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1 Introduction 1

1 Introduction

The standard model of cosmology, ACDM, has proven to be very successfull in explaining
many observations of our universe [1, 2]. It allows for a consistent explanation of both the
cosmic microwave background (CMB) [3] as well as large scale structure observations [4].
However, it requires the existence of an additional matter component, which is not explained
by the standard model (SM) of particle physics, the so-called dark matter. Despite the con-
tinued search for dark matter, there still has not been any direct detection. Therefore, we
know very little about the dark matter in our universe and many different theories of dark

matter are possible.[5]

What we do, however, know about dark matter, is its abundance in the universe. Examina-
tions of the cosmic microwave background (CMB) yield strict constraints on the dark matter
relic density in our universe [3]. One of the key requirements of dark matter models is there-
fore, wether they can explain the currently observed dark matter relic density. Consequently,
in order to analyse dark matter models, it is important to be able to perform reliable and

precise calculations of the relic density.

The standard tool for relic density calculations is the semi-classical Boltzmann equation using
transition probabilities calculated in zero temperature QFT [6]. The most studied dark mat-
ter models rely on freeze-out szenarios [7), 8, [9]. Here, the relevant dynamics take place after
the freeze-out of dark matter at low temperatures. Therfore, the calculations are performed
at low temperature and the use of zero temperature QFT is well justified. However, high
temperature effects can be relevant beyond freeze-out scenarios[10]. The semi-classical Boltz-
mann equations as described above, struggle to account for the high temperature dynamics
in these cases.

Additionally, when s-channel processes determine the dynamics and real intermediate states
(RIS) are kinematically allowed, the semi-classical Boltzmann equations will exhibit a dou-
ble counting of decay terms. This is a well known problem and many different schemes to
eliminate this double counting have been discussed in the past [11, [12]. There is a priori no
unique correct way of treating the RIS problem, and further problems appear in scenarios

where multiple channels may mix.

Alternatively, relic densities can be calculated directly from self energies in the closed time
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path formulation of non-equilibrium field theory [13, [14]. This both naturally encompasses
certain temperature dependent effects and circumvents the RIS problem when resummed
propagators are used.

Non-equilibrium or finite temperature field theories (FTFTs) are quantum field theories which
naturally include the effects that a medium or a high temperature background may have on
particles. FTFTs have been developed since the 1950s. While first applications were in many
body physics [15], FTFTs have gained relevance in the particle physics community to examine
such fields as the quark-gluon plasma |16l [17, [18], neutrino physics [19, 20], or dark matter
physics [13].

Additionally, FTFTs are well suited to analyze phase transitions and the temperature depen-
dent evolution of related potentials [2I]. This is relevant in Higgs physics [22], but also for
example for phase transitions in the early universe which can be relevant in the explanation of
gravitational wave signals [23]. The temperature dependence of cosmological potentials can
also be relevant in dark matter relic density calculations. As noted above, high temperature
regimes may be relevant for dark matter production and the modified potentials may greatly

affect the dynamics of the related particles.

In this thesis, we test and compare the impact of the above mentioned methods by applying
them to the freeze-in of scalar singlet dark matter (SSDM)[24]. While the procedure in the
CTP formalism is similar to [13], here we deal with a model with an s-channel. This allows
us to study a model with real intermediate states in the CTP formalism. Additionally, we
deal with a situation, where the dark matter and not only particles from the thermal bath
appear in the loop of the DM self energy. This requires us to rederive the kinetic equation
governing freeze-in production in a more general setting.

The freeze-in of SSDM is a rather simple and well studied model. In depth-precision cal-
culations have for example been performed in [10]. We improve upon the previous work,
by performing the calculations from the CTP formalism instead of treating thermal effects
through the inclusion of thermal masses. Using resummed propagators also treats the RIS
problem and we do not have to rely on a specific RIS subtraction scheme. As in [10], we treat
the electro-weak phase transition by calculating a temperature dependent effective Higgs po-
tential. However, we will take greater care in the choice of perturbation scales and also treat

effects from the Higgs self-coupling, which are relevant for currently observed Higgs masses.

The rest of this thesis is structured as follows: Chapter [2| discusses the DM freeze-in calcu-
lations in the standard Boltzmann equation formalism. Sections 2.1 and 2.2 will give a brief
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overview of our current knowledge of dark matter and also introduce the freeze-in mecha-
nism. Section introduces the scalar singlet model in which all further calculations are
performed. We introduce the semi-classical Boltzmann equation in section and explicitly
perform the necessary calculations in the following. In section [2.8] we highlight the problems

caused by real intermediate states and introduce some common solutions.

While Chapter [2] is focused on the standard analysis in the semi-classical formalism, we will
turn towards methods from non-equilibrium or finite temperature field theory in chapter
Section [3.1] and section will serve as an introduction to finite temperature field theory
and the closed time path (CTP) formalism. Then an evolution equation for the dark matter
density will be derived from the Kadanoff-Baym equation of the CTP formalism in section [3.3]
Afterwards, we use the next part to calculate the relevant self energies and show in section
that terms known from the Boltzmann equation can be recovered in the CTP formalism, by
performing an expansion of the occuring Higgs propagator. As another applicaton of finite
temperature field theory we also calculate the temperature dependent effective potential in

section whose development is relevant in a freeze-in scenario.

The numerical results of the above mentioned calculations are examined in chapter {4} Finally
we will conclude in chapter [5| with an overview of our results and use chapter 5| to point out

some interesting ways to continue the present work.
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2 Dark Matter freeze-in in the Boltzmann

equation formalism

2.1 Dark Matter

2.1.1 Indications of the existence of Dark Matter

In the 21st century, dark matter is a stable constituent of our standard cosmological model[5].
Dark matter hereby refers to any kind of matter which has a gravitational effect on our visible
universe but has no (or very weak) other interactions. Until today, there has been neither a
direct nor an indirect detection of dark matter and it remains a mystery what dark matter
actually is. However, there are multiple strong arguments to assume the existence of dark
matter. A comprehensive history of our understanding of dark matter can be found in [25]
and [5] which are used as an orientation in the following. Herein, we will only give an overview

over the most significant experimental indications of dark matter.

One of the first concrete indications for the existence of dark matter was the rotational veloc-
ity of the Milky Way observed in the 1930s [26]. The mass required to explain the velocities
in the outer parts of the galaxy was significantly larger than the one inferred from observa-
tions of luminous stars. The method has been further refined in the past decades both in the
Milky Way [27] as well as beyond [2§], confirming the observations of flat rotational curves
at high distances to the center. However, the flattened rotational curves are challenged for
far away galaxies, leading to the conclusion that dark matter density might vary throughout

the universe [29)].

Another early indication of dark matter, which also showed a significantly larger abundance
than visible matter was discovered by Zwicky in the 1930s [30] [31]. Zwicky applied the virial
theorem of thermodynamics to the Coma cluster. From its relative velocity distribution he
received a very large mass to luminosity estimation in the cluster. While he grossly overesti-
mated the amount of matter in the Coma cluster, due to the use of contemporary values of
the Hubble parameter, modern analyses using the virial theorem still agree with the necessity

of significant amounts of dark matter [32].
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Figure 2.1: Gravitational lensing analysis of the Bullet Cluster. The underlying image is from
the Chandra X-Ray Observatory and the green contours show different values of
the magnification due to the lensing. Image taken from [34].

Perhaps one of the strongest indications of the existence of dark matter is given by our obser-
vations of gravitational lensing. Hereby, light is deflected or bend through the gravitational
effects predicted by Einsteins theory of relativity. While initial attempts to find dark matter
through gravitational micro lensing of individual large objects were unsuccessful [33], more
recent observations of the bullet cluster show convincing evidence for the existence of dark
matter [34]. This unique cluster is formed from the collision of two former clusters, leading
to the spatial separation of luminous and dark matter components, which can be observed

through their gravitational lensing effect as seen in figure

Another strong indication forbidden the existence of dark matter can be obtained from the
analysis of the cosmic microwave background (CMB). The temperature anisotropies of the
CMB can be related to density fluctuations in the early universe. An analysis of the mul-
tipole expansion yields values for dark energy, as well as baryonic and non-baryonic matter
densities of the universe in the ACDM model. This also yields the currently most accurate
value for the dark matter relic density in our universe given by Qcparh? = 0.1198 4 0.0012
[3]. Here, h ~ 0.67 is the reduced Hubble constant.

For the sake of completeness, it should be mentioned that some of the above observations can
also be explained through theories of modified gravity (MOND) [35]. MOND theories yield
particulary good predictions for the dynamics and rotational curves of galaxies. However,

none of the current MOND theories can explain the dynamics of galaxy clusters without also
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including dark matter [36]. As such, the existence of dark matter is very well motivated and

impacts of modified gravity shall be ignored in the rest of this thesis.

2.1.2 Dark matter candidates

All of the above tells us that an extra mass component which we call dark matter should
exist in our universe. However, it does not tell us what dark matter actually is. Due to the
lack of any direct or indirect detection to date, the exact properties of dark matter remain
unknown, yet there are a multitude of possible explanations. We shall mention some broad

concepts here. For a very comprehensive review, see [5].

Dark matter candidates are most broadly classified by their mass and their resulting behav-
ior. At high masses (Mp; < m < 10%7kg), candidates are macroscopic objects which are
either black holes or composite objects. The upper bound here stems from the fact that dark
matter is necessary to explain the behavior of dwarf galaxies and should thus only account
for part of their mass. At lower scales (1eV < m < Mp;) dark matter candidates may be
elementary particles. Here, the upper bound is motivated, since elementary particles with
a mass m > Mp; would be black holes. At lower values of the mass (1072'eV < m < eV)
particles are considered to be fields. While the difference between particles and fields is not
fundamental in QFT, the distinction is based merely on the typical interaction with atom
scaled test objects. The lower bound of the overall possible dark matter spectrum is based
again on dwarf galaxies. As dark matter has to exist in dwarf galaxies, its de Broglie wave-

length has to fit inside the typical size of such a galaxy.

Of the first category, Massive Astrophysical Compact Halo Objects (MACHOSs) i.e. ordinary
cosmological objects (of baryonic origin), which barely interact with light, were extensively
studied in the past [25]. However, today significant contributions to the dark matter abun-
dance in the universe are ruled out both by observations from the CMB and calculations
from Big Bang Nucleosynthesis (BBN), as well as from the (non-)observation of gravitational
micro-lensing effects. However, if DM instead consists of matter that predates BBN, such as
in the case of primordial black holes, it may still account for the DM in our universe. Dark
matter could also consist of macroscopic objects formed out of DM particles. This setup has

barely been studied, due to its complexity but is not excluded for our universe. [5]

A more recent field of research is brought on by field-like dark matter of which different axion

models are the most popular. Such dark matter models are able to explain the cosmological
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observations and might even be preferred by the observation of halos around dwarf galaxies

37 39

The most extensively studied regime of dark matter candidates falls to particle dark matter.
This is generally realized in a model by adding one or more particles to the standard model
(SM), which barely interact with the SM outside of gravity. This allows for a multitude of
models which are in principle valid. For a long time, the most favored models belonged to
the class of weakly interactive massive particles (WIMPs). WIMPs naturally generate the
observed relic density in a freeze-out scenario. They arise, for example, in Supersymmetry and
other SM extensions, which also target fine-tuning issues, such as the hierarchy problem [39]
[40]. However, much of the expected parameter space for WIMPs has by now been excluded
through direct detection experiments such as XENONNT [41]. Instead, in this thesis we will
consider feebly interactive massive particles (FIMPs) as dark matter. Thus, the coupling
between dark matter and the SM is even weaker (only feeble) and production is generally

considered in a freeze-in setting. [42]

2.2 Freeze-in of FIMP dark matter

As mentioned in the previous section, the most commonly studied dark matter production
mechanism is the freeze-out production [7] [§] [9]. Here, dark matter is assumed to be abun-
dant and in thermal equilibrium with the SM at high temperature. Following its distribution
function, the dark matter abundance will fall with falling temperature until the coupling
strength between DM and SM falls below the Hubble expansion (npyro) < H, effectively
decoupling the DM from the rest of the particle species [5]. This leaves a “frozen-out” DM
density behind which can be observed as the current DM relic density after further dilution

due to the expansion of the universe.

Freeze-out scenarios in which WIMPs are the natural candidates for dark matter have been
the dominantly studied scenarios for years. By now however, as discussed in section
large parts of the parameter space for WIMPs have been ruled out by experiments. This

naturally shifts the focus towards different models and production mechanisms.

One of these different production mechanisms which has gained popularity in recent years is
the freeze-in of dark matter [43]. Here, it is assumed, that the dark matter particle has only a
very small (feeble) coupling to the standard model. For this reason, dark matter candidates
in freeze-in scenarios are generally referred to as feebly interactive massive particles (FIMPs).

Furthermore, the dark matter is assumed to have only a vanishing density at some early time
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Figure 2.2: Typical evolution of the DM density in a freeze-in scenario. Here plotted is Y
(density divided by the entropy density of the universe) against x (dark matter
mass divided by Temperature) for different dark matter masses. The reached
densities are significantly lower for high dark matter masses, since resonant pro-
cesses are forbidden in these scenarios.

of the universe which is typically taken shortly after reheating. Although the coupling to the
SM is small, it allows for some DM production as the universe cools down (the dark matter
freezes in). It should be noted that, due to the feeble coupling to the SM, the DM particle

never reaches the thermal equilibrium of the SM.

Typical evolutions of the dark matter density in a freeze-in scenario are shown in figure 2.2
As we can see, the production of the dark matter takes place predominantly at high temper-
atures (T' > mpys). This is a major difference to freeze-out processes, where typically lower

temperature processes dominate and requires the treatment of high temperature effects.

Freeze-in scenarios can generally be realised in the same kind of models as freeze-out scenarios,
as long as the couplings of the DM to the SM can be reasonably assumed to be small enough.
As such, freeze-in scenarios have been studied in a whole host of different models. In many
cases, one relies on mediators to motivate the small couplings [44] [45]. But scenarios without
mediators are also studied [46, 47, [48]. In this thesis we will consider the freeze-in of dark

matter described in the scalar singlet model which is introduced in the next section.
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2.3 Scalar singlet dark matter model

As in [10, 49, [50], we will consider the scalar singlet dark matter (SSDM) model for our
calculations. The SSDM is a rather simple model of dark matter which provides a minimal
extension of the standard model [51]. Due to its simplicity, the SSDM is a widely studied
model. By now, the SSDM is very strongly constrained in a freeze-out scenario [52]. However,
the freeze-in scenario we are considering in this thesis is significantly less constrained. This is
mostly due to the many orders smaller coupling between the dark matter and the SM. Such
a freeze-in of scalar singlet dark matter has first been analysed in [24], but has since been

investigated in a number of works.

