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1 Introduction

1 Introduction

The aim of this work is to learn about the working methods of theoretical particle physics
by investigating top—antitop production in proton-proton collisions at the LHC at /s =
8 TeV. We provide a clear illustration of the leading order calculation of the ¢t production
cross section (CS) and normalized differential cross section and compare the predictions
with experimental data from the CMS collaboration. Although the calculation is limited
to leading order and to the gluon—gluon channel, we find that the CS only has a relative
deviation of about 25% to experimental data and the normalized differential CS success-
fully predicts the general shape of the bins. This forms the foundation for future analyses
at higher orders.

The top quark, discovered in 1995 at Fermilab, is the heaviest known elementary par-
ticle in the Standard Model of particle physics. With a mass close to the electroweak
symmetry breaking scale, it plays a special role in precision tests of the Standard Model
and in searches for new physics [3]. Due to its extremely short lifetime ~ 1072 s [8], the
top quark decays before hadronization occurs, which allows direct access to its properties.
Measurements of top quark production and decay therefore provide valuable insights into
strong interactions at high energies. At the Large Hadron Collider (LHC), Top Antitop
(tt) pairs are predominantly produced in proton-proton collisions. The study of ¢t pro-
duction cross sections is of particular importance. On the one hand, it provides stringent
tests of Quantum Chromodynamics (QCD), on the other hand, it serves as a background
to many searches for physics beyond the Standard Model.

In this thesis, the hadronic CS of t¢ production at a center-of-mass energy /s = 8 TeV
is calculated at leading order (LO), considering only the gluon—gluon fusion process. A
set of equally and random logarithmic distributed events is created and shaped to align
with experimental limitations. The calculation is then performed using the Monte Carlo
method, which allows an efficient evaluation of the multidimensional phase space integrals
involved. Based on this result, a set of unweighted events is generated and stored in the
Les Houches Event (LHE) format. From these events, two normalized differential cross
sections are extracted and compared with experimental data.

In chapter 2 an overview of the theoretical framework is given, introducing the proton and
the transition from hadrons to partons, where the parton distribution functions (PDFs)
and the the momentum fractions x are established. A short overview of Quantum Chromo-
dynamics is given, from which the Feynman rules are motivated. We then take a further
look at the kinematics of the process and establish the hadronic CS

that= Y, [ [ dordeaion @) (22,0 [ aPSa M7~ H)P,

1,0,k,l

which quantifies the likelihood of a scattering event. The main components are the PDFs
fi(z,Q?%), the phase space element dPSy and the squared matrix element |M |2. These
are analytically calculated, partially using Mathematica, and the integration is performed
using the Monte Carlo (MC) method.
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2 Theoretical Background

Proton—proton interactions are studied at the Large Hardron Collider, where hadron beams
collide in order to examine the structure of the hadrons. The Standard Model summarizes
the current knowledge of the basic constituents of matter and their interactions. It is a is
a non-abelian gauge theory with the symmetry group U(1)xSU(2)xSU(3) and has a total
of twelve gauge bosons: the photon, three weak bosons and eight gluons. A gauge theory
is a field theory where the Lagrangian is invariant under transformations according to
certain Lie Groups. The color group SU(3) describes strong interactions and the SU(2)x
U(1) groups describe the electroweak interaction [11]. Quantum Chromodynamics is the
theoretical framework for describing strong interactions, which describes the binding of
the quarks inside the hadrons. Gluons are the exchange particles of the color field that
bind quarks in nucleons and also nucleons into nuclei, and since they carry a color charge,
they can directly interact with other gluons. Quarks interact by exchanging color through
gluon interaction. Due to color confinement hadrons can only be observed colorless [10].
As usual in particle physics we use natural units and set the speed of light and the reduced
planck constant to one:

c=1 h=1 (2.1)

In the following sections we will give a short introduction to the theoretical framework used
in the calculations, establish the Feynman rules and introduce the Monte Carlo integration
used for numerical evaluation.

2.1 Constituents of the Proton

The proton is no elementary particle but consists of smaller components called quarks.
A Proton consists of three valence quarks, two up quarks and one down quark (u,u,d,),
accompanied by many quark-antiquark pairs u,ts, dgds, s:5s, and so on, which are known
as sea quarks [10]. Their quantum numbers always sum to zero, therefore not changing the
quantum numbers of the proton. Protons also consist of gluons, who carry a substantial
fraction of the proton’s momentum.

If one looks at the proton in a fast moving system, as one would do in proton collisions
at the LHC, then the transverse momenta and the rest masses of the proton constituents
can be neglected. The structure of the proton is then given to a first approximation
by the longitudinal momenta of its constituents. This is the basis of the parton model
of Feynman and Bjorken. The constituents of the proton are called partons [18]. Each
parton can carry a different fraction z of the parent protons momentum and energy

Pparton = TPproton » (22)

where Ppoton = |p|(1,0,0,1) is the four momentum of a proton moving along the z-axis.
The parton distribution function (PDF) fi(x, @?) describes the probability that the parton
i carries a fraction € [0, 1] of the protons momentum p at a given energy scale Q2. All
parton momentum need to add up to one [10, p. 191]

Z/dxxfi(x,Q2) =1. (2.3)
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Figure 1: Parton distribution function at engery scale Q = 2m;. The used PDF is the
"CT18NLO” set [4].

The energy scale for this process is set to two top quark masses QQ = 2m;. Figure 1 displays
the used PDF set "CT18NLO” [4] at the set energy scale. The u, and d, display the up and
down valence quarks, calculated by subtracting the anti-quark- from the quark-distribution
respectively. The gluon distribution is scaled by 0.1 to allow for better visibility. One can
see that it is dominant for small 2 values, especially for values < 1072. For z ~ 107!,
the valence quarks carry the significant amount of the protons momentum. Because sea
quarks are produced through gluon splitting, they arise for small z values, for larger x
values they only carry small amounts of the momentum. The collision under consideration
takes place at /s = 8 TeV, in comparison the combined mass of the top- anti-top quark
is m = 345 GeV, where we use the mass of the top quark m; = 172.5 GeV. This implies
that small x contribute dominantly to this process, which is why only gluon—gluon fusion
is considered.

