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1 Introduction

1 Introduction

The main topic of this thesis is the study of theD°-meson production in proton-
proton collisions. TheD°-meson (compositiorcu) is extensively studied at the Large
Hadron Collider (LHC) at high energies.

An important observable is the cross section, which indicates the production proba-
bility of a certain particle. As a theoretical framework, we use Quantum Chromody-
namics (QCD) to describe the dynamics of the partons, i.e., the quarks and gluons
that constitute the proton. Within the Standard Model, QCD emerges as the gauge
theory of the strong interaction, based on the non-abelian SU(3) color symmetry
[1]. Due to con nement, these particles cannot exist in isolation. Only color-neutral
particles such as hadrons can appear freely.

In this thesis, we focus on gluons because they represent the dominant partonic
channel at small momentum fractions; of the proton. At parton level, the process
includes the s-, t- and u-channel diagrams, producinga pair. These charm quarks
can hadronize with (anti)-up quarks into aD°-meson, which is called fragmentation.

The primary goal of this work is to compute the hadronic cross section f@°-meson
production at leading order (LO) and to compare the resulting prediction with mea-
surements from the LHCb experiment [2]. We also aim to familiarize ourselves with
typical methods used in theoretical particle physics and provide a foundation for
higher-order calculations in the future. Due to the time constraints of this bache-
lor's thesis, we restrict ourselves to the LO.

The theoretical background is introduced, covering the basics of QCD and the con-
cepts necessary for understanding the following thesis. Furthermore, the Feynman
rules are presented, since we require them to derive the matrix element from the
Feynman diagrams. We take a further look into the kinematics of the hadrons
and partons, to introduce relevant quantities like the rapidityy and the transverse
momentum pr.

Parton distribution functions (PDFs) f;(x; Q%) encode the probability density to
nd a parton i in the proton carrying the momentum fraction x of the proton.
Complementarily, fragmentation functions (FFs)D ! (z; Q?) describe the probability
for parton i to hadronize into the hadronH carrying a fraction z of the parton's
momentum.

Numerically, the hadronic cross section is implemented using a robust event gener-
ation in Python, via Monte Carlo integration over the four dimensional phase space
(the momentum fractionsx; and x,, the scattering anglecos and the fragmentation
variable z).

We apply kinematic cuts consistent with the experimental acceptance and perform
an event unweighting procedure to produce LHE-format events for direct compari-
son. The work concludes with a comparison to LHCb data. Therefore, we discuss
the theoretical uncertainties and possible extensions of our work.



2 Theoretical Background

2 Theoretical Background

QCD is based on the SU§) gauge symmetry, where the number three corresponds
to the three color charges of quarks: red, green, and blue. Gluons are the mediators
of the strong force [3]. They carry a combination of color and anti-color. This
allows them not only to interact with quarks but also with each other. The strong
force is extremely powerful at short distances, signi cantly stronger than the weak
interaction. Its range is limited to roughly the size of a nucleon, which is about
10 ®'m.

A convention in quantum eld theory to simplify the notations is natural units.

~=c=1

In this system, physical constants are therefore set to a numerical value of one.

2.1 Cross Section

The cross section is one of the most important quantities in scattering processes.

It quanti es the likelihood of scattering events in particle collisions and is expressed

as an e ective area. In the following, we consider the process in which two hadrons
h, in this case protons, collide:

h(Pa)+ h(Pg) ! H(pu)+ X;

where P, and Pg denote the incoming momenta of the hadrons [4]. At the par-
ton level, a charm-anticharm pair is produced by the gluon-gluon initiated process.
The fragmentation of the nal state quarks results in the observed hadron with
momentum py .
Hence, the hadronic cross section constitutes the primary objective of this thesis
and is generally a key quantity in theoretical particle physics:
Z, Z, Z, H
= X dx; dx, dei(Xl;Qz)fj (X2; Q%) Dic(2)

izjok;l 0 i Zmin z

d/\i;j 1kl . (21)

Thus, the di erential partonic cross section can be computed using the phase space

elementdPS, 1

1+

1 - & =
dNijr ok = EJMi;j! k;IJZdPSn: (2.2)

All of these quantities will be de ned and calculated in the following. To provide
context for the cross section given here, the PDA5(x; Q?) are explained in more

detail in section 2.2. We will calculate the matrix elemenfM;; k;|j2 in chapter 3
using the Feynman rules listed in section 2.4.

2.2 Structure of the Proton

The so-called partons are the elementary particles inside the proton and refer to
the quarks and gluons. In the case of the proton, there are two up quarks and one

3



2 Theoretical Background

down quark called valence quarks. There are numerous quark-antiquark pairs that
are produced and subsequently annihilated. These virtual particles interact under
the in uence of the strong interaction [5]. They are referred to as sea quarks and
also include fewer but heavier quarks, such as strange (s), charm (c), bottom (b)
and top (t) quarks, along with their corresponding antiquarks. Sea quarks can be
measured in deep inelastic scattering, as all quarks possess an electric charge.
The gluons are essential because they carry nearly half of the proton's momentum.
In a highly boosted reference frame, the transverse momenta and constituent masses
become irrelevant. The PDF shows the probability of a parton carrying the momen-
tum fraction x of the proton [6]. Summing over all parton species with all possible
momentum fractions yields

z 1
. dxxfi(x)=1": (2.3)
|
The PDFs in gure 1 visualize the probability of the partons having a certain amount
of energy in the proton. We listed only the non-heavy particles because the heavier
ones are even rarer in protons. Firstly, the most important region for this process
is for smaller momentum fractionsx ~ 0:1. It is clear that the gluons are the most
probable particles in that region. Consequently, the hadronic cross section is very
small for other particle's PDFs in comparison to gluons. This results from the fact
that the cross section depends on the product of the two PDFs that can be seen in
equation (2.1).

