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Introduction 3

1 From continuum to lattice QCD

Already about thirty years ago, the three fundamental forces between elementary parti-

cles, the electromagnetic, the weak and the strong nuclear interactions have found their

unified description in the Standard Model of particle physics. This unification — and even

more the great success of the Standard Model on its own, reflecting in a so far impres-

sively precise agreement between theory and experiment — would not have been possible

without the theoretical insight that these three kinds of interactions can be formulated in

a way consistent with both quantum theory and the special theory of relativity on the one

hand, while on the other hand they have to obey a local gauge principle which demands

invariance under certain local symmetry transformations. The theory of elementary par-

ticles and their interactions is therefore founded on so-called gauge field theories.1

The gauge field theory of the strong nuclear interactions, which bind the constituents

of atomic nuclei together, is Quantum Chromodynamics, QCD. As such it is a key compo-

nent of the Standard Model, describing the constituents of all nuclear matter, the quarks,

and their mutual interactions by the exchange of massless vector bosons that are referred

to as gluons. They carry SU(3) quantum numbers associated with internal, colour de-

grees of freedom and couple to all flavours of quarks with equal strength proportional

to the gauge coupling constant, g. QCD shares some common structural and qualitative

features with Quantum Electrodynamics (QED), the quantized theory of electrons and

photons, which historically was the first of the three aforementioned gauge theories of

particle physics. The general form of the basic field equations looks rather similar, and

in both cases the interactions are mediated by massless field quanta: in QED these are

the photons that are responsible for the electromagnetic interactions of charged particles,

whereas in QCD the gluons mediate the strong force among the quarks.

However, there are also essential differences between both theories. The gauge group

of QED is U(1), an abelian group, which implies that there is no self-interaction of pho-

tons and the electromagnetic force decreases as the distance between the charges grows.

Moreover, physical quantities of interest can be expanded in powers of the electromag-

netic coupling, the finestructure constant α, that is numerically small (α ≈ 1/137). The

smallness of this number is just the deeper reason for the very accurate predictions made

in QED, which in turn led to experimental tests of the theory with highest precision. In

contrast, the coupling strength of the strong interactions is not small at all, and it is

actually the non-abelian character of the gauge group of QCD, SU(3), that has crucial

consequences for the properties of this theory.

To illuminate this more closely, let us write down the Lagrange density of QCD, which

may be regarded as the defining equation of the theory and usually serves as the starting

1The gravitational force does not play an important rôle in the physics of elementary particles.

3



4 1. From continuum to lattice QCD

point of any of its calculational schemes:

LQCD = − 1

2g2
Tr {FµνFµν} +

∑

f=u,d,s,...

ψf {γµ (∂µ + gAµ) + mf}ψf , (1.1)

where in this form a rotation from Minkowski to Euclidean space is already implied.

Without going into all details, we only mention that the first term is the square of the

non-abelian gauge field tensor

Fµν = ∂µAν − ∂νAµ + [ Aµ, Aν ] (1.2)

with Aµ(x) = Aa
µ(x)T a being the gauge (or gluon) fields and T a, a = 1, . . . , 8 the genera-

tors of the colour group SU(3), while the second term in eq. (1.1) sums the contributions

of the quark flavours up, down, charm, strange, top and bottom, represented by the

Dirac spinor fields ψf (x) with associated quark masses mf (and internal colour indices

suppressed here).

In fact, from the gψfγµAµψf piece in the QCD Lagrangian (1.1) one now concludes

that the quarks are interacting with each other by exchanging massless quanta of the

gauge field, the gluons, where the interaction strength is parameterized by the gauge

coupling g. At first sight, this suggests a fall off like 1/r2 of the force at large distances r,

similar to the situation with photons in QED, which then would also mean that the

amount of energy necessary to break up a quark-antiquark bound state is finite. Such

an interpretation stands, however, in clear contradiction to a famous phenomenon of the

strong interactions known as confinement : Quarks have never been detected in isolation,

always several of them appear as constituents to build up bound-state hadrons. From the

theoretical point of view, this corresponds to the fact that all physical states are singlets

w.r.t. the colour group.

In addition to the quark-gluon interaction, however, the gluons do also interact with

each other by virtue of the squared field strength term in (1.2) — a term that is absent

in QED. As a consequence, it turns out (and can be explicitly shown in a perturbative

expansion of the theory defined by eq. (1.1) with the coupling as expansion parameter)

that, once exchanges of virtual quarks and vector bosons are included, the interaction

strength mediated by the gluons depends on the magnitude µ of the energy-momentum

transfer between the quarks. More precisely, if one introduces a suitable quantity, say ḡ,

that is designed to be a measure for the strength of the interaction accounting for all possi-

ble higher-order corrections from virtual quark and gluon excitations2, the corresponding

strong coupling constant αs behaves for large momenta µ as

αs(µ) ≡ ḡ2(µ)

4π
=

c

ln(µ/Λ)
+ . . . , (1.3)

2In a more theoretical language, such a quantity would be called an effective or renormalized, physical

coupling.
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Introduction 5

with a calculable constant c and an intrinsic, low-energy QCD scale of mass dimen-

sion one, the Λ–parameter, which governs the dynamics and particularly the large-energy

asymptotics of the theory and which in a sense can be looked at as a fundamental QCD

parameter equivalent to the coupling itself. The logarithmic decay of the coupling αs

encoded in eq. (1.3) is the other prominent property of QCD and called asymptotic free-

dom. As illustrated in the left diagram of Figure 1.1, it is indeed confirmed in high-energy

scattering experiments; from such measurements it was possible to estimate the value of

Λ to be 210+34
−30 MeV [1,2], where this number refers to the five-flavour theory and the ‘MS

scheme of dimensional regularization’ as a particular definition of the effective coupling

used in (1.3).
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Figure 1.1: Left: The strength of the strong interaction (αs) decreases as the energy increases. Known as

asymptotic freedom, this property is one of the crucial predictions of the underlying quantum field theory,

QCD. Right: The QCD potential between quarks and antiquarks computed non-perturbatively with the

methods of lattice gauge theory. The potential increases with the separation distance between the quarks,

with the result that quarks are never encountered free. This phenomenon is known as confinement. (The

compilation of the data in both figures is taken from Ref. [3].)

The physical picture emerging from the foregoing discussion, namely the ‘running’ of

the QCD coupling with the energy scale as e.g. expressed by eq. (1.3), makes evident that

the supposed conflict between theory and the non-observation of free quarks is avoided.

As one moves towards higher energies, the coupling becomes increasingly weak. Hence, for

energies beyond a few GeV, perturbation theory as a systematic expansion in powers of the

coupling, which multiply contributions pictorially representable by Feynman diagrams,

will generally be applicable to yield reliable results for the observables of interest in this

regime. Opposed to that, if we approach the confinement regime at low energies of some

hundred MeV, i.e. of the order of the QCD scale Λ, the QCD force begins to become strong

and constant at large distances of O(1 GeV−1) (see the right graph of Figure 1.1), and

the associated growth of the coupling consequently renders the perturbative expansion

5



6 1. From continuum to lattice QCD

invalid. It is also worth to note here that the breakdown of this expansion immediately

implies that the characteristic low-energy scale of QCD itself, Λ, can not be directly

computed with perturbative methods.

The scope of most theoretical investigations of QCD may be grouped into two branches.

On the one hand, one would like to demonstrate that QCD indeed yields the correct ex-

planation for the observed diversity of the strong interaction phenomena in both the high-

and low-energy regimes and thereby to confirm it as the undoubtedly accepted framework

to describe this sector of the Standard Model. On the other hand, QCD computations

are needed to determine the basic properties of the quark bound states such as pions,

kaons or, for instance, mesons involving heavy quarks, since results from the hadronic

sector of the theory constitute valuable information for experimentalists in order to in-

terpret the outcome of their current and future experiments at particle accelerators. In

practice, though, it turns out to be difficult to perform such precision tests of QCD by

comparing theory with experiment or to arrive at concrete numerical predictions, and the

reason for that has already been touched above: Contrary to the situation in QED as a

weakly coupled theory where perturbation theory always works well and gives applicable

series expansions, the coupling strength of the strong interactions is by no means small

and thus cannot serve as a feasible expansion parameter of perturbative series in QCD,

unless one allows for ad hoc assumptions or approximations such as e.g. restricting the

investigations to the domain of very high energies. Therefore, a different computational

scheme is required to address questions that are of generically non-perturbative nature or

take (direct or indirect) reference to the whole energy range of the theory.

To be able to deal with such problems in a reliable way, one first of all needs a

formulation of the theory that is mathematically well-defined at the non-perturbative level.

A viable framework to achieve this is provided by the lattice formulation of QCD, which

was initiated by K. Wilson in 1974 [4] and opened already from the very beginning the

interesting perspective to solve the theory by applying numerical simulation methods. The

lattice approach to quantum field theory has nowadays established itself as an integral part

of theoretical elementary particle physics3 and provides a non-perturbative framework to

compute relations between Standard Model parameters and experimental quantities from

first principles. As the lattice formulation of QCD also represents the basis for the work

presented in the following, we will continue with a brief summary of its key elements. For

a more general and comprehensive indroduction to the whole field see, for instance, the

textbooks [5, 6].

3The current status of this field of theoretical physics as well as an representative overview of its

concrete results and new developments can be drawn from the periodically published Proceedings of the

annual International Symposium on Lattice Field Theory.
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Introduction 7

1.1 A survey of the lattice formulation of QCD

In order to formulate QCD on a discrete grid of points, the four-dimensional space-time

continuum is replaced by a Euclidean, hypercubic lattice with lattice spacing a and volume

L3 × T of (in practice finite) space- and timelike extents, L and T . Next, one needs a

sensible prescription for the discretization of the action belonging to the Lagrange density

(1.1) of QCD. To this end the quark and antiquark fields ψ and ψ are restricted to

the lattice points, while the gauge field is associated with matrix-valued link variables

U(x, µ) ∈ SU(3), µ = 1, . . . , 4, which live on the lattice bonds pointing from site x

into the positive µ–direction with unit vector µ̂ and which act as parallel transporters

between the fields defined on different sites of the lattice. In this way it is possible to

find discretizations of the terms in eq. (1.1) that fully preserve the gauge symmetry of

the theory and coincide in the classical continuum limit, a → 0, with their continuum

counterparts. In case of the purely gluonic part, the commonly used discretization is the

Wilson action [4],

Sgluon[U ] =
1

g2
0

∑

p

Tr {1 − U(p)} , (1.4)

which is defined in terms of (oriented) plaquette variables U(p), where a plaquette denotes

the product of link variables along a closed curve of extent 1 × 1 (in units of the lattice

spacing) as the smallest possible of all closed curves of arbitrary size and shape on the

lattice. This expression is gauge invariant and reproduces as its leading term for small a

the Euclidean Yang-Mills action in the continuum, − 1
2g2

0

∫
d4x Tr {FµνFµν}, with g0 being

the (bare) gauge coupling. The construction introduced so far is schematically drawn in

Figure 1.2. It is also important note here that the inverse lattice spacing naturally imposes

a cutoff ∝ 1/a on all entering momenta; thereby the lattice serves at the same time as a

(non-perturbative) regulator of the ultraviolet divergences that are usually encountered

in quantum field theory.
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Figure 1.2: Sketch of lattice-discretized two-dimensional space-time of extent L × T and the lattice

versions of the field variables that build up the Lagrange density of QCD. Links U(x, µ), representing the

lattice gauge field, connect neighbouring sites, whereas the quark field ψ(x) resides on the lattice sites x.
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8 1. From continuum to lattice QCD

The discretization of the part in SQCD =
∫

d4xLQCD involving the quark fields simply

reads

Squark[U, ψ, ψ] = a4
∑

x

ψ(x)D[U ]ψ(x) , (1.5)

where x runs over all points of the lattice and D[U ] = 1
2
γµ(∇∗

µ + ∇µ) + m0 stands for

the lattice Dirac operator in which the naive lattice forward and backward (i.e. the cor-

responding nearest neighbour finite-difference) operators ∇µ and ∇∗
µ acting on the quark

fields are understood to be substituted by their gauge covariant forms, i.e.

∇µψ(x) =
1

a
[ U(x, µ)ψ(x + aµ̂) − ψ(x) ] (1.6)

for the forward difference operator and analogously for the backward case, in order to

ensure gauge invariance. The lattice action (1.5) is, however, afflicted with the so-called

‘doubler’ problem reflecting in the occurrence of additional unphysical degrees of freedom

that would persist in the continuum limit and thus deteriorate the physical spectrum of the

theory. One of the proposals to cure this deficiency is again due to Wilson and amounts to

include a term −1
2
a∇∗

µ∇µ in eq. (1.5), which causes the unwanted fermion modes to acquire

masses proportional to 1/a. The corrections assigned to the low-momentum physical

modes then vanish proportionally to a so that for a → 0 the former become infinitely

heavy and disappear from the physical spectrum while only the latter survive. Thanks to

its simplicity (and, as will become clear below, despite the difficulties it introduces for its

own) it is widely used in many lattice QCD applications. The complete lattice action of

QCD is now written as

SQCD = Sgluon + Squark (1.7)

= β
∑

p

{
1 − 1

3
Re U(p)

}
+ a4

∑

x

ψ(x)
{

1
2

[
γµ

(
∇∗

µ + ∇µ

)
− a∇∗

µ∇µ

]
+ m0

}
ψ(x) ,

where the convenient parameter β is related to the bare gauge coupling through β ≡ 6/g2
0

and m0 is the bare quark mass4.

The quantization of the lattice field theory is founded on the Feynman path integral

formalism and bears a nice as well as very useful analogy between Euclidean quantum field

theory and statistical mechanics, which finally allows the application of many, particularly

numerical methods borrowed from the statistical mechanics of lattice systems and to

develop new tools from them. Therefore, given an observable O (which generally will

be a local gauge invariant function O[U, ψ, ψ] of the link variables and quark fields), the

starting point of any calculation in lattice QCD is to specify the functional integral that

defines the expectation value of O via the representation,

〈O〉 =
1

Z

∫
D[U ]D[ψ, ψ]O e−SQCD[U,ψ,ψ] , Z =

∫
D[U ]D[ψ, ψ] e−SQCD[U,ψ,ψ] , (1.8)

4For simplicity it is assumed here that the quark mass is the same for all flavours, making obsolete

the subscript f on the quark fields in (1.1).

8



Introduction 9

where SQCD is the discretized action from eq. (1.8) and Z is called the partition func-

tion. The discretization procedure has hence given a meaning to the functional integral

measure D[U ]D[ψ, ψ] as a simple product measure
∏

x,µ dU(x, µ)
∏

x dψ(x)dψ(x) compris-

ing a discrete (and in practice even finite) set of integration variables so that the lattice

in fact leads to a regularization of the theory with finite, mathematically well-defined

expressions for the quantities of interest. On top of these more theoretical advantages,

expressions such as (1.8) are also optimally suited for a numerical evaluation by Monte

Carlo methods.

Before coming to introduce the main ideas underlying the numerical studies of lattice

QCD, we want to give one example for an observable O that typically enters in spec-

troscopy calculations to obtain the mass of a hadron from the asymptotic behaviour of

Euclidean-time correlation functions. Let Φ(x) be a suitable combination of quark fields

at a point x, which has the quantum numbers of some hadron H. A prominent quantity

is then the two-point correlation function defined as the expectation value
〈
Φ(x)Φ†(y)

〉
,

because it is proportional to the quantum-mechanical amplitude for the propagation of

the hadron from y to x, from which the mass mH of the hadronic bound state may be

extracted. More precisely, if one takes Φ(x) = ψ(x)Γψ(x) with a Dirac matrix Γ (say γ0γ5

in case of pseudoscalar mesons like pions or kaons) and sums over the spatial coordinates

to Fourier-project onto zero spatial momentum, the correlation function is saturated by

those hadron states among an inserted complete set of intermediate states, which Φ(x) can

create from the vacuum, and its time dependence becomes a sum of damped exponentials,

C(t) =
∑

x

〈
Φ(x0,x)Φ†(0,0)

〉
=

|〈0|Φ|H〉|2
2mH

× e−mHx0 + · · · , (1.9)

where the lowest-lying (i.e. lightest) state |H〉 of mass mH dominates and the omitted

higher excitations are exponentially suppressed. Employing the rules to contract creation

and annihilation operators into quark propagators G(x0,x; 0,0) ≡ 〈0|ψ(x0,x)ψ(0,0)|0〉,
the correlator can be shown to be representable as a product of these propagators:

C(t) =
∑

x

Tr {G(x0,x; 0,0)ΓG(0,0; x0,x)Γ} , (1.10)

with the trace running over spin and colour indices. In an actual calculation on the lattice,

the quark propagators are obtained by a numerically cumbersome inversion of the (huge

but sparse) matrix associated with the lattice Dirac operator D[U ], while the hadron

mass is eventually estimated through a fit to the exponential decay form of the resulting

correlation function.

1.2 Numerical simulations

As anticipated before, the central objects of interest in a lattice QCD calculation are the

expectation values of eq. (1.8), whose formal path integral representation on a finite lattice

9



10 1. From continuum to lattice QCD

translates into a finite product of finite-dimensional integrals. This immediately suggests

to apply numerical methods on a computer for their evaluation; but owing to the even now

very large number of variables involved any straightforward numerical integration method

would be highly inefficient or just impossible. The goal of numerical simulations of field

theories on a lattice is therefore to compute physical observables through a stochastic

evaluation of these integrals by Monte Carlo integration, and not least by the growing

performance of the available computer platforms they have developed to one the most

powerful tools for obtaining predictions from QCD and other models of elementary particle

physics.

Opposed to more traditional theoretical approaches, a simulation by means of Monte

Carlo techniques may better be understood as numerical ‘experiment’, which is performed

on a computer; as such it has an a priori unknown outcome and is naturally affected by sta-

tistical and systematic errors. The key for an efficient estimation of the multi-dimensional

integrals (1.8) is to generate field configurations with a probability distribution which fol-

lows the Boltzmann factor, e−S. In this way the dominant part of the integrand is incor-

porated into the sampling of the phase space and thereby yields configurations that have

the most substantial weight in the path integral; the method is thus known as importance

sampling. Restricting to the pure gauge sector of QCD for a moment, an ensemble of

configurations is then defined as an infinite number of gauge field configurations with a

probability density p[U ] and, in the language of statistical mechanics, the density associ-

ated to the canonical ensemble is proportional to the Boltzmann factor: p[U ] ∝ e−Sgluon[U ].

Of course, in an actual simulation only samples consisting of a large but finite number

N of field configurations can be created, where for the generation of this sequence of

gauge configurations one makes use of suitable updating algorithms, which have to satisfy

certain conditions defining a stochastic process called Markov chain and are constructed

such that the distribution within a sample reproduces the desired equilibrium distribution

in the canonical ensemble.

Assuming now to have generated in such a Monte Carlo procedure a representative

sample of full QCD configurations (i.e. where both the dynamics of the gauge-link and

fermion field variables has participated in), the sample average of some observable O =

O[U, ψ, ψ] is given by

O =
1

N

N∑

n=1

On[U, ψ, ψ] (1.11)

with On being the value of the observable computed on the n-th configuration, sometimes

also dubbed the n-th ‘measurement’ of O. As we work with a finite number of configura-

tions, it is an estimator of the ensemble average corresponding to the expectation value

of O up to some finite precision, viz.

〈O〉 = O ± ∆O , (1.12)

10



Introduction 11

where generically the statistical error ∆O is proportional to 1/
√

N .5 Hence, a correct

and controlled evaluation of the statistical errors to be assigned to the observables, par-

ticularly accounting for the (in principle unavoidable) intrinsic autocorrelations among

the configurations of a Monte Carlo sequence, is always a crucial (but more technical)

ingredient of any serious analysis of numerical simulation data.

In summary, the numerical evaluation of the QCD path integral by Monte Carlo

simulations then appears a two-step process, where in the first stage sets of gluon fields, the

configurations, are created which are the representative ‘snapshots’ of the QCD vacuum.

In the second stage, the quarks are allowed to propagate on these background gluon fields

and the physical quantities are extracted from sample averages of (‘measurements’ of)

products of gauge invariant local fields like, for instance, a hadron correlation function

as discussed around eq. (1.9), which during the simulation has been composed out of the

quark propagators calculated on each gauge background. Finally, it should be emphasized

once more that — in contrast to other fields in physics where numerical simulations are

often to be looked at as an approximate tool to primarily gain qualitative information

on the behaviour of complex systems — lattice QCD simulations rather provide an ‘ab

initio’ approach relying on the basic Lagrangian as the defining element of the theory,

which produce results that are (on the given lattice) exact up to statistical errors.

1.3 Problems and uncertainties

Despite its attractivity as a genuine non-perturbative approach to perform computations

in QCD, realistic simulations of lattice QCD are difficult and various theoretical as well

as practical issues have to be addressed.

Regarding the latter, one first has to realize that the usual approach of applying

numerical simulations to problems in high-energy physics consists in performing them

in boxes large enough for the relevant correlation lengths, or the Compton wave lengths

1/(ami) of the lightest particles with masses mi, to live comfortably inside. Obviously

this would be an ‘ideal’ world, resembling the infinite-volume situation extremely well.6

In order to eventually reach the point where the corresponding continuum field theory is

defined, the lattice spacing a has to be sent to zero such that particle masses in lattice units

vanish, ami → 0, while renormalized physical quantities have to remain finite in this limit.

Equivalently, the associated correlation lengths ξi ∼ 1/(ami) will diverge and the theory

in the continuum is recovered at the critical point of a second-order phase transition that

5Accordingly, statistical errors roughly scale with computing time, tCPU, as 1/
√

tCPU.
6In current calculations the lattice spacing is typically around a ≈ 0.1 fm (or even a ≈ 0.05 fm in the

case of the quenched approximation introduced below), while the length of a side of the box is about

L ≈ 3.0 fm. Thus, lattice QCD simulations are covering energy scales in an approximate range from

2GeV down to 100MeV.

11



12 1. From continuum to lattice QCD

the lattice theory would undergo if it were considered as a statistical mechanical system.

In the simulations, this scenario of increasing correlation lengths towards the continuum

limit must be accounted for by decreasing the resolution of the lattice accompanied by

an extension of the box size to keep the volume in physical units fixed. For lattice QCD

and models in high-energy physics in general, the number of lattice points needed in

the simulations scales with the fourth power along this limit, where additional factors

originating from the scaling behaviour of the employed algorithms are not even included.

Therefore, simulations of lattice QCD are numerically very hard and time-consuming, and

one actually may forced be to deviate from this ideal world to some extent. The possible

effects induced, for instance, by the finiteness of the lattice resolution or volume then have

to be assessed carefully.

Apart from these more practical limitations, which are mainly due to the fact that the

accessible lattice volumes and resolutions are restricted by the available (finite) computer

performance and memory, one also faces various problems and sources of uncertainties

on the theoretical side. Some of the characteristic ones are listed here, where I give most

room to those that will play a major rôle for the material covered later.

Continuum limit and lattice artifacts

Once one has computed a certain observable according to eq. (1.11) from the data obtained

in a numerical simulation, it still depends on the non-zero, finite values of the lattice

spacing a one has worked at and needs to be related to the continuum physical world.

An essential prerequisite for uncovering this relation and obtaining physically meaningful

results from it is the existence of a well-defined and unique continuum limit. The approach

to this limit is governed by so-called renormalization group equations that describe how

the parameters of the theory behave under a change of its scale, here the lattice spacing.

If the latter is sufficiently small, one expects dimensionless ratios of physical quantities to

become nearly independent on a; in this case one speaks of scaling, whereas the corrections

are the scaling violations.

To see how the problem of uncertainties due to the non-zero lattice spacing is addressed

in practice, let O denote the dimensionless quantity one wishes to compute on the lattice.

Then its expectation value on the lattice and in the continuum differ by corrections of

the order of some power of the lattice spacing,

〈O〉latt = 〈O〉cont + O (an) , (1.13)

where the term O(an) stands for the lattice artifacts (cutoff effects) and the power n

depends on the chosen discretization of the QCD action. The size of the correction term

can in some cases be as large as 20%, again depending on the discretization but also on

the quantity under study. It appears quite clear now that usually it will be required to

12
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calculate the quantities of interest at different values of the lattice spacing and to obtain

the desired continuum results by an extrapolation (of the corresponding results at finite

lattice spacing as on the l.h.s. in eq. (1.13)) to the continuum limit at a = 0. Since

it is computationally very expensive or impossible to perform numerical simulations at

arbitrarily small lattice spacings, these extrapolations can be brought much better under

control, if the chosen discretization avoids small values of n (i.e. particularly n = 1)

which in turn would correspond to a higher rate of convergence to the continuum limit.

The systematic construction of lattice actions and observables by which their leading-

order lattice artifacts are reduced or even completely eliminated goes under the name

improvement.

The basic idea of improvement is easily explained. To begin with, recall that dis-

cretization errors, which manifest themselves as a dependence of the physical result on the

(unphysical) lattice spacing, always arise whenever equations are discretized and solved

numerically. Hence, it will generally be possible to correct these errors by the adoption of

a higher-order discretization scheme. In the context of lattice field theories a very similar

picture reflects in the important observation that a given lattice action is not unique: one

can add any number of operators which formally vanish in the continuum limit a → 0,

provided that that they comply with the correct symmetry and locality requirements.

This relative freedom may now be exploited to define an higher-order (or improved) dis-

cretization scheme via supplementing the lattice action by appropriate combinations of

irrelevant operators (i.e. operators of dimension larger than four), where their coefficients

have to be tuned such that the lattice artifacts are reduced. The concept of universality

then tells us that the details of the discretization become irrelevant in the continuum

limit, i.e. any reasonable lattice formulation will give the same physical continuum theory

up to finite renormalizations of, as e.g. in QCD, the gauge coupling and the quark masses.

The theoretical understanding that at finite lattice spacing a the irrelevant operators

govern the discretization errors of renormalized dimensionless quantities and as such are

the deeper origin of lattice artifacts has led to a systematic and successful approach for

their removal order by order in a. It is often referred to as the Symanzik improvement

programme [7,8], and its implementation to design improved lattice QCD Lagrangians (as

well as improved bilinear quark operators for the extraction of hadron masses and matrix

elements) is one of the greatest advances in the field over the past years. As a particular

aspect it deserves to be mentioned here that in a quantum field theory like QCD the

improvement coefficients entering the higher-order discretization of the continuum action

receive radiative corrections, which must be determined. This can be done, for instance,

in lattice perturbation theory. To achieve a complete removal of the lattice artifacts at a

given order, however, calls for a non-perturbative determination of these coefficients [9].

For the rest of this paragraph we come back to the lattice QCD action in eq. (1.8). Here

one finds that the leading-order cutoff effects implied by Sgluon in observables composed

13



14 1. From continuum to lattice QCD

of only gauge degrees of freedom are of order a2, whereas the O(a) term −1
2
a∇∗

µ∇µ in

the Wilson-Dirac operator D[U ] of Squark introduces lattice artifacts that already start

at order a. As a consequence, one usually encounters large cutoff effects in physical

observables involving also fermionic degrees of freedom. In this case the implementation

of Symanzik improvement to lowest order amounts to add one dimension–5 counterterm

by replacing [10]

SQCD[U, ψ, ψ] → SI
QCD[U, ψ, ψ] = SQCD[U, ψ, ψ] + csw

ia

4

∑

x,µ,ν

ψ(x)σµνFµν(x)ψ(x) . (1.14)

Here, csw is an improvement coefficient (depending on the bare gauge coupling) and Fµν

is a lattice transcription of the field strength tensor. In order to remove all O(a) lattice

artifacts in hadron masses, csw has to be fixed by imposing a suitable improvement con-

dition. A sensible condition is offered by requiring that the restoration of the axial Ward

identity — which in the first place is violated at O(a) by the Wilson term (see below) —

holds up to terms of O(a2) and has been applied to determine csw non-perturbatively in

the range of bare couplings relevant for the simulation of QCD.

Further improvement coefficients appear in the definitions of the improved versions

of local composite operators such as vector and axial vector currents and have to be

considered, if their matrix elements need to be computed. For instance, upon O(a) im-

provement the axial current Aµ(x) = ψ(x)γ0γ5ψ(x), which was already mentioned as one

of the possible operators entering the correlation function (1.9) and whose matrix element

〈 0 |A0|PS 〉 defines the pseudoscalar decay constant FPS, takes the form

Aµ(x) → AI
µ(x) = (1 + bAamq)

{
Aµ(x) + cAa∂µP (x)

}
, (1.15)

where again bA and cA are improvement coefficients (the former compensating for quark

mass dependent cutoff effects) and P (x) = ψ(x)γ5ψ(x) is the pseudoscalar density. Pro-

vided that all these improvement coefficients, and similar ones necessary for other op-

erators, are chosen properly, one can show that lattice artifacts of O(a) are cancelled

completely in masses and matrix elements. As has been demonstrated in various lattice

QCD investigations of the hadron spectrum and hadronic matrix elements, calculations

with O(a) improved Wilson fermions are feasible and have the main advantage that more

accurate results in the continuum limit are obtained.

Effects of dynamical light quarks

One of the biggest challenges in lattice QCD simulations is the inclusion of dynamical

sea quark pairs that appear as a result of energy fluctuations in the vacuum. Moreover,

it will be necessary to push the mass values of light dynamical quark flavours u, d and s

towards their physical values, as they (in contrast to the heavier b-, c- and t-quarks) can

14



Introduction 15

have significant effects on many phenomenologically interesting quantities and e.g. also

on the running on the coupling constant.

The problem originates from the fact that the quark fields cannot be handled straight-

forwardly on a computer, because the quarks are fermions and as such to be represented in

the functional integral by anti-commuting variables. Instead, to still prepare for a numer-

ical evaluation of the expectation values (1.8), the quark degrees of freedom are integrated

out of the functional integral analytically. The expression for 〈O〉 then becomes:

〈O〉 =
1

Z

∫
D[U ]Oeff

{
det D[U ]

}Nf

e−Sgluon[U ] . (1.16)

With Oeff we denote the representation of the observable O in the effective theory, where

only gluon fields remain in the path integral measure: D[U ] =
∏

x,µ dU(x, µ). Nf is the

number of quark flavours, whose masses are assumed to be equal in eq. (1.16). This

leaves us with the exponentiated pure gauge part of the QCD action alone but at the ex-

pense of factors {det D[U ]}, where the Wilson-Dirac operator D is an enormous (typically

107 × 107) sparse matrix, so that the exact treatment of the highly non-local determinant

in numerical simulations is exceedingly costly in terms of computer time — even on to-

day’s massively parallel computers —, because the available simulation techniques become

very inefficient once the quark polarization effects inherent in this matrix are taken into

account. In many applications one therefore has set the determinant of the fermion matrix

to unity or, equivalently, Nf = 0. This defines the quenched approximation. Physically it

means that the quantum fluctuations of quarks (i.e. all the fermion loops) are neglected in

the determination of 〈O〉 and only those due to the gluons are included exactly. Although

this seems to be a rather drastic assumption about the influence of quantum effects in-

duced by the quarks, the quenched approximation works surprisingly well and is still a

sensible, widely employed approximation, not least also as a laboratory to test new ideas

and to study more complicated physical problems.

From comparisons of quenched lattice results with experimentally accessible quantities

such as the hadron spectrum one finds that in most cases this approximation introduces

a systematic error at the level of 10%, but sometimes also up to 20%. Nevertheless, the

proper treatment of Nf > 0 to overcome these obstacles is certainly one of the major

issues in current simulations.

A more indirect consequence of this approximation to ignore the fermion dynamics is

an intrinsic quenched scale ambiguity that leads to an internal inconsistency reflecting in

some non-negligible dependence of the results on how the parameters of QCD were fixed.

Namely, the so-called calibration of the lattice spacing in physical units depends on the

quantity which is commonly used to set the scale:

a−1 [MeV] =
Q [MeV]

(aQ)
, Q = Fπ, FK,mN,mρ, . . . . (1.17)
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16 1. From continuum to lattice QCD

The origin of this ambiguity lies in the different ways in which one expects quark loops

to affect different quantities.

The huge computational overhead caused by the evaluation of the quark determinant

in eq. (1.16) does even grow considerably, when the quark masses, to which the lattice

parameters one simulates at correspond, are diminished towards the small values which we

know the physical u- and d-quarks have. The reason is twofold. First, exceptionally small

eigenvalues of the Wilson-Dirac operator may drastically deteriorate the performance of

the algorithms used to evaluate expressions like (1.16). Second, the inequality ξ ¿ L that

must hold between the correlation length of a typical hadronic state (serving as a measure

of the quark mass) and the spatial extent of the lattice volume places restrictions on the

light quark masses that can be simulated: if those are too light, ξ becomes large, and one

will suffer from finite-size effects, unless L is enlarged accordingly. The typically tractable

spatial extensions of L . 3 fm imply that the pion mass cannot be reached yet.7 In many

applications one therefore has to rely on chiral extrapolations in the (light) quark mass

variables in order to connect to the physical u- and d-quarks.

Renormalization

In many cases, the task of relating quantities calculated in the lattice-regularized theory

to their continuum counterparts does not merely demand to take the continuum limit but

also involves renormalization constants that match the lattice to a convenient continuum

renormalization scheme.

Frequent examples are QCD matrix elements of vector and axial vector flavour cur-

rents, because the electroweak vector bosons mediating semileptonic weak decay of hadrons

couple to quarks through linear combinations of these currents so that, treating the elec-

troweak interactions at lowest order, the decay rates are given in terms of those matrix

elements. A priori, the bare currents need renormalization; but thanks to the invariance of

the formal continuum QCD Lagrangian under SU(2)V×SU(2)A flavour symmetry transfor-

mations in the limit of vanishing quark masses (if only two flavours are considered), there

exist non-linear relations between the currents known as current algebra which protect

them against renormalization. In the lattice-regularized theory, however, SU(2)V×SU(2)A

is not an exact symmetry any more but explicitly broken by terms of order a induced by

the Wilson term −1
2
a∇∗

µ∇µ in the lattice fermion action. Consequently, lattice versions of

the local vector and axial currents are are not conserved. Instead of this, they are related

to the currents in the continuum by finite (re-)normalizations ZV and ZA, respectively,

where finite here means that they do not contain any logarithmic or power-law divergences

(in a) and also do not depend on any physical scale. These normalizations may either be

7There is also a restriction on the masses of heavy quarks on the lattice, which follows from meeting

the inequality a ¿ ξ. We will turn to this question in Section 3.

16



Introduction 17

approximated in perturbation theory as ZX = 1 + Z
(1)
X g2

0 + · · · , X = A, V, or can be fixed

on the non-perturbative level by imposing current algebra relations [11–13].

Picking out again the axial current for illustration, its correctly normalized form in

the O(a) improved lattice theory (cf. eq. (1.15)) reads

(
AR

)a

µ
(x) = ZA ×

(
AI

µ

)a

µ
(x) ,

(
AI

)a

µ
(x) = (1 + bAamq)

{
Aa

µ(x) + cA
1
2
a (∂µ + ∂∗µ) P a(x)

}
, (1.18)

where for the axial vector current and the pseudoscalar density,

Aa
µ(x) = ψ(x)γµγ5

1
2
τaψ(x) , P a(x) = ψ(x)γ5

1
2
τaψ(x) , (1.19)

we write down here their more general expressions for the case of two flavours of quarks

with the Pauli matrices τa acting on the isospin indices of the quark fields in flavour space.

In the quenched approximation, for instance, non-perturbatively determined values for the

renormalization constant ZA = ZA(g0) are available in the relevant range of simulation

parameters.

Another, perhaps even more demanding class of renormalization problems are scale

dependent renormalizations. Most prominently, the fundamental parameters of QCD —

the renormalized running coupling and quark masses — belong to this class and will be

the subject of the next section.

Chiral symmetry breaking

Finally, we briefly mention a further source of systematic uncertainties, which is caused by

the violation of chiral symmetry at finite values of the lattice spacing through the Wilson

discretization of the fermion action. From the expression D(0) = 1
2
γµ(∇∗

µ +∇µ)− 1
2
a∇∗

µ∇µ

for the massless free Wilson-Dirac operator one easily proves that it enjoys a set of sensible

properties to ensure a smooth contact to the continuum theory: locality, a leading-order

behaviour in momentum space as in the continuum and (per construction via the second

term) no additional poles at non-zero momentum that would correspond to spurious

fermion states in the spectrum. A last, particularly important property, however, is

obviously not satisfied: the invariance of the lattice action a4
∑

x,y ψ(x)D(x−y)ψ(y) under

chiral symmetry transformations, which is equivalent to a vanishing anti-commutator

γ5D + Dγ5 = 0.

The issue of chiral symmetry breaking has already been formalized a long time ago in

the Nielsen-Ninomiya ‘no-go’ theorem [14]. It implies that (under fairly mild assumptions)

exact chiral symmetry can not be realized at non-zero lattice spacing and hence, chiral

and continuum limits cannot be separated. Contrary to the situation for the electroweak

sector, where this is a really fundamental problem for any lattice formulation, chiral
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18 2. Determination of fundamental parameters of QCD

symmetry breaking in a vector-like theory such as QCD may be regarded more as an

‘inconvenience’, since its chiral invariance is still recovered when the continuum limit is

performed. Although not being of influence on the work summarized here, I want to

remark that a lot of progress has been made recently in the formulation of chiral fermions

on the lattice and of lattice chiral gauge theories preserving locality and gauge invariance

(see e.g. Ref. [15] for a review).

One implication of the violation of chiral invariance with Wilson fermions are severe

complications in the renormalization pattern of local composite operators with definite

chirality, such as the four-quark operators whose weak hadronic matrix elements describe

the famous mixings in the neutral kaon or B-meson systems, because on the lattice they

are then allowed to mix with operators of opposite chirality under renormalization. The

general relation between the desired physical matrix element in the continuum and the

matrix element of the leading bare operator Obare on the lattice, supplemented by addi-

tional matrix elements of operators Omix
k of different chirality contributing via this mixing,

thus looks in the unimproved theory like:

〈 f |OR| i 〉cont(µ) = ZO(aµ)
{
〈 f |Obare| i 〉latt +

∑

k

Zk〈 f |Omix
k | i 〉latt + O(a)

}
. (1.20)

The Zk are the appropriate normalization factors multiplying the operators allowed by the

mixing, which together with their matrix elements and 〈 f |Obare| i 〉 have to be determined

on the lattice to match to the continuum matrix element at the end.8 Afterwards, an

overall scale dependent renormalization ZO(aµ) might be necessary as well, then usually

obtained in a subsequent computation.

2 Determination of fundamental parameters of QCD

As it was outlined at the beginning of Section 1, QCD is a theory with only a few

parameters, namely the gauge coupling and the masses of the quarks, and therefore —

at least in principle — also extremely predictive. One of the fundamental questions

in this context is how precisely the low-energy world with its rich spectrum of bound

states of quarks and gluons, which derives from the strongly coupled sector of QCD,

is related to the properties of the theory at high energies, where owing to asymptotic

freedom these constituents more and more behave as if they were free particles and the

running coupling becomes small enough so that perturbative methods can be expected

to furnish reliable predictions for physical observables. Establishing such a link between

these two complementary energy regimes of QCD demands in the first place to investigate

the running of the coupling and the quark masses over the relevant range in the scale at

a quantitative level. After having gained detailed knowledge of the scale dependence of

8The O(a) lattice artifacts arise through mixing with higher-dimensional operators.
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these basic parameters, it is then of course also of great importance to arrive at accurate

estimates for the QCD coupling and quark masses at particular values of the energy (or

renormalization) scale using experimentally well-determined observables from our low-

energy world as physical input, either to confront them with values deduced from high-

energy scattering experiments combined with standard perturbation theory or, in the

case of quark masses, as contributions to a variety of phenomenological quantities such

as decay rates, hadronic matrix elements and lifetimes that often parametrically depend

on the masses of the quarks.

At first sight it seems quite unlikely that the two distinct energy regimes of QCD or

characteristic observable quantities associated with them such as, for instance, the mass

of the pion and the hadronic decay width of the Z-boson can be connected at all. On the

other hand, however, at least some relations of this kind have to exist, because all strong

interaction physics is described by the same underlying field theory. To uncover these

relations on a quantitative level thus provides a stringent test that will only be passed if

QCD is the correct theory at all energies. Recalling that in QCD any physical quantity is

a function of the parameters in the Lagrangian (1.1), we can formulate the problem even

more explicitly in terms of dimensionless universal functions G and H, which must exist

to relate the masses of the pseudoscalar mesons, e.g. expressed in units of their decay

constants, to the basic parameters of QCD, viz.

FPS

Λ
= G

(mu

Λ
,
md

Λ
, . . .

)
,

m2
PS

F 2
PS

= H
(mu

Λ
,
md

Λ
, . . .

)
, PS ∈ {π, K, . . .} , (2.1)

where in this parametrization it is more natural to consider the low-energy scale Λ as a

basic parameter of the theory equivalent to the gauge coupling g (see eq. (1.3)). But rather

than being an academic exercise, these equations are of physical importance now: taking,

say, m2
π/F 2

π as experimental input, the second equation can be solved for the quark masses

in units of Λ, and via the first one the ratio Fπ/Λ then becomes a calculable quantity, which

constitutes the desired link between the low-energy world (typically characterized by the

physics of pions and kaons) and the Λ–parameter governing the high-energy asymptotics

of the running QCD coupling constant and which, moreover, may also be confronted with

experiment. Once relations as those in eq. (2.1) will be known, the theory is in fact ‘solved’

in the aforementioned sense that any physical quantity in QCD can finally be predicted

given the values of its fundamental parameters at the scales where this quantity (or the

process from which it is inferred) is considered. This in turn amounts to a renormalization

of QCD at all scales, and it is then clear that the only possible way to achieve this ultimate

goal starting from first principles is to employ the non-perturbative tools of lattice QCD.9

Unfortunately, the practical realization of a lattice computation of quantities acquir-

ing a scale dependence upon the renormalization process (such as the gauge coupling and

9For a more general introduction to the subject and an extended discussion of non-perturbative renor-

malization in QCD see e.g. Ref. [16].
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20 2. Determination of fundamental parameters of QCD

quark masses we are concerned with here but, for instance, also matrix elements of certain

four-quark operators as mentioned in the last paragraph of the previous section) by means

of numerical simulations is not straightforward. The new difficulty arising here is a conse-

quence of the large range of scales that refer to properties of the theory at energies lying

orders of magnitude apart but ideally would have be covered simultaneously in the simu-

lations. To understand which scales typically contribute to the task of reliably matching

the low- and high-energy regimes of QCD, we first note that on the one side it is necessary

to reach high energy scales µ ∼ 10 GeV — and thereby the applicability domain of pertur-

bation theory — in order to be able to connect to other calculational (or renormalization)

schemes with controlled perturbative errors. At the same time this high energy scale

must be kept remote from the lattice cutoff a−1 to avoid large discretization effects and to

allow for safe continuum limit extrapolations. On the other side, the linear extent of the

system size, L, has to be kept much larger than the confinement scale Λ−1 ∼ (0.2 GeV)−1

to avoid substantial finite-size effects. These conditions are summarized in the hierarchy

of scales

L À 1/(0.2 GeV) À 1/µ ∼ 1/(10 GeV) À a , (2.2)

which in one Monte Carlo simulation would have to be well separated from each other.

Given the practical limitations imposed by the available present-day computer resources,

however, the number of manageable lattice points per direction, L/a, in current simula-

tions of typically L/a ≤ 32 with a physical box size of at least L ≈ 2 fm, to sufficiently sup-

press finite-size effects, implies that the accessible lattice resolutions are roughly bounded

from below as a & 0.05 fm and that one hence can deal reasonably only with energies

µ ¿ a−1 . 4 GeV. From these consideration we conclude that lattice QCD is well

suited for the computation of low-energy properties of hadrons, while a clean extraction

of short-distance parameters (i.e. those as Λ characterizing the high-energy regime) are

problematic because high energies seem to be too demanding for a Monte Carlo calculation

and therefore impossible to reach.

An elegant solution to overcome the problem of disparate scales is inspired by the

even more general and fascinating discovery that many physical models of interest can be

considered in unphysical situations, in which its relevant properties do not change while it

is still possible to extract correct physical information from them. In the present context

the idea is to study a system that is formulated in a box of finite size in such a way that

the size variable becomes the only scale in the system, on which a physical observables can

depend upon. The main advantage is that under these conditions numerical simulations

are much easier than in the case of a large physical volume.10

The crucial step to translate the idea of a finite system size into a viable approach for

10Similar studies of systems as a function of the finite size of the box and finite-size scaling arguments

have also proved to be fruitful in other fields like, for instance, in investigations of turbulence and critical

phenomena.
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addressing various scale dependent renormalization problems in QCD non-perturbatively

is to identify two of the scales in eq. (2.2):

µ =
1

L
. (2.3)

Assuming for the moment that a formulation of the theory exists where such an identifi-

cation is possible in a natural way, one next has to introduce an effective gauge coupling

measuring the interaction strength at momenta proportional to 1/L so that the finite

lattice size becomes a device to probe the interactions rather than being a source of

systematic errors. In other words, the finite-size effect itself is taken as the physical ob-

servable. As it was already devised in the first implementation of this general idea within

an investigation of the σ–model [17], the remaining large scale difference can then be

very efficiently bridged via applying a recursive finite-size scaling technique. This will be

explained in the following two subsections.

2.1 Strategy for scale dependent renormalizations

The general strategy for a non-perturbative computation of scale dependent quantities

and associated short-distance parameters is schematically drawn in the diagram below,

restricting to the running QCD coupling α ≡ αs as the representative example. By a

proper adaption of this strategy it then becomes quite straightforward to also solve scale

dependent renormalization problems occurring in other places in lattice QCD. Further

examples that will be discussed later are the running quark masses (cf. Section 2.4), as

well as the non-perturbative renormalization of the heavy-light axial current in the static

approximation, entering the computation of the B-meson decay constant (cf. Section 3.2).

infinite volume finite volume

Lmax = c/Fπ: hadronic scheme −→ SF: αSF (µ = 1/Lmax)

O(1
2
fm) NP ↓

αSF (µ = 2/Lmax)

NP ↓
·
·
·

NP ↓
αMS(MZ) αSF (µ = 2n/Lmax)

PT ↑ PT ↓
ΛMS/Fπ ⇐ ΛMS = c′ΛSF

PT←− ΛSFLmax

21



22 2. Determination of fundamental parameters of QCD

The computation follows the arrows in the diagram, starting at the upper-left corner.

The energy is increasing from top to bottom, while the entries in the left and right columns

refer to quantities in the infinite- and finite-volume situation, respectively. In the first

step, low-energy data are taken as input in order to renormalize QCD via replacing the

bare parameters by hadronic observables. A convenient candidate for such a physical

observable would be the pion decay constant, Fπ, since it is known experimentally as well

as calculable on the lattice. This defines a hadronic scheme. Next, the chosen hadronic

scheme is matched at low energies with a suitable finite-volume renormalization scheme,

which will be specified soon but for the moment is still arbitrary and just abbreviated

with ‘SF’. In practice, this amounts to determine the quantity defining the hadronic

scheme, here Fπ, in physically large (ideally infinite) volume in units of a low-energy scale

µ = 1/Lmax, where Lmax ∼ 0.5 fm is the external scale fixing the maximal linear extent

of the box in which the finite-volume scheme is prepared. The running coupling in this

scheme (αSF ≡ ḡ2
SF/(4π)) is then evolved non-perturbatively (NP) to higher and higher

energies employing a recursive procedure through constructing a sequence of matching

lattices whose linear extents are shortened by powers of two in each step. Once the

computation of the scale evolution of αSF within this scheme has reached the desired high

scale µ = 2n/Lmax where the coupling is small enough and hence perturbation theory (PT)

expected to apply, the Λ–parameter ΛSFLmax can be extracted with negligible systematic

uncertainty by perturbatively continuing the evolution to infinite energy while obeying

the behaviour dictated by the renormalization group,

Λ = µ
(
b0ḡ

2
)−b1/(2b20)

e−1/(2b0ḡ2) exp

{
−

∫ ḡ

0

dg

[
1

β(g)
+

1

b0g3
− b1

b2
0g

]}
. (2.4)

Here, β(ḡ) is a renormalization group function, defined in eq. (2.5) below, describing

the change of the renormalized coupling under a change of the scale. At this point

the conversion to a continuum renormalization scheme such as MS and a subsequent

evaluation at a common reference scale (say the Z–boson mass MZ ∼ 90 GeV) are trivial,

and upon inserting ΛMS or αMS into perturbative expressions, predictions for jet cross

sections and other high-energy observables may be obtained.

Given the link between the SF-specific low-energy scale Lmax to the hadronic world

represented by Fπ we started from, together with the contact that now has recursively

been made to the high-energy regime in form of the value for ΛMSLmax, any reference to

(and details on) the intermediate, finite-volume renormalization scheme SF has entirely

disappeared and the desired connection between the (supposedly unrelated) low- and

high-energy domains of QCD is finally established in a controlled manner, reflecting in

a numerical result for ΛMS/Fπ at the end. Moreover, a particularly important aspect

of the whole strategy to be emphasized is that it is designed in such a way that the

lattice calculations of all the steps involved can be readily extrapolated to the continuum

limit ; all arrows in the foregoing diagram thus correspond to universal relations in the
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continuum limit.

For the practical success of this general approach, the intermediate scheme and the

finite-volume coupling ḡ ≡ ḡSF (and analogously any other quantities whose scale depen-

dence is studied) have to meet a number of criteria:

(i) The finite-volume scheme must be relatable to the infinite-volume theory at low and

high energies.

(ii) Perturbation theory in the finite-volume scheme should be manageable and the

coupling should have an easy perturbative expansion so that through a perturbative

determination of the β–function

β(ḡ) ≡ −L
∂ḡ

∂L

ḡ→0∼ −ḡ3
{
b0 + b1ḡ

2 + b2ḡ
4 + . . .

}
, (2.5)

at least to the indicated order11, the scale dependence of the finite-volume coupling

for large energies becomes known analytically.

(iii) A non-perturbative definition of the renormalized finite-volume coupling has to exist,

and in Monte Carlo simulations it should be computable efficiently and with good

statistical accuracy (i.e. with small variance).

(iv) The discretization errors of the coupling (and possibly other relevant quantities)

must be small to allow for safe extrapolations to the continuum limit. This means

to ensure that the lattice calculations are feasible in the regime respecting 1/L =

µ ¿ a−1 while requiring only moderate resolutions of a/L = O(0.1), i.e. O(10)

lattice points per coordinate, to be sufficient.

2.2 The finite-volume renormalization scheme

A specific finite-volume scheme, which fulfils all the just mentioned criteria and allows to

find — amongst several other observables that will turn out to be useful later — a coupling

with the appropriate properties, is the QCD Schrödinger Functional (SF) [18]. It therefore

proves to be particularly suited to serve as the intermediate renormalization scheme we

are looking for. To introduce the Schrödinger functional, one imposes periodic boundary

conditions for the quark and gluon fields as functions of the three space directions, whereas

at time 0 and T these fields are required to satisfy Dirichlet boundary conditions. In the

practical applications to follow, the latter are chosen to be homogeneous except for the

spatial components of the gluon gauge potentials, Ak. With this choice of boundary

conditions the space-time manifold assumes the topology of a four-dimensional cylinder

as shown in the left part of Figure 2.1.

11The first two leading coefficients in this expansion are independent of the chosen renormalization
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Figure 2.1: Left: Illustration of the Schrödinger functional. The specific choice of boundary conditions

gives the space-time world the shape of a cylinder. Right: Sketch of the SF setup used for the definition of

the finite-size coupling ḡ(L) in QCD. The Dirichlet boundary conditions can be imagined as to correspond

to walls at times x0 = 0, T that act similarly to the plates of an electric condensor. This means that

classically they lead to a homogeneous (i.e. x and x0 independent) colour-electric field inside the cylinder.

The QCD interaction strength can then be defined in terms of the field at the condensor plates as

ḡ2(L) = Eclassical/〈E〉, where E is a special colour component of the electric field.

More specifically, the spatial components of the gauge field at the boundaries are set

to some prescribed values for the classical (chromoelectric) gauge potentials C and C ′,

U(x, k) |x0=0 = e aCk(x) , U(x, k) |x0=T = e aC′

k
(x) , (2.6)

where the matrices C and C ′ are taken to be constant diagonal, while the dynamical

degrees of freedom of the gauge field are the link variables U(x, µ) residing in the interior

of the lattice. Similarly, the quark and antiquark fields are fixed on the boundary surfaces

according to

1
2
(1 + γ0) ψ(x)

∣∣
x0=0

= ρ(x) , 1
2
(1 − γ0) ψ(x)

∣∣
x0=T

= ρ′(x) ,

ψ(x) 1
2
(1 − γ0)

∣∣
x0=0

= ρ̄(x) , ψ(x) 1
2
(1 + γ0)

∣∣
x0=T

= ρ̄′(x) (2.7)

with ρ and ρ′ (and also ρ̄, ρ̄′) being some externally given anti-commuting fields. The field

components ψ(x) and ψ(x) at times 0 < x0 < T remain unconstrained and represent the

dynamical part of the quark and antiquark fields.

The SF is now defined as the Euclidean QCD partition function with these boundary

conditions:

Z[C ′, ρ̄′, ρ′; C, ρ̄, ρ] =

∫

T×L3

D[U, ψ, ψ] e−S[U,ψ,ψ] . (2.8)

scheme anyway. Its universal values for QCD with Nf quark flavours are: b0 =
(
11 − 2

3
Nf

)
/(4π)2 and

b1 =
(
102 − 38

3
Nf

)
/(4π)4.
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It is a gauge invariant functional of the boundary fields and, pertaining to its quantum

mechanical interpretation in the transfer matrix formalism, equals the transition ampli-

tude for going from the field configuration {C, ρ̄, ρ} at time x0 = 0 to the configuration

{C ′, ρ̄′, ρ′} at time x0 = T . The lattice action S in finite volume is essentially given by the

expressions that were written down for SQCD in eq. (1.8) of Section 1.1 for the infinite-

volume theory. E.g. in the case of O(a) improvement, the only modification is that in the

counterterm proportional to csw of eq. (1.14) the sum is restricted to all points x in the

interior of the lattice.12 Expectation values of products of local fields in this framework

are obtained in the usual way through the functional integral, whereby the integration

is performed at fixed boundary values; thus, the only dependence on these values arises

from the action.

To prepare the ground for the definition of a renormalized coupling within the SF in

the next paragraph, I consider the theory without quark fields for a moment. Then it

can be shown that at small couplings g0 the functional integral is dominated by gauge

fields close to some (up to gauge transformations unique) minimal action configuration

U(x, µ) = e aBµ(x) with the specified boundary values [18]. As a consequence, the SF

admits a regular perturbative expansion by expanding about this minimum B at weak

coupling (which is sometimes called the background field). The associated perturbative

series is conveniently expressed in terms of the effective action (or free energy) Γ as

Γ[B] ≡ − lnZ[C ′, C] =
1

g2
0

Γ0[B] + Γ1[B] + g2
0 Γ2[B] + · · · , Γ0[B] ≡ g2

0 S[B] , (2.9)

and is also the starting point of any perturbative study such as, for instance, that of the

renormalization properties of the functional Z. Concerning the renormalizability of the

SF, explicit perturbative calculations as well as numerical, non-perturbative Monte Carlo

simulations have yielded strong support for the validity of Symanzik’s conjecture [19]

that including the usual counterterms plus a few additional boundary counterterms in

the action is sufficient to renormalize the QCD Schrödinger functional in four dimensions.

Definition of the effective coupling

As was already noticed before, in the Schrödinger functional formulation of QCD the effect

of the finite volume itself can serve as a measure of the interaction strength of the theory

and may hence be exploited to arrive at a suitable definition of an effective coupling. A

more illustrative introduction of this coupling, which should help to motivate its exact

definition below, is reproduced in the right part of Figure 2.1. (The subscript ‘SF’ on the

SF coupling is dropped from now on.)

12In addition to this well-known clover counterterm in the lattice bulk, there are two further, SF-specific

boundary improvement coefficients ct and c̃t, which multiply certain O(a) time-boundary counterterms

in the pure gauge action and analogous time-boundary O(a) improvement terms involving quark fields,

respectively.

25



26 2. Determination of fundamental parameters of QCD

To define a renormalized coupling in the SF scheme, one first distinguishes a certain

choice of boundary conditions by assigning two particular sets of angles, which themselves

are parameterized in dependence of some parameter η, to the diagonals of the matrices

representing the boundary gauge potentials C and C ′ in eq. (2.6). It is then obvious

that the response of the system to an infinitesimal variation of this specific one-parameter

family of prescribed constant abelian boundary fields measures the interaction strength

through 1/ḡ2 ∝ δ(free energy)/δ(boundary conditions), and if we take into account the

perturbative expansion of the effective action, eq. (2.9), proper normalization leads us to

the definition of the renormalized coupling [18]

ḡ2(L) ≡
{

∂Γ0

∂η

/
∂Γ

∂η

} ∣∣∣∣
η=0 , T=L

. (2.10)

By the very construction of the SF, the linear extent L of the cylinder is now the only

external scale in this formula as it should be in a finite-volume renormalization scheme.13

Moreover, since ∂Γ/∂η = 〈∂S/∂η〉 is an expectation value of some combination of the

gauge field variables close to the boundaries, the numerical calculation of ḡ2 in a Monte

Carlo simulation of the path integral is straightforward, and it thereby also complies

with the demand raised under (iii) at the end of Section 2.1. For small L (i.e. at weak

coupling), where the path integral is dominated by field configurations corresponding

to small fluctuations about the configuration that minimizes the classical action, the

commonly used simulation algorithms remain effective thanks to the boundary conditions

excluding possible gluon zero modes for very small L in physical units. By contrast, for

L . 1 fm the field configurations may deviate significantly from the classical solution. A

smooth connection between these two regimes — perturbative for small L and increasingly

non-perturbative for growing L — is achieved by adopting a recursive simulation strategy.

Returning finally to the functional Z containing the quarks again, eq. (2.8), we re-

mark that in this case no additional renormalization of the SF is necessary for vanishing

boundary values of the fermionic boundary fields ρ, . . . , ρ̄′, apart from the renormalization

of the coupling and the quark mass [20, 21]. So, after imposing homogeneous boundary

conditions for the fermion fields, the foregoing definition of the renormalized SF coupling

carries over to this situation without changes. A further important aspect of the SF

setup, which offers practical as well as theoretical advantages and therefore deserves to be

pointed out in this context, is the following. Since the boundary conditions (2.7) induce a

gap into the spectrum of the (lattice) Dirac operator, the lattice SF may be simulated for

vanishing physical quark masses, m. It is then convenient to supplement the definition of

the renormalized coupling (2.10) by the requirement m = 0. This entails that our chosen

intermediate scheme SF also becomes a mass independent renormalization scheme with

13One has to note here that the precise choice of the boundary values is largely arbitrary and mainly

based on practical considerations. The final physical results will not depend on any of these details.
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simplified renormalization group equations. Particularly the β–function, introduced in

eq. (2.5) above, stays independent of the quark mass in such a scheme.

Step scaling functions

The SF coupling ḡ2(L) genuinely depends only on one renormalization scale, L = 1/µ.

Therefore, a determination of its energy dependence amounts to quantify the behaviour of

the coupling under changes of the size of the finite-volume system. The quantity devised

for this purpose is the step scaling function (SSF) σ(u) defined through

σ(u) ≡ ḡ2(2L)
∣∣

ḡ2(L)=u
. (2.11)

It describes the change in the coupling when the physical box size is doubled. From the

renormalization group equation (2.5) of the continuum theory, which governs the scale

evolution of the coupling by determining it at any scale if it is known at some point, we

infer that such a well-defined function σ must exist and is implicitly given as the solution

of the recursion equation

ḡ2(2L) = σ
(
ḡ2(L)

)
(2.12)

equivalent to (2.11). The SSF may thus be regarded as an integrated form of the β–

function for finite length scale transformations with rescaling factor 2, and its computation

will enable us to map out the scale evolution of ḡ2.

The central observation is now that σ(u) can be calculated on the lattice by numerical

simulations. On a lattice with finite spacing a, however, the SSF will in the first place still

be a quantity with an additional dependence on the resolution a/L, denoted as Σ(u, a/L).

The continuum limit σ(u) = Σ(u, 0) is then obtained by performing the calculations for

one rescaling step at several different resolutions and extrapolation a/L → 0. By iterating

this stepwise procedure, in which the physical size L is increased successively by factors

of s (where mostly s = 2 in practice), one eventually gains full control over the exact

SSF σ(u) and can trace the non-perturbative evolution of the coupling in discrete steps

ḡ2(L) → ḡ2(sL) → ḡ2(s2L) → · · · over a wide range of momenta. What one actually

constructs in this way is a non-perturbative renormalization group.

The sequential computation of the lattice SSF Σ(u, a/L), which upon extrapolating

away its inherent discretization errors implements the recursion (2.12) to be obeyed by

the continuum SSF σ(u), is sketched in Figure 2.3. In fact, because the relevant energy

scale for the running, µ = 1/L, is cleanly separated from the lattice spacing a, it can

be calculated recursively over a wide range of momenta µ, whilst keeping the number

of lattice points at a manageable level (i.e. L/a = O(10)). Sample numerical results for

one horizontal step of Figure 2.3, repeated several times with different resolutions, are

displayed in Figure 2.2 for the case of the quenched approximation to QCD (i.e. in the

theory without fermions). As a consequence of the careful choice of the coupling itself
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28 2. Determination of fundamental parameters of QCD

Figure 2.2: The extrapolation of the SSF ḡ2(2L) = σ
(
ḡ2(L)

)
from the data at finite lattice spacing

(red circles) to the continuum limit (blue square) at some representative value of the renormalized SF

coupling, which corresponds to a physical box size in the low-energy domain. This example is taken

from a computation in quenched QCD (i.e. Nf = 0 or pure SU(3) gauge theory), where a high numerical

precision as well as very fine lattice resolution could be achieved [22,23].

as well as of other details of the discretization, the dependence of the SSF on the lattice

resolution turns out to be extremely weak so that the extrapolations a/L → 0 to arrive

at the desired continuum limits are very safe.

As the outcome of the numerical simulation procedure outlined so far, the continuum

SSF σ(u) becomes non-perturbatively known (up to statistical errors) for a sequence of

discrete coupling values u ∈ {u0 < u1 < u2 < · · · }, corresponding to physical box sizes of

the intermediate SF scheme of

L0 = L = 20L → L1 = 21L → L2 = 22L → · · · → Ln = 2nL (typically n ∼ 8) (2.13)

that span several orders of magnitude in µ = 1/L. Guided by the observation that the

SSF has a well-behaved perturbative expansion at weak coupling (small L), it is now eas-

ily possible to parameterize the numerical, non-perturbative results on σ by a continuous

function in form of some low-order polynomial with only the leading coefficient(s) con-

strained to perturbation theory. This eventually solves the recursion we originally started

from in eq. (2.12).
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u0 = ḡ2(L) ḡ2(2L) ⇒ Σ(u0, a/L = 1/3)

u1 = ḡ2(2L) ḡ2(4L) ⇒ Σ(u1, a/L = 1/3)

u2 = ḡ2(4L) ḡ2(8L) ⇒ Σ(u2, a/L = 1/3)

• • •

u0 = ḡ2(L) ḡ2(2L) ⇒ Σ(u0, a/L = 1/4)

u1 = ḡ2(2L) ḡ2(4L) ⇒ Σ(u1, a/L = 1/4)

u2 = ḡ2(4L) ḡ2(8L) ⇒ Σ(u2, a/L = 1/4)

• • •

Figure 2.3: Illustration of the recursive finite-size scaling method, by which the evolution of the SF

coupling ḡ with the energy scale µ = 1/L can be computed in several steps, changing µ by factors of

two in each of them. To implement the recursion (2.12) by a series of lattice simulations, one always

alternates between keeping a fixed and increasing L → 2L (horizontal direction in the figure) and keeping

L fixed and decreasing a (vertical direction in the figure). In this way, no large scale ratios appear

and discretization errors are small for L/a À 1. More explicitly, the individual steps are the following:

1. Choose a lattice with L/a points in each direction. (The artificial choice L/a = 3 above is just to

avoid the figure getting oversized. A convenient lattice size to start with in practice is L/a = 4 − 6 at

least.) 2. Tune the bare gauge coupling g0 of the lattice action so that ḡ2(L) = u0. (This takes care of

renormalization.) 3. At the same value of g0, simulate a lattice with twice the linear extent and calculate

u1 = ḡ2(2L) on it to obtain the lattice SSF Σ(u0, a/L), which equals σ(u0) up to cutoff effects. (This

determines the evolution of the renormalized coupling.) 4. Repeat steps 1.-3. for several, successively

larger values of L/a (i.e. finer resolutions) and extrapolate a/L → 0 to get rid of the lattice effects. To

continue the recursion, the steps 1.-4. have to be iterated n times, where the respective bare couplings

have to be adjusted such that ḡ2(2nL) = un with un being known from the previous iteration step.
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30 2. Determination of fundamental parameters of QCD

Renormalized trajectories in lattice parameter space. A crucial byproduct of the finite-

size scaling analysis of the running coupling in the intermediate SF scheme is that it

provides a one-to-one correspondence between the bare parameters of the theory, which

occur in the lattice action and as such are the input parameters of the Monte Carlo

simulations, and a series of values of the renormalized couplings ḡ2. In the course of the

calculation, these bare parameters are moreover adjusted to enforce (the renormalization

condition of) fixed SF coupling at any of the physical box sizes in (2.13) for various lattice

resolutions in order to take the SSF’s continuum limit.

