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1 ABSTRACT 1

1 Abstract

This thesis investigates the anomalous magnetic moment of the muon, a, = (g—2)/2, with focus on SM
(SM) contributions and possible beyond SM (BSM) explanations. Starting from the Dirac equation and
tree-level scattering, the classical result g = 2 was derived. The one-loop QED vertex correction was
then evaluated explicitly using Feynman parametrization and Wick rotation, reproducing Schwinger’s
known result agED = o/ (2m).

The calculation was then extended to a new massive vector boson X, yielding analytical expressions
for both its physical and Goldstone contributions. The combined result shows a dependence on the
boson mass My and couplings Cy,C4, enabling constraints from the prevailing deviation between
experiment and theory Aa,, = (262 +45) x 107! [1] [2].

Three BSM extensions were examined: the flavor-conserving L, — L, model, a kinetically mixed dark
photon, and a lepton-flavor violating Z’. Parameter scans demonstrate that only restricted pairs of
coupling and mass can account for the anomaly while remaining consistent with experimental bounds.
In particular, light flavor violating Z’ bosons with asymmetric couplings to muons and taus remain
viable candidates.

The thesis confirms the SM QED prediction, derives the general one-loop Z’ boson correction, and
identifies BSM extensions capable of reconciling theory with experiment.
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2 Introduction

2.1 The magnetic moment in classical and quantum mechanics

Before performing calculations on the anomalous magnetic moment of a muon, it is advisable to start
dealing with classical mechanics, to get an impression of what the magnetic moment is. This section
is based on [3, pp. 195-197] and |4} p. 53].

In classical mechanics, the definition of the magnetic moment of an electric current density distribution
;(F) is given by

iy [ @l i) (2.1)

Assuming the electric current is made up of a single particle of mass m and an electric charge ¢ at
the position 7(t) with velocity 9(t), we are able to define the electric current density distribution as
follows

J(F) = q () (7 — 75 (t)). (22)
Substituting eq. (2.2)) into eq. (2.1)) results in
i= %q/ B [7 x T(0)] 8(F — o (1)) (2.3)

Due to the d-function, the integral disappears and the final expression is

= Salro(t) x 0(0)] = 5 —alro(t) x 0] = 5o - L, (24)
where one can immediately see the relation between the orbital angular momentum L and the magnetic
momentum ji. The proportionality constant 5L is the so-called gyromagnetic ratio.

In quantum mechanics, the particle does not only have an orbital angular momentum, but also the
intrinsic contribution to [ by its spin S. As the spin of a particle has no classical analogue, it is a
pure quantity of quantum mechanics and does not contribute to ji in the same way as L does. In fact,

the magnetic moment created by the particles spin is given by

- q d
s = —_— 5 2.
fa=95 -5 (2.5)
with ¢ being the so-called Landé Factor. Its value amounts to g 2 2 and can be calculated quite

precisely in the SM.

2.2 The anomalous magnetic moment

The deviation from 2 is the so-called anomalous magnetic moment
ap = *——. (2.6)

In quantum field theory (QFT), higher order of perturbation theory can be used to calculate the
value of g to many decimal digits. There are many experiments designed to measure the anomalous
magnetic moment of fermions with very high precision of order ~ 10714, Therefore, q; is a suitable
quantity to test the SM, the currently best and most precise model of QFT describing particles and
their interactions. We are especially interested in the contribution to a; from quantum electrodynamics
(QED), the most precise theory of all theories in physics, which describes electrodynamics of particles
like leptons (e, p, 7). The theory introduces photons () as the mediators of the electromagnetic force.
The anomalous magnetic moment exists for all kinds of particles like charged leptons, baryons and
mesons. However, there is one particle, the muon p, that shows a deviation between experimentally
measured value and theoretically predicted value at decimal digits of around 1075,
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Latest experimental data (world average) [1] yield

a%P = 1165920715(145) x 1072, (2.7)

and the SM contribution derived with e*e™-collider data on hadronic contributions [2]

as™ = 116591810(43) x 10~ (2.8)
The current deviation therefore is
a® — aSM = (262 £ 45) x 1071, (2.9)

a 5.80 deviation. As a convention, a 50 deviation in particle physics is associated with potential new
physics.
The theoretically predicted value is made up of three contributions

SM _ QED , EW | had
a,t =a; +a +a (2.10)

QED is involved, because the muon has a charge —e. The a"d™" contribution can be derived from

te -collider data or with lattice quantum chromodynamics (QCD). We will not go into details of
hadronic interactions, but it must be mentioned that latest SM calculations with lattice QCD can
settle the deviation between SM prediction and experimental data [5].

There are also relevant electroweak interactions with W, Z and Higgs bosons. The aEW part cannot
be neglected, unlike in the case of electrons, because of the mass proportions between both particles
(my, =~ 200 - me). The QED contribution to a. for an electron is very dominant. The muon is much
heavier than the electron and therefore electroweak contributions are much more significant. As the
SM cannot explain the deviation for the muon in eq. , this might hint that there is physics beyond
the SM.

In addition, the prevailing deviation cannot be settled by QED, as the uncertainty of QED on a,
is much smaller than the current uncertainty in eq. . Moreover, QED predictions for other
observables are very precise and don’t hint new physics. Therefore, the deviation might be explained
by a new gauge boson.

e

In this thesis, we want to take a look at a new hypothetical massive vector boson X,,, whose contri-
bution to a, might settle the prevailing deviation between theoretically calculated values for a, and
measured ones. At first, we will perform analytical calculations to extract the first order correction to
g in QED. This calculation was first performed by Julian Schwinger in 1947 [6] and yields a,, = 3=. In
addition, we will calculate the contribution on one-loop level from the new massive gauge boson X,
with arbitrary coupling constants. This new boson will be the foundation for BSM physics discussed
in this thesis and we will identify possible parameter pairs for myx and the coupling strengths ¢’ to
leptons in different BSM extensions.

We are going to introduce three different models that aim to explain the (¢ — 2), anomaly and go
even beyond that up to Dark Matter physics. However, in this thesis we will not go into any details
on Dark Matter physics.

We will see that there are already many experiments designed to search for new particles that give
constraints on the parameter space for the new X, gauge boson.

Before we do all that, it is essential to introduce the theory and go through the necessary derivations
for later calculations.
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2.3 Derivation of the Dirac equation and first calculations for g

The introduction of required equations is taken from |7, Chapter 3, 5]. As a convention we introduce
h = ¢ = 1, which from now on will be applied on all following calculations. Exceptions are marked
specifically.

In special relativity, the prevailing connection between energy and momentum is given by

E? = p2c% + m2ct. (2.11)
After performing the quantum mechanical substitutions for F and p, given in eq. (2.12))
E%m%— 7 — —ihV, (2.12)

one can derive a relativistic Hamilton equation for a wavefunction v, which is also-called the Klein-
Gordon equation

9% | a2 2
As eq. (2.13)) is lacking Lorentz covariance, we introduce 0" as the combined derivative of time and
space
0 = 0 =
R — (= . 2.14
»=(5-°) a=(m%) @149

Implementing eq. (2.14) in eq. (2.13)) results in the Lorentz covariant equation

(O% + m?)y =0, (2.15)

where (0?2 = 0,0t eq. 1' describes a free spinless particle. As the spin for fermions is %, we have

to look for another equation for both the particle and its associated antiparticle. Dirac’s attempt to

linearize eq. 1' in % and 6, brought a solution to describe particles with non-zero spin. Dirac’s

approach to derive the linear form of eq. (2.11)) starts with the equation

Hy = Ey = (a-p+ fm)y, (2.16)

whose form is similar to eq. (2.11]). The new introduced quantities @ and § are unknown at first, but
can be derived from eq. (2.11), as the relativistic energy-momentum relation must be fulfilled. To
derive constraints, we can multiply eq. (2.16|) with H and compare the resulting terms:

H?*) = E*) = (a; pi + Bm)(a; pj + Bm) (2.17)

= (0fp; + (i + ajoq)pipj + (aiff + Bag)pim + B2m*) = (5 + m*)y (2.18)
From eq. (2.18]), one can easily derive the requirements for & and g, that must be fulfilled. These are

{Oéi,aj} = 261]) {alaB} = 0) a? = 62 = 17 (219)

where {A, B} is the anticommutator of A and B. Apparently, «; and S cannot be scalars, as the
anti-commutator is 0. The solution of the lowest dimension for both the «a;’s and 3 is of dimension 4

and has the following structure:
. (0 & (1 0
(03 (3 0) a0

Here, & are the Pauli matrices (01,092,03) and 1 is the identity in 2 dimensions. As one can easily
see the 4 dimensional structure of o; and (5, the dimension of the wavefunction v must also be 4. We
therefore exchange 1 with ¥, and introduce ¢; (i = 0,1, 2, 3) as the components of ¥ ;| a 4 dimensional
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spinor. To obtain the covariant form of eq. (2.16|), we multiply § from the left and rearrange the terms.
With applying the conditions from eq. (2.19)), we obtain

w%\p =—if-a@-V¥+mv (2.21)
iv"0, ¥ =mV. (2.22)
Finally, we derived the covariant form of the Dirac equation from eq.
(iv"0, —m) ¥ =0, (2.23)
where the y* are the so-called Dirac matrices. They are defined by

V= (8,5a), (224

which is the Pauli-Dirac representation of the Dirac matrices. There are different ways of writing
the v*, e.g the Weyl representation, but we will stay with the already introduced representation as it
simplifies later performed calculations.
To identify the covariant form of the electric current density distribution j*, we start by introducing
the adjoint representation of eq. :

@'OQ\IJT "“ixyT— )t =0
Yo ) T\ o (m¥)" =

0 0
; TAO0T _ g T~ kT Top —
—za\ll'y —zw‘lffy —Uim=0
BIYATT —iQ\I’T’yO _ Z‘iqﬁ(,yo,yk,yo) —tm =0 (2.25)
ot Ok '

Multiplying eq. ([2.25) from the right with 7% yields

.0 .0
=i (U077 =i (F19)7M % = m(¥14?) = 0
BELg —i%%o - i%%k —m¥ =0, (2.26)

where we define U = W40 as the adjoint spinor of . From eq. (2.26)) the resulting expression therefore
is

0, Uy" + mW¥ = 0. (2.27)

Multiplying eq. (2.27) from the right with ¥ and eq. (2.23) with ¥ from the left and adding together
both results gives

Wiyt 0,V + i, (V)y* ¥ =0
0, (T W) =0
duj" =0,

where j# = U~ is the charge current density, which satisfies the continuity equation. In later
sections we will see, that the charge current density is an important part of integrals for calculating
the scattering amplitudes for fermions, from an initial state to a final state.



2 INTRODUCTION 6

As we are about to describe fermions with an electric charge of —e, we can multiply j* with —e, and
call the resulting expression j# = —eW~*W¥ the electron (or muon) current density.

Taking a look at eq. (2.16|) again, we can rewrite ¥ as a vector with two components, ¥, and Wy,
which themselves are two component vectors. This allows eq. (2.16)) to become a well-organized matrix

equation:
Yo\ (m d-p\ (Y,
£(8)- (5 )
A proper solution for ¥, that satisfies eq. (2.23)), is given by
U = u(p)e Pe, (2.29)
with the 4 component spinor u(p). This representation of ¥ also allows us to simplify eq. (2.23))
(199, — m)u()e™7" = 0
(¥ — m)u(p)e 7" =0
(p — m)u(p) =0, (2.30)

where we introduced the slash notation with p = 4#p, = ,p*. A similar result can be derived for
u(p) = u(p)7°. To obtain this result we need the adjoint form of eq. (2.30)).

(@) (v"1p —m) =0
Ly @ (0, — my®) =0
B a@)p—m) =0 (2.31)
Substituting eq. into eq. yields

(1) (5 7))

This system of linear equations has 4 solutions in total, with two solutions including a negative energy
FE for antiparticles, and the other 2 solutions with a positive energy for normal particles. What can
be derived from eq. is that in the non-relativistic limit (v < ¢), u, is the dominant part of U,
which allows one to only consider ¥, in the non-relativistic limit.

