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"Men and women are not content to comfort themselves with
tales of gods and giants, or to confine their thoughts to the
daily affairs of life; they also build telescopes and satellites
and accelerators, and sit at their desks for endless hours
working out the meaning of the data they gather. The ef-
fort to understand the universe is one of the very few things
which lifts human life a little above the level of farce and gives

it some of the grace of tragedy.”
— Steven Weinberg, The First Three Minutes






Abstract

In this thesis, the effects of next-to-next-to-leading order (NNLO) contributions to inclu-
sive jet production in deep inelastic scattering (DIS) were investigated. The evaluated
NNLO master formula is predicted by a unified threshold resummation formalism in
the framework of quantum chromodynamics. The leading coefficients of the NNLO
master formula were identified analytically by comparison to the already existing full
next-to-leading order (NLO) calculation. It was shown that there is excellent agreement
between the resummation approach and the purely perturbative NLO formulas. After
adding the NNLO contributions to the NLO calculation, the cross section predictions
were significantly modified. An analysis of jet-production data from the H1 collabora-
tion at DESY was done to NNLO accuracy, resulting in a better description of cross
section data differentially in the jet transverse momentum. A tendency to decrease the
theoretical predictions in the observed kinematical phase space manifests itself in the
determination of the strong coupling constant ag, which got shifted to higher values
when NNLO contributions were taken into account.
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1. Introduction

Since the discovery of the standard model of particle physics, today’s physics is faced
with a completely new situation. The original challenge for science to find a model that
explains the phenomena of a certain environment is already fulfilled, but to figure out
what the theory is telling us, or rather what its precise predictions are, is a highly com-
plex and calculation intensive exercise. It was only through the method of pertubation
theory and Feynman’s genius idea of using certain types of graphical tools to provide
a more intuitive way of understanding calculations that made it possible to determine
the predictions in good approximation.

However, this is not always the case. In a manner of speaking, quantum chromody-
namics (QCD), the theory of the strong interaction, is the gadfly of the standard model.
Particularly two aspects of QCD make calculations even more elaborate. Firstly, color-
charged particles, which we call quarks and gluons, do not exist as free particles in
nature at least in the conditions we observe in the universe, but only in color-neutral
compound states. The fundamental nature of these particles is therefore hidden under
normal circumstances. Secondly, QCD describes an interaction with a high coupling
constant as. The calculation of experimentally accessible observables with perturbative
methods relies on an expansion with respect to oy and the assumption that a is so
small that terms of higher order in « contribute less and can be neglected at a certain
amount of precision. In quantum electrodynamics (QED) and the electroweak theory
respectively, this is true, but in QCD it is just under appropriate circumstances.

It is due to a peculiar feature of QCD as a non-Abelian gauge theory that despite
the problems mentioned above a perturbative approach (pQCD) is effective. This is the
so-called running coupling. At high energies, or in other words when the particles come
close to each other in scattering processes, the coupling constant «s becomes small.
This thesis is on deep inelastic scattering of electrons on protons (DIS), where this
fact implies that the components of the proton (called partons for part of hadrons) are
quasi-free. The actual interaction of the electron with those partons happens decoupled
from the strong interactions between the partons in the proton before the scattering and
the strong hadronization effects of free partons leaving the proton after the scattering.
The process factorizes into a long-range, process-independent part and a short-range
part, containing the actual scattering process. The short-range effects can be calculated
perturbatively with the help of Feynman diagrams. Nevertheless the coupling constant
s is still so big that higher orders than the first leading order (LO) are significant and
have to be taken into account. Today, calculations of inclusive jet cross sections in DIS
experiments are available up to next-to-leading order (NLO).

The experimental data analyzed in this thesis were measured at the Hadron Electron
Ring Accelerator (HERA) in Hamburg and published by the H1 collaboration. The
electron beam had an energy of 27.6 GeV and the proton beam an energy of 920 GeV
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[1]. The cross sections were measured double differentially. An analysis of the data in
NLO was already made. With a global fit to experimental inclusive jet cross section
data, it was found a value of as(Myz) = 0.1185 4+ 0.0017, in good agreement with the
world average value [1].

In this thesis the analysis will be extended to next-to-next-to-leading order (NNLO)
contributions based on the re-expansion of resummation formulas [2]. This rather tech-
nical topic is not just an intellectual exercise. At the moment, the experimental data
has smaller errors than the theoretical NLO analysis. The scale variation in NLO gives
rise to error estimations between 5% and 15% [1]. This is an unsatisfactory status, and
especially an NNLO calculation will improve the errors of the estimation of . In the
current world average value of ag, only values that are determined by at least NNLO
accuracy are considered. A more precise value for a; will effect any calculation involving
strong interactions and is therefore essential in proving QCD. To be more precise, when
the quark masses are fixed, oy is the only free parameter of QCD. This is effectively
important today, since we are in the age of the large hadron collider at Cern.

The outline of this thesis is as follows. Firstly, the basic concepts of QCD are depicted.
Subsequently, the role of DIS in the formulation of QCD is described and the common
kinematic variables are introduced. An already existing program for calculating inclu-
sive di- and trijet cross sections in DIS is used to reproduce the NLO analysis of the H1
collaboration. In the following chapters, the mathematical techniques used for calculat-
ing NNLO contributions, obtained from a unified threshold resummation formalism, are
explained briefly. After that, the implementation of the NNLO contributions into the
NLO program is described. This provides us with the ability to extend the analysis of
the H1 data to NNLO accuracy. As a conclusion, the results of this work are discussed
and a quick outlook to possible future enhancements in this field is stated.



2. Quantum Chromodynamics

Quantum chromodynamics is the theory for describing the strong interaction. The
discovery of the strong force is highly connected to atomic and nuclear physics. After it
was found out that the atomic nucleus consists of protons and neutrons, an additional
force was postulated to explain, why the nucleus is stable although the positively charged
protons repel each other by the electromagnetic interaction. As it turned out, the
nuclear force binding the nucleons together is merely a residual of the actual strong
force that acts between the constituents of the nucleons, which in fact are not elementary
particles, but hadrons, i.e., built out of so-called quarks. Only little was known about
the properties of the strong force between those quarks. Collider experiments showed
that through the scattering of strongly interacting particles many unidentified particles
are produced. This commonly named particle zoo seemed to have a pattern. One could
find a way to classify the hadronic matter in baryons and mesons, consisting of three
quarks and a quark and an antiquark respectively. Additionally, it was postulated that
there are different flavored quarks like in the lepton sector. Gell-Mann postulated a
mechanism for a systematic classification of hadrons called The Eightfold Way [3].

Still there was a problem, especially with some baryons predicted by the eightfold
way like the Q~ or the A*t*. Their properties (electric charge, flavor, weak isospin,
spin) contradicted the Pauli principle, because they could only be the result of a quark
configuration, where the quarks have completely equal quantum numbers. The Pauli
principle was and still is indisputable. Just one explanation could fix the problem and
that was to postulate in additional quantum number for the quarks: The color. The
question of how many colors there are was addressed in experiments where the cre-
ation or annihilation of quarks is involved. To get the correct branching ratios between
leptonic and hadronic processes a color multiplicity of three for the quarks has to be
included [4].

Naturally, the next problem emerged: Why did we not see the new degree of freedom
directly in other experiments? The answer to that is rather simple while its explanation
is not. It seems to be a fundamental law of nature that quarks are bound together to
color-neutral objects and cannot exist as free particles, at least under the circumstances
being observed. That is why baryons are made up out of three quarks with different
color and mesons out of a quark and antiquark with definite color and its anti-color.
In fact, that was the first motivation to postulate a degree of freedom with multiplicity
three [3]. In this historical overview DIS was not mentioned, even though it is not less
important. The reason for that is that its implications will be discussed separately in
section 3.1 about the parton model.

The aim of theorists was now to formulate a quantized field theory for the strong
interaction like it was done before in quantum electrodynamics or later in the electroweak
theory for the electromagnetic and weak interaction. This sector of the standard model
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was well described by a spontaneously broken Uy (1) x SU(2) gauge symmetry. In
this spirit, the step to construct a Lagrangian respecting SU(3)¢ symmetry was not too
astonishing. In the following, based on reference [5], the main aspects of this theory,
which today goes under the name of quantum chromodynamics, are presented. The
starting point is the QCD Lagrangian (for simplicity for one quark flavor)

L=Lg+ Lar+ Lrp + LF, (2.1)

separated into the gauge, gauge fixing, Faddeev-Popov and fermion part. The gauge
term Lg is the the kinetic term of the gauge fields Aj,

1

Lo =—2Fo pamw (2.2)

4 m
where the field strength tensor F}, is defined by

Fi, = 0,A% —9,A% + g fabCAgAg ) (2.3)

The fields Aj, are vector fields in the adjoint representation of the symmetry group
SU(3)c. They are counted by a = 1,...,8 and represent the eight gluons mediating
the interaction. € are the structure constants of SU(3)¢ defined by the commutation
relation of its generators T% through

7o, 7| =i pete e, (2.4)

The parameter g is a measure for the coupling strength of strong interactions. The
fermion part

L =0 ("D —m) (2.5)
and L together constitute the classical Lagrangian. Here, 17 is a fermionic Dirac
field in the fundamental representation of SU(3)c and v# are the Dirac matrices (see
appendix A). The index ¢ = 1,2,3 might be called color-index and is standing for the
new degree of freedom in QCD. So ¢ represents a quark with any flavor. " is the
adjoint spinor field ¢/’ = ¢t~y, and m is the mass of the fermion. ij is the covariant
derivative in the fundamental representation

D] =690, —igT;; Ay, . (2.6)
The two remaining parts of £ are necessary for quantizing the theory and to remove
unphysical longitudinal gluon states. For the latter the term

Lep = (0" x“*) D X (2.7)

is added, where the Faddeev-Popov ghost field x* was introduced. The corresponding
particle is called a ghost, because it is a bosonic scalar particle fulfilling fermionic com-
mutation relations, and can therefore not be seen as a real particle. Finally, the gauge
fixing term

Lor = —215 (0a2)’ (2.8)
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is necessary for a meaningful quantization of the QCD Lagrangian.! In particular, it
provides the possibility to define a consistent gluon propagator. The price to pay is the
existence of a new parameter £ called gauge fixing parameter. While calculating any
observable this parameter has to cancel out in the end, because an observable may not
depend on the gauge you choose.?

The Lagrangian £ can be written as a sum

L=Ly+ L1, (2.9)

where Ly is the free part and £, is the interaction part of the Lagrangian. The free part
consists of terms corresponding to each particle

1 1 2
_ = a __ a av _ QU Aap) _ a
Lo = 4(6#14” GVAM) (8”A 0" A ) % (8’24#)
+ (O"x*") (Oux™) + zﬁz (iv"0,, — m) wi , (2.10)

namely the gluons in the first line, the ghost in the first term of the second line and the
quark in the last term. The remaining terms of £ are collected in the interaction part

2
g abe a a cv g abe pcde Aa c v
L1 = =5 pe(0, 4% — 0, Ag) v act — L peve e g5 4l 4 A
— gfabc((?“xa*)bez + gl/_fiT{;’Y“WAZ- (2.11)

The expressions 2.10 and 2.11 will be the starting point for the study of QCD by
perturbative methods (pQCD) in the following section.

2.1. Pertubative Quantum Chromodynamics

At this stage the careful reader will doubt that perturbation theory is a reasonable
approach to QCD. A perturbative expansion of any physical quantity ¢ through

o= cha’; + R, (2.12)
n

inescapably has to comply with some conditions [6]. First of all, the expansion parameter
as = g%/(47) has to be small. Since the interaction is strong, this is generally not the
case. Just under circumstances discussed in section 2.2.2 it is. A second condition is that
we demand that the coefficients ¢, do not spoil the expansion. In the field theoretical
context this means that you have to deal with divergences in these coefficients properly
(see section 2.2.1 and 2.3). Finally, even though we have removed the divergences, we
still cannot assure that the remainder R,, will be small enough beyond a certain order n
so that it can be neglected. In QCD this problem arises in certain regions of the phase
space. This problem is tackled by resummation (see section 2.6). At this stage, we will
trust in the usefulness of pQCD and describe the main consequences. Later on, the

!There are plenty of ways to fix the gauge. The term in equation 2.8 is one example.
2Note that the gauge fixing term explicitly breaks the gauge symmetry, yet the important thing is
that an observable is not influenced by the choice of the gauge fixing.
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Figure 2.1.: Self-interaction of the gluon via the 3-gluon and 4-gluon vertex.

approaches that will guarantee the correctness of the expansion 2.12 will be presented
briefly.

After the separation of £ one can deduce the propagators of the particles from the free
part Ly and the vertices from £;. These rules are summarized in appendix B. From there
you go the usual way by constructing all possible Feynman diagrams at a certain order of
as and deduce the corresponding Feynman amplitudes, which allow you to calculate an
observable o, that in our case is the cross section. QCD has a fundamental difference to
quantum electrodynamics due to its non-Abelian nature. One gets additional vertices,
because the gluon as the mediator of the force is color-charged itself, while the photon
carries no electric charge. Therefore, one encounters vertices where only gluons are
present. Figure 2.1 shows the 3-gluon vertex stemming from the first term and the 4-
gluon vertex stemming from the second term of equation 2.11. They are a fundamental
feature of the theory and their implications will be important in the context of vertex
corrections. Another difference to QED is the existence of an additional ghost particle.
This fact increases the number of diagrams to be considered for a given process. Any
internal quark loop can be exchanged by a ghost loop. Furthermore, you will have to
consider external ghosts for canceling the longitudinal degrees of freedom of external
gluons, when you want to stick to the total polarization sum

> _cuP)en(p) = g, (2.13)
Pol.

where €,(p) is the polarization vector for a gluon with momentum p. Alternatively, you
could sum solely over the transverse polarization vectors of the gluon

. nupy +nupp NEPup
S el p)el*(p) = — g + L DR (2.14)

. . 27
T. Pol. n-p (n-p)

where n, # p, is an arbitrary four-vector [7].

On tree-level the evaluation of Feynman diagrams in QCD is a straightforward ex-
ercise. Problems arise when you want to calculate higher order corrections. In NLO
and above you will have to deal with two kinds of divergences. In virtual corrections,
you are faced with ultraviolet (UV), infrared (IR) and collinear divergences, the latter
arising from integration over undefined momenta.? In real corrections, where you have

3We will regard all particles to be massless in our calculation. This is a good approximation when
the top-quark contributions are not considered. In this case, it is unavoidable that collinear divergences
will pop up.
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additional particles in the final state, you will encounter soft and collinear divergences
in the integration over the additional degrees of freedom in the phase space. The next
sections are about how to deal with the divergences and how they cancel each other. To
do that, one has to define a method for isolating the divergences, or to say it metaphor-
ically, to make their degree of divergence visible. Such methods are called regularization
schemes. The most suitable scheme for gauge theories and the most commonly used
in QCD is dimensional regularization [8]. In this scheme the integration over loop mo-
menta or the phase space integration is carried out in D = 4 — 2¢ dimensions. For
UV-divergences ¢ will be chosen bigger than zero while it will be chosen smaller than
zero for IR~ and collinear divergences. The integration will lead to a result depend-
ing on D and is analytically continued to regions where D and the corresponding loop
momentum are complex. The divergences will then appear as poles in €. The main
reason to choose dimensional regularization is because it preserves Lorentz invariance,
gauge invariance and unitary of the theory. To maintain the coupling parameter g to
be massless, a mass scale y is introduced. The coupling is then defined by

g=go, (2.15)

where gg is the new dimensionless coupling constant.

2.2. Ultraviolet divergences

The first type of divergence we want do deal with are the ultraviolet (UV) divergences.
As already mentioned, they arise because of divergent integrals over undefined momen-
tum during the calculation of Feynman amplitudes of diagrams containing a closed loop.
This is why on tree-level there are no UV divergences. They appear in virtual higher
order corrections. The outline of this section is the following. Firstly, we will follow
reference [5] in the regularization and renormalization of a specific example of a UV
divergence, the one-loop quark self-energy. Later on, the renormalization procedure
will be applied to the whole theory and we will encounter a new renormalized QCD
Lagrangian in subsection 2.2.1. Finally, we will focus on a special aspect of virtual
corrections, making the coupling strength to a function of a newly introduced scale
parameter in subsection 2.2.2.

The full quark propagator includes so-called radiative corrections in higher order of
QCD. The propagator S;;(p) for a quark with mass m and momentum p is

_ Oij
S m—p —%(p)’

where X(p) is called the self-energy part containing all radiative corrections stemming
from one-particle irreducible diagrams. The propagator can be expanded with respect
to the self-energy,

Sij(p) = 6ij [So(p) + So(p)Z(p)So(p) + So(p)X(p)So(P)X(P)So(p) + -],  (2.17)

where

Sij(p) (2.16)

1
m—p

3ijSo(p) = dij (2.18)
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P P p—k P

Figure 2.2.: Quark propagator and its one-loop self-energy correction diagram.

is the propagator without higher-order effects. The self-energy ¥ (p) can be expanded
perturbatively with respect to g. To O(g?) there is only one contribution represented
by the diagram on the right side of figure 2.2. From the Feynman rules (see appendix
B) we can deduce

4 Ot dab
¥ij(p) = / (zdﬁgzingﬁ y Jlr 7 g%Tn”jkf;d" (k) (2.19)
= 6ij X(p) (2.20)
_ d*k (P — ¥ )vd™ (p)
= 650°Cr | i et (2.21)

where we neglected the quark mass, as we will always do from here on. We defined
Cr = (N& —1)/(2N¢), where No = 3 is the number of colors. The expression 2.21
is linearly divergent because of the UV region with high momentum |k| — oo. The
first step to get rid of that divergence is to regularize it. For that we use dimensional
regularization. Inserting B.1 the D-dimensional integral

D _
S0 = Cr [ i (0w —# - 0= oFESIEY o)

has to be calculated. This is far from trivial. It has to be Feynman parametrized and
the momentum £ has to be Wick rotated in the complex plain by an angle of 90°. Then
the integration can be carried out with the help of D-dimensional polar coordinates.
We will just give the result here:

2
(p) = 5(24(7:;5/2}5 ()P 4D -1)B (12) l;) r <2 — l;) : (2.23)

where the beta function B(z,y) and the gamma function I'(z) were introduced (see
appendix A). The step-by-step evaluation can be found in [5]. To make the divergence

in the limit D — 4 visible, we use equation 2.15, substitute ¢ = 2 — % and make a
Laurent expansion around € = 0 to obtain
2 2
90 1 —P
X(p) = C - — 1-1 @ 2.24
(p) 5(47T)2 rp (5 vE + n<47w2>>+ (e), (2.24)

where yg = 0.57721 ... is the Fuler-Mascheroni constant. Now, the regularization pro-
cedure is completed. The divergence is regularized by a single pole in €. Using equation
2.16 and inserting the above expression lead to the one-loop corrected propagator
0ij 1
S 2y S 2.25
Z](p) ﬁ 1 +O'(p2) ( )
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with

2 2
o(p?) = —¢ (423)26% (i —vg+1—1In (4752)) +O(g8), (2.26)
where terms of order € are neglected.

From here we can start to remove the divergence. This process is called renormaliza-
tion. In our case the quark propagator is what has to be renormalized. This is done by
introducing a multiplicative factor Zs called quark-field renormalization constant and
writing )

Sfip) = -5 (p). (2.27)

where Sf}- is the renormalized quark propagator. Inserting 2.25 and expanding Z» similar
to o(p?) with respect to gg gives

Zy=1— 2+ 0O(g3), (2.28)

where z; is of order g2, and we arrive at

0ij 1

p 1+o(p?)—2
In this expression it becomes clear how the renormalization constant does its job. Order
by order in perturbation theory, it subtracts a divergent part from UV loop contribu-
tions, while a finite remainder will be left as virtual correction. Here we are at order g3
and zy subtracts the divergence from o(p?).

