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Introduction 3

1 From continuum to lattice QCD

Already about thirty years ago, the three fundamental forces between elementary parti-
cles, the electromagnetic, the weak and the strong nuclear interactions have found their
unified description in the Standard Model of particle physics. This unification — and even
more the great success of the Standard Model on its own, reflecting in a so far impres-
sively precise agreement between theory and experiment — would not have been possible
without the theoretical insight that these three kinds of interactions can be formulated in
a way consistent with both quantum theory and the special theory of relativity on the one
hand, while on the other hand they have to obey a local gauge principle which demands
invariance under certain local symmetry transformations. The theory of elementary par-

ticles and their interactions is therefore founded on so-called gauge field theories.*

The gauge field theory of the strong nuclear interactions, which bind the constituents
of atomic nuclei together, is Quantum Chromodynamics, (QCD. As such it is a key compo-
nent of the Standard Model, describing the constituents of all nuclear matter, the quarks,
and their mutual interactions by the exchange of massless vector bosons that are referred
to as gluons. They carry SU(3) quantum numbers associated with internal, colour de-
grees of freedom and couple to all flavours of quarks with equal strength proportional
to the gauge coupling constant, g. QCD shares some common structural and qualitative
features with Quantum Electrodynamics (QED), the quantized theory of electrons and
photons, which historically was the first of the three aforementioned gauge theories of
particle physics. The general form of the basic field equations looks rather similar, and
in both cases the interactions are mediated by massless field quanta: in QED these are
the photons that are responsible for the electromagnetic interactions of charged particles,

whereas in QCD the gluons mediate the strong force among the quarks.

However, there are also essential differences between both theories. The gauge group
of QED is U(1), an abelian group, which implies that there is no self-interaction of pho-
tons and the electromagnetic force decreases as the distance between the charges grows.
Moreover, physical quantities of interest can be expanded in powers of the electromag-
netic coupling, the finestructure constant «, that is numerically small (« ~ 1/137). The
smallness of this number is just the deeper reason for the very accurate predictions made
in QED, which in turn led to experimental tests of the theory with highest precision. In
contrast, the coupling strength of the strong interactions is not small at all, and it is
actually the non-abelian character of the gauge group of QCD, SU(3), that has crucial

consequences for the properties of this theory.

To illuminate this more closely, let us write down the Lagrange density of QCD, which

may be regarded as the defining equation of the theory and usually serves as the starting

!The gravitational force does not play an important réle in the physics of elementary particles.



4 1. From continuum to lattice QCD

point of any of its calculational schemes:

1 _
EQCD = _2—92 Tr {FMVFMV} + Z ¢f {7u (0,, + gAu) + mf} ¢f ) (1'1)

f=uds,...
where in this form a rotation from Minkowski to Euclidean space is already implied.
Without going into all details, we only mention that the first term is the square of the

non-abelian gauge field tensor
F.=0,A,—0,A,+[A,A] (1.2)

with A, (z) = Aj(x)T" being the gauge (or gluon) fields and 7%, a = 1, ..., 8 the genera-
tors of the colour group SU(3), while the second term in eq. (1.1) sums the contributions
of the quark flavours up, down, charm, strange, top and bottom, represented by the
Dirac spinor fields ¢;(x) with associated quark masses m; (and internal colour indices

suppressed here).

In fact, from the gEffy#Awa piece in the QCD Lagrangian (1.1) one now concludes
that the quarks are interacting with each other by exchanging massless quanta of the
gauge field, the gluons, where the interaction strength is parameterized by the gauge
coupling g. At first sight, this suggests a fall off like 1/r? of the force at large distances r,
similar to the situation with photons in QED, which then would also mean that the
amount of energy necessary to break up a quark-antiquark bound state is finite. Such
an interpretation stands, however, in clear contradiction to a famous phenomenon of the
strong interactions known as confinement: Quarks have never been detected in isolation,
always several of them appear as constituents to build up bound-state hadrons. From the
theoretical point of view, this corresponds to the fact that all physical states are singlets

w.r.t. the colour group.

In addition to the quark-gluon interaction, however, the gluons do also interact with
each other by virtue of the squared field strength term in (1.2) — a term that is absent
in QED. As a consequence, it turns out (and can be explicitly shown in a perturbative
expansion of the theory defined by eq. (1.1) with the coupling as expansion parameter)
that, once exchanges of virtual quarks and vector bosons are included, the interaction
strength mediated by the gluons depends on the magnitude p of the energy-momentum
transfer between the quarks. More precisely, if one introduces a suitable quantity, say g,
that is designed to be a measure for the strength of the interaction accounting for all possi-
ble higher-order corrections from virtual quark and gluon excitations?, the corresponding

strong coupling constant ag behaves for large momenta p as

g __c
(1) 47 In(u/A)

+o, (1.3)

2Tn a more theoretical language, such a quantity would be called an effective or renormalized, physical

coupling.
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with a calculable constant ¢ and an intrinsic, low-energy QCD scale of mass dimen-
sion one, the A—parameter, which governs the dynamics and particularly the large-energy
asymptotics of the theory and which in a sense can be looked at as a fundamental QCD
parameter equivalent to the coupling itself. The logarithmic decay of the coupling
encoded in eq. (1.3) is the other prominent property of QCD and called asymptotic free-
dom. As illustrated in the left diagram of Figure 1.1, it is indeed confirmed in high-energy
scattering experiments; from such measurements it was possible to estimate the value of
A to be 210735 MeV [1,2], where this number refers to the five-flavour theory and the ‘MS
scheme of dimensional regularization’ as a particular definition of the effective coupling
used in (1.3).
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oL ¢t Measured ] - Confinement Potential 7
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= QCD E 05 _
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0.1 : . :
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Figure 1.1: Left: The strength of the strong interaction («y) decreases as the energy increases. Known as
asymptotic freedom, this property is one of the crucial predictions of the underlying quantum field theory,
QCD. Right: The QCD potential between quarks and antiquarks computed non-perturbatively with the
methods of lattice gauge theory. The potential increases with the separation distance between the quarks,
with the result that quarks are never encountered free. This phenomenon is known as confinement. (The
compilation of the data in both figures is taken from Ref. [3].)

The physical picture emerging from the foregoing discussion, namely the ‘running’ of
the QCD coupling with the energy scale as e.g. expressed by eq. (1.3), makes evident that
the supposed conflict between theory and the non-observation of free quarks is avoided.
As one moves towards higher energies, the coupling becomes increasingly weak. Hence, for
energies beyond a few GeV, perturbation theory as a systematic expansion in powers of the
coupling, which multiply contributions pictorially representable by Feynman diagrams,
will generally be applicable to yield reliable results for the observables of interest in this
regime. Opposed to that, if we approach the confinement regime at low energies of some
hundred MeV,, i.e. of the order of the QCD scale A, the QCD force begins to become strong
and constant at large distances of O(1GeV™') (see the right graph of Figure 1.1), and

the associated growth of the coupling consequently renders the perturbative expansion
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invalid. It is also worth to note here that the breakdown of this expansion immediately
implies that the characteristic low-energy scale of QCD itself, A, can not be directly

computed with perturbative methods.

The scope of most theoretical investigations of QCD may be grouped into two branches.
On the one hand, one would like to demonstrate that QCD indeed yields the correct ex-
planation for the observed diversity of the strong interaction phenomena in both the high-
and low-energy regimes and thereby to confirm it as the undoubtedly accepted framework
to describe this sector of the Standard Model. On the other hand, QCD computations
are needed to determine the basic properties of the quark bound states such as pions,
kaons or, for instance, mesons involving heavy quarks, since results from the hadronic
sector of the theory constitute valuable information for experimentalists in order to in-
terpret the outcome of their current and future experiments at particle accelerators. In
practice, though, it turns out to be difficult to perform such precision tests of QCD by
comparing theory with experiment or to arrive at concrete numerical predictions, and the
reason for that has already been touched above: Contrary to the situation in QED as a
weakly coupled theory where perturbation theory always works well and gives applicable
series expansions, the coupling strength of the strong interactions is by no means small
and thus cannot serve as a feasible expansion parameter of perturbative series in QCD,
unless one allows for ad hoc assumptions or approximations such as e.g. restricting the
investigations to the domain of very high energies. Therefore, a different computational
scheme is required to address questions that are of generically non-perturbative nature or

take (direct or indirect) reference to the whole energy range of the theory.

To be able to deal with such problems in a reliable way, one first of all needs a
formulation of the theory that is mathematically well-defined at the non-perturbative level.
A viable framework to achieve this is provided by the lattice formulation of (QCD, which
was initiated by K. Wilson in 1974 [4] and opened already from the very beginning the
interesting perspective to solve the theory by applying numerical simulation methods. The
lattice approach to quantum field theory has nowadays established itself as an integral part
of theoretical elementary particle physics® and provides a non-perturbative framework to
compute relations between Standard Model parameters and experimental quantities from
first principles. As the lattice formulation of QCD also represents the basis for the work
presented in the following, we will continue with a brief summary of its key elements. For
a more general and comprehensive indroduction to the whole field see, for instance, the
textbooks [5, 6].

3The current status of this field of theoretical physics as well as an representative overview of its
concrete results and new developments can be drawn from the periodically published Proceedings of the

annual International Symposium on Lattice Field Theory.
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1.1 A survey of the lattice formulation of QCD

In order to formulate QCD on a discrete grid of points, the four-dimensional space-time
continuum is replaced by a Euclidean, hypercubic lattice with lattice spacing a and volume
L3 x T of (in practice finite) space- and timelike extents, L and T. Next, one needs a
sensible prescription for the discretization of the action belonging to the Lagrange density
(1.1) of QCD. To this end the quark and antiquark fields ¢ and 1) are restricted to
the lattice points, while the gauge field is associated with matrix-valued link variables
U(z,u) € SU3), o = 1,...,4, which live on the lattice bonds pointing from site z
into the positive p—direction with unit vector fi and which act as parallel transporters
between the fields defined on different sites of the lattice. In this way it is possible to
find discretizations of the terms in eq. (1.1) that fully preserve the gauge symmetry of
the theory and coincide in the classical continuum limit, a — 0, with their continuum
counterparts. In case of the purely gluonic part, the commonly used discretization is the

Wilson action [4],

Snenll] = gi ST - U} (1.4)

which is defined in terms of (oriented) plaquette variables U(p), where a plaquette denotes
the product of link variables along a closed curve of extent 1 x 1 (in units of the lattice
spacing) as the smallest possible of all closed curves of arbitrary size and shape on the
lattice. This expression is gauge invariant and reproduces as its leading term for small a
the Euclidean Yang-Mills action in the continuum, —% i d'x Tr {F,, F,,}, with gy being
the (bare) gauge coupling. The construction introduced so far is schematically drawn in
Figure 1.2. It is also important note here that the inverse lattice spacing naturally imposes
a cutoff o< 1/a on all entering momenta; thereby the lattice serves at the same time as a
(non-perturbative) regulator of the ultraviolet divergences that are usually encountered

in quantum field theory.

U/L((IT) _ /iagoAﬂ(m) ¢(T)

Ya

I
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L

Figure 1.2: Sketch of lattice-discretized two-dimensional space-time of extent L x T and the lattice

versions of the field variables that build up the Lagrange density of QCD. Links U(z, i), representing the

lattice gauge field, connect neighbouring sites, whereas the quark field ¢ (x) resides on the lattice sites .
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The discretization of the part in Sqep = [ d*z Lqcp involving the quark fields simply
reads

Squar[U, 9, 9] = a* > () D[U](x) (1.5)

where z runs over all points of the lattice and D[U] = %%(Vz + V) + mg stands for
the lattice Dirac operator in which the naive lattice forward and backward (i.e. the cor-
responding nearest neighbour finite-difference) operators V,, and V7, acting on the quark
fields are understood to be substituted by their gauge covariant forms, i.e.

Vo) = - [Ule, wle + af) — v(x)] (1.6
for the forward difference operator and analogously for the backward case, in order to
ensure gauge invariance. The lattice action (1.5) is, however, afflicted with the so-called
‘doubler’ problem reflecting in the occurrence of additional unphysical degrees of freedom
that would persist in the continuum limit and thus deteriorate the physical spectrum of the
theory. One of the proposals to cure this deficiency is again due to Wilson and amounts to
include a term —%aV;VM in eq. (1.5), which causes the unwanted fermion modes to acquire
masses proportional to 1/a. The corrections assigned to the low-momentum physical
modes then vanish proportionally to a so that for a — 0 the former become infinitely
heavy and disappear from the physical spectrum while only the latter survive. Thanks to
its simplicity (and, as will become clear below, despite the difficulties it introduces for its
own) it is widely used in many lattice QCD applications. The complete lattice action of

QCD is now written as

SQCD = Sgluon+Squark (17)
- ﬁZ{l—lReU )} + a* Zz/; (L [y (V54 V,) = aViV,] +mo} o(x)

where the convenient parameter (3 is related to the bare gauge coupling through 3 = 6/¢2

and myg is the bare quark mass®.

The quantization of the lattice field theory is founded on the Feynman path integral
formalism and bears a nice as well as very useful analogy between Euclidean quantum field
theory and statistical mechanics, which finally allows the application of many, particularly
numerical methods borrowed from the statistical mechanics of lattice systems and to
develop new tools from them. Therefore, given an observable O (which generally will
be a local gauge invariant function O[U, 1, 4] of the link variables and quark fields), the
starting point of any calculation in lattice QCD is to specify the functional integral that

defines the expectation value of O via the representation,

/D ¢ Y] Oe—SQCD[U¢¢ /D —SQCD[U@ﬂ#]’ (1.8)

4For simplicity it is assumed here that the quark mass is the same for all flavours, making obsolete
the subscript f on the quark fields in (1.1).
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where Sqcp is the discretized action from eq. (1.8) and Z is called the partition func-
tion. The discretization procedure has hence given a meaning to the functional integral
measure D[U]D[¢), ] as a simple product measure [I.,dU(z,p) [, dy)(z)de(z) compris-
ing a discrete (and in practice even finite) set of integration variables so that the lattice
in fact leads to a regularization of the theory with finite, mathematically well-defined
expressions for the quantities of interest. On top of these more theoretical advantages,
expressions such as (1.8) are also optimally suited for a numerical evaluation by Monte
Carlo methods.

Before coming to introduce the main ideas underlying the numerical studies of lattice
QCD, we want to give one example for an observable O that typically enters in spec-
troscopy calculations to obtain the mass of a hadron from the asymptotic behaviour of
Euclidean-time correlation functions. Let ®(x) be a suitable combination of quark fields
at a point x, which has the quantum numbers of some hadron H. A prominent quantity
is then the two-point correlation function defined as the expectation value <<I)(:E)(I>T(y)>,
because it is proportional to the quantum-mechanical amplitude for the propagation of
the hadron from y to z, from which the mass myg of the hadronic bound state may be
extracted. More precisely, if one takes ®(x) = ¢ (z)I')(z) with a Dirac matrix I' (say Y75
in case of pseudoscalar mesons like pions or kaons) and sums over the spatial coordinates
to Fourier-project onto zero spatial momentum, the correlation function is saturated by
those hadron states among an inserted complete set of intermediate states, which ®(z) can

create from the vacuum, and its time dependence becomes a sum of damped exponentials,

Ct) = 3" (@(r0,x)21(0,0)) = WP oo (1.9)

2mH

where the lowest-lying (i.e. lightest) state |H) of mass my dominates and the omitted
higher excitations are exponentially suppressed. Employing the rules to contract creation
and annihilation operators into quark propagators G(xg,x;0,0) = (0[)(zg,x)1(0, 0)|0),

the correlator can be shown to be representable as a product of these propagators:

C(t) = Tr{G(xo,x;0,0)TG(0, 0; 29, x)I'} , (1.10)
with the trace running over spin and colour indices. In an actual calculation on the lattice,
the quark propagators are obtained by a numerically cumbersome inversion of the (huge
but sparse) matrix associated with the lattice Dirac operator D[U], while the hadron

mass is eventually estimated through a fit to the exponential decay form of the resulting

correlation function.

1.2 Numerical simulations

As anticipated before, the central objects of interest in a lattice QCD calculation are the

expectation values of eq. (1.8), whose formal path integral representation on a finite lattice

9



10 1. From continuum to lattice QCD

translates into a finite product of finite-dimensional integrals. This immediately suggests
to apply numerical methods on a computer for their evaluation; but owing to the even now
very large number of variables involved any straightforward numerical integration method
would be highly inefficient or just impossible. The goal of numerical simulations of field
theories on a lattice is therefore to compute physical observables through a stochastic
evaluation of these integrals by Monte Carlo integration, and not least by the growing
performance of the available computer platforms they have developed to one the most
powerful tools for obtaining predictions from QCD and other models of elementary particle
physics.

Opposed to more traditional theoretical approaches, a simulation by means of Monte
Carlo techniques may better be understood as numerical ‘experiment’, which is performed
on a computer; as such it has an a priori unknown outcome and is naturally affected by sta-
tistical and systematic errors. The key for an efficient estimation of the multi-dimensional
integrals (1.8) is to generate field configurations with a probability distribution which fol-
lows the Boltzmann factor, e ~. In this way the dominant part of the integrand is incor-
porated into the sampling of the phase space and thereby yields configurations that have
the most substantial weight in the path integral; the method is thus known as importance
sampling. Restricting to the pure gauge sector of QCD for a moment, an ensemble of
configurations is then defined as an infinite number of gauge field configurations with a
probability density p[U] and, in the language of statistical mechanics, the density associ-
ated to the canonical ensemble is proportional to the Boltzmann factor: p[U] oc e ~SstenlU],
Of course, in an actual simulation only samples consisting of a large but finite number
N of field configurations can be created, where for the generation of this sequence of
gauge configurations one makes use of suitable updating algorithms, which have to satisfy
certain conditions defining a stochastic process called Markov chain and are constructed
such that the distribution within a sample reproduces the desired equilibrium distribution

in the canonical ensemble.

Assuming now to have generated in such a Monte Carlo procedure a representative
sample of full QCD configurations (i.e. where both the dynamics of the gauge-link and

fermion field variables has participated in), the sample average of some observable O =
O[U, ¢, )] is given by

z: nlU, 9, 1] (1.11)

with O,, being the value of the observable computed on the n-th configuration, sometimes
also dubbed the n-th ‘measurement’ of O. As we work with a finite number of configura-
tions, it is an estimator of the ensemble average corresponding to the expectation value

of O up to some finite precision, viz.
(0) =0 + Ao, (1.12)

10
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where generically the statistical error Ap is proportional to 1/ V/N.> Hence, a correct
and controlled evaluation of the statistical errors to be assigned to the observables, par-
ticularly accounting for the (in principle unavoidable) intrinsic autocorrelations among
the configurations of a Monte Carlo sequence, is always a crucial (but more technical)

ingredient of any serious analysis of numerical simulation data.

In summary, the numerical evaluation of the QCD path integral by Monte Carlo
simulations then appears a two-step process, where in the first stage sets of gluon fields, the
configurations, are created which are the representative ‘snapshots’ of the QCD vacuum.
In the second stage, the quarks are allowed to propagate on these background gluon fields
and the physical quantities are extracted from sample averages of (‘measurements’ of)
products of gauge invariant local fields like, for instance, a hadron correlation function
as discussed around eq. (1.9), which during the simulation has been composed out of the
quark propagators calculated on each gauge background. Finally, it should be emphasized
once more that — in contrast to other fields in physics where numerical simulations are
often to be looked at as an approximate tool to primarily gain qualitative information
on the behaviour of complex systems — lattice QCD simulations rather provide an ‘ab
initio’ approach relying on the basic Lagrangian as the defining element of the theory,

which produce results that are (on the given lattice) exact up to statistical errors.

1.3 Problems and uncertainties

Despite its attractivity as a genuine non-perturbative approach to perform computations
in QCD, realistic simulations of lattice QCD are difficult and various theoretical as well

as practical issues have to be addressed.

Regarding the latter, one first has to realize that the usual approach of applying
numerical simulations to problems in high-energy physics consists in performing them
in boxes large enough for the relevant correlation lengths, or the Compton wave lengths
1/(am;) of the lightest particles with masses m;, to live comfortably inside. Obviously
this would be an ‘ideal” world, resembling the infinite-volume situation extremely well.®
In order to eventually reach the point where the corresponding continuum field theory is
defined, the lattice spacing a has to be sent to zero such that particle masses in lattice units
vanish, am; — 0, while renormalized physical quantities have to remain finite in this limit.
Equivalently, the associated correlation lengths & ~ 1/(am;) will diverge and the theory

in the continuum is recovered at the critical point of a second-order phase transition that

5 Accordingly, statistical errors roughly scale with computing time, tcpy, as 1/v/fcpu-

In current calculations the lattice spacing is typically around a =~ 0.1fm (or even a ~ 0.05 fm in the
case of the quenched approximation introduced below), while the length of a side of the box is about
L =~ 3.0fm. Thus, lattice QCD simulations are covering energy scales in an approximate range from
2 GeV down to 100 MeV.

11



12 1. From continuum to lattice QCD

the lattice theory would undergo if it were considered as a statistical mechanical system.
In the simulations, this scenario of increasing correlation lengths towards the continuum
limit must be accounted for by decreasing the resolution of the lattice accompanied by
an extension of the box size to keep the volume in physical units fixed. For lattice QCD
and models in high-energy physics in general, the number of lattice points needed in
the simulations scales with the fourth power along this limit, where additional factors
originating from the scaling behaviour of the employed algorithms are not even included.
Therefore, simulations of lattice QCD are numerically very hard and time-consuming, and
one actually may forced be to deviate from this ideal world to some extent. The possible
effects induced, for instance, by the finiteness of the lattice resolution or volume then have

to be assessed carefully.

Apart from these more practical limitations, which are mainly due to the fact that the
accessible lattice volumes and resolutions are restricted by the available (finite) computer
performance and memory, one also faces various problems and sources of uncertainties
on the theoretical side. Some of the characteristic ones are listed here, where I give most

room to those that will play a major role for the material covered later.

Continuum limit and lattice artifacts

Once one has computed a certain observable according to eq. (1.11) from the data obtained
in a numerical simulation, it still depends on the non-zero, finite values of the lattice
spacing a one has worked at and needs to be related to the continuum physical world.
An essential prerequisite for uncovering this relation and obtaining physically meaningful
results from it is the existence of a well-defined and unique continuum limit. The approach
to this limit is governed by so-called renormalization group equations that describe how
the parameters of the theory behave under a change of its scale, here the lattice spacing.
If the latter is sufficiently small, one expects dimensionless ratios of physical quantities to
become nearly independent on a; in this case one speaks of scaling, whereas the corrections

are the scaling violations.

To see how the problem of uncertainties due to the non-zero lattice spacing is addressed
in practice, let O denote the dimensionless quantity one wishes to compute on the lattice.
Then its expectation value on the lattice and in the continuum differ by corrections of
the order of some power of the lattice spacing,

<O>latt _ <O>cont + O(a”) : (113)

where the term O(a™) stands for the lattice artifacts (cutoff effects) and the power n
depends on the chosen discretization of the QCD action. The size of the correction term
can in some cases be as large as 20%, again depending on the discretization but also on

the quantity under study. It appears quite clear now that usually it will be required to

12
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calculate the quantities of interest at different values of the lattice spacing and to obtain
the desired continuum results by an eztrapolation (of the corresponding results at finite
lattice spacing as on the Lh.s. in eq. (1.13)) to the continuum limit at @ = 0. Since
it is computationally very expensive or impossible to perform numerical simulations at
arbitrarily small lattice spacings, these extrapolations can be brought much better under
control, if the chosen discretization avoids small values of n (i.e. particularly n = 1)
which in turn would correspond to a higher rate of convergence to the continuum limit.
The systematic construction of lattice actions and observables by which their leading-
order lattice artifacts are reduced or even completely eliminated goes under the name

improvement.

The basic idea of improvement is easily explained. To begin with, recall that dis-
cretization errors, which manifest themselves as a dependence of the physical result on the
(unphysical) lattice spacing, always arise whenever equations are discretized and solved
numerically. Hence, it will generally be possible to correct these errors by the adoption of
a higher-order discretization scheme. In the context of lattice field theories a very similar
picture reflects in the important observation that a given lattice action is not unique: one
can add any number of operators which formally vanish in the continuum limit a — 0,
provided that that they comply with the correct symmetry and locality requirements.
This relative freedom may now be exploited to define an higher-order (or improved) dis-
cretization scheme via supplementing the lattice action by appropriate combinations of
irrelevant operators (i.e. operators of dimension larger than four), where their coefficients
have to be tuned such that the lattice artifacts are reduced. The concept of universality
then tells us that the details of the discretization become irrelevant in the continuum
limit, i.e. any reasonable lattice formulation will give the same physical continuum theory

up to finite renormalizations of, as e.g. in QCD, the gauge coupling and the quark masses.

The theoretical understanding that at finite lattice spacing a the irrelevant operators
govern the discretization errors of renormalized dimensionless quantities and as such are
the deeper origin of lattice artifacts has led to a systematic and successful approach for
their removal order by order in a. It is often referred to as the Symanzik improvement
programme [7,8], and its implementation to design improved lattice QCD Lagrangians (as
well as improved bilinear quark operators for the extraction of hadron masses and matrix
elements) is one of the greatest advances in the field over the past years. As a particular
aspect it deserves to be mentioned here that in a quantum field theory like QCD the
improvement coefficients entering the higher-order discretization of the continuum action
receive radiative corrections, which must be determined. This can be done, for instance,
in lattice perturbation theory. To achieve a complete removal of the lattice artifacts at a

given order, however, calls for a non-perturbative determination of these coefficients [9].

For the rest of this paragraph we come back to the lattice QCD action in eq. (1.8). Here

one finds that the leading-order cutoff effects implied by Sgiuon in observables composed

13



14 1. From continuum to lattice QCD

of only gauge degrees of freedom are of order a?, whereas the O(a) term —gav;vu in
the Wilson-Dirac operator D[U] of Squark introduces lattice artifacts that already start
at order a. As a consequence, one usually encounters large cutoff effects in physical
observables involving also fermionic degrees of freedom. In this case the implementation
of Symanzik improvement to lowest order amounts to add one dimension-5 counterterm

by replacing [10]

Sqen(U, ] — Sé)CD[Ua P, ] = SqenlU, O, ] + Csw%a Z %(JC)UWFW@W(@ - (1.14)

T,V

Here, cqy is an improvement coefficient (depending on the bare gauge coupling) and F),,
is a lattice transcription of the field strength tensor. In order to remove all O(a) lattice
artifacts in hadron masses, ¢y, has to be fixed by imposing a suitable improvement con-
dition. A sensible condition is offered by requiring that the restoration of the axial Ward
identity — which in the first place is violated at O(a) by the Wilson term (see below) —
holds up to terms of O(a?) and has been applied to determine ¢, non-perturbatively in

the range of bare couplings relevant for the simulation of QCD.

Further improvement coefficients appear in the definitions of the improved versions
of local composite operators such as vector and axial vector currents and have to be
considered, if their matrix elements need to be computed. For instance, upon O(a) im-
provement the axial current A,(z) = 1 (x)y9y5¢ (), which was already mentioned as one
of the possible operators entering the correlation function (1.9) and whose matrix element

(0]Ao|PS) defines the pseudoscalar decay constant Fpg, takes the form
Au(w) = AL(x) = (1 + baamy) {AM@) + cAaﬁuP(x)} , (1.15)

where again by and cj are improvement coefficients (the former compensating for quark
mass dependent cutoff effects) and P(x) = ¢(x)y51(z) is the pseudoscalar density. Pro-
vided that all these improvement coefficients, and similar ones necessary for other op-
erators, are chosen properly, one can show that lattice artifacts of O(a) are cancelled
completely in masses and matrix elements. As has been demonstrated in various lattice
QCD investigations of the hadron spectrum and hadronic matrix elements, calculations
with O(a) improved Wilson fermions are feasible and have the main advantage that more

accurate results in the continuum limit are obtained.

Effects of dynamical light quarks

One of the biggest challenges in lattice QCD simulations is the inclusion of dynamical
sea quark pairs that appear as a result of energy fluctuations in the vacuum. Moreover,
it will be necessary to push the mass values of light dynamical quark flavours u, d and s

towards their physical values, as they (in contrast to the heavier b-, ¢- and t-quarks) can

14



Introduction 15

have significant effects on many phenomenologically interesting quantities and e.g. also

on the running on the coupling constant.

The problem originates from the fact that the quark fields cannot be handled straight-
forwardly on a computer, because the quarks are fermions and as such to be represented in
the functional integral by anti-commuting variables. Instead, to still prepare for a numer-
ical evaluation of the expectation values (1.8), the quark degrees of freedom are integrated

out of the functional integral analytically. The expression for (O) then becomes:
1 Ne U
(0) = E/D[U] Oeﬁ{detD[U]} ¢ ~Setuon(U] (1.16)

With O.4 we denote the representation of the observable O in the effective theory, where
only gluon fields remain in the path integral measure: D[U] =[], ,dU(z,p). Ny is the
number of quark flavours, whose masses are assumed to be equal in eq. (1.16). This
leaves us with the exponentiated pure gauge part of the QCD action alone but at the ex-
pense of factors {det D[U]}, where the Wilson-Dirac operator D is an enormous (typically
107 x 107) sparse matrix, so that the exact treatment of the highly non-local determinant
in numerical simulations is exceedingly costly in terms of computer time — even on to-
day’s massively parallel computers —, because the available simulation techniques become
very inefficient once the quark polarization effects inherent in this matrix are taken into
account. In many applications one therefore has set the determinant of the fermion matrix
to unity or, equivalently, Ny = 0. This defines the quenched approximation. Physically it
means that the quantum fluctuations of quarks (i.e. all the fermion loops) are neglected in
the determination of (O) and only those due to the gluons are included exactly. Although
this seems to be a rather drastic assumption about the influence of quantum effects in-
duced by the quarks, the quenched approximation works surprisingly well and is still a
sensible, widely employed approximation, not least also as a laboratory to test new ideas

and to study more complicated physical problems.

From comparisons of quenched lattice results with experimentally accessible quantities
such as the hadron spectrum one finds that in most cases this approximation introduces
a systematic error at the level of 10%, but sometimes also up to 20%. Nevertheless, the
proper treatment of Ny > 0 to overcome these obstacles is certainly one of the major

issues in current simulations.

A more indirect consequence of this approximation to ignore the fermion dynamics is
an intrinsic quenched scale ambiguity that leads to an internal inconsistency reflecting in
some non-negligible dependence of the results on how the parameters of QCD were fixed.
Namely, the so-called calibration of the lattice spacing in physical units depends on the

quantity which is commonly used to set the scale:

Q [MeV]

a” [MeV] = @Q)

Q:FW,FK,mN,mp,... . (117)
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16 1. From continuum to lattice QCD

The origin of this ambiguity lies in the different ways in which one expects quark loops

to affect different quantities.

The huge computational overhead caused by the evaluation of the quark determinant
in eq. (1.16) does even grow considerably, when the quark masses, to which the lattice
parameters one simulates at correspond, are diminished towards the small values which we
know the physical u- and d-quarks have. The reason is twofold. First, exceptionally small
eigenvalues of the Wilson-Dirac operator may drastically deteriorate the performance of
the algorithms used to evaluate expressions like (1.16). Second, the inequality £ < L that
must hold between the correlation length of a typical hadronic state (serving as a measure
of the quark mass) and the spatial extent of the lattice volume places restrictions on the
light quark masses that can be simulated: if those are too light, £ becomes large, and one
will suffer from finite-size effects, unless L is enlarged accordingly. The typically tractable
spatial extensions of L < 3fm imply that the pion mass cannot be reached yet.” In many
applications one therefore has to rely on chiral extrapolations in the (light) quark mass

variables in order to connect to the physical u- and d-quarks.

Renormalization

In many cases, the task of relating quantities calculated in the lattice-regularized theory
to their continuum counterparts does not merely demand to take the continuum limit but
also involves renormalization constants that match the lattice to a convenient continuum

renormalization scheme.

Frequent examples are QCD matrix elements of vector and axial vector flavour cur-
rents, because the electroweak vector bosons mediating semileptonic weak decay of hadrons
couple to quarks through linear combinations of these currents so that, treating the elec-
troweak interactions at lowest order, the decay rates are given in terms of those matrix
elements. A priori, the bare currents need renormalization; but thanks to the invariance of
the formal continuum QCD Lagrangian under SU(2),, xSU(2) , flavour symmetry transfor-
mations in the limit of vanishing quark masses (if only two flavours are considered), there
exist non-linear relations between the currents known as current algebra which protect
them against renormalization. In the lattice-regularized theory, however, SU(2),, x SU(2) ,
is not an exact symmetry any more but explicitly broken by terms of order a induced by
the Wilson term —%av;vu in the lattice fermion action. Consequently, lattice versions of
the local vector and axial currents are are not conserved. Instead of this, they are related
to the currents in the continuum by finite (re-)normalizations Zy and Za, respectively,
where finite here means that they do not contain any logarithmic or power-law divergences

(in a) and also do not depend on any physical scale. These normalizations may either be

“There is also a restriction on the masses of heavy quarks on the lattice, which follows from meeting

the inequality a < £. We will turn to this question in Section 3.
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approximated in perturbation theory as Zx = 1+ Z)(g ) gt +---,X=A,V, or can be fixed
on the non-perturbative level by imposing current algebra relations [11-13].

Picking out again the axial current for illustration, its correctly normalized form in
the O(a) improved lattice theory (cf. eq. (1.15)) reads

(AR)Z(SC) = Zx X (AL)Z(&:),
(AN (x) = (1+ baamy) {Ag(@ +eata(d, +0%) Pa(x)} , (1.18)
where for the axial vector current and the pseudoscalar density,

AL (x)

D@3 TU(@),  PU(@) = d(@)sg T(2), (1.19)

we write down here their more general expressions for the case of two flavours of quarks
with the Pauli matrices 7* acting on the isospin indices of the quark fields in flavour space.
In the quenched approximation, for instance, non-perturbatively determined values for the
renormalization constant Zx = Za(go) are available in the relevant range of simulation

parameters.

Another, perhaps even more demanding class of renormalization problems are scale
dependent renormalizations. Most prominently, the fundamental parameters of QCD —
the renormalized running coupling and quark masses — belong to this class and will be

the subject of the next section.

Chiral symmetry breaking

Finally, we briefly mention a further source of systematic uncertainties, which is caused by
the violation of chiral symmetry at finite values of the lattice spacing through the Wilson
discretization of the fermion action. From the expression D(®) = %%(V:‘L +V,)— %CLVZV#
for the massless free Wilson-Dirac operator one easily proves that it enjoys a set of sensible
properties to ensure a smooth contact to the continuum theory: locality, a leading-order
behaviour in momentum space as in the continuum and (per construction via the second
term) no additional poles at non-zero momentum that would correspond to spurious
fermion states in the spectrum. A last, particularly important property, however, is
obviously not satisfied: the invariance of the lattice action a* }_ Y (x)D(z—y)v(y) under
chiral symmetry transformations, which is equivalent to a vanishing anti-commutator
V5D + D5 = 0.

The issue of chiral symmetry breaking has already been formalized a long time ago in
the Nielsen-Ninomiya ‘no-go’ theorem [14]. It implies that (under fairly mild assumptions)
exact chiral symmetry can not be realized at non-zero lattice spacing and hence, chiral
and continuum limits cannot be separated. Contrary to the situation for the electroweak

sector, where this is a really fundamental problem for any lattice formulation, chiral
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18 2. Determination of fundamental parameters of QCD

symmetry breaking in a vector-like theory such as QCD may be regarded more as an
‘inconvenience’, since its chiral invariance is still recovered when the continuum limit is
performed. Although not being of influence on the work summarized here, I want to
remark that a lot of progress has been made recently in the formulation of chiral fermions
on the lattice and of lattice chiral gauge theories preserving locality and gauge invariance

(see e.g. Ref. [15] for a review).

One implication of the violation of chiral invariance with Wilson fermions are severe
complications in the renormalization pattern of local composite operators with definite
chirality, such as the four-quark operators whose weak hadronic matrix elements describe
the famous mixings in the neutral kaon or B-meson systems, because on the lattice they
are then allowed to mix with operators of opposite chirality under renormalization. The
general relation between the desired physical matrix element in the continuum and the
matrix element of the leading bare operator Oy, on the lattice, supplemented by addi-
tional matrix elements of operators O of different chirality contributing via this mixing,

thus looks in the unimproved theory like:
(E1ORI1) (1) = Zolam){ (£ |Ovarel 1) + 3 Z(£OF 1) + O(a)} . (1.20)
k

The Z,. are the appropriate normalization factors multiplying the operators allowed by the
mixing, which together with their matrix elements and (f |Opare| 1) have to be determined
on the lattice to match to the continuum matrix element at the end.® Afterwards, an
overall scale dependent renormalization Zp(au) might be necessary as well, then usually

obtained in a subsequent computation.

2 Determination of fundamental parameters of QCD

As it was outlined at the beginning of Section 1, QCD is a theory with only a few
parameters, namely the gauge coupling and the masses of the quarks, and therefore —
at least in principle — also extremely predictive. One of the fundamental questions
in this context is how precisely the low-energy world with its rich spectrum of bound
states of quarks and gluons, which derives from the strongly coupled sector of QCD,
is related to the properties of the theory at high energies, where owing to asymptotic
freedom these constituents more and more behave as if they were free particles and the
running coupling becomes small enough so that perturbative methods can be expected
to furnish reliable predictions for physical observables. Establishing such a link between
these two complementary energy regimes of QCD demands in the first place to investigate
the running of the coupling and the quark masses over the relevant range in the scale at

a quantitative level. After having gained detailed knowledge of the scale dependence of

8The O(a) lattice artifacts arise through mixing with higher-dimensional operators.

18



Introduction 19

these basic parameters, it is then of course also of great importance to arrive at accurate
estimates for the QCD coupling and quark masses at particular values of the energy (or
renormalization) scale using experimentally well-determined observables from our low-
energy world as physical input, either to confront them with values deduced from high-
energy scattering experiments combined with standard perturbation theory or, in the
case of quark masses, as contributions to a variety of phenomenological quantities such
as decay rates, hadronic matrix elements and lifetimes that often parametrically depend

on the masses of the quarks.

At first sight it seems quite unlikely that the two distinct energy regimes of QCD or
characteristic observable quantities associated with them such as, for instance, the mass
of the pion and the hadronic decay width of the Z-boson can be connected at all. On the
other hand, however, at least some relations of this kind have to exist, because all strong
interaction physics is described by the same underlying field theory. To uncover these
relations on a quantitative level thus provides a stringent test that will only be passed if
QCD is the correct theory at all energies. Recalling that in QCD any physical quantity is
a function of the parameters in the Lagrangian (1.1), we can formulate the problem even
more explicitly in terms of dimensionless universal functions G and H, which must exist
to relate the masses of the pseudoscalar mesons, e.g. expressed in units of their decay
constants, to the basic parameters of QCD, viz.

Frs _ (I m_%s:H<@@
A AN Fg AN

where in this parametrization it is more natural to consider the low-energy scale A as a

) . PSe{mK,...}, (21)

basic parameter of the theory equivalent to the gauge coupling g (see eq. (1.3)). But rather
than being an academic exercise, these equations are of physical importance now: taking,
say, m2 /F? as experimental input, the second equation can be solved for the quark masses
in units of A, and via the first one the ratio F;; /A then becomes a calculable quantity, which
constitutes the desired link between the low-energy world (typically characterized by the
physics of pions and kaons) and the A—parameter governing the high-energy asymptotics
of the running QCD coupling constant and which, moreover, may also be confronted with
experiment. Once relations as those in eq. (2.1) will be known, the theory is in fact ‘solved’
in the aforementioned sense that any physical quantity in QCD can finally be predicted
given the values of its fundamental parameters at the scales where this quantity (or the
process from which it is inferred) is considered. This in turn amounts to a renormalization
of QCD at all scales, and it is then clear that the only possible way to achieve this ultimate

goal starting from first principles is to employ the non-perturbative tools of lattice QCD.?

Unfortunately, the practical realization of a lattice computation of quantities acquir-

ing a scale dependence upon the renormalization process (such as the gauge coupling and

9For a more general introduction to the subject and an extended discussion of non-perturbative renor-
malization in QCD see e.g. Ref. [16].
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20 2. Determination of fundamental parameters of QCD

quark masses we are concerned with here but, for instance, also matrix elements of certain
four-quark operators as mentioned in the last paragraph of the previous section) by means
of numerical simulations is not straightforward. The new difficulty arising here is a conse-
quence of the large range of scales that refer to properties of the theory at energies lying
orders of magnitude apart but ideally would have be covered simultaneously in the simu-
lations. To understand which scales typically contribute to the task of reliably matching
the low- and high-energy regimes of QCD), we first note that on the one side it is necessary
to reach high energy scales ;1 ~ 10 GeV — and thereby the applicability domain of pertur-
bation theory — in order to be able to connect to other calculational (or renormalization)
schemes with controlled perturbative errors. At the same time this high energy scale
must be kept remote from the lattice cutoff a=! to avoid large discretization effects and to
allow for safe continuum limit extrapolations. On the other side, the linear extent of the
system size, L, has to be kept much larger than the confinement scale A= ~ (0.2 GeV)™!
to avoid substantial finite-size effects. These conditions are summarized in the hierarchy
of scales

L > 1/(02GeV) > 1/u ~ 1/(10GeV) > a, (2.2)

which in one Monte Carlo simulation would have to be well separated from each other.
Given the practical limitations imposed by the available present-day computer resources,
however, the number of manageable lattice points per direction, L/a, in current simula-
tions of typically L/a < 32 with a physical box size of at least L ~ 2 fm, to sufficiently sup-
press finite-size effects, implies that the accessible lattice resolutions are roughly bounded
from below as a = 0.05fm and that one hence can deal reasonably only with energies
p < a ! < 4GeV. From these consideration we conclude that lattice QCD is well
suited for the computation of low-energy properties of hadrons, while a clean extraction
of short-distance parameters (i.e. those as A characterizing the high-energy regime) are
problematic because high energies seem to be too demanding for a Monte Carlo calculation

and therefore impossible to reach.

An elegant solution to overcome the problem of disparate scales is inspired by the
even more general and fascinating discovery that many physical models of interest can be
considered in unphysical situations, in which its relevant properties do not change while it
is still possible to extract correct physical information from them. In the present context
the idea is to study a system that is formulated in a box of finite size in such a way that
the size variable becomes the only scale in the system, on which a physical observables can
depend upon. The main advantage is that under these conditions numerical simulations

are much easier than in the case of a large physical volume.'°

The crucial step to translate the idea of a finite system size into a viable approach for

10Similar studies of systems as a function of the finite size of the box and finite-size scaling arguments
have also proved to be fruitful in other fields like, for instance, in investigations of turbulence and critical

phenomena.
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addressing various scale dependent renormalization problems in QCD non-perturbatively
is to identify two of the scales in eq. (2.2):

=g (2.3)

Assuming for the moment that a formulation of the theory exists where such an identifi-
cation is possible in a natural way, one next has to introduce an effective gauge coupling
measuring the interaction strength at momenta proportional to 1/L so that the finite
lattice size becomes a device to probe the interactions rather than being a source of
systematic errors. In other words, the finite-size effect itself is taken as the physical ob-
servable. As it was already devised in the first implementation of this general idea within
an investigation of the o—model [17], the remaining large scale difference can then be
very efficiently bridged via applying a recursive finite-size scaling technique. This will be

explained in the following two subsections.

2.1 Strategy for scale dependent renormalizations

The general strategy for a non-perturbative computation of scale dependent quantities
and associated short-distance parameters is schematically drawn in the diagram below,
restricting to the running QCD coupling a@ = a4 as the representative example. By a
proper adaption of this strategy it then becomes quite straightforward to also solve scale
dependent renormalization problems occurring in other places in lattice QCD. Further
examples that will be discussed later are the running quark masses (cf. Section 2.4), as
well as the non-perturbative renormalization of the heavy-light axial current in the static

approximation, entering the computation of the B-meson decay constant (cf. Section 3.2).

infinite volume finite volume

Lyax = ¢/Fy:  hadronic scheme — SF: asp (0 =1/Lyax)
O(2 fm) NP |
[e75n (,U = 2/Lmax)
NP |

NP |
(YW(A[Z) Qasp (N = 2n/Lmax)
PT 1 PT |

PT
AW/FT" = AW - C/ASF A ASFLIII‘(LX
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22 2. Determination of fundamental parameters of QCD

The computation follows the arrows in the diagram, starting at the upper-left corner.
The energy is increasing from top to bottom, while the entries in the left and right columns
refer to quantities in the infinite- and finite-volume situation, respectively. In the first
step, low-energy data are taken as input in order to renormalize QCD via replacing the
bare parameters by hadronic observables. A convenient candidate for such a physical
observable would be the pion decay constant, F}, since it is known experimentally as well
as calculable on the lattice. This defines a hadronic scheme. Next, the chosen hadronic
scheme is matched at low energies with a suitable finite-volume renormalization scheme,
which will be specified soon but for the moment is still arbitrary and just abbreviated
with ‘SF’. In practice, this amounts to determine the quantity defining the hadronic
scheme, here Fy, in physically large (ideally infinite) volume in units of a low-energy scale
p = 1/Lnax, where Lya ~ 0.5fm is the external scale fixing the maximal linear extent
of the box in which the finite-volume scheme is prepared. The running coupling in this
scheme (agr = gép/(47)) is then evolved non-perturbatively (NP) to higher and higher
energies employing a recursive procedure through constructing a sequence of matching
lattices whose linear extents are shortened by powers of two in each step. Once the
computation of the scale evolution of agp within this scheme has reached the desired high
scale i = 2"/ Lynax where the coupling is small enough and hence perturbation theory (PT)
expected to apply, the A—parameter AgrLy.x can be extracted with negligible systematic
uncertainty by perturbatively continuing the evolution to infinite energy while obeying

the behaviour dictated by the renormalization group,

- a2 9 1 1 b
A=yp (bo§2) b1/(205) |, —1/(2bog ) exp {_/ dg {ﬁ(g) 4 v é}} . (2.4)
0 0

Here, ((g) is a renormalization group function, defined in eq. (2.5) below, describing
the change of the renormalized coupling under a change of the scale. At this point
the conversion to a continuum renormalization scheme such as MS and a subsequent
evaluation at a common reference scale (say the Z-boson mass My ~ 90 GeV) are trivial,
and upon inserting Ayg or ayg into perturbative expressions, predictions for jet cross

sections and other high-energy observables may be obtained.

Given the link between the SF-specific low-energy scale L.« to the hadronic world
represented by F) we started from, together with the contact that now has recursively
been made to the high-energy regime in form of the value for AgygLmax, any reference to
(and details on) the intermediate, finite-volume renormalization scheme SF has entirely
disappeared and the desired connection between the (supposedly unrelated) low- and
high-energy domains of QCD is finally established in a controlled manner, reflecting in
a numerical result for Ayg/F, at the end. Moreover, a particularly important aspect
of the whole strategy to be emphasized is that it is designed in such a way that the
lattice calculations of all the steps involved can be readily extrapolated to the continuum

limit; all arrows in the foregoing diagram thus correspond to universal relations in the
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continuum limit.

For the practical success of this general approach, the intermediate scheme and the
finite-volume coupling § = gsr (and analogously any other quantities whose scale depen-

dence is studied) have to meet a number of criteria:

(i) The finite-volume scheme must be relatable to the infinite-volume theory at low and

high energies.

(ii) Perturbation theory in the finite-volume scheme should be manageable and the
coupling should have an easy perturbative expansion so that through a perturbative
determination of the f—function

%9 o0

8(g) = ~L 57

g {bo+ 017> +bog' + ...}, (2.5)

at least to the indicated order!!, the scale dependence of the finite-volume coupling

for large energies becomes known analytically.

iii) A non-perturbative definition of the renormalized finite-volume coupling has to exist,
g
and in Monte Carlo simulations it should be computable efficiently and with good

statistical accuracy (i.e. with small variance).

(iv) The discretization errors of the coupling (and possibly other relevant quantities)
must be small to allow for safe extrapolations to the continuum limit. This means
to ensure that the lattice calculations are feasible in the regime respecting 1/L =
p < a~! while requiring only moderate resolutions of a/L = 0(0.1), i.e. O(10)

lattice points per coordinate, to be sufficient.

2.2 The finite-volume renormalization scheme

A specific finite-volume scheme, which fulfils all the just mentioned criteria and allows to
find — amongst several other observables that will turn out to be useful later — a coupling
with the appropriate properties, is the QCD Schridinger Functional (SF') [18]. Tt therefore
proves to be particularly suited to serve as the intermediate renormalization scheme we
are looking for. To introduce the Schrédinger functional, one imposes periodic boundary
conditions for the quark and gluon fields as functions of the three space directions, whereas
at time 0 and T these fields are required to satisfy Dirichlet boundary conditions. In the
practical applications to follow, the latter are chosen to be homogeneous except for the
spatial components of the gluon gauge potentials, Ay. With this choice of boundary
conditions the space-time manifold assumes the topology of a four-dimensional cylinder

as shown in the left part of Figure 2.1.

HUThe first two leading coefficients in this expansion are independent of the chosen renormalization
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Figure 2.1: Left: Illustration of the Schrodinger functional. The specific choice of boundary conditions
gives the space-time world the shape of a cylinder. Right: Sketch of the SF setup used for the definition of
the finite-size coupling g(L) in QCD. The Dirichlet boundary conditions can be imagined as to correspond
to walls at times xg = 0,7 that act similarly to the plates of an electric condensor. This means that
classically they lead to a homogeneous (i.e. x and xg independent) colour-electric field inside the cylinder.
The QCD interaction strength can then be defined in terms of the field at the condensor plates as
G*(L) = Egassical/ (E), where E is a special colour component of the electric field.

More specifically, the spatial components of the gauge field at the boundaries are set

to some prescribed values for the classical (chromoelectric) gauge potentials C' and C”,

Uz, k)|, g =" Ula, k)], _p = e G (2.6)

xro=0

where the matrices C' and C’ are taken to be constant diagonal, while the dynamical
degrees of freedom of the gauge field are the link variables U(x, ) residing in the interior
of the lattice. Similarly, the quark and antiquark fields are fixed on the boundary surfaces

according to

(1+70) () [ o = P(x), s (1=) @) |, =),

U(@) 3 (L+0) | ey = 7/(%) (2.7)

with p and p’ (and also p, p’) being some externally given anti-commuting fields. The field
components (x) and ¥(x) at times 0 < 2o < T remain unconstrained and represent the
dynamical part of the quark and antiquark fields.

The SF is now defined as the Euclidean QCD partition function with these boundary
conditions:

Z[C" 7,0 C.p.p) = DU, ] e~ 501, (2.8)

TxL3

scheme anyway. Its universal values for QCD with N; quark flavours are: by = (11 — 2N¢) /(4m)? and
by = (102 — 32 NN¢) /(4m)*.
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It is a gauge invariant functional of the boundary fields and, pertaining to its quantum
mechanical interpretation in the transfer matrix formalism, equals the transition ampli-
tude for going from the field configuration {C, p, p} at time xy = 0 to the configuration
{C", 7, p'} at time zq = T'. The lattice action S in finite volume is essentially given by the
expressions that were written down for Sqep in eq. (1.8) of Section 1.1 for the infinite-
volume theory. E.g. in the case of O(a) improvement, the only modification is that in the
counterterm proportional to cg, of eq. (1.14) the sum is restricted to all points = in the
interior of the lattice.'? Expectation values of products of local fields in this framework
are obtained in the usual way through the functional integral, whereby the integration
is performed at fixed boundary values; thus, the only dependence on these values arises

from the action.

To prepare the ground for the definition of a renormalized coupling within the SF in
the next paragraph, I consider the theory without quark fields for a moment. Then it
can be shown that at small couplings gy the functional integral is dominated by gauge
fields close to some (up to gauge transformations unique) minimal action configuration
Ulx, ) = e*Pu® with the specified boundary values [18]. As a consequence, the SF
admits a regular perturbative expansion by expanding about this minimum B at weak
coupling (which is sometimes called the background field). The associated perturbative
series is conveniently expressed in terms of the effective action (or free energy) I' as

I'[B]=-WmZ[C",C] = 9—121“0[3] +T1[B]+ g3 Ta[B] + -+, To[Bl=g35[B], (2.9)

0
and is also the starting point of any perturbative study such as, for instance, that of the
renormalization properties of the functional Z. Concerning the renormalizability of the
SF, explicit perturbative calculations as well as numerical, non-perturbative Monte Carlo
simulations have yielded strong support for the validity of Symanzik’s conjecture [19]
that including the usual counterterms plus a few additional boundary counterterms in

the action is sufficient to renormalize the QCD Schrodinger functional in four dimensions.

Definition of the effective coupling

As was already noticed before, in the Schrodinger functional formulation of QCD the effect
of the finite volume itself can serve as a measure of the interaction strength of the theory
and may hence be exploited to arrive at a suitable definition of an effective coupling. A
more illustrative introduction of this coupling, which should help to motivate its exact
definition below, is reproduced in the right part of Figure 2.1. (The subscript ‘SF’ on the

SF coupling is dropped from now on.)

12In addition to this well-known clover counterterm in the lattice bulk, there are two further, SF-specific
boundary improvement coefficients ¢, and ¢;, which multiply certain O(a) time-boundary counterterms
in the pure gauge action and analogous time-boundary O(a) improvement terms involving quark fields,

respectively.
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26 2. Determination of fundamental parameters of QCD

To define a renormalized coupling in the SF scheme, one first distinguishes a certain
choice of boundary conditions by assigning two particular sets of angles, which themselves
are parameterized in dependence of some parameter 7, to the diagonals of the matrices
representing the boundary gauge potentials C' and C” in eq. (2.6). It is then obvious
that the response of the system to an infinitesimal variation of this specific one-parameter
family of prescribed constant abelian boundary fields measures the interaction strength
through 1/g? o d(free energy)/d(boundary conditions), and if we take into account the
perturbative expansion of the effective action, eq. (2.9), proper normalization leads us to

the definition of the renormalized coupling [18]

_ o'y /or
rw={% /5]

n/ on
By the very construction of the SF, the linear extent L of the cylinder is now the only
13

(2.10)

n=0,T=L

external scale in this formula as it should be in a finite-volume renormalization scheme.

Moreover, since 0I'/0n = (0S5/0n) is an expectation value of some combination of the
gauge field variables close to the boundaries, the numerical calculation of §? in a Monte
Carlo simulation of the path integral is straightforward, and it thereby also complies
with the demand raised under (iii) at the end of Section 2.1. For small L (i.e. at weak
coupling), where the path integral is dominated by field configurations corresponding
to small fluctuations about the configuration that minimizes the classical action, the
commonly used simulation algorithms remain effective thanks to the boundary conditions
excluding possible gluon zero modes for very small L in physical units. By contrast, for
L < 1fm the field configurations may deviate significantly from the classical solution. A
smooth connection between these two regimes — perturbative for small L and increasingly

non-perturbative for growing L — is achieved by adopting a recursive simulation strategy.

Returning finally to the functional Z containing the quarks again, eq. (2.8), we re-
mark that in this case no additional renormalization of the SF is necessary for vanishing
boundary values of the fermionic boundary fields p, ..., 7/, apart from the renormalization
of the coupling and the quark mass [20,21]. So, after imposing homogeneous boundary
conditions for the fermion fields, the foregoing definition of the renormalized SF coupling
carries over to this situation without changes. A further important aspect of the SF
setup, which offers practical as well as theoretical advantages and therefore deserves to be
pointed out in this context, is the following. Since the boundary conditions (2.7) induce a
gap into the spectrum of the (lattice) Dirac operator, the lattice SF may be simulated for
vanishing physical quark masses, m. It is then convenient to supplement the definition of
the renormalized coupling (2.10) by the requirement m = 0. This entails that our chosen

intermediate scheme SF also becomes a mass independent renormalization scheme with

130ne has to note here that the precise choice of the boundary values is largely arbitrary and mainly

based on practical considerations. The final physical results will not depend on any of these details.
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simplified renormalization group equations. Particularly the f—function, introduced in

eq. (2.5) above, stays independent of the quark mass in such a scheme.

Step scaling functions

The SF coupling g?(L) genuinely depends only on one renormalization scale, L = 1/pu.
Therefore, a determination of its energy dependence amounts to quantify the behaviour of
the coupling under changes of the size of the finite-volume system. The quantity devised

for this purpose is the step scaling function (SSF) o(u) defined through

o(u) = g*(2L) | (2.11)

g2 (L)=u -

It describes the change in the coupling when the physical box size is doubled. From the
renormalization group equation (2.5) of the continuum theory, which governs the scale
evolution of the coupling by determining it at any scale if it is known at some point, we
infer that such a well-defined function ¢ must exist and is implicitly given as the solution

of the recursion equation
7°(2L) = o (g*(L)) (2.12)
equivalent to (2.11). The SSF may thus be regarded as an integrated form of the §—

function for finite length scale transformations with rescaling factor 2, and its computation

will enable us to map out the scale evolution of g2.

The central observation is now that o(u) can be calculated on the lattice by numerical
simulations. On a lattice with finite spacing a, however, the SSF will in the first place still
be a quantity with an additional dependence on the resolution a/L, denoted as X(u, a/L).
The continuum limit o(u) = X(u,0) is then obtained by performing the calculations for
one rescaling step at several different resolutions and extrapolation a/L — 0. By iterating
this stepwise procedure, in which the physical size L is increased successively by factors
of s (where mostly s = 2 in practice), one eventually gains full control over the exact
SSF o(u) and can trace the non-perturbative evolution of the coupling in discrete steps
g*(L) — g*(sL) — g*(s*L) — --- over a wide range of momenta. What one actually

constructs in this way is a non-perturbative renormalization group.

The sequential computation of the lattice SSF ¥(u,a/L), which upon extrapolating
away its inherent discretization errors implements the recursion (2.12) to be obeyed by
the continuum SSF o (u), is sketched in Figure 2.3. In fact, because the relevant energy
scale for the running, u = 1/L, is cleanly separated from the lattice spacing a, it can
be calculated recursively over a wide range of momenta p, whilst keeping the number
of lattice points at a manageable level (i.e. L/a = O(10)). Sample numerical results for
one horizontal step of Figure 2.3, repeated several times with different resolutions, are
displayed in Figure 2.2 for the case of the quenched approximation to QCD (i.e. in the

theory without fermions). As a consequence of the careful choice of the coupling itself
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28 2. Determination of fundamental parameters of QCD
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Figure 2.2: The extrapolation of the SSF g%(2L) = o (g?(L)) from the data at finite lattice spacing
(red circles) to the continuum limit (blue square) at some representative value of the renormalized SF
coupling, which corresponds to a physical box size in the low-energy domain. This example is taken
from a computation in quenched QCD (i.e. Ny = 0 or pure SU(3) gauge theory), where a high numerical
precision as well as very fine lattice resolution could be achieved [22,23].

as well as of other details of the discretization, the dependence of the SSF on the lattice
resolution turns out to be extremely weak so that the extrapolations a/L — 0 to arrive

at the desired continuum limits are very safe.

As the outcome of the numerical simulation procedure outlined so far, the continuum
SSFE o(u) becomes non-perturbatively known (up to statistical errors) for a sequence of
discrete coupling values u € {ug < u; < ug < ---}, corresponding to physical box sizes of

the intermediate SF scheme of
Lyi=L=2L—- L, =2"L - Ly=2L — -+ — L, =2"L (typically n ~8) (2.13)

that span several orders of magnitude in u = 1/L. Guided by the observation that the
SSF has a well-behaved perturbative expansion at weak coupling (small L), it is now eas-
ily possible to parameterize the numerical, non-perturbative results on ¢ by a continuous
function in form of some low-order polynomial with only the leading coefficient(s) con-
strained to perturbation theory. This eventually solves the recursion we originally started

from in eq. (2.12).
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Uy =g d*(2L) = X(ug,a/L =1/3)

“(L)
i

u; = g*(2L) g*(4L) =  X(uy,a/L=1/3)
uy = g*(4L) g*(8L) = X(up,a/L =1/3)

G*(2L) = X(ug,a/L =1/4)

s
HE =

u; = g*(2L) g*(4L) = X(uy,a/L=1/4)
uy = g*(4L) g*(8L) = Y(ug,a/L=1/4)

Figure 2.3: Illustration of the recursive finite-size scaling method, by which the evolution of the SF
coupling g with the energy scale 4 = 1/L can be computed in several steps, changing p by factors of
two in each of them. To implement the recursion (2.12) by a series of lattice simulations, one always
alternates between keeping a fixed and increasing L — 2L (horizontal direction in the figure) and keeping
L fixed and decreasing a (vertical direction in the figure). In this way, no large scale ratios appear
and discretization errors are small for L/a > 1. More explicitly, the individual steps are the following:
1. Choose a lattice with L/a points in each direction. (The artificial choice L/a = 3 above is just to
avoid the figure getting oversized. A convenient lattice size to start with in practice is L/a = 4 — 6 at
least.) 2. Tune the bare gauge coupling go of the lattice action so that g%(L) = ug. (This takes care of
renormalization.) 3. At the same value of gg, simulate a lattice with twice the linear extent and calculate
u; = g*(2L) on it to obtain the lattice SSF X (ug, a/L), which equals o(ug) up to cutoff effects. (This
determines the evolution of the renormalized coupling.) 4. Repeat steps 1.-3. for several, successively
larger values of L/a (i.e. finer resolutions) and extrapolate a/L — 0 to get rid of the lattice effects. To
continue the recursion, the steps 1.-4. have to be iterated n times, where the respective bare couplings
have to be adjusted such that §2(2"L) = u,, with u,, being known from the previous iteration step.
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30 2. Determination of fundamental parameters of QCD

Renormalized trajectories in lattice parameter space. A crucial byproduct of the finite-
size scaling analysis of the running coupling in the intermediate SF scheme is that it
provides a one-to-one correspondence between the bare parameters of the theory, which
occur in the lattice action and as such are the input parameters of the Monte Carlo
simulations, and a series of values of the renormalized couplings g2. In the course of the
calculation, these bare parameters are moreover adjusted to enforce (the renormalization
condition of) fixed SF coupling at any of the physical box sizes in (2.13) for various lattice

resolutions in order to take the SSF’s continuum limit.

The resulting sets of lattice parameters (e.g., in case of pure SU(3) gauge theory, the
pairs (L/a, 3) with g2 = 6/3 being the bare coupling) thereupon define lines of constant
physics in the bare parameter space, along which the approach to the continuum limit of
other arbitrary quantities depending on the renormalization scale may now be followed
as well. Because the construction of Figure 2.3 then automatically ensures that they
pick up the correct, built-in dependence on the renormalized coupling u = g*(L) in the
finite-volume renormalization scheme, the evolution of those quantities in the direction of

varying L in physical units can be explored in parallel to that of the coupling itself.

Generic scale dependent renormalization problems. To make this somewhat more ex-
plicit, let us focus on scale dependent renormalizations in QCD that are multiplicative,
similar to the overall renormalization in eq. (1.20) at the end of Section 1.3. Furthermore
we suppose that the renormalized operator in question, whose definition is assumed to
be readily transferable to our intermediate, finite-volume renormalization scheme, decom-

poses into

Ointer(/vb) - Zinter(go’ a,u) X Obare(QO) (214)

with Opae the bare operator and a renormalization factor Zi,. depending on the bare
gauge coupling and the scale in lattice units, ap. This factor is typically fixed by pos-
ing a suitable normalization condition in the intermediate scheme. In the case of the

Schrodinger functional scheme one may e.g. require

(B1Omter ()| @) = (B |Obare| @ >tree_leV61 (2.15)

to hold, where |a),|3) are convenient states that are given in terms of some boundary
states propagated in Euclidean time. As Oy, one might imagine local composite oper-
ators such as quark bilinears 1 (x)[')(z) with some Dirac structure I', hadronic matrix
elements of which are of phenomenological relevance in infinite-volume QCD; an explicit
example will be touched in the context of the determination of Fy, (Section 3.2 and Pub-
lication H). If a massless renormalization scheme such as the SF in employed as the
intermediate scheme, the renormalization constant Z;,., can be evaluated at zero quark

mass.
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To non-perturbatively compute the change of Oy, under finite changes of the renor-
malization scale, we again identify ;1 = 1/L and define associated (continuum and lattice)

step scaling functions according to

vo(u) = lim So(u,a/L), Solua/L)= 22Wn2L/)

, 2.16
a/L—0 Zo (907 L/Cl) g2 (L)=u ( )

using here the subscript ‘O’ as shorthand notation to indicate the very origin (2.14) of
the scale dependence carried by the suitably defined renormalization factor Zp = Zinter
in the intermediate scheme. The argument u = g?(L) of 0o is taken to be exactly the

renormalized SF coupling studied above. Eq. (2.16) gives rise to a recursion
Zo(2L) = oco(u)Zo(L), u=g*(L), (2.17)

that now has to accompany the corresponding recursion (2.12) determining the evolution
of the renormalized coupling g2. Then, by evaluating the finite-size renormalization con-
stant Zo(L) in numerical simulations at the same bare lattice parameters as done for the
running of the SF coupling, one automatically moves along a renormalized trajectory and
— having solved the recursion (2.17) analogously as for the coupling — is finally able to
also trace the scale evolution of the operator renormalized in the intermediate scheme,
Ointer, from low to high energies.

Extraction of the renormalization group invariants

In view of the strategy explained in Section 2.1 we now turn the logics around and
consider the largest value u,, of the renormalized coupling g2, i.e. the one at the largest
L, = 2"L = Ly, among the physical sizes (2.13) of the finite-volume system that were
covered in the non-perturbative calculation, as initial datum in the recursion (2.12) and
scale u = g2 by iterated application of the inverse of the previously obtained step scaling
function,

Up = Umayx, U1 =0 “(up), k=nn—1,...,1, (2.18)

to higher and higher energies (increasingly small physical box sizes). Once the smallest
value of L in the covered range of data, Ly in our notation and which is assumed to be
selected such that the accompanying coupling ug is accurately known as well as suffi-
ciently small (typically g*> ~ 1 or a = g*/(4w) ~ 0.08), is met, perturbation theory is
expected to safely apply in the corresponding domain of very high energies. Particularly
the perturbative expansion for the f—function, eq. (2.5), may thus be trusted so that the
A—parameter, which in a given renormalization scheme is just the integration constant in
the solution of the renormalization group equation p(dg/0un) = ((g), can be computed
through the exact formula (2.4) via integrating the renormalization group function 3 up

to infinite energies. In our intermediate SF' renormalization scheme we only have to set
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32 2. Determination of fundamental parameters of QCD

p = 1/L and to evaluate the expression starting the integration at g?(L)

1. by (282) 5 g(L) 1 1 by
A= — [bg?(L)] VTV e 71/ (20g (L) exp { — dg | =—+—— 5 2.19
7 [00g*(L)] o U1 Ble) e By (2.19)

with L = Ly = 27" L. lying deep enough in the perturbative regime as anticipated
above. Owing to the perturbative series for 3(g) in the SF renormalization scheme being
worked out to three loops and the scale evolution of the coupling being accurately repro-
duced by perturbation theory at high energies (cf. Figure 2.4), the uncertainty stemming
from the perturbative approximation used in this integration turns out to be negligible

compared to the statistical and other systematic errors.

At last, our strategy demands to convert the A—parameter in the SF scheme to a
convenient continuum renormalization scheme, preferably the MS scheme. Utilizing the
known relation between the finite-volume and the MS coupling to one-loop order of per-
turbation theory, the (exact) conversion factor Ayg/A is now easily calculated and leads
to a numerical value for AggLmax. To end up with a final, solid result for the QCD A-
parameter, one still needs to relate the SF scale L. to some low-energy reference scale
with an unambiguous physical meaning. Only then the reference to the intermediate
finite-volume scheme has disappeared, and the expression for the A-parameter in the MS
scheme in terms of the this low-energy scale provides the solution of the non-perturbative

renormalization problem for the running coupling.

Also the extraction of the renormalization group invariant A belonging to the running
QCD coupling generalizes to arbitrary renormalized operators carrying a multiplicative
renormalization scale dependence. Returning to the operator Oy, in the intermediate SF
scheme, which was introduced through eq. (2.14) at the end of the foregoing paragraph,

the continuum limit ¢ — 0 of the matrix element

Qinter (1) = (f |Otnter (1) 1) = Zinter (90, att) (£ |Ovare(g0)| 1) (2.20)

is independent of the regularization. In a massless renormalization scheme as the SF, the
entering renormalization constant Zop = Ziyer is evaluated (via eq. (2.15)) at zero quark
masses. Associated with any such renormalized matrix element is a renormalization group
function v°(g), the so-called anomalous dimension; in the case of the intermediate scheme

at hand its definition reads

agzinter(ﬂ) O /=
- - Qin er 3
LT Y7 (g(1t)) Qinger (1)
_ g—0 _ _ _
@) ‘~ =g { W+ W+ + ) (2.21)

where the perturbative expansion comprises a scheme independent (universal) leading-
order coefficient 7§ and further ones 4¥,~, ... depending on the chosen renormalization

scheme. In principle, these can be computed using dimensional or a lattice regularization.
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For phenomenological applications, however, we are interested in the matrix elements at
some convenient energy scale in a common renormalization scheme, which we may take

again to be the MS scheme: Quis(pirer) where usually g, = 2 GeV or beyond.

To reliably connect to such a scheme, it is most attractive to perform this step by
a matching at infinite energies through the renormalization group invariant operator. In
close analogy to eq. (2.19), the renormalization group invariant (RGI) matrix element,

associated with Ojyer and its anomalous dimension v©, is given by:

O /(260 g(p) o 69
Qncr = Qe (1) [200g% ()] 70 )exp{_/o dg [2&%’ - 2—9]} . (222)

These RGI matrix elements are scheme and scale independent by definition and hence
should be — from the theoretical point of view — looked upon as the fundamental quan-
tities of QCD whose precise determination from the lattice theory similarly as surveyed
for the A-parameter is of primary importance. In order to connect Qrar to Qyzg(fivef),
one has to adopt the analogues of egs. (2.21) and (2.22) for the MS scheme!# so that all
the individual steps, which turn a bare lattice matrix element e 0f Opare into a renor-
malized one in the MS scheme and thereby solve the underlying generic multiplicative
renormalization problem as discussed here, consist in the decomposition
Qi (Hret) Qrar

Qm(,uref) = QRGI X Qinter(ﬂ/) X Zinter(907 GM) X Qbare(QO) . (223)

While the first two factors are universal in the sense of being independent of the lattice
regularization (e.g. the choice of action), the renormalization constant Ziyger(go, apt) refers
to a specific low-energy scale in the intermediate scheme (i.e. 1 ~ O(1/Lpayx) in case of
the SF) and thus would have to be recomputed once the discretization of the theory or

the scheme itself is altered.

2.3 The running strong coupling constant

So far, computations of the running coupling a(u) along the lines of the preceding sub-
sections have been performed in the quenched approximation to QCD (pure gauge the-
ory) [22-24] and in QCD with two flavours of quarks. In the case of two dynamical quarks
the numerical calculations involved become much more expensive in terms of computer
time compared to the former, owing to the quark polarization effects rendering the avail-
able simulation techniques increasingly inefficient. First promising results of a study in
this already more realistic approximation to the full theory (by which one would ideally

understand QCD with all flavours of quarks properly included) are reported in Ref. [25].

1Gince this conversion to the matrix element in the MS scheme at some finite renormalization scale is

mostly done by perturbation theory, its reliability needs generally to be investigated.
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34 2. Determination of fundamental parameters of QCD

In the meantime, the simulations have been completed and the analysis of all available

data is finished. Its final results have been published recently in Publication A.

The status of the results is summarized in Figure 2.4, both for the case of quenched
QCD (left) and including two flavours of dynamical quarks (right). With the step scaling
function at hand, the recursive application of eq. (2.12) yields the series of couplings that
is shown as the points in the figure and likewise represents the range covered in the non-
perturbative calculation of the SSF; thus, no approximation is involved. For comparison,
the diagrams also contain the perturbative evolution starting at the smallest value of
a = g?/(47) that was reached. Three-loop accuracy here means that the renormalization
group function 3 is truncated at three-loop order and the resulting differential equation
(2.5) is integrated exactly. An important observation is now that this truncation of the
renormalization group equation (which governs the running of the coupling) is verified
in the region of low enough «. It may hence also be used to compute the A—parameter,
through continuation of the non-perturbative scale evolution with the perturbative one
to infinite energies as indicated in eq. (2.19), with negligible errors due to higher-order

terms that are not included in the perturbative approximation of the f—function.

At first sight, the attentive reader will find it quite surprising that the perturbative
evolution in the SF renormalization scheme is so precise down to very low energy scales.
Of course, this property may not be generalized to other renormalization schemes, in
particular not to the MS scheme, where the 3-function is only defined in perturbation

theory anyhow.!®

Results in the quenched approximation

After converting to the MS scheme, a step that utilizes the one-loop perturbative relation
between the finite-volume and the MS coupling leading to an exact conversion factor
Ayg/A, Ref. [22] arrives at the result

Ay = 0.602(48) /1y (N; =0), (2.24)

which upon assigning physical units to the appropriate overall physical scale — in this

case the hadronic radius parameter ry = 0.5 fm — translates into
Ayg = 238(19) MeV (Nt =0) (2.25)

for the A—parameter in QCD with zero quark flavours, i.e. the pure Yang-Mills theory.
Recall that all reference to the intermediate finite-volume scheme has disappeared at this
point. Eq. (2.24) simply expresses the A-parameter in the MS scheme in terms of the

low-energy scale ry and thus provides the solution of the non-perturbative renormalization

5 Furthermore, our non-perturbative coupling was designed to have a good perturbative expansion,

since one relies on the 3-loop S—function in the (high-energy part of the) computation of the A—parameter.
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Figure 2.4: Energy dependence of the effective gauge coupling in our particular finite-volume scheme,
translated to a(u) = g?(u)/(4m), in the pure SU(3) gauge theory (left) [22,23] and in QCD with two
flavours of massless quarks (right) as published in the preliminary report [25] and finally in Publication A.
The results from the computation in lattice QCD are also compared with the evolution predicted by
perturbation theory, where here 3-loop means that eq. (2.5) is evaluated including the bo—term. The
observation that both for zero and two flavours the momentum dependence of the SF coupling « that
has been studied is accurately matched by perturbation theory already at fairly low momenta will be
discussed further in the text.

problem for the running coupling. Rather than eq. (2.25), it is this first equation that
is the solid result, because the conversion to physical units was already stressed to be

ambiguous in the pure gauge theory.

If the result (2.24) is combined with the computation of pseudoscalar decay constants
reported in the context of Publication F and a careful analysis of the systematic errors is
made, we obtain

Fr
Asts

=0.56(5)  (N;=0) (2.26)

and thereby finally achieve our initial aim of relating the parameter characterizing the
high-energy asymptotics of the running QCD coupling (Ayg) to a low-energy hadronic,
observable physical quantity (Fy). That actually the figure (2.26) even agrees with the ex-
perimental number F;/Ayg = 0.62(10) within the quoted errors is somewhat unexpected
since the quark polarization effects have been neglected. Although one may speculate that
the ratio is not strongly affected by them, there is currently no good theoretical argument
for this and the coincidence can thus not be taken as a solid confirmation of QCD at this

point.

Despite the fact that the result on Fj/Agg still refers to the unphysical situation
of disregarding the dynamics of the quarks, it can already be foreseen that a similar ab
initio computation in the case of full QCD will provide one of the most stringent tests of

the theory one can think of. Also note that the error in eq. (2.26) already sums up all
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36 2. Determination of fundamental parameters of QCD

uncertainties except the quenched approximation, including those from the extrapolations

to the continuum limit that were done in the various intermediate steps.

The running of the coupling in the MS scheme, agg(i), at normalization masses
given in units of 7y (or equivalently F;) may finally be calculated by solving the pertur-
bative renormalization group equation in the MS scheme, taking eq. (2.24) (or Ags/Fr
of eq. (2.26)) as input. The numbers that one obtains tend to be significantly lower than
the experimentally measured values of the strong coupling constant, but since we have
not included the quark polarization effects so far, there is no reason to be worried. Sea
quarks affect the evolution of the coupling (it becomes flatter) and they also influence the

low-energy reference scale in some way which is difficult to guess at this stage.

a(p) for two flavours of massless quarks

Encouraged by the quenched computations, which yielded important insights into how
precisely the low- and the high-energy regimes of the theory are connected to each other
and which demonstrated the potential of the lattice approach to pursue very stringent
tests of QCD, the calculations explained so far were extended to the numerically very
demanding case of Ny = 2 in Ref. [25] and Publication A. In these works, QCD is consid-
ered with two massless quark flavours. Since the SF invokes a massless renormalization
scheme by its very construction, the definition (2.11) of the step scaling function has now

to be supplemented by the additional condition of vanishing quark mass,

o(u) = g*(2L) | (2.27)

§3(L)=u,m=0 ’

where m denotes the common mass of the two degenerate quark flavours that is understood

to be properly computable (and then also tunable) on the lattice.

Apart from this more technical detail, the whole computation principally proceeds
in the same way as in the zero-flavour case. Again, one of the key ingredients for a
successful end of this calculation may be attributed to the fact that before mapping out
the p—dependence non-perturbatively and joining it with the perturbative evolution, the
a—effects can be well controlled in each step of the recursion which has to be solved to
obtain the SSF o.

Algorithmic issues. On the algorithmic side, however, a new challenge of the situation
with Ny > 0 consists in the incorporation of the quark dynamics, which slows down the
numerical calculations by a large factor. Therefore, in order to ensure efficiency and
correctness of the required dynamical fermion simulations, the development and testing
of suitable Monte Carlo algorithms was from the very beginning also an essential goal
of the project to compute the running QCD coupling for Ny = 2. The outcome of a

study, which had these issues as its primary objective while particularly concentrating on
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the observables of relevance in our finite-volume, Schrodinger functional scheme, can be
found in Publication B. Since, as emphasized before, in the dynamical fermion case the
generation of the lattice field configurations, on basis of which the physical quantities of
interest are evaluated, is very expensive (in terms of CPU time), this investigation has
been done in the course of the data production runs that had to be carried out for the

determination of the coupling anyway.

A particular calculational step, both in dynamical fermion simulations employing the
widely used Hybrid Monte Carlo (HMC) algorithm or its variants and in the computation
of quark propagators as they enter the construction of fermionic correlation functions
(see, for instance, Section 2.4), is the inversion of the Dirac operator. In actual lattice
simulations, this amounts to invert the huge but sparse quark matrix or, equivalently, to
determine the numerical solution of an associated system of linear equations. To acceler-
ate the convergence of the iterative solvers that are commonly used here, it has by now
become quite standard to precondition the quark matrix by transformations designed such
that the new linear system can be numerically solved more efficiently than the original
one. One of those preconditioners goes under the name ‘SSOR preconditioning’ [26]. Its
implementation for QCD with SF boundary conditions on a massively parallel computer
platform is worked out and tested in Publication C. In conjunction with the HMC algo-
rithm, this preconditioner also entered the Ny = 2 simulations to compute the running of
the QCD coupling reported in Ref. [25] and Publication A.

Results. The Ny = 2 results on the scale evolution of the QCD coupling in the SF scheme,
displayed on the r.h.s. of Figure 2.4, represent the final status of the complete set of data
collected in Publication A. At the time when the preliminary study [25] was published,
these points were still awaiting a final check for the absence of discretization errors. The

analysis of Publication A finally confirmed this, indeed.

As shown in the figure, the data obtained for the coupling cover a large range of
energies from approximately 600 MeV to 100 GeV, similarly to the quenched case. The
perturbative scaling of the coupling sets in rather early, and once o ~ 0.2 and smaller,
the data lie on top of the three-loop curve so that perturbation theory can be used with
a negligible error. This feature of an absence of large corrections to the perturbative
evolution, however, refers to a property of the particular observable under study and is
definitely not to be interpreted as a reflection of some universal property of QCD couplings.
In other schemes the coupling behaves differently in general, and there is usually no way
to tell in advance at which energy the non-perturbative contributions become small. Let
me illustrate this more explicitly here: If, instead of evolving non-perturbatively, one were
only using perturbation theory to evolve the coupling over the range considered here, then
the A—parameter would be overestimated by up to 14% (depending on the value of the

coupling upax that defines the low-energy scale Ly,ay). This in turn corresponds to an extra
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error of 3% for the coupling in the range where its value is close to 0.12, i.e. the physical
value of agg at the Z-boson mass. Needless to add that, of course, this uncertainty could
even hardly be quantified without non-perturbative information, as perturbation theory

appears rather well-behaved when looked at in isolation.

In Figure 2.4 we see the momentum dependence of the SF coupling a = g?/(4)
studied in the two-flavour case to be accurately matched by perturbation theory even at
already fairly low momenta, similar to the quenched theory. Contact with the asymp-
totic behaviour (2.19) of the coupling can hence be made, and since also the low-energy
regime is safely reached, these calculations eventually provide the desired link between
that regime and the A—parameter. One should not forget, though, that only at the point,
when the SF-specific reference energy scale 1/ L.y (implicitly still contained in the r.h.s. of
Figure 2.4) is related to a physical low-energy observable, the scale dependent renormal-
ization problem of the running coupling will have been successfully solved. This is an
important piece within the calculation, which will serve, for instance, to transfer the scale
dependence of the QCD coupling « initially determined as a function of the dimensionless

ratio /A into a function of the energy p in physical units.

To expose this last step a little further, we recall from Section 2.1 that the com-
putational strategy described there yields AL, with L., defined by the value of the

coupling itself. This is the central numerical result obtained in Publication A:
I (ALpax) = 1.09(7)  at  tmax =55 (Np=2). (2.28)

Since this SF-specific scale is not experimentally measurable, it remains to connect it
to a hadronic one. Ideally, the connection of the low-energy scale L., to a low-energy,
experimentally accessible property of a hadron should be again performed by adopting
the decay rate of the K- or the m-meson for the latter, because chiral perturbation theory
offers an analytic understanding of the pion dynamics, which is expected to help to control
the extrapolations to the physical quark mass as well as to infinite volume. A computation
of F, L.y requires the knowledge of the decay constant in lattice units, aFy, at a quark
mass where m,/F, takes its experimental value, and of Ly./a with §%(Limax) = Umax,
both as functions of the bare coupling in a range belonging to lattice spacings accessible
in large-volume simulations. Unfortunately, as discussed in more detail in Publication A,
the Ny = 2 results for aF, so far available in the literature still suffer from substantial
systematic uncertainties and theoretical shortcomings, the most severe being (i) an only
perturbative knowledge of the renormalization of the axial current as well as (ii) of its
O(a) improvement and (iii) reasonable doubts whether these calculations have reached
quark masses where chiral perturbation theory is applicable at all. At present, it hence
appears preferable to relate L. to the frequently used hadronic radius rg, which has an
unambiguous definition in terms of the force F'(r) between static quarks via 73 F'(ro) = 1.65

and, according to phenomenological considerations, has a value of around 0.5 fm [27]. The
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radius ro has also been the reference scale in the zero-flavour theory, i.e. the quenched

approximation (cf. [22] and the preceding subsection).