To show the ratio between the two spinors u, and w; in this case, we go back to standard units, to
derive a dimensionless ratio dependent to v and ¢ between both spinors. In the non-relativistic limit

v < ¢, one can apply v = 1, which is the Lorentz factor from special relativity.
Therefore, from eq. (2.32]) we can derive

o - pc ymuvc- o -1 vea-M I (2.33)
g = | ———— Jug = Uy =0T+ =—Ug = U .
E+me2) " yme2 +me? ) ¢ 2c ¢ 2¢ b

which shows that u, is dominant regarding u; by a factor of ¢. The vector 7 is an arbitrary vector
pointing in the direction of the particle’s momentum.

With eq. (2.28)), we have a system of 2 equations that can be used to derive the Schrédinger-Pauli
equation and the g factor.
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For doing that, we introduce an electromagnetic field A* = (Ao,ff) through p* — p* + eA*. The
idea is to use the non-relativistic limit for deriving a solution for ¥,. From eq. (2.28) the following
expression can be derived:

1 R o LA 0
Firmew (G e A) W= (B om e,
1
— (o1(p" +eA") + o2 (p” + eA?) + a3 (p° + 6A3))2 U, = (E—m+eA)V,. (2.34)

2m

In eq. |i we assume |eA°| < m and apply the non-relativistic limit through m ~ %
Performing the square results in

3
1 - 2 i iN(od j 0
o ((p +ed)?. +z; ;az«aj(p +eAY(P + eAJ)) U, = (E—m+eA%)V,. (2.35)
i=1 j#i

In spatial coordinates we can interpret p¥ to be of the form —z'a%k. Because of [A%, A7) = [p',p/] =0,

we can rewrite eq. (2.35)):

1 3
S ™2 i Ad o Ai _ 0
3 (P+eA) Jrez;maj(p AT+ Ap) | Oy = (E—m+eA”)¥,. (2.36)
i=1 j#i

The two sums result in a coupling between & and the magnetic field E, which is shown in |[A1.24
Therefore, what follows from eq. (2.36) is the Schrédinger-Pauli equation

1 -
%(ﬁ‘F eA)? + —G-B—eA’ | U, = Exg¥,. (2.37)

In general, the interaction between the spin of a fermion and a magnetic field Bis given by
— e _
Hy =—jis-B=g—aJ- B. 2.
M K g 4m0 (2.38)

Comparing eq. (2.38)) with Hjys from eq. (2.37) immediately shows that g = 2. This result is a
triumph of the Dirac equation in eq. (2.23)). In the next step, we want to derive the same value from
perturbation theory at tree level.
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2.4 Tree-level contribution

This chapter is based on [7, pp. 117-119]. We want to take a look at the scattering amplitude of a
muon from state ¥; to ¥y in an electromagnetic potential A*. To do so, we at first substitute the
potential A* via the gauge covariant derivative O* into eq. ([2.23).

(7. (10" + eAM) —m|¥ =0 (2.39)
What follows is a separation into
(00" — m)¥ = —ey, A" ="V, (2.40)

where the last expression is just convention. It is useful to keep a similar form compared to the
Schrodinger-Pauli equation. As we cannot calculate the exact energies for ¥ in eq. , we will
make use of first order perturbation theory, to calculate the amplitude T'; for scattering a fermion
with charge —e from state W; (initial state) to W (final state)

Ty = —i / Uh(2)V () ;(z) d'a. (2.41)
R4
In eq. (2.40) we find V(z) = —ey?y,A*(x). Remembering that ¥ = W40 turns eq. (2.41) into
Ty = ie / Wy, AP, d*r, (2.42)
R4

where one is able to identify the electric current density distribution j,. Introducing j,, turns eq. ([2.42))
into
Tpi = —i / jliAr dia. (2.43)
R4

Before further evaluating the integral, we want to take a look at the relevant lowest order Feynman
diagram, which links the scattering amplitude :M* to the electric current density distribution j;".

noy U /,L_,Uf

Di by

AH

Figure 1: Lowest-order interaction Feynman diagram for an incoming muon with spinor u; and an
outgoing muon with spinor uy with the electromagnetic potential A*.

Applying Feynman rules (see [A1.6) on fig. [I| results in the amplitude
iM* = —ieus(Pr)y ui(p;) (2.44)

Muei(pf TPT = jlftia

(2.45)
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which is directly linked to ]52 To separate the electric and magnetic interaction between p~ and A*,
we employ the Gordon identity (see[A1.17)). Furthermore, we will assume that A* is time independent
and therefore we have energy conservation. Thus, the integral over dz? results in a delta expression.

—e

M¥ = %m ug(py) [(py +pi) + 0" (pf — pi)v] ui(P) (2.46)

Plugging in eq. (2.45)) into eq. (2.43]) and considering energy conservation yields

. —e = . y
Ty = —2mié(E; — E;) /3 %\I/f ((pf +pi)p +iou(ps —pi)”) ¥, A" >z
R

= —27id(Ey — E;) [/ @qu,ﬁw d3x+/ T, —ewwépf — pi) U, AM B
R3 m R3 m

= —21i8(Es — E})[Iat + Imagn)- (2.47)

We will ignore I.; and concentrate on rewriting Imagn to extract the coupling between spin and A*.

e )
Tmagn = /]RS» %\I/fwuu(l?f —p;) U AR P

—p; 0_
oz 20, = T\ijlauk(pf — i) WA P (2.48)
Al= —e = —e - . .
A=9, / —\I/fwo;c P — pz) U, d3x +/ Q—wajk(pf — pi)k\IIiAJ d3z
]R3 R3 4M
—e = .
=1Ig+ /R3 %\I/fwjk(pf —pi) AT B (2.49)

After the first evaluation of I.gn, We are able to extract another contribution to the scattering
amplitude, that comes from pure electrical interactions. Therefore, we will also ignore this integral.
Due to energy conservation, we are able to exchange v with k, which is an index that only takes the
values 1,2,3. The same happens after extracting the electric interaction, where we exchange p with
j. For further evaluations, we introduce ¢ = py — p; and continue workmg on the second integral in

cq. ([2.49)
L = %@fiajqu\l/i/ljd?’x. (2.50)

magn -

It is mandatory to take a closer look at the structure of ;. It can be shown (see|A1.23), that this
tensor can be written in terms of the Pauli spin matrices 0;. Using this relation yields

7111,0016131661 1,7, AT By = —uf pf O’leljka (e qx>12ui(@)Aj d3z. (2.51)

magn B3 ]R3

What we made use of in eq. (2.51)) is the spatial coordinate representation of ¢* which is a derivative

—i0* acting on the fields ¥ 7 and ¥;. We can apply the product rule to find a different expression for
eq. (2.51))

I :/ ¢ uf(pf)alel]kak( 49T AN gu, (p;) d3x — %@falqjkak/lj]lg\h d3z. (2.52)
R

magh 3 2m R3
One is able to employ the gaussian divergence theorem to rewrite the first integral in eq. (2.52))

e — iqr { - -
om up(pr) (€7 A x 3)1yui(p;) e, (2.53)
3 2

| o p)onesd (e AN Lo (7) s = 74
R

R3 2m
and show that after applying

F(V x €9 A) = 3(V x ' A) — ! A(V x &) =V - (" A x 7),
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the integral vanishes with assuming that the field A vanishes on OR3. Therefore, we can simply omit
the integral and only consider the second integral in eq. (2.52)).

ALl Lagn = i\i/falelkjakAj]lg\I/i >z
R3 2m
e 0F AI—B! _ .
AP :/ Uy (o6 B) 14 d%
f
R3 2m
WA TA( € o B)pAs
RGN :/ % (—U-B) A By (2.54)
R3 2m

In eq. (2.54]) we used the non-relativistic limit, which allows one to only consider the first two com-
ponents of W. This is a consequence that follows from eq. 1) The derived integral I} ., includes

agn
the magnetic interaction between A* and the spin of the particle. The final expression for eq. (2.47)
therefore is

Ty = —2mid(Ey — E) { / o4 (2ia : E) VA B + (I + Iél)} : (2.55)
R3 m

where the integrals for the electrical interaction do not include any couplings between the spin and
the electromagnetic potential A*. As a consequence, also the tree level contribution yields g = 2, after
comparing Ij,,., with eq. .

In the next step, we will take a look at the general vertex function I'* and derive the form factors F}
and FQ.

2.5 Form factors

After deriving g = 2 from the Dirac equation and the tree-level contribution, our next step is showing
that g = 2 also follows from the interaction of a muon with an electromagnetic field A* in QED. This
section is based on [8, pp. 185-186]. At first, we don’t want to specify the interaction and take a
look at the most general form of interactions. The Feynman diagram in fig. [2| contains a blob, which
represents all possible interactions between p~ and A*. All interactions are combined in the vertex

function I'*, which in general can be any function of p!' ,p’; or vy*.

I

AM

Figure 2: The general interaction of an incoming muon with momentum p; and an outgoing muon
with momentum p;. Both particles are connected via the generalized interaction with the photon ~*
from A*. The interaction is not specified here and is represented by a blob, representing a general
vertex function called I'.
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Figure 2| can be translated to the scattering amplitude
M = JrA, = —ieu(ps)TH (ps, pi)u(pi)Ap- (2.56)
We introduce the general form of I'* with
M*=A-4"+B-(pr+p)"+C-(pr—pi)" (2.57)

where A,B and C can be made up of Dirac matrices dotted into p; or py, as long as they satisfy
Lorentz invariance. Due to the relations in eq. and eq. , we are able to express A,B and
C in terms of ordinary numbers without loss of generality. The only scalar that A,B and C can be
dependent to is ¢° = —2psp; + 2m?2. An opportunity to obtain a clearer impression of how I'* looks
like, can be derived from the Ward identity (8]

qIT" =0, (2.58)

which is a consequence from the continuity equation 9,j* = 0. Taking a closer look at ¢,I'*, we can
conclude with g, = (py — pi)u

qu " = g - A+ (g — pi)ulpy +pi) - B+¢*-C
O=¢-A+@;—p})-B+¢-C
0=4q¢*C, (2.59)

which implies ' = 0. The first term vanishes due to u(ps)gu(p;) = 0 and the second term due to
pfc = p% =m?. With eq. (]2.59[), eq. (|2.57[) becomes

M =at-A+(ps +p)t- B. (2.60)
To further evaluate this expression, we use the Gordon identity (see [A1.17|) to exchange the second

term with ; .
omB ((wﬂ))) — 9mB (yt _ w@) . (2.61)

2m 2m
Plugging in eq. (2.61]) into eq. (2.60|) results in
T# — A1 (A+ 2mB) + T4 (_opp)
2m

i () 4 e 2.62
YE(q7) + 5 F5(q°), (2.62)

where we name I and I, form factors, which are unknown functions of ¢2. We already derived that
F1(0) = 1, simply by comparing eq. (2.62) and eq. (2.44). In the non-relativistic limit, the connection
between g and the form factors is given by

g9 = 2(F1(0) + F2(0)). (2.63)

This implies that any anomaly of the g factor is carried by the magnetic form factor Fs, as
ay = —— = F5(0). (2.64)

Equation is the anomalous magnetic moment, and we are going to calculate its value in the SM
and in BSM extensions. To proceed, we need QFT and Feynman diagrams, that can be translated
into mathematical expressions. For the evaluation of all Feynman diagrams in this thesis, we will stick
to the Feynman rules in appendix
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3 One-loop contribution in QED

In the previous sections, we employed the Dirac equation and the lowest order perturbation theory to
derive g = 2. As already mentioned, experiments show g 2 2, which we want to derive in QED.

We will examine the vertex correction, or one-loop contribution, where an additional photon links
the two muon lines. This leads to two virtual fermions F' with unambiguous momenta k; and k.
Thus, it is inevitable to perform an integral over one of the unambiguous momenta. We choose k; as
the integration variable, which is linked to k2 and ¢ through momenta conservation. The following
calculation is retraced from [8, pp. 189-196].