The resulting sets of lattice parameters (e.g., in case of pure SU(3) gauge theory, the

pairs (L/a, β) with g2
0 = 6/β being the bare coupling) thereupon define lines of constant

physics in the bare parameter space, along which the approach to the continuum limit of

other arbitrary quantities depending on the renormalization scale may now be followed

as well. Because the construction of Figure 2.3 then automatically ensures that they

pick up the correct, built-in dependence on the renormalized coupling u = ḡ2(L) in the

finite-volume renormalization scheme, the evolution of those quantities in the direction of

varying L in physical units can be explored in parallel to that of the coupling itself.

Generic scale dependent renormalization problems. To make this somewhat more ex-

plicit, let us focus on scale dependent renormalizations in QCD that are multiplicative,

similar to the overall renormalization in eq. (1.20) at the end of Section 1.3. Furthermore

we suppose that the renormalized operator in question, whose definition is assumed to

be readily transferable to our intermediate, finite-volume renormalization scheme, decom-

poses into

Ointer(µ) = Zinter(g0, aµ) ×Obare(g0) (2.14)

with Obare the bare operator and a renormalization factor Zinter depending on the bare

gauge coupling and the scale in lattice units, aµ. This factor is typically fixed by pos-

ing a suitable normalization condition in the intermediate scheme. In the case of the

Schrödinger functional scheme one may e.g. require

〈 β |Ointer(µ)|α 〉 = 〈 β |Obare|α 〉tree−level (2.15)

to hold, where |α〉, |β〉 are convenient states that are given in terms of some boundary

states propagated in Euclidean time. As Obare one might imagine local composite oper-

ators such as quark bilinears ψ(x)Γψ(x) with some Dirac structure Γ, hadronic matrix

elements of which are of phenomenological relevance in infinite-volume QCD; an explicit

example will be touched in the context of the determination of FBs
(Section 3.2 and Pub-

lication H). If a massless renormalization scheme such as the SF in employed as the

intermediate scheme, the renormalization constant Zinter can be evaluated at zero quark

mass.
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To non-perturbatively compute the change of Ointer under finite changes of the renor-

malization scale, we again identify µ = 1/L and define associated (continuum and lattice)

step scaling functions according to

σO(u) = lim
a/L→0

ΣO(u, a/L) , ΣO(u, a/L) =
ZO(g0, 2L/a)

ZO(g0, L/a)

∣∣∣∣
ḡ2(L)=u

, (2.16)

using here the subscript ‘O’ as shorthand notation to indicate the very origin (2.14) of

the scale dependence carried by the suitably defined renormalization factor ZO ≡ Zinter

in the intermediate scheme. The argument u ≡ ḡ2(L) of σO is taken to be exactly the

renormalized SF coupling studied above. Eq. (2.16) gives rise to a recursion

ZO(2L) = σO(u)ZO(L) , u = ḡ2(L) , (2.17)

that now has to accompany the corresponding recursion (2.12) determining the evolution

of the renormalized coupling ḡ2. Then, by evaluating the finite-size renormalization con-

stant ZO(L) in numerical simulations at the same bare lattice parameters as done for the

running of the SF coupling, one automatically moves along a renormalized trajectory and

— having solved the recursion (2.17) analogously as for the coupling — is finally able to

also trace the scale evolution of the operator renormalized in the intermediate scheme,

Ointer, from low to high energies.

Extraction of the renormalization group invariants

In view of the strategy explained in Section 2.1 we now turn the logics around and

consider the largest value un of the renormalized coupling ḡ2, i.e. the one at the largest

Ln = 2nL ≡ Lmax among the physical sizes (2.13) of the finite-volume system that were

covered in the non-perturbative calculation, as initial datum in the recursion (2.12) and

scale u = ḡ2 by iterated application of the inverse of the previously obtained step scaling

function,

un ≡ umax , uk−1 = σ−1(uk) , k = n, n − 1, . . . , 1 , (2.18)

to higher and higher energies (increasingly small physical box sizes). Once the smallest

value of L in the covered range of data, L0 in our notation and which is assumed to be

selected such that the accompanying coupling u0 is accurately known as well as suffi-

ciently small (typically ḡ2 ∼ 1 or α = ḡ2/(4π) ∼ 0.08), is met, perturbation theory is

expected to safely apply in the corresponding domain of very high energies. Particularly

the perturbative expansion for the β–function, eq. (2.5), may thus be trusted so that the

Λ–parameter, which in a given renormalization scheme is just the integration constant in

the solution of the renormalization group equation µ(∂ḡ/∂µ) = β(ḡ), can be computed

through the exact formula (2.4) via integrating the renormalization group function β up

to infinite energies. In our intermediate SF renormalization scheme we only have to set
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32 2. Determination of fundamental parameters of QCD

µ = 1/L and to evaluate the expression starting the integration at ḡ2(L)

Λ =
1

L

[
b0ḡ

2(L)
]−b1/(2b20)

e−1/(2b0ḡ2(L)) exp

{
−

∫ ḡ(L)

0

dg

[
1

β(g)
+

1

b0g3
− b1

b2
0g

]}
(2.19)

with L = L0 = 2−nLmax lying deep enough in the perturbative regime as anticipated

above. Owing to the perturbative series for β(ḡ) in the SF renormalization scheme being

worked out to three loops and the scale evolution of the coupling being accurately repro-

duced by perturbation theory at high energies (cf. Figure 2.4), the uncertainty stemming

from the perturbative approximation used in this integration turns out to be negligible

compared to the statistical and other systematic errors.

At last, our strategy demands to convert the Λ–parameter in the SF scheme to a

convenient continuum renormalization scheme, preferably the MS scheme. Utilizing the

known relation between the finite-volume and the MS coupling to one-loop order of per-

turbation theory, the (exact) conversion factor ΛMS/Λ is now easily calculated and leads

to a numerical value for ΛMSLmax. To end up with a final, solid result for the QCD Λ–

parameter, one still needs to relate the SF scale Lmax to some low-energy reference scale

with an unambiguous physical meaning. Only then the reference to the intermediate

finite-volume scheme has disappeared, and the expression for the Λ–parameter in the MS

scheme in terms of the this low-energy scale provides the solution of the non-perturbative

renormalization problem for the running coupling.

Also the extraction of the renormalization group invariant Λ belonging to the running

QCD coupling generalizes to arbitrary renormalized operators carrying a multiplicative

renormalization scale dependence. Returning to the operator Ointer in the intermediate SF

scheme, which was introduced through eq. (2.14) at the end of the foregoing paragraph,

the continuum limit a → 0 of the matrix element

Ωinter(µ) ≡ 〈 f |Ointer(µ)| i 〉 = Zinter(g0, aµ) 〈 f |Obare(g0)| i 〉 (2.20)

is independent of the regularization. In a massless renormalization scheme as the SF, the

entering renormalization constant ZO = Zinter is evaluated (via eq. (2.15)) at zero quark

masses. Associated with any such renormalized matrix element is a renormalization group

function γO(ḡ), the so-called anomalous dimension; in the case of the intermediate scheme

at hand its definition reads

µ
∂ Ωinter(µ)

∂µ
= γO (ḡ(µ)) Ωinter(µ) ,

γO(ḡ)
ḡ→0∼ −ḡ2

{
γO

0 + γO
1 ḡ2 + γO

2 ḡ4 + . . .
}

, (2.21)

where the perturbative expansion comprises a scheme independent (universal) leading-

order coefficient γO
0 and further ones γO

1 , γO
2 , . . . depending on the chosen renormalization

scheme. In principle, these can be computed using dimensional or a lattice regularization.
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For phenomenological applications, however, we are interested in the matrix elements at

some convenient energy scale in a common renormalization scheme, which we may take

again to be the MS scheme: ΩMS(µref) where usually µref = 2 GeV or beyond.

To reliably connect to such a scheme, it is most attractive to perform this step by

a matching at infinite energies through the renormalization group invariant operator. In

close analogy to eq. (2.19), the renormalization group invariant (RGI) matrix element,

associated with Ointer and its anomalous dimension γO, is given by:

ΩRGI = Ωinter(µ)
[
2b0ḡ

2(µ)
]−γO

0 /(2b0)
exp

{
−

∫ ḡ(µ)

0

dg

[
γO(g)

β(g)
− γO

0

b0g

]}
. (2.22)

These RGI matrix elements are scheme and scale independent by definition and hence

should be — from the theoretical point of view — looked upon as the fundamental quan-

tities of QCD whose precise determination from the lattice theory similarly as surveyed

for the Λ–parameter is of primary importance. In order to connect ΩRGI to ΩMS(µref),

one has to adopt the analogues of eqs. (2.21) and (2.22) for the MS scheme14 so that all

the individual steps, which turn a bare lattice matrix element Ωbare of Obare into a renor-

malized one in the MS scheme and thereby solve the underlying generic multiplicative

renormalization problem as discussed here, consist in the decomposition

ΩMS(µref) =
ΩMS(µref)

ΩRGI

× ΩRGI

Ωinter(µ)
× Zinter(g0, aµ) × Ωbare(g0) . (2.23)

While the first two factors are universal in the sense of being independent of the lattice

regularization (e.g. the choice of action), the renormalization constant Zinter(g0, aµ) refers

to a specific low-energy scale in the intermediate scheme (i.e. µ ∼ O(1/Lmax) in case of

the SF) and thus would have to be recomputed once the discretization of the theory or

the scheme itself is altered.

2.3 The running strong coupling constant

So far, computations of the running coupling α(µ) along the lines of the preceding sub-

sections have been performed in the quenched approximation to QCD (pure gauge the-

ory) [22–24] and in QCD with two flavours of quarks. In the case of two dynamical quarks

the numerical calculations involved become much more expensive in terms of computer

time compared to the former, owing to the quark polarization effects rendering the avail-

able simulation techniques increasingly inefficient. First promising results of a study in

this already more realistic approximation to the full theory (by which one would ideally

understand QCD with all flavours of quarks properly included) are reported in Ref. [25].

14Since this conversion to the matrix element in the MS scheme at some finite renormalization scale is

mostly done by perturbation theory, its reliability needs generally to be investigated.
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34 2. Determination of fundamental parameters of QCD

In the meantime, the simulations have been completed and the analysis of all available

data is finished. Its final results have been published recently in Publication A.

The status of the results is summarized in Figure 2.4, both for the case of quenched

QCD (left) and including two flavours of dynamical quarks (right). With the step scaling

function at hand, the recursive application of eq. (2.12) yields the series of couplings that

is shown as the points in the figure and likewise represents the range covered in the non-

perturbative calculation of the SSF; thus, no approximation is involved. For comparison,

the diagrams also contain the perturbative evolution starting at the smallest value of

α = ḡ2/(4π) that was reached. Three-loop accuracy here means that the renormalization

group function β is truncated at three-loop order and the resulting differential equation

(2.5) is integrated exactly. An important observation is now that this truncation of the

renormalization group equation (which governs the running of the coupling) is verified

in the region of low enough α. It may hence also be used to compute the Λ–parameter,

through continuation of the non-perturbative scale evolution with the perturbative one

to infinite energies as indicated in eq. (2.19), with negligible errors due to higher-order

terms that are not included in the perturbative approximation of the β–function.

At first sight, the attentive reader will find it quite surprising that the perturbative

evolution in the SF renormalization scheme is so precise down to very low energy scales.

Of course, this property may not be generalized to other renormalization schemes, in

particular not to the MS scheme, where the β–function is only defined in perturbation

theory anyhow.15

Results in the quenched approximation

After converting to the MS scheme, a step that utilizes the one-loop perturbative relation

between the finite-volume and the MS coupling leading to an exact conversion factor

ΛMS/Λ, Ref. [22] arrives at the result

ΛMS = 0.602(48)/r0 (Nf = 0) , (2.24)

which upon assigning physical units to the appropriate overall physical scale — in this

case the hadronic radius parameter r0 = 0.5 fm — translates into

ΛMS = 238(19) MeV (Nf = 0) (2.25)

for the Λ–parameter in QCD with zero quark flavours, i.e. the pure Yang-Mills theory.

Recall that all reference to the intermediate finite-volume scheme has disappeared at this

point. Eq. (2.24) simply expresses the Λ–parameter in the MS scheme in terms of the

low-energy scale r0 and thus provides the solution of the non-perturbative renormalization

15Furthermore, our non-perturbative coupling was designed to have a good perturbative expansion,

since one relies on the 3–loop β–function in the (high-energy part of the) computation of the Λ–parameter.
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Figure 2.4: Energy dependence of the effective gauge coupling in our particular finite-volume scheme,

translated to α(µ) = ḡ2(µ)/(4π), in the pure SU(3) gauge theory (left) [22, 23] and in QCD with two

flavours of massless quarks (right) as published in the preliminary report [25] and finally in Publication A.

The results from the computation in lattice QCD are also compared with the evolution predicted by

perturbation theory, where here 3–loop means that eq. (2.5) is evaluated including the b2–term. The

observation that both for zero and two flavours the momentum dependence of the SF coupling α that

has been studied is accurately matched by perturbation theory already at fairly low momenta will be

discussed further in the text.

problem for the running coupling. Rather than eq. (2.25), it is this first equation that

is the solid result, because the conversion to physical units was already stressed to be

ambiguous in the pure gauge theory.

If the result (2.24) is combined with the computation of pseudoscalar decay constants

reported in the context of Publication F and a careful analysis of the systematic errors is

made, we obtain

Fπ

ΛMS

= 0.56(5) (Nf = 0) (2.26)

and thereby finally achieve our initial aim of relating the parameter characterizing the

high-energy asymptotics of the running QCD coupling (ΛMS) to a low-energy hadronic,

observable physical quantity (Fπ). That actually the figure (2.26) even agrees with the ex-

perimental number Fπ/ΛMS = 0.62(10) within the quoted errors is somewhat unexpected

since the quark polarization effects have been neglected. Although one may speculate that

the ratio is not strongly affected by them, there is currently no good theoretical argument

for this and the coincidence can thus not be taken as a solid confirmation of QCD at this

point.

Despite the fact that the result on Fπ/ΛMS still refers to the unphysical situation

of disregarding the dynamics of the quarks, it can already be foreseen that a similar ab

initio computation in the case of full QCD will provide one of the most stringent tests of

the theory one can think of. Also note that the error in eq. (2.26) already sums up all
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uncertainties except the quenched approximation, including those from the extrapolations

to the continuum limit that were done in the various intermediate steps.

The running of the coupling in the MS scheme, αMS(µ), at normalization masses µ

given in units of r0 (or equivalently Fπ) may finally be calculated by solving the pertur-

bative renormalization group equation in the MS scheme, taking eq. (2.24) (or ΛMS/Fπ

of eq. (2.26)) as input. The numbers that one obtains tend to be significantly lower than

the experimentally measured values of the strong coupling constant, but since we have

not included the quark polarization effects so far, there is no reason to be worried. Sea

quarks affect the evolution of the coupling (it becomes flatter) and they also influence the

low-energy reference scale in some way which is difficult to guess at this stage.

α(µ) for two flavours of massless quarks

Encouraged by the quenched computations, which yielded important insights into how

precisely the low- and the high-energy regimes of the theory are connected to each other

and which demonstrated the potential of the lattice approach to pursue very stringent

tests of QCD, the calculations explained so far were extended to the numerically very

demanding case of Nf = 2 in Ref. [25] and Publication A. In these works, QCD is consid-

ered with two massless quark flavours. Since the SF invokes a massless renormalization

scheme by its very construction, the definition (2.11) of the step scaling function has now

to be supplemented by the additional condition of vanishing quark mass,

σ(u) ≡ ḡ2(2L)
∣∣

ḡ2(L)=u , m=0
, (2.27)

where m denotes the common mass of the two degenerate quark flavours that is understood

to be properly computable (and then also tunable) on the lattice.

Apart from this more technical detail, the whole computation principally proceeds

in the same way as in the zero-flavour case. Again, one of the key ingredients for a

successful end of this calculation may be attributed to the fact that before mapping out

the µ–dependence non-perturbatively and joining it with the perturbative evolution, the

a–effects can be well controlled in each step of the recursion which has to be solved to

obtain the SSF σ.

Algorithmic issues. On the algorithmic side, however, a new challenge of the situation

with Nf > 0 consists in the incorporation of the quark dynamics, which slows down the

numerical calculations by a large factor. Therefore, in order to ensure efficiency and

correctness of the required dynamical fermion simulations, the development and testing

of suitable Monte Carlo algorithms was from the very beginning also an essential goal

of the project to compute the running QCD coupling for Nf = 2. The outcome of a

study, which had these issues as its primary objective while particularly concentrating on
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the observables of relevance in our finite-volume, Schrödinger functional scheme, can be

found in Publication B. Since, as emphasized before, in the dynamical fermion case the

generation of the lattice field configurations, on basis of which the physical quantities of

interest are evaluated, is very expensive (in terms of CPU time), this investigation has

been done in the course of the data production runs that had to be carried out for the

determination of the coupling anyway.

A particular calculational step, both in dynamical fermion simulations employing the

widely used Hybrid Monte Carlo (HMC) algorithm or its variants and in the computation

of quark propagators as they enter the construction of fermionic correlation functions

(see, for instance, Section 2.4), is the inversion of the Dirac operator. In actual lattice

simulations, this amounts to invert the huge but sparse quark matrix or, equivalently, to

determine the numerical solution of an associated system of linear equations. To acceler-

ate the convergence of the iterative solvers that are commonly used here, it has by now

become quite standard to precondition the quark matrix by transformations designed such

that the new linear system can be numerically solved more efficiently than the original

one. One of those preconditioners goes under the name ‘SSOR preconditioning’ [26]. Its

implementation for QCD with SF boundary conditions on a massively parallel computer

platform is worked out and tested in Publication C. In conjunction with the HMC algo-

rithm, this preconditioner also entered the Nf = 2 simulations to compute the running of

the QCD coupling reported in Ref. [25] and Publication A.

Results. The Nf = 2 results on the scale evolution of the QCD coupling in the SF scheme,

displayed on the r.h.s. of Figure 2.4, represent the final status of the complete set of data

collected in Publication A. At the time when the preliminary study [25] was published,

these points were still awaiting a final check for the absence of discretization errors. The

analysis of Publication A finally confirmed this, indeed.

As shown in the figure, the data obtained for the coupling cover a large range of

energies from approximately 600 MeV to 100 GeV, similarly to the quenched case. The

perturbative scaling of the coupling sets in rather early, and once α ≈ 0.2 and smaller,

the data lie on top of the three-loop curve so that perturbation theory can be used with

a negligible error. This feature of an absence of large corrections to the perturbative

evolution, however, refers to a property of the particular observable under study and is

definitely not to be interpreted as a reflection of some universal property of QCD couplings.

In other schemes the coupling behaves differently in general, and there is usually no way

to tell in advance at which energy the non-perturbative contributions become small. Let

me illustrate this more explicitly here: If, instead of evolving non-perturbatively, one were

only using perturbation theory to evolve the coupling over the range considered here, then

the Λ–parameter would be overestimated by up to 14% (depending on the value of the

coupling umax that defines the low-energy scale Lmax). This in turn corresponds to an extra
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error of 3% for the coupling in the range where its value is close to 0.12, i.e. the physical

value of αMS at the Z-boson mass. Needless to add that, of course, this uncertainty could

even hardly be quantified without non-perturbative information, as perturbation theory

appears rather well-behaved when looked at in isolation.

In Figure 2.4 we see the momentum dependence of the SF coupling α = ḡ2/(4π)

studied in the two-flavour case to be accurately matched by perturbation theory even at

already fairly low momenta, similar to the quenched theory. Contact with the asymp-

totic behaviour (2.19) of the coupling can hence be made, and since also the low-energy

regime is safely reached, these calculations eventually provide the desired link between

that regime and the Λ–parameter. One should not forget, though, that only at the point,

when the SF-specific reference energy scale 1/Lmax (implicitly still contained in the r.h.s. of

Figure 2.4) is related to a physical low-energy observable, the scale dependent renormal-

ization problem of the running coupling will have been successfully solved. This is an

important piece within the calculation, which will serve, for instance, to transfer the scale

dependence of the QCD coupling α initially determined as a function of the dimensionless

ratio µ/Λ into a function of the energy µ in physical units.

To expose this last step a little further, we recall from Section 2.1 that the com-

putational strategy described there yields ΛLmax with Lmax defined by the value of the

coupling itself. This is the central numerical result obtained in Publication A:

− ln (ΛLmax) = 1.09(7) at umax = 5.5 (Nf = 2) . (2.28)

Since this SF-specific scale is not experimentally measurable, it remains to connect it

to a hadronic one. Ideally, the connection of the low-energy scale Lmax to a low-energy,

experimentally accessible property of a hadron should be again performed by adopting

the decay rate of the K- or the π-meson for the latter, because chiral perturbation theory

offers an analytic understanding of the pion dynamics, which is expected to help to control

the extrapolations to the physical quark mass as well as to infinite volume. A computation

of FπLmax requires the knowledge of the decay constant in lattice units, aFπ, at a quark

mass where mπ/Fπ takes its experimental value, and of Lmax/a with ḡ2(Lmax) = umax,

both as functions of the bare coupling in a range belonging to lattice spacings accessible

in large-volume simulations. Unfortunately, as discussed in more detail in Publication A,

the Nf = 2 results for aFπ so far available in the literature still suffer from substantial

systematic uncertainties and theoretical shortcomings, the most severe being (i) an only

perturbative knowledge of the renormalization of the axial current as well as (ii) of its

O(a) improvement and (iii) reasonable doubts whether these calculations have reached

quark masses where chiral perturbation theory is applicable at all. At present, it hence

appears preferable to relate Lmax to the frequently used hadronic radius r0, which has an

unambiguous definition in terms of the force F (r) between static quarks via r2
0F (r0) = 1.65

and, according to phenomenological considerations, has a value of around 0.5 fm [27]. The
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radius r0 has also been the reference scale in the zero-flavour theory, i.e. the quenched

approximation (cf. [22] and the preceding subsection).

Thus, in order to be able to end up with an evaluation of ΛMS r0, the low-energy scale

of the intermediate scheme in units of this radius parameter, Lmax/r0, was estimated in

Publication A employing existing raw Nf = 2 data on r0/a at finite bare quark masses

from the literature. One then gets in place of eqs. (2.24) and (2.25) as results in QCD

with two dynamical flavours

ΛMS = 0.62(8)/r0 (Nf = 2) , (2.29)

where the quoted error covers the 7% error on ΛLmax in eq. (2.28) and statistical plus

systematic uncertainties deriving from the determination of Lmax/a and the extrapolation

of the entering external, finite-mass data on r0/a to zero quark mass, and

ΛMS = 245(32) MeV (Nf = 2) . (2.30)

Notwithstanding the fact that the analogue of the relation (2.26) is still missing here and

that also the four-flavour theory has not yet been reached, it is a very non-trivial test

of QCD that the non-perturbative results, which use experimental input at low energies

of order 1/r0 ≈ 400 MeV, agree roughly with high-energy, perturbative extractions of Λ.

Some further work will still be required, of course, to unravel the details in this comparison.

Conclusion and open questions

The fact that the relation between the parameters in the Lagrangian and the basic prop-

erties of the mesons and nucleons can be established on the lattice, along with the ability

to compute the non-perturbative evolution of the effective coupling from very low to high

energies, is the key to show that quark confinement and asymptotic freedom are just

two complementary aspects of QCD. In this respect, Ref. [25] and Publications A have

its share with the many other lattice calculations and investigations, which are devoted

to different phenomenological as well as fundamental issues, in making QCD the unique

candidate of the theory of the strong interactions.

In these publications, the hadronic radius r0 ≈ 0.5 fm was chosen for technical reasons

to calibrate the overall energy scale and to therefrom relate the high-energy experiments

to the theoretical predictions also in the case of QCD with dynamical quarks. Although

one expects it to be quite unlikely that r0 differs by 10% from this value, a true error on the

results (2.29) and (2.30) in physical units is thus difficult to estimate until a reliable non-

perturbative determination of e.g. r0Fπ has been performed. Such a computation (or more

directly the computation of LmaxFπ for Nf = 2) is therefore still an urgent computational

task that is left to connect ΛLmax in eq. (2.28) to an experimentally observable quantity, in

order to complete the programme of solving QCD non-perturbatively on the same footing

as already achieved in the quenched approximation.

39



40 2. Determination of fundamental parameters of QCD

The main reason that until recently comparisons of the lattice results with experi-

mental numbers could not be regarded as hard tests of QCD lies in the quark polarization

effects (i.e. those from dynamical sea quarks), which often were and at some places still

are neglected in the numerical simulations, because their inclusion causes an enormous

amount of computer time required to simulate them. Moreover, by the same token, nei-

ther was the number of relevant flavours used so far the physical one in most cases, nor

could their simulated masses be adequately lowered — or let alone exactly set — to the

actual values met in nature. However, once these limitations which are presently being

overcome by many current projects within the lattice community, are finally gone, clean

precision tests of QCD will become a reality.

2.4 Quark masses

Before I am going to discuss the determination of quark masses by virtue of probing low-

energy physics within the scope of lattice regularized QCD, it is worth to remind that the

masses of quarks are of a very different nature from the mass of other elementary particles

such as, for instance, the electron. The basic difference lies in the property of confinement

mentioned at the beginning of Section 1, which means that a quark cannot be prepared

in isolation in order to perform an experimental measurement of its mass. Instead of

this, quark masses have to be regarded — equally to the strong coupling constant — as

fundamental parameters of the theory, and consequently their proper definition very much

resembles that of an effective coupling, especially in that they have an energy dependence

similar to the one of α.

Based on the past (and partly still ongoing) progress in lattice QCD concerning the

non-perturbative renormalization of local composite operators and the removal of leading

discretization errors which entailed a natural interest and much activity to evaluate hadron

masses and matrix elements in the continuum limit, lattice calculations have become

particularly capable to address the problem of a determination of the light quark masses

with confidence. This is all the more so, because their complete renormalization (or,

differently speaking, their overall energy dependence) is known non-perturbatively, at

least in the quenched approximation [22], so that lattice determinations of quark masses

have entered a mature stage where the dominant systematic error is quenching.

As an alternative to more standard methods, I here review the work presented in Pub-

lications E and F, where, as a necessary prerequisite for the Schrödinger functional (SF)

framework to allow for a reliable computation of spectral quantities with high accuracy in

lattice QCD, it is demonstrated explicitly that SF correlation functions are dominated by

hadron intermediate states at Euclidean time separations of around 3 fm. This technique

is then applied to physical observables in the meson sector of QCD, and in particular to

the strange quark mass as the representative example out of the set of light quark masses.
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The quenched data underlying the investigations of Publications E and F stem from

four lattices with physically large volumes of T ×L3 ∼ (3 fm)×(1.5 fm)3 and SF boundary

conditions; lattice spacings, a, range from 0.1 fm to 0.05 fm, with four values of the quark

mass each so that all results can first be properly extrapolated in the pseudoscalar mass

and finally to the continuum limit. Among the more technical issues of the work (such as

full O(a) improvement of the theory and a confirmation of the negligibility of finite-size

effects as predicted by chiral perturbation theory), which due to its rather introductory

character are ignored in this overview and can be found in the original references, it

deserves to be noted that in the course of the generation of the raw numerical data the

aforementioned, very efficient and parallelized implementation of an SSOR preconditioner

for QCD with SF boundary conditions developed in Publication C was adopted as well.

The underlying decomposition of the Dirac matrix speeds up the inversion algorithm

solving the system of linear equations belonging to the boundary value problem of the

Dirac operator to ‘measure’ the quark propagators within the evaluation of the correlation

functions and thereby leads to a substantial gain in the overall computational cost. In

the remaining paragraphs, I only emphasize the general concepts and our strategy for the

computation of quark masses.

Correlation functions with SF boundary conditions

To begin with, we come back to the expectation values of products of local fields O,

introduced in Section 2.2, and will convey a rough idea of how SF correlation functions

are constructed.

Namely, it is an interesting option at this point to include derivatives w.r.t. the quark

and antiquark boundary values in the field product O. An example for such a product is

the operator

Oa = −a6
∑

y,z

δ

δρ(y)
γ5

1
2
τa δ

δρ̄(z)
. (2.31)

In the functional integral the derivatives act on the weight factor e−S and induce an

insertion of certain combinations of the dynamical fields localized near the boundaries of

the lattice, and thereupon one finds the derivatives −δ/δρ(x) and δ/δρ̄(x) to effectively

behave like an antiquark and a quark field at time x0 = 0, respectively. The generated field

product associated with this example is an isovector pseudoscalar field at the boundary

of the SF cylinder. Hence, we can define the correlation function

〈
Aa

µ(x)Oa
〉

=

{
1

Z

∫

fields

Aa
µ(x)Oa e−S

} ∣∣∣∣
ρ=ρ̄=ρ′=ρ̄′=0

, (2.32)

in which the summation over the positions y and z from eq. (2.31) causes the operator Oa

to create a quark and an antiquark at time zero with vanishing spatial momentum. This
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correlation function is then proportional to the probability amplitude that the quark-

antiquark pair propagates to the interior of the space-time volume and annihilates at the

point x, as illustrated in Figure 2.5.16

T

time x

0

space

time

0

space

T

Figure 2.5: Left: Sketch of a fermionic boundary-to-bulk correlation function fX(x0) defined in the

Schrödinger functional. The irregular lines represent the space-time trajectories of a quark and an

antiquark, which have been created at time 0 (through the operator Oa in (2.31)) and annihilate each other

at the point x. Right: The boundary-to-boundary correlation function f1. Correlation functions of this

type have been used before, for instance, to study current conservation and quark mass renormalization

on the lattice [9, 13,22].

According to this formal recipe, a variety of multiplicatively renormalizable, gauge-

invariant correlation functions in the SF can be formed from suitable pairings of local

composite fields in the interior of the manifold and boundary quark fields. Two prominent

candidates involve the axial vector current and the pseudoscalar density in the bulk; the

corresponding correlators read

fX(x0) ∝
〈

∑

y,z

X(x) ζ̄(y)γ5
1
2
τa ζ(z)

〉
, X = Aa

µ or P a , (2.33)

where the boundary fields, located at the x0 = 0 surface, are now denoted by −δ/δρ(x) →
ζ(x) and δ/δρ̄(x) → ζ(x) and create fermions and antifermions in the sense outlined above.

Their partners at x0 = T are −δ/δρ′(x) → ζ ′(x) and δ/δρ̄′(x) → ζ ′(x) and give rise to

primed analogues of eq. (2.31), viz.

O′a = a6
∑

y,z

ζ̄ ′(y) γ5
1
2
τa ζ ′(z) .

A correlation function between two pseudoscalar boundary sources at x0 = 0 and x0 = T ,

as sketched on the r.h.s. of Figure 2.5, is

f1 ∝ 〈O′a Oa〉 ∝
〈

∑

u,v,y,z

ζ̄ ′
i(u)γ5ζ

′
j(v) ζ̄j(y)γ5ζi(z)

〉
(i, j: flavour indices) (2.34)

16Such pictures receive an exact meaning if the quark lines are thought of to represent quark propagators

at the current gauge field.
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and will later serve to cancel the multiplicative renormalization of the boundary quark

fields ζ, . . . , ζ̄ ′ in order to compose these fermionic SF correlation functions to renormalized

quantities with a well-defined continuum limit.

Verification of O(a) improvement in intermediate volume

As a preparation for the following calculation of hadron masses, matrix elements and

light quark masses in large volume, renormalized SF correlation functions and a few

observables constructed such that they turn into meson masses and decay constants have

been thoroughly examined in an intermediate physical volume (T × L3 ∼ (1.5 fm) ×
(0.75 fm)3) within O(a) improved quenched lattice QCD in Publication D.

Upon extrapolating to the continuum limit results on these observables from numer-

ical simulations of renormalized and improved correlation functions at decreasing lattice

spacings a, the quality of scaling as well as the size of its violation were studied, and the

impact of O(a) improvement was quantified therefrom. The outcome of this investigation

is that all quantities under consideration show an overall behaviour completely compatible

with being linear in a2 at a . 0.1 fm and that changing a by a factor of about two gives

very stable continuum extrapolations — though there are also still quantities (e.g. in the

vector meson channel), for which even in the O(a) improved theory the remaining O(a2)

effects have to be assessed by varying the lattice spacing.

Low-energy physics from SF correlation functions

Whereas in other applications, e.g. those described in Sections 2.3 and 3 that rather ad-

dress scale dependent renormalization problems, correlation functions in the SF are mainly

considered in the perturbative regime (i.e. small extensions of the space-time volume), the

focus in the present context is on the properties of SF correlators in intermediate to large

volumes with extensions significantly larger than the typical QCD scales of order 1 fm,

where now their behaviour at large time separations will carry the physical information.

Starting from the quantum mechanical interpretation of the SF, one can derive explicit

expressions for the representation of its correlation functions in terms of intermediate

physical states (Publication E). Let us discuss an example, which is directly relevant

later. We consider the correlation functions introduced in eqs. (2.33) and (2.34),

fX(x0) = −L3

2
〈X(x)O〉 , f1 = −1

2
〈O′ O〉 , (2.35)

where O is a pseudoscalar field, constructed from a p = 0 quark field and a p = 0

antiquark field at x0 = 0:

O =
a6

L3

∑

y,z

ζ i(y)γ5ζj(z) , (2.36)
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i and j being flavour indices. Analogously, O′ is located at the boundary x0 = T . One

may think of the fields ζ, . . . , ζ ′ as quark fields at the boundary; their precise definition is

given in [9] and was motivated before. Here, we shall be interested in fA and fP, defined

by choosing

X(x) ≡ A0(x) = ψj(x)γ0γ5ψi(x) and X(x) ≡ P (x) = ψj(x)γ5ψi(x) , (2.37)

respectively.

For large separations x0 and T − x0, the correlation functions are dominated by the

lowest lying intermediate states with the appropriate quantum numbers. These are the

pseudoscalar ground state and the vacuum, the latter contributing between x0 and T in

both fA as well as fP. Following the arguments in Publication E, one may then arrive

at the asymptotic behaviour including the first non-leading corrections in the transfer

matrix formalism, viz.

fX(x0) ∝ ρ 〈 0, 0 | X | 0, PS 〉 e−x0mPS
{
1 + O

(
e−x0∆, e−(T−x0)mG

)}
,

f1 ∝ ρ2 e−TmPS . (2.38)

In leading order, an unknown matrix element (ρ) and the desired matrix elements of the

Schrödinger picture operators X , associated with the fields X, arise. Moreover, the mass

of the 0++ glueball, mG, and the energy gap to the first excited state in the pseudoscalar

channel, ∆, enter the corrections with coefficients, which can be expressed through certain

matrix elements but whose exact form does not need not be repeated here. Apart from

the pseudoscalar mass, mPS, the formulae (2.38) thus enable us to calculate the decay

constant, FPS, and the so-called pseudoscalar coupling, GPS, via their definitions through

the matrix elements just occurring in eq. (2.38):

〈 0, 0 | A0 | 0, PS 〉 = NPS × mPSFPS , (2.39)

〈 0, 0 | P | 0, PS 〉 = NPS × GPS , NPS =
1√

2mPSL3
. (2.40)

Also note the particular rôle of the boundary-to-boundary correlator f1 that consists in

its use to eliminate the unknown factor ρ, the only place where the (divergent) renormal-

izations of the boundary quark fields are hidden, by taking suitable ratios with fA or fP

(e.g. fA/
√

f1 ). A generalization to other channels such as that of the vector meson is

straightforward.

Turning to the numerical tests of the practicability of the method, I pick out as a

representative example the ratio of correlation functions

fA

fP

=
mPSFPS

GPS

{
1 + O

(
e−x0∆, e−(T−x0)mG

)}
, (2.41)

which will become the key observable in the approach to follow of computing quark

masses. This ratio shows approximate plateaux between x0 ≈ 1 fm and T − x0 ≈ 1 fm,
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compare Figure 2.6. Their height determines mPSFPS/GPS. Before simply reading these

off, however, the magnitude of the ‘contaminations’ by excited state contributions should

be carefully assessed. Given the fact that estimates for ∆ and mG are available in the

literature, this may be achieved by analyzing the data on fA/fP as functions of the leading

corrections. The corresponding slopes, estimated from plotting this ratio against these

correction terms, then allow to deduce the (nearly central) timeslice range, where the

excited state contributions are below a certain systematic error margin that in turn is

chosen to be negligible compared to the envisaged statistical errors, and within which the

quantity fA/fP is subsequently averaged to obtain the final results. This procedure is also

easily extended to the calculation of mPS, FPS and GPS separately.

Figure 2.6: The ratio fA/fP of SF correlation functions for a ≈ 0.07 fm (open circles) and a ≈ 0.09 fm

(filled circles). The label ‘I’ at fA on the horizontal axis indicates that the O(a) improved correlator is

employed.

Though the SF applied for extracting hadron physics appears similar in spirit to

the method of wall sources, one should note that gauge invariance is kept at all stages

of the present formulation and furthermore, as a consequence of the dimensionless non-

local fields used to create the boundary states, dimensional analysis implies that the

pre-asymptotic decay of SF correlation functions is slow, hence leaving large and precise

signals at hadronic length scales of 1 − 2 fm. Since the correlators are renormalizable by

simple factors (see also Publication D), this property is indeed independent of the lattice

spacing once one is sufficiently close to the continuum limit.
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46 2. Determination of fundamental parameters of QCD

Light quark masses: The strategy

Before we come to exploit the aforementioned nice features of large-volume SF correlation

functions in the low-energy regime, I want to explain in more detail the strategy for the

computation of light quark masses advocated here. Their ratios can be calculated from

chiral perturbation theory [28], where the currently best results read

Mu

Md

= 0.55 ± 0.04 ,
Ms

Ml

= 24.4 ± 1.5 (2.42)

with the average light quark mass Ml = 1
2
(Mu + Md) [29].

Despite this success of chiral perturbation theory, there are still substantial questions

that can be answered decisively only in the framework of lattice QCD.

(i) The applicability of chiral perturbation theory needs to be checked. This concerns

the practical question, in how far the lowest orders dominate the full result.

(ii) The parameters in the chiral Lagrangian (at a given order in the expansion) cannot

be inferred with great precision from experimental data alone. Their determina-

tion can be improved significantly by help of lattice QCD results. (This aspect is

discussed in Section 2.5 and Publication G.)

(iii) In particular, there is one parameter in the chiral Lagrangian that is impossible to

determine from experimental data. This is the overall scale of the quark masses,

which is only defined once the connection with the fundamental theory, QCD, is

made.

An important point to realize is that all of the above problems can be dealt with by

working with unphysical quark masses (where, obviously, they should not be too large).

For the first two problems, it is in fact essential to explore a range of quark masses, and

also for the last problem, which is addressed here, this is of significant advantage.

The above considerations lead one to determine a reference quark mass, Mref , implic-

itly defined through the condition

m2
PS (Mref) r2

0 = 1.5736 = (mKr0)
2 , (2.43)

where m2
PS(M) is the pseudoscalar meson mass as a function of the quark mass (for mass-

degenerate quarks), and r0 again denotes the dimensionful hadronic radius defined through

the force between static quarks [27] to set the physical scale (r0 = 0.5 fm), entering as

well as the experimental value 1
2
(m2

K+ + m2
K0)|pure QCD = (495 MeV)2 on the r.h.s. of this

equation. Chiral perturbation theory in full QCD relates Mref to the other light quark

masses, that is to say

2Mref ≈ Ms + Ml . (2.44)
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Publication F provides further evidence for this relation, employing the results of quenched

QCD. Hence, the remaining task is to calculate Mref from lattice QCD.

What was said so far is valid literally in mass independent renormalization schemes,

in which quark masses are renormalized with a flavour independent factor. The result-

ing running quark masses, m(µ), are however scheme and scale dependent quantities.

Therefore, as already explained in Section 2.2, it is advantageous to calculate directly the

renormalization group invariant (RGI) quark masses, which are pure numbers and do not

depend on the scheme. In terms of m(µ), they are given as

M = m(µ)
[
2b0ḡ

2(µ)
]−d0/(2b0)

exp

{
−

∫ ḡ(µ)

0

dg

[
τ(g)

β(g)
− d0

b0g

]}
, (2.45)

with the leading β–function coefficient b0 = 11/(4π)2 and d0 = 8/(4π)2 the leading

coefficient of the function τ(ḡ) that describes the RG evolution of the quark masses

with the renormalization scale (i.e. d0 characterizes the asymptotic behaviour of m(µ) for

large energy). For O(a) improved quenched QCD, the quark mass renormalization has

been performed non-perturbatively in Ref. [22]. As a result, the flavour independent total

renormalization factor ZM, relating the bare current quark masses m — defined by the

partially conserved axial current (PCAC) relation

〈∂0A0(x)O〉 = 2m 〈P (x)O〉 + O
(
a2

)
(2.46)

that is to be read as a renormalized operator identity with O being some O(a) improved

field localized in a region not containing x — to the RGI masses according to

M =
M

m(µ)

ZA(g0)

ZP(g0, L)
× m(g0) + O

(
a2

)

≡ ZM(g0) × m(g0) + O
(
a2

)
, µ = 1/L ≡ 1/(2Lmax) ≈ 275 MeV , (2.47)

is non-perturbatively known for the range of bare couplings g0 commonly used in simula-

tions in physically large volumes.

Then, combining the PCAC relation (2.46), applied to the vacuum-to-pseudoscalar

matrix elements in eqs. (2.39) and (2.40), with eq. (2.43) leads to the central formula

2r0Mref = ZM ×
R |m2

PS
r2
0=1.5736

r0

× 1.5736 , R ≡ FPS

GPS

. (2.48)

Of course, as anticipated in this equation by the K-meson scale 1.5736 = (mKr0)
2 where

the ratio R is to be evaluated at, as well as by the omission of any lattice spacing depen-

dence, it is understood that the r.h.s. is chirally extrapolated in the pseudoscalar mass

to the mass scale of the light quark in question (the strange quark in the case at hand),

prior to a continuum limit extrapolation, a → 0.
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An application: Computation of the strange quark’s mass

With the aid of the numerical methods outlined two paragraphs before, the ratio R and

the meson mass mPS in lattice units can be computed accurately as a function of the bare

quark mass and the bare gauge coupling. As discussed and explicitly demonstrated in

Publication F, a mild extrapolation then yields R/a at the point m2
PSr

2
0 = 1.5736.17 Next,

the sum of the RGI strange quark mass and the average light quark mass, implicit in

eqs. (2.43) and (2.44) through the combination r0Mref , is extrapolated to the continuum

limit. Since this latter extrapolation, which is displayed in the upper diagram of Fig-

ure 2.7, involves a significant slope, the point furthest away from the continuum has been

discarded. This is a safeguard against higher-order lattice spacing effects. Nevertheless,

we clearly see the data points to approach the continuum limit with a rate consistent with

leading discretization errors proportional to a2.

Figure 2.7: Continuum limit extrapolations of the sum of the RGI strange and average light quark

masses, in units of a particular physical scale given by the hadronic radius r0 = 0.5 fm (top), as well as

in units of the K-meson decay constant (bottom).

Moreover, the entire analysis was repeated for Mref in units of the kaon decay constant.

This amounts to substitute eq. (2.48), here exposed again but in the more familiar form

17The reason for not computing directly at or below the quark mass corresponding to m2
PS

r2
0 = 1.5736

was that this is the region where unphysical zero modes of the O(a) improved Dirac operator become

relevant (‘exceptional configurations’). However, even without entering this region, the quark mass points

imposed in the Monte Carlo simulations are close enough to perform a safe extrapolation.
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directly referring to the strange quark mass scale,

r0 (Ms + Ml) = ZM × 〈 0 |A0 |K 〉
(mKr0)〈 0 |P |K 〉 × (mKr0)

2
∣∣
exp

+ O
(
a2

)
, (2.49)

by the expression

Ms + Ml

FK

=
M

m(µ)

1

ZP(g0, L) r2
0 GK

× (mKr0)
2
∣∣
exp

+ O
(
a2

)
, (2.50)

owing to the PCAC relation now written as m2
KFK = (mu+ms)〈0|uγ5s|K〉 ≡ (mu+ms)GK.

Note that, in the same way as via ZM in eq. (2.49), all reference to the intermediate scheme

used to trace the renormalization scale dependence of the quark masses is cancelled in the

product M/(mZP), eq. (2.47). In the case of (Ms + Ml)/FK we observe a weaker lattice

spacing dependence, as illustrated in the lower diagram of Figure 2.7. The final results of

these two analyses are completely consistent with each other; as shown in Publication F,

the numerical agreement between them is even better than one would expect it to be in

the quenched approximation.

Using the experimental value FK = 160(2) MeV, one now obtains for the sum of

the RGI strange and average light quark masses in the continuum limit of the quenched

approximation

Ms + Ml = 140(5) MeV ⇔ mMS
s (2 GeV) = 97(4) MeV , (2.51)

where the number on the r.h.s. follows from combining the result for Ms + Ml with

the prediction of chiral perturbation theory, Ms/Ml = 24.4(1.5) (cf. eq. (2.42)), and a

subsequent conversion to the MS scheme at the convenient, finite renormalization scale

µ = 2 GeV via integration of the four-loop perturbative renormalization group functions

(which also accounts for the uncertainty in Λ(Nf=0) = 238(19) MeV [22]). The uncertainty

of ±4 MeV quoted in eq. (2.51) comprises all errors but those due to quenching. But, as

already pointed out earlier, an intrinsic ambiguity is encountered when assigning physical

units to lattice results in the quenched approximation. For mMS
s (2 GeV), eq. (2.51), the

associated uncertainty was estimated to be ∼ 10%.

Concluding remarks

In Publications E and F, other interesting results both at finite lattice spacing and after

extrapolation to the continuum limit were gained along similar lines for the pseudoscalar

decay constant and the vector meson mass, r0FK and r0mK∗ . Summing up, it may be said

that, also through the explicit comparisons with numbers from the literature not repro-

duced here, the SF has been shown to be not only useful for the extraction of low-energy

matrix elements from suitable SF correlators but to also lead to numerically efficient and

beyond that, for the particular cases of vacuum-to-pseudoscalar matrix elements (e.g. as
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50 2. Determination of fundamental parameters of QCD

crucial elements of a reliable calculation of the light quark masses), to significantly more

precise results than those from standard methods — in addition to the SF’s other im-

portant area of applications that addresses to solve various renormalization problems in

QCD.

In the meantime, the just summarized strategy and practical procedure devised in

these publications to determine quark masses through low-energy physics from the QCD

Schrödinger functional has also successfully been adapted to a precision computation of

the mass of the charm quark in the quenched approximation [30].

2.5 Chiral Lagrangian parameters from lattice QCD

A notorious problem particularly for numerical simulations of QCD with dynamical quarks

is to reach the region of realistic, small quark masses. Among the different attempts be-

ing pursued to deal with this problem, a sound method on the theoretical side is chiral

perturbation theory (ChPT). It describes the dynamics of the Goldstone boson fields as

they appear as a consequence of a spontaneously broken continuous symmetry, the chiral

symmetry in the case of QCD with massless quarks. The associated effective Lagrangian

originates from a systematic higher-order expansion of the underlying, more fundamental

theory — QCD — in the four-momentum and the quark masses mu, md and ms about

the massless limit [31]. While with increasing order of the expansion more complicated

terms together with corresponding additional, so-called low-energy constants (LECs) mul-

tiplying them arise in this Lagrangian, it is designed such that it obeys the same global

symmetries as QCD to yield a trustworthy description of the fundamental theory. These

LECs are free parameters of the Lagrangian; they can only be determined by the compar-

ison with sources beyond ChPT, and in principle, their values have to follow from QCD

itself.

The fact that in the low-energy regime the information content of ChPT is equiv-

alent to that of QCD has been exploited in many ways. It supplies us, for instance,

with formulae, which model the quark mass dependence of pseudoscalar masses, decay

constants and other observables and thereby provides valuable input and information for

lattice simulations: ChPT predictions can serve as a guide to extrapolate the numerical

results from medium to small quark masses and are widely used for this purpose by the

lattice community. However, this line of reasoning may also be turned around by viewing

at numerical simulations as a powerful tool to determine the low-energy parameters of

ChPT from first principles, because simulations of lattice QCD employ the fundamental

Lagrangian of the theory.

Tuning the quark masses such that the regime of validity of ChPT is reached, a

comparison of numerically generated QCD data and the predictions of ChPT can be

performed. In practice, the LECs are extracted by a fit of the numerical data to the
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analytical formulae of ChPT (which contain the LECs as free parameters), and the values

of the LECs obtained in this way from QCD can then be related to experimental data,

which eventually leads to direct tests of QCD. Furthermore, an estimation of the LECs

is an important ingredient to supplement the numerical simulations themselves, since

simulations at small values of the quark mass, i.e. corresponding to their physical values,

are very expensive. (For a recent review on this topic, see e.g. Ref. [32]). But if we

would know, at what values of the quark mass ChPT is valid, its use to extrapolate

many observables to physical values of the quark mass could be put on solid grounds.

Obviously, for this procedure a sufficiently precise knowledge of the LECs is an inevitable

prerequisite.

A general method that allows for the determination of LECs with good statistical

accuracy through combining ChPT with numerical simulations of lattice QCD has been

introduced in Publication G. Here I will only highlight one particularly interesting aspect

of the applications discussed in this reference, which explores the question of the mass-

lessness of the up quark by testing whether such a scenario would be compatible with the

real world.

Interplay between lattice simulations and chiral perturbation theory

Chiral perturbation theory is an effective (non-renormalizable) theory parameterized in

terms of a set of empirical couplings, which are usually referred to as Gasser-Leutwyler

coefficients or, as already done above, ‘low-energy constants’. At lowest order, the effective

chiral Lagrangian reads

L(2)
eff =

F 2
0

2

{
1

2
Tr

(
∂µU

†∂µU
)

+ B0 Tr
(
M(U + U †)

)}
, (2.52)

where

U = exp

{
i

ϕaT a

√
2 F0

}
and M = diag (mu,md,ms) (2.53)

are the field of Goldstone bosons and the quark mass matrix, respectively. Among the

leading-order LECs contained in eq. (2.52), B0 and F0, the latter corresponds to the pion

decay constant in the chiral limit, while the former is related to the order parameter of

chiral symmetry breaking, the so-called scalar condensate. At next-to-leading order there

are twelve more interaction terms and hence new LECs L1, . . . , L12.

The values of the LECs can be fixed by using experimental data and comparing with

the relevant expressions obtained in ChPT. It turns out, however, that the complete set of

LECs cannot be extracted in this way, because the values of some of them cannot be fixed

without resorting to additional theoretical assumptions. One example is B0, appearing in

the leading-order chiral expansion of the pion mass, m2
π = 2B0ml with ml = 1

2
(mu + md),

which shows that B0 can only be determined from mπ if the physical value of the average
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52 2. Determination of fundamental parameters of QCD

light quark mass ml is known already. Vice versa, ml can only be inferred if an estimate

for B0 is available in advance. Therefore, while ChPT enables us to compute quark mass

ratios (cf. eq. (2.42)) since B0 drops out in suitably chosen pseudoscalar mass ratios, it

fails to predict an absolute normalization of their masses.

Another reason why the complete set of LECs cannot be determined from chiral

symmetry considerations alone is the fact that the low-energy effective Lagrangian be-

yond leading order is invariant under a symmetry transformation involving the LECs and

the mass matrix M in (2.52). This is the famous ‘Kaplan-Manohar ambiguity’ raised

in Ref. [33]. The potential of lattice QCD in this respect is quite obvious now. By study-

ing the quark mass dependence of Goldstone bosons in a simulation, one can estimate

the value of B0 or, equivalently, calculate the absolute normalization of quark masses.

Since the Kaplan-Manohar ambiguity is not a symmetry of QCD, it is thus possible to

resolve it by determining the values of LECs from an ab initio based approach. It must

still be kept in mind, though, that a successful combination of lattice QCD and ChPT

requires sufficient overlap between the range of quark masses used in simulations and the

region of validity of the chiral expansion. This demand is crucial, if ChPT is used to

extrapolate results from simulations performed for relatively heavy quarks to the regime

of the physical up and down quark masses.

Is the up quark massless?

As announced above, the hypothesis of a massless up quark emphasizes a particularly

interesting application of a lattice determination of LECs, and we hence return to the

Kaplan-Monohar ambiguity and those couplings in the chiral Lagrangian that are required

to test this hypothesis.

The aforementioned invariance of the effective chiral Lagrangian beyond leading order

under simultaneous transformations of the mass matrix and a subset of LECs implies an

uncertainty in the size of the next-to-leading order correction to the mass ratio mu/md.

This correction, ∆M, is given by

∆M =
(m2

K − m2
π)

(4πFπ)2 (2α8 − α5) + {chiral logarithms} . (2.54)

Since α5 can be estimated from the ratio of decay constants FK/Fπ but at the same time

there exists no experimental information which would allow an unambiguous determina-

tion of α8 or rather the linear combination 2α8 − α5 itself [34], the value of α8 and thus

∆M must be fixed by invoking plausible assumptions beyond chiral symmetry arguments.

Although in this way [29] the possibility that mu/md = 0 (which necessitates a large neg-

ative value for ∆M) was excluded and a massless up quark, which would present a simple

and elegant mechanism to solve the strong CP-problem, appears already as an unlikely

scenario, an estimate on ∆M based on first principles is still lacking. Therefore, not least
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owing to the importance of the strong CP-problem, it is desirable to tackle this question

by means of lattice determinations of 2α8 − α5.
18

To briefly sketch the investigation of Publication G directed to the issue of a massless

up quark, we first note that the expressions of ChPT are valid for arbitrary quark mass.

Now one specifies a certain reference quark mass value mref and defines the ratios

RF(x) =
FPS(m)

FPS(mref)
, (2.55)

RM(x) =

[
2m

m2
PS(m)

] / [
2mref

m2
PS(mref)

]
, x ≡ m

mref

, (2.56)

which become universal functions of the dimensionless mass parameter x and, due to the

correlations between numerator and denominator, are expected to yield good statistical

precision in their numerical evaluations. As all renormalization factors drop out in the

ratios, these quantities can also be extrapolated to the continuum limit straightforwardly.

The LECs at next-to-leading order are then extracted by confronting numerical data for

RF and RM with the corresponding expressions in quenched (or partially quenched) ChPT.

In Publication G this ‘ratio method’ is implemented and numerically tested in the

quenched approximation for mref ≈ ms and x in the range 0.75 . x . 1.4. (This range

corresponds to the quark mass interval covered in the generation of the raw data for the

computation of the strange quark mass in Publication F, which are also employed here,

and it is limited from below by the constraint of evading exceptional configurations).

The numerically evaluated functions in eqs. (2.55) and (2.56) are compiled together with

the associated combinations of LECs in Figure 2.8. There it is found that the ratio RF,

which is predicted by quenched ChPT to rise linearly with the quark mass, is modelled

very well by the data and results in stable estimates for α5, whereas the numerical data

for RM exhibit an almost constant behaviour, in contrast to quenched ChPT predicting

the presence of linear terms as well as chiral logarithms. Hence, if the accessible range

of simulated masses lies indeed within the regime where ChPT at next-to-leading order

is valid, we can interpret this constant behaviour of the data as the result of a strong

cancellation between the various contributions at next-to-leading order.

A comparison with the ‘standard’ values for the LECs estimated in the continuum,

as well as with those values that would be necessary to support the notion of a massless

up quark, shows that the latter scenario is strongly disfavoured already by the quenched

18In this context it is worth to mention the relevance of partially quenched simulations, where the Monte

Carlo updates are performed with large enough sea quark masses to allow for a tolerable simulation speed,

while quark propagators and the quantities derived from them are evaluated with smaller valence quark

masses. As for unequal sea and valence quark masses the chiral Lagrangian is parameterized in terms of

the same LECs as the physical theory, simulations with unphysical quark mass combinations do provide

phenomenological information as long as the correct number of dynamical quark flavours (i.e. Nf = 3) is

used and, of course, the regime of validity of ChPT and the range of simulated masses overlap.
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54 2. Determination of fundamental parameters of QCD

Figure 2.8: Numerical results for the ratios RF and RM, eqs. (2.55) and (2.56), in the quenched approx-

imation, taken from Publication G. (The additional LECs αΦ and δ are induced by quenching artifacts

in the chiral expansion: Incorporating flavour-singlet fields, which do not decouple in the quenched ver-

sion of the effective low-energy theory, explicitly into the chiral Lagrangian introduces a parameter αΦ

multiplying the kinetic term in the flavour-singlet part of the effective Lagrangian as well as a new type

of chiral logarithm, δ, proportional to the mass scale squared of the flavour-singlet.)

lattice calculation reported here: the (valence) quark mass behaviour of RM would have

to be radically different to accommodate a large negative value for α8 as a massless up

quark does demand it.

Meanwhile, the ratio method, which appears to be most stable against systematic

errors from renormalization effects and lattice artifacts, has also been applied by other

groups, for instance in Ref. [35] to the case of Nf = 2 partially quenched QCD and in

Ref. [36] where Nf = 3 flavours of dynamical staggered quarks were simulated. Taking

them together with our quenched study, one observes a quite weak Nf dependence of

the LECs and even a broad consistency of the results on α5 and 2α8 − α5 within errors

(particularly, if the Nf = 3 expressions of ChPT are used, though the data were actually

generated for Nf = 0, 2). In short, under the assumption that the quarks entering the

simulations are light enough to justify the comparison with ChPT19, these first principles

calculations in quest of a massless up quark provide clear indications to exclude this possi-

bility, because it is not reflected at all in the valence quark mass behaviour of the relevant

19In fact, there is evidence that the dependence of m2
PS

and FPS on the sea quark mass is not in

agreement with ChPT if the sea quark mass corresponds to mPS = 550 − 1000MeV, which would affect

attempts to perform extrapolations in msea to the physical point defined by mPS/mV ≈ 0.17 (see e.g. [37]).
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pseudoscalar observables, and they thereby support the earlier, more phenomenologically

oriented analysis of [29] based on suppositions beyond ChPT.

Of course, further simulations with smaller dynamical sea quark masses should be

performed to corroborate these findings and primarily to settle the issue of the mass

range, in which ChPT at next-to-leading order can be expected to hold true, in order to

exploit its predictions to finally make contact with the region of very light quarks that is

difficult to access directly in numerical simulations. This subject is recently growing into

a major activity among current investigations of lattice QCD [38–40].

3 Physics of heavy-light quark systems

Not least by the influence of the challenging experimental programme of B-factories that

aim at exploring such phenomenologically very interesting questions as the CP-violation

in the B-system [41], the physical understanding of heavy quark physics and the study of

the physics of B-mesons in particular have become a vivid area of research. In order to

interpret the experimental observations within (or beyond) the Standard Model, matrix

elements between low-energy hadron states must be known. Current investigations, in

the context of which heavy-light hadronic matrix elements typically appear, focus on the

extraction of elements of the CKM matrix that mixes quark flavours under the weak

interactions of the Standard Model as well as on its internal self-consistency. But since

these QCD matrix elements live in the strongly coupled sector of the theory, they call

once more for a genuinely non-perturbative, ‘ab initio’ approach for their determination:

the lattice formulation of QCD, which enables a numerical computation of its low-energy

properties through Monte Carlo evaluation of the underlying Euclidean path integral.

For these reasons, B-physics has now developed to one of the fields, where lattice

QCD can make most impact and will be a key factor in the precision with which the

associated decay rates might be determined. In fact, lattice QCD calculations with b-

quarks are already valuably contributing to precision CKM-physics by (over-)constraining

the unitarity triangle and help to obtain other phenomenologically relevant predictions.

Two examples for experimentally inaccessible quantities that are of great importance for

this purpose are the mass of the b-quark, mb, and the B leptonic decay rate parameterized

by the B-meson decay constant, FB. Before we will concentrate on the determination of

these quantities in more detail, however, we have to discuss a technical obstacle that one

faces when studying B-physics on the lattice.

As the inverse lattice spacing acts as an ultraviolet cutoff, its value in physical units

places constraints on the scales one is able afford. In simulations on present-day computers

typical values lie in the range a−1 = 2 − 4 GeV. These relatively low values of the cutoff

imply that one expects already large cutoff effects for the charm quark (whose mass in
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GeV is not too far below a−1), while — more importantly for the following — the b-

quark cannot be studied directly at all because its mass lies above the cutoff, i.e. huge

discretization errors would render a realistic treatment of B-systems with a propagating

b-quark on the lattice impossible.

This motivates to recourse to a theoretically very attractive framework, within which

hadronic systems involving one heavy quark, such as the B-meson system we will be

interested in from now on, can be investigated reliably also in the lattice formulation:

the heavy quark effective theory (HQET). It basically allows the lattice to predominantly

handle scales appropriate to those degrees of freedom governing the non-perturbative

dynamics of QCD in the low-energy (∼ ΛQCD) regime, while explicitly eliminating the

high scale originating from the b-quark mass. In the sequel, we first outline the idea

of the effective theory approach to heavy-light systems in the continuum and then turn

our attention to recent work that solves two peculiar problems encountered in studying

HQET non-perturbatively on the lattice.

3.1 Heavy quark effective theory

The properties of hadronic bound states containing heavy quarks are characterized by

a large separation of energy scales. Effects associated with the heavy quark mass, mQ,

are perturbative and can be controlled once they have been separated from the other,

long-distance effects. This separation is most conveniently done using an effective low-

energy theory. For external states of hadrons containing a single heavy quark, the relevant

effective quantum field theory to describe their transition amplitudes is the heavy quark

effective theory (HQET).

The effective Lagrangian of the continuum HQET is

LHQET = hv (iv · D) hv +
Ckin

2mQ

hv (iD)2 hv +
Cspin(mQ)

4mQ

hvσµνG
µνhv + . . . , (3.1)

where hv(x) denotes the (velocity dependent) field describing a heavy quark inside a

hadron moving with velocity v, D the covariant derivative orthogonal to v and Gµν is

the gluon field strength tensor. The field hv is subject to the constraint v/hv = hv.

HQET then provides a systematic expansion of the QCD amplitudes around the static

limit mQ → ∞, in which new symmetries of the strong interactions arise, relating the

long-distance properties of many observables to a small number of hadronic hadronic

matrix elements. The leading term in the effective Lagrangian, which gives rise to the

Feynman rules of HQET, is invariant under a global SU(2Nh) spin-flavour symmetry

group, where Nh is the number of heavy quark flavours. This symmetry is broken by the

higher-dimensional operators arising at order 1/mQ. The first operator corresponds to

the kinetic energy of the heavy quark inside the hadron, and the second one describes the

chromomagnetic interaction of the heavy quark spin with the gluon field. Hadronic matrix
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elements of these operators appear in many applications of HQET, while the coefficients

Ckin and Cspin result from short-distance effects and, in general, depend on the energy

scale at which the operators are renormalized. Following power counting arguments, it

can be shown that this effective theory is renormalizable at any finite order in 1/mQ.

