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Abstract

The anomalous magnetic moment of the muon (AMM), a,, = (g, — 2)/2, presently stands
among the most important probes for physics beyond the Standard Model. This thesis
investigates contributions to a, arising from extended scalar and fermion sectors introduced
by the Two-Higgs-doublet model and couplings between the distinct lepton generations. We
present a compact review of the Standard Model prediction, highlighting the role of QED in the
computation of loop contributions to the AMM and then derive general one-loop correction
formulae, involving scalars and fermions, relevant for the model studied. Using analytic
expressions and numerical scans of the parameter space, we compare model predictions to
the measurement of a, and to experimentally found constraints in the parameter space. The
results identify regions where scalar-mediated contributions can reduce the tension between
theory and experiment. Overall, the work clarifies how simple scalar and fermion extensions
can (partially) address the muon g — 2 discrepancy and maps the most promising targets for
experimental scrutiny in the near future.
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1 Introduction

The Standard Model (SM) of particle physics is declared to be one of the most remarkable
achievements of modern science. Developed throughout the second half of the 20th century, it
successfully unified the electromagnetic, weak, and strong interactions in a consistent quantum
field theory and provides an appropriate description of the observed quarks, leptons and gauge
bosons. The prediction and successful experimental discovery of the charm quark, the W
and Z bosons, the gluon and the Higgs boson prove the comprehensive correctness of the SM.
Despite these successes, the SM seems to be incomplete: it does not include gravity, it does
not offer a suitable candidate for dark matter and it does not explain the baryon asymmetry
of the universe. These conceptual and empirical shortcomings imply that the SM is likely
an effective theory valid up to some scale but motivate the search for physics beyond the
Standard Model (BSM) [1].

A particularly sensitive probe of physics BSM is the anomalous magnetic moment of the
muon (AMM), a, = (g, — 2)/2, which describes the discrepancy between the experimentally
measured value of the magnetic moment of the muon and the relativistically predicted value
gu = 2. The latter results from the relativistic version of the Schrodinger equation, namely
the Dirac equation and was found by Paul Dirac in the first half of the 20th century. The
SM provides a powerful mathematical framework, called quantum electrodynamics, in which
quantum loop effects induce small corrections to the so called Landé-factor g, = 2. The
first-order QED correction was computed 1949 by Julian Schwinger [2],

(1),QED _ &
U 27’
and subsequent higher-order QED, electroweak and hadronic contributions have been computed
to obtain the total SM predicted value [3]

aM = 116591810(43) - 10~ .

The Muon g — 2 Collaboration has published the latest international world average for the
experimental value of g — 2 in June, 2025 [4]:

as® = 1165920715(145) - 10"

Therefore, the total discrepancy between theory and experiment reaches an all-time high of

exp _ SM — (2,61 +£0.15) - 1077

Aa, = ay, "

The exceptional precision of both theoretical calculations and experimental measurements
makes a, the most important hint for physics BSM.

The aim of this thesis is to investigate whether scalar extensions of the SM can account for
the observed anomaly in a,. Concretely, we derive and evaluate one-loop contributions to the
muon electromagnetic vertex arising from internal charged scalars and fermions and apply
these results to the Two-Higgs-Doublet Model (2HDM). We study representative Yukawa
textures and scan the dependence of the scalar-induced contribution on masses and couplings,
identifying parameter regions capable of producing corrections to a,, of the required magnitude
while respecting experimental constraints on these parameter spaces.



The outline of the thesis is given as follows. Chapter 2 derives g = 2 from the Dirac equation
and reproduces Schwinger’s leading QED correction a = «/27 via an explicit one-loop
calculation. This chapter also fixes the form-factor conventions used throughout and does
thus provide the mathematical description of the AMM within the SM. Chapter 3 derives
general one-loop integrals for diagrams with an internal charged scalar and fermion coupled
to the electromagnetic field. The results are presented as Feynman-parameterized integrals
and compact analytic expressions suitable for numerical evaluation. Chapter 4 applies the
formulae from Chapter 3 to the 2HDM. After a brief model introduction we compute scalar
contributions to a, for several Yukawa coupling textures and discuss how scalar masses and
coupling choices affect the sign and magnitude of the contribution. Finally, we summarize the
results and discuss implications for future experimental and theoretical work.



2 Description of the Magnetic Moment within
the Standard Model

The magnetic moment of a charged particle encapsulates its response to an external magnetic
field and serves as a window into both its internal structure and the underlying dynamics
dictated by quantum field theory. In non-relativistic electrodynamics, one can derive the
familiar relation between angular momentum and magnetic dipole moment by modeling a
point particle of charge ¢ and mass m moving on a circular orbit of radius r. Identifying
the current I = ¢/T with the orbital period T'= 27r /v and the orbital angular momentum

L =mr x v, one finds

N q
MHorb = IAn = % L, (201)

where A = 7% and 1 is the unit vector normal to the orbital plane. This result is only valid for
a purely orbital angular momentum though. However, quantum mechanics introduces another
“intrinsic” angular momentum for particles, called spin. Paul Dirac firstly derived a relativistic
Lorentz invariant version of the Schrodinger equation that simultaneously described spin-
affected particles. This so-called Dirac equation shows that the contribution to the magnetic
moment of a particle by its spin is double the contribution by its orbital angular momentum.
In the following, it is first shown that the Pauli Equation is the non-relativistic limit of the
Dirac equation and second the so-called Landé-factor g = 2 is derived via the Dirac equation.

2.1 Non-relativistic limit of the Dirac Equation

The Schrodinger equation was one of the most powerful equations set up in the early 20th
century, giving quantum mechanics a tool to derive quantitative explanations for many
observations measured on quantum scales. Till date, the Schrédinger equation is taught
throughout the fundamental lectures on quantum theory. Analogously to the Hamilton
function in classical dynamics, the Hamilton operator H describes the evolution of a quantum
state ¥ in the following way:

av—ily- (IA)Q +V(x t))\p (2.1.1)
T ot \2m ’ o

Unfortunately, the Schrédinger equation is not Lorentz invariant and thus not valid for rela-
tivistic velocities and energies, which occur in experiments exploring properties of elementary
particles. From this point forward, natural units are used, meaning 7 = ¢ = 1. The following
considerations are based on [5] (p. 74ff.; 100ff.)

It seems natural to begin with the relativistic Energy-momentum relation

E% = m? + p? (2.1.2)

to derive a Lorentz invariant version of the Schrédinger equation. If we insert the operator
substitutions

E%i% and p=—iV (2.1.3)
we obtain the Klein-Gordon-equation (KGE)

(0 +m?) w =0, (2.1.4)



2.1 Non-relativistic limit of the Dirac Equation

where the contravariant generalization of (2.1.3)

0
pt =o' with O = <8t’ —V> (2.1.5)
was used to define the D’Alembert operator
2 o 2

Although equation (2.1.4) satisfies Lorentz invariance, it still comes with two disadvantages
that can not be neglected. First, unlike the Schrodinger equation, the KGE contains second
order time derivatives, which implies the necessity of two initial conditions instead of one.
Second, the KGE only holds for spinless particles and thus cannot describe fermions with
spin—%.

To solve the first problem, Paul Dirac achieved to develop a linearized version of the KGE via
the ansatz

Hy) = (e p+pm) [v) (2.1.7)
where o and 8 are unknown structures that are to satisfy the conditions
{ai, a5} = 265, {ou, B} =0, p>=1 (2.1.8)

in order to fulfill relativistic Energy-momentum relation (2.1.2):

H? [¥) = (cupi + Bm) (ajp; + pm) |1)

= ( of p?+ (aaj + ajog) pipj + (i + Bay) pim + B2 m2) ) (2.1.9)
— —_— —_ —
=1 {ai,a;}=0 {08} =0 =1

It turns out that the structures needed to fulfill the properties (2.1.8) are the Dirac-matrices

v = (B, far), (2.1.10)

for which will use the so-called Dirac representation

a:(ﬁ ‘5) and ﬂ:(% _O]l>, (2.1.11)

where o represents the Pauli matrices

01 0 —1 1 0
0'1:<1 O), 0'2:<Z, O), 0'3:<0 _1>. (2112)

Since o and [ are 4 x 4 matrices, |1)) must be a four component vector, namely a Dirac
spinor, which can be expressed as a linear combination

_(¥a 0 _ (i _ (Y3
) = < 0 ) + <¢B>, where 4 = (1/}2) and Yp = <¢4>. (2.1.13)

Multiplying the ansatz (2.1.7) with § from the left leads to

zﬂgt |Y) = (—ifaV +m) |y), (2.1.14)



2.1 Non-relativistic limit of the Dirac Equation

from which we obtain the covariant Dirac equation in coordinate representation’

(19" 0y —m) 1) = (i —m) [h) = 0 (2.1.15)
or equivalently in momentum representation
(p—m) ) = 0. (2.1.16)

Now, that the structure and form of the Dirac equation for a free particle has been revealed, the
next step will be to consider the effect of the contravariant electromagnetic field A* = (@, A),
with the electric scalar potential ® and the magnetic vector potential A. In the presence of
an EM field, the Hamiltonian becomes

H™™ = o (p + eA) + Bm — ed. (2.1.17)

which transforms the Dirac equation within the Dirac representation into

i (G TR () e e

Eq. (2.1.18) can be split up into a set consisting of two coupled two-component equations:

((111)) (2.1.19)

Multiplying (II) with (E +m + e®) 1o (p + eA) and inserting it into (I) yields

(E—m+e®)s=0(p+eA)yp
(E4+m+ed)yp=0c(p+eA)iy

(o (p + eA))”

Tt ed Ya=(E—-—m+eP)a (2.1.20)

In the non-relativistic limit we can approximate E =~ m and m > e®, which we can use to
simplify (2.1.20) to
(o (p + eA))’ta (2.1.21)

2m ——
=p’

(E—m+ed)y

To obtain the non-relativistic Schrédinger equation, we need to simplify the right hand side of
(2.1.21). This is done by recalling that the Pauli matrices anticommute

{007} =257 (2.1.22)

and that the product of two Pauli matrices satisfies

olod =61 4 gk, (2.1.23)
Hence, we can rewrite (2.1.21) as
1 , (21.22) 1
am 0P Va T e (2 +0" 02 (P ph — phph) + 020" (W —piph) + 00 (pp —pip}) ) Voa.
(2.1.24)
Plugging in p’ and using (2.1.23) leads to
1. 2.1.23) 1 . ) : . .
S0 p)? 4 EY L2 [0 ((101 + eAn) (i + edz) — (s + eAz) 0y + edy))

0! (105 + eAs) (i3 + e As) — (105 + eA3)(i0y + eAy))

1 The Dirac adjoint of this equation is given as <zﬂ (p+m)=0.



2.1 Non-relativistic limit of the Dirac Equation

+02 (05 + eA3) (i1 + eAr) — (i1 + eA1)(i0s + eAs))] } va

= 2m{ P2 — 6[0’3 (8 Ay + A10y — 09 A1 — A281>
1
(

o (8,45 + Agds — D3 Ag — AgaZ)

o (83141 + A301 — 01 A3 — Alag)} } PYa, (2.1.25)

where Schwarz’ theorem was used in the second step. Next, the product rule leads to

o (o) = 5 {p? — [0 (01 Aa)a + AslBry] + Aukroa] — (Do) ia
—M—M) +o ( D2 A3) A

+ A3(85174) + Aold57a) — (D3 A2)1ha — Asldzta)

— A3(8707) ) + 0 (03 41) Y4 + AslDswa) + Asdroa

— (0143)Ya —W—Wﬂ }
1

= — (p/2 —€ Uk eijk&Aj) 1/)A

2m

1
= <2m(p+eA)2+2jna-B> (P (2.1.26)

Comparing with eq. (2.1.21) and using the spin operator S to be S = /2 gives the well-known
Schrédinger equation for a spin—% particle in an electromagnetic field

- 1
HM oy = (zm(p +eA)? +2 % SB — e<1>) e (2.1.27)

This also demonstrates that the Dirac equation predicts the Landé factor g to be exactly
double the value of the orbital angular momentum, as shown in eq. (2.0.1). Besides the
Lorentz invariance, this prediction is the most remarkable achievement of the Dirac equation.