Thus, in order to be able to end up with an evaluation of Ay 7o, the low-energy scale
of the intermediate scheme in units of this radius parameter, L., /ro, was estimated in
Publication A employing existing raw N; = 2 data on 79/a at finite bare quark masses
from the literature. One then gets in place of eqs. (2.24) and (2.25) as results in QCD

with two dynamical flavours
Ass = 0.62(8) /7o (N = 2), (2.29)

where the quoted error covers the 7% error on ALy, in eq. (2.28) and statistical plus
systematic uncertainties deriving from the determination of Ly,.x/a and the extrapolation

of the entering external, finite-mass data on rq/a to zero quark mass, and
Agg = 245(32) MeV (N =2). (2.30)

Notwithstanding the fact that the analogue of the relation (2.26) is still missing here and
that also the four-flavour theory has not yet been reached, it is a very non-trivial test
of QCD that the non-perturbative results, which use experimental input at low energies
of order 1/ry &~ 400 MeV, agree roughly with high-energy, perturbative extractions of A.

Some further work will still be required, of course, to unravel the details in this comparison.

Conclusion and open questions

The fact that the relation between the parameters in the Lagrangian and the basic prop-
erties of the mesons and nucleons can be established on the lattice, along with the ability
to compute the non-perturbative evolution of the effective coupling from very low to high
energies, is the key to show that quark confinement and asymptotic freedom are just
two complementary aspects of QCD. In this respect, Ref. [25] and Publications A have
its share with the many other lattice calculations and investigations, which are devoted
to different phenomenological as well as fundamental issues, in making QCD the unique

candidate of the theory of the strong interactions.

In these publications, the hadronic radius ry & 0.5 fm was chosen for technical reasons
to calibrate the overall energy scale and to therefrom relate the high-energy experiments
to the theoretical predictions also in the case of QCD with dynamical quarks. Although
one expects it to be quite unlikely that r differs by 10% from this value, a true error on the
results (2.29) and (2.30) in physical units is thus difficult to estimate until a reliable non-
perturbative determination of e.g. 7o F;; has been performed. Such a computation (or more
directly the computation of L. Fr for Ny = 2) is therefore still an urgent computational
task that is left to connect AL,y in eq. (2.28) to an experimentally observable quantity, in
order to complete the programme of solving QCD non-perturbatively on the same footing

as already achieved in the quenched approximation.
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The main reason that until recently comparisons of the lattice results with experi-
mental numbers could not be regarded as hard tests of QCD lies in the quark polarization
effects (i.e. those from dynamical sea quarks), which often were and at some places still
are neglected in the numerical simulations, because their inclusion causes an enormous
amount of computer time required to simulate them. Moreover, by the same token, nei-
ther was the number of relevant flavours used so far the physical one in most cases, nor
could their simulated masses be adequately lowered — or let alone exactly set — to the
actual values met in nature. However, once these limitations which are presently being
overcome by many current projects within the lattice community, are finally gone, clean

precision tests of QCD will become a reality.

2.4 Quark masses

Before I am going to discuss the determination of quark masses by virtue of probing low-
energy physics within the scope of lattice regularized QCD, it is worth to remind that the
masses of quarks are of a very different nature from the mass of other elementary particles
such as, for instance, the electron. The basic difference lies in the property of confinement
mentioned at the beginning of Section 1, which means that a quark cannot be prepared
in isolation in order to perform an experimental measurement of its mass. Instead of
this, quark masses have to be regarded — equally to the strong coupling constant — as
fundamental parameters of the theory, and consequently their proper definition very much
resembles that of an effective coupling, especially in that they have an energy dependence

similar to the one of «.

Based on the past (and partly still ongoing) progress in lattice QCD concerning the
non-perturbative renormalization of local composite operators and the removal of leading
discretization errors which entailed a natural interest and much activity to evaluate hadron
masses and matrix elements in the continuum limit, lattice calculations have become
particularly capable to address the problem of a determination of the light quark masses
with confidence. This is all the more so, because their complete renormalization (or,
differently speaking, their overall energy dependence) is known non-perturbatively, at
least in the quenched approximation [22], so that lattice determinations of quark masses

have entered a mature stage where the dominant systematic error is quenching.

As an alternative to more standard methods, I here review the work presented in Pub-
lications E and F, where, as a necessary prerequisite for the Schrodinger functional (SF)
framework to allow for a reliable computation of spectral quantities with high accuracy in
lattice QCD, it is demonstrated explicitly that SE correlation functions are dominated by
hadron intermediate states at Euclidean time separations of around 3 fm. This technique
is then applied to physical observables in the meson sector of QCD, and in particular to

the strange quark mass as the representative example out of the set of light quark masses.
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The quenched data underlying the investigations of Publications E and F stem from
four lattices with physically large volumes of T'x L3 ~ (3 fm) x (1.5 fm)? and SF boundary
conditions; lattice spacings, a, range from 0.1 fm to 0.05 fm, with four values of the quark
mass each so that all results can first be properly extrapolated in the pseudoscalar mass
and finally to the continuum limit. Among the more technical issues of the work (such as
full O(a) improvement of the theory and a confirmation of the negligibility of finite-size
effects as predicted by chiral perturbation theory), which due to its rather introductory
character are ignored in this overview and can be found in the original references, it
deserves to be noted that in the course of the generation of the raw numerical data the
aforementioned, very efficient and parallelized implementation of an SSOR preconditioner
for QCD with SF boundary conditions developed in Publication C was adopted as well.
The underlying decomposition of the Dirac matrix speeds up the inversion algorithm
solving the system of linear equations belonging to the boundary value problem of the
Dirac operator to ‘measure’ the quark propagators within the evaluation of the correlation
functions and thereby leads to a substantial gain in the overall computational cost. In
the remaining paragraphs, I only emphasize the general concepts and our strategy for the

computation of quark masses.

Correlation functions with SF boundary conditions

To begin with, we come back to the expectation values of products of local fields O,
introduced in Section 2.2, and will convey a rough idea of how SF correlation functions

are constructed.

Namely, it is an interesting option at this point to include derivatives w.r.t. the quark
and antiquark boundary values in the field product O. An example for such a product is

the operator
) )
0% = —a — it ——. 2.31
250 " 5o (231)

In the functional integral the derivatives act on the weight factor e ™ and induce an
insertion of certain combinations of the dynamical fields localized near the boundaries of
the lattice, and thereupon one finds the derivatives —§/dp(x) and 6/0p(x) to effectively
behave like an antiquark and a quark field at time xq = 0, respectively. The generated field
product associated with this example is an isovector pseudoscalar field at the boundary

of the SF cylinder. Hence, we can define the correlation function

, (2.32)

p=p=p'=p'=0

(A5 (2)0%) = {% /ﬁelds Al (z)0" e_S}

in which the summation over the positions y and z from eq. (2.31) causes the operator O“

to create a quark and an antiquark at time zero with vanishing spatial momentum. This
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42 2. Determination of fundamental parameters of QCD

correlation function is then proportional to the probability amplitude that the quark-
antiquark pair propagates to the interior of the space-time volume and annihilates at the

point z, as illustrated in Figure 2.5.16

T ) T )
~

time time

—_— —_—
space space
Figure 2.5: Left: Sketch of a fermionic boundary-to-bulk correlation function fx(zg) defined in the
Schrodinger functional. The irregular lines represent the space-time trajectories of a quark and an
antiquark, which have been created at time 0 (through the operator O® in (2.31)) and annihilate each other
at the point x. Right: The boundary-to-boundary correlation function f;. Correlation functions of this

type have been used before, for instance, to study current conservation and quark mass renormalization
on the lattice [9,13,22].

According to this formal recipe, a variety of multiplicatively renormalizable, gauge-
invariant correlation functions in the SF can be formed from suitable pairings of local
composite fields in the interior of the manifold and boundary quark fields. Two prominent
candidates involve the axial vector current and the pseudoscalar density in the bulk; the

corresponding correlators read

x <Z X(z)(y)ys5 C(z)> , X =Aj or P, (2.33)

where the boundary fields, located at the xy = 0 surface, are now denoted by —d/dp(x) —
¢(x) and 6/0p(x) — ((x) and create fermions and antifermions in the sense outlined above.
Their partners at 29 = T are —6/6p'(x) — (’(x) and §/6p'(x) — (’(x) and give rise to

primed analogues of eq. (2.31), viz.
0" =a"y ()13 ((2).
Y.z

A correlation function between two pseudoscalar boundary sources at zop = 0 and xg = T,
as sketched on the r.h.s. of Figure 2.5, is

f1 < (O™ 0% < Z G (w)ys¢5( )Cj(y)'y5fi(z)> (1,7: flavour indices)  (2.34)

u V?y?

16Such pictures receive an exact meaning if the quark lines are thought of to represent quark propagators

at the current gauge field.
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and will later serve to cancel the multiplicative renormalization of the boundary quark

fields ¢, ..., " in order to compose these fermionic SF correlation functions to renormalized

quantities with a well-defined continuum limit.

Verification of O(a) improvement in intermediate volume

As a preparation for the following calculation of hadron masses, matrix elements and
light quark masses in large volume, renormalized SF correlation functions and a few
observables constructed such that they turn into meson masses and decay constants have
been thoroughly examined in an intermediate physical volume (T x L? ~ (1.5fm) x
(0.75fm)3) within O(a) improved quenched lattice QCD in Publication D.

Upon extrapolating to the continuum limit results on these observables from numer-
ical simulations of renormalized and improved correlation functions at decreasing lattice
spacings a, the quality of scaling as well as the size of its violation were studied, and the
impact of O(a) improvement was quantified therefrom. The outcome of this investigation
is that all quantities under consideration show an overall behaviour completely compatible
with being linear in a? at @ < 0.1 fm and that changing a by a factor of about two gives
very stable continuum extrapolations — though there are also still quantities (e.g. in the
vector meson channel), for which even in the O(a) improved theory the remaining O(a?)

effects have to be assessed by varying the lattice spacing.

Low-energy physics from SF correlation functions

Whereas in other applications, e.g. those described in Sections 2.3 and 3 that rather ad-
dress scale dependent renormalization problems, correlation functions in the SF are mainly
considered in the perturbative regime (i.e. small extensions of the space-time volume), the
focus in the present context is on the properties of SF correlators in intermediate to large
volumes with extensions significantly larger than the typical QCD scales of order 1fm,
where now their behaviour at large time separations will carry the physical information.

Starting from the quantum mechanical interpretation of the SF, one can derive explicit
expressions for the representation of its correlation functions in terms of intermediate
physical states (Publication E). Let us discuss an example, which is directly relevant
later. We consider the correlation functions introduced in egs. (2.33) and (2.34),

JE

fxleo) = =5 (X(@)0), fi=-3(00), (2.35)

where O is a pseudoscalar field, constructed from a p = 0 quark field and a p = 0

antiquark field at z¢y = 0:
6
a —
O =152 G)iG(2), (2.36)
Y.z
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44 2. Determination of fundamental parameters of QCD

i and j being flavour indices. Analogously, O’ is located at the boundary xo = T. One
may think of the fields ¢, ..., (" as quark fields at the boundary; their precise definition is
given in [9] and was motivated before. Here, we shall be interested in fy and fp, defined

by choosing

X(z) = Ag(x) = Ej(a:)’yo’yg,wi(x) and X(z)= P(z) = wj(a:')’yg,wi(x) , (2.37)

respectively.

For large separations zy and T — xg, the correlation functions are dominated by the
lowest lying intermediate states with the appropriate quantum numbers. These are the
pseudoscalar ground state and the vacuum, the latter contributing between zy and T in
both fa as well as fp. Following the arguments in Publication E, one may then arrive
at the asymptotic behaviour including the first non-leading corrections in the transfer

matrix formalism, viz.

Fe(ao) o p(0.0] % 0.PS) s {140 (e, o~T-mme)]
fiooc gt (2.38)

In leading order, an unknown matrix element (p) and the desired matrix elements of the
Schrodinger picture operators X, associated with the fields X, arise. Moreover, the mass
of the 07 glueball, mq, and the energy gap to the first excited state in the pseudoscalar
channel, A, enter the corrections with coefficients, which can be expressed through certain
matrix elements but whose exact form does not need not be repeated here. Apart from
the pseudoscalar mass, mps, the formulae (2.38) thus enable us to calculate the decay
constant, Fpg, and the so-called pseudoscalar coupling, Gpg, via their definitions through

the matrix elements just occurring in eq. (2.38):

<0, 0 | AQ | O, PS> = Nps X mPsts R (239)

1
0,0| P|0,PS) = Npsx Gps, Npg—= ——o.
(0,0] P| ) PS PS PS TR

Also note the particular role of the boundary-to-boundary correlator f; that consists in
its use to eliminate the unknown factor p, the only place where the (divergent) renormal-
izations of the boundary quark fields are hidden, by taking suitable ratios with fa or fp
(e.g. fa/Vfi). A generalization to other channels such as that of the vector meson is
straightforward.

Turning to the numerical tests of the practicability of the method, I pick out as a

representative example the ratio of correlation functions

% = LZS:;PS {140 (e e~ (Tao)ma) 1 (2.41)

which will become the key observable in the approach to follow of computing quark

masses. This ratio shows approximate plateaux between g =~ 1fm and T — ¢ ~ 1fm,
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compare Figure 2.6. Their height determines mpgFps/Gps. Before simply reading these
off, however, the magnitude of the ‘contaminations’ by excited state contributions should
be carefully assessed. Given the fact that estimates for A and mg are available in the
literature, this may be achieved by analyzing the data on fa /fp as functions of the leading
corrections. The corresponding slopes, estimated from plotting this ratio against these
correction terms, then allow to deduce the (nearly central) timeslice range, where the
excited state contributions are below a certain systematic error margin that in turn is
chosen to be negligible compared to the envisaged statistical errors, and within which the
quantity fa/fp is subsequently averaged to obtain the final results. This procedure is also

easily extended to the calculation of mps, Fps and Gpg separately.
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Figure 2.6: The ratio f5/fp of SF correlation functions for a = 0.07 fm (open circles) and a ~ 0.09 fm
(filled circles). The label ‘T” at fa on the horizontal axis indicates that the O(a) improved correlator is

employed.

Though the SF applied for extracting hadron physics appears similar in spirit to
the method of wall sources, one should note that gauge invariance is kept at all stages
of the present formulation and furthermore, as a consequence of the dimensionless non-
local fields used to create the boundary states, dimensional analysis implies that the
pre-asymptotic decay of SF correlation functions is slow, hence leaving large and precise
signals at hadronic length scales of 1 — 2fm. Since the correlators are renormalizable by
simple factors (see also Publication D), this property is indeed independent of the lattice

spacing once one is sufficiently close to the continuum limit.
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46 2. Determination of fundamental parameters of QCD

Light quark masses: The strategy

Before we come to exploit the aforementioned nice features of large-volume SF correlation
functions in the low-energy regime, I want to explain in more detail the strategy for the
computation of light quark masses advocated here. Their ratios can be calculated from
chiral perturbation theory [28], where the currently best results read

M, M,

— =055+£004, —=244+£15 2.42
My T M ( )

with the average light quark mass M; = 1 (M, + Mq) [29].

Despite this success of chiral perturbation theory, there are still substantial questions

that can be answered decisively only in the framework of lattice QCD.

(i) The applicability of chiral perturbation theory needs to be checked. This concerns

the practical question, in how far the lowest orders dominate the full result.

(ii) The parameters in the chiral Lagrangian (at a given order in the expansion) cannot
be inferred with great precision from experimental data alone. Their determina-
tion can be improved significantly by help of lattice QCD results. (This aspect is

discussed in Section 2.5 and Publication G.)

(iii) In particular, there is one parameter in the chiral Lagrangian that is impossible to
determine from experimental data. This is the overall scale of the quark masses,
which is only defined once the connection with the fundamental theory, QCD, is

made.

An important point to realize is that all of the above problems can be dealt with by
working with unphysical quark masses (where, obviously, they should not be too large).
For the first two problems, it is in fact essential to explore a range of quark masses, and

also for the last problem, which is addressed here, this is of significant advantage.

The above considerations lead one to determine a reference quark mass, M., implic-
itly defined through the condition

mig (Mye) 72 = 1.5736 = (mxro)” (2.43)

where m#g (M) is the pseudoscalar meson mass as a function of the quark mass (for mass-
degenerate quarks), and ry again denotes the dimensionful hadronic radius defined through
the force between static quarks [27] to set the physical scale (ro = 0.5fm), entering as
well as the experimental value §(mi, + mio)|pure qcp = (495 MeV)? on the r.h.s. of this
equation. Chiral perturbation theory in full QCD relates M, to the other light quark
masses, that is to say

QMo ~ M+ M, . (2.44)
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Publication F provides further evidence for this relation, employing the results of quenched
QCD. Hence, the remaining task is to calculate M., from lattice QCD.

What was said so far is valid literally in mass independent renormalization schemes,
in which quark masses are renormalized with a flavour independent factor. The result-
ing running quark masses, m(u), are however scheme and scale dependent quantities.
Therefore, as already explained in Section 2.2, it is advantageous to calculate directly the
renormalization group invariant (RGI) quark masses, which are pure numbers and do not

depend on the scheme. In terms of m(u), they are given as

g(p) . 0
M = m(p) [2b0g%(1)] """ exp {— /0 dg [% - li—g} } : (2.45)

with the leading 3-function coefficient by = 11/(47)? and dy = 8/(47)? the leading
coefficient of the function 7(g) that describes the RG evolution of the quark masses
with the renormalization scale (i.e. dy characterizes the asymptotic behaviour of m(u) for
large energy). For O(a) improved quenched QCD, the quark mass renormalization has
been performed non-perturbatively in Ref. [22]. As a result, the flavour independent total
renormalization factor 7y, relating the bare current quark masses m — defined by the

partially conserved axial current (PCAC) relation
(B9 Ao(z)O) = 2m (P(z)O) + O (a?) (2.46)

that is to be read as a renormalized operator identity with O being some O(a) improved
field localized in a region not containing x — to the RGI masses according to
M Za(go) 2
M = — X m + O (a
m(0) Zolgo D) " (@)
= Zulgo) x m(go) + O(a®), p=1/L=1/(2Lpax) ~275MeV, (2.47)

is non-perturbatively known for the range of bare couplings go commonly used in simula-
tions in physically large volumes.

Then, combining the PCAC relation (2.46), applied to the vacuum-to-pseudoscalar
matrix elements in egs. (2.39) and (2.40), with eq. (2.43) leads to the central formula

R m2grg=1.5736

2T0Mref = ZM X

x 1.5736, _ Ips

= _—. 2.48
o Gps (248)

Of course, as anticipated in this equation by the K-meson scale 1.5736 = (mgro)? where
the ratio R is to be evaluated at, as well as by the omission of any lattice spacing depen-
dence, it is understood that the r.h.s. is chirally extrapolated in the pseudoscalar mass
to the mass scale of the light quark in question (the strange quark in the case at hand),

prior to a continuum limit extrapolation, a — 0.
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48 2. Determination of fundamental parameters of QCD

An application: Computation of the strange quark’s mass

With the aid of the numerical methods outlined two paragraphs before, the ratio R and
the meson mass mpg in lattice units can be computed accurately as a function of the bare
quark mass and the bare gauge coupling. As discussed and explicitly demonstrated in
Publication F, a mild extrapolation then yields R/a at the point maqrg = 1.5736.17 Next,
the sum of the RGI strange quark mass and the average light quark mass, implicit in
eqs. (2.43) and (2.44) through the combination ro M., is extrapolated to the continuum
limit. Since this latter extrapolation, which is displayed in the upper diagram of Fig-
ure 2.7, involves a significant slope, the point furthest away from the continuum has been
discarded. This is a safeguard against higher-order lattice spacing effects. Nevertheless,
we clearly see the data points to approach the continuum limit with a rate consistent with

leading discretization errors proportional to a?.
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Figure 2.7: Continuum limit extrapolations of the sum of the RGI strange and average light quark
masses, in units of a particular physical scale given by the hadronic radius ro = 0.5 fm (top), as well as

in units of the K-meson decay constant (bottom).

Moreover, the entire analysis was repeated for M, in units of the kaon decay constant.

This amounts to substitute eq. (2.48), here exposed again but in the more familiar form

1"The reason for not computing directly at or below the quark mass corresponding to m3gré = 1.5736
was that this is the region where unphysical zero modes of the O(a) improved Dirac operator become
relevant (‘exceptional configurations’). However, even without entering this region, the quark mass points

imposed in the Monte Carlo simulations are close enough to perform a safe extrapolation.
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directly referring to the strange quark mass scale,

(0] 4| K) : 2
Mot M) =2 O (a*) 2.49
ro (Ms + M) MX(mKT0)<O’P|K>X(mKTO) ‘exp+ (a) ( )
by the expression
Ms + Ml M 1 9 )
T m x mkr + 0 (a”), 2.50
P~ w00 Zolgo D) G < (0 e + O (0%) (2.50)

owing to the PCAC relation now written as m% Fix = (m,+ms)(0|uyss|K) = (M, +m,)Gk.
Note that, in the same way as via Zy; in eq. (2.49), all reference to the intermediate scheme
used to trace the renormalization scale dependence of the quark masses is cancelled in the
product M/(mZp), eq. (2.47). In the case of (Mg + M)/ Fx we observe a weaker lattice
spacing dependence, as illustrated in the lower diagram of Figure 2.7. The final results of
these two analyses are completely consistent with each other; as shown in Publication F,
the numerical agreement between them is even better than one would expect it to be in

the quenched approximation.

Using the experimental value Fx = 160(2) MeV, one now obtains for the sum of
the RGI strange and average light quark masses in the continuum limit of the quenched

approximation

M, + M, = 140(5)MeV < m " (2GeV) = 97(4) MeV (2.51)

where the number on the r.h.s. follows from combining the result for Mg + M, with
the prediction of chiral perturbation theory, M;/M, = 24.4(1.5) (cf. eq. (2.42)), and a
subsequent conversion to the MS scheme at the convenient, finite renormalization scale
1 = 2GeV via integration of the four-loop perturbative renormalization group functions
(which also accounts for the uncertainty in AVt=% = 238(19) MeV [22]). The uncertainty
of £4MeV quoted in eq. (2.51) comprises all errors but those due to quenching. But, as
already pointed out earlier, an intrinsic ambiguity is encountered when assigning physical
units to lattice results in the quenched approximation. For mM3(2GeV), eq. (2.51), the

associated uncertainty was estimated to be ~ 10%.

Concluding remarks

In Publications E and F, other interesting results both at finite lattice spacing and after
extrapolation to the continuum limit were gained along similar lines for the pseudoscalar
decay constant and the vector meson mass, 7o Fx and romg+. Summing up, it may be said
that, also through the explicit comparisons with numbers from the literature not repro-
duced here, the SF has been shown to be not only useful for the extraction of low-energy
matrix elements from suitable SF correlators but to also lead to numerically efficient and

beyond that, for the particular cases of vacuum-to-pseudoscalar matrix elements (e.g. as
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crucial elements of a reliable calculation of the light quark masses), to significantly more
precise results than those from standard methods — in addition to the SF’s other im-

portant area of applications that addresses to solve various renormalization problems in

QCD.

In the meantime, the just summarized strategy and practical procedure devised in
these publications to determine quark masses through low-energy physics from the QCD
Schrodinger functional has also successfully been adapted to a precision computation of

the mass of the charm quark in the quenched approximation [30].

2.5 Chiral Lagrangian parameters from lattice QCD

A notorious problem particularly for numerical simulations of QCD with dynamical quarks
is to reach the region of realistic, small quark masses. Among the different attempts be-
ing pursued to deal with this problem, a sound method on the theoretical side is chiral
perturbation theory (ChPT). It describes the dynamics of the Goldstone boson fields as
they appear as a consequence of a spontaneously broken continuous symmetry, the chiral
symmetry in the case of QCD with massless quarks. The associated effective Lagrangian
originates from a systematic higher-order expansion of the underlying, more fundamental
theory — QCD — in the four-momentum and the quark masses m,, mq and mg about
the massless limit [31]. While with increasing order of the expansion more complicated
terms together with corresponding additional, so-called low-energy constants (LECs) mul-
tiplying them arise in this Lagrangian, it is designed such that it obeys the same global
symmetries as QCD to yield a trustworthy description of the fundamental theory. These
LECs are free parameters of the Lagrangian; they can only be determined by the compar-
ison with sources beyond ChPT, and in principle, their values have to follow from QCD
itself.

The fact that in the low-energy regime the information content of ChPT is equiv-
alent to that of QCD has been exploited in many ways. It supplies us, for instance,
with formulae, which model the quark mass dependence of pseudoscalar masses, decay
constants and other observables and thereby provides valuable input and information for
lattice simulations: ChPT predictions can serve as a guide to extrapolate the numerical
results from medium to small quark masses and are widely used for this purpose by the
lattice community. However, this line of reasoning may also be turned around by viewing
at numerical simulations as a powerful tool to determine the low-energy parameters of
ChPT from first principles, because simulations of lattice QCD employ the fundamental
Lagrangian of the theory.

Tuning the quark masses such that the regime of validity of ChPT is reached, a
comparison of numerically generated QCD data and the predictions of ChPT can be
performed. In practice, the LECs are extracted by a fit of the numerical data to the
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analytical formulae of ChPT (which contain the LECs as free parameters), and the values
of the LECs obtained in this way from QCD can then be related to experimental data,
which eventually leads to direct tests of QCD. Furthermore, an estimation of the LECs
is an important ingredient to supplement the numerical simulations themselves, since
simulations at small values of the quark mass, i.e. corresponding to their physical values,
are very expensive. (For a recent review on this topic, see e.g. Ref. [32]). But if we
would know, at what values of the quark mass ChPT is valid, its use to extrapolate
many observables to physical values of the quark mass could be put on solid grounds.
Obviously, for this procedure a sufficiently precise knowledge of the LECs is an inevitable
prerequisite.

A general method that allows for the determination of LECs with good statistical
accuracy through combining ChPT with numerical simulations of lattice QCD has been
introduced in Publication G. Here I will only highlight one particularly interesting aspect
of the applications discussed in this reference, which explores the question of the mass-
lessness of the up quark by testing whether such a scenario would be compatible with the

real world.

Interplay between lattice simulations and chiral perturbation theory

Chiral perturbation theory is an effective (non-renormalizable) theory parameterized in
terms of a set of empirical couplings, which are usually referred to as Gasser-Leutwyler
coefficients or, as already done above, ‘low-energy constants’. At lowest order, the effective

chiral Lagrangian reads

F2 (1
£ = 70 {5 Tr (0,UT0*U) + Bo Tr (M(U + UT))} : (2.52)
where
U=e {z o1 } and M = diag (my, mg, ms) (2.53)
=X = uy PRALT .
p V2 Fy g d

are the field of Goldstone bosons and the quark mass matrix, respectively. Among the
leading-order LECs contained in eq. (2.52), By and Fjp, the latter corresponds to the pion
decay constant in the chiral limit, while the former is related to the order parameter of
chiral symmetry breaking, the so-called scalar condensate. At next-to-leading order there

are twelve more interaction terms and hence new LECs Ly, ..., Lq».

The values of the LECs can be fixed by using experimental data and comparing with
the relevant expressions obtained in ChPT. It turns out, however, that the complete set of
LECs cannot be extracted in this way, because the values of some of them cannot be fixed
without resorting to additional theoretical assumptions. One example is By, appearing in
the leading-order chiral expansion of the pion mass, mfr = 2Bgmy with m; = %(mu +mq),

which shows that By can only be determined from m, if the physical value of the average
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52 2. Determination of fundamental parameters of QCD

light quark mass m; is known already. Vice versa, m; can only be inferred if an estimate
for By is available in advance. Therefore, while ChPT enables us to compute quark mass
ratios (cf. eq. (2.42)) since By drops out in suitably chosen pseudoscalar mass ratios, it

fails to predict an absolute normalization of their masses.

Another reason why the complete set of LECs cannot be determined from chiral
symmetry considerations alone is the fact that the low-energy effective Lagrangian be-
yond leading order is invariant under a symmetry transformation involving the LECs and
the mass matrix M in (2.52). This is the famous ‘Kaplan-Manohar ambiguity’ raised
in Ref. [33]. The potential of lattice QCD in this respect is quite obvious now. By study-
ing the quark mass dependence of Goldstone bosons in a simulation, one can estimate
the value of By or, equivalently, calculate the absolute normalization of quark masses.
Since the Kaplan-Manohar ambiguity is not a symmetry of QCD, it is thus possible to
resolve it by determining the values of LECs from an ab initio based approach. It must
still be kept in mind, though, that a successful combination of lattice QCD and ChPT
requires sufficient overlap between the range of quark masses used in simulations and the
region of validity of the chiral expansion. This demand is crucial, if ChPT is used to
extrapolate results from simulations performed for relatively heavy quarks to the regime

of the physical up and down quark masses.

Is the up quark massless?

As announced above, the hypothesis of a massless up quark emphasizes a particularly
interesting application of a lattice determination of LECs, and we hence return to the
Kaplan-Monohar ambiguity and those couplings in the chiral Lagrangian that are required

to test this hypothesis.

The aforementioned invariance of the effective chiral Lagrangian beyond leading order
under simultaneous transformations of the mass matrix and a subset of LECs implies an
uncertainty in the size of the next-to-leading order correction to the mass ratio m,/mq.

This correction, Ay, is given by

(mi —m3)

(4rF)? (2as — a5) + {chiral logarithms} . (2.54)
mF,

M=
Since as can be estimated from the ratio of decay constants Fi/F, but at the same time
there exists no experimental information which would allow an unambiguous determina-
tion of ag or rather the linear combination 2ag — a5 itself [34], the value of ag and thus
Ay must be fixed by invoking plausible assumptions beyond chiral symmetry arguments.
Although in this way [29] the possibility that m,/mq = 0 (which necessitates a large neg-
ative value for Ayy) was excluded and a massless up quark, which would present a simple
and elegant mechanism to solve the strong CP-problem, appears already as an unlikely

scenario, an estimate on Ay; based on first principles is still lacking. Therefore, not least
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owing to the importance of the strong CP-problem, it is desirable to tackle this question

by means of lattice determinations of 2ag — avs.'8

To briefly sketch the investigation of Publication G directed to the issue of a massless
up quark, we first note that the expressions of ChPT are valid for arbitrary quark mass.

Now one specifies a certain reference quark mass value m,.; and defines the ratios

FPS (m)

Rp(z) = W 2 (2.55)
me) = [ ) e e

which become universal functions of the dimensionless mass parameter x and, due to the
correlations between numerator and denominator, are expected to yield good statistical
precision in their numerical evaluations. As all renormalization factors drop out in the
ratios, these quantities can also be extrapolated to the continuum limit straightforwardly.
The LECs at next-to-leading order are then extracted by confronting numerical data for

Ry and Ry with the corresponding expressions in quenched (or partially quenched) ChPT.

In Publication G this ‘ratio method’ is implemented and numerically tested in the
quenched approximation for m &~ ms and z in the range 0.75 < = < 1.4. (This range
corresponds to the quark mass interval covered in the generation of the raw data for the
computation of the strange quark mass in Publication F, which are also employed here,
and it is limited from below by the constraint of evading exceptional configurations).
The numerically evaluated functions in eqgs. (2.55) and (2.56) are compiled together with
the associated combinations of LECs in Figure 2.8. There it is found that the ratio Rp,
which is predicted by quenched ChPT to rise linearly with the quark mass, is modelled
very well by the data and results in stable estimates for a;, whereas the numerical data
for Ry; exhibit an almost constant behaviour, in contrast to quenched ChPT predicting
the presence of linear terms as well as chiral logarithms. Hence, if the accessible range
of simulated masses lies indeed within the regime where ChPT at next-to-leading order
is valid, we can interpret this constant behaviour of the data as the result of a strong

cancellation between the various contributions at next-to-leading order.

A comparison with the ‘standard’ values for the LECs estimated in the continuum,
as well as with those values that would be necessary to support the notion of a massless

up quark, shows that the latter scenario is strongly disfavoured already by the quenched

18Tn this context it is worth to mention the relevance of partially quenched simulations, where the Monte
Carlo updates are performed with large enough sea quark masses to allow for a tolerable simulation speed,
while quark propagators and the quantities derived from them are evaluated with smaller valence quark
masses. As for unequal sea and valence quark masses the chiral Lagrangian is parameterized in terms of
the same LECs as the physical theory, simulations with unphysical quark mass combinations do provide
phenomenological information as long as the correct number of dynamical quark flavours (i.e. Ny = 3) is

used and, of course, the regime of validity of ChPT and the range of simulated masses overlap.
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Figure 2.8: Numerical results for the ratios Rr and Ry, egs. (2.55) and (2.56), in the quenched approx-
imation, taken from Publication G. (The additional LECs ag and ¢ are induced by quenching artifacts
in the chiral expansion: Incorporating flavour-singlet fields, which do not decouple in the quenched ver-
sion of the effective low-energy theory, explicitly into the chiral Lagrangian introduces a parameter ag
multiplying the kinetic term in the flavour-singlet part of the effective Lagrangian as well as a new type

of chiral logarithm, d, proportional to the mass scale squared of the flavour-singlet.)

lattice calculation reported here: the (valence) quark mass behaviour of Ry; would have
to be radically different to accommodate a large negative value for ag as a massless up

quark does demand it.

Meanwhile, the ratio method, which appears to be most stable against systematic
errors from renormalization effects and lattice artifacts, has also been applied by other
groups, for instance in Ref. [35] to the case of Ny = 2 partially quenched QCD and in
Ref. [36] where Ny = 3 flavours of dynamical staggered quarks were simulated. Taking
them together with our quenched study, one observes a quite weak N; dependence of
the LECs and even a broad consistency of the results on a5 and 2ag — a5 within errors
(particularly, if the Ny = 3 expressions of ChPT are used, though the data were actually
generated for Ny = 0,2). In short, under the assumption that the quarks entering the
simulations are light enough to justify the comparison with ChPT'?, these first principles
calculations in quest of a massless up quark provide clear indications to ezclude this possi-

bility, because it is not reflected at all in the valence quark mass behaviour of the relevant

In fact, there is evidence that the dependence of ml%s and Fpg on the sea quark mass is not in
agreement with ChPT if the sea quark mass corresponds to mpg = 550 — 1000 MeV, which would affect
attempts to perform extrapolations in mse, to the physical point defined by mps/my = 0.17 (see e.g. [37]).
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pseudoscalar observables, and they thereby support the earlier, more phenomenologically

oriented analysis of [29] based on suppositions beyond ChPT.

Of course, further simulations with smaller dynamical sea quark masses should be
performed to corroborate these findings and primarily to settle the issue of the mass
range, in which ChPT at next-to-leading order can be expected to hold true, in order to
exploit its predictions to finally make contact with the region of very light quarks that is
difficult to access directly in numerical simulations. This subject is recently growing into

a major activity among current investigations of lattice QCD [38-40].

3 Physics of heavy-light quark systems

Not least by the influence of the challenging experimental programme of B-factories that
aim at exploring such phenomenologically very interesting questions as the CP-violation
in the B-system [41], the physical understanding of heavy quark physics and the study of
the physics of B-mesons in particular have become a vivid area of research. In order to
interpret the experimental observations within (or beyond) the Standard Model, matrix
elements between low-energy hadron states must be known. Current investigations, in
the context of which heavy-light hadronic matrix elements typically appear, focus on the
extraction of elements of the CKM matrix that mixes quark flavours under the weak
interactions of the Standard Model as well as on its internal self-consistency. But since
these QCD matrix elements live in the strongly coupled sector of the theory, they call
once more for a genuinely non-perturbative, ‘ab initio’ approach for their determination:
the lattice formulation of QCD, which enables a numerical computation of its low-energy

properties through Monte Carlo evaluation of the underlying Euclidean path integral.

For these reasons, B-physics has now developed to one of the fields, where lattice
QCD can make most impact and will be a key factor in the precision with which the
associated decay rates might be determined. In fact, lattice QCD calculations with b-
quarks are already valuably contributing to precision CKM-physics by (over-)constraining
the unitarity triangle and help to obtain other phenomenologically relevant predictions.
Two examples for experimentally inaccessible quantities that are of great importance for
this purpose are the mass of the b-quark, my,, and the B leptonic decay rate parameterized
by the B-meson decay constant, Fg. Before we will concentrate on the determination of
these quantities in more detail, however, we have to discuss a technical obstacle that one
faces when studying B-physics on the lattice.

As the inverse lattice spacing acts as an ultraviolet cutoff, its value in physical units
places constraints on the scales one is able afford. In simulations on present-day computers
typical values lie in the range a=! = 2 — 4 GeV. These relatively low values of the cutoff

imply that one expects already large cutoff effects for the charm quark (whose mass in
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56 3. Physics of heavy-light quark systems

GeV is not too far below a~'), while — more importantly for the following — the b-
quark cannot be studied directly at all because its mass lies above the cutoff, i.e. huge
discretization errors would render a realistic treatment of B-systems with a propagating

b-quark on the lattice impossible.

This motivates to recourse to a theoretically very attractive framework, within which
hadronic systems involving one heavy quark, such as the B-meson system we will be
interested in from now on, can be investigated reliably also in the lattice formulation:
the heavy quark effective theory (HQET). It basically allows the lattice to predominantly
handle scales appropriate to those degrees of freedom governing the non-perturbative
dynamics of QCD in the low-energy (~ Aqcp) regime, while explicitly eliminating the
high scale originating from the b-quark mass. In the sequel, we first outline the idea
of the effective theory approach to heavy-light systems in the continuum and then turn
our attention to recent work that solves two peculiar problems encountered in studying

HQET non-perturbatively on the lattice.

3.1 Heavy quark effective theory

The properties of hadronic bound states containing heavy quarks are characterized by
a large separation of energy scales. Effects associated with the heavy quark mass, mq,
are perturbative and can be controlled once they have been separated from the other,
long-distance effects. This separation is most conveniently done using an effective low-
energy theory. For external states of hadrons containing a single heavy quark, the relevant
effective quantum field theory to describe their transition amplitudes is the heavy quark
effective theory (HQET).

The effective Lagrangian of the continuum HQET is

Ckin

Luger = hy (iv - D) hy + o~ o (D) hy + Copin(mq)

g g hooW G hy + ..., (3.1)
where h,(z) denotes the (velocity dependent) field describing a heavy quark inside a
hadron moving with velocity v, D the covariant derivative orthogonal to v and G*" is
the gluon field strength tensor. The field h, is subject to the constraint ¢h, = h,.
HQET then provides a systematic expansion of the QCD amplitudes around the static
limit mqg — oo, in which new symmetries of the strong interactions arise, relating the
long-distance properties of many observables to a small number of hadronic hadronic
matrix elements. The leading term in the effective Lagrangian, which gives rise to the
Feynman rules of HQET, is invariant under a global SU(2MVy,) spin-flavour symmetry
group, where Ny, is the number of heavy quark flavours. This symmetry is broken by the
higher-dimensional operators arising at order 1/mgq. The first operator corresponds to
the kinetic energy of the heavy quark inside the hadron, and the second one describes the

chromomagnetic interaction of the heavy quark spin with the gluon field. Hadronic matrix
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elements of these operators appear in many applications of HQET, while the coefficients
Cyin and Cgpin result from short-distance effects and, in general, depend on the energy
scale at which the operators are renormalized. Following power counting arguments, it
can be shown that this effective theory is renormalizable at any finite order in 1/mq.

A schematic view on the construction of the effective theory for heavy quarks is given
in Figure 3.1; for an extensive presentation of the theoretical aspects of HQET and its
computational methods and applications, as well as for a guide to the original literature,

the reader may consult, for instance, the reviews [42,43].

electroweak theory

—— mW
short-distance physics:
perturbation theory
QC D renormalization group evolution
=+ Q

- I n = few x AQ(jD

long-distance physics:

H Q ET non-perturbative methods

heavy-quark symmetry

L+ Aqep

Figure 3.1: Sketch of the construction of HQET.

Problems of the lattice formulation

Being a convenient and successful tool to describe the physics of hadrons containing a
heavy quark — while at the same time having in mind the aforementioned difficulty to
treat a heavy flavour such as the b-quark directly in numerical simulations —, it appears

natural to transfer the effective theory approach to the lattice.

The Lagrangian of HQET in lattice formulation is, to first order in the inverse heavy

quark mass 1/m, formally identical to the continuum one:?°

Luger(r) = ¥y (2) { Dy +m — (;1;;1 D’ — % c-B } Un(z) + ... . (3.2)

Here, 9y, () is the heavy quark field discretized on the lattice, and only the velocity-

zero part is written, since non-vanishing velocities will not be relevant to our discussion;

20For short, m is now used as a generic symbol for the heavy quark mass when its precise definition is

irrelevant and the renormalized mass needs not to be distinguished from the bare one.
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58 3. Physics of heavy-light quark systems

the ellipsis stands for higher-dimensional operators with coefficients of O(1/m?). As an
expansion similar to (3.2) holds for the hadronic matrix elements in question, lattice
HQET constitutes a systematic expansion in terms of 1/m,, for B-mesons at rest [44] that

also has a continuum limit order by order in the 1/m-expansion.

Despite its favourable theoretical properties, however, lattice HQET has not received
so much attention in past non-perturbative investigations of heavy-light physics using

numerical simulations. There were mainly two reasons for that:

(i) The rapid growth of statistical errors as the time separation of correlation function
is made large. This unwanted feature is already encountered in the lowest-order
effective theory (static approximation) and limits a reliable extraction of masses

and matrix elements in practice.

(ii) The number of parameters in the effective theory (such as m, wepin, - - - in eq. (3.2))
does not only increase with the order of the expansion, but they have also to be
determined non-perturbatively, since otherwise — as a consequence of the mix-
ings among operators of different dimensions allowed in the cutoff theory (e.g. of
ﬁ 1, Dy, with ¥, Dotb,) — ome is always left with a perturbative remainder that
diverges as a — 0. Hence, these power-law divergences cause the continuum limit

not to exist unless the theory is renormalized non-perturbatively.

In the subsequent sections I summarize recent work on two concrete applications in the
combined static and quenched approximation that reflect significant progress in both
directions. These are a determination of the Bs-meson decay constant (Publication H and
Publication I), where a correction due to the finite mass of the b-quark is estimated by
interpolating between the leading-order HQET result and the D-meson decay constant
Fp,, and a fully non-perturbative computation of the mass of the b-quark, which is based
on the idea of a non-perturbative matching of HQET and QCD in finite volume proposed
in Publication J. In both cases, the involved renormalization problems are solved non-
perturbatively, and the continuum limit is taken. Apart from being of mere conceptual
relevance for the theoretical and practical feasibility of lattice HQET, the results reported
there already offer an interesting numerical precision, which can (and will) be further

improved in the future.

3.2 Towards a computation of the B-meson decay constant

The issue of enhancing the numerical precision of static-light correlation functions is
addressed on our way towards a precision computation of Fp_ in quenched QCD as detailed
in Publication I and Ref. [45]. To this end, a two-step strategy is employed. First, the

decay constant is calculated in lowest order of HQET, and then it is combined with
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available results for the pseudoscalar decay constant Fpg(mps) in QCD around the charm

quark mass region by interpolation in 1/mpg.

The pseudoscalar decay constant at finite mass is related to the renormalization group

invariant (RGI) matrix element of the static axial current,
(I)RGI = ZRGI <PS ‘ A(S)tat ‘ O> (33)

where in case of the pseudoscalar PS = B; the static-light axial vector current reads

Ay (x) = (@) 098 (2) (3.4)
through:
FpsW = Cps (M/Am) X (I)RGI + O (1/M) . (35)

Here, M denotes the RGI mass of the heavy quark and Ayg the QCD A-parameter in the
MS scheme. The renormalization factor Zrgy, turning any bare matrix element of Agtat

into the RGI one, has been non-perturbatively determined in Publication H.

In contrast to the relativistic current, there is no axial Ward identity which protects

the renormalized static-light axial current

(AR™)o(z) = Z3™ dy(2) 707505 (2) (3.6)

stat

from a scale dependence: Z3** = Z3%(u), respectively, ® = ®(u) with ® being some
matrix element of the renormalized static current. The renormalization of the static-light
axial current (3.4) thus constitutes a further example for a scale dependent renormalization
problem, whose non-perturbative solution was found in Publication H by applying the
same finite-size scaling ideas as described in Section 2.2 in conjunction with the calculation
of the running QCD coupling and its generalization to arbitrary renormalized matrix

elements with an intrinsic multiplicative energy scale dependence.

The function Cpg in eq. (3.5) accounts for the fact that in order to extract predictions
for QCD from results computed in the effective theory, its matrix elements are to be
related to those in QCD at finite quark mass values. In this sense Cpg translates to a
so-called ‘matching scheme’, which is defined by the condition that matrix elements in the
(static) effective theory, renormalized in this scheme and at scale u = m, equal those in

QCD up to 1/m—corrections. In leading order it is given via the large-mass asymptotics

Prer = lim [In(M/Agg) /") Fos /ips (3.7)

with vy and 3y being the leading-order coefficients in the perturbative expansions of the
renormalized static current’s anomalous dimension and of the S—function, respectively.
Thanks to the recent 3-loop computation of the anomalous dimension of the static axial
current [46], the function Cps(M/Ayg) = Fpsy/mps/Prar translating a RGI matrix ele-

ment of A% at infinite mass to the one at finite mass is now known perturbatively up to
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and including g*(m)—corrections. From the numerical evaluation as explained and shown
in Publication H one can infer that the remaining perturbative uncertainty induced by

the conversion factor Cpg has become very small.

RGI matrix element in the static theory

As mentioned before, heavy-light correlation functions on the lattice, from which B-
physics matrix elements such as the B-meson decay constant in question are obtained
at large Euclidean time, are affected by large statistical errors in the static approxima-
tion. Their noise-to-signal ratio grows exponentially with the time separation, and in
particular for the Eichten-Hill action [44],

Sp=a’ th(x)Doi/Jh(I) ) (3.8)

this ratio roughly behaves as exp{zo(Fsias —my)} with Eg.e the bare ground state energy

of a B-meson in the static theory, diverging linearly in the continuum limit.

To overcome this difficulty, a few alternative discretizations of the static theory that
retain the O(a) improvement properties of the action (3.8) but lead to a substantial
reduction of the statistical fluctuations have been introduced in Publication I. These
new static quark actions rely on changes of the form U(z,0) — W(z,0) of the parallel

transporters U(z, u) in the covariant derivative

Dot (z) =

SHES

[¢n(z) — Ul (z — a0, 0)¢n(z — al) ] , (3.9)

where now W(x,0) is a function of the gauge fields in the immediate neighbourhood of
z and z + a0. Its best version employs ‘HYP-smearing’ that takes for W (z,0) the so-
called HYP-link, which is a function of the gauge links located within a hypercube [47].
Comparing the noise-to-signal ratios of a B-meson correlation function in static approxi-
mation for the various actions, one then finds that around ¢ ~ 1.5 fm more than an order
of magnitude can be gained in the case of the alternative discretization with HYP-links
w.r.t. to the original Eichten-Hill action and that, in addition, the statistical errors grow
only slowly as x( is increased. Even more importantly, in Publication I quite the same,

small lattice artifacts are observed with the new discretizations.

In the computational setup to determine the bare matrix element (B|A*|0) entering
eq. (3.3) we use the Schrodinger functional (SF) formulation of QCD with non-pertur-
batively O(a) improved Wilson actions in the gauge and light (i.e. relativistic) quark
sectors. For technical details and the exact definitions of the correlation functions, which
are composed out of the light and static quark fields in formal analogy to the relativistic
theory surveyed earlier, the reader is again referred to Publications H and I. Here I only

record that (in the same way as in the course of the light quark mass determination
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outlined in Section 2.4 and derived in detail in Publication E) the matrix element in

question can be extracted from a proper ratio of correlators, viz.

stat
(B | A(S)tat 10) o A" (o) o (20=T/2) Estat (z0) (3.10)

/fstat
1
stat

modulo volume factors, where f{' is a proper SF correlation function of the (O(a) im-
proved) static axial current with the quantum numbers of a B-meson and f$*** is a cor-
responding boundary-to-boundary correlator, which serves to cancel the renormalization
factors of the boundary quark fields. Moreover, wave functions at the boundaries of the
SF-cylinder are implemented to construct an interpolating B-meson field that suppresses

unwanted contaminations from excited B-meson states to the correlators.

So far, the bare matrix element (3.10) has been calculated for three lattice spacings
(@ ~ 0.1fm, 0.08fm and 0.07fm), and the regularization dependent part of the factor
Zrar, which according to (3.3) must be attached to get the RGI matrix element, has been
computed for the new actions as it was done for the Eichten-Hill action in Publication H.
The continuum extrapolation quadratic in the lattice spacing of our results stemming
from the static action with HYP-links is displayed in the right part of Figure 3.2. To
illustrate the gain in precision and control of the systematic errors, I confront our O(a)
improved results with an analysis based on older unimproved Wilson data for the same

bare matrix element, reproduced from the aforementioned publications in the left part of

the figure.
3/2
1,.O cI)R(}I|||||||||!||||||| [T T T [ 17
3 I~ Wilson [T improved
.9 ra a=0.1fm |
2 (S -
e[l emom JETC

0 010203 0 0.02 0.04
a/r, (a/ro)?

Figure 3.2: RGI matrix element of A§***, based on unimproved bare data from the literature (left)

and on simulations of the O(a) improved theory with the new discretization of Publication I (right). A

continuum extrapolation of the latter yields: 7“8/ 2<I>RG1 = 1.74(13).
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Extrapolation in the heavy quark mass

To finally arrive at a value for Fp_, we combine ®rgy, referring to the static limit and thus
being independent of the heavy quark mass, with numbers of Fpg in the continuum limit at
finite values of the quark mass, which have been collected in the context of the (quenched)
computation of Fp_ in Refs. [48,49]. In incorporating the mass dependence (3.5) predicted
by HQET, we are then led to extrapolate T’S)/QFPS\/TTL—ps/Ops(M/Am) from the charm

/ *rar by a linear fit in 1/(rgmps). This interpolation is

region to the static estimate rg
shown in Figure 3.3, where the zigzag error bands around the relativistic data indicate
a small systematic effect that is due to the mass dependence of the discretization errors
in the decay constant near the charm quark mass as discussed in [45,49]. While an
extrapolation in 1/(rgmps) from the charm region without the constraint through the
static approximation would look similar, it is obvious that the interpolation is much
safer, since extrapolating to the (quite distant) Bg-meson scale depends significantly on

the functional form assumed.

Using mp, = 5.4 GeV, ry = 0.5 fm and the numerical perturbative value of the match-
ing factor Cps(My/Agpg) in eq. (3.5) translating to finite b-quark mass, one finds from the

interpolation to 1/(rgmg,) in Figure 3.3 as a present result [45]
roFp, = 0.52(3) —  Fp, =206(10) MeV . (3.11)

This number includes all errors except for the quenched approximation; the (unavoidable)

scale ambiguity introduced by this approximation can be estimated to be about 12%.

N

—
(o]

rd/2 piat = 1.74(13)

—_
[¢]
LI I LI I LI I LI I LI

ry/2 Feg \/mps/ Cps
N

—
N

—

Figure 3.3: Interpolation in the inverse heavy-strange meson mass, mpg, between the RGI matrix
element of the static axial current and relativistic data around the charm quark mass. (The latter are
taken from Refs. [48,49]).
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3.3 Non-perturbative renormalization of HQET

The second of the problems exposed at the end of Section 3.1, which so far hampered
the use of HQET on the lattice, is the occurrence of power-law divergences in the lat-
tice spacing upon renormalization of the parameters in the effective Lagrangian (3.2). It
already shows up in the static approximation and thereby affects, for instance, the com-
putation of the mass of the b-quark in leading order of HQET. In this case the kinetic
and the mass terms in the static action mix under renormalization and give rise to a
local mass counterterm dm o< 1/a, the self-energy of the static quark, which implies a
linearly divergent truncation error if one relies on an only perturbative subtraction of this
divergence. Therefore, past lattice computations in the framework of HQET could not

reach the continuum limit [50,51].

The idea: Matching in small volume

A strategy for a solution to this longstanding problem, which offers the opportunity to
perform clean, non-perturbative calculations in HQET, was developed and first presented
in Ref. [52]. This strategy is worked out and implemented in Publications J and K and
basically consists of three parts that [ want to briefly describe in the following by sketching

the computation of the b-quark’s mass as an example:

1.) Renormalization of the effective theory amounts to relate the parameters of the
HQET Lagrangian to those of QCD, a step usually called matching. In order to realize

the matching in a non-perturbative way, one imposes matching conditions of the form
QHRET (1, M) = ®P(Ly, M) + O (1/M) (3.12)

in a physically small volume of linear extent Lo = O(0.2fm), for suitably chosen observ-
ables ®HQFT and ®RCP in HQET and QCD to be calculated with the aid of numerical
simulations. The finiteness of the matching volume ensures that lattice resolutions satisfy-
ing amy, < 1 are possible and the b-quark can be treated as standard relativistic fermion,
whereby at the same time the energy scale 1/Ly = O(1 GeV) is still significantly below
my, and HQET applies quantitatively. Figure 3.4 illustrates this idea. Of course, owing
to the very construction of the effective theory, it is clear that the matching conditions
(3.12) must also carry a dependence on the heavy quark mass. (For convenience, we now
identify the heavy quark mass parameter with the scheme and scale independent renor-
malization group invariant mass, M, see eq. (2.45) in Section 2.4.) Thus, in determining
the parameters of the effective theory from those of QCD via such a non-perturbative
matching in finite volume — while maintaining the physical quark mass dependence in
QCD since its Lagrangian is blind to the finiteness of the volume —, the predictive power
of QCD is transferred to HQET.
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64 3. Physics of heavy-light quark systems

To sacrifice as little predictability of the theory as can be, the quantities ® should
not be experimental observables but certain renormalized quantities calculable in the
continuum limit of lattice QCD. In the concrete case of the b-quark mass computation,
definite choices for ® have to be made to formulate a sensible matching condition between
the quark mass in the full, relativistic theory (QCD) and HQET. Those are I'(L, M),
denoting the energy of a state with the quantum numbers of a B-meson but defined in
a small volume of extent L, and T'g,(L) as its counterpart in (leading order of) the
effective theory. As detailed in Publications J and K, both can be expressed as logarith-
mic derivatives of appropriate finite-volume, heavy- and static-light correlation functions,

respectively, and numerically evaluated with high precision.

QCD HQET

matching condition

PQCD _ HHQET

e
\Y,
e

for observables ®

> (e.g. matrix elements) >

Figure 3.4: Non-perturbative matching of HQET and QCD in a finite volume: The lattice setup is
arranged such that the Compton wavelength of the b-quark (red solid line) still just fits into a box,
which is small enough for this wavelength to be reasonably resolved without exceeding the number of
lattice points manageable in a numerical simulation. In this way, via certain matching conditions, the

parameters of the effective theory are fixed through its relation to QCD observables in small volume.

2.) Next we need to establish a connection to a physical situation, where observables
of the infinite-volume theory such as masses or matrix elements are accessible at the end.
The accompanying gap between the small volume with its fine lattice resolution, where
the matching of HQET and QCD is done, on the one side and larger lattice spacings
(and also larger volumes) on the other is bridged by a few recursive finite-size scaling
steps, which are inspired by the procedure reviewed in Section 2.3 to probe the running of
the QCD coupling: The volume to compute the quantity y.¢(L) in HQET is iteratively
enlarged until one reaches a volume of linear extent L = O(1fm) so that, at the same
resolutions a/L (i.e. at the same bare parameters) met there, large volumes with L ~ 2 fm
to accommodate physical observables of the infinite-volume theory eventually become
affordable. Also note that, apart from terms of O(1/(LoM,)"™!) if considering HQET up

to order n, any dependence on the unphysical small-volume physics is gone.

3.) Finally, a physical, dimensionful input is still missing. In the case at hand this

means to link the energy ['g.¢, which turns into the B-meson’s static binding energy,
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Etat, as the volume grows, to the mass of the B-meson as the physical observable in large

volume whose numerical value is taken from experiment.

An application: The mass of the b-quark

To join the foregoing three steps, we have to recall that energies in the effective the-
ory differ from the corresponding ones in QCD by a linearly divergent mass shift mpare,
which has its origin in the mixing of 1, Dyt with the lower-dimensional operator v,y
under renormalization — the central problem we started from. As a consequence of its
universality (i.e. its independence of the state), however, my,. obeys at any fixed lattice

spacing

mp = Estat + Mpare (313)
F(L7 Mb) - Fstat(L) + Mpare - (314)

Imposing eq. (3.14) for L = Lg as the non-perturbative matching condition in small volume
implicitly determines the parameter mpae and may hence be exploited to replace it in
eq. (3.13). Then, after adding and subtracting a term Ty (Lo) (where Ly = 22Lg ~ 1 fm
with lattice spacings commonly used in large-volume simulations), the resulting equation

may be cast into the basic formula

mp = ﬁstat - 11staut(LQ> + \Fstat(LQ) - Fstat(LO)/ + \F(LO»Mb)j + O (AQ/Mb) (315)

TV Vv Vv
a — 0in HQET a — 0in HQET a — 0in QCD

(with A the typical low-energy QCD scale), where the terms are just arranged such that

the unknown my,.e cancels in the energy differences,
AE = Estat - Fstat<L2> and Fstat<L2> — Fstat(LO) ) (316)

and the continuum limit exists separately for each of the pieces entering eq. (3.15). The

physical picture underlying the ‘master equation’ (3.15) is illustrated in Figure 3.5.
The entire heavy quark mass dependence is contained in I'(Lg, M), defined in QCD

with a relativistic b-quark. This mass dependence has been non-perturbatively map-
ped out in Publication K, where as a particular ingredient of the numerical calculation,
which demands to keep fixed the dimensionless RGI heavy quark mass while approaching
the continuum limit, the knowledge of several renormalization factors and improvement
coefficients relating the bare to the RGI quark mass is required. Although they were
already available in some (but quite distant) region of parameter space, it was desirable to
improve their precision and to estimate them directly in the bare coupling range relevant
for the present application. These necessary renormalization factors and improvement

coefficients were determined in Publication K and, as exemplified in Figure 3.6 taken from
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experiment lattice with amy, <1
mp = 5.4 GeV ['(Ly, M)
O'm(ul) 0111(“0)
Fstat(L2> N Fstat<L1> D Fsmt<L0>

Figure 3.5: Connecting the matching condition in small volume to physical observables in large volumes
by a recursive finite-size technique. The quantity o, represents the associated step scaling function,
defined as oy (u) = 2L X [Tstat (2L) — Dstat (L) ].

Ll

0" E T 1 T 1 T 1 T —
5.2 ' | | R
51 e E

5 2=6.6
48 FE ¢ 3
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446g E:}/W z=6.0 :E
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4.15 —W -
41 B 0 Lo by L S
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Figure 3.6: Continuum limit extrapolations of LoI'(Lg, M) in relativistic QCD and in a small volume

(of linear extent Ly ~ 0.2 fm) for representative values of z = Lo M.

there, performing controlled continuum extrapolations provides w = lim,, 1o Lol (Lo, M)

as function of z = Ly M.

In view of eq. (3.15), the b-quark mass may now be extracted from the interception

point of w(z) with the combination

Wstat = LOmB - LO {Fstat(LQ) - Fstat(LO)} - LOAE
= L(]?TLB — {%O’m(lb(]) + iam(ul)} - LOAE, (317)

om denoting the step scaling function introduced in Figure 3.5. The associated graph
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|||||||||§|§||||||||||
5 55 Mg 6.5 2=LM

Figure 3.7: Solution of eq. (3.15) for the dimensionless RGI b-quark mass, LoMy,. (As explained in
Publications J and K, the argument u of w simply indicates that during the computation one had to

work at a certain fixed value of the renormalized SF coupling,.)

is reproduced from Publication J in Figure 3.7, where for the time being the analysis
was restricted to unimproved Wilson fermion data for the subtracted, dimensionless Bs—
meson energy aFy,; from the literature; this results in LoAE = 0.46(5). Then we obtain

in combined static and quenched approximations:

roM, = 16.12(29) —  m)®(my'®) = 4.12(8) GeV, (3.18)

up to corrections of O(A%/M,) = O(A/(LyM,)). However, from a — not yet finally
completed — evaluation of aFg,; with the alternative static action discussed in Section 3.2
(which also has linear O(a) lattice artifacts removed), one can already anticipate that a
continuum limit of LyAE with by a factor about 3 smaller error is within reach and,

therefore, will still substantially enhance the accuracy of the result (3.18).

3.4 Non-perturbative tests of the effective theory

Although it is generally accepted (and also supported, though in a more indirect way, by
the satisfactory leading-order calculations just described) that HQET represents an effec-
tive theory for QCD, quantitative tests of this equivalence are rare and mostly based on
phenomenological analyses of experimental results. A direct, pure theory test can only be
performed, however, if QCD including a sufficiently heavy quark can be simulated on the
lattice at lattice resolutions which are fine enough to be able to take the continuum limit.
This has been achieved in Publication L, and I conclude my review of non-perturbative

computations in HQET with a brief summary of this work.

On the QCD side of these tests we adopt the same setup as in Section 3.3 and exploit
the fact that lattice spacings such that am;, < 1 can be reached if one puts the theory
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in a finite volume, L?® x T, with L and T not too large. Here, T = L and once more,
for various practical reasons, Schrodinger functional boundary conditions are chosen. As
has been shown in [53], equivalent boundary conditions are easily imposed in the effective
theory, and SF correlation functions are constructed as already sketched around eq. (2.33)
in Section 2.4 before, but now in a situation where one quark flavour is light (‘1’) and the
other one is either heavy (‘b’) or treated in the effective theory (‘h’). After these prepara-
tions it becomes possible to quantitatively investigate the heavy quark mass dependence
of current matrix elements and energies, which are derived from heavy-light meson corre-
lation functions and calculated over a wide range of quark masses in the continuum limit.
Then, by a precise comparison of these observables as functions of the heavy quark mass
with the predictions of HQET, one is able to verify that their large quark mass behaviour
is described by the effective theory and, in addition, first non-perturbative estimates on

the size of the 1/m—corrections to the static theory may be obtained.

INlustration

G
> (A
d

LL’O:O .I‘OZL

Figure 3.8: The correlation function fa. In case of f3'**, the operator in the bulk is (A§**'), connected

to ¢}, (instead of (},) by a static quark propagator.

As an example let us consider correlation functions built from boundary quark fields
¢ (located at zp = 0) and the time component of the axial current as composite field in
the bulk (0 < zyp < T'), both in the relativistic and in the static effective theory:

fal@o) = =5 D7 ((Aolx) Cy(¥)15a(2)) - (3.19)
Wao) = =5 D ((A)o(@) Guly) 6 (2) - (3.20)

The SF correlator fa is schematically drawn in Figure 3.8. The quark bilinears A; and
A5t are the O(a) improved versions of the axial current in QCD and in the effective
theory, respectively, for which lattice artifacts linear in the lattice spacing are absent. In
order to form suitable ratios such as

Yps(L, M) = ZA M s (321)

Vi g
68



Introduction 69

in which the renormalization factors of the boundary fields cancel, we again need another
correlation function, f;, that traces the propagation of a quark-antiquark pair from the
o = 0 to the xp = T boundary. As worked out in Publication L, eq. (3.21) gives rise
to a representation of Ypg as a matrix element of the axial current between a normalized
state |B(L)) with the quantum numbers of a B-meson and [{2(L)) having vacuum quan-
tum numbers, while their time evolution o< e ~“#/2 ensures that both of these states are
dominated by energy eigenstates with energies around 2/L and less. From this we infer
that HQET is applicable if 1/L < M (and, of course, A < M too0).?!

For fixed LAy we hence expect
Yps(L, M)/Cps (M /Ayis) = Xrar(L) + O(1/2), z=LM, (3.22)

where the 1/M—corrections are written in the dimensionless variable 1/z and Xggp is
defined as Ypg but at lowest order in the effective theory and renormalized according to
eq. (3.3) in Section 3.2. Relations such as (3.22), however, are only expected to hold after
the continuum limits of both sides have been taken separately. For the case of Ypg(L, M) at
hand, this is done by (i) fixing a value uq for the renormalized SF coupling g*(Lo = 0.2 fm)
at vanishing light quark mass, (ii) a determination of the bare coupling from the condition
G*(Lo) = ug for a given L/a, (iii) fixing the (O(a) improved) subtracted bare quark mass
myq of the heavy quark such that LM = z using the known renormalization factor Z,, in
M = Z,,mq (see Ref. [22] and Publication K), (iv) an evaluation of Yps by Monte Carlo
and subsequently repeating (i)—(iii) for better resolutions a/L, and followed by (v) an

extrapolation to the continuum limit.

The continuum extrapolation of Yps(L, M) is shown in the left panel of Figure 3.9. As
can be seen in the figure, the continuum extrapolation becomes more difficult as the mass
of the heavy quark is increased and O((aM)?) discretization errors become more and more
important. By contrast, the continuum extrapolation in the static effective theory (not
reproduced here) turns out to be much easier, particularly owing to the renormalization
factor relating the bare to the RGI current, which was non-perturbatively determined
in Publication H. After the continuum limit has been taken, the finite-mass QCD observ-
able Yps(L, M)/Cps(M/A55g) is compatible with smoothly approaching, as 1/z — 0, the
leading-order prediction from the effective theory. The right panel of Figure 3.9 clearly
illustrates this. It also makes evident that the perturbative Cpg reduces the mass de-
pendence of Ypg significantly; the coefficients of the 1/z"terms in the polynomial fits to
the finite-mass results are roughly of order unity, and thus the corrections are reasonably

small.

In Publication L, several successful tests in a very similar spirit were actually per-

formed: one of them — due to a property called reparameterization invariance [54] — even

21Recall that M denotes the renormalization group invariant (heavy) quark mass and A the QCD

A—parameter in some generic scheme.
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YPS/CFS
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Figure 3.9: Testing eq. (3.22) through numerical simulations in the quenched approximation and for
L =~ 0.2fm (Publication L). Left: Continuum extrapolations of Ypg(L, M) for z—values spanning the
entire range of z. Right: Polynomial fits in 1/z of Ypg(L, M)/Cps(M/Ayg) to quantify deviations from

the static limit. Cpg uses the two- and the three-loop anomalous dimension of the static axial current.

free of any remaining perturbative uncertainty that a conversion function such as Cpg in
eq. (3.22) still might introduce, and two others with the associated static (i.e. M — 00)
limits known from the heavy quark spin symmetry of HQET. Despite finite-mass lattice
QCD results have been confronted with the static limit over the years, the new fea-
tures of the tests discussed in this work are that the composite fields were renormalized
non-perturbatively throughout and that, by studying the theory in a small volume, the

continuum limit could be taken at large quark masses.

3.5 Outlook

By virtue of recent theoretical as well as technical advances, non-perturbative calcu-
lations using the lattice regularized heavy quark effective theory have reached a new
quality. As demonstrated by both applications discussed in the previous subsections, the
determination of the Bg-meson decay constant and of the b-quark mass, the status of
non-perturbative HQET at lowest order in 1/m has become satisfactory in the quenched
approximation. And still, there is some room for reducing the quoted uncertainties of the

numerical results further.

Since it is one of the benefits of the theoretical concepts addressed here that describ-
ing the b-quark by an effective theory circumvents the need for prohibitively large lattices
— because it completely eliminates the mass scale of the b-quark — it is worth to also
emphasize at this point the interesting potential of these methods for systematic and (at
least partly) straightforward extensions. First, applying them to the theory incorporating
dynamical fermions is possible without major obstacles, apart from the ‘usual’ problems
with the light quarks that have to be solved. Moreover, one has to note that lowest-order

results as those reported above are by themselves not expected to have an interesting
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precision for phenomenological applications, though for sure they can not only constrain
the large-mass behaviour computed with other methods but do also help, through in-
terpolation between data obtained in QCD and in the static limit, to render results (such
as the one for Fp, presented in Section 3.2) almost independent of any effective the-
ory. Therefore, a second direction appears even more important: going beyond the static

approximation by inclusion of 1/m-—corrections.

In principle, 1/m—corrections can be calculated in the effective theory. The general
matching strategy between HQET and QCD (cf. Section 3.3) to solve renormalization
problems in HQET entirely non-perturbatively, while taking the continuum limit in all
steps involved, as well as the use of modified static actions that in the static approx-
imation have already proven to enable the computation of B-meson lattice correlation
functions with good statistical precision for xy > 1fm, are designed to also cope with the
sub-leading order in the HQET expansion. These ingredients make us believe in promis-
ing perspectives for an inclusion of 1/my—corrections that will hopefully lead to further
considerable improvements in applying non-perturbative HQET and thereby would have

a great impact on the achievable precision in B-physics computations employing HQET.
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Abstract

We present a non-perturbative computation of the running of the coupdifig QCD with two
flavors of dynamical fermions in the Schrédinger functional scheme. We improve our previous results
by a reliable continuum extrapolation. Theparameter characterizing the high-energy running is
related to the value of the coupling at low energy in the continuum limit. An estimater@fis
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1. Introduction

The QCD sector of the Standard Model of elementary particles constitutes a renormal-
izable quantum field theory. After determining one mass parameter for each quark species
and the strong coupling constant (at some reference energy) which fixes the interaction
strength, QCD is believed—and so far found—to predict all phenomena where only strong
interactions are relevant. Due to asymptotic freedom, this programme could be success-
fully implemented for processes with energi€ss>- 1 GeV by using perturbation theory
to evaluate QCD. A recent report on such determinations of the coupling implied by a
multitude of experiments is found [d].

At smaller energy the lattice formulation together with the tool of numerical simulation
is used to systematically extract predictions of the theory. Here the free parameters are
typically determined by a sufficient number of particle masses or matrix elements associ-
ated with low energies, and then for instance the remaining hadron spectrum becomes a
prediction. Se¢2] for a recent reference on such large scale simulations.

While this almost looks like two theories having disjoint domains of applicability, we
really view QCD as one theory for all scales. Then the adjustable parameters mentioned
above are not independent but half of them should in fact be redundant or, in other words,
predictable. The ALPHA Collaboration is pursuing the long-term programme of comput-
ing the perturbative parameters in the theory matched with Nature at hadronic energies.
Here a non-perturbative multi-scale problem has to be mastered: hadronic and perturba-
tive energies have to be covered and kept remote from inevitable infrared and ultraviolet
cutoffs. To nevertheless gain good control over systematic errors in such a calculation, a
special strategy had to be developed; it will be reviewed in the next section.

As done for many other applications of lattice QCD, also our collaboration has recently
set out to overcome the quenched approximation and include vacuum fluctuations due to
the two most important light quark flavors. In this article we publish detailed results on the
energy dependence of a non-perturbative coupling from hadronic to perturbative energies
and thereby connect the two regimes of QCD. This connection has been broken into two
parts. It is first established with reference to a sdalgx in the hadronic sector that is not
yet directly physical but rather technically convenient within our non-perturbative renor-
malization scheme. This part is, however, a universal continuum result and represents what
is mainly reported here. In a second step, which does not anymore involve large physi-
cal scale ratios, one number relating our intermediate result to physics, like for instance
LmaxFr, has to be computed. Here we can cite in this publication only a first estimate and
not yet a systematic continuum extrapolation, which is left as a future task.

Earlier milestones of our programme consisted of the formulation of the finite-size scal-
ing techniqud3], its adaptation to QCIM,5], check of universality6] and the complete
numerical execution of all steps in the quenched approximdfiefl]. A shorter account
of the present study with a subset of the data was publishEd]n

We would like to mention that beside our finite-volume technique there are also efforts
to compute the coupling and quark masses in a more direct “one-lattice” approach. Some
recent references with unquenched results inc[ade13] Since it is not possible to ac-
commodate all scales involved on one lattice in a satisfactory fashion, in these works a
perturbative connection is established between the bare coupling associated with the lat-
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tice cutoff scalez and a renormalized coupling at high energy in a continuum scheme
such asMS. In our view, this step represents the main weakness of the métBedes in

the non-universal bare coupling are usually worse behaved than renormalized perturbation
theory. There are techniques to improve this (tadpole improvement, boosted perturbation
theory) which, in cases where a non-perturbative check is possible, sometimes help more
and sometimes help less. Thus it is not easy to verify that one uses this perturbation the-
ory in a regime where it is accurate and to quote realistic errors on this step. On the other
hand, this approach is much easier to carry through and typically yields approximate results
before an application of our strategy is available.

2. Strategy

A non-perturbative renormalization of QCD addresses the question how the high-energy
regime, where perturbation theory has been successfully applied in many cases, is related
to the observed hadrons and their interactions at small energies. This relation involves large
scale separations and thus is difficult to study by numerical simulation. Naively, it would
require simulations with a cutoff 1 much larger than the largest-energy scale, combined
with a large system sizé&, much larger than the Compton wavelength of the pion. In
summary this would mean

at> Mperturbative™> Mhadronic> L (2.1)

to avoid discretization and finite-size errors. This clearly corresponds to—with the current
computing power—inaccessibly large lattices.

Our method to overcome these problems has been develof@dnyi0,15-17]peda-
gogical introductions can be found jh8,19] The key concept is an intermediate finite-
volume renormalization scheme, in which the scale evolution of the coupling (and the
guark masses) can be computed recursively from low to very high energies. At sufficiently
high energies, the scale evolution is verified to match with perturbation theory and there
the A-parameter is determined.

2.1. Renormalization

Any physical quantityP should be independent of the renormalization sgal&his is
expressed by the Callan—Symanzik equafih21]

a a a
{u8—+ﬂ(§)—_+r(§)n‘1—_}P=0. (2.2)
7 ag am
Here, thes-function is given by
9
pe)=n S0 23)
"

1 As for Ref.[13], an additional relevant question concerns the correctness of the formulation of fermions on
the lattice. We refer tfil4] and references therein for an introduction to the problem.
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Hence, once the coupling has been defined non-perturbatively for all scales (see Sec-
tion 2.2), also theB-function is defined beyond perturbation thedriyor weak couplings
or high energies only, thg-function can be asymptotically expanded as

B(&) =—83(bo+b18% +bag* +--). (2.9)

In the following we only consider mass independent renormalization schgtfigsin

which the renormalization conditions are imposed at zero quark mass. Particular exam-
ples are the Schrédinger functional scheme described below, aMBIseheme. If in two

such schemes the couplings e mutually expanded as Taylor series of each other (once
they are small enough),

g2=g21+cPg?+ ), (2.5)
then the 1- and 2-loop coefficienig andb; in (2.4) are universal,
1 2
bo=——(11— =Nt ), 2.6
0= oz (117 3M) (26)
1 38
by=——(102— —N¢ |, 2.7
' (4n>4< 3 f) @7

while the higher-order coefficients depend on the choice of the coupling. Starting from the
3-loop coefficient in theVMlS schemd24] and its conversion to the minimal subtraction
scheme of lattice regularizatid@5—28] the 3-loop coefficient in the Schrédinger func-
tional scheme (with all the parameters as specified below)

bp = (0.483(7) — 0.275(5) N5 + 0.03614(5) NZ — 0.00175 1) NP) /(4 )3 (2.8)

could be obtained if29].
Now, a special exact solution of the Callan—Symanzik equg®a?) is the renormal-
ization group invariantA-parameter,

&)
_ _ 2 -2 1 1 b]_
O e R R e R |
1(bog“(w)) P J B T b2

(2.9)

A is scale independent but renormalization scheme dependent. The transition to other
mass independent schemes is accomplished exactly by a 1-loop calculation. If in another
scheme the coupling is given throu@®5) with both g’ and g taken at the samg, the
A-parameters are related by

A = AeCe /@0 (2.10)

2 For ther-function similar statements and expressions are valid, once the running quark:nhassbeen
defined non-perturbatively.
3 See[23] for an example that this restriction can be non-trivial for non-perturbative couplings.
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In particular, the transition from the Schrodinger functional scheme with two dynamical
flavors to theMS scheme of dimensional regularization is provided thra3gh

A% —2.3820353)A?. (2.11)
2.2. Schrédinger functional

Since we want to connect the perturbative regime of QCD with the non-perturbative
hadronic regime, we have to employ a non-perturbative definition of the coupling. Further-
more, the definition of the coupling should be practical. This means that one has to be able
to evaluate it on the lattice with a small error, that cutoff effects are reasonably small and
that its perturbative expansion to 2-loop order is computable with a reasonable effort. In
principle there is a large freedom for the choice of the coupling, however, it turns out that
the conditions above are hard to fulfill simultaneously.

To this end we consider the Schrodinger functional, which is the propagation amplitude
for going from some field configuration at the timag= O to another field configuration at
the timexg = T. Here the space—time is a hyper-cubic Euclidean lattice with discretization
lengtha and volumeT x L3. We choosel’ = L so thatL is the only remaining external
scale in the continuum limi — 0 of the massless theory.

The SU3) gauge fieldd/ are defined on the links of the lattice, while the fermion fields
are defined on the lattice sites. The patrtition function of this system is given by

Z=e¢l= f DIU, v, ¢ ]e S V-V1, (2.12)
TxL3

Here, the action is the sus{U, v, ¥] = SglU] + St[U, ¥, ] of the Qa) improved pla-
guette action

1
SglUl = 2 > w(p)tr(1—U(p)) (2.13)
0 p

and the fermionic action

SHU. Y. ¥1= Y ¥ (x)(D +mo)yr(x) (2.14)
X

for two degenerate flavors implicit itr. For the special boundary conditions considered
below, the weight factow(p) is the boundary improvement terep[4] for time-like pla-
guettes at the boundary and one in all other cases. The valuda$ become available to
2-loop order in perturbation theof?9] in the course of this work. Thus some of our data
sets use the 1-loop value af hence our simulations adopt two different actions. Because
of universality we expect them to yield the same continuum limits for our observables.

The Q) improved Wilson Dirac operatoD includes the Sheikholeslami—Wohlert
term[31] multiplied with the improvement coefficiemt,, that has been determined with
non-perturbative precision if82], and a boundary improvement term that is multiplied
by the coefficient;, which is known to 1-loop order. For details and notation we refer to
[33,34]
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The boundary conditions in the space directions are periodic for the gauge fields and
periodic up to a global phagefor the fermion fields. The value @f was optimized at
1-loop order of perturbation theof80]. It turns out that a value close o= /5 leads to
a significantly smaller condition number of the fermion matrix than other valuésaofl
thus to a smaller computational cost. Benchmarks in the relevant parameter range for our
project have shown this too, and therefore we adopt the clioiee /5 in this work.

In the time direction, Dirichlet boundary conditions are imposechat 0 andxg=T7'.

The quark fields at the boundaries are given by the Grassmann valuegfiglasxo = 0

andp’, p’ atxg =T, respectively. They are used as sources that are set to zero after differ-
entiation. The gauge fields at the boundaries are chosen such that a constant color-electric
background field, which is the unique (up to gauge transformations) configuration of least
action, is generated in our space—tidg This is achieved by the diagonal color matrices
specified in Ref[16], parametrized by two dimensionless real parametensdv.

A renormalized coupling? may then be defined by differentiating the effective action
I' at the boundary point “A’ 0f16] that corresponds to the choige=v =0,

%—F = _iz (2.15)
Nly=v=0 &

The normalizatiort is chosen such that the tree-level valugf%faquaISgg for all values of

the lattice spacing. The boundary point “A’ and especially the valae0 are used, since

the statistical error of the coupling turns out to be small for this choice. For general values
of v we find another renormalized quantity

or =k{_—12—v6}, (2.16)
87} n=0 8
that we have investigated as well to study the effects of dynamical fermions.
The renormalized coupling depends on the system size, the lattice spaeaimg on
the quark mass. The bare quark magsis additively renormalized on the lattice because
chiral symmetry is broken for Wilson fermiofi35]. Thus we define the bare mass by the

PCAC relation that relates the axial curretft(x) = ¥ (x) %yﬂ y5¥ (x) to the pseudoscalar
density P%(x) = 1/_f(x)%y51ﬁ(x). Using the matrix elementga and fp of A}, and P¢,
respectively (cf[33]), the Qla) improved PCAC mass is defined as
3(30 + 93) fa(x0) + caadldo fr(xo)

2 fp(x0) '

We have used 1-loop perturbation theory éar[34].
To fix all the details of our scheme, we define the bare current mass through

m(T/2), if T/ais even
"= { [m((T —a)/2) + m((T +a)/2)]/2, if T/aisodd

This mass is tuned to zero,
m(go, mo, L/a) =0, (2.19)

so that we have a massless renormalization scheme, in which the only remaining external
scale in the continuum limit is the system size

m(xp) = (2.17)

(2.18)



384 ALPHA Collaboration / Nuclear Physics B 713 (2005) 378—-406

2.3. Computational strategy

In the last section we have defined the Schrédinger functional coupfinghis finite-
volume coupling runs withh = 1/L and—assuming monotonicity—there is a one-to-one
relation between the value of the coupling and the systemisizeenergy scale. In an
abuse of notation we will from now on wrifg?(L) instead ofz2(1/L).

Our goal is to calculate the scale evolution of the strong coupling and-jp@ameter of
QCD in terms of a low-energy scale. We start the computation by choosing amvauthe
renormalized coupling (which implicitly determinés and by choosing a lattice resolution
L/a. The theory can then be renormalized by tuning the bare pararrﬁat:er@/gg and
k =1/(8+ 2amg) such that

g’(Ly=u and m=0. (2.20)

Now we simulate a lattice with twice the linear size at the same bare parameters, that means
at the same value of the lattice spacing, and thus with the physical extecv@2esponding

to a new renormalized coupling = §2(2L).* This determines the scale evolution of the
renormalized coupling. It can be expressed through the lattice step scaling function

Z(u,a/L) = g*Q2L)|g2(1y=u.m=0- (2.21)
which is the key observable we compute. Finally, we obtain the step scaling function
= lim X(u,a/L 2.22
o (u) o/t80 (u,a/L) ( )
in the continuum limit by repeating these three steps with finer and finer lattice resolutions.
This algorithm is iterated for a sequence of valuesftw get the functional form of ().

For small values ofi the step scaling functioa («) can be expanded in renormalized
perturbation theory,

o(u):u—i—souz—l—slus—i—ou, (2.23)

with the coefficients

s0=2bgIn2, (2.24)
s1=(2bpIn2)? + 2b1In 2, (2.25)
52 = (2boIn2) 4 10pph1(IN2)2 + 2b2In 2. (2.26)

The step scaling functioa (z) can be interpreted as an integrated discgefieinction.
Indeed, by using Eq2(3) we get

B(Vow)) = pB(Vu) ﬁa’(w) (2.27)

for the g-function, which allows to calculate it recursively once the step scaling function
o (u) is known.

4 The massn on this larger lattice is different from zero by a lattice artifact which is expected to vanish in the
continuum limit proportionally ta2. This has been verified in R4fLO].



ALPHA Collaboration / Nuclear Physics B 713 (2005) 378—-406 385

To arrive at our main result, that is the-parameter in terms of a low-energy scale, we
solve the equation

o(3%(L/2) = g4(L) (2.28)

recursively forg?(L/2). We start this recursion at a maximal valugax = g2(Lmax) Of
the coupling. The value afax is chosen such that the associated séalgy is a scale in
the hadronic regime of QCD. Following the recursi@m28)to larger and larger energies,
we obtain the values for

u; :gz(ziil‘max), i :0,...,”l, ug = Umax- (229)

We performm = 7 orn = 8 steps of this recursion and can in this way cover a scale separa-
tion of a factor 100 to 250. Eventually, for sufficiently large energies, perturbation theory
can safely be applied. Then we U&9)with u = 2"/ Lmax and with theg-function trun-
cated at 3-loop orde(2.6)—(2.8) The final result forA L nax in the Schrodinger functional
scheme can be converted to & scheme with{2.11) We also check the admissibility

of employing perturbation theory by studying the variation of our final result with respect
to the number of non-perturbative steps the scale evolution of the strong coupling.

