

√M2

S
eycm , M2


√

M2

S
e−ycmf

(P̄ )
q̄

√M2

S
e−ycm , M2

+ (q ↔ q̄)

 .

(3.17)

Note that the superscripts of the PDFs now explicitly show which hadron is described, a
proton or antiproton. We still take the PDF set CT18nnlo for both, but have to be cautious
to assign the quark distribution of the proton PDF to the antiquark distribution of the
antiproton PDF. For example, the probability to find an up quark in the proton is the same
as the probability to find an anti-up in the antiproton for all momentum fractions x.
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Moreover, we introduced the variable Y for the rapidity integration over the PDFs. Con-
sidering a particle collider, one gains the rate of events as the product of the cross section
and teh luminosity, a factor determined by the collider properties. Here the calculations are
independent of any machine parameters but we still may express it as the product of the
partonic cross section and a factor which now depends on the hadronic process. Because of
the similarity we call this factor Y a parton luminosity as well[13].

Taking the partonic cross sections from Eq. 2.83, Eq. 2.84 and Eq. 2.85 and plugging
them into Eq. 3.16 yields

1
2

1∫
−1

d2σγ

dM dycm
dycm = 4πα2

3N

1
M3

∑
q

e2
q Y (3.18)

1
2

1∫
−1

d2σZ0

dM dycm
dycm = g4

192Nπ cos4 θW

M

(M2 − M2
Z)2 + M2

ZΓ2
Z((

cl
V

)2
+
(
cl

A

)2
) ∑

q

(
(cq

V )2 + (cq
A)2

)
Y

(3.19)

1
2

1∫
−1

d2σZ0/γ

dM dycm
dycm = g2 αcl

V

6N cos2 θW

M2 − M2
Z

(M2 − M2
Z)2 + M2

ZΓ2
Z

1
M

∑
q

eqcq
V Y (3.20)

which may be added to get the final differential hardronic cross section. The left over
constant values are again used without uncertainties and they are taken from [10, Summary
Tables > Gauge and Higgs Bosons]:

MZ = 91.1876 GeV ΓZ = 2.4952 GeV (3.21)

sin2 θW = 0, 22337 g =
√

4πα

sin θW
(3.22)

c
u/c/t
V = 0, 266 c

u/c/t
A = 0, 519 (3.23)

c
d/s/b
V = −0, 38 c

d/s/b
A = −0, 527 (3.24)

cl
V = −0, 03783 cl

A = −0, 50123. (3.25)

The experimental measured invariant mass of the lepton pair and the final numerical results
are shown in Fig. 6. The measured observable already yields a peak at the Z-boson mass,
as expected. The numerical computations show a very good agreement, since at least the
uncertainty areas of the points overlap with the prediction for the complete dataset. Hence,
the cross section calculations at leading order, except for the Breit-Wigner peak, already
describe the process well. Furthermore, it is quite clear to see that by measuring the invariant
lepton mass, one directly gets the partonic centre-of-mass energy

√
ŝ which also describes

the propagator energy due to momentum conservation.

Considering only the pure photon propagator cross section and the measured data, we
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Figure 6: Shown is the experimental data from [11] and [12] and the calculated prediction with
CT18nnlo for the full hadronic cross section and only for the photon propagator.
For the latter one, only the values are shown without uncertainties. Note that the
y-axis is scaled logarithmic.

directly see that there has to be another propagator. Since the Drell-Yan process shows
these aberrations well, it is one of the processes that proves the existence of the Z-boson.
Furthermore, one may see the areas in which the Z-boson and in which the photon is the
main propagator. As in the previous section, the course confirms that the photon propagator
dominates in low energy areas, until the Z-boson peak. Now having a closer look again
at the mixing term in Eq. 2.85, it is obvious that it becomes negative once the invariant
mass of the Z-boson is passed. Knowing this, we spot a slightly steeper decreasing than
increasing slope of the peak, which therefore is one relict of the mixed term.

3.3.2. W -Boson

Since both leptons in the final state of the previous process carry charge, they interact
with electromagnetic fields and therefore both their momenta may be detected. Thus, the
experimental examination of the invariant lepton mass M2

ll = (k1 + k2)2 is straightforward
when neglecting technical issues. Hence, the measurement of the Z-boson mass, for example,
with the Drell-Yan process, is not that complicated. Considering the charged W ±-bosons,
one of the final leptons has to be a neutrino, which cannot be detected directly but only
via their reactions like the inverse β-decay. Thus, the experimental determination of the
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W -boson mass needs another approach, which we will describe briefly based on [14].