2.2 Gauge Theory

The following section is based on the work in [19] and [15]. All elementary particle in-
teractions can be described with gauge theories. The three fundamental forces described
by the standard model: the electromagnetic, the weak and the strong force, are described
by gauge theories that correspond to the symmetry groups U(1), SU(2) and SU(3). The
Lagrangian formalism is introduced as a framework, with the Lagrangian as a Lorentz in-
variant scalar. In classical theories, we describe the physical system in terms of positions
of particles depending on time.

L=L(Fq1) (2.4)
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In field theories, fields are used to describe the physical system, the big advantage being
they treat space and time equally. The transition is achieved by introducing a Lagrangian
density

L =2(2,0,9) (2.5)

connected to the Lagrangian via £ = [ d3z.%, where . is a function of the field ® and its
derivatives 0,®. The correct field configurations follow from the Euler-Lagrange equation
using Fermat’s principle, where we find a minimum of the action

S:/Edt:/$d4:c. (2.6)

We will be guided to the correct form of the Lagrangians by gauge symmetries. For free
spin % fields/particles, the equation of motion is given by the Dirac equation with the
Dirac Lagrangian

L Dirac = \I’(Z"‘}/'uau - m)\ll (27)
(i7,0" —m)¥ =0 (2.8)

Because we look at strong interactions, we need to look at the symmetry group SU(3).
For this purpose, triplet objects Q(z) = (qi(x),q2(x),q3(x)) are introduced, that are
transformed by SU(3) transformations. They contain three spin 1/2 fields, which are
interpreted as quarks carrying different color. Because the Lagrangian

2 =iQ0,/"Q - GmQ (2.9)
needs to be locally SU(3) invariant
Qz) = U(2)Q(z) Ulx) = TeOl), (2.10)
we need to introduce the covariant derivative
Dy =0, —igsT*GY, = 0y — igsGy (2.11)

where gs = /4mwa, is the strong coupling constant, T* are the generators of SU(3), which
will be introduced below, and GJ; is a gluon field. The gluon field strength tensor G, for
the spin 1 gluon fields is defined as:

gaﬁ = aagﬁ - aﬁga - gs[gom gﬁ] . (212)

The Lagrangian of QCD can now be quoted as

Zqop = QD" —m)Q — igaﬁgaﬁ . (2.13)
SU(3) is the group of all unitary 3 x 3 matrices with
UlU=1 det(U)=1. (2.14)
As usual with Lie groups, these matrices can be written as exponential functions

U = 1O (2.15)
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where the generators are required to be Hermitian and traceless
T =T, Tr(T,)=0. (2.16)

In general, a color gauge group SU(N) has N? — 1 hermitian generators which can be
represented by NxN matrices. For N=3 the generators are related to the Gell-Mann

matrices \* "

(T = 5 (2.17)

The Lie algebra is defined by the commutation relation
[T?, T° = ifebere (2.18)

where the letters a,b and ¢ can take on a value from 1 to 8 and f®°¢ are the fully anti-
symmetric structure constants of the SU(3) group with the normalization

1
Tr (TaTb) = Tpdw Tr =3 (2.19)
The color matrices follow a range of rules, the ones relevant for calculating the color terms

in the squared matrix element later on are listed below.

" a N2 -1
Zk TiTy; = Croy O = —5
Z facdfbcd == TA(Sab TA =N (220)

cd
ST = L5 — 26100
5+ kl 9 wy N v
a

2.3 QCD Feynman Rules

The QCD Feynman rules for vertices can be read off the Lagrangian in eq. 2.13 when
relations 2.11 and 2.12 are plugged in and fully expanded. One term includes kinetic
energy and mass terms and the next three terms give a fermion-fermion-gluon vertex and
triple and quadruple gluon vertices [9].

A Feynman diagram represents a perturbative contribution to the amplitude of a quantum
transition from some initial quantum state to some final quantum state. Spin—%—particles,
i.e. quarks and leptons, are represented by straight lines. Gluons are represented by
curly lines. External lines represent real particles, either incoming or outgoing, where the
arrows on fermion lines are used to distinguish particles from antiparticles: The arrow on
the fermion line points forward in time for particles and opposite to the time direction for
antiparticles. Each particle has a superscript indicating its spin. The following table show

1

the terms that derive from incoming and outgoing spin-3- and spin-1-particles:
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Incoming Outgoing
p p
—>————eo=u’(p) &—>»—— =1u’(p)
P P (2.21)
R — B R —
—<—0=0°(p) o——<——=10%p)
p p
5 \ v

(p) @999909909908 = eﬁ*(p)

where u(p) and v(p) are spinors with four components, which satisfy the completeness
relations

> uip)u(p) = (p+m)a

(2.22)
> vsP)vi(p) = (p— m)ap -
S
Here the Feynman slash notation is introduced:
P =put (2.23)
The adjungate spinors are calculated via the dirac matrix
_ _ -i- 0
u(p) = u'(p)y" (2.24)

We denote e (p) as the polarization vector of a gluon. While massive spin-1-particles have
three polarization states, massless gauge bosons like the gluon have only two polarization
states because gauge invariance requires the field polarization to be transverse to the
direction that the gluon is traveling. We set the direction of movement to the z-axis,
the polarization must be orthogonal to the direction of movement. Summing over all
polarization states of the gluons we get [16, p. 59]

e
N AN = —gap + LPE TR (2.25)
~ pp

where we define the momentum vectors of the massless gluons as p = (pp, 0,0, pg) and
P = (p0,0,0,—po).

A vertex represents a point of interaction, the strength of it is denoted by g5 for strong
interaction. The momentum is conserved at each vertex. For the calculations, quark and
gluon propagators have to be considered, both can be motivated through the Lagrangian.
The quark propagator derives from a coupling between a quark and an anti quark in the
Lagrangian, which leads to the Feynman rule for the propagator between two quarks with
color i and j

p
G —»—q _iptm)
_ P (2.26)
p2 —m2 Y
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The Feynman rule for the gluon propagator ! is

_P,
a, 0 90999999~ b, 8 —ig*’§
= 2 ,
where a and b indicate the color. The delta functions ensure color conservation.
The quark gluon vertex represents the coupling of a gluon to a quark line, the strong
coupling constant g, indicates the strength of the interaction and the generator 17 encodes
the color structure of all particles.