Figure 3: One-loop vertex correction diagram for the muon—photon interaction. An incoming muon
with momentum p; and spinor u; scatters into an outgoing muon with momentum po and spinor uy,
exchanging an internal fermion F' with loop momenta k1, k2 and a virtual photon with loop momentum
q. The external photon with momentum ¢’ couples through the vertex A*.

The Feynman diagram in fig. [3| is made up of the tree level diagram and the one-loop contribution.
This implies a possible split up of both contributions. Considering the blob again in fig. 2] we are able
to write 'Y = 7 + §I'?, where 617 considers the one-loop contribution from the virtual photon and
carries the F5 contribution. Applying Feynman rules yields for 61°:

d*ky

i(ky +m) ik +m) (—ie'y“)wui(lnl)

uf(p2)oT7ui(p1) =/R4 it ) (i) e O ) e Zic
o f A 7 (ks + m)y” (K + m)y, |
- /]R myr (P2) {(k%—mz—l—zie)(k%—m12+ie)(q2+ie) uip1)- (3.1)

Note that in 0I' we dropped the ie in front of 7, as it is already considered within the interaction in
the v term in v7 + 0I'?. We are only interested in inner loop effects and the general correction to the
vertex structure, which justifies the omission of the factor ie. Furthermore, we will set m, = m, as
there are no different types of masses. To simplify the equations we also omit all vector arrows from
now on.

In the next steps, the main goal will be to find simplifications, until the integral appears in an
integrable form, and the form factor Fs explicitly appears. To achieve this, we will separately deal
with the denominator and numerator. We will start with the numerator where the multiple appearing
~ matrices can be brought into a more manageable form. To achieve this, we can simply make use of

and multiple times.
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3.1 Relations and simplifications
The numerator can be simplified in the following way:
YV (Ky +m)v (ky +m)yw = (V2,9 +7my”) (Y ki + m)
= k2.ck17" Y YTV Y + mba A YT + MLy Y Y Y+ mP T
= ko ck1,:(297 —77")77 (295, — 1") + mk2.o(267 = )
+mk1iv"7 (29, — nA") +mPy

VLA CA VO

= ka,ck1,:[49"°9.7" — 26"V 1" — 29577 Y + YA Y]

7 V.o

+ mka 26" v — YV Y Y] + Mk (2007777 — VYT + mE [y ]
= ka.ckn,i4g"7" — 29799 = 29097 — 29%97]

+ mk, [2777° 4 27°97] + k12797 + 2979 — 2mPA°
= ka.ck,i[4g"0 7 — 2977y — Ag'T ] + Ak, g7 + dmky ig'T — 2m*y”
= ka,ck1,i[49"77 — 4g"77° — 4977 + 497"7° — 27°77 7]

+ dm(ky + k2)7 — 2m3H°

= 2§ Py + dm(ky + ko) — 2m>47. (3.2)
Plugging in eq. (3.2) into eq. (3.1)) results in

Ug(p2)ol%u;(p1) = 2ie2/ u;(p1)- (3.3)

d*ky K1y Ky — 2m(ky + ko) + m2+°
re (27)

1) | G i (R — 2 i) (@ + i)

Now we will simplify the denominator. We will make use of Feynman parameters, that have multiple
advantages for evaluating the integral. In general, one is able to use the following identity [8]:

1 ! (n—1)!
— oo day, i —1 4
A4y A, /O adis - dind (Zx ) [w1Ar + 2o Ay + -+ 2 A" (34

Comparing the denominator in eq. (3.3) with the denominator in the given formula, one is able to
identify the exact same structure. Therefore, we will set n = 3, plug in the 3 coefficients

A = (k3 —m? +ie)

B = (k3 —m? + ie)

C = (¢* + ie),
and obtain the additional form (proved in eq. (A1.25)
I 2-6x+y+z-1) ! 2-6(x+y+z—1)
160 7/0 dzr dy dz A+ yB 12O 7/0 drdydz o8 , (3.5)
with
D =z(k? —m?) +y(k3 —m?) + z(k1 —p1)® + (z +y + 2)ie. (3.6)

In eq. (3.6)) we already made use of momenta conservation to exchange ¢ with k; —p;. The parameters
x,y and z are Feynman parameters, that fulfill the relation z +y + z = 1.
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To obtain a more tractable form of the denominator, we can apply some algebra and shift the momen-
tum ky to a new variable | = k1 + yq' — zp1. To proceed, we only need momenta conservation (here
especially ko = k1 + ¢') and the identity z +y+ 2 =1

D =a(ki —m?) +y((k1 +¢')* —m?) + z(k1 — p1)? +ie
= kiz —m?z + kJy + 2k1q'y + yq'? — mPy + 2k} — 2k1p1z + piz + e
= ki(c +y+2) —m?(x +y) + 2k1(q'y — p12) + yq® + piz +ie
=k +2k1(q'y — p12) +yq? + piz +ie — (x +y)m®

= (k1 +dy —p12)> —¢%y* — pi2® + yg* + piz — (z + y)m® + 2y2q'p1 + ie (3.7)
—_———

l2
—12_ 42 . 2 N (1 2 ’ .
= "yl —y) +p12(1 — 2) = (1 — 2)m* + 2y2q'p1 + ic

= 1P+ 2yq” — (1 - 2)°m® +ie + y2(¢”* + 2¢'p1)

—-A

=1~ A +ie (3.8)

In eq. (3.7) we completed the square for (k; 4+ ¢’y — p12)? to introduce the already mentioned shifted
momentum [. Moreover, we employed ¢'?> + 2¢'p; = 0. This is quickly derived through momenta
conservation

% +2¢'p1 = (¢ +p1)* —pi =p3 — 0} = 0. (3.9)
The new denominator eventually turns into

1 —
5 . 21 : i :/ dxdydz2 5(ac+y—|—,.z 1).
(k3 —m? +ie)(k? — m? + ie)(q® + i€) 0 [12 — A +ie]?

(3.10)

After introducing the new momentum [, we also have to substitute it into the numerator. We therefore
exchange k1 with [ + 2p1 — yq' and ko with [ + zp; + (1 — y)¢’. This exchange yields

numerator = (/ + zp, — yd' )7 ([ + zp, + (1 — y)¢’) +m>y7 — 2m(2l + 2zp1 + (1 - 2y)q')7, (3.11)

I

where the first main task will be evaluating the expression I. Our goal will be to get rid of all / and
[* terms.

L=+ 2p, + A= o)d') + (zp, —vd )]+ (zp, — vg )77 (zp, + (1 = y)d)

= ng +2(Iv7p, + D) =y + D)+ 1A+ (zp, — ud )y (zp, + (1= y)d) (3.12)
(1) (2) (3)

One important relation to evaluate the terms (1) to (3) is the identity

be, a ac,. b ab, c

Yoyt = 2(g"y" — g™ + g**v°) — 74"y, (3.13)

whose proof can be found in
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By expanding, one can show:
(1) =177 = Ll [2(97" 3" = "7 + g"79") =" = 2071 = Py +17]) = 771 = 217] = 1?97 (3.14)
(2) = I77p, + Y7L = 1P, + prulu 297" — g7 + gM7yY) = T = 2017, — i L+ Ip])  (3.15)
B)=IV"¢ + 4T =IV7d + 4112097 — g7 + 9" ) = AT =241 — ¢ -1+ 1) (3.16)
With these different forms, eq. becomes
[1=207] =Py +2(17p, —pr - L+ Ip]) + 2(d'17 — ¢ - 1+ 147) + 77" + (zp, — yd V7 (zp, + (1 —y)d). (3.17)

To proceed, it is inevitable to consider the symmetry of the original momenta integral in eq. (3.1]).
We integrate over the complete R*, which implies that linear contributions of the form ¥ must vanish
due to the symmetry of the denominator. In general, we can define the two following relations

d*l 1
/ a :/ A il (3.19)
R4 (27T)4 D3 R4 (27T)4 .D3 ’

that allow us to omit all of the terms inside I that are proportional to I, | = [,7" or a product of the
form [ - q =1,q”. Applying these relations results in

I=2070,4" = P97 + (zp, — yd )" (zp, + (1 —y)¢')
1
= =507+ (zpy =y )77 (py + (L= )). (3.20)
Plugging back in I into the numerator gives the first interim result

1
numerator = —5127" + (2p, — g )7 (zp, + (1 —y)d) +m?y7 — 2m[2l + 22p; + (1 — 2y)]°. (3.21)

T

Next, we further evaluate I'. In doing so, it is essential to apply momenta conservation (especially
p1+ ¢ = p2) again and use the relation z +y + 2z = 1.

U= (2p, —yd N (2p, + (1 = v)¢')

=22p P, +2(1 =) p 7 —vzd' P, —y(1—y) ¢ (3.22)
—— —— —— ——
M ) 3) @)

To rearrange (1) up to (4), we will make use of again multiple times. It is also useful to apply
the Dirac equation that yields us(p2)p, = ts(p2) - m, p,ui(p1) =m - u;(p1) and iz (p2)g'ui(p1) = 0.

(1) = p,77p, = 2mp] —m*y7

@) =p 7t =4 — 7V d = md + ¢ = m2p —mnT) — mP + ¢y (3.23)

= 2mp3 — 2m>y° + ¢*~° (3.24)
(3) =d"7p, = PP, — P77 m =m?y7 —m(2p] —77m) = 2m*7 — 2mp] (3.25)
4)=d7¢ = —d** (3.26)
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Plugging back in all the obtained expressions results in a relatively long expression for the numerator:

1
numerator = —5127" + 22(2mpg — m?y%) + 2(1 — y)(2mp3 — 2m>~7 + ¢'*47) — yz(2m3+° — 2mpJ)
+y(l—y)g? +m?y7 —2m(1 - 2y)q'" — 4mzp]
1
= fy”[fiﬁ +m?(1 -2z —22) + ¢*(1 — z)(1 — )]

+2mp§ (22 + yz — 22) + 2mp3 (2 — yz) — 2mq’ (1 — 2y) (3.27)
¢y

Term (1) is still not in a desired form, as for extracting the form factor Fy we have to introduce the
tensor 0. It is therefore necessary to find an expression within (1) that is proportional to (p; +p2)?.

(1) = 2mpg (22 + yz — 22) + 2mp3 (2 — yz) — 2mq’" (1 — 2y) (3.28)
=2mpJ (2% — 2) — 2mzp] + 2mzp3 — 2mq’7 (1 — 2y + y2) (3.29)
=2mzp](z—1) = 2mq (1 — 2y + yz — 2) (3.30)
z
= (p1+p2)mz(z—1)—2mq¢ " (1 -2y +yz — 2 + 5(,2 -1)) (3.31)
In eq. (3.28)) we set
2mp (2% — 2z + y2) = 2mP{ (2% — 2) + 2mpSyz — 2mq'yz, (3.32)

whereas in eq. (3.29) we used momenta conservation to rearrange
2mp (2% — 22) = 2mpJ (2% — 2) — 2mpJ 2z = 2mpJ (2% — 2) — 2mp3z — 2mq’ 2. (3.33)

In the last step in eq. (3.30)), we split 2mpJ and employ p; = pa — ¢/. After that, we will find a term
proportional to (p; + p2)?. Before we plug in our result into the numerator, we at first simplify the
bracket after ¢’ with the relation z +y + 2z =1

—2(1—2y+yz—z+§(zfl)):72+4y—2yz+2z—z(z—1)
=244y —2yz+32— 22
= 20+ 2y — 2yz+ 2z — 2°
=-2x+2y —2yz+zz+yz
= 2x+2y+xz—Yyz
= (z—y)(z—-2).