Here, we will give a brief overview over the studied model. In the SSDM model, one additional
scalar singlet S, which is stabilised by a Zy symmetry and thus only couples to the standard
model Higgs boson, is added to the SM. This is our dark matter candidate. The most general
Lagrangian before electroweak symmetry breaking (EWSB) [10, 53] reads

1 1 1 1
L= Loy + 50,50 — 5,@52 — §Ah552yﬂ|2 — 1)\584. (2.1)

Before EWSB, there is only a quartic coupling between 2 Higgs and 2 DM particles. Af-
ter EWSB, we may write in unitary gauge v2HT — (h,0). This allows us, to write the

Lagrangian as:
1 Ly 1 2,2 1 4
The total scalar potential may be written as
1 1 1 1
V= i,u%SQ + ZAhSSQ}ﬁ + szsﬁt + ZAh(h? —v}(T))% (2.3)

The last term is part of the SM higgs potential. Here, h is still a field centered around 0. It
is more common (and useful) to shift the Higgs field by its vacuum expectation value (VEV)

h — h 4+ v(T). The potential then turns into

1 1 1 1 1
V=5 (HE+ 5hs0%(T)) % + Shnsv(T)SPh+ PusS?h2 + JAsS + Vi, (24)

where V}, = )‘v(g )’ p2 + )‘véT) h3 + %h‘l is the standard model Higgs potential. In the equation

above, we can identify

ms(T) = \//J% + %)\hSUZ(T) (2.5)
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as the temperature dependent mass of the dark matter scalar. The self-coupling terms of the
Higgs and DM are irrelevant for our considerations. The above yields the following two new

relevant couplings:

s
b .(\'/ — iMnso(T) (2.6)
s
h s
A = idns (2.7)
v s

Of course, the coupling to the Higgs further allows an interaction with all other standard
model particles. Most importantly, DM production of the kind X, X — S, 5 is allowed for
any massive SM particle X. However, it should be stated again that these couplings only
exist at temperatures below EWSB. In principle, one should divide freeze-in calculations of
SSDM into a regime above EWSB, where only the S2|H|? vertex exists, and the calculations
below EWSB. However, as seen in [10], the DM generation at temperatures above EWSB
only matter for high DM masses mg = 300 GeV. These will not be considered in this thesis
where the focus will be near the resonant regime. Instead, we assume that no dark matter

was produced before EWSB and we will just consider the production after EWSB.

2.4 Relic density calculations in the Boltzmann equation formalism

The most common procedure to calculate dark matter and other particle densities is the
Boltzmann equation formalism, which will be explained in the following. The discussion will
follow closely the ones given in [§] and [54]. In its most general form, the Boltzmann equation,

which is an evolution equation for the distribution function, can be written as
L[f] = CI[f]. (2.8)

Here C|f] is the collision operator, which describes changes due to the scattering of different

particles. L[f] on the other hand is the Liouvillian, which describes the total time evolution

d
of the phase space distribution function f, L[f] = d—{ The first thing to conside is that the
expansion of the universe has a relevant impact on the dark matter density in our universe.
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A simple and typically used description of the expansion of the universe is the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric [55]. For zero curvature K, we can write the

FLRW metric as
ds* = dt* — a(t)?d|z|*. (2.9)

To understand the impact of the background metric on the Boltzmann equation, we should

consider a GR formulation, as it is done in [54]. However, to receive a covariant expression,
d

we cannot simply write dijtt We should instead write the derivation with respect to some

affine parameter \. We then have

df _da® 9f  dp" Of

= ———— 4+ — . 2.10
dX dA Oz + dX Op ( )
We may choose our normalisation of A such that
dz*
— =k 2.11
o =P (2.11)
and
dp*
—— T %P =0 2.12
d\ + oz,Bp p ( )
which leads to
daf _ ,0f of
— =t Tt 2.13
dx ~ P g T as? P g (2.13)
Since we assume isotropic density functions, it is f = f(¢, E) and we have
df  00f o0 asdf GO . ,0f
e St 7 iAo e S —. 2.14
D =P TP =P, aalpl 9 (2.14)
Where the Christoffel symbols for a FLRW metric with K = 0 [§] [54]
a .
g, =0, IY;= — 9 = aad;; (2.15)

have been used.
We may additionally use that the energy appearing above is already the physical energy,
while the momentum corresponds to the physical (proper) momentum as [p| = 1|pl,,. We

receive

df _ o9f _

_ o Of
Yo

H’ﬁ‘ph@ (2.16)
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a
with the Hubble constant H = —. We will drop the ph notation for the physical momentum
a

in the following.

Integrating this expression and using the definition of the number density

n(t) = (;r z / Bpf (B, 1) (2.17)

we can write the left hand side of the Boltzmann equation as

d3 d3 0 0

o | TN = o [ (25 - e ) (2.18)
0 20

= nlt) = (2i)3H / d%'i —82- (2.19)

Here, the last integral can be transformed as

2
/d?’p@g{? _ dEdQ\ﬁ]S% (2.20)
:/deE[(;aE(’ﬁISf) _fa%(EQ _ m2)3/2} (2.21)
=0
= /deEf3E\ﬁ| = —3/d3pf. (2.22)

This allows us to write the Boltzmann equation as

) a3
D 3Hp =" P

ot 2n)3 ) E

d3
L= (2797)3 T

Clf] :==vpum, (2.23)

where we defined the right hand side as ypys. Often, one instead formulates the Boltzmann

equation in terms of ¥ = n (e.g. [6], [50]), where s is the comoving entropy density of the
s

universe, which adheres to the property sR? = const. This allows to write the left hand side

of equation 1D as sY, since

. d n .S 01
. o R 1 5

m
Furthermore, we want to express the Boltzman equation in terms of z = T instead of time.
Here m could in principle be any mass scale, but we will here choose it as the mass of the
dark matter candidate. In cases where the DM mass depends on the temperature, we will

choose m = mpps(T = 0), as it is only important to fix one constant scale. Using again the
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conservation of entropy

_d 3y p3ds oda
dR ds R
kil 2.2
dz dx 3s’ (2.27)
we can write the derivative on the left hand side of the Boltzmann equation as
dYY dYdzedR dY 1 dY 3Hs
- - T - HR=-—""" 2.28
dt dezdRdt dor dsR dez ds (2.28)
dz 3s dx
This allows us to write the entire Boltzmann equation as
dY ds 1
= YDM- (2.29)

de — dr3s2H

As in [56], we can describe the Hubble expansion rate appearing in equation (2.29)) as H =
p/(Mpy), where p is the energy density. The energy density and the entropy density can
be described through the SM effective degrees of freedom hes¢(7T") and gesr(T') as

2

T
p= geff(T)%T4 (2.30)
272

The degrees of freedom are taken from the lattice calculations tabulated in [57]. Using the

T dIn(h
form of the entropy density given above, we have ds = —s5— |3+ MT and the
dz m dT

Boltzmann equation turns into

dYy 1 1dln(h€ff) m
— = 14 c——————— . 2.32
dez  Hsz < * 3 dar 2 )M (2:32)

If we solve this equation for Y, we may calculate the relic density by writing [6]

mn mYps
Pc Pc Pe
In practice, we will for practical reasons not solve equation (2.32)) up until current tempera-
tures Tp. Instead, the density is evaluated down to low temperatures 17 ~ 5 GeV, where DM
production is negligible. The produced density is then evolved solely through the expansion

of the universe as in [56]. We can finally write the relic density as

On? =

mpyYpa (Th)so hers(To) <TD > ’

— 2.34
pe/h2 hegs(Th) \Ty (2:34)
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2.5 Scattering terms in the Boltzmann equation

For now we only looked at the left hand side of the Boltzmann equation. However, to evaluate
any results, we have to understand the scattering term ypp; = % J %C[ f] on the right
hand side of equation (2.23)). The standard analysis is due to Gelmini and Gondolo [6], but
we will repeat the calculations here. This will allow us to understand where differences occur
when quantum statistics are considered instead of the Maxwell-Boltzmann limit.

vYpar can be written as a sum over all processes, in which the particle is created, annihilated
or elastically scattered, although the latter is not relevant for the overall particle density,
only for the momentum distribution of the particle species. For general processes of particles

i scattering to particles j, we can write the scattering term as [§]

YDM = Z /HdH ;dIT;(27) 45(4) Zpl Zp] (2.35)

all processes 1,3

‘M‘z—mezH 1:|:fj)_ ‘M’]—HHJCJH 1+ fi)] (2.36)
= Y /Hdn AT, (2)? sz Zp] (2.37)

all processes ,J

|M\2[Hfi—Hfj], (2.38)

where the last step holds under the assumption of T or CP invariance, such that

]M\Z_U \]\J|]_>Z := |M|?. Here and in the rest of the thesis, it is understood, that dII, =
1 a3
(2m)3 2 ]é) |M|? here describes

the summed not averaged matrix element as in [56]. Furthermore, we ignored the Pauli block-
ing and Bose enhancement factors for all particles, allowing us to set 1 £ fi =~ 1. For small
occupations, far from Bose condensation or Fermi degeneracy, this is a good and common
approximation [§]. It should be noted that the sum over all relevant processes includes a
given process as often as the investigated particle species appears in the process. lL.e., if we
are interested in the evolution of the dark matter density and a certain process involves n

DM particles, it has to be counted n times.

First, we take a look at a 1 — 2 (as for example h — S,S) decay, where both outgoing
particles are assumed to be of the same mass (as for a particle-antiparticle pair). In our
case, the outgoing particles are dark matter candidates with a low phase space density. As

such, we will ignore possible backscattering events. If we assume Boltzmann statistics, the
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scattering term reduces to

YoM = / dIT; dTTd T (27) 6™ (py + p2 — po)| M| fo (2.39)
—/dH0f02m0F0_>172 (240)
djpl de )
= —7T 2 2.41
/(2703 2E, 0-1,2f02mo|p] ( )
dE
=/27r2 1p1T0—1,2.fomo (2.42)
_ mol’ 2 onij2 B/ _ .. _ E _ 1
_ mgl Ood 2 _ 1\1/2,—amo/T 9 44
= o7 /. x(z®—1)"%e (2.44)
2
~ mgl myo
= 9.2 TKl(—T ) (2.45)

Here I'g1,2 is the decay width of the original particle 0 to the two new particels 1,2. We
used the definition of the modified Bessel function of the second kind and first degree
1 o0
Ki(z) = \{7'?(2,2)/ e % (22 — 1)V (2.46)
2° 1
If we do not assume Boltzmann-Statistics, the integral cannot be solved analytically. Instead,

we can see from equation ([2.42)), that we have to solve numerically the integral

mol’

'YDM:W

/ dE\/E? —m3fp(E). (2.47)
We will look at the determination of the specific decay rates later and will first investigate
the calculations necessary to account for 2 — 2 processes. There are multiple relevant 2 — 2
processes in our case, which generally take the from X, X — S, S for some SM particle X
and the darkmatter S. Apart from the Higgs annihilation, there are only s-channel processes,
with a Higgs as the intermediary particle. With the same assumptions as above, we can write

for the 2 — 2 processes

YDM = /dﬂldHQdH3dH4(2ﬂ)45(4) (p1 +p2 — p3 — pa)|M|? f1fo (2.48)

= /dHldH24}-O‘172H374f1f2. (2.49)

Here, 01,253 4 is the cross section of the scattering process and we will suppress its indices in

the following. Additionally, 7 = \/(p1 - p2)2 — m?m3 is the Lorentz invariant flux, which is

sometimes written as F = Ej Fauvpzg. For this reason, the production density is often written
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as

a3 d3
VDMZ/Q:;?) ﬁvaUlg—ﬁAflfQ- (2.50)

The formulation in equation has reached widespread popularity through a similar use
in [6]. However, we will avoid it in the following, as it divides the Lorentz-invariant F into
two non Lorentz-invariant parts. This unnecessarily adds to the confusion which might be
created by the Lorentz (in-)dependence of the occurring cross section UE| Additionally vppg
is often described as the relative velocity. This is a dangerous statement, as it is not true in a

general frame. Some authors argue, that the use of vy, should be avoided in its entirety [60].

For these reasons, we will avoid the formulation of vy and instead continue our calculation

from equation ([2.49)). We can rewrite the integral measure as

dPprd®py = d|pi|d|p3]dQydQe|pi [*|p3]? (2.51)
e .

= d!plld!p2|d¢1d5d92§!p1!\p2! (2.52)
= 4r*d|pi|d|p3|ds|pi||p3] (2.53)
= 412dEdFydsEy By (2.54)
= 212dE,dE_dsFE, Es, (2.55)

where we used the non-trivial substitutions
s = (p1+p2)® = pi + p5 + 2E1 B> — 2|pi||p3| cos 6 (2.56)
= ds = 2|pi||p2| sin 6d0 (2.57)

and

EL=F + FEs (2.58)
= dFE dF_ =2dFEdF,. (2.59)

! Peskin&Schroder [58] derive a Lorentz dependent result of the crossection and argue that this is expected,
as it is also the behavior of a classical crossection. However, Weinberg [59] demands crossections to be
Lorentz invariant and defines the Flux accordingly. The definition by Weinberg is also generally taken in
the dark matter community [6] [5]. While the results for the crossection cited here are equivalent in the
context of collider physics, where all events happen along one axis, they are not in the context of dark
matter generation, where processes might take place at arbitrary angles. However, under proper definition
of the flux F this does not have an impact on equation .
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If we rewrite the Flux for equal masses m1,mo, using

1 1
(p1-p2)* = 1(5 +mi +m3) = 5 (smi + smj + mimy) (2.60)
= SZ —m?2s +m? (2.61)
&2
=F = T sm? (2.62)

and assume that the initial particles are in equilibrium and obey Boltzmann statistics, so
E
fife= 6_%, we can rewrite the scattering term for an s-channel process as

d3p; a3 AF
YoM = / b 2:23 5F,25, o1,2-34f1f2 (2.63)
2 2 E
:(2:)6/ dE+/ dE_/ dsa\/i—sm%*% (2.64)
Vs 4m?
0o 4 2
4B, [ dsor/S — sm2e= 1 - ﬂ B2 - (2.65)
4m2

:(271T)4 [02 aso ¥’ VS (s~ dm )/1 dan/5(2® = T)e- (2.66)

1 00 00 s
= / dsa%(s - 4m2)/ dzva? — le” = (2.67)
4 1

= (2711_)4 /4002 dso(s — 4m2)\£§TK1(\1/§) (2.68)
gt [ dsoFs = R (), (269)

Here, the boundaries for the F; and s integral are clear. The boundaries for the E_ integral,

with k& = \/1 — #\/E?r — s can be figured out, by considering that |E_| is maximal, if

one of the initial particles is at rest e.g. p; = (my,0), while the other has some momentum

p2 = (E2,p32). Then, it is

|E_| = |E1 — BEo| = \/m7 + [p3]* — my (2.70)
By =my+/m} + |p3|? (2.71)

s = (p1+p2)° = B — [p3]* = (mg + \/m3 + |53]2)* — |p3]* = 2m; By (2.72)



2 Dark Matter freeze-in in the Boltzmann equation formalism 19

and it is in the maximal case

P2 *| B ! [p2?E-|
1E_| = /|E_] \/ = VBT | R (2.73)

7+ 3l —
= /2mf|E_| (2| iyl 2l (2.74)
2me+ f S
4 2
=y/1- 25 /B2 — s, (2.75)
S

In the case, where we do not assume Boltzmann statistics, we need to identify the occuring
ingoing particles. In our case, only the case of two ingoing fermions of identical mass is

relevant. In this case, it is

Epr Ep 4F
oM / g (27) ; TR Ak (2.76)
- 26/ dEl/ dEZ/ dso F fr(E1) fr(Ey) (2.77)
( 7T) my max(y/s—FE1,mz2) 4m2
1 o0
— (271-)4/4 , dSO-.FF(S7’I’)’L1’m2)’ (278)

where F'(s,m1, mg) is the integral over the 2 Fermi distributions. We can use that

/ AdEs fr(Ey) = Tlog(l + e—A/T>, (2.79)
A
such that:
F(S, mi, TTLQ) = / dE1 / dEQfF(El)fF(EQ) (280)
mq max(y/s—FE1,mz2)
- / dE1T10g<1 teo ma"(ﬁ—Ehm)/T) Fr(E) (2.81)
mi
- / dE, fF(El)Tlog<1 + e*m2/T) (2.82)
Vs—ma
Vs—ma2
+ / dE, fF(El)Tlog(l n e—(ﬁ—EU/T) (2.83)
mi1
=72 10g(1 + efmZ/T) log(l + ef(ﬁfmZ)/T) (2.84)
Vs—ma
+ / dE, fF(El)Tlog(l + e*Wg*El)/T). (2.85)
mi

The second term in the above has to be solved numerically.
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2.6 Relevant decay rates for Boltzmann-processes

As we had already seen in section the scattering terms corresponding to 1 — 2 processes
can be written in terms of decay rates. Furthermore, we will see in section that it makes
sense to write the s-channel crossections occuring in the scattering terms for 2 — 2 processes
in terms of decay rates of excited particles. We will use this section to calculate the relevant
decay rates. In all of the relevant processes, the decaying particle is a Higgs and we can write

the decay rate into two particles of identical mass mx in terms of the squared matrix element

as:
:/dF:/|M|2 L (d3p1d3p2 6 (0 — o1 — ) (2.86)
2mn \ 2B, 2B, (2m)20 ‘0T PR ‘
1 d3p; 1
~ [1arp DL T (2.87)

th )2 2E1 th
11 2 m
/dl 1\‘ ‘ §(Er — =) (2.88)

=|M?