To do that, one has to agree on a renormalization scheme, since subtracting a di-
vergence is not unique. Different schemes will have different finite remainders. In this
manner, different schemes are connected by an additional finite renormalization. In our
calculation, as is mostly done in QCD, the modified minimal subtraction scheme or MS
scheme is chosen. It is defined by not only subtracting the pole 1/e, but the expression

1
— —vg +Indrw. (2.30)
€

SE(p) = (2.29)

It has the advantage of shorten some dimensionally regularized expressions, where the
poles are always accompanied by the latter terms. In this scheme, we find

2 1
2y = 5(423)2015 (6 — g +n 477) . (2.31)

The renormalized quark propagator carries finite corrections,

2 2\ 1!
S (p) = —‘;” [g (4973)2@ (—1 +In ;f;ﬂ . (2.32)
Note that the propagator depends on the mass scale p, which is equally the renormal-
ization scale pp in the MS scheme. In the next section, we will see how the complete
theory can be made UV finite. The renormalization will lead to the redefinition of the
parameters of the theory and they will become scale-dependent as well. For the coupling
constant this will lead to the running coupling.
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2.2.1. Renormalization

The basic idea of renormalization is to remove the UV divergences by introducing mul-
tiplicative factors absorbing the divergence and simultaneously redefine the parameters
of the theory. The physical justification for this is that it is no longer demanded that
the parameters contained in the Lagrangian are the real physical quantities measured in
experiment. One distinguishes between bare and renormalized quantities. It was proven
by t’Hooft that a non-Abelian gauge theory like QCD is renormalizable to all orders
of perturbation theory by introducing just a finite number of renormalization constants
[8]. This procedure will lead to additional counter terms in the Lagrangian canceling
loop divergences in the same way we saw in the previous section.
Technically, one redefines the fields and the parameters through [5]

1 2 ~51/2 1 2
AL =z AL Xie= 23Xy =230, (2.33)
9=2Zggr, §=23&, m=Znm, (2.34)

where Z, is the already familiar quark-field renormalization constant, Zs and Zs the
gluon-field and ghost-field renormalization constants respectively, Z,, the mass renor-
malization constant and Z, the coupling-constant renormalization constant. The index
r signals the renormalized version of the equivalent quantity. The ghost-fields were
redefined by

1
XY =X = —= (T +iIxg) , 2.35
X" x X'=5 (X1 +1x3) (2.35)
just for practical reasons. When we insert the above expressions into the Lagrangian

2.9, we get
£:£0T+£1T+£Cv (236)

where Ly, and L1, are exactly the same as £y and £; from equations 2.10 and 2.11, yet
the fields and the parameters exchanged by their renormalized version. The counter-
term Lagrangian Lc contains all remaining terms and is given by

1 a a av 4 a
(25— 1) (007, — 0,43,) (AT — 0¥ A
( 3= )1(8MX?r) (8MXS7') + (Z2 — 1)1/_’:;17#8111/}2«
~(Z2Zm — )meibrpy
3/2 1 abc a a bl scv
—(Z4 )* gr [ (OuAT, — OV AL ) AYT AT

—+

(2223 o 1) fabefcdeAa Ab ACHAdV
(2, 2323/2 ~ 1)ig, f“bC(a“xU)xQTAiu
+(Z ZQZS )gTwr ZJ/quvDJA (237)

From this expression one obtains the counter-term Feynman rules stated in appendix
B. When all renormalization constants are calculated in a way that they cancel the
UV divergences at a given order of perturbation theory, considering these new rules
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will assure an accurately renormalized result. QCD is made UV finite to all orders of
perturbation theory.

Because of the gauge invariance, there are four different ways of determining the
constant Z,, while all four possibilities should give the same result. After the definition
of four new constants

7y = 7,257 Zy= 2273,
7= 2,2:23%, Ty = 2,722, (2.38)
this condition gives the Slavnov-Taylor identity

Zy Iy Zigp  Zy

77 4 4 (2.39)
Its deeper meaning is that the renormalized coupling g, is universal.

We finally have to discuss the existence of the mass scale introduced in equation 2.15
for having a massless coupling constant in D dimensions. We saw that we can arbitrarily
choose the renormalization scheme, which defines how much of the finite terms will
remain in an expression after subtracting the divergences. This freedom can be expressed
with the help of an additional parameter called renormalization scale pg. It is a special
feature of the MS scheme that the mass scale y and the the renormalization scale g
happen to be exactly the same. Anyway, a renormalized quantity will depend on u after
renormalization (see, for instance, the renormalized quark propagator in 2.32). But pu
is no physical quantity that is contained in the Lagrangian. It is a technical invention
for being consistent. In the end, any observable has to be independent of . Otherwise
the result we get for an observable would change when we change the renormalization
scheme, which is equivalent to a change of the renormalization scale. At this point,
perturbation theory causes trouble. Remember that we calculate an observable o just
approximately by truncating the perturbative expansion at some order n. However, this
comes at the prize of a scale dependence that will remain in the final result. In order to
see this, imagine we carried out the renormalization and for the coupling we have, for
example,

1
gr(p) = g (2.40)
' Zg(1)
We might have done the same thing in another scheme, where similar the equation
1
/ /
9-(1') = =g (2.41)
' Zg (')

is valid, but in that scheme we have a different scale 1/ and g]. and Z; share finite terms
in a different way than g, and Z; do. In this sense, both expressions are related by an
additional finite renormalization

_ Zg(M)
Zy(w')’

where the corresponding renormalization constant z, is finite. This is guaranteed, be-
cause Z, and Zé are multiplicative factors and their poles cancel when they are divided

9r(1) = 21y ) gr () with 2, (1, 1) (2.42)
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by each other. It can be shown that the set of finite renormalizations connecting different
schemes form a group called the renormalization group. Equations like the latter one for
the coupling constant define how the quantity will react under a change of the scale. For
infinitesimal variations of u they become differential equations called remormalization
group equations (RGE). For any observable we demand

O (Gt -) = (g i) (2.43)

Here, the dots represent any other dependence like for example on particle momenta or
on the renormalized masses. We have to distinguish between o and o', because they
will have a different functional form. We claim that their values are the same. But in
perturbation theory, we know o and ¢’ just to a certain order in g,.. Condition 2.43 gets
weakened to

o (ghiy..) —olgrp,...)=0(g""?). (2.44)

A finite order result in pQCD will depend on the renormalization scale, yet there is hope
that the dependence will decrease if you go to higher orders.

There will be a RGE, like 2.42 for the coupling, for any renormalized field or parameter
of QCD. For us, they provide two important things. Firstly, in the massless limit,
where quark masses are neglected, the renormalized quark masses remain zero after
renormalization [5]. Secondly, the quarks become asymptotically free at high energies.
This fact will be discussed in the next subsection.

2.2.2. Running coupling

Imagine we have renormalized the coupling constant g by

gr(p) = g. (2.45)

Apart from that, we want to have dimensionless unrenormalized and renormalized cou-
plings go and gg, so we claim

g=gomg and g, = gruy, (2.46)

like it was done in equation 2.15. Inserting this in 2.45 we obtain

gr(pR) = (52)5 Zg(l/m) 90 - (2.47)

By making use of the fact that the bare parameter g does not depend on up, we state
dg

=0. 2.48
dun (2.48)

From this we can deduce the RGE for the renormalized coupling constant:

0 (ug) = 0 (MO)SI
#RauRgR - MRBMR Ltr) Zg(r) 90
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_ (oL 1 o\ 1 9Z4(pr)
_”R< (Am) uRZg(uR)go+(uR) ( Zg(uR)2> Our +0>

Zgl(L;IjR) 32575:%) gr(nr) = B, (2.49)

= —e9gr(UR) —

where the 8 function was introduced, giving the dependence of the coupling constant
on the scale. This function can be calculated perturbatively by calculating vertex cor-
rections to a certain order and from that extracting Z, and gr. Nowadays, the RGE is
normally expressed in terms of as(ur) = gh(ur)/(4m). For later use of notation we will
write [2]

2

dlnggr Q

Qg ‘
s) = = —Bp— — cee 2.50
where the g-coefficients in one- and two-loop approximation are given by
1
o=3 (11Ca — 2ny) , (2.51)
4
By = %cﬁ, — 2n; (CF + Z) , (2.52)

with C4 = N¢ and ny is the number of quark flavors being considered. 3y and 3 are the
scheme independent part of the S-function. From the three-loop coefficient 85 on, 3 is
scheme dependent. In the M S scheme the 3 function is not gauge dependent. The f3; are
known up to four-loop order [9]. For the determination of 83 around 50000 Feynman
diagrams had to be calculated. In one-loop approximation an analytical solution of

0.5
April 2012

OCS(Q) v T decays (N’LO)
04 L a DIS jets (NLO)
0 Heavy Quarkonia (NLO)
o e'e jets & shapes (res. NNLO)
e 7 pole fit (N3LO)
B pp —> jets (NLO)
03}
02+t
0.1}
=—QCD oMz =0.1184 +0.0007
1 100

" QGev]

Figure 2.3.: Theoretical estimation of the running coupling constant and collection of
experimental data showing good agreement (taken from [10]).
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Figure 2.4.: Quark-gluon vertex at tree-level and one-loop vertex corrections via QED-
like screening and anti-screening because of gluon self-interaction.

equation 2.50 can be found by
1
(i) = ———
e

where A is an integration constant defining the value of oz at a certain scale. One can see
that «, decreases when pp increases, as long as 3y is positive. Actually, as long as the
number of active flavors ny is smaller than 11C4/2, the S-coefficients are positive, what
guarantees the falling of ais. This property is called asymptotic freedom. At high energies
the strong interaction becomes weak. Experimental data from different type of collider
experiments and lattice-QCD calculations confirm this prediction, as it can be seen in
figure 2.3. This feature of QCD is the reason why calculations by perturbation theory
are meaningful, where a small coupling constant is required. Contrariwise, at small
energy scales, the coupling constant becomes large, which is associated to confinement,
i.e., the non-existence of colored particles at low energies.

Comparing to QED, we find a completely opposite behavior. There the coupling
becomes small at low energies, or equivalently higher distances, because of the screening
effect. The polarized vacuum generated by closed charged fermion lines in Feynman
diagrams shields the charge of interacting particles like a virtual dielectric. In principle,
the screening effect is also present in QCD. In figure 2.4 we see the quark-gluon vertex
at the left-hand side. The vertex gets virtual corrections similar to QED by the diagram
depicted in the middle. Indeed, this type of diagram produces screening-effects as in
QED. But QCD is based on a non-Abelian symmetry with additional self-interaction
vertices of the gluon (see section 2.1). With the help of these vertices one gets vertex
corrections not being present in QED, like the one-loop example on the right-hand
side of 2.4. It is these contributions that produce anti-screening effects countering the
screening effect. Assuming the six known quark flavors the anti-screening is dominant
and produces asymptotic freedom.

(2.53)

2.3. Mass singularities

In the previous section, it was shown that in pQCD you are confronted with divergent
expressions while integrating over the UV part of undefined loop momenta to obtain
virtual corrections to a given process. We could get rid of these UV divergences by
a renormalization procedure at the cost of the existence of a new parameter ugr, on
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which any finite order calculation will depend. In this section we will see that even the
renormalized theory will contain divergent expressions that might spoil the perturba-
tive expansion of a physical quantity. These expressions are called mass singularities,
because they have their origin in the vanishing mass of virtual particles. Important to
note is that the mass singularities appear in two different ways. Firstly, they are present
in the integration over undefined loop momentum during the calculation of Feynman
amplitudes of loop diagrams. Secondly, they are produced in the integration of Feynman
amplitudes over the corresponding final state phase space.

In QCD we can distinguish between two types of mass singularities. First of all, the
gluon is massless like the photon in QED. This will accordingly lead to infrared (IR)
divergences, when the gluon momentum becomes soft. In the limit of vanishing quark
masses, also collinear divergences will appear .* Mass singularities arise because of our
inability to define physical states unambiguously in the quantum field theoretical context
of QCD and QED. In experiment you do not collide quarks and gluons with photons,
for instance, but electrons with protons. If you assign definite momenta and masses
to the electron and the proton, then you have an explicit physical state. On partonic
level, things are different. When a particle has no mass, what should be the observable
difference between a quark-photon scattering and the same scattering accompanied by
the emission of a soft gluon, for example, whose energy lies below any detector sensitivity.
In other words, how would you now that there was just a single quark with momentum
p initiating the scattering, and not a quark with momentum p’ collinearly accompanied
by a gluon with momentum k, whose total momentum is p = p’ + k. To express the
electron-proton scattering in the language of QCD, you pick single states out of a bulk
of energetically indistinguishable degenerate states in the final state as well as in the
initial state. Then, we must not be surprised of unphysical singularities in Feynman
amplitudes, since they stand for unphysical partonic processes.

So what is the solution for getting rid of the mass singularities? A hint came from the
calculation of total decay rates or fully inclusive cross section. It was found that they do
not contain any mass singularity, whereas the calculation of the production of definite
particles showed singular behavior. For instance, the totally inclusive cross section for
eTe -collisions was shown to be finite. Inclusiveness can be interpreted as a sum over
all degenerate final states. Thus, the idea was born that the summation over degenerate
states might in the end cancel the divergences. In QED this becomes manifest in the
Bloch-Nordsieck theorem [11]. It says that QED is infrared finite when you sum over
degenerate final states. In practice this means that in a perturbative calculation you
have to consider additional Feynman diagrams containing the emission of soft photons.
In QCD the cancellation is somewhat more elaborate, because you have hadronic matter
in the initial state, which are compound and confined states. Therefore, the initial state
is also degenerate. Now we can hope to be able to remove all mass singularities in QCD
by summing over those states as well. This is exactly the statement of the Kinoshita-
Lee-Nauenberg (KLN) theorem [12, 13]. It says that the mass singularities coming from

“In the literature often collinear divergences are included in the term IR divergences. This is
confusing, so we will distinguish between them and refer to the term mass singularities as an umbrella
term, since they mutually rise because of vanishing masses.
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Figure 2.5.: Feynman diagrams for example process and exemplary higher-order dia-
grams illustrating the application of the KLN theorem.

loop integrals are canceled by mass singularities coming from phase space integrations,
if you sum over all degenerate initial and final states.

We will illustrate the application of the KNL theorem in pQCD with the example
process depicted in figure 2.5, in particular at NLO. A quark absorbs a photon and
emits a gluon, so at LO we have a two-body initial and final state and in figure 2.5a
we see one of the two possible diagrams. At NLO we have to consider loop diagrams
like the one in figure 2.5b, which will give us corrections called wirtual, because only
virtual particles were added. After renormalization the UV divergences are removed,
but soft and collinear divergences remain, until we consider additional diagrams with
one further soft or collinear (or both) particle in the initial or final state. In figure
2.5c we see one example diagram with an additional gluon in the final state, producing
soft and collinear divergences while integrating the corresponding Feynman amplitude
over the three-particle final state phase space. There is no possibility to distinguish
the three-particle final state from the one in figure 2.5a and figure 2.5b when the gluon
is soft, because any detector will have a lower bound of energy sensibility and if the
gluon is collinear to the quark, the final state is not distinguishable in the case of
jet measurements. Considering all possibilities to add one particle to the original LO
diagram, the KLN theorem assures that by summing these real contributions and the
virtual ones, all divergences cancel out. The remainder of the cancellation will be called
real corrections. Real corrections are classified into initial-state or final-state corrections,
depending on whether the particle emitting the extra particle is an initial- or final-state
particle. In a perturbative calculation this procedure has to be done order by order,
while the number of diagrams increases dramatically already in NNLO. From NNLO on
you also loose the separation into real and virtual corrections, which becomes obvious
when you see diagrams like the one in figure 2.5d, for instance, where the extra gluon
is attached to the loop. The summation over degenerate initial states is carried out by
a convolution of the hard-scattering part with suitable distribution functions which are
universal in the sense that they only depend on the properties of, in our case, the proton,
and not on the actual hard scattering of its constituents (see section 2.5). Nevertheless,
in experiment you will not be able to create conditions satisfying the requirement of
regarding all degenerate states as the KNL theorem demands. This will be one reason
for using resummation techniques introduced in section 2.6.

Technically, the application of the KLN theorem in pQCD involves a lot of effort.
As an example, we can consider the 2 — 2 process in figure 2.6a. This diagram gets
real correction by, for instance, the process shown in figure 2.6b, in which the incoming
quark emits an additional soft gluon. For expressing the phase space integration of the



2.3. MASS SINGULARITIES 17

(a) LO (b) Real NLO

Figure 2.6.: One Feynman diagram for the process v*+q — ¢+ g and one real correction
diagram in NLO to it.

gluon, the variable
_ P2-Dp3

q-p
is introduced [14]. z is an dimensionless parameter that in principle can take values in
the region 0 < z < 1. It is a measure for the fraction of the incoming quark momentum p
that is entering the hard scattering process. For z — 1 the gluon momentum k becomes
soft. Integrating the Feynman amplitude of diagrams like in figure 2.6b over the phase
space, one encounters via dimensional regularization integrals of the form [15]

(2.54)

! f(2)
1_/0 b e (2.55)

where the function f(z) contains all regular parts and distributions functions.®> The
integral I diverges in the limit € — 0. The reason for that divergence is that the quark
propagator right after emitting the gluon becomes on-shell in this limit. The propagator
has the form [14]

Gro— bt 1 ! (2.56)
R “2pk 2lpllE(—cosd) '

When the gluon is soft, |k| goes to zero and G diverges. In the above expression 6
is the angle between the incoming quark and the emitted gluon. We can immediately
recognize the secondary collinear divergences for § — 0. With the help of factoriza-
tion properties (see section 2.4 and 2.3.1) and dimensional regularization the soft and
collinear divergence will appear through terms proportional to 1/e and, when the gluon
is soft and collinear at the same time, proportional to 1/¢2. To see this in the case of
the soft gluon, let us rewrite equation 2.55 by [15]

1= [far M0 S 1

(1—2z)t—=

=1 /dzl— +/d l—zl(E)

D+ [ e 1) - S

5Because of kinematical reason the lower bound of the z-integration can actually be greater than 0.
5Notice that the propagator would be rendered finite, if the quark or the gluon would be massive.



18 2. QUANTUM CHROMODYNAMICS

s+ [Las (7 22 o) g - )

1 1 1

—f(l)é_ +/0 dz ({1_:5
Now the KLN theorem can come into action. The first term in 2.57 contains the pole
in €. Note that the argument of f is z = 1, i.e., all incoming momentum goes into
the hard scattering and nothing is left for the soft gluon. That corresponds to the case
of virtual diagrams, where from the outset are no additional external particles stealing
momentum. And indeed, the KLN theorem tells us that in virtual corrections the exact
same pole but with different sign will appear, canceling the first term in 2.57. So we do

not have to care about it anymore, but the remaining terms are important. They were
expressed with the help of the plus distribution, which is defined by [16]

+5Fn(1_z)} +0(e2)> £(2). (2.57)
+ RS

1 1
| @ o) = [ 1) o) = 9(1) (2:58)

The remainder is finite, but still can get large. What is even more painful is that
equivalent terms will be present in any order of perturbation theory. In that way
they spoil the expansion 2.12. The truncation at any order would neglect significant
contributions at higher orders. We will discuss in section 2.6 how this is dealt with.

Even after executing the above cancellation, some collinear divergences will remain.
They have to be absorbed into the parton distribution functions that become scale
dependent through this procedure. The heuristic reason to do this is that by means
of the KLN theorem some of the poles will cancel by summing over degenerate initial
states.

2.3.1. Phase Space Slicing

We saw that it is necessary to cancel mass singularities from loop diagrams and from real
emission diagrams by each other. The problem is that the singularities stemming from
the real emission do not appear until the phase space integration over the additional
degrees of freedom is carried out. The phase space slicing algorithm provides a solution
to perform the cancellation analytically. As the name suggests, it is based on the idea
of separating the three-particle phase space into two different regions. The first region
is the one in which no divergences are created. The second one is the infrared and
collinear sensitive regime, where the final state partons generate singularities. For the
separation one introduces a cutoff parameter y. and writes [14]

1 Ye 1
/ dPS® | My_,3|% = / dPS®) | My_3)? + / dPS®| My 3|2, (2.59)
0 0 Ye

where the first integral on the right-hand side of the equation is the infrared and collinear
sensitive part and the second integral is finite in 4 dimensions. In principle you might
need two different cutoffs to distinguish soft and collinear regions of phase space, but
you can define both in a way that they are represented by just one cutoff y.. The
latter integral can be directly evaluated analytically or, preferentially, by a Monte-Carlo
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simulation. This has the advantage that you can generate events and analyze them in
histograms, which can be easily adapted to different observables or experimental cuts.
So practically you can say that y. separates the integration in what you calculate by
hand and what is done by Monte-Carlo simulations [17].