A schematic view on the construction of the effective theory for heavy quarks is given

in Figure 3.1; for an extensive presentation of the theoretical aspects of HQET and its

computational methods and applications, as well as for a guide to the original literature,

the reader may consult, for instance, the reviews [42,43].

6

ΛQCD

mQ

mW

electroweak theory

HQET

QCD

}

}

long-distance physics:

non-perturbative methods

heavy-quark symmetry

short-distance physics:

perturbation theory
renormalization group evolution

6
?

µ = few × ΛQCD

Figure 3.1: Sketch of the construction of HQET.

Problems of the lattice formulation

Being a convenient and successful tool to describe the physics of hadrons containing a

heavy quark — while at the same time having in mind the aforementioned difficulty to

treat a heavy flavour such as the b-quark directly in numerical simulations —, it appears

natural to transfer the effective theory approach to the lattice.

The Lagrangian of HQET in lattice formulation is, to first order in the inverse heavy

quark mass 1/m, formally identical to the continuum one:20

LHQET(x) = ψh(x)
{

D0 + m − ωkin

2m
D2 − ωspin

2m
σ · B

}
ψh(x) + . . . . (3.2)

Here, ψh(x) is the heavy quark field discretized on the lattice, and only the velocity-

zero part is written, since non-vanishing velocities will not be relevant to our discussion;

20For short, m is now used as a generic symbol for the heavy quark mass when its precise definition is

irrelevant and the renormalized mass needs not to be distinguished from the bare one.

57



58 3. Physics of heavy-light quark systems

the ellipsis stands for higher-dimensional operators with coefficients of O(1/m2). As an

expansion similar to (3.2) holds for the hadronic matrix elements in question, lattice

HQET constitutes a systematic expansion in terms of 1/mb for B-mesons at rest [44] that

also has a continuum limit order by order in the 1/m–expansion.

Despite its favourable theoretical properties, however, lattice HQET has not received

so much attention in past non-perturbative investigations of heavy-light physics using

numerical simulations. There were mainly two reasons for that:

(i) The rapid growth of statistical errors as the time separation of correlation function

is made large. This unwanted feature is already encountered in the lowest-order

effective theory (static approximation) and limits a reliable extraction of masses

and matrix elements in practice.

(ii) The number of parameters in the effective theory (such as m,ωspin, . . . in eq. (3.2))

does not only increase with the order of the expansion, but they have also to be

determined non-perturbatively, since otherwise — as a consequence of the mix-

ings among operators of different dimensions allowed in the cutoff theory (e.g. of
1

2m
ψhD

2ψh with ψhD0ψh) — one is always left with a perturbative remainder that

diverges as a → 0. Hence, these power-law divergences cause the continuum limit

not to exist unless the theory is renormalized non-perturbatively.

In the subsequent sections I summarize recent work on two concrete applications in the

combined static and quenched approximation that reflect significant progress in both

directions. These are a determination of the Bs-meson decay constant (Publication H and

Publication I), where a correction due to the finite mass of the b-quark is estimated by

interpolating between the leading-order HQET result and the D-meson decay constant

FDs
, and a fully non-perturbative computation of the mass of the b-quark, which is based

on the idea of a non-perturbative matching of HQET and QCD in finite volume proposed

in Publication J. In both cases, the involved renormalization problems are solved non-

perturbatively, and the continuum limit is taken. Apart from being of mere conceptual

relevance for the theoretical and practical feasibility of lattice HQET, the results reported

there already offer an interesting numerical precision, which can (and will) be further

improved in the future.

3.2 Towards a computation of the B-meson decay constant

The issue of enhancing the numerical precision of static-light correlation functions is

addressed on our way towards a precision computation of FBs
in quenched QCD as detailed

in Publication I and Ref. [45]. To this end, a two-step strategy is employed. First, the

decay constant is calculated in lowest order of HQET, and then it is combined with
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available results for the pseudoscalar decay constant FPS(mPS) in QCD around the charm

quark mass region by interpolation in 1/mPS.

The pseudoscalar decay constant at finite mass is related to the renormalization group

invariant (RGI) matrix element of the static axial current,

ΦRGI ≡ ZRGI 〈PS |Astat
0 | 0 〉 (3.3)

where in case of the pseudoscalar PS = Bs the static-light axial vector current reads

Astat
0 (x) = ψs(x)γ0γ5ψ

stat
b (x) , (3.4)

through:

FPS

√
mPS = CPS (M/ΛMS) × ΦRGI + O (1/M) . (3.5)

Here, M denotes the RGI mass of the heavy quark and ΛMS the QCD Λ–parameter in the

MS scheme. The renormalization factor ZRGI, turning any bare matrix element of Astat
0

into the RGI one, has been non-perturbatively determined in Publication H.

In contrast to the relativistic current, there is no axial Ward identity which protects

the renormalized static-light axial current

(Astat
R )0(x) = Zstat

A ψs(x)γ0γ5ψ
stat
b (x) (3.6)

from a scale dependence: Zstat
A = Zstat

A (µ), respectively, Φ = Φ(µ) with Φ being some

matrix element of the renormalized static current. The renormalization of the static-light

axial current (3.4) thus constitutes a further example for a scale dependent renormalization

problem, whose non-perturbative solution was found in Publication H by applying the

same finite-size scaling ideas as described in Section 2.2 in conjunction with the calculation

of the running QCD coupling and its generalization to arbitrary renormalized matrix

elements with an intrinsic multiplicative energy scale dependence.

The function CPS in eq. (3.5) accounts for the fact that in order to extract predictions

for QCD from results computed in the effective theory, its matrix elements are to be

related to those in QCD at finite quark mass values. In this sense CPS translates to a

so-called ‘matching scheme’, which is defined by the condition that matrix elements in the

(static) effective theory, renormalized in this scheme and at scale µ = m, equal those in

QCD up to 1/m–corrections. In leading order it is given via the large-mass asymptotics

ΦRGI = lim
M→∞

[ ln(M/ΛMS) ]γ0/(2b0) FPS

√
mPS (3.7)

with γ0 and β0 being the leading-order coefficients in the perturbative expansions of the

renormalized static current’s anomalous dimension and of the β–function, respectively.

Thanks to the recent 3–loop computation of the anomalous dimension of the static axial

current [46], the function CPS(M/ΛMS) = FPS
√

mPS/ΦRGI translating a RGI matrix ele-

ment of Astat
0 at infinite mass to the one at finite mass is now known perturbatively up to
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60 3. Physics of heavy-light quark systems

and including ḡ4(m)–corrections. From the numerical evaluation as explained and shown

in Publication H one can infer that the remaining perturbative uncertainty induced by

the conversion factor CPS has become very small.

RGI matrix element in the static theory

As mentioned before, heavy-light correlation functions on the lattice, from which B-

physics matrix elements such as the B-meson decay constant in question are obtained

at large Euclidean time, are affected by large statistical errors in the static approxima-

tion. Their noise-to-signal ratio grows exponentially with the time separation, and in

particular for the Eichten-Hill action [44],

Sh = a4
∑

x

ψh(x)D0ψh(x) , (3.8)

this ratio roughly behaves as exp{x0(Estat−mπ)} with Estat the bare ground state energy

of a B-meson in the static theory, diverging linearly in the continuum limit.

To overcome this difficulty, a few alternative discretizations of the static theory that

retain the O(a) improvement properties of the action (3.8) but lead to a substantial

reduction of the statistical fluctuations have been introduced in Publication I. These

new static quark actions rely on changes of the form U(x, 0) → W (x, 0) of the parallel

transporters U(x, µ) in the covariant derivative

D0ψh(x) =
1

a

[
ψh(x) − U †(x − a0̂, 0)ψh(x − a0̂)

]
, (3.9)

where now W (x, 0) is a function of the gauge fields in the immediate neighbourhood of

x and x + a0̂. Its best version employs ‘HYP-smearing’ that takes for W (x, 0) the so-

called HYP-link, which is a function of the gauge links located within a hypercube [47].

Comparing the noise-to-signal ratios of a B-meson correlation function in static approxi-

mation for the various actions, one then finds that around x0 ≈ 1.5 fm more than an order

of magnitude can be gained in the case of the alternative discretization with HYP-links

w.r.t. to the original Eichten-Hill action and that, in addition, the statistical errors grow

only slowly as x0 is increased. Even more importantly, in Publication I quite the same,

small lattice artifacts are observed with the new discretizations.

In the computational setup to determine the bare matrix element 〈Bs|Astat
0 |0〉 entering

eq. (3.3) we use the Schrödinger functional (SF) formulation of QCD with non-pertur-

batively O(a) improved Wilson actions in the gauge and light (i.e. relativistic) quark

sectors. For technical details and the exact definitions of the correlation functions, which

are composed out of the light and static quark fields in formal analogy to the relativistic

theory surveyed earlier, the reader is again referred to Publications H and I. Here I only

record that (in the same way as in the course of the light quark mass determination
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outlined in Section 2.4 and derived in detail in Publication E) the matrix element in

question can be extracted from a proper ratio of correlators, viz.

〈Bs |Astat
0 | 0 〉 ∝ f stat

A (x0)√
f stat

1

e (x0−T/2)Estat(x0) (3.10)

modulo volume factors, where f stat
A is a proper SF correlation function of the (O(a) im-

proved) static axial current with the quantum numbers of a B-meson and f stat
1 is a cor-

responding boundary-to-boundary correlator, which serves to cancel the renormalization

factors of the boundary quark fields. Moreover, wave functions at the boundaries of the

SF-cylinder are implemented to construct an interpolating B-meson field that suppresses

unwanted contaminations from excited B-meson states to the correlators.

So far, the bare matrix element (3.10) has been calculated for three lattice spacings

(a ≈ 0.1 fm, 0.08 fm and 0.07 fm), and the regularization dependent part of the factor

ZRGI, which according to (3.3) must be attached to get the RGI matrix element, has been

computed for the new actions as it was done for the Eichten-Hill action in Publication H.

The continuum extrapolation quadratic in the lattice spacing of our results stemming

from the static action with HYP-links is displayed in the right part of Figure 3.2. To

illustrate the gain in precision and control of the systematic errors, I confront our O(a)

improved results with an analysis based on older unimproved Wilson data for the same

bare matrix element, reproduced from the aforementioned publications in the left part of

the figure.

Figure 3.2: RGI matrix element of Astat
0 , based on unimproved bare data from the literature (left)

and on simulations of the O(a) improved theory with the new discretization of Publication I (right). A

continuum extrapolation of the latter yields: r
3/2

0
ΦRGI = 1.74(13).
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62 3. Physics of heavy-light quark systems

Extrapolation in the heavy quark mass

To finally arrive at a value for FBs
, we combine ΦRGI, referring to the static limit and thus

being independent of the heavy quark mass, with numbers of FPS in the continuum limit at

finite values of the quark mass, which have been collected in the context of the (quenched)

computation of FDs
in Refs. [48,49]. In incorporating the mass dependence (3.5) predicted

by HQET, we are then led to extrapolate r
3/2
0 FPS

√
mPS/CPS(M/ΛMS) from the charm

region to the static estimate r
3/2
0 ΦRGI by a linear fit in 1/(r0mPS). This interpolation is

shown in Figure 3.3, where the zigzag error bands around the relativistic data indicate

a small systematic effect that is due to the mass dependence of the discretization errors

in the decay constant near the charm quark mass as discussed in [45, 49]. While an

extrapolation in 1/(r0mPS) from the charm region without the constraint through the

static approximation would look similar, it is obvious that the interpolation is much

safer, since extrapolating to the (quite distant) Bs-meson scale depends significantly on

the functional form assumed.

Using mBs
= 5.4 GeV, r0 = 0.5 fm and the numerical perturbative value of the match-

ing factor CPS(Mb/ΛMS) in eq. (3.5) translating to finite b-quark mass, one finds from the

interpolation to 1/(r0mBs
) in Figure 3.3 as a present result [45]

r0FBs
= 0.52(3) → FBs

= 206(10) MeV . (3.11)

This number includes all errors except for the quenched approximation; the (unavoidable)

scale ambiguity introduced by this approximation can be estimated to be about 12%.

Figure 3.3: Interpolation in the inverse heavy-strange meson mass, mPS, between the RGI matrix

element of the static axial current and relativistic data around the charm quark mass. (The latter are

taken from Refs. [48,49]).
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3.3 Non-perturbative renormalization of HQET

The second of the problems exposed at the end of Section 3.1, which so far hampered

the use of HQET on the lattice, is the occurrence of power-law divergences in the lat-

tice spacing upon renormalization of the parameters in the effective Lagrangian (3.2). It

already shows up in the static approximation and thereby affects, for instance, the com-

putation of the mass of the b-quark in leading order of HQET. In this case the kinetic

and the mass terms in the static action mix under renormalization and give rise to a

local mass counterterm δm ∝ 1/a, the self-energy of the static quark, which implies a

linearly divergent truncation error if one relies on an only perturbative subtraction of this

divergence. Therefore, past lattice computations in the framework of HQET could not

reach the continuum limit [50,51].

The idea: Matching in small volume

A strategy for a solution to this longstanding problem, which offers the opportunity to

perform clean, non-perturbative calculations in HQET, was developed and first presented

in Ref. [52]. This strategy is worked out and implemented in Publications J and K and

basically consists of three parts that I want to briefly describe in the following by sketching

the computation of the b-quark’s mass as an example:

1.) Renormalization of the effective theory amounts to relate the parameters of the

HQET Lagrangian to those of QCD, a step usually called matching. In order to realize

the matching in a non-perturbative way, one imposes matching conditions of the form

ΦHQET(L0,M) = ΦQCD(L0,M) + O (1/M) , (3.12)

in a physically small volume of linear extent L0 = O(0.2 fm), for suitably chosen observ-

ables ΦHQET and ΦQCD in HQET and QCD to be calculated with the aid of numerical

simulations. The finiteness of the matching volume ensures that lattice resolutions satisfy-

ing amb ¿ 1 are possible and the b-quark can be treated as standard relativistic fermion,

whereby at the same time the energy scale 1/L0 = O(1 GeV) is still significantly below

mb and HQET applies quantitatively. Figure 3.4 illustrates this idea. Of course, owing

to the very construction of the effective theory, it is clear that the matching conditions

(3.12) must also carry a dependence on the heavy quark mass. (For convenience, we now

identify the heavy quark mass parameter with the scheme and scale independent renor-

malization group invariant mass, M , see eq. (2.45) in Section 2.4.) Thus, in determining

the parameters of the effective theory from those of QCD via such a non-perturbative

matching in finite volume — while maintaining the physical quark mass dependence in

QCD since its Lagrangian is blind to the finiteness of the volume —, the predictive power

of QCD is transferred to HQET.
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64 3. Physics of heavy-light quark systems

To sacrifice as little predictability of the theory as can be, the quantities Φ should

not be experimental observables but certain renormalized quantities calculable in the

continuum limit of lattice QCD. In the concrete case of the b-quark mass computation,

definite choices for Φ have to be made to formulate a sensible matching condition between

the quark mass in the full, relativistic theory (QCD) and HQET. Those are Γ(L,Mb),

denoting the energy of a state with the quantum numbers of a B-meson but defined in

a small volume of extent L, and Γstat(L) as its counterpart in (leading order of) the

effective theory. As detailed in Publications J and K, both can be expressed as logarith-

mic derivatives of appropriate finite-volume, heavy- and static-light correlation functions,

respectively, and numerically evaluated with high precision.

QCD

1/mb À a

........... ......... ......... ........ ........ ......... ......... ..................... ......... ......... ........ ........ ......... ......... .....................
......... ......... ........ ........ ......... ......... ..................... ......... ......... ........ ........ ......... ......... ..........

matching condition

ΦQCD = ΦHQET

for observables Φ
(e.g. matrix elements)

HQET

1/mb ¿ L

........... ......... ......... ........ ........ ......... ......... ..................... ......... ......... ........ ........ ......... ......... .....................
......... ......... ........ ........ ......... ......... ..................... ......... ......... ........ ........ ......... ......... ..........

Figure 3.4: Non-perturbative matching of HQET and QCD in a finite volume: The lattice setup is

arranged such that the Compton wavelength of the b-quark (red solid line) still just fits into a box,

which is small enough for this wavelength to be reasonably resolved without exceeding the number of

lattice points manageable in a numerical simulation. In this way, via certain matching conditions, the

parameters of the effective theory are fixed through its relation to QCD observables in small volume.

2.) Next we need to establish a connection to a physical situation, where observables

of the infinite-volume theory such as masses or matrix elements are accessible at the end.

The accompanying gap between the small volume with its fine lattice resolution, where

the matching of HQET and QCD is done, on the one side and larger lattice spacings

(and also larger volumes) on the other is bridged by a few recursive finite-size scaling

steps, which are inspired by the procedure reviewed in Section 2.3 to probe the running of

the QCD coupling: The volume to compute the quantity Γstat(L) in HQET is iteratively

enlarged until one reaches a volume of linear extent L = O(1 fm) so that, at the same

resolutions a/L (i.e. at the same bare parameters) met there, large volumes with L ≈ 2 fm

to accommodate physical observables of the infinite-volume theory eventually become

affordable. Also note that, apart from terms of O(1/(L0Mb)
n+1) if considering HQET up

to order n, any dependence on the unphysical small-volume physics is gone.

3.) Finally, a physical, dimensionful input is still missing. In the case at hand this

means to link the energy Γstat, which turns into the B-meson’s static binding energy,
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Estat, as the volume grows, to the mass of the B-meson as the physical observable in large

volume whose numerical value is taken from experiment.

An application: The mass of the b-quark

To join the foregoing three steps, we have to recall that energies in the effective the-

ory differ from the corresponding ones in QCD by a linearly divergent mass shift mbare,

which has its origin in the mixing of ψhD0ψh with the lower-dimensional operator ψhψh

under renormalization — the central problem we started from. As a consequence of its

universality (i.e. its independence of the state), however, mbare obeys at any fixed lattice

spacing

mB = Estat + mbare , (3.13)

Γ(L,Mb) = Γstat(L) + mbare . (3.14)

Imposing eq. (3.14) for L = L0 as the non-perturbative matching condition in small volume

implicitly determines the parameter mbare and may hence be exploited to replace it in

eq. (3.13). Then, after adding and subtracting a term Γstat(L2) (where L2 = 22L0 ≈ 1 fm

with lattice spacings commonly used in large-volume simulations), the resulting equation

may be cast into the basic formula

mB = Estat − Γstat(L2)︸ ︷︷ ︸
a → 0 in HQET

+ Γstat(L2) − Γstat(L0)︸ ︷︷ ︸
a → 0 in HQET

+ Γ(L0,Mb)︸ ︷︷ ︸
a → 0 in QCD

+ O
(
Λ2/Mb

)
(3.15)

(with Λ the typical low-energy QCD scale), where the terms are just arranged such that

the unknown mbare cancels in the energy differences,

∆E ≡ Estat − Γstat(L2) and Γstat(L2) − Γstat(L0) , (3.16)

and the continuum limit exists separately for each of the pieces entering eq. (3.15). The

physical picture underlying the ‘master equation’ (3.15) is illustrated in Figure 3.5.

The entire heavy quark mass dependence is contained in Γ(L0,M), defined in QCD

with a relativistic b-quark. This mass dependence has been non-perturbatively map-

ped out in Publication K, where as a particular ingredient of the numerical calculation,

which demands to keep fixed the dimensionless RGI heavy quark mass while approaching

the continuum limit, the knowledge of several renormalization factors and improvement

coefficients relating the bare to the RGI quark mass is required. Although they were

already available in some (but quite distant) region of parameter space, it was desirable to

improve their precision and to estimate them directly in the bare coupling range relevant

for the present application. These necessary renormalization factors and improvement

coefficients were determined in Publication K and, as exemplified in Figure 3.6 taken from
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experiment lattice with amb ¿ 1

mB = 5.4 GeV Γ(L0, M)

Γstat(L2) Γstat(L1) Γstat(L0)
σm(u1) σm(u0)

? ?

¾ ¾

Figure 3.5: Connecting the matching condition in small volume to physical observables in large volumes

by a recursive finite-size technique. The quantity σm represents the associated step scaling function,

defined as σm(u) ≡ 2L × [ Γstat(2L) − Γstat(L) ].

Figure 3.6: Continuum limit extrapolations of L0Γ(L0,M) in relativistic QCD and in a small volume

(of linear extent L0 ≈ 0.2 fm) for representative values of z ≡ L0M .

there, performing controlled continuum extrapolations provides ω ≡ lima/L→0 L0Γ(L0,M)

as function of z ≡ L0M .

In view of eq. (3.15), the b-quark mass may now be extracted from the interception

point of ω(z) with the combination

ωstat ≡ L0mB − L0 {Γstat(L2) − Γstat(L0)} − L0∆E

= L0mB −
{

1
2
σm(u0) + 1

4
σm(u1)

}
− L0∆E , (3.17)

σm denoting the step scaling function introduced in Figure 3.5. The associated graph
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Figure 3.7: Solution of eq. (3.15) for the dimensionless RGI b-quark mass, L0Mb. (As explained in

Publications J and K, the argument u of ω simply indicates that during the computation one had to

work at a certain fixed value of the renormalized SF coupling.)

is reproduced from Publication J in Figure 3.7, where for the time being the analysis

was restricted to unimproved Wilson fermion data for the subtracted, dimensionless Bs–

meson energy aEstat from the literature; this results in L0∆E = 0.46(5). Then we obtain

in combined static and quenched approximations:

r0Mb = 16.12(29) → mMS
b

(
mMS

b

)
= 4.12(8) GeV , (3.18)

up to corrections of O(Λ2/Mb) = O(Λ/(L0Mb)). However, from a — not yet finally

completed — evaluation of aEstat with the alternative static action discussed in Section 3.2

(which also has linear O(a) lattice artifacts removed), one can already anticipate that a

continuum limit of L0∆E with by a factor about 3 smaller error is within reach and,

therefore, will still substantially enhance the accuracy of the result (3.18).

3.4 Non-perturbative tests of the effective theory

Although it is generally accepted (and also supported, though in a more indirect way, by

the satisfactory leading-order calculations just described) that HQET represents an effec-

tive theory for QCD, quantitative tests of this equivalence are rare and mostly based on

phenomenological analyses of experimental results. A direct, pure theory test can only be

performed, however, if QCD including a sufficiently heavy quark can be simulated on the

lattice at lattice resolutions which are fine enough to be able to take the continuum limit.

This has been achieved in Publication L, and I conclude my review of non-perturbative

computations in HQET with a brief summary of this work.

On the QCD side of these tests we adopt the same setup as in Section 3.3 and exploit

the fact that lattice spacings such that amb ¿ 1 can be reached if one puts the theory
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68 3. Physics of heavy-light quark systems

in a finite volume, L3 × T , with L and T not too large. Here, T = L and once more,

for various practical reasons, Schrödinger functional boundary conditions are chosen. As

has been shown in [53], equivalent boundary conditions are easily imposed in the effective

theory, and SF correlation functions are constructed as already sketched around eq. (2.33)

in Section 2.4 before, but now in a situation where one quark flavour is light (‘l’) and the

other one is either heavy (‘b’) or treated in the effective theory (‘h’). After these prepara-

tions it becomes possible to quantitatively investigate the heavy quark mass dependence

of current matrix elements and energies, which are derived from heavy-light meson corre-

lation functions and calculated over a wide range of quark masses in the continuum limit.

Then, by a precise comparison of these observables as functions of the heavy quark mass

with the predictions of HQET, one is able to verify that their large quark mass behaviour

is described by the effective theory and, in addition, first non-perturbative estimates on

the size of the 1/m–corrections to the static theory may be obtained.

Illustration

x0 = 0

ζb

ζl

x0 = L

(AI)0

Figure 3.8: The correlation function fA. In case of f stat
A

, the operator in the bulk is (Astat
I

)0 connected

to ζh (instead of ζb) by a static quark propagator.

As an example let us consider correlation functions built from boundary quark fields

ζ (located at x0 = 0) and the time component of the axial current as composite field in

the bulk (0 < x0 < T ), both in the relativistic and in the static effective theory:

fA(x0) = −a6

2

∑

y,z

〈
(AI)0(x) ζb(y)γ5ζl(z)

〉
, (3.19)

f stat
A (x0) = −a6

2

∑

y,z

〈
(Astat

I )0(x) ζh(y)γ5ζl(z)
〉

. (3.20)

The SF correlator fA is schematically drawn in Figure 3.8. The quark bilinears AI and

Astat
I are the O(a) improved versions of the axial current in QCD and in the effective

theory, respectively, for which lattice artifacts linear in the lattice spacing are absent. In

order to form suitable ratios such as

YPS(L,M) ≡ ZA
fA(L/2)√

f1

∣∣∣∣
T=L

, (3.21)
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in which the renormalization factors of the boundary fields cancel, we again need another

correlation function, f1, that traces the propagation of a quark-antiquark pair from the

x0 = 0 to the x0 = T boundary. As worked out in Publication L, eq. (3.21) gives rise

to a representation of YPS as a matrix element of the axial current between a normalized

state |B(L)〉 with the quantum numbers of a B-meson and |Ω(L)〉 having vacuum quan-

tum numbers, while their time evolution ∝ e−LH/2 ensures that both of these states are

dominated by energy eigenstates with energies around 2/L and less. From this we infer

that HQET is applicable if 1/L ¿ M (and, of course, Λ ¿ M too).21

For fixed LΛMS we hence expect

YPS(L,M)/CPS (M/ΛMS) = XRGI(L) + O (1/z) , z = LM , (3.22)

where the 1/M–corrections are written in the dimensionless variable 1/z and XRGI is

defined as YPS but at lowest order in the effective theory and renormalized according to

eq. (3.3) in Section 3.2. Relations such as (3.22), however, are only expected to hold after

the continuum limits of both sides have been taken separately. For the case of YPS(L,M) at

hand, this is done by (i) fixing a value u0 for the renormalized SF coupling ḡ2(L0 ≈ 0.2 fm)

at vanishing light quark mass, (ii) a determination of the bare coupling from the condition

ḡ2(L0) = u0 for a given L/a, (iii) fixing the (O(a) improved) subtracted bare quark mass

m̃q of the heavy quark such that LM = z using the known renormalization factor Zm in

M = Zmm̃q (see Ref. [22] and Publication K), (iv) an evaluation of YPS by Monte Carlo

and subsequently repeating (i)–(iii) for better resolutions a/L, and followed by (v) an

extrapolation to the continuum limit.

The continuum extrapolation of YPS(L,M) is shown in the left panel of Figure 3.9. As

can be seen in the figure, the continuum extrapolation becomes more difficult as the mass

of the heavy quark is increased and O((aM)2) discretization errors become more and more

important. By contrast, the continuum extrapolation in the static effective theory (not

reproduced here) turns out to be much easier, particularly owing to the renormalization

factor relating the bare to the RGI current, which was non-perturbatively determined

in Publication H. After the continuum limit has been taken, the finite-mass QCD observ-

able YPS(L,M)/CPS(M/ΛMS) is compatible with smoothly approaching, as 1/z → 0, the

leading-order prediction from the effective theory. The right panel of Figure 3.9 clearly

illustrates this. It also makes evident that the perturbative CPS reduces the mass de-

pendence of YPS significantly; the coefficients of the 1/zn–terms in the polynomial fits to

the finite-mass results are roughly of order unity, and thus the corrections are reasonably

small.

In Publication L, several successful tests in a very similar spirit were actually per-

formed: one of them — due to a property called reparameterization invariance [54] — even

21Recall that M denotes the renormalization group invariant (heavy) quark mass and Λ the QCD

Λ–parameter in some generic scheme.
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Figure 3.9: Testing eq. (3.22) through numerical simulations in the quenched approximation and for

L ≈ 0.2 fm (Publication L). Left: Continuum extrapolations of YPS(L,M) for z–values spanning the

entire range of z. Right: Polynomial fits in 1/z of YPS(L,M)/CPS(M/Λ
MS

) to quantify deviations from

the static limit. CPS uses the two- and the three-loop anomalous dimension of the static axial current.

free of any remaining perturbative uncertainty that a conversion function such as CPS in

eq. (3.22) still might introduce, and two others with the associated static (i.e. M → ∞)

limits known from the heavy quark spin symmetry of HQET. Despite finite-mass lattice

QCD results have been confronted with the static limit over the years, the new fea-

tures of the tests discussed in this work are that the composite fields were renormalized

non-perturbatively throughout and that, by studying the theory in a small volume, the

continuum limit could be taken at large quark masses.

3.5 Outlook

By virtue of recent theoretical as well as technical advances, non-perturbative calcu-

lations using the lattice regularized heavy quark effective theory have reached a new

quality. As demonstrated by both applications discussed in the previous subsections, the

determination of the Bs-meson decay constant and of the b-quark mass, the status of

non-perturbative HQET at lowest order in 1/m has become satisfactory in the quenched

approximation. And still, there is some room for reducing the quoted uncertainties of the

numerical results further.

Since it is one of the benefits of the theoretical concepts addressed here that describ-

ing the b-quark by an effective theory circumvents the need for prohibitively large lattices

— because it completely eliminates the mass scale of the b-quark — it is worth to also

emphasize at this point the interesting potential of these methods for systematic and (at

least partly) straightforward extensions. First, applying them to the theory incorporating

dynamical fermions is possible without major obstacles, apart from the ‘usual’ problems

with the light quarks that have to be solved. Moreover, one has to note that lowest-order

results as those reported above are by themselves not expected to have an interesting
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precision for phenomenological applications, though for sure they can not only constrain

the large-mass behaviour computed with other methods but do also help, through in-

terpolation between data obtained in QCD and in the static limit, to render results (such

as the one for FBs
presented in Section 3.2) almost independent of any effective the-

ory. Therefore, a second direction appears even more important: going beyond the static

approximation by inclusion of 1/m–corrections.

In principle, 1/m–corrections can be calculated in the effective theory. The general

matching strategy between HQET and QCD (cf. Section 3.3) to solve renormalization

problems in HQET entirely non-perturbatively, while taking the continuum limit in all

steps involved, as well as the use of modified static actions that in the static approx-

imation have already proven to enable the computation of B-meson lattice correlation

functions with good statistical precision for x0 > 1 fm, are designed to also cope with the

sub-leading order in the HQET expansion. These ingredients make us believe in promis-

ing perspectives for an inclusion of 1/mb–corrections that will hopefully lead to further

considerable improvements in applying non-perturbative HQET and thereby would have

a great impact on the achievable precision in B-physics computations employing HQET.
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1. Introduction

The QCD sector of the Standard Model of elementary particles constitutes a ren
izable quantum field theory. After determining one mass parameter for each quark s
and the strong coupling constant (at some reference energy) which fixes the inte
strength, QCD is believed—and so far found—to predict all phenomena where only
interactions are relevant. Due to asymptotic freedom, this programme could be su
fully implemented for processes with energiesE � 1 GeV by using perturbation theor
to evaluate QCD. A recent report on such determinations of the coupling implied
multitude of experiments is found in[1].

At smaller energy the lattice formulation together with the tool of numerical simula
is used to systematically extract predictions of the theory. Here the free paramete
typically determined by a sufficient number of particle masses or matrix elements a
ated with low energies, and then for instance the remaining hadron spectrum bec
prediction. See[2] for a recent reference on such large scale simulations.

While this almost looks like two theories having disjoint domains of applicability,
really view QCD as one theory for all scales. Then the adjustable parameters men
above are not independent but half of them should in fact be redundant or, in other
predictable. The ALPHA Collaboration is pursuing the long-term programme of com
ing the perturbative parameters in the theory matched with Nature at hadronic en
Here a non-perturbative multi-scale problem has to be mastered: hadronic and pe
tive energies have to be covered and kept remote from inevitable infrared and ultra
cutoffs. To nevertheless gain good control over systematic errors in such a calcula
special strategy had to be developed; it will be reviewed in the next section.

As done for many other applications of lattice QCD, also our collaboration has rec
set out to overcome the quenched approximation and include vacuum fluctuations
the two most important light quark flavors. In this article we publish detailed results o
energy dependence of a non-perturbative coupling from hadronic to perturbative en
and thereby connect the two regimes of QCD. This connection has been broken in
parts. It is first established with reference to a scaleLmax in the hadronic sector that is n
yet directly physical but rather technically convenient within our non-perturbative re
malization scheme. This part is, however, a universal continuum result and represen
is mainly reported here. In a second step, which does not anymore involve large
cal scale ratios, one number relating our intermediate result to physics, like for ins
LmaxFπ , has to be computed. Here we can cite in this publication only a first estimat
not yet a systematic continuum extrapolation, which is left as a future task.

Earlier milestones of our programme consisted of the formulation of the finite-size
ing technique[3], its adaptation to QCD[4,5], check of universality[6] and the complete
numerical execution of all steps in the quenched approximation[7–9]. A shorter accoun
of the present study with a subset of the data was published in[10].

We would like to mention that beside our finite-volume technique there are also e
to compute the coupling and quark masses in a more direct “one-lattice” approach.
recent references with unquenched results include[11–13]. Since it is not possible to ac
commodate all scales involved on one lattice in a satisfactory fashion, in these w

perturbative connection is established between the bare coupling associated with the lat-
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tice cutoff scalea and a renormalized coupling at high energy in a continuum sch
such asMS. In our view, this step represents the main weakness of the method.1 Series in
the non-universal bare coupling are usually worse behaved than renormalized pertu
theory. There are techniques to improve this (tadpole improvement, boosted pertu
theory) which, in cases where a non-perturbative check is possible, sometimes hel
and sometimes help less. Thus it is not easy to verify that one uses this perturbati
ory in a regime where it is accurate and to quote realistic errors on this step. On the
hand, this approach is much easier to carry through and typically yields approximate
before an application of our strategy is available.

2. Strategy

A non-perturbative renormalization of QCD addresses the question how the high-e
regime, where perturbation theory has been successfully applied in many cases, is
to the observed hadrons and their interactions at small energies. This relation involve
scale separations and thus is difficult to study by numerical simulation. Naively, it w
require simulations with a cutoffa−1 much larger than the largest-energy scale, comb
with a large system sizeL, much larger than the Compton wavelength of the pion
summary this would mean

(2.1)a−1 � µperturbative� µhadronic� L−1,

to avoid discretization and finite-size errors. This clearly corresponds to—with the c
computing power—inaccessibly large lattices.

Our method to overcome these problems has been developed in[3–5,10,15–17]; peda-
gogical introductions can be found in[18,19]. The key concept is an intermediate fini
volume renormalization scheme, in which the scale evolution of the coupling (an
quark masses) can be computed recursively from low to very high energies. At suffic
high energies, the scale evolution is verified to match with perturbation theory and
theΛ-parameter is determined.

2.1. Renormalization

Any physical quantityP should be independent of the renormalization scaleµ. This is
expressed by the Callan–Symanzik equation[20,21]

(2.2)

{
µ

∂

∂µ
+ β(ḡ)

∂

∂ḡ
+ τ(ḡ)m̄

∂

∂m̄

}
P = 0.

Here, theβ-function is given by

(2.3)β(ḡ) = µ
∂ḡ(µ)

∂µ
.

1 As for Ref.[13], an additional relevant question concerns the correctness of the formulation of fermio

the lattice. We refer to[14] and references therein for an introduction to the problem.
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Hence, once the coupling has been defined non-perturbatively for all scales (se
tion 2.2), also theβ-function is defined beyond perturbation theory.2 For weak couplings
or high energies only, theβ-function can be asymptotically expanded as

(2.4)β(ḡ) = −ḡ3(b0 + b1ḡ
2 + b2ḡ

4 + · · ·).
In the following we only consider mass independent renormalization schemes[22], in
which the renormalization conditions are imposed at zero quark mass. Particular
ples are the Schrödinger functional scheme described below, and theMS scheme. If in two
such schemes the couplings can3 be mutually expanded as Taylor series of each other (o
they are small enough),

(2.5)ḡ′2 = ḡ2(1+ C(1)
g ḡ2 + · · ·),

then the 1- and 2-loop coefficientsb0 andb1 in (2.4)are universal,

(2.6)b0 = 1

(4π)2

(
11− 2

3
Nf

)
,

(2.7)b1 = 1

(4π)4

(
102− 38

3
Nf

)
,

while the higher-order coefficients depend on the choice of the coupling. Starting fro
3-loop coefficient in theMS scheme[24] and its conversion to the minimal subtracti
scheme of lattice regularization[25–28], the 3-loop coefficient in the Schrödinger fun
tional scheme (with all the parameters as specified below)

(2.8)b2 = (
0.483(7) − 0.275(5)Nf + 0.0361(5)N2

f − 0.00175(1)N3
f

)
/(4π)3

could be obtained in[29].
Now, a special exact solution of the Callan–Symanzik equation(2.2) is the renormal-

ization group invariantΛ-parameter,

(2.9)

Λ = µ
(
b0ḡ

2(µ)
)−b1/(2b2

0)
e−1/(2b0ḡ

2(µ)) exp

{
−

ḡ(µ)∫
0

dx

[
1

β(x)
+ 1

b0x3
− b1

b2
0x

]}
.

Λ is scale independent but renormalization scheme dependent. The transition to
mass independent schemes is accomplished exactly by a 1-loop calculation. If in a
scheme the coupling is given through(2.5) with both ḡ′ and ḡ taken at the sameµ, the
Λ-parameters are related by

(2.10)Λ′ = ΛeC
(1)
g /(2b0).

2 For theτ -function similar statements and expressions are valid, once the running quark massm̄ has been
defined non-perturbatively.
3 See[23] for an example that this restriction can be non-trivial for non-perturbative couplings.
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In particular, the transition from the Schrödinger functional scheme with two dynam
flavors to theMS scheme of dimensional regularization is provided through[30]

(2.11)Λ
(2)

MS
= 2.382035(3)Λ(2).

2.2. Schrödinger functional

Since we want to connect the perturbative regime of QCD with the non-perturb
hadronic regime, we have to employ a non-perturbative definition of the coupling. Fu
more, the definition of the coupling should be practical. This means that one has to b
to evaluate it on the lattice with a small error, that cutoff effects are reasonably sma
that its perturbative expansion to 2-loop order is computable with a reasonable eff
principle there is a large freedom for the choice of the coupling, however, it turns ou
the conditions above are hard to fulfill simultaneously.

To this end we consider the Schrödinger functional, which is the propagation amp
for going from some field configuration at the timex0 = 0 to another field configuration a
the timex0 = T . Here the space–time is a hyper-cubic Euclidean lattice with discretiz
lengtha and volumeT × L3. We chooseT = L so thatL is the only remaining externa
scale in the continuum limita → 0 of the massless theory.

The SU(3) gauge fieldsU are defined on the links of the lattice, while the fermion fie
are defined on the lattice sites. The partition function of this system is given by

(2.12)Z = e−Γ =
∫

T ×L3

D[U,ψ, ψ̄]e−S[U,ψ,ψ̄].

Here, the action is the sumS[U,ψ, ψ̄] = Sg[U ] + Sf[U,ψ, ψ̄] of the O(a) improved pla-
quette action

(2.13)Sg[U ] = 1

g2
0

∑
p

w(p) tr
(
1− U(p)

)
and the fermionic action

(2.14)Sf[U,ψ, ψ̄] =
∑
x

ψ̄(x)(D + m0)ψ(x)

for two degenerate flavors implicit inψ . For the special boundary conditions conside
below, the weight factorw(p) is the boundary improvement termct [4] for time-like pla-
quettes at the boundary and one in all other cases. The value ofct has become available t
2-loop order in perturbation theory[29] in the course of this work. Thus some of our d
sets use the 1-loop value ofct, hence our simulations adopt two different actions. Beca
of universality we expect them to yield the same continuum limits for our observable

The O(a) improved Wilson Dirac operatorD includes the Sheikholeslami–Wohle
term[31] multiplied with the improvement coefficientcsw that has been determined wi
non-perturbative precision in[32], and a boundary improvement term that is multipl
by the coefficient̃ct, which is known to 1-loop order. For details and notation we refe

[33,34].
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The boundary conditions in the space directions are periodic for the gauge field
periodic up to a global phaseθ for the fermion fields. The value ofθ was optimized a
1-loop order of perturbation theory[30]. It turns out that a value close toθ = π/5 leads to
a significantly smaller condition number of the fermion matrix than other values ofθ and
thus to a smaller computational cost. Benchmarks in the relevant parameter range
project have shown this too, and therefore we adopt the choiceθ = π/5 in this work.

In the time direction, Dirichlet boundary conditions are imposed atx0 = 0 andx0 = T .
The quark fields at the boundaries are given by the Grassmann valued fieldsρ, ρ̄ atx0 = 0
andρ′, ρ̄′ atx0 = T , respectively. They are used as sources that are set to zero after
entiation. The gauge fields at the boundaries are chosen such that a constant color
background field, which is the unique (up to gauge transformations) configuration o
action, is generated in our space–time[4]. This is achieved by the diagonal color matric
specified in Ref.[16], parametrized by two dimensionless real parametersη andν.

A renormalized couplinḡg2 may then be defined by differentiating the effective act
Γ at the boundary point “A” of[16] that corresponds to the choiceη = ν = 0,

(2.15)
∂Γ

∂η

∣∣∣∣
η=ν=0

= k

ḡ2
.

The normalizationk is chosen such that the tree-level value ofḡ2 equalsg2
0 for all values of

the lattice spacing. The boundary point “A” and especially the valueν = 0 are used, sinc
the statistical error of the coupling turns out to be small for this choice. For general v
of ν we find another renormalized quantityv̄,

(2.16)
∂Γ

∂η

∣∣∣∣
η=0

= k

{
1

ḡ2
− νv̄

}
,

that we have investigated as well to study the effects of dynamical fermions.
The renormalized coupling depends on the system size, the lattice spacinga and on

the quark mass. The bare quark massm0 is additively renormalized on the lattice becau
chiral symmetry is broken for Wilson fermions[35]. Thus we define the bare mass by
PCAC relation that relates the axial currentAa

µ(x) = ψ̄(x) τa

2 γµγ5ψ(x) to the pseudoscala

densityP a(x) = ψ̄(x) τa

2 γ5ψ(x). Using the matrix elementsfA andfP of Aa
µ andP a ,

respectively (cf.[33]), the O(a) improved PCAC mass is defined as

(2.17)m(x0) =
1
2(∂0 + ∂�

0)fA(x0) + cAa∂�
0∂0fP(x0)

2fP(x0)
.

We have used 1-loop perturbation theory forcA [34].
To fix all the details of our scheme, we define the bare current mass through

(2.18)m =
{

m(T/2), if T/a is even,[
m

(
(T − a)/2

) + m
(
(T + a)/2

)]
/2, if T/a is odd.

This mass is tuned to zero,

(2.19)m(g0,m0,L/a) = 0,

so that we have a massless renormalization scheme, in which the only remaining e

scale in the continuum limit is the system sizeL.
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2.3. Computational strategy

In the last section we have defined the Schrödinger functional couplingḡ2. This finite-
volume coupling runs withµ = 1/L and—assuming monotonicity—there is a one-to-o
relation between the value of the coupling and the system sizeL or energy scaleµ. In an
abuse of notation we will from now on writēg2(L) instead ofḡ2(1/L).

Our goal is to calculate the scale evolution of the strong coupling and theΛ-parameter of
QCD in terms of a low-energy scale. We start the computation by choosing a valueu for the
renormalized coupling (which implicitly determinesL) and by choosing a lattice resolutio
L/a. The theory can then be renormalized by tuning the bare parametersβ = 6/g2

0 and
κ = 1/(8+ 2am0) such that

(2.20)ḡ2(L) = u and m = 0.

Now we simulate a lattice with twice the linear size at the same bare parameters, that
at the same value of the lattice spacing, and thus with the physical extent 2L, corresponding
to a new renormalized couplingu′ = ḡ2(2L).4 This determines the scale evolution of t
renormalized coupling. It can be expressed through the lattice step scaling function

(2.21)Σ(u,a/L) = ḡ2(2L)|ḡ2(L)=u,m=0,

which is the key observable we compute. Finally, we obtain the step scaling function

(2.22)σ(u) = lim
a/L→0

Σ(u,a/L)

in the continuum limit by repeating these three steps with finer and finer lattice resolu
This algorithm is iterated for a sequence of values foru to get the functional form ofσ(u).

For small values ofu the step scaling functionσ(u) can be expanded in renormaliz
perturbation theory,

(2.23)σ(u) = u + s0u
2 + s1u

3 + · · · ,
with the coefficients

(2.24)s0 = 2b0 ln 2,

(2.25)s1 = (2b0 ln2)2 + 2b1 ln2,

(2.26)s2 = (2b0 ln2)3 + 10b0b1(ln 2)2 + 2b2 ln2.

The step scaling functionσ(u) can be interpreted as an integrated discreteβ-function.
Indeed, by using Eq. (2.3) we get

(2.27)β
(√

σ(u)
) = β

(√
u

)√ u

σ(u)
σ ′(u)

for theβ-function, which allows to calculate it recursively once the step scaling func
σ(u) is known.

4 The massm on this larger lattice is different from zero by a lattice artifact which is expected to vanish
continuum limit proportionally toa2. This has been verified in Ref.[10].
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To arrive at our main result, that is theΛ-parameter in terms of a low-energy scale,
solve the equation

(2.28)σ
(
ḡ2(L/2)

) = ḡ2(L)

recursively forḡ2(L/2). We start this recursion at a maximal valueumax = ḡ2(Lmax) of
the coupling. The value ofumax is chosen such that the associated scaleLmax is a scale in
the hadronic regime of QCD. Following the recursion(2.28)to larger and larger energie
we obtain the values for

(2.29)ui = ḡ2(2−iLmax
)
, i = 0, . . . , n, u0 = umax.

We performn = 7 orn = 8 steps of this recursion and can in this way cover a scale se
tion of a factor 100 to 250. Eventually, for sufficiently large energies, perturbation th
can safely be applied. Then we use(2.9)with µ = 2n/Lmax and with theβ-function trun-
cated at 3-loop order,(2.6)–(2.8). The final result forΛLmax in the Schrödinger functiona
scheme can be converted to theMS scheme with(2.11). We also check the admissibilit
of employing perturbation theory by studying the variation of our final result with res
to the number of non-perturbative stepsn in the scale evolution of the strong coupling.

2.4. Discretization effects

The influence of the underlying space–time lattice on the evolution of the couplin
be estimated perturbatively[29], by generalizing Symanzik’s discussion[36–38] to the
present case. Close to the continuum limit we expect that the relative deviation

(2.30)δ(u, a/L) = Σ(u,a/L) − σ(u)

σ (u)
= δ1(a/L)u + δ2(a/L)u2 + · · ·

of the lattice step scaling function from its continuum limit converges to zero with a
roughly proportional toa/L. More precisely, since the action is O(a) improved, we expec

(2.31)δ1(a/L) ∼
(

d0,1 + d1,1 ln
a

L

)(
a

L

)2

+ · · · ,

(2.32)δ2(a/L) ∼ e0,2
a

L
+

(
d0,2 + d1,2 ln

a

L
+ d2,2

(
ln

a

L

)2)(
a

L

)2

+ · · ·

for the 1-loop value ofct and the same form withe0,2 = 0 for the 2-loop value ofct. Note
that the tree-level discretization effects vanish exactly, since we normalize the co
such that its perturbative expansion starts withg2

0 for all values of the lattice spacing.
The coefficientsδ1 and δ2 are collected inTable 1for the resolutions needed in th

work. An expanded version of this table can be found in[39]. The entries in the last colum
are very small. For larger values ofL/a than shown in the table,δct=2-loop

2 decreases a

expected. Sinceδct=1-loop
2 is of the ordera/L, it is no surprise that it is much larger tha

δ
ct=2-loop
2 . In fact, it is of the same size asδ1, for which the linear term ina/L is absent.

The largest coupling at which the step scaling function has been computed wi

1-loop value ofct is u = 1.7319. With the 2-loop value ofct, this isu = 3.334.Table 1
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Table 1
Discretization error of the step scaling function

L/a δ1 δ
ct=1-loop
2 δ

ct=2-loop
2

4 −0.0103 0.0063 −0.00007
5 −0.0065 0.0049 −0.00019
6 −0.0042 0.0038 −0.00041
8 −0.0021 0.0029 −0.00030

suggests that the step scaling function is only mildly affected by discretization ef
This will be demonstrated by our numerical results in Section4.

We cancel the known perturbative cutoff effects for the respective actions by usin

(2.33)Σ(2)(u, a/L) = Σ(u,a/L)

1+ δ1(a/L)u + δ2(a/L)u2

in the analysis of our Monte Carlo data. The perturbative estimate of the relative
effects behaves as(a/L) × u3 close to the continuum limit.

2.5. Matching to a hadronic scheme

As described so far, our computational strategy yieldsΛLmax, with Lmax defined by the
value of the coupling itself. Since the latter is not experimentally measurable, it rem
to relateLmax to a hadronic scale. Here, the natural choice is the pion decay constaFπ ,
since chiral perturbation theory provides an analytic understanding of the pion dyn
[40,41], which is expected to help to control the extrapolations to the physical quark
[41] as well as to infinite volume[42].

A computation ofLmaxFπ requires the knowledge off (g̃2
0) = aFπ (at a quark mas

wheremπ/Fπ takes its experimental value) andl(g2
0) = Lmax/a, whereḡ2(Lmax) = umax.

We remind the reader thatḡ2 is defined at vanishing quark mass. The difference betw
the improved bare coupling̃g0 [33] and g0 is proportional to the light quark mass a
can safely be neglected for physical values of the light quark mass. We therefore r
g̃0 ≈ g0 in the following. The value ofumax is restricted to be in the range covered by
computation of the scale dependence of the coupling and, for lattice spacings acces
large-volume simulations,l(g2

0) should be sufficiently large. With both functions,l andf ,
defined for the same discretization, one finally wants to evaluate

(2.34)LmaxFπ |continuum= lim
f →0

l
(
g2

0

)
f

(
g2

0

)
.

Unfortunately, the results available in the literature[43,44] for f (g2
0) with our action[32]

suffer from an uncertainty in the renormalization of the axial current, which has no
been performed non-perturbatively. Also the O(a) improvement of the current is know
only perturbatively and it is not obvious that quark masses have been reached wher
perturbation theory is applicable.

At present, we thus prefer to relateLmax to the frequently used hadronic radiusr0,
which, according to phenomenological considerations, has a value of around 0.5 fm [45]

and which has also been the reference scale in the zero-flavor theory, i.e., the quenched
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approximation[7]. Note that in a calculation in this approximation agreement was fo
(within its 3% precision) betweenFKr0 and the product of the experimental number
FK times 0.5 fm [8]. Below, we thus evaluateLmax/r0 = l(g2

0)/ρ(g2
0) whereρ(g2

0) = r0/a

and translate to physical units viar0 = 0.5 fm.

3. Details of the numerical simulation and analysis

In addition to the piece present in the pure gauge theory[16], the central observable
∂Γ/∂η, receives a contribution due to the quark determinant. We describe its num
evaluation by a stochastic estimator inAppendix A. Also detailed tables with simulatio
results are deferred to anAppendix B.

3.1. Tuning

With a number of tuning runs we determine the bare parametersβ and κ such that
Eq.(2.20)is valid. Fulfilling the conditionm(L) = 0 precisely would require a fine tunin
of the hopping parameterκ . However, the uncertainty inΣ owing to a small mismatch o
m can be estimated perturbatively. To this end we compute the derivative ofΣ with respect
to z = mL,

(3.1)
∂

∂z
ḡ2(2L)

∣∣∣∣
ḡ2(L)=u,m(L)=z/L

= Φ(a/L)u2 + · · · .

It turns out thatΦ is a slowly varying function ofa/L. Thus, for our purpose it suffices
approximate it by its universal part,

(3.2)Φ(0) = − Nf

4π

∂

∂z
c1,1(z)

∣∣∣∣
z=0

= 0.00957Nf,

wherec1,1(z) has been taken from[30]. The typical precision in Monte Carlo simulatio
is ∆(ḡ−2) = ḡ−4∆(ḡ2) = 0.003, as can be seen fromTables 10 and 11in Appendix B.
This means that an additional error of 0.001× u2 due to a slight mismatch of the ma
m(L) is tolerable. Then it suffices to require

(3.3)am < 0.1
a

L

1

Nf
.

Tables 10 and 11in Appendix Bshow that we have reached this precision in our sim
tions.

Analogously, we stop the fine tuning ofβ if ḡ2(L) = u well within the errors. Then we
can correct for a small mismatch owing toḡ2(L) = ũ �= u by using

(3.4)Σ(u,a/L) = Σ(ũ, a/L) + Σ ′(u, a/L) × (u − ũ),

with the perturbative estimate

(3.5)Σ ′(u, a/L) ≡ ∂Σ(u,a/L) ≈ ∂σ (u) ≈ 1+ 2s0u + 3s1u
2 + 4s2u

3

∂u ∂u



388 ALPHA Collaboration / Nuclear Physics B 713 (2005) 378–406

he

d
errors

ts

-
in the

.
ror for
Table 2
Step scaling functionsΣ andΣ(2)

u L/a Σ(u,a/L) Σ(2)(u, a/L) u L/a Σ(u,a/L) Σ(2)(u, a/L)

0.9793 4 1.0643(35) 1.0686(35) 1.5031 4 1.7204(56) 1.7477(57)
5 1.0720(40) 1.0738(41) 5 1.737(11) 1.755(11)
6 1.0802(46) 1.0807(46) 6 1.730(13) 1.743(13)
8 1.0736(59) 1.0729(59) 8 1.723(16) 1.730(16)

1.1814 4 1.3154(55) 1.3199(56) 2.0142 4 2.481(18) 2.535(18)
5 1.3296(61) 1.3307(61) 5 2.438(20) 2.473(20)
6 1.3253(70) 1.3249(70) 6 2.507(27) 2.533(28)
8 1.3342(71) 1.3323(71) 8 2.475(35) 2.489(35)

1.5031 4 1.7310(61) 1.7332(61) 2.4792 4 3.251(28) 3.338(29)
5 1.756(12) 1.754(12) 5 3.336(52) 3.394(53)
6 1.745(12) 1.741(12) 6 3.156(57) 3.198(58)

8 3.326(52) 3.351(53)

1.7319 4 2.0583(76) 2.0562(76) 3.334 4 5.588(54) 5.791(56)
5 2.083(21) 2.076(21) 5 5.43(11) 5.56(11)
6 2.058(20) 2.049(20) 6 5.641(99) 5.75(10)

8 5.48(13) 5.53(13)

The left-hand side of the table contains the data with the 1-loop value ofct, while the data withct = 2-loop are
shown on the right.

for the derivative of the step scaling functionΣ . This correction is always smaller than t
statistical error of the step scaling function.

Similarly, we convert the statistical error onu into an additional error ofΣ ,

(3.6)∆
(
Σ(u)

) ≈ Σ ′(u, a/L) × ∆(u) ≈ (1+ 2s0u + · · ·) × ∆(u).

This additional error is always much smaller than the error ofḡ2(2L), to which it is added
in quadrature.

In some cases we have stopped the fine tuning ofβ andκ after a number of runs an
interpolated the results such that exactly the target coupling and mass zero with the
as shown inTables 10 and 11were obtained.

The step scaling functionΣ(u,a/L) and its partner with the perturbative cutoff effec
being divided out,Σ(2)(u, a/L) (cf. (2.33)), are listed inTable 2.

3.2. Parameters

Our choice of parameters is displayed inTables 10 and 11in Appendix B. The parame
ters shown are the results of a careful application of the tuning procedure explained
last section. The tables reveal that the conditionḡ2(L) = u is fulfilled to a good precision
The remaining deviations and the errors are then propagated into an additional er

Σ(u), as described above.
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Table 3
Cost estimates for twoL/a = 16 runs;tupdate/[s] is the time in seconds needed for one trajectory of length 1

Algorithm Step size τint tupdate/[s] ḡ2 Ntraj Mcost

HMC 0.0625 3.6(3) 380 2.46(5) 4800 6.9(6)
HMC 2 pf 0.111 4.6(4) 262 2.55(5) 5900 5.6(5)

The reference machine is an APEmille board.

3.3. Simulation costs and proper sampling of the configuration space

Most of our results have been produced with the hybrid Monte Carlo algorithm (H
[46], the polynomial hybrid Monte Carlo (PHMC) in the version proposed in[47,48]and
for some of theL/a = 16 runs the hybrid Monte Carlo algorithm generalized to
pseudofermion fields (HMC 2 pf)[49,50].

We measure the cost of our simulations with the quantity

Mcost= (update time in seconds on machine M)

(3.7)× (
error of 1/ḡ2)2 × (4a/T )(4a/L)3.

In [51] the cost of a subset of the simulations discussed here (essentially up toL/a = 12
and ḡ2 ≈ 2.5) has been analyzed. A typical value for HMC atL/a = 10 andḡ2 ≈ 2.5
is Mcost ≈ 3.5, with respect to one board of APEmille[52]. To give an idea about th
increase of the cost for theL/a = 16 simulations, we collect results from two differe
runs at the couplinḡg2 ≈ 2.5 in Table 3. We compute the autocorrelation timeτint in units
of trajectories in the way suggested in[53].

Related to the issue of estimating the autocorrelation time is always the qu
whether the algorithm samples the entire relevant configuration space efficiently.
is not the case, autocorrelation times may be largely underestimated and even sys
cally wrong results may be obtained. We now discuss two at least rough checks th
simulations do not suffer from such problems.

(1) To investigate the contributions to the coupling from sectors of configuration s
with non-trivial topology, we have performed a set of simulations at the couplingḡ2 ≈ 2.5
with L/a = 8,12. The topological chargeQ(U) is determined through a cooling proc
dure. Since sampling different topological sectors might be algorithmically very diffi
we have employed the PHMC algorithm, whose flexibility can be exploited to enhan
transition rate among different sectors (at the price of increasing the fluctuations
reweighting factor), and checked the results to be independent of the polynomial ap
mation used.

Starting from a hot, random configuration, several of the independent replica we
non-trivial topological sector. For these replica the smallest eigenvalue ofD2 (even–odd
preconditioned) turns out to be one order of magnitude smaller than typical values
topologically trivial sectors. After O(100) trajectories forL/a = 8, respectively O(1000
trajectories forL/a = 12, all the replica have zero topological charge and transition
sectors withQ(U) �= 0 have not been observed in additional O(104) trajectories.

From this we conclude that the PHMC algorithm can tunnel between different top

ical sectors, but for largeL/a the transition rate is very small. In addition, the weight of
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Fig. 1. Monte Carlo histories ofScool
g and∂Scool

g /∂η from two independent replica (solid and dotted lines) i

simulation of a 164 lattice atḡ2 ≈ 3.3.

the non-trivial sectors is too small for them to occur in a practical simulation at al
tunnelings went toQ(U) = 0 and none in the reverse direction). Their weight in the p
integral is negligible. These statements have been checked forL/a = 8,12, and it appear
safe to assume their validity also for largerL/a. Therefore, we decided to always st
from a cold configuration, especially for theL/a = 16 simulations, to avoid thermaliza
tion problems.

(2) For the two largest couplings discussed here the distribution of∂S/∂η shows long
tails toward negative values. The same effect was also observed in the computation
Schrödinger functional coupling in pure SU(3) gauge theory[16]. We have related this ta
to secondary local minima of the action[54] by measuring on cooled configurations t
pure gauge contribution to the actionScool

g and to the coupling∂Scool
g /∂η. This leads to

metastabilities as shown for anL/a = 16 simulation withḡ2 ≈ 3.3 in Fig. 1. The upper
panel is the Monte Carlo history (tMD is the Monte Carlo time in units of molecular dynam
ics trajectories) of the gauge part of the action after cooling for two independent re
The lower panel shows the history of∂Scool

g /∂η for the same two replica. The correlatio

between metastable states and small (even negative) values of∂Scool
g /∂η appears evident in

this case. The actionScool
g for the metastability in the figure is consistent with the value

a secondary solution of the field equations[16], given our choice for the boundary field
Numerical evidence suggests that this solution is a local minimum.

In order to estimate the weight of these contributions in our expectation values pro
we have enhanced their occurrence through a modified sampling similar to[16], adding to
the HMC effective action a term

(3.8)γ
∂Sg

∂η

∣∣∣∣
η=0

+ 1

wγ

(γ − γ0)
2,

whereγ0 andwγ are fixed to suitable (positive) values, whileγ is a dynamical variable

The expectation values in the original ensemble are then obtained by reweighting. By some
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deterministic cooling procedure with a fixed number of cooling steps we now defi
quantityq whose value is 1 for metastable configurations, and 0 otherwise, such thatδq1 +
δq0 ≡ 1. For an arbitrary observableO we have an exact identity

(3.9)〈O〉 = 〈δq1O〉 + 〈δq0O〉 = 〈δq1O〉 + 〈O〉1̄

(
1− 〈δq1〉

)
,

with 〈O〉1̄ = 〈δq0O〉/〈δq0〉. If the main contribution to〈O〉 comes from the configuration
with q = 0, a precise estimate of〈O〉 just requires a precise estimate of〈O〉1̄, which can be
obtained by an algorithm that samples only theq = 0 sector, together with rough estimat
of 〈δq1〉 and〈δq1O〉 that can be obtained by the modified sampling.

At ḡ2 ≈ 3.3 we get〈δq1〉 = 0.3(2)%, independent ofL/a = 8,12 within the error. The
effect of metastable states on the coupling is 0.10(2)%. At the couplingḡ2 ≈ 5.5 the occur-
rence of metastable states is much more frequent, as expected, and we get〈δq1〉 = 5(1)%.
At the same time their sampling is much easier already in the original ensembl
ing either the PHMC or the HMC algorithm. In fact, we have repeated theL/a = 12
simulation for ḡ2 ≈ 5.5 using PHMC for the ordinary ensemble (without(3.8)) as in
[10], but measuring in addition the occurrence of metastable states. This turned
be around 6%, and for̄g2 we have obtained a result fully consistent with the num
in [10].

In summary, we can be confident that topologically non-trivial sectors are irrel
for our observables with our choice of parameters and at the present level of precis
contrast, there are secondary minima in the action, which are visible as metastable
in the Monte Carlo sequence. They are relevant starting atḡ2 ≈ 3 and have been take
into account efficiently by deviating from naive importance sampling and combining
different properly chosen ensembles.

4. Results

4.1. The strong coupling

In Fig. 2we show the approach of the step scaling functionΣ(2)(u, a/L) to the contin-
uum limit. The cutoff effects are small. Actually, all the data are compatible with cons
If we use simple fits to constants, the combinedχ2 per degree of freedom for all the eig
continuum extrapolations is about 1.4 regardless of the number of lattices included
fit. Even the points atL/a = 4 are compatible with a constant continuum extrapolat
One possible strategy for the continuum extrapolation is thus a fit to a constant tha
the lattices withL/a = 6,8.

In this fit to constants we exclude the two coarsest lattices since there is alwa
danger of including systematic cutoff effects into the results coming from the lattices
largea/L. Therefore, we have also investigated two alternative fit procedures. Th
and most conservative one (denoted as “global fit” in the tables) is a combined cont
extrapolation of all the data sets, but excludingL/a = 4. Here we use the two-parame
ansatz

(2) X 4 2
 (4.1)Σ (u,a/L) = σ(u) + ρ u (a/L) , X ∈ {1-loop,2-loop},
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Fig. 2. Continuum extrapolation of the step scaling function.

for the lattice artifacts, where the coefficientsρX are understood to be associated to
data with the 1-loop and the 2-loop value ofct, respectively.5 This fit results inρ1-loop =
0.08(13) andρ2-loop = 0.01(4), quantifying that lattice artifacts are not detectable in
data. Moreover we have studied a mixed fit procedure, using a fit to constants f
lattices withL/a = 6,8 for the 2-loop improved data sets and the global fit ansatz(4.1),
which includes a slope for the cutoff effects, for the 1-loop improved data sets.