After all rewriting, the numerator turns into
1
numerator = 7”[7512 +(1=22—2)m2 4+ (1 —2)(1 —y)¢"?] + (p1 +p2) mz(z — 1) +mq" (2 — 2)(z — y). (3.34)

Considering the symmetry of the denominator under an exchange = <+ y and the antisymmetry under

x <>y in ¢'7(x — y) forces the ¢’ term to vanish after performing the Feynman parameter integral.
We are now able to use the Gordon identity (A1.17)) to find a term proportional to . We exchange

(p1 +p2)° =2my7 —i0%"q,,. (3.35)

This exchange yields

1
numerator = 7”[7512 + (1 —2)(1 —y)g? + (1 — 42+ 22 )m?| +i0"" ¢, /mz(1 — z) (3.36)
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and transforms the integral into the following form:

4

1
Ug(p2)dl%u;(p1) = 2ie2/ / de dydz26(z+y+2—1)
0

ra (27)4

LR 4 (1= @)1 - ) + (1 — 2+ 22)m?] + o gma(1 - 2)]
X tf(p2) ENrE ui(p1).
(3.37)
The 07" term can be expanded with 2m to
i0%q,  2m?z(1 - z2) (3.38)

om - A+ ig?’

for an easier comparison with eq. (2.62)). In this final expression for the whole integral, one is able to
identify two types of momenta integrals:

l2
_ 4
I = /]R d 17[12 AT (3.39)
1
I= [ d' (3.40)

SR PR

3.2 Integral evaluation and final result

The first integral I; is divergent in any case and is not relevant for the F5 form factor. We will ignore
it and focus on the second integral Is. Note that due to the Minkowski signature (+,—,—,—) of
Minkowski space, we are not able to perform a 4-dimensional Euclidean integral over [. We therefore
have to find a way to substitute [°, so that the signature turns into (—, —, —, —). A proper substitution
is

=il I=lg. (3.41)

The function [ — A + ie owns two singularities

12—A+ie:(z0)2—|ﬂ2—A+ie:o:»zg{2:i\/|f|2+Afimi\/|f|2+A¢z’e, (3.42)

that are located slightly above and below the axis of real numbers in the complex plane, as € is a small
number.

€ is used to shift the singularities from the real axis into the complex plane and therefore allows the
so-called Wick Rotation.

The Wick Rotation is used to shift the integration path from {° onto the imaginary axis. This allows a
switch in the prefactor of {° in the integral and justifies a 4-dimensional integration in Euclidean space.
The idea of the Wick Rotation is depicted in fig. |4 We exchange the integral over [° with a contour
integral over the real axis, the imaginary axis and two quarter circles in the complex plane, that we
call C. This integral vanishes due to the Cauchy theorem, as it does not include any singularities

within its integration domain.
/ di° +/ di° +/ di® =0 (3.43)
R iR c

The contribution of the arcs, written as the integral over C, vanishes for I — oo and thus we can

conclude _
/ dloz/ dlozi/ di%. (3.44)

With this shift from the real axis onto the complex axis, we finally have a Euclidean metric, that
allows evaluating the integral. After performing the Wick Rotation, we find the integral I> to be of
the form

1
Lh=—i|dig— " . 4
2 z/ EE A i (349)
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—/|€]2+A + e ‘
[

. . P -

Figure 4: Wick Rotation in the complex plane. Taken from [8].

The further evaluation is performed in and the result is given in [AT.42] For the case discussed
here, we plug in D = 4 and n = 3. Note that for this choice of parameters, the I' function is well
defined and the integral is convergent:

, () —ir? 1
Iy = —in®(A —ie) ' % = . 4
A v s (346)
In the Limit € — 0 we obtain
- il (3.47)
T T2 AT :

With this result we can go back to eq. (3.37) and extract the coefficient F»(g"?). We can do so by
comparing the coefficient in eq. (3.38)), which is following from eq. (3.37]), with those in eq. (2.62)). We
find

2ie? —im? 1 2m?2(1 — 2)
(2m)4 2 A —zyg?+ (1 —2)?m?

For the final integration we set e = v/4ra and apply the non-relativistic limit with ¢> — 0. This
yields

Fy(q”?) =

1
/ dedydz26(x+y+2z—1) (3.48)

Fy(¢? —0) /dxdydzé(x+y+z—1)
1—=z
o fe [
:—/ dz z
T Jo

(6]
= = ~0.00116. 4
5 ~ 0.00116 (3.49)

z
1—2

What we derived is the anomalous magnetic moment of fermions in QED on one-loop level. The
g-factor using eq. (2.63) therefore amounts to:

= 2(Fy(0) + Fy(0)) = 2+ % ~ 2.00232 (3.50)

This result was first calculated by Julian Schwinger in 1947 [6].
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4 One-loop contribution of arbitrary vector bosons

The SM contribution to the anomalous magnetic moment of fermions on one-loop level was successfully
calculated in the previous section. Nevertheless, performing higher order perturbation theory shows a
significant deviation between the calculated and measured anomalous magnetic moment of the muon.
Thus, we want to extend the SM. The aim is to find another massive vector boson X, that contributes
to (g —2), and settles the anomaly. For performing parameter scans on different BSM extensions, the
general contribution to (g — 2), from the new vector boson has to be calculated. The calculation is
performed in the Feynman gauge.
First, we exchange the photon loop in section [3| with a general gauge boson loop, whose Lagrangian
is given by [9] as

Lint,x = A[CvY" + Cay"y°]F X, + h.c. (4.1)

The hermitian conjugated part is given by
XLFNCyr + Cay" )T = XEFTCUA"T + Chy Iy Ty
= X FCH7 9" + Cay* 1797
= X, FICiy" + Can° s, (4.2)
which we can plug in into eq. to receive the total Lagrangian
Linex = ACVY" + Cay"V’IF X, + X FICUA" + Chy'y’ . (4.3)

The gauge boson propagator is given in [10] in the R gauges as

X _ W 4 Tt
Iy, = (g,w 7oz 5)) pE vl (4.4)

There are different gauges that can be chosen for the introduced gauge parameter £. The contribution
to the anomalous magnetic moment is gauge independent, however, certain gauges like the unitary
gauge (£ — 0) handle divergencies poorly, so that they explicitly appear and are not easily canceled.
As an advantage of the unitary gauge, there are no unphysical scalar contributions that need to be
added. The choice for the presented calculations in this thesis is the Feynman gauge ({ — 1). There
are less divergencies appearing and the integral evaluation overall is simpler. Nevertheless, we have to
consider unphysical scalar contributions from a Goldstone boson Gy, which is associated with the new
massive gauge boson X,. Goldstone bosons are a consequence of broken gauge symmetries, which we
do not want to discuss.

The propagator for Gy is given in [10] with

(3

e = — —
q? —EMY

(4.5)

and the corresponding Lagrangian is
Lint,c = filev + cay’]FGo + h.c. (4.6)

The calculation of the hermitian conjugated part is analogous to the calculation in eq. (4.2)). We
obtain

GyF[ey + i (') = GF ey + iy u
= Gy Fley — il (4.7)
and for the total Lagrangian
Lint,c = Alev + cay’|FGo + Gy Fleyy — ¢yl (4.8)
To derive eq. and eq. ([4.7)), one has to consider [A1.5| [A1.9 and [AT.11]
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Xp

b1

b2

a) Physical X, boson contribution. b) Unphysical G scalar contribution.

Figure 5: The combined one-loop diagram for a new arbitrary gauge boson in the Feynman gauge. In
this gauge, one also has to take into account the unphysical contribution by a scalar, induced by the
Goldstone boson Gy. Both diagrams must be combined in the end to obtain the actual contribution
to FQ.

Now we apply the Feynman gauge & — 1 on the propagators and find them in the following form:

X —t9uv

1, == X 4.9
nv qg 7 M}Q{ T e ( M)f"l ( )

i

néo=— -~
q? — M% +ie

(G%)emn (4.10)

For the final vertex I'” = ~? 4+§I'?, both diagrams in fig. [l 1] must be added together. For the combined
contribution we find

ieQ iy (p2)0l 7 u;(p1) = ieQutiy (p2)[0T% + 0T'E, Jui(p1), (4.11)

whereas the separated contributions are given by:

_ - d*ky _ L
()3T Kui(pr) = [ | ot (pe) [i9”(Cv + Car)

(2m) k3 —mf +ie \ Qu

i(Fy +mp) <C2F,yo>

Z(kl mF) ) * * 5 ig,ul/
DBV jom(C 4 Oy ) Iy, 412
]{7% m2 i627 ( AY )q2 — 7‘[)2( + Z€:|u (pl) ( )

4
uf(p2)olg, ui(p1) = /R4 (C;:)Z ﬂf(pz)[i(cv +cay”)

Z(%2 +mF) @ o
k:% - m% +ie \ Qu 7
i(fy +mp) i

SR T i(p1). (4.1
K2 —m3 + ie ). (413)

i C* o C* 5
(cv A’Y)—qQ_M)Q(+Z€
In both integrals Q) stands for the charge of the inner fermion and @, = —1 for the charge of the
outer muon. Note that the coupling coefficients ¢y and ca from Gy still have to be brought into a
relation to the arbitrary constants Cy and C4 from X,,. The relation follows from the requirement of

¢ gauge independence and is derived in appendix
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As one can easily see from eq. (4.12) and eq. (4.13]), the denominator in both integrals is the same.
Therefore, we can already introduce Feynman parameters and shift the integration momentum. Before,
we will make use of the same trick as in eq. (3.10) and rewrite the denominator. We set

1 1

2 —md i) (K —mi + i) (¢ — M% +ic) D% (4.14)
with
D =a(ki —my) +y((kr + ") —mE) + 2((k1 —p1)® = MX) + (z +y + 2)ie
= k2x —mia + kly + 2kid'y + yd? — miby + 2k — 2kiprz + pir — 2 M% + e
=k (z+y+2) —mb(x +y) +2ki(dy — p12) +ya? +piz — 2 M5 + e
=k? +2k1(¢'y — p12) +y¢* + piz — 2M% +ie — (x + y)m%
= (k1 +¢'y = p12)° +ya®(1 = y) + 2p{(1 = 2) + 2y2q'p1 — MG (z +y) — 2M5 + e (4.15)
e
=P +ayq® +2mi (1 — z) —mp(1 — 2) — 2Mx +ie
-A
=1 +ayq? — miu® +u(m’, —my) — (1 — u)M% +ie
—A

=1 - A +ie. (4.16)

As many expressions will carry a factor of (1 — z), we also perform a substitution (1 — z) — u, which
simplifies the equations. The integral over all Feynman parameters then changes into a concise and
clear integral of the following form:

/1d$dydz(5(a:+y+z—l)f(x+y)—>/1duuf(u) (4.17)
0 0

The relation is proven in
Before starting with the integral evaluation, it is advisable to give the momenta conservation relations
first. What follows from both diagrams in fig. [L1] are the following relations:

p1tag=h (4.18)
p2tq=ko (4.19)
ki+q =ko (4.20)
q' +p1 = po. (4.21)
The introduced substitution to shift the momenta from ki to [ follows from eq. :
ki=1-yq +zp (4.22)
ke =14+ (1 —y)q + 2p1. (4.23)

In the end, we are interested in the non-relativistic limit ¢’> — 0 again, which applied to A yields

A(g? = 0) = v’m, + M3 (1 — u) + u(mF — m3,). (4.24)

In the following sections, we will separately calculate the contributions to (¢ — 2), from X, and Gj.
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4.1 Gauge boson contribution

At first, we will calculate the physical contribution form the new arbitrary X,, boson. The correspond-
ing integral in eq. (4.12)) can be written in the following way:

d4k1 _ 'YV(CV + CA'YS)(%Q + mF)’YU(kl + mF)fYH(C\*/ + CZ’Y%Q;W

U oS u; = i — .
1y (p2)01 %cue(r) Q”/R4 myi " P2) [ (K —m3 + i) (K — m% + i) (% — M% + ie') v ()
(4.25)
The numerator can be transformed into the following compact form
V(Cv + Car®) Ky + mp )y (kg +me)y™ (CY + Cav°)guw = A+ G- (4.26)

Solving the integral and finding the relevant expression (p; + p2)? for the Gordon Identity needs a
simplification of the numerator. Before multiplying g,,, and changing indices, we expand the bracket
expression A and sort all contributions. Expanding and sorting the brackets yields

A= Cv P [V kB + me (VW kAT + 7Y k™) + mEAY Y] (4.27)
+ |CAlP[Y kAT A" — mp (Y kT + AT B ™) + mayt T (4.28)

+ irrelevant.