2.4. Discretization effects

The influence of the underlying space—time lattice on the evolution of the coupling can
be estimated perturbative[29], by generalizing Symanzik’s discussif®6—38] to the
present case. Close to the continuum limit we expect that the relative deviation

Yu,a/L) —o(u)

S(u,a/L) = s =81(a/L)u+ 82(a/L)u’ + - -- (2.30)

of the lattice step scaling function from its continuum limit converges to zero with a rate
roughly proportional ta:/L. More precisely, since the action iS€) improved, we expect

2
Sl(a/L)~<do‘1+d1,1ln %)(%) T (2.31)
52(a/L) @y (dortdiain® +ara(n ) )(4) + (2.32)
20a/ €027 02+dizln s +dza(In— I .

for the 1-loop value of; and the same form witkg > = O for the 2-loop value of;. Note
that the tree-level discretization effects vanish exactly, since we normalize the coupling
such that its perturbative expansion starts vgﬁifor all values of the lattice spacing.

The coefficientss; and§, are collected inTable 1for the resolutions needed in this
work. An expanded version of this table can be founBBi. The entries in the last column

are very small. For larger values f/a than shown in the tablesg =% decreases as

expected. Sincél™"°° is of the ordera/L, it is no surprise that it is much larger than

SE‘ZZ'IOOP. In fact, it is of the same size as, for which the linear term i/ L is absent.
The largest coupling at which the step scaling function has been computed with the
1-loop value ofct is u = 1.7319. With the 2-loop value af;, this isu = 3.334. Table 1
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Table 1

Discretization error of the step scaling function

L/a 51 3;1=1—Ioop Sgtzz_l()()p
4 —0.0103 00063 —0.00007
5 —0.0065 00049 —0.00019
6 —0.0042 00038 —0.00041
8 —0.0021 00029 —0.00030

suggests that the step scaling function is only mildly affected by discretization effects.
This will be demonstrated by our numerical results in Secfion
We cancel the known perturbative cutoff effects for the respective actions by using
Y (u,a/L)
14 81(a/L)u + 82(a/L)u?
in the analysis of our Monte Carlo data. The perturbative estimate of the relative cutoff
effects behaves dg&/L) x u3 close to the continuum limit.

>Pw,a/L)=

(2.33)

2.5. Matching to a hadronic scheme

As described so far, our computational strategy yieldsnax, With Lnax defined by the
value of the coupling itself. Since the latter is not experimentally measurable, it remains
to relateLmax to a hadronic scale. Here, the natural choice is the pion decay costant
since chiral perturbation theory provides an analytic understanding of the pion dynamics
[40,41], which is expected to help to control the extrapolations to the physical quark mass
[41] as well as to infinite volumg42].

A computation ofLmaxF, requires the knowledge qf(gg) = aF, (at a quark mass
wherem / F,; takes its experimental value) at(@g) = Lmax/a, whereg?(Lmax) = tmax-
We remind the reader thgf is defined at vanishing quark mass. The difference between
the improved bare couplingp [33] and go is proportional to the light quark mass and
can safely be neglected for physical values of the light quark mass. We therefore replace
g0~ go in the following. The value ofiax is restricted to be in the range covered by the
computation of the scale dependence of the coupling and, for lattice spacings accessible in
large-volume simulation$(g§) should be sufficiently large. With both functiordsand £,
defined for the same discretization, one finally wants to evaluate

Lmax Frr |continuum= }iﬂjol(gg)f(g(%) (2.34)

Unfortunately, the results available in the literat{48,44]for f (g(2)) with our action[32]
suffer from an uncertainty in the renormalization of the axial current, which has not yet
been performed non-perturbatively. Also théa@improvement of the current is known
only perturbatively and it is not obvious that quark masses have been reached where chiral
perturbation theory is applicable.
At present, we thus prefer to relalgnax to the frequently used hadronic radiug
which, according to phenomenological considerations, has a value of ardufrd (15]
and which has also been the reference scale in the zero-flavor theory, i.e., the quenched
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approximation7]. Note that in a calculation in this approximation agreement was found
(within its 3% precision) betweehkro and the product of the experimental number for
Fx times 05 fm [8]. Below, we thus evaluatBmax/ro = 1(g3)/p(g3) wherep(g3) = ro/a

and translate to physical units vig= 0.5 fm.

3. Details of the numerical smulation and analysis

In addition to the piece present in the pure gauge th§y, the central observable,
aI"/dn, receives a contribution due to the quark determinant. We describe its numerical
evaluation by a stochastic estimatorAppendix A Also detailed tables with simulation
results are deferred to @&ppendix B

3.1. Tuning

With a number of tuning runs we determine the bare paramgteasd « such that
Eq.(2.20)is valid. Fulfilling the conditionnz(L) = 0 precisely would require a fine tuning
of the hopping parametat. However, the uncertainty i’ owing to a small mismatch of
m can be estimated perturbatively. To this end we compute the derivativendth respect
toz=mL,

9 21

=®(a/Lu’+---. (3.1)
9z

§2(L)=u,m(L)=z/L

It turns out thatd is a slowly varying function of: /L. Thus, for our purpose it suffices to
approximate it by its universal part,

N 0
®(0)=——"c11(2)

= 0.00957Vs, 3.2)
4 0z

z=0
wherec1 1(z) has been taken frof30]. The typical precision in Monte Carlo simulations
is A(37%) = g7%A(g%) = 0.003, as can be seen fromables 10 and 1in Appendix B
This means that an additional error ab01 x 2 due to a slight mismatch of the mass
m(L) is tolerable. Then it suffices to require
1
am < 0.12—. (3-3)
L Ns
Tables 10 and 1inh Appendix Bshow that we have reached this precision in our simula-
tions.
Analogously, we stop the fine tuning gfif g2(L) = u well within the errors. Then we
can correct for a small mismatch owinggé(L) = ii # u by using

YXw,a/L)=X@@,a/L)+ X (u,a/L) x (u — i), (3.4)
with the perturbative estimate

0X(u,a/L) N do (u)
ou ou

X' (u,a/L) = ~ 1+ 2squ + 3s1u? + dsou® (3.5)
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Table 2
Step scaling function& and @
u L/a  X(u,a/L) >@w,a/L)y u L/a  Xu,a/L) @@, a/L)
0.9793 4 1064335) 1.0686(35) 1.5031 4 17204(56) 1.747757)
5 1.0720(40) 1.073841) 5 1737(11) 1.75511)
6 1.080246) 1.0807(46) 6 173013 1.74313)
8 1073659 1.072959) 8 1723(16) 1.730(16)
1.1814 4 13154(55) 1.319956) 2.0142 4 2481(18) 2.535(18)
5 1.3296(61) 1.3307%61) 5 2.438(20) 2.473(20)
6 1.325370) 1.324970) 6 2507(27) 2.533(28)
8 1.334271) 1.332371) 8 247535) 2.48935)
1.5031 4 1731061) 1.733261) 2.4792 4 3251(28) 3.33829)
5 1.756(12) 1.754(12) 5 3.336(52) 3.394(53)
6 174512 1.741(12) 6 3.156(57) 3.198(58)
8 3326(52 3.351(53)
1.7319 4 2058376) 2.056276) 3334 4 5588(54) 5.791(56)
5 208321 2.076(21) 5 543(11) 5.56(11)
6 2.05820) 2.04920) 6 5.641(99) 5.75(10)
8 5.48(13) 5.53(13)

The left-hand side of the table contains the data with the 1-loop valug while the data withet = 2-loop are
shown on the right.

for the derivative of the step scaling functiah This correction is always smaller than the
statistical error of the step scaling function.
Similarly, we convert the statistical error arinto an additional error of,

A(Z‘(u)) ~ X' (u,a/L) x A(u) ~ (L+ 2squ + ---) x A(u). (3.6)

This additional error is always much smaller than the errg?g2L), to which it is added
in quadrature.

In some cases we have stopped the fine tuning ahd« after a number of runs and
interpolated the results such that exactly the target coupling and mass zero with the errors
as shown infables 10 and 1ivere obtained.

The step scaling functio®' (u, a/L) and its partner with the perturbative cutoff effects
being divided outX @ (u, a/L) (cf. (2.33)), are listed inTable 2

3.2. Parameters

Our choice of parameters is displayedriables 10 and 1ih Appendix B The parame-
ters shown are the results of a careful application of the tuning procedure explained in the
last section. The tables reveal that the condifiétL) = u is fulfilled to a good precision.
The remaining deviations and the errors are then propagated into an additional error for
X (u), as described above.
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Table 3

Cost estimates for twd /a = 16 runs;typdate[s] is the time in seconds needed for one trajectory of length 1
Algorithm Step size Tint fupdaté [s] 22 Ntraj Mcost
HMC 0.0625 36(3) 380 246(5) 4800 6.9(6)
HMC 2 pf 0111 46(4) 262 255(5) 5900 5.6(5)

The reference machine is an APEmille board.
3.3. Simulation costs and proper sampling of the configuration space

Most of our results have been produced with the hybrid Monte Carlo algorithm (HMC)
[46], the polynomial hybrid Monte Carlo (PHMC) in the version proposefify48]and
for some of theL/a = 16 runs the hybrid Monte Carlo algorithm generalized to two
pseudofermion fields (HMC 2 pf#9,50]

We measure the cost of our simulations with the quantity

Most= (update time in seconds on maching M
x (error of Yg2)? x (4a/T)(4a/L)3, (3.7)

In [51] the cost of a subset of the simulations discussed here (essentiallylija te 12
and g2 ~ 2.5) has been analyzed. A typical value for HMCIata = 10 andg? ~ 2.5

is Mcost~ 3.5, with respect to one board of APEmIl[B2]. To give an idea about the
increase of the cost for the/a = 16 simulations, we collect results from two different
runs at the coupling? ~ 2.5 in Table 3 We compute the autocorrelation timg; in units

of trajectories in the way suggested 8].

Related to the issue of estimating the autocorrelation time is always the question
whether the algorithm samples the entire relevant configuration space efficiently. If this
is not the case, autocorrelation times may be largely underestimated and even systemati-
cally wrong results may be obtained. We now discuss two at least rough checks that our
simulations do not suffer from such problems.

(1) To investigate the contributions to the coupling from sectors of configuration space
with non-trivial topology, we have performed a set of simulations at the coupfirng2.5
with L/a = 8,12. The topological charg@(U) is determined through a cooling proce-
dure. Since sampling different topological sectors might be algorithmically very difficult,
we have employed the PHMC algorithm, whose flexibility can be exploited to enhance the
transition rate among different sectors (at the price of increasing the fluctuations of the
reweighting factor), and checked the results to be independent of the polynomial approxi-
mation used.

Starting from a hot, random configuration, several of the independent replica were in a
non-trivial topological sector. For these replica the smallest eigenvalui¥ geéven—odd
preconditioned) turns out to be one order of magnitude smaller than typical values in the
topologically trivial sectors. After (00 trajectories forL /a = 8, respectively O(1000)
trajectories forL /a = 12, all the replica have zero topological charge and transitions to
sectors withQ (U) # 0 have not been observed in additionall0%) trajectories.

From this we conclude that the PHMC algorithm can tunnel between different topolog-
ical sectors, but for largé /a the transition rate is very small. In addition, the weight of
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Fig. 1. Monte Carlo histories 03300' and 35300'/an from two independent replica (solid and dotted lines) in a
simulation of a 18 lattice atz2 ~ 3.3.

the non-trivial sectors is too small for them to occur in a practical simulation at all (all
tunnelings went ta2 (U) = 0 and none in the reverse direction). Their weight in the path
integral is negligible. These statements have been checkddfio= 8,12, and it appears
safe to assume their validity also for largefa. Therefore, we decided to always start
from a cold configuration, especially for tHe/a = 16 simulations, to avoid thermaliza-
tion problems.

(2) For the two largest couplings discussed here the distributiérs 6§ shows long
tails toward negative values. The same effect was also observed in the computation of the
Schradinger functional coupling in pure 8) gauge theory16]. We have related this tail
to secondary local minima of the acti¢®4] by measuring on cooled configurations the
pure gauge contribution to the acti61§°°' and to the couplingisgoc"/an. This leads to
metastabilities as shown for drya = 16 simulation withz? ~ 3.3 in Fig. 1 The upper
panel is the Monte Carlo historyp is the Monte Carlo time in units of molecular dynam-
ics trajectories) of the gauge part of the action after cooling for two independent replica.
The lower panel shows the history @Sg"f"/an for the same two replica. The correlation

between metastable states and small (even negative) valaﬁgf’ﬁ'f/an appears evident in

this case. The actiofc®® for the metastability in the figure is consistent with the value for
a secondary solution of the field equatigt6], given our choice for the boundary fields.
Numerical evidence suggests that this solution is a local minimum.

In order to estimate the weight of these contributions in our expectation values properly,
we have enhanced their occurrence through a modified sampling simjila&g]t@dding to
the HMC effective action a term

N 1
8_9 +— (- VO)Z, (3.8)
n n=0 Wy
whereyg andw, are fixed to suitable (positive) values, whileis a dynamical variable.
The expectation values in the original ensemble are then obtained by reweighting. By some
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deterministic cooling procedure with a fixed number of cooling steps we now define a
guantityg whose value is 1 for metastable configurations, and 0 otherwise, sudjthat
8,0 = 1. For an arbitrary observabt2 we have an exact identity

(0) = (8,10) + (8,00) = (8,10) + (0)7(1 = (5,1)), (3.9

with (0)1 = (8,00)/(840). If the main contribution tdO) comes from the configurations
with ¢ = 0, a precise estimate ¢D) just requires a precise estimate(of);, which can be
obtained by an algorithm that samples only ¢he 0 sector, together with rough estimates
of (6,1) and(6,10) that can be obtained by the modified sampling.

At g2~ 3.3 we get(s,1) = 0.3(2)%, independent of. /a = 8, 12 within the error. The
effect of metastable states on the coupling i) %. At the couplingg? ~ 5.5 the occur-
rence of metastable states is much more frequent, as expected, and(¥g oet5(1)%.

At the same time their sampling is much easier already in the original ensemble, us-
ing either the PHMC or the HMC algorithm. In fact, we have repeatedithe = 12
simulation for g2 ~ 5.5 using PHMC for the ordinary ensemble (withd@8)) as in

[10], but measuring in addition the occurrence of metastable states. This turned out to
be around 6%, and fog? we have obtained a result fully consistent with the number

in [10].

In summary, we can be confident that topologically non-trivial sectors are irrelevant
for our observables with our choice of parameters and at the present level of precision. In
contrast, there are secondary minima in the action, which are visible as metastable states
in the Monte Carlo sequence. They are relevant startingf at 3 and have been taken
into account efficiently by deviating from naive importance sampling and combining two
different properly chosen ensembles.

4. Results
4.1. The strong coupling

In Fig. 2we show the approach of the step scaling functi® (u, a/L) to the contin-
uum limit. The cutoff effects are small. Actually, all the data are compatible with constants.
If we use simple fits to constants, the combingdper degree of freedom for all the eight
continuum extrapolations is about 1.4 regardless of the number of lattices included in the
fit. Even the points aL/a = 4 are compatible with a constant continuum extrapolation.
One possible strategy for the continuum extrapolation is thus a fit to a constant that uses
the lattices withL /a = 6, 8.

In this fit to constants we exclude the two coarsest lattices since there is always the
danger of including systematic cutoff effects into the results coming from the lattices with
largea/L. Therefore, we have also investigated two alternative fit procedures. The first
and most conservative one (denoted as “global fit” in the tables) is a combined continuum
extrapolation of all the data sets, but excludibg: = 4. Here we use the two-parameter
ansatz

>Pw,a/Ly=0)+ p*u*(a/L)?, X e{1-loop, 2-loop}, (4.1)
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Fig. 2. Continuum extrapolation of the step scaling function.

for the lattice artifacts, where the coefficientd are understood to be associated to the
data with the 1-loop and the 2-loop valuef respectively. This fit results inp1710%P =
0.08(13) and p2°°P = 0.01(4), quantifying that lattice artifacts are not detectable in our
data. Moreover we have studied a mixed fit procedure, using a fit to constants for the
lattices withL /a = 6, 8 for the 2-loop improved data sets and the global fit angat),

which includes a slope for the cutoff effects, for the 1-loop improved data sets.

5 We have also considered fits that use a common ansatz for the step scaling function for all the data sets.
These lead to slightly smaller error bars of the final results.
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Table 4
Continuum limit of the step scaling function
u o(u)

Global fit Fit to constants Mixed fit
0.9793 1073644) 1.077836) 1.0736(44)
1.1814 1324681) 1.328550) 1.3246(81)
15031 1733123 1.741(12) 1.733(23)
1.7319 2037(41) 2.04920) 2.037(41)
15031 1744Q97) 1.738(10) 1.738(10)
2.0142 2488(26) 2.516(22) 2.516(22)
2.4792 331152 3.281(39) 3.281(39)
3.3340 560(16) 5.670(80) 5.670(80)

These different fits are performed to investigate the uncertainties in the continuum re-
sults. All our plots refer to the most conservative of these three fit procedures, which leaves
both p11°9P and 27190 ynconstrained.

The results of the continuum limit extrapolation of the step scaling funciiGihu, a/L)
are recorded ifable 4 At u = 1.5031 we have two sets of data, one of which was pro-
duced with the 1-loop value and the other with the 2-loop value;.oBoth continuum
results agree well within their errors, which is an independent check of our extrapolation
procedures.

We interpolate the values dhble 4by a polynomial of degree 6 in, the first coeffi-
cients up tou® being fixed by 2-loop perturbation theory, ¢2.23) This interpolation is
depicted inFig. 3. For small values of < 2, the step scaling function is well described by
perturbation theory. Actually, the perturbative lines shown in this plot are the solution of

o(u)
/ dx
J VXB(J/x)
for o (1) using the 2-loop and the 3-logp-function. Looking at the comparison of suc-
cessive perturbative approximations to the non-perturbative results, it appears likely that
higher orders would not improve the agreement at the largest coupling. Rather we appear
to have reached a value for the coupling, where the perturbative expansion has broken
down. In fact, already in SectioB.3 we have discussed the indications that fluctuations
around a secondary minimum of the action are important at this value of the coupling.
Such a mechanism may represent possiblesource of non-perturbative effeés.

We adopt the parametrized form of the step scaling function to computetthe
parameter. To this end we start a recursion with a maximal coupling = 2%(Lmax)-

For umax = 5.5, the recursive stef?.28)is solved numerically to get the couplings,
corresponding to the energy scales- 2' / Linax that are quoted ifiable 5 We then insert

—2In2= 4.2)

6 In this context we note further that for the pure gauge theory it has been demonstrated that the Schrodinger
functional coupling grows exponentially with at even larger values df [9]. We do not expect that any semi-
classical picture is applicable in that regime but rather see this as a disorder phenomenon.
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Fig. 3. Step scaling function («). The dashed lines show the perturbative results from the integration of the
2-loop and 3-loogB-function, respectively.

Table 5
Recursive computation of thé-parameter starting aly = umax=5.5
i Global fit Constant fitL/a =6, 8 Mixed cont. extrap.

u;i —In(ALmax) u;i —In(ALmax) u; —In(ALmax)
0 55 0.957 55 0.957 55 0.957
1 3.306(40) 1.071(25) 3.291(18) 1.081(12) 3.291(19 1.081(12
2 2.482(31) 1.09337) 2.47920) 1.096(23) 2.471(20) 1.106(24)
3 2.010127) 1.09348) 2.00919) 1.096(35) 2.003(19 1.106(35)
4 169522 1.08957) 1.691(16) 1.09943) 1.690(17) 1.103(44)
5 1.468(18) 1.087(65) 1.462(14) 1.109(49) 1.464(15) 1.100(52)
6 1.296(16) 1.086(73) 1.288(12) 1.122(55) 1.292(14) 1.100(63)
7 1.160(14) 1.086(82) 1.151(11) 1.13862) 1.157(13) 1.101(74)
8 1.050(13) 1.088(93) 1.041(10) 1.15570) 1.048(13) 1.10387)

these couplings into E@2.9)for the A-parameter, using there the 3-loggfunction. This
gives the results in the third column @able 5 Employing the 2-loop-function leads
to results that are larger by roughly0@. The table shows that far< 2 the A-parameter
barely moves within its error bars. To be conservative, we use the global fit result and quote

as our final result, if the hadronic scdlgay is defined throughymax = 5.5.
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Fig. 4. Running of the strong coupling in the Schrédinger functional scheme.

We have in addition computed thé&-parameter as a function afnax in the interval
umax=3.0...5.5. The results can be parametrized as
1 b1

In(b —0.1612+ 0.037% max- 4.4
2boitmax Zbg (boumax) max ( )

This parametrization is motivated K{£.9) and represents the central values of our data
with a precision better than one permille. The absolute errerlof A Lnay) that we quote

for all the values ofimax is 0.07. This means that we have calculated thgarameter in
units of L max with a precision of seven percent.

The running of the Schrédinger functional coupliage) = 32(1/w)/(47) as a function
of u/A is displayed inFig. 4. The points refer to the entries of the second column of
Table 5 The symbol size is larger than their error. The difference between the perturbative
and the non-perturbative running of the coupling looks small in this plot. However, if we
had used perturbation theory only to evolve the coupling over the range considered here,
the A-parameter would have been overestimated by up to 14%, dependinga@nThis
corresponds to an extra error of 3% for the coupling in the range where its value is close to
0.12, corresponding to the physical valueogfs at Mz. Needless to add, this error could
of course not even be quantified without non-perturbative information.

Furthermore, our non-perturbative coupling was designed to have a good perturbative
expansion, since we rely on the 3-loggunction in the (high-energy part of the) compu-
tation of theA-parameter. With our computation we hatgwnthat for the Schrédinger
functional coupling there is an overlapping region where both, perturbative and non-
perturbative methods apply. In no way is this to be interpreted as a general statement about
QCD observables or couplings at certain energies.
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Fig. 5. Non-perturbativg-function in the Schrddinger functional scheme.

In Fig. 5 we show the non-perturbativg-function in the Schrddinger functional
scheme, together with the 2-loop and the 3-loop perturbation theory. It has been obtained
recursively from(2.27) The derivative of the step scaling function needed there has been
calculated from the polynomial interpolatingu) (see continuous line iRig. 3). The non-
perturbative data are fitted with two parameters beyond the 2-fofimction. The plot
again shows an overlapping regiongnwhere the perturbative and the non-perturbative
B-functions agree well with each other. Fer> 0.2, however, perturbation theory is no
longer valid. Furthermore, the plot shows the difference betwgena 0 and Ny = 2. Al-
ready the leading coefficiemy of the g-function depends on the number of flavors, and
this is nicely reflected in the figure.

4.2. Computation of as a function of the strong coupling

The difference between the quenched approximation and the two-flavor theory is also
apparent in the renormalized quantitgefined in(2.16) As a function of the coupling
we write (at zero quark mass)

ﬁzw(u)za/liLnlo.Q(u,a/L). (4.5)
In perturbation theorys2 is known to 2-loop order,

R(u,a/L) = (v1+vou)(1+€1(a/L) + €2(a/L)u) + O(uz). (4.6)
Here[16,30,55]

v1 = 0.06946031) + 0.024537Q1) Ny, 4.7)
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Table 6
Cutoff effects ofv in perturbation theory
L/a Ns=0 Ni=2
€1(a/L) €2(a/L) €1(a/L) €2(a/L)
4 0.188060917) —0.0202024) 0.304434425) 0.0372543)
5 0.1085045%16) —0.0134722) 0.182208322) 0.0125539)
6 0.067729215) —0.0091Q22) 0.111403321) 0.0032536)
7 0.046099315) —0.0066Q21) 0.072786%20) —0.00047135)
8 0.033596715) —0.0051321) 0.050234020) —0.0013034)
10 0020392715) —0.0035721) 0.028083219) —0.0011834)
12 0013800215) —0.0027320) 0.018130%19) —0.0009133)
14 0.009990415) —0.0021920) 0.012794619) —0.0007433)
16 0007578115) —0.0018120) 0.009563%19) —0.0006433)
20 0004798314) —0.0013320) 0.005963419) —0.0005Q33)
24 0003313214) —0.0010320) 0.004087319) —0.0004Q33)
v2 = —0.00136414) — 0.00010%17) Ns — 0.000336230) N?, (4.8)

and the perturbative cutoff effects are listediable 6 Note that the tree-level coefficient
of v vanishes exactly because of the definition of the couplings. The perturbative results
indicate a large effect for going from the zero- to the two-flavor theory.

The first step in the analysis is to projecton zero mass. To this end we have ob-
tained the crude estimata/d(am) ~ —0.15(4) at constani: from the matching runs at
the smallest coupling and with/a = 4. We use it also at the other couplings. After this
projection, the perturbative cutoff effects are eliminated (similarlg2t83) by replacing
£ by

Q(u,a/L)

1+e1(a/L) +€2a/L)u
in the analysis. In contrast to the coupling, this correction is substantial and the resulting
continuum extrapolation is much smootti&@].

Then we project2® (u, a/L) on some reference couplings in the ramge 0.9793. ..
5.5, using a numerical estimate for the slope. In principle, we would have to propagate
the error ofu = g2 into an extra error 0f2@ (u, a/L). However, it turns out, both from
perturbation theory and from the non-perturbative fits later, that the variatiowih u is
so small that this extra error can safely be neglected.

We make an ansatz linear {a/L)? for the continuum extrapolation. The data for the
two different actions are extrapolated separately and the continuum results are then aver-
aged according to their weight. The datd gt = 4, 5 are left out.

The results are displayed kig. 6 together withv at N; = 0 from Ref.[16]. The com-
parison shows thaf increases by almost a factor two when going from the quenched
approximation tavVs = 2.

2@, a/L) = (4.9)

4.3. Evaluation ofArg

For the Og) improved actior{32] used in our computations, the low-energy soale
has been calculated gt= 6/g§ =5.2 (ora =~ 0.1 fm) by two groupg44,56] Recently,
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Table 7
Simulation results f0§2(L) at low 8
B K L/a g2(L)

ct = 1-loop ct = 2-loop
5.20 013600 4 332(2) 3.65(3)
5.20 013600 6 431(4) 4.61(4)
5.29 013641 4 3184(16) 3.394(17)
5.29 013641 6 405932 4.27937)
5.29 013641 8 534(8) 5.65(9)
5.40 013669 4 3016(20) 3.188(24)
5.40 013669 6 3708(31) 3.861(34)
5.40 013669 8 4704(59) 4.747(63)

The hopping parameteksare set to the critical onesd) of [57].

these large-volume/s = 2 simulations of QCD have been extended to smaller values of
the lattice spacing, namely.5< 8 < 5.4 [57]. In order to obtainArg and to study its
dependence on the lattice spacing, we here use resulisy/toof [57] at8 =5.2,5.29,5.4
and compare also to the numbers resulting frgpa of [44].

First, we obtain the renormalized coupling on lattices with exfeft = 4, 6, 8 at the
three chosen values @f It is listed inTable 7 The hopping parameteksare taken from
[57]. They correspond to roughly massless pions and thus massless quarks. We checked
that reasonable changesxafe.g., requiring Eq(2.19) affect our analysis only to a neg-
ligible amount. We then set the improvement coefficigrnb its 2-loop value and obtain
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Table 8
Low-energy scaleg in the chiral limit and the combinatiortgro as obtained for two values ofmax =

2% (Lmax

B ro/a Lmax/a AggsTo Lmax/a AgsTo
Umax= 3.65 Umax = 461
5.20 545(5)(20) 4.00(6) 0.655(27) 6.00(8) 0.610(25)
5.29 601(4)(22) 4.67(6) 0.619125 6.57(6) 0.614(24)
5.40 7.01(5)(15 5.43(9) 0.621(17) 7.73(10) 0.609(16)
1 [ T T } LU L LI LI ]
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Fig. 7. Dependence ot on the bare quark massq = (1/x — 1/«¢)/2. Both quantities are rescaled (made di-
mensionless) by the extrapolated valuegfdenoted byq(0). The uncertainty of this rescaling is not propagated
into the errors. Fokc, we take the values ¢57], listed inTable 7

Lmax/a for the three values g8 combined with two fixed valuesmax= g2(Lmax) = 3.65
andumax = 4.61 by an interpolation of the datairable 7 These values of nax/a, which
are recorded iffable § are insensitive to the interpolation formula used.

Second, we analyze the raw data fgya at finite bare quark massesy, in order to
obtain the value corresponding to massless quarks (the up- and down-quark masses may
safely be neglected in this context). At each bare coupling, three different quark masses,
corresponding to pion masses between about 500 MeV and 1 GeV, have been simulated
in [57]. As seen irFig. 7, the radius¢ depends approximately linearly on the bare quark
mass in this range. The figure also demonstrates that the slope is strongly cutoff dependent;
its magnitude decreases quite rapidlygamcreases (the lattice spacing decrea$éd)is
has been noted earligs8] and reminds us that the study of lattice artifacts is important.
On the other hand, we are here not interested in the slope bytahzero quark mass.
We estimate it by a simple linear extrapolationrify. Since the linear behavior is not
guaranteed to extend all the way to zero quark mass, we include a systematic error of the
extrapolation in addition to the statistical one: an uncertainty of half the difference of the

7 The slope visible irFig. 7 is not directly a physical observable, since (upiteffects) the renormalized
quark mass is given by r = Zmmq rather than bynq. However, it appears unlikely that the strong dependence
of the slope orgg is canceled by, since the latter is expected to be a weak function of the bare coupling. More
details can be found if58], where also a properly renormalized slope has been analyzed.



400 ALPHA Collaboration / Nuclear Physics B 713 (2005) 378—-406

last data point and the extrapolated value is added as the second €efatér8 Within
the total error, dominated by the systematic one due to the extrapolation, our vatygs of
do agree with those quoted [#4,56,57] where somewhat different ansatze—angyi
also different data—have been used.

Third, combining Eqs(4.4) and (2.11with ro/a and Lyax/a of Table 8 one arrives
at the columnsAgsro in that table. Here we have added errors in quadrature, except for
the one attributed to Eq4.4), which is independent of the bare coupling. The resulting
Ajzsro are remarkably stable with respect to the change of the lattice spacing and also
the choice ofumax. In particular, forLmax/a > 4.5 all numbers including their errors are
covered by the interval.B8 < Agsro < 0.66 and also the central value obtained with the
worst discretizatiol max/a = 4 is inside. We thus quote

A%ro — 0.62(4)(4) (4.10)

as our result, the second error deriving from the 7% erron @ ax.

We finally mention that we repeated the above analysis alsq fior 1-loop precision
and the valueamax = 3.32 and 431 suggested byable 7 The central values fon gsro
are then up to 15% lower than feot at 2-loop precision, but this difference shrinks as
Lmax/a grows. At the largest value dfmax/a, the number forAgsro is again fully con-
tained in the rangel o = 0.62(4).

5. Conclusions

This non-perturbative QCD computation has required extensive simulatiavis-e2
QCD with Of) improved massless Wilson fermions in finite volume. In our situation,
discretization errors turned out to be very small, as seen for examplg.i2 and also in
[10]. Although we could achieve the necessary precision only on lattices up to a §ize 16
the smallness of discretization errors allowed to obtain the running of the QCD coupling
in the continuum limit and to good accuracy. As in tNe= 0 (pure gauge) theory, the
energy dependence of the coupling in the Schrédinger functional scheme is now known
over more than two orders of magnitude in the energy scale. This is the main result of our
investigation.

The Ni-dependence is best illustratedrig. 5 where we also observe excellent agree-
ment with 3-loop perturbation theory far< 0.2, while for largerx, the non-perturbative
B-function breaks away rapidly from the perturbative approximatione At 0.3...0.4,

a couple of additional higher-order perturbative terms witkefficients of a reasonable
sizewould not be able to come close to the non-perturbagifanction.

To calibrate the overall energy scale, one fixes a large enough value of the coupling to be
in the low-energy region and relates the associated distdngg, to a non-perturbative,
large-volume observable. For technical reasons, explained in S€chone have chosen
the hadronic radiugg, which has an unambiguous definition in terms of the fafce)
between static quarks, vi%F(ro) = 1.65[45]. This quantity has also been chosen in the
computation of theA-parameter fotV; = 0 [7]. We compareArg for various numbers of
flavors inTable 9
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Table 9

The QCD A-parameter in units ofy

Ns A’(v%f) ro Reference Remarks

0 0.60(5) [7]

2 0.62(4)(4) This work

4 0.57(8) [59-61] DIS @ NNLO & rg =0.5 fm
4 0.74(10) [1] World average &g = 0.5 fm
5 0.54(8) [1] World average &g = 0.5 fm

Non-perturbative, purely theoretical determinations Agr= 0, 2 are compared to extractions df from high-
energy scattering experiments, using high-order perturbation theory combined with the phenomenological esti-
materg ~ 0.5 fm [45].

The last two entries in the table represent one and the same world average by S. Bethke
of a-measurements. They are related by pleeturbativematching of the effective the-
ories with Ny = 4 and Ny = 5 massless quark®2]. While little can be said on the
N;i-dependence oﬁ,(\%)ro on general grounds, the prediction that there should be a sig-
nificant drop fromN; = 4 to Ny = 5 depends only on perturbation theory at the scale of the
b-quark mass and should thus be reliable. A similar statement for the chang&/fror
to Ni =4 is less certain as it involves physics at and below the mass of the charm quark.

Another relevant issue in the above comparison is that we tgsed.5 fm to relate the
high-energy experiments to our theoretical predictions. Although it appears unlikely that
ro differs by 10% from this value, a true error is difficult to estimate until a reliable non-
perturbative computation of, e.gqF,; has been performed. Indeed, such a computation,
or more directly the computation @fyax x F,; for Ny = 2, is the most urgent next step to
be taken in our programme. After that, the effect of the remaining (massive) quarks needs
to be estimated.

Keeping the above caveats in mind, we still may convertAhparameter to physical
units and obtain

AZ = 245(16)(16) MeV  [with ro = 0.5 fm]. (5.1)

Although in this case the four-flavor theory has not yet been reached, it is a very non-trivial
test of QCD that the non-perturbative results, which use experimental input at low energies
of order Y rg ~ 400 MeV, agree roughly with the high energy, perturbative extractions
of A. Unraveling the details in this comparison will still require some work; some of it was
just mentioned.

Now, thata(u) is known, the tables presented in this work also provide the bare pa-
rameters of our lattice action needed in the computation of the energy dependence of the
renormalized quark mass and composite operators. These are then readily related to the
appropriate renormalization group invariants.
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Appendix A. Evaluation of aI'/dn

Our central observable, E(R.15) translates into the expectation value

_[dS\ _[dSg\  [dSE"
n=o_<dn>_<dn>+< dn > (A1)

where the pure gauge patfy/dn has been discussed[it6] and

ar
an

eff
Y —Nf<(0TQld—Q§0> : (A-2)
dn dn dn [,
Here we have useﬁifEff = —N;Trln Q with Q = y5(D + mo) = 0T andD the (one-flavor)
Dirac operator including improvement terms. As usﬁﬁ is obtained after integrating
out the fermion fields and the trace extends over color and Dirac indices as well as over the
space—time points. The last expression in &g2) represents an average over a complex

random fieldp (x) with the property
(‘pja (x)ﬁodﬁ (y))w = Scdaaﬁaxy , (A3)

wherec, d denote color indices and 8 are Dirac indices. We may finally rewritia??ﬂ/dn
in the form

dSg" 1 dQ(x,x)
ﬁ = _Nf< > St T[(p(x)XT(x) + X(x)<p*(x)]> :
x|xo€{a,T—a} ¢
0X = o, (A4)

where we have used the fact thap /dn vanishes except for the clover terms, which
are diagonal in the coordinateand contribute only on the time slicegs = a andxg =

T — a. Now “tr” is over spin and color only. EqA.4) is in the form used i63] for the
contribution of the clover terms to the pseudofermionic force in the HMC algorithm and is
evaluated analogously. Only one solution of the Dirac equation is needed.
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Of course, the average over the gauge fields can be interchanged with the one over the
field ¢ and one may replad@.2) by an average over a finite number of fiejgddrawn from
a distribution satisfyindA.3). We found that the fluctuations of such a noisy (unbiased)
estimator fordeeff/dn are small compared to the onesd#ly/dn, already when only one
field ¢ (from a Gaussian distribution) is used per gauge configuration. This has hence been
our method of choice in all simulations.

Appendix B. Detailed numerical results

Tables 10 and 1list detailed parameters and results of our simulations.

Table 10
Simulation parameters and results using the 1-loop value for
Lia B K 22 AG%H b A(D) m A(m)
u=0.9793
4 9.2364 01317486 793 Q0007 01557 Q0019 —0.00600 000011
5 9.3884 01315391 794 00009 01322 00023 000197 000005
6 9.5000 01315322 0793 00011 01266 00016 —0.00014 000003
8 9.7341 0131305 09807 00017 01177 00042 000074 000006
8 9.2364 01317486 10643 00034 01244 00061 000010 000004
10 93884 01315391 10721 00039 01151 Q0077 000210 000003
12 95000 01315322 10802 00044 01227 00072 —0.00091 000002
16 97341 0131305 10753 00055 01047 Q0080 —0.00008 000003
u=1.1814
4 82373 01327957 11814 00005 01483 00016 000100 000011
5 8.3900 01325800 11807 00012 01353 00018 —0.00018 000009
6 85000 01325094 11814 00015 01269 00014 —0.00036 000003
8 87223 01322907 11818 00029 01141 00048 —0.00115 000004
8 82373 01327957 13154 00055 01209 00061 000020 000005
10 83900 01325800 13287 00059 01128 Q0070 000097 000007
12 85000 01325094 13253 Q0067 01304 00068 —0.00102 000002
16 87223 01322907 13347 00061 01065 Q0049 —0.00194 000002
u=1.5031
4 7.2103 01339411 15031 00010 01437 00010 —0.00074 000010
5 7.3619 01339100 15044 Q0027 01250 Q0031 000052 000010
6 7.5000 01338150 15031 00025 01201 00024 —0.00078 000004
8 7.2103 01339411 17310 00059 01151 00037 000959 000004
10 7.3619 01339100 17581 00113 01062 00084 000257 000005
12 7.5000 01338150 17449 00119 01223 00073 —0.00138 000004
u=1.7319
4 6.7251 01347424 17319 00020 01378 Q0009 —0.00181 000013
5 6.8770 01346900 17333 00032 01272 00025 —0.00005 000011
6 7.0000 01345794 17319 00034 01161 00023 —0.00002 000005
8 6.7251 01347424 20583 Q0070 01008 00032 001051 000005
10 68770 01346900 20855 00208 00934 Q0080 000335 000006
12 7.0000 01345794 20575 00196 00833 00082 —0.00049 000006
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Table 11
Simulation parameters and results using the 2-loop value for
Lia B K 22 AG%H A(D) m A(m)
u=1.5031
4 7.2811 01338383 15031 00012 01434 00013 000043 000015
5 7.4137 01338750 15033 00026 01310 00027 —0.00083 000009
6 7.5457 01337050 15031 00030 01247 00031 000072 000008
8 7.7270 0133488 15031 00035 01219 00032 —0.00084 000003
8 7.2811 01338383 17204 00054 01091 00037 000928 000004
10 74137 01338750 17372 00104 01110 Q0063 000109 000004
12 7.5457 01337050 17305 00122 00893 00079 —0.00006 000008
16 77270 0133488 17231 00151 01017 00092 —0.00154 000019
u=2.0142
4 6.3650 01353200 20142 00024 01349 00017 000000 000023
5 6.5000 01353570 20142 00044 01236 00024 000002 000011
6 6.6085 01352600 20146 00056 01205 00029 000030 000009
8 6.8217 0134891 20142 00102 00991 Q0045 000049 000007
8 6.3650 01353200 24814 Q0172 01016 00049 001318 000008
10 65000 01353570 24383 00188 00900 Q0050 000367 000005
12 6.6085 01352600 5077 00259 01074 00069 000013 000004
16 68217 0134891 2475 0031 Q0916 00076 —0.00053 000006
u=2.4792
4 58724 01360000 24792 00034 01206 00016 000000 000026
5 6.0000 01361820 24792 00073 01085 00023 —0.00009 000014
6 6.1355 01361050 24792 00082 01025 00032 000000 000013
8 6.3229 01357673 24792 00128 01015 00053 000000 000016
8 58724 01360000 2511 Q0277 00859 00043 001819 000011
10 6.0000 01361820 B356 00502 00796 00064 000579 000009
12 6.1355 01361050 31558 00552 00801 Q0079 000078 000007
16 6.3229 01357673 33263 Q0472 00806 00074 000039 000017
u=23.3340
4 53574 01356400 38340 00109 01087 00013 000000 000040
5 55000 01364220 B340 00182 00965 00018 —0.00004 000017
6 56215 01366650 3263 00196 00894 Q0031 000051 000018
8 5.8097 01366077 B34 Q0019 Q0887 00042 000000 000004
8 53574 01356400 %88 Q049 Q0576 00036 003163 000019
10 55000 01364220 530 Q0098 Q0585 00048 001126 000012
12 56215 01366650 %624 Q089 Q0607 00043 000334 000015
16 58097 01366077 54763 01236 00689 00052 000048 000004
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Abstract

We report performance benchmarks for several algorithms that we have used to simulate the Schrédinger functional with
two flavors of dynamical quarks. They include hybrid and polynomial hybrid Monte Carlo with preconditioning. An appendix
describes a method to deal with autocorrelations for nonlinear functions of primary observables as they are met here due to
reweighting.0 2001 Elsevier Science B.V. All rights reserved.

1. Introduction large factor. The importance of algorithmic optimiza-
tion can hence hardly be overestimated. The finite size

In the past years the ALPHA Collaboration has pur- technique with the Schrédinger functional — beside

sued the goal to reliably compute the QCD gauge cou- its uses for QCD physics — offers the possibility of

pling at high energy in terms of non-perturbative low an investigation of the lattice spacing dependence of

energy parameters. The concomitant necessity to dealthe performance of fermion algorithms with all phys-

with a large energy ratio in the continuum limit was ical scales held fixed. Here we report on such results

solved by a breakup into recursive steps. Here one for several algorithms.

employs finite size rescaling by repeated factors of The Schrddinger functional can be regarded as the

two and extrapolates to the continuum each step by free energyl” of QCD in a finite volumeL3 x T,

itself. By a combination of theoretical reasoning and o

numerical tests the Schrodinger functional was deter- exp(—1") = /D[U]D[W]D[Iﬂ]

mined as a particularly convenient framework for this _

purpose. The programme has been completed for the X exp(—S[U, v, ‘P])' (1.1)

quenched approximation, see Refs. [1,2] for reviews The actionS consists of the usual plaquette action

of the approach and Ref. [3] for a summary of data. for SU(3) gauge field&/ and two degenerate flavors

First tests with a non vanishing flavor number have of clover-improved Wilson fermions. The box is peri-

been reported [4]. As is well known, by the inclusion odic in space, and fixed gluon potentials and vanishing

of dynamical quarks the numerical cost is boosted by a quark fields' are prescribed on the temporal bound-

* Corresponding author. 1 Non-vanishing quark sources are also possible but will not be
E-mail addressuwolff@physik.hu-berlin.de (U. Wolff). needed here.

0010-4655/01/$ — see front mattér 2001 Elsevier Science B.V. All rights reserved.
PIl: S0010-4655(00)00242-3
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aries. The boundary potentiald and C’ at xo = 0
andxg = T are specified in terms of the scaleand
dimensionless parameters, one of which is caljed
and is kept variable. A convenient practical choice
with T = L, introduced as point “A” in [5], is used
throughout. Quark fields are periodic in space up to
a phas# = 7 /5. An Abelian background field is in-
duced which can be varied by changing The re-
sponse to such an infinitesimal variation is used to de-
fine the renormalized coupling

aly/dn
or/on |,

g8:(L) = (1.2)
where I'y/g3 is the tree level value of” for bare
coupling go. For a lattice realization we now have to
choose values foL /a, go and bare quark massg
as well as coefficients for the improvement terms in
the action. We take the latter as smooth functions of
go either by a perturbative expression or by a non-
perturbative fit [6]. The masay is fixed by demand-
ing zero PCAC-mass [7]. Hence we may approach the
continuum limit by a sequence of lattices with grow-
ing L/a andgp adjusted to maintain a fixed valger.
Conceptually this is exactly the same situation as in
our quenched computations. The regularizing lattice
spacinga varies while renormalized physics is held
fixed. It is on such ‘trajectories’, that we study algo-
rithm performance.

Our most extensive simulations of the(d) im-

R. Frezzotti et al. / Computer Physics Communications 136 (2001) 1-13

tive effects of the many bosons [13]. With PHMC the
operator polynomial is employed to construct a non-
local Gaussian action for only one boson field which
is simulated by HMC. The imperfection of the polyno-
mial can be corrected by an acceptance or reweighting
step. Some results are reported which have been ob-
tained by a recently proposed multi-level Metropolis
procedure (MLM) [14]. Further details of the various
algorithms will be given below.

2. Algorithmsin this study

In this section we briefly describe our implementa-
tions of fermion Monte Carlo algorithms as they are
benchmarked in this study. With each of them the goal
is the inclusion of effects of the weight factor dey?
which arises from integrating two degenerate flavors
of quarks out of (1.1),

exp—I) = f D[U1exp(—SgaugdU1) det 0)2.
(2.1)
Here the Hermitian operatap for Sheikholeslami—
Wohlert improved Wilson quarks has the structure
O=coysM; M=1-T—H. (2.2)

The constanty is chosen to contain the eigenvalues of
Q in the interior of the interval—1, 1). The matrixiM
contains nearest neighbor hopping terméfirand the

proved Schrodinger functional have been conducted clover term inT', which is diagonal with respect to the

with the well-known hybrid Monte Carlo method
(HMC) [8]. In our implementation we took advan-
tage of preconditioning and the refinement proposed
in [9]. It amounts to the introduction of two differ-
ent step sizes for fermion-gluon and gluonic self-
couplings in an approximately optimal proportion de-
pending on their relative computational cost. In other

lattice index. The detailed form of these components,
including boundary improvement, can for instance be
found in Ref. [15].

2.1. Hybrid Monte Carlo

The HMC method [8] has so far been the most

long runs we applied the polynomial hybrid Monte popular fermion algorithm for QCD. In choosing a
Carlo (PHMC) [10,11]. Here, as for the multiboson trajectory length of unity we followed the general
technique [12], an approximately inverting polyno- experience thatthis is close to optimal. In [16] this was
mial of the Dirac operator is used to bosonize the the- confirmed for the quenched Schrédinger functional,
ory. In the multiboson proposal the resulting action is and a test with dynamical fermions&ta = 8 showed
represented by many boson fields with nearest neigh-an almost doubling of computational costs fgﬁ,:
bor couplings. For unimproved Wilson fermions finite as we lowered the trajectory length to one half. We
step-size updates are employed, which however be-reduced discretization errors by the multiple time
come impractical when the clover term is included — scale method proposed in Ref. [9] taking the version
the case on that we concentrate here. A further disad-given there in Eq. (6.7) with = 4. A test of the
vantage is the additional slowing down due to collec- performance gain of the above integration scheme in
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practical simulations was performed in [17], where it

to its complexity, in particular if the clover term is in-

was demonstrated that a substantial gain is achieved ascluded, this has to our knowledge only been used to
compared to a standard leap-frog integrator. The value accelerate linear systems and was for that purpose re-

of n was not varied any further in this study.

As an essential sophistication we made use of two
different forms of preconditioning. Both rely on our
ability to factor out ofQ matrix factors which on the

ported to be superior over even—odd preconditioning if
combined with the BiCGstab [22] inversion algorithm
for the preconditioned/ and M™. In the following
SSOR will refer to such an implementation. For the

one hand are easy to invert and on the other handunimproved case, a simplified form of SSOR precon-

capture a part of its spectral variation to leave us with
a better conditioned remaining factor. For even—odd
preconditioning we exhibit the block structure &f

with respect to even (e) and odd (o) lattice sites and

factorize
Meo)
MOO

M,
M — ( ee
Moe
(Mee o> (1 Mt Meo )
1/ \0 Moo— MoeMziMeo)’
(2.3)

Moe

where the left (lower) block-triangular factor and the
block-diagonalMee are easy to invert. This factoriza-
tion can now be used in a two-fold way. If the origi-
nal QO under the determinant in (2.1) is plugged into
the HMC algorithm we have to continuously solve
linear systems with coefficient matrices given 8y
With (2.3) these can be transformed into better condi-
tioned systems with accelerated iterative inversion of

/Q\ = EO]/S(MQO — MoeMe_elMeo). (24)

The constano is again used to normalize the spec-
trum of Q. On the other hand we may also conclude
from (2.3) that up to irrelevant constant factors the re-
lation

det( Q) o det Meo) det( Q) (2.5)

holds. Now Q enters into the HMC and leads to
a different Monte Carlo dynamics, which also takes
detMee) into account. When we refer to even—odd
preconditioning in this paper, this second variant will
always be meant. Further details on our implementa-
tion of HMC may be found in [18]. As we only have
to invert the squared operat’Q\r2 we use the conjugate
gradient method (CG), which was found to be close to
optimal in this case.

For SSOR preconditioning a different factorization
of M based on factors triangular with respect to a lexi-
cographic ordering of lattice sites is used [19-21]. Due

ditioning (ILU) was implemented under the determi-
nant with very positive results [10].

We compared the performance of our two HMC
program versions on our largest lattice, i.e* &

B = 9.5. In solving the linear systems with the re-
spective preconditioned operators we confirmed thatin
terms of operations associated with applying these op-
erators to fields, the BiCGstab algorithm with SSOR
preconditioning outperforms the CG algorithm with
even—odd preconditioning by a factor of about 1.6.
Part of this advantage is however lost in terms of
CPU time, because on our Alenia Quadrics (APE) ma-
chines inner products are relatively expensive. Since
in the BiCGstab algorithm inner products and linear
combinations are much more frequent than in the CG
algorithm, this is a non-negligible overhead. The over-
all advantage that we find for the even—odd version
derives however from the different operators under the
determinant. A clear sign of this is the behaviour of the
acceptance rate in both cases. While for the even—odd
preconditioned determinant we could obtain an accep-
tance rate of 91% with a step size af = 0.08, for
det(Q?) it went down to 75% already at a step size of
At =0.07.

In principle, one could also conceive of the fol-
lowing combination yet untested by us. One uses the
even—odd preconditioned determinant and, when lin-
ear systems witl® have to be solved, one transforms
them to the SSOR preconditioned form, solves, and
translates back. It is unclear at present, whether the
overhead still leaves this variant profitable.

2.2. Polynomial hybrid Monte Carlo

We recall here some basics of the PHMC algorithm.
For technical details the reader is referred to Refs. [23,
24]. In the PHMC algorithm the inverse ad? is
approximately computed by a suitable [12] Chebyshev
polynomial of degree,

02~ P, (0. (2.6)



Defining the relative deviation

Rpe (M) =APpe(M) —1, (2.7)

the inversion error for eigenvaluese [, 1] of QZ is
1- e

bounded by
n+1
1+ /e ) '

For a given degree the free parameterin P, . al-
lows to trade between approximation range and accu-
racy. For eigenvalues < ¢ the error monotonically
moves fromR,, ¢ (¢) = —8 to R, (0) = —1. With the
help of P, . we represent the determinant by a bosonic
spinor field (pseudofermior)

8 =SUp|Ry.c(W)| = 2( (2.8)
A

dex0? = [ DIgIDIG exp—s,)W (2.9)
with the Gaussian action

Sp=¢ P (02U (2.10)
and the remainder

W =de(02P,.(0?) (2.11)

rendering (2.9) exact. As long as the spectrun@c?f

is in the approximation rangge, 1], W is a small
correction close to one. Expectation values in the full
QCD ensemble are now given by reweighting with

as

ow
(O)=< )P

(W)p
where O is some observable and the averdge) p
is taken with the actioSgauge+ Sp. SinceW is still
given by a determinant, a straightforward evaluation is
hard. As it is a small correction, however, stochastic

: (2.12)

R. Frezzotti et al. / Computer Physics Communications 136 (2001) 1-13

global heatbath fopp and molecular dynamics fdv
including the speedup from [9] discussed before. This
is chosen, because, in contrast to the multiboson algo-
rithm [12], finite step size updates féf are imprac-
tical here due to the complicated non-local effective
action.

At this point the parameters, ¢ and, less im-
portantly, Ncorr are at our disposal for optimization.
For small eigenvalues the growth of the ‘inverter’
P, (1) ~1/x is cut off atA ~ €. For the HMC dy-
namicse hence, in some sense, takes over the role
of the smallest eigenvalue. It was found advanta-
geous [23,24] to choosea few times larger than the
typical smallest eigenvalue @ 2. This allows us to
keep the degree of the polynomial lower for the same
approximation accuracy. Configurations with small
eigenvalues of) 2 are produced more frequently than
they would be with the exact determinantal weight. As
the algorithm is still exact, this is precisely compen-
sated byW or respectivelyW giving smaller weight
to the observables evaluated on these configurations.
It should be borne in mind that the unquenched lat-
tice path integral is always well-defined. The potential
problem with nearly ‘exceptional’ configurations is a
statistical one with rarely sampled large contributions,
which is alleviated by our sampling and reweight-
ing technique. This is the reason for us to prefer the
reweighting correction over an acceptance step.

There is a special round-off problem for PHMC that
we briefly summarize now with more details available
in [23,25]. To generatep with action (2.10) it is
necessary to factorize

P02 =F.(0)'F.(0) (2.14)

(unbiased) estimates should be adequate. For eachwith an nth degree polynomiaF,. For gauge field

measurement we construct an estimatogiven by
NCOTI'

Y expln] (1-102Puc (D] )i}

i=1

l (2.13)

with independent Gaussian random fielgisAverag-
ing over Ncorr such estimates allows us to reduce and
control the extra noise inflicted here. The true QCD av-
erage is then estimated by Eq. (2.12) withreplaced
by W.

The update of the gauge field and the pseudofermi-
onic field ¢ follows the standard HMC pattern with

1
Neorr

W =

updating U -derivatives of Sp have to be taken at
fixed ¢. To this end we factorize further

Fa(0)¢ = [Ven (0 —r)][Ven—1(0 — ra—1)] - --
[Vei(Q —r)]¢ (2.15)

and store the occurring subproducts to facilitate the
force computation. While the complex rootg are
determined byP, ., the real factors/c; only serve

to prevent the partial products from growing too large
or too small. It is known [25] that the evaluation of
a high order matrix polynomial in factorized form is
in principle rather susceptible to round-off error. In
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particular, the ordering of factors in (2.15) is of crucial
importance in this context. In [23,25] orderings were detM M) o /H H ;o] Dlial

found which make this source of errors negligible i=la=1
for the runs withn up to 46 reported in this paper, _ 2
even on the 32-bit APE 100 machines. Further details x &Xp Z P bial” ). (2.19)

on tuning the polynomial parameters are deferred to
Appendix B. The powers; > 1 are advantageous as they lead to a

Another variant of PHMC could be devised by ap- smaller force on the gauge field which allows larger
plying an inverting polynomial to the complex spec- update steps [14].

trum of y5Q instead of the real positivé 2. A cor- Let us summarize the action that is simulated,
responding muIquson a]gonthm was |nve§t|gated in ¢— SgaugdU1 + ShoplU1 + SpelU, ¢] (2.20)
Ref. [26]. We shall investigate this method in the near . )
future. with

ShoplU1=trT + 3trT? + 1tr 73 (2.21)
2.3. Multi-level metropolis algorithm

and

As for the previous algorithms it is our aim to  SpHU, ¢] =Z|Pi¢"“|2' (2.22)

represent de0?) o« detM M) in a way suitable for
simulation. Here this will be done in part by the
explicit use of a few terms of the hopping parameter
expansion in powers df + H (see Eq. (2.2)) and by
integrals over a collection of pseudofermion fields to
represent the remainder.

The series for the logarithm of the determinant is

We now consideSgaugd U] as a zeroth approxima-
tion which is taken into account in generating finite
stepsize primary updatgroposals All further terms
will eventually be implemented by accept-reject fil-
ters. In the first level action

. b r1
given by s = Sgauget Shop+ Z | P1¢14 |2 (2.23)
logdetM) = trin(M) = —tr(T + H) — 3tr(T + H)? a=1
_ %tr(T +H)3 4. (2.16) the hoppingtermis included as it would otherwise lead

. _ to a single link action too complex for level zero. All
In our algorithm, we separate off the series up to some further levels;j > 1 are straightforwardly given by
orderk. In the present work we found it convenient .
to usek = 3, since &7 + H)' =trT' can easily ) _ (=1 2
. SY) =gy Pig; 2.24
be computed fori = 1,2, 3. At higher orders also +Z| i®jal (2:24)

mixed terms would contribute. In order to deal with a=t
the remaining terms, we define uptoj =1I. . _

We now describe the steps of the multi-level Metrop-
~ k1 . olis update scheme. A proposal at level 0 is given
M= Mexp(Z - (T + HV) (217) by multiple local updates with the Cabibbo—Marinari

j=1 heatbath or the overrelaxation algorithm. One possi-
For the inverse ofif we introduce a hierarchical  bility is to randomly selec links to be updated. In
approximation by polynomials?; of order n; in Ref. [14] we found it advantageous to actually update
T+H, several times a sublattice chosen at random from a

set that covers the lattice. The size of the sublattices
is chosen such that a reasonable acceptance at level
one of the algorithm is achieved. The whole proposal
obeys detailed balance with respect to the level zero

J
=T P +o(r + HYth). (2.18)
i=1
The full required inversion accuracy is reached for the

maximal valuej = 1. This is used withy +r2+--- + 2rT is small but nonzero, as we also included boundary
r; pseudofermion fields to derive the representation  improvement terms in it.
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action as we reverse the order of link updates with units, we take our couplingg,:. The precise defini-
probability /2. The remaining levels now proceed re- tions are
cursively as follows. Generate a propogalby per-

forming 1; update steps at level — 1. Accepty/ as ~ Mcost= (update time in seconds on machii

new configuration at level with the probability x (error of I/ g30)? x (4a/T)(4a/L)*

AD = min[1, exp(—ASD[T]+ AP [U])], (3.1)
(2.25)  and

whereAsW) = §() — gG=D), Dcost = (number of application®¢)

In our implementation, the auxiliary fields, are x (error of I/ g2.)2. 3.2)
kept fixed during the update cycle of the gauge field SF

after they have been generated by a global heatbath bySince the squared error in both formulas goes down in-
solving versely proportional to the run length, both quantities,

1 extracted from given Monte Carlo simulations, do not

bia =P 0, (2.26) depend on their lengths. The reason for focusing on

wherey is a Gaussian random field. absolute errors ofﬂgé,: is as follows. We assume for
In its present form the MLM algorithm will not be  the purpose of error analysis onlhat the running of

the method of choice for large lattices. The reason is gsrWith L hasthe structure of 1-loop perturbation the-

that its cost will ultimately grow proportional to the ~ Ory, 1/g&~ —2bglog L + const. Then

square of the number of lattice sites. This is because 5; 1 5 )

the size of the updated blocks cannot grow while — = z—lmﬁ(l/gsp)%%(l/gs,:) (3.3)

maintaining the acceptance rate and thus their number ) ] ) .
is proportional to the volume. Each evaluation of holds, and we approximately aim at a certain relative

ASY is however also of order volume in complexity. SCalé uncertainty, independently of the sizeggf-

On the other hand, as we shall see shortly, MLM can [N (3.1) the trivial growth proportional to the number
produce precise results dt/a = 5 where we have  f Iatupe sites is cancelled such that both quantities
tested it here. As it contains interesting elements, for Scale in the same way. The reference machiihén
instance being a finite step-size method for improved this publication will always be the smallest 8-node
dynamical fermions, we still found the idea and the Machine of type Q1. Most of our data actually come
practical test worth reporting and comparing with from bigger machines with up to 512 nodes. The

other methods here, for instance as a basis for further COSts on these machines are converted by multiplying
modification. naively by the ratio of nodes, e.g., 58 This means,

we neglect communication overheads, which is a small
effect on our hardware and implementation. Note

3. Benchmarks of algorithmic performance that with our definitions costs can be meaningfully
compared also under trivial (replica) parallelization, of
3.1. Our measure of efficiency which we make extensive use.
While most of the CPU time with dynamical fermi-
We now define two quantitiesMcost and Dcost ons is spent on applications of the Dirac operator there

which allow to compare simulation costs for a certain is also quite some overhead from other operations,
physics output between different algorithms and pa- in particular on small lattices. This was neglected in
rameters. The first measure is machine dependent andD¢qs; except for the contribution to the gauge field
refers to actual CPU time on the APE100 line of paral- force in the PHMC algorithm which is proportional to
lel computers currently in use by the ALPHA Collab- the polynomial degree. As a consequence, the ratio
oration. The second one is machine independent with Dcosy/ Mcost Varies between 50 and 80% of the theo-
the number of Dirac operator applications to a spinor retical value referring taQ¢ operations only. Appli-
field being our currency. As a target quantity, whose cations ofQ and O are so close to each other both
statistical accuracy is used for weighing costs in either in theoretical complexity and actual CPU time, that
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Table 1
Summary of the simulated parameter sets, which enter our performance studies of dynamical fermion
algorithms. Quark masses are close to their critical values

Set L/a B Algorithm AT Pacc
12a 12 9.5 HMC (e/o) 0.080 0.91
12b 12 9.5 HMC (SSOR) 0.060 0.86
12c 12 9.5 HMC (SSOR) 0.070 0.75
12d 12 9.5 PHMC (e/o) 0.091 0.83
12e 12 9.5 PHMC (e/o) 0.100 0.76
12f 12 8.5 HMC (e/o) 0.070 0.93
12g 12 8.5 PHMC (e/o) 0.091 0.80
12h 12 8.5 PHMC (e/o) 0.114 0.75
12i 12 7.5 HMC (e/o) 0.075 0.89
12j 12 7.5 PHMC (e/o) 0.098 0.77
12k 12 7.5 PHMC (e/o) 0.098 0.78
10a 10 9.3884 HMC (SSOR) 0.080 0.78
10b 10 8.39 HMC (SSOR) 0.080 0.75
10c 10 7.3619 HMC (SSOR) 0.070 0.79
10d 10 6.877 HMC (SSOR) 0.070 0.72
10e 10 6.5 HMC (SSOR) 0.060 0.80
10f 10 6.0 HMC (SSOR) 0.050 0.83
10g 10 5.5 HMC (SSOR) 0.040 0.82
8a 8 9.2364 HMC (e/o) 0.080 0.96
8b 8 8.2373 HMC (e/o) 0.120 0.91
8c 8 7.2103 HMC (SSOR) 0.100 0.71
6a 6 9.5 HMC (e/o) 0.110 0.97
6b 6 9.0 HMC (e/o) 0.110 0.97
6¢c 6 8.5 HMC (e/o) 0.100 0.97
6d 6 7.5 HMC (e/o) 0.070 0.98
5a 5 9.3884 HMC (SSOR) 0.120 0.92
5b 5 7.3619 HMC (SSOR) 0.120 0.90
4a 4 9.2364 HMC (e/o) 0.130 0.98
4b 4 8.24 HMC (e/o) 0.120 0.98

4c 4 7.21 HMC (e/o) 0.200 0.93
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T LA B B L

we neglect their difference. The SSOR preconditioned 30 [-!
operator, on the other hand, is counted 3 @ op- 0 B ﬁ ',/'/ i
erations due to extra multiplications of the diagonal * HMC (e/o0) 7
(clover) part. M,,, [ *HMC (SSOR) g 1
A typical run that entered our benchmarks is entry 1g b " PHMC (e/0) . /,/ |
12k in Table 1. WithM¢ost~ 12 andD¢ost~ 3000 we 8 i 3
ran a total of 13000 trajectories on &fa =T /a = Z - ',-"/K a-s E
12 lattice and achieved 6% scale accuracy in about 5 [ /_/ _-
6 days on 256 nodes of APE100. a - 5 -
3.2. Numerical results 3 = ,,-/ .
2= —
In Table 1 we list the most important parameters 7
for a subset of our HMC and PHMC runs performed
to investigate the QCD running gauge coupling with 1= bl '
6 7 8 9 10 20

two massless flavord.The fourth column indicates
which of the algorithms discussed before was used. L/a
This table has to be read in conjunction with Table 2, Fig. 1. Measured values dfcost for runs with constant physics
where the measured values ffcost and Dgost are fixed by g2~ 1.1 and vanishing quark mass.
given. Results forD¢ost of MLM follow in Table 4
below. Error estimates for the costs stem from the 5
error of tint of g5 which is determined by the method - 1oL/a=12
of Appendix A. Its value here refers to a unit given N [ 1.a1/a=8
by complete update cycles (trajectories). The update “ " 1 1/a-6
time in seconds for one such cycle is normalized 100 — , © Jol/a=
to the APE100-Q1 as discussed with the definition i +L/a=4
of Mcost In Fig. 1 we plotMcest againstL /a for all L A 4
our runs at a fixed scalé in physical units that is B o o ©° 7
implicitly determined by the conditiogé,:% 1.1.The
line corresponding to a growth proportionaldo® is - .
shown as a reference and roughly represents the rise of
the data. This combines effects of a growing variance g YL T T
of our observable in the Schrédinger functional for 1 1.5 2
g2 and of critical slowing down. The latter accounts g
for about two powers of &. In Fig. 2 the number of
conjugate gradient iterations is shown for our even—
odd preconditioned HMC runs. At least for smaller
gg,: there is an approximately linear growth with
L/a which contributes one power to critical slowing to roughly grow like ¥a’ in the continuum limit, at
down. This is the expected behaviour singé. 1s the least at the relatively weak coupling considered here.
infrared cutoff here analogous to the quark mass in This seems to be more optimistic than the quark mass
other applications. At larger couplingcg moderately dependence in some previous estimates, for insthnce
rises in the range that has been explored here. in [27]. One reason may be that our growth may be
The actual cost to determine the running coupling slightly underestimated due to overhead on the small
at fixed error forgglg as discussed before hence seems lattices. Closer inspection reveals as another source of
difference that in our molecular dynamics steps we are

Fig. 2. Average number of iterations of the conjugate gradient
algorithm in even—odd preconditioned HMC runs.

3 The physical implications of these data will be analyzed in a
separate paper [29] while here we focus on algorithmic aspects. 4 See also the discussion in [28].
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Table 2
Cost estimates for the simulations in the parameter sets specified in Table 1. Precise results and analysis
on the running og%,: will appear in [29]

Set 8 %,: Tint tupdate/ [$] Mcost Decost/107
12a 11 2.00(16) 1582 15(1) 36(3)
12b 11 1.98(23) 2392 20(2) 30(4)
12¢ 11 2.82(27) 1773 22(2) 37(4)
12d 11 1.41(10) 1636 12.9(9) 30(2)
12e 11 1.35(7) 1335 12.0(6) 28(2)
12f 13 2.19(12) 1768 15.0(8) 38(2)
129 13 1.16(7) 1518 18.3(1.1) 44(3)
12h 13 2.47(15) 1103 11.6(7) 27(2)
12i 17 2.35(14) 1895 14.7(9) 39(2)
12j 17 2.05(14) 1554 12.6(9) 32(2)
12k 17 1.81(13) 1371 11.6(9) 28(2)
I0a 11 1.95(7) 707 9.7(4) 16.2(6)
10b 13 2.35(10) 719 10.7(5) 17.5(8)
10c 17 2.63(13) 804 11.5(6) 18.7(9)
10d 2.1 3.42(20) 806 14.4(8) 25(1)
10e 2.4 3.46(21) 991 16(1) 28(2)
10f 33 3.42(21) 1274 19(0) 33(2)
10g 5.4 3.9422) 1932 30(2) 49(3)
8a 11 1.14(8) 260 4.0(1) 8.2(3)
8b 13 1.40(6) 183 3.0(1) 6.2(3)
8c 17 2.40(9) 239 5.8(2) 8.4(3)
6a 1.0 0.70(2) 49 1.00(3) 1.98(6)
6b 11 0.75(2) 49 1.04(3) 2.09(6)
6c 1.2 0.80(2) 55 1.15(3) 2.34(6)
6d 15 1.08(2) 74 2.08(4) 4.50(8)
5a 11 0.67() 22 0.70() 1.03(2)
5b 15 1.02(3) 22 0.83(2) 1.26(4)
4a 1.0 0.53(1) 6 0.268(5) 0.428(8)
4b 12 0.57() 7 0.271(5) 0.445(8)

4c 1.5 0.74(1) 5 0.222(3) 0.397(5)
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Izztr]:lslemiters of the MLM update cycle, wheee 4, r, =r3 =r4 =1 anda; denotes the acceptance rate at the lgvel
B rt. oni np  nz ng no B 14 ag az a3 as
8.39 4 15 31 63 255 1 6 6 10 0.313 0.828 0.966 0.998
8.854 4 15 31 63 255 1 6 6 10 0.347 0.835 0.969 0.999

9.40 3 11 23 63 255 1 8 10 10 0.355 0.742 0.923 0.996

Table 4
= B Dcostfor simulations with the multi-level algorithm of'Hattices at
30 |- { — various-values

- 1 B 8.39 8.854 9.40
g3 1.1807(12) 1.0778(10) 0.9767(16)
i Deost  290(6) 287(6) 372(15)

cost

20 } —
N ) | SSOR® and reach up to much larger couplings. Here
L ¢ i the growth of Mcost and Dcost With gé,: becomes
clearly visible but not dramatic, see Fig. 3.
10 f - With the MLM algorithm for improved fermions
L 4 we only have results fof./a = 5 whose parameters
T T are collected in Table 3. As updates on level zero
1 > 3 4 5 6 (gauge action only) we used heatbath sweeps and
B° overrelaxation sweeps over certain sets of links. With
probability 1/2 we update either set A or set B. Set A
consists of all spatial links of one randomly selected
timeslice together with the temporal links at this

not forced to lower the step sizer at the rate usually timeslice in either positive or negative time direction.
estimated for constant acceptance while lowering the S€t B are all links with a randomly selected spatial
quark mass. Keeping however fixed in physical units direction plus the temporal boundary links. In the case
means thap rises when:/L becomes smaller which of set A we perform a heatbath sweep over all links
makes the gauge field smoother at the same time. followed by five overrelaxation sweeps. In the case of
This could lead to smaller discretization errors and S€t B we perform a heatbath sweep over the temporal
partly be responsible for the observed behaviour. The Poundary links followed by five overrelaxation sweeps
integration method [9] may in addition interfere with Over the spatial links of one direction. In both cases
standard scaling on intermediate size lattices. the order of the updating is exactly reversed with
The vertical dotted line in Fig. 1 is located at Probability 1/2 to fulfill detailed balance. Given the
L/a = 16 and points td/cest~ 30. Thisimplies about  large set of free parameters, some of them had to be
100 days on 512 nodes for 3% scale accuracy. Thus atchosen rather ad hoc. As we implemented and ran
least with the next generation of APE1000 machines a MLM on PCs but not on APE100, to which oifcost
serious continuum calculation should be within reach. values refer, we only quote the machine independent
For L/a = 12, our most expensive lattices so far, we Dcost here. Together with results for the coupling,
found a slight preference for PHMC. This conclusion Which were found consistent with HMC results, they
holds also among the larger couplings simulated, with are given in Table 4.
the costs being approximately independengé& in
the present range betweerl land 18. All runs with 50ur even—odd preconditioned (P)HMC code is unsuitable for
L/a =10 have been performed employing HMC with  this lattice size due to machine topology.

Fig. 3. Measured values a¥/cost for runs with HMC-SSOR on
L/a = 10 lattices versus renormalized coupling.
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4. Conclusions are the ensemble-means for our simulation. In a
correct and equilibrated Monte Carlo we expect

We have studied several simulation algorithms for
the Schrodinger functional of full QCD with two fla-  (Ae —da) =0, (A.2)
vors of massless quarks. Due to relatively high statis- ((A, — aa)2> =O0(1/N) (A.3)
tics on lattices up to ¥2we obtained precise infor-
mation on integrated autocorrelation times. Althoug
our results are relatively close for the algorithms com- : .
pared, there is a slight advantage for the polynomial Monte Carlo_smglaﬂonsf IengthN.. Loosgly.speak—
hybrid Monte Carlo for our parameter range and ob- ing, A, anda, differ by O(1/+/N) in an individual
servable. For this numerical reason and for the ex- Monte Carlo run. .
pected advantages from its modified sampling at larger By Taylor expanding’ around the argument, we

h hold, where the expectation values in this appendix
mean theaverage ovean infinite number of identical

coupling, we plan to focus on PHMC for our com- find

ing runs withL /a = 16. In simulations with ordinary (F — f(a,))=0@/N), (A.4)
HMC we found even—odd preconditioning of tHe- 2 _ 2

terminantmore efficient than SSOR preconditioning z((F — f(aa)) >= O(1/N). (A-5)
thesolveralone. The first line reveals the (in general unavoidable) bias

of our estimator which has to be suppresbg large
enoughN. The statistical errow of order /v/N
will be discussed in the following. With the gradient
vectors
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. : we define projected observables
puter time on the APE machines at DESY Zeuthen.

Ap =) AyH, (A7)

Appendix A. Integrated autocorrelation time for

functions of observables and analogously witlk,, and fora,. Now we conclude

that up to higher orders in/IV we just need to know

In this appendix we discuss a method to assess theth® variance of the projected observable,

effect of autocorrelations on the statistical error of 2~ ((Ay —an)?) ~((A; — a;)?). (A.8)
nonlinear functions of simple expectation values. We ) L .
consider a number of observables in a statistical sys- !N Practice, the projection can only be performed with
tem, and byA,, « =1,2,..., we denote theiex- h, taken from the data, of course. . L

actmean values. For each observable we have a chain F70M here on one may proceed just like in the case

of N unbiased but (auto-)correlated Monte Carlo esti- ©f Simple expectation values. We may estimate the
matesa’ . i =1 N. Assume that we want to es- relevant autocorrelation function at separatiofor
L,i=1...,N.

timate F = f(Aq), Where f is an in principle arbi- instance’ as

trary function. A simple case arising in the context of 1 Nt/ N—t

reweighting is the quotienf = A;/A», while fit pa- rae = N7 Z(alﬁ ~ N7 a;)

rameters extracted from a correlation function at a se- i=1 j=1

guence of separations would be a more complicated _ 1 N

case. x (ale_t) -~ > a;—j). (A.9)
The obvious estimator foF is given by f(aq), )

where

1 N 61n principle it is also possible to cancel the leading bias-term,
Gy = — Za; (A1) for instance by the jackknife method.
N = 7 Less symmetrically, one might also subtragtin each bracket.
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From it the error follows as look very reasonable under repeated runs. The con-
, T clusion is that the systematic errors for the “summa-
=N 2Tint (A.10) tion method” are much smaller, which, in balancing
) systematic with statistical errors, leads to more accu-
with rate error estimates. Taking the idea of balancing to-
1 ¥ I tally seri?usly, one would lc/gnc.lude' thgt the “err.or of
Tint = > + Z O (A.11) the error” decays lik¢l/N]1~° with binning and with

=1 [In(N)/N1*? with the I'-summation method.

The summation window¥ is usually chosen large

Qngugh thatrint saturatgs to a Constapt within sta- Appendix B. Tuning of the PHMC algorithm

tistical errors. Often this can be achieved by self-

consistently summing untiW/zin; reaches numbers Here we summarize our strategy for tuning the free
like 5...10. Below the role of will be discussed  parameters of the PHMC algorithm, in particular for

further. In summary, the deviation ofiig: from one  he Schrédinger functional at small volume or weak
for the projected observable describes the complete ef-¢oypling. We are interested in the erey, . of the
b corr

fect of (auto)correlations on the estimationfofObvi- estimate

ously,o, I andriy all depend on the functiofi(A,) (OW)

which has remained implicit in our notation. (0) = — L , (B.1)
We would like to conclude this appendix by indicat- (W)p

ing the advantage of explicitly summing compared  for some observablé@ (mainly g52 at present) and
to the jackknife binning procedure which is often ap- W given in Eq. (2.13). Al errors are assessed by the

pllecli.;;or;he efsnmauon of err_lc_)rzs of secodr'ld;;y qqantl- method of the previous appendix. Here the error can
ties like best-fit parameters. There one dividéssti- be decomposed as

mates intoN /B bins of lengthB. The individual bins 5 ) 5 5 5 5
are treated as uncorrelated. The fact that this is not ex-ox,,,, =0p + [Uoo - Up] + [O'Nmr, - %o]- (B.2)
actly true leads to a systematic error in the error es-
timate which is of order/B from the correlation of

neighbo_ring.bins._Here is a ger)eral scale of auto- Eq. (2.12) Whileolz) refers to the simple meai®) p.
correlation 't|mes involved. This is usually coqtrolled The second term in (B.2) reflects a contribution from
.by demand|ng a pl'at.eau of the errors as the bin Iength “ideal” reweighting and hence from the imperfection
is Va”'ed-fTh?j statlstlcalTlrJ]ncertalnty of thﬁ error ei;stl- of the polynomial approximation, while the third one
Lnallte 'Sg ordely B./N'I bi e'lse twr? erL(')rz ) a\{z to IT is due to our non-ideal stochastic estimation of the cor-
alanced at an optimal bin length, which incidentally e tion. Both would vanish for a perfect polynomial

2,1/3 ) X
scales a® oc (N79)™/*. and are naively proportional #7, the scale of poly-

q If we sum " up to sep()jaratlon;:/ (surr|1mat|§n win- q nomial errors. The third term has a factofNgo in
ow), systematic errors due to the neglected remain €laddition. We can roughly disentangle them by mea-

are of prder exp—W/r). The statistical error of the er- suring (O) p and () and their errors for at least two
ror estimate is expected to be of ordgw/N fromthe values ofNeorr. The goal now is to takélcor = 1. . .4
number of independent windows. In fact, Madras and 44 finds, ¢ such that the reweighting part of the er-

Sokal quote the formula [30] ror remains acceptable, less than 20%, say. This is to

Here 030 corresponds taVeorr = 00, Or equivalently
to the use of the exact reweighting witly as in

_ be achieved at the smallest possible value of the poly-
8 22W +1

r_'”t = /%, (A.12) nomial degree.

Tint In [24] we found for 8 between 5.4 and 6.8 on

which follows if one approximates the required sum- 83 x 16 the rules ~ 0.01 ande ~ 2imin to be very
med 4-point autocorrelation function by its discon- efficient, where\min is the average smallest eigenvalue
nected part which falls back to the sum ovéren- of 02. At the larger8-values of the present study
tering into 7int itself. In practice, these errors usually we expect the intrinsic fluctuations caused by the
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Table 5
Parameters controlling the polynomial approximationQ62 for
PHMC runs on 12

Set 8 Ncorr € n 8

12d 95 4 00050 44 00034
12e 95 2 00050 44 00034
12g 85 4 00044 44 00050
12h 85 2 00069 42 00016
12 75 4 00050 46 00026
12k 75 2 00050 46 00026

Table 6

Average smallest and largest eigenvalu®d (see Eq. (2.4) foig)
and ratio of errors in Eq. (B.2)

Set  (nmin) (xmax) % Theon/ 7B
12d 000247715  0.85821) 0.6738653 15
12e  000247412) 0.85821) 0.6738653 110
12g 000228414 0.87651) 0.6686256 135
12h  000227@13) 0.87651) 0.6686256 14
12j 0.00186914) 0.86641) 0.6477127 16
12k 000186@15  0.866741) 0.6477127 13

gauge field to be smaller and correspondingly found
a too large relative contribution from the third term
in (B.2) when the above tuning is employed. Instead
we found it much more efficient to attenuate this
term with a smalleé. This turned out to be possible
essentially without enlarging, i.e. we could allow

€ to grow even larger thaniZn. This is probably
due to smaller fluctuations of the small eigenvalues
as well. In Tables 5 and 6 we report simulation
parameters of the PHMC runs on*12s to the choice

of ¢g it is noted that one has to ensutgax < 1 for

all configurations for a numerically stable evaluation
of (2.15). On the other hand, the efficiency is not very
sensitive to the precise value @fyax) Wwhich we hence
kept safely below one.
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Abstract

We report on a parallelized implementation of locally-lexicographic SSOR preconditioning dgrit®proved lattice QCD
with Schrddinger functional boundary conditions. Numerical simulations in the quenched approximation at parameters in the
light quark mass region demonstrate that a performance gain of a fattdrover even—odd preconditioning can be achieved.
0 2000 Elsevier Science B.V. All rights reserved.

PACS:11.15.Ha; 12.38.Gc; 2.60.Cb; 2.60.Dc

Keywords:Lattice QCD; Qa) improvement; Schrodinger functional; SSOR preconditioning; Parallelization; Quenched simulations

1. Introduction

One of the severe problems in lattice QCD from the practical point of view is the numerical inversion of sparse
matrices. It nearly enters every Monte Carlo simulation, either in the quenched approximation of the theory in
applying the inverse of the discretized Dirac operator on source vectors for the computation of quark propagators,
or in full QCD with Hybrid Monte Carlo like algorithms, where a similar operation is necessary when calculating
the fermionic force in order to include the quark field dynamics in the updating process of the gauge fields.

In recent years substantial progress has been made by the use of Krylov subspace iterative solvers in conjunction
with preconditioning techniques. (See, e.g., [1] for a textbook reference and the reviews [2—4], which contain
an extensive bibliography.) Popular choices for the inverter to be mentioned in the context of lattice simulations
are the Conjugate Gradient (CG) algorithm [5,6], the Minimal Residual (MR) algorithm [7,8] and above all the
stabilized Bi-Conjugate Gradient (BiCGStab) algorithm [9,10]. The latter now seems commonly established as the
most efficient solver in a vast majority of QCD applications [11,12], particularly in the parameter region of small
quark masses.

In the area of preconditioning, any new (and potentially competitive) idea should be confronted with an even—
odd (e/o) decomposition of the Dirac matrix [13,14], which both for ordinary Wilson fermions and together with

* Corresponding author. E-mail: heitger@ifh.de.

0010-4655/00/$ — see front mattér 2000 Elsevier Science B.V. All rights reserved.
PIl: S0010-4655(00)00012-6
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an Qla) improvement term [15] has become the state-of-the-art method. An earlier step towards an alternative
approach was the incomplete LU factorization [16] utilizinglabally-lexicographic ordering of the lattice points

and thereby already related to SSOR. However, it turns out to be unsatisfactory when an implementation on grid-
oriented parallel computers is envisaged [17]. Finally, the Wuppertal group invented a parallelization of symmetric
successive overrelaxed (SSOR) preconditioning, a variant of the classical Gauss—Seidel iteration [1], resting upon
alocally-lexicographic ordering of the points within a given (sub-)grid of the total space-time lattice [18—22]. They
showed that at least for Wilson fermions an SSOR preconditioner can perform much better that the standard e/o
one.

Since many comparative studies of the properties of the various inversion algorithms and preconditioning
methods are already available in the literature [4,12,17], we restrict ourselves in the sequel exclusively to the
case of the @) improved Wilson-Dirac operator involving the Sheikholeslami—Wohlert clover term [23] within
the Schrodinger functional of QCD [24,25].

