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Chapter 1

Introduction

Due to the Large Hadron Collider (LHC) at CERN particle physicists gained access to
higher precision tests of the Standard Model parameters. The Standard Model (SM)
of particle physics is the current status of a theory describing the fundamental forces
and building blocks of nature.
It is known to be imperfect (in addition to its own problems) and there is hope to
find new physics within the energy regime now accessible at the LHC. However, also
the search for new physics relies on the precision of the predictions of the SM. An
important uncertainty lies in the structure of the initially colliding particles which are
protons and lead nuclei.
The protons are believed to be bound states of so-called partons. The part of the SM
describing the interactions among these partons is the quantum field theory of strong
interactions namely Quantum Chromo-Dynamics (QCD). Unfortunately, this theory
does not lead to exactly solvable equations.
A perturbative model of the interactions at high momentum transfers has been de-
veloped with great success. But the calculation of bound states of these particles
remains inaccessible within perturbation theory. Therefore, this component still has to
be determined from experiment. At current status the pool of partons consists of the
force mediating gluons and six species of quarks. The substructure of the proton at
high momentum transfers is described through so-called Parton Distribution Functions
(PDFs).
In former collision experiments like the Deep-inelastic scattering (DIS) of electrons from
protons within the HERA physics program at DESY or of neutrinos from nucleons at
Fermilab Tevatron in particular the quark distributions have been constrained. The
gluon density on the other hand enters only at next-to-leading order in the perturbative
predictions for these processes.
The gluon PDF has been constrained mainly based on data from prompt photon pro-
duction through the so-called QCD Compton process in proton-proton (more generally
hadron-hadron) collisions, which is described in perturbation theory by the scattering
of an quark from a gluon producing a photon. However, photon isolation and frag-
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1. Introduction

mentation uncertainties have caused difficulties in the past (although the situation is
improving through recent LHC data).
We will consider another important SM process, the production of electroweak vector
bosons in proton-proton collisions.
We will investigate the possibility to make improvement on the current uncertainties
of PDFs in particular at high partonic momentum fractions (of the parent proton).
At leading order of perturbation theory, the production is described by two subpro-
cesses, namely quark-antiquark and quark-gluon scattering. It will be shown that at
high transverse momenta of the created vector boson, the quark-gluon subprocess will
become the dominant component, raising the sensitivity of the collision experiment to
the gluon distribution.
Furthermore, we will test the reliability of perturbation theory and its resummation
(based on non-perturbative fit parameters determined from Tevatron Run 1) while
comparing it to LHC data gained from its first run at a center of mass energy of
√
s = 7TeV.

The outline is the following.
Chapter two will deal with the basic features of the quantum field theory of the strong
interactions and how to derive predictions for scattering processes starting from the
field theoretic Lagrangian. Chapter three will apply the model to the case of weak
vector boson production in proton-proton collisions. After a short review of the status
of parton densities the numerical results will be presented in chapter five.
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Chapter 2

Basics of perturbative QCD

The underlying theory of our calculations is the SM of particle physics. It is a dy-
namical theory of relativistic and quantized fields that describes the electromagnetic,
weak and strong interactions between quarks and leptons which are assumed to be the
fundamental constituents of matter. The theory can be summarized by its Lagrangian
which is invariant under certain local gauge transformations corresponding to the SM
gauge group SU(3)C ×SU(2)L×U(1)Y . Our focus lies on the SU(3) component of the
SM. However since we are dealing with the production of weak bosons we will have
brief look at the electroweak sector too.
We spare a historical review but restrict our attention to the aspects relevant to cal-
culations.

2.1. The QCD Lagrangian

The theory of QCD describes the strong interaction of color -charged particles which
are quarks and gluons. Mathematically speaking QCD is a non-Abelian gauge theory
obeying a local gauge symmetry under transformations of the SU(3)C (the C holds
for the corresponding three colors) group. From experiments one distinguishes in six
quark flavors which differ in their masses an electromagnetic charges. Corresponding
to the their chronological discovery one usually speaks of three generations which come
in pairs of so-called up-type and down-type quarks where the former carry a fractional
electromagnetic charge of +2/3 e and the latter one of −1/3 e . The first generation
consists of light up(u)- and down(d)-quarks, the second of charm(c)- and strange(s)-
quarks and the third of heavy bottom(b)- and top(t)-quarks.
However, no isolated quarks could be found yet. So they are assumed to be bound to
color-singlet states. Within the model one summarizes these states as so-called hadrons
distinguished into baryons and mesons which are characterised by their quantum num-
ber giving so-called valence quarks. In the case of baryons the latter are three quarks
each one of different color and in the case of mesons one has an quark-antiquark pair
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2. Basics of perturbative QCD

with the same type of color (color and anti-color) yielding color neutral states.
The quanta of the gauge group are the so-called gluons mediating the force between
quarks while carrying color themselves. The coupling of the gluons to themselves turns
out to be an important feature of the theory. As we will discuss later on it will allow
to describe interactions of colorless bound states through the interaction of effectively
free quarks and gluons.
On the other hand there exist strong arguments how it also can explain the mechanism
that hides color to which one refers as color confinement. However this can not be de-
scribed within the approach we are going to follow which is an perturbative treatment
of the theory. For further readings on that topic see for example [1].
Our starting point is the classical Lagrangian of QCD given as below

Lcl =
∑
q

ψ̄q,i (iγ
µDµ ij −mqδij)ψq,j −

1

4
Ga
µνG

aµν . (2.1)

The quark fields are represented by Dirac spinors coming in three different colors, i.e.
by ψq,j where q denotes the flavor of the quarks with mass mq and j the color index
running from 1 to NC = 3. The γµ are labeling the common Dirac matrices and
accordingly the adjoint spinor is defined as ψ̄q,i = ψ†q,iγ

0.
To ensure the invariance of the Lagrangian under SU(3)C gauge transformations the
derivative Dµ ij is made up in such a way that Dµ ijψq,j transforms as ψq,i under these
transformations and it is therefore called covariant derivative. It is defined as

Dµ ij = δij∂µ + igst
a
ijG

a
µ . (2.2)

The taij are the generators of the SU(3) group in the fundamental representation with
a running from 1 to N2

c − 1 = 8 and they act on the quark fields which are therefore in
the fundamental representation, too. To each generator corresponds a gauge field Ga

µ.
To get the actual QCD Lagrangian these fields still have to be quantized.
As mentioned above these quanta are the so-called gluons, so we go on referring to the
gauge fields as gluon fields. Thus, the second term of the covariant derivative (included
in the Lagrangian) represents the interaction of the gluon fields with the quark fields
which is just a rotation of the quark colors in SU(3) color space. The strength of the
interaction is described universally by the strong coupling constant gs. The last term
of the classical Lagrangian embodies the kinematics of the gluon fields. The gluon field
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2.1. The QCD Lagrangian

strength tensor Ga
µν is defined as follows:

Ga
µν = ∂µG

a
ν − ∂νGa

µ − gsfabcGb
µG

c
ν . (2.3)

Here, the fabc are the structure constants of the SU(3) group according to its Lie-algebra
[ta, tb] = ifabct

c. Expanding the kinematic term yields

−1

4
Ga
µνG

aµν = −1

4

(
∂µG

a
ν − ∂νGa

µ

)
(∂µGa ν − ∂νGaµ)

+
gs
2
fabc (∂µGa ν − ∂νGaµ)Gb

µG
c
ν −

gs
4
fabcfadeG

b
µG

c
νG

dµGe ν . (2.4)

The term in the first line represents the free propagation of the gluon fields while the
second line shows cubic and quartic self-interaction terms.

Since the gluon fields Ga
µ are Lorentz four-vectors, they exhibit four degrees of free-

dom but due to gauge invariance and the implied masslessness of the fields (mass
term would violate the invariance) only two of them are physical. When it comes to
quantize the fields of the classical Lagrangian there arise some technical issues pre-
venting the non-physical degrees of freedom from entering into physical observables
while performing the quantization in a consistent manner. For later usage in practical
calculations it is best to follow the Faddeev-Popov procedure which leads besides of
an gauge-fixing term (applies a covariant gauge) to a term containing additional un-
physical fields named ghosts. These ghost fields couple to the gluon fields in such a
way that all contributions coming from the unphysical polarization states of the gluon
fields cancel. Indicating quantized quantities via the hat symbol, the QCD Lagrangian
reads:

LQCD =
∑
q

¯̂
ψq,i

(
iγµD̂µ ij −mqδij

)
ψ̂q,j −

1

4
Ĝa
µνĜ

aµν

− 1

2ξ
(∂µĜa

µ)(∂νĜa
ν) + ∂µη

†
bD̂

µ
bcηc . (2.5)

Here, ξ denotes the gauge parameter. The ghost fields are labeled by η with their color
indices b, c running from 1 to 8. They are massless, complex scalar and most remarkably
anti-commuting fields. The covariant derivative acting on the ghost fields is very similar
to the one acting on the quark fields (still defined as in 2.2 but with quantized fields)
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2. Basics of perturbative QCD

but with its SU(3) group generators being in the adjoint representation:

D̂µ bc = δbc∂µ + gsfabcĜ
a
µ . (2.6)

For further details on the quantization procedure and the explicit form of the quantized
fields we refer to [2].

2.2. The EW Lagrangian

The electroweak (EW) part of the SM, known as the Glashow–Weinberg–Salam (GWS)
model, describes the electromagnetic and weak interactions which take place among
all fundamental matter fields, i.e. quarks and leptons, in a single, unified gauge theory
with the gauge group SU(2)L × U(1)Y . As mentioned in the last section a mass term
for gauge bosons violates the local gauge symmetry of the Lagrangian. But indeed,
gauge bosons of the EW model will be massive. This is where the so-called Higgs
mechanism comes into play. As we will shortly discuss in a moment, the bosons will
achieve their masses via the introduction of an additional complex scalar field with a
non-vanishing vacuum expectation value which may cause the local gauge symmetry
to be spontaneously broken so that only the electromagnetic gauge symmetry U(1)em

remains preserved. Out of the four associated gauge bosons one will have three massive
bosons which can be identified as the charged vector bosons W+/− and the neutral Z
boson and one massless boson that will be identified with the photon γ.
We will consider the classical Lagrangian given below piece by piece.

LclEW = Lgauge
EW + Lquarks

EW + Llepton
EW + LHiggs

EW + LYukawa
EW . (2.7)

The first piece represents the kinematics of the gauge fields, where the fields corre-
sponding to the SU(2) part are denoted by W a

µ with a = 1, 2, 3 and the one belonging
to the U(1) part by Bµ . One has

Lgauge
EW = −1

4
W a
µνW

aµν − 1

4
BµνB

µν , (2.8)

where the field strength tensors are defined by

Bµν = ∂µBν − ∂νBµ,

W a
µν = ∂µW

a
ν − ∂νW a

µ − gεabcW b
µW

c
ν . (2.9)
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2.2. The EW Lagrangian

The structure constants following from the SU(2) Lie-algebra are given by the total
antisymmetric Levi-Civita tensor εabc.
Now the second piece represents the kinematic part of the quark and lepton fields in-
volving the interaction with the gauge fields. The model distinguishes into left- and
right-handed fields. The left-handed (L) quarks and leptons transform as doublets un-
der SU(2)L transformations while the right-handed (R) particles transform as singlets.
As quarks, leptons come in three generations, each generation consists of an electron
like particle and a corresponding neutrino, namely electron (e), muon (µ) and tauon
(τ) and electron-neutrino (νe) and so on. We denote the lepton doublets as

LLf =

(
ν ′f

L

l′f
L

)
=

(
ν ′Le
e′L

)
,

(
ν ′Lµ

µ′L

)
,

(
ν ′τ
L

τ ′L

)
, (f = 1, 2, 3) (2.10)

and accordingly the quark doublets as

QL
f =

(
u′f

L

d′f
L

)
=

(
u′L

d′L

)
,

(
c′L

s′L

)
,

(
t′L

b′L

)
, (f = 1, 2, 3) .

Here the prime symbol serves to distinguish the electroweak quark eigenstates from the
physical mass eigenstates. The fields inside the doublets are again described by Dirac
spinors. The singlets accordingly are u′f

R,d′f
R and l′f

R where no right-handed neutrinos
are included. The electroweak particles carry weak isospin I3 (third component of the
isospin vector,

(
+1/2
−1/2

)
for the doublets, 0 for singlets) and hypercharge Y . Both are

related to the electric charge Q by Q = I3 + Y/2 .
To reduce the number of indices, spinor and matrix multiplication will be understood
from now on. Additionally making use of the Dirac slash notation γµD

µ = /D the
fermionic part reads

Lquarks
EW +Llepton

EW =
∑
f

(
Q
L

f i /DQ
L
f + L

L

f i /DL
L
f + u′

R

f i /Du
′R
f + d′

R

f i /Dd
′R
f + l

R

f i /Dl
R
f

)
(2.11)

where the covariant derivative Dµ when acting on doublets is given by

Dµ = 1∂µ + ig
σa

2
W a
µ + ig′

Y

2
Bµ (2.12)

and in the case it acts on singlets just by

Dµ = 1∂µ + ig′
Y

2
Bµ . (2.13)
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2. Basics of perturbative QCD

Here σa/2 are the SU(2) generators represented by the Pauli -matrices σa .

The crucial ingredient now is a complex scalar field SU(2) doublet with hypercharge
Y = 1 (⇒ one electrically charged (Φ+) and one neutral component (Φ0))

Φ =

(
Φ+

Φ0

)
=

1√
2

(
Φ1 + iΦ2

Φ3 + iΦ4

)
(2.14)

which couples to the gauge bosons via the covariant derivative and to itself via the
so-called Higgs-potential V (Φ)

LHiggs
EW = (DµΦ)†(DµΦ)− V (Φ) (2.15)

where
V (Φ) = −µ2(Φ†Φ) +

1

4
λ(Φ†Φ)2, λ, µ2 > 0 . (2.16)

Here µ is a parameter with dimension mass, λ a dimensionless coupling constant.
Now all fields obeying

|Φ|2 =
v2

2
, v = 2

µ

λ
(2.17)

minimize the potential so that the ground state is degenerate with a non-vanishing
expectation value of v/

√
2 . One may conveniently choose the vacuum state to be

Φ0 =
1√
2

(
0

v

)
(2.18)

(where we have Φ1 = Φ2 = Φ3 = 0). Doing so, the SU(2)L × U(1)Y symmetry will
be broken while the state remains invariant under U(1)em transformations since the
non-vanishing value affects only the electrically neutral component Φ0. Expanding
the scalar field doublet around its vacuum expectation value and performing a certain
gauge transformation one can write

Φ =
1√
2

(
0

v +H

)
(2.19)

where H remains as the only physical degree of freedom while all other fields can
be eliminated by choosing a certain gauge and thus correspond to unphysical degrees
of freedom. The corresponding quantum is known as the Higgs boson with mass
mH =

√
2µ.
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2.2. The EW Lagrangian

Expanding the covariant derivative in (2.15) one now finds the following mass terms

m2
WW

+
µ W

−µ, with W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
, mW =

1

2
gv (2.20)

and

1

2
m2
ZZµZ

µ, with Zµ =
1√

g2 + g′2

(
gW 3

µ − g′Bµ

)
, mZ =

v

2

√
g2 + g′2 (2.21)

where indeed the fields W±
µ have electrical charge eigenvalues of Q = ±1 and the field

Zµ of Q = 0. The neutral massless field Aµ is given by

Aµ =
1√

g2 + g′2

(
g′W 3

µ + gBµ

)
. (2.22)

The physical particles W±, Z0 and γ are now described by the quanta of these fields.
The masses of the W± and Z0 bosons are quite high (from experiment mW ≈ 80GeV,
mZ ≈ 90GeV) so that the weak interactions are very short ranged.

There is one more term in the Lagrangian which serves to gain masses for the fermions
after the symmetry is broken. It describes the interaction of the fermions with the
complex scalar fields and reads

LYukawa
EW =

∑
f,f ′

(
Q
L

f y
u
ff ′u

′R
f ′Φ̃ +Q

L

f y
d
ff ′d

′R
f ′Φ + L

L

f y
l
ff ′l
′R
f ′Φ + h.c.

)
(2.23)

where Φ̃ =
(

Φ0∗

−Φ−

)
and the respective quark and lepton Yukawa coupling matrices are

denoted by yuff ′ , ydff ′ and ylff ′ .
The massive physical states achieved after the symmetry breaking are related to the
electroweak states by

u
L(R)
f =

∑
i

U
u,L(R)
fi u′

L(R)
i , d

L(R)
f =

∑
i

U
d,L(R)
fi d′

L(R)
i , l

L(R)
f =

∑
i

U
l,L(R)
fi l′

L(R)
i

(2.24)
where the matrices Uu,L

fi , U
u,R
fi and so on are diagonalizing the Yukawa matrices so that

the masses after symmetry breaking are given by

mj,f =
v√
2

∑
i,k

U j,L
fi G

j
ikU

j,R
kf

†
, j = u, d, l . (2.25)
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2. Basics of perturbative QCD

Within the SM the neutrinos are assumed to be massless so that Uν,L
fi can be chosen

in such a way that the coupling terms to the physical W± fields read

g√
2

∑
f,f ′

(
uLf γ

µW+
µ Vff ′d

L
f ′ + νLf γ

µW+
µ l

L
f ′ + d

L

f γ
µW−

µ V
†
ff ′u

L
f ′ + l

L

f γ
µW−

µ ν
L
f ′

)
+ h.c. .