(a) PDF for the energy scaleQ =3GeV. (b) PDF for the energy scaleQ = 100 GeV.

Figure 1: Parton distribution functions x f;(x; Q?) of the light quarks, charm quark
and gluons at two di erent energy scale€). The curves shown correspond to gluons
(9), up and anti-up (u, u), down and anti-down (d, d), as well as strange §) and
charm (c) quarks.

2.3 Gauge Theory

QCD is a non-Abelian gauge theory based on the symmetry group S)( In con-
trast, QED is based on the U(1) group which has a photon as the mediating particle
instead of the eight color-carrying gluons. The group SB) consists of unitary
N N matrices with a determinant ofdet(U) = 1 [6]. These matrices are lled
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with complex numbers. SUN) is a Lie group that is generated by Hermitian and
traceless matricesl'2. The generators obey the relation

[T2 T = if 2°7°¢; (2.4)

where f ¢ are the structure constants of the group. The generator§ appear in
quark-gluon couplings, while the structure constant$ 2°° are involved in gluon self-
interactions. That is because QCD is a non-Abelian theory, which allows gluons to
carry color charge and interact with each other.

The normalization is presented through the following equation:

Tr T°T° = Tp ® Te = 3: (2.5)

The structure constantsf 2°° de ne the commutation relations between the genera-
tors of the group [7] and are listed here:

N2 1
TaT?2 = C|: 1, C|: = N ;
fabcf abd — CA cd; CA =N : (2.6)
Tif‘Tﬁ = % il jk Ni i Kl

In the case of SUB) we yield the following Casimir operators:

Ce = %, Ch=3: (27)

2.3.1 Lagrangian Formalism

The Lagrangian in classical mechanics is de ned as the di erence between the par-
ticles kinetic and potential energy [8]:

L=T V: (2.8)

The Euler-Lagrange equation connects the generalized coordinatpsvith the time
derivatives and yields the equation of motion:
|
@L d @L
— — — =0: 2.9
@1 & @ (29)
In eld theory the coordinates g are replaced by elds (x). The Lagrangian density

L represents the dynamics of the continuous system:
z

S= d*L: (2.10)

For each eld, the equation of motion yields the following eld equations
!

@ @

— ——— =0: 2.11

e ¢ @e) &40
The free Lagrangian is invariant under global transformations and is described by
the spinor elds (x)

Lo= ()@ @ m) (x): (2.12)

5



2 Theoretical Background

It gives rise to the propagator, by describing the propagation of elds [3]. The free
Lagrangian is invariant under the global phase transformation

I gala: (2.13)

If the symmetry is allowed to vary in space-time, we refer to this as a local symmetry.
The derivative acts on the phase factor as well. Consequently, the Lagrangian is no
longer invariant, and the covariant derivative is introduced as

@! D =@ igAT? (2.14)

where the gluon eldsA? rBediate the strong interaction, and the strong coupling
constant is dened asgs = 4 . The eld of the quark

o«f (X) withcolor ¢c=1;2,3 and avor f 2 u;d;s;c;b;t (2.15)

has three color components. The full QCD Lagrangian is shown here
1 .
Loco = Z,G G + (i@ m) g T*A?® (2.16)

and contains the gluon eld strength tensorG* and (x) for the eld of the quark.

It describes spini=2 quark elds. Each quark avor comes in three colors, which
are represented by the three components of a color vector in color space [1]. These
quarks interact through eight gluon elds, which are spin-1 particles. The gluons
correspond to the eight generators of the S3) color group. The generators in the
fundamental representation are

TR= 12 (2.17)

where 2 are the Gell-Mann matrices; they span the Lie algebra SB)Y. The quark
elds generate color currents that act as sources for the gluon elds, analogously to
how electric currents generate electromagnetic elds.

In short, the Lagrangian splits into free parts and interaction parts. The interaction
part describes the coupling of elds at the vertices.

2.4 Feynman Rules

From each Lagrangian, we can derive the corresponding Feynman rules. This is
central for calculating the amplitude of the physical process [8]. The following rules

are only outlined and are not derived in this section. The arrows along the lines

indicate the ow of particle charge. Here, in the case of antiparticles, the arrow

on the line and the momentum are in opposite directions. The rules distinguish

between incoming and outgoing fermions and gluons.

Incoming fermion: P u?(p) (2.18)
a——
Outgoing fermion: P, u?(p) (2.19)

—=e—-2a
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Incoming antifermion: P , v3(p) (2.20)
a—<—
Outgoing antifermion: P , v3(p) (2.21)

—»—2a

Regarding the fermions, the spinorsi and v have four components [8]. They ful ll
the spinor completeness relations

P uxp) = prm
(2.22)

Vi@ Vve(p) = B m

S

ab :
Here, we used the abbreviation for the slashed momentum for the four-vecior

B p (2.23)

The gluons are characterized by the polarization vector (p), which includes the
color indexa, the polarization index and the Lorentz index .