4m3 (2w )2 2
m
24 /d A (2.89)
my T
— et ﬁ_mg (2.90)
8mimw\ 4 X '

1 1
_ 2 /2 2
= |M| —mi Tom m; — 4ms. (2.91)

In the scalar singlet model, the only relevant 1 — 2 process for the production of dark matter

is h — S§5. Here, the matrix element is simply

M? = SN () (2.92)

The factor % occuring in the above is a symmetry factor appearing due to the 2 identical
particles in the final state. However, it should be noted that the decay term also has to be
counted twice in the Boltzmann equation, leading to an effective cancellation of the term.

Following equation ([2.91)), we can write the decay rate as
Mol 1

Further decay rates are only relevant in the context of the 2 — 2 cross sections and shall be

discussed in the next section.
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2.7 Relevant 2 — 2 cross sections

To evaluate the 2 — 2 scattering contributions to the freeze-in, we need to express the cor-
responding cross sections. The differential cross section for a 1,2 — 3,4 process is in general

given as [61]

1
do = —|M|?dII 2.94
o 4]__\ |“dIlLrps, (2.94)

where |M| is the matrix element and F is the flux as shown in section Additionally,
dp; 1
dllprps = (2m)*6* (X p) [1 fnal states j (5 p) ]] ﬁ is the Lorentz invariant phase space element.

We can then write the total crosssection for DM production as

o= /da—/ |M Al ps (2.95)
Bp; 1
_ o 2 4 ¢4 ;L
_/MIM emt' QO n |1 (2r) 2E; (2.96)
final states j
— 1 o 1 d%ps 2 2y ¢4
- / AF M| (27)2 2E; d*p4d(py — mg)d™(p1 + p2 — p3 — pa) (2.97)
_ 1 2 1 d3p3 2 2
_/4]_—M (277)2271235((})1 +p2 —p3)” —mj). (2.98)

We can evaluate the delta function in the CMS, by using

(p1+p2 —p3)® = (Vs — E3)* — |p3| (2.99)
=5+ E2 —2\/sF3 — E5 +m? (2.100)
=5—2/sE3+m? (2.101)
which allows us to write
1

~V3). (2.102)

5((p1 +p2 — p1)® —m?2) =6(s — 2E3/s) = 5

350 -

With a spherical transformation of the integral and using that for incoming particles of equal

1 2

mass F = 132 — smj, we can write the cross section as
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1 1 1
deEg |M] 503 5—=0(F3 — =/3) (2.103)
/ 2(2m)2 " 124/s 2
1 1 s 2
= [ dQ—|M[? — 2.104
/d 4F | 1672 S ( 0 )
=4 M2 \/ 2.105
1 s—4
2 s
L 2.106
‘ | 167 4m25 ( )

2

In total, the scattering term can also be expressed as

IR T A 2 2 Vs
7DM—5127r5/4 ds|M| \[\/ s — 4 f5 — 4m TE(YD), (2.107)

as for example in [43]. Alternatively, for a solely s-dependent matrix element and assuming
T or CP symmetry, we may decompose the matrix-element. Then the cross section of the

annihilation of standard model particles £z via the Higgs-channel can be factorised as [10]:

1 |21 s —4m3,, 1

- s —dmdy, 1 2.108
Oxz—sss 2| 167 S — 4m% S ( )
1 |Mss—>h| ’Mh—>x$*|2 1 %1 (2109)
T2 (s —m2)2+mil? 167\ s —4m2 s
. 1 |Mssﬁh|2 * 1 2 % (2 110)
T 2(s—m2)2+miTE T g s\ s — 4m2 ‘

/\%L v? 1 s — 4m?
— 0.z = Iy — 2.111
Tzz—ssUMl Vs o (s— mh) + mhF2 h=zz\| o 4m?2 ( )

/ 2
2 s—4mf

S
as it is a quite common way to discuss cross sections in the context of Boltzmann equations.

Despite the discussion in section [2.5] we use the formulation with vy = here,

However, we can also write down the cross section without vy as

A2 2 —Am?2
hs! A A (2.112)

S —m ) JthFQ h—xx 74m730 .

1
Orz—ss = 5(

The factor % is due to the identical outgoing particles, but as above, the process also has
to be counted twice for the evolution of the dark matter density. In the above I'*) always

refers to a decay width, which is evaluated at the scale of the Mandelstam variable s instead
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|
w2
<l
w2
N}

Figure 2.3: Relevant tree-level s-channel diagrams for DM creation. We have 2 — 2 pro-
duction form the annihilation of fermions vector bosons and gluons. The gluon
annihilation is technically not a tree-level process, but the quark-loop is treated
as an effective tree-level coupling.

of the mass scale of the particle. It should be noted, that the above derivation relies on the
circumstance, that the squared matrix element is purely s dependent. As we will see in the
case of Higgs annihilation below, the integral of the cross section has to be solved explicitly
for t- or u-channels.

The relevant s-channel processes are scetched in figure and discussed in the following.

To describe the annihilation of two SM Fermions into dark matter ff — SS, we need to

evaluate the decay rate h — ff. In this case, it is

. Y
M, F= ———=UfV 2.113
hos fF Nk ( )
72
= My, p7f* = SENCTx[(a0)?), (2.114)

where N, is the number of colors of the fermion f and vy is the Yukawa coupling to the
Higgs. With the cyclic property of the trace and the spinor identities, we have

Tr[(wv)?] = Tr[outv] = Tr[utv)] (2.115)

- Tr((pl +m)(p, — m)) (2.116)

=T (pp, — m + pym = pym). (2.117)

Using Tr(~#*) = 0 and {~*,7"} = 2¢"”1, as well as observing the process in the CMS system,

where pg = (mp,,0,0,0) and p1 = —p3, as well as Fy = Ey = my, /2 := E we receive

Tr[(@w)?] = Tr(pip2l — m21) = 4(p1pa — m?) (2.118)
= 4(F* + [p)? — m?) = 4(2E% — 2m?) = 4(s?/2 — 2m?) = 2(s — 4m?).  (2.119)
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In total, the squared matrix element then reads
|M,_ 171> = 73 Ne(s — 4m3). (2.120)

The decay width evaluated for m = s is by equation (2.91])

- 2 3/2
I N ')’f (s —4mf*)

hor = Noge- ; (2.121)

We follow the same procedure for the annihilation of vector bosons and gluons pictured in

figure [2.3] For vector bosons V' coupling to the Higgs, we have

—iemy
My vy = eresg™ — b (2.122)
Since
£ ptp? ptp?
D () (D) g™ g’ =(g" — —5) (¢ — —5) (2.123)
m m
T,8 \%4 1%
1
s ~(1-14 my g™ V) (2.124)
4 mv ]
2
e 4 )
as well as ————— = -5, we can write
myy sin® Oy Y
Sy s2e? m2 mi
M - T (1-4 V+12 Ty 2.125
Misvv] 8 m%/sin?ﬁ( 2) ( )
* V5 my, my my
Thovy = 55 v25V - 4=V (1 -4 ¥ +12-5), (2.126)

with 07 = 1, dw = 2 due to the extra factor % generated by the symmetry of the Z-boson
decay.

Next, we derive the effective decay width of a Higgs decaying into two gluons, to describe the
last diagram in figure We can treat the coupling of 2 gluons to the Higgs via a quark
triangle as an effective coupling, with the vertex factor —4Lcau (Q)dap(p1 - p2g” — PiDh).
Here, Laar(Q) is a scale dependent coupling parameter, which was taken from Micromegas

[62]. The matrix element then takes the form
Misgg = —€ yeg y4Laardan(p1 - 29" — PIDPh).- (2.127)

Summing over all 8 gluons, performing the polarisation sums and multiplying a factor % due



2 Dark Matter freeze-in in the Boltzmann equation formalism 25

h----mmmm- *-— S
h S |
s SR N
A ! | N 4
RN | 'S
h S h--------- oo S h------ ¢ S
h S
\/\’77}}77‘:/
h S

Figure 2.4: Relevant tree-level diagramms for Higgs annihilation into dark matter. In addition
to the direct 4-vertex, a s-, t- and a u-channel diagramm appear.

to the identical incoming particles, we receive

|Mpy—ygq|* = 16 - ALE 82 (2.128)

4 3
=T)gg = ;LgGH\/g : (2.129)

Next, we want to describe the dark matter production from annihilation of the Higgs hh — ss.
There are four contributing tree-level processes, which are pictured in figure The direct
S, S, h, h four vertex and a s-, t-, and u-channel process. As mentioned above, we can not
describe the cross section through decay rates, since certain parts depend not only on s. The

matrix elements corresponding to the different diagrams are given below:

MiiS%s = —idns (2.130)
M) 55 = —3Ah5m%8 — i P (2.131)
Miposss = —)\%LSUQ(T)t_img (2.132)
M55 = —Ahgv*(T) _img = —Nst*(T) —5— fr T (2.133)

We used that s+t +u = 2m? + Qm%. The above matrix-elements actually depend only on
s and the angle 6 between the outgoing particles, which can be seen by writing the ingoing

and outgoing momenta respectively in the CMS as
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p12=—5(1,0,0,%51) (2.134)

P34 = (1,0, £pB5sin b, £p5 cosh), (2.135)

S

[ 4m?
with 8; = /s — il Clearly, in this way it is still (p1 + p2)? = (p3 + p4)? = s and
s
1] = V/po — m? as it should be. We can write

t=(p—ps3)* =—(pi —p3)° = —Z[ﬁ% + 83 — 281 B3 cos ). (2.136)

Clearly, this only depends on s and 6. The evaluation of the cross section can be reduced to:

1 —s 1 dp3
— M2 i —p2)2 = m?2 2.1
7= [ 15 G gt + 22 =) = i) (2137)
_ L1 oAz 4m?2/s /1 dcos 8| M |* (2.138)
4F 167 R Y ‘
1 5 ! )
=0VMgl = ——1 V1 —4m?/s dcos 0| M|*. (2.139)
167T§ —1

The integral as well as the ¢- substitution above were performed using Mathematica [63].

This integration yields

Ohh—SSUMgl :16%2@9 [)\is\Dh(s)|22(F%m% + (2m% + 8)2) (2.140)
+ Aismv(T)?M(r,%mi —2mj, + mis + s7) (2.141)
58nBs
X arctanh <;ﬂf£ﬁ_ss> + (’)(/\;115)] (2.142)
1

Here, | Dj(s)[2 =

corresponds to the absolute squared of the Higgs prop-
G-l Tl p q 8gs prop
agator. In most publications considering the scalar singlet model, only the inverse cross
sections are presented. Due to the additional integration only s-channel processes can be eas-
ily compared. However, the )\% . order only consists of the contact and the s-channel diagram,

allowing for a comparison. For this order there is a clear correspondence to the result in [53].

2.8 Real Intermediate State problem

The real intermediate state (RIS) problem is a double counting problem which may appear,
when s-channel processes are relevant for the particle production in the Boltzmann equation

formalism. For a comprehensive review, see for example [11]. Here, we will only give a brief
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a C

Figure 2.5: Feynman diagramm of a 2 — 2 s-channel process. Marked in red is the included
decay of the mediator.

overview of the problem.

The real intermediate state problem can be described as follows: If an s-channel particle
(for example the particle b in figure is produced on-shell, it should be considered a real
particle. In this special case, the diagram in figure describes the two real processes of
annihilation aa — b and decay b — c¢ following after one another.

However, if we assume that the s-channel particle (here b) is in thermal equilibrium, the
abundance of the particle is already completely determined by its distribution function f.
This includes any additional production from such processes as aa — b. Thus, the on-shell
part of the 2 — 2 process shown in Figure is already included in the decay process marked
in red. This leads to a double counting of the resonant part of the s-channel diagram, which

should be avoided.

This RIS double counting problem has been known for a long time [64] [65] and has been
treated in multiple fields, such as Leptogenesis [66, [67] or Dark Matter [12]. There are mul-
tiple approaches to cut out the resonant part of the 2 — 2 process. In the most common
procedures, the squared s-channel (Breit-Wigner) propagator is modified, which of course

leads to problems, when multiple channels are available [11].

We shall here explain some of the more common procedures, as described in [L1]. Perhaps the
most straightforward procedure is given by the Standard Real Intermediate State Subtraction
(SRS) scheme. Here, the resonance is subtracted as a d-distribution, which is motivated by

the narrow width approximation of a Breit-Wigner propagator:

™
DS ) = D — (s — m?) (2.143)

One should be warned that cross sections calculated in the SRS scheme can sometimes be

negative, as for example noted in [6§].
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Another common scheme is the Principal Values Subtraction scheme (PVS), here the res-
onance is removed by formally taking the principal value of the bare (non-Breit-Wigner)

propagator. We have:

(s —m?)? — (mI)?

|fo‘§5( )| = (s — m2)2 + (mI)2)2

(2.144)

It should be noted that the PVS scheme is equivalent to the SRS scheme up to an order of
I'2, as can be seen in the narrow widths approximation [I1]. So, they yield the same results
for vanishing decay width.

Another commonly used scheme consists of simply taking the real part of the propagator and
squaring it. As argued in [11], this is probably just a misunderstanding of the PVS scheme,

as square and principle value do not commute. The resulting propagator can be written as:

DReal( ) _ s — m2 ’DReal(S)P _
of f (s — m2)2 + (mF)Q’ of f

(s —m?)?

((s =m?)? 4 (mI)?)?

(2.145)

The above schemes can be implemented numerically by simply replacing the propagator in
the matrix elements. For the SRS scheme, it is helpful to explicitly evaluate the d-distribution
over s which occurs in the cross section in equation (2.112)), so that we have for Boltzmann

statistics as in equation ([2.69):

(Tymney 1 -4 mQK(mh)M (2.146)

4 mh T Iy

1 T m?2 m
— Yo — (277)3)‘2U2(T)mh11 /11— 4m—§Kl(Th) (2.147)
h

and for Fermi-Dirac statistics as in equation ([2.78]):

'YDf]\Jj[ =YDM — Z

m3 — 4m r ¢(m?)
vl = oM — Z o A2, 03(T) Mﬂmh,mﬁmﬂw (2.148)

— 4m? i Iy
where F(m2,my, my) is the integral over fermi functions as in equation and X are the
considered particle species. The decay widths can be canceled, if one only considers Boltz-
mann statistics, since the rest of the term is independent of the particle species.
Other procedures to deal with the RIS problem, which do not directly modify the propagator,
exist. For example in [10] [69] instead the width occuring in the Breit-Wigner propagator is
modified. A different approach to avoid the RIS problem is given in [12] and relies on the

application of holomorphic cutting rules.