(2.27)

qi
G, = _igsT;Z"Yu (2.28)

4j

Because gluons can interact with each other, three- and four-gluon vertices follow from
the Lagrangian, where only the first is relevant for this calculation:

G5

pii/
P
_—>

Go, = —9sf"[gas(P1 — P2)7 + 9oy (P2 — P3)a + Gra(ps — P1)s] - (2.29)

N

b
G

2.4 Cross Section

Experimental results on 2 — 2 scattering is usually quoted in terms of a cross section. A
cross section ¢ may be regarded as the effective area over which the particles interact to
produce the final state [10]. The hadronic cross section for this process can be written as:

Ohad = Z //d$1d$2fi($1)fj($2)0(ij—>k1), (2.30)
ikl

where the partonic cross section is given by

1 YN
ii>w0 = [ APS2 L IMGT — KD (2.31)

The partonic cross section includes the incident flux F', the squared matrix element
|M(ij — k:l)|2 averaged over the spins and the space space element dPSs:

Bk 1 d3ky 1
(2m)3 2B (27)3 2,

dPS, = (2%)45(4) (p1+p2 — k1 —k2). (2.32)

!Only in Feynman gauge, one would get an extra term in axial gauge



2 Theoretical Background

To calculate this cross section, we first look at the kinematics of the scattering process,
after which we will further simplify the phase space element and determine the flux factor.
After that the squared matrix element will be calculated in detail, so that the hadronic
cross section can be calculated numerically using the Monte Carlo method. Finally, we will
use the Hit or Miss Monte Carlo method to generate unweighted LHE-format events, which
will be used to compute differential cross sections and compare those to experimental data
in [7].

2.5 Monte Carlo Integration

In many problems of theoretical particle physics, one is faced with the task of evaluating
multi-dimensional integrals, for example when computing cross sections or phase space
averages. For high-dimensional integrals, deterministic numerical methods become inef-
ficient, and Monte Carlo (MC) techniques provide a powerful alternative. The following
description is based on [17].

The central observation of Monte Carlo integration is that an integral can be recast as an
average of the integrand. Consider the one-dimensional case,

= / " f@) de = (22 — 1) (f(@)) (2.33)

where (f(x)) denotes the average value of f(z) over the interval [z1,x2]. If we generate N
random samples x; uniformly distributed in (x1, x2), then the integral can be approximated
as

1 N
I~ (x2— 1) > i) (2.34)
=1

The random sampling ensures that, in the limit of large N, this estimate converges to the
exact value of the integral.
The accuracy of the Monte Carlo estimate can be understood using the Central Limit
Theorem. The distribution of the average (f(z)) tends to a Gaussian with a standard
deviation that scales as o

e = . (2.35)
where o is the standard deviation of f(z) with respect to the uniform distribution. Hence,
the uncertainty decreases only as 1/4/N, which is slower than for deterministic quadrature
methods in low dimensions, but crucially independent of the dimensionality of the integral.
For convenience, one often introduces the weights W; = (z2 — x1) f(x;), so that the Monte
Carlo estimate becomes

N
1
I~ IN:NZWi. (2.36)
=1

The variance can be defined as

N N 2
v, :02—iZW?— lZW- (2.37)
"o _Nizl ' N¢:1 ) '
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From this, the Monte Carlo error estimate follows as

%
onMe = WN . (2.38)

Thus, the final result for the integral can be written as

I ~ IN + omMC - (239)

2.5.1 Hit-or-Miss Monte Carlo

In addition to weighted Monte Carlo integration, an alternative approach often used in
event generators is the so-called Hit-or-Miss method. The main idea is to generate un-
weighted events, which is advantageous when simulating realistic experimental data where
each event should carry equal importance.

The procedure can be summarized as follows. Suppose we want to integrate a function f(x)
over some domain. We first determine the maximum value f,.x of the integrand within the
integration region. For each randomly generated point x;, we generate a random number
ri € (0,1). The point is then accepted if

f(z:)
fmaX

and rejected otherwise. Accepted points are assigned equal weight, corresponding to the
“hits”, while rejected points correspond to the “misses”.

> T, (2.40)

3 Kinematics

In this chapter we layout the kinematics of the process and derive a term for the phase
space element dPS,. The kinematics are based on the calculations performed in [14]. We
denote the four momenta of the two hadrons with P4 and Pg. In the hadronic center
of mass frame, the momenta are equal and opposite to each other with Py = —Pg and
E, = Ep. This leads to the hadronic Mandelstamm variable S = (P4 + Pg)? = 4E124.
The four momenta of the partons are

p1=x1Pa p2=x2Pp (3.1)

where both hadrons and partons are assumed to be massless. x1 and x2 are momentum
fractions that specify what fraction x of the parent protons momentum and energy each
parton carries. We define the partonic CM frame by p7 + po = 0. In the hadronic CM
frame we get

(p1 + P2)hadr = <($1 +x2)Ea, (x1 — $2)ﬁA) , (3.2)

which shows that the partonic CM frame is moving with the velocity of

_ |1 + Pl _ T~ 22
Py + 0y @+ 2o

B with Eq = |P4]. (3.3)

10
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Since the collision takes place on a parton level, we define the four momenta of the incoming
partons as p; and po and the four momenta of the outgoing quarks as k; and ks with the
scattering angle 6 as can be seen in figure 2.

1 1
p1 = Ep, p2 = Ep, (3.4)
€, —€z
E, E; o sin 6
ki = L ko S k_< 0 ) (3.5)
E,%l —m?k - E,%z —m?k cos
k1
. 0
D1 )
k2

Figure 2: Schematic visualisation of the scattering process in the partonic CM frame
defining the scattering angel 6.

The distribution of the angle ¢ is isotropic for this process, therefore it is only implicitly

included. Using the energy momentum relation £ = v/ k2 —m? and acknowledging the
conservation of momentum and energy, one can show that all energies are equal:

Ey, = Ey, = By, = E,, = E. (3.6)

Because these four momentum vectors are defined in the partonic CM system, the momenta
in the hadronic system can be calculated using a Lorentz transformation along the z-
axis. Because of this the scattering process is described in terms of the Lorentz invariant
Mandelstamm variables:

s:=(p1 +p2)? = (k1 + k2)? = 21208
ti=(p1 —k1)> = (p2 — k2)*
wi=(p1 — k2)? = (p2 — k1)?,

with /s = 2E being the center of mass energy. The Mandelstamm variables are related
through the sum of the squared masses

s—i—t—i—u:m}%l—i—mi—i—mil—i—mi:2mf. (3.10)