5 We have also considered fits that use a common ansatz for the step scaling function for all the d

These lead to slightly smaller error bars of the final results.
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Table 4
Continuum limit of the step scaling function

u σ(u)

Global fit Fit to constants Mixed fit

0.9793 1.0736(44) 1.0778(36) 1.0736(44)
1.1814 1.3246(81) 1.3285(50) 1.3246(81)
1.5031 1.733(23) 1.741(12) 1.733(23)
1.7319 2.037(41) 2.049(20) 2.037(41)

1.5031 1.7440(97) 1.738(10) 1.738(10)
2.0142 2.488(26) 2.516(22) 2.516(22)
2.4792 3.311(52) 3.281(39) 3.281(39)
3.3340 5.60(16) 5.670(80) 5.670(80)

These different fits are performed to investigate the uncertainties in the continuu
sults. All our plots refer to the most conservative of these three fit procedures, which
bothρ1-loop andρ2-loop unconstrained.

The results of the continuum limit extrapolation of the step scaling functionΣ(2)(u, a/L)

are recorded inTable 4. At u = 1.5031 we have two sets of data, one of which was p
duced with the 1-loop value and the other with the 2-loop value ofct. Both continuum
results agree well within their errors, which is an independent check of our extrapo
procedures.

We interpolate the values ofTable 4by a polynomial of degree 6 inu, the first coeffi-
cients up tou3 being fixed by 2-loop perturbation theory, cf.(2.23). This interpolation is
depicted inFig. 3. For small values ofu < 2, the step scaling function is well described
perturbation theory. Actually, the perturbative lines shown in this plot are the solution

(4.2)−2 ln2=
σ(u)∫
u

dx√
xβ(

√
x )

for σ(u) using the 2-loop and the 3-loopβ-function. Looking at the comparison of su
cessive perturbative approximations to the non-perturbative results, it appears like
higher orders would not improve the agreement at the largest coupling. Rather we
to have reached a value for the coupling, where the perturbative expansion has
down. In fact, already in Section3.3 we have discussed the indications that fluctuati
around a secondary minimum of the action are important at this value of the cou
Such a mechanism may represent onepossiblesource of non-perturbative effects.6

We adopt the parametrized form of the step scaling function to compute thΛ-
parameter. To this end we start a recursion with a maximal couplingumax = ḡ2(Lmax).
For umax = 5.5, the recursive step(2.28) is solved numerically to get the couplingsui ,
corresponding to the energy scalesµ = 2i/Lmax, that are quoted inTable 5. We then inser

6 In this context we note further that for the pure gauge theory it has been demonstrated that the Sch
functional coupling grows exponentially withL at even larger values ofL [9]. We do not expect that any sem

classical picture is applicable in that regime but rather see this as a disorder phenomenon.
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Fig. 3. Step scaling functionσ(u). The dashed lines show the perturbative results from the integration o
2-loop and 3-loopβ-function, respectively.

Table 5
Recursive computation of theΛ-parameter starting atu0 = umax= 5.5

i Global fit Constant fit,L/a = 6,8 Mixed cont. extrap.

ui − ln(ΛLmax) ui − ln(ΛLmax) ui − ln(ΛLmax)

0 5.5 0.957 5.5 0.957 5.5 0.957
1 3.306(40) 1.071(25) 3.291(18) 1.081(12) 3.291(19) 1.081(12)
2 2.482(31) 1.093(37) 2.479(20) 1.096(23) 2.471(20) 1.106(24)
3 2.010(27) 1.093(48) 2.009(19) 1.096(35) 2.003(19) 1.106(35)
4 1.695(22) 1.089(57) 1.691(16) 1.099(43) 1.690(17) 1.103(44)
5 1.468(18) 1.087(65) 1.462(14) 1.109(49) 1.464(15) 1.100(52)
6 1.296(16) 1.086(73) 1.288(12) 1.122(55) 1.292(14) 1.100(63)
7 1.160(14) 1.086(82) 1.151(11) 1.138(62) 1.157(13) 1.101(74)
8 1.050(13) 1.088(93) 1.041(10) 1.155(70) 1.048(13) 1.103(87)

these couplings into Eq.(2.9)for theΛ-parameter, using there the 3-loopβ-function. This
gives the results in the third column ofTable 5. Employing the 2-loopβ-function leads
to results that are larger by roughly 0.02. The table shows that foru < 2 theΛ-parameter
barely moves within its error bars. To be conservative, we use the global fit result and

(4.3)− ln(ΛLmax) = 1.09(7) atumax= 5.5
as our final result, if the hadronic scaleLmax is defined throughumax= 5.5.
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Fig. 4. Running of the strong coupling in the Schrödinger functional scheme.

We have in addition computed theΛ-parameter as a function ofumax in the interval
umax= 3.0 . . .5.5. The results can be parametrized as

(4.4)− ln(ΛLmax) = 1

2b0umax
+ b1

2b2
0

ln(b0umax) − 0.1612+ 0.0379umax.

This parametrization is motivated by(2.9) and represents the central values of our d
with a precision better than one permille. The absolute error of− ln(ΛLmax) that we quote
for all the values ofumax is 0.07. This means that we have calculated theΛ-parameter in
units ofLmax with a precision of seven percent.

The running of the Schrödinger functional couplingα(µ) = ḡ2(1/µ)/(4π) as a function
of µ/Λ is displayed inFig. 4. The points refer to the entries of the second column
Table 5. The symbol size is larger than their error. The difference between the pertur
and the non-perturbative running of the coupling looks small in this plot. However,
had used perturbation theory only to evolve the coupling over the range considere
theΛ-parameter would have been overestimated by up to 14%, depending onumax. This
corresponds to an extra error of 3% for the coupling in the range where its value is c
0.12, corresponding to the physical value ofαMS at MZ. Needless to add, this error cou
of course not even be quantified without non-perturbative information.

Furthermore, our non-perturbative coupling was designed to have a good pertu
expansion, since we rely on the 3-loopβ-function in the (high-energy part of the) comp
tation of theΛ-parameter. With our computation we haveshownthat for the Schrödinge
functional coupling there is an overlapping region where both, perturbative and
perturbative methods apply. In no way is this to be interpreted as a general statemen

QCD observables or couplings at certain energies.
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In Fig. 5 we show the non-perturbativeβ-function in the Schrödinger functiona
scheme, together with the 2-loop and the 3-loop perturbation theory. It has been ob
recursively from(2.27). The derivative of the step scaling function needed there has
calculated from the polynomial interpolatingσ(u) (see continuous line inFig. 3). The non-
perturbative data are fitted with two parameters beyond the 2-loopβ-function. The plot
again shows an overlapping region inḡ, where the perturbative and the non-perturba
β-functions agree well with each other. Forα > 0.2, however, perturbation theory is n
longer valid. Furthermore, the plot shows the difference betweenNf = 0 andNf = 2. Al-
ready the leading coefficientb0 of theβ-function depends on the number of flavors, a
this is nicely reflected in the figure.

4.2. Computation of̄v as a function of the strong coupling

The difference between the quenched approximation and the two-flavor theory
apparent in the renormalized quantityv̄ defined in(2.16). As a function of the couplingu
we write (at zero quark mass)

(4.5)v̄ = ω(u) = lim
a/L→0

Ω(u,a/L).

In perturbation theory,Ω is known to 2-loop order,

(4.6)Ω(u,a/L) = (v1 + v2u)
(
1+ ε1(a/L) + ε2(a/L)u

) + O
(
u2).

Here[16,30,55],
(4.7)v1 = 0.0694603(1) + 0.0245370(1)Nf,
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Table 6
Cutoff effects ofv̄ in perturbation theory

L/a Nf = 0 Nf = 2

ε1(a/L) ε2(a/L) ε1(a/L) ε2(a/L)

4 0.1880609(17) −0.02020(24) 0.3044344(25) 0.03725(43)
5 0.1085045(16) −0.01347(22) 0.1822083(22) 0.01255(39)
6 0.0677292(15) −0.00910(22) 0.1114033(21) 0.00325(36)
7 0.0460993(15) −0.00660(21) 0.0727865(20) −0.00047(35)
8 0.0335967(15) −0.00513(21) 0.0502340(20) −0.00130(34)

10 0.0203927(15) −0.00357(21) 0.0280832(19) −0.00118(34)
12 0.0138002(15) −0.00273(20) 0.0181305(19) −0.00091(33)
14 0.0099904(15) −0.00219(20) 0.0127946(19) −0.00074(33)
16 0.0075781(15) −0.00181(20) 0.0095635(19) −0.00064(33)
20 0.0047983(14) −0.00133(20) 0.0059634(19) −0.00050(33)
24 0.0033132(14) −0.00103(20) 0.0040873(19) −0.00040(33)

(4.8)v2 = −0.001364(14) − 0.000101(17)Nf − 0.0003362(30)N2
f ,

and the perturbative cutoff effects are listed inTable 6. Note that the tree-level coefficie
of v̄ vanishes exactly because of the definition of the couplings. The perturbative r
indicate a large effect for going from the zero- to the two-flavor theory.

The first step in the analysis is to projectv̄ on zero mass. To this end we have o
tained the crude estimate∂v̄/∂(am) ≈ −0.15(4) at constantu from the matching runs a
the smallest coupling and withL/a = 4. We use it also at the other couplings. After t
projection, the perturbative cutoff effects are eliminated (similarly to(2.33)) by replacing
Ω by

(4.9)Ω(2)(u, a/L) = Ω(u,a/L)

1+ ε1(a/L) + ε2(a/L)u

in the analysis. In contrast to the coupling, this correction is substantial and the res
continuum extrapolation is much smoother[10].

Then we projectΩ(2)(u, a/L) on some reference couplings in the rangeu = 0.9793. . .
5.5, using a numerical estimate for the slope. In principle, we would have to prop
the error ofu = ḡ2 into an extra error ofΩ(2)(u, a/L). However, it turns out, both from
perturbation theory and from the non-perturbative fits later, that the variation ofv̄ with u is
so small that this extra error can safely be neglected.

We make an ansatz linear in(a/L)2 for the continuum extrapolation. The data for t
two different actions are extrapolated separately and the continuum results are the
aged according to their weight. The data atL/a = 4,5 are left out.

The results are displayed inFig. 6 together withv̄ at Nf = 0 from Ref.[16]. The com-
parison shows that̄v increases by almost a factor two when going from the quenc
approximation toNf = 2.

4.3. Evaluation ofΛr0

For the O(a) improved action[32] used in our computations, the low-energy scaler0

has been calculated atβ ≡ 6/g2

0 = 5.2 (or a ≈ 0.1 fm) by two groups[44,56]. Recently,
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Fig. 6. v̄ as a function of the strong couplingα. The dashed lines show the 2-loop perturbation theory while
solid lines are non-perturbative fits forα < 0.3 including an additionalα2-term.

Table 7
Simulation results for̄g2(L) at lowβ

β κ L/a ḡ2(L)

ct = 1-loop ct = 2-loop

5.20 0.13600 4 3.32(2) 3.65(3)

5.20 0.13600 6 4.31(4) 4.61(4)

5.29 0.13641 4 3.184(16) 3.394(17)
5.29 0.13641 6 4.059(32) 4.279(37)
5.29 0.13641 8 5.34(8) 5.65(9)

5.40 0.13669 4 3.016(20) 3.188(24)
5.40 0.13669 6 3.708(31) 3.861(34)
5.40 0.13669 8 4.704(59) 4.747(63)

The hopping parametersκ are set to the critical ones (κc) of [57].

these large-volumeNf = 2 simulations of QCD have been extended to smaller value
the lattice spacing, namely 5.2 � β � 5.4 [57]. In order to obtainΛr0 and to study its
dependence on the lattice spacing, we here use results forr0/a of [57] atβ = 5.2,5.29,5.4
and compare also to the numbers resulting fromr0/a of [44].

First, we obtain the renormalized coupling on lattices with extentL/a = 4,6,8 at the
three chosen values ofβ. It is listed inTable 7. The hopping parametersκ are taken from
[57]. They correspond to roughly massless pions and thus massless quarks. We c
that reasonable changes ofκ , e.g., requiring Eq.(2.19), affect our analysis only to a neg

ligible amount. We then set the improvement coefficientct to its 2-loop value and obtain
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Table 8
Low-energy scaler0 in the chiral limit and the combinationΛMSr0 as obtained for two values ofumax =
ḡ2(Lmax)

β r0/a Lmax/a ΛMSr0 Lmax/a ΛMSr0

umax= 3.65 umax= 4.61

5.20 5.45(5)(20) 4.00(6) 0.655(27) 6.00(8) 0.610(25)
5.29 6.01(4)(22) 4.67(6) 0.619(25) 6.57(6) 0.614(24)
5.40 7.01(5)(15) 5.43(9) 0.621(17) 7.73(10) 0.609(16)

Fig. 7. Dependence ofr0 on the bare quark massmq = (1/κ − 1/κc)/2. Both quantities are rescaled (made
mensionless) by the extrapolated value ofr0, denoted byr0(0). The uncertainty of this rescaling is not propaga
into the errors. Forκc, we take the values of[57], listed inTable 7.

Lmax/a for the three values ofβ combined with two fixed valuesumax≡ ḡ2(Lmax) = 3.65
andumax= 4.61 by an interpolation of the data inTable 7. These values ofLmax/a, which
are recorded inTable 8, are insensitive to the interpolation formula used.

Second, we analyze the raw data forr0/a at finite bare quark masses,mq, in order to
obtain the value corresponding to massless quarks (the up- and down-quark mass
safely be neglected in this context). At each bare coupling, three different quark m
corresponding to pion masses between about 500 MeV and 1 GeV, have been sim
in [57]. As seen inFig. 7, the radiusr0 depends approximately linearly on the bare qu
mass in this range. The figure also demonstrates that the slope is strongly cutoff dep
its magnitude decreases quite rapidly asβ increases (the lattice spacing decreases).7 This
has been noted earlier[58] and reminds us that the study of lattice artifacts is import
On the other hand, we are here not interested in the slope but inr0 at zero quark mass
We estimate it by a simple linear extrapolation inmq. Since the linear behavior is n
guaranteed to extend all the way to zero quark mass, we include a systematic erro
extrapolation in addition to the statistical one: an uncertainty of half the difference o

7 The slope visible inFig. 7 is not directly a physical observable, since (up toa-effects) the renormalize
quark mass is given bymR = Zmmq rather than bymq. However, it appears unlikely that the strong depende
of the slope ong0 is canceled byZm, since the latter is expected to be a weak function of the bare coupling.

details can be found in[58], where also a properly renormalized slope has been analyzed.
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last data point and the extrapolated value is added as the second error inTable 8. Within
the total error, dominated by the systematic one due to the extrapolation, our valuesr0/a

do agree with those quoted in[44,56,57], where somewhat different ansätze—and in[44]
also different data—have been used.

Third, combining Eqs.(4.4) and (2.11)with r0/a andLmax/a of Table 8, one arrives
at the columnsΛMSr0 in that table. Here we have added errors in quadrature, exce
the one attributed to Eq.(4.4), which is independent of the bare coupling. The resul
ΛMSr0 are remarkably stable with respect to the change of the lattice spacing an
the choice ofumax. In particular, forLmax/a > 4.5 all numbers including their errors a
covered by the interval 0.58� ΛMSr0 � 0.66 and also the central value obtained with
worst discretizationLmax/a = 4 is inside. We thus quote

(4.10)Λ
(2)

MS
r0 = 0.62(4)(4)

as our result, the second error deriving from the 7% error onΛLmax.
We finally mention that we repeated the above analysis also forct to 1-loop precision

and the valuesumax = 3.32 and 4.31 suggested byTable 7. The central values forΛMSr0
are then up to 15% lower than forct at 2-loop precision, but this difference shrinks
Lmax/a grows. At the largest value ofLmax/a, the number forΛMSr0 is again fully con-
tained in the rangeΛMSr0 = 0.62(4).

5. Conclusions

This non-perturbative QCD computation has required extensive simulations ofNf = 2
QCD with O(a) improved massless Wilson fermions in finite volume. In our situat
discretization errors turned out to be very small, as seen for example inFig. 2and also in
[10]. Although we could achieve the necessary precision only on lattices up to a siz4,
the smallness of discretization errors allowed to obtain the running of the QCD cou
in the continuum limit and to good accuracy. As in theNf = 0 (pure gauge) theory, th
energy dependence of the coupling in the Schrödinger functional scheme is now
over more than two orders of magnitude in the energy scale. This is the main result
investigation.

TheNf -dependence is best illustrated inFig. 5, where we also observe excellent agr
ment with 3-loop perturbation theory forα � 0.2, while for largerα, the non-perturbative
β-function breaks away rapidly from the perturbative approximation. Atα ≈ 0.3 . . .0.4,
a couple of additional higher-order perturbative terms withcoefficients of a reasonab
sizewould not be able to come close to the non-perturbativeβ-function.

To calibrate the overall energy scale, one fixes a large enough value of the couplin
in the low-energy region and relates the associated distance,Lmax, to a non-perturbative
large-volume observable. For technical reasons, explained in Section2.5, we have chose
the hadronic radiusr0, which has an unambiguous definition in terms of the forceF(r)

between static quarks, viar2
0F(r0) = 1.65 [45]. This quantity has also been chosen in

computation of theΛ-parameter forNf = 0 [7]. We compareΛr0 for various numbers o

flavors inTable 9.
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Table 9
The QCDΛ-parameter in units ofr0

Nf Λ
(Nf )

MS
r0 Reference Remarks

0 0.60(5) [7]
2 0.62(4)(4) This work
4 0.57(8) [59–61] DIS @ NNLO & r0 = 0.5 fm
4 0.74(10) [1] World average &r0 = 0.5 fm
5 0.54(8) [1] World average &r0 = 0.5 fm

Non-perturbative, purely theoretical determinations forNf = 0,2 are compared to extractions ofΛ from high-
energy scattering experiments, using high-order perturbation theory combined with the phenomenologi
mater0 ≈ 0.5 fm [45].

The last two entries in the table represent one and the same world average by S.
of α-measurements. They are related by theperturbativematching of the effective the
ories with Nf = 4 and Nf = 5 massless quarks[62]. While little can be said on th
Nf -dependence ofΛ(Nf)

MS
r0 on general grounds, the prediction that there should be a

nificant drop fromNf = 4 toNf = 5 depends only on perturbation theory at the scale o
b-quark mass and should thus be reliable. A similar statement for the change fromNf = 3
to Nf = 4 is less certain as it involves physics at and below the mass of the charm qu

Another relevant issue in the above comparison is that we usedr0 ≈ 0.5 fm to relate the
high-energy experiments to our theoretical predictions. Although it appears unlikel
r0 differs by 10% from this value, a true error is difficult to estimate until a reliable n
perturbative computation of, e.g.,r0Fπ has been performed. Indeed, such a computa
or more directly the computation ofLmax× Fπ for Nf = 2, is the most urgent next step
be taken in our programme. After that, the effect of the remaining (massive) quarks
to be estimated.

Keeping the above caveats in mind, we still may convert theΛ-parameter to physica
units and obtain

(5.1)Λ
(2)

MS
= 245(16)(16) MeV [with r0 = 0.5 fm].

Although in this case the four-flavor theory has not yet been reached, it is a very non-
test of QCD that the non-perturbative results, which use experimental input at low en
of order 1/r0 ≈ 400 MeV, agree roughly with the high energy, perturbative extract
of Λ. Unraveling the details in this comparison will still require some work; some of it
just mentioned.

Now, thatα(µ) is known, the tables presented in this work also provide the bare
rameters of our lattice action needed in the computation of the energy dependence
renormalized quark mass and composite operators. These are then readily relate
appropriate renormalization group invariants.

Acknowledgements

We are indebted to Martin Lüscher who founded the ALPHA Collaboration and wh

ground-breaking work for this project—as demonstrated by the references we quote. We



402 ALPHA Collaboration / Nuclear Physics B 713 (2005) 378–406

ncesco
g for
l
r
nter at

icle
K 271
FB for
r. This
ramme

g
ver the
lex

ich

nd is
further thank Achim Bode, Bernd Gehrmann, Martin Hasenbusch, Karl Jansen, Fra
Knechtli, Stefan Kurth, Hubert Simma, Stefan Sint, Peter Weisz and Hartmut Witti
many useful discussions and collaboration in early parts of this project[10]. We are gratefu
to Gerrit Schierholz for communicating the results of[57]. We further thank DESY fo
computing resources and the APE Collaboration and the staff of the computer ce
DESY Zeuthen for their support.

The computation ofαs is one project of SFB Transregio 9 “Computational Part
Physics” and has been strongly supported there as well as in Graduiertenkolleg G
by the Deutsche Forschungsgemeinschaft (DFG). We thank our colleagues in the S
discussions, in particular Johannes Blümlein, Kostia Chetyrkin and Fred Jegerlehne
work has also been supported by the European Community’s Human Potential Prog
under contract HPRN-CT-2000-00145.

Appendix A. Evaluation of ∂Γ/∂η

Our central observable, Eq.(2.15), translates into the expectation value

(A.1)
∂Γ

∂η

∣∣∣∣
η=0

=
〈
dS

dη

〉
=

〈
dSg

dη

〉
+

〈
dSeff

f

dη

〉
,

where the pure gauge partdSg/dη has been discussed in[16] and

(A.2)
dSeff

f

dη
= −Nf TrQ−1dQ

dη
= −Nf

〈
ϕ†Q−1dQ

dη
ϕ

〉
ϕ

.

Here we have usedSeff
f = −Nf Tr lnQ with Q = γ5(D +m0) = Q† andD the (one-flavor)

Dirac operator including improvement terms. As usual,Seff
f is obtained after integratin

out the fermion fields and the trace extends over color and Dirac indices as well as o
space–time points. The last expression in Eq.(A.2) represents an average over a comp
random fieldϕ(x) with the property

(A.3)
〈
ϕ∗

cα(x)ϕdβ(y)
〉
ϕ

= δcdδαβδxy,

wherec, d denote color indices andα,β are Dirac indices. We may finally rewritedSeff
f /dη

in the form

dSeff
f

dη
= −Nf

〈 ∑
x|x0∈{a,T −a}

1

2
tr

dQ(x, x)

dη

[
ϕ(x)X†(x) + X(x)ϕ†(x)

]〉
ϕ

,

(A.4)QX = ϕ,

where we have used the fact thatdQ/dη vanishes except for the clover terms, wh
are diagonal in the coordinatex and contribute only on the time slicesx0 = a andx0 =
T − a. Now “tr” is over spin and color only. Eq.(A.4) is in the form used in[63] for the
contribution of the clover terms to the pseudofermionic force in the HMC algorithm a

evaluated analogously. Only one solution of the Dirac equation is needed.
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Of course, the average over the gauge fields can be interchanged with the one o
fieldϕ and one may replace(A.2) by an average over a finite number of fieldsϕ drawn from
a distribution satisfying(A.3). We found that the fluctuations of such a noisy (unbias
estimator fordSeff

f /dη are small compared to the ones ofdSg/dη, already when only on
field ϕ (from a Gaussian distribution) is used per gauge configuration. This has henc
our method of choice in all simulations.

Appendix B. Detailed numerical results

Tables 10 and 11list detailed parameters and results of our simulations.

Table 10
Simulation parameters and results using the 1-loop value forct

L/a β κ ḡ2 ∆(ḡ2) v̄ ∆(v̄) m ∆(m)

u= 0.9793
4 9.2364 0.1317486 0.9793 0.0007 0.1557 0.0019 −0.00600 0.00011
5 9.3884 0.1315391 0.9794 0.0009 0.1322 0.0023 0.00197 0.00005
6 9.5000 0.1315322 0.9793 0.0011 0.1266 0.0016 −0.00014 0.00003
8 9.7341 0.131305 0.9807 0.0017 0.1177 0.0042 0.00074 0.00006

8 9.2364 0.1317486 1.0643 0.0034 0.1244 0.0061 0.00010 0.00004
10 9.3884 0.1315391 1.0721 0.0039 0.1151 0.0077 0.00210 0.00003
12 9.5000 0.1315322 1.0802 0.0044 0.1227 0.0072 −0.00091 0.00002
16 9.7341 0.131305 1.0753 0.0055 0.1047 0.0080 −0.00008 0.00003

u= 1.1814
4 8.2373 0.1327957 1.1814 0.0005 0.1483 0.0016 0.00100 0.00011
5 8.3900 0.1325800 1.1807 0.0012 0.1353 0.0018 −0.00018 0.00009
6 8.5000 0.1325094 1.1814 0.0015 0.1269 0.0014 −0.00036 0.00003
8 8.7223 0.1322907 1.1818 0.0029 0.1141 0.0048 −0.00115 0.00004

8 8.2373 0.1327957 1.3154 0.0055 0.1209 0.0061 0.00020 0.00005
10 8.3900 0.1325800 1.3287 0.0059 0.1128 0.0070 0.00097 0.00007
12 8.5000 0.1325094 1.3253 0.0067 0.1304 0.0068 −0.00102 0.00002
16 8.7223 0.1322907 1.3347 0.0061 0.1065 0.0049 −0.00194 0.00002

u= 1.5031
4 7.2103 0.1339411 1.5031 0.0010 0.1437 0.0010 −0.00074 0.00010
5 7.3619 0.1339100 1.5044 0.0027 0.1250 0.0031 0.00052 0.00010
6 7.5000 0.1338150 1.5031 0.0025 0.1201 0.0024 −0.00078 0.00004

8 7.2103 0.1339411 1.7310 0.0059 0.1151 0.0037 0.00959 0.00004
10 7.3619 0.1339100 1.7581 0.0113 0.1062 0.0084 0.00257 0.00005
12 7.5000 0.1338150 1.7449 0.0119 0.1223 0.0073 −0.00138 0.00004

u= 1.7319
4 6.7251 0.1347424 1.7319 0.0020 0.1378 0.0009 −0.00181 0.00013
5 6.8770 0.1346900 1.7333 0.0032 0.1272 0.0025 −0.00005 0.00011
6 7.0000 0.1345794 1.7319 0.0034 0.1161 0.0023 −0.00002 0.00005

8 6.7251 0.1347424 2.0583 0.0070 0.1008 0.0032 0.01051 0.00005
10 6.8770 0.1346900 2.0855 0.0208 0.0934 0.0080 0.00335 0.00006
12 7.0000 0.1345794 2.0575 0.0196 0.0833 0.0082 −0.00049 0.00006
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Table 11
Simulation parameters and results using the 2-loop value forct

L/a β κ ḡ2 ∆(ḡ2) v̄ ∆(v̄) m ∆(m)

u= 1.5031
4 7.2811 0.1338383 1.5031 0.0012 0.1434 0.0013 0.00043 0.00015
5 7.4137 0.1338750 1.5033 0.0026 0.1310 0.0027 −0.00083 0.00009
6 7.5457 0.1337050 1.5031 0.0030 0.1247 0.0031 0.00072 0.00008
8 7.7270 0.133488 1.5031 0.0035 0.1219 0.0032 −0.00084 0.00003

8 7.2811 0.1338383 1.7204 0.0054 0.1091 0.0037 0.00928 0.00004
10 7.4137 0.1338750 1.7372 0.0104 0.1110 0.0063 0.00109 0.00004
12 7.5457 0.1337050 1.7305 0.0122 0.0893 0.0079 −0.00006 0.00008
16 7.7270 0.133488 1.7231 0.0151 0.1017 0.0092 −0.00154 0.00019

u= 2.0142
4 6.3650 0.1353200 2.0142 0.0024 0.1349 0.0017 0.00000 0.00023
5 6.5000 0.1353570 2.0142 0.0044 0.1236 0.0024 0.00002 0.00011
6 6.6085 0.1352600 2.0146 0.0056 0.1205 0.0029 0.00030 0.00009
8 6.8217 0.134891 2.0142 0.0102 0.0991 0.0045 0.00049 0.00007

8 6.3650 0.1353200 2.4814 0.0172 0.1016 0.0049 0.01318 0.00008
10 6.5000 0.1353570 2.4383 0.0188 0.0900 0.0050 0.00367 0.00005
12 6.6085 0.1352600 2.5077 0.0259 0.1074 0.0069 0.00013 0.00004
16 6.8217 0.134891 2.475 0.031 0.0916 0.0076 −0.00053 0.00006

u= 2.4792
4 5.8724 0.1360000 2.4792 0.0034 0.1206 0.0016 0.00000 0.00026
5 6.0000 0.1361820 2.4792 0.0073 0.1085 0.0023 −0.00009 0.00014
6 6.1355 0.1361050 2.4792 0.0082 0.1025 0.0032 0.00000 0.00013
8 6.3229 0.1357673 2.4792 0.0128 0.1015 0.0053 0.00000 0.00016

8 5.8724 0.1360000 3.2511 0.0277 0.0859 0.0043 0.01819 0.00011
10 6.0000 0.1361820 3.3356 0.0502 0.0796 0.0064 0.00579 0.00009
12 6.1355 0.1361050 3.1558 0.0552 0.0801 0.0079 0.00078 0.00007
16 6.3229 0.1357673 3.3263 0.0472 0.0806 0.0074 0.00039 0.00017

u= 3.3340
4 5.3574 0.1356400 3.3340 0.0109 0.1087 0.0013 0.00000 0.00040
5 5.5000 0.1364220 3.3340 0.0182 0.0965 0.0018 −0.00004 0.00017
6 5.6215 0.1366650 3.3263 0.0196 0.0894 0.0031 0.00051 0.00018
8 5.8097 0.1366077 3.334 0.019 0.0887 0.0042 0.00000 0.00004

8 5.3574 0.1356400 5.588 0.049 0.0576 0.0036 0.03163 0.00019
10 5.5000 0.1364220 5.430 0.098 0.0585 0.0048 0.01126 0.00012
12 5.6215 0.1366650 5.624 0.089 0.0607 0.0043 0.00334 0.00015
16 5.8097 0.1366077 5.4763 0.1236 0.0689 0.0052 0.00048 0.00004
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Abstract

We report performance benchmarks for several algorithms that we have used to simulate the Schrödinger functional with
two flavors of dynamical quarks. They include hybrid and polynomial hybrid Monte Carlo with preconditioning. An appendix
describes a method to deal with autocorrelations for nonlinear functions of primary observables as they are met here due to
reweighting. 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

In the past years the ALPHA Collaboration has pur-
sued the goal to reliably compute the QCD gauge cou-
pling at high energy in terms of non-perturbative low
energy parameters. The concomitant necessity to deal
with a large energy ratio in the continuum limit was
solved by a breakup into recursive steps. Here one
employs finite size rescaling by repeated factors of
two and extrapolates to the continuum each step by
itself. By a combination of theoretical reasoning and
numerical tests the Schrödinger functional was deter-
mined as a particularly convenient framework for this
purpose. The programme has been completed for the
quenched approximation, see Refs. [1,2] for reviews
of the approach and Ref. [3] for a summary of data.
First tests with a non vanishing flavor number have
been reported [4]. As is well known, by the inclusion
of dynamical quarks the numerical cost is boosted by a

* Corresponding author.
E-mail address:uwolff@physik.hu-berlin.de (U. Wolff).

large factor. The importance of algorithmic optimiza-
tion can hence hardly be overestimated. The finite size
technique with the Schrödinger functional — beside
its uses for QCD physics — offers the possibility of
an investigation of the lattice spacing dependence of
the performance of fermion algorithms with all phys-
ical scales held fixed. Here we report on such results
for several algorithms.

The Schrödinger functional can be regarded as the
free energyΓ of QCD in a finite volumeL3 × T ,

exp(−Γ ) =
∫

D[U ]D[ψ]D[ψ]
× exp

(−S[U,ψ,ψ]). (1.1)

The actionS consists of the usual plaquette action
for SU(3) gauge fieldsU and two degenerate flavors
of clover-improved Wilson fermions. The box is peri-
odic in space, and fixed gluon potentials and vanishing
quark fields1 are prescribed on the temporal bound-

1 Non-vanishing quark sources are also possible but will not be
needed here.

0010-4655/01/$ – see front matter 2001 Elsevier Science B.V. All rights reserved.
PII: S0010-4655(00)00242-3
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aries. The boundary potentialsC and C′ at x0 = 0
andx0 = T are specified in terms of the scaleL and
dimensionless parameters, one of which is calledη

and is kept variable. A convenient practical choice
with T = L, introduced as point “A” in [5], is used
throughout. Quark fields are periodic in space up to
a phaseθ = π/5. An Abelian background field is in-
duced which can be varied by changingη. The re-
sponse to such an infinitesimal variation is used to de-
fine the renormalized coupling

g2
SF(L) = ∂Γ0/∂η

∂Γ/∂η

∣∣∣∣
η=0

, (1.2)

where Γ0/g
2
0 is the tree level value ofΓ for bare

couplingg0. For a lattice realization we now have to
choose values forL/a, g0 and bare quark massm0
as well as coefficients for the improvement terms in
the action. We take the latter as smooth functions of
g0 either by a perturbative expression or by a non-
perturbative fit [6]. The massm0 is fixed by demand-
ing zero PCAC-mass [7]. Hence we may approach the
continuum limit by a sequence of lattices with grow-
ingL/a andg0 adjusted to maintain a fixed valuegSF.
Conceptually this is exactly the same situation as in
our quenched computations. The regularizing lattice
spacinga varies while renormalized physics is held
fixed. It is on such ‘trajectories’, that we study algo-
rithm performance.

Our most extensive simulations of the O(a) im-
proved Schrödinger functional have been conducted
with the well-known hybrid Monte Carlo method
(HMC) [8]. In our implementation we took advan-
tage of preconditioning and the refinement proposed
in [9]. It amounts to the introduction of two differ-
ent step sizes for fermion-gluon and gluonic self-
couplings in an approximately optimal proportion de-
pending on their relative computational cost. In other
long runs we applied the polynomial hybrid Monte
Carlo (PHMC) [10,11]. Here, as for the multiboson
technique [12], an approximately inverting polyno-
mial of the Dirac operator is used to bosonize the the-
ory. In the multiboson proposal the resulting action is
represented by many boson fields with nearest neigh-
bor couplings. For unimproved Wilson fermions finite
step-size updates are employed, which however be-
come impractical when the clover term is included —
the case on that we concentrate here. A further disad-
vantage is the additional slowing down due to collec-

tive effects of the many bosons [13]. With PHMC the
operator polynomial is employed to construct a non-
local Gaussian action for only one boson field which
is simulated by HMC. The imperfection of the polyno-
mial can be corrected by an acceptance or reweighting
step. Some results are reported which have been ob-
tained by a recently proposed multi-level Metropolis
procedure (MLM) [14]. Further details of the various
algorithms will be given below.

2. Algorithms in this study

In this section we briefly describe our implementa-
tions of fermion Monte Carlo algorithms as they are
benchmarked in this study. With each of them the goal
is the inclusion of effects of the weight factor det(Q)2

which arises from integrating two degenerate flavors
of quarks out of (1.1),

exp(−Γ ) =
∫

D[U ]exp
(−Sgauge[U ])det(Q)2.

(2.1)

Here the Hermitian operatorQ for Sheikholeslami–
Wohlert improved Wilson quarks has the structure

Q = c0γ5M; M = 1− T − H. (2.2)

The constantc0 is chosen to contain the eigenvalues of
Q in the interior of the interval(−1,1). The matrixM
contains nearest neighbor hopping terms inH and the
clover term inT , which is diagonal with respect to the
lattice index. The detailed form of these components,
including boundary improvement, can for instance be
found in Ref. [15].

2.1. Hybrid Monte Carlo

The HMC method [8] has so far been the most
popular fermion algorithm for QCD. In choosing a
trajectory length of unity we followed the general
experience that this is close to optimal. In [16] this was
confirmed for the quenched Schrödinger functional,
and a test with dynamical fermions atL/a = 8 showed
an almost doubling of computational costs forg2

SF
as we lowered the trajectory length to one half. We
reduced discretization errors by the multiple time
scale method proposed in Ref. [9] taking the version
given there in Eq. (6.7) withn = 4. A test of the
performance gain of the above integration scheme in
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practical simulations was performed in [17], where it
was demonstrated that a substantial gain is achieved as
compared to a standard leap-frog integrator. The value
of n was not varied any further in this study.

As an essential sophistication we made use of two
different forms of preconditioning. Both rely on our
ability to factor out ofQ matrix factors which on the
one hand are easy to invert and on the other hand
capture a part of its spectral variation to leave us with
a better conditioned remaining factor. For even–odd
preconditioning we exhibit the block structure ofM

with respect to even (e) and odd (o) lattice sites and
factorize

M =
(
Mee Meo

Moe Moo

)
=
(
Mee 0

Moe 1

)(
1 M−1

ee Meo

0 Moo − MoeM
−1
ee Meo

)
,

(2.3)

where the left (lower) block-triangular factor and the
block-diagonalMee are easy to invert. This factoriza-
tion can now be used in a two-fold way. If the origi-
nal Q under the determinant in (2.1) is plugged into
the HMC algorithm we have to continuously solve
linear systems with coefficient matrices given byQ.
With (2.3) these can be transformed into better condi-
tioned systems with accelerated iterative inversion of

Q̂ = c̃0γ5
(
Moo − MoeM

−1
ee Meo

)
. (2.4)

The constant̃c0 is again used to normalize the spec-
trum of Q̂. On the other hand we may also conclude
from (2.3) that up to irrelevant constant factors the re-
lation

det(Q) ∝ det(Mee)det(Q̂) (2.5)

holds. Now Q̂ enters into the HMC and leads to
a different Monte Carlo dynamics, which also takes
det(Mee) into account. When we refer to even–odd
preconditioning in this paper, this second variant will
always be meant. Further details on our implementa-
tion of HMC may be found in [18]. As we only have
to invert the squared operator̂Q 2 we use the conjugate
gradient method (CG), which was found to be close to
optimal in this case.

For SSOR preconditioning a different factorization
of M based on factors triangular with respect to a lexi-
cographic ordering of lattice sites is used [19–21]. Due

to its complexity, in particular if the clover term is in-
cluded, this has to our knowledge only been used to
accelerate linear systems and was for that purpose re-
ported to be superior over even–odd preconditioning if
combined with the BiCGstab [22] inversion algorithm
for the preconditionedM and M†. In the following
SSOR will refer to such an implementation. For the
unimproved case, a simplified form of SSOR precon-
ditioning (ILU) was implemented under the determi-
nant with very positive results [10].

We compared the performance of our two HMC
program versions on our largest lattice, i.e. 124 at
β = 9.5. In solving the linear systems with the re-
spective preconditioned operators we confirmed that in
terms of operations associated with applying these op-
erators to fields, the BiCGstab algorithm with SSOR
preconditioning outperforms the CG algorithm with
even–odd preconditioning by a factor of about 1.6.
Part of this advantage is however lost in terms of
CPU time, because on our Alenia Quadrics (APE) ma-
chines inner products are relatively expensive. Since
in the BiCGstab algorithm inner products and linear
combinations are much more frequent than in the CG
algorithm, this is a non-negligible overhead. The over-
all advantage that we find for the even–odd version
derives however from the different operators under the
determinant. A clear sign of this is the behaviour of the
acceptance rate in both cases. While for the even–odd
preconditioned determinant we could obtain an accep-
tance rate of 91% with a step size of�τ = 0.08, for
det(Q2) it went down to 75% already at a step size of
�τ = 0.07.

In principle, one could also conceive of the fol-
lowing combination yet untested by us. One uses the
even–odd preconditioned determinant and, when lin-
ear systems witĥQ have to be solved, one transforms
them to the SSOR preconditioned form, solves, and
translates back. It is unclear at present, whether the
overhead still leaves this variant profitable.

2.2. Polynomial hybrid Monte Carlo

We recall here some basics of the PHMC algorithm.
For technical details the reader is referred to Refs. [23,
24]. In the PHMC algorithm the inverse of̂Q 2 is
approximately computed by a suitable [12] Chebyshev
polynomial of degreen,

Q̂−2 ≈ Pn,ε(Q̂
2). (2.6)
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Defining the relative deviation

Rn,ε(λ) = λPn,ε (λ) − 1, (2.7)

the inversion error for eigenvaluesλ ∈ [ε,1] of Q̂ 2 is
bounded by

δ = sup
λ

∣∣Rn,ε(λ)
∣∣= 2

(
1− √

ε

1+ √
ε

)n+1

. (2.8)

For a given degreen the free parameterε in Pn,ε al-
lows to trade between approximation range and accu-
racy. For eigenvaluesλ < ε the error monotonically
moves fromRn,ε(ε) = −δ to Rn,ε(0) = −1. With the
help ofPn,ε we represent the determinant by a bosonic
spinor field (pseudofermion)φ

det(Q̂ 2) =
∫

D[φ]D[φ†]exp(−SP )W (2.9)

with the Gaussian action

SP = φ†Pn,ε

(
Q̂ 2[U ])φ (2.10)

and the remainder

W = det
(
Q̂ 2Pn,ε(Q̂

2)
)

(2.11)

rendering (2.9) exact. As long as the spectrum ofQ̂ 2

is in the approximation range[ε,1], W is a small
correction close to one. Expectation values in the full
QCD ensemble are now given by reweighting withW

as

〈O〉 = 〈OW 〉P
〈W 〉P , (2.12)

whereO is some observable and the average〈. . .〉P
is taken with the actionSgauge+ SP . SinceW is still
given by a determinant, a straightforward evaluation is
hard. As it is a small correction, however, stochastic
(unbiased) estimates should be adequate. For each
measurement we construct an estimatorW given by

W = 1

Ncorr

Ncorr∑
i=1

exp
{
η

†
i

(
1− [Q̂ 2Pn,ε(Q̂

2)]−1)ηi}
(2.13)

with independent Gaussian random fieldsηi . Averag-
ing overNcorr such estimates allows us to reduce and
control the extra noise inflicted here. The true QCD av-
erage is then estimated by Eq. (2.12) withW replaced
by W .

The update of the gauge field and the pseudofermi-
onic field φ follows the standard HMC pattern with

global heatbath forφ and molecular dynamics forU
including the speedup from [9] discussed before. This
is chosen, because, in contrast to the multiboson algo-
rithm [12], finite step size updates forU are imprac-
tical here due to the complicated non-local effective
action.

At this point the parametersn, ε and, less im-
portantly,Ncorr are at our disposal for optimization.
For small eigenvalues the growth of the ‘inverter’
Pn,ε(λ) ∼ 1/λ is cut off atλ ∼ ε. For the HMC dy-
namicsε hence, in some sense, takes over the role
of the smallest eigenvalue. It was found advanta-
geous [23,24] to chooseε a few times larger than the
typical smallest eigenvalue of̂Q 2. This allows us to
keep the degree of the polynomial lower for the same
approximation accuracy. Configurations with small
eigenvalues of̂Q 2 are produced more frequently than
they would be with the exact determinantal weight. As
the algorithm is still exact, this is precisely compen-
sated byW or respectivelyW giving smaller weight
to the observables evaluated on these configurations.
It should be borne in mind that the unquenched lat-
tice path integral is always well-defined. The potential
problem with nearly ‘exceptional’ configurations is a
statistical one with rarely sampled large contributions,
which is alleviated by our sampling and reweight-
ing technique. This is the reason for us to prefer the
reweighting correction over an acceptance step.

There is a special round-off problem for PHMC that
we briefly summarize now with more details available
in [23,25]. To generateφ with action (2.10) it is
necessary to factorize

Pn,ε(Q̂
2) = Fn(Q̂)†Fn(Q̂) (2.14)

with an nth degree polynomialFn. For gauge field
updatingU -derivatives ofSP have to be taken at
fixedφ. To this end we factorize further

Fn(Q̂)φ = [√
cn(Q̂ − rn)

][√
cn−1(Q̂ − rn−1)

] · · ·[√
c1(Q̂− r1)

]
φ (2.15)

and store the occurring subproducts to facilitate the
force computation. While the complex rootsrk are
determined byPn,ε , the real factors

√
ck only serve

to prevent the partial products from growing too large
or too small. It is known [25] that the evaluation of
a high order matrix polynomial in factorized form is
in principle rather susceptible to round-off error. In
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particular, the ordering of factors in (2.15) is of crucial
importance in this context. In [23,25] orderings were
found which make this source of errors negligible
for the runs withn up to 46 reported in this paper,
even on the 32-bit APE 100 machines. Further details
on tuning the polynomial parameters are deferred to
Appendix B.

Another variant of PHMC could be devised by ap-
plying an inverting polynomial to the complex spec-
trum of γ5Q̂ instead of the real positivêQ 2. A cor-
responding multiboson algorithm was investigated in
Ref. [26]. We shall investigate this method in the near
future.

2.3. Multi-level metropolis algorithm

As for the previous algorithms it is our aim to
represent det(Q2) ∝ det(M†M) in a way suitable for
simulation. Here this will be done in part by the
explicit use of a few terms of the hopping parameter
expansion in powers ofT + H (see Eq. (2.2)) and by
integrals over a collection of pseudofermion fields to
represent the remainder.

The series for the logarithm of the determinant is
given by

logdet(M) = tr ln(M) = − tr(T + H)− 1
2 tr(T + H)2

− 1
3 tr(T + H)3 + · · · . (2.16)

In our algorithm, we separate off the series up to some
order k. In the present work we found it convenient
to use k = 3, since tr(T + H)i = trT i can easily
be computed fori = 1,2,3. At higher orders also
mixed terms would contribute. In order to deal with
the remaining terms, we define

M̃ = M exp

(
k∑

j=1

1

j
(T + H)j

)
. (2.17)

For the inverse ofM̃ we introduce a hierarchical
approximation by polynomialsPi of order ni in
T + H ,

M̃−1 =
j∏

i=1

P
ri
i + O

(
(T + H)nj+1). (2.18)

The full required inversion accuracy is reached for the
maximal valuej = l. This is used withr1 + r2 + · · ·+
rl pseudofermion fields to derive the representation

det(M̃†M̃) ∝
∫ l∏

i=1

ri∏
a=1

D
[
φ

†
ia

]
D[φia]

× exp

(
−
∑
i,a

|Pi φia |2
)
. (2.19)

The powersri > 1 are advantageous as they lead to a
smaller force on the gauge field which allows larger
update steps [14].

Let us summarize the action that is simulated,

S = Sgauge[U ] + Shop[U ] + SPF[U,φ] (2.20)

with 2

Shop[U ] = trT + 1
2 trT 2 + 1

3 trT 3 (2.21)

and

SPF[U,φ] =
∑
i,a

|Piφia |2. (2.22)

We now considerSgauge[U ] as a zeroth approxima-
tion which is taken into account in generating finite
stepsize primary updateproposals. All further terms
will eventually be implemented by accept–reject fil-
ters. In the first level action

S(1) = Sgauge+ Shop+
r1∑

a=1

|P1φ1a|2 (2.23)

the hopping term is included as it would otherwise lead
to a single link action too complex for level zero. All
further levelsj > 1 are straightforwardly given by

S(j) = S(j−1) +
rj∑

a=1

|Pjφja|2 (2.24)

up toj = l.
We now describe the steps of the multi-level Metrop-

olis update scheme. A proposal at level 0 is given
by multiple local updates with the Cabibbo–Marinari
heatbath or the overrelaxation algorithm. One possi-
bility is to randomly selectv links to be updated. In
Ref. [14] we found it advantageous to actually update
several times a sublattice chosen at random from a
set that covers the lattice. The size of the sublattices
is chosen such that a reasonable acceptance at level
one of the algorithm is achieved. The whole proposal
obeys detailed balance with respect to the level zero

2 trT is small but nonzero, as we also included boundary
improvement terms in it.
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action as we reverse the order of link updates with
probability 1/2. The remaining levels now proceed re-
cursively as follows. Generate a proposalŨ by per-
forming tj update steps at levelj − 1. AcceptŨ as
new configuration at levelj with the probability

A(j) = min
[
1,exp

(−�S(j)[Ũ ] + �S(j)[U ])],
(2.25)

where�S(j) = S(j) − S(j−1).
In our implementation, the auxiliary fieldsφia are

kept fixed during the update cycle of the gauge field
after they have been generated by a global heatbath by
solving

φi,a = P−1
i η, (2.26)

whereη is a Gaussian random field.
In its present form the MLM algorithm will not be

the method of choice for large lattices. The reason is
that its cost will ultimately grow proportional to the
square of the number of lattice sites. This is because
the size of the updated blocks cannot grow while
maintaining the acceptance rate and thus their number
is proportional to the volume. Each evaluation of
�S(j) is however also of order volume in complexity.
On the other hand, as we shall see shortly, MLM can
produce precise results atL/a = 5 where we have
tested it here. As it contains interesting elements, for
instance being a finite step-size method for improved
dynamical fermions, we still found the idea and the
practical test worth reporting and comparing with
other methods here, for instance as a basis for further
modification.

3. Benchmarks of algorithmic performance

3.1. Our measure of efficiency

We now define two quantities,Mcost and Dcost,
which allow to compare simulation costs for a certain
physics output between different algorithms and pa-
rameters. The first measure is machine dependent and
refers to actual CPU time on the APE100 line of paral-
lel computers currently in use by the ALPHA Collab-
oration. The second one is machine independent with
the number of Dirac operator applications to a spinor
field being our currency. As a target quantity, whose
statistical accuracy is used for weighing costs in either

units, we take our couplingg2
SF. The precise defini-

tions are

Mcost = (update time in seconds on machineM)

× (error of 1/g2
SF)

2 × (4a/T )(4a/L)3

(3.1)

and

Dcost = (number of applicationsQφ)

× (error of 1/g2
SF)

2. (3.2)

Since the squared error in both formulas goes down in-
versely proportional to the run length, both quantities,
extracted from given Monte Carlo simulations, do not
depend on their lengths. The reason for focusing on
absolute errors of 1/g2

SF is as follows. We assume for
thepurpose of error analysis onlythat the running of
gSF with L has the structure of 1-loop perturbation the-
ory, 1/g2

SF≈ −2b0 logL + const. Then

δL

L
= 1

2b0
δ(1/g2

SF) ≈ 8δ(1/g2
SF) (3.3)

holds, and we approximately aim at a certain relative
scale uncertainty, independently of the size ofgSF.
In (3.1) the trivial growth proportional to the number
of lattice sites is cancelled such that both quantities
scale in the same way. The reference machineM in
this publication will always be the smallest 8-node
machine of type Q1. Most of our data actually come
from bigger machines with up to 512 nodes. The
costs on these machines are converted by multiplying
naively by the ratio of nodes, e.g., 512/8. This means,
we neglect communication overheads, which is a small
effect on our hardware and implementation. Note
that with our definitions costs can be meaningfully
compared also under trivial (replica) parallelization, of
which we make extensive use.

While most of the CPU time with dynamical fermi-
ons is spent on applications of the Dirac operator there
is also quite some overhead from other operations,
in particular on small lattices. This was neglected in
Dcost except for the contribution to the gauge field
force in the PHMC algorithm which is proportional to
the polynomial degreen. As a consequence, the ratio
Dcost/Mcost varies between 50 and 80% of the theo-
retical value referring toQφ operations only. Appli-
cations ofQ and Q̂ are so close to each other both
in theoretical complexity and actual CPU time, that
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Table 1
Summary of the simulated parameter sets, which enter our performance studies of dynamical fermion
algorithms. Quark masses are close to their critical values

Set L/a β Algorithm �τ Pacc

12a 12 9.5 HMC (e/o) 0.080 0.91

12b 12 9.5 HMC (SSOR) 0.060 0.86

12c 12 9.5 HMC (SSOR) 0.070 0.75

12d 12 9.5 PHMC (e/o) 0.091 0.83

12e 12 9.5 PHMC (e/o) 0.100 0.76

12f 12 8.5 HMC (e/o) 0.070 0.93

12g 12 8.5 PHMC (e/o) 0.091 0.80

12h 12 8.5 PHMC (e/o) 0.114 0.75

12i 12 7.5 HMC (e/o) 0.075 0.89

12j 12 7.5 PHMC (e/o) 0.098 0.77

12k 12 7.5 PHMC (e/o) 0.098 0.78

10a 10 9.3884 HMC (SSOR) 0.080 0.78

10b 10 8.39 HMC (SSOR) 0.080 0.75

10c 10 7.3619 HMC (SSOR) 0.070 0.79

10d 10 6.877 HMC (SSOR) 0.070 0.72

10e 10 6.5 HMC (SSOR) 0.060 0.80

10f 10 6.0 HMC (SSOR) 0.050 0.83

10g 10 5.5 HMC (SSOR) 0.040 0.82

8a 8 9.2364 HMC (e/o) 0.080 0.96

8b 8 8.2373 HMC (e/o) 0.120 0.91

8c 8 7.2103 HMC (SSOR) 0.100 0.71

6a 6 9.5 HMC (e/o) 0.110 0.97

6b 6 9.0 HMC (e/o) 0.110 0.97

6c 6 8.5 HMC (e/o) 0.100 0.97

6d 6 7.5 HMC (e/o) 0.070 0.98

5a 5 9.3884 HMC (SSOR) 0.120 0.92

5b 5 7.3619 HMC (SSOR) 0.120 0.90

4a 4 9.2364 HMC (e/o) 0.130 0.98

4b 4 8.24 HMC (e/o) 0.120 0.98

4c 4 7.21 HMC (e/o) 0.200 0.93
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we neglect their difference. The SSOR preconditioned
operator, on the other hand, is counted as 4/3 Q op-
erations due to extra multiplications of the diagonal
(clover) part.

A typical run that entered our benchmarks is entry
12k in Table 1. WithMcost≈ 12 andDcost≈ 3000 we
ran a total of 13 000 trajectories on anL/a = T/a =
12 lattice and achieved 6% scale accuracy in about
6 days on 256 nodes of APE100.

3.2. Numerical results

In Table 1 we list the most important parameters
for a subset of our HMC and PHMC runs performed
to investigate the QCD running gauge coupling with
two massless flavors.3 The fourth column indicates
which of the algorithms discussed before was used.
This table has to be read in conjunction with Table 2,
where the measured values forMcost and Dcost are
given. Results forDcost of MLM follow in Table 4
below. Error estimates for the costs stem from the
error ofτint of g−2

SF which is determined by the method
of Appendix A. Its value here refers to a unit given
by complete update cycles (trajectories). The update
time in seconds for one such cycle is normalized
to the APE100-Q1 as discussed with the definition
of Mcost. In Fig. 1 we plotMcost againstL/a for all
our runs at a fixed scaleL in physical units that is
implicitly determined by the conditiong2

SF ≈ 1.1. The
line corresponding to a growth proportional toa−3 is
shown as a reference and roughly represents the rise of
the data. This combines effects of a growing variance
of our observable in the Schrödinger functional for
g2

SF and of critical slowing down. The latter accounts
for about two powers of 1/a. In Fig. 2 the number of
conjugate gradient iterations is shown for our even–
odd preconditioned HMC runs. At least for smaller
g2

SF there is an approximately linear growth with
L/a which contributes one power to critical slowing
down. This is the expected behaviour since 1/L is the
infrared cutoff here analogous to the quark mass in
other applications. At larger couplingNCG moderately
rises in the range that has been explored here.

The actual cost to determine the running coupling
at fixed error forg−2

SF as discussed before hence seems

3 The physical implications of these data will be analyzed in a
separate paper [29] while here we focus on algorithmic aspects.

Fig. 1. Measured values ofMcost for runs with constant physics
fixed byg2

SF≈ 1.1 and vanishing quark mass.

Fig. 2. Average number of iterations of the conjugate gradient
algorithm in even–odd preconditioned HMC runs.

to roughly grow like 1/a7 in the continuum limit, at
least at the relatively weak coupling considered here.
This seems to be more optimistic than the quark mass
dependence in some previous estimates, for instance4

in [27]. One reason may be that our growth may be
slightly underestimated due to overhead on the small
lattices. Closer inspection reveals as another source of
difference that in our molecular dynamics steps we are

4 See also the discussion in [28].
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Table 2
Cost estimates for the simulations in the parameter sets specified in Table 1. Precise results and analysis
on the running ofg2

SF will appear in [29]

Set g2
SF τint tupdate/[s] Mcost Dcost/102

12a 1.1 2.00(16) 1582 15(1) 36(3)

12b 1.1 1.98(23) 2392 20(2) 30(4)

12c 1.1 2.82(27) 1773 22(2) 37(4)

12d 1.1 1.41(10) 1636 12.9(9) 30(2)

12e 1.1 1.35(7) 1335 12.0(6) 28(2)

12f 1.3 2.19(12) 1768 15.0(8) 38(2)

12g 1.3 1.16(7) 1518 18.3(1.1) 44(3)

12h 1.3 2.47(15) 1103 11.6(7) 27(2)

12i 1.7 2.35(14) 1895 14.7(9) 39(2)

12j 1.7 2.05(14) 1554 12.6(9) 32(2)

12k 1.7 1.81(13) 1371 11.6(9) 28(2)

l0a 1.1 1.95(7) 707 9.7(4) 16.2(6)

10b 1.3 2.35(10) 719 10.7(5) 17.5(8)

10c 1.7 2.63(13) 804 11.5(6) 18.7(9)

10d 2.1 3.42(20) 806 14.4(8) 25(1)

10e 2.4 3.46(21) 991 16(1) 28(2)

10f 3.3 3.42(21) 1274 19(1) 33(2)

10g 5.4 3.94(22) 1932 30(2) 49(3)

8a 1.1 1.14(4) 260 4.0(1) 8.2(3)

8b 1.3 1.40(6) 183 3.0(1) 6.2(3)

8c 1.7 2.40(9) 239 5.8(2) 8.4(3)

6a 1.0 0.70(2) 49 1.00(3) 1.98(6)

6b 1.1 0.75(2) 49 1.04(3) 2.09(6)

6c 1.2 0.80(2) 55 1.15(3) 2.34(6)

6d 1.5 1.08(2) 74 2.08(4) 4.50(8)

5a 1.1 0.67(1) 22 0.70(1) 1.03(2)

5b 1.5 1.02(3) 22 0.83(2) 1.26(4)

4a 1.0 0.53(1) 6 0.268(5) 0.428(8)

4b 1.2 0.57(1) 7 0.271(5) 0.445(8)

4c 1.5 0.74(1) 5 0.222(3) 0.397(5)



10 R. Frezzotti et al. / Computer Physics Communications 136 (2001) 1–13

Table 3
Parameters of the MLM update cycle, wherel = 4, r2 = r3 = r4 = 1 andaj denotes the acceptance rate at the levelj

β r1 n1 n2 n3 n4 t1 t2 t3 t4 a1 a2 a3 a4

8.39 4 15 31 63 255 1 6 6 10 0.313 0.828 0.966 0.998

8.854 4 15 31 63 255 1 6 6 10 0.347 0.835 0.969 0.999

9.40 3 11 23 63 255 1 8 10 10 0.355 0.742 0.923 0.996

Fig. 3. Measured values ofMcost for runs with HMC-SSOR on
L/a = 10 lattices versus renormalized coupling.

not forced to lower the step size�τ at the rate usually
estimated for constant acceptance while lowering the
quark mass. KeepingL however fixed in physical units
means thatβ rises whena/L becomes smaller which
makes the gauge field smoother at the same time.
This could lead to smaller discretization errors and
partly be responsible for the observed behaviour. The
integration method [9] may in addition interfere with
standard scaling on intermediate size lattices.

The vertical dotted line in Fig. 1 is located at
L/a = 16 and points toMcost≈ 30. This implies about
100 days on 512 nodes for 3% scale accuracy. Thus at
least with the next generation of APE1000 machines a
serious continuum calculation should be within reach.
For L/a = 12, our most expensive lattices so far, we
found a slight preference for PHMC. This conclusion
holds also among the larger couplings simulated, with
the costs being approximately independent ofg2

SF in
the present range between 1.1 and 1.8. All runs with
L/a = 10 have been performed employing HMC with

Table 4
Dcost for simulations with the multi-level algorithm of 54 lattices at
variousβ-values

β 8.39 8.854 9.40

g2
SF 1.1807(12) 1.0778(10) 0.9767(16)

Dcost 290(6) 287(6) 372(15)

SSOR5 and reach up to much larger couplings. Here
the growth of Mcost and Dcost with g2

SF becomes
clearly visible but not dramatic, see Fig. 3.

With the MLM algorithm for improved fermions
we only have results forL/a = 5 whose parameters
are collected in Table 3. As updates on level zero
(gauge action only) we used heatbath sweeps and
overrelaxation sweeps over certain sets of links. With
probability 1/2 we update either set A or set B. Set A
consists of all spatial links of one randomly selected
timeslice together with the temporal links at this
timeslice in either positive or negative time direction.
Set B are all links with a randomly selected spatial
direction plus the temporal boundary links. In the case
of set A we perform a heatbath sweep over all links
followed by five overrelaxation sweeps. In the case of
set B we perform a heatbath sweep over the temporal
boundary links followed by five overrelaxation sweeps
over the spatial links of one direction. In both cases
the order of the updating is exactly reversed with
probability 1/2 to fulfill detailed balance. Given the
large set of free parameters, some of them had to be
chosen rather ad hoc. As we implemented and ran
MLM on PCs but not on APE100, to which ourMcost-
values refer, we only quote the machine independent
Dcost here. Together with results for the coupling,
which were found consistent with HMC results, they
are given in Table 4.

5 Our even–odd preconditioned (P)HMC code is unsuitable for
this lattice size due to machine topology.
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4. Conclusions

We have studied several simulation algorithms for
the Schrödinger functional of full QCD with two fla-
vors of massless quarks. Due to relatively high statis-
tics on lattices up to 124 we obtained precise infor-
mation on integrated autocorrelation times. Although
our results are relatively close for the algorithms com-
pared, there is a slight advantage for the polynomial
hybrid Monte Carlo for our parameter range and ob-
servable. For this numerical reason and for the ex-
pected advantages from its modified sampling at larger
coupling, we plan to focus on PHMC for our com-
ing runs withL/a = 16. In simulations with ordinary
HMC we found even–odd preconditioning of thede-
terminantmore efficient than SSOR preconditioning
thesolveralone.
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Appendix A. Integrated autocorrelation time for
functions of observables

In this appendix we discuss a method to assess the
effect of autocorrelations on the statistical error of
nonlinear functions of simple expectation values. We
consider a number of observables in a statistical sys-
tem, and byAα, α = 1,2, . . . , we denote theirex-
act mean values. For each observable we have a chain
of N unbiased but (auto-)correlated Monte Carlo esti-
matesai

α, i = 1, . . . ,N . Assume that we want to es-
timateF = f (Aα), wheref is an in principle arbi-
trary function. A simple case arising in the context of
reweighting is the quotientF = A1/A2, while fit pa-
rameters extracted from a correlation function at a se-
quence of separations would be a more complicated
case.

The obvious estimator forF is given by f (āα),
where

āα = 1

N

N∑
i=1

ai
α (A.1)

are the ensemble-means for our simulation. In a
correct and equilibrated Monte Carlo we expect

〈Aα − āα〉 = 0, (A.2)〈
(Aα − āα)

2〉= O(1/N) (A.3)

to hold, where the expectation values in this appendix
mean theaverage overan infinite number of identical
Monte Carlo simulationsof lengthN . Loosely speak-
ing, Aα and āα differ by O(1/

√
N) in an individual

Monte Carlo run.
By Taylor expandingf around the argumentAα we

find〈
F − f (āα)

〉= O(1/N), (A.4)

σ 2 = 〈
(F − f (āα))

2〉= O(1/N). (A.5)

The first line reveals the (in general unavoidable) bias
of our estimator which has to be suppressed6 by large
enoughN . The statistical errorσ of order 1/

√
N

will be discussed in the following. With the gradient
vectors

Hβ = f|β(Aα), h̄β = f|β(āα) (A.6)

we define projected observables

AH =
∑
α

AαHα (A.7)

and analogously with̄hα and forāα . Now we conclude
that up to higher orders in 1/N we just need to know
the variance of the projected observable,

σ 2 ≈ 〈
(AH − āH )2〉≈ 〈

(Ah̄ − āh̄)
2〉. (A.8)

In practice, the projection can only be performed with
h̄, taken from the data, of course.

