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1. Introduction

The history of the Standard Model is strongly related to an increasing understanding
of the structure of hadrons. What started with the famous experiments of Ernest
Rutherford in the beginning of the 20th century forms nowadays the basis of new
discoveries at the Large Hadron Collider at CERN. The realization of Deep Inelastic
Scattering (DIS) was perhaps one of the most fruitful steps in this whole develop-
ment, which has spanned over more than the last hundred years. A very compre-
hensive overview can be found in the three Nobel prize lectures of 1990, [Friedman
et al., 1991]. Starting in the 1960’s at the Stanford Linear Accelerator, this research
led to the experimental validation of quarks and set the ground for the theory which
is today known as Quantum Chromodynamics (QCD). These two components form
our modern understanding of hadrons, which is formulated with the help of the
parton model.

This thesis focuses on adding a certain aspect to the basic (or naive) parton model,
namely the implementation of quark masses. Although this was a subject since the
early 1980’s, it was solved in a satisfactory way only more than ten years later by
the ACOT (Aivazis, Collins, Olness and Tung) formalism, which was established
within a series consisting of two papers [Aivazis et al., 1994a] and [Aivazis et al.,
1994b]. There, the authors focused on heavy quark production in DIS, but their
ideas extend to any desired process involving hadrons. It is the main object of this
thesis to reproduce and explain these publications as detailed as possible.

In order to do so, we will first review some basic aspects of Quantum Field Theory
and the Standard Model of particle physics, and, after that, focus on the parton
model, using DIS as an example. In that chapter, we also make efforts to establish
conventions in such a way that they can be conveniently generalized to non-vanishing
masses as well as retained again when changing back to the massless case. Then,
we turn to the ACOT formalism. Another preliminary chapter is needed to explain
special theoretical background. Finally, the publications themselves can be reviewed
in the last two chapters. The first one will deal with the general formulation of
the problem in terms of the helicity formalism as well as some initial leading order
calculations. The second one turns to the topic of next-to-leading order calculations,
entailing additional issues such as finding a proper renormalization and subtraction
scheme for the quantities of the parton model. However, the core of this thesis
is what follows afterwards: The appendix. At various points in the main text,
calculations are outsourced to these sections. Here, the interested reader may find
much deeper and more detailed discussions than would have been possible in the
original publications. In particular, many formulae are only stated in the ACOT
papers, while their derivations are by no means trivial. The different appendices
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aim to close this gap and, additionally, add some further notes and calculations for
the sake of a broader understanding. Moreover, the last appendix contains points in
the original ACOT publications that, at least from the author’s perspective, needed
some clarifications or even corrections.

All diagrams in this work were created with the help of JaxoDraw, see [Binosi and Theufll, 2004].



2. Theoretical overview

This chapter shall provide a broad overview over the underlying theory and some
special techniques that are used throughout the whole work. There is no claim of
completeness; the interested reader’s attention is rather drawn to the mentioned
literature in front of every section.

2.1. Lie groups

A good introduction to group theory in general and Lie groups in particular can be
found in [Tung, 1985], a more application oriented introduction for the Standard
Model is given in [Schwartz, 2014], sections 10.1 and 25.1. This short section will
only introduce the most important terms in a more physical way, ignoring many
mathematical formalities.

2.1.1. A general overview

A group G is a set of elements U € G with an operation * combining two of these
elements that fulfills the group axioms:
Completeness: YU,V € G:UxV € G
Associativity: YU,V W € G: (UxV)«xW =U % (V « W)
Neutral element: YU € G3U 'eG:UxU ' =E,

where FE is the neutral element of the group, i.e.
UxE=U. (2.1)

A Lie group is, in addition, a differentiable manifold'. In physics, Lie groups are
often introduced with their property that they are continuously connected to the
identity so the group elements can be displaced via the exponential map:

U = exp(—ia®T?), (2.2)

where a® € C, where a € N are coefficients specifying the element g and T the
so-called generators of the group. As it can be deduced directly from (2.2), the
group generators are the first differential of the elements,

; dU
da a?=0

= 7°. (2.3)

'This is a differential geometric object, cf. e.g. [Lee, 2012] for a proper introduction.
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This at least gives a hint to the fact that generators form the tangent space of G at 0.
Generators form a Lie algebra?:

[T, T%) = i f**T*, (24)

where [-,-] is a Lie bracket, i.e. the commutator of 7% and T°, and f®° are the
antisymmetric structure constants of the algebra. The connection to the Lie brackets
implies that these constants also obey the Jacobi identity

fabdfdce + fbcdfdae + fcadfdbe —0. (25)

We call a Lie group simple, if it is irreducible?, and semi-simple, if the group de-
composes into a direct product of simple Lie groups.

Up until now, group elements and generators were not further specified and in-
troduced as abstract objects. In fact they are, but one can find homomorphisms
that "transport" this group and algebra structure to e.g. a matrix space. There are
infinitely many homomorphisms, each corresponding to a so-called representation in
matrix shape. Let us deeper examine some concrete examples of Lie groups, namely
the SU(N).

2.1.2. The Lie group SU(N)

The set of all N-dimensional unitary? matrices with det(U) = 1 form the group
SU(N), describing rotations in an N dimensional complex vector space. The uni-
tarity of SU(N) implies that all generators of the according Lie algebra, denoted by
su(N), must be hermitian (cf. (2.2)). Two representations are of great importance
in the further explanations:

At first the fundamental representation, which is the representation with the small-
est possible dimension, taking trivial representations like

Tt%ivial =0Va (26)

aside. In the case of SU(N) this dimension is d(F') = N and the generators (N x N
matrices) will be denoted as T = T, suppressing the subscript F.

The second one is called adjoint representation. In this representation the matrix
elements of the generators are formed by the structure constants,

(TR)im = —iffm- (2.7)

In the case of SU(N) there are N? — 1 generators, so the T% are (N? —1) x (N2 —1)
matrices and d(A) = N? — 1.

There are several constants that characterize different representations. First of all,
it is often useful to find elements of G that commute with all others, called Casimir

2If not stated otherwise, here and in all following calculations we use the Einstein summation
convention.

31.e. we cannot find a closed subgroup.

I.e. the complex conjugate of U is equal to its transverse, U* = U~
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operators or simply Casimirs. Schur’s Lemma® implies that elements of this form

need to be proportional to 1 in an irreducible representation. The most important
one is the quadratic Casimir formed by the sum of all generators squared:

TATS = Co(R)1. (2.8)

The constant of proportionality Co(R) in the expression above depends on the ar-
bitrary representation R.
Generators are normalized in the sense of

Tr(TTH) = T(R)5™. (2.9)

The index of the representation is closely linked to the normalization of the structure
constants. The convention mostly used in physics is

facdfbcd — Naab, (21())
which directly implies
1
Tr=T(F) = 3 (2.11)
and
To=T(A)=N. (2.12)

(2.9) also lets us specify Co(R). By exploring the special case b = a, which implies
a summation over a, we end with

N%Z -1
=T . 2.1
Co(R) = T(R) s (213)
For the fundamental and adjoint representation we obtain
Cp = Co(py = V-1 (2.14)
F=22) T TON ‘
and
Ca=Cy(A)=N. (2.15)

2.1.2.1. U(1), SU(2) and SU(3)

The special cases N = 1,2, 3 are by far the most important ones, since they repre-
sent the gauge symmetries of fundamental Lagrangians in the Standard Model (cf.
sections 2.6.1 and 2.6.2).

U(1) has a very simple structure. There is only one generator, the identity itself.
Therefore it is an abelian group, which is a rare exception. For the same reason the
structure of the Lie algebra is trivial, too.

5 Actually, this is only a special case of Schur’s Lemma applied on matrices.
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SU(2) and SU(3) are non-abelian groups. The generators of SU(2) are the well-
known Pauli spin matrices (in fundamental representation) up to a prefactor,

1
T% = o (2.16)
2
The Casimir in the fundamental representation is (using (2.14))
3

all other group constants in the fundamental and adjoint representation are trivial
(see above). The structure constants are the well-known Levi-Civita symbols,

fabc — Eabc‘ (218)

It is worth noting that SU(2) and SO(3)® are isomorph, which means that they
have the same Lie algebra. This general Lie algebra is denoted by

[J1, Im] = t€imndn, (2.19)

where the Jy, Jo and J3 are the angular momentum operators, well-known from
Quantum mechanics. A more convenient choice in many cases are linear combina-
tions of J; and Js,

Jr = Jp £iJy, (2.20)

which together with Js form an equivalent algebra. One can simultaneously find
eigenstates of the quadratic Casimir

J? = JJ; (2.21)

and one J;, typically J3. These states, labeled by |7, 73), have eigenvalues’

I3, g3) = 3 (G + 1) 14, js) (2.22)
J34,73) = 317, 43) » (2.23)
where
1 3
) =0,—,1,—, ... 2.24
.] 727 72’ ( )
j3:_.jv_j+17_j+27"'7j_17j' (225)

The eigenvalue j can be used to label the representation, for example j = % is the
fundamental representation describing particles with spin % The effects of J1 on

|4, J3) are

T ljigs) =i +1) — js(is £ 1) 17, js £ 1). (2.26)

850(3) is the group of rotations in a three dimensional real vector space. For real matrices unitarity
is replaced by orthogonality, i.e. Of = 071,

"We can recognize by the first formula that the quadratic Casimir of su(2) is proportional to j(j+1),
so the choice of a specific j comes along with a choice of a representation.
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For SU(3), the generators in fundamental representation are formed by the so-called
Gell-Mann-matrices A%,

1
T = o\, (2.27)
cf. e.g. [Schwartz, 2014], p. 485. The Casimir is (again using (2.14))
4
Cr=3. (2.28)

2.1.2.2. Irreducible tensors and the Wigner-Eckart theorem

In the context of the helicity formalism we encounter tensors in the [j,j3) basis
which are not angular momentum operators. A proper introduction to this topic is
e.g. given in [Sakurai, 1985], section 3.10.

In general, one can distinguish between vector and spherical operators. Both
types are introduced in the section above: An example for vector operators is the
angular momentum J = (Ji, Jo, J3). The components of a general vector operator
V transform like a three-vector in a Euclidean vector-space, i.e.

V! = R;;Vj, (2.29)

where R;; are components of a rotational matrix R € SO(3) created by some com-
bination of angular momentum operators J;. An infinitesimal rotation implies the
commutation relation

Vi, Im] = t€1mn Vi, (2.30)

which can also be used as a definition and is trivially fulfilled by J itself. & and p are
other well-known examples. These considerations can be generalized to tensors of
arbitrary rank Ty, m,... by multiplying a R;; for every component in a transformation:

T/ = lellRleQ e ﬂﬂz...' (231)

mima...

Tensors with this transformation property are called cartesian tensors.

These tensors are reducible with respect to different representations of su(2).
Hence, we can find a combination of irreducible tensors® transforming in different
representations that is equal to the original cartesian tensor. Tensors that transform
in one specific representation of su(2) labeled with j are called irreducible tensors.
A possible notation for an irreducible tensor is T(f, where k stands for the represen-

tation the tensor transforms in and ¢ = —k, —k + 1, ..., k is the according equivalent

to j3. The simplest non-trivial example is a rank-1 tensor V; in the representation
j =k =1 (which implies ¢ = —1,0,1 = —, 0, +), where one defines’

Vo=V1s (2.32)

and Vi =V iV, (2.33)

8From now on, "irreducible" means "irreducible with respect to representations of su(2)".
9These definitions differ in the literature by conventional prefactors.
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Such defined tensors meet the commutation relations for spherical tensors, which,
just as the relation (2.30) in the case of vector tensors, can be used as a definition
of spherical tensors.

The matrix elements of irreducible tensors in the angular momentum basis can be

calculated by using the Wigner-Eckart theorem!?,

(535 T |3 gs) o< Thin (335 (k. §)ajs)- (2.34)

The strength of this theorem lies in the fact that an arbitrary complicated matrix
element (575 qu |773) can be expressed through well-known Clebsch-Gordan coef-
ficients (jk; jsq|jk; j'j5) and so-called reduced matrix elements Tjk], They simply
take the role of a proportionality constants, since for fixed j and j' the only factor
which makes two matrix elements distinguishable is the Clebsch-Gordan coefficient.
There are two selection rules for (j'j5| T |jjs) to be non-zero:

Js=17J3+4q (2.35)
and |j—k[<j <j+k, (2.36)

both arising from well-known properties of the addition of two angular momenta '!.

2.1.3. The Lorentz group

One of the most important outer or global symmetries of Standard Model La-
grangians is the Lorentz symmetry, well-known from special relativity. This sym-
metry is in many cases a very obvious one, since Lorentz-invariant objects are likely
formulated in a covariant way using 4-vectors in Minkovski space and the Minkovski
metric!?

g = diag(1,—-1,-1,-1). (2.37)

Elements of the Lorentz group A* are transformations that leave g"” invariant, i.e.
Aﬁg““Ag =g\, (2.38)

The Lorentz group is often denoted as SO(1,3), referring to the number of dimen-
sions with positive (1) and negative (3) sign in the metric'3.

It can be shown that the generators of the Lorentz group are J; and Kj;, where
j =1,2,3. J; are angular momentum operators generating the SO(3) subgroup and

OFor a proof cf. e.g. [Sakurai, 1985], p. 239 and 240. For the Clebsch-Gordan coefficients, we use
the convention of [Tung, 1985].

HCf. e.g. [Sakurai, 1985], section 3.7, which can also serve as an introduction to Clebsch-Gordan
coefficients.

12The reader’s knowledge about the underlying covariant formalism used in special relativity and
also relativistic Quantum Field Theory will be assumed in this work. For a complete introduction
cf. e.g. [Sakurai, 1985].

30ne distinguishes between O(1,3) and SO(1,3), the latter called the proper Lorentz group. The
S again refers to det(A) = 1, which, in this case, excludes parity and time reversal operations.
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K are the boost generators. For example, a boost along the z- or z3-axis can be

written as!?
cosh(¢p) 0 0 —sinh())
. 0 1 0 0
Az—boost(w) = exp(_Zwai) = 0 0 1 0 (239)
—sinh()) 0 0  cosh(v))

In this notation, the close relation between rotations and boosts becomes obvious:
Boosts can be seen as hyperbolic rotations, containing hyperbolic sines and cosines
instead of trigonometric ones. If we apply the boost on a particle with vanishing
three-momentum, the hyperbolic angle is called rapidity. Then,

¢ = artanh(|v|) (2.40)

holds, with v = £ being the velocity of a particle after the boost.
The complete Lie algebra generating the Lorentz group is

[Jla Jm] = 1€mnJn (241)
L1 Kom] = i€tmn K (2.42)
(K, K] = —i€tmnKn. (2.43)

Hence, an arbitrary Lorentz transformation can be written as
A = expli(01Jy + Y Kim) |, (2.44)
where 60; denotes the rotation angles around all three axes, also known as the Euler

angles, and 1, are rapidities along the three axes, respectively.
We can recombine J; and K to Jli via

JE = %(Jl +iK)), (2.45)

which greatly simplifies the Algebra structure:

[Jl:t7 Jr:::z] = Z.elmnjflt (246)
[T, g7 ] = 0. (2.47)

Now there is no mixing between both generator families, which means that we can
write the Lorentz Lie algebra as a direct sum of two angular momentum algebras:

s0(1,3) = su(2) & su(2) (2.48)
Consequently, SO(1, 3) is a direct product of SU(2) groups,

SO(1,3) = SU(2) ® SU(2), (2.49)

1 An explicit calculation of this boost matrix can be found in appendix B.
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and therefore a semi-simple Lie group. This opens the door for a very practical way
to label Lorentz group representations, namely by the quantum number j of both
SU(2) groups, i.e. (Jq,j»). The two most important ones are (%, 0)a@(0, %), describing
fermions and antifermions via four dimensional spinors, and (%, %), describing four-
vector-like spin-1 particles as the gauge bosons in the Standard Model'®. Note that in
this situation we deal with (space dependent) fields, i.e. infinite dimensional Lorentz
group representations. The problem behind all finite dimensional representations is
that they are non-unitary and so do not conserve probability. This can be traced
back to the non-compact nature of the Lorentz group. Actually, in the case of
finite dimensional representations, the generators are anti-hermitian, which makes
the group elements anti-unitary. This can nicely be seen at the relation between
generators and group elements (2.2). However, there are unitary subgroups, the
so-called little groups. They are such defined that they leave a specific momentum
unchanged. An example is the rotation group in three dimensions SO(3), which
does not change the momentum if its spacial components fulfill p = 0.

15To be more precise: The matrices of the according Lorentz group representations act on these
spinors and vectors.
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2.2. Spinors and the Weyl representation

Whenever we want to describe fermions, we have to deal with so-called spinors,
denoted by u(p). Hence, here we will give a short introduction on them. A more
detailed discussion can be found in every textbook about QFT, such as [Schwartz,
2014] or [Peskin and Schroeder, 1995].

Solving the Dirac equation

(Yup! —m)u(p) =0 (2.50)

in the Weyl representation'® yields the following form of the us(p)'":

& = (é) Cand € 4= (?>, (251)

where o and G* are vectors of Pauli matrices and the Weyl spinors £, are solutions
of the Dirac equation for a particle at rest. There is a freedom of choice when one
specifies the two &, which only need to solve the massless Dirac equation'® and fulfill

ey = b4s. (2.52)

The &, defined above are eigenstates of o2 and thus define a particle with spin :l:%.
The same is then true for the ug(p). In principal, other choices are also possible.
We will introduce the for this work most important of them, the helicity spinors, in
section 2.3.2.

us(p) is defined as

s(p) = ui(0)70, (2.53)

such that
Us(p)us (p) = 2mbsy (2.54)

is a Lorentz scalar. Of great importance is the completeness relation
> us(p)us(p) = py* + m=p+m, (2.55)
S

where
m? = p?. (2.56)

16The Weyl representation for Dirac matrices is defined in appendix A.

" Taking the square root of a matrix M is mathematically not a uniquely defined expression. The
conventional definition in this case is the following: Change to the eigenvector space via the matrix
571, take the square root of all entries, which are the eigenvalues, of the diagonalized matrix
M’ (This operation can be uniquely denoted by +/M’, trivially fulfilling vM’ - vVM' = M’')
and change back to cartesian space via S. One easily checks that VM = SVM'S™! fulfills
VM -VM =SYM'ST'SYM'S™! = SM'S™! = M.

18This equation also is sometimes called Weyl equation, referring to the Weyl spinors introduced
below.
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When quantizing a spinor field ¢(z), the spinors take the role of polarizations,

d3 . )
0o = [ s e () - aein). (25

where the a,(p) and bl(p) are the creation and annihilation operators for (anti-)
particles and vs(p) is an anti-particle spinor. These anti-spinors obey a slightly
different completeness relation, namely

> vs(p)vs(p) = puy* + m=p —m. (2.58)

Throughout this work, we will stick to the Weyl notation of spinors. The reason for
that is that it makes the decomposition of the Lorentz group into a product of two
SU(2) subgroups'? evident, since the two upper and lower components transform
independently in their own subgroups, respectively. A general spinor field in Weyl

notation is often denoted as
Y,
— , 2.59
v <¢R (2:59)

where the subscripts of the Weyl spinors ¢, r is called the particle’s chirality (left-
or right-handed). With the help of the projection operators

1
Prp=5(1+7"), (2.60)

one can obtain spinors containing only left- or right-handed Weyl spinors.

9Cf. section 2.1.3 for further information.
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2.3. Helicity

A comprehensive introduction to calculating amplitudes of Feynman graphs with
the help of helicity is given in [Olness and Tung, 1987]. A discussion of helicity itself
can be found in every textbook about the Standard Model, e.g. [Schwartz, 2014],
section 11.1. The eigenvalues and eigenstates in the case of spin—% and spin-1 are
calculated in appendix C.

2.3.1. General definition

The helicity operator h of a particle with momentum p is defined as
_pS
||

with the help of the spin operator S in an arbitrary representation. The scalar
product in the numerator indicates that it operates as a projection operator for the
spin on the momentum axis p/ ‘ p}. It should be stressed that since the momentum
and spin are conserved, so is the helicity. We see that the helicity is closely related
to angular momentum, i.e. the particle’s spin. In fact, for every spin eigenvalue
there is a corresponding helicity eigenvalue. In the helicity formalism, states of an
arbitrary particle are not defined via the momentum p and the spin s anymore?’,
but rather with p and the helicity A: [p, \). We define the scalar X as the eigenvalue
of the helicity operator h,

h (2.61)

Blp, ) = Alp, A) . (2.62)

Furthermore, it can be shown that in the zero-mass limit helicity and chirality
operators have the same eigenstates. To see this (in the case of spin—%), consider the
Dirac equation (2.50) with vanishing mass:

i, 0" () = 0, (2.63)

0 oup™\ (Yrlp)) _
(o ) () = 204

in Weyl representation and Fourier space. Inserting (2.61) yields
E
||

which becomes

hr r(p) = £7=%1.r(P) = £VL.R(D), (2.65)

meaning that chirality eigenstates are simultaneously helicity eigenstates, too®!. For
example, in the presence of a purely left-handed coupling, there is only one helicity

20We work with these in the context of defining the leptonic tensor in the naive parton model, cf.
section 3.1.

21 A physical explanation goes as follows: Due to the particle moving with the speed of light, an
observer is not able to boost to a Lorentz frame in which the particle’s direction of motion flips.
This means that a projection of the (Lorentz invariant) spin onto the direction of motion also
does not change its sign. Therefore, the helicity is Lorentz invariant and nothing else than the
chirality of the particle.
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allowed for massless particles. Since in the ACOT-formalism leptonic masses will
taken to be zero, this fact will become useful later.

In the following, we will have a detailed look at the eigenvalues and corresponding
eigenvectors in the case of s = % and s = 1.

2.3.2. Polarizations and spinors
2.3.2.1. Spin-1: Gauge Bosons

The role of polarizations in the context of a spin-1 field are discussed e.g. throughout
chapter 6 of [Greiner and Reinhardt, 1996].

The approach of the helicity formalism is to make the degrees of freedom not
manifest in form of Minkovski coordinates, but with the help of helicity eigenstates,
i.e. polarizations € in the case of bosons. Eigenvalues of h (often also simply called
helicities) from now on will be denoted by A, which takes the values 0 and +1 in
the case of bosons with s = 1. These polarizations are defined with respect of a
reference axis, which is taken to be the direction of another momentum taking part
in the process. In addition, polarizations form an (nearly) orthonormal basis of the
Minkovski space.

Of special interest for us are the polarizations of an arbitrary spacelike (i.e. having
a negative norm) exchanged vector boson with momentum ¢*, which is aligned to the
z-axis. Hence, let us explicitly give these polarizations corresponding to this special
g" with reference to an arbitrary timelike (i.e. having a positive norm) momentum
denoted by P*. E.g., when ¢* is aligned to the z-axis, the reference momentum
defines the t-z plane together with ¢*. In this work, we work in a frame where P#
also has vanishing transverse momenta, i.e. vanishing z- and y-components.

The alignment of q and the z-axis makes the transverse polarizations rather easy.
We choose the Condon-Shortley convention??

1

= —(0,41,—14,0). 2.66

5 ) (266

In the case of photons, these two polarizations correspond to circular polarized light.
In general, there is also a longitudinal polarization depending on P* and g*,

corresponding to the A = 0 eigenvalue:

e (P,q)

Q*P" + (P - q)¢"
QV(P-q)?+Q*P*

Here, the reference momentum takes the role of giving the longitudinal polarization
a rectangular component in the ¢-z plane with respect to ¢”. Since we set the z-

¢ (P, q) (2.67)

*?Tn fact, the actual Condon-Shortley convention is €4 (P, q) = %(O, F1, —14,0) for momenta posi-
tively aligned to the z-axis (cf. appendix C.1). Since ¢* < 0, we have to rotate around the y-axis
by 7 (in other words: taking the negative of the 2- and z-component) to obtain the €/ (P, q)
fitting to our purposes.
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and y-components of P* and ¢* to zero, it is easy to see that e)(P,¢) is indeed
orthogonal to €/ (P, q).

As discussed in appendix C.1, the A = 0 helicity has a two-dimensional eigenspace.
Thus, there needs to be a second linear independent polarization, which is chosen
such that it is orthogonal to e} (P, ¢)**:

eh(Pq) = 0 (2.68)
With a complete set of polarizations at hand, we can now give the completeness
relation of this basis. However, it is not completely normalized because squaring
some polarizations, namely €} (P, q) and e/ (P, q), gives —1 and not 1°. Hence, we
need an additional factor (compared to a generic completeness relation) of

1 for A=
vy = orA=0 (2.69)
-1 forA=4,q

Using this factor, we have
Z vaeh ey = gM. (2.70)
A==£,0,9

As it is the case for spinors (cf. section 2.2), the four vectors above can be used to

quantize a field of an arbitrary gauge boson?*:

d3
R e
2wq(2m)3 X
where &I\(q) and ay(q) are operators that create or destroy a boson with helicity A
and momentum ¢*. Which helicities A appear in the sum above depends on whether
the boson is massive or not. This will be discussed in more detail in section 2.4.

(ax(@)ei(P g)e™ + af (@) (P,g)e™™™),  (2.71)

2.3.2.2. Spin—%: Fermions

When describing fermions, one needs to introduce helicity spinors?® w,(p), in con-

trast to the usual spin-dependent spinor us(p). The reader shall be reminded of the
fact that there is a freedom of choice when defining a spinor basis. In section 2.2,
we chose the solutions for the Dirac equation of a particle at rest to be spin eigen-
states of o with the well-known eigenvalues i%. Hence, the spinors us(p) describe

21t is automatically orthogonal to €'y (P,q), because both polarizations correspond to different
eigenvalues and h is an unitary operator.

24In fact, this is the actual reason why we call the X (P, q) polarizations, although at first instance
they are only eigenstates of the helicity operator.

25To put it in other words, when we change from e\ to ux, we just change the Lorentz group
representation from spin 1 to spin % Both objects take the role of polarizations when quantizing
vector or spinor fields.
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fermions with spin up and down along the momentum axis. Of course, this choice
is to some extend arbitrary. We can just as well choose helicity eigenstates fulfilling

héx(p) = X (p)- (2.72)

Note that in this work the explicit helicity indices of fermions are denoted by :l:%,
only to distinguish them from bosonic ones. This shall of course not be confused
with the actual helicity eigenvalues of fermions, +1. For example, an eigenstate of
A = —1 would be denoted as _1(p).

As the equation above Sugge;ts, eigenstates will now be momentum-dependent
and not constant anymore. In general, A can take the values +1 with according
eigenstates

- 1 lp| +p%\ cos%
1) = TS <p1 +Z~p2> = <ei¢sing (2.73)

and £_1(p) = ! <_p1 sz> = <_ei¢ sin 3) , (2.74)

21p| (| + 2°) p| + p? cos ¢

where the last expression is formulated in spherical coordinates of p. These spinors
form a basis and can be used to quantize spinor fields ¢ (z). Hence, we can also
define according four dimensional spinors via

us(p) — [ VP TEAD)
a(p) = <\/ﬁ A(p)> : (2.75)

Completely analogous to (3.3), one can obtain this spinor when acting with an
accordingly quantized spinor field?® on a helicity eigenstate:

¥(p) Ip, A) = ux(p) |0) . (2.76)

261 Accordingly quantized" means that we replace the spinors us(p) in equation (2.57) with the u (p)
from above.
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2.4. Gauge theories

Almost every theory of particle physics, the most famous one probably the Standard
Model itself, is a gauge theory. Hence, a discussion of gauge theories is given in every
QFT textbook, e.g. [Schwartz, 2014] and [Peskin and Schroeder, 1995]. However,
gauge invariances are often introduced little by little throughout the whole book. For
this reason, let us summarize the most important facts in this section. It is closely
based on chapters 6 and 7 of [Greiner and Reinhardt, 1996], where the treatment
of physical and unphysical degrees of freedom in a massive or massless spin-1 field
together with different gauges is discussed in a particular constructive manner.

2.4.1. (Un-)physical polarizations of gauge bosons
2.4.1.1. The massive case

As a four-dimensional real (Lorentz) vector, A* a priori has four degrees of freedom.
However, this does not reflect the real world.

For simplicity, let us start with the Lagrangian of a massive, uncharged (i.e. real)
vector boson, which is known as the Proca theory:

1

1
o F™ §M2AMA“, (2.77)

EProca =

where the field strength tensor F* is defined as?’
Fr = gr AV — 9" AF. (2.78)

The corresponding Euler-Langrange equations are
D,0" AH — 919, A¥ + M?AF = 0. (2.79)

Contracting with 9,, gives
At =0, (2.80)

which puts an additional constraint onto A#. This simplifies the Euler-Lagrange
equation to

(8,0 + M) ar =, (2.81)

meaning that every component of A* obeys the Klein-Gordon equation. When
substituting the quantization for A* (2.71) into (2.80) and switching to momentum
space, we can reformulate the expression above into a condition for the polarizations
which were introduced in section 2.3.2.1:

queh (P, q) = 0. (2.82)

A simple calculation yields that only €/(P,q) does not meet this condition. Hence,
we have reduced the number of physical polarizations and the sum over polarizations

2TOne can find a more general definition in section 2.6.1.
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in the quantization (2.71) only runs over A = 0, £1. In fact, with this condition we
could separate the Spin-0 degree of freedom from the three spin-1 degrees of freedom
in a general vector field. This is the reason why €/(P, q) is sometimes called scalar
polarization.

For completeness, let us give the propagator of a massive spin-1 field. For our sakes
it is sufficient to simply invert the kinetic part of the Proca-Lagrangian (2.77) and not

bother with the more formal field theoretic approach of calculating (0| T'(A*(z) A" (y) |0).

Both ways are described in section 7.4 and 7.5 of [Greiner and Reinhardt, 1996]. We
can rewrite Lppoca N0

1 — — 1
Lrrocs = §A“< 0 0y — g (0,00 — M?)) A" = S A Dy A”. (2.83)
The (Feynman-) propagator IT# is the inverted Fourier transformed kinetic operator

D,,, thus
"7 D, (q) = gt (2.84)

The only possible tensors of rank 2 that II*” can depend on are g and ¢*q”, since
q" is the only Lorentz four-vector involved in £. Substituting the ansatz

" = Ag"? + Bq¢"q” (2.85)

into (2.84) yields®’
g
_g)u'y _|_ a-q_ q2
M = — 3 (2.86)

2.4.1.2. The massless case

A massless spin-1 boson, e.g. a photon, can be described by setting M = 0 in the
Proca-Lagrangian (2.77), leaving

1
Laxwell = _ZFMVFWJ, (287)

where F* is defined as in (2.78). The Euler-Lagrange equations are simply the
Maxwell equation,
0 F" = 0. (2.88)

Further differentiating gives zero, since we contract one symmetric and one antisym-
metric tensor. Thus, opposite to the massive case, there is no additional condition
for A* arising from the equations of motion.

2The arrow in 3# indicates that the derivates acts on the vector field in front of the brackets.
This object can be seen as the hermitian conjugate of the normal differential operator 9", so it
transforms to +ig,, when going to momentum space.

29A complete field theoretical approach would have also led to the proper time-ordering by adding
an additional +ie in the denominator. For our purposes, the time-ordering is irrelevant, so € can
be simply set to 0.
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Let us try to derive the propagator as we did for the massive spin-1 field. Rewriting
the Maxwell Lagrangian gives

1 1
Lvtacsen = 5 A% (90, = 9D ) A = 54D, A", (289

However, following the approach in the section above by making a general ansatz
for IT"” and contracting with D,,,(¢) does not lead any results for A and B at all.
The reason for that is that D*”(q) is simply not invertible, which can be seen by
the fact that it has an eigenvalue of 0 with eigenvector ¢*.

2.4.2. Different Gauges of a massless spin-1 field

The difficulties above can be traced back to fact that a massless vector field A* has
one less degree of freedom compared to a massive one. The underlying reason for this
is an equivalence of several solutions for A* under a so-called gauge-transformation.
Hence, we need to establish a condition like (2.80) artificially, i.e. we need to choose
a gauge. The most common one from electrodynamics is the Coulomb gauge, where
we demand that the three spacial components of A* fulfill

VA=0. (2.90)

This has the advantage of automatically canceling the longitudinal degree of freedom,
ey (P,q). On the other side, the obvious disadvantage is that it is not Lorentz
invariant, meaning that in this case we (implicitly) also choose a specific frame to
work in.