We will just mention these approaches here for the sake of completeness, but will not elaborate
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them further. Instead, we will see in the next chapter that a different formulation of the
Boltzmann equation, which avoids the RIS problem, may be derived from thermal field theory
in the Keldysh-Schwinger formulation. As we will see in section the approach from
thermal field theory will lead to surprisingly similar expressions as the approach in [12],

when examined at finite order.
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3 Dark Matter freeze-in in non-equilibrium

field theory

The discussions in chapter 2] were based entirely on zero-temperature QFT. However, at high
temperatures or densities such a description of physics is highly dubious. First approaches to
a finite temperature field theory (FTFT) stem from many body physics (e.g. [15]), where this
problem is of course more prevalent. However, by now, the use of FTFTs or non-equilibrium
field theory has also spread to particle physics, finding use for example in high temperature
QCD to study the Quark-gluon plasma [16] [17] [18], neutrino physics [19] [20], or dark matter
physics [13].

More to the point of this thesis, the Boltzmann equation approach discussed in chapter
relies on scattering matrix elements which are calculated in vacuum QFT. While there exist
multiple approaches to enhance the predictability of the Boltzmann equation in a high tem-
perature context, all of these treat the temperature effectively (e.g. thermal masses, [10] [48]).
Additionally, we had seen in section that the Boltzmann equation formalism exhibits a

problem, when real intermediate states are kinematically allowed.

In this chapter, we will first give a brief overview over different FTFT formalisms in sec-
tion before we give an introduction to the closed time path (CTP) formalism. In sec-
tion we will start from the Kadanoff-Baym equations in the CTP formalism to derive an
evolution equation for particle densities, which naturally arises from the equation and only
depends on the self energy of the particle. This allows us to calculate the DM relic densities,
while properly treating thermal effects. Additionally, the calculations also do not exhibit the
RIS problem [11]. We will use section and section |3.5|to explicitly calculate the occurring
self energies and show in section that the terms we found in the Boltzmann equation for-
malism can be recovered in this formalism. The CTP will also allow us to calculate thermal

contributions to the Higgs effective potential in section

The overview over different schemes and the derivation of basic properties of the CTP for-

malism will follow the descriptions in [I§], [70] and [14].
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3.1 FTFT formalisms

Throughout the years, three majorly different formulations have been developed for thermal

field theories. We will give a brief general overview over these different approaches:

The first considerations of field theory at finite temperature and density are due to Matsub-
ara [15] in the 50s. His imaginary time (or Matsubara) formalism is based on the observation
that a Boltzmann distribution e ## can be related to the QM time evolution e~ by con-
sidering i3 as a purely imaginary time. The resulting Green’s functions take imaginary time
arguments (or live in Euclidean space), hence the name. In Fourierspace, the Matsubara
formalism is defined on discrete complex energies which have to be summed over for internal
lines. Multiple resummation schemes have been developed for this purpose. However, the
definition on discrete energies poses a problem in the calculations of dynamical quantities,
where continuous real-time valued Green’s functions are necessary. While the Matsubara
formalism has some problems due to its unphysical treatment of time and energy, it is well

suited to treat static properties, such as thermodynamic potentials.

Much better suited for treating dynamical and non-equilibrium properties is the so called real-
time (or Keldysh-Schwinger) formalism wich was developed by Keldysh [71] and Schwinger
[72]. Here, the time-ordering of propagators is along complex time-paths. Inside certain
bounds, these time paths can be chosen freely, which also allows for real time components of
the path. Real-time formalisms and especially the so-called closed-time-path (CTP) formal-
ism will be discussed in more detail below. It should already be noted here that the real-time

formalisms generally lead to a doubling of the degrees of freedom compared to vacuum QFT.

There, furthermore, exists thermo-field dynamics (TFD) [73],[74] or Umezawa formalism which
is an operator formalism for finite temperature field theory, which can be formulated on the
C* formulation of Quantum statistical mechanics. It has been shown in [75], that TFD and
the real time formalism are equivalent formulations. We will not dive deeper into thermo-field
dynamics in this thesis, but it should be noted that the doubling of the degrees of freedom
observed in the Keldysh-Schwinger formalism can be consistently derived from TFD and is

not just an artifact of the former theory.

3.2 Introduction to the time path formalism

In the following we will give a short introduction to the real-time formalism and show some

derivations of key expressions. The section is mostly based on [18] and [14].
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One of the core assumptions of the S-matrix formalism of vacuum QFT is the existence of
asymptotically free states at the time-like infinities, which are evolved through time. How-
ever, this notion is not well suited to describe the situation in a (dense or hot) medium where
a particle will not be truly free. Instead it is more usefull, to calculate expectation values of

operators, with respect to (statistical) density matrices p(t)

(0), (t) = Telp(t)O). (3.1)

However, now we want to describe expectation values of operators not just with dependence
on time but also temperature. We had noticed earlier that there is a formal analogy between
the time evolution in QM e~®# and the Boltzmann distribution e . In fact, the density
matrix for a system in equilibrium at constant temperature (canonical ensemble) is given
as p(T) = %6*51{ . As such, it makes sense to formally allow to evaluate equation at
complex time arguments to include thermal effects.

To do so, one typically defines a complex time path C along which time may be parametrised
as t = z(v) with v monotonically increasing. This parametrisation also allows to easily define

time path - and f-distributions
!/ / / az - /
Oc(t—t')=0(v—1") ot —1t) = =— d(v—1") (3.2)

and to extend functional derivation along the contour:

0j(2) _ s 0 5@z
5i(a) =dc(t —t)5( ) (3-3)

We will for now leave the specific contour arbitrary and only switch to the specific case of
the CTP contour later. Additionally, to keep things simple, we will only discuss the follow-
ing derivations for a real scalar field ¢ whose dynamics are governed by a time-independent

Hamiltonian H.

To make statements about observables of ¢, one is ultimately interested in the calculation of

correlation functions which may be written along C as

Gc(l‘l, .%'N> = <T0(¢(CL‘1)¢(CL‘N))> . (34)

Here, T is the time ordering along C' which is defined as the standard time ordering with
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respect to the parametrisation v or more formal in terms of the time-path 8-function:
To(¢(z)¢(2') = bc(t — t)d(x)d(a’) + 0o (t' — t)o(z')d() (3.5)

As is quite common in path integral formulations of QFT, one seeks a generating functional
Zc(7) such that arbitrary correlation functions can be generated from its functional deriva-

tives:

- 1 NZc(5)
" Zo(j =0)idj(w1)...i05(xn) lj=0

Gc(l‘l, .Z'N) (3.6)

We additionally demand that Zo(j = 0) is the partition function. In equilibrium:
Zc(j =0) = Z(B) = Tr(exp(—SH)).
A solution for Zx(j) is then

2e) = s ot e (i [ ataseroto)) | 2e(0), (3.7

where p(t;) is the density matrix at some initial time which is completely determined in
equilibrium. C must be chosen to pass through all complex time points which are of relevance
to the correlation functions we wish to evaluate. It is then clear, that equation fullfills
equation by taking functional derivatives:

1 N Zc(B,7) _ 4 . .
Z3) 187 (z1) idj (zn) im0 — Tr[p(ti)Te(d(21)..d(zn))] (3.8)

Typically, one wants to represent the generating functional equation (3.7)) through a path
integral. To do so, let |¢(Z);t) be the eigenstate of the field operator ¢(t, Z) in the Heisenberg
picture and |¢p) = ®zcgrs |#(Z)). Since these states form a complete set, we may write the

trace of an operator as
15(0) = [ 1461 (6111 Olos). (39)

where the measure could either be defined as [d¢] = [[scgs do(Z) or better be interpreted
as an integral of a functional with respect to the field configurations ¢, as it is done in
[58]. It is then also conventional to write the measure as D¢. Typically one hides awkward

normalisation factors in the measure D¢p. We may write the generating functional as
2e(5.9) = 20) [ DolostlpteoToesa (i [ dsiote) ) o). (310

For a general p(t;), there is some difficulty in choosing a proper parametrization of the density
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matrix (see for example [14]). However, we may for now just consider the equilibrium case
Z(0)p(B) = e PH. We may treat e ?H as a time evolution into the imaginary direction and

write
Z0(6.9) = [ Po(6:11eH lost) Teexp < / d4fcj(fc)¢(w)> (3.11)

= [Boes(i o dtat@))exo(i [ alejao) (@12

- /15¢exp(i/0d4x£(x) —i—j(m)¢(a:)). (3.13)

In principle the evaluation of (¢; t|e=#H |¢;t) will yield an extra path integral as in [58]. How-
ever it will only provide a normalisation factor which we may absorb in D¢ and we will drop
the tilde over the measure again in the following. The last step in equation holds, for
time paths C going from initial time ¢ to final time t—i3 and for periodic boundary conditions
(20, 7 = ¢p(z" — i, T)). We left out the explicit mention of the time ordering along C, as it
is already guaranteed by the form of the exponential. For the above steps, it is furthermore

required, that the Lagrangian density does not contain any derivative interactions.

In the free theory it is simply £ = —%gb(l‘)(mx + m?)¢(z) and it is helpful to perform the
path integral. To do so, we will follow the procedure applied in [58]. With a redefinition
¢ (z) = ¢(z) — i [od*Gr(z —y)j(y), where Gp is a Green’s function of the free theory, and

the use of the Gaussian integral, we can write
Fia - . 4 1 2 :
25(6.0) = [ Poeo(i [ ate|~Jot)Ea+ miiote) 4o ) Gaa)
C

= [poe ( [z~ 56 @@ +m2)s @)

]

+35 /Cd4yj(x)GF(z - y)j(y)D (3.15)
=N exp [—; /Cd4:nd4yJ(:r)GF(:L‘ - y)J(y)] . (3.16)

Here, N is simply a normalisation constant, which stems from the Gaussian integral, but has

no further impact.

At this point we may wonder what time contour C' we should actually choose. We have seen
above that the time path should run from ¢ to ¢t — ¢8. But we also set out with the goal of
calculating real time Green’s functions, so our time-path should include the real axis. The
standard choice for the finite temperature time path is shown in figure This time path

starts at some far negative time t; — —oo, runs into the far future t; — oo and loops around
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Im(t)

——

Re(t)

ti —ip
Figure 3.1: Real time path.

C Im(t) 1

Figure 3.2: Keldysh-Schwinger (or closed) time path.

to t; —if. It is argued in [I8] that the generating functional can be factorised into parts
parallel and orthogonal to the real axis, when the limit ¢; — —oo is taken. Then the paths
orthogonal to the real axis only provide a multiplicative constant and may be ignored. It is
then common to choose the Keldysh-Schwinger time path shown in figure instead, which

can also be used in non-equilibrium scenarios.

3.2.1 Equilibrium propagators in the CTP formalism

The goal of this section is the derivation of the equilibrium propagators as well as some useful
relations. We had defined the contour C for complex time arguments above. However, as the
contour now consists of two branches, which both run along the real time axis, it is useful and
common to instead describe the path via real time ¢ €] — 0o, oo and label the two branches

with causal indeces a = 1,2. With this labeling, equation (3.16|) turns into

2(6.0) = Newp| -3 [ ataatyr(@GH e - )| (3.17

—0o0

Here, the sum over a,b = 1,2 should be understood implicitely. We can already see that in

terms of real time ¢ there will be not just one, but four propagators

1 8*ZE(9)
ZE(j = 0) i0jq(x1)i0](22) lj=0

Z'Aan(l'l, 372) = = Gfb(.%'l, xg), (3.18)
which may be conveniently written as a matrix. It should be noted that this is a sign of the
doubled degrees of freedom in the thermal field theory. The fields living on branch 2 should
hereby be interpreted as a kind of ghost field, which should not occur for external/physical
particles [1§].
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To make notation simpler later on, we will also define some additional propagators and self

energies as linear combinations of the causal ones. First, we will introduce the spectral density

pla,y) = A7 (z,y) = iA* (z,y) — iAP (z,y). (3.19)

We can then introduce the retarded and advanced Green’s functions, which can also be

expressed through the causal Green’s function we already know as

Alf(z,y) = 0(2" —y%)p(x,y) = Al — A1 = A?1 — A (3.20)
Az, y) = —0(y° — 20)p(x,y) = AT — A2 = A2 - A2 (3.21)

here, we suppressed the spacial coordinates of the causal Green’s functions.

We will also introduce the hermitian and anti-hermitian (or spectral) propagators as:

1 1
5(AR + A = §(A11 — A??) (3.22)
i 1
5(AR —AY) = 3P (3.23)

Before we derive the explicit form of the free propagators, it is useful to derive a relation for
general expectation values of two operators in equilibrium, which uses the cyclic property of

the trace:

<01(t1)02(t2)>5 = %TI' |:€_’8H01(t1)02(t2)} = %TI“ [eﬂHe_’BH(’)g(tg)e_ﬂH(’)l(tl)} (3.24)

= (O2(t2)O1(t1 +1i6)) 4 (3.25)

This is called the Kubo-Martin-Schwinger (KMS) relation, which can of course be applied

for the scalar propagators as

A (z,y) = AP((@,t +1if),y). (3.26)

Even more useful is the Fourier transformed version:

A (p) = e A2 (p) (3.27)

The KMS relation also allows us to write a relation for the Wightman functions and the
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spectral propagator from equation (3.23)), which will be useful later:

iA%(p) = iA(p) = 2f— (po) A4 (p) (3.28)
iA” (p) = I8 (p) = 2(1 + f— (po) AA () (3.29)

Here, the distribution functions should be understood as their continuation for potential neg-
ative values of pg. One should note that the derivation above was done explicitly assuming
an equilibrium situation. In fact, it has been argued in [76] that the KMS relation cannot
hold outside of equilibrium. Luckily, for this thesis, we will need the KMS relation mainly for
propagators or self energies of the Higgs boson, which is assumed to be in equilibrium with

the standard model.