Incoming gluon: L (p) (2.24)

;A 9000000
Outgoing gluons have a complex conjugated polarization vector:

Outgoing gluon: LN (p): (2.25)

Q9902990999 ~ ;@
Massless gauge bosons like gluons only have two states of polarization. In contrast,
massive spin-1 particles typically exhibit three polarization states. The sum over
the possible polarization states satisfy the following relation

X
() () = g+7pp+pp g : (2.26)

pp

The approximation on the right-hand side is used to simplify the manual compu-
tation of the matrix element. For the calculation in Mathematica we used the full
completeness relation.

The internal lines in Feynman diagrams are called propagators

Fermion propagator: i, i M (2.27)
] bof m2?

Gluon propagator: i abig—; (2.28)
va e~ b o



2 Theoretical Background

with the Kronecker-delta j to ensure the color conservation.

The quark-gluon vertex represents the coupling of a quark line to a gluon. Here,
the strong coupling constantgs showcases the interaction strength, and the color
generatorT;* encodes the color structure of every participating particle.

[
Strong fermion vertex: ;a igs Ty (2.29)
]
The aforementioned non-Abelian structure of QCD permits gluons to interact with
one another. In this thesis, the three-gluon vertex holds particular signi cance and
is proportional to the structure constantf 2°c,
Strong three-gluon vertex:

N

A

/r

QCD also contains a four-gluon vertex, which is omitted here since it is not relevant
for this work.

b &f®*g (p 9 +g (g+r) +g (r p (230

, C

2.5 Mandelstam Variables

The Mandelstam variables are primarily utilized in scattering processes that involve
two ingoing and two outgoing particles [9, p.98]. The initial momentg, and pg
and nal momenta pc and pp ful ll the following relation

s (pa+pe)’=(pc+ pp)? (2.31)
= PA+Ps+t2Pa Ps
=2pa Ps;

t (Pa Pc)®=(Ps  Pp)? (2.32)
= pit+Pe 2pa Pe
=mZ 2pa Pc;

u (Pa Po)’=(pe Pc)? (2.33)

Pa+ PP 2P Po
m§ 2pa Po:

We used here the relations shown in section A.4 to simplify the squared momenta
to zero or the mass of the charm quark.
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The following relation can be proven by utilizing the conservation of four-momentum,

as demonstrated with the Mandelstam variables

X
s+t+u= m;

=2pa Pet+ M; 2pa Ppc + M; 2pa Po
=2m?; (2.34)

wherem; are the invariant masses of the particles, i.e., the two charm quarks in our
case.

The s-channel describes processes where incoming particles annihilate, resulting in
the creation of an intermediate state. This intermediate state subsequently decays
into the nal particles. The t- and u-channel describe a scattering process where a
virtual particle is exchanged.

2.6 Monte Carlo Integration

The following section and implementation follows [10]. The principle of Monte Carlo
integration relies on the idea that the value of an integral can be expressed as the

average of the integrand (x)
Z

= dxfF(X)=(x2 x1)H (X)i: (2.35)
X1
The average off (x) can be approximated by samplingN random points in this
interval and adding the values. Dividing by the number of pointdN, we get a better
approximation for a large number of points.

X
I (X2 X))  f(x): (2.36)
N i=1
The weight is de ned by W; = (X, X1)f (Xj). The integral is then the average of
the weight:
1 X
I In= = W (2.37)
N i=1
The numerical integration via the Monte Carlo method is advantageous for high-
dimensional integrals. The variance and standard deviation
1 X 1 X
= W2 =W, 2.38
N l 1 N l | ( )
leads to the nal expression for Monte Carlo integration:
S
W
N
After computing the weighted events, random numbers are used to accept or reject
events based on their weight. Relatively measured to the maximum weight, we
transform them into unit-weight events. The unweighting procedure will be closer
looked at in section 5.4.

2 VN:

| Iy (2.39)



3  Amplitude

3 Amplitude

In this thesis, we only investigate the leading order, which implies that the number
of vertices is minimized. This is because the power of the coupling constant deter-
mines the number of vertices [1]. We draw every tree level Feynman diagram that
applies to the aforementioned rules in section 2.4 for the set of external particles.
Momentum conservation must be satis ed at every vertex. To calculate the total
squared amplitudejM j?, the interference terms of the three LO-diagrams must also
be considered:

jMj2 = Mg+ My + Mj?
= jMgj2+ [Mij? + jMj% + 2Re(MM?) + 2Re(MMY) + 2Re(M(M}) : (3.1)

3.1 Feynman Diagrams

Incoming particles have momentump and outgoing particles momentumk. The
propagator possesses momentum. The process discussed in this thesis has three
di erent Feynman diagrams shown in gures 2 and 3 - the s-, t- and u-channel.
Applying the Feynman rules in the correct order ensures the proper matrix multipli-
cation. For that reason each line should be followed backwards through the diagram
[8]. The line factors, vertex factors and propagators are written down from left to
right. Finally, we average over the initial spins, polarizations, and colors, and sum
over all possible nal states.