Coming from the Proca-theory, the most natural choice would be to simply choose

9 AP =0 (2.91)

as our gauge. Unfortunately, it can be shown that this is not possible for a massless
spin-1 field (cf. section 7.2 in [Greiner and Reinhardt, 1996]). However, there is a
way out: We can add a gauge-fixing term to Lyfaxwell,

1 1
‘Ci\/[axwell = _7FMVF'LW - i

4
which "enforces" this constraint in the fashion of a Lagrange multiplier. Depending
on the literature, ¢ is introduced as a parameter or as a so-called auxillary field, i.e.
a field without a kinetic term in the Lagrangian.
In this way, we have introduced the class of covariant gauges. Common choices of
¢ are

(0, A", (2.92)

e &£ =0, called Landau gauge,
e &£ =1, called Feynman gauge,

e & — 00, called unitary gauge.
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The resulting differential operator in £}, .. can indeed be inverted and we obtain
the propagator®’ }
—ghv _ )¢
i (12 O (2.93)
q

Note that, although £ appears in the propagator, as an artificial parameter it can-
not be part of the physical amplitude M. Thus, it drops out of any perturbative
calculation when left arbitrary.

Compared to the Coulomb gauge, choosing one of the covariant gauges does not
lead to an automatic cancellation of unphysical®! degrees of freedom. Hence, for a
photon, the sum in the quantization (2.71) runs over all helicities A = £1,0,¢q. The
cancellation of € and e/ can be achieved by a proper choice of a Hilbert space, a
process which is called the Gupta-Bleuler method and is explained e.g. in section
7.3 of [Greiner and Reinhardt, 1996]. Hence, physical photons (e.g. in asymptotic
states) can only be transversely polarized, described by €’.. In contrast, a virtual

photon (e.g. in a loop) can have all four polarizations.

30 Again, one needs to add a +ie in the denominator for proper time-ordering.
31Tt can be shown that polarizations belonging to a helicity of A = 0 lead to negative norms, cf.
section 7.2 of [Greiner and Reinhardt, 1996].
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2.5. Renormalization

The topic of renormalization is one of the key aspects of QFT and therefore exten-
sively explained in every textbook like [Schwartz, 2014] or [Peskin and Schroeder,
1995]. In this section, we give only a short overview while we leave all the mathe-
matical details to be explained, when needed, in later calculations of this work or in
the books mentioned beforehand.

Historically, one of the most irritating aspects of quantum field theories was the
divergences one encounters when calculating processes at higher orders in perturba-
tion theory. At first sight, this behavior spoils the whole perturbation series and,
even worse, causes unphysical behavior due to infinitely large observables. Renor-
malization is able to take care of some of this unphysical behavior, the so-called
ultraviolet (UV) divergences. But before we sketch the process of Renormalization,
we give a short classification of divergences.

2.5.1. Divergences

Calculating an arbitrary process at higher orders contains two things which are
absent in leading order (or Born-) graphs: Loops and real emissions.

Loops introduce unobservable momenta which are integrated over when calcu-
lating the respective matrix element. These loop integrals can contain divergences
when taking the loop momentum to infinity: The UV divergences. Their counter-
part are the infrared (IR) divergences, which can also occur in loop calculations and,
furthermore, when there are additional particles in the final state, the so-called real
emissions.

There is a simple way how to characterize divergences in real emissions: Consider a
process with an arbitrary number of final states. When we add an emission of another
unobserved particle, i.e. a real emission, because we want to include higher orders
in perturbation theory, it is guaranteed (by the Feynman rules given in appendix
A.3) that we obtain an additional propagator with a denominator proportional to
(pr — ps)?. This is valid for any massless particle, whether it is a fermion or gauge
boson. In fact, IR divergences only occur when all involved particles in the final state
are taken to be massless, so additional to p? = 0 we also demand p? = 0. When we
then perform the phase space integration over p# and p? (as a part of the integration
over all final state momenta), we encounter poles created by the propagator above.
These poles arise from the roots of the denominator, which is

(pr — pf)2 X pr-pi = EEf(1 —cosf) (2.94)

in the massless case. 6 is the angle between both three-momenta. The denominator
above vanishes in two regions of phase space: Either one of the energies F, or E;
vanishes (or becomes negligible compared to other quantities like the center-of-mass
energy) or cos — 1, which corresponds to collinear three-momenta. Consequently,
the first case is called "soft divergence" and is a subclass of an IR divergence, while
the second one is called "collinear divergence'.
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The famous Kinoshita-Lee-Nauenberg theorem ensures that, at a given order in
perturbation theory, all the IR divergences of loop diagrams and real emissions
completely cancel each other. Therefore, when taking all possible Feynman diagrams
into account, these complete amplitudes will not contain any IR divergences, they
are "IR safe". This is not the case for UV divergences, which is the reason why they
need a special treatment: Renormalization.

2.5.2. Regulators

Before we are able to take care of possible divergences, we need to make them
manifest. The most evident way to do this is to introduce an upper (lower) bound
A instead of letting the integration limit go to infinity (zero). Then calculating
the loop integral and taking the limit A — o0o(0) afterwards makes the UV (IR)
divergence apparent. A is sometimes called a "hard cutoft". It can be shown that in
renormalizable theories only logarithmic divergences o ln(A2) can occur.

Although this is an intuitive way to handle divergences, it has one major downside:
A hard cutoff is not Lorentz-invariant, meaning that a Lorentz transformation would
also change the integration limits, i.e. A, if they do not cover the whole kinematic
region from zero to infinity. A Lorentz-invariant way to treat divergences is changing
the dimension of the integral instead of its limits. Hence, we go from 4 space-
time dimensions t0%? d = 4 — 2¢, € > 0, since UV divergent loop integrals become
convergent when computed in less than 4 dimensions. After doing all calculations,
one needs to take the limit € — 0. Logarithmic divergences of hard cutoffs correspond
to divergences of the form 1/e in dimensional regularization. It is also possible to
regulate IR divergences in loop integrals when setting € < 0.

When changing the space-time dimension, also the dimension of the Lagrangian
changes, since the action as space-time integral over the Lagrangian still needs to be
dimensionless. This leads to couplings with non-vanishing mass dimension. If these
couplings are part of a loop integral, we introduce a so-called renormalization scale
w and substitute the coupling with an alternative dimensionless one:

go — 1 g0 = u*go. (2.95)

Both p and € are artificial quantities and therefore need to drop out of every calcu-
lation of physical quantities like Greens functions or matrix elements. In addition,
the metric tensor and therefore also the Dirac algebra adapt to the space-time di-
mension:

gt =d (2.96)
andy"vy, =d, (2.97)

which also influences more complex contractions. Since

Tr[1] = 4 (2.98)

32The factor of 2 is purely conventional and only simplifies some calculations.
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remains untouched, the trace theorems such as
Tr[vy#~"] = ¢"”(and so on, cf. appendix A.2) (2.99)

stay as they are in d dimensions.

As it was explained in the section above, IR divergences in the phase space in-
tegrations of real emission graphs originate from massless particles. Similar to the
hard cutoff, these divergences are also logarithmic. Hence, one can choose regulators
to be non-zero masses, which are set to zero again after the calculation.

There is of course a variety of other regulators available when dealing with diver-
gences in QFT, but for us it is sufficient to stick to the last two regulators explained
above.

2.5.3. Subtraction schemes and renormalized perturbation theory

After classifying and unfolding divergences with the help of regulators, the last
open question is how to treat them. As mentioned above, infinite quantities, e.g.
observables, are unphysical. The basic idea of renormalization is that the quantities
of the original Lagrangian, i.e. the couplings, particle masses and fields, are ill
defined, meaning they are not physical. To obtain the actual, i.e. physical quantities,
we need to renormalize them:

90 = Zy9, (2.100)

where gg is the bare coupling of the original Lagrangian, g is the renormalized
physical coupling and Z, is the infinite renormalization constant. The same concept
is applied to masses and fields.

At tree level, where there are no divergences at all, both bare and renormalized
quantities need to be equal, so we can write

Zy =144, (2.101)

The counterterms can be formally expanded in the (now renormalized) coupling
(starting at g?), which enables a perturbative approach that goes hand in hand
with the actual perturbation theory in QFT. We obtain the so-called renormalized
perturbation theory. Starting with the Lagrangian Ly, which contains the bare fields
and parameters, we substitute (2.100) and (2.101) and split up £y into two parts:
One that looks just as Ly, but with renormalized instead of bare quantities, and one
that contains all counterterms up to the desired order. These new terms introduce a
new set of Feynman rules for propagators and vertices, both indicated with a cross in
the Feynman diagrams, which give rise to new terms in Greens functions or matrix
elements. By the choice of the infinitely large counterterms, these terms cancel the
divergences that may occur in the rest of the graphs by loop diagrams.

However, there is a freedom of choice when defining counterterms, which leads us
to the subtraction schemes®?. One of the most famous ones is the minimal subtrac-
tion (MS) scheme, where the counterterms only contain the divergences themselves

33The name originates from the idea that we choose counterterms in a way to subtract all the UV
divergences that appear at a certain order in perturbation theory.
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(expressed in an arbitrary regulator) and nothing else. The modified minimal sub-
traction (MS) scheme is applied when we use dimensional regularization. With
this choice, the counterterms also contain some finite contributions proportional to
In(47) and the Euler-Mascheroni constant yg. These constants emerge when ex-
panding the gamma function, that appears in results of some loop integrals in d
dimensions, around € = 0.

2.5.4. The renormalization group equation

The bare quantities remain untouched throughout the whole process of renormal-
ization. Therefore, they need to be independent of the renormalization scale:

d
- 0. 2.102
'ud,ug 0 ( 0 )

By looking at (2.100), we see that the scale dependence of g is completely determined
by the dependence of Z, on g up to any desired order. This leads to the so-called
running coupling,

da_ 2.103)

o Bla), (2.

where o o g2 is the well-known coupling constant and the S-function is a series in
a (or g) determined by the renormalization constant Z,. The same concept can be
applied to masses, where we obtain

p dmpg

_— = . 2.104

T = m(9) (2.104)
Here, the anomalous dimension 7,, depends on the coupling g, since Z,, is, as
explained in the section above, expanded in g.
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2.6. A brief Introduction to the Standard Model of
particle physics

The Standard Model of particle physics is one of best tested theories today’s physics
can offer. Throughout the last and current century it succeeded to describe almost
all phenomena that occurred on the stage of elemental particles. It fills whole text-
books, e.g. [Schwartz, 2014] and [Peskin and Schroeder, 1995], but we simply give
an compact overview of the theory’s two essential components: Quantum Chromo-
dynamics and the electroweak theory. Furthermore, the reader is supposed to be
familiar with the theoretical basis of the Standard Model, which is Quantum Field
Theory. If this is not the case, both afore mentioned books give an adequate intro-
duction concerning this topic. This work makes use of the perturbative approach of
Quantum Field Theory including the well-known Feynman diagrams>*.

This approach, including all its famous cornerstones like Wick’s theorem, LSZ
reduction and many more, is assumed to be known to the reader as well, so that
perturbative calculations do not need any form of deeper motivation or explanation.

2.6.1. Quantum chromodynamics (QCD)

The theory of Quantum chromodynamics was constructed to describe the binding
between quarks, which form all kinds of hadrons, for example protons and neu-
trons?®. The interaction is exchanged by gluons. These gauge bosons couple to the
charge of QCD, the name-giving colors (anti-) red, (anti-) green and (anti-) blue
for (anti-) particles. Since the theory predicts three charges, the complex fermionic
quark fields are triplets ¢ and so transform under the fundamental representation
of SU(3). Demanding invariance of the langrangian Lqgcp under local transforma-
tions of this kind makes this group a gauge group and couples, with the help of
the covariant derivative, the quark fields to the gluon field Aj; transforming in the
adjoint representation of SU(3). a = 1...8 labels the components in this representa-
tion. Since we deal with a non-abelian gauge group, there are also cubic and quartic
interaction terms of these gluon fields contained in the square of the gluon field
strength

G, = 0, AL — 0, A% + gf** Ab AC. (2.105)

The full QCD-Lagrangian reads

— LG G = SO, AL)O,A™) + (0,0°) (0" + g A

+ U, (i + g A" T — mbij)1; + counterterms, (2.106)

Lqcp =

where 1; is a quark field (in the fundamental representation) with the color index i.
The second term is a gauge term introduced in section 2.4.2, generalized to SU(3).

340One can find the exact conventions for Feynman rules used in this work in appendix A.3.
35In fact, the parton model and Deep Inelastic scattering, both discussed in chapter 3, were and
are one of the most important tests and applications of QCD.
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One can also find so-called Faddeev-Popov ghost fields ¢ and ¢ in the expression
above. These fields are necessary if one wants to preserve Lorentz invariance during
the quantization of gluon fields. It is easiest to see this when quantizing the theory in
the functional integral formalism, as it can be found e.g. in section 25.4 of [Schwartz,
2014].

The coupling constant of QCD is

as = =2 (2.107)

In opposition to QED, its S-function® is negative, which leads to high coupling
strengths at low energy scales and low strengths at high scales. This phenomenon
is called "asymptotic freedom". High couplings at low energy scales lead to color-
neutral bound states, which is the reason why free quarks do not exist. The process
of quarks forming bound states like the proton, called "confinement', is therefore a
non-perturbative one. This, together with asymptotic freedom, will become one of
the key aspects in the following chapter when talking about the parton model. It
is also possible to give a numerical value at which pertubation theory breaks down.
In a process called dimensional trasmutation we can replace the (dimensionless)
starting condition in an RGE solution for the coupling constant with an energy
constant A, the Landau pole. As the name suggests, A marks the pole of as(u)
which makes a perturbative treatment impossible. For QCD, A depends on the
number of considered quark flavor and lies in a range of a few hundred MeV.

To the present day there have been found three quark generations, each containing
two quarks. They also can be sorted into up- and down types with charges

2
Cy =g€ = Que (2.108)
1
and eg = — 3¢ = Quqe, (2.109)

where e is the charge of a positron. Their masses can be found in table 2.1.

Table 2.1.: Quark masses and charges of all flavors according to [Tanabashi, M., et.
al. (Particle Data Group), 2018] in MS renormalization at yu = 2GeV.

Flavor | Electric Charge | Mass
up Qu 2.2 MeV
down Qq 4.7 MeV
strange Qu 95 MeV
charm Qua 1.275 GeV
bottom Qq 4.8 GeV
top Qu 173.0  GeV (direct measurements)

36¢f. section 2.5.4 for further details.
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2.6.2. Electroweak interactions

The remaining part of the Standard Model is described by the electroweak inter-
action. In this work, we will concentrate on QCD interactions and therefore omit
most of the details. The interested reader shall be referred to any desired textbook
on the Standard Model like [Schwartz, 2014] or [Peskin and Schroeder, 1995].

The most famous aspect of the electroweak model is surely the spontaneous sym-
metry breaking of a semi-simple Lie group, SU(2) x U(1) — U(1)., where the last
Lie group stands for the gauge group of QED (see below). This gives rise to massive
W=*- and Z-bosons, with masses3”

My, =80.38 GeV (2.110)
and Mz =91.19 GeV, (2.111)

and the Higgs particle as the Goldstone boson.

Other than QCD and QED, chiral symmetry is not conserved under electroweak
interactions. Of special interest for this work are the different gauge couplings for
left- and right-handed particles gr 1, as well as neutral (Z-boson and photon) and
charged (W®*-bosons) currents. Both can be found in table 2.2. Following the
notation in the ACOT papers [Aivazis et al., 1994a] and [Aivazis et al., 1994b], we
choose the following form for a general vertex Feynman rule®®:

igsT™" = ign(9r(1 +77) + g1(1 = 77) )" (2.112)

These general gauge couplings gp are also given in table 2.2.

Table 2.2.: General and chiral couplings of all electroweak gauge couplings. e is the
electric charge of a positron, while g = e/sinfy is the gauge coupling
of the SU(2) gauge group mentioned in the text. Oy is the so-called
Weinberg angle. As it is also done at some other places in this work, the
dependences on the quark flavors ¢ and j are kept implicit. The charge
fractions ); are defined in (2.108) and (2.109). The V;; are matrix ele-
ments of the CKM-matrix which mixes mass and interaction eigenstates
of quarks. T?f is the eigenvalue of the weak isospin’s third component
represented by the SU(2) gauge group.

coupling ‘ v ‘ Z w#*
g | —e 57 TeosOy
IR % ‘—Q,- sin? Oy 0
gL S| T) - Qisin® 0w |V

Although the details on electroweak Lagrangians are not important to us in this
context, one remark on the choice of the gauge should be made: We choose the

37Cf. [Tanabashi, M., et. al. (Particle Data Group), 2018].
38The chiral projectors are introduced in section 2.2.
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unitary gauge so that the propagator of the massive gauge bosons is the same as the
one of a simple Proca Lagrangian, cf. section 2.4.1.1. More on this can be found
e.g. in section 28.4 of [Schwartz, 2014].

For energies much smaller than the masses of the heavy gauge bosons, a good
approximation is the theory of quantum electrodynamics (QED). In this theory, the
only gauge boson is the photon A, i.e. the underlying gauge-symmetry is a U(1)
symmetry with charge ¢:

LqED = @(iy“@u + m2>\If + FMF,, — q@'y“\I/A# 4+ counterterms. (2.113)
In this case, the symmetry is abelian and so the field strength tensor is simply
FHY = 9l AV — 9" AF. (2.114)

Additionally, for theories with abelian gauge symmetries one can derive special Ward
identities,
"M =0, (2.115)

where M is the amplitude of an arbitrary process and ¢* the momentum of an
external photon attached to it.
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Scattering (DIS) and the Parton
Model

Proper introductions to Deep Inelastic Scattering in general can be found in [Halzen
and Martin, 1984], chapters 8 and 9, as well as in [Schwartz, 2014], chapter 32.

Probing hadrons with a lepton beam that has energies above the corresponding
hadron mass and resonance peaks is called Deep Inelastic Scattering (DIS). The
leading interaction, at least at low enough energies, is the photon exchange. For
this introductory chapter, we will restrict ourselves to these processes.

Since the earliest applications in the 1960’s, the reason behind lepton-hadron
scattering is to explore and understand the inner structure of the probed hadrons.
The lectures [Friedman et al., 1991] in the context of the nobel price 1990, awarded
for the experimental realization of DIS, are a very comprehensive summary of the
theoretical and experimental development of DIS and therefore should be consulted
for a more detailed overview.

Due to the very simple production options the used leptons were electrons back
then. Hypothetically, also the heavier generations, muons and tauons, as well as
the respective neutrinos are an option. One of the most common examined hadrons
is the proton, which can be analyzed very easily as it is the nucleus of the lightest
hydrogen isotope. Its mass is m, = 938 MeV'!. In order to talk about Deep Inelastic
scattering in this case, the transfered energy Q? as well as the mass of the products
must greatly exceed the proton mass, so Q2 needs to be at least of order 1 GeV.

Throughout this work fermion masses m; are set to zero. They would enter
calculations via contributions such as ml2 /@Q?. This can be neglected when Q? >> m%,
which is practically always the case if the fermion is not a tauon.

'The most exact measurements of all masses mentioned in this work can be looked up in [Tanabashi,
M., et. al. (Particle Data Group), 2018].
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Figure 3.1.: Lepton with momentum I; 2 scattering off a hadron with total momen-
tum P. The exchanged gauge boson is a photon with momentum ¢q. The
hadronic vertex "?" and the products X (with total momentum Py) are
not further specified. This process, with high enough exchanged energy
Q? = —¢?, is called "Deep Inelastic Scattering".
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3.1. The hadronic tensor WHY

How can one describe the scattering between an lepton and a hadron mathemati-
cally? Formally, one defines a hadronic tensor W#¥ that contributes to the averaged

matrix element |/\/l}2 of the process as follows:

et

2
|M| = 0t

AnQ*L,, WH (3.1)

where
2 _

=—¢>0 (3.2)
is the transferred energy, sometimes called virtuality of the photon. For this chapter,
it is sufficient to only deal with QED interactions, i.e. the exchange of a photon. We
see (by using the according Feynman rules, cf. appendix A.3) that the amplitude can
be split up into leptonic and hadronic constituents as well as the exchanged gauge
boson and vertices. The latter are reflected in the numerator of the prefactor, e?,
and the denominator Q* comes from the related photon propagator. 4mQ? cancels
to normalizations of both leptonic and hadronic tensors.

The leptonic tensor in the matrix element above,

Q2251 +1
1 1

T Q%25 +1

S, s1] JE0) [la, 52) (I, 52| T (0) |11, 51)

81,2

S [y ()7 1 (1)) [Ty ()7 0 12)] (3.3)

81,2

arises from the tree-level scattering of a Dirac particle, in this case the lepton.
Jp (@) = U(x)y" ¥ () (3.4)

is the leptonic current deduced from the Lagrangian (2.113) including the lepton
field W(x)%. LM can be seen as the squared "upper half'-contribution to a whole
t-channel® Feynman diagram of leading order in o, cf. e.g. figure 3.1. It contains
an averaging over all initial spins s; and a sum over all spins s1 2, which expresses
the unpolarized nature of an incoming and outgoing lepton beam®*. In the process
considered in this chapter, the incoming lepton remains unchanged, so s; = sy = i%.

As it can be seen in figure 3.1, the treatment of the lower part of the ¢-channel
scattering is in no way that trivial. In principle, one could ignore all subprocesses

2That the equality between the first and second line in (3.3) holds can nicely be seen if one decom-
poses ¥(x) into a sum of creation and annihilation operators af(p) and as(p), i.e. writes down the
canonical quantization of ¥(x).

3¢-channel referes to the equality of Q? to the Mandelstam variable ¢, cf. (D.16).

4This is a very common approach in DIS (and in Standard Model calculations in general). However,
one should always keep in mind that it is not possible to extract spin-related informations about
the proton with this strategy.
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inside the hadron and just describe W* by a sum over all final states X°,

W= L3 ()% (Pt g - Px) (LG Px) (P T 1P, (35)
containing, in analogy to (3.3), the hadronic current J%,. The sum over all final
states® X implicitly contains the phase space of the final hadronic products, so
according modifications to the phase space dllpps in (3.13) need to be made when
calculating the cross section (cf. e.g. appendix D).

Equivalently, one can decompose W into a sum over all possible Lorentz-invariant
tensors of rank two,

1 7 1
WH = — g Wy + WP”PVWQ ~ oz P P qsWs + WQ“Q””@
+ e (Ptq” + ¢"PY)W5 + e (P*q” — ¢"' P")W. (3.6)

The expression above covers all relevant tensors, since the whole process is charac-
terized by the hadron momentum P and the photon momentum ¢. The outgoing
momenta are implicitly integrated over and the total final hadronic momentum is
fixed by P{ = P* + ¢*, so the only independent variables are P and ¢. It is con-
vention to scale some prefactors with the hadron mass M = \/ﬁ, so that all W;
have the same mass dimension’. W3 and Wg cover the antisymmetric part of WH,
Both contributions vanish when multiplied with the leptonic tensor L*¥, which is
symmetric when only considering QED interactions®, and therefore can be neglected
in this chapter.

As a consequence of ignoring all internal processes in the hadron, the explicit
shape of the W; is not known right from the beginning. To put it in another way,
the W; encode the inner structure of the hadron and thus are often called structure
functions. The aim of the next pages will be to find the explicit shape of these
functions by making specific assumptions on the composition of hadrons based on
experimental results.

Using the Ward-identity” (2.115), namely

QMWMV =0, (37)

one can express W4 and Wy in terms of W7 and Wy. That one can withdraw two
dependences out of one equation can be traced back to the independence of P and gq.

5A word of caution: It should always be kept in mind that the normalization of both leptonic and
hadronic tensor differs in the literature. In this work, 1/Q? for L** and 1/(4r) for W*” is chosen.

5Summing over all final states is sometimes called a total inclusive process.

"There are other conventions used in the literature, usually differing by factors of M.

8This is due to chirality conservation in QED.

9Here, W takes the role of the (squared) amplitude of the sub process P + ¢ — Px.
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(3.7) results in

P-q\* M?
W= () W g 9
2P -
and Wy = 7‘114/2 (3.9)
The hadronic tensor then has the following form:
v v 1 v 1 P q v P q ,
e == (o 4 s )Wt (P e ) (P e
(3.10)

If the hadron would be point-like'?, or in general the scattering is elastic, the struc-
ture functions only depend on one Lorentz scalar, e.g. the transferred energy Q.

In the case of inelastic scattering, there is an additional dependence on another
Lorentz-scalar. A common choice is the so called Bjorken =,

Q2
= 1 11
so that
WLQ = leg(Qz,a}). (3.12)

As an example, let us discuss the hadronic tensor and the structure functions for
the scattering off a point-like hadron with charge +e. To find the explicit form of

. . . 2

W1 and Wsy, we can compare the differential cross sections for ]M| o L, L* and
2 .

|IM|” LWI/V“”11 via

2
M
do = uCZHLIps. (3.13)
F
The Flux Factor!?
F =2A(s,m?, M?), (3.14)
here defined via the A-function
A(a,b,c) = Va2 + b2 + 2 — 2ab — 2ac — 2be, (3.15)

10Gtrictly speaking, in this case the particle would not be a hadron any more, since there is nothing
left that can be bound together via strong interactions.

" The calculation of both products can be found in appendix D.

12(3.13) is a general formular for the differential cross section and so is (3.14) a general expression
for the flux factor of a process involving two incident particles. In our case, as mentioned before,
fermion masses m; are always set to zero, even if they appear in some expressions. Additionally,
the Mandelstam variable s appears in F. For a definition, see (D.15).
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and the well-known Lorentz-invariant phase space element!'? dIl pg (both for two
particles) are obviously in both cross sections the same. The calculation of both
cross sections is done in appendix D, here it is sufficient to only give the result. The
first cross section reads

do 2ma’ Y 2 0 Q*
o) = in® — )6 B1— By — 1
<dE2dcos9>L E%sin4g<2M2 ST oo 2> ( ! QM), (3.16)

where Ey = l1p and Fy = I3 g are the initial and final lepton energies. As stated, the
differential cross section is given in the laboratory frame for a fixed target experi-
ment, so the particle corresponding to the second L*” is at rest, i.e. P = (M,0).
6 denotes the corresponding scattering angle in this frame. The second result is'®

do 4o 1 b0 1 5 0
- L — in“ — + — — . 1
(dEgdcose)W 2 sind g i (W1 sin” + 2W2 cos 2) (3.17)

Now the key step is to demand that both expressions are equal because the hadron
is taken to be point-like. A simple comparison of coefficients gives

Q? ( Q2>
=— )| FE1 — By — — 1
W= LT oM (3.18)
Q2
=M -6 FE1 — Ey — ) 1
Wo 5( 1 2 2M> (3.19)
If we write E; — E5 in terms of Lorentz-scalars,
P-q
El - E2 = () = (V)lab7 (320)
M lab
we arrive at the alternative expressions
1
Wy = 2% (1 —x) (3.21)
vWy =M -6(1 — x), (3.22)
since Q2
= 2
oty & (3.23)

We see, as stated above, that there is indeed a dependence on only one kinematic
variable. It is also worth noting that x is set to 1 in this specific situation. In the
next section, when x is identified with a momentum fraction, it becomes clear that
this must be the case for every point-like scattering. The results for W1 and Wy of
course are not realistic ones, but they are a good preparation for the next section.
There, we will apply the exact same steps to achieve actually meaningful results.
3For a definition, see (A.6).

A more detailed discussion can be found in appendix D.1

> Note that in this and all following cross sections the coupling strength of the hadron is included

in the structure functions W;. For examples, cf. e.g. (3.21), where it is simply a 1, or (3.33),
where it is a fraction of the electric charge.
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3.2. The naive Parton Model

Until now not a single word was written about the actual structure of hadrons. The
last section only treated the (electromagnetic) scattering process and the general
framework, processes explaining the hadron itself were not mentioned. In order
to find a suitable model it is helpful to look at a measurement at SLAC from the
1960’s, cf. figure 3.2. It shows measured values of vWy at different Q2 and fixed
x. In general, the behavior could be arbitrary complex, but instead we simply see
a constant line, very similar to a point-like hadron, cf. (3.22): vWs scales with
@Q?, which is why this phenomenon is called Bjorken scaling. In other words, the
description of point-like particles needs only one kinematic variable, e.g. x. If now
hadronic quantities like vW; (z, Q?) scale with Q?, there actually is a dependency on
only one variable. Hence, one can trace back these hadronic quantities to well-known
point-like ones. That hadrons "behave" like point-like particles at high energies is
one of the key insights of DIS.

05—
041
= ¢
BENLPYRE
v, T
0.2 |—
G 4
w=
o l | | | | | | |
0 1 2 3 4 5 6 7 8
0% (GeV/c)?

Figure 3.2.: Measurement of vWs at different Q? and = = % = %, SLAC (Stanford
Linear Accelerator). The Bjorken scaling can nicely be seen. Taken
from [Halzen and Martin, 1984], p. 190.

The conclusion, so natural for today’s readers as revolutionary for physicists in the
1960’s'6, is that hadrons consist of elementary, point-like particles, called "partons".
According to the parton model, a parton of type i carries a fraction £ of the hadron

momentum,
pit =¢&PH, €€ (0,1). (3.24)

£ is an internal variable that cannot be measured explicitly. What is inherent to
every parton type is the parton distribution function (PDF) f;(§) that describes the

6There were many competing theories aiming to describe the hadron structure back then, for a
detailed view cf. e.g. [?], p. 617 et seq.
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distribution of £ on the interval (0,1). There is of course also a dependence in the
hadron type, which we will keep implicit if not stated otherwise.

fz(é )d¢ can be interpreted as the probability to find a parton with momentum £pP
in the infinitesimal interval [€, € 4 d€]. However, it does not fulfill every condition
of a conventional probability density, as it is not normalized to 1 but to the number
N, of partons of type 1, i.e.

1
[ fi)de = . (3.25)
0

The parton model in this plane form makes some simplifications that shall be men-
tioned before proceeding. First of all, it does not allow partons to have a three-
momentum not parallel to the one of the hadron (cf. (3.24)). Additionally, it
assumes that the partons are free inside the hadron. Lepton-hadron scattering then
reduces to a sum of lepton-parton scattering!” with free partons in initial and final
states, illustrated in figure 3.3.

Figure 3.3.: Lepton-Hadron scattering at tree-level in the Parton model. The hadron
with momentum P consists of point-like partons with momentum frac-
tion &. After the scattering the products X with momentum Py, also
consisting of partons, are again not specified.

At first sight, free partons seem like a contradiction in terms. Partons were in-
troduced as constituents of the hadron, so they should be bound together by strong
interaction and not free. What "free partons' actually means is that scattering in-
teraction happens on a much smaller timescale than binding interactions before and

"To be more precise: A sum over all parton types and an integration over all possible parton
momenta.
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after the scattering. This can be only true at sufficiently high momentum trans-
fers ), which means that @) is much larger than any other energy scale involved in
the process. According to Heisenberg’s uncertainty principle, this corresponds to a
short lifetime of the virtual photon and therefore a small time scale on which the
scattering happens. The ignorance of interactions is also the reason why assuming
a fixed number of partons N; is valid. As we will see below, the ignorance of inter-
actions inside the hadron, namely strong interactions, leads to an incoherence, i.e.
a "classical" multiplication of probabilities as in (3.27).
The behavior of parton masses is quite strange. Squaring the partonic momentum
gives
m; = \/p? = EM. (3.26)

A &-depending mass is obviously far away from reality. This is why the naive par-
ton model is strictly speaking only appropriate in a frame in which all masses are
negligible. A frame with this condition must move with an infinite velocity, so that
the masses can be ignored due to the infinite momenta. This is the so-called infinite
momentum frame'®.

In the parton model, every quantity describing the hadron, above all the hadronic

tensor, can now be written as a (PDF-weighted) sum over the partonic quantities,
<19
ie.

1 1
Wi, Q%) = Y [ de [ defi €W (2,02 - £2)
i

0
-5 $uoi(z.0)

In the equation above, we introduced a circumflex notation to indicate partonic
quantities. The partonic hadronic tensor can be interpreted as the scattering be-
tween lepton and parton instead of the hadron. However, WH” cannot depend on
x, since z is defined with the help of the hadron momentum P. Instead, a partonic
version of x in analogy to definition (3.11) is introduced:

QZ
2pi - q

z (3.28)

Because z, as a partonic variable, is neither determined nor measurable, (3.27) also
contains an integration over the full range of z. But there is a relation between x, £
and z. By recalling the definition of £ (3.24), we easily see that

x=¢&z, (3.29)

18 A mathematical treatment of this frame as a constituent of a class of frames, the collinear frames,
can be found in section 4.3.

19Ty general, the partonic tensor could also depend on the parton type, denoted by Wi” Y. For the
sake of simplicity, we will omit this index in the first instance.
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which explains the ¢ distribution in (3.27). The limits of £ shift, since xz/{ must
lay in the z integration range, namely between 0 and 1, for the ¢ distribution to be
NON-Zero.