11
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We can write the variables ¢ and u in terms of the scattering angle 6, which will play a
vital role when calculating the cross section:

t:p%—}—k‘%—Qpl-kl

=m?—2 (E2 — EMCOSH)
S 4m2
=m?— 5 (1 - Fcos&) , (3.11)

u:me—s—t

4 2
:m?—;<1+ l—mtcosﬁ>.
s

Now that the kinematic framework is set up, we again focus on the hadronic cross section
(eq. 2.30), particularly on the phase space element

dBk; 1 d3ky 1

dPSz = (27)3 2E1 (27)3 2,

27)2W (p1 + p2 — k1 — k2),

which can be further simplified. We start by addressing the integration over the momenta
by using the delta function §(k? — m?) as follows:
dky
(2r)?

dE; A3k,
5("1‘% - mf) = W

_dE Pk 1 . .
- ] (8CV/ Rz +m3 = ) + 6/ +m3 + Ev) )

Integrating over the energy and taking into account that the energy can only be positive
we get:

BE [~ dE, o —— R 1
(2r)3 /oo 25| (&W— Ey) +5(W+El))@(&) - I

O(E} — kY —m3)

Ak Bk 1

5k —m?) = 3.12
We insert this relation into dPSy and integrate over dk;, thereby eliminate one delta
function:

d*k Bky 1
dPSs = (27r)36(k% - m?) (27T)3 2F, (27T)45(4) (pl +p2 — k1 — k?)

12
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We can use the definition of the partonic CM frame (p; + p2) = 0 to further simplify the
delta function; and we transform the integration over d3ks into spherical coordinates:

Ak = |k |?d|ka| sin 6d6de (3.14)
5((171 +p2 — ko) — mt) =0 ((p1 +p2)® — 2(p1 + p2)ka + k3 — m3)
=90 (S - 2\/§E2)

s (me ). 15

The energy relationship Eo = 4/ E% + m? implies

By _ |kl
d|/22| E2

(3.16)

Plugging the relations 3.14, 3.15 and 3.16 into 3.13 we get

_ 1 1 Vs [kl
dPS; = 5775./50 (Eg ) 2L 4)ky| sin 0d0de

1 1 k
= CE 2—\/55 <E2 - f) |22|dE2 dcos0d¢ . (3.17)

Integrating over the Energy dFEs we can rewrite \Eg\ as follows:

|| = £/ E3 —m?
\/s2 — 4sm?

which leads to the final solution for the phase space element

1 2 _ 4 2
dPS, = VI T 2 Geos(6)deb . (3.19)

1672 2s

Looking at the hadronic cross section (eq. 2.31), the incident flux F' needs to be calculated
as well. For a general collision between particles 1 and 2, the incident flux is given by [10]

F = ‘171—172|-2E1'2E2.
For the given process, the flux simplifies to:
F =2s. (3.20)

The final expression for the partonic cross section o(;;— ;) can now be written as

1 2 2
1 s« —4sm
Tl /_1 o U OF (3:21)

13
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4 Calculation of the Squared Matrix Element

The next step in calculating the hadronic cross section (eq. 2.30) is determining the
squared matrix element. For this leading order calculation we consider all Feynman dia-
grams proportional to g2 that result in a tf-pair in the final state. For the calculation of
the squared matrix element we only look at gg-fusion?, where we look at the s-, t-, and
u-channels. The matrix element is made up of the contributions for the three channels:
M = My + M; + M, which results in the squared matrix element:

IM|?* = (Mg + My + M) (M, + M; + M,)}
= | M| + | M| + | My|* + 2Re(M, M) + 2Re(M,M]) + 2 Re(M; M) .

The relevant Feynman diagrams are listed in figure 3.
G* t
\ R / Tpg
ZRIN N
P2 ks

tI G° tI
(a) s-channel (b) t-channel

Gb

(¢) u-channel

Figure 3: Feynman diagrams for gg — tt in three channels.

2An explanation can be found in chapter 2.1

14
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4.1 S-Channel

The contribution of the s-channel results from the Feynman rules established in sec. 2.3:

My =3 (p1)e (p2) - @ (k1) (=1)gT57ev" ()

—i)gresee
X %(—g)f“bc(gaﬁ(pl — P2)~y + 98y(P2 + P2)a + Gral—P3 — D1)8)

P3
92 A
= ea! (PR (p2) - (ha)y 0% (ka) - T/
3
X (gaﬁ(Pl - Pz)v + gﬁv(m +p2)a + g'ya(—Ps - pl)ﬂ) . (4.1)

We further divide the contribution into four factors:

Ms - Ms,colorMs,lMs,QMs,PI )

Ms,color = Ti(;'fabc ’ (42)
92 A A
My = ?Eal (p1)e5’ (p2) (4.3)
3
Mo = u’t (k1)y 0" (k2) (4.4)
M3 = gaﬁ(pl - P2)’y =+ gﬂw(pZ +p2)a + gfya(_p?» - pl)ﬁ ’ (4.5)

to make the calculation clearer. We determine the adjoint of each factor:

M;[,color = T]difabd ) (46)
2
g
M, = ?621*(191)622*(192), (4.7)
3
My = 0% (ka)y ut (k) (4.8)
M5 = guo(p1 — P2)s + Gor (2 + P2)y + Grn(—p3 — P1) (4.9)
53 ne\P1 — DP2)k T Gor\P2 T D2)n T Grn(—P3 — P1)¢p - .

To calculate |M, 5700507]2, we need to average over the (N? — 1)? possible color combinations
of the gluons and sum over all color combinations of the top quark and the anti-top quark.
Using the relations 2.20,this results in:

’Ms,color |2 :-Z\4s,cr)lor]\4T

s,color
1 d b bd
:(N2 _ 1)2 ZZTZCJTJZZ]M °re
c,d 1,7 a,b
1 d d
D) BT it
c,d 1,
1 drd
- (N2 _ 1)2TA Z Z TZJTJZ
i odj
1 .
= —TuCp o
e
N
= 4.10
2(N% - 1) (4.10)

15



4 Calculation of the Squared Matrix Element

To calculate the remaining squared factors, we need to sum over the spins of the top-
anti-top-quark pair and average over the polarization of the gluons. The calculations are
as follows:

|Ms 1| slM
g'1 A A A
=i > ey (p2)en (1) (p2)
37 A
4
(2.25) g PlaP2y + PinD2 P18P2¢ + P1pD2
:4<Oén na_gan><6s@ @ﬁ_gW)’ (4.11)
4ps3 P1P2 P1P2
| M, o) :MszMT
2.22 ~
Z o' (k1)vgyvp (k2) - 0°2 (ko) evequ®™ (K1)
51,82