Now, we may derive the explicit form of the free propagators. We could solve for the Green’s
functions by applying proper boundary conditions as in [I8] [14]. Instead, we will here follow
the approach in [70] and write the free scalar boson propagators as an expectation value of
ordered fields, which may be developed in terms of their creation and annihilation operators

as

iA (w1, 22) = (D(a1)d(22)) (3.30)

/deIdeQ <ak1a22> etkeza—kizr 4 <a£lak2> etkre1 =k (3.31)

:/dnk(1+f(wk))e—iwk(t1—t2)+ilg(f1—f2)+f(wk)eiwk(tl—tg)—iﬁ(xj—zé) (332)

4
-/ ((;w];*%a(k? = m?)e M1t - (wr)]0(ko) + f-(wi)0(—ko)}. (3.33)

This leads to a propagator in momentum space of

A (k) = 216 (k* —m?®)[f—(|kol) + 6 (ko)] (3.34)
iA<(k) = e PRiA> (k) = 218 (k2 — m2)[f— (ko) + 0(—ko)], (3.35)

where we again used the KMS relation to find A<. The diagonal parts of the propagator can
then be derived by writing the time ordering with the help of the Wightmann functions as

iAIl(l‘l, IL‘Q) = 0(151 — t2)iA>($1, ZL'Q) + 9(t2 — tl)iA< (:L‘l, SL‘Q) (3.36)
= F2mo(k* — m*)(f—(wr) + 0(t1 — t2)0(ko) + 0(—t1 + t2)0(—ko))],  (3.37)

where F indicates a Fourier transformation. Then, taking the Fourier-transform with respect

to the relative coordinate r = x1 —x2 and using the convolution theorem, as well as F(0(rg)) =



3 Dark Matter freeze-in in non-equilibrium field theory 39

1

§(k) we can write

ko + i€
FIF2rd(k* — m?)0(ko))0(r0)] = 6(k? — m?)0(ko) ® " iz_65<3>(12) (3.38)
= / dQOZi}k ; (ko — qo & wi)8(ko — qo) . _Z|_ i€ (3.39)
! i (3.40)

:ﬂk‘o—Wk—Fié'

Here, ® refers to the convolution. And in the same way it is

1 1
218 (k2 — m2)f(— )= 41
FUF (R0 = 1)k (—ro)] = 5 (3.41)
This ultimately allows us to write equation (3.37) as
iAM (k) = 216 (k* — m?) f—(wi,) + 1 ! — ! (3.42)
Wk 2w \ ko —wg +1€ ko +wg — i€ '
= 4 ond(k2 — m2) o (wp). (3.43)

k2 — m?2 4+ je

The iA?2(k) propagator is just the complex conjugate of the above, which allows us to write

all the free scalar boson propagators as

i

iAY (k) = et om0 (k? — m?) f—(wi) = (1A% (k) (3.44)
iN” (k) = 2m6(k* — m?)[f—(|ko|) + 0(ko)] (3.45)
iAS (k) = 2m6(k* — m?)[f-(|ko|) + 0(—ko)]- (3.46)

Of course, we will also need to describe fermions in this thesis and thus require the form of
their FTFT propagators. We will not repeat the derivation for fermions and instead just give

the propagators here. The free fermionic propagators in equilibrium are given as 77, 20]:

80 = e ol m)a () (ko) = 8V (R (347
i87 (6) = ~2m( — m)O(2 — m)[ . (ol) — B(—ko)] (3.48)
i3 (k) = —2m(k — m)a(k* — m?)[f+(|kol) — 0(ko)] (3.49)

Now, that we derived the free equilibrium propagators, it is a good time to talk about the
Feynman rules of the CTP formalism. They are as in vacuum with the exception of the causal
indices corresponding to the two different branches of the time-contour. As such, there are

also two different vertices corresponding to the 1 and 2 branch. Since the 1 indices correspond
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to the “normal” time ordering, they behave as vacuum vertices, while the 2 type vertices re-
ceive an extra factor of —1 due to their inverse time-ordering. Vertices only ever correspond
to one type and vertices of type a and b have to be connected by a D propagator. Internal
indices need to be summed over. Additionally, real external fermions have to connect to type

1 vertices.

We should also make a brief comment about renormalization in the CTP formalism. The
next sections will contain multiple loop integrals. One might be worried, that UV divergent
terms, which require renormalization appear in this context. However, it has been shown in
[78] that all temperature dependent UV divergences will cancel in each order of perturbation
theory. Consequently, renormalization at zero temperature will already assure finite results
at all other temperatures. Due to the equivalence between the real-time formalism and TFD
shown in [75], this also holds for the calculations performed in this thesis. So, we do not need
to perform any renormalizaion in this thesis and can instead rely on the renormalization in

the zero temperature standard model.

3.2.2 The Dyson-Schwinger and Kadanoff-Baym equations

In the above, we only derived the free propagators. However, in a realistic scenario, these
can at best hold as an approximation for the full propagators. The goal of this section is to
find equations which fully determine the form of the full propagators. We will also derive the
Kadanoff-Baym equations which are evolution equations for the propagators and will be of
larger importance in section

First we should note, that we have no guarantee that the full propagators only depend on
the relative coordinate. As such, we will introduce the Wigner-transformation for functions

depending on two real-space coordinates x, y to still describe expressions in momentum space:

G(k,z) = /d‘*rei’"G(x + gx — g) (3.50)

It should be noted that the Wigner transformation reduces to the ordinary Fourier transfor-
mation, if G in fact only depends on the relative coordinate.

We will also give the following useful identity for Wigner-transformations of convolutions:
A® B(k,z) = e {A(k,z)}{B(k,z)} (3.51)
Here, ¢ is the Moyal-product, which is defined as

o{A}{B} = %(ag:AakB _ 0,A0,B). (3.52)
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Of course, the exponentiation of the Moyal-product should be understood as a series expan-

sion. We will not proof this identity, but instead refer to the original derivation in [79].

We can now turn to the defining equations for the full propagator. There are multiple
approaches to derive the Dyson-Schwinger equations. In [14] [I3] the DS eq. are derived from
1-PI or 2-PI effective actions. However, we can also take the approach in [70]: Because the
Feynman rules at finite temperature have the same structure as those in vacuum QFT, we

can write an analogous Dyson series for the full propagator as

Gab(ac,y) = Gan(a:, y) — i/d4:c'd4y'[GF(x, 2 (2, y')G(y’,y)}“b. (3.53)

Here the full propagator is described in terms of the free propagator G“Fb(a:, y) and in terms
of self-energies I1°?. The brackets [...]% should be understood as a sum over all internal
thermal indices, such that the outer indices correspond to a,b. It should be noted that extra
factors of (—1) might occur in the summation due to internal 2-type vertices. Taking the

Wigner-transform of this equation, yields

Gk, z) = G®(k,x) — [iGp(k, )II(k, z)G(k, )] (3.54)

The above can be seen by performing the transformation and using e*" = eikm1¢ihr2eikrs
with iy = x4+ § —a', 1o =2’ — ¢/, r3 = ¢ — 2 + §, as well as a shift of the integral to
the r;. Equation (3.54) is also called the Dyson-Schwinger equation of thermal field theory
and completely characterises the full propagator. A formal solution may be constructed by

multiplying with the inverse propagators to get

(G®(k,2))"! = (G2 (k, )~ + iTI%(k, ). (3.55)

While the above are commonly cited forms of the Dyson-Schwinger equation, we should start
from equation to derive the Kadanoff-Baym (KB) equations. In the case of scalar
bosons, we write G = iA® and due to the definition of the free propagator as the Green’s
function, it is (92 + m?)A%(x,y) = (=1)%w6(z — y). Here, an extra factor (—1)¢~! is due

to the specific definition of the path ordered d-distributions (equation (3.2))). We can now
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multiply equation with —(92 + m?) to receive
— (02 +m*)iA™(z, y) (3.56)
= (—1)* " bapid(x — y) + i / d'2’d"y (—1)0acd (z — y) (~ 1) I (', ) (~ 1) LA (Y, y)
= (=) 15id(z —y) + i(—l)d/d4y’iﬂad(x, Y )iA® (Y y). (3.57)
Here, summation over twice occuring thermal indices should be understood implicitely.

In terms of the linear combinations of propagators in equations (3.21) and (3.23)), we may
write equation (3.57) for the Wightmann functions as

—(2+m*H)AS = -T2 o A2 + T o A2 (3.58)
= -7 o (A” - AP) 4 (" —1'?) 0 A" (3.59)
=2 o At + 11 o AL (3.60)

1 1
_ §(H12 @AA+HR®A12) + §(HA@A12+H12®AR+H21 o A2 —H12®A21)

(3.61)
1 1
= §(HR +I e A2+ 20 (A% 4+ AF) + 5(H21 © A2 12 o A% (3.62)
1
— HH 0 AIQ + H12 o AH 4+ 5(1—‘[21 o A12 . H12 ® A21). (363)

Where we used the forms of the propagators in equations (3.21) and (3.23) and A4 + A> =
AR + A< and AR — A> = A4 — A<. The evolution equation for the other Wightmann

function can be derived analogously, leading to the Kadanoff-Baym equations for the scalar

boson propagators:

3.3 From the Kadanoff-Baym equations to a time evolution of the
DM density

If we look at the equilibrium propagators at finite temperature in equation , we can
see that they depend on the distribution functions of the particle. We have also just derived
an evolution equation for the propagators in the form of the Kadanoff-Baym equations in-
equation . The goal of this section is to use this to derive an evolution equation for the
distribution functions similiar to the Boltzmann equation.

This section follows mostly the procedure in [I3] and [14]. The main difference is that in the

self energies in [13] only particles from the thermal bath appear in loops and the self energy
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can be assumed to be proportional to equilibrium distribution functions. This is not the case
in our scenario, where the DM self energy again depends on a DM propagator. However, we
will show below that kinetic equations can be derived in a more general setting, without any

knowledge of the occuring self energies.

By assuming spatial homogenity and isotropy of the universe, the spatial derivatives drop

out of the KB equations and we can write

(020 —m*)AZ " O A% —TIF 0 A™ = %(H> O A< —TI< 0 A>). (3.65)

To transform the equation into Wigner space, we may use

. o1
/d%ez’”aﬁ A+l -y /d‘lre“ﬂr(az o+ 002 A+ 1 =Ty (3.66)
’ 2 2 2" ’ 2 2
1
= Zaz,oA(k% 2) —iko0,0A(k, 2) — kEA(k, z) + boundary terms. (3.67)

The boundary terms can be assumed to be zero for propagators, which vanish at infinity. If

we also use equation (3.51)), the Kadanoff-Baym equation turns into

(00 + ikodog + K — m?)AZ(E) — e oI} {A%) — I AY)

= SEPIPHAT - I AT, (368)

It is A* A4 € R and also IT*, II* € R. From the KMS relations in the form of equa-
tion , we can then also see, that A< and IIZ are purely imaginary. If we expand the
exponentials and only consider the real part of equation , we receive a kinetic equation
of the propagator:

1
ik, 0AZ (k) = 5(H>A< —ISA%) + O(8pAM=; 9pITH =) (3.69)

As the gradient correction containing temporal derivatives in equation (3.69)) are heavily
suppressed in a freeze-in scenario [13], we will ignore these terms. The kinetic equation of

the propagator is then

1
ko2 017 (k) = — (IT7A — T<IA7). (3.70)

We can translate the above equation, into an evolution equation of the DM density by writing
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the off-diagonal thermal DM propagators as

iAS (k) = 2m0(k* — m®)[fpm ([kol) + (—ko)] (3.71)
iAD (k) = 278 (k> — m®)[fpar([kol) + O(ko)]. (3.72)

This is of course the equilibrium form, where the equilibrium distribution function has been
replaced with the actual distribution. It has been claimed in [77] that this still holds outside
of equilibrium. However, further references point to a book which apparently exists only in
Chinese. Alternatively, we may assume that the self-coupling of S is large enough and leads
to the DM being in equilibrium with itself. Then we can assign a temperature Tpys to the
DM (which may be different than the standard model temperature). Then we can write the
DM propagator as fpyr = f—(Tpa(T)), where T is the SM temperature, and equation
still holds.

Integrating this form of the DM propagator allows us to write the DM distribution function

as
dk dk

Foar(wr) :/ 2 o (k)md(ko — wi) :/ —2iAS (k) ko, (3.73)
o 7 o 7

where wy = |E\2 +m?2. We then get an evolution equation for fpy; by inserting equa-

tion (3.70). In a freeze-in scenario, we can also assume the DM-densities on the RHS to
vanish, leaving only the terms depending on #-functions in the off-diagonal DM propagators.

With this, we receive an evolution equation of the DM distribution as

©dky
oufarten) = [ Fkadhia<(h (3.74)
0
- / ol im<in> —imria<) (3.75)
0 T 2
o 1
_ / R0 Lirr<oms(k? — m2)0 (ko) (3.76)
0 T 2
.H< =,
= We ) 2(;":]") (3.77)

Note, that in contrast to the procedure in [13] no assumption of the shape of I1Z was necessary
in the above calculations. By integrating over the 3-momentum, we then receive an evolution

equation for the DM density:

B d3k iII<( wk, B \k|2 <(
Dins(t) = / S / AR 11 o, ) (3.78)
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For now all our calculations took place in Minkowski space. However, the expansion of the
universe has a relevant impact on the dark matter density in our universe. As we have seen in
section considering instead a FLRW metric of the universe leads to the familiar form of
the LHS of the Boltzmann equation. The RHS of equation is instead not impacted by
the change of metric, as it is already covariant. This leads to the following evolution equation

in the FLRW metric:

1 2
Ons(t) — 3Hng(t) = ) /d|k|’ d TS (wk, [K]) == vpm (3.79)

Here we called the RHS of the equation ypps in formal analogy to the scattering term in
the Boltzmann equation (2.23). As in the case of the Boltzmann equation, we will actually
calculate the DM density by solving the equation

dYy 1 1 dln(heff) 1 / |k |2 g
dz  Hsa < T3 ar el I o (wr» |- (3.80)

3.4 Dark matter self energy

As we had seen in the previous section, the evolution equations for the dark matter densities
are completely determined by the dark matter self energy. So, to determine the DM relic
densities, we will use this and the following section to determine the self energy. Before we
start the calculations of any self energies, it should be briefly mentioned, that there exist
two different conventions in the literature. The additional factors of (—1)%*? of the external
causal indices can either be considered part of the self energy (as in [14][20]) or counted as a
separate factor (as in [13]). We will here follow the latter convention, as we already implicitly
used it in the derivation of the Kadanoff-Baym equations. The reader should be aware that
factors of (—1) might pop up in comparision to some literature, depending on the chosen
conventions.

Now for the calculation of the self energy, we will ignore the quartic coupling of Higgs and
dark matter, as in the calculations in the Boltzmann equation formalism and focus just on
the contributions from the SSh coupling. The self energy is then given by the diagram in
figure and can be written as

d*k

( 27r)4z‘A%b(k:)iA‘,’f(k —p). (3.81)

iHa’b( )= )‘hSU (T )/

We assume, that the dark matter Wightmann functions can be written as in equation ((3.72)).

Of course, as the momentum is evaluated for both positive as well as negative values, the
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Figure 3.3: Feynman diagram of the dark matter self energy. S is the scalar dark matter and
h the Higgs. The double line represents a resummed propagator.

f-functions assure that a finite contribution remains even under the freeze-in assumption of

fpam =~ 0. The off-diagonal self-energy is then

. d'k .
T2 (p) = A2 g0v?(T) / @) LIAG (k)iAGH (k — p) (3.82)
Ak .
X goX(T) / G2 = mt)O(—hy)if (k1) (3.83)
d*k 1
2 2 - A 21
= 2 0(T) / 2 (ko F w)O(—k0)iAf! (k) (3.84)
= 22,02(T) / ﬁimﬂ(— — po, k — P) (3.85)
= Apsv (273 2wy, h =Wk — Po, p .
_ )\2 2 d3k 1 -A12 — E
= ApgU (T) (271')3 2(,0]91 h ((Uk + po,p — ) (386)
=\ 2(T)/d3k 1 AN (wi + po, 7+ k) (3.87)

Where we used that A'2(p) = A?}(—p). This can be seen from the KMS relation in the form
of equation and the fact that 1+ f_(ko) = —f_(—ko). We also use that the spectral
propagator shoud be assymetric with respect to energy. We also switched k — —Fk in the
last step. We cannot fully solve this integral analytically due to the, at this point, unknown
propagator of the Higgs. However, we can reduce the integral to a two dimensional one by
using the fact that A2 (wy, + po, 7+ E) in fact only depends on [p'+ E|, not j+ k (which will
be motivated later). Additionally, we use the substitution ¢; = p; + k;,d*k = d3p. The self

energy is then

. d*q 1
M%) <53 (7) [ 5ty i+ o) (3.59)
< dd [t
_\2 .2 12
=N} qU (T)/O or)? _1dC0592wkZAh (wk + po, 1q)), (3.89)

with wy = /|p2 + [q]2 — 2[p]|q] cos @ + m2. A further analytic simplification is not possible
at this stage.
As already indicated in figure [3.3] we should not just consider the bare Higgs propagator,
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Figure 3.4: Feynman diagram considered for the Higgs self energy.

but all loop corrections leading to the resummed propagator. As we will see in section
the loop corrections significantly add to the self energy and allow us to recover certain terms
we might already expect from the semi classical Boltzmann equation. We may ignore loop
corrections to the dark matter propagator, because the coupling between dark matter and

standard model must be feeble, as a key ingredient of a freeze-in scenario.