Figure 2: Feynman diagram forg(p.) g(p2) ! c(ky) c(kz) via s-channel with gluon
propagator ps.

3.2 Matrix Element

In our calculation we make use of the strong coupling constagg, the Dirac matrices

, the structure constantsf 2°¢, and the color generatord 2 of the SU(3) gauge group.
The polarization vectors (p) represent the polarization state of the gluon in the
external parts. The metric tensorg is used to contract Lorentz indices. The
spinorsu(p) and v(p) and their adjoints describe the external states of quarks and
antiquarks.
We calculated the matrix elementgMj? and jM,j2 manually with the simpli cation
of the polarization vectors, which is shown in equation (2.26). They are displayed

10



3  Amplitude

(a) t-channel. (b) u-channel.

Figure 3: Feynman-diagrams forg(p:) g(pz2) ! c(ky) c(kz) via t-/u-channel with
fermion propagatorps

fully here to show our calculations.

The nal calculations to prove our results and calculate the real matrix element
were computed with the FeynCalc package in Wolfram Mathematica [11]. The used
commands stem from the FeynCalc-Manual [12].

3.2.1 S-Channel

For the general calculation of a matrix element we have to multiply the particles
term with the corresponding adjoint result:

Mgj? = MgM{: (3.2)

By applying the Feynman rules mentioned, we can analyze the Feynman diagram
in gure 2. The terms for the incoming and outgoing particle and the propagator
are shown here:

Ms= g '(p0) 2(p)f*™™ g (pr P2) +9 (P2+ps) +0 ( ps Po)

S ul) (o TV 33)

Thei term inthe propagator can be neglected in this case. The squared magnitudes
of the color and momentum parts can be calculated independently. In the following,
the term momentum part refers to everything apart from the color factor, i.e. all
spinor, momentum and polarization structures. We decompose the matrix element
into two factors, with the part M, further divided into three sub-factors:

Ms = Mcolor I\/Ip = Molor Mp;l I\/Ip;2 I\/Ip;3: (3.4)

Firstly, M, is the part of the (anti-)quarks spinor. SecondlyM ., is taken from the
vertex and the gluon propagator. And lastly,M 3 mainly has factors of the gluon

11



3  Amplitude

polarization:

Mp1 =9 u(ky) v(kz) = u(ky) v(kz);

Mp2=9 (P P2) +9 (P2+p3s) +9 ( ps p1) ;
S , (3.5)
Mps = TSE (P1) 2(p2);

— c¢ abc.
IVlcolor - Tij f .

Hence, we construct the corresponding adjoint by applying the Hermitian conjugate
(dagger). The spinorsu and v transform by swapping places under the application
of the Hermitian conjugate. That is due to the insertion of °-matrices and the
relation u = v ° as shown here

Mia= utk) vik) ' = Wik © (ko)
= v/(k») 0 yu(kl): V(ka) Y ( O)YU(kl)

=V(ka)( ° %) %u(k)) (since Y= O % (%= 9

= W(ky) ° u(ky) (because ° %= 1)

= v(ka) u(ky): (3.6)
Furthermore, the indices , , and are replaced by , , and , respectively.

The color generatorT is hermitian and the polarization vectors are being complex
conjugated:

Mp2=9 (Pr P2) +9 (P2+ps) +9 ( P Po) ;
y

gZ
p3 = (p;)z Y (p) 2 (p2) (3.7)

M golor = (Tij!()yf abk = lei(f ak :

In the following, the Latin letters denote Dirac (spinor) indices and do not refer to
color. They display the order of calculation to visualize that a trace over the Dirac
matrices is being performed.

) . X
Mpaj? = MpaM
spins
= Ua(K1) ab Vb(K2) Ve(K2) icd Ua(K1)
spins
= ( K1 m)da :ab (k2 + m)bc :cd (3.8)
=k, ky Tr m2Tr( )

kik:[499 9 g +9gg)] mi4g )
=4[k k2 g kikzo+ kg ko mgg E

We have omitted the traces of odd numbers of gamma matrices in accordance with
the trace relations provided in the appendix A.1.

12
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The second part of the momentum matrix elemenfM,.,j comprises several metric
tensors and will be contracted with the other terms to simplify later.

jMp;ZjZ = r'\]/'p;ZMg;z i
= gh (1 P2) +9 (P2+p3) +9 ( Pz P i (3.9)
g (pr p2) +9 (P2+pPs) +9 ( Pz p1) -

In the third part, the polarization sum is taken into account. For manual calcu-
lations, we approximated it by the product of the two metric tensors as shown in
equation (2.26).