Now the assumption of point-like partons comes into play. This implies that Wy
must have exactly the same shape as L*”. Hence, the cross section for parton-
lepton scattering can be simply copied from the lepton-lepton cross section (3.16)
with slight changes to the mass and charge. So once again plugging W#¥  which
now contains the parton sum, into the general cross section (3.13) gives

1
dEsdcost  E2 sin4% zi:@i O/dffz(f)<2m? sin §+cos 2)5(u— 2mi>. (3.30)

Q; is the charge of parton type i. Using (3.20), we can rewrite the § distribution to
cancel the £-integration, i.e.

5<u - 2?;): 5(26]\2;96 - 2QM2£): 23245(; - 2) _ 23249326(5 —a). (331)

This leads to

do 2ma’ 9 1 . ,0 2M 5 ,0
= “ fi —8in® - + — —. .32
dFd cos 0 E%sin4g§i:Q7’f(x)<M8m 2+ Q2:c cos 2> (3.32)

Comparing this to the general cross section containing the hadronic tensor (3.17),
yields, exactly as in the end of section 3.1, expressions for the structure functions:

Wi(z, Q) = % > Qifil) (3.33)
vWa(z, Q%) = Mz Z Q% fi(x) (3.34)

(3.31) allows us to use £ and x completely equivalent. This is a noteworthy result,
since, at least at first sight, there is no obvious connection between the probabilistic
quantity £ and the kinematic variable x.

Additionally, W; and vW, are both indeed independent of Q? at fixed x, so we
reproduced the Bjorken scaling, which was discussed in the context of figure 3.2.
Another common convention is to use

Fi(z,Q%) = Wi(z,Q%) (3.35)
and Fy(z,Q?) = %WQ(:C, Q?) (3.36)

instead of W and Wa. In this case, (3.34) becomes a little simpler:
Fy(z,Q*) == Z Q% fi(x). (3.37)
i
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Also of great importance is the Callan-Gross relation. Substituting (3.33) into (3.34)
yields a connection between Wy (z, Q%) and Wa(x, Q?), namely

VWZ(£7 Q2) = 2M:EW1($7 Q2)
& Wiz, Q?) = LQWZ(Q: Q?). (3.38)
AM2 22 ’

The Callan-Gross relation gets its exact structure from the at first only assumed
fermionic nature of the partons, so the experimental reproduction was a huge indi-
cator that this assumption was right. In the context of this work, it will help us to
compare later introduced parton models with this often called "naive" parton model,
being the in many ways simplest way to describe hadronic structures.

After the introduction of the parton model formalism we will now fill it with
physical meaning. In order to do so, we make use of the quark model, originally
introduced by Gell-Mann in [Gell-Mann, 1964]. Hence, we identify the partons
with quarks and gluons. In this context, one often uses the notation ¢(£) and g(§)
instead of f;(£). The quark model differentiates between valence quarks that specify
general properties like charge and spin of the hadron, and sea quarks, originating
from QCD processes like quark-anti-quark production of a gluon. Therefore, a quark
distribution can be split up into a valence and a sea PDF:

(&) = qu(&) + qs(8)- (3.39)

As instructive as all this new knowledge about hadrons is, there is one huge limitation
that was not dealt with up to this point. All these calculations build on tree-
level scattering between leptons and quarks. In fact, experiments in higher energy
regions, cf. e.g. figure 3.4, show a behavior of the structure functions which is
not constant anymore. This motivates calculations in higher orders, namely next-
to-leading order (NLO) corrections to the lepton-quark scattering. In other words,
we need to improve the parton model by including QCD interactions. The arising
contributions will, just as indicated by the diagram 3.4, violate the Bjorken scaling.
This work contains such a NLO calculation in a more generalized parton model,
see section 6.2. For now, we will turn to a more detailed treatment of PDFs and
partonic tensors.
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Figure 3.4.: Q?-dependence of the structure function F(z, Q%) measured at different

x, CDHS counter experiment at CERN. Deviations from Bjorken scaling
at very large and small x can nicely be seen. Taken from [Halzen and
Martin, 1984], p. 218.
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3.3. A more general view on the parton model

Far more detailed introductions on factorizations and their proofs as well as PDFs
on a field theoretic level can be found e.g. in [Collins, 2011] and [Collins et al., 2004].

3.3.1. Factorization

After this rather heuristic introduction to PDFs, let us make one step back and look
at a general process with the only restriction that one hadron needs to be involved.
In section 3.2, the hadronic tensor in the context of the naive parton model turned
out to be (cf. e.g. equation (3.27))

1
W@t =3 [ now (7@, (3.40)

L
when we established the PDFs as probability density functions. Let us define the
integration in the equation above as a generalized product ®. We can interpret it as
follows: When assuming partons, one is able to factorize out the tensor for partonic
interactions Wf " out of the hadronic tensor WH”. What is left is the according

PDF f; and a summation over all parton types i. Figure 3.5 shows a diagrammatic
visualization of the factorization approach.

\\

H H

Figure 3.5.: Factorization of a general process involving a hadron. The hadronic
tensor W "splits" into the partonic tensor W; and the PDF fi- They
are connected by parton lines of type i (quark flavors or gluons), which
are on-shell and collinear to the hadron H. The line going vertically
through the bubbles is a final state cut which sets all crossing lines
inside the bubbles on-shell. Diagrammatically, it visualizes a squared
amplitude with the right side corresponding to the complex conjugate
amplitude. This gives us the ability to depict the whole hadronic and
partonic tensor in one diagram.
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What was deduced heuristically in the parton model, cf. section 3.2, actually needs
to be proven strictly. These factorization proofs? are far beyond the scope of this
work. For DIS, operator product expansion (OPE) is applied to the hadronic tensor.
OPE treats the multiplication of operators, like the leptonic and hadronic currents in
(3.5), at large @ (while holding all other kinematic variables, like x, fixed). It yields a
power series in () with each term consisting of a product between a ()-dependent so-
called Wilson coefficient and a (Q-independent operator. A detailed explanation can
be found in [Collins, 1984], chapter 10. Then, in a complex procedure, the regions
of the Feynman graphs?! which correspond to the leading term in the OPE, the so-
called leading twist contribution, are identified. In the end, one finds diagrams of the
form of figure 3.5. They contain one hard region with contributions of order @, the
partonic tensor (which was originally the Wilson coefficient), and one region with
all momenta in them being collinear, described by the PDFs?2. Thus, we arrive at

WH (z,Q%) = Z fi® Wi‘w + remainder, (3.41)

where the remainder stands for higher twist terms. These terms will be omitted in
the rest of the work.

3.3.2. PDFs and the DGLAP Equation

More detailed explanations can be found in section 4 of [Collins et al., 2004].
Another advantage of this formal approach is that we obtain a field theoretic
definition for PDFs?3:

$©) = 1 [ e (PG00, 0)PRGH(0,0,0) [P, (3.42)

with the Wilson line?*

G ="Pexp <igs / dy~ A“T(0,y~, O)TC>. (3.43)
0

290ther processes apart from DIS, the most prominent ones are perhaps two hadrons in the initial
state like e.g. the Drell-Yan process, have other factorization formulae and therefore need different
proofs.

2! These regions belong to a greater class of regions, the so-called pinch-singular surfaces, which are
explained in more detailed e.g. in chapter 5 of [Collins, 2011].

22 A third type, the soft region, can be neglected due to Ward-identities. Further work needs to be
done to show that a special part of it, the Glauber region, vanishes or is not leading. There, the
Grammar-Yennie approximations, which open the possibility to use the Ward identities mentioned
above, fail, which would spoil the whole factorization procedure.

23Here we give the PDF of a quark field 1 depending on lightcone coordinates z+ = (zo + 3)/v/2,
which will be introduced in section 4.1. The definition of a gluon PDF involving gluon fields can
be done analogously.

24P denotes ordering the gluon field light-cone component A®T along the path from 0 to z~.
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In the light-cone gauge, characterized by AT = 0, it is obvious that G = 1 holds and
so the PDF reduces to

10 = 555 Y g [ dp (P (EPT ps)o (P ps) 1P (a0

The spin sum and the integration over transverse momenta k indicate that we
work with unpolarized and collinear PDFs. We see by the particle number oper-
ator bf(...)b(...) sandwiched between the hadronic state |P) that there is indeed a
close connection between PDFs and parton numbers, as mentioned during the in-
troduction to PDFs in section 3.2. PDFs contain UV divergences and, as they are
nothing else than Greens functions, are therefore renormalized.

As a consequence of factorization, we can describe the scale dependence of the
PDFs using the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation. It
reads

di ) s 2
J;(li,j%cf) == Z(ﬁf) Z%w(%)@fj(:c,uf), (3.45)
J

where the generalized product is the same as the one introduced in the context of
factorization. as(u?) is the coupling constant of QCD, cf. (2.107). The so-called
splitting kernels P;; are universal (i.e. hadron-independent) perturbative objects and
can be interpreted as the probability of the splitting of parton type j into type 7.
Note that the often called factorization scale py is not necessarily equal to the
renormalization scale p of e.g. as. It can be interpreted as the scale that separates
the long-distant /soft and the short-distant /hard part of the hadronic tensor.

With the help of the DGLAP equation, we can divide the PDF into a perturbative,
scale dependent part and a non-perturbative, x dependent part?® which needs to be
measured by experiment. In addition, the non-perturbative part contains the whole
(implicit) dependence on the hadron itself.

3.3.3. Partonic Tensors at NLO

A quite similar explanation to the one presented here, only applied on the Drell-Yan
process, can be found in section 2 of [Collins et al., 2004]. Here and in the following,
we adopt the notation that is introduced in this section from [Aivazis et al., 1994b].

For this section, we make the dependence on the hadron in the PDFs explicit via
an upper index, i.e.

& ) = f(6 ). (3.46)

The reason for this is that the most common way to calculate a partonic tensor
is to use special types of PDFs, where one substitutes the arbitrary hadron H by
another parton of type j, namely an (anti-) quark or a gluon. This means that in
the following we will make use of PDFs f]’f(f , i), which describe the probability of
finding a parton of type j inside a parton 4.

25This part can also be seen as the starting condition for the DGLAP equation, similar to RGEs.
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Additionally, we need a notation to distinguish subtracted?® and non-subtracted
parton tensors. We will stick, as introduced in the section above, to VAVi“ ¥ when
describing the partonic tensor used in the factorization theorem, i.e. the subtracted
one containing no divergences. For the unrenormalized one, we reserve the symbol
Qf Y. This is the tensor that can be directly deduced from the Feynman diagrams. It
contains IR and UV divergences (before renormalization) and therefore corresponds
to parton scattering at all energy scales, not only at scales of order @ (like WZ-“ ).
Consequently, there is a factorization theorem for Qf Y using the "partonic' PDFs

introduced above: R .
=3 floWw. (3.47)
J

Our goal is now to obtain expressions for Wi“ ¥ depending on Qf Y order by order in
pertubation theory. At leading order, since there is no (QCD-) interaction allowed,
a natural choice for a PDF (which holds independently of j being inside a parton 4
or a hadron H) is

£ w) = 61— ¢). (3.48)
Also expanding both partonic tensors yields

W‘(O)NV — Q(O)NV (349)

% %

at LO. Hence, as expected, there is no subtraction needed at leading order.
At NLO, a perturbative expansion®” of (3.42) (With a partonic state instead of
the hadronic one) leads to

£ = 2 pl) gy DS (3.50)

where IDi(Bj is the leading order contribution®® of the splitting function P;_,; and the

factorization scale pf. Note that the UV divergences in f;(l) are already taken care
of, meaning that here and in the following we assume that PDFs are renormalized
via an MS subtraction. In anticipation of the ACOT formalism and similar to the
conventions in [Aivazis et al., 1994b], we choose a non-zero mass m; to regulate the
IR divergence in f;(l). This IR divergence can be traced back to the assumption of
massless partons, cf. section 2.5.1. As it is described in section 2.5.2 and can be

26The reason why we use the term "subtracted" instead of "renormalized" in this context is that the
renormalization is already done on the level of PDFs and hard scattering, i.e. after evaluating the
Feynman diagrams. What is left are IR divergences coming from long-scale physics that should
not appear in the (hard) partonic tensor. It is their treatment which is explained below.

2"This is easier said than done. At least the dependence on Pii)j could have been guessed right from
the beginning since they both describe the same situation at the same order: Partons splitting into
other partons. More information on the perturbative expansion of PDFs can be found in [Collins
and Soper, 1982].

28Gince there is no splitting at order a2, for splitting functions "LO" means order a.
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found in other sources®’, it is also suitable to use dimensional regularization with
an € > 0. Hence, at NLO, (3.47) results in

Wi(l);w _ Q@Q)W _ Z f;(l) ® WJ@)#{ (3.51)

J

This equation justifies our nomenclature of subtracted and non-subtracted partonic
tensors. It is now evident that we need to subtract the low energy physics from
le)“ Y to obtain the partonic tensor describing only the hard scattering, Vi/l-(l)“ v,
It is also common to interpret the additional subtraction terms as the part of the
hadronic tensor that deals with the double counting of overlapping parts in the hard
and collinear subgraphs. To be precise, general graphs behave like subtraction terms
in collinear regions. Subtracting them turns a general diagram into a hard one, i.e.

a subtracted partonic tensor. A concrete calculation at the example of heavy quark
production is given in section 6.3.

2Cf. e.g. [Collins et al., 2004], equation (52).
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4. The ACOT formalism:
Preparations

Before presenting the ACOT formalism in its full glory, we need to introduce some
important concepts, which are crucial for understanding the further explanations.
Building on an alternative set of coordinates in four-dimensional spacetime, we will
establish a set of frames for lepton-hadron scattering containing the Breit frame,
which will be used in the ACOT formalism. Lastly, we give a short introduction
to the helicity formalism. More detailed explanations on these topics can be found
in [Collins, 1997] and appendix A.2 of [Aivazis et al., 1994a].

4.1. Light-cone coordinates

In special and general relativity, it is a widespread convention to use coordinates of
the form!
xﬂ = (ZL‘O,%) = ($O,$1,$2,$3), (41)

which transform under the metric (2.37). We say that z( transforms lightlike and
x1 to x3 transform spacelike. This basis is the natural choice, but is by no means
physically distinguished. Just as well, we can establish partially new coordinates

B _ _ To+ T3 xo—2x3 (X7
xlz—(q:+7a: 7517T)—< NGRS ,<$2>>. (4.2)

One easily sees that this new basis is orthonormalized, too. Additionally, note that
changing to light-cone coordinates is a linear transformation, so an addition of two
vectors can still be performed coordinate-wise. The according back-transformation

1S

4 +
x“—(w Rl 71'171'2773: i ) (4.3)

V2 V2

Linear changes of basis are not allowed to alter the scalar product, which yields

!
Tp-xp =1 =15 — ) — 25 — 13 =28 — x5 + xoxs — TOT3 — 27 — T
2_ 2 -2
= (w0 + x3) (w0 — x3) — 7] — 25 = 20T — xF. (4.4)

Lzt stands for an arbitrary 4-vector and is not only restricted to space-time coordinates.



48

4. The ACOT formalism: Preparations

We see that there are now two timelike Light-cone coordinates, x™ and z~. A
scalar product between arbitrary four-dimensional vectors z* and y* in light-cone
coordinates is therefore

oy =2y +ytaT —xr-yr, (4.5)

where the scalar product of the two transverse vectors xr and yr is the usual
Euclidean one.

The light-cone coordinates will be the in many cases more natural approach when
parametrizing four-momenta. Hence, we will use both sets of coordinates throughout
the next chapters. To avoid confusion, we will always try to clarify which coordinates
are used in a specific situation. Moreover, since in this work we always deal with
vanishing transverse momenta, a O7 as the last two coordinates always indicates the
use of light-cone coordinates.
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4.2. Boosts in light-cone coordinates, the collinear
frames and rapidity

Light-cone coordinates play out their full strength in Lorentz boosts, introduced in
section 2.1.3. Let us start with a particle in its rest frame, meaning that its rest
energy is only the mass M, while its three-momentum vanishes:

Pl = (M,0). (4.6)

If we now apply a boost along the z-axis, denoted by A, poost(¢) 2, with arbitrary
rapidity v, the four-momentum becomes

Pl = Ao, () Ph = (M cosh(1), 0,0, M sinh()). (4.7)

Transforming this vector into light-cone coordinates leads to?

ph_ (Mcoshw) + sinh(2)) ’ Mcosh(w) - simh(g{;)ﬁT)7 (4.8)
V2 V2
which can be rewritten as
+ M 0 4.9
Pt=(P .
by using the hyperbolic identies
Y _ oY
sinh () = % (4.10)
P -9
cosh(y) = % (4.11)
and the definition M
Pt="¢. (4.12)
V2
(4.10) and (4.11) directly imply
sinh ¢ + cosh ) = e¥, (4.13)

hence sinh(x) and cosh(z) can be seen as the odd and even part of the exponential
function e*.

Expression (4.9) defines a class of Lorentz frames, the collinear frames, depending
on the parameter 1), or equivalently P*. The name arises from the fact that in all
frames of this class x1 and xo are zero, so all three-momenta are parallel.

2Its explicit shape is given in equation (2.39).

3In contrast to the notation in [Aivazis et al., 1994a], we reserve the letter ¢ for the rapidity of a
particle. ¢ denotes an arbitrary hyperbolic angle.

4From now on, we will suppress the index L for light-cone coordinates. As explained at the end
of section 4.1, the two sets of coordinates should be clearly distinguishable by the according
momentum components.
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One can change between two collinear frames by a boost with the according value
of ¢b. When using the addition theorems

sinh(¢1 + 12) = sinh(¢1) cosh(t2) + sinh(1)2) cosh(t)1) (4.14)
cosh(¢1 + 12) = cosh(v1) cosh(p2) + sinh (1)1 ) sinh(t)2), (4.15)

one easily sees that the rapidity behaves additively under two boosts, i.e.
Azboost (¢1>Az—boost (¢2) = Az—boost (¢1 + ¢2) (416)

Changing to another collinear frame therefore simply means adding rapidity to the
current one.

It is further possible to express rapidity with the help of momentum coordinates,
if we (cf. (4.9)) label P~ as

P = ;ﬁ. (4.17)
Starting with the definition (4.12) and an arbitrary momentum
Pt = (E, P), (4.18)
we obtain
2V — %(PJF)Q - ]sz
@Hﬁzllnp—jL:llnE—i_P3 (4.19)

2 P~ 2 E-P3
This motivates an expression in light-cone coordinates that parametrizes P* in terms
of rapidity and transverse momentum instead of the three-momentum:

3 _ p3
pu_ (EXPE P’PT>
V2 T V2

M2 + P2 M2 + P2
e

Lt Tl pr), 4.20
(%f Noa g (4.20)

since

E? = M? + P* = M? + P34 (P%)? (4.21)
and® (using (4.19))

» E+ P3
e’ =\ —=—=7
E—P3

& E+ PP = (E—P%e? = /E2 — (P3)2e¥ = /M2 + P2e¥. (4.22)

5The "—"-coordinate can be obtained in the same way.
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If we use the exponential representation of the hyperbolic cosine (4.11), we can give
an alternative formula for the scalar product of two momenta P{" and P4

P1 . P2 == ElTEQT COSh(ﬂ)l - ¢2) — PlT . PQT. (423)

For vanishing transverse momenta, we see that Pj - P, = M? cosh(1 — 12), which
has a tremendous similarity to the Euclidian scalar product. The difference lies
simply in the hyperbolic cosine, which can be again traced back to the idea that
boosts are hyperbolic rotations.
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4.3. The Breit frame

In this section we will take a closer look at the collinear frames introduced in the
last section. Longer calculations can be found in appendix E.

The relevant physical situation in this work is the scattering of two particles by an
exchangend vector boson® with momentum ¢*. Having two independent quantities
q¢" and P*, which the last one labels the momentum of one particle before the
scattering”, we want to keep things as simple as possible. Therefore, we choose a
frame where both vectors span the zg-zr3 plane. The parametrization of P* was
already introduced in the last section, cf. (4.20). Since we are working in a plane,
two coordinates of ¢* are automatically set:

qr = 0r. (4.24)

Next we make sure that ¢* is in no case parallel to P* by introducing an additional
parameter 7 > 0. A possible choice is e.g.

;@
W =1{-nP Or ). 4.25
q ( n ) 277P+’ T) ( )
With this setup, the scalar product of ¢ and P* does not depend on PT, in other
words is frame independent. Explicitly applying (4.4) gives an implicit equation for

UR
2

2P .q = ?7 — nM>. (4.26)

We will come back to this expression later, for now we will take a look at some
exemplary collinear frames by choosing explicit values for PT. In this work, we
already discussed the laboratory frame (cf. section 3.1), where

P=o. (4.27)

For Pt = %, we see that PT = P~ and so P? = 0, thus we exactly reproduced
this frame.

Taking the limit P* — oo leads to the infinite momentum frame, discussed in
section 3.2 in the context of the naive parton model. Hence, for the first time, we
have come to a point where we produce the naive parton model as a limit of a more
general framework. The underlying reason in this and all other cases occuring in
this work will be same: We gave particles a non-vanishing mass.

The frame of our choice on the following pages will be yet another one: The Breit
frame, or

Q

= 5

5Up until now we only talked about photons, the ACOT formalism though contains the whole
electroweak interaction. More in chapter 5.

"Later on, this momentum will be the hadron momentum, therefore we will assign the same letter
to it from now on. However, unless it is stated otherwise, all explanations in this chapter are of
kinematic nature and thus do not only cover DIS exclusively.

Pt (4.28)




4.3. The Breit frame

53

This yields

pPH = (\/Q ]\f?” 0T> (4.29)
q" = ( \% \% ) (4.30)
and®
1

Ep = 30 A(-Q* M?, P%) (4.31)

1 1
P3 = @ﬁl E(Q2 — M? + P%) (4.32)
=0 (4.33)

where (4.26) was used for the components of P¥*. Obviously, the other two compo-
nents of both four-momenta are zero. For the sake of completeness we also give the
components of the hadron momentum after the scattering, which was labeled by P¥
in chapter 3. Momentum conservation implies

Pl =Prygh= ((71] - 1)\% ]\\/4;5 + \%,w), (4.35)

or, more convenient, in Minkovski coordinates,

Ep, = Ep (4.36)

355 = 3G @ + M2~ FR) (437
Hence, in this frame, the hadron simply "bounces" off the exchanged boson with
unchanged energy after the scattering”.

The Breit frame is the natural, i.e. simplest frame with regard to the exchanged
gauge boson in a t-channel process. To understand this, we first note that ¢* < 0,
i.e. ¢* is timelike in every process fulfilling —Q? = t. To see this, we explicitly
calculate ¢2, for example in the CM frame, and use that it is a Lorentz scalar, thus
frame independent. This allows us to set ¢° = 0 in an according frame. If we also
set the z-axis along g we have constructed the Breit frame, where only ¢3 # 0.

A similar derivation as the one above can be done from the leptonic perspective.
This means that instead of P we can also align l; along e,. In general, if the
initial momentum has only a z-component, so has the final one, since one only adds
or substracts gq. Referring to the typical particles with momenta P and [}, the
Breit frames described above are called standard hadron and lepton configurations.

Py =—

8The A-function, cf. (3.15), is used to obtain compact expressions.
9This is why this frame is occasionally called the "Brick-wall" frame.
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They are illustrated in figure 4.1. It becomes obvious that these configurations are
connected by a hyperbolic rotation, i.e. a boost along the z-axis.

P Py
] L L AN b
Iy P
x Py T
z t
(a) The standard lepton configura- (b) The standard lepton configura-
tion in the z-z plane. tion in the t-x plane.
ly
P ¢ Px
o
t
(¢) The standard hadron configura- (d) The standard hadron configura-
tion in the z-z plane. tion in the t-x plane.

Figure 4.1.: The standard hadron and lepton configuration. The (hyperbolic) angle
between t-axis and not z-aligned momenta is denoted by (.

Since in the standard lepton configuration lepton momenta before and after the
scattering (in Minkovski coordinates) are simply'°

Q
I = 5(1,0,0, -1) (4.38)
p_ @
Iy = 5(1,0,0, +1). (4.39)
Boosting I} and 1§ with ¢ along e, gives (cf. (2.39) with exchange of z and z entries)
W= %(cosh ¢,sinh ¢,0,—1) (4.40)
15 = %(sinh ¢,cosh ¢, 0,+1). (4.41)
In light-cone coordinates, these momenta read
z’l‘:Q(COShC_l,COShC+17 ) (4.42)
2 V2 V2 0
Q (Cosh§+ 1 cosh(—1 [sinh( )
== ) , . 4.43
2 2 \/§ \/E 0 ( )
One can obtain these coordinates by using the conditions i = lor = 0, ¢* = I¥ — 14 and

liQ = m? = 0. Leptons remain massless in the ACOT formalism, cf. chapter 5.
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One easily sees that ¢ can be obtained by constructing scalar products with the
hadron momentum (4.29)'!,

2P - (Ii+1)  n*M?—Q*+2n(s — M?)
@Y @

cosh ¢ = X (4.44)

A more detailed calculation can be found on appendix E.
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4.4. Helicity currents, tensors and amplitudes in DIS

The ACOT formalism makes use of the helicity formalism, where the helicity itself
was introduced in section 2.3. To have a better understanding of this approach,
we take a closer look at the generic DIS process (cf. e.g. figure 3.1) formulated
with respect to the helicity formalism. We limit ourselves to LO calculations in this
section. Additionally, we assume the exchanged gauge boson is massive, which leads
to a third physical helicity eigenvalue A = 0 with respective polarization €. In the
special case of Mp = 0, which is the case for QED as a simplification of electroweak
interactions, we can simply set €/, = 0 in all expressions below.

A transformation from the well-known Minkovski coordinates to the helicity basis
can be performed by multiplying polarizations with variable helicity. For the leptonic

and hadronic currents, this results in'2
Joh2. = el q) (I, p2] L, (0) 1, p1)
= ' (1, @)tipy (12)Tputup, (1) (4.45)
JHgf/\ EGKH(P7Q) <PX70—2’JH,M(0)‘P,0'1>, (446)

where 012 = j:% and p1 9 = j:% denote the helicities of the incoming and outgoing
lepton and hadron, while Kk = £,0 and A = 4, 0 are the helicities of the exchanged
gauge boson at the leptonic and hadronic vertex. As defined in section 2.3, the
e‘/{ (p,q) are the polarizations of a gauge boson with momentum ¢ and reference
vector pH.

For the electroweak theory, we work in unitary gauge'?, which means that the
propagator is the same as in the Proca-theory, cf. section 2.4.1.1:

—ghv 4 9
M
" = ———35. (4.47)
Q*+ Mg
As we want to work with helicities as degrees of freedom, we make their appearance
in the propagator above obvious by using the completeness relation (2.70). This
yields

et (. @)eq (p, q) ‘

4.48

I =— > ueh(p.q) (p.q) +

1 e

2 2

A==£,0 Q° + Mp
Although this is the complete propagator, the second term will not be of any im-
portance in the rest of this work and is therefore omitted for the rest of this work.

The reason for that is that the parts of the amplitude belonging to this part of the

12T order to carry over these expression to the following chapter 5, we introduce an arbitrary vertex
factor A instead of a simple v* as well as arbitrary gauge couplings gg and gauge boson masses
Mg included in a general propagator (2.86). Nevertheless, these modifications do not stand in
the focus of this section and play no important role in the helicity formalism.

13Cf. section 2.6.2 for further explanations.
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propagator will always be proportional to the (in our case vanishing) lepton mass.
A full calculation can be found in appendix G.2.1.

In the last section, we always defined polarizations with respect to one specific
reference momentum p”. The completeness relation holds for every set of polar-
izations, therefore we can choose an arbitrary polarization axis for the expression
above, e.g. the hadron momentum p* = P*. However, since both leptonic and
hadronic currents are involved, we need to change the reference of one polarization
vector from P* to I{. To do that, a boost of the polarization into the new direction
is necessary. Note that this cannot be acchieved by simply applying a Lorentz boost
matrix (2.39), as we did with /; and Iy in section 4.3. Instead, we are in the helicity
basis, so what we need is another representation of the group of boosts in two space
dimensions'?, i.e. SO(2,1). The group generators are K3 and K+ = K +iK5 and
therefore the according matrix for a boost along the z-axis "around" the angle ¢ in
the t-z plane is'®

4'(¢) = expl~iCKz) = exp( -5 (K. — ) )

l+cosh¢  sinh{ 1—cosh(
2

: V2 2
= | - Sl\r}%g cosh ¢ smk;( . (4.49)
1—cosh ¢ sinh ¢ 1+cosh ¢
2 V2 2

Note that the components of this matrix do not refer to spacial or time compo-
nents but rather to different polarizations. We follow the conventional ordering

k, A= —,0,+ from up to down and left to right. The propagator then becomes
2O
I = =Y " oaél (P, q) e (1, q). (4.50)
AR Q + MB

Starting from the complete amplitude obtained by Feynman rules,
M = g} T3, 1 Jp,, (4.51)
we insert the new helicity propagator and currents to obtain

or 9B (O

o1 Q2 + Ml% JLPQ (4-52)

MpTE = _ZUAJH p1R"
W

We see that choosing helicities as degrees of freedom is no way inferior to the usual

Minkovski coordinates. In fact, it is now obvious that there is an equivalent set

of Feynman rules for helicity amplitudes. A squared and averaged matrix element

141n section 4.3 we saw that the whole process takes place in the z-z plain.

15Cf. figure 4.1 for an illustration. We need to change to spherical tensors K+, since we deal with
angular momentum eigenstates. Note that an explicit calculation of this matrix performed by the
author, which can be found in appendix B, does not lead to the result that is given here. Hence,
the reproduction of this matrix remains an open problem.
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|/\/l|2 would now include a sum over external helicities instead of spins'®. One could
argue that the helicity formalism is the more "physical" approach, since one actually
"sees" the effect of scattering in form of the matrix d'(¢) as a part of the amplitude.

16Cf. appendix G.2 for an explicit calculation of a squared and averaged amplitude |./\/l |2.
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framework

The references for this and the following chapter is the original series of two pa-
pers [Aivazis et al., 1994a] and [Aivazis et al., 1994b], in which the ACOT formalism
was developed and applied to production of heavy quarks in processes including
leptons and hadrons. The general framework containing cross sections, cf. section
5.2, kinematics, cf. section 5.3, and factorization, cf. section 5.4.2, is introduced
in [Aivazis et al., 1994a], while NLO calculations and the formulation of a proper
renormalization scheme are the topic of [Aivazis et al., 1994b] and hence are post-
poned to chapter 6.

5.1. A detailed view on mass and energy scales

Similar discussions as the one below are given in section I of [Aivazis et al., 1994b]
and section 3.9 of [Collins, 2011].

Chapter 3 gave a general introduction to DIS and the naive parton model. There
are several limitations to this approach, one of the most prominent ones being the
ignored mass of hadrons and quarks. This makes the naive parton model valid only
on scales where ) > m for every hadronic or partonic mass scale m. However, the
goal of the ACOT formalism is to cover the complete range of Q). In principle, we
can identify three regions which need to be treated differently from one another.

To specify them, we consider a scenario which was also the objective of the original
ACOT publications [Aivazis et al., 1994a] and [Aivazis et al., 1994b]: Heavy quark
production in DIS, meaning that the inclusive final state of DIS must contain a
heavy quark. In this context, "heavy" means that its mass m is huge compared
to the absolute! scale, which is the Landau pole? A. In other words, as(m) < 1.
Usually, charm, bottom and top quarks are considered as heavy in an absolute sense.
But this does not mean that such a quark is necessarily heavy in a specific kinematic
process, i.e. compared to the respective scale (). In general, the three scenarios are:

e @ < m: The heavy quark is also heavy in a kinematic sense. Outside of renor-
malization terms, it decouples completely from the process, meaning that there
are no quark lines inside both the collinear and hard region. The decoupling
theorem is explained in detail e.g. in [Appelquist and Carazzone, 1975].

!The term "absolute" stands for "only depending on the underlying theory", which is QCD in this
case.
2Cf. section 2.6.1 for further explanations.
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e Q ~m: @ and m both are large. There are heavy quark lines inside the
partonic tensor.

e @ > m: The quark can be considered as light. The naive parton model can
be applied and consequently there is a PDF assigned to the quark.

Similar considerations can be made for other processes involving heavy® quarks.
The derivation in this work is kept completely general. In addition, heavy quarks
have nontrivial implications on the renormalization procedure. This discussion is
postponed to chapter 6, where we deal with all arising NLO effects.