Relevant contributions are proportional to |Cy, 4|?, as all other contributions are proportional to 7°
and do not contribute to Fy (v> expressions would contribute to F3, a higher order form factor).
Therefore, the irrelevant part is neglected from now on.

Multiplying the metric tensor g, and pulling down the p and changing it to v gives

numy = A - gy = |Ov * [V kv i + me (VW kv + 7 Y i) + mayt ) (4.29)
+[CaAP IV kY i — me (Y BT + 7Y i) + mEY ) (4.30)

One can easily see that the contributions proportional to |C%| and |C3| are almost equal and only
differ in the prefactor of mp. For further simplifications, we will consider a combined expression,
covering both coupling constants, that can be rearranged into an already known term

Y kY Ky £ mE (VW kT VY ) + mE Y v = (Ky £ mp)y? (K £ me)y.. (4.31)

This expression is already known, and the simplification can be taken from eq. (3.2)). Therefore, we
find

’Yu(k2 + mF)’YU(%1 +mp)y, = *2%170%2 +dmp (kL +k2)7 — Qm?ﬂg- (4.32)

This is the final expression from where on the goal is to identify the relevant part for the Fb form
factor.
The contribution from f,v7F, is already known from section

ov ./

Fivhy = ()77 + % [—2m2z(z + 1)] (4.33)
= ()7 + io;;zq/” [—2m?2 (u— 1)(u—2)] . (4.34)

”w
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The contribution from k{ + k9 yields

Ky + kS = 2k7 + ¢'° (4.35)
=207 —yq"” +2p7) + ¢ (4.36)
= (1-2y)q"7 +22p7 = (1 = 2y)q'7 + 2p7 + 2(p5 — ¢7) (4.37)
= (z—y)d7 + (p] +13%)z (4.38)
i07"q,
=3 [—2m, 2] (4.39)
m
ic7"q,
= o (= 1) (4.40)
m
and therefore the total contribution to F5 from numy amounts to
i07"q, 2 2
mumy = —— |Cy 4l [4m#(u —1)(u—2) £ 8mump(u—1)]. (4.41)
"

Note that the given contribution actually is made up of two parts, proportional to |Cy|? and |C4l?,
with a change in the prefactor of mg. In eq. , the + is associated with |Cy/|? contribution and
the — with |CA‘2.

Plugging in the contributions into eq. and performing the momenta shift with introducing the
integral over the Feynman parameters accordingly to eq. gives

dil 4m?(u—1)(u—2) = 8mymp(u —1)
(2m)4 [12 — A +ie]? '

1
Fox(¢? = 0) = QFiICv,A\2/0 du - 2u /R4 (4.42)

Note that the factor 2 in front of u comes from the fraction % and is a result of the Feynman

parameter introduction. The momenta integral needed is already known:

d*l 1 —i 1
= —. 4.4
/R4 (2m)4 12 — A+ )3 32m2 A (4.43)

Therefore, we obtain

1 4m? (u — 1)(u — 2) £ 8mymp(u— 1)
F /2—>O:QFC 2/d .9 M [ 4.44
2,x(q ) 327r2| v.al 0 Y u?m? + M3 (1 — u) +u(mi —m3) )
2mp
—Qpm? 1 (I —u)(u—2)+ T25(1 - u)
:TQM‘CV’AF/ du - u—— W — 2 2 (4.45)
p 0 wmy, + M5 (1 —u) + u(mf — mj)
2mp 2
Qe U (u— ) 2) 2 )
_ TJ‘CV,AF/ du — M2 : M 5 3 (446)
T um;, + % —U)+u(mF_mu)
2 2mp
—Qpm? ! (= w?) (u+ He —2)
:TZN‘CV,AF/ du 55 M2 1 5 N (447)
- T R Vo e R

Writing out the separated contributions from both coupling constants yields for the physical contri-
bution to (g — 2), from X:

—Qpm? [ 1OV (u—u?) (uﬁ;nﬂ—z) F1CA(u — u?) <u—2TZ‘—F—2)
FQ}X(O) = 47‘-2 .u/ d’LL " "
0

4.48
u2mﬁ+M§<(1 —u) 4+ u(m% —m2) ( )

In the next step, we will perform the same calculation for the Goldstone boson Gj.
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4.2 Goldstone boson contribution

The integral related to the contribution from the Goldstone boson Gy is given in eq. (4.13)). As before,
we will first simplify the numerator. The integral is given with

Ak [(cv +cay’) (kg + mp)y? (ky +mr)(cy — civ) up(py). (4.49)

_ I w — . [ R
U (p2)dLE,ui(p1) Qri /11%4 (2ﬁ)4uf(p2) (k2 —m2 +ie") (k2 — m2 +ie') (q® — MZ +i€)

Expanding the numerator yields
nume, = (cvfy + cvmp + cay’ by + campy’ )V (¢ k) — iy’ + mpcy — cimey®)
= ‘CV|2[%72’YU%1 + mF(%z’VU + 70}61) + m%’ya]
+ [eal?[ko7 7k — mp (B + 27 Ky) + mEne]

+ irrelevant. (4.50)

The contributions from |cy/|? and |ca|? again only differ in the prefactor of mp. To identify the
contribution to Fb, both expressions oy ¥, and foy? + 77§, must be expanded.

ka7 Ky = (e + 77 (h + ¢) (4.51)

=m” +mu(dy” +°4) + 477 d

= ()07 +2m,q” +2¢°¢

= ()7 +2mu (17 = yq'” + (2 = 1)p7) + 207 — yqd'” + (z = )p)) (I —yd' + (2 — L)mh)

= ()Y 4+ 2mu(yqd” + (2 = 1)p]) +2(17] — y(z — 1)mug’” + my(z — 1)*p7)

= ()77 = 2mug” (y + y(z — 1)) + 2my2(z — 1)py

= ()77 — 2yzmud’ + 2my2(z — 1)py

= ()77 = 2yzmud’” + myz(z — Dpf +muz(z — 1)(p3 — ")

= ()77 + (0] +p3)lmuz(z = 1)] + ¢7[muz(2y — 2 — y))

= ()7 + (] +p3)[muz(z = 1)] = mug2(y — )

= (.77 + (0] +p3)[muz(z — 1)]

= ()7 + i;;:zl” [2m22(1 - 2)] (4.52)
= (.07 + % [2m2u(l — u)] (4.53)

"
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All expressions that do not contribute to Fy are collected inside the term (...)y7.

YRy + k" =77 —yd +zp0) + (I + (1 —y)d +uph)

g

(
=77 (—yp — my) + zmy) + (1 —y)(my — pi) + 2p0)7°
=7y + 2)my — P, + (1 —y)my” —xpy”
= (..)y" — 2yp§ — 2xp
= (.7 —wyps —y(d"7 +p]) —2p] — x(p§ — q')
= ()7 = (@ +y) ] +p5) +¢7(x —y)
= ()" + (] +p3)(z—1)
= () + 2:3; 2m,, (1 — 2)] (4.54)
R 2:‘1/” 2m,u] (4.55)

With both contributions eXpanded and the contribution to F3 extracted, we can go back to eq. -
and plug in the results from eq. and eq. - The relevant contrlbutlon amounts to

0’1//

2m

[2m uw(l —u) £ 2m,mpul. (4.56)

numeg, =
12

Plugging in numg, into eq. (4.49)) and again introducing the Feynman parameter integral yields

1 4 2
d*l 2mu(l —u) £ 2m, mru
Fr.6,(q”% —0) = *QF’L'|CV7A|2/ du~2u/ ( il ) pr (4.57)
0

i (21)7 [2— A+ ic?

The momenta integral is known from eq. (4.43)). Plugging in the result and simplifying the expression
results in

_ 1 2m2u(l — u) £ 2m,mpu
F. 2 _50)= Qr c 2/ du - uz . 4.58
Q,Go(q ) 1672 | V7A| 0 m2 + M?2 (1 — U) + Uz(mF m;%,) ( )
T lev.al? /1 d u? (my £ mump) — w’my (4.59)
gr2 IV w?m? + M3 (1 — u) +u(my —m32) .
— _ Qrmj, 1| VA|2/1 s 7 : (4.60)
A2 u*m? + MZ (1 —u) +u(mf — mi)

Separating the contributions from both coupling constants again yields for the contribution to (¢ —2),
from Gy:

FQ,GD (0) =

20 1 levPlu® —u? (14 BE)] + feal?[u’ — u?(1 - TE)]
QFmH1/ dul [ ( ; . (4.61)
0

4n? 2 u?m?2 4+ M3 (1 — u) + u(mf —m?2)

Before we can combine both contributions from X, and Gy, we must identify the relation between the
coupling constants cy,ca and Cy, Cy.
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4.3 Combined final contribution to (¢ — 2),
The relation between the coupling constants of Gy and X, is calculated in and yields

(my —mr)

2
2 o (mu+mr)
liove jeap = Lt el

2
lev]? = A |Cal’. (4.62)
X

As our result shall be dependent to the coupling constants Cy and C4, we employ eq. (4.62]) and plug
in the relations into eq. (4.61]). We obtain

_— Qrm2 1 (b CvP(my —mp)?[u’ — u?(1+ TE)] + [Cal?(my +mp)?[u® — u? (1 — E)]

2600 = "= oarg /0 m + ME(L—u) T u(m —m2) '
(4.63)

The numerator can be rearranged into a different form by simply expanding the brackets and simpli-

fying afterwards:

m m
(my Fmp)? (@’ —u?(1+ —2)) = ud(m, Fmp)? —u(m, Fmp)?(1+ —2) (4.64)
TTL‘u m/_L
_ .3 2 2/ 2 2 mr
=’ (m, Fmp)® —u(m;, F2m,mp +mzp)(1 £ oo ) (4.65)
n

3
=u?(m, Fmp)? —u? [mi +mymp F 2m,mp — 2m3 + mp £ M (4.66)

my
_ .3 2 _ 2,2 2 @
=u’(my Fmp)® —u” |m, Fm,mp —mp + - (4.67)
m
= u3(m“ T mF)2 + u2(m% — mi) <1 F :;F> . (4.68)
m

Plugging back in the expression yields

o 1 Ot bt 2]
= U
0

E: 0) = —
260 (0) 472 2M*% u?m? + M3 (1 — u) + u(m3 —m?)

N ’CAP [u3(mu + 7nF)2 + u2(m%‘ - mi) (1 T %>} ‘| . (469)

uQmi + M3 (1 —u) + u(m3 — mi)

Combining this result with eq. (4.48)) results in the final contribution to (g — 2), from the new gauge
boson X, in the non-relativistic limit:

F5(0) = _QFmZ/Ol du l\CV|2{(u —u?) <u+ 2mp _ 2)

2
4 my

1

mpg
— oINZ (u?’(mu —mp)? +u(m% — mi) (1 — mu>> } +|CaAl*{mp — —mp}

X {uQmZ + M%(1 —u) + u(m% — mi)}_l (4.70)

The result is confirmed by [9, eq.(3)]. In the given reference, the contribution is calculated in the
unitary gauge & — 0. All calculations here are performed in the Feynman gauge £ — 1 and therefore
gauge invariance of the contribution to (¢ — 2), is confirmed as well.



5 FLAVOR CONSERVING AND VIOLATING BSM EXTENSIONS 27

5 Flavor conserving and violating BSM extensions

In the previous section, we calculated the contribution to the anomalous magnetic moment of the muon
from an arbitrary gauge boson X,,. We will use it to approach the prevailing discrepancy between the
experimentally measured value a7;* and the SM prediction.

The goal is to perform parameter scans on different models on a new introduced gauge boson, that
could settle the deviation. In general, there are two approaches to construct a model. One is a flavor
conserving model and one is a flavor violating one.

5.1 L, — L, extension

In the SM, there are three families of leptons: the electron (e), the muon (u), and the tau (7), each with
its own lepton number L., L,,, L;. These lepton numbers are conserved separately in SM interactions,
meaning that electrons, muons and taus are counted independently.