We therefore take the Drell-Yan production with the subprocess qq → W + → e+νe into
consideration. We now define the polar angle θ∗ in the rest frame of the W -boson in the
same way as in Fig. 2, so as the angle between the collision axis and the outgoing positron.
Since the boson has no transverse momentum in lowest order and we neglect the lepton
masses, the momentum of the positron may be split into a transverse and longitudinal
momentum. This is visualized by the triangle:

|~k1,l| =
√(

MW
2

)2
− |~k1,t|2

|~k1,t|
|~k1| =

√
ŝ

2 = MW
2

θ∗

which yields the relation

cos θ∗ = |~k1,l|
|~k1|

=

√√√√1 − 4|~k1,t|
M2

W

. (3.26)

Since we do not know the rest frame of the W -boson, we do not know the angle θ∗ either.
Nevertheless it is possible to measure the transverse momentum distribution of the positron,
which we can now express as

dσ

d|~k1,t|
= −4|~k1,t|

MW

1√
1 − 4|~k1,t|

M2
W

dσ

dcos θ∗ . (3.27)

Only because of higher order effects, this does not blow up for | ~kT | = MW /2. Instead, the
derived singularity in leading order shows up as a so called Jacobian peak. So one way to
get the W -boson mass is to measure the location of this peak in the cross section. This
peak turns out to be smeared out because of the finite width and a non zero transverse
momentum of the W -boson. A further approach, which is less sensitive to higher order
effects is to measure the transverse mass distribution. For more information one may read
[14].
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4. Beyond Standard Model

Not only since the discovery of the Higgs boson at the Large Hadron Collider (LHC), BSM
theories have high priorities in both theoretical and experimental physicists search for new
physics. In this section we want to take a look at the SSM which is a theory that extends
the SM. After stating the basic idea of the SSM, we will have a look at the influence of this
theory on the already calculated Drell-Yan lepton pair production.

4.1. Sequential Standard Model

In the past the SM predictions succeeded on many occasions and describe the experimental
measured data well. Nevertheless, it is widely believed to be incomplete and many beyond
SM theories arise which, among other things, suggest further gauge bosons. These new
resonances have properties similar to the already known Z- and W -bosons and therefore
get the universal names Z ′- and W ′-bosons. These massive, neutral and charged particles
should decay into fermion pairs like their SM equivalent and therefore be detectable in the
Drell-Yan lepton pair production[15].

When deriving such heavy resonances, one gets a Lagrangian with a set of free param-
eters, like the couplings or the mass. In the SSM this freedom is restricted in the most
practical way, the new gauge bosons get the same properties as their SM equivalent with just
different masses and widths. In the past years, these bosons were searched for in high energy
collisions at the Fermilab and LHC. Some of the most recent experimental publications
regarding this topic are measurements of lepton pair productions in proton-proton collisions
at a centre-of-mass energy of 13 TeV at the ATLAS[16] and CMS[17] detector at the LHC.
Neither one could find any derivation from the SM predictions and therefore the lower limit
for heavy Z ′-boson like suggested in the SSM is set to MZ′ > 5.15 TeV[17].

4.2. Analysis of the Drell-Yan Process in the SSM

In the following step, we want to look at how the Drell-Yan cross section changes if there
is a Z ′-boson. Especially the interfering of the two bosons will be a central aspect of the
discussion. Since nothing like this is found yet, this is just a theoretical model and we may
just set the mass to MZ′ = 5 TeV. So it is in the highest area, which may be examined by
proton-proton collsions at

√
S = 14 TeV at the LHC when starting the third run in 2022.

We start this discussion by calculating the leftover parts of the partonic and hardonic
cross section. It will be practical to go for the same differential cross section as already used
in section 3.3. Note that we now consider proton-proton collisions. After visualizing this
cross section, we will discuss some new aspects of the SSM Drell-Yan process.
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4.2.1. Calculation of the Partonic and Hadronic Cross Section

Taking the SSM Z ′-boson into account, we have to adapt the invariant amplitude from
Eq. 2.8 to get the right Drell-Yan cross section for an uncharged propagator. Thus, some
further terms arise

|M2| = |M2
γ | + |M2

Z | + |M2
Z′ | + 2 Re

{
MγM

†
Z

}
+ 2 Re

{
MγM

†
Z′

}
+ 2 Re

{
MZM

†
Z′

}
(4.1)

because of the invariant amplitude assigned to the Z ′ propagator MZ′ . Since the vector
bosons Z and Z ′ only differ in their mass and width, the terms |M2