When allowing wide ranges of values for ) one also needs to deal with electroweak
interactions®. Ignoring them produces correction terms proportional to a factor of
m%,v 7/ Q)?, which becomes important when Q? is comparable to, if not much larger
than m%u 4. myy,z are the masses of the exchanged - or Z-boson, respectively. This
new form of interactions requires us to recalculate the leptonic tensor (compared to
chapter 3) and also needs to be respected when computing the hadronic one.

5.2. Generalized cross sections

As stated in the introduction above, in the ACOT formalism we also want to include
weak interactions. To do that, we need to adjust the related matrix element M.
To keep things simple, we only consider LO electroweak interactions, comparable to
the naive parton model.

Starting with the matrix element in QED-based DIS (3.1), the vertices and propa-
gator are modified. In other words, in the new matrix element the coupling constants
gp and boson masses Mp are kept variable. As a shorthand notation for vertex and
propagator contributions we introduce

95
Gp = —"—, (5.1)
Q* + M
which reduces to the well-known
2 et

in the case of an exchanged photon. The form of Gp can be easily understood by
looking at a propagator of a massive gauge boson, cf. (2.86). The coupling constants
of the W#- and Z-boson are explained in section 2.6.2, here they are only given again
for the sake of clarity:

g
= — 5-3
NG (5.3)
g
= ——-_: .4
and gz 2 cos Oy (5-4)

3Here and in the following, when we use the term "heavy" without further specification, we mean
it in an absolute sense.
4Cf. 2.6.2 for a short introduction.
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The masses My, and Mz can be found in section 2.6.2.
Following (3.13), the new cross section including weak interaction is now

_ Gp,Gp,

d
7 F

AT Q* L, WH Al 1ps. (5.5)
where we allow different Gz, and G, for the case of y-Z interference®. The tensors
in the equation above need to be changed in comparison to chapter 3 and cross
section (3.17). In the case of of electroweak interaction, we deal with a non abelian
gauge theory, so the Ward-identity (3.7) cannot be applied and we must consider the
general hadronic tensor (3.6). Additionally, we need to implement general couplings
into the original leptonic tensor (3.3):

LM = 2222 > {uSQ(b)v“(gR(l +79°) + gLl - 75))%1(11)}

[Tty (om0 499 + 901 =] - 69

The values for the chiral couplings gr s, for the full electroweak theory can be found
in table 2.2.

The whole calculation of the full differential cross section in the laboratory frame
is given in appendix D.3, at this point we only state the final result:

do 2E22 2 .92 0 9 9
= Gp,G 2W 2w v
dEsd cos Ty M B1 B2 {g-i- 181 5 + Ws cos 2]
B+ E 0
92 {1;}2% sin? 2] } (5.7)

where we keep the number of leptonic spin states n; variable. The reason for this
is that in the case of an electroweak coupling, a neutrino can also play the role of
the incoming particle. Since neutrinos are, at least in the Standard Model, massless
and purely left-handed, there is only one possible spin state. Hence,

1 if the incoming lepton is a neutrino (ve, vy, vr) (5.8)
n; = .
: 2 if the incoming lepton is a fermion (e, u, 7)
In addition, we introduced
9 =gh+at (5.9)

and, exactly as in the cross sections of chapter 3, 8 is the angle in laboratory frame.
As described at the end of appendix D.3, in QED gy = gr = %6, S0, just as expected,
(5.7) reduces to the related hadronic cross section (3.17) of the naive parton model.

5Cf. chapter 2.6.2 for a more detailed explanation.
5This simply means that QED has a chiral symmetry.
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We are free to change variables: Instead of the structure functions W; we can
choose an alternative normalization F;, which was already briefly mentioned in chap-

ter 3 (cf. (3.35) and (3.36)):

F =W (5.10)
1%

Fy = 5 Wa (5.11)
14

Fy = - Ws. (5.12)

If we also take the derivative with respect to the Bjorken x (3.11) and”

1= (%)
= = — 5.13
= T \E ), (5.13)

instead of E; and cos# we arrive at the alternative formulation®

Mx
zy’ Fy + <1 —y— 2E1y>F2} +9g° [xy(l - g)Fs} }

(5.14)

_ g q
dxdy Ty oL B {g+

Next, we need to specify all relevant kinematics.

5.3. Kinematics

As introduced in section 4.2 and 4.3, we work with momenta in light-cone coordinates
and the Breit frame. Thus, the hadron and gauge boson momenta are

pr = <\/%7 %Qg,oﬁ (5.15)

and g — (% \%,OT) (5.16)

It was already mentioned in section 4.3 that these definitions lead to an implicit
definition for 7,

@ 2
2P .- q=— —nM*. (5.17)
n
Reformulating this equation gives®
11 M?
- — - =0, 5.18
n”ooan QP (5.18)

"The second equality is only valid in the laboratory frame.

82 and y have the advantage of no particular frame dependence unlike the laboratory frame variables
E5 and 0. A detailed derivation can be found in appendix D.3.

9Here, we use the definition = = Q%/(2P - q), cf. (3.11).
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which can be solved for 1/n1°:

1 1 1 M?

b e T o (5.19)
In the zero target mass limit M2/Q? — 0, we see that n — x, which means that
1 can be used as a generalized version of the scaling variable x for hadron masses
different from zero.

Next, we turn to the parton momenta piz before and after the scattering. The
reader shall be reminded of the fact that in the standard hadron configuration of
the Breit frame, which we will choose in the following, the hadronic and bosonic
three-momenta both are collinear with the z-axis. Since we still only allow collinear
hadronic and partonic momenta, we can use P* and ¢ as a basis of the ¢-z plane
and hence decompose the incoming partonic momentum into

i = cpP! + cqgt. (5.20)

Note that this has not the same simple structure as in the naive parton model
anymore.

In addition, we have to find new a definition for &, which is compatible with the
old one of the naive parton model. The main problem with the old definition were
&-dependent parton masses, cf. (3.26). The new definition will not have such a clear
meaning as a momentum fraction, but will still be used as the convolution variable
for the factorization of the hadronic tensor. (5.15) shows that the "—"-components of
P* is suppressed by a factor of M?2/Q? (cf. (5.15)). Hence, instead of the momenta
itself, we take & to be the fraction of their "+"-component coordinate,

oL

&= 2

(5.21)

With this definition, we can explicitly write down the momentum of the incoming

parton using the general structure of z-aligned four-momenta in the Breit frame'!:

Py = <£P+, 2?;,%) = \%(gzgiw) (5.22)

In the expression above, we also introduced an indexed parton mass m;. It is possible
to have a different parton mass mso after the scattering due to flavour changing
processes in electroweak interaction. As mentioned earlier, the ACOT formalism
was originally developed to properly describe the production of heavy quark flavours,
meaning that the parton changes into flavors with non-negligible masses within the
interaction.

00ne easily checks that the second solution leads to a negative n and consequently is omitted.
"By recalling the definitions of P* and p*, one immediately sees that the old definition of ¢ can
be reproduced in the limit of vanishing M and m;.
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With the explicit shape of p{’ at hand we can now compute cp and ¢, by contrac-
tions with P* and ¢"'?:

Q%+ nPm?

P QT+ 22
n(mi — 2M2)
T QR M)

The zero mass limit is now mathematically apparent, too. If we let both m; and M
go to zero, we see that cp — § and ¢, — 0.

At LO, the only possible subprocess at parton level is p; + B — po'?, where the
outgoing momentum is'*

(5.23)

(5.24)

Q (¢ i
Py =pf +¢" = x/i(n - 1,1+ZZ;§,0T)- (5.25)

Therefore, we can express mq in terms of m; and Q:

m2 = p? = (g - 1)@2 + (1 - Z)m% (5.26)

Using this relation, we can derive

=[5 220) 2305

2 In £Q? n
e g et o

In addition, we can compute all relevant scalar products between lepton and parton
momenta using the respective formula for light-cone coordinates (4.5). According
to section 4.3, the lepton momenta in the standard hadron configuration are:

B Q cosh(—1 cosh(+1 [sinh(
l?—2( NG ( 0 )) (5.28)
u_ Qfcosh¢+1 cosh{—1 (sinh(
12_ 2( \/i ) \/5 )( 0 ))7 (529)

where the hyperbolic angle ( is given by (cf. (4.44))

n?M? — Q% + 2n(s — M?)

cosh( = Sy VNG

(5.30)

2The full calculation can be found in appendix F.
13This process is examined in detail in section 5.5.
Here, we use ¢ in light-cone coordinates, cf. equation (4.30).
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Consequently, the results are'®

pr-li=plly +pilf =3 §Q2(C°Sh<+1) 1n 2(COShC

+--m 2_1) (5.31)

2 2¢
po = 5@ (S )+ gt () (532)
P2'l1=—;<(p2—l1 +P2+l) ( —l2)2+m§>
=y ly— m%zml (5.33)
and pa - lo = p1 -l + mg — mi (5.34)

2

5.3.1. Kinematic region of &

Before further continuing, one has to deal with the effect of massive partons and
hadrons on the momentum fraction £. This section requires some longer calculations
which are outsourced into appendix F.

In the case of massive partons and hadrons, one should expect a shift of the lower
border, which is x in the naive parton model. To obtain this new threshold &, we
need to look at the on-shell condition of the outgoing parton'®:

(€ —x+)E—x-)
né ’

0=p3 —mj=Q° (5.35)
with 2 2 24+ A(—Q2% m2,m3)
Q" —mi +mj + A(=Q7, m1, mj

= . 5.36

X+ =1 250° (5.36)

From the two roots x+ only the greater one, x4 = ¥, lies between 0 and 1. In fact,

we inspected the case of minimal produced mass in the final parton state!”, so we

can take x as the lower border in case of massive partons, &1, = .
With this calculations, we also found a more suitable shape of the often occurring

¢ distribution ensuring on-shell particles in phase space integrals:

5(5< — 1)
A(-Q2,mi,m3)’

If we go to the massless limit, m; — 0 and M — 0, where only the outgoing parton
my is massive, x simplifies to

3(p3 —m3) = (5.37)

X = x(l + g%) (5.38)

5For the scalar product involving ph we additionally use massless leptons, li2 = 0, and momentum
conservation, p1 + l1 = p2 + la.

16 Again, we consider the simplest case of LO scattering.

In other words, the center-of-mass energy in the partonic subprocess § = m3 is minimal.
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This is the simplest correction to the naive parton model for productions of heavy
quarks. However, the expression for x above, equation (5.36), was the first one
including massive partons in the initial state as well as a non-vanishing target mass.
If we also set ma to zero, x reduces to n = x. Hence, we retained the old £ =z LO
condition of the naive parton model, cf. (3.31).

5.3.2. x, &, x and n

To avoid confusion about the new definitions and variables introduced in this section,
let us close it with a little summary on the four quantities given in the header.

We start with the Bjorken-x, which was orginally defined in the context of the
naive parton model, cf. (3.11). There is no reason to change this kinematic and
Lorentz-invariant quantity, so its definitions stays

Q2
x:2P-q' (5.39)
In the naive parton model at LO, x could be directly identified with the fraction
of hadronic and partonic four-momentum &, cf. (3.31). This definition is not com-
patible with massive quarks and therefore needs to be adjusted to the ratio of the
according light-cone coordinates,

_ o

=pr
Hence, there is not such a vivid interpretation of £ as in the naive parton model
anymore. However, £ is still used as the integration variable of the generalized
product introduced in the context of factorization, cf. section 3.3.1. It is therefore
better to think of & as the convolution variable of ®. As we still want to integrate
over all possible partonic momenta, we again define this variable as the fraction
of partonic and hadronic coordinates. On of the most direct consequences of the
introduction of masses is the change of the lower border in the integration inside ®,
which is simply x in the naive parton model. In the section above, we derived (cf.
(5.36)) that it becomes

(5.40)

Q? — mi +m3 + A(=Q* mi, mj)
202

for all involved masses being non-zero. In this definition, we also encounter the last

new variable 7, which is probably the most unintuitive one. It was introduced as

an arbitrary parameter in section 4.3 when defining ¢* and PT in the Breit frame.

However, we can solve for n and make it depend on z, cf. (5.19). We obtain

1 [1 M2t

Therefore, n can be seen as a target (i.e. hadron) mass corrected x compared to the
naive parton model. As we will see in the next sections, it enters calculations only
implicitly inside x and (.

X=1 (5.41)
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All calculations necessary for the results below can be found in appendix G.

5.4.1. Structure functions and the differential cross section

An introduction to the helicity operator and its eigenvalues and -states can be found
in section 2.3. The helicity formalism was introduced in section 4.4. The ACOT
formalism uses the bosonic helicities € instead of Minkovski coordinates as degrees
of freedom. This gives rise to the new helicity structure functions'®

F\ = e;“(P, QOWuwes(P,q), (5.43)

which take the place of the so far used F;. As in section 4.4, we explicitly deal
with massive gauge bosons, leading to a third structure function Fy. In the case
of QED-interactions which are the only massless electroweak gauge bosons, we set
ey (P, q) and therefore Fy itself to zero.

Polarization vectors, here belonging to a gauge boson with momentum ¢* and
spin 1, always need a second reference vector'” (cf. section 2.3). Since we are
characterizing the tensor describing the hadron, the reference is chosen to be P*.
The ACOT formalism operates in the Breit frame, so P and ¢ have the same shape
as in section 4.3. This leads to polarizations €/ (P, ) like the ones introduced in
section 2.3, cf. (2.66) and (2.67). Explicitly computing (5.43) gives?

1 Q?

Fy— F+1(1+Q2>F (5.45)
0T T Ty v2) '

The factors of (1+Q2 /v?) will be relevant only in the case of target mass corrections,
ie. M # 0. Otherwise, in the limit M = Q?/(2zv) — 0, we directly see that
Q?/v* — 0 as well. A simple rearrangement of (5.44) and (5.45) gives

= %(m +F) (5.46)
Py = fofi (2F0 + Fy + F-) (5.47)

1

Vi+%

8The right-hand-side contains no sum over the helicity A. Just as in section 2.3, we will write an
explicit ) to mark situations in which the helicity is summed over.

19These references are sometimes called polarization or quantization axis in the literature.

20 Appendix G.1.1 contains a full calculation.

F = (F_ - F+), (5.48)




68

5. The ACOT formalism: General framework

which allows us to switch between helicity and ordinary structure functions. It is
worth noting that this relation is valid up to any order of perturbation theory.

The three helicity structure functions above will be completely sufficient for our
purposes. At first sight, this seems contradictory to the fact that the hadronic tensor
contains six structure functions in a theory in which chirality is not conserved (cf.
e.g. equation (5.52) in the next section.). However, only three structure functions
occur when calculating the cross section in the conventional way, cf. (5.14), too.
In appendix D.3, the vanishing contributions of the other three structure functions
can be traced back to the fact that we work with massless leptons. This does
not change of course when going to the helicity basis, but the appearance of the
three additional structure functions is a little more subtle: When we introduced the
helicity formalism in section 4.4, we already cut away the contribution proportional
to €/ (P, q)e; (P, q) in the original propagator (4.48). The reason for this was exactly
the fact that it only leads to non-vanishing contributions inside the amplitude in
the presence of lepton masses?'. In this case, we would obtain three new structure
functions Wyq, Wy and Wy,, which can be extracted from W via (G.39). The
mixing between e (P, ¢) and e (P, q) is due to their same helicity eigenvalue A = 0,
cf. section 2.3.2.1.

To obtain the cross section expressed in terms of these helicity structure functions,
we start with the general formula for a differential cross section (3.13). Explicitly
computing the squared and averaged amplitude, which was derived in section 4.4,
gives

1

2 g (o}
IMI"=— > MM
p£1,201,2
32mQ? 2 02
== GBIGBQZ{Q%(&(W“) Fy+ g7 (d"O)™) FA}
A
32wQ?
== WQ GBlG32X
n
o (1+ coshC)2F+ n SinhQCFO n (1 — cosh OQF_]
4 2 4
1 — cosh ¢)? inh? 1 h¢)?
+g%[(CZSOF++Sm2 Cpy+ ¢ +CZS 3 F_” (5.49)

Conservation of helicity and equality between helicity and chirality eigenstates al-

lowed us to bring |/\/l}2 in this compact form. More on this can be found in the
explicit derivation in appendix G.2. The final result for the cross section is

2! Appendix G.2.1 contains an according calculation.
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do yQ?
dxdy 27y

GB1GB2 {g%r

%(1 + cosh? g) (F+ + F_) + sinh? gFO]

+g% [coshC(F_ — F+)

}, (5.50)

where we use the squared couplings g+ = 912% + g%. The hyperbolic angle ¢ contains
the full kinematic information. It was introduced in section 4.3 and also used when
presenting the helicity formalism in section 4.4.

5.4.2. Factorization

Up until now, we have not talked about partons in the helicity formalism. As

explained in section 3.3.1, the factorization theorem implies??

)

wr =3 e Wk, (5.51)

where the hadronic tensor stays in its most general form, cf. (3.6):

1 7 1
WH == g By + 3= PEPYFy — oo e Paga Fy + —50q Wi
+ o (P q” + ¢"'P")Ws5 + S (P*q” — ¢"'P")W. (5.52)
We used the alternative structure functions
F =W (5.53)
and F273 E%WQ;;, (554)

which were partially already defined in section 3.2.

The partonic tensor WH was already a subject of discussion in the introduction to
DIS, cf. section 3.2. However, in that section we restricted ourselves to substituting
completely calculated expressions. A purely agnostic definition of WH” would be in
terms of partonic currents J!, just as the ones for the leptonic and hadronic tensors,
cf. (3.3) and (3.5):

N 1 1 v
Wi = E(Qﬂﬁ(p% - m%); > (p1.s1l JL 2. s2) (p2, 2 J; Mlp1,s1), (5.55)

v s1,2

22In fact, this is not a simple implication. The factorization theorem is proven in certain kinematic
configurations, where @ is much greater than all masses involved in the process (Cf. section 3.3.1
for more details). This is sufficient for the naive parton model, but, as explained in section 5.1, not
for the ACOT formalism. During the time when the original ACOT papers [Aivazis et al., 1994a]
and [Aivazis et al., 1994b] were published, the authors needed to assume that the factorization
theorem holds also in regions of lower ). Later, efforts were made to obtain a general factorization
formula that also covers heavy quark masses, cf. [Collins, 1998].
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where we introduced the number of spin states n; of parton type i. We implicitly
assume momentum conservation, so py = p{' + ¢*. What is left is only the on-shell
condition, meaning that we fix p3 at m3.

For now, let us assume the most general form of WH in terms of Lorentz tensors.
The parametrization of W is closely aligned to the one of W in section 3.1, cf.
(3.6). However, we obviously need to change the hadronic momentum P* to the
partonic one p4’. Using the partonic mass instead of the hadronic one would lead to
divergences in regions where the partonic mass is set to zero®. Instead, we simply
use (. Hence,

W = — g"'Wi + C;gplfpfwzi - ;Cégﬁaﬁ“”pm%wgf + C;Qq“q”Wj
+ 2;2(29‘1‘(1” + ') Wi + 2Clgz(za’fq” — q"p})IWE". (5.56)
We naturally define the partonic helicity structure functions to be
Wi = (P, q) Wi ek (P, q). (5.57)

In the same way as for the hadronic structure functions, we can relate classical and

helicity partonic structure functions®*:

R __1Rri 17§ ﬁm?)w
Wi _W1¢4<n+w2 Wi (5.58)
3 3ri ¢ m? i

m; is the mass of the respective parton flavor i. Inverting the formulae above gives

Fya) 1/ () FY&

Wi :§(W+ + W) (5.60)

Ny 272 NP .

Wi=— <2W5 + W4 Wi) (5.61)
52 +4x2%

% 28n i rhri

Wi =——="— (WL - W), (5.62)
&+ Gk

When we express these tensors and, even more important, differential cross sections
in terms of structure functions Wj’ and W;, we need to know their behavior under
the factorization theorem. Since both hadronic and partonic tensors are inevitably
decomposed into different sets of tensors of rank two, there is no reason why one
should be able to carry over the simple structure of (5.51) into the factorization of

23 A detailed discussion on the treatment of parton (or quark) masses can be found in section 6.1.
24Cf. Appendix G.1.2 for a derivation.
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structure functions. Hence, hadronic and partonic structure functions are entan-
|4
gled?®:

W =3 fio> kWi (5.63)
7 k

Keep in mind that this relation simplifies again when we go back the naive parton
model, i.e. set p}' = ¢PH. In this case, it is trivial that the left- and right-hand-sides
are expressed in terms of the same set of tensors. For non-vanishing masses, the
situation is more complicated due to a non-trivial decomposition of p¥, cf. equation
(5.20).

At first sight, changing to helicity structure functions does not change much.
When using the helicity formalism, we need to multiply both sides of (5.51) with
polarizations €y. The problem is again that we have to take different polarizations
for the two sides of the equation, namely €\ (P, ¢) and €, (p1,¢). However, there is
one crucial simplification: These two sets of polarizations are actually the same! The
reference vector P or p/' is only needed to define the three-dimensional polarization
axis. But, since ¢ and P are both aligned with the z-axis, the same is true for p;.
Therefore?®,

ex(P.q) = e\(p1, ). (5.64)

Consequently, we obtain the straightforward factorization formula

Fy=> fie@W; (5.65)

for the helicity structure functions. Applying (5.65) on the cross section (5.50)
directly yields

do yQ?
dedy 21y

GBlGB2><

Sro{s

+ g2 [eostig (11— )

%(1 + cosh? C) (Wi + Wf) + sinh? CW&]

}. (5.66)

25 Appendix G.3 contains a calculation of the coefficients k%. It should be noted that the decompo-
sition is only non-diagonal in W4 and Wi, i.e. in the presence of lepton masses.

26There is also a more formal way to show the equality of both polarization sets by simply exploiting
their definitions. The reader can again find this calculation in appendix G.3.
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5.4.3. The advantages of using the helicity formalism

Let us close this section with a short discussion on the benefits of the helicity for-
malism.

First, we can express the differential cross section (5.50) in terms of helicity struc-
ture functions and the hyperbolic angle ¢, which contains the complete kinematic
information.

Second, going from partonic to hadronic tensors in the process of factorization
is a lot easier when working with helicity quantities due to the direct connection
between both types of structure functions. This can be traced back to the equality
of partonic and hadronic sets of polarizations. Consequently, there is no need for
lengthy projection operators, as they are used e.g. in [Kretzer and Schienbein, 1998]
to extract the conventional structure functions F; from the hadronic tensor.

Finally, the helicity formalism would reveal its full potential when a preparation
of polarized beams is possible in a potential future experiment. In this case, the
helicity basis would be the natural (i.e. experimentally induced) choice for the
structure functions.

However, the helicity formalism does not decouple completely from the conven-
tional approach. With the help of the identities given in sections 5.4.1 and 5.4.2
it is always possible to switch back and forth between both concepts. At the end
of appendix H, we explicitly verify these relations for a certain process at LO by a
comparison between helicity structure functions calculated in the next section and
ordinary structure functions given in section 2.1 of [Kretzer and Schienbein, 1998].
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5.5. I + p1 — l5 + p2 at LO

Let us apply all the acquired knowledge in this chapter on the very general example
of l1 + p1 — ls + p2, where we follow the convention of denoting the initial partonic
momentum with p} and the final one with p4;. We only exclude the case of antiquarks
from our considerations, but, as we will see below, an according generalization is
trivial. All longer calculations can be found in appendix H.

As in chapter 3, we could reduce the problem of lepton-hadron scattering with the
help of cross section (5.66) to determine proper expressions for the partonic structure
functions. A key finding of chapter 3 was the point-like structure of partons. Hence,
let us assume that p; 2 are momenta of strongly interacting point-like fermions, i.e.
quarks. The reader shall be reminded of the fact that we allow p? = m? # m3 = p3,
so flavor-changing processes (where the exchanged gauge boson is a W-boson) are
possible. To avoid confusion, we will denote the mass of the intial parton with
momentum pj as mj. The reader shall keep in mind that there is an implicit
dependence on the parton flavor 1.

Identifying partons with quarks®” enables us to write the partonic currents in the
definition of the partonic tensor (5.56) as

JI =y, (p2)y" (ng‘(l +9°) + gri(1 - v5))usl (p1)- (5.67)

The subscript ¢ specifies the couplings of the initial parton 7 to vector bosons, which
differ in general from the leptonic ones ggr 1. Again, all their possible values in the
electroweak theory can be found in table 2.2.

Being back on the well-known terrain of fermionic currents and, consequently, scat-
tering between elementary fermions and gauge bosons (described by the Standard
Model, cf. section 2.6), we can draw Feynman diagrams for the partonic subpro-
cesses. We follow the convention of cutting out the upper part of a full diagram
like Iy + p1 — lo 4+ ps. Diagrams reduced in such a way only describe the partonic
tensor of the according order in perturbation theory. Hence, when we talk about
NLO corrections in the next chapter, we mean corrections to the reduced partonic
subprocess. In the case of this section, that process is B + p; — p2, which is shown
in figure 5.1.

In this diagram, we also make use the convention of using a cut, which was origi-
nally introduced in section 3.3.1, to depict squared amplitudes such as partonic and
hadronic tensors. We will make more use of this technique in the following chapter.

2TThere is no LO process with a gluon in the initial or final state due to missing vertices between
strong and electroweak vector bosons.
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P2

Y41

Figure 5.1.: Feynman diagram for the partonic subprocess B+p; — ps at LO, which
directly corresponds to the partonic tensor.

Using the general definition of Wi“ ¥ (5.55) and inserting the explicit shape of the
partonic current J!, we obtain

2.(0
WO = 95(p2 — m%){gii {—(pl - p2)g" + pli'py +p§p’f}

+ gziieﬁ.%p?pg + QQRz‘gLim1mgg“”} (5.68)

at LO. As usual, we use the generalized couplings g%, = g%; & g7,, now depending
on the partonic flavor. The partonic tensor above leads to the following partonic
helicity structure functions:

i 1
Wi = (S(f< - 1) {g%ﬂ (Q2 +m? + m%) + g%, A — 29Li9Rim1m2} (5.69)

and

W30 = 5(£ 1) gog { (@t + )+ (ot — i)

+ QQLiQRim1m2Q2}, (5.70)

where used the abbreviation2®
A = A(-Q? m3,m3). (5.71)

Additionally, we made use of the identity (5.37) to simplify the on-shell condition.
This §-distribution is the counterpart of the §(1 —z) in the LO structure functions of

28The A-function itself is defined in (3.15).
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chapter 3. Also necessary when deriving the expressions above are the components
of p12, cf. (5.22) and (5.25), their scalar product (5.27) and the explicit expression
for x, cf. (5.36). In the case of antiquarks, we simply reverse the fermion flow, which
introduces an additional minus sign in front of the terms proportional to ¢2.

Having the explicit Wj[,o at hand, we can now substitute into (5.66) and obtain a
complete differential cross section at leading order. The d-distribution cancels with
the generalized product ®, which contains an integration over £. Hence, similar
to the naive parton model, at LO the PDFs f;(£) are evaluated only at one point,
namely £ = x:

Wy = > filx, QW (5.72)

The sum runs over active flavors 4, that contribute to the desired process. The
end of appendix H also contains the conventional structure functions W; and F;.
Furthermore, it is shown that in the limit of M and m; 2 going to zero we reproduce
the structure functions of the naive parton model, cf. (3.33) and (3.34).

At first sight, it may seem like there is no dependence on M. In fact, there is no
explicit one. However, if one recalls the expressions of n and x, (5.19) and (5.36),
as well as the hyperbolic angle ¢, (5.30), it is evident that there are indeed implicit
dependences on the target mass. Hence, the ACOT formalism takes all relevant
masses, m1, mo and M, into account and consequently covers all possible regions of
phase space. In special cases, e.g. @* ~ m?, one can expand in according smallness
parameters and consequently obtain approximate, but simpler results®’.

As expected, the only antisymmetric terms under L < R are the ones that are
proportional to the Levi-Civita tensor in (5.68). Additionally, we see that the con-
tributions surviving when sending m; and ms to zero are the purely left- or right-
handed ones of th, which is completely similar to the case of a massless lepton.

Note that it is of course also possible to contract (5.68) directly with L*”, which
is the "classical" way of calculating the squared and averaged matrix element. The
result is given in [Aivazis et al., 1994a], equation (CT7). As expected, the results
are similar to the ones obtained above. However, they are much more lengthy and
do not unfold the physical behavior as nicely as the one obtained in the helicity
approach.

28ections VI and VII of [Aivazis et al., 1994a] include a more detailed discussion on different
historical approaches to approximate mass dependencies of the differential cross section.
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In this chapter, our objective is to reproduce the main results of [Aivazis et al.,
1994b], namely the (non-) subtracted partonic tensor for DIS in the case of gluon
initiated processes.

According to section 3.3.3, we can calculate the subtracted hadronic tensor at
NLO via

W(l);w :Z(f(l) ® W.(O)/W + f(o) ® W'(l)l“’)

%

=3 (fz' oW+ oM™ - o3 Ve WJ@)"”). (6.1)
i J

Here, we sum over all active flavors i and j, including heavy! (anti-)quarks. Con-
tracting with the polarizations of the exchanged gauge boson together with the
discussion of section 5.4.2 directly reveals that the exact same formula also connects
the hadronic and non-subtracted partonic helicity structure functions.

At the end of section IL.E in [Aivazis et al., 1994b], it is argued that quark initiated
processes are numerically not comparable to gluon initiated ones at the same order
due to much larger values of the gluon PDF. In consequence, [Aivazis et al., 1994b]
only deals with gluon initiated NLO partonic tensors, which will also be covered in
this section. For the special case of heavy quark production, where we denote the
flavor of the heavy quark by ¢, (6.1) reduces to

WO = @ WO 4 g0 QM — fe 3 fa) g WO (6.2)
i

(

under the assumptions explained above. qu)” ” is the LO partonic tensor which
was already calculated in section 5.5. The sum over j runs over all (anti-) quark
flavors for which the heavy quark production is possible (i.e. for which the CKM-
matrix entries are non-zero). In the case of a neutral current, the only remaining
contribution is the one proportional to the PDF of the heavy quark itself and the
corresponding antiquark.

Some years later it was shown by [Kretzer and Schienbein, 1998] that only taking
into account the gluon initiated interactions cannot be hold up on a general level.
In a full NLO treatment, the quark initiated contributions in equation (6.1), whose
ignoring led to equation (6.2), need to be calculated as well. Results presented in the

! As explained in section 5.1, we use the term "heavy" in an absolute sense. This means that the
existence of heavy quark PDFs is allowed when @ exceeds the respective quark mass.
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conventional approach, i.e. for the structure functions F;, can be found in [Kretzer
and Schienbein, 1998]. Using the formulae (5.44) and (5.45), they can be easily
converted to helicity structure functions F). The same is true for partonic helicity
structure functions, where the according indentities are given in (5.58) and (5.59).

As it was already discussed earlier, the ACOT papers, [Aivazis et al., 1994a]
and [Aivazis et al., 1994b], focused on the special case of heavy quark production.
However, to obtain as general results as possible, all quark masses in the partonic
NLO processes (for example depicted in figure 6.1) are kept non-zero and arbitrary.
After obtaining the non-subtracted partonic tensor under these prerequisites, we
then deduce the subtracted partonic tensor for the special case of heavy quark pro-
duction. But before turning to the explicit calculations, let us first set the ground
by some general consideration on the renormalization scheme of choice.
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6.1. The CWZ renormalization scheme

The Collins-Wilczek-Zee (CWZ) renormalization scheme has its origins in the 1970’s,
cf. [Collins et al., 1978]. Conceptual introductions can be found e.g. in section 2
of [Collins and Tung, 1986], section III. of [Collins, 1998] or section 3.9 et seq.
in [Collins, 2011]. A general introduction to renormalization was already given in
section 2.5.

In general, non-leading order calculations introduce logarithms with arguments
containing fractions of all energy scales of the process®. In a general case involving
hadrons, these scales are the virtuality ), all masses of heavy quarks participating
in the process and the renormalization scale y (assuming MS renormalization®) as
well as the factorization scale jir. The basic problem, which was already described
in section 5.1, is that @ covers a wide range of values, including regions where
certain quarks are negligible or not. Transferred to the logarithms from above,
this leads to large non-leading terms spoiling the power series in «,. The task of
a renormalization scheme which deals with processes involving heavy quarks is to
take care of this problem, preferably in an elegant way. Below, we present the CWZ
renormalization scheme and its advantages as one of the suitable candidates for such
a scheme. After that, we describe its role in the ACOT formalism.