Until now, we did not really gain anything. We constrained the phase space to the
problematic regions, but we did not remove anything. To do that, we have to isolate the
poles and write them in a way to be comparable to the poles from the loop diagrams.
Therefore you have to factorize the three-particle phase space in D dimensions

dps(3) _ delpl dDilpg delpg

DsD
T 2F,(2m)P-1 2E,(2m)P—1 2E3(2m) P -1 (2m)76%(p+q—p1 —p2 —p3) (2.60)

in the region [0, y.] into the two-particle phase space that expressed by the Mandelstam
variables 3.39 is given by

1 4 _ dt
dps? = . <Sw) (s + Q%) 1““‘%, (2.61)

and a remaining part dPS") that will be integrated out analytically together with the
approximate matrix elements [14]. The remainder will differ in case of initial- or final-
state corrections. In the initial state it will also depend on whether we consider emission
from the massless parton or the virtual photon. For example, the remaining phase space
for parton initial state singularities is

I'(1—¢) . Am\° s
7<) 2 il N
drs e (1 — 2¢) d¢ sin™ (¢) ( s ) 1672

_ 2 €
X dz12] <1 — 218(18_2)26_2%22>
dz (1 -2 Q2 Q*(1 —2) e
7 ( z s) <1 + 2(zs — (1 — Z)Q2)> ’ (2:62)

where ¢ € [0, 7] is the angle between the momentum p and the momentum p; of the
soft or collinear particle, z € [n, 1] was introduced in equation 2.54 and the variable

p1-p . —Uu
z1 = € |0, min [ ———, = 2.63
T [ <S+Q2 yc> yl} (2.63)

is used to restrict the integration to the singular regions.”

Approximating the matrix element makes it possible to solve the integral analytically
over dPS"). In the case of infrared sensitivity, the soft gluon approximation is used, i.e.,
the gluon momentum is set to 0 in the numerator of the matrix element. In the case of
collinear sensitivity, the leading pole approximation is used, where the poles arise when
expressions like (p + p1)? = p1-p in the denominator of the matrix elements become
much smaller than the total incoming energy [17]. After this is done, the generated poles

"Note that z; vanishes in the soft (p1 — 0) and the collinear (p; - p — 0) limit.
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can be canceled by the ones in the virtual matrix elements. The sum of virtual and real
corrections can then be safely integrated over dps®? by Monte-Carlo simulations.

Both integrations on the right-hand side of equation 2.59 depend on the cutoff param-
eter. This dependence should cancel in the sum, because y. is no physical parameter.
However, the cancellation of the y.-dependence is only exact when y. goes to zero [18].
Of course that does not make sense in practice. Technically, we want to calculate an
integral of the form

I = lim ( /0 Y b — iF(O)) , (2.64)

e—0 X

where F' might be any function, containing in our case finite parts of the matrix element,
and in 4 dimensions the singularity appears when the parameter x goes to 0 [19]. The
singularity is canceled by the latter term, which corresponds in our case to a pole from
virtual loops. Using phase space slicing, we approximate the integral by

Ye d Ld 1
I~ lim (F(O)/ ot | ZafF(a) - 6F(O))
0

e—0 €T ye T

Ldx
=F(0)In (y.) + ; ?F(x) (2.65)

The approximation lies in the fact that we set F'(z) — F(0) in the region 0 < z <
Ye- With the help of this schematic formula we can decide how the cutoff should be
chosen in practice. The approximation above is only valid for small cutoffs and also the
dependence on the integral in the second term will be small, if y. is chosen as small
as possible. The limit is given because of numerical reasons. The smaller y,. is, the
more contributions of the divergence is put into the Monte-Carlo integration, and the
numerical error increases. In practice, you choose different values for y. and find a more
or less stable regime, in which the dependence on ¥, is minimal. Actually, the existence
of such a regime is a good test to see, if your calculation is done properly.
Nevertheless, with phase space slicing you introduce an additional parameter. That is
the prize to pay for being able to cancel mass singularities analytically before entering
your formulas into a computer code. Nowadays, it is more common to use the dipol
subtraction method [18]. For calculating the exclusive NLO part of a cross section

oNEO = 5 — o0 = / doft + / do", (2.66)
m+1 m

with m particles in the final state at LO and the integral denoting the phase space
integration over the m- and m+-1-particle phase space, this method introduces a counter
term do?. That term has the task to make both integrations on the right-hand side
of the upper equation finite. Remember that in general only their sum is finite. The
counter term shall have the same pointwise singular behavior as do and the integration
over the extra degree of freedom in the phase space of real corrections shall be possible
analytically. Then we can write using dimensional regularization

10— [ [(d") = () ] + [ |aot+ [ ot (2.67)

e=0
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The first integrand is now finite by definition of do*, so the limes € — 0 can be performed
and then the integration can be carried out by Monte-Carlo routines. In the second
integrand you first analytically integrate the counter term over the additional phase
space and after that cancel the singularities with the ones from the virtual part in the
limes ¢ — 0. The integration over the m-particle phase space then again can be done by
Monte-Carlo routines. Of course here we assumed that the UV divergences in do" were
already removed by renormalization. We will not go into details of dipole subtraction
in this thesis, because the calculations here make use of phase space slicing. We just
state it as an alternative that avoids introducing an auxiliary parameter. The challenge
of dipole subtraction lies in the proper definition of the counter term do. If it has not
the same singularities as do* your Monte-Carlo integration will simply give meaningless
results and the debugging attempt will be cumbersome.

2.4. Factorization

“In fact, we shall see that factorization theorems may be thought of as field
theoretic realizations of the parton model.”
— Collins, Soper, Sterman [20]

We saw that any perturbative calculation relies on some constraints, and in the last
section we had to discover that there are regions in the phase space, where the constraints
are violated. Soft and collinear parts cause divergences spoiling any attempt to obtain
reasonable finite order results, when it is not taken care of their cancellation following
the KLN theorem. Luckily, QCD contains a feature called factorization. Not before
factorization was found, pQCD calculations were possible just in cases, where there are
no hadronic components in the initial state, for instance, in ete™ scattering. Aiming
to find reasonable results for higher order cross sections with initial hadrons, the basic
idea was to split the calculation into a part perturbatively calculable, and a part not
perturbatively calculable [20]. The first part is denoted by short-distance part, while the
latter on is called long-distance part. This separation should not be underestimated.
If the starting point is not being able to calculate anything, it is a big advantage to
be able to factorize out the troublemakers. And what is equally important is that the
long-distance effects are universal in a sense that they are the same, for example, in eP
or PP collisions, because they represent just properties of the proton and do not depend
on the actual scattering process. So even if we cannot calculate them theoretically, we
can deduce them from one experiment involving protons and transfer them to other
experiments involving protons. If correct results are obtained in the second case, we
have a good justification for claiming the universality of the long-distance effects.
Here, we will content ourselves with just stating the principle factorization theorems,
while for the proofs the interested reader is referred to the literature [20, 21]. This
will be sufficient, yet a heuristic and truly intuitive justification for the factorization
properties will be given by the parton model in section 3.1. We will closely follow
the argumentation of reference [20], focussing on the case of deep inelastic scattering.
To start the factorization, you have to define regarding what attribute you want to
separate. We realize that the scattering involves to different energy scales, on which
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any event happens. We divide the cross section into a hard-scattering cross section,
involving huge momentum transfers and highly virtual particles, and the rest is the
soft remainder, containing everything that happens on comparably low energy scales.
The hard scattering is happening on partonic level, where the physical energy scale is
given by the exchanged photon virtuality Q? and the transferred transverse momentum
pr in DIS. Because the photon or any other internal propagator is highly off-shell,
the hard scattering is happening at short distances. The hard piece is the one that
can be obtained by pQCD with the help of asymptotic freedom. The soft part is not
perturbatively calculable. It is given by the the distributions of partons in the hadron,
fragmentation processes in the final state and of course emission of soft and collinear
particles, like extra gluons, happening at longer distances, because the virtual particles
connecting these soft parts to the hard scattering become close to being on-shell and
can propagate farther.
In the case of inclusive jet production in DIS, where we have a reaction like

lepton + hadron — lepton’ + Jet + X ,

X representing the inclusiveness and standing for anything else, one finds a factorization
theorem that can be written like [22]

Q%0 (Q,m) = wsp (i&u) ® fLp (pr,m) + O (C;P> : (2.68)

Here, pp is the factorization scale, separating the short-distance effects wgp from the
long-distance effects frp. @ represents the hard scale, while the parameter m collects
the non-perturbative scales and p is an integer number. The operator ® usually is a
convolution, at least as long you stay in the ordinary momentum space. However, the
factorization is not always possible in momentum space. The reason for that is that o is
built out of the Feynman amplitudes and a phase space integration. The phase space is
constrained by momentum conservation. It may, for example, contain J-functions [16]

dzl...dzn6(z_zl.22.....zn) (269)

expressed in terms of momentum fractions z,z1, 29, ..., 2,, obviously not factorized.
Therefore, it is helpful to work in the space of Mellin moments N, defined by the
transformation

1
= / dz 2N 71 f(2). (2.70)
0
As it is usually done in literature, we will omit the tilde indicating functions in Mellin
space, because they can be identified by their argument N. The Mellin transformation
factorizes the d-function
d
/ ZNg (z—21 290 o ~2y) = 2 11N (2.71)

n

where the limit z — 1 is now given by N — co. Another important result in the context
of resummation is the Mellin transformation of plus distributions appearing in the soft
part of the cross section [23]

/1dzzN_1 {lnm(l—z) -1
0 1—2z

1
= — ™ = 40 (™= N) . (2.72)
+
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The factorization theorem 2.68 underlies two conditions. Firstly, all Lorentz invariant
parameters characterizing the process must be large and comparable. This is the case for
DIS, when we force the jets to have a transverse momentum at the order of magnitude
of the parton momenta. In particular, the virtuality of the photon @Q? is large, so the
contributions with O (1/QP) will be negligible. The only exceptions to that condition
are the quark masses, which are set to 0. This does not prohibit the factorization. The
second requirement is that the cross section has to be inclusive enough. With enough
it is meant that the final-state long-distance interactions can be completely factorized
out from the short-distance effects. In DIS the inclusiveness is guaranteed by a sum
over all hadronic final states. We do not care about what definite hadrons can be
found in the jet, we just assume that it is created by a hard parton that afterwards
will fragment in whatsoever, independently of the hard process. Heuristically, both
conditions together motivate the factorization of final-state interactions by saying that
a jet with high transverse momentum, originated in a single hard event, will not interact
again in a second hard event, or at least this is extremely unlikely.

The short-distance part wgp is the part which is calculable by perturbation theory.
The long-distance part frp contains the partonic soft and collinear interactions in the
proton and the final state and is not calculable in perturbation theory, but universal
for many processes. It will therefore contain the parton distribution functions (PDF')
feyu(x, pr) that give the probability to find a parton c inside a hadron H with the
fraction = of longitudinal momentum of the hadron at a given momentum scale pp.
Equation 2.68 can then be written as

Q%0 4BF(Q) = fuya(za) @ fo/5(2b) @ Wab—srix (2.73)

for a collision of two hadrons A and B, producing the final state F'. Of course, in DIS
we only have one hadron and one PDF, but we introduce this more general formula for
the discussion of resummation.

If we want to have a physical cross section, you naturally have to transform o back
from Mellin to momentum space. This can be a tricky task to do, which cannot be
discussed in this thesis, but the result will be a convolution of the PDFs and the partonic
differential cross section obtained by pQCD. In the case of DIS, we find®

do = Z/dm fayp(x, uF) doea(a, o, i, fF) - (2.74)

In the last two sections of this chapter we will make use of the fact that, while long-
distance part frp and short-distance part wgp each depend on a scale pup, their product
(or convolution) o does not. This will lead us to the scale dependence of the PDFs in
the following.

2.5. Parton Distribution Functions

In the last section we argued that by factorization it is possible to separate the pertur-
batively not calculable contributions to the cross section into universal functions called

8We will see later, that the electronic part factorizes additionally and we will be left with calculating
matrix elements for v*a scattering doy+q.
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parton distribution functions (PDFs). The procedure of how to obtain these functions is
the following. For a given process, for instance DIS, you determine experimentally the
cross section o. On the theoretical side we can calculate the short-distance effects wgp.
By using equation 2.68 you can then extract the PDFs in the long-distance part frp.
In practice, this is not that simple to do, because of the huge amount of parameters
coming into play, the PDFs are obtained by a global fit. You calculate the short-distance
part to a certain order, perform the convolution with a type of functions depending on
a set of parameters, and find the values for that parameters, so as to get a result for
o that describes best the experimental data. The good thing is that you can use data
of different experiments, because we know that the PDFs are universal. Indeed, the
experimental verification of this universality justifies the factorization theorems.

One still has to consider that different types of experiments happen at different en-
ergy scales. At different energies the proton, considering DIS, will appear different to
the colliding electron. The higher the energies, the more important will be additional
splittings of the partons into each other. One says that the partonic structure of hadrons
smears out at high energies. Technically, this is represented by the dependence of the
PDFs on the factorization scale up. So it is not enough to just obtain the PDFs for
one special energy scale in a single experiment. To compare theoretical calculations to
experiments at different energy scales you need to know how the PDFs depend on pp.
Luckily, there is a way out, by using the fact that an observable like o in equation 2.68
cannot depend on auxiliary scales. By differentiating that equation, one gets the QCD
evolution equation [22]

deih’l frp(pr,m) = —P(z,a,) = —MFilanD(Q/MF,Oés), (2.75)
WF dpp

where P(z,as) stands for the Altarelli Parisi splitting functions. The above equation
on the PDF-side is called DGLAP equation (for Dokshitzer, Gribow, Lipatow, Altarelli
and Parisi) [24-26]. The splitting functions can be calculated perturbatively in orders
of the coupling constant,

2
P i(z,a5) = ;—;ﬂ(gj(z,as) + (g;) PZ-(<1_)j(z,oas) +e (2.76)
and give the probability of a certain parton j to emit another parton ¢ with a definite
momentum fraction z of its initial momentum in the collinear limit at leading order.
The initial parton can remain the same parton after the splitting, or become another
type of parton. You can, for instance, distinguish between the emission of a gluon by a
quark that itself remains being a quark, and a quark emitting a quark and becoming a
gluon. The difference is, whether after splitting the gluon or the quark is considered to
be in the collinear regime. At lowest order the splitting functions are given by [14]

P, =5 (#+1-2?). 2.17)

PO (2) = Cp (&fi + ga (1- z)> , (2.78)
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PO (2) = CFHUZ_Z)Q, (2.79)
© z) = — Y 1 z2(l—-z2)— @ —z
PO (2) = 2Ng <(1 taT (1-2) 2) +51-2), (2.80)

where the plus distributions defined by 2.58 was used. For later use we will state here
the splitting functions in moment space in the soft limit [25]

1 3 1
0 0 _
POL(N) ~ s PRO,(N) = O <2 —2(n N+ m) +0 (N) (281
C 8 1
PO (N) ~ WF ,  PO(N)= ?O —2Ng (In N +g) + O (N) , (2.82)

what can be obtained using the transformation 2.72.

In the scope of this work, we do not aim to determine the PDFs. Instead we will
use existing proton PDFs for any quark flavor? and the gluon to convolute them with
our hard-scattering function to obtain a result for the cross section. There are PDFs
of different research groups like MSTW or the CTEQ collaboration and a platform
is available using different types of PDFs in a computer code. The difference in the
PDFs of different collaborations lies mostly in the type of experimental data that was
fitted. The values of the PDFs are recalled depending on the momentum fraction and
the factorization scale. Each collaboration offers their PDFs to LO, NLO and nowadays
NNLO accuracy. To be consistent, the running coupling formula 2.50, providing the
value for the coupling constant a, depending on the renormalization scale upg, should
be used in the same order as the PDFs. The proton PDFs fulfill certain sum rules
resulting from the partonic structure of the proton. Details on that can be found in
section 3.1. As already mentioned, the PDFs are derived by a globe fit of experimental
data, adjusting the fit parameters to minimize a global goodness-of-fit quantity y2. This
inevitably comes with a statistical uncertainty. That is why each PDF is given to a 68%
or 90% confidence level. The fitting can be carried out fitting the PDFs and the coupling
constant simultaneously. In this case a PDF set with oy fixed at a certain scale pugr will
be used. Such PDF sets usually contain different PDF members, each with a fixed value
for as(Mz), from which the user can choose his preferred one, or rather go through a
certain range of as(My) to determine a best value for this quantity.

2.6. Resummation

In section 2.3 the cancellation of mass singularities according to the KLN theorem was
explained. The singularities appear because we use a perturbative expansion regarding
the coupling constant to calculate a physical quantity. The coefficients of that expansion
contain virtual and real corrections, each including infrared and collinear divergences
that cancel by summing both contributions. The remainder of that summation can be
expressed by means of plus distributions, as we can see in formula 2.57. The problem

9Information about the different types of flavors are mostly obtained by neutrino scattering experi-
ments.
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with these remainders is that they can grow large in certain regions of the phase space,
and what is even worse is that they are present in any order of perturbation theory. In
NLO, for instance, where we consider the radiation of a single gluon, we find expressions
proportional to
1
[1 —z

In higher orders there will be multiple gluon emission. At n-th order behind LO we will
encounter so-called towers of logarithms of the form [16]

n [lnl (1—2)

and (2.83)

[hrll(l_—zz)

+ +

(%

Y L, 0<1<2n—1. (2.84)

Since, in the limit z — 1 we will enter a region of the phase space where
asIn? (1 —2)~1, (2.85)

the truncation of the perturbative expansion at any finite order neglects significant
contributions and is therefore meaningless in that regime. Speaking in the language
of Feynman diagrams that corresponds to the situation, in which all incoming parton
momentum is just enough to produce the hard scattering final state and the additionally
radiated gluons become soft. Heuristically we can imagine that the phase space of the
soft gluons, which is limited by their energies, results in an incomplete cancellation of
virtual mass singularities. Thus, when we cannot trust a fixed-order calculation in the
contemplated regime, is there any loop hole? The answer is yes and no. No, because we
will have to give up on fixed-order calculations, but yes, because it is partially possible to
sum the problematic contributions to all orders of perturbation theory. This procedure
is called resummation. More precisely, in our case we make use of soft-gluon or threshold
resummation, where the threshold refers to the partonic threshold

M2

S

z =

—1, (2.86)

M? being the invariant mass of the target final state and v/ the partonic center-of-mass
energy. The fundamental condition making it possible to resum the problematic terms
is that they can be determined to all orders due to factorization. To be more specific,
in the given limit the matrix elements and the phase space integration can be separated
into the soft gluonic part and the rest. It might be necessary to transform everything
into the Mellin space though.

To illustrate the factorization we follow an example of reference [16]. Consider the
emission of n gluons from a partonic quark line, as you can see in figure 2.7. In the soft
limit, i.e., where all gluons are soft, using the eikonal approzimation, the corresponding

matrix element M, (z1,..., 2,) can be written in factorized form as
1 n
Mn(zl,...,zn) = EHMl(Zl)’ (2.87)
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2122 R1%273 R1%2 " Zn
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Figure 2.7.: Emission of n gluons with momentum fraction z;, i = 1,2, ..., n, referring

to the momentum of the emitting quark.

where M is the matrix element for the emission of just one soft gluon. Important
to note is that the non-Abelian nature of QCD does not spoil the factorization, but
the proof is much more evolved than in QED. The soft gluonic phase space dPSf, s,
contains § (z — 2122+ -+- - 2,) because of momentum conservation. The factorization
of the phase space has to be done in Mellin space using the transformation from equation
2.71. We then can write accordingly to the matrix element

dPST, g, = (dPSl,p)" . (2.88)

The cross section for the emission of n extra soft gluons schematically can be expressed
by

/dPS;;"frz (D, 215+ 20) IM(D, 21,5+ 20) | (2.89)

where p denotes the initial quark momentum. Inserting the factorization properties we
find in Mellin space

w~ [ aese) M) < ([ apstylank)” (2.00)

The final important step is now obvious. If we sum this expression over n, which is the
same as summing all orders of perturbation theory, the soft part of the cross section
exponentiates. Writing the first integral regarding the quark phase space as o(0) we
arrive at [27]

> on~0a(0) x exp </ dPS;Oft|M1|2) . (2.91)

The exponential absorbs all potentially large logarithms. We did not take into account
the running coupling effects, what in QCD in principle should not be neglected. Here,
we will just give the remark and do not investigate this problem further. Thus, you can
call the approach Sudakov resummation [28], since it would be valid in QED.

This section on resummation is intended to give an introduction on this topic. We
hope to have given the reader the motivation to resum perturbative coefficients to all
orders and how this is possible, namely by factorization and exponentiation. We refer to
section 4.1 to a more detailed discussion. In the end, a re-expansion of the exponential
functions obtained by resummation will be used to predict the NNLO contributions that
are calculated in the scope of this thesis.



3. Deep Inelastic Scattering

In deep inelastic scattering (DIS), generally a hadron is probed by a point-like lepton.
As already mentioned in the introduction, DIS historically played a fundamental role in
the formulation of the quark-parton model and thereby for QCD, as we will discuss in
the following. In DIS experiments the partons were seen the first time [20]. In year 1990
Jerome I. Friedman, richard E. Taylor and Henry W. Kendall received the Nobel price
for their DIS experiments at SLAC in the 1960th, where they provided the confirmation
of the quark-parton model.