(2.26)
Here Vff ′ =

∑
i U

u,L
fi

†
Ud,L
if denotes the so-called Cabbibo-Kobayashi-Maskawa (CKM)

quark mixing matrix. The remarkably point here is that the W fields can change the
flavor of the matter fields.
On the other hand the couplings to the neutral fields are given by

eJemµ Aµ +
g

cos θW

(
J3
µ − sin2(θW )Jemµ

)
Zµ . (2.27)

The above currents are given as

J3
µ =

∑
f

(
Iu3 u

L
f γµu

L
f + Id3d

L

f γµd
L
f + Iν3 ν

L
f γµν

L
f + I l3l

L

f γµl
L
f

)
(2.28)

where Ij3 (j = u, d, ν, l) label the respective third component of the isospin and

Jemµ =
∑
f

(
euufγµuf + eddfγµdf + lfγµlf

)
(2.29)

where eu and ed label the electric charge fraction of the up- and down-type quarks.
The angle θW denotes the so-called Weinberg angle given by the relation

cos θW =
mW

mZ

. (2.30)

The electromagnetic coupling e is related to the gauge group couplings via

e =
gg′√
g2 + g′2

(2.31)

All other interaction and self-coupling terms will not be relevant for the calculations.
As in the QCD case there will arise problems when quantizing the gauge fields leading
to additional gauge-fixing and ghost terms again, but we will not bother them either.
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2.3. From correlation functions to the scattering matrix - the perturbative approach

2.3. From correlation functions to the scattering

matrix - the perturbative approach 1

The next step is to derive results from the Lagrangian for physical observables in
order to compare them with experimental measurements. Since we deal with particle
collisions, the desired quantity is the scattering cross section. The latter is directly
related to the scattering matrix S . The matrix elements are defined as transition
amplitudes for a set of well-separated particles with definite initial momenta p1, p2, . . .

which is constructed in the far past evolving in the far future into a desired set of
well-separated final particle states with momenta k1, k2, . . . . In the Heisenberg picture
(states are constant, full time dependence is carried by the operators) it looks like

〈k1, k2 . . . |Ŝ|p1p2 . . .〉 = lim
T→∞

〈k1k2 . . . |e−iĤ(2T )|p1p2 . . .〉 . (2.32)

Note that although the particles are considered as being well-separated, i.e noninter-
acting, the given states are eigenstates of the Hamiltonian H corresponding to the full
Lagrangian and not only to its free fields part. As we will see this is due to the particles
self interactions via their self-generated fields. Unfortunately, the QCD Lagrangian -
as is the case for all known Lagrangians of field theories in four spacetime dimensions
that contain interaction terms - does not lead to analytically exactly solvable equations
of motion. To evaluate (2.32) we will follow a perturbative approach. One can extract
the exact S-matrix from another rather abstract quantity, the Fourier-transforms of
correlation or Green’s functions. The correlation functions themselves will be treated
perturbatively in terms of fields and the vacuum state corresponding to the free Hamil-
tonian. To see how this is done, we consider at first the case of a real scalar theory
with three different interacting fields for simplicity. The Lagrangian is given by

LABC =
∑

i=A,B,C

1

2

(
(∂µφ̂i(x))(∂µφ̂i(x))−m2

i φ̂
2
i (x)

)
− gφ̂A(x)φ̂B(x)φ̂C(x) . (2.33)

So in the free field case the fields would just obey the Klein-Gordon (KG) equation. In
order to use the interaction picture of operators and states we split the corresponding
Hamiltonian into the free Klein-Gordon part (ĤKG ≡ Ĥ0) and the interaction part:

Ĥ = Ĥ0 + Ĥint = Ĥ0 +

∫
d3xφ̂Aφ̂Bφ̂C . (2.34)

1This section roughly follows [3].
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2. Basics of perturbative QCD

In the following we will neglect the subscripts of the fields when there is no need to
distinguish between different fields.
Our goal will be to express the n-point correlation function

〈Ω|Tφ(x1)φ(x2) . . . φ(xn)|Ω〉 (2.35)

in terms of fields and states that are exactly known, i.e. the free ones. To achieve
this one turns into the interaction picture (IP). In (2.35) |Ω〉 denotes the vacuum state
corresponding to the full Hamiltonian. The time-ordering operator T takes care that
later terms are placed to the left of earlier ones.
At a certain time t0 the fields φ̂ can be expanded in terms of creation and annihilation
operators as:

φ̂(t0,x) =

∫
d3p

(2π)3

1√
2Ep

(
ape

ip·x + a†pe
−ip·x) . (2.36)

In the IP operators now only carry the time dependence of the free Hamiltonian, so
that we have for the fields in the interaction picture (denoted by I):

φ̂I(x) = φ̂I(t,x) = eiĤ0(t−t0)φ̂(t0,x)e−iĤ0(t−t0) . (2.37)

Actually, this IP fields are equal to free fields in the Heisenberg picture.
The states in the IP are related to the constant Heisenberg picture states by

|ψ(t)〉I = eiĤ0(t−t0)e−iĤ(t−t0) |ψt0〉 ≡ Û(t, t0) |ψt0〉 (2.38)

making sure that expectation values are not changed when turning from the Heisenberg
picture into the interaction picture. The unitary operator defined in (2.38) also relates
the Heisenberg fields to the IP fields:

φ̂(t,x) = Û †(t, t0)φ̂I(t,x)Û(t, t0) . (2.39)

The unitary operator itself obeys the following equation (easy to check from its defini-
tion)

i
∂

∂t
Û(t, t0) = ĤI

intÛ(t, t0) , (2.40)

where
ĤI

int = eiĤ0(t−t0)Ĥinte
−iĤ0(t−t0) =

∫
d3xφ̂IAφ̂

I
Bφ̂

I
C (2.41)
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2.3. From correlation functions to the scattering matrix - the perturbative approach

is the interaction Hamiltonian in the interaction picture. Converting (2.40) into an
integral equation one can solve it iteratively with the initial condition Û(t0, t0) = 1 .
Using the time-ordering operator one can display the iteration procedure in a very
compact form:

Û(t, t0) = T exp

[
−i
∫ t

t0

dt′HI
int(t

′)

]
. (2.42)

Actually, one can generalize this to arbitrary times (at different initial conditions) and
get further useful properties (t1 ≥ t2 ≥ t3):

Û(t1, t2)Û(t2, t3) = Û(t1, t3) and Û(t1, t3)Û †(t2, t3) = Û(t1, t2) . (2.43)

Now we concentrate on the vacuum states which are defined by their eigenvalue equa-
tions Ĥ |Ω〉 = EΩ |Ω〉 (EΩ 6= 0) and Ĥ0 |0〉 = 0. One can relate them by acting on |0〉
with the Heisenberg evolution operator e−iĤT in the following way. We multiply e−iĤT

by a unity operator in form of a complete set of Heisenberg states and take the limit
of very large T in a slightly imaginary direction. Since among all states |Ω〉 is the one
with the lowest energy we get e−iĤT −→

T→∞(1−iε)
e−iEΩT |Ω〉 〈Ω| . Acting now in that way

on |0〉 (one has to argue that the both vacuum states have a finite overlap) we can
deduce |Ω〉 −→

T→∞(1−iε)
(e−iEΩT 〈Ω|0〉)−1e−iĤT |0〉 . Adding in the limit a small constant

and keeping in mind that Ĥ0 |0〉 = 0 we arrive at

|Ω〉 = lim
T→∞(1−iε)

e−iEΩ(t0+T )

〈Ω|0〉 Û(t0,−T ) |0〉 , 〈Ω| = lim
T→∞(1−iε)

e−iEΩ(T−t0)

〈0|Ω〉 Û(T, t0) 〈0| .
(2.44)

Now we can put everything together. By imposing the normalization condition 〈Ω|Ω〉 =

1 (divide by one in this form) and using (2.44) and (2.42) as well as many times (2.39)
and (2.43) one can finally obtain our desired relation for the correlation function in
(2.35):

〈Ω|T φ̂(x1) . . . φ̂(xn)|Ω〉 = lim
T→∞(1−iε)

〈0|T φ̂I(x1) . . . φ̂I(xn)exp[−i
∫ T
−T dtH

I
int(t)]|0〉

〈0|T exp[−i
∫ T
−T dtH

I
int(t)]|0〉

(2.45)
where the time-ordering operator again allows us to strongly compress the expression
(the exponential function has to be written as in infinite series for evaluation of T ). Of
course, as the equations of motion we cannot solve this relation exactly since it contains
an infinite series which cannot be simplified to an analytical expression. But now single
terms of the series can be calculated. In other words one hopes that a perturbative

13



2. Basics of perturbative QCD

treatment is applicable, i.e. that higher power terms contribute less so that a finite
number of terms still gives a meaningful result.

Consider at first the two-point correlation function where we will concentrate on the
numerator for now.
The first term of the infinite series then is just the two-point correlation function of
the free case (remembering that fields in the IP are just free fields) and actually the
Green’s function corresponding to the Klein-Gordon equation. Let us split the fields
in positive (containing all annihilation operators) and negative (containing all creation
operators) frequency parts: φ̂ = φ̂+ + φ̂− . Then we have (from now on fields acting on
|0〉 will be in the IP, so we will drop the I label)

〈0|T φ̂(x1)φ̂(x2)|0〉 =

〈0|φ̂+(x1)φ̂−(x2)|0〉 for x0
1 > x0

2 ;

〈0|φ̂+(x2)φ̂−(x1)|0〉 for x0
2 > x0

1 ,
(2.46)

since φ̂+ |0〉 = 0 and 〈0| φ̂− = 0 . So in either case a particle will be created at one
spacetime point and destroyed at another and hence one may identify this expression
as an amplitude for the propagation of a particle between those points while both
directions (which depend on the time order of the events) are included. One can eval-
uate (2.46) in a way leading to an expression where the time-ordering is incorporated
implicitly:

〈0|T φ̂(x1)φ̂(x2)|0〉 =

∫
d4p

(2π)4

i

p2 −m2 + iε
e−ip·(x1−x2) ≡ ∆F (x1 − x2) . (2.47)

The symbol ∆F indicates that this is the so-called Feynman-propagator for a KG
particle (in coordinate space). The next term in the series is (

∫
dt
∫
d3x→

∫
d4y)

〈0|(−ig)T φ̂A(x1)φ̂A(x2)

∫
d4y φ̂A(y)φ̂B(y)φ̂C(y)|0〉 = 0 (2.48)

where now we have to choose one specific type of fields retroactively. The reason why
this yields zero is simple: all operators of different types of fields commute and there
is only one of type B and C, respectively.
For the next term we will use Wick‘s theorem which states that

T φ̂(x1) . . . φ̂(xn) = N
(
φ̂(x1) . . . φ̂(xn) + all possible combinations of contractions

)
,

(2.49)
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2.3. From correlation functions to the scattering matrix - the perturbative approach

where the term "contraction" is defined between two field operators by

φ̂(x1)φ̂(x2) =

[φ̂+(x1), φ̂−(x2)] for x0
1 > x0

2 ;

[φ̂+(x2), φ̂−(x1)] for x0
2 > x0

1 ,
≡ ∆F (x1 − x2) (2.50)

which actually is equal to their Feynman-propagator.
Contractions between field operators that are not adjacent still are defined to be Feyn-
man-propagators depending on the corresponding spacetime points (definition is in-
cluded in the proof of the theorem). For example in the case of three field operators
one will have

T φ̂1φ̂2φ̂3 = N

(
φ̂1φ̂2φ̂3 + φ̂1φ̂2φ̂3 + φ̂1φ̂2φ̂3 + φ̂1φ̂2φ̂3

)
= N

(
φ̂1φ̂2φ̂3 + ∆F (x2 − x3)φ̂1 + ∆F (x1 − x2)φ̂3 + ∆F (x1 − x3)φ̂2

)
.

The symbol N labels the normally ordering operator which positions all annihilation to
the left of the creation operators. The vacuum expectation value of all normally ordered
terms containing uncontracted field operators will therefore yield zero. This theorem
holds for different types of particles too, but of course there will be no contractions
between them.
By Wick’s theorem the term of the next order

〈0|(−ig)2

2!
T φ̂A(x1)φ̂A(x2)

∫
d4y1 φ̂A(y1)φ̂B(y1)φ̂C(y1)

∫
d4y2 φ̂A(y2)φ̂B(y2)φ̂C(y2)|0〉

gives

(−ig)2

2!

∫
d4y1

∫
d4y2

(
∆A
F (x1 − x2)∆A

F (y1 − y2) + ∆A
F (x1 − y1)∆A

F (x2 − y2)

+∆A
F (x1 − y2)∆A

F (x2 − y1)
)

∆B
F (y1 − y2)∆C

F (y1 − y2) .

Thinking of the propagators as lines between two spacetime points one may illustrate
these three terms by the diagrams in Fig. 2.1.

Actually, the second and third term will yield the same result after performing inte-
gration over y1 and y2. So one may put the second and third diagram together.
Using this rather intuitive way of illustration for the second next (the one in between
yields zero again) order term of the series leads to Fig. 2.2.
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+
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+
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x1 y2 y1 x2A A
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x1 y1 y2 x2y1 y2

C

A

Figure 2.1.: Illustration of the first non-zero correction of a two-point correlation function
in a theory of three interacting real scalar fields.
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Figure 2.2.: Illustration of the second non-zero correction of a two-point correlation function
in a theory of three interacting real scalar fields.

In this case we have factored out all diagrams for which the terms they illustrate give
the same result. For each permutation of the integration variables yi (i = 1, . . . , 4) (so
we have 4! permutations) there is a diagram yielding the same result as one of the
diagrams explicitly shown in Fig. 2.2 except for the first and the last diagram in the
first line. There are 15 contributing contractions from the A fields and 3 contractions
from the B and C fields respectively, so in total a number of 108 diagrams. While all
diagrams yield the same result with respect to the contractions of the A fields in each
of this cases there is a diagram out of the additional 9 possible B and C contractions
with no further diagram yielding the same result. The first and the last diagram of the
first line shown in Fig. 2.2 are corresponding this fact.
For the other diagrams the factor of 4! cancels exactly the one coming from the series
expansion and as one may yet have thought this will be the case in every order.
In both Figures there are diagrams containing pieces which are disconnected from the
points x1 and x2 . Furthermore the last diagram in the first line of Fig. 2.2 contains
a piece disconnected from the other internal points which rather looks like the discon-
nected piece of the first diagram of Fig. 2.1.
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2.3. From correlation functions to the scattering matrix - the perturbative approach

Actually, one can show that all terms represented by these pieces factor out into an
exponential function. So using the diagrams the other way around to remember the
mathematical expressions the numerator (in the sense of (2.45)) of the two-point cor-
relation function is represented by

exp

 A

B

C

B

+
C

B

AA
+ . . .

 · (
Ax1 x2

A +
B

C
A Ax1 x2

+ · · ·
)

But as it turns out the denominator yields exactly this exponential function containing
all the disconnected pieces. From (2.44) one can see then that the sum of all terms
represented by disconnected pieces is somehow proportional to the vacuum energy EΩ .
Therefore, one often refers to this pieces as vacuum bubbles.
So in the end, one can easily write down the mathematical expression by considering
the sum of all possible diagrams where the external points (x1 and x2) are connected
to all internal points (yi). For each line one has to write down then a factor of ∆F

corresponding to the type of particle the line represents and the points it connects and
a factor of (−ig) and the integral

∫
d4yi for each internal point.

Let us have a look at the Fourier-transform of the second diagram for instance in Fig.
2.1. Thanks to the considered Fourier-transformation we can simplify the most left
propagator to (remember (2.47))∫

d4x1e
ip1·x1

∫
d4p

(2π)4

i

p2 −m2
A + iε

e−ip·(x1−y1) =

∫
d4p

(2π)4

i(2π)4δ(4)(p1 − p)
p2 −m2

A + iε
eip·y1

=
i

p2
1 −m2

A + iε
eip1·y1 .

Taking into account the integration of the next internal point and the parts of the
other associated propagators depending on that point yields

i

p2
1 −m2

A + iε

∫
d4y1e

ip1·y1e−ik1·y1e−ik2·y1 =
i

p2
1 −m2

A + iε
(2π)4δ(4)(k1 + k2 − p1) .

So this integration just leads to four-momentum conservation at the internal point.
Accordingly the other half of the diagram gives

i

p2
2 −m2

A + iε
(2π)4δ(4)(k1 + k2 − p2) .
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2. Basics of perturbative QCD

The only things left now are the denominators of the two propagators in between and
their momentum integrals (and the factors of the internal points).
So using one of the four-momentum integrals together with one of the delta functions
the complete expression becomes

(−ig)2(2π)4δ(4)(p1 − p2)i

p2
1 −m2

A + iε

i

p2
2 −m2

A + iε

∫
d4k1

(2π)4

i

k2
1 −m2

B + iε

i

(p1 − k1)2 −m2
C + iε

where we have an overall four-momentum conserving delta-function due to the Fourier-
transformations. This simplification of the integrals generalizes to higher order terms or
higher correlation functions while the number of undetermined four-momenta depends
on the number of given external momenta and internal points. So one may change the
way of illustrating the expressions into the following:

external propagator:
i = A,B,C

p

p

i/(p2 −m2
i + iε),

internal propagator:
i = A,B,C

k
i/(k2 −m2

i + iε),

internal point / vertex: −ig

where one often refers to an internal point as a vertex. While the direction of the exter-
nal (four-)momentum is given by the sign of the Fourier-transformation, the direction
of an internal momentum can be chosen arbitrarily.
Besides the given rules one has to impose momentum conservation at each vertex and
to integrate over all left undetermined momenta.
Due to the inventor of this way to connect the mathematical expressions with illustra-
tions one speaks of Feynman-diagrams and -rules.
Taking a closer look to the form of the connected diagrams in Fig. 2.2 one distin-
guishes diagrams that can be split into disjoint parts by cutting a single internal
line and those which cannot. The latter ones are called one-particle irreducible di-
agrams (1PI). For example a diagram like (we only care about the topology for now)

is not 1PI and is.

Here " " indicates that the diagrams have been truncated which means the external
propagators have been removed. Taking 1PI diagrams to be truncated and putting the
sum of all 1PI diagrams together into one blob, the full two-point correlation function,
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2.3. From correlation functions to the scattering matrix - the perturbative approach

which should be the propagator of the interacting fields, then can be represented by

= + 1PI + 1PI 1PI + . . .

Let −iΣ(p2) denote the sum of all 1PI diagrams. Then the full two-point function
becomes (taking it in this form with regard to our later purposes)∫

d4xeip·x 〈Ω|T φ̂(x)φ̂(0)|Ω〉

=
i

p2 −m2 + iε
+

i

p2 −m2 + iε

Σ(p2)

p2 −m2 + iε
+

i

p2 −m2 + iε

(
Σ(p2)

p2 −m2 + iε

)2

+ . . .

=
i

p2 −m2 − Σ(p2) + iε
(2.51)

where we have formed a geometric series in Σ(p2)/(p2 −m2 + iε) .
Now this looks very similar to the free field propagator but with a shifted pole. In a
general approach one can show that the full propagator has a pole of just the form of
a free one at p2 = E2

p=0 where Ep=0 is the eigenvalue of a single-particle state of the
full Hamiltonian and hence the observable physical mass. From now on we will denote
the mass coming from the Lagrangian by m0 and the physical mass by m ≡ Ep=0 . We
find m by

[p2 −m0 − Σ(p2)]
∣∣
p2=m2 = 0 . (2.52)

But the residue of the simple pole in general differs from the free one. Near to the pole
the denominator becomes

(p2 −m2)

(
1− dΣ

d(p2)

∣∣∣∣
p2=m2

)
+O((p2 −m2)2) .