TheSchrodinger functiondlSF) is defined as the partition function of QCD in a space-time cylinder of extension
L3 x T with periodic boundary conditions in the space directions and (inhomogeneous) Dirichlet boundary
conditions at times 0 and’. As detailed, e.g., in Refs. [25,26], the SF has proven to be a valuable tool for
computing the running coupling constant in a finite-size scaling analysis as well as for extracting phenomenological
guantities from simulations in physically large volumes [27,28]. On the other hand,(their@proved Wilson—

Dirac operatoris now a good candidate to probe continuum QCD by means of numerical simulations on the lattice:
most coefficients multiplying the counterterms required for a complete removal of the lea@intatice artifacts

of action and quark currents are known non-perturbatively in the quenched approximation [25,29,30], and also
for the action in the case of two flavors of dynamical quarks [31]. Therefore, a quantitative investigation of the
performance of a (parallelized locally-lexicographic) SSOR preconditioner for the SF setup incorporating O
improvement appears to be of natural interest. This is what we intend with the present communication.

One might ask what should be different from periodic boundary conditions in spatéme. At first, the
lattice Dirac operator within the SF scheme is by definition distinct from its counterpart with periodic boundary
conditions in all directions and may behave differently in a numerical inversion algorithm. Thus it is in principle,
e.g., not excluded that with Dirichlet boundary conditions a (specifically preconditioned) solver has generally lower
iteration numbers. Another point concerns a definite advantage in the actual implementation, since the SF allows
to circumvent inefficient conditional statements as will be explained later.

2. SSOR preconditioning

Let us start with shortly repeating the fundamental formulae to prepare the ground for the following discussion.
(Please notice that the material covered in the first, more introductory part of this section is not original and quite
similar to the presentation in Refs. [19,21].)

The basic problem posed is to solve a system of linear equations of the type

AX=Y & R=AX-Y =0. (1)

To fix some notation, small Greek letters denote scalars, capital Latin ones vectors with components in small
letters, and matrices have calligraphic symba@ls; Y) = >, x/y; is the usual scalar product. In lattice QCD,
A represents the discretized Dirac operator, a huge sparse matrix ofrank x 3 emerging from the nearest
neighbor couplings of the quark and gluon field variables in position space after discretization of the interacting
continuum theory. More precisels2 is the volume of the four-dimensional space-time lattice, and the latter factors
are connected to Dirac and SU(3) colour spaces. Physically, the solution of Eq. (1) can be regarded as a fermionic
Green function (i.e. a quark propagator).

SSOR preconditioning consists of solving the system

ViTAV X =Y, X=Wx, Y=Vl )
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instead of AX = Y, where in the present context stands forQ, the lattice Dirac operator of Wilson fermions
supplemented with a local @) improvement ternuo,,, F,,, (x), which is composed of the SU(3)-valued gauge
link variablesU (x, 1) to form a clover leaf [23]:

@Z 15x,y
— k) Q= y)U @, 8, y—api + A+ 1)U (x —aft, )78y yap}
wn
i
+CSW§aK ZoﬂvFuu(x)Sx,y (3)

v

with F,, (x) equal to

s{[UG, WU +ap, WU +ab, WU e, v)*
+ U, U +ad—ap, ) UG —ap,v)TUK —ap, w)
+U@x—ap, W) U@ —ad—ap, vV)TUx —ad —ap, W)U —ab, v)
+ U(x —ad,v)"Ux —ad, U (x —ad +aji, V)U(x, w7 ]
_ []+} (4)
csw iS an improvement coefficient non-perturbatively determined in quenched and two-flavor QCD [29,31]. (The
slight modification to (3) induced by the Dirichlet boundary conditions in time direction are not written out here.)
If one introduces the decompositibn
O=D-L-U ®)

into block diagonal, block lower-triangular and block upper-triangular parts with respect to position space, the
SSOR preconditioner is defined in terms of these matrices and a non-zero relaxation patggetgrvhich
serves to reduce the iteration number) through the choice

1 1 -t 1

Vlz( D—LZ)( D) , Vo = D—-U. (6)

WSSOR WSSOR WSSOR
Now it is advantageous to exploit in (2) the so-called ‘Eisenstat trick’ [32], embodied in the identity

D( D—E) (D—E—U)( D—L{)

WSSOR  \ WSSOR WSSOR

=(1- wSSORﬁD_l)_l{l + (wssor—2)(1— wssorUD_l)_l}
+(1 - wssoddD Y)Y, @)

to save on computational costs: namely, it implies that any matrix—vector product with the preconditioned
matrix V; l@vz— essentially gives rise to a backward substitution and a subsequent forward substitution process,
corresponding to the application of the (non-block) upper and lower triangular matrieesssor/D ™ 1 and

1— wssorCD L, respectively. These relations reflect that SSOR splits any apphcatl@nwhlch usually enters

the inversion procedure associated with (1), into an equivalent but much simpler sequence of arithmetic operations
with the set of matrice§D, L, U}.

1 The case of Wilson-Dirac fermions is recovered by setfing the unit matrix.
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Then, combining the BICGStab algorithm with SSOR preconditioning, an iterative numerical solution of the
system in Eq. (1) up to a given precisioiis obtained by the prescriptidn(preconditioned quantities carry a tilde
and the backward/forward solves according to Eq. (7) are indented):

{initialization}

Ro=Y — OXo
(1 - wssorCD HRo= Ro
R=Ro
\70 = ~0 =0
po=1
awo=wo=1

{iteration:} fork=1,2,...
or = (R, Re—1)
__PrOk—1

Pk—1Wk—1

Pr=Rr 1+ BPr1—Bwr-1Vi1
(1— wssofAD™Hw = P
7' = P; + (wssor— W
(1-wssorCD HZ =7’

Vk= W+ Z
Pk

Of = =~

(R, Vi)

S=Ri_1— Vi
(1 - wssoddAD"HU =§
7' =5+ (wssor— 2U
(1—wssorCD HZz =27

T=U+2
(T,S)
a)k:W
(T, T)
)N(k =)~fk—1+wkU + oW
I?k =§—a)kf

{stopping criterion}
2 (Ri, Ry)
8 2 —~ ~
(Xk» X)
2 The algorithm can straightforwardly formulated for other solvers, like MR for instance. Note, however, that in the chiral quark mass regime
MR is generally of worse performance.
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Some comments are in order.
e Taking the forward substitution as example, one calculates recursively in terms of the (block) com@pnents
Z!,DjjandL;; of Z, Z', D andL:

i—-1
Vi: Zi=Z]+) LijH; Hj =wssorRD ™ Zjlj<i-1- (8)
j=1

l.e. thanks to the triangularity of (andi{) it can be done economically without involving a plain matrix
multiplication, and owing to the sparsity d only a fewj actually contribute to the sum. Provided that the
inversegyD~1);; are pre-computed, the backward and forward solves together are exactly as expensive as one
application of the whole matriQ plus one additionaD multiplication.

e In contrast to the unimproved case (whéie= Xy follows immediately), the solution of the original system
OX =Y is now Xy = wgaorD *Xr.

e ChooseXp = 0= Xy as initial guess for the solution to avoid an applicationfafas part ofQ, at the
beginning, which yieldsRg =Y — OXo =Y. If D is not needed elsewhere, this might be favorable in
view of possible memory limitations of the hardware (e.g., setting an upper bound on the accessible lattice
volumes), because we made the experience that savings in iteration number when using an available solution
of a foregoing inversion as initial guess are generically negligible.

e Since in order to save on computational cost the stopping criterion (in oursfuirs10-12, 10719) is
conveniently based on the preconditioned resid®jalone might want to re-comput®; at the end to test
for convergence again and eventually — if the solution is not yet accurate enough — to continue the iteration
with a stronger stopping criterion imposed Bp.

e Inthe SSOR-preconditioned BiCGStab scheme the minimal number of vectors to be stored at eachkteration
is 9, if R—1 andS share the same memory location, and if the source vectsoverwritten by the iterative
solutionsXy.

e Due to the overall Dirac and colour structure of the fermion field variables at every lattice@agrgenuinely
partitioned into blocks of dimension 2212. The dependence of the speed of the SSOR preconditioner on
the diagonal (sub-)block size &f;; was not studied.

2.1. Implementation for the Schrédinger functional

For the implementation of SSOR preconditioning on a parallel computer, the ordering of the lattice points plays a
key role2 It determines the shape &f via the pattern of its non-zero entries and thereby the degree of parallelism
and the efficiency of the preconditioner. Via adapting a locally-lexicographic scheme we closely follow Refs. [19,
21], where different orderings and their consequences on the parallelization have been discussed. Hence we only
describe the salient issues characteristic for the SF approach.

Assume that a given space-time lattice is matched on the, say, three-dimensional grid of processing nodes of a
parallel computer. Then each node occupies a local lattice, where three of its extensions are ratios of the total lattice
sizes in the respective directions and the corresponding numbers of processors. The locally-lexicographic ordering
(‘coloring’) is ensured by an alphabetic ordering of the lattice sites belonging to these local lattices. Associating a
colour with each fixed position within the local lattices, the original lattice is divided into groups, whose members
couple to sublattice points of different colours only. In this way it becomes obvious that the forward and backward
substitutions, e.g., to g&; as in Eq. (8), can be handled in parallel within the colored groups, since for all positions
of a given colour only their predecessors — in the lexicographic sense — enter the necessary comf Batiznse

3 We remark that traditional e/o preconditioning can be interpreted as SSOR preconditioning of the even—odd ordered system [19].
4 So the general strategy would be to maximize the number of colored groups, while maintaining its strengths in accordance with the desired
parallelization.
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A B B C

Fig. 1. A one-dimensional example. The direction of the arrows shows the data flow: sites Bfri@ed information from sité, and so forth.
I
I
O—>0—>0—>0=""—"0—>0—>0—>0
A B B C : A B B C

Fig. 2. A one-dimensional parallel example. As in the non-parallel case, Fig. 1, the arrows represent the data flow involved.

among these lexicographically preceding sites, lattice points living on the neighboring processors contribute too,
the quantitiesdd; of (8) will have to be communicated from those processing nodes to the site in question.

At this point we have to note that there is a crucial difference between a situation with ordinary (anti-)periodic
boundary conditions in all four space-time directions and our SF setup with Dirichlet boundary conditions in time.
To see this difference in more detall, let us resort to an example in one dimension. The four points in Fig. 1 define
a one-dimensional lattice with periodic boundary conditions, and one can think of a ‘coupling matrix’ between the
sites of mutual dependence. Since only nearest neighbor sites are coupled, we immediately see that in applying
Eq. (8) one has to distinguish between three cases. (We restrict to the forward solve, because it is straightforward
to work out the necessary changes for the backward solve.)

A The pointis on the ‘left’, i.e. it has coordinate= 1: (8) simply becomes
Z1=17}. )

B The point lies within the ‘bulk’, i.e. it has coordinate= 2, 3: (8) becomes
Zy =Z;—|—£x,x_1Hx_1, x=23. (10)

C The pointis on the ‘right’, i.e. it has coordinate= 4: then (8) becomes
Z4= ZZ + La3H3+ La1H1. (1))

It is clear that we have those three cases for each dimension, in which either periodic or antiperiodic boundary
conditions are prescribed. For a four-dimensional lattice this lead$ to&l different cases to be handled, and

it is natural to implement the algorithm with do-loop over all the lattice points and sonfe -statements to
discriminate between the 81 cases. Phaeallel version of the algorithm just described needs minor modifications:
looking at Fig. 2, only the cage has to be replaced with

Za= Zi‘_}_£4’3H3+L4’1Hl(nextprocessc)’r (12)

where now the coordinate index has a local meaning, labeling the sites inside the sublattice residing on a given
processor, and also the processor's mesh is assumed to have periodic boundary conditions in the sense that the
processor ‘next’ to the last one in each direction (rightmost in Fig. 2) is to be identified with the first one in the
same direction (leftmost in Fig. 2).

Our numerical simulations were done on the 8-512 nodes APE-100 massively parallel computers with cubic
topology and nearest neighbor communication, built up of an array of elementary processing boards2vitt2 2
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nodes [33,34]. They possess a SIMD (single-instruction multiple-data) architecture and are either suited to
distribute a single, typically large, lattice over the whole machine or to simulate in parallel several independent
copies of a lattice on subsets of the machine in the case of smaller volumes.

With such a cubic topology it suggests itself to keep the whole time extent of the lattice within the processors,
and to only split the spacelike volume into sublattice fractions with respect to the three-dimensional processor grid.
If SF boundary conditionare adopted, one can make sure that, as far as the time direction with its first and last
timeslices fixed to the boundary values is concerned, a site belongs always to the ‘bulk’. This lowers the number
of cases to be distinguished in order to implement the forward and backward solvés-td73 So it becomes
rather near at hand to encode these cases explicitly in a sensible arrangement adoéstgxs alone, i.e. via an
outer loop over the full time coordinate and inner ones over the coordinates of the local space directions on every
processor to exhaust the total lattice volume; thereby the usage dff agtatements is completely avoided. Here
arises the significant advantage of our implementation: the latter type of statements cause — especially so on the
APE-100 machines — a drastic deterioration of the performance by breaking the so-called ‘optimization blocks’
recognized by the compiler. In practice, the contents of the registers is lost each time a branching statement like
if ,do, call subroutine , ... is encountered, because this amounts to a break in the memory pipeline pre-
loaded before. Writing out the 27 distinct cases explicitly, however, reduces the impact of the largest part of such
statements, so that finally we are able to arrive at a substantial speed-up of the code.

2.2. Performance tests

After realizing the implementation outlined above, we first have investigated the influence of the relaxation
parametetvssor0on the numerical solution procedure for the linear system in Eq. (1). It is quantified through the
ratio of the numbers of iterations to solve the system with the e/o preconditioned Mmagxand with the locally-
lexicographic SSOR-preconditioned oméssor under otherwise identical conditions. We show these ratios in
dependence otasspor averaged over a set of(00) propagator computations occurring in quenched simulations,
for two lattice sizes with SF boundary conditions in Fig. 3. Upon distributing these lattices over the meshes of
nodes of the APEs, the lattice extensions per node wese8tand 2 x 32. The course o0Nejo/ Nssorconfirms
a conclusion of the Wuppertal group [21] that betwegzor> 1.3 andwssor~ 1.6 the gain in the number of
iterations needed for the fermion matrix inversions reaches its maximum: the corresponding improvement factor is
around or even above 2, while the tendency for a further increaSggfNssortowards the chiral limit (i.e. larger
« and smaller quark mass) is also seen. Abey¥eor> 1.6—18 this ratio drops rapidly and the gain gets lost;
therefore, we take ovapssor= 1.4 to be considered as an ‘optimal’ compromise irrespective of the definite
values for lattice sizes and/or parameters.

Now we pass to the central question, whether the gain in the number of iterations also translates into a visible
CPU time gain. Of course, as already pointed out previously, this will depend on the hardware architecture of
the machine in use as well as on the individual implementation. At the peak in the upper diagram of Fig. 3, for
instance, a total saving of 1.5 in the spent simulation time can be attained. In Table 1 we collect the approximate
performance gain factors in units of iteration number and net CPU time, which were found in the situation of a
realistic (quenched) QCD simulation in physically large volumes. Here we applied locally-lexicographic SSOR and
elo preconditioning for a set of 300 fermion matrix inversions on thermalizéck 182 configurations a = 6.0
and« = 0.1335 0.1342, where the relaxation parameter was seideor= 1.4 throughout and the pseudoscalar
mass at those couplings dsnps= 0.388 0.300 [27,28]. Moreover, we examined the dependence of the SSOR
preconditioner on the fractional grid size per node treated by a single processor. As illustrated by the numbers in
Table 1 and in Fig. 4, the iteration number ratio and thus the preconditioning efficiency slightly increases with
growing volumes of the different local subgrids 32, 2 x 4 x 32 and 2x 4?2 x 32, if the 16 x 32 lattice

5 Of course one can imagine to write down analogously the 81 different cases for the familiar periodic situation [19], but then the size of the
executable file might easily exceed the integer and/or program memory limits of the machine.
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Fig. 3. Fig. 4.

Fig. 3. Improvement factor in the number of BiCGStab iterations, when simulating with (locally-lexicographic) SSOR and different choices for
wssorinstead of e/o preconditioning. The lattice sizes dteugd 16 x 32, with parameterg = 6.0 and«x = 0.1335 0.1342.

Fig. 4. Upper part: BiCGStab iteration number in dependence of the local lattice volume per node after distribuﬁn;g 22ll&ttice on

different three-dimensional meshes of processing nodes. Note that the common time extent of the locallatti82shas been divided out.

The e/o iteration numbers are included for comparison, and the lines are only meant to guide the eye. Lower part: Associated improvement
factors in the number of iterations.

Table 1
Approximate gain factors of SSOR over e/o in iteration number and net CPU
time

sublattice/node  subvolume/node iteration gain  performance gain

23 %32 8.32 2.0 1.4
22 x 4% 32 1632 2.1 1.4
2 x 42 x 32 32.32 2.2 15

is spread over the 512, 256 and 128 processors of the available machines, respectively. This complies with the
heuristic expectation that an enlarged number of colored groups, i.e. sets of points at the same fixed position
within the local sublattices (according to their locally-lexicographic ordering), entails a measurable iteration gain
in the inverter, whereas the performance stays nearly unchanged owing to less parallelism and hence a small
accompanying inter-processor communication overhead. Because of the equivalence of e/o preconditioning to a
coloring into two groups assigned to the even and odd sublattice, one can accommodate the e/o iteration number in
the upper part of Fig. 4 too. Additionally, the points in both diagrams indicate once more the even better behaviour
of locally-lexicographic BiCGStab-SSOR in the range of lighter quark masses.

The foregoing observations are supported by the large scale simulations in the strange quark mass region
underlying the extraction of hadron masses and matrix elements in quenched QCD with the SF reported in
Refs. [27,28]. There, gt = 6.1,6.2 on 24 x T lattices (with 3 x T sublattices per node arfd= 40, 48) and at
B = 6.45 on a 32 x 64 lattice (with £ x 8 x 64 sublattice per node), locally-lexicographic SSOR enabled to save
against e/o always CPU time factors of aroursHIL6.
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Altogether these results clearly reveal that the replacement of e/o by locally-lexicographic SSOR preconditioning
to solve the @) improved Wilson—Dirac equation in the SF scheme pays off in real simulation costs. In contrast
to what the authors in [21] obtain, for the same local diagonal block siZ8 afd computer class, from QCD
simulations including the clover term with ordinary boundary conditions, the SF type of boundary conditions allow
for an efficient implementation of SSOR preconditioning also on massively parallel machines with an architecture
equal or similar to that of the APE-Quadrics systems.

3. Conclusion

We have demonstrated in numerical simulations of quenched lattice QCD with the Sheikholeslami—Wohlert
guark action that the increase of performance between even—odd and locally-lexicographic SSOR preconditioning
in a parallel implementation can be a factet.5, when Schrddinger functional boundary conditions are employed.

Opposed to the more standard situation with periodic boundary conditions in all directions studied in Ref. [21],
the gain factors in real time consumption come out to be significantly better here. The main reason for this originates
in the lower number of cases (27 versus 81) to be distinguished explicitly, when the contributions to a given site
among the locally-lexicographically ordered points of the local sublattices residing on the processors have to be
collected: the avoidance of any conditional statements in the solver routines evades unwanted breaks in the data
flow within the registers of the computer, which then directly translates into a considerable gain in units of CPU
time. We have to emphasize that this inherent sensitivity to pipeline optimization might be — at least partly — a
special feature of the APE-100 environment. Nevertheless, since some conclusions drawn from the investigations
in [20—22] refer to the identical particular machines, our findings should be of interest in the same context and can
be compared with the results stated there.

As the Schrédinger functional formulation of QCD is physically already well accepted to be a viable framework
to address many problems in the non-perturbative low energy regime of the theory [25,28], the observed evidence
for a performance gain of SSOR (together with BiCGStab as the inverter) for (@ei@proved Wilson-Dirac
operator in actual run time — also on a parallel computer — constitutes a further benefit of this scheme. Therefore,
the feasibility of an efficientimplementation of this preconditioner does not only provide an important algorithmic
information by itself, but even more is also promising for any kind of future applications of the Schrodinger
functional in lattice QCD.
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Abstract

We present a scaling investigation of some correlation functions in O(a) improved quenched
lattice QCD. In particular, as one observable the renormalized PCAC quark mass is considered.
Others are constructed such that they become the vector meson mass and the pseudoscalar meson
decay constant when the volume is large. For the present discussion we remain in intermediate
volume, (0.75° x 1.5) fm* with Schrodinger functional boundary conditions. By fixing the ‘pion
mass’ and the spatial lattice size in units of the hadronic scale ro, we simulated four lattices with
resolutions ranging from 0.1 fm to 0.05 fm and performed the extrapolation to the continuum
limit. The maximal scaling violation found in the improved theory is a ~ 6% effect at ¢ ~ 0.1 fm.
© 1999 Elsevier Science B.V. All rights reserved.

PACS: 11.15.Ha; 12.38.Gc
Keywords: Lattice QCD; Non-perturbative improvement; Quenched approximation; Schrédinger functional;
Numerical simulations; Scaling tests

1. Introduction

One of the major drawbacks in the standard formulation of lattice QCD, induced by
the Wilson-Dirac operator violating chiral symmetry at the scale of the cutoff [1,2],
reflects among others in the fact that the quark masses are not protected from additive
renormalizations and that the leading lattice effects in physical matrix elements and
amplitudes are proportional to the lattice spacing a rather than being of O(a?).

Nowadays, a systematic approach based on the Symanzik improvement programme
[3,4] is well established to permit a removal of these discretization errors of O(a) in
lattice QCD with confidence. It has been elaborated for on-shell quantities in Refs. [5,6]

0550-3213/99/% - see frontmatter © 1999 Elsevier Science B.V. All rights reserved.
PII S0550-3213(99)00354-5
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and adds appropriate higher-dimensional operators to the action and fields in order to
compensate for any correction terms at O(a).

Within this framework a mostly non-perturbative O(a) improvement of the action and
the quark currents as well as their renormalization has been achieved in the quenched
case, where quark loops are ignored. The basic idea for the practical implementation of
on-shell improvement to enable a numerical computation of these improvement coeffi-
cients — pioneered by the ALPHA Collaboration — is to exploit chiral symmetry restora-
tion and certain chiral Ward identities from Euclidean current algebra relations on the
lattice at O(a) [7,8]. Most prominently, demanding the PCAC relation du Ay, = 2mP?
between the isovector axial current Aj, and pseudoscalar density P to hold as a renor-
malized operator identity, imposes a sensible improvement condition in this respect. As
a result, the values of the improvement coefficients ¢y, cs and cy, which are required
to completely eliminate the corresponding O(a) effects, are known for 8= 6/g3 > 6.0,
go being the bare gauge coupling [9-11].

Therefore, one is now interested in the quality of scaling behaviour and the size of its
possible violation. During the last two years it was reported in this context [ 12-14] that
at a ~ 0.1 fm the residual O(a?) lattice artifacts may be still fairly large e.g. for the kaon
decay constant fxro (~ 10%), while they are very small already for other quantities
like the rho meson mass m,/+/o (~ 2 %) [14,15]. Thus, restricting to an intermediate
physical volume, the present scaling tests are intended to examine the impact of full
O(a) improvement in quenched lattice QCD thoroughly and with high accuracy for
different observables. Some of these are designed to coincide with phenomenologically
relevant observables in the limit of large physical volumes. A preliminary status of this
work has been briefly surveyed recently in Ref. [16].

We wish to point out that the present investigation must be distinguished from similar
studies like [13,17,18] for an important reason. Namely, since we address directly the
scaling behaviour of correlation functions in finite volume, we do not have to rely on
the asymptotic behaviour of (ratios of) usual timeslice correlation functions to extract,
for instance, hadron masses or decay constants; these more conventional technigues
often reveal to be genuinely affected by systematic errors difficult to control. Actually,
an avoidance of such intrinsic uncertainties is supplied in part by the Schrédinger
functional: its finite-volume fermionic correlation functions are scaling quantities at
any fixed distance in time, if the renormalization factors of the quark fields at the
boundaries are properly divided out. Beyond that, they decay very slowly for small time
separations, allow to gain a good numerical precision and hence offer the appealing
possibility to probe the theory for O(a) improvement without unwanted additional
sources of errors. Finally, for sufficiently large volumes the correlators can be shown
to embody standard hadronic masses and matrix elements [19]. These aspects provide
the real advantages of our method. The price to pay for it is, however, that within
the Schrodinger functional formulation there exist two further improvement coefficients
multiplying the boundary counterterms. These are perturbatively known only and as a
consequence, one can in principle not exclude that the theory is to some extent still
contaminated with uncancelled O(a) confributions. That this fear can be dismissed in
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practice has recently been demonstrated for the renormalization group invariant running
quark mass [20], but we will make sure of it in the present context as well.

The paper is organized as follows. In Section 2 we introduce the fermionic correlation
functions under study and sketch how spectral observables can be constructed from them
in the Schrédinger functional scheme. After a short account on the numerical simulations,
Section 3 contains a detailed description of the scaling test and the careful evaluation
of the data. Section 4 gives the results. Here, also the question will be answered
whether an improvement condition, chosen to fix a certain improvement coefficient
non-perturbatively, is unambiguous in the sense that it automatically implies appreciably
small scaling violations of O(a?) in other quantities not related to this specific condition.
We conclude with a discussion in Section 5.

2. Correlation functions and hadronic observables

The basic framework for our lattice setup is the QCD Schrédinger functional (SF),
whose concepts and characteristic features have been published in much detail in
Refs. [21-23]; consult also Refs. [24,25] for comprehensive overviews on the sub-
ject.

It is defined as the partition function of QCD in a cylindrically shaped space-time
manifold of extension L? x T with periodic boundary conditions in the space directions
and (in general inhomogeneous) Dirichlet boundary conditions at times xo = 0 and xg =
T. This means in the case of the gluons to require the spatial gauge field components
at the boundaries to satisfy Ag(x)|x=0 = Ci(x) and Az(x)|x=r = Ci(x), where Cp
and Cj, are some prescribed smooth classical (chromo-electric) gauge potentials, and a
similar assignment is imposed on the quark fields as well. One of the bold advantages
of such a choice is that it ensures frequency gaps for the gluon and quark fields, and
thereby numerical simulations at vanishing quark masses become tractable. As in most
of the other applications of the QCD SF, we assume the special choice of homogeneous
boundary conditions from now on: Cy = C/ = 0 for the spatial components of the gauge
potentials and vanishing fermion boundary fields.

2.1. Correlation functions in the Schridinger functional

Although the definitions of fermionic correlation functions within the SF already
appeared in the literature [7,9-11], let us recall them here and collect the essential
properties and formulae in order to make the paper self-contained. -

If £ and £ denote ‘boundary quark and antiquark fields® at Euclidean time xy = 0 and
primed symbols the corresponding objects at xo = T [7], one builds up the boundary
field products

0" =a Y IWMys§rix), 0=a"Y I'wysirL(v) (2.1)

Y.z
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and analogously,

1=a®Y I3,  Qf=d) Iwnirl W), (2.2)

.2 .y
where 7%, a = 1,2, 3, are the Pauli matrices acting on the first two flavour components
of the quark fields . In the operator language of quantum field theory they create
initial and final quark-antiquark states with zero momenta, respectively, and transform
according to the vector representation of the exact isospin symmetry. For the axial-vector
current A, and the pseudoscalar density P? we use the local expressions

AL) =P (D) yeys 57°¢(x),  PUX) =g (x)ys TP (x) (2.3)
while the vector current Vi and the anti-symmetric tensor field 7, read
Vi) =g () v 379 (%), T (x) =i (x) 0 379 (x) . (2.4)

Now we consider correlation functions on the lattice in the SE. By inserting the preced-
ing densities at some inner point x of the SF cylinder (with support on the hypersurface
at xp) between the appropriate external quark—antiquark states, one introduces the ex-
pectation values

falxo)==a®> 1 (A§(x) Z(»)ys 37 L(D)) = =} (A§(x) 0%, (2.5)
¥,z
fe(xo)==a®> L (P L) ys 5 L(2)) == (PU(x) O%) , (2.6)
y.z
analogously,
ky(x0) = —5 (V¥ (x) QF), (2.7)
kr(x0) =35 (Tio(x) Qi) (2.8)
and the boundary-boundary correlation function
1 la a
fi = =375 (070 . (2.9)

Gauge invariant correlators of this type have already been used to study the conservation
of currents on the lattice and to deduce suitable improvement and normalization condi-
tions in lattice QCD in order to calculate the corresponding coefficients and constants
non-perturbatively by numerical simulations [9-11]. One of them, f;, will be utilized
later to cancel the multiplicative renormalization of the boundary quark fields ¢;. . ., z.
Besides on the SF characteristic kinematical variables [7], the correlation functions
depend on the bare parameters gg, mp and the improvement coefficient ¢cgy = csw(go)
in the fermionic part of the lattice action, but not on the spatial coordinates of x owing
to translation invariance. There is also a dependence on the improvement coefficients
¢, and &, which account for specific boundary O(a) counterterms arising in the SF
approach [7].
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After contracting the quark fields, all the bare and unimproved correlation functions
have the general structure Ax(xo) o (Tr{HT(x)I'xH(x)}), h = f,k, where the re-
spective insertions are I'x € {—¥o, 1. ¥k, —0w0}, X = A, P, V, T; the trace extends over
colour, Dirac and (in principle as well) flavour indices, and the matrix H is the quark
propagator from the boundary at xo = 0 to the point x in the interior of the space-time
volume [9]. In the quenched approximation the expectation values are understood to be
taken as path integral averages in the pure gauge theory.

We should mention that also the primed correlation functions kY, which are connected
to hx through a time reflection and vice versa, become relevant. Those are in the case
of Egs. (2.5) and (2.6)

AT — x0) = +3 (A§(x) O, fp(T—x0) =—% (PU(x) O,  (2.10)

and similar relations apply to ky,k{ and kr,k;. Obviously, in A} the currents and
densities are probed by the.boundary quark fields at xp = 7 instead, and the argument
T — xp indicates that they fall off with this distance. For vanishing gauge fields C and C’
at the boundaries, our correlation functions possess the useful time reflection invariance
hx(xo) = hi(x0). This allows to sum them up accordingly, and averaging over the
spatial components helps to reduce the statistical noise in the Monte Carlo simulation
further.

On-shell improvement at O(a) for the axial and vector currents is achieved by adding
the derivatives of the pseudoscalar density and the tensor current as the suitable O(a)
counterterms,

(AD (%) = A5 (x) + acad, P4 (x), (2.11)

(W6 (x) =Vi(x) + acvd, T, (x), (2.12)
where the improvement coefficients ¢4 and cy are determined by the demand to can-
cel the O(a) errors in lattice Ward identities, emerging from a mixing with higher-
dimensional operators with the same quantum numbers [10,11]. Then the corresponding
improved fermionic correlation functions are given by

Fa(x0) = fa(x0) + acado fe(x0), (2.13)

Ky (x0) = kv (x0) + acydokr (xo) - (2.14)

The lattice derivative o’L = %(aﬂ + d,) is the symmetrized combination of the usual
forward and backward difference operators d,, and d;, acting as
x+aft) — f(x " x) — f(x —apx
ufay = LRI 1@ gy SO S el

a

Herewith we are already in the position to write down the unrenormalized PCAC quark
mass as a function of the timeslice location a < xo < T — a:

Jo fa(x0) + acadido fe(xo)
2 fp(x0)

m(xg) = (2.15)
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For the properly chosen value of ca = ca(go) at given gauge coupling go and any
hopping parameter x it is defined by obeying the PCAC relation (for two degenerate
quark flavours) up to cutoff effects of 0(d?),

3.l (AD4(x) 1 =2mP*(x) +0(d”), (2.16)
which more rigorously must be looked at as a renormalized operator identity
Ju ((AR)%(x)O) = 2mg (PE(x)O) + O(a’)

in terms of some arbitrary renormalized on-shell O(a) improved field O localized in a
region not containing x.

2.2. Construction of renormalized observables

Now we want to introduce the renormalized correlation functions and design the
scaling combinations of them, which will be studied numerically in the next section.

The QCD SF serves as a particular intermediate finite-volume renormalization scheme
which is, however, not necessarily related to a special regularization [7,24,25]. Here,
the SF is employed as a mass-independent renormalization scheme, while the ratio 7/L
is assumed to be kept fixed to a certain value. The freedom in choosing the boundary
fields C and C’ (as well as the boundary conditions on the quark fields specified by
angles 6, ct. Subsection 3.1) different from zero are left for other applications, see e.g.
Refs. [9,20,26]. Moreover, the SF respects O(a) improvement after adding the O(a)
counterterms o ¢, &¢ so that by attaching additive and multiplicative renormalization
constants, the quantities

(AR)y (x) =Za (1 + baamg) (A1), (x), (2.17)
(W) 4 (x) = Zy (1 + byamq) (V1) §,(x), (2.18)

PE(x) = Zp(1 + bpamg) P*(x) (2.19)

induce the renormalized and improved correlation functions

FA(x0) = Za(1 + baamg) ZF (1 + byamq)® fo(xo), (2.20)
ky(x0) = Zy(1 + byamg) Z} (1 + bramq)*ky (x0), (221
fr (x0) = Zp(1 + bpamg) Z7(1 + byamg)® fe(x0), (2.22)

=21 + beamg)* fi . (2.23)

The constants Z; and b; (the former being scale dependent [7]) have to be attributed
to the boundary values of the quark and antiquark fields appearing in the products (2.1)
and (2.2) in the renormalized theory. In a mass-independent renormalization scheme
the underlying O(a) counterterm enters as

{r(x) = Z;(1+ bramy){(x)
and similarly for the antiquark field £, giving Of = ZZ(1 4 byamq)*O* for instance.
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Because the renormalization does not distinguish between different flavours in a mass-
independent scheme, the knowledge of the Z-factors suffices to link the lattice theory at
finite cutoff to the renormalized continuum theory. Here, all normalization conditions to
fix and determine the renormalization constants Zx and by, X = A, V, P, were imposed
on appropriate matrix elements at zero quark mass, which is safe within the SF scheme
as the finite lattice extent L provides the before-mentioned natural infrared cutoff for
the theory [9,10]. Because of the zero quark mass condition they are functions of g
only and not of the subtracted bare quark mass, which equals

amq = amy — amg(go) = l (l — i) (2.24)
2 \k K¢

and vanishes along a critical line mo = m(go) in the plane of bare parameters, implicitly
defining the critical hopping parameter «.. Any remaining corrections of O(amyq) are
supposed to be cancelled by adjusting the bx alone.

Now we can pass to the set of observables we have constructed for the present study.
We start with the renormalized PCAC (current) quark mass in the SF scheme, which
in view of Egs. (2.15), (2.17) and (2.19) may be defined as

Za
Zp(L)

= m (T/2) (2.25)
by multiplying the proper renormalization constants Zs and Zp(L), the latter assumed
to be taken at some renormalization scale p = 1/L [20,27]. Strictly speaking, the ratio
of the additive renormalization factors 1+ baamg and 1+ bpamg would have been to be
accounted for as well, but it turns out perturbatively [28] and non-perturbatively [29]
that (ba — bp)amyg is numerically quite small at the interesting values of the bare gauge
coupling and the hopping parameter. Hence we neglect it here.

Beyond that, we compose the following (time dependent) combinations of renormal-
ized and improved fermionic correlation functions. Firstly, the logarithmic time deriva-
tives

S (%0) _ 8ofe(%0)
I (x0) fe(x0) ’

Fok% (x0) _ FokY, (x0)
ks (x0) &y (x0)

of the respective SF correlation functions in the pseudoscalar and vector meson channel;

they deviate from the ordinary definition of effective masses (~ dpInhx) by terms of
0O(d?). Secondly, we will consider the ratios

weps (xp) = (2.26)

mv(xg) = (2.27)

fR(x0) Za(1 + baamg) f1 (x0)
nps (x0) = Cps f/ﬁ = Cps 2 :/]qu A7,
2

Cps = (2.28)

\/L3,U'PS(§)’
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K% (x0) Zy(1 + byamg) KL, (x0)
oW _C q) ky ,
nv(xp) =Cv \/ili v Jh
2

Cy= (2.29)

Narer

Since through the division by /fX the renormalization factors of the boundary quark
fields, Z;(1 + byamy), drop out, it is ensured that mps and nv (at fixed argument
xo) exhibit scaling and have a well-defined continuum limit. We note in passing that
alternatively the correlation function f} also could have been used instead of fp to
define a ‘local mass’ in the pseudoscalar channel. But as fi amounts to somewhat
larger statistical errors in the time derivatives, we here preferred fp for the purpose of
mps(xo).

In the present scaling test we fix a definite temporal separation from the boundaries,
xp =T/2. Thus one arrives at the objects

pseudoscalar channel :  ups (T/2)  7ps (7/2) (2.30)
vector channel 1 wy (T/2) 7v (T/2) . (2.31)

Their continuum limits are expected to be approached like ux(7/2) + O(a?) and
7x(T/2) + O(a?), X = PS, V, in the O(a) improved theory. The choice xo = 7/2 is
motivated by the fact that in the SF scheme cutoff effects are generically larger when
sitting closer to the boundaries. It is possible to construct other quantities in a similar
way, but we consider the foregoing ones as reasonably representative.

Let us emphasize, however, a final point. Adopting the quantum mechanical repre-
sentation of the field operators associated to (2.3) and (2.4), it can be shown in the
transfer matrix formalism that asymptotically for large Euclidean times the quantities in
Eqgs. (2.30) and (2.31) become the pseudoscalar and vector meson masses ( ips, (v ) as
well as the pseudoscalar decay constant (7ps). For instance, the proportionality constant
Cps in (2.28) is such that this ratio turns, as the temporal lattice extent goes to infinity
(x0,T — xo — 00), into a familiar matrix element, which complies with the standard
definition of the pion decay constants in continuum QCD:

ZaO[F (x)yoys 3 ¢ (x)|7°(0)) = mq frr .

More formally, the observables O just introduced should be regarded as functions
O(T/L,xo/L,L[ro,a/ro), and in the spirit of the above a physically meaningful sit-
uation is realized if, as the spatial volume (L/a)? tends to infinity, xo > 7o and
T — xo > ro are valid for some typical hadronic radius of rg ~ 0.5 fm. Masses and
matrix elements of interest in hadron phenomenology can then be extracted [19].
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3. Scaling tests

Before going into the details of the investigation, one has to keep in mind that the
chosen lattice volumes in physical units are only of intermediate magnitude. Therefore,
any of the following results are prevented from resembling the large volume limit,
where our observables were argued to receive a really physical meaning. Instead of this,
most emphasis is on the scaling properties of the theory, which should not depend on
the specific choice of the lattice size and the SF characteristic boundary conditions.
Nevertheless, we refer from now on to the (first three of the) quantities in Egs. (2.30)
and (2.31) as the ‘pion mass’, its decay constant and the ‘Tho meson mass’ and assign
the common symbols m,, f and m, to them in the obvious manner. We also denote
7y = nv(T/2) in the vector meson channel.

The advantage of working at finite quark mass in a direct test of improvement should
be stressed explicitly. Namely, this avoids any extrapolations and evades the potential
problems with so-called exceptional configurations one runs into, when the parameter
region of zero quark mass is attempted to be reached [9,30].

3.1. Monte Carlo simulation

The cost of a quenched QCD simulation is always governed by the computation of
fermion propagators required for the correlation functions to be covered. This involves
the action of the Wilson-Dirac operator on quark fields  (x), which for the O(a)
improved theory in the framework of the SF is conveniently decomposed as D+ 8D +my
with

1
(D+m)p(x) =5 MP() . K= g, (3.1)
3
My () = (x) =k 3 { AU m) (1= yu) (x + at)
#=0
FALUCx = af, ) (L v )i (x—ap) | (32)

where, as usual, the fermionic degrees of freedom ¢ (x) live on the sites x of the lattice,
and U(x, ) denotes the SU(3)-valued gauge links in lattice direction x + af, u =
0,...,3. The factors A, = giabu/L 6y = 0, give rise to a modified covariant derivative
equivalent to demanding spatial periodicity of the quark field up to a phase e; for
our purposes &y, k= 1,2,3, was set to zero throughout.! The local O(a) counterterm
8D = 6D, + 8Dy, now consists of two contributions, namely the Sheikholeslami-~Wohlert
clover term [31]

i

0Dy (x) = Cow 4

ac uy Fup (XY (x) (3.3)

UIn general, 6; can serve as an additional kinematical variable to formulate proper improvement and nor-
malization conditions, see for instance [9,20].
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and a term
8D (x) = (& = 1) { Buajas [#() — U(x — a0, 0)* Py (x — a) |
+8cgjaz—1 [#(x) = U(x, 0Py (x+a0) ] } (34)
with
P (x)|x=0=0, P_th(x)|x-7 =0, Py =1 (lxty),

which is specific for the SF type of boundary conditions in our setup. The improvement
coefficient & and a further one, ¢; which enters the calculation as well but is independent
of the local composite operators containing quark fields and thus not written down here,
are set to their one-loop perturbative values.?

Since the technicalities of the Monte Carlo simulations are identical to those already
detailed in Ref. [9], it is not necessary to repeat them here in full length. Our data
were taken on the APE-100 massively parallel computers with 128-512 nodes at DESY
Zeuthen, whose topology also allows to simulate independent replica of the system at
the same time in the case of smaller lattice volumes (sets A-C below). The gauge field
ensembles were generated by a standard hybrid overrelaxation algorithm, where each
iteration consists of one heatbath step followed by several microcanonical reflection
steps (typically Nor = L/2a + 1), and the correlation functions have been evaluated
by averaging over sequential gauge field configurations separated by 50 iterations. To
solve the system of linear equations belonging to the boundary value problem of the
Dirac operator within the measurements of the correlators, the BiCGStab algorithm with
even—odd preconditioning was used as inverter. Finally, a single-elimination jackknife
procedure was applied to estimate the statistical errors of all the secondary quantities,
because the data stemming from the same configurations must be considered as strongly
correlated. By dividing the full ensemble of measurements into bins we also checked
for the statistical independence of our data samples.

3.2. Method and numerical analysis

For the analysis we use cgy, Cx, Zx, X = A, V, P, and by non-perturbatively determined
in [9-11,20] for B8 > 6.0, while by and bp are taken from one-loop perturbation
theory [7,8,28]. If available, we always adopted the rational formulas for the former
with overall, i.e. statistical and systematic, uncertainties stated in the references. As
opposed to Z, and Zy (and as already anticipated below Eq. (2.25) in Subsection 2.2),
the normalization constant of the pseudoscalar density, Zp = Zp(L), acquires a scale
dependence through its renormalization. The scale evolution of Zp, which due to its
definition at the point of vanishing PCAC quark mass (but in the absence of exact
chiral symmetry at finite a) is unique only up to O(a?) errors, has been recently

2 Recently, the coefficient c; has also been computed up to two-loop order of perturbation theory in the
quenched case [32].
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Table 1

Simulation points and its statistics Nmeas denoting the number of gange field configurations, on which the
fermionic correlation functions were computed. L/rp and m. L are the quantities chosen to fix renormalization
conditions for the LCP studied

Set L/a B K Nmeas L/rg ams gL

A 8 6.0 0.13458 12800 1.490(6) 0.2505(11) 2.004(9)
B 10 6.14 0.13538 3840 1.486(7) 0.1945(14) 1.946(14)
C 12 6.26 0.13546 2560 1.495(7) 0.1709(13) 2.050(16)
D 16 6.48 0.13541 3000 1.468(8) 0.1244(9) 1.991(15)

computed non-perturbatively in [20]. In the SF the appropriate renormalization scale is
p=1/L=1/2Lna, With Ly, /ro = 0.718 [33], and we take over the needed numbers
for Zp from the last but one reference. In the case of ¢y and the critical hopping
parameter x. in Eq. (2.24), where no closed expressions are recommended yet, we
adapted the numbers at discrete values of the gauge coupling from Refs. [9,11] to our
simulated B-values by linear interpolation.

The strategy was then to keep a finite physical volume and the quark mass fixed by
prescribing the geometry T/L = 2 and two further renormalization conditions, which we
decided to chose as

my;L =20 and ;ﬁl—‘ =1.49 (3.5)
0

for the ‘pseudoscalar meson (pion) mass’ and the spatial lattice size, respectively. The
first condition on m, can be, at least approximately,® satisfied by a careful tuning
of the hopping parameter (a’m2 ~ k). Here the reference scale is expressed by the
hadronic radius rg defined in [34] through the force between static quarks to yield the
phenomenologically motivated value of ro ~ 0.5 fm. Using the latest results on the
hadronic scale ro/a in Ref. [33], quoted there as

In (-r‘i) = —1.6805 — 1.7139(8 — 6) + 0.8155(8 — 6)2 — 0.6667(8 — 6)°,
0] .

(3.6)

one can solve numerically for B after inserting a/ro = 1.49a/L to find the desired pairs
(L/a, B) in order to fulfill the second condition in Eq. (3.5) within errors. In practice,
the particular value L/ro = 1.49 was determined by the initial simulations at 8 = 6.0 on
lattices with spatial size L/a = 8, and the larger lattices were adjusted thereafter. The
simulation parameters and some results are compiled in Table 1. These settings give an
intermediate volume of (0.753 x 1.5) fm*, and one moves on a line of constant physics
(LCP) in bare lattice parameter space with lattice resolutions ranging from 0.1 fm to
0.05 fm.

3 In our actual simulations we have some mismatch in m, L between the individual points in parameter space,
which will be discussed later.
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Fig. 1. Correlation functions fa and fp (upper parts) and O(a) improved local masses extracted from them:
PCAC current quark mass via Eq. (2.15) (middle part) and ‘pseudoscalar meson masses’ via Eq. (2.26) and
the same with fp substituted by f}\ (lower parts). The left figure depicts simulation point A (L/a = 8) and
the right one point D (L/a = 16), with T/L = 2 in both cases. The solid lines are only meant to guide the
eye, and the statistical errors are smaller than the symbols.

As an important prerequisite for the reliability of the scaling test we had, of course,
to estimate the dependence of our results on the SF specific (and solely perturbatively
known) improvement coefficients of the boundary counterterms ¢; and &, which with
respect to full non-perturbative O(a) improvement represent the only imperfectly known
input parameters for the simulation. Otherwise a complete suppression of errors linear
in a would not be guaranteed, and continuum limit extrapolations with an O(a?) term
as the dominant scaling violation is a priori not justified. To this end we verified by an
artificial variation of the one-loop coefficients in the expansions [26,35]

e TP =1 — 0.089g% + O(gh), (3.7)

&P =1 - 0.018¢% +0(gd) (3.8)

by a factor 2 for ¢, and by a factor 10 for & % that at unchanged renormalization
t t

conditions (3.5) their influence on the level of numerical precision in our data is small
enough to be neglected: it typically came out to be below 1% for af.,, below 2% for
Ty» and nearly not visible for am and am,, at parameters corresponding to simulation
point A (T/a = 16). It was sufficient to do these replacements for the lattice with the
largest a, since the relative contribution of the boundaries to the field variables residing
on the bulk of lattice points among a given gauge field configuration decreases with
decreasing lattice spacing. Therefore, the leading scaling violations can be regarded as
being purely O(a?) within our precision.

In Fig. 1 we first illustrate for simulation points A and D the correlation functions
fa, fp and some of the quantities deduced from them in the previous section in depen-
dence of the time coordinate. The correlators reflect that a good signal remains also at
larger distances in time. The PCAC quark mass (2.15) already exposes a plateau for the
rather moderate temporal extensions of the lattice, whereas the ‘local pion mass’ (2.26),
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Table 2
Analysis results for the observables under consideration in lattice units. The first error is only the statistical
one, the second one (where given) includes in addition the uncertainties from the renormalization constants

Set am(L) amy, afxn Ny

A 0.0132(2) 0.3438(10) 0.1248(5)(13) 0.3283(19)(25)
B 0.0083(1) 0.2688(15) 0.1013(7)(12) 0.3387(36) (40)
C 0.0096(1) 0.2337(14) 0.0851(7)(11) 0.3289(40) (43)
D 0.00651(6) 0.1689(10) 0.0650(5)(8) 0.3561(41)(44)

and even more the logarithmic derivative of the improved correlation of the axial cur-
rent (2.13), show significant contributions from higher intermediate states in small
volumes. On physically large volumes, however, this pattern disappears: plateaux de-
velop around xo = T/2, i.e. the lightest excitations, which coincide with the pseudoscalar
meson mass when defined either by f4 or by fp, govern the exponential decay of these
functions. This will be explicitly demonstrated elsewhere [19]. An analogous statement
holds for the vector meson mass via the correlation functions &%, and k.

The expectation values in the simulation points of Table 1 for the observables
Egs. (2.15), (2.30) and (2.31) are now summarized in Table 2. Within all poten-
tial sources of etrors to be incorporated in the analysis, i.e. the statistical one and those
coming from Za/Zp, Za, Zy, L/ro and m, L, the contributions caused by the uncertain-
ties of the renormalization factors Zx ever dominate the combined errors quoted in the
second parentheses in the table. Furthermore, any inherent small mismatch of the central
values with the renormalization conditions (3.5) on m,L and L/ry in sets B, C and
D was corrected by a conservative estimation of the slopes d0/3(am;) and 30 /3B
with O = O(m,L,L/ro,L/a) € {am,am,,afr, 7y}, which enter the identities for the
required partial derivatives

o0 a 900
d(myL) ~ L 3(amy,)’ (3.9
o0 _a ap 00 o 0 (3.10)

d(L/ro) L d(ajre) 8 ~ a d(L/a)’

They were numerically extracted in linear approximation from several simulations in set
A at neighbouring values of « and B, where in the latter case they had to be combined
with the derivative d8/d(a/rp) to be read off from the parametrization (3.6). The
slopes obtained in this way were carried over to the finer lattices as well, since for
increasing lattice resolution (8 > 6.0) their corrections are of O(a) and, with respect
to the other sources of errors, can safely be ignored.

4. Results

We pass to the final results. After the procedure of matching the conditions char-
acterizing the L.CP under study, one finds the numbers collected in Table 3; note that
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Table 3

Dimensionless results for the quantities of Table 2 with total errors after they have been corrected to fulfill
exactly the simultaneous renormalization conditions (3.5) as described in the text (Subsection 3.2). The
errors on ro/a quoted in {33] have been taken into account as well

Set mro mpro faro Ty
A 0.1069(50) 1.846(13) 0.6701(82) 0.3283(46)
B 0.1029(35) 1.839(15) 0.684(11) 0.3296(72)
C 0.1045(36) 1.848(18) 0.681(13) 0.3360(95)
D 0.1103(35) 1.860(18) 0.699(12) 0.3457(75)
0.120 — — S
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0.110 |
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0.100 ¢
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Fig. 2. Scaling behaviour of the renormalized PCAC current quark mass in units of rg. An intermediate volume
with SF boundary conditions is considered. The renormalization constant Zp refers to a scale of L = 1.436 rg.
Non-perturbative O(a) improvement allows to extrapolate linearly with (a/ rg)? — 0 to the continuum limit.

according to (2.25) the bare PCAC quark mass m(T/2) translates through multiplica-
tion with Z,/Zp into the renormalized quantity 7. Now we are prepared to perform
extrapolations of these data to the continuum limit, assuming convergence with a rate
proportional to a?.

The fits are displayed in Figs. 2-5 and exemplify the scaling behaviour on the course
from simulation points A to D. One evidently observes the leading corrections to the
continuum to be compatible with O(a?). Moreover, it can be inferred from Table 4 that
the differences of the continuum limits from the values at 8 = 6.0 (a ~ 0.1 fm) are
around or even below 5% in the improved theory. These appear to be partly smaller than
it was to be expected on basis of the experiences reported previously in Refs. [13,14].

At this point we have to add the remark that the results in the vector channel had to
be revised compared to those listed in [16]. Due to some incorrect normalization of the
correlation functions kv and kr during an earlier data analysis, we erroneously observed
a quite steep slope when carrying out the (a/rg)? — 0 fit for the ratio 7, defined in
Eq. (2.31). Looking at the final numbers now, it does no longer stand in contradiction
to the findings in the pseudoscalar channel. By contrast, since the scaling violations of
7y are only slightly larger than for f,ro, we interpret this as a further compelling and
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Fig. 3. Continuum limit extrapolation as in Fig. 2 but for the ‘rho meson mass’ in intermediate volume.
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Fig. 4. The same as in Fig. 3 but for the ‘pion decay constant’.
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Fig. 5. Again as in Fig. 3 but now for the observable 77y, which is composed of a (renormalized and improved)
correlation function involving the vector current.
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Table 4
Continuum limits and their percentage deviations from 8= 6.0 (¢ =2 0.1 fm). The lower numbers belong to
a data evaluation, where the improvement coefficients ¢4 and cy have been artificially taken to vanish

Case THrg mpro faro Ty

Fully improved 0.1092(45) 1.856(20) 0.704(13) 0.3472(84)
2% < 1% 5% 6%

ca=0and cy =0 0.1069(46) 1.856(20) 0.698(13) 0.3439(85)
17% < 1% 1% 2%

satisfactory indication for the effectiveness of non-perturbative O(a) improvement.

In Ref. [14] the suspicion was raised that scaling looks even slightly better, if the
perturbative estimates for the improvement coefficients c¢s and cy are used. This issue
deserves some comments here. In order to address the sensitivity of the analysis to the
improvement terms in the pseudoscalar and vector channel proportional to ¢4 and cy,
we just evaluated our data with setting these coefficients arbitrarily to zero. Then, of
course, the theory is only partially O(a) improved, and a residual contamination with
uncancelled O(a) contributions has still to be expected. The surprising outcome is that
upon omitting those terms, two quantities ( frg,7y) have somewhat smaller a-effects
in total magnitude. At the same time, however, the renormalized PCAC quark mass 7irg
gets much larger ones. Nevertheless, as seen from Table 4, the continuum limits of both
data sets agree within errors. Such a result might suggest that the qualitative scaling
behaviour of our quantities (apart from #irg) is only marginally influenced by the definite
choice of cx, X = A, V, still meeting the condition of a dominant a2-behaviour. On the
other hand, we observed a tendency in the cs = ¢y = 0 data points to disperse around the
straight line fits to the continuum, which hints at some remnant of admixture of O(a)
discretization errors; hence a scaling violating term o a® in leading order rather seems to
be ruled out in that case. This is particularly pronounced for #irg, where the correction to
the continuum limit grows distinctly (from 2% to 17% in Table 4) if the improvement
of the axial quark current is switched off. Opposed to that, in the fully improved case
including the O(a) correction terms, the required continuum limit extrapolations are
generically not critical. In conclusion — and as a further convincing argument for the
use of its non-perturbative values — this finally supports the physical insight that ¢4 and
¢y are essentially relevant for chiral symmetry restoration at finite cutoff.

5. Discussion and outlook

In confirmation of similar investigations [12-15], O(a) improvement implies a sub-
stantial reduction of scaling violations. Our numerical simulations of renormalized corre-
lation functions in intermediate physical volume within the Schrédinger functional give
clear evidence for an overall behaviour completely consistent with being linear in a” at
a < 0.1 fm, for all quantities under consideration. Changing a by a factor two yields
very stable fits and honest continuum limit extrapolations. Actually, the residual O(a?)
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cutoff effects at @ ~ 0.1 fm stay around ( f,;ro and 77y) or significantly below 5% (mirg
and m,rp).

To quantify directly the influence of the improvement coefficients ¢4 and cy on the
scaling behaviour, we examined also the partially improved case cs = cy = 0. In this
case f,ro and 7y, show an even weaker dependence on the lattice spacing, but now one
finds ~ 17% lattice spacing effects at a ~ 0.1 fm in the renormalized current quark mass
#irg. Additionally, as outlined in Section 4, the functional form of the leading a-effects
then appears no longer compatible with a” alone; furthermore, chiral Ward identities are
badly violated for cs = cy = 0 at O(a) level [9,11]. Thus there is in general no choice
for the improvement coefficients ¢s and cy, which diminishes the size of O( a?) lattice
artifacts simultaneously for all relations and observables below a level of 5%. However,
one should not feel tempted to judge this fact as a kind of principal conflict with the
improvement programme itself, since the criterion of small O(a?) corrections has only
been touched when selecting a definite set of kinematical variables to formulate the
respective improvement conditions within the Schridinger functional.

To summarize, the scaling tests in hand illustrate that also in the O(a) improved
theory the remaining O(4?) discretization errors have to be assessed — and consequently
can be extrapolated away reliably ~ by varying the lattice spacing.

An extension of the present study to physically large volumes, where hadronic masses
and matrix elements can be computed, is in progress [19].
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Abstract

We explain how masses and matrix elements can be computed in lattice QCD using Schrodinger
functional boundary conditions. Numerical results in the quenched approximation demonstrate that
good precision can be achieved. For a statistical sample of the same size, our hadron masses have
a precision similar to what is achieved with standard methods, but for the computation of matrix
elements such as the pseudoscalar decay constant the Schrodinger functional technique turns out
to be much more efficient than the known alternatives. © 1999 Elsevier Science B.V. All rights
reserved.
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Keywords: Hadron masses; Matrix elements; Lattice gauge theory; Quantum chromodynamics; Monte Carlo

1. Introduction

In recent years, lattice QCD calculations in the quenched approximation have reached
a new quality [1-3]. The renormalization of many local composite operators can be
treated non-perturbatively, and the leading discretization errors have been removed.
Consequently one would now like to perform continuum extrapolations for various
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hadron masses and matrix elements in the improved theory [4-9] and compare to
recent results obtained with more standard techniques [3]. In particular, the problem of
a determination of the light quark masses can be addressed with confidence, since the
complete renormalization is known non-perturbatively [10].

However, continuum extrapolations require masses and matrix elements for finite val-
ues of the lattice spacing which are sufficiently accurate [3]. Efficient methods are
needed to obtain such precise results. Standard methods use correlation functions in
a sufficiently large box with periodic boundary conditions [11]. Usually one seeks to
enhance the dominance of the low lying hadrons by using tuned hadron wave func-
tions [12-21], possibly combined with variational techniques [22,23,17].

In this paper we investigate an alternative to these standard methods. Again we choose
a sufficiently large box but impose Dirichlet boundary conditions in time, as they are
used to formulate the QCD Schrodinger functional . We shall demonstrate that correlation
functions in the Schrodinger functional are dominated by hadron intermediate states at
large Euclidean time. Moreover, it is shown that a time extent of 3 fm for the box is
sufficient to extract masses and matrix elements. An advantage compared to the standard
methods is that the pre-asymptotic decay of Schrédinger functional correlation functions
is very slow, which means that a large signal remains at large separations.

In the following, we briefly discuss the foundation of the method (Section 2) and test
its applicability in practice in the quenched approximation (Section 3). We also attempt
to quantify the efficiency compared to more standard calculations (Section 4). Finally
we discuss open questions as well as possible further improvements.

2. Correlation functions at large time separations

We now derive explicit expressions for the representation of Schrodinger functional
correlation functions in terms of intermediate physical states. Throughout this section
we assume that the lattice Schrodinger functional is defined using the standard Wilson
action as in Ref. [24]. In this situation the relations presented here hold exactly. If one
considers the O(a) improved theory, as we will do later, we cannot derive the equations
given in this section directly from the transfer matrix. However, universality implies
that the renormalized correlation functions of the improved theory and the unimproved
theory agree in the continuum limit. Since the correlation functions considered below
are renormalized multiplicatively, their time dependence (bare or renormalized) is given
by the expressions derived for the Wilson theory up to lattice spacing effects. For the
O(a) improved theory this means that all relations derived in this section are valid for
physical distances large compared to the lattice spacing (up to corrections of order a?).

The correlation functions considered here have been introduced before [25-27]. In
those references the emphasis was largely on the perturbative regime, which means
choosing small extensions of the space-time volume. By contrast, in this work we are
interested in the correlation functions for intermediate to large volumes, i.e. extensions
which are significantly larger than typical QCD scales. Provided that the pion mass is
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not too small, such typical QCD scales are of order 1 fm.

The QCD Schridinger functional is defined as the QCD partition function in a cylin-
drical geometry, i.e. periodic boundary conditions with periodicity length L in three of
the four Euclidean dimensions, and Dirichlet boundary conditions in time at the hypersur-
faces xp = 0 and xo = 7. Its quantum mechanical interpretation has first been discussed
for the pure gauge theory [28] and subsequently for the theory with quarks [24]. In
these references it was shown that the Schrodinger functional partition function can be
written as

Z = (fle THP}) , (2.1)

with states |i) and |f) which are given in terms of the boundary values specified at
xo =0 and xy = T, respectively. In the above equation H denotes the Hamilton operator
of QCD formulated on a torus of volume L. More precisely, in the lattice theory it is
proportional to the (negative) logarithm of the transfer matrix.?

Of course, the same operator describes the correlation functions when the Dirichlet
boundary conditions are replaced by periodic boundary conditions in time. The projector
P projects onto the gauge invariant subspace of the Hilbert space [28,24]; only gauge
invariant intermediate states are physical and can contribute.

For our present investigation, we have considered only the case of homogeneous
boundary conditions, where the spatial components of the gauge potentials are set to
zero at the boundaries and also the fermion boundary fields are taken to vanish. In this
case we have |i) = |f) = [ip) and this state carries the quantum numbers of the vacuum.
Other choices for the boundary conditions may be of interest as well and can be treated
similarly.

As an example we will discuss two specific correlations, which allow for a calculation
of the pion mass and decay constant. The generalization to other channels and other
matrix elements is straightforward.

We start from the dimensionless fields

6 6
0= 5 L0, 0= 5 i 22)
»-z y.z

and a local composite (gauge invariant) field X(x) (which will have mass dimension
three in our applications) to define the gauge invariant correlation functions

L3
fx(xo) =~7<X(x) 0), (2.3)

1
f1=—§<0’0>, (2.4)

where the average denotes the usual path integral average and u, d are flavour indices.
The “boundary quark fields”, ¢,...,{’, have been discussed in [26]. In the lattice
theory, { is given explicitly in terms of the gauge fields connecting hypersurfaces xo = 0

2 For the unimproved Wilson action, H is known to be hermitian [29].
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and xp = a and the quark fields on the hypersurface xo = a. Analogous properties hold
for the other boundary quark fields. Our choices for X are X = Ao (defining, through
Eq. (2.3), the correlation function fa) and X = P (which gives fp), where

Ao(x) =4 (X)yoysibu(x) (2.5)
P(x)=ihg(x)ysphu(x) . (2.6)

The correlation functions fx have the quantum mechanical representation

L} .
fx(xo) = 27! = (igle™ T HpXe~*HPi y | a< X <T—a, (2.7)

where X is the corresponding operator in the Schrédinger picture, and the state |i,)
has the quantum numbers of the 7 with momentum zero. To conclude that Eq. (2.7)
holds, one only requires that the combination of fields O, Eq. (2.2), has support for
xo < a and that it carries the quantum numbers of a #t. The former is guaranteed by
the very construction of the boundary fields ¢, ¢ [26]. Furthermore we have

fir= 27" finle Pl (238)

It is now apparent that (for large separations xp and T — xg) the mass of the pion and
its decay constant can be extracted. To see this explicitly we insert a complete set of
eigenstates of the Hamiltonian,

ln,gy, n=0,1,..., (2.9)
H|n,q) = E\X”|n,q) (2.10)

with normalization (n’, ¢’|n, q) = 8, 8, . Here the energy levels in the sector of the
Hilbert space with internal quantum numbers g are enumerated by n. Only quantum
numbers g = r, a shorthand for (/P C,I,13) = (0,—,+,1,1), and ¢ = 0, which
denotes vacuum quantum numbers are considered in the following. We do not indicate
the momentum of the states |n, g), since both |ip) and |i,) are invariant under spatial
translations and only states |n, g) with vanishing (spatial) momentum contribute.

The representations given so far hold for arbitrary L, T and xo. In this paper, we shall
be interested in the special case of the asymptotic behaviour of fa(xp), fi for large
values of both xg and T — xp, while L remains unspecified at this stage. We include
the first non-leading corrections but neglect any contributions which are suppressed by
terms of order

exp(~TE”),  exp(—xoE{™” — (T — x0)E{”),
exp(—(T = x0)ES”) and  exp(—xoE5") ,

compared to the leading terms in the correlation functions. In this approximation we
obtain
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L3

fx(x0) = = p(0,0X[0, 7) e=*" {1+ nfe "4 + gl T-ml (2.11)
fi %%p"e‘””", (2.12)

where we have introduced the ratios
p= i(%—g—::g (2.13)
GO o @1
- p0 20

The energy difference mg = Efo) — E(()O) is the mass of the 07+ glueball and 4 =
E](’T) - E(g”) is an abbreviation for the gap in the pion channel. As indicated above, we
have dropped contributions of higher excited states which decay even faster as xy and
T — xp become large.

Considering the special case of fa, we find that it is proportional to the matrix
element (0, 0]Ag|0, 7r), which is related to the pion decay constant F,, through

Za(0,0|A0|0, 77) = Frmy(2m,L3) V2. (2.16)

Here, Z, is the renormalization constant of the isovector axial current, and the factor
(2m,L?) /2 takes account of the conventional normalization of one-particle states (in
our convention the experimental value of the pion decay constant is 132 MeV).

Eq. (2.11) is used to determine m,, while the pion decay constant, F,, may be
conveniently extracted from the ratio

1
Zn fa(x0) [/ Fr & 5 Fr (e L7 267 Co T2
x {1+ nZTe "4 + pRe T=xma} (2.17)

The above formulas show explicitly how masses and matrix elements can be obtained
from Schrédinger functional correlation functions. Before we describe the numerical
tests of the practicability, we wish to point out some properties of the present method
and list the differences to conventional approaches.

e Egs. (2.11) and (2.12) can be expected to be rather accurate when all time
separations are larger than typical hadronic length scales (say, 1 fm, provided m,
is not too small). Schrodinger functional correlation functions decay slowly for
small xg, leaving a large and precise signal at separations of 1-2 fm. This is easily
seen by applying asymptotic freedom and a simple-dimensional analysis. As a
comparison, consider correlation functions of standard local composite fields such
as 30 (@1 (x)@(0)), with &(x) = §,(x) Pa(x), DT(x) = a(x) vl Yorhu(X).
At distances xp =~ 1fm, such correlation functions are typically very small which
usually means low statistical precision. The reason why they are small is because
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they decay like (xo) ~2 for short time separations, as may be inferred by the same
arguments used above. This qualitative difference arises from the fact that in the
Schrédinger functional a dimensionless (non-local) field, [ dy £, (¥)ysZa(0), is
used to create hadronic states at the boundary.

e The ratio p, Eq. (2.13) is divergent, since the state |i,,) involves the bare boundary
quark fields. However, in the final quantities of interest p is cancelled explicitly
(see Eq. (2.17)).

o In particular, the combination Zx fa(x0)/ +/fi has a continuum limit for all values
of xo. One may therefore choose some (not too large) value of the lattice spacing
to determine the time separations xp and T — xo where the contamination due
to excited states is small. The same separations (in physical units) can then be
used for other values of the lattice spacing. This holds also for the “local masses”
which are commonly used to extract hadron masses. When one applies smearing
or fuzzing the validity of such a statement is not immediately evident.

e Spatial translation invariance is used fully and reduces statistical errors.

o The present approach is similar to using “wall sources” to create hadronic states
[13], but here we keep gauge invariance in all stages of the formulation!

3. Extraction of masses and decay constants

In this section we demonstrate the practicability of the method in the case of quenched
lattice QCD.

3.1. Computational details

We work in O(a) improved QCD as detailed in [26], using the non-perturbative
estimates of the improvement coefficients cg and ca reported in Ref. [30].

The full O(a) improvement of the Schrodinger functional correlation functions re-
quires also O(a) counterterms (with coefficients ¢, ¢;) at the boundary [26]. These do
not affect the lattice spacing dependence of hadron masses and matrix elements, and
therefore their coefficients are not very important in the present context. The only place
where they do play a role is the size of the correction terms in Eq. (2.11), since the
lattice spacing errors in the amplitude ratios n,’[,n?( are O(a®) when ¢, ¢, are chosen
appropriately. Otherwise cutoff effects of order a remain in these excited state contribu-
tions. We used one-loop estimates for ¢, ¢; [31,32]. For these values the O(a) effects
are expected to be quite small [10,33].

In the pseudoscalar channel we consider the correlation functions fp(xo) and f}\(xo),
where the latter is obtained from Eq. (2.3) by inserting the time component of the
improved axial current [25,26], viz.

1
(AD) u(2) = Au(x) + acaz (3] +8,) P(x). (3.1)
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Fig. 1. The effective mass of the correlation function f}\, as defined in Eq. (3.4). The three sets of data points
correspond to (B, k) = (6.2,0.1349), (6.0, 0.1342), (6.2,0.1352) from top to bottom. In all cases the time

extent is 7 ~ 3 fm.

The correlation function in the vector channel is defined by

1 -
(o) ==Y 2D (W) Ly rida(2)), (3.2)
¥,z k
where
(VD) =g (D) Yo () + ey 3 (3, + 0 [Fa(N) Tstba (0)] (3.3)

is the O(a) improved vector current. For the improvement coefficient cy we have used
the values from its non-perturbative determination reported in [34].

We have chosen the parameters of our simulations such that L ~ 1.5fm and T =
3fm. Our calculations have been performed for four different values of the lattice
spacing, but for the purpose of demonstrating the practicability of the method we restrict
ourselves to results obtained at 8 = 6.0 and 8 = 6.2. These couplings correspond to
lattice spacings a = 0.093 fm and a = 0.068 fm, when ro = 0.5fm is used to set the
scale [35,36]. For these parameters a direct comparison with results obtained using
conventional methods [4,5,8,9] can be made.

The numerical computations of Schrédinger functional correlation functions have been
explained earlier [30], and further details can be found in that reference. Here we only
mention that in addition to the previously used even/odd preconditioned version of the
BiCGStab solver, we have also implemented SSOR-preconditioning [37,38]. The latter
reduced the number of BiCGStab iterations needed to solve the Dirac equation by more
than a factor 2. This turned into a gain in CPU-time of a factor of around 1.5 in our
implementation on the APE-100 machines.

Our statistical samples consist of 1000 “measurements” of Schrédinger functional
correlation functions at 8 = 6.0 and 800 measurements at 8 = 6.2. All statistical errors
were computed using the jackknife method.
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Fig. 2. The effective mass of the correlation function k{, for a =~ 0.07 fm.

3.2. Plateaux

Let us first get a rough impression of the range of xp, where the leading term in
Eq. (2.11) dominates. To this end we follow the tradition of looking for a plateau in
the effective mass,

1
Mgt (X0 + a/2) =Zln (f(x0)/f(x0+a)) . (3.4)

Here, f denotes any of the two-point correlation functions defined above. In the pseu-
doscalar channel we use f = f%, and the resulting effective masses are shown in Fig. 1.
There is good evidence for plateaux starting at xo = 1fm and extending to approximately
T — xo =~ 1fm. As expected, the location of the plateaux is approximately independent
of the lattice spacing.

Turning to the vector channel, we use Eq. (3.4) with f = k%. In this channel the
effective mass, shown in Fig. 2, turns into a plateau only at xo ~ 1.5 fm. Furthermore,
statistical errors grow more rapidly as xo becomes large. By comparing Fig. 1 and
Fig. 2 one may anticipate that it is more difficult to obtain a reliable determination of
the vector meson mass than it is to compute m,,. However, this is not much different
when standard methods are employed.

3.3. Excited state corrections — averaging intervals

Let us now discuss the extraction of masses and matrix elements in some detail.
A standard method is to perform fits to the leading term in Eq. (2.11). Alternatively
one can average the effective mass over the plateau region. Both of these procedures
reduce the error in the mass compared to just taking one point of the effective mass in
the plateau. One must then ensure that the final statistical error is not accompanied by
a noticeable systematic error due to a small contamination by excited states. In other
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words, one needs a rough estimate of the size of the contribution of excited states in
the region of xy considered.

In order to arrive at such an estimate, one requires some information about the values
of mg and the gap 4 in Eq. (2.11) and the analogous equation for the vector channel.
Glueball masses from the literature [39], combined with rq/a [36], give

mgro ~ 4.3. (3.5)

For our two values of the bare coupling, the results of Ref. [36] read 2(8 = 6.0) =
5.37(2),2(B = 6.2) = 7.36(4). We have also obtained a rough estimate for 4 in
the pseudoscalar channel by analyzing correlation functions with periodic boundary
conditions in time, which were made available to us by the Tor Vergata group [5]. Since
this analysis is not of immediate interest for our discussion of Schrédinger functional
correlation functions we relegate the details to Appendix A.

The typical uncertainties associated with the gaps and the scalar glueball mass are of
order 10% for the range of quark masses considered here. The gaps and mg can now be
used to take a closer look at the effective masses and obtain estimates for the excited
state contributions and the range of xy where these are small compared to the statistical
errors. We discuss this separately for the two channels.

3.4. The pseudoscalar channel

The analysis described in Appendix A yields
rod =~ 3.2, (3.6)

which agrees with an estimate of the same quantity using data by UKQCD [9]. Using
Eq. (2.11), the time dependence of the effective mass is given by

2sinh(ad/2 2sinh 2
4 sinh(ad/ )n,’{e_x‘“‘— sinh(amg/ )nge——(T—xo)m(;}

Megr(X0) ~ My {1
am, am,

4 m
R My {1 + —mnpe M4 — —m—Gnge*(T_m"""} , (3.7)

My T

where the second line is valid close to the continuum limit (a4 < 1, amg < 1). In
order to check whether this time dependence is reproduced by the data, we plot the
effective masses directly against the expected form of the asymptotic correction terms,
e~%4 and e~ "—%)ma ip Fig. 3.

One observes that the data fall approximately onto straight lines. It is important to
bear in mind that mg, 4 on the one hand and me(xg) on the other, have been obtained
independently from correlation functions computed for different boundary conditions
where excited state corrections have different amplitudes. The apparent compatibility of
the data with the expected form of the correction terms is therefore non-trivial, and we
conclude that we have a semi-quantitative understanding of the excited state corrections.

It is now easy to deduce values for tpny, and T — fp, such that for 7, < xo <
I'max these corrections are below a certain margin, €, which is allowed as a systematic
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Table 1
Ranges of x(, where (relative) excited state contribution are smaller than e

Channel € tmin/T0 (T — tmax)/ro
£ 0.2% 26 23
fialfe. fo 0.1% 2.8 25
k{/ 0.2% 3.0 2.2

uncertainty. We list ¢,,;, and T — ¢ together with the chosen values for € in Table 1.
Reliable estimates for m, are then obtained by averaging meg for fin < x0 < fmax, and
representative results are collected in Table 2.

A widely used method to extract hadron masses is to fit the correlation functions,
using the expected asymptotic behaviour as an ansatz. In order to check the consistency
of results obtained by averaging mesr for fmin < X0 € fmax, We have also performed single
exponential fits to f}\(xo) over the same interval. A comparison of the two methods
shows that the estimates for m,, are entirely consistent. Furthermore, the quality of the
fits is very good, with typical values of the correlated y?/ng in the range 0.6-0.9.
Moreover, the stability of the fits under variations of the fitting interval has been used as
an additional check that our values of fmin, fmax Were chosen appropriately. In Table 2
we compare our results for am, to those obtained using conventional techniques and
find good agreement.

Next, we discuss the bare pion decay constant, F,t;‘“e, which is obtained from an
average of

1
Fgare =2(m, L3)—1/Ze(xo—T/2)mn L‘z_/(_filo_) , (3.8)
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B K ams; Ref. [4] Ref. [5] Ref. [8]
6.0 0.1338 0.3529(11)
0.1342 0.3001(12) 0.2988(17)
6.2 0.1349 0.2430(6) 0.2444(9) 0.2440(21)
0.1352 0.2004(6) 0.2016(11) 0.2007(40) 0.2007(26)
B K my Fhae jGhare aFpue Ref. [4] Ref. [8]
6.0 0.1338 0.2125(7) 0.0943(4)
0.1342 0.1794(8) 0.0905(4) 0.0907(8)
6.2 0.1349 0.2165(5) 0.0721(3) 0.0727(9) 0.0740(35)
0.1352 0.1769(5) 0.0687(3) 0.0690(30) 0.0706(46)
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Fig. 4. Influence of excited states on the ratio f}\(xo) / fe(xo) for a = 0.07 fm (open circles) and a ~ 0.09 fm
(filled circles).

over the same interval of xg, with m, taken from the previous analysis.® Values for
F%¢ are also included in Table 2. Note that in the improved theory which we consider,
the renormalized decay constant is given by F; = ZA(1 + by amq)F}iare [26].

A further example for the determination of matrix elements is the combination
m, F2¥ /G2 which is related to the ratio fh/fp via

fh(xo)  mgF2e {1+ pfe 04 4 ple=T—mims )
fo(xo)  Ghe {1+ pied 4 nle-T—oma}

(3.9)

Again one may average the l.h.s. over a range of xo where excited state corrections are
negligible. To find the proper range for the ratio £} (xo)/fp(xo), we literally repeat the

3The leading correction terms to Eq. (3.8) are suppressed by factors mq/4 and m,/mg compared to
Eq. (3.7). However, we did not enlarge the interval in this case, since m,; is not very small in comparison to
the other masses.
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Fig. 5. The effective mass of the correlation function klv against the leading correction. The meaning of the
symbols is as in Fig. 4.

analysis performed before for meg. As shown in Fig. 4 the corrections of order e=*4
are of the same order as before. They originate predominantly from the denominator,
since the PCAC relation predicts

A+ m,
a—

w

p Na - (3.10)

This enhancement factor compensates for the missing factor 4/m, compared to (3.7),
and a similar value of #m, has to be chosen (see Table 1). Results for m,, Fa/Gbae
are included in Table 2.

3.5. The vector channel

In analogy to the pseudoscalar case, the analysis of the correlation function k%, requires
information about the gap in the vector channel. The effective masses are plotted in
Fig. 5. Here, the estimate for 4 has been obtained by tuning its value until a roughly
linear behaviour was observed. Thus, unlike the case of the pseudoscalar, the gap is not
known independently through a separately determined correlation function. However,
from additional runs performed on a larger volume, we know that the contribution from
excited states has approximately the same magnitude for L = 2.2 fm, which adds further
credibility to the analysis of the gaps presented here.

Qur statistical errors are too large to observe a significant signal for the glueball
contribution at large xo. The value of rmyx was therefore determined by requiring that
the maximally allowed glueball amplitude be contained within the statistical errors in
the range of x¢ corresponding to exp(— (7T — xg)mg) < 0.002. As before, our results
for m, obtained using the averaging procedure were consistent with single exponential
fits to k%,. All parameters and numerical results are listed in the tables.

The comparison of our estimates for m, to results employing standard methods in
Table 3 shows that our numbers are slightly lower, although the difference is mostly not
statistically significant. In view of the many checks of our analysis, we are confident
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Table 3
Vector meson masses

B K amy, Ref. [4] Ref. [5] Ref. | 8]
6.0 0.1338 0.508(3)
0.1342 0.480(4) 0.487(3)
6.2 0.1349 0.359(3) 0.363(4) 0.363(8)
0.1352 0.335(4) 0.343(5) 0.353(15) 0.335(12)

that the vector mass has been extracted correctly. It is well known that in general the
determination of the mass in the vector channel is not easy, so that differences at the
level of around 1.5 standard deviations are not too surprising.

4. Numerical efficiency

We can now assess the numerical efficiency of our method in relation to results
obtained using conventional techniques. Comparing the errors in Tables 2 and 3, one
has to take into account that the statistics for the simulation in [4] is approximately
the same as ours, whereas in Refs. [5] and [8] the number of “measurements” is
smaller by roughly a factor 8. If one compensates for trivial statistical factors, the tables
demonstrate that correlation functions computed in the Schrodinger functional allow for
the determination of hadron masses with similar precision compared to conventional
methods. This is also the case for ratios of correlation functions like ff_\( x0)/ fe(x0),
which serves to extract the combination m, F2*® /G [40,9].

Another relevant issue for the overall precision is the tolerated maximum contamina-
tion by excited states, €. In order to avoid the total error to be noticeably affected by
systematic effects, the averaging or fitting intervals must be chosen such that the statis-
tical error is still significantly larger than e. It then turns out that in our approach one
can use very small values for € without compromising the statistical accuracy. This is
illustrated by a direct comparison to the results of Ref. [8] in the pseudoscalar channel.
From the formulas in Appendix A we have

€= X}% e-/“mm’ (41)

for the analysis of [8]. Inserting our estimates for 4 and yp obtained from fits described
in Appendix A and the value of fp, used in [8], one obtains € ~ 0.6% in the
pseudoscalar channel for Ref. [8]. Thus, in our simulation both the statistical error and
the residual contamination by excited states is smaller by about a factor three.

The overall errors of the observables discussed above are similar to the ones achiev-
able with standard methods, but perhaps — as we just argued - the Schrodinger functional
correlation functions give somewhat more precise resuits. In addition the Schrodinger
functional enables one to compute the pseudoscalar decay constant with much better pre-
cision compared to what is usually achieved with conventional correlation functions. The
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reason for this is not entirely clear, but it may be because F2™® defined in Eq. (3.8) is
obtained from a straight ratio of correlation functions times a function involving m,; only.

5. Discussion

In this paper we have shown how correlation functions with Schrodinger functional
boundary conditions can be used to compute hadronic quantities like meson masses and
matrix elements with high precision. An integral part of our analysis was the detailed
investigation of the influence of excited states: in the pseudoscalar channel we have used
independent information about the gap 4 and the lightest glueball mass to select the
appropriate averaging intervals.

As explained in Section 2, correlation functions with Schrédinger functional boundary
conditions decay slowly, resulting in accurate results for masses and matrix elements.
In particular, we have seen that our method produces very precise results for the pion
decay constant. One may expect that a similarly good efficiency applies to pseudoscalar-
to-pseudoscalar matrix elements such as Bx. Such applications should be investigated
in the future.

A separate issue is the generalization of our method to incorporate different channels.
In particular one might be interested which hadrons are accessible from the quark Greens
functions already computed in our present work. For all quantum numbers which can be
reached by combining upper component p = 0 quark fields and lower component p = 0
anti-quark fields, hadron correlation functions can be constructed from the known quark
Greens functions without additional “matrix inversions”. An interesting example is a
nucleon correlation function. We had not considered it in our present work: our spatial
sizes are probably not big enough to accommodate nucleon states without significant
finite size effects. On the other hand, an efficient treatment of states like the scalar meson
would require boundary quark-antiquark fields in a relative P-wave. This represents a
new numerical problem, which merits a separate investigation.

All our detailed investigations have been done for L =~ 1.5fm. How does the size
of excited state corrections depend on L? For smaller L, we expect the dominance
by the ground state to be similar or even better. For significantly larger L, however,
our correlation functions might receive bigger contributions from excited states and the
efficiency might deteriorate. We have investigated also L =~ 2.2fm (keeping T fixed)
for two different pairs of (S, x). The magnitude of excited state corrections is hardly
different from our results on the smaller system. So the location of the window of xg,
which allows for an extraction of physical masses and matrix elements, is independent
of L between 1.5fm < L < 2.2fm. Even larger values of L can not be reached
with our computing resources but are also not necessary for the quantities studied
here.