In our case the hadron is a proton and the lepton is either an electron or a positron.
The sign of the charge does not matter because the cross sections are proportional to
the square of the charge). The reaction can be depicted by

et~ + P - T 4+ X, (3.1)

where X is any final state, containing also our jet observables. We will specify the
final state later. This kind of experiments had the aim to analyze hadronic matter.
Most information for the determination of PDF sets were extracted from DIS data. DIS
experiments represent the idea of probing the unknown inner structure of an object
(proton) with a sensor being much smaller (lepton).

The hadronic cross section for inclusive eP-scattering can be written as [29]

dra)’ 4 5K/
(4ra) M v A’k (3.2)

do = Lo ,
CTTQN Sk p w2 " 2E (2n)

where m, is the mass, k the momentum before and k¥’ and E’ the momentum and energy
after the scattering of the electron, M and p are the mass and the momentum of the
incoming proton and

Q?=—¢*= (k- FK)° (3.3)

is the virtuality of the exchanged virtual photon in the one-photon-exchange approxi-
mation. « is the electromagnetic coupling constant and L*” and H*¥ are the lepton
and the hadron tensor (for the detailed calculation of these expressions the interested
reader may have a look at appendix C)

2
L =9 lkz“k”’ + kKPR + ng“”] : (3.4)
1 (p-q) (p-q)
2 v o__ 2 v v
W = -5 W2(Q,v) {p“ - qzq“] {p g ¢ }
oV
FWQ ) |~g + T (3.5)

28
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where v = (p-q)/M is the energy transferred in the rest frame of the proton and W; and
Wy are called structure functions. Here we omitted a third term in the hadron tensor
containing a third structure function W3 that represents processes where a Zy boson is
exchanged instead of a photon. We want to leave this process aside at this stage. In
the rest frame of the proton neglecting m. one finds

d’o o’ 1

dQ2dv L2 sin (Q) EE [W2(Q2,V) cos? (g) + 2W1(Q?, v) sin® (g)} ,  (3.6)
2

where 6 is the angle between k and k' and E and E’ the energy of the electron before and
after scattering. Important to note is that the complete information about the inner
structure of the proton is hidden in the functions W7 and Ws arbitrarily depending
on @2 and v. Now the theoretical physicist Bjorken comes into play. He predicted
the following properties of the structure functions which today go under the name of
Bjorken Scaling [30].

In the elastic limit

2

— d @Q*— ith ==
v—oo and @Q oo wi T= o

fixed , (3.7)

the functions W1(Q?,v) and W1 (Q?,v) scale to two functions F(x) and Fy(x)

MW (Q* v) — Fi(z), (3.8)
vWa(Q?,v) — Fy(x),

while F(z) and Fy(x) are finite and non-zero functions only depending on the fraction
Q?/v [29].

In fact, the Bjorken scaling was verified approximately in experiment shortly after
[31]. To understand the observation of Bjorken scaling the next section will explain the
parton model. It was introduced by Feynman [32] in order to give an intuitive picture of
what is going on. This is surely one of Feynman’s outstanding qualities as a physicist.

3.1. The Parton Model

“Eine perfekte Formulierung des Problems ist schon die halbe Losung.”
— David Hilbert

Feynman imagined a proton - or any other hadron - as an extended object consisting
of point-like partons tied by a mutual interaction. At a given time the structure of the
proton is given by the partonic state in that exact moment. How exactly such states
look like and how they change in time we do not know, but let us assume it is there and
the incoming electron is faced with these partonic conditions. The fundamental idea
now is that we might be able to consider the inelastic electron-proton scattering to be
an elastic scattering of the electron on one quasi-free parton, in the hope that we can
calculate the latter process in some way. This assumption seems to be contradictory.
We said there is an interaction between the partons inside the protons, so why would we



30 3. DEEP INELASTIC SCATTERING

Figure 3.1.: Feynman diagram for elastic electron-parton scattering in the one-photon-
exchange approximation.

claim the partons to be free during the scattering process? To answer that we specify
our partons and demand their interaction with the electron to be electromagnetic, or
in other words, the partons carry an electric charge. Additionally, we assume that the
partonic interaction does not influence the electron itself, but exclusively the partons.
What will the scattering look like under these assumptions, say in the center-of-mass
frame of electron and proton, where both particles move in opposite direction with
highly relativistic velocities?

Firstly, because of length contraction the proton is contracted in the beam direction.
That shortens the time that it takes the electron to transit the proton. Secondly,
there is time dilatation. The internal partonic interaction is delayed and the lifetime
of the partonic state is lengthened. For the moving electron the proton metaphorically
speaking appears to be frozen and it has only a small time window to interact via a
photon exchange. In DIS the transferred momentum is high, so the exchanged particles
must be highly virtual. This corresponds to a small lifetime of the photon. It has only
time to interact with a single parton. And because the scattering happens on a much
smaller timescale than the partonic interaction the parton can be regarded as a free
particle and it carries a definite fraction 0 < £ < 1 of the proton momentum.

Overall, it is plausible that the scattering happens in the one-photon-exchange ap-
proximation depicted in figure 3.1. The inelastic electron-proton scattering is split into
the elastic electron-parton scattering happening on a very small timescale and every-
thing that might happen before or after it on much larger timescales that do not any-
more interfere with the scattering quantum mechanically. One also speaks of short- and
long-range effects in this context. Technically it means that the hadronic cross section
factorizes and we are left with multiplying probabilities [20]

7er (8.Q?) = X [ A6 fuyp (©) 0w (4/6,0%) (3.10)

Here o.p is the cross section for the inelastic electron-proton scattering, o, is the
cross section for the elastic electron-parton scattering where there can be different types
of partons denoted by a and f,/p are probability distributions giving the probability
of finding a parton of type a with momentum fraction ¢ inside the proton. @Q? is the
virtuality of the exchanged photon already defined in 3.3. It is always a positive quantity
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because of the elasticity. The integral is carried out over all kinematically allowed values
€ > Q%/2(p-q) = x, where we identified the Bjorken variable x as the lower bound of
£. We see that Q2 and v are not free parameters just because of the kinematics in the
parton model. With Bjorken scaling in mind we get the impression that we are on the
right way. So let us specify the partons.

In the quark-parton model we assume the partons to be quarks and gluons and the
partonic interaction is the strong interaction. Of course this step is motivated by hadron
spectroscopy, yet it is also a reasonable step concerning the basic assumptions of the
parton model. First of all, the elastic electron-parton scattering can be seen as the LO
contribution of electron-quark scattering. The gluon does not couple directly to the
electron nor the photon, so the electron is indeed not influenced by the partonic interac-
tion. Additionally, we have asymptotic freedom in QCD. This validates the assumption
of quasi-free partons. Generally, we see that the parton model is nothing else as the
heuristic explanation of factorization properties of QCD already mentioned in section
2.4. And what is most important is that the separated hard scattering part is actually
calculable by the methods of pQCD (see section 2.1).

The cross section for elastic electron-quark scattering in LO results by calculating
the Feynman amplitude of the diagram in figure 3.1 and expressing the two-body phase
space in terms of the variables Q2 and v [29]

20, o

= 1 2 cos? (9> + 2—22 sin? <9>
AQ%d ~ 4p2sint (3) EE T 2) " gm2 2

x4 (,, Q’ ) : (3.11)

B 2myq

where ¢, is the charge and m, the mass of parton a. Equation 3.10 tells us that for
getting the hadronic cross section we have to sum over a, which is a sum over all quark
flavors and the gluon in the quark-parton model and integrate over all momentum
fractions weighted by the probability distribution f,, p(§). With setting m, = xM the
fraction & is just the Bjorken variable x and it runs from 0 to 1. Hence one finds

d?c Ta? 1 1
dQ2dV _4E2 sin4 (%) EE/ ;A dl’ fa/P(‘T)
0 QQ ) 0 Q2
X (qZ COS2 (2> + QZW2 Sll’l2 <2>> ) <I/ — IMz . (312)
Comparing to 3.6 yields
o) = Y [ de fpla s (v 3 ) = L5 e fuypte) (3.13)
’ —Jo a/ a 2Mx vt o/ ’

1 2 2 1 2
Wl(Va Q2) = Z/O dx fa/P(x) 924]\3}%25 (V - QQM$> = M Z %fa/P(x) : (314)

The Bjorken scaling becomes manifest. By defining new structure functions

2
Fy(e) =Y @ fup(e) and Fia) =) %fyp(), (3.15)
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we obtain the Callan-Gross relation [33]
20F (z) = Fa(x) . (3.16)

The Callan-Gross relation is a consequence of the assumption that the quarks are spin-
1/2 particles. It is experimentally well satisfied in DIS regions of the phase space. This
is a further hint that identifying the partons with quarks was a good idea. So let us
take this idea more seriously. Up to now, we have the unknown functions f,/p(z) in our
calculation, which cannot be calculated, but can only be taken from experiment. The
good thing is that these functions are universal in a way that they do not depend on
the actual hard scattering process, but only on the structure of the proton.

Using the quantum numbers of the quarks we expect from QCD and recalling the
interpretation of f, p(x), being the the probability to find a parton of type a with
momentum fraction x, we should be able to write the structure function as

L (u(a) + 2(@) + cfa) + &(z) + ) + 1(2))

Fy(x) == 5

+%(d(w) +d(z) + s(z) + 5(z) + b(z) + E(w))] , (3.17)

where we assigned probability distributions for each flavor of quarks and antiquarks
respectively. From the quantum numbers of the proton different sum rules emerge.
The proton has no charm, strangeness, topness or bottomness. Translated into the
quark-parton model we therefore demand

[ e ete) — (@) = [s(0) — 5] = [t2) ~ 7)) = o) ~ b 0. (315)

From the electrical charge of the proton one gets

1 1
/ dz [u(z) —a(z)] =2 and / da [d(z) — d(z)] = 1. (3.19)
0 0

Both sum rules were tested experimentally. They symbolize the picture of the proton
being built out of two up-quarks and one down-quark as constituent quarks, while
all other flavor are just present as sea quarks arising through the mutual interaction.
Important is that they are not zero, even though the probability to find the heavy
flavors is suppressed. In our calculation the top-quark contributions are neglected and
we calculated with 5 active flavors. Perhaps the most surprising sum rules arises from
summing the total momentum carried by the quarks

/01 dacx[u(x) +u(x) + d(z) +d(z) + c(x) + &(x) + s(x)
+5(2) + t(@) + H(x) + b(z) + b(z)] =1 -, (3.20)

where € accounts for all momentum carried by uncharged objects, i.e., by gluons. It was
found that nearly 50% of the proton momentum is carried by gluons.
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Figure 3.2.: Proton structure function measured by ep-scattering (H1, Zeus, SLAC) and
by muon scattering on a fixed target (BCDMS, E665, NMC). The plot is
taken from [10], where also the data references are given.

While this story was a long one, it is not the full story. Luckily it is not, because oth-
erwise this work would be useless. The Bjorken scaling is an approximation and refers
to the first order approximation in perturbation theory. If you look more closely (see
figure 3.2) you see scaling violation. The structure functions do depend only on z up to
a certain degree of accuracy (nearly 10% [34]), but beyond that accuracy they become
functions of z and Q? each. To understand scaling violation perturbative calculations
had to be extended to NLO in «;. In section 2.1 it was explained that this means to
deal with additional emission of gluons and virtual corrections from loop diagrams. Ad-
ditionally, the electron-proton scattering becomes sensitive to gluon initiated processes
by considering the splitting of the gluon into a quark-antiquark pair. This will be the
topic of the next sections in the context of jet production, where beside the parton
distribution functions discussed here also fragmentation functions in the final state have
to be discussed.

3.2. LO cross section

In this section we demonstrate the calculation of the hadronic LO cross section do.p for
the production of two jets through an electron-proton scattering event, characterized by
the reaction

e(k) + P(p) — e(k') + Jet1(pry, m) + Jeta(pry, m2) + X . (3.21)
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Here and in the following section we will follow reference [14], because the program
JetViP is based on this work. The outgoing jets are described by their transverse
momentum pr and rapidities 1. As explained in the previous chapter, the hadronic
cross section is obtained by the convolution of the partonic cross section doe, with the
parton distribution functions of the proton f,, p(x). Hence, we can write

dog = Z/dw fa/p(:):) doeq(xsm) , (3.22)

where sy = (p + k)? is the hadronic center-of-mass energy and z is the momentum
fraction of the proton momentum carried by the parton. The partonic cross section is
given as usual by

e = — | MP2aPSHD) (3.23)
2rsy
thus the product of the matrix elements M squared and the phase space dPSth) of
the partonic subprocess with n final state particles (n = 2 in leading order) and the
electron, divided by the flux factor 2xsy. Both the matrix elements and the phase
space factorize into a leptonic and a hadronic part. By using QED Feynman rules in
the one-photon exchange approximation we find

2= 1 dna
© 2xsy QM

M H* (3.24)

where « is the QED coupling constant and the hadron tensor H#*” and lepton tensor
Ly = 4 (kukl, = Kk — g (k- K')) (3.25)

were introduced. Accordingly, the phase space factorizes into the leptonic part dL and
the partonic part dPS™. We find

Q> do dydQ*

(n+1) _ ™ wi _ & dedydQn
dPS ALAPS™) with dL = 150 =0

(3.26)

The leptonic phase space is expressed by the polar angle of the outgoing electron ¢, the
virtuality of the photon @ and the variable y = (p-q)/(p- k). Integrating out the polar
angle gives

1 dg 1+ (1—y)? A1—y) +1+(1-y) -
— | L, H" = — 2 H H 3.27
4Q2 ) 2 M 212 * 212 ’ (3:27)
where we defined
H=—-¢g""H,, and H= ﬂp”p”H (3.28)
" (s 5 |

Introducing the functions

Yey) = o (3.29)
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/\ Remnants

(a) Before factorization (b) After factorization

Figure 3.3.: Schematic diagrams representing the DIS process and the production of
jets.

L ( )_34(1_y)+1+(1_y)2i
v/e\d) T o y Q2’
where T and L denote transverse and longitudinal polarization of the photon, we find
for the hadronic cross section

(3.30)

doy = doly + doky, (3.31)

with
dofy(o) =3 [ do [ dy fuyp(w) £.(0) doT ey, (3:2)
dofy(s) /dw/dy fayp(@) f1.(y) dok, (zysw) (35)2- (3.33)

In the last step we defined the cross section for photon-parton scattering

dol/E (zysy) = 2xySHHT/LdPS( ., (3.34)
We see that by using the factorization into the leptonic and the hadronic part, we are
left with calculating matrix elements for the scattering of a parton with a virtual photon,
producing a partonic final state with n particles. This phenomena is illustrated in figure
3.3.
do~, can now be calculated by pQCD. In figure 3.4 you can see the four generic Feyn-
man diagrams contributing in LO. The fermion line represents a quark or an antiquark
of any flavor. In the inital state we sum over the color states and the spins, while in
the final state we take the average. We can group the processes into quark iniciated
(or anti-quark iniciated) reactions defined by v*¢ — ¢g and gluon iniciated reactions
~v*g — qq. For the matrix elements one finds

HB(’y q—qg) = (167T aas)QbQC’F (—Z — 2 42Q? u) , (3.35)
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T~ T
(a) Quark initiated (b) Gluon initiated

Figure 3.4.: LO Feynman diagrams contributing to do,.

HE(2g — a7) = (16700} (£ + 5 + 2022 ). (3.30)
HE(v'q — qg) = (167°aa,)Q2Ck (—Z) , (3.37)
H(+'g — a7) = (167%a0.) Q3 s (3.38)

expressed with the help of the Mandelstam variables

s =(q+pa)” = (p1+p2)°,
t=(q-p1)° = (pa —p2)?, (3.39)
uw=(q—p2)* = (pa—p1)*
Here ¢ is the momentum of the virtual photon, p, is the momentum of the incoming
parton a and p; and po are the momenta of the final state partons. @ is the electric

charge of the quark or anti-quark taking part in the hard scattering. The two-body final
state phase space simply reads

L
s+ Q%281

dpPS® = (3.40)

The integration over the phase space can be carried out together with the integration
over x and y in formula 3.32 and 3.33 by making use of the kinematics. If we define the
center-of mass energy of the photon-proton subsystem

W?2=(q+p), (3.41)

we find from momentum conservation

W =pp(e™ +e ™), (3.42)
2 2
y = w+Q° , (3.43)
SH
2w : .
r=1+ mpT (sinhny + sinh ) . (3.44)

Hence, the integrations can be expressed by the experimental observables as

W pr dpr

2
S dy = Gy 53 e

dmidns . (3.45)
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3.3. NLO cross section

In next-to-leading order we are faced with virtual and real corrections. In both cases
we have to remove divergences properly, so the integrations have to be done in D
dimensions. Additionally, life becomes harder, because the amount of Feynman diagrams
that have to be considered increases factorially with the order of perturbation theory.
We start with discussing the virtual corrections.

Virtual corrections arise from loop diagrams that have to be multiplied with corre-
sponding Born diagrams. In NLO we have one-loop diagrams for quark-iniciated and
gluon-iniciated processes. The generic diagrams that play a role here are listed in figure
3.5. The integration over undefined loop momenta as well as the phase space integration
have to be done dimensionally regularized. Apart from that, the Born contributions have
to be calculated in D dimensions, even if we know that they are finite in 4 dimensions.
The reason for that is that they contain terms proportional to e, giving finite contribu-
tions when they are multiplied with terms from loop-diagrams containing a single pole
in €. The Born matrix element from equation 3.35, for instance, becomes

t s

HE(v'q = q9) = (167°0a,)Q32CF [(1 —¢) (—8 — t) - 2@2% —~ 25} . (3.46)

The other Born matrix elements in D dimenions can be found in [14] for transverse
polarization. The two-body final state phase space can be written as

1 4m \*® —1+2¢ dt
@_-_ - (== 2 -
dPS T(1—2) <stu) (S—I—Q ) 8 (3.47)

The full virtual corrections are of the form

A7 12 : I'(1—e¢) T/L
HT/L * — 1 2aa52 1 _ R |: 2E
v (Vg = qg) = 16m7 o "2(1 ) | — (1 —2¢) CrE;

— §NCCFE2 + g (37’1]“ — 6NC> CFT’Yq/ s (348)
_ Amp2\° T(1—¢) /L1 T/L
HI/L (o — 162 d%s R [ E — _N~E
v (79— a9) O 2 s (1 —2e) Crks 9 ¢4
1/1 11 T/L
+ - (Snf - 6Nc> TIE (3.49)

where the functions ElT / L E;‘F /L E3T /L E4T/ L are lengthy functions depending on the

Mandelstam variables. For the case of transverse polarization of the virtual photon,
they can be found in [14] to O(e). After renormalization they still contain single and
double poles in €, but we know from the KLN theorem that they will cancel against the
poles from the real corrections. The functions T;;’:]/ L and T;’;/ L represent the kinetic part
of the Born matrix elements and depend on the Mandelstam variables as well. For the
quark initiated process with transverse polarization, for instance, we can read off from

equation 3.46

T t S U
= ]._ - - — - 2 27 _2 . .
17(1 ( 5) < 5 t> +2Q " € (3 50)
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(b) Gluon initiated

Figure 3.5.: One-loop Feynman diagrams contributing to NLO virtual corrections.
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After the poles have been removed, the limes ¢ — 0 can be taken and all finite terms
contribute to the virtual corrections.

For the real corrections we consider diagrams with one additional parton in the final
state. The generic Feynman diagrams that have to be considered are listed in figure 3.6.
We can summarize the processes into four types of reactions, whose matrix elements we
call

Hp1=Hr(v'¢— q99), (3.51)
Hpro = Hp(v"q — qd'q), (3.52)
Hps = Hr(v"¢ — qqq), (3.53)
Hpa=Hp(v'g — qq9). (3.54)

We do not distinguish between transverse and longitudinal polarization, because up to
the Born contribution that always factorizes out in real corrections, the formulas are
the same in both cases. We see that only Hgr4 belongs to the gluon initiated process.
The primed quark and anti-quark in Hgo can have a different flavor than the incoming
quark or anti-quark.