:'ng(@ﬂ/\ — Mt )bcVea (k1,77 + M) da

= Tr (3 (ko =m0y (k1,7 4 o))

=Tr (’W@M’V“kl 'Y") —mj Tr(y7y")

=4k, ko, (g Ao gwgka_,_gwgm) 4m?g7“

=A(Kk + k{k5 — g7 (k1 - bz +mi)) (4.12)

’M, 2 :Ms,3MsT,3

=(9ag(p1 — P2)~ + 98+ (P2 + P2)a + Gya(—P3 — P1)3)
X (gnp(P1 = P2)k + Gor (P2 + D2)y + Grn(—P3 — P1)) - (4.13)

From here we calculate the contribution to the squared matrix element | M, S|2 using Wol-
fram Mathematica [12] and the FeynCalc package [20].

\M5\2 :’Ms,color’2|Ms,1’2|Ms,2’2|M873‘2

2N (m? —t)(m? — u)
4 t t
= 4.14
SN 52 (4-14)

4.2 T-Channel

The contribution of the t-channel results from the Feynman rules as follows:

M=W%m>zme<0V%1?Wm@WMﬂﬂmW%m
:# A (P13 (p2) - Ti Ty - 0 (k)Y (Py + mu)y v™ (ka) - (4.15)
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4 Calculation of the Squared Matrix Element

The contribution is divided into three factors M; = M - My 2 - My coior, With the adjoint
of each factor, respectively:

. 9 . 9

—'9 A A i 9 Ak Aok
My = —5—— €' (p1)eg’ (p2 My = 55— &""(p)e(p2), (416
p% _ m? a B ( ) t,1 pg) . m% o ( )
My = @ (k)Y (py + me)y 0% (k2) M{y = 52 (k)Y (py + mu)y7u (k1) (4.17)
Mt,color = ,T;;HT;;J Mjcolor =T; kal (418)

This is done analogously to the calculation of the s-channel to make the calculation clearer.
Averaging over the polarization of the gluons, we get:

| My |* =My M,

94 1 A Ak Aok
n Z Eal(pl) ,8 (p2) ! (p1) 2 (pg)

T2 9V
(p3 —mi)*4 I3,

4
g PlaP20 + PloD2a ) <p15p27 + pirp2s >
= -9 — g5 | - 4.19

4(p3 — m?)? ( p1p2 o p1p2 pr (4.19)

We sum over the spins of the top- anti-top quark pair to get:

| My o/ ZMt,thT,z
= @ (k)5 (Py + me )by g0 (k2)a 02 (ka)eYe s (P + mit) pgvgnu™ (K1)n

=(F1 + M4 )ha - Yab(P5 + mt)bc%ﬁd (Ko = mt)de - ver(Py +mt) rgVgn
= TT((%1 +me) -y (P, + me)Y? - (Ky — my) - v (P, + mt)’70> : (4.20)

To calculate ]Mt7color|2, we average all possible color combinations similar to eq. 4.10,
using relations 2.20:

’A]\415,00l07°‘2 :Mt color]\4]L

t,color
=1 2 2 2 T Tnd Th T
m,k ab 1,j
i S ST
m,k a,
1
= C%N
(N> —1)2 "
1
=—. 4.21
N (4.21)
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4 Calculation of the Squared Matrix Element

Using Mathematica [12], this results in the following for the contribution to the squared
matrix element | M;|*:

|Mt‘2 :|Mt71|2|Mt,2|2‘Mt,color|2

g4

8 6 472 2
NG e | 2Ot Bu) —m (367 o 24t Bu)

+m2(t3 + 13t%u + 9tu® + u®) — tu(3t* +u?)| . (4.22)

4.3 U-Channel

The contribution of the u-channel results from the Feynman rules as follows:

)

My = ()5 () Ty () (om0 ). (423)
The only difference compared to the t-channel is that the top and anti-top quarks are
switched, which will lead to a contribution to the squared matrix element |M,|*> where u
and t switch places compared to [M;|?> (eq. 4.22). Because of this, the calculations are
similar to those for the t-channel and are performed in Mathematica [12]. This results
in the final contribution to the squared matrix element |]\4u\2 of the u-channel being the
following:

4
V12— 9 8 6 4(py2 2

+m2(#® + 9t%u + 13tu? + u®) — tu(t® + 3u?)| . (4.24)

4.4 Cross-Channels

As can be seen in equation 4.1, interference terms arise when calculating the total squared
amplitude, which must also be taken into account. We will calculate the interference term

Re{MtMJ} = MtM;E in detail and keep the calculation for the other two terms short
using Mathematica. We start by dividing the interference term into three different factors
similar to those in the previous sections:

2 ;2

_ T A by f Y9 & A
My = p— 3! (P1)eg® (p2) M,, = S o (p)er(p2),  (4.25)
Mo = ™ (ki )y (p, +mon*v2(ka) - M, = 0% (ko) (p, +mey"u® (k) , (4.26)
Mt,COlOT j;,st]] MtTcolor T kal . (427)

Averaging over the polarizations of the gluons, we get the following:

4
D1aP2s + PloP2 D1pDP2r + P1rP2
]\4—151 T g )( laP20 o a_gaa>< BP2T T B—gm) (428)

w4t — mP) (u— m? P1P2 P12
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4 Calculation of the Squared Matrix Element

We sum over the spins of the top- and anti-top-quark pair to get:

My oM, = > (k)5 (P, + M )bt (ka)a - 0°2 (ka)endy (P, + ™M) rgvgnu’™ (k1)n

51,52

=K1 + m)naVap (P, + )by (B — me)deVer (P, + 1) fgVgh - (4.29)

To calculate the color term, we average all possible color combinations using relations 2.20:

T _ 1 b b
Mt,color : Mu,colm" _m Z Z Z Tiinij ]qkai

mk ab ij
1 1 )
TN 2.2 <5ik5mj B N(Sim(sjk) (5”“'51"“ - N‘Smjfsm‘)
m,k i,J
1 9 1
:m Z (5l]6J1 - Nélléj] + @52]5”)
1/7]
1 1
=5 N+ —2N
4(N2 — 1)2( + N )
1
TN (4.30)