From here on one may proceed just like in the case
of simple expectation values. We may estimate the
relevant autocorrelation function at separationt for
instance7 as

Γ (t) = 1

N − t

N−t∑
i=1

(
ai

h̄
− 1

N − t

N−t∑
j=1

a
j

h̄

)

×
(
a
(i+t )

h̄
− 1

N − t

N∑
k=t+1

ak

h̄

)
. (A.9)

6 In principle it is also possible to cancel the leading bias-term,
for instance by the jackknife method.

7 Less symmetrically, one might also subtractāh̄ in each bracket.
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From it the error follows as

σ 2 = Γ (0)

N
2τint (A.10)

with

τint = 1

2
+

W∑
t=1

Γ (t)

Γ (0)
. (A.11)

The summation windowW is usually chosen large
enough thatτint saturates to a constant within sta-
tistical errors. Often this can be achieved by self-
consistently summing untilW/τint reaches numbers
like 5 . . .10. Below the role ofW will be discussed
further. In summary, the deviation of 2τint from one
for the projected observable describes the complete ef-
fect of (auto)correlations on the estimation ofF . Obvi-
ously,σ , Γ andτint all depend on the functionf (Aα)

which has remained implicit in our notation.
We would like to conclude this appendix by indicat-

ing the advantage of explicitly summingΓ compared
to the jackknife binning procedure which is often ap-
plied for the estimation of errors of secondary quanti-
ties like best-fit parameters. There one dividesN esti-
mates intoN/B bins of lengthB. The individual bins
are treated as uncorrelated. The fact that this is not ex-
actly true leads to a systematic error in the error es-
timate which is of orderτ/B from the correlation of
neighboring bins. Hereτ is a general scale of auto-
correlation times involved. This is usually controlled
by demanding a plateau of the errors as the bin length
is varied. The statistical uncertainty of the error esti-
mate is of order

√
B/N . These two errors have to be

balanced at an optimal bin length, which incidentally
scales asB ∝ (Nτ2)1/3.

If we sumΓ up to separationW (summation win-
dow), systematic errors due to the neglected remainder
are of order exp(−W/τ). The statistical error of the er-
ror estimate is expected to be of order

√
W/N from the

number of independent windows. In fact, Madras and
Sokal quote the formula [30]

δτint

τint
=
√

2(2W + 1)

N
, (A.12)

which follows if one approximates the required sum-
med 4-point autocorrelation function by its discon-
nected part which falls back to the sum overΓ en-
tering intoτint itself. In practice, these errors usually

look very reasonable under repeated runs. The con-
clusion is that the systematic errors for the “summa-
tion method” are much smaller, which, in balancing
systematic with statistical errors, leads to more accu-
rate error estimates. Taking the idea of balancing to-
tally seriously, one would conclude that the “error of
the error” decays like[1/N]1/3 with binning and with
[ln(N)/N]1/2 with theΓ -summation method.

Appendix B. Tuning of the PHMC algorithm

Here we summarize our strategy for tuning the free
parameters of the PHMC algorithm, in particular for
the Schrödinger functional at small volume or weak
coupling. We are interested in the errorσNcorr of the
estimate

〈O〉 = 〈OW 〉P
〈W 〉P

, (B.1)

for some observableO (mainly g−2
SF at present) and

W given in Eq. (2.13). All errors are assessed by the
method of the previous appendix. Here the error can
be decomposed as

σ 2
Ncorr

= σ 2
P + [

σ 2∞ − σ 2
P

]+ [
σ 2
Ncorr

− σ 2∞
]
. (B.2)

Hereσ 2∞ corresponds toNcorr = ∞, or equivalently
to the use of the exact reweighting withW as in
Eq. (2.12), whileσ 2

P refers to the simple mean〈O〉P .
The second term in (B.2) reflects a contribution from
“ideal” reweighting and hence from the imperfection
of the polynomial approximation, while the third one
is due to our non-ideal stochastic estimation of the cor-
rection. Both would vanish for a perfect polynomial
and are naively proportional toδ2, the scale of poly-
nomial errors. The third term has a factor 1/Ncorr in
addition. We can roughly disentangle them by mea-
suring〈O〉P and〈O〉 and their errors for at least two
values ofNcorr. The goal now is to takeNcorr = 1 . . .4
and findδ, ε such that the reweighting part of the er-
ror remains acceptable, less than 20%, say. This is to
be achieved at the smallest possible value of the poly-
nomial degreen.

In [24] we found forβ between 5.4 and 6.8 on
83 × 16 the ruleδ ≈ 0.01 andε ≈ 2λmin to be very
efficient, whereλmin is the average smallest eigenvalue
of Q̂ 2. At the largerβ-values of the present study
we expect the intrinsic fluctuations caused by the
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Table 5
Parameters controlling the polynomial approximation toQ̂−2 for
PHMC runs on 124

Set β Ncorr ε n δ

12d 9.5 4 0.0050 44 0.0034

12e 9.5 2 0.0050 44 0.0034

12g 8.5 4 0.0044 44 0.0050

12h 8.5 2 0.0069 42 0.0016

12j 7.5 4 0.0050 46 0.0026

12k 7.5 2 0.0050 46 0.0026

Table 6
Average smallest and largest eigenvalue ofQ̂2 (see Eq. (2.4) for̃c0)
and ratio of errors in Eq. (B.2)

Set 〈λmin〉 〈λmax〉 c̃0 σ2
Ncorr

/σ2
P

12d 0.002477(15) 0.8582(1) 0.6738653 1.05

12e 0.002474(12) 0.8582(1) 0.6738653 1.10

12g 0.002284(14) 0.8765(1) 0.6686256 1.35

12h 0.002270(13) 0.8765(1) 0.6686256 1.14

12j 0.001869(14) 0.8664(1) 0.6477127 1.06

12k 0.001860(15) 0.8667(1) 0.6477127 1.03

gauge field to be smaller and correspondingly found
a too large relative contribution from the third term
in (B.2) when the above tuning is employed. Instead
we found it much more efficient to attenuate this
term with a smallerδ. This turned out to be possible
essentially without enlargingn, i.e. we could allow
ε to grow even larger than 2λmin. This is probably
due to smaller fluctuations of the small eigenvalues
as well. In Tables 5 and 6 we report simulation
parameters of the PHMC runs on 124. As to the choice
of c̃0 it is noted that one has to ensureλmax < 1 for
all configurations for a numerically stable evaluation
of (2.15). On the other hand, the efficiency is not very
sensitive to the precise value of〈λmax〉 which we hence
kept safely below one.
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Abstract

We report on a parallelized implementation of locally-lexicographic SSOR preconditioning for O(a) improved lattice QCD
with Schrödinger functional boundary conditions. Numerical simulations in the quenched approximation at parameters in the
light quark mass region demonstrate that a performance gain of a factor∼1.5 over even–odd preconditioning can be achieved.
 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

One of the severe problems in lattice QCD from the practical point of view is the numerical inversion of sparse
matrices. It nearly enters every Monte Carlo simulation, either in the quenched approximation of the theory in
applying the inverse of the discretized Dirac operator on source vectors for the computation of quark propagators,
or in full QCD with Hybrid Monte Carlo like algorithms, where a similar operation is necessary when calculating
the fermionic force in order to include the quark field dynamics in the updating process of the gauge fields.

In recent years substantial progress has been made by the use of Krylov subspace iterative solvers in conjunction
with preconditioning techniques. (See, e.g., [1] for a textbook reference and the reviews [2–4], which contain
an extensive bibliography.) Popular choices for the inverter to be mentioned in the context of lattice simulations
are the Conjugate Gradient (CG) algorithm [5,6], the Minimal Residual (MR) algorithm [7,8] and above all the
stabilized Bi-Conjugate Gradient (BiCGStab) algorithm [9,10]. The latter now seems commonly established as the
most efficient solver in a vast majority of QCD applications [11,12], particularly in the parameter region of small
quark masses.

In the area of preconditioning, any new (and potentially competitive) idea should be confronted with an even–
odd (e/o) decomposition of the Dirac matrix [13,14], which both for ordinary Wilson fermions and together with

∗ Corresponding author. E-mail: heitger@ifh.de.

0010-4655/00/$ – see front matter 2000 Elsevier Science B.V. All rights reserved.
PII: S0010-4655(00)00012-6
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an O(a) improvement term [15] has become the state-of-the-art method. An earlier step towards an alternative
approach was the incomplete LU factorization [16] utilizing aglobally-lexicographic ordering of the lattice points
and thereby already related to SSOR. However, it turns out to be unsatisfactory when an implementation on grid-
oriented parallel computers is envisaged [17]. Finally, the Wuppertal group invented a parallelization of symmetric
successive overrelaxed (SSOR) preconditioning, a variant of the classical Gauss–Seidel iteration [1], resting upon
a locally-lexicographic ordering of the points within a given (sub-)grid of the total space-time lattice [18–22]. They
showed that at least for Wilson fermions an SSOR preconditioner can perform much better that the standard e/o
one.

Since many comparative studies of the properties of the various inversion algorithms and preconditioning
methods are already available in the literature [4,12,17], we restrict ourselves in the sequel exclusively to the
case of the O(a) improved Wilson–Dirac operator involving the Sheikholeslami–Wohlert clover term [23] within
the Schrödinger functional of QCD [24,25].

TheSchrödinger functional(SF) is defined as the partition function of QCD in a space-time cylinder of extension
L3 × T with periodic boundary conditions in the space directions and (inhomogeneous) Dirichlet boundary
conditions at times 0 andT . As detailed, e.g., in Refs. [25,26], the SF has proven to be a valuable tool for
computing the running coupling constant in a finite-size scaling analysis as well as for extracting phenomenological
quantities from simulations in physically large volumes [27,28]. On the other hand, the O(a) improved Wilson–
Dirac operatoris now a good candidate to probe continuum QCD by means of numerical simulations on the lattice:
most coefficients multiplying the counterterms required for a complete removal of the leading O(a) lattice artifacts
of action and quark currents are known non-perturbatively in the quenched approximation [25,29,30], and also
for the action in the case of two flavors of dynamical quarks [31]. Therefore, a quantitative investigation of the
performance of a (parallelized locally-lexicographic) SSOR preconditioner for the SF setup incorporating O(a)

improvement appears to be of natural interest. This is what we intend with the present communication.
One might ask what should be different from periodic boundary conditions in spaceand time. At first, the

lattice Dirac operator within the SF scheme is by definition distinct from its counterpart with periodic boundary
conditions in all directions and may behave differently in a numerical inversion algorithm. Thus it is in principle,
e.g., not excluded that with Dirichlet boundary conditions a (specifically preconditioned) solver has generally lower
iteration numbers. Another point concerns a definite advantage in the actual implementation, since the SF allows
to circumvent inefficient conditional statements as will be explained later.

2. SSOR preconditioning

Let us start with shortly repeating the fundamental formulae to prepare the ground for the following discussion.
(Please notice that the material covered in the first, more introductory part of this section is not original and quite
similar to the presentation in Refs. [19,21].)

The basic problem posed is to solve a system of linear equations of the type

AX = Y ⇔R ≡AX− Y = 0. (1)

To fix some notation, small Greek letters denote scalars, capital Latin ones vectors with components in small
letters, and matrices have calligraphic symbols;(X,Y ) =∑i x

∗
i yi is the usual scalar product. In lattice QCD,

A represents the discretized Dirac operator, a huge sparse matrix of rankΩ × 4× 3 emerging from the nearest
neighbor couplings of the quark and gluon field variables in position space after discretization of the interacting
continuum theory. More precisely,Ω is the volume of the four-dimensional space-time lattice, and the latter factors
are connected to Dirac and SU(3) colour spaces. Physically, the solution of Eq. (1) can be regarded as a fermionic
Green function (i.e. a quark propagator).

SSOR preconditioning consists of solving the system

V−1
1 AV

−1
2 X̃ = Ỹ , X̃= V2X, Ỹ = V−1

1 Y (2)
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instead ofAX = Y , where in the present contextA stands forQ̂, the lattice Dirac operator of Wilson fermions
supplemented with a local O(a) improvement termaσµνFµν(x), which is composed of the SU(3)-valued gauge
link variablesU(x,µ) to form a clover leaf [23]:

Q̂= 1δx,y

− κ
∑
µ

{
(1− γµ)U(x,µ)δx,y−aµ̂+ (1+ γµ)U(x − aµ̂,µ)+δx,y+aµ̂

}
+ csw

i

2
a κ

∑
µ,ν

σµνFµν(x)δx,y (3)

with Fµν(x) equal to

1
8

{[
U(x,µ)U(x + aµ̂, ν)U(x + aν̂,µ)+U(x, ν)+
+ U(x, ν)U(x + aν̂ − aµ̂,µ)+U(x − aµ̂, ν)+U(x − aµ̂,µ)
+ U(x − aµ̂,µ)+U(x − aν̂ − aµ̂, ν)+U(x − aν̂ − aµ̂,µ)U(x − aν̂, ν)
+ U(x − aν̂, ν)+U(x − aν̂,µ)U(x − aν̂ + aµ̂, ν)U(x,µ)+]
− [ · · · ]+}. (4)

csw is an improvement coefficient non-perturbatively determined in quenched and two-flavor QCD [29,31]. (The
slight modification to (3) induced by the Dirichlet boundary conditions in time direction are not written out here.)
If one introduces the decomposition1

Q̂=D−L− U (5)

into block diagonal, block lower-triangular and block upper-triangular parts with respect to position space, the
SSOR preconditioner is defined in terms of these matrices and a non-zero relaxation parameterωSSOR (which
serves to reduce the iteration number) through the choice

V1=
(

1

ωSSOR
D−L

)(
1

ωSSOR
D
)−1

, V2= 1

ωSSOR
D− U . (6)

Now it is advantageous to exploit in (2) the so-called ‘Eisenstat trick’ [32], embodied in the identity

1

ωSSOR
D
(

1

ωSSOR
D−L

)−1

(D−L−U)
(

1

ωSSOR
D− U

)−1

= (1−ωSSORLD−1)−1{1+ (ωSSOR− 2)
(
1−ωSSORUD−1)−1}

+ (1−ωSSORUD−1)−1
, (7)

to save on computational costs: namely, it implies that any matrix–vector product with the preconditioned
matrixV−1

1 Q̂V
−1
2 essentially gives rise to a backward substitution and a subsequent forward substitution process,

corresponding to the application of the (non-block) upper and lower triangular matrices1− ωSSORUD−1 and
1−ωSSORLD−1, respectively. These relations reflect that SSOR splits any application ofQ̂, which usually enters
the inversion procedure associated with (1), into an equivalent but much simpler sequence of arithmetic operations
with the set of matrices{D,L,U}.

1 The case of Wilson–Dirac fermions is recovered by settingD to the unit matrix.
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Then, combining the BiCGStab algorithm with SSOR preconditioning, an iterative numerical solution of the
system in Eq. (1) up to a given precisionε is obtained by the prescription2 (preconditioned quantities carry a tilde
and the backward/forward solves according to Eq. (7) are indented):

{initialization}

R0= Y − Q̂X0

(1−ωSSORLD−1)R̃0=R0

R̃≡ R̃0

Ṽ0= P̃0≡ 0

ρ0≡ 1

α0=ω0≡ 1

{iteration:} for k = 1,2, . . .

ρk = (R̃, R̃k−1)

β = ρkαk−1

ρk−1ωk−1

P̃k = R̃k−1+ βP̃k−1− βωk−1Ṽk−1

(1−ωSSORUD−1)W = P̃k
Z′ = P̃k + (ωSSOR− 2)W

(1−ωSSORLD−1)Z =Z′

Ṽk =W +Z
αk = ρk

(R̃, Ṽk)

S̃ = R̃k−1− αkṼk
(1−ωSSORUD−1)U = S̃
Z′ = S̃ + (ωSSOR− 2)U

(1−ωSSORLD−1)Z =Z′

T̃ =U +Z
ωk = (T̃ , S̃)

(T̃ , T̃ )

X̃k = X̃k−1+ωkU + αkW
R̃k = S̃ −ωkT̃

{stopping criterion}

ε2> (R̃k, R̃k)

(X̃k, X̃k)

2 The algorithm can straightforwardly formulated for other solvers, like MR for instance. Note, however, that in the chiral quark mass regime
MR is generally of worse performance.
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Some comments are in order.
• Taking the forward substitution as example, one calculates recursively in terms of the (block) componentsZi ,
Z′i ,Dij andLij of Z, Z′,D andL:

∀i : Zi =Z′i +
i−1∑
j=1

LijHj , Hj = ωSSOR(D−1)jjZj |j6i−1. (8)

I.e. thanks to the triangularity ofL (andU ) it can be done economically without involving a plain matrix
multiplication, and owing to the sparsity of̂Q only a fewj actually contribute to the sum. Provided that the
inverses(D−1)ii are pre-computed, the backward and forward solves together are exactly as expensive as one
application of the whole matrix̂Q plus one additionalD multiplication.
• In contrast to the unimproved case (whereXk = X̃k follows immediately), the solution of the original system
Q̂X = Y is nowXk = ω−1

SSORD−1X̃k .
• ChooseX0 = 0= X̃0 as initial guess for the solution to avoid an application ofD, as part ofQ̂, at the

beginning, which yieldsR0 = Y − Q̂X0 = Y . If D is not needed elsewhere, this might be favorable in
view of possible memory limitations of the hardware (e.g., setting an upper bound on the accessible lattice
volumes), because we made the experience that savings in iteration number when using an available solution
of a foregoing inversion as initial guess are generically negligible.
• Since in order to save on computational cost the stopping criterion (in our runsε2 = 10−12,10−13) is

conveniently based on the preconditioned residualR̃k , one might want to re-computeRk at the end to test
for convergence again and eventually – if the solution is not yet accurate enough – to continue the iteration
with a stronger stopping criterion imposed oñRk .
• In the SSOR-preconditioned BiCGStab scheme the minimal number of vectors to be stored at each iterationk

is 9, if R̃k−1 andS̃ share the same memory location, and if the source vectorY is overwritten by the iterative
solutionsX̃k .
• Due to the overall Dirac and colour structure of the fermion field variables at every lattice point,Q̂ is genuinely

partitioned into blocks of dimension 12× 12. The dependence of the speed of the SSOR preconditioner on
the diagonal (sub-)block size ofDij was not studied.

2.1. Implementation for the Schrödinger functional

For the implementation of SSOR preconditioning on a parallel computer, the ordering of the lattice points plays a
key rôle.3 It determines the shape of̂Q via the pattern of its non-zero entries and thereby the degree of parallelism
and the efficiency of the preconditioner. Via adapting a locally-lexicographic scheme we closely follow Refs. [19,
21], where different orderings and their consequences on the parallelization have been discussed. Hence we only
describe the salient issues characteristic for the SF approach.

Assume that a given space-time lattice is matched on the, say, three-dimensional grid of processing nodes of a
parallel computer. Then each node occupies a local lattice, where three of its extensions are ratios of the total lattice
sizes in the respective directions and the corresponding numbers of processors. The locally-lexicographic ordering
(‘coloring’) is ensured by an alphabetic ordering of the lattice sites belonging to these local lattices. Associating a
colour with each fixed position within the local lattices, the original lattice is divided into groups, whose members
couple to sublattice points of different colours only. In this way it becomes obvious that the forward and backward
substitutions, e.g., to getZi as in Eq. (8), can be handled in parallel within the colored groups, since for all positions
of a given colour only their predecessors – in the lexicographic sense – enter the necessary computations.4 Because

3 We remark that traditional e/o preconditioning can be interpreted as SSOR preconditioning of the even–odd ordered system [19].
4 So the general strategy would be to maximize the number of colored groups, while maintaining its strengths in accordance with the desired

parallelization.
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Fig. 1. A one-dimensional example. The direction of the arrows shows the data flow: sites of kindB need information from siteA, and so forth.

Fig. 2. A one-dimensional parallel example. As in the non-parallel case, Fig. 1, the arrows represent the data flow involved.

among these lexicographically preceding sites, lattice points living on the neighboring processors contribute too,
the quantitiesHi of (8) will have to be communicated from those processing nodes to the site in question.

At this point we have to note that there is a crucial difference between a situation with ordinary (anti-)periodic
boundary conditions in all four space-time directions and our SF setup with Dirichlet boundary conditions in time.
To see this difference in more detail, let us resort to an example in one dimension. The four points in Fig. 1 define
a one-dimensional lattice with periodic boundary conditions, and one can think of a ‘coupling matrix’ between the
sites of mutual dependence. Since only nearest neighbor sites are coupled, we immediately see that in applying
Eq. (8) one has to distinguish between three cases. (We restrict to the forward solve, because it is straightforward
to work out the necessary changes for the backward solve.)

A The point is on the ‘left’, i.e. it has coordinatex = 1: (8) simply becomes

Z1=Z′1. (9)

B The point lies within the ‘bulk’, i.e. it has coordinatex = 2,3: (8) becomes

Zx =Z′x +Lx,x−1Hx−1, x = 2,3. (10)

C The point is on the ‘right’, i.e. it has coordinatex = 4: then (8) becomes

Z4=Z′4+L4,3H3+L4,1H1. (11)

It is clear that we have those three cases for each dimension, in which either periodic or antiperiodic boundary
conditions are prescribed. For a four-dimensional lattice this leads to 34 = 81 different cases to be handled, and
it is natural to implement the algorithm with ado-loop over all the lattice points and someif -statements to
discriminate between the 81 cases. Theparallel version of the algorithm just described needs minor modifications:
looking at Fig. 2, only the caseC has to be replaced with

Z4=Z′4+L4,3H3+L4,1H
(next processor)
1 , (12)

where now the coordinate index has a local meaning, labeling the sites inside the sublattice residing on a given
processor, and also the processor’s mesh is assumed to have periodic boundary conditions in the sense that the
processor ‘next’ to the last one in each direction (rightmost in Fig. 2) is to be identified with the first one in the
same direction (leftmost in Fig. 2).

Our numerical simulations were done on the 8–512 nodes APE-100 massively parallel computers with cubic
topology and nearest neighbor communication, built up of an array of elementary processing boards with 2×2×2
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nodes [33,34]. They possess a SIMD (single-instruction multiple-data) architecture and are either suited to
distribute a single, typically large, lattice over the whole machine or to simulate in parallel several independent
copies of a lattice on subsets of the machine in the case of smaller volumes.

With such a cubic topology it suggests itself to keep the whole time extent of the lattice within the processors,
and to only split the spacelike volume into sublattice fractions with respect to the three-dimensional processor grid.
If SF boundary conditionsare adopted, one can make sure that, as far as the time direction with its first and last
timeslices fixed to the boundary values is concerned, a site belongs always to the ‘bulk’. This lowers the number
of cases to be distinguished in order to implement the forward and backward solves to 33 = 27. So it becomes
rather near at hand to encode these cases explicitly in a sensible arrangement of nesteddo-loops alone, i.e. via an
outer loop over the full time coordinate and inner ones over the coordinates of the local space directions on every
processor to exhaust the total lattice volume; thereby the usage of anyif -statements is completely avoided. Here
arises the significant advantage of our implementation: the latter type of statements cause – especially so on the
APE-100 machines – a drastic deterioration of the performance by breaking the so-called ‘optimization blocks’
recognized by the compiler. In practice, the contents of the registers is lost each time a branching statement like
if , do , call subroutine , . . . is encountered, because this amounts to a break in the memory pipeline pre-
loaded before. Writing out the 27 distinct cases explicitly, however, reduces the impact of the largest part of such
statements, so that finally we are able to arrive at a substantial speed-up of the code.5

2.2. Performance tests

After realizing the implementation outlined above, we first have investigated the influence of the relaxation
parameterωSSORon the numerical solution procedure for the linear system in Eq. (1). It is quantified through the
ratio of the numbers of iterations to solve the system with the e/o preconditioned matrix,Ne/o, and with the locally-
lexicographic SSOR-preconditioned one,NSSOR, under otherwise identical conditions. We show these ratios in
dependence onωSSOR, averaged over a set of O(10) propagator computations occurring in quenched simulations,
for two lattice sizes with SF boundary conditions in Fig. 3. Upon distributing these lattices over the meshes of
nodes of the APEs, the lattice extensions per node were 43× 8 and 23× 32. The course ofNe/o/NSSORconfirms
a conclusion of the Wuppertal group [21] that betweenωSSOR' 1.3 andωSSOR' 1.6 the gain in the number of
iterations needed for the fermion matrix inversions reaches its maximum: the corresponding improvement factor is
around or even above 2, while the tendency for a further increase ofNe/o/NSSORtowards the chiral limit (i.e. larger
κ and smaller quark mass) is also seen. AboveωSSOR' 1.6–1.8 this ratio drops rapidly and the gain gets lost;
therefore, we take overωSSOR= 1.4 to be considered as an ‘optimal’ compromise irrespective of the definite
values for lattice sizes and/or parameters.

Now we pass to the central question, whether the gain in the number of iterations also translates into a visible
CPU time gain. Of course, as already pointed out previously, this will depend on the hardware architecture of
the machine in use as well as on the individual implementation. At the peak in the upper diagram of Fig. 3, for
instance, a total saving of 1.5 in the spent simulation time can be attained. In Table 1 we collect the approximate
performance gain factors in units of iteration number and net CPU time, which were found in the situation of a
realistic (quenched) QCD simulation in physically large volumes. Here we applied locally-lexicographic SSOR and
e/o preconditioning for a set of 300 fermion matrix inversions on thermalized 163× 32 configurations atβ = 6.0
andκ = 0.1335,0.1342, where the relaxation parameter was set toωSSOR= 1.4 throughout and the pseudoscalar
mass at those couplings isamPS= 0.388,0.300 [27,28]. Moreover, we examined the dependence of the SSOR
preconditioner on the fractional grid size per node treated by a single processor. As illustrated by the numbers in
Table 1 and in Fig. 4, the iteration number ratio and thus the preconditioning efficiency slightly increases with
growing volumes of the different local subgrids, 23 × 32, 22 × 4× 32 and 2× 42 × 32, if the 163 × 32 lattice

5 Of course one can imagine to write down analogously the 81 different cases for the familiar periodic situation [19], but then the size of the
executable file might easily exceed the integer and/or program memory limits of the machine.
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Fig. 3. Fig. 4.

Fig. 3. Improvement factor in the number of BiCGStab iterations, when simulating with (locally-lexicographic) SSOR and different choices for
ωSSORinstead of e/o preconditioning. The lattice sizes are 84 and 163× 32, with parametersβ = 6.0 andκ = 0.1335,0.1342.

Fig. 4. Upper part: BiCGStab iteration number in dependence of the local lattice volume per node after distributing a 163 × 32 lattice on
different three-dimensional meshes of processing nodes. Note that the common time extent of the local lattices,T = 32, has been divided out.
The e/o iteration numbers are included for comparison, and the lines are only meant to guide the eye. Lower part: Associated improvement
factors in the number of iterations.

Table 1
Approximate gain factors of SSOR over e/o in iteration number and net CPU
time

sublattice/node subvolume/node iteration gain performance gain

23× 32 8· 32 2.0 1.4

22× 4× 32 16· 32 2.1 1.4

2× 42× 32 32· 32 2.2 1.5

is spread over the 512, 256 and 128 processors of the available machines, respectively. This complies with the
heuristic expectation that an enlarged number of colored groups, i.e. sets of points at the same fixed position
within the local sublattices (according to their locally-lexicographic ordering), entails a measurable iteration gain
in the inverter, whereas the performance stays nearly unchanged owing to less parallelism and hence a small
accompanying inter-processor communication overhead. Because of the equivalence of e/o preconditioning to a
coloring into two groups assigned to the even and odd sublattice, one can accommodate the e/o iteration number in
the upper part of Fig. 4 too. Additionally, the points in both diagrams indicate once more the even better behaviour
of locally-lexicographic BiCGStab-SSOR in the range of lighter quark masses.

The foregoing observations are supported by the large scale simulations in the strange quark mass region
underlying the extraction of hadron masses and matrix elements in quenched QCD with the SF reported in
Refs. [27,28]. There, atβ = 6.1,6.2 on 243× T lattices (with 33× T sublattices per node andT = 40,48) and at
β = 6.45 on a 323× 64 lattice (with 42× 8× 64 sublattice per node), locally-lexicographic SSOR enabled to save
against e/o always CPU time factors of around 1.5–1.6.
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Altogether these results clearly reveal that the replacement of e/o by locally-lexicographicSSOR preconditioning
to solve the O(a) improved Wilson–Dirac equation in the SF scheme pays off in real simulation costs. In contrast
to what the authors in [21] obtain, for the same local diagonal block size ofQ̂ and computer class, from QCD
simulations including the clover term with ordinary boundary conditions, the SF type of boundary conditions allow
for an efficient implementation of SSOR preconditioning also on massively parallel machines with an architecture
equal or similar to that of the APE-Quadrics systems.

3. Conclusion

We have demonstrated in numerical simulations of quenched lattice QCD with the Sheikholeslami–Wohlert
quark action that the increase of performance between even–odd and locally-lexicographic SSOR preconditioning
in a parallel implementation can be a factor∼1.5, when Schrödinger functional boundary conditions are employed.

Opposed to the more standard situation with periodic boundary conditions in all directions studied in Ref. [21],
the gain factors in real time consumption come out to be significantly better here. The main reason for this originates
in the lower number of cases (27 versus 81) to be distinguished explicitly, when the contributions to a given site
among the locally-lexicographically ordered points of the local sublattices residing on the processors have to be
collected: the avoidance of any conditional statements in the solver routines evades unwanted breaks in the data
flow within the registers of the computer, which then directly translates into a considerable gain in units of CPU
time. We have to emphasize that this inherent sensitivity to pipeline optimization might be – at least partly – a
special feature of the APE-100 environment. Nevertheless, since some conclusions drawn from the investigations
in [20–22] refer to the identical particular machines, our findings should be of interest in the same context and can
be compared with the results stated there.

As the Schrödinger functional formulation of QCD is physically already well accepted to be a viable framework
to address many problems in the non-perturbative low energy regime of the theory [25,28], the observed evidence
for a performance gain of SSOR (together with BiCGStab as the inverter) for the O(a) improved Wilson–Dirac
operator in actual run time – also on a parallel computer – constitutes a further benefit of this scheme. Therefore,
the feasibility of an efficient implementation of this preconditioner does not only provide an important algorithmic
information by itself, but even more is also promising for any kind of future applications of the Schrödinger
functional in lattice QCD.
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Abstract 

We present a scaling investigation of some correlation functions in O(a)  improved quenched 
lattice QCD. In particular, as one observable the renormalized PCAC quark mass is considered. 
Others are constructed such that they become the vector meson mass and the pseudoscalar meson 
decay constant when the volume is large. For the present discussion we remain in intermediate 
volume, (0.753 x 1.5) fm 4 with SchrOdinger functional boundary conditions. By fixing the 'pion 
mass' and the spatial lattice size in units of the hadronic scale r0, we simulated four lattices with 
resolutions ranging from 0.1 fm to 0.05 fm and performed the extrapolation to the continuum 
limit, The maximal scaling violation found in the improved theory is a ~ 6% effect at a ----- 0.1 fm. 
(~) 1999 Elsevier Science B.V. All rights reserved. 

PACS: 11.15.Ha; 12.38.Ge 
Keywords: Lattice QCD; Non-perturbative improvement; Quenched approximation; Schr5dinger functional; 
Numerical simulations; Scaling tests 

1. Introduction 

One of  the major  drawbacks in the standard formulation of  lattice QCD, induced by 

the Wi l son -Di rac  operator  violat ing chiral symmetry  at the scale of  the cutoff  [ 1,2], 

reflects among others in the fact that the quark masses are not protected from additive 

renormalizat ions and that the leading lattice effects in physical  matrix elements and 

ampli tudes are proport ional  to the lattice spacing a rather than being of  O ( a 2 ) .  

Nowadays ,  a systematic approach based on the Symanzik  improvement  programme 

[3,4] is well  established to permit  a removal  of  these discretization errors of  O ( a )  in 

lattice QCD with confidence. It has been elaborated for on-shell  quantities in Refs. [5,6] 

0550-3213/99/$ - see frontmatter (~) 1999 Elsevier Science B.V. All rights reserved; 
PII S0550-3213 (99)00354-5 
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and adds appropriate higher-dimensional operators to the action and fields in order to 
compensate for any correction terms at O(a ) .  

Within this framework a mostly non-perturbative O(a)  improvement of the action and 
the quark currents as well as their renormalization has been achieved in the quenched 
case, where quark loops are ignored. The basic idea for the practical implementation of 
on-shell improvement to enable a numerical computation of these improvement coeffi- 
cients - pioneered by the ALPHA Collaboration - is to exploit chiral symmetry restora- 
tion and certain chiral Ward identities from Euclidean current algebra relations on the 
lattice at O ( a )  [7,8]. Most prominently, demanding the PCAC relation O~Aa~ = 2mP a 

between the isovector axial current A~ and pseudoscalar density pa  to hold as a renor- 
malized operator identity, imposes a sensible improvement condition in this respect. As 
a result, the values of the improvement coefficients Csw, CA and cv, which are required 
to completely eliminate the corresponding O(a )  effects, are known for/3 = 6/gg >~ 6.0, 
go being the bare gauge coupling [ 9-11 ]. 

Therefore, one is now interested in the quality of scaling behaviour and the size of its 
possible violation. During the last two years it was reported in this context [ 12-14] that 
at a ~- 0.1 fm the residual O ( a  2) lattice artifacts may be still fairly large e.g. for the kaon 
decay constant fKro ( N  10%), while they are very small already for other quantities 
like the rho meson mass m p / x / ~  ( ~  2 %) [ 14,15]. Thus, restricting to an intermediate 
physical volume, the present scaling tests are intended to examine the impact of full 
O(a )  improvement in quenched lattice QCD thoroughly and with high accuracy for 
different observables. Some of these are designed to coincide with phenomenologically 
relevant observables in the limit of large physical volumes. A preliminary status of this 
work has been briefly surveyed recently in Ref. [ 16]. 

We wish to point out that the present investigation must be distinguished from similar 
studies like [ 13,17,18] for an important reason. Namely, since we address directly the 
scaling behaviour of correlation functions in finite volume, we do not have to rely on 
the asymptotic behaviour of (ratios of) usual timeslice correlation functions to extract, 
for instance, hadron masses or decay constants; these more conventional techniques 
often reveal to be genuinely affected by systematic errors difficult to control. Actually, 
an avoidance of such intrinsic uncertainties is supplied in part by the Schrtdinger 
functional: its finite-volume fermionic correlation functions are scaling quantities at 
any fixed distance in time, if the renormalization factors of the quark fields at the 
boundaries are properly divided out. Beyond that, they decay very slowly for small time 
separations, allow to gain a good numerical precision and hence offer the appealing 
possibility to probe the theory for O(a )  improvement without unwanted additional 
sources of errors. Finally, for sufficiently large volumes the correlators can be shown 
to embody standard hadronic masses and matrix elements [ 19]. These aspects provide 
the real advantages of our method. The price to pay for it is, however, that within 
the Schr6dinger functional formulation there exist two further improvement coefficients 
multiplying the boundary counterterms. These are perturbatively known only and as a 
consequence, one can in principle not exclude that the theory is to some extent still 
contaminated with uncancelled O(a)  contributions. That this fear can be dismissed in 



£ Heitger/Nuclear Physics B 557 (1999) 309-326 311 

practice has recently been demonstrated for the renormalization group invariant running 
quark mass [20], but we will make sure of it in the present context as well. 

The paper is organized as follows. In Section 2 we introduce the fermionic correlation 
functions under study and sketch how spectral observables can be constructed from them 
in the Schrrdinger functional scheme. After a short account on the numerical simulations, 
Section 3 contains a detailed description of the scaling test and the careful evaluation 
of the data. Section 4 gives the results. Here, also the question will be answered 
whether an improvement condition, chosen to fix a certain improvement coefficient 
non-perturbatively, is unambiguous in the sense that it automatically implies appreciably 
small scaling violations of O(a  2) in other quantities not related to this specific condition. 
We conclude with a discussion in Section 5. 

2. Correlation functions and hadronic observables 

The basic framework for our lattice setup is the QCD Schrtdinger functional (SF), 
whose concepts and characteristic features have been published in much detail in 
Refs. [21-23];  consult also Refs. [24,25] for comprehensive overviews on the sub- 

ject. 
It is defined as the partition function of QCD in a cylindrically shaped space-time 

manifold of  extension L 3 × T with periodic boundary conditions in the space directions 
and (in general inhomogeneous) Dirichlet boundary conditions at times xo = 0 and x0 = 
T. This means in the case of the gluons to require the spatial gauge field components 
at the boundaries to satisfy Ak(x)lxo=O = C k ( x )  and Ak(x)lxo=r = C [ ( x ) ,  where Ck 
and C[ are some prescribed smooth classical (chromo-electric) gauge potentials, and a 
similar assignment is imposed on the quark fields as well. One of the bold advantages 
of such a choice is that it ensures frequency gaps for the gluon and quark fields, and 
thereby numerical simulations at vanishing quark masses become tractable. As in most 
of the other applications of  the QCD SF, we assume the special choice of homogeneous 
boundary conditions from now on: Ck = C[ = 0 for the spatial components of the gauge 
potentials and vanishing fermion boundary fields. 

2.1. Correlation funct ions  in the Schr td inger  functional  

Although the definitions of fermionic correlation functions within the SF already 
appeared in the literature [7,9-11],  let us recall them here and collect the essential 
properties and formulae in order to make the paper self-contained. 

If  ( and # denote 'boundary quark and antiquark fields' at Euclidean time x0 = 0 and 
primed symbols the corresponding objects at x0 = T [7], one builds up the boundary 
field products 

Oa:a6~(y)ys½fa6(Z), O'a=a6~'(u)Ys½Ta('(v) (2.1) 
y,z u,v 
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and analogously, 

Q~=a6E~(y )Yk  ½raC(Z) , Qcka=a6E~'(U)Yk ½ra('(V ) , (2.2) 
y,g U,V 

where r a, a = 1,2, 3, are the Pauli matrices acting on the first two flavour components 
of the quark fields ¢.  In the operator language of quantum field theory they create 
initial and final quark-antiquark states with zero momenta, respectively, and transform 
according to the vector representation of the exact isospin symmetry. For the axial-vector 
current A~, and the pseudoscalar density pa we use the local expressions 

Aa~(x) =~(x)%~'Y5 1 a r ~ (x ) ,  pa(x) = ~ ( x ) y 5  ½ ca g ' (x)  , (2.3) 

while the vector current Vfl and the anti-symmetric tensor field T~, read 

- -  - -  1 a V~(x) =~P(x)Y#½ra~(x), T~v(x ) =iO(x)cr~v~z O(x). (2.4) 

Now we consider correlation functions on the lattice in the SE By inserting the preced- 
ing densities at some inner point x of the SF cylinder (with support on the hypersurface 
at x0) between the appropriate external quark-antiquark states, one introduces the ex- 
pectation values 

fg (Xo)=--a6~½ {A~(x)~(y)Ts' a _½ ~7 #(Z)) = <Ag(x) oa), (2.5) 
y,Z 

fP(X0) =--a6 Z ½ <pa(x) ~(y))'5 l[Ta ~'(Z)> = --½ (pa(x) 0 a) , (2.6) 
y,z 

analogously, 

1 kv(xo) = - ~  (V~(x) Q~), (2.7) 

kT(xo) = - - }  (T[o(X) Q~} , (2.8) 

and the boundary-boundary correlation function 

1 
f~ =--~-~ (o'aoa} . (2.9) 

Gauge invariant correlators of this type have already been used to study the conservation 
of currents on the lattice and to deduce suitable improvement and normalization condi- 
tions in lattice QCD in order to calculate the corresponding coefficients and constants 
non-perturbatively by numerical simulations [9-11].  One of them, f l ,  will be utilized 
later to cancel the multiplicative renormalization of the boundary quark fields ~'; . . . .  {'.  
Besides on the SF characteristic kinematical variables [7],  the correlation functions 
depend on the bare parameters go, m0 and the improvement coefficient Csw = Csw(g0) 
in the fermionic part of the lattice action, but not on the spatial coordinates of x owing 
to translation invariance. There is also a dependence on the improvement coefficients 
ct and et, which account for specific boundary O(a )  counterterms arising in the SF 
approach [7]. 
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After contracting the quark fields, all the bare and unimproved correlation functions 
have the general structure hx(xo) cx ( T r { H + ( x ) F x H ( x ) } ) ,  h = f , k ,  where the re- 
spective insertions are Fx  C {-Yo, 1, Yk, -o'ko}, X = A, P, V, T; the trace extends over 
colour, Dirac and (in principle as well) flavour indices, and the matrix H is the quark 
propagator from the boundary at x0 = 0 to the point x in the interior of the space-time 
volume [9]. In the quenched approximation the expectation values are understood to be 
taken as path integral averages in the pure gauge theory. 

We should mention that also the primed correlation functions h~, which are connected 
to hx through a time reflection and vice versa, become relevant. Those are in the case 
of Eqs. (2.5) and (2.6) 

YA(T -- xo) = +½ (A~)(x) 0 'a) , f ~ ( T  - -  x o )  = _ 1  (pa(x)  ota) , (2.10) 

and similar relations apply to kv, k~, and kT, k~.. Obviously, in h~ the currents and 
densities are probed by theboundary quark fields at xo = T instead, and the argument 
T -  x0 indicates that they fall off with this distance. For vanishing gauge fields C and C ~ 
at the boundaries, our correlation functions possess the useful time reflection invariance 

hx(x0) = h~(xo).  This allows to sum them up accordingly, and averaging over the 
spatial components helps to reduce the statistical noise in the Monte Carlo simulation 
further. 

On-shell improvement at O(a )  for the axial and vector currents is achieved by adding 
the derivatives of  the pseudoscalar density and the tensor current as the suitable O(a )  
counterterms, 

(Ai )~(x)  = Aa~(x) + a C A O # P a ( x ) ,  (2.11) 

(Vi)~,(x) -- V~,(x) + acvS~T~v(x ) , (2.12) 

where the improvement coefficients CA and cv are determined by the demand to can- 
cel the O(a )  errors in lattice Ward identities, emerging from a mixing with higher- 
dimensional operators with the same quantum numbers [ 10,11 ]. Then the corresponding 
improved fermionic correlation functions are given by 

f I ( x o )  = fn (x o )  + acAOofp(Xo), (2.13) 

kI (xo)  = kv(x0) + acvOokT(XO). (2.14) 

The lattice derivative 5~ -- 2 l- (a/z + 0~) is the symmetrized combination of the usual 
forward and backward difference operators azz and a~, acting as 

3 ~ f ( x )  = f ( x  + a,g) -- f ( x )  , 3 ~ f ( x )  = f ( x )  -- f ( x  -- a#)  
a a 

Herewith we are already in the position to write down the unrenormalized PCAC quark 
mass as a function of the timeslice location a ~< x0 ~< T - a: 

m(xo) = c~0fA(x0) + aCAO~Oofp(Xo) (2.15) 
2fp(xo)  
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For the properly chosen value of CA = CA(g0) at given gauge coupling go and any 
hopping parameter K it is defined by obeying the PCAC relation (for two degenerate 
quark flavours) up to cutoff effects of O(a2), 

~ [  (Ai)a~(x) ] = 2mea(x) + O(a2) ,  (2.16) 

which more rigorously must be looked at as a renormalized operator identity 

5~ ( (aR)a~(x)O) = 2mR (P~(x)O) + O(a  2) 

in terms of some arbitrary renormalized on-shell O(a)  improved field 69 localized in a 
region not containing x. 

2.2. Construction of renormalized observables 

Now we want to introduce the renormalized correlation functions and design the 
scaling combinations of  them, which will be studied numerically in the next section. 

The QCD SF serves as a particular intermediate finite-volume renormalization scheme 
which is, however, not necessarily related to a special regularization [7,24,25]. Here, 
the SF is employed as a mass-independent renormalization scheme, while the ratio T/L 
is assumed to be kept fixed to a certain value. The freedom in choosing the boundary 
fields C and C'  (as well as the boundary conditions on the quark fields specified by 
angles 0u, cf. Subsection 3.1) different from zero are left for other applications, see e.g. 
Refs. [9,20,26].  Moreover, the SF respects O(a)  improvement after adding the O(a)  
counterterms cx ct, 6t so that by attaching additive and multiplicative renormalization 
constants, the quantities 

(AR)~z(X) = ZA ( 1 + bAamq) ( AI)a~(x), (2.17) 

(Vr~)~(x) = Zv(1 + bvamq) (V~)~(x), (2.18) 

P~(x) = Zt,(1 + bpamq)pa(x) (2.19) 

induce the renormalized and improved correlation functions 

fA R (x0) = ZA( 1 -t- bAamq) Z~( 1 + b~amq)2fI(xo), (2.20) 

k~(xo) = Zv(1 + bvamq)Z~(1 -b b(amq)2kIv(xo), (2.21) 

f~ (xo) = Zp( 1 + bvamq) Z~(1 + b(amq)2 fP(xo), (2.22) 

f~ = Z~( 1 + b(amq)4 f l .  (2.23) 

The constants Z( and b( (the former being scale dependent [7] ) have to be attributed 
to the boundary values of the quark and antiquark fields appearing in the products (2.1) 
and (2.2) in the renormalized theory. In a mass-independent renormalization scheme 
the underlying O(a)  counterterm enters as 

(R(X) = Z¢(1 -t- b(amq)( ( x) 

and similarly for the antiquark field ~, giving O~ = Z~(1 + b¢amq)20 a for instance. 
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Because the renormalization does not distinguish between different flavours in a mass- 
independent scheme, the knowledge of the Z-factors suffices to link the lattice theory at 
finite cutoff to the renormalized continuum theory. Here, all normalization conditions to 
fix and determine the renormalization constants Zx and bx, X = A, V, P, were imposed 
on appropriate matrix elements at zero quark mass, which is safe within the SF scheme 
as the finite lattice extent L provides the before-mentioned natural infrared cutoff for 
the theory [9,10]. Because of the zero quark mass condition they are functions of go 
only and not of the subtracted bare quark mass, which equals 

1 ( 1  1 )  (2.24) 
amq = amo - amc ( go ) = ~ Ke 

and vanishes along a critical line m0 = mo (go) in the plane of bare parameters, implicitly 
defining the critical hopping parameter Kc. Any remaining corrections of O(amq) are 
supposed to be cancelled by adjusting the bx alone. 

Now we can pass to the set of observables we have constructed for the present study. 
We start with the renormalized PCAC (current) quark mass in the SF scheme, which 
in view of Eqs. (2.15), (2.17) and (2.19) may be defined as 

ZA 
- Zp(L~ m (T/2) (2.25) 

by multiplying the proper renormalization constants ZA and Zp(L) ,  the latter assumed 
to be taken at some renormalization scale/z = 1 /L  [20,27]. Strictly speaking, the ratio 
of the additive renormalization factors 1 + bAamq and 1 + ~ a m q  would have been to be 
accounted for as well, but it turns out perturbatively [28] and non-perturbatively [29] 
that (bA - -bp)amq is numerically quite small at the interesting values of the bare gauge 
coupling and the hopping parameter. Hence we neglect it here. 

Beyond that, we compose the following (time dependent) combinations of renormal- 
ized and improved fermionic correlation functions. Firstly, the logarithmic time deriva- 
tives 

30fRp(xo) 30fp(Xo) (2.26) 
/zps(xo)= f R ( x o )  -- fp(x0) ' 

/zv(xo) = 5ok~ ( xo ) _ gokI ( xo ) (2.27) 
kvR(Xo) k~(xo) 

of the respective SF correlation functions in the pseudoscalar and vector meson channel; 
they deviate from the ordinary definition of effective masses ( ~  0o ln hx) by terms of 
O(a2).  Secondly, we will consider the ratios 

f R ( x o )  _ Cp S ZA(1 + bAamq)flA(XO) 
~,s(xo) = Cps ~ v'77 ' 

2 
Cps = , ( 2 . 2 8 )  

v/L3, ps( ) 
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rlv(xo) = Cv kR(x°) - Cv Zv(1 + bvamq)kIv(Xo) 
' 

2 
C v -  

~/L 3 [/t$v(T) ]3" 
(2.29) 

Since through the division by X/~ l  R the renormalization factors of the boundary quark 
fields, Z¢(1 + b~amq), drop out, it is ensured that ~?es and rlv (at fixed argument 
x0) exhibit scaling and have a well-defined continuum limit. We note in passing that 
alternatively the correlation function f i  also could have been used instead of fp to 
define a 'local mass' in the pseudoscalar channel. But as f i  amounts to somewhat 

larger statistical errors in the time derivatives, we here preferred fp for the purpose of 

/xps (x0). 
In the present scaling test we fix a definite temporal separation from the boundaries, 

xo = T/2. Thus one arrives at the objects 

pseudoscalar channel: /xps (T/2) r/es (T/2) (2.30) 

vector channel: /zv (T/2) r/v (T/2) . (2.31) 

Their continuum limits are expected to be approached like /zx(T/2) + O ( a  2) and 

~Tx(T/2) + O(a2) ,  X = PS, V, in the O(a )  improved theory. The choice x0 = T/2 is 
motivated by the fact that in the SF scheme cutoff effects are generically larger when 
sitting closer to the boundaries. It is possible to construct other quantities in a similar 
way, but we consider the foregoing ones as reasonably representative. 

Let us emphasize, however, a final point. Adopting the quantum mechanical repre- 
sentation of the field operators associated to (2.3) and (2.4), it can be shown in the 
transfer matrix formalism that asymptotically for large Euclidean times the quantities in 
Eqs. (2.30) and (2.31) become the pseudoscalar and vector meson masses (/xps,/zv) as 
well as the pseudoscalar decay constant (r/ps). For instance, the proportionality constant 
Cps in (2.28) is such that this ratio turns, as the temporal lattice extent goes to infinity 
(x0, T - xo ~ ec) ,  into a familiar matrix element, which complies with the standard 
definition of the pion decay constants in continuum QCD: 

ZA(0l~(x)y0y5 1 a ~"  O(x)lrra(o)}=rn~rf,  r. 

More formally, the observables (.9 just introduced should be regarded as functions 
O(T/L ,  xo/L,  L/ro, a l to) ,  and in the spirit of the above a physically meaningful sit- 
uation is realized if, as the spatial volume (L /a )  3 tends to infinity, xo >> r0 and 
T - x0 >> ro are valid for some typical hadronic radius of r0 ~ 0.5 fm. Masses and 
matrix elements of interest in hadron phenomenology can then be extracted [ 19]. 
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3. Scaling tests 

Before going into the details of the investigation, one has to keep in mind that the 
chosen lattice volumes in physical units are only of intermediate magnitude. Therefore, 
any of the following results are prevented from resembling the large volume limit, 
where our observables were argued to receive a really physical meaning. Instead of this, 
most emphasis is on the scaling properties of the theory, which should not depend on 

the specific choice of the lattice size and the SF characteristic boundary conditions. 
Nevertheless, we refer from now on to the (first three of the) quantities in Eqs. (2.30) 
and (2.31) as the 'pion mass' ,  its decay constant and the 'rho meson mass' and assign 
the common symbols m~,, f~r and mp to them in the obvious manner. We also denote 

~v  = ~Tv(T/2) in the vector meson channel. 
The advantage of working at finite quark mass in a direct test of improvement should 

be stressed explicitly. Namely, this avoids any extrapolations and evades the potential 
problems with so-called exceptional configurations one runs into, when the parameter 
region of zero quark mass is attempted to be reached [9,30]. 

3.1. Monte Carlo simulation 

The cost of a quenched QCD simulation is always governed by the computation of 
fermion propagators required for the correlation functions to be covered. This involves 
the action of the Wilson-Dirac operator on quark fields ¢ ( x ) ,  which for the O(a )  
improved theory in the framework of the SF is conveniently decomposed as D+6D+mo 
with 

1 1 (3.1) 
(D + mo)~O(x) -= ~ M e ( x ) ,  K - 8 + 2m--~o' 

3 
= - - + Mff ( x) 

/z=0 

• ) +A~U(x - a~,/.~)+(1 + 7 ~ ) 0 ( x  - a ~ )  , (3.2) 

where, as usual, the fermionic degrees of freedom ~ (x) live on the sites x of the lattice, 
and U(x, lx) denotes the SU(3)-valued gauge links in lattice direction x + a/~, /z = 
0 . . . . .  3. The factors ~ = e iaOML, 00 =-- O, give rise to a modified covariant derivative 
equivalent to demanding spatial periodicity of the quark field up to a phase el°k; for 
our purposes Ok, k = 1,2, 3, was set to zero throughout. 1 The local O(a )  counterterm 
8D = 8 D r  -{- 8Db now consists of two contributions, namely the Sheikholeslami-Wohlert 
clover term [ 31 ] 

i 
6DvO(X) = Csw ~ ao-~vF~(x)~k(x) (3.3) 

t In general, 0~ can serve as an additional kinematical  variable to formulate proper improvement  and nor- 
malizat ion conditions, see for instance [9,20].  
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and a term 

~Ob~(X) = (Ct -- 1){~xo/a,1 [ff/(X) -- U ( X  - -  a(), o)+e+~b(x - a0) ]  

~-~xo/a,T--I [ ~ / ( X )  - -  O(x, O)P_lp(X -~- a0) ] } (3.4) 

with 

P+@(X)lxo=O = 0,  e -~(x) lx0=r  = 0 ,  P± ~ ½ (1 q-y0) , 

which is specific for the SF type of boundary conditions in our setup. The improvement 
c o e f f i c i e n t  S t and a further one, ct which enters the calculation as well but is independent 
of the local composite operators containing quark fields and thus not written down here, 
are set to their one-loop perturbative values, z 

Since the technicalities of the Monte Carlo simulations are identical to those already 
detailed in Ref. [9], it is not necessary to repeat them here in full length. Our data 
were taken on the APE-100 massively parallel computers with 128-512 nodes at DESY 
Zeuthen, whose topology also allows to simulate independent replica of the system at 
the same time in the case of smaller lattice volumes (sets A-C below). The gauge field 
ensembles were generated by a standard hybrid overrelaxation algorithm, where each 
iteration consists of one heatbath step followed by several microcanonical reflection 
steps (typically NoR = L/2a  ÷ 1), and the correlation functions have been evaluated 
by averaging over sequential gauge field configurations separated by 50 iterations. To 
solve the system of linear equations belonging to the boundary value problem of the 
Dirac operator within the measurements of the correlators, the BiCGStab algorithm with 
even-odd preconditioning was used as inverter. Finally, a single-elimination jackknife 
procedure was applied to estimate the statistical errors of all the secondary quantities, 
because the data stemming from the same configurations must be considered as strongly 
correlated. By dividing the full ensemble of measurements into bins we also checked 
for the statistical independence of our data samples. 

3.2. Method and numerical analysis 

For the analysis we use Csw, cx, Zx, X = A, V, P, and by non-perturbatively determined 
in [9-11,20] for /3 >~ 6.0, while bA and bp are taken from one-loop perturbation 
theory [7,8,28]. If  available, we always adopted the rational formulas for the former 
with overall, i.e. statistical and systematic, uncertainties stated in the references. As 
opposed to ZA and Zv (and as already anticipated below Eq. (2.25) in Subsection 2.2), 
the normalization constant of the pseudoscalar density, Zp = Zp(L),  acquires a scale 
dependence through its renormalization. The scale evolution of Zp, which due to its 
definition at the point of vanishing PCAC quark mass (but in the absence of exact 
chiral symmetry at finite a) is unique only up to O(a  2) errors, has been recently 

2 Recently, the coefficient ct has also been computed up to two-loop order of perturbation theory in the 
quenched case [32]. 
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Table 1 
Simulation points and its statistics Nmeas denoting the number of gauge field configurations, on which the 

fermionic correlation functions were computed. L/ro and m~rL are the quantities chosen to fix renormalization 
conditions for the LCP studied 

s~ L/a fl x Nme~ L/ro am~ m~L 

A 8 6.0 0.13458 12800 1.490(6) 0.2505(11) 2.004(9) 
B 10 6 .14 0.13538 3840 1 .486 (7 )  0.1945(14) 1.946(14) 
C 12 6 .26 0.13546 2560 1 .495 (7 )  0.1709(13) 2.050(16) 
D 16 6 .48 0.13541 3000 1.468(8) 0.1244(9) 1.991(15) 

computed  non-perturbat ively in [20] .  In the SF the appropriate renormalization scale is 

Jz = 1 / L  -- 1/2Lmax, with Lmax/ro = 0.718 [33] ,  and we take over the needed numbers 

for Ze f rom the last but one reference. In the case of  cv and the critical hopping 

parameter  Kc in Eq. (2 .24) ,  where no closed expressions are recommended yet, we 

adapted the numbers at discrete values of  the gauge coupling from Refs. [9,11] to our 

s imula ted /3-va lues  by linear interpolation. 

The strategy was then to keep a finite physical  volume and the quark mass fixed by 

prescr ibing the geometry  T/ L  = 2 and two further renormalization conditions,  which we 

decided to chose as 

L 
m ~ L = 2 . 0  and - -  = 1.49 (3.5)  

ro 

for the 'pseudoscalar  meson (p ion)  mass '  and the spatial lattice size, respectively. The 

first condit ion on m~ can be, at least approximately,  3 satisfied by a careful tuning 

of  the hopping parameter  (a2m 2 ~ K). Here the reference scale is expressed by the 

hadronic radius r0 defined in [34] through the force between static quarks to yield the 

phenomenologica l ly  motivated value of  ro -~ 0.5 fin. Using the latest results on the 

hadronic scale ro/a in Ref. [33] ,  quoted there as 

In(~00 ) = - 1 - 6 8 0 5 - 1 - 7 1 3 9 ( / 3 - 6 ) + 0 . 8 1 5 5 ( / 3 - 6 ) 2 " 0 . 6 6 6 7 ( / 3 - 6 )  3 , 

(3.6)  

one can solve numerical ly  fo r /3  after inserting a/ro = 1 .49a/L to find the desired pairs 

( L / a , / 3 )  in order to fulfill the second condit ion in Eq. (3.5) within errors. In practice, 

the part icular  value L/ro = 1.49 was determined by the initial simulations a t /3  = 6.0 on 

lattices with spatial size L / a  = 8, and the larger lattices were adjusted thereafter. The 

simulation parameters  and some results are compiled in Table 1. These settings give an 

intermediate volume of  (0.753 × 1.5) fm 4, and one moves on a line of  constant physics 

(LCP)  in bare lattice parameter  space with lattice resolutions ranging from 0.1 fm to 

0.05 fro. 

3 In our actual simulations we have some mismatch in m~L between the individual points in parameter space, 
which will be discussed later. 
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Fig. 1. Correlation functions fA and fl ,  (upper parts) and O(a)  improved local masses extracted from them: 
PCAC current quark mass via Eq. (2.15) (middle part) and 'pseudoscalar meson masses '  via Eq. (2.26) and 
the same with fp  substituted by f t  a (lower parts). The left figure depicts simulation point A (L/a = 8) and 
the right one point D (L/a = 16), with T/L = 2 in both cases. The solid lines are only meant to guide the 
eye, and the statistical errors are smaller than the symbols. 

As an important prerequisite for the reliability of the scaling test we had, of course, 
to estimate the dependence of our results on the SF specific (and solely perturbatively 
known) improvement coefficients of the boundary counterterms ct and St, which with 
respect to full non-perturbative O (a)  improvement represent the only imperfectly known 
input parameters for the simulation. Otherwise a complete suppression of errors linear 
in a would not be guaranteed, and continuum limit extrapolations with an O ( a  2) term 
as the dominant scaling violation is a priori not justified. To this end we verified by an 
artificial variation of the one-loop coefficients in the expansions [26,35] 

C~ -l°°p = 1 --  0.089g~ + O(g~), 
~l-loop C t = i - -  O .O18g  2 -Jr O ( g  4 )  

(3.7) 

(3.8) 

by a factor 2 for c~ -z°°p and by a factor 10 for 6~-loop that at unchanged renormalization 

conditions (3.5) their influence on the level of numerical precision in our data is small 
enough to be neglected: it typically came out to be below 1% for a f ,  r, below 2% for 
~v, and nearly not visible for am and amp, at parameters corresponding to simulation 
point A (T /a  = 16). It was sufficient to do these replacements for the lattice with the 
largest a, since the relative contribution of the boundaries to the field variables residing 
on the bulk of lattice points among a given gauge field configuration decreases with 
decreasing lattice spacing. Therefore, the leading scaling violations can be regarded as 
being purely O ( a  2) within our precision. 

In Fig. l we first illustrate for simulation points A and D the correlation functions 
fA, fP and some of the quantifies deduced from them in the previous section in depen- 
dence of the time coordinate. The correlators reflect that a good signal remains also at 
larger distances in time. The PCAC quark mass (2.15) already exposes a plateau for the 
rather moderate temporal extensions of the lattice, whereas the 'local pion mass' (2.26), 
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Table 2 
Analysis results for the observables under consideration in lattice units. The first error is only the statistical 

one, the second one (where given) includes in addition the uncertainties from the renormalizafion constants 

Set am( ~ ) amp a f~ ~v 

A 0.0132(2) 0 . 3 4 3 8 ( 1 0 )  0 .1248(5)(13)  0.3283(19)(25) 
B 0.0083(1) 0 . 2 6 8 8 ( 1 5 )  0 .1013(7)(12)  0.3387(36)(40) 
C 0.0096(1) 0 . 2 3 3 7 ( 1 4 )  0 .0851(7)(11)  0.3289(40)(43) 
D 0 . 0 0 6 5 1 ( 6 )  0 .1689(10)  0 .0650(5 ) (8 )  0.3561(41)(44) 

and even more the logarithmic derivative of the improved correlation of the axial cur- 
rent (2.13), show significant contributions from higher intermediate states in small 

volumes. On physically large volumes, however, this pattern disappears: plateaux de- 

velop around x0 = T/2, i.e. the lightest excitations, which coincide with the pseudoscalar 

meson mass when defined either by f~  or by fp, govern the exponential decay of these 

functions. This will be explicitly demonstrated elsewhere [ 19]. An analogous statement 
holds for the vector meson mass via the correlation functions k~, and kr. 

The expectation values in the simulation points of Table 1 for the observables 
Eqs. (2.15), (2.30) and (2.31) are now summarized in Table 2. Within all poten- 

tial sources of errors to be incorporated in the analysis, i.e. the statistical one and those 
coming from Za/Zp, ZA, Zv, L/ro and m~L, the contributions caused by the uncertain- 
ties of the renormalization factors Zx ever dominate the combined errors quoted in the 
second parentheses in the table. Furthermore, any inherent small mismatch of the central 

values with the renormalization conditions (3.5) on m,rL and L/ro in sets B, C and 

D was corrected by a conservative estimation of the slopes O0/cg(am,~) and 0(9/0fl 
with (9 = (9(m,~L, L/ro, L /a)  C {am, amp, af ,  r ,~v},  I which enter the identities for the 
required partial derivatives 

8(.9 a c~O 

- o ( a m  ) O(m~L) L ~ ' 

0(_9 a Off O0 
e ~ a  

O(L/ro) -- L O(a/ro) 0/3 
ro O0 
a O(L/a)"  

(3.9) 

(3.1o) 

They were numerically extracted in linear approximation from several simulations in set 
A at neighbouring values of K and/3, where in the latter case they had to be combined 
with the derivative O/3/O(a/ro) to be read off from the parametrization (3.6). The 

slopes obtained in this way were carried over to the finer lattices as well, since for 

increasing lattice resolution (/3 > 6.0) their corrections are of O(a) and, with respect 
to the other sources of errors, can safely be ignored. 