The L, — L, model is a minimal extension of the SM that introduces a new U(1) gauge symmetry
based on the difference between the muon and tau lepton number. The associated gauge boson is
a new massive boson called Z’. It exclusively couples to taus, muons and their associated neutrinos
with an arbitrary coupling strength of ¢’. The relevant interaction Lagrangian of this model for the
Z' boson coupling to p and 7 is given by

Ling D p[Cvy* + CA’y“WE’]FXM —  Lin D g 0Z, — g7y 17.. (5.1)

In our case, we are only interested in interactions with muons. Therefore, we simply neglect the 7
part and obtain
L D ' 1 nZ,. (5.2)

We renamed the general gauge boson from X to Z’ so that it is in accordance with reference articles.
The coupling constant ¢’ and the mass of the gauge boson are arbitrary parameters. From L, we
can conclude mp = m,, and Cy = ¢g'. As the U(1)r,_r, group is abelian, the charge of right-handed
and left-handed muons is the same (+1). Therefore, there is no axial coupling and we set C'4 = 0.

Plugging in the model assumptions into eq. (4.70]), gives for the contribution to the anomalous magnetic
moment

abu-te Z 92 L[N 2l ) (5.3)
# dm2m Jo o m2a? +mZ,(1—x) ’

which is confirmed by eq.(14) in [11]. The contribution can now be scanned with different pairs of
g and myz. The parameter scan is shown in fig. [f| and includes multiple excluded regions. There
are several experiments that constrain parameter combinations of ¢’ and my:. In fig. @ the red area
excludes all gauge bosons with a mass mys less than approximately 10 MeV. A Neg is the difference
between the experimentally measured neutrino-like degrees of freedom and it’s SM prediction. If the
mass of Z’ is very small, it would stay relativistic for a very long time during the radiation-dominated
era of the universe and would contribute significantly to the radiation density. For a small mass m g,

we would therefore measure a different cosmic microwave background than we actually do.

The grey area in fig. [6] is excluded by CCFR (Chicago Columbia Fermilab Rochester) data [12], where
neutrino trident events were counted. In the Coulomb field of an atomic nucleus, a v, neutrino can
interact with the nucleus via exchanging a boson that can produce a u™ ™~ pair

vu+ N = v, +pt +pu” +N. (5.4)

The leading order process of neutrino trident processes from eq. is depicted in fig.

For certain combinations of mz and the coupling constant ¢’, the amount of counted events would
be higher than measured. Furthermore, the measured data is in accordance with SM predictions. As
one can see in fig. [6] the CCFR data excludes almost all parameter combinations for the scanned area
that would explain the (g — 2),, anomaly.
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Figure 6: Parameter scan for the flavor conservative U(1) Lu—L. model. Possible parameter combi-
nations of ¢’ and my that would settle the (¢ — 2), anomaly are marked in green and yellow (up
to 20-interval). The red area is excluded due to the measured neutrino-like degrees of freedom [11].
The gray area shows combinations that are excluded by the CCFR experiment and in blue, one
finds an excluded area by the BaBar experiment . In addition, measurements at the CERN give

constraints from the NA64 — y experiment in purple . Short explanations for all experiments are
given in the text.
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Figure 7: Leading order neutrino trident process, taken from .
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As an additional constraint the BaBar experiment [13] measured 4-muon events from colliding e~ and
+
e

ete” wpu ptZ — pptp ut with A (5.5)
and identified the invariant mass spectrum of the produced muons and anti-muons. One characteristic
of the spectrum was that there were no peaks observed that would predict a new particle. Moreover,
the measured data are in accordance with the SM. The comparison between theoretically predicted
mass spectrum and the actually measured one, gives constraints on the cross section o for the process
in eq. . As 0 x ¢g"?(my), we can derive constraints on the parameters for Z’. The blue area in
fig. [6] shows the constraints that were derived with a 90 % confidence level.

The NA64 — ;u experiment [14] uses a beam with around ~ 2 - 10'° muons (from the MP2 beam at

CERN) and an active target’s nucleus N. The muon beam is made up of muons with 160 GeV that
can interact with the target’s nucleus via a bremsstrahlung-like reaction. During this reaction, a light
Z' boson can be produced via

p+N—=pu+272 +N (5.6)

and therefore carries away a bit of the energy of the incoming muon. Thus, the muon must be of
less energy after the reaction. The boson decays invisibly or propagates downstream. The scattered
muon is detected and it’s momenta and energy is measured. The amount of muons being scattered
and the invariant mass spectrum is predicted with Monte-Carlo simulations that give the constraints
for a hypothetic boson Z’, after comparison with the actual measured spectrum.

Even though the L, — L; model would be able to explain the (g — 2), anomaly and would also fit to
problems regarding dark matter, most of its parameter space in fig. [f] is constrained. Only a small
area around myz ~ 10 MeV and ¢’ = 0.0005 is left.

5.2 Dark Photon extension

The second model introduces a dark sector with an additional photon A’ (Z’) (also-called dark photon),
that is coupling to dark sector states with a charge in the U(1)p extension, but can also interact with
the SM. The interaction causes a mixing term in the Lagrangian with the mixing parameter e. The
model introduces two dark sector states that own fermion properties. A’ couples to both these states
and to the dark sector current. Taking a look at the general Lagrangian, one can identify A, as the SM
photon, Jgnm the electromagnetic current in the SM and Jp the dark sector current. The Lagrangian
is given by |15] and the relevant part can be rearranged to

1 1
LoD = FuF" = JFLF™ %FWF’*”’ + A, Tl + gpALTE, (5.7)
where F),, F'" describes the kinetic mixing term and therefore is non-diagonal. To resolve this issue,

we transform the photon field A,
Ay — A, + Al (5.8)

and cancel out the mixing term in the kinetic part in the Lagrangian. Introducing the transformation
yields

Fu = 0,A, — A0, — 0u(A, +€A)) — (A, +€A),)0,, (5.9)

and therefore we find
Ou(Ay +€A)) — (A +€A))0, = 9, A, — A0, + €(0, A, — A,0,) (5.10)
= Fy + ¢F., (5.11)

F,, — F,, +€eF . 5.12
H Iz 1%
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Plugging in the transformed magnetic strength tensor into the kinetic part of eq. (5.7)) yields

€

1 v v 1 v
Lian = =5 (B + €l ) (PP + eF™™) = 2F, ™ 4 &

(B + €F, ) F'™ (5.13)

1 1

= =B " = (B F™ 4 FJ, ™) = 2F}, F™ + SF,, F'™ 4 O(¢!) (5.14)
1 1

= Fw " = JQEL ) — (P 4 CFLF - O() (5.15)
1 1

= —EFWF‘“’ - ZFI’WF’W +O(é?) (5.16)

~ 1 2% 1 / /v 17

~ —iFHVF - ZFHVF . (5' )

As € is a very small coupling parameter (~ 107%), we neglect all the O(e?) terms. Introducing the
field transformation for A, therefore yields for the Lagrangian in eq. (5.7):

1 1
Ly D —ZFWFW - gFLuFW +e(A, + €A)) Ty + 9p A, TP (5.18)
D Lyin + €A, Thy + Al (eeTgy + 90 TP)- (5.19)

With the transformation, the interaction between leptons and the new introduced dark sector boson
A}, is given by

Lh D eeAl, Tl = eeFQpy"F A, = —eefiy" pA;, (5.20)
Comparing Eibnt with eq. (4.1) yields
Cy = —ce Ca=0 mp =my. (5.21)

The contribution to the anomalous magnetic moment of the muon from the introduced AL boson

therefore is
e 1 ! 2my (1 — ) ae? [t 2mya*(1 — x)

T 4r on xm2x2+mz/1—x T om xm2x2+mzll—x’
0 o 0 “w

(5.22)

with the fine structure constant «. In eq. we set my = mys. All constraints depicted in
the parameter scan in fig. [§] are independent from dark sector state properties. The upper region
for € 2 0.03 is excluded by LEP data [19]. The constraint is based on well known SM observables,
regarding neutral current interactions like Bhabha scattering, and U(1)p model calculations with the
introduced Z’ boson. The confidence level for the given constraint is 95 %.

Also data from BaBar 18] restrict a relatively large area in the parameter space. The examined decay
for the constraints in green in fig. [§ is

et +e o+ A A —sete,putu. (5.23)

The way of receiving constraints is the same as for the BaBar experiment [13] regarding the L, — L,
model. Again, there were no peaks found in the invariant mass spectrum, that would predict a new
particle. The measurements fit well to the SM predictions and result in constraints with a 90%
confidence level.

The KLOE experiments [20][21]]22] include 3 decays in total and deriving the parameter constraints
works equally to deriving the BaBar constraints. KLOF shoots electrons onto a fixed target and is

searching for certain decays around the target.
The first decay [22] is
p—A+n A —e+e, (5.24)

where a ¢ meson decay is followed by the decay of A’ into eTe™.
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Figure 8: Parameter scan for the flavor conservative U(1)p model. Possible parameter combinations
of € and my that would settle the (¢ — 2), anomaly are marked in green and yellow (up to 2o-
interval). There are multiple constraints given from different experiments: NA48/2 , NAG64 ,
BaBar (18], LEP [19], KLOE [20][21][22], E774 [23], E141 [24], A1 [25], APEX and LHCb [27].
Short descriptions for all performed experiments are given in the text. The red box shows the last
possible parameter region, that could settle the (¢ — 2),, anomaly.

The second decay
et +e” A +y A -sat+n, (5.25)

results in two pions, that can be measured around a cylindrical volume around the electron beam.
The third decay is a prompt decay

A —ette, (5.26)
that was measured inside a cylindrical decay volume.
Again, from the measured invariant mass spectra, one is able to derive upper limits on the cross section

o for any given process for the new dark photon A’.
The NA48/2 experiment was performed in 2003-2004 at CERN and the decay of pions 7° was
examined. The relevant decay is

a0 s+ A A et e, (5.27)

The recorded invariant mass spectrum didn’t show any peaks which would predict a new particle A,
and is in harmony with the SM. Constraints again are derived from the constraints on the cross section

o, associated with the decay in eq. .

The NA64 experiment at CERN provides additional constraints for relatively light A" with ma <
23 MeV. Excited ®Be* (excited beryllium nucleus) decays show an excess of e*e™ pairs, that can’t be
explained by the SM. Therefore, there is a hint for a new particle that decays into eTe™. A possible
decay that could lead to the excess is

e +N—=e +N+AX) AX)—=et+e. (5.28)
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X is another boson that the experiment was searching for with a mass of 16.7 MeV. With an electron
beam of around 5.4 x 10'Y electrons shot on target, there was no significant peak found in the invariant
mass spectrum.

The E774 [23] and E141 [24] experiments were performed in 1989 and 1991 and one tried to find new
particles with a 275 GeV electron beam that was shot on a tungsten beam dump. Behind the target,
neutral particles like A’ can decay into an e™e™ pair and can be measured through scintillators behind
the dump. The experiment didn’t show an excess of eTe™ pairs. The relevant scattering and decay is
shown in eq. . Thus, the results are in harmony with the SM, leading to constraints for a new
particle.

e +N—-A A e +et (5.29)

The idea of examining ete™ pair production in e~ + N scattering, see eq. (5.29)) again, is also the
fundament of the experiments A1 [25] and APEX [26]. In both experiments, there was no evidence

found for a new gauge boson.
A lot of constraints also were derived from the LHCb [27] experiment in 2018. 13 TeV pp collisions
were used to cause the following decay:

A = pt 4+ (5.30)

The experiment was designed to search for prompt A’ decays and also long lived A’, but there was no

evidence found for new particles.

The last constraint in dark grey in fig. [§] comes from the anomalous magnetic moment of the electron.
As for the muon, there is a small deviation between the experimentally measured value [28] and the
theoretically predicted value [29] of (¢ — 2).. It amounts to

ae(RB) = a®P — ¢5M = (344 16) x 10714 (5.31)

RB stands for the element rubidium, which was used to measure the fine structure constant .
Technically, the same calculations as in previous sections can be performed for the electron. A pa-
rameter scan for the electron in the given model leads to strong constraints beyond the 2o-interval of
Qe.