Using Mathematica, the three terms are combined and the interference term for the t- and
u-channel comes out as:

gt (m} — tu)(8m} — dmZ(t +u) + (t — u)?)
2N(N% — 1) s2(t —m?)(u —m?) '

MM = (4.31)

We can calculate the remaining interference terms between the s- and t-channel and the
s- and u-channel in a similar way:

g*N  2m8 — 2mt(t + 2u) + m2 (2 + 4tu + u?) — 2t2u

MM = — 4.32
o 2(N?2 — 1) s2(m? —t) ’ (4:32)
P g*N  2m8 — 2mH(2t + u) + m2 (2 + dtu + u?) — 2tu?
MM = 5 5 . (4.33)
2(N? — 1) s2(m? — u)
This results in the following squared matrix element using eq. 4.1:
4
IMP? = — J (4.34)

2N(N? — 1)s2(m? — t)2(m? — u)?
X (Gmf — mi(3t2 + 14tu + 3u?) + m2 (2 + Tt2u + Ttu® 4+ u?) — tu(t® + u2))

x (—2mf(N2 )t +u—m2) + (N2 — 1) +u?) — 2tu) .
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5 Numerical Evaluation

5 Numerical Evaluation

After we have established the partonic cross section in equation 3.21 and the squared
matrix element in equation 4.34, the hadronic cross section (eq. 2.30) can be evaluated
numerically using Python. First, we define the integration limits and generate a series of
evenly distributed random events. Then certain cuts are applied to the events to ensure
consistency with the experimental data. After that the hadronic cross section can be
calculated numerically using the Monte Carlo method. We create a set of unweighted
events using the Hit-or-Miss Monte Carlo method, which are stored using the LHE data
format [2]. Finally, two normalized differential cross sections as a function of rapidity the
you and the invariant mass my; are calculated from the unweighted events and compared
to experimental data in [13].

5.1 Integration Bounds

First we need to generate a set of random and equally distributed points for the integration
variables 1, o and cos(f). We start by determining the integration bounds for the
integration over x1, x2 and cos(f).

Ohad = Y //dfmdwzfz 71) f(22)0 (35— ki)

1,7k,

Although the momentum fractions are defined to be between 0 and 1 z1,z9 € [0,1],
the partons need to have enough energy to produce the final state, which leads to the
confinement condition [14]:

4
out <s= xla:gS <~ T0= % < zix9, (5.1)

where meyy,: = 2m; is the mass of the top quark pair and 7y is the threshold for the
momentum fractions. This results in the following integration bounds for x; and xa:

2 4smt 9
Ohad = dxl deZ filz1) f(x2) 167r2 e |M|*dcos(6)dg .

5.2 Generating Integration Variables

The random, uniformly distributed events should be generated so they sample the function
in a way that accurately reflects its behavior. One can see in figure 6 that the cross section
shows a big increase for small x; and x2. One possibility to account for this behavior is
to substitute the momentum fraction logarithmic as follows:

(5.2)

which ensures that more points are generated in this area. The distribution of generated
points can be seen in figure 4, where the logarithmic distribution is clearly visible. Taking
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5 Numerical Evaluation

into account the Jacobi determinant J = xjx9 the hadronic cross section can be written
as

0 0
Ohad :/1 )dilel/l di’2$2;fi($1)fj(x2)

n(1o n(%) (5 3)
! o2 \/s2 —4
x/ dcos(6) T s |M|*.
-1 1671'2 48

It must be taken into account that the variables s, ¢t and u depend on z1, x2 and cos @ and
must be transformed according to equations 3.11.

To evaluate the cross section numerically, a set of N random and equally distributed points
is created for each variable. For ; and Iy, one generates random numbers in the interval
[In(7p), 0] respectably. Displaying all points who fulfill the condition 5.1 on a logarithmic
scale (fig. 4b) will show a linear boundary condition. To enhance efficiency, all generated
points who did not pass condition 5.1 will be mirrored along the linear boundary, making
them usable in further calculation. Summed up, we generate N random and equally
distributed events for the variables:

z1 € [In(7), 0],
T € [In(79),0], (5.4)
cos(0) € [-1,1],
with the confinement condition
ln(To) <z1+a2<0. (55)

loﬂ 4

107 4

X2

1072

0.0 0.2 0.4 0.6 0.8 1.0 102 101 10"
X1 X1

(a) linear scale. (b) logarithmic scale.

Figure 4: Distribution of the momentum fractions x; and xo displayed on linear and
logarithmic scale. For better visibility only every hundredth event is shown.
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5 Numerical Evaluation

5.3 Cuts

To compare the theoretically calculated differential cross sections with experimental mea-
surements [13], experimental limitations have to be taken into account. The first constrain
is the rapidity of the CM system [5], the second constrain is given by the invariant mass
of the top quark pair system [6]:

lyem| < 2.5,

(5.6)
my; € [345,1600] GeV .

These constraints need to be addressed through cuts in the variables. The rapidity of the
CM system is given by
1 T
=—In|l — 5.7
yom = 5 H(J:z) (5.7)

and the invariant mass is given by
mZ = s =129 (5.8)

All variables who do not fulfill the conditions 5.6 are cut out and will not be used to
calculate the cross section. Table 1 gives an overview on the cut conditions and lists the
number of rejected and accepted events. Over all roughly 30% of the events got rejected.

Table 1: Overview on the number of rejected and accepted events with color code corre-
sponding to fig. 5.

Cut Condition Number of Events Color
Mg < Mamin 0

My > Mimax 2618324 -
lyonr| > Yeut 418903

Number of rejected events 3037227

Number of accepted events 6962773 -
Total number of events 10000000

Figure 5 shows the distribution of the rejected events on the left side and the distribution
of the accepted events on the right side who will be used in the calculations later on.
Blue points represent accepted events, where red and orange points represent events who
got rejected because the invariant mass or the rapidity |ycns| exceeded the experimental
limitations. Discussing the effects of the cut conditions, one can see that the upper limit
of the invariant mass cuts out events for large values of x1 and x2, where as the limit on
the rapidity is responsible for cutting out events with a large difference between the x
and xovalues, which is in alignment to the condition 5.6. Both cut conditions lead to a
symmetrical cut in the generated points for 1 and z2. Looking at the cos 8 distribution, we
see that the upper limit of the invariant mass rejects events for large x; and x5, regardless
of the value of cosf. Similarly, the limitation of the rapidity |ycas| is responsible for
rejecting events for both very small and very large x1 and s regardless of the value of
cosf.
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5 Numerical Evaluation