Z′ | and 2 Re
{
MγM

†
Z′

}
may be taken from Eq. 2.58 and Eq. 2.74 respectively. Normally we had to calculate the
last term 2 Re{MZMZ′} from scratch now, as there is no equivalent in the previous sections.
But luckily the computations for |M2

Z | where made in a more general way, so now we can
continue from the already spin and color averaged term in Eq. 2.57:

MZM
†
Z′ = 1

N

g4

4 cos4 θW

1[
(ŝ − M2

Z) + iMZΓZ

][
(ŝ − M2

Z′) − iMZ′ΓZ′
]{ (

(cq
V )2 + (cq

A)2
)((

cl
V

)2
+
(
cl

A

)2
)

ŝ2

4 (1 + cos2 θ∗) + 2cq
V cq

Acl
V cl

Aŝ2 cos θ∗
}

.

(4.2)

In the next step, we have to derive the real part of this term. Since only the fraction with
the Z and Z ′ masses and widths contains something imaginary, we can concentrate on this:

Re
{

1[
(ŝ − M2

Z) + iMZΓZ

][
(ŝ − M2

Z′) − iMZ′ΓZ′
]} (4.3)

= (ŝ − M2
Z)(ŝ − M2

Z′) + MZMZ′ΓZΓZ′[
(ŝ − M2

Z)(ŝ − M2
Z′) + MZMZ′ΓZΓZ′

]2 +
[
(ŝ − M2

Z′)MZΓZ − (ŝ − M2
Z)MZ′ΓZ′

]2
(4.4)

= (ŝ − M2
Z)(ŝ − M2

Z′) + MZMZ′ΓZΓZ′[
M2

Z(Γ2
Z − 2ŝ) + M4

Z + ŝ2][M2
Z′(Γ2

Z′ − 2ŝ) + M4
Z′ + ŝ2] . (4.5)

Now we got everything to derive the partonic cross section with Eq. 2.81 for the Drell-Yan
process with uncharged propagators. Besides Eq. 2.83, Eq. 2.84 and Eq. 2.85 we obtain

σ̂Z′ = 1
N

g4

192π

1
cos4 θW

ŝ

(ŝ − M2
Z′)2 + M2

Z′Γ2
Z′

(
(cq
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cl
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(
cl
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N

g2 αeq

6 cos2 θW
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Z′

cq
V cl
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σ̂Z/Z′ = g4ŝ

96Nπ cos4 θW
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(4.8)
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Since we want to get a comparable result, we derive the same differential cross section for
proton-proton collisions as before with Eq. 3.16. Note that we also have to switch the PDFs
to gain the right parton luminosity factor in Eq. 3.17 so they both refer to protons. We just
need to plug in the additional partonic cross sections, which will not be done explicitly as it
is quite trivial and add them to the already existing ones.

4.2.2. Modeling of the Cross Section
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Figure 7: Shown is the differential SSM cross section for proton-proton collisions calculated
with the CT18nnlo PDF set.

The SSM cross section is visualized in Fig. 7 with the assigned PDF uncertainties. For
these calculations, we used the width ΓZ′ = MZ′ΓZ/MZ ≈ 0, 027MZ′ . Thus, the width
yields the same fraction of the mass for both bosons. This is, of course, only an assump-
tion that cannot be justified. The Breit-Wigner peaks of both bosons may easily be identified.

A further boson in the cross section cannot be looked at individually, since there are
interference terms with the other already existing propagators. In our case, especially the
interference of the two bosons lead to significant changes of the peaks. To check this, we
will plot the cross section again and compare the predictions for the pure SM, the full SSM
and the SSM without the boson interference term. Latter will only be referred to as the
interference term. Since the differences are rather small, we only examine the optimum values.
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Figure 8: Shown are the model computations for proton-proton collisions at
√

S = 14 TeV
with the CT18nnlo PDF set. In (a) the cross section courses for the three models
calculations, pure SM, full SSM and SSM without the interference term are given.
In (b) the SSM calculations are shown as the ratio of the SM.