Further improvements of the method are possible. So far we have used only the
simplest implementation of composite boundary fields in the calculation of f1, fi and
k{,. More refined choices of sources involving the boundary fields, such as tuned hadron
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wavefunctions, can surely be made, whilst preserving gauge invariance at all stages of
the calculation. This might further enhance the efficiency of the method.
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Appendix A. Determination of 4

Here we describe the determination of the gap 4 in the pseudoscalar channel using
correlation functions with periodic boundary conditions in all four space-time directions.
The quark propagators were made available by the Tor Vergata group, and more details
about the simulation can be found in {5]. Here we only state that 4 has been determined
at B = 6.2 on a lattice of size 24’ x 48, with the O(a) improved action. In order to
distinguish the correlation function computed using periodic boundary conditions from
those defined within the Schrédinger functional , we use the letter ‘C’, defining

Cer(x0)=a’ Y _(P(x)P1(0)), (A1)
Car(x0) =@y ((An)o(x)PT(0)), (A2)
Can(x0) =a® ¥ {(ADo(x)(AD)o(0)), (A3)

with P(x) and (Ap)o(x) as given in Egs. (2.6) and (3.1). Furthermore, we here use
Pi(x) = —Eu(x)yst//d(x), and similarly for A;‘ . The spectral decomposition of the
correlation functions in terms of the two lowest intermediate states is

Cxx(x0) m&xe™ ™ x {1+ yye ™4}, X=A,P, (A4)
Cap(x0) m~éndpe™ " x {14+ xaxpe '}, (AS)

when terms proportional to exp(—m,(T—xg)) and exp(—mg(T—xp)) can be neglected.
We now consider the ratio

Cpp(x0)Caa(xo)
[Cap(x0)1?

which - in the same approximation — is given by

Rap(xo0) = , (A.6)
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Fig. A.l. Rap — | for k =0.1345, B = 6.2. The line represents a fit in the window 3a < xp < 8a.
- 2.—4
Rap(x0) — 1~ (xp— xa)e” ™. (A7)

As in Eq. (3.10), yp and ya are related by the PCAC relation,

A4+ m
Xp=——"xa, (A.8)
My
and hence
AN\?
Rap(xp) — 1~ x3 (—) e~ 4% (A.9)
My

By fitting (Rap(xp) — 1) to the above functional form in the appropriate range of x,
one can extract the gap 4. A typical fit is shown in Fig. A.1 from which we obtain the
result quoted in the text,

rod = 3.2. (A.10)

It turns out that 4 depends very little on the bare quark mass, so that this result is used
in the analysis of correlation functions in Section 3 at all values of the quark mass.
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Abstract

We determine the renormalization group invariant quark mass corresponding to the sum of the
strange and the average light quark mass in the quenched approximation of QCD, using as
essential input the mass of the K-mesons. In the continuum limit we find (Mg+ M)/F, =
0.874(29), which includes systematic errors. Trandating this non-perturbative result into the
running quark masses in the MS scheme at u =2 GeV and using the quark mass ratios from
chiral perturbation theory, we obtain M2 GeV) = 97(4) MeV. With the help of recent results by
the CP-PACS Caollaboration, we estimate that a 10% higher value would be obtained if one
replaced F, by the nucleon mass to set the scale. This is a typical ambiguity in the quenched
approximation. © 2000 Elsevier Science B.V. All rights reserved.

PACS: 11.15.Ha; 12.38.Gc; 12.39.Fe
Keywords: Quark masses; Lattice gauge theory; Chira perturbation theory; Non-perturbative renormalization;
Quantum chromodynamics; Monte Carlo

1. Introduction

Quark masses are fundamental parameters of the standard model, which have to be
determined from experimental observations confronted with theoretical predictions [1].

1 PPARC Advanced Fellow.

0550-3213,/00/$ - see front matter © 2000 Elsevier Science B.V. All rights reserved.
Pll: S0550-3213(99)00714-2
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At present the most precise theoretical predictions which alow for the determination of
ratios of the three light quark masses are based on chiral perturbation theory [2]. A
detailed analysis yielded [3]

M,/My=055+004, M/ /M=244+15 (1.1)
with
M=21(M,+M,). (1.2)

Unlike these ratios, the overall magnitude of the quark masses is not accessible to chira
perturbation theory combined with experimental data alone. One should therefore
determine a particular linear combination of quark masses by comparing lattice QCD
predictions [4—19] or QCD sum rules [20—31] to experiments.

In this work we use the masses of the K-mesons and a computation in the quenched
approximation to QCD to determine M, + M. Our analysis employs the O(a) improved
lattice theory, the quark mass is renormalized completely non-perturbatively [32] and the
continuum limit is taken (with a rate proportional to a?). Hence, with respect to the last
two points, it improves on many previous calculations.

In general quark masses are scale- and scheme dependent quantities. It is therefore
desirable to compute the renormalization group invariant quark masses, which — being
both scale- and scheme-independent — are naturally taken as fundamental parameters of
QCD. We recal that they are defined in terms of the high energy behaviour of the
running masses m( w):

M. = Jm{(Zbogz( w) T m(w), (1.3)

by =11/(4)?, d, = 8/(4m)>. (1.4)

On the other hand, the renormalization group invariant masses M, are related to the bare
current quark masses m; by

M, = Z,,m, (15)

with a (flavour independent) renormalization factor Z,, which was recently computed by
the ALPHA Collaboration [32,33]. This non-perturbative result is the basis of our
present calculation.? The renormalization problem and its solution were discussed in
detail in Refs. [32,33]. The current quark masses themselves, are defined through the
PCAC relation

GMAM(X)=(mi+mj)P(x), (1.6)

2 Since the bare mass is involved, Z,, depends on the regularization. The complete calculation of [32] was
done in O(a) improved quenched lattice QCD, which we use here as well.
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in terms of the axia current

ALX) = B (X) % ys¥i( %), (1.7)
and the pseudoscalar density
P(x) = (%) vs¥5( %) (1.8)

Applied to the vacuum-to-K matrix elements it reads

. F
MS+M=ZM(mS+r“n)=zMG—Km2K, (1.9)

K

where F, is the K-meson decay constant, and G, denotes the vacuum-to-K matrix
element of the pseudoscalar density.® Eq. (1.9) is the fundamental relation which we
shall exploit in this work. It is used in the following way: we compute ZM% and

multiply with the experimental squared mass,

mg = 3(ME+ Mo )oep = (495MeV)?, (1.10)
to obtain M, + M. By the subscript ‘*QCD’’ we indicate that we have used the masses
in pure QCD with electromagnetic interactions switched off, since obvioudly the lattice
QCD result is valid for a world where «.,=0. In practice this is achieved by
subtracting an estimate of the electromagnetic effects from the experimental numbers.
The numerica estimate in Eq. (1.10) was obtained from Dashen’s theorem [34] being
well aware that the accuracy of this estimate may be only around 0.5% in mZ [35-39].

The combination Fx carries the dimension of an inverse mass. Therefore it is

Gy
necessary to choose another dimensionful observable to form a dimensionless ratio
which has a continuum limit (this is often called *‘ setting the scale’’). Choosing r, [40]
or F, for this second observable and extrapolating to the continuum limit yields the
results quoted in the abstract.

In the following we shall first explain our strategy to deal with some technical
difficulties in the computation of F, /G . Since our strategy involves replacing Fy /Gy
by the ratio Fpg/Gpg for mass-degenerate mesons, we discuss in Section 3 the
dependence of various observables on the difference of quark masses m, —m;. In
Section 4 we show that finite size effects are negligibly small in our calculation. The
main result for the quark mass is presented in Section 5, where, among other issues, the
extrapolations to the continuum are discussed. We then proceed to estimate the
ambiguity which originates from the fact that the quenched approximation can not be
expected to describe the real world properly. As a byproduct, we present the calculation
of the kaon decay constant and masses in the vector channel in the continuum limit. We
finish with a discussion of our results and some comments on how the method may be
extended to determine coefficients of the chiral Lagrangian.

% Our convention is that Fy,G, denote the matrix elements of the bare operators. Renormalization factors
are written explicitly. For the O(a) improved lattice theory they can be found in Appendix A.
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2. Strategy
2.1. Chiral perturbation theory

Let us first recal what chiral perturbation theory can predict concerning the quark
masses [2,3,41,42]. Chiral perturbation theory is based on nothing but the very general
assumption that chiral symmetry is broken spontaneously in the limit M = M, — 0. This
allows for a quantitative description of the pseudoscalar sector in terms of a low-energy
effective Lagrangian, where quark masses appear as ‘‘ kinematical variables’ just like
the energy in scattering processes. The parameters in the chiral Lagrangian are indepen-
dent of the quark masses. At order p*, most of the parameters have been determined by
comparison to experimental data (see e.g. Ref. [43] for numerical values). However, the
coefficient of the chiral symmetry breaking quark mass term in the Lagrangian (denoted
by B in [42]), cannot be determined from experimental data alone. It can only be fixed
when one particular quark mass is known. Since all parameters are independent of the
guark masses, this may be done at a convenient reference point. It is important to realize
that this reference point does not have to correspond to a physical quark mass. The
procedure can then be extended to determine other parameters in the chiral Lagrangian
more precisely, once additional observables are known for suitable quark masses and
with sufficient accuracy. All of this can potentially be achieved by lattice QCD
calculations and can improve predictions such as Eq. (1.1). Also the justification for the
truncation of chiral perturbation theory can and should, of course, be checked.

A particularly convenient way of applying this idea in practice is as follows. We
introduce the ratio

Fes
Gps
such that
m, +m; = R(m;,m,) mag(m;,m) . (2.2)
Defining a reference quark mass
Mps( Myes,Myg) = My, (2.3)

with the kaon mass already discussed in the introduction, the ratio R for the physical
guark masses may be written as

ROmMy, M) = T(X, %) R(Mer M), X = my/m

i X (2.4)

ref

with a function T( xi,xj) which can be computed in chiral perturbation theory. In

particular, using [41,43] one finds
T(my/me,M/My) =1 andthus2m = m+ M. (2.5)

The corrections to the above equation are small, but the overall uncertainties associated
with this statement require a detailed investigation of the phenomenology. The reason is
that the errors of the parameters in the chiral Lagrangian are correlated, which makes it
non-trivial to estimate uncertainties. Nevertheless we expect Eq. (2.5) to be correct to
within about 10%.
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In Section 3 we shall follow a complementary approach, by investigating pseu-
doscalar meson ohservables as a function of the average quark mass and the difference
of the quark masses. We find that the dependence on the latter variable is rather small. It
then follows trivially from our definition of T that Eq. (2.5) is valid rather precisely.

Before turning to that investigation let us briefly explain why our strategy is
advantageous. The reasons for quenched QCD and full QCD are somewhat different but
related, having both to do with the difficulties of extrapolations to the region of small
quark masses which is at present inaccessible to direct Monte Carlo calculations.

2.2. Quenched approximation and full QCD

The lattice calculations presented in this paper have been performed in the O(a)
improved theory [44] with non-perturbative improvement coefficients [45] and mass-re-
normalization factor, Z,, [32]. Details pertaining to, for instance, O(a) correction terms
in the currents can be found in the appendix.

To motivate our strategy let us first review the straightforward approach for comput-
ing light quark masses. First one assumes isospin symmetry of the ratios R, i.e. effects
of O(m, —my) are neglected, which is well justified given the smallness of this mass
difference. Then one chooses an overall scale, say the hadronic radius r,, and deter-
mines the bare light quark mass and strange quark mass such that rom_ and r,my agree
with the experimental numbers. Except for the bare coupling, al parameters in the QCD
Lagrangian are then fixed and the current quark masses are given by Egs. (2.1), (2.2),
with

(0lA(0)K( p)> =ip,Fc, <OIP(0)K(p))=Gy. (2.6)

Here |[K( p)) denotes a pseudoscalar state with momentum p, standard infinite volume
normalization and the proper flavour quantum numbers. After renormalization the quark
masses can be extrapolated to the continuum.

While this approach will ultimately be a clean and straightforward way to determine
the quark masses, it poses two problems in the quenched approximation.

- The quenched approximation is expected to be misleading for very light quark
masses such as M. A particular indication of the failure of the quenched
approximation in this regime is the presence of logarithmic terms in chiral
perturbation theory which have no counterpart in the full theory [46-50].

- With our fermion action and lattice spacings, we cannot perform calculations for
quark masses which are below approximately half of the strange quark mass. For
smaller masses, the Dirac operator has unphysical zero-modes on a certain
fraction of configurations contributing to the path integral (‘‘ exceptional configu-
ration’’) [45,51].

The second problem is of a more technical nature. It can in principle be circumvented
by choosing a suitable action, but then also Z,, has to be recomputed. However, the first
point must be taken seriously, since we want to obtain results which are not misleading
with respect to the real theory of interest, full QCD.

It is furthermore advantageous to use the same strategy in full QCD. The reason is
that it is very likely that for some time to come, lattice simulations will only reach down
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to quark masses somewhere around m= m, (= m,/2). The most precise way to
extrapolate further is then given by chiral perturbation theory as discussed above.

3. Non-degener ate quarks

In this section we investigate quantitatively how the pseudoscalar mass and decay
constant depend on the difference of the two quark masses in quenched QCD. Apart
from some consistency checks which were performed with the data of the ALPHA
Collaboration, the numerical results presented here were obtained during the course of
the UKQCD simulations [52] using the O(a) improved action.

We consider the observables of interest as a function of the average current quark

mass m= mi:mi and the parameter y defined by

y:(xi_xj)2=(mi_mj)z/m$e , (3.1)
with m, as determined later in Section 5. In particular, we want to show that the
functions

Hy(m,y) = mis and He(m,y) = Fpg [1 + byam | (3.2)
have little dependence on y. In other words, the ratios

Qu(m,y) =Hy(m,y)/Hy(m0), (33)

Qe(m,y) = He(m,y) /He(m,0) (34)

are close to unity. Note that the two functions Q,, and T are equivalent at the special
point m=m,, since Q, (M, y)=1/T(L+ 3/y,1— 2/y). In order to investigate
the y-dependence numerically, we start from the results for am,g and aF.5 of UKQCD

Tablel

Results for masses and unrenormalized (ratios of) matrix elements in all simulation points

B K am aMepg amy aFpg FPS/ aGpg

6.0 0.1335 0.0466(1) 0.3884(10) 0.5289(26) 0.0969(4) 0.5997(31)
0.1338 0.03856(6) 0.3529(11) 0.5077(31) 0.0943(4) 0.6022(34)
0.1340 0.03311(7) 0.3275(11) 0.4938(36) 0.0924(4) 0.6015(39)
0.1342 0.02759(8) 0.3001(12) 0.4804(44) 0.0905(4) 0.5978(45)

6.1 0.1342 0.04161(3) 0.3306(5) 0.4542(17) 0.0870(3) 0.7454(22)
0.1345 0.03305(3) 0.2947(5) 0.4328(23) 0.0841(3) 0.7476(26)
0.1347 0.02734(3) 0.2687(6) 0.4188(28) 0.0820(3) 0.7458(30)
0.1349 0.02160(4) 0.2399(7) 0.4056(39) 0.0799(3) 0.7405(37)

6.2 0.1347 0.03241(3) 0.2683(5) 0.3748(21) 0.0743(3) 0.8887(33)
0.1349 0.02661(3) 0.2430(6) 0.3588(26) 0.0721(3) 0.8908(38)
0.13515 0.01934(3) 0.2080(6) 0.3388(39) 0.0693(3) 0.8857(48)
0.1352 0.01788(3) 0.2004(6) 0.3348(43) 0.0687(3) 0.8830(51)

6.45 0.13485 0.02477(2) 0.1975(8) 0.2749(25) 0.0533(5) 1.261(10)
0.1351 0.01734(2) 0.1650(9) 0.2558(37) 0.0503(4) 1.265(14)
0.1352 0.01439(2) 0.1505(9) 0.2480(46) 0.0490(4) 1.261(16)

0.1353 0.01142(2) 0.1347(10) 0.2398(59) 0.0477(4) 1.250(19)




J. Garden et al. / Nuclear Physics B 571 (2000) 237-256 243

1.01

EE ! | {

Qu(m,y)

Qp(m,y)

12-;% i { { —

0.99 -

e ted
|
|

0 1 2 3 y
Fig.1. The functions Q(m,y). Q,, denotes the case of pseudoscalar masses and Q- their decay constants. The
average of m; and my; is between =14m. and = 2.4 M.

[52] for three values of the quark masses at each of the two bare couplings 8 = 6.0,6.2.
Three combinations with m; # m; are then available for each of the two corresponding
lattice spacings, 0.09 fm and 0.07 fm. The only numerical difficulty in examining the
ratios Qy is that the denominators H,(m,0) are in genera not available directly. They
may, however, be replaced by an interpolation

Hy (m,0) = hYm+ h¥'m? + hY m?, (3.5)
He(m,0) = hf + hfm+ him?, (3.6)

with h determined from the observables computed for the three available degenerate
mesons (m; = m;). One has to check that these interpolations are stable. This was tested
by taking dlfferent subsets of three mass points of the datain Table 1, extracting h) and
comparing the resulting functions H,(m,0). Deviations between these different interpo-
lations were found to be negligible compared to the statistical precision of the ratios Q
themselves.

Before discussing the results, let us mention one technical point in the numerical
analysis. For convenience, the above procedure was carried out using the subtracted,
improved bare quark masses, m,=my(1+ b, am,), m,=m,—m, instead of the
current quark masses themselves.* For the guestion addressed in '[hIS section, this makes
no difference because m=Z,m, holds up to the usua O(a?) errors, with some
mass-independent renormali zati on factor Z.

In Fig. 1 we show our numerical results.®> They show that Q,, has a dependence on y
which is below the level of a percent, and Qp is seen to be independent of y to within
our statistical precision of around 0.3%. It should be kept in mind that Fig. 1 tests the
y-dependence for m/m, = 1.4—2.4, while later we shall be interested in kaon physics,
where m/m,; = 1. It remains a (plausible!) hypothesis that Q, are close to unity also
for this lower value of m. Nevertheless, our investigation quantifies the smallness of
y-effects for the first time and suggests that the correction terms in Eq. (2.5) are

* Flavour indices are suppressed, here, and we use [53] b, = —1,/2—0.0962g2.
® The numerical values for (), were taken from the analysis described in Section 5.
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negligible.® Based on this analysis we shall not distinguish between 2m,; and m, +
from now on.

4, Finite size effects

Our numerical results, which are listed in Table 1, have been obtained for approxi-
mately constant physical volume, T x L3, where T=2L and L = 3r, = 1.5fm. We used
exactly the numerical methods described in [55], and in particular systematic errors due
to excited state contributions were checked to be small compared to the statistical errors.
Further details about the simulation are described in the appendix. Since the precision of
the results is quite good one has to investigate whether they may be affected by the
finite size of the system at the level of their statistical accuracy. The most relevant
observable for the determination of the quark masses is the ratio R=(m; + m;)/mg.
Since m, is defined through the PCAC relation, it is independent of the volume [44]
(apart from small lattice artefacts of order a?). We are therefore predominantly
interested in the volume dependence of the pseudoscalar masses but will also consider
the decay constant Fpg.

In the pseudoscalar sector the leading finite size effects can be reliably calculated in
chiral perturbation theory. The reason is that for vanishing quark masses the pseu-
doscalar mesons are Goldstone bosons. Their interactions become weak for small
energies and these are responsible for the leading finite size effects for large but finite
volumes.

Gasser and Leutwyler have reported results for the two-point function of the axial
current at space-like separations in Eqgs. (25) and (26) of Ref. [56]. These expressions
hold at finite temperature and in finite volume. They are easily adapted to the situation
which is of interest here, namely the pseudoscalar mass on an L3-torus (temperature
zero) mpg(L), and the corresponding decay constant Fpg(L). The resulting formulae are

mes(L) 1 ﬁ

e TN Féz 9(2) +0(e 27), z=myL (4.1)

Fps( L ma

F:im; ~1= =N 9(2) + (e ), (42)
3 wdXx 3

9(2) = grzgz ) @ T = g K2, (43)

where K,(z) denotes a modified Bessel function. Here a comment is in order. Thisis a
result of the first non-trivial order in chiral perturbation theory in full QCD. A priori one
cannot expect it to be accurate if the pseudoscalar meson masses are too large. On the
other hand, one knows that the finite size effects discussed here are of order e %, aslong
as the pseudoscalar is the lightest particle in the theory [57,58]. It is plausible that the

® From earlier results of Ref. [54] it was already possible to infer that — for light quark masses — Q does
not depend on y beyond a level of 5%. Our investigation now excludes y-effects which are 10 times smaller.



J. Garden et al. / Nuclear Physics B 571 (2000) 237-256 245

prefactor of the exponential is not dramatically different for heavier pseudoscalar
mesons. We may therefore take the above equations as a reasonable estimate of finite
size effects. Being interested in the order of magnitude of these effects, we also do not
worry about the difference of the quenched approximation and full QCD.

In our numerical calculations(see Tables 1 and 4), we arein therange z= mpgL > 4.3
and consequently Egs. (4.1)—(4.2) predict corrections which are below the level of 0.5%
for Fps and 0.1% for myg. In order to check this estimate, we have done some
calculations on lattices which are larger than our standard L= 15 fm. Entirely
consistent with the above formulage, we found no significant changes in Fpg,mgg, for
instance

_ _ ~ Meg(24a) B B
Fes(243) 3
Fo(aza) ~ LT T000%(8) (= —0003), (4.5)

where the numbers in parentheses are the estimates from the above eguations with
N, = 2.

We conclude that even with the numerical precision of Table 1, finite size effects are
negligible for the quark masses considered. Of course, as described by the above
formulag, finite size effects grow rapidly when the pseudoscalar mass becomes smaller
and larger volumes would be necessary for quark masses which are significantly smaller
than the ones we used.

5. Degenerate quarks, continuum limit

We can now proceed to compute the desired quantity r (M + M). The first step isto
evaluate R for degenerate quarks as a function of rZm2,. Relegating al details of the
exact numerical procedure, such as the definition of m, and the different improvement
coefficients, to the appendix we directly show the mass dependence of R in Fig. 2a. It is
apparent that R is almost constant as a function of the quark mass (or remao). It is
therefore easy to extrapolate to the desired point rimag=rZmz = 1.5736, dightly
outside of the range where we have numerical results. The extrapolation is performed
linearly in rim2g, using the three closest data points. Simply taking for instance the
closest data point or an average of al of them would change the final result for the
quark mass by a negligible amount.

The second step is now to form the combination

A R'rgmﬁ,s: .
fo( M+ M) =2, r—lmﬁ X 1.5736 (5.1)
0
collecting al errors, including the ones on r,, [59] and the 3-dependent one of Z,, [32].
We then extrapolate to the continuum limit linearly in a?. As seen in Fig. 3a, the
dependence on the lattice spacing is significant — in contrast to the quark mass on
smaller volume [60]. As a safeguard against higher order terms in the lattice spacing, we
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defined in Eq. (A.6).

therefore include only the three points with smallest lattice spacing in the extrapolation
and obtain our main result

ro( Mg+ M) = 0.362(12) . (5.2)

This result contains the B-independent part of the uncertainty in Z,, of 1.3% [32]. At
this point one may be concerned about the validity of an a®-extrapolation, since b, — b,
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Fig.3. Continuum limit extrapolations of several observables. Full symbols show the extrapolated values.
Dashed lines represent the extrapolation function, which are continued outside the fit range towards larger
lattice spacings.
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is mostly known only in perturbation theory. However, this combination is found to be
tiny at the one-loop level [53] and turns out to be rather small aso non-perturbatively
[62,63]. We have checked explicitly that such small values of b, — b, do not affect our
continuum extrapol ation.

In the whole procedure one may replace R, defined in Eq. (2.2), by the ratio of the
current quark mass and the pseudoscalar mass squared. One then ends up with slightly
different lattice spacing effects and somewhat different statistical errors. We have
performed also that analysis, using the current quark mass averaged over a range of
timeslices around the central one in our lattice. The results differ by up to 2% from the
ones presented above for finite lattice spacings but are indistinguishable after the
continuum extrapolation.

Instead of the quark mass in units of r,, we may also compute the combination
(Mg + M) /(F)g, where (Fy ) is the kaon decay constant. As its experimental value
we take (F, )z = 160(2) MeV. We note that electromagnetic effects cannot be subtracted
in andogy to Eg. (1.10), chiefly because F,o is not known experimentaly. We
emphasize that this is truly an aternative procedure which amounts to computing the
combination

M+M M 1
(F)r M ZpriGpg[1+ bpam|

X 1.5736, (5.3)

ramig=1.5736

where the ratio M/m and the renormalization constant Z, have to be teken at a
common scale for which we resort to the value u=1/(1.436r,) chosen in [32].
Discretization effects are clearly expected to be different in this case: they are known to
be non-negligible in the product r,(Fpg)g [64]. A non-perturbative estimate being
unavailable at present, we have to rely on the perturbative value b, = 1 + 0.153 g3 [53].
Extrapolationsin r2mag and the continuum extrapol ations are shown in Fig. 2b and Fig.
3b. Concerning the former, the mass-dependence of 1/{Gpg[1 + bpam,]} is stronger
than the mass dependence of R, but within our errors it is perfectly linear and the
extrapolation is easily done. In comparison to the quark mass in units of r,, we find
discretization errors which are roughly only half as big.

In order to confirm that it is legitimate to perform an extrapolation linear in a2, even
though the improvement coefficient by is known only perturbatively, we have repeated
the whole analysis after setting by, to its tree-level value b, = 1. Results after extrapola-
tion changed by much less than a percent. Our final continuum result is

S

M
(F ~0874(29). (5.4)

For illustration we may translate to physical units, setting r,=05 fm [59] and
(Fy)r = 160(2)MeV. We thus obtain

2M,, = My + M = 143(5) MeV  from Eq. (5.2), (5.5)
2M,; = M, + M = 140(5) MeV  from Eq. (5.4) . (5.6)

As will be discussed in more detail below, this assignment of physical units is
ambiguous in the quenched approximation. One should be well aware that the solid
results are given in Eq. (5.2) and Eq. (5.4).
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Table2

Extra-/interpolations in r2m32g and resulting continuum limits (CL) including all errors

rgMes B Zy 1, M + M/( Fes)r ro( Fes)r my o (FPS)R/mV

1.5736 6.0 0.193%(30) 0.810(11) 0.3746(45) 2.428(32) 0.1543(26)
6.1 0.2077(28) 0.824(10) 0.3952(47) 2.457(32) 0.1609(26)
6.2 0.2160(30) 0.843(11) 0.4020(48) 2.361(40) 0.1701(32)
6.45 0.2205(46) 0.851(19) 0.4070(60) 2.441(71) 0.1667(52)
CL 0.2300(69) 0.874(27) 0.4146(94) 2.386(66) 0.1761(75)

3.0 6.0 0.1966(26) 1.450(17) 0.4063(47) 2.637(22) 0.1541(20)
6.1 0.2104(26) 1.471(17) 0.4288(49) 2.666(20) 0.1609(20)
6.2 0.2181(28) 1.501(18) 0.4363(51) 2.606(25) 0.1675(23)
6.45 0.2236(37) 1.518(28) 0.4421(62) 2.677(42) 0.1652(32)
CL 0.2324(57) 1.553(42) 0.4507(99) 2.645(41) 0.1709(49)

For future reference we list various dimensionless quantities both for r2mag = 1.5736
and for r2m2s =3 in Table 2. Our results before and after the continuum extrapolation
can be found in that table.

6. Ambiguities in the quenched approximation

In Section 5 we have mainly used r, as our reference scale. However, in general one
expects that by choosing different experimental inputs one will also get somewhat
different results when working in the quenched approximation. Here we would like to
quantify this ambiguity for our determination of Mg+ M.

A first estimate is obtained by computing the combination r,(Fy )g, using our results
for the pseudoscalar decay constant including the non-perturbative renormalization
factor Z,, and comparing it to its experimental value. Of course, on the basis of the
results for Mg+ M presented in Egs. (5.5) and (5.6) one may not expect any significant
deviation. However, the following detailed analysis may still be instructive, in particular
since it yields r(Fy)g in the quenched approximation.

The procedure to extract r,(F, )y is entirely analogous to what was done in the
previous section. The extrapolations in rZm2g (for mass-degenerate quarks) and the
continuum extrapolations are shown in Fig. 4a and Fig. 3c, respectively. In the
continuum limit we find

quenched: {roZ, Fps[1+byamy]} 2z _ 1 5756 = 0-415(9) (6.1)
compared to
experiment:  0.5fm X (F,)g = 0.405(5) (6.2)

with the experimental value of (F,)g. Clearly the result obtained in the quenched
approximation agrees well with experiment when the approximate value r, = 0.5fm is
employed. However, it would be premature to conclude that the ambiguity is small,
since the agreement may be special to the case of (F, )g.
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Fig. 4. Mass dependence of pseudoscalar decay constant and vector meson mass.

Another alternative to set the scale is provided by the nucleon mass, m,. Compared
with other widely used quantities like m , the nucleon has the advantage of being a
stable hadron. Although we have not computed m, ourselves, we can still use the
precise published results obtained by the CP-PACS Collaboration [19] and combine
them with the values of r,/a reported in [59]. We obtain

quenched: romy = 2.6 (6.3)
compared to
experiment:  0.5fm X my =2.38, (6.4)

which represents a 10% difference. Of course also the result for M, + M in MeV would
change by the same amount if one used my instead of r, or (F,)g as experimental
input. This may serve as a rough estimate of the inherent ambiguity in the quenched
model.

In principle one could aso use directly the results from recent comparisons of the
quenched light hadron spectrum with experiment [19,65] to estimate this ambiguity. In
Ref. [19] statistically significant deviations of up to 11% are observed when the scaleis
set by m,, which, as a resonance, has a fairly large width. Since we consider it safer to
set the scale by the nucleon mass, we have refrained from quoting this number as the
typical uncertainty for the case at hand. However, using the published numbers of [19], it
is not difficult to estimate the quenched results for the other hadron masses when one
chooses my asinput — at least within a precision of 2-3%. Interestingly it then turns out
that the masses of the stable hadrons agree with experiment to within about 4%. On the
other hand, for unstable hadrons one observes differences which can be as large as their
widths. This may not be too surprising, since resonance effects are not controlled in the
lattice calculation. In short, it is difficult to assess the relevance of the deviations
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observed in the quenched hadron spectrum for our analysis, and thus we stick to our
above estimate of around 10% for the ambiguity in question.

Finally, let us discuss the quark mass dependence of the flavour non-singlet vector
meson masses in more detail. First we note that effects of the differences of quark
masses can be shown to be unimportant in the same way as in Section 3 and we restrict
our attention to the masses of mass-degenerate mesons (m, = mj). Our aim is to map out
the quark mass dependence of m,, in the continuum limit: we pick certain values of
g=m/m,=M/M,, and for each of these values and for each lattice spacing we then
perform an inter- /extrapolation of m,, as a function of the quark mass to determine
m, (m= gm,). Here, my = 1.921 m, 4 (see Eq. (1.1)) isused and m, is known from the
previous section. At fixed value of g we then extrapolate rom,, to the continuum limit
including our data for all values of the lattice spacing, after observing that the lattice
spacing dependence is very weak.

In Fig. 5, we plot the continuum results as a function of . They are compared to
my -, m, and m,. Since al of these states are resonances, we aso indicate their width in
the figure. Additional reservations apply to the inclusion of the ¢ meson in this
comparison. It is a mixture of flavour octet and singlet components, while the lattice
calculation is for a pure octet state with mass-degenerate quarks:. the disconnected quark
diagrams occurring in the singlet channel are not accounted for, and mixing with
glueballs is neglected. Although all these effects may be argued to be irrelevant in the
guenched approximation, the experimental value in Fig. 5 does include them and it is
somewhat surprising that our values for m,, a q= 1 come so close to m,.

If we were to ignore these problems and determined M, from the requirement that
romy at that quark mass agrees with rom,, it is evident from Fig. 5 that we would
obtain a result for M, which is compatible with the numbers quoted in the previous
section. However, the error would be considerably larger. Further continuum results
such as romy -, shown also in Fig. 4b and Fig. 3d, and (F, )z /my - arelisted in Table 2
for future reference.

To summarize, we have directly seen ambiguities of about 10% owing to the use of
the quenched approximation. This has to be kept in mind when quark masses in MeV
are quoted. Still we have demonstrated that within the quenched approximation a total
precision of 3% (see Eq. (5.2) and Eq. (5.4)) can be achieved.
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Fig.5. Quark mass dependence of flavour non-singlet vector meson masses. Experimental masses are shown as
asterisks and their width is indicated by a dotted line.
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7. Discussion

Noting that ratios of light quark masses can at present best be calculated in chiral
perturbation theory, we discussed a strategy to compute the overall scale of the light
quark masses and applied it to the test-case of quenched QCD.

The problem has essentially two parts. First, the renormalization problem should be
solved non-perturbatively. Here we have used the recent solution of the ALPHA
collaboration [32,33] which connects the bare current quark masses to the renormaliza-
tion group invariant ones. Second, one particular quark mass should be computed by
matching with pseudoscalar meson masses. It is not necessary to perform this matching
at physical values of the quark masses, because the parameters in the effective chiral
Lagrangian are mass-independent. For both the quenched approximation and full QCD it
appears convenient to use two different (flavours of) quarks with equal mass M such
that mg is equal to the kaon mass m,.

The ratio of M, to the physical quark masses can then be computed in chira
perturbation theory. In Section 3 we have shown that pseudoscalar masses, mgg, have
very little dependence on the difference of the two quark masses in the quenched
approximation. From this one has 2 M = M, + M, which is aso true in chira
perturbation theory (in full QCD!). R R

By making the identification 2M,; = Mg + M we have computed (M + M)r, and
(Mg + M) /(F,)g, incorporating all systematic errors (such as finite size effects), and
have taken the continuum limit of these quantities. These solid results are given in Eq.
(5.2) and Eq. (5.4).

A conversion of the results to physical units is necessarily ambiguous, since
guenched QCD does not describe the real world. Depending on the choice of quantity
somewhat different results in MeV are obtained. It is interesting to note that using either
ro=05fmor (Fy )z = 160MeV gives indistinguishable results at our level of precision
of 3%. However, this does not mean that M, + M has to be very close to our quenched
result also in full QCD. Indeed, we have estimated that replacing (F, )z by my (or other
stable light hadron masses) would give quark masses in MeV, which are larger by about
10%.

Usually the running quark masses in the MS scheme, Mys (), are quoted. Their
relation to the renormalization group invariant quark masses, which we computed here,
has been discussed in Section 2 of Ref. [32]. For convenience, we include a table with
the perturbative conversion factors Mys (©)/M computed by numerical integration of
the renormalization group equations with the n-loop approximations of the renormaliza-
tion group functions ( 8,7 in the notation of [32]) for n = 2,3,4. One should be aware
that the result Ag<” =238(19) MeV [32] enters the numbers of Table 3. The
uncertainty in A trandatesinto 1.5% in Mys (w)/M a w=2GeV and 25% at w=1
GeV. If desired, Table 3 may be used to estimate Mys ( w). A typical result combining
Egs. (5.6) and (1.1) and the table is

ref

my(2GeV) = 97(4)MeV  with 4-loop running in the MS scheme. (7.2)
This illustrates that a high level of precision can be reached by state of the art lattice
techniques.

Effects of dynamical fermions may first be examined in the theory with unphysically
large quark masses. We have also given results for a reference mass which is roughly
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Table3
Factors to convert the renormalization group invariant mass into the MS scheme at scale u
w[Gev] Mys(w)/M

2-loop 3-loop 4-loop
1.0 0.80279 0.83585 0.84449
2.0 0.70388 0.71830 0.72076
4.0 0.64079 0.64880 0.64981
8.0 0.59549 0.60055 0.60105
90.0 0.49937 0.50105 0.50112

twice the strange quark mass. One should quantify what the effects of dynamical
fermions are at such a point, where a good accuracy may be achieved, and then move on
to the more chiral regime.

Also for some quantities not related directly to quark masses, precise results have
been obtained. They refer to the continuum limit of the quenched approximation and are
summarized in Table 2. Most notably, decay constants were computed with a precision
not much worse than the experimental one. This was achieved using the method to
compute hadronic correlation functions proposed in [55]. In this context we should aso
comment on the continuum extrapolations in the O(a) improved theory. They are
certainly necessary! For the quark mass in units of r, the difference between its value
at a lattice spacing a=0.1fm and at a= 0 amounts to about 15%. Other quantities
show smaller lattice spacing effects as was observed also in a finite volume study [60].
Although clearly one would have hoped for a weaker a-dependence, we note that their
order of magnitude is not much different from what is known already for pure gauge
theory observables [59].

Finally let us come back to the role of lattice QCD in determining parameters of the
chiral Lagrangian. Figs. 2 and 4a show to what precision the quark mass dependence of
observables in the pseudoscalar sector can be computed. Such information, once
available in full QCD, will allow us to reduce the errors in the chiral Lagrangian. For
instance, we have checked that just the mass independence of R puts strong restrictions
on these parameters. As usual, estimates of the uncertainties is a delicate issue and a
detailed investigation of the potential of this approach will be left for future work.
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Appendix A. Numerical details
A.1l. Improvement coefficients, renormalization factors

Our cdculations have been performed using the O(a) improved Wilson action
defined in Ref. [45], which can be consulted for any unexplained notation. In particular,
the improvement coefficients ¢y, and c, were taken from Egs. (5.15) and (6.4) of that
reference.

The renormalized axial current and pseudoscalar density for quark flavours i and j
are defined as

(AR) u(X) =Zy(1+ byamy)(A) .(X), (A1)
Pa(X) = Zo(1 + bpam, ) P(X). (A2)

where P(x) = @i(x)y51/;j(x), and the improved, unrenormalized axial current is given
by

(A)(x)= @I( X) Y, ys¥(X) + aCA%(é‘M* + aﬂ)P(X). (A3)

The renormalization factor Z, was caculated in [61], and here we have used its
parameterization in Eq. (6.11) of that paper.

The renormalization factor Z,,, which relates the current quark mass in the O(a)
improved theory to the renormalization group invariant quark mass, has recently been
determined [32]. In that paper aso the scale- and scheme-dependent factor Z, has been
computed in the Schrodinger functional (SF) scheme at a fixed scale of L= 1.436r,.
Here we use their representation in terms of polynomial fit functions, viz.

Zy(go) =1.752+ 0.321( B— 6) — 0.220( B— 6)°, (A.4)
Zo( 9o:L/@) - 14361, = 0.5233 — 0.0362( B — 6) + 0.0430( B—6)>,  (A.5)
B=6/92, 6.0<B<65.

As explained in Subsection A.2 of Ref. [32], the uncertainty in Z,, is split into a
B-dependent part of 1.1%, which enters any continuum extrapolation, and a B-indepen-
dent error of 1.3% which must be added (in quadrature) to the extrapolated result. The
typical accuracy of Z, as given by the above polynomial is 0.5%.

The factor Z,, renormalizes the lattice counterpart of the ratio R(m;,m,) defined in
Eg. (2.1). In the O(a) improved theory it is given by

FPS
R(mi,mj)=G—PS[l+(bA—bP)amq], (A.6)
where
1 11 1 2
mq=5{<mq>i+(mq>j}=g(; E‘Z)' (A7)

and «;, k; are the hopping parameters of flavours i and j.
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The combination b, — b, has been found to be small in perturbation theory [53] and
also non-perturbatively [62,63]. A method how to determine the individual coefficients
b, and b, non-perturbatively has been proposed in Ref. [66], but no results for our
choice of action have been reported so far.

The values for the critical hopping parameter «. have been taken from Table 1 of
Ref. [45]. When necessary they have been interpolated linearly to the desired B-value.

A.2. Hadronic correlation functions, reference scale

Our calculation of hadronic correlation functions using Schrodinger functional bound-
ary conditions follows exactly the procedures outlined in a previous paper [55]. In
particular, this reference contains the definitions of the correlation functions f,, f,, ki,
and f,, which we have computed to extract hadron masses and matrix elements for
pseudoscalar and vector mesons.

Estimates for meson masses were obtained by averaging effective masses,

amys x (%o +2a/2) =In(f(xo) /f(%+2)), X=PSV, (A.8)

over a suitably chosen interval t.;, <X, <t.,,. Similarly, the ratio Fpg/Gpg Was
obtained by averaging the combination

Fps 1 fa( %)

= —_—, (A9)
Gps  Mps fo(Xo)
and the individual matrix elements Fpq and G4 are extracted from

_ fa(x

Fes = 2(Mpg %)/ “ex0T/2mss —A(f 2N (A.10)
1
fo( X

G = z(mPS/LS)l/Ze(xOfT/ampsM' (A.11)

/f

where again an average over the interval [t.,,.tna] iS taken. The averaging intervals
used here were the same as those in Table 1 of Ref. [55].
We have also calculated an unrenormalized current quark mass defined by

1 .
E(ao* +dg) fa( Xo) + Ca@dyd, fo( Xo)

2f5(%o)

The values for the current quark mass listed in Table 1 have been obtained by averaging
m(x,) over the interva T/4 < x, < 3T/A4.

For the hadronic radius r, which was used to set the scale, we have taken its
parameterization quoted in [59], viz.

In(a/r,) = —1.6805 — 1.7139( B — 6) + 0.8155( B — 6)> — 0.6667 ( B — 6)°,
(A.13)

m( x,) = (A.12)

accounting for the uncertainty as quoted in [59]. In addition to the results obtained at
B = 6.0 and 6.2, which have been published in [55], we have also computed correlation
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Table4

Simulation parameters

B T/a L/a L/To Nineas
6.0 32 16 2.981(12) 1000
6.1 40 24 3.795(17) 800
6.2 48 24 3.261(16) 800
6.45 64 32 3.060(17) 220

functionsat 8= 6.1 and 6.45. A brief summary of our simulation parameters including
Neas: the number of gauge field configurations for which the correlation functions were
computed, is presented in Table 4.
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Abstract

We propose a general method to obtain accurate estimates for some of the “low-energy constants”
in the one-loop effective chiral Lagrangian by means of simulating lattice QCD. In particular,
the method is sensitive to those constants whose values are required to test the hypothesis of
a massless up-quark. Initial tests performed in the quenched approximation confirm that good
statistical precision can be achieved. As a byproduct we obtain an accurate estimate for the ratio
of pseudoscalar decay constarfig,/ Fr, in the quenched approximation, which lies 10% below the
experimental result. The quantities that serve to extract the low-energy constants also allow a test of
the scaling behaviour of different discretizations of QCD and a search for the effects of dynamical
quarks.0 2000 Elsevier Science B.V. All rights reserved.

PACS:11.15.Ha; 12.38.Gc; 12.39.Fe; 14.65.Bt
Keywords:Quark masses; Lattice gauge theory; Chiral perturbation theory; Quantum chromodynamics;
Monte Carlo

1. Introduction

Chiral Perturbation Theory (ChPT) [1,2] plays an important réle in the study of low-
energy phenomenain QCD. As is well known, ChPT is based on simultaneous expansions
of scattering amplitudes or hadronic matrix elements in powers of momentum and the
quark masses:, mg andms, and the form of the effective chiral Lagrangian is entirely
determined by chiral symmetry. Another feature is the emergence of a number of coupling
constants at every given order, which incorporate the non-perturbative dynamics of QCD.
These couplings — sometimes called “low-energy constants” —a preri undetermined
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and can be fixed through phenomenological constraints in conjunction with additional
assumptions. Currently the typical accuracy which is achieved in the determination of the
low-energy constants is not very high (for a review, see [3]).

It has been noted some time ago that the mass parameters andms cannot be fixed
unambiguously from symmetry considerations alone. The reason is that the effective chiral
Lagrangian is invariant under a family of transformations of the quark masses, which can
be absorbed into the low-energy constants [4]. In particular, this hidden symmetry of the
chiral Lagrangian implies that one cannot distinguish betwege- 0 andm, ~ 5 MeV,
whilst preserving all other phenomenological predictions. Thus, additional theoretical
input beyond ChPT is required to decide whethgy= 0 is indeed realized in nature.

An obvious strategy is then to sharpen the current estimates for the low-energy constants
and check whether they are compatible with the conditionrithat 0.

Sincemy = 0 represents a simple solution to the strong CP problem, this question has
continued to attract a lot of attention, despite several plausible arguments, each of which
independently rules out, = 0 [5,6]. However, the problem has never been studied in a
first principles approach starting from the QCD Lagrangian directly.

In this paper we propose and test a method to determine a large set of low-energy
constants with good accuracy using lattice simulations. Given its technical feasibility,
such an approach eliminates the use of theoretical assumptions in the specification of
the chiral Lagrangian. In the context of testing, = O the r6le of lattice calculations
has recently been discussed by Cohen, Kaplan and Nelson [7]. We expand on their
proposal by incorporating the information gained by studying the mass dependence of
matrix elements in addition to that of the pseudoscalar masses. Furthermore, we present
ready-to-use numerical procedures which increase the statistical precision and discuss the
influence of lattice artefacts. The latter point is of great relevance because the effective
chiral Lagrangian of Gasser and Leutwyler is not valid for non-zero lattice spacing.

Our method is generally applicable in simulations of QCD with or without dynamical
quarks. This initial study mainly serves to test its accuracy and limitations, and for that
purpose it is sufficient to apply it to lattice data obtained in the quenched approximation. As
a consequence we also consider comparisons of our lattice data with the quenched version
of ChPT, thereby extracting some of the low-energy constants relevant for the quenched
theory.

On the basis of our lattice data we conclude that the mass dependence of matrix elements
can be determined with high precision in lattice simulations. Furthermore, we show that
low-energy constants in the chiral Lagrangian can be obtained with a typical, absolute
statistical accuracy of:-0.05 in the continuum limit. Systematic uncertainties due to
neglected higher orders are estimated todb@2. However, a systematic study of the
influence of higher orders in the chiral expansions has so far not been performed, owing to
limitations in the range of light quark masses that one is currently able to explore. Future
calculations at smaller quark masses will be required in order to settle this point.

The remainder of this paper is organized as follows. In Section 2 we recall the main
concepts of ChPT. Our computational strategy is described in Section 3, and the numerical
details are discussed in Section 4, focusing on the extrapolations to the continuum. Our
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results are presented in Section 5, and Section 6 contains some concluding remarks. Two
appendices list some details about expressions in partially quenched ChPT and explain our
choice of additional low-energy constants in the quenched theory.

2. Chiral perturbation theory

In this section we repeat the main features of ChPT and specify our notation. In addition
to standard ChPT we also discuss its quenched and partially quenched versions.

2.1. Standard ChPT and, =0

The effective chiral Lagrangian is written as a low-energy expansion [1,2]

Lot =LE + LG+ (2.1)

[S)

The leading contributiorﬁfjf) contains two coupling constantg and Bp. To lowest
order Fp coincides with the pion decay constaft. Throughout this paper we adopt

a convention in whichF,, ~ 93 MeV. At order p* additional couplingsr1, a2, ..., @12
appear in the effective chiral LagrangidnThe values of these couplings are not
constrained by chiral symmetry. Furthermore they contain the divergences that arise if
one goes beyond tree level and thus depend on the renormalization scale (and scheme). As
mentioned in the introduction, experimental information at low energies is not sufficient
to specify the values of the complete set of coupliags . ., «¢12. For this reason one has

to add further theoretical constraints, which usually involve certain assumptions, such as
large-Nc arguments. By applying such a procedure, the “standard” values of the low-energy
constants in our convention fo¥ = 3 flavours read [1-3,8-11]

a1 =0.2+0.4, ag=—0.5+0.4,

a2 =1.074+0.4, a7 =—0.540.25,

az=—4.4+ 1.4, ag=0.76+ 0.4,

aq=—0.76+ 0.6, a9 =7.81+0.8,

a5 =0.5+0.6, a10=—6.1+0.8. (2.2)

Here thew;’s have been renormalized at scale- 47 F,;, which will always be used in the
remainder of this paper. The constaaig andas2 are of little phenomenological interest
and are not included here.

The question whether, = 0 has been discussed at length in the literature [4-7]. The
usual starting point is the observation that simultaneous transformations of the quark
masses

mﬁ = my + Amgms, mé = mg + Amgmy, m;‘ = mg+ Amymg, (2.3)

and coupling constants according to

1 We adopt a convention in which the's are related to the corresponding couplirigsof Ref. [2] through
o; = 8(4m)?L;.
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(47 Fp)? N (47 Fp)? N (47 Fp)?
4By 4By 2Bo

leaves the effective chiral Lagrangian invariant. Hardenotes an arbitrary parameter, and

for » # 0, my = 0 one can generate an effective up-quark mass such that all predictions by
ChPT, in particular for ratios of quark masses, remain unchanged. In order to test whether
my = 0 one has to determine the linear combinationfbls — «s), which, however, is not
directly accessible from phenomenology. The valuesdE obtained from the ratio of kaon

to pion decay constantsk / F;;, butag can only be inferred from the linear combination

aé:ae—i—A a%:on—i— aé:ag— , (2.4)

as — 1207 — 6o, (2.5)

which is related to the Gell-Mann—Okubo formula. Clearly this linear combination is
invariant under the transformation of Eq. (2.4). As pointed out in [7] a choicef@nd
ag which is compatible withn, = 0 is given by

my=0: ag=-094+04, o7=025£0.25 (2.6)

which is quite different from the corresponding numbers listed in Eq. (2.2). The task for
lattice simulations is now to provide independent determinationgsptxg from linear
combinations which are not invariant under Eq. (2.4), starting from the QCD Lagrangian.
Provided that these estimates turn out to be sufficiently accurate, it should then be possible
to test the hypothesis that, = 0.

2.2. Partially quenched ChPT

The réle of lattice simulations for the determination of th&s has already been stressed
in [7,12], and most recently in [13]. In particular, it has been noted that simulations
of “partially quenched” QCD, in which the sea and valence quarks can be chosen
independently, may be useful as well as technically feasible. Thus, one is not forced to
simulate at the physical values of the u, d and s quarks. Instead, the only requirement s that
the pseudoscalar masses be small compared with the typical chiral scije~ofl GeV.

Hence the use of moderately light sea and valence quark masses and their independent
variation may be sufficient to extract the low-energy constants.

It has to be kept in mind, though, that the values of éhis have to be determined
separately forVy = 2 and 3 flavours of dynamical quarks. This is a relevant point since
there is currently not much experience with simulation algorithms for odd numbers of
flavour.

Partially quenched ChPT has been studied tp‘® by a number of authors [12,14,15].

Here we focus on the one-loop expressions for pseudoscalar masses and decay constants
obtained by Sharpe [14] faN; degeneratdlavours of sea quarks. For the remainder of

this paper we also take over some of the notation used in that reference. In particular,
we denote the mass of the sea quarkry, whereas the masses of the (in general
non-degenerate) valence quarks are denoteaipbymy. As in [14] we introduce the
dimensionless parameters
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~_ Bo(mj +m)
YT T 4 Fo)?
By settingA, = 4x Fp in Egs. (14) and (18) of Ref. [14], we obtain the generic formulae
for the pseudoscalar mass and decay constant, i.e.,

. i je(l, 2 8). 2.7)

1 [ y11(yss — y1v Iny11— y22(yss — y22) Iny22
mész)“ﬂ4ﬂFw2{l+'Xﬁ[y yss — y10 INy11 — y2a(yss — y22) Iny

Y22 — y11
+ y12(208 — a5) + yssNi (206 — 04) } (2.8)
Fps Ni
— =1— —(yisInyis + y2sIny2s)
Fo 4
1 11Y22 — yssy12, yi1
_<M.ny_+m_m
2Nt Y22 — y11 22
1 N
+ Y1295 + R (2.9)

Here the constants; are to be evaluated at scale= A, = 47 Fo ~ 1170 MeV. These
expressions will later be used to form quantities that allow for the extraction af;the
using lattice data.

2.3. Quenched ChPT

Quenched ChPT has originally been discussed in Refs. [16,17]. The complete chiral
Lagrangian to ordep® in quenched QCD has been studied by Colangelo and Pallante [18].
Their results form the basis of our analysis.

As is well known flavour singlets have to be treated differently in the quenched
approximation: the decoupling of th¢ from the pseudoscalar octet by means of the
anomaly is not realized in the quenched theory. Therefore, the quenched chiral Lagrangian
contains additional low-energy constants associated with flavour-singlet contributions.
These include the singlet mass scalg and the coupling constanty, which multiplies
the kinetic term of the singlet field in the quenched chiral Lagrangian. The massiscale
is usually expressed in terms of the paraméteefined by

2
)

S_SMn%F'
From various lattice studies (e.g., [19-22]) one expécts0.1. For ag the available
estimates have been summarized in [23kas> 0.6.

Following Ref. [18] we restrict ourselves to the case of degenerate quarks. The complete
results at one loop for the pseudoscalar mass and decay constaht read

(2.10)

m%S: Y(47TF0)2{1_ <5 — émpy)[l—i— Inyl+ ((Zag - otq) — O%p)y}, (2.11)

21n Ref. [18] a different combination of low-energy constants appears in the expressimf,gmsince the
authors use an alternative convention for the counterterms [24]. The convention employed in this paper is
consistent with that used in standard and partially quenched ChPT.
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— =1 —ac. 2.12
Fo +y 20‘5 ( )
Herey is defined as
2Bom
= =07 2.13
Y= an Fo)2 (2.13)

andag, ag denote the analogues of the low-energy constagtandas in the quenched
theory.

3. Strategy

We now introduce the procedure to determine the low-energy constants from lattice data
by studying the quark mass dependence of suitably defatéxs of pseudoscalar masses
and matrix elements. In particular it is useful to investigate the mass dependence around
some reference quark masss. It is important to realize that this reference point does not
have to coincide with a physical quark mass [25]. We only require that it should lie inside
the range of simulated quark masses and within the domain of applicability of ChPT.

3.1. The ratiosRy and Rg

Let us consider the case of degenerate valence quarks; mz = m, either in the
quenched approximation or in partially quenched QCD at a fixed value of the sea quark
massn. If we introduce

2Bom 2Bomret
— I - = = A
y (47TF0)2, )’ref (47TF0)27 X )’/)’reﬁ (3 )
then the ratios defined by
Fi Fi
Rup(x) = < Ps(y) ) / < Ps(yref) ) (3.2)
Gps(y) Gps(yref)
Rr(x) = Fps(y)/ Fps(yref) (3.3)

are universal functions of the parametewhich measures the deviation from the reference
point yref. Here, Gps denotes the matrix element of the pseudoscalar density between
a pseudoscalar state and the vacuum, and the arguments;ofips refer to the quark
mass value at which the matrix elements have to be evaluated. Using the definition of the
current quark mass in terms 6bs, Gpsandmps (see, for instance, Egs. (2.1) and (2.2) in
Ref. [25]), Eq. (3.2) can be rewritten as

2y ) / ( 2yref ) m%g()’ref)
R = = . 3.4
u) (m.%s(y) misen) . migy) (34)

Extracting the low-energy constants from the ratiys, X = M, F instead of the masses
and matrix elements themselves has several advantages:
e The ratiosRy can be computed with high statistical precision owing to the strong
correlations between numerator and denominator;
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e The renormalization factors of the axial current and the pseudoscalar density drop out
in Rm and Rg.3 The ratios can therefore be readily extrapolated to the continuum
limit, so that all dependence on the lattice spacing is eliminated. Strictly speaking it
is only in the continuum limit that one is justified to compare the predictions of ChPT
with lattice data;

e Since discretization errors are under good controRin the effects of dynamical
quarks can be isolated unambiguously.

The high level of statistical accuracy of the ratios is crucial in order not to compromise
the precision in the continuum limit. Extracting the low-energy constants fromxthe
dependence in the continuum limit in turn guarantees that these estimates will not be
distorted by cutoff effects.

The simple renormalization and high precision of the ratios may also be exploited to

perform scaling tests for different fermionic discretizations.

3.2. Expressions foRy and Rg in ChPT

Below we give a list with the expressions f&y and Rg in quenched and partially
quenched ChPT. For simplicity we restrict ourselves to the case of degenerate valence
quarks. The case of non-degenerate valence quarks in partially quenched ChPT is discussed
in detail in Appendix A.

Note that we have not yet specified the reference pgiat At this stage the precise
definition of its numerical value is not needed, and we thus postpone its specification to
Section 5, where we describe our numerical results.

We begin by considerin@®y and Rg in quenched ChPT. By inserting Eq. (2.11) into
Eq. (3.4) we obtain

- (3 - %th}’ref)(l—i- In yref) + Yref[(zag - Olg) - 0%‘)]
1- (5 - %Olclvx}’ref)(1+ In(xyref) + xyref[(Zag - Olg) - %’] .

Provided that all masses and couplings are small, it is allowed to expand the denominator,
which gives

Ry (x) = (3.5)

2 1
R,(\]/l(x) =1+4+8Inx — éotq)yref[xlnx + (x — 1)<§ +1In yref>j|

— yref(x — 1) (20g — ag). (3.6)
Similarly we obtain

14 xyrefiad
Rg(x) = - X refa%s (3.7)

1+ yref%ag 7
which, after expanding the denominator, becomes

3 For O(a) improved Wilson fermions, there remains a small mass-dependent renormalization proportional
to (ba — bp)(x — Dames and ba (x — Lyamyes in the case ofRy and R, respectively. Our experience has
shown [25] that this can be safely neglected. In our calculations wéssetnd bp equal to their one-loop
perturbative values [26].
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1
RE() = 1+ yref(x — D) Satg. (3.8)

In partially quenched ChPT it is useful to always define the reference peijratt
2Bomyref
(4 F)?'

There are several possibilities to study the mass dependence of theRatibst us first
consider the case of equal sea and valence quark masses-dependent part iRy is
then obtained by setting

mjl=m2=nig = NMref, Yref =

(3.9)

SS: mi1=my=mg = XMref, (3.10)

which will be labelled “SS” in the following. By taking the appropriate limits in Egs. (2.7)
and (2.8) for the above choices of quark masses and inserting the resulting expressions into
the definition ofRy, we obtain, after expanding the denominator:

1
Rl\SAS(X) =1- ﬁf}’ref[x Inx +(x —1)In yref]
— Yref(x — D[(208 — a5) 4+ Nt (2006 — aa) . (3.11)

For R the corresponding result is

Nt 1
RES(x)=1— 7yref[x Inx + (x — 1) In yref] + yref(x — > (es+ Niwa).  (3.12)

Formi, mz # mg the x-dependence can be mapped out using either the valence or the sea
quarks. In the former case, which we label “VV” we define thdependent part through

VV: mi1=mp=XMref, mMs = Mref (3.13)

instead of Eq. (3.10), which leads to the expressions
Ry (x)=1— Nifyref[(zx —1)Inx +2(x — 1) In yref]
— yref(x — 1) [(20:8 —as) + Nif} (3.14)
RV (x)=1- %yref[(x +1) In<:—2L(x + 1)) +(x—1ln yref}

1
+ Yref(x — 1)5055 (3.15)

A comparison of the expressions f&f, and Rg for the “SS” and “VV” cases shows that
they are sensitive to different linear combinations of low-energy constants, depending on
whether thex-dependence is defined using Eq. (3.10) or Eg. (3.13). In particular, we find
that it is possible to extract directly from\\ﬁv (x) the linear combinatio2ag — as), which
is relevant to the question of whethey = 0.

There are several other possibilities to define the dependemeof the quark masses,
also allowing for non-degenerate valence quarks. Details are listed in Appendix A.
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3.3. Extracting the low-energy constants

We now describe a method to determine the low-energy constants from theRgtins
the quenched and unquenched cases. To this end we choose two values of mass parameters,
x1, x2, and introduce the quantity

By inserting the expressions for the rati®@y we can easily solve for the low-energy
constants. For instance, from Egs. (3.8) and (3.16) we find

ARR(x1, x2)
(x1— X2)yref.
Similar combinations of the;’s can be obtained in partially quenched QCD. The explicit
expressions are given in Appendix A, and one can easily convince oneself that they serve
to determinexas, as, ag andos.

The quantityARﬁ,I is a special case, since it also depends on the low-energy constants
andag, which only occur in the quenched theory. However, by inserting the estimates for
8 andag quoted in the literature we can solve i@fxg — ag), ie.,

ag =2 (3.17)

(20 — @) = {yref(x1 — xz)}l{5 In(x1/x2) — ARf (x1, x2)

2 1
- §0l¢yref|:xl INx1 —x2Inx2 4+ (x1 — x2) (5 +1In yref)} } (3.18)

The expressions foRx themselves can also be used in order to extract the low-energy
constants from least? fits over a suitably chosen interval in The differencesA Ry,
however, have the advantage that some of the lattice artefacts may cancel. Thus, instead of
first extrapolatingRx to the continuum limit and then forming the difference®y, one

may computeA Ry (x1, x2) at non-zero lattice spacing and then perform the continuum
extrapolation. Obviously the results must be independent of the ordering of the two
procedures, which offers an additional check against the influence of lattice artefacts. By
contrast, if a fitting procedure is employed at non-zero lattice spacing themtrieri not

clear whether the continuum expressions for the rakigsare valid.

Our method to extract the low-energy constants is only viable if there is sufficient
overlap between the region of validity of ChPT and the range of quark masses accessible
in current lattice simulations. On present computers it is not possible to simulate very light
quarks without suffering from large finite-volume effects. Furthermore, the fermion action
and lattice spacings employed in this work do not allow the use of quark masses which
are below approximately half of the strange quark mass. The reason is the occurrence
of “exceptional configurations” [27,28], which correspond to unphysical zero modes of
the lattice Dirac operator. Therefore, since one is restricted to a range of relatively large
quark masses, one must check the results against the influence of higher orders in the
chiral expansion: if large, these would modify the numerical estimates for the low-energy
constants considerably. This will be discussed in more detail in Section 5.
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4. Continuum limit of Ry and ARy

The ratiosRy have been computed using the same quenched configurations as in our
earlier papers [25,29]. Results for hadron and current quark masses, as wellFs; for
and Fps/ Gps are listed in Table 1 of Ref. [25]. Details of our numerical procedures are
described in Appendix A of the same paper. Here we only mention that non-perturbative
O(a) improvement [27,30,31] has been employed, and we will therefore assume that the
remaining discretization errors are of ordér

In contrast to our earlier papers the statistical errors in this work have been estimated
using a bootstrap procedure [32], with 200 bootstrap samples generated from the sets of
gauge configurations. This allows us to keep a constant number of bootstrap samples at
every value of the bare coupling, regardless of the number of configurations. By performing
the continuum extrapolation @fx (x) for every bootstrap sample, our error procedure thus
preserves the correlations in the mass parametd@hroughout this paper we quote the
symmetrized error from the central 68% of the bootstrap distribution.

The value of the reference quark masgs is defined through the condition

(mpgr0)?| =3, (4.)

m=myef

a choice that has also been considered in Refs. [25,33]FFet F, = 93.3 MeV the
numerical value ofyef is thusyrer = 0.3398. . . . Lattice data for the hadronic radiug[34]

have been taken from Ref. [35]. Fay= 0.5 fm the definition of Eq. (4.1) corresponds to

a pseudoscalar meson whose squared mass is roughly twice as large as the kaon mass
squared, and therefonges ~ ms (with “s” standing for “strange”). The results fdirs and

Fps/ Gps obtained for several values of the bare coupling have been interpolated in the
current quark masa to common values of = m/myes. TO this end the two neighbouring
points which straddle the value ofwere used in a linear interpolation.Afwas slightly
outside the range of simulated quark masses, a linear extrapolation was performed using
the three nearest points. The stability of this procedure was checked by varying the input
masses and/or performing quadratic interpolations/extrapolations. Our sets of simulated
quark masses cover the rang@®< x < 1.4, and we have chosen increments of 0.05 to
map out the mass dependenceraf(x).

In Fig. 1 we plot the ratioRy (x) and Re(x) against(a/r)? for three different values
of x. The plots show that lattice artefacts are very small in general and are consistent with
leading cutoff effects of ordes?. As a safeguard against higher-order lattice artefacts,
we have excluded the points computed for our coarsest lattice @.1 fm) from the
extrapolation. Results obtained by performing the extrapolations for all four values of the
lattice spacing were entirely consistent, albeit with a smaller statistical error.

At non-zero lattice spacing the statistical precision is better than 0.3% and 0.2% for
Rm and Rg, respectively. In the continuum limit these figures are only slightly larger,
namely 0.4% forRy and 0.3% forRg. This demonstrates the high level of precision that
can be achieved in the continuum limit. Furthermore, it is clear that the extrapolation is
well controlled.
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Fig. 1. Continuum extrapolations &y (x) and Re(x) for selected values of the mass parameter
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Fig. 2. Continuum extrapolations &Ry and A Rf.

As mentioned in Section 3 the results @Ry in the continuum limit can be obtained
either directly from the continuum values B or from a continuum extrapolation @afRx
computed at non-zero lattice spacing. The latter extrapolations are shown in Fig. 2 for a
particular choice of1 andx,. As in the case of the ratiaBy themselves the continuum
limit is easy to control.
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5. Results

We can now compare our results for the ratlysto the expressions predicted by ChPT.
Since the numerical data have been obtained in the quenched approximation, we will focus
on the determination afg and(2ag — ag).

5.1. Low-energy constants in quenched ChPT

The determination oig from Eq. (3.17) is straightforward, since it only depends on the
mass parameteng andxz. However, in order to compu(Qag — ag) from Eqg. (3.18) one
must make a suitable choiced&ndag . Here we are going to consider two cases, namely

Ql: §=012+0.02 =0, (5.1)
Q2: §=0.05+002 agp=05. (5.2)

The reasoning which led us to consider these two distinct sets of parameters is described
in Appendix B.

Our estimates forg and (2w — ag) have been obtained from Re(x1, x2) and
ARm(x1,x2) for x1 = 0.75 andx2 = 0.95. This choice was motivated by the desire to
go to the smallest possible quark masses, whilst maintaining a reasonably-iatgeval
in order to check the stability of the results against variations in the parametansix;.
Following this procedure, we obtained the following estimates for the low-energy constants
in quenched ChPT

ag =0.99+0.06, (5.3)

0.35+0.05+0.07, Q1,

q_ _ay_
(20rg = tg) {0.0210.0510.07, Q2. (-4)

Here, the first error is statistical, while the second (where quoted) is due to the variation
of +£0.02 in the value o for both parameter sets Q1 and Q2. These results can now be
inserted into the expressions for the rat®g and Rg, Egs. (3.6) and (3.8), respectively,
and the resulting curves are compared with the data in Fig. 3(a)—(c).

The linearity of R predicted by one-loop quenched ChPT is well reproduced by the
numerical data, resulting in very stable estimate&gorAIthough the resultin Eq. (5.3) has
been extracted from a fairly narraowinterval, it provides a good representation of the data
over the entire range of quark masses considered here. The determina(mmg efocg)
is also quite stable for both sets of valuesipie, i.e., Q1 and Q2. In both cases a good
description of the numerical data is achievedifgf 1.2, with (Z(xg — ag) extracted for Q1
tracing the data quite well even at the largestalues.

Estimates fOItxg and (20{3 - ag) obtained from the continuum extrapolations®RE
andA Ry shown in Fig. 2 are entirely consistent with Egs. (5.3) and (5.4). The same is true
if the low-energy constants are extracted directly from fitR§a(x) for x in the interval
0.75< x < 0.95; the results are numerically almost identical to those obtained using the
differencesARy.
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Fig. 3. (a): Data for the ratiikp compared with the curve obtained by inserting the low-energy
constant of Eq. (5.3); (b) and (c): the same for the r&jp using the low-energy constants of

Eq. (5.4) for parameter sets Q1 and Q2, respectively. Dotted lines indicate the variation due to the
statistical uncertainty in the extraction of the low-energy constants.

5.2. Effects of higher orders in the quark mass

Although the results presented in the last subsection suggest that the one-loop formulae
for quenched ChPT offer a good description of thdependence of the ratid¥y, further
work is needed to corroborate these findings by extending the range of quark masses under
study to smaller values. For instance, the downward curvature observed in the prediction
for Rm whenx < 0.75 remains to be verified.

Furthermore, data at smaller quark masses will be required to systematically assess the
influence of higher-order terms in the chiral expansion on the determination of the low-
energy constants. Such terms manifest themselves in additional contributions proportional
to x2 in the formulae forRy . Since the range. 05 < x < 0.95 corresponds to pseudoscalar
meson masses between 590 and 670 MeV, it cannot be excluded that higher-order terms
have a sizeable impact on the extraction ofdfis.

Even without results at smaller masses there are several possibilities to study the effects
of neglecting higher orders in ChPT on our estimatessband (2og — g). We stress,
however, that none of the methods described below can replace the systematic investigation
of smaller quark masses.

An obvious way to proceed is to add a quadratic term to the expressioﬁg ford R,?,,.

For instance, the modified expression ft reads

1
RA(x) — 1+ yref(x — 1)5012 + y24(x? — 1) dF, (5.5)

with a similar quadratic term proportional &y in the case oﬂ?ﬁ,l. One can now perform
leastx 2 fits over theentire range 075 < x < 1.4, thereby extracting the low-energy
constants as well a&, dyv. Because of the linearity of the data fBg the only effect of
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including x2-terms in the determination @a‘g is to increase its statistical error #0.19.

The estimates fo(Zag — cxg) are more sensitive: compared with Egs. (5.4) their central
values increase by 0.11 and 0.22 for the parameter sets Q1 and Q2, respectively, while
the statistical error is increased+00.12. The variation in the central values, or the larger
statistical error in the case aﬁ, may serve as an estimate of the uncertainty induced by
neglecting higher orders.

An alternative, albeit naive, estimate of the effect in question is obtained by assuming
that the chiral expansion converges like a geometric series. This implies that one expects
the quadratic contributions tBx to be roughly as large as the square of the linear ones.
Here we consideR? as the generic case, since it does not involve logarithmic terms. Its
linear contribution amounts t& 16% atx = 1, so that the quadratic term is estimated as
0.025x2. If we generalize this estimate, then the systematic uncertaintyRg (x1, x2)
due to neglecting quadratic terms is given by

syst. error inA Ry (x1, x2) &~ =+ 0.025(xf — xz). (5.6)

Through Egs. (3.17) and (3.18) this is easily translated into systematic ‘érwrsg and
(2053 — otg), as

syst. error inyg ~ +0.25, (5.7)
syst. error in(2eg — o) ~ +0.13, (5.8)

which is of the same order of magnitude as the previous estimate.

Finally one can compare the expanded and unexpanded expressiatyg fmd Rr,
which differ at orden:? (cf. Egs. (3.5)—(3.8)). By extracting the low-energy constants from
leasty fits to the ratios in Egs. (3.5) and (3.7) we obtain yet another set of resultngor
the central value is larger by 20%, whereas the resul(Zag — ag) remains essentially
unchanged.

In order to present a synthesis of the various efforts to estimate the uncertainty due to
neglecting higher orders, we note that the typical size of this systematic error amounts to
+0.2 for bothegd and (2ag — ).

5.3. Application: the ratiaFk / Fy,

The result foroeg extracted fromRE can be used to compute the ratio of the decay
constants of the kaon and piaFi / F; . In fact, one usually employs the reverse procedure
by using the experimental result fék / F; to extract the phenomenological valueoat

If we assume that contributions proportional to differences in the valence quark masses
can be neglected, we can simply use the definitioRgitv) to computeFk / Fy:

Fk  RRGx)

Fr  RA(xr)

1
=1+ yref(xk — xn)éag- (5.9)

4Instead of the constant 0.025 in Eq. (5.6) the reader may supply an alternative value, depending on whether
our estimate is deemed too optimistic or pessimistic.
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Here the dimensionless mass parametgrandx,, are related to the kaon and pion masses
by
2

myg
=K _0178 5.10
XK Yref (47rFo)2 2 ( )
__m g 0142 (5.11)
X Yref = (4 F0)2 =Vu .

where, as in Ref. [25], we have usegt = 495 MeV andn, = 1396 MeV. If the estimate
for e from Eq. (5.3) is inserted we find

F
F_K =1.081-+ 0.005 0.017. (5.12)

e

Here the first error is statistical and the second is the estimated uncerta’wﬁydlnle to
neglecting quadratic terms. The above result is significantly smaller than the experimental
value of Fx / F; = 1.22 [36].

A formula for Fx / F; in one-loop quenched ChPT, which also accounts for differences
in the valence quark masses, can be derived from Egs. (18) and (20) of Ref. [37]. The low-
energy constant that appears in the one-loop counterterm is the same as in the quenched
degenerate case [18,24]. In our notation the full one-loop expressidixfar, reads

L. 1+ yref(xk — x7) }aq
Fr 2°°
B }{(8 _a yref) _ 38xK — 0o yref¥x (2K — Xx) |n<2xK —xn)}.
2 3 6(xk — xz) Xr
(5.13)

Note that one recovers Eg. (5.9) whea «p = 0. For the two sets of parameters, Q1 and
Q2, the results foFx / F, are evaluated as

F . . . .
Fe { 1.1254 0.005+ 0.016+ 0.007, Q1, (5.14)

F, | 11104 0.00540.01740.007, Q2,

where the additional third error is due to the variation460.02 in the input value
for §. While contributions proportional to differences in the quark masses enhance the
result for Fx / F, compared with Eq. (5.12), the value is still smaller than experiment by
about 10%. Deviations of this order of magnitude are typical of quantities computed in the
guenched approximation. This has previously been inferred from calculations of the hadron
spectrum [21,33], and the results presented here firmly establish these findings for matrix
elements of local currents as well. The fact thi&t/ F,; is typically underestimated in
quenched calculations has been observed before [38,39]. Note, however, that our estimates
have much smaller uncertainties than those quoted in the other references.

Finally we remark that the enhancement in the estimat&gfF,; due to differences in
the quark masses, demonstrates that these effects can be quite significant if the quark mass
difference is as large as that between the physical light and strange quarks. By contrast,
estimates of these effects based on masses in the region of that of the strange quark tend to
be much smaller [25,40].
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5.4. Partially quenched ChPT

In addition to our analysis of the quenched version of ChPT we can also tentatively use
the expressions foRy and R which are derived in the partially quenched theory. This
essentially serves two purposes. On the one hand we can investigate to what extent the
ratios Ry in quenched QCD are described by the formulae of partially qguenched ChPT. If
a severe mismatch is encountered it will signal that sea-quark effects are not accounted for.
On the other hand, by extracting thigs using the expressions of partially quenched ChPT
but quenched numerical data, we can test how much of the relevant physical information
for the low-energy constants in full QCD is encoded in the mass dependence obtained in
the quenched approximation. The subsequent calculation of quantities such as the ratio
Fx/Fr and its comparison with experiment provides a quantitative criterion for this task.

In this spirit we have investigated the cases labelled “SS” and “VV" discussed in Section 3.

If we employ the expression foR,?S, Eq. (3.12), we find that the linearity of the
numerical data is incompatible with the additional logarithmic terms contained in the
formula. As a consequence an acceptable representation of the dakRa t@nnot be
achieved on the basis of Eq. (3.12). We conclude that the mass dependence of the quenched
decay constant imcompatiblewith the chiral behaviour predicted in full QCD!

By contrast, the expression fatS fits the numerical data very well over almost the
entire range inv. However, the disagreement between the data &gdlindicates that
the “SS” formulae cannot be applied to the quenched data in any reasonable manner.
Therefore, we refrain from quoting an estimate f2wg — as) + 3(206 — a4), €ven though
a good modelling of the data fdty can be achieved.

On the other hand, the expressions for both ratios obtained for the “VV” case do indeed
lead to an acceptable representation of the data, at leastfod.. Quoting only statistical
errors, the results for the low-energy constants read

as=0.7540.06, (5.15)
(2ag — a5) = 0.15+ 0.05. (5.16)

The curves corresponding to these values are shown in Fig. 4(a) and (b). Whilefor
the curves fit the data quite well, they deviate much more at largiean the corresponding
quenched ones. Compared with the quenched case, the resultsdpmiteeroughly in the
same ball park.

Using the value fows extracted fromR,\:’V we can now compute the ratitx / F; . Since
the low-energy constants in the partially quenched and full theories are the same, we have
used the expression derived in full QCD [2]. In our notation it reads

K 1
F_n' =1+ yref(xk — Xn)§a5

f
+ y% {(3xn — 2xk) INCxz yref) — xK IN(xXK yref)

- %(AWK — xx) In<m> } (5.17)

3
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RF RM

1.08 - (a) - 1.08 - (b) —
1 F PQ ChPT: VV 1

1.04 - 1.04 —
1+ - 1+ —
0.96 - 096 —
0.92 - - 092 —

0 0.5 1 1.5 0 1.5

Fig. 4. The “VV” case in partially quenched ChPT. (a): Data for the r&tocompared with the
curve obtained by inserting the low-energy constant of Eq. (5.15); (b): the same for th&ygatio
using the low-energy constants of Eq. (5.16). Dotted lines indicate the variation due to the statistical
uncertainty in the extraction of the low-energy constants.

After inserting the numerical values fok, x., yref andas one finds

R
F_K = 1.228- 0.005 (stat)+ 0.016. (5.18)

s
Here the uncertainty of 0.016 is due to neglecting higher orders. This result is actually
compatible with the experimental value, which is not entirely surprising, since our estimate
of a5 = 0.75(6) agrees quite well with its phenomenological value & # 0.6 quoted
in Eq. (2.2). These findings suggest that the valence quark mass dependence of the
numerically determined ratioBy in the region of the strange quark mass is only weakly
distorted by neglecting dynamical quarks. The relevant quark mass effects which account
for the difference between the quenched result Eq. (5.14) and the experimental value
Fx/F; = 1.22, appear to be due to the very light up and down quarks in full QCD. Their
non-linear effects can be efficiently accounted for by the formulae of partially quenched
ChPT.

6. Summary and conclusions

In this paper we have proposed a general method to extract the low-energy constants
in effective chiral Lagrangians by studying the mass dependence of suitably defined ratios
of matrix elements and matching it to ChPT. The ratios are typically obtained with high
statistical precision and can be extrapolated to the continuum limit in a straightforward
manner. Thus, the method offers a conceptually clean way to determine the low-energy
constants, since it is strictly speaking only in the continuum limit that a comparison of
lattice data to ChPT can be performed.
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The dimensionless ratioBy are also interesting in their own right: they can be used
to study the scaling behaviour of different fermionic discretizations without having to
compute renormalization factors. Furthermore, the effects of dynamical quarks can be
isolated unambiguously, since lattice artefacts are under good control.

In this initial study we have presented results for the quenched approximation. The
typical value of the absolute statistical error #f0.05 in the low-energy constants
confirms that the achievable precision is indeed quite high compared with “conventional”
phenomenological determinations. The main limitation at present is that results at smaller
quark masses are not available. It is therefore not possible to systematically investigate
whether there is sufficient overlap between the range of simulated quark masses and the
domain of validity of ChPT. As a consequence the present estimated uncertaih ) df
in the low-energy constants due to higher-order terms are fairly coarse. It is expected,
though, that the simulation of smaller quark masses will be feasible within the formulation
of QCD with a “twisted” mass term (tmQCD) [41]. In this construction the mass parameter
protects against unphysical zero modes of the Dirac operator, which alleviates the problem
of exceptional configurations encountered in simulations with Wilson fermions. Initial
studies have shown promising results, and it is planned to exploit this method further in the
present context.

Returning to the problem of examining the question of whethge= 0, it is useful
to recall that the problem can be solved through a reliable determinatiog.dh the
quenched approximation we obtain
(6.1)

0[8—

q_ [0.67+0.04(stat)+0.04, Q1,
0.50- 0.04 (stat)+ 0.04, Q2,

where the second error is due to the variatiod,iland the additional uncertainty arising

from neglecting higher orders is estimated tatb@.2. There isa priori no reason why the
low-energy constamg should be numerically close to its counterpart in the full theory,

and hence it would surely be premature to give a full assessment of the problem on the
basis of our quenched results. Nevertheless, it is interesting to note that our resmgs for

are quite close to the “standard” value teg, Eq. (2.2), which supports a non-vanishing
up-quark mass. By contrast, given our data for the rakigst would be very difficult to
accommodate a large negative value, which is required for the up-quark to be massless (see
Eq. (2.6)).

Finally we wish to add a few general comments on the philosophy of our approach.
Provided that the quark masses used in simulations are small enough for the one-loop
expressions of ChPT to apply, our procedures altogether avoid chiral extrapolations of
lattice results, which are known to be quite difficult to control. The example of the
computation of Fx/F, shows that the problem can be separated in two parts. The
information which involves quark masses near the chiral limit can be extracted safely in
ChPT, whereas the mass dependence for masses in the region somewhat below the strange
quark mass can be adequately studied in lattice QCD. The latter part is the additional
theoretical input needed to determine some of the low-energy constants, which are not
accessible from chiral symmetry considerations alone. In short, our method amounts to
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exploiting the complementary character of ChPT and lattice QCD. The applicability of
ChPT itself can be tested once quark masses somewhat smaller than those in our present
work become accessible.

The next step is the application of our method to the case of dynamical quarks. Here the
relevant formulae that will be required are listed in Appendix A. Simulations using either
the Q(a) improved Wilson action foVs = 2 flavours of dynamical quarks [42] or other
improvement schemes [43] have already been performed [44-47]. Whereas an analysis
of those results will be able to treat the two-flavour case, the extension to the physically
most interesting case a¥; = 3 flavours will require a significant amount of additional
simulations. It is also worth investigating applications to the case of non-degenerate sea
quarks and to try to determine the low-energy constaifit 3]. However, the main message
of this paper is the following. In order to settle the question of whethes 0 one does
not even require the same level of accuracy as that of the quenched results presented here.
A satisfactory analysis of the problem in the case of three degenerate flavours is therefore
quite a realistic prospect.
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Appendix A. Partially quenched ChPT — the general case

In this appendix we list the expressions fBf; and Rg, as well as forARy and
ARE, in partially quenched QCD. In particular we discuss all possibilities to define the
x-dependence aRy, allowing also for non-degenerate valence quarks.

We start by considering the expressions in Egs. (2.7)—(2.9). At the reference point we
require all quark masses to coincide witls (cf. Eq. (3.9)). Two cases, labelled “SS” and
“VV” have already been discussed in Section 3.2. In addition to “VV”, one can also study
thex-dependence by varying the sea quark magdor fixed, degenerate valence quarks:

SS2: m1=mp =myref, MmMs = XNref. (A1)

For non-degenerate valence quarks one may define

VS1: my1=xmref, m2=mg = Mref, (A.2)
VS2: m1=myref, mM2=mg = XMref. (A.3)
In order to list the expressions f@, andRg for all cases SSV/V, ..., VS2itis convenient

to introduce the general parameterization
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Table 1
The functionspe andx for the ratioRp (x)

M (x5 yref) M (@)
SS xInx + (x — 1) In yref (2ag — a5) 4 Nf (206 — )
Wi (2x = DInx +2(x — 1) In yref (2ag — a5) + Nif
ss2 —(x = N yres Np(2ug — ag) — -
VS1 xInx 4+ (x — D In ypet %(20{8 — u5)
VS2 0 3 (208 — a5) + N (206 — )

Table 2
The functionsp and for the ratioRg(x)

PF(X: yref) AF(e)
ss %(x Inx + (x — In yref) — 3 (a5 + Nrag)
w 3(<#tn g+ 7t n ) -3
SS2 35202+ 55N yeer) Ny
1(x+1 +1 -1 1 1
VS1 z(lenxT+xT|nyref+ N2 |nx> —Z(a5+m)
VS2 %("—'Ellnx—'é'l—l-?’(x D INyref + = xInx) —711045— 2fOt4+4—]](]f
Yref
Rm(x)=1- P (x5 yref) — yref(x — D)Am(a), (A.4)
RE(x) = 1 — Nt yref pr(x; Yref) — Yref(x — DAr(@). (A.5)

Here,pm andpg are functions of andyrer, Av andig denote linear combinations of the
low-energy constants, amdx) is a rational function ok. The expressions fgr anda are
shown in Tables 1 and 2, respectively.