10° § 10° 4
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Figure 5: Distribution of all generated variables on left, where the color indicates the
cut condition (see tab. 1). On the right are all points who passed the cuts. For better
visibility only every hundredth event is shown.
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5.4 Evaluation of the Hadronic Cross Section

To evaluate the hadronic cross section in equation 5.3, the partonic distribution functions
(PDF) need to be implemented. We use the PDF set "CT18NLO” [4], where one needs
to take into account that each PDF includes a factor of x. At last, the Mandelstamm
variables s, ¢ and u who are used in the Matrix element need to be expressed through the
variables x1, x2 and cos @ as shown in equations 3.11. Now, the hadronic cross section can
be calculated using the Monte Carlo method as explained in section 2.5

N
14 k) (k
I~ N Ek w(mg ),xg ),cosﬁ(k)), (5.9)

where we define the integral part as

21 \/s? —45mf‘M|2 (5.10)

(JJ(QCl,IQ,COSG) :x1$22fl($1)f]($2) 16772 432

i,j

and the Volume V as
(0 - 1Il(7'0))2 Naccepted

2 N
The Area over the variables 1 and x5 is a triangle and can be easily calculated. This area
is multiplied by a factor of 2 derived from the variable cosf. To account for the cuts in
the events caused by the experimental limitations, the volume is multiplied by a ratio of
accepted events to total events.
The 3D plots in figure 6 visualize the strength of the contribution to the cross-section
for the variables x1, o and cosf. The xi-z2 plane in the first figure is identical to the
distribution shown in figure 5. In the brightly colored region the variables contibute most
to the total cross section, which is the case for small values of 1 and x5 and for the regions
around cosf = £1. The dark regions are kinematically possible but hardly produce any
events. This aligns with the behavior of the PDF shown in figure 1, where it is shown that
gluons carry the significant amount of momentum for small z. The hadronic cross section
as shown in equation 5.3 can now be calculated to

V=2

(5.11)

Ohad = (175.79 £ 0.10) pb.. (5.12)

The uncertainty is given by the uncertainty of the Monte Carlo approximation and cannot
be compared directly to uncertainties of experimental data. Inclusive top-quark pair
production cross-section measurements at 8 TeV from the CMS collaboration [1] determine
the cross section to be

= 244.9 + 1.4(stat.) 723 (exp. + theo.) + 6.4(lumi.) pb. (5.13)

Ottoms

The measurement has a relative deviation of about 25% from the LO prediction, which is
acceptable considering the broad approximations assumed here. This leads to the conclu-
sion that the neglected quark anti-quark annihilation and higher order corrections have
significant impact on the total cross section which needs to be studied further in future
calculations. Additionally the impact of the assumed energy scale () needs to be studied
and combined with uncertainties from the PDFs and MC method into an uncertainty for
better comparison to the CMS data.

24



5 Numerical Evaluation

Figure 6: Three dimensional distribution of the integral part w (eq. 5.10) of the hadronic
cross section as a function of x1, o and cosf. The color codes the strength of the
contribution to the cross-section.
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cos(6)

-0.25

-0.50

-0.75

-1.00

Figure 7: Distribution of accepted events after unweighting using Hit-or-Miss Monte Carlo.
For better visibility only every tenth event is shown.

5.5 Differential Cross Sections

Compared to total cross sections, normalized differential cross sections can provide more
information about the accuracy of the used boundaries and approximations, although it
is not possible to make statements about the actual value of the cross section because
of the normalization. We will compare the normalized differential ¢ cross section as a
function of the rapidity y,7 and as a function of the invariant mass m;; of the top quark
pair to the experimental data in [13], respectively the tables [5] and [6]. To calculate the
differential cross sections, the Hit-or-Miss Monte Carlo Method is used in combination
with the LHE data format [2]. We generate N = 500000 unweighted events as described
in section 2.5.1 and compute a LHE file using the unweighted events. For this number
of events no relevant fluctuations can be observed while keeping the computation time
manageable. The distribution of the accepted events for x1, x9 and cosf can be seen in
figure 7.
Comparing the unweighted distribution in figure 7 to figure 6, one can see the strength
of the contribution to the cross section reflected in the distribution of the variables after
unweighting. Small x1 and xo are dominant in 7, and one can see that values for cos§ ~ +1
contribute more to the cross section compared to values closer to 0. This proves the
unweighting method to be successful in reducing the size of generated events.
Next up we will analyze the differential cross sections and compare them to the data in
[13]. The normalized cross section in each bin i of each observable X is determined through
the relation: Ld .
05 T;

Sax —Zj z; A_ZX ) (5.14)
where z; represents the number of signal events measured in data in bin i, and A;-X is the
bin width. The differential cross section is normalized by the sum of x; over all bins [13].
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1072

I Leading order prediction N=500000

* I { Data from Khachatryan, Vardan et al.
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(a) Normalized differential ¢f production cross section as a function of my;.

0.501 Il Leading order prediction N=500000
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(b) Normalized differential ¢¢ production cross section as a function of ycoay.

Figure 8: Normalized differential ¢£ production cross section as a function of m; and yopy.
The leading order predictions are compared to experimental Data from [13].
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Looking at the normalized differential ¢¢ production cross section as a function of my; in
figure 8a, we observe multiple relevant discrepancies between the leading order prediction
and the data. The prediction shows a peak for the m,; range (400 —470) GeV, whereas the
data measures a steady incline for lower m,;. This is most likely caused by the multiple
approximations done in this leading order calculation. The quark- anti-quark annihilation
along with higher order corrections will most likely have a non negligible impact in the
differential cross section. These terms have different effects on each bin, where it is hard
to quantify the exact effect the corrections will have on each bin respectively. The leading
order calculation predicts the measurements accurately in the range (400 — 550) GeV, al-
though overshooting significantly for m,; > 550 GeV. Overall the leading order calculation
falsely predicts a peak for m;; = 435.3 GeV, but the general shape of the differential cross
section for m;z > 550 GeV can be predicted.