Then the residue Z is
Z =

1

1− dΣ(p2)
d(p2)

∣∣∣
p2=m2

. (2.53)

As can be shown from a general approach, too, the full Heisenberg fields can create not
only single-particle but also multiparticle intermediate states (or even bound states).
The probability to create or destroy a single particle is just given by Z, often referred
to as a field strength normalization factor.
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2. Basics of perturbative QCD

Keeping this in mind we go back to our original purpose: the derivation of the scattering
matrix or more specifically its actual scattering part.
There will always be a probability that particles will pass each other without interfering.
Accordingly one can split the Ŝ-matrix into S = 1 + iT̂ where T̂ is the so-called
transition matrix.
Now this transition matrix (cf. (2.32)) can be extracted from the Fourier-transform
of the correlation functions in a way given by the Lehmann-Symanzik-Zimmermann
(LSZ) reduction formula:

m∏
f=1

∫
d4xfe

ikf ·xf
n∏
i=1

∫
d4yie

−ipi·yi 〈Ω|T φ̂(x1) . . . φ̂(xm)φ̂(y1) . . . φ̂(yn)|Ω〉

k2
f →m2

−→
p2
i →m2

( m∏
f=1

√
Zi

k2
f −m2

n∏
i=1

√
Zi

p2
i −m2

)
〈k1 . . . km|iT̂ |p1 . . . pn〉 (2.54)

For a better overview the subscripts indicating different types of fields again have been
neglected. For different fields one just has to adjust the m’s and Z’s in the formula.
So the transition matrix can be won by determining the multiplication factor of the
product of several single particle poles of just the form we encountered for the two-
point correlation function.
Let us take the example of two to two particle scattering (AB → AB). The four-point
correlation function will be represented by the diagrams in Fig. 2.3.

=

. . . ++ + . . .+ + + . . .

+ + + +
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A A
A

k1p1

k2p2

Figure 2.3.: Feynman-diagrams for a four-point correlation function in a theory of three
interacting real scalar fields. It is shown more specifically the case of
〈Ω|φ̂A(k1)φ̂B(k2)φ̂A(p1)φ̂B(p2)|Ω〉 where the momenta have been omitted in
the diagrams for clear vision.

All diagrams where external lines are disconnected from each other will not exhibit
a product of four single particle poles and therefore not contribute to the T -matrix
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2.3. From correlation functions to the scattering matrix - the perturbative approach

(but actually to the 1 in the S-matrix). All other diagrams will contain four external
propagator lines somehow connected to each other. Let us move along an external line
inwards the diagram to the point where one can split the diagram into the part passed
and the rest of the diagram (containing all other external propagators) by cutting a
single internal line. All contributions coming from different diagrams moving along the
external line up to the respective point will factor out making us able to sum them up
just as we did in the case of the two-point function.
The sum will just be a full propagator as determined in (2.51)2. Doing so for all
external lines we will have

B

A

B

A

k2p2

p1 k1

FULL

NECTED
CON- =

CATED

TRUN-

A

BB

A

p2 k2

p1 k1

k2
f →m2

f−→
p2
i →m2

i

ZAi

k2
1 −m2

A

ZBi

k2
2 −m2

B

ZAi

p2
1 −m2

A

ZBi

p2
2 −m2

B

·
(

sum of all truncated and full
connected AB → AB diagrams

)
(2.55)

where truncated here now simply means that the full external propagators have to be
removed. This result generalizes to higher correlation functions. Comparing now to
the LSZ reduction formula in the end yields

〈k1 . . . km|iT̂ |p1 . . . pn〉 = (2π)4δ(4)

( n∑
i=1

pi −
m∑
f=1

kf

)
· iM

= (2π)4δ(4)

( n∑
i=1

pi −
m∑
f=1

kf

)
· (
√
Z)m+n ·

sum of all truncated and full connected
n → m diagrams with external initial
momenta pi and final momenta kf .


(2.56)

where one usually splits the T -matrix defining an invariant matrix element M up to
an overall four-momentum conserving delta function. As we knew already, the latter
one also appears within the correlation function (but we have neglected it in (2.55).

2This was the reason deriving the two-point function the way we did i.e. Fourier-transforming only
in one variable and setting the other to zero. In a fully connected diagram the second variable
of the full propagator will correspond to an internal point leading to Fourier-transforming it and
momentum-conservation.
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Finally, for an idealized scattering process of two incoming beams the quantity M
is related to the measurable scattering cross section σ in the following way

σ{2→n} =

∫
dσ{2→n} =

1

2E12E2 |v1 − v2|
∣∣M{2→n}

∣∣2 dPS(n) (2.57)

where

dPS(n) ≡
n∏
f

∫
d3kf
(2π)3

1

2Ekf

(2π)4δ(4)

(
p1 + p2 −

n∑
f

kf

)
(2.58)

defines the Lorentz invariant phase space of the final state particles. The prefactor
in the above equation (2.57) is the incident flux where |v1 − v2| is the difference of
the two beam velocities in the laboratory frame of the experiment. For a collinear
collision E1E2 |v1 − v2| can be expressed by

√
(p1 · p2)2 −m2

1m
2
2 which is then Lorentz

invariant [4]. Additionally, one most often sums(averages) over all internal degrees of
freedom of the final (initial) particles which in the case of QCD are the helicities and
color charges of the particles, so that one uses |M|2 ≡∑helicity,color |M|

2 instead in the
above expression.

2.4. Back to QCD - Renormalization and the

running coupling

Now let us get back to QCD. The Feynman-rules for deriving an invariant matrix
element will change since we have to deal with particles carrying spin and different
forms of interactions. External lines will exhibit spinors or polarization vectors, vertices
will involve representations of the gauge group generators. The procedure on deriving
the new rules will in principle be the same. In the case of the gauge bosons, however, the
quantization problems mentioned in section 2.1 affect the derivation of their Feynman-
propagator as well so that the canonical approach is not quite the best procedure there.
Nevertheless, we are not going to bother with the subtleties on deriving the specific
QCD rules but just go ahead using them. The QCD rules are listed in Appendix A.1
as well as the relevant EW rules. At first, we take a look at the full propagator of a
quark field. From the Feynman rules and by i (/p+m0)

p2−m2
0
→ i

/p−m0
it follows by analogy with

Eq. (2.51)

pp
=

i

/p−m0 − Σq̄q(/p) + iε
(2.59)
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where −iΣq̄q(/p) here denotes the sum of all 1PI diagrams adapted to the case of quarks
(we will not consider different quark masses/flavors in general discussions). One often
refers to −iΣq̄q as the quark self-energy. Now take a closer look at the first contribution
to it:

p− q

q

pp µ, a ν, b
=

∫
d4q

(2π)4
igsγ

µta
(−i)gµνδab
q2 + iε

i(/p− /q +m0)

(p− q)2 −m2
0 + iε

igsγ
νtb

As one can see by comparing powers of q in the numerator and denominator, the
integrated function diverges as q goes to infinity. In general this comparison only tells
something about the degree of a potential divergence since there may be cancellations
between divergences when performing the integration. In our case the integral does
diverge. This seems to mess up the perturbative series right at the second term.
But as we know from the last sectionm0 is not the physical mass and so an unobservable
parameter. Hence it may be an infinite quantity itself representing the shift in the mass
when going from free theory to interacting theory.
In the given case the physical mass m is given by

[/p−m0 − Σq̄q(/p,m0)]
∣∣
/p=m

= 0 . (2.60)

This equation may serve the other way around to express m0 in terms of the finite
mass m

m0 = m− Σq̄q(/p,m0)
∣∣
/p=m

what actually has to be solved iteratively. However, to finite order one does:

m0 = m−
(

(1)Σq̄q(/p,m0)
∣∣
/p=m,m0=m

+ (2)Σq̄q(/p,m0)
∣∣
/p=m,m0=m

+ . . .
)
. (2.61)

So no iteration is performed at a given order since it would lead to corrections of
higher perturbative order while not taking into account the higher order terms from
the perturbative series itself.
Now how to express m0 in terms of an infinite quantity properly. One will have to
make the divergences manifest in some parameter and take the limit of the parameter
at the end of the calculations. They are several ways to do that, but nowadays the
most commonly used method is dimensional regularization first introduced by Veltman
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and ’t Hooft [5]. Its biggest advantage is that it preserves the gauge and Lorentz
invariance of the Lagrangian. The concept is easy: one performs the integration in
another dimension D where no divergences arise, the divergences will then be manifest
in orders of 1/(D − 4) poles. The execution on the other hand may involve a number
of subtleties depending on the respective integral and its parameters.
Applying this method to the first contribution to −iΣq̄q yields (using (A.21),(A.27)
and (A.28) to arrive at the first line)

−i (1)Σq̄q 4→D−→ −4

3
g2
s

(2πµ)4−D

(2π)4

∫
dDq

(2−D)(/p− /q) +Dm0

(q2 + iε)((p− q)2 −m2
0 + iε)

⇒ (1)Σq̄q = −4

3

g2
s

(4π)2

[
/p
(

∆− ln
m2

0

µ
+
m2

0

p2
+
m4

0 − (p2)2

(p2)2
ln
m2

0 − p2 − iε
m2

0

+ 1
)

− 4m0

(
∆− ln

m2
0

µ
+
m2

0 − p2

p2
ln
m2

0 − p2 − iε
m2

0

+
3

2

)
+O(4−D)

]
(2.62)

where the explicit calculation is shown in Appendix A.4. Here µ denotes an arbitrary
parameter of dimension mass to account for the additional powers of mass from the
momentum integration in D dimensions. The divergences are contained in the ∆’s
defined as ∆ = 2/(4−D)− γE + ln 4π, where γE is the Euler-Mascheroni constant.
As one can see there is a singular term proportional to /p, so while expressing m0 in
terms of m as described will make the denominator of the propagator finite at /p = m

by definition, at arbitrary /p there will remain a divergent term (/p−m) ·∆ .
Now again the amplitude for creating a single particle state is given by the residue of
the full propagator at the physical mass scale defined by

Z−1 = 1− d

d/p
Σq̄q(/p)

∣∣∣∣
/p=m

. (2.63)

So at order g2
s we have

Z ≈ 1 +
d

d/p
(1)Σq̄q(/p,m0)

∣∣∣∣
/p=m,m0=m

. (2.64)

For now we were dealing with divergences in the limit of high q to which one refers as
ultraviolet (UV) divergences. But the derivative of the first contribution will lead to
another type of divergence which has its origin in the zero gluon mass and occurs in
the limit of low q. To this type of divergence one refers as an infrared (IR) divergence.
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2.4. Back to QCD - Renormalization and the running coupling

Interchanging the order of integration and derivation the part which leads to an IR
divergence does not lead to an UV one. So while for UV divergences the integration
was performed in the limit D → 4− in the IR case one just does D → 4+ instead. The
derivative of the first contribution at /p = m then becomes

d

d/p
(1)Σq̄q(/p,m)

∣∣∣∣
/p=m

= −4

3

g2
s

(4π)2

(
∆UV − ln

m2

µ
− 2
(
∆IR + ln

m2

µ
− 2
))

(2.65)

where ∆UV = ∆ = −∆IR and the calculation can be found in Appendix (A.4.1).
Since Z just reflects the normalization of the quark fields, which is no observable, one
may redefine the quark fields in order to normalize Z to unity. Doing so implies that
the former remaining divergence (/p − m) · ∆ will be removed, too. We just redefine
the fields in the Lagrangian as ψ̂q =

√
Zψ̂q,r where r indicates that the field has been

renormalized. Then the denominator of the propagator to order g2
s becomes (remember

m0 has been expressed as described in (2.61))

(/p−m)
(

1 +
d

d/p
(1)Σq̄q(/p,m)

∣∣∣∣
/p=m

)
+ (1)Σq̄q(m,m)− (1)Σq̄q(/p,m)

= /p−m+
4

3

g2
s

(4π)2

[
/p
(m2

p2
+
m4 − (p2)2

(p2)2
ln
m2 − p2 − iε

m2
− 3
)

−m
(

4
m2 − p2

p2
ln
m2 − p2 − iε

m2
− 2
) ]

(2.66)

where we have neglected the infrared part for now, there will be another way to deal
with it later on. So in the end, we have an UV finite expression for the quark propaga-
tor in terms of the physical mass and a field strength normalized to unity. Furthermore
the dependence on the unphysical parameter µ has been removed again.
There will arise other divergences from contributions to the gluon and ghost propaga-
tors and the QCD vertices. They can be handled in a similar way after they have been
made manifest as before by dimensional regularization. The divergences arising from
vertex corrections may just be canceled by an according redefinition of the bare cou-
pling constant while in the case of gluon propagators one may renormalize the gluon
fields as we did for the quark fields. Following our previous conditions, one would
renormalize the gluon fields then by the value of the residue at p2 = 0 and redefine the
coupling constant for example at zero momentum transfer. Doing it in this way is the
so-called on-shell renormalization.
But as long as this might be great to do in quantum electrodynamics, in QCD one
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cannot properly determine the quark masses since they are not found as isolated par-
ticles. As we will discuss the coupling grows so strong at low momentum scales that
an perturbative approach becomes invalid.
So one might consider to impose other conditions at other momentum scales where
experiments have access to the parameters of the theory leading to perturbative rea-
sonable results. The new redefined quantities will be somehow related to the on-shell
quantities by a finite shift. To perform the so-called renormalization procedure in a
consistent manner in practice one most often does the following.
At first one rewrites the bare parameters and fields in terms of the renormalized ones
while the rescaling coefficients are initially arbitrary. So we have

ψ̂q =
√
Zqψ̂q,r, Ĝa

µ =
√
ZGĜ

a
r µ, ηa =

√
Zηη

a
r (2.67)

and
mq,0 = Zmmq,r, gs = Zggs,r, ξ = Zξξr . (2.68)

Then one splits the Lagrangian into a part equal to the original Lagrangian just with
the bare characters replaced by the renormalized ones and a part containing the so-
called counter-terms. Accordingly the first part will lead to the same expressions and
divergences again just with the rescaled quantities instead of the bare ones. The other
part will lead to "new" Feynman-rules and -diagrams which have to be included in cal-
culations. The counter-terms will then be adjusted to fulfill whatever renormalization
condition is imposed. Note again: the rescaling factors of the fields now have not to
be the residues of the physical particle mass poles.
The counter-term Lagrangian Lct is given by (to reduce the number of indices spinor
and matrix multiplication is understood, cf. 2.5)

Lct =
∑
q

¯̂
ψq,r (i(Zq − 1)γµ∂µ − (ZqZm − 1)mq,r) ψ̂q,r

+
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ZgZq

√
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)
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Ĝb
r µĜ
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fabcfadeĜ
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r Ĝe ν
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) (
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† a
r

)
(∂µηar )−

(
ZgZη

√
ZG − 1

)
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r η
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r . (2.69)
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As indicated yet since only one rescaling factor for the coupling was defined one can
proof that the universality of the coupling constant due to gauge invariance carries over
to the renormalized coupling. So the different constants coming from the interaction
counter terms are all related to each other and one may derive Zg in four possible
ways according to the four counter-terms involving it. This has been proven up to all
orders of perturbation theory by Slavnov and Taylor generalizing a former proof of ’t
Hooft on the renormalizability of massless Yang-Mills fields [6],[7]. So, as it was not
mentioned yet, it has been shown that arising divergences up to all orders indeed can
be subtracted by the finite number of constants, introduced in (2.67),(2.68), order by
order in perturbation theory.
Let us get back once more to the example of the quark propagator. To determine
the self-energy one now has to include the counter-term diagrams. The order g2

s,r

contribution to it then is

pp 1PI =
p− q

q

pp µ, a ν, b
+

pp

= −i (1)Σq̄q(/p,mr, gs,r)− i
(
(Zq − 1)/p− (ZqZm − 1)mr

)
,

where we have kept (1)Σq̄q(/p,mr, gs,r) to be the self-energy contribution coming from
the non-counter-term part of the Lagrangian which we already know.
For the sake of getting rid of divergences one may just choose the counter-terms to
cancel only the poles itself which is done in the so-called minimal subtraction (MS)
scheme. In the modified MS (MS) scheme one additionally cancels the typical γE−ln 4π

constant i.e. one cancels ∆ as a whole . So from (2.62) we deduce

−4

3

g2
s,r

(4π)2
∆ · (/p− 4mr) + (Zq − 1)/p− (ZqZm − 1)mr + finite terms

!
= finite

⇒ ZMS
q = 1 +

4

3

g2
s,r

(4π)2
∆ +O(g4

s,r) and ZMS
m = 1 + 4 · 4

3

g2
s,r

(4π)2
∆ +O(g4

s,r) (2.70)

while one often defines then Zq ≡ 1 + δZq and Zm ≡ 1 + δZm . Both factors depend
on the gauge where we used the Feynman-gauge yet in the definition of the Feynman-
rules in the Appendix. Depending on the gauge there even might disappear some
divergences but the general problem of UV singularities cannot be solved by choosing
the right gauge.
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Contrary to the on-shell scheme, the final result for the propagator in the MS scheme
now will depend on µ . Accordingly, the renormalized mass mr has to depend on µ too
and must be determined from experiment once a specific value of µ has been chosen.
The same thing holds for the coupling constant. But except for the on-shell scheme
the renormalized mass and coupling constant will depend on a mass scale in other
schemes too. But while in other schemes one imposes conditions on how to subtract
the divergences at a certain momentum scale in the MS scheme the µ coming from the
regularization procedure somehow plays the role of the renormalization scale.
Now for example for the vertex corrections one encounters terms ∼ ln (p2/µ2) where p2

here actually is an aggregate of momenta and masses. So if the deviation of p2 from µ2

grows, the logarithm might become large enough to spoil the perturbative approach. It
may become necessary to renormalize the theory at another scale µ to reestablish the
validity of the perturbative series. Not to lose predictive power we need to get some
knowledge about the dependence of the parameters on µ. We defined the renormalized
theory to be numerically the same as the bare one (cf. (2.67),(2.68)) which should be
independent of any renormalization scale. However, at finite order the dependence of
a observable on µ cannot completely get canceled (except for special cases) [8], but
atleast we can get information about it in this way. We will restrict our attention to
the implications for the strong coupling constant.
To compare between renormalized and bare theory, we regularize both theories in the
dimensional regularization scheme with mass parameter µ0 at first. We introduced
the parameter to account for the extra dimensions when performing the momentum
integrations but where does it actually enter into the theory? In D dimensions the
QCD Lagrangian should have dimension [L] = massD; so looking at the several terms
in the Lagrangian one encounters [Ĝµ] = mass(D−2)/2 and [ψ̂q] = mass(D−1)/2 so that
the interaction terms have a missing mass dimension of (4−D)/2, so one assigns the
additional mass parameter to the coupling constant, redefining

gs = g0
sµ

ε
0, ε = (4−D)/2 , (2.71)

where g0
s is kept dimensionless.