Starting from the Dyson-Schwinger equation (3.54)) one may derive the resummed propagator
A'? of the Higgs in terms of the hermitian IT* and spectral self energies I of the Higgs to
be [13]

2ITA

iA(k) = (k2 —m? — II7)2 + (ITA)

S - (ko, T). (3.90)

Here, f_ is a Bose distribution and the self energies II* and IT4 are defined as linear combi-
nations of the causal self energies in analogy to equation . It should be noted, that the
resummed propagator sometimes appears with an extra sign of (—1) in the literature, which
depends on the convention for the self energies as mentioned above.

Of course, to determine the Higgs propagator, we now need to calculate the thermal self

energies of the Higgs. This will be done in the next section.

3.5 Thermal Higgs self energies

We will here only consider insertions of fermionic self energy loops as in figure As we will
see in section this corresponds to only considering the decay and fermion annihilation

terms in the semi-classical Boltzmann equation.

3.5.1 Wightmann self energy

With the KMS relations in the form of equation (3.29)), which holds for self energies in the

same way it does for propagators, we can express the antihermitian Higgs self energy as:

A = %f_—lﬂ,f (3.91)
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So, we only need to calculate H}f to determine the antihermitan SE. Writing down the causal

self energy, we receive an extra factor of (—1) due to the fermion loop. It is then

2 4
i = — Zf: (?Jhgf S Nes / ((217:; LTl i8 7 (R)ig (k- p)} (3.92)
2 4
S (yhgf) Nejs / ((217T];1Tr{i$?(k)i$?(k —p)}. (3.93)
7

Here yy, r¢ is the Yukawa coupling, N¢ ; is the number of colours and $?cb is the thermal
propagator of the fermion, which is slashed here to indicate its matrix structure.

To actually calculate the self energy, we will partially use the procedure and a couple of tech-
niques employed in [I3]. Instead of using the Fermion propagators given in equation ,
we can use that under formal extension of the Fermi distribution to negative energies it is

f+(=ko) =1 — fi (ko) and we may then rewrite the propagators as

$7(k) = —2m5(k* — m%)(k + my) f+ (ko)sgn (ko) (3.94)
$7(q) = 2m6(q> — m3) (g +mys)(1 — f+(g0))sen(qo)- (3.95)

Then the trace over the propagators turns into

o087 (k)87 (k= p) } = — 4m> Te{(k +m) (K — p+m)} £+ (ko)1 = £ (ko — o))

sgn(ko)sgn (ko — po)d(k? — m?c)é((k: —p)? — m?c) (3.96)
= —167*(k* — k- p+m7) f+(ko)(1 = f+(ko — po))
sgn(ko)sgn (ko — po)d(k? — m?)é((kz —p)? - mff) (3.97)
Using the identity [13]
F= o) fr (ko) (1 = f (ko —po)) = 1 = fiy (ko) — f+(po — ko) (3.98)
as well as the substitution
d*k — idqsdko d(p - k) dk? (3.99)

2|p]
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the antihermitian self-energy turns into

4
M(p) =47 3w 11)*Nos / (;L’;a(k? —m2)S((k — p)? — m3)(K: — k- p+md)
f
sgn(ko)sgn(ko — po)[1 — f1+(ko) — f+(po — ko)] (3.100)

1
:W zf:(yh,ff)%vq]c/d(ﬁdko d(p- k) dE*6(k* — mfc)é(kQ +p2—2p-k— m?c)

(K* — k- p 4+ m7)sgn(ko)sgn(ko — po)[1 — f1 (ko) — f+(po — ko)] (3.101)
-5 D longs e [ aoakoato ) 3500k - 3520~ o)

sen(ko)sen(ko — po)l1 — Fi (ko) — £ (po — ko) (3102)
T >l Nes [ aodmo(zms - 35%)

sgn(ko)sgn(ko — po)[1 — f+ (ko) — f+(po — pko)] (3.103)

1 2 2 2
=— E Yn,rf) Neg(4ms —p

/dkosgn(ko)sgﬂ(ko = po)[1 = f+(ko) — f+(po — ko). (3.104)

In reality, the integral over kg should not be evaluated over the entirety of R. The evaluated
S-distributions instead only allow values of kg in a limited range. From &(p? — 2k - p) and

§(k? — m?), we receive the conditions:

poko — |pllE| < 5 < poko+ |51/ (3.105)
2
p
= poko — [Pl\/kg —m} < 7 = poko + |ply/ kg — m7% (3.106)
2
p
— —|p|\/kE — m% < 5 — poko < |pl\/k3 — mfc (3.107)
2
p 2 e
= (5 — poko)” < |k*(k§ — m?c) (3.108)
Solving this equation, yields the solutions
1 Am?2
ki =5 | po 17 —pr . (3.109)

This only exists, if p> < 0 or p? > 4m?c, which might be expected from kinematic constraints
In fact, we are ony interested in solutions with positive p? since it is defined as a sum of two

real particles in equation (3.89)) (there it is called ¢). In that case, it is pg > |p] and the
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square root appearing in equation (3.109)) has to be smaller 1. Then it is 0 < kg < pg and we
have sgn(ko)sgn(ko — po) = —1. This allows us to write

1
7' (p) === > _(Un.sf)*Nes(p° — 4m3)0(p* — 4m3)
167 |p] 7

o
x / dkol1 — £+ (ko) — F+ (po — ko), (3.110)
k

0

which can be solved analytically. To do so, we can employ the substitution v = e®*0 + 1 to

write the integral over a Fermi distribution as

ki 1 efko 41
dkofy (ko) =k —ky +=In| ———= 3.111
/ko #lho) = ke =k + i | G .
and then also
ke 1 eBpo—kg) +1
dk —ko)=ky —kg +=sIn| —— . 3.112
/ko 0f+(po — ko) = kg 03B (eﬁ(po—ko) +1 ( )

This allows us, to write the integral appearing in equation (3.110f) as

kg

. dko[l — f4 (ko) — f+(po — ko)] (3.113)

By Bpo—Fky )
(e%5 4 1)(ePPo—Fo +1)> (3114)

=k — ki +=1
0 0 + B n ((eﬁko _i_l)(eﬁ(pofkar) +1)

; cosh(g(po - k’o_)) ‘ (3.115)

Bkg

Where the last step can be seen by writing e#% 4+ 1 = 2005h<%>67.

In total, the antihermitian self-energy can be evaluated to be

1
M7 (p) =——= > _(Wn.rp)*Neys(p* — 4m$)O(p* — 4m3)
167|p 7

(3.116)
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3.5.2 Hermitian self energy

The Hermitian self energy can be written as II* = %(H11 —11%2) = Re{HH}. And we have

inﬂ:—53@@”3%¢/£$;HQW%mw”w+m} (3.117)
f

It should be noted that we do not use the same loop-momenta here as in equation (3.93)).
But it is clear that we can transform the momenta back by a momentum shift k£ — k — p.
We write the thermal fermion propagator in the form given in equation (3.49)):

ol i(p+m) 2 9

i =" — 27 m)é(p® —m 3.118

§1 = e~ 2np e m)a? — m?) £ (o) (3.118)
Then, we can already imagine that the self energy can be divided into a vacuum and a thermal

part. The vacuum part

. 2 d*k i(fk+m if+p+m
qu’éc —! ; (yhgf)NC’f/ (2m)4 Tr{ k2 (—167:2 —i-)ie (k ~¥-(p)2 Zi m? ~)¥— ie} (3.119)

is known from vacuum QFT. This part is not relevant here, as it is already absorbed in the

mass of the Higgs m% after renormalization in vacuum QFT. With

Te{(k+m)(k+p+m)} =4(k* +k-p+m?), (3.120)

the thermal part can be written as

- Wntr)? d'k
H%ﬂl :Zz ;fNC’f/ (27_‘_)44(1432 +k 'p+m2)
f

[p?—m2+ie27T5((k +p)? —m?) f4 (ko + pol)
7

2m8(k* —m?) f+(|kol)

C (p+k)m2 +ie
+4m?5(k* — m?)8((k + p)* —m?) f+(kol) £ (Iko + pol) | - (3.121)

Here the last line produces a purely imaginary result and consequently is of no interest to
us. So, we will only consider the two other parts of the integral. To evaluate them, perform

a k — —(k + p) shift in the first integral. Since this leaves

(K> +pk) = (k4+p)? — (k+pp=k*+kp (3.122)



52 3 Dark Matter freeze-in in non-equilibrium field theory

invariant, it allows us to write

k? + kp +m?
! y"ff WhtT) N / kol)o(k2 —m?)  (3.12
Re{IT'} = Zj 6 )7 — e H(RoDI(R* —m?) - (3.123)

- Z (i f o) AP K" + 2m?EK]. (3.124)
Here, we used that k is on-shell, which allows us to write k2 = m?. We use here the notations

for the thermal integrals employed in [20]. The scalar thermal integral can be calculated to

be

o dk (RO —m?)
K= [ Gttt (3429)
|k | \2 1
= dcos@Z f = 3.126
/( )2 + )Zinkapo—2]ﬂ|k]cose ( )
|| k| 1
= Z/ dcosf f+(wr) (3.127)
27)2 2w p?+2wipo
T (2m) k1Pl 2T cos 0
d|k l_é p? £ 2wppo + 2|p l;|
Z/ 5 ’22 Filwp) In | = VHH (3.128)
)2 2wy |l p? = 2wipo — 2|pl ||
dwr 1
_ / oA Folwe)ly (w, p), (3.129)
where we write as in [20]
2 L 2 2 2
+ 2|k — 4dpjw
li(w,p) = In (p2 UW)Q ko 2] (3.130)
(* = 2[k[[p1)? — 4ppw

by evaluating the sum of the logarithms. Equation (3.129]) is the same result one might
receive from a contraction g, K" of the tensorial integral from [20]. The contraction of the

vector integral given in [20] will be:

pulH :87r;|]31p0 dwwly(w, p) f+(w)
‘méﬂ/MWM%M+%me»wWWﬁw> (3.131)

1 -
=——— [ dw[-p%l k 132
5 [ el ) + A ) (3132)
In total, the Hermitian self energy can be written as

m = zf:(yh,ff)mafm;rg /dW[(4m2 — P")li(w, p) + 8[K[[B1)f+ (w)- (3.133)
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This remaining integral has to be solved numerically. However, we may employ an approxi-
mation to receive an analytical result. The so called hard thermal loop (HTL) approximation
[80] assumes that the integral can be divided into hard (O(7T')) and soft (O(gT")) scales and
that the integral is dominated by such momenta k which are much larger then all other mass
scales. This allows us to neglect all masses and expand in momenta p/k. As in [20], we have
in HTL approximation [y (w,p) = —2%. Additionally, we can write (4m? — p?)/|k| ~ (4m? —

p?)/wi, = 0. The only remaining integral is then

- w 1 wu
dwl|k ~ |[dwv—r——= [ du—5—— 134
Jawlis) ~ [ = [aug ot (3.134)

T272
T 12

=T?F(0)1(2) = T?n(2)T(2) (3.135)
Here, F' is a Fermi integral, I' a gamma function and n a Dirichilet function. Then the

hermitian self-energy in the HTL limit becomes

2

1 |2 T
M, = Z(yl,ff)zNCﬂfg? [37F2T2] = Z(yl7ff)2NC,f§' (3.136)
f f

So, in HTL approximation, the hermitian self-energy just leads to a thermal correction to
the mass of the particle my oc T2. This is expected for thermal mass corrections, both from
dimensional analysis, as well as from similar calculations (e.g. [81]).

We should note that, as argued in [13], the HTL approximation is not well motivated in
the context of DM freeze-in. In this context, a majority of DM production will happen at
scales p = T ~ my and then k£ ~ p. The HTL approximation is here not very well justified.
However, for the ease of numerical calculation, we will use both the HTL approximation and
the full self energies in the numerical calculations. As we will see later, the two procedures

yield surprisingly similar results.

3.6 DM Production from multiple orders

In the past sections, we have built a procedure to calculate the dark matter production in the
CTP formalism and calculated the necessary self energies. However, one might wonder how
the calculations in the CTP formalism relate to the terms of the semi-classical Boltzmann
equation we considered in chapter 2l This will also allow us, to identify the difference to the
calculations in chapter To do so, we will expand the Higgs propagator to different loop
orders. This is a reasonable approach, as can be seen by sketching the associated Feynman
diagrams of the self energies and cutting along the occuring delta distributions as shown in

figure 3.5l The two cuts we show there, correspond to the absolute squared matrix element
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Figure 3.5: Feynman diagrams for the DM self energy with a bare Higgs propagator (left)
and the Higgs propagator at 1-loop order (right). Cutting along the blue lines
reproduces the squared Matrixelements for the h — S.S decay process on the left
and the ff — SS process on the right. It should be noted, that depending on
the summation of internal indices of the right diagram, there will be additional
diagrams with different cuts.

for the decay process and the 2 — 2 process.

3.6.1 Decay terms from bare propagators

At first we will just use the bare Higgs propagator as it is given in equation (3.46) in the
evaluation of the DM SE. Using the form of the DM self energy (equation (3.89))), the collision

term (equation (3.79)) can then be written as

YoM = / ddp i w”’ﬁ) (3.137)
4
=7 0 / » ((217:; TIAP(R)IAZ (K — p) (3.138)
4
—0? [ a, (‘;T]; 4725((k — p)? — m2)6(k? — )
[f- (ko — wpl) + @(k?o — wp)|[fpam (Jkol) + O (—ko)] (3.139)
o [an dnk 1 2m)00 0 — (0= 0)2m8((p — )* — m)f (e + ) (3.140)

_ / dedequ(Qw)45(4) (0= (p+ k) f- (c0)2| M2 (3.141)

We have used in the second to last equation, that fpys &~ 0 and we receive only one solution
for (k* —m?2,,,) which also fullfills the 6(—ko). We also performed an extra k — —k shift
in the last step. In the above, |[M|?> = %/\,21 sz is the squared matrix element occuring in the
decay process and the factor of 2 also appears in the Boltzmann equation, as there are two
final dark matter particles in the decay process. So, the DM production from decay of the
Higgs or mediator particle is reproduced in the thermal self energy with bare propagators,
as we might expect from figure Next, we will look at higher orders of the self energy to
identify the 2 — 2 terms.
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3.6.2 1-loop self energy and 2 — 2 scattering

If we want to write the scattering term on the order of the 1-loop Higgs propagtor, we need
to first identify the Higgs propagator at this order. By inserting one free propagator on the
RHS of the Dyson-Schwinger equation , we can see that the 1-loop correction of the
scalar propagator can be written as

—iA%P D (1) HAGHTIE AR (3.142)

1—loop —
c,d

The additional factors (—1) stem from the potential internal 2-type indices. The Wightmann
propagator, which is relevant in the present case, can then be written as

—iA op = 100 T IAG + AT IAG — iAG TG IAG — iAGPiIT Ay (3.143)

= 2Re{iAJMII A} — iAGHII IAG? — iAGPTTE A, (3.144)

where we used that the first two terms are complex conjugates of each other, due to the
relations of the diagonal propagators and self energies (1Al = (1A22)*).