However, the experimentally determined value for the magnetic moment of the muon
deviates from the Dirac-predicted value g, = 2. It has turned out that there are underlying
processes occurring in quantum field theory that have to be confronted to explain this anomaly
in g,. To quantify the deviation from the experiments, the so-called anomalous magnetic
moment a,, is introduced as

(2.1.28)

a, =

2
In QED, a,, is dealt with by considering loop-corrections which we will confront in section 2.3.
To prepare this, the next section explains what the general structure of the interaction of the
muon and an electromagnetic field looks like and how it can be described mathematically.



2.2 Extraction of QED form factors

2.2 Extraction of QED form factors

The scattering process from which we will derive any deviations from g,, within the QED is
shown in Fig. 2.1.

gl

|
n Dy
/ \
I B
Figure 2.1: Scattering process contributing to a,

The excitement of the electromagnetic field is represented by a photon which scatters an
incoming muon. In between those particles, the blob represents all possible corrections that
may lead to a.

The Lorentz-invariant amplitude M = ¢, M?, where ¢, denotes the polarization vector of
the incoming photon, is the matrix element that, once squared and summed over spins, gives
the physical cross section or decay rate. Thus, M? is an important quantity to determine.
It transforms like a Lorentz vector and can therefore be written as a linear combination of
all possible Lorentz vectors that can appear in the interaction, namely p{, pg and the Dirac-
matrices y? ([6], pp. 202-203). It is our choice to choose two orthogonal linear combinations,
P° = pf + p3 and ¢'° = p{ — p3, of the incoming momenta.? M? can then be written as?

247 + Y+ q’”75+z P°75} (2.2.1)

o — o a2 5o
_ £ p
./\/l = u(pg) {Ozl’y + 5 —l— om

2m
For our calculation, only the first three terms are required, as QED is parity invariant.
Because of four-momentum conservation, ¢ = ps — p; holds. The «; can only depend on
Lorentz-invariant scalars, i.e. dot products between the incoming and outgoing four-momenta
p1,p2, ¢ and 7.

The following observations help to simplify any expressions that appear in interactions like
the one given in Fig. 2.1:

1. The incoming and outgoing muon is on its mass-shell, i.e.

pl=ps=E%— p%/2 = mi (2.2.2)
2. Dot products of the y—matrices with the momenta p; and ¢', denoted as p,, p, and ¢,
can be rewritten using eq. (2.1.16) and its Dirac adjoint.

3. To perform step 2, it is often required to swap the appearing Lorentz vectors with ~°.
A.1 provides the necessary identities to do so.

With that being said, it becomes evident that the Lorentz-invariant scalars a; only depend
on particle-related parameters such like masses of any particles involved in the interaction
blob. The Ward identity ¢/, M7 = 0 is used in the following to eliminate some of the terms in
(2.2.1).

2.2.2
2 Poq, =pi— p2(—)0

3 The appearing 75 —matrix is introduced in A.1.



2.2 Extraction of QED form factors

! _ (&%)}
0L M = ¢, i(py) {1 + 2 P7 + 2247 4y 4 S2g/7n5 4 i 28 poaSty(py)

2m 2m 2m 2m
_ a9
:u(pg) {M"ﬁ‘ﬂﬁ‘ %q —|—a gl'}’5+ q/2,>/5 +W} pl
_ a «
= u(p2) {27in2 + <2ma4 + 2;(1’2) 75} u(p1) (2.2.3)

In the second step, we used the Dirac equation (2.1.16) and the chosen orthogonality of P
and ¢’ to eliminate the first, second and last term. The equation is only true if the coefficients
fulfill

4 2
a3 =0 and a5=— qTZ Qy. (2.2.4)
Plugging this into (2.2.1) gives
. a9 2m , 5 . QG 5
M = u(p2) {ayy" + %P" + ay (fy" — quq ") v+ 2%13"7 }u(pl) (2.2.5)

We can now apply the Gordon decomposition (A.2.1) and its analogue for involved v° —matrices
(A.2.7) to obtain our final result for the general structure of the amplitude M?

o — o Q2 o 2m o . Qg
M = u(ps) { (a1 +az)y” — iz =0 py + oy <7 - Wq, ) VY +i— 5 0 g, }U(pl)

. { 2m
= —Zeu(pg) {,YUFE(qIQ) + TFM(QQ)UUVP—V + FA(QIQ) (’YU _ /qug) 75_’_
" 7 (2.2.6)

+ 5 Fo(d)0™ b b ulp),

where we introduced the electric charge form factor Fr(q?), the magnetic form factor Fas(q"?),
the anapole moment F4(¢’?) and the electric dipole moment Fp(q'?) as

Fr(q?) = £ (a1(q?) + a2(q?))

Furld”) =~ ald™) (2.2.7)
Fa(¢®) = Laa(q?)

Fp(q”?) = Las(¢?)

At tree level the muon-photon vertex “blob” collapses to the bare QED vertex,

M7 = —ieu(p2) v u(pr), (2.2.8)

which, when inserted into the low-energy magnetic interaction, produces the familiar Dirac
value g, = 2. In the language of form factors this is equivalent to say that all form factors
vanish except the electric (or Dirac) form factor, which is fixed to Fg(¢? = 0) = 1. No
magnetic form factor appears at tree level, so Fiy(¢?> = 0) = 0.

As we will see in the following section, loop corrections in QED modify the vertex by generating
a term proportional to the Lorentz tensor o%”p,. When one takes the non-relativistic, static
limit ¢’?> — 0, this tensor structure reduces to the Pauli interaction 5 0B, which is exactly
the coupling of a magnetic dipole to an external magnetic field. The relativistic amplitude for
the interaction,

M = —ieu [FE(q'2)7” + FM(q’Q)ﬁUU”p,,,}u, (2.2.9)



2.3 One-Loop Contribution within Quantum Electrodynamics

must match the non-relativistic expression for a magnetic moment, p = g, (¢/2m,,), S, in the
low-energy limit. This implies that the total strength of the moment is governed by the form
factors at zero momentum transfer, yielding the definition:

gug— = [Fe(0) + Fu(0)—— = g, =2[F5(0) + F (0)]. (2:2.10)
H B

Since Fg(0) = 1, any deviation of g, from 2 is carried entirely by F7(0). With the definition
of the AMM (2.1.28) one immediately can identify

a, = Fir(0). (2.2.11)

In other words, the Pauli form factor at zero momentum transfer includes all loop-induced
corrections to the muon’s magnetic moment coupling and its value in the static limit is
precisely the anomalous magnetic moment.

2.3 One-Loop Contribution within Quantum Electrodynamics

The QED already achieves to predict the value of a, with an outstanding precision. The
corrections of g = 2 are determined via the internal, virtual particle interactions, i.e. photon
loops which also appear in the calculation of the magnitude M7 and thus in the several
form factors, as shown in Section 2.2. We will derive the first order loop correction of
a, by extracting the magnetic form factor evaluated at ¢’ = 0 from the magnitude M?,
corresponding to the Feynman diagram 2.2.

Figure 2.2: One-loop correction diagram in the QED

The scattering amplitude can be derived with the help of the Feynman rules, listed in appendix
A.3. For simplicity, the indices s indicating the spin of the particles and the corresponding
momenta p; and po will be left out in the following.

M? :/(;1;34 581(p2){(ie%)<z' M)(iey”)(i%)(ie%)x

(i)
q% +ie !

o dlq {5 (W)W (kﬁm),y (=)}
(2m)4 Y\k2—m? +ic K2 —m?+ie) P\ (ky — p1)? + ic

(
(A.1.2) 3/ dtq _ { —2F1 Y7 kg —2m? 47 + 4m (k1 + kg)a
(k
d4

—m? +ie) (k3 — m2 +ie)((ky — p1)? + ie) } !

(2.3.1)



2.3 One-Loop Contribution within Quantum Electrodynamics

where we defined the denominator to be a product of

A=k —m? +ie,
B = k3 —m? +ie,
C = (k1 —p1)? +ic. (2.3.2)

This integral can be evaluated using the Feynman method, shown in appendix A.4. We first
express the denominator with an integral over the Feynman parameters x,y and z:

1 1
— =2 dedydzé(z +y+2z—1)

—_ 2.3.
ABC [0;1]3 D3(x,y,z)’ ( 33)

where we compute D to be of the form

D =xA+yB+ zC
= (k1 —p1)? +ie)z + (K} = m? +ie) y + (b — m? + ie)a

2.2.2 _ , .
G2 (@ 4 ie)z + (P + 2p2q + ¢ — 9% + i)y + (P + 2p1q + ¢° — it +ie)x

= ¢’ (z+y+) +ie (2 + y + 2) 205y + p{x)gs
=1 =1
= (¢" + 3y +pix)* — (p2y + p13)* + ic. (2.3.4)

In step three, we used the fact, that the incoming and outgoing muon is on its mass shell
and step four simplifies the sum over the Feynman parameters to one which results from the
d—distribution in (2.3.3). We introduce the shifted momentum ¢ and A

7 =q7 +p3y +piz (2.3.5)
A = (pSy + piz)? (2.3.6)

to rewrite D as
D=07—-A+ie. (2.3.7)

Using energy and momentum conservation we obtain that (ps — p1) — 0 which shows that
p1p2 = m? and that (2.3.6) can be rewritten in terms of

A =m?(z +y)> (2.3.8)
We can now deal with the numerator as follows:

N° =uq { =2(p, +4) 77 (P, + ) — 2m? 77 +4m(p + p3 + 2¢°) } u (2.3.9)
(1) (2) (3)

The first term can be simplified by expanding the y—matrices by the help of the relation
(A.1.2):