Let us start with the harmless regions of Q): As already stated in section 5.1,
if we have ) < m, where m is a heavy quark mass, the decoupling theorem (cf.
[Appelquist and Carazzone, 1975]) applies and the heavy quark does not participate
in the process. Hence, m does not appear in any logarithms. If () > m, we can set
m to zero and no logarithms containing m occur. Consequently, we need to regulate
mass divergencies inside the PDFs and the partonic tensor via subtractions, cf.
section 3.3.3.

What is left are the intermediate regions. In general, we are free to choose u so
that large logarithms are avoided. For example, in the two situations above we set
u to be of order Q). If @ ~ m, the natural choice for y is again of order (). Problems
arise when there is more than only one quark. Consider the situation of two widely
spread quark masses mj and mg > my, as it is the case in QCD e.g. for the bottom
and top quark (cf. table 2.1). When @ is much larger or smaller than both m; and
me, the considerations above apply again. But if ) ~ my, it is not possible to find

a suitable choice for p. Some large logarithms, either of the form ln(m% / ;ﬂ) (for

o~ Q) or ln(QQ/;ﬂ) (for u ~ my), will remain.

There is a variety of approaches tackling this problem. Among these, the CWZ
renormalization schemes is one of most famous ones. However, most of them share
the same basic idea: Instead of dealing with one large and complex renormalization
scheme, a number of subschemes is introduced to take care of different energy regions.
This makes it possible to to have one choice for the renormalization scale, i.e. u can

2For this chapter, there is no need to assume a particular process like DIS.
3 As it is done throughout the literature, the term "MS renormalization" is used to describe dimen-
sional regularization in conjunction with MS subtraction.



80

6. The ACOT formalism: NLO effects

be of order @) everywhere. In the CWZ scheme, every subscheme is characterized
by a different number of active and passive quark flavors. The active flavors are
made up by all quarks that can be treated as light (or, as in our case, even as
massless) at the respective energy scale, while the passive flavors are the remaining
heavy quarks. Graphs containing only active flavors are renormalized via MS. For
the remaining ones, zero-momentum subtractions are used instead. This has the
advantage of no further mass divergencies in any graphs as well as gauge invariance
in all subschemes. Additionally, the RGEs of a CWZ subscheme coincide completely
with RGEs of a system made of only active quarks renormalized with MS due mass
independent RGE parameters and the decoupling theorem.

Pairs of subschemes (e.g. going from three to four active flavors) are connected
by threshold conditions at their coinciding borders. These equations connect the (in
general differing) coefficients of both subschemes, like as or RGE parameters. As
they are not relevant for this work, we only refer to the works given at the beginning
of this section. There is some freedom of choice for the thresholds itself. A possible
configuration is to set all thresholds equal to the respective heavy quark masses.

When this formalism is extended to factorization and PDFs, one sometimes speaks
of the "ACOT scheme". The direct implications of the use of subschemes as they are
introduced above are the following: First, we set the factorization scale to puy ~ Q.
Then, for a certain value of (), we determine the active flavors. A PDF is assigned
to each of them, which evolves according to the usual DGLAP equation (cf. section
3.3.2) due to MS renormalization®. In consequence, there are threshold conditions
for PDFs as well. Opposed to active flavors, inactive ones only appear through flavor
changing processes inside the hard scattering. Although these consideration will not
enter explicitly inside the following calculations, they form the very basis of this
whole chapter.

4Questions may arise concerning the number of active flavors taken into account for an evolution at
energies around a threshold. Just like the exact locations of a threshold, the choice for that is to
some extend arbitrary and an open point of discussion. The authors of the ACOT scheme argue in
section VI of [Aivazis et al., 1994Db] for an evolution in both competing schemes and a comparison
afterwards to identify the threshold region. According to them, both schemes are equally valid in
this interval.
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6.2. The unsubtracted partonic tensor

Figure 6.1 shows all contributions to the partonic tensor. Both charged and neutral
currents are allowed.

P2 P2

p—k k—py

P2

(¢) (d)

Figure 6.1.: All gluon initiated NLO diagrams. Diagrams (a) and (b) correspond to
squared amplitudes, while (c) and (d) are interferences.

As suggested in section 3.3.3, we start by calculating le)“ ”. or rather the non-
subtracted helicity structure functions Qi(l). For reasons of clarity, we split up the
helicity structure functions into the parts which depend on different combinations
of chiral couplings:

Ag(l Og Ag(l
o =205, (6.3)
T K
where the possible combinations (similar to the LO contribution, cf. section 5.5) are
Csa =03 (6.4)
and C, =2ggrgr. (6.5)

These couplings shall not be confused with the chiral couplings introduced in chapter 5.
They do neither depend in the initial parton, a gluon in this case, nor the lepton
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in the upper half of the diagram 3.3, but, however, on the quarks in the final state.
Consequently, they take the same role as the couplings gr; i in the LO partonic

tensor Wf\(o), calculated in section 5.5.

As explained in the section above, we choose a completely general approach by
setting all quark masses non-zero. Hence, due to all final states having non-vanishing
masses, no divergences occur in the phase-space integration. This means that there
is no need for the use of a regulator® and the integration can be done in four space-
time dimensions. We choose the partonic center-of-mass (CM) frame to evaluate
the integrals. Appendix I contains the complete calculation, starting from the com-
putation of Feynman diagrams in figure 6.1. The final results, in terms of Lorentz
invariant variables, are

2

~ 2 2 a 2 2
A s—m5+m S—mb5+m 1
th@:[( : ’“) - : k+]Lt

84+ Q2 5+Q2 2
2
N 8+ m3 —mj _§+m%—m%+}L
§+@Q? §+Q? 2™
A, (5—0?\°
_ 29 (5T
§<§+Q2> (6.6)
2
QI _ 4 8§ —mj+mj 2m£(m§—mﬁ)_§—m§+m% 1,
ta T 3 2 + 2 A 2 +2 i
$+Q (S+Q2> S+Q
s—i—m%—m% Qm%(mi—m%) §—|—m%—m% 1 I
- A+Q2 + 2 - ’\+Q2 5 u
S (§+Q2) S
2A,(m3 — m2)
e Ch (6.7)
(s+@2)
A 2
(s+@2)

and

5Cf. sections 2.5.1 and 2.5.2 for further explanations on divergences and regulators.
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gt )

+ 2mim3 (§ — 3Q2) + (m% + mi) (Q2 - §)

4 2

+m§ — mymi — mimy +mS (Lt + Lu)

2g4(5- @) () (1 1.

120, (3 — m)? — Q2m + ) + 2] } (6.9)
QI — (6.10)
oy =— { =5+ 207 (mf + mf —28) - Q| (Li+ L) + 4@%9},
@ (@)
(6.11)
where we used®
Ay = A(8,m3,m3). (6.12)
Two different logarithms,
2
(5= m3+mi+4,)
L =1 1
t=m 48m3 (6.13)
2
(§+m%—mz+Ag)
and L, =1In , (6.14)

a2
45m3

arise from the t- and wu-channel diagrams’ in figure 6.1. They also contain the
full divergences when setting one or both masses to zero. In this sense, mo and
my, can be thought of regulators when dealing with processes where one or both
outgoing quarks are actually taken to be massless. Consequently, we can describe
the divergent behavior of the partonic tensor and, even more important, obtain the
subtracted partonic tensor Wf @ by studying L; ,, under the desired conditions. This
is exactly the objective of the next section.

5The A-function itself is defined in (3.15).

"Physically, they correspond to virtual quark (t-channel) or antiquark (u-channel) scattering off the
electroweak boson, as it can be seen in figure 6.1. This will become important in the context of
subtractions, especially in section 6.3.2.
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6.3. The subtraction process at the example of heavy
quark production

In principle, with equation (3.51) we already have a procedure at hand® to determine

the subtracted partonic structure functions W/\g M, However, let us perform a consis-
tency check for the case of heavy quark production to see whether the unsubtracted
structure functions of the last section actually lead to the same subtraction terms
as equation (3.51). Looking at the NLO structure functions above, we see that the
mass divergencies are condensed into the logarithms L, ,,.

6.3.1. Charged currents

For flavor changing processes, mass divergencies and therefore subtraction terms
occur when the heavy quark is only heavy on an absolute scale and/or the second
quark is light. Let us first consider the second case, as the first one will only be a
trivial generalization.

For my, — 0, the general expressions for Ly ,, (6.13) and (6.14), simplify to

2 2 2)2 2 2)2
S—my+S5—m s§—m
Lt_ln( 2 2) zln( _ 22) (6.15)
4smy; smj;
2 2 s 2)2 N
and L, =1In (5 +m :1_ 82 m) =In %, (6.16)
45ms3 ms

when we only retain a factor of m% in L, where it would lead to a divergent behavior
otherwise. Here, we can use it as a regulator for the collinear divergence according
to section 2.5.1. Next, we introduce the factorization scale s via

a2 2 & 22
Lo=wmE=m) g G ma) (6.17)

One can interpret this equation as an explicit manifestation of the separation of
long- and short-scale physics with the factorization scale as their threshold. As it
was already discussed in section 3.3.3, the unsubtracted partonic tensor contains
both the long- and short-scale behavior of the process. To obtain the subtracted
tensor, we need to subtract the long-scale part (the mass divergence, to put it in
other words), which is contained in the first logarithm. In the following, we give all
divergent parts of the structure functions (6.6) to (6.11):

2
Ag(1)div K
QI —pM) (2,)In F% (6.18)

8 Although we dealt with massless partons in the whole chapter 3, the CWZ scheme ensures that
active quarks (with negligible masses) are treated exactly as in the massless theory.

9For the first two terms, it is helpful to exploit the symmetry P;L)q(l — Zm) = P;L)q(z7,L). The rest
of the calculation is straightforward.
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2
A g(1)div H
QLN =+ PO (2) In mff; (6.19)
k
Aoy _ 13 1y
Qv _ Qg P (2m) In m? (6.20)
Qg((l )div 7Qg( )div. _ Q ( )div —0, (621)
including the leading order gluon to quark splitting function'®
1
P (2m) = 22, — 2m + 3 (6.22)

and the mass corrected!! partonic version of the Bjorken-z,

_ (1™ o mi+ @

z itself is defined in the context of the naive parton model, equation (3.28). Calcu-
lating it e.g. in the partonic CMS frame (cf. appendix 1.2.1), we obtain

Q? Q*
2p1-q 8+ Q%

z = (6.24)

Following equation (6.3), the full mass divergent helicity structure functions can be
written as

2
N . I
Qe _2s (2 4 2V p) (o yin L (6.25)
27r( ) 974 mi
2
a O =2e g2 "5 p() ()t L 6.26
an g+ QQ g—>q( ) n 2" ( : )
my,

We are now in the position to explicitly validate the general formula (6.2), which
reduces to
QS = pa(0) g yird©) (6.27)

in the case of helicity structure functions and heavy quark production with one
heavy quark with mass ms!'2. To do so, we first copy the NLO PDF (3.50):

2
1 1 Ky

g—>q

0For an introduction on splitting functions, see section 3.3.2.

' A mass correction can be applied identically to the Bjorken-z at hadron level. There, we arrived
at a similar formula for x, equation (5.38), in the case of only the outgoing quark being massive.

2We need the subtraction term containing the quark (and not the antiquark), since the the t-
channel diverges. Diagrammatically, this can be nicely seen e.g. in figure 6.1.
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Next, we need the LO quark initiated partonic tensors (5.69) and (5.70) in the case
of an initial quark flavor 7 = ¢ with mass m; = my, — 0 and couplings gr; r; = gr.L:

574(0) (& _ 2 2

W (mk:O _5(X 1) <g+ + g_) (6.29)
2

A m

Wg(o)(mkzo za(i - 1>93Q§. (6.30)

A convolution with (6.28) directly leads to the fact that
Ag(1)sub Ag(l)div
Qg — o9 (6.31)

is indeed fulfilled in the limit mj; — 0. In a massless theory, everything would be
said at this point. For us, the last remaining question is: How can the divergent
term on the right-hand-side above be extended into arbitrary energy regions to give
a generalized subtraction term and therefore the subtracted tensor?

As it is explained at the end of section 6.1, we set j1y ~ Q. Due to the choice of the
CWYZ renormalization scheme and p ~ @, my vanishes in our approach if Q > my.
All this put together implies that a subtraction is only necessary in this energy
region. To achieve this, an additional Heavyside function 6(us — my,) is multiplied

to the divergent term. Since Wi(o) has a finite mass limit'?, there is no danger in
keeping the my = 0 limit in the equation above. However, if ) is only marginally
greater than my, this leads to huge and avoidable deviations. Therefore, we allow
my, to be non-zero in the LO partonic tensor and obtain

2
Ag(l)sub _ s 2.¢(0 u
ORI = WO (@2 i, ma) P (2 In 50y — ), (6.32)
k
where we explicitly denoted the dependencies of Wf(o) for the sake of clarity. It
should be also noted that the same choice regarding the value of my needs to be made
in the first term of the perturbative expansion of the hadronic tensor, cf. equation

(6.2). Accordingly, the subtracted NLO partonic helicity structure functions are
Wi = g — gb, (6.33)

where the first terms are given in section 6.2 and the second terms can be found
right above.

When further increasing 15, we might exceed the j1y = mg threshold. In that case,
similar subtractions have to made with ms — 0. When calculating the subtraction
terms via equation (6.2), the antiquark LO structure functions need to be used
instead of their quark counterparts due to reversed fermion flow in the u-channel
compared to the t-channel.

13We showed this in section 3.3.3 on general terms and explicitly saw it in the calculation above.
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6.3.2. Neutral currents

In the case of a neutral exchanged current, no flavor changing is possible. Therefore,
we set mo = my = m. This greatly simplifies the general unsubtracted structure
functions (6.6) to (6.11):

. 1 . A, /. 2
ot (o= 22— 0] @3
(s+@2
R 4m?2
Qg :7”2{ (s - 2m2)L - Ag} (6.35)
(s+@)
. 1
Q) = ; {2m2 [82+4Q*(s - m?) - 3Q"|L
Q2(5+Q
+4Q%A, (Q2 - m2) } (6.36)
R 2m?
Qo) — = { ~244Q*(m? —5) - Q'|L + 2Q2Ag} (6.37)
@ (s+@)
QI —o, (6.38)
where the A-function reduces to
Ay = A(s,m?m?) = [3(5 - am?). (6.39)

Additionally, the two logarithms L; and L, are equal:

3 3(& — 2) _ 2
84 f3(3 - 4m?) —2m oy Ve VE—am?

2m?2 2m

Li=L,=L=1n (6.40)
The divergencies and subtraction terms are calculated in exactly the same way as
in section 6.3.1. In the limit m — 0, the logarithm above reduces to

A A

2
Lzlniz:ln'u—é—l—ln%, (6.41)
m m G

again containing the whole mass divergence. In the equation above, we have already
introduced the factorization scale py in the same way as before. The divergent parts

of the structure functions are

2
Ag(1)div K
QIO —2pM) (2)In mff; (6.42)

and Qg(l)div :Qi(l)div _ Qg)]\(l)div — 0, (643)

S a T
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where Péi)q(z) is defined in equation (6.22) and z in (6.24). Substituting the latter
expression into the first one, we obtain
a2 4
PO, (2) = LQQ, (6.44)
2(5+ Q)

which justifies the replacement done in equation (6.42). Consequently, the full di-
verging parts of the structure functions are

2
div 055 K
Qv g P (2 )mm% (6.45)

and QM 0. (6.46)

Let us again cross check this result with the general formula (6.2). Although numer-
ically equal, we deal with two divergences, namely in the ¢- and u-channel, which
need to be subtracted in an independent way. Looking at figure 6.1, we can de-
duce that the subtractions are proportional to the quark (¢-channel) and antiquark
(u-channel) LO partonic tensor (cf. section 5.5) with equal and vanishing masses.
Therefore, the explicit expressions (5.69) and (5.70) reduce to

-4(0) _ é . 2 2
we| _6<X 1) (2 £4%), (6.47)
3-4(0) (& 2 2
Wil _5<X 1) (62 74%) (6.48)
and Wi©|  =ig@ =, (6.49)
m=0 m=0

where g indicates the contributions belonging to the antiquark. The PDFs are

again'
2

n
I = o — p;;)q( )In mff (6.50)
Consequently, the subtraction terms are
2
Ag(1)sub 2-q(0 7-q(0 Qs H
YU = a0 g (WO 1 WE0) = =g Pz )mmffg (6.51)
and Qg(l)sub ng(l) ® (Wg(o) I WOE(O)) -0 (6.52)

in the MS limit, which agrees to the divergent parts above. As in the charged current
case, we can generalize this result to

2

Ag(1)sub Qg [~ (0 %2-q(0 H
O = 22 (W@ m) + W (@ m) ) P, (2) In 560y —m),  (6.53)

Y Cf. equation (6.28), with the only change that z is not mass corrected, i.e. z,, is replaced by z.
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which is valid on the whole energy scale. In addition, it is worth noting that the
subtracted structure functions reduce to'®

. Qs 8
Wit =t (2P;L>q< Al — (1 2z>2) (6.54)
and Wg(l) = %giz(l —2) (6.55)
™

in the limit of m — 0. Using the conversion formulae (5.60) to (5.62), we obtain

i Qs 5
Wi =—"¢% (2P, (2)In — — (1 —22)* (6.56)
o2 ,u,f
Wzl _;; 2 (22) <2Pf§1_)>q( )In % +8z(1—2) — 1) (6.57)
f
W?’j =0 (6.58)

for the ordinary structure functions. Here we are in the situation of the naive, mass-
less parton model (renormalized via MS). The CWZ renormalization scheme induces
that both results agree. However, a comparison with results obtained in the ordinary
formalism is not straightforwardly possible due to the use of different conventions
and renormalization schemes in the literature, cf. e.g. [Altarelli et al., 1979].

6.3.3. Are subtracted structure functions finite?

The whole procedure of applying subtractions to partonic and hadronic tensors was
established to cancel mass divergences, which alters the tensor in such a way that
it, as desired, only represents the hard region of the respective process. However,
this does not strictly imply that there are no divergences left. A closer look at the
remaining logarithms in the subtracted structure functions is necessary to obtain
further insights.

As explained in section 6.1, we typically set puy ~ Q. It is therefore instructive
to isolate terms proportional to In Q?/ u} in the logarithms inside the subtracted
terms, namely

2 A
it nd wm
G Ky
for charged and neutral currents, respectively. In order to do so, the identity
1_
s=01-2)(5+Q%) =—¢ (6.59)

5 Here, we again use the explicit expression for z, equation (6.24).
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is helpful. We obtain

§+ Q2 Q2
In 3 zln—2 —Inz
Ky Ky

and hﬂi2 =In-- +1n
Ky K z

(6.60)

(6.61)

It has become evident that there are indeed residual divergences in the case z — 1
and z — 0. They correspond to additional collinear and soft divergences in the

massless case.
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7. Conclusion

We close this thesis with a short recapitulation of what has been done and an outlook
of what would be the next steps along the road.

The ACOT formalism introduces two very instructive techniques: The helicity
formalism and, its actual purpose, the treatment of heavy masses. The first one
offers the ability to use an often easier way of calculation. The results, namely the
helicity structure functions, are at the same time more closely linked to the actual
physical process. Moreover, helicity tensors and structure functions represent the
natural choice in experiments that include polarized lepton beams. In this work, we
gave a derivation at LO and NLO using this formalism, showing all its foundations
and characteristics. Additionally, we outlined the relations and conversions between
the helicity and the classical approach at several points, so that this work does not
loose its connection to the majority of publications in the field.

Furthermore, we described a very general treatment of parton masses for partonic
tensors and structure functions. This, together with the additional consideration of
target mass corrections as well as massive gauge bosons sets the ground for a com-
plete analysis of masses coming from all possible origins inside hadronic processes,
e.g. DIS. Nevertheless, due to the work that was done in the introductory chapters,
the conventions used in this work are also compatible with the rather simple case of
massless DIS involving QED interactions. We gave a comprehensive calculation of
gluon initiated processes at NLO, on which basis some equations from the original
ACOT publication could have been adjusted (cf. appendix J.2) and most of the
derivations were carried out in more detail. However, what remains to be done is a
NLO calculation of quark initiated processes in the helicity formalism for the sake
of completeness. The respective quantities were already computed in [Kretzer and
Schienbein, 1998] using the conventional way. In fact, via the conversion formulae
for hadronic and partonic quantities (where the latter ones were derived exclusively
in this work) it is already possible at this point to obtain the according helicity
structure function with a quick and simple calculation.

After establishing all these theoretical concepts, numerical studies should be the
next point on the list. At the end of [Aivazis et al., 1994a], it is shown that the
ignorance of masses leads to a possible deviation of over 25% at an LO cross section
for heavy quark production compared to the massive case. [Aivazis et al., 1994b]
already includes some graphs of (ordinary) structure functions also in the last sec-
tions, showing their behavior on the @) scale in the case of heavy quark production.
More extensive studies, that cover not only heavy quark production, together with
comparisons to actual experimental data would be in order to validate the ACOT
scheme and work out its effects on helicity structure functions in detail.
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A. Conventions and Identities

A.1. General Conventions

We set, as usual in theoretical particle physics, h = ¢ = 1 throughout the whole
work. This implies that all relevant physical quantities are given in units of energy,
e.g. [M] = GeV.

Three-vectors are denoted by a bold symbol, e.g. p. In contrast, four-vectors are
always printed in normal font and, if one wants to refer to their components, indexed
with a greek letter, e.g. p”, where y = 0,...,3. An exception is made only for the
letters A and k, which stand for helicities +, — and 0. In contrast, components of a
three-vector or spacial components of four-vector are indexed with an arabic letter,
e.g. p¥, where k =1,2,3.

Contractions of tensors in the Lorentz basis (and only in the Lorentz basis) will
be denoted in the Einstein notation. This means that there are implicit sums over
every index which appears twice in one term, e.g.

P =Y 0" pu- (A.1)
n

Every other sum is stated explicitly. We use the Minkovski metric
g = diag(1,—-1,—1,-1). (A.2)

For the Levi-Civita tensor, which we will use exclusively with a rank of four, we use
the convention
123 =1, (A.3)
Together with its anti-cyclic properties, this is sufficient to compute every component
of the contravariant counterpart.
By far the most important identity for the well-known J§-distribution, which is
implicitly defined by

/ dr f(2)8(x — x0) = f(x0), (A4)
is 5( )
T — T
o(g(@)) =2 7 (A.5)
( ) XZ: |9/ (23)]
where the z; are roots of g(z).
We use the general definition for a Lorentz invariant phase space (LIPS) integral

with N particles in the final state:

N N
/dHLIPs = (27T)4/H ((;jf)ig 225(22%) (A.6)
i=1 ¢

i=1
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A. Conventions and Identities

A.2. Dirac matrices

Dirac matrices v* are defined by the Clifford algebra

{7} = 29" (A7)

When using (A.7) and the cyclic property of the trace, Tr(AB) = Tr(BA), one
obtains the well-known trace identities

Tr {’y“fy”} =4gM¥ (A.8)

Tr [’V“V”’V”v"} =4(g“”g”" — g9 + g“"g””>, (A.9)
Tr [7#9"7#7 v+ 4{9“” (92797 = g™g7" + ¢*4°")

_ gup (gupgab’ _ glzoagaﬁ +guﬂ Ua)

(A.10)
Tr|odd number of Dirac matrices} =0. (A.11)
Traces including
7’ =%, (A.12)
which fulfills
(1) =1, (A.13)
can be computed when we additionally exploit
(" =0 (A.14)
Then,
Tr {757“7”} =0 (A.15)
Tr[y5'y“y”'yp*ya} = — 44eMvP? (A.16)

Tr {7 AHAY VUVQ’YB] = — 4 <guvepfw¢/3 _ gupewaﬁ _|_ngqu046

+ gaﬂeu,upcr . goﬁeuupa + gaae,uzxp6>
(A.17)
Tr|~® - odd number of Dirac matrices} =0. (A.18)
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Also useful are the contraction identities

Yy =4 (A.19)
YAy = — 29" (A.20)

VA AP =4gM* (A.21)
YA ANy == 29797, (A.22)

which can be deduced from the Clifford algebra as well. If not stated otherwise, we
use the Weyl representation for Dirac matrices:

k
yF = (Ok UO> , (A.23)

which implies

The well-known Pauli matrices are defined as

o_._ (10 1 (0 1 o (0 —i 3 (1 0
O'—l—(o 1), 0—(1 0), 0—<Z, 0), 0'—(0 _1> (A.25)

and
ot = (0%, 0',0%, 0% = (0%, ), = (" —0). (A.26)

Every time we add a 1 to a matrix, for example in the projection operators’ Pr i =
14+°, the reader shall think of it as an unity matrix with according dimension. For
projection operators in Dirac traces, we often use the commutation relations

YL +7%) =1 —~")y* (A.27)
YL =7%) =1 +~")y* (A.28)

which follow from the anti-commutator (A.14). The products between projection
operators are

1+ =) =1 =7")(1+7") =0 (A.29)
(1+~%)2=2(1++%) (A.30)
(1=9°)% =2(1 = ). (A.31)

'Note that the conventional factor of 1/2 is absorbed into gg,z, in this work.
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A. Conventions and Identities

A.3. Feynman rules

The Feynman rules used throughout this work are given in table A.1. For incoming
(outgoing) states, fermions are described by the spinors? u(p) (u(p)), Anti-fermions
by the spinors® v(p) (7(p)) and bosons by the polarization states* e# (e**).

Table A.1.: All relevant Feynman rules for this work. More informations can be
found in the according sections of chapter 2.

Quark propagator > i pigt22
Gluon propagator /mmm\ b _Q#V‘f‘(l—f) Pugl/
(covariant gauge) T A
Photon propagator ANANANANANAN g (1-g)2ipY
(covariant gauge) I
W- and Z-propagator ANANALANANAN —ghvy ]Z*;p”
(unitary gauge) i
PP—My
Gluon-Quark vertex igs Ty
Electroweak
; 5 —_AD Ho=; 7
Boson-Fermion vertex 9B (gR(l +97) +gr(l -y )>'7 = igpl’

2Cf. section 2.2 for more details.
3Cf. section 2.2 for more details.
4Cf. section 2.3.2.1 for more details.
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B. Boosts in Minkovski space and in
the spherical basis

In this work we encounter boost matrices in two different representations: On one
hand, we have the Lorentz boost matrix (2.39), here in four-dimensional space-time.
On the other hand, in the context of the helicity formalism, there is also the boost
matrix (4.49) in the basis of the three polarizations ex—+ g, cf. (2.66) and (2.67).

B.1. Boosts in Minkovski space

Let us begin with the calculation of the boost in Minkovski coordinates,

Az—boost(g) = eXp(_igK?))' (Bl)

We see that we only need the explicit shape of K3 in the representation of four-
dimensional space-time, which is

000 1
000 0
Kg——l 0 0 O 0 (BQ)
100 0
Since for n € N
000 1\ /1000
0000 000 0
0000l =loooo ®F0 (B-3)
1000 00 0 1
000 1\"" /o001
000 0 000 0
L “lo o o0 ol (B-4)
100 0 1000
we can expand the exponential in (B.1), which gives
000 1 1000
- (=O)>* 10 0 0 0 (-O)* (0o 0o 0 0
Beboost O =142 52510 0 0 o]t 2 “@ar o 0 0 0
neN neN\{0}
100 0 00 0 1
(B.5)

'Cf. e.g. [Schwartz, 2014], p. 160
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B. Boosts in Minkovski space and in the spherical basis

We can also split up exp(?) into a sum of sinh()) and cosh(%)), cf. (4.13). Because
sinh(¢)) is by definition odd (cf. (4.10)) and cosh(¢)) even (cf. (4.11)), we can
identify the according even and odd parts inside the series expansion of e¥ with
the hyperbolic functions. Exactly these series expansions can also be found in the
expression above, which yields

0000 000 1 1 000
0100 ) 0000 0000
Az—boost((): 0 01 0 —sinh ¢ 0 0 0O +cosh¢ 0 0 0O
0000 1 000 00 01
cosh( 0 0 —sinh(
0 1 0 0
= 0 01 0 (B.6)
—sinh¢ 0 0 cosh(

B.2. Boosts in the spherical basis for 3 =1

Before doing the same calculation for d'({) we need to make clear with what gen-
erators we work in this case. In order to do so we will first take a closer look at
a highly related case, the group SO(3), or, more precisely, a rotation around the
z-axis d4(6)? instead of a boost. Note that the polarizations € are nothing else
than the spin-1 eigenstates® |7, j3) = |1,\) of J3 and J? (cf. section 2.1.3 for fur-
ther explanation). Hence, we can find the according generator matrices of Ji and
J3 (which we also label with Ji and Js, respectively) by making use of equations
(2.23) and (2.26), e.g.*

Jy_ =1, —|J3|1, =) = —1(1,—|1,~) = —1. (B.7)

This lets us compute d*(#) by exploiting similar series expansions as for A, poost:

dY(0) = exp(—if.Jy) = exp(—g(J+ - J_))

14cosf® _ sinf 1—cos@
2 V2 2
_ o sin 6 sin 0
=..= NG cos 0 |- (B.8)
l—cosf  sinf 1+cosf
2 V2 2

There is also a connection between this matrix and an arbitrary rotation in three
dimensions. The latter can be described with the help of the three Euler angles «,
[ and -y, representing the rotations around the three axis. The resulting matrix in
an arbitrary representation j can be split up into three rotations,

Di(a, B,7) = Ri(a)RL(B)RL(v) = exp(—ias)d’(B) exp(—iv.J3). (B.9)

2As in the case of d*(¢), the index 1 stands for j = 1.

3Here, we can identify the different spin states with the according helicity states.

“The full generator matrices can be found in [Tung, 1985], p.106. Keep in mind that we label the
helicity in a descending order, so e.g. Js__ is the third diagonal element of Js.
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One can then obtain any desired matrix element via

D7 (0, B,7)mn = (j, m| exp(—iaJs)d) () exp(—ivJs) j,n)
= exp(—iam)dﬂ(ﬁ)mn exp(—iyn). (B.10)

All this is explained in more detail in [Tung, 1985], chapter 7.

Let us now turn to d'(¢) again. In this case, we consider boosts, therefore we need
to look at the (vector-like) generators K; instead of J;. However, the computation
of d*(¢) closely follows the one of d} (). Again, we are interested in the (spherical)
generators K. Hence, we are in a situation where all the information covered in
section 2.1.2.2 becomes useful. We define according to (2.32) and (2.33)

Ki = K1 + ZK2 (Bll)
and
Ky = K. (B.12)
Hence, .
Ky = —%(m —K.). (B.13)

Since we deal with irreducible tensors we can apply the Wigner-Eckart theorem to
derive the desired matrix elements:

(7 35 Ko |3, 43) = Kjrj(5'55(1, 7)03s) (B.14)
(5, 35| K 14, js) = V2K (5" 5(1, §) =+ js). (B.15)
One can find a detailed explanation of the reduced matrix elements K;/; in appendix
VII of [Tung, 1985]. In this calculation, we deal with gauge bosons of the standard

model, so we have
j=4 =1 (B.16)

For our sakes, the only relevant K/ ; is consequently
K1 = V2i (B.17)

As mentioned in section 2.1.2.2, the (j'j5(1, j)gjs) are Clebsch-Gordan coefficients.

One can look up the j and j’ dependent expressions in appendix V of [Tung, 1985].