. . 1
jMpaj® = 4 Mp;sMg;s
1, 2
—_ 1 X gg 1 2 gg 1 2
4 L 02 (p1) (pZ)p§ ,(pl) (p2) |
_ o +p1p2+p1p2' +|01pz+p1pz'
= I 3.10
4p3 J p1 P2 9 P1 P2 ( )

With the squared magnitudes determined previously, we can now calculate the
squared magnitude of the momentum componefMj?. The multiplication of the
three squared terms is carried out using Wolfram Mathematica, which yields

stjz = jMp;ljszp;ijjMp;sz

_ gt (M Z(ng o). (3.11)

The color factor can be calculated separately using the following expression, based
on the relation of the generators depicted in equations (2.4) to (2.6):

. . 1 X X
jM | JZ — TCf abc-I-_I_<f abk
color (N 2 1)2 a;b IJ 1) JI

Tr TOTH Ta

1

(N2 1)

1 1 ck k

= N ¢
(N2 1)22
N .
2(NZ2 1)

(3.12)

The multiplication of two eight-by-eight matrices in (3.12) is given by the trace of
the unit matrix. As a nal result, we obtain the squared amplitude of the s-channel:

stj2 = jl\/lpjzjl\/Icolorj2
2N gé
T (N2 1)%?

(m2  f)(m2 0).: (3.13)

Thus, the color contribution is consistently incorporated into the partonic scattering
amplitude.

13
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3.2.2 T-/U-Channel

The matrix elements for the t- and u-channels were calculated using FeynCalc and
are provided here for completeness. Consequently, we present only the term of the
matrix element derived using the Feynman rules

g rm) !

35— — v(k)(igs TP) *(p)  (3.14)
Ps Mg
together with the corresponding squared amplitude, obtained by multiplying with
its adjoint

Me= u(k)(igs Ta) *(p1)

. 2 1 gg 8 6 4 2
JMyj= = Nem: b2 4ms  2mb(f'+ 30) + mlc(sz + 2410 + 542)
m2(f® + 13t%0 + 960? + &%) + fo(3f% + v?) : (3.15)

Analogously to the t-channel, the matrix element for the u-channel is given by

1k #
My = u(k)(igs Ty z(pz) w v(ko)(igs Tg) *(p)  (3.16)

Cc

with the squared amplitude

i i2 = i gg 8 6 4ran2
IMU™= 5 Fm2 0)2 4m8  2mS(0+3f) + mlc(30 + 2410 + 5£9)
m2(0° + 130%€ + 90f% + %) + fu(f® + 307 (3.17)

The similarity of the t- and u-channel is clearly visible in the structure of the Feyn-
man diagrams where only the momenta of the outgoing particles are swapped as
shown in gure 3. Therefore the matrix element and the squared amplitude of both
channels are similar. Only the Mandelstam variable§ and 0 are interchanged in
the nal expression of the squared amplitude.

3.2.3 S-T/T-U-Channel

The cross termgM gj2 and jM . j? represent the interference between di erent chan-
nels. They are computed using the adjoint amplitudes of another channel:
jMgj? = MMY
o N  2m8 2mi(f+20)+ m2(f2+4fa+ u?) 220
S2(N2 1) (m2  f)s?
M M/

(3.18)

M j?

_ 1 (m? o) 4m3(f+ ) +8ms+(f 0)2)
“%oNNZ 1) (mz o)(mz f)&

(3.19)

Similarly to the t- and u-channel, these cross terms were also calculated using Feyn-
Calc and are therefore only listed here.

14
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3.2.4 S-U-Channel

At last, the cross term of the s-u channel will be derived in a similar way to that of the
s-channel, as we have manually calculated the matrix element with the simpli cation
of the polarization vectors. In the following calculation, we will present the complete
derivation.

Mguj? = MM (3.20)

The adjoint result of the u-channel is derived in the following way, analogously to
the s-channel

0 # K" #hy
MY = @ u(k))(igs TP) ? Bt Me) T o)ige TE) f(p) A (321
0 u(k)(igs  Ty) 2(p2) Sa— v(k2)(igs  Tyg) *(p1) (3.21)
C
i(p,+ mc)

=vk) (igs T () o ulk)(igs T 7 (R): (322)
3 [«
Hence, as before, the di erent terms are separated into three momentum-dependent
contributions. The rst term includes the spinors of the (anti-)quarks from both
channels

: : X
Msyaf? = Ua(K1) apVb(K2)  Ve(k2) ca B+ Me | gel(Ka)e

spins

= (Ry+ M)ea (R Mc)oe ca(By + Me)d ge: (3.23)

The indices with Latin letters are inserted to visualize that the multiplication is
equivalent to the trace.

Mayaf? =Tr (Ry+ me) (R, m) (p3 + mg)
h [ h i h i
=Trk, kK, B m2Tr k, +m2Tr K, (3.24)
h i
m2 Tr B,

Due to linearity, we factored out the sums of the di erent terms in order to apply the
trace relations again. That allows us to omit the traces containing an odd number
of -matrices.

The second term is made up of the term for the three gluon vertex and the propagator
of the s-channel. Therefore, this term is similar to the s-channel

Msu2i?= g (1 P2) +9 (P2+pP3s) +9 (( Pz P)) QO : (3.25)

And the third term comprises the polarization vectors of the incoming gluons. For
the initial gluons, we average over the possible polarization states:

1 X 0e

jl\/Isu;Sj2 = T e
4 . (u mds

"(p1) (P2) * (P ? (P2)

1 d 2P P2 + pLP2)  2mm tpp) |

4(u m3)s s g s g
(3.26)
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3  Amplitude

The prefactor averages over all possible incoming colors of the gluons. Relations
regarding gauge theory and color matrices are taken from [7] and are already listed
in section 2.3:

1 .
Meuci? = s if aeTe TPTR
’ (N 2 1)2 a;b;i;j |—{Z—J} .
T2 TY);
X
- (N21 e T TTOTOTY
ab
-t Tr[(T3TPTPT3]  Tr[(TPTATPT?
(N2 1)% | {z ; | {z 9
Ce Ce TI’[ ij] Ce=2
N
- m. (3.27)

The total matrix element for the s-u-channel, considering every term that is listed
above, is calculated in FeynCalc to
stuj2 = j'\/lsu;ljzjlvlsu;2j2jMsu;SijMsu;cj2
, N 2mg 2m¢ 2f+4 +mZ fP+afo+n® 20
%oN7 1) (m2 )&

(3.28)

3.2.5 Final Matrix Element

We compared the nal matrix element of gluon fusion with previously published
results, such as those in [13]. Considering all terms using equation (3.1), the matrix
element yields:

jMj2 = % 21 5 (3.29)
2N N2 1 m2 f m2 0 &

6mg m? 3%+ 1400+ 30% + mi(t+u) t2+6f0+07  tu t2+ U?
2mi(N2  2) 2mZ(N? 2)(t+ u)+(N? 1)(t*+u®) 2t :

The scattering amplitude jM j? will be used to calculate the partonic cross section
for each event.
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4 Kinematics

4 Kinematics

The next step is to inspect the kinematics of a proton-proton collision to determine
the partonic cross section. The nal result is the hadronic cross section which can
be calculated with the parton distribution function, fragmentation function and the
partonic cross section. Partonic quantities are denoted by lowercase letters, while
hadronic quantities are written in uppercase. The partonic Mandelstam variables
carry a hat, whereas the hadronic Mandelstam variables are written in lowercase
without a hat.

In the hadronic center of mass frame, particles with the same energy collide with
equal momentum. The system is therefore symmetric.

pA + P’B = 0, EA = EB . (41)
Following equation (2.31), the hadronic Mandelstam variabls is given here as
S=(Pa+ Pg)*=(Ea+ Eg)® (Pa+ Pg)*=4E}: (4.2)

p_
Equation (4.1) shows that both protons have the sagne enerdy, = Eg = 5. The
rest energy is small compared to the LHC energy ofs = 5TeV for both protons.

The simple scaling works because the hadrons and partons are then assumed to be

massless [4]. Choosing the-axis to be parallel to the beam axis yields

0 P 1 0 P 1
2 2
0 0

The partonic collision occurs in the reference frame of the four-momenta of the
partons. Both gluons carry a portion of the protons energy, characterized by the
momentum fraction x;.

Pa = X1Pa; ps = XoPg  with x; 2 (0; 1): (4.4)

The Lorentz invariant scalar product of two four-vectors can be used to get the
following relation between the hadronic and partonic system. We used equation
(2.31) to simplify P2 and PZ to zero:
8=(pa+ Ps)®=(X1Pa + X2Pg)? = 2X1X2(PaPs)
= X1X2(PA + PB)2 = X1XoS: (45)

Furthermore, the integration boundaries foix; and x, are constrained by the amount
of energy required for the nal state. Therefore the following condition applies

(2mc)*

mia &= X1X3S; X1X5 (4.6)

In our case, the threshold mass represents the mass of the produced charm-anticharm
pair.
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4 Kinematics

4.1 Kinematic Quantities from Four-Vectors

First, the kinematic quantities for the charm quark have to be calculated before we
can calculate them for theD%-meson. The transverse momenturp; is de ned as
the component of a particles momentum in the plane perpendicular to the beam
axis. We already de ned thez-axis as the beam axis. Thex-y-plane is transverse
to it, and the transverse momentum is therefore given by

q
pr= P+ P (4.7)
The transverse massnt is de ned as
q_ ——
mr = pf+ m?; (4.8)

where m is the invariant mass of the charm quark in our case. The rapidity
transforms additively under Lorentz boosts along the beam axis. This property is
particularly useful in collider physics and is the standard in research:

|

1 E+p, 9 —
= _ . = + n2 + 2 )
y 2In E b, E p;s + p>+ m (4.9)
Rearranging the rapidity with the expression for energy leads to the following equa-
tion 0 s 1
y=ln @+ 14 EZZA; (4.10)

which highlights why rapidity is an important variable in high-energy physics. It
provides a natural way to express motion and separations along the beam axis.

4.1.1 Fragmentation

Let Mpo be the mass,z the momentum fraction, P+ the transverse momentum,
and Y the rapidity of the D°-meson. The massive fragmentation scaling variable is
de ned with parton-level momenta related by

Pu = Zp; (4.11)

which is not well de ned for massive quarks and hadrons [4]. In case®f and P,,
the momenta are in the CMS of the colliding protons. The momenturR; describes
the resulting hadron of the fragmentation. The Lorentz-invariantz is then de ned
as
Ps (P1+ P2).
Ps (P1+ P2)’

In the hadronic CMS, the momenta add up to(P; + P,) = (p§;0). Therefore,
the product of the four-vector results in the energy of the hadron and parton. The
fraction of the energies can be interpreted as the fragmentation variake

(4.12)

7 = Ehadron : (4.13)
Eparton
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4 Kinematics

For any massive particle the relation (4.9) can be transformed into these equations
for the rapidity and momentum in z-direction.