(1) = a{ = 2(p1 + 02" (P2 + Q) J u
=u { =2(p1 + Qu[2(97" = ¢ + g"7Y) =] (2 + q)y} u
= { —4(p, + D5 +47) + 41+ @) (P2 + ) — 40T +¢7) (P, + D)+
+2(p, + 47 (p, + ) Ju (2.3.10)

10



2.3 One-Loop Contribution within Quantum Electrodynamics

Applying the Dirac equation (2.1.16) and its Dirac adjoint yields

()=u { —4Am(p] + p§ + 2¢7) +4(p1p2 + P1q + p2q + ¢*) V7 — 44(p7 + P + 2¢7)+
(@)

+2 (m2y7 +m (g +477) +77d) . (2.3.11)
N—— —_——
(33) (A.1.1)
= 297Yqu=2q°

Expanding and using (A.1.2) once more gives
44 =24"d — > (2.3.12)
and thus
(1) =1 {(z’) +2(id) + 4(p1p2 + p1a + p20) V7 + 2¢°7° — 44 (p] + p3) — 4gq0} u.  (2.3.13)
Inserting (2.3.13) into (2.3.9) gives the simplified numerator
N7 =u {Q’YU (¢* + 2(p1p2 + p1a + p2q)) — 44 (p] + 15 +¢°) + 4mq"} u, (2.3.14)

as (¢) and 2(i7) cancel out with the second and third term in (2.3.9).
The next step is to insert the momentum shift (2.3.5), i.e.

q =1L~ (p2y + p17) (2.3.15)
into the numerator, which gives
N7 = {27" |2 = 20" (pay + 1) + Py + pH2)? + 2(pipa + (1 + p2), (£ — Py — pha)) |-
—4(f = py — p,x) (0] + 05 + €7 — pSy — pTa) + 4m (L7 — pSy — p?fv)} u.
The denominator in the integration (2.3.1) only depends on 2. Because of symmetry, every

term in the numerator being linear in £ does not contribute to the integral. Furthermore, it
can be shown that ([7], p. 191)

d*e d* 1
wpv = uv 2
/(27T)4€ ¢ /(27?)4 19 e (2:3.16)

Thus, we can only regard the contributing part of N9 and simplify it as follows:

N = 1{ 297 [ + 05y + pia)? + 2 (p1p2 — (b1, + p2,) (Phy + plf) |+
+4(pyy + p,2) (0] + p§ — p3y — pix) — 439,770 —4m(pSy + pi’w)} u

————
EZ'YU

(2.1.16) ﬂ{{€2+2pgy(y—2) +2pta(z—2)+4pipe(zy+2(1 —y—x))}”yg—i-
+4m[(y+2) (;m (1= 2) +p2 (1= 1) — B§y +p{w)| }u
= ﬁ{ {52 +2m2(y(y — 2) + z(x — 2)) + 4p1pa(zy + 22)}’}/0 +
> (2.3.17)

+4m|(z + )] +5) — BTz +pfy) (L + 2+ )| fu.

11



2.3 One-Loop Contribution within Quantum Electrodynamics

We can now express the momenta p; and ps in the following way

p? =5 (0f +05) + (0] —p3)] = 5 (07 +17) (23.18)
p3 =507 +p3) — (0F —p3)] = 5 (0 — 7).,
which we can use to rearrange NJ :
Npe = 37 +4m (z+y)pS — 4m (1 + 2 +y) [§ 0 +07) + § 0 — 7)) | u
= a3 +am (@ +y)[1 - A +a+y)]pl —2m(L+2+y)(@—y)p|u
= ﬂ[f‘y" +2m@+y)(l-—2z—y)pl —2m(l+z+y)(x— y)pq u. (2.3.19)
Finally, we can apply the Gordon decomposition (A.2.1) and substitute
pT =2mn? —ic%p_, . (2.3.20)

As discussed in Section 2.2, only the term proportional to ¢°¥p_, contributes to the AMM.
Thus, every other term can be neglected and we are left with the AMM-contributing part of
the numerator N¢

Nfyv = @ { —2m(z+y)(z+y—1) z'a"”p_y} u. (2.3.21)

By inserting (2.3.21) into (2.3.1) and comparing the result with the general form of the
scattering amplitude (2.2.6), we obtain

Niun 40 1 _ieu{
ABC (2m)%

1
zmam’p,,FM(q'2)} u. (2.3.22)
By the help of the Feynman trick for the denominator (2.3.3), the form factor Fy;(¢’) can be
read of as

d*¢

Fu(q) = z’4me2/ &) / dodydzo(o +y 42— 1) 2@ ty@+y - 1)
)" J01)3

D3 ’

(2.3.23)

with D being given in (2.3.7). We can solve the integral over the momenta using the following
general formula ([7], p. 193):

d 1 i 1 1
=(-1D" . 2.3.24
/ (2m)4 (2 — A)n (=1) (4m)? (n —1)(n —2) An—2 (2:3.24)
Our study makes use of the case n = 3, for which we obtain
% dty 1 eso 401
= ——s — 2.3.25
/0 (2m)* (02 — A +ig)3 3272 A ( )
Plugging this into (2.3.23) gives
dis (1-2)z
F’_822/ / drvdydzd —1)—*
v (') = 8im 2t Jouys rdydzdé(z+y+2—1) B
8e2m? 1 z(z—1)
= 59,2 ///0 dedydzdé(z+y+ 2 — 1)T
2 1
(2'3:'8)4%2//0 dxdydzé(az—}—y—l—z—l)l_z, (2.3.26)
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2.3 One-Loop Contribution within Quantum Electrodynamics

where we considered ¢’ to be zero in the last step. To evaluate the d—function over = to one,
x =1—y — z must be within [0; 1]. Therefore, we obtain

0<y+z2<1
—2<y<l-—z

and since the initial integration range 0 < y < 1 must still be satisfied, the integration over y
is now restricted to [0;1 — z]. Hence, we obtain

(0%

1—2 1 1
Fy(0) = —/O dy T dz= g/0 zdz = 21, (2.3.27)

T o 1—=z2 T

after substituting the fine structure constant o = e2/(4r).

13



3 One-Loop Contributions from
Scalar-Fermion Interactions

The persistent discrepancy between the measured value of the muon’s AMM, a,, = (g, — 2)/2,
and its SM prediction has become one of the clearest hints of physics BSM. In this chapter
we shall focus on a minimal class of BSM scenarios in which new scalar fields couple to muons
and additional fermions. Our goal is to show how these extra interactions enter the muon’s
electromagnetic vertex at one-loop order and to extract the magnetic form factor Fys(q’?),
whose value at ¢’> = 0 directly contributes to a,, from the internal scalar and fermion lines.

Any new particle which couples to both the muon and the photon can generate an extra
contribution to the muon’s magnetic moment via loop interactions of the type shown in
Section 2.3. In particular, if we introduce a new neutral or charged scalar H together with a
fermion F', then the Yukawa-Lagrangian is given by [8]:

Ly = 3 1 (e + e FH + H'F(, — 677)u, (3.0.1)
F.H

where p, F' and H denote the corresponding vector- or scalar-like gauge fields and ¢, and ¢,
are the scalar and pseudoscalar coupling constants, respectively.

The Lagrangian can be used to extract the needed Feynman rules for the newly appearing
vertices for the charged scalar bosons:

With those rules set up, we are ready to turn to explicit one-loop integrals, evaluate them using
standard Feynman parameter techniques and derive analytical expressions for the new-physics
contribution to ay.

14



3.1 Interaction of a charged fermion with the EM field

3.1 Interaction of a charged fermion with the EM field

The first topology considers the interaction of an internal charged fermion F' with a photon of
the electromagnetic field, as shown in Fig. 3.1:

W

Figure 3.1: Absorption of a photon via the internal Fermion Line

In the following, the contribution to the AMM a,, from interaction 3.1 is derived from the
corresponding invariant amplitude M = €, M. Using the Feynman rules, we derive

* 5
: —i(ct — cy°) x
k3 —m2 +ie k3 —mp +ie (¢ =47")

4
M7 = /((217_54 u(p2) i(cs + Cp'75)

1

X u(p2)

& —m +ic
=—q / dlq _ (cs+ 1) (B +mp) 27 (i +mp) (c; — )

P @n)r " (k3 —mE +ie) (k] — mp +ie) (¢2 — m% + ie)
N°  d%q

— _— 1.1
I | ABC (27) (3:-1.1)
The denominator can again be rewritten using the Feynman trick as follows:
! 2///1ddd6(++ 1) !
— = T z6(x z—
ABC 0 Y Y (Az + By + C=z)3
1 1
=2 dxdydz§ —-1)—
///0 rzdydzo(z+y+2—1) 3
where D = (> —m% +ie)z+ (k3 —m% +ie)y + (k} — mp + ic) 2. (3.1.2)

Inserting four momentum conservation k; = ¢ + p; and (A.4.2) yields
D = ¢ +ie —m¥z + poy + piz — mp(1 — ) + 2qu(p2y + p12)*
U2 (g 4y o) Gy 4 h)? - i+ mE (- @) - mi (1~ a) +ie
D=/0*—A+ie, (3.1.3)
with the shifted momentum ¢ and A to be defined as

{=q+pay+p1z (3.1.4)
A= mi(y2 + 22) 4+ 2p1poyz + myx — (1 — a:)(mi —m%) +ic. (3.1.5)
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3.1 Interaction of a charged fermion with the EM field

We again use four-momentum conservation to express k; = ¢ + p; and insert the shifted
momentum ¢ via (3.1.4):

N :ﬂ{(cs+cpfy5)(}62+mF) 7(Fy +mr)(cs — ey )}
= ﬂ{(cs +Cp75)(p2 +l—¢2y—plz—|—mp)7‘7(pl +l_p2y —]IflerMF)(c: _ C*PVEJ)}U

The terms linear in ¢ can again be left out, as they will disappear in the integral due to
symmetry. This leaves us with

N = @ {(es +¢7") [ F17F + (B (1= y) = p,z + mr )37 (p (1= 2) = poy + mr) | x
x (ch = cp7”) pu
=i {(cs+ ") [ 7 + (B, (1= y) — 2077 (p,(1 = 2) — Pyy) + mEr7 +
ngd
+mey” (py (1= 2) = poy) +me(py(1 —9) = p,2)77 | (¢ = 7®) b

Ie

even

(3.1.6)

I'4q and I',, denote those terms, that include a respective odd and even number of
vy—matrices. We will continue treating them separately.