By using the selection rule (2.35), we see that all but two matrix elements of K1
are zero. The non-vanishing components are

<1a 1‘ Ky ‘17 0

<]-7 0| K+ |1a -1

(1,0| K_ 11,1

(1,-1| K_11,0

=Ko, =— V2K (11(1,1) + 0) = —v/2i (B.18
=K, o=—V2K1(10(1,1) 4+ [-1]) = —V2i (B.19
=K__o=V2K;1(10(1,1) — 1) = —/2i (B.20
=K , =V2K;(1[-1](1,1) = 0) = —V/2i. (B.21

T — ~— =~

)
)
)
)
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This yields the following shape of the generator matrices in spin-1 basis:

0 0 0
K.=v2[-1 0 0 (B.22)
0 -1 0
0 -1 0
K_=+v2|0 0 -1|. (B.23)
0 0 0
Therefore, we have
; ; 0 1 0
Ko=——(K;y—-K_)=——=|—-1 0 1]. B.24
1=y K== (-1 0 1 (B.24)

However, this does not lead to the desired final result as given in [Aivazis et al.,
1994a]. For this to happen, the generator has to be

i

Ky = (K+—K,):—ﬁ -
0

4 0
—% 1 0 1 (B.25)
1 0

instead. Then, we would have

4'(¢) = expl(~iCKz) = exp(~§ (K — ) )

=1+ > !(2> -1 0 1
neN\{0} 0 1 0
1 n
=1+ Y ‘<C> s (B.26)
n! 2
neN\{0}
Since
1 0 —1
=10 2 0 (B.27)
-1 0 1
0 -2 0
and 3= |-2 0 2| =2k, (B.28)
0 2 0
we can deduce that for n € N
k2 = 2" g2 (n #£0) (B.29)

and k2" = 2"k, (B.30)
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With this information we are now able to compute the final boost matrix:

B 1 C 2n+1n 1 C 2n -
rO=1+ T em(vs) T 3 aalie) T

neN neN\{0}
1 1 1 1
2 03 7 0 —3
=(0 0 0]+[0 1 0
1 1 1 1
2 03 -3 0 3

1 1 ¢ 2n+1 i1 (O —1 0
+ﬂ%(2n+1)!<ﬂ> SO

0
1 1
= 0 —=
1 ¢\ om [ 2 2
+ Y () (v2)" |0 1 0
|
nenioy (ZPAV2 1o !
l+cosh¢  sinh{ 1—cosh(
'2hC V2 '2hC
Sin. SIn.
=| 5 CQshC % |- (B.31)
1—cosh ¢ sinh ¢ 14cosh ¢
2 V2 2

This leaves the question why the derivation at the start of this chapter does not
lead to the same boost matrix as in the underlying literature. Concerning this
topic, [Aivazis et al., 1994a] only refers to works of the same authors, namely [Olness
and Tung, 1987] and [Tung, 1985], where d'(¢) is only stated, but not explicitly
calculated. The author was not able to find any contradictions in his calculation of
K5 in the spin-1 basis, so this problem remains open. No matter if the matrix above
is correct or not, the shape of Ky given in equation (B.24) yields alternating signs in
its even and odd powers, respectively. Therefore, d'(¢) would contain no hyperbolic
cosines and sines, which cannot be true.
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C. Helicity eigenvalues and eigenstates

We will calculate eigenvalues and eigenstates of the helicity operator

- (C.1)
|

which was introduced in section 2.3.1, for particles in the spin-1/2 and spin-1 rep-
resentation of the Lorentz group, cf. section 2.1.3.

C.1. Spin-1

For s = 1, we need the four-dimensional representation of S. This is nothing less
than the rotational part of the Lorentz group generators J;, which were introduced
in section 2.1.3. Since (in the hadronic configuration) all hadronic and bosonic
momenta are aligned to the z-axis, we will restrict ourselves to momenta, fulfilling!

4 _e, (C.2)

in this calculation. Then the helicity operator simply reduces to
h=J; (C.3)

and we are left with calculating eigenvalues and eigenstates of the spin alligned to
the z-axis.
The explicit form of Js in four dimensions is

0 0 00
0 0 4 0
Bi=10 Zi 0 0 (C.4)
0 0 0O
The eigenvalues are roots of
det(AL = Ji) = N2(A? = 1), (C.5)
which implies that
A=0,%£1 (C.6)

'To follow the convention of the rest of this work, we will denote the bosonic (spin-1) momentum
with ¢ rather than p*.
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C. Helicity eigenvalues and eigenstates

are possible helicities. Eigenvectors? ek need to fulfill the relation

(%) ens = 2éh. (C.7)
For A =1, this leads to
d==0 (C.8)
€1 = —ic
e =c, (C.10)

with an arbitrary normalization ¢. The most common choice is the Condon-Shortley

7

c= 7 (C.11)
leading to
e — \}5(0’ —1,-4,0). (C.12)
The same procedure and choice of normalization for A = —1 yields
e = L (0,1, —i,0). (C.13)

V2
In this work, these two vectors will be called €'.. They are independent of the
reference vector, which was introduced in section 2.3.2.

For A = 0 (which has a degeneracy of 2 and thus two linear independent eigen-
vectors), it is obvious that every choice is suitable which fulfills

€ =e5 = 0. (C.14)
In the ACOT formalism, the two eigenvectors of A = 0 are?

Q*P! + (P - q)¢"

B
0T VPP P (1)
and €}/ = (g (C.16)

The subscript of the second vector is there only to distinguish it from the first one
and to indicate that it is aligned to ¢*.

These helicity eigenvectors are commonly used as polarizations, i.e. they form the
basis in which the photon field A* is quantized. As explained in section 2.4.1.1, out
of the two vectors above only €} is a physical polarization, since it fulfills p,ef = 0.

2We will omit the obvious dependencies on momenta throughout this section.
3 Again, the reader shall be reminded of the fact that in the hadronic configuration P* and ¢* have
vanishing transverse momenta (cf. section 4.3), so (C.14) is fulfilled.
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To show that the four vectors above indeed form an at least nearly orthonormal
basis, we first verify orthogonality. Since S® is unitary, eigenvectors to different
eigenvalues are automatically orthogonal. In addition, one easily derives that

2 P. —(P- 2
couel' = 82 (¢ (Pq')q)2(+ Qq;]\% —0 (C.17)

However, not all vectors are normalized to 1:

Q'M? — Q*(P - q)? +2Q*(P - q)*

€= Q2<(P e Q2M2) =1, (C.18)
but €2 = %(1 +1) =1 (C.19)
and €2 = _Q%Q = 1. (C.20)
In the completeness relation
S kel =g, (C.21)

this is taken into account via a factor

1 f =
vy = orA=0 (C.22)
—1 for A==,q
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C. Helicity eigenvalues and eigenstates

C.2. Spin—%

Next, let us verify that for s = % the helicity eigenvalues A are always +1 by
diagonalizing

P o 1 P3 p1 — ip2 (C.23)
ip|  |p| \pr+ip2 —p3 )7

where we inserted the Pauli matrices o for the general spin operator S due to s = %
Accordingly, the eigenvalues are

1
A = :I:m\/él(p% +p3 +pd) = £1. (C.24)

The corresponding eigenstates fulfill

P3 P1 — ip2
. =+ C.25
<p1 Cins s > £(p) = *[p|(p) (C.25)
and, since
Uy = 2midyn (0.26)
must hold, also?
ge=1= e+ 8] =1. (C.27)

For £1(p), the first condition gives
2

5+;<p>2=:i;{;f§§f+;<p>f (C.28)

In combination with the proper normalization, we obtain

lp| + ps3
§1(p) = , (C.29)
2 Blpl(1p| + ps)
and thus
(p) = 1 |p|+p3>. .30
§r1(p) TS (m + ips (C.30)

The same procedure applied on &_ 1 (p) yields

£ 1(p) = ! (ﬂ“+wﬁ. (C.31)

1
= lp|(p| + ps) \ IPIH 25

4The orthogonality condition is automatically fulfilled by eigenvectors belonging to two different
eigenvalues of a hermitian matrix.
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However, the eigenstates actually do not depend on |p[, but only on the momentum
direction, since this is also the case for the helicity operator itself. To make this
obvious, we change to spherical coordinates, where

p" = (E,|p|sin 6 cos ¢, |p| sin fsin ¢, |p| cos §). (C.32)

In this coordinates, the only dimensional variable ‘ p[ must obviously vanish and we
are left with the always non-ambigous results

1 14 cosf cos ¢
§+%(p) B m ((cos¢ + isin ¢) sin 0) B <e’¢ sir? g) (C.33)
and
1 [(~cos¢+ising)sind
f,%(p)— 2(1 + cos6) ( 1+ cosf >
_ [ —(cos(—=¢) +isin(—g))sin§| _ <_e—w> smg> ol
( cosg COS% (C.34)

after using the identities v/1 + cosf = /2 cosg and sin # = 2sin g cos g. Hence, we
reproduced the results (2.73) and (2.74).
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D. Calculation of all differential cross
sections containing L*¥ and WH¥

Starting with the general expression (3.3), we need to bring the leptonic tensor L
into a more convenient shape before proceeding. This calculation is for example
written down in [Halzen and Martin, 1984], p. 122 et seq.

If we use the fact that complex and hermitian conjugation are the same for complex
numbers’,

[0 (271, ()] =l (1717 g, (02)
= ul, (17 °77"7 usy (o) = s, ()7 sy (L), (D.1)
explicitely write down all vector and matrix components, i.e.
u(lo)y u(ly) = u(l2)avgsulln)s (D.2)

and use the completeness relation (2.55), we see that L*” can be written as a trace

of a product of Dirac matrices:
1 1 _ _
= %os 11 %:U‘Zf(b)’ygg ;Ufgl(ll)u?(ll)%’s’au?(l2)
1
=502
1 1
Q%2251 +1
_ 1 a u By 2 wv
= %y(lmlzﬁrﬁ"(v Y7y ) +m Tr('y ol ) : (D.3)

Using the trace identities for Dirac matrices given in Appendix A.2 yields

1%

(Ko +m)oavhg (k1 +m)ss75,

1y + )y Oy + m)1”)

2
L = o (l/flg + 51— (g la — m2)g’“’>. (D.4)
Throughout the whole work lepton masses are ne, so the final result for our purposes

1S
4 2 Hv 1514 yu

which is the leptonic tensor L*¥ in chapter 3.

We take advantage of v*T = 4440 and 7‘” =",
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D. Calculation of all differential cross sections containing L* and W

D.1. (M| « L, L"™

With these two shapes of the leptonic tensor, the first matrix element M, contribut-
ing to the pure leptonic cross section (3.16), can now be calculated. Keep in mind
that the "lower" lepton turns into a massive hadron in section 3.1, so we need one
massless and one massive leptonic tensor:

MP = S0 LI
= Q4 0,uvLspr

= gj((ll p1)(la - p2) + (- p2)(l2 - p1) — (I - 12)(p1 - p2) + M2y - I
+ (I p1) (L2 p2) + (I - p2)(la - p1) — (L - L) (p1 - p2) + M1y - o
— (I - 12)(p1 - p2) — (I - L) (p1 - p2) + 4(l1 - I2) (p1 - p2) — 4M°1, - l2>

_ 8et
e
where the momentum of the second lepton was assigned with p; o.

To evaluate the scalar products we go to the laboratory frame for a fixed target
experiment, where?

((ll p1)(la - p2) + (L - p2)(la - p1) — M3y - 12>, (D.6)

pY = (M,0). (D.7)
Additionally, we are free to set Iy along the z-axis, thus
llll = (El,0,0,El)- (DS)

In general, we can express the final leptonic momentum as
15 = (B, 1y). (D.9)

For reasons of three-momentum conservation, I; = py + I3 must hold and the angle
between l; and p, must be the same as the one between Iy and Iy, in the following
denoted by 61, = 0. The scattering in the laboratory frame is shown in figure
D.1. For |/\/l|2 o L, L* we, as described in section 3.1, replace the hadron in the
diagram with a lepton of mass M, i.e. we replace P <> p; and Px <> po.

Using the laboratory frame described above we can calculate all scalar products
in the squared amplitude (D.6):

l1-lg = E1E2(1 — cos ) (D.10)
lL-pi= ME (D.11)
lo-py = MEy (D.12)
Lipp=li-(ll+p1—l)=ME -1y (D.13)
la-pr=1lo-(lh+p1—1l2)=MEy+11-ls. (D.14)

2The subscript "lab" will be omitted throughout the whole calculation.
3As always for massless particles, l%,z =0and E12 = ’l172| holds. We also made use of momentum
conservation, i.e. I1 + p1 = l2 + pa.
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z
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Figure D.1.: lepton-hadron scattering in the laboratory frame for a fixed target ex-
periment.

The Lorentz invariant Mandelstam variables for the DIS process
1+ P — Iy + Px are

s= (4 +P)? =2 -P+M*=2ME; + M? (D.15)
—Q?*=t=(ly —ly)?> = =21y - ly = —2E1 F5(1 — cos ) (D.16)
u=(P—1y)?=—2ly- P+ M?*=—2ME, + M>. (D.17)

Replacing P <+ p1 and Px <> p2 is again possible. We are now able to give the fully
calculated squared amplitude by using the identity

9 6 6
1—COSH=1—C082§+Sin2§ :2sin2§ (D.18)
and replacing Iy - I3 by Q2%/2, cf. (D.16):
MP =2 <ME1 (MEs + Q%) + MEy(MEB, - 2Q?) - 1M%f)
Q* 2 2 2
16e* 1 Q? 1Q? Ey — E;
= M?E\Ey(1— = A ——
Q! ! 2( 1B, B, 4AM EB )
4et Q* M(E; — E») 0
= M?E\E 1 — sin? )
sint? " <2M2 oEE, 3
et Q2 0 6
= M2( sin? = + cos? ) D.19
E1Bysin* & 2M2 7 2 2 (D-19)

In the last step we made also use of (3.20) and x = 1 (which holds only in this
specific case), cf. e.g. (3.21) and (3.22). This yields

1 0
My = M(E1 — EQ) = §Q2 (: 2E1E2 SiIl2 2) . (D.20)
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D. Calculation of all differential cross sections containing L*” and W

In order to obtain the full differential cross section (3.13) we also need to take a closer
look at the flux factor F' and the Lorentz invariant phase space dllyps. Starting
with F', which was defined in (3.14), we make use of the fact that m = 0 and (D.15),
S0

F =2A(s,m? =0, M?) =2v/s2 + M* — 2sM? = 2(s — M?) = 4ME;. (D.21)

Note that F'is Lorentz invariant, since it only contains Lorentz scalars. For dIlj ps,
we start with the general expression for a two particle phase space,

3l d*p,
(2m)32E5 (2m)32pa

dllyps = (277)4 5(4)(l1 +p1 — o —pg). (D.22)

One can show that d3p/(2po) is covariant by performing the integration over pg in
the following expression:

/d4p<5(p2 — MZ) = /d4p6(p% —p?— MQ)

= /d%Zﬁ 16(po — /P2 + M2) +6(po + \/p? + M2)|

_ [ &p

2po’

where in the last step we could ignore the second ¢ distribution since pg > 0. Using
this relation, we can integrate over d*py by using (5(4)(11 + p1 — lo — p2). This gives

(D.23)

1
dIltps = 7*(13[25(@2 —l—p)? - M2>

872 E
1
EQdEgd cos 0dpd(M= — 2l - 11 — 2ly - p1 + 211 - p1 — MQ)
87r2 Es
= 2E2dE2d cos 9dg05(Q —2MEs +2MEy)
1 Es Q?
gMdEQdCOS 0o (El E2 — W) (D24)

The trivial integration over ¢ leads to a factor of 2w. Consequently, the complete
differential cross section as given in eq. (3.16) is

M/

d ——dII
7= LIPS
do 2’ Q? 50 90 Q?
& = — — 0| By — By — — D.25
dEsd cos 6 Egsin4g<2M2 sin’ 5 o’ 2) ( Lo 2M) (D-25)
where « is the well-known fine structure constant of QED,

2
a= (D.26)

47

Note that one could easily perform the FEs-integration by exploiting the § distri-
bution. This is not done because the additional derivative becomes useful in the
comparison with the parton cross section (3.32).
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D.2. ‘M’z o« L, W for QED interactions

Next, we will turn to expressions involving the hadronic tensor W#" starting with
the hadronic tensor (3.10), where we already applied the Ward identity (2.115). Fur-
thermore, we consider only pure QED interaction, so the leptonic tensor? L, stays
the same. Hence, the aim is to reproduce the cross section (3.17). The normalized
product of leptonic and hadronic tensor is

Q2
7LMVW“V = (llul2u + l?ullu =1y~ ZQQMV)

2
v 1 v 1 Pq v P'ql/
X<_@”+Qﬂ%)wﬁ+MﬂGw+c9 ﬂ(P*‘Qqu%>

_Jhnmm—imm@mm

Q
+M2 (n-P Z'le-q) (12-P+ 7 4. q)Wz}
Al - W + Q2 L )Py
ﬁbwmm—émmwmm
+ap (@ PP+ G P g
2o P+ -0 we)
ey [M2 + (Péf)z] (I - 12) W, (D.27)

We have to handle three new scalar products® involving g*:

1
hog=li-(lh—l)=-lhlp= —§Q2 (D.28)
1
g =5Q (D.29)
P-q:P-ll—P-ZQZM(El—EQ):MI/. (D?)O)

4From here on, only the massless lepton takes part in the process, so we set L{Y = L*¥ as in chapter
3.

5 All scalar products calculated in the section above are still valid if we replace p; <> P and ps <+ Px.
Note that the equality x =1 & Mv = %Qz does not hold in the case of lepton-hadron scattering.
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This implies

2 1 1 1 1
7LWW’“’ =2 [2Q2W1 + <E1E2 + §E1V — §E2V — 41/2> W2}
211 9

1 1
2 2 2
=Q°W; +2E,E5|1 —
QWi +2E 2[ +2E1E2V 4E1E2V
1 Q? 1
L@y,
4 F1FEy 4F1E5
1 Q?
2
= W, 2E1F5 |1 — = W-
QW1 +2E, 2[ 4E1EJ 2
= 4FE5| W1 sin §+§Wgcos ) (D.31)
Hence,
4ret 8 0 1 0
——L,, W = (W sin? = + =Wy cos? ) D.32
Q" By Epsint 71T 2 27T g (D-32)

There is no change to F', but the phase space needs to be adjusted. W# includes
an integration over all final momenta Py, i.e. it contains the hadronic part of the
phase space, so there is only the one-particle leptonic phase space left:

d3ly 1

dHLIPS = m = @EQdEQdCOS 6 (D33)

This leads to

1 4me?
do = f?L#VWMVdHLIPS
do Ao’ 1 9 1 0
& = A wisin2? + Zw 2>. D34
dEsdcosf  Efsint g M < 1y + 9/V2e0% 5 ( )
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D.3. ‘M’z x L, , WH for general chiral couplings

Let us turn to the more generalized electroweak coupling to reproduce the cross
section (5.7) relevant for the ACOT formalism. Electroweak coupling obeys a general
chiral structure, cf. section 2.6.2, which implies that the leptonic tensor needs to be
adjusted. Hence, we start with a slightly modified leptonic tensor, now including
generic chiral couplings® JR,L>

LM = leQ Z [Usg l2)y (QR(l +9°) + 911 —’75))%1@1)]

[Tty (o1 449 + 0000 - )u)] . ©35)

In addition, we keep the number of spin states n; variable. The procedure is very
similar to the one at the start of this appendix. First we take a closer look at the
second bracket above:

{- ] (1) (9r(1+ )T+ g2 (1 = 77)1) 77110 g, (12)
(1) (9r(1+97) + 91.(1 = 77))7°7" 1155 (I2)
ul, (10)7° (9r(1 = 77) + 9L(1+797) )7 us, (12)
= g, ()7 (97 (1 +97) + gL (1 = 7°) s, (la), (D-36)

where we used 75T = 7%, #1140 = ~A04# and {y#,4°} = 0. Further following the

calculation of the QED leptonic tensor yields

1
) —— U l o H 1 5 1— 5
02 ;U »(l2) ’Ya,g(gR( +77) + 91— ))55

X Z Usy (ll)éﬂsl (ll)eryélﬁ (gR(l + 75) + gL(l - 75)><77u82 (l2)77
S1

1
— e 5 5

% 15 (9r(1+97) + 9001 — 75))07

1 2 « 5\ B v 5
= Wllalgﬂ{gRTr['v P+ (1 + 7))

+ g7 Tr[729 (1 = ") 77" (1 = 7)) }

5Note that all these couplings do not include the coupling constants gp of the gauge boson B which
prefix the cross section, cf. e.g. (5.7).
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_ 2 2 a BV 2 5.0 BV
—Wllal2ﬁ{g+Tr(7 gl )+9_TY(7 gieiae] 7)

8 2 v v v . 2 afuv
Q2 {g+ (lllll2 + U1 — 1 lag" ) +ig> halage®" }, (D.37)

where we defined
9% =gn+9t (D.38)

and used the identities for (traces of) Dirac matrices given in appendix A.2. As
expected, (D.37) reduces to Ly"” (cf. (D.5)), since in the case of QED interaction”

9rR = gL = (D.39)

57
thus
2 _ 1 2

9 =5 and g~ = 0. (D.40)
We are now able to calculate the product of the new leptonic and the hadronic
tensor. Note that we are not allowed to use the Ward identity (2.115) because
we are dealing with a non-abelian gauge theory, so we need to take the unreduced
hadronic tensor (3.6) into consideration:

nQ?

3 L;WWMV = {gi (ll,ul2y + lQully —ly- ng/w) + ig%llalﬂieaﬁuy}

YoM p 2 asW3 +

x {g“l’Wl + L pupryy, - Wy

e 2d Hq”

M2

1
+ — (P'q¢" + ¢"P")W5 +

P Prg” — q“Pl’)W@} (D.41)

2M2(
2 - P)(is - P) —zl-zg}m
om0+ L) w
+ [Pt )+ (Pl h) = 5P )| ws
+g° { 5 Alpzl 15 Pygseapune ™ W

QMQMQ( Gy — qﬂP,,)eaB“”W(;}, (D.42)

where we used the fact that every product of one symmetric and one antisymmetric
tensor vanishes. Before proceeding, we first need to look at the Levi-Civita tensors

"This can be easily deduced by looking at table 2.2 and replacing the factors of Q; by a 1 for the
fractional leptonic charge.
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n (D.42). The product of two of these tensors via a contraction of two indices can
be simplified:

Capu€ ™ =21 g2% = 2(g19% — g}9d). (D.43)
Substituting the scalar products Calculated in the two sections above and further
simplifying gives

mQ*

@ e =il s [ 2,

1M BB, — QQ}

L)
+[2§\2;2(ME1 ME) — &2( QQMVﬂWg)}

+92{]\;z((l1 -P)(l2-q) — (Ia- P)(y -q))W3

- gagahalzs (Pulla, — 1) = (g — )P, ) 173

2 s 2 0 Q2 2 Q2
= 2E1Egg+{2W1 sin B + [1 — 4E1E2] Wg} + g{ (E1 + EQ)Wg}

= 2E1E2{93

.50 0 Ei1+ FE . 90
2Wh sin? 3 + Wo cos? 2} + g_ { 1M 2W3 sin? 2} }
(D.44)

The contribution proportional to Wg vanishes since we can express ¢* in terms of I}’
and I5. Hence, products between symmetric and antisymmetric tensors occur again.
The fact that there are no contributions of W, and W5 is not universal but follows
from the assumption of massless leptons®.

The flux factor (D.21) and the phase space (D.33) stay the same compared to
the previous calculation. Instead of a factor of e*/Q*, we multiply two generalized
propagators G'g, , (cf. (5.1)) to take the electroweak couplings into account:

Gp, G
do = ¥4WQ2LMVW”UC£HLIPS

do 2E22 2 .9 0 9 0
g 2 v v
< dEsd cos 6 wnlMGBl G, {g+ Wi sin + W5 cos 2]
FE
+g° [1]\—;W sin® Z] } (D.45)

As it should, this cross section reduces to the one of the previous chapter (D.34) if
one sets
et 4ra? 1

2 _ 2 2
Gp,Gp, = G} -0l B R st 7 gy == and g2 =0 (D.46)
P

2

80ne can easily check this by calculating the scalar products in both prefactors again without
demanding 12 =12 = 0.
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for pure QED-interaction. This expression can be reformulated using the alternative
structure functions

1% 1%
Fl = Wl, FQ = MWQ, F3 = MWS (D47)

and the derivative with respect to the Bjorken x,

Q* Q> 2E\E, _,0 E\Ep
= = = - = 1-— D4
v 2(P-q) 2Mv My 2T My (1= cosf), (D-48)
as well as P M
- q v v
= = = . D4
V=P T ME B (D.49)
We first need to compute both differentials in terms of x and y:
dEs = d(El(l - y)) = —Fidy (D.50)
My My
dcost = d(l — w) = ————dxz. D.51
E1E2 El(l — y) ( )
If we substitute
By=Ei(1-y) (D.52)
and 9 u
-2 Y
- D.
sin” o 2B (1= y):v, (D.53)
we arrive at
do My do
dedy 1 —ydFsdcosf
My Ef(1—y)* { 2 2My M ( My )}
= 2F Bl-——
1—y mnyyM GG 9% 2B (1— y)x + By 2 2F(1 — y)m

Ei2—y) M M
2 1 Yy Yy
2
+g{ M Ey 32E1(1—y)x”

2ME Mx
= IGBlGBz{g-Qi— [fﬂy2F1 + (1 —y— y>Fz} +g° {w(l - Z)Fz} }

™y 2E1
(D.54)
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E. Side calculations: The Breit frame

In the following we give the side calculations for section 4.3. Let us start with the
Minkovski coordinates of the hadron momenta P and Px. We begin with the with
the light-cone coordinates (4.29)

Ep = i(P* +P7) = 1<2 + nM2>. (E.1)

V2 S 2Q\ 7

On the other hand, we have (using the definition of the A-function (3.15) and the
implicit definition of n, (4.26))

A(=Q* P?, P%) = A(—Q* M?, (P + q)*) = A(=Q*, M*, M* + 2P - ¢ — Q°)
— [Q4+M4+(M2+2Pq_Q2)2+2M2Q2

1
2

+2QX(M? +2P - g — Q%) — 2M2(M? + 2P - ¢ — Q?)

4
= \/4(P -q)? +4M?Q? = \/% —2M2Q?% + 2 M* + 4AM2Q?
n
2
n

which makes the identity
1

Ep = @A(—QQ,PQ,P)%) (E.3)
obvious. Continuing with P2, the expression in terms of light-cone coordinates gives
P3 = L(P+ —P7) = 1<2 — nM2> ~ 1op. q. (E.4)
V2 2Q\ n 2Q
By simplifying the variable 81 we obtain
Br=Q*—P*+ Py =Q°—M*+M*+2P-q—Q*=2Pq, (E.5)

validating its use as the third spacial component of P*. The equality of Ep and
Ep, can be seen directly by the fact that in the Breit frame ¢° vanishes. For Py,
we use that momentum conservation, P)‘é = Pt 4+ g¢*, so

_P-q 1

P§(:P3+q3—?— :@(QP-q—zQ%. (E.6)
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E. Side calculations: The Breit frame

Again it is simple to connect this expression to fs:
—Bo=—-Q*— P>+ P2 =—-Q*-~M*+M*+2P . q—Q*=2P -q—2Q° (E.7)

The last equality that needs some lines of calculation is the explicit expression for the
hyperbolic angle, (4.44). As explained at the end of section 4.3, { can be obtained
in the hadronic configuration of the Breit frame via a scalar product between P#
and [} + 1. We can reexpress the sum of leptonic momenta as

1 =2t — g, (E.8)

The (Lorentz invariant) quantity P -[; was implicitly calculated in appendix D.1.
We can rewrite (D.15) to
2P -1y =5 — M> (E.9)

When we also use (4.26) for the scalar product between P* and ¢ as well as the
expression (E.2) from above, we obtain

2P - (li+1p)  n*M?*— Q%+ 2n(s — M?)
(-Q% P%P%) M2 + Q2 '

cosh ¢ = A (E.10)
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F. Side calculations: Kinematics in
the ACOT formalism

In the following we give the side calculations for section 5.3. We start with the
calculation of cp and ¢;. Contracting (5.20) with P* and ¢ gives
p1-P=Mcp+eP g

M? m? 1/Q?
<:>£P+ S +P+2£Pl+—M20p+2(C727—77M2>cq

@CP:;<§+2XZ[12> —2<17Q]\;2—n>cq (F.1)

and

p1-q=cpP-q— Q%

2 1 2

3 (iQZ — €m1> = ;Cp(; - 77M2) — Q% (F.2)

Substituting (F.1) into (F.2) yields

(53 80) e )

1 1 1
et (G-t

4
_ (n2QM2 o 2@2 4 772M2>cq‘| _ chq

iy "eq ez Qe 1PE 1 gr T2
(@ + %)
== 4Q2772M2 Cq

1 i1 mi M? 1 Q> 19PM* 1
[ﬁ_ﬁml_ml 5]:_< O e,
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22M2 2 1 2 M2
oy = — Q7 [5 nmi mi ]

@ e [y e wear g

- £(Q2 —1—77172M2) [77 miM? + miQ* — &> M* 52Q2M2]

n(mi — £2M?)

= {OF T M) (F.3)
Substituting back into (F.1) leads to

v =1 (e 1?%%) 1% 202 ] 4P
d EM?) 2 Q% +2M?)

1 1 22 @*mi 2627 12 2 o Q°mi

:25@2+nzw>[w L VERRA A v
+ Q% + n*mi — ¢ M?
2002 1 2,2

QP+ nPM?)

Now we turn to section 5.3.1. We use the definition of p, cf. (5.25), the scalar
product in ligth-cone coordinates (4.5) and the A-function (3.15) to reformulate the
on-shell condition:

o rori (). (1 7)o

2 2 2 m2 mg_ _ 27ﬁ
E ko — ok — € —négE £+”( Q 1>£ T

— Q2 = Q? F.5
né né (F-5)
Solving the numerator for £ yields
2 2 2 2\ 2 2
_n my —my 1 my—my my
e =12 g (-2 4
e= =g (- ") "L( Q"' >+Q2
Q? —m? + m3 1
=N 2 1 2 :|:7 Q4 - —m%)—l—l(m%—m%)Q—FCymz
Q*—mi+mi+mi+ \/Q4 +mi +mj 4+ 2Q%m? + 2Q*m3 — 2m3m3
2Q
:nQQ—m%#—m%:I:A(—Qz,m%,m%)’ (F.6)
202
which implies
P2 —ml = Q> (€= x+)(€—x-) (F.7)

né
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As in the main section, instead of x4 we will use x in the following lines. Let us
now show that y_ < 0 and hence can be ignored as a possible value for ¢ for the
rest of this calculation and section 5.3':

X— = 302 (Q2 —mi +mj3 — \/Q4 +mi +mi + 2Q?m?2 + 2Q*m3 — 2m1m2)
_2Q2(Q2—m1+m2 \/Q4+m2+2Q2m2): 2Q2m1<0 (F.8)
In the first step we used
mi 4 2Q*m3 — 2mim3 = m2(m? +2Q* — m3) > 0, (F.9)
which holds since?
£Q*
Pl'ngp'Q——7<0 (F.10)

and thus

mi=p3=(p1+q)?=mi+2p q¢—Q°><mi—Q*<m?+2Q*
e mi+2Q% —mi > 0. (F.11)

Using (F.7), the associated ¢ distribution is

5(p3 —m3) = Qza((l—g)(s )

= ge(e+ 2 — v x)) = ge(©). R
The derivative of the argument is
g =1~ % (F.13)

and the roots of g(¢) are still x and x_. We are now able to simplify the o-
distribution by using the identity (A.5). Since we have shown before that x_ does

not lie in the domain of £, we can ignore its contribution proportional to (5(9(5)).
Then the identity (A.5) leads to®

n o€ —x) _ mxdE€—x)
Q*1-%  @Q*x—x-

£ _
(E—x)  _ 5(X )
A(_Q2am%7m%) B A(_Qzam%m%)’

where we used the explicit expressions for x and x_, cf. (F.6), in the second last
step.

§(p3 —m3) =

(F.14)

"Here we assume @2 > 0 and 1 > 0, which is both valid by definition.
2Here we use the definition of = € [0, 1), cf. (3.11).
3Due to x_ < x = XT_ < 1 we can make the simplification |f’(x)’ = f'(x)
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G. Side calculations: Helicity
formalism in the ACOT formalism

In the following we give the side calculations for section 5.4.1.