4. Results 

We pass to the final results. After the procedure of matching the conditions char- 
acterizing the LCP under study, one finds the numbers collected in Table 3; note that 
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Table 3 
Dimensionless results for the quantifies of Table 2 with total errors after they have been corrected to fulfill 

exactly the simultaneous renormalization conditions (3.5) as described in the text (Subsection 3.2). The 
errors on ro/a quoted in [33] have been taken into account as well 

Set ~ro mpro f~ro ~v 

A 0.1069(50) 1.846(13) 0 . 6 7 0 1 ( 8 2 )  0.3283(46) 
B 0.1029(35) 1.839(15) 0.684(11) 0.3296(72) 
C 0.1045(36) 1.848(18) 0.681(13) 0.3360(95) 
D 0.1103(35) 1.860(18) 0.699(12) 0.3457(75) 

0.120 . . . . . . . . . . . . . . . .  
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Fig. 2. Scaling behaviour of the renormalized PCAC current quark mass in units of r0. An intermediate volume 
with SF boundary conditions is considered. The renormalization constant Zp refers to a scale of L = 1.436 ro. 
Non-perturbative O(a) improvement allows to extrapolate linearly with (a/ro) 2 --+ 0 to the continuum limit. 

according to (2.25) the bare PCAC quark mass m(T/2 )  translates through multiplica- 

tion with ZA/Zp into the renorrnalized quantity N. Now we are prepared to perform 

extrapolations of these data to the cont inuum limit, assuming convergence with a rate 

proportional to a z. 

The fits are displayed in Figs. 2-5  and exemplify the scaling behaviour on the course 

from simulation points A to D. One evidently observes the leading corrections to the 

cont inuum to be compatible with O(a2) .  Moreover, it can be inferred from Table 4 that 

the differences of the cont inuum limits from the values at /3 = 6.0 (a  ~ 0.1 fm) are 

around or even below 5% in the improved theory. These appear to be partly smaller than 

it was to be expected on basis of the experiences reported previously in Refs. [ 13,14]. 

At this point we have to add the remark that the results in the vector channel had to 

be revised compared to those listed in [ 16]. Due to some incorrect normalization of the 

correlation functions kv and kx during an earlier data analysis, we erroneously observed 

a quite steep slope when carrying out the (a /ro)  2 --+ 0 fit for the ratio ~v  defined in 

Eq. (2.31).  Looking at the final numbers now, it does no longer stand in contradiction 

to the findings in the pseudoscalar channel. By contrast, since the scaling violations of 

~v  are only slightly larger than for f~ro,  we interpret this as a further compelling and 



1.89 

1.87 

~ 1.85 

1.83 

1.81 

0.72 

r , , , i , r , I , , , I , , , 

0.00 0.01 0.02 0.03 0.04 

(a/r0) 2 

Fig. 3. Continuum limit extrapolation as in Fig. 2 but for the 'rho meson mass '  in intermediate volume. 
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Fig. 4. The same as in Fig. 3 but for the 'pion decay constant'. 
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Fig. 5. Again as in Fig. 3 but now for the observable ~v ,  which is composed of a (renormalized and improved) 
correlation function involving the vector current. 



324 Z Heitger/Nuclear Physics B 557 (1999) 309-326 

Table 4 
Continuum limits and their percentage deviations from fl = 6.0 (a ~ 0.1 fm). The lower numbers belong to 

a data evaluation, where the improvement coefficients cA and cv have been artificially taken to vanish 

Case -~ro mpro f ~rro ~v 

Fully improved 0.1092(45) 1.856(20) 0.704(13) 0.3472(84) 
2% < 1% 5% 6% 

CA = 0 and Cv = 0 0.1069(46) 1.856(20) 0.698(13) 0.3439(85) 
17% < 1% 1% 2% 

satisfactory indication for the effectiveness of non-perturbative O(a)  improvement. 
In Ref. [ 14] the suspicion was raised that scaling looks even slightly better, if the 

perturbative estimates for the improvement coefficients CA and cv are used. This issue 

deserves some comments here. In order to address the sensitivity of the analysis to the 

improvement terms in the pseudoscalar and vector channel proportional to CA and cv, 
we just evaluated our data with setting these coefficients arbitrarily to zero. Then, of 
course, the theory is only partially O(a)  improved, and a residual contamination with 
uncancelled O(a)  contributions has still to be expected. The surprising outcome is that 

upon omitting those terms, two quantities (f~r0, ~v)  have somewhat smaller a-effects 
in total magnitude. At the same time, however, the renormalized PCAC quark mass ~r0 
gets much larger ones. Nevertheless, as seen from Table 4, the continuum limits of both 

data sets agree within errors. Such a result might suggest that the qualitative scaling 

behaviour of our quantifies (apart from ~r0) is only marginally influenced by the definite 
choice of cx, X = A, V, still meeting the condition of a dominant a2-behaviour. On the 

other hand, we observed a tendency in the CA = cV = 0 data points to disperse around the 
straight line fits to the continuum, which hints at some remnant of admixture of O(a)  
discretization errors; hence a scaling violating term c( a 2 in leading order rather seems to 
be ruled out in that case. This is particularly pronounced for ~ro, where the correction to 
the continuum limit grows distinctly (from 2% to 17% in Table 4) if the improvement 
of the axial quark current is switched off. Opposed to that, in the fully improved case 
including the O(a)  correction terms, the required continuum limit extrapolations are 

generically not critical. In conclusion - and as a further convincing argument for the 
use of its non-perturbative values - this finally supports the physical insight that cA and 
Cv are essentially relevant for chiral symmetry restoration at finite cutoff. 

5. Discussion and outlook 

In confirmation of similar investigations [ 12-15], O(a) improvement implies a sub- 
stantial reduction of scaling violations. Our numerical simulations of renormalized corre- 
lation functions in intermediate physical volume within the Schrtdinger functional give 
clear evidence for an overall behaviour completely consistent with being linear in a 2 at 
a ~< 0.1 fm, for all quantities under consideration. Changing a by a factor two yields 
very stable fits and honest continuum limit extrapolations. Actually, the residual O(a  2) 
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cutoff effects at a ----- 0.1 fm stay around (f~ro and ~v)  or significantly below 5% (~r0  

and mpro). 
To quantify directly the influence of the improvement coefficients CA and cv on the 

scaling behaviour, we examined also the partially improved case CA = CV = 0. In this 
case fcrro and ~v  show an even weaker dependence on the lattice spacing, but now one 
finds N 17% lattice spacing effects at a "~ 0.1 fm in the renormalized current quark mass 
~r0. Additionally, as outlined in Section 4, the functional form of the leading a-effects 
then appears no longer compatible with a 2 alone; furthermore, chiral Ward identities are 
badly violated for cA = cv = 0 at O(a )  level [9,11]. Thus there is in general no choice 
for the improvement coefficients CA and cv, which diminishes the size of O ( a  2) lattice 
artifacts simultaneously for all relations and observables below a level of 5%. However, 
one should not feel tempted to judge this fact as a kind of principal conflict with the 
improvement programme itself, since the criterion of small O(a z) corrections has only 
been touched when selecting a definite set of kinematical variables to formulate the 
respective improvement conditions within the Schr6dinger functional. 

To summarize, the scaling tests in hand illustrate that also in the O(a )  improved 
theory the remaining O ( a  2) discretization errors have to be assessed - and consequently 
can be extrapolated away reliably - by varying the lattice spacing. 

An extension of the present study to physically large volumes, where hadronic masses 
and matrix elements can be computed, is in progress [ 19]. 
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Abstract 

We explain how masses and matrix elements can be computed in lattice QCD using Schr6dinger 
functional boundary conditions. Numerical results in the quenched approximation demonstrate that 
good precision can be achieved. For a statistical sample of the same size, our hadron masses have 
a precision similar to what is achieved with standard methods, but for the computation of matrix 
elements such as the pseudoscalar decay constant the Schrrdinger functional technique turns out 
to be much more efficient than the known alternatives. @ 1999 Elsevier Science B.V. All rights 
reserved. 
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I.  Introduct ion  

In recent years, lattice QCD calculations in the quenched approximation have reached 

a new quality [ 1-3] .  The renormalization of many local composite operators can be 

treated non-perturbatively, and the leading discretization errors have been removed. 

Consequently one would now like to perform continuum extrapolations for various 
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hadron masses and matrix elements in the improved theory [4-9] and compare to 
recent results obtained with more standard techniques [ 3 ]. In particular, the problem of 
a determination of the light quark masses can be addressed with confidence, since the 
complete renormalization is known non-perturbatively [ 10]. 

However, continuum extrapolations require masses and matrix elements for finite val- 
ues of the lattice spacing which are sufficiently accurate [3]. Efficient methods are 
needed to obtain such precise results. Standard methods use correlation functions in 
a sufficiently large box with periodic boundary conditions [ 11]. Usually one seeks to 

enhance the dominance of the low lying hadrons by using tuned hadron wave func- 
tions [ 12-21 ], possibly combined with variational techniques [ 22,23,17 ]. 

In this paper we investigate an alternative to these standard methods. Again we choose 
a sufficiently large box but impose Dirichlet boundary conditions in time, as they are 
used to formulate the QCD Schr6dinger functional. We shall demonstrate that correlation 
functions in the Schr6dinger functional are dominated by hadron intermediate states at 
large Euclidean time. Moreover, it is shown that a time extent of 3 fm for the box is 
sufficient to extract masses and matrix elements. An advantage compared to the standard 
methods is that the pre-asymptotic decay of Schr6dinger functional correlation functions 
is very slow, which means that a large signal remains at large separations. 

In the following, we briefly discuss the foundation of the method (Section 2) and test 
its applicability in practice in the quenched approximation (Section 3). We also attempt 
to quantify the efficiency compared to more standard calculations (Section 4). Finally 
we discuss open questions as well as possible further improvements. 

2. Correlation functions at large time separations 

We now derive explicit expressions for the representation of Schr6dinger functional 
correlation functions in terms of intermediate physical states. Throughout this section 
we assume that the lattice Schr6dinger functional is defined using the standard Wilson 
action as in Ref. [24]. In this situation the relations presented here hold exactly. If one 
considers the O(a)  improved theory, as we will do later, we cannot derive the equations 
given in this section directly from the transfer matrix. However, universality implies 
that the renormalized correlation functions of the improved theory and the unimproved 
theory agree in the continuum limit. Since the correlation functions considered below 
are renormalized multiplicatively, their time dependence (bare or renormalized) is given 
by the expressions derived for the Wilson theory up to lattice spacing effects. For the 
O(a)  improved theory this means that all relations derived in this section are valid for 
physical distances large compared to the lattice spacing (up to corrections of order a2). 

The correlation functions considered here have been introduced before [25-27]. In 
those references the emphasis was largely on the perturbative regime, which means 
choosing small extensions of the space-time volume. By contrast, in this work we are 
interested in the correlation functions for intermediate to large volumes, i.e. extensions 
which are significantly larger than typical QCD scales. Provided that the pion mass is 
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not too small, such typical QCD scales are of order 1 fm. 

The QCD Schr6dinger functional is defined as the QCD partition function in a cylin- 

drical geometry, i.e. periodic boundary conditions with periodicity length L in three of 
the four Euclidean dimensions, and Dirichlet boundary conditions in time at the hypersur- 
faces x0 = 0 and x0 = T. Its quantum mechanical interpretation has first been discussed 

for the pure gauge theory [28] and subsequently for the theory with quarks [24]. In 
these references it was shown that the Schr6dinger functional partition function can be 

written as 

Z = (fle-rMlp[i), (2.1) 

with states [i) and [f) which are given in terms of the boundary values specified at 

x0 = 0 and x0 = T, respectively. In the above equation H denotes the Hamilton operator 
of QCD formulated on a torus of volume L 3. More precisely, in the lattice theory it is 

proportional to the (negative) logarithm of the transfer matrix. 2 

Of course, the same operator describes the correlation functions when the Dirichlet 

boundary conditions are replaced by periodic boundary conditions in time. The projector 

I? projects onto the gauge invariant subspace of the Hilbert space [28,24] ; only gauge 

invariant intermediate states are physical and can contribute. 
For our present investigation, we have considered only the case of homogeneous 

boundary conditions, where the spatial components of the gauge potentials are set to 
zero at the boundaries and also the fermion boundary fields are taken to vanish. In this 
case we have [i) = If) = [io) and this state carries the quantum numbers of the vacuum. 
Other choices for the boundary conditions may be of interest as well and can be treated 

similarly. 

As an example we will discuss two specific correlations, which allow for a calculation 

of the pion mass and decay constant. The generalization to other channels and other 

matrix elements is straightforward. 

We start from the dimensionless fields 

a 6 

0 = ~7 ~ ' ( u ( Y ) 3 ' 5 ( d ( z )  , O' ~7a6 S-" - '  ' = z._.~fd(y)3,SCu(Z) (2.2) 
y,z y,z 

and a local composite (gauge invariant) field X(x)  (which will have mass dimension 
three in our applications) to define the gauge invariant correlation functions 

L 3 
f x (xo)  = - ~ - ( X ( x )  0 ) ,  (2.3) 

f l  = - - 2 ( O '  O ) ,  (2.4) 

where the average denotes the usual path integral average and u,d are flavour indices. 
The "boundary quark fields", s r . . . . .  2 ' ,  have been discussed in [26]. In the lattice 
theory, ( is given explicitly in terms of the gauge fields connecting hypersurfaces x0 = 0 

2 For the unimproved Wilson action, ]HI is known to be hermitian [291. 
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and xo = a and the quark fields on the hypersurface x0 = a. Analogous properties hold 
for the other boundary quark fields. Our choices for X are X = A0 (defining, through 
Eq. (2.3), the correlation function f g )  and X = P (which gives fp ) ,  where 

Ao(x )  = ~ d ( X ) ' ) / 0 ' ) t 5 / P u ( X )  , (2.5) 

P ( x )  = ~ / t d ( X ) ' ~ 5 , / / / u ( X  ) . (2.6) 

The correlation functions f x  have the quantum mechanical representation 

L 3 
f x ( x o )  = Z -1 - -  (i0[e-(r-*°)M~I(e-X°~ti~) a ~< xo <~ T - a (2.7) 

2 ' ' 

where I( is the corresponding operator in the Schr6dinger picture, and the state li,~) 
has the quantum numbers of the ~-+ with momentum zero. To conclude that Eq. (2.7) 
holds, one only requires that the combination of fields O, Eq. (2.2), has support for 

x0 ~< a and that it carries the quantum numbers of a ~-+. The former is guaranteed by 

the very construction of the boundary fields (, ~ [26]. Furthermore we have 

f l  = Z - l l  (i~le-rH?]i~) (2.8) 

It is now apparent that (for large separations x0 and T - x0) the mass of the pion and 

its decay constant can be extracted. To see this explicitly we insert a complete set of 
eigenstates of the Hamiltonian, 

In, q) ,  n = 0 , 1  . . . . .  (2.9) 

H In, q) = E (q)  In, q ) ,  (2.10) 

with normalization (n', q'ln, q) = ~n.,,' ~q,q'. Here the energy levels in the sector of the 
Hilbert space with internal quantum numbers q are enumerated by n. Only quantum 
numbers q = 7r, a shorthand for (J ,P ,C, I ,  13) = ( 0 , - , + ,  1, 1), and q = 0, which 
denotes vacuum quantum numbers are considered in the following. We do not indicate 

the momentum of the states In, q), since both [io) and li=) are invariant under spatial 

translations and only states In, q) with vanishing (spatial) momentum contribute. 

The representations given so far hold for arbitrary L, T and x0. In this paper, we shall 
be interested in the special case of the asymptotic behaviour of fA(X0), f l  for large 
values of both x0 and T - x0, while L remains unspecified at this stage. We include 
the first non-leading corrections but neglect any contributions which are suppressed by 

terms of order 

exp(-TEl°)), exp(-xoEl or) - (T - xo)El°)), 

e x p ( - ( T -  xo)E~ °)) and exp(-xoE~ ~)) , 

compared to the leading terms in the correlation functions. In this approximation we 
obtain 
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L 3 
fx (xo)  ~ - ~  p(O, OlXlO, rr)e-X°m= {l + rl~:e-X°a + ~l°e-(r-x°)mc'}, (2.11) 

1 p2 e-Tm, f l  ~ ~ , (2.12) 

where we have introduced the ratios 

{0' ~rli~) (2.13) 
P -  (0,01io) ' 

(0, Ol•l 1, rr> (1, rrli,~ > (2.14) 
,7~ = ~ ~  <i~>' 

(iol 1, 0} (1,0IX]0, rr} 
'70 = ~ S o ) < o ,  OlXlO, ~ )  (2.15) 

The energy difference mo = El °) - E o  (°) is the mass of the 0 ++ glueball and A = 

El ~ - Eo ( ' )  is an abbreviation for the gap in the pion channel. As indicated above, we 
have dropped contributions of higher excited states which decay even faster as xo and 

T - xo become large. 
Considering the special case of fA, we find that it is proportional to the matrix 

element (0, 0[Ao[0, or), which is related to the pion decay constant F,~ through 

ZA(0, O1•olO, ~r) = Fr~m,~(2mrrL 3) -1/2 (2.16) 

Here, ZA is the renormalization constant of the isovector axial current, and the factor 
(2m~L 3) -1/2 takes account of the conventional normalization of one-particle states (in 

our convention the experimental value of the pion decay constant is 132 MeV). 

Eq. (2.11) is used to determine m~, while the pion decay constant, F,,, may be 

conveniently extracted from the ratio 

ZA fA(XO)/V/-~I ~ IF, (mcrL3)l/2e -(x°-T/2)m~ 
2 '~ 
× {1 + "q~e -x°'a + rl°e -(T-x°)mc' } . (2.17) 

The above formulas show explicitly how masses and matrix elements can be obtained 
from Schr/Sdinger functional correlation functions. Before we describe the numerical 
tests of the practicability, we wish to point out some properties of the present method 

and list the differences to conventional approaches. 
• Eqs. (2.11) and (2.12) can be expected to be rather accurate when all time 

separations are larger than typical hadronic length scales (say, 1 fm, provided m~- 
is not too small). Schr6dinger functional correlation functions decay slowly for 
small x0, leaving a large and precise signal at separations of 1-2 fm. This is easily 
seen by applying asymptotic freedom and a simple-dimensional analysis. As a 
comparison, consider correlation functions of standard local composite fields such 

as y'~.x(q~t(x)q'(O)), with @(x) = ~ u ( X ) / ' ~ d ( X ) ,  qOt(x) = ~d(X)y0 / 'TO~u(X) .  
At distances x0 ~ 1 fm, such correlation functions are typically very small which 
usually means low statistical precision. The reason why they are small is because 



470 Alpha Collaboration~Nuclear Physics B 560 (1999) 465--481 

they decay like (x0) -3 for short time separations, as may be inferred by the same 
arguments used above. This qualitative difference arises from the fact that in the 
Schr6dinger functional a dimensionless (non-local) field, f dy (u(y)yS(d(0) ,  is 
used to create hadronic states at the boundary. 

• The ratio p, Eq. (2.13) is divergent, since the state li~) involves the bare boundary 
quark fields. However, in the final quantities of interest p is cancelled explicitly 
(see Eq. (2.17)).  

• In particular, the combination ZA fA ( x 0 ) / V / ~  has a continuum limit for all values 
of x0. One may therefore choose some (not too large) value of the lattice spacing 
to determine the time separations x0 and T -  x0 where the contamination due 
to excited states is small. The same separations (in physical units) can then be 
used for other values of the lattice spacing. This holds also for the "local masses" 
which are commonly used to extract hadron masses. When one applies smearing 

or fuzzing the validity of such a statement is not immediately evident. 
• Spatial translation invariance is used fully and reduces statistical errors. 
• The present approach is similar to using "wall sources" to create hadronic states 

[ l 3 ], but here we keep gauge invariance in all stages of the formulation! 

3. Extraction of masses and decay constants 

In this section we demonstrate the practicability of the method in the case of quenched 
lattice QCD. 

3.1. Computational details 

We work in O(a) improved QCD as detailed in [26], using the non-perturbative 
estimates of the improvement coefficients Csw and cA reported in Ref. [30]. 

The full O(a)  improvement of the Schr6dinger functional correlation functions re- 
quires also O(a)  counterterms (with coefficients ct, ct) at the boundary [26]. These do 
not affect the lattice spacing dependence of hadron masses and matrix elements, and 
therefore their coefficients are not very important in the present context. The only place 
where they do play a role is the size of the correction terms in Eq. (2.11), since the 
lattice spacing errors in the amplitude ratios '~ o r/x, r/x are O(a z) when Ct, C't are chosen 
appropriately. Otherwise cutoff effects of order a remain in these excited state contribu- 
tions. We used one-loop estimates for ct,~'t [31,32]. For these values the O(a)  effects 
are expected to be quite small [ 10,33]. 

In the pseudoscalar channel we consider the correlation functions fp(xo) and f~(xo), 
where the latter is obtained from Eq. (2.3) by inserting the time component of the 
improved axial current [25,26], viz. 

( A i ) # ( x )  = A~(x) + acA-~ (8~z + 3~) P(x).  (3.1) 
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Fig. 1. The effective mass of the correlation function f~ ,  as defined in Eq. (3.4). The three sets of data points 
correspond to (,8, K) = (6,2,0.1349),  (6.0, 0.1342), (6.2,0.1352) from top to bottom. In all cases the time 
extent is T ~ 3 fm. 

The correlation function in the vector channel is defined by 

1 
~-~ ((VI)/c(X) ~u(Y)Y*~'d(Z)), (3.2) klv( Xo) = --a 6 ~ -~ 

y,z k 

where 

i 
(VI)~(x) = ~d(X)y~bu(X) + acv~(Ov + 0~) [Od(x)o'~vg, u(X)] (3.3) 

is the O(a )  improved vector current. For the improvement coefficient Cv we have used 
the values from its non-perturbative determination reported in [34]. 

We have chosen the parameters of our simulations such that L ~ 1.5 fin and T 

3 fm. Our calculations have been performed for four different values of the lattice 

spacing, but for the purpose of demonstrating the practicability of the method we restrict 

ourselves to results obtained at /3 = 6.0 and /3 = 6.2. These couplings correspond to 

lattice spacings a = 0.093 fm and a = 0.068 fm, when r0 = 0.5 fm is used to set the 
scale [35,36]. For these parameters a direct comparison with results obtained using 
conventional methods [4,5,8,9] can be made. 

The numerical computations of Schr6dinger functional correlation functions have been 
explained earlier [30], and further details can be found in that reference. Here we only 

mention that in addition to the previously used even/odd preconditioned version of the 

BiCGStab solver, we have also implemented SSOR-preconditioning [37,38]. The latter 
reduced the number of BiCGStab iterations needed to solve the Dirac equation by more 
than a factor 2. This turned into a gain in CPU-time of a factor of around 1.5 in our 

implementation on the APE-100 machines. 
Our statistical samples consist of 1000 "measurements" of Schr6dinger functional 

correlation functions at /3 = 6.0 and 800 measurements at /3 = 6.2. All statistical errors 
were computed using the jackknife method. 
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Fig. 2. The effective mass of the correlation function k~ for a ~ 0.07 fro. 

3.2. Plateaux 

Let us first get a rough impression of  the range of  x0, where the leading term in 

Eq. (2.11 ) dominates. To this end we follow the tradition of  looking for a plateau in 

the effective mass, 

meff(Xo + a /2 )  = 1 In ( f ( x o )  / f ( x o  + a) ) . (3.4) a 

Here, f denotes any of  the two-point correlation functions defined above. In the pseu- 

doscalar channel we use f = f~ ,  and the resulting effective masses are shown in Fig. 1. 

There is good evidence for plateaux starting at x0 ~ 1 fm and extending to approximately 

T - x0 ~ 1 fm. As expected, the location of  the plateaux is approximately independent 

of  the lattice spacing. 

Turning to the vector channel, we use Eq. (3.4) with f = k~,. In this channel the 

effective mass, shown in Fig. 2, turns into a plateau only at x0 ~ 1.5 fm. Furthermore, 

statistical errors grow more rapidly as x0 becomes large. By comparing Fig. 1 and 

Fig. 2 one may anticipate that it is more difficult to obtain a reliable determination of  

the vector meson mass than it is to compute m~. However, this is not much different 

when standard methods are employed. 

3.3. Excited state corrections - averaging intervals 

Let us now discuss the extraction of  masses and matrix elements in some detail. 
A standard method is to perform fits to the leading term in Eq. (2.11). Alternatively 
one can average the effective mass over the plateau region. Both of  these procedures 
reduce the error in the mass compared to just taking one point of  the effective mass in 
the plateau. One must then ensure that the final statistical error is not accompanied by 
a noticeable systematic error due to a small contamination by excited states. In other 
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words, one needs a rough estimate of the size of the contribution of excited states in 

the region of x0 considered. 

In order to arrive at such an estimate, one requires some information about the values 

of mG and the gap A in Eq. (2.11) and the analogous equation for the vector channel. 
Glueball masses from the literature [39], combined with ro/a [36], give 

mc, ro ~ 4.3. (3.5) 

For our two values of the bare coupling, the results of Ref. [36] read ~(/3 = 6.0) = 

5.37(2) ~(/3 = 6.2) = 7.36(4) We have also obtained a rough estimate for A in ' a 

the pseudoscalar channel by analyzing correlation functions with periodic boundary 

conditions in time, which were made available to us by the Tor Vergata group [5]. Since 

this analysis is not of immediate interest for our discussion of Schr6dinger functional 

correlation functions we relegate the details to Appendix A. 

The typical uncertainties associated with the gaps and the scalar glueball mass are of 

order 10% tbr the range of quark masses considered here. The gaps and mG can now be 

used to take a closer look at the effective masses and obtain estimates for the excited 

state contributions and the range of Xo where these are small compared to the statistical 

errors. We discuss this separately for the two channels. 

3.4. The pseudoscalar channel 

The analysis described in Appendix A yields 

roA ~ 3.2, (3.6) 

which agrees with an estimate of the same quantity using data by UKQCD [9]. Using 

Eq. (2.11 ), the time dependence of the effective mass is given by 

{ 2sinh(aA/2) 2sinh(amG/2) } 
rneff(x0) ~ mcr 1 -k r/~e -x°a -- r/°e -(r-x°)m¢~ 

am,r amzr 

where the second line is valid close to the continuum limit (aA << 1, amG << l). In 

order to check whether this time dependence is reproduced by the data, we plot the 

effective masses directly against the expected form of the asymptotic correction terms, 
e -x°~ and e -(T-x°lm° in Fig. 3. 

One observes that the data fall approximately onto straight lines. It is important to 

bear in mind that mG, a on the one hand and meff(x0) on the other, have been obtained 

independently from correlation functions computed for different boundary conditions 
where excited state corrections have different amplitudes. The apparent compatibility of 

the data with the expected form of the correction terms is therefore non-trivial, and we 

conclude that we have a semi-quantitative understanding of the excited state corrections. 

It is now easy to deduce values for train and T -  trnax such that fbr train ~ X0 

tmax these corrections are below a certain margin, e, which is allowed as a systematic 
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Fig. 3. The effective mass of the correlation function f~ against the two leading corrections. Small values 
of x0 are omitted in the right half of the graph and large values of xo in the left half. Data are for a lattice 
spacing of a ~ 0.07 fm; the dashed lines indicate the agreement with linear behaviour. 

Table 1 
Ranges of xo, where (relative) excited state contribution are smaller than E 

Channel • tmin/ro (T - tmax ) /ro 

f I  0.2% 2.6 2.3 

ftA/fp, fp 0.1% 2.8 2.5 

k~, 0.2% 3.0 2.2 

uncertainty. We list tmi n and T -  tmax together with the chosen values for e in Table 1. 

Reliable estimates for m,r are then obtained by averaging meff for tmin ~ x0 ~< tmax, and 

representative results are collected in Table 2. 

A widely used method to extract hadron masses is to fit the correlation functions, 

using the expected asymptotic behaviour as an ansatz. In order to check the consistency 

of  results obtained by averaging meff for tmin <~ x0 ~< tmax, we have also performed single 

exponential  fits to flA(XO) over the same interval. A comparison of  the two methods 

shows that the estimates for m,~ are entirely consistent. Furthermore, the quality of  the 

fits is very good, with typical values of  the correlated /~2//ndf in the range 0.6-0.9.  

Moreover,  the stability of  the fits under variations of  the fitting interval has been used as 

an addit ional check that our values of  tmin, tmax were chosen appropriately. In Table 2 

we compare  our results for am,~ to those obtained using conventional techniques and 

find good agreement.  

Next, we discuss the bare pion decay constant, F b~e, which is obtained from an 

average of  

F~ bare = 2(m~ L 3) -U2e(X°-r/2)m~ f lA(xo)  
v / T  , ( 3 . 8 )  
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Table 2 
Results in the pseudoscalar channel compared to values from the literature 
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fl x am~ Re~ [4] Ref. 151 Ref. [8] 

6.0 0 .1338 0.3529(11) 
0.1342 0.3001(12) 0.2988(17) 

6.2 0.1349 0.2430(6) 0.2444(9) 0.2440(21 ) 
0.1352 0.2004(6) 0.2016(11) 0.2007(40) 0.2007(26) 

fl K m~F~a~/G~ ~ aF~ a~ Ref. 141 Re~ [8] 

6.0 0.1338 0.2125(7) 0.0943(4) 
0.1342 0.1794(8) 0.0905(4) 0.0907(8) 

6.2 0.1349 0.2165(5) 0.0721(3) 0.0727(9) 0.0740(35) 
0.1352 0.1769(5) 0.0687(3) 0.0690(30) 0.0706(46) 

0 .24  , 

o 
X 

a .  

o 
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0.2 

0.18 
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I 

0 .002  

Fig. 4. Influence of excited states on the ratio fI  A (xo)/ fp  (xo) for a ~ 0.07 fm (open circles) and a ~ 0.09 fm 
(filled circles). 

over  the same interval  o f  x0, with m~ taken f rom the previous  analysis. 3 Values for  

F~ are are also inc luded in Table 2. Note  that in the improved  theory which  we consider,  

the r eno rma l i zed  decay  constant  is g iven by F~r = ZA(1 + bg a m q ) F  bare [26] .  

A fur ther  examp le  for the determinat ion  o f  matr ix e lements  is the combina t ion  

pbare/(7"bare which  is related to the ratio f l A / f P  via 

A(xo) m FW {1 +,TZe -xo  + ,?e  
fp  (xo)  G bare { l+7#¢e -Xo '~+lT°e - (T -xo )mc , }  " 

(3 .9)  

Aga in  one  may  average  the 1.h.s. over  a range o f  xo where  exci ted state correct ions  are 

negl ig ible .  To find the proper  range for the ratio f l  ( x o ) / f p  (Xo),  we literally repeat  the 

3The leading correction terms to Eq. (3.8) are suppressed by factors m~/d and m~/mG compared to 
Eq. (3.7). However, we did not enlarge the interval in this case, since m~, is not very small in comparison to 
the other masses. 
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s y m b o l s  is a s  in F ig .  4.  

analysis performed before for meff. As shown in Fig. 4 the corrections of order e -x°a 

are of the same order as before. They originate predominantly from the denominator, 
since the PCAC relation predicts 

r/P r = A + m~r/~ " (3.10) 
m~ 

This enhancement factor compensates for the missing factor A//m~ compared to (3.7), 

and a similar value of train has to be chosen (see Table 1). Results for -" ~bare/,-b~e II~TTF77" /~JW 

are included in Table 2. 

3.5. The vector channel 

In analogy to the pseudoscalar case, the analysis of the correlation function k~ requires 
information about the gap in the vector channel. The effective masses are plotted in 
Fig. 5. Here, the estimate for A has been obtained by tuning its value until a roughly 

linear behaviour was observed. Thus, unlike the case of the pseudoscalar, the gap is not 
known independently through a separately determined correlation function. However, 

from additional runs performed on a larger volume, we know that the contribution from 

excited states has approximately the same magnitude for L = 2.2 fm, which adds further 

credibility to the analysis of the gaps presented here. 
Our statistical errors are too large to observe a significant signal for the glueball 

contribution at large x0. The value of tmax was therefore determined by requiring that 
the maximally allowed glueball amplitude be contained within the statistical errors in 
the range of x0 corresponding to e x p ( - ( T  - XO)mG) <~ 0.002. As before, our results 
for mp obtained using the averaging procedure were consistent with single exponential 
fits to k{~. All parameters and numerical results are listed in the tables. 

The comparison of our estimates for mp to results employing standard methods in 
Table 3 shows that our numbers are slightly lower, although the difference is mostly not 
statistically significant. In view of the many checks of our analysis, we are confident 
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Table 3 
Vector meson masses 

K amp Ref. 14l Ref. 151 Ref. 18l 

6.0 0.1338 0.508(3) 
0.1342 0.480(4) 0.487(3) 

6.2 0.1349 0.359(3) 0.363(4) 0.363(8) 
0.1352 0.335(4) 0.343(5) 0.353(15) 0.335(12) 

that the vector mass has been extracted correctly. It is well known that in general the 

determinat ion of  the mass in the vector channel is not easy, so that differences at the 

level of  around 1.5 standard deviations are not too surprising. 

4. Numerical efficiency 

We can now assess the numerical efficiency of  our method in relation to results 

obtained using conventional techniques. Comparing the errors in Tables 2 and 3, one 

has to take into account that the statistics for the simulation in [4] is approximately 

the same as ours, whereas in Refs. [5] and [8] the number of  "measurements" is 

smaller by roughly a factor 8. I f  one compensates for trivial statistical factors, the tables 

demonstrate that correlation functions computed in the Schr6dinger functional allow for 

the determination of  hadron masses with similar precision compared to conventional 

methods. This is also the case for ratios of  correlation functions like f IA(XO)/ fp(Xo) ,  

which serves to extract the combination "" tTbare/f, bare [40,9].  ffL~F~. /1,-171. 

Another  relevant issue for the overall precision is the tolerated maximum contamina- 

tion by excited states, e. In order to avoid the total error to be noticeably affected by 

systematic effects, the averaging or fitting intervals must be chosen such that the statis- 

tical error is still significantly larger than e. It then turns out that in our approach one 

can use very small values for e without compromising the statistical accuracy. This is 

illustrated by a direct comparison to the results of Ref. [8] in the pseudoscalar  channel. 

From the formulas in Appendix  A we have 

• = jC 2 e Jrm"', ( 4 . 1 )  

for the analysis of  [ 8].  Inserting our estimates for zl and XP obtained from fits described 

in Appendix  A and the value of  tmi, used in [8] ,  one obtains • ,~ 0.6% in the 

pseudoscalar  channel for Ref. [8] .  Thus, in our simulation both the statistical error and 

the residual contamination by excited states is smaller by about a factor three. 

The overall errors of  the observables discussed above are similar to the ones achiev- 

able with standard methods,  but perhaps - as we just  argued - the Schr6dinger functional 

correlation functions give somewhat more precise results. In addition the Schr6dinger 

functional enables one to compute the pseudoscalar decay constant with much better pre- 

cision compared to what is usually achieved with conventional correlation functions. The 
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reason for this is not entirely clear, but it may be because F b ~  defined in Eq. (3.8) is 
obtained from a straight ratio of correlation functions times a function involving m~ only. 

5. Discussion 

In this paper we have shown how correlation functions with Schr6dinger functional 

boundary conditions can be used to compute hadronic quantities like meson masses and 

matrix elements with high precision. An integral part of our analysis was the detailed 

investigation of the influence of excited states: in the pseudoscalar channel we have used 
independent information about the gap d and the lightest glueball mass to select the 
appropriate averaging intervals. 

As explained in Section 2, correlation functions with Schr6dinger functional boundary 

conditions decay slowly, resulting in accurate results for masses and matrix elements. 
In particular, we have seen that our method produces very precise results for the pion 
decay constant. One may expect that a similarly good efficiency applies to pseudoscalar- 

to-pseudoscalar matrix elements such as BK. Such applications should be investigated 
in the future. 

A separate issue is the generalization of our method to incorporate different channels. 

In particular one might be interested which hadrons are accessible from the quark Greens 

functions already computed in our present work. For all quantum numbers which can be 
reached by combining upper component p = 0 quark fields and lower component p = 0 
anti-quark fields, hadron correlation functions can be constructed from the known quark 
Greens functions without additional "matrix inversions". An interesting example is a 
nucleon correlation function. We had not considered it in our present work: our spatial 
sizes are probably not big enough to accommodate nucleon states without significant 

finite size effects. On the other hand, an efficient treatment of states like the scalar meson 

would require boundary quark-antiquark fields in a relative P-wave. This represents a 

new numerical problem, which merits a separate investigation. 

All our detailed investigations have been done for L ~ 1.5 fm. How does the size 

of excited state corrections depend on L? For smaller L, we expect the dominance 
by the ground state to be similar or even better. For significantly larger L, however, 

our correlation functions might receive bigger contributions from excited states and the 
efficiency might deteriorate. We have investigated also L ~ 2.2fm (keeping T fixed) 
for two different pairs of (fl, K). The magnitude of excited state corrections is hardly 
different from our results on the smaller system. So the location of the window of x0, 
which allows for an extraction of physical masses and matrix elements, is independent 
of L between 1.5fm ~< L <~ 2.2fm. Even larger values of L can not be reached 
with our computing resources but are also not necessary for the quantities studied 
here. 

Further improvements of the method are possible. So far we have used only the 
simplest implementation of composite boundary fields in the calculation of f l ,  fIA and 
klv . More refined choices of sources involving the boundary fields, such as tuned hadron 
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wavefunctions, can surely be made, whilst preserving gauge invariance at all stages of 

the calculation. This might further enhance the efficiency of the method. 
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Appendix A. Determination of A 

Here we describe the determination of the gap A in the pseudoscalar channel using 

correlation functions with periodic boundary conditions in all four space-time directions. 
The quark propagators were made available by the Tor Vergata group, and more details 

about the simulation can be found in [ 5 ]. Here we only state that d has been determined 
at /3 = 6.2 on a lattice of size 243 x 48, with the O(a)  improved action. In order to 

distinguish the correlation function computed using periodic boundary conditions from 
those defined within the Schr6dinger functional, we use the letter 'C ' ,  defining 

Cpp (X0) = a 3 Z ( P ( x ) P t  (0)) ,  (A. 1 ) 
x 

CAp(X0) = a  3 ~((Ai)o(x)Pt(O)}, (1 .2)  
x 

CAA (X0) = a 3 Z((Ai)0(x)(A~)0(0)), (A.3) 
x 

with P(x) and (Ai)o(x) as given in Eqs. (2.6) and (3.1). Furthermore, we here use 

Pt(x) = -~u(X)ys~pa(x) ,  and similarly for A~. The spectral decomposition of the 
correlation functions in terms of the two lowest intermediate states is 

Cxx(Xo)~(~(e -x°m~ × { l + x ~ e - X ° ' a } ,  X = A , P ,  (A.4) 

CAp(X0)  ~ ~:A(P e -x°m'~ X { 1 + /l(AXp e-X°a}, (A.5) 

when terms proportional to e x p ( - m , ~ ( T - x 0 )  ) and e x p ( - m c ( T - x o )  ) can be neglected. 
We now consider the ratio 

Cpp ( X 0 ) CAA ( X0 ) 
RAp (xo) = , (A.6) 

[ CAp (X0) ] 2 

which - in the same approximation - is given by 
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RAp(x0) -- 1 ~ (XP - X A )  2e-ax°. (A.7) 

As in Eq. (3.10),  XP and XA are related by the PCAC relation, 

A + m~r 
XP - - - X A ,  (A.8) 

m~r 

and hence 

By fitting (RAp (X 0)  - -  1 ) to the above functional form in the appropriate range of  xo, 
one can extract the gap A. A typical fit is shown in Fig. A. 1 from which we obtain the 
result quoted in the text, 

roA ~ 3.2.  (A.10) 

It turns out that A depends very little on the bare quark mass, so that this result is used 
in the analysis of  correlation functions in Section 3 at all values of  the quark mass. 
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Abstract

We determine the renormalization group invariant quark mass corresponding to the sum of the
strange and the average light quark mass in the quenched approximation of QCD, using as

ˆŽ .essential input the mass of the K-mesons. In the continuum limit we find M qM rF ss K
Ž .0.874 29 , which includes systematic errors. Translating this non-perturbative result into the

running quark masses in the MS scheme at ms2 GeV and using the quark mass ratios from
Ž . Ž .chiral perturbation theory, we obtain m 2 GeV s97 4 MeV. With the help of recent results bys

the CP-PACS Collaboration, we estimate that a 10% higher value would be obtained if one
replaced F by the nucleon mass to set the scale. This is a typical ambiguity in the quenchedK

approximation. q 2000 Elsevier Science B.V. All rights reserved.

PACS: 11.15.Ha; 12.38.Gc; 12.39.Fe
Keywords: Quark masses; Lattice gauge theory; Chiral perturbation theory; Non-perturbative renormalization;
Quantum chromodynamics; Monte Carlo

1. Introduction

Quark masses are fundamental parameters of the standard model, which have to be
w xdetermined from experimental observations confronted with theoretical predictions 1 .

1 PPARC Advanced Fellow.

0550-3213r00r$ - see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž .PII: S0550-3213 99 00714-2



( )J. Garden et al.rNuclear Physics B 571 2000 237–256238

At present the most precise theoretical predictions which allow for the determination of
w xratios of the three light quark masses are based on chiral perturbation theory 2 . A

w xdetailed analysis yielded 3

ˆM rM s0.55"0.04 , M rMs24.4"1.5 1.1Ž .u d s

with

1M̂s M qM . 1.2Ž . Ž .u d2

Unlike these ratios, the overall magnitude of the quark masses is not accessible to chiral
perturbation theory combined with experimental data alone. One should therefore
determine a particular linear combination of quark masses by comparing lattice QCD

w x w xpredictions 4–19 or QCD sum rules 20–31 to experiments.
In this work we use the masses of the K-mesons and a computation in the quenched

ˆ Ž .approximation to QCD to determine M qM. Our analysis employs the O a improveds
w xlattice theory, the quark mass is renormalized completely non-perturbatively 32 and the

Ž 2 .continuum limit is taken with a rate proportional to a . Hence, with respect to the last
two points, it improves on many previous calculations.

In general quark masses are scale- and scheme dependent quantities. It is therefore
desirable to compute the renormalization group inÕariant quark masses, which – being
both scale- and scheme-independent – are naturally taken as fundamental parameters of
QCD. We recall that they are defined in terms of the high energy behaviour of the

Ž .running masses m m :

yd r2 b0 02M ' lim 2b g m m m , 1.3Ž . Ž . Ž .Ž .½ 5i 0 i
m™`

2 2b s11r 4p , d s8r 4p . 1.4Ž . Ž . Ž .0 0

On the other hand, the renormalization group invariant masses M are related to the barei

current quark masses m byi

M sZ m 1.5Ž .i M i

Ž .with a flavour independent renormalization factor Z which was recently computed byM
w xthe ALPHA Collaboration 32,33 . This non-perturbative result is the basis of our

present calculation.2 The renormalization problem and its solution were discussed in
w xdetail in Refs. 32,33 . The current quark masses themselves, are defined through the

PCAC relation

E A x s m qm P x , 1.6Ž . Ž . Ž . Ž .m m i j

2 w xSince the bare mass is involved, Z depends on the regularization. The complete calculation of 32 wasM
Ž .done in O a improved quenched lattice QCD, which we use here as well.
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in terms of the axial current

A x sc x g g c x , 1.7Ž . Ž . Ž . Ž .m i m 5 j

and the pseudoscalar density

P x sc x g c x . 1.8Ž . Ž . Ž . Ž .i 5 j

Applied to the vacuum-to-K matrix elements it reads

FK 2ˆM qMsZ m qm sZ m , 1.9Ž .Ž .ˆs M s M KGK

where F is the K-meson decay constant, and G denotes the vacuum-to-K matrixK K
3 Ž .element of the pseudoscalar density. Eq. 1.9 is the fundamental relation which we

FKshall exploit in this work. It is used in the following way: we compute Z andM
GK

multiply with the experimental squared mass,

212 2 2
q 0m s m qm s 495 MeV , 1.10Ž . Ž .Ž .K K K2 QCD

ˆto obtain M qM. By the subscript ‘‘QCD’’ we indicate that we have used the massess

in pure QCD with electromagnetic interactions switched off, since obviously the lattice
QCD result is valid for a world where a s0. In practice this is achieved byem

subtracting an estimate of the electromagnetic effects from the experimental numbers.
Ž . w xThe numerical estimate in Eq. 1.10 was obtained from Dashen’s theorem 34 being

2 w xwell aware that the accuracy of this estimate may be only around 0.5% in m 35–39 .K
FKThe combination carries the dimension of an inverse mass. Therefore it is
GK

necessary to choose another dimensionful observable to form a dimensionless ratio
Ž . w xwhich has a continuum limit this is often called ‘‘setting the scale’’ . Choosing r 400

or F for this second observable and extrapolating to the continuum limit yields theK

results quoted in the abstract.
In the following we shall first explain our strategy to deal with some technical

difficulties in the computation of F rG . Since our strategy involves replacing F rGK K K K

by the ratio F rG for mass-degenerate mesons, we discuss in Section 3 thePS PS

dependence of various observables on the difference of quark masses m ym . Ini j

Section 4 we show that finite size effects are negligibly small in our calculation. The
main result for the quark mass is presented in Section 5, where, among other issues, the
extrapolations to the continuum are discussed. We then proceed to estimate the
ambiguity which originates from the fact that the quenched approximation can not be
expected to describe the real world properly. As a byproduct, we present the calculation
of the kaon decay constant and masses in the vector channel in the continuum limit. We
finish with a discussion of our results and some comments on how the method may be
extended to determine coefficients of the chiral Lagrangian.

3 Our convention is that F ,G denote the matrix elements of the bare operators. Renormalization factorsK K
Ž .are written explicitly. For the O a improved lattice theory they can be found in Appendix A.
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2. Strategy

2.1. Chiral perturbation theory

Let us first recall what chiral perturbation theory can predict concerning the quark
w xmasses 2,3,41,42 . Chiral perturbation theory is based on nothing but the very general

ˆassumption that chiral symmetry is broken spontaneously in the limit MsM ™0. Thiss

allows for a quantitative description of the pseudoscalar sector in terms of a low-energy
effective Lagrangian, where quark masses appear as ‘‘kinematical variables’’ just like
the energy in scattering processes. The parameters in the chiral Lagrangian are indepen-
dent of the quark masses. At order p4, most of the parameters have been determined by

Ž w x .comparison to experimental data see e.g. Ref. 43 for numerical values . However, the
Žcoefficient of the chiral symmetry breaking quark mass term in the Lagrangian denoted

w x.by B in 42 , cannot be determined from experimental data alone. It can only be fixed
when one particular quark mass is known. Since all parameters are independent of the
quark masses, this may be done at a convenient reference point. It is important to realize
that this reference point does not have to correspond to a physical quark mass. The
procedure can then be extended to determine other parameters in the chiral Lagrangian
more precisely, once additional observables are known for suitable quark masses and
with sufficient accuracy. All of this can potentially be achieved by lattice QCD

Ž .calculations and can improve predictions such as Eq. 1.1 . Also the justification for the
truncation of chiral perturbation theory can and should, of course, be checked.

A particularly convenient way of applying this idea in practice is as follows. We
introduce the ratio

FPS
R m ,m s , 2.1Ž . Ž .i j GPS

such that

m qm sR m ,m m2 m ,m . 2.2Ž . Ž . Ž .i j i j PS i j

Defining a reference quark mass

m m ,m sm , 2.3Ž . Ž .PS ref ref K

with the kaon mass already discussed in the introduction, the ratio R for the physical
quark masses may be written as

R m ,m sT x , x R m ,m , x sm rm 2.4Ž . Ž . Ž . Ž .i j i j ref ref i i ref

Ž .with a function T x , x which can be computed in chiral perturbation theory. Ini j
w xparticular, using 41,43 one finds

T m rm ,mrm f1 and thus 2m fm qm . 2.5Ž .Ž .ˆ ˆs ref ref ref s

The corrections to the above equation are small, but the overall uncertainties associated
with this statement require a detailed investigation of the phenomenology. The reason is
that the errors of the parameters in the chiral Lagrangian are correlated, which makes it

Ž .non-trivial to estimate uncertainties. Nevertheless we expect Eq. 2.5 to be correct to
within about 10%.
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In Section 3 we shall follow a complementary approach, by investigating pseu-
doscalar meson observables as a function of the average quark mass and the difference
of the quark masses. We find that the dependence on the latter variable is rather small. It

Ž .then follows trivially from our definition of T that Eq. 2.5 is valid rather precisely.
Before turning to that investigation let us briefly explain why our strategy is

advantageous. The reasons for quenched QCD and full QCD are somewhat different but
related, having both to do with the difficulties of extrapolations to the region of small
quark masses which is at present inaccessible to direct Monte Carlo calculations.

2.2. Quenched approximation and full QCD

Ž .The lattice calculations presented in this paper have been performed in the O a
w x w ximproved theory 44 with non-perturbative improvement coefficients 45 and mass-re-

w x Ž .normalization factor, Z 32 . Details pertaining to, for instance, O a correction termsM

in the currents can be found in the appendix.
To motivate our strategy let us first review the straightforward approach for comput-

ing light quark masses. First one assumes isospin symmetry of the ratios R, i.e. effects
Ž .of O m ym are neglected, which is well justified given the smallness of this massu d

difference. Then one chooses an overall scale, say the hadronic radius r , and deter-0

mines the bare light quark mass and strange quark mass such that r m and r m agree0 p 0 K

with the experimental numbers. Except for the bare coupling, all parameters in the QCD
Ž . Ž .Lagrangian are then fixed and the current quark masses are given by Eqs. 2.1 , 2.2 ,

with

² < < : ² < < :0 A 0 K p s ip F , 0 P 0 K p sG . 2.6Ž . Ž . Ž . Ž . Ž .m m K K

< Ž .:Here K p denotes a pseudoscalar state with momentum p, standard infinite volume
normalization and the proper flavour quantum numbers. After renormalization the quark
masses can be extrapolated to the continuum.

While this approach will ultimately be a clean and straightforward way to determine
the quark masses, it poses two problems in the quenched approximation.

– The quenched approximation is expected to be misleading for very light quark
masses such as m. A particular indication of the failure of the quenchedˆ
approximation in this regime is the presence of logarithmic terms in chiral

w xperturbation theory which have no counterpart in the full theory 46–50 .
– With our fermion action and lattice spacings, we cannot perform calculations for

quark masses which are below approximately half of the strange quark mass. For
smaller masses, the Dirac operator has unphysical zero-modes on a certain

Žfraction of configurations contributing to the path integral ‘‘exceptional configu-
. w xration’’ 45,51 .

The second problem is of a more technical nature. It can in principle be circumvented
by choosing a suitable action, but then also Z has to be recomputed. However, the firstM

point must be taken seriously, since we want to obtain results which are not misleading
with respect to the real theory of interest, full QCD.

It is furthermore advantageous to use the same strategy in full QCD. The reason is
that it is very likely that for some time to come, lattice simulations will only reach down
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Ž .to quark masses somewhere around msm fm r2 . The most precise way toref s

extrapolate further is then given by chiral perturbation theory as discussed above.

3. Non-degenerate quarks

In this section we investigate quantitatively how the pseudoscalar mass and decay
constant depend on the difference of the two quark masses in quenched QCD. Apart
from some consistency checks which were performed with the data of the ALPHA
Collaboration, the numerical results presented here were obtained during the course of

w x Ž .the UKQCD simulations 52 using the O a improved action.
We consider the observables of interest as a function of the average current quark

m q mi jmass ms and the parameter y defined by
2

2 2 2ys x yx s m ym rm , 3.1Ž . Ž . Ž .i j i j ref

with m as determined later in Section 5. In particular, we want to show that theref

functions

2H m , y sm and H m , y sF 1qb am 3.2Ž . Ž . Ž .M PS F PS A q

have little dependence on y. In other words, the ratios

Q m , y sH m , y rH m ,0 , 3.3Ž . Ž . Ž . Ž .M M M

Q m , y sH m , y rH m ,0 3.4Ž . Ž . Ž . Ž .F F F

are close to unity. Note that the two functions Q and T are equivalent at the specialM
1 1Ž . Ž .' 'point msm , since Q m , y s1rT 1q y ,1y y . In order to investigateref M ref 2 2

the y-dependence numerically, we start from the results for am and aF of UKQCDPS PS

Table1
Ž .Results for masses and unrenormalized ratios of matrix elements in all simulation points

b k am am am aF F aGPS V PS PS PS

Ž . Ž . Ž . Ž . Ž .6.0 0.1335 0.0466 1 0.3884 10 0.5289 26 0.0969 4 0.5997 31
Ž . Ž . Ž . Ž . Ž .0.1338 0.03856 6 0.3529 11 0.5077 31 0.0943 4 0.6022 34
Ž . Ž . Ž . Ž . Ž .0.1340 0.03311 7 0.3275 11 0.4938 36 0.0924 4 0.6015 39
Ž . Ž . Ž . Ž . Ž .0.1342 0.02759 8 0.3001 12 0.4804 44 0.0905 4 0.5978 45
Ž . Ž . Ž . Ž . Ž .6.1 0.1342 0.04161 3 0.3306 5 0.4542 17 0.0870 3 0.7454 22
Ž . Ž . Ž . Ž . Ž .0.1345 0.03305 3 0.2947 5 0.4328 23 0.0841 3 0.7476 26
Ž . Ž . Ž . Ž . Ž .0.1347 0.02734 3 0.2687 6 0.4188 28 0.0820 3 0.7458 30
Ž . Ž . Ž . Ž . Ž .0.1349 0.02160 4 0.2399 7 0.4056 39 0.0799 3 0.7405 37
Ž . Ž . Ž . Ž . Ž .6.2 0.1347 0.03241 3 0.2683 5 0.3748 21 0.0743 3 0.8887 33
Ž . Ž . Ž . Ž . Ž .0.1349 0.02661 3 0.2430 6 0.3588 26 0.0721 3 0.8908 38
Ž . Ž . Ž . Ž . Ž .0.13515 0.01934 3 0.2080 6 0.3388 39 0.0693 3 0.8857 48
Ž . Ž . Ž . Ž . Ž .0.1352 0.01788 3 0.2004 6 0.3348 43 0.0687 3 0.8830 51
Ž . Ž . Ž . Ž . Ž .6.45 0.13485 0.02477 2 0.1975 8 0.2749 25 0.0533 5 1.261 10
Ž . Ž . Ž . Ž . Ž .0.1351 0.01734 2 0.1650 9 0.2558 37 0.0503 4 1.265 14
Ž . Ž . Ž . Ž . Ž .0.1352 0.01439 2 0.1505 9 0.2480 46 0.0490 4 1.261 16
Ž . Ž . Ž . Ž . Ž .0.1353 0.01142 2 0.1347 10 0.2398 59 0.0477 4 1.250 19
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Ž .Fig. 1. The functions Q m, y . Q denotes the case of pseudoscalar masses and Q their decay constants. TheM F

average of m and m is between f1.4 m and f2.4 m .i j ref ref

w x52 for three values of the quark masses at each of the two bare couplings bs6.0,6.2.
Three combinations with m /m are then available for each of the two correspondingj i

lattice spacings, 0.09 fm and 0.07 fm. The only numerical difficulty in examining the
Ž .ratios Q is that the denominators H m,0 are in general not available directly. TheyX X

may, however, be replaced by an interpolation

H m ,0 shM mqhM m2 qhM m3 , 3.5Ž . Ž .M 1 2 3

H m ,0 shF qhFmqhF m2 , 3.6Ž . Ž .F 0 1 2

with h X determined from the observables computed for the three available degeneratek
Ž .mesons m sm . One has to check that these interpolations are stable. This was testedi j

by taking different subsets of three mass points of the data in Table 1, extracting h X andk
Ž .comparing the resulting functions H m,0 . Deviations between these different interpo-X

lations were found to be negligible compared to the statistical precision of the ratios Q
themselves.

Before discussing the results, let us mention one technical point in the numerical
analysis. For convenience, the above procedure was carried out using the subtracted,

Ž .improved bare quark masses, m sm 1qb am , m sm ym , instead of the˜ q q m q q 0 c

current quark masses themselves.4 For the question addressed in this section, this makes
Ž 2 .no difference because msZ m holds up to the usual O a errors, with some˜m q

mass-independent renormalization factor Z .m

In Fig. 1 we show our numerical results.5 They show that Q has a dependence on yM

which is below the level of a percent, and Q is seen to be independent of y to withinF

our statistical precision of around 0.3%. It should be kept in mind that Fig. 1 tests the
y-dependence for mrm s1.4–2.4, while later we shall be interested in kaon physics,ref

Ž .where mrm f1. It remains a plausible! hypothesis that Q are close to unity alsoref X

for this lower value of m. Nevertheless, our investigation quantifies the smallness of
Ž .y-effects for the first time and suggests that the correction terms in Eq. 2.5 are

4 w x 2Flavour indices are suppressed, here, and we use 53 b sy1r2y0.0962 g .m 0
5 Ž .The numerical values for m were taken from the analysis described in Section 5.˜ q ref
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negligible.6 Based on this analysis we shall not distinguish between 2m and m qm̂ref s

from now on.

4. Finite size effects

Our numerical results, which are listed in Table 1, have been obtained for approxi-
mately constant physical volume, T=L3, where Ts2 L and Lf3r s1.5fm. We used0

w xexactly the numerical methods described in 55 , and in particular systematic errors due
to excited state contributions were checked to be small compared to the statistical errors.
Further details about the simulation are described in the appendix. Since the precision of
the results is quite good one has to investigate whether they may be affected by the
finite size of the system at the level of their statistical accuracy. The most relevant

Ž . 2observable for the determination of the quark masses is the ratio Rs m qm rm .i j PS
w xSince m is defined through the PCAC relation, it is independent of the volume 44i

Ž 2 .apart from small lattice artefacts of order a . We are therefore predominantly
interested in the volume dependence of the pseudoscalar masses but will also consider
the decay constant F .PS

In the pseudoscalar sector the leading finite size effects can be reliably calculated in
chiral perturbation theory. The reason is that for vanishing quark masses the pseu-
doscalar mesons are Goldstone bosons. Their interactions become weak for small
energies and these are responsible for the leading finite size effects for large but finite
volumes.

Gasser and Leutwyler have reported results for the two-point function of the axial
Ž . Ž . w xcurrent at space-like separations in Eqs. 25 and 26 of Ref. 56 . These expressions

hold at finite temperature and in finite volume. They are easily adapted to the situation
3 Žwhich is of interest here, namely the pseudoscalar mass on an L -torus temperature

. Ž . Ž .zero m L , and the corresponding decay constant F L . The resulting formulae arePS PS

2m L 1 mŽ .PS PS 'y 2 zy1s g z qO e , zsm L 4.1Ž . Ž .Ž . PS2m ` N FŽ .PS f PS

2F L mŽ .PS PS 'y 2 zy1syN g z qO e , 4.2Ž . Ž .Ž .f 2F ` FŽ .PS PS

`3 d x 32yz xy1rŽ4 x .g z s e s K z , 4.3Ž . Ž . Ž .H 12 2 2 28p z x 2p z0

Ž .where K z denotes a modified Bessel function. Here a comment is in order. This is a1

result of the first non-trivial order in chiral perturbation theory in full QCD. A priori one
cannot expect it to be accurate if the pseudoscalar meson masses are too large. On the
other hand, one knows that the finite size effects discussed here are of order eyz , as long

w xas the pseudoscalar is the lightest particle in the theory 57,58 . It is plausible that the

6 w xFrom earlier results of Ref. 54 it was already possible to infer that – for light quark masses – Q doesF

not depend on y beyond a level of 5%. Our investigation now excludes y-effects which are 10 times smaller.
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prefactor of the exponential is not dramatically different for heavier pseudoscalar
mesons. We may therefore take the above equations as a reasonable estimate of finite
size effects. Being interested in the order of magnitude of these effects, we also do not
worry about the difference of the quenched approximation and full QCD.

Ž .In our numerical calculations see Tables 1 and 4 , we are in the range zsm L04.3PS
Ž . Ž .and consequently Eqs. 4.1 – 4.2 predict corrections which are below the level of 0.5%

for F and 0.1% for m . In order to check this estimate, we have done somePS PS

calculations on lattices which are larger than our standard Lf1.5 fm. Entirely
consistent with the above formulae, we found no significant changes in F ,m , forPS PS

instance

m 24aŽ .PS
bs6.2 , am s0.208 : y1s0.003 4 f0.0009 , 4.4Ž . Ž . Ž .PS m 32 aŽ .PS

F 24aŽ .PS
y1sy0.003 8 fy0.003 , 4.5Ž . Ž . Ž .

F 32 aŽ .PS

where the numbers in parentheses are the estimates from the above equations with
N s2.f

We conclude that even with the numerical precision of Table 1, finite size effects are
negligible for the quark masses considered. Of course, as described by the above
formulae, finite size effects grow rapidly when the pseudoscalar mass becomes smaller
and larger volumes would be necessary for quark masses which are significantly smaller
than the ones we used.

5. Degenerate quarks, continuum limit

ˆŽ .We can now proceed to compute the desired quantity r M qM . The first step is to0 s

evaluate R for degenerate quarks as a function of r 2 m2 . Relegating all details of the0 PS

exact numerical procedure, such as the definition of m and the different improvementq

coefficients, to the appendix we directly show the mass dependence of R in Fig. 2a. It is
Ž 2 2 .apparent that R is almost constant as a function of the quark mass or r m . It is0 PS

therefore easy to extrapolate to the desired point r 2 m2 sr 2 m2 s1.5736, slightly0 PS 0 K

outside of the range where we have numerical results. The extrapolation is performed
linearly in r 2 m2 , using the three closest data points. Simply taking for instance the0 PS

closest data point or an average of all of them would change the final result for the
quark mass by a negligible amount.

The second step is now to form the combination

< 2 2R r m s1.57360 PSˆr M qM sZ =1.5736 5.1Ž .Ž .0 s M r0

w x w xcollecting all errors, including the ones on r 59 and the b-dependent one of Z 32 .0 M

We then extrapolate to the continuum limit linearly in a2. As seen in Fig. 3a, the
dependence on the lattice spacing is significant – in contrast to the quark mass on

w xsmaller volume 60 . As a safeguard against higher order terms in the lattice spacing, we
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Fig. 2. Mass dependence and extrapolations for the two smallest values of the lattice spacing. The ratio R is
Ž .defined in Eq. A.6 .

therefore include only the three points with smallest lattice spacing in the extrapolation
and obtain our main result

ˆr M qM s0.362 12 . 5.2Ž . Ž .Ž .0 s

w xThis result contains the b-independent part of the uncertainty in Z of 1.3% 32 . AtM

this point one may be concerned about the validity of an a2-extrapolation, since b ybA P

Fig. 3. Continuum limit extrapolations of several observables. Full symbols show the extrapolated values.
Dashed lines represent the extrapolation function, which are continued outside the fit range towards larger
lattice spacings.
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is mostly known only in perturbation theory. However, this combination is found to be
w xtiny at the one-loop level 53 and turns out to be rather small also non-perturbatively

w x62,63 . We have checked explicitly that such small values of b yb do not affect ourA P

continuum extrapolation.
Ž .In the whole procedure one may replace R, defined in Eq. 2.2 , by the ratio of the

current quark mass and the pseudoscalar mass squared. One then ends up with slightly
different lattice spacing effects and somewhat different statistical errors. We have
performed also that analysis, using the current quark mass averaged over a range of
timeslices around the central one in our lattice. The results differ by up to 2% from the
ones presented above for finite lattice spacings but are indistinguishable after the
continuum extrapolation.

Instead of the quark mass in units of r , we may also compute the combination0
ˆŽ . Ž . Ž .M qM r F , where F is the kaon decay constant. As its experimental values K R K R
Ž . Ž .we take F s160 2 MeV. We note that electromagnetic effects cannot be subtractedK R

Ž . 0in analogy to Eq. 1.10 , chiefly because F is not known experimentally. WeK

emphasize that this is truly an alternative procedure which amounts to computing the
combination

ˆM qM M 1s
s =1.5736 , 5.3Ž .2F m Z r G 1qb amŽ . 2 2K P 0 PS P qR r m s1.57360 PS

where the ratio Mrm and the renormalization constant Z have to be taken at aP
Ž . w xcommon scale for which we resort to the value ms1r 1.436r chosen in 32 .0

Discretization effects are clearly expected to be different in this case: they are known to
Ž . w xbe non-negligible in the product r F 64 . A non-perturbative estimate being0 PS R

2 w xunavailable at present, we have to rely on the perturbative value b s1q0.153 g 53 .P 0

Extrapolations in r 2 m2 and the continuum extrapolations are shown in Fig. 2b and Fig.0 PS
� w x43b. Concerning the former, the mass-dependence of 1r G 1qb am is strongerPS P q

than the mass dependence of R, but within our errors it is perfectly linear and the
extrapolation is easily done. In comparison to the quark mass in units of r , we find0

discretization errors which are roughly only half as big.
In order to confirm that it is legitimate to perform an extrapolation linear in a2, even

though the improvement coefficient b is known only perturbatively, we have repeatedP

the whole analysis after setting b to its tree-level value b s1. Results after extrapola-P P

tion changed by much less than a percent. Our final continuum result is

ˆM qMs
s0.874 29 . 5.4Ž . Ž .