Fig. 8 compares these three model predictions. Conspicuous is the splitting in the in-
termediate invariant mass range. While the SM prediction decreases as we would have
guessed, the SSM starts to increase, building up the Breit-Wigner peak. Looking at the
ratios, it is clear to see that the full SSM cross section takes a lower course before rising again,
so the interference term lessens the cross section. Of course, there is a slight aberration of
these models over the full course. So for exact measurements, the impact of the Z ′ should
be seen around the Z-boson peak as well. Since the abberations are small in this area, for
example the SM and SSM calculations are only isolated by 1.3 · 10−18b at Ml−l+ = 100 GeV,
which is fully covered by the uncertainties, so it is impossible to actually measure this.

Since the Z ′ resonance was never measured, its width is unknown as well. The impact of
different widths in the theoretical modeling is shown in Fig. 9 for four different widths,
characterized by their percentage of the assumed Z ′-mass. The obvious observation is, of
course, the changing height and width of the Z ′-peak. Apart from that, the modelings take
slightly different courses. So higher cross sections occur for bigger widths except in the
direct surrounding area of the Z ′-peak. With the help of the zoom in window, one gets an
impression on how small the splitting is. Thus, it is not possible to measure the width of a
hypothetical Z ′-resonance without measuring the peak itself.
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Figure 9: Shown are the model computations for a Z ′-boson with different widths. They are
given as percentages of its mass, so 5 %, 10 %, 15 % and 20 % respectively.
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5 Conclusion

5. Conclusion

Within this thesis we derived the cross section for dimuon Drell-Yan production via a
step-by-step calculation for the assigned subprocess qq̄ → γ/Z0 → l+l− at leading order.
Thereby we learned how to handle basic QED processes with the help of Feynman diagrams
and rules. While performing the transition from the underlying to the parenting process, we
also got in touch with PDFs, which we examined even further before numerically evaluating
different cross sections. Especially on the basis of the CT18nnlo PDF set, different properties
like their completeness or the change with the scaling energy was discussed.

After covering those general aspects, the numerical evaluation exhibited the scaling behaviour
of the Drell-Yan process when only regarding the photon propagator, which is justified in
low energy areas far away from the Z-boson mass. Beseides to a good agreement with the
theoretical prediction, the experimental data showed peaks which we assigned to different
charmonium and bottonium resonances. In higher energy regions, one has to take the
Z-boson propagator into account, which yields the characteristic Breit-Wigner peak. Again,
despite our only first order calculations, the theoretical prediction were in good agreement
with the data of proton-proton collisions. Furthermore, we could divide the cross section
into areas mainly affected by the photon or the Z-boson propagator.

In the last section, we examined the effect of a heavier SSM like Z ′-boson to the al-
ready known cross section. Since no such boson was found yet, the modeling only yields
an idea of how it could be. We noticed that such a heavy boson would already change the
cross section in energy areas, which are widely explored but in such a minimal way that
it is not detectable. Moreover, we also got an insight into the influence of the interference
term, which lessens the cross section. Different widths of the Z ′-peak also yield a varying
course, apart from the obvious change in the peak. Higher width cross sections run at a
lower course, if not in the surrounding of the peak. Those differences are again too small to
be detectable.

In summary one may say, that the Drell-Yan process is used in many fields of particle
physics and its treatment offers a good access to basic collider physics. Of course the
examination is extensible for example one could calculate to higher orders to get a deeper
insight, consider the explicit calculation of the W -boson, retrace the derivation of PDFs
or have a look on more complicated but therefore more probable BSM theories than the
SSM. For now it is important to stay curious and await new findings in high energy particle
collisions.
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Appendix A

In this appendix, we want to give a general overview of some relations used in this thesis.
First, we give the applied Feynman rules and afterwards some central aspects of gamma
matrices. If not stated differently, all information are based on [2].

A.1 Feynman Rules

To evaluate the invariant amplitude M of a particle process, the easiest way is to use the
Feynman rules. They connect mathematical expressions with the related Feynman diagram,
which is a representation of a particle process with commonly a horizontal time and a
vertical room axis. Here, we will only give a brief overview of the rules used in this thesis,
by specifying the expressions for the external and internal lines, as well as the vertices.
To distinguish, for example, incoming from outgoing particles, all vertices are explicitly
indicated with a point when only elements of a diagram are shown.