G.1. Conversion formulae for structure functions

G.1.1. Hadronic structure functions

Expressions where the helicity structure functions F) are given in terms of the
standard structure functions F; can be obtained by exploiting their definition (5.43).
To do so, let us first give the eplicit definitions of ¢#, P*, €' (P, q) and €;(P,q), as
derived in chapter 4, again':

1

Pt = @(A(—QQ,PQ,P)%),O,O,&) (G.1)
q,u, = 7@(03 Oa 07 1) (GQ)
1
e (P,q) = —=(0,%1,—1,0 G.3
+(P,q) \/5( ) (G.3)
2 pu P- H
(P = 2L a)a (G.4)
QV(P - q)* + Q*M?
We will also need the complex conjugate of the polarizations:
1
eM(P,q) = —(0,+1,4,0 G.5
L (Pq) \/i( ) (G.5)
el (P,q) = e (P, q). (G.6)
Let us start with FL. To calculate the full expression,
Fi = E;H(P> Q)W,ul/elzjl:(Pa Q)v (G7)
we first look at the contractions with the single constituents of
1 1
W= — g" P+ —P'PYF, — P PoqpFs + —5q"q"
w 9P+ 2~ 3¢ w3 3+M2qu4
1
Prg¥” + gt PV )W Prg¥ — gt PY)W. G.8
+ o (PN + " PWs + s (P = ¢ PY)We (G-8)

'In the following, we will need the Minkovski-coordinates of the mentioned momenta and polariza-
tions.
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For the one proportional to F; we get

(P, @)t (Pra) = (-1 +2) = 1, (G.9)
which is simply the normalization of both polarizations. Note that the scalar prod-
ucts P,ely (P, q) and g,ely (P, ¢) both do not contribute, which can be directly deduced
from the coordinate-wise expressions above?. These vanishing scalar products di-
rectly imply vanishing contributions of Fy, Wy, W5 and Wgs. What remains is the
prefactor? of F3,

€1,(P,q)e*™™ Poqge, (P, q). (G.10)

To compute this Lorentz invariant quantity, we work in the hadronic configuration
of the Breit frame, cf. 4.3, where the components are given above. From the only
non-vanishing coordinate of ¢* we can deduce that § = 3 needs to be fulfilled for
a non-zero contribution. Since the Levi-Civita tensor forbids two indices with the
same value, this immediately implies o = 0, since P! = P2 = 0. This leaves the two
combinations (1,2) and (2,1) for (u,v). Hence, the expression above simplifies to

€L (P )€™ Poggesy (P, q) =™ PO (=¢*)(—e! (P, @) (€1 (P, q))
+ PP (=) (X (P, q)) (—eL(P.q))
_A(_Q27 P27P§)

= 2O - (£1) - (—i
s Q- (1) (<)
A(_Q27P27P)2() .
_ 2O i (+1
1
=F iz'A(—QQ,PQ,P)%). (G.11)
Including the prefactors inside W,,, and using the alternative expressions®
Q2
A(-Q* P? P{) =2P-q= ~ +nM?, (G.12)
n 2z 422 Q? '
Q2
d o = =2— G.14
and == 5, ( )

2This fact should not surprise, since it is part of the definiton of transverse polarizations.

3We choose the polarization to be covariant so that we can use the conventions that were determined
in appendix A for the contravariant components of the Levi-Civita tensor.

4The first one was derived in appendix E.
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we arrive at

i 1 T M2 M2
_eftﬂ(P’ q) 2 M2 GaﬁlwpaqﬁeiV(Pv q) = :Fiy lQQ ( +A\ T3 T ) + N

2x 4x2 Q2
2
| Q> =it %+l
=F- |1+ +
4 v L L_FMQ
2z 4z2 Q2
1 Q2 1+ 1+%4+9%
::FZ 1+— + -
v 1+4/1+%
2 2
1 2 21+4\/1+ % + %
=¥ \/1+Q2+\/1+Q2 _ v
1+% +1+%
1 Q?
— o1+ 5 G.15
:':2 +V2 ( )

Apparently, the final result is

1 Q?

Continuing with the same procedure for Fy, we obtain®

Q'M? — Q*(P-q)* +2Q*(P-q)* _ |

5P, Q) gl (P, q) =
R e e (P e Ty

(G.17)

and
(@202 4 (P-q2)’
Q*((P-0)? + Q*M2)

T M

68#(Pa Q)PMPVGS(R q) =

M2 ,,72 M?2 Q2 Q M

5+ 4 + ,/ + o7 + + o Q
B 772M(Mx 32 M?2y2 %2 M?v  _Mv? [M2v2 M2 M?v3
2z \ n?

® Again, this is only the normalization of ;" (P, q).
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_nZMV M/ 1 +M2+ 1 +M2)+M2+M ]\42y2_|_]\42+2]\42
2 v \2rx Q2 472 Q2 202 v Q* Q2 Q2
Mv [M?2v2  M? M?1?
o\ e e e
Mv 1 M/Mv M M?2v2  M? M?
"% e, o Nlv\@ T e Tgr) T an
]‘4624’(2+f,22+2\/1+§2>
+M M21/2+M2+2M2+2M1/ M2y2_|_M2+2M21/2
vy Q* Q? Q? Q?YV Q! Q? Q1
2 4 2 4 2 2
_]\Jy<1+Qz>f,22+2QV4+632 1+% + 55+ %1+ % +2% +2/1+ % +2
2 4
2429 + L+ %42 /1+ 9L 4291+ %
=— |14+ = ). G.18
21‘( + 1/2> ( )
In addition, we immediately see that

€ (P )€™ Paggeg (P,q) = 0 (G.19)

since € (P, q) is a linear combination of P* and ¢"%. The same holds for the contri-
butions proportional to W4, W5 and Wi:

Q*(P-q) —Q*(P-q)
Q*((P-q)? +Q*M?)

&5/ (P,9) (Pugy + 4ua )6 (P, @) = 2¢5 (P, ) Pu Pt (P, q)

(@324 P 0?) - (@(P-0) - *(P-0))

2
&’ (P, a)quaves (P, q) = ( ) =0, (G.20)

=2

Q2((P - q)? + Q*M?)
=0 (G.21)

and €' (P, ) (Pugy — g, P ) et (P,q) = €(P, )€l (P, a) (Pugy + guP) =0, (G.22)

where we used identity (G.6). This fact directly leads to a product of one symmetric
and one antisymmetric tensor in the last equation, which is obviously zero.
All this summed up gives
QQ

1
Fob=-F+—(14+ = |Fs. G.23
0 1+2m(+y2)2 ( )

5The same argument was used in appendix D.3.
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G.1.2. Partonic structure functions

The exact same procedure as in the hadronic case can be applied to partonic struc-
ture functions. In this case, we use the Lorentz tensor decomposition of the partonic

tensor,
Vv = 1Y/ L afpv /i Lo viisi
WZ‘ =—g W1 + @Iﬁple - TQQE plaq5W3 —+ @q q W4
1 ~ N
oo WL+ PWE + —2 g i — d"pHWE" (G.24)

In the hadronic configuration of the Breit frame the partonic momentum is’

W Q& mmi & nmi
n=y ( Tegn £Q2>'

We set p? = m? to make the dependence on the partonic flavor explicit. It will be
also helpful to use the partonic Bjorken-z, cf. equation (3.28):
2
@ (G.26)
2p-q €

(G.25)

We choose the partonic momentum as the reference vector for the polarizations
so that the scalar product between ¢ and p/ is the only one that appears in the
calculation:

i (p1,9) = \}5(0, +1,—i,0) (G.27)

Q*p! + (p1 - q)g*

B _
€0 (p1,9) = (G.28)
Q1 - )2 + Q2m?
Let us start with '
W:Zi: = €j|:u(p17 q)WquVEiV(pl’ Q) (G29)

Replacing hadronic with partonic quantities does not change the fact that many
contractions vanish, as explained in the previous section. In addition, we still have

' (1, Q) g (p1,q) = —1. (G.30)

What is left is the prefactor of ng The calculation is completely similar to the
hadronic case, except for a partonic instead of a hadronic momentum component.
Therefore, the final result is

1 2
Wi=Wis (5+Zg‘2>wg, (G.31)

"The light-cone coordinates of pY are given in equation (5.22). To obtain the according Minkovski
coordinates, we use the relation (4.3).
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For
Wé = egu(plv q)WiMVGOV(pla q)7
the procedure is identical. The normalization is

et (p1, Q) guveh (p1,q) = 1

and the only non-vanishing contraction gives

22 4 2 1
Eg(pla )pl,uplue() p1,49) = (Q\Cj m (p_il_ Q; > = @ ((

Q2
2(22)2 + mf

Hence,

i 3ri 52 m2 i
WOZ—W1+< Q2 WQ.

(G.32)

(G.33)

p1-q)*+ m?Q2>

(G.34)

(G.35)
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G.2. Helicity currents, amplitudes and the differential
cross section

The general formula for differential cross sections is (cf. (3.13))

M
F

At first, we will derive the squared and averaged amplitude. According to section
2.3, an LO amplitude in DIS, formulated in the helicity formalism, is

do = "L Il 1ps. (G.36)

,0 o gBdl(C)
M'Zia? = ZJ g Q2 + M2 J fo (G.37)

Squaring and averaging yields®

|./\/l|2 Z MPLOLX \(P2,02

P2,02 P1,01
,01 2,01,2

=G S won (i) ad (O o, (689

P12, N KR!

since d!(¢) is orthogonal. In addition, we used the notation G B, for the bosonic
couplings which were introduced in section 5. The hadronic helicity tensor is defined
as

1
W :E > (i) s

01,2

ZE (P,q) (P, 01| Ju,u(0)1 | Px, 02) (Px, 02| Ji,,(0) [P, ov) €5/ (P, q)

0'12

—e)\ H(P, OWwes (P, q), (G.39)

where the factor of 47 arises due to the definition of W, cf. equation (3.5). Note
that

W)\,\ = F)\. (G40)

Let us start with a closer look at
JLZ?)\ = Up, (l2)6;“(l1a Q)Fuum (ll)v (G41)

where the generalized coupling is
T =" gr(1++°) + gr(1 —~°)]. (G.42)

The reader shall be reminded of the fact that helicity eigenstates can be identified
with chirality eigenstates in the limit of vanishing lepton masses”, which is the

8Keep in mind that the sums over external helicities are implicit through the Einstein notation.
9Cf. section 2.3 for further information.
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case in the ACOT formalism. The generalized coupling above can be decomposed
into chirality projection operators proportional to their according couplings gg ..
This leads to interactions only between purely left- and right- handed particles.
For the gauge boson, a coupling to longitudinal degrees of freedom is proportional
to a particle’s masses and therefore vanishes in the presence of massless leptons.
Moreover, mixed polarizations lead to zeros, what can be clearly seen if one e.g.
multiplies (G.56) with (G.58) in the calculation below. Hence, the only two relevant
1

_1 1
configurations of the leptonic helicity current above are J;, i and J Lii L
2 2
We start our explicit calculation for the case of all helicities being left-handed.
J sz y is a Lorentz scalar, so it must be frame independent. Therefore, we choose
a frame in which the lepton momenta l’f,Q are as simple as possible: The standard

lepton configuration (cf. section 4.3), where

i %(1,0,0, 1) (G.43)
and ¥ = %(1,0,0, 1). (G.44)

We already calculated the helicity spinors for an arbitrary momentum in appendix
C.2:

i$ gin ¢
e'?sin 5

—e @sin ¢
(p) = ( 9 2) : (G.46)

COS 5

[
£,1(p) = ( ooz ) (G.45)

For [; 2, 0 takes the values 0 and 7, while ¢ can be set to 0 in both cases. Hence,
we obtain

=¢,1(1) = (‘f) (G.A7)

-1
ﬁ% = < 0 ) (G.48)

and
9 1
Er1 =641 (l2) = <0> (G.49)

0
53% = <1> . (G.50)
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According to section 2.3.2, the full helicity spinors are!'?

10 10 -1

Vel \/5 0 1) o —1)7 o

u_1(h) = Viroe, V2 10 1 0\ (-1
o1/ o -1) o

10 -1 -1
0 0 0 0
valy o= val (@51)
01 0 0
and (following the exact same steps)
Loy (1 0Y) (0
( (\/l2 021) 0 01 0o —1) \1
u_1(ly _ 2| ==
Vi
: 206y 2 1 0), (1 0) (o0
0 1 0 -1 1
00 0
_ /0 0 1 1 (G.52)
1 0\ (0 '
0 0 1

which gives

@1 (la) = uf Y =vQ(0 1 0 0)

-1
2

— _ ——
I
S

cor o

o O O

)\/@(O 0 0 1). (G.53)

o O O
o O = O

We immediately see that
(1+ 75)u_%(l1) = 2diag(0,0,1, 1Ju_s (1) =0 (G.54)

and
(1= 7")u_1 (Ir) = 2diag(1,1,0,0)u_1 () = 2u_y (), (G.55)

meaning that u_1(l;) is indeed a purely left-handed spinor. Using the Condon-
2
Shortley convention introduced in section 2.3, we obtain

0O 0 0 O

x 1 . 1 . 0O 010

E—u’Y}L = 5(07 _17Z>O) Y= ﬁ(vl - 272) = \/5 0 0 0 O (G56)
-1 0 0 O

0Taking the square root of both matrices can be simply achieved by taking the square root of their
components because they are already diagonalized.
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All this multiplied together yields

0 0 0O —1
-3 0 010 0
J2 =vQ((0 00 1)v2 9r2v/Q = gV/3Q. (G.57)
2 0 0 00 0
-1 0 0 O 0
1
For JL+§+, we have
1 0) (0 0
00 1 0
wy () =vVQ [ ) (o =Va |, (G.58)
0 1 1 1
= (1+97)uy1(h) =2uy 1 () and (1= °)uy 1 (L) =0, (G.59)
0 0) (1 0
o 1) \o 0
“+%(52)=\/@ 1o 1 =/Q 1
00/ \o 0
=7,1() =vQ(1 0 0 0) (G.60)
0 00 —1
1 1 000 O
o L N 2% ST N
ande+’y“—\/§(0,l,z,0) v \@(7 +iv?) =2 010 ol
000 O
(G.61)
Hence,
0 00 —1 0
o 000 0 o|
JL+%+—¢@(1 00 0)V2l, | o o |92v@|,|=-9vBQ (G62)
0 00 O 1

Of course this kind of explicit calculations are not possible for the hadronic part.
However, since we already know the leptonic currents in the pure left- and right-
handed case, helicity conservation also implies that the only contributions on the
hadronic side are of type!! Wiy = F\. These helicity structure functions were
already covered in great detail in appendix G.1.1.

This directly implies that the two factors in (G.38), which keep track of the
different normalizations of €\ (P, q), cancel:

VAU — Ug\ =1, (G.63)

""Due to their identical helicity eigenvalue, mixings between €} (P, q) and €% (P, g) are not forbidden.
We cover these cases in the following section.
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since |vy|= 1 for all helicities .
With all these informations, we can simplify the squared amplitude:

32mQ? 2 2
M =22 G, Tt () B+ a2 (410) B
A
2 2 h2 _ 2
_327Q GBlGBQ{g]z% F, (1 + cosh () +F0s1nh <+F_ (1 — cosh () }
ny 4 2 4
L2 F+(1 — cosh ()? +Fosinh2C —i—F_(l +COShC)2] }7
4 2 4
(G.64)

where we used the explicit matrix elements of d'((), cf. (4.49). The expression in
the curly brackets can be further simplified by inserting the alternative couplings

9+ = gk £ 91
1 1 1

{} :{493(1 + cosh? )F, — 59% cosh(F, + 593 sinh? ¢ Fy

1

4

1
+ gi(l + cosh? Q) F_ + 593 cosh {F}

1 1
=5 7 5(1 + cosh? ((Fy + F_)) + sinh? CFO}

+g° {cosh C(F- — Fy)

}. (G.65)

Together with the Lorentz invariant Flux factor

F=4ME, (G.66)
and phase space
MEyy
dllps = 52 dxdy, (G.67)

both the same as in appendix D.3'? we arrive at

do _ |M?| yQ?
dxdy F LIPS 27y

GBI GBz {g?k

%(1 + cosh? g) <F+ + F_) + sinh? Q“FO}

+g° [cosh ¢ (F_ — F+)

}. (G.68)

G.2.1. The massive lepton case

We claimed in section 5.4.1 that when considering massive leptons we obtain new
contributions proportional to W4, Wy, and Wy in the squared amplitude due to

2There, the same differential cross section in terms of the usual structure functions was derived.
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an omitted contribution of

e (P,q)eg(Pg)  q'q”
M?2 - M2Q2

(G.69)

in the full propagator (2.86) of a massive gauge boson. In this section, we will justify
this claim with a short calculation. Since every structure function above contains
at least one contribution from ef]‘(P, q)*, at least one J szq occurs as well. In the
case of massive leptons, we are no longer in a situation where helicities correspond
to pure left- or right-handed couplings.

1
As an example, let us explicitly compute J Ltiq- In the massive case, also the

2
leptonic momenta l; 5 change. In the leptonic configuration of the Breit frame we still
deal with vanishing transverse momenta. Together with momentum conservation,
' =15 + ¢*, and on-shell conditions l%z = m} we obtain

= (1/m2+2 0,0 —Q> (G.70)
1 1 47 ] 2 .

2
and [ = ( mi + 3,0,0,4—?). (G.71)
Therefore,
l Vi - Ufié
u_%( )= o€,
2

- (G.72)

13 As explained in section 2.3.2.1, the reason for the mixing between €t (P, q) and €5 (P, q) occurs
because both polarizations correspond to the helicity A = 0.
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mﬁi%
and u 1 (l2) = \/ﬁﬁ%

ml2+?f—% 0 (1)
B \ 0 ml2+%2+% 0

= L (G.73)
i+ F+3
0
:>“+;(12)=(\/ m+<%L 4+ 9 0 \/ m?+ L -9 o). (G.74)
Hence, we arrive at
T —w, (1) (P, g)T l
L_%q_u+%(2)6q (P,q) )U,%(ﬁ
:(\/ m+L+4 0 \/ m?+ L -9 o)
2
0 01 0 —gL\/ mi + %+ §
cn| 0 00 1, 0
-1 0 0 O 5 02 0
0 10 0 T9R\ VT T T3
0
2 2
_ s @ @ 2, @0 Q)
=2my(gr — gr.)- (G.75)

Since Jpq2, is a Lorentz scalar, this result is valid in every Lorentz frame. The other
values of Jpf2, can be calculated in a similar way and reveal the same behavior
regarding m;. Note that also in the case of chirality conservation (e.g. in QED),
where gr = g1, the current above vanishes.

In summary, we saw that the non-zero contributions of Jrg?, are proportional to

the lepton mass and hence vanish in the limit of massless leptons. This is the reason
why we can safely ignore the second term in the propagator (2.86).
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G.3. Factorization of structure functions

We start by computing the coefficients KJZ of identity (5.63). First, we see that in
the general tensor compositions of W and WH, (5.52) and (5.56), only the metric
tensor g"¥ appears on both sides. Hence, F; and W, are simply connected with a
factor of 1:

= Z fi® Wl. (G.76)

For the remaining structure functions, we boil equation (5.51) down to a scalar
equation by contracting with P,P,. Obviously, only the symmetric contributions
survive and we obtain

M (P-q)?

p1 - P)?
7F
RNV

Q?

+(PQ2)W4+( 2§P'Q)Ws}. (G.77)

Wy

Wy+ (P-q)Ws5 = Zfz {

We see that each structure function on the left-hand-side corresponds to one unique
order of (P - q). The trick is now to express every other scalar product in terms of
(P-q) and, after that, also sort the right-hand-side in orders of it. The decomposition
(cf. (5.20))

Py = cpP! + cyq" (G.78)
yields
p1- P =cpM?*+cy(P-q) (G.79)
and py - ¢ =cp(P - q) — c,Q*. (G.80)
Hence,
]\ngQ +(P-q)Ws + <PM(21)2 Wy = Zfi ® {C%]gWQ

2 A
+ ngW% (P-q)

Wi + CQC;WS} P q)2}.
(G.81)

M? .
20pcq@W2 +cp

+|:qQ2W2+Q2
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Evaluating order by order yields'*

2
Fy ZZfz‘® %Wz (G.82)
caM? . M? . M?
Z fi® { Wit CQ2 W5} (G.83)
Z fi ® {ZCch Wy + Cij\f W5} (G.84)

where one can read of all coefficients for the symmetric tensor contributions. As
explained in section 5.4.2; these equations become diagonal when going back to the
naive parton model, i.e. setting cp = £ and ¢, = 0 again.

For the antisymmetric tensor, we contract with (P,q,—q,FP,). Since e"‘ﬂw’PanPqu
and ea*B“”PanguPy are products of symmetric and antisymmetric tensors itself,
there are no contributions of W3 and Wg (and obviously also no contributions from
symmetric parts of the decomposition). Therefore, Wy is diagonal and we obtain

2 (et - )Wﬁ—Zfz (~r-P)- <p1'ggp‘q>)w6
. 2 N
:Zfi ® (—CPM2 - CP(]iQQq)>W6
cpM? .

Finally, we contract with €,,,5P7¢° and use the identity (D.43), which yields

1 .
175 (9895 — 9798 ) Pags P70 Fy = Zfz > (9597 — 9308 ) Pragmia Wi

s p(rese )2)F3—Zfi®(cpM2+c (PQQ)Q)W;:,

o <M2Q2+(P‘ ) Zfz ( M2Q2 (:P(P2.Iq)2)vv3

=S fio L, .
& 3 zi:fz®2$W3 (G.86)

In the case of helicity structure functions, the only necessary equality that needs
to be shown is the one between both polarization sets €\ (P, ¢) and € (p1,¢). When
we recall their definitions, which are given in section 2.3.1, we see that the refer-

ence vector, P* or pY in our case, only enters in the definition of the longitudinal
polarization,

Q*P" + (P - q)¢"
QV(P-q)* +Q*P*

MFor the first equation, we used the connection between z and v, cf. (3.23).

ey (P, q) = (G.87)
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Thus, all we need to do is insert p§ into the formula above and simplify. Besides of
(G.79), all we need is the identity

P} = chP? + 2cpcy(P-q) — chz, (G.88)

where we used the decomposition of p4, cf. (G.78). Then, some algebra yields the
desired result:

Q*p + (p1 - q)¢"
QYm0 + Q2
Q* (CPP“ + CqQ”) + (CP(P q) — CqQZ)CI“

Gg(ph Q) =

Q3Q1 — 20e, QP ) + (P 0)2 + QP2+ 2epe,(Pq) — 5Q2)

_ Q@*Pr+ (P q)q"

N = e (P, q). (G.89)
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In the following we give the side calculations for section 5.5. Obtaining the partonic
tensor with general fermionic currents (5.68) is closely related to the leptonic tensor
calculated in appendix D.3. The only difference is the non-vanishing mass of pi ».
Therefore, following the exact same steps as in Appendix D.3, the spin averaged
sum in (5.55) becomes

Tl"[(l% + ml)”r“((gm(l +7°) +gLi(1 - ’75)) (P + ma2)y” (ng‘(l +7°) +gLi(1 - 75))}
=p1apas Tr [Vav“('--)’vﬁvy(w)] + m1paa Tr {V“('-‘)’Yﬁvy(m)}

+ MaPia Tr{fyo"y“(...)'y”(...)} + mimg Tr {'y“(...)'y”(...)], (H.1)

where the masses enter the calculation via the completeness relation (2.55). We
use (...) for the full electroweak coupling, which is written out in the first line. We
immediately see that the second and third term vanish, since a trace over an odd
number of Dirac matrices (irrespective of whether or not there is an additional ~°
matrix in it) vanishes. For the remaining two traces we use the identities given in
appendix D.3 for the projection operators (1 & ~°) and obtain

o =2p1apas Tr 129" (93 (1 +7°) + g2:(1 = ) )"+
+ 2m1m2gmgu{Tr [+ +1- 75)7”]}
:2p1ap2ﬁ{ (0% + 92:) Tr[v*" " | + (9 — 9:) Tr[*v*7"2 7] }
+ 4mimagrigri Tr [v‘”ﬂ
—8{ (g +92:) (—9™ (b1 - p2) + Pl + b0} ) + (g% — 634 )i prapag

+ 29RigLim1m29"”}. (H.2)

Here, we could simply copy the steps done in appendix D.3 for the first line, which
corresponds to the completely massless case. In the last line, we used the trace
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identities given in appendix A.2. The complete tensor then is

A 1 1
WO == (2m)3(p3 = m3)— 3~ (1, 1] ' 2. 52) (pay sal I pr, 1)
v s1,2

=20(p3 — m3) {912% = (p1 - p2)g™ + AP + Pt + ichpf s
+ 92|~ (1 p2)g™ + PPy + P — ichtptS ]
+ 29Ri9Lim1m2g”V}‘ (H.3)

where we used that the number of spin states of a fermionic parton is n; = 2 and
sorted all tensors in terms of left- and right-handed couplings.

To obtain the according helicity structure functions Wy (cf. section 5.4.1), we con-
tract with the polarizations € (p1, ¢). According to section 2.3.2, these polarizations
have the following form:

L (pr.0) = 55 (0. 41,00 (H.4)
) = Q’m + (1 9)g"
Q1) + Q%3

In this section, we will work in Minkovski coordinates. Thus, applying the transfor-
mation from light-cone back to Minkovski basis given in section 4.1 on the partonic
momenta (5.22) and (5.25), we obtain'

M_Q(§+77m% 00"5_777”%)

co(p1.q (H.5)

P\ ey Q2
2 2
and pl 2622(574—285,0,0,5;—28;—2). (H.6)

Their scalar product was already calculated in light-cone-coordinates, cf. (5.27). It
reads

1
p1-p2 = §(Q2 +mi +m3). (H.7)
Also helpful will be a reformulated expression of ma, cf. (5.26):
gﬁ—(i_ggﬁuﬁ_mg (H.8)

Finally, note that the d-distribution in W*" sets £ to

?
Q* —mi+mj+A
2Q? ’

'Note that the given ph was derived from momentum conservation, p5 = p}' +¢*. We are allowed to
use momentum conservation because it was implicitly assumed in the partonic tensor, cf. (5.55).

X=1 (H.9)
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cf. (5.36), where we defined?
A= A(-Q* m3,m3). (H.10)

Let us start with WZ( ). We easily see that

e (p1, Q) guet (p1,q) = —;((il)Q - i(—i)) =1, (H.11)

which is simply the normalization of € (p1,q). Additionally, by making use of the
explicit components, we obtain

e (p1, Q) prupives (p1, q) = €' (p1, @)paupives (p1,q) = 0. (H.12)

Again using the explicit components together with the identities (H.8) and (H.9),
we are able to compute

€1 (p1, )€ prapagesy (p1, q)

_Q(§+77m1)<_@(_77ml ))[0312 1 il).(—z’)—i-e[ml‘;'i"(il)}

nQ? 2\n £Q?
(TS - oo L)

n? QY n Q2
= ;{Z mi + Q2} ;{—Q2+m%—m§+2fQ2}

Qz{_[éz n? m? 25_2nm1]+[52 772m‘11H

{ Q* +mi — m%—i—Qz—m%%—m%—FA}:i A (H.13)

for the last tensor. Summing up all this gives

Ny 1
Wi( ) = (5(g — 1) A{ <2H (Q2 + m% + m%) + g%zA — 29LigRim1m2}, (H.14)

where we also used identity (H.7) and the alternative expression (5.37) for the on-
shell condition derived in appendix F.

Turning to W¢, the normalization of € (p1, q) is®

eop(p1,9)9" €ov(p1,9) = 1, (H.15)

cf. (G.17)%. Since €5 (p1,q) is a linear combination of p}’ and ¢*, contracting with
eaﬁ“”plapgg is zero.

2Cf. (3.15) for the full definition of A(a,b,c).

3Note that b (p1,q) is real and therefore does not need to be complex conjugated.

4The reader shall be reminded of the fact that the polarizations with p} and P* as a reference are
equal, as it was explained in section 5.4.2.
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For the last two tensors, we need to evaluate two more scalar products in the
hadronic configuration with the help of (H.8):

poa= 5 (Tt =202+ 2Q7) = S(mi-mi-Q7) (o)

2\¢
1
and py g = 5 (502 = L) = (= + Q7). (H.17)
since
Hence,

e (p1, )prupavel (b1, @) = Q*p2+ (p1-9)*  Q*(p1-p2) + (p1-q)(p2-q)
Qy/(p1 - + Q% QY (1 - )2 + Q%3
— g (5@ b+ m3)

—i—i(m%—m%—QQ) . (m%—m%—i—QQ))

@ mggc; (m? - m%)% o

And because

eh (p1, @)p1p2vel (1, q) = € (p1, Q)p2upivel (1, @), (H.20)

the final result is

i 1
i) 5(5{ . 1> o8 {gii (Q*(m} +m3) + (md —m3)?) + 2gugmm1sz2}
(H.21)

Let us close this calculation with a check of the conversion formulae between he-
licity and ordinary structure functions given in sections 5.4.1 and 5.4.2. We will
compare our results with the structure functions Fi 23 given in section 2.1, equa-

tions (2) of [Kretzer and Schienbein, 1998]. As explained in section 5.5, we obtain
0)

A

the hadronic helicity structure functions F' >(\0) by replacing the d-distribution in W;(
with a factor of fi(x, @?). Applying the conversion formulae gives

Y :% (P +F-)

:% Z{giz (Q2 +mi + m%) - 29LigRimlTTl2}fi(X7 Q%) (H.22)
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o = fQ; (2F0 L E+ F_)
2 1 2
— @ gra 2 { @ (i) + (i - )
T i
+Q*(Q* +mt+m3) iy, @)
1 2zA
:@%Zgiiﬁ(%@?z) (H.23)
2 )
FO— 1 (F p)= 2 N 250nQ).  (H24)
3 14 6322( +> m;

These results directly correspond to the ones given in [Kretzer and Schienbein,
1998]5, if one, according to their assumptions, ignores target mass corrections. In
that case, Q?/v? vanishes, as described below equation (5.45).

If we additionally let both masses m; 2 go to zero, which yields A = Q? and y = z,

and set gr; = gr; = %Qi as well as FO(O) = 0 (due to the massless gauge boson) for
QED interactions, we end up with

1
R =5 2 Q@ QY. B =2} Qe @) and K —0. (11.25)

As expected, we reproduced the structure functions of the naive parton model, cf.
equations (3.33) and (3.34)°.

Finally, we also verify the conversion formulae on the parton level. According
to section 5.4.2 and appendix G.3, the relations between partonic and hadronic
ordinary structure functions are

F9 = S he p7i©) (H.26)

(0) l &2 L+ i(0)
Fy :Z,ﬂ'@%WQ (H.27)
and Fy" =" f; @ %Wg(o’, (H.28)

For the sake of simplicity, we set all masses to zero again, which leads to cp = &,
A = Q? and n = z. The conversion formula (5.60) yields

s 1 27 T f 1
Wi=3 <W+ + W_)(S(w - 1) x (g_zH (Q2 +mi + m%) - szigRim1m2Q2> (H.29)

5There, vector and axial vector couplings are used. However, the connections between their and
our conventions are simple: S = Qgii, R, = —g%, and S_ = 4gRrigr:. Furthermore, they neglect
the sum over all quark flavors.

5We implicitly set F3 to zero in that section due to chirality conservation in QED.
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H. LO calculation in the ACOT formalism

when inserting the explicit expressions that were derived in this chapter. Substitut-
ing this into (H.26) directly reproduces (H.22). The same procedure for the second
structure functions, now using formula (5.61), gives

R AR P £ 4a?
again agreeing with (H.23). For the last structure function, equation (5.62) yields
i 2T (s sri\ _ £ o 4
W3 = ?<W— - W+) = _5<x - 1)9_1‘5' (H.31)

Inserting this into (H.28) correctly reproduces (H.24).
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I. Calculating the gluon initiated
partonic tensor and structure
functions at NLO

I.1. The partonic tensor

Applying Feynman rules on the two left sides of the cuts in figure 6.1, we obtain the
amplitudes

.. — }é + myg
MY = — g, TS (p1)u rﬂpl— wv(k I.1
g € (pl)u(pQ) (pl — ]{3)2 — mzfy ’U( ) ( )
.. — —+
and Mt =g, 396, (o (o s 22 P12 oy, (12)

(p2 — pl)2 —m3

where we first ignore the polarization of the exchanged vector boson B. Note that
the general coupling I'* (more precisely the right- and left-handed couplings gr and
gr,) implicitly depends on the quark flavor(s) of k£ and ps. We do not give an explicit
reference vector for the gluon polarization €/ (p1) as it will not be important in this
context. The additional minus sign in M# follows from the exchange of identical
fermion lines in the final state.

Following the definition (5.55), we can compute the unsubtracted partonic tensor
via

A 1 1 T v
(W _ R * *
Qg 47r e NeCp /dHLIpS ./\/lt + M ) (Mt + Mu)
9 final states
1 1 Tg

4T ng NCCF final states
(1.3)

where the four terms in the phase space integral correspond to the four graphs in
figure 6.1. Additional to ny = 2 spin states we average over NocCp/Tgr = 8 color
states of the gluon.

As denoted in their subscripts, the amplitudes correspond to the (partonic) ¢- and
u-channel process. According to the general partonic process g + p1 — p2 + k, we
can define Mandelstam variables

p1)? = (p2+ k)’ (L4)
f:(q p2)2 (p1 )2
2

dlips (MY MY + MEMY + MEME + MEM),
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We start with the calculation of the first term in (I.3):

1 Tg
— > MM
Mg NCCF final states
1 1
= — §TROZS

X Tr[(py + ma)TP (B, — 4+ mi)y™ (k= mi)va(p, — k +mp)l”],
(1.7)

where we followed the same steps that were done in appendix D when we calculated
squared matrix elements. We used that the massless gluon has n, = 2 spin states.
Therefore, the sum over final states contains a sum over m = +1 and we can use
the completeness relation’

S &)l (p1,0) = g7+ Y vmerl (p1)el (p). (L8)
m==+1 m=0,p1

Due to €, (p1,9) < p1 (cf. 2.3.2.1) and the Ward identity? (2.115), it is sufficient
to substitute

> arm)en () = —g*” (L9)
m==+1
for the whole amplitude. For the (anti-) spinors, we made use of the completeness
relations®

> us(p)us(p) =p+m (L.10)
and sz(p)ﬁs(p) =p —m. (I.11)

At last, the color factor is
TIT] = T[T, T,| = NeCr. (1.12)

In general, we simplify traces like the one in (I.7) by following these steps:

1. Multiply out the argument of the trace and factor out every slashed momen-
tum, e.g. ¥ = k,y*. Then use the linearity of the trace operation to obtain a
sum of traces over Dirac matrices only. Traces over an odd number of Dirac
matrices vanish and therefore can be ignored right from the beginning.