_ — 2 2
i (cs + 67" )T8aa(ch = 57™) u =1 |les"Toaa = lep*7"T8a7” — eocpTaan” + epciy Toaa|
(3.1.7)

_ 2 *T0
u {’CS| Feven |Cp‘ 75Feven’y pFeven’Y + CpCs’)/ I—‘even}
(3.1.8)

i (cs + 7 en(ct — 77 u

Recalhng the (anti-)commutation relation of the v°—matrix (A.1.4) and inserting I'J,, into
q. (3.1.7) enables us to factor I'7;, out. With the Dirac equation (2.1.16) and the properties
of the y—matrix we can simplify the resulting expression as follows:

@{ (oo + lep*) [ =397 + (mu(1 = y) = p12)77 (mu(1 = 2) = poy) +mir7 |+
+ 9 TGaq (cscj + ciep) pu
=A?

odd

= a{(les” + lep*) [ (=32 + mF +m2 (1= 9)(1 = 2)) 77 = mu(1 — )y (20§ — my7")—
= myu(1 = 2)z (265 = mn?) +yz (2m, (0] +93) — 2102y —min”) | + Adaa fu

= ﬂ{(!cs|2 + |Cp|2) {(—%52 + m% + mi(l —y? =23 — 2pipy yz) ~°—

—2my, (z2p] + zyp$ A? (319
w(zzp] + zyp3) | + odd}u

The term containing the mixed coupling constants and named AZ,, is dealt with later as
it requires further identities involving the v°—matrix. First, let us consider eq. (3.1.8) and
handle it analogously:

a{(lesl? = lepl?) [ (p, (1 = 2) = o) + e (, (1 — ) = p,2)7°]
— Y T enlescy — ciep) bu

=AZ

even
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3.1 Interaction of a charged fermion with the EM field

= @ {(esl” = lepymr [mu (1 +2) 7 = y(20§ = myun”) = 2257 = m)7)] = Alien )
= a{(|esl” = lep*)mr [2mu 17 — 2 (up§ + 2p7)] — Alen } (3.1.10)

Again, the term involving products of both coupling constants was labeled as AZ,,,. Both
A%, and AZ,. are proportional to 4% and will thus not contribute to the AMM in further
calculations. We continue simplifying both terms just for completeness.

A4 between the spinors can be expanded as follows:

1 Adgqu = u{2Re(cscy) v T4} u
= @ {2Re(cscp)® |17 + (p,(1 = ) = p,2) 77 (p(1 = 2) = pyy) +mir?] pu
= @{2Re(coc))7” [(#17f + (& + y2)p, 7P, — (L= 9y P, Py

(3.1.11)
= (1= PP, + R i
The separate terms involving y—matrices can be rewritten as follows:
_ o A12) _ - - 2.3.16) _ -
i (V) CEY a7 — 2y u PE G (L2, (3.1.12)
(A.1.4)
(2.1.16) _ -
PP T ama ) (3.1.13)
(Al) 5.0 (Ail)— o 5 2,.0.5
u (PP, u o u (= muy 7 p,) u o), u (= 2mupsy° +miy’y°) u, (3.1.14)
(A.1.4)
(2.1.16) _ - (A14) _ - -
@ (PP u (A—“ @ (m*(20f —27p) u = (T - 2mpfr) w, (3115)
~ o '_'2) o ) o o o o
w( o p)u = a[® (25p, + 63p, —pien) — R |
A14) _ - -
((2.f16)) u [((Qplpg — mi) v+ 2my,(p2 — p1) )75} u. (3.1.16)

By the help of the relations above, (3.1.11) can be rearranged as follows:
{2 Re(cse )[( 0+ (z+yz) i —(1-y) ymi —(1-2) zmi + yz (2p1p2 — mi)—
—mp )7+ 2m (1= ) yp§ — 2my(1 = 2) 2] + 2muyz (02 — p1) |2 fu

{2 Re(esc )[( 2 +m (233 + 2+ 22— 1) + 2p1payz — mF>'y +
(3.1.17)
+2my, (pSy (x + 22) — piz (z + 2y))} ol } u.
AZ . between the spinors yields

even

u A7 = {ET" Im(csc;)}u

even even

ﬂ{% Im(csch)y [mey? (p, (1 = 2) — poy) + me(p,(1 — y) — p,2) 7] } u
=u {Qi Im(cSC;)mF[(l —2) 7570?1 - 3/75701252 +(1—y) 75}75270 - 2751?170] } u

(3.1.18)
Analogously to the even appearances of y—matrices above, we derive
i (75703251) = —myti (177°) u
U u=1u|vy"(2p9 Nuw=1u[(2p5 — m,y°) 7] u,
7V, [ 2 = Py 77)] [(2p5 uY7) 7] (3.1.19)

N

(v*17p,)
(’ypﬂ)u myii (77°) u,
(Vp, ) w =1 [v*(2p] — 77p,)] u =@ [(2p] + muy7) ¥°] u

I
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3.1 Interaction of a charged fermion with the EM field

for the odd number of appearences to simplify (3.1.18):
u {Zi Im(cscy)mp [ —mu(l = 2)77 =y (25 —muy?) + (1 —y) muy” —
2 (207 +muy7)]7 fu
=1 {41' Im(csc,) mp (pP3y + py2) 75} u. (3.1.20)

The results (3.1.9), (3.1.10), (3.1.17) and (3.1.20) can now be combined to form the (con-

tributing) numerator NZ .:

NS =1 { [( — %52 +m% + mz(l —y? =2 - 2p1p2yz)’y" —2my, (zvzp] + :L‘ypg)} X

X (|Cs,2 + ’%’2) + {2mqu’YU —2mp (yp3 + Zp(lj)] (|CS|2 - ’Cp|2)+

[Re(cS ){(62 + 2m (22 + 1y + 22 — 1) + dp1poyz — 2m2F)’yU+
+4my, (pSy (x + 22) — p{z (z + 2y))] + 4iTm(csc,) mp (p3y + p‘fz)] 75} u

= { (=3 +mp+m2(1 = 4% = 2%) = 21poy2) (|es* + o) +
+ 2mpmy (|eo|” = lepl’)] 77~
= 2[(lesl? + lep )y muz + (e = lepl*ymie| pf 2=
= 2[(esl? + lepP)ymuz + (e = lep )| pSy+
+ [2 <2i Im(cscy) mp — 2my, Re(cscy) (x + 2y)) p]z+
+ 2 (21’ Im(csep)mp + 2my, Re(csep) (v + 22)) PIY+
+ Re(esc),) (62 +2m, 2z + y* + 22 — 1) + dp1payz — 2m2F) fy"} 75} u

=u {Afy" —2B(p]z + p3y) + (a’y" +28P)pT 2 4 2,6’(p2)pgy)fy5} u (3.1.21)
where the following abbreviations were introduced:
A= (=40 +mb+mi1 -y = 2) = 2pipay2 ) (lesl* +lepl*) + 2mpmy (sl = ey )
B = (‘CS|2 + |Cp‘2)mux + (‘CS|2 - |Cp|2)mF
a = Re(csc)) (€2 +2m, (22 + 42 + 22 — 1) + dpipayz — Qm%)
B = 2i Tm(cyc ) mp — 2my, Re(cscy)(z + 2y)
BP2) = 2i Tm(cyc ) mpe 4+ 2my, Re(cscy) (x4 22).

p{ and pg can now again be expressed via p% and p?. This yields
u {Ay" - B {(y +2)p + (2 — y)pi} + [cwa%—

Next, the Gordon decomposition can be applied and every term that does not contribute to
the AMM (i.e. is not proportional to ic?”) can be neglected. We thus optain the final result
for the numerator Ng,; that contributes to the AMM in the scattering amplitude (3.1.1).

(3.1.22)

N = = [(lesl* + ey mua + (les* = ey mp | (z = Da{io™p_, pu (3.1.23)
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3.2 Interaction of a charged scalar with the EM field

By comparing the contribution of NZy;; with the general form of the AMM contribution
given in (2.2.6) gives us

N 4 1 n 5
T | "ABC (2r)8 ie {i g7 07 Py Far(q”) f u, (3.1.24)

and with the help of the Feynman trick for the denominator an expression for the form factor
Fu(q?):

2 qr . d4£
Fuq ):4mH?z // dedydzdé(z+y+2—1)x
" $($—1)mu(\csl +lepl*) + (@ = D(les) = lep*)me
(2 — A +ie)®
3. 1
(23:25)4771 ar // dedydzdé(z+y+2z—1)
e 3272 (3.1.25)
z(x —1)my (|CS| + |Cp| ) +(z - 1)(‘03| - |Cp|2) mpg
A
Inserting (3.1.5) with ¢’ = 0 and introducing the abbreviations
Qp = and Q=2 (3.1.26)
my my,

yields

2qr 1 !
Fa(0) = 4my, - 392 //0 drdydzié(x+y+2z—1)

w(z 1) (Jes]” + lepl”) + (z = D(lesl® ~ lepl”)

P %)+ 2y + e — (L= ) = )

W
= 871'26// dedydzdé(z+y+2z—1)x
e (= 2)(@ + Qp) + | '(L — 2)(z — Q)
1-2)2+0%z—(1—2)(1-0Q%)

- x |Cs| (1—2)(z 4 Qp) + |, (1 — 2)(z — Qp)
/ / (1—2)2+Q%z— (1—2)(1 - Q) (3.1.27)

87r26

Executing the integration over y and substituting u for 1 — x yields the final result for the
Fermion-Scalar contribution to the AMM:

2 2
e [ o= 20+ u—0p)
0

3.1.28
8n2e w4+ 0% (1—u)+u (% —1) ( )

lau]r = -

3.2 Interaction of a charged scalar with the EM field

In the second topology, the interaction of an internal charged scalar boson H with a photon of
the electromagnetic field, as shown in Fig. 3.2, is considered. The application of the Feynman
rules for this diagram yields

o d4q . ( g—}—mp) .ox *_ 5
™ _/WU(P2) (Cs+cp7)qm—}7—i—wl(cs_ pV)mx 521
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3.2 Interaction of a charged scalar with the EM field

[ 2 (cs + 7°)(—gf + mrp)(ch — c57®) (k1 + k2)°
@m)t (@ = mi i) (K — i, +ie) (K — my + e

) u(pr)  (32.2)

(3.2.3)

v

Figure 3.2: Absorption of a photon via the internal Scalar Line

Appendix A.5 shows, that the contribution to the AMM can be determined by evaluating the
integral

(u® — u) (3.2.4)

s =~ 2 [* a0 50090 o -0
Js =
0

82e W+ 0% (1—u)+u(Q4 —1)
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4 Contributions within the Two-Higgs-Doublet
model

The Two-Higgs-Doublet Model (2HDM) extends the SM by introducing a second complex
scalar SU(2) doublet and thus enhances the Higgs sector with additional neutral and charged
scalars. This simple augmentation not only provides new sources of CP-violation and potential
dark-matter candidates, but also alters the pattern of Yukawa interactions and gauge couplings
in ways that can address the puzzle of the muon’s anomalous magnetic moment [9]. The
following introduction to the model is based on [10].