Because the thermal propagators contain §-distributions in the momentum, most of the terms
above force the Higgs propagator to be on-shell. To identify the term belonging to 2 — 2
scattering, we are only searching for the off-shell part. The only term with an off-shell

contribution is

IAGHTIEZIAS =i A PiTT5? (3.145)
1

=l ret 4m26(p? — m2)d(p* — m2)F_(Ipol)?| 2. (3.146)
l

We will deal with the pinch singularity appearing in the second term later and will for now
concern ourself only with the first term which we will also call A(l)gf. Using equations 1}
and (3.87)) allows us to write the collision term as

d3p i< (wp, P)
off p pap
= .14
YDM (2ﬁ)3 2w, (3.147)
=2 2 [ dI Ak A2 (K)iA2L (K 3.148
h,sv p(2ﬂ_)42 s ( )Z off( _p) ( . )

= A\%? / AT, AT A2 (wi + po, 7+ K). (3.149)
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Plucking in A(lj%f and using equation (3.104f), we can write
Il (3.150)
(s —m32)?

1 y}%ff d*v
_ a2 / A / 16780 —m)i (0 — o) )

[f+(lvo]) = ©(=v0)][f+(lvo — q0l) = O(vo — q0)](v* — v - g +m3), (3.151)

= \2y? / dI1,dIT

where we wrote ¢ = p + k. Due to the occuring d-distributions, we can already see, as in
equation (3.109), that it must be 0 < vy < qo, which allows us to drop the occuring 6-

functions. If we write the second ingoing momentum as u = ¢ — v = p + k — v, we may

write
s=(p+k)?l=w+u)?=0+u>+20u= Qm?e + 2vu (3.152)
= vu = % — m?: (3.153)
and thus
vQ—vq+mfc = —vu—i—mfc = —%(s—élm?). (3.154)

We may then write the scattering term as

2
I 322 1L Yhss

1
Fe(@n)d((v = a)* = m) fi(Jww — qol) 5 (s — 4m) (3.155)
=A2p2y? / dI1,dI1,dII Ly @2m)4 6@ (u+v—p—k)
hi¥ P Y(s—m2)?2 (2m)
F(@0)d((v = q)* = m}) f+(lww — qo] (5 — 4m7) (3.156)
= / AT, dIT,dIT,dTL, 2| M 2 (27) 6@ (u 4 v — p — k) f1 (wo) f1 (wa)- (3.157)
2
With |[M|? = /\2112@#(3 — 4m?2) the matrix element of the 2 — 2 process and
2 (s— m%)Q f

the factor 2 also appears in the Boltzmann equation, as the process is weighted twice, due
to two external dark matter particles. So, the result corresponds to the 2 — 2 term of the
Boltzmann equation, with some slight deviation: No width occurs in the denominator of | M |2.
The width in the vacuum theory stems from the fully resummed propagator, which considers
all loop-orders. As such, it can be expected that it only occurs after full resummation in the
FTFT approach used here. It should be noted that we only receive the 2 — 2 DM production

process here, due to our assumption that fpys ~ 0 and the resulting kinematic constraints.
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Without this assumption, we would also receive terms from the rotated diagrams (2 — 2 DM

annihilation and scattering).

3.6.3 Cancellation of the pinch singularities and additional finite contributions

As we had seen, in the previeous section, multiple terms appear in the 1-loop propagator,
which contain two d-distributions with the same argument. This leads to so called pinch
singularities, which are unphysical. So, we need to show, that these terms in fact cancel out
among each other. Writing down all remaining 1-loop corrections to the scalar propagators,

we find

[ASHTIE?IAR) o = 47%6(p® — m2)S(p? — m?) f— (|pol) %112 (3.158)
IAGPTTG A = 4m*6(p® — m?)3(p? — m?)[f-(Ipo])] + ©(—po)]ill*! (3.159)
2Re{iAg illg A"} = — Re{pg_mw%d(ﬁ - mQ)}[f—(!po\) +©(—po) Tm {iIT"! }

+8725(p* — m?)8(p* — m?) f—(|po|)[f=(po|) + O(—po)] Re{iII"'}.  (3.160)

To show that the pinch-singularities in the above terms cancel, we can use
Re{iﬂn} = — Im{HH} = —%(H12 + I1?Y). Then the prefactors of the pinch singularities in

[IAYHITE? A% o i AF?TIE i AL? and the second term in 2 Re{iAJNII{'iA}?} combine to

A7 [£2 (Ipo) )ill™ + [f—(Ipo]) + ©(=po)]*ill*" — f_(Ipo|)[f=(lpol) + ©(—po)] (iII** + ilI*")]
= — 47°0(=po) f-(|po| )ill'? + 47O (—po) [~ (|pol) + O (—po)}ill*". (3.161)

This of course cancels for pg > 0. For pg < 0 we can use the KMS relation for self energies

given in equation ([3.27)), to write

e—po/T

[F=(lpol) + LI = [£-(lpo) + e/ "1 = (g e/ )i (3.162)
1 , .
= o7 = F-(lpoiIr™. (3.163)

So, the pinch singularities also vanish for py < 0. For the cancellation of pinch singularities
and the correspondence with the KMS relation, see also [76]. While [76] argues that the
procedure does not hold for scenarios outside of equilibrium, the cancellation of pinch singu-
larities here happens due to properties of the Higgs self energies. Since the Higgs is assumed

to be in thermal equilibrium with the SM, our procedure described above remains consistent.

There is only the first term of 2 Re{iAéliH(%liA(l)Q} left to evaluate. One might be afraid, that

this term also exhibits a pinch singularity. However, we can show that the singularity lies
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Figure 3.6: 1-loop self energy diagram, with a cut corresponding to the last correction found
on the 1-loop order. As we can see, the diagram corresponds to a mixing of the
tree-level decay term (on the right of the cut) and the 1-loop correction of the
decay term (on the right of the cut).

completely in the imaginary part and only a finite part remains. To do so, use the identity

18]

——d(a) = —30 (@) — im(6(x)? (3.164)

which can be derived from a Gaussian representation of the delta distribution. As we can
see, the pinch singularity created by the 62 term lies only in the imaginary part, which we
are not interested in here. To understand the derivative of the delta distribution occuring in

the real part, we can use partial integration:

/ § (@) fa)da = [5(2) (@))% - / dad(z)f () (3.165)

The remaining contribution to the propagator can then be written as

0
d(p? —m?)

x [f-(Ipo]) + ©(—po)] Re{I1"!}. (3.166)

2Re{iAG I AP}, . = — 200 (p? — m?)

By comparing this with the diagrammatic approach taken in [12], we can immediately see
that this remaining term belongs to a higher order correction to the decay term corresponding
to the product of the tree-level and the one-loop matrix element, as we can also guess from

the corresponding diagram in figure

3.7 Temperature dependent Higgs potential

As discussed earlier in this thesis, one of the main properties of the freeze-in process, in
contrast to freeze-out, is its reliance on effects at higher temperature. Thus, a detailed de-
scription of such a process should account for as many temperature dependent effects as

possible.
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As already seen in Section [2.3] the coupling between our dark matter singlet and the standard
model depends on the temperature scale, with the hh.S coupling becoming only possible after
the electroweak symmetry breaking. However, the electroweak phase transition (EWPT) is
not an instantaneous transition from the symmetric phase to the current state of the universe,
instead the vacuum expectation value of the Higgs and with it the generated masses should
shift from 0 at the EWPT to its current value continuously.

To consistently describe the coupling between our dark matter candidate S and the standard
model, which depends on v(T), as well as the occurring standard model masses, we need to

describe the temperature dependence of the Higgs VEV and mass.

In [I0] and [49] following the procedure in [21], the same problem is approached by defining
an effective T-dependent Higgs potential. The 1-loop contribution of this Higgs potential are
defined by the zero temperature and temperature dependent interactions with the standard
model. Then, the VEV v(T') and mass my,(T") are derived by calculating the minimum and
second derivative, evaluated at the minimum of the potential.

While this approach certainly yields results, there are some conceptional issues: For once in
[10] and [49] only contributions from ¢, W and Z loops are considered in the 1-loop potential.
However, as stated in [21], this is only a good approximation for small masses of the Higgs

my, < myy, which is of course not compatible with current experimental observations.

One might be tempted to take the potential from [I0] and [49] and add additional terms for
the scalar Higgs as described in [21]. However, this leads to complications. In the most ob-
vious case, the squared mass of the Higgs will take on negative values outside of the physical
minimum, leading to a complex potential. This is also mentioned in [82]. In a more subtle
vein, the effective potential is not actually (and cannot be) gauge invariant. However, phys-
ical quantities derived from it have to be. With the above procedure, this is not generally
the case, as discussed in [82], [83] and [84]. And, while some gauge dependence on the VEV
might be expected, a gauge dependence of the Higgs mass, as seen in [85], is not acceptable,

because it is a direct observable.

As for example mentioned in [82], [83], [84] or [86], the cause of both such problems (complex
potentials and additional gauge dependence) stems from the use of inconsistent perturbation
schemes. Despite all this, a perturbative scheme is necessary. Any non-perturbative scheme
to evaluate temperature dependent potentials would probably rely on lattice calculations, as

suggested in [10]. However, one should make sure that terms are sorted by their importance,
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which is not necessarily given in a naive sorting by loop order.

To do so, we will follow the procedure in [84], [22] or [23], using an expansion in the gauge
couplings e, g, ¢’. We will also assume that the selfcoupling A o €2, leading to a second order
phase transition. Additionally, we should keep in mind that at large temperatures it might
be T ~ 1/g or greater. Consequently, to get a consistent perturbation, we should let factors
of temperature and gauge couplings cancel for the evaluation of perturbation order. It is
thus consistent to only consider the tree-level zero-temperature contribution as well as the
1-loop thermal field theory part. It has also been argued in 23], that the zero temperature
1-loop part, which is also called the Colemann-Weinerg potential, should be considered as a
g* contribution and will be ignored here. Additionally we can safely ignore all contributions

which might be generated by our dark matter particle S due to its feeble coupling.

The tree-level standard model Higgs potential is of course given as

‘%@)z—ém%2+§& (3.167)

mé = 3 v* —m?. (3.168)

To receive analytic results for the temperature dependent VEV and Higgs mass, one might
be inclined to use a high temperature expansion. For more details on this approach see
appendix However, it turns out that the resulting values for mass and VEV are not
reasonable in the temperature regime we are interested in. This might be expected, as the
EWSB only happens on a similar scale to the zero temperature Higgs mass and a relevant

portion of the DM production happens at even lower temperatures.

So, we will use the full thermal 1-loop potential. We will here only calculate the effect on the
Higgs potential which is created through the self interactions of the Higgs. The calculations
for further particles are analogous and can be found in [21]. The self interaction of the Higgs

adds some additional subtlelty, which we need to address here.

We use, as in [21] that the derivative of the 1-loop Higgs potential may be described by a
tadpole diagram. For the self-interactions of the Higgs, this allows us to write in the CTP



3 Dark Matter freeze-in in non-equilibrium field theory 61

formalism
dVin =
— o _____ e \
do AN

4 i
=30 [ o+ 2 eGP (3169)

where we have used the (11) thermal propagator in the loop, as physical particles should be
attached to 1-type loops. Here, the first term corresponds to the vacuum 1-loop contribution

and will be ignored in the following. Then it is

— 3 / i o3 = ma(o)?) (3.170)

— 326 / (‘;;;3%3(%)@(@2 +mn(6)?) (3.171)
2

~ 3o | dmﬂ () O + o (6)2). (3.172)

Here, the Heaviside-function comes from the fact, that m%(qf)) might be negative, but it
must be pg € R. Additionally, we gain a factor 2 from equal positive and negative energy

contributions.

2

If we use the tree-level result of the mass m}% = 3)\¢? — m?, we may write

avil, avf 1 |ﬁ12 ) 2
ot = e g = a2 | AP PO Em)) @1y
Integration by parts yields
A () U + () (3.174)
Zlog(l - efﬁwp)@(w +mp(¢%)) — /dmhﬁlog<1 —e 5%) (A2 +m2)  (3.175)
— Zlog(l - e_B“P)®(|m2 + mp(6?)) — ;log(l —éY). (3.176)

Here the second term is divergent, but independent of ¢, so it can be safely ignored. The
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resulting 1-loop correction to the effective potential is then

T —Bw
V=5 [ il log(1 - e ) (152 + ma(9)*) (3.177)
T4 > — x m
=05 | daa? 10g<1 eV i/T2>@(gc‘2 +m2(¢)T2). (3.178)
™ Jo

The corrections from top, W- and Z-boson are taken from [21], so that the total 1-loop

thermal potential can be written as

T4

AVID = o | X midn(mi(9)/T?) +nJi(mi(9)/T?) + LIp(mi(#)/T%) |, (3.179)
i=W,Z
with ny = —12, nyy = 6 and ny = 3, as well as
Jp(m?/T?) = / dz 2? log(l —e Vv I2+m2/T2> (3.180)
0
Jr(m?/T?) = / dx z? log(l +e Vv x2+m2/T2> (3.181)
0

and Jp includes the extra © in the integral as above. The effect of all lighter particles is

negligible and will be ignored.

Having found a temperature dependent expression for the Higgs potential, we can now de-
scribe the temperature dependend VEV v(7") by numerical minimisation of the effecitve
potential Vog(T) = Vo + AV{L. However, there remains the question of how to consistently
derive the mass of the Higgs and how to treat my appearing in the temperature dependent

2 can only hold close

potential. The tree-level expression for the Higgs mass m% =3\p2 —m
to the zero temperature VEV of v = 246,22 GeV and will even yield negative m} values for
small values of the field ¢. This is clearly unphysical. Instead, one could derive the mass
as a second derivative of the potential. However, as mentioned before, there might be a
propblem with gauge dependence associated with such a procedure. Additionally, using the
tree-level mass as input for the potential creates another problem. The potential will exhibit
a kink at ¢ = %, where m,% changes sign. If this kink is close to the minimum (which
happens around 7" = 135,4 GeV in the present case) it will have a large and clearly unphys-

ical influence on the second derivative of the potential and thus the derived mass of the Higgs.

As we can see above, it is clearly not a good idea, to insert the tree-level mass in the Higgs-
potential and then derive a Higgs mass through a second derivative. Instead, we will take an

iterative approach. First, we will take into account only the ¢, W and Z contributions to the
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Figure 3.7: Numerical calculated VEV (left) and mass (right) of the Higgs as a function of
temperature. In red is the calculation taking under account ¢,V and W loops. In
blue additionally the Higgs loop is taken into account.

Higgs potential. These do not depend on myj,. By numerical evaluation of the minimum and
second derivative, we can then derive v and m% at different temperatures, yielding a corre-
spondence between m% and v/¢, which we can plug into the full Higgs potential as m?(¢).

The results for VEV and Higgs mass are shwon in figure

It should be noted, that small numerical errors in m?(¢) can have a large impact on

m% = d;};gff |¢=v, as these errors are exacerbated both by the exponential and the second

derivative. To combat this, m% and v are evaluated at 300 different points and the dataset

is smoothed in a smoothing spline with smoothing parameter Agmooth = 1000.

As also noted in [22], it would be more consistent to iterate the process given above multi-
ple times, each time receiving new expressions for VEV and mass until the mass converges.
However, due to the strong amplification of numerical errors in each step, this would be a

challenging endeavour, which will not be pursued here.

The reader should note that a possible gauge-invariant derivation of the effective potential
has recently been suggested in [87]. However, at this point, no such calculations exist for the
standard model or similar scenarios. While such a calculation for the standard model would

be an interesting future project, this is beyond the scope of this thesis.