As we learned in section 2.3, divergences will arise by integrating the corresponding
matrix elements over the three-body final-state phase space. By means of phase space
slicing the contributions are separated into finite and divergent parts. The finite parts
can be safely integrated over

_ dPipy dPpy dP~'ps
- 2B (27)P-1 2By (2m)P-1 2E3(2m) P

dpPS®) 2m)P 6P (¢ + pa — p1 — p2 — p3)

(3.55)
in D = 4 dimensions. Here we denoted the energy and momentum of the i-th particle in
the final state with F; and p;. For the singular parts this is of course not true. We have
to bring the expressions in a form comparable to the virtual corrections to be able to
cancel the mass singularities. To do that, it is convenient to distinguish between initial-
and final-state corrections. In section 2.3.1 we already saw how to separate dPS® into
the two-body phase space dPS® and a remainder dPS(") (see equation 2.62) for initial-
state singularities caused by radiation from the incoming massless parton. Taking the
limit z; — 0 of the matrix elements and integrate analytically over dPS"), one obtains

Ldz arp2\° T(1—e)
gl — | 22 1 — o
/dps Hf,, /77 . 877( y ) m_%)(l e)l; + O(e), (3.56)

where the integration over z defined by equation 2.54 remains. z measures the fraction
of the momentum p, entering the hard scattering subprocess after the parton a radiated
another soft parton.! The lower bound of the integration is given by n = xz. The actual
information is contained by the functions I;. They are given in reference [14] and are
functions of the Mandelstam variables, the phase space slicing parameter y. and the
integration variable z. They contain terms proportional to

1 In(1-2)
T amd Di=E

§(1—2), Do=] (3.57)

'In our notation the soft momentum in the final state is p1, while ps and ps are the final state parton
momenta of the hard scattering subprocess.
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Figure 3.6.: Feynman diagrams contributing to NLO real corrections. Depending on the
choice of handling the gluon polarization sums, one might need additional
diagrams including ghosts in the final state, to remove longitudinal modes
of the external gluons in the two diagrams at the right-hand side of the
upper line.
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as well as single and double poles in e. Poles appearing in terms with §(1 —z) will cancel
the mass singularities from virtual corrections. Nevertheless, some collinear divergences
remain. They appear together with the splitting functions introduced in 2.77, 2.78, 2.79
and 2.80, and are removed by a re-definition of the parton distribution functions of the
proton in NLO that by this procedure become factorization scale dependent. Iy, for
instance, has the term

I = ad?QiCFrT,, (CF [—1113%(1 4 ] + - ) : (3.58)
eC F
The re-definition of the PDFs is done by transition functions I'y. (2, ) that are defined
by the demand that the collinear singularities will be removed.? The justification for
that is that the collinear divergences, that remain after cancellation between real and
virtual corrections, are universal in a sense, that they always appear when there is an
incoming proton initiating the reaction. The redefinition can be written as [14]

- Ldz Qs n
fayp(n, pr) = / — <5ab o(1—z2)+ Faeb(zuu«F)) fo/p () ; (3.59)

n Z 2m z
where fa/p(n,uF) is the renormalized NLO PDF and f;/p is the LO PDF. Since the
argument of that PDF may not be bigger than one, we can retain that z must be bigger
than 7. This is the reason why the lower bound of the z-integration in equation 3.56 is

not zero, but 7. Expressions for 'y, ; can be found in [14] for NLO.

The final state corrections are obtained by a similar procedure. Just the separation of
the phase space works a bit different. Final state singularities appear, when the variable

. 2p2-p3
QQ‘pa_QQ

goes to 0, i.e., when the propagator of the massless parton in the finale state before
splitting becomes on-shell. In the limit » — 0 we find dPS®) = gPS@gPS() with

I'(l-—e¢) o 4m\¢ s _ r 17¢ 1
(r) - S\-— ) 2e = 5 o -
APST = A =gy dosin T 9 ( s > Tom2 T {1 1— z} DT oF

(3.61)

(3.60)

where is used b = (1 — cosf)/2, 0 being the angle between p3 and p,. Integrating the
corresponding approximated matrix elements in the same limit over the regions b € [0, 1],
¢ € [0,7] and r € [0, min (—u/(s + Q?),y.) = ys| gives the final state corrections in
the form

/ dPSMHE. — 87 <4”5%> 1{‘((11:258)) (1= 2)F + O(e). (3.62)

2Here, it has to be defined how much finite parts are put into the PDFs while absorbing collinear
divergences. This is done by the factorization scheme. Most commonly used is the MS scheme, defined
analogously to the MS renormalization scheme. Alternatively, there is the DIS scheme which demands
that the DIS structure function F> gets no higher order corrections, motivated by the fact that it is
directly measurable in experiment.
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The functions F; can be found in reference [14]. As the initial state corrections I;
they depend on the Mandelstam variables and the phase space slicing parameter. Mass
singularities are canceld accordingly by the KLN theorem. If there is a real gluon in the
final state, it is necessary to do partial fractioning to separate simultaneously arising
singularities.

3.4. The program JetViP

The calculations described in the previous two sections are implemented in a Fortran
code. The program JetViP (short for Jets with Virtual Photons) [35] is able to compute
inclusive single- and dijet cross sections in eP- and ey-scattering [36, 37]. There is a
public download of this code available, but it is slightly different comparing to the code
that was provided by the supervisor of this thesis, which was used in this work. Already
some differences in the input format could be noticed. Anyway, the source code was
changed, so there is no guarantee that there is comparability between both versions.

The aim of this work was to extend the existing full NLO calculation with NNLO
contributions. But before we added the NNLO contributions we wanted to be sure that
the results of the NLO calculation are consistent with results from other groups. So
we reproduced the H1 analysis of DIS date in section 3.5. In the following the basic
computation steps of the program are explained, where we will restrict ourselves to the
case of eP-scattering.

JetViP makes use of a Monte Carlo integration to evaluate two functions. The func-
tion twobody contains all partonic processes with two particles in the final state, i.e.,
the LO tree-level processes and the virtual, initial state and final state corrections when
NLO accuracy is desired. The function threebody contains all partonic processes with
three particles in the final state and is evaluated for the NLO calculation. These func-
tions are integrated by the Vegas routine [38], while the full event record is available in
a subroutine called user. There it is possible to analyze the events and fill histograms
with a user defined binning. Additionally, this subroutine is a good place to imple-
ment cuts on the final-state phase space, what might be necessary because of detector
properties, for instance.

JetViP comes with a steering file that lets the user decide, if he wants to calculate in
LO or NLO. Further parameters that are defined in the steering file are the renormal-
ization pup as linear functions of Q% and p%, the beam energies F, and Ep, the number
of flavors ny, bounds on the phase-space integration, the number of points evaluated
by the Vegas routine and the number of its iterations, and the phase space slicing pa-
rameter y..> For convoluting the partonic functions twobody and threebody with
parton distribution functions to the hadronic cross section, the PDFs are included by
a standard interface. Originally this interface was PDFLIB [39], but we changed it
for the proton PDFs to the LHAPDF interface [40], which is more modern and pro-
vides all important proton PDFs. Because of technical reasons not the newest but the
LHAPDF version 5.9.1 was used. JetViP offers two different user subroutines, each
for two different kinds of jet algorithms. In our case we choose user—kt suitable for

3The factorization scale ur was changed directly in the code.
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kT-clustering jet algorithms instead of user—cone for cone-type jet algorithms. The
need for such an algorithm is explained in the following section.

3.4.1. The jet algorithm

To compare experimental results and theoretical predictions you have to define what
you measure in one case and what you calculate in the other. In experiment we observe
so-called jets. It was first of all in e™e™-annihilation [41], where in the initial state you
do not even have a single strongly interacting particle, but a huge amount of hadronic
particles moving nearly in the same direction were measured. The idea was to collect
these particles to a single observable, namely a jet. The counterpart to a jet that comes
out of our theoretical calculation is a parton in the final state. Because of showering and
hadronization to colorless particles a parton can generate a jet and the total momentum
of all particles attached to the jet is the initial parton momentum.

With this in mind, the task arises to accurately define what we call a jet, and both
sides, experiment and theory, must stick to the same definition. Therefore, we need an
appropriate jet definition and an algorithm that builds a jet out of the final state par-
ticles. In reference [1] the kp-clustering algorithm was used [41]. Besides the necessary
property of being infrared and collinear safe to all order of pQCD it has two advantages,
especially associated to deep inelastic scattering. It allows the factorization of univer-
sal initial-state collinear singularities, which are not present in e™e~-annihilation where
there is no hadronic matter in the initial state, and it minimizes contamination from
the proton remnant.

Technically, the algorithm is an iterative method that assigns a relative distance-
measure d;; to all particles by

A2,
di; = min (p}¢, p?) = (3.63)
di =1, (3.64)
where
AF = (90— ¢5)" + (0 — )" - (3.65)

Here ¢; is the azimuthal angle and 7; the pseudorapidity of particle i, so A;; measures

the distance of two particles. R is an dimensionless parameter in correspondence to a

second kind of jet algorithms called jet cone-algorithms [42]. In case of k;-clustering

it is @ = 1, so the softest particles are recombined first. An alternative is the anti-k;-

clustering with a = —1 to start the recombination with the hardest particles.
Afterwards the algorithm performs the following steps:

1. Find the smallest d;; and d; and label it d,;,.

2. If dynin is d;; recombine particle ¢ and j to a new pseudo-particle and add it to the
list.
If dimin is d; define particle ¢ as a jet and remove it from the list.

3. Recalculate all d;; and go back to step 1 as long as only jets remain.



44 3. DEEP INELASTIC SCATTERING

The recombination of the pseudo-particles for massless particles is given by

Pri; = PT; + ij ) (366)
éipT, + OiDT
i = ( i) : (3.67)
P1ij
mpT, + NPT
Mg = ( o). (3.68)
Pr,ij

Important to note is that the kp-clustering is only Lorentz invariant under longitudinal
boosts along the collision axis, so you have to be careful to use the momenta in the same
frame or at least in frames that are connected by a longitudinal boost. In reference [1]
the jets were constructed in the Breit frame while the program JetVip produces the
final state partons in the center-of-mass system of the virtual photon and the incoming
parton. As it will be explained in chapter 3.5.1, you indeed can get from one to another
by a boost along the beam axis, so in principle there was no problem to stick to the
center-of-mass system and construct the jets there. Yet, the program had to be changed
anyway in order to use the kp-clustering instead of a cone-algorithm and the Fortran
code we used, presented in [41] in its edition of year 2000, offered a boost routine from
the center-of-mass system to the Breit frame before letting the jet algorithm do its job,
which was then implemented without much effort. Additionally, it was a good test to
see if we used the algorithm correctly and to check if we get the same results in both
frames.

In our NLO calculation we have two-body and three-body contributions. Showering
and hadronization is left out because there is no program available offering these pro-
cesses on full NLO basis. Pythia [43] for example calculates mainly in LO, despite the
fact that it contains some NLO corrections. Luckily reference [1] gave correction factors
containing the implications of hadronization to cross section predictions. That is why
in our case the jet algorithm is left with just two or three particles. If there are two
partons they will leave the reaction in the opposite direction in the Breit frame and a
merging of those could only take place if they carry low transverse momentum, which is
excluded by the pp-cut (see chapter 3.5.1). Only in the three-body final state it might
happen that the algorithm merges two of the three partons. So basically the algorithm
decides if there was an dijet or trijet event.

3.5. Reproduction of H1-Analysis

To test the NLO calculation, we reproduced the NLO analysis of inclusive jet cross
sections in DIS from the H1 collaboration [1]. Experimental data was obtained by
e/~ P-collisions in the HERA collider (from german Hadron Elektron Ring Anlage)
at DESY in Hamburg during the HERA-II phase, after the collider was upgraded to
reach higher luminosities in year 2002. The beam pipe energies were E, = 27.6 GeV
for electrons or positrons and EFp = 920 GeV for protons, which gives a center-of-mass
energy of

S =V4E.Ep = 319 GeV , (3.69)
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pr-bins [GeV] Q%*bins [GeV?]
T<pr<l1i 150 < Q% < 200
11 < ppr < 18 200 < Q? < 270
18 < pr < 30 270 < Q? < 400
30 < pr < 50 400 < Q2 < 700
700 < Q? < 5000
5000 < Q% < 15000

Table 3.1.: pp- and Q2-bins for which d?c/(dprdQ?) was measured.

neglecting the particle masses. The integrated luminosity during running time was
L =357.60+89ph !, (3.70)

Because of the geometric properties of the H1 detector, the neutral-current DIS phase
space was constrained by several conditions. The leptonic phase space was given by

150 GeV? < Q? < 15000 GeV? and 0.2 <y <0.7. (3.71)

The Jets were reconstructed in the Breit frame of reference (see subsection 3.5.1) using
the kp-clustering jet algorithm with Ry = 1. The jet phase space was constrained by

7 GeV < pr < 50 GeV (3.72)

in the Breit frame or the center-of-mass system of virtual photon and incoming parton*
and by
— 1.0 < map < 2.5, (3.73)

where 74 is the pseudorapidity in the laboratory frame. The experimental cuts had to
be included in our program to get reasonable results. While the cuts on Q2 and ¥ could
be set in the input file, the cuts on pr and 7,4, had to be implemented into the code.
Therefore, we modified the event record in the user routine so that a jet of a certain
event was not considered to fill the histogram, if it was outside the allowed region of phase
space. The inclusive one jet cross section o was given bin-wise and double differentially
in Q2 and pr. The bins regarding these variables are listed in table 3.1. Since we want
to calculate single differential cross sections do/dpr and do/Q?, the data had to be
summed up. For instance, for getting do/dpr in the lowest pp-bin, all the values for
do /(dprdQ?) lying in that pp-region were multiplied by the corresponding Q?-width
and summed up. The uncertainty was then obtained by usual error propagation.

For the theoretical NLO calculation the renormalization and the factorization scale

were chosen to be
UR = \/m and pup = \/& (3.74)

The partonic NLO predictions had to be multiplied by bin-wise correction factors be-
cause of electroweak and hadronization effects. Hence, we corrected our NLO results

4The transverse momentum is equal in both frame, because they are related by a longitudinal boost
along the collision axis (see subsection 3.5.1)
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using the same factors. They are given in subsection 3.5.2. The theoretical uncertainty
of the NLO calculation in reference [1] was mostly due to scale variation of ur and pp
by a factor 1/2 and 2. In section 3.5.3 we present our NLO analysis and compare it to
the experimental data and the NLO results of the H1 collaboration. Hence, we used the
same PDF set, which was the MSTW2008 set in NLO with fixed a; [44]. The coupling
strength was chosen to be

as(Mz) =0.118. (3.75)

For the phase space slicing cut parameter we choose a central value of
ye=1071. (3.76)

This choice was motivated by relatively high stability of the calculation. Nevertheless,
we tested the dependence on the cut parameter y. separately.

3.5.1. The Breit frame

As already mentioned in chapter 3.4.1 the Breit frame of references is used to analyze
the jets. This has to do with the parton model picture depicted in figure 3.7. The Breit
frame is defined by the condition [1]

25 +7=0. (3.77)

The frame is oriented in a way that both, virtual photon and quark, move along the z-
axis colliding head on. Because equation 3.77 depends on ¢ the transformation into the
Breit frame has to be done for each event separately. The photon becomes completely
spacelike

q= (07 07 07 _Q) ) (378)

while the quark carries the longitudinal momentum p, = @Q/2 before and p, = —Q/2
after absorbing the photon, so in the parton model it bounces off and moves now in
negative z-direction with the same velocity. The crux of the matter comes with the
transverse momentum. Up to now the quark has no transverse momentum. It is totally
balanced by the electron. Only if we have an additional quark-gluon vertex both re-
sulting partons generate transverse momentum. Actually, this is a good thing. We can
distinguish between processes we are interested in, to say depending on «g, and irrele-
vant exclusively electroweak processes by demanding a minimum amount of transverse
momentum in the final state. In our case the cut was pr > 7 GeV. Another reason to
imply this cut is a technical one. Perturbation theory becomes invalid in the kinematic
region of soft total transverse momentum, because of a universal collinear divergence
that already appears in the calculation of the partonic process in zeroth order of as.
Nevertheless, the cut shall be small and already in the region close to the cut the cross
section gets enhanced.

The Breit frame is closely related to the center-of-mass system of virtual photon and
quark. The difference is that in the center-of-mass system the quark is at rest after
absorbing the photon and does not bounce off. It becomes clear that you can get from
one frame to another by simply carrying out a longitudinal boost along the z-axis.
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@ @ — @ 4

Figure 3.7.: llustration of the partonic collision process in the Breit frame: I Virtual
photon and quark collide. IT Quark absorbed photon and leaves in opposite
direction with same velocity. III Transverse momentum is generated by
additional quark-gluon vertex.

3.5.2. Corrections to perturbative calculation

To compare our calculations to the experimental data we have to include correction

factors ¢V and ¢ for electroweak and hadronization effects in the following way [1]:
do; = oV e dg??P (3.79)
where do? QOD g the the differential cross section prediction from our NLO pQCD

analysis and do; the final theoretical result. The correction factors are given for each
bin 1.

They were obtained by using Monte Carlo event generators and comparing their
results with and without fragmentation of the final state in the hadronic case

Chad - do.lhadron
7 - parton
do;

(3.80)

and with and without including Z-boson exchange and ~vyZ-interference terms in the
electroweak case
EW Uz‘(%vzzo)

¢ = o7 . (3.81)
The hadronic coefficients c?ad take into account energy loss by the hadronization process,
so they are always smaller than 1. The electroweak corrections c;-EW on the other hand
can increase the cross section when the energy scale Q2 goes to the mass of the Z-boson
squared M2 and above.

The coefficients are given in the appendix of reference [1] for the bins of the double
differential cross section d%c/(dprdQ?). We calculated single differential cross sections
do /dpr and do/dQ?. To get the coefficients as needed we simply took the average value
of the ones given for each pp-bin and Q?-bin. As the corrections are small, we think
that this is sufficient. In table 3.2 the obtained coefficients are depicted by which any of
our results were corrected. The errors were obtained by usual uncertainty propagation

of the uncertainty estimates given in the reference.

3.5.3. Results

Now we will present the results of our NLO calculation and compare it to experimental
data and the NLO analysis from the H1 collaboration. In figure 3.8a the results for the
pr-distribution are shown. The bigger error bars on the NLO calculation of H1 is due
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Q%bin [GeV?] ¢ | oc (%]

pr-bin [GeV] | ¢ | dc [%] 150 < @2 <200 |0.95]| 0.76
T<pr<11 [095] 0.63 200 < Q? <270 |0.96 | 0.80
11 <pr<18]099 | 0.49 270 < Q% <400 | 0.96 | 0.53
18 <pr<30|099 | 0.39 400 < Q2 <700 | 0.96 | 0.42
30 < pr <50 | 0.98 | 0.29 700 < Q% < 5000 | 0.98 | 0.28
5000 < Q% < 15000 | 1.07 | 0.41

Table 3.2.: Coefficients ¢; = cEW - chad for bin-wise hadronization and electroweak cor-
rection of cross section results.

to scale variation, while the scales are fixed in our calculation. The uncertainty in our
results is given due to the uncertainty of the Monte-Carlo integration and the errors of
the electroweak and hadronization correction factors. We see very good agreement to
the data. There is a small tendency that results are getting too big compared to the
data for high transverse momentum. This tendency is also present in the H1 analysis.
Nevertheless, our results seem to be closer to the data in that region than the H1 results.

We also see good agreement to the data in the Q?-distribution plotted in figure 3.8b.
Our results fall into the error band of the H1 analysis in every bin. All in all, considering
both the pr- and the Q2-distribution, we are left with big confidence that our results
are reasonable, since it describes the data pretty well over the complete region of phase
space. The deviations are just a few percent and of the same size as the ones from the
H1 analysis.

We still have to check the dependence on the phase space slicing cut parameter ..
This was done by using three different values for y.. Besides the preset value y, = 10™*
we carried out the calculation with y. = 1073 and y. = 107°. The results are plotted in
figure 3.9. Apparently, the results for y. = 10~% and y. = 1073 are more or less the same.
Just in the highest pp- and Q?-bins there is a small discrepancy. For y. = 1075 there
certainly is a significant gap. See for example, the highest two pr-bins in figure 3.9a.
In the Q*-distribution we can additionally see that the uncertainty of the Monte-Carlo
integration becomes too big in the latter case. This suggests that y. may not be so small,
because too much of the mass singularities is put into the Monte-Carlo integration over
the three-particle phase space, which then becomes numerically unstable. The Monte-
Carlo error was the shortest for . = 107*. This and the fact that in that case our
results coincides most with the H1 analysis, we were convinced that it is the best choice
for the phase space slicing cut parameter.