4.1 Introduction to the Two-Higgs-Doublet Model

The SM is extended through the addition of a second SU(2) complex scalar doublet ®5 with
hypercharge Y = 1/2, complementing the original SM Higgs doublet ®;. Both doublets
develop non-zero vacuum expectation values (VEVs) (®;) = v;, where v is assigned to

\/v? + v3 = 246 GeV. The most general scalar potential in the rotated Higgs basis, which is
introduced in the following, is given by [11]:

V =m?,(H|Hy) + m3y(H} Hy) — m3y(HI Hy + h.c.)+
A A
+ 5 (H] HY)? + 22 (HH)? + Ns(H] H) (H Ho)+
A
+ N\ (HT H) (HHY) + [2"’

+ [ (N H) + (Ar(HS Ha) ) H Hp + e ]

4.1.1
(HIH,)? + h.c.] + Ly

As we work in the CP-conserving limit, we take all the parameters m;; and \; to be real.
The Higgs basis is now rotated using the angle 3 = tan™! (v /v1).

Hy\ [ cosB sinf) (P4
<H2> - (— sin 3 cos ,6’) (@2) ’ (4.12)
In this basis, only H; contains the SM-like Higgs boson with the aforementioned non-zero

VEV, while Hs has vanishing VEV. The corresponding fields of the new basis can thus be
parameterized via

1 V2GT 1 [ V2H*
Hl_\/§<U+H?+iGO>’ H2_\/§<H§+1'AO>' (4.13)

The so-called Goldstone-Bosons Gt and GO are “eaten up” by the W+ and Z° bosons in the
Higgs mechanism within the process of spontaneous electroweak symmetry breaking. The
remaining charged scalar H+ denotes a new physical scalar boson that may be involved in
several decay processes which are absent in the SM [12]. H{, and A° are the CP-even and
CP-odd neutral scalars, whose mass eigenstates are given by [13]:

h\ cos(a — ) sin(a — ) HO
<H> B <—sin(a — ) cos(a— 5)) <H§> (4.1.4)
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4.1 Introduction to the Two-Higgs-Doublet Model

with the angle a being determined via

2602
sin 2o — B) = —t—s. (4.1.5)
mH —m

In the alignment limit (« =~ 3), the light scalar h ~ HY behaves identically to the SM Higgs
boson, while H ~ HY represents a new heavy scalar. The corresponding eigenvalues yield the
masses of the physical scalars and are determined by diagonalizing the mass matrix

9V
2 _ 9V . , + pr+ A0 770 40
5= Be0a w1th¢Z€{G JH* G° H? A } (4.1.6)

We demonstrate the derivation of the mass matrix exemplarily for the charged bosons in
Appendix A.6. The result is given by

m2 —|—lU2)\3 0
tharged_< 202 ol (4.1.7)

The mass matrix for the neutral scalars HY, HY, A and GV is given by [13]:

Apv? Re(\g)v? — Im(Xg)v? 0

Ve Re(A6)v?  m3, + 5v%(A3 + A + Re(Xs)) —1Tm(\s)v? 0
neutral —Im(\g)v? — 2 Im(\5)0? m3, + 3v3(A3 + As — Re(Xs)) 0

0 0 0 0

The corresponding eigenvalues denote the respective masses from the particles:

mi = \o?,
02
my; = may + o s+ X+ As),
w2 = m — A, (4.1.8)
02

m%{i = m%{ — ?()\4 + )\5).
At the LEP collider, new charged scalar bosons H* could have been produced in pairs via
the process ete™ — Z/y — HTH~. Since LEP reached center of mass energies of up to
about /s ~ 200 GeV, such searches were sensitive to charged scalars with masses up to the
kinematic threshold of roughly mpg+ ~ /s/2. Dedicated analyses of final states with leptons
and neutrinos did not reveal any deviations from the Standard Model predictions. As a result,
LEP experiments established a lower mass bound of approximately H* > 100 GeV, which
continues to serve as a robust constraint on charged Higgs bosons in extended scalar sectors.

After introducing the Higgs sector of the model, we can now face the Yukawa sector. The
Yukawa coupling matrices Y and Y contain the respective coupling constants that mediate
interactions between fermions and scalars. The corresponding Lagrangian is given by [14]:

—Lyuk = Y/ij ELJ Hylg; + Y;‘jELJ HylR;+h.c., (4.1.9)
with the left-handed doublet and right-handed singlet

{(Vi, i), fora=1L,

gai =
AR,i fora = R,

)

withi € {e”,p~, 7 }. (4.1.10)

The first term only includes the interaction of leptons with non-physical Goldstone modes
and with the SM Higgs boson h. This term is responsible for the leptons to gain mass in
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4.2 Analysis of the Impact on muon g-2 by different Yukawa Coupling textures

the SM but is no further relevant in this study. All the new scalars introduced by the model
are contained in the second Higgs doublet Hs. Recalling the corresponding parameterization
(4.1.3), one obtains the lepton Yukawa couplings for the physical scalars from the Lagrangian

1 0N T _
—Lyvuk D 7EJ(H3 + ZAO))\LJ‘ )\R,j + Y;J'I.'IJr VL7’i)\R,j + h.c.

V2

1 .
— ﬁyij(Hg +iAON PLAYPRA; + Yi HT v PLy° PrAj + hec.
1 _
= ﬁyij(Hg +iAYN;PrA; + Yi; H' ;Pr)\; + h.c. (4.1.11)
with the Yukawa coupling matrix
Yee Yeu Yer
Y=|Ye Y Y (4.1.12)
YTe Yru YTT
and the hermitian conjugate’
1 0 ;10\ + 5 !
h.c. = \ﬁYij(HQ + 1A ))\L,i )\R,j + Y;jH VL,i)\R,j
1 0 _ i 40Y( i (5 i
= \ﬁyij(Hz —iAY)(ALiAry) + YijH™ (ViR )
1 , _
= ﬁYij(HS — iAW\ 7 AL+ Yig H N 2 v
1 - _
= \ﬁYij(HS — i AY)N;Pp i + Yi H N Pry;. (4.1.13)

The term involving the negatively charged scalar arises from the same Feynman diagram
as the positively charged scalar, but with reversed momentum. Thus, it does not lead to
additional contributions and can be neglected. The final Lagrangian then reads

1 - 1 _
—Lvuk D WYVZ](HS + iAO))\iPR)\j + }/inJ'_ Z7iPR)\j + ﬁYVZ] (Hg - iAO))\jPL)\i. (4.1.14)

4.2 Analysis of the Impact on muon g-2 by different Yukawa
Coupling textures

We will use the results from the previous section to determine the scalar and pseudoscalar
coupling constants, ¢, and ¢, for the distinct coupling textures in dependency of the respective
Yukawa coupling Y;;. These constants will then be substituted into the general formulae
(3.1.28) and (3.2.4) to calculate the contributions for the given textures and particles. The
Yukawa coupling matrices corresponding to the textures considered are given as

0 0 O 0 0 O
tex.1:Y=[0 Y,, O0f, tex.2:Y=(0 0 O],
0 0 O 0 Y, O
(4.2.1)
0 Yeu O 0 0 0
tex.3:Y=[0 0 Of, tex.4:Y=[0 0 Y,
0 0 0 0 Y, O

! The expansion is done with the help of the projection operators, introduced in Appendix A.7.
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4.2.1 Texture 1: Muon-Muon Coupling

4.2.1 Texture 1: Muon-Muon Coupling
For the first texture, the Lagrangian (4.1.14) reads

1 o Ao (147 (1445
—Lyuk D %YMM(HE +iA”)j (2 pot Y 0, 5 | M
1 _(1=77°
—=Y,,,(HY —iA°
+ V2 un(Hy — A7) ( 9 ) K

1 i

V2 V2
We can now compare this Lagrangian with the general structure (3.0.1) and thus determine
the (pseudo-)scalar coupling constants for the respective particles to

_ _ 1 _
Vi H i+ —= Y, Ay + §YMMH+VM(1 +7°)u (4.2.2)

HO _ 1 HO _

Cs ——ﬁYW, ¢y =0,

H+ _ 1 HT _ 1

Cso = 3V, Cpo = 3V
A0 AY i

¢ =0, G = \@Yuu‘

These results can be inserted into the formulas (3.1.28) and (3.2.4) from which we obtain

Y2 ot u?(2 — u)
Ad” = ﬂ/ 42.3
u 1672 Jo ' u+ 0201 —u)’ ( )
Y2 1 B
Agt = 1 / d 4.2.4
T T6m2 Jy M+ 02,(1—w)’ (424)
Y2, [l u(u — 1)
I A——— / dy— 4.2.5
T 162 Sy a2, - 1) (42.5)

as concrete expressions for the respective contributions. The total contribution by the second
Higgs doublet is then given as the sum over the contributions from all additional scalars:

Aa, =" Aaj. (4.2.6)
S

Due to charge conservation, the interaction involving the charged scalar always requires the
internal fermion to be neutral. Neutrinos are the only particles in the SM that carry this
property and thus the virtual fermion involved in the interaction is a muon neutrino whose
mass can be neglected compared to the mass of the muon (€2, — 0). As charge has always to
be conserved and the neutrino masses from the other lepton generations can also be neglected,
the charged scalar’s contribution remains the same in all textures. In the interactions involving
the neutral scalars, the charge is carried by the internal muon and thus the denominator in
(3.1.28) simplifies to the results given above.

The expressions can be computed using the scipy.integrate package in Python. The results
can be seen in Fig. 4.1a). First, we take a closer look at the irregular behavior of the H*
contribution in the mass range of the muon mass (~ 0.1 GeV). The integral diverges here as
the integrand has a pole within the integration interval at Q;+ = 1. Therefore, we split the
integration into two segments that avoid this pole and observe a sign flip of the contribution
beyond the pole. We will now make certain approximations of the expressions (4.2.3) - (4.2.5)
to give some justifications for the influences from the neutral scalars on g — 2. For lower
masses (g < 1), the integrands reduce to fundamental polynomials which can be evaluated
to 3/2, —1/2 and 1/2, respectively. The contribution is therefore constant with respect to
the scalar masses. The limit for higher masses is less obvious and needs a mathematically
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4.2.1 Texture 1: Muon-Muon Coupling

demonstrated reasoning. For Qg > 1, the denominator of (4.2.5) can be approximated via
Q%H which can be factored out of the integral and leaves us with the integration

1Y2 1
/ duu(u —1) (4.2.7)

Aall™ =
¢ 5 16n7 2

# 167r2 QQ

This result does not only explain the global form of the curve? but also explains the sign flip of
the contribution. The approximation of the neutral scalars is done by similar considerations.
However, we only present the approximation for the CP-odd scalar A° in particular, because
the other case is achieved equivalently. For Q40 > 1, the squared term in the denominator
can be neglected over the whole integration interval, except for z — 1. We are thus left with

Y2 1 ud
A ~ - 1 / dy —————. 4.2.8
U 1672 Jo 1+ 0% (1 —uw) ( )

Introducing the substitution z := 1+ Q2,(1 — u) gives

2 2 2
Aot e i ] /1 L ) PO/ R
s 1672 Q% J1402 x 16m2 Q%
(4.2.9)

On a double-logarithmic scale, this gives exactly the behavior we can see in the contributions
from both the A° particle. Furthermore, we can see that in higher mass regions, only H°
contributes positively to the g—2 whereas the CP-odd and charged scalar contribute negatively.
If we compare the predicted contributions with the experimentally demanded value (shaded
in gray), we can claim that the CP-even scalar dominates the contribution and thus forces the
mass hierarchy of the particles to be mgo = m g0 g+ — Am. This is what we already stated
earlier in section 4.1.