The temperature dependence of the Higgs VEV also impacts all other occuring masses. As we

have already seen in section the mass of the dark matter candidate depends on the VEV
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as mg(T) = \/,u% + 3Ansv2(T). On the other hand, the masses of standard model particles

T
generally depend linearly on the VEV, allowing us to write mgy (7)) = mSM(O)U((O)) . This
v

allows us to scale both the masses of the dark matter, as well as the standard model particle

with the Higgs VEV.
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4 Numerical results

In the previous chapters, we discussed multiple analytical calculations. Many of these cal-
culations have also been implemented numerically. For the details of the implementations,

refer to appendix [A]

4.1 Comparing the impact of different particle species

Since we only discussed the self energies from fermion loops in section [3.5] it makes sense to
compare the numerical results from the CTP formalism only with the 2 — 2 fermion anni-
hilation channel (and the decay process). For an accurate comparision, we will also reduce
the decay width I'" showing up in the Breit-Wigner propagator to the decay width to the
considered fermions. However, as we had seen in section multiple other channels also

contribute to the DM production.

In figure we can see the resulting relic densities, both under considerations of all the
channels described in section as well as from only the heavy fermions. For simplicity’s
sake and since this is only a qualitative question, the calculations were performed in the
most simple case. This means, we only considered Boltzmann statistics and no effects from
the temperature dependent Higgs potential. However, even here, we can see, that the DM
production is heavily dominated by the annihilation of fermions and the direct decay of the
Higgs in the considered regime. The inclusion of all channels changes the resulting relic
densities by about 3%, when decay is allowed. We will use this as a justification, to only
consider the fermion annihilation in the following. One should keep in mind that this is not a
good approximation when resonant processes are disallowed due to high dark matter masses.

There, the production is dominated by vector boson annihilation.

4.2 CTP calculations and different RIS schemes

A comparision between the relic densities generated under different RIS schemes and in the
CTP formalism can be seen in figure We here ignore the effects from the temperature
dependent Higgs potential and instead use an instantaneous EWSB. In figure only the
bb annihilation channel, which is the most dominant channel in this regime, is considered.

Of course, this also includes the production from Higgs decay in the Boltzmann equation
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Figure 4.1: Freeze-in relic densities for different dark matter masses and coupling A = 10~
from the semi-classical Boltzmann equation, taking into account decay processes,
as well as different tree-level 2 — 2 processes. In one case, we consider only the
annihilation of fermions, while in the other case all SM fermion annihilations are
considered. Here we assumed Boltzmann statistics and a constant Higgs potential.

calulations. In figure instead the annihilation of the four heaviest fermions ¢, b, c, 7 are

considered.

In all of the considered schemes, we can observe a qualitatively similar behaviour. The relic
density shows a peak for masses of about 44 GeV. We can also see that the relic density
drastically decreases for dark matter masses above mg = 62,5 GeV = my, /2, as Higgs decays
into dark matter and resonant enhancement of processes are forbidden for larger masses.
The relic densities for higher masses are supressed by an order 10~° — 10~% compared to the
regime where decay is possible. The overall shape of the relic density - dark matter mass
curves can be explained by looking at the shape of the relevant decay rates in equation
and crossections in equation (2.112)). Both depend on the mass of the DM as /s — 4m%,

with s < 4m%. This leads to a larger particle density produced for smaller DM masses. At

the same time the relic density depends linearly on the particle mass as seen in equation (2.34)).

As expected, neglecting any RIS scheme leads to a significantly (more than 60%) higher relic
density than in the CTP formalism, while the real-part scheme still yields more than 30%
larger values. However, we can see that relic densities from the PVS and SRS schemes are
almost identical and only slightly (< 2% ) larger than the results from the CTP formalism. It
is expected that PVS and SRS scheme are close, as they actually converge to the same result
in the narrow width approximation as mentioned in section and [11]. The smaller relic
densities appearing in the CTP formalism might be due to higher order loop-corrections such

as the one appearing in section [3.6.3] and are not necessrily an effect caused by the choice of
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(a) Production from bb- annihilation. (b) Production including all heavy fermions.
Figure 4.2: Freeze-in relic densities for different dark matter masses and coupling A =
10~ from the semi-classical Boltzmann equation under different RIS subtrac-
tion schemes and from the KB eq. of the CTP formalism. Here, the calculations
are performed for a constant Higgs potential, but full statistics are taken into
account. In (a) the only 2 — 2 channel considered is the bb- annihilation. In (b)
the three heavy quarks and the 7-lepton are considered. One should note that

the relic-densities generated by the SRS scheme are not visible here, as they are
(almost) identical to the ones generated by the PVS scheme.

subtraction schemes.
We can also see in figure that the HTL approximation of the hermitian self energy has
basically no impact on the resulting relic densities. So, we will only perform the calculations

with the HTL approximated hermitian self energy in the further calculations.

When we consider the annihilation of all heavy fermions (¢,b,c,7) as in figure we can
see that the relic densities calculated from the Boltzmann equation barely differ from those
calculated including only the bb annihilation channel. This makes sense, as the dark matter
production is heavily dominated by decays and bb annihilation in this regime. We had already
seen in figure that the inclusion of additional channels barely impacts the relic density

results. The same holds for the relic densities calculated in the CTP formalism.

4.3 Impact of the temperature dependent Higgs potential

We also performed calculations taking into account the temperature dependence of the Higgs
potential as described in section The resulting relic densities and a comparision to the
relic densities in figure [4.2| can be seen in figure Across all schemes, the inclusion of the

temperature dependent Higgs potential leads to lower relic densities. This is expected, since
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Figure 4.3: As in Figure but considering the thermal evolution of the Higgs potential
and related quantities. The relic densities derived without taking into account
the temperature evolution of the Higgs potential are presented in lighter tones of
the colors. As above, we cannot distinguish the results from the SRS and PVS
scheme, as they are very close.

the coupling between dark matter and the standard model is proportional to the Higgs VEV
which will be small at high temperatures in a temperature dependent setup.

The temperature dependent potential has the greatest impact for large dark matter masses.
This is expected, since the most relevant temperature for the production is proportional to
the DM mass. We find a very similar effect on the relic density independent of the calculation
scheme utilised. We find a suppression of the DM relic density by about 4% at a DM mass
of 40 GeV, 8% at 50 GeV and 25% at 60 GeV.

In total, we can see that the PVS and SRS schemes yield results which are fairly close to
those calculated from the CTP formalism. This is consistent with the statement, that there
is no RIS problem using fully resummed propagtors from the CTP formalism and shows, that
the SRS and PVs schemes are both consistent schemes of treating the RIS problem. We also
found, that the proper treatment of the temperature dependent Higgs potential has a more
significant impact on the relic density calculations than the choice of RIS subtraction scheme.

As long as the scheme is chosen from SRS, PVS or calculations in the CTP formalism.
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5 Conclusion

In this thesis, we investigated the freeze-in production of dark matter. For the ease of cal-
culation, we considered the scalar singlet model of dark matter. This is a very simple model
which still shows some interesting phenomena. As we had seen in the first part of the thesis,
the standard procedure is based on the semi-classical Boltzmann equation. This equation
does not naturally account for temperature dependent effects and exhibits a double-counting
problem when real intermediate particle states are involved in the production. In order to
properly deal with these problems, we used thermal field theory, more specifically the closed
time path formalism. We saw that the Kadanoff-Baym equations yield a replacement for
the Boltzmann equation, which naturally accounts for RIS and deals with some temperature
dependent effects. The resulting kinetic equations relied on the DM self energy, which was

subsequently calculated.

To account for the thermal evolution of Higgs VEV and mass, we also investigated the temper-
ature dependence of the effective Higgs potential. We were able to evaluate the temperature
dependent Higgs potential to one loop order, by evaluating tadpole diagramms in the CTP

formalism.

We found out that the SRS and PVS schemes both present good RIS subtraction schemes
and the calculated relic densities in these schemes differed by only about 2% from the results
in the CTP formalism. The impact from a proper treatment of the temperature dependent
Higgs potential turns out to be more significant in some scenarios, depending on the dark
matter mass and the relevant temperature scales. At high masses we found an impact of 25%

from the proper treatment of the temperature dependent potential.

6 Outlook

The calculations in the scalar singlet model where especially easy, since only the Higgs portal
is available for the production of dark matter. This in particular means that there is no
mixing of different channels. In a scenario where multiple mixing channels exist (e.g., in a

model with a scalar mediator m mixing with the Higgs h), the RIS schemes break down,
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since they are defined on the squared propagator.

It is interesting to note that a consistent description is in principle possible in the CTP for-
malism. This would require the introduction of additional effective propagators, connecting
different particle species (e.g., h and mediator m). The Dyson-Schwinger equation
uniquely determines the construction, but the equations for resummed propagators are diffi-
cult to solve in practice. A similar approach was taken in [88], to account for fermion flavour
changing processes in the Matsubara formalism. However, only 1-loop propagators in the
Matsubara formalism are considered there. It would be interesting to find expressions for
resummed species changing propagators in the CTP formalism to extend the method de-
scribed in this thesis to such models where a mixing of mediators appears. This is especially

interesting, as traditional RIS schemes are not applicable in these cases.

In our discussion regarding the temperature dependent Higgs potential, we already mentioned
a couple of potential problems with the procedure. As mentioned there, it would be much
more consistent to use an iterative approch that improves the precision of the mass calcula-
tions in each step. We chose not to use this approach here due to numerical instability, but
this could be further investigated in the future.

Additionally, some of the concerns in the description of thermal effective potentials are due to
potentially gauge dependent results. Recently, there has been a proposal for the construction
of gauge independent effective potentials in [87]. Extending their proposal to realistic mod-
els, such as the standard model and adjacent theories could alleviate some of the concerns of

gauge dependence.

In a medium or at high temperatures the dynamics of fermion loops, as in the dark matter self
energy in this thesis, can be influenced by additional gauge boson scatterings. Including full
ladder diagramms and their different interference terms can lead to leading order correction
to the scattering rates and the resuting dark matter densities. This is the so-called Landau-
Pomeranchuk-Migdal (LPM) effect.

The predictions of this thesis could be improved by the inclusion of the LPM effect. A
consistent implementation of the LPM effect into calculations from thermal field theory was
very recently presented in [89]. There, an impact on the relic density of up to 27% was
reported. While [89] used a different dark matter model for their calculations, a significant

impact is also expected in the scalar singlet model.
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A Notes about the numerical implementation

A.1 Solving the semi-classical Boltzmann equation in Python

The numerical solution of the semi-classical Boltzmann equation of chapter [2| was performed
in Python. To do so, the evolution equations were cast into the form of equation and
solved by applying the scipy.integrate.solve_ivp function using an implicit method based on
the backward differentiation formula (BDF). The solution of the DM density evolution was
performed assuming an initially vanishing density npas = Ypar = 0 at EWSB, which was set
to 150,2 GeV based on the evolution of the Higgs potential described in section [3.7] The evo-
lution was performed down to temperatures of 5 GeV, before the relic density was calculated
indicated as in equation .

The occuring integrals on the RHS of the differential equation were also solved using scipy.in-
tegrate by applying the quad function. Since the K (x) Besselfunctions appearing in the equa-
tions under the assumption of Boltzmann statistics show numerically complicated behaviour
for small values of =, we choose an approximation, as in [62]. The modified Besselfunction of

the second kind and first degree K (z) as in equation (2.46)can be written for z < 2 as:

K (z) = (log(x/2)I1(x)) + (1/2)(1 + y(0.15443144 + y(—0.67278579 + y(—0.18156897
+1(—0.1919402¢ — 1 4 y(—0.110404e — 2 + y(—0.4686¢ — 4))))))) (A.1)

Here, I1(z) is the modified Besselfunction of order 1 and y = 2%/4.

Additionally, there are multiple QCD values, such as the Quark masses or the strong coupling
constant «, appearing in the calculations. These QCD values depend quite strongly on the
energy scale. We take this dependence into account to 4-loop order as in [90]. The masses
and couplings are then evaluated at the scale of the dark matter mass ms where the most

relevant processes are expected to take place.

To keep the results calculated from the semi-classical Boltzmann equation comparable to the
ones received from the CTP formalism, the widths of the Higgs showing up in the calculations
(e.g., in equation ), are taken to be just the decay widths into the annihilating particle
species. This is done, since in the CTP formalism both annihilations as well as widths are

determined by the loop particles.
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A.2 FTFT calculations in C

For reasons of performance, the numerical evaluation of the equations from thermal field
theory is done in C, using also the university’s high performance cluster PALMA II. Most
occuring integrals were performed using the GSL [91] Integration routines gag or cquad, being
adaptive and doubly-adaptive integration routines based on the quadrature rule. An excep-
tion is the 2-dimensional integral showing up in equation , which is calculated using
the Cuhre method of the Cuba [92] library.

To use the computational resources of the PALMA II cluster effectively, we calculated a
100 x 100 point grid in momentum and temperature of the DM self energy occuring in
equation . This grid is interpolated over using the GSL interp2d function perform-
ing a bicubic interpolation. This allows to perform the remaining momentum integral and
solve the differential equation in equation using the GSL odeiv2 class with an explicit

Adams-Bashforth and implicit Adams-Moulton predictor-corrector method.

The scale dependence of QCD values is taken into account precisely as in the semi-classical

case above.

A.3 Calculation of the Higgs VEV and mass in Python

We also calculated and tabulated the temperature dependent Higgs VEV and mass, to use
in the other numerical implementations. The calculatins were performed in Python, as per-
formance was not critical.

The potential was written as described in section and the occuring integrals were solved
using the scipy.integrate.quad function as in the calculation in the Boltzmann equation for-
malism. The potential was minimized using the scipy.optimize.minimize function employing
a Broyden—Fletcher—Goldfarb—Shanno algorithm. To find the mass of the Higgs, the second
derivative of the potential was calculated at its minimum using the scipy. differentiate. hessian

function which is based on the finite difference formula of order 8.

As mentioned in section we first evaluated the Higgs properties whithout taking into
account the self interaction of the Higgs. The result was used as an ansatz of the field
dependent mass of the Higgs. To eliminate numerical discontinuities the discreet values
of mass and VEV were related using the scipy.interpolate.make__smoothing spline function
which provides a linear regression with an additional weight based on the second derivative

of the spline funtion. The resulting mass function my(¢) was plucked into the full version of
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the Higgs potential.

B Higgs potential in high temperature

approximation

We will here use a simple way to construct the effective potential, which relies on a high
temperature approximation, which allows us to receive analytic solutions. The procedure is
based on [84], but turns out to be not well suited for our purpose.

If we only consider effects from the top quark, vector bosons and the Higgs as in section

the 1-loop thermal correction of the Higgs potential is in high temperature expansion:

2

)= 3—2(8/\ + 4y? + 39 + ¢"*)¢? (B.1)

Vi(o

And we can write the complete leading order potential as:

2

1 T 1
Vio = 5(=m? + T (8 + 457 + 3¢ + g%))¢" + A" (B-2)

We can directly calculate the minimum of this potential and receive the VEV as

2

— 1—6(8)\ + 492 + 39° + 7)) (B.3)

1
2 2
As this is the leading order result, one might consider to use the tree-level expression for the

mass of the Higgs. Then it is m% = 3\w? — m?2, which here turns into:

37?
mi = 2m? — o B+ 4y 4392 + g% (B.4)

As we can see in figure there are significant differences between the high temperature
and the full result. The results differ both for the vev and for the mass of the Higgs. We
can see that the numerical evaluation of the Higgs mass (taking a second derivative of the
potential) is closer than the analytical to the results from the full calculation. This is because
the self energy effects (such as II" in earlier parts of the thesis) which would further modify
the mass, are ignored in the analytical mass calculation. The differences to the full results
occur on all temperature scales, which are relevant for the analysis in this thesis, making the

high temperature approximation ill suited for the calculations here.
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Figure B.1: As in figure but added are the analytical results from the high temperature
approximation (in green) and the numerical differentiation of the high tempera-
ture potential (in purple). We can see, that there is a significant difference be-
tween the high T approximation and the full calculation employed in section
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