In a general subtraction scheme defined at a certain momentum scale µr, while reg-
ularizing in the same manner as before, the renormalization prescription gs = Zggs,r

yields
gs = Zg

(
gRs,r(µr)µ

ε
0, µr,mr(µr), ξr(µr)

)
gRs,r(µr)µ

ε
0 (2.72)
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where the R indicates the "running" of the coupling, i.e. its dependence on the scale
µr, while gRs,r is dimensionless and gs,r = gRs,rµ

ε
0. Actually the µ0 dependence in the end

will cancel out.
In the MS scheme, now the mass parameter from the regularization becomes the renor-
malization scale and might be varied to an arbitrary µr. Furthermore contrary to other
schemes in the MS scheme the scaling factor of the coupling constant Zg depends nei-
ther on the renormalized mass nor on the gauge nor explicit on the scale simplifying
things a lot. So here we have

gs = Zg
(
gRs,r(µr)

)
gRs,r(µr)µ

ε
r (2.73)

To the first order of non-zero correction one determines the scaling factor to be [9]

ZMS
g = 1− (gRs,r)

2

(4π)2
·∆
(

11

2
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3
nf

)
+O

(
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4
)
. (2.74)

where nf is the number of quark flavors. Now it follows using d
dµr
gs = 0
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d
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. (2.75)

In a higher context, one refers to this equation as the renormalization group equation
(RGE) of the strong coupling at leading order.
One may integrate this equation yielding

αRs (µr) =
α(µr,0)

1 + α(µr,0) β0

2π
ln ( µr

µr,0
)

(2.76)

where we have defined αRs = (gRs,r)
2/(4π) and β0 = 11 − 2/3 · nf to achieve the more

commonly used expression for the so-called running coupling constant. The denotation
of the constant as β0 occurs since one often refers to the left hand side of Eq. (2.75)
as the beta-function of the strong coupling. Once the initial value of the coupling
constant αs(µr,0) has been determined by experiments one may choose yet another

29



2. Basics of perturbative QCD

scale µr at which to evaluate theoretical calculations . To ensure the validity of the
perturbative approach and to reduce the effects of the scale parameter one will have to
choose a proper value for the scale parameter when it comes to theoretical predictions
for certain processes due to the involved ln (p2/µ2

r) terms. In this way, the running
coupling gains dependence on the physical scale of the process and becomes a sort of
an effective coupling. The simplest method is to take a typical value of the momentum
invariants of the considered process, for example a momentum transfer Q, assigning it
to all orders of αRs involved in the calculation. To estimate the renormalization scale
uncertainty, one varies the scale by multiplying/dividing by a factor of two. We will use
this method throughout this work (for further reading on more sophisticated methods
see for example [8]).
Now let us get to the properties of the running coupling itself.
Since at first sight Eq. (2.76) looks like the strong coupling may depend on two initial
constants one often comes across another notation of the equation

αRs (µr) =
2π

β0 ln ( µr
ΛQCD

)
, ΛQCD = µr,0 exp

(
− 2π

αs(µr,0)β0

)
(2.77)

defining the so-called QCD scale parameter ΛQCD . As long as there are less than 16
quark flavors β0 will be positive. So as the scale decreases ΛQCD describes the value
at which the running coupling becomes strong. Of course the given formula cannot
describe the true behavior at low scales since the beta-function approximation will be-
come invalid as the coupling grows large. Higher order corrections might reveal another
zero of the derivative of the coupling constant (in addition to gRs , r = 0). Instead of
blowing to infinity the strong coupling might evolve to a finite fixed point. Neverthe-
less the growing of the running coupling at low momentum scales or accordingly large
distances constitutes the fact that no isolated quarks or gluons have been observed so
far. Experiments typically estimate the value of ΛQCD at a few 100MeV.
On the opposite site now the running coupling decreases as the scale is growing ul-
timately tending to zero αRs (µr)

µr→∞−→ 0 . This is the so-called asymptotic freedom
property of QCD (or non-abelian gauge theories in general). So in the end this allows
to describe strong interaction processes in the limit of high energy scales by a pertur-
bative series in αRs . The property of asymptotic freedom has been confirmed up to
an order of four loop corrections [10], where from now on we will use the term loop
corrections to refer to Feynman diagrams with closed circles of internal lines.
The introduced perturbation theory has been found to become valid at about µr ≈
1 − 3GeV [11]. Besides ΛQCD one commonly uses the value of αs(µr,0) defined at a
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reference scale which is chosen to be the mass of the weak Z-boson µr,0 = MZ . In-
cluding higher corrections to the beta-function it has been determined by experiments
to αs(MZ) ≈ 0.1183 (world average [12]).
Actually in our calculations we will include the next-to-leading order term in the ex-
pansion of the beta-function and thus for the running coupling the solution to

µ
d

dµr
αRs (µr) = − β0

4π
(αRs )2(µr)−

β1

16π2
(αRs )3(µr) (2.78)

where now the second contribution has been found to be β1 = 102− (38/3)nf .
One should mention that besides the µr dependence the predictions in general under-
lie another uncertainty. Although the leading and next-to-leading order of the beta-
function turns out to be scheme independent this is not the case anymore in subsequent
orders making the running coupling even renormalization scheme dependent.
Apart from all that it is worth mentioning that the running mass vanishes sufficiently
fast in the limit of high scales so that it can be safely neglected as will be done in our
calculations [9].

2.5. Infrared divergences

Until now, we skipped over the infrared divergence arising in the quark propagator
self-energy which will contribute to a scattering cross section via the normalization
factors

√
Z in the LSZ formula (Z being the residue of an external quark propagator).

Furthermore, there will be a variety of infrared divergences from other diagrams, too.
At first, we take a look at one of the simplest scattering processes involving strong
interacting particles, the electron-positron annihilation into a quark anti-quark pair
via a virtual photon (or neutral electroweak boson). We actually did not use the term
virtual before which in Feynman diagram language refers to a particle propagating on
internal lines so that its four-momentum squared is not bounded to the corresponding
physical mass of that type of particle, one says it is off mass-shell.
Only considering QCD corrections at one loop order, the invariant matrix element
squared will be represented by the following diagrams (note that the external propa-
gators have been removed according to the LSZ formula but replaced by external lines
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representing their spinor properties as defined in the Appendix A.1).

|M|2 =
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q
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where the leading order diagrams have to be interfered with the loop corrected ones
to obtain a result at fixed order (α2αs) . Here

√
Z (corresponding to the quarks) has

been expanded as
√
Z ≈ 1 + αsz1 + . . . .

Now due to the the incorporated infrared singularities from the one loop corrections
this quantity will diverge (although there are some cancellations between them).
But one can argue that this process will be indistinguishable from a process where
a quark in the final state emits a gluon in the limit of vanishing (or below some
experimental cut) gluon-energy. The corresponding diagrammatic contributions e−

e+

q
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γ, Z

gs

2

+

 e−

e+

q

q̄

γ, Z

gs

∗ e−

e+

q

q̄

γ, Z
gs


+

 e−

e+

q

q̄

γ, Z

gs

 e−

e+

q

q̄

γ, Z
gs

∗ +
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2

are indeed of the same order as the virtual loop correction diagrams.
The phase space integral of the emitted gluon will yet lead to another divergence in the
limit of vanishing energy of the gluon. As it turns out the arising singularities cancel
exactly against the residual divergences of the virtual corrections so that the scattering
cross section becomes finite if one incorporates this phase space contribution and sums
over all left indistinguishable final states (color and polarization of the emitted gluon).
To one loop order this follows from the Bloch-Nordsieck [13] theorem known from
Quantum Electro-Dynamics (QED). In QED, this statement holds in every order of
perturbation theory. In a physical scenario (for now ignoring confinement), the cross
section will then depend on the energy cut-off value as long as no full inclusive cross
section (i.e e−e+ → qq̄X) where the full (only constrained by the momentum conserving
delta function) gluon phase space is taken into account then is considered. However, in
QCD the situation might change in higher orders due to the gluon self-couplings and
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a new type of divergence. The same type of divergence arises in the limit of massless
quarks, what we are going to consider in our calculations. Picture the emission of a
gluon from an external massless quark :

θ
p; p2 = 0

k; k2 = 0

(p− k)

Expanding the denominator of the propagator yields (p2 = 0, k2 = 0)

(p− k)2 = −2p · k = −2p0k0 + 2|p||k| cos(θ) = −2p0k0(1− cos(θ)) . (2.79)

where θ denotes the angle between the (three)-momenta of the emitted particle and
the emitting particle. This expression vanishes if the four-momentum of the emitted
gluon becomes zero (k → 0) giving rise to a so-called soft singularity (after the phase
space integration is performed in the corresponding region) which also appears in QED
when a photon becomes soft. As its name implies, the new type of divergence, the
so-called collinear divergence, shows up when the (three-)momentum of the emitted
gluon becomes parallel to the momentum of the emitting quark (θ → 0). Since this
divergence is avoided by a non-zero mass one also refers to it as a mass singularity.
Both singularities are logarithmic. Furthermore there will be an overlap of both types
eventually giving rise to a double logarithmic divergence. If instead a gluon splits into
an quark anti-quark pair the soft divergence gets canceled.
Now generally it depends on the gauge in which diagram singularities arise. We will
deal with the situation of Feynman gauge. Note that there appears in general no
divergence when an external particle is attached to two internal lines since in general the
virtual particles have non-zero invariant mass. Now regularizing potential divergences
via dimensional regularization Fig. 2.4 summarizes the arising divergences from real
emissions and virtual corrections in next-to-leading-order QCD.

Following the Bloch-Nordsieck approach one will now have to take into account the
collinear emissions of gluons from quarks yet at one loop order (being not able to
resolve collinear final state particles). As can be shown from another theorem, the
Kinoshita-Poggio-Quinn theorem, the total (summing/averaging over all final/initial
color and helicity states and carrying out the final state momentum phase space) in-
clusive electron-positron annihilation cross section remains finite up to all orders even
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Figure 2.4.: Real emission and virtual correction contributions within NLO QCD giving
rise to singularities (in Feynman gauge). One may identify the grey blob with
a leading order process. It is distinguished into initial state (top) and final
state situations (bottom). The self energy corrections again enter via the LSZ
formula. This figure/table has been taken from (slightly modified) [14].

in QCD.
Considering the process in reverse, i.e qq̄ → e−e+ the world looks different.
Taking into account all indistinguishable final states will not yield a finite result. For
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example, we now have to distinguish between collinear divergences that are soft and
those which are semi-hard. This is because the gluon is now emitted from an initial
state quark, so that in the case of a non-soft but collinear gluon, the process will be
distinguishable from the two-to-two particle process. Making the different types of
divergences explicit, for example through an momentum and angular cutoff, it turns
out that all soft (including overlapping divergences) still cancel out at one loop order
in the total cross section so that only purely collinear terms survive.
Actually, this has been shown to become untrue at two-loop level (see [15]).
Furthermore, it is important to note that also when carrying out the full phase space
integration the result still suffers collinear divergences. In order to get a finite result
one has to take into account contributions from soft and collinear initial states.
This is the statement of the so-called Kinoshita-Lee-Nauenberg theorem [16]. It states
that the power series expansion of a transition probability is infrared (soft and collinear)
finite if one sums over all degenerate (same energy eigenvalues) initial and final states.
Unfortunately, there may arise the necessity of the inclusion of disconnected diagrams
which then leads to an infinite series of diagrams at every order of perturbation theory.
However, when it comes to an application of these elementary particle scatterings
within the framework of hadron collisions one deals with these problems in another
way, one subtracts the remaining divergences into a quantity from a non-perturbative
region as we will see in the next chapter.
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Chapter 3

From partons to hadrons - the process
of interest

3.1. The parton model

Quarks and gluons are not observed as isolated particles, once a quark anti-quark pair
may be created both particles will end up on a timescale roughly about ∼ 1/ΛQCD ≈
O(1 · 10−24) s within color singlet bound states i.e. hadrons. Our perturbative treat-
ment is restricted to interactions among free quarks and gluons in the limit of high
momentum transfers/short distances.
Consider the parton model suggested by Feynman.
The parton model states that a proton consists of the three quantum number giving
valence quarks uud and an unknown bunch of quark anti-quark pairs and gluons. As
mentioned earlier one refers to all constituents collectively as partons.
Picture a proton-proton collision in the center-of-mass frame in the limit of high center-
of-mass energy: Both protons see each other relativistically contracted to flat discs.
Furthermore the lifetime of the partonic virtual state of the protons in their rest
frames becomes large in the center-of-mass frame. Thus, the interaction takes place on
a timescale where the partons are approximately "frozen" in a specific configuration.
There will be a specific probability for each parton to carry a certain momentum frac-
tion of the whole proton. Interchanging a high momentum the virtual particle carrying
it can only cover a short distance. If the partons are randomly spread over the protons
sphere and their density is not to high we then may describe the interaction between
the two protons perturbatively as a hard scattering between effectively free partons
one from each proton, respectively. The subsequent interactions of eventual strong
final state particles of the hard parton scattering and the proton remnants will also be
considered to take place on a longer time scale.
Let us move on to our concrete process of interest: the inclusive single weak vector
boson production in proton-proton collisions p + p → V + X where X may be any
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3. From partons to hadrons - the process of interest

hadronic final state and V can be either a Z or a W boson. The scattering process is
schematically illustrated in Fig. 3.1.

kT

V

P1 P2p2p1
σij

Figure 3.1.: Schematic illustration of a proton-proton collision resulting in the production
of a weak boson V .

We will consider the cross section differential in the transverse momentum (with respect
to the collision axis) of the weak boson denoted by kT .
According to the above described parton model, the inclusive differential cross section
at leading order in QCD (αsαw) factorizes into (up to higher inverse powers of the hard
scattering momentum transfer)

dσpp→V X
dk2

Tdy
(P1, P2, µr) =

∑
i,j

∫
dx1

∫
dx2fi/A(x1)

sdσ
(1)
ij

dtdu
(p1, p2, µr)fj/B(x2) (3.1)

where fi/A(x1) and fj/B(x2) are the so-called parton-distribution-functions (PDFs) giv-
ing the probability of finding a parton of type i, j inside the respective proton A,B

carrying a longitudinal momentum fraction x1, x2 ∈ [0, 1] of the parent proton.
Representing the nature of the hadronic proton state these are non-perturbative func-
tions which should be process independent and have to be determined from experi-
ments. We will go into some more detail in section 4. The other piece in Eq. (3.1),
sdσ

(1)
ij /dt/du, is the perturbative calculable partonic differential cross section for each

contributing configuration of initial partons i, j which we sum over incoherently (the
(1) indicates the order in αs).
We neglect all contributions from top quark channels and assume all quarks of the left
five flavors to be massless, even more we treat the whole proton state as massless in
the high energy limit.
In the above formula P1 and P2 are the momenta of the incoming protons and p1 = x1P1

and p2 = x2P2 the ones of the partons entering the hard (high momentum transfer) par-
tonic scattering process. Furthermore, we defined the so-called Mandelstam variables
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3.1. The parton model

as
s = (p1 + p2)2, t = (p1 − k1)2, u = (p2 − k1)2 (3.2)

where k1 is the momentum of the outgoing weak vector boson with mass k2
1 = m2

V .
Furthermore we have

√
k2

1T
≡ kT = ut/s .

The rapidity y of the weak boson in the center of mass frame of the colliding protons
is given by

y =
1

2
ln
EV + kL
EV − kL

(3.3)

where EV = k0 is the energy of the weak vector boson and kL its longitudinal momen-
tum along the collision axis in that frame.
At leading order, only two typological different partonic subprocesses, quark anti-quark
qq̄(q̄′)→ Z(W )g and quark gluon scattering qg → Z(W )q(q′), contribute. One has to
distinguish between the case of the neutral Z boson and the flavor changing charged
W+/− bosons. In the latter case, the participating quarks have to be of different flavor
in accord with the weak isospin doublets as described in section 2.2. In the case of W
bosons, we sum over W+ and W− contributions. Each subprocess is represented by
two Feynman diagrams, illustrated in Fig. 3.2. With respect to the subsequent orders

Figure 3.2.: Feynman-diagrams for the leading order QCD subprocesses of weak vector bo-
son production, i.e. qq̄(q̄′)→ Z(W )g and qg → Z(W )q(q′) .

one has to compute the first order result in d = 4 − 2ε yet although it is finite in the
limit of vanishing ε. We actually will deal with the production of real or more precisely
stable weak bosons and avoid the subtleties arising in calculations due to their finite
width .
For the interested reader who has not yet derived transition probabilities via the Feyn-
man rules by himself the calculation of the leading order contributions to the partonic
cross sections is shown in Appendix A.3 (for the case of a W boson).
Note that already the leading order cross section obeys a divergence in the limit kT → 0.
As long as perturbation theory comes on its own we do not consider low values of kT
but are interested in the kT dependence where perturbation theory becomes valid. The
contributions from the zeroth order (qq̄(q̄′) → Z(W )) which arise approximately only
at s = m2

V and kT = 0 have therefore been neglected. In the case we are interested in
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3. From partons to hadrons - the process of interest

the low kT regime we will use a resummation technique which will be treated in section
3.3.

3.2. Vector boson production in second order QCD

At next-to-leading order in QCD (we do not consider any corrections from weak or
electromagnetic interactions) new production channels become possible and one has
to consider a variety of diagrams. The new subprocesses are qq̄′(q̄) → Z(W )qq̄′(q̄),
qq(q′) → Z(W )qq(q′), qq′ → Zqq′, gg → Z(W )qq̄(q̄′), the leading order channels will
be extended by a final state gluon. The diagrams for virtual corrections are depicted
in Fig. 3.3 and have to be interfered with the leading order diagrams as described
in section 2.5. As can be seen from the LSZ formula (Eq. (2.54)) since it only dis-
tinguishes final and initial states by the sign of the Fourier-transform momentum the
matrix element with a particle of (three-)momentum p in the initial state can be gained
from the one with an anti-particle with momentum −p in the final state by analytical
continuation. One refers to this relation as crossing symmetry.
All possible quark gluon scattering diagrams are simply related by crossing to the ones
for quark anti-quark scattering, so we only present the latter case. For all contribu-

Figure 3.3.: Feynman-diagrams for the virtual corrections in second order QCD to the sub-
process qq̄(q̄′)→ Z(W )g .

tions from squared and interfered diagrams involving gluon loops one has to subtract
the contributions from the corresponding diagrams with all possible ghost loops (not
shown).
For the real emission correction diagrams we only show a certain set at this point as
will be discussed in a moment. To carry out the calculation of the second order contri-
butions here is beyond the scope of this thesis. Furthermore it has been performed a
long time ago and the full results can be found in [17],[18]. Nowadays there are several
software packages allowing to reproduce the analytical results quite fast (for example
FeynArts [19] + FormCalc [20]+ FeynCalc [21] + LoopTools [22]). However no very
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3.2. Vector boson production in second order QCD

illuminating insight is gained by presenting lengthy analytic expressions here.
As indicated, in section 2.5 the soft divergences (including overlaps) cancel out com-
pletely between virtual corrections and real emissions but some of the purely collinear
divergences survive. As it turns out, one can attribute the latter ones to initial state
singularities. The uncanceled collinear divergences arising from initial state emissions
show up in diagrams illustrated in Fig. 3.4.