[ S L —— ¥,=0.1 1074f----- —emee —— Am =110 GeV
10-6 ¥,,=0.0001 10-6 Am = 200 GeV
10-8 1078
10-10 \\*\\\ 10-10
10—]2 10—12
B e B T
N O === HO s of e O
< —10"1} ——. A0 < —10"M} ——. g0
-10-12 -10712
~10710 T —1071 ——
-10¢ //”/ -10-¢
-1076 ) ///’/ -10-¢
B | ~10-4
1073 10- 1071 10° 10! 10 10° 1073 10- 1071 10° 10! 10 10°
ms [GeV] myo [GeV]
(a) Contributions with equal-assumed masses (b) Contributions with fixed Yukawa coupling
mg and varying Yukawa, couplings Y),,. (Y, = 0.1) and different mass splittings.

Figure 4.1: Comparison of the contributions from the respective scalars to Aa, in coupling
texture 1. In (a), equal masses were assumed to determine the magnitude of the respective
contributions. In (b), we fixed the Yukawa coupling and show how different mass splittings
influence the distinct contributions of the particles. The gray area denotes the experimentally
found 20-region of Aay,.

Fig. 4.1b) shows that this mass hierarchy significantly suppresses the negative influences of the
new particles and thus achieves our requirements. Moreover, it can be seen that in higher mass

2 You can plot —l/gzc2 with logarithmic scales to see that the curve fits the graph shown in 4.1.
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4.2.1 Texture 1: Muon-Muon Coupling

regions, the influences of the scalars converge into the same order of magnitude. Hence, for a
fixed Yukawa coupling of around Y,,,, = 0.1 our model achieved to predict an upper bound
for the CP-even scalar (~ O(10) — O(100) GeV). However, different Yukawa couplings are
possible. Therefore, we have to run a parameter space scan to determine which combinations
of Yukawa couplings and CP-even scalar masses are allowed to fit into the 1o and 20 region
of the experimentally found value for Aa,. A total number of 40,000 different pairs was
tested. The resulting parameter space that is consistent with experiment is indicated in Fig.
4.2. As you can see, the decreasing contribution by higher scalar masses is compensated by
increasing Yukawa couplings. We also shaded regions of the parameter space that are either
already ruled out by experiments or lie within a range that upcoming experiments can probe
and potentially confirm or exclude. Via its loop-induced two-photon coupling, H° can be
produced in electron beam dumps and in supernova cores and be long-lived below the muon
threshold. E137 has not yet observed such decays and therefore restricts the parameter space
in the low mass region (green shaded). The pink shaded bounds from SN1987A arise because
the long-living scalars H” could have carried away lots of the supernova’s energy, leading
to an excessive cooling of the core, which was not seen. BaBar’s vain search for the decay
ete™ - utu= 2,7 — ptpu~ excludes the blue region and the dashed Belle-II line shows
the much stronger reach expected with a hundred times more data. Finally, Z — putpu~ H°
would produce a Z — 4u signature which CMS has not yet observed and hence constraints
the parameter space within the purple bounds.

10°

[Rare z deca

ys

10—1_

E137

Belle-II

1073¢
uu coupling
SN1987A m Aay*1lo
Aa, + 20
1074 : : . ‘ .
1073 1072 1071 10° 10! 102 103

my [GeV]

Figure 4.2: Allowed Parameter Space for Y,, and myo to match the 1o and 20 ranges of
Aay,. The contribution was computed with the sum of (4.2.3) - (4.2.5), considering the mass
hierarchy mgo = mpy+ 40 — Am. The plot also includes those (shaded) regions that are
already experimentally investigated and excluded by Supernovae 1987A ([15], [16]), E137 [17],
BaBar [18] and CMS [19]. The dashed lines indicate constraints that may be achieved by
future experiments at Belle-II [20]. The processed and illustrated data from SN1987A, E138
and CMS is given in [21], whereas BaBar can be found in [10].
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4.2.2 Texture 2 & 3: Tauon-Muon and Electron-Muon Coupling

4.2.2 Texture 2 & 3: Tauon-Muon and Electron-Muon Coupling

Contrary to the previous section, the muon now couples with a lepton from another generation
in the SM. Consequently, we now turn to the off-diagonal Yukawa couplings Y, and Y,
which couple the muon to the electron and tauon fields, respectively, along with the associated
scalar fields. The two textures can be dealt with simultaneously as they only distinguish
in their respective internal fermion masses and neutrinos. We therefore introduce £ = 7, ¢
for abbreviation. Recalling the Lagrangian of the lepton-specific 2HDM (4.1.14), we can
determine the Lagrangian for this scenario to

1 1
V2 V2

Comparing this result with the general structure of the Lagrangian (3.0.1) furnishes the
(pseudo-)scalar coefficients ¢, and ¢, corresponding to the scalar bosons:

~Lyvi D —=Yo (H® +iA")ePru + Yy, HY 9yPrp + —=Yp,(HY — iA®)aPre  (4.2.10)

+ + 1
H = CII){ = §qu
HO HO Z
T T
AO o AO - 1
N

Combined we the derived formula (3.1.28) we obtain the respective contributions:

2
Ag?® — Y, u?(1 — u)

1
= d ith ¢° € { HO, A%, 4.2.11
g 32772/0 YT w w1 o e {1 A%} (4.2.11)

As mentioned earlier, the charged scalars contribution is identical for all four coupling textures,
apart from replacing the coupling constant (in this case with Y,). Therefore, we refer to
(4.2.5) here.

Similarly to texture 1, the contributions from the charge(-less) scalars in the 7 — u— and the
e — u— texture are plotted in Fig. 4.3a) and 4.3b). The graphs show exactly the behavior
that we expect from the formulae (4.2.5) and (4.2.11): First, it is evident that a three order of
magnitude suppression in the Yukawa couplings results in a six order of magnitude reduction
of the charged Higgs contribution. This results from the dependency of the squared coupling
constant in (4.2.5). The behavior of the contribution by the neutral scalars on the other hand
needs some reasoned approximations in upper and lower mass limits for both the leptons and
the scalars. Starting point is eq. (4.2.11) for the 7 — y—coupling (2, > 1). Assuming the
lower mass limit for the boson (40 < 1), the contribution is a positive constant with respect
to myo:

Y2, b owt(l-w) YE 1
Aa?® m i / d _ for 0, > Qo 1. 4.2.12
U ¥ gon2 Jy T 02y 3om? 6,0 O e (42.12)

As soon as the bosonic mass fraction overcomes the tauon mass fraction (O(Q40) > O(£2;)),
the denominator can be estimated with €40 and the contribution reads

Y2 1 ! Y2 1
NN / 2dy = - . 42.13
U~ 3on2 22, Jo U= 302302, ( )

Hence, the behavior matches that of the charged scalar contribution in the high-mass region
(cf. (4.2.7)).

We can now consider the e — u—coupling (2. < 1). For the lower mass limit of the scalars
(240 < 1), the integrand simplifies to —u, which yields —1/2 in the regarded integration
interval. The high-mass limit was already discussed in (4.2.13) as this corresponds to Q40 >
1, Q..
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(a) Contribution by the 7 — y—coupling (b) Contribution by the e — y—coupling

Figure 4.3: Comparison of the contributions from the respective scalars to Aa,, in coupling
texture 2 (a) and texture 3 (b).

We proceed with the parameter space scan corresponding to the several textures. As before, a
mass hierarchy of myo = mp+,40 — 110 GeV is chosen, in acceptance with the considerations
in Section 4.1. Fig. 4.4a) shows both the theoretically allowed pairs of Yukawa couplings
Y;, and Y, and the CP-even scalar masses myo as well as the experimentally demanded
constraints from ARGUS [22], LEP [23], CMS ([24], [25]). Furthermore, we plotted the
curve in the parameter space that denotes the possible pairs of Yukawa couplings Y., and
scalar masses mg which make the additional interactions and contributions from the scalars
consistent with the SM predicted and experimentally found value of the electronic magnetic
moment Aa.. The function used to compute this contour reads

Yo, (mg) = \/ Aac™ (4.2.14)
TN Fio(ms) + fao(ms) + Fr-(ms)” -
where
1 1 u?(1 — u)
Joo(ms) = @/@ du u? + Ayo (1 —u) +u(A, —1) (4.2.15)

1 1 uz—u
=— | dy——— .
T+ (ms) 32772/0 Yut A —1

result from the general one-loop contribution formulae (3.1.28) and (3.2.4), which can be
derived in exact the same way for the electron scattering process. Analogously to muonic
AMM, we introduced the mass ratios as

mgs my,

Ag = and A, =

Me Me

(4.2.16)

The constraint of the parameter space can be compared to the results from [26], whereas the
experimental data for Aa. was taken from [27].

Regarding the global behavior of both textures it stands out that the parameter space of the
e — p—coupling is restricted to scalar masses mgo > m,,. This can be understood by recalling
the approximations above (€240, < 1). The contribution could be computed to be negative
in this case, which would even increase the anomaly in g — 2. Therefore, only scalar masses
mpo > my, qualify for this texture.
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(a) Y;,— coupling. (b) Ye,— coupling.
The ARGUS experiment did not observe a LEP [23], CMS ([24], [25]) restrict the pa-
7 — puH decay and therefore excludes the rameter space due to observations of the
mass region myo < m, —my, [22]. ete™ — putu~ and the Z — 44 decay.

Figure 4.4: Allowed Parameter Space for (a) Y;,, (b) Y, and mpyo to match the 1o and
20 ranges of Aay,. The contribution was computed with the sum of (4.2.5) and (4.2.11) for
¢ = 7, e, considering the mass hierarchy mgo = my+ 40 — Am. The processed data for (b) is
given in [28].