FŽ .K R

w xFor illustration we may translate to physical units, setting r s0.5 fm 59 and0
Ž . Ž .F s160 2 MeV. We thus obtainK R

ˆ2 M sM qMs143 5 MeV from Eq. 5.2 , 5.5Ž . Ž . Ž .ref s

ˆ2 M sM qMs140 5 MeV from Eq. 5.4 . 5.6Ž . Ž . Ž .ref s

As will be discussed in more detail below, this assignment of physical units is
ambiguous in the quenched approximation. One should be well aware that the solid

Ž . Ž .results are given in Eq. 5.2 and Eq. 5.4 .
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Table2
2 2 Ž .Extra-rinterpolations in r m and resulting continuum limits CL including all errors0 PS

R2 2 ˆ Ž .r m b Z M q M F r F m r F mŽ . Ž .0 PS M s PS 0 PS R V 0 PS Vr R R0

Ž . Ž . Ž . Ž . Ž .1.5736 6.0 0.1939 30 0.810 11 0.3746 45 2.428 32 0.1543 26
Ž . Ž . Ž . Ž . Ž .6.1 0.2077 28 0.824 10 0.3952 47 2.457 32 0.1609 26
Ž . Ž . Ž . Ž . Ž .6.2 0.2160 30 0.843 11 0.4020 48 2.361 40 0.1701 32
Ž . Ž . Ž . Ž . Ž .6.45 0.2205 46 0.851 19 0.4070 60 2.441 71 0.1667 52
Ž . Ž . Ž . Ž . Ž .CL 0.2300 69 0.874 27 0.4146 94 2.386 66 0.1761 75
Ž . Ž . Ž . Ž . Ž .3.0 6.0 0.1966 26 1.450 17 0.4063 47 2.637 22 0.1541 20
Ž . Ž . Ž . Ž . Ž .6.1 0.2104 26 1.471 17 0.4288 49 2.666 20 0.1609 20
Ž . Ž . Ž . Ž . Ž .6.2 0.2181 28 1.501 18 0.4363 51 2.606 25 0.1675 23
Ž . Ž . Ž . Ž . Ž .6.45 0.2236 37 1.518 28 0.4421 62 2.677 42 0.1652 32
Ž . Ž . Ž . Ž . Ž .CL 0.2324 57 1.553 42 0.4507 99 2.645 41 0.1709 49

For future reference we list various dimensionless quantities both for r 2 m2 s1.57360 PS

and for r 2 m2 s3 in Table 2. Our results before and after the continuum extrapolation0 PS

can be found in that table.

6. Ambiguities in the quenched approximation

In Section 5 we have mainly used r as our reference scale. However, in general one0

expects that by choosing different experimental inputs one will also get somewhat
different results when working in the quenched approximation. Here we would like to

ˆquantify this ambiguity for our determination of M qM.s
Ž .A first estimate is obtained by computing the combination r F , using our results0 K R

for the pseudoscalar decay constant including the non-perturbative renormalization
factor Z , and comparing it to its experimental value. Of course, on the basis of theA

ˆ Ž . Ž .results for M qM presented in Eqs. 5.5 and 5.6 one may not expect any significants

deviation. However, the following detailed analysis may still be instructive, in particular
Ž .since it yields r F in the quenched approximation.0 K R

Ž .The procedure to extract r F is entirely analogous to what was done in the0 K R
2 2 Ž .previous section. The extrapolations in r m for mass-degenerate quarks and the0 PS

continuum extrapolations are shown in Fig. 4a and Fig. 3c, respectively. In the
continuum limit we find

quenched: r Z F 1qb am s0.415 9 6.1Ž . Ž .� 4 2 20 A PS A q r m s1.57360 PS

compared to

experiment: 0.5 fm= F s0.405 5 6.2Ž . Ž . Ž .K R

Ž .with the experimental value of F . Clearly the result obtained in the quenchedK R

approximation agrees well with experiment when the approximate value r s0.5 fm is0

employed. However, it would be premature to conclude that the ambiguity is small,
Ž .since the agreement may be special to the case of F .K R
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Fig. 4. Mass dependence of pseudoscalar decay constant and vector meson mass.

Another alternative to set the scale is provided by the nucleon mass, m . ComparedN

with other widely used quantities like m , the nucleon has the advantage of being ar

stable hadron. Although we have not computed m ourselves, we can still use theN
w xprecise published results obtained by the CP-PACS Collaboration 19 and combine

w xthem with the values of r ra reported in 59 . We obtain0

quenched: r m f2.6 6.3Ž .0 N

compared to

experiment: 0.5 fm=m s2.38 , 6.4Ž .N

ˆwhich represents a 10% difference. Of course also the result for M qM in MeV woulds
Ž .change by the same amount if one used m instead of r or F as experimentalN 0 K R

input. This may serve as a rough estimate of the inherent ambiguity in the quenched
model.

In principle one could also use directly the results from recent comparisons of the
w xquenched light hadron spectrum with experiment 19,65 to estimate this ambiguity. In

w xRef. 19 statistically significant deviations of up to 11% are observed when the scale is
set by m , which, as a resonance, has a fairly large width. Since we consider it safer tor

set the scale by the nucleon mass, we have refrained from quoting this number as the
w xtypical uncertainty for the case at hand. However, using the published numbers of 19 , it

is not difficult to estimate the quenched results for the other hadron masses when one
chooses m as input – at least within a precision of 2-3%. Interestingly it then turns outN

that the masses of the stable hadrons agree with experiment to within about 4%. On the
other hand, for unstable hadrons one observes differences which can be as large as their
widths. This may not be too surprising, since resonance effects are not controlled in the
lattice calculation. In short, it is difficult to assess the relevance of the deviations
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observed in the quenched hadron spectrum for our analysis, and thus we stick to our
above estimate of around 10% for the ambiguity in question.

Finally, let us discuss the quark mass dependence of the flavour non-singlet vector
meson masses in more detail. First we note that effects of the differences of quark
masses can be shown to be unimportant in the same way as in Section 3 and we restrict

Ž .our attention to the masses of mass-degenerate mesons m sm . Our aim is to map outi j

the quark mass dependence of m in the continuum limit: we pick certain values ofV

q'mrm sMrM , and for each of these values and for each lattice spacing we thens s

perform an inter-rextrapolation of m as a function of the quark mass to determineV
Ž . Ž Ž ..m msq m . Here, m s1.921 m see Eq. 1.1 is used and m is known from theV s s ref ref

previous section. At fixed value of q we then extrapolate r m to the continuum limit0 V

including our data for all values of the lattice spacing, after observing that the lattice
spacing dependence is very weak.

In Fig. 5, we plot the continuum results as a function of q. They are compared to
m ) , m and m . Since all of these states are resonances, we also indicate their width inK r f

the figure. Additional reservations apply to the inclusion of the f meson in this
comparison. It is a mixture of flavour octet and singlet components, while the lattice
calculation is for a pure octet state with mass-degenerate quarks: the disconnected quark
diagrams occurring in the singlet channel are not accounted for, and mixing with
glueballs is neglected. Although all these effects may be argued to be irrelevant in the
quenched approximation, the experimental value in Fig. 5 does include them and it is
somewhat surprising that our values for m at qs1 come so close to m .V f

If we were to ignore these problems and determined M from the requirement thats

r m at that quark mass agrees with r m , it is evident from Fig. 5 that we would0 V 0 f

obtain a result for M which is compatible with the numbers quoted in the previouss

section. However, the error would be considerably larger. Further continuum results
Ž .

) )such as r m , shown also in Fig. 4b and Fig. 3d, and F rm are listed in Table 20 K K R K

for future reference.
To summarize, we have directly seen ambiguities of about 10% owing to the use of

the quenched approximation. This has to be kept in mind when quark masses in MeV
are quoted. Still we have demonstrated that within the quenched approximation a total

Ž Ž . Ž ..precision of 3% see Eq. 5.2 and Eq. 5.4 can be achieved.

Fig. 5. Quark mass dependence of flavour non-singlet vector meson masses. Experimental masses are shown as
asterisks and their width is indicated by a dotted line.
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7. Discussion

Noting that ratios of light quark masses can at present best be calculated in chiral
perturbation theory, we discussed a strategy to compute the overall scale of the light
quark masses and applied it to the test-case of quenched QCD.

The problem has essentially two parts. First, the renormalization problem should be
solved non-perturbatively. Here we have used the recent solution of the ALPHA

w xcollaboration 32,33 which connects the bare current quark masses to the renormaliza-
tion group invariant ones. Second, one particular quark mass should be computed by
matching with pseudoscalar meson masses. It is not necessary to perform this matching
at physical values of the quark masses, because the parameters in the effective chiral
Lagrangian are mass-independent. For both the quenched approximation and full QCD it

Ž .appears convenient to use two different flavours of quarks with equal mass M suchref

that m is equal to the kaon mass m .PS K

The ratio of M to the physical quark masses can then be computed in chiralref

perturbation theory. In Section 3 we have shown that pseudoscalar masses, m , havePS

Õery little dependence on the difference of the two quark masses in the quenched
ˆapproximation. From this one has 2 M fM qM, which is also true in chiralref s

Ž .perturbation theory in full QCD! .
ˆ ˆŽ .By making the identification 2 M sM qM we have computed M qM r andref s s 0

ˆŽ . Ž . Ž .M qM r F , incorporating all systematic errors such as finite size effects , ands K R

have taken the continuum limit of these quantities. These solid results are given in Eq.
Ž . Ž .5.2 and Eq. 5.4 .

A conversion of the results to physical units is necessarily ambiguous, since
quenched QCD does not describe the real world. Depending on the choice of quantity
somewhat different results in MeV are obtained. It is interesting to note that using either

Ž .r s0.5 fm or F s160 MeV gives indistinguishable results at our level of precision0 K R
ˆof 3%. However, this does not mean that M qM has to be very close to our quencheds

Ž . Žresult also in full QCD. Indeed, we have estimated that replacing F by m or otherK R N
.stable light hadron masses would give quark masses in MeV, which are larger by about

10%.
Ž .Usually the running quark masses in the MS scheme, m m , are quoted. TheirMS

relation to the renormalization group invariant quark masses, which we computed here,
w xhas been discussed in Section 2 of Ref. 32 . For convenience, we include a table with
Ž .the perturbative conversion factors m m rM computed by numerical integration ofMS

the renormalization group equations with the n-loop approximations of the renormaliza-
Ž w x.tion group functions b ,t in the notation of 32 for ns2,3,4. One should be aware
Ž0. Ž . w xthat the result L s238 19 MeV 32 enters the numbers of Table 3. TheMS

Ž .uncertainty in L translates into 1.5% in m m rM at ms2 GeV and 2.5% at ms1MS
Ž .GeV. If desired, Table 3 may be used to estimate m m . A typical result combiningMS

Ž . Ž .Eqs. 5.6 and 1.1 and the table is

m 2GeV s97 4 MeV with 4-loop running in the MS scheme . 7.1Ž . Ž . Ž .s

This illustrates that a high level of precision can be reached by state of the art lattice
techniques.

Effects of dynamical fermions may first be examined in the theory with unphysically
large quark masses. We have also given results for a reference mass which is roughly
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Table3
Factors to convert the renormalization group invariant mass into the MS scheme at scale m

w x Ž .m GeV m m rMMS

2-loop 3-loop 4-loop

1.0 0.80279 0.83585 0.84449
2.0 0.70388 0.71830 0.72076
4.0 0.64079 0.64880 0.64981
8.0 0.59549 0.60055 0.60105
90.0 0.49937 0.50105 0.50112

twice the strange quark mass. One should quantify what the effects of dynamical
fermions are at such a point, where a good accuracy may be achieved, and then move on
to the more chiral regime.

Also for some quantities not related directly to quark masses, precise results have
been obtained. They refer to the continuum limit of the quenched approximation and are
summarized in Table 2. Most notably, decay constants were computed with a precision
not much worse than the experimental one. This was achieved using the method to

w xcompute hadronic correlation functions proposed in 55 . In this context we should also
Ž .comment on the continuum extrapolations in the O a improved theory. They are

certainly necessary! For the quark mass in units of r , the difference between its value0

at a lattice spacing as0.1 fm and at as0 amounts to about 15%. Other quantities
w xshow smaller lattice spacing effects as was observed also in a finite volume study 60 .

Although clearly one would have hoped for a weaker a-dependence, we note that their
order of magnitude is not much different from what is known already for pure gauge

w xtheory observables 59 .
Finally let us come back to the role of lattice QCD in determining parameters of theˆ

chiral Lagrangian. Figs. 2 and 4a show to what precision the quark mass dependence of
observables in the pseudoscalar sector can be computed. Such information, once
available in full QCD, will allow us to reduce the errors in the chiral Lagrangian. For
instance, we have checked that just the mass independence of R puts strong restrictions
on these parameters. As usual, estimates of the uncertainties is a delicate issue and a
detailed investigation of the potential of this approach will be left for future work.
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Appendix A. Numerical details

A.1. ImproÕement coefficients, renormalization factors

Ž .Our calculations have been performed using the O a improved Wilson action
w xdefined in Ref. 45 , which can be consulted for any unexplained notation. In particular,

Ž . Ž .the improvement coefficients c and c were taken from Eqs. 5.15 and 6.4 of thatsw A

reference.
The renormalized axial current and pseudoscalar density for quark flavours i and j

are defined as

A x sZ 1qb am A x , A.1Ž . Ž . Ž . Ž . Ž .Ž .m mR A A q I

P x sZ 1qb am P x , A.2Ž . Ž . Ž .Ž .R P P q

Ž . Ž . Ž .where P x sc x g c x , and the improved, unrenormalized axial current is giveni 5 j

by

1
)A x sc x g g c x qac E qE P x . A.3Ž . Ž . Ž . Ž . Ž . Ž .Ž .mI i m 5 j A m m2

w xThe renormalization factor Z was calculated in 61 , and here we have used itsA
Ž .parameterization in Eq. 6.11 of that paper.

Ž .The renormalization factor Z , which relates the current quark mass in the O aM

improved theory to the renormalization group invariant quark mass, has recently been
w xdetermined 32 . In that paper also the scale- and scheme-dependent factor Z has beenP

Ž .computed in the Schrodinger functional SF scheme at a fixed scale of Ls1.436 r .¨ 0

Here we use their representation in terms of polynomial fit functions, viz.

2Z g s1.752q0.321 by6 y0.220 by6 , A.4Ž . Ž . Ž . Ž .M 0

2Z g , Lra s0.5233y0.0362 by6 q0.0430 by6 , A.5Ž . Ž . Ž . Ž .Ls1.436 rP 0 0

bs6rg 2 , 6.0(b(6.5.0

w xAs explained in Subsection A.2 of Ref. 32 , the uncertainty in Z is split into aM

b-dependent part of 1.1%, which enters any continuum extrapolation, and a b-indepen-
Ž .dent error of 1.3% which must be added in quadrature to the extrapolated result. The

typical accuracy of Z as given by the above polynomial is 0.5%.P
Ž .The factor Z renormalizes the lattice counterpart of the ratio R m ,m defined inM i j

Ž . Ž .Eq. 2.1 . In the O a improved theory it is given by

FPS
R m ,m s 1q b yb am , A.6Ž . Ž . Ž .i j A P qGPS

where

1 1 1 1 2
m s m q m s q y , A.7Ž . Ž . Ž .� 4q q q ji ž /2 4a k k ki j c

and k , k are the hopping parameters of flavours i and j.i j
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w xThe combination b yb has been found to be small in perturbation theory 53 andA P
w xalso non-perturbatively 62,63 . A method how to determine the individual coefficients

w xb and b non-perturbatively has been proposed in Ref. 66 , but no results for ourA P

choice of action have been reported so far.
The values for the critical hopping parameter k have been taken from Table 1 ofc

w xRef. 45 . When necessary they have been interpolated linearly to the desired b-value.

A.2. Hadronic correlation functions, reference scale

Our calculation of hadronic correlation functions using Schrodinger functional bound-¨
w xary conditions follows exactly the procedures outlined in a previous paper 55 . In

particular, this reference contains the definitions of the correlation functions f , f I , k I
P A V

and f , which we have computed to extract hadron masses and matrix elements for1

pseudoscalar and vector mesons.
Estimates for meson masses were obtained by averaging effective masses,

am x qa 2 s ln f x rf x qa , XsPS,V, A.8Ž . Ž . Ž .Ž .Ž .eff , X 0 0 0

over a suitably chosen interval t (x ( t . Similarly, the ratio F rG wasmin 0 max PS PS

obtained by averaging the combination

F 1 f I xŽ .PS A 0
s , A.9Ž .

G m f xŽ .PS PS P 0

and the individual matrix elements F and G are extracted fromPS PS

f I xŽ .y1r2 A 03 Ž x yT r2.m0 PSF s2 m L e , A.10Ž .Ž .PS PS f( 1

f xŽ .1r2 P 03 Ž x yT r2.m0 PSG s2 m rL e , A.11Ž .Ž .PS PS f( 1

w xwhere again an average over the interval t ,t is taken. The averaging intervalsmin max
w xused here were the same as those in Table 1 of Ref. 55 .

We have also calculated an unrenormalized current quark mass defined by

1
) )E qE f x qc aE E f xŽ . Ž .Ž .0 0 A 0 A 0 0 P 02m x s . A.12Ž . Ž .0 2 f xŽ .P 0

The values for the current quark mass listed in Table 1 have been obtained by averaging
Ž .m x over the interval Tr4(x (3Tr4.0 0

For the hadronic radius r which was used to set the scale, we have taken its0
w xparameterization quoted in 59 , viz.

2 3ln arr sy1.6805y1.7139 by6 q0.8155 by6 y0.6667 by6 ,Ž . Ž . Ž . Ž .0

A.13Ž .
w xaccounting for the uncertainty as quoted in 59 . In addition to the results obtained at

w xbs6.0 and 6.2, which have been published in 55 , we have also computed correlation
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Table4
Simulation parameters

b Tra Lra Lr r N0 meas

Ž .6.0 32 16 2.981 12 1000
Ž .6.1 40 24 3.795 17 800
Ž .6.2 48 24 3.261 16 800
Ž .6.45 64 32 3.060 17 220

functions at bs6.1 and 6.45. A brief summary of our simulation parameters including
N , the number of gauge field configurations for which the correlation functions weremeas

computed, is presented in Table 4.
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Abstract

We propose a general method to obtain accurate estimates for some of the “low-energy constants”
in the one-loop effective chiral Lagrangian by means of simulating lattice QCD. In particular,
the method is sensitive to those constants whose values are required to test the hypothesis of
a massless up-quark. Initial tests performed in the quenched approximation confirm that good
statistical precision can be achieved. As a byproduct we obtain an accurate estimate for the ratio
of pseudoscalar decay constants,FK/Fπ , in the quenched approximation, which lies 10% below the
experimental result. The quantities that serve to extract the low-energy constants also allow a test of
the scaling behaviour of different discretizations of QCD and a search for the effects of dynamical
quarks. 2000 Elsevier Science B.V. All rights reserved.

PACS:11.15.Ha; 12.38.Gc; 12.39.Fe; 14.65.Bt
Keywords:Quark masses; Lattice gauge theory; Chiral perturbation theory; Quantum chromodynamics;
Monte Carlo

1. Introduction

Chiral Perturbation Theory (ChPT) [1,2] plays an important rôle in the study of low-
energy phenomena in QCD. As is well known, ChPT is based on simultaneous expansions
of scattering amplitudes or hadronic matrix elements in powers of momentum and the
quark massesmu, md andms, and the form of the effective chiral Lagrangian is entirely
determined by chiral symmetry. Another feature is the emergence of a number of coupling
constants at every given order, which incorporate the non-perturbative dynamics of QCD.
These couplings — sometimes called “low-energy constants” — area priori undetermined
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and can be fixed through phenomenological constraints in conjunction with additional
assumptions. Currently the typical accuracy which is achieved in the determination of the
low-energy constants is not very high (for a review, see [3]).

It has been noted some time ago that the mass parametersmu,md andms cannot be fixed
unambiguously from symmetry considerations alone. The reason is that the effective chiral
Lagrangian is invariant under a family of transformations of the quark masses, which can
be absorbed into the low-energy constants [4]. In particular, this hidden symmetry of the
chiral Lagrangian implies that one cannot distinguish betweenmu = 0 andmu ≈ 5 MeV,
whilst preserving all other phenomenological predictions. Thus, additional theoretical
input beyond ChPT is required to decide whethermu = 0 is indeed realized in nature.
An obvious strategy is then to sharpen the current estimates for the low-energy constants
and check whether they are compatible with the condition thatmu= 0.

Sincemu = 0 represents a simple solution to the strong CP problem, this question has
continued to attract a lot of attention, despite several plausible arguments, each of which
independently rules outmu = 0 [5,6]. However, the problem has never been studied in a
first principles approach starting from the QCD Lagrangian directly.

In this paper we propose and test a method to determine a large set of low-energy
constants with good accuracy using lattice simulations. Given its technical feasibility,
such an approach eliminates the use of theoretical assumptions in the specification of
the chiral Lagrangian. In the context of testingmu = 0 the rôle of lattice calculations
has recently been discussed by Cohen, Kaplan and Nelson [7]. We expand on their
proposal by incorporating the information gained by studying the mass dependence of
matrix elements in addition to that of the pseudoscalar masses. Furthermore, we present
ready-to-use numerical procedures which increase the statistical precision and discuss the
influence of lattice artefacts. The latter point is of great relevance because the effective
chiral Lagrangian of Gasser and Leutwyler is not valid for non-zero lattice spacing.

Our method is generally applicable in simulations of QCD with or without dynamical
quarks. This initial study mainly serves to test its accuracy and limitations, and for that
purpose it is sufficient to apply it to lattice data obtained in the quenched approximation. As
a consequence we also consider comparisons of our lattice data with the quenched version
of ChPT, thereby extracting some of the low-energy constants relevant for the quenched
theory.

On the basis of our lattice data we conclude that the mass dependence of matrix elements
can be determined with high precision in lattice simulations. Furthermore, we show that
low-energy constants in the chiral Lagrangian can be obtained with a typical, absolute
statistical accuracy of±0.05 in the continuum limit. Systematic uncertainties due to
neglected higher orders are estimated to be±0.2. However, a systematic study of the
influence of higher orders in the chiral expansions has so far not been performed, owing to
limitations in the range of light quark masses that one is currently able to explore. Future
calculations at smaller quark masses will be required in order to settle this point.

The remainder of this paper is organized as follows. In Section 2 we recall the main
concepts of ChPT. Our computational strategy is described in Section 3, and the numerical
details are discussed in Section 4, focusing on the extrapolations to the continuum. Our
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results are presented in Section 5, and Section 6 contains some concluding remarks. Two
appendices list some details about expressions in partially quenched ChPT and explain our
choice of additional low-energy constants in the quenched theory.

2. Chiral perturbation theory

In this section we repeat the main features of ChPT and specify our notation. In addition
to standard ChPT we also discuss its quenched and partially quenched versions.

2.1. Standard ChPT andmu= 0

The effective chiral Lagrangian is written as a low-energy expansion [1,2]

Leff = L(2)eff +L(4)eff + · · · . (2.1)

The leading contributionL(2)eff contains two coupling constantsF0 and B0. To lowest
orderF0 coincides with the pion decay constantFπ . Throughout this paper we adopt
a convention in whichFπ ≈ 93 MeV. At orderp4 additional couplingsα1, α2, . . . , α12

appear in the effective chiral Lagrangian.1 The values of these couplings are not
constrained by chiral symmetry. Furthermore they contain the divergences that arise if
one goes beyond tree level and thus depend on the renormalization scale (and scheme). As
mentioned in the introduction, experimental information at low energies is not sufficient
to specify the values of the complete set of couplingsα1, . . . , α12. For this reason one has
to add further theoretical constraints, which usually involve certain assumptions, such as
large-Nc arguments. By applying such a procedure, the “standard” values of the low-energy
constants in our convention forNf = 3 flavours read [1–3,8–11]

α1= 0.2± 0.4, α6=−0.5± 0.4,

α2= 1.07± 0.4, α7=−0.5± 0.25,

α3=−4.4± 1.4, α8= 0.76± 0.4,

α4=−0.76± 0.6, α9= 7.8± 0.8,

α5= 0.5± 0.6, α10=−6.1± 0.8. (2.2)

Here theαi ’s have been renormalized at scaleµ= 4πFπ , which will always be used in the
remainder of this paper. The constantsα11 andα12 are of little phenomenological interest
and are not included here.

The question whethermu = 0 has been discussed at length in the literature [4–7]. The
usual starting point is the observation that simultaneous transformations of the quark
masses

mλu =mu+ λmdms, mλd =md+ λmsmu, mλs =ms+ λmumd, (2.3)

and coupling constants according to

1 We adopt a convention in which theαi ’s are related to the corresponding couplingsLi of Ref. [2] through
αi = 8(4π)2Li .
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αλ6 = α6+ λ(4πF0)
2

4B0
, αλ7 = α7+ λ(4πF0)

2

4B0
, αλ8 = α8− λ(4πF0)

2

2B0
, (2.4)

leaves the effective chiral Lagrangian invariant. Here,λ denotes an arbitrary parameter, and
for λ 6= 0,mu= 0 one can generate an effective up-quark mass such that all predictions by
ChPT, in particular for ratios of quark masses, remain unchanged. In order to test whether
mu= 0 one has to determine the linear combination [5](2α8−α5), which, however, is not
directly accessible from phenomenology.The value ofα5 is obtained from the ratio of kaon
to pion decay constants,FK/Fπ , butα8 can only be inferred from the linear combination

α5− 12α7− 6α8, (2.5)

which is related to the Gell-Mann–Okubo formula. Clearly this linear combination is
invariant under the transformation of Eq. (2.4). As pointed out in [7] a choice forα7 and
α8 which is compatible withmu= 0 is given by

mu= 0 : α8=−0.9± 0.4, α7= 0.25± 0.25, (2.6)

which is quite different from the corresponding numbers listed in Eq. (2.2). The task for
lattice simulations is now to provide independent determinations ofα5, α8 from linear
combinations which are not invariant under Eq. (2.4), starting from the QCD Lagrangian.
Provided that these estimates turn out to be sufficiently accurate, it should then be possible
to test the hypothesis thatmu= 0.

2.2. Partially quenched ChPT

The rôle of lattice simulations for the determination of theαi ’s has already been stressed
in [7,12], and most recently in [13]. In particular, it has been noted that simulations
of “partially quenched” QCD, in which the sea and valence quarks can be chosen
independently, may be useful as well as technically feasible. Thus, one is not forced to
simulate at the physical values of the u, d and s quarks. Instead, the only requirement is that
the pseudoscalar masses be small compared with the typical chiral scale ofΛχ ≈ 1 GeV.
Hence the use of moderately light sea and valence quark masses and their independent
variation may be sufficient to extract the low-energy constants.

It has to be kept in mind, though, that the values of theαi ’s have to be determined
separately forNf = 2 and 3 flavours of dynamical quarks. This is a relevant point since
there is currently not much experience with simulation algorithms for odd numbers of
flavour.

Partially quenched ChPT has been studied to O(p4) by a number of authors [12,14,15].
Here we focus on the one-loop expressions for pseudoscalar masses and decay constants
obtained by Sharpe [14] forNf degenerateflavours of sea quarks. For the remainder of
this paper we also take over some of the notation used in that reference. In particular,
we denote the mass of the sea quark bymS , whereas the masses of the (in general
non-degenerate) valence quarks are denoted bym1, m2. As in [14] we introduce the
dimensionless parameters
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yij = B0(mi +mj )
(4πF0)2

, i, j ∈ {1, 2, S}. (2.7)

By settingΛχ = 4πF0 in Eqs. (14) and (18) of Ref. [14], we obtain the generic formulae
for the pseudoscalar mass and decay constant, i.e.,

m2
PS= y12(4πF0)

2
{

1+ 1

Nf

[
y11(ySS − y11) lny11− y22(ySS − y22) lny22

y22− y11

]
+ y12(2α8− α5)+ ySSNf(2α6− α4)

}
, (2.8)

FPS

F0
= 1− Nf

4
(y1S lny1S + y2S ln y2S)

+ 1

2Nf

(
y11y22− ySSy12

y22− y11
ln
y11

y22
+ y12− ySS

)
+ y12

1

2
α5+ ySS Nf

2
α4. (2.9)

Here the constantsαi are to be evaluated at scaleµ = Λχ = 4πF0 ≈ 1170 MeV. These
expressions will later be used to form quantities that allow for the extraction of theαi ’s
using lattice data.

2.3. Quenched ChPT

Quenched ChPT has originally been discussed in Refs. [16,17]. The complete chiral
Lagrangian to orderp4 in quenched QCD has been studied by Colangelo and Pallante [18].
Their results form the basis of our analysis.

As is well known flavour singlets have to be treated differently in the quenched
approximation: the decoupling of theη′ from the pseudoscalar octet by means of the
anomaly is not realized in the quenched theory. Therefore, the quenched chiral Lagrangian
contains additional low-energy constants associated with flavour-singlet contributions.
These include the singlet mass scalem0 and the coupling constantαΦ , which multiplies
the kinetic term of the singlet field in the quenched chiral Lagrangian. The mass scalem0

is usually expressed in terms of the parameterδ defined by

δ = m2
0

3(4πF0)2
. (2.10)

From various lattice studies (e.g., [19–22]) one expectsδ ≈ 0.1. For αΦ the available
estimates have been summarized in [23] asαΦ ≈ 0.6.

Following Ref. [18] we restrict ourselves to the case of degenerate quarks. The complete
results at one loop for the pseudoscalar mass and decay constant read2

m2
PS= y(4πF0)

2
{

1−
(
δ− 2

3
αΦy

)
[1+ lny] +

((
2αq

8 − αq
5

)− αΦ
3

)
y

}
, (2.11)

2 In Ref. [18] a different combination of low-energy constants appears in the expression form2
PS, since the

authors use an alternative convention for the counterterms [24]. The convention employed in this paper is
consistent with that used in standard and partially quenched ChPT.
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FPS

F0
= 1+ y 1

2
α

q
5. (2.12)

Herey is defined as

y = 2B0m

(4πF0)2
, (2.13)

andαq
8, αq

5 denote the analogues of the low-energy constantsα8 andα5 in the quenched
theory.

3. Strategy

We now introduce the procedure to determine the low-energy constants from lattice data
by studying the quark mass dependence of suitably definedratios of pseudoscalar masses
and matrix elements. In particular it is useful to investigate the mass dependence around
some reference quark massmref. It is important to realize that this reference point does not
have to coincide with a physical quark mass [25]. We only require that it should lie inside
the range of simulated quark masses and within the domain of applicability of ChPT.

3.1. The ratiosRM andRF

Let us consider the case of degenerate valence quarks,m1 = m2 = m, either in the
quenched approximation or in partially quenched QCD at a fixed value of the sea quark
massmS . If we introduce

y = 2B0m

(4πF0)2
, yref= 2B0mref

(4πF0)2
, x = y/yref, (3.1)

then the ratios defined by

RM(x)=
(
FPS(y)

GPS(y)

)/(
FPS(yref)

GPS(yref)

)
, (3.2)

RF(x)= FPS(y)/FPS(yref) (3.3)

are universal functions of the parameterx, which measures the deviation from the reference
point yref. Here,GPS denotes the matrix element of the pseudoscalar density between
a pseudoscalar state and the vacuum, and the arguments ofFPS, GPS refer to the quark
mass value at which the matrix elements have to be evaluated. Using the definition of the
current quark mass in terms ofFPS,GPSandmPS (see, for instance, Eqs. (2.1) and (2.2) in
Ref. [25]), Eq. (3.2) can be rewritten as

RM(x)=
(

2y

m2
PS(y)

)/(
2yref

m2
PS(yref)

)
= x m

2
PS(yref)

m2
PS(y)

. (3.4)

Extracting the low-energy constants from the ratiosRX , X =M,F instead of the masses
and matrix elements themselves has several advantages:
• The ratiosRX can be computed with high statistical precision owing to the strong

correlations between numerator and denominator;
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• The renormalization factors of the axial current and the pseudoscalar density drop out
in RM andRF. 3 The ratios can therefore be readily extrapolated to the continuum
limit, so that all dependence on the lattice spacing is eliminated. Strictly speaking it
is only in the continuum limit that one is justified to compare the predictions of ChPT
with lattice data;
• Since discretization errors are under good control inRX the effects of dynamical

quarks can be isolated unambiguously.
The high level of statistical accuracy of the ratios is crucial in order not to compromise
the precision in the continuum limit. Extracting the low-energy constants from thex-
dependence in the continuum limit in turn guarantees that these estimates will not be
distorted by cutoff effects.

The simple renormalization and high precision of the ratios may also be exploited to
perform scaling tests for different fermionic discretizations.

3.2. Expressions forRM andRF in ChPT

Below we give a list with the expressions forRM andRF in quenched and partially
quenched ChPT. For simplicity we restrict ourselves to the case of degenerate valence
quarks. The case of non-degenerate valence quarks in partially quenched ChPT is discussed
in detail in Appendix A.

Note that we have not yet specified the reference pointyref. At this stage the precise
definition of its numerical value is not needed, and we thus postpone its specification to
Section 5, where we describe our numerical results.

We begin by consideringRM andRF in quenched ChPT. By inserting Eq. (2.11) into
Eq. (3.4) we obtain

R
q
M(x)=

1− (δ− 2
3αΦyref

)
(1+ lnyref)+ yref

[(
2αq

8 − αq
5

)− αΦ
3

]
1− (δ − 2

3αΦxyref
)
(1+ ln(xyref))+ xyref

[(
2αq

8 − αq
5

)− αΦ
3

] . (3.5)

Provided that all masses and couplings are small, it is allowed to expand the denominator,
which gives

R
q
M(x)= 1+ δ lnx − 2

3
αΦyref

[
x lnx + (x − 1)

(
1

2
+ ln yref

)]
− yref(x − 1)

(
2αq

8 − αq
5

)
. (3.6)

Similarly we obtain

R
q
F(x)=

1+ xyref
1
2α

q
5

1+ yref
1
2α

q
5

, (3.7)

which, after expanding the denominator, becomes

3 For O(a) improved Wilson fermions, there remains a small mass-dependent renormalization proportional
to (bA − bP)(x − 1)amref and bA(x − 1)amref in the case ofRM andRF, respectively. Our experience has
shown [25] that this can be safely neglected. In our calculations we setbA and bP equal to their one-loop
perturbative values [26].
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R
q
F(x)= 1+ yref(x − 1)

1

2
α

q
5. (3.8)

In partially quenched ChPT it is useful to always define the reference pointyref at

m1=m2=mS =mref, yref= 2B0mref

(4πF0)2
. (3.9)

There are several possibilities to study the mass dependence of the ratiosRX . Let us first
consider the case of equal sea and valence quark masses. Thex-dependent part inRX is
then obtained by setting

SS: m1=m2=mS = xmref, (3.10)

which will be labelled “SS” in the following. By taking the appropriate limits in Eqs. (2.7)
and (2.8) for the above choices of quark masses and inserting the resulting expressions into
the definition ofRM, we obtain, after expanding the denominator:

RSS
M (x)= 1− 1

Nf
yref

[
x lnx + (x − 1) lnyref

]
− yref(x − 1)

[
(2α8− α5)+Nf(2α6− α4)

]
. (3.11)

ForRF the corresponding result is

RSS
F (x)= 1− Nf

2
yref
[
x lnx + (x − 1) lnyref

]+ yref(x − 1)
1

2
(α5+Nfα4). (3.12)

Form1, m2 6=mS thex-dependence can be mapped out using either the valence or the sea
quarks. In the former case, which we label “VV” we define thex-dependent part through

VV: m1=m2= xmref, mS =mref (3.13)

instead of Eq. (3.10), which leads to the expressions

RVV
M (x)= 1− 1

Nf
yref

[
(2x − 1) lnx + 2(x − 1) lnyref

]
− yref(x − 1)

[
(2α8− α5)+ 1

Nf

]
(3.14)

RVV
F (x)= 1− Nf

4
yref

[
(x + 1) ln

(
1

2
(x + 1)

)
+ (x − 1) lnyref

]
+ yref(x − 1)

1

2
α5. (3.15)

A comparison of the expressions forRM andRF for the “SS” and “VV” cases shows that
they are sensitive to different linear combinations of low-energy constants, depending on
whether thex-dependence is defined using Eq. (3.10) or Eq. (3.13). In particular, we find
that it is possible to extract directly fromRVV

M (x) the linear combination(2α8−α5), which
is relevant to the question of whethermu= 0.

There are several other possibilities to define the dependence ofRX on the quark masses,
also allowing for non-degenerate valence quarks. Details are listed in Appendix A.
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3.3. Extracting the low-energy constants

We now describe a method to determine the low-energy constants from the ratiosRX in
the quenched and unquenched cases. To this end we choose two values of mass parameters,
x1, x2, and introduce the quantity

1RX(x1, x2)=RX(x1)−RX(x2), x1< x2, X =M, F. (3.16)

By inserting the expressions for the ratiosRX we can easily solve for the low-energy
constants. For instance, from Eqs. (3.8) and (3.16) we find

α
q
5 = 2

1R
q
F(x1, x2)

(x1− x2)yref
. (3.17)

Similar combinations of theαi ’s can be obtained in partially quenched QCD. The explicit
expressions are given in Appendix A, and one can easily convince oneself that they serve
to determineα4, α5, α6 andα8.

The quantity1Rq
M is a special case, since it also depends on the low-energy constantsδ

andαΦ , which only occur in the quenched theory. However, by inserting the estimates for
δ andαΦ quoted in the literature we can solve for(2αq

8 − αq
5), i.e.,(

2αq
8 − αq

5

)= {yref(x1− x2)
}−1

{
δ ln(x1/x2)−1Rq

M(x1, x2)

− 2

3
αΦyref

[
x1 lnx1− x2 lnx2+ (x1− x2)

(
1

2
+ lnyref

)]}
. (3.18)

The expressions forRX themselves can also be used in order to extract the low-energy
constants from least-χ2 fits over a suitably chosen interval inx. The differences1RX ,
however, have the advantage that some of the lattice artefacts may cancel. Thus, instead of
first extrapolatingRX to the continuum limit and then forming the differences1RX , one
may compute1RX(x1, x2) at non-zero lattice spacing and then perform the continuum
extrapolation. Obviously the results must be independent of the ordering of the two
procedures, which offers an additional check against the influence of lattice artefacts. By
contrast, if a fitting procedure is employed at non-zero lattice spacing then it isa priori not
clear whether the continuum expressions for the ratiosRX are valid.

Our method to extract the low-energy constants is only viable if there is sufficient
overlap between the region of validity of ChPT and the range of quark masses accessible
in current lattice simulations. On present computers it is not possible to simulate very light
quarks without suffering from large finite-volume effects. Furthermore, the fermion action
and lattice spacings employed in this work do not allow the use of quark masses which
are below approximately half of the strange quark mass. The reason is the occurrence
of “exceptional configurations” [27,28], which correspond to unphysical zero modes of
the lattice Dirac operator. Therefore, since one is restricted to a range of relatively large
quark masses, one must check the results against the influence of higher orders in the
chiral expansion: if large, these would modify the numerical estimates for the low-energy
constants considerably. This will be discussed in more detail in Section 5.
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4. Continuum limit of RX and1RX

The ratiosRX have been computed using the same quenched configurations as in our
earlier papers [25,29]. Results for hadron and current quark masses, as well as forFPS

andFPS/GPS are listed in Table 1 of Ref. [25]. Details of our numerical procedures are
described in Appendix A of the same paper. Here we only mention that non-perturbative
O(a) improvement [27,30,31] has been employed, and we will therefore assume that the
remaining discretization errors are of ordera2.

In contrast to our earlier papers the statistical errors in this work have been estimated
using a bootstrap procedure [32], with 200 bootstrap samples generated from the sets of
gauge configurations. This allows us to keep a constant number of bootstrap samples at
every value of the bare coupling, regardless of the number of configurations. By performing
the continuum extrapolation ofRX(x) for every bootstrap sample, our error procedure thus
preserves the correlations in the mass parameterx. Throughout this paper we quote the
symmetrized error from the central 68% of the bootstrap distribution.

The value of the reference quark massmref is defined through the condition

(mPSr0)
2
∣∣
m=mref

= 3, (4.1)

a choice that has also been considered in Refs. [25,33]. ForF0 = Fπ = 93.3 MeV the
numerical value ofyref is thusyref= 0.3398. . . . Lattice data for the hadronic radiusr0 [34]
have been taken from Ref. [35]. Forr0= 0.5 fm the definition of Eq. (4.1) corresponds to
a pseudoscalar meson whose squared mass is roughly twice as large as the kaon mass
squared, and thereforemref≈ms (with “s” standing for “strange”). The results forFPS and
FPS/GPS obtained for several values of the bare coupling have been interpolated in the
current quark massm to common values ofx =m/mref. To this end the two neighbouring
points which straddle the value ofx were used in a linear interpolation. Ifx was slightly
outside the range of simulated quark masses, a linear extrapolation was performed using
the three nearest points. The stability of this procedure was checked by varying the input
masses and/or performing quadratic interpolations/extrapolations. Our sets of simulated
quark masses cover the range 0.756 x 6 1.4, and we have chosen increments of 0.05 to
map out the mass dependence ofRX(x).

In Fig. 1 we plot the ratiosRM(x) andRF(x) against(a/r0)2 for three different values
of x. The plots show that lattice artefacts are very small in general and are consistent with
leading cutoff effects of ordera2. As a safeguard against higher-order lattice artefacts,
we have excluded the points computed for our coarsest lattice (a ≈ 0.1 fm) from the
extrapolation. Results obtained by performing the extrapolations for all four values of the
lattice spacing were entirely consistent, albeit with a smaller statistical error.

At non-zero lattice spacing the statistical precision is better than 0.3% and 0.2% for
RM andRF, respectively. In the continuum limit these figures are only slightly larger,
namely 0.4% forRM and 0.3% forRF. This demonstrates the high level of precision that
can be achieved in the continuum limit. Furthermore, it is clear that the extrapolation is
well controlled.
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Fig. 1. Continuum extrapolations ofRM (x) andRF(x) for selected values of the mass parameterx.

Fig. 2. Continuum extrapolations of1RM and1RF.

As mentioned in Section 3 the results for1RX in the continuum limit can be obtained
either directly from the continuum values ofRX or from a continuum extrapolation of1RX
computed at non-zero lattice spacing. The latter extrapolations are shown in Fig. 2 for a
particular choice ofx1 andx2. As in the case of the ratiosRX themselves the continuum
limit is easy to control.



388 J. Heitger et al. / Nuclear Physics B 588 (2000) 377–399

5. Results

We can now compare our results for the ratiosRX to the expressions predicted by ChPT.
Since the numerical data have been obtained in the quenched approximation, we will focus
on the determination ofαq

5 and(2αq
8 − αq

5).

5.1. Low-energy constants in quenched ChPT

The determination ofαq
5 from Eq. (3.17) is straightforward, since it only depends on the

mass parametersx1 andx2. However, in order to compute(2αq
8− αq

5) from Eq. (3.18) one
must make a suitable choice ofδ andαΦ . Here we are going to consider two cases, namely

Q1: δ = 0.12± 0.02, αΦ = 0, (5.1)

Q2: δ = 0.05± 0.02, αΦ = 0.5. (5.2)

The reasoning which led us to consider these two distinct sets of parameters is described
in Appendix B.

Our estimates forαq
5 and (2αq

8 − αq
5) have been obtained from1RF(x1, x2) and

1RM(x1, x2) for x1 = 0.75 andx2 = 0.95. This choice was motivated by the desire to
go to the smallest possible quark masses, whilst maintaining a reasonably largex-interval
in order to check the stability of the results against variations in the parametersx1 andx2.
Following this procedure, we obtained the following estimates for the low-energy constants
in quenched ChPT

α
q
5 = 0.99± 0.06, (5.3)(
2αq

8 − αq
5

)= {0.35± 0.05± 0.07, Q1,
0.02± 0.05± 0.07, Q2.

(5.4)

Here, the first error is statistical, while the second (where quoted) is due to the variation
of ±0.02 in the value ofδ for both parameter sets Q1 and Q2. These results can now be
inserted into the expressions for the ratiosRM andRF, Eqs. (3.6) and (3.8), respectively,
and the resulting curves are compared with the data in Fig. 3(a)–(c).

The linearity ofRF predicted by one-loop quenched ChPT is well reproduced by the
numerical data, resulting in very stable estimates forα

q
5. Although the result in Eq. (5.3) has

been extracted from a fairly narrowx-interval, it provides a good representation of the data
over the entire range of quark masses considered here. The determination of(2αq

8 − αq
5)

is also quite stable for both sets of values ofδ, αΦ , i.e., Q1 and Q2. In both cases a good
description of the numerical data is achieved forx . 1.2, with (2αq

8−αq
5) extracted for Q1

tracing the data quite well even at the largestx-values.
Estimates forαq

5 and(2αq
8 − αq

5) obtained from the continuum extrapolations of1RF

and1RM shown in Fig. 2 are entirely consistent with Eqs. (5.3) and (5.4). The same is true
if the low-energy constants are extracted directly from fits toRX(x) for x in the interval
0.756 x 6 0.95; the results are numerically almost identical to those obtained using the
differences1RX .
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Fig. 3. (a): Data for the ratioRF compared with the curve obtained by inserting the low-energy
constant of Eq. (5.3); (b) and (c): the same for the ratioRM using the low-energy constants of
Eq. (5.4) for parameter sets Q1 and Q2, respectively. Dotted lines indicate the variation due to the
statistical uncertainty in the extraction of the low-energy constants.

5.2. Effects of higher orders in the quark mass

Although the results presented in the last subsection suggest that the one-loop formulae
for quenched ChPT offer a good description of thex-dependence of the ratiosRX , further
work is needed to corroborate these findings by extending the range of quark masses under
study to smaller values. For instance, the downward curvature observed in the prediction
for RM whenx < 0.75 remains to be verified.

Furthermore, data at smaller quark masses will be required to systematically assess the
influence of higher-order terms in the chiral expansion on the determination of the low-
energy constants. Such terms manifest themselves in additional contributions proportional
to x2 in the formulae forRX . Since the range 0.756 x 6 0.95 corresponds to pseudoscalar
meson masses between 590 and 670 MeV, it cannot be excluded that higher-order terms
have a sizeable impact on the extraction of theαi ’s.

Even without results at smaller masses there are several possibilities to study the effects
of neglecting higher orders in ChPT on our estimates forα

q
5 and(2αq

8 − αq
5). We stress,

however, that none of the methods described below can replace the systematic investigation
of smaller quark masses.

An obvious way to proceed is to add a quadratic term to the expressions forR
q
F andRq

M.
For instance, the modified expression forR

q
F reads

R
q
F(x)−→ 1+ yref(x − 1)

1

2
α

q
5 + y2

ref(x
2− 1) dF, (5.5)

with a similar quadratic term proportional todM in the case ofRq
M. One can now perform

least-χ2 fits over theentire range 0.756 x 6 1.4, thereby extracting the low-energy
constants as well asdF, dM. Because of the linearity of the data forRF the only effect of
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includingx2-terms in the determination ofαq
5 is to increase its statistical error to±0.19.

The estimates for(2αq
8 − αq

5) are more sensitive: compared with Eqs. (5.4) their central
values increase by 0.11 and 0.22 for the parameter sets Q1 and Q2, respectively, while
the statistical error is increased to±0.12. The variation in the central values, or the larger
statistical error in the case ofαq

5, may serve as an estimate of the uncertainty induced by
neglecting higher orders.

An alternative, albeit naive, estimate of the effect in question is obtained by assuming
that the chiral expansion converges like a geometric series. This implies that one expects
the quadratic contributions toRX to be roughly as large as the square of the linear ones.
Here we considerRq

F as the generic case, since it does not involve logarithmic terms. Its
linear contribution amounts to≈ 16% atx = 1, so that the quadratic term is estimated as
0.025x2. If we generalize this estimate, then the systematic uncertainty in1RX(x1, x2)

due to neglecting quadratic terms is given by

syst. error in1RX(x1, x2)≈±0.025
(
x2

1 − x2
2

)
. (5.6)

Through Eqs. (3.17) and (3.18) this is easily translated into systematic errors4 onαq
5 and

(2αq
8 − αq

5), as

syst. error inαq
5 ≈±0.25, (5.7)

syst. error in
(
2αq

8 − αq
5

)≈±0.13, (5.8)

which is of the same order of magnitude as the previous estimate.
Finally one can compare the expanded and unexpanded expressions forRM andRF,

which differ at orderx2 (cf. Eqs. (3.5)–(3.8)). By extracting the low-energy constants from
least-χ2 fits to the ratios in Eqs. (3.5) and (3.7) we obtain yet another set of results. Forα

q
5

the central value is larger by 20%, whereas the result for(2αq
8 − αq

5) remains essentially
unchanged.

In order to present a synthesis of the various efforts to estimate the uncertainty due to
neglecting higher orders, we note that the typical size of this systematic error amounts to
±0.2 for bothαq

5 and(2αq
8 − αq

5).

5.3. Application: the ratioFK/Fπ

The result forαq
5 extracted fromRq

F can be used to compute the ratio of the decay
constants of the kaon and pion,FK/Fπ . In fact, one usually employs the reverse procedure
by using the experimental result forFK/Fπ to extract the phenomenological value ofα5.

If we assume that contributions proportional to differences in the valence quark masses
can be neglected, we can simply use the definition ofR

q
F(x) to computeFK/Fπ :

FK

Fπ
= R

q
F(xK)

R
q
F(xπ)

= 1+ yref(xK − xπ)1
2
α

q
5. (5.9)

4 Instead of the constant 0.025 in Eq. (5.6) the reader may supply an alternative value, depending on whether
our estimate is deemed too optimistic or pessimistic.
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Here the dimensionless mass parametersxK andxπ are related to the kaon and pion masses
by

xK yref= m2
K

(4πF0)2
= 0.1782, (5.10)

xπ yref= m2
π

(4πF0)2
= 0.0142, (5.11)

where, as in Ref. [25], we have usedmK = 495 MeV andmπ = 139.6 MeV. If the estimate
for αq

5 from Eq. (5.3) is inserted we find

FK

Fπ
= 1.081± 0.005± 0.017. (5.12)

Here the first error is statistical and the second is the estimated uncertainty inα
q
5, due to

neglecting quadratic terms. The above result is significantly smaller than the experimental
value ofFK/Fπ = 1.22 [36].

A formula forFK/Fπ in one-loop quenched ChPT, which also accounts for differences
in the valence quark masses, can be derived from Eqs. (18) and (20) of Ref. [37]. The low-
energy constant that appears in the one-loop counterterm is the same as in the quenched
degenerate case [18,24]. In our notation the full one-loop expression forFK/Fπ reads

FK

Fπ
= 1+ yref(xK − xπ) 1

2
α

q
5

− 1

2

{(
δ− αΦ

3
xK yref

)
− 3δ xK − αΦ yrefxπ(2xK − xπ)

6(xK − xπ) ln

(
2xK − xπ
xπ

)}
.

(5.13)

Note that one recovers Eq. (5.9) whenδ = αΦ = 0. For the two sets of parameters, Q1 and
Q2, the results forFK/Fπ are evaluated as

FK

Fπ
=
{

1.125± 0.005± 0.016± 0.007, Q1,
1.110± 0.005± 0.017± 0.007, Q2,

(5.14)

where the additional third error is due to the variation of±0.02 in the input value
for δ. While contributions proportional to differences in the quark masses enhance the
result forFK/Fπ compared with Eq. (5.12), the value is still smaller than experiment by
about 10%. Deviations of this order of magnitude are typical of quantities computed in the
quenched approximation. This has previously been inferred from calculations of the hadron
spectrum [21,33], and the results presented here firmly establish these findings for matrix
elements of local currents as well. The fact thatFK/Fπ is typically underestimated in
quenched calculations has been observed before [38,39]. Note, however, that our estimates
have much smaller uncertainties than those quoted in the other references.

Finally we remark that the enhancement in the estimate ofFK/Fπ due to differences in
the quark masses, demonstrates that these effects can be quite significant if the quark mass
difference is as large as that between the physical light and strange quarks. By contrast,
estimates of these effects based on masses in the region of that of the strange quark tend to
be much smaller [25,40].
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5.4. Partially quenched ChPT

In addition to our analysis of the quenched version of ChPT we can also tentatively use
the expressions forRM andRF which are derived in the partially quenched theory. This
essentially serves two purposes. On the one hand we can investigate to what extent the
ratiosRX in quenched QCD are described by the formulae of partially quenched ChPT. If
a severe mismatch is encountered it will signal that sea-quark effects are not accounted for.
On the other hand, by extracting theαi ’s using the expressions of partially quenched ChPT
but quenched numerical data, we can test how much of the relevant physical information
for the low-energy constants in full QCD is encoded in the mass dependence obtained in
the quenched approximation. The subsequent calculation of quantities such as the ratio
FK/Fπ and its comparison with experiment provides a quantitative criterion for this task.
In this spirit we have investigated the cases labelled “SS” and “VV” discussed in Section 3.

If we employ the expression forRSS
F , Eq. (3.12), we find that the linearity of the

numerical data is incompatible with the additional logarithmic terms contained in the
formula. As a consequence an acceptable representation of the data forRF cannot be
achieved on the basis of Eq. (3.12). We conclude that the mass dependence of the quenched
decay constant isincompatiblewith the chiral behaviour predicted in full QCD!

By contrast, the expression forRSS
M fits the numerical data very well over almost the

entire range inx. However, the disagreement between the data andRSS
F indicates that

the “SS” formulae cannot be applied to the quenched data in any reasonable manner.
Therefore, we refrain from quoting an estimate for(2α8−α5)+3(2α6−α4), even though
a good modelling of the data forRM can be achieved.

On the other hand, the expressions for both ratios obtained for the “VV” case do indeed
lead to an acceptable representation of the data, at least forx . 1. Quoting only statistical
errors, the results for the low-energy constants read

α5= 0.75± 0.06, (5.15)

(2α8− α5)= 0.15± 0.05. (5.16)

The curves corresponding to these values are shown in Fig. 4(a) and (b). While forx . 1
the curves fit the data quite well, they deviate much more at largerx than the corresponding
quenched ones. Compared with the quenched case, the results for theαi are roughly in the
same ball park.

Using the value forα5 extracted fromRVV
F we can now compute the ratioFK/Fπ . Since

the low-energy constants in the partially quenched and full theories are the same, we have
used the expression derived in full QCD [2]. In our notation it reads

FK

Fπ
= 1+ yref(xK − xπ)12α5

+ yref

4

{
(3xπ − 2xK) ln(xπyref)− xK ln(xKyref)

− 1

2
(4xK − xπ) ln

(
4xK − xπ

3xπ

)}
. (5.17)
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Fig. 4. The “VV” case in partially quenched ChPT. (a): Data for the ratioRF compared with the
curve obtained by inserting the low-energy constant of Eq. (5.15); (b): the same for the ratioRM
using the low-energy constants of Eq. (5.16). Dotted lines indicate the variation due to the statistical
uncertainty in the extraction of the low-energy constants.

After inserting the numerical values forxK, xπ , yref andα5 one finds

FK

Fπ
= 1.228± 0.005 (stat)± 0.016. (5.18)

Here the uncertainty of±0.016 is due to neglecting higher orders. This result is actually
compatible with the experimental value, which is not entirely surprising, since our estimate
of α5 = 0.75(6) agrees quite well with its phenomenological value of 0.5± 0.6 quoted
in Eq. (2.2). These findings suggest that the valence quark mass dependence of the
numerically determined ratiosRX in the region of the strange quark mass is only weakly
distorted by neglecting dynamical quarks. The relevant quark mass effects which account
for the difference between the quenched result Eq. (5.14) and the experimental value
FK/Fπ = 1.22, appear to be due to the very light up and down quarks in full QCD. Their
non-linear effects can be efficiently accounted for by the formulae of partially quenched
ChPT.

6. Summary and conclusions

In this paper we have proposed a general method to extract the low-energy constants
in effective chiral Lagrangians by studying the mass dependence of suitably defined ratios
of matrix elements and matching it to ChPT. The ratios are typically obtained with high
statistical precision and can be extrapolated to the continuum limit in a straightforward
manner. Thus, the method offers a conceptually clean way to determine the low-energy
constants, since it is strictly speaking only in the continuum limit that a comparison of
lattice data to ChPT can be performed.
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The dimensionless ratiosRX are also interesting in their own right: they can be used
to study the scaling behaviour of different fermionic discretizations without having to
compute renormalization factors. Furthermore, the effects of dynamical quarks can be
isolated unambiguously, since lattice artefacts are under good control.

In this initial study we have presented results for the quenched approximation. The
typical value of the absolute statistical error of±0.05 in the low-energy constants
confirms that the achievable precision is indeed quite high compared with “conventional”
phenomenological determinations. The main limitation at present is that results at smaller
quark masses are not available. It is therefore not possible to systematically investigate
whether there is sufficient overlap between the range of simulated quark masses and the
domain of validity of ChPT. As a consequence the present estimated uncertainty of±0.2
in the low-energy constants due to higher-order terms are fairly coarse. It is expected,
though, that the simulation of smaller quark masses will be feasible within the formulation
of QCD with a “twisted” mass term (tmQCD) [41]. In this construction the mass parameter
protects against unphysical zero modes of the Dirac operator, which alleviates the problem
of exceptional configurations encountered in simulations with Wilson fermions. Initial
studies have shown promising results, and it is planned to exploit this method further in the
present context.

Returning to the problem of examining the question of whethermu = 0, it is useful
to recall that the problem can be solved through a reliable determination ofα8. In the
quenched approximation we obtain

α
q
8 =

{
0.67± 0.04 (stat)± 0.04, Q1,
0.50± 0.04 (stat)± 0.04, Q2,

(6.1)

where the second error is due to the variation inδ, and the additional uncertainty arising
from neglecting higher orders is estimated to be±0.2. There isa priori no reason why the
low-energy constantαq

8 should be numerically close to its counterpart in the full theory,
and hence it would surely be premature to give a full assessment of the problem on the
basis of our quenched results. Nevertheless, it is interesting to note that our results forα

q
8

are quite close to the “standard” value forα8, Eq. (2.2), which supports a non-vanishing
up-quark mass. By contrast, given our data for the ratiosRX it would be very difficult to
accommodate a large negative value, which is required for the up-quark to be massless (see
Eq. (2.6)).

Finally we wish to add a few general comments on the philosophy of our approach.
Provided that the quark masses used in simulations are small enough for the one-loop
expressions of ChPT to apply, our procedures altogether avoid chiral extrapolations of
lattice results, which are known to be quite difficult to control. The example of the
computation ofFK/Fπ shows that the problem can be separated in two parts. The
information which involves quark masses near the chiral limit can be extracted safely in
ChPT, whereas the mass dependence for masses in the region somewhat below the strange
quark mass can be adequately studied in lattice QCD. The latter part is the additional
theoretical input needed to determine some of the low-energy constants, which are not
accessible from chiral symmetry considerations alone. In short, our method amounts to
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exploiting the complementary character of ChPT and lattice QCD. The applicability of
ChPT itself can be tested once quark masses somewhat smaller than those in our present
work become accessible.

The next step is the application of our method to the case of dynamical quarks. Here the
relevant formulae that will be required are listed in Appendix A. Simulations using either
the O(a) improved Wilson action forNf = 2 flavours of dynamical quarks [42] or other
improvement schemes [43] have already been performed [44–47]. Whereas an analysis
of those results will be able to treat the two-flavour case, the extension to the physically
most interesting case ofNf = 3 flavours will require a significant amount of additional
simulations. It is also worth investigating applications to the case of non-degenerate sea
quarks and to try to determine the low-energy constantα7 [13]. However, the main message
of this paper is the following. In order to settle the question of whethermu = 0 one does
not even require the same level of accuracy as that of the quenched results presented here.
A satisfactory analysis of the problem in the case of three degenerate flavours is therefore
quite a realistic prospect.
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Appendix A. Partially quenched ChPT — the general case

In this appendix we list the expressions forRM and RF, as well as for1RM and
1RF, in partially quenched QCD. In particular we discuss all possibilities to define the
x-dependence ofRX , allowing also for non-degenerate valence quarks.

We start by considering the expressions in Eqs. (2.7)–(2.9). At the reference point we
require all quark masses to coincide withmref (cf. Eq. (3.9)). Two cases, labelled “SS” and
“VV” have already been discussed in Section 3.2. In addition to “VV”, one can also study
thex-dependence by varying the sea quark massmS for fixed, degenerate valence quarks:

SS2: m1=m2=mref, mS = xmref. (A.1)

For non-degenerate valence quarks one may define

VS1: m1= xmref, m2=mS =mref, (A.2)

VS2: m1=mref, m2=mS = xmref. (A.3)

In order to list the expressions forRM andRF for all cases SS,VV , . . . ,VS2 it is convenient
to introduce the general parameterization
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Table 1
The functionsρ andλ for the ratioRM (x)

ρM(x;yref) λM(α)

SS x lnx + (x − 1) lnyref (2α8− α5)+Nf (2α6− α4)

VV (2x − 1) lnx + 2(x − 1) lnyref (2α8− α5)+ 1
Nf

SS2 −(x − 1) lnyref Nf(2α6− α4)− 1
Nf

VS1 x lnx + (x − 1) lnyref
1
2(2α8− α5)

VS2 0 1
2(2α8− α5)+Nf(2α6− α4)

Table 2
The functionsρ andλ for the ratioRF(x)

ρF(x;yref) λF(α)

SS 1
2

(
x lnx + (x − 1) lnyref

)
−1

2(α5+Nfα4)

VV 1
2

(
x+1

2 ln x+1
2 + x−1

2 lnyref

)
−1

2α5

SS2 1
2

(
x+1

2 ln x+1
2 + x−1

2 lnyref

)
−Nf

2 α4

VS1 1
4

(
x+1

2 ln x+1
2 + x−1

2 lnyref+ 1
N2

f
lnx

)
−1

4

(
α5+ 1

Nf

)
VS2 1

4

(
x+1

2 ln x+1
2 + 3(x−1)

2 lnyref+ N2
f −1

N2
f
x lnx

)
−1

4α5− Nf
2 α4+ 1

4Nf

RM(x)= 1− yref

Nf
ρM(x;yref)− yref(x − 1)λM(α), (A.4)

RF(x)= 1−Nf yrefρF(x;yref)− yref(x − 1)λF(α). (A.5)

Here,ρM andρF are functions ofx andyref, λM andλF denote linear combinations of the
low-energy constants, andr(x) is a rational function ofx. The expressions forρ andλ are
shown in Tables 1 and 2, respectively.