Figure 3.4.: Feynman-diagrams for the second order QCD subprocesses of weak vector boson
production giving rise to uncanceled collinear divergences from initial state
emissions.

We take a closer look at an example shown in Fig. 3.5. One may argue that in the

kn

p2 · kn 0

p2

1
p2·kn

(1− z2)p2

k1

k2

kn−1

p1
k1

k2

kn−1

p1

p2

z2p2
∼

j1 j1

j2

jn−1

j2

jn−1

Figure 3.5.: Illustration of an hard scattering process with initial state emission in the
collinear limit. The straight lines represent any valid configuration of par-
tons j1, . . . , jn. In the considered limit the quasi-real quark entering the hard
scattering process carries the longitudinal momentum fraction z2 of its parent
quark. The dashed line indicates the splitting of the corresponding squared
matrix element.
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3. From partons to hadrons - the process of interest

limit where the mass of the intermediate propagator vanishes (p2 · kn → 0 in Fig.
3.5) and the virtual particle becomes quasi-real the propagation time of that particle
becomes that large that in some sense the splitting into two particles decouples from
the hard scattering process and has to be assigned to the long-distance part, i.e. the
proton structure.
Indeed, it can be shown that independent of the subsequent hard scattering process in
Fig. 3.5 it is possible to factorize the matrix element in the collinear limit, so that one
schematically has

|M|2j1q→W/Zj2...jng
(p1, p2)

p2·kn→ 0−→ gq→ qg(p2, kn, z2) |M|2j1q→W/Zj2...jn
(p1, z2p2) (3.4)

where z2 is the longitudinal fraction of the momentum p2.
Consider for example the averaged/summed matrix element squared of the first two
diagrams (top row left) of Fig. 3.4 which we denote with C1 and C2, so we consider∣∣C1 + C2

∣∣2. Considering the region of the three particle phase space (defined in Eq.
2.58) where p2 · k3 (denotation according to Fig. 3.5) vanishes in the collinear limit,
performing the integration via dimensional regularization one can deduce

dσp2·k3→ 0
C1+C2

(p1, p2) →
∫ 1

0

dz2
αs
2π
Pq̄←q̄(z2)

(
∆IR − ln

µ2
r

m2
V

+ finite terms

)
dσ

(1)
qq̄ (p1, z2p2)

(3.5)
where the coefficient of the collinear singularity

Pq̄←q̄(z) = Pq←q(z) =
4

3

(
1 + z2

(1− z)+

+
3

2
δ(1− z)

)
(3.6)

is known as one of the Altarelli-Parisi splitting functions at leading order [23]. Actually,
the expression here has yet been adjusted to take care of the overlapping region with
the soft divergence, since this part will cancel against virtual corrections. Therefore,
one defines a so-called plus-distribution by∫ 1

0

f(z)

(1− z)+

=

∫ 1

0

f(z)− f(1)

(1− z)
(3.7)

where f(z) is any smooth function with regular boundaries.
One can find similar expressions for all the possible splittings shown in the left column
of the table in Fig. 2.4. The corresponding coefficients of the divergences are given by

42



3.2. Vector boson production in second order QCD

the other lowest order Altarelli-Parisi splitting functions :

Pq←g(z) =
1

2

(
z2 + (1− z)2

)
(3.8)

Pg←q(z) =
4

3

(
1 + (1− z)2

z

)
(3.9)

Pg←g(z) = 6

(
1− z
z

+
z

(1− z)+

+ z(1− z)

)
+

(
11

2
− nf

3

)
δ(1− z) . (3.10)

Remember in our case we have nf=5 . One may interpret the functions as the probabil-
ity for finding a certain parton with longitudinal momentum fraction z inside another
parton.
Now as it turns out, it is possible to factor out all residual collinear singularities (there
are also some from the propagator corrections of the initial states) from the partonic
cross section allowing to do the following. One introduces a factorization scale param-
eter µf to separate the perturbative from the non-perturbative regime and subtracts
the divergences into the PDFs defining in a similar fashion to the UV renormalized
quantities an observable parton-distribution-function f̃i/A(x, µf ) in terms of the bare
PDFs [18]

f̃i/A(x, µf ) =
∑
j

∫ 1

x

dz

z

(
δijδ(1− z) +

αs
2π
Ri←j(z, µ

2
f )
)
fi/A(

x

z
) (3.11)

where we have defined

Ri←j(z, µ
2
f ) = Pi←j(z)

(
∆IR − ln

µ2
r

µ2
f

)
+ Cf.s.

i←j(z) . (3.12)

At lowest order, both PDFs agree since there is no splitting of partons into partons.
The additional term Cf.s.

i←j(z) denotes the finite part which one likes to remove in addi-
tion dependent on the chosen factorization scheme, we will apply the MS factorization
with CMS

i←j(z) ≡ 0 .
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3. From partons to hadrons - the process of interest

Accordingly, one now has a renormalized partonic cross section

sdσ̃ij
dtdu

(p1, p2, µr) =
sdσ

(1)
ij

dtdu
(p1, p2, µr) +

sdσ
(2)
ij

dtdu
(p1, p2, µr)

− αs
2π

∑
k

∫ 1

0

dz1Rk←i(z1, µ
2
f )
sdσ

(1)
kj

dtdu
(z1p1, p2, µr)

− αs
2π

∑
k

∫ 1

0

dz2Rk←j(z2, µ
2
f )
sdσ

(1)
ik

dtdu
(p1, z2p2, µr) . (3.13)

Here sdσ
(2)
ij

dtdu
incorporates all second order QCD contributions from virtual corrections

and real emissions. This expression will now yield a finite result.
The factorization of the residual singularities has been shown for a series of other
processes such as DIS, so that the definition of the observable PDFs applies to all of
them allowing to compare between theory and experiment in order to use the PDFs to
predict results for future experiments.
For further details on factorization of short and long distance parts in general see for
example [24].
As one can see the cross section will besides the renormalization scale now additionally
depend on the factorization scale. As most often done, we will set µr = µf in our
calculations. Although the PDFs themselves are not calculable within perturbative
QCD their evolution to higher scales is. Similar to the case of the running coupling one
can derive evolution equations for the observable PDFs by imposing the independence of
the scattering cross section on the factorization scale, the so-called Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) [23] equations. At leading order this set of coupled
evolution equations reads

µ
d

dµ
f̃g/H(x, µ) =

αs(µ)

2π

∫ 1

x

dz

z

(
Pg←q(z)

∑
f

(
f̃qf/H

(x
z
, µ
)

+ f̃q̄f/H

(x
z
, µ
))

+ Pg←g(z)f̃g/H

(x
z
, µ
))

,

(3.14)

µ
d

dµ
f̃qf/H(x, µ) =

αs(µ)

2π

∫ 1

x

dz

z

(
Pq←q(z)f̃qf/H

(x
z
, µ
)

+ Pq←g(z)f̃g/H

(x
z
, µ
))

,

(3.15)

µ
d

dµ
f̃q̄f/H(x, µ) =

αs(µ)

2π

∫ 1

x

dz

z

(
Pq←q(z)f̃q̄f/H

(x
z
, µ
)

+ Pq←g(z)f̃g/H

(x
z
, µ
))

(3.16)
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where H denotes the type of hadron and f the quark flavor. In higher orders also a
splitting of quarks into antiquarks or quarks of different flavor will become possible
through subsequent gluon splittings. Then the splitting functions will also gain a µ
dependence through αs(µ) when expanded to higher orders.
A somewhat more physical approach to derive these equations leads to the interpre-
tation of a growing resolution of more and more partons inside the proton at higher
momentum scales.
After all other singularities have been made manifest and canceled one can perform the
phase space integration and the convolution of the finite partonic cross section with
the PDFs determined from experiments numerically and hence derive the results for
the hadronic scattering process which are shown in chapter 5. One should note that
there are several subtleties to cancel the singularities properly so that the phase space
can be integrated numerically, see [18] for further details.

3.3. CSS resummation formula 1

While the transverse momentum kT is of the order of its invariant mass, the calculations
of the last section are reliable. But although all infrared poles got canceled the finite
remains of the soft and collinear, real and virtual corrections lead to large logarithmic
contributions which spoil the perturbative approach. The perturbative series in the
region k2

T �M2
V is dominated by the following contributions

dσpp→V X

dk2
Tdy

∼ αwαs
k2
T

ln

(
M2

V

k2
T

)(
c1 + c2αs ln2

(
M2

V

k2
T

)
+ c3α

2
s ln4

(
M2

V

k2
T

)
+ . . .

)
(3.17)

This series is the so-called leading-logarithm approximation. Now at sufficiently low kT

the perturbative series will be effectively an expansion in αs ln2(M2
V /k

2
T ) rather than

simply in αs. The double logarithms correspond to virtual or real corrections from the
overlapping region where they are both, soft and collinear.
The overall factor of 1/k2

T comes from the first order contribution which yet diverges in
the limit k2

T → 0 as stated in section 3.1. The divergence can be canceled by including
the virtual corrections to the zeroth order or formally introducing a negative delta
function singularity at the origin.
Fortunately the coefficients ci of the above series are not independent but can be
expressed in terms of c1 such that it is possible to sum the series exactly yielding an

1This section closely follows [25] and section 3.2 of [26].
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exponential factor.
Technically it is even possible to resum all terms that are at least singular as 1/k2

T as
kT → 0 which are

dσpp→V X

dk2
Tdy

∼ αw
k2
T

∞∑
n=1

2n−1∑
m=0

ncmα
n
s lnm

(
M2

V

k2
T

)
. (3.18)

Now to achieve a resummation of all these terms one follows the ideas of renormalization
theory. Consider a general quantity R(M2,m2) obeying an infrared sensitivity where
the scale m2 measures the distance from the critical region and M2 represents a hard
scale. Then the idea is to show that R can be factorized in the limit m2 �M2 into

R(M2,m2) = H

(
M2

µ2

)
S

(
m2

µ2

)
(3.19)

involving a factorization scale µ. In general it is not quite easy to find such a factor-
ization and it might even be necessary to switch from the original momentum space to
a conjugate space (in our case this would be from transverse momentum to transverse
position space, i.e. impact parameter space) to perform the factorization.
Although introducing new potentially large ratios, these can be handled using the
independence of R on µ. Acting with µ d/dµ on R one obtains

d lnH

d lnµ2
= γS(µ2) = − d lnS

d lnµ2
. (3.20)

With reference to renormalization group theory the gained coefficient function γS(µ2)

is called anomalous dimension.
Solving the evolution equations for S, and H yields

H

(
M2

µ2

)
= H(1) exp

[
−
∫ M2

µ2

dλ2

λ2
γS(λ2)

]
(3.21)

and

S

(
m2

µ2

)
= S(1) exp

[
−
∫ µ2

m2

dλ2

λ2
γS(λ2)

]
. (3.22)

Inserting both results in equation 3.19 we obtain

R(M2,m2) = H(1)S(1) exp

[
−
∫ M2

m2

dλ2

λ2
γS(λ2)

]
. (3.23)
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As one can see H and S do not depend on any large ratios any more but all scale
dependence on M2 and m2 has been moved into the exponential function to which
one often refers as the Sudakov form factor. So both functions can be determined by
perturbation theory and large logarithms are resummed into the exponential factor.
Also the anomalous dimension can be calculated as a series in αS.

Now Collins, Soper and Sterman (CSS) found a similar (re-)factorized (to distinguish
in this case from the former achieved factorization) expression obeying evolution equa-
tions for the differential cross section in back-to-back hadron jet production in electron-
positron annihilation [27]. Short after it they applied their procedure to the case of
Drell-Yan pair- (virtual photon-) (pp → γ∗X → l+l−X) and W/Z-production [28].
The actual derivation is quite expensive so just the result will be presented.
The resummed expression (only terms at least singular as 1/k2

T as kT → 0 have been
included) reads

dσpp→V X

dk2
Tdy

(resum) =
4π3αw

3S

∫
d2b

(2π)2
eib·kT

∑
k,l

e2
klWkl(b,MV , x1, x2),

Wkl(b,MV , x1, x2) = exp

[
−
∫ C2

2M
2
V

C2
1/b

2

dλ2

λ2

(
ln

(
C2

2M
2
V

λ2

)
A
(
αs(λ

2)
)

+B
(
αs(λ

2)
))]

×
∑
i

∫ 1

x1

dz1

z1

Ck←i

(
x1

z1

, αs(C3/b)

)
fi/A (x1, αs(C3/b))

×
∑
j

∫ 1

x1

dz2

z2

Cl←j

(
x2

z2

, αs(C3/b)

)
fj/B (x2, αs(C3/b)) . (3.24)

The indices i and j are the initial parton flavors and k,l the once entering the Z/W
vertex, so that ekl adjusts the coupling respectively. The values at which the PDFs
are evaluated are the dominant values at low kT given by x1 = e+yMV /

√
S and x2 =

e−yMV /
√
S where

√
S is the center of mass energy of the colliding protons.

Furthermore, b is the conjugate to kT and thus the transverse position or the impact
parameter. The parameters C1, C2 and C3 are arbitrary and unphysical and will be
chosen to C1 = C3 = 2e−γE ≡ b0 and C2 = 1 . The functions A(αs), B(αs) and C(x, αs)
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have perturbative expansions in αs:

A(αs) =
∞∑
n=1

A(n)
(αs

2π

)n
, B(αs) =

∞∑
n=1

B(n)
(αs

2π

)n
and C(x, αs) = δ(1− x)

∞∑
n=1

C(n)(x)
(αs

2π

)n
(3.25)

where the coefficients of the series depend implicitly on the parameters Ci .
Now truncating the series at A(n), B(n) and C(n−1) corresponds to the following expan-
sion (suppressing the coefficients of the logarithms)

dσpp→V X

dk2
Tdy

∼ αw
k2
T

(
αsZ1 + α2

sZ2 + · · ·+ αnsZn + h.c.
)

(3.26)

where

αsZ1 ∼ αs(L+ 1) + α2
s(L

3 + L2) + α3
s(L

5 + L4) + . . .

α2
sZ2 ∼ α2

s(L+ 1) + α3
s(L

3 + L2) + . . .

αnsZn ∼ αns (L+ 1) + . . .

(3.27)

with L = ln(M2
V /k

2
T ) . Each term of the series expansion now is smaller by αs rather

than αsL2 so that one effectively has reorganized the former expansion (3.18) into a per-
turbation series in αs again. The coefficients A(n), B(n) and C(n−1) may be determined
by comparison with the original fixed-order perturbation result. We will truncate the
series at n = 2 which corresponds to the next-to-leading order term in (3.26) . One
refers to it as the next-to-leading logarithmic (NLL) accuracy.
The relevant coefficients can be found in [25].
When the impact parameter becomes of the order b & 1/ΛQCD the resummed expres-
sion itself becomes unreliable (or even ill-defined since the running coupling in NLO
obeys a pole at µ = ΛQCD) and non-perturbative effects have to be taken into account.
CSS suggested the introduction of an non-perturbative (np) function so that

Wkl(b) = W per
kl (b∗)W

np
kl (b) (3.28)

where
b∗ =

b√
1 + (b/bmax)2

. (3.29)
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In this way W per
kl (b∗) can be safely evaluated for all values of b since b∗ never goes

beyond bmax . CSS deduced via a renormalization group analysis that W np
kl (b) has the

following functional form to all orders of perturbation theory (we now write Q2 instead
of M2

V since the formula also applies to other Drell-Yan like processes)

W np
kl (b,Q, x1, x2) = exp

[
−h1(b) ln

(
Q2

Q2
0

)
− hk/A(x1, b)− hl/B(x2, b)

]
(3.30)

where the three functions which in general depend on the specific initial parton flavor
have to be determined by experiments constrained through W np

kl (b = 0) = 1 . However
in practice one actually uses simple parametrizations as [29]
the Davies-Webber-Stirling (DWS) form

exp

[(
−g1 − g2 ln

(
Q

2Q0

))
b2

]
, (3.31)

the Ladinsky-Yuan (LY) form with three parameters and a logarithmic x-dependence
linear in b

exp

[(
−g1 − g2 ln

(
Q

2Q0

))
b2 − (g1g3 ln(100x1x2)) b

]
(3.32)

or the Brock-Landry-Nadolsky-Yuan (BLNY) form which is just a pure Gaussian ver-
sion of the former one

exp

[(
−g1 − g2 ln

(
Q

2Q0

)
− g1g3 ln(100x1x2)

)
b2

]
. (3.33)

In [29] all three parametrizations were compared to several sets of data coming from
Drell-Yan pair and vector boson production in a global fit. The data stemmed from
the experiments R209, E605, E288, and Tevatron Run 1 Z. Based on a statement "It is
evident that the Gaussian BLNY parametrization fits the whole data sample noticeably
better than the other two parametrizations. . . " in [29], we have applied the BLNY form
with the respective values for the parameters determined in [29], which are:

g1 = 0.21, g2 = 0.68, and g3 = −0.60 (3.34)

where the starting scale has been chosen to be Q0 = 1.6GeV and the maximum value
of the impact parameter to be bmax = 0.5GeV−1 .

Since the resummed expression contains only the most singular part of the former
fixed-order result one does the following. One expands the resummed expression to
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3. From partons to hadrons - the process of interest

second order in αs again and extracts the 1/k2
T terms, while the running coupling

and the PDFs are now evaluated at the renormalization/factorization scale of the con-
ventionally determined second order perturbation result. The result, by Arnold and
Kauffman called the "asymptotic" (asym) result, is then subtracted from the latter
one, i.e the second order perturbative (pert) result. So one has

dσpp→V X

dk2
Tdy

(total) =
dσpp→V X

dk2
Tdy

(resum) +
dσpp→V X

dk2
Tdy

(pert)− dσpp→V X

dk2
Tdy

(asym) . (3.35)

However, since the PDFs of the resummed and asymptotic result are determined at
fixed values of x1, x2, both results continue to fall as 1/k2

T at growing kT in opposite
to the corresponding perturbative result which falls faster (the PDFs also fall with
increasing kT ). Since the asymptotic term incorporates only pieces up to second or-
der in αs there will remain terms uncanceled from the resummed result, so that the
total falling will not be that fast as its supposed to be. Furthermore at high kT the
resummed result even passes zero so that the uncanceled terms lead to a negative total
result. Thus one has to switch back to the pure perturbative result at some point.
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Chapter 4

Parton distribution functions

As treated in the last chapter the structure of the proton or generally any hadron can
not be described perturbatively and is hence subject to experiments. It is described
by the parton distribution functions also referred to as parton density functions which
give the probability of finding a certain parton i at a momentum scale µf = Q inside
a certain hadron H carrying a longitudinal momentum fraction x . However, we will
only deal with proton PDFs. Due to the proton quantum numbers they have to obey
certain sum rules besides the completeness relation

∑
i

∫ 1

0

dx xfi/P (x,Q) = 1 . (4.1)

The proton is assumed to be a bound state of the three quantum number giving valence
quarks, which are two up-quarks and one down-quark, and an unknown admixture of
quark-antiquark pairs to which one often refers as sea-quarks. Thus there should be
an excess of two u and one d quark over the according antiquarks, which implies the
following rules∫ 1

0

dx
(
fu/P (x,Q)− fū/P (x,Q)

)
= 2, and

∫ 1

0

dx
(
fd/P (x,Q)− fd̄/P (x,Q)

)
= 1 .