Using the functiongx andix, X = M, F, it is now quite easy to solve for particular
linear combinations of low-energy constants by considering the differea®agx1, x2)
introduced in Eqg. (3.16). With these definitions the linear combinations of low-energy
constants denoted by (o), X = M, F are simply given by

ARM(x1,x2) + y]\r/—?f(PM (x1, yref) — pm(x2, Yref)
Yref(x1 — x2)

ARF(x1, x2) + yref Nt (pF(x1, yref) — pF(x2, Yref))
Yref(X1 — X2) )

)‘M (Ol) = ’ (A6)

AF(a) = — (A7)

By evaluating the right-hand side, using numerical dataX@&ry, one can easily solve for
the desired combination of's.
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Appendix B. Choices foré and ap
In this appendix we motivate our choices for the parameteasid ap specified in

Egs. (5.1) and (5.2). Here we will closely follow the analysis presented by the CP-PACS
Collaboration [21], i.e., we consider the ratio

o mpg(mi.mz)  2my y mpg(m1,m2)  2mp (B.1)
T omi4mo m%s(ml,ml) mi + mp m,%s(mz,mz)’ '
where the arguments mf,shave beenincluded in order to distinguish between degenerate
and non-degenerate mesons. By inserting the expressionﬁ,%gdn quenched ChPT for
degenerate and non-degenerate quarks (cf. Eq. (9) in [16]) one obtains after expanding the
denominato?

S=1+3<2_w|ny_ﬂ)
yi1— y22 Y22

Qo Y22 yi1
+ —<—(y11+y22) +2y1————In —) (B.2)
3 yi1— Y22 Y22

In Ref. [21] the quantity was defined as

+
_yutye, oy

t=2 (B.3)
yii—y22  y22
Forag = 0 Eq. (B.2) reduces to a simple, linear relation betweandt:
s=1+6-1, (B.4)

with the slope given by. By plotting the numerically determined values for the ratio
againstr for ap = 0, CP-PACS concluded that all their data were enclosed within the
“wedge” defined bys = 0.08—0.12. This wedge is represented in Fig. 5 by the solid lines.

1 T T T T T T T T T

- I I 7
74
N o 25
0.98 |- ]
096 __— s —
094 T T -
B /J '| | L. : | | | | 1 1 | ]
-0.6 -0.4 -0.2 0
t

Fig. 5. The “wedges” defined through Eq. (B.2) for different value8 ahdag as explained in the
text.

5 Note that the one-loop counterterms drop out in the expanded version of
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So far the parameter, has not been considered in this kind of analysig/e are now
going to argue that a value af, ~ 0.5, as suggested by Sharpe in [23], is only compatible
with the CP-PACS data enclosed by the solid wedg&jsfchosen in the range@—0.07.

To this end we identifyn; = ms, so thaty1; = 0.343. The mass ratig; 1/ y22 is then varied
between 1 and 24.4, where the latter number is the valuegf(2z, + mq) computed in
standard ChPT [48]. Fa¥= 0.08-0.12, ¢ = 0 one thus recovers the wedge denoted by
the solid line in Fig. 5, which encloses the CP-PACS data.

If one combineg$ = 0.08—0.12 with the independent estimatexgf= 0.5 from [23] one
obtains instead the wedge defined by the dotted lines, which is clearly incompatible with
CP-PACS’s numerical data. Agreement can only be restorédsifiowered. The dashed
curves, which correspond o= 0.03—-0.07x¢ = 0.5, are again consistent with the wedge
defined by the solid lines. These observations lead us to consider the two sets of parameters
as specified in Egs. (5.1) and (5.2).
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Abstract

We non-perturbatively calculate the scale dependence of the static axial current in the Schrodinger
functional scheme by means of a recursive finite-size scaling technique, taking the continuum limit
in each step. The bare current in théa® improved theory as well as in the original Wilson
regularization is thus connected to the renormalization group invariant one. The latter may then
be related to the current at the B-scale defined such that its matrix elements differ from the physical
(QCD) ones by @1/M). At present, a (probably small) perturbative uncertainty enters in this step. As
an application, we renormalize existing unimproved dat&”@ﬁreand extrapolate to the continuum
limit. We also study an interesting functiond/L, u) derived from the Schrddinger functional
amplitude describing the propagation of a static quark—antiquark pair.
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1. Introduction

Since the decay constarfiz, governing the leptonic decay of a B-meson, is an
essential element in the quantitative analysis of the unitarity triangle, many lattice QCD
investigations have worked towards its determination. However, with its large mass, the
b-quark still escapes a direct numerical treatment [1] and effective theories have to be
used to separate the large mass scale from the low-energy bound-state dynamics. (As an
exception to this rule, it has recently been demonstrated that also finite-volume methods
on lattices with a large number of points represent a possible alternative [2,3].)

The most natural and theoretically appealing effective theory istigc approxima-
tion [4]. It describes the large-mass limit of the theory and is the starting point foma 1
expansion, the heavy quark effective theory. Yet the problems of this framework have been
twofold in the past. (i) The renormalization properties of the static theory are different, i.e.,
the renormalization consta®z® of the axial current iNAF*o = Z3®(w)Yayoysys™
becomes scaleu) dependent, thereby entailing an additional uncertainty, and (i) Monte
Carlo computations of the matrix element itself are difficult. For these reasons, after a sig-
nificant initial effort [5—12], the computation dfz in the static approximation has received
little attention in the recent past.

In the present work, we solve (i) by computing the renormalization factor that relates
the bare operator in lattice regularization to teeaormalization group invariantRGl)
operator Denoting its matrix element bngbgté“l one then has a relation

Fg/mg = Cps(Mb/Azs) PRE + O(1/ Mp) (1.1)

with a functionCpsg of the renormalization group invariant b-quark magg in units of

the A-parameter. It is scale independent, but in practice it is obtained perturbatively and
an uncertainty due to perturbation theory remains, see Section 5. The important task of
a lattice computation of the B-meson decay constant in the static approximation is to
computed3at.

Our strategy to arrive adbgt("’;“, from the bare matrix element follows the one used by
the ALPHA Collaboration for the renormalization group invariant quark mass [13]. In
this approach, an intermediate finite-volume renormalization scheme is used to follow the
scale evolution non-perturbatively to high energie€l(@ Ge\}), where then perturbation
theory can safely be used to connect to the renormalization group invariants. For a more
detailed explanation of the overall strategy we refer to Ref. [14] and for a preliminary
report on our work to Refs. [15,16].

The present paper is organized as follows. In Section 2 we discuss our intermediate
renormalization scheme, formulated in the Schrddinger functional (SF). It is based on
the renormalization condition introduced in [17], but a modification has been necessary
to achieve good statistical precision. Section 3 contains the numerical determination of
the scale dependence of the current in the SF scheme which is independent of the lattice
formulation. We also relate the current renormalized at some proper low scale to the RGI
current. Section 4 gives our results for the lattice formulation dependent values of the
Z-factor at this low scale. In Section 5 we then discuss Eg. (1.1) and explain in detail how
our results are to be used. As an example we obfélﬁt from published numbers of the
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bare matrix element. We finish with a brief discussion of the results in Section 6. Details
of the numerical and perturbative calculations are described in Appendices A—C.

2. Intermediate renor malization scheme

In this section we introduce our intermediate renormalization scheme. For reasons to be
explained below, it differs from the one originally introduced in Ref. [17]. The perturbative
calculations of Ref. [17] are extended to the new scheme in Appendix B.

We choose a mass-independent renormalization scheme, leading to simple renormaliza-
tion group equations. The scheme is defined using the Schrddinger functional (SF) [18,19],
i.e., the QCD partition functio = ;. ;s D[A, ¥, y]1eSI4¥-¥IonaT x L3 cylinderin
Euclidean space, where periodic boundary conditions in the spatial directions of length
and Dirichlet boundary conditions at timeg= 0, T are imposed on the gluon and quark
fields! Their exact form can be found in Ref. [21]. Moreover, we Bet L throughout,
and the renormalization scaleis identified with the inverse box extensiory,[1 Such a
finite-volume renormalization scheme is chosen, since it allows to study the scale depen-
dence in thecontinuum limitfor a large range oft [13,22—24]. We can then relate the
guantities renormalized at some low scaléo the RGI quantities. Reviews of the strat-
egy are found in [14,25,26], and for a more detailed description the reader should consult
Ref. [13] which we will follow quite closely.

As detailed in [17], we consider the SF with vanishing boundary gauge fields and
0 = 0.5. These settings are identical to those used for the quark mass renormalization
in [13] and were motivated by meeting the criteria of good statistical precision of the
Monte Carlo results, well-behaved perturbative expansions of the renormalization group
functions and minimization of lattice artifacts [27]. Static quarks are included as discussed
in Ref. [17], and we use the notation of that reference. Throughout most of this paper, we
formally stay in the framework of continuum QCD; some notation and basic formulae of
the lattice regularized theory, in which the following expressions receive a precise meaning,
are collected in Appendix A.

In contrast to the relativistic current, there is no axial Ward identity which protects the
renormalized static-light axial vector current,

(AZ3 (x) = ZE2) (1) yoysvn(x), 2.1)

from a scale dependence. Its scale evolution is governed by the renormalization group
equation

Bl _
wo - =r@)9. (2.2)
n
where
@ = &= (f|(AZY), i) (2.3)

1 The spatial boundary conditions of the quark fields are only periodic up to a globalfp[2@iean additional
‘kinematical’ parameter.
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is an arbitrary matrix element of the renormalized static current. The renormalization group
functiony, the anomalous dimension, has a perturbative expansion

_. &0 _ _ _ _
y(@ X —2%{yo+ 1182 + 28" +0(2%)} (2.4)
with a universal leading coefficient [28,29],
1
T 25
== (2.5)

andys, y», ... depending on the chosen renormalization scheme.

Non-perturbatively, one computes the changedofunder finite changes of the
renormalization scale. For a scale factor of two, the induced change defirstsyitsealing
function

o ®u) = D (n/2)/P (1) = ZXM2L) / Z3*(L), (2.6)

whose argument = z2(L) is taken to be exactly the coupling defined in [24], and as
always in the SF we have=1/L.

2.1. The old scheme

In Ref. [17], a normalization condition was formulated in terms of suitable correlation
functions defined in the SF. It reads

Z38)x (L) = x9(L) atvanishing quark mass (2.7)
with
JRHL/2)
x(L) = A 22 (2.8)

and X(@(L) the tree-level value oX (L). Here, f5®is a correlation function between
a static-light pseudoscalar boundary source 4§ tin the bulk, andfft"’lt denotes the
correlator between two such boundary sourcegat 0 andxg=T':

1 _
fR®(xp) = —5/d3yd3z(AStat(X);“h(y)V%“l(z)), (2.9)

= —2—; f d®u d®o Py &z (& )y () (1) 501 (2)). (2.10)
(For the proper definition of the ‘boundary quark and antiquark fiefdg’ we refer to
Refs. [17,21].) The two correlators are schematically depicted in Fig. 1, and their explicit
form on the lattice is given in Egs. (A.10) and (A.13) of Appendix A.1l. In the ratio
(2.8) both the multiplicative renormalization of the boundary quark fields and the mass
counterterm of the static field cancel.

We now have to point out a drawback of this scheme that only becomes evident, when
it is implemented numerically. Namely, the lattice step scaling funcﬁzﬁf"t(u,a/L)
(cf. Eq. (A.20) for its definition), computed by means of Monte Carlo simulations, has
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A

X o=0 T X =0 T

Fig. 1. Sketch of the correlation functiont§'(xo) (left) and 5t (right). The single and double lines represent
light (i.e., relativistic) and static quark propagators, respectively.
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Fig. 2. Comparison of the numerical precision of the lattice step scaling function computed in the scheme of
Ref. [17] with the new one introduced in Section 2.3, which will be used in the rest of this paper. (The symbols
are slightly displaced for better readability.) The statistics of both computations is the same.

large statistical errors at ~ 1.5 and larger. In particular, these errors grow withia.

This can be inferred from the results tabulated in Appendix A.2 and is illustrated for three
representative coupling values in Fig. 2. Egla = 12, 16 (which amounts to also calculate
Z3or 2L /a = 24, 32), already around ~ 1.5 a precise determination &f3®(u,a/L)

with a reasonable computational effort becomes impossible. The reason for this lies in the
boundary correlatofftatbeing part of the renormalization condition Eq. (2.7): it contains

the static quark propagating over a distafice L. Thusfftatfalls roughly like gers§T/a

with e = 1—;2 x 19.95 [30] the leading coefficient of the self-energy of a static quark. On
the other hand, the statistical errors fall much more slowly, leaving us with an exponential
degradation of the signal-to-noise ratio.

To circumvent this problem, we now introduce a slightly modified renormalization
scheme. (Therefore, for the rest of the paper, the scheme of Ref. [17]—if mentioned at
all—will only be referred to by labeling the corresponding quantities with an additional
‘old’, e.g., Z3®'— Z3@ ) The general idea is to replagg'® containing a static and a

,0
light quark by two boundary-to-boundary correlation functions. One of them contains a
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light quark—antiquark pair, the other a static quark—antiquark pair. Both can be computed
with small statistical errors, the latter because the variance reduction method of Ref. [31]
can be applied. Since the static-static boundary correlator has not been studied before, we
discuss it in some detail.

2.2. The static-static boundary correlatgf™"

We define

1 - _
~52 f dx1 dra d®y &z (¢/,(x) y52H(0) Zh(¥) v52h(2)), (2.12)

represented graphically in the left part of Fig. 3. After integrating out the static quark fields,
flhh becomes the (trace of the) product of a timelike Wilson line and the complex conjugate
one from boundary to boundary (see Eq. (B.1)). They are separatedrbgpace. This
guantity is integrated over, x» but retains a dependence o5 In the following we take
d = |x3| as its argument, where the periodicity of the system in the space directions restricts
itto0<d<L/2.

Upon renormalization the correlation functigfﬁh becomes

(") o(d) = e 2mxL(Zp)4 (),

where Zy, is the wave function renormalization constant of a static boundary quark field
andém the linearly divergent static mass counterterm. Therefore, to study the properties
of £ further, we form the finite ratio

MR@ _ f"@)
(fMMr(L/2)  fNL/2)

Considered on the lattice, it has a continuum limit. As outlined in Appendix B.1, the one-
loop coefficient:™ (d/L) of the perturbative expansion

f(xg) =

h(d/L,u)= atg’(L) = u. (2.12)

hd/L,u)=1+uh®d/L)+ u’h®@d/L)+--- (2.13)
is given by
2/1 d\?
(6 _c(2_4
h (d/L)_3(2 L). (2.14)

Remarkably, this form holds exactly on the lattice without any.-dependence. Some
insight why this is so is presented in the appendix as well. At two-loop accuracy, we do not
expect exact-independence any more, but still one may hope that the favorable kinematics
keep lattice artifacts small.

A

-t
i -
Xo=0 T X =0 T

Fig. 3. The correlation functionﬁ{‘h(xg,) (left) and f7 (right). The notation is the same as in Fig. 1.



ALPHA Collaboration / Nuclear Physics B 669 (2003) 173—-206 179

2.2 _I T T T | T T T T T T T T | T T T T | T T T T I-
F 1 o u=1.0989 i
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Fig. 4. Non-perturbative/-dependence ot(d/L,u) = f{‘h(d)/f{‘h(L/Z) at two (low and high) values of the
coupling, compared to one-loop perturbation theory. As data points corresponding to various lattice resolutions
are included, the figure also reflects the weak cutoff dependence of this ratio.

The one-loop expression is compared to results from our non-perturbative computation
of flhh for two representative values of the coupling in Fig. 4. The figure contains non-
perturbative results fof /a € {12, 16, 20, 24, 32} but at the level of our statistical errors,
which are about 1% and smaller, no lattice artifacts of the vatian be seen.

For lowd, the non-perturbative data farare well described by x (L/d) + ¢’, where
the constant grows withu = 2. Hence the correlation function contains a non-integrable
short-distance singularity, which is the reason why we will not integrate @vierthe
following. It is easy to see that this singularity is absent up to and including the efder
but in higher-order terms in perturbation theory such a singularity may appear.

2.3. The new renormalization scheme

Choosingd at its maximum value to further keep discretization errors at a minimum,
we specify our (non-perturbative) renormalization scheme by

z3%1)z(L)=29() atvanishing quark mass (2.15)
with
- J*L/2)
E(Ll)y=—"———. 2.16
w [y (L/2)1Y/4 (210

Here, f1 is the correlator between two light-quark pseudoscalar boundary sources,

fi= f oPu o Ry &z (T )55 )0 51 (D)), (2.17)

216
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depicted in the right part of Fig. 3. The form ¢gf and flhh on the lattice is given in
Egs. (A.12) and (A.14) of Appendix A.1. As before, the combination of these correlators
in the denominator of (2.16) is such that the boundary field renormalizations and the mass
counterterm drop out and no other scale bppears.

For6 = 0.5 the perturbative calculation summarized in Appendix B now yields

yor = [0.10(2) — 0.0477(13) N¢}, (2.18)

(4m)2
which differs only little from the one in the old scheme [17].

Note that Qa) improvement [21,32] can be applied and is an important ingredient
in practice to reduce the cutoff effects in the numerical simulations (see Appendix A).
Returning to Fig. 2, one observes that the statistical errors of the lattice results are indeed
much smaller in the new scheme.

3. Non-perturbativerunning and renormalization group invariant

In this section we present our quenched results on the evolutidrgof over more than
two orders of magnitude in. To this end we consider the evqutionZ)fatunder repeated
changes of the scale (i.e., the box sizgby a factor of two at fixed bare parameters.
Starting at some initial low-energy value (i.e., some lakge Lmnax), One thereby climbs
up the energy scale by repeated application of the inverse of the step scaling function until
the perturbative domain at high energies (i.e., smaflI2,ay) is reached, where finally
the associated (scale and scheme independent) renormalization group invariant may be
extracted. As in the previous section we keep the discussion in the continuum theory here;
the underlying lattice calculations are described in Appendix A.

3.1. Step scaling function

The evolution ofZ3® from sizeL to 2L is given by its step scaling functions®(u),
which has already been introduced in Eqg. (2.6), but where it is understoodZﬁéts
defined in the new renormalization scheme according to Eq. (2.15).

As detailed in Appendix A.2, the sets of lattice parametdiga, 8, ), which in
practice are required to non-perturbatively compxg@‘(u), can be taken over from the
guark mass renormalization [13]. The available coupling valuaow to trace the scale
dependence dtitatup to L = 2L max, Where the scalémax is implicitly defined through

22(Lmay) = 3.48. (3.1)
The sequence

Mk=§2(27kLmax)» k=0,...,8, (3.2)
is known from Ref. [13], and thus the corresponding sequence

b ZZtat(sz%»leax) B (p(zkil/Lmax)
T 2L @ (2Lmad D)

vo =1, (3.3)
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Table 1
Results for the continuum step scaling functigd?{u)
u aitat(u)
1.0989 0.9796(20)
1.3293 0.9746(25)
1.4300 0.9719(26)
1.5553 0.9668(27)
1.6950 0.9727(28)
1.8811 0.9632(28)
2.1000 0.9589(35)
2.4484 0.9432(27)
2.7700 0.9423(41)
3.4800 0.9154(41)
0.99 T T T T | T T T T T T T T
- o Bt !4.?.1..-96:989 -
© & - i PR ERRRRL u=15553 .
0.96 o —
__________ u=1.8811
oo T e o -
= FT g F.. u=2.4484
3093 0 Ty T .
o] LT T o i
E/ u=2.770
0.9 —
I u=3.480
0.87 % =
L1 ! ! 1 1 | 1 [ R T ! |A T [ ]
0 0.01 0.02 0.03
(a/Ly

Fig. 5. Lattice step scaling functioﬂztatand its continuum limit extrapolations for some selected values of

is simply given by

Uk
Vk41 = —smi——>
o2 uy)

once the functiorarj\‘at(u) is available in the corresponding rangeuof

The calculation of the lattice step scaling function and its subsequent continuum
extrapolation yields the paizsandojta‘(u) listed in Table 1. An impression of the quality
of the continuum extrapolation is gained from Fig. 5, but for a more detailed account of
the lattice simulations and data analysis we refer to Appendix A.2. An interpolating fit
of aﬁtat(u) is shown in Fig. 6. The leading coefficientg @nds1, see Appendix C.1) of
the interpolating polynomial are fixed to the perturbative predictions, Egs. (B.14). This fit

vo=1, (3.4)
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Fig. 6. Continuum step scaling functi@aj‘at(u) and its polynomial fit.

is then inserted into the aforementioned recursion, and propagating all errors through the
recursion we obtain

Z3 2L max) / Z3P(L) = 0.7551(47) atL =2 ®Lmax, (3.5)

with the value of the coupling at this box size begfg2 6L max) = 1.053(12) [13]. Let us
emphasize once more that= 2Ly and L = 276 max represent low- and high-energy
scales, respectively, which in this way have been connected non-perturbatively. (Our data
actually allow to go up td. = 2-8Lmax.)

3.2. RGI matrix elements of the static axial current

We now proceed to relate the renormalized matrix element

® () = ZA*(L)Ppare(g0), 1=1/L, (3.6)
at L = 2L max to the renormalization group invariant one defined by

()
f0)) =@ Zb =2 _VO/Zbo _ / d [y(g) _ ﬁ] , 37
RGI = @ (1)[2b0g" (1) ] exp 4| 5)  Dog (3.7)

2 In a loose notation, we take sometimesind sometimeg = 1/L as the argument ¢f.
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Fig. 7. Numerically computed values of the running matrix element of the static axial current in the SF scheme
compared to perturbation theory. The dotted and solid lines are obtained from Eq. (3.7) usin@-trend
2/3-loop expressions for the- and 8-functions, respectively, as well @bl max= 0.211 from Ref. [13].

with the universal leading-order coefficiemig= 11/(47)? andyg = —1/(472) of the 8-
andy -functions, respectively. Casting this equation in the form

PR Z31/ ) 2 vo/2b o ¥y v
- 2003%(1)] "0 —/d[———},
S @t D 23 2 1) exp{ J % LB@ " bos }

with i = 28/ Limax, We see that the first factor is known from Eq. (3.5), while in the second
one only couplingg? < 1.05 contribute and it can safely be evaluated by perturbation
theory. Still, for the perturbative error to be negligible, has to be known to two-
loop accuracy ang to three-loop. Upon inserting?(2%/Lmax) = 1.053 and numerical
integration of the second factor we find

@ (n)/Proi = 1.0888) atu = (2Lmay (3.8)

in the SF scheme. Entirely consistent numbers, with slightly larger errors, are obtained
for @ (u)/PRra if one switches to perturbation theory at= 27/Lmax oru= 28/Lmax
instead.

In Fig. 7 we compare the numerically computed running with the corresponding curves
in perturbation theory. While good agreement with the perturbative approximation is seen
at high scales, a growing difference of up to 5% becomes visible whenlowered to
u~25A.

Below it will be more convenient to specify the scalén Eq. (3.8) in terms ofg [33]
instead ofLmnax. Taking also the small error contribution from the uncertainty.gfx in
units of rg, Limax/ro = 0.718(16) [34], into account, the final result for the regularization
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independent paxpb (1) / Pra of the total renormalization factor is

@ () /Prei = 1.08810) atu = (1.436r0) L. (3.9)

Note that this result refers to tleentinuum limitso that the error o (1) / ®rg) of about
0.9% should only be added in quadrature to the proper matrix element undeafierdis
continuum extrapolation.

4. Z3* at low scaleand total renor malization factor

We still need to reIatQA§a5o(u), renormalized at some appropriate scaleto the
bare lattice operator. This amounts to computﬂﬁat at the low-energy matching scale
L = 2Lmax = 1.436rg, which is briefly explained in Appendix C.2. Since in this step
the bare operator is involved 3 does depend—in contrast to the result of the previous
section—on the choice of action. We have considered three different cases. The first two
are the non-perturbatively@) improved action of Ref. [35], Withf\tatz —%g% (= one-
loop) and separately witbitatz 0. Their combination will in the future allow to study the
influence ofc3® on the continuum extrapolations of renormalized matrix elements. The
third choice is the unimproved Wilson action which is of interest, because so far the best
computations of the bare matrix element did not use improvement [10,11].

The numerical results fcﬁ!ita‘are shown in Fig. 8. For later use they are represented by
interpolating polynomials,

Z3%(80, L/@)| | _1 4360, = D _ 7B —6)', (4.1)
i>0

T T T I T T T I T T T I T T T I T T T
o 0.68 |- ‘\!\;\_/{, |
p - i\!\i-_./lf ]
/(-e i stat — 7

cstat=1—-]oo
3 064 *% P
N n CStal =O
ad - A -
g/ | s cgy=0 |
n <

N | ]
0.6 —

1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1

5.6 5.8 6 6.2 6.4 6.6

Fig. 8. Numerical results foZZ‘at(go, L/a)|1=1.436r, together with their interpolating polynomials.
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Table 2

Coefficients of the interpolating polynomials, Egs. (4.1) and (4.3). Uncertainties are discussed in the text
Csws CA cqmat Applicability i i fi

non-perturbative — gg /(4m) 6.0< B <65 0 06944 06382
[35] 1 —0.0946 —0.0869
2 0.1239 01139
non-perturbative 0 0<B<65 0 06750 06204
1 —0.0838 -0.0771
2 0.1200 01103
0,0 0 57<B<65 0 06090 05598
1 —0.1186 —0.1090
2 0.3438 03160
3 —0.2950 -0.2711

with coefficients;; as listed in Table 2. The statistical uncertainty to be taken into account
when using this formula is about 0.4%.

The total renormalization factor

The total renormalization factor to directly translate any bare matrix eletgpd(go)
of AJ'into the RGI matrix elementprgi, can be written as

PRl sta
x Z3%(80, L/ @) _1 4361, (4.2)
P (1) | i=(1.436r0) 1 L=1436ro

We combine Eq. (4.1) with Eqg. (3.9) and represent the t@tdhctor by further inter-
polating polynomials,

Zrai(g0) =) _ fi(B—6)', (4.3)

i20

Zrali(go) =

whose coefficients are also found in Table 2. These parametrizatiohgaifare to be
used with an uncertainty of about 0.3%t eachg-value and an additional error of 0.9%
(from @R/ @ (1)), which remains to be added in quadratafter performing a continuum
extrapolation.

5. Matrix elements at finite values of the quark mass

In order to use results from the static theory, one still has to relate its renormalization
group invariant matrix elements to those in QCD at finite values of the quark mass,
This step may also be seen as a translation to another scheme, defined by the condition
that matrix elements in the static effective theory renormalized in this scheme and at scale

3 Only in the casesw = 0 the error to be associated with the formulaezttif"’lt and ZRrg) grows to 0.5% at
B~6.3and 0.8% ap ~ 6.5.
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u = m are the same as those in QCD up tonktcorrections. This scheme is therefore
denoted as thamatching schem§lL4]. Below, we will specify precisely which quark mass
m is to be taken.

5.1. Conversion to the matching scheme

Let us write the relations for the special case of the matrix element of the axial current
between the vacuum and the heavy-light pseudoscalar,

PRl = Zrel(PSAFR0). (5.1)
We then have
Fpsy/mps = Cps(i)®rai + O(1/i), (5.2)

whereri is theMS quark mass at renormalization scaié The functionfps(u) is given
by

&)
= . (&)
Cos() = [2b0g%()]”/*° exp f dg [y—g - ﬁ] , (5.3)
B(g)  bog
0
with g(u) the MS running coupling and’ the anomalous dimension in the matching
scheme. The latter is known to two loops [30,38-40] wighbeing the same as before
and

s b
match MS 0
= = - 5.4
n=n 1 372’ (5-4)
S 1 127
MS
=——| — +28:(2) — 5Nt |. 55
"1 576‘[4( 2 @ f) (55

For iIIustration,fps(u) is plotted in the upper part of Fig. 9, where for the numerical
evaluation thes-function is always taken at four-loop precision [41], while to estimate
the perturbative uncertainty we show the result for the one-loop and the two-loop
approximation ofy.

Eqg. (5.3) can be rewritten in a form displaying explicitly that also this step is not
restricted to perturbation theory. In terms of the renormalization group invariant quark
mass,M, we have

Fps/mps= Cps(M/As) Prai + O(1/ M), (5.6)

where now only renormalization group invariants enter. To evaldgM /Agg) in
perturbative approximation, one changes the argument of the furﬁﬁigrEq. (5.3), by

4 Note that in [36] a similar equation with the pole mass instead ofiBemass is written. At the two-loop
order, which will be used below, this does formally not make any difference. However, the pole mass does not
have a well-behaved perturbative expansion [37], and we therefore prefer a short-distance mass sudl as the
mass.



ALPHA Collaboration / Nuclear Physics B 669 (2003) 173—-206 187

Cos(

)

cDIIIIIIIlIIIIIIIIIIII

— —
V] w

—_
—_

Cps(Ays/M)
1.4

—
w

—_
[AV]

OII]IIIIIIIII'IIIIIII

II|IIIIIIIII|IIII|II

—_
—_

0.05 0.1 Ays/M

Fig. 9. Conversion factor to the matching scheme, which translates the RGI matrix element to the one at finite
mass.

inserting

g(w)
M) — [2b0g2 ()]0 eyl / q [T(g) _ﬁ} 57
/m(p) = [2bog*(1)] exp J ¢\ 5e) ~ bog (5.7)

together with the conditiom (myg) = my;s, wherer (g) denotes as usual the renormaliza-
tion group function of the renormalized (running) quark mass with universal leading-order
coefficientdo = 8/(47)2. A numerical evaluation (with the four-loapfunction [42,43] in
Eqg. (5.7)) is shown in the lower part of Fig. 9. Eq. (5.6) is not only the cleanest form from
a theoretical point of view but it is also practical, because the relation between bare quark
masses in the @) improved lattice theory and the renormalization group invariant mass
M is known non-perturbatively in the quenched approximation [44,45].

For later convenience we represélpis in terms of the variable = 1/In(M/Ayg) ina
functional form motivated by Eq. (5.3),

Cps=x7/?0{1—0.065x + 0.048x%}, x=1/In(M/Ags) <0.52, (5.8)

with bg = 11/(47)? and yo = —1/(47?). It describes the result for the two-loop
approximation of they-function within less than 0.01%. Of course in this step a
perturbative error is involved, which is difficult to estimate. Assuming a geometric growth
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Table 3

Matrix elements ofAStat in units of rg for the light quark mass equal to the strange quark mass. Bare matrix
elements come from Ref. [10], with the exceptiongof 6.0 which is taken from Ref. [11]. The scalg/a [33]

is used as determined in Ref. [34], and its uncertainty is already included here

B=6/g3 5.7 5.9 6.0 6.1 6.3
ro/a 2.93(1) 4.48(2) 5.37(2) 6.32(3) 8.49(4)
rS2 Bpare 4.75(25) 4.09(21) 3.94(13) 3.79(36) 4.00(29)
rora 2.99(16) 2.35(12) 2.21(7) 2.09(20) 2.20(16)

of the coefficients of the/-function, we find that thes,-term would cause a change
by around 1% atn = my, zg and by 2.5% ain = 1.2 GeV. Thus one may attribute a
2—-4% error due to the perturbative approximation, which could be much reduced by a
computation of the three-loop anomalous dimension.

In principle, Cps may be computed also non-perturbatively following the strategy
outlined in Ref. [14]. It is then defined only up tg ¥ -terms, consistent with Eq. (5.6).

5.2. Application: first non-perturbative renormalizatioml?ig;at

We now take bare matrix elements A)gtat for unimproved Wilson fermions from the
literature to obtain an estimate fdi, in the static approximation. This exercise serves
mainly to illustrate how to use our results.

5.2.1. The matrix elements are needed at a fixed value of the light quark mass. To
avoid issues in the extrapolation to very light quarks, we here consider lyTo
fix the strange quark mass, we use that the sum of the light quark masses is to a good
approximation proportional to the squared (light-light) pseudoscalar mm%gd;, 1) [44],
and interpolate the data for the decay constant of [10,11] as a functixmﬁéqf, |)rg to
m34(s, 9rg = (2mg — m2)rg = 2mZ%r3/(1+ m/ms) = 3.0233. (To arrive at the latter, we
employedmﬁrg = 1.5736 [44] andmns/m| = 24.4 from chiral perturbation theory [46].)
The resulting dimensionless numbegéz%areare listed in Table 3.

5.2.2. We renormalize by multiplying with Eq. (4.3), using th& from Table 2
(csw=ca = cZ‘atz 0), take into account a 0.4-0.5% error from the non-universal part
of the Z-factor at each value qfy and find the last line in Table 3. Assuming the leading
linear behavior in the lattice spacing to dominate dgro < 1/4, we extrapolate to the
continuum limit as shown in Fig. 10. Adding to the extrapolation error in quadrature also
the 0.9% error contribution afrg), which is independent gfy, yields

ro/?drei=1.93(34) ata=0. (5.9)

5.2.3. Finally, insertingMpro = 17.6(5) [14,47] and Aysro = 0.602(48) [13], one
gets via the formula in Eq. (5.8)

Cps(Mp/Ayg) = 1.23(3), (5.10)
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Fig. 10. Continuum extrapolation of the non-perturbatively renormalized matrix elemettg‘%foased on the
unimproved Wilson data foFga’efrom Refs. [10,11].

where a 2% error for the perturbative approximation is assumed. With the experimental
spin-averaged B-meson masg = mp, = 5.4 GeV, we then obtain from Eq. (5.6):

F5®o=0.64(11), (5.11)
Fa'= 25345 MeV  for ro=0.5 fm. (5.12)

The result contains all errors apart from the uncertainty owing to the quenched approxima-
tion. Evidently, the continuum extrapolation may be done much better, ofaoer@proved
results with sufficient precision and small lattice spacings are available.

6. Discussion

We have performed the scale dependent renormalizatiorzlS&\‘I by constructing
a non-perturbative renormalization group in the Schrddinger functional scheme, and
agreement with perturbation theory at large scales was demonstrated. The renormalization
factors needed to extract the associated RG invariant are computed with good numerical
accuracy, which is a crucial prerequisite for a controlled determinatidryoh the static
limit. In Ref. [14] it was shown that the renormalization factors obtained in this way
differ appreciably from earlier estimates [10] based on tadpole-improved perturbation
theory [48]. Hence their non-perturbative computation is important.

We have not emphasized this so far, but our computation provides the scale dependence
of all static-light bilinears

Or () = 1) My (x). (6.1)
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They are renormalized by

(Op)R() = Z320O,,

(O))R(X) =ZZ30,0,  (O))R(X) = ZZ3R0,, ., (6.2)

with a scale independent renormalizatign This pattern is due to the heavy quark spin
symmetry which is exact on the lattice, and due to the chiral symmetry of the continuum
theory. The latter means that the relative renormalizaﬁcmay be fixed by imposing a
suitable chiral Ward identity [49] and is thus scale independent.

Returning to the case of most intereEg,tat, our continuum extrapolation in Section 5.2
that uses unimproved data for the bare matrix elements from the literature and also
quite large lattice spacings leaves much room for improvement of the present result,
F§i"’“= 253(45) MeV. Apart from the obvious step of obtaining& improved bare matrix
elements at small lattice spacings and extrapolating to the continuum, it will be necessary
to estimate the (/M) correction. There are two possible roads towards this goal.

An elegant and clean way is to compute th@fkcorrections directly as perturbations
to the static effective theory. Again, the main problem here is renormalization. Indeed, this
is a severe one, since mixing between operators of different dimensions has to be taken
into account. This will require much more theoretical and numerical effort; but a possible
strategy exists [14,47].

In the mean time, one may also compare the prediction from the static approximation
to what one obtains a¥ ~ M. and also to the results obtained directhypat= Mp, most
notably the ones of Refs. [2,3]. As emphasized in Refs. [50-52] this should be done in
the continuum limit, since @) errors get enhanced when the quark masses increase.
At the charm quark mass these are sizable but can be extrapolated away, at least in the
guenched approximation [53]. The comparison between finite-mass decay constants and
FBStatis most conveniently done by comparifgs,/mps/ Cps(M/Ay;s). Unfortunately, at
present the error of the static result is still too large to draw any strong conclusions about
1/M-corrections infg:

rd?dre =1.93(34), static: Eq. (5.9) (6.3)
Fa, /5.
32_TBNMBs 9 4623), usingFa, = 192(30) MeV [2,3], (6.4)

o
Cps(Mb/Ays)

Fb, /7Dy
pI2_OVT0s _q09(5),  usingFb, = 252(9) MeV [54]. (6.5)
Cps(Mc/Agys)

Still, the difference of Eqgs. (6.3) and (6.5) shows that there are signifigdfitdorrections
in the charm mass region.

As a more technical remark we point out that the functié#/ L, u), Eq. (2.12), shows
very smalla-effects in the quenched approximation and may be worth studying to verify
improvement with dynamical fermions.
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Appendix A. Computation of thelattice step scaling function

This appendix describes some details of the numerical simulations on the lattice and
the subsequent calculations that we have performed in order to determine the step scaling
function foijtat. At the beginning we also recall a few basic definitions and formulae,
which are specific to the inclusion of static quarks and the correlation functions that are
considered in the framework of the Schrédinger functional (SF). As the impact of the static
qguarks on @Qu) improvement of the static-light sector has extensively been discussed in
Ref. [17], the reader might consult this reference for further details and any unexplained
notation.

A.1. Definitions

A.1.1. Lattice action
The total lattice action is given by the sum

SLU, 1, Y1, ¥, ¥nl = SlU1+ SELU, ¥, Y1l + SlU, ¥n, ¥nl, (A1)

where Sg and Sg are the standard pure gauge anthOimproved Wilson actions for
relativistic (light) quarks, see Egs. (A.22)—(A.26) of Ref. [17], respectively,Saknotes
the lattice action for the heavy quark:

ShlU, ¥n, Ynl = a* Y ym(x) Vg vm(x). (A.2)

The fieldsyn andyy of the static effective theory are constrained in such a way (namely
P, yn = Y andyn Py = yp) that one is left with just two degrees of freedom per space-
time point [4] and only the (time component of the) backward lattice derivadjeenters

in the action (A.2). Hence, static quarks propagate only forward in time, which also reflects
in the form of the associated quark propagator,

Sh(x, ) =Ux —a0,007 U (x — 240,007 - U(y, 0072
x 0(x0 — y0)d(x — y) Py,
1

being just a straight timelike Wilson line.
To impose SF boundary conditions, Egs. (A.1) and (A.2) are supplemented by

Y(x)=0 ifxo<Oorxgo>L,
Yh(x) =0 ifxp<Oorxp>=L (A.4)
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and

P_yn1(x)|x0=0 = P1¥1(x)|xo=L =0, (A.5)

while in the pure gauge part the spatial plaquettag at 0 andxg = L receive a non-trivial

(and coupling dependent) weight, see Eq. (A.29) of Ref. [17]. In the discretization of the
SF as described in [18,21] we choose zero boundary gauge fields througheat, = 0,

which translates into the boundary conditiotigx, k)|x,=0 = U (x, k)|x,=2 = 1 for the

lattice gauge field. Similarly, the light and static quark fieldssgt= 0, L are fixed to
appropriate (space dependent) boundary functions; the corresponding boundary conditions
are collected in Egs. (3.2), (3.3) and (3.5) of Ref. [17] and not repeated here.

A.1.2. SF correlation functions

Observables are then defined as usual through a path integral involving the total action
S. In this work we focus on SF correlation functions that are constructed from ¢hag O
improved static-light axial current

(AIStaI)O(x) — A(s)tat(x) +acstat Astat(x) (A6)
AT x) = ¥ (x)yoyswhm, (A7)
BAT ) =)y ys5 L@+ V) n(x). (A.8)

Unless it is indicated differently, the improvement coefficieﬁflt is set to its one-loop
perturbative value,

1
stat
=— , A9
CA - 80 (A.9)
computed in Refs. [55,56]. On the lattice, in terms of the boundary quark felds, ¢/,
the correlation functions of these fields, as well as the various types of pseudoscalar
correlators from one boundary to the other that are needed in addition, read explicitly:

SR xo) = —aGZ %(Aé‘akx) Th(») 758 (2)), (A.10)

Sta[(x)——aGZ A3 tn(»)ys01(2), (A11)

f=- L6 Z g(u)ys@,(z))g,(yma(z)) (A.12)
uvyz?

S‘a‘——— > 5 L&/ )56 (0 501 (2) (A.13)
uvyz?

flhh(x3)=—z—z > %(Eﬁ(x)ysca<0)2h<y>yszh<z)). (A.14)

X1,X2,¥,2
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Table 4
The ratioZ| for 6 = 0.5 at tree-level
L/a Z1(0,L/a)
6 —1.5964837518021
8 —1.5996643156321
10 —1.6011462370857
12 —1.6019540566018
16 —1.6027594410020
20 —1.6031330222299
24 —1.6033361949926
32 —1.6035384024722

Moreover we introduce the two ratios
fstat(L/Z) + acstat stat(L/Z)

Xi(g0, Lja) = T (A.15)
stal stat stal
S (g0, Lja) = LA/ +acPAL/2) (A.16)

[f1 fINL/2)12/4

which are constructed such that the (unknown) wave function renormalization factors of
the boundary quark fields as well as the (linearly divergent) mass countestecancel
out and only the static current remains subject to renormalization.

A.1.3. Renormalization
In Ref. [17] the renormalization consta@® = Z3'¢ entering the Qu) improved
static axial current renormalized in the SF scheme,

(A% = 20+ 55%mg) (A7), (A7

was defined in terms of the ratio Eq. (A.15) by imposing the renormalization condition
(with mg, mq andm as defined in [17])

Z3%4(go. L/a) Xi(g0. L/a) = X|(0, L/a) atmo=mec. (A.18)

Thus ZS“"“Id naturally runs with the scale = 1/L. In the present context it will be referred
to as the ‘old’ scheme, whereas the so-called ‘new’ scheme based on Eq. (A.16) is specified
by

Z3™g0. L/a) Ei(go. L/a)=E(0,L/a),  mo=mc, L=1/p. (A.19)

For 6 = 0.5, which is chosen in our simulations, the relevant values of the tree-
level normalization constang (0, L/a) (or E,(O) (a/L) in the notation of Appendix B
summarizing the perturbative calculations) are collected in Table 4. As an aside we remark
that 2 (0, L/a) = X (0, L /a) holds.

The critical quark mass is always understood to be defined from the non-perturbatively
O(a) improved PCAC mass in the light quark sector as in Ref. [13] (i.e.pfer0 and
T = L, evaluating the associated combination of correlation functiong at7/2).
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A.1.4. Lattice step scaling function
The lattice step scaling function of the static axial current is defined through

Z3%g0, 2L /a)
Z3™(go, L/a)
The additional conditionng = m¢ from above, referring to lattice sizé/a, defines
the critical hopping parameter value,= «c. Moreover, enforcingz?(L) to take some
prescribed value fixes the bare coupling valuﬁ =6/ to be used for giverd /a. In
this Wayzjt""t becomes a function of the renormalized couplingp to cutoff effects, and
approaches its continuum limit ag L — O for fixedu.

=@y, a/L) = atg?(L) =u, mo=me. (A.20)

A.2. Simulation details and results

As emphasized before, our quenched lattice simulation and the data analysis are
analogous to Ref. [13], except that the boundary coefficigris set to its two-loop
perturbative value [57]:

¢Z1°°P = 1 0.08942 — 0.030g¢. (A.21)

The boundary @) improvement terms involving quark fields have to be multiplied with
a coefficient;, which is known to one-loop from [58], viz.

G1°P — 1 0.01842. (A.22)

Of course, owing to a priori unknown precision to which perturbation theory approximates
these coefficients, linear lattice spacing errors are not suppressed completely, and we will
come back to this issue later. As for the other contributing)@mprovement coefficients,
we used the non-perturbative valuesdgy andca of [35] for the relativistic fermions and
the one-loop estimate (A.9) f@FAtatin the static-light axial current.

The renormalization constan#s®(go, L/a) and Z3?(go, 2L/a) in Eq. (A.20) have
been evaluated from the correlation functions in Egs. (A.10)—(A.14), which were computed
in a numerical simulation witth = 0.5. (The latter parameter specifies the boundary
conditions of the quark fields, see, e.g., [20].) These simulations were performed on
the APE-100 parallel computers with 128 to 512 nodes, employing for the updating
of the gauge fields the same hybrid-overrelaxation algorithm as in [13,24] with two
overrelaxation sweeps per heatbath sweep within a full iteration. This mix of updating was
found to be close to optimal in [59]. Since the computation of SF correlators has already
been detailed in Ref. [35] and Appendix A.2.2 of [13], we just mention that we differ
from them only by using the implementation [60] of the SSOR-preconditioned BiCGStab
inverter [61] to solve the lattice Dirac equation.

The computation off"(d), whered = |x3| anda < d < L/2, amounts to evaluate
Eqg. (B.1). In order to improve the statistical precisionf@“, the links building up the
observable are evaluated by a 10-hit multi-hit procedure [31], where each hit consists
of a Cabibbo—Marinari heatbath update in three SU(2)-subgroups of SU(3). Translation
invariance is fully exploited.

In order to keep autocorrelations small, the measurements of the correlation functions
were always separated ly/(2a) update iterations (and, respectively, five iterations in
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the case offlhh). Statistical errors stem from a standard jackknife analysis, where we
have checked explicitly for the statistical independence of the data by averaging them
into bins of a few consecutive measurements beforehand. The total number of measure-
ments itself was such that the statistical erro&3f* was dominated by the uncertainty in
that(go, 2L /a). In general, the uncertainties in the coupling and in the valug @fould

have to be propagated into the errorszf""t as well. But as the former can be estimated

to be much smaller than the statistical error3§® and X3 is found to depend rather
weakly on the bare (light) quark mass, we neglected both contributions in the final error
estimate.

In Tables 5-7 we list our results on the step scaling functions of the static axial Gurrent
and—since they are available from our computations as well—of the pseudoscalar density
defined as in [13]. The values ¢f and the critical hopping parameter= «; to be
simulated were taken over from Ref. [13] without changes, which means to stayiwith
and & to one-loop accuracy in realizing the conditiog® L) = u andmg = m¢. Note
once more, however, that here, in contrast to [13], for the corresponding renormalization
constants themselves—particularly when comparing the resultdgf@nd Xp quoted in
that previous work with those of the present one—the two-loop formula férq. (A.21),
has been used.

A.3. Continuum extrapolation g3

For fixed coupling: the step scaling function defined in Eqg. (A.20) has a continuum
limit, oj‘a‘(u). Neglecting for the moment the uncertainties on the correct valuas &f

andczta‘, we expect the leading-order cutoff effects to be quadratic in the lattice spacing,

Z'itat(u, a/L)= Uﬁtat(u) + O(aZ/Lz), (A.23)

since Qa) improvement is employed. Based on this ansatz, Fig. 5 in Section 3 illustrates
the continuum extrapolation (Ejtat for a representative subset of our available coupling
valuesu = g2(L). The coarsest lattices (with/a = 6) have been omitted from the fits as
a safeguard against higher order cutoff effects. For the remainfibg< 1/8, the one-loop
cutoff effects are quite small, see Fig. 12.

Although these extrapolations are entirely compatible with an approach to the
continuum limit quadratic i /L, we also have investigated extrapolations linear ifi.
These as well yield reasonable fits with consistent results and even comparable total
x?2/dof (when summing up thg?’s belonging to the individual fits at the tenvalues)
so that the form of the lattice spacing dependence cannot be decided on the basis of the
data. Therefore, we have studied the influence of the imperfect (i.e., only perturbative)
knowledge of some of the improvement coefficients in more detail.

Since the usage of the two-loop approximation (A.21)dpin the calculation of the
correlation functions (and thereby also in the step scaling fun(ﬂ@ﬁ) should cancel the
main contributions from the related boundary terms, we only address its effect originating

5 Here we do not tabulate the results on the static-static boundary corrgé{ﬁ“tmeparately, but the numbers
can be obtained from the authors upon request.
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Table 5
Results for the step scaling functidfp
22(L) B K L/a Zp(go, L/a) Zp(go, 2L /a) Xp(u,a/L)
1.0989 95030 0.131514 6 8190110 0.78469) 0.9581(16)
9.7500 0.131312 8 81079) 0.778612) 0.960418)
10.0577 0.131079 12 .80126) 0.770211) 0.961316)
10.3419 0.130876 16 .39568) 0.762515) 0.958421)
1.3293 86129 0.132380 6 @93010) 0.749310) 0.944917)
8.8500 0.132140 8 82711 0.740211) 0.945619)
9.1859 0.131814 12 @7377) 0.735312) 0.950317)
9.4381 0.131589 16 866611 0.727418) 0.948827)
1.4300 85598 0.132453 8 @70210) 0.727313) 0.944321)
8.9003 0.132095 12 .36106) 0.722314) 0.9491(21)
9.1415 0.131855 16 .B5557) 0.712320) 0.942828)
1.5553 79993 0.133118 6 U6667) 0.716516) 0.934623)
8.2500 0.132821 8 @5908) 0.713413) 0.939920)
8.5985 0.132427 12 .847310) 0.703513) 0.941421)
8.8323 0.132169 16 .04219) 0.697619) 0.9401(29
1.6950 79741 0.133179 8 044211 0.693915) 0.932524)
8.3218 0.132756 12 @347 0.686215) 0.934822)
8.5479 0.132485 16 B27713) 0.680518) 0.935230)
1.8811 74082 0.133961 6 @3489) 0.67646) 0.920514)
7.6547 0.133632 8 @2587) 0.6691(15) 0.921923
7.9993 0.133159 12 .01735) 0.66328) 0.924512)
8.2415 0.132847 16 011713 0.660420) 0.927933)
2.1000 73632 0.134088 8 008813 0.643316) 0.907628)
7.6985 0.133599 12 .8971(8) 0.638524) 0.916Q36)
7.9560 0.133229 16 .691912) 0.630317) 0.911029
2.4484 67807 0.134994 6 684510) 0.611012) 0.892521)
7.0197 0.134639 8 B7848) 0.6061(19) 0.893330)
7.2025 0.134380 10 .67338) 0.6021(12) 0.894321)
7.3551 0.134141 12 872211 0.601212) 0.894424)
7.6101 0.133729 16 .6661(5) 0.596210) 0.895Q0(17)
2.7700 65512 0.135327 6 661910 0.575820) 0.869933)
6.7860 0.135056 8 654113 0.5751(17) 0.879231)
6.9720 0.134770 10 .65058) 0.571717) 0.878428)
7.1190 0.134513 12 .084829) 0.570510) 0.880219)
7.3686 0.134114 16 .0644216) 0.566816) 0.879933)
3.4800 62204 0.135470 6 81738) 0.506711) 0.820821)
6.4527 0.135543 8 61338) 0.510121) 0.831635)
6.6350 0.135340 10 .611211) 0.507819) 0.830%35)
6.7750 0.135121 12 .B80767) 0.5061(14) 0.832924)
7.0203 0.134707 16 .60637) 0.509711) 0.840621)

from the fixing of the renormalized coupling, the values of which were taken over from
Ref. [13] with ¢ still set to one-loop. Changing from one- to two-loop also in this

step then requires to adjust the bare coupling and the value of the critical quark mass
accordingly before the simulations fmjtatcan be performed. We have done this analysis
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Table 6
Results for the step scaling functi(‘Eﬁtal (in the ‘new’ scheme)
L) 8 K L/a 230, Lia)  Z3%g0.2L/a)  Zu.a/L)
1.0989 95030 0.131514 6 B8926(7) 0.86998) 0.974512)
9.7500 0.131312 8 886Q7) 0.866911) 0.978214)
10.0577 0.131079 12 .88006) 0.863011) 0.9806(14)
10.3419 0.130876 16 B8786(7) 0.8586(16) 0.977320)
1.3293 86129 0.132380 6 B87338) 0.84589) 0.968613)
8.8500 0.132140 8 B867719) 0.841913) 0.9701(18)
9.1859 0.131814 12 .86357) 0.8401(13) 0.972917)
9.4381 0.131589 16 .85939) 0.8361(19) 0.9731(25)
1.4300 85598 0.132453 8 85937) 0.832913) 0.969217)
8.9003 0.132095 12 .85457) 0.8314(14) 0.9731(18)
9.1415 0.131855 16 .85166) 0.823923) 0.967428)
1.5553 79993 0.133118 6 B85726) 0.824613) 0.961916)
8.2500 0.132821 8 B8517%6) 0.824813) 0.968417)
8.5985 0.132427 12 .84598) 0.819014) 0.968320)
8.8323 0.132169 16 .84259) 0.8141(20) 0.966226)
1.6950 79741 0.133179 8 84149) 0.806918) 0.959024)
8.3218 0.132756 12 .83598) 0.807413) 0.965919)
8.5479 0.132485 16 832913 0.8081(19) 0.970328)
1.8811 74082 0.133961 6 83627) 0.79397) 0.949511)
7.6547 0.133632 8 82906) 0.790317) 0.953321)
7.9993 0.133159 12 .82477) 0.790712) 0.958816)
8.2415 0.132847 16 .8221(13) 0.789823) 0.960732)
2.1000 73632 0.134088 8 819310) 0.773220) 0.943626)
7.6985 0.133599 12 .81179) 0.7756(25) 0.955532)
7.9560 0.133229 16 .8081(12) 0.770421) 0.953329)
2.4484 67807 0.134994 6 80358) 0.742012) 0.923518)
7.0197 0.134639 8 39457) 0.744419) 0.937026)
7.2025 0.134380 10 .09369) 0.7431(17) 0.936324)
7.3551 0.134141 12 .8930(10) 0.746517) 0.941424)
7.6101 0.133729 16 .89078) 0.744416) 0.941522)
2.7700 65512 0.135327 6 J8869) 0.713319) 0.904526)
6.7860 0.135056 8 079112 0.718724) 0.922535)
6.9720 0.134770 10 .078€9) 0.722323) 0.927631)
7.1190 0.134513 12 074011 0.722Q17) 0.932925)
7.3686 0.134114 16 .075516) 0.7281(30) 0.938843)
3.4800 62204 0.135470 6 358710 0.656239) 0.864953)
6.4527 0.135543 8 J49611) 0.6624(29) 0.883741)
6.6350 0.135340 10 047711 0.665831) 0.890643)
6.7750 0.135121 12 .0451(11) 0.669622) 0.898832)
7.0203 0.134707 16 047010 0.679224) 0.909234)

for the largest fixed coupling; = 3.48, where the uncertainty iay is largest and thus
its effect most pronounced. At/a = 6 the resulting change ilfztat turns out to lie
clearly inside the statistical errors, and this effect will even get smaller for decreasing
a/L. On the other hand, if we just compu‘!ﬁtatwith the one-loop value of; as in the
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Table 7
Results for the step scaling functi(ﬁﬁt%‘ld (in the ‘old’ scheme)
gAL) B K Lia  Z3% 40 L/a)  Z3%(s0,2L/a)  ZR%(u,a/L)
1.0989 95030 0.131514 6 89038) 0.86768) 0.974512)
9.7500 0.131312 8 88467) 0.863511) 0.976214)
10.0577 0.131079 12 .8791(5) 0.862814) 0.981417)
10.3419 0.130876 16 .87739) 0.8601(21) 0.980426)
1.3293 86129 0.132380 6 87219) 0.8430(10) 0.966616)
8.8500 0.132140 8 866410 0.842814) 0.972819)
9.1859 0.131814 12 .86166) 0.8351(19) 0.969323)
9.4381 0.131589 16 .8580(10) 0.837049) 0.975557)
1.4300 85598 0.132453 8 B85778) 0.832514) 0.970619)
8.9003 0.132095 12 .85356) 0.833221) 0.9761(26)
9.1415 0.131855 16 .84896) 0.817255) 0.962865)
1.5553 79993 0.133118 6 85527) 0.824319) 0.963923)
8.2500 0.132821 8 84976) 0.822417) 0.967822)
8.5985 0.132427 12 .8441(8) 0.819826) 0.971232)
8.8323 0.132169 16 .841Q012) 0.820357) 0.975469)
1.6950 79741 0.133179 8 841111 0.807920) 0.960626)
8.3218 0.132756 12 .8340Q8) 0.815432) 0.977739)
8.5479 0.132485 16 .832816) 0.807687) 0.970(11)
1.8811 74082 0.133961 6 B83367) 0.79047) 0.948212)
7.6547 0.133632 8 82697) 0.7921(21) 0.957827)
7.9993 0.133159 12 .82325) 0.786320) 0.9551(25)
8.2415 0.132847 16 .821Q18) 0.79812) 0.972(15)
2.1000 73632 0.134088 8 817213 0.777824) 0.951833)
7.6985 0.133599 12 .80978) 0.775767) 0.957983)
7.9560 0.133229 16 .8091(21) 0.786(12) 0.971(14)
2.4484 67807 0.134994 6 B801€9) 0.741617) 0.925223)
7.0197 0.134639 8 @9419) 0.739937) 0.931748)
7.2025 0.134380 10 .093209) 0.742237) 0.9357498)
7.3551 0.134141 12 .0901(13) 0.738254) 0.934470)
7.6101 0.133729 16 .087Q9) 0.756(13) 0.961(17)
2.7700 65512 0.135327 6 @86310) 0.713234) 0.907045)
6.7860 0.135056 8 @804(15) 0.716945) 0.918560)
6.9720 0.134770 10 .075910) 0.7121(55) 0.917772)
7.1190 0.134513 12 073912 0.715272) 0.9241(95)
7.3686 0.134114 16 .073230) 0.681(34) 0.880(43)
3.4800 62204 0.135470 6 @5739) 0.655824) 0.865934)
6.4527 0.135543 8 @5019) 0.656Q77) 0.874(10
6.6350 0.135340 10 .047615) 0.661(11) 0.885(15)
6.7750 0.135121 12 .043010) 0.659(16) 0.886(21)
7.0203 0.134707 16 047413 0.642(46) 0.85961)

computation of the coupling, we found the results, nowifes 2.77 andL /a = 6, 8, to

be indistinguishable within errors, too. We conclude that any small uncertainty present
in ¢ beyond the available two-loop estimate is numerically unimportant for the cutoff
dependence af 3™
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Regarding the @:) improvement coefficient;, we followed the same line as in [13]
and assessed its influence on our results by artificially replacing the one-loop coefficient
in the expression (A.22) by ten times its value. l.e., wefgtt ¢{ = 1 — 0.180g§ in some
additional simulations at = 3.48, and the outcome is that the corresponding estimates on
X@or L/a = 6 still differ by around 15%, while forL /a = 8 they already agree within
their statistical errors. As this difference drops further for growin@ and/or smaller
couplings, a possible imperfection §fdoes not affect the results dfﬁtateither.

Finally, we also checked for the influence of théa@improvement coefficient in the
static-light axial current; 3 by analyzing our data with3®'= 0 instead of the one-loop
value (A.9). Whereas the related changéﬁ‘f"tis of the order of a few percent and hence
still substantial, it largely cancels in the ratio of Eq. (A.20) so that this effect is no more
significant for £3@ given its statistical errors.

All'in all these findings demonstrate that at the level of our precision linesffects
in the data orEjt""t are negligible, and extrapolations usig L)?-terms as the dominant
scaling violation are justified indeed.

Appendix B. Perturbation theory

This appendix provides a few details on the perturbative computations, which were
required to obtain the one-loop expression fai//L,u), Eq. (2.12), the two-loop
anomalous dimension and the one-loop estimates of the discretization errors of the step
scaling functionzztat. Note that here we restrict ourselves to the case of the modified (or
‘new’) scheme introduced via Eq. (2.15) in this paper, because the perturbation theory of
the original scheme defined through Eg. (2.7) has been extensively discussed already in
Ref. [17] where also more details on the different steps involved can be found.

The correlation functiongs®, fSatand f, are expanded in powers of the coupligg
as explained in [17] and [62], and the analogous expansig%ﬂ*bfs explained below.

B.1. The correlation functiorf{™

After integrating out the static quark fields, the correlation funcpf{ihcan be written
as

2
ﬁﬁugzﬁiE:WUMLmUa+ﬂdoy~U@+4L—@d®
X1,X2

1

x U((L —a)0,0) U ((L — 2a)0,0) -~ U (0,0) 1} (B.1)

xo:O)’
where the trace is taken over color indices only.

Writing U (x, n) = exp{goag, (x)}, with the gluon fieldg,, (x) = ¢/, (x)T“, whereT*
are the anti-Hermitian generators of the gauge group, the funﬁl’&)nan be expandedin
the bare coupling,

) =3+ g3 " Pd) +0(gf), d=lxsl. (B.2)
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a=>-=&>—a-=>—=.

. T T

Fig. 11. One-loop diagrams contributing fé‘h. The two dots on the left are ay = 0, the dots on the right are
atxg=1L.

Determining the one-loop coefficiegf‘{‘h’(l) amounts to calculating and summing the
diagrams shown in Fig. 11 using the gluon propagdy (x, y) (with SF boundary
conditions) given in Ref. [58].

For comparison with the non-perturbative results shown in Fig. 4, Section 2.2, we
consider the one-loop coefficient? (d/L) of Eq. (2.13), which reads

/L) = %{flhh’(l)(d) — D2, (B.3)

and which we can obtain analytically. (For the other quantities considered in this appendix,
the diagrams are calculated numerically.) Only the last of the diagrams in Fig. 11
contributes, and we thus can write

hVd/L)
4616
=34 Z Z Z {Doo(x, )| xs=d. ys=0 — D0oo(x, ¥)|xs=L/2, ys=0}

X0,Y0X1,Y1X2,¥2

442 . .

=373 > {ers? —erstI2Y N doo(xo, yo; (0,0, p3)), (B.4)
P3 X0,Y0

with the momentum-space gluon propagaki(xo, yo; p) defined in Ref. [58]. Thegz3 =0

term does not contribute to the sum, and using the explicit fordagtho, yo; p) for p # 0,

one can show that

L
a® " doo(xo, yo; (0,0, p3)) = 72 (B.5)
3

X0,Y0

with pz = gsin(%). Thus we see thak(d/L) is just given in terms of the one-
dimensional scalar propagator on a periodic lattice with lerigthivhich hasno lattice
artifacts This eventually leads to the result quoted in Eq. (2.14). The absence of any lattice
spacing dependence is a consequence of the special kinematics, namely the summation

overxi, x2, but will of course not be exact in higher orders of perturbation theory.
B.2. Anomalous dimensions

In order to precisely connect to the RGI current, it is important to obtain the anomalous
dimension of the static-light axial current in the SF scheme at two-loop order. The
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anomalous dimension is expanded as

v(@ = -2y +r g2 +0(z%), (B.6)

with yo = —1/(47?) and the two-loop anomalous dimension in the SF sch@'@%':e,
With the perturbative expansions for the various correlation functions, the Zatod
Eqg. (A.16) can be written as a series

Ei(g0,a/L) = 5%a/L) + g8 5P (a/L) + O(gd). (B.7)

Accordingly, this allows us to expand the SF renormalization conﬁéﬁf: El(o)/a
(see Eq. (A.19)) as

Zitatz ZZtat(O) + g% ZZtat(l) + O( gé). (B.8)

With the one-loop relation between the bare lattice current and the renormalized static
axial currentin théVS scheme, the anomalous dimension inN®&scheme, Eq. (5.5) [38—
40], can be converted into the SF scheme. The renormalization constant relating the SF
scheme and thBIS scheme is obtained from the relation between the SF scheme and the
bare lattice current, Eq. (B.8), the connection of the bare lattice current and a ‘matching
scheme’ [63,64] and the relation between the latter andviBescheme [30]. Here the
matching scheme is defined by the requirement that the renormalized static-light axial
current at scalex = mp equals the relativistic axial current with a heavy quark mass
mp up to terms of @Q1/mp), and the current in the relativistic theory is normalized by
current algebra (imposing the chiral Ward identiti&$jollowing the steps in Ref. [17],
this analysis finally yields

0=00 p>r= (4;)2 {0.22(2) — 0.055213) Nt} (B.9)
0=05 = (4;)2 {0.10(2) — 0.0477(13) ¢}, (B.10)
=10 p>r= ( 4;)2 {-0.08(2) — 0.036513) NVt}. (B.11)

B.3. Discretization errors

The one-loop expansion at hand is also helpful to study discretization errors in the step
scaling function. Using Eq. (B.8), the step scaling function at lattice spacingxpanded
as

S8, a/L) = 14+ us3®* P a/L) + 0(u?), (B.12)
and its continuum limiv3®(u) as
Uitat(u) =1+ uaitat(l) + uzg:tat(Z) + O(u3), (B.13)

6 Since the wording in Ref. [17] is not completely clear on this, we point oumﬁ%in that reference refers
to what we call theVlS scheme here as well as in Ref. [17].
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Fig. 12. Discretization errors of the step scaling function at one-loop level. The continuum extrapolation of the
non-perturbative results usevs/L)2 < 0.02.

with
on® =@y
1
opt@ 3 IN?(2)y& + IN2(2)boyo + IN(2) 1. (B.14)
As a measure for the discretization errors, we define

Z'Xta[(u, a/L) — Ul,ftat(u)

S(u,a/L) = B.15
(u,a/L) o5%) ( )

with a perturbative expansion
8(u,a/L) =8V (a/Lyu+ O(u?). (B.16)

The one-loop coefficient™ versus the lattice spacing squared is shown in Fig. 12 for
differentvalues of . In the range of lattice spacings where our non-perturbative calculation

is performed, the discretization errors at one-loop level are smaller thar L%giving

rise to the hope that also the non-perturbative discretization errors are reasonably small.
A welcome feature 08P até = 0.5 is that it is entirely dominated by the leadingy L2-

term in theaz-expansion.
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Appendix C. Continuum step scaling function and matching at L = 1.436rg

In this last appendix we briefly discuss our parametrization (i.e., the interpolating fit)
of the continuum step scaling function and some details on the calculatiﬁﬁf"ﬁht the
matching scale Ryax = 1.436r0.

C.1. Fits and error determination in the scale evolution

As described in Appendix A.3, the continuum step scaling funodsiﬁﬁt(u) has been
obtained by extrapolating the lattice dataﬁﬁaku, a/L) atfixedu to the continuum limit.
The next step is now to solve the recursion specified through Egs. (3.1)—(3.4). In practice
this is done by first representing the resultséﬁiat(u) in Table 1 by a fit and then solving
the recursion, Eq. (3.4), with3'®(u) given by the fit function.

Guided by the analysis for the step scaling function of the pseudoscalar dengity
Ref. [13] and the perturbative expansion discussed in Appendix B.3,

ojta[(u) = 1+ sou + s1u® + soud 4 - - 4 su" (C.1)

is chosen as fit ansatz. The two non-trivial leading terms are restricted by perturbation
theory,

S0 = o:tat(l), 51 = oztat(Z)’ (C.2)
cf. Egs. (B.14). Up to three additional free fit parameters were allowed for. All of these
fits represent the data in Table 1 well, and we decided to quote the two-parameter fit (the
curve of which is shown in Fig. 6) as the final result for the functional formjﬁ‘ft. To
check that the polynomial fits are stable, we also investigated fits wherggoifyeven no
coefficient at all is constrained to its perturbative value. This leads to consistent results for
aj‘at(u); particularly the latter fit then reproduces the perturbative predictiospyfor

Having chosen a definite expressioneﬁtjfat(u), the solution of the associated recursion
is unique. Since the errors on the step scaling function stem from different simulation runs
and are hence uncorrelated, the errors on the fit parameters in the polynomial (C.1) for
aj‘at(u) and those on the;’s calculated from it can be estimated straightforwardly by the
standard error propagation rules. Finally, by increasing the number of free fit parameters
(while fixing so, s1 to perturbation theory) as mentioned above, we convinced ourselves
that the systematic error induced by the choice of fit functions is well under control: in fact,
we then observed the expected pattern of finding slightly different errors but compatible
results at comparably good overall fit quality.

C.2. Calculation oizzta‘at the low-energy matching scale

The total renormalization factdfrg introduced in Section 4 involves the value of the
renormalization constarfy® at our particular matching poinZ3®(go, L/a)|1.=1.436r-
As the latter connects a bare matrix element of the static-light axial current to the one
renormalized in the SF scheme, this amounts to calcmﬁ?éfor arange of bare couplings
commonly used in simulations in physically large volumes.
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Table 8
Results foer;“at(go, L/a) at fixed scald. = 2Lmax= 1.436rg with ¢t being set to either one- or two-loop. The
critical k-valuesk = k¢ [65] are the same as used for Table C.1 of Ref. [13]

L/a B= 6/g(2) ct2_|00p Cél.—loop
P ZZtat P Zztat
8 6.0219 0.13508 0.6926(15) 0.13504 0.6932(10)
10 6.1628 0.13565 0.6810(17) 0.13564 0.6824(16)
12 6.2885 0.13575 0.6786(18) 0.13574 0.6795(16)
16 6.4956 0.13559 0.6777(17) 0.13558 0.6763(18)
Table 9

Results forz3®{(go. L/a) at fixed scalel. = 2Lmax= 1.436rq for c3?'= 0 and unimproved Wilson fermions
i.e.,csw= 0 and thus¢p = Stat— 0 too), wherert was kept at its two-loop value
A

L/a ﬂ:ﬁ/g% cital:O csw=0
K Z;&at K Zital

4 5.6791 - - 0.15268 0.6923(13)

6 5.8636 - - 0.15451 0.6315(16)

8 6.0219 0.13508 0.6736(14) 0.15341 0.6075(13)
10 6.1628 0.13565 0.6633(17) 0.15202 0.5964(18)
12 6.2885 0.13575 0.6621(17) 0.15078 0.5971(32)
16 6.4956 0.13559 0.6627(17) 0.14887 0.5991(52)

To extractzitat we exploit the fact that the required pai(s/a, 8) that match the
condition L /a = 1.436rp/a have already been determined for the relevésrainge in
Appendix C of [13] by utilizing the known parametrization of(dfrg) in terms of 8
from Ref. [34]. We thus could take over these pairs and compﬂﬁé’dfor 6 =0.5 from
the renormalization condition (A.19) at the corresponding vakluesk. of the critical
hopping parameter [65]. The results fﬁgta‘(go, L/a)|1=1436r, USiNg the one- and two-
loop expressions fat, cf. Eq. (A.21), are given in Table 8. The difference originating from
the two perturbative approximations foris completely covered by the statistical errors

so that we again c:onsid@f'|00p to already account for the dominant part of the boundary
cutoff effects in the gauge sector. Similarly to the discussion in Appendix A.3, the influence
of the boundary improvement coefficiefitin the fermionic sector can also be neglected

at the level of our precision. The parametrization of the resuIth\Eﬂ‘(go, L/a)|r=1.436r,

by a polynomial fit in(8 — 6), with ctz'loop andczta‘from one-loop perturbation theory, is

guoted in Section 4, where the coefficients in the first block of Table 2 are to be combined
with Eq. (4.1). The smooth dependenc@@?atonﬁ in the studied region of bare couplings
suggests that this representation can also be slightly extended dog/r=t6.0 (even
though we could not directly simulate that point for the same reason as in cas¢13]),
and we therefore regard it as a reliable representation of our data over the whole range
6.0< B <6.5.

As in Appendix A.3, we also seisAtatz 0 instead of one-loop in the analysis of the
data oan\tat(go, L/a)|L=1.436r,, and the results are listed in the middle part of Table 9.
In contrast to the step scaling function, which did not change appreciably under this
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replacement of the value fef®, we observe an effect of about 3% #R™" at the low-
energy matching scale = 2L nax= 1.436r0.

Furthermore, we addressed the case of unimproved Wilson fermions by also setting
csw = 0 in the relativistic fermion action and, after having computed the needed estimates
of the critical hopping parameter for this situation, carried out the additional runs to
determine the renormalization constant. In this case the phjig, 8) were extended to
lower values off in order to be able to make contact with theregion that is typically
employed in simulations to calculate the bare matrix element defining the B-meson decay
constant, as, e.g., those in Refs. [10,11]. The resulting estimat@jtéhare shown
in the right part of Table 9, and the corresponding polynomial representations for both
aforementioned cases are as well found via Eq. (4.1) together with the two lower blocks of
Table 2.

We conclude this discussion with the general remark that the uncertainties of the
entering criticalx-values (of 1-2 and 2—-4 on the last decimal place in the case of
csw = hon-perturbative andsy, = 0, respectively) do not affect thé-factors significantly.
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Abstract

We introduce an alternative discretization for static quarks on the lattice retaining(theirf@provement properties of
the Eichten—Hill action. In this formulation, statistical fluctuations are reduced by a factor which grows exponentially with
Euclidean timexg. For the first time, B-meson correlation functions are computed with good statistical precision in the static
approximation forxg > 1 fm. At lattice spacings ~ 0.1, 0.08, 0.07 fm, the Bmeson decay constant is determined in the
combined static and quenched approximation. A correction due to the finite mass of the b-quark is estimated by interpolating
between the static result and a recent determinatidrpof
0 2003 Published by Elsevier B.V.

PACS 11.15.Ha; 12.15.Hh; 12.38.Gc; 12.39.Hg; 13.20.He

Keywords: Lattice QCD; Heavy quark effective theory; Static approximation; Modified static actions; B-meson decay constant

1. B-physics matrix elements such as the B-meson  Progress along this line has been hampered by
decay constanfg are obtained from lattice correla- large statistical errors in the static approximation. In
tion functions at large Euclidean time. Considerable particular it has been observed [7] that the errors of a
interest lies in the treatment of the b-quark in the lead- B-meson correlation function roughly grow as
ing order of HQET, the static approximation [1,2]: in
this framework non-perturbative renormalization can Rns
be performed, the continuum limit exists and also

1/mp corrections can in principle be taken into ac- WhereEsttis the ground state energy of a B-meson in
count [3-6]. the static approximation with the Eichten—Hill actién,

__noise
~ signal

x eXp(xpA), A = Estat— my, 1)

- 1 For a more precise definition of the theory and for any unex-
E-mail address: sommer@mail.cern.ch (R. Sommer). plained notation we refer to [3].

0370-2693/$ — see front mattét 2003 Published by Elsevier B.V.
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SEH = a“zlﬁh(x)Dowh(x), 2 Keeping these symmetries intact, there is little free-
x dom to modify the action. We may, however, alter the

1 A A way the gauge fields enter the discretized covariant
_ = Ut — _
Doyn(x) = p [¥n() = UT(x = a0, 0)ym(x — a0)], derivative,Dg. To this end we choose

3
for the stgtic quark [2]. Eq. _(1) is prc_)blematic because Doym(x) = E[I/,h(x) —whx — a0, 0)Yh(x — a@)}
the requirementRys « 1 is satisfied only forxg a
of the order of A1 and this time interval shrinks (8)
rapidly to zero in the continuum limit — 0 where with W(x, 0) a generalized gauge parallel transporter
Estat™~ €1 X gg/a with some numbeg; . In the attempt with thg gauge transformation propertiesmtfc, 0).
to eliminate the discretization errors by reducing the N particular, we takeW(x, 0) to be a function of
lattice spacingq, one is then limited more and more the link variables in the neighborhood of which is
by unwanted contaminations by higher energy states invariant under spatial cubic rotations and does have
and it has been very difficult to compute matrix the correct classical continuum limit such thag =
elements in the static approximation [1,8-11]. Since 9 + Ao + O(a?). This is enough to ensure that the
the exponent in Eq. (1) is dominated by a divergent universality class as well as (@)-improvement are
term, it is plausible that one may reduce it by changing Unchanged in comparison to Eqg. (3). Since we expect
the discretization. Here we will demonstrate that this the size of remaining higher-order lattice artifacts to
is indeed possible whileemaining with roughly the be moderate if one keeps the action rather local, we
same discretization errors. here consider only choices whé#gx, 0) is a function

In [3] it has been shown that energy differences of gauge fields in the immediate neighborhoodxof
computed with the action Eqg. (2) are@-improved x +a0. We choose
if the relativistic sector (light quarks and gluons) is

O(a)-improved. Furthermore, apart from the usual Ws(x.0) 1
mass dependent factor,+1632umq, the static axial g (1. . vzl
current, =V(x,0 5 + (gtrV (x,0V(x, 0)) ,
AS(x) = Y1 (x) yoysyn(x), (4) ©)
is on-shell Qa)-improved after adding only one Walx,0)=Vx,0, (10)
correction term, Whyp(x, 0) = Vhyp(x, 0), (11)
( Alstat)o _ Agtat +a C'sAtat(S Agtat’ where

_ v+ ¥ 13 A 5
SAZ(x) =w|<x>y,-ys%wh<x>. 6 V0= [V« HUG+aj,0U ( +ad, j)

j=1

We want to retain these properties of the theory. They t A A
are guaranteed if the lattice Lagrangian is invariant TV _ij’])f](x —aj,0)

under the following symmetry transformations (we x U(x+a0—aj, j)], (12)
do not list the usual ones such as parity and cubic

invariance) [3]. and where the so-called HYP-linkyyp(x, 0), is a

function of the gauge links located within a hypercube
[12,13]. In the latter case we take the parameters
a1 =0.75,a2 = 0.6, a3 = 0.3 [12]. The choices (9)-
Yh — Vn, Uh— YnV L (11) will be motivated further in [14]. It is worth
. ) pointing out that a covariant derivative of the general
with V = exp(—idicijkoji)- ©6) type used above has first been introduced in [15].
(ii) Local conservation of heavy quark flavor number: In this reference it was considered for the Kogut-
) _ . Susskind action for relativistic quarks and with a
Yn — €10y, Yh — Yne 1, (7) different motivation.

(i) Heavy quark spin symmetry:
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Fig. 1. The step scaling functioB3@{(3.48, a/L) for different choices of the actiosh. Results forSEH were extrapolated t&3!%(3.48, 0)
[17] (o). In all caseszS‘atfrom 1-loop perturbation theory is used, which is sufficient S|E1,§at(3 48, a/L) does not depend very sensitively
on this improvement coefficient. FSf, 55 and SHYP points have been displaced on the horizontal axis for clarity.

2. Next we have to study the scaling behaviour of @ =1/L to = 1/(2L). Its continuum limit is known
observables computed with the actiasf Sp, SHYP for a few values ofL [17]. This quantity is thus a
which are obtained by insertin@’s, Wa, Whyp |nto good observable to search fareffects. In Fig. 1
Egs. (8) and (2). In [14] this scaling behaviour is we show X3?(3.48 a/L), where the first argument
analyzed in depth for various observables and various parameterizes in terms of the SF-coupling?(L) =
choices for the static action in perturbation theory 3.48. O(a)-improvement is employed as in [17] but
and non-perturbatively. Here we will present only one we consider the different actions for the static quark
example. The necessity of such an investigation can beintroduced above. All of them lead m;tat(sAs, a/L)
underlined by the following consideration. at finite a/L differing from the continuum limit by

The static potential can be seen as an energy for aabout the same amount. Supported also by further such
static quark with actiorp and an antiquark with the  studies [14], we conclude that within the set of actions
correspondingsy, [16]. Hence, the static force is one  studied none is particularly distinguished by its scaling
indicator for the scaling behaviour of these actions. behavior.

In [13], rather large:?-effects have been seen in the
short-distance force fosYP andsHYP.

One may therefore worry about largeeffects, in 3. Let us now demonstrate that the statistical er-
particular in correlation functions of the static-light rors at large Euclidean time are reduced by the choices
axial current, where static and light quarks propagate Eqgs. (9)-(11). As a B-meson correlation function we
also close to each other. With the new action§®'is choose

O(a)-improved once [14] Stat(xo ) — 1((A|Sta') (x)O(w))
9 0 9
cSat= _0,0823%2+0(gd),  for Sp=SE" 2

6
(13) (’)w:a— ¢ oy —2)(2), 16
St 011641062+ O(cf). for Sn 55, P, @) =13 ;Ch(y)ys ¥ -24@) (16)
Stat HYP(14) defined in the Schrodinger functional with= 3L /2,
—0.0903)g5 +O(gg),  for Sh= 5", L/a =24, B = 6/gd = 6.2 and a vanishing back-
(15) ground field [3]. Here, as a novelty compared to pre-
is set in Eq. (5). The improvement coefficigrf®'is vious applications, a wave functi@n(x) is introduced
set to its tree- IevelvalueStat 1/2 in this Letter. to construct an interpolating B-meson field in terms
We consider now a step scaling functioB 3", of the boundary quark fieldg andzp. It may be ex-

which gives the change of the renormalized static ploited to reduce the contribution of excited B-meson
axial current in a Schrédinger functional (SF) scheme states to the correlation function, but this does not
[17], when the renormalization scale is changed from concern us yet. At the moment we simply consider
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Fig. 2. The ratioRys, Eq. (1), for the correlation functiofigt®for a
statistics of 2500 measurements. Circles reféﬁﬁ while squares

and triangles tas® and SHYP, respectively.sf* behaves likess.
Physical units are set by usimg = 0.5 fm [20,21].

w(X) =1 and form the ratiRns, Eqg. (1), for the dif-
ferent actions. From now on we set the light quark
mass to thestrange quark mass, taken from [18] fol-
lowing exactly [19] concerning the technical detdils.
Fig. 2 shows that in all cas&&ys grows exponentially
with xg. For the Eichten—Hill action, also the effec-
tive coefficientA, describing the growth forg = 1—

2 fm, isroughly given by Estat— m in agreement with
Eq. (1), while for the other actions this is not the case.
Most importantly for the other actiong is reduced
by a factor around 4, and with the statistics in our ex-
ample a distance ofp ~ 2 fm is reached withsYP

if one requireskns < 2%. The actions*ﬁ, S,? behave
only slightly worse.

4. This reduction of statistical errors enables us to
choosew(x) such that a long and precise plateau is
visible in the effective energy,

Eeit(x0, @)
=In[ Stxo — a, w)/ [ x0 + a, w)]/(2a), (17)

as shown in Fig. 3. Neither position nor length of the
plateau depend sensitively on the detailswphs long

as it is chosen such that the first excited state in the
B-meson channelis canceled to a good approximation.