4.2.3 Texture 4: Muon - Tauon / Tauon - Muon Coupling

The final Yukawa texture we consider for its effect on g — 2 is the one in which the tau-muon
interaction is governed by two nonzero Yukawa entries, Y7, and Y,,. With (4.1.14), the
overall Lagrangian for this scenario reads

1 1
—Lyuk D EYW(HO +iA°)F P+ Yo H 0y P+ EYW(HO —iAYaPpT
(4.2.17)

1 1
+ EYM(HO +iA°)iPrT + Y- H 0, PpT + EYM(HO — i A" Pru
Comparing this Lagrangian with the general form (3.0.1), we once again obtain the (pseudo-)
scalar coefficients ¢, and c:

0 1 0 1
C§+ = ﬁ(yﬂt + Yur) Cgﬁ = QIW(Y#T - Yru)
o 2 %, = 2Ym
s = f\/g(ym —Yr) & = ﬁ(Yw + Yiur)

The formulae for the computation of the respective contributions are again obtained by
inserting the coefficients into the general formulae (3.1.28) and (3.2.4). We thus receive

paf = 8 [au el o)
" 72 Jo u2+Q§50(1—u)+(QZ—1)u

uQ

u? + Qéo(l —u) +u(Q2-1)

0 ) (4.2.18)
=YY /O du

for the neutral scalars H? and A° and (again equivalently to (4.2.5))

Y2 1 w2 —u
PN A—— / 4.2.19
YT Ten? Jo ut+ 2 —1 (4.2.19)
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4.2.3 Texture 4: Muon - Tauon / Tauon - Muon Coupling

for the charged scalar H*. In (4.2.18), we used that the muon mass is significantly smaller
than the tauon mass, which results in €2, > 1 and therefore in an approximation of the
numerator reading

W (esP (1 —u+ Q) + |epP (1 —u — Q) = Qu(|es| — |e). (4.2.20)

We can predict the global behavior of the curve by recalling the reasoning from section
4.2.1. For lower masses (40 < 1) the integrand simplifies to u/QZ which leads to a constant
behavior of Aa, with respect to mg. For higher masses (240 > 1,;), the same procedure
that was used in 4.2.1 can be applied to simplify the integral in (4.2.18) and thus we obtain
an analogue result:

In Q¢0

Q,
—=Y, Y, —.
TR Qio

. 0
lim Aaﬁ ::i:87T2 wr

m¢0—>oo

(4.2.21)

Overall, we can conclude that the respective contributions should look the same as in the
p — p—texture which we discussed in 4.2.1. This expectation is verified by the computed
results, shown in Fig. 4.5.

1072
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<

_10-10} e
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Figure 4.5: Comparison of the contributions from the respective scalars to Aa, in coupling
texture 4.

It is important to mention that a mass hierarchy mgo < m 4o is crucial at this point as the
contributions would otherwise cancel each other out. This is also done because the contribution
from the charged scalar has to be suppressed as well and the only possible option besides the
choice of an increased mass mg+ > mgo would be to lower the value of the Yukawa coupling
Y. This, on the other hand, would force the coupling constant Y),- to be increased in order
to keep /Y7 Y7, constant. This leads to a problem as soon as Y,; > 1 because then we
cannot neglect the higher-order contributions in the loop anymore and our formulae (3.2.4)
and (3.1.28) would not yield proper results anymore.

The parameter space belonging to the final texture is given in Fig. 4.6. Equally to texture 2,
we indicated the region that was excluded by ARGUS experiment which did not observe the
T — pH decay.
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Figure 4.6: Allowed Parameter Space for /Y;,Y,r and myo to match the 1o and 20 ranges
of Aay,. The contribution was again computed using the sum of (4.2.18) and (4.2.19).

4.2.4 Comparison of Parameter spaces from the distinct textures

To finalize our analysis of the impact on g — 2 by different coupling scenarios of new Higgs
scalars and different lepton generations, we compare all the four parameter spaces in Fig. 4.7.

10°

pu coupling T coupling ey coupling  ut/Ti coupling
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Figure 4.7: Comparison of the allowed parameter spaces, corresponding to the respective
coupling textures. Y indicates Yy,, with ¢ € {e,u, 7} for texture 1 - 3 and /Y;,Y), for
texture 4.

The plot shows how the effective Yukawa coupling Y required to reproduce Aa,, evolves with
the scalar mass m o for the four texture choices. In the lower mass regions (mpgo < 107! GeV)
the textures separate into a clear hierarchy: the flavor-diagonal p — u— texture requires
the smallest couplings (down to O(107%)), the mixed u — 7 /7 — p texture occupies an
intermediate band, and the purely off-diagonal 7 — u— texture sits systematically higher (few
1072 and above). The e — u— texture starts comparably small at the very light end but rises
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earlier with mygo and crosses the y — u— and p7/7u— bands around mgo ~ 0.1 — 1 GeV,
so for intermediate masses its required coupling becomes larger. The y — u—band on the
other hand overcomes the pr/Tpu—texture at mgo ~ O(1). For mgo 2 1 GeV all curves trend
upward: heavier scalars demand substantially larger Yukawa couplings to produce the same
Aay,. By the higher GeV-TeV scale the required Yog approaches O(1). The vertical positions
and crossing points quantify where one texture becomes more or less favorable than another.
In particular, the plateau behavior of some textures at very low mass indicates a region
where the contribution is relatively mass-insensitive, whereas the steep rise at larger mpgo
reflects the power-suppressed decoupling of heavy scalars. These features suffice to identify
the mass ranges where each texture is most economical in coupling strength and to read off
the approximate coupling magnitudes needed.
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5 Conclusion

In this thesis we investigated the anomalous magnetic moment of the muon as a precision
probe of physics beyond the Standard Model. Starting from the relativistic Dirac equation we
reproduced the tree-level prediction g — 2 and demonstrated how loop corrections in QED
generate the leading-order deviation «/(27). This provided the theoretical basis and formalism
for extracting the anomalous magnetic moment from loop-induced contributions during the
scattering process of a muon with an electromagnetic field.

We then derived general one-loop contributions to a, arising from interactions of the muon
with internal charged scalars and fermions coupled to the electromagnetic field. Employing
Feynman parameterization, compact expressions for the magnetic form factor Fy;(q’) were
obtained, allowing us to emphazise the dependence of the correction on the internal particle
masses and couplings constants.

Finally, these results were applied to scalar extensions of the SM, focusing on the Two-Higgs-
Doublet Model (2HDM). We studied several Yukawa coupling textures and analyzed the
parameter dependence of the scalar contributions to the muon AMM. Our results demonstrate
that additional scalar states can provide extensive corrections, and that specific parameter
regions in masscoupling space are capable of producing contributions of the same order of
magnitude as the observed discrepancy between experiment and the SM prediction.

The analysis presented here illustrates how relatively minimal extensions of the SM scalar
sector can address one of the most persistent anomalies in particle physics. At the same
time, it emphasizes the sensitivity of a, to details of the Yukawa sector, underscoring the
importance of continued precision studies.

Looking forward, further progress on both experimental and theoretical fronts will be decisive.
The ongoing Muon g — 2 Collaboration will sharpen the experimental determination of a,
while forthcoming lattice QCD calculations aim to reduce the dominant hadronic uncertainties
in the SM prediction. In parallel, extending the analysis of this work to other classes of BSM
models could provide additional feasible explanations or further constrain the space of possible
new interactions.
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Appendix

A.1 Gamma matrices: Formulas and identities

The y— (or Dirac-) matrices result from the ansatz to linearize the Klein-Gordon-Equation
and are introduced in Section 2.1. This section provides an overview about the most relevant
identities and formulas that are used throughout various calculations in this thesis.

 (Anti-)Commutation Relations:

(V7" =2¢"" and [,7"] = —2ic"” (A.1.1)

 Miscellaneous y—product identities!

Vi =4
VY = =297
VA, = dgPT (A.1.2)

AN = =20
YTy = 2097 = g" T + ") — AT
o The v°—matrix is defined as
7 =iy (A.1.3)
and it fulfills
755 =1 and {75,7(’} =0. (A.1.4)

A.2 Gordon decomposition

The Gordon decomposition is used repeatedly in this thesis: after computing the invariant
scattering amplitude M7 it rewrites the Dirac bilinears into the vector and Pauli (tensor)
structures so that the electromagnetic form factors can be identified directly from the result.
The Gordon identity is given as

_ I .
a(p2)y7ulpr) = 5 - u(p2) {(pl +p2)? + 107 (p1 — pz)y}U(pl). (A.2.1)
First, we recall the (anti-)commutator relations of the y—matrices:

{77,791 =2¢"" and [7,4"]=-2i0”". (A.2.2)

Thus, we can write ¢c?" in terms of two equivalent expressions:

i0” = —5(v"7" =" i0” = —5(v"7" ="
=301 = (29" = 7"7")) =—5(29" = 29"")
= g% —~%¥ (A.2.3) =4"y7 — g% (A.2.4)

with which we obtain

! Those relations follow directly from (A.1.1).
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A.3 Feynman rules

i0%(pr—p2)v = (VY7 — 97 )p1p — (977 — 77" P2,
=7"Y"p1y — 0] — P35 +777 P2
=77p, — 7 — P53 + P, (A.2.5)

Now, we rearrange (A.2.1) and make use of the Dirac equation (2.1.16):

a(po) i 07 (p1 = p2)u | u(p1) = w(p2) [2mA7 = (p1 + p2)” |ulpr)
= a(p2) [Py 17 — (01 + 12)7 + 7P, Julpr) (A.2.6)

which is similar to the expression in (A.2.5). A similar identity can be proven for v°— matrices
involved:

u(p2) { (7 +p3) 7"} ulp1) = u(p2) {i0”" (p1v — p2v)y”} u(pr) (A2.7)

A.3 Feynman rules

Feynman diagrams offer a visual shorthand for the intricate math of quantum field theory. In
this section we present the Feynman rules that translate specific diagram elements into the
expressions used in this thesis. They are taken from [7], pp. 115ff.

Incoming and outgoing particles are pictured by external lines. They correspond to four
component Dirac spinors for fermions or polarization vectors for photons:

b b
Incoming fermion: > . =u(p); Incoming photon: .~ ~~e = €,(p)
P _P
Outgoing fermion: o, = =u(p); Outgoing photon: e~ =€, (p)

The internal lines that correspond to virtual particles within the interaction blob (shown in
Fig. 2.1 are called propagators and represent the following:

Spin 0 boson: o ______ . = ‘ 5
p?—m
. LN i(p +m)
Spin 5 fermion: o , =, =— 5
p?—m
p ooV
Spin 1 photon: e o~ne = Z%
p
The vertex factors are finally given as
Photon / Spin 3 Fermion: = —iey?