Having fixed y. we can finally analyze the dependence on the renormalization and
factorization scale ur and pp. The idea is to vary the scales over a physically reasonable
range to get an estimation of the lack of higher order effects. Of course, the range you
choose is in principle as arbitrary as the scales themselves, so you have to follow a
convention. Usually, what one does is to divide and multiply one or both scales by a
factor of 2. To get comparable results we adopted the procedure of the H1 analysis and
varied both scales by that factor. Figure 3.10 shows the resulting error bands for do/dpr
and do/dQ? compared to the H1 results and the experimental data. In the lowest two
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collaboration.
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pr-bins we see excellent agreement to the H1 analysis. The error bands nearly overlap
completely. For higher transverse momentum the tendency of our results to decrease
the differential cross section gets confirmed. Remarkably, the data points therefore lie
within the error bands of our calculation in all pp-bins, in contrast to the H1 analysis.
In the last bin we can see that the width of the scale uncertainty is much smaller than
in the H1 analysis. The Q?-distribution shows good agreement to the H1 analysis in all
bins. Also the data points coincide with the error bands.

To see the width of the uncertainties more clearly we normalized both distributions
to the central NLO result. Here, central means that the scales were not changed. The
results are illustrated in figure 3.11. In the pr-distribution we can see that the error
due to scale variation is in our calculation roughly around 20%, as well as for the H1
analysis. In the region 18 GeV < pr < 50 GeV? the error decreases to approximately
5% to 10% in our result, while the H1 error does not become smaller there. The (-
distribution shows a scale uncertainty of around 15% to 20% as well. An exception is
the the region 700 GeV? < Q? < 5000 GeV?, where the scale uncertainty becomes very
large (nearly 30%).

All in all, our plots show excellent agreement to the H1 analysis and describe the
experimental data pretty well. We see a tendency that the NLO predictions overestimate
the differential cross sections by a few percent. Since this is the case in our and in the
H1 result, we are convinced that our NLO results are correct and we can continue to
implement NNLO contributions in the next step.



4. From NLO to NNLO

This chapter presents the extension of the calculation of the DIS cross section to NNLO
contributions, based on threshold resummation predictions. Our extensions are based
on the master formulas of Kidonakis [2]. The procedure was previously done in our
work group for the case of jet photoproduction [45]. The basic steps towards the master
formulas are the following. The cross section for a hadron-hadron or lepton-hadron
collision in general can schematically be written as [2]

0= Z/ [H d$l¢fa/hl(xlau%‘) &(S,ti,,uF,MR) ; (41)

where i runs over the initial-state hadrons h;, a over the different parton flavors and
ba/m, (Ti, i) are the PDFs, giving the probability of finding a parton of type a with
momentum fraction z; in hadron H;. For DIS we could in principle set ¢ = 1 since
there is just one incoming proton, but we stick to the general form until we arrive at
the master formulas. The hadronic and the partonic cross section ¢ and ¢ stand for any
total or differential cross section at this stage. & contains soft and virtual corrections
including plus distributions, i.e.,

l

Dy(z) = [ma_z)] : 1<2n -1, (4.2)
1—-=2
n

with n = 1 at NLO, n = 2 at NNLO, etc. The variable z defines the partonic threshold
(see equation 2.86). The highest power of logs at a given order is called leading log

(LL), the second highest nezt-to-leading log (NLL), etc. It should be noted that it is not
unlikely to reach the partonic threshold, even if we are far from the hadronic threshold

T=—, (4.3)

with S being the hadronic center-of-mass energy. This happens at scales, where the
PDFs are huge in small z-regions. That is why the above distributions become especially
important when there is a gluon in the initial state.

In Moment space the logs can be resummed to all orders of perturbation theory and
one obtains a resummed partonic cross section 67¢*(N). In section 4.1 we give the result
for 6"¢*(N) and point out the main steps of its derivation. In section 4.2 we state the
NLO and NNLO master formulas presented in reference [2], which were gained by the
re-expansion of 6"¢*(N) and matching to NLO results. In section 4.3 we compare the
NLO master formula to the NLO calculation described in section 3.3. This will provide
us with coefficients appearing in the NNLO master formula. Since the NLO master

formula does not predict the full NLO result, but just contributions from soft-gluon

54



4.1. THRESHOLD RESUMMATION 55

radiation, the reduction of the full NLO result to those being predicted by the master
formula will give us an approximated NLO result. In section 4.4 we present the NNLO
contributions for DIS predicted by the NNLO master formula. We discuss how the
contributions influence the cross section results and give some remarks concering the
implementation of the new terms into the code of JetViP.

4.1. Threshold resummation

In this section, following the work of references [23, 46-50], we will find a resummed
expression for the partonic cross section in Mellin space. More precisely, we will focus
on dijet production [23]. The general procedure for calculating the resummed partonic
cross section consists of the following steps. We start with the usual hadronic cross
section, defined by a convolution of a hard-scattering function and certain distribution
functions. From that we deduce a corresponding partonic cross section, which will
factorize due to a Mellin transform. Next, the partonic cross section is refactorized, i.e.,
reorganized by using the factorization of soft gluons from high-energy partons and the
exponentiation of soft-gluon effects [47]. Consequently, the primary factorized and the
refactorized expressions are compared and the hard-scattering function is obtained in
a form that can be resummed. The resummation of large logarithms of N is done by
using RGEs that follow from the renormalization of jet and soft functions.

The process we want to deal with in this section is inclusive dijet production in the
collision of two hadrons,

ha(pa) + hp(pp)—J1(p1) + Ja(p2) + X (k), (4.4)

at a fixed rapidity interval

1. (pipy
Ay=-1In 12) : (4.5)
2 <p1 p;
with total rapidity
1 (pf +p3 )
yjg=5n|—/——-=], (4.6)
2 <p1 + Do

both expressed in light-cone variables. The partonic threshold is quantified by the
variable

M? M?
raxpS 5

) (4.7)

where M? is a large invariant that is fixed. The form of the cross section depends on
the choice of M. It can, for instance, be the invariant final state mass or the invariant of
a produced electroweak boson. Threshold is reached for z,.x = 1, when contributions
of the form as in equation 4.2 become large. The lower bound of z is reached when the
momentum fractions take their maximum value z4 = xg = 1, S0 zZpin = 7. The hadronic
cross section then can be written as a convolution of parton distribution functions ¢
and a partonic hard-scattering function &,

dohshp—s0105(5,61,02) 1 ! 2
ANPdy,ddy T, / dz/ HEAdEE Oy s (24, 17)
fafe=aq39""
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M2 1 T A
X¢f3/h3(w3’”2>5<’2‘ ; )5@“‘2%)

R M
X D Gpatushife (1 — 2, 7Ay7045(ﬂ2)761;52> . (4.8)
frof2 K

Here, p is the factorization scale and d; and do represent the parametrization of the jet
definition. & is defined for every partonic subprocess. A corresponding partonic cross
section can be written by introducing light-cone parton distribution functions ¢y, /s,
giving the probability to find parton I in parton .J, in the soft limit as

dof,fp—say0,(5,01,02) 1
Ad]]fﬂdly; JdAy  S? / dz / dzadep g, /5, (v, 1%)

M? T
X¢fB/fB(xBau2) o (Z - §> 6 (Z/JJ - aln 1‘2)

A M
X Z O—fAfBA)flfQ (1 - Z7M>Ay>as(,u2),51,(52> . (49)
flaf?z(Lg»g

Only the flavor diagonal distribution functions play a role, because the parton mixing
is negligible for N — oo, what can be seen in equations 2.81 and 2.82.! The partonic
cross section gets factorized by transform it in Mellin space with respect to the hadronic
threshold T,

do (S 51 52)
dr N1 /d S2 fafp—J1J2 )
/ TT Yig AM2dy,dDy

= Z(bfA/fA N+ 17M276) éfB/fB(N + 1?M276)
f

X&f(Nv M//"O‘S(:u2)751752)a (4'10)

where by the J-function depending on z, the transformations (N) = fol dz 2N716(2),
and (N +1) = fol dz 2N ¢(x) result. To shorten the notation we write f for f4 4 fp —
f1 + fo. Since we are in the soft limit, we can set N + 1 =~ N in the following. In a
perturbative expansion of &, they will factorize out initial-state collinear divergences, so
they will depend on € as well.

Now, although we already found a factorized form of the partonic cross section, it is
necessary to refactorize it to perform the exponentiation. By refactorization we separate
in particular soft-gluon contributions into a soft gluon function S from collinear radiation
of the incoming and outgoing partons. This is important, because when S is free of
collinear effects, we avoid double counting, because by definition they are included in
jetlike distributions. The refactorized partonic cross section is of the form

do 7172 (S, 01, 02)
fAfB;Ml%zlAy 52 ZZHIL< Ay,as(u2)>

1L
M (1-17)M
<K (M’ (MT)?Ay,Oés(MQ),(Sl,(Sz) +0(1—-1), (4.11)

!The light-cone PDFs fulfill the same evolution equations than the usual hadronic PDFs.
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where H}f]—z contains the hard-scattering components and describes the short-distance

effects, and Kg} contains everything happening at long distances. Both depend on the
underlying partonic subprocess and are matrices in the color basis of the scattering
event, so they carry color indices denoted by capital letters. The hard function is built
out of the amplitude and its complex conjugate,

M (0 (M M

Kg} consists of a convolution of five functions, depending on kinematical weights w4,
wpg, wi, we and wg measuring the amount of momentum each function contributes to
the final state. Their exact definition depends on the choice of M?2, so we will not specify
them in detail. We find

M (1—-17M
Kg‘) </.L’ (MT)’ Aya Ols([/?), 517 52)

1
:/ dwy dwp dwy dwy dwg §(1 — 7 —wa —wp — wp — we — Wg)
0

M M
x wa/fA (wA’ IuvaS(N2)7€> Vin/ts (wB’ Mvas(NQ)m)

X J(fl) <w1’ M,Oés(luz2)751> J(f2) <w2, M’O[S(ILL2)762>
7 7

+O(1-7). (4.12)

The jet functions JU) and J(2) contain gluonic effects by radiation collinear to the
outgoing jets. The center-of-mass distributions ¢y, /r, and ¢y, /¢, accordingly represent
gluons radiated collinear to the incoming jets. In contrast to the light-cone PDFs they
are defined at fixed energies and not at momentum fractions. In the axial gauge all

collinear logarithms are incorporated in these four functions. S(Lf} consequently accounts

for soft, but not collinear, gluon radiation. Kg} again factorizes in Mellin space,
1 do (S 51 52) )y (M
dr 7N-1 g2 fafp—=J1J2\P) 01, _ H() ( A 2 >
| ar Py S (b

- M _ M
X Pta/fa (NvaO‘S(Nz)af) Vi) fs (N7aas(ﬂz)7€)

+O(1/N). (4.13)

This is the refactorized partonic cross section. By setting equal equation 4.10 and 4.13
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we can solve for the hard-scattering function

J}f{/fA(N?M/%E)Q?fg/fB(NaM/Naf)
¢fA/fA(N p, e )¢f3/fB(N p2,€)

ZHEL( Ay, as(p )) Sf)( Ay,as(u2)>

« JUD (N,]\/:[,as(uz),él) FU) (N,Aj,as(uz),dg) o (414)

or(N) = [

that in this form can be exponentiated by making use of renormalization properties. In
the product HypSrr appearing UV divergences have to cancel, because that is guaran-
teed by the renormalization of the underlying theory. But UV divergences in each factor
appear, because of approximations for soft gluons that are extended to all momenta [23].
They can be removed by multiplicative renormalization constants. With Z; being the
field renormalization constants for parton field ¢ and Zg being the renormalization con-
stant for the soft gluon function one can write

_ ) )4y —
H(f)goL) — H ZZ 1 (Zé) 1)]0 HCD [(Zé)T) 1]DL (415)
i=A.B,1,2
SO0~ (Zn5al w10

From that one deduces for S the RGE

0 0
(1155 +80) 5 ) 551 = =S, = ST )ar (@.17)

where the soft anomalous dimension matriz is given by the UV divergences of the soft
gluon function,

o)
Ty (g) = - ga Rese0Z5 (9, €) - (4.18)

The solution to equation 4.17 is given by

Tr{H(f) (Aj,Ay,as(/ﬁ)) S(f)(ﬁ,Ay, as(uz))}
_ Tr{H(f) (M asoﬂ))
x P exp l/MM/N dﬂ ( )]
)
x P exp l/M/N (as )] } (4.19)

S()<1 Ay, ag (MQ/N2
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Here, the trace is taken regarding the color indices and P and P stand for path ordering
in the same sense as p/ and against it. This expression resums all large logarithms of
N. For the initial-state jets, resummed at the scale = M, one finds

[ fl;f/f(N’ Le)
¢f/f(N’M2’€)

by making use of factorization properties, where the N-dependence is put into Ey) in

1 = R (as(M2)> exp {E(f)(N, M)} , (4.20)

the exponential. Its form depends on the factorization scheme. In MS one finds

1 ,N-1_ 1 d\ 9
Ep (N, M) = —/0 de™——— {/(12)2 A [as(ar)]

+By) s (M?)] + %N) las(1 = 2)2M?)] } . (4.21)

The functions Ay, By, and V) are finite concerning their arguments and can be
expanded in «z. To evolve this result to different factorization scales, one uses the
RGEs of the individual distribution functions, namely

dq;f/f(]\ﬂ M/M) 6)
7 in
do (N, 2, €)
K d
m

= 2’Yf(as(/‘2)) '(;f/f(N7 M/H? 6) s

(4.22)
= 2’Yf/f(N’ as(ﬂ’z)) d;f/f(N7 :U'27€) .

In the former equation we defined the anomalous dimension of the parton field f -y,
given by the virtual part of the splitting functions, and the anomalous dimension of the
operator corresponding to ¢/ ¢ vy/y in the latter equation. It depends on the scheme
and the gauge you choose. Combining the result of that RGEs with equation 4.21 gives

V{/f(N, M/ p,e)
¢f/f(N7 :u27 6)

= Ry (%(Mz)) exp [E(f)(Nv M)}

M !/
xexp{—z [ [fmasw’?))—vf/fw,asw»}}. (4.23)

Finally, for the final-state jets, one can find a similar exponential result. Its exact
form depends strongly on the choice of M, because different definitions lead to different
final-state phase spaces at partonic threshold. Nevertheless, we can write

T (N, 22 ). ) = exp [y (V.21 (424)

while we skip giving a precise form of E/ £ for the moment. Combining equation 4.19,
4.23 and 4.24 we find the resummed partonic hard-scattering function in Mellin space,
which includes large the contributions of large logarithms of N to all orders. To get
the physical cross section, a transformation back to ordinary momentum space has to
be done. Carrying this out is far from trivial, because of Landau poles in the complex
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plane, demanding a prescription how to choose an integration path. We will not go into
detail on that problem and refer to the literature (for instance reference [16]). To sum
up our result, we state the resummed cross section in its full glory:

E(s,) (N, M)

ar(N) = R(f) exp{ Z

i=A,B

-2 /MM CZ{ [7}2‘(045(//2)) —Vfifi (N’ O‘S(:U’/Q))]] }

X exp{ > ngj)(N,M)}

=12

X Tr{H(f) (Aj,Ay,as(uz)>
l/u Mi (ozs(u&))] S (1,Ay,as (MQ/N2>)
x P exp [/ﬂ i as(u&))] } (4.25)

4.2. The master formula

Kidonakis presented master formulas predicting NLO and NNLO contributions contain-
ing logarithms of the form 4.2 for inclusive processes like hadron-hadron collisions and
hadron-lepton collisions

filpr) + fa(p2) = F + X and fi(p1) + Up2) = F + X, (4.26)

where F' is the observed hadronic final state and X is anything else [2]. The master
formulas were obtained by the re-expansion of the resummed partonic cross section

5" (N) = exp [ZE fz N; ] exp ZE/(fj)(Nj)]

J
X oxp [22/f du/ < (:/2)%(1) +7,¢/z’ (%(M%))]
o [ (o)

el (o) oo [ B0 (o)

o[ 8 s )

U

(asls/ND))

(4.27)
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and matching it to full NLO calculations. The summation over ¢ runs over initial-state

partons, with
|
_/ di =1
0 1—=2

x {/(”QF) d“ AU (ag (1)) + vy, a1 - 2)23)}} . (4.28)

zs,Uf

The N-dependence of the final-state partons is resummed by the summation over j and
Nj—1 _
/ dz -
A L) / 2
X / AU (ag (As)) = Bj los((1 = 2)8)] — v s (1= 2)%8)] ¢ - (4.29)
(1-2)2 A

Here, we used

AU = Cpfas/m + (os/m)2K /2] 4 -+ (4.30)
Bj = (a/m) B + (0o /n) B + - | (4.32)

where Cy, = CF for a quark or antiquark and Cy, = Cy = N, for a gluon, and K =
CA(67/18 — 72/6) — 5ns/9. Also, we find Bi") = 3Cr/4 and B\ = By/4, with By
defined by equation 2.51. In the second line of equation 4.27 it was defined the one-loop
parton anomalous dimensions 7(1) = 3Cp/4 and ’y(l) = fo/4. 7 /i is the amonalous
dimension of ¢; /i (see equation 4.22) minus its one-loop and its N-dependent two-loop
components. For later use we state the N-independent two-loop part of ;/; for quarks
and gluons,

3 3 17 1
V= (5~ 36+ 56) +CeCa (~Ja+ e+ g ) +niCe (-2 - 1)

32 96 6 48
(4.33)
Cr  Ca
Y = <3+ cg) —ny (8F+6> (4.34)

(2 = 72/6 and (3 = 1.2020569. .. are values of the Riemann zeta function. In the third
line of 4.27 we made use of the beta function already defined by equation 2.50. In our
case, the constant d,, = 1, because our Born cross section is of order a!. The prime
on I'y indicates that all gauge-dependent terms are ignored. This is possible, because
it was proven that gauge-dependence cancels out.

The re-expansion of formula 4.27 to NLO and NNLO accuracy gives the desired master
formulas. Since we have a colorless virtual photon in the initial state, we need just the
master formulas for simple color-flow. It also means that I'g is a 1 x 1 matrix. The

NLO master formula reads

A(1) Bas(/ﬁz){ D _
o =0 — " {cs 1(z) +c2Do(z) +c10(1 —2)}, (4.35)
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where o? is the Born term and the coefficients are defined by
3=y 2C; = Cyf,, (4.36)
i J
C2 :C'g + 15, (437)

=-) Cyn (”}) : (4.38)

t;
Ty = 2Rel"Y) — % [Cf +2C), 6k In (Mzﬂ

i

M2
-y [B’g” +Cy, + Cf, 0k In (Sﬂ , (4.39)
J

Cc1 :CT + T, (4.40)

=3 {Cfi Sk In (X;;) — A )} In (“;’) +da3540 (’f"“) . (4.41)

7

All coeflicients have to be determined for every type of partonic reaction that contributes
to the inclusive cross section. co and c3 are split into a scale-dependent part and the
rest that does not contain a dependence neither on the factorization scale g nor on the
renormalization scale pr. In our case the mass scale M was chosen to be the natural scale
at hand for deep inelastic scattering, namely the virtuality of the exchanged photon @,
and the constant d is set to zero, what is valid in pair-invariant-mass (PIM) kinematics.
Bo was defined in equation 2.51. Using the expansion

2
/ s\ (1) o /(2)
- T e+ 4.42
S ( T ) S ( T ) S ’ ( )

we identify the real part of the one-loop anomalous dimension matrix neglecting gauge-
dependent terms ReF’g) in the definition of T5. t; is an kinematical variable only
important in different kinematics than PIM. It appears in terms containing dx, so they
vanish anyway, and we do not need to specify ¢;. 77 contains the scale-independent
corrections proportional to §(1 — z). They are given by the virtual NLO corrections,
which cannot be predicted by the threshold resummation formalism. They have to be
taken from a full NLO calculation, if available.
The NNLO master formula reads

20,2
5 — ;B L \HR) (’;R) o® (4.43)
T
with
~(2 1 3
o = §C§D3(Z)+ —c30p — 6—03+2ij bo Ds(z)

2 4

+{0301+C%—C20§ @T +ﬁ cz3ln (MR> —i—ZCfZ
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o gun(2] oo

+{0201_g2c2c3+g3c§ B()TI—F/B()CQIII(S)—F?RF,() S v
o () _ K (1 (‘ti)
+Zi:Cfil81n . 21 . Kk In e
2 2
—Z(B'( —i—u )—i—ZCf] lln <M>—[2{ln<M >]
B M?
_ZZOB’gl)aK In <5 Do(2)

Lo, G Bo 7
+{2 9 2~|— C203+<36362—*C403+ZC ln(sR

+2Rel"? 6x In (T) —505KT11n< ; )+ﬂ°5 Ty In’ (%2)
[ e(2)

+Zﬁo{ W C’fl5Kln(]\;2>}ln2<'l§p>

+ Zcﬂ? Jx In (;2> In (“f) -/ <’f§>
s [ )+ (24 ) )
+Zcfl 5K1n<]\f> [ln2<;;)—ln(;;>ln<]\f>
—;m(]\f)H (M’;) +§ijy}f)5K1n<;;)
—Z( D+ v?) ok n (M )+Zlﬁocf]1n <M2>

2
~Rop - ﬁgo B’(l)] 5 n? (%) + R} 51— 2). (4.44)

+Zcf]

i

Here we find ¢4 = 7*/90 and the real part of the two-loop I's after dropping gauge-
dependent terms Rel” gz) in the Dy(z)-part. It appears followed by — Y, y](c?), which
both are two-loop quantities. We could not find an expression for that part in litera-
ture, so we neglected it in our calculation. The same problem arose for the expression
> (B 52) + V](-Q)) that could not be found in literature and therefore was neglected. K
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was introduced in equation 4.30 and given beneath. [; is given by equation 2.52. R
denotes all contributions that can only be known from a full NNLO calculation. Note

/(2) 1(2)

that many terms, especially in the 6(1 — z)-part, vanish, because dx = 0. 7/ a/q 9/9

were defined in equations 4.33 and 4.34.

and ~/

4.3. Matching coefficients to NLO

We have defined the ingredients to evaluate the general expressions of the coefficients ¢;
appearing in the NLO and NNLO master formula in equation 4.35 and 4.44. This has
to be done for both contributing partonic two-body processes v*q¢ — gg and v*g — qq.
Afterwards we compare the predicted NLO contributions with the virtual and initial-
state corrections of the full NLO calculation. In principle, we should be able to find
all the predicted contributions in the formulas that we either took from reference [14]
or directly from the code of the program JetViP. In the following we will calculate the
coefficients for both processes and illustrate the identification of the resulting terms in
the NLO corrections with one example for each process.