Apparently, what we can derive from fig. [§] is that the dark photon extension will probably stay
a theoretical model without real analogue. Its parameter space is largely constrained by multiple
experiment data. Nevertheless, the few remaining parameter pairs can be identified very precisely in
a region of myz ~ 1 GeV and € ~ 0.015. With these information, experiments could be adjusted to
search for new particles in the mentioned parameter regions with high precision and sensitivity.

The shape of the graphs in fig. |§| and fig. |8 that represent the 1o and 20 deviation from Aa, can be
explained considering two scenarios. First, assuming mz < m, ~ 0.1 GeV, then the integrands in
eq. (5.3) and eq. would converge against the expression 2(1 —z), which would cause the integral
to become constant. As a consequence, the couplings ¢’ and € must stay constant as well, resulting in
horizontally extending bands for myz — 0.

For the case mz > my,, the denominators become very large and the integral value relatively small.
As a,, is a constant, the coupling constants ¢’ and e must grow to compensate the decreasing integral
value, causing the two o bands to also extend vertically.
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5.3 Lepton flavor violating 7’ extension

As one can see from fig. |§| and fig. |8| the allowed parameters for a hypothetical Z’ are well constrained
by multiple experiments. Flavor conserving models appear to be strongly restricted. Therefore, we
want to examine a flavor violating model. In fact, some experiments also hint, that lepton flavor
violation (LFV) is dominant in certain decays related to muons and taus.

We will work along a LFV model that introduces a leptophilic Z’ boson. As an important property,
we assume this new boson to only have non-diagonal couplings between taus and muons. Moreover,
the coupling can be chirally asymmetric. After taking a look at the Lagrangian, we will explore two
different combinations on the left- and right-handed coupling constants. The model is described by
the following Lagrangian (taken from [30])

L2 gy (" Pt + 0,7 Prvr) Zg + gr(iy* PrT) Zy,, (5.32)
where we neglect the neutrino part, as we are only interested in 7 and p interactions. Thus, we have
Ling D AlOVA* + Car""IF X, — L D g1 (i Prr) 2}, + gr (i Prr) Z,, (5.33)

where P;, and Pgr are left- and right-handed projection operators. They are defined with

1—+° 1445
- pp= T
2 2

(5.34)

A muon interacting with the introduced Z’ boson would result in a tau. Therefore, mrp = m, and a

comparison between eq. (4.1]) and eq. (5.33)) yields

/ / ro_
oy =9Lt9 o, _9R_ 9L (5.35)
2 2
Plugging in the assumptions into eq. (4.70)) and rewriting the ﬁ term leads to
X
C == (etme —m)? + (md —m2) (1 T (5.36)
2M§< ) = 2M§< F " F m mu .
1’2 mpg
— i (stmr = 2 4 (o = ) (1- 22 )) (537
z?(mp — mu)2 (mr +my)(mp —m,,) mr
=2 TF - ) j—— .
2M5 <$ " (mp —my,)? ( my )) (5:38)
_ _:EQ(mF —2mu)2 - (mF+mM) mu_mF (539)
2Mx (mp —my) My
z?(mp —m,,)? mrg
— o T (g -1 A4
2M% <9€ My ) 7 (5.40)

(5.41)

and for the final contribution

m? / /2 1 2 2 _ 2
%~=@§ML29“ A M:Ox—x%<x+ m7_2>_x<m72”w><$_”%_4)> (5.42)

m/—L szz m;t
m2 I a2 1 ) 2 2
N yggﬂL/dxCVw%x_’“_Q_Eﬁ&%@i,wﬁﬁ_l , (5.43)
4n 4 0 my 2mz, my
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We are interested in two specific scenarios. The first one assumes g = g5 (model f1), while the second

one assumes ¢; = % (model f2). Plugging in these relations results in

m2 /2 1 2 2 _ 2
oft = IR /dm_x?)(ﬂ mf_z)_ﬂmrzmu)(x_%_l) (5.44)
4 0 my 2mz, my
af2—m’2‘g§%2E 1dx(x—m2) m+2m7—2 _ 2hme —my)* o T (5.45)
B 4w 400 J, my, 2m?2, my, ’
m2gn? 81 1 2 2 2
G MeIr O [ ) (- 20 g —w v T, (5.46)
472 400 J, my, 2mz, my

What is evident at first glance in fig. El is that a symmetric coupling cannot explain the (g — 2),
anomaly, as the whole suitable parameter space that would settle the anomaly is constrained by 7
decays. Therefore, the right-handed chirally asymmetric coupling must be preferred. The parameter
scan for this case is depicted in fig.

10° 10° T uvb
107t 107t T
1072 1072
- -3
\@m 1073 \@m 10
1074 107*
107° 107°
10°¢ 107
mm Aay (lo) mmm Aay (lo)
Aay (20) Aay (20)
1077 1077 = ) 1 2 3
10-t 100 10! 102 103 10 10 10 . 10 10
Gauge Boson mass my in GeV Gauge Boson mass mz in GeV
Figure 9: Chirally symmetric coupling with Fllgure 10:  Chirally asymmetric coupling with
gr = g5 Both constraints are derived from tau 91—18‘ = ¢}. Both constraints are derived from tau
decays and comparisons with SM predictions. decays and comparisons with SM predictions.

The shift from the red constrain in fig. [L0|is a result of the asymmetric coupling, that can be derived
from the first part of the Lagrangian in eq. . In this part the left-handed coupling allows 7
to decay into uZ’ and Z’ into two neutrinos. Neutrino interactions are only involved in left-handed
interactions and as we assume gr = 10 - g7, we must shift the red constraint up by a factor of 10.

For the flavor violating model, there are two main sorts of tau decays, mediated by a tree level exchange
of a W boson in the SM, that set constraints on the parameters g and my. In fig. |§| and fig. the
constraint in blue is derived from the decay

T p+ 7, (5.47)
which is the dominant constraint for myz < m, —m,,. For this case of a relatively light Z’, the decay
Tou +7 Z'sv+v (5.48)

kinematically is possible and sets strong constraints on the parameters for mz < m; —m,,.
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The produced Z’ can only decay into neutrinos in this case and thus missing energy events exclude a
large area of possible parameter pairs. An experiment that derived the given constraint is the ARGUS
experiment [31], that examined 7 — u~ + ¢ decays, with ¢ being an arbitrary unobservable particle.

In red we find the dominant constraint for myz = 2 GeV to be derived from the two decays
T p+v. 40, and T p+v,+ v, (5.49)

Both decays in eq. (5.49)) are described by the short form 7 — uvv. The constraints are derived by a
comparison of SM predictions for the branching ratio [30]

BR 7
(T = pvebu)sm _ g g79559 + 0000005, (5.50)

RSM —
BR(T — ev:Ve)sm

ne

and experimental data (provided by another experiment at BaBar [32])

RIPY = 0.979 + 0.004. (5.51)
The deviation between both ratios is
RPDG
Ay — 1= 0.0066 £ 0.0041, (5.52)
pe

and sets the constraints for the parameter space. A new Z’ boson would contribute to the decays in
eq. . It would increase the ratio R, in eq. (5.50]) and therefore, the deviation from experimental
data is the basis for constraints. The correction to R#g/[ from Z’ can be calculated with neglecting the
muon mass 1, for mz > m;, but has to be taken into account for mz ~ m,. In fact, for mz ~ m,
there is a significant change in the muon energy spectrum for 7 — uv; v, due to softer muons than in
the SM. A possible impact of the spectrum change on the decays is not taken into account. As the
change is significant for my ~ m;, there are dark red areas in fig. [9] and fig. [I0} to imply possible
deviations on constraints in the marked area.

The lepton flavor violating Z' model could be a possible model, that can explain the (g —2), anomaly.

However, one has to assume a chirally asymmetric coupling ¢g; = %, as the symmetric coupling is
completely excluded by 7 decay experiments. Nevertheless, with this kind of coupling, there is a
relatively large area for possible parameter pairs of my and gy that could hint a new boson, as one
can obtain from fig.
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6 Conclusion

In this thesis, the anomalous magnetic moment of the muon was examined, beginning from the fun-
damental theoretical description by the Dirac equation, up to possible extensions of the SM. Starting
with the Dirac equation, it was shown that the Schrodinger Pauli equation yields the gyromagnetic
factor g = 2, a result that reflects the connection between spin and magnetic interactions in relativis-
tic quantum mechanics. Furthermore, g = 2 was derived from the tree-level interaction. Moving to
quantum electrodynamics, the one-loop correction to a; was derived, reproducing Schwinger’s result
of 5~ which represents the leading contribution to the anomalous magnetic moment.

The analysis was extended employing BSM physics and introducing a new massive gauge boson X,
whose couplings Cy and C4 give additional one-loop contributions to a,. The calculation was per-
formed in the Feynman gauge £ — 1 under consideration of the Goldstone boson Gg that is associated
to X,. The calculation was successfully performed, reproducing the result from [9], a known paper
featuring analytical results to a, in different scenarios.

The analytical contribution to a, from X, allowed the exploration of specific beyond SM scenarios,
including the L, — L, extension, the Dark Photon model and Lepton-flavor violating Z’ interactions.
Each of these extensions provides viable parameter regions, where the observed deviation between
experiment and SM prediction can potentially be explained. Regarding the Dark Photon model,
one can see at first glance in fig. |8 that the parameter space is strongly constrained by multiple
experiments. However, the suitable parameters that are left can be identified quite precisely, opening
up the opportunity to perform high-sensitivity measurements in the given parameter regions.

The same can be concluded for the L, — L, extension, as the parameter space also is excluded to a
relatively small area. It is advisable to perform adjusted experiments for both models. As they both
still remain with suitable parameter pairs, they can still be proven correct.

The flavor violating Z’ model with chirally asymmetric couplings owns the largest parameter space of
all models discussed in this thesis, that could explain the prevailing deviation.

It remains to be seen whether any of the extensions discussed will prove to be correct. So far, there are
no experimental data that would confirm any of the scenarios. The SM cannot explain everything we
measure yet, which is a clear indicator for physics beyond the SM. Further measurements are required,
and the search for possible indications must continue.

The discussion on the muon g — 2 remains an open challenge, particularly regarding whether hadronic
contributions should be derived from ete™-collider data or lattice QCD calculations. This dialogue
will need to continue as both approaches evolve and improve.
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7 Appendix

A1l.1 Properties of v matrices

In this first section (based on [7]), the multiple properties of the v matrices will be introduced to
simplify calculations. To do so, we will use the Pauli Dirac representation v* = (3, a). At first, it is
advisable to take a look at the anticommutator

{7 =Mt =29, (AL.1)
where g"” is the metric tensor of Minkowski Space. v matrices obey the Clifford-Algebra. Using
allows rearrangements of the following expressions:

YA v, = (29" — )1

=27 =" 0
— 2’}/} _ ,YL/ 4
= —2¢¥ (A1.2)

Yy = (2g% — APy )y°
ab_c

= 29°%y° — yPy%°

ab, c

= 29" — 429" — v°v)

ac. b b.c.a

Py — 297" + 40y

_ 29ab,yc _ anc,yb + (2gbc _ 'YC')/b)'Ya
ab . c ac. b be . a

= 2(g"° — g*°4" + g"4*) — Py . (A1.3)

As 7? is hermitian and v° = 3, one can show the following relations:

7T =40 (A14)
(0)? =14 (AL5)
P = (Ba")T = a"p = @ g = —par = —* (A1.6)
= (Ba*)t = @M = a¥p = B2a* B = 194" (ALT)

Introducing the new gauge boson X, requires the definition of the +® matrix
7° =iy, (A1.8)

that satisfies:

V=90 (AL9)
(+9)? = 1,4 (A1.10)

{7°, 9"} = 0. (Al.11)
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A1.2 The Gordon identity

The goal of this section is to find another expression for u(p”)y*u(p), which is split up into the electric
and magnetic interaction of 4 and u with a photon #. Therefore, we will need eq. (2.23)). We will
start by writing down both Dirac equations for u(p’) and u(p)

(v*pp —m)u(p) =0 (A1.12)
u(p")(v"'pu —m) = 0. (A1.13)

In the next step, we multiply eq. (A1.13) from the right with v“u(p) and eq. (A1.12)) from the left
with a(p”’)y”. The following two equations then are

a(p’)y” (mu(p)) = w(@ )V v puu(p)
(ma(p”))y"u(p) = u(p’)y"~"pju(P),

where the left side of both equations is equal. Therefore, we can add them together and divide by ﬁ
This results in

u(p’ )y u(p) = %ﬂ(ﬁ’) (VAP + D" y") u(p).- (A1.14)

To further evaluate eq. (A1.14]), we define the antisymmetric tensor o*”

i 1
ot =Sy = 5 =", (AL.15)
which allows us to rewrite y#+" and v”~* with help of eq. (Al.1)) in the following way

YAt = g +ioh” BN = g — ot (A1.16)

Plugging in eq. (A1.16)) into eq. (A1.14)) results in the Gordon identity:

"t = agr) (P2 TS o), (A117)

A1l.3 Properties of o;;

Let us take a look at the antisymmetric tensor o, after changing from greek letters p and v, which
run from 0 to 3, to latin letters ¢ and j that run from 1 to 3. The definition of 0, was already
introduced in eq. (A1.15) and we write the v matrices in the Pauli-Dirac representation.