Using the functionsρX andλX , X =M, F, it is now quite easy to solve for particular
linear combinations of low-energy constants by considering the differences1RX(x1, x2)

introduced in Eq. (3.16). With these definitions the linear combinations of low-energy
constants denoted byλX(α), X =M, F are simply given by

λM(α)=−
1RM(x1, x2)+ yref

Nf
(ρM(x1, yref)− ρM(x2, yref))

yref(x1− x2)
, (A.6)

λF(α)=−1RF(x1, x2)+ yrefNf(ρF(x1, yref)− ρF(x2, yref))

yref(x1− x2)
. (A.7)

By evaluating the right-hand side, using numerical data for1RX , one can easily solve for
the desired combination ofαi ’s.
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Appendix B. Choices forδ and αΦ

In this appendix we motivate our choices for the parametersδ and αΦ specified in
Eqs. (5.1) and (5.2). Here we will closely follow the analysis presented by the CP-PACS
Collaboration [21], i.e., we consider the ratio

s = m
2
PS(m1,m2)

m1+m2
· 2m1

m2
PS(m1,m1)

× m
2
PS(m1,m2)

m1+m2
· 2m2

m2
PS(m2,m2)

, (B.1)

where the arguments inm2
PShave been included in order to distinguish between degenerate

and non-degenerate mesons. By inserting the expressions form2
PS in quenched ChPT for

degenerate and non-degenerate quarks (cf. Eq. (9) in [16]) one obtains after expanding the
denominator5

s = 1+ δ
(

2− y11+ y22

y11− y22
ln
y11

y22

)
+ αΦ

3

(
−(y11+ y22)+ 2y11

y22

y11− y22
ln
y11

y22

)
. (B.2)

In Ref. [21] the quantityt was defined as

t = 2− y11+ y22

y11− y22
ln
y11

y22
. (B.3)

ForαΦ = 0 Eq. (B.2) reduces to a simple, linear relation betweens andt :

s = 1+ δ · t, (B.4)

with the slope given byδ. By plotting the numerically determined values for the ratios
againstt for αΦ = 0, CP-PACS concluded that all their data were enclosed within the
“wedge” defined byδ = 0.08–0.12. This wedge is represented in Fig. 5 by the solid lines.

Fig. 5. The “wedges” defined through Eq. (B.2) for different values ofδ andαΦ as explained in the
text.

5 Note that the one-loop counterterms drop out in the expanded version ofs.
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So far the parameterαΦ has not been considered in this kind of analysis.6 We are now
going to argue that a value ofαΦ ≈ 0.5, as suggested by Sharpe in [23], is only compatible
with the CP-PACS data enclosed by the solid wedge, ifδ is chosen in the range 0.03–0.07.
To this end we identifym1=ms, so thaty11= 0.343. The mass ratioy11/y22 is then varied
between 1 and 24.4, where the latter number is the value of 2ms/(mu+md) computed in
standard ChPT [48]. Forδ = 0.08−0.12,αΦ = 0 one thus recovers the wedge denoted by
the solid line in Fig. 5, which encloses the CP-PACS data.

If one combinesδ = 0.08–0.12 with the independent estimate ofαΦ = 0.5 from [23] one
obtains instead the wedge defined by the dotted lines, which is clearly incompatible with
CP-PACS’s numerical data. Agreement can only be restored ifδ is lowered. The dashed
curves, which correspond toδ = 0.03–0.07,αΦ = 0.5, are again consistent with the wedge
defined by the solid lines. These observations lead us to consider the two sets of parameters
as specified in Eqs. (5.1) and (5.2).
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1. Introduction

Since the decay constantFB, governing the leptonic decay of a B-meson, is
essential element in the quantitative analysis of the unitarity triangle, many lattice
investigations have worked towards its determination. However, with its large mas
b-quark still escapes a direct numerical treatment [1] and effective theories have
used to separate the large mass scale from the low-energy bound-state dynamics
exception to this rule, it has recently been demonstrated that also finite-volume m
on lattices with a large number of points represent a possible alternative [2,3].)

The most natural and theoretically appealing effective theory is thestatic approxima-
tion [4]. It describes the large-mass limit of the theory and is the starting point for a/m-
expansion, the heavy quark effective theory. Yet the problems of this framework hav
twofold in the past. (i) The renormalization properties of the static theory are differen
the renormalization constantZstat

A of the axial current in(Astat
R )0 = Zstat

A (µ)ψ̄dγ0γ5ψ
stat
b

becomes scale (µ) dependent, thereby entailing an additional uncertainty, and (ii) M
Carlo computations of the matrix element itself are difficult. For these reasons, after
nificant initial effort [5–12], the computation ofFB in the static approximation has receiv
little attention in the recent past.

In the present work, we solve (i) by computing the renormalization factor that re
the bare operator in lattice regularization to therenormalization group invariant(RGI)
operator. Denoting its matrix element byΦstat

RGI, one then has a relation

(1.1)FB
√
mB = CPS(Mb/ΛMS)Φ

stat
RGI+O(1/Mb)

with a functionCPS of the renormalization group invariant b-quark massMb in units of
theΛ-parameter. It is scale independent, but in practice it is obtained perturbative
an uncertainty due to perturbation theory remains, see Section 5. The important
a lattice computation of the B-meson decay constant in the static approximation
computeΦstat

RGI.
Our strategy to arrive atΦstat

RGI from the bare matrix element follows the one used
the ALPHA Collaboration for the renormalization group invariant quark mass [13
this approach, an intermediate finite-volume renormalization scheme is used to follo
scale evolution non-perturbatively to high energies (O(100 GeV)), where then perturbatio
theory can safely be used to connect to the renormalization group invariants. For a
detailed explanation of the overall strategy we refer to Ref. [14] and for a prelim
report on our work to Refs. [15,16].

The present paper is organized as follows. In Section 2 we discuss our interm
renormalization scheme, formulated in the Schrödinger functional (SF). It is bas
the renormalization condition introduced in [17], but a modification has been nece
to achieve good statistical precision. Section 3 contains the numerical determina
the scale dependence of the current in the SF scheme which is independent of the
formulation. We also relate the current renormalized at some proper low scale to th
current. Section 4 gives our results for the lattice formulation dependent values

Z-factor at this low scale. In Section 5 we then discuss Eq. (1.1) and explain in detail how
our results are to be used. As an example we obtainF stat

Bs
from published numbers of the
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bare matrix element. We finish with a brief discussion of the results in Section 6. D
of the numerical and perturbative calculations are described in Appendices A–C.

2. Intermediate renormalization scheme

In this section we introduce our intermediate renormalization scheme. For reason
explained below, it differs from the one originally introduced in Ref. [17]. The perturba
calculations of Ref. [17] are extended to the new scheme in Appendix B.

We choose a mass-independent renormalization scheme, leading to simple renor
tion group equations. The scheme is defined using the Schrödinger functional (SF) [1
i.e., the QCD partition functionZ = ∫

T×L3 D[A, ψ̄,ψ]e−S[A,ψ̄,ψ] on aT ×L3 cylinder in
Euclidean space, where periodic boundary conditions in the spatial directions of lenL

and Dirichlet boundary conditions at timesx0= 0, T are imposed on the gluon and qua
fields.1 Their exact form can be found in Ref. [21]. Moreover, we setT = L throughout,
and the renormalization scaleµ is identified with the inverse box extension, 1/L. Such a
finite-volume renormalization scheme is chosen, since it allows to study the scale d
dence in thecontinuum limitfor a large range ofµ [13,22–24]. We can then relate th
quantities renormalized at some low scaleµ to the RGI quantities. Reviews of the stra
egy are found in [14,25,26], and for a more detailed description the reader should c
Ref. [13] which we will follow quite closely.

As detailed in [17], we consider the SF with vanishing boundary gauge fields
θ = 0.5. These settings are identical to those used for the quark mass renormal
in [13] and were motivated by meeting the criteria of good statistical precision o
Monte Carlo results, well-behaved perturbative expansions of the renormalization
functions and minimization of lattice artifacts [27]. Static quarks are included as disc
in Ref. [17], and we use the notation of that reference. Throughout most of this pap
formally stay in the framework of continuum QCD; some notation and basic formul
the lattice regularized theory, in which the following expressions receive a precise me
are collected in Appendix A.

In contrast to the relativistic current, there is no axial Ward identity which protect
renormalized static-light axial vector current,

(2.1)
(
Astat

R

)
0(x)=Zstat

A ψ̄l(x)γ0γ5ψh(x),

from a scale dependence. Its scale evolution is governed by the renormalization
equation

(2.2)µ
∂Φ

∂µ
= γ (ḡ)Φ,

where

(2.3)Φ ≡Φstat= 〈f|(Astat
R

)
0|i〉
1 The spatial boundary conditions of the quark fields are only periodic up to a global phaseθ [20], an additional
‘kinematical’ parameter.
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is an arbitrary matrix element of the renormalized static current. The renormalization
functionγ , the anomalous dimension, has a perturbative expansion

(2.4)γ (ḡ)
ḡ→0∼ −ḡ2{γ0+ γ1ḡ

2+ γ2ḡ
4+O

(
ḡ6)}

with a universal leading coefficient [28,29],

(2.5)γ0=− 1

4π2
,

andγ1, γ2, . . . depending on the chosen renormalization scheme.
Non-perturbatively, one computes the change ofΦ under finite changes of th

renormalization scale. For a scale factor of two, the induced change defines thestep scaling
function,

(2.6)σ stat
A (u)=Φ(µ/2)/Φ(µ)=Zstat

A (2L)/Zstat
A (L),

whose argumentu ≡ ḡ2(L) is taken to be exactly the coupling defined in [24], and
always in the SF we haveµ= 1/L.

2.1. The old scheme

In Ref. [17], a normalization condition was formulated in terms of suitable correla
functions defined in the SF. It reads

(2.7)Zstat
A (L)X(L)=X(0)(L) at vanishing quark mass,

with

(2.8)X(L)= f stat
A (L/2)√

f stat
1

andX(0)(L) the tree-level value ofX(L). Here,f stat
A is a correlation function betwee

a static-light pseudoscalar boundary source andAstat
0 in the bulk, andf stat

1 denotes the
correlator between two such boundary sources atx0= 0 andx0= T :

(2.9)f stat
A (x0)=−1

2

∫
d3y d3z

〈
Astat

0 (x)ζ̄h(y)γ5ζl(z)
〉
,

(2.10)f stat
1 =− 1

2L6

∫
d3ud3v d3y d3z

〈
ζ̄ ′l (u)γ5ζ

′
h(v)ζ̄h(y)γ5ζl(z)

〉
.

(For the proper definition of the ‘boundary quark and antiquark fields’ζ, ζ̄ we refer to
Refs. [17,21].) The two correlators are schematically depicted in Fig. 1, and their ex
form on the lattice is given in Eqs. (A.10) and (A.13) of Appendix A.1. In the r
(2.8) both the multiplicative renormalization of the boundary quark fields and the
counterterm of the static field cancel.

We now have to point out a drawback of this scheme that only becomes evident,

it is implemented numerically. Namely, the lattice step scaling functionΣstat

A (u, a/L)

(cf. Eq. (A.20) for its definition), computed by means of Monte Carlo simulations, has
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Fig. 1. Sketch of the correlation functionsf stat
A (x0) (left) andf stat

1 (right). The single and double lines represe
light (i.e., relativistic) and static quark propagators, respectively.

Fig. 2. Comparison of the numerical precision of the lattice step scaling function computed in the sch
Ref. [17] with the new one introduced in Section 2.3, which will be used in the rest of this paper. (The sy
are slightly displaced for better readability.) The statistics of both computations is the same.

large statistical errors atu ≈ 1.5 and larger. In particular, these errors grow withL/a.
This can be inferred from the results tabulated in Appendix A.2 and is illustrated for
representative coupling values in Fig. 2. ForL/a = 12,16 (which amounts to also calcula
Zstat

A for 2L/a = 24,32), already aroundu≈ 1.5 a precise determination ofΣstat
A (u, a/L)

with a reasonable computational effort becomes impossible. The reason for this lies
boundary correlatorf stat

1 being part of the renormalization condition Eq. (2.7): it conta

the static quark propagating over a distanceT = L. Thusf stat
1 falls roughly like e−e1g

2
0T/a

with e1= 1
12π2 × 19.95 [30] the leading coefficient of the self-energy of a static quark

the other hand, the statistical errors fall much more slowly, leaving us with an expon
degradation of the signal-to-noise ratio.

To circumvent this problem, we now introduce a slightly modified renormaliza
scheme. (Therefore, for the rest of the paper, the scheme of Ref. [17]—if mention
all—will only be referred to by labeling the corresponding quantities with an additi

‘old’, e.g., Zstat

A → Zstat
A,old.) The general idea is to replacef stat

1 containing a static and a
light quark by two boundary-to-boundary correlation functions. One of them contains a
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light quark–antiquark pair, the other a static quark–antiquark pair. Both can be com
with small statistical errors, the latter because the variance reduction method of Re
can be applied. Since the static-static boundary correlator has not been studied bef
discuss it in some detail.

2.2. The static-static boundary correlatorf hh
1

We define

(2.11)f hh
1 (x3)≡− 1

2L2

∫
dx1 dx2 d3y d3z

〈
ζ̄ ′h(x)γ5ζ

′
h(0)ζ̄h(y)γ5ζh(z)

〉
,

represented graphically in the left part of Fig. 3. After integrating out the static quark fi
f hh

1 becomes the (trace of the) product of a timelike Wilson line and the complex conj
one from boundary to boundary (see Eq. (B.1)). They are separated byx in space. This
quantity is integrated overx1, x2 but retains a dependence onx3. In the following we take
d ≡ |x3| as its argument, where the periodicity of the system in the space directions re
it to 0 � d � L/2.

Upon renormalization the correlation functionf hh
1 becomes(

f hh
1

)
R(d)= e−2δm×L(Zh)

4f hh
1 (d),

whereZh is the wave function renormalization constant of a static boundary quark
andδm the linearly divergent static mass counterterm. Therefore, to study the prop
of f hh

1 further, we form the finite ratio

(2.12)h(d/L,u)≡ (f hh
1 )R(d)

(f hh
1 )R(L/2)

= f hh
1 (d)

f hh
1 (L/2)

at ḡ2(L)= u.

Considered on the lattice, it has a continuum limit. As outlined in Appendix B.1, the
loop coefficienth(1)(d/L) of the perturbative expansion

(2.13)h(d/L,u)= 1+ uh(1)(d/L)+ u2h(2)(d/L)+ · · ·
is given by

(2.14)h(1)(d/L)= 2

3

(
1

2
− d

L

)2

.

Remarkably, this form holds exactly on the lattice without anya/L-dependence. Som
insight why this is so is presented in the appendix as well. At two-loop accuracy, we d
expect exacta-independence any more, but still one may hope that the favorable kinem
keep lattice artifacts small.
Fig. 3. The correlation functionsf hh
1 (x3) (left) andf1 (right). The notation is the same as in Fig. 1.
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Fig. 4. Non-perturbatived-dependence ofh(d/L,u) = f hh
1 (d)/f hh

1 (L/2) at two (low and high) values of th
coupling, compared to one-loop perturbation theory. As data points corresponding to various lattice res
are included, the figure also reflects the weak cutoff dependence of this ratio.

The one-loop expression is compared to results from our non-perturbative compu
of f hh

1 for two representative values of the coupling in Fig. 4. The figure contains
perturbative results forL/a ∈ {12,16,20,24,32} but at the level of our statistical error
which are about 1% and smaller, no lattice artifacts of the ratioh can be seen.

For lowd , the non-perturbative data forh are well described byc× (L/d)+ c ′, where
the constantc grows withu= ḡ2. Hence the correlation function contains a non-integra
short-distance singularity, which is the reason why we will not integrate overd in the
following. It is easy to see that this singularity is absent up to and including the ordeu2,
but in higher-order terms in perturbation theory such a singularity may appear.

2.3. The new renormalization scheme

Choosingd at its maximum value to further keep discretization errors at a minim
we specify our (non-perturbative) renormalization scheme by

(2.15)Zstat
A (L)Ξ(L)=Ξ(0)(L) at vanishing quark mass,

with

(2.16)Ξ(L)= f stat
A (L/2)

[f1f
hh
1 (L/2)]1/4

.

Here,f1 is the correlator between two light-quark pseudoscalar boundary sources,∫

(2.17)f1=− 1

2L6 d3ud3v d3y d3z
〈
ζ̄ ′1(u)γ5ζ

′
2(v)ζ̄2(y)γ5ζ1(z)

〉
,
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depicted in the right part of Fig. 3. The form off1 and f hh
1 on the lattice is given in

Eqs. (A.12) and (A.14) of Appendix A.1. As before, the combination of these correl
in the denominator of (2.16) is such that the boundary field renormalizations and the
counterterm drop out and no other scale butL appears.

For θ = 0.5 the perturbative calculation summarized in Appendix B now yields

(2.18)γ SF
1 =

1

(4π)2

{
0.10(2)− 0.0477(13)Nf

}
,

which differs only little from the one in the old scheme [17].
Note that O(a) improvement [21,32] can be applied and is an important ingred

in practice to reduce the cutoff effects in the numerical simulations (see Append
Returning to Fig. 2, one observes that the statistical errors of the lattice results are
much smaller in the new scheme.

3. Non-perturbative running and renormalization group invariant

In this section we present our quenched results on the evolution ofΦ(µ) over more than
two orders of magnitude inµ. To this end we consider the evolution ofZstat

A under repeated
changes of the scale (i.e., the box sizeL) by a factor of two at fixed bare paramete
Starting at some initial low-energy value (i.e., some largeL= Lmax), one thereby climbs
up the energy scale by repeated application of the inverse of the step scaling functio
the perturbative domain at high energies (i.e., small 2−kLmax) is reached, where finall
the associated (scale and scheme independent) renormalization group invariant
extracted. As in the previous section we keep the discussion in the continuum theor
the underlying lattice calculations are described in Appendix A.

3.1. Step scaling function

The evolution ofZstat
A from sizeL to 2L is given by its step scaling function,σ stat

A (u),
which has already been introduced in Eq. (2.6), but where it is understood thatZstat

A is
defined in the new renormalization scheme according to Eq. (2.15).

As detailed in Appendix A.2, the sets of lattice parameters(L/a,β, κ), which in
practice are required to non-perturbatively computeσ stat

A (u), can be taken over from th
quark mass renormalization [13]. The available coupling valuesu allow to trace the scal
dependence ofZstat

A up toL= 2Lmax, where the scaleLmax is implicitly defined through

(3.1)ḡ2(Lmax)= 3.48.

The sequence

(3.2)uk = ḡ2(2−kLmax
)
, k = 0, . . . ,8,

is known from Ref. [13], and thus the corresponding sequence
(3.3)vk ≡ Zstat
A (2−k+1Lmax)

Zstat
A (2Lmax)

= Φ(2k−1/Lmax)

Φ((2Lmax)−1)
, v0= 1,
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Table 1
Results for the continuum step scaling functionσstat

A (u)

u σ stat
A (u)

1.0989 0.9796(20)
1.3293 0.9746(25)
1.4300 0.9719(26)
1.5553 0.9668(27)
1.6950 0.9727(28)
1.8811 0.9632(28)
2.1000 0.9589(35)
2.4484 0.9432(27)
2.7700 0.9423(41)
3.4800 0.9154(41)

Fig. 5. Lattice step scaling functionΣstat
A and its continuum limit extrapolations for some selected values ofu.

is simply given by

(3.4)v0= 1, vk+1= vk

σ stat
A (uk)

,

once the functionσ stat
A (u) is available in the corresponding range ofu.

The calculation of the lattice step scaling function and its subsequent conti
extrapolation yields the pairsu andσ stat

A (u) listed in Table 1. An impression of the quali
of the continuum extrapolation is gained from Fig. 5, but for a more detailed accou
the lattice simulations and data analysis we refer to Appendix A.2. An interpolatin

of σ stat

A (u) is shown in Fig. 6. The leading coefficients (s0 ands1, see Appendix C.1) of
the interpolating polynomial are fixed to the perturbative predictions, Eqs. (B.14). This fit
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Fig. 6. Continuum step scaling functionσ stat
A (u) and its polynomial fit.

is then inserted into the aforementioned recursion, and propagating all errors throu
recursion we obtain

(3.5)Zstat
A (2Lmax)/Z

stat
A (L)= 0.7551(47) atL= 2−6Lmax,

with the value of the coupling at this box size beingḡ2(2−6Lmax)= 1.053(12) [13]. Let us
emphasize once more thatL = 2Lmax andL = 2−6Lmax represent low- and high-energ
scales, respectively, which in this way have been connected non-perturbatively. (O
actually allow to go up toL= 2−8Lmax.)

3.2. RGI matrix elements of the static axial current

We now proceed to relate the renormalized matrix element

(3.6)Φ(µ)=Zstat
A (L)Φbare(g0), µ= 1/L,

atL= 2Lmax to the renormalization group invariant one defined by2

(3.7)ΦRGI=Φ(µ)
[
2b0ḡ

2(µ)
]−γ0/2b0 exp

{
−

ḡ(µ)∫
0

dg

[
γ (g)

β(g)
− γ0

b0g

]}
,

2 In a loose notation, we take sometimesL and sometimesµ= 1/L as the argument of̄g.
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Fig. 7. Numerically computed values of the running matrix element of the static axial current in the SF s
compared to perturbation theory. The dotted and solid lines are obtained from Eq. (3.7) using the 1/2- and
2/3-loop expressions for theγ - andβ-functions, respectively, as well asΛLmax= 0.211 from Ref. [13].

with the universal leading-order coefficientsb0= 11/(4π)2 andγ0=−1/(4π2) of theβ-
andγ -functions, respectively. Casting this equation in the form

ΦRGI

Φ((2Lmax)−1)
= Zstat

A (1/µ)

Zstat
A (2Lmax)

[
2b0ḡ

2(µ)
]−γ0/2b0 exp

{
−

ḡ(µ)∫
0

dg

[
γ (g)

β(g)
− γ0

b0g

]}
,

with µ= 26/Lmax, we see that the first factor is known from Eq. (3.5), while in the sec
one only couplings̄g2 � 1.05 contribute and it can safely be evaluated by perturba
theory. Still, for the perturbative error to be negligible,γ has to be known to two
loop accuracy andβ to three-loop. Upon insertinḡg2(26/Lmax) = 1.053 and numerica
integration of the second factor we find

(3.8)Φ(µ)/ΦRGI= 1.088(8) atµ= (2Lmax)
−1

in the SF scheme. Entirely consistent numbers, with slightly larger errors, are ob
for Φ(µ)/ΦRGI if one switches to perturbation theory atµ = 27/Lmax or µ = 28/Lmax
instead.

In Fig. 7 we compare the numerically computed running with the corresponding c
in perturbation theory. While good agreement with the perturbative approximation is
at high scales, a growing difference of up to 5% becomes visible whenµ is lowered to
µ≈ 2.5Λ.

Below it will be more convenient to specify the scaleµ in Eq. (3.8) in terms ofr0 [33]

instead ofLmax. Taking also the small error contribution from the uncertainty ofLmax in
units of r0, Lmax/r0 = 0.718(16) [34], into account, the final result for the regularization
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independent partΦ(µ)/ΦRGI of the total renormalization factor is

(3.9)Φ(µ)/ΦRGI= 1.088(10) atµ= (1.436r0)
−1.

Note that this result refers to thecontinuum limitso that the error onΦ(µ)/ΦRGI of about
0.9% should only be added in quadrature to the proper matrix element under studyafter its
continuum extrapolation.

4. Zstat
A at low scale and total renormalization factor

We still need to relate(Astat
R )0(µ), renormalized at some appropriate scaleµ, to the

bare lattice operator. This amounts to computingZstat
A at the low-energy matching sca

L = 2Lmax= 1.436r0, which is briefly explained in Appendix C.2. Since in this s
the bare operator is involved,Zstat

A does depend—in contrast to the result of the prev
section—on the choice of action. We have considered three different cases. The fi
are the non-perturbatively O(a) improved action of Ref. [35], withcstat

A =− 1
4π g2

0 (= one-
loop) and separately withcstat

A = 0. Their combination will in the future allow to study th
influence ofcstat

A on the continuum extrapolations of renormalized matrix elements.
third choice is the unimproved Wilson action which is of interest, because so far th
computations of the bare matrix element did not use improvement [10,11].

The numerical results forZstat
A are shown in Fig. 8. For later use they are represente

interpolating polynomials,

(4.1)Zstat
A (g0,L/a)

∣∣
L=1.436r0

=
∑
i�0

zi(β − 6)i,
Fig. 8. Numerical results forZstat
A (g0,L/a)|L=1.436r0 together with their interpolating polynomials.
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Table 2
Coefficients of the interpolating polynomials, Eqs. (4.1) and (4.3). Uncertainties are discussed in the text

csw, cA cstat
A Applicability i zi fi

non-perturbative −g2
0/(4π) 6.0 � β � 6.5 0 0.6944 0.6382

[35] 1 −0.0946 −0.0869
2 0.1239 0.1139

non-perturbative 0 6.0 � β � 6.5 0 0.6750 0.6204
1 −0.0838 −0.0771
2 0.1200 0.1103

0, 0 0 5.7 � β � 6.5 0 0.6090 0.5598
1 −0.1186 −0.1090
2 0.3438 0.3160
3 −0.2950 −0.2711

with coefficientszi as listed in Table 2. The statistical uncertainty to be taken into acc
when using this formula is about 0.4%.

The total renormalization factor

The total renormalization factor to directly translate any bare matrix elementΦbare(g0)

of Astat
0 into the RGI matrix element,ΦRGI, can be written as

(4.2)ZRGI(g0)= ΦRGI

Φ(µ)

∣∣∣∣
µ=(1.436r0)

−1
×Zstat

A (g0,L/a)
∣∣
L=1.436r0

.

We combine Eq. (4.1) with Eq. (3.9) and represent the totalZ-factor by further inter-
polating polynomials,

(4.3)ZRGI(g0)=
∑
i�0

fi(β − 6)i,

whose coefficients are also found in Table 2. These parametrizations ofZRGI are to be
used with an uncertainty of about 0.4%3 at eachβ-value and an additional error of 0.9
(fromΦRGI/Φ(µ)), which remains to be added in quadratureafterperforming a continuum
extrapolation.

5. Matrix elements at finite values of the quark mass

In order to use results from the static theory, one still has to relate its renormaliz
group invariant matrix elements to those in QCD at finite values of the quark masm.
This step may also be seen as a translation to another scheme, defined by the c
that matrix elements in the static effective theory renormalized in this scheme and a
3 Only in the casecsw= 0 the error to be associated with the formulae forZstat
A andZRGI grows to 0.5% at

β ≈ 6.3 and 0.8% atβ ≈ 6.5.
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µ = m are the same as those in QCD up to 1/m-corrections. This scheme is therefo
denoted as the ‘matching scheme’ [14]. Below, we will specify precisely which quark mas
m is to be taken.

5.1. Conversion to the matching scheme

Let us write the relations for the special case of the matrix element of the axial c
between the vacuum and the heavy-light pseudoscalar,

(5.1)ΦRGI=ZRGI〈PS|Astat
0 |0〉.

We then have

(5.2)FPS
√
mPS= ĈPS(m̄)ΦRGI+O(1/m̄),

wherem̄ is theMS quark mass at renormalization scalem̄.4 The functionĈPS(µ) is given
by

(5.3)ĈPS(µ)= [
2b0ḡ

2(µ)
]γ0/2b0 exp

{ ḡ(µ)∫
0

dg

[
γ (g)

β(g)
− γ0

b0g

]}
,

with ḡ(µ) the MS running coupling andγ the anomalous dimension in the match
scheme. The latter is known to two loops [30,38–40] withγ0 being the same as befo
and

(5.4)γ1≡ γ match
1 = γ MS

1 − b0

3π2 ,

(5.5)γ MS
1 =− 1

576π4

(
127

2
+ 28ζ(2)− 5Nf

)
.

For illustration,ĈPS(µ) is plotted in the upper part of Fig. 9, where for the numer
evaluation theβ-function is always taken at four-loop precision [41], while to estim
the perturbative uncertainty we show the result for the one-loop and the two
approximation ofγ .

Eq. (5.3) can be rewritten in a form displaying explicitly that also this step is
restricted to perturbation theory. In terms of the renormalization group invariant q
mass,M, we have

(5.6)FPS
√
mPS= CPS(M/ΛMS)ΦRGI+O(1/M),

where now only renormalization group invariants enter. To evaluateCPS(M/ΛMS) in
perturbative approximation, one changes the argument of the functionĈPS, Eq. (5.3), by

4 Note that in [36] a similar equation with the pole mass instead of theMS mass is written. At the two-loop
order, which will be used below, this does formally not make any difference. However, the pole mass d

have a well-behaved perturbative expansion [37], and we therefore prefer a short-distance mass such as theMS
mass.
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Fig. 9. Conversion factor to the matching scheme, which translates the RGI matrix element to the one
mass.

inserting

(5.7)M/m̄(µ)= [
2b0ḡ

2(µ)
]−d0/2b0 exp

{
−

ḡ(µ)∫
0

dg

[
τ (g)

β(g)
− d0

b0g

]}

together with the condition̄m(mMS)=mMS, whereτ (ḡ) denotes as usual the renormaliz
tion group function of the renormalized (running) quark mass with universal leading-
coefficientd0= 8/(4π)2. A numerical evaluation (with the four-loopτ -function [42,43] in
Eq. (5.7)) is shown in the lower part of Fig. 9. Eq. (5.6) is not only the cleanest form
a theoretical point of view but it is also practical, because the relation between bare
masses in the O(a) improved lattice theory and the renormalization group invariant m
M is known non-perturbatively in the quenched approximation [44,45].

For later convenience we representCPS in terms of the variablex ≡ 1/ ln(M/ΛMS) in a
functional form motivated by Eq. (5.3),

(5.8)CPS= xγ0/2b0
{
1− 0.065x+ 0.048x2}, x = 1/ ln(M/ΛMS) � 0.52,

with b0 = 11/(4π)2 and γ0 = −1/(4π2). It describes the result for the two-loo

approximation of theγ -function within less than 0.01%. Of course in this step a
perturbative error is involved, which is difficult to estimate. Assuming a geometric growth
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Table 3
Matrix elements ofAstat

0 in units of r0 for the light quark mass equal to the strange quark mass. Bare m
elements come from Ref. [10], with the exception ofβ = 6.0 which is taken from Ref. [11]. The scaler0/a [33]
is used as determined in Ref. [34], and its uncertainty is already included here

β = 6/g2
0 5.7 5.9 6.0 6.1 6.3

r0/a 2.93(1) 4.48(2) 5.37(2) 6.32(3) 8.49(4)

r
3/2
0 Φbare 4.75(25) 4.09(21) 3.94(13) 3.79(36) 4.00(29)

r
3/2
0 ΦRGI 2.99(16) 2.35(12) 2.21(7) 2.09(20) 2.20(16)

of the coefficients of theγ -function, we find that theγ2-term would cause a chang
by around 1% atm̄ = mb,MS and by 2.5% atm̄ = 1.2 GeV. Thus one may attribute
2–4% error due to the perturbative approximation, which could be much reduced
computation of the three-loop anomalous dimension.

In principle, CPS may be computed also non-perturbatively following the strat
outlined in Ref. [14]. It is then defined only up to 1/M-terms, consistent with Eq. (5.6).

5.2. Application: first non-perturbative renormalization ofF stat
Bs

We now take bare matrix elements ofAstat
0 for unimproved Wilson fermions from th

literature to obtain an estimate forFBs in the static approximation. This exercise ser
mainly to illustrate how to use our results.

5.2.1. The matrix elements are needed at a fixed value of the light quark mas
avoid issues in the extrapolation to very light quarks, we here consider onlyFBs. To
fix the strange quark mass, we use that the sum of the light quark masses is to
approximation proportional to the squared (light-light) pseudoscalar masses,m2

PS(l, l) [44],
and interpolate the data for the decay constant of [10,11] as a function ofm2

PS(l, l)r2
0 to

m2
PS(s,s)r2

0 = (2m2
K −m2

π )r
2
0 = 2m2

Kr
2
0/(1+ml/ms)= 3.0233. (To arrive at the latter, w

employedm2
Kr2

0 = 1.5736 [44] andms/ml = 24.4 from chiral perturbation theory [46]

The resulting dimensionless numbersr
3/2
0 Φbareare listed in Table 3.

5.2.2. We renormalize by multiplying with Eq. (4.3), using thefi from Table 2
(csw = cA = cstat

A = 0), take into account a 0.4–0.5% error from the non-universal
of theZ-factor at each value ofg0 and find the last line in Table 3. Assuming the lead
linear behavior in the lattice spacing to dominate fora/r0 < 1/4, we extrapolate to th
continuum limit as shown in Fig. 10. Adding to the extrapolation error in quadrature
the 0.9% error contribution ofZRGI, which is independent ofg0, yields

(5.9)r
3/2
0 ΦRGI= 1.93(34) ata = 0.

5.2.3. Finally, insertingMbr0 = 17.6(5) [14,47] andΛMSr0 = 0.602(48) [13], one
gets via the formula in Eq. (5.8)
(5.10)CPS(Mb/ΛMS)= 1.23(3),
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Fig. 10. Continuum extrapolation of the non-perturbatively renormalized matrix element ofAstat
0 based on the

unimproved Wilson data forFbare
B from Refs. [10,11].

where a 2% error for the perturbative approximation is assumed. With the experim
spin-averaged B-meson massmB =mBs = 5.4 GeV, we then obtain from Eq. (5.6):

(5.11)F stat
Bs

r0= 0.64(11),

(5.12)F stat
Bs
= 253(45) MeV for r0= 0.5 fm.

The result contains all errors apart from the uncertainty owing to the quenched appro
tion. Evidently, the continuum extrapolation may be done much better, once O(a) improved
results with sufficient precision and small lattice spacings are available.

6. Discussion

We have performed the scale dependent renormalization ofAstat
0 by constructing

a non-perturbative renormalization group in the Schrödinger functional scheme
agreement with perturbation theory at large scales was demonstrated. The renorma
factors needed to extract the associated RG invariant are computed with good nu
accuracy, which is a crucial prerequisite for a controlled determination ofFB in the static
limit. In Ref. [14] it was shown that the renormalization factors obtained in this
differ appreciably from earlier estimates [10] based on tadpole-improved perturb
theory [48]. Hence their non-perturbative computation is important.

We have not emphasized this so far, but our computation provides the scale depe
of all static-light bilinears
(6.1)OΓ (x)= ψ̄l(x)Γ ψh(x).
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They are renormalized by

(Oγk)R(x)=Zstat
A Oγk,

(6.2)(Oγ0)R(x)= Z̃Zstat
A Oγ0, (Oγkγ5)R(x)= Z̃Zstat

A Oγkγ5,

with a scale independent renormalizationZ̃. This pattern is due to the heavy quark s
symmetry which is exact on the lattice, and due to the chiral symmetry of the conti
theory. The latter means that the relative renormalizationZ̃ may be fixed by imposing
suitable chiral Ward identity [49] and is thus scale independent.

Returning to the case of most interest,F stat
B , our continuum extrapolation in Section 5

that uses unimproved data for the bare matrix elements from the literature an
quite large lattice spacings leaves much room for improvement of the present
F stat

Bs
= 253(45)MeV. Apart from the obvious step of obtaining O(a) improved bare matrix

elements at small lattice spacings and extrapolating to the continuum, it will be nec
to estimate the O(1/M) correction. There are two possible roads towards this goal.

An elegant and clean way is to compute the 1/M-corrections directly as perturbatio
to the static effective theory. Again, the main problem here is renormalization. Indee
is a severe one, since mixing between operators of different dimensions has to be
into account. This will require much more theoretical and numerical effort; but a pos
strategy exists [14,47].

In the mean time, one may also compare the prediction from the static approxim
to what one obtains atM ≈Mc and also to the results obtained directly atM =Mb, most
notably the ones of Refs. [2,3]. As emphasized in Refs. [50–52] this should be do
the continuum limit, since O(a) errors get enhanced when the quark masses incr
At the charm quark mass these are sizable but can be extrapolated away, at leas
quenched approximation [53]. The comparison between finite-mass decay consta
F stat

B is most conveniently done by comparingFPS
√
mPS/CPS(M/ΛMS). Unfortunately, at

present the error of the static result is still too large to draw any strong conclusions
1/M-corrections inFB:

(6.3)r
3/2
0 ΦRGI= 1.93(34), static: Eq. (5.9),

(6.4)r
3/2
0

FBs

√
mBs

CPS(Mb/ΛMS)
= 1.46(23), usingFBs = 192(30) MeV [2,3],

(6.5)r
3/2
0

FDs

√
mDs

CPS(Mc/ΛMS)
= 1.29(5), usingFDs = 252(9) MeV [54].

Still, the difference of Eqs. (6.3) and (6.5) shows that there are significant 1/M-corrections
in the charm mass region.

As a more technical remark we point out that the functionh(d/L,u), Eq. (2.12), shows

very smalla-effects in the quenched approximation and may be worth studying to verify
improvement with dynamical fermions.
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Appendix A. Computation of the lattice step scaling function

This appendix describes some details of the numerical simulations on the lattic
the subsequent calculations that we have performed in order to determine the step
function forZstat

A . At the beginning we also recall a few basic definitions and formu
which are specific to the inclusion of static quarks and the correlation functions th
considered in the framework of the Schrödinger functional (SF). As the impact of the
quarks on O(a) improvement of the static-light sector has extensively been discuss
Ref. [17], the reader might consult this reference for further details and any unexp
notation.

A.1. Definitions

A.1.1. Lattice action
The total lattice action is given by the sum

(A.1)S[U, ψ̄l,ψl, ψ̄h,ψh] = SG[U ] + SF[U, ψ̄l,ψl] + Sh[U, ψ̄h,ψh],
whereSG and SF are the standard pure gauge and O(a) improved Wilson actions fo
relativistic (light) quarks, see Eqs. (A.22)–(A.26) of Ref. [17], respectively, andSh denotes
the lattice action for the heavy quark:

(A.2)Sh[U, ψ̄h,ψh] = a4
∑
x

ψ̄h(x)∇∗0ψh(x).

The fieldsψh andψ̄h of the static effective theory are constrained in such a way (na
P+ψh = ψh andψ̄hP+ = ψ̄h) that one is left with just two degrees of freedom per spa
time point [4] and only the (time component of the) backward lattice derivative,∇∗µ, enters
in the action (A.2). Hence, static quarks propagate only forward in time, which also re
in the form of the associated quark propagator,

Sh(x, y)=U(x − a0̂,0)−1U(x − 2a0̂,0)−1 · · ·U(y,0)−1

× θ(x0− y0)δ(x − y)P+,

(A.3)P± = 1

2
(1± γ0),

being just a straight timelike Wilson line.
To impose SF boundary conditions, Eqs. (A.1) and (A.2) are supplemented by
ψl(x)= 0 if x0 < 0 orx0 >L,

(A.4)ψh(x)= 0 if x0 < 0 orx0 � L
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and

(A.5)P−ψl(x)|x0=0= P+ψl(x)|x0=L = 0,

while in the pure gauge part the spatial plaquettes atx0= 0 andx0= L receive a non-trivia
(and coupling dependent) weight, see Eq. (A.29) of Ref. [17]. In the discretization o
SF as described in [18,21] we choose zero boundary gauge fields throughout,C = C′ = 0,
which translates into the boundary conditionsU(x, k)|x0=0 = U(x, k)|x0=L = 1 for the
lattice gauge field. Similarly, the light and static quark fields atx0 = 0,L are fixed to
appropriate (space dependent) boundary functions; the corresponding boundary co
are collected in Eqs. (3.2), (3.3) and (3.5) of Ref. [17] and not repeated here.

A.1.2. SF correlation functions
Observables are then defined as usual through a path integral involving the total

S. In this work we focus on SF correlation functions that are constructed from the(a)

improved static-light axial current

(A.6)
(
Astat

I

)
0(x)=Astat

0 (x)+ acstat
A δAstat

0 (x),

(A.7)Astat
0 (x)= ψ̄l(x)γ0γ5ψh(x),

(A.8)δAstat
0 (x)= ψ̄l(x)γjγ5

1

2

(←−∇ j +←−∇∗j
)
ψh(x).

Unless it is indicated differently, the improvement coefficientcstat
A is set to its one-loop

perturbative value,

(A.9)cstat
A =−

1

4π
g2

0,

computed in Refs. [55,56]. On the lattice, in terms of the boundary quark fieldsζ, . . . , ζ̄ ′,
the correlation functions of these fields, as well as the various types of pseudo
correlators from one boundary to the other that are needed in addition, read explicit

(A.10)f stat
A (x0)=−a6

∑
y,z

1

2

〈
Astat

0 (x) ζ̄h(y)γ5ζl(z)
〉
,

(A.11)f stat
δA (x0)=−a6

∑
y,z

1

2

〈
δAstat

0 (x) ζ̄h(y)γ5ζl(z)
〉
,

(A.12)f1=−a12

L6

∑
u,v,y,z

1

2

〈
ζ̄ ′i (u)γ5ζ

′
j (v)ζ̄j (y)γ5ζi(z)

〉
,

(A.13)f stat
1 =−a12

L6

∑
u,v,y,z

1

2

〈
ζ̄ ′l (u)γ5ζ

′
h(v)ζ̄h(y)γ5ζl(z)

〉
,

hh a8 ∑ 1〈 ¯ ′ ′ ¯ 〉

(A.14)f1 (x3)=−

L2
x1,x2,y,z

2
ζh(x)γ5ζh(0)ζh(y)γ5ζh(z) .
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Table 4
The ratioΞI for θ = 0.5 at tree-level

L/a ΞI(0,L/a)

6 −1.5964837518021
8 −1.5996643156321

10 −1.6011462370857
12 −1.6019540566018
16 −1.6027594410020
20 −1.6031330222299
24 −1.6033361949926
32 −1.6035384024722

Moreover we introduce the two ratios

(A.15)XI(g0,L/a)= f stat
A (L/2)+ acstat

A f stat
δA (L/2)√

f stat
1

,

(A.16)ΞI(g0,L/a)= f stat
A (L/2)+ acstat

A f stat
δA (L/2)

[f1f
hh
1 (L/2)]1/4

,

which are constructed such that the (unknown) wave function renormalization fact
the boundary quark fields as well as the (linearly divergent) mass countertermδm cancel
out and only the static current remains subject to renormalization.

A.1.3. Renormalization
In Ref. [17] the renormalization constantZstat

A ≡ Zstat
A,SF entering the O(a) improved

static axial current renormalized in the SF scheme,

(A.17)
(
Astat

R

)
0= Zstat

A

(
1+ bstat

A amq
)(
Astat

I

)
0,

was defined in terms of the ratio Eq. (A.15) by imposing the renormalization cond
(with m0, mq andmc as defined in [17])

(A.18)Zstat
A,old(g0,L/a)XI(g0,L/a)=XI(0,L/a) atm0=mc.

Thus,Zstat
A,old naturally runs with the scaleµ= 1/L. In the present context it will be referre

to as the ‘old’ scheme, whereas the so-called ‘new’ scheme based on Eq. (A.16) is sp
by

(A.19)Zstat
A (g0,L/a)ΞI(g0,L/a)=ΞI(0,L/a), m0=mc, L= 1/µ.

For θ = 0.5, which is chosen in our simulations, the relevant values of the
level normalization constantΞI(0,L/a) (or Ξ

(0)
I (a/L) in the notation of Appendix B

summarizing the perturbative calculations) are collected in Table 4. As an aside we r
thatΞI(0,L/a)=XI(0,L/a) holds.

The critical quark mass is always understood to be defined from the non-perturb

O(a) improved PCAC mass in the light quark sector as in Ref. [13] (i.e., forθ = 0 and
T = L, evaluating the associated combination of correlation functions atx0= T/2).
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A.1.4. Lattice step scaling function
The lattice step scaling function of the static axial current is defined through

(A.20)Σstat
A (u, a/L)= Zstat

A (g0,2L/a)

Zstat
A (g0,L/a)

at ḡ2(L)= u, m0=mc.

The additional conditionm0 = mc from above, referring to lattice sizeL/a, defines
the critical hopping parameter value,κ = κc. Moreover, enforcinḡg2(L) to take some
prescribed valueu fixes the bare coupling valueg2

0 = 6/β to be used for givenL/a. In
this wayΣstat

A becomes a function of the renormalized couplingu, up to cutoff effects, and
approaches its continuum limit asa/L→ 0 for fixedu.

A.2. Simulation details and results

As emphasized before, our quenched lattice simulation and the data analys
analogous to Ref. [13], except that the boundary coefficientct is set to its two-loop
perturbative value [57]:

(A.21)c
2-loop
t = 1− 0.089g2

0− 0.030g4
0.

The boundary O(a) improvement terms involving quark fields have to be multiplied w
a coefficient̃ct, which is known to one-loop from [58], viz.

(A.22)c̃
1-loop
t = 1− 0.018g2

0.

Of course, owing to a priori unknown precision to which perturbation theory approxim
these coefficients, linear lattice spacing errors are not suppressed completely, and
come back to this issue later. As for the other contributing O(a) improvement coefficients
we used the non-perturbative values forcsw andcA of [35] for the relativistic fermions and
the one-loop estimate (A.9) forcstat

A in the static-light axial current.
The renormalization constantsZstat

A (g0,L/a) andZstat
A (g0,2L/a) in Eq. (A.20) have

been evaluated from the correlation functions in Eqs. (A.10)–(A.14), which were com
in a numerical simulation withθ = 0.5. (The latter parameter specifies the bound
conditions of the quark fields, see, e.g., [20].) These simulations were perform
the APE-100 parallel computers with 128 to 512 nodes, employing for the upd
of the gauge fields the same hybrid-overrelaxation algorithm as in [13,24] with
overrelaxation sweeps per heatbath sweep within a full iteration. This mix of updatin
found to be close to optimal in [59]. Since the computation of SF correlators has a
been detailed in Ref. [35] and Appendix A.2.2 of [13], we just mention that we d
from them only by using the implementation [60] of the SSOR-preconditioned BiCG
inverter [61] to solve the lattice Dirac equation.

The computation off hh
1 (d), whered = |x3| and a � d � L/2, amounts to evaluat

Eq. (B.1). In order to improve the statistical precision off hh
1 , the links building up the

observable are evaluated by a 10-hit multi-hit procedure [31], where each hit co
of a Cabibbo–Marinari heatbath update in three SU(2)-subgroups of SU(3). Trans
invariance is fully exploited.
In order to keep autocorrelations small, the measurements of the correlation functions
were always separated byL/(2a) update iterations (and, respectively, five iterations in
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the case off hh
1 ). Statistical errors stem from a standard jackknife analysis, wher

have checked explicitly for the statistical independence of the data by averaging
into bins of a few consecutive measurements beforehand. The total number of me
ments itself was such that the statistical error ofΣstat

A was dominated by the uncertainty
Zstat

A (g0,2L/a). In general, the uncertainties in the coupling and in the value ofκc would
have to be propagated into the error ofΣstat

A as well. But as the former can be estima
to be much smaller than the statistical error ofΣstat

A andΣstat
A is found to depend rathe

weakly on the bare (light) quark mass, we neglected both contributions in the fina
estimate.

In Tables 5–7 we list our results on the step scaling functions of the static axial cu5

and—since they are available from our computations as well—of the pseudoscalar d
defined as in [13]. The values ofβ and the critical hopping parameterκ = κc to be
simulated were taken over from Ref. [13] without changes, which means to stay wct
and c̃t to one-loop accuracy in realizing the conditionsḡ2(L) = u andm0 = mc. Note
once more, however, that here, in contrast to [13], for the corresponding renormali
constants themselves—particularly when comparing the results forZP andΣP quoted in
that previous work with those of the present one—the two-loop formula forct, Eq. (A.21),
has been used.

A.3. Continuum extrapolation ofΣstat
A

For fixed couplingu the step scaling function defined in Eq. (A.20) has a continu
limit, σ stat

A (u). Neglecting for the moment the uncertainties on the correct values ofct, c̃t
andcstat

A , we expect the leading-order cutoff effects to be quadratic in the lattice spac

(A.23)Σstat
A (u, a/L)= σ stat

A (u)+O
(
a2/L2),

since O(a) improvement is employed. Based on this ansatz, Fig. 5 in Section 3 illus
the continuum extrapolation ofΣstat

A for a representative subset of our available coup
valuesu= ḡ2(L). The coarsest lattices (withL/a = 6) have been omitted from the fits
a safeguard against higher order cutoff effects. For the remaininga/L � 1/8, the one-loop
cutoff effects are quite small, see Fig. 12.

Although these extrapolations are entirely compatible with an approach to
continuum limit quadratic ina/L, we also have investigated extrapolations linear ina/L.
These as well yield reasonable fits with consistent results and even comparab
χ2/dof (when summing up theχ2’s belonging to the individual fits at the tenu-values)
so that the form of the lattice spacing dependence cannot be decided on the basi
data. Therefore, we have studied the influence of the imperfect (i.e., only perturb
knowledge of some of the improvement coefficients in more detail.

Since the usage of the two-loop approximation (A.21) forct in the calculation of the
correlation functions (and thereby also in the step scaling functionΣstat

A ) should cancel the
main contributions from the related boundary terms, we only address its effect origin
5 Here we do not tabulate the results on the static-static boundary correlatorf hh
1 separately, but the numbers

can be obtained from the authors upon request.
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Table 5
Results for the step scaling functionΣP

ḡ2(L) β κ L/a ZP(g0,L/a) ZP(g0,2L/a) ΣP(u, a/L)

1.0989 9.5030 0.131514 6 0.8190(10) 0.7846(9) 0.9581(16)
9.7500 0.131312 8 0.8107(9) 0.7786(12) 0.9604(18)

10.0577 0.131079 12 0.8012(6) 0.7702(11) 0.9613(16)
10.3419 0.130876 16 0.7956(8) 0.7625(15) 0.9584(21)

1.3293 8.6129 0.132380 6 0.7930(10) 0.7493(10) 0.9449(17)
8.8500 0.132140 8 0.7827(11) 0.7402(11) 0.9456(19)
9.1859 0.131814 12 0.7737(7) 0.7353(12) 0.9503(17)
9.4381 0.131589 16 0.7666(11) 0.7274(18) 0.9488(27)

1.4300 8.5598 0.132453 8 0.7702(10) 0.7273(13) 0.9443(21)
8.9003 0.132095 12 0.7610(6) 0.7223(14) 0.9491(21)
9.1415 0.131855 16 0.7555(7) 0.7123(20) 0.9428(28)

1.5553 7.9993 0.133118 6 0.7666(7) 0.7165(16) 0.9346(23)
8.2500 0.132821 8 0.7590(8) 0.7134(13) 0.9399(20)
8.5985 0.132427 12 0.7473(10) 0.7035(13) 0.9414(21)
8.8323 0.132169 16 0.7421(9) 0.6976(19) 0.9401(29)

1.6950 7.9741 0.133179 8 0.7442(11) 0.6939(15) 0.9325(24)
8.3218 0.132756 12 0.7341(7) 0.6862(15) 0.9348(22)
8.5479 0.132485 16 0.7277(13) 0.6805(18) 0.9352(30)

1.8811 7.4082 0.133961 6 0.7348(9) 0.6764(6) 0.9205(14)
7.6547 0.133632 8 0.7258(7) 0.6691(15) 0.9219(23)
7.9993 0.133159 12 0.7173(5) 0.6632(8) 0.9245(12)
8.2415 0.132847 16 0.7117(13) 0.6604(20) 0.9279(33)

2.1000 7.3632 0.134088 8 0.7088(13) 0.6433(16) 0.9076(28)
7.6985 0.133599 12 0.6971(8) 0.6385(24) 0.9160(36)
7.9560 0.133229 16 0.6919(12) 0.6303(17) 0.9110(29)

2.4484 6.7807 0.134994 6 0.6845(10) 0.6110(12) 0.8925(21)
7.0197 0.134639 8 0.6784(8) 0.6061(19) 0.8933(30)
7.2025 0.134380 10 0.6733(8) 0.6021(12) 0.8943(21)
7.3551 0.134141 12 0.6722(11) 0.6012(12) 0.8944(24)
7.6101 0.133729 16 0.6661(5) 0.5962(10) 0.8950(17)

2.7700 6.5512 0.135327 6 0.6619(10) 0.5758(20) 0.8699(33)
6.7860 0.135056 8 0.6541(13) 0.5751(17) 0.8792(31)
6.9720 0.134770 10 0.6505(8) 0.5717(17) 0.8788(28)
7.1190 0.134513 12 0.6482(9) 0.5705(10) 0.8802(19)
7.3686 0.134114 16 0.6442(16) 0.5668(16) 0.8798(33)

3.4800 6.2204 0.135470 6 0.6173(8) 0.5067(11) 0.8208(21)
6.4527 0.135543 8 0.6133(8) 0.5101(21) 0.8316(35)
6.6350 0.135340 10 0.6112(11) 0.5078(19) 0.8307(35)
6.7750 0.135121 12 0.6076(7) 0.5061(14) 0.8329(24)
7.0203 0.134707 16 0.6063(7) 0.5097(11) 0.8406(21)

from the fixing of the renormalized coupling, the values of which were taken over
Ref. [13] with ct still set to one-loop. Changingct from one- to two-loop also in thi

step then requires to adjust the bare coupling and the value of the critical quark mass
accordingly before the simulations forΣstat

A can be performed. We have done this analysis
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Table 6
Results for the step scaling functionΣstat

A (in the ‘new’ scheme)

ḡ2(L) β κ L/a Zstat
A (g0,L/a) Zstat

A (g0,2L/a) Σstat
A (u, a/L)

1.0989 9.5030 0.131514 6 0.8926(7) 0.8698(8) 0.9745(12)
9.7500 0.131312 8 0.8860(7) 0.8668(11) 0.9782(14)

10.0577 0.131079 12 0.8800(6) 0.8630(11) 0.9806(14)
10.3419 0.130876 16 0.8786(7) 0.8586(16) 0.9773(20)

1.3293 8.6129 0.132380 6 0.8733(8) 0.8458(9) 0.9686(13)
8.8500 0.132140 8 0.8677(9) 0.8418(13) 0.9701(18)
9.1859 0.131814 12 0.8635(7) 0.8401(13) 0.9729(17)
9.4381 0.131589 16 0.8593(9) 0.8361(19) 0.9731(25)

1.4300 8.5598 0.132453 8 0.8593(7) 0.8328(13) 0.9692(17)
8.9003 0.132095 12 0.8545(7) 0.8314(14) 0.9731(18)
9.1415 0.131855 16 0.8516(6) 0.8238(23) 0.9674(28)

1.5553 7.9993 0.133118 6 0.8572(6) 0.8246(13) 0.9619(16)
8.2500 0.132821 8 0.8517(6) 0.8248(13) 0.9684(17)
8.5985 0.132427 12 0.8459(8) 0.8190(14) 0.9683(20)
8.8323 0.132169 16 0.8425(9) 0.8141(20) 0.9662(26)

1.6950 7.9741 0.133179 8 0.8414(9) 0.8069(18) 0.9590(24)
8.3218 0.132756 12 0.8359(8) 0.8074(13) 0.9659(19)
8.5479 0.132485 16 0.8329(13) 0.8081(19) 0.9703(28)

1.8811 7.4082 0.133961 6 0.8362(7) 0.7939(7) 0.9495(11)
7.6547 0.133632 8 0.8290(6) 0.7903(17) 0.9533(21)
7.9993 0.133159 12 0.8247(7) 0.7907(12) 0.9588(16)
8.2415 0.132847 16 0.8221(13) 0.7898(23) 0.9607(32)

2.1000 7.3632 0.134088 8 0.8193(10) 0.7732(20) 0.9436(26)
7.6985 0.133599 12 0.8117(9) 0.7756(25) 0.9555(32)
7.9560 0.133229 16 0.8081(12) 0.7704(21) 0.9533(29)

2.4484 6.7807 0.134994 6 0.8035(8) 0.7420(12) 0.9235(18)
7.0197 0.134639 8 0.7945(7) 0.7444(19) 0.9370(26)
7.2025 0.134380 10 0.7936(9) 0.7431(17) 0.9363(24)
7.3551 0.134141 12 0.7930(10) 0.7465(17) 0.9414(24)
7.6101 0.133729 16 0.7907(8) 0.7444(16) 0.9415(22)

2.7700 6.5512 0.135327 6 0.7886(9) 0.7133(19) 0.9045(26)
6.7860 0.135056 8 0.7791(12) 0.7187(24) 0.9225(35)
6.9720 0.134770 10 0.7786(9) 0.7223(23) 0.9276(31)
7.1190 0.134513 12 0.7740(11) 0.7220(17) 0.9329(25)
7.3686 0.134114 16 0.7755(16) 0.7281(30) 0.9388(43)

3.4800 6.2204 0.135470 6 0.7587(10) 0.6562(39) 0.8649(53)
6.4527 0.135543 8 0.7496(11) 0.6624(29) 0.8837(41)
6.6350 0.135340 10 0.7477(11) 0.6658(31) 0.8906(43)
6.7750 0.135121 12 0.7451(11) 0.6696(22) 0.8988(32)
7.0203 0.134707 16 0.7470(10) 0.6792(24) 0.9092(34)

for the largest fixed coupling,u = 3.48, where the uncertainty inct is largest and thu
its effect most pronounced. AtL/a = 6 the resulting change inΣstat

A turns out to lie

clearly inside the statistical errors, and this effect will even get smaller for decreasing
a/L. On the other hand, if we just computeΣstat

A with the one-loop value ofct as in the
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Table 7
Results for the step scaling functionΣstat

A,old (in the ‘old’ scheme)

ḡ2(L) β κ L/a Zstat
A,old(g0,L/a) Zstat

A,old(g0,2L/a) Σstat
A,old(u, a/L)

1.0989 9.5030 0.131514 6 0.8903(8) 0.8676(8) 0.9745(12)
9.7500 0.131312 8 0.8846(7) 0.8635(11) 0.9762(14)

10.0577 0.131079 12 0.8791(5) 0.8628(14) 0.9814(17)
10.3419 0.130876 16 0.8773(9) 0.8601(21) 0.9804(26)

1.3293 8.6129 0.132380 6 0.8721(9) 0.8430(10) 0.9666(16)
8.8500 0.132140 8 0.8664(10) 0.8428(14) 0.9728(19)
9.1859 0.131814 12 0.8616(6) 0.8351(19) 0.9693(23)
9.4381 0.131589 16 0.8580(10) 0.8370(48) 0.9755(57)

1.4300 8.5598 0.132453 8 0.8577(8) 0.8325(14) 0.9706(19)
8.9003 0.132095 12 0.8535(6) 0.8332(21) 0.9761(26)
9.1415 0.131855 16 0.8488(6) 0.8172(55) 0.9628(65)

1.5553 7.9993 0.133118 6 0.8552(7) 0.8243(19) 0.9639(23)
8.2500 0.132821 8 0.8497(6) 0.8224(17) 0.9678(22)
8.5985 0.132427 12 0.8441(8) 0.8198(26) 0.9712(32)
8.8323 0.132169 16 0.8410(12) 0.8203(57) 0.9754(69)

1.6950 7.9741 0.133179 8 0.8411(11) 0.8079(20) 0.9606(26)
8.3218 0.132756 12 0.8340(8) 0.8154(32) 0.9777(39)
8.5479 0.132485 16 0.8328(16) 0.8076(87) 0.970(11)

1.8811 7.4082 0.133961 6 0.8336(7) 0.7904(7) 0.9482(12)
7.6547 0.133632 8 0.8269(7) 0.7921(21) 0.9578(27)
7.9993 0.133159 12 0.8232(5) 0.7863(20) 0.9551(25)
8.2415 0.132847 16 0.8210(18) 0.798(12) 0.972(15)

2.1000 7.3632 0.134088 8 0.8172(13) 0.7778(24) 0.9518(33)
7.6985 0.133599 12 0.8097(8) 0.7757(67) 0.9579(83)
7.9560 0.133229 16 0.8091(21) 0.786(12) 0.971(14)

2.4484 6.7807 0.134994 6 0.8016(9) 0.7416(17) 0.9252(23)
7.0197 0.134639 8 0.7941(9) 0.7399(37) 0.9317(48)
7.2025 0.134380 10 0.7932(9) 0.7422(37) 0.9357(48)
7.3551 0.134141 12 0.7901(13) 0.7382(54) 0.9344(70)
7.6101 0.133729 16 0.7870(9) 0.756(13) 0.961(17)

2.7700 6.5512 0.135327 6 0.7863(10) 0.7132(34) 0.9070(45)
6.7860 0.135056 8 0.7804(15) 0.7169(45) 0.9185(60)
6.9720 0.134770 10 0.7759(10) 0.7121(55) 0.9177(72)
7.1190 0.134513 12 0.7739(12) 0.7152(72) 0.9241(95)
7.3686 0.134114 16 0.7732(30) 0.681(34) 0.880(43)

3.4800 6.2204 0.135470 6 0.7573(9) 0.6558(24) 0.8659(34)
6.4527 0.135543 8 0.7501(9) 0.6560(77) 0.874(10)
6.6350 0.135340 10 0.7476(15) 0.661(11) 0.885(15)
6.7750 0.135121 12 0.7430(10) 0.659(16) 0.886(21)
7.0203 0.134707 16 0.7474(13) 0.642(46) 0.859(61)

computation of the coupling, we found the results, now foru = 2.77 andL/a = 6,8, to
be indistinguishable within errors, too. We conclude that any small uncertainty pr

in ct beyond the available two-loop estimate is numerically unimportant for the cutoff
dependence ofΣstat

A .
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Regarding the O(a) improvement coefficient̃ct, we followed the same line as in [13
and assessed its influence on our results by artificially replacing the one-loop coe
in the expression (A.22) by ten times its value. I.e., we setc̃t to c̃′t = 1− 0.180g2

0 in some
additional simulations atu= 3.48, and the outcome is that the corresponding estimate
Σstat

A for L/a = 6 still differ by around 1.5%, while forL/a = 8 they already agree withi
their statistical errors. As this difference drops further for growingL/a and/or smaller
couplings, a possible imperfection ofc̃t does not affect the results onΣstat

A either.
Finally, we also checked for the influence of the O(a) improvement coefficient in th

static-light axial current,cstat
A , by analyzing our data withcstat

A = 0 instead of the one-loo
value (A.9). Whereas the related change inZstat

A is of the order of a few percent and hen
still substantial, it largely cancels in the ratio of Eq. (A.20) so that this effect is no m
significant forΣstat

A given its statistical errors.
All in all these findings demonstrate that at the level of our precision lineara-effects

in the data onΣstat
A are negligible, and extrapolations using(a/L)2-terms as the dominan

scaling violation are justified indeed.

Appendix B. Perturbation theory

This appendix provides a few details on the perturbative computations, which
required to obtain the one-loop expression forh(d/L,u), Eq. (2.12), the two-loop
anomalous dimension and the one-loop estimates of the discretization errors of th
scaling functionΣstat

A . Note that here we restrict ourselves to the case of the modifie
‘new’) scheme introduced via Eq. (2.15) in this paper, because the perturbation the
the original scheme defined through Eq. (2.7) has been extensively discussed alr
Ref. [17] where also more details on the different steps involved can be found.

The correlation functionsf stat
A , f stat

δA andf1 are expanded in powers of the couplingg2
0

as explained in [17] and [62], and the analogous expansion off hh
1 is explained below.

B.1. The correlation functionf hh
1

After integrating out the static quark fields, the correlation functionf hh
1 can be written

as

f hh
1 (x3)= a2

L2

∑
x1,x2

〈
tr
{
U(x,0)U(x + a0̂,0) · · ·U(

x + (L− a)0̂,0
)

(B.1)×U
(
(L− a)0̂,0

)−1
U

(
(L− 2a)0̂,0

)−1 · · ·U(0,0)−1}∣∣
x0=0

〉
,

where the trace is taken over color indices only.
Writing U(x,µ) = exp{g0aqµ(x)}, with the gluon fieldqµ(x) = qa

µ(x)T
a , whereT a

are the anti-Hermitian generators of the gauge group, the functionf hh
1 can be expanded i

the bare coupling,
(B.2)f hh
1 (d)= 3+ g2

0f
hh,(1)
1 (d)+O

(
g4

0

)
, d = |x3|.
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Fig. 11. One-loop diagrams contributing tof hh
1 . The two dots on the left are atx0 = 0, the dots on the right ar

at x0 =L.

Determining the one-loop coefficientf hh,(1)
1 amounts to calculating and summing t

diagrams shown in Fig. 11 using the gluon propagatorDµν(x, y) (with SF boundary
conditions) given in Ref. [58].

For comparison with the non-perturbative results shown in Fig. 4, Section 2.2
consider the one-loop coefficienth(1)(d/L) of Eq. (2.13), which reads