Y'q —qg
By the unified approach of Kidonakis we find

C3 = CF - NC . (4.45)

For For ¢ we need additionally Re(F’g)) =2CpIn (&—%) +2Cp + Ncln (%) + N¢ [2],2
and find

t 13 3 Bo
02—20F1D<M )‘l‘NClU(u)—CFln( 2)—40}7—4 (4.46)

Finally, the scale-dependent part of ¢y is given by

2
c1:—§CF1 (M2>+ﬁ°1 (Xﬁ) (4.47)

Note that we substitute all s by M?2. Originally, this was motivated by the fact that
otherwise no agreement was found regarding the formulas implemented in the code.
The actual reason for this might be the differences between the resummed partonic
cross section from equations 4.25 and 4.27, where we already see that some integration
boundaries are s in the former and M? in the latter equation. Anyway, the substitution
is necessary according to the full NLO formulas and since we choose M? = Q? we also

find agreement to DIS coefficients explicitly stated in [2], where likewise Q2 appears
instead of s more or less out of the blue.
We choose the term ¢} = B 0 n (u%/M?)+- - as an example of the identification in the

full NLO corrections. The term contains the renormalization scale ppr, which gives us

2The expression is given for the reversed partonic process in direct photon production, but it is the
same in our case.
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the hint that it must be part of the virtual corrections. 5y includes the number of active
quark flavors ny. The only term containing ny in the virtual corrections corresponding
to the given process is

g
T/L o QU0 4, r(1—5)1<1 11 ) /L
H,/ " =160 —=2(1— ~(=ny— —N¢ | CpT. o, (448

v ™o 2 5)< s ) T =202 \3W ~ g Vo) Crlag "4, (448)

which is the last term of equation 3.48. Using the expansion

arp\ Arp\ Ar il
(WMR> = exp lln( WMR) ~l+e-In R
s s s

and inserting [y and the Born contributions of equations 3.35 or 3.37 that we, following
the notation of reference [2], generically denote op, we can identify the finite term

S

I <”R> oo, (4.49)

2 1
T/L Qs £z \ Bo dz o
HV/ :—ﬂ_ O'Bln <SR>4+: . 7?03[01(5(1—2)4‘ ] (450)

Remembering that for virtual corrections the z-integration is already carried out an-
alytically, we can read off ¢f = 54—0 In (u%/s) + - -+ on the left-hand side, which is the
sought term when we substitute s by M?2. That this substitution is necessary shall not
worry us, because reference [14] is about jet photoproduction with small Q2 while here
we work in the DIS high-Q? regime. Indeed, in the code the corresponding term was

found with M? instead of s, in agreement with the threshold resummation prediction.

Y*g — qq

For the gluon-initiated process we find
c3 =2(Ne —Cp) . (4.51)

For ¢ we need Re(T” ! )) =2CF —i—Ncln( ) + N¢ [2], and thus

¢s = Neln (;}‘4) — N¢ln (J’\‘f;) —gop. (4.52)

Finally, we find
f:—@l <1’\Lﬁ>+’801 (1’5@) (4.53)
As a second example we try to recover the term ca = —NgIn (u%/M?) + ---. This

time, the wanted term contains the factorization scale pp, so it must be part of the
initial-state corrections. They are given for the gluon-initiated process by (see equation
3.56)

[ psOnh, - /nl %SW (4”3“%“) FF<(11__2 ))(1 _ L+ 0e), (4.54)
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with Iy being a lengthy function that can be looked up in reference [14].3 ¢ collects
terms proportional to Dy(z). We find the term

N, 21
I =} (50 ) Th/" |2 - Paco) o+ (455)

with

1—2z

1
Pyey(2) = 2Ne ([ 4. ) . (4.56)
_l’_
Inserting the latter expressions in 4.54, using again the expansion 4.49, and inserting
the Born contributions 3.36 or 3.38 we find in the limit ¢ — 0 the finite term

Ldz ag N, 2 Ldz ag
72103 (—;) In <N8F>’Do+ :/ ?Z%UB [02D0+ ] . (4.57)
n

We recognize ¢y = —(N¢/2) In (4% /s) + - - -, which differs from our expectation, besides
the s instead of M? in the argument of the logarithm, by a factor of 1/2. This would be
problematic, but luckily the corresponding formula in the code does not have the factor
1/2 in the prefactor and is in agreement with the threshold resummation prediction.
That the formulas in the code differ by a factor of 1/2 to the ones in reference [14]
was also seen in other terms. That is why we focused our attention to the formulas
implemented in the code.

The complete results of the matching of the coefficients to the full NLO calculation
are summarized in table D.1. All in all, most of the predicted terms could be identified
in the code. In ¢y and c3 there were some terms that could not be find in the code.
They all come from final-state parton contributions in the approach of Kidonakis. The
reason for that is that our NLO calculation uses phase space slicing, rather producing
alternative logarithms that depend on the phase space slicing cut parameter. The
threshold resummation procedure of course cannot reproduce these contributions, so we
shall not be surprised to find a mismatch that becomes manifest in the prediction of
terms not being present in the code. In co there are three predicted terms differing by
a factor of 2 to the corresponding terms in the code. They all stem from the expression
2Re(T” (Sl)), whose form we took from [2]. Interestingly, the same issue was found in
previous work on jet photoproduction [45].

Having identified the NLO contributions in the code that are predicted by the thresh-
old resummation approach, we can define an approximate NLO calculation that we
call kNLO in the following. It consists of the LO contributions, the scale-independent
virtual NLO contributions that are grouped in T, the predicted NLO contributions,
using the coefficients from the right column of table D.1, and the terms in the full NLO
calculation that depend on the phase space slicing cut parameter. The results of the
kNLO approximation are compared to the full NLO calculation and the H1 data in fig-
ure 4.1, by which we can estimate how big the fraction of contributions predicted by the
Kidonakis approach is in contrast to the full NLO contributions in different kinematical
regions. In the ppr- distribution we see that for small transverse momentum the kNLO

3The notation was changed here. I in our case actually refers to Is from reference [14].
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approximation and the NLO results nearly coincide. For higher transverse momentum
the kNLO results are drastically below the NLO results and the experimental data. A
similar behavior can be established in the Q2-distribution. However, the differences in
the high-Q? bins are not as big.

We finally check how the kNLO approximation reacts under the variation of the
renormalization and the factorization scale ur and pp by a factor of 1/2 and 2, as was
done before in the reproduction of the H1 analysis. The results are depicted in figure
4.2. Overall we see that the error bars of the KNLO approximation are smaller than the
NLO errors, what is not that surprising since we neglect terms containing both scales in
the approximation. Exceptions are the highest bins in the pr- and the Q?-distributions.
Interestingly, the scale dependence increases by an order of magnitude in the highest
pr-bin, though the resulting huge error bar still does not reach the data point.

4.4. NNLO contributions

Having calculated the coefficients ¢, co and c3 being present in the NNLO master
formula 4.44 in the previous section, we can implement the NNLO contributions into
the program JetViP. Of course, they have to be added to the full NLO calculation and
not to the KNLO approximation. The corresponding terms could most easily be added
to the NLO initial-state corrections on the proton side, since for them the z-integration
was already there. Technical details regarding the implementation are given in the
appendix in chapter E. Here, we will focus on the physical aspects and the results.
As was already mentioned in section 4.2, we had to neglect the two-loop quantities

2Rel’S) — S0 (4.58)

i

stemming from initial-state partons, and

S (B +v7), (4.59)

J

stemming from final-state partons, because an appropriate expression for them could
not be found. Since previous work [45] already lacked the knowledge of those two-
loop terms, yet obtained reasonable results, we are pretty sure that we do not neglect
crucial contributions of the NNLO master formula.* The coefficient ¢, ¢ and ¢35 were
implemented as they were predicted by Kidonakis and as they are depicted in the left
column of table D.1, i.e., including the terms which could not be identified in the NLO
corrections (written in blue), because that was just a side-effect of phase space slicing.

After implementation of the NNLO master formula we unluckily had to observe that
we produced results differing to the experimental data by 2 to 3 orders of magnitude.
After verifying that no mistake was done implementing the terms, we began to analyze if
we could find individual terms producing that error. In reference [45] the same problem
emerged and was fixed by discarding all terms including the J-function. Led by this

4 Crucial here refers to the NNLO contributions grouped in the rest R that is not predicted by the
threshold resummation approach and neglected in our approach.
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observation and after some time of trial and error, we could spot the troublemaker. In
the NNLO master formula we have the term

(;,(2)_“_+{;Cg+_..}5(1_z). (4.60)

It produces way to big contributions for the quark-initiated partonic processes. To be
more precise, it is the scale-independent part 77 (7*q¢ — qg) that provokes them at this
place in the formula, even though in the case of the gluon-initiated process v*g — qq
everything works fine. We could not find another solution to this problem rather than
just ignore the problematic contribution and calculate for the quark-iniciated process
just
~(2)
0./
( 2
Of course, this is quite unsatisfactory, but by this substitution we could gain reasonable
results, with corrections to the NLO calculation of the expected size. We will describe

them in detail in the following section.

V*Cjﬁqg):...+{1C§2+...}5(1Z), (4.61)

4.4.1. Results

We will compare our NNLO results to the same experimental data of the H1 collab-
oration [1] that we already analyzed by means of our NLO calculation. In figure 4.3
we see the central NNLO and NLO predictions together with the experimental data
differentially in pr and Q2. We generally see that the NNLO contributions reduce
the cross section predictions of the NLO calculation in the complete observed phase
space regime, which is a good first impression, since we saw in subsection 3.5.3 that the
NLO prediction seems to slightly overestimate the cross section. We therefore find an
improvement in the description of the pp-differential data in figure 4.3a, except in the
lowest bin, where the NNLO result lies below the data point. In the Q?-distribution we
see similar accuracy between NLO and NNLO. A small tendency becomes visible that
the difference between NNLO and NLO increases for high Q2.

In the next step we investigate the scale-dependence of the NNLO predictions using
the usual method of varying both scales ur and pp by a factor of 1/2 and 2. The results
are shown in figure 4.4. All experimental data points lie inside of the resulting error bars.
In the pp-distribution we have to observe that the error bars of the NNLO calculation
are bigger than the ones of the NLO calculation. This contradicts our expectation. The
results depend on the scales, because we truncate the perturbative expansion of the
partonic hard-scattering cross section at a finite order. By scale-variation we hope to
get an estimation of the missing higher-order contributions, so we hope to reduce the
scale-dependence by including contributions of the next higher order of perturbation
theory. In our approach this argumentation is not completely valid, since we do not have
the full NNLO corrections. Yet we expected to reduce the scale-dependence, because
the contributions we implemented were obtained from a resummation formalism, where
specific terms of the perturbative expansion are summed to all orders. However, this is

SWith central results we refer to the scale choice p% = Q% and p% = Q? + p2 and the MSTW2008
PDF set with fixed as(Mz) = 0.118.
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not guaranteed, and unfortunately we find an increasing scale-dependence in the given
pr-regime. The finding of the Q?-distribution is different at least in the highest two Q-
bins, where the scale-dependence actually is reduced in NNLO. Nevertheless, for lower
Q? we confirm that scale-dependence is enhanced by the extended NNLO calculation.

For better visibility figure 4.5 shows the results normalized in each bin to the central
NLO value. The fact that the scale-dependence is actually reduced for high Q2 was
additionally checked by evaluating the predictions for even higher @2, for which we of
course were missing experimental data to compare with. A corresponding plot can be
found in the appendix in figure F.1.

4.4.2. Determination of the strong coupling constant

The theoretical cross section predictions are functions depending on the strong coupling
constant, given in turn at a certain renormalization scale. The running coupling has
to be fixed at a random scale, which normally corresponds to the mass of the Z boson
Myz. By regarding as(Mz) as a global fit parameter of the cross section predictions,
we can find a best-fit as(Myz) in relation to the experimental data. Technically, we use
the MSTW2008 proton PDF sets with fixed as(Mz). These sets contain 22 different
members for as(Myz) in the range from 0.110 to 0.130 in NLO and from 0.107 to 0.127
in NNLO. The calculations were done with each member and the reduced X72“ed was
calculated to investigate the goodness of the predictions.

However, the determination of as(Myz) is seriously affected by the experimental and
theoretical uncertainties. On the theoretical side, in particular, one should include the
scale uncertainty. Unfortunately, we had to discover in the previous section that the
NNLO contributions increase the scale uncertainty in the observed phase space, quite
contrary to expectations. This means that also the error of the a,(Myz)-determination
would increase, when the NNLO contributions are included. To avoid this, we separately
analyzed the dependence on the factorization scale pp and the renormalization scale pg.
In appendix F the results are plotted in figure F.2 for the variation of pup and in figure
F.3 for up, respectively. Comparing both distribution, one can see that the increase of
the scale uncertainty of the NNLO calculation with respect to the NLO calculation is
caused by the dependence on pp, while the dependence on upg is similar. Nevertheless,
a detailed analysis showed that even if we just vary ur and keep up fixed, the resulting
error in the determination of a4(My) still would not be reduced. To demonstrate this,
we plot the reduced Xged against as(My) for different values of up in figures F.4 and
F.5 for the NLO calculation and in figures F.6 and F.7 for the NNLO calculation. ug
is varied around the central value by the prefactors 0.50, 0.75, 1.00, 1.50 and 2.00. pp
is fixed to its central value. One can see that the minima of x?,, move to the right
with increasing pupr by approximately equal distances comparing the NLO and NNLO
results. This, and the fact that the minima of some plots did not even lie in the given
range of as(My), we decided to determine an a4(My)-value without including an error
representing the scale uncertainties.

Thus, with the central scales we find at NLO

MO (Mz) = 0.115 1155016 (4.62)
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Including the NNLO contributions we find
aMNEO(M ) = 0122170501 T (4.63)

The errors are determined by the values for as(Mz), where X2, increases about 1 unit
with respect to its minimum. «4(My) is significantly shifted to higher values when
NNLO accuracy is taken into account. Comparing both results to the world average
value of [10]

aWA(My) =0.1184 4 0.0007, (4.64)

we see that neither the NLO as(Myz)-value nor the NNLO as(Myz)-value lies within the
error band of the world average value. We finally compare our results to the one of
the H1 collaboration [1]. Based on a fit to their NLO calculation, they determined the
strong coupling constant to be

oY (My) =0.1185 4 0.001 7, (4.65)

S

using absolute double-differential inclusive jet, dijet and trijet cross section data as
functions of Q% and pr. A more precised value was obtained from normalized jet cross
sections, yielding

o (Mz) = 0.116 5+ 0.000 8. (4.66)

Important to note is that the given uncertainties in equations 4.65 and 4.66 are just
the experimental uncertainties, including statistical and systematic uncertainties. Sur-
prisingly, our NLO result from equation 4.62 coincides only with the one from the H1
collaboration, where normalized data was used, even though we employed absolute data.
The value of the H1 collaboration obtained by using absolute cross section data lies in
between our NLO result from equation 4.62 and our NNLO result from equation 4.63.



5. Conclusion and outlook

The aim of this thesis was to calculate the inclusive jet production cross section in
neutral-current deep inelastic scattering experiments to approximate NNLO, using the
theory of quantum chromodynamics for describing the hadronic interaction. The basic
features of this theory were presented, and by means of renormalization and factoriza-
tion properties it was shown, why a perturbative approach is effective for calculating
scattering processes including hadrons. Particularly, the running of the strong coupling
constant guaranteed the usefulness of perturbation theory at high energies. In fact, the
quark-parton model was justified in the field theoretical context. The cancellation of
mass singularities lead to the need of resumming to all orders contributions otherwise
spoiling the perturbative expansion at partonic threshold. By the re-expansion of the re-
summed partonic cross section Kidonakis could derive master formulas, predicting NLO
and NNLO contributions to any partonic cross section [2]. These master formulas were
evaluated and incorporated into the Fortran program JetViP to extend the calculation
to NNLO accuracy.

Before that, the program was modified to reproduce the NLO analysis of the H1
collaboration of inclusive jet cross section data, measured double differentially in the
virtuality of the exchanged photon and the jet transverse momentum at the HERA
collider in Hamburg. For that purpose, several changes to the code had to be made.
The kinematical conditions were adopted properly, what amongst other things meant
to include the geometric properties of the H1 detector by cuts on the leptonic and
the jet phase space. Apart from that, the technical parameters of the underlying NLO
calculation had to be defined just in the same way, like, for instance, the renormalization
and the factorization scale. Also the right proton parton distribution function and the
correct jet algorithm had to be used. The phase space slicing cut parameter was chosen
to achieve the best numerical stability. In the end, the output of the program had to be
multiplied by correction factors to allow for electroweak corrections and hadronization
effects in the final state. It was found excellent agreement between the H1 analysis
and our full NLO calculation. Remarkably, our results exhibit a quite smaller scale
uncertainty in the high transverse momentum regime.

Having adjusted the NLO calculation to the experimental environment, the NNLO
contributions could be implemented. The first step towards this was to compare the
coefficients appearing in the NLO master formula to the full NLO calculation. All terms
predicted by the resummation approach should be present in the NLO virtual and real
corrections. Regarding the scale-dependent terms total agreement was found. All pre-
dicted terms were identified analytically. Some scale-independent terms, in contrast,
could not be find. They all stem from summations over final-state partons in the for-
mulas of Kidonakis. We think that they are not present in the full NLO calculation,
because phase space slicing is used there, producing terms depending on the cut param-
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eter instead, which of course cannot be comprised in the NLO master formula. Other
terms differed by a factor of 2, caused by this factor in the term 2Re(I” Egl)) contributing
to the coefficient co. This problem already arrived in previous work on jet photoproduc-
tion [51]. Nevertheless, up to the problems mentioned above, there was otherwise good
agreement, and using the coefficients of the master formulas as predicted by Kidonakis
in the NNLO master formula provided us with an extension of our calculation to ap-
proximate NNLO accuracy. A single term in the part proportional to the delta function
in the NNLO master formula had to be discarded though, as it produced way too big
contributions.

It turned out that the cross section was significantly reduced in comparison to the
NLO results. Regarding the cross section differential in the transverse momentum,
this gave rise to a better description of the experimental data. In contradiction to
our expectation, the scale-dependence was not diminished by taking into account the
higher-order contributions. By a global fit to the data the strong coupling constant at
the mass of the Z boson was determined with NLO and NNLO accuracy. Consequently
to the observation that the theoretical cross section prediction was reduced by the
NNLO contributions, the final value of the coupling constant was shifted towards higher
values in comparison to our NLO result. The scale uncertainty was not included in the
determination of the coupling constant, because the accuracy would not been enhanced
by the NNLO contributions.