Epaton = My coshy; p, = my sinhy; (4.14)
Ehadron = Mt coshY;; P, = Mt sinhY: (4.15)

4.1.2 Rapidity Y

Due to collinear fragmentation, the angle between the beam axis and the transverse
momentum is preserved.

Pr _ pr 0 Pr Pr

— = — . = - : 4.16
P, o M+ sinhY  my sinhy ( )
By rearranging the previous equation, we obtain an expression for the rapidity of

the outgoing hadron

|
o1 mr sinhy Pr

Y (y; = sin 4.17
(i pr) S (4.17)
4.1.3 Transverse Momentum P+
Using equation (4.13), the fraction of the energies can be written as
zZ= 7MT cosh : (4.18)
m+ coshy

By rewriting the hyperbolic function with the identity (see Appendix A.3), we can
rearrange the equation to

M2Zsinh®Y = z?m32 cosify M2: (4.19)

We solve equation (4.16) for the transverse momentum of the produced hadron and
insert equation (4.19).

2
p2= __PT__ mzgnry
m2 sinh”y

o h22m2 costfy (M?2+ P2)i (4.20)
m2 sinh’y T T '

p2 z°’m2 cosfy M? :

) PZ misink’y+ pi =

Finally, we rearrange the equation to a nal expression for the transverse momentum
of the nal state hadron to

z°m% cosify M?
m2 sink’y
2

PE(y;pr) = (4.21)

1+
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4 Kinematics

4.2 Partonic Cross Section
The partonic di erential cross section is given by

1

d™ji ok = 1+,

1 A
EJMi;j il dPSy: (4.22)

The Kronecker delta stands for the possible double counting of identical initial-state
partons and is included as a prefactor in the partonic cross section before integrating
over the nal-state phase space.
The ux factor F with the initial masses of the gluons that are zero is de ned as
b —t5
1 2_, b 8”7
F=4 (papp)” (Mamp)“ =4 5 = 2%; (4.23)

The two-body phase-space element fora! 2 scattering process is given by

1 jgj
dPS, = 2 d
S, 162% q
1 4 g Zld (8;m2; m2)
162 ¢ , deos 24
qi
_ 1zld 88 4m3)
16 (0% T &

(4.24)

wherejf j is the magnitude of the nal-state three-momentum in the partonic CMS.
The solid angle element includes the integration in and cos . The -function
consists of the Mandelstam variabl@ and the outgoing particle masses and is de ned
as

(&;m2;m2) =%+ m¢+m' 26m2 26m? 2mZm?: (4.25)
Therefore, the parton level di erential cross section in equation (4.22) can be written
as:

S

z & Ao
1 1“1 — 2 1 (8 4m)
vk = 74 28,9008 Mii il 16 3
11 Za o . 8 4mZ o6
S 1+ 332 Cos IMijr il —g= (4.26)

4.3 Hadronic Cross Section

The main di erence between identi ed hadron production and jet production is the
appearance of the FFD (z). It parametrizes the hadronization of a partonk into
an observed hadrorH. With the partonic cross section, we can now rewrite the

20



5 Numerical Evaluation

hadronic cross-section as

X Z1 Z, Z, H
= dx; dxz dz fi(x1; Q%) fj (x2; Q%) Dkz(z) d%ij 1

kil © X1 Zmin

q

1 X Zld Zld Z, led 8§ 4m?

B 6Ti;j;k;l 0 X ﬁ * Zmin z 1 €08 T
DH(z) -
fi(x1; Q%) fj (X2 Q%)  ( )JMi;j! kil - (4.27)

z

Cross sections have the dimension of Ge¥and can be converted using the relation
1GeV 2 ' 0:389379372mb = 3:893793721 1¢° b: (4.28)

By de nition, the cross section represents an e ective area that quanti es the prob-
ability of a given interaction occurring. To put this into perspective, in the Sl
system, the relation between microbarns and square centimeters is given by

1 b =10 * cm?: (4.29)

5 Numerical Evaluation

The nal goal of the thesis is the calculation of the cross section for the given process.
This chapter describes the methods used to implement the derived results in Python.
We illustrate each step of our work by visualizing and explaining it with the help
of graphs in Python. To provide a brief overview of the next steps, we start by
generating random events in Python with certain boundary conditions based on our
integral that we derived in equation (4.27). The Monte Carlo integration shown in
section 2.6 aids in this process. We apply certain cuts to ensure the physicality of the
events, while maintaining a similarity to the compared data [2]. The unweighting
procedure with LHE events is e ective for storing experimental data and is used in
research. Ultimately, we visualized the cross section in bins of transverse momentum
and rapidity to facilitate a better comparison with experimental data.

5.1 Generation of Integration Variables

Via a random generator of points within the boundaries of the integral, di erent
possible particles are simulated.

As a rst condition, the values of the momentum fractionsx; and X, are constrained
by the amount of energy that is produced for the nal state of the charm-anticharm
quarks:

_ (2mc)?

thresh —

X; Xp= €1¢9: (5.1)
The points not satisfying this condition (i.e. lie below the line) are mirrored onto
the other side to make use of every point and therefore improve e ciency. Due to

better precision and more useful points for the PDFs (shown in gure 5a)¢; and
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5 Numerical Evaluation

(a) Linear scaling provides an overview of (b) Logarithmic scaling provides an
the less sampled region at the top right. overview of the threshold region.