For the figure as well as for the following, we have

2 Of course, these details matter only before taking the contin-
uum limit.

ALPHA Collaboration / Physics Letters B 581 (2004) 93-98

choserw € {£21, £22} with

21 = w1+ aws, 2o=ws+d wa, (18)
Wi () =Nt " @i(x—nLl), i=123,

nezs
d1(r) = ry 2"/,

w3(r) = r0_5/2refr/(2”°),

Bo(r) = ry 21/ 20,

wa(x)=L"%2 (19)

whereap = 0.1863 and the (dimensionless) coeffi-
cientsN; are chosen such thaf > wl?(x) =1.The
B-meson decay constant is then obtained from the
renormalization group invariant matrix element [22]

Prai(x0) = —Zrai(1+ baamq)2L3/

sta
13%x0) (x0—T"/2) Eefi(x0)

x —2 = (20)
VAT, w)

of the static axial current, where

1
AT, 0) = =20 (@)0®)

6 -

0'@) =75 Y. Hy)rsely - 2¢(@). (21)

Y,z

The renormalization factorZrg), relates the bare
matrix element to the renormalization group invariant
one [17]. Its regularization dependent part is computed
exactly as in that reference, but for the new actions. In
Table 1 we give results fobrg|(xg) for three values

of the lattice spacing and selected choicesofT”,

xo0, highlighting what we selected for further analysis.
These numbers do not change significantly if we vary
the improvement coefficients3™® and 53 which
are known only in perturbation theory, by factors of
two. We thus extrapolate our results quadratically in
the lattice spacing and arrive at our estimate for the
continuum limit

rd?drei = 1.74(13). (22)

5. The result Eq. (22) may be used to com-
pute Fg, by taking account of the mass depen-
dent function [17ICps(Mp/Agg) = Fa/mB/PRGI =
1.22(3), evaluated using the 3-loop anomalous dimen-
sion [23] and the associated matching coefficient be-
tween HQET and QCD [24]M}, denotes the renor-
malization group invariant b-quark mass [4,5]. With
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Table 1
Decay constant in static approximation for actiin= sfYP.
3/2
ro/ PRaI

B a [fm] L/a T/a T'/a xo/a 21 2 a o
6.0 0.093 16 24 24 12 1.794(30) 1.797(28) 0.278 —0.200
6.0 0.093 16 24 20 12 1.812(17) 1.796(17) 0.278 —-0.200
6.0 0.093 16 24 24 10 1.784(30) 1.794(29) 0.278 —-0.200
6.0 0.093 16 24 20 10 1.815(17) 1.793(17) 0.278 —-0.200
6.1 0.079 24 30 30 15 1.834(59) 1.830(55) 0.756 0022
6.1 0.079 24 30 30 12 1.822(59) 1.821(55) 0.756 .02a
6.2 0.068 24 36 36 18 1.685(76) 1.724(74) 0.351 —-0.176
6.2 0.068 24 36 36 15 1.688(77) 1.728(75) 0351 -0.176

this we arrive atrongatz 0.57(4) tantamount to  theinterpolation used, but our personal estimate is that
Fglatz 225(16) MeV with rg = 0.5 fm. A correction this error is smaller and it will soon be quantified [26].
due to the finite mass of the b-quark can be computed ~ One should remember that Eq. (24) refers to the

by connecting the static result Eg. (22) and guenched approximation and as in [25] a 12% scale
ambiguity may be estimated from the slope of the
32 Fosymos 1.33(7) (23) linear interpolation.

To
Cps(Mc/Ags)

by a linear interpolation in the inverse meson mass. ) _ o o
Here we have used recent computations of the 6. An interesting point is that the potential in
Ds-meson decay constant [25] and of the charm quark full QCD may be computed replacing the time-like

mass [19]. In this way we obtain links in the Wilson loop (or Polyakov loops) by the
differentW; introduced above. In particular the “HYP-
roFg, = 0.52(3) — Fg, = 205(12) MeV link potential” [13] may be used. Depending on which

W; is chosen, the static potentials differ from each

other, but all of them approach the continuum limit
One may consider half of the difference to the static with O(a?) corrections if the action used for the

value, i.e.,~5% as an additional uncertainty due to dynamical fermions is @)-improved. This property

with rg = 0.5 fm. (24)



98

follows from the considerations of [16] applied to the
static actions introduced above, which satisfy all the
necessary requirements. This virtue of, e.g., the HYP-
link potential was not obvious before. Using it, better
precision can be reached and some signs of string
breaking [27] may become visible.

7. To summarize, we have shown that a modifi-
cation of the Eichten—Hill static action can be found
which keeps lattice artifacts in heavy-light correlation
functions moderate but reduces statistical errors to a
level making the regiong > 1.5 fm accessible. Fur-
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1. Introduction

The physics of the mixing and decays of B-mesons is essential for a determination of

unknown CKM-matrix elements and thus for our understanding of the violation of CP-

symmetry in Nature.

It is also still promising for the discovery of physics beyond the

standard model of particle physics. Unfortunately, many of the experimental observations

can only be related to the standard model parameters if transition matrix elements of the

effective weak hamiltonian are known. These matrix elements between hadron states are
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Figure 1: Relating experimental observables to properly renormalized HQET. T'g.; is a renor-
malized quantity in HQET and oy, (g%(L)) connects Tstat (L) and Dstat (2L); their exact definitions
will be given in the course of this paper. In the chosen example, the experimental observable is the
mass of the B-meson.

only computable in a fully non-perturbative framework. They provide a strong motivation
to study B-physics in lattice QCD. However, as the mass of the b-quark is larger than the
affordable inverse lattice spacing in Monte Carlo simulations of lattice QCD, this quark
escapes a direct treatment as a relativistic particle. Therefore, effective theories for the
b-quark are being developed and used to compute the matrix elements in question [fi, .

The first — and very promising — effective theory that was suggested is the Heavy
Quark Effective Theory (HQET) [f, ll]. Like others, it is afflicted by a problem which
remained unsolved so far: in general its parameters (the coefficients of the terms in the
lagrangian) themselves have to be determined non-perturbatively, as briefly explained in
section .2, In other words, the theory has to be renormalized non-perturbatively [f]. This
fact is simply due to the mixing of operators of different dimensions in the lagrangian,
requiring fine-tuning of their coefficients. If they were determined only perturbatively (in
the QCD coupling), the continuum limit of the theory would not exist.

The issue is already present in the determination of the b-quark mass in the static ap-
proximation, i.e. in the lowest order of the effective theory. In [[j] a strategy was introduced
and successfully applied to this problem for the first time, and a general framework for a
non-perturbative renormalization of HQET was sketched in [f]. The basic idea, illustrated
in figure [l], is easily explained.

In a finite volume of linear extent Lo = O(0.2fm), one may realize lattices with
amyp < 1 such that the b-quark can be treated as a standard relativistic fermion. At
the same time the energy scale 1/Ly = O(1 GeV) is still significantly below m}, and HQET
applies quantitatively. Computing the same suitable observables in both theories relates
the parameters of HQET to those of QCD. Then one moves, by an iterative procedure that
we can still leave unspecified here, to larger and larger volumes and computes HQET ob-
servables. This yields the connection to a physically large volume (of linear extent O(2 fm)),
where eventually the desired matrix elements are accessible.

Since in this way the parameters of HQET are determined from those of QCD, the
predictive power of QCD is transfered to HQET. In addition to solving the renormalization
problem of the effective theory, one also eliminates the usual need to determine more and
more parameters of the theory from experiment as the effective theory is considered to
higher and higher order.



Although related, the strategy we propose here is not to be confused with the one
for the computation of the running of the coupling and renormalization group invariant
matrix elements as first suggested by Liischer, Weisz and Wolff [§] and then developed by
the ALPHA Collaboration. We will discuss the difference in section [.2.4.

In this paper we define the effective theory in detail, discussing in particular its renor-
malization properties (section PJ). We then explain the matching between QCD and HQET
(section ) as well as the finite-size strategy (section fl) in the general case. Section f
provides two examples of applications using the effective theory at the lowest order in
the inverse b-quark mass. The first one is the computation of the quark mass, where
numerical results illustrate that indeed the power-law divergence can be subtracted non-
perturbatively, retaining a very good precision for the final physical number. The second
one, devoted to the B-meson decay constant, has not yet been applied numerically but is
a useful and simple example to help in understanding our method. In section fj] we discuss
the potential of our approach as well as the expected uncertainty due to the use of a finite
order in the HQET expansion.

2. HQET on the lattice

In this section we define the effective field theory for QCD containing a heavy quark
flavour in lattice regularization, starting from the formal 1/m-expansion of the classical
theory. We drop all terms involving the heavy anti-quark fields as they can be incorporated
in complete analogy to those containing the heavy quark field v, which we discuss in
detail.! Renormalization properties are addressed but the proper choice of renormalization
conditions and the physics content of the theory is deferred to the next section.

2.1 Definition of the effective theory

We consider QCD on the lattice. The explicit form of the gauge field and light fermion
action, Spel, is not needed for our general discussion, but for some of the following state-
ments to hold, an O(a) improved formulation is required, e.g. the one described in [f].2
We denote the set of (bare) parameters of the theory with N¢ relativistic quarks by Cy;.
Apart from the gauge coupling, gg, and the quark masses, it will in general also cover some
improvement coefficients [J].

As has been explained by Eichten and Hill [B, fl, [[0], an effective field theory for hadrons
(at rest) containing Ny — 1 light quarks and one heavy quark (b-quark) with mass m may
be obtained by a formal 1/m-expansion of the continuum QCD action and the fields, which
appear in the correlation function under study. The action of the heavy quark is written
in terms of the four-component field v}, satisfying

Pipp=9n,  uPy=1v,, Py= %(1 +70) - (2.1)

IFor simplicity we drop higher-dimensional operators in the effective field theory which involve only light
quark fields and the gluon field. These terms contribute at higher order in 1/m.
20(a) improvement means that the continuum limit is reached with corrections of O(a?).



Including terms up to the order 1/m™ in the expansion, the action, discretized on a Eu-
clidean lattice, reads

SHQET = a4 Z {['stat(x) + Z ﬁ(y) (1‘)} s (2.2)

Lgtat(x) = ¢y, (2) [VE + om]n(z), (2.3)
W(z) =Y W Li(x), (2.4)

where VTL denotes the backward lattice derivative, dm has mass-dimension one, and the

(v

local composite fields £, ) have mass-dimension 4 + v. Indeed, this form is suggested by a

formal 1/m-expansion at the classical level which yields?

om =0,
_ 1 1
:wh _§U'B>wh7 ng):_a
m
1 - 1 1 1
) = Yy 3 D2> Un wé) = (2.5)

up to and including the order 1/m. Here, B is a discretized version of the chromomagnetic
field strength and D? a lattice version of the covariant laplacian in three dimensions. Note
that a term m 1y, (2)¢n(z) has been removed from the action, since it only corresponds to
a universal energy shift of all states containing a heavy quark. Removing it makes explicit
that the dynamics of heavy-light systems is independent of the scale m at lowest order of
1/m.

While the action is sufficient to obtain energy levels, for many applications one is
interested in (e.g. electroweak transition matrix elements) it becomes necessary to also
discuss correlation functions of composite fields. As an example we take the time component
of the axial current. In the effective theory it is defined by an expansion similar to eq. (.4),

A¥ T (z) = Z AV (@), (2.6)
AO(z) = °>Amt<x> A2 () = Py(@)v0rs¢n(2) (2.7)
A(” () Za(y.Au)m v>0,

where a light quark field, v, enters and AZ(V) is of dimension 3 4+ v. One may then study
for instance the correlator (with (1,T'9;)1 = EJWOFTWOT/%)

R (o) = a* Y (A0 @) (A7) ). (2.9)

At the classical level the fields are given by

— 1
aéo) =1, Aﬁ” = 1/11%75(1_)]‘1/%7 Oégl) o (2.10)

3 A short derivation may e.g. be found in [ﬂ]



In general, i.e. at the quantum level, expectation values are defined by a path integral
1
0) =2 / Dlg] O[] o~ SrartSnasm), (2.11)
Z=i/DMM*&“&m“% (2.12)

over all fields with the standard measure, denoted here by D[y]. An important ingredient
in the definition of the effective field theory is that it is understood throughout that the
integrand of the path integral is expanded in a power series in 1/m, with power counting

v 1 v 1
v =0 <—V> , =0 <—V> . (2.13)
m m

In other words one replaces

according to

exp {—(Srel + SuQET)} = €xp {— <Srel +a* Z Estat(x)> } X (2.14)

X 1—a425(1)(m)—{—%

2
'y Em(x)] —at S LO (@)t

in eq. (R.11)). The 1/m-terms then appear only as insertions of local operators Oi(y) () and
.AZ(V) (x) into correlation functions, and the true path integral average is taken with respect
to the action in the static approximation for the heavy quark, S = Syq + a* > Lstat ().

Power counting leads us to expect that the static theory is renormalizable, requiring
a finite number of parameters to be fixed to obtain a continuum limit. Indeed explicit
perturbative [[] and [[2-[[5] as well as non-perturbative [[[6] computations support that
this is a genuine property of the static effective theory. Would one keep one of the 1/m-
terms in the exponent, as it is done in NRQCD, renormalizability would be lost and most
of what we are concluding in this paper would not be true.

We are still left to discuss the renormalization of expectation values of the type (R.11))
after inserting the expansion (R.14). This is just the problem of renormalizing correlation
functions of local composite operators in the static effective theory. Power counting imme-
diately leads to the conclusion: once all local operators, whose dimensions do not exceed
the one of the highest-dimensional operator (i.e. ¥ < n) and which have the proper symme-
tries, are included, their coefficients may be chosen such that all expectation values have a

continuum limit (see e.g. ref. [[7]). Of course, both the operators Egy) (x) in the action and
the ones in the effective operators such as Agy)(x) have to be included. One may worry that
due to the sums over all space-time points in eq. (P.14)) contact terms appear, which lead
to additional singularities. However, just like in the case of O(a) improvement discussed
thoroughly in [f]], the terms needed to remove these singularities are already present once
all local operators with the appropriate dimensions are included.

The effective theory is now defined in terms of the set of parameters,

Cuqer = {cx} = Cye—1 U {om} U {w{”} U {a§u)} U,  a=g. (2.15)



The ellipses allow for coefficients of further composite operators which will be needed when

their correlation functions are considered. For the continuum limit of this effective theory

to exist, the parameters {cg, k > 1} have to be chosen properly as a function of gg. Note

that in the notation used here, the renormalization of the effective composite fields is

included in the set of generalized coupling constants, Crqrr. E.g. at lowest order in 1/m,
(0)

the coefficient oy’ = Z3* is the renormalization constant of the static axial current [[[4].

A few more remarks are in order.

e Once the proper degrees of freedom, namely the field 1y, have been identified, the
terms in the effective field theory are organized just by their mass-dimension. The
expectation that the effective field theory has a continuum limit (is non-perturbatively
renormalizable) is thus nothing but the usual expectation that composite operators
mix only with operators of the same and lower dimension.

e The same argumentation is also the basis of Symanzik’s discussion of cutoff effects of
lattice theories and their removal order by order in a: [[§-[R0] and [f]. An important
consequence is that in general the 1/m-expansion and the a-expansion are not inde-
pendent but have to be considered as one expansion in terms of the dimension of the
local operators. If we imagine to start with a theory with a set of operators identified
by the formal continuum 1/m-expansion, these operators will for instance mix under
renormalization with operators of the same and lower dimension, which are allowed
by the lattice symmetries but not by the continuum symmetries and which would
therefore not be in the set of the operators one started with. To avoid this, one has
to start immediately with the full set of operators of a given dimension, restricted
only by the lattice symmetries. In other words we have to count @ = O(1/m). This

means also that Sy has to be O(a) improved to go to order 1/m.4

e Of course, symmetries restrict the terms that have to be taken into account. In
general, out of the space-time symmetries we only have the 3-dimensional cubic group
instead of the 4-dimensional hypercubic group. At the lowest order in 1/m there are
additional symmetries: heavy quark spin-symmetry [R1] and the local conservation
of heavy quark number, which simplify O(a) improvement (see [[[4, section 2.2]).

e Furthermore it is convenient to formulate the effective theory only on-shell, i.e. for
low energies as well as for correlation functions at physical separations. Then the
argumentation of [ can be taken over literally to show that the equations of motion
(derived from the lowest-order action) can be used to reduce the set of operators
EZ(V) (x), AEV) (x),.... Following the same reference, operators obtained by multiplying
those of dimension d by a light quark mass are to be counted as separate operators

of dimension d + 1.

Tt may be possible to go to higher order in @ than in 1/m, when symmetries restrict the allowed mixings.
An example is provided by O(a) improvement of the static effective theory [@] Ways to extend this to
higher orders in 1/m probably exist but we have not investigated this question systematically.



e Finally note that after using eq. (R.14), the determinant arising from the static quark
action is just an irrelevant constant. In principle, loop effects of the heavy quark are

still present in the coefficients c.

2.2 Power divergences and non-perturbative renormalization

The mixing of operators differing in dimensions by p translates into coefficients diverging
(when p > 0) as aP. In the present context it actually has been checked in perturbation
theory that these mixings are not forbidden by some accidental symmetry [f]. Due to such
power divergences, perturbation theory is not sufficient to determine the coefficients cy.
An estimate of order g%l would leave a perturbative remainder

Acg ~ 2™V 0P~ g P [ln(ah)] D 29 oo (2.16)

with A the QCD A-parameter. This means that the continuum limit does not exist if the
coefficients are determined only perturbatively.

Hence we conclude that a non-perturbative method is needed to determine (at least
some of) the parameters {cx}. Such a method will be introduced in the following two

sections.

3. Matching of HQET and QCD

By QCD we denote the theory including a relativistic heavy quark, the b-quark, while
with HQET we mean the theory where this quark is incorporated with the action defined
in the previous section. The latter is an approximation to QCD when the coefficients
Cuqrtr = {ck} are chosen correctly. Then we expect

CI)HQET(M) _ (I)QCD( ) +0 (Mi-i—l) (3.1)

for properly chosen observables, ®QCP  in QCD and their counterparts, ®HFT in the
effective theory. Amongst the many dependencies of ®QCP we have indicated only the
one on the heavy quark mass. To be free of any renormalization scheme dependence,
we choose the renormalization group invariant (RGI) quark mass denoted by M [PZ]. In
order for eq. (B]) to hold, all other scales appearing in PQCD agre assumed to be small
compared to M. Choosing as a typical low-energy reference scale of QCD the energy
scale 7( Y(~ 400MeV) B3], defined in terms of the QCD force between static quarks,
the combination roM has to be large. Thus the symbol O(1/M™) is a short hand for
O(1/[roM]").
To give a simple example for a quantity ®CP one could take ®RCP = Oy, where

Can(@o) ZAQBZ (Ao()(40)!(0) ) (3.2)

with the heavy-light axial current in QCD, A, = Eﬁu%iﬁb, and Z ensuring the natural
normalization of the current consistent with current algebra [P4), P5]. Then eq. (B.1)) is valid
for HAET — g=mzo CESET(mO) with C’ESET(JCO) from eq. (R.9) and in the region 1/z¢ < M.



With the latter, kinematical, condition one takes care that the correlation functions are
dominated by states with energies (the heavy quark mass being subtracted) small compared
to M. Furthermore, the factor e~"*° accounts for the mass term that had been removed
from the effective theory lagrangian as already mentioned after eq. (R.4). Which mass m is
to be taken here, depends on the convention used to define dm. As will be explained further
in section p.1.1], at each order in 1/m, the combination m + % In(1+ adm) is uniquely fixed
by the matching of HQET and QCD. We emphasize again that the same mass m enters
all correlation functions involving one heavy quark.

Let us now come to the main problem: determining the parameters in the effective
theory such that this equivalence between HQET and QCD is true. First of all assume
that the parameters of QCD have been fixed by requiring a set of observables, e.g. a set of
hadron masses, to agree with experiment. It is then sufficient to impose

() = SFPD), k=1 Ny, (33

to determine all parameters {c;,k = 1,..., N, } in the effective theory. Observables used
originally to fix the parameters of QCD may be amongst these @8CD. The matching
conditions, eq. (B.3), define the set {c;} for any value of the lattice spacing (precisely
speaking, for any value of a/r).

In principle, each @EQET could be determined from a physical, experimentally acces-
sible observable. However, this would reduce the predictive power of the effective theory
since it contains more parameters than QCD. Particularly for increasing the order n of the
1/m-expansion we then would need to use more and more experimental observables.

To preserve the predictability of the theory, we may instead insert some quantities
@gCD(M ) computed in the continuum limit of lattice QCD. This of course demands to
treat the heavy quark as a relativistic particle on the lattice, seemingly in contradiction to
the very reason to consider the effective theory: small enough lattice spacings to do this
are very difficult to reach. An additional ingredient is thus necessary to make the idea
practicable. It will be explained in the following section. At this stage the important point
is that there are no theoretical obstacles to a non-perturbative matching. We end this

section with some comments on details of the general matching procedure.

e The observables ® are assumed to be renormalized. Eq. (B.J) is, however, used to fix
the bare parameters in the action — for each value of g3.

e When one increases the order n in the expansion, new quantities @, have to be added,
and at the same time, the parameters of the lower-order lagrangian, c¢;, i < N,_1,
will change in general. This change is due to mixing of the operators and may thus
be sizeable.

e It is convenient to take the continuum limit® of CI)gCD before imposing eq. (B.3). If
one decides not to do this, the lattice spacings on both sides of eq. (B.3) should be
scaled together in order to reach the continuum limit in the effective theory.

5Or alternatively, work in a sufficiently improved lattice theory and at a small value of the lattice spacing.



e As mentioned already in the previous section, the terms necessary for Symanzik im-
provement are taken into account automatically, namely some of the equations (B.3)
may be interpreted as improvement conditions. Working up to the order n, the
resulting lattice HQET is correct up to

n+1
error terms = O ((%) ) =0 <M7(n+1)(aM)k) ) kE=0,1,....,n+1. (3.4)
Higher-order terms in 1/M have parametrically larger lattice spacing errors. For
example, a treatment of the theory including the next-to-leading operators will give
us the (1/M)°-terms with O(a?) errors and the linear 1/M-corrections with O(a)
uncertainties. Additional work would be necessary to suppress the discretization
effects in the 1/M-terms to O(a?).

e There is a close analogy of our proposed matching procedure to what is done when
the low-energy constants of the chiral effective lagrangian [Rf] are determined using
lattice QCD. An important difference is, however, that the chiral expansion can be
worked out analytically while here we still have to evaluate the resulting theory by
Monte Carlo. The reason is that strong interactions remain; the lowest-order theory,
the static approximation, is non-trivial.

4. The roéle of finite volume

From the theoretical point of view, the matching described in the previous section is suf-
ficient. However, we should take into consideration what can be done in a numerical
computation. To give a concrete example, let us assume that

a a

L\* T
<—> x — <323 x 64 (4.1)

lattices can be simulated, numbers which are realistic for present computations in the
quenched approximation, but too large for full QCD. We further assume that we deal with
quantities which have negligible finite size effects when

L>2fm. (4.2)

Then the smallest lattice spacing reachable is a =~ 0.06 fm, and this number will not be
very different if the above assumptions are modified within reasonable limits. While such
a lattice spacing is small enough to perform computations for charm quarks [P7, g, the
subtracted bare mass of the b-quark is about amq ~ 1. In this situation lattice artifacts
are expected to be very large and it is impossible to obtain the r.h.s. of eq. (B.3).

The situation becomes quite different when one considers observables ®; defined in
finite volume with L considerably smaller than 2fm and uses the generally accepted —
and also much tested — assumption that both QCD and HQET are applicable in a finite
volume and the parameters in the lagrangians are independent of the volume.



4.1 Matching in finite volume

Instead of eq. (B.J) we now consider (remember that N, is the number of parameters in
the effective theory):

e, (L, M) = XL, M),  k=1,....N,. (43)

This will allow us to have much smaller lattice spacings on the r.h.s. in order to eventually
approach the continuum limit. A typical choice is L = Ly ~ 0.2fm. As has been shown in
the preliminary report of our work [fi], eq. (:3) can be evaluated very precisely for suitably
selected quantities @SCD and the continuum limit can actually be taken.

Concerning the lL.h.s., we have to take into account that a-effects will certainly be
significant when the resolution a/L of the finite space-time is too coarse. Hence the lattice
spacings where the bare parameters {ci(go)} can be determined are a = O(0.02fm) =
O(Lp/10). For such values of a, the computation of the physical observables in the infinite-
volume theory (L ~ 2fm in practice) would again be impracticable, because lattices with
too many points (L/a)* would be required. Therefore, a further step is necessary to make
larger lattice spacings and thereby larger physical volumes available in the effective theory.

4.2 Finite-size scaling

Also for this step a well-defined procedure is easily found. First assume that all observables
@I;QET(L, M) have been made dimensionless by multiplication with appropriate powers of
L. Next we define step scaling functions [§], Fi, by

o (L M) = F, <{<I>§IQET(L,M) =1, Nn}) L k=1,...,Nn,  (4.4)

where typically one uses scale changes of s = 2. These dimensionless functions describe

the change of the complete set of observables {@I;QET} under a scaling of L — sL, and we

briefly sketch how they can be computed. One selects a lattice with a certain resolution
a/L. The specification of @?QET(L,M), j =1,...,N,, then fixes all (bare) parameters
of the theory. The Lh.s. of eq. (f.4) is now computed, keeping the bare parameters fixed
while changing L/a — L' /a = sL/a. Repeating this for a few values of a/L, the continuum
limit of F}, can be obtained by an extrapolation a/L — 0.

An important practical detail is to choose the various quantities @I;QET such that
HQET
J

rather independently from each other. For instance, it is natural to identify the running
Schrédinger functional coupling g2(L) [, B9 with ®FT(L, M) and to keep all of the

light quark masses zero in these steps. In this way g2 and the (light) bare quark masses

are fixed independently of the parameters dm, wiy),aiy), ... coming from the heavy sector.

each Fj depends only on a few ® and the bare parameters ¢, can be determined

In the quenched approximation or with two dynamical quarks, the set of bare parameters
specifying the relativistic sector, Cn,—1, can then be taken over from [RF and [R9]-[B]]
without change.

A few steps — may be two — are necessary to reach a value of L = O(1fm), where at
the same time contact can be made with resolutions a/L that are affordable to accommo-
date the suitable observables on a physically large lattice to realize the original matching

,10,



condition, eq. (B.3). (In our first example, section .1, this réle will be played by the B-
meson with its mass as the physical input.) We note that in principle the size of L is
rather arbitrary, but the following consideration is important. We are matching at a finite
value of 1/m and a finite order n. Thus the final results will depend on which quantities
have been used to perform the matching. If one chooses quantities with kinematics where
the 1/m-expansion is not accurate (or even not applicable), this will translate into badly
determined parameters in the effective lagrangian and large final truncation errors. For
this reason, Lo has to be chosen such that the 1/m-expansion is applicable which means

1
4.5
L0<<m’ (4.5)

and Ly cannot be too small. From these considerations it appears that Lg ~ 0.2 fm — 0.4 fm
is a good choice.

4.3 Evaluation of the physical observables in the effective theory

Physical observables usually have to be computed in large volume which, for practical
reasons, means at lattice spacings around 1/20fm to 1/10fm. In this region the bare
parameters of the effective theory are determined as follows.

One chooses a suitable K such that

Lig =s%Ly~1fm. (4.6)

Iterated applications of eq. (f.4) give rise to recursion relations, the solutions of which
determine quantities Vj = CIDI;QET(LK,M ) in the larger volume of extent Ly. Next, re-
garding @I;QET(L x, M) = Vi as a requirement while setting the number of lattice points
to Li/a = O(10) just fixes the bare parameters Cuqet- These bare parameters are then
known at values of the lattice spacing, where the computation of correlation functions in
large volume is possible in the effective theory and masses and matrix elements can be
extracted from their large-time behaviour.

Note that in the notation used here also the renormalization constants of the composite
operators appearing in the correlation functions are amongst the “bare parameters”. All
quantities are thus renormalized entirely non-perturbatively.® One may still wonder how
M itself is fixed. The answer to this question is provided by the first of the two examples,
which we will use now to illustrate the general strategy.

5. Examples

In this section we supply two applications of our non-perturbative matching strategy of
HQET and QCD that up to now was formulated in rather general terms: a full calculation
of the b-quark mass in combined static and quenched approximations (section p.1]) and
a proposal for a non-perturbative determination of multiplicatively renormalized matrix
elements of the static-light axial current, which is different in spirit from ref. [[§] and still
awaits a numerical investigation.

5This represents an advantage in comparison to [E] where a last step using perturbation theory was
necessary to get to the “matching scheme” [ﬂ, E], which here we achieve by virtue of eq. (@)
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5.1 The b-quark mass at lowest order

Several determinations of the mass of the b-quark, which use the static approximation
on the lattice (HQET to order (1/m)°), have been published [BJ]. They all rely on a
perturbative estimate of m [BJJ-[B5] and suffer from a power-law divergence due to the
mixing of 1, Dot and 930y as discussed in section .3, Their precision is thus limited
by the fact that a continuum limit can not be taken, and it is difficult to estimate the
associated uncertainty. We here explain how a entirely non-perturbative computation can
be done and will also give a first result, which can easily be improved in precision in the
near future. This step is also a prerequisite to perform the matching of other quantities
such as the axial current, since generically the quark mass enters in the matching step ()
for all &y.

5.1.1 Strategy and basic formula

As indicated already in section [, given a resolution a/L, we fix g(Q] such that the finite-
volume running coupling of ref. [R9] takes a certain value. Furthermore we set the light
quark masses to zero (with one exception which will be discussed). In the language of

section f| we have

HQET _
UL = mPCAC =0, k=1,...,N; -1, (5.2)
in terms of the PCAC masses of the light flavour number k, mECAC, and the running

coupling g?(L) in the Schrodinger functional (SF) scheme [R9]. Other choices are possible,
but the above is convenient in view of the present numerical knowledge [R2, B0}, BI]. The box
length L is then parametrized through g2(L). A very useful feature of eqs. (f.1]) and (f.9)
is that they do not involve the heavy field at all and determine the bare coupling and quark
masses independently of the heavy sector; in particular these conditions are independent
of the order n of the expansion.

In this section we are only concerned with energies and remain at lowest order in 1/m.
The only additional parameter in the lagrangian to be fixed is adm, i.e. one more condition
corresponding to k = N; + 1 in eq. ([.3) is needed. We start from a time-slice correlation
function projected onto spatial momentum zero containing one heavy quark (such as C'pa,
eq. (B2)). Denoting it generically as C(z¢), in the logarithmic derivative

r= 2—1a In [%} <% ﬁxed> (5.3)

all multiplicative renormalization factors of C'(z) cancel. Below we shall use z¢/L = 1/2,
but other choices are possible. Replacing the fields in the correlation function C(zg) by
the corresponding effective fields defines CHRET (4) in the effective theory. In the static
approximation, its logarithmic derivative, I'gat, built as in eq. (@), depends on dm in the
simple form

1
Fstat = Fstat‘ém:(] + E ln(l + aém) s (54)
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as is easily seen from the explicit form of the static quark propagator. In large volume,
which due to xg/L = constant also means large Euclidean time, I' = I'(L, M) will turn
into the mass of a b-hadron, say mp. It is now obvious that

CD _
RO (L,M) = LT, (5.5)
(L, M) = L (Dyar +m) (5.6)
1
=L (Fstat|5m:0 + mbare) > Mpare = M + E 111(1 + a5m) )

are sensible assignments to fix the combination myae via requiring

CD HQET
R0 (L, M) = SR (L, M) (5.7)

Since dm and m always appear in the combination mp,ye, they may not be fixed separately,
unless one arbitrarily defines dm by an additional condition.
Due to eq. (5.4), the step scaling function

om (§%(L)) = 2L [Tgat (2L, M) — Dot (L, M) | (5.8)

is independent of my,,.e and therefore also independent of M; at lowest order in 1/m, energy
differences in the effective theory do not depend on the heavy quark mass. The step scaling
function (f.§) is thus a particularly simple realization of eq. (J.4). Together with the one
for the running coupling [, B9,

U(u) - QZ(QL){?(L):U ’ (5.9)
it defines the sequence
uy = g*(Lo), wo = LTstat|p—z,
ug+1 = o(ug), Wey1 = 2wy + om(uk) , (5.10)

which is easily seen to relate T'gat(Lx, M), with L = 25 Lo, to st (Lo, M) when the
sequence g, ..., Ux_1 1S known:

K-1
LoTstat (Lic, M) = LoDstar (Lo, M) + > 27 oy, (uy,) . (5.11)
k=0

Suitable choices for ug and K then allow to arrive at Lg = O(1fm).
Finally one considers the energy Fg.¢ of a B-meson in static approximation, given for
example by
CESET(.%'()) P03 Aexp(—20Fstat) (L large) . (5.12)

The energy difference
AE = Egtat — Fstat(LK, M) (513)

can be computed with one and the same lattice spacing (i.e. at the same bare parameters)
for the two different terms on the r.h.s., but of course with different L. Combining eq. (§.7)
imposed in small volume (L = Lg) with egs. (p.11)) and (5.13) to eliminate mpae in mp =
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Egtat + Mpare (holding in the large-volume limit), we arrive at the basic equation
K—1
Lomp = LoT'(Lo, My) + Y 27 % ey, (wy) + LoAE . (5.14)
k=0
It relates the mass of the B-meson to a quantity I'(Lg, M},), computable in lattice QCD
with a relativistic b-quark, and the energy differences AE and o, which are both defined
and computable in the effective theory. All quantities on the r.h.s. may be evaluated in
the continuum limit. Note that all of the terms in eq. (p.14) are independent of Mmpare
(because the unknown mpape, and thereby dm too, drop out in the differences), although
logically eq. (p.4) has been used to fix it non-perturbatively. Our strategy has also been
presented in a somewhat different way, which is closer in spirit and notation to standard
HQET applications (but less rigorous), in [B.

Eq. (b.14) may be looked at in two different ways. Given the RGI mass of the b-quark,
My, eq. (F.14) provides a way to compute the mass of the B-meson. It is more interesting
to turn this around: taking mp from experiment and evaluating (in lattice QCD) I'(Lgo, M)
as a function of M, this equation may be solved for Mjy,. Implicitly the bare parameter
Mpare 1 thus fixed non-perturbatively, and the problem of a power-law divergence is solved.

We now give an example for a precise definition of the correlation function C(z¢) and
use the quenched approximation to demonstrate that the continuum limit can be reached
in all steps while still a very interesting precision is attainable. The reader who is not
interested in the numerical details may directly continue with section

5.1.2 Correlation functions, O(a) improvement and spin-symmetry

In our numerical implementation we choose SEF boundary conditions with all details as
in [I§], including # = 1/2, T = L and C = C’ = 0 in the notation of that paper. This
means that O(a) improvement [0, [L4] is fully implemented, except for uncertainties in the
coefficients ¢, ¢; and ¢; originating from their only perturbative estimation. As in (ILq]
it has been checked that the influence of these uncertainties on the observables considered
here can be neglected compared to our statistical errors. We will therefore not mention

O(a) terms any more and perform continuum extrapolations modelling the a-effects as

O(a?).
For our definition of I' we consider the two correlation functions
6 —
{Mmhhggymmmgwmmm, (5.15)
6 —
bv(w0) = =% D (W) 40 1G(@)) - (5.16)
y,z,k

where the label “I” on the axial and vector currents reminds us that their O(a) improved

forms are used:

(ADu(z) = Yy(@) 59 (x) + GCA%(au + 95) {i(@) 50 (2) } (5.17)

(Wu(e) = Tl (a) +acy5 (@ +05) (iB@owin()} - (519
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Figure 2: Illustration of the correlation function fa. For kv, the insertion of (Ar)o is replaced by

(Vi)i, whereas in case of f§ the operator in the bulk is (A5%*)y connected to (), (instead of (})

by a static quark propagator.

As a consequence of the heavy quark spin-symmetry, their partners in the effective theory

coincide exactly at lowest order in 1/m and we thus define only one
HQET stat a6 stat -
CHU () = f3*(w0) = = > ((AT™)o(@) Gu(3)5¢1(2)) - (5.19)
Y,z

In these definitions, >, Cp(¥)75G(z) and Yy (h(¥)75¢(2) are interpolating fields local-
ized at the o = 0 boundary of the SF, which create a state with the quantum numbers of
a B-meson with momentum p = 0, and for v5 — 7, we have the quantum numbers of a
B*. The correlation functions are schematically depicted in figure P, more details can be
found in [[[4].

Inserting C(z9) = fa(xo) and C(zg) = ky(zo) into eq. (p.3) defines I'pg and I'y,
respectively. Their partner in the effective theory is denoted as I'gsat. Due to the spin-
symmetry, either LI'pg = L(Dgat + m) or LTy = L(Tgat + m) are possible matching
conditions at lowest order in 1/m. At first order, one has to consider also separately the
vector and the axial qvector correlators in the effective theory since these are split by the
o-B-term in the effective lagrangian. It is then convenient to define the matching condition
as eq. (b.1) with the spin-average

1
I'= 1 (T'ps + 3T'v) . (5.20)

With this definition the matching condition (b.7) is independent of the coefficient of the
o - B-term also at first order in 1/m, and hopefully 1/m-effects are thereby minimized.
Having now completed our definition of I" and I'g,, we remind the reader that the
mass of the light quark is set to zero and thus I' is only a function of the heavy quark mass,
M, and the linear extent of the SF-volume, L (if a-effects are neglected for the moment).

5.1.3 Matching

The essential steps of our strategy explained in section are the matching at L = Ly
as the starting point, then connecting to L = Lk and from there to the (infinite-volume)
meson mass. In practice, proceeding from any choice of ug the sequence uy is only known
with a certain numerical precision and this has to be taken into account in the error
analysis. Furthermore we want to take advantage of the numerical results of [p2] for triples
of (L/a, 3, k) corresponding to fixed renormalized coupling and vanishing light quark mass
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Figure 3: Continuum limit values of LoI'(Lg, M) at fixed coupling §%(Lo/2) = 1.8811 as a function
of z = LoM and its fit function, determined in relativistic QCD but small volume [@ The b-quark
mass scale lies near z =~ 6.

in the quenched approximation, as well as of the known function [r¢/a]() and the value
of Liax/m0 = 0.718(16) [B7], where §?(Limax) = 3.48. So it is convenient to have K = 2
in previous formulae and to define (exactly) Lo = 2Ly,x = 1.436 7. Then, applying the
inverse of the step scaling function of the coupling [P twice, we arrive at

up = 2.455(28), o '(ug) = 1.918(20), (5.21)

and end up with L = Ly = La/4 = 0.359 79 =~ 0.18 fm for the linear extent of the matching
volume. The matching of HQET and QCD is then supposed to be done at u = ug ~ 2.4.
We could thus keep e.g. u = 2.4484 fixed, where the triples (L/a,3,x) are known [P2],
but only for 6 < L/a < 16. The spacing of these lattices is still too large to comfortably
accommodate a propagating b-quark. Instead it is better to work at a constant value of
u = 1.8811, varying 6 < L/(2a) < 16. Nevertheless, I' is computed on the lattices with
L/a points per direction, and the slight mismatch of o ~1(ug) and 1.8811 will eventually be
taken into account together with the overall error analysis.

We now have to determine I'(L, M), where in case of the relativistic theory L is always
to be identified with the extent of the matching volume, Lg, from now on. In order to

approach its continuum limit, we define
a
Q <’LL,Z,E) = LF(L7M>’§2(L/2):’LL,LM=,Z (522)

and extrapolate it as a function of a/L, viz.

a
w(u,z) = lim Q <u,z,—) 5.23
(02) = tm 0 (ux7). (523)
for a few selected values of z and at fixed u. This requires to compute {2 with z and u
fixed while changing L/a and therefore also 3. A particular aspect in this step is that in
imposing the condition of fixed z (at variable 3), the relation between the bare quark mass,
mq, and the RGI one, M, is needed, where several renormalization factors and improvement
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coefficients enter. Although they had already been determined [RZ, B§], it turned out that
it was desirable to improve their precision and to determine them directly in the range of 3
where they are needed in the present application. For this reason they were redetermined
in ref. BY], and also w as a function of z, eq. (f.23), was obtained by extrapolation in
a/L — 0 in that work. For the reader’s convenience, we reproduce from [B9] a graph of the
continuum values w(1.8811, z) together with the fit function

1
w(1.8811,2) = apz + a1 + ag . ag = 0.581, a; = 1.226, as = —0.358 (5.24)

in figure f. In the interval 5.2 < z < 6.6, which is the relevant z-range to extract the RGI
b-quark mass later, this parametrization describes w(1.8811, z) with a precision of about
0.5%. A further global uncertainty of 0.9% has to be attributed to the argument z of the
function w (see ref. [BY]). In order to also take the small statistical error and mismatch
in ug into consideration at the end, we also need a numerical value for the derivative of
W'(1.8811, 2) w.r.t. u. It was found to be constant in the interesting region [B9]:

0

— wl(u, z =0.70(1), 6.0<2<6.6. 5.25
(u, z)

ou u=1.8811

For completeness we also quote the fit result for w(1.8811, z), if instead of the spin-
average (p.20) it is defined as the continuum limit of the effective energy LI'pg(L,M).
With the same fit ansatz as in eq. (5.24), the coefficients then read

ap=0587, ay=1121, ay=-1306  (for T =Tpg). (5.26)

The significantly larger ao-term in this case compared to eq. (p.24) indicates that the spin-
averaged combination I' has smaller 1/m-errors and should therefore be preferred in the
implementation of the matching step.”

5.1.4 Finite-size scaling

The next step is the numerical determination of the step scaling function o, eq. (b.§),
and then of the (M-independent difference) Lo[lstat(Lx, M) — Dstat (Lo, M)] as given by

eq. (B.10)).

At finite lattice spacing, the step scaling function is defined

u om(u)
2.4484 —0.205(18)

(5.27) | 27700  —0.133(26)
3.4800  0.040(25)

by
a
PN (u’ E) = 2L [Fstat(2L7M) — Fstat(L,M)”gQ(L)

=u

where, as mentioned earlier, the (light) quark mass is set to zero.

The exact definition of the massless point does not play an im- Table 1: Results for
portant role; it is as in ref. [[[§]. In fact, we evaluated ¥, directly —the continuum step scal-
from the correlation functions computed there, where details of ing function om (u).
the simulations can be found, too. Numerical results for 3, are listed in table J] in the
appendix. They are extrapolated to the continuum limit via
2
Xm <u, %) =om(u) +c¢ % . (5.28)

"In the preliminary computation of the b-quark’s mass reported in refs. [H, ﬂ], the matching was per-

formed using only the energy in the pseudoscalar channel, I'ps.
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Figure 4: Lattice step scaling function ¥, and its continuum limit extrapolation linear in (a/L)?,
which uses only the four smallest values of a/L.
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Figure 5: Continuum step scaling function oy, (u) and its polynomial fit.

Given our data at various resolutions, this is a safe extrapolation (cf. figure f) leading to
continuum values reported in table [l Setting now wug as in eq. (5.21), we want to compute

(recall that K = 2 now)
1 1
LO [Pstat(L27 M) - I_\staLt(LO7 M)] = 50'111(71/0) + Zo'm(ul) 5 (529>
with w1 = o(up) = 3.48(5) B9]. To this end it is convenient to represent the data of table [

by a smooth fit function,

om(u) = so + s1u + sou? (5.30)
shown in figure . This fit implies the numerical value
1 1
§Jm(uo) + Zam(ul) = —0.092(11) (5.31)

for the combination (f.29). Here the uncertainties in ug,u; are neglected, since they would
contribute only a negligible amount to the total error of eq. (p.31)). Dropping the sou?-term
in eq. (5.30) would give indistinguishable results.
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5.1.5 The subtracted B-meson mass

As a last ingredient for the basic formula in eq. (p.14) we have to address LoAE, with
AFE the energy difference between the B-meson’s static binding energy and the effec-
tive energy of the static-light correlator f5@', eq. (b.13), at the same values of the lat-
tice spacing. We evaluate this quantity starting from results for aFEat(go) in the liter-
ature [i(f]. They are interpolated in the mass of the light quark to the strange quark
mass (see also [[d, section 5.2]) and then correspond to a Bg-state. Since O(a) im-
provement was not employed in the computation of ref. [@I], we also need T'gat(Lo) for
the unimproved theory. Given the simulation results reported in [[[6, appendix C.2],
alstat (9o, L/a) with L = Lo = 1.4367 is straightforwardly obtained for 5.68 < f =
6/g5 < 6.5. These numbers are collected in table | of the appendix and well described

by
L
al'stat <907 E)

with an absolute uncertainty of less than 4+0.002 in the range of 5 mentioned.

= 0.394 — 0.055 (8 — 6) — 0.218 (8 — 6)* +0.229 (3 — 6)>  (5.32)
L=L>

The combination LoAE is shown in figure . Its errors are dominated by those of
aFstat. Since they are rather large and also the lattice spacings are not very small, we

refrain from forming a continuum extrapolation. Instead we take
LoAE = 0.46(5) (5.33)

as our present estimate. As seen in the figure, its error encompasses the full range of results
at finite a and the true continuum number is expected to be covered by it.

No doubt, a continuum limit with small error (at least a factor 3 smaller) can be
achieved here in the near future, incorporating O(a) improvement and using the alternative
discretization of static quarks of ref. [[]].

LA L L L L B L L B B I B B B

L,AE

0

T T T T

u% .

0.4 — —

T T T T

T T T T

0.3111111l1111l1111l1111

Figure 6: Subtracted, dimensionless Bs-meson energy evaluated from the bare numbers of [@
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5.1.6 Determination of the quark mass

Now we are in the position to put all pieces together and solve the basic equation (p.14))
for the b-quark mass. This amounts to determine the interception point of the function

w (07 (up), z) = w(1.8811, 2) + Au 9 w(u, 2)

o , (5.34)

u=1.8811

where Au = (071 (ug) — 1.8811) = 0.037(20) accounts for the slight mismatch in the
couplings fixed, with the combination

1
Wstat = Lomp — { 5 0m

5 (UO) + lam(ul) } — LoAE. (5.35)

4

All of the necessary quantities are known from the foregoing three subsections and the
experimental spin-averaged B-meson mass mp = mp_, = 5.40 GeV is taken as the physical
input. As illustrated in figure [ this procedure yields a value for LoM,;, with an error.
Together with Lg/rg = Lmax/(2r9) = 0.359 it is converted to our central result

roMy, = 16.12(25)(15) . (5.36)

Here the second error in parentheses stems from the additional 0.9% uncertainty of z in
w(u, z) that was mentioned in the context of eq. (f.24). With 7o = 0.5fm this translates
into

My, = 6.36(10)(6) GeV , iy, () = 4.12(7)(4) GeV (5.37)

where the running mass, myp(u), is evaluated with the four-loop renormalization group
functions and in the MS scheme.

One should remember that this result is valid up to 1/m-corrections and it has been
obtained in the quenched approximation. One may estimate the ambiguity due to setting
the energy scale in the quenched approximation as usual. Varying the value of ry in
fm by 10%, we obtain changes of about 260 MeV in My and 150 MeV in my(my,). We

[ r 1 1 [ 1t 1 1 [ .t 1 T | T T 1T

Figure 7: Graphical solution of the basic formula, eq. (), for the dimensionless RGI b-quark
mass, zp = LoMj. The contributing pieces are repeated explicitly in egs. () and ()
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emphasize, however, that the scale ambiguity can serve only as a rough guide to the
impact of quenching. Finally, we also want to stress once more that in section the
contribution from the subtracted B-meson mass to our result on the b-quark mass is still
based on ordinary Wilson fermion data and will be hopefully much improved soon.

5.2 The B-meson decay constant at lowest order

To lowest order in 1/m, the bare matrix element

M(g0) = (B(p = 0)|A5**(0)[0) (5.38)

evaluated with the static action together with a renormalization factor Z3*(go, aMy) allows

to determine the B-meson decay constant in static approximation [f]:
Fiy/mp = lim Z3%% (g9, aMy,) M (go) - (5.39)

The renormalization constant Z3**(go, aM},) has already been computed in the quenched
approximation [[[§], using a quite different method to the one described in this paper. How-
ever, the method of ref. [If] is not easily extended to include 1/m-corrections. Therefore,
as a second example of the use of our general strategy, we here describe an alternative
method which may be extended to include 1/m-corrections.

The key formula, valid up to corrections of O(1/m), has already appeared and was
briefly discussed in Ref. [ff:

HQET
Foy/mg|" QUOET(Ly M) OUOET(Ly My) e,

Fro/mn —
BVIE = GHQET(L,, M)~ SUQET(Ly, M) SUQET (Lo, My)

(Lo, My) . (5.40)

In the rest of this section we give precise definitions of the various factors and explain the
formula in the general framework of sections ] and fl. We assume that the b-quark mass
is already known. Terms necessary for O(a) improvement are not written explicitly; they
can easily be added.

5.2.1 Matching

As a preparation for the matching of the axial current and the associated determination
of Z3™ = a((]o), we start from f3%(zg), defined in section f.1.9. This correlation func-
tion renormalizes multiplicatively: (f3*")r = Z, Zo Z3* f3*". In order to eliminate the
renormalization factors Z¢, , Z¢ of the boundary quark fields, we consider in addition the
boundary-to-boundary correlation,

a12

S = ~576 (€' (WG (v) ) 5Gi(2)) (5.41)

u7v7y?z

which is renormalized as (f**")g = (Z¢, Z¢,)? f5**'. In the ratio

X (9&%) = RAL/2) (5.42)

— 21 —



the unwanted Z-factors cancel, and with the choice x¢g = L/2 it is also independent of the
linearly divergent mass counterterm dm. The renormalized ratio is denoted by

OHET(L M) = Xg (U7Zb7 %)
L
== Zztat(QO) CLMb) X <90, E) 9 Zb — LMb . (543)
g2 (L)=u

Here, as wherever we do not mention the light quark masses explicitly, they are set to zero.
In QCD we define the corresponding quantities (Za denotes the standard renormal-
ization constant for the QCD axial current [R4, P5 and f; is the analogue of 5% with

Ch— )

L fa(L/2)

Y (g0, 21, = | = 22222 5.44
(90 b a> VT ( )

a L
Yr (U,Zmz) = Za(90) Y ( 90, 21, — ; (5.45)

@/ g2 (L)=u
(L My) = lim Y] ( 3) 5.46
( ’ b) a/}/ni() R | U, Zb, L ) ( )
and the matching equation to be imposed in the small volume (of extent Lg) is

SURET(Lo M) = d9°P (Lo, My)  with  §%(Lo) = ug = fixed. (5.47)

While in agreement with the notation in previous sections ®HET on the Lh.s. has a lattice
spacing dependence that is only implicit (cf. eq. (p.43), for the r.h.s. the continuum limit
is to be taken (cf. eq. (f.46)). In the quenched approximation, the particular value for ug
may be chosen as in section p.J].

5.2.2 Finite-size scaling

Computing the step scaling functions built as

X(go,2L
ox(u) = lim X(90,2L/a) (5.48)

allows to reach larger values of L via the recursion
OHET (2L, My)|,_, = ox (G(L)) x @HET(L, My)| _, - (5.49)

We note in passing that in eq. (p.4§) we could have written X — Xp, since the same
Z5% enters in numerator and denominator. For the following we assume eq. (.49) to be
iterated K times, connecting ®HET (Lo, My) to ®HRET (L M) with Lx = 2K Ly, i.e. in
a numerical implementation, details will be very similar to those described in section

5.2.3 The decay constant
To finally arrive at Fi,/mg, one defines the renormalization constant in view of eq. (5.43),

Xr(uk, 2p,0) _ SHRET (L1 M) |amo
X (g0, Lx/a) X (g0, Lk /a)

Zztat(gO’aMb) — UK = QQ(LK)7 (550)

— 22 —



and — bearing in mind that ®HRET(L M,)|,—o via eq. (F.:49) and the matching condi-
tion (F.47) may be evolved back to the renormalized quantity ®*P(Lg, My) in QCD —
replaces Z3(go, aMy,) in eq. (.39) by rewriting:

Fgp vVmB = P(UK) X q)HQET(LK’Mb)|a:0 ) (551)
T a ay M(go)
p(u) = a/ergOR <u, f) ; R (u, Z> = X(g, L/a) . (5.52)

Although we have chosen only u and a/L as arguments for R, it does depend on the
masses of the light quarks used for the evaluation of the matrix element M. These masses
have to be set (or extrapolated) to the physical ones to obtain the correct matrix element
in question; conveniently, the light quark masses are put to zero in all other quantities
as mentioned above. In this way the effective theory is renormalized in a (light quark)
mass-independent renormalization scheme.

Choosing as an example K = 2, we may combine all ingredients into the expression

Fgy/mp = p(ug) x ox(u) x ox(ug) x ®P (Lo, My), (5.53)

where the various factors correspond one to one to those in eq. (5.40) but are now rigorously
defined and can be computed in the continuum limit. Our notation is most appropriate
for the lowest order in 1/m. At higher order, additional matching equations and step
scaling functions have to be defined and ox will depend on My, which is not the case
at lowest order in 1/m. In fact, at this order all the (heavy quark) mass dependence of
Fg./mp is contained in QDQCD(LO, M) that is calculable in small-volume lattice QCD with
a relativistic b-quark [[2].

5.2.4 Relation to other approaches

We finally want to compare the strategy of renormalizing A§™' presented in this pa-
per, to the one of [[4, [[g], which followed the general ALPHA Collaboration strategy
of obtaining the renormalization group invariant matrix elements of composite operators
non-perturbatively and then using (continuum) perturbative results to find the operators
normalized in the matching scheme at finite renormalization scale. (A recent review is
ref. [f].) For the application to the HQET, the natural renormalization scale is then the
mass of the b-quark.

Remaining strictly at lowest order in 1/m, there is no mixing with lower-dimensional
operators. Consequently, perturbation theory can be applied. In particular the large-
mass behaviour of F,/mg, which is given by the mass dependence of Z3?*, is computable

leading to the asymptotics [, i4)®

Mb 70/ (2bo)
Iim |[In(-— Fg\/mp = @Slsf%fl = constant ,
My, —o00 AM_S

A e LA/
Am2’ 0 1672

8The leading-order coefficient by of the S-function is taken for Ny — 1 flavours, since the b-quark does

Yo = (5.54)

not contribute. Note that here Ny — 1 = 0 corresponds to the quenched approximation.
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Furthermore, the function Cpg(My/Ayg) = Fy/ms/P5d; is known perturbatively up
to and including g*(y,)-corrections to the leading-order equation (p.54) [E5]-[50]. These
perturbative computations, like our non-perturbative method, are based on the renormal-
ization of the static axial current where the finite part is determined by matching, eq. (B.3).
We denote this renormalization scheme by the “matching scheme” [ff, [[6].°

A finite, renormalized static axial current can of course also be defined by other renor-
malization conditions involving a renormalization scale i in a suitably chosen intermediate
scheme. Matrix elements ®;per (1) of the renormalized current in this scheme will then not
necessarily satisfy eq. (B.]), but it is easy to see that

~9
lim [8mboc(p)] 7/ @) Gy () = B2, a= L, (5.55)
s (4m)

is independent of the intermediate renormalization scheme. In ref. [[6] a finite-volume
scheme was adopted, which allows to evaluate the limit in eq. (f.55)) through some finite-
size scaling steps followed by perturbative evolution at very high p. The results obtained in
this way are then combined with the perturbative approximation of Cpg(M;,/Ayg). Owing
to this last step, they are accurate up to relative errors of order g®(my). This discussion
should have made evident that the essential difference of the method presented here is not
the absence of these perturbative errors, which are expected to be quite small, but rather
the tempting possibility to include 1/m-corrections.

6. Uncertainties and perspectives

Following the general strategy introduced in this paper opens the possibility to perform
clean non-perturbative computations using the lattice regularized HQET. The dangerous
power-law divergences are subtracted non-perturbatively through the matching in small
volume. This is not only a theoretical proposal: in section we showed that in a concrete
physics application the statistical errors of Monte Carlo results are quite moderate. In fact
they can be expected to be even smaller, when an alternative discretization of the static
approximation is employed [[].

We emphasize that the result for the b-quark mass in section p.1] is valid up to 1/M,-
corrections. If we had used I' = I'pg instead of the spin-averaged energy in the matching
step, a 0.4 GeV higher number for M}, would have been obtained. We do not regard this
shift as a realistic estimate of the magnitude of 1/My-corrections but believe that they are
significantly smaller, as indicated by the smallness of the associated coefficient a9 in the
numerically determined quark mass dependence of the spin-averaged energy, eq. (b.24).
Nevertheless it is clear that a precision determination of M), requires to take the 1/My-
corrections into account, even if only to show that they are small.

In general one may argue that the matching step (carried out at order 1/M}") con-
tains 1/(LoMy )" -uncertainties in addition to the unavoidable 1/(rqMy)"!-terms (we
remind the reader that we take 1/ryp ~ 0.4GeV as a typical QCD scale). Whether or

9Non-perturbatively, the matching scheme is unique up to higher orders in 1 /m; in perturbation theory,
a residual scheme dependence due to the choice of the other renormalized parameters, such as g, remains.
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Figure 8: Numbers for al'stat (g0, L/a)|L=1.436r, from table E and its polynomial fit functions for
O(a) improved and unimproved Wilson fermions.

not the former terms are larger than the latter can only be decided if the linear extent
of the matching volume, L, is varied. Increasing it would demand even smaller lattice
spacings.

Since 1/Mj,-corrections are computable, they should be determined to arrive at pre-
cision computations for B-physics observables, e.g. for the phenomenologically interesting
B-B mixing amplitude. On the other hand we expect (1/Ms,)2-corrections to be very
difficult in practice, because they require also O(a?) improvement of the whole theory.
Fortunately, (1/My,)?-corrections do not appear to be very important [i2] but, as in every
expansion, this issue has to be studied case by case.

An attractive property of our strategy is that it does not involve any particularly large
lattices and therefore all the steps outlined in the present work can also be performed with
dynamical fermions. These calculations are presumably no more difficult than for instance
those of refs. [f1]-[B3] in the light meson sector.
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A. Detailed numerical results

In this appendix we collect some of the numerical results underlying the computation of
the b-quark’s mass in section p.1].
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(L) B=6/g} K L/a algat(L)  alstat(2L)  Sim(u,a/L)
2.4484  6.7807  0.134994 6 0.3082(6) 0.3123(6) 0.049(10)
7.0197  0.134639 8 0.2899(4) 0.2881(7)  —0.028(13)
7.2025  0.134380 10 0.2747(4) 0.2697(4)  —0.101(12)
7.3551  0.134141 12 0.2621(5) 0.2564(5)  —0.137(16)
7.6101  0.133729 16 0.2444(2) 0.2396(4)  —0.151(16)
2.7700  6.5512  0.135327 6 0.3282(6) 0.3374(10)  0.111(14)
6.7860  0.135056 8 0.3068(8) 0.3098(9) 0.048(19)
6.9720  0.134770 10 0.2916(4) 0.2907(6)  —0.019(15)
7.1190  0.134513 12 0.2795(4) 0.2769(5)  —0.060(16)
7.3686  0.134114 16 0.2592(6) 0.2570(8)  —0.068(32)
3.4800  6.2204  0.135470 6 0.3629(6) 0.3952(7) 0.388(12)
6.4527  0.135543 8 0.3399(5) 0.3554(11)  0.249(19)
6.6350  0.135340 10 0.3219(6) 0.3311(10)  0.185(23)
6.7750  0.135121 12 0.3081(3) 0.3141(7) 0.143(20)
7.0203  0.134707 16 0.2858(3) 0.2883(7) 0.080(24)

Table 2: Results for the lattice step scaling function X,,. For the intermediate quantity T'ssat(L)
the argument M is suppressed, since it is evaluated at mpare = 0 and so does not depend on M.

O(a) improved Cow =
L/a pB= 6/98 K al'stat K alstat
4  5.6791 — — 0.15268 0.381(2)
6  5.8636 — — 0.15451  0.396(1)
8 6.0219 0.13508 0.407(1)  0.15341 0.393(1)
10 6.1628 0.13565 0.390(1) 0.15202 0.380(1)
12 6.2885 0.13575 0.371(1) 0.15078  0.365(2)
16 6.4956 0.13550 0.345(1)  0.14887 0.341(2)

Table 3: Numerical results for al'stat at L = 1.436 1 for O(a) improved and unimproved Wilson

fermions (i.e. csw = 0 and also ¢i{* = 0 in the latter case). The corresponding simulation parameters

are reproduced from [@, appendix C.2.] for completeness.

The numerical data on the static-light meson correlator in the Schrédinger func-
tional (SF), which are necessary to evaluate its logarithmic derivative I'giat, see eqs. (B.3)
and (p.19), have already been obtained in the context of the non-perturbative renormal-
ization of the static-light axial current, ref. [[6]. Hence we refer the reader to this work for
more details. In table P we list the numerical results on the lattice step scaling function
Y, defined through eq. (5.27).

Another ingredient in the determination of Mj, is the subtracted B-meson energy AF,
eq. (), which amounts to calculate the static effective energy I'gtat at L = 1.436 rg. Our
quenched results for this quantity, both for the O(a) improved case (with non-perturbative
Csw from [p4] and the 1-loop value [B5 for the coefficient c¢5* to improve the static-light
axial current) as well as for the unimproved theory (where both improvement coefficients
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are set to zero), are shown in table ] and figure B These numbers are well represented by
the polynomial expressions

L
al'stat (90 > _>
a

where their absolute uncertainty is below £0.001 and 4+0.002 in the indicated ranges of
0, respectively. In section we restrict the analysis only to the case of unimproved

0.410 — 0.132 (5 — 6)
for 6.0 < g = 6/98 < 6.5 and c¢gw = non-perturbative

)

L=1.43670 0.394 — 0.055 (8 — 6) — 0.218 (3 — 6)% + 0.229 (3 — 6)>
for 5.68 < 8=6/g32 < 6.5 and ¢y, = 0

Wilson fermions, c¢g = 0, but the O(a) improved parametrization may be required when
also O(a) improved data on the static binding energy Eg,t at various lattice spacings will
become available.
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ABSTRACT: We study effective energies of heavy-light meson correlation functions in lattice
QCD and a small volume of (0.2 fm)* to non-perturbatively calculate their dependence on
the heavy quark mass in the continuum limit. Our quenched results obtained here con-
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1. Introduction

During the last years, the elementary particle physics community has seen a growing in-
terest and activity in the study of B-meson physics and its phenomenology. While on the
experimental side this interest reflects in the various facilities that are currently running to
explore CP-violation in the B-system [fll, f], f, it is nourished on the theoretical side by the
demand to determine transition matrix elements of the effective weak hamiltonian in order
to interpret the experimental observations within (or beyond) the standard model and to
(over-)constrain the unitarity triangle. For the computations of such matrix elements be-
tween low-energy hadron states to become valuable contributions in this field, they have to
be carried out non-perturbatively, which is the domain of QCD on the lattice. However, in
contrast to light quarks which as widely spread objects are predominantly exposed to large-
volume limitations, heavy quarks are extremely localized (1/my, ~ 1/(4GeV) ~ 0.04 fm)
and thus also require very fine lattice resolutions, because otherwise one would face huge
discretization errors. Mainly for this reason, realistic simulations of heavy-light systems
involving a b-quark (even in the quenched approximation) are impossible so far [fi.

A theoretically very appealing way out of this restriction is to recourse to the Heavy
Quark Effective Theory (HQET) [, B]. This comes at a prize, though. As a consequence
of its different renormalization properties, physical quantities deriving from expectation
values calculated in the effective theory are affected by power-law divergences in the lattice
spacing that can not be subtracted perturbatively in a clean way: the continuum limit
ceases to exist, unless the theory is renormalized non-perturbatively [f].

Only recently, an approach to overcome these deficiencies has been developed from
a solution for the problem of a completely non-perturbative computation of the b-quark



mass in the static approximation including the power-divergent subtraction [f] to a new
method addressing the general class of renormalization problems in HQET [P]. At its root
stands the insight that these power-law divergences can be removed by a non-perturbative
matching procedure to relativistic QCD in a finite volume. In fact, the smallness of the
physical volume represents a characteristic feature in this strategy — since only then one is
capable to incorporate and simulate the b-quark as a relativistic fermion — and motivates
the investigation of QCD observables in a small-volume setup presented in this work. Here
we will concentrate on the non-perturbative heavy quark mass dependence of effective
heavy-light meson energies in the continuum limit, whose numerical knowledge is crucial
to apply the proposal of ref. [[] to the determination of the b-quark’s mass in leading order
of HQET.! An extension to also examine the mass dependence of a few more quantities,
which aims at quantitative non-perturbative tests of HQET by comparing static results with

those obtained along the large quark mass limit in small-volume QCD, is in progress [[2].

In section P we first recall the main ideas of the general matching strategy between
HQET and QCD of ref. [f] (section P.1]), then introduce our observables considered (sec-
tion .2) and finally describe how these can be calculated as functions of the (renormalized)
mass of the heavy quark by numerical simulations (section P.3)). Section is devoted to
some intermediate results on a renormalization constant and improvement coefficients that
are needed to renormalize the heavy quark mass in the relevant parameter range. Our
central results on the mass dependence of the heavy-light meson energies are discussed in
section B.2, and we conclude in section .

In the calculations reported here we still stay in the quenched approximation. We want
to emphasize, however, that this study of the heavy quark mass dependence of suitable
observables (as an important part of the general non-perturbative approach to HQET of [p])
can be expected to be numerically implementable as well for QCD with dynamical fermions
at a tolerable computing expense, because on basis of the experiences made in refs. [[3] [4]
the use of the QCD Schrodinger functional brings us in a favourable position where in
physically small to intermediate volumes dynamical simulations are definitely easier than
with the standard formulation.

2. Computational strategy

For the rest of this paper we will focus on meson observables derived from heavy-light
correlation functions in finite volume and their dependence on the heavy quark mass in the
continuum limit. Before we explain in detail how this dependence can be singled out in an
actual numerical computation, we want to clarify the special role of QCD in a finite volume
as a material component of the more general idea advocated in ref. [f] to non-perturbatively
renormalize HQET; therefore, it suggests itself to briefly summarize this idea in the first
subsection.

IFor another method to determine mp and Fg, which also starts from lattice QCD in small volume but
employs extrapolations of finite-volume effects in the heavy quark mass, see refs. @, Eh



2.1 From QCD in small volume to non-perturbatively renormalized HQET

A long-standing problem with lattice computations in HQET is the occurrence of power-law
divergences during the renormalization process (cf. refs. [[3, [[6], [7]), implied by the allowed
mixings of operators of different dimensions coming with coefficients {cx} that contain
inverse powers of the lattice spacing a. At each order of the HQET expansion parameter
(1/m, where m is the heavy quark mass), new such free parameters cj arise, which in
principle are adjustable by a matching to QCD; but owing to incomplete cancellations
when performing this matching only in perturbation theory, one is always left with a
perturbative remainder that still stays divergent as a — 0. Therefore, the continuum limit
does not exist.

Already HQET in leading order, the static approximation, exhibits this unwanted
phenomenon. In this case the kinetic and the mass terms in the static action mix under
renormalization and give rise to a local mass counterterm om o 1/a, the self-energy of
the static quark, which causes a linearly divergent truncation error if one relies on an only
perturbative subtraction of this divergence. A prominent example for a quantity suffering
from it is the b-quark mass itself: past computations in the static approximation [[L8] were
limited to finite lattice spacings, and the continuum limit was impossible to reach.

A viable strategy to solve this severe problem of power divergences is provided by a non-
perturbative matching of HQET and QCD in finite volume [, f]]. To integrate the present
work into the broader context of ref. [fJ], we reproduce the central line of reasoning here. Let
us consider QCD consisting of (generically Nt —1) light quarks and a heavy quark, typically
the b-quark. In the effective theory, the dynamics of the heavy quark is governed by the
HQET action, which formally is an expansion in inverse powers of the heavy quark mass.
(For further details see e.g. section 2 of ref. [f].) On the renormalized level, the effective
theory discretized on a lattice can be defined in terms of parameters {cy} that comprise
those specifying the light quark sector (e.g. the bare gauge coupling, gg = 1, and the masses
of the light quarks) and coefficients of local composite fields in the 1/m-expansion of the
lattice action, supplemented by further coefficients belonging to local composite operators
which will be needed when including their correlation functions into the renormalization
program. In other words, if these parameters are chosen correctly, HQET and QCD are
expected to be equivalent in the sense that ®HRET (A1) = ®QCP (M) + O(1/M™*1) holds
for suitable observables ® in both theories, where for simplicity only the dependence on
the heavy quark mass, here represented by the scheme and scale independent (and thus
theoretically unambiguous) renormalization group invariant quark mass, M, is stressed.
Now suppose that in some way the parameters of QCD have already been fixed to proper
values. Then the parameters {c} in the effective theory may just be determined through
its relation to QCD by requiring a set of matching conditions:

oL M) = SP(LM), k=1, N, @1

In this equation, the index k labels the elements of the parameter set {cy} defining the
effective theory up to 1/M"*!-corrections (where, for instance, the additive mass renor-
malization §m mentioned above is amongst them), and the conditions (R.I)) determine the



¢, for any value of the lattice spacing. Moreover, we have already indicated the dependence
of the observables @, in eq. (R.I) on another variable which will become important in the
following: the linear extent L of a finite volume.

To substantiate this L-dependence, we note that in order to circumvent the difficulties
with the power-law divergences from the start, the matching equations (P.1]) are understood
as non-perturbative conditions in which both sides are to be calculated with the aid of
numerical simulations. From the practical point of view, this in turn also means that one
must be able to simulate the b-quark as a relativistic fermion. Hence, the linear extent L
of the matching volume (i.e. where eq. (P.1)) should hold) has to be chosen with care. On
the one hand, it should fulfill LM > 1 to apply HQET quantitatively on the Lh.s. of (R.1]),
i.e. to suppress 1/m-corrections, and on the other hand one has to ensure aM < 1 on
the r.h.s. to treat the heavy quark flavour in the relativistic theory and avoid large lattice
artifacts so that the continuum limit is under control. Taking these constraints together,
while at the same time keeping the number of lattice points manageable for present-day
computers, one then ends up with a volume for imposing the matching conditions (P.I)) that
is physically small; in our application later it will turn out to be of the order of (0.2 fm)*.

Having highlighted QCD in finite volume as key ingredient for the practical realization
of the non-perturbative matching, we close this subsection with a few remarks on the subse-
quent (but not less important) steps that are involved to adopt it as a general approach for
non-perturbative computations using the lattice regularized HQET. These steps, together
with two applications of the proposal as a whole, are also worked out in ref. [, which the
reader should consult for a thorough discussion.

e Rather than directly identifying the quantities ®j, entering (R.1]) with physical, ex-
perimentally accessible observables (by which one would sacrifice the predictability of
the effective theory), they must be properly chosen as renormalized quantities com-
putable in the continuum limit of lattice QCD, which in turn necessitates the use of a
small volume as explained before. Of course, their explicit form still depends on the
application in question. One may think e.g. of hadronic matrix elements or, as in the
computations reported in the following sections, effective masses (respectively, ener-
gies) that are deduced from the decay of two-point heavy-light correlation functions.

e Apparently, although these matching conditions to fix the parameters of HQET are
perfectly legitimate (since the underlying lagrangian does not ‘know’ anything about
the finite volume), one still has to make contact to a physical situation, where the
interesting quantities of the infinite-volume theory can be extracted at the end. Em-
ploying the same lattice resolution as in the small volume computation, however,
would again demand too many lattice points. This gap between the small volume
with its fine lattice resolution on the one side and larger lattice spacings, and thereby
also larger physical volumes, on the other is bridged by a recursive finite-size scaling
procedure inspired by ref. [I9]. As a result, the @EQET are obtained at some larger
volume of extent L = O(1 fm), where the resolutions a/L are such that at the same
lattice spacings (i.e. at the same bare parameters) volumes with L ~ 2 fm — to
accommodate physical observables in the infinite-volume theory — are affordable.



e Finally, the approach requires a physical, dimensionful input. This usually amounts

to relate the observables @HQET

of the effective theory calculated in large volume to
some experimental quantity. Which quantity this actually might be has to be decided
when a concrete application is addressed. (E.g., in the application to compute 7y,

it is the B-meson mass [f].)

2.2 Lattice setup and observables

In our investigation of QCD in a small volume we distinguish between a light (‘1’) and a
heavy (‘h’) quark flavour. The lattice regularized theory is formulated in a Schrédinger
functional (SF) cylinder of extent L? x T [0, BT]: the gluon and quark fields are subject to
periodic (Dirichlet) boundary conditions in spatial (temporal) directions, and — if not ex-
plicitly stated otherwise — we assume 7" = L from now on. In principle, the aforementioned
matching strategy between HQET and QCD is not restricted to the SF as the only possible
finite-volume scheme to treat the involved heavy-light systems in the relativistic theory,
but in this way its practical implementation will much profit from known non-perturbative
results on the renormalized quantities that will be needed in the following.

Starting from the O(a) improved heavy-light axial and vector currents,

(AD)u(z) = (@) 59 (@) + acas (5 +35) {(@) (@) } (2:2)
(VI)u(m) = El(x)%ﬂph(x) + ana(au + aﬁ) {i¢l(x)0uuwh(m)} ) (2.3)

(where numerical values for the coefficients
ca and cy in the quenched approximation are G
taken from refs. [, R3), we construct their (Ar)o

correlation functions in the SF [24, as ¢y

— a6 A 2o =0 Ty = L
fa(zo) = —52« Do(@)Ch(Y)156(2))
(2.4) Figure 1: Illustration of the correlation func-
kv - Z < (VD) ’YkCl(Z)> tion fa, while in ky the insertion of (Aj)g is
uzk (2.5) replaced by (V7).

schematically drawn in figure [ Based on these, we define L-dependent energies in both
channels by combining the usual forward and backward difference operators to take the
logarithmic derivatives

Pos(L, M) = 3 (@ + &) In| fa(ro, M) (2.6)

zo=L/2’

PV(L, M) = — (8 + 35) In [k (x0, M)] T-1, (2.7)

zo=L/2 ’

in which all multiplicative renormalization factors drop out. These observables also depend

on the bare coupling, gg, and — as the light quark mass is put to zero in the actual
computations — on the heavy quark mass variable which, as already in section P.I} one



may conveniently set to be the renormalization group invariant (RGI) mass of the heavy
quark, M. Having in mind the corresponding correlators in the effective theory, where in
the static (i.e. infinite-mass) limit the two currents fall together owing to the heavy quark

spin-symmetry, we also form their spin-averaged combination
1
J —— Z (FPS + 3F\/) , (2.8)
which is expected to deviate from the static limit by the smallest 1/m-corrections [fJ.

2.3 Determination of the heavy quark mass dependence

As mentioned before and detailed in refs. [, fl], the non-perturbative matching between
HQET and QCD can be applied to determine the mass of the b-quark in the static ap-
proximation. To achieve this goal, the quantities ®; in eq. (R.1]) have to be identified
with suitable observables that can be calculated by numerical simulations. Since we want
to evaluate them in the continuum limit, we have to ensure a situation with fixed renor-
malized parameters, along which the limit a/L — 0 may be performed. In regard of the
(suppressed as well as indicated) dependences in the matching conditions (, this means
that for each value of L/a we have to make particular choices for the gauge coupling and
the quark masses in the light and heavy sectors, respectively. The first two of them are
immediately offered by

@II{QET = g*(L) = constant , (2.9)
oMW — =0, (2.10)

where g? denotes the renormalized finite-volume coupling in the SF scheme that runs with
the box size L [Bg] and m; = mICAC is the PCAC current quark mass of the light flavour.
These conditions allow to readily benefit from earlier work, because when fixing g2 to one
of the values used for the (quenched) computation of the non-perturbative quark mass
renormalization in [27], they translate into triples (L/a, 3 = 6/g3, k1) that can directly be
taken over from this reference.?

For the computation of the b-quark’s mass in leading order of HQET one yet needs one
more condition in order to fix the parameter adm in the static lagrangian. Following [B], P,
the most natural candidates for this purpose are now the pseudoscalar and spin-averaged
energies of the form (P.6) and (R.§) introduced in section For k = 3, eq. (R.1) then
turns into

L(Tgtar +m) = OFWT (L, M) = 03°P(L, M) = LT, (2.11)

where I'x = I'x (L, M), X = PS, av, are defined in QCD and small volume with a relativis-
tic b-quark and carry the entire quark mass dependence. On the lLh.s., I'qtat denotes the
analogue of T'x in the effective theory, where the heavy quark entering the correlator (P.4)
is treated in the static approximation, and implicitly contains the problematic, linearly
divergent mass counterterm adm. The matching equation (P.11]) may be connected to a

2In this case the lattice action’s hopping parameter associated with the light quark flavour, xi, just
equals the critical hopping parameter, k., as a consequence its very definition: mi(kc) = 0, see ref. @]



physical quantity in large volume (the B-meson mass [P]) by finite-size scaling (cf. sec-
tion R.1)). But without going into further, unnecessary details we only note that this yields
a (dimensionless) equation, which apart from I'x(L, M) only contains energy differences
computable in the static theory — such that the counterterm adm cancels out — and
the experimental mass of the B-meson. Since all pieces in that equation can be evaluated
non-perturbatively and in the continuum limit, the quantitative knowledge of I'x (L, M) as
a function of M in the relevant quark mass region finally allows to solve it for the desired
numerical value of the non-perturbatively renormalized RGI mass of the b-quark, My, in
the static approximation [f].

So the task is here to non-perturbatively determine the heavy quark mass dependence
of the effective heavy-light meson energies I'x (L, M). It thus remains to discuss how we fix
the linear size of the finite volume, L = Ly, and a set of dimensionless quark mass values,

z = LoM = constant , (2.12)

at which the numerical computation of I'x for various lattice spacings takes place in prac-
tice.

We answer this question again on basis of the present numerical knowledge in the
framework of the SF. Among the available constant values of the renormalized SF coupling
that belong to different sets of triples (L/a, 3, k1) known from ref. 7] we fix, as was initially
required by the condition (R.9),

L
7 (é)) — 1.8811, (2.13)

where the (inverse) lattice spacing varies within 6 < L/(2a) < 16. This choice is particu-
larly convenient, because from the same reference one then finds that L is given in units
of a certain maximal size, Ly .y, of the SF box, namely

Lmax
2

Lo = =0.36r9 ~ 0.18 fm, (2.14)
which is implicitly defined by §%(Lmax) = 3.48 and, through its relation to the hadronic
radius 7o = 0.5 fm [P§), also known in physical units: Lpax/ro = 0.718(16) [P9]. Indeed,
from a closer inspection of the parameters corresponding to the condition (R.13)) (see table [[)
one may convince oneself that an accompanying volume of some small extent as (P.14) is a
sensible compromise between the associated resolutions being small enough to comfortably
accommodate a propagating (albeit the system size confining) b-quark and being able to
consider heavy quark masses large enough to suppress O(1/z)-corrections (i.e. z > 1 but
not too large to avoid a substantial enhancement of cutoff effects) as well as to cover the
physical RGI b-quark mass scale itself.

In order to satisfy eq. (R.13) for the intended numerical values z while L/a and 3 are
changed to approach the continuum limit, we still have to relate the RGI mass of the heavy
quark, M, to the corresponding hopping parameter ky, as the simulation parameter for the
bare heavy quark mass in the lattice action. One possibility would be to employ the (O(a)



improved) relation between the RGI and the bare PCAC quark mass, my, viz.

M Za(g0)(1 + baamgn)
mn (o) Zp (g0, Lo)(1 + bpamgn)

1

M: = —,
Lo

x my + O (a2) , 140 (2.15)

where i, (1o) denotes the running heavy quark mass renormalized at the scale g = 1/Lg
in the SF scheme and (the inverse of) its ratio to the RGI mass M, the first factor on
the r.h.s., is inferable from the literature as will be elaborated on after eq. (R.19). The
numerator and denominator in the second factor account for the renormalization of the
axial current and the pseudoscalar density in the O(a) improved theory, respectively. Here,
the subtracted bare heavy quark mass is defined as usual by mq1, = mon — me with m.
the critical value of the bare quark mass mgy, which in terms of the hopping parameters
is given by amgqn = %(/ﬁ;i ' — k-1). Although the involved renormalization factors are in
principle known from refs. [27, in the quenched case, this would demand additional
simulations to appropriately tune x;, — and thereby the PCAC mass my, as a secondary
quantity composed of correlation functions (cf. eq. (B.3)) — until the condition (P.12)) is
met with sufficient precision.

However, a safer (and also more economic) way to estimate kp such that a constant
z = LogM can be enforced in advance without any additional tuning runs is as follows.
Recall that alternatively the renormalized quark mass can be written in terms of the O(a)
improved subtracted bare quark mass, mqp, as

my = Zm ﬁ”Lq,h , ’rfﬁ%h = mq7h(1 + bmam%h) R (2.16)

where non-perturbative estimates on the improvement coefficient b,, and the finite combi-
nation of renormalization constants

Zm (g0, L) Zp (g0, L)
Za(g0)

have been published in ref. [B(] for the quenched approximation. The latter identity may

Z(90) (2.17)

then be used to eliminate the (in the SF scheme unknown) renormalization factor Z,, in
eq. (B.164) in favour of numerically known ones. The decomposition of the RGI heavy quark

mass analogous to (R.1§) now assumes the form:

_ M Z(g0)Za(90)
mn (ko)  Zp(go, Lo)

1
=

x mqn(1 + bmamqn) + O (a?), L0 (2.18)

The last piece to be addressed in this equation is the universal, regularization independent
ratio of the RGI quark mass to the renormalized mass at fixed renormalization scale, which
for later reference we call

M _ 1 (2.19)
(o) " ' '

Lo
In a mass independent renormalization scheme such as the SF it is flavour independent

h(Lo) =

and, according to ref. 27, can be expressed as

aw oy
h(Lo) = % x [2b0g ()]~ exp {—/0 " dg [% - %H (2.20)



set Lla B=6/g3 K1 G*(L/2) > (L) Zp

A 12 7.4082 0.133961(8) 1.8811(22) 2.397(17) 0.6764(6)
B 16 7.6547 0.133632(6) 1.8811(28) 2.393(18) 0.6713(8)
C 20 7.8439 0.133373(2) 1.8811(22) 2.379(22) 0.6679(8)
D 24 7.9993 0.133150(4) 1.8811(38) 2.411(20) 0.6632(8)
E 32 8.2415 0.132847(3) 1.8811(99) 2.397(52) 0.6575(13)

Table 1: Our parameter sets that refer to the light quark sector and have fixed SF coupling,
g%(L/2) = 1.8811. The parameters L/a, 3 and k) = k. of A, B, D and E are taken over from @}
without changes, whereas we performed new simulations to add with C a further lattice resolution
for this work. Moreover, the renormalization constants Zp = Zp(go, L/a) differ from those of [27] in
that they have been computed in the context of [E] using the two-loop value [ for the boundary
improvement coefficient cs.

with Lo = Limax/2, pt = 2%/ Limax and by, dg the leading-order coefficients in the perturbative
expansions of the renormalization group functions of the running coupling and quark mass,
B(g) and 7(g). In the ratio of Zp-factors we encounter a scale evolution through changes by
finite step sizes in the SF renormalization scale L = 1/u that has been non-perturbatively
computed in [R7], whereas the remainder lives in the high-energy regime where the coupling
is reasonably small to evaluate it in perturbation theory. Since in eq. (P.14]) we just chose
the linear extent Ly of the small volume, where the non-perturbative matching to the
relativistic theory is to be performed, as a proper multiple of the scale L.y, a numerical
estimate for h(Lg) in the continuum limit, eq. (R.19), can be directly extracted from the
results already published in [27] and will be quoted in section later on.

Our simulation parameters, which fix via eqs. (R.9), (R.10) and (R.13) the physics in the
relativistic sector and via eq. (R.14) the size of the matching volume where to determine

the non-perturbative heavy quark mass dependence of our observables, are summarized
in table fI. Values for the other quantities, which have to be inserted into eq. (P.1§) in
order to obey the condition (R.12) of constant z = LoM, will be specified when we come
to describe the actual calculation of the z-dependence of I'x = I'x (Lo, M), X = PS, av, in
section .