(4.2)
For all other flavors there should be the same amount of quarks and antiquarks.
Once the PDFs have been gained from experiment at a certain scale their evolution to
higher scales is governed by the DGLAP equations as stated in the last chapter. Now
there are several methods to parametrize the x dependence at the starting scale Q0 in
order to fit the data, leading to different sets of PDFs. Usually the parameterizations
are of the form (suppressing specific parton indices) [30]

f(x,Q0) = a0x
a1(1− x)a2P (x) (4.3)

The xa1 term reflects a Regge like behavior in the small x limit, while the term (1−x)a2

describes the physics in the limit x → 1 and is mostly affected by the valence quark
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4. Parton distribution functions

sum rules. On the other hand P (x) is a phenomenological smooth function with a few
more parameters to achieve more flexibility. The ansatz for this function varies among
experimental physics groups.
For the valence (v) quarks for example the CTEQ (The Coordinated Theoretical-
Experimental Project on QCD) uses [31]

Pv(x,Q0 = 1.3 GeV) = exp(a3x+ a4x
2 + a5

√
x) (4.4)

while the MSTW (Martin-Stirling-Thorne-Watt) collaboration uses [32]

Pv(x,Q0 = 1 GeV) = 1 + a3

√
x+ a4x . (4.5)

These collaborations provide PDF sets won by global analyses of experimental data.
The next-to-leading order best CT10 global fit [31] will be used for our numerical
calculations as a baseline together with its provided uncertainty band. The difficulties
of error estimation and propagation in global fit analysis are a whole subject of their
own and will not be treated here. We will only have a brief look at the so-called
Hessian method. The CT10 PDF parametrizations include in total 26 free parameters .
At first the whole data sample is fitted using the 26 parameters. Then the best set
of fit parameters (we will from now refer to the corresponding fit f0 as the central
value/central fit) is obtained by minimizing the χ2 of the global fit. The assumption
then is that one can approximate χ2 near the global minimum by a quadratic expansion
in the fit parameters ai (i = 1, . . . 26) . One obtains the Hessian error matrix

∆χ2 =
1

2

26∑
i,j

Hij(ai − a0
i )(aj − a0

j) (4.6)

where a0
i corresponds to the respective value of the parameter in the central fit. Diag-

onalizing the matrix yields a basis of 26 orthonormal eigenvectors each one probing a
direction in the PDF parameter space. The largest (smallest) eigenvalues correspond-
ing to the eigenvectors represent the best (worst) determined directions. Varying in
each eigenvector direction up(+) and down(-) up to a given tolerance one gains a set of
52 PDF fits corresponding to the respective parameter values. Although the plus and
minus variations are symmetric in parameter space they will not always cause symmet-
ric variations of an observable depending on the corresponding fit values. To estimate
the error of an observable caused by the PDF uncertainties based on the given set of
52 PDFs there exist different methods. However, we will use the one recommended by
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CT10. One computes the result for a physical observable R(f) for each of the provided
PDFs fi (i = 1, . . . , 52), then the positive and negative error estimates for R(f) are
given by

∆R+(f) =

√√√√ 26∑
i=1

(
max

(
R(f+

i )−R(f0), R(f−i )−R(f0), 0
))2

(4.7)

∆R−(f) =

√√√√ 26∑
i=1

(
max

(
R(f0)−R(f+

i ), R(f0)−R(f−i ), 0
))2

(4.8)

where max() determines the respective maximum value.
For now we will deal with the PDFs themselves (so R(f) = f). The 52 f±i PDFs are
provided by CT10 at a confidence level of 90% . In order to estimate the bias coming
from the different parametrizations of the x dependence (and other sources of error),
also the best NLO fits of the global analyses MSTW08 [32] and NNPDF2.1 (Neural
Network Parton Distribution Functions) [33] are presented. All PDF sets have been
taken from the LHAPDF (Les Houches Accord PDF) library [34].
In Fig. 4.1 the gluon PDF (reduced by a factor of 20) and the up-quark and strange-
quark PDFs are shown at the factorization scale Q = MZ (top), adequate for elec-
troweak boson production at low transverse momenta, and at the higher scale of
Q = 1TeV (bottom), relevant at high transverse momenta of the vector bosons.
Since the PDFs are highly peaked one usually plots xfi(x,Q) rather than f(x,Q).
As one can see, the densities of gluons and sea quarks at small x increase from low
(top) to high (bottom) scales, at the same time PDFs at large x are reduced (mostly
valence quarks, here up quarks). According to the DGLAP equations partons at high
x tend to split decreasing their momentum to lower x. In addition the splitting pro-
duces new partons with low x. Thus the PDFs decrease at large x and increase more
rapidly at small x with growing Q2. One says, the proton is resolved on finer and
finer distance scales. In this region the sea-quark contributions dominate, so that the
up-(incorporating valence and sea quarks) and strange-quark PDFs largely overlap, so
only the PDF uncertainties are shown in Fig. 4.1 for the latter while the central values
are omitted for better visibility.
The PDF uncertainty highly increases below values of x = 10−3 where little informa-
tion is available from pre-LHC experiments. Since the Q2 dependence can be calculated
perturbatively using the DGLAP equations, the PDFs at high Q become less depen-
dent on the non-perturbative input at the starting scale Q0, so that their uncertainty
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4. Parton distribution functions

due to the fit of the unknown x dependence at Q0 to experimental data is reduced.

x
f(

x
,Q

)

x

Q = MZ

CT10 - gluons (× 20)

CT10 - up quarks

MSTW08

NNPDF2.1

CT10 - strange quarks

 0

 2

 4

 6

 8

 10

 12

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

x
f(

x
,Q

)

x

Q = 1 TeV

CT10 - gluons (× 20)

CT10 - up quarks

MSTW08

NNPDF2.1

CT10 - strange quarks

 0

 5

 10

 15

 20

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

Figure 4.1.: Parton distribution functions (PDFs) on a logarithmic x scale, emphasizing the
low x region, at the factorization scale Q = MZ (top) and 1 TeV (bottom) from
different collaborations. PDF uncertainties are only shown for the CT10 group.
PDFs are printed for gluons, up quarks and strange quarks.
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The shift of the PDFs (in particular for up-quarks) from larger to smaller x values with
the evolution from Q = MZ to Q = 1TeV can actually better be seen when plotting
on a linear x axis, which is shown in Fig. 4.2. Emphasizing the high x-region in this
way, the up- and strange-quark PDFs are well separated due to the contributions of
valence quarks to the up quark PDF, so that also the central values for the strange
quark distributions are shown in this case.
Furthermore, one can see that the CT10 uncertainty, induced by experimental data,
does not cover in all regions the central values of MSTW08 and NNPDF2.1, demon-
strating the important influence of the theoretical bias on the x parametrization at
initial scale Q0.
Focusing now on the gluon PDF at large x, one can see that it is much less constrained
than the up-quark PDF, which in opposite to the former one got directly probed in
DIS experiments (the gluon PDF enters only at next-to-leading order QCD).
At the lower scale Q = MZ , the gluon uncertainty parametrized by CT10 at x = 0.3

and x = 0.4 exhibits considerably large values which amount to ≈ +21%/− 18% and
≈ +40%/−30%, respectively. The evolution to Q = 1TeV does not change this uncer-
tainty significantly, which there amounts to ≈ +22%/− 17% and ≈ +43%/− 28%, re-
spectively. Contrary to the strange-quark PDFs, the central MSTW08 and NNPDF2.1
gluon PDF fits are covered by the CT10 uncertainty bands.
In the three global analyses considered here, LHC data have not yet been included.
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Figure 4.2.: Same as in Fig. 4.1, but on a linear x-scale, emphasizing the high-x region.

56



Chapter 5

Numerical results 1

The calculations are based on a Fortran program code developed by P.B. Arnold, M.
H. Reno and R. P. Kauffman in [18],[25].
All PDF sets (CT10 [31], MSTW08 [32] and NNPDF2.1 [33]) have been included in
the calculations via the LHAPDF interface [34]. Some packages of the CERNLIB 2006
library [36] have been used.
As stated in section 3.3 for the non-perturvative function W np

kl entering in the CSS
resummation formula a pure Gaussian paremetrization has been used

W np
kl (b,Q,Q0, x1, x2) = exp

[(
−g1 − g2 ln

(
Q

2Q0

)
− g1g3 ln(100x1x2)

)
b2

]
(5.1)

with the parameters as determined in [29]

g1 = 0.21, g2 = 0.68, and g3 = −0.60 (5.2)

and the starting scale chosen to be Q0 = 1.6GeV and the maximum value of the impact
parameter chosen to be bmax = 0.5GeV−1 .
For the electroweak bosons the following mass values have been used [37]

MW = 80.385 and MZ = 91.1876 . (5.3)

The electroweak bosons are treated as stable. Contributions of top quarks, and the
mixing of the bottom quarks to lighter quarks have been neglected. The results for
W+ and W− production have been summed.
With respect to standard practice from now on the transverse momentum of the re-
spective vector boson will be denoted by pT . Furthermore, results are presented for
the cross section differential in pT rather than p2

T . The center of mass energy in the
center of mass frame of the colliding protons will be denoted by

√
s rather than

√
S .

1The results of this thesis and so basically this chapter have been published yet before submitting
the thesis in [35].
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5. Numerical results

The factorization and renormalization scales have been equally set to µf = µr = µ =√
M2

V + p2
T with respect to the relevant momentum scales of the process.

At first the theoretical predictions will be compared to LHC data.

5.1. Comparison to data

In the upper part of Fig. 5.1 the theoretical predictions for Z-boson production at a
center of mass energy of

√
s = 7TeV are compared to CMS data. In experiments the

Z bosons are detected via their decay products, i.e lepton-antilepton pairs (electrons
and muons). Since the subsequent decay of the Z boson has not been included in our
theoretical calculations, we are considering the differential cross section normalized to
the total cross section. The CMS data were presented in [38] by the CMS collabora-
tion normalized to the total cross section and with combined statistical and systematic
uncertainties, individually for decay electrons and muons with pseudorapidity (rest
masses neglected) |η| < 2.1 and as a combination. However, only the combined error
is presented. The data extend to values of 600GeV for the pT of the Z boson.
The theoretical differential cross section has been computed with the central value of
CT10 and integrated over the rapidity range of the Z boson of |y| < 2.1 according to
the experimental constrain on the pseudorapidity of the leptons which directly trans-
lates into the same (despite of the neglected lepton masses) constrain on the Z boson
rapidity.
As can be observed, the region where resummation is needed to describe the data ex-
tends to values of pT ' 75GeV. Below this point, the perturbative calculation (dotted)
diverges logarithmically due to multiple-soft-gluon radiation and needs to be resummed
(dashed), while above this point the regular, non-logarithmic terms due to hard, non-
collinear radiation can no longer be neglected as is done in the pure resummation result.
The transition region can be described as stated in section 3.3 by the subtraction of
the asymptotic term.
As can bee seen the theoretical predictions for Z boson production can describe the
experimental data within the given uncertainties over the full region in pT .
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Figure 5.1.: Transverse-momentum spectra of Z (top) and W (bottom) bosons at the LHC
with

√
s = 7TeV, normalized to the total cross section. CMS (top) and ATLAS

(bottom) data are compared with theoretical predictions at NLL+NLO in the
rapidity range |y|<2.1 using CT10 PDFs. The data points are positioned at the
theoretical centers of gravity of the bins (red) and at the centers of the bins
(black).
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5. Numerical results

In the lower part of Fig. 5.1 the theoretical predictions forW boson production, as well
at
√
s = 7TeV, together with ATLAS data [39] . Similarly to CMS, the ATLAS collab-

oration present their results normalized to the total cross section providing a combined
uncertainty estimate for W boson decays into electrons and muons. The W boson de-
cays into an electron (muon) and an electron-antineutrino (muon-antineutrino). The
experimental rapidity cut for the electron and muons is given by η < 2.4 . The neu-
trinos escape detection and enter only through missing energy. The experimental pT
spectrum for the W boson is obtained through a two-step unfolding procedure up to
values of 300GeV. On the other hand we can not determine a rapidity constrain on the
W boson in this case, so the presented theoretical predictions calculated in the rapidity
range of |y| < 2.1 only give a rough estimate in this case.
The theoretical behavior is very similar to the one for Z boson production except
that the transition from the region dominated by large logarithms to the perturbative
regime occurs at slightly smaller values of pT ' 65GeV, which can be attributed to
the other hard scale of the process, i.e. the W boson mass which is with 80.385GeV
somewhat smaller than the Z boson mass of 91.1876GeV.
The same results are plotted in Fig. 5.2 using a logarithmic x axis to show more clearly
the agreement of theoretical predictions and experimental data in the low pT -regime.
In addition the central values for MSTW08 and NNPDF2.1 are presented.

One may ask how the resummation and perturbative regions change when moving from
current LHC experiments with

√
s = 7(8)TeV to those in future, which will be con-

ducted with collision energies up to 14TeV. The results of a calculation at
√
s = 14TeV

are shown in Fig. 5.3.
The value where the pure resummation result starts to deviate strongly from the total
result is given roughly by pT ' 90GeV for Z bosons and by pT ' 80GeV forW bosons.
On the other hand, the calculations indicate the reach in pT , formerly 600(300) for
Z(W ) bosons produced at

√
s = 7TeV with an integrated luminosity of 35.9 (31)pb−1,

should increase to the multi-TeV range, i.e at least 2TeV, at
√
s = 14TeV and an

assumed integrated luminosity of 100 fb−1.
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Figure 5.2.: Normalized transverse momentum spectra for Z (top) and W (bottom) bosons.
The theoretical calculations at NLO combined with resummation for the rapid-
ity range |y| < 2.1 and using various PDFs are shown in comparison with CMS
and ATLAS data on a logarithmic x axis. The data points are positioned at
the theoretical center of gravity of the bins (red) and at the center of the bins
(black). The orange band represents the CT10 PDF uncertainty.
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Figure 5.3.: Transverse-momentum spectra of Z (top) and W (bottom) bosons at
√
s =

14TeV derived in NLL+NLO accuracy in the rapidity range |y| < 2.1 using
CT10 PDFs.
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5.2. Decomposition of partonic processes

5.2. Decomposition of partonic processes

The next question under consideration is at which values of pT electroweak boson
production starts to be dominated by the QCD "Compton" process qg → Z(W )q(q′).
The importance of the quark-gluon scattering subprocess can be seen in Fig. 5.4. At
a collision energy of

√
s = 7TeV it is sufficient for the transverse momentum of the

produced Z (top) or W (bottom) boson to exceed 20 or 15GeV. The contribution
of the quark-gluon subprocess then remains at a level of 75%–80%, almost up to the
kinematic limit, more precisely, up to 3TeV before quark-antiquark fusion takes over
again (not shown here). We show only the results for the leading order subprocesses,
the contributions from the subprocesses qq̄′(q̄) → Z(W )qq̄′(q̄), qq(q′) → Z(W )qq(q′),
qq′ → Zqq′ and gg → Z(W )qq̄(q̄′) arising at NLO as mentioned in section 3.2 remain
at the level of a few percent. This statement actually depends on the factorization
scheme and scale, in our case the MS scheme and µf =

√
M2

V + p2
T = µr as stated

above. In principle this choice should provide a reasonable stability of the perturbative
calculations in the low- and high-pT regions.

The dominance of the qg subprocess persists at higher collision energies of
√
s = 14TeV,

as can be observed in Fig. 5.5. The peak contribution is even a bit larger and reaches
more than 85% at pT ' 100GeV. A local minimum of about 70% exists at intermediate
values of pT ' 1.5TeV. In Fig 5.4 and 5.5 a second, upper x axis has been introduced.
It shows an estimator for the values of x at which the parton distributions in the
colliding protons are probed given by xT = 2pT/

√
s. At the very large values of pT

accessible with the high LHC luminosities and energies, it should be possible to probe
and constrain the gluon density where it is not well known.
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Figure 5.4.: Relative contributions at NLO of the quark-antiquark (dashed lines) and QCD
"Compton" (solid lines) subprocesses to the production of Z (top) and W bosons
(bottom) at the LHC with

√
s = 7TeV. Subdominant partonic subprocesses

which enter only at NLO or higher orders are not shown.
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Figure 5.5.: Same as Fig. 5.4 for
√
s = 14TeV here.
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5.3. Parton density sensitivity of LHC vector boson

production

Having established the reliability of the theoretical calculations in the resummation
and perturbative regimes, as well as the dominance of the quark-antiquark and quark-
gluon subprocesses at small and intermediate to large transverse momenta, we can now
confront the current status of uncertainties on the quark and gluon PDFs in the pro-
ton with the prospects for improving on their determination with electroweak boson
production at the LHC.
In Fig. 5.6 ratios of transverse-momentum spectra are shown for Z (top) and W (bot-
tom) bosons using various PDFs to our baseline prediction with CT10 PDFs. While
this figure shows results for the LHC with

√
s = 7TeV, Fig. 5.7 shows these ratios for

Z boson production at
√
s = 14TeV.

If one accounts for a rescaling of transverse momenta by a factor of 2, these figures are
very similar. With a total luminosity of more than 23pb−1 collected by ATLAS and
CMS at the end of 2012 each at

√
s = 8TeV, a range in pT up to 1TeV or eventually

even more can be expected. This corresponds to values of xT of about 0.3 or more.
In Chapter 4 we observed that the gluon uncertainty at x = 0.3 and x = 0.4 parametrized
by CT10 is quite large and reaches at the scale Q = 1TeV values of +22%/-17% and
+43%/-28%, respectively. Since the QCD "Compton" process contributes here more
than 75% to the total cross section, this uncertainty is directly reflected in Figs. 5.6
and 5.7 through the orange CT10 uncertainty bands.
The quark PDFs are dominated in this region by the valence contribution and add
only a little to the total uncertainty. The alternative PDF determinations by MSTW08
(dashed) and NNPDF2.1 (dotted) follow in this region the lower boundary of the CT10
uncertainty band, based on the Hessian treatment of the experimental statistical error
with fixed tolerance (∆χ2 = 100). The MSTW08 and NNPDF2.1 uncertainty bands
are smaller than the one from the CT10, in particular due to a dynamic and smaller
tolerance (∆χ2 ∼ 25) and a different (Monte Carlo) sampling of the statistical error
and cross-section validation, respectively, but also due to different input data, values
of αs, treatments of heavy quarks and experimental systematic errors etc.