Figure 4. Randomly generated momentum fractiong; and x, sampled logarith-
mically. Points below the kinematic threshold (equation (5.1)) are mirrored to im-
prove sampling e ciency. On the right, the mirrored points show a clear line for the
threshold condition. Therefore, the integration region reduces to a triangle, which
simpli es the evaluation of the volume.

%, are sampled logarithmically as seen in gure 4.

One reason we set a minimum boundary for the fragmentation variableis due to
the singularity for the division with z in the integral of equation (4.27). Moreover,
to ensure the convergence of the fragmentation functidd?°(z), a certain minimum
is required as you can see on the left side of the FF. We agreed on a minimun@:.66
which is highlighted with a dotted line. The clear limit for z also has the bene t
that the calculation for the volume of the Monte Carlo integration is easier.

The FF kkks08_D is used and shown in gure 5b with the energy scal€ = 3 GeV
because all accepted events have an energy scale betwk&ieV and 9GeV with
an average and median of aroundGeV.

The PDF for the gluons is self-evidently symmetrical for both variableg; and x;
as shown in gure 5a. The peaks in the PDF correspond to momentum fractiomns
where the probability of nding a gluon inside the proton is particularly high. These
regions indicate that gluons are more likely to carry these values »fin the proton -
shown here with lighter colors. The early rejection of kinematically forbidden points
reduces unnecessary computations. To summarize, this results in an equally random
generation ofN points:

%1 2 [IN( thresh); O, %2 2 [IN( tresh); O, cos 2[ 1,1 z2[0:05 1 (5.2)
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5 Numerical Evaluation

(@) PDF CT18NLLO with gluons coded (b) Fragmentation function kkks08 D
as 21 including x1 and x» [14]. with Q =3 GeV [15].

Figure 5: Functions in the hadronic cross section to showcase the importance of
di erent regions.

5.2 Cuts

For each sampled point, the code computes four-vectors using kinematic functions.
Invariant quantities like Mandelstam variables, transverse momentum, rapidity,
energy-scaleQ and more are derived from that. Each sampled phase-space point
receives a weight that is formed by the partonic matrix element, the PDF values
at x; and X, the phase space volume element, the FF and the conversion factor to
the desired unit barn. To improve e ciency, we avoid the use of loops in the code
and run array-based evaluations. To compare our theoretically derived data with
the constraints of the experimental results [2], we have to implement the same cuts.
The transverse momentum and rapidity are limited to the range of

PP’ 2 [0:0; 8:0]
0 (5.3)
YP" 2 [2:0; 45]:
To understand the physics behind the chosen cuts you have to take a look at the
measurements taken at the LHCb [16]. LHCb functions as a forward spectrometer
with a single arm, thus it only captures positive rapidities within a speci ¢ range
[17]. Furthermore, a high transverse momentunpr might exceed the limit of the
measurement setup too because the rapidity and transverse momentum are corre-
lated as seen in equation (4.10).
The energy scaleQ signi cantly in uences the cross section. It is reasonable to
consider the transverse mass of the°-meson as the energy scale:

q
Qs (pR")2+(MP°)2: (5.4)
The FF accepts only certain values for the energy scalg

2:25GeV? Q2 1 1P GeV?: (5.5)
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5 Numerical Evaluation

Regarding the random generation o, the fragmentation variable zyesp IS calcu-
lated for the smallest possible energy case for the meson as seen here

Ziresh MS coshy® = MP®  1:86484 GeV (5.6)

which is similar to the threshold of the charm quarks. The threshold of th®°-
meson is described via the energy fraction of the charm quark (see equation (4.14)).
If the random variable z is smaller, then the data point is not valid for further
calculations. Otherwise, the randonz value is retained for further calculations.
Drawing the z randomly and independently of the threshold calculation guarantees
a well-distributed set of data points.

5.2.1 Visualization and Reasoning

The condition of the cuts and the number of Itered points are summarized in the
Python data output shown in table 1. Twelve percent of the events are accepted

Table 1: Distribution of events by cut conditions with color coding and the number
of events.

No. Condition Number of Events Color
1 Insucient energy for creation of D° 73797 1
2 p2° too small 0

3 pR’ too large 37784

4 Ypo too large 59105

5 Ypo too small 367 123}
6 Qscale < 1.5GeV 0

7 Qscale > 1000 GeV 2116

Total number of rejected events 879987
Number of accepted events 120013

Total number of events 1000000

and fall within the cut range. Most data points are removed due to high transverse
momentum or too small rapidity of the simulatedD°-meson. There is also a cor-
relation between the two quantities as shown in equation (4.9). The rapidity gets
smaller with bigger transverse momentum which indicates that the order of the cuts
has an impact on the number of events for that bin. In this case, we rst lItered the
transverse momentum and then the rapidity. Other quantities here are not a ected
by another order of cuts. To illustrate the cuts and accepted events, gure 6 shows
the dependence of the random variables, X, and cos . Figure 7 demonstrates the
same for the fragmentation variablez. The dismissed points are displayed on the
left side, while the accepted events are shown in green on the right side.
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