At this stage we still want to direct the reader’s attention to an issue that can already
be foreseen to become a potential limitation in any application of the numerically computed
quark mass dependence: even with eq. (R-1§), the dimensionless mass parameter z can only
be fixed through quantities known to a certain precision. In particular, the improvement
coefficient by, and the renormalization factor Z are only available from ref. [B0]? for 6.0 <
B < 6.756, which are significantly lower than the (-s of table [] we are interested in. It
hence appears quite difficult to reliably guess from the numbers in [B0] values for by, and Z
in the §-region relevant here and, even more, to quantitatively assess the additional error
contribution those estimates would then be afflicted with. Since this constitutes a dominant
source of uncertainty, which would also propagate into any quantity that explicitly derives

3The B-range considered in @] was chosen to cover values commonly used to simulate O(a) improved
quenched QCD in physically large volumes. Similarly, the results from determinations through chiral Ward
identities with mass non-degenerate quarks [@, @] refer to this region and are not applicable here, too.



from the z-dependence of the observables studied here — such as, for instance, the b-quark
mass through the matching of HQET and QCD [f] —, we first determine b,,, and Z exactly
for the B-values of table [[] and also improve their numerical precision.

3. Results

We now present the numerical results of our (quenched) computation of the heavy-light
meson energies I'x (Lo, M), X = PS, av, which — as outlined in the previous subsection —
basically consists of two parts: first, we determine b, and Z in the §-range relevant for a
matching in physically small volume in order to be able to fix the RGI heavy quark mass
to a set of desired values z = LoM with sufficient precision, and second, the LoI'x (Lo, M)
are calculated at these values of z in the continuum limit. This will then allow for smooth
representations of the energies as functions of z, which eventually may be used to interpolate
them to the b-quark scale, z1, = Lo My, [[.

3.1 Coefficients by — bp, by, and renormalization factor Z for 7.4 < 3 < 8.2

Here we proceed in the spirit of ref. [B0], where the idea of imposing improvement conditions
at constant physics was advocated. In that work, which considered a range 6.0 < 5 < 6.756
of bare couplings commonly used in large-volume simulations, this was realized by keeping
constant the ratios L/rg and T/L = 3/2 (supplemented by the SF-specific choices C' =
C’ =0 and 0 = 0.5). However, despite In(a/rg) as a function of 3 needed to fix L/ry to
some suitable value for given L/a is available for 5.7 < 8 < 6.92 [B5] and even beyond [B6],
the condition of constant L/ry can not be transfered to the present situation. The reason
lies in the fact that for S-values in the range we are interested in, 7.4 < 8 < 8.2, enforcing
an improvement condition such as L/ry = O(1) would lead to prohibitively large values of
L/a in the simulations. Therefore, to replace the latter, we exploit one of the already built
in elements of the matching strategy between HQET and QCD as explained in the foregoing
section: namely, as for the computation of the energies I'x on the QCD side we have to
work along a line of constant physics in bare parameter space anyway, we can directly
adopt the pairs (L/a, 3) of table [, which correspond to L/Lpax = 1/2 = 0.367/ Liax and
simultaneously to a constant renormalized coupling of g%(L/2) = 1.8811 (see eqs. (R.14)
and (R.13)). Within the present application, this constitutes a much more natural and
equally admissible choice of improvement condition and thereby, in the same way as in
ref. [B{], the improvement coefficients b —bp and by, as well as the renormalization constant
Z become smooth functions of gg but exactly in the region where they are needed.
Following [B] — and also referring to this reference for any unexplained details —, the
improvement coefficient by, and the renormalization constant Z (as well as the difference of
coeflicients bpy — bp, though it does not enter the subsequent computations in section
can be determined by studying QCD with non-degenerate quarks. This is particularly
advantageous in case of the quenched approximation at hand, since then the structure
of the O(a) improved theory stays quite simple. For instance, the improvement of the
off-diagonal bilinear fields X* = X' +iX?, X = Ay, P, emerging as a consequence of
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the broken isospin symmetry, is the same as in the degenerate case, except that the b-
coeflicients now multiply cutoff effects proportional to the average %(am%i + amg,;) of the
subtracted bare quark masses, mq,; = mg ; —mc, which themselves are separately improved
for each quark flavour:

Tfﬁq,i = mq,i(l + bmamq,i) . (31)

(Here and below the indices 7,j label the different quark flavours.) Identifying, for in-
stance, the flavours in the isospin doublet with a light and a heavy quark as before, the
corresponding PCAC relation reads

O A% (z) = (m1 + mp) P*(x) (3.2)

and the renormalization constants Z5 and Zp that come into play upon renormalization
are just those known in the theory with two mass degenerate quarks.
Accordingly, the fermionic correlation functions defined in the SF and involving the

axial current and the pseudoscalar density [R4] generalize to fj\j(xo) = -2 (AJ(z)07)
and f§ (o) = —% (P*(x)O~), with pseudoscalar boundary sources decomposed as OF =

O! £i0? where 0% = a° Doz ((y)7s5 3 7¢(2). Then the improved bare PCAC (current)
quark masses? as functions of the timeslice location z are given by

m; <%; =1 9) = bl ecndiinfi o) (3.3)

L’ 2 f5 (20)

where only here we explicitly indicate their additional dependence on L/a, T//L and the
periodicity angle 6 of the fermion fields. In the degenerate case, i = j, the correlators
assume the standard form as introduced earlier [P4, Pg], and m;; just reduces to the current
quark mass of a single quark flavour that is prepared by a corresponding choice of equal
values for the associated hopping parameters, x; = ;. Also the precise definition of the
lattice derivatives in eq. (B:3) matters. As it is written there, dy = %(80 + %) denotes the
average of the usual forward and backward derivatives, but as in ref. [B(j] we have employed
the improved derivatives

- ~ 1 1
do — Do (1 -5 a23300> . 9690 — 0o (1 -5 a28>580> (3.4)
as well, which (when acting on smooth functions) have O(g2a?,a?) errors only.

To enable their numerical calculation, the desired coefficients ba — bp, by, and the finite
factor Z = Z,,Zp/Za have to be isolated. This can be achieved by virtue of the identity

1 1
mi; = Z [5 (Mg, +mqyj) + 2 bm (amai + amij) -
1
= 7 (ba —bp)a(mg;+ mq;)°| +0 (a?), (3.5)

“This expression for the PCAC masses is only O(a) improved up to a factor 1+ 1 (ba —bp)(amaq,: +amaq,;)
for quark mass dependent cutoff effects.
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which is obtained if one equates the two available expressions for the O(a) improved renor-
malized quark masses, i.e. in terms of the current quark and the subtracted bare quark
masses (as they appear for the degenerate case in eq. (R.15) and thereafter). Forming
ratios of suitable combinations of degenerate and non-degenerate current quark masses in
the representation (@) allows to derive the following direct estimators for bp — bp, by, and

Z [BQJ:

2 (2mya —my1 — maa)
Rap = =bp — b O 3.6
AP = o) (@M — ames) A —bp + O (amq1 + amqp2), (3.6)

4 (my2 —mg3)
Ry = =by + O (amg1 + am , 3.7
(mll B mgg)(am%l _ amq,Q) ( q,1 q,2) ( )

with mg 3 = %(mm +myg2), apart from other quark mass independent lattice artifacts of
O(a). For the renormalization constant Z an analogous expression holds even up to O(a?)

corrections,

Ry =222 4 (b —bp — by)(amiy + amas) = Z + O (a?) (3.8)
mqg,1 — Mq,2
provided that the correct value for by — bp — by, = Rap — Ry (only involving correlation
functions with mass degenerate quarks) is inserted.

Concerning the simulation parameters, we argued above that it is most natural to
choose L/a and 3 exactly as listed in table [[] of the preceding section. Moreover, values
for the bare quark masses have to be selected. Here we considered two pairs of values for
them,

choice 1 : mo1 =me < Lmy~0, Lmy=~0.5,

choice 2:  mgoy=mc & Lm~0, Lmy=~26; (3.9)

to comply with the heavy-light notation before we identify the bare quark masses as mg,; =
mop, and mg2 = mop with associated PCAC masses m1 = my and moy = my,. With the
first choice (corresponding to z ~ 1) Lmy, is close to the value used in ref. [BQ], which
has the advantage that there this condition was also investigated in perturbation theory
and the encountered O(a) ambiguities were not enormous. On the contrary, the second one
(corresponding to z & 5) is motivated by the typical quark mass region that we have to deal
with when probing our non-degenerate, heavy-light quark system in the next subsection.
Maintaining these conditions to sufficient accuracy requires some prior simulations to tune
the hopping parameter xy, belonging to the heavy flavour’s bare mass appropriately, whereas
by k1 = ke taken over from the known values of ref. [R7] the light quark mass is set to zero.
The final simulation parameters to determine the quantities Rx, X = AP, m, Z, in question
can be drawn from the triples (L/a, 3, k1) of table [l specifying the light quark sector (except
that, only here, T' = 3L/2), while the bare heavy quark mass is set through x}, given in the
second columns of tables ] and [J. There one can also see that the bare current quark mass
Lmy, has been fixed within a few percent to the values dictated by (B.9) to keep physics
constant.’
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set Kh Lmy by — bp bm VA

A 0.132728 0.4778(7) —0.0008(14) —0.6217(17) 1.0941(3)
B 0.132711  0.4621(7) —0.0059(22) —0.6218(27) 1.0916(3)
C — 0.4572(6) —0.0057(23) —0.6228(28) 1.0900(3)
D 0.132553  0.4539(5) —0.0072(21) —0.6260(27) 1.0882(2)
E 0.132395  0.4508(5) —0.0077(25) —0.6312(32) 1.0859(2)

Table 2: Numerical results on the improvement coefficients bo — bp and b, and on the renor-
malization constant Z, based on statistics varying between O(900) measurements (A) and O(200)
measurements (E). These numbers refer to ‘choice 1’ in eq. (B.9), where the heavy quark mass is
kept at Lmy = 0.5, while L'm; indeed turned out to be compatible with zero up to tiny deviations
of 0(0.03) (A) and O(0.01) (sets B-E). For C, we interpolated results obtained with L/a = 16,24
to L/a = 20. Amongst others, b, and Z are needed to fix the renormalized heavy quark mass in
the simulations reported in section @

set Kh Lmy ba — bp bm 7

A 0.126040  2.7100(6) 0.0489(3) —0.5401(4) 1.0855(2)
B 0.128028 2.6112(6) 0.0239(5) —0.5621(7) 1.0867(2)
C — 2.6709(5) 0.0151(6) —0.5744(9) 1.0867(2)
D 0.129595  2.5456(5) 0.0103(5) —0.5811(8) 1.0859(1)
E 0.130246  2.5035(5) 0.0051(6) —0.5927(9) 1.0845(1)

Table 3: The same as in table E but for ‘choice 2’ of the heavy quark mass: Lmy, ~ 2.6.

The Monte Carlo simulation details and the technical aspects of the analysis to compute
the observables (B.6)-(B.§) from the measured fermionic correlation functions are essentially
the same as in ref. [B0]. In particular, these secondary quantities have been averaged over
the central timeslices L/(2a),...,(T — L/2)/a to increase statistics, and their statistical
errors were estimated by the jackknife method. Another issue that deserves to be mentioned
is the occurrence of the third mass parameter mg3 in the determination of by, which
has to be set properly to ensure the required (but subtle) cancellation leading to the
expression (B.7) for the estimator Ry,. As in terms of the hopping parameters this amounts
to form the combination k3 = 2k1K2/(k1 + K2), the condition %(mm +mg2) —mp3 =0
can be satisfied in practice only up to roundoff errors, which might cause a systematic
uncertainty in simulations with single precision arithmetics. But in contrast to ref. [B0],
where this effect had to be taken into account carefully, the exact numerical value of
k3 was now calculated in double precision directly in the simulation program itself so
that a rounding error contribution (reflecting some possible remnant imperfection in the
cancellation via mg3) to the error on Ry, can be neglected here.

Our non-perturbative results on by — bp, by and Z, which we obtained from the
numerical simulation data along these lines using improved derivatives throughout, are also

5Similar to the situation in ref. [@L this is to a good precision equivalent to keeping fixed the corre-
sponding renormalized masses Lmr = LZam/Zp, because also over our range of considered couplings the
entering renormalization constant barely varies.
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Figure 2: Non-perturbative results for by — bp in the considered region of bare couplings for our
two choices of quark masses (cf. eq. (@))7 together with the corresponding results at larger g2
from [BQ] (triangles) and the prediction from one-loop perturbation theory. The solid line gives
the rational fit function that was quoted in [ to well describe the numerical simulation results
obtained there.
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Figure 3: The same as in figure E but for the improvement coefficient by,. In view of the leading
perturbative behaviour that one expects to be approached in the limit g3 — 0, the curvature seen
in our results hints at a more complicated structure of (unknown) higher-order terms.

collected in tables P and B¢ As a consequence of the fact that all renormalized quantities
have been fixed in units of L while the ratio L/Lpax and thereby also the renormalized

5We note in passing that memory and processor-topology restrictions of the APEmille parallel computers
in use prevented us from directly simulating L/a = 20 lattices at an earlier stage of our work. Therefore,
we employed 16% x 30 and 24 x 30 lattices and a linear interpolation in 1 /L to arrive at the results for set
C in tables E and E
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Figure 4: The same as in ﬁg‘ureﬂ but for the renormalization constant Z.

SF coupling are kept constant, the estimates Rx become smooth functions of the bare
coupling, g2 = 6/8. This is well fulfilled in figures Pl-l, where our results are shown in
conjunction with those at larger couplings of the earlier work [B0] together with the one-
loop perturbative predictions [B7, B0J. One observes that the estimates for by — bp and Z
corresponding to ‘choice 1’ of quark masses are roughly consistent with the fit functions
quoted in ref. [B0] for larger couplings, if one assumes them to be even valid far beyond the
(B-region where the underlying data were actually taken. Nonetheless, this was not obvious
from the beginning, since despite the quark mass values being comparable in that case the
conditions defining the associated lines of constant physics are different.

For by, the situation is more intricate. Here a naive prolongation of the curve from [B0]
to weak couplings (dottet line in figure ) does not give the right g3-behaviour for this
region. We infer this from the fact that the difference of the dotted line to our results
does not seem to be compatible with being of O(a). In other words, if the improvement
condition of [B0] were used also in the region of weaker couplings, the points would look
quite differently, and we have to conclude that a simple approach to one-loop perturbation
theory is not an adequate representation for the continuation of the triangles in figure fj
This underlines the importance of using particularly adapted improvement conditions,
which may be used in the coupling range actually relevant for the desired application.
The example of by, thus illustrates that our redetermination of the b-coefficients and the
Z-factor indeed eliminates a source of uncontrollable error.

On the other hand, the results from ‘choice 2’ (i.e. with the quark mass my being
larger) fall significantly apart throughout, because the a-effects are generically larger in
that case. But this only reveals an expected, inevitable property of the procedure applied:
any other estimate Rx (e.g. stemming from a different choice of renormalization condition)
may yield a different functional dependence upon gg, but its differences are again smooth
functions that must vanish in the continuum limit with a rate proportional to a/L (for
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Figure 5: Left: Difference of the results on the renormalization constant Z, obtained from the
two heavy quark mass choices, versus (a/L)?. Right: The same for the improvement coefficient by,
where, however, the ambiguity inherent in any improvement condition imposed is of O(a).

improvement coefficients) or even (a/L)? (for renormalization constants). These intrinsic
O(a™) ambiguities, n = 1,2, imply that rather than a numerical value at some given 3, the
essential information lies in the correct g3-dependence of the results for the estimators Rx,
X = AP, m, Z, resulting from working at fixed physics while varying 3.

To demonstrate the last statement, we also investigated a few alternative improvement
conditions, which are either realized by defining the estimators Rx with standard instead
of improved derivatives (as in [B(]) or directly by the two different quark mass settings
that we already have at our disposal through the choices in eq. (B.9). As an example we
plot in the left part of figure [j the difference AZ(g3) = Z(92)| choice 1 — Z(93)] choice 2 Versus
(a/L)?, which clearly shows a linear approach towards zero. Other cases behave similarly,
e.g. the O(a) ambiguities for Abm(93) = bm(93)] choice1 — bm (93)| choice 2 in the right part of
figure f] are found to be very small and rapidly decreasing in magnitude as a/L — 0.

As a further (and less direct) check for the universality of the continuum limit we
consider a physical quantity that depends on b, and Z in a more implict way, namely the
energy Lol'ps(Lo, M, go) introduced in eq. (R.6)) of the previous section. In fixing z while
computing Lgl'pg for various lattice resolutions, the just determined results on b, and Z
enter via eq. (R.1§), and hence it is interesting to confront the lattice spacing dependences
of LoI'ps| by, 7: choice 1 a0 LoI'ps| by, 7: choice 2 With eachother. We did this exercise for z =9
(where, due to the large quark mass, a-effects are already very pronounced) and anticipate
results from the following section in figure ff to display the two data sets and its continuum
extrapolations linear in (a/L)?. From the nice agreement of the continuum limits” we
infer once more that our results (on by, and Z) correctly model — within each choice of
improvement condition separately — the respective g3-dependences, entailing convergence
to the continuum limit with leading corrections of O(a?).

"The fact that in this case the cutoff effects in Lo['ps are larger with bm, Z from ‘choice 1’ (where the
quark mass fixed is smaller) is not so surprising, since via ‘choice 2’ as improvement condition (where z ~ 5)
one is closer to the line in parameter space with z = 9 along which LoI'pg is computed.
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Figure 6: LoI'ps(Lo, M, go), where the results on by, Z from both renormalization conditions
corresponding to eq. (@) were used to keep the dimensionless RGI heavy quark mass fixed to
z = LoM = 9 while varying 3 = 6/g2 and thus a/L. Assuming quadratic scaling violations and
discarding the coarsest lattice in the (unconstrained) extrapolations, the continuum limits coincide.
A more thorough discussion of the continuum extrapolations of the observables I'x, X = PS, av,
will follow in section .

3.2 Heavy-light meson energies

Supposing the parameters (§ and k) at each L/a (= Lg/a) to be appropriately fixed to com-
ply with the conditions g?(Lo/2) = 1.8811 = constant and m; = 0, egs. (B-19) and (B-1(),
we still have to prescribe a sequence of dimensionless quark mass values z in order to be
able to map out the heavy quark mass dependence of the observables I'x, X = PS,av,
over a reasonable range that encloses the RGI mass scale of the b-quark itself. To this end

we split, according to the discussion around eq. (R.1§) in section z = LoM into the

product
YA
2= Lo x h(Lg) X Zm X mqn(1 + bmamqp), Dy = 7 A
P

(3.10)

For by (g2) and Z(g3) we decided to use the results of table J] from ‘choice 1’ of quark
mass settings, mainly because especially for by, the gg—dependence is weaker and with
the corresponding value of the (heavy) quark mass fixed in their determination we more
resemble the condition that in ref. [Bd] was found favourable also from the perturbative
point of view. Za(g2) is known in O(a) improved quenched QCD via the formula [Bg]

5. _ 108496 g2 +0.0610 g3
AT 1—0.7332 g2 ’

g% <1, (3.11)

while the required values of Zp(go, Lo/a) have already been quoted in the last column of
table [] and, as was said after eq. (B.20), the universal factor

Lmax
h(Lo) = 1.531(14), Lo = == (3.12)
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could be extracted from the data published in ref. [P7]. Given some value of z one is
aiming at, the relation between the subtracted bare (heavy) quark mass and the hopping

1/1 1
amgn =5 —=—|, (3.13)

parameter,

Kh Re

then allows to straightforwardly solve eq. (B.10)) for xy, and, together with ) as quoted
in table [] of section P.J, yields the pairs (ki, k) of hopping parameters, for which the
numerical simulations with the computation of the heavy-light correlation functions have
been performed.®

Of course, the uncertainties to be associated with the various pieces entering eq. (B.10)
translate into an error on z, which has to be taken into account also for any quantity
regarded as a function of z. More precisely, the resulting error on z consists of a go-
dependent part and a universal, gp-independent one: while the former comes from the
uncertainties of by,, Z and Zp quoted in the tables plus an error (of 0.8% at 5 ~ 7.4 down
to 0.4% for > 7.8 [BY]) on Zja, the latter stems from the overall uncertainty of 0.9%
on h(Lg) in the continuum limit and hence has only to be added in quadrature after a
continuum extrapolation of the respective z-dependent quantity under study.”

The final parameter sets employed in the Monte Carlos simulations consist of the
triples (L/a,3,x)) in table [] and the kp-values we arrived at as described before; they
are listed together with the corresponding values of the dimensionless RGI heavy quark
mass, z, and the gg-dependent error part of the latter in table {| at the end of this section.
For the technical details of the runs to produce the numerical data on the SF heavy-light
meson correlators, from which the logarithmic derivatives (R.6) and (R.7) are evaluated, we
refer to the simulations reported in ref. [B1] (and its appendix A.2. in particular) to non-
perturbatively renormalize the static-light axial current. The number of measurements in
the statistical samples is comparable to what was accumulated to get the results in tables f]
and f}.

Table @ also contains the numerical results for LoI'pg and Lgl',, at all values of z that
were considered. To ease notation, we set

a
0 < ,-)er Lo, M, . X=PS,av, 3.14
X\W:2 7 oI'x (Lo 90) 32(Lo/2)=u, LoM—> av (3.14)
and denote its continuum limits as
a
= lim Q ( —) X = PS, av . 3.15
(A)X(U,Z) a/ggo X uvva ) y av ( )

In table {| both the statistical errors of Qx (in square brackets) as well as the combined
statistical and go-dependent, z-induced uncertainties (in parentheses) are given, the latter

8Due to the fact that the non-perturbative values for by, in the relevant S-range lie around —0.6, the
relation z = Loh(Lo)Zmmqn(l + bmamqn) can not be inverted in favour of amqgn (and thereby k) for
arbitrarily high z-values. In case of our largest z (= 13.5), for instance, this already restricts the possible
inverse lattice spacings in table E to L/a =16 — 32.

9Note that also this error can in principle be reduced further by increasing the precision of the continuum
step scaling functions of ref. [ﬁ]
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being obtained by including the propagation of the gg-dependent part of the error on z.
As an outcome of this error analysis we find that summing up the various errors on the
factors in eq. (B.10)) quadratically (since they are uncorrelated) and multiplying with the
numerically estimated slopes |[0Qx/0z] (go)| yields a contribution of about 0.3% or less to
the final uncertainties on Qx.

As we work in the O(a) improved theory, the numbers for Qpg and ,, can now be
extrapolated linearly in a? to the continuum limit.'® However, based on the experience
made in perturbation theory (see section 5 of ref. [B9]) that the discretization errors pri-
marily depend on the mass of the heavy quark, aM = z X a/L, we expect some deviation
from a leading linear behaviour in a? for the coarsest lattices as z grows. Since our non-
perturbative data qualitatively confirm this picture, we again adopt perturbation theory
as a guide to get a rough estimate for the quark mass value where this deviation sets in.
In [BY] the heavy quark mass dependence of the discretization errors in a typical matrix
element of the heavy-light axial current, similarly constructed from SF correlators as our

energy observables, indicates a breakdown of O(a) improvement beyond (aim M5 )? ~ 0.2,

which with mﬁﬂs ~ 0.7M [A(Q] approximately corresponds to aM = 0.64. From this we
deduce the following two-step criterium to carefully perform the continuum extrapolations
of Qx, X = PS, av, for the various values of z:

1. In view of the z-dependence of the size of the lattice artifacts, only allow for fits which
start at and beyond the minimal L/a such that aM < 0.6 approximately holds.

2. Among these, the n-point fit must agree with the (n + 1)-point one within errors but
the former, which omits the coarsest of the lattices meeting 1. and thereby has the
larger error, gives the final estimate of the continuum limit.

The resulting continuum extrapolations for the subset z € {5.15,6.0,9.0,13.5} of avail-
able z-values are displayed in figure f]. As it turns out when applying this fitting procedure,
the continuum limits then have to be extracted from fits discarding the L/a = 12 lattice
in case of z € {3.0,3.8,5.15,6.0,6.6}, the L/a = 12,16 lattices in case of z = 9.0 and even
the L/a = 12,16,20 lattices for the heaviest mass, z = 13.5. The numbers of table {] in
Italics are the continuum limit results for all z, based on these fits.

To further corroborate our results from this prescription, we in addition considered an
alternative fit ansatz that also accounts for a term cubic in a. Again, it is to some extent
guided by the aforementioned finding of ref. [BJ that in perturbation theory the cutoff
effects in the regime of large quark masses are approximately a function of aM and not of
aM and a/L separately. In the O(a) improved case at hand (and here for the example of
Qay, omitting the argument u for a moment), such an ansatz may therefore be written as:

Qe (z %) = W (2) [1 4oy P (%)3] +pi(2) (%)2 (3.16)

where by a z-dependent parameter p; we after all admit a still more general form for the
a’-term. Performing a simultaneous fit of all available Q,, data (no cut on aM), we then

A5 in [@, @], the influence of the only perturbatively known SF-specific boundary improvement coef-
ficients ¢; and ¢ is negligible at the level of our precision.
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Figure 7: Continuum extrapolations of Qpg(1.8811,2,a/L) (left) and Q,,(1.8811,2,a/L) (right)
for representative values of z. As explained in the text, the number of coarsest lattices to be skipped
in the fits depends on z. The final continuum limits are taken from the solid fit functions, which
are compatible with the dashed extrapolations omitting one point less.

arrive at continuum limits in complete accordance with the former, having comparable
or even smaller errors: w,y(2z) € {2.86(1),3.34(1),4.15(3),4.65(2),5.00(2),6.39(3),8.99(6) }
for z = 3.0,...,13.5. But keeping in mind that for aM ~ 0.6 — 0.8 the perturbative a-
expansion entirely breaks down [BY], we take the continuum limits of table ] from the linear
extrapolations in (a/L)? imposing a cut on aM as a safeguard against any uncontrollable
higher-order behaviour as our final results, which within their (larger) errors are moreover
also consistent with the values at smallest lattice resolution. All told, we thus are confident
that possible systematic uncertainties in the fitting procedure are already well covered by
these estimates.

For future reference (i.e. in particular for the non-perturbative determination of the
b-quark’s mass in ref. [ff]) we introduce for the dimensionless, spin-averaged heavy-light
meson energy in small volume the further abbreviation

Q <u, z, %) = QO (u,z, %) , w(u, 2) = way(u, 2) . (3.17)

To parametrize the z-dependence of our continuum values w(1.8811,z) by a smooth fit
function, we make the ansatz agz+a;+ag/z, which is justified by the theoretical expectation
that heavy-light meson correlation functions of the type studied here decay with a leading
term proportional to the heavy quark mass, up to some low-energy scale of O(Aqcp) and
1/m-corrections. Since the simulation data for the various z at given 3 were produced on
the same gauge field backgrounds, possible correlations in z had to be taken into account
in this fit. Hence weperformed it on basis of the jackknife samples that were built from the
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z set Kh z(g0) Qps Qav
3.0 A 0.129571  3.000(12) 2.534(11)[5] 2.916(11)[6)
B 0.130445  3.000(13) 2.485(10)[4] 2.869(11)[6)
C 0.130876  3.000(13) 2.465(10)[5] 2.856(12)[8]
D 0.131115  3.000(13) 2471(11)[7]  2.863(14)[12]
E 0.131349  3.000(13) 2.458(13)[10]  2.858(18)[16]
CL 2.451(13) 2.852(18)
3.8 A 0.128310  3.800(16) 3.094(13)[5) 3.408(14)[6)
B 0.129552  3.800(16) 3.039(12)[4] 3.356(13)]6]
C 0.130185  3.800(16) 3.019(12)[5) 3.341(13)[8]
D 0.130553  3.800(16) 3.022(12)[7] 3.345(15)[11]
E 0.130940  3.800(17) 3.011(15)[10]  3.342(19)[16]
CL 3.002(16) 3.334(19)
5.15 A 0.126055  5.150(21) 4.025(17)[5] 4.262(17)[6]
B 0.127991  5.150(22) 3.948(16)[5] 4.188(16)16]
C 0.128989  5.150(22) 3.920(15)[5) 4.166(16)(8]
D 0.129586  5.150(22) 3.917(16)[7) 4.163(18)[11]
E 0.130242  5.150(23) 3.905(18)[11]  4.161(21)[16]
CL 3.890(20) 4.146(22)
6.0 A 0.124528  6.000(25) 4.619(20)[5] 4.821(20)6]
B 0.126967  6.000(25) 4.513(18)[5] 4.720(18)6]
C 0.128214  6.000(25) 4.476(17)[5] 4.688(18)]8]
D 0.128964  6.000(25) 4.467(18)]8] 4.679(19)[11]
E 0.129796  6.000(27) 4.453(20)[11]  4.674(23)[15]
CL 4.430(22) 4.652(24)
6.6 A 0.123383  6.600(27) 5.049(22)[5] 5.232(22)[6]
B 0.126222  6.600(28) 4.912(20)[5] 5.100(20)[6]
C 0.127656  6.600(28) 4.866(19)[5] 5.059(20)[8]
D 0.128518  6.600(28) 4.852(19)(8] 5.045(21)[10]
E 0.129477  6.600(30) 4.835(22)[11]  5.037(24)[15]
CL 4.806(24) 5.009(26)
9.0 A 0.117762  9.000(39) 7.022(31)[5) 7.146(31)[5)
B 0.122987  9.000(39) 6.554(27)[5] 6.690(27)[6]
C 0.125309  9.000(38) 6.429(25)[6] 6.572(26)[7]
D 0.126670  9.000(38) 6.378(26)[8] 6.521(26)[10]
E 0.128175  9.000(40) 6.337(28)[12]  6.487(29)[15]
CL 6.277(47) 6.429(48)
13.5 B 0.113764  13.500(69) 10.721(47)[5] 10.801(47)[5]
C 0.120094 13.500(60) 9.603(40)[6) 9.695(40)[7]
D 0.122808 13.500(58) 9.324(38)[8] 9.418(38)[9]
E 0.125575  13.500(61) 9.136(40)[12]  9.235(41)[14]
CL 8.89(10) 9.00(11)
Table 4: Heavy quark masses z = LoM with go-dependent error and associated results for

Qx(u,z,a/L), X = PS,av, u = 1.8811, with the total go-dependent part of the error in paren-
theses and the only statistical one of Qx in square brackets. Continuum limits (see text) are
displayed in Italics.
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Figure 8: Continuum limit values w(1.8811, z) of the spin-averaged energies (1.8811, z,a/L), at
fixed coupling g*(Lo/2) = 1.8811, as a function of z = LoM and its fit function (top). The bottom
graph has the linear term, agz, subtracted and also includes the pseudoscalar case, wpg(1.8811, 2),

for comparison.

raw data and passed through the whole analysis, and we end up with the parametrization
1

w(1.8811,2) = apz+ai + a2 —, ap = 0.581, a; =1.226, az = —0.358, (3.18)
z

the graph of which is shown in the upper diagram of figure B| to well represent our data.
In the interval 5.2 < z < 6.6, which for instance is the relevant z-range to calculate
the RGI b-quark mass by means of the non-perturbative matching to HQET in ref. [p],
this parametrization describes w(1.8811,z) with a precision of about 0.5%. As already
mentioned, a further uncertainty of 0.9% that enters only indirectly through the argument
z of the function w (and thus remains to be added in quadrature at the end) originates
from the universal part h(Lg) in eq. (B.10) of the renormalization factor relating the bare
to the RGI quark mass.

For later use of the result (B.1§) it is also necessary to have a numerical estimate for
the derivative w’(1.8811,2) w.r.t. u, in order to compensate for a possible slight mismatch
in the imposed condition of fixed renormalized coupling. From an additional simulation
with L/a = 24 and a nearby coupling of g?(Lo/2) = 1.95 (and assuming the a-effect of the
derivative to be negligible) we found this derivative to be constant in the central region

0
60<2<66:  —w(u,z2) =0.70(1), (3.19)
ou u=1.8811

which is the required one in the context of the immediate application discussed in [P].
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Finally, we give as well the fit result for wpg(1.8811, z) for comparison, i.e. if in the
definition (B.14]) the effective energy in the pseudoscalar channel alone, TI'ps(Lg, M, go),
would be used instead of the spin-averaged combination. By an analogous analysis with

the same ansatz for the fit function as in eq. (B.1§) we obtain the coefficients
ag = 0.587, a; = 1.121, az = —1.306 (for T'x =TI'pg). (3.20)

The fact that the absolute value of as is evidently larger than in the spin-averaged case is
illustrated by the shape of the subtracted fits in the bottom diagram of figure §and confirms
our earlier claim that with I'x = 'y, the matching condition () becomes independent
of the coefficient of the chromomagnetic field strength term in the HQET lagrangian also
at first order in 1/m. Therefore, the use of Q = Q,., = Lol (and eq. (B.1§) for its
heavy quark mass dependence in the continuum limit) is preferable for later applications
to HQET, since the 1/m-errors arising at leading order will generically be smaller then.

4. Conclusions

In this work we have computed the non-perturbative heavy quark mass dependence of ef-
fective energies derived from heavy-light meson correlation functions by means of numerical
simulations. A particular aspect of this computation is the use of a physically small volume
(of a linear extent of O(0.2 fm)): it is a prerequisite to treat the heavy quark flavour in
lattice regularization as a relativistic particle and thus may be looked at as a ‘device’ that
serves to non-perturbatively renormalize HQET with the method of matching the effective
theory to small-volume QCD, proposed and applied in ref. [P].

Among the several improvement coefficients and renormalization constants that are
needed to accurately keep fixed the renormalized (heavy) quark mass while the observables
of interest approach their continuum limits, we determined those relating the renormalized
to the subtracted bare quark mass in a range of weaker couplings relevant here (7.4 <
B=6/ gg < 8.2) with high precision. Even in the region of the b-quark mass and slightly
beyond we still find our results on the meson energies under study to be rather mildly
cutoff dependent so that the continuum extrapolations can be well controlled.

The quenched numerical results obtained in section directly pass into the — for the
first time entirely non-perturbative — calculation of the b-quark mass in the static approx-
imation of [}, [[. Moreover, our quantitative investigation of the quark mass dependence
in relativistic heavy-light systems in finite volume can easily be extended to other heavy-
light bilinears and matrix elements, which then opens the possibility to perform genuinely
non-perturbative tests of HQET and to estimate the size of the 1/m-corrections to the
static theory. We will focus on these issues in a separate publication [[L2].

Finally, considering the small-volume investigation presented here in the light of the
more general framework [Jf] of a non-perturbative matching between HQET and QCD, it is
an obvious practical advantage that they can be transfered to also include dynamical quarks
in the (hopefully near) future without requiring exceedingly large computing resources.
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ABSTRACT: We consider QCD with one massless quark and one heavy quark in a finite
volume of linear extent Ly ~ 0.2 fm. In this situation, HQET represents an expansion in
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1. Introduction

It is expected that the dynamics of QCD simplifies in the limit of large masses of the charm
and beauty quarks. For external states with a single heavy quark, transition amplitudes are
expected to be described by an effective quantum field theory, the Heavy Quark Effective
Theory (HQET) [fl, B, fi]. For details of the proper kinematics where this theory applies,
and also for a guide to the original literature we refer the reader to reviews [, fJ. To
prepare for the following presentation, we only note that HQET applies to matrix elements
between hadronic states, where these hadrons are both at rest and do not represent high
excitations. HQET then provides an expansion of the QCD amplitudes in terms of 1/m, the
inverse of the heavy quark mass(es). The HQET lagrangian of a heavy quark is given by!

- Wkin 2 wspin
c = Dy +m— S D B 1.1
nQet(2) = Yy(x) [ Do +m— o 5 OB ¥n(z) -y (1.1)
where the ellipsis stands for higher-dimensional operators with coefficients of O(1/m?).
Following power counting arguments, this effective theory is renormalizable at any finite
order in 1/m [, [f]. A significant number of perturbative matching computations have been
carried out (see [B, fI] and references therein), in order to express the parameters of HQET

1We write here the velocity-zero part, since non-vanishing velocities will not be relevant to our discussion.



(M, Wspin, - - .) in terms of the QCD parameters. The very possibility of performing this
matching reflects good evidence that HQET does represent an effective theory for QCD.

Nowadays, HQET is a standard phenomenological tool to describe decays of heavy-
light hadrons and their transitions in terms of a set of hadronic matrix elements, which
are usually determined from experiments. Its phenomenological success is illustrated, for
example, by the determination of the Cabibbo-Kobayashi-Maskawa matrix element V:
its value determined from inclusive b — c¢ transitions agrees with the one extracted from
exclusive ones [I(, [1] and HQET enters in both determinations. Similarly, HQET hadronic
matrix elements, such as A; o< win (B| — ¥, D%y, |B), extracted from different experiments
tend to agree [[L1, 12, [[3]. As a small caveat concerning these phenomenological tests, we
note that some of them involve both the beauty and the charm quark, and one may suspect
that the effective theory is not very accurate for the latter.

Additional, independent tests of HQET are thus of both theoretical and phenomeno-
logical interest. In [[l4] some euclidean correlation functions, which are gauge invariant and
infrared-finite, were studied in perturbation theory. There it was verified at one-loop order
that their (large-distance) m — oo asymptotics is described by the correlation functions of
the properly renormalized effective theory. This comparison was performed after separately
taking the continuum limit of the lattice regularized effective theory and of QCD.

In general, lattice gauge theory calculations allow a variation of the heavy quark mass
and the performance of non-perturbative tests. However, if one is interested in the com-
parison of QCD and HQET in the continuum limit, one has to first respect the condition

1
< —, 1.2
me< (12)

and then to do an extrapolation to zero lattice spacing, a = 0. Given the present restrictions
in the numerical simulations of lattice field theories, a direct comparison at large mass can
only be done in a finite volume of linear size significantly smaller than 1 fm.

Before discussing this further, we note that in the charm quark mass region the con-
tinuum limit can also be taken in a large volume [[{, [6] [7]. In particular, a recent
study concentrated on the decay constant Fp_, where many previous estimates found evi-
dence for large 1/m-corrections. After taking the continuum limit and non-perturbatively
renormalizing the lowest-order HQET, ref. [[L§] finds only a rather small difference between
lowest-order HQET and the QCD results. Although this investigation was restricted to
the quenched approximation, it provides some further evidence of the usefulness of HQET
— maybe even for charm quarks. For related work, see [[[9]-[B1]] and references therein.

In this paper we study the large-mass behaviour of correlation functions in a finite
volume of size L x L3, with Dirichlet boundary conditions in time and periodic boundary
conditions in space, i.e. we work in the framework of the QCD Schrodinger functional
B2, BJ). Keeping all distances in the correlation functions of order L, the energy scale 1/L
takes over the role usually played by small (residual) momenta, and at fixed L, HQET can
be considered to be an expansion of QCD in terms of the dimensionless variable

LL, (1.3)

IS



where we take M to be the renormalization group invariant (RGI) mass of the heavy
quark (see eq. (B.6)).2 With the choice L ~ 0.2 fm, today’s lattice techniques allow us to
increase z beyond z = 10, while the continuum limit can still be controlled well [B4] B5].
One is thus able to verify that the large-z behaviour is described by the effective theory,
which is the primary purpose of this paper. Of course, the coefficients a; in expansions
® = ag+a1/z + azy/z* + --- are functions of AL (with A the intrinsic QCD scale) such
that a;(AL) — ¢; x (AL)" and a;(AL)/2* — ¢; x (A/M)" as AL — co. Since we only work
at one value of L, the dependence on AL will be suppressed in the rest of this paper.

After a discussion of the QCD observables under investigation (section f), we give their
HQET expansion (section ff) and confront them with Monte Carlo results at finite values
of 1/z (section [f). In our conclusions we also discuss the usefulness of our results for a
non-perturbative matching of HQET to QCD [Bd].

2. Observables

We introduce our observables starting from correlation functions defined in the continuum
Schrodinger functional (SF) B3, BJ). For the reader who is unfamiliar with this setting, we
give a representation of these correlation functions in terms of operator matrix elements
below.

We take a T x L3 geometry with T/L = O(1) fixed. The boundary conditions are
periodic in space, where for the fermion fields, and only for those, a phase is introduced:

Y(x+ kL) = ePy(z), Ple+kL)=¢@)e™,  k=1,23. (2.1)

In the numerical investigation of section [, we will set T = L and # = 0.5. Dirichlet
conditions are imposed at the o = 0 and zo = T boundaries. Their form as well as the
action are by now standard [BZ, B3, B7] and we do not repeat them here. Multiplicatively
renormalizable, gauge-invariant correlation functions can be formed from local composite
fields in the interior of the manifold and from boundary quark fields. Boundary fields,
located at the zo = 0 surface are denoted by (,¢ and create fermions and anti-fermions.
Their partners at xo = T are ¢’,(’. We shall need flavour labels, “” denoting a massless
flavour, “b” a heavy but finite-mass flavour and “h” the corresponding field in the effective

theory. The heavy-light axial vector and vector currents then read

Au(x) = (@) ysn(e),  Valz) = @)y (@) . (2.2)
2.1 Correlation functions
In our tests we shall consider the correlation functions

fatan) = =5 [y s (@) Ty (y)6(2)). (23

b)) = 5 3 [ Py’ (G@)8ma0) . (24
k

2We continue to use m as a generic symbol for the quark mass when its precise definition is irrelevant,
sometimes even not distinguishing the renormalized mass from the bare one. However, when precisely
defined functions of the quark mass are considered, only the properly defined M is used.
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Figure 1: The Schrodinger functional correlation functions fa, kv and f;. For k1, in the rightmost
diagram +s is replaced by 7.

as well as the boundary-to-boundary correlations

1= _2—26 Py d*zd’y' d*2' (C(y")15¢1(2) Co(y)r5Gi(2)) (2.5)
b= g Y [y dady & G ) Qi) . 20
3

They are illustrated in figure fl.

Let us discuss the function fa(xo) in some detail. It describes the creation of a (finite-
volume) p = 0 heavy-light pseudoscalar meson state, |¢p (L)), through quark and antiquark
boundary fields which are separately projected onto momentum p = 0. “After” propagating
for a euclidean time interval xg, the axial current operator A initiates a transition to a
state, |Q'(L)), with the quantum numbers of the vacuum. The correlation function fa(xo),
taken in the middle of the manifold, can thus be written in terms of Hilbert space matrix

elements,
i (3) =2 Wl AlBw) = 2 Q@I IBE) = e T en(r),
(2.7)
where H is the QCD hamiltonian and
Z=(QL)L), L)) = T |po(L)) . (2.8)

Here, |¢o(L)) denotes the Schrodinger functional intrinsic boundary state. It has the quan-
tum numbers of the vacuum. Because the definition of our correlation functions contains
integrations over all spatial coordinates, all states appearing in our analysis are eigenstates

of spatial momentum with eigenvalue zero. The operator e~ 7H/2

suppresses high-energy
states. When expanded in terms of eigenstates of the hamiltonian, |2(L)) and |B(L)) are
thus dominated by contributions with energies of at most AE = O(1/L) above the ground
state energy in the respective channel (recall that we take 7' = O(L)). This explains
why, at large time separation xg > O(1/m), HQET is expected to describe the large-mass
behaviour of the correlation function, also in the somewhat unfamiliar framework of the

Schrédinger functional.?

3More generally, HQET will apply to correlation functions at large euclidean separations.



Equations similar to the above hold for kv; one only needs to replace pseudoscalar
states by vector ones. Finally, the boundary-to-boundary correlator may be represented as

fi = 271(B(L)|B(L). (2.9)

Since the boundary quark fields ¢, ¢, . .. are multiplicatively renormalizable [B§], this holds
also for the states |¢o(L)) and |pp(L)).
It now follows that the ratios

YPS(L,M);L\/%Q), YV(L,M)E_L\/%?), R(L,M)E—% (2.10)

are finite quantities when we adopt the convention that A,, V), denote the renormalized
currents. As is immediately clear from the foregoing discussion,

)] AldB(L)
Yes (L M) = Ty TTB@) (2.11)

(or Yy(L,M)) becomes proportional to the pseudoscalar (or vector) heavy-light decay

constant as L — oco. We shall study the large-M behaviour of these quantities at fixed L
in the following sections.
For the same purpose we define effective energies

A4 AL
Tps(L, M) = . [fa(wo)] s IRGOR (2.12)
y(L, M) = —dimoln | = —:ngi (2.13)

These may be written in terms of matrix elements of the hamiltonian. E.g., we have

(BDIEIBL)  (©()H(L)
sl M) =T miBmy  @@RI) @14

with |B'(L)) = Ao!|Q(L)) and (B'(L)|B(L)) = (Q(L)|Y(L)). Expanding in terms of
energy eigenfunctions, one sees immediately that I'pg(L,M) = >, BiEg) -> aiEg),

where Eg) are the (finite-volume) energy levels in the heavy-light pseudoscalar meson

)

sector and ES(; those with vacuum quantum numbers. The coefficients 3;, a; have a strong
dependence on i, which labels the energy excitations; states with E(® — F©) > 1 /L are
suppressed exponentially in the sum. For z = ML > 1, the effective energy I'ps(L, M) is
hence expected to be given by HQET.

To summarize, Yps, Yy and R are (ratios of) matrix elements between low-energy
heavy-light and vacuum-like states. HQET at order (1/m)™ should describe them up to
corrections of the order of 1/(ML)"*!. The energies T, eqs. (R.13) and (R.13), share the
same property. It is then possible to test HQET by studying the large-z asymptotics of
these observables!

3. Large-z asymptotics: effective theory predictions

We now turn our attention to the effective theory predictions for the observables introduced
above.



3.1 Current matrix elements

At the classical level it is expected that they can be described by a power series in 1/z
with z = M L. This has been checked explicitly in [[4]: the expansion in 1/z is asymptotic,
non-analytic terms are of the type e ~% and are thus very small for, say, z > 4. The leading
term in the expansion for each of the correlation functions in eqs. (R.3)—(R.6) is given by
exactly the same expressions, evaluated with the simple replacement ¥y, — ¢y etc. and by
dropping all terms of O(1/m) in the action associated with eq. ([l.1]). This corresponds
to the static limit, where the heavy quark does not propagate in space. We denote the
corresponding observables (in the effective theory) with a superscript “stat”, e.g.

fa(zo) — fA™ (zo)
and also introduce

_ AT/

=
1

that is easily seen to be mass independent from the form of the static propagator (both in

(3.1)

the formal continuum theory and in lattice regularization at finite lattice spacing [B7]). An
example for the correspondence of the effective theory and QCD at the classical level is
X(L) = lim Ypg(L, M) = lim Yy (L,M). (3.2)
zZ— 00 zZ— 00
In the quantum theory there are logarithmic modifications of such relations. Of course,
they have their origin in the scale dependent renormalization of the effective theory. For

example, due to the renormalization of the axial current in the effective theory, the renor-
malized ratio?

XR(L’M) = Zztat(:u)Xbare(L) (3.3)

depends logarithmically on the chosen renormalization scale y. It further depends on the

chosen renormalization scheme, but the renormalization group invariant

Xnai(L) = lim {[200g°(0)] "™ Xn (L) | = ZnciXime(L) (3.4)
bo = (4173)2 . 0= —(471TQ) (Ne=0), (3.5)

does not. The renormalization constant Zrqr is computable in lattice QCD [BY. Above,
by and 7y are given for the case of a vanishing number of flavours as is appropriate for the
quenched approximation, which we will employ in the following section.

The large-z behaviour of the QCD observables is then given by the corresponding
renormalization group invariants of the effective theory, together with logarithmically mass

4One should not identify p = 1/L here, as it was done in the computation of the scale dependence of
the static axial current in [@] Note also that in the ratio X other renormalization factors cancel in the
effective theory, just as they do in QCD.



dependent functions that will be called C below. As arguments of these functions we choose
the renormalization group invariant mass M (in units of the A parameter), since this can be
fixed in the lattice computations without perturbative uncertainties: the relation between
the bare quark masses in the lattice regularization, which we use [iJ], and M has been
non-perturbatively computed in [, 2, B5]. The scheme independent M describes the
limiting behaviour of any running mass m(u) for large p via

8
(47)?

lim {[2b0g2(u)]_d°/(2b°) T_n(u)} —M, dy= (N = 0). (3.6)

p—00

The following predictions are then obtained (see also section 5.1 of ref. [B9)):

Yps(L, M) MX™ Cpg (A%M_J Xrar(L) (1 +0 (%)) ., z=ML, (3.7)
Yy (L, M) M2 ¢y (AKMJ Xrai(L) (1 +0 (é)) , (3.8)
R(L, M) MZ% Cpg)y <A£Ms> <1 +0 G)) . (3.9)

Here, the function Cpg(M/Agg) has the asymptotics

M\ veo (M ~10/(2bo) In [In (M/Ags)] |
Cps <AMS> ~ (l AMS> {1 +0 < n (M/AM—S) ; (3.10)

to within this accuracy, Cy shares this asymptotic behaviour. In practice, the functions
Cx(M/Ay55), X = PS,V,PS/V, are obtained by solving the perturbative renormalization
group equations along the lines of section 5.1 of ref. [BY], where more details can be found.

In particular we always use the four-loop perturbative approximation of the 3-function [{L3]
and the three-loop approximation to the anomalous dimension ~ of the currents, which has
recently been computed [f]. Taking the n-loop approximation to -, the resulting relative
error in the functions Cx is of order o™ with « evaluated at a scale of the order of the
heavy quark mass. Explicit expressions for the functions Cx are given in appendix [B]

In order to study whether their a-error is a limiting factor, we first note that changing
the order from three-loop to four-loop in the S-function makes only a tiny difference. Next
we plot Cx, X = PS,PS/V, using v at n loops in figure P} We observe a reasonable
behaviour of the asymptotic perturbative series and take half of the difference between the
two-loop and three-loop approximations for  as our uncertainty. This uncertainty will be
almost negligible with respect to our statistical errors. Note that without the three-loop
computations of [fJ] such a statement would not have been possible.

For completeness we remind the reader that eqs. (B.7)—(B.9) are afflicted by the usual
problem of identifying power corrections. Asymptotically, at large M, the higher-order
logarithmic (perturbative) corrections in Cx dominate over the 1/z" power corrections.
However, as just discussed, in the interesting range of z, the perturbative corrections are
under reasonable control and it makes sense to investigate the power corrections if they
are significantly larger. Note that this problem is not present if the effective theory is
renormalized non-perturbatively [B§].
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Figure 2: The functions Cps and Cpg v evaluated in different approximations of perturbation
theory. In relating Agg/M to z = ML, we used [l Aygro = 0.602 and L/ro = Lyax/(2r0) =
0.359. (Setting ro = 0.5 fm, this actually corresponds to L ~ 0.2 fm.)

3.2 Energies

Next we concentrate on the energies I'. Clearly, because of the term ma, (x)y(x) in the
lagrangian ([[.1)), they grow (roughly linearly) with the mass. For the case of hadron masses,
mass formulae have been written down [(4]; for instance, the one for the B-meson mass
reads:

_ 1 1
mB:m—l—A—i-%()q—i-dB)\g)—l—O(W), dg =3 (3.11)

(and the same formula holds for the B*-meson except that dg — dp+ = —1). The matrix
element \; = %wkin<B| — ¢, D%y, |B) was mentioned already in the introduction, and Ay =
ﬁ wepin(B| — Yo - B4y |B). Some cautioning remark concerning the above formula is in
order. It suggests that the binding energy A = mp — m + O(1/m) may be obtained as a
prediction of HQET. However, there is no unique non-perturbative definition of the mass
m, which should be subtracted. As a consequence, A has an ambiguity of order Aqcp,
which may then also propagate into a significant ambiguity in A\; extracted from eq. (B.11)).

We nevertheless start our discussion of the effective energies I' from a trivial general-
ization of eq. (B.11)):

1

Tav(L, M) = 7 [Tps(L, M) +3Tv(L, M)]

— m+ ML)+ ﬁ)\l(L) +0 (#) (3.12)



where A (L) again summarizes the effect of the 1, D?vy,-perturbation to the static action.
We have cancelled a Ao-term by considering the spin-averaged combination of the energy.
While one ought to be careful with the interpretation of sub-leading terms in 1/M, the
large-mass behaviour of 'y, (L, M) is given by

M 14,0
LT (L, M) MZ®Chass <—> xz+O< - > (3.13)

with (Mg (Ms) = My)

M mQ myx mqQ
Crmass <A—MS> =W M (3.14)
and mq being the pole mass. Here the first factor on the right-hand side is known very
precisely in perturbation theory (up to four loops [[5, i6]), but it is well known that the
perturbative series for the second factor is not very well behaved and even the three-loop
term [@} is still rather significant. We will discuss this uncertainty in C,s together with
the numerical results in the following section.?

Let us now consider the sub-leading terms in eq. (B.12). Taking energy differences, m
drops out and e.g. A(L) — A(L') can be computed unambiguously from the static effective
theory. It does not depend on any convention adopted for m in eq. (B.12). In our numerical
computations, however, we investigated only one value of L. As an example of another
observable unaffected by the ambiguity in m, we therefore look at the combination

o LTATA) T KT KT)
=M =T 5@ @ T 3/<7V(T/2)] (3.15)
The HQET prediction for this quantity is

2(L.M) = Z(D) + o Zian(L) + O (i> , (3.16)
with

USRI Ry

D) = |y ey (317)

defined in the static effective theory. Since it is an energy, = does not require any renor-
malization. The first-order correction in 1/z is given entirely by matrix elements of
Py, (2)D?ey (). Its coefficient is fixed using the reparametrization invariance of the ef-
fective theory, first discussed in ref. [i§]. To see this, one considers the matrix elements
of ¥y, (2)D?yy(z) to be computed in dimensional regularization. Then reparametrization
invariance is valid, and the coefficient of the operator renormalized by minimal subtraction
is the inverse MS quark mass [i#d, bd], whose renormalization scale dependence cancels
against the one of the matrix element. From eq. (B.6]) it hence follows that the prefactor of

®We note that eqgs. (B.13) and ) are the only ones where mg enters the coefficient functions relating
the RGI matrix elements of HQET to the QCD observables. In all other cases, m¢g has been eliminated
and only M appears. Thus, there is no particular reason to expect that any of the perturbative expressions
(for the various anomalous dimension functions) is badly behaved.
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Figure 3: The function Cgpin evaluated in perturbation theory.

the renormalization group invariant matrix element of v, (z)D?wy,(z) is 1/(2M), as used in
eq. (B.16). In that equation, Eji, (L) is the matrix element made dimensionless by a factor
L. In the following, the exact expression for Zy;, (L) will be irrelevant. It rather suffices to
know that it does not depend on the mass.

We point out that, in writing down the quantum mechanical representation of =,

~TH/4 ig effective to suppress higher energy
o—TH/2

states play a role for which only the operator e
contributions, while in our other observables suppresses high energies. For the
quantity =, HQET is thus expected to be accurate only at larger values of z. This variable
should roughly be a factor of 2 larger than for the other observables.

Finally, in the difference
Ar(L,M)=Tps(L,M) —Tvy(L, M) (3.18)

the lowest-order term that contributes in the effective theory is 1, (z)o - By (z). With
Cspin constructed from the anomalous dimension of this operator in the effective theory,

AP [B1], BT), we thus have

LAR(L, M) M2=Cin <Aj\is> XEI%(L) (1 + O(%)) , (3.19)

where the leading asymptotics of the function Cgpin (M /Agg) is of the form

MO\ are (MO In [In (M/Ags)]
Cspin (AMS> ~ <1n AMS> {1 +0 < In (M) Argg) (3.20)

with the universal coefficient (cf. appendix [B])

- 6
P = (—47r)2 —dy, (3.21)
and X;%If being again a renormalization group invariant matrix element, defined in the
static effective theory.® The relative perturbative uncertainty of Cspin is O(a?), since here
the three-loop anomalous dimension is not known. As illustrated in figure B}, the difference

6 Alternatively, one can also construct a difference of squared energies as the product L?T'.,Ar, which
then behaves as Ciag Xpony (1 + O(1/2)) for M — 0o, where Cinag is introduced in appendix E as well.

,10,



between the one-loop anomalous dimension and the two-loop one is tiny. Since this may,
however, be accidental rather than representing the behaviour of the series, we shall take
the size of the three-loop term met in Cpg, figure [, as our uncertainty. A better estimate

of this uncertainty would require the knowledge of 'y;pin.

4. Quantitative tests of the effective theory

We have tested the predictions of the effective theory applied to the quenched approximation
of QCD by evaluating the observables for one geometry, namely T' = L = Lg, and for
0 = 0.5. The use of the quenched approximation should not be worrying in this context,
since it is of course used both in the effective theory and in QCD. Furthermore, although
we set the light quark mass to zero, 1/Lg provides an infrared cutoff and there are no
singularities in the chiral limit.

The numerical simulations are done on lattices with various resolutions a/L( followed
by a continuum extrapolation. In all cases, Lg is fixed by imposing

L
7 <7°> — 1.8811, (4.1)

where (L) is the renormalized coupling at length scale L in the SF scheme [53]. It is known
that Lo ~ 0.2 fm [[], Bd]. The (purely technical) reasons for the precise definition (JL.1]) are
detailed in ref. [BE]. Table 1 of ref. [BF lists the bare coupling go for each resolution Lg/a,
and this reference also explains how the bare quark masses are fixed to ensure a massless
light quark and a prescribed value M for the heavy quark.

4.1 Results in the static approximation

Some of the leading-order terms in the HQET expansions described in the previous section
are known exactly due to the spin symmetry [54, F5], but for two of the expansions we have
computed the non-trivial leading order from a lattice simulation in static approximation.

The first one is the matrix element of the time component of the axial current, Xragr(L)
in eq. (B.4). Indicating explicitly also the dependence on the bare coupling go and the lattice
spacing a, it is given by

. L
Xrai(Lo) = lim OZRGI(QO)X (907 ;O> : (4.2)

a/Loﬂ

From the relation of X to the very definition of the renormalization factor Zgrgr, as detailed
in ref. [BY], one obtains the explicit form

Prar (fpn f1)1/4

Su=1/L)

for the right-hand side of eq. ({.9). All quantities that enter the above expression have been

Zrar X = [XT tree—lovel (4.3)

X
L=Lg

defined in the latter reference. For its numerical evaluation we take the non-perturbatively
O(a) improved action of [fi0] for the light quarks and the improved discretizations of [56]

— 11 —
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Figure 4: Continuum limit extrapolations of Xrai(Lo) (top) and Esat(Lo) (bottom). The fits
adopt simulation data generated with the HYP-link static quark action, see text. The a/L inde-
pendent part of the error of Xgrgr is not included in the graph.

for the heavy quark. We note in passing that, using the data of [BY], we first evaluated this
quantity with the Eichten-Hill action for the heavy quark [[]. However, this resulted in an
order of magnitude larger error for Xgqr at Lo/a = 32.

The limit a/Ly — 0 is taken by a linear fit in (a/Lg)? as illustrated in the upper
diagram of figure [, referring to the data set from a simulation with the static quark action
built from HYP-links [F4, pd]. We quote the result from a fit with Lo/a > 16 as our
continuum result,

Xrar(Lo) = —1.281(9), (4.4)

which also receives an error contribution from the (regularization independent) factor
Prar/®(1/Lg) in eq. (.d) [BY. Including all points with Lo/a > 12 in the fit yields a
compatible continuum value with smaller error. In the same way we obtain (cf. eq. (B.17)
and the lower diagram of figure [i]):

Eeat (Lo) = 0.11(1) . (4.5)

4.2 Results at finite M and comparison

The finite-mass (quenched) QCD observables are obtained from similar extrapolations of
lattice results at finite a/L. However, as the variable z is increased, the quark mass in
lattice units grows at a given resolution a/L. A perturbative computation [[4] as well
as our non-perturbative study suggest that O(a) improvement may be trusted only below
a certain value of the quark mass in lattice units. It is therefore necessary to impose a
cut on the quark mass. For a given z, this cut translates into estimates of the coarsest
lattice resolutions beyond which the lattice data are to be omitted from the continuum
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Figure 5: Continuum extrapolations for some z-values spanning the entire range of z. The linear fit
in (a/L)? is shown by the full line and extended also to those values of a/L that did not participate
in the fit by a dotted line.

extrapolations. As in ref. [BY| we impose aM < 0.6 and follow this reference on all other
details of the lattice computations as well as the extraction of the continuum limits. For
illustration we just show the continuum extrapolations of Ypg(L, M), L = Ly, at selected
values of z in figure f|. In addition we mention a few features equally true for the continuum
limit extrapolations of the other observables, which enter our investigation but are not

shown in figures.
e The slopes in a/L are rather small.

e The error in the continuum limit grows with z, because less lattices can be used in
the extrapolation at large z.

e The continuum limit is compatible with the values at the smallest two lattice spacings.

Its error is conservative.

In appendix [A] we collect our numerical results both at finite lattice spacing and in the
continuum limit.

We are now ready to compare the continuum results with the predictions of HQET.
Before that, we remind the reader that energies of order 2/L still contribute significantly
to our observables. It is thus possible that the 1/M-expansion breaks down earlier in our
finite-volume situation than it does in large volume. However, our numerical results do not
give any indication of such a behaviour.

Let us start with the current matrix elements. The prediction for the matrix element
of the axial current is Ypg(L, M)/Cps = Xra1(L)+O(1/z). In this combination, plotted in
figure [, the perturbatively computed coefficient Cpg(M /Ajis) compensates a significant
part of the mass dependence of Ypg. The finite-mass Ypg/Cpg is obviously well compatible
with approaching the static result, eq. (f4)), as 1/z — 0. To quantify the deviations
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Figure 6: The ratio Yps(L, M)/Cps(M/Ay;g) with Cpg using the two- and the three-loop anoma-
lous dimension of the static axial current. Error bars do not contain the perturbative uncertainty
in Cpg. The fits shown refer to the three-loop evaluation of Cpg and include the result for Xrqr in
the static limit. (Points using only the two-loop anomalous dimension are slightly displaced here.)

from the static limit at finite z, we fit all data points, including 1/z = 0, to first- and

second-order polynomials in 1/z:
(4.6)

In these fits also the uncertainty in Cpg is taken into account (i.e. half of the difference
between Cpg evaluated with the two-loop and three-loop anomalous dimension). We per-
form them separately to the data in the range 1/z < 0.2, which means masses around
the b-quark mass and higher [Bf], and over the whole range, see table [ Comparing aq
obtained from the quadratic fit over the whole range (z = 3.0-13.5) and the linear fit
for 1/z < 0.2 (2 > 5.15), the change is not so small. This indicates that a precise iden-
tification of the first-order correction is not possible with our precision and range of z.
However, the rough magnitude of a; =~ 0.6 can be inferred and, more importantly, it is
clear that the overall magnitude of 1/z-corrections is reasonably small. It is also relevant
to remember that eq. ([L.€]) is only an approximate parametrization of the z-dependence,
since the renormalization of the higher-dimensional operators in the effective theory will
introduce logarithmic modifications of the simple power series. It is thus conceivable that
these logarithms account for some of the curvature seen in figure fj

For the ratio of matrix elements R(L, M), eq. (B.9), the lowest-order term in the 1/2-
expansion is fixed to be 1 by the spin symmetry of the static theory. As is reflected by
figure i, the results at finite 1/z are well compatible with this, if the function Cpg /v is
evaluated including at least the two-loop anomalous dimensions. Fits to R/Cpg/y are
performed in complete analogy to eq. ([.6)). The corresponding parameters of table [] are
again of order unity. In that table we also include the parameters of the analogous fits to
the quantity Yy /Cy.
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Linear Quadratic
Quantity ag a1 ag ax az
z-range: 3.0-13.5
Yps/Cps —1.281(7) 0.64(8) —1.0(2)
Yy /Cv —1.281(7) —0.63(9) 0.3(2)
R/Cpg)v 1.0 —0.89(1) 1.06(3)
LTy /(2 Crnass) 1.0 0.42(3)  0.14(10)
LAY /Copin 0.0 —1.69(6) 0.8(2)
= 0.109(8) 0.7(1)  —0.8(3)
z-range: 5.15-13.5
Yps/Cps —1.277(7) 0.45(4) —1.281(8) 0.7(1) -1. 3(5)
Yy /Cv —1.281(9) —0.59(6) —1.281(7) —0.6(1) 0.2(6)
R/Cpg)v 1.0 —0.722(7) 1.0 —0.91(1) 1.18(5)
LT oy /(2 Cinass) 1.0 0.44(2) 1.0 0.41(6) 0. 2(3)
LAY /Copin 0.0 —1.56(4) 0.0 —1.62(6) 0.4(2)
= 0.112(8) 0.54(7) 0.110(9) 0.6(2) —0.5(7)

Table 1: Fit parameters describing the z-dependences of the form ag + a1/z + az/2>.

Where the

constant term, ag, is listed without an error, it is constrained to the prediction of the static effective

theory. (In case of the entire z-range, only the quadratic fit results are given.) All these fits have

an acceptable goodness-of-fit.

R/CPS/V
1

0.95
0.9
0.85
0.8

0.75

[ I T T T I T T T I T T T I T I_
TS L linear (1/z<0.2)
E S, i ____ quadratic ]
C e, 1 1
3 g ; 1 I E
B Iuii\ ) : P
3 o E
C I [
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0 0.1 0.2 03 1/z

Figure 7: Asin figure E The fits use the evaluation of Cpg /v with the two-loop matching coefficient
between HQET and QCD; they are constrained to the prediction of the static effective theory. (On
the level of perturbative orders, two-loop matching belongs to the three-loop anomalous dimension
of the currents, cf. appendix E)

Turning our attention to the effective energies, introduced in section a first rough

test of HQET is the behaviour of the spin-averaged energy I, .

Figure B confirms the

expectation that the combination LI, /(2 Ciass) approaches 1 up to 1/z-corrections as
1/z — 0 (see eq. (B.13)). Note that the (1/z)2-corrections in I'y, are very small, which is of
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Figure 8: Quadratic fit over the entire z-range of the combination LT,y /(2 Crass), which is con-

strained to approach 1 in the static limit. It employs the three-loop relation between the pole and

the MS mass; the results using this relation to only two loops are also depicted for comparison.
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Figure 9: Fits in 1/z constrained to the static result and referring to the two-loop evaluation of
Cspin- The linear fit is only based on the heavier quark mass points with z = 5.15-13.5, while the
quadratic one (i.e. also allowing for a 1/z%-term) includes all points.

particular interest for the computation of the b-quark mass in static approximation [B6], B5].
There the quantity I',, was used in order to non-perturbatively match the quark mass of
the effective theory to the one in QCD. The dominant error in the final estimate for the
quark mass, My, is expected to originate from this matching and is of order M, x (1/2)2.
From the values of as and 2z, = mpL ~ 5, we may estimate the relative error to be roughly
of the order of 0.2 x (1/5)? ~ 1%. As seen from the figure, this conclusion is not very
much affected either by the perturbative uncertainty visible in the graph as a difference
between the two-loop and three-loop approximations for the pole mass m¢ in eq. (B.14);

the 1/z2-curvature is not very different.
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Figure 10: Linear and quadratic fits of the observable E as in figures &E, where the static data
point, Egtat, is included in the fits.

The spin splitting Ap(L, M), which vanishes in the static limit, is displayed in fig-
ure fl. It is in good agreement with the HQET prediction but exhibits a rather large
1/z-coefficient.”

Finally, we successfully test eq. (B.16) in figure [[0] Recall that a simple kinematical
consideration leads one to expect the 1/z-expansion to only be applicable at smaller values
of 1/z for this observable (cf. section B.2). On the other hand, reparametrization invariance
allows to exclude logarithmic modifications of the 1/z-term; in contrast to our other tests,
figure [[q does not involve any perturbative conversion factor.

5. Conclusions

All of the comparisons of QCD observables with the predictions of HQET discussed in this
work represent tests of the effective theory, which it passed successfully. As a significant
improvement of earlier non-perturbative (lattice) tests, these comparisons are performed
after first taking the continuum limit of the non-perturbatively renormalized quantities.
Thus, worries that O(a) effects, in particular those that grow with the quark mass, may
afflict the large-mass behaviour in QCD are removed.

For a precise judgement of figures PHLO it is important to be aware of the level of
precision of renormalization and matching. The renormalization problem of the static axial
current has been solved non-perturbatively in [B9] and with this information all points at
1/z = 0 are known without any residual perturbative uncertainty. For the quantity = shown

"We note that the slope X;%?(L) is computable in the effective theory in a very similar way to Xrai,
because the associated operator Eha - B, does not mix with any other; its renormalization may be
computed non-perturbatively using the methods of ref. [@] The comparison of the result to the data at
finite mass would presumably be limited in precision by the present perturbative uncertainty in Cspin. This
limitation is likely to apply to the (large-volume) mass splitting between the B*- and the B-meson as well.
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in figure 0], this is also true at finite 1/z. However, in general we need to know the functions
Cx, which relate the QCD observables at finite mass M (and thus finite z = ML) to the
renormalization group invariants of the effective theory, such as Xgrqy in figure fl. While the
latter are unambiguously defined and have been computed non-perturbatively, the former
are known only in perturbation theory and have errors of order a”, with a evaluated at
the scale of the heavy quark mass. We have discussed these errors. On a phenomenological
level they are under control due to the computations [B§, f], except for Cypin, where a
next-to-next-to-leading-order computation is not yet available. Still, one should remember
that — strictly speaking — the isolation of 1/m-corrections by looking at the difference
to the leading-order HQET result is only possible when Cx is known non-perturbatively:
parametrically, O([a(m)]™) corrections are always larger than O(1/m). Nevertheless, our
results in figures fl-I0] are compatible with the =" power corrections dominating over the
perturbative ones in the accessible range of z. Fitting them by a simple polynomial in 1/z,
the coefficients turn out to be of order 1 as naively expected. Therefore, at the b-quark
mass, which corresponds to z, = mpL ~ 5 for our value of L = Ly = 0.2 fm, the effective
theory is very useful.

Beyond the general interest of providing a non-perturbative test for HQET, these
results are important for the programme of ref. [@] There it was suggested to determine
the 1/my-corrections to B-physics matrix elements from a simulation of HQET on the
lattice. The coefficients ¢y, of the various terms in the HQET lagrangian and of the effective
composite fields are to be determined by matching HQET and QCD in a finite volume, and
it was proposed to employ a value of L similar to Lg in this step. This value has to be large
enough such that (i) z}, is in the range where HQET is applicable with small corrections,
yet (ii) Lo has to be small enough to allow for the computation of the QCD observables at
m = my, with small a-effects. From table [] we conclude that L = L is indeed promising.
In fact, in the previous section we roughly estimated that the correction to the static limit
computation of the RGI b-quark mass [B4, is only of the order of 1%.

However, this application appears to be a particularly favourable case and it would be of
advantage to have a larger value of z}, (i.e. larger L) in the matching step to suppress higher-
order terms. Our analysis suggests that this is indeed possible, since we may determine
QCD observables rather precisely in, say, the entire range z > 5 by combining QCD results
at finite z with the static limit. Choosing, for instance, L ~ 2L in the matching step, one
needs the QCD observables for z = 10. The errors of the quadratic fit functions evaluated at
2z = z, = 10 are typically 30%—50% smaller than the errors of the neighbouring points seen
in figures f}-[lJ. Proceeding in this way, namely taking the fit functions as representations
of the QCD observables in finite volume (of course within their errors), one may obtain
the HQET parameters as functions of the quark mass and infer predictions for all quark
masses larger than the minimal one considered. With the entire matching done non-
perturbatively, the final HQET results will differ from QCD by O(1/m?) if 1/m-terms are
properly included. No perturbative errors as in Cx enter in this programme.

We finally remind the reader that in the quantities discussed in this paper, as well
as in the matching step just described, we are dealing with matrix elements of a mixture
of energy eigenstates where states with energy of O(1/L) contribute. Hence the 1/m-
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expansion for the large-volume B-physics matrix elements may be expected to behave even
better and should be well under control, once this is the case for the matching step.
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A. Results at finite lattice spacing

For any details on the lattice simulations and the subsequent analysis of the numerical
data, the reader is referred to [BH| and references therein. In table P] we therefore directly
list the results on the observables studied in this work at finite values of the lattice spacing
as well as in the continuum limit. As already mentioned in section fi} the latter have been
extracted by linear extrapolations (a/L)% — 0 of the O(a) improved lattice data following
the same procedure as adopted in ref. [BH].

| L/a  Yps(L,M) Yy(L,M) R(L,M) LAp(L,M) Z(L,M) |
z=3.0

12 —1.35(1) —1.581(7) 0.869(8) —0.509(10)  0.245(4)
16 —1.357(7)  —1.576(7) 0.874(6) —0.512(10)  0.256(5)
20 —1.357(6) —1.575(7) 0.875(5) —0.521(11)  0.259(6)
24 —1.357(6) —1.576(7) 0.874(5) —0.522(13)  0.259(8)
32 —1.360(7) —1.577(7) 0.875(5) —0.533(14)  0.246(9)
CL —1.859(8) —1.576(8) 0.875(6) —0.537(15) 0.250(9)
z =338
12 —1.39(1) —1.591(7) 0.884(8) —0.419(13)  0.226(4)
16 —1.392(7)  —1.584(7)  0.890(6) —0.423(12)  0.240(5)
20 —1.391(6) —1.582(7) 0.892(5) —0.430(12)  0.240(6)
24 —1.391(6) —1.582(7) 0.891(5) —0.431(13)  0.241(8)
32 —1.394(7)  —1.583(7) 0.892(5) —0.441(15)  0.228(9)
CL —1.894(8) —1.581(8) 0.893(6) —0.444(16) 0.232(9)

Table 2: (Continued).
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| L/a Yps(L,M)  Yy(L,M) R(L,M) LAp(L,M) ZE(L,M) |

z=05.15
12 —1.44(1) —1.609(7) 0.904(8) —0.315(17)  0.200(4)
16 —1.438(7) —1.596(7) 0.910(6) —0.320(15)  0.215(5)
20 —1.437(6) —1.592(7) 0.913(5) —0.328(15)  0.216(6)
24 —1.437(6) —1.591(7) 0.913(5) —0.327(16)  0.218(8)
32 —1.436(7) —1.589(7) 0.914(5) —0.341(17)  0.210(9)
CL —1.435(8) —1.586(8) 0.915(6) —0.843(19) 0.214(9)
z=26.0
12 —1.46(1) —1.620(7) 0.913(8) —0.270(20)  0.186(4)
16 —1.462(7) —1.604(7) 0.920(6) —0.276(17)  0.203(5)
20 —1.460(6) —1.597(7) 0.923(5) —0.283(17)  0.205(6)
24 —1.460(6) —1.595(7) 0.924(5) —0.282(17)  0.207(8)
32 —1.458(7) —1.593(7) 0.924(5) —0.296(19)  0.198(9)
CL —1.457(8) —1.589(8) 0.926(6) —0.297(21) 0.203(9)
z=26.6
12 —1.48(1) —1.629(7) 0.918(8) —0.243(21)  0.178(4)
16 —1.477(8) —1.609(7) 0.926(6) —0.251(19)  0.196(5)
20 —1.474(6) —1.601(7) 0.930(5) —0.258(19)  0.198(6)
24 —1.474(6) —1.599(7) 0.930(5) —0.257(19)  0.201(8)
32 —1.473(7) —1.596(7) 0.931(5) —0.270(20)  0.191(9)
CL —1.471(8) —1.591(8) 0.933(6) —0.271(23) 0.197(9)
z=29.0
12 —1.56(1) —1.678(7) 0.933(8) —0.166(31)  0.149(4)
16 —1.530(8) —1.633(7) 0.943(6) —0.182(27)  0.172(5)
20 —1.522(6) —1.618(7) 0.948(5) —0.190(25)  0.176(6)
24 —1.520(6) —1.612(7) 0.950(5) —0.189(25)  0.180(8)
32 —1.517(7) —1.608(7) 0.951(5) —0.200(26)  0.170(9)
CL —1.515(11) —1.600(12) 0.954(7) —0.202(30) 0.177(9)
z=13.5
16 —1.639(8) —1.713(7) 0.961(6) —0.106(47)  0.139(5)
20 —1.595(7) —1.659(7) 0.967(5) —0.123(39)  0.149(5)
24 —1.583(7) —1.640(7) 0.970(6) —0.126(37)  0.157(8)
32 —1.578(7) —1.631(7) 0.973(6) —0.132(39)  0.142(9)
CL —1.571(17) —1.619(18) 0.976(9) —0.137(66) 0.145(14)

Table 2: Lattice results on the quantities of this work for different values of the dimensionless
renormalization group invariant heavy quark mass, z = ML, with L = Lg ~ 0.2 fm. The full sets
of simulation parameters can be inferred from tables 1 and 4 of ref. [@], where also the results for
LT ,, were published. The quoted errors cover the statistical as well as the systematic uncertainties,
including those originating from the fact that in the numerical simulations z can only be fixed within
some finite precision. Continuum limits are displayed in italics.
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B. Perturbative conversion factors between QCD and HQET

In this appendix we provide details on the numerical evaluation of the perturbative approx-
imations of the conversion functions Cx(M/Ayg) (X = PS,V,PS/V,spin) that translate
the matrix elements and energies obtained in the effective theory to those in quenched
QCD at finite values of the heavy quark mass. Also the case of the conversion factor
Cmass(M/Agpg), which relates the heavy quark’s pole mass mg to the renormalization
group invariant quark mass M, will be addressed.

Let us begin with the definition of the conversion functions for matrix elements of the
heavy-light currents. Parametrized with the MS mass ., implicitly defined through

Mings (i) = s, (B.1)
we write them for X = PS and V as
5 o 1 /(2b) 9 Ty W
Cx (M EngQm* %/(Oexp / dg | —= — —=| . B.2
x(me) = o7 (m.)] ; 3a) g (B2
Here, 3(g) = —g3bg — g°by + . .. is the four-loop anomalous dimension [i3] of the renormal-

ized coupling g(p) in the MS scheme with the leading- and next-to-leading-order coefficients
bo = 11/(47)? and by = 102/(47)*. In eq. (B:3) we have introduced the anomalous dimen-

sions in the matching scheme
M9 == {0+ gt ) (B.3)

At one-loop order they are the universal ones [p(, F1],

1
PS \
= = — B'4
Y0 Y0 47_[_2 ’ ( )
and at higher order they are related to the anomalous dimensions M5 (g) of the corre-

sponding effective theory operator in the MS scheme via

fy{( — fyi(’MS =+ 21)00{( R (B5)
,}é( — fyg(’MS + 4b0(c§ + fygk) + leci( — 2bg [c{(]2 . (B.6)

For X = PS and V, the MS two-loop anomalous dimensions are known from 62, |
and the three-loop ones from ref. .8
The coefficients

2 1 1
PS PS
S _Z P =—42—— B.7
1 3 472’ 2 (471'2)2 ) ( )
4 1 1
\% \%
cf =——— cy = —11.5 ——= B.8
1 3 47_[_2 ) 2 (47‘1’2)2 ( )
8Note that, since in HQET the anomalous dimension of the quark bilinears does not depend on their
Dirac structure, y55MS = AV:MS 1161ds for all n.
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originate from the matching of the effective theory operators renormalized in the MS scheme
to the physical ones in QCD [fl, b5, (g, while the term proportional to

1

k= ——
32

(B.9)

is due to a reparametrization: the matching was originally done at the matching scale
expressed in terms of the heavy quark’s pole mass, mg. Using the perturbative expansion
for the ratio m./m¢ [66],

My

=14+ kg (M) + -, (B.10)
mQ

the pole mass can be replaced by m..

Next, we turn to the chromomagnetic operator ¥,o - By,. If, for the moment, we
follow the common practice that in the HQET expansion its matrix element is understood
to multiply the inverse pole mass, 1/mg, the associated conversion function émag would
be given by eq. (B.) with an expansion (B.J) for X = mag and the universal one-loop

coefficient [67, Bg

6
0= —0. B.11
Yo (47[_)2 ( )
With the two-loop anomalous dimension ~;" M5 i) the effective theory given in [F1], 2
one finds
yiaE = mag MS y gpmar | nas (B.12)

6 42’
where ¢;"*® was determined in [67]. In view of eq. (B.19)), however, we are rather interested
in a function Cgpin, which multiplies 1/M. In other words, the conversion function Cipin

must also include the factors m./ mgq and M /M in order to cancel the conventional factor
1/mg in the HQET expansion in favour of 1/M. Using the relation

M 2/ \1—do/(2bo) . gm.) M . @
e [2b0g” (M)] exp{ /0 dg [ﬁ(g) bog] }, (B.13)

where 7(g) = —g%dg — g*dy + - - - denotes the quark mass anomalous dimension in the MS
scheme in QCD (known up to four loops [i5, 6] with leading coefficient dg = 8/(4)?),
and the ratio (B.10), we then obtain eqs. (B.2) and (B.3) for X = spin and

. 6
spin _ mag _ g _ —d B.14
'Yipin = " —dy + 2bok = " MS dy 4 20b0(cy™™® + k), (B.15)

with 7;"*® from eq. (B.19).
For the special case of the ratio of pseudoscalar and vector current matrix elements,
X =PS/V, all but the contributions from the matching cancel and one gets

. g(m+) PS _ AV
Cpg/v (M) = exp {/0 dg7 l9) =7 (9) } . (B.16)

B(g)
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To parametrize the mass dependence of energy observables (such as I',y in eq. (B.19)
of section B.d), we also define
mqQ My
me M’

Crnass(Ms) = (B.17)
where in this case the highest available perturbative precision is achieved by taking the four-
loop 7-function [H, if] in M. /M together with the three-loop expression for mg /M. [{7].

Finally, changing the argument of the various C'x to the renormalization group invari-
ant ratio M/Agg via (B.13), we straightforwardly arrive at the conversion functions

M ~

Cx <A—> = Cx (Mx) with X = PS, V,PS/V, mass, spin . (B.18)
MS

We evaluate all occurring integrals in the above expressions exactly (sometimes numeri-

cally), truncating anomalous dimensions and the 3-function as specified. Also eq. (B.I) is

solved numerically. For practical purposes, such as repeated use in the fits of the heavy

quark mass dependence of our QCD observables, a parametrization of all conversion func-

tions in terms of the variable .

x

(B.19)

was determined from a numerical evaluation. The functions decompose into a prefactor en-
coding the leading asymptotics as z — 0, multiplied by a polynomial in x, which guarantees
at least 0.2% precision for z < 0.6:

Cra(a) = 276°/@b0) {1 -0.065x + 0.048 22} 2-loop 7" (B.20)
PSR an5/@00) {1 - 0.068 2 — 0.08722 +0.07923}  3-loop A5 '
Cola) = 270/ (20) {1 - 0.180 2 + 0.099 22} 2-loop 7" (B.21)
VA= 0/ (200) {1-0.1962 —0.2222% +0.1932%}  3-loop 7V '
1+ 0.1172 — 0.043 22 2-loop 775V
C = B.22
ps/v (@) { 1401242 +0.1872% — 0.1022°  3-loop 475V (B.22)
Gy — 4 P14 0247+ 0.2362%) 2-loop 72 (B.23)
x) = 0 :
mass a0/ {1 4+ 0179z + 0.69422 +0.065 2%} 3-loop =2
o 277"/ (290) 11 4 0.066 2} 1-loop ~Pin (B.24)
in\xr) = spin . . .
spin 200"/ (2bo) {1 + 0.087x — 0.021 :1:2} 2-loop ~*P"

Apart from the function Cp,,s, the pole mass does not appear in any of the above per-
turbative expressions; they relate observables in the effective theory to those in QCD and
are parametrized by the RGI mass M, which is unambiguously defined in terms of the
(short-distance) running quark mass (see eq. (B.6)). Thus, their perturbative expansion
is expected to be a regular short-distance expansion. In particular, it is not expected to
suffer from the bad behaviour of the series (B.10).
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