Since we only operate with quarks and leptons, the rules for external lines only have
to cover fermions f and antifermions f . They are assigned to the spinors u/u and v/v

depending if they are incoming or outgoing. The associated lines are

= u = u = v = v.
f f f f

The internal lines differ between the propagators. Below, the expressions for the pho-
ton, the Z- and W -boson are given, where M and Γ denote the mass and the width of
associated the gauge bosons.

p

γ
= − igµν

p2

p

Z0/W ±
= −i

(
gµν− pµpν

M2
)

(p2−M2)+iMΓ

Originally, all calculation where intended to be at tree level, which means lowest order
in perturbation theory. The only exception occurs in the denominator of the gauge-boson
propagator. At tree level one would only get the term (p2 − M2) which would yield a
delta-peak when p2 = M2, which wouldn’t be accurate. Therefore, we consider higher orders
and derive the Breit-Wigner resonance as it is shown. Since the influence of this is higher
than all the higher order terms of the other Feynman diagram parts, one may still neglect
them.

At last the vertex factors for the different propagators are given below. Note that the
four-momentum is conserved at vertices. Qf gives the charge of the fermions in units of the
elementary charge e. The Weinberg angle θW is the weak mixing angle of the electroweak
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interaction, where Photon and Z-boson are just different combinations of the B0- and the
W 0-boson. g is the associated coupling constant working for the Z- and W -bosons.

γ
= iQf eγµ

Z0
= −i g

cos θW
γµ 1

2

(
cf

V − cf
Aγ5

)

W ±
= −i g√

2γµ 1
2
(
1 − γ5)

The last, not yet discussed factor is the term in the brackets. Seeing it in the full context
of the invariant amplitude, it gets multiplied with a gamma matrix from the left and a
spinor from each side, yielding a vector and an axial vector for cf

V and cf
Aγ5 respectively. To

conserve parity, an interaction has to be of pure vector or axial vector type. The former takes
place, for example, in electromagnetic interaction. So the term in the brackets shows that the
Z-boson couples to left- and right-handed fermions with different strength. The W -boson
vector and axial vector part has the same size but a different sign, which is sometimes called
a (V − A)-coupling. It follows that the W -boson only couples to left-handed fermions and
right-handed antifermions[8].

One may get the final invariant amplitude −iM for a process by multiplying the mathe-
matical expressions of the parts in the right order. For the external lines and vertices the
proper sequence is overlined spinor, vertex and spinor, which yields a scalar. This expression
for incoming and outgoing external lines needs to be multiplied by each other and by the
likewise scalar propagator factor. If there are multiple equivalent Feynman-diagrams for one
process, the invariant amplitudes add up to the full one.

A.2 Gamma Matrices, Trace Relations and More

Since there are a lot of relations regarding, for example, gamma matrices and their traces, it
would go beyond the scope of this thesis to give a full summary. Therefore, we will only
give some relations, which are especially emphasized in the text. Thereby, we renounce on
any derivation, which may be looked up, for example in [2] if interested.
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A quite important connection between the spinors yields the completeness relation

∑
s

u(s)(p) u(s)(p) = /p + m
∑

s

v(s)(p) v(s)(p) = /p − m (A.1)

with the Feynman slash notation /A = γµAµ.

Using the indices µ, ν ∈ {0, 1, 2, 3} some of the central gamma matrix relations are:

γµ† = γ0γµγ0 (γo)2 = 14×4 γµγν + γνγµ = 2gµν (A.2)

γ5 = iγ0γ1γ2γ3
(
γ5
)2

= 14×4 γ5γµ + γµγ5 = 0. (A.3)

One may also derive a set of trace relations with the gamma matrices. In this thesis, we
used:

Tr{γµγνγργσ} = 4 (gµνgρσ − gµρgνσ + gµσgνρ) (A.4)

Tr{γµγνγργσ} = 4 (gµνgρσ − gµρgνσ + gµσgνρ) (A.5)

Tr
{

γαγβγδγλγ5
}

= −4iεαβδλ. (A.6)

To handle the totally antisymmetric tensor right, we use the connections given in [18]:

ε0123 = −ε0123 = 1 (A.7)

εαβµνεαβλρ = εµναβελραβ = −2
(
δλ

µδρ
ν − δρ

µδλ
ν

)
(A.8)

εβναµεβρσλ = δλ
αδρ

νδσ
µ + δρ

αδσ
ν δλ

µ + δλ
ν δρ

µδσ
α

− δλ
µδρ

νδσ
α − δλ

ν δρ
αδσ

µ − δρ
µδσ

ν δλ
α

(A.9)

gηνgνρ = gρνgνη = δη
ρ . (A.10)

Using this one may show:

ε τηθ
β εβ σλ

τ = gτνgηαgθµgτρ εβναµεβρσλ (A.11)

= 2 (gληgθσ − gθλgησ) . (A.12)
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