Analyzing the normalized differential ¢f production cross section as a function of ycoas
in figure 8b, we see a roughly symmetrical plot around zero. The data shows the most
prominent asymmetry at yons ~ 0, with a bigger differential cross section for rapidity
in range [—0.3,0] compared to the range [0,0.3]. The leading order calculation predicts
a symmetrical behavior, with statistical fluctuations appearing when less events N are
created. The LO calculation predicts the overall shape of the differential cross section
accurately, predicting a roughly symmetrical decline with higher rapidity. The prediction
is accurate in ranges |ycas| € [0.6,1.3], while undershooting for bigger rapidity |yoas| €
[1.3,2.5] and generally overshooting in the range yoas € [—0.6,0.6]. These discrepancies
are again most likely caused by not including the quark- anti-quark annihilation and NLO
and NNLO calculations.
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6 Conclusion & Outlook

The hadronic cross section of tt-production in proton-proton collisions at LHC is deter-
mined using a Monte Carlo framework for a leading order calculation. The phase-space
element as well as the squared matrix element are calculated analytically partially sup-
ported by Mathematica. Because this process is gluon dominant, only gg-fusion is taken
into account. For the numerical analysis a series of equally and random logarithmic dis-
tributed events are generated who fulfill the confinement condition, given by the minimum
energy required to produce the final state. Additional cuts for the rapidity of the CM sys-
tem and the invariant mass of the top quark pair system are introduced to account for
experimental limitations. The distribution of the events are displayed in figure 5, where
both cut conditions result in symmetrical cuts, cutting out events with large values of
x1 and xo as well as rejecting events for large differences between x1 and xo. The three
dimensional visualization of the cross section is shown in figure 6, where we see that small
values of x1 and w9 have the biggest impact to the CS, combined with values around
cosf ~ +1. This confirms the gluon dominance of this process. The cross section from
our LO calculation
Ohad = (175.79 £ 0.10) pb

compared to measurements done by CMS collaboration
ooms = 244.9 + 1.4(stat.) T93 (exp. + theo.) 4+ 6.4(lumi.) pb

shows a relative deviation of about 25% from the CMS measurement. The uncertainty
listed in our results derives from the uncertainty of the Monte Carlo method and cannot
be compared to experimental uncertainties. This deviation is acceptable considering the
approximations assumed here. We assume that the discrepancy is caused by neglecting
the quark- anti-quark annihilation and NLO or NNLO corrections.

A series of unweighted events is generated using the Hit-or-Miss Monte Carlo method from
which LHE-format events are created. These are used to calculate normalized differential
tt production cross sections as a function of m and ycps, shown in figure 8. The LO
calculation predict the overall shape of the differential CS, although incorrectly predicting
a peak at my,; =~ 435.3 GeV and failing to predict a slight asymmetrical distribution in
the normalized differential CS as a function of ycps. The neglect of the quark- anti-
quark annihilation and NLO and NNLO corrections are assumed to be responsible for the
discrepancies, having complex influence on each bin independently.

This leading order calculation lays out a solid foundation for further improvement. Future
work should include quark anti-quark annihilation and current state of the art corrections
to study how these effect the accuracy of our predictions. Additionally, future work should
focus on quantifying an uncertainty by varying the energy scale @, including the uncer-
tainties from PDFs and combine these in some way with the uncertainty from the MC
method.

In conclusion, this thesis gave me valuable insights in the working methods of theoretical
particle physics. I learned a lot about the theoretical framework and gained experience
in analytical and numerical calculation methods. We show that for this process even LO
calculations predict experimental measurements in the correct order of magnitude, which
forms a foundation for future improvements.
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A Appendix

Gell-Mann Matrices

In analogy to the Pauli matrices for SU(2), the eight Gell-Mann matrices A\* (a = 1,...,8)
span the Lie algebra of SU(3). They are defined as the following 3 x 3 Hermitian and
traceless matrices:

010 0 —i 0 1 0
M=(100], X=1|i 0 0], XM=[0 -1 0],
00 0 0 0 0 0 0 0
00 1 00 —i 00 0
M=o 0 o0], =00 0}, XN=0o0 1], (A1)
1 00 i 0 0 010
00 0 L (10 0
N=[0o0 —i|], X¥=—1|[01 o0
0 i 0 V3\o 0 —2
They satisfy the normalization condition
Tr(A\AY) = 269, (A.2)
and the commutation relations
A%, N0] = 2i fabe e, (A.3)

where fo%¢ are the totally antisymmetric SU(3) structure constants. The Gell-Mann ma-

trices are widely used in QCD to represent the color degrees of freedom of quarks and

gluons.

Dirac Matrices

The Dirac matrices v* are defined as a set of 4 x 4 matrices that satisfy the Clifford algebra
{7} = MY F A = 29" 1, (A.4)

where the brackets represent the anticommutator, g"* is the metric tensor of Minkowski
space and I; is the 4 x 4 identity matrix. The matrices can also be written using the 2 x 2
identity matrix Iy

AV = , A= ' , i=1,2,3, (A.5)
0 -I —ot 0
with o’ the Pauli matrices. One can impose the relations
()'=7" (") =" =7"" for p=1,2,3.
The Feynman slash notation is defined by
f =" ay

for any four vector a.
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Relevant Identities

The following identities follow from the fundamental anticommutation relation and are
used in the calculations:

Yy = 4y (A.6)
YA = =297 (A7)
P = 49" (A-8)

Trace Relations

The cyclic property of the trace is fundamental:
Tr(AB) = Tr(BA). (A.9)

It is invariant under circular shifts and its a linear mapping;:

Tr{ABCD} = Tr{BCDA} = Tr{CDAB} = Tr{DABC'} (A.10)
Tr{A+ B} = Tr{A} + Tr{B} (A.11)
Tr{cA} = cTr{A} (A.12)

for all square matrices A and B and all scalars ¢ € C.
For the Dirac matrices, important trace identities are:

Tr(y*) =0, (A.13)
Tr(v#v") = 49", (A.14)
Tr(y#"yPy7) = 4 (9" 9 — g"°9" + g"7g"") . (A.15)

Traces with an odd number of Dirac matrices vanish:

Tr(,ym,ym . ,,Yuzn+1) = 0. (A.lﬁ)

Metric Tensor

The metric tensor g"” defines the scalar product in Minkowski space. In the mostly-minus
convention,

1 0 0 O
0 -1 0 0
9" =10 o -1 o | (A-17)
0o 0 0 -1
it allows for raising and lowering of Lorentz indices:
Ay = g A, At =gt A,. (A.18)
Contractions with the metric also reproduce the Kronecker delta:
g'uygup = 5up~ (A.lg)
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