LCf. section 2.3.2.1 for further information.

2Strictly speaking, this Ward only holds in the case of abelian gauge theories, i.e. not for QCD. In
this particular case, QCD-enhanced Ward identities will reduce to (2.115) since the conversion of
all gluon lines to photon lines (a process called abelization) would lead to a proper QED diagram.
In other words, the use of an abelian Ward identity is allowed because of no non-abelian (i.e.
gluon-gluon) interactions in the regarded process.

3Cf. section 2.2 for further information.
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2. Use the commutation relations given in appendix A.2 to be able to multiply
both generalized couplings I'* = (gR(l +9°) +gr(1 — 75)). Two scenarios
are possible:

e If there is an even number of Dirac matrices in between, we obtain a factor
of! 2(gi + ¢%~®), which in combination with the other Dirac matrices
can be multiplied out and thus written as a sum of two traces. Then
commute the 4° matrix to the front of the trace argument, picking up
an extra minus sign in front of the g2 if there is an odd number of Dirac
matrices in front of the +°.

e For an odd number of Dirac matrices between both couplings, there is a
factor of 4grg;, after multiplying them.

3. Use the contraction identities, which are again given in appendix A.2, to sim-
plify v%...74, where the dots can stand for up to three Dirac matrices.

In the end, this gives
Tr | (B + ma) D (p, — K+ mi)y™ (k= mi)va(p, — K+ mi)T” |
= — 4dpos(p1 — k)sk(p1 — k)a{gi Tr[7#99° 9P 777" + g2 Tr |77 71y 1P7 7y }}

— 8mipas(p1

B

9+Tr[7777]+9 T‘r[vvvvv]}
3Ty | + 62 Tr[vP 4Py ey }}

o {

—4mipzﬁk:p{gi Tr['yﬁv“'y”v ] +g2 Tr[v Yo H Py }}
~ smipas (o~ K|

— 8grgrmymak,(p1 — k)o Tr {’Y“’YP’YU’YV}

— 16gRgrmema(p1 — k)s(pr — k)o Tr 7947777 ]

— 16grgrmims Tr {7“7”}. (1.13)

Applying the trace identities for Dirac matrices and contracting everything yields

T1r[(]z)2 +m2) I (p, — ¥+ mp)y* (k — mi)Ya (P, — ¥+ mk)I"’}

:32{—93r

(mi(pz -k —p1-p2) = (b1 p2)(pr - b)) g™ (L14)

+ (mi +p1- k:) (p‘f Py + pivh ) —mj (k“pS + kVphy )]

4We use the generalized couplings g+ = g% + g2, as defined in equation (5.9).
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+ 193 [(}h -k + m%)plpma + m%pgpkg] ePIHY
+ 2grgrmims (p1 -k — mi)g““}. (L.15)

Hence, the final result is

1 Ty
Ng Nccp fin

© *V
> MEM;
al states

2 1

(o~ k2 - m?

=38y )2{93{(1%%(192%—191 p2) = (P p2)(p1 - k) )"

+ (md +p1 - k) (pih + pips ) —mi (kps + kb )]
—ig? [(pl -k + mi)plpma + mipgpk:a} ePoHY
— 2gRgLMEMm2 <p1 -k — mi)g“y}. (I.16)

The second term in (I.3) can be obtained from the first one by simply exchanging
po <> k and mo <> my and reverse the fermion flow, which leads to an additional
minus sign in the antisymmetric part®:

1 T

N MM

Ng NCCF final states

o 2 1 2 2 _ _ v

= 8¢, 54 971 (mz(p2'k‘ p1-k) = (p1-k)(p1 'p2))9
((pz —p1)? - m%)

+ (m3 + p1-po) (PR + pYk) — m3 (K'p5 + k" ph )]
+ig? [(Pl “p2 + m%)plpko - m%prkO'] ePTH

— 29RgrmEm2 (p1 “p2 — m%)g“”}- (L.17)

50f course one can also calculate the second term by hand. The computation is quite similar to
the squared t-channel above, which is why we do not explicitly write it down here. To obtain the

final result in the given form, it is helpful to use Tr {7576767”7”7”7”} =—-Tr [757‘775757“7”7”}

(using the same assignment of indices as above) after splitting up the initial trace into Dirac traces.
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The same procedure for the interference terms in (I1.3) gives

x {—41925(191 — k)skp(p2 —p1)s (g+ Tr [’Y PP }

+ 6 Tr[y* PPy D
+ 8grgLmrmapas(p1 — k)5 Tr[777/5"" |
+ 16grgrmymak”pag Tr {’Y'BV“]
— 8mi(p2 — p1)" P2 (giﬂ[vﬁv | + g2 Tx[174%y D
+8m3k” (p1 — k)s (gi Tr[y#9°] + g% Tr {757“7‘1)
— 16grgrmema(ps — p1)” (p1 — k)s Tr [+
— 8grgLmEMaky(p2 — P1)o Tr [1'977" 5|
+ 4m%m% <93 Tr {’Y”VV} + 93 Tr [75’7“71/}) }

9 1
(1 = 002 = m2) ((p2 = p1)? = m3)

(202 - 102 = 201 - p2) (92 K) — 2(p1 - K) (02 - )

+mip1 - ps + mips - k) g
—2(p1 - p2)K'E” — 2(p1 - k)php3

+ (2p2 k4 m%)p’fk” — m3pYkF — miphph + <2p2 k4 mi)pﬁpg
= 2pa D5+ 2(ppatpr -k pa )Y
+ig? {((pl -k —pa - k)p1pp2s — (p1-p2 — p2 - k)p1pks
+ (p1-p2+p1-k—2ps- k)pzpkcr)e""“”
(=t = R prppaokse” ™+ (D — b + B ) prypaskse’”” “]

+ 2grgrmEms {(2292 k—p1-k—p 'pQ)QW

+ 2pi'pY + phpt — phpi + pikY — pY k“} } (L.18)
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and
1 T MEM
u
g NCCF final states
1, 1

— 242
4 ((pl — k)2 — mz) ((p2 —p1)2 — m%)
X {—4]92,3(102 —pl)gk:p(pl — k) <g+ Tr {’7 APy VE’YU’)/V]
OOV
+92 Tr[’wvvaﬂ)
— 8mipap(pa — p1)" (gi Tr [yﬂﬂ + 2Ty h%ﬂﬂ)
+ 89R9Lmkm2p25(p1 — k)a Tr [,-YB,YM,.YU,YV}
— 8grgrmima(p2 — p1)sk, Tr {’YP’YLLV(;VV}
— 16grgrmima(p2 — p1)"(p1 — k)o Tr [fyay"}
— 4mjm3 (gi Tr[#9" | +¢2 Tr [VWWVD }
2 1
((p1 = 12 = m2) ((p2 — pr)? — m3)

X {gi {(2(1)2 - k)? = 2(p1 - p2)(p2 - k) — 2(p1 - k) (p2 - k)

+mipy - p2 +m3p; - k)QW
— 2(p1 - p2) kMK — 2(p1 - k)p5vYy

— 3Pk + (2p2 -k + m3 ) pER* + (2p2 - b+ m} ) pipy — mipiph
+ 2(291 “p2+p1-k—p2- k‘)pgk‘y —2(p2 - k‘)pgku}

+ig? {(—(m - k)p1pp2o + (D2 - k)p1pks
+(pr-p2at+pL-k—2ps- k)pQPka)ePW

+ (pg - k“)plppzakﬁepgﬂy+(plzj - ky)plpPQJkﬁepUﬂp}
+ 2grgrmima [(2]92 “k—p1-k—m '?2)9“”

+ 2p8'pY — PPt + popl — PR + pik‘“] } (1.19)
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Using the notation

O =ay - Cn/dHLIPSQg@)W, (1.20)

with
Csa =97 (1.21)
Cx =29RYL, (1.22)

we finally obtain

Qg _2{ (p1 .1k)2 {(mi(m k= p1p2) = (prp2) (1K) ) g™

+ (m? + - k) (phps + k) — mi (kph + k:”p’j)}

+ W [(mg(pz k—p1-k) = (pr-p2)(p1- k))g‘“’
(3 ) (R ) — (s 4 )|
1

_ m [(2(]92 . k)Q —2(p1-p2)(p2 - k) — 2(p1 - k)(p2 - k)

+mip1 - ps + m3ps - k) g
— 2(p1 - p2) K"K — 2(p1 - k)phps
+ (p2 - k) (P95 + Y5 ) + (p2 - ) (PURY + pER")

+ (p1 po4p1-k—2ps- k:) (pgk:” + pgk“)} } (1.23)

(pl k+ mi)pmng + mipa,ks
(p1- k)2

(pl “p2 + m%)plpk(f — m3papke
(pl '292)2

popy

€

Qe :i{—Q

Lo

+ 2

1
_ m {((}H -k —2py - k‘)plprU — (p1-p2 — 2p2 - k‘)p1pkg

+2(p1-p2+p1-k—2p2- k)pgpka) ePTHY

— pp1ppackse”™ + pipmpggkge”"ﬁ“} } (1.24)
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(p1- k?)2 g (m 'p2)2

(2]72 k—p1-k—m '?2)9“" + 2ph'pY
- (1.25)
(p1-k)(p1 - p2)

ODpr :2mkm2{—p1 -k —mj pv _ P1-DP2 = m3 v
ar

after adding up all four contributions from above.
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I1.2. Helicity structure functions

I1.2.1. Kinematics: The CM frame

P1 q

P2

»
>

Figure I.1.: Kinematics in the center-of-mass (CM) frame of the partonic subprocess.

We will perform the phase space integration in the center-of-mass (CMS) frame of
the partonic subprocess ¢ + p1 — p2 + k, thus

gcym = —Picm and kem = —Pacm- (I.26)

Furthermore, we choose g and p; to be aligned to the z-axis. The scattering shall
take place in the x-z-plane. Hence,

e = (E4,0,0,9), (1.27)
Piem = (¢,0,0, —q) (1.28)
ngM = (Fy, —psin 6,0, —pcos ) (1.29)

ki = (Ex,psinb,0,pcos), (1.30)

where ¢ denotes the scattering angle and E, ¢, Ei, Eo and p are all positive and
real. We will suppress the "CM" subscript from now on.

In the calculation below, scalar products will occur between all these momenta.
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They are:
q-p1 =qE,+¢* = Viq (
q-p2 =E4E> + gpcos (
q-k=E4E, —qpcosf (I.33
p1 - p2 =qE2 — qpcost (
p1 -k =qE + gpcosd (
D2 k =FEsE}, +p2. (
To obtain frame-independent expressions, we can relate the entries of the CM-
momenta above with the Lorentz scalars §, Q2 mz and m2. For the incoming
momenta, reformulating
§ =0} + ¢")(p1p + ap) = 2(¢Eq + ¢°) — Q° (1.37)
and Q* = — ¢"qu = ¢" — E, (L38)

yields

= Q*+E; = S — 5+ Q*+ E;
AE?
§7Q2
= B 1.39
1 2\/§ ( )

a 2
and g =, /Q2 + Eq2 = 52—}_\/6152 (140)

The on-shell conditions for the outgoing momenta are

Epp =[P +mj 5. (1.41)

§= (pg + ku)(p2u + k'/,n) :m% + m% + 2(E1E2 +p2>

Therefore,

=mj +mj + 2(\/p4 + p2(mi + m3) + mim3 + p*)
= 4(mi +m3 4 p* + p?(m3 +m3)) =82 + m} +mj + 4p* — 2m35% — 2m3s
— 48p* + 2mim3 + 4mip® + dm3p?

Ay
&Sp= , 1.42
P 2V/3 ( )
where we defined®
A, = A(8,m3,m2). (1.43)

5The A-function itself is defined in (3.15).
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Substituting this expression back into the on-shell conditions of Ej, and Es yields

> §—m3+mi

k=T
2V/5

§+m3—mi

2v/3

As they should, these energies, as well as the ones of the incoming particles, add up
to the complete center-of-mass energy:

(L44)

and Fy = (1.45)

Ey+ Ey=E,+q= V3. (1.46)

1.2.2. The phase space integral

Next, we turn to the phase space integration itself. We can simplify the integra-
tion measure by exploiting the é-distribution before dealing the structure functions.
Starting from the general definition (A.6), we obtain

k1 d3py 1
dTlps = 2m)ts —po—k
/ LIPS / (273 2, / Gmpam, o) 0t —p = k)

1

1 +1
P

1.4
_SW\/E/IdCOSH’ (1.47)

when we switch to spherical coordinates for po. The integration over ¢ can be exe-
cuted already at this point because there are no according dependencies inside the
partonic tensor. We canceled three -distributions in the second line for implicit
three-momentum conservation. The momenta in the CM frame, which were intro-
duced in Appendix 1.2.1, already fulfill this condition. Using the identity (A.5), we
reformulated the remaining é-distribution to

(Eata— o emt =\ emd) =3(sw) = oo (v %)

EsE), ( Ag )
= 6l p— , 1.48
p\/§ P 2\/§ ( )

so that it cancels the p integration. Since we already used momentum conservation
to find an explicit value for p in (1.42), no calculation is needed to find the positive

root” of g(p). For the rest of the calculation, p is identified as a constant and not as
an integration variable anymore.

"The negative root does not lay in the integration domain 0 < p < oo, so that the second term in
the sum over the roots of f(p) can be safely ignored.
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I.2.3. Calculating ﬁi(l)

We are now ready to perform the actual phase space integration. Since ¢ is still
aligned with the z-axis®, we are in the position to choose the same set of polarizations
as for the LO calculation®”.

Let us start with the transverse contributions

~g(l o ~g(1
o == %: C. 09, (1.49)
where
1 +1
Aoy — L P A(1
QL = 4\/§_/1 d cos 06ftu9§,3“”eiy. (1.50)
The transverse polarizations are
1 .
El:f:(plv q) = 65: = ﬁ(ov :I:la —1, 0)7 <I51)
which are normalized to
fer, =€, 9" e, = —1. (1.52)

We start by calculating all scalar products between polarizations and momenta in
the CM frame:

f:l:upél = El“p{f =0 (1.53)
.

€xulhy = €1,ph =+ ﬁp sin 0 (I.54)
1

expkt = €L, k! =F —=psind. (L.55)

V2

Furthermore, again in the CM frame, contracting the polarizations, momenta and
Levi-Civita-tensors gives

1
€L P1pP20 "7 €1y =3 (60312611? cos O(F1) + €12qEy(F1)
+ e gpeos O(F1)(—1) + 6302161E2(3F1)(—1)>
=+ iq(Ey — pcosb) (1.56)
1
eluplpkzgepc’“”eiy =3 <60312q(—p cosf)(F1) + 63012qu(:Fl)

+ 60321q(_p COS 9)(;1)(_1) + 63021qu(:F1)(_1)>

=+ iq(Ey + pcosb) (L.57)

8This is obviously a statement which is true for all orders in pertubation theory.
9Cf. sections 2.3.2.1 and 2.3 for further informations on polarizations and their role in the helicity
formalism.
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€L 2ok €M exy :% <60312E2(—p cos 0)(F1) 4+ €392p cos O Ey (F1)

+ 832 By (—pcos0)(F1)(—1) + €% p cos GEkFl)(—l))

=+ ipV3cosb. (1.58)

Using these relations, we obtain

N 2 1
€ftuQ§zlfs)MV€iV :2{ ( )2 [—mi (EgEk + p? — qE5 + qp cos 9)
Ei + pcost

+ (qEQ — gp cos 9) (qu + qp cos 0) + mip2 sin? 9}
1

+ (E 0)2 {—m% (EQEk +p? — qEy — qpcos 0)
9 — pCos

+ (qu + gp cos 9) (qEz — ¢pcos 0) + m%p2 sin® 9]
1
- (Ek + pcos 9) (Eg — pcos 9)

X {—2<E2Ek + p2)2 + 2(E2Ek + p2>qE2

+ 2<E2Ek + p2>qu —mj (qEz — gpcos 9)

— m% (qu + gp cos 9) — qp®Eysin® 0 — qp*E), sin® 0

+ (—qE2 — qEy, + 2E2E), + 2p2>p2 sin? 9] } (1.59)
A 2 =
€ftu9§;}l)w/€iu :qg(Ek o0 {:l:q(qu + gpcosf + m%) (Ey —pcosf) + m%p\/;cos 9}
2 =
_ (B> peosO) {j:q(qu —gpcosf + m%) (Ey + pcosf) F m%p\/gcos 0}

1
* q*(Ex + pcos)(Ey —pcosh)

X {:I:q(qu +qpcos® — 2FE,E), — 2p2) (Ey — pcosf)
F q(qEQ —qpcost — 2EyF), — 2p2> (Ex + pcosb)

+ 2p\/§(\/§q —2E3FE), — 2p2) cos 9} (1.60)
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_ 2mymg

qEy + gpcos® —mi  qFy — gqpcosf —m3

OWpw

gz eﬂ:I/

*
€+
M q2

{

(Ek + pcos 9)2 (Eg — pcos 0)2
2(EyEy, +p?) — Vaq }
(Ek + p cos 9) (Eg — pcos 0) '

(L61)

We can identify several generic integrals, which can be solved by substituting the

denominator:
i 1 T
I E/dcose 5 = — / du— = —5 (1.62)
u m
1 (Ek + pcos 6) pEk_p k
+1 0 1 Ex+p B
Iy :/dcos& cos 5= = / duu_2 k
u
el (Ek + pcos 9) p Er—p
1/1 E
p\p my,
+1 B+
cos? 6 ot u? — 2Eu + E,%
Itg_/dcose 5= —3 / du 5
u
e (Ek + pcos 9) p Er—p
2( E E}
:2(_m 14 g) (L64)
p p k
+1 1 1 Es+p 1 9
Lo E/dcose 5 = — / du— = —5 (1.65)
u
et (Eg — pcos 0) pEQ_p me
+1 Ea+
cos 6 1 g u— Fy
I E/dC089 7 =——5 / du 3
u
el <E2 — pcos 0) p Eo—p
1 (1 E2>
=——(-L,—2—5 1.66
Pl s (1.66)
+1 Ea+t
cos? 0 T 2Eu + E2
Iugz/dcose 5= = / du 3
u
el (Eg — pcos 0) p Eo—p
2 5 2
=— (— L,+1+ 2) (L.67)
p 2
We defined the two logarithms
Ey+p
Li=In 1.68
' Ey—p (168)
E
and L, =In 221 P (L.69)
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arising from the ¢- and u-channel of the underlying process (cf. figure 6.1). Express-
ing them in terms of Lorentz scalars yields

2
| (Ex + p)? 1 (§—m%+mz—|—Ag)

Ly = = 1.70
TR T 43m3? (170)
and, equivalently,
2
<§+m§—m%+Ag)
L,=1 . 1.71
v 43m3 (@71)
To integrate the interference terms, we use partial fraction decompositions:
+1
1
Lo E/dcosé?
) (Ek + pcos 9) (Eg — pcos 9)
1 1 1
=—— [ dcosf
\/§/ o8 <Ek + pcosf + Ey —pcos¢9>
L+ L (1.72)
xf p( ")
I E/dCOSH cos 6
v (Ek + pcos 9) (Eg — pcos 9)
1 B E, >
=—— [ dcosf| —
V'ép /1 €08 < E;, +pcos + Ey —pcosf
1
- (~ExLi+ BsLy)
+1
cos? 6
I E/dC089
- (Ek + pcos 9) (Eg — pcos «9)
+1
1 E? E3
—— [dcoso L 2 )
\/§p2 / o (Ek + pcosf + Ey —pcosb Vs
f S (BRLo+ E3L, - 2V3p). (1.73)

Inserting these integrals into the contracted tensors (1.59), (1.60) and (I.61) gives



162 I Calculating the gluon initiated partonic tensor and structure functions at NLO

the final results. For the symmetric contribution, this yields

Q9 = iq { {(Cf —mi)Ex By + minQ]ItO

+ :—miq + (B - Ek>]p1ﬂ + [—q2 - m%}pZItz
+ (@ = Y EaBy + m3gEy | Lo

+ :méq +¢*(Ey — Ek)]pful + {—qZ - m%} p°Lo

+ |2(Ba By, + p* — V3q) E2Ef + miqEs + m%qu} I;

+ m% - mz} qpli1 + [—2\/§q + 2E>F), + 2p2]p2]i2}

1
:W{ (V3q® + 2m} By, + 2BE; + 29" Ey. — 2V/3qEy. ) Ly

+ similar terms proportional to L,

+ 2p(4\/§q — ? = 2ABEy, +p?) — 5 —m? — mg)}

2
| [5—m3+m} _§—m%+m%+lL
- 5§+ Q2 54+ Q2 2|

2
§+m2—m? S4+m2—-m2 1
+< 2 k‘) _ 2 k:+ Lu

8+ Q? 8+ Q? 2
A (5-Q7) (L74)
§\8+Q%) '

Here and in the following, the "similar terms proportional to L," are the contribu-
tions proportional to L; with exchanged my <> mo and Ej <> Fo. When inserting
the explicit CM expressions in the last step, we could do the following simplification:

EyEy, +p* = (§2 — mj, —mj + 2mgm3 + 8% + mj, +m3 — 2mis* — 2m3sé — Qm%mg)

(§ —m3 — mz) (1.75)

This relation will also be useful in the other calculations.
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The antisymmetric contribution gives

04y =+ 2\/%(12 { [qu + mi] qE2 Iy + {qQ(Eg — Ex) +mi (V5 — q)}pfu — ¢*p’ Iz

- [qE2 + mg] qEi Lo — {q2(E2 — Ey) +mj(q— \/g)}plul + ¢*p* e

+ [(Ek — E))(EQE + pQ)} qlio + [2(E2Ek +p%)(g—V3) + 36]}10[2'1}

{[Va V5 = ot = )5

1
= :l: _
2v/5¢2

+ (35— md - md)(VE - q)fj’; - ﬁqu} L

— similar terms proportional to L, + \/gp(Eg - Ek)}

—:l:{ s+ m3—mi +2smi —2sm3  §—mi+mi L 1]11
- 2 T T 3 2 9 |71
(g R QQ) §4+Q 2
— similar terms proportional to L,, + \/ng(m% — m%)}
2
_ . §—m3+m? +2m%(m%—mi)_s—m%+mi+l
- A 2 2 3 2 t
54+Q <§ n QQ) 54+Q 2
2
[ (S mE—mp mi(mg —m3) S+mi—mi 1 24,(m5 — mj)
~ 3 +2 3 — 3 Ly + 3 .
§+Q (§+Q2) 5+Q 2 (§+Q2)
(1.76)
Coming to the last contribution, we have
Ag(1) _ Mgm2p 2 2 _
20’ =5 NG {[qu mk}lto +apln + {qEz m2]IuO qplu
+ [2(B2Ex +p7) — V34| Iio}
~mumy [ EyEy +p? (5t 1) p<m% N m§>
P § P a\m2 T om3
2mym
:’“22{ (5= m3—mi)(Li+La) - zAg}. (1.77)

(e
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I.2.4. Calculating ﬁ‘g(l)
The last remaining polariziation is the longitudinal one (cf. (2.67)),

Qi + (q-p1)g*

el (p1,q) = € = 1.78
0(P1.9) = & Qg 1) (L.78)

which is real, €' = €}, and normalized to
eheop = €opg'eon = 1. (L.79)

Similar to the computation in the section above, the objective is to find the contri-
butions to the A = 0 structure function:

+1
N 1 P ~
Qe = 2 P / dcos s, QD e, (L80)
4/2 [T
\/5—1
In the CM frame, the relevant scalar products are
Vg
E’upl =, 1.81
0L/ Ly Q ( )
QR | E ¢ Q
€hpo :< + L)Ey+ | = — = |pcosb, 1.82
=it g Q Vs (152
Q K Qg
and ehk :< + 2VE+ [ = — % |pcosh. 1.83
i Vi Q (159
It is also helpful to evaluate some further expressions, namely'®
1
€0uPh D5 Eow :@ (qQEg + 2qFE,Eapcos 0 + E§p2 cos? 0) ) (1.84)
1
eopk! k" €0 :@ (qu’% — 2qE,Eypcosf + Egp2 cos? 6) (1.85)
1
and eo,ph k" eon :@ <q2E2Ek + qE (Ey — Es)pcost — E’gp2 cos? 9) , (1.86)
before turning to the fully contracted symmetric tensor (I1.23):
A 2 1
oW =) -
Olgs O =2\ (B, + peosd)?

X {mi (EgEk + p? — qFs + qpcos 0) — (qE2 — pq cos 0) (qu + gpcos 9)
V3q

+ 2?( i + qFEx + gp cos 9) eoﬂpg — 2m%eoﬂpgk”eoy]

0Here, the simplest approach is to substitute the Lorentz-invariant expressions for E, (1.39) as well
as ¢ (1.40) and then convert back at the end.
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1
(B9 — pcosf)?

X {m% (EgEk + p% — qE) — qpcos 9) — (qEz — pq cos 0) (qu + gp cos 9)
Vg

+ 2? (m2 + qF2 — qpcos 9) eopk! — 2m%eoup’2‘k”eo,,}

_l’_

1
(Eg —pcosf)(Ey + pcosb)

X {—2<E2Ek + p2)2 + 2\/§q<E2Ek + p2) — mi (qu — gpcos 9)

_l’_

—m3 (qu + gpcos 9) + 2 (qu — qp cos 6’) eoukt k" eon

+ 2<qu + gp cos 9) €0pPh Py €on — 2\gq (EQEk: + pz)GOupg
_ 2‘gq (B2 By + p?)couk — 2(Vsg — 2( BBy +p2))eow‘z‘k”60u} } (L.87)

This leads to

2\[(1
k™12 Q2

Qgg ) = { |:mi <E2Ek + p2) + minQ + quQEk + 2m qE

2qu
\gg E B E), — 2mig;E2Ek] Io
- [—mﬁq — V3¢® + 2m} \ggZ \gq
\gg E, By +2m? QQE (o — Ek)}pfﬂ
+ [—qQ + Q\gg
+ [m% (BaBi + p?) + m3aBy + ¢ BBy, + 2m
\fq
Q2
+ [mgq + \[q —2m

\fq
QZ
+[_2 fq

_|_

2E,

_l’_

2
+ 2mk Q2:| 2It2

2\[6] E,E,
2" o Q2 q
—F EgEk 2m2 Q2E2Ek:| IuO

2fq fq
Q2 Q2

Ey(Es Ek)]plul

Ey — 2¢%E},

QZ} Tz




166 I. Calculating the gluon initiated partonic tensor and structure functions at NLO

2
+ {—2(E2Ek +p2) — miqEy — m3qFy,

Q2 E,(E2Ex +p?) + 4@ (B2EBy + p2)E2Ek} Ly
) o V3r

+ [mkq m3q + 2Q2 (B3 - B}) + 27 - By(B> — Ex)

2 (EzEk +p )(Ek - E2)}pfi1

Q
+[ quE 10 (EQEHp )]p%}
p 1 1 2 2\/§q2 fq
\[q { [ k Q2 Q2 kQQ ( )
Vg 2 1 22 1 54 L 54q
\/q ¢ 2 Lo o 2\ ¢
— By B2 By, + BBy + EyEp + —(my —m
Q (Qkp) \/§Q2(2kp)2k2<2 k)\/g
¢
f@2 (B3 - B}) B — - g7 il B2 = BBy
q
- szq(EzEk +1?) (B — E»)Ey
\[q 2
+ 27055 EuPf — 2\[Q2Eq(E2Ek+p)Ek L
+ similar terms proportional to L,
E
+2(Bs By + %) +2fq+2Q2 Q2E2Ek+\fq ( z+mZ)
2 m2 +m \[q
—27—M By By + 2L — Ey
Q? m%mk Q* Eql B ? Q?
1 E? E 1
+2(mi+m§)QQE§—q( ’%Jr 2)+2Q2E2(E2+Ek)

1

8
— 4= qE, + 4
QT Q

B2 (BB +p )} (1.88)
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After substituting the CM expressions, we arrive at
W = Bl
+ 2m3m3 (§ — 3Q2) + (mé1 + mﬁ) (Q2 - §)

4 2

+ mg - QO% — m2mi + mg (Lt + Lu>

+2Q%(3 — Q%) (m} — m3) (L¢ - Lu)
+ 20, |(m3 = mi)? — Q*(m3 + mi) + 2Q"| } (1.89)

For the antisymmetric contribution, we note that €p,cg, is a symmetric tensor. In
addition, it is easy to see that Qg?“ " (1.24) is antisymmetric. This immediately
yields

QI . (1.90)

a

For the mixed contribution, we first contract (1.25):

0, QW Ve — 2mpma { mi — qEy — qpcosf  mj — qFy + gpcosf
K= "gx v —

¢ (Ek + pcos 9) ’ (E2 — pcos 9) ’

Vig—2(B: B+ 07 + %) }

+ (1.91)
(Ek + pcos 9) (Eg — pcos 0)
Hence, the full expression is
Ag(l) _ MEm2p 2 - 2 _
Qo." =7 N { [mk qu] o — qplu + [mz qEQ] Tuo = qplu
a2
= 59
+ [Vag - 2(BaBy + % + QQ)]IO} (1.92)

Despite an overall factor of —1 and one additional term, the expression above is

equal to Qﬂ;) (I.77). Therefore, we can directly conclude that

Qo) _ ks {
Ox 2
@(s+@)

—5% +2Q? (mg +m?— 2§) - Q4] (Lt + Lu) T 4Q2Ag}.

(1.93)
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J.

J.1.

Ambiguities in ...

... [Aivazis et al., 1994a]

Whenever a sum over polarizations occurs (the first time in equation (6) on
page 3086), there is a factor missing which accounts for the normalization of
e’; (P, q). In this work, this factor is denoted by vy and is introduced in section
2.3.2.1.

page 3096, equation (B9) and below: According to the definition (B7), the
coupling gz, (gr) is missing inside jEL(Q) (FER(Q)). In this work, the leptonic
helicity currents are derived in appendix G.2.

page 3096, equation (B10): "...d*(¢)~! ,d* (=)™ _1..." should be

"d ()7t dt ()™ _1...". Additionally, the second contribution proportional
to d'(¢)T! ,,d'(1»)™ |1 is missing. In this work, this equation is derived in
appendix G.2.

page 3097, equation (B12): Substituting this equation into (A10) on page
3093 gives a differential cross section which differs by a factor of 1/2 from
the one given in (14) on page 3088. In appendix G.2 of this work, the latter
equation could be reproduced with a slightly different approach. This leads
to the assumption that equation (B12) is wrong by a factor of 1/2. However,
since this part is kept relatively short in the original paper, the non-matching
prefactors could also be due to a not explicitly stated (re-)definition.

There are missing partonic indices a (in this work called i) of the partonic
tensor W} ¥ at some places, e.g. in appendix C on page 3098 following. There,
the dependencies on a occur in the partonic chirality couplings gr,. 1, inside

the structure functions.
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J. Ambiguities in ...

J.2.

... [Aivazis et al., 1994b]

page 3107, equation (9): "... — f ® f!?(o) ® wg(cg)..." should be

L= R ® ng(l) ® w]);(g))...". In this work, subtraction terms at NLO are intro-
duced in section 3.3.3. This specific equation can be found in (6.2).

page 3107, equations (8) and (9): Terms involving the convolution ng © ®wg(g)
are only valid in the case of a neutral exchanged current. And even in that case,
an additional term covering the antiquark subtractions should be added for the
sake of clarity. For flavour changing processes, contributions proportional to
different flavours than @ should also be taken into account. This is covered in
detail in the context of equation (6.2).

page 3109, equation (14): "... = a57(r“)..." should be "... = O‘;—(W“)...". Otherwise,
the subtraction term (29) would not be equal to the one in (9), using the PDF
given in equation (7). In this work, this equation can be found in (6.3), while

the subtraction term derivation is done in section 6.3.1.

page 3112, equation (31): The variable s should be replaced by 8.
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