There are some ways by which one might be able to improve the current results. For
example, it could be worthwhile to compare the predictions of Kidonakis to the NLO
corrections of other groups that in best case scenario were calculated without making
use of phase space slicing. It would be interesting to see, if terms of the resummation
approach that did not coincide with our NLO calculation, will be present there. Also the
effect of the already mentioned discarded term could be studied alternatively by means
of a second set of virtual corrections, on which that term depends predominantly. As
long as the full NNLO calculation to jet production in deep inelastic scattering is still
missing, another possibility to improve the results could be to additionally implement
a master formula for NNNLO soft and virtual corrections in hard scattering processes
near threshold, published by Kidonakis [52]. In our case, since the NNLO contributions
already extended the running time of the Fortran program by a factor of 5 to 10, it
will be necessary to speed up the event generation before adding once more terms, to
obtain results in a reasonable amount of time, for instance, within a master’s project.
Of course, the NNNLO contributions are in principle to reduce the scale uncertainty,
since the over-all correction to the cross section will be even smaller than the NNLO
corrections.



A. Conventions

All formulas in this thesis are given in natural units, i.e.,

h=c=1. (A.1)
Thus we have
[length] = [time] (A.2)
and
[energy] = [mass] . (A.3)
Finally, both dimensions are inverse
[length] = [mass] . (A4)

We make use of the Einstein summation convention. Each time an index appears
twice, its summation is implied.
The gamma function is defined by

I'(t) :/ el dx (A.5)
0
being identical to the factorial function
I'(n)=(n-1)!, (A.6)

for all positive integers n. The beta function is defined by
1
B(z,y) = / t* 11 —t)¥"tdt for Re(z),Re(y) > 0. (A.7)
0

If x and y are positive integers, the beta function is connected to the gamma function

by

I'(z)l(y)

L(x+y)
The fourvector v* has as entries the Dirac matrices. The defining property of that

4 x 4 matrices is the Clifford algebra

B(z,y) = (A.8)

Yy + At = 29" 1y, (A.9)

where g"” is the usual metric tensor and 14 is the four dimensional identity matrix. A
scalar product in Minkowski space of any fourvector p# with ~, is shortened by using
the slash notation

pry=prnu=p. (A.10)
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B. Feynman rules for QCD

Gluon propagator

Ghost propagator

Quark propagator

3-gluon vertex

4-gluon vertex

Gluon-ghost vertex

Gluon-quark vertex
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80 APPENDIX B. FEYNMAN RULES FOR QCD

al Tp d4p ab _uv
Gluon loop by / Goh 6"g
a .'.« \“ d4p ab
Ghost loop b *Tp — / @n)ii 8
L d4p ab
Quark loop iB Tp —/ o) )
p
-
4
Gluon-quark loop @ / (2d77§94i
d4
Gluon-ghost loop / (QT;)ii
The QCD Feynman rules are taken from [5].
For the quark propagator the tensor
Pubv
dul’ =9 — (1 - 5) ;2 (B'l)

was defined. For the 3-gluon vertex the function

VM1#2#3 (p13p27p3) = ((pl - p2)u3gu1u2 + (p2 - p3)mgu2u3 + (pS - pl)mgusm) (B-Q)

and for the 4-gluon vertex the function
_ 13,24 14,32 12,34 14,23
Witz = (75 )+ (5 = %0400

+ (f13’42 - f12’34)9u1u49u3u2> (B.3)
with
[kl — paiajae agaa (B.4)

were defined. If the following gluon-structures appear, a symmetry factor has to be
inserted:
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The additional Feynman-rules from the counter terms in the renormalized Lagrangian
(here indicated by a grey dot) are the following [5]:

2000 @08 (Zs = 1)ous (pups = P29
a bv
p > 2
-------- »O» (Z3 — 1)6abp
a b
o
Z ) - [(Z2 = V)p — (Z2Zy, — 1)my] 6ij

(Zl - 1)(_ig)grfa1a2agvlt1#2u3 (p17p2>p3)

(Za = (=1 Wilizis,

(Z1 = 1) (=1)gr f"*Ds

(Zir — 1)ngz‘§"7,u




C. Hadronic ep cross section

In the one-photon-exchange approximation neglecting the electron mass the inclusive
electron-proton cross section can be written as [29]

(4ma)? 47M d3K'
do = 20/ " p ST 1
T8 Alk-p 2E'(27)3 (C.1)

where « is the electromagnetic coupling constant, Q2 the virtuality of the exchanged
photon, M and p the proton mass and its momentum and & and &’ the momentum of
the incoming and outgoing electron respectively. The energy of the electron is E before
and E’ after the collision. The lepton tensor L, can be determined by the Feynman
rules for QED to be

L = % Z (u(k', sy u(k, s)) (w(k', 8 )y ulk, s))" . (C.2)

s,s’

Here s and s’ denote the spin of the electron. The summation over the spins is present,
because we sum over initial state electron spins and average over final state electron
spins. Using

(@ uz) " = (T uz)" = Gy us | (C.3)
the completeness relation for the Dirac spinors

Y ulp,s)u(p,s) =p +m (C.4)

S

and usual trace algebra of Dirac matrices we find
2
L™ = 2(KMEY + kK" + %g’“’) . (C.5)
It is useful to note that
ﬂ(klvsl)’yuu(kvs) ~ <k/78/|§gm(e)‘k75> ) (CG)

where % (e) is the electromagnetic current operator for the electron. Current conser-
vation tells us that
Oy (€)= 0. (c.7)

providing the condition
g (w(k', s )Y u(k, s)) =0 (C.8)

in momentum space. Therefore we can write

g = q, LM =0. (C.9)
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We do not want to make any assumptions on the inner structure of the proton. Hence,
we express the hadron tensor W#¥ with the help of structure functions. The question
is how many of those functions we need, or rather, what the tensor structure of the
hadron tensor is, since the structure functions are scalar functions multiplied to any
tensor that WH¥ is made of. To answer that question, we use the information we got.
Before the scattering we have a proton P with momentum p and after scattering we have
any hadronic state X with momentum p’ = p + ¢q. The hadron couples to the electron
electromagnetically. Hence, we can define W*” accordingly to L* by an electromagnetic
current. We write

EWH 37> (0,715 (P) X, 0 (X, 15 (P, 7) - (C.10)
ro! X

r and r’ are the proton spins before and after scattering and jé‘m (P) is the electromag-
netic current operator for the proton. Since WH*¥ is built out of this current, it should
follow the current conservation law in the same manner as L*¥ does. We deduce

g W = qWH =0. (C.11)

Using the fourvectors playing a role in the process, one can only find to possible combina-
tions to construct a Lorentz and parity invariant tensor of rank two.! The combinations

are
v

. . "

[pu Y 2(1) q“] . [pu (@ QQ)qV] and  — g 4 4 g ' (C.12)
q q q

We then can parametrize WH” by
v 1 P-q v P-q)
WH = WWQ(QQ,V) [p“ _ g Z )q“} {p | 7z )q }
AV
@[ ]

(C.13)

We now have expressions for both tensors. To carry out the contraction we use C.9 to

get
1

Lul,WMV - W

WQL,prMpV + Wle,zl (_gwj) . (Cl4)

Inserting C.5 gives

2
L, WH = %V{@ ((k’ -p)(k-p) + (k-p)(K - p) + (12(202))

— oW (K- k) + (k- k) + 24°) (C.15)
= A Wk p) LY ) — A C.16
=2 2(k-p)(k - p) ZW 1(k- k') 19 - (C.16)

LQED and QCD conserve parity. We do not take into account weak processes with W- and Z-boson
exchange. In this case, parity invariance is violated, which admits a third possible combination, what
makes it necessary to introduce a third structure function.
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From momentum conservation at the ey*-vertex we get

(k—K)2=¢=-2k-K), (C.17)
so the result simplifies to
Ly,yWH = —Ws(k-p)(k'-p) — 2WQM + AWy (kK. (C.18)
M2 M?
To calculate further we go into the rest frame of the incoming proton, where the momenta
e p=(M,0,0,0), k= (F00F), kK =(FE kK, k;, E'cos?), (C.19)

f benig the polar angle of the outgoing electron. The scalar products are then
pPP=M* k-p=FEM, K -p=EM, k-k =EE(l-cosb). (C.20)
Inserting these expressions leads to

L, ,WH = AW,EE' — 2W,EE'(1 — cos§) + 4W1 EE'(1 — cos )
= 2WLEE'(1 + cos0) + AW, EE'(1 — cos 0)

=4EF' |:W2 cos® (Z) + 2 sin? (g)} . (C.21)

Finally, we put the above expressions into C.1 to get the inclusive cross section in the
proton rest frame.

4 2 47 M 3k
do = (47) T AEE |:W2 cos? (0> + 2W; sin <0>] _dK
16 E2E"2 sin® (g) AEM 2F'(27)3

0 0
= [WQ cos () + 20 sin? ()] A3k
 4E2E7sin ( ) 2 2

0
2
4 /
W cos? + 2W; sin? dE"dQ) (C.22)
4E2 sin? 2

To obtain formula 3.6 we have to express the phase space integration in terms of Q2
and v. Therefore, we express the differential solid angle by

dQ = 27 d(cosb), (C.23)
and use the relations

Q*=2(k-k)=2EE'(1 —cosf), v= =¢"=E-F. (C.24)

p-q
M
The determinant of the Jacobian matrix corresponding to the variable transformation

(cosB,E") — (Q? v) is

0Q7 097 \_9RE" 2k(1 — cosf)

dcosf OF ‘ _ ’ — 2FF', (C.25)
(012 Ov 0 -1

dcosf  OFE’
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so we find
T

EF’
Inserting the latter expressions leads to the final result

dE'dQ) = dQ?dv .

do o 1

dQ2%dv ~ 42 gin! (5) EE

[WQ(Q2, V) cos? (g) + 2W1(Q?, v) sin® (Z)} .

(C.26)

(C.27)



D. NNLO coefficients

In table D.1 we state the coefficients ¢; appearing in the NLO and NNLO master formulas
from equation 4.35 and 4.44 for the two contributing partonic processes. In the left
column the coefficients are given as they are predicted by Kidonakis and the threshold
formalism, with s being replaced by M?2, as was motivated in section 4.3. In the right
column we show the corresponding coefficients that could be taken from the NLO virtual
and real NLO corrections implemented in the code of JetViP. If they conform with the
Kidonakis prediction, they are written in green. For ¢y we see a discrepancy by a factor
of 1/2 marked in red. It arises because of the 2 in the term ¢y = 2Re(T” g))—i—- -+, which is
present in the Kidonakis prediction of that coefficient. In the first column we see terms
that could not be identified in the code. They are written in purple. They all come from
final-state contributions, i.e., the summation over all final-state partons j. The terms in
cg arise through the expression c; = — 3 B’ ;U +---. The missing terms in ¢z stem from
the expression ¢c3 = — >, C'p;+---. They are not present in the code, because there the
cancellation of mass singularities is carried out with phase space slicing, what instead
of giving rise to the above mentioned contributions, produces logarithms containing
the phase space slicing cut parameter (see subsection 2.3.1). Obviously, there are no
equivalent cut-parameter-depending expressions predicted by threshold resummation.
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Table D.1.: Coefficients predicted by the threshold formalism compared to the coefficients that can actually be found in the code

of JetViP.
KIDONAKIS (S — MQ) JETVIP (M2 = Q2)
3 e\, Boy (R 3 e\, By HR
Yq — qg 4C’Fln<M2>+ 41 <M2 4Cpln e + 4lm e
ci
_ Bo 1 Bo 0 Bo. (1% Bo (1
797 “a o) e Ty o) T e
2CrIn [ —=) + Nl Crin (P2 30, 0| o0 LN Crin (12
74— q9 pin{ s )+ Non{ =) =Crin{ rg | = 70— rin| 7o |+ 5Non(— ) =Crin| 75
Co
2
_ B BE) 3 1 <tu) 152
Y9 — qq Ncln< 4) N, ln<M2> 2C'F 2Ncln i N¢'ln e
Yq — qg 2Cr — Cr — N¢ 2CF
C3
Y9 — qq 2N — 2CF 2N¢




E. Details on the implementation

In listing E.1 you can see the steering file of the program that was modified giving access
to the newly implemented calculation methods kKNLO and NNLO. For this purpose the
flags iknlo, iknnlo and ikdelta were added to the already existing flags iborn, itwo and
ithree. Table E.1 shows how to set the flags to get the desired method.! ikdelta = 1
switches on the NNLO contributions proportional to the d-function. In the final version
it is not really necessary anymore that they can be reached separately, but it was helpful
to fix bugs in the code. Another modification was made concerning the proton PDF
selection. We implemented the LHAPDF interface to the code. The desired PDF has
to be selected by its name directly in the code, while the member of the PDF set can
be chosen in the steering file in line 34. Actually, that is the only important line in the
PDF paragraph of the steering file after the change to LHAPDF, and since for DIS the
resolved photon contributions are not relevant. In the lines 47 and 48 we added the
option to set a prefactor, by which the central scale choice is multiplied. A bit confusing
is that the definition of the scale in line 44 only sets the form of the renormalization
scale ugr, and the factorization scale ur can only be changed in the code. This could
be modified easily, but we had no need to this, because we did not change the scales
besides the prefactors.

The the NNLO contributions could be implemented most easily by adding them to the
initial-state corrections on the proton-side, where the z-integration was already present.
The NNLO terms and the initial-state corrections contain plus distributions of the form

@ 5@ o) = [ dzp@) o) [ a5, (®1)

min

Technically, in the code the corrections are divided into three terms

I—17 41 (E.2)

Table E.1.: Correct setting of flags for the different calculation methods.
’ H LO \ NLO \ kNLO \ NNLO ‘
1

iborn
itwo
ithree
iknlo
iknnlo
ikdelta

= = O = = =

1
1
1
1
0
0

S O OO O
O O O ==

'We just describe the modifications, since the unmodified pieces are well described in the manual of
JetViP [35, 37].
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53
54
55
56
57
58
59
60
61
62

Listing E.1: Modified steering file

) )

7\\\\\\ [} [ \H\C}ON'j[‘I{IBUr]:‘IC)N7

1 iproc [l1=ep; 2=ee]

2 isdr [1=D; 2=SR; 3=SR=x*; 4=DR]

1 iborn [2—>2 Born]

1 itwo [2—>2 singular contributions (for NLO)]

1 ithree [2—>3 contribution]

0 iknlo [Kidonakis NLO contribution]

1 iknnlo [Kidonakis NNLO contribution ]

1 ikdelta [Kidonakis NNLO delta—contr .]

0 isplit [gamma—>qq term]

0 iqcut [yqi_min in 2—>3 matrices? l=yes; 0=no]
’\_H_H_I,LH_H_I,\_ILILH_IL\_H_IINITIAL\_ISTATE,

27.6d0 Ea [energy on side a (ep,ee: lepton)]

920.d0 Eb [energy on side b (ep: proton; ee: lepton)]

’ L Lepton  a; ’
0 iwwa [Weizs.—Will .: —1,0=1n (Q2mx/Q2mn); 1=In (thmax/me)]
180.d0 thmax [max angle]

’ uLepton by (only relevant for_ the ee—case.).; ’
4.d0 P2max [P2=virtuality of real photon]

0 iwwb [which Weizs.— Will .: 0=In (P2mx/P2mn); 1=In (thmax/me)]
180.d0 thetbmx [max angle for Weizs.— Will]

7\\\\\1 [} UL \H\SUBPROCESS7

5.d0 Nf [Number of active flavours]

0.2000d0 lambda [Lambda QCD (has to match Nf)]

2 ialphas [QCD coupling: l=one—loop; 2=two—loop; 3=PDFLIB]
1.d—4 y—cut [phase—space—slicing parameter]

 — UPDFs_for the resolved_contributions ’
9 PDF member of MSIW

1 idisga [DISg —> MSbar for photon a]

1 ipdftyp [PDF for y=*(res): 1=SaS;2=GRS;3=DG;4=PDFLIB]

1 igroupa (Param. for SaS or PDFLIB —> see manual)

0 iseta ()

0

0 idisgb [DISg —> MSbar for photon b]

4 igroupb [authors of PDF on side b: y(res) or prot]

46 isetb [Set—No]

K LScales ’
0.d0 a [Scale: mu2=a+b*Q 2+cx*xpt 2]

0.5d0 b

0.5d0 c

1.0d0 scvarR [Scale: mu R=scvarRsmu R]

1.0d0 scvarF  [Scale: mu F=scvarFsmu F]

7\\\ Uy S \PHASEl \SPACEl INTEGRATION’

150.d0 Q2min [0.d0 selects photoproduction]

15000.d0 Q2max

0.2d0 ymin [min y]

0.7d0 ymax [max y]

7.d0 ptmin [ptmin for parton in hadr cms; =Etjet_min /2]

" LuuuuuouuuuuuuuVEGAS jand LOUTPUT”

100000000 ipoin [no of events produced in phase space above]

20 itt [no of itterations]

0 jfileout [Filename]



90 APPENDIX E. DETAILS ON THE IMPLEMENTATION

I contains everything that depends on z, but from the appearing plus distribution it
just contains the first integral. The second integrals of all plus distributions are packed
in 7. I¢ includes all terms that either do not depend on the integration variable z, or
whose z-integration was carried out analytically before entering the code. Consequently,
I? is not integrated over z numerically. For the NNLO contributions that applies to the
terms being proportional to (1 — z). Yet, because of the choice of the boundaries in
equation E.1, some counter terms had to be included additionally if a plus distribution
is present. The reason is that the first and the second integration have different lower
integration boundaries. The numerical integration is performed from z,,;, to 1 for both
terms, i.e., )

| a9 - 1) 91} (E3)
so we have to compensate for the missing part from 0 < z < 2, of the second term in
equation E.1, by solving the integral

197 = g(1) [ dz 1 (2) (E4)
0
analytically and supplementarily subtracting it for every appearing plus distribution,
1
P o) = [ dz (£ g() ~ £ 90}~ 1O (E5)

I€T are the counter terms that are put into I¢.

For the NNLO and kNLO contributions we needed counter terms for functions of the

form
nl — Z
f(2) =Dife) = =2 (E.6)

where [ =0,1,2,3 and 0 < z < 1. We find by integration by substitution

/ dle(z):/ dzn(z):/ du o ()
0 0

1-=2 w(Zmin) U
v(u(0)) V! v(u(0)) .
= / (udv) — = / dv v
v(u(zmin)) u v(u(zmin))
v(u(0))
_ {1vl+1 N I (E.7)
R CTC ) B ot



F. Further plots

Figure F.1.:

central NLO —— NLO
central NNLO —— NNLO s
1.2 - - | | | -
11f I—— :
0.8
0.7 | S—
150 | 2I70 4(I)O 7(I)0 50I0() 150IO() 25000

Q? [GeV?]

Results for the differential cross section do/dQ? normalized to central NLO
for Q%-values even higher than those being observed by the H1 collaboration
[1]. The error bands are due to scale variation. The plot confirms the
observation that NNLO contributions reduce the scale uncertainty for high
Q?. Because of bigger statistical errors of the integration routine due to
the drastically falling scaling behavior of the cross section with increasing
Q?, the absolute value of the data should not be taken too seriously, but
the tendency mentioned above is clearly present.
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central NLO ——— : :
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NLO
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(a) do/dpr-distribution
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0.9 ]
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075 1 1 1 1 1
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(b) do/dQ?-distribution

Figure F.2.: NNLO and NLO results with error bands obtained by variation of just up
by a factor of 1/2 and 2 compared to H1 data.
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Figure F.3.:
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(b) do/dQ?-distribution

NNLO and NLO results with error bands obtained by variation of just ugr
by a factor of 1/2 and 2 compared to H1 data.
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O55(]\4Z) aS(MZ)
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1
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Figure F.4.: It is shown XZed of the theoretical NLO predictions for the pp-distribution,
plotted as a function of as(Myz), whose values could be run through by
separately evaluating the NLO calculation with each member of the fixed-
as NLO PDF set of the MSTW group [44]. Each plot shows the data

for different choices of the renormalization scale pur. The central value

UR = 4/ p2T + Q2 is varied by the prefactor depicted in the corresponding
plot.
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Figure F.5.: It is shown X%ed of the theoretical NLO predictions for the Q?-distribution,
plotted as a function of as(Myz), and for different choices of the renormal-
ization scale up.
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Figure F.6.: It is shown Xzed of the theoretical NNLO predictions for the pp-distribution,

plotted as a function of as(Myz), and for different choices of the renormal-
ization scale pr. Comparing to the NLO results depicted in figure F .4, Xzed
takes its minimum at higher values of as(Myz). Additionally, one can see
higher statistical fluctuations due to the Monte-Carlo integration.
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Figure F.7.: Tt is shown X% .q Of the theoretical NNLO predictions for the Q?-distribution,

plotted as a function of as(Myz), and for different choices of the renormal-
ization scale ur. Comparing to the NLO results depicted in figure F.5, X%ed
takes its minimum at higher values of as(Myz). Additionally, one can see
higher statistical fluctuations due to the Monte-Carlo integration.
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