66



5.3. Parton density sensitivity of LHC vector boson production

R
a
ti
o
 t
o
 C

T
1
0

pT
Z [GeV]

pp → ZX at √s = 7 TeV

xT

CT10 PDF uncertainty
CT10 scale uncertainty
MSTW08
NNPDF2.1

0.7

0.9

1.1

1.3

1.5

1.7

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 200  400  600  800  1000  1200  1400

0.1 0.2 0.3 0.4

R
a
ti
o
 t
o
 C

T
1
0

pT
W

 [GeV]

pp → W
±
X at √s = 7 TeV

xT

CT10 PDF uncertainty
CT10 scale uncertainty
MSTW08
NNPDF2.1

0.7

0.9

1.1

1.3

1.5

1.7

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 200  400  600  800  1000  1200  1400

0.1 0.2 0.3 0.4

Figure 5.6.: Ratios of Z- (top) and W -boson (bottom) pT distributions at
√
s = 7TeV

computed with different scales and PDFs to the baseline predictions with CT10
and central scale.
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5. Numerical results

The scale uncertainty (red lines), estimated in the conventional way by varying the
factorization and renormalization scales simultaneously by a factor of 2 up and down
about the central scale, stays, with ±10% to ±15%, considerably smaller than the
CT10 PDF uncertainty alone, and of course also the envelope of all three PDF uncer-
tainties. Measurements of electroweak boson production with transverse momenta of
1TeV or beyond at

√
s = 7, 8 or 14TeV at the LHC will thus help to improve on the

determination of the gluon PDF in the large-x regime.
At low pT , corresponding to x values of 0.01 to 0.1, the situation is quite different. The
quark-gluon process still dominates, but the gluon PDF is quite well determined here
through the evolution with errors below 10% at the scale Q = MZ (see Chapter 4).
At the same time, the up- and down-quark PDFs are still strongly influenced by the
well-constrained valence contribution.
In contrast, the uncertainty induced by the unphysical scales persists at the level of
10% and thus represents the dominant source of theoretical uncertainty. Taken to-
gether, these observations leave little room for improvement of the gluon PDF through
electroweak boson production at small transverse momenta.
Since the rapidity of the produced vector boson enters exponentially in the expressions
for the partonic momentum fractions (x1,2 = e±yMV /

√
s), it is clear that moving away

from central to forward rapidity creates a more asymmetric situation, where the par-
tons of one incoming proton are probed at much larger values, and those of the other
proton at much smaller values of x. This is reflected in Fig. 5.8, where the cross-section
ratios obtained with different PDFs from those obtained with CT10 for the production
of electroweak bosons with rapidities of |y| ∈ [2; 3] are shown.
These rapidities are still covered by the CMS and ATLAS electromagnetic endcap
calorimeters, while muons are only detected up to |η| < 2.4 and 2.5, respectively. As
expected, the PDF uncertainties in the forward region are much larger and reach easily
a factor of 2. For the reasons mentioned above, the MSTW08 uncertainty band is much
smaller than the CT10 band, but it has a very different shape, while the NNPDF2.1
band widens at the same pT values as the CT10 band, but can even lead to negative
cross sections. The envelope of all error bands is thus even larger than the error band
of CT10 alone. This demonstrates the potential of corresponding measurements to
pin down the gluon PDFs, depending on the transverse momenta that can be reached
there.
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Figure 5.7.: Same as Fig. 5.6 for Z bosons at
√
s = 14TeV.
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Figure 5.8.: Same as Fig. 5.6 for Z bosons at forward rapidity |y| ∈ [2; 3].
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Chapter 6

Conclusion
In conclusion, the possibility to better constrain the parton densities in the proton at
large momentum fractions has been investigated. These parton densities are of funda-
mental importance not only for our description of hadronic and nuclear structure, but
also for reliable predictions for new heavy-particle searches at colliders.
The theoretical background has been described in Chapters 2 and 3. The basic concepts
of a perturbative treatment of quantum field theories (in particular QCD) have been
explained and applied to the case of weak vector boson production in proton-proton
collisions. A few insights have been given to the wide topic of arising problems when
dealing with long-distance QCD effects.
After a short review of the current status of CT10, MSTW08 and NNPDF2.1 parton
distribution functions, the perturbative and resummed cross sections for electroweak
vector boson production at the LHC, computed in NLO QCD matched to NLL resum-
mation, have been found to be in good agreement with published CMS and ATLAS
data for Z and W bosons at

√
s = 7TeV up to pT values of 600 and 300 GeV, re-

spectively. The differential cross section for W and Z production has been found to be
dominated by the "Compton" subprocess at transverse momenta beyond about 20GeV,
inducing a large sensitivity of the cross sections on the gluon PDFs. It has been shown
that with the luminosities reached in future 14TeV runs, transverse momenta in the
TeV range should be measurable, thus providing access to the gluon PDF at large
values of x, where it is currently badly constrained. The theoretical scale uncertainty
has been shown to stay sufficiently small there, so that a measurement of electroweak
boson production can help to improve on the determination of the gluon PDF in the
large-x regime. At smaller transverse momenta, little improvement can be made on
the determination of gluon and quark PDFs through the proposed process.
It is to be hoped that the ATLAS and CMS collaborations will soon make available
analyses of electroweak boson production at large transverse momenta, so that they
can be used in future global analyses of the parton distribution functions in the proton.
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Appendix A

A.1. Feynman rules

In QCD and EW theory we deal with particles having spin. So external lines of Feyn-
man diagrams receive Dirac spinors or polarization vectors. For EW theory only the
relevant rules will be shown.
One has the following rules for external lines of quarks corresponding to the free particle
solutions of the Dirac equations (s denotes the spin, p the momentum of the particle)
and their color:

quarks:

= u(p, s)c (initial), = ū(p, s)c† (final), (A.1)

antiquarks:

= v̄(p, s) (initial), = v(p, s) (final) . (A.2)

Here the arrow indicates the particle number flow, not a momentum direction.
For bosons one has polarization vectors (the polarization is denoted by λ):

electroweak bosons:

= ε(p, λ) (initial), = ε∗(p, λ) (final) . (A.3)

gluons:

= ε(p, λ) (initial), = ε∗(p, λ) (final) . (A.4)
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Now for the relevant propagators we have

quark propagator = = i
/p+m

p2 −m2 + iε
. (A.5)

gluon propagator = = −i gµν
p2 + iε

δab . (A.6)

where a, b run over the eight gluon colors. The propagator is given in Feynman gauge.
We have to take into account contributions from ghosts:

ghost propagator = = −i δab
p2 + iε

. (A.7)

The QCD vertices are given by

a, µ
= −igstaγµ , (A.8)

p2, ν, b

p3, λ, cp1, µ, a
= −gsfabc (gµν(p1 − p2)λ + gνλ(p2 − p3)µ + gλµ(p3 − p1)ν) , (A.9)

p3, λ, cp2, ν, b

p1, µ, a p4, ρ, d

= −igs (fabefcde(gµλgνρ − gµρgνλ) + fadefbce(gµνgλρ − gµλgνρ)

+facefdbe(gµρgνλ − gµνgλρ)) ,

µ, b

ca
p

= −gsfabcpµ (A.10)

Due to the anti-commutation property of fermions, one has to take into account an
additional minus sign in every closed fermion loop, ghosts also obey anti-commutation.
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A.2. Useful relations for the calculation of Feynman amplitudes

The relevant EW vertices are given as below.

for W bosons to quarks

W,µ

ff ′
= −i g√

2γµ
1− γ5

2
Vff ′ , (A.11)

for W bosons to leptons

W,µ

νl

= −i g√
2γµ

1− γ5

2
, (A.12)

and for Z bosons to any fermion

Z, µ

ff

=
−ig

cos(θW )
γµ
((

If3 − sin2(θw)ef

) 1− γ5

2
− sin2(θw)ef

1 + γ5

2

)
.(A.13)

A.2. Useful relations for the calculation of Feynman

amplitudes

This appendix shows a list of relations which are useful for simplification of terms aris-
ing during the calculation of Feynman amplitudes.

Be v a column vector and A,B matrices (T =̂ transposed) then one has

(AB)T = BTAT (A.14)

and
vTAv = Trace[AvvT ] . (A.15)

The adjoint spinor reads as

ū(p, s) = u†(p, s)γ0 (same for v) . (A.16)
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Furthermore, there are the following helicity completeness relations:

For quarks the sum over all spin states is given by∑
spins s

u(p, s)ū(p, s) = /p+m1,
∑

spins s

v(p, s)v̄(p, s) = /p−m1 . (A.17)

for external massless bosons in non-physical gauge one has∑
polarizations λ

ε∗µ(p, λ)εµ′(p, λ) = −gµµ′ (A.18)

and for external massive gauge bosons in physical-gauge (p2 = m2) the relation reads∑
polarizations λ

ε∗µ(p, λ)εµ′(p, λ) = −gµµ′ +
pµpµ′

m2
. (A.19)

From the SU(3)C group one has the following color rules∑
colors

cc† = 13×3 . (A.20)

Tr[tatb] =
1

2
δab,

∑
a

tata = Cf · 13×3, Cf =
N2 − 1

2N

SU(3)
=

4

3
. (A.21)

tatbta =

(
Cf −

1

2
NC

)
tb, NC = 3

fabctbtc =
1

2
iCf t

a

facdf bcd = Cfδ
ab . (A.22)

The Dirac matrices γ are 4×4 matrices obeying a Clifford algebra defined by

{γµ, γν} = γµγν + γνγµ = 2gµν1 , (A.23)

where in D dimensions the Lorentz indices are running from 0 to D− 1 and 1 denotes
the 4×4 unity matrix. From this equation we get the properties

(
γ0
)2

= 1 and
(
γi
)2

= −1 with i = 1, 2, . . . , D − 1 , (A.24)
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A.2. Useful relations for the calculation of Feynman amplitudes

(γµ)† = γ0γµγ0 , (A.25)

of the Dirac matrices and taking into account the slash notation/relation

/p = γµpµ , /p/q = 2(p · q)1− /q/p → /p/p = p2
1 (A.26)

we also have the following list of contraction relations in D dimensions:

γµγµ = gµµ = D , (A.27)

γµ/pγµ = (2−D)/p , (A.28)

γµ/p/qγµ = 4(p · q)1− (4−D)/p/q , (A.29)

γµ/p/q/kγµ = −2/k/q/p+ (4−D)/p/q/k . (A.30)

The so called fifth gamma matrix γ5 defined as a multiplication of the γ matrices of
the 4 dimensional case

γ5 = iγ0γ1γ2γ3 (A.31)

obeys (
γ5
)2

= 1 , (A.32)(
γ5
)†

= γ5 , (A.33)

Tr
[
γ5
]

= 0 . (A.34)

Given that {
γ5, γµ

}
= γ5γµ + γµγ5 = 0 (A.35)

still holds in D dimensions one is prepared to evaluate arising traces by the following
relations:

Tr [γµγν ] = 4gµν and hence of course Tr
[
/p/q
]

= pµqνTr [γµγν ] = 4(p · q) , (A.36)

Tr
[
γµγνγ5

]
= 0 , (A.37)

Tr [any odd # of γµ] = 0 , (A.38)

Tr
[
γµγνγργ5

]
= 0 , (A.39)

Tr [γµγνγργσ] = 4 (gµνgσρ − gµρgνσ + gµσgνρ) , (A.40)

Tr
[
γµγνγργσγ5

]
= −4iεµνρσ . (A.41)
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A.3. Calculation of the leading order QCD

contributions to weak vector boson production

In this section we will derive the partonic leading order QCD contributions toW boson
production via Feynman diagrams.
The Mandelstam variables are given by

s = (p1 + p2)2 = (p3 + p4)2, t = (p1 − p3)2 = (p2 − p4)2, u = (p1 − p4)2 = (p2 − p3)2

(A.42)
In addition they obey

s+ t+ u = m2
W . (A.43)

The first contribution to the subprocess qq̄′ → Wg is given by the following Feynman
diagram, due to exchanged momentum with respect to the Mandelstam variables called
t-channel diagram:

p2

p1
p3, µ

p4, ν, a

t .

Inserting the Feynman rules given in section A.1 the matrix element reads

iMt =
[
v̄q′(p2, s2)c†2

]
(−igsγνta) ε∗ν(p4, λ4)

(
i
/p1
− /p3

+mq′1

(p1 − p3)2 −m2
q′

)

ε∗µ(p3, λ3)

(−ig√
2
γµ

(1− γ5)

2
Vqq′

)
[uq(p1, s1)c1]

(A.44)

shorten the expression by v̄q′(p2, s2) = v̄2, ε
∗
ν(p4, λ4) = ε∗ν etc. and using the definition

of the Mandelstam variables (A.42) leads us to (color and dirac quantities commute)

iMt =
iggs√

8

Vqq′

t−m2
q′

[
c†2t

ac1

]
ε∗µε
∗
ν

[
v̄2γ

ν(/p1
− /p3

+mq′)γ
µ(1− γ5)u1

]
. (A.45)

By the complex conjugate of the matrix element (using A.14, A.16, A.25, A.24, A.33,
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A.35)

iM∗
t = iM†

t =
−iggs√

8

V ∗qq′

t−m2
q′

[
c†1t

ac2

]
εµεν

[
ū1(1 + γ5)γµ(/p1

− /p3
+mq′)γ

νv2

]
we get for the matrix element squared (A.15)

|Mt|2 =MtM∗
t

=
g2g2

s

8

|Vqq′ |2
(t−m2

q′)
2
Tr
[
tac1c

†
1t
ac2c

†
2

]
ε∗µεµ′ε

∗
νεν′

× Tr
[
γν(/p1

− /p3
+mq′)γ

µ(1− γ5)u1ū1(1 + γ5)γµ
′
(/p1
− /p3

+mq′)γ
ν′v2v̄2

]
.

(A.46)

Summing (averaging) over all final (initial) spins, polarizations and colors yields (A.17,
A.18,A.19, A.20, A.21)

|Mt|2 =
1

2
· 1

2

∑
spins

∑
polarizations

1

3
· 1

3

∑
colors

|Mt|2

=
g2g2

s

288

|Vqq′ |2
(t−m2

q′)
2
Tr

[
4

3
· 13×3

]
(−gµµ′ +

p3µp3µ′

m2
W

)(−gνν′)

× Tr
[
γν(/p1

− /p3
+mq′)γ

µ(1− γ5)(/p1
+mq)

(1 + γ5)γµ
′
(/p1
− /p3

+mq′)γ
ν′(/p2

−mq′)
]

=
g2g2

s

72

|Vqq′ |2
(t−m2

q′)
2

× Tr
[ (

γν(/p1
− /p3

+mq′)γ
µ(1− γ5)(/p1

+mq)

(1 + γ5)γµ(/p1
− /p3

+mq′)γν(/p2
−mq′)

)
− 1

m2
W

(
γν(/p1

− /p3
+mq′)/p3

(1− γ5)(/p1
+mq)

(1 + γ5)/p3
(/p1
− /p3

+mq′)γν(/p2
−mq′)

) ]
. (A.47)

The trace consists of 288 terms. But no need to despair: many of them vanish. Using
A.26, A.35, A.34, A.37 and A.39 one can see that every trace containing a single γ5
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is zero and so there are only 144 terms left.1. Furthermore, one half of the remaining
terms cancels and the other half adds up due to A.32 and A.35. Since traces consisting
of an odd number of γ matrices still vanish without containing a γ5 in addition (A.38)
we can reduce the number of terms by another half ending up with only 18 non-zero
traces:

Tr [...] = 2 · Tr

[ (
γν/p1

γµ/p1
γµ −

1

m2
W

γν/p1/p3/p1/p3

)(
/p1
γν/p2

− /p3
γν/p2

−m2
q′γν

)
−
(
γν/p3

γµ/p1
γµ −

1

m2
W

γν/p3/p3/p1/p3

)(
/p1
γν/p2

− /p3
γν/p2

−m2
q′γν

)
+m2

q′

(
γνγµ/p1

γµ −
1

m2
W

γν/p3/p1/p3

)(
−/p1

γν + /p3
γν + γν/p2

) ]
.

Now contracting the Lorentz-indices and commuting some of the momenta using A.27,
A.28, A.29, A.30 and twice A.26 simplifies the trace to

Tr [...] = 2 · Tr
[
/p1/p2

(2−D)2
(
p2

1 − p2
3 +m2

q′

)
−
(
/p3/p2

(2−D) +m2
q′1D

)
2(2−D)

(
p2

1 − p1 · p3

)
− 1

m2
W

(
/p1/p2

(2−D)
(
4(p1 · p3)2 − p2

3p
2
1 − 4p1 · p3p

2
3 + p4

3 −m2
q′p

2
3

)
+ /p3/p2

(2−D)
(
−2p1 · p3p

2
1 + 2p2

3p
2
1 + 2m2

q′p1 · p3

)
+m2

q′1D
(
−4(p1 · p3)2 + 2p2

3p
2
1 + 2(p1 · p3)p2

3

) ) ]
.

After all A.36 allows to evaluate the trace and plugging in the definition of the Man-
delstam variables A.42 gives

Tr [...] = 2 ·
[
2(s− p2

1 − p2
2)(2−D)2

(
p2

1 − p2
3 +m2

q′

)
−
(
2(p2

2 + p2
3 − u)(2−D) + 4m2

q′D
)

(2−D)
(
p2

1 − p2
3 + t

)
− 1

m2
W

(
2(s− p2

1 − p2
2)(2−D)

(
p4

1 − 2p2
1t+ t2 − p2

3p
2
1 −m2

q′p
2
3

)
+ 2(p2

2 + p2
3 − u)(2−D)

(
(−p2

1 + p2
3 + t)p2

1 +m2
q′(p

2
1 + p2

3 − t)
)

+ 4m2
q′D

(
−p4

1 + 2p2
1t+ p2

3t+ p2
1p

2
3 − t2

) )]
. (A.48)

By eliminating the Mandelstam s by A.43 and puting in the on-shell masses p2
1 = m2

q,
p2

2 = m2
q′ , p2

3 = m2
W and p2

4 = 0 we have the final result for the summed matrix element

1In addition you need to know that all γµ contracted with eachother only contribute as sums of the
unity matrix, but you do not need the explicit relations yet.
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squared in the t-channel:

|Mt|2 =
g2g2

s

18

|Vqq′ |2
(t−m2

q′)
2m2

W(
2m4

qm
2
q′ − 2m2

qm
4
q′ − 8m2

qm
2
q′m

2
W + 8m2

q′m
4
W − 2m4

q′m
2
W

+ (2m4
q′ + 2m4

q − 2m2
qm

2
q′ − 4m2

qm
2
W − 8m2

q′m
2
W )t− (4m2

q + 2m2
W )t2

+ (2m2
qm

2
q′ − 4m2

q′m
2
W )u− (2m2

q + 2m2
q′ − 4m2

W )tu+ 2(t+ u)t2

+D
(
m4
qm

2
q′ +m2

qm
4
q′ − 4m2

q′m
4
W +m4

q′m
2
W − (m2

qm
2
q′ − 4m2

q′m
2
W )u

− (m4
q′ +m4

q + 3m2
qm

2
q′ − 4m2

qm
2
W − 2m2

q′m
2
W )t

+ (2m2
q + 2m2

q′ +m2
W )t2 + (m2

q +m2
q′ − 4m2

W )tu− (t+ u)t2 )

+D2
(
m2
qm

2
q′m

2
W −m2

qm
2
W t−m2

q′m
2
Wu+m2

W tu
))
. (A.49)

Since we only deal with 5 flavors (no top quarks) as mentioned above in section 3.1 we
can neglect all quark masses at LHC energy scales. This first derivation was only to
show how it looks like in general. As mentioned additionally, we set D = 4− 2ε in the
context of regularization. Hence in the end we get:

|Mt|2 =
g2g2

s

9
|Vqq′ |2

(
1 + 2

u

t
− t+ u

m2
W

− ε
(

1 + 4
u

t
− t+ u

m2
W

)
+ ε2

(
2
u

t

))
. (A.50)

A second diagram contributes to the process qq̄′ → Wg, the u-channel diagram

p2

p1
p3, µ

p4, ν, a

u .