Photon / Spin 0 Boson: . ~d = —igu(p+p)’
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A.4 Feynman-Parameterization

A.4 Feynman-Parameterization

The Feynman parameterization was developed and first used by Richard Feynman [29] to
evaluate loop integrals arising from Feynman diagrams with one or more loops. The most
general formula used in this technique is given as

-1
Ta) = [ TTams(Sowmo1) =D
(i:]'[lAl> —/[0;”7%:1'[1(1%5(; i 1>( A (A1)

Proof. The one-loop integrals to be evaluated in this thesis correspond to the Feynman
parameterization for n = 3. The following calculation verifies eq. (A.4.1) for this case:

! 1 2
L 1
ABC //0 dedydz 6(z +y + 2 )(A:c+By+Cz)3

d 1-2 d 2
_/0 Z/o y(A+(B—A)y+(C—A)z)3'
We can now substitute t :== A+ (B — A)y + (C' — A)z and obtain

d 1 zd 2
/0 Z/ Y AT (B Ay 1 (C— Az
B+(C-B)z 1
ST
B A +(C A)z t3
YA )
“B-A A+(C Mz22 (Bt (C—-B)2)2) ™
Substituting z; = (A + (C — A)2)? and 25 = (B + (C — B)z)? yields

B A/(A+(C Az)2 (B+(Cl B)))dz
1 ¢ 1
“B- A(C % 1_0—BBz§dz2>
-5-alo- ( c)-o=5lz-2))
:C(B—A)(A_B>
1

~ ABC”

The d—distribution enforces that the Feynman parameters sum to one:

dai=1 (A4.2)

A.5 Contribution to the AMM by the Internal Scalar-Photon
interaction

The expression for the amplitude M? is given as

M / d*q i(p2) (cs +e°) (=g +mp)(ch — c;y°) (k1 + k2)”
M @t W@ T ie) (K — mi, + i) (R — m, + ie)

u(p1)
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A.5 Contribution to the AMM by the Internal Scalar-Photon interaction

No  dYq
ABC (2m)*

(A5.1)

We can derive the form factor F»(0) that contributes to the AMM analogously to Section 3.1.
First, the Feynman trick is applied to rewrite the denominator in terms of D, i.e.

1 1 1
7:2/ dedydzd(z+y+2—1) =,
C 0

= =5 (A5.2)

where D can be obtained from the Feynman parameterization
D = (¢* —m% +ic)x + (k3 —m3 +ic)y + (k3 +m¥y +ic) 2
= ¢’ +ic —mpx+p3y+piz—m(l— ) + 24, (p3 y + pS 2)
= (@ +p3y +p{2)° = (03 y +p{ 2)* — mba + (mj, — mi)(1 — x) +ie
=02 - A+ie. (A.5.3)

The momentum shift ¢ and A are introduced as

0 =q¢" +pSy+piz (A.5.4)
2 2 )

A =ml(y* +2%) + 2pipayz + mpx — (1 — 2)(m), — myy).

Next, we confront the numerator as follows:
o __ - 5 * * 5 o
N7 = @ {(cs+ 1) (—d + mr)(c; = 57™) (k1 + ko) Ju

= (s + &) (—f +mF) (247 + p] + 1) (s — 57°) (A.5.6)
é’o’

The inner most part, labeled as £7 can be rearranged by inserting the Feynman parameteriza-
tion (A.5.4) and (A.5.5):

= (~f+py+pz+mr)- 207 —p5y—3) —pi(z—3)]
= 3097 =2 (py + 2 +mp) (05 (y — 3) + ] (2 — 3)), (A5.7)

where the symmetry of the integrand and eq. (2.3.16) was used in the second step. The whole
contributing numerator now reads

— 2 2
N = a{]es’6” — |e27P677 — cacst®s” + eacin®€ bu

Next, we have to recall (A.1.4) to simplify the separate terms involving both even and odd
number of y—matrices. This leaves us with

Nepw, = {Jes2[ = $6297 = 20mu(1 = 2) + me) (00 = §) + 8 = )| -

— lep*[36297 + 2 (myu(1 — 2) —mp) (5w — 5) +p(z = D) |-
X— (A.5.8)
—esh| = 3 = 2(muly — 2) +mr) (Bl - D +7 (- 1) [P+
o4
+ chep [ 3297 + 2 (mu(y — 2) —mr) (M5 — D) + 7 (2= 3)) |} u
o
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A.6 Mass Matrix Scalar Bosons

To extract the magnetic form factor, we need to apply the Gordon decomposition. This is
done by expressing p{ and pJ via p% and p? which gives us

NO — a{ _ %5270(‘05’2 + ’Cp’2 — 2Re(csc;) 75> - [’Cs’QX—f— + ‘CpIQX—‘i‘

-8 b

Applying the Gordon identity and neglecting all terms that do not contribute to the AMM,
i.e. that are not proportional to 1c?"p_,, yields

(A.5.9)

+ (cscp @y + cpe® ) 75} (z;y

Niana = 8 { = (lesxs + lep*x-) (3i07p-) Ju
=u { — My [|Cs|2(1 — 2+ Qp) + 21— 2 — QF)} z‘a"”p,y} u. (A.5.10)
By comparing this with the general structure of the amplitude M7 (2.2.6), we obtain

NSy d¥
ABC (2m)*

- L (—ie)a {ia"”];;FM(q’z)} u. (A5.11)

We can now apply the Feynman trick (A.5.7) and rearrange the equation. The form factor
Fur(q') can then be read off in terms of the mass ratios (3.1.26):

/ 24H dte
Fy(q) = —idm e/ /dxdydzé(m—i—y—i—z—l)

|cs| (1fx+QF)+x|cp| (1—z—Qp)

(0?2 — A+ig)3
(2:3.25) 9
—4m M€322/dmdydz(5(a?+y+z—1) o
tlesP(1 = 2+ Q) + wley 21 — & — Q) (4.5.12)
m2 (y% + 22) + 2pipayz + mpx — (1 — z)(m2 — m¥)’
Evaluating the —function and taking ¢’ = 0 simplifies the expression above to
1— x _ o
FM(O) 2.2) / / $|csl (1—24+Qp) +z|cl’ (1 — = - QF)’ (A5.13)
87re (1—2)2?+Qpz—(1-2)(1-9Q%)

which can now easily be integrated over y. Substituting (1 — ) with u finally yields
Fui(0) = [a, / s = 0+ Qp (0 = w) + ey (1 — u? — Qe (u — w)
M 87‘(‘26 u2+9%~(1—U)+u(Q%{—1)

:_qH/ el 00) + o= 00) o
8m2e Jo w?+ 0% (1—u)+u (04 —1) ’

(A.5.14)

A.6 Mass Matrix Scalar Bosons

The most general potential for the 2HDM in the rotated Higgs basis is given by
2 (HIHy) + m3y(HS Hy) — m3y(H| Hy + h.c.)+
A A
+ 5 (H{H)? + 5 (HyHa)? + Ns(H] Hy) (H}Hy)+
A
+ \(HHy)(HIHY) + [;(HITHQ)2 + h.c.] +

+ [ (N H) + (Ar(H] Hy) ) H Hy + e
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A.6 Mass Matrix Scalar Bosons

To compute the mass matrix for the charged scalars,

a4
Y 0¢i0¢;]

we first expand the potential by inserting the two Higgs doublets

mo L VEGT N L ven
YT\ HY G0 ) TP T o\ HY 4iA0 )

The result is the potential V' as a function of the respective particle fields:

¢i € {G*, H*Y,

V=mi {GGT + 5[0+ HD? + (G2} + mbp{ B HT + L[(H9)? + (4%)?] }+
- le{{G HY + S(v+ HY —iG)(HS +iA"}—
+ {H—G+ +1H) —iA% (v + HY + iGO)}}Jr
+ 2o et b+ B + (@)} + 2 {HH 4 + (7)) +
+>\3{G Gt + H(w+ B2 + (2| J{HHT + §[(HD)? + (4% }+
+ )\4{G_H+ + Lo+ HY —iGO)(HY + z’AO}{H_G+ + L(HY —iA%) (v + HY + iGO)}+

A 2
+g{G—m+§(U+H94G0)(H§+¢A0} +

ﬁ -+ 1 0 - 40 0 - ~0 2
+5 H™G" 4 5(Hy —iA”) (v + H} +iG”) ¢ +

GG+ [HHl) + (G2 H{GH* + J(v+ HY —iG®)(H +iA° }+
H™G* + J(HY = iA%) (v + HY +iG°) J{G=G* + (v + HD)? + (G°)?] }+
H H* +1 [ 9% + (A MG H" + 5o+ HY —iGO) (H) +iA"}+

H™G* + J(HY —iA%) (v + HY +iGO) J{H™H* + [ (HS)* + (4°)?] }.
(A.6.1)

The derivatives with respect to the charged particle fields are now quite easily computed:

oV —m2, 4\ [2H‘H+ + l((HO)Q I (Ao)z)} 1A {G_G+ + 1<(U+H0)2 I (Go)z)}Jr
OH-0H+ — 277 2\ ’ 2 !
+ MGG+ A7 (2HTG + S(v + HY = iGO)(H +iA°%) )+
+ A5 (2H-G* + 3(HY —iA%) (v + HY +iG°))
=m3 + )\3%
aaafga =mi + M 267G + 3 (0 + HY)? 4+ (G°)2)] + s [ H-HY + 5((HS)? + (A°)?) ]+

+ MHTH™ + X267 HY + 3(v + HY —iG)(HS +i4°%) |+
+ X5 (2H™G* + 3(HY —iA%) (v + H) +iG°))

2 v2
= miq + /\17
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A.7 Projection operators

0%V
9CaHT — —miy + A H G+ >\4<H_G+ + 3(HY —iA) (v + HY +iG0))+
+ 25 (2G7HY + S(v + HY —iGO) (HY +iA%))+
+A6[267GH + (v + HY)? + (GO |+
+ A7 [2H HY 4 3((H)? + (4%)?)]
= _m%g +)\6U2*2
o*V 2 — 1 0 _ 0V 170 o ;5 A0
IGTOH- —miy + A3sGTH +)\4<G H' 4+ 5(v+ H] —iG°)(H; +iA ))+

+ N5 (2H G + L(HY — iA%) (v + HY +iG") )+
+A5[267GF + 5 ((w+ HY)? + (GV)2) ]+
+ A5 [2H HY 4 3 ((H)? + (4%)?)]

= —m}, + Xy

The derivatives were respectively simplified by neglecting all the coupling terms in the potential
that do not include mass contributions. The minimization conditions for the potential can
be derived by performing the first order derivatives with respect to the distinct Higgs fields,

which leads to
oV ov
(8H1) =0 (3H2> =0
2

=mh=-\NY (A.6.2) = miy = N6y (A.6.3)

They can now finally get inserted into the matrix elements which can be combined to form
the mass matrix given in Section 4.1:

m3 +lv2)\3 0
MCQharged:< 22 02 0/ (A.6.4)

A.7 Projection operators

T
Section 2.1 introduces the four component Dirac spinor ¢ = (1/) A @ZJB) . It turns out that

Va4 = and Y = YR are the left- and right-handed Weyl spinors which refer to the (%, 0)
and (0, %) representation of the Lorentz group. These spinors are eigenstates of the so-called
chirality operator in Weyl representation

7 = <_Oﬂ i) (A.7.1)

with eigenvalues F1 and thus represent massless particles (like neutrinos) with left- and
right-handed chirality. We can now define the left- and right-handed projection operators

_ AP 5
[ :(1 0) and Py— 17 :(O 0) (A.7.2)

2 0 0 2 01

which when acting on the Dirac spinor ¢ pick out the left- and right-handed Weyl spinor,
respectively.
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