(vavj — Yi%)

N | .

oy =
= 5 (Baua; — fa fay)
=+ (~aifiBa + ayha) (AL18)
=+ (504 — vy (AL19)

In eq. (A1.18) we made use of the anticommutator relation in eq. (Al.1]) for § and ay. After that, we
simply replaced 38 with 1. The two multiplications of matrices o; and «; result in multiplications
between two spin matrices

4474_700j 002»7001-00]»7'_7“
ooy alaﬂ(aj O>(Ui 0> <U¢ 0) (Uj O)(O'J(TZ 0;0;)1s. (A1.20)

15 is the two dimensional identity and o; are the 3 Pauli spin matrices.
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To further evaluate eq. (A1.20]), we will make use of the algebraic identity
005 = 51'ng + iEiijk, (A121)

which results in an expression for eq. (|A1.20)) of the form

ajo; — ooy = 2i€i01 1. (A1.22)
Plugging in eq. (A1.22)) into eq. gives the final expression for o;;
Oij = —€ijk0kLa. (A1.23)

In the introduction, we have to show that a coupling between the magnetic field B and the spin
matrices & is hidden inside the two sums in eq. (2.36)). To reveal the coupling, we can make use of

AT21}
DD oA+ AP =iY N D eijnon(p' A+ A'p)

i=1 j#i i=1 j#i k=1
P.R
3 3) WP R Y
i=1 j#i k=1
B " ori 3 3
€ijr antisymmetric _ ZZ Z Z eijko’kpiAj
i=1 j#i k=1
pt — 7i% o .
g = Eijkgk@AJ
= UkEkija iA
—op-(V-A)p =5 B (A1.24)

Al1l.4 Feynman parameters

In this short section, we want to prove the identity that allows evaluating one-loop integrals in a
relatively simple way, with exchanging the denominator. The method introduces Feynman parameters,
which are subsequently integrated with respect to, yielding the original denominator. We only prove
the case n = 3.

! 2-0(x+y+z—-1) 1
dz dy dz dzd —1-a—
/0 T T AT yB 1 O] / YA —O) 1y B_-O) 1P |° vy
/ / ! ¢ boundari
S n r1es
A C) ( C)+C]3 S€ ou aries

T C- B/ [ )+B]2 N [w(A—é‘HCP]
[ Q@*ﬁc(ié)]
T - B(Al)

AB = (A1.25)



7 APPENDIX 40

Al1.4.1 (1-z)— u integral substitution

This integral shift and its proof are retraced from [10].

1 1 1-z
/ dxdydzé(x+y—|—z—1)f(x—|—y)=/ da:/ dy f(z +y) (A1.26)
0 0 0

Introducing substitutions u = z + y and v = x — y yields

1 1—x 1 u
/ dm/ dy f(z +y) —>/ du/ dv f(u)]J|, (A1.27)
0 0 0 —u
where |J| is the Jacobian determinant. It is given by
Ou  Ou 1
J(u,v) =52 P|l=—=. (A1.28)
oz oy 2
Plugging in the determinant and integrating over v gives the final integral
1 u 1 1 1
/ du/ dvf(u)|.]|:/ du2uf(u)§:/ dunf(u). (A1.29)
0 —u 0 0
A1.5 Generic integrals
This chapter is based on [33, pp. 26-28].
The integrals appearing in section [3] and section [4 are of the general form
1
(A = [dPl— Al.
(&) / P —Atior (A1.30)

whose value can be calculated and brought into the form of a compact equation. The first steps are
already done in section [3] where we performed a Wick Rotation to transform the integral into the

following form:
1

L&) = (1% [ Pl i

The integral owns Euclidean geometry and is spherically symmetric. Therefore, one can use spherical
coordinates in D dimensions to evaluate the integral. At first, we must calculate the solid angle of a
sphere in D dimensions. To define the solid angle, we will use

o ([

oo D
= / dridry ---drpe” Do (A1.32)

(A1.31)

In eq. (A1.32)) we can use spherical symmetry to exchange the integral with an integral over all angles
and the radius. This yields

(V)P = / dQp_+ /0 T gDl (A1.33)
With the substitution u = 2, the integral turns into
(V)P = /dQD_1 : % OOO da?(2)P/2 1" = %QD_l T(D/2), (A1.34)
which can be used to define the solid angle with
Qp_1 = 2mbP (A1.35)

I'(D/2)
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In the next step, the shift to spherical coordinates is performed. We can exchange

< 1
/dlE — /dQD/ dl%i(l%)D/Q‘l, (A1.36)
0

and therefore find for the integral in eq. (A1.31))

(—1)"i/ /°° 2 1% (=) /°° 2 I

L,(A)=~—— [ dQ dl = Q dlg——""——. Al.
(B)=" D) MEETA e -2 Py, YEEmTA (A1.37)
The solid angle in D dimensions is given by eq. :A1.35i and can be replaced with the calculated
expression. Furthermore, we can exchange ZQE with z, to turn the integral into a one dimensional
integral

(A T Py QAT S A1.38
e A o e (AL38)
To evaluate the integral, we apply the following substitution:
A — e A — e
- = - = Al.
YT T A—ie dy (x—i—A—ie)zdx (A1.39)
Plugging in the substitution gives
I.(A) = (—1)”2’L/2(A —je)P/2n /1 dx dy (1 — y)P/21yn-D/2-1 (A1.40)
I'(D/2) 0
nP/2 p/anT(D/2)T(n— D/2)
1\t . /2—n
I,(A) = (-1) ZF(D/Q) (A — ie) T(n) . (A1.41)
The final integral for the generic integral therefore is
I.(A) = (=1)"ixP2 (A - ie)D/Q_"M (A1.42)

I'(n)
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A1.6 Feynman rules

Evaluating the discussed Feynman diagrams in this thesis was performed with the following Feynman

rules. For vertex factors we applied:

f I
Fermion—Vector boson vertex
XNT
f f!
Fermion—Goldstone scalar vertex
GOT 3
f f!

Fermion—Photon vertex

=iv*(Cy + Cary?)

=i(cy + cav®)

:Zle’}/M

The following propagators in the R¢ (Feynman gauge { — 1) are necessary for one-loop contributions

in this thesis:

_igMV
PhOton ropa ator .\/\/\/\/\/\/\/\/\/\/\/\1/\/\/\/\/\/\/\/\/\/\/\/\. .
propag q% + ie
X _ig v
VeCtO bOSO opagato .\/VVVVVWVVVV\ﬁIIVVVVVVVVVVV\. —“
T n propag T q2—M2—|—ZE
Goldstone scalar propagator & e go ,,,,,,,,,, - ;
q? — M? +ic

Fermion propagator

For ingoing and outgoing fermions, the associated spinors are:

incoming fermion

outgoing fermion

o —p———————

p? —m?2 + e
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A1.7 Coupling constants cy,cy and Cy,Cy relations

The arbitrary massive gauge boson X, has an associated Goldstone boson G, whose coupling to
fermions is not known yet. Nevertheless, the choice of ¢y and ¢4 is not arbitrary, as any process must
satisfy £ gauge independence. Therefore, there is a relation between the given coupling constants that
has to be derived. A relatively easy way to show the relation is by calculating the scattering amplitude
in the t-channel between an incoming muon p and fermion f and two outgoing particles of the same
composition. All fermions and muons are on shell particles, that satisfy the Dirac equation. This
section is based on [10, chapter 2.2.5].

f(p1) 1(p2) f(p1) 1(p2)
X,.(0) Go(g) | !
(k1) f(k2) pu(k) f(k2)
a) Physical X, boson exchange. b) Goldstone G exchange.

Figure 11: t-channel scattering of a muon and a fermion with exchange of (a) the physical gauge boson
X,, and (b) the associated Goldstone boson G°.

Using Feynman rules, the total scattering amplitude in the R gauge is

iM = [(p2)in” (CY + C47°) f(p0)ILSf (k2)in (Cv + Cay®)pu(kr)]

% —1 G — udv | { quqv
14
- M\ M%) @ -EME \ Mk

_ - X f . {
+ [1(p2)i(cy — i) F(p0)|[f (ka)i(ev + cay®) (k)] [2]\42] . (A1.43)
q° —EMx%
We rearranged the X, propagator from eq. (4.4]) with partial fraction decomposition
1-¢ 1 ( 1 1 )
= — — . Al.44
(> —EMZ)(@® — M%) MZ \¢* - M%  ¢* —EM% (A4

With this trick, we can extract the part that is dependent to the gauge parameter £. For gauge
independence, it must vanish. From this requirement, we can figure out the relation between the
coupling constants.



7 APPENDIX 44

Comparing the contributions in eq. (A1.43|), one finds the £ dependent part to amount to

i [(p2)i(cir + i) FONF (ka)ilov + can® (k)]

q? — EM%
- [ﬁ(pz)z‘Mi(Oé +CO)f (pl)][f(kg)iMi(cv + Cay)u(k1)]. (A1.45)
X X
For its canceling, the following conditions are required:
F(ka)ilev + ear (k) = f(@)iMiX(cv + Can®)palky) (A1.46)
RpR)i(ch — ") 1) = i )ih—(C5 + C30) ) (A1.47)

Both conditions are equivalent. We will take a closer look at eq. (A1.46) first. Note that ¢ = k1 — ko
and that the muons and fermions are on-shell particles. With this property, we can apply the Dirac
equation on the outer spinors.

Flk2)ev + ea®yutin) = k) P 20 + o ¥ B0y (AL48)
= (k) ™5 Co ) = Flhko) ™ Capah) (AL.49)
= Fko) (m”A;XmF Cy — m“A}LXmF c,wf’) p(ky) (A1.50)

In eq. (A1.49) it is important to switch };v> = —7°F; before applying the Dirac equation. From
comparing the coefficients in eq. (A1.50)), the relation between the coupling constants is evident:

my, —m my, +m
cy = 7MMX Loy caA = _7HMX e (A1.51)
A similar result can be obtained through eq. (A1.47)) with ¢ = p1 — pa:
— * x5 - p17¢2 * — p17p2 * 5 A
p2)(cy — cay’) f(p1) = Alp2) === OV f(p1) + Alp2) =5 == Can" f(p1) (A1.52)
X X
_ mgp—m * _ mp+m *
= ji(p2) = CV f(p1) = filp2) = —C37" f(p1) (AL53)
Mx Mx
_ mgrp —m . mgr+m %
= ,U(pg) (lzwxﬂcv - F}WXHCA’Y{)) f(pl) (Al.54)
Comparing again and taking the complex conjugate yields
m, —m m, +m

Comparing eq. and eq. ((A1.55)) shows, that both conditions that have to be fulfilled, result in
different prefactors. In fact, choosing eq. (A1.51)) or eq. is just a question of convention. Both
relations are correct, as the prefactors will cancel out after performing the square over cy, 4. The final
relation between the square of the coupling constants that is necessary to combine the results from

eq. (4.48) and eq. (4.61)) is

(my —mp)

2
2 5 (mu+mr)
i e - Lt el

2
lev|? = Ve |C )2 (A1.56)
X
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