Applying again the Feynman rules as in the t-channel case yields (neglecting the quark
masses now)

iMu =
iggs√

8

Vqq′

u

[
c†2t

ac1

]
ε∗µε
∗
ν

[
v̄2γ

µ(1− γ5)(/p1
− /p4

)γνu1

]
. (A.51)

Clearly, the only difference to the t-channel is the order of the vertices and the four-
momentum of the propagator, which corresponds to γµ ↔ γν and /p3

↔ /p4
considering

A.35. So following exactly the same steps and using the same arguments to simplify
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the trace as before gives for the summed matrix element squared

|Mu|2 =
g2g2

s

72

|Vqq′ |2
u2

× 2 · Tr
[ (

γµ(/p1
− /p4

)γν/p1
γν(/p1

− /p4
)γµ/p2

)
− 1

m2
W

(
/p3

(/p1
− /p4

)γν/p1
γν(/p1

− /p4
)/p3/p2

) ]
.

In the first term of the trace, the new ordering of the γ matrices has been nullified by
the polarization sum, indeed in the second term it has not. Analogous simplification
by A.27, A.28, A.29 and twice A.26 now yields

|Mu|2 =
g2g2

s

36

|Vqq′ |2
u2

× Tr
[

(2−D)2
(
/p1/p2

(
p2

1 − p2
4

)
− 2/p4/p2

(
p2

1 − p1 · p4

))
− (2−D)

m2
W

(
/p1/p2

p2
3

(
p2

4 − p2
1

)
+ 2/p4/p2

p2
3

(
p2

1 − p1 · p4

)
+2/p3/p2

(
p1 · p3

(
p2

1 − p2
4

)
+ 2p1 · p4

(
p3 · p4 − p2

1

))) ]
.

Since now we have p2
1 = p2

2 = p2
4 = 0 (still p2

3 = m2
W ), we are only left with

|Mu|2 =
2

9
g2g2

s

|Vqq′|2
u2

(
(2−D)2 (p4 · p2p1 · p4)

+
(2−D)

m2
W

(
m2
Wp4 · p2p1 · p4 − 2p3 · p2p1 · p4p3 · p4

) )
after evaluating the trace by A.36. Plugging in again the Mandelstam variables, re-
placing D by 4− 2ε and taking into account A.43 the final result is

|Mu|2 =
g2g2

s

9
|Vqq′ |2

(
1 + 2

t

u
− t+ u

m2
W

− ε
(

1 + 4
t

u
− t+ u

m2
W

)
+ ε2

(
2
t

u

))
. (A.52)

In fact, this is just the t-channel result with t ↔ u. We will use such a simplification
later on for the next process. For now there is one problem left: the so-called interfer-
ence terms. SinceM is a sum of all contributing channels, there are mixing terms for
the squared matrix element, in this caseMtM∗

u andMuM∗
t which are the same since

there are real as we will see.
At first glance one can see that the only difference compared to the former matrix
elements squared lies in a mixing of the terms contributing to the Dirac trace, so we
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will start at where summing/averaging was performed already:

MtM∗
u =

g2g2
s

72

|Vqq′|2
tu

× Tr
[ (

γν(/p1
− /p3

)γµ(1− γ5)/p1
γν(/p1

− /p4
)(1 + γ5)γµ/p2

)
− 1

m2
W

(
γν(/p1

− /p3
)/p3

(1− γ5)/p1
γν(/p1

− /p4
)(1 + γ5)/p3/p2

) ]
.

This time, there are four traces left containing a γ5 after applying the same arguments
as to simplify A.47, that is because we got four different momenta now. Those terms are
two times (due to both γ5’s) Tr

[
γν/p3

γµ/p1
γν/p4

γµ/p2
γ5 − p2

3

m2
W

(
γν/p1

γν/p4/p3/p2
γ5
)]

. After
contraction - no need to take care of the explicit expressions - we will have sums of
terms like iεµνρσpµqνkρlσ using A.41. But if we eliminate one of the four momenta by
momentum-conservation we will have a contraction of the epsilon tensor with a sum
of products of momenta which is symmetric under permutation of the two momenta
that are identical in each one of the products respectively. Since the epsilon tensor is
totally anti-symmetric the contraction yields therefore zero.
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So in the end again every trace containing a single γ5 vanishes. We are left with

MtM∗
u =

g2g2
s

36

|Vqq′ |2
tu

× Tr
[
/p1/p2

(
(2−D)

(
Dp2

1 − 4p3 · p1 − 4p1 · p4

)
− 8p3 · p4

)
+ /p3/p2

(2−D)(4−D)p2
1 + /p4/p2

(4−D)
(
(2−D)p2

1 + 4p3 · p1

)
+ /p3/p4/p1/p2

2(4−D)− (4−D)2
/p3/p1/p4/p2

− (2−D)

m2
W

(
(/p1/p2

− /p4/p2
)p2

1p
2
3 − /p3/p2

p2
1

(
p2

3 − 2p3 · p4

)
+/p1/p4/p3/p2

(
p2

3 − 2p1 · p3

)) ]
=
g2g2

s

9

|Vqq′ |2
tu

×
(

4(2−D)p1 · p2 (−p3 · p1 − p1 · p4) + (7−D)(2−D)p1 · p2p3 · p4

− (3−D)(2−D)p4 · p2p3 · p1 − (5−D)(2−D)p3 · p2p4 · p1

+
2(2−D)

m2
W

p1 · p3 (p1 · p4p3 · p2 − p1 · p3p4 · p2 + p1 · p2p4 · p3)

)
D→ 4−2ε

=
g2g2

s

9
|Vqq′|2

(
−1 + 2m2

W

m2
W − t− u
tu

+
t+ u

m2
W

−ε
(

1 + 2m2
W

m2
W − t− u
tu

+
t+ u

m2
W

)
+ 2ε2

)
(A.53)

following the same steps as in the u-channel case but using A.40 here in addition.

At last, we can add up together A.50, A.52 and two times A.53 to get the final expres-
sion for the Feynman amplitude of the process qq̄′ → Wg:

|Mqq̄′→Wg|2 = |Mt|2 + 2 · MtM∗
u + |Mu|2

=
2

9
g2g2

s |Vqq′ |2(1− ε)
(

(1− ε)
(
u

t
+
t

u

)
+ 2m2

W

m2
W − t− u
tu

− 2ε

)
.

(A.54)
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There is one more type of process contributing to the leading order, the so-called QCD
"Compton" process qq̄′ → Wg, illustrated by the involved Feynman diagrams

p2, ν

p1

p4

p3, µ
s

p4

p3, µ

t

p1

p2, ν

.

To get the averaged and summed matrix element squared of this second subprocess we
will now make use of the so-called crossing symmetry and determine it from the yet
calculated former one. As can be seen from the LSZ formula (Eq. (2.54)) since it only
distinguishes final and initial states by the sign of the Fourier-transform momentum
the matrix element with a particle of (three-)momentum p in the initial state can be
gained from the one with an anti-particle with momentum −p in the final state by
analytical continuation. In our case this means in practice that we can just replace
pqq̄
′→Wg

2 by −pqg→Wq′

4 and pqq̄
′→Wg

4 by −pqg→Wq′

2 which implies s ↔ u in A.54. But
for each fermion momentum flipped (only one here) there arises an additional overall
minus sign after averaging and summing over spin states corresponding to the relative
phase convention of the u and v spinors.
Since the gluon occurs in eight different colors instead of three we also have to adjust
the color factor for the unpolarized matrix element squared, so in the end we just have

|Mqg→Wq′|2 = −|Mqq̄′→Wg|2 (s↔ u)

=
1

12
g2g2

s |Vqq′|2(1− ε)
(

(ε− 1)

(
s

t
+
t

s

)
− 2m2

W

m2
W − t− s
ts

+ 2ε

)
.

(A.55)

Note that this result also represents the subprocess q̄g → Wq̄′ by charge conjugation.
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A.4. Quark self energy one loop contribution -

example of dimensional regularization

At first we remark that in the end one comes across the same kind of integral when
calculating loop corrections. The integral reads

In(A) =
1

iπ2

∫
dDq

1

(q2 − A+ iε)n
(A.56)

The integral is convergent if A > 0 and D < 2n. After one has performed a Wick
rotation in the complex plane the integral can be solved using D dimensional spherical
coordinates in the end leading to

In(A) = i(−1)nπD/2
Γ(n− D

2
)

Γ(n)
(A− iε)D

2
−n (A.57)

where the function Γ(z) obeys among other things Γ(z+ 1) = zΓ(z) and Γ(n+ 1) = n!

(n=0,1,2, . . . ). It has poles at z = 0,−1,−2, . . . and can be expanded as Γ(z)
z→0−→

1
z
− γE +O(z) where γE is the Euler constant (≈ 0.5772 . . . ).

Furthermore, all general tensor integrals from loop diagrams growing in complexity
when adding more and more propagators involving four-momenta in the numerator,
can be reduced to only a few basic scalar integrals which one denotes as A0 , B0 , C0

and D0 (higher ones are usually not important). The alphabetic character indicates
the power of momenta in the denominator of the integrand. We will only come across
A0 and B0 in the considered scenario which is the one loop correction to the quark self
energy −iΣq̄q. The integral is given by

−4

3
g2
s

(2πµ)4−D

(2π)4

∫
dDq

(2−D)(/p− /q) +Dm

(q2 + iε)((p− q)2 −m2 + iε)
(A.58)

where the arbitrary parameter µ of dimension mass accounts for the additional powers
of mass from the momentum integration in D dimension. At first we have a look at
the "scalar" part. Writing C = −4

3
g2
s
iπ2

(2π)4 this part of the integral reads

C
(2πµ)4−D

iπ2

∫
dDq

(2−D)/p+Dm

(q2 + iε)((p− q)2 −m2 + iε)
≡ C((2−D)/p+Dm)B0(p2, 0,m2)

(A.59)
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where we identify B0(p2,m0,m1) in our case with m0 = 0 . To solve this integral one
usually makes use of the so-called Feynman parametrization

1

ab
=

∫ 1

0

dx
1(

a(1− x) + bx
)2 (A.60)

With a = q2 + iε and b = (p− q)2 + iε we have

B0(p2, 0,m2) =
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0

dx
1(

(q2 + iε)(1− x) + ((p− q)2 −m2 + iε)x
)2

=
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0

dx
1(

(q2 − x2pq + x(p2 −m2) + iε
)2

=
(2πµ)4−D

iπ2

∫
dDq

∫ 1

0

dx
1(

(q − xp)2︸ ︷︷ ︸
=:q′

−x2p2 + x(p2 −m2)︸ ︷︷ ︸
=:−A

+iε
)2

=
(2πµ)4−D

iπ2

∫ 1

0

dx

∫
dDq′

1(
q′ − A+ iε

)2 (A.61)

where we now can apply the generic integral I2(A) from (A.56) yielding

B0(p2, 0,m2) = (2πµ)
4−D

2 Γ

(
4−D

2

)∫ 1

0

dx
(
x2p2 − x(p2 −m2)− iε)

)D−4
2 (A.62)

Expanding the Γ-function as mentioned above and the integrand according to xε ≈
1 + ε ln(x) +O(ε2) for ε→ 0 we achieve

B0(p2, 0,m2) =
2

4−D − γE + ln(4π)︸ ︷︷ ︸
=:∆

−
∫ 1

0

dx ln

(
x
(
xp2 − (p2 −m2)− iε)

)
µ2

)

= ∆ + ln
(
µ2
)
−
∫ 1

0

dx ln(x)−
∫ 1

0

dx ln

(
xp2 − p2 +m2 − iε)

µ2

)
= ∆ + ln

(
µ2
)

+ 1− 1

p2

∫ m2

m2−p2−iε
dx′ ln (x′)

= ∆− ln

(
m2

µ2

)
+ 2 +

m2 − p2

p2
ln

(
m2 − p2 − iε

m2

)
+O(4−D) .

(A.63)
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Now consider the other part of the self energy integral

C
(2πµ)4−D

iπ2

∫
dDq

(2−D)γνq
ν

(q2 + iε)((p− q)2 −m2 + iε)
≡ C((2−D)γνB

ν(p2, 0,m2) . (A.64)

The tensor integral Bν can be reduced to scalar integrals in the following way. We use
pνq

ν = −1/2 ((q − p)2 −m2 + iε− (q2 + iε)− (p2 −m2)) and Bν = pµB1 so that

p2B1 = pνB
ν =

(2πµ)4−D

iπ2

1

2

(∫
dDq

1

(q2 + iε)
−
∫
dDq

1

((p− q)2 −m2 + iε)

+

∫
dDq

p2 −m2

(q2 + iε)((p− q)2 −m2 + iε)

)
⇒ B1 =

1

2

(
A0(0)− A0(m)− (p2 −m2)B0(p2, 0,m)

)
. (A.65)

where A0(m) can directly identified with the generic integral (2πµ)4−D

iπ2 · I1(m2) yielding
A0(m) = m2

(
∆− ln

(
m2−iε
µ2

)
+ 1
)

+O(4−D) (and so A0(0) = 0).
Using all pieces together we obtain the final result for the self-energy correction:

−iΣq̄q = C
(
(2−D)/pB1(p2, 0,m) +

(
(2−D)/p+Dm

)
B0(p2, 0,m)

)
= C

(
(2−D)/p

(
− 1

2p2
A0(m) +

(
1

2
+
m2

2p2

)
B0(p2, 0,m)

)
+DmB0(p2, 0,m)

)
= C

((−2 + 4−D
2

)
/p

(
∆− ln

(
m2 − iε
µ2

)
+
m2

p2
+
m4 − (p2)2

(p2)2
ln

(
m2 − p2 − iε

m2

))
+ (D − 4 + 4))m

(
∆− ln

(
m2 − iε
µ2

)
+ 2 +

m2 − p2

p2
ln

(
m2 − p2 − iε

m2

)))
=

4

3

g2
s

4π2

(
/p

(
∆− ln

(
m2 − iε
µ2

)
+
m2

p2
+
m4 − (p2)2

(p2)2
ln

(
m2 − p2 − iε

m2

)
+ 1

)
−4m

(
∆− ln

(
m2 − iε
µ2

)
+
m2 − p2

p2
ln

(
m2 − p2 − iε

m2

)
+

3

2

))
.

(A.66)

A.4.1. Derivative of the self-energy contribution

To obtain the residue of the physical mass pole of the full quark propagator (at one
loop) it is necessary to determine the derivative of the quark self energy correction
evaluated at the physical mass.
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We begin with

−i
C

dΣ

d/p
= (2−D)

(
− 1

2p2
A0(m) +

(
1

2
+
m2

2p2

)
B0(p2, 0,m) +

1

p2
A0(m)

−m
2

p2
B0(p2, 0,m) +

(
p2 +m2

p2

)
B′0(p2, 0,m)

)
+ 2Dm/pB

′
0(p2, 0,m)

(A.67)

As it turns out the derivative of B0 obeys a singularity at p2 = m2 which has to be
regularized. Therefor one has to take a step back. Actually its best to use the symmetry
of B0 i.e B0(p2, 0,m) = B0(p2,m, 0), one arrives at

∂B0(p2, 0,m)

∂p2
= (2πµ)

4−D
2 Γ

(
4−D

2

)∫ 1

0

dx
∂

∂p2

(
x2p2 − x(p2 +m2) +m2 − iε)

)D−4
2

= (2πµ)
4−D

2 Γ

(
4−D

2

)
4−D

2

∫ 1

0

dx(x− x2)
(
x2p2 − x(p2 +m2) +m2 − iε)

)D−4
2
−1

= (2πµ)
4−D

2 Γ

(
1 +

4−D
2

)∫ 1

0

dxx(1− x)
D−4

2 (m2 − xp2)
D−4

2
−1

⇒ ∂B0(p2, 0,m)

∂p2

∣∣∣∣
p2=m2

= (2πµ)
4−D

2 Γ

(
1 +

4−D
2

)
(m2)

D−4
2
−1

∫ 1

0

dxx(1− x)D−5 = (2πµ)
4−D

2 Γ

(
1 +

4−D
2

)
(m2)

D−4
2
−1

(
1

D − 4
− 1

D − 3

)
.

(A.68)

where one had to consider the limit D → 4+ . Expanding again all terms (up to higher
orders of (D-4)) one obtains

∂B0(p2, 0,m)

∂p2

∣∣∣∣
p2=m2

=

=
1

m2

(
1 +

D − 4

2
ln

(
m2

4πµ2

))(
1 + γE

D − 4

2

)(
1

D − 4
− 1 +D − 4

)
=

1

2m2

(
2

D − 4
+ γE − ln(4π) + ln

(
m2

µ2

)
− 2

)
=

1

2m2

(
∆IR + ln

(
m2

µ2

)
− 2

)
(A.69)

where we have defined ∆IR = 2
D−4

+ γE − ln(4π) = −∆UV .
Now turning back to Eq. (A.67) and plugging in B′0 we get the final result for the
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derivative of the self-energy correction at p2 = m2:

dΣ

d/p

∣∣∣∣
/p=m

= −4

3

g2
s

4π2

(
(2−D)

(
1

m2
A0(m) + 2m2B′0(m2, 0,m)

)
+ 2Dm2B′0(m2, 0,m)

)
= −4

3

g2
s

(4π)2

(
∆UV − ln

m2

µ
− 2
(
∆IR + ln

m2

µ
− 2
))
. (A.70)
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