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A B S T R A C T

The Standard Model of particle physics is a widely successful theory,
allowing for very precise predictions. It combines the three elemen-
tary forces in one common theory. Sometimes, especially in the light
of the discovery of a Higgs-like boson, the Standard Model is pre-
sented as complete, yet it has its weaknesses. It does not provide a
description of gravity nor does it provide a solution for the hierarchy
problem of the Higgs mass. Moreover, it does not provide an expla-
nation for neutrino masses or a dark matter candidate.
In this work minimal extensions of the Standard Model are studied
which allow for neutrino masses and dark matter at the same time.
First, evidence for dark matter on several scales is summarized. Based
on cosmological observations, baryonic matter cannot make up for
most of the matter content in the Universe, there has to be an addi-
tional matter type, called dark matter, to make up for the difference.
Weakly interacting massive particles (WIMPs) provide a good dark
matter candidate. WIMPs can appear in extensions of the Standard
Model symmetry like Supersymmetry or in minimal models, which
only add a few new fields and symmetries.
The next part reviews several dark matter searches. It concentrates
on direct searches, indirect searches and collider experiments. Direct
searches look for dark matter nucleus interactions in Earth-based ex-
periments, testing the presence of dark matter in the solar system.
Indirect searches, on the other hand, try to detect dark matter annihi-
lations in the galactic center or in other parts of our Universe where
the dark matter density is significant. In collider experiments the ap-
proach is to produce dark matter particles in collisions of Standard
Model particles. Overall, the dark matter searches place rather strin-
gent limits on the parameters space of new models.
In the following chapter, the focus is on neutrino oscillations. The
observation of oscillations of atmospheric, solar and reactor neutri-
nos clearly proves that neutrinos cannot be massless. In order to be
consistent with the experimental limits at least two of the Standard
Model neutrinos have to be massive. The see-saw mechanisms of type
I and II can in principle explain neutrino masses but they demand an
extension of the Standard Model.
In this work, the focus is on radiative models. They give rise to neu-
trino masses at one-loop level and can feature dark matter. In addi-
tion to neutrino masses, radiative models give rise to lepton flavor
violation, which has to be contrasted with current experimental con-
straints.
As an introductory example the scotogenic model is presented. It is
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followed by a detailed analysis of the model T12A. The model T12A
can be seen as a fusion of the singlet-doublet scalar and fermion mod-
els. First dark matter, neutrino masses and lepton flavor violation are
analyzed separately, before performing two random scans. A special
emphasis is on the calculation of dark matter to lepton pairs as well
as branching ratios for lepton flavor violations.
The two scans are conducted by imposing relic density, Higgs and
neutrino mass constraints. Both focus on scalar dark matter. The first
scan explores the whole parameter region whereas the second scan
is concentrated on mostly singlet-like scalar dark mater in the coan-
nihilation region for fermions and scalars. For the first scan, most
regions are either excluded by direct detection or lepton flavor limits
and most remaining points will be probed by XENONnT. The second
scan direct detection cross sections are too small and quite a large
part of the points will be probed by future lepton flavor experiments.
In addition to the random scans, LHC constraints are discussed and
an outlook on one-loop Higgs masses within the model is given.
Next the model T13A, which is also a radiative see-saw model, is pre-
sented. For this work mostly calculations for dark matter annihilation
into Standard Model leptons are important. So a special focus is on
the exact calculations. All technical details of the calculations in this
thesis are collected in several appendices at the end.
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Z U S A M M E N FA S S U N G

Das Standardmodell der Teilchenphysik ist eine erfolgreiche Theorie,
die es erlaubt sehr präzise Vorhersagen zu machen. Es beinhaltet die
drei fundamentalen Wechselwirkungen, abgesehen von der Gravita-
tion, in einer gemeinsamen Theorie. Manchmal, vor allem im Licht
der Entdeckung eines Standardmodell-ähnlichen Higgs-Bosons, wird
das Standardmodell als vollständig angesehen, jedoch hat es einige
Schwachstellen. Es enthält weder eine Beschreibung der Gravitation
noch liefert es eine Erklärung für das Hierarchieproblem der Higgs
Masse. Des Weiteren verfügt das Standardmodell nicht über Neutri-
nomassen oder einen passenden Kandidaten für dunkle Materie.
In dieser Arbeit werden minimale Erweiterungen des Standardmo-
dells untersucht, welche Neutrinomassen und dunkle Materie gleich-
zeitig beschreiben. Zuerst werden die Evidenzen auf verschiedenen
Skalen für dunkle Materie aufgeführt. Basierend auf kosmologischen
Beobachtungen kann baryonische Materie nicht den gesamten Mate-
rieinhalt des Universums darstellen. Ein Großteil des Materieinhalts
muss aus nicht-baryonischer, so genannter dunkler Materie bestehen.
Schwach wechselwirkende massive Teilchen (WIMPs) liefern einen
guten Kandidaten für dunkle Materie. WIMPs können sowohl in Er-
weiterungen der Symmetrien des Standardmodells wie Supersymme-
trie, als auch in minimalen Erweiterungen, welche nur einige neue
Felder benötigen, vorhanden sein.
Der nächste Abschnitt der Arbeit gibt einen Überblick über verschie-
dene Suchen nach dunkler Materie. Dabei liegt der Fokus auf di-
rekten Suchen, indirekten Suchen und Collider-Experimenten. In di-
rekten Suchen wird, durch Wechselwirkungen von dunkler Materie
und Atomkernen in erdgebundenen Experimenten, das Vorhanden-
sein dunkler Materie im Sonnensystem untersucht. Dem gegenüber
stehen indirekte Dektektionsexperimente, die versuchen Annihilati-
on von dunkler Materie im galaktischen Zentrum oder anderen Re-
gionen mit hoher dunkler Materiedichte nachzuweisen. In Collider-
Experimenten werden Kollisionen von Standardmodell Teilchen auf
die Produktion von dunkler Materie hin untersucht. Insgesamt erge-
ben sich aus den Experimenten für dunkle Materie starke Einschrän-
kungen bezüglich neuer Modelle.
Als nächstes liegt der Fokus auf Neutrinooszillationen. Die Messung
von Oszillationen von atmosphärischen, solaren und Reaktor-Neutri
-nos, induziert eindeutig, dass Neutrinos nicht masselos sein können.
Es sind mindestens zwei massive Neutrinos notwendig, um die Be-
obachtungen zu erklären. Die See-saw Mechanismen von Typ I und
II können prinzipiell Neutrinomassen erklären, benötigen aber auch
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eine Erweiterung des Standardmodells.
In dieser Arbeit liegt das Augenmerk auf radiativen Modellen. Sie er-
zeugen Neutrinomassen auf Einschleifenniveau und können zusätz-
lich dunkle Materie enthalten. Zusätzlich zu Neutrinomassen bein-
halten diese Modelle Prozesse, die Leptonen-Flavor verletzen. Diese
Prozesse werden durch aktuelle Experimente beschränkt.
Als einführendes Beispiel wird das skotogene Modell gezeigt. Im An-
schluss befindet sich eine detaillierte Analyse des Modells T12A. Das
Modell T12A kann als eine Verschmelzung der skalaren und fermio-
nischen Singulett-Dublett Modelle gesehen werden. Zuerst wird der
dunkle Materie Sektor des Modells untersucht, dann Neutrinomas-
sen und die Verletzung von Leptonen-Flavor. Danach werden zwei
Zufallsscans des Parameterraums durchgeführt, wobei hauptsächlich
skalare dunkler Materie gesucht wird. Speziell wird auf die Berech-
nung von Annihilationsquerschnitten für dunkle Materie in Lepto-
nenpaare und Verzweigungsverhältnisse von Prozessen, die Leptonen-
Flavor verletzen, eingegangen.
Die beiden Scans werden durchgeführt, in dem die korrekte Relikt-
dichte, Higgs-Parameter und Neutrinomassen gefordert werden. Im
erste Scan wird der gesamten Parameterraum abgedeckt. Der zwei-
te Scan ist auf die Region mit Singulett-ähnlicher skalarer dunkler
Materie konzentriert, in der es zu Ko-Annihilation zwischen Fermio-
nen und Skalaren kommen kann. Bezüglich des ersten Scans zeigt
sich, dass große Teile entweder durch direkte Detektion oder durch
Grenzen auf Leptonen-Flavor verletzende Prozesse ausgeschlossen
werden können. Die meisten verbleibenden Punkte können durch XE-
NONnT geprüft werden. Für den zweiten Scan sind die meisten di-
rekten Detektionsquerschnitte und Verzweigungsverhältnisse zu klein.
Jedoch wird ein beachtlicher Anteil durch zukünftige Leptonenexpe-
rimente überprüft werden.
Zusätzlich zu den Scans werden Einschränkungen durch den Large
Hadron Collider diskutiert, sowie ein Ausblick auf Korrekturen zur
Higgs-Masse auf Einschleifenniveau gegeben.

Im weiteren wird das Modell T13A präsentiert, welches ebenfalls
zur Gruppe der radiativen See-saw Modelle gehört. Der Schwerpunkt
in dieser Arbeit liegt auf der Berechnung von Annihilationsquerschnit-
ten von dunkler Materie in leptonische Endzustände. Technische De-
tails zu den Rechnungen werden in den Anhängen zusammengefasst.
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1
T H E S TA N D A R D M O D E L A N D I T S S H O RT C O M I N G S

The Standard Model (SM) of particle physics describes the funda-
mental particles and interactions. It is a widely used, very successful
theory which allows to make predictions with high precision, yet it
has some missing pieces. This chapter briefly describes the Standard
Model and its shortcomings.
The appeal of the Standard Model is the common description of
all forces (except gravity) within one mathematical formalism. Par-
ticles and forces observed in nature are described by a common La-
grangian, combining the electro-weak theory and the theory of strong
interactions. The Standard Model Lagrangian is symmetric under
SU(3)c × SU(2)L ×U(1)Y symmetry groups. It contains three gener-
ations of quarks and leptons and one Higgs doublet. The Yukawa
interactions for up- and down-type quarks are different, which leads
to flavor violation in the quark sector. For charged leptons there is no
mixing like this, so observation of lepton flavor violation would be
a clear indication for physics beyond the Standard Model. Chapter 4

sums up some or the experimental efforts.
In addition to the particles, three fundamental forces, strong, weak
and electro-magnetic force, are described by the Standard Model, yet
gravity, which is much weaker, is not. The forces are mediated by
gauge particles, which are γs, Z- and W bosons. Up to now, there
is no description of gravity in a renormalizable quantum field the-
ory framework. Furthermore, the Lagrangian does not contain a CP
violating term for the strong interactions. But there is no symmetry
prohibiting it.
When electro-weak symmetry breaks, and the Higgs doublet acquires
a vacuum expectation value, leptons, quarks and gauge bosons obtain
masses. Due to the absence of a right-handed neutrino, the neutrinos
remain massless. This is in contrast to neutrino oscillations observed
in experiment. They give a clear indication for at least two massive
neutrinos. So, an extension of the Standard Model is needed to ex-
plain the neutrino masses. In Chapter 3 experiments for neutrino os-
cillation and mass measurements along with mass generation mecha-
nisms are presented.
Furthermore the Standard Model contains many free parameters, which
are not fixed by symmetries. For example, there is no explanation why
there are three generations of leptons and quarks with quite different
mass scales. The difference in interaction strength for the four funda-
mental forces is also not explained in the Standard Model.
Considering the Higgs mass, there are in principle large radiative
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corrections which exceed the observed Higgs mass by many orders
of magnitudes. An exact cancellation is needed to obtain the correct
mass. In some extensions, like Supersymmetry, this appears naturally
by the introduction of new fermionic and bosonic degrees of freedom.
Based on cosmological observations, some are summarized in Chap-
ter 2, the Universe does not only consist of baryonic matter, which
is described by the Standard Model. Yet there is strong evidence for
the existence of a new type of matter, named dark matter. The Stan-
dard Model itself does not contain a suitable candidate to reproduce
all observations. In order to fit them, an extension is needed. There
are many different approaches, which explain dark matter. In Chap-
ter 5 few models for a minimal extension of the Standard Model are
portrayed. In addition to dark matter, they also contain radiative neu-
trino masses. This makes them quite interesting, as two open issues
can be explained simultaneously. The investigation of two models re-
garding dark matter, neutrino masses and lepton flavor violation is
the focus of this work.
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2
D A R K M AT T E R

This chapter is organized as follows: first, evidence for dark matter is
presented in Section 2.1, starting with the first hints, followed by ob-
servations of galactic rotation curves and gravitational lensing. Then,
the results from the cosmic microwave background, structure forma-
tion and N-body simulations are shown.
Next comes a short overview of potential dark matter candidates in
Section 2.2. Experimental searches for dark matter are presented in
Section 2.3, starting with direct detection experiments, followed by
indirect searches and collider searches. Finally, calculations regarding
relic density and detection cross sections are shown in Section 2.4.

2.1 evidence

One of the missing pieces to understand our Universe is dark matter.
There is plenty of evidence for its existence. However, it has not been
directly detected, yet. Over the past years, cosmological surveys [1,
2] have revealed that only around 5% of our Universe is made of
ordinary baryonic matter. Up to 25 % of our Universe consists of dark
matter, a non-baryonic kind of matter, which remains invisible up to
now. The rest of the Universe’s energy content, called dark energy, is
even more mysterious. Only little is known about dark energy.
As dark matter seems not to emit light in any form, all evidence is
based on its gravitational interaction. Hints for the existence of dark
matter can be found on very different scales throughout the Universe.

2.1.1 First evidence

First glimpses of dark matter occurred in the early 1930s. Both J.H.
Oort [5] and F. Zwicky [6] made observations based on gravitational
interactions hinting towards the existence of dark matter. Oort used
mass-to-luminosity ratios to estimate the mass within the Milky Way.
Redshift measurements of stars close to the Galactic Center led to
a velocity larger than the escape velocity of the galaxy. Hence, Oort
deduced there had to be an additional matter component, which was
non-luminous, in order to make up for the discrepancy. A year later,
Zwicky made observations in the Coma cluster. The Coma cluster is a
cluster of over one thousand galaxies which is roughly 99 Mpc away
from our Earth [7]. Zwicky assumed that the members of the cluster

7



8 dark matter

(a) Rotation curve of NGC 3198 taken
from [3].

(b) Rotation curve of several galaxies
taken from [4].

Figure 2.1: Rotation curves of spiral galaxies.

have reached equilibrium and are gravitationally bound. Therefore,
the virial theorem

T =
k

2
V , (2.1)

should apply, where the time averaged kinetic energy T is balanced
by the averaged potential energy V . The factor k is equal to -1 for
a spherical mass distribution with only gravitational interaction. Ac-
cording to Kepler’s third law, the potential energy in a distance R is
given by

V =
−3GM2

5R
, (2.2)

where M is the total mass of the system and G is Newton’s grav-
itational constant. Further, the kinetic energy in the system can be
expressed as

T =
1

2
Mv2, (2.3)

with an average velocity v. If one assumes that there is no distin-
guished direction of velocity, it is sufficient to take one specific veloc-
ity v and apply

v2 = 3v2. (2.4)

According to Eq. 2.1, v can be estimated as

v =

√
GM

5R
. (2.5)

Zwicky was able to estimate the total cluster mass M by using the
mass-to-luminosity ratio R ≈ 0.3Mpc. He compared his estimated
velocity with redshift measurements of several galaxies in the cluster.
The galaxies displayed a too large velocity dispersion to be bound
within the cluster. He concluded that there must be more than the
estimated luminous mass. A non-luminous matter component was
needed in order to stabilize the system.
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Figure 2.2: Observation of Abell S1063 by the Hubble space telescope [8]
(ESA/Hubble). The image shows ring fragments from gravita-
tional lensing. Source http://www.spacetelescope.org/images/

heic1615a/

2.1.2 Rotation curves

In the 1960s and 1970s V. Rubin and K. Ford Jr. investigated rotation
curves of spiral galaxies [4, 9], providing a very strong evidence to-
wards the existence of dark matter. They measured rotation curves
and redshifts of stars and H1 regions using the 21-cm hydrogen lines
and spectroscopy. Following the lead of Rubin and Kent, a lot of spi-
ral galaxies have been measured. Some results are shown in the right
panel of Fig. 2.1. For example in 1985 T. van Albada et al investigated
the rotation curve of NGC 3198 [10], which is shown on the left panel
of the figure.
According to the Newtonian mechanics, the velocity v of a star on a
circular orbit inside a galaxy is given by

v(r) =

√
GM(r)

r
, (2.6)

The gravitational force acts as the centripetal force. G is the gravita-
tional constant, r is the distance of the star to the center of galaxy and
M(r) is the mass enclosed in a sphere of radius r. For the luminous
mass one can assume a spherical mass distribution ρ(r), which allows
to obtain the mass M(r) by integration

M(r) = 4π

∫r
0

x2ρ(x)dx. (2.7)

On the outskirts of the galaxy, where almost all mass is enclosed
within r, one would assume M(r) to be nearly constant. The rotation
velocity is then expected to display a 1√

r
behavior. The results of Ru-

bin, Kent and many others did not meet this expectation. The left
panel of Fig. 2.1 shows the measured rotation curve of NGC 3198. At
around 6 Mpc most of the luminous mass lies within the sphere of
this radius, yet the velocity does not decrease, but stays at a constant
value. From previous considerations, one would expect the velocity

http://www.spacetelescope.org/images/heic1615a/
http://www.spacetelescope.org/images/heic1615a/
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Figure 2.3: Picture with spectrum taken by Magellan and Hubble space tele-
scope [12]. Pink overlay shows the x-ray emission taken by Chan-
dra telescope [13]. Blue overlays are according to mass distribu-
tion as recorded by gravitational lensing [14]. Image taken from
http://chandra.harvard.edu/photo/2006/1e0657/more.html

to behave like the curve labeled disk. One solution to this mismatch
is modified Newtonian dynamics (MOND) [11], which proposes a
different version of Eq. 2.6 in order to have v(r) constant for large
distances. Another option is the existence of additional distribution
of non-luminous matter gathered in a halo around the luminous disk.
M(r) would not be constant in the exterior regions of the galaxy, but
proportional to r when assuming a nearly spherical halo. This de-
picted by the line labeled halo in Fig. 2.1. As this new matter com-
ponent could not be luminous, due to its non-observations, one is
not able to measure the outer edge of the halo distribution. The ob-
servation of constant rotational speed was made for several different
galaxies and is not unique to NGC 3198.

2.1.3 Gravitational lensing and the bullet cluster

Most hints of dark matter stem from its gravitational interaction. As
it does not interact electro-magnetically, this is the only way to infer
its existence. As known from general relativity, light gets deflected by
massive objects. The more massive an object is, the more the path of
light gets altered. It is possible to obtain distorted or enhanced images
of light sources beyond heavy matter accumulations along the line of
sight. This effect is called gravitational lensing [15, 16]. Gravitational
lensing can be used to look for non-luminous matter distributions.

http://chandra.harvard.edu/photo/2006/1e0657/more.html
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Fig. 2.2 shows an image of Abell S1063 taken by the Hubble space
telescope [Abell2016]. One can see circular shaped fragments of Ein-
stein rings from background galaxies. The light of these galaxies has
been bent by massive foreground objects.
A first idea was to look for massive astrophysical compact halo ob-
jects (MACHOs) [17, 18], large, dark jupiter-like objects made from
baryonic matter. These MACHOs were thought to be an explanation
for dark matter. The MACHO surveys using gravitational lensing did
not yield enough objects to explain all dark matter evidence. The MA-
CHO abundance is way too small to account for all observations. Also
it would not explain evidence from structure formation or the cosmic
microwave background.
The most recent evidence of dark matter comes from the investiga-
tion of the ongoing cluster merger 1E 0657-558, which is also called
the bullet cluster [14]. The bullet cluster is located around four billion
light years from our solar system. Recently, about 100 million years
ago, a smaller cluster started to cross a larger cluster forming the now
observed structure. Fig. 2.3 shows an image of the cluster. The visible
spectrum is taken by the Magellan and Hubble telescopes [12]. Pink
overlays are from X-ray emission as recorded by the Chandra satellite
[13]. Blue regions correspond to matter distribution as determined
by gravitational lensing [14]. The visible spectrum shows the galaxies
and stars being mostly concentrated in the two former cluster centers.
As these objects are rather sparse within a cluster, they simply passed
through each other without interacting. The interstellar gas clouds
are visible in the X-ray spectrum. They were stripped of the former
centers, when the crossing started. The dense gas clouds interacted
with each other and slowed down. In this process the smaller cluster
on the left formed a shock front shaped like a bullet which gave the
merger its name. Naively one would expect, that a marginal part of
the mass is centered around the gas clouds in between the galaxy ac-
cumulations. Yet, the gravitational lensing survey reveals, that most
of the matter is found around the galaxies. MOND theories could not
explain this observation, therefore this is a very strong evidence in
favor of dark matter. It also indicates that the self-interaction of dark
matter must be very limited in order to let the dark matter halos pass
each other unaffected. Similar observations have been made in other
cluster mergers e.g. [19, 20].

2.1.4 Cosmic microwave background

One of the most compelling indirect pieces of evidence for dark mat-
ter is found in the measurement of the cosmic microwave background
(CMB). It is a nearly uniform background of photons at a temperature
of around T = 2.725 K as measured by FIRAS on the COBE satellite
[24–26]. The CMB originated at the time of recombination when the
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Figure 2.4: Anisotropies in the cosmic microwave background as seen by
COBE [21], Planck [1] and WMAP [22, 23] over the years. Credit:
NASA/COBE/DMR; NASA/WMAP science team, ESA and the
Planck collaboration

Universe was around 3.8×105 years old. The CMB was released as
photons decoupled from thermal equilibrium with matter. The ongo-
ing expansion of the Universe shifted the photon wavelength after the
surface of last scattering, such that it is nowadays in the microwave
region. The CMB carries an imprint of primordial density fluctuations
by means of the non-integrated Sachs-Wolfe effect [27]. At the time of
decoupling over- and under dense regions shifted the wavelength of
the photons. The existence of the background radiation was predicted
by Gamov [28] and Dicke [29] in the 1940s. After its first measurement
by Penzias and Wilson [30] many more observations were made. For
example the Cosmic Background Explorer (COBE) [21] the Wilkinson
Microwave Anisotropy Probe (WMAP) [22, 23] and the Planck satel-
lite [1] refined its measurement over several decades. Their results
on the temperature fluctuations of the CMB are shown in Fig. 2.4.
In order to look only at the background radiation, it is necessary to
subtract all kinds of foregrounds [31]. One also has to take into ac-
count the integrated Sachs-Wolfe effect [32]. The effect describes how
the photon wavelength is altered in a time dependent gravitational
potential. Entering a potential well shifts the wavelength of a pho-
ton. When the photon leaves the well, due to the spatial expansion,
the gravitational potential has flattened, though, the initial shift is
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not fully compensated. After treating all possible effects, the CMB is
a highly uniform background radiation. The fluctuations are on the
scale of 30 µK. This smoothness of the CMB leads to theories of infla-
tion in the early Universe. Otherwise there is no chance that distant
regions of the Universe could have been in causal contact in order
to smooth the density and thus temperature fluctuations. An era of
inflation is capable to explain the smallness of the temperature fluctu-
ations. Starting with a map of these fluctuations, as shown in Fig. 2.4,
following the considerations in [32–34], one can define

Θ(n̂) =
T(n̂) − 〈T〉
〈T〉

(2.8)

which describes the deviation from the average temperature 〈T〉 along
a certain direction n̂. Θ(n̂) is defined to be a dimensionless quantity.
One can expand this quantity in surface spherical harmonics

Ylm =

√
2l+ 1(l−m)!
4π(l+m)!

Pml (cosθ)eimφ, (2.9)

which form an orthonormal set with Pml being the Legendre polyno-
mials. The fluctuations from Eq. 2.8 can then be expressed as

Θ(n̂) =

∞∑
l=0

l∑
m=−l

almYlm(n̂). (2.10)

Where the coefficients, also known as multipole moments, can be ob-
tained by

alm =

∫
Θ(n̂)Y∗lm(n̂)dn̂. (2.11)

One can average over all modes m from −l to l, to obtain the power
spectrum

Cl =
1

2l+ 1

l∑
m=−l

〈
|alm|2

〉
. (2.12)

The power spectrum is shown in Fig. 2.5 as a function of multipole
moment l. The multipole l corresponds to a specific angular size in 2d
surface plots. One can then use cosmological models to fit the power
spectrum. The specific shape of the power spectrum is due to baryon
acoustic oscillations, which where oscillations moving at the speed
of sound in the early Universe’s baryon-photon plasma. Before the
time of recombination, radiation and baryonic matter have been in
thermal equilibrium. Over dense regions in the diffuse plasma have a
larger gravitational potential. They start to attract more matter which
accumulates into an even deeper potential. The radiation pressure
from photons acts as a restoring force, counteracting the gravitational
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Figure 2.5: The figure shows the angular power spectrum of the CMB
anisotropies together with the best fit in the ΛCDM model. Fig-
ure taken from [1].

collapse. The restoring force is strong enough to drive smaller struc-
tures apart. This is called Silk dampening [35] and it is observed for
larger multipoles in Fig. 2.5. After a big initial peak, followed by two
smaller ones, the rest of the power spectrum only shows small fea-
tures. The interaction of gravitational forces and radiation pressure
leads to oscillating matter clouds. After the decoupling of photons,
the oscillation stops and the density fluctuation is transfered to the
photon wavelength by the non-integrated Sachs-Wolfe effect [27]. The
largest peak in the power spectrum at around l = 200 corresponds to
the largest matter cloud which could oscillate once. One can conclude,
that the Universe is flat from the position of this first peak as open or
closed geometries would have changed the angle under which it ap-
pears. Furthermore, the power spectrum reveals the amount of grav-
itationally interacting matter as opposed to matter experiencing the
radiation pressure from photons. One can use a ΛCDM model, a cos-
mological model containing cold dark matter and dark energy (Λ), to
fit the power spectrum. This allows to conclude, that the baryonic mat-
ter density is aboutΩBh2 = 0.02229± 0.00017, whereas there must be
a huge amount of non-baryonic but gravitationally interacting dark
matter with an abundance of ΩDMh2 = 0.1199± 0.0022.



2.1 evidence 15

Figure 2.6: Simulation of structure formation with dark matter done
by the VIRGO collaboration [36]. The figures are pub-
lic at https://wwwmpa.mpa-garching.mpg.de/galform/virgo/

millennium/index.shtml

(14/Mai/2018)

2.1.5 Structure formation and N-body simulations

The formation of baryon acoustic oscillation within the early Universe
indicates that dark matter has a strong impact on structure formation,
due to its gravitational interaction. The density perturbations of mat-
ter, which are imprinted into the CMB, can act as a starting point for
structure formation. One approach is to assume dark matter clumped
first, forming gravitational wells in which baryonic matter could be
trapped afterwards. The density fluctuations could grow over time to
form the structures observed today.
Redshift surveys like the 2dF Galaxy Redshift Survey [37, 38] investi-
gate the structure in the Universe. They observe a highly anisotropic
and rather coarse distribution as shown in Fig. 2.7. With modern com-
puters the process of structure formation is simulated, as for example
in the Virgo collaboration [36] conducting the Millennium simulation
[39]. It turns out, that cold dark matter is a necessary ingredient in
order to reproduce the observations. An example is shown in Fig. 2.6.
Cold in this sense means, that the dark matter is non-relativistic at the
time of structure formation. As it has a short free streaming length,
the dark matter clumps easily, forming spherical halos around galax-
ies. This supports the idea of dark matter halos being responsible
for the observed galactic rotation curves. However, the N-body sim-
ulations yield much more small scale structures like dwarf galaxies
than observed in nature. This is called the missing satellite problem
[40, 41]. It could be alleviated by adding hot or warm dark matter,
which is not non-relativistic at the time of structure formation. Yet,

https://wwwmpa.mpa-garching.mpg.de/galform/virgo/millennium/index.shtml
https://wwwmpa.mpa-garching.mpg.de/galform/virgo/millennium/index.shtml


16 dark matter

Figure 2.7: Data taken by the 2dF Galaxy Redshift Survey to investigate the
larges scale structures in the Universe. Figure is taken from http:

//www.2dfgrs.net/

this would be in contrast with the ΛCDM model used to fit the CMB
power spectrum.
This catalog of dark matter evidence is by no means complete, yet it

shows that hints towards dark matter can be found on very different
scales and time periods throughout the Universe. Up to now one is in
need for an explanation of this new kind of matter. There are several
candidates and theories which try to explain the observations. Many
experiments are looking for the direct or indirect detection of dark
matter.

2.2 candidates

There have been several ideas to explain the observations summa-
rized in the previous sections. This includes theories for massive
objects like MACHOs [42] or modified gravitational dynamics like
MOND [43]. Here, we are mostly interested in particle dark mat-
ter. Which properties should a dark matter candidate have? First,
it should be dark, which means non-luminous. If it has an interac-
tion with photons, it has to be suppressed. The dark matter particle
is an electrically neutral color singlet as no bound states with dark
matter are expected. Furthermore, it should be non-baryonic as re-
quired by the CMB observations. Dark matter should be stable or at
least have a lifetime which is much larger than the age of the Uni-
verse. Structure formation mostly supports cold non-relativistic dark
matter, even though ideas for warm dark matter were presented, for
example in [44–46]. A very appealing candidate for dark matter is a
so called weakly interacting massive particle (WIMP). Particles with

http://www.2dfgrs.net/
http://www.2dfgrs.net/
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weak scale cross sections like WIMPs yield relic densities which are
in good agreement with WMAP and Planck measurements [47] as

ΩDMh
2 ∝ 3× 10

−27cm3/s

〈σv〉
∝ O(0.1), (2.13)

arrives at the correct relic density for masses around 100 GeV. There is
no WIMP in the Standard Model. The only neutral SM particle, which
fulfills most dark matter requirements, is the neutrino. However, neu-
trinos are way too light, hence not cold and not compatible with the
structure formation requirements. Neutrinos are also not abundant
enough to account for the entire dark matter relic density. Despite
WIMP dark matter, there are also other theories like universal extra
dimensions [48] in which dark matter is associated with for exam-
ple the lightest Kaluza-Klein particle. Other non-WIMP dark matter
candidates are axions. Axions are hypothetical particles introduced
to solve the strong CP problem [49, 50], since no magnetic dipole mo-
ment of the neutron has been observed up to now. Axion searches
are conducted with the Primakoff effect on virtual photons in strong
magnetic fields. One specific experiment is the light through the wall
experiment [51].
WIMP dark matter models offer a broad variety of realizations. For
example WIMP dark matter can be featured as the lightest neutralino
in supersymmetric models (see e.g. [52]). Supersymmetry (SUSY) is
a space time symmetry connecting fermions and bosons. Each Stan-
dard Model particle is associated with a supersymmetric partner. Bosons
obtain fermionic and fermions obtain bosonic partners. Both degrees
of freedom are linked by at least one SUSY generator. A minimal real-
ization of supersymmetry is the MSSM, the minimal supersymmetric
Standard Model [53–55]. It contains the Standard Model as a low en-
ergy limit. Furthermore, the MSSM allows for unification of gauge
couplings at high scales. This is appealing since it allows the descrip-
tion of all interactions in the same fashion with one coupling.
The first supersymmetric Lagrangian was formulated by J. Wess and
B. Zummino [56]. SUSY naturally contains a dark matter candidate
(WIMP): the neutralino, which is a mixture of the wino, bino and hig-
gsino, the superpartners of the gauge bosons and Higgs bosons. In
MSSM models, which feature R-parity conservation, the neutralino
is stable. R-parity is originally introduced to prohibit proton decay.
R-parity is a Z2 symmetry under which all SM particles are even and
all SUSY particles are odd. The entire MSSM features a lot of free
parameters. It is convenient to reduce the number of free parameters.
A lot of investigations have been done regarding dark matter in su-
persymmetric frame works either theoretical as for example [57, 58]
or experimental at LHC etc. [59–62]. As no SUSY particles have been
observed yet, SUSY has to be spontaneously broken. Otherwise, the
superpartners would have the same mass as their SM partners and
would have been found.



18 dark matter

SM

SM DM

DM

Indirect Detection

Collider

D
ir

e
c
t 

D
e
te

c
ti

o
n

Figure 2.8: Schematic view of dark matter interactions. Taken from [75]

Despite looking at rather large frameworks like SUSY, it is possible
to make a minimal extension of the SM in order to provide a dark
matter candidate. These minimal models only add few new fields
and symmetries e.g. extra U(1) [63], Z2 or Zn [64] to the SM in order
to achieve either one ore several stable dark matter candidates. It is
easier to analyze the impact of new symmetries and particles in the
minimal approach than in complex theories like SUSY.
A broad range of minimal models has already been investigated. One
extensively studied model is for example the inert Higgs models [65,
66], which extends the SM by one or more scalar doublets along with
an extra Z2 symmetry. The new doublets are odd under this sym-
metry. Thus, these models feature scalar dark matter. Other minimal
models extend the SM by a singlet fermion dark matter particle –
see [67, 68] or a scalar allowing for singlet dark matter [69]. There
are also plenty of models featuring doublet fermion or doublet scalar
dark matter [70]. In addition there are models with fermionic and
scalar dark matter, as well as mixed dark matter [71]. A lot of mini-
mal models are so called Higgs portal models [72–74] in which only
the Higgs boson links the dark matter to the Standard Model. In this
work minimal models containing additional scalars and fermions as
well as radiative neutrino masses are analyzed. The models are intro-
duced in Chapter 5.

2.3 experimental searches

In the following sections different searches for dark matter will be
presented. The focus is on WIMPs under the assumption that they
interact with Standard Model particles in a specific way beyond pure
gravitational interactions. The experimental searches can be divided
in three categories: Direct detection, indirect detection and collider
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searches. All three types of searches exploit the interaction of dark
matter and Standard Model particles as shown schematically in Fig. 2.8.
Direct detection experiments look for signals from dark matter nu-
cleus interactions (DM SM → DM SM) where dark matter scatters
off of some target material. Indirect detection experiments search for
signatures from dark matter annihilations in the Universe, mostly in
the center of the galaxy or around other massive objects. Colliders
try in Standard Model particle collisions to produce dark matter. The
creation of dark matter particles might lead to specific signatures.

2.3.1 Direct detection

A flux of dark matter can be explained, when assuming our galaxy
is embedded into a dark matter halo, similarly to the considerations
from rotational curves. This would imply, that Earth is passing through
the local dark matter halo, experiencing some kind of WIMP wind,
when it orbits the Sun. In this WIMP wind it is possible to look for
dark matter interactions with nuclei from target materials. The inter-
action can lead to a nuclear recoil, resulting in a measurable signal. A
possible signature is a direct signal, since any interaction induced by
the dark matter flux through the detector would give an immediate
signal. Another option is to look for annual modulated signals.

The solar system together with Earth is moving at about 220 km/s
with respect to the Galactic Center [76] see Fig. 2.9. The local dark
matter density ρDM surrounds the complete solar system, resulting
in a flux of dark matter particles passing through it. Under the as-
sumption of ρDM being approximately 0.3 GeV/cm3 [77], the ex-
pected WIMP flux is around 105 100GeVmDM

s−1cm−2 [78]. Hence, uncer-
tainties on ρDM translate to uncertainties within any measurements.
Therefore, it is necessary to work within a specific framework, which
should be as model independent as possible to yield comparable re-
sults. Annual modulations are related to Earth’s movements. As Earth
orbits the Sun at an angle of around 60

◦ with respect to the galactic
plane, the WIMP flux is either maximally enhanced, as the velocities
of Earth and Sun align, or the flux is decreased, when both velocity
vectors are anti-parallel. This results in the annual modulation of the
flux being maximal in December and minimal around June. As Earth
itself is rotating, it is also possible to investigate the directionality of
the signal.
Dark matter particles scattering off of target nuclei can produce sig-

nals in three different channels as summarized in Fig. 2.10. The three
main channels are heat, ionization and scintillation. Within a solid tar-
get, phonons could arise from the recoil or in general, the deposited
energy can translate to thermal energy. Dark matter nucleus inter-
action deposits energy within the target. Suitable materials can pro-
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Figure 2.9: Sketch of Earth passing through the dark matter halo of
our galaxy. Image taken from https://www.hep.shef.ac.uk/

research/dm/intro.php.

duce ionization. For example in semiconductors, the charge creation
might only need a few eV of energy. De-excitations of the material
and charge recombination can lead to scintillation. There are many
different direct detection experiments looking in one or two of these
channels for dark matter. Some of them are presented in this section,
focusing on the different detector techniques. The overview is by no
means exhaustive.
In general, dark matter experiments need to have low energy thresh-
olds and low background to be able to detected the small nuclear
recoil caused by dark matter interactions. A large target mass is de-
sirable in order to enhance the exposure and probe smaller interac-
tion cross sections. Most of the experiments are based underground
and shielded heavily to reduce background from cosmic rays and
other sources. Their materials are screened and selected carefully to
minimize intrinsic backgrounds as much as possible. The most effi-
cient experiments feature dual channel searches, because it allows for
better background rejection. If it is possible to distinguish between
electron and nuclear recoil, which differ in ionization density and
efficiency, WIMP interactions (nuclear) can be separated from back-
ground events (electron).
The next paragraphs, based on [79], introduce some experiments uti-
lizing one channel searches and later dual channel searches are pre-
sented.

scintillation

Experiments like SABRE [81], DAMA/LIBRA [82, 83] and its prede-
cessor DAMA [82, 84] look for scintillation signals. DAMA/LIBRA
uses Sodium Iodine (NaI) crystals at room temperature which are ul-
tra low in radioactivity as a target. SABRE also uses NaI crystals sur-

https://www.hep.shef.ac.uk/research/dm/intro.php
https://www.hep.shef.ac.uk/research/dm/intro.php
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Figure 2.10: Sketch of the three possible signals from dark matter,heat, ion-
ization and scintillation. Figure taken from [80].

rounded by an active scintillation veto. The crystals are doped with
impurities to enhance the light yield and shift the scintillation wave-
length, making the crystals more transparent for the signal. Larger
target masses can be achieved by stacking several crystals. The ad-
vantage is the simplicity of the detector, but as only one channel is
considered, there is no background rejection from electron recoils pos-
sible. Therfore, these experiments look for an annually modulated
signal which matches the expected frequency from the WIMP flux.
Another detector type focusing on scintillation signals from dark mat-
ter, are single phase liquid noble detectors like DEAP [85], CLEAN
[86] and XMASS [87]. They utilize spherical containers filled with
liquid noble gas, which is monitored by photo sensitive detectors,
mostly photo multiplier tubes (PMTs). The advantage of noble gases
is the rather large atomic number and the possibility for larger target
masses. The spherical set up of the detectors yields a good coverage.
Although, the single channel read out leads to larger issues with in-
trinsic backgrounds and fiducialization than dual phase detectors.

ionization

CoGent [88] is a cryogenic detector at Soudan Underground Labo-
ratories which uses single Germanium crystals cooled with liquid
nitrogen. The used Germanium allows for high radio purity, but the
scalability is limited, as the noise grows with crystal volume. When a
WIMP hits the detector, the deposited energy translates to ionization.
The rise time of the signal allows to reject events which happened
close to the detector surface and are much likely due to background
interactions.

phonons/heat

Bubble chambers or droplet detectors like PICO at the SNOLAB un-
derground laboratory in Sudbury [89] or SIMPLE [90] at LSSB look
for dark matter signals in the heat channel. The detectors contain su-
perheated liquid or superheated liquid droplets embedded in a gel
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Figure 2.11: A simple sketch of a CDMS detector element. Image
taken from https://physics.aps.org/articles/v2/2, Illustra-
tor Alan Stonebraker.

matrix. A WIMP depositing energy causes the superheated fluid to
undergo a phase transition ,hence gas bubbles emerge. The result-
ing signal is either acoustically or optically monitored. For tempera-
tures close to the phase transition, background is low and the energy
threshold is adjustable by detector temperature.
The following paragraphs will describe some dual channel experi-
ments in more detail adding schematic sketches of the detector func-
tionality.

ionization and phonons

Cryo bolometer like CDMS and SuperCDMS [91–93] or EDELWEISS
[94, 95] are capable of detecting both ionization and heat signals from
nuclear recoils. CDMS and SupderCDMS are located at the Soudan
mine, EDELWEISS is at the Modane Underground Laboratory.
Both SuperCDMS and EDELWEISS use similar detector layouts con-
sisting of an array of semi-conductors cooled down to mK temper-
ature. The semi-conductors are Germanium and silicon crystals. A
schematic view of a CDMS detector element is shown in Fig. 2.11.
The low temperatures are necessary to reduce the thermal noise, oth-
erwise dark matter signals could be shadowed. In order to achieve
larger target masses, several crystals have to be stacked together, as
the crystals themselves are size limited. The crystals are semi-conductors,
so nuclear recoils can create electron-hole pairs and phonons. The
phonons are detected by transition edge sensors (TES) [96]. The TES
is a super-conductor, which is close to the phase transition between
its normal and its superconducting state. Temperature changes allow
for the phase transition to happen. Resistance changes immediately,
which can be related to the deposited energy. The ionization signal is
enhanced by an amplifier. The amplifier is an interleaved electrode at
the top of the crystals. This electrode layout allows for identification

https://physics.aps.org/articles/v2/2
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Figure 2.12: Picture of a CRESST calorimeter element. Image taken from
http://www.cresst.de/cresst.php

of surfaces events. Surface events are rejected in order to reduce back-
ground. The rise time of the charge and the pulse shape of the heat
signal allow for further background reduction.

scintillation and phonons

Similarly to SuperCDMS and EDELWEISS, the CRESST [97–99] ex-
periment is a cryogenic calorimeter. However, instead of ionization
the scintillation signal is used. The detector, as shown in Fig. 2.12,
consists of scintillating Calcium Tungstate crystals (CaWo4), which
are cooled down to mK temperatures, and silicon detectors. Most
of the deposited energy translates to phonons. Again, TES are used
to detect this signal. The rest of the energy causes scintillation light,
which is absorbed by silicon detectors. Comparing a scintillation and
phonon signal allows for electron recoil identification. Further, the
detector is surrounded by heavy shielding and an active muon veto.

scintillation and ionization

A huge and successful class of direct detection experiments uses scin-
tillation and ionization signals in dual phase time projections cham-
bers (TPCs) with liquid and gaseous noble gas. For example there is
LUX [100] at the Homestake mine, PandaX [101, 102] at China Jinping
Underground Laboratory (CJPL) and XENON [103, 104] at Laboratori
Nazionali del Gran Sasso (LNGS). All three use Xenon as the target
material. The dual phase TPCs consist of a cryostat filled with liquid
Xenon, topped by a gaseous layer as shown in Fig. 2.13. The cryo-
stat is surrounded by heavy shielding, which could include a water
Cherenkov detector to reject muons from cosmic rays.
Dark matter interactions cause nuclear recoils and deposit energy
within the liquid Xenon. The recoil causes scintillation and ioniza-

http://www.cresst.de/cresst.php
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Figure 2.13: Schematic view of a dark matter event inside a dual phase
liquid noble gas detector. Image taken from https://en.

wikipedia.org/wiki/File:LUXEvent.pdf

tion. The charges are drifted by electric fields towards the gas phase.
A stronger electric field within the gaseous phase acts as an ampli-
fier for the ionization signal. The scintillation light, which is in the
UV range, is collected by photo multiplier (PMT) arrays at the top
and bottom of the cryostat. The drift time of the ionization allows
for z-position reconstruction. The hit pattern of the PMTs determines
the x-y-position of the event. This full 3D-position reconstruction can
be used to define a fiducial volume, rejecting all events close to the
detector surface. Nuclear recoils have a high ionization density, but
are not very efficient in ionizing. A lot of charge is recombined to
scintillation, whereas electron recoils can cause spatially wide ioniza-
tion tracks and little scintillation. Hence, the comparison between the
prompt scintillation signal (S1) and the ionization signal (S2) allows
to discriminate between electron and nuclear recoils. Another appeal
of dual phase TPCs is the large target mass and the scalability. This
allows to translate the detector technology to larger targets. In order
to have as little intrinsic background as possible, the Xenon needs to
be pure.
Fig. 2.14 shows schematically the different background (red) and sig-

nal (blue) regions for various detectors. In the left panel the regions
are shown for a cryogenic bolometer, e.g. with Germanium crystals.
The bands are narrow and there is also little overlap, hence good
discrimination is possible. In the middle panel the regions for dual

https://en.wikipedia.org/wiki/File:LUXEvent.pdf
https://en.wikipedia.org/wiki/File:LUXEvent.pdf
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Figure 2.14: Simplified image of signal (blue) and background (red) regions
within different dark matter direct detection experiments. The
left panel shows the regions for cryogenic bolometers. Middle
panel is the schematic view for liquid noble gas TPCs. The right
panel shows the expected signal and background shapes for a
liquid single phase Argon TPC. The figures are from [79].

Figure 2.15: Annual modulation measured by DAMA and DAMA/LIBRA.
Figure taken from [82]

phase liquid noble gas detectors are shown. The broader bands lead
to better acceptance, but they also demand more severe cuts for back-
ground rejection. The right panel is for a single phase liquid Argon
TPC. It exhibits very good separation, but a very small signal region
compared to a large background.
Detector calibration allows to determine the two regions before start-
ing the data analysis. Similarly important is energy calibration, which
could be done with neutron sources. Neutrons can induce small nu-
clear recoils similar to the expected dark matter signals. The different
experiments are all very dedicated and operate in a highly compet-
itive field with high demands on background rejection. The exper-
iments DAMA/LIBRA and DAMA observed an annual modulated
signal in 1.33 ton year−1 exposure [82] as shown in Fig. 2.15. The
signal is in the 2 to 6 keV range and its minima and maxima are com-
patible with the expected flux from Earth’s movement through the
dark matter halo [105]. The observed signal would either suggest a
WIMP mass around 10 to 15 GeV or 60 to 100 GeV [106]. However, all
other experiments did not observe a positive signal. There is a strong
tension between the results. Since there is no discrimination between
nuclear or electron recoil in the DAMA experiment, background rejec-
tion is not as easy as in dual channel experiments. Also CoGeNT and
others did not find a significant annual modulation signal [107]. Var-
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Figure 2.16: Current limits on spin-independent dark matter direct detection
cross sections. The left figure is for high WIMP masses whereas
the right panel shows curves for lower WIMP masses. Figures
taken from [79]

ious experiments aim at detecting dark matter nucleon interactions
with different techniques, which are sensitive for different parame-
ter regions. Fig. 2.16 shows limits on WIMP cross section. The low
WIMP mass range is presented in the right panel, the left panel fea-
tures higher masses. This differentiation is due to different analysis
techniques regarding the two mass ranges. Not all experiments show
the same sensitivity over all ranges. Different experiments specialize
on one of the regions. It might even be necessary to analyze data in
different ways, starting from different WIMP masses.
Closed contours shows signal indications, as for example DAMA/LI-
BRA shown in red, as well as some old results from CDMS (orange)
and CoGeNT (green). The latter were not stable against more recent
measurements and analysis with different background assumptions.
CDMS and CoGeNT tried to reproduce the annual modulation signal,
but mostly background effects accounted for the effects. Specifically,
they did not confirm the annual modulations observed by DAMA
see Fig. 2.15. Some ideas how to resolve this tension are presented in
[108–110].
The non-closed exclusion lines give upper limits on the cross sec-

tion, excluding the parameter region above. Starting with low WIMP
(see Fig. 2.16 (b)) CRESST (green) is the most sensitive for lowest
masses. CDMSLite (dashed orange) takes over at around 2 GeV and
LUX is the most constraining for masses larger than 6 GeV. From
the figure one can see, that cryogenic bolometers are efficient at low
WIMP masses. Detection at low masses is always difficult due to en-
ergy thresholds. The limits go down to 10−44 cm2 in cross section,
showing the tension between the signal regions found by DAMA
and the exclusion curves from other experiments like LUX, XENON
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Figure 2.17: Most recent exclusion plots on spin-independent direct detec-
tion cross sections .Figure taken from [104]

and EDELWEISS. The larger WIMP mass regions up to 103 GeV are
dominated by dual phase liquid Xenon TPCs like LUX (violet), Pan-
daX (green) and XENON (dashed blue) detectors. They work best for
larger WIMP masses as the target sizes are large and easy scalable for
improved sensitivity.

More recent results are in Fig. 2.17, which shows a slight improve-
ment. XENON reaches down to 10−46 cm2 cross sections for WIMP
masses around 30 GeV, just below the LUX exclusion line. Older exclu-
sion curves show a huge improvement on sensitivity over time. There
is for example over one order of magnitude improvement between the
XENON100 results from 2016 and the recent XENON1T limits. The
closeness and diversity of experiments shows it is a highly compet-
itive field with quick developments. There are even more measure-
ments coming up and most of the experiments are still taking data.

The presence of different isotopes with unpaired nucleons in target
materials offers the opportunity to investigate spin-dependent WIMP
nucleon couplings as well (compare Section 2.4.2). Fig. 2.18 shows a
larger WIMP mass range under the assumption that dark matter in-
teracts only with protons (left panel) or solely with neutrons (right
panel) in the target material. PandaX (green) is most constraining
for the neutron case going down to 10−40 cm2 due to a long expo-
sure time. Overall the constraints on neutron WIMP cross sections
are dominated by liquid Xenon TPCs. CDMS is up to 4 orders of
magnitude worse compared to the TPC results. This is due to some
isotopes which naturally occur in Xenon, that are very well suited
for spin-dependent WIMP interactions. On the contrary, the proton
spin-dependent cross section is dominated by PICO (cyan), a bubble
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Figure 2.18: Current experimental limits for spin-dependent dark matter nu-
cleon interactions. The left panel shows the plot for dark matter
and proton interaction. The right image is for WIMP neutron
interactions. Figures taken from [79]

chamber detector, which excludes cross sections down to 10−40 cm2.
The second best results from PandaX are at least 2 orders of magni-
tude worse.
If any signal is detected, a confirmation within another detector is
needed (see DAMA). Hence, it is good to have a rich field with var-
ious detection techniques. Even after a discovery is made, different
experiments could be used to determine WIMP properties like the
precise cross section, mass etc. Future plans for large, ton scale de-
tectors such as LZ [111], XENONnT [112] are already in preparation.

2.3.2 Indirect detection

Indirect dark matter searches look for signals from dark matter an-
nihilation. Comparing Fig. 2.8, one can see that indirect searches are
complementary to direct searches. Indirect dark matter experiments
depend on the thermally averaged annihilation cross section. The
cross section includes processes, which also are responsible for the
dark matter relic density. Today the dark matter relic density is fairly
constant, usually dark matter particles do not meet and annihilate.
Therefore, one has to look for places with enhanced dark matter den-
sities in order to obtain measurable signals. Regions with high gravi-
tational potential should accumulate dark matter over time, such that
the density is increased. Such regions are for example the Sun, the
galactic center and halo as well as dwarf galaxies and galaxy clusters.
The dark matter density inside gravitational wells is determined by
the dark matter elastic scattering cross section and annihilation rate.
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Figure 2.19: Current constraints on dark matter annihilation cross section
from different experiments. Figure taken from [113]

Annihilation signals can for example feature γ rays, charged particles
or neutrinos. The considerations and data in this section are based on
[113].

γ rays

γ rays, that are being searched for, cannot come from photons radi-
ated directly by dark matter as its coupling to photons is usually very
suppressed. On the other hand, annihilation products like quarks or
gauge bosons yield a continuous γ spectrum. Sharp γ lines can be
found for direct photon production or from internal bremsstrahlung
from virtual particles. These sharp lines give a very clear signal with
little background. Typically, backgrounds come from other astrophys-
ical objects like pulsars or diffuse galactic emission. Furthermore, mat-
ter affects the γ propagation in the medium.
There are several regions, for example the Sun or the galactic center,
which are investigated for γ rays from dark matter annihilation. The
galactic center is not easy to observe, as Earth is within the Milky
Way. It is best to look at it in the infrared and radio wavelength. The
nuclear star cluster at the center seems to consist of visible stars and
dust only [114]. However, the presence of a super massive black hole
[115, 116] causes a deep gravitational potential. This potential allows
for dark matter accumulation. As the dark matter annihilation signal
is proportional to the square of the dark matter density, a large den-
sity is favored. Yet, there is a huge uncertainty on the inner region of
dark matter profiles. It is not resolved if profiles should be cored or
cusped. Still, the expected fluxes are high but the galactic center has
also a rich astrophysical background.
An option with less background are dwarf galaxies. They are sup-
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posed to be dominated by dark matter and one can determine their
halo by measuring radial velocities. Besides little background, the ex-
pected fluxes are also small.
If the dark matter distribution is known, the observation of galactic
diffuse emission can contain annihilation signals. Moreover, there are
large uncertainties regarding dark matter distributions within galax-
ies.
Currently, different types of experiments look for γ rays from dark
matter annihilation, for example ground based Cherenkov telescope
arrays like VERITAS [117, 118], HESS [119, 120] and MAGIC [121,
122]. The array structure allows for a large target area but brings a
small field of view. Hence, they are best suited to search for dark mat-
ter with mass above 100 GeV, even if the arrays were not exclusively
designed for dark matter searches.
To complement the ground based experiments, there are satellite based
experiments looking for dark matter signatures like Fermi-LAT [123].
Satellite experiments have a much smaller effective area than ground
based telescopes, but a higher field of view. Fermi-LAT is most sen-
sitive for dark matter masses in a large region between 100 MeV up
to 100 GeV. It conducted dark matter searches and found no evidence
[124, 125].
The X-ray region of γ rays is probed by satellite experiments like
Chandra [126] or XMM-Newton [127]. They detected a 3.5 keV line
feature. Even though, other explanations for this line were found [128,
129], it still could be an annihilation product of dark matter as ex-
plained in [130–132].
An overview of current constraints on dark matter annihilation cross
sections from γ ray searches is shown in Fig. 2.19. It spans from
WIMP masses of 10 GeV to 104 GeV. The red points are viable regions
within the SSM-7 which are consistent with the currently measured
relic density. Blue points are associated with relic densities below the
observed one. The results from MAGIC (black) [133], VERITAS (vio-
let) [134] and HESS (blue) [135] are from dwarf galaxy observations.
They reach down to 103 × 10−26cm3s−1 . For small dark matter
masses, the strongest limits come from Fermi-LAT dwarf galaxy ob-
servations (yellow) [136]. In the high mass region above 103 GeV the
best sensitivity is obtained by HESS [137] observing the galactic halo
center.

charged particle signals

A promising channel for dark matter annihilation is the production
of charged particles. Experiments search for example anti-proton, pro-
ton, electron and positron fluxes. In the case of anti-particles the back-
ground is low. There are nearly no secondary processes, making this
a promising channel. Possible signals show up as excesses in anti-
particle fluxes. Currently, PAMELA [138, 139] based on a satellite and
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(a) Quark annihilation channel

(b) τ annihilation channel

Figure 2.20: Limits on indirect detection of dark matter including neutrino
signals. Figure taken from [113]

AMS-02 [140, 141] on the international space station look for charged
particle signals. In 2008 PAMELA measured an excess in positron
flux, which has been confirmed by AMS in 2013. If the excess is due
to dark matter it, would favor dark matter masses in the TeV regions
which is quite heavy. However, there are also different explanation
for the excess like pulsars or super nova remnants.

neutrinos

In contrast to γ rays and charged particles, neutrinos can travel to the
Earth unaffected. Therefore, dark matter annihilating to neutrinos is
a promising channel. This paragraph is based on [113, 142].
Similarly to γ rays and charged particle signals, experiments search
for signals from regions with enhanced dark matter density like the
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Sun. The Sun is rich in hydrogen, enhancing spin-dependent dark
matter interactions. The interactions lead to dark matter capture. The
capture is due to interactions with nuclei slowing down dark matter
until its velocity is below the escape velocity of the gravitational po-
tential. Inside the potential the velocity distribution can be assumed
to be Maxwellian up to the escape velocity as dark matter can ther-
malize by scattering. Consequently, the entire process is determined
by the nucleon scattering cross section which is the same as the cross
section probed by direct detection experiments.
In the following some short calculations for the dark matter number
density within the Sun n�DM are described like in [142]. The evolution
of the number density n�DM is expressed as

d

dt
n�DM = C� −A�n

�2
DM − E�n

�
DM, (2.14)

with the capture rate C�, the evaporation rate E� and the annihi-
lation rate A�. A� scales with the squared number density as two
dark matter particles annihilate with each other. The dark matter den-
sity can be decreased by evaporation. Scattering within the medium
might increase dark matter velocity above the escape velocity. The
accumulation and evaporation rate counteract each other. Under the
assumption that this process has reached equilibrium, one looks for a
stable solution to Eq. 2.14 with a constant dark matter density in the
Sun.
The expected neutrino signal is proportional to the given dark matter
annihilation rate

Γν� = A�
n�2DM
2

. (2.15)

In the case of equilibrium and negligible evaporation compared to
the accumulated amount of dark matter, the neutrino production rate
becomes

Γν� =
C�
2

. (2.16)

This rate only depends on the capture rate Cwhich directly translates
to the dark matter nucleon cross section. If evaporation is not negligi-
ble, the production rate is suppressed by the evaporation rate.
Currently, IceCube [143, 144] at the South Pole and Antares [145] in
Mediterranean sea are looking for ν signals in general and in the con-
text of dark matter annihilation. IceCube uses the antarctic ice as a
target, looking for Cherenkov light induced by ν interactions. It has
several photo sensors deployed in the ice. Antares similarly uses wa-
ter as target material, which is observed by optical modules. Fig. 2.20

shows limits on indirect detection including neutrino signals as well
as γ ray and antiparticles searches. IceCube [146] and ANTARES [147]
observed the galactic halo, and IceCube also investigated signals from
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Figure 2.21: Current limits on dark matter nucleon cross sections including
IceCube observations of neutrino signals from the Sun. Both
figures taken from [149]. The color bar indicates the main an-
nihilation channel of dark matter. The hard spectrum mostly
consist of τ lepton and similar final states.

dwarf galaxies [148]. The top panel displays limits for dark matter
annihilation into quarks. In this region the results from IceCube (red,
green) are about two orders of magnitude worse than the limits from
γ-ray searches (thin gray). On the bottom panel results for dominant
annihilation to τ leptons are shown. In this region IceCube is compati-
ble or in some places puts even more stringent bounds for lower dark
matter masses than searches focusing on γ-rays. The best sensitivity
is achieved for dark matter signals from the Sun, constraining mostly
the spin-dependent dark matter cross section.
Fig. 2.21 shows limits on spin-dependent (top) and spin-independent

(bottom) dark matter interaction cross sections comparing different
types of experiments. The blue points in the top panel correspond to
predictions from the phenomenological MSSM described in [149]. The
IceCube results are differentiated by color (solid red, green, blue) ac-
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cording to the main annihilation channel. As before, IceCube places
the most stringent bounds on spin-dependent interactions for dark
matter masses above 40 GeV in the τ channel (red). This is due to
the fact, that the neutrino production rate depends on the capture
rate which is determined by elastic scattering of hydrogen in the
Sun. These results are several orders of magnitudes better than the
PICO results. Looking to the bottom-panel for spin-independent in-
teractions the neutrino experiments are not competitive with direct
detection searches. There is at least one order of magnitude differ-
ence.

2.3.3 Collider searches

To complement direct and indirect searches, collider searches look
for dark matter signatures in collision experiments. This section uses
[75] as reference. Particle collisions can produce either dark matter
directly or heavier particles subsequently decaying to dark matter.
Typical signatures include mono-jets, mono-photons and charged lep-
ton pairs, accompanied by missing transverse energy /ET . When the
particles collide, momenta in the transverse plane should cancel, but
some collision products can escape undetected, such as dark matter,
leading to /ET . Mono-jets or mono-photons can be produced by initial
state radiation. The final state can contain several charged leptons.
In principle, experiments collide protons or heavy ions to search for
new particles. As a part of the investigation, the data can be analyzed
for dark matter signatures. Hadron colliders like Tevatron [150] and
LHC [151] use effective field theories (EFT) [152, 153] to conduct dark
matter analyses, assuming the experiment probes low energy approx-
imations of some theories. Similar methods can be found in direct
detection experiments. Within the effective theories it is assumed that
mediator particles are integrated out. Interactions can be described by
effective operators. This makes the effective theory only valid up to
a certain scale. As collider experiments feature large energies not all
EFT approaches are applicable. Besides EFT one can use the so called
simplified models [154, 155]. Simplified models allow for model in-
dependent comparisons. Within the simplified models the mediators
are not integrated out and only renormalizable interactions are con-
sidered. Analogous to minimal dark matter models, only few parti-
cles and symmetries are introduced to the SM in order to obtain a
certain collider signature. For example Higgs portal models (see Sec-
tion 2.2) are suitable simplified models. Here dark matter interactions
are solely mediated by Higgs bosons. If the mediator is not a SM par-
ticle, one can also search for signatures of the mediator in collisions.
The approach of simplified models is more flexible in producing the
different channels and signals for collisions than EFTs.
The large hadron collider LHC [151] collides protons at center of mass
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Figure 2.22: Spin-independent dark matter nucleon cross section limits from
CMS under the assumption of scalar (blue) or fermionic (red)
dark matter being linked to the Standard Model by the Higgs
boson in comparison to recent direct detection results. Figure
taken from [75]

energy of 7 TeV (2011), 8 TeV (2012) or 13 TeV (since 2015). It has
four main experiments investigating the collisions. Two of them, CMS
[156] and ATLAS [157], are dedicated to searches for particles, which
come from physics beyond the Standard Model (BSM) including dark
matter. Up to now, there is no evidence for BSM particles within the
LHC data. Everything is in agreement with Standard Model expecta-
tions, see for example [62, 158]. Some of the signatures CMS and AT-
LAS look into are mono-jets or mono-photons occurring with high en-
ergy accompanied by back-to-back missing ET . The main background
is from neutrino production due to Z decay together with a jet or a
photon. Also leptonic W decays accompanied by a mono-jet or mono-
photon, where the charged lepton escapes detector, contribute to the
background. If the dark matter mass is high enough, mono-jets can
be produced by hadronic decays of associated gauge bosons. Also,
the decay of a Higgs boson into dark matter could result in mono-
jets and /ET . Such invisible Higgs decays can place severe bounds on
BSM physics including dark matter. Another promising channel is
the production of heavy quarks like bb or tt, which depends on the
mediator particle. This process has a large QCD background but can
be discriminated by identifying the quark-antiquark pair. The di-jet
signature also is a good handle on BSM physics. It has reduced back-
ground at higher transverse momenta pT . It allows to constrain the
mediator and dark matter masses depending on the model.
Fig. 2.22 from [75] shows spin-independent elastic scattering cross

sections for dark matter and nucleons within a simplified Higgs por-
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tal model for different experiments. Such a model can feature invis-
ible Higgs decays as well as other signatures. Collider experiments
place stringent limits by looking for invisible Higgs decays. The red
line is the limit obtained by CMS for fermion dark matter, the blue
line is for scalar dark matter. In comparison, LUX results from 2016

[159] are shown in green. CMS excludes cross sections down to 10−46

cm2 for fermionic dark matter and places overall the most stringent
constraints for dark matter masses below 20 GeV. This low mass re-
gion is not so easily accessed by direct detection experiments, so the
searches are complementary.
It is also possible to perform a similar analysis in the framework of the
MSSM and not only simplified models. In this approach the search
for dark matter is accompanied by searches for other SUSY particles.
It allows to obtain bounds on SUSY masses. As of now, there have
been no observations of supersymmetric particles and the LHC pro-
vides stringent bounds on SUSY models [160]. Since there are no ob-
servations of supersymmetric partners at the same mass as Standard
Model particles, it follows that SUSY must be a broken symmetry.
The symmetry breaking explains the mass difference.

2.4 calculations

2.4.1 Boltzmann equation and dark matter relic density

The evolution of dark matter number density nDM is described by the
Boltzmann equation. Integrating this equation allows for the determi-
nation of the dark matter relic density ΩDM, which is constrained by
the CMB measurements. This section follows [161, 162] in calculating
the relic density starting from the time evolution equation for nDM

dnDM
dt

= −3HnDM − 〈σv〉
(
n2DM −n2DM

)
. (2.17)

In Eq. 2.17 the first term describes the dilution of particles due to
expansion of the Universe and the second term takes into account the
annihilation and creation of dark matter. n is the equilibrium number
density, which is defined by

n = g

∫
d3p

2π3
f(p, T), (2.18)

at which g are the internal degrees of freedom and f can be assumed
to have a Maxwell-Boltzmann distribution, following

f ≈ e−E/T , (2.19)

where T is the photon temperature yielding a Boltzmann suppression
factor. Putting this into Eq. 2.18, allows us to simplify

nDM =
gm2DMT

2π2
K2

(mDM
T

)
. (2.20)
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Here, mDM is the dark matter mass and K2 is the modified Bessel
function of second kind of order 2. In general for modified Bessel
functions of the second kind of order i in the limit x >> 1, we have

Ki(x) ≈
√
π

2x
e−x. (2.21)

The quantity 〈σv〉 is the thermally averaged annihilation cross section
multiplied by the velocity and is given by

〈σv〉 =
∫
σve−Ei/Te−Ej/Td3pid

3pj∫
e−Ei/Te−Ej/Td3pid3pj

, (2.22)

for incoming particles φi and φj with momenta pi and pj and ener-
gies Ei and Ej. Performing the integration and using simplifications
in the non-relativistic limit, one obtains

〈σv〉 = 1

8m4DMT
K22

(mDM
T

) ∫∞
4m2

DM

σ(s− 4m2DM)
√
sK1

( s
T

)
ds.

(2.23)

Here s is the Mandelstam variable – compare Appendix B.
Let’s assume the evolution of the Universe proceeds according to
the ΛCDM model with Friedmann-Robertson-Walker (FRW) metric.
Which means the evolution of the scale factor R is related to the Hub-
ble parameter H as

H =
Ṙ

R
. (2.24)

Today the Hubble parameter is

H0 =
100km

s ·Mpc
h = 67.74± 0.46 km

s ·Mpc
. (2.25)

as measured by the Planck satellite [1]. From the FRW-metric one can
deduce that

Ḣ+H2 =
1

6MPlanck
(ρ+ 3p)

H2 +
κ2

R2
=

ρ

3MPlanck
, (2.26)

with the Planck scaleMPlanck, the total averaged energy density and
pressure ρ and p and the curvature κ – where κ = −1 is for an open,
κ = 0 for a flat and κ = +1 for a closed Universe. From CMB measure-
ments it is known, that the Universe is flat. Hence, it is reasonable to
express all quantities with respect to the critical density ρC at which
κ = 0 holds. In general, ρ is given by

ρ =
π2

30
geff(T)T

4, (2.27)
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with geff being the effective number of relativistic degrees of free-
dom.
In order to solve the Boltzmann equation, one needs a link between
the entropy density s and the evolution of the Universe, which is
given by entropy conservation as

ds

dt
= −3Hs. (2.28)

Further, it is known that

s =
2π2

45
heff(T)T

3, (2.29)

with the effective number of degrees of freedom for entropy heff.
In order to simplify Eq. 2.17 even more, one can define the abundance
Y

Y :=
mDM
s

and x =
mDM
T

., (2.30)

and transform the equation using the abundance to obtain

dY

dx
=

1

3H

ds

dx
− 〈σv〉 . (2.31)

Plugging in Eq. 2.26 and Eq. 2.29, this simplifies to

dY

dx
= −

45

πMPlanck

√
g∗mDM
x2

〈σv〉 , (2.32)

where

√
g∗ = heff√

geff

(
1+

1

3

T

heff

dheff
dT

)
. (2.33)

The evolution of Y becomes more elaborate in the case of multiple
particle species. There, one obtains coupled Boltzmann equations that
have to be solved. Let’s assume there is a lightest stable dark matter
particle φ0 and other heavier particles φi for i from 1 to N. The heav-
ier particles can decay subsequently into φ0. This would modify the
number density equation for φi to

ni
dt

=− 3Hni −
∑
j

〈
σijvij(ninj −ninj

〉
−
∑
j6=i

(〈
σXijvij

〉
(ninX −ninx) −

〈
σXjivij

〉
(njnX −njnx)

)
−
∑
j6=i

(
Γij(ni −n) − Γji(nj −nj)

)
, (2.34)

with the label i regarding φi. The first term describes the expansion
of the Universe. The second term takes into account particle creation
and (co-) annihilation such as φiφj ↔ X where X is some SM fi-
nal state. Since there are multiple species, one needs to sum over all
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contributions σij =
∑
X σφiφj→X. The third term is dedicated to con-

version φiX ↔ φjX̃, where a particle of species i is transferred into
another species j and vice versa. Again, one needs to sum all differ-
ent combinations, which could appear as σXij =

∑
X,X̃ σφiX→φjX̃. The

following term includes decays of φj producing φi. If all φi heav-
ier than φ0 are not stable, one is left with only the lightest state as
dark matter. Otherwise, one would have multiple active dark matter
species for which coupled equations have to be solved. In the case of
only one dark matter species, it is sufficient to look at the total den-
sity of all φi nDM =

∑
i ni as the ni for heavier particles transforms

to n0. Thus, one can rewrite the evolution equation as

dDM
dt

= −3HnDM − 〈σv〉
(
n2DM −n2DM

)
, (2.35)

with

〈σv〉 =
∑
i,j

〈
σijvij

〉 ninj

nDMnDM
. (2.36)

This equation is of similar form as Eq. 2.17. Again, this can be trans-
formed into an equation for Y like Eq. 2.32.
In order to obtain the dark matter relic density ΩDM, the Boltzmann
Eq. 2.35 has to be solved. There is a link between abundance Y and
relic density given by

ΩDM =
ρ0DM
ρC

=
mDMs0Y0
GeV

=2.75× 108mDM
GeV

Y0. (2.37)

A subscript 0 denotes the quantity today, so ρ0 stands for the energy
density today. For numerical results, the photon temperature of CMB
is used and one finds that the relic density displays a behavior pro-
portional to the inverse of the thermally averaged annihilation cross
section times velocity 1

〈σv〉 . As mentioned before and as it will be im-
portant for later parts of this work, several particle species can play
a role contributing to conversion and co-annihilation processes. Co-
annihilation is enhanced for small mass difference ∆m = mφ1 −mφ0 .
The suppression for larger mass differences could in principle be
weakened for large cross-sections, but in general, co-annihilation is
only important in regions with small mass differences. Let’s assume
only two particle species play a role, such that they are of nearly equal
mass mφ0 ≈ mphi1 and all other particles are much heavier. Thus,
only terms regarding φ0 and φ1 in Eq. 2.34 have to be considered. In
the non-relativistic limit of T << mφi one finds

n0n1 ∝
(
mφ1
mφ0

)3/2
exp

(
−
xFO
T

∆m

mφ0

)
. (2.38)
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Figure 2.23: Evolution of dark matter abundance as a parameter of x =
mDM
T for different annihilation cross section. Figure taken from

[161]

Fig. 2.23 shows the evolution of abundance Y according to the Boltz-
mann Eq. 2.32 for different values of 〈σv〉. In the early Universe an-
nihilation and creation of dark matter are in thermal equilibrium for
temperatures much larger than particle mass. The processes between
dark matter and SM particles work equally in both directions. Once
DM production becomes kinematically suppressed, due to tempera-
ture decreasing ( x grows, it is anti-proportional to T ), the annihila-
tions starts to dilute the number density. Only the high energy end
of the distribution can still produce dark matter particles. The dis-
tribution follows the decreasing equilibrium distribution, which is
suppressed by the Boltzmann factor. If the expansion of the Universe
proceeds, the mean free path of dark matter particles becomes larger
than the size of Universe. This implies, there are basically no annihi-
lations any more. The co-moving number density becomes constant.
This is called freeze-out. It happens at xFO corresponding to a freeze-
out temperature TFO by Eq. 2.30. The exact position of the freeze-out
depends on cosmological quantities like the evolution of cosmos and
on particle physics parameters like the annihilation cross section 〈σv〉.
As seen in Fig. 2.23, the larger the cross section the longer the particles
stay in equilibrium. Larger cross sections mean more efficient annihi-
lation, hence there is larger Boltzmann suppression. The smaller the
resulting abundance, the better the annihilation works.
The above approach assumes that dark matter has been in thermal
equilibrium, this demands a sufficiently large cross section. If the
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(a) Dependence of the spin-
independent scattering form
factor. Image taken from [165].

(b) Differential event rate for vari-
ous target nuclei. Figure taken
from [79].

Figure 2.24: Rotation curves of spiral galaxies.

cross section is too small, such that at no time thermal equilibrium is
achieved, one speaks of Feebly Interacting Massive Particles (FIMPs).
FIMP relic densities are produced in a freeze-in scenario rather than
freeze-out (see [163]). The number density is still described by a Boltz-
mann equation like Eq. 2.17, but instead of the annihilation cross sec-
tion term, one only considers dark matter production from heavier
particles like φj → φiφ0 with φ0 being the DM particle. The DM
itself is decoupled from the thermal bath and assumed to have a van-
ishing small abundance in the early Universe. Once the temperature
falls below the FIMP mass, particles from the thermal bath stop pro-
ducing the FIMP via decay if they are lighter. The abundance from the
decays freezes in. The larger the production cross section, the larger
is the resulting relic density. Another option is the non-thermal pro-
duction of dark matter either from the decay of heavier particles or
from phase transitions see e.g. [164].

2.4.2 Direct detection cross section

As mentioned before, there are plenty of direct detection experiments
looking for dark matter. The experiments do not measure the interac-
tion cross section directly, but the differential recoil spectrum. This
section about the link between the cross section and the recoil spec-
trum is based on [166]. The differential recoil spectrum dR

dE depends
on the recoil energy E and is given by

dR

dE
(E, t) =

ρDM
mDMmN

∫
vf(v, t)

dσ

dE
d3v. (2.39)

mDM is the dark matter mass and mN the target nucleus mass. The
dark matter velocity v in the detector system follows the velocity dis-
tribution f(v, t) due to the movement of the Earth through a dark
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matter halo. For the resulting velocity one can assume a Maxwell dis-
tribution

f(v, t) =
1√
2πσ

exp

(
−|v|2

2σ2

)
. (2.40)

The dispersion relation σ is correlated to the circular velocity of 220

km/s and is cut off at the escape velocity vmax above which dark
matter is no longer bound in the galaxy [76]. The local dark matter
density ρDM is assumed to be around 0.3 GeV/cm3 [77]. Both the
density and velocity distributions contain astrophysical uncertainties
for dark matter detection. The rest is determined by particle physics.
In the non-relativistic limit, one can link the recoil energy to the mo-
mentum transfer Q by

Q =
√
2mNE, (2.41)

which allows to obtain the approximation

dR

dQ
=

σ0ρDM√
πvmDMµ

2
N

F2(Q)T(Q). (2.42)

F is the nuclear form factor. The integral over the velocity distribution
is contained in T(Q) and σ0 is the cross section at zero momentum
transfer. µN is the reduced WIMP nucleus mass defined by

µN =
mDM ·mN
mDM +mN

. (2.43)

Limits on the energy E or on the momentum transfer Q can be ob-
tained from the velocity limits. There is a minimal velocity vmin, in
order to produce a recoil energy E big enough to reach the threshold
of the detector

vmin =

√
mNEmin

2µ2N
. (2.44)

The maximal value of v is given by the escape velocity, as dark mat-
ter needs to be gravitationally bound within the galaxy to be part of
the WIMP wind and it needs to be detectable. For our galaxy this is
vmax ≈ 544 km/s .

Considering the interaction cross section σ0, there is in general a
spin-independent (SI) and a spin-dependent (SD) part. The SI part
can be expressed as

σSI0 = σp
µ2N
µ2p

(Zfp + (A−Z)fn)2 , (2.45)

with σp being the elastic scattering cross section between nucleon and
dark matter. µp is the reduced mass of dark matter and the proton,
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Figure 2.25: Scalar dark matter interacting with quarks.

Z the atomic number of target nucleus, and A is the mass number of
target nucleus. N gives the number of neutrons within the nucleus.
fp and fn are the spin-dependent coupling strength of protons and
neutrons to dark matter. Usually, one assumes dark matter couples
in the same fashion to protons and neutrons, but there are models
where this is not the case. As σSI0 ∝ A2 has a quadratic dependence
on mass number, heavier elements are favorable as target materials.
For the SD part of the cross section, we have

σSD0 =
32

π
µ2NG

2
F (ap 〈Sp〉+ an 〈Sn〉)

2 J+ 1

J
. (2.46)

GF is the Fermi’s constant, ap and an describe effective couplings to
the proton and neutron. With 〈Sp,n〉 the expectation value of the spin
content within nucleus comes into account. In order to be sensitive to
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spin-dependent interactions, targets need unpaired neutrons or pro-
tons. For example in Xenon, naturally isotopes with odd numbers
of protons or neutrons appear, thus Xenon based experiments are
sensitive to spin-dependent as well as spin-independent dark matter
interactions.
Low momentum transfers allow for coherently summing contribu-
tions from all nucleons inside the nucleus. At larger momentum trans-
fer, the de Broglie wavelength of dark matter becomes smaller than
the radius of the nucleus, the form factors decrease with increasing
momentum transfer Q as seen in Fig. 2.24. Hence, there is an up-
per bound on momentum transfer for which coherent processes take
place. At higher energies the A2 dependence of spin-independent
dark matter interaction is suppressed. Thus, better sensitivity for heav-
ier targets is only true for lower energy regions. Fig. 2.24 shows the
elastic scattering form factor (left) and differential event rate (right)
under the assumption of a WIMP mass of 100 GeV and a cross sec-
tion of 10−45 cm2. There is a clear decrease in form factor for larger
Q. For heavy elements like Xenon (black) or Wolfram (green) in the
lowQ region, the event rates are high, in the largerQ regions, there is
a stronger suppression compared to light elements like Germanium
(red).

2.4.3 Generic calculations for direct detection processes

In the previous section, the correlation between differential recoil and
interaction cross section is pointed out. This section contains some
generic calculations for scalar and fermionic dark matter interactions
with quarks, which might result in sizable direct detection cross sec-
tions.
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Figure 2.26: Fermion dark matter interacting with quarks showing t- and
u-channel contributions.

Starting with an incoming (outgoing) dark matter particle at four mo-
mentum p1 (p3) and quark at p2 (p4), kinematics and Mandelstam
variables can be expressed as

p1 + p2 =p3 + p4,

s =(p1 + p2)
2,

t =(p1 − p3)
2,

u =(p1 − p4)
2. (2.47)

Which simplifies for zero momentum transfer to

p21 =p
2
3 = m

2
DM,

p22 =p
2
4 = m

2
q. (2.48)
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Figure 2.27: Fermion dark matter interacting with quarks, s-channel contri-
butions.

The generic expressions for different vertices and propagators can
be found in Appendix E. For scalar dark matter φ scattering off of
quarks, there are three different options as shown in Fig. 2.25. The
scattering can be mediated by a scalar S in the t-channel, a fermion F
in the s-channel or a vector boson V in the t-channel. For fermion dark
matter interacting with quarks, six different diagrams can contribute.
They are shown in Fig. 2.26 and Fig. 2.27. The exact realization de-
pends on the model and not all vertices might be present, limiting
the number of diagrams. The general amplitudes for the diagrams in
Fig. 2.25 are

MS,a =i 1
i

t−m2S
u4i 2 u2,

MS,b =u4i 4 i
/p1 + /p1 +mF

s−m2F
i 3 u2,

MS,c =i 5
µ
i

1

t−m2V(
−gµν +

(p1 − p3)µ(p1 − p3)ν

m2V

)
u4i 6

ν
u2, (2.49)

where the labels and vertices are according to the figure. Spinor and
mass indices are chosen to match the index at particle momentum.
Similarly, for fermion dark matter the amplitudes corresponding to
Fig. 2.26 and Fig. 2.27 are

MF,a =u3i 1 u1i
1

t−m2S
u4i 2 u2,

MF,b =u4i 3 u1i
1

u−m2S
u3i 4 u2,
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MF,c =u3i 5
µ
u1i

1

t−m2V(
−gµν +

(p1 − p3)µ(p1 − p3)ν

m2V

)
u4i 6

ν
u2,

MF,d =u4i 7
µ
u1i

1

u−m2V(
−gµν +

(p1 − p4)µ(p1 − p4)ν

m2V

)
u3i 8

ν
u2,

MF,e =v1i 9 u2i
1

s−m2S
u4i 10 v3,

MF,f =v1i 11
µ
u2i

1

s−m2V(
−gµν +

(p1 + p2)µ(p1 + p2)ν

m2V

)
u4i 12

ν
v3. (2.50)

Starting from these expressions, one can calculate spin averaged squared
amplitudes. It is possible to make simplifications if left- and right-
couplings are the same giL = giR, as well as only real couplings
contribute i

∗
= i .

Within the non relativistic limit and zero momentum transfer

s =(mDM +mq)
2,

u =(mDM −mq)
2,

t =0 (2.51)

allows to obtain results in this limit as

|MS,aa|
2 =

8g21g
2
2m

2
q

m4S
,

|MS,ab|
2 =−

8g1g2g3g4m
2
q

(mDM −mF +mq)m
2
S

,

|MS,ac|
2 =−

4g1g2g5g6mDMmq(mDM + 3mq)

m2Sm
2
V

,

|MS,bb|
2 =

8g23g
2
4m

2
q

(mDM −mF +mq)2
,

|MS,bc|
2 =

4g3g4g5g6mDMmq(mDM + 3mq)

(mDM −mF +mq)m
2
V

,

|MS,cc|
2 =

16g25g
2
6m

2
DMmq(mDM +mq)

m4V
. (2.52)

where indices label the diagrams which have been multiplied and
evaluated within the approximation. The full results for scalars with-
out simplifications can be found in appendix Section H.1. The re-
sults for fermions are too long to be usefully displayed there. For
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the fermion amplitudes, the couplings are even more simplified by
using 3 = 4 , 7 = 8 , 9 = 10 , 11 = 12 to obtain

|MF,aa|
2 =

(
64g21g

2
2m

2
DMm

2
q

)
× 1

m4S
,

|MF,ab|
2 =−

(
32g1g2g

2
3m

2
DMm

2
q

)
× 1

m2S
(
m2DM − 2mqmDM +m2q −m

2
S

) ,

|MF,ac|
2 =−

(
4g1g2g5Lc(g6L + g6R)m

2
DMmq(mDM + 3mq)

)
× 1

m2Sm
2
V

,

|MF,ad|
2 =−

(
8g1g2g

2
7m

2
DMmq

(
2m3q + 2m

2
DMmq

−5m2Vmq +mDM
(
m2V − 4m2q

)))
× 1

m2Sm
2
V

(
m2DM − 2mqmDM +m2q −m

2
V

) ,

|MF,ae|
2 =0

|MF,af|
2 =

(
2g1g11Lcg2m

2
DMmq

(
g12L

(
−m3DM + 3mqm

2
DM

+9m2qmDM + 2m2VmDM + 5m3q + 6mqm
2
V

)
+g12R

(
m3DM − 3mqm

2
DM − 9m2qmDM − 5m3q

+16mqm
2
V

)))
× 1

m2Sm
2
V

(
m2DM + 2mqmDM +m2q −m

2
V

) ,

|MF,bb|
2 =

(
64g43m

2
DMm

2
q

)
× 1(

m2DM − 2mqmDM +m2q −m
2
S

)2 ,

|MF,bc|
2 =−

(
4g23g5Lcm

2
DMmq(g6L(mDM + 3mq) − 8g6Rmq)

)
× 1(

m2DM − 2mqmDM +m2q −m
2
S

)
m2V

,

|MF,bd|
2 =

(
16g23g

2
7m

2
DMmq

(
2m3q + 2m

2
DMmq

−3m2Vmq −mDM
(
4m2q +m

2
V

)))
× 1

m2V
(
m2DM − 2mqmDM +m2q −m

2
V

)
× 1(

m2DM − 2mqmDM +m2q −m
2
S

) ,

|MF,be|
2 =0,

|MF,bf|
2 =−

(
2g11Lcg

2
3m

2
DMmq

(
g12L

(
−m3DM

+3mqm
2
DM + 9m2qmDM

+2m2VmDM + 5m3q + 6mqm
2
V

)
+g12R

(
m3DM − 3mqm

2
DM − 9m2qmDM

−5m3q + 16mqm
2
V

)))
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× 1(
m2DM − 2mqmDM +m2q −m

2
S

)
m2V

× 1(
m2DM + 2mqmDM +m2q −m

2
V

) ,

|MF,cc|
2 =

(
16g5Lg5Lcm

2
DMmq

×
(
mDMg

2
6L − g6Rmqg6L + g

2
6Rmq

))
× 1

m4V
,

|MF,cd|
2 =

(
4g5Lg

2
7m

2
DMmq (2g6R(

−2m3q − 2m
2
DMmq + 3m

2
Vmq

+mDM
(
4m2q +m

2
V

))
+g6L

(
m3DM −mqm

2
DM

−
(
m2q + 4m

2
V

)
mDM +m3q

)))
× 1

m4V
(
−m2DM + 2mqmDM −m2q +m

2
V

) ,

|MF,ce|
2 =0,

|MF,cf|
2 =

(
4g11Lcg5Lm

2
DMmq (g12Rmq (g6L

×
(
m2DM + 2mqmDM +m2q + 2m

2
V

)
−2g6R

(
m2DM + 2mqmDM +m2q −m

2
V

))
+g12L (2g6Rmq(
m2DM + 2mqmDM +m2q −m

2
V

)
+g6L

(
m3DM − 3m2qmDM − 2m3q + 4mqm

2
V

))))
× 1

m4V
(
m2DM + 2mqmDM +m2q −m

2
V

) ,

|MF,dd|
2 =−

(
16g37(g7 + g8)m

2
DMmq(mDM +mq)

)
× 1

m2V
(
m2DM − 2mqmDM +m2q −m

2
V

) ,

|MF,de|
2 =0,

|MF,df|
2 =−

(
2g11Lcg7m

2
DMmq (g12R (2g7mq

×
(
m4DM −

(
2m2q + 5m

2
V

)
m2DM

+6mqm
2
VmDM +m4q + 4m

4
V − 5m2qm

2
V

)
−g8(mDM +mq)

(
m4DM − 2mqm

3
DM + 2m2Vm

2
DM

+2mq
(
m2q +m

2
V

)
mDM −m4q − 4m

4
V

))
+g12L

(
g7
(
m5DM −mqm

4
DM − 2m2qm

3
DM

+ 2
(
m3q + 5m

2
Vmq

)
m2DM

+
(
m4q − 4m

2
qm

2
V

)
mDM −m5q + 4mqm

4
V + 2m3qm

2
V

)
−2g8mq

(
m4DM +

(
m2V − 2m2q

)
m2DM

−6mqm
2
VmDM +m4q − 2m

4
V +m2qm

2
V

))))
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× 1

m4V
(
m2DM − 2mqmDM +m2q −m

2
V

)
× 1(

m2DM + 2mqmDM +m2q −m
2
V

) ,

|MF,ee|
2 =0,

|MF,ef|
2 =0,

|MF,ff|
2 =−

(
4g11Lg11Lcm

2
DMmq

×
((
m5DM + 2mqm

4
DM − 2

(
m2q +m

2
V

)
m3DM

−8m3qm
2
DM +

(
6m2qm

2
V − 7m4q

)
mDM

−2mq
(
m4q − 2m

2
Vm

2
q + 2m

4
V

))
g212L

+2g12Rmq
(
m4DM + 4mqm

3
DM +

(
6m2q − 2m

2
V

)
m2DM

+4
(
m3q −mqm

2
V

)
mDM

+m4q − 2m
4
V − 2m2qm

2
V

)
g12L

+g212R
(
m5DM + 2mqm

4
DM − 2

(
m2q +m

2
V

)
m3DM

−8m3qm
2
DM +

(
6m2qm

2
V − 7m4q

)
mDM

−2mq
(
m4q − 2m

2
Vm

2
q + 2m

4
V

))))
× 1

m4V
(
m2DM + 2mqmDM +m2q −m

2
V

)2 . (2.53)

The matrix elements then can be used to obtain the direct detection
cross section – see Section D.1. The formula for the spin-independent
scattering cross section is

σSIn,p =
|M|2

32π

f2n,p

(mDM +mn,p)2
, (2.54)

wheremn,p is the neutron (proton) mass and fn,p are the form factors
for the quark distribution within the nucleon.
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N E U T R I N O S A N D N E U T R I N O M A S S E S

3.1 neutrino sources and detection mechanisms

After Pauli’s first idea of neutrinos around 1930 emerged [167], a lot
has been discovered about these particles. Pauli proposed the neu-
trino in oder to explain the continuous nature of β-decay spectra. The
neutrino is a neutral and massless particle within the Standard Model.
It only takes part in weak interactions. Further, it is found that weak
processes violate parity maximally. One of the first experiments on
parity violation was conducted by Wu [168]. In the investigation of β
decay of polarized 60, it was found that parity was violated. In 1957

Goldhaber et.al. [169] measured the helicity of neutrinos by observing
electron capture of 152Eu by resonance absorption of the emitted pho-
tons. It was found that neutrinos have negative helicity. As one can
see from the Standard Model Lagrangian, only left-handed fields con-
tribute to weak processes. Such weak interactions are associated with
small cross sections, due to the massiveness of the mediator bosons.
Despite the small cross sections, R. Davis et.al. [170] were able to
observe solar neutrinos by means of a radio chemical method using
37Cl proposed by Pontecorvo [171]. Only one third of the expected so-
lar neutrino flux was observed. This discrepancy can be explained by
neutrino oscillations as described in Section 3.2. In 2015 a Nobel prize
was awarded to Kajita and McDonald for the discovery of neutrino
oscillations. Neutrino oscillations are possible, as the flavor states are
a linear superposition of mass eigenstates conveyed by the PMNS ma-
trix see Section 3.2.
The next section shortly describes sources for neutrinos. Next, in Sec-
tion 3.2, neutrino oscillation vacuum and matter is shown. Section 3.3
summarizes some oscillation experiments followed by mass genera-
tion mechanisms in Section 3.4 and neutrino mass measurements in
Section 3.5.

3.1.1 Neutrino sources

When looking for neutrinos, one has to consider the different neutrino
sources. This section gives a short non-exhaustive overview, based on
[172, 173].
Neutrinos, for example, can be produced in the Sun. There are three
different production mechanisms contributing to this. Proton-proton
interactions (p+ p→ d+ e+ + νe) yield neutrino energies below 0.42

MeV. The vast majority of solar neutrinos is produced by this mecha-

51
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nism with an expected flux around
6× 1010s−1cm−2. This reaction also allows to build heavier elements
like 7Be, which in turn can produce neutrinos by electron capture.
The reaction 7Be + e− →7 Li + νe is associated with an energy of
0.86 MeV. The 7Be could also interact with protons forming Boron
(8B). Boron is not stable and undergoes β decay 8B→8 Be+ e+ + νe
yielding neutrino energies around 15 MeV. All solar processes feature
electron neutrinos νe, none of the other flavors are produced.
Another source for neutrinos are cosmic rays. Cosmic rays can in-
teract with the outer atmosphere producing pions and kaons which
subsequently produce neutrinos by decaying.

π+(π−)→ µ+(µ−) + νµ(νµ),

µ+(µ−)→ e+(e−) + νe(νe) + νµ(νµ).

From these reaction one expects at least twice as many νµ as νe.
Supernova explosions can lead to short but intense neutrino emis-
sion, when protons undergo β decay in the high density region of the
supernova – see Section 3.5.3. Similar to the CMB there are cosmic
background neutrinos present from early stages of the Universe – see
Section 3.5.1. Also nuclear reactors and particle accelerators can be
used as artificial neutrino sources.

3.1.2 Neutrino detection processes

Neutrinos can interact by quasi-elastic or deep inelastic scattering off
of n or p within target nuclei.

(ν
)
l + p(n)→ l−(+) +n(p),

(ν
)
l + p(n)→ l−(+) +X.

These reactions produce charged leptons and potentially hadronic
showers. Here νl is either a neutrino ν or an anti-neutrino ν according
to the processes. l in stands for e, ν or τ, differentiating between
lepton flavor.

3.2 neutrino oscillation

Since the observation of neutrino oscillation [174–176], it is clear that
neutrinos cannot be massless but have to have a small, non-negligible
mass. The following sections contain a short overview on neutrino
oscillations in vacuum and in matter, followed by an overview of
neutrino oscillation experiment. The sections follow [173, 177].
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3.2.1 Neutrino vacuum oscillations

Neutrinos have interaction eigenstates νl, which are a linear combi-
nation of mass eigenstates νi. The interaction states occur in weak
processes as partners of charged leptons l (e, µ, τ). Similarly to the
quarks sector, the neutrino mixing is described by a 3 × 3 unitary
mixing matrix Uν, the PMNS matrix.

νl =

3∑
i=1

Uν,liνi (3.55)

From experiments it is known, that at least two of the masses mi can-
not vanish. For simplicity, one can look at two flavor mixing, which
is characterized by a single angle α. Consider two flavor neutrinos νf
with f either a or b and two mass eigenstates ν1 and ν2.

(
νa

νb

)
=

(
cosα sinα

− sinα cosα

)(
ν1

ν2

)
. (3.56)

In a charged current interaction only flavor states νf take part. Usu-
ally, neutrinos are create in charged current interactions as

|νf >=|νi > U
†
ν,fi. (3.57)

The propagation in vacuum, though, is described by the propagation
of mass eigenstates νi. If the mass eigenstates have different masses
and therefore energies Ei, the propagation leads to different phase
factors between the different states. The propagation in vacuum can
be expressed as

|νf >t=e
−iHt|νi > U

∗
ν,fi,

|νf >t=|νi > e
−iEitU

†
ν,fi,

|νf >t=
∑
f′

|νf′ > Uν,f′i|νi > e
−iEitU∗ν,fi. (3.58)

Neutrino detection again, happens via charged current interactions,
thus it acts on flavor. As the phase factors have changed, a different
flavor than at creation time t = 0 might be detected. One needs to
transform back to the flavor states like in the last step of Eq. 3.58. The
probability of changing flavor from a to b is then given as

P(νa → νb) =| < νb|Uν,f′ie
−iEitUν,fi ∗ |νa > |2. (3.59)

The probability of obtaining the same flavor neutrino as created is

P(νa → νa) =1− P(νa → νb). (3.60)
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Plugging in the mixing matrix from Eq. 3.56 and using |νa >=

(
1

0

)
and < νb| =

(
0 1

)
in Eq. 3.59, gives

P(νa → νb) =

∣∣∣∣∣
(
− sinα

cosα

)(
1 0

0 e−i(E2−E1)t

)(
cosα

sinα

)∣∣∣∣∣
2

. (3.61)

Furthermore, one can use the relativistic energy momentum relation
as

E2 − E1 =
m22 −m

2
1

2p
=:
∆m2

2p
, (3.62)

where p is the ν momentum. Inserting this to Eq. 3.61 and using
trigonometric relations, one arrives at

P(νa → νb) = sin2 (2α)
1

2

(
1− cos

(
∆m2

2p
t

))
= sin2 (2α)

1

2

(
1− cos

(
∆m2L

2E

))
= sin2 (2α) sin2

(
∆m2L

4E

)
, (3.63)

where the relations for ultra relativistic particles E ≈ pc and ct ≈ L
were used. From Eq. 3.63 it is visible, that the oscillation of neutrino
flavor depends periodically on the ratio of energy E and distance L.
In the case of three flavors, Eq. 3.59 still holds, just the mixing matrix
is different than in Eq. 3.61. Fig. 3.28 illustrates the oscillation of νe
created in a reactor to other neutrino flavors as a function of the dis-
tance L. The figure shows a fast oscillation seen as a modulation on
top of of slow oscillation. This fact can be used to disentangle the two
dynamics depending on the involved length scales. Hence, different
scaled experiments have access to different squared mass differences
and mixing angles.

3.2.2 Matter enhanced neutrino oscillation: MSW-effect

The above section describes neutrino oscillations in vacuum. How-
ever, when neutrinos travel through a medium, they do interact with
the matter. Matter mostly contains electrons but not µ or τ-leptons.
Hence, νe can interact via Z exchange (NC) or W exchange (CC)
with the electrons, where the other neutrino flavors only take part
in Z mediated interactions. The different scattering cross sections for
the different flavors have an impact on the propagation. This effect is
called MSW effect, which is short for Mikheev-Smirnov-Wolfenstein
effect [179, 180].
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Figure 3.28: Neutrino composition for reactor neutrinos at 4 MeV as a func-
tion of the distance. There are some regions where it is more
likely to observe νµ,τ than νe. The figure is taken from [178].

In order to describe the propagation in a medium, one can add a
Hamiltonian for neutrino interactions in matter

Hmatter =
2

GF
ne, (3.64)

to the Hamiltonian for the free fields. Here GF is the Fermi constant
and ne the electron density. This is in flavor basis, it has to be trans-
formed to the mass basis using the ν mixing matrix. This leads to
off diagonal terms in the mass eigenbasis Hamiltonian, that are not
there for the vacuum case. νi are no longer eigenstates within mat-
ter. A mixing between νi occurs. Therefore, it is useful to determine
a matter mass basis νi,matter. This allows for oscillations between the
vacuum mass eigenstates.
In the simplification of two neutrino flavors, this would lead to one
mass, which is proportional to the electron density, and one constant
mass, without flavor mixing. Depending on the hierarchy of the vac-
uum mass eigenstates, the matter state masses mimatter could cross.
If m2 is smaller than m1 no crossing is observed. Considering flavor
mixing as well, there is no longer a crossing but a resonance point,
where the difference between mimatter becomes minimal. The mini-
mum depends on ∆m2 and ne as illustrated in Fig. 3.29. The dashed
lines show the crossing, whereas the solid lines follow the matter
eigenstates. There is one density, for which the distance between the
two masses is minimal. A resonance occurs, this is associated with a
point of maximal mixing. If the matter distribution varies spatially, it
is possible that the resonance condition is met and oscillation is en-
hanced.
Following [173], the oscillation probability is given by

P(νa → νb) = sin2 (αm) sin2
(
∆m2mL

4E

)
, (3.65)

with the matter mixing angle αm defined by

tan (2αm) =
sin (2α)

cos (2α) − A
∆m2

. (3.66)
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Figure 3.29: The figure shows behavior of neutrino mass states within matter
allowing for a point of maximal mixing for a specific electron
density. The figure is taken from [181].

α is the mixing angle in vacuum as in Eq. 3.61. The abbreviation
A := 2p 2

√
GFne is also introduced.

The application of the matter enhanced oscillation effects on the ex-
pected neutrino flux from the Sun provides a good explanation of the
observations made by several experiments of the disappearance of
solar νe. Additionally with help of the MSW effect the sign of ∆m212
can be determined. For ∆m223 this is not possible.

3.3 neutrino oscillation experiments

The previous section contains a a short introduction to neutrino oscil-
lation, this section gives a summary of experiments investigating the
oscillations. It is based on the same review [177].
Depending on the energy and length scale of the fast and slow oscilla-
tions – see Fig. 3.28 — one can disentangle the dynamics and reduce
to only two flavors being involved. This allows for experiments to
probe different mixing angles and mass differences for various neu-
trino sources.

sno

The Sudbury Neutrino Experiment (SNO) [182] is a solar neutrino ex-
periment, which utilizes heavy water as a target. It consists of around
1000t D2O in an acrylic vessel monitored by PMTs. Due to its energy
threshold, it is only sensitive for neutrinos from the B8 process in the
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Sun(Section 3.1.1). There are three ν interaction channels, which can
lead to a signal in SNO: Charged current interactions (CC) νe + d →
e− + p+ p, neutral current processes (NC) νx + d → νx + p+ n and
elastic neutrino-electron scattering νx + e− → νx + e

−. NC processes
are open for all flavors whereas CC and ES reactions only happen
for νe. Hence, one can compare the total neutrino flux to the electron
neutrino flux. It is found that νe only have a third of the expected
flux, but the entire flux for all flavors is consistent with the expecta-
tion. This is a clear sign, that the νe produced in the Sun oscillated,
when passing through the solar medium and traveling to the Earth,
such that they are no longer detected as νe. On the other hand, this
also allows to strongly restrict the probability for νe to oscillate to
sterile neutrinos, which would not interact in the detector.

kamland

The KamLAND experiment [183] investigates reactor neutrinos from
55 reactors in around 140 km to 205 km distance. It consists of a liquid
scintillator monitored by PMTs, surrounded by a water Cherenkov
veto. The average ν energy is around 3.6 MeV. The combination of
energy and length scale makes the oscillation be dominated by ∆m212
and the corresponding mixing angle θ12. The main detection channel
is ν̄e + p → e+ + n. Subsequently, the e+ annihilate with electrons
emitting two γs with an energy of around 0.51 each. The neutron gets
captured as well releasing a γ. KamLAND is looking for a coincidence
measurement between these two events. The observed spectrum is
compared to the expected spectrum from the processes in the reactors.
The distortion allows to determine

∆m212 =(7.66
+0.20
−0.22)× 10−5eV2,

tan2 2θ12 =0.52
+0.16
−0.10 .

super-kamiokande

Super-Kamiokande [184] is a huge cylindrical water Cherenkov detec-
tor with 50 kt of water and over 10 000 PMTs. It consists of an inner
detector and an outer detector in order to reject interactions from cos-
mic ray muons. The detector looks for atmospheric neutrinos via the
process νl +N → l + X with l = e,µ. The charged leptons can be
distinguished by the hit pattern on the PMTs. µs leave a sharp ring
whereas e lead to a more diffuse appearance. The detector also allows
for energy and direction reconstruction of the ν event. Thus, one can
measure the zenith-angle θ dependence of ν fluxes. The zenith-angle
is defined such that for θ = 0 the event goes straight down, originat-
ing from the atmosphere the distance is around 20 km. For θ = π,
events come straight up. Hence, the neutrinos have to travel through
the Earth for around 1300 km to reach the detector. Comparing the
up- and downward neutrino fluxes, Super-Kamiokande finds a dis-
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appearance of νµ, which are due to neutrino oscillations. Mostly due
to νµ to ντ oscillations, as τ interactions are rarely observed in the
detector, due to the large production threshold.

minos and t2k

Both MINOS [185] and T2K [186] are so called long baseline exper-
iments. MINOS consists of two detectors, observing neutrinos pro-
duced at Fermilab. K2K receives neutrinos from the KEK accelerator
with a distance of 250 km to the far detector. For MINOS, the near
detector is around 1 km from the Fermilab target, the far detector is
within a distance of 735 km. Both detectors work with the same prin-
ciple, looking for the interaction νµ + Fe → µ− + X, where the total
ν energy is obtained by summing up the µ and hadronic shower X
energies. The near detector measures the initial spectrum, to which
the distorted spectrum recorded by the far detector is compared. The
oscillation process is dominated by ∆m223 and θ23 and the results are
for MINOS

∆m223 =(2.32
+0.12
−0.08)× 10−3eV2,

sin2 2θ23 > 0.90.

daya bay and reno

Daya Bay [187], similarly to Reno [188], is another long baseline exper-
iment. It uses six scintillation detectors to observe six reactors. Three
detectors act as near detectors with a distance of 470-570 m to the
reactors and three are considered far with around 1648 m distance. It
probes the θ13 region by the detection mechanism νe + p → e+ + n

and comparing the number of events in the near and far detectors.
This corresponds to the νe survival probability. In the analysis it was
found that

sin2 2θ13 = 0.113+ 0.013+ 0.019.

3.4 mechanisms for neutrino mass generation

After the discovery of neutrino oscillation it is clear, that neutrinos
cannot be massless. This section aims at explaining some mechanisms
for neutrino mass generation. In general, in the Standard Model fermion
masses are generated in the electro-weak symmetry breaking (EWSB)
via the mass mechanism. Therefore, it is needed to couple two fermions
to a scalar, the Higgs, which obtains a vacuum expectation value. The
fermion mass matrices arising from EWSB are not diagonal, but can
be diagonalized by 3 × 3 unitary mixing matrices. Yukawa interac-
tions link left-handed fermion doublets and right-handed singlets. A
typical Dirac fermion mass term combines left and right components,
such as MψRψL. Yet, as there is no right-handed neutrino within the
Standard Model, neutrinos cannot obtain mass by this mechanism.
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There has to be an extension to the SM to explain neutrino masses.
Furthermore, cosmology puts limits on the sum of ν masses. They
must be below 1 eV. This implies, neutrino masses are many orders
of magnitudes below charged lepton masses. From oscillation experi-
ments the squared mass differences are known, but the absolute neu-
trino mass scale is not revealed yet. The sign of the mass differences
is not known for ∆m223. Hence, one can have normal hierarchy m21,
m22 < m23 or inverted hierarchy m21,m22>m23 regarding the mass state
masses mi. The following sections are based on [173, 177].

3.4.1 See-saw type I

The simplest idea for neutrino masses is to introduce a mass term like
the one for charged leptons. This needs the addition of right-handed
neutrinos νR to the Standard Model. νR allow tow write a term for
Dirac neutrino masses as

LDν = −Yν,ijνRH̃
†lL,j. (3.67)

Here i and j are family indices, Yν Yukawa couplings, li is the lepton
doublet and H the Higgs doublet. Spontaneous symmetry breaking

leads to H →

 0
1√
2
(h+ v)

 with v = 246 GeV. The above mass term

would translate to a Dirac mass for neutrinosmLR. Yukawa couplings
for charged leptons are of order 1 MeV for all flavors. Since the neu-
trino masses are at least six orders of magnitude below the charged
lepton masses, their Yukawa couplings had to be comparably small.
This is not a very satisfying explanation on why neutrino masses are
so small.
The mass terms includes a chirality flip. There is one incoming par-
ticle with one chirality one outgoing particle with the other. In case
of Majorana fermions, the chirality flipped particles can be the same.
Particle and antiparticle are not distinguishable. Since neutrinos are
neutral, it is possible to have Majorana neutrinos. In this case one can
also define mass terms like

LMν
=−

1

2
MLLν

C
LνL (3.68)

−
1

2
MRRν

C
RνR (3.69)

+ h.c.

which violates lepton flavor number by two units. In addition to creat-
ing a neutrino mass term, Majorana neutrinos also allow for new pro-
cesses like neutrinoless double-β decay – see Section 3.5.2. Putting all
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the mass terms together, one can read of the non-diagonal neutrino
mass matrix

Mν =

(
MLL MLR

MLR MRR

)
. (3.70)

Mν has the mass eigenvalues

m1,2 =
1

2

(
(MLL +MRR)±

√
(MLL −MRR)

2 + 4M2
LR

)
. (3.71)

The presence of the MLL term Eq. 3.68 violates weak isospin, as νL is
in the doublet with eL. Hence, it is not allowed easily when extend-
ing the SM without loosing renormalizability. All other terms can be
formulated, when adding νR to the SM. When takingMLL = 0 and as-
suming MLR � MRR, such that the right-handed neutrinos are very
heavy, Eq. 3.71 can be approximated by

m1 ≈MRR,

m2 ≈
M2
LR

MRR
. (3.72)

The smaller eigenvaluem2 gets lighter for largerMRR. Therefore, this
is sometimes called see-saw mechanism.
For just one neutrino and lepton family, it is sufficient to have MRR

around the Planck scale to yield reasonably small neutrino masses of
about 10−3 eV. The large mass of νR can be associated with a scale at
which unification of forces might take place in grand unified theories
(GUT). Also, the existence of very heavy νR might explain the matter-
antimatter asymmetry, if they preferably decayed to leptons instead
of anti-leptons in the early Universe, enhancing the asymmetry by
leptogenesis e.g. see [189].
When integrating out the heavy νR, an effective dimension five opera-
tor is obtained. It should be sufficient to describe neutrino masses by
such an effective operator. In 1979 Weinberg [190] showed that there
is essentially one operator for this

gij

Λ

(
l
C
Liσ2H

) (
HTσ2lLj

)
. (3.73)

with the second Pauli matrix σ2. The scale Λ corresponds to the mass
scale of the particles which have been integrated out.

3.4.2 See-saw type II and beyond

Other than adding a heavy right-handed Majorana neutrino, this op-
erator could also be achieved by introducing either a scalar triplet (see
See-saw type II) or a heavy fermion triplet. This is shortly depicted
in this subsection. which is also based on [177, 191, 192].
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When looking for new terms to add to the SM Lagrangian, they have
to be renormalizable and fulfill all requirements for Lagrangian terms.
As neutrino masses should be generated, the terms should involve
two fermionic parts such as a fermion singlet S, fermion doublet D
or a fermion triplet T depending on the extension of the SM. In addi-
tion, scalar terms are needed. They can either involve a scalar singlet
ϕ, a scalar doublet φ, which could be the SM Higgs doublet, or a
scalar triplet Σ. Different allowed combinations are shown below

S S : ϕSS

S D : Dφ̃S

S T : Tr[TΣS]

D D : DDCϕ or D∆DC

D T : φ̃†TD

T T : Tr
[
ϕT

C
T
]

(3.74)

For example, adding an extra Higgs triplet Σ to the SM allows to
produce the MLL which was forbidden by symmetries before. This is
sometimes called see-saw type II. It is one of the UV completions of
the SM which gives neutrino masses at tree-level.
Neutrino masses might not occur at tree-level but at one- or two-loop
order, when they do not couple directly to scalars, which acquire
a vacuum expectation value. Some realizations are found in plenty
of radiative see-saw models see Chapter 5. These radiative models
need Majorana neutrinos and thus violate lepton flavor conservation.
Lepton flavor violation leads to flavor changing processes which can
be constraint by other experiments than neutrino experiments.

3.5 neutrino mass measurements

From oscillation experiments the squared mass differences for neu-
trinos are known, but not the absolute mass scale. The current con-
straints are consistent with either two or three non-zero neutrino
masses. After describing some mechanisms for neutrino mass gen-
eration, this section is dedicated to experimental searches and con-
straints on neutrino masses. It is based on [193].
There are different options to determine or constrain neutrino masses,
the limits might depend on the neutrino mass hierarchy. Related to
what experiments are probing, they are sensitive to different mass pa-
rameters. Obtaining the mass of one flavor allows to reconstruct all
other masses either for flavor or mass eigenstates using the oscillation
data on mass differences and mixing angles.
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3.5.1 Cosmology

Similarly to other dark matter particles, neutrinos are involved in
structure formation. As they are light and relativistic at the time of
structure formation, they can dilute small scale structures. Due to this,
they are not good cold dark matter candidates.
In the same fashion as CMB photons, at some point the neutrinos de-
coupled from thermal equilibrium. Hence, there is a background of
cosmic neutrinos of around 330 cm−3 with a temperature, which can
be inferred from the CMB photon temperature. Before the freeze-out,
neutrinos have been in thermal equilibrium with the other particles
by Z, W and γ mediated interactions. They decoupled when their in-
teraction rate fell below the Hubble expansion – compare the freeze-
out mechanism in Eq. 2.35. Yet, the free electrons and positrons still
annihilate to neutrinos increasing their temperature. Taking into ac-
count this reheating and the expansion of the Universe, the neutrino
temperature today can be calculated to be around 1.95 K, assuming
vanishing neutrino masses.
Cosmological studies are sensitive to the sum of neutrino masses∑
imi. An upper bound of order 0.1 eV can be derived from Planck

data [194], as there is a link between CMB and neutrino background.
A combined analysis of data from Planck [1, 194], 6dFSS [195], SDSS
[196] BOSSLOWZ and CMASSDRII [197] deducted in [193] yields
limits for normal hierarchy (NH) and inverted hierarchy (IH)

∑
i

mi >

{
0.06eV (NH),

0.10eV (IH).

These constrains depend on the model which was used to analyze the
data.

3.5.2 Neutrinoless double-β decay

Besides cosmological studies, the investigation of particle physics mo-
tivated processes is promising. For example, neutrinoless double-β
decay (0νββ), which is only possible for Majorana neutrinos, see
Fig. 3.30. The two Majorana neutrinos cancel each other out, there
are only charged leptons in the final state. Normal double-β decay
(2νββ) is allowed, if the state with lower energy cannot be reached
by two subsequent β decays. This process of 2νββ leads to two neutri-
nos along with two charged leptons in the final state. If the final state
contains no neutrinos, the spectrum shows a sharp line at the end-
point of the continuous 2νββ, as all momentum is transferred to the
charged leptons which can be detected. 0νββ is sensitive to a mass
combination including the CP phase m2ββ =

∣∣∣∑i |Uei|2mieiδi∣∣∣. This
combination can be seen as an effective Majorana mass. It coherently
sums over all neutrino flavors. The decay rate of such a process can
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Figure 3.30: Diagram for neutrinoless double-β decay. As a Majorana par-
ticle the neutrino takes part in both decays. Figure taken from
[198]

be very suppressed by the nuclear matrix element M associated with
the decay as the half life is given as

T−1
1/2

= G |M|
2mββ. (3.75)

where G is the phase space factor.
Until now, there is no observation of 0νββ. Thus, experiments set
lower bounds on the half-life and consequently upper bounds on
0νββ. In [193] a combined analysis from KamLAND-Zen [199], GERDA
[200] and EXO-200 [201] yields a result of

mββ < 0.18eV at 2σ,

which does not depend on the mass hierarchy.

3.5.3 Supernovae

In addition to the before mentioned sources, this subsection is also
based on [202].
When looking for neutrinos, supernovae provide a less model depen-
dent framework. In order to gain information on neutrino masses,
the photon and neutrino arrival times from a supernova explosion
can be compared. This difference probes the effective νe mass m2νe =∑
i |Uei|

2m2i which is an incoherent sum. Since neutrinos are not
massless, the delay depends on kinematical considerations.
When a star turns into a supernova, it collapses and matter falls to-
wards its center due to gravity. The pressure increases until the short
ranged nuclear forces become repellent. Energy loss is then conveyed
by de-leptonization p+ e− → n+ νe, which produces a lot of elec-
tron neutrinos. Most of the energy is transported by neutrinos. Only
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about 1 % is emitted as light and yet a supernova is very bright. Due
to their small cross section, neutrinos can travel through the medium.
This cycle of collapsing and energy release continues until the maxi-
mal density is reached. Within the explosion process, the hull of the
star is ejected forming a shock front. One important assumption is,
that the neutrinos leave the supernova all at approximately the same
time, traveling through the shock. Matter enhanced oscillation can
happen in the outer hull regions and vacuum oscillations as the neu-
trinos travel to Earth. As neutrinos are massive, they cannot arrive
at the same time as the photons. The delay in arrival time ∆t from a
supernova at distance d depends on the neutrino mass mνe and on
the kinetic energy Eν as

∆t = d
m2νe
2E2ν

. (3.76)

In 1987 a supernova occurred in the large Magellanic cloud around
50 kpc away. This supernova SN1987A was detected by the water
cherenkov telescopes IMB [203] and Kamiokande [204]. Kamiokande
observed 24 neutrinos within a 13 s interval. The ν energy ranged
between 10 MeV and 40 MeV. Only this few events were recorded as
the distance was quite large and the ν cross section is small. Still it
allowed to put a limit of mνe < 5.8 eV [205].
If a supernova burst is observed, it might be possible to detect the neu-
trino mass hierarchy by the modulation of the shock seen in neutrino
telescopes like IceCube [206]. The signal would appear as diffuse cor-
related noise over all detector modules. The energy deposition of ν
from Supernovae can be measured and the MSW effect might occur,
if the ν have to travel through Earth in order to be detected. The com-
parison between IceCube and another efficient neutrino telescope like
the planned Hyper-Kamiokande [207] could allow to determine the
mass hierarchy.

3.5.4 β-decay

The spectrum of a single β-decay, for example in tritium, contains
kinematical information about the neutrino masses. It is sensitive to
a mass combination for νe which is

∑
i |Uei|

2m2i . It can be seen as an
average νe mass. This section contains some β-decay experiments. In
addition to the above sources, it is also based on [208, 209].
Single β-decay follows the process

(Z.A)→ (Z,A− 1) + e− + νe.

The exact endpoint of the spectrum depends on the neutrino mass.
It is associated with neutrino momentum which can be expressed
p2ν = (Eend −E)2−m2ν where Eend −E is the neutrino energy, when E
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Figure 3.31: The β-decay spectrum is shown with a zoom on the theoretical
endpoint for massless neutrinos (blue) or neutrinos with masses
of 1 eV (red). Figure taken from [208]

is the measured energy of electrons, while neglecting the nuclear re-
coil. Theoretically, the endpoint is Eend = Q−Erec with the total decay
energy Q and the nuclear recoil energy Erec . From the exact determi-
nation of the endpoint, the neutrino mass can be calculated. For this
the nuclear matrix element describing the processes is needed. Up to
the endpoint the spectrum is assumed to be continuous, when dis-
tributing kinetic energy between the electron and the neutrino. The
endpoint is reached, when the electron gets all kinetic energy and
the neutrino is only left with the energy necessary for its non-zero
rest mass. The shape around the endpoint gets altered with respect
to massless neutrinos see Fig. 3.31.
For single β-decay investigations, either a calorimeter type measure-
ment can be used, where source is embedded in detector, or a spec-
trometer type measurement, where source and detector are separated.
A well suited isotope for this survey is tritium 3H. It has a short half
life of 12.3 yrs and a rather low endpoint energy of 18.6 keV. Even
though, the endpoint energy is large enough to be above detector
thresholds, the expected flux is very small. This puts high demands
on background reduction in experiments.
A very large experiment with low background expectations is KA-
TRIN (Karlsruhe tritium neutrino experiment) [210]. It observes the
tritium decay

3H→3 He+ e− + νe.

For this purpose, a high luminous windowless gaseous molecular
tritium source was built. Which is connected to a specially designed
spectrometer, which uses the so called MAC-E filter technique. Strong
magnetic fields are utilized to guide electrons adiabatically without
energy loss together with an electrostatic filter. This functions as a
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high pass filter on electrons. For background reduction wire elec-
trodes and shielding are used. The detector is designed for around
0.93 eV energy resolution in the vicinity of the β decay endpoint.
Before KATRIN, the Mainz [211] and Troitsk [212] experiment mea-
sured the endpoint of tritium putting a strong limit on νe to be below
2.05 eV. With KATRIN it is expected to reach limits down to 0.2 eV.



4
L E P T O N F L AV O R V I O L AT I O N

Lepton flavor differentiates between the three lepton families within
the SM, as they have different Yukawa coupling strength. Decays like
µ− → e−νeνµ seem to indicate lepton flavor conservation. Yet, this is
not a symmetry imposed on the SM Lagrangian by any gauge symme-
try. Only the absence of right-handed neutrinos νR and the presence
of only one Higgs doublet prohibits lepton flavor violating decays.
When diagonalizing the flavor eigenstates to the matter eigenbasis,
this does not affect the interaction terms with Z bosons and photons,
hence there is no flavor violation.
In the SM, as mentioned before, neutrinos are massless. The recent
observation of neutrino oscillation implies, that they indeed have
masses different from zero. Neutrino oscillations violate lepton fla-
vor, as a neutrino of one flavor oscillates to a neutrino of another
flavor. It is not possible to keep flavor conservation for massive neu-
trinos. The mass generation involves new couplings for the lepton
doublets. Which give rise to other lepton flavor violating processes as
well (see Chapter 3). The same dimension five operator, which pro-
vides Majorana neutrino masses, is responsible for LFV at one-loop
level. Models with LFV appearing on tree-level need higher dimen-
sional operators. LFV processes are for example µ decays like µ→ eγ

and µ− → e−e−e+ or µ conversion in nuclei µN → eN. Similarly,
the presence of an extra Higgs doublet would lead to LFV processes,
unless there is an additional Z2 symmetry like R-parity in supersym-
metric models. This chapter, which is based on the review [213] by
Calibbi and Signorelli, will give a short introduction and overview
over the current experimental status. Recent experiments were able
to put stringent bounds on LFV branching ratios, but no direct evi-
dence of such a process has been observed.

4.1 experiments

Most experiments investigating LFV processes are looking for µ decay
and conversion. The mass mµ = 105.6583745(24) MeV and lifetime
t1/2 = 2.1969811(2)× 10−6 s of µs are known to a very high preci-
sion, reducing possible uncertainties. Further, it is possible nowadays
to create µ beams directly. Before, pion beams or µs from cosmic rays
have been used. In order to achieve good results, experiments need
to have a very low SM background and a high single event detection
efficiency. As in many other low background experiments, one has to
find a balance between these two. The typical signatures in the rest
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Figure 4.32: Schematic overview over the MEG detector. It shows the way of
the µ beam onto a thin target. The positrons are detected in a
drift chamber, the γs are detected by a liquid xenon scintillator.
Image from [213]

frame of the decaying µ are coincident particles with balanced mo-
menta. The aim is to stop the incoming µ within a thin target, such
that the µ is basically at rest. Conversion in nuclei alters the observed
spectrum with regard to the decay of µ in vacuum.
The momenta and energy of produced charged leptons can be mea-
sured by calorimeters and be tracked in magnetic fields. Mostly, track-
ing with amplification and collection of ionization needs for a lot of
detector modules, which can be relatively slow. Whereas calorimeters
need to be efficient at collecting the entire electromagnetic shower in-
duced by an electron. Hence, one does need fast but not too many
detectors. If there are photons in the final state, these can either be
observed directly by PMTs, which have high detection efficiencies, or
by conversion to e−e+ pairs in a suited materials, which offers good
energy resolution.

process : µ → eγ

One of the most investigated LFV processes is the decay of a µ+ into
a photon and a positron. The signature of the process µ+ → e+γ

consists of a back-to-back photon and positron, which both have the
same energy of about half the muon mass. The largest backgrounds
come either from radiative µ decays µ+ → e+νeνµγ with small neu-
trino momenta and nearly back-to-back emission of γ and e+. Or it
might be an accidental correlation of e+ from the SM µ decay and a
γ, which happens to have the right energy. The extra γ can be pro-
duced as Bremsstrahlung or from another µ decay. The latter is most
limiting for current experiments. Therefore, good γ energy resolu-
tion is needed for background rejection. Best signal-to-noise ratios
are achieved with continuous µ beams.
Currently, the most stringent limits come from the MEG detector
[214], which is shown schematically in Fig. 4.32. A µ beam hits a
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thin stopping target inside the COBRA (Constant Bending Radius)
magnet, which is specially designed for this purpose. The produced
γs are detected by a 800 liter liquid xenon tank, which is monitored
by around 800 PMTs. The positron momentum is measured within
drift chambers and subsequent plastic scintillators. As no signal was
observed, MEG places an upper limit on the branching ratio of

BR (µ→ eγ) < 4.2× 10−13. (4.77)

As the current MEG setup has reached its maximal sensitivity, an
upgrade to MEG II [215] is planned. It will reuse the existing MEG
setup and expects to reach a sensitivity of

BR (µ→ eγ) = 5× 10−14, (4.78)

which is around one order of magnitude below the current limit.

process : µ → 3e

The signature of the µ+ decay to e+e−e+ is the three charged lep-
tons with their momenta lining up within a plane starting from the
same origin. Kinematics in this case limit the maximum momentum
to half the muon mass. The entire energy should add up to the
whole muon mass. Typical backgrounds are from SM µ decays µ+ →
e+e+e−νeνµ with small neutrino momenta or the accidental coinci-
dence between two or three SM µ decays. Yet, these falsely correlated
particles will not originate from the same point, so background rejec-
tion needs for good position reconstruction and tracking. As the final
state momenta can vary over a broad range, it is necessary to have
a low energy threshold, as well as good resolution over the whole
range.
The strongest limit on the branching ratio for this decay is from the
SINDRUM experiment [216]. Within a magnetic solenoid field a µ
beam is stopped within a thin target. The target is surrounded by
concentric proportional counting wire chambers and enclosed by a
layer of plastic scintillators. The measurements constrain

BR (µ → 3e) < 1 .0 × 10−12 . (4.79)

For the future the Mu3E experiment [217] is planned with an ex-
pected sensitivity around 10−16 . It will use the same µ beam as the
MEG and MEG II experiment, stopping the µ within a thin Mylar tar-
get inside a solenoid magnetic field. The tracking is done by silicon
pixel detectors and a fiber detector will time the detections. The over-
all resolution for the µ decay to three leptons is limited by multiple
Coulomb scattering.

process : µ + N → e + N

Similar to the µ decay in vacuum, the process can happen to µ in
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bound states. As the conversion takes place inside the nucleus, only
µ− can take part. When looking for conversions, which leave the nu-
cleus unexcited, the rate is proportional to the µ capture, as all energy
is transferred to the electron. Hence, the signal consists of an mono-
energetic e− with an energy around the µ mass. It is easiest to mea-
sure the conversion rate CR ,instead of the branching ratio. Where
CR is defined as the ratio of conversion and µ capture width.

CR (µN→ eN) :=
Γ (µ− e conversion)

Γ (µ capture)
. (4.80)

This also reduces the model dependent uncertainties from the nuclear
matrix elements.
The main background comes from µ decays outside nuclei, producing
electrons at the right energy, radiative π capture yielding e−e+ pairs
and cosmic rays interacting within the detector. The decay of µ which
are not bound can be rejected by precisely measuring the electron
energy which demands a good energy resolution. The π process is
correlated with the incoming beam hence a pulsed beam will allow
to reject these events by picking an appropriate time window. Cosmic
ray interactions can be vetoed by an outer detector surrounding the
actual detection device.
Currently the best limit is from SINDRUM II [218] as

CR (µN→ eN) < 7× 10−13. (4.81)

There are two future experiment planned looking for this process. On
the one hand Mu2e [219] at Fermilab and on the other COMET [220]
at J-Parc. The have planned to reach sensitivities around

CR (µN→ eN) 6 7× 10−17, (4.82)

which is many orders of magnitude better than the SINDRUM II limit.
Yet, these are rather big and complicated set ups which take some
time. Currently, DeeMe [221] is also under construction at J-Parc is.
DeeMe is much simpler than COMET, allowing for earlier data taking.
It is expected to reach a sensitivity of 10−15 for conversion in silicon
carbide SiC, which has a high µ capture rate. The idea is to stop a
proton beam inside a SiC target producing πs, which decay to µs
that can be captured by nuclei. Again, wire chambers and magnetic
spectrometers are used to observe the process.

lfv processes involving τ leptons

Instead of LFV process of µ, one can look at τ leptons. The τ decays
can happen via similar channels as µ decays, yet the larger mass of
the τ lepton allows for hadronic final states as well. The issue is, that
the τ lifetime is much shorter and they are not as easy to produce as
µ. Currently, the best sources for τs are electron and proton acceler-
ators, as B-factories have a large production efficiency for τ leptons.



4.2 theory 71

Year
1940 1950 1960 1970 1980 1990 2000 2010 2020 2030

 L
im

it

17−10

16−10

15−10

14−10

13−10

12−10

11−10

10−10

9−10

8−10

7−10

6−10

5−10

4−10

3−10

2−10

1−10
1

γ e → µ
  e N→ N µ

 e e e→ µ

Figure 4.33: Evolution of LFV sensitivities over time. Starting from first mea-
surements in the 1940s reaching the current status. Image from
[213]

There are two experiments located at different sites, which look into
LFV τ decays. Originally, they are designed to investigate CP viola-
tion with B-mesons. There is BarBar [222] at SLAC and Belle [223] at
KEKB. The production always features a τ+τ− pair. Hence, a clear
signature is found when identifying both τ leptons by adding up the
entire energy of the decay products. Different than SM τ decays LFV
processes do not involve neutrinos in the final state. Thus, energy
reconstruction allows for good background rejection. Current limits
obtained at Belle and BarBar are shown in Tab. 4.1 along with the
observations mentioned before. Allover, LFV experiments were able
to push the sensitivity on the branching ratios further and further
over the past decades, starting with µ from cosmic rays, until using
stopped µ beams directly. An overview over the time evolution is
shown in Fig. 4.33.

4.2 theory

The exact realization of lepton flavor violation depends heavily on the
underlying model. In Chapter 5 three radiative models with neutrino
masses are presented. All of them feature lepton flavor violating pro-
cesses at one-loop order. For the three models lepton flavor violation
is explained on a theoretical basis. In addition several loop topolo-
gies involved in processes like µ → eγ for example are summarized
in Appendix I.
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Table 4.1: Current and future limits on lepton-flavor violating processes.

Process Current limit Future expectation

µ → eγ 5.7×10−13 [214] 6×10−14 [224]

τ → eγ 3.3×10−8 [222] ≈ 3×10−9 [225]

τ → µγ 4.4×10−8 [222] ≈ 3×10−9 [225]

µ → 3e 1.0×10−12 [216] ≈ 10−16 [217]

τ → 3µ 2.1×10−8 [223] ≈ 10−9 [225]

τ− → e−µ+µ−
2.7×10−8 [223] ≈ 10−9 [225]

τ− → µ−e+e− 1.8×10−8 [223] ≈ 10−9 [225]

τ → 3e 2.7×10−8 [223] ≈ 10−9 [225]

µ− Ti → e− Ti 4.3×10−12 [226] ≈ 10−18 [227]

µ− Au → e− Au 7.0×10−13 [218] –

µ− Al → e− Al – 10−15 − 10−18 [228]

µ− SiC → e− SiC – 10−14 [221]
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5
R A D I AT I V E M O D E L S F O R N E U T R I N O M A S S E S

In (Chapter 3), especially Section 3.4, mass generation mechanisms
for neutrinos are presented. This chapter will present some radia-
tive see-saw models in more detail. A special focus is put on the
scotogenic model, in Section 5.1, as an introductory example, quickly
going over its field content, neutrino masses and lepton flavor viola-
tion. Followed by a broad phenomenological investigation of a model
called T12A in Section 5.2. It starts with the model description, going
to dark matter, followed by neutrino masses and lepton flavor vio-
lation. After which two random scans are presented, which analyze
the parameter space of the model. The last sections are about LHC
constraints and give an outlook on one-loop mass corrections. At last,
a short overview on the T13A model is given in Section 5.3.
All of these models do not only contain neutrino masses, but also
dark matter candidates, which makes them very appealing. From the
overview in Eq. 3.74, it becomes obvious, that neutrino masses de-
mand the introduction of new particles. Given the correct field con-
tent, this can allow for neutrino mass generation at one-loop level.
In addition, if a suitable neutral field is present, the models can also
describe dark matter. Often a Z2 symmetry is introduced, which in
some cases is needed to prevent tree-level neutrino masses and also
to stabilize dark matter.
After symmetry breaking, these models feature diagrams for neutrino
masses at one-loop level as shown in Fig. 5.34. The loop responsible
for the masses contains a fermion and a scalar connecting the outer
neutrino lines. Before electro-weak symmetry breaking, there are sev-

νi νj

χ

φ

Figure 5.34: Neutrino mass generation at one-loop level.

eral topologies which can lead to neutrino masses and dark matter.
The fields allow to couple two Higgs fields to two neutrino fields,
causing the neutrino masses due to symmetry breaking. In principle,
the SM is extended by new fields, scalar and fermionic – see Eq. 3.74

– arranged as singlet or n-tuplets regarding SU(2). A classification of
all different topologies with up to four new fields (not considering

75
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the different generations of same field types) was done in [229]. They
followed a work on the dimension five Weinberg operator at one loop
in [230] and identified the viable contributions, which also contain
dark matter. The notation within this thesis follows their work. The
schematic view for one-loop topologies with four legs without field
assignment is found in Fig. 5.35.
Therefore, by introducing new scalar φ and fermionic fields χ, the

T1 T2 T3

T4 T5 T6

Figure 5.35: An overview of loop-topology classification. Figure drawn ac-
cording to the reference in [230].

different loop topologies involving the fields, which are shown in
Fig. 5.36, can be obtained. Since a dark matter candidate is stable,
all particles in the loop have to be odd under the new Z2 symme-
try. Hence, only an even number of odd particles can appear in one
vertex. Furthermore, dark matter has to be neutral i.e. a color-singlet.
This demands for all particles within the loop to be color-singlets. Its
hypercharge Y = 2(Q− I3) (Q is the charge, I3 the third component of
the weak-isospin) has to be zero. Starting from this, the hypercharges
for all other fields can be determined up to a factor α. Thus, starting
from one topology, several different Lagrangians can be found which
reproduce the diagram.
Diagrams of type T2 do not match by dimensional arguments, whereas
topologies like T4, T5 and T6 either have to feature more additional
symmetries than Z2, to restrict dark matter or they do not prevent
neutrino masses at tree-level.
The presence of dark matter fields and neutrino masses gives a handle
on the parameter space of each model by looking at dark matter and
neutrino searches. Also, some models can give rise to exotic charges
such as doubly charged scalars or fermions which can be easily con-
strained by LHC data.
Some of the models have been investigated before. For example, the

scotogenic model [66, 231, 232] with a scalar doublet (inert Higgs)
and an additional fermion singlet as well as similar models with two
scalars and one fermion [233–236] which are all of type T3. A model
of type T1-1 with three scalars and one fermion [237] and a model like
T1-3 which contains only one scalar and three fermions [238, 239]
have been studied before with the restriction of considering mostly
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T11 topology T12 topology

T13 topology T3 topology

T42i topology T42ii topology

Figure 5.36: Schematic diagrams for neutrinos coupling to Higgs at one-loop
level before electro-weak symmetry breaking. Plots redone from
[229].

scalar dark matter mostly. A T1-2 type model with doublet and triplet
scalars and fermions is presented in [240].

5.1 the scotogenic model

The so-called scotogenic model is a model for radiative neutrino masses
and dark matter proposed and investigated by Ma [231]. It is very
simple, so it is used to familiarize with calculations within such mod-
els before going to more complex models like T12A and T13A. The
calculations follow mostly the results from the paper [231] except for
µ→ eγγ which is performed for this work.

5.1.1 Model description

In order to provide the ingredients to construct the Weinberg dimension-
five operator, three right-handed Majorana fermion singletsNi, which
are basically right-handed neutrinos, are added to the Standard Model.
An extra complex scalar doublet

η =

 η+

1√
2

(
η0R + iη

0
I

)
 , (5.83)

is also introduced. In principle, this would allow for a Dirac neutrino
mass term – compare Section 3.4. However, for the model not to be
excluded by the LHC and other experiments,Ni need to be heavy. An
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extra Z2 is added to render Ni and η stable, which would otherwise
decay to lighter particles. All Standard Model particles are even under
the new symmetry.
The model allows for the Yukawa interaction

L = fij(H
−νi +Hli)l

c
j + yij(νiη

0 − ljη
+)PRN

c
j +H.c. (5.84)

where H is the Standard Model Higgs doublet and li denotes any
charged lepton, where νi is the neutrino. Additionally there are the
Majorana mass terms for Ni

1

2
MiNiNi, (5.85)

and a quartic scalar term

1

2
λ5(H

†η)2 +H.c.. (5.86)

The corresponding Higgs potential before electro-weak symmetry break-
ing is

V =m21H
†H+m22η

†η+
1

2
λ1(H

†H)2 +
1

2
λ2(η

†η)2 + λ3(H
†H)(η†η)

+ λ4(H
†η)(η†H) +

1

2
λ5[(H

†η)2 + h.c.]. (5.87)

After electro-weak symmetry breaking, where the Higgs acquires the
vacuum expectation value v = 246 GeV, the resulting masses of physi-
cal scalar bosons are according to [231]

m2(η±) =m22 + λ3v
2,

m2(ηR) =m
2
2 + (λ3 + λ4 + λ5)v

2,

m2(ηI) =m
2
2 + (λ3 + λ4 − λ5)v

2. (5.88)

Due to the Z2 symmetry, η does not obtain a vacuum expectation
value and does not mix with the Higgs field.
The lightest neutral odd particle is a dark matter candidate, so it can
be either scalar or fermionic. The symmetry also forbids the direct
Dirac mass term and makes neutrino masses appear at loop-level as
lowest order as in Fig. 5.34 where the Fermion is any Ni and the
scalar is η0R or η0I , the neutral components of the scalar doublet after
EWSB. Before EWSB the model features the T3 topology.

5.1.2 Neutrino masses

As mentioned before, the neutrino masses appear at one-loop level.
The squared matrix element of Fig. 5.37 is calculated as in [Ma]. Start-
ing from the digram in Fig. 5.37, where one explicitly looks at two
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Figure 5.37: Neutrino mass generation for the Majorana neutrino part.

incoming neutrinos while ignoring whether they are Majorana neu-
trinos or not, the radiative correction by the exchange of ηR is deter-
mined as

IR := −iΣνij(k) = −yikyjk

∫
d4q

(2π)4
PR

/q+Mk

q2 −M2
K

1

(q− p)2 −m2R
.PR.

(5.89)

Where the neutrino ν has momentum p and q is the momentum run-
ning in the loop. The sum over all three additional heavy neutrinos
Nk is omitted here. A similar expression is obtained for the exchange
of ηI. The correction must be valid for any choice of p, so it is possible
to take p equal to zero. By applying dimensional regularization and
going from 4 to D dimensions and identifying the Passarino-Veltman
integrals – see Appendix I – the following result is obtained

IR = yikyjkMk
i

16π2
B0(p

2 = 0,M2
k,m2R),

II =− yikyjkMk
i

16π2
B0(p

2 = 0,M2
k,m2I ). (5.90)

The loop integral B0 with this argument set is given as

B0(0,m20,m21) =∆+ 1

−
1

m21 −m
2
0

(m21log(
m21
µ2

) −m20log(
m20
µ2

)), (5.91)

with the divergent part summarized in ∆ as shown in Section I.1.
Adding IR and II leads to a cancellation of the divergent parts. This
is what one would expect, as this is the leading order for neutrino
masses and hence the result should be finite. The sum yields

IR + II =
iyikyjkMk

16π2
×(

−
1

m2R −M
2
k

(
m2Rlog

(
m2R
µ2

)
−M2

klog
(
M2
k

µ2

))
+

1

m2I −M
2
k

(
m2I log

(
m2I
µ2

)
−M2

klog
(
M2
k

µ2

)))
.

(5.92)

Further simplification leads to an expression for neutrino mass matrix
elements

(Mν)ij =
∑
k

yikyjk

16π2
Mk×
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(
m2R

M2
k −m

2
R

log
(
m2R
M2
k

)
−

m2I
M2
k −m

2
I

log
(
m2I
M2
k

))
.

(5.93)

Analogous to Fig. 5.37, a diagram for Dirac neutrino mass terms
could naively be constructed as in Fig. 5.38. However, this diagram

Figure 5.38: Dirac neutrino mass contribution at one-loop level

does not give a contribution to the mass but only contains a correction
to the kinematic part. The amplitude without spinors and without
summing over all three neutrino flavors is

A =

∫
d4q
(2π)4

yikyij

2
PR

(
/q

(q2 −M2
k)((p− q)

2 −m2r)

−
/q

(q2 −M2
k)((p− q)

2 −m2I )

)
PL, (5.94)

where PR(L) is the right-handed (left-handed) projector and q is the
momentum inside the loop.
Tensor reduction allows to write A as

A =
yikyjk

32π2
PR/p

(
B1(p

2,M2
k,m2R) −B1(p

2,M2
k,m2I )

)
. (5.95)

In general this is proportional to p which is a purely kinematic contri-
bution. One can infer, as expected, that neutrinos within this radiative
model are Majorana neutrinos. Usually it is not necessary to distin-
guish between the two neutrino mass diagrams as one can just use
the entire vertex with its left and right part to compute the neutrino
masses.

5.1.3 Lepton flavor violation

When trying to assign lepton numbers to the new particles it can
be seen that this is not possible without violating lepton flavor con-
servation by two units. Hence in the scotogenic model lepton flavor
changing processes like µ → eγ, µ → e3γ and µ → 3e are allowed.
In order to determine a branching ratio, the decay width needs to
be calculated, for a general overview see Appendix C. Starting with
µ→ eγ the contributing diagrams are shown in Fig. 5.39.
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(a) (b) (c)

Figure 5.39: Feynman diagrams for µ→ eγ.

The corresponding amplitudes are

Ma =
−ey∗ieyiµ

2
ε∗νu(pe)PRγδI

δ
a

/pe +mµ

−m2µ
u(pµ), (5.96)

Mb =
−ey∗ieyiµ

2
ε∗νu(pe)PRγ

ν
/pµ

m2µ
γδI

δ
bu(pµ), (5.97)

Mc =
−ey∗ieyiµ

2
ε∗νu(pe)PRγδI

δν
c u(pµ), (5.98)

where the loop integrals are given by

Iδa =

∫
qδ

(q2 −M2
i )((q− pe)

2 −m2η+)

d4q
(2π)4

, (5.99)

Iδb =

∫
qδ

(q2 −M2
i )((q− pµ)

2 −m2η+)

d4q
(2π)4

, (5.100)

Iδνc =

∫
qδ(2qν − 2pνe )

(q2 −M2
i )((q− pe)

2 −m2η+)((q− pµ)
2 −m2η+)

× d4q
(2π)4

, (5.101)

and pe and pµ are the momenta of the electron and the muon, q is the
momentum in the loop, mµ is the mass of the muon. The mass of the
electron me is assumed to be zero in comparison to mµ. In order to
solve the loop integrals Ia,b,c Feynman parametrization is used – see
Section I.3. Due to the vanishing electron mass and the approxima-
tion of small lepton masses in the loop functions only the triangular
diagram with Ic gives a finite result. Its divergence is canceled by
the purely divergent Ib whereas Ia is zero as it is proportional to me
after evaluating the integral. One finds that the finite part Ic can be
expressed as

Iδνc,fin =
iπ2

(2π)4
1

m2η+
F2(ζi)(pµ)

δ(pµ)
ν. (5.102)

Here

ζi :=
M2
i

m2η+
, (5.103)
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and F2 is a loop function defined as

F2(x) :=
1− 6x+ 3x2 + 2x3 − 6x2logx

6(1− x)4
. (5.104)

The spin averaged squared amplitude |M|2 = |Ma +Mb +Mc|
2 for

the whole process is

|M|2 =K22Tr(/pePR(/pµ +mµ)PLp
2
µ). (5.105)

which simplifies to

|M|2 =K22Tr(/pePR/pµm
2
µ), (5.106)

by means of {γ5,γν} = 0, PRPR = PR and PRPL = 0. The trace can be
evaluated using the trace theorems Appendix A and the final result
is

|M|2 = K222pepµm
2
µ. (5.107)

In order to get familiar with automated calculation of branching ra-
tios and scattering amplitudes with tools like FeynCalc [Feyncalc] the
branching ratio of µ → eγγ is computed. All diagrams and their ex-
change diagrams in Fig. 5.40 contribute to this process. Additionally
to the diagrams in the figure, the six exchange diagrams (k1 ↔ k2))
also contribute. The amplitudes corresponding to the diagrams in
Fig. 5.40 are

M1 =Kε
∗
1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

PRγδI
δ
1

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1,

M2 =Kε
∗
1µε
∗
2νu2PRγδI

δν
2

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1,

M3 =Kε
∗
1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

PRγδI
δµ
3 u1,

M4 =Kε
∗
1µε
∗
2νu2PRγδI

δ
4

/p2 +m1

−m21
γν

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1,

M5 =Kε
∗
1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

γµ
/p1
m21

PRγδI
δ
5u1,

M6 =Kε
∗
1µε
∗
2νu2PRγδI

δµν
6 u1. (5.108)

Where p1 is the muon momentum, p2 is the electron momentum,
k1,2 are the four-momenta of the photons from left to right which
are associated with the index µ and ν. The momenta in the loop are
always chosen such that q runs along the fermion line. The ampli-
tudes for the exchange diagrams are obtained when exchanging k1
with k2 and the indices ν and µ. u1 is the spinor corresponding to
the muon with massm1 and momentum p1, u2 is associated with the
electron, which has negligible momentum p2 and mass, ε1 = ε(k1)

and ε2 = ε(k2).
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Figure 5.40: Feynman diagrams for µ→ eγγ in the scotogenic model

The loop integrals are given by

Iδ1 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)
,

Iδν2 =

∫
d4q

(2π)4
2qδ(qν − pν2 )

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)

1

((q− p2)2 −m
2
η+)

,

I
δµ
3 =

∫
d4q

(2π)4
2qδ(qµ − pµ1 )

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)

1

((q− p1)2 −m
2
η+)

,

Iδ4 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p2)

2 −m2η+)
,
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Iδ5 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p1)

2 −m2η+)
,

I
δµν
6 =

∫
d4q

(2π)4
4qδ(qν − pν2 )(q

µ − pµ1 )

(q2 −M2
i )

1

((q− p2 − k2)2 −m
2
η+)

1

((q− p2)2 −m
2
η+)

1

((q− p1)2 −m
2
η+)

. (5.109)

The treatment of the amplitudes and the loop integrals is similar to
the cases for µ → eγ. It is assumed that the electron mass vanishes
and for the loop functions the approximation of mµ � Mi,Mη+ is
made. With the help of the Feynman parametrization the loop in-
tegrals are evaluated in dimensional regularization. The calculation
of the integrals can be found in Appendix I and especially in Sec-
tion I.10.

Iδ1 =
iπ2

(2π)4
π−2ε

∫1
0

dxN1 (∆− Γ(1+ ε)) log
(
A1
µ2

)
,

Iδν2 =Iδν21 + I
δν
22 ,

Iδν21 =2gδν
iπ2

(2π)4
π−2ε(4π)ε

(
1

2
∆

−

∫1
0

log
(
A2
µ2

)
δ(x+ y+ z− 1)dxdydz

)
,

Iδν22 =
−iπ2

(2π)4
(
kδ1 − p

δ
1

)
(pν1 − k

ν
1 )
F2(ζi)

m2η+
,

I
δµ
3 =Iδµ31 + Iδµ32 ,

I
δµ
31 =2gµδ

iπ2

(2π)4
π−2ε(4π)ε

(
1

2
∆

−

∫1
0

log
(
A2
µ2

)
δ(1− x− y− z)dxdydz

)
,

I
δµ
32 =

−iπ2

(2π)4
(
kδ1 − 2p

δ
1

)
p
µ
1

F2(ζi)

m2η+
,

I4 =0,

Iδ5 =
iπ2

(2π)4
π−2εpδ1

∫1
0

dx(1− x)(∆− Γ(1+ ε)log
(
A1
µ2

)
,

I6 =I61 + I62 + I63 + I64,

I61 =
2

3

(
kδ2 + p

δ
1

) G2(ζi)
m2η+

,

I62 =− 2pν1
F2(ζi)

m2η+
+ kν1

H1(ζi)

m2η+
,



5.1 the scotogenic model 85

I63 =
2

3
p
µ
2

G2(ζi)

m2η+
− pµ1

H1(ζi)

m2η+
,

I64 =k
δ
2

(
p
µ
1 (p

ν
1H2(ζi) + p

ν
2H3(ζi))

+kµ2 (p
ν
1H4(ζi) + p

ν
2H5(ζi))

)
+ kδ1(p

µ
1 (
3

3
pν1H2(ζi) + p

ν
2H6(ζi))

+ kµ2 (
3

2
pν1H4(ζi) + p

ν
2H7(ζi))), (5.110)

where F2(x) is as in Eq. 5.104, ζi as in Eq. I.380 and the other loop
functions are listed in Section I.10. Using the results for the integrals
from before one can identify the divergent and scale dependent parts
of the amplitudes:

MD
1 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

(/k1 − /p1)(−
1

2
∆+ F)

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

u1

=− u2PRγ
ν(−

1

2
∆+ F)

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1,

MD
2 ∝ u2PRγν

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1

∼ −MD
1 ,

MD
3 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

γµ(
1

2
∆− F)u1,

MD
5 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

γµ
/p21
m21

(−
1

2
∆+ F)u1

∼ −MD
3 .

with

F =

∫1
0

(1− x)log(
A1
µ2

)dx. (5.111)

Adding up all amplitudes it is found that all the divergent parts can-
cel. The only finite contributions are obtained from the diagrams (b),
(c) and (f) in Fig. 5.40 and their exchange diagrams, i.e. from I2,3,6.
In order to obtain the decay width, the phase space integral is eval-
uated, but it contains infrared divergences, which appear when one
of the photons is created with zero momentum. These can either be
canceled by the appropriate emission diagrams or by applying an
energy cut. The whole process itself is not convergent, as with the in-
frared divergences this process can be seen as a correction to µ→ eγ,
so one can only investigate both processes at the same time to ob-
tain a convergent result including µ→ eγγ. The squared amplitudes
are summarized in Section I.10. Still, it is sufficient to apply energy
cuts, since detectors have certain energy limits for the detection of
photons.
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5.2 model t12a

One of the models classified in [229] is called T12A as it is of the
T12 topology. It contains two additional scalar and two additional
fermion fields.
In the following, in Section 5.2.1 the model is described. In Section 5.2.2
the dark matter section of the model is evaluated. And in Section 5.2.3
neutrino masses are shown. This is followed by Section 5.2.5, which
presents two numerical scans conducted for this work. Finally, Sec-
tion 5.2.6 about LHC constraints and Section 5.2.7 , which shortly
mentions one-loop mass corrections and gives a short outlook, are
presented.

5.2.1 Model description

To define a T12 type model, the Standard Model is extended by a
singlet Majorana Weyl fermion ψS. α, a parametrization of the hyper-
charge for the new fields, is set to zero. A vector-like fermion doublet
ψD of hypercharge 1 + α, a scalar singlet φS with hypercharge α
and scalar doublet φD with hypercharge 1+ α are also introduced.
An extra discrete Z2 is also established, to render dark matter sta-
ble. All new particles are odd and all Standard Model particles are
even under this symmetry. This discrete symmetry also allows neu-
trino masses to appear at one-loop level and not at tree-level. α is
introduced in order to have a correct quantum number assignment
within topology T12. If α = −2, a model with different hypercharges
than T12A, is obtained. It is called inert Zee model [241], which al-
ready has been analyzed. Viable parameter regions within the inert
Zee model regarding dark matter, neutrino masses and lepton flavor
violation have been found.
Setting hypercharge α = 0, fixes the hypercharges of all particles and
the model T12A is obtained. The model T12A is equal to the model
T12C with α = −1, so the results presented here are applicable to
T12C as well.
T12A belongs to the few models from the classification in [229], which
allow for gauge coupling unification at a scale Λ = O(1013). Others
are for example T13A with α = 0 as well as the scotogenic model.
Regarding the SU(2)L

⊗
U(1)Y

⊗
Z2 symmetry group the new parti-

cles have the following quantum numbers:

φS ∝ (1, 0,−),

φD =

(
φ+

φR + iφI

)
∝ (2,

1

2
,−),

ψS ∝ (1, 0,−),
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ψD1 =

(
ψ0D1,L,

ψ−
D1,L

)
∝ (2,−

1

2
,−),

ψD2 =

(
−(ψD2,R)

†,

(ψ0D2,R)
†

)
∝ (2,

1

2
,−). (5.112)

T12A contains the singlet-doublet scalar [242–245] and singlet-doublet
fermion dark matter model [242, 243, 246–248] in addition to new
terms which arise when linking both models together. The new terms
give rise neutrino masses.
The next sections first introduce Lagrangians and mixings for the
singlet-doublet models separately, before describing the additional
Lagrangian for the lepton sector.

5.2.1.1 Singlet-doublet scalar dark matter

The Lagrangian of singlet-doublet scalar model is

LSDS =−

(
1

2
M2
S,Sφ

2
S + M2

S,D|φD|
2 +

1

2
λSφ

2
S|H|

2

+λD|φD|
2|H|2 + λ′D|φ

†
DH|

2

+
1

2
λ′′D

(
(φ†DH)

2 + h.c.
)
+A

(
φ
†
DHφS + h.c.

))
,

(5.113)

where H is the Standard Model Higgs doublet. The Higgs acquires a
vacuum expectation value v = 246GeV in the process of electro-weak
symmetry breaking. Hence, the term with A introduces a mixing be-
tween the real neutral scalars φS, φR and φI. φR and φI are the real
and imaginary part of the neutral component of φD. This term is of
Yukawa like shape and as the extra Z2 is unbroken, the new scalars
have no quartic potentials and do not obtain vacuum expectation val-
ues but have explicit mass terms along with the five new couplings
introduced in LSDS.
Extracting the squared mass matrix for real neutral scalars in the basis
(φS,φR,φI) gives

M2
S =

M
2
S Av 0

Av M
2
D 0

0 0 M2
S,D + 1

2v
2(λD + λ′D − λ′′D)

 , (5.114)

with

M
2
S =M2

S,S +
1

2
v2λS,

M
2
D =M2

S,D +
1

2
v2(λD + λ′D + λ′′D). (5.115)

Since there are no CP violating couplings, φI cannot mix with φS or
φR. Only the upper left part of M2

S, which is a 2× 2 matrix, results in
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a mixing of φS and φR. The characteristic equation for this upper left
part is

(M2
X −M

2
S)(M

2
X −M

2
D) − v

2A2 = 0. (5.116)

It gives rise to two eigenvalues

M2
X1,2

=
1

2

(
M
2
S +MD ±

√
(M

2
S −M

2
D)
2 + 4v2A2

)
. (5.117)

The third eigenstate X3 obtains a mass of

M2
X3

= M2
S,D +

1

2
v2
(
λD + λ′D − λ′′D

)
. (5.118)

λ′′D in general introduces a mass splitting between the CP even and
odd neutral doublet components. The corresponding transformation
matrix US is (for MS > MD)

US =

cos(θS) −sin(θS) 0

sin(θS) cos(θS) 0

0 0 1

 . (5.119)

It describes the basis shift from

 S

φR

φI

 to the mass eigenbasis

X1X2
X3

.

US depends on the scalar mixing angle θS which is defined by

tan2θs =
2Av

M
2
S −M

2
D

. (5.120)

In addition to the three neutral states Xi, the particle spectrum con-
tains a charged scalar φ− with mass mφ− = MS,D.

5.2.1.2 Approximation for small mixing

For small mixing A, the mass eigenstates Eq. 5.117 and mixing matrix
entries Eq. 5.119 can be simplified. The masses in this approximation
the matrix elements up to second order in A are

MX1 =
1

2

√
2λSv2 + 4M2

S,S

−
2A2v2√

2λSv2 + 4M2
S,S

1(
−λSv2 + λDv2 + λ

′
Dv
2 + λ′′Dv

2 + 2M2
S,D − 2M2

S,S
) +O (A3) ,

MX2 =
1

2

√
2λDv2 + 2λ

′
Dv
2 + 2λ′′Dv

2 + 4M2
S,D
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+
2A2v2√

2λDv2 + 2λ
′
Dv
2 + 2λ′′Dv

2 + 4M2
S,D

1(
−λSv2 + λDv2 + λ

′
Dv
2 + λ′′Dv

2 + 2M2
S,D − 2M2

S,S
)

+O
(
A3
)

,

MX3 =

√
1

2
v2(λD + λ′D − λ′′D) + M2

S,D. (5.121)

For small angles tanx ≈ x is true, hence

θS ≈
Av

M
2
S −M

2
D

,

sin(θS) ≈ θS,

cos(θS) ≈ 1−
θ2S
2

. (5.122)

For negligible mixing , A = 0, the masses of Eq. 5.121 reduce to

M2
X1

=
λSv

2

2
+ M2

S,S,

M2
X2

=
1

2
v2(λD + λ′D − λ′′D) + M2

S,D,

M2
X3

=
1

2
v2(λD + λ′D + λ′′D) + M2

S,D (5.123)

and Eq. 5.122 becomes

cos(θS) =1

sin(θS) =0. (5.124)

5.2.1.3 Singlet-doublet fermion dark matter

Given only the new fermion fields of Eq. 5.112, the model is known
as the singlet-doublet fermion model – see e.g. [242, 243]. ψD is de-
composed into two chiral components ψψD1 and ψψD2 with opposite
hypercharge signs to cancel gauge anomalies. Thus, in a similar fash-
ion to the inert Higgs model with Hu and Hd, this model is anomaly
free [65]. The corresponding Lagrangian terms are

LSDF =
i

2
(ψD1σ

µDµψD1 + D̃2σ
µDµψ̃D2) −

MF,S

2
ψ2S

− MF,DψD1ψD2 − y1ψD1HψS − y2ψD2HψS + h.c.
(5.125)

LSDF contains a Majorana mass term for ψS and Dirac mass terms
for ψD1 and ψD2 . Furthermore, it introduces Yukawa interactions be-
tween the fermions and the Higgs. Similar to the scalar case, electro-
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weak symmetry breaking leads to mixing for the y1 and y2 terms.
The mass matrix for neutral fermions is then

MF =

 MF,S mλcos(θ) mλsin(θ)

mλcos(θ) 0 MF,D

mλsin(θ) MF,D 0

 (5.126)

in the basis

 ψS

ψD1

ψD2

 , with

y =
√
y21 + y

2
2,

mλ =
yv√
2

,

tan(θ) =
y2
y1

, (5.127)

such that y1 = cos(θ)y and y2 = sin(θ)y.
In order to obtain the eigenvalues for the mass eigenstates χ1, χ2 and
χ3, one has to solve the characteristic polynomial equation for Mχ,
which is the cubic equation

0 =M3
χ −MSM

2
χ + (−M2

D −m2λ)Mχ +M
2
DMS

− 2MDm
2
λcos(θ)sin(θ). (5.128)

Mixing with the Majorana singlet ψS results in all χi being Majo-
rana particles. The spectrum also contains a charged Dirac fermion

ψ− =

(
ψ−
D1,L

ψ−
D2,L

)
with mass mψ− = MF,D.

In general, cubic equations can be solved by means of Cardano’s the-
orem [249]. Eq. 5.128 corresponds to a case with three real solutions
given by

Mχ1 =z2 +
MF,S

3
,

Mχ2 =z3 +
MF,S

3
,

Mχ3 =z1 +
MF,S

3
, (5.129)

– compare to [229] — with

z1 =

(
−
q

2
+

√
q2

4
+
p3

27

) 1
3

+

(
−
q

2
−

√
q2

4
+
p3

27

) 1
3

,

z2 =−
z1
2

+

√
z21
4

+
q

z1
,
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z3 =−
z1
2

−

√
z21
4

+
q

z1
, (5.130)

and

p =−
1

3
M2
F,S −

(
M2
F,D −m2λ

)
,

q =−
2

27
M3
F,S −

1

3
MF,S(M2

F,D +m2λ)

+
(
MF,SM2

F,D −m2λsin2(θ)MF,D
)

. (5.131)

The unitary transformation matrixUF is obtained by solving the eigen-
vector equation MFvi = Mχivi for i = 1, 2, 3. With UF the basis is
shifted as

UTF

 ψS

ψD1

ψD2

 =

χ1χ2
χ3

⇔
 ψS

ψD1

ψD2

 = UF

χ1χ2
χ3

 . (5.132)

5.2.1.4 Approximation for small mixing

In the limit of small mixing y1,y2 � 1 respectively mλ � 1 the mass
eigenvalues in Eq. 5.129 simplify to

Mχ1 =MF,S +
m2λ(MF,Dsin2(θ) + MF,S)

M2
F,S − M2

F,D
+O

(
m3λ
)

,

Mχ2 =MF,D +
m2λ(sin2(θ) + 1)
2MF,D − 2MF,S

+O
(
m3λ
)

,

Mχ3 =− MF,D +
m2λ(sin2(θ) − 1)
2(MF,D + MF,S)

+O
(
m3λ
)

. (5.133)

An approximation for the mixing matrix is found as

UF,11 =1−
m2λ

(
M2
F,D + 2MF,DMF,S sin(2t) + M2

F,S
)

2
(
M2
F,D − M2

F,S
)2 ,

UF,12 =
mλ(sin(t) + cos(t))√
2(MF,D − MF,S)

,

UF,13 =
mλ(sin(t) − cos(t))√
2(MF,D + MF,S)

,

UF,21 =
mλ(MF,D sin(t) + MF,S cos(t))

M2
F,D − M2

F,S
,

UF,22 =
1√
2

−m2λ(sin(t) + cos(t))

× ((2MF,D − MF,S) sin(t) + MF,S cos(t))
4
√
2MF,D(MF,D − MF,S)2

,
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UF,23 =−
1√
2

−
m2λ((MF,D + MF,S) cos(2t) + MF,D(sin(2t) − 1))

4
√
2MF,D(MF,D + MF,S)2

,

UF,31 =
mλ(MF,D cos(t) + MF,S sin(t))

M2
F,D − M2

F,S
,

UF,32 =
1√
2

−m2λ(sin(t) + cos(t))

× ((2MF,D − MF,S) cos(t) + MF,S sin(t))
4
√
2MF,D(MF,D − MF,S)2

,

UF,33 =
1√
2

m2λ(MF,D(sin(2t) − 1) − (MF,D + MF,S) cos(2t))
4
√
2MF,D(MF,D + MF,S)2

, (5.134)

by using its diagonalization properties and the unitarity relation. The
results are handled in the same way and are compatible with similar
approximations in [229].
For negligible mixing, mλ = 0, Eq. 5.133 simplifies to

Mχ1 =MF,S,

Mχ2 =MF,D,

Mχ3 =− MF,D (5.135)

and the mixing matrix takes the form

UF =


1 0 0

0 1√
2

1√
2

0 1√
2

−1√
2

.

 .

5.2.1.5 Couplings with Standard Model leptons

T12A contains the singlet-doublet scalar and fermion Lagrangian from
Eq. 5.113 and Eq. 5.125 along with additional terms affecting the Stan-
dard Model lepton sector

−Llep = g1iLiφsψD2 + g2iLiφDψS + h.c., (5.136)

with the lepton doublets Li of generation i

Li =

(
ν0i,L

e−i,L

)
∝ (2,−

1

2
,+). (5.137)

The Yukawa couplings gij give rise to one-loop neutrino masses. There
are no tree level contributions, as they are prohibited by the Z2 sym-
metry. Altogether, T12A contains several free parameters. Some which
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Table 5.2: Free parameters in model T12A.

Sector Parameters

Scalar sector MS,S, MS,D, λS, λD, λ′D, λ′′D, A

Fermion sector MF,S, MF,D, y1, y2
Neutrino sector g11, g12, g13, g21, g22, g23

only concern the scalar or fermion part and others which connect
fermions, scalars and Standard Model leptons. An overview is found
in Tab. 5.2.

5.2.2 Dark matter relic density

Within the model T12A, the relic density is generated in a thermal
freeze-out scenario described by the Boltzmann equation – see Sec-
tion 2.4. The dark matter annihilation is governed by electro-weak
interactions and there are regions where co-annihilation processes
can be important. Both singlet-doublet models feature Higgs portal
dark matter, for which the Higgs links the visible to the dark sector.
In the case of fermion dark matter, there is also the possibility of Z
boson mediated interactions due to the doublet nature. Considering
co-annihilation, Z boson mediated processes are also possible in the
scalar case. Similarly to inert doublet models or the MSSM with ex-
tra Higgs doublets, only the pseudoscalar φI and scalar φR part of
the neutral scalar doublet component are linked by the Z boson and
φI does not mix. Other vertices involve two gauge bosons. In gen-
eral, Higgs and Z mediated processes determine the relic density in
the singlet-doublet models. Thus, the relic density is closely related
to the direct detection cross section. The same diagrams contribut-
ing to dark matter annihilation can be flipped to obtain dark matter-
quark scattering. The presence of fermion-scalar couplings in T12A
opens up more final states, especially states with leptons and neutri-
nos, weakening the correlation between the relic density and direct
detection cross section. A small overview of annihilation channels for
scalar and fermion dark matter is presented in Appendix F.Appendix E
contains a summary of all vertices within T12A which concern dark
matter, Fig. 5.41 shows the corresponding vertices.
The entire Lagrangian from Eq. 5.113, Eq. 5.125 and Eq. 5.136 is mod-

eled in LanHep [250] and SARAH as a reference [251]. Sarah also
provides input for the spectrum generator SPheno [252]. Dark matter
observables are obtained with microMEGAs [253], lepton flavor vio-
lating processes are handled by SPheno. The mixings are calculated
within a C-code which calls microMEGAs and if needed SPheno. An
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Figure 5.41: New vertices that link the Z2-odd sector to the Standard Model.

improved version, which allows for simple introduction of different
models, is currently under construction. It is established in a basic
version but not tested enough to be featured here. When it is com-
plete, it will be made available within the working group.
The next sections contain a recap of the singlet-doublet scenarios re-
garding dark matter phenomenology, followed by a section highlight-
ing the additional features in T12A.

5.2.2.1 Singlet-doublet scenarios

singlet-doublet scalar dark matter

In order to have a singlet-doublet scalar model, which is a subset of
T12A, the fermions are set to a high mass scale and the fermion-scalar
couplings gij are set to zero. This effectively decouples the fermions
and prohibits direct interactions with the Standard Model leptons.
For example, in [243] the singlet-doublet scalar model is investigated
and two plots from this work are reproduced and shown here. For
this reason, the simplifications λS = λD = λ and λ′D = λ′′D = 0 are
used throughout this section.
The first plot, shown Fig. 5.42 (b), is a reproduction of figure 12 in

[243] – see Fig. 5.42 (a). It depicts the plane of singlet and doublet
scalar mass parameters MS,S and MS,D for intermediate scalar mix-
ing A = 10 GeV and negligible other scalar couplings. The masses are
varied between 200 GeV and 2 TeV and microMEGAs is used to calcu-
late the corresponding relic density and direct detection cross section.
Along the black line (dashed blue in the original) the relic density
matches the observations. To the right of the black line (deep violet)
it is too large, the left (light violet) region features too small values.
In principle, these models are not excluded, but then an additional
explanation for the missing relic density is needed. In this scenario
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Figure 5.42: Original figure 12a from [243] (a) and reproduction (b) illustrat-
ing the relic density and direct detection regions for the scalar
mass parameters in the setting λ = 0 and A = 10 GeV.

the correct relic density is obtained for MS,S ≈ MS,D for the dou-
blet mass below 500 GeV. Beyond that value the line increases steeply,
such that MS,D cannot exceed notably 500 GeV for the correct relic
density whereas the singlet component can take any value as long as
the doublet is light enough.
Contour lines for the spin-independent elastic scattering cross section
σSI in zb are shown in blue (dashed green). In the original Fig. 5.42

(a) a shaded region indicates experimental exclusion limits. With the
absence of all scalar couplings λ, relic density and direct detection are
controlled by the mixing A and the mass parameters. σSI exhibits a
strong increase towards the line of MS,S ≈MS,D.
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Figure 5.43: The original figure 12 b from [243] (a) and a remake (b) for
comparison. The dashed blue (solid black) curve indicates the
relic density matches the observation.Contour lines for spin-
independent direct detection cross section in zb are also shown.

Increasing the mixing A from 10 GeV to 100 GeV leads to the re-
sults shown in Fig. 5.43 (a) and Fig. 5.43 (b) . The former is figure
12b from [243], the latter is the reproduction. The color set up is the
same as in the previous figures. In the lower left corner the turquoise
area in the original Fig. 5.43 (a) does not yield a physical spectrum
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and is therefore not viable. Looking at the mass eigenstates defined

in Eq. 5.117, the square root
√
(M

2
S −M

2
D)
2 + 4v2A2 cannot become

larger than M2
S +M

2
D, otherwise the mass square becomes negative.

This imposes M2
SM

2
D > A

2v2. Regarding the relic density, the region
with viable values still is to the left of the black line. The line now
shows a different behavior for small singlet masses as compared to
the A = 10 GeV case. Again, MS,D cannot be too large, whereas vi-
able points can be found for any MS,S in this λ = 0 setting.
For λ = 0, only A determines the coupling of scalar sector to SM
as well as mixing. In [243] it is shown that the situation drastically
changes for λ 6= 0. The presence of λ introduces more couplings
to the Standard Model besides the mixing parameter A. With addi-
tional couplings, annihilation can be enhanced. There are also regions
where MS,D is rather large and the relic density is still within reason-
able range.
Altogether, some viable points are found in [243], which obey current
experimental limits regarding the CMB measurement and direct de-
tection. For λ < 0, all points are excluded by XENON1T, whereas for
λ > 0 viable regions are found with a fine-tuning of less than 10%.
Dark matter masses in this scenario were probed between 100 GeV to
a few TeV.

singlet-doublet fermion dark matter

When not decoupling the fermions but the scalars by setting their
mass to a much higher scale, the singlet-doublet fermion model is re-
covered. It has been previously investigated for example in [242, 243].
This section contains reproductions of one figure from each reference,
testing our implementation. For singlet-doublet fermion dark matter
only the two Yukawa couplings y1 and y2 determine mixing as well
as interactions with Standard Model particles. As a consequence relic
density, spin-dependent and independent direct detection cross sec-
tions σSD and σSI depend on y1 and y2. For figure Fig. 5.44 (b), all
parameters except y2 ( called λ′ on the plot) are fixed as y1 = 0.36,
MF,S = 200 GeV and MF,D = 300 GeV. It is a replica of figure 2 from
[242], which is shown in Fig. 5.44 (a). In both figures the relic density
is shown in blue, spin-dependent and spin-independent cross sec-
tions in green and red, respectively. Both elastic scattering cross sec-
tions feature a strong cancellation for a certain value of y2. In case of
spin-dependent interactions the cancellation happens when the cou-
pling to Z is suppressed. In this scenario this is true for y2 = −0.36.
This coincides with an enhanced relic density as for both processes
the interactions mediated by the Z bosons are the most important
in this region. The relic density stays nearly constant afterwards for
different values of y2 around the expected value from CMB measure-
ments. Cancellation in the Higgs vertex occurs for y2 ≈ −0.14, lead-
ing to a strong decrease in σSI whereas Ωh2 is rather unaffected.
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(a)

(b)

Figure 5.44: Original figure 2 from [242] (a) and a reproduction (b) illus-
trating the suppression in direct detection cross section and
the relic density for singlet-doublet fermion dark matter for
y1 = 0.36, MF,S = 200 GeV and MF,D = 300 GeV.

Analogous to singlet-doublet scalar dark matter, the fermionic singlet-
doublet model is investigated in [243]. Fig. 5.45 (a) shows their figure
6c of which Fig. 5.45 (b) is a remake. The plots show the plane of
the fermion singlet and doublet mass parameters MF,S and MF,D for

y =
√
y21 + y

2
2 = 1.5 and tan θ = 10. Similarly to the light violet

region in Fig. 5.42, in the light violet region the relic density is too
small to match the observation. The solid black line separates this
from the deep purple area with a too high value. In the original fig-
ure the two regions are separated by a dashed blue line. A broad
space of viable points is found. For large MF,D the singlet mass MF,S

also needs to be large to produce the correct relic density, whereas
up to MF,D around 1.2 TeV a nearly constant value of MF,S is needed.
Direct detection cross section contour lines in zb are shown in blue
respectively in dashed green in the original Fig. 5.45 (a). In this figure
the blue shaded region indicates the direct detection exclusion, which
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Figure 5.45: Figure 6c from [Chenug2013] (a) and a reproduction 8 (b). Both
showing the plane of singlet and doublet fermion mass param-
eters with color overlays for relic density and direct detection
lines.[Chenug2013]

covers almost the entire space. Altogether, [243] found viable regions
with y < 0.1 only, which are fine-tuned to at least 10%.
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5.2.2.2 Leptophilic dark matter and influence of gij on the relic density

χi

χj

Xm (φ−)

ν0k (e+k )

ν0l (e−l )

Xi

Xj

χm (ψ−)

ν0k (e+k )

ν0l (e−l )

Figure 5.46: (Co-)annihilation processes of fermion (left) and scalar (right)
dark matter particles to SM leptons.

In addition to the singlet-doublet models, T12A provides additional
couplings between the fermions, scalars and Standard Model leptons.
The same vertex associated with gij, shown in the bottom left dia-
gram in Fig. 5.41, which creates neutrino masses at one-loop, allows
for coannihilation between fermions and scalars as well as lepton fi-
nal states. Coannihilation can be important for small mass differences.
Similarly to coannihilation, small mass differences support the con-
version (χiχj ↔ XiXj) to be more relevant. For a larger mass gap, the
heavier particles decouple much earlier. The dynamics are disentan-
gled.
In the case of small couplings to the Higgs and small mixing but
sizable coupling to leptons gij, the neutrino and lepton final states
can be largely enhanced providing somewhat leptophilic dark matter.
Diagrams for this process are shown in Fig. 5.46, a general overview
can be found in Appendix F. These new contributions to dark matter
annihilation do not take part in interactions regarding nuclear recoils.
The correlation between the annihilation cross section and direct de-
tection observables is therefore diminished. Under the assumption of
purely leptophilic dark matter, the annihilation cross sections scale
with the relative velocity v of the thermal relic as

σv(χiχj → e+k e
−
l ) ∝ v

2 , σv(XiXj → e+k e
−
l ) ∝ v

4,

σv(χiχj → ν0kν
0
l ) ∝ v0 , σv(XiXj → ν0kν

0
l ) ∝ v2. (5.138)

lepton and neutrino final states

In Fig. 5.47 the impact of the new couplings gij with regard to
the singlet-doublet models on dark matter is studied. In the plot the
singlet scalar mass parameter MS,S is a common mass scale for all
particles. The scaling factors are MF,D = 2.5MS,S, mfs = 3MS,S and
MS,D = 3.1MS,S. Together with small couplings – see Tab. 5.3– mix-
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Figure 5.47: Influence of the scalar-fermion couplings gij on the singlet
scalar dark matter relic density as a function of its mass pa-
rameter MS,S.

Table 5.3: Parameters used in Fig. 5.47

Parameter Value

λS 9.3×10−6

λD -1.2 ×10−6

λ′D 3×10−6

λ′′D 2.4×10−8

A (GeV) 3.5×10−7

y1 3.5×10−10

y2 0.79

MS,D (GeV) 3 MS,S

MF,S (GeV) 3.1 MS,S

MF,D (GeV) 2.5 MS,S

ing is small and dark matter is mostly scalar singlet-like. For this
choice of parameters, conversion and coannihilation are not impor-
tant. Furthermore, as λS, λD, λ′D and λ′′D are small, couplings to the
Higgs and Standard Model particles are suppressed and annihilation
is not very efficient. Thus, in case of no lepton final states for gij = 0,
the relic (dashed blue line) is rather larger. It is around seven orders
of magnitude above the limit observed by Planck (dotted black line).
With gij 6= 0 the relic density is reduced, as new final leptonic states
become available. gij = 2 is sufficient to fulfill the constraint from
CMB measurements. A value of gij = 1 is not large enough, yet the
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Figure 5.48: Relic density for fermionic dark matter as function of the
fermion mass parameter MF,S.

relic density is around six orders of magnitude smaller than without
lepton channels. The direct detection cross section does not depend
on gij and is unaffected by the change from 0 to 2, such that it is the
same for all three options.

Table 5.4: Parameters used in Fig. 5.48

Parameter Value

λS 0.1

λD 0.1

λ′D 0.1

λ′′D 0.1

A (GeV) 0.0

y1 0.2

y2 0.01

MS,S (GeV) 2500

MS,D (GeV) 3500

MF,S (GeV) (500 - 1500)

MF,D (GeV) 1500

gij 0

coannihilation between fermions

For small mass differences, coannihilation can be of large impor-
tance for the relic density. Coannihilation processes can occur be-
tween fields of the same or different types.
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Figure 5.49: Influence of the scalar-fermion couplings gij on the singlet
fermion dark matter relic density as function of the doublet
scalar mass parameter MS,D.

First, coannihilation among fermions is considered. For this, the lep-
ton and neutrino processes are turned off as gij = 0. The scalars are
decoupled as well by their heavy masses MS,S = MS,D = 3500 GeV
as shown in Tab. 5.4. Regarding the fermions, small to intermediate
Yukawa couplings are chosen, y1 = 0.2 and y2 = 0.01. The doublet is
fixed ad 1500 GeV and the singlet mass parameter MF,S runs from 500

GeV to 1.5 TeV. The corresponding relic density is shown in Fig. 5.48.
The lightest particle in this scenario is then mostly singlet-like. Its
relic density is fairly constant for small masses. When approaching
MF,D = 1500 GeV, the value drops by roughly three orders of magni-
tude due to coannihilations allowing for a viable relic density. Con-
cerning scalar dark matter, similar scenarios can be found for small
mass differences of neutral states Xi and Xj.

coannihilation and conversion

In the presence of gij, coannihilation between scalars and fermions
are possible. Fig. 5.49 shows the fermion relic density as a function of
the doublet scalar mass MS,D. In order to look at the effect of gij on
singlet fermion dark matter, the doublet is set to MF,D = 3000 GeV.
MF,S = 450 GeV and y1 and y2 are not too large as shown in Tab. 5.5.
The scalar singlet is also decoupled with a mass of MS,S = 2.5 TeV
and a small scalar mixing A = 0.01 GeV. In the absence of scalar-
fermion couplings (dashed blue line), no coannihilation between the
different states takes place. Above MS,D = 600 GeV the relic density is
constant. Below this mass the difference between the lightest scalars



104 radiative models for neutrino masses

Table 5.5: Parameters used in Fig. 5.49

Parameter Value

λS 0.003

λD 2.4

λ′D 0.008

λ′′D 1.8

A (GeV) 0.01

y1 0.06

y2 0.28

MS,S (GeV) 2500

MF,S (GeV) 450

MF,D (GeV) 3000

Xi and dark matter, the lightest of χi, is only a few tens of GeV. This
results in conversion XiXj ↔ χlχk to be important. This conversion
depletes the relic density to the correct value (dotted black line) for
approximately MF,S ≈MS,D by coupled dynamics of Xi and χi. In all
other regions the neutral scalar states are too heavy and decouple at
a much different time scale. Hence, dynamics between fermion and
scalar states are disentangled resulting in a constant relic density. Set-
ting gij to 0.2 (dashed green line) or even 1 (solid red line) provides
the opportunity to study the influence of coannihilation. The larger
gij, the more coannihilation is enhanced, decreasing the relic density
by up to three orders of magnitude. In the region of MS,D close to
MF,S this is expected. For lager masses the relic density still stays
below the line for gij = 0 as the couplings open more annihilation
channels with neutrinos and charged leptons in the final states. With
increasing MS,D this effect becomes smaller due to the propagator
suppression. For all three lines direct detection is the same since it is
independent of gij.
As shown in the previous figure, the presence of new couplings

alters the available parameter space with regard to singlet-doublet
scalar and singlet-doublet fermion models. Especially, coannihilation
between different particle species and the presence of new final states
gives rise to new compatible regions without altering direct detection
limits. Considering scalar dark matter, Fig. 5.50 shows the relic den-
sity in the plane (MS,S, MS,D) for λS = λD = 10−4, λ′D = λ′′D = 0 and
A = 10−4 GeV. The couplings gij are set to 0.75. Along the solid black
line, labeled n̈o coann.̈, the relic matches the observation in a case
with decoupled fermions since MF,S = MF,D = 5 TeV. This is com-
patible with the results found in the singlet-doublet model in [243].
In order to enhance coannihilation, the mass parameters for fermions
are chosen such that the difference to the lightest scalar state is only
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Figure 5.50: Viable and excluded values of the scalar dark matter relic den-
sity in the mass plane MS,D–MS,S in the presence of similarly
light singlet or doublet fermions with couplings gij = 0.75.

few percent as indicated on the label of the colored lines. Since the
couplings are small or zero and mixing A = 10−4 GeV is also small
dark matter is mostly singlet for MS,S < MS,D and mostly doublet for
the opposite case of MS,D < MS,S. Thus, it is sufficient to leave MF,S

at 5 TeV for singlet-like dark matter and adapt only MF,D. For dou-
blet like lightest scalars only MF,S is altered while MF,D stays at 5 TeV.
In the region where MS,D is lighter, the blue shaded viable regions,
limited by the vertical colored lines, extend up to 750 GeV. Without
coannihilation, only masses up to 600 GeV are feasible. Regarding
singlet-like dark matter, completely new regions open up, bound be-
low by the horizontal lines which restrict MS,D to be not above 250

Gev for a mass splitting of 20% or up to 900 GeV for a mass differ-
ence of 1%. Thus, the impact of coannihilation is huge especially for
singlet scalar dark matter.

5.2.3 Neutrino masses

As T12A is a model for radiative neutrino masses, it contains neu-
trino mass generation at the one-loop level. After electro-weak sym-
metry breaking, the fermions and scalars mix. The T12 topology trans-
forms to the diagrams shown in Fig. 5.51. Analogous to the scotogenic
model, a neutral fermion and scalar run in the loop. However, within
T12A there are more neutral scalars over which one has to sum and
the couplings are different. In general, the couplings concerning the
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νi νj

χl

Xm

Figure 5.51: Neutrino mass generation at one-loop in model T12A after
electro-weak symmetry breaking.

neutrinos are obtained from the Lagrangian in Eq. 5.136 by shifting
to the mass basis using the transformation matrices for scalars US
and fermions UF. Thus, the coupling Cijm between a neutrino νi, a
fermion χj and a scalar Xm as in the list in the appendix – see Ap-
pendix E– is

Cijm = g1iUF,3jUS,1m + g2iUF,1jUS,2m + g2iiUF,1jUS,3m.
(5.139)

This definition allows to obtain an amplitude for the one-loop Ma-
jorana mass diagram, omitting the external spinors. The amplitude
is

Fik ∼
∑
j,m

PL

∫
CkjmCijm

(/q− /p1) +Mχj

(q2 −M2
Xm

)((q− p1)2 −M2
χj

d4q
(2π)4

PL,

(5.140)

where q is the momentum running along the fermion line in the loop.
The incoming νmomentum is p1 and the outgoing is p2. In this calcu-
lation the PL and PR part of the vertex are considered separately. This
is for illustrative purposes to show, that indeed only a Majorana mass
contribution exists, whereas the Dirac contribution vanishes. Usually,
all parts of the vertex have to be considered since χ and the neutrinos
are Majorana particles.
In order to evaluate the expression, dimensional regularization is ap-
plied – see Appendix I. After the Passarino-Veltman functions are
identified, the amplitude is

Fik ∼MχjCkjmCijmB0(0,M
2
Xm

,M2
χj
)

=MχjCkjmCijm ( ∆+ 1

−
1

M2
χj

−M2
Xm

(M2
χj

log
M2
χj

µ2
−M2

Xm
log
M2
Xm

µ2
)

)
. (5.141)

The sum over j and m is not explicitly shown. The amplitude can be
split into an infinite and scale dependent part Fik,div and into a finite
part Fik,con, which are

Fik,div ∼MχjCkjmCijm × (∆+ 1− logµ2),
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Fik,con ∼MχjCkjmCijm×
1

M2
Xm

−M2
χj

(M2
χj

logM2
χj

−M2
Xm

logM2
Xm

). (5.142)

The divergent part Fik,div vanishes, as the following relations apply∑
j,m

MχjCkjmCijm :=
∑
j,m

Kikjm

=
∑
j,m

Mχj(g1ig1kU
2
F,3jU

2
S,1m

+ g1ig2kUF,1jUF,3jUS,1mUS,2m

+ ig1ig2kUF,1jUF,3jUS,1mUS,3m

+ g2ig1kUF1jUF,3jUS,1mUS,2m

+ g2ig2kU
2
F,1jU

2
S,2m

+ ig2ig2kU
2
F,1jUS,2mUS,3m

+ ig2ig1kUF,1jUF,3jUS,1mUS,3m

+ ig2ig2kU
3
F,1jUS,2mUS,3m

+ g2ig2ki
2U2F,1jU

2
S,3m), (5.143)

and ∑
m

US,amUS,bm =
∑
m

US,am
(
UT
)
smb

=
(
USU

T
S

)
ab

= δab,∑
j

UF,ajMχjUF,bj =
∑
j

UF,ajMχj

(
UT
)
F,jb

=
(
UFFdiagU

T
F

)
ab

=MF,ab. (5.144)

The corresponding matrix elements are taken from Eq. 5.114 and
Eq. 5.126. Most terms vanish, only∑

j,m

Kikjm =g2ig2kms + i
2g2ig2kms = 0, (5.145)

is left, which simplifies to zero as well. As expected from a process
which appears at leading order on one-loop level there should be no
scale dependence and divergence. The remaining finite part is

Fik,con =
∑
j,m

Mχj

16π2
1

(M2
Xm

−M2
χj
)

(
M2
χj

logM2
χj

−M2
Xm

logMXm2
)

(
g1ig1kU

2
F,3jU

2
S,1m

+ g1ig2k
(
UF,1jUF,3jUS,1mUS,2m + iUF,1jUF,3jUS,1mUS,3m

)
+ g2ig2k

(
UF,1jUF,3jUS,1mUS,2m + iUF,1jUF,3jUS,1mUS,3m

)
+g2ig2k

(
U2F,1jU

2
S,2m + 2iU2F,1jUS,2mUS,3m −U2F1jUS,3m

))
.

(5.146)
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which defines the neutrino mass matrix elements as Mν,ij = Fij,con.
Overall Mν can be expressed as

Mν =gTMg

=

(
g11 g12 g13

g21 g22 g23

)T (
M11 M12

M21 M22

)(
g11 g12 g13

g21 g22 g23

)
.

(5.147)

The elements of the symmetric matrix M are defined by the following
equations:

M11 =
∑
l,m

mlmU
3
F,3lU

2
S,1m,

M12 =
∑
l,m

mlmUF,1lUF,3lUS,1mUS,2m = M21,

M22 =
∑
l,m

mlmU
2
F,1l

(
U2S,2m −U2S,3m

)
. (5.148)

The mass function mlm is given by

mlm =
1

16π2
Mχl

M2
Xm

−M2
χl

(
Mχ2l

lnM2
χl

−M2
Xm

lnM2
Xm

)
.

(5.149)

When diagonalizingMν, two non-zero Majorana neutrino masses are
obtained. The third eigenvalue is always zero. This is compatible with
current experimental limits and allows to set an absolute mass scale
for neutrinos. This allows to determine all masses. For the presence
of three massive neutrinos, additional fields have to be introduced, at
least an extra scalar or fermion singlet.

5.2.3.1 Casas-Ibarra parametrization

Within this realization of T12A, one neutrino mass mν1 is always
zero. The absolute mass scale is set. Under the assumption of nor-
mal hierarchy, this allows to constrain the two other neutrino masses
mν2,3 . Following the steps in [254], it is possible to obtain a relation
between the neutrino couplings gij and the observed squared mass
differences and mixing angles, such that the experimental observa-
tions can be used as an input to generate matching couplings gij.
It is known that the neutrino mass matrix Mν is diagonalized by the
PMNS matrix Uν:

UTνMνUν = Dν := diag (0,mν2 ,mν3) . (5.150)

Mν, the neutrino mass matrix, is defined by Eq. 5.147 and depends
on the symmetric matrix M. M can be diagonalized by UM to obtain
UTMMUM = DM = diag (E1,E2) with the eigenvalues

E1 =
1

2
(M11 +M22 −

√
(M11 −M22)2 + 4M12), (5.151)
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E2 =
1

2
(M11 +M22 +

√
(M11 −M22)2 + 4M12). (5.152)

Accordingly, the unitary transformation matrix

UM =

(
cos(κ) − sin(κ)

sin(κ) cos(κ)

)
(5.153)

is given in terms of one mixing angle κ, which is defined by

tan(2κ) =
2M12

M11 −M22
. (5.154)

Using the diagonalization transformation, it is possible to rewrite
Eq. 5.150 to

Dν =UTνg
TUMDMU

T
MgUν. (5.155)

This equation can be simplified by means of properties of diagonal
matrices like D = D

1
2D

1
2 , where only the square roots of the diagonal

elements are taken. Furthermore, for all diagonal matrices D the re-
lation DT = D is true. Multiplying Eq. 5.150 from left and right with

D
− 1
2

ν , and establishing

R := D
1
2

MU
T
MgUνD

− 1
2

ν , (5.156)

an equation which R must obey is obtained:

RTR = D1 = diag (0, 1, 1) . (5.157)

Hence, any solution takes the form

R =

(
0 cos(θR) − sin(θR)

0 sin(θR) cos(θR)

)
, (5.158)

which is characterized by a single parameter θR. Transforming Eq. 5.158,
while using the definition of R in Eq. 5.156, leads to an expression for
the coupling g:

g = UMD
− 1
2

M RD
1
2
νU

T
ν. (5.159)

Within this transformation, it is assumed that all parameters in Eq. 5.159

are real for definiteness, and the phases in Uν and R are set to zero.

5.2.3.2 Correlations between neutrino masses and the dark sector

The definition of the neutrino mass matrix in Eq. 5.147 links all dark
matter parameters to neutrino masses. In absence of gij all neutrinos
are massless, but also the other parameters enter the equation in the
form of mass eigenstates and mixing matrix elements. More precisely,
the fermion mixing matrix UF introduces the Yukawa couplings y1
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Figure 5.52: Influence of the scalar-fermion couplings gij on the sum of neu-
trino masses as a function of the singlet scalar mass parameter
MS,S.

and y2. The scalar mixing matrix US contains all scalar couplings for
singlets or doublets λS, λD etc. and the scalar mixing parameter A.
This section contains numerical studies, with λS, λD, λ′D and λ′′D
mostly below 10−1 to put the main focus on the influence of the mix-
ing parameters A, y1 and y2 as well as the fermion-scalar couplings
gij. Fig. 5.52 shows the influence of scalar-fermion couplings gij on
the sum of neutrino masses

∑
imνi as a function of the scalar singlet

mass MS,S. MS,S ranges from 450 to 3000 GeV. All other masses scale
with MS,S. The scaling factors are MS,D = 1.5MS,S , MF,S = 2MS,S

and MF,D = 2.5MS,S. Also, the Yukawa couplings are small y1 =

2× 10−2 and y2 = 10−1, as is the scalar mixing A = 10−2 GeV. Thus,
the lightest odd particle is always scalar and mostly singlet-like. The
contributions from the vertex with g1i, involving the singlet scalar
and doublet fermion, dominate to some extent in the loop. Thus, an
increase of the mass scale MS,S leads to a decreasing neutrino mass as
expected by propagator suppression within the loop. A much larger
influence comes from the neutrino-dark matter couplings gij. A drop
from gij = 1 (dashed blue line) to 10−2 (dot dashed green line) or
even to 10−4 (solid red line) yields an decrease of around four to six
orders of magnitude for neutrino masses. This decrease is an expected
behavior as gij enter the neutrino mass loop quadratically. Overall,
it is possible to reach a viable region for the neutrino mass sum of
O(10−11) eV only for small gij within this scenario.
A different scenario is shown in Fig. 5.53. It presents the sum of

neutrino masses
∑
imνi as function of the fermion singlet mass pa-

rameter MF,S. MF,S acts as common scale for all mass parameters,
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Figure 5.53: Influence of the scalar-fermion couplings gij on the sum of neu-
trino masses as a function of the singlet fermion mass parameter
MF,S.

which scale as MS,S = 2.5MF,S, MS,D = 3.5MF,S and MF,D = 1.5MF,S.
The lightest state is now fermionic. The Yukawa couplings for the
new fermions remain comparably small with y1 = 4 × 10−2 and
y2 = 2× 10−2. A stronger scalar mixing A = 10 GeV, three orders
of magnitude larger than in the previous scenario, is chosen. As MS,S

is much larger than in Fig. 5.52, in addition to the larger mixing, the
singlet scalar-doublet fermion part in the loop is not as dominant as
before. Overall, the neutrino masses are at least one order of magni-
tude below the previous scenario and show a steep drop for small
MF,S. The most striking difference is a cancellation for MF,S = 1.25
TeV. Terms in M enter with different signs, as the matrix elements
Mij contain sums over all neutral scalar and fermion states, leading
to this effect. Beyond this dip, for larger MF,S, the decrease with mass
is less pronounced. Similarly as before, the same three values with the
same color code for gij are shown. Outside the cancellation regions,
quadratic scaling with gij is observed. It decreases the neutrino mass
sum up to eight orders of magnitude for a four order of magnitude
reduction in gij. The overall smaller values for

∑
imνi and the pres-

ence of the cancellation allow to reach viable neutrino masses for
intermediate values of gij already.

approximations for small mixing

As the parameter space is large with 17 free parameters, there are
plenty of effects to illustrate which strongly depend on the parame-
ter range. One example already mentioned, is the cancellation effect
for a combination of masses and couplings, decreasing the neutrino
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masses strongly. Different methods of exploring the variety of scenar-
ios, lead to different interesting combinations of parameters. In order
to disentangle different sectors, it is useful to make approximations
for small mixings.
To start with a simple case, only proportionalities are presented with-
out the exact formula. For small or vanishing scalar mixing the impact
on masses of Xi and the mixing matrix US is given in Section 5.2.1.2.
Similarly, Section 5.2.1.4 contains the formulas for small or vanish-
ing fermion mixing. These simplifications can be used to simplify M
from Eq. 5.147.
The first case considers vanishing λS, λD, λ′D, λ′′D and small mixing pa-
rameters A,y1,y2 << 1. Therefore, up to second order, the elements
of M behave as

M11 ∝ A2const1 − y2const2
M12 ∝ Ay
M22 ∝ A2. (5.160)

The full result can be found together with different approximations
in Appendix J. For either vanishing mixings and/or gij there are no
neutrino masses in this case. The smallness of neutrino masses is con-
trolled by a combination of gij and the mixing parameters in absence
of the other scalar couplings.
Let’s consider negligible mixing y1,y2,A = 0 next. In this case, the
elements of M simplify to

M11 =0,

M12 =0,

M22 =
(
MF,S

((
2M2

F,S log
(
M2
F,S
)

−
(
L−v2 + 2M2

S,D
)

log
(
L−v2

2
+ M2

S,D

))
× 2

−L−v2 + 2M2
F,S − 2M

2
S,D

+

((
L+v2 + 2M2

S,D
)

log
(
L+v2

2
+ M2

S,D

)
−2M2

F,S log
(
M2
F,S
))

× 1

−L+v2 + 2M2
F,S − 2M

2
S,D

))

× 1

16π2
, (5.161)

where

L+ :=λD + λ′D + λ′′D,

L− :=λD + λ′D − λ′′D. (5.162)
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Table 5.6: parameters used in Fig. 5.55, Fig. 5.56, Fig. 5.57 andFig. 5.54

Parameter Fig. 5.55 and Fig. 5.56 Fig. 5.57 Fig. 5.54

λS 10−5 10−5 10−5

λD 10−5 10−5 10−5

λ′D 10−5 10−5 10−5

λ′′D 10−5 10−5 10−5

A (GeV) 0 0 0

y1 10−7 − 10−4 10−4 − 100 10−6

y2 10−7 − 10−4 10−4 − 100 10−7 − 10−4

MS,S (GeV) 1000 1000 1000

MS,D (GeV) MS,S/RD,S MS,S/RD,S MS,S/RD,S

MF,S (GeV) MS,S/RS,F MS,S/RS,F MS,S/RS,F

MF,D (GeV) MS,S/RD,F MS,S/RD,F MS,S/RD,F

g1i 10−1 10−1 0.5

g2i 10−5 10−5 10−4

In the limit of vanishing λS, λD and λ′D and small λ′′D the matrix
element M22 becomes

M22 =
(
λ′′D
(
M3
F,Sv

2 log
(
M2
S,D
)
+ M3

F,Sv
2

−M3
F,Sv

2 log
(
M2
F,S
)
− MF,SM2

S,Dv
2
))

× 1

16π2
(
M2
F,S − M2

S,D
)2 , (5.163)

which is proportional to λ′′D. Hence, this case features only one non-
zero neutrino mass which is proportional to the scalar doublet mass
splitting λ′′D. The smaller λ′′D, the smaller is this expression. Either λ′′D
or g2i can be very small (but not both simultaneously) in order to
achieve viable neutrino masses.
Refraining from negligible fermion mixing, the analytic treatment

of neutrino masses becomes more complex. The mixing matrix and
masses are more complicated for the fermions than for the scalars.
Full results can be found in Appendix J. It is useful to have a look at
figures produced from the neutrino mass formula in order to under-
stand the correlations.
A scenario is chosen, where the lightest odd particle is the scalar
singlet and the scalar mixing A is still negligible. Additionally, the
couplings g2i of the scalar doublet to the neutrinos and leptons are
chosen to be small – see Tab. 5.6. The largest influence on neutrino
masses, therefore comes from the g1i vertex with the fermion dou-
blet and scalar singlet. As seen for the cancellation effects in Fig. 5.53,
ratios between the mass parameters can be important. For this study
they are introduced as RD,S =

MS,S
MS,D

, RS,F =
MS,S
MF,S

and RD,F =
MS,S
MF,D

.
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Figure 5.54: Plot showing the dependence of neutrino mass on y2 for differ-
ent fermionic singlet masses.

Which relate the mass parameters to MS,S.
y1 is fixed to 10−6 and y2 to varies from 10−7 to 10−4. The obtained
neutrino masses are shown in Fig. 5.54. RD,S and RD,F are fixed to
0.3 and 0.6, respectively. The parameter RS,F ranges from 0.1 to 0.9 as
labeled in the figure. All parameters are as indicated in Tab. 5.6, in
particular g2i = 10−4 is much smaller than g1i = 0.5. The neutrino
masses exhibit a minimum located at different y2 for varying RS,F. As
long as RS,F is larger than RD,S = 0.3, the behavior is rather similar.
For very small y2, there are some fluctuations. As y2 increases above
10−6, the fluctuations are no longer visible, leaving a smooth increas-
ing line. For RS,F = 0.3 (upper right corner) the behavior changes
drastically. For almost all y2 the resulting neutrino masses are much
higher than in the figures with larger RS,F. Especially, for small val-
ues of y2 there are neutrino masses up to seven orders of magnitude
larger than for other mass combinations. For RS,F below 0.3 there is
some minor difference as the curve exhibits several minima for y2
around 10−6. Hence, specific combinations of masses and mixings
allow for very small neutrino masses, whereas away from this min-
imum the dependence on y2 becomes milder. Conversely, there are
regions with very small y2 and still reasonably large neutrino masses.
Fig. 5.55 is a generalization of the previous Fig. 5.54. It depicts the

plane y1, y2 with a color code for neutrino masses. The parameters
are given in Tab. 5.6. For this plot, again, RD,S is 0.3, RD,F is 0.6.
The value of RS,F is indicated on the figure. y1 and y2 cover a range
from 10−7 to 10−4. As in the previous scenario, for RS,F greater than
RD,S = 0.3, the figures look rather similar. If y1 or y2 is large, the neu-
trino masses become large as well. Decreasing both, going from the
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Figure 5.55: Color plot showing
∑
mν as a function of the fermion Yukawa

couplings y1 and y2 for different singlet fermion masses.

upper right corner to the down most left region of the plane, darkens
the color as the neutrino mass decreases. This is overlaid by a valley
of minima concentrated along a line from (y1 ≈ 10−6,y2 ≈ 10−7) to
(y1 ≈ 10−4,y2 ≈ 10−5). In this region the neutrino masses are smaller
than in the surrounding areas. This corresponds to a minimum in
Fig. 5.54. In the plots for RS,F = 0.3, RS,F = 0.1 and RS,F = 0.2 it can
be seen, that the valley of minima continues on for either y1 or y2 be-
ing around 10−6 where as the other can be much smaller. When both
y1 and y2 decrease below 10−6, in these plots , the neutrino masses
start to rise again. When RS,F is identical to RD,S = 0.3, the lines of
minima are still visible but their location changes from around 10−6

to 10−5. The overall neutrino masses are much larger, especially for
very small compared to the other figures. They can reach up to 10−8.
Hence, with certain mass combinations it is possible to have large
neutrino masses even though the Yukawa couplings are rather small.
Fig. 5.56 shows another selection of plots to investigate the depen-
dence of neutrino mass sum on y1 and y2. Similarly as before, MS,S

is set to 1 TeV while the scalar mixing is A = 0 GeV. To increase the
strength of the interaction between scalar singlet and fermion dou-
blet, g1i is set to 0.1. All other couplings have no impact. They are set
to 10−5, so g2i, λS, λD, λ′D and λ′′D are negligible – see Tab. 5.6. The
setting is the same as for Fig. 5.55, despite RS,F = 0.3 is now fixed and
RD,F is varied. RD,S is fixed at 0.3. This choice allows to disentangle
the influence of the doublet scalar and singlet fermion coupling even
more. For large MF,D – see upper left corner –. It is possible to ob-
tain viable neutrino masses over the whole range of y1 and y2 which
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Figure 5.56: Influence on the ratio of the singlet scalar mass MS,S = 1

TeV over the singlet fermion mass MF,S on the sum of neu-
trino masses in the plane of Yukawa couplings y1–y2. The
doublet scalar and singlet fermion have been decoupled via
MS,S/MS,D = 0.6 and MS,S/MF,S = 0.3.

become smaller for smaller couplings. For similar sized Yukawa cou-
plings there is a region which features small neutrino masses (red).
When only one coupling is large, the neutrino masses can be rea-
sonably large. Yet the decrease of MF,D demands a reduction of the
couplings in order to provide the same neutrino masses – see the
bottom right plot in comparison to the upper left. Starting from RS,F

around 0.4, which is larger than RD,S, one observes again that for too
small couplings the neutrino masses start to rise. This is similar to
the effect of cancellation – compare for example Fig. 5.53. This leads
to a line (horizontally and vertically) shaped valley of small neutrino
masses which extended in a line for y1 ≈ y2. Altogether, relations
between masses play an important role in achieving the correct neu-
trino masses for small mixings. If the fermion Yukawa couplings are
not too small the dependence on the mass ratios nearly vanishes. This
is presented in Fig. 5.57. The figure shows the plane (y1,y2) with a
similar color code as the previous Fig. 5.55. The factors for MF,S and
MF,D are the same, but the range for y1 and y2 is between 10−4 and
1. All other parameters stay the same – see Tab. 5.6. The typical line of
neutrino mass minima for a specific combination of y1 and y2 is vis-
ible in these plots as well. Altogether, there is a decrease in neutrino
mass with decreasing couplings within each plot. The dependence on
RS,F is rather mild. There are subtle changes increasing the neutrino
masses as RS,F increases but the plots look rather similar.
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Figure 5.57: Color plot showing
∑
mν as a function of the fermion Yukawa

couplings y1 and y2 larger than 10−4 and for different singlet
fermion masses.

5.2.4 Lepton flavor violation

The radiative generation of neutrino masses needs lepton flavor chang-
ing couplings within the Lagrangian. These couplings give rise to
lepton flavor changing processes. Some important processes involve
radiative transitions like µ → eγ and probably µ → eγγ as well as
leptonic decays µ → eee and conversion in nuclei N+ µ → N+ e or
similar processes involving τ leptons. General calculations for loop
diagrams in T12A and similar models are found in Appendix I, in
particular in Section I.6 for µ → eγ, in Section I.7 for µ → eγγ and
in Section I.8 for µ → 3e. There are also calculations, based on this
loop classification, containing full squared amplitudes supported by
the Mathematica [255] package FeynRules [256]. The results are cross
checked with B. Herrmann using FORM [257]. The amplitudes will
be made available within the bitbucket of the working group.
All lepton flavor changing processes are mediated by odd scalars and
fermions in a loop. Either a scalar or a fermion has to be charged
in order to carry charge of the incoming lepton. The corresponding
vertices are summarized in Appendix E. The lepton flavor changing
processes mentioned above scale with the couplings gij, the same
couplings which give rise to neutrino masses. Neutrino masses al-
ways involve two Z2 odd neutral particles, so both mixing matrices
UF and US enter the equation. For charged leptons only one particle
in the loop is neutral so it is either US or UF contributing to the spe-
cific diagram. Without gij, not only neutrino masses vanish but also
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Figure 5.58: Radiative one-loop processes e−k → e−mγ violating lepton flavor.

lepton flavor violation.
For the radiative decay, like µ → eγ, the diagrams are shown in
Fig. 5.58. They consist of two bubble type and two triangular topolo-
gies. The calculations are similar to the scotogenic model – Section 5.1
in particular Section 5.1.3. The difference is in the number of all parti-
cles which can run in the loop and in the couplings. When suppress-
ing the external lepton masses the bubble diagrams only cancel the
divergences, finite parts arise from the triangle diagrams. The branch-
ing ratio is then

BR(µ→ eγ) =
3αem

64πG2F

 1

2m4ψ−

(∑
i

g11g12U
2
S,1iF2(

m2Xi
m2ψ−

)

)2

+
1

m4φ−

(∑
i

g21g22U
2
F,1iF2(

m2χi
m2φ−

)

)2

+
1

m2φ−m2ψ−

(∑
i

g11g12U
2
S,1iF2(

m2Xi
m2ψ−

)

)

×

∑
j

g21g22U
2
F,1jF2(

m2χj

m2φ−

)

 , (5.164)

with F2 as in Eq. 5.104. Similar results are found for τ→ eγ (exchange
g12 for g13) and τ→ µγ (exchange g11 for g12 and g12 for g13).
µe conversion in nuclei is described by the same diagrams as µ→ eγ

shown in Fig. 5.58 with an off-shell photon which couples to the nu-
cleus.
Leptonic decays like µ → eee are presented in Fig. 5.60. Analogous

to µ → eγ two triangle and two bubble loops are present but also
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three additional box diagrams. The amplitudes involve either two or
in case of the boxes four scalar-fermion couplings gij.
Alongside µ decays involving two photons in the final state can oc-
cur. They feature additional box diagrams with respect to µ → eγ.
All topologies are shown in Fig. 5.60. Similar to µ → eγγ in the sco-
togenic model, this decay is not finite for soft or collinear photons.
Current experimental limits are summarized in Chapter 4 see Tab. 4.1.
The most stringent constraints come from µ → eγ which restrict the
parameter space mostly regarding the new couplings gij. Fig. 5.61 il-
lustrates the dependence of BR(µ → eγ) on the singlet scalar mass
parameter MS,S which acts as a common mass scale. All parameters
are chosen as in Fig. 5.52. Curves are presented for gij = 1 (dashed
blue line), gij = 10−2 (dashed green line) and gij = 10−4 (solid red
line). Overall, the branching ratio decreases with increasing mass sim-
ilarly, to neutrino masses due to propagator suppression in the loops.
The dependence on gij is much stronger than on the mass. A drop
of over eight orders of magnitude is observed when decreasing the
couplings gij, going from 1 to 10−2. A value of gij below 10−2 is suf-
ficient to evade experimental limits. In comparison, neutrino masses
demand gij below 10−4 in this scenario.

5.2.5 Numerical results

In this section numerical scans of the parameter space of T12A with
focus on scalar dark matter are presented. Two different scans have
been conducted. First, a random scan over the full parameter space
is conducted. Second, a more restricted scan, enhancing coannihila-
tion between fermion and scalars as well as lepton and neutrino fi-
nal states, is performed. For both scans the relic density constraint
Ωh2 = 0.1186 ± 0.0031 is imposed, as well as limits on the Higgs
doublet such that MH = 125 GeV and it has Standard Model cou-
plings [258]. The neutrino mass differences and mixing angles are
taken from [259]. They are assumed to follow a normal distribution
within the experimental limits:

sin2 θ12 = 0.30± 0.013,
sin2 θ13 = 0.0218± 0.0010,
sin2 θ23 = 0.452± 0.052,
∆m212 = (7.5± 0.19)× 10−5 eV2,

∆m223 = (2.457± 0.047)× 10−4eV2.

5.2.5.1 Random scan

For a first random scan, the free parameters are varied in the ranges
shown in Tab. 5.7. Points with scalar dark matter, matching the relic
density observations, are selected. Around 104 points are obtained.
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Figure 5.62: Direct detection cross section of scalar singlet dark matter as a
function of its mass without (blue) and with (red) coupling of
the scalar to the fermion sector.

All are compatible with the constraints mentioned above, including
neutrino masses by use of the Casas-Ibarra parameterization – see
Section 5.2.3.1. The range of gij is limited to be between −2π and 2π.
Another set of O(104) points with zero neutrino masses as gij = 0 and
correct relic density is produced. Fig. 5.62 shows all points with gij ∈
[−2π, 2π] (red squares) and with gij = 0 (blue crosses) projected onto
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Table 5.7: Parameters used for the first random scan

Parameter Value

λS, λD, λ′D, λ′′D ±π(10−10 − 100)
A (GeV) (10−10 − 104)

y1 ±(10−10 − 100)

y2 (10−10 − 100)

MS,S, MS,D, MF,S, MF,D (GeV) 10 - 2000

gij fixed to match observations or 0

cos(θR) 0 - ± 1

the plane of dark matter mass MDM and spin-independent elastic
scattering cross section σSI. The current direct detection bounds are
shown as lines. For low masses, the most stringent limits come from
PandaX (dashed black line) [101]. For larger dark matter mass, the
strongest constraints are from XENON1T (dashed black line) [260].
Future prospects of XENONnT [112] are also shown as a dash dotted
line. First, all points without fermion-scalar couplings (blue crosses)
are considered. Since the mixing can be large, dark matter masses
can be rather small. For such small masses below the Higgs reso-
nance MDM ≈ MH/2, direct detection and annihilation are closely
related. Hence, the points gather in a small band to fulfill the relic
density constraint. When approaching the Higgs resonance, the anni-
hilation of dark matter becomes more and more efficient, demanding
smaller couplings to obtain the correct relic density. Thus, the direct
detection cross section decreases strongly towards the resonance and
reaches very small values, down to 10−25 pb or less on the resonance.
Similarly, to singlet-doublet scalar dark matter [242, 243], all points
with masses below the resonance are excluded by direct detection
experiments. Above the resonance region, the viable band broadens
but it is still constrained, as the correlation between annihilation and
scattering cross section is not reduced as much. Except for points on
the resonance, all models will be probed by XENONnT. Allowing for
gij 6= 0 (red squares) in order to obtain viable neutrino masses, opens
up new annihilation channels as explained in Section 5.2.2 and offers
coannihilation between scalars and fermions. This weakens the cor-
relation of the relic density and direct detection. The new channels
only contribute to relic density but not to dark matter nucleon scat-
tering. This broadens the band of correct relic density. Consequently,
it allows for cross sections way below the reach of future experiments.
For mostly the entire mass range, cross section down to 10−25 pb and
less even far away from the Higgs resonance can be found.
All 104 points, which are consistent with neutrino masses, are ana-

lyzed regarding lepton flavor violation. Fig. 5.63 shows these models
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Figure 5.63: Direct detection cross section of scalar singlet dark matter as a
function of its mass and its correlation with the lepton-flavor
violating branching ratio BR(µ→ eγ) (colors).

in the same plane as Fig. 5.62 including a color code for the branch-
ing ratio of µ → eγ. The current limit is shown as a solid black line
in the color bar. Most points, which feature small direct detection
cross sections, need large values of gij in order to reach an acceptable
relic density. In return, the large couplings give rise to large branch-
ing ratios for lepton flavor violating processes. Consequently, most
points below XENON1T are excluded by lepton flavor experiments.
Most points with a small branching ratio resemble the region which
was found with gij = 0. Some of these viable points are below the
current direct detection sensitivity but within the reach of future ex-
periments allowing them to be probed soon. Fig. 5.64 contains points
with non-zero neutrino masses. It shows the correlation between σSI
and the singlet scalar coupling λS. The points have been structured
in a grid to make effects more visible without overloading the fig-
ure by too much overlap. The different markers differentiate between
points which are excluded by lepton flavor constraints (red squares)
and points which lie beneath current constraints (blue crosses). The
smallest values for σSI are reached for smallest values of λS. These
points correspond to mostly singlet-like dark matter which couples
to the Standard Model via λS. In return the larger λS, the larger is the
minimal value of σSI. In order to obtain the correct relic density for
these small couplings, the lepton channels and coannihilations have
to be enhanced by large gij. Hence, all of these small σSI points are al-
ready excluded by lepton flavor constraints as explained for Fig. 5.63.
A band of points compatible with lepton flavor violation covers the
whole range of λS but features σSI above 10−9 pb. In Fig. 5.65 the
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Figure 5.64: Direct detection cross section plotted against singlet scalar cou-
pling λS.
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Figure 5.65: Correlation between y1 and g11.

correlation between y1 and g11 for neutrino masses is shown. The
same color code as in the previous figure is used to differentiate be-
tween points which are consistent with lepton flavor violation limits
and which are excluded. In Section 5.2.3 some general studies of this
correlation have been presented which are found in this figure as
well. Either g11 or y1 can be small but not both simultaneously to
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Figure 5.66: Ratio of MF,S and MS,S as a function of dark matter massMDM
for all viable points in the coannihilation region.

obtain viable neutrino masses. For y1 larger than 2× 10−4 there is a
strong correlation between g11 and y1. A diagonal broad band of vi-
able points is found across the plane. For smaller values of y1 (below
10−4) this correlation becomes weak. Furthermore, for large gij, most
points of this scan are excluded by lepton flavor experiments.

5.2.5.2 Coannihilation region

Table 5.8: Parameters used for the coannihilation region random scan

Parameter Value

λS ±π(10−10 − 10−4

λD, λ′D ±π(10−10 − 100)
λ′′D π(10−10 − 10−4

A (GeV) (10−10 − 10−1)

y1 ±(10−10 − 10−4)

y2 (10−10 − 10−4)

MS,S (GeV) 10 - 1000

MS,D (GeV) 1.5 MS,S - 3000

MF,S (GeV) MF,D - 3000

MF,D (GeV) (1.05 - 1.2) MS,S

gij 6 2π (Casas-Ibarra parametrization)

cos(θR) (0 - ± 1)
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The first random scan gives an impression on how to incorporate
lepton flavor violation limits. The focus in the second scan is on a
region with enhanced coannhilation between fermions and scalars
as well as leptonic final states. The parameter ranges are shown in
Tab. 5.8. To obtain points, which are within this region and compati-
ble with all current limits including lepton flavor violation, the param-
eter space is restricted to mostly singlet scalar dark matter. Therefore,
the scalar mixing A is below 10−1 GeV and MS,S is always the light-
est, varying between 10 and 1000 GeV. MS,D is at least 1.5 times as
large and up to 3 TeV. To enhance coannihilation, the fermion dou-
blet parameter MF,D is chosen to be 1.05 up to 1.2 times larger than
MS,S, whereas the fermion singlet is at least as heavy going up to
3 TeV. As the coupling λS of the singlet scalar to the Higgs is sup-
pressed, coannihilation, as well as lepton and neutrino final states,
become more important for the relic density. The fermion mixing
is suppressed, since the Yukawas y1 and y2 are below 10−4. Con-
sequently, the vertex with g1i influences coannihilation dominantly.
Demanding at least 50% of the processes for dark matter annihilation
in the early Universe are due to coannihilation with the fermions.
O(104) points consistent with dark matter, neutrino mass and lepton
flavor violation experiments are gathered.

Fig. 5.66 shows the ratio of MF,S and MS,S as a function of dark
matter mass for all viable points. For small dark matter masses the
ratio is rather large, up to the maximum allowed value of 1.2. For
masses above 600 GeV the ratio tends to be in between 1.05 and 1.15.
Regarding masses below 600 GeV there is a whole region which is
not accessible within this framework as it is not possible to fulfill
all constraints simultaneously. Starting at around 800 GeV the lower
outline of the distribution displays another upswing. The smallest
allowed value for 1.05 can no longer be reached. This rather sharp
edge thins out for larger ratios, as it is easier to have measurable
coannihilation contributions for small mass ratios. Since dark matter
is mostly singlet-like and fermions also have small mixing, the cou-
plings g1i are constrained the most by dark matter observables as
well as lepton flavor violation. Fig. 5.67 shows all viable points in the
plane |g11|− |g12| with color indicating the size of |g13|. y1 and y2 are
small. Hence, gij can be large and still provide sufficiently small neu-
trino masses. The distribution of points in the plane shows that either
|g11| or |g12| can be large but not both. There are two separate regions.
One for |g11| roughly above 10−1 and any value for |g12| from 10−6

up to 10−1 and a mirrored region where |g12| is above 10−1. This
twofold shape is due to the different size of squared neutrino mass
differences. The value of |g13| increases along the short axis of the
two elongated regions, for example with growing |g11|, starting from
10−1, |g13| increases. Overall |g13| is less constrained by lepton flavor
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Figure 5.67: Viable scalar-fermion couplings in the plane |g11|–|g12| (color
code for |g13|).

Figure 5.68: All points projected onto the plane of the singlet scalar mass
parameter MS,S and the singlet scalar-fermion coupling g13.

processes as the bounds for τ leptons are not as strict as for µ leptons.
As discussed before, the couplings g1i and g2i determine the neu-

trino masses and branching ratios for lepton flavor violating pro-
cesses. Figure 5.68 shows a projection of all points onto the plane
MS,S and |g13|. There is a strong correlation between the singlet mass
parameter and the neutrino couplings. As the mass increases, the ab-
solute value of g13 needed to obtain the correct neutrino masses in-
creases as well. There are two overlapping regions which correspond
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Figure 5.69: Correlation between the scalar doublet mass splitting λ′′D and
the scalar doublet-fermion neutrino coupling g21.

to the two regions in the previous figure. When the singlet scalar
mass becomes larger, the suppression of neutrino masses grows, a
larger |g13| is needed to balance it. As the most stringent lepton fla-
vor violation limits do not come from processes involving the τ lep-
ton, g13 is not as much influenced as g11 and g12 by the constraints.
Yet, there are large regions of the parameter space which can not
be reached due to neutrino mass constraints. As elaborated in Sec-
tion 5.2.3, small mixings A, y1 and y2 lead to strong correlations in
the parameter space when requiring all neutrino constraints. There is
an expected anti-proportionality between λ′′D and g2i. Fig. 5.69 shows
all points projected onto the plane (λ′′D, |g21|). There is a clear corre-
lation between the two parameters. The blue dots gather around a
declining line. Any increase in λ′′D leads to a clear decrease in |g21|.
For λ′′D around 10−9, the neutrino coupling cannot be smaller than
10−2 and not larger than 4. If λ′′D is as large as 10−1, the value of
g21 has to be between 10−6 and 3× 10−5 in order to fulfill the neu-
trino constraints and satisfy all lepton flavor violation constraints. All
other regions in the parameter space are excluded. In general, within
the coannihilation region, g2i are not as important for dark matter
observables as g1i due to the choice of singlet-like scalar dark matter.
Overall, the neutrino couplings gij are chosen such that they result

in neutrino masses compatible with experimental constraints. This
is done by the Casas-Ibarra parametrization which depends on one
single angle θR. Fig. 5.70 depicts the correlation between |θR| and
|g11|. The fact that there are two distinct areas for |g11|, – compare
to Fig. 5.67– also reflects in the allowed range of the parametrization
angle. For |g11| larger than 10−1 there is a large portion of the range
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Figure 5.70: Correlation between the Casas-Ibarra angle θR and the fermion-
scalar coupling g11.

for θR covered. The angle can go up to the maximum value and down
to 10−2. There is a triangular shaped feature for |g11| above 3× 10−1,
where no points are found. The smaller the coupling |g11| has to be,
the more restricted is the choice of θR leading to viable results. For
small |g11| the underlying mixing angle narrows down to two specific
values. The angle is either around 1.2 or 1.9.
Fig. 5.71 shows the plane |y1|− y2 with both couplings being corre-

lated to neutrino masses. The color code represents the ratio of MS,S

to MF,S. In Section 5.2.3 dependencies between the fermion Yukawa
couplings and the resulting neutrino masses have been elaborated.
Here similar patterns and also a similar stripe shape as in Fig. 5.67

are observed. Only one of the couplings, y1 and y2, can be small at
the same time. There is a bulk of points for |y1| above 10−5 where
y2 can nearly take any value from around 10−5 to 10−10. This stripe
continues more sparsely for |y1| down to 10−7. Another densely pop-
ulated area is found for y2 above 10−7 where y1 can take any value
below 10−5. In the upper corner both y1 and y2 take a more diagonal
shaped region in space being both simultaneously large. Points which
feature both |y1| and y2 below 10−7 or even below 10−8 are rather
rare. The stripes for either |y1| or y2 above 10−7 exhibit a similar pat-
tern regarding the mass ratio RS,F. The color code starts at blueish
white for the largest values and fades to dark green for the smallest
values of order 1. For y1| above 10−5 RS,F decreases with decreasing
|y1|. There is a color gradient transitioning from light blue to green.
Similarly, for y2 above 3× 10−6 and |y1| below 10−5 the color fades
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Figure 5.71: Viable Yukawa couplings in the plane |y1|–|y2| (color code for
the mass ratio MF,S/MS,S).

Figure 5.72: Spin independent direct detection cross section σSI as a func-
tion of λS for scalar dark matter.

along the y2 direction over a bit larger area. One can see, that for
|y1| and y2 to be small simultaneously rather specific values of RS,F

are required. This is only due to the neutrino mass constraints. The
outcome of this figure is strongly related to the findings explained in
Section 5.2.3 shown in Fig. 5.56, Fig. 5.55 and Fig. 5.57.
Within the coannihilation region, the suppression of λS leads to

tiny direct detection cross sections. The dark matter-Higgs coupling
is dominated by λS for mostly singlet-like scalars. Fig. 5.72 shows
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Figure 5.73: Predicted branching ratios for the most sensitive lepton-flavor
violating processes BR(µ → eγ), BR(τ → eγ) and BR(µ → 3e)
(color) with current (full black lines) and future (dashed black
lines) exclusion limits.

the spin-independent scattering cross section for dark matter σSI as
a function of λS. As expected, a strong correlation is observed. The
larger λS, the larger is σSI. Smallest values of around 10−27 pb are
obtained for λS ≈ 10−10 up to the larges values of σSI of 10−13 pb
for λS ≈ 2× 10−4. All points are beyond the reach of even XENONnT.
Yet, similar to the models discussed before constraints can come from
lepton flavor violating processes. Fig. 5.73 shows the three branching
ratios of µ → eγ, τ → eγ and µ → eee. The color code symbolizes
the value of BR(µ→ 3e), starting with a light yellow for 10−12 going
to a dark red for values around 10−21. The solid and dashed lines
correspond to the current and future experimental limits as stated in
table 4.1. There are two rather separate regions within this plane.
A lot of points gather in a region with BR(τ → γ) above 10−11 and
the branching ratio for µ → eγ extending from 10−12 down to be-
low 10−19. The other area is more along an increasing line with a
huge spread surrounding it. These two areas correspond to the two
separate regions found in the plane |g11| and |g12|. The one, where
|g11| stays at rather the same value, corresponds to the regions with
BR(τ→ eγ) above 10−10. Since |g11| influences the electron couplings
and |g12| the muon couplings. The color gradient along this region
corresponds to the decrease of |g13|. The points along the inclined line
exhibit a growing BR(τ → eγ) for increasing BR(µ → eγ. The value
of BR(µ → 3e) increases along this line. One can see that the current
constraints on µ → eγ put the strongest bounds on the parameter
space. The solid line at 5.7× 10−13 cuts directly through the distribu-
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tion whereas the limit for τ → eγ just touches the border of viable
scenarios. All future sensitivities allow to probe more regions of the
parameter space. Especially the limits on µ→ eγ and µ→ 3e allow to
exclude a significant portion of points. Thus, even if all points within
this scan are not accessible by direct detection, other experiments can
restrict the parameter space in a complementary way.

5.2.6 LHC constraints

Several limits from Higgs invisible decays at the LHC and limits on
charged scalar partners at LEP have been previously discussed in
[261]. The first random scan in this work features scalar dark matter
mixed from singlet and doublet fields, whereas the second scan pro-
vides mostly singlet scalar dark matter. Hence, the main focus here
will be on scalar dark matter. If dark matter is dominated by the
singlet component, it couples neither to the photon nor to the weak
gauge bosons, but only to the Higgs boson through the coupling λS.
Constraints from the LHC thus, currently come only from the invis-
ible decay width of the Higgs boson in a mass region below 62.5
GeV. Current upper limits are at 67% for associated ZH production
in ATLAS [262] and at 24% for a combination of different produc-
tion channels in CMS [263]. Fig. 5.63 and Figure 8b in [263] show,
that large couplings are already ruled out by direct detection and/or
BR(µ→ eγ).
If the doublet component dominates, an additional coupling to weak
gauge bosons is present. Thus, more signatures at the LHC are pos-
sible. The couplings give rise to events with large transverse momen-
tum imbalance paired with a single jet [262] and/or a vector boson
[264]. In recent works the analysis is only treated for fermion dark
matter as function of the mediator mass. However, under the assump-
tion that the mediator is Z-like in coupling and mass and that spin
is of minor importance, the results can be transferred. Figures 5 and
6 in [265] and figure 10 in [266] then limit dark matter mass to be
between 50 and 100 GeV. Thus, LHC would exclude some models be-
yond Higgs resonance. In the case of fermion dark matter, which is
not present in the two random scans, these limits apply more strin-
gently.
Instead of producing dark matter directly, heavier Z2 odd charged or
neutral scalar states can be produced, which subsequently decay into
the lightest dark matter particle accompanied by W or Z boson lead-
ing to two or multi-lepton states and missing transverse energy [267].
The process is shown on the top panel of Fig. 5.74. The LHC data
has mostly been analyzed in the context of charged scalar leptons
within supersymmetric models (sleptons), scalar neutrinos are so far
unconstrained. The results for charged sleptons can be translated to
models like T12A, when assuming spin is of minor importance, since
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Figure 5.74: Typical diagrams for the production of heavy scalars (top)
and fermions (bottom) decaying into two- or multi-lepton fi-
nal states and missing transverse energy, carried away by scalar
dark matter X1 and neutrinos.

charged sleptons usually decay to fermionic neutralino dark matter.
With spin being of little importance, this translates to decays into the
lightest neutral scalars and gauge bosons. Under the assumption that
the branching ratio for this process is one, the strongest constraints
are obtained. Similar considerations are used by ATLAS [268] and
CMS [269] regarding sleptons. Lower mass limits for sleptons of 520

GeV – see figure 6b in [268] – or 440 GeV – see figure 3 in [269] are
found. Accordingly, the dark matter masses are limited in the 50 to
280 GeV or 40 to 220 GeV range. Looking at Fig. 5.63, this would ex-
clude some points beneath the Higgs resonance. Yet, within T12A the
constraints will be weaker ,as the leptonic branching fractions of W−

and Z− bosons are 21 % for muons and 7 % for electrons reducing
the limit. For charged scalars, heavier than 440 to 520 GeV or if they
have different decay channels, the limits do not apply.
The bottom panel of Fig. 5.74 shows the production and subsequent
decay of charged fermions. In the second random scan, the next light-
est odd particle is mostly a doublet-like fermion, as such it can co-
annihilate with the scalar dark matter. Similar considerations as for
charged scalars, allow to constrain this process. Well studied scenar-
ios come again from supersymmetric frameworks. Within SUSY mod-
els, higgsino-like charginos and neutralinos correspond to the situ-
ation in T12A [239]. The masses have been constrained by ATLAS
to be at least 95 to 145 GeV [270] – see figure 10 in the reference –
and by CMS to be at least 100 to 170 GeV [271] – see figure 8 in the
reference. This translates to a lower neutralino mass limits of 95 to
140 GeV or 100 to 150 GeV, respectively. Regarding the second scan,
the limits are even lower as they have to be scaled with the fermion-
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Table 5.9: Parameters used for Fig. 5.75

Parameter Value

λH 0.26

λS 0.1

λD 0.2

λ′D 0.3

λ′′D 0.4

A (GeV) 1

y1 0.1

y2 0.2

MS,S (GeV) 500

MS,D (GeV) 1000

MF,S (GeV) 800

MF,D (GeV) 1200

gij 0.1

scalar couplings gij. Regarding the first scan – see Fig. 5.63– the limits
do not affect many models beyond the Higgs resonance. Still, the con-
straints are expected to be stronger since the leptonic branching ratios
of Z and W bosons do not play an important role here. In the case
of singlet-doublet fermion dark matter with scalar singlets the dark
matter mass has to be above 510 GeV as shown in [239].

5.2.7 One-loop mass corrections and outlook

Since T12A introduces new fermions and scalars coupling to the
Higgs doublet, the new particles can contribute to the one-loop mass
corrections of the Higgs boson. Similar to the MSSM, the fermions
and scalars enter the correction with different signs, which might al-
low for a cancellation between the possibly large loop contributions.
As an outlook on this, the Higgs mass at one-loop has been calculated
with SPheno as a function of the scalar or fermion mass parameter
MS,S and MF,D. In Tab. 5.9 all parameters are listed. Fig. 5.75 shows
the results for the one-loop mass as a dashed line compared to the
constant tree-level mass of around 125 GeV. In both cases, the effect
becomes more pronounced for rather large masses. It might be inter-
esting to analyze T12A with one-loop contributions to all masses.
Despite the radiative corrections, it might be worthwhile to look at
internal bremsstrahlung for dark matter annihilation. As shown, for
example, in [272] for singlet scalars radiation of a photon or gauge
boson from the final state can reduce the velocity suppression for lep-
ton final states substantially. This can impact both the evolution in
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Figure 5.75: Influence of the scalar and fermion mass parameters MF,D and
MS,S on the one-loop Higgs mass (dashed line) in comparison
to the tree-level result (solid line).

the early Universe as well as the current indirect detection processes.

5.3 model t13a

A model for radiative neutrino masses, similar to T12A, is T13A. It
is also classified in [229] and it is of T13 topology with α = 0. Recent
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results are presented in [273], mostly based on work by D. Lamprea.
Other studies of this model are found in [238, 239]. Concerning this
work, calculations regarding dark matter annihilation are conducted.

5.3.1 Model description

The field content of T13A is close to the previous model. The same
fields without a scalar doublet are sufficient to provide a T13 like
diagram. Instead of the scalar doublet, another real scalar singlet
is added to have two massive neutrinos. Otherwise, there are not
enough degrees of freedom to fulfill all constraints in the neutrino
sector. With respect to T12A, the scalars now obtain a family index
such that φS1 and φS2 are the two scalar singlets. The discrete Z2
is again introduced for dark matter stability and prevention of tree
level neutrino masses. Regarding the SU(2)L

⊗
U(1)Y

⊗
Z2 symme-

try group, the new particles are

φS1 ∝ (1, 0,−),

φS2 ∝ (1, 0,−),

ψS ∝ (1, 0,−),

ψD1 =

(
ψ0D1,L,

ψ−
D1,L

)
∝ (2,−

1

2
,−),

ψD2 =

(
−(ψD2,R)

†,

(ψ0D2,R)
†

)
∝ (2,

1

2
,−). (5.165)

The fermion Lagrangian is exactly the same as for T12A in Eq. 5.125.
It introduces the same mixing and mass eigenstates, which can be
found in Section 5.2.1.3. The scalar Lagrangian features only the sin-
glet terms

LS =−

(
1

2
M2
S,Siφ

2
Si

+
1

2
λSiφ

2
Si
|H|2

)
, (5.166)

for i = 1, 2, hence the singlet scalars have masses m2φi = M2
S,Si +

1
2v
2λSi . In the analysis of [273] the couplings λSi are negligible. The

coupling between the new particles and the Standard Model lepton
doublets Li also changed with regards to T12A. Only one of the two
terms from Eq. 5.136 is present. Hence, there is only one type of vertex
with g1ij, which gains an additional index for the scalar family. The
Lagrangian for the leptons is then

−Llep = g1ijLiφSjψD2 + h.c. (5.167)

5.3.2 Neutrino masses

After electro-weak symmetry breaking, the diagrams for neutrino
mass generation look the same as for T12A, though, instead of three
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neutral scalars there are only two neutral scalars. Still, neutrino masses
are calculated in a similar fashion from the one-loop diagram in
Fig. 5.76. Determined by Eq. 5.167, the coupling Cijk between a neu-

νi νj

χl

φSm

Figure 5.76: Neutrino-mass generation at one-loop in the model T13A after
electro-weak symmetry breaking.

trino νi, a fermion χj and a scalar φSk is

Cijk = g1ikUF,3j. (5.168)

Evaluating a similar amplitude for Majorana neutrino masses as in
T12A Eq. 5.140, leads to the neutrino mass matrix elements

Mν,ij =
∑
m

mm
(
g1img1jm

)
. (5.169)

The function mm is defined by

mm :=
∑
l

U2F,3l
1

16π2
Mχl

M2
φm

−M2
χl

(
Mχ2l

lnM2
χl

−M2
φm

lnM2
φm

)
.

(5.170)

And analogous to Eq. 5.147, the neutrino mass matrix Mν can be
expressed as

Mν =

(
g111 g121 g131

g112 g122 g132

)T (
m1 0

0 m2

)(
g111 g121 g131

g112 g122 g132

)
.

(5.171)

This shape is suitable to apply a Casas-Ibarra parametrization, in or-
der to impose experimental constraints on the neutrino sector as a
model input.

5.3.3 Lepton flavor violation

The presence of fermion-scalar couplings does not allow for lepton
flavor conservation. Hence, they give rise to lepton flavor violating
processes at one-loop level, again similar to T12A. The lepton flavor
violation is mediated by singlet scalars φSi and charged fermions ψ−.
The absence of a charged scalar φ− reduces the number of diagrams,
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e−k

γ

e−m

ψ−

φSi

e−k

γ

e−m

ψ−

φSi

e−k

γ

e−m

ψ−

ψ−

φSi

Figure 5.77: Radiative one-loop processes e−k → e−mγ violating lepton flavor
in T13A.

yet the topologies are similar to T12A and the scotogenic model. In
the scotogenic model, the situation is quite opposite, with a charged
scalar and no charged fermion.
For µ→ eγ, the process is shown in Fig. 5.77 – compare to Fig. 5.58 or
Fig. 5.39. It features two bubble diagrams and one triangle diagram.
The diagrams are also summarized in the overview in Section I.5.
Using the couplings from Eq. 5.167 and following similar steps as in
Section 5.2.4, the branching ratio is

BR(µ→ eγ) =
3αem

64πG2F

1

m4ψ−

(∑
i

g11ig12iF2

(
m2φSi
m2ψ−

))2
.

(5.172)

F2 is the loop function defined in Eq. 5.104, which is found with Feyn-
man parameters as in Section I.3 and Section I.4. With the adaption
of couplings and masses, the process for radiative decays τ→ eγ and
τ→ µγ is given by an analogous expression.

5.3.4 Dark matter annihilation into lepton final states

In T13A dark matter can be either a fermion or a singlet scalar, de-
pending on which is the lightest neutral state. The fermionic part re-
sembles the singlet-doublet fermion dark matter model and the scalar
part consists of purely singlet scalars. Hence, all aspects summarized
before, apply here. In addition, the fermion-scalar coupling gives rise
to similar processes as in T12A. The focus in this section is on the ex-
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φS1

φS1

χi (ψ−)

ν0k (e+k )

ν0l (e−l )

Figure 5.78: (Annihilation processes of scalar dark matter particles φS1 to
SM leptons .

plicit calculations of dark matter annihilation cross sections for neu-
trino and lepton final states, both for fermion and scalar dark matter.

5.3.4.1 Scalar dark matter

The diagrams in Fig. 5.78 show the annihilation of singlet scalar dark
matter within T13A to neutrino (left) or charged lepton (right) pairs.
In principle, there is also an s-channel contribution mediated by a
Higgs boson, but in the limit of zero lepton mass, this vanishes. The
amplitudes describing the t-channel diagrams are

fa =
∑
i

g1k1g1l1U
2
F,3iu3

/p2 − /p4 +mχi
(p2 − p4)2 −m2χi

u4,

fb = g1k1g1l1u3PL
/p2 − /p4 +mψ−

(p2 − p4)2 −m
2
ψ−

PRu4, (5.173)

where the incoming scalars have momentum p1 and p2 and the out-
going Standard Model particles p3 and p4. In addition, the two ex-
change amplitudes for each process have to be taken into account,
since the scalars are real:

fa,ex =
∑
i

g1k1g1l1U
2
F,3iu3

/p1 − /p4 +mχi
(p1 − p4)2 −m2χi

u4,

fb,ex = g1k1g1l1u3PL
/p1 − /p4 +mψ−

(p1 − p4)2 −m
2
ψ−

PRu4. (5.174)

The vertex between a scalar φS1 a fermion χi and a neutrino νk is
determined by g1k1UF,3i, since all neutral fermions are Majorana
fermions. For a charged lepton l−k , the vertex is governed by g1klPL
including the left chirality projector PL. Since dark matter is expected
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to be much heavier than the leptons, the lepton masses are neglected
in the following evaluation of the squared amplitudes.

faf
†
a =
∑
i,j

CklFij

((
t−m2χi

) (
t−m2χj

))−1
Tr
[
/p3(mχi + /p2 − /p4)/p4(mχj + /p2 − /p4)

]
,

faf
†
a,ex =

∑
i,j

CklFij

((
t−m2χi

) (
u−m2χj

))−1
Tr
[
/p3(mχi + /p2 − /p4)/p4(mχj + /p1 − /p4)

]
,

fa,exf
†
a,ex = CklFij

((
u−m2χi

) (
u−m2χj

))−1
Tr
[
/p3(mχi + /p1 − /p4)/p4(mχj + /p1 − /p4)

]
,

fbf
†
b = Ckl

((
t−m2ψ−

)2)−1

Tr
[
/p3PL(mψ− + /p2 − /p4)PR/p4PL(mψ− + /p2 − /p4)PR

]
,

fbf
†
b,ex = Ckl

((
t−m2ψ−

)(
u−m2ψ−

))−1
Tr
[
/p3PL(mψ− + /p2 − /p4)PR/p4PL(mψ− + /p1 − /p4)PR

]
,

fb,exf
†
b,ex = Ckl

((
u−m2ψ−

)2)−1

Tr
[
/p3PL(mψ− + /p1 − /p4)PR/p4PL(mψ− + /p1 − /p4)PR

]
,

(5.175)

with the abbreviations Ckl := g21k1g
2
1l1 and Fij := U2F,3iU

2
F,3j. The

traces are evaluated by using the trace theorems summarized in Ap-
pendix A and the result is

faf
†
a

2

=
∑
i,j

CklFij
2
((
m4φS1

− tu
)
− (mχimχj)s

)
(
m2χi − t

) (
t−m2χj

) ,

faf
†
a,ex

2

=
∑
i,j

CklFij
2
(
(mχimχj)s+

(
m4φS1

− tu
))

(
m2χi − t

) (
m2χj − u

) ,

fa,exf
†
a,ex

2

=
∑
i,j

CklFij
2
((
m4φS1

− tu
)
− (mχimχj)s

)
(
m2χi − u

) (
u−m2χj

) ,

fbf
†
b

2

= Ckl

(
tu−m4φS1

)
(
m2ψ− − t

)2 ,

fbf
†
b,ex

2

= Ckl

(
m4φS1

− tu
)

(
m2ψ− − t

)(
m2ψ− − u

) ,
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fb,exf
†
b,ex

2

= Ckl

(
tu−m4φS1

)
(
m2ψ− − u

)2 . (5.176)

With the Mandelstam variables s, t and u. The variables and kinemat-
ics in such a 2 → 2 process are shown in Section B.3. The squared
amplitudes for neutrino (a) and charged lepton (b) final states share
a similar term m4φS1

− tu with a factor 2 when neglecting the mixing
matrix elements. In addition, the neutrino amplitudes have a term
proportional to s. With respect to the center of mass system angle
θCMS (between ~p3 and ~p4 t), the equation can be rewritten as

t = m2φS1
−
1

2
s+
√
s+

√
s

4
−m2φS1

cos θCMS. (5.177)

The entire amplitude is obtained when adding the single contribu-
tions. In case of the neutrinos an additional minus sign has to be
taken into account, since they are Majorana particles. Conducting the
integration over cos θCMS the results for the summed squared ampli-
tudes from Eq. 5.176 can be expanded in the non-relativistic limit for
small relative velocities v – c.f. Section B.3 – to

mφφ→l+l− =
∑
i,j

CklFij(
32m4φS1

v2
(
m2χim

2
χj

+m2φS1
(mχi +mχj)

2 +m4φS1

))
1

3
(
m2χi +m

2
φS1

)2 (
m2χj +m

2
φS1

)2 +O
(
v3
)

,

mφφ→νν = Ckl
16m8φS1

v4

15
(
m2ψ− +m2φS1

)4 +O
(
v5
)

. (5.178)

The annihilation cross section times velocity is given by

dσCMSv
dΩ

=
1

64π2
1

4m2DM
|F|2, (5.179)

with the squared matrix element |F|2. Hence, one finds, similar to
T12A,

σv(φS1φS1 → l+k l
−
l ) ∝ v

4,

σv(φS1φS1 → ν0kν
0
l ) ∝ v2. (5.180)

A summary of different integrals in cos θCMS is presented in Sec-
tion D.2, which have been used to perform the integration.

5.3.4.2 Fermion dark matter

In case of fermion dark matter, there is no t-channel diagram for anni-
hilation to charged leptons, since there is no charged odd scalar. Yet,
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χi

χi

φSj

ν0k (e+k )

ν0l (e−l )

Figure 5.79: (Dark matter fermions χi annihilating to neutrinos.

an Z mediated s-channel contribution is possible, due to the mixing
with the fermion doublet. However, as analyzed in [274], the final
states for Z-mediated diagrams are not dominated by charged lep-
tons. Below the W mass, the dominant annihilation channel, when
only considering Z interactions, is bb. For larger dark matter masses
ZZ and W+W− final states, as well as ZH become more important.
The only available final states, with regard to g1ij, are neutrino pairs.
The diagram for a pair of χi annihilating to neutrinos is shown in
Fig. 5.79. For the lightest fermions χi, the amplitude and exchange
amplitudes are

ft =
∑
j

g1ljg1kjU
2
F,3iu3u1

i

t−m2φSj

u4u2,

fu =
∑
j

g1ljg1kjU
2
F,3iu3u2

i

u−m2φSj

u4u1. (5.181)

All neutral fermions are Majorana fermions, thus, in order to fix a
fermion flow and use the correct couplings, the conventions estab-
lished in [275] are used. This allows to calculate the spin averaged
squared elements

ftf
†
t =
∑
j,m

4ClkijClkim
(
m2χi − t

)2
(t−mφSj )(t−mφSm )

,

ftf
†
u =
∑
j,m

2ClkijClkim
(
m4χi +m

2
χi
(s− 2t) + t(s+ t)

)
(mφSj − t)

(
−2m2χi +mφSm + s+ t

) ,

fuf
†
u =
∑
j,m

4ClkijClkim
(
−m2χi + s+ t

)2(
−2m2χi +mφSj + s+ t

) (
−2m2χi +mφSm + s+ t

) ,

(5.182)
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with the short hand Clkij = g1kjg1ljU2F,3i. In the non-relativistic limit
and after the integration, the results for the entire amplitude F are
obtained as

F =
96ClkijClkimm

4
χi(

m2χi +mφSj

) (
m2χi +mφSm

) +O (v2) , (5.183)

in which the t and u contributions for the neutrino final state are
already summed.

5.3.5 Summary of recent results

In [273] the main focus is on scalar dark matter, which obtains a vi-
able relic density mostly by processes involving g1ij, while other cou-
plings are suppressed. Thus, lepton final states are most important
for dark matter annihilation. This channel features a velocity suppres-
sion of O(v4) for charged leptons – see Eq. 5.180. Consequently, there
is a huge impact today, as dark matter is expected to be ultra-non
relativistic with small velocities. Therefore, indirect detection signals
are suppressed. The annihilation into neutrino pairs has a somewhat
milder dependence ≈ v2.
Similarly as for T12A, the impact of dark matter observables, neu-
trino masses and lepton flavor violation is investigated. The focus is
on singlet scalar dark matter with λSi negligibly small and no coanni-
hilations between fermion and scalars. Therefore, the fermion doublet
mass is chosen to be 1.2 times or more larger than the scalar mass pa-
rameter. In the analysis of the parameter space, it is found, that MF,D

does not exceed MS,Si by more than a factor three and the large the
scalar mass, the smaller the ratio.
Relic density, as well as measurable lepton flavor signals, demand
sufficiently large g1ij. Which, in return, limit the size of y1 and y2 in
order to obtain viable neutrino masses. Furthermore, neutrino masses
restrict the angle θR of the Casas-Ibarra parametrization to be around
0.35. The weakest bounds are found for g13j, which is associated with
τ leptons. Perturbativity on the couplings limits dark matter to be be-
low 500 GeV, though.
Since λSi vanish, there is no tree-level interaction between dark mat-
ter and quarks. Hence, direct detection bounds do not constrain the
parameter space much. Strongest limits are expected from lepton fla-
vor violation. Often the strictest bounds come from µ → eγ. Yet, in
this situation the bound on µ→ eγ is not sufficient to have most other
lepton flavor violation limits under control. For example µ→ eee can
restrict quite a lot of the parameter space similar to µ conversion in
nuclei. For both processes an increase in sensitivity in future exper-
iments is expected, being able to probe the parameter space more.
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6
C O N C L U S I O N

Currently the Standard Model of particle physics gives a good de-
scription for most observations. It includes all observed particles and
forces. Many of its predictions have been confirmed experimentally.
But, there are shortcomings. The strong evidence for neutrino masses
and dark matter cannot be explained within the Standard model. It
is therefore necessary to study different options how to extend the
Standard Model.
In this work first an introduction and overview of dark matter ev-
idence and candidates is given. Some focus is on different detec-
tion techniques along with current experimental limits in Chapter 2.
Some analytic calculations, in a somewhat model independent way,
for scalar and fermionic dark matter annihilation and direct detec-
tion are presented.
In Chapter 3 a short overview of neutrino oscillations is given. Neu-
trino oscillations demand massive neutrinos. In the next section neu-
trino mass generation via see-saw mechanisms is highlighted. And
since lepton flavor violation comes along with radiative neutrino
masses, corresponding constraints from experiments are presented in
Chapter 4.
The main focus of this work is on models for radiative neutrino
masses and dark matter in Chapter 5. Most emphasis is on the model
T12A and some calculations for the model T13A regarding dark mat-
ter annihilation. First, different topologies for radiative neutrino masses
are summarized and the scotogenic model, which has already been
investigated in several works, is presented as an example, followed
by the detailed introduction of the model T12A with special focus on
the singlet-doublet scalar and singlet-doublet fermionic models. Both
models are subsets of the model T12A, which links them together
allowing for fermion-scalar couplings, which give rise to one loop
neutrino masses. The mixing matrices and mass eigenstates for both
singlet-doublet sectors are calculated in an analytic form, as well as
in an approximation for small mixings. The correct implementation
of the model is checked by reproducing existing figures of singlet-
doublet dark matter. Then, the influence of the new fermion-scalar
couplings is studied in different regions of the parameter space. Spe-
cial focus is on co-annihilations between fermions and scalars, which
give rise to new viable regions. In addition, the velocity dependen-
cies of annihilation cross sections for neutrino and charged lepton
final states are shown.
As the model T12A offers a mechanism of neutrino mass generation,
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the loops are calculated in a similar fashion to the scotogenic model.
For small couplings and mixings the approximations are performed.
The analytic formula with respect to the fermion Yukawa couplings is
investigated and it is found that cancellations can have a huge impact
on neutrino masses, despite the expected propagator suppressions.
Lepton flavor violation processes are shown and an overview of differ-
ent loop topologies is provided in the appendix along with one-loop
integrals in the limit of negligible outer masses. This is somewhat in-
dependent of the model T12A and can be applied to similar models.
In the model T12A two separate random scans with emphasis on
scalar dark matter are performed. In the first scan neutrino mass con-
straints are obtained by a Casas-Ibarra parametrization. Limits on the
Higgs mass and couplings and the relic density constraint are used
as well. The first scan shows the appearance of new viable regions in
parameter space moderated by the fermion-scalar couplings. The vi-
able regions are new with respect to the singlet-doublet scalar model.
Lepton final states appear, which alter the relic density, while leaving
direct detection cross sections unchanged. Hence, they disentangle
the two observables and weaken the limits. This allows us to find
models way below current and future direct detection experiments
like XENON1t and XENONnt. Most of the models below current sen-
sitivity are already excluded by lepton flavor violation experiments.
Nearly all models, which are not yet excluded by direct detection and
lepton flavor violation, lie within the reach of XENONnt. It is found,
that direct detection experiments and lepton flavor searches are able
to probe complementary regions of the parameter spaces.
The second scan is focused on singlet like scalar dark matter with
small mixing and suppressed coupling to the Higgs. In addition to
relic density, Higgs constraint and neutrino masses, also lepton flavor
violation and direct detection limits are imposed. For this scan the
lightest fermion is mostly doublet-like and close in mass to the scalar
dark matter. The fermion Yukawa couplings are also small, which
gives room for coannihilation between scalar and fermion and also
gives importance to lepton final states for the relic density. It is found
that the fermion Yukawas cannot be too small simultaneously due to
neutrino masses and lepton flavor violation. The scalar-fermion cou-
plings form two distinct regions in the parameter space for all viable
models. Future experiments, which investigate µ → eγ and µ → eee,
will become sensitive enough to probe large amounts of the param-
eter space, whereas the sensitivity for τ → eγ processes will not be
good enough to place strong bounds.
LHC constraints on invisible Higgs decays have no further impact be-
low the Higgs resonance, but mono-jet or di-lepton searches can add
constraints for masses up to 280 GeV. The considerations are similar
to MSSM scenarios. Yet, the actual constraints depend on the specific
model parameters.
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Briefly, one-loop mass corrections for Higgs mass are touched. As
the fermion and scalar contributions to the radiative corrections enter
with different signs, they might be able to compensate each other
leading to the observed Higgs mass. Further, the one-loop correc-
tions to all masses can possibly alter the viable parameter space for
dark matter, giving an outlook on interesting phenomenology. In ad-
dition, it might be useful to investigate internal bremsstrahlung. As
especially, the annihilation of scalar dark matter to Standard Model
fermions is very velocity suppressed, up to order four. The radiation
of a photon or gauge boson from the final state can weaken the sup-
pression.
The models T12A and T13A, along with others from the classification,
have a rather similar particle content, so some of the results and con-
siderations can be applied to all of them.
In general, radiative neutrino mass models provide simultaneously
two missing pieces to the Standard Model. Since they are minimal ex-
tensions of the Standard Model, the parameter space is of reasonable
size but still offers interesting phenomenology.
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A
C O N V E N T I O N S , γ M AT R I C E S A N D T R A C E
T H E O R E M S

a.1 conventions

In the thesis, if not stated otherwise, natural units have been used so
that h̄ = c = kB = 1 . This implies that energy, momentum and
mass have the unit GeV and length and time GeV−1

a.2 γ matrices

This and the following sections are based on [276]. The Dirac γ ma-
trices are define by the Dirac algebra

{γµ , γν } = γµγν + γνγµ = 2gµν , (A.184)

with the metric tensor gµν. In this work the notation /p = pµγ
µ is

adapted. The four γ matrices allow to define γ5 by

γ5 := iγ0γ1γ2γ3γ4 , (A.185)

which satisfies

γ25 =1 ,

{γ5 , γ0 } =1 ,

{γ5 , γµ } =0 . (A.186)

For Hermitian conjugates of spinor matrix elements the following is
true:

[u(p , s)Γ u(p′ , s′)]† = u(p′ , s′)Γ u(p , s) , (A.187)

where Γ is any collection of γ matrices and Γ = γ0Γ †γ.

a.3 chirality projectors

With γ5 the left- and right-handed chirality projectors PL and PR can
be defined

PL =
1

2

(
1 − γ5

)
,

PR =
1

2

(
1 + γ5

)
. (A.188)

They obey

P2L(R) =PL(R) ,
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PLPR =PRPL = 0 ,

PL + PR =1 . (A.189)

a.4 trace theorems

With the Dirac algebra – see Eq. A.184 – the following identities for
traces can be found:

Tr(/a/b) =4ab,

Tr(/a/b/c/d) =4[(ab)(cd) + (ad)(bc) − (ac)(bd)],

Tr(/aγ5) =0,

Tr(/a/bγ5) =0,

Tr(Γ) =0, (A.190)

where Γ is any odd number of γ matrices.
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A P P E N D I X - K I N E M AT I C S

The following sections contain an overview of different kinematics
for particle interactions. They are based on [276–279].

b.1 kinematics for 1 → 2 processes

p1

p2

p3

Figure B.80: Momenta for a 1→ 2 process.

Fig. B.80 shows a 1 → 2 decay with incoming four momentum p1
and final state four momenta p2 and p3. Momentum conservation
demands

p1 = p2 + p3, (B.191)

and for on-shell particles

p2i = m
2
i , (B.192)

holds. This allows to fix all possible scalar products

p1p2 =
m21 +m

2
2 −m

2
3

2
,

p1p3 =
m21 +m

2
3 −m

2
2

2
,

p2p3 =
m21 −m

2
2 −m

2
3

2
. (B.193)

Hence phase space integration becomes trivial.

b.1.1 Special case: one vanishing mass in the final state

In the special case of one vanishing final state mass, e.g. for a photon,
the mass and the momentum square are set to zero p23 = m23 = 0.
Plugging this into Eq. B.193 gives

p1p2 =
m21 +m

2
2

2
,
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p1p3 =
m21 −m

2
2

2
,

p2p3 =
m21 −m

2
2

2
. (B.194)

b.2 kinematics for 1 → 3 processes

p1

p2

p3

p4

Figure B.81: Kinematics for a 1→ 3 process.

For a decay into three particles the schematic kinematics are shown
in Fig. B.81. Momentum conservation and on-shell conditions are

p1 =p2 + p3 + p4, (B.195)

p2i =m
2
i . (B.196)

They allow to pick two independent scalar products, such as for ex-
ample p1p2 and p1p3 and express all quantities depending on this
basis.

p1p4 =m
2
1 − p1p2 − p1p3,

p2p3 =
m21 +m

2
4 −m

2
2 −m

2
3 + 2p1p4

2
,

p2p4 =p1p2 − p2p3 −m
2
2,

p3p4 =p1p3 − p2p3 −m
2
3. (B.197)

One can also identify the invariants, as in [279] ,

s =m21, (B.198)

s1 =(p1 − p2)
2, (B.199)

s2 =(p1 − p3)
2, (B.200)

s3 =(p1 − p4)
2, (B.201)

which are linked by

s+ s1 + s2 + s3 = m
2
1 +m

2
2 +m

2
3 +m

2
4, (B.202)

and relate to p1p2 and p1p3 as

p1p2 =
m21 +m

2
2 − s1
2

, (B.203)

p1p3 =
m21 +m

2
3 − s2
2

. (B.204)
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b.2.1 Special case: two vanishing masses in the final state

Processes, like, for example µ → eγγ, have two massless particles in
the final state. In addition to this ,they overlap with µ → eγ for soft
or collinear photons. With the assignment

p1 → p1,

p2 → k1,

p3 → k2,

p4 → p2, (B.205)

and k2i = 0 the expressions for the scalar products Eq. B.197 and
invariants Eq. B.201 and Eq. B.204 are

p1p2 =m
2
1 − p1k1 − p2k2,

k1k2 =
m21 +m

2
2 − 2p1p2
2

,

p2k1 =p1k1 − k1k2,

p2k2 =p1k2 − k1k2,

s =m21,

s1 =(p1 − k1)
2 = (p2 + k2)

2 = m21 − 2p1k1,

s2 =(p1 − k2)
2 = (p2 + k1)

2 = m21 − 2p1k2,

s3 =(p1 − p2)
2 = (k1 + k2)

2. (B.206)

and

p1k1 =
m21 − s1

2
,

p1k2 =
m21 − s2

2
. (B.207)

The photons are associated with k1 and k2. In order to be able to
perform a phase space integration, it is useful to link p1k1 and p1k2
to the energies and one angle appearing in the process to set limits
matching to detector cuts.
In the center-of-mass (CMS) system, the outgoing momenta can be
characterized by two angles. α, between p2 and k1 and β between k1
and k2 and the four-momenta can be expressed as

p1 =(E1, 0) ,

p2 =(E2, ~p2) ,

k1 =
(
Eγ1 , ~k1

)
,

k2 =
(
Eγ2 , ~k2

)
, (B.208)

which simplifies

s1 =m
2
1 − 2m1Eγ1 ,
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s2 =m
2
1 − 2m1Eγ2 , (B.209)

and allows with Eq. B.206 to obtain

p1k1 =
m21 − s1

2
,

p1k2 =
m21 − s2

2
. (B.210)

The maximum value of s1 is m21, the minimal value is m22 when both
photons become soft. Hence

s1 ∈
[
m22,m21

]
, (B.211)

which translates to

Eγ1 =
m21 − s1
2m1

∈
[
0,
m21 −m

2
2

2m1

]
. (B.212)

Therefore, cuts can account for soft photons. The angle between the
two photons is restricted by cutting on the other photon energy Eγ2 .
Considering energy and momentum conservation in the CMS system
Eq. B.208 states

α′ =π−α,

0 = ~p2 + ~k1 + ~k2,

| ~p2|
2 =E22 −m

2
2,

| ~k1|
2 =E2γ1 ,

| ~k2|
2 =E2γ2 . (B.213)

If β is 0, the photon becomes soft. If β is π it is collinear. The rule of
cosine gives

| ~k2|
2 + | ~k1|

2 − 2| ~k1|| ~k2|cos(β) = | ~p2|
2,

⇔ E2γ1 + E
2
γ2

− 2Eγ1Eγ2cos(β) = E22 −m
2
2, (B.214)

where due to energy conservation

m1 = Eγ1 + Eγ2 + E2. (B.215)

One arrives at

Eγ2 =
m1Eγ1

Eγ1(1+ cos(β)) −m1
,

p1k1 =m1Eγ1 ,

p1k2 =m1Eγ2 . (B.216)
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p1

p2

p3

p4

Figure B.82: Kinematics for a 2→ 2 process.

b.3 kinematics for 2 → 2 processes

For example, the process of dark matter annihilation can be a 2 → 2

process. Considering two incoming dark matter particles with four-
momenta p1 and p2. The outgoing particles have p3 and p4. As
shown in Fig. B.82. The general relations for momentum conserva-
tion and on-shell particles

p1 + p2 =p3 + p4, (B.217)

p2i =m
2
i , (B.218)

allow determine the invariants which are Mandelstam variables– see
[276] –

s =(p1 + p2)
2 = (p3 + p4)

2,

t =(p1 − p3)
2 = (p2 − p4)

2,

u =(p1 − p4)
2 = (p2 − p3)

2, (B.219)

which satisfy∑
i

m2i =s+ t+ u. (B.220)

This allows tow identify following relations regarding all possible
scalar products

p1p2 =
s−m21 −m

2
2

2
,

p1p3 =
m21 +m

2
3 + t

2
,

p3p4 =
s−m33 −m

2
4

2
,

p2p4 =
m22 +m

2
4 − t

2
,
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p1p4 =
m21 +m

2
4 − u

2
,

p2p3 =
m22 +m

2
3 − u

2
. (B.221)

In the center-of-mass system the four-momenta take the following
form

p1 =(E1, ~p1),

p2 =(E2,− ~p1),

p3 =(E3, ~p3),

p4 =(E4,− ~p3), (B.222)

which results in

s = (E1 + E2)
2. (B.223)

Utilizing the energy momentum relation and energy conservation
gives

E22 = m
2
2 −m

2
1 + E

2
1, (B.224)

which can be used to rewrite

E21,2 =
(s± (m21 −m

2
2))
2

4s
,

E23,4 =
(s± (m23 −m

2
4))
2

4s
,

~p1
2 =

s2 + (m21 −m
2
2)
2 − 2s(m21 +m

2
2)

4s
,

~p3
2 =

s2 + (m23 −m
2
4)
2 − 2s(m23 +m

2
4)

4s
.,

t =m21 +m
2
3 − 2E1E3 + 2| ~p1|| ~p3|cos(θ) (B.225)

with θ being the angle between ~p1 and ~p3. If m3 = m4 = 0, which is
called case I, Eq. B.225 read as

E21,2 =
(s± (m21 −m

2
2))
2

4s
,

E23,4 =
s

4
,

~p1
2 =

s2 + (m21 −m
2
2)
2 − 2s(m21 +m

2
2)

4s
,

~p3
2 =

s

4
,

t =m1 +
1

2
(cos(θ)

√
m41 − 2m

2
1(m

2
2 + s) + (m22 − s)

2)

−
√

(m21 −m
2
2 + s)

2. (B.226)
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When the two incoming masses are the same m1 = m2 = m (case II)
the equations are

E21,2 =
s

4
,

E23,4 =
(s± (m23 −m

2
4))
2

4s
,

~p1
2 =

s2 − 4m2s

4s
,

~p3
2 =

s2 + (m23 −m
2
4)
2 − 2s(m23 +m

2
4)

4s
,

t =m23 +m
2 −

1

2
(m23 −m

2
4 + s)

+ cos(θ)
√
s(s− 4m2)(m43 − 2m

2
3(m

2
4 + s). (B.227)

If the incoming particles have the same mass m and the outgoing
particles are massless (case III) one obtains

p1p2 =
s− 2m2

2
,

p3p4 =
s

2
,

p1p3 =p2p4 =
m2 − t

2
,

p1p4 =p2p3 =
m2 − u

2
,

2m2 =s+ t+ u,

E1 =E2 = E3 = E4 := E,

E =
s

4
,

| ~p1| =
s− 4m2

2
,

| ~p3| =
s

4
,

t =m2 +
1

2
cos(θ)

√
s(s− 4m2)

1

2
s. (B.228)

In case III it is easy to express all quantities velocity dependent as

| ~p1| =
1

2
Ev,

E2 =
4m2

4− v2
,

s =
16m2

4− v2
,

| ~p1|
2 =

m2v2

4− v2
,

p1p2 =
m2(4+ v2)

4− v2
,
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| ~p3|
2 =

4m2

4− v2
,

p3p4 =
8m2

4− v2
,

p1p3 =p2p4 =
2m2(2+ vcos(θ))

4− v2
,

p1p4 =p2p3 =
2m2(2− vcos(θ))

4− v2
,

t =
−m2(4+ v2)

4− v2
+
4m2v

4− v2
cos(θ),

u =
−m2(4+ v2)

4− v2
−
4m2v

4− v2
cos(θ). (B.229)

In the non-relativistic limit the incoming particle have small velocities,
thus it is useful to expand all quantities with respect to their relative
velocity V . This can be used to express the annihilation cross sections
as series in v disentangling the different contributions. Expanding
around v = 0 leads to

s =4m2 +m2v2 +Ov3, (B.230)

t =A+B cos θ, (B.231)

u =A− b cos θ, (B.232)

A =−m2 −
1

2
m2v2 +Ov3, (B.233)

B =m2 + v+Ov3. (B.234)



C
D E C AY W I D T H

This section give a short overview on the decay width for 1 → 2

and 1 → 3 decays based on [276]. The general decay width dΓ for
an initial particle with momentum pin and mass M to a state with
summed momentum pfin is

dΓ =(2π)4δ(4)(pin − pfin)|Mfi|
2Πnf=1

d3pfin
(2π)3

=
1

2Ei
|Mfi|

2dφ(n), (C.235)

with the spin averaged squared matrix element |Mfi|
2 which describes

the transition. dφ(n) is called the n-body phase-space. For two parti-
cles in the final state with four momenta pi = (Ei,~pi) and masses mi
the phase-space element is

dφ(2) =(2π)4δ(M− E1 − E2)δ
(3)(~p1 + ~p2)

d3p1
2E1(2π)3

d3p2
2E2(2π)3

. (C.236)

In oder to integrate over d3p1, the momentum delta function is used
and the result is

dφ(2) =
1

(2π)4
1

4E1E2
δ(M− E1 − E2)d

3p2, (C.237)

with E21 = p21 +m
2
1. In polar coordinates d3p2 can be written as

dΩp22dp2 which allows to transform the phase space element to

dφ(2) =
1

16π2
dΩ

∫∞
0

δ(M− E1 − E2 =
p22dp2

E1E2

=
|p2|

16π2M
dΩ. (C.238)

Furthermore, in the rest frame of the decaying particle, the following
relation is true – compare Appendix B –

p22 =p
2
cms

=
1

4M2
(M2 − (m1 +m2)

2)(M2 − (m1 −m2)
2), (C.239)

pcms is the momentum in the center of mass system.
In the case of one massless final particle, the decay width becomes

dΓ =
1

2M
|M|

√
1
4M2 (M2 −m21)

2

16π2M
dΩ. (C.240)
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In a similar fashion, the three-body phase space can be determined
as

dφ(3) =
1

32π3
dE1dE2, (C.241)

where the domain of integration is explained in Appendix B.



D
C R O S S S E C T I O N - A N N I H I L AT I O N

This section is based on [276, 280] In general, the differential cross
section for dark matter annihilation in a 2→ 2 process is given by

dσ =
1

|~v|

1

2E1

1

2E2
|M|2dφ(2), (D.242)

where the incoming particles have four-momenta p1,2 and the out-
going have p3,4. The phase space is the same as explained in Ap-
pendix C and the kinematics and Mandelstam variables in Appendix B.
Similar to the decay width, the cross section formula can be trans-
formed to

dσcms

dΩ
=

| ~p3|

| ~p1|

1

64π2(E1 + E2)2
|M|2, (D.243)

within the CMS framework. In case of negligible masses in the final
state Eq. D.243 simplifies to

dσcms

dΩ
v =

1

512π2
1

m2
(4− v2)|M|2. (D.244)

The integration over Ω respectively cos θ is explained in the next
sections. All approximations within the non-relativistic limit can be
found in Appendix C.

d.1 direct detection cross section

In general for direct detection the cross section

dσv =
1

s

dΩ

8π
|M|2

1

4π
(1−

4mf
s

)1/2, (D.245)

is true. Within in the nucleon the cross section can be written as

σSIn,p =
|M|2

32π

f2n,p

(MDM +Mn,p)2
, (D.246)

as long as the spin averaged squared matrix element is independent
of t, which makes the integration trivial, otherwise the integral has
to be conducted. In this expression fn,p are form-factors for either
proton or neutron, and Mn,p is the nucleon mass. For the proton the
form-factors are

fp =
∑

q=u,d,s

fpq +
2

9

1− ∑
q=u,d,s

fpq

 . (D.247)
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d.2 cos θ integration

In order to integrate the cross section, one can consider the different
summands appearing within the the differential cross section contain-
ing the matrix element M and simplify them as far as possible. The
Mandelstam variable t can be expressed as

t = A+Bcos(θ), (D.248)

where

A = m21 +m
2
3 − 2E1E3, (D.249)

B = 2| ~p1|| ~p3|. (D.250)

This allows to express the all combinations of four momenta and u as

u =m21 +m
2
2 +m

2
3 +m

2
4 − s− t

= : C1234 − s−A−B cos(θ) =: C̃1234 −B cos(θ), (D.251)

p1p3 =
m21 +m

2
3

2
−
t

2
=: C13 −

t

2
, (D.252)

p2p4 =
m22 +m

2
4

2
−
t

2
=: C24 −

t

2
, (D.253)

p1p4 =
−m22 −m

2
3 + s+ t

2
=: −C23 +

s

2
+
t

2
, (D.254)

p2p3 =
−m21 −m

2
4 + s+ t

2
=: −C14 +

s

2
+
t

2
. (D.255)

Possible denominators for the matrix elements are

d1 =(t−m2a),

d2 =(t−m2a)(t−m
2
b),

d3 =(t−m2a)
2,

d4 =(u−m2a),

d5 =(u−m2a)(u−m2b),

d6 =(u−m2a)
2,

d7 =(t−m2a)(u−m2b),

d8 =(t−m2a)(u−m2a), (D.256)

where ma, mb are any masses of dark matter fermions or scalars.
Nominators, which could possibly appear in |M|2, are

n1 =1,

n2 =t,

n3 =t
2 = n22,

n4 =u = (C1234 − s)n1 −n2 := C̃n1 −n2,

n5 =u
2 = C̃2n1 − 2C̃n2 +n

2
2,
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n6 =ut = C̃n2 −n3,

p1p3 =n1C13 −
1

2
n2,

p2p4 =n1C24 −
1

2
n2,

p1p4 =n1C14 −
1

2
n4,

p2p3 =n1C23 −
1

2
n4. (D.257)

For later use, the relation

ln
(
A+B−m2

)
− ln

(
A−B−m2

)
=ln

(
(A−m2 +B

A−m2 −B

)
=ln

(
1+ B

A−m2

1− B
A−m2

)

=2arctanh
(

B

A−m2

)
,

(D.258)

is useful. With the nominators and denominators one can define generic
integrals and carry out the cosθ integration.

I1 =

∫
n1
d1
dcosθ

=
1

B

(
ln
(
A+B−m2a

)
− ln

(
A−B−m2a

))
=
2

B
arctanh

(
B

A−m2a

)
,

I2 =

∫
n2
d1
dcosθ

=
m2a
B
2arctanh

(
B

A−m2a

)
+ 2,

I3 =

∫
n3
d1
dcosθ

=
1

B
2arctanh

(
B

A−m2a

)
+ 2

(
A+m2a

)
,

I4 =

∫
n1
d2
dcosθ

=
1

B
(
m2a −m

2
b

)(
2arctanh

(
B

A−m2a

)
− 2arctanh

(
B

A−m2b

))
,

I5 =

∫
n2
d2
dcosθ

=
2

B
(
m2a −m

2
b

)
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(
m2aarctanh

(
B

A−m2a

)
−m2barctanh

(
B

A−m2b

))
,

I6 =

∫
n3
d2
dcosθ

=
2

B
(
m2a −m

2
b

)(
m4aarctanh

(
B

A−m2a

)
−m2barctanh

(
B

A−m2b

))
,

I7 =

∫
n1
d3
dcosθ

=
2

(A−m2a)
2
−B2

,

I8 =

∫
n2
d3
dcosθ

=
2

B
arctanh

(
B

A−m2a

)
+

2m2a

(A−m2a)
2
−B2

,

I9 =

∫
n3
d3
dcosθ

=
4m2a
B

arctanh
(

B

A−m2a

)
+ 2+

2m4a

(A−m2a)
2
−B2

,

I10 =

∫
n1
d4
dcosθ

=
−2

B
arctanh

(
B

A− C̃+m2a

)
,

I11 =

∫
n2
d4
dcosθ

=
2

B

(
m2a − C̃

)
arctanh

(
B

A− C̃+m2a

)
− 2,

I12 =

∫
n3
d4
dcosθ

=
−2

B

(
C̃−m2a

)2
arctanh

(
B

A− C̃+m2a

)
− 2

(
A+ C̃−m2a

)
,

I13 =

∫
n1
d5
dcosθ

=
2

B
(
m2a −m

2
b

)(
arctanh

(
B

A− C̃+m2b

)
− arctanh

(
B

A− C̃+m2a

))
,

I14 =

∫
n2
d5
dcosθ

=
2

B
(
m2a −m

2
b

) (− (C̃−m2a
)

arctanh
(

B

A− C̃+m2a

)
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+
(
C̃−m2b

)
arctanh

(
B

A− C̃+m2b

))
,

I15 =

∫
n3
d5
dcosθ

=
2

B
(
m2a −m

2
b

) ((C̃−m2b
)2

arctanh

(
B

A− C̃+m2b

)

−
(
C̃−m2a

)2
arctanh

(
B

A− C̃+m2a

))
+ 2,

I16 =

∫
n1
d6
dcosθ

=
2(

A− C̃+m2a
)2

−B2
,

I17 =

∫
n2
d6
dcosθ

=
2

B
arctanh

(
B

A− C̃+m2a

)
+

2
(
C̃−m2a

)(
A− C̃+m2a

)2
−B2

,

I18 =

∫
n3
d6
dcosθ

=
4
(
C̃−m2a

)
B

arctanh
(

B

A− C̃+m2a

)
+ 2

+ 2
C̃−m2a(

A− C̃+m2a
)2

−B2
,

I19 =

∫
n1
d7
dcosθ

=
2

B
(
C̃−m2a −m

2
b

)(
arctanh

(
B

A−m2a

)
− arctanh

(
B

A− C̃+m2b

))
,

I20 =

∫
n2
d7
dcosθ

=
2

B
(
C̃−m2a −m

2
b

)((
m2b − C̃

)
arctanh

(
B

A− C̃+m2b

)

+m2aarctanh
(

B

A−m2a

))
,

I21 =

∫
n3
d7
dcosθ

=− 2+
2

B
(
C̃−m2a −m

2
b

)(
−
(
C̃−m2b

)2
arctanh

(
B

A− C̃+m2b

)
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+m4aarctanh
(

B

A−m2a

))
.



E
C O U P L I N G S A N D P R O PA G AT O R S

e.1 generic expressions

This section contains generic expression for propagators and cou-
plings of scalars φ, fermions χ and vector bosons V . Note, the field
type does not determine whether two particles are members of the
same species. So φi and φj could for example be X1 from T12A and
the Higgs boson H. Chirality projectors PL, PR and γ matrices can be
found in Appendix A. Momentum is chosen to run from left to right.

φi

φj

φk

φl

i = igi (E.259)

φi φj

φk

i = igi (E.260)

χi χj

φk

i = i(giLPL + giRPR) (E.261)
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φi φj

V

p p′ i
µ
= igi

(
p+ p′

)µ (E.262)

χi χj

V

i
µ
= iγµ (giLPL + giRPR)

(E.263)

i

p2 −M2
φ

(E.264)

i
/p+M2

χ

p2 −M2
χ

(E.265)

i

p2 −M2
V

(−gµν + xpµpν) (E.266)

with x =

0, for V = γ

1
M2
V

, otherwise.
(E.267)
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e.2 standard model fermions with higgs and Z bosons

f f

H

i = −i
g

2

mf
mW

(E.268)

f f

Z

i
µ
=

g

cos θW
γµ
(
gV − gAγ

5
)

(E.269)

with gV = 1
2I3 −Q sin2 θW and gA =

1
2I3

e.3 expressions in t12a

φi

φj

H

H

i =
1

2

(
λSUS,1iUS,1j

+
(
λD + λ′D + λ′′D

)
US,2iUS,2j

+(λD + λ′D − λ′′D)US,3iUS,3j
)

(E.270)

φi φj

H

i =v

(
1−

1

2
δij

)(
λSUS,1iUS,1j

+
(
λD + λ′D + λ′′D

)
US,2iUS,2j

+
(
λD + λ′D − λ′′D

)
US,3iUS,3j

)
+

(
1−

1

2
δij

)√
2

×A
(
US,1iUS,2j +US1iUS2i

)
(E.271)
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χi χj

H

i =i

(
1−

1

2
δij

)
(

y1
(
UF,1iUF,2j +UF,1jUF,2i

)
y2
(
UF,1iUF,3j +UF,1jUF,3i

))
(E.272)

χi νj

Xk

i =g1jUF,3iUS,1k

+ g2jUF,1iUS,2k

− iγ5g2iUF1iUS,3k (E.273)

=:Aijk − iγ
5Bijk

=(Aijk + iBijk)PL

+ (Aijk − iBijk)PR (E.274)

χi e−j

φ−

i = ig2jUF,1iPL) (E.275)

ψ− e−j

Xk

i = ig2jUS,1kPL (E.276)

φi φj

Z

p p′
i
µ
= i
g cos 2θW
2 cos θW

U2iδ3j
(
p+ p′

)µ
(E.277)

χi χj

Z

i
µ
= iγµ

g

cos θW
1

2

(
U2F,2i −U

2
F,3i
)

(E.278)



F
D A R K M AT T E R A N N I H I L AT I O N

There are plenty of dark matter annihilation processes, which heavily
depend on the model. Even if they are viable within a model, not
all annihilation channels contribute equally to the relic density. This
chapter contains a small overview on some annihilation channels in
generic way. Lepton and neutrino final states within T12A are espe-
cially shown.

f.1 scalar dark matter

f.1.1 Fermion final states

φi

φj

Fk

Fl

Figure F.83: Annihilation of fermion dark matter to two fermions

In the case of real scalar dark matter the diagrams in this section
can be considered. Annihilation to lepton final states is closely linked
to the direct detection diagrams shown in Section G.1. The generic
diagrams for this process – see Fig. F.83 – are mostly the flipped ver-
sions of the diagrams found there. The generic vertices i are summa-
rized in Appendix E. Fig. G.124 and Fig. G.125 contains the generic
diagrams for dark matter annihilation to lepton final states. Depend-
ing on the scalar and fermion indices, different relations between the
vertices can be established. This is summarized in Tab. F.10. In general
i
∗

leads to g∗i,L(R) = gi,R(L) and i
ν∗

= i demands g∗i,L(R) = gi,L(R)
for fermions.
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Figure F.84: Scalar dark matter annihilation to fermions: s-channel dia-
grams.
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Figure F.85: t-channel diagrams for scalar to fermion processes.

The amplitudes corresponding to the diagrams are

f1 = 1
i

s−m2S
u3 2 v4,

f2 = 3
ν
(−gµν +

1

m2V
(p1 + p2)

µ(p1 + p2)
ν)

× i

s−m2V
u3 4

µ
v4,

f3 =u3 5
/p1 − /p3 +mF

t−m2F
6 v4,
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Table F.10: Vertex relations for scalar dark matter annihilation to fermion
final states

Case Vertex relations

same scalar index i = j 5 = 7 , 6 = 8

same fermion index k = l 5
∗
= 7 , 6

∗
= 8

all Majorana fermions i
∗
= i , for i = 2, 4− 8

f4 =u3 7
/p1 − /p4 +mF

t−m2F
8 v4, (F.279)

with momentum p1(2) for φi(j) and p3(4) for lk(m). The squared am-
plitudes are

M2
1,1 =

g1g
∗
1(

s−m2S
)2

Tr
[
(m3 + /p3).(g2LPL + g2RPR).

(/p4 −m4).(g
∗
2LPR + g

∗
2RPL)

]
,

M2
1,2 =(g1g

∗
3(p1 + p2)

κ(
gκβgασ(p1 + p2)

α(p1 + p2)
β

m2V
− gκσ

))
× 1(

s−m2S
) (
s−m2V

)
Tr
[
(m3 + /p3).(g2LPL + g2RPR).

(/p4 −m4).(g
∗
4LPR + g

∗
4RPL).γ

σ
]

,

M2
1,3 =

g1(
t−m2F

) (
s−m2S

)
Tr
[
(m3 + /p3).(g2LPL + g2RPR).

(/p4 −m4).(g
∗
6LPR + g

∗
6RPL)

(mF + /p2 − /p4).(g
∗
5LPR + g

∗
5RPL)

]
,

M2
1,4 =

g1(
u−m2F

) (
s−m2S

)
Tr
[
(m3 + /p3).(g2LPL + g2RPR).

(/p4 −m4).(g
∗
8LPR + g

∗
8RPL)

(mF + /p1 − /p4).(g
∗
7LPR + g

∗
7RPL)

]
,

M2
2,2 =(g3g

∗
3(p1 + p2)

κ(p1 + p2)
µ

×
(
gαν(p1 + p2)

αgβµ(p1 + p2)
β

m2V
− gµν

))
× 1(

s−m2V
)2(

gκβgασ(p1 + p2)
α(p1 + p2)

β

m2V
− gκσ

)
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Tr
[
(m3 + /p3).γ

ν.(g4LPL + g4RPR).

(/p4 −m4).(g
∗
4LPR + g

∗
4RPL).γ

σ
]

, (F.280)

M2
2,3 =(g3(p1 + p2)

µ(
gαν(p1 + p2)

αgβµ(p1 + p2)
β

m2V
− gµν

))
× 1(

t−m2F
) (
s−m2V

)
Tr
[
(m3 + /p3).γ

ν.(g4LPL + g4RPR).

(/p4 −m4).(g
∗
6LPR + g

∗
6RPL)

(mF + /p2 − /p4).(g
∗
5LPR + g

∗
5RPL)

]
,

M2
2,4 =(g3(p1 + p2)

µ(
gαν(p1 + p2)

αgβµ(p1 + p2)
β

m2V
− gµν

))
× 1(

u−m2F
) (
s−m2V

)
Tr
(
(m3 + /p3).γ

ν.(g4LPL + g4RPR).

(/p4 −m4).(g
∗
8LPR + g

∗
8RPL)

(mF + /p1 − /p4).(g
∗
7LPR + g

∗
7RPL)

)
,

M2
3,3 =

1(
t−m2F

)2
Tr
[
(m3 + /p3).(g5LPL + g5RPR).

(mF + /p2 − /p4).(g6LPL + g6RPR)

(/p4 −m4).(g
∗
6LPR + g

∗
6RPL).

(mF + /p2 − /p4).(g
∗
5LPR + g

∗
5RPL)

]
,

M2
3,4 =

1(
t−m2F

) (
u−m2F

)
Tr
[
(m3 + /p3).(g5LPL + g5RPR).

(mF + /p2 − /p4).(g6LPL + g6RPR)

(/p4 −m4).(g
∗
8LPR + g

∗
8RPL).

(mF + /p1 − /p4).(g
∗
7LPR + g

∗
7RPL)

]
,

M2
4,4 =

1(
u−m2F

)2
Tr
[
m3 + /p3).(g7LPL + g7RPR).

(mF + /p1 − /p4).(g8LPL + g8RPR)

(/p4 −m4).(g
∗
8LPR + g

∗
8RPL).

(mF + /p1 − /p4).(g
∗
7LPR + g

∗
7RPL)

]
. (F.281)

The traces can be evaluated with the trace theorems given in Ap-
pendix A.
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f.1.1.1 Charged lepton final states in T12A

Within T12A the charged leptons couple to the Higgs, but are also
linked to the dark sector by gij. This allows for the diagrams shown
in Fig. F.86 and Fig. F.87. Yet, the charged lepton masses are very

Xi

Xi

H

l−

l+

Figure F.86: s-channel diagram for scalar dark matter annihilating to
charged leptons in T12A.

Xi

Xi

χ−

l−

l+

Figure F.87: t-channel diagram within T12A for scalar dark matter going to
charged leptons.

small compared to the annihilating scalars, thus the s-channel dia-
gram mediated by the Higgs does not contribute. Only f3 and f4 from
Eq. F.279 have to be taken into account. ForM3,3 the trace can be eval-
uated in the case of matching scalar indices i = j. The expressions for
gi in the vertices are found in Section E.1. Notice g5R,6L,7L,8R = 0 and
g∗i = gi. Thus, withm1 = m2 = mXi andm3 = m4 = 0, the evaluated
trace leads to

M2
3,3 =

g25Lg
2
6R

(
tu−m4Xi

)
(
m2ψ− − t

)2 ,
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M2
3,4 =

g25Lg
2
6R

(
2m4Xi + 2m

2
Xi
(s− t− u) − s2 + t2 + u2

)
2
(
m2ψ− − t

)(
m2ψ− − u

) ,

M2
4,4 =

g25Lg
2
6R

(
tu−m4Xi

)
(
m2ψ− − u

)2 . (F.282)

The integration in cos θ can be conducted with the integrals in Sec-
tion D.2. In the non-relativistic limit the integrated squared amplitude
I3,3 is

I3,3 =
4g25Lg

2
6Rm

4
Xi
v2

3
(
m2ψ− +m2Xi

)2
+
2g25Lg

2
6Rv

4
(
5m4ψ−m4Xi +m

8
Xi

)
15
(
m2ψ− +m2Xi

)4 +O
(
v5
)

,

I3,4 =−
4v2

(
g25Lg

2
6Rm

4
Xi

)
3
(
m2ψ− +m2Xi

)2
−
2v4

(
g25Lg

2
6R

(
5m4ψ−m4Xi − 3m

8
Xi

))
15
(
m2ψ− +m2Xi

)4 +O
(
v5
)

,

I4,3 =−
4v2

(
g25Lg

2
6Rm

4
Xi

)
3
(
m2ψ− +m2Xi

)2
−
2v4

(
g25Lg

2
6R

(
5m4ψ−m4Xi − 3m

8
Xi

))
15
(
m2ψ− +m2Xi

)4 +O
(
v5
)

,

I4,4 =
4g25Lg

2
6Rm

4
Xi
v2

3
(
m2ψ− +m2Xi

)2
+
2g25Lg

2
6Rv

4
(
5m4ψ−m4Xi +m

8
Xi

)
15
(
m2ψ− +m2Xi

)4 +O
(
v5
)

. (F.283)

Individually the integrated amplitudes feature terms proportional to
v2, but when summing all contributions, they cancel each other and
the resulting matrix element for the entire process is

Isummed =
16g25Lg

2
6Rm

8
Xi
v4

15
(
m2ψ− +m2Xi

)4 +O
(
v5
)

. (F.284)
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f.1.1.2 Neutrino final states in T12A

T12A also offers the opportunity of neutrino final states. As the neu-
trinos do not couple directly to the Higgs boson, only the t-channel
diagrams shown in Fig. F.88 mediate this process. For calculation, sim-

Xi

Xi

χk

ν

ν

Figure F.88: Process for dark mater annihilating to neutrinos.

ilar to the charged lepton final state, only f3,4 have to be considered,
but now the mediator can be any of the three χj. Hence, one has to
sum over all relevant contributions. The vertices will also be labeled
with the index of the mediator. The squared amplitudes are

M2
3,3 =

2
(
−mχlmχjs+m

4
Xi

− 2m2Xit+ t(s+ t)
)

(
m2χl − t

) (
t−m2χj

)
(AkjiAmjiAkliAmli +BkjiBmjiBkliBmli),

M2
3,4 =

2
(
mχlmχjs+m

4
Xi

− 2m2Xit+ t(s+ t)
)

(
m2χl − t

) (
m2χj − 2m

2
Xi

+ s+ t
)

(AkjiAmjiAkliAmli +BkjiBmjiBkliBmli),

M2
4,4 =−

2
(
−mχlmχjs+m

4
Xi

− 2m2Xit+ t(s+ t)
)

(
m2χl − 2m

2
Xi

+ s+ t
)(
m2χj − 2m

2
Xi

+ s+ t
)

(AkjiAmjiAkliAmli +BkjiBmjiBkliBmli). (F.285)

After summing the integrated squared amplitudes the outcome is

Isummed =
32v2

(
m2χlm

2
χj
m4Xi +m

6
Xi
(mχl +mχj)

2 +m8Xi

)
3
(
m2χl +m

2
Xi

)2 (
m2χj +m

2
Xi

)2
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× (AkjiAmjiAkliAmli +BkjiBmjiBkliBmli) +O
(
v3
)

,
(F.286)

in the non-relativistic limit. For the same neutrino index k = m this
simplifies to

Isummed =
(
32v2

(
m2χlm

2
χj
m4Xi +m

6
Xi
(mχl +mχj)

2 +m8Xi

)
×
(
A2mjiA

2
mli +B

2
mjiB

2
mli

))
× 1

3
(
m2χl +m

2
Xi

)2 (
m2χj +m

2
Xi

)2 +O
(
v3
)

. (F.287)

f.1.2 Vector final states

One possible annihilation channel is annihilation into pairs of vector
bosons as schematically shown in Fig. F.89 and generically in Fig. F.90,
Fig. F.91 and Fig. F.92.

φ

φ

V

V

Figure F.89: Scalar to vector boson processes.

φ
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V

V

Figure F.90: Direct interaction between scalars and vector bosons.
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Figure F.91: s-channel contributions for scalar dark matter to vector bosons.
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Figure F.92: Scalar to vector boson processes in t-channel diagrams.

f.1.3 Scalar final states

The process of scalar dark matter annihilation – see Fig. F.93 – can be
mediated by the diagrams shown in Fig. F.94, Fig. F.96 and Fig. F.95.

f.2 fermion dark matter

Similar to scalar dark matter, fermionic dark matter has plenty of
annihilation final states. Some of them are summarized in the sections
below.
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Figure F.93: Scalar to scalar processes.
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Figure F.94: Four fermion interaction.

φ

φ
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Figure F.95: s-channel diagram for a two scalar to two scalar process.

f.2.1 Fermion final states

The annihilation of fermion dark matter to fermions is schematically
depicted in Fig. G.123, which is similar for direct detection. Fig. F.98,
Fig. F.99 and Fig. F.100 show the diagrams for fermion dark matter.
Similar to the scalar case, the relations between vertices depend on
the exact particles. Further, it has an influence whether the fermions
are Dirac or Majorana fermions. In the case of Dirac dark matter anni-
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Figure F.96: t-channel contributions for scalar to scalar annihilation.

χi

χj

Fk

Fm

Figure F.97: Schematic sketch for fermion to fermion annihilation.

hilating to Dirac fermions, the right diagrams in Fig. F.99 and Fig. F.99

do no exist. For Majorana dark matter annihilating to Dirac fermions,
i
∗
= i is true for i = 1, 3 in the case of Dirac dark matter going to

Majorana fermions i is 2 and 4. If all fermions are Majorana fermions,
the relation holds for all i. Equations for different settings are listed
in Tab. F.11.
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Figure F.98: Fermion dark matter annihilation to fermions: s-channel dia-
grams.
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Figure F.99: t-channel diagrams for fermion to fermion processes mediated
by a scalar.
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Figure F.100: t-channel diagrams for fermion to fermion processes mediated
by a vector boson.

The amplitudes for the diagrams are

f1 =u3 2 v4
1

s−m2S
v1 1 u1,

f2 =u3 5 u1
1

t−m2S
v2 6 v4,

f3 =u3 7 u2
1

u−m2S
v1 8 v4,

f4 =u3 4
µ
v4

1

s−m2V
(−gµν +

1

m2V
(p1 + p2)

µ(p1 + p2)
ν)v1 3

ν
u1,

f5 =u3 9
µ
u1

1

s−m2V
(−gµν +

1

m2V
(p1 − p3)

µ(p1 − p3)
ν)v2 11

ν
v4,

f6 =u3 11
µ
u2

1

s−m2V
(−gµν +

1

m2V
(p1 − p3)

µ(p1 − p3)
ν)v1 12

ν
v4.

(F.288)

The squared amplitudes are
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Table F.11: Fermion to fermion annihilation overview

Case all Dirac Majorana DM Majorana l all Majorana

i = j 5 = 7 , 5
∗
= 7 , 5 = 7

6 = 8 , 6
∗
= 8 , 6 = 8

9
µ
= 11

µ
, 9

µ∗
= 11

µ
, 9

µ
= 11

µ

10
ν
= 12

ν
10
ν∗

= 12
ν

10
ν
= 12

ν

k = l 5
∗
= 8 , 5 = 8 , 5 = 8 ,

6
∗
= 7 , 6 = 7 , 6 = 7

9
µ∗

= 12
µ

, 9
µ
= 12

µ
, 9

µ
= 12

µ
,

10
ν∗

= 11
ν

10
ν
= 11

ν
10
ν
= 11

ν

i = j, k = l 5
∗
= 6 , 5 = 6

∗
= 5

∗
= 6 = 5 = 6 =

7 = 8
∗
, 7

∗
= 8 , 7 = 8 ,

9
µ∗

= 10
µ

9
µ∗

= 10
µ
= 9

µ∗
= 10

µ
= 9

µ
= 10

µ
=

11
µ
= 12

µ∗
11
µ∗

= 12
µ

11
µ
= 12

µ

M2
1,1 =

1(
s−m2S,schan

)2
Tr((m1 + /p1).(g

∗
1LPR + g

∗
1RPL).

(/p2 −m2).(g1LPL + g1RPR)

Tr((m3 + /p3).(g2LPL + g2RPR).

(/p4 −m4).(g
∗
2LPR + g

∗
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1(
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)(
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∗
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∗
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)(
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)
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∗
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∗
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∗
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∗
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(
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γ
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γσ.(m4 + /p4).(g2LPL + g2RPR).

(/p3 −m3).(−g
∗
11LPL − g

∗
11RPR).γ

κ
)
)

1(
s−m2S,schan

) (
u−m2V

) ,

M2
2,2 =(Tr(Tr((/p2 −m2).(g6LPL + g6RPR).

(/p4 −m4).(g6LPR + g6RPL))

(m1 + /p1).(g
∗
5LPR + g

∗
5RPL).

(m3 + /p3).(g5LPL + g5RPR)))
1(

t−m2S,tchan

)2 ,

M2
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f.2.1.1 Charged lepton Final States in T12A

For charged lepton final states within T12A the three diagrams shown
in Fig. F.101, Fig. F.102 and Fig. F.103 contribute. In principle the

χi

χi

H

l−

l+

Figure F.101: s-channel diagram for fermion dark matter annihilating to
charged leptons.

χi

χi

Z

l−

l+

Figure F.102: s-channel diagram for fermion dark matter annihilating to
charged leptons.

process mediated by the Z boson contributes, but it is more likely that
the Z leads to different final states, as it is explained in [274]. Hence,
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χi

χi

φ−

l−

l+

Figure F.103: Diagrams for χi annihilation to charged leptons within T12A.

it is not considered here. Only f2 and f3 contribute. The squared
amplitudes are
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for negligible lepton masses. After integration, the approximation in
the non-relativistic limit yields
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The summed matrix element, when taking into account the correct
sign for the interfering diagrams, is
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The contribution from the Z diagram is suppressed by the mixing
matrix entries, which appear as a difference.

f.2.1.2 Neutrino final states in T12A

Similar to charged leptons, T12A also allows for neutrino pairs in
the final state. The corresponding diagrams are shown in Fig. F.104

and Fig. F.105 For neutrino final states only f2 and f3 have to be
considered. The squared matrix elements are
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The vertices have been replaced according to the Majorana nature of
χ and ν and the vertex within T12A. Further, the relation of the scalar
mixing matrix US,1(2)iUS,3j = 0 is used to simplify the results. The
summed integrated matrix element is

Isummed =
∑
j,m
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f.2.2 Scalar final states

Fig. F.106 and Fig. F.107 depict generic fermion to scalar annihilation
processes.

f.2.3 Vector final states

Generic diagrams for fermion to vector boson annihilations are shown
in Fig. F.108 and Fig. F.109.

f.3 coannihilation between fermion and scalar

The presence of scalars and fermions, which are close in mass, allow
for coannihilation processes to become important. Some example di-
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agrams for scalar-fermion and vector boson-fermion final states are
presented in the following sections.

f.3.1 Fermion scalar final state

One possible final state for coannihilation is a fermion and a scalar as
shown in Fig. F.110 and Fig. F.111.

f.3.1.1 Neutrino-Higgs final states within T12A

Since in T12A fermion-scalar couplings are present, coannihilation
between the two species can take place. For a neutrino and a Higgs
boson in the final state, the corresponding diagrams are shown in
Fig. F.112.

f.3.2 Vector boson fermion final state

Similar to fermion-scalar final states, coannihilation also can feature
fermion-vector boson channels as shown in Fig. F.113 and Fig. F.114

f.3.2.1 Neutrino-Z final states within T12A

Despite the neutrino Higgs final state, coannihilation in T12A can
also feature a neutrino and a Z boson. The corresponding diagrams
are shown in Fig. F.115 and Fig. F.116.
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χi

χi

Z

ν

ν

Figure F.104: Neutrino final state for fermion dark matter annihilation in
T12A.

χi

χi

Xj

ν

ν

Figure F.105: t-channel diagram for neutrino final states within T12A.

χ

χ

S

S

S

χ

χ

V

S

S

Figure F.106: Fermion dark matter annihilation to scalars: s-channel dia-
grams.
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χi

χi

F

S

S

Figure F.107: t-channel diagrams for fermion to scalar processes.

χ

χ

S

V

V

χ

χ

V

V

V

Figure F.108: s-channel diagrams for vector boson final sates.
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χi

χi

F

V

V

Figure F.109: Diagrams for dark matter fermions annihilating to vector
bosons.

φ

χ

F

S

F

Figure F.110: Coannihilation between fermion and scalar dark matter to
fermion scalar final states.
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χ

φ

F

S

F

φ

χ

S

S

F

φ

χ

V

S

F

Figure F.111: t-channel diagrams for fermion to vector final sates.

Xj

χi

χk

H

ν

χi

Xj

Xk

ν

H

Figure F.112: Diagrams for χi and Xj co-annihilation within T12A.



202 dark matter annihilation

φ

χ

F

V

F

Figure F.113: s-channel diagram for fermion scalar coannihilation to a
fermion and a vector boson.

χ

φ

F

F

V

φ

χ

S

V

F

φ

χ

V

V

F

Figure F.114: t-channel contributions for fermion and vector boson final
states.
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Xj

χi

Xk

Z

ν

χi

Xj

χk

ν

Z

Figure F.115: Diagrams for χi and Xj co-annihilation within T12A.

Xi

χj

ν

Z

ν

Figure F.116: s-channel diagram for χi and Xj coannihilation within T12A.
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Direct detection of dark matter is done by dark matter scattering off of
nuclei. The sections beneath contain generic diagrams for this process
as well as specific diagrams within T12A.

g.1 scalar dark matter

φ

q

φ

q

Figure G.117: Generic process of scalar - fermion scattering.

Fig. G.117 sketches scalar fermion scattering, which is the under-
lying process for scalar dark matter direct detection. This can also
include scattering off of electrons instead of quarks when the model
contains the appropriate couplings.

g.1.1 Generic diagrams

The figures in this section display different options how the direct
detection process could be mediated.

φ

q

F

φ

q

Figure G.118: s-channel diagrams

205
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q

φ

F

φ

q

φ

q

S

φ

q

φ

q

V

φ

q

Figure G.119: t-channel diagrams

g.1.2 Diagrams within T12A

Not all of the above diagrams are realized within T12A. For direct de-
tection based on nuclear recoil only the s-channel diagram mediated
by a Higgs shown in Fig. G.120. Considering electron recoil, which

Xi

q

H

Xi

q

Figure G.120: s-channel diagrams for Xi and quark scattering within T12A.

is another possibility for direct detection, the s-channel diagram in
Fig. G.121 and the two t-channel diagrams in Fig. G.122 contribute
to this. The presence of scalars and fermions linking the dark sector
to the Standard Model lepton sector allow for these processes. Even
though the diagram mediated by a Higgs is negligibly small as the
coupling to the electron scales with the electron mass.



G.2 fermion dark matter 207

Xi

e−

χ−

Xi

e−

Figure G.121: s-channel diagram for Xi and e− scattering within T12A.

e−

Xi

χ−

Xi

e−

Xi

e−

H

Xi

e−

Figure G.122: t-channel diagrams for Xi and e− scattering within T12A.

g.2 fermion dark matter

For fermion dark matter the direct detection process can be depicted
by Fig. G.123.

χ

q

χ

q

Figure G.123: Generic process of fermion - fermion scattering.



208 direct detection diagrams

g.2.1 Generic diagrams

The diagrams in this section depict generic fermion-fermion scatter-
ing processes.

χ

q

S

χ

q

χ

q

V

χ

q

Figure G.124: s-channel diagrams for fermion - fermion scattering in the con-
text of dark matter direct detection.

χ

q

S

χ

q

χ

q

V

χ

q

Figure G.125: t-channel diagrams for direct detection processes of fermion
dark matter.

g.2.2 Diagrams within T12A

Within the model T12A not all of the diagrams shown in Fig. G.124

and Fig. G.125 are present. The realized diagrams for scattering off of
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quarks are shown in Fig. G.126. Respectively Fig. G.127 and Fig. G.128

show the process of scattering off of electrons.

χi

q

H

χi

q

χi

q

Z

χi

q

Figure G.126: Diagrams for χi and q interactions within T12A.

χi

e−

φ−

χi

e−

Figure G.127: s-channel diagram for χi and e− scattering within T12A.
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e−

χi

φ−

χi

e−

Xi

e−

Z

Xi

e−

Xi

e−

H

Xi

e−

Figure G.128: Diagrams for χi and e− interactions within T12A.
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h.1 generic direct detection cross section calculation

For scalar dark matter the full set of squared amplitudes obtained
following section Section 2.4.2 is
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The scalar squared amplitudes are given by
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|MS,cc|
2 =−

(
2g25g

2
6

(
m2DM −m2q + s

) (
2m2DM + 2m2q − 2s− 3t

))
× 1(

m2V − t
)2 (H.294)

The fermionic amplitudes are way too long to be pleasantly displayed
here.

h.2 direct detection cross section within t12a

In T12A spin-independent direct detection processes of dark mat-
ter take place via t-channel exchange of Higgs bosons, as shown in
Fig. G.120 and Fig. G.126. In principle, there is also a Z mediated pro-
cess, but under the assumption of small mixing it is not as important.
The couplings can be found in Appendix E. They are labeled here as
following

1 ∝ y1UF1iUF2i + y2UF1iUF3i,

2 ∝
mq

v
,

3 ∝ 1
2
(λSvU

2
S1i + v(λD + λ′D)(U

2
S2i +U

2
S3i)

+ vλ′′D(U
2
S2i −U

2
S3i)) +AUS1iUS2i. (H.295)

Starting from the Feynman diagrams the amplitudes are

f1 =u3 · 1 · u1 ·
1

(p1 − p3)2 −m
2
H

· u4 · 2 · u2,

f2 = 3 · 1

(p1 − p3)2 −m
2
H

· u4 · 2 · u2. (H.296)
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Direct detection is calculated with approximately zero momentum-
transfer, hence p1 = p3 and p2 = p4 and p2i = m2i can be used to
obtain the squared amplitudes:

|f1|
2 =

1
2

2
2

m2H
16m2χm

2
q,

|f2|
2 =

2
2

3
2

m2H
8m2q. (H.297)

Which results in the following cross sections with the formula from
Appendix D

σSIp,χ = 1
2

2
2 1

2π

m2χm
2
q

(mχ +mq)2
f2p

1

m2H
,

σSIp,X = 2
2

3
3 1

4π

m2Xm
2
q

(m2X +m2q)
2
f2p

1

m2H
. (H.298)
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i.1 dimensional regularization

This section is based on [281, 282]. Dimensional regularization is used
to modify the four momenta appearing integrals. This technique al-
lows to evaluate certain loop integrals and identify the finite parts
and separate them from the divergent ones. This is useful as for ex-
ample single diagrams for a process might be divergent, but the sum
of all diagrams is not, and dimensional regularization allows to per-
form the integration.
For dimensional regularization a shift from 4 to D dimensions is con-
ducted. A short notation for a D-dimensional integral is

〈...〉q =
(2πµ)4−D

iπ2

∫
dDq... (I.299)

where µ is an arbitrary scale.
Useful definitions and identities are:

ε :=
4−D

2
(I.300)

and

∆ =
2

4−D
− γE + log (4π) , (I.301)

with (I.302)

γE = −Γ ′(1) = 0.5772. (I.303)

and

Γ(ε) =
1

ε
− γE + log (4π) , (I.304)

(
A1
µ2

)−ε =1− εlog
(
A1
µ2

)
(I.305)

where

γE = −Γ ′(1) (I.306)

as well as

cε := (4π)εΓ(1+ ε), (I.307)
cε

ε
:= ∆.. (I.308)
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i.2 tensor reduction and passarino-veltman integrals

According to [282, 283] loop integrals can be simplified using the
tensor reduction. It allows to express all integrals in terms of scalar
Passarino-Veltman integrals and momenta. The arguments of the loop
functions are suppressed, they are Pi andMi according to the integral
expression in 〈〉q with the ordering X(P0, . . . , Pn, M0, . . . , Mn) for
n denominator terms.

A integral

A0 =

〈
1

q2 −M2
0 + iε

〉
q

Aδν =

〈
qδ

q2 −M2
0 + iε

〉
q

=gδνA0

B integral

B0 =

〈
1

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1

〉
q

Bδ =

〈
qδ

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

〉
q

=Pδ1B1

Bδν =

〈
qδqν

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

〉
q

=gδνB00 + P
δ
1P
ν
1B11

Bδνµ =

〈
qδqνqµ

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

〉
q

=Pδ1P
ν
1P
µ
1B111

+ (gδνPµ1 + gδµPν1 + gνµPδ1)B001

C integral

C0 =

〈
1

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

〉
q

Cδ =

〈
qδ

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

〉
q

=Pδ1C1 + P
δ
2C2
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Cδν =

〈
qδqν

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

〉
q

=gδνC00

+ Pδ1P
ν
1C11

+ (Pδ1P
ν
2 + Pδ2P

ν
1 )C12

+ Pδ2P
ν
2C22

Cδνµ =

〈
qδqµqν

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

〉
q

=(gδνPµ1 + gδµPν1 + gνµPδ1)C001

+ (gδνPµ2 + gδµPν2 + gνµPδ2)C002

+ (Pδ1P
ν
1P
µ
2 + Pδ1P

ν
2P
µ
1 + Pδ2P

ν
1P
µ
1 )C112

+ (Pδ1P
ν
2P
µ
2 + Pδ2P

ν
1P
µ
2 + Pδ2P

ν
2P
µ
1 )C122

+ Pδ1P
ν
1P
µ
1C111 + P

δ
2P
ν
2P
µ
2C222

D integral

D0 =

〈
1

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

1

(q− P3)2 −M
2
3 + iε

〉
q

Dδ =

〈
qδ

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

1

(q− P3)2 −M
2
3 + iε

〉
q

=Pδ1D1 + P
δ
2D2 + P

δ
3D3

Dδν =

〈
qδqν

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

1

(q− P3)2 −M
2
3 + iε

〉
q

=gδνD00

+ Pδ1P
ν
1D11 + P

δ
2P
ν
2D22

+ Pδ3P
ν
3D33

+ (Pδ1P
ν
2 + Pδ2P

ν
1 )D12

+ (Pδ1P
ν
3 + Pδ3P

ν
1 )D13

+ (Pδ2P
ν
3 + Pδ3P

ν
2 )D23
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Dδνµ =

〈
qδqνqµ

q2 −M2
0 + iε

1

(q− P1)2 −M
2
1 + iε

1

(q− P2)2 −M
2
2 + iε

1

(q− P3)2 −M
2
3 + iε

〉
q

=(gδνPµ1 + gδµPν1 + gνµPδ1)D001

+ (gδνPµ2 + gδµPν2 + gνµPδ2)D002

+ (gδνPµ3 + gδµPν3 + gνµPδ3)D003

+ Pδ1P
ν
1P
µ
1D111 + P

δ
2P
ν
2P
µ
2D222

+ Pδ3P
ν
3P
µ
3D333

+ (Pδ1P
ν
1P
µ
2 + Pδ1P

ν
2P
µ
1 + Pδ2P

ν
1P
µ
1 )D112

+ (Pδ1P
ν
1P
µ
3 + Pδ1P

ν
3P
µ
1 + Pδ3P

ν
1P
µ
1 )D113

+ (Pδ1P
ν
2P
µ
2 + Pδ2P

ν
1P
µ
2 + Pδ2P

ν
2P
µ
1 )D122

+ (Pδ2P
ν
2P
µ
3 + Pδ2P

ν
3P
µ
2 + Pδ3P

ν
2P
µ
2 )D223

+ (Pδ1P
ν
3P
µ
3 + Pδ3P

ν
1P
µ
3 + Pδ3P

ν
3P
µ
1 )D133

+ (Pδ2P
ν
3P
µ
3 + Pδ3P

ν
2P
µ
3 + Pδ3P

ν
3P
µ
2 )D233

+ (Pδ1P
ν
2P
µ
3 + Pδ1P

ν
3P
µ
2 + Pδ2P

ν
1P
µ
3

+ Pδ2P
ν
3P
µ
1 + Pδ3P

ν
1P
µ
2 + Pδ3P

ν
2P
µ
1 )D123

The coefficients for the reduction can be determined by applying
Feynman parametrization. The integrals are calculated in the approx-
imation of heavy masses Mi.

i.3 feynman parametrization and generic loop integrals

in d-dimensions

This section, which is based on [280, 282], explains the use of Feyn-
man parameters. For any fraction with n denominators Ai the rela-
tion

1

A1A2...An
=

∫1
0

dx1dx2...dxnδ

(
n∑
i=0

xi − 1

)

× (n− 1)!
(x1A1 + x2A2 + ... + xnAn)n

(I.309)

is true. This is applied to loop integrals in l. Then, the integration over
l is performed. All terms with an odd number of l’s in the numerator
vanish by symmetric integration. For an even number, the generic
loop integrals In in D dimensions are used

In(A) =

∫
dDl

1

(l2 −A+ iε)n

=i(−1)nπD/2
Γ(n−D/2)

Γ(n)
(A− iε)D/2−n, (I.310)
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and for any even number k the integrals are

I
µ1µ2...µk
n,k (A) =

∫
dDl

lµ1lµ2 ...lµk

(l2 −A+ iε)n

=Tµ1µ2...µk Γ(D/2)Γ(k/2+ 1/2)

Γ(1/2)Γ(k+ 2+D/2)

×
∫
dDl

(l2)k/2

(l2 −A+ iε)n
, (I.311)

at which

In,k(A) =
∫
dDl

(l2)k/2

(l2 −A+ iε)n

=i(−1)n−k/2πD/2(A− iε)D/2−n+k/2

Γ(D/2+ k/2)Γ(n−D/2− k/2)

Γ(D/2)Γ(n)
, (I.312)

and

Tµ1µ2...µk =
1

k!
(gµ1µ2gµ3µ4 ...gµk−1µk + all permutations).

(I.313)

The special case for two Lorentz indices in the numerator is∫
dDl

lµlν

(l2 −A+ iε)n
=i(−1)n−1gµνπD/2

× (A− iε)D/2−n+1
Γ(n−D/2− 1)

Γ(n)
.

(I.314)

If the integral converges, one can perform the limit D→ 4 .

i.4 definition of loop integrals and approximation for

heavy masses

If the masses of the outgoing particles are much smaller compared
to the masses in the loops, one can neglect them in the denominator
since

P2i �M2
loop. (I.315)

By means of Feynman-parametrization, which is explained in Sec-
tion I.3, one can solve the approximated loop integrals to obtain func-
tions, which only depend on the masses of particles in the loop.

b integral

The generic B integral is

IBi ∝
∫
dDq

(2π)D
µ4−D

Ni

(q2 −M2
0)(q+ P1)

2 −M2
1)

, (I.316)
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where Ni is either of

N0 =1,

N1 =q
ν,

N2 =q
νqµ,

N3 =q
νqµqδ. (I.317)

After applying Feynman parametrization and the approximation Eq. I.315

to the generic B integral Eq. I.316 the result is

IBi =

∫1
0

dx

∫
dDq

(2π)d
µ4−D

Ni
(q2 −AB)2

, (I.318)

where

AB =M2
0x+M

2
1(x− 1), (I.319)

and Ni is one of

N0 =1,

N1 =p
µ
1 (x− 1),

N2 =q
µqν + pµ1p

ν
1 (x− 1)

2

N3 =q
µqνpδ1(x− 1) + cycl. + p

µ
1p
ν
1p
δ
1(x− 1)

3. (I.320)

Here odd numbers of qα have already been neglected, as they van-
ish in the dqD integration. With the use of the definitions in Sec-
tion I.1 for the divergent parts ∆ and the generic integrals over q in
Section I.3, this is transformed to

IB0 =
iπ2

(2π)4

(
∆− log

(
M2
0

µ2

)
+ F(w)

)
,

IB1 =
iπ2

(2π)4
p
µ
1

(
−
1

2
∆
1

2
log
(
M2
0

µ2

)
+G(w)

)
,

IB2 =
iπ2

(2π)4

(
p
µ
1p
ν
1

(
1

3
∆−

1

3
log
(
M2
0

µ2

)
+H(w)

)
+gµν

(
1

2
(M2

0 +M
2
1)∆−

1

2
(M2

0 +M
2
1)log

(
M2
0

µ2

)
+M2

1I(w)
))

,

IB3 =
iπ2

(2π)4

(
p
µ
1p
ν
1p
δ
1

(
−
1

4
∆+

1

4
log
(
M2
0

µ2

)
+ J(w)

)
+ gµνpδ1

(
−
1

2
∆−

1

2
log
(
M2
0

µ2

)
−G(w)

))
, (I.321)

with w =
M2
0

M2
1

and the arbitrary scale µ. The loop functions are

F(w) = (−1+w+ log (w))
1

−1+w
,
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G(w) =
(
−1+ 4w− 3w2 + (−2+ 4w)log (w)

) 1

4(−1+w)2
,

H(w) =
(
−2+ 9w− 18w2 + 11w3

−6(1− 3w+ 3w2)log (w)
) 1

18 (−1+w)3
,

I(w) =
(
−1+w2 − 2log (w)

) 1

4 (−1+w)
,

J(w) =
(
−3+ 16w− 36w2 + 48w3 − 25w4 ,

+12(−1+ 4w− 6w2 + 4w3)log (w)
) 1

48 (−1+w)4
.

(I.322)

c integral

The generic C-Integrals are given by

ICi =

∫
dDq

(2π)D
µ4−D

Ni

(q2 −M2
0)((q+ P1)

2 −M2
1)((q+ P2)

2 −M2
2)

, (I.323)

with the same nominators as in Eq. I.317. After utilizing the parametriza-
tion and the approximation Eq. I.315 one is left with

ICi =2

∫
dxdyδ(1− x− y)

∫
dDq

(2π)D
µ4−D

Ni
(l−AC)3

, (I.324)

at which

AC =M2
0x+M

2
1y+M

2
2z. (I.325)

The nominators are

N0 =1,

N1 =− pµ1y− p
µ
2 z,

N2 =q
µqν + (−pµ1y− p

ν
2z)(−p

ν
1y− p

ν
2z),

N3 =q
µqνqδ + (−pµ1y− p

ν
2z)(−p

ν
1y− p

ν
2z)(−p

δ
1y− p

δ
2z),

(I.326)

without the contributions, that vanish in dDq integrals. In order to
simplify the output even more, one can assume that two of the three
masses are identical. Hence, there are three cases to be considered

I : M1 =M2,w =
M2
0

M2
2

,

II : M0 =M2,w =
M2
0

M2
1

,

III : M1 =M2,w =
M2
1

M2
0

. (I.327)
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Case m

I M2

II M1

III M0

Table I.12: Arguments for C0 integral.

Case Co1 Co2 m

I L(w) M(w) M2

II M(w) L(w) M1

III L(w) L(w) M0

Table I.13: Arguments and functions for IC1

For the first integral the result is

IC0 = −
iπ2

(2π)4
1

m
K(w), (I.328)

with

K(w) =
1−w+wlog (w)

(−1+w)2
(I.329)

(I.330)

and m is given in Tab. I.12. The results for IC1 are

IC1 =−
iπ2

(2π)4
1

m2

(
p
µ
1Co1 + p

µ
2Co2

)
, (I.331)

with the scalar functions for the three cases summarized in Tab. I.13

with the functions

L(w) =−
3− 4w+w2 + 2log (w)

4 (−1+w)3
,

M(w) =
1−w2 + 2log (w)

2 (−1+w)3
. (I.332)

In the case of an integral with two indices the outcome is

IC2 =
iπ2

(2π)4

(
gµν

(
1

2
∆−

1

2
log
(
M2
0

µ2

)
+Co00

)
+
1

m

(
p
µ
1p
ν
1Co11 +

(
p
µ
1p
ν
2 + p2µp

ν
1

)
Co12 + p

µ
2p
ν
2Co22

))
,

(I.333)

with the coefficients shown in Tab. I.14 .
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Case Co00 Co11 Co22 Co12 m

I N(w) O(w) P(w) Q(w) M2

II N(w) P(w) O(w) Q(w) M1

III R(w) O(w) O(w) O(w) M0

Table I.14: Overview for IC2

Case Co001 Co002 Co111 Co112 Co122 Co222 m

I S(w) T(w) U(w) V(w) W(w) X(w) M2

II T(w) S(w) X(w) W(w) V(w) U(w) M1

III Y(w) Y(w) U(w) U(w) U(w) U(w) M0

Table I.15: Results for IC3 .

The corresponding new functions are

N(w) =
3− 4w+w2 + 2log (w)

4 (−1+w)2
,

O(w) =
11− 18w+ 9w2 − 2w3 + 6log (w)

18 (−1+w)4
,

P(w) =
−1+ 6w− 3w2 − 2w3 + 6w2log (w)

6 (−1+w)4
,

Q(w) =−
2+ 3w− 6w2 + 6log (w)

12 (−1+w)4
,

R(w) =
3− 4w+w2 − 2(−2+w)wlog (w)

4 (−1+w)2
. (I.334)

The result for IC3 is

IC3 =
iπ2

(2π)4
(
gνδ((

p
µ
1 + pµ2

)(1
6

(
−∆+ log

(
M2
0

µ2

)))
+ pµ1Co001 + p

µ
2C002

)
+ cycl.

+
1

m2

(
pν1p

µ
1p
δ
1Co111 +

(
pν1p

µ
1p
δ
2 + p

ν
1p
µ
2p
δ
1 + p

ν
2p
µ
1p
δ
1

)
Co112

+
(
pν1p

µ
2p
δ
2 + p

ν
2p
µ
1p
δ
2 + p

ν
2p
µ
2p
δ
1

)
Co122 + p

ν
2p
µ
2p
δ
2Co222

))
,

(I.335)

with the arguments shown in Tab. I.15. and the functions

S(w) =
11− 18w+ 9w2 − 2w3 + 6log (w)

36 (−1+w)3
,
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T(w) =
5− 27w+ 27w2 − 5w3 + (6− 18w)log (w)

36 (−1+w)3
,

U(w) =−
25− 48w+ 36w2 − 16w3 + 3w4 + 12log (w)

48 (−1+w)5
,

V(w) =
3+ 10w− 18w2 + 6w3 −w4 + 12wlog (w)

36 (−1+w)5
,

W(w) =−
−1+ 8w− 8w3 +w4 + 12w2log (w)

24 (−1+w)5
,

X(w) =
1− 6w+ 18w2 − 10w3 − 3w4 + 12w3log (w)

12 (−1+w)5
. (I.336)

d integral

The D-type integrals are defined as

IDi =

∫
dDq

(2π)D
µ4−D

Ni

(q2 −M2
0)((q+ P1)

2 −M2
1)((q+ P2)

2 −M2
2)

1

((q+ P3)2 −M
2
3)

, (I.337)

with Ni as in Eq. I.317. After applying the Feynman parameters and
using the approximation Eq. I.315, one is left with

∫
Π3i=0dxiδ(1−

3∑
i=0

xi)6

∫
dDq

(2π)D
µ4−D

Ni
(l2 −AD)4

, (I.338)

where

AD =M2
0x0 +M

2
1x1 +M

2
2x2 +M

2
3x3,

N0 =1,

N1 =− pν1x1 − p
ν
2x2 − p

ν
3x3,

N2 =(−pν1x1 − p
ν
2x2 − p

ν
3x3)(−p

µ
1x1 − p

µ
2x2 − p

µ
3x3)

N3 =(−pν1x1 − p
ν
2x2 − p

ν
3x3)(−p

µ
1x1 − p

µ
2x2 − p

µ
3x3).

(−pδ1x1 − p
δ
2x2 − p

δ
3x3). (I.339)
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Case Do0 m

I Z(w) M2

II Z(w) M1

III Z(w) M1

IV AA(w) M3

V AA(w) M2

VI AA(w) M1

VII AA(w) · w M1

Table I.16: Coefficients for ID0

Similarly to the C integrals, it is useful to consider some simplifica-
tions

I M0 =M1,M2 =M3,w =
M2
0

M2
2

,

II M0 =M2,M1 =M3,w =
M2
0

M2
1

,

III M0 =M3,M1 =M2,w =
M2
0

M2
1

,

IV M0 =M1 =M2,w =
M2
0

M2
3

,

V M0 =M1 =M3,w =
M2
0

M2
2

,

VI M0 =M2 =M3,w =
M2
0

M2
1

VII M1 =M2 =M3,w =
M2
0

M2
1

. (I.340)

Within these cases

ID0 =
iπ2

(2π)4
1

m2
Do0, (I.341)

is the outcome, where the coefficients Do0 and m are summarized in
Tab. I.16. The new functions are

Z(w) =
2− 2w+ (1+w)log (w)

(−1+w)3
,

AA(w) =
−1+w2 − 2wlog (w)

2w (−1+w)3
. (I.342)
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Case Do1 Do2 Do3 m

I BA(w) CA(w) CA(w) M2

II CA(w) BA(w) CA(w) M1

III CA(w) CA(w) BA(w) M1

IV Q(w)/w Q(w)/w BA(w) M3

V Q(w)/w BA(w) Q(w)/w M2

VI BA(w) Q(w)/w Q(w)/w M1

VII P(w)/2 P(w)/2 P(w)/2 M1

Table I.17: Coefficients for ID1
.

The integral with one index leads to

ID1 =
iπ2

(2π)4
1

m4

(
p
µ
1Do1 + p

µ
2Do2 + p

µ
3Do3

)
, (I.343)

where the coefficients are shown in Tab. I.17. The new functions are

BA(w) =
5− 4w−w2 + (2+ 4w)log (w)

4 (−1+w)4
,

CA(w) =−
1+ 4w− 5w2 + 2w(2+w)log (w)

4 (−1+w)4
. (I.344)

The integral for two indices is solved as

ID2 =
iπ2

(2π)4

(
1

m2
gµνDo00 +

1

m4

(
p
µ
1p
ν
1Do11

+
(
p
µ
1p
ν
2 + p

µ
1p
ν
2

)
Do12

+
(
p
µ
1p
ν
3 + p

µ
3p
ν
1

)
+Do13

(
p
µ
2p
ν
3 + p

µ
3p
ν
2

)
Do23 ,

+ p
µ
2p
ν
2Do22 + p

µ
3p
ν
3Do33

))
(I.345)

at which the option for the different cases are shown in Tab. I.18. The
resulting functions are

DA(w) =
17− 9w− 9w2 +w3 + 6(1+ 3w)log (w)

18 (−1+w)5
,

EA(w) =
−1+ 9w+ 9w2 − 17w3 + 6w2(3+w)log (w)

18 (−1+w)5
,

FA(w) =
−1− 9w+ 9w2 +w3 − 6w(1+w)log (w)

12 (−1+w)5
,

GA(w) =
−3− 10w+ 18w2 − 6w3 +w4 − 12wlog (w)

36w (−1+w)5
,

HA(w) =
−1+ 6w− 18w2 + 10w3 + 3w4 − 12w3log (w)

72 (−1+w)6
. (I.346)
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Case Do00 Do11 Do12 Do13

I M(w) DA(w) FA(w) FA(w)

II M(w) EA(w) FA(w) EA(w)/2

III M(w) EA(w) EA(w)/2 FA(w)

IV L(w) GA(w) GA(w)/2 DA(w)/2

V L(w) GA(w) DA(w)/2 GA(w)/2

VI L(w) 2 FA(w) DA(w)/2 DA(w)/2

VII IA(w) HA(w) HA(w)/2 HA(w)/2 )

Case m Do23 Do22 Do33

I M2 EA(w)/2 EA(w) EA(w)

II M1 FA(w) DA(w) EA(w)

III M1 FA(w) EA(w) DA(w)

IV M2 DA(w)/2 GA(w) 2 FA(w)

V M2 DA(w)/2 2 FA(w) GA(w)

VI M1 GA(w)/2 GA(w) GA(w)

VII M1 HA(w)/2 HA(w) HA(w

Table I.18: Coefficients for ID3 in the approximation.

IA(w) =
1− 4w+ 3w2 − 2w2log (w)

4 (−1+w)3
(I.347)

Considering the last D integral, one obtains

ID3 =
iπ2

(2π)4

(
−gµνIδD1 + cycl. +

1

m4
ĨD3

)
(I.348)

ĨD3 =p
ν
1p
µ
1p
δ
1Do111

+
(
pν1p

µ
1p
δ
2 + p

ν
1p
µ
2p
δ
1 + p

ν
2p
µ
1p
δ
1

)
Do112

+
(
pν1p

µ
1p
δ
3 + p

ν
1p
µ
3p
δ
1 + p

ν
3p
µ
1p
δ
1

)
Do113

+
(
pν1p

µ
2p
δ
2 + p

ν
2p
µ
1p
δ
2 + p

ν
2p
µ
2p
δ
1

)
Do122

+
(
pν1p

µ
2p
δ
3 + p

ν
1p
µ
3p
δ
2 + p

ν
2p
µ
1p
δ
3

+pν2p
µ
3p
δ
1 + p

ν
3p
µ
1p
δ
2 + p

ν
3p
µ
2p
δ
1

)
Do123

+
(
pν1p

µ
3p
δ
3 + p

ν
3p
µ
1p
δ
3 + p

ν
3p
µ
3p
δ
1

)
Do133

+ pν2p
µ
2p
δ
2Do222

+
(
pν2p

µ
2p
δ
3 + p

ν
2p
µ
3p
δ
2 + p

ν
3p
µ
2p
δ
2

)
Do223

+
(
pν2p

µ
2p
δ
3 + p

ν
3p
µ
2p
δ
3 + p

ν
3p
µ
3p
δ
2

)
Do233.

+ pν3p
µ
3p
δ
3Do333. (I.349)

The Tab. I.19 lists the coefficients for the different cases. The new
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Case Do111 Do112 Do113 Do122 Do123

I JA(w) KA(w) KA(w) LA(w) LA(w)/2

II MA(w) LA(w) MA(w)/3 KA(w) LA(w)/2

III MA(w) MA(w)/3 LA(w) MA(w)/3 LA(w)/2

IV NA(w) NA(w)/3 PA(w) NA(w)/3 PA(w)/2

V NA(w) PA(w) NA(w)/3 KA(w) PA(w)/2

VI 3 LA(w) KA(w) KA(w) PA(w) PA(w)/2

VII QA(w) QA(w)/3 QA(w)/3 QA(w)/3 QA(w)/6

Case Do133 Do222 Do223 Do233 Do333 m

I LA(w) MA(w) MA(w)/3 MA(w)/3 MA(w) M2

II MA(w)/3 JA(w) KA(w) LA(w) MA(w) M1

III KA(w) MA(w) LA(w) KA(w) JA(w) M1

IV KA(w) NA(w) PA(w) KA(w) 3LA(w) M3

V NA(w)/3 3LA(w) KA(w) PA(w) NA(w) M2

VI PA(w) NA(w) NA(w)/3 NA(w)/3 NA(w) M1

VII QA(w)/3 QA(w) QA(w)/3 QA(w)/3 QA(w) M1

Table I.19: Overview for ID4

functions are

JA(w) =−
(
−37+ 8w+ 36w2 − 8w3 +w4

−12(1+ 4w)log (w))
1

48 (−1+w)6
,

KA(w) =−
(
3+ 44w− 36w2 − 12w3 +w4

+12w(2+ 3w)log (w))
1

72 (−1+w)6
,

LA(w) =
(
−1+ 12w+ 36w2 − 44w3 − 3w4

+12w2(3+ 2w)log (w)
) 1

72 (−1+w)6
,

MA(w) =−
(
1− 8w+ 36w2 + 8w3 − 37w4

+12w3(4+w)log (w)
) 1

48w6
,

NA(w) =−
(
12+ 65w− 120w2 + 60w3 − 20w4

+3w5 + 60wlog (w)
) 1

240w (−1+w)6
,

PA(w) =−
(
−37+ 8w+ 36w2 − 8w3 +w4

−12(1+ 4w)log (w))
1

144 (−1+w)6
,
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e1 e2

F

S

Figure I.129: Loop for IA.

QA(w) =
(
−3+ 20w− 60w2 + 120w3 − 65w4

−12w5 + 60w4log (w)
) 1

240 (−1+w)6
. (I.350)

i.5 loop topologies for lfv within t12a and similar mod-
els

This section contains a general description of loop topologies, that
can appear in LFV processes within minimal models, containing ad-
ditional neutral and charged fermions as well as scalars coupling to
the Standard Model lepton doublets. The loops feature fermions F
and scalars S, which might be charged and can contribute to pro-
cesses with neutrinos or charged leptons ei. The arguments of the
loop functions are given as

B =B(P1,M0,M1),

C =C(P1,P2,M0,M1,M2),

D =D(P1,P2,P3,M0,M1,M2). (I.351)

To obtain the loop functions in the approximation of massless leptons,
the functions in Section I.4 are used. The integral IA in the amplitude
described by Fig. I.129 can be expressed as

IA =(γδBδ +mfB
0), (I.352)

with the arguments given in Tab. I.20. For further reduction of the

Loop function argument P1 M0 M1

equivalent −p mF mS

Table I.20: Arguments for Fig. I.129

tensor integrals see Section I.2. The triangular loop, coming along
with emission of photons from charged scalars, shown in Fig. I.130,
is reduced to

IνB =2γδCδν + γδ(−2pν + kν)Cδ
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e1

γ

e2

F

F

S

Figure I.130: Diagram for IB.

+ 2mFC
ν +mF(−2p

ν + kνC0), (I.353)

with the loop function arguments given in Tab. I.21. If the fermion

Loop function argument P1 P2 M0 M1 M2

equivalent −p −p+ k mF mS mS

Table I.21: Loop arguments for IB

e1

γ

e2

S

S

F

Figure I.131: Topology for integral IC

line is charged and emits a photon the diagram is shown in Fig. I.131.
The structure of the integral is

IνC =γδγνγλCδλ + (γδγνmf − /kγ
νγδ +mFγ

νγδ)Cδ

+ (−/kγνmF +m
2
fγ
ν)C0, (I.354)

where the arguments are as in Tab. I.22 In the box topology with

Loop function argument P1 P2 M0 M1 M2

equivalent −k −p mF mF mS

Table I.22: Table for IC

charged scalars as in Fig. I.132, the integral is given by

I
νµ
D =4γδDδνµ + 4mFD

νµ
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e1

SS

F S

γ

γ

e2

Figure I.132: Diagrams for ID

+ 2(−2pν + kν)γδDδµ + 2(−2pmu + 2kµ1 + kµ2 )D
δν

+ (−2pν + kν1 )(−2p
µ + 2kµ1 + kµ2 )γ

δDδ

+ 2mF(−2p
µ + 2kµ1 + kµ2 )D

ν

+mF(−2p
ν + kν1 )(−2p

µ + 2kµ1 + kµ2 )D
0, (I.355)

with the loop function arguments listed in Tab. I.23. The box with

Loop function argument P1 P2 P3 M0 M1 M2 M3

equivalent −p −p+ k1 −p+ k1 + k2 mF mS mS mS

Table I.23: Arguments for loop functions in ID from Fig. I.132

e1

FF

S F

γ

γ

e2

Figure I.133: Diagram for loop integral IE.

charged fermions leads to

I
µν
E =γαγµγβγνγδDαβδ

+ (γαγµγβγνmF + γ
αγµ(−/k1 +mF)

+ (−/k1 + /k2 +mF)γ
µγαγνγβ)Dαβ

+ (γαγµ(−dsk1 +mF)γ
νmF

+ (−/k1 − /k2 +mF)γ
µγαγνmF

+ (−/k1 − /k2 +mF)γ
µ(−/k1 +mF)γ

µγα)Dα

+ ((−/k1 − /k2 +mF)γ
ν(−/k1 +mF)γ

νmF)D
0, (I.356)
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Loop function argument P1 P2 P3 M0 M1 M2 M3

equivalent −k1 − k2 −k1 −p mF mF mF mS

Table I.24: Loop function arguments for IE.

where the arguments are as shown in Tab. I.24. There are also loops,
which allow for three final state fermions, such as Fig. I.134. One is

e1

SF

S F

e2

e3

e4

Figure I.134: Diagram with three final state fermions.

shown in Fig. I.134 and the integral is given by

IF =u2 · 2 · γδ · 1 · u1u4 · 4 · γλ · 3 · u3Dδλ

+ u2 · 2 · γδ · 1 · u1u4 · 4 · (−/p2 + /p3 +mFj) · 3 · u3Dδ

+ u2 · 2 ·mFi · 1 · u1u4 · 4 · γδ · 3 · u3Dδ

+ u2 · 2 ·mFi · 1 · u1u4 · 4 · (−/p2 − /p3 +mFj) · 3 · u3D0,

(I.357)

with the corresponding loop function arguments listed in Tab. I.25.
One can also consider coupling to the Higgs instead of the pho-

Loop function argument P1 P2 P3 M0

equivalent −p2 − p3 −p1 −p2 mFi

Loop function argument M1 M2 M3

equivalent mFj mSm mSn

Table I.25: Argument set for IF.

ton, which can lead to the triangle diagrams shown in Fig. I.135 and
Fig. I.136. The corresponding loop integrals are for Fig. I.135

IG =((−/k+mF)γ
δ + γδmF)C

δ + (−/k+mF)mFC
0, (I.358)

with the arguments as in Tab. I.26. and for Fig. I.136

IH =γδCδ +mFC
0, (I.359)

where the arguments are given in Tab. I.26.
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Figure I.135: Loop with Higgs.

Figure I.136: Loop with Higgs.

Loop function argument P1 P2 M0 M1 M2

equivalent −k −p mF mF mS

Table I.26: Arguments for IG.

Loop function argument P1 P2 M0 M1 M2

equivalent −p −p+ k mF mS mS

Table I.27: Loop function arguments for Fig. I.136.

i.6 e1 → e2γ in t12a and similar models

This section contains a short overview for the lepton flavor violating
process of e1 → e2γ for example µ → eγ. In a generic way the
couplings between a scalar and two fermions can be described by

i = giLPL + giRPR (I.360)

see Appendix E. The coupling constant with photons is represented
by 0 in the following. The process e1 → e2γ within models like
T12A can feature diagrams shown in Fig. I.137.The incoming lepton
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e1 e1

γ

e2

F

S

e1 e2

γ

e2

F

S

e1

γ

e2

S

S

F

e1

γ

e2

F

F

S

Figure I.137: Diagrams for µ→ eγ.

Table I.28: Arguments for e1 → e2γ

. The loop integrals can be found in Section I.4.

Function arguments P1 P2 M0 M1 M2

In F1 −p2 - mF(mψ−
D

) mφ−
D

(mS) -

In F2 −p1 - mF(mψ−
D

) mφ−
D

(mS) -

InF3 −p1 −p2 mF mφ−
D

mφ−
D

In F4 −k −p1 mψ−
D

mψ−
D

mS

has momentum p1, the outgoing p2 and the photon k. In the loop q
runs across the fermion line. The corresponding amplitudes are

F1 =ε
∗
1νu2 · 2 · IA · 1 ·

/p2 +m
2
1

p22 −m
2
1

· 0 · γνu1

F2 =ε
∗
1νu2 · 0 · γν /

p1 +m2

p21 −m
2
2

· 2 · IA · 1 · u1

F3 =ε
∗
1νu2 · 2 · IνB · 1 · 0 · u1

F4 =ε
∗
1νu2 · 2 · IνC · 1 · 0 · u1 (I.361)

where the arguments for the loop functions are summarized in Tab. I.28,
The − indicates when a charged particle runs in the loop,since there
are several combinations. φ−

D is a charged scalar and ψ−
D a charged

fermion. Kinematics and on-shell conditions fix

p1 = p2 + k1

p21 = m
2
1

p22 = m
2
2
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Table I.29: Arguments for loop functions in e1 → e2γγ

Function arguments P1 P2 P3

In F1 −p2 - -

In F2 −p1 + k1 - -

In F3 −p1 - -

In F4 −p1 + k1 −p2 -

In F5 −p1 −p1 + k1 -

In F6 −k2 −p1 + k1 -

In F7 −k1 −p1 -

In F8 −p1 −p1 + k1 −p2

In F9 −k1 − k2 −k1 −p1

Function arguments M0 M1 M2 M3

In F1 mF(mψ−
D

) mφ−
D

(mS) - -

In F2 mF(mψ−
D

) mφ−
D

(mS) - -

In F3 mF(mψ−
D

) mφ−
D

(mS) - -

In F4 mF mφ−
D

mφ−
D

-

In F5 mF mφ−
D

mφ−
D

-

In F6 mψ−
D

mψ−
D

mS -

In F7 mψ−
D

mψ−
D

mS -

In F8 mF mφ−
D

mφ−
D

mφ−
D

In F9 mψ−
D

mψ−
D

mψ−
D

mS

k21 = 0

p1p2 =
m21 +m

2
2

2

p1k1 =
m21 −m

2
2

2

p2k1 =
m21 −m

2
2

2
. (I.362)

see Appendix B. When calculating an actual branching ratio one has
to consider possible summation over internal fermions and scalars.
Depending on the model not all vertices may be present and thus
reduce the number of corresponding diagrams.

i.7 process e1 → e2γγ

Considering lepton flavor violation, the process e1 → e2γγ plays
a role. The amplitudes for this process are shown in Fig. I.138. The
leptons ei have four-momentum pi and the photons ki. Any coupling
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to the photon is labeled 0 , couplings between F, S and ei is given as
i . An overview on generic couplings is found in Appendix E. The

amplitudes corresponding to the diagrams are

F1 =ε
∗
1νε
∗
2µu2 · 2 · IA · 1 ·

/p2 +m1

p22 −m
2
1

· 0 · γµ

·
/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

· 0 · γνu1,

F2 =ε
∗
1νε
∗
2µu2γ

µ · 0 ·
/p1 − /k1 +m2

(p1 − k1)2 −m
2
2

· 2 · IA

· 1 ·
/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γν · 0 · u1,

F3 =ε
∗
1νε
∗
2µu2γ

µ · 0 ·
/p1 − dsk1 +m2

(p1 − k1)2 −m
2
2

· γν

· 0 ·
/p1 −m2

p21 −m
2
2

· 2 · IA · 1 · u1,

F4 =ε
∗
1νε
∗
2µu2 · 2 · IB · 0 · 1 ·

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

· γν · 0 · u1,

F5 =ε
∗
1νε
∗
2µu2γ

µ · 0 ·
/p1 − /k1 +m2

(p1 − k1)2 −m
2
2

· 2 · IB · 0 · 1 · u1,

F6 =ε
∗
1νε
∗
2µu2 · 2 · IC · 0 · 1 ·

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

· γν · 0 · u1,

F7 =ε
∗
1νε
∗
2µu2γ

µ · 0 ·
/p1 − /k1 +m2

(p1 − k1)2 −m
2
2

· 2 · IC · 0 · 1 · u1,

F8 =ε
∗
1νε
∗
2µu2 · 2 · ID · 0 · 0 · 2 · u1,

F9 =ε
∗
1νε
∗
2µu2 · 2 · IE · 0 · 0 · 2 · u1, (I.363)

with the arguments listed in Tab. I.29. General expressions and solu-
tions for the loop integrals are listed in Section I.4. Kinematics and
on-shell conditions allow to reduce the expression, so that they only
depend on two independent scalar products p1k1 and p1k2 and all
other scalar products can be expressed depending on them – compare
Appendix B.

p21 =m
2
1,

p22 =m
2
2,

k21 =0,

k22 =0,

p1p2 =m
2
1 − p1k1 − p2k2,

k1k2 =
m21 +m

2
2 − 2p1p2
2

,

p2k1 =p1k1 − k1k2,

p2k2 =p1k2 − k1k2. (I.364)
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Table I.30: Arguments for the loop integrals

Function arguments P1 P2 P3 M0

in F1 −p4 - - mF(mψ−
D

)

in F3 −p1 - - mF(mψ−
D

)

in F5 −p1 + p4 −p1 - mψ−
D

in F7 −p1 −p4 - mF

in F8 −p1 −p4 - mF(mψ−
D

)

in F9 −p3 − p4 −p1 −p4 - mF(mψ−
D

) )

s in F10 −p3 − p4 −p1 −p3 - mF(mψ−
D

)

Function arguments M1 M2 M3

in F1 mφ−
D

(mS) - -

in F3 mφ−
D

(mS) - -

in F5 mψ−
D

mS -

in F7 mφ−
D

mφ−
D

-

in F8 mφ−
D

(mS) mφ−
D

(mS) -

in F9 mF(mψ−
D

) mφ−
D

(mXm ) mφ−
D

(mXn )

s in F10 mF(mψ−
D

) mφ−
D

(mXm ) mφ−
D

(mXn )

i.8 process : e1 → e2e2e3

Fig. I.139 shows all diagrams for the process e1 → e2e3e4. All loops
from the process e1 → e2γ appear in addition to new box topologies.
Only for box diagrams e2 and e3 do not have to be from the same
lepton family. In all other diagrams, they are created as lepton anti-
lepton pairs. In principle, there could also be processes with Higgs
or Z bosons, but they are not as important, especially for very small
lepton masses. The leptons ei have momentum pi. The coupling to
photons is labeled 0 , the vertex between ei, F and S is i . Generic
expressions for the vertices are found in Appendix E. The correspond-
ing amplitudes for Fig. I.139 are

F1 =u4 · 2 · IA · 1 ·
/p4 +m1

p24 −m
2
1

· γµ · 0 · u1u3γν

· 0 · gµν

(p1 − p4)2
u2,

F3 =u4 · γµ · 0 ·
/p1 +m3

p21 −m
3
3

· 2 · IA · 1 · u1u3γν

· 0 · gµν

(p1− p4)2
u2,

F5 =u4 · 2 · IµC · 0 · 1 · u1u3 · γν · 0 · gµν

(p1− p4)2
u2,
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F7 =u4 · 2 · IµB · 0 · 1 · u1u3 · γν · 0 · gµν

(p1− p4)2
u2,

F8 =u4 · 2 · IH · 9 · 1 · u1u3 · 6 · gµν

(p1− p4)2
u2,

F9 =u4 · 2 · γδ · 1 · u1u3 · 4 · γλ · 3 · u2Cδλ

+ u4 · 2 · γδ · 1 · u1
u3 · 4 · (−/p3 − /p4 +mFj) · 3 · u2Cδ

+ u4 · 2 ·mFi · 1 · u1
u3 · 4 · γδ · 3 · u2Cδ

+ u4 · 2 ·mFi · 1 · u1
u3 · 4 · (−/p3 − /p4 +mFj) · 3 · u2C0,

F10 =u3 · 2 · γδ · 1 · u1
u4 · 4 · γλ · 3 · u2Cδλ

+ u3 · 2 · γδ · 1 · u1
u4 · 4 · (−/p3 − /p4 +mFj) · 3 · u2Cδ

+ u3 · 2 ·mFi · 1 · u1
u4 · 4 · (−/p3 − /p4 +mFj) · 3 · u2Cδ

+ u3 · 2 ·mFi · 1 · u1
u4 · 4 · (−/p3 − /p4 +mFj) · 3 · u2C0. (I.365)

The loop integrals can be found in Appendix B, their arguments are
listed in Tab. I.30.

i.9 µ → eγ example calculation in the scotogenic model

In the scotogenic model, as presented in Section 5.1.3, the loop inte-
grals from Eq. 5.96, Eq. 5.97 and Eq. 5.98 are:

Ma =
−ey∗ieyiµ

2
ε∗νu(pe)PrγδI

δ
a

/pe +mµ

−m2µ
u(pµ) ,

Mb =
−ey∗ieyiµ

2
ε∗νu(pe)Prγ

ν
/pµ

m2µ
γδI

δ
bu(pµ) ,

Mc =
−ey∗ieyiµ

2
ε∗νu(pe)PrγδI

δν
c u(pµ) , (I.366)

where

Iδa =

∫
qδ

(q2 −M2
i )((q − pe)2 −m2η+ )

d4q
(2π)4

,

Iδb =

∫
qδ

(q2 −M2
i )((q − pµ)2 −m2η+ )

d4q
(2π)4

,

Iδνc =

∫
qδ(2qν − 2pνe )

(q2 −M2
i )((q − pe)2 −m2η+ )((q − pµ)2 −m2η+ )
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d4q
(2π)4

. (I.367)

The denominators after the parametrization are

Da =x(q2 −M2
i ) + (1− x)((q− pe)

2 −m2η+),

Db =x(q2 −M2
i ) + (1− x)((q− pµ)

2 −m2η+),

Dc =x(q
2 −M2

i ) + y((q− pe)
2 −m2η+)

+ z((q− pµ)
2 −m2η+) (I.368)

where x+ y+ z = 1. As the particles in the loop are heavy compared
to muons and electrons, the masses of electron and muon become
negligible. Thus, the denominators read as

Da =q2 + 2qpe(x− 1) −m
2
η+(1− x) −M

2
i x,

Db =q2 + 2qpµ(x− 1) −m
2
η+(1− x) −M

2
i x,

Dc =q
2 + 2q(−pey− pµz) −m

2
η+(y+ z) −M

2
i x. (I.369)

In order to complete the squares in each denominator, q is shifted
appropriately

a : q→ l = q+ pe(x− 1),

b : q→ l = q+ pµ(x− 1),

a : q→ l = q− pey− pµz. (I.370)

Hence, the denominators simplify to

Da = Db = Dc = l
2 −A1, (I.371)

with

A1 = m
2
η+(1− x) +M

2
i x. (I.372)

The numerators of the integrals have to be shifted as well, according
to Eq. I.370.

Na =lδ,

Nb =lδ + pδµ(x− 1),

Nc =2(l
δ + pδµz)(l

ν + pνe (1− y) + p
ν
µz) (I.373)

where all terms with pδe were omitted, as the electron mass is zero
and therefore u(pe)/p6 = 0. The loop integrals are evaluated with use
of the generic integrals given in Section I.3. If the integral is finite,
one can perform the limit D→ 4.
One is left with the integrals

Iδa =

∫1
0

dx
∫
µ4−D

(2π)D
Na

(l2 −A1)2
dDl,
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Iδb =

∫1
0

dx
∫
µ4−D

(2π)D
Nb

(l2 −A1)2
dDl,

Icδ,ν =

∫1
0

dxdydzδ(x+ y+ z− 1)
∫
µ4−D

(2π)D
Nc

(l2 −A1)3
dDl.

(I.374)

Iδa is zero by means of symmetry, as all of these integrals with an
odd number off l’s in the numerator vanish. Iδb does not converge, so
the limit of D to 4 can not be taken. Iδνc consists of one finite part
Iδνc,conv and one part Iδνc,div where the limit can not be taken directly.
For this part, the integration over z and y is already performed, as A1
depends on x only. The integrals are

Iδa =0,

Iδb =

∫1
0

dx
µ4−D

(2π)D
iπD/2Γ(2−D/2)A

D/2−2
1 pδµ(1− x),

Iδνc,div =

∫1
0

dx
µ4−D

(2π)D
((−i)gνδπD/2A

D/2−2
1 Γ(2−D/2)(1− x),

Iδνc,conv =

∫1
0

dxdydzδ(x+ y+ z− 1)

−iπ2

(2π)4
(pνe (1− y) + p

ν
µz)p

δ
µz

A1
. (I.375)

With the definition of ε and ∆ for the divergences as in Section I.1 the
integrals simplify to

Iδb =
iπ2

(2π)4
π−2εpδµIdiv,

Iδνc =
−iπ2

(2π)4
π−2εIdiv, (I.376)

at which

Idiv :=

∫1
0

dx(1− x)(∆− Γ(1+ ε)log(
A1
µ2

)). (I.377)

Introducing the simplified form of the divergent integrals Eq. I.376 to
the amplitudes Eq. 5.97 and Eq. 5.98 results in

Mb =KIdivε
∗
νu(pe)PRγ

ν
/pµ

m2mu
/pµu(pµ),

Mc,div =KIdivε
∗
νu(pe)PRγ

ν
/pµ

m2mu
/pµu(pµ), (I.378)

with the abbreviation

K :=
−ey∗ieyiµ

2

iπ2

(2π)4
π−2ε. (I.379)
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As /pµ/pµ = m2µ, both divergent parts cancel and one is left with the
further evaluation of Iδνc,conj in Eq. I.375. The integration over x, y and
z can be performed directly. If one uses

ζi :=
M2
i

m2η+
(I.380)

and

peν = pνµ, (I.381)

as the kinematics give

pνµ = pνe + k
ν, (I.382)

and the kν term does not give any contribution, when contracted
with ε∗ν, the outcome is

Iδνc,conv =
iπ2

(2π)4
1

m2η+
F2(ζi)p

δ
µpµ

ν, (I.383)

with the loop function F2 defined as

F2(x) :=
1− 6x+ 3x2 + 2x3 − 6x2logx

6(1− x)4
. (I.384)

Hence, the amplitude Eq. 5.98 is, after using /pµu(pµ) = mµu(pµ),

Mc = iK2ε
∗
νu(pe)PRp

ν
µu(pµ), (I.385)

with

K2 =
−π2ey∗ieyiµ

2(2π)4mµm2η+
F2(ζi). (I.386)

i.10 loops in the scotogenic model for µ → eγγ

The calculations presented in this section are for the process of µ →
eγγ in the scotogenic model described in Section 5.1.3. The ampli-
tudes are

M1 =Kε∗1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

PRγδI
δ
1

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1 ,

M2 =Kε∗1µε
∗
2νu2PRγδI

δν
2

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1 ,

M3 =Kε∗1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

PRγδI
δµ
3 u1 ,
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M4 =Kε∗1µε
∗
2νu2PRγδI

δ
4

/p2 +m1

−m21
γν

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1 ,

M5 =Kε∗1µε
∗
2νu2γ

ν /p1 − /k1
(p1 − k1)2

γµ
/p1
m21

PRγδI
δ
5u1 ,

M6 =Kε∗1µε
∗
2νu2PRγδI

δµν
6 u1 . (I.387)

Where p1 is the muon momentum, p2 is the electron momentum,
the electron mass m2 is set to zero, k1,2 are the four-momenta of
the photons from left to right which are associated with the index
µ and ν. Momenta in the loop are always chosen such, that q runs
along the fermion line. The amplitudes for the exchange diagrams are
obtained when exchanging k1 with k2 and the indicesν and µ. u1 is
the spinor corresponding to the muon with mass m1 and momentum
p1, u2 is associated with the electron, which has a negligible mass
and momentum p2, ε1 = ε(k1) and ε2 = ε(k2). The loop integrals
are given by

Iδ1 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)
, (I.388)

Iδν2 =

∫
d4q

(2π)4
2qδ(qν − pν2 )

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)

1

((q− p2)2 −m
2
η+)

, (I.389)

I
δµ
3 =

∫
d4q

(2π)4
2qδ(qµ − pµ1 )

(q2 −M2
i )((q− p1 + k1)

2 −m2η+)

1

((q− p1)2 −m
2
η+)

, (I.390)

Iδ4 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p2)

2 −m2η+)
, (I.391)

Iδ5 =

∫
d4q

(2π)4
qδ

(q2 −M2
i )((q− p1)

2 −m2η+)
, (I.392)

I
δµν
6 =

∫
d4q

(2π)4
4qδ(qν − pν2 )(q

µ − pµ1 )

(q2 −M2
i )

1

((q− p2 − k2)2 −m
2
η+)

1

((q− p2)2 −m
2
η+)

1

((q− p1)2 −m
2
η+)

. (I.393)

They can be solved within the approximation of heavy masses in the
loop, as described in the following or the Passarino-Veltman functions
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can be directly identified.
Kinematics fix

p1 = p2 + k1 + k2. (I.394)

For the first diagram, Fig. 5.40 (a), the denominator is

D1 = l
2 −A1, (I.395)

with

A1 = m
2
η+(1− x) +M

2
i x. (I.396)

After shifting q to l = q+ (k1 + p1)(x− 1), the numerator becomes

N1 = (kδ1 + p
δ
1)(1− x). (I.397)

The terms proportional to lδ are omitted, as they vanish in the inte-
gration over l, due to symmetry arguments. In general, the relations

pδ2 → 0 as u2/p2 = 0,

k
µ
1 → 0 as ε∗µ1k

µ
1 = 0,

kν2 → 0 as ε∗ν2k
ν
2 = 0, (I.398)

are used when treating the amplitudes.
The l integration of Eq. I.388 can then be performed. The result is,
using the expressions Eq. I.300 and Eq. I.304 to Eq. I.308,

Iδ1 =
iπ2

(2π)4
π−2ε

∫1
0

dxN1(∆− Γ(1+ ε)log(
A1
µ2

). (I.399)

For the second diagram in Fig. 5.40 (b) the denominator is

D2 = l
2 −A2, (I.400)

with

A2 =m
2
η+(y+ z) +M

2
i x

=m2η+(1− x) +M
2
i x, (I.401)

with as x+ y+ z = 1 and the sift to

l = q+ (k1 − p1)y− p2z. (I.402)

When neglecting all odd powers of l in the integral, the numerator
becomes

N2 = N21 +N22, (I.403)

where

N21 =4l
δlν,
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N22 =4(k
δ
1 − p

δ
1)y(p

ν
2 + (kν1 − p

ν
1 )y− p

ν
2z). (I.404)

For N21 the l integral is performed according to Eq. I.311 and for N22
Eq. I.310 is used. In the second integral, the limit D→ 4 is performed,
as this integral is finite. After using the definitions Eq. I.300, Eq. I.380

and the relations Eq. I.304 to Eq. I.308 and performing the x, y and z
integrals if possible, the result is

Iδν21 =2gδν
iπ2

(2π)4
π−2ε(4π)ε

(
1

2
∆

−

∫1
0

log(
A2
µ2

)δ(x+ y+ z− 1)dxdydz

)
,

Iδν22 =
−iπ2

(2π)4
(kδ1 − p

δ
1)(p

ν
1 − k

ν
1 )
F2(ζi)

m2η+
, (I.405)

with F2(x) as in Eq. 5.104.
For diagram Fig. 5.40 (c) the denominator is given by

D3 =x(q
2 −M2

i ) + y((q− p1 + k1)
2 −m2η+)

+ z((q− p1)
1 −m2η+), (I.406)

where x+ y+ z = 1. The denominator simplifies to

D3 = l
2 −A2, (I.407)

by shifting q to

l = q+ k1y− p1(y+ z). (I.408)

After neglecting all terms with odd numbers of ls, the numerator is

N3 = N31 +N32, (I.409)

with

N31 =2l
µlδ,

N32 =− 2pµ1 (−1+ y+ z)(k
δ
1y− p

δ
1(y+ z)). (I.410)

Analogous to Iδν2 the l integration and most of the x, y and z integrals
are performed. The final result is

I
δµ
31 =2gµδ

iπ2

(2π)4
π−2ε(4π)ε

(
1

2
∆

−

∫1
0

log(
A2
µ2

)δ(1− x− y− z)dxdydz

)
, (I.411)

I
δµ
32 =

−iπ2

(2π)4
(kδ1 − 2p

δ
1)p

µ
1

F2(ζi)

m2η+
. (I.412)
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For diagram 5.40 (d) the denominator after Feynman parametrization
reads as

D4 = x(q
2 −M2

i ) + (1− x)((q− p2)
2 −m2η+). (I.413)

q is shifted to

l = q+ p2(x− 1), (I.414)

which results in

D4 = l
2 −A1. (I.415)

Similarly, the numerator is shifted to

N4 = p
δ
2(1− x), (I.416)

when omitting all l-odd terms. Due to Eq. I.398, the pδ2 term makes
the integral vanish.
For diagram 5.40 (e) the denominator, after Feynman parametrization
,is

D5 = x(q
2 −M2

i ) + (1− x)((q− p1)
2 +m2η+). (I.417)

In order to complete the square, all simplifications are applied and q
is shifted to

l = q+ p1(x− 1), (I.418)

which results in

D5 = l
2 −A1. (I.419)

The numerator without the lδ term is then

N5 = p
δ
1(1− x). (I.420)

Hence, one is left with the expression

Iδ5 =

∫1
0

dx
∫

dDl
µ4−D

(2π)D
N5

(l2 −A1)2
, (I.421)

which simplifies to, when evaluating the l integral,

Iδ5 =
iπ2

(2π)4
π−2εpδ1

∫1
0

dx(1− x)(∆− Γ(1+ ε)ln(
A1
µ2

). (I.422)

The process in diagram 5.40 (f) yields the denominator

D6 =x(q
2 −M2

i ) + y((q− p2)
2 −m2η+)

+ z((q− p2 − k2)
2 −m2η+) +w((q− p1)

2 −m2η+), (I.423)
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at which

x+ y+ z+w = 1. (I.424)

Shifting q as

q = l+ p1w+ p2y+ k2z+ p2z (I.425)

and using all simplifications, one is left with

D6 = l
2 −A6, (I.426)

where

A6 =M
2
i x+m

2
η+(1− x). (I.427)

The numerator is

N6 = q
δ(2qν2pν2 )(2q

µ − 2pµ1 ). (I.428)

It is shifted according to Eq. I.425 and terms proportional to an odd
number of l’s are neglected:

N6 = N61l
µlν +N62l

µlδ +N63l
νlδ +N64, (I.429)

with

N61 =4(p
δ
1w+ kδ2z),

N62 =4(p
ν
1w+ pν2 (−1+ y+ z)),

N63 =4(p
µ
1 (−1+w) + p

µ
2 (y+ z) + k

µ
2 z),

N64 =4(p
δ
1w+ kδ2z)(p

ν
1w+ pν2 (−1+ y+ z))

(pµ1 (−1+w) + p
µ
2 (y+ z) + k

µ
2 z). (I.430)

This leads to

I
δµν
6 =6(4πµ2)π−ε(2π)−4∫

dxdydzdwδ(x+ y+ z+w− 1) (I.431)∫
dDl

(
N61l

µlν

(l2 −A6)4
+

N62l
µlδ

(l2 −A6)4

+
N63l

νlδ

(l2 −A6)4
+

N64
(l2 −A6)4

)
. (I.432)

In order to perform the l integral on Iδµν6 , one can use Eq. I.310 and
Eq. I.311 to obtain

I
δµν
6 =

iπ2

(2π)4
(−I61g

µν − I62g
µδ − I63g

νδ + I64), (I.433)

with

I6i =

∫
dxdydzdwδ(x+ y+ z+w− 1)

N6i
A6

, for i = 1, 2, 3, 4,
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I61 =
2

3
(kδ2 + p

δ
1

G2(ζi)

m2η+
,

I62 =− 2pν1
F2(ζi)

m2η+
+ kν1

H1(ζi)

m2η+
,

I63 =
2

3
p
µ
2

G2(ζi)

m2η+
− pµ1

H1(ζi)

m2η+
,

I64 =k
δ
2

(
p
µ
1 (p

ν
1H2(ζi) + p

ν
2H3(ζi))

+kµ2 (p
ν
1H4(ζi) + p

ν
2H5(ζi))

)
+ kδ1(p

µ
1 (
2

3
pν1H2(ζi) + p

ν
2H6(ζi))

+ kµ2 (
3

2
pν1H4(ζi) + p

ν
2H7(ζi))), (I.434)

where F2(x) is as in Eq. 5.104 and the other functions are

G2(x) =
2− 9x+ 18x2 − 11x3 + 6x3logx

6(1− x)4
,

H1(x) =
5− 27x+ 27x2 − 5x3 + 6(−3+ x)x2logx

9(1− x)4
,

H2(x) =
37x4 − 8x3 − 12(x+ 4)x3logx− 36x2 + 8x− 1

24(1− x)4
,

H3(x) =
(
−87x4 + 376x3 − 180x2

+12(3x2 − 4x− 24)x2logx− 120x+ 11
) 1

72(1− x)6
,

H4(x) =
−12x5 − 65x4 + 60x4logx+ 120x3 − 60x2 + 20x− 3

120(1− x)6
,

H5(x) =
(
36x5 − 175x4 − 280x3 − 60(x− 8)x3logx

+540x2 − 140x+ 19
) 1

360(1− x)6
,

H6(x) =
−31x4 + 96x3 − 36x2 + 12(x2 − 6)x2logx− 32x+ 3

36(1− x)6
,

H7(x) =
(
24x5 − 55x4 − 200x3 − 60(x− a)x3logx

+300x2 − 8x+ 11
) 1

360(1− x)6
. (I.435)

Using the results for the integrals from before, one can identify the
divergent and scale dependent parts of the amplitudes:

MD
1 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

(/k1 − /p1)(−
1

2
∆+ F)

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

u1

=− u2PRγ
ν(−

1

2
∆+ F)

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1,

MD
2 ∝ u2PRγν

/p1 − /k1 +m1

(p1 − k1)2 −m
2
1

γµu1

∼ −MD
1 ,
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MD
3 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

γµ(
1

2
∆− F)u1,

MD
5 ∝ u2PRγν

/p1 − /k1
(p1 − k1)2

γµ
/p21
m21

(−
1

2
∆+ F)u1

∼ −MD
3 , (I.436)

with

F =

∫1
0

(1− x)log(
A1
µ2

)dx. (I.437)

Adding up all amplitudes, it is found that the infinite parts cancel
each other. The only finite contributions are obtained from the dia-
grams (b), (c) and (f) in Fig. 5.40 and their exchange diagrams, so
only from I2,3,6.
The resulting squared amplitudes are

M2
2,2 =

(
m41 −m

2
1p1k1− 2p1k1(p1k1+ p1k2)

)
×
F2iF2jKiK

∗
j

(
m21 − 2p1k1

)2
m4η+p1k1

2
,

M2
2,3 =−

2F2iF2jKiK
∗
j

(
m21 − 2p1k1

) (
m41 −m

2
1p1k1

)
m4η+p1k1

,

M2
2,6 =

F2iKiK
∗
j

(
m21 − 2p1k1

)
12m4η+p1k1

×
(
F2j
(
48
(
m21 − p1k1

)
(p1k1+ p1k2)

)
+G2j

(
4
(
−5m41 + 8m

2
1p1k1+ 4p1k1p1k2

))
+H1j

(
6
(
m41 + 2m

2
1(p1k2− p1k1) − 4p1k1(p1k1+ p1k2)

))
+H2j

(
12m21m

2
η+

(
m21 − p1k1

) (
2m21 − p1k1− 2p1k2

))
+H3j

(
3m21m

2
η+

(
m21 − 2p1k1

) (
m21 − 2p1k1+ 2p1k2

))
+H4j

(
3m2η+

(
m21 − 2p1k1

) (
m21 − p1k1

) (
3m21 − 2p1k2

))
+H5j

(
12m2η+p1k2

(
m21 − 2p1k1

) (
m21 − p1k1

))
+H6j

(
6m21m

2
η+

(
m21 − 2p1k1

) (
m21 − 2p1k2

))
+H7j3m

2
η+

(
m21 − 2p1k1

)2 (
m21 − 2p1k2

))
,

M2
3,3 =

(
2m41 − 5m

2
1p1k1+ 2p1k1(p1k1+ p1k2)

)
×−

4F2iF2jKiK
∗
jm

2
1

m4η+
(
m21 − 2p1k1

) ,
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(
6m41 −m

2
1(13p1k1+ 8p1k2)

+2p1k1(4p1k1+ 5p1k2)))

+H4j

(
−3m21m

2
η+p1k2

(
6m41 −m

2
1(13p1k1+ 8p1k2)
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))
+ G2j

(
64
(
2m41 − 3p1k1m

2
1 − 2p1k1p1k2
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(
m41 − 3m

2
1p1k1+ 2p1k1

2
)

(
m21 − 2p1k2

)))
+H1i

(
F2j
(
72
(
m21 + 2p1k1

) (
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(
m21 − 2p1k1

)
(
m21 − 2p1k2

) (
m21 − p1k1− p1k2

)
p1k2

)
+ H6j (0)

+ H7j (0)
)

+H7i

(
F2j

(
36m2η+

(
m21 − 2p1k1

)
(
m21 − 2p1k2

) (
m21 − p1k1− p1k2

))
+ G2j

(
−12m2η+
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where the kinematic relations from Section B.2 for two vanishing
masses have been applied.
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Figure I.138: Diagrams for µ→ eγγ.
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The matrix M, defining the neutrino mass matrix Mν as in Eq. 5.147,
can be simplified in different ways depending on the model param-
eters. For the fermion and scalar mixing, the approximate mixing
matrices and mass eigenstates are given in Section 5.2.1.2 and Sec-
tion 5.2.1.4. They allow for further simplifications. This section con-
tains the resulting elements of M.

j.0.1 A = 0 and mλ = 0

For vanishing scalar and fermion mixing, A = 0 and y1,y2 = 0

M11 =0,

M12 =0m

M22 =
MF,S

16π2

×

2M2
F,S log

(
M2
F,S
)
−
(
L−v2 + 2M2

S,D
)

log
(
L−v2

2 + M2
S,D

)
−L−v2 + 2M2

F,S − 2M
2
S,D

+

(
L+v2 + 2M2

S,D
)

log
(
L+v2

2 + M2
S,D

)
− 2M2

F,S log
(
M2
F,S
)

−L+v2 + 2M2
F,S − 2M

2
S,D

 ,

(J.438)

is obtained, at which

L+ :=λD + λ′D + λ′′D,

L− :=λD + λ′D − λ′′D. (J.439)

In the limit of vanishing λS, λD and λ′D and small λ′′D the result sim-
plifies to

M22 =λ
′′
D

(
M3
F,Sv

2 log
(
M2
S,D
)
+ M3

F,Sv
2

−M3
F,Sv

2 log
(
M2
F,S
)
− MF,SM2

S,Dv
2
)

× 1

16π2
(
M2
F,S − M2

S,D
)2 , (J.440)

which is proportional to λ′′D.
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j.0.2 λS = λD = λ′D = λ′′D = 0 and A,mλ � 1

In the case of negligible scalar Higgs couplings, except for A and
small fermion mixing, (mλ � 1) the elements of M are

M11 ∝ m2λ,

M12 ∝ mλA,

M22 ∝ Const. (J.441)

Or, more precise

M11 =m
2
λ (MF,S(MF,D − MF,S)(MF,D + MF,S)

× (MF,D − MS,S)(MF,D + MS,S)

× cos(2t)
(
M2
F,S
(
M2
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F,D
)
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(
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)
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(
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)
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+M2
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)2 (
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(
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×
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)
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(
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)
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+ M4
F,S
(
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)2
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(
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)

+ M2
F,D log

(
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) (
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(
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)
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(
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(
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)
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× log
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M22 =−
(
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S,D log
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j.0.3 A = 0 and mλ � 1

Vanishing scalar mixing A = 0 leads to

M11 ∝ m2λ,

M12 ∝ 0,
M22 ∝ m2λ +Const. (J.444)
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j.0.4 A� 1 and mλ = 0

In the opposite case of negligible fermion mixing one finds

M11 ∝ 0,
M12 ∝ 0,
M22 ∝ Const+A2. (J.445)

The entire expression is
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S,S
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.

(J.446)

j.0.5 A� 1 and mλ � 1

For the case of small mixing in both sectors the matrix elements fol-
low the proportionalities

M11 ∝ m2λ,

M12 ∝ Amλ,

M22 ∝ A2 +m2λ +Const. (J.447)

Whereas the full results are very lengthy and therefore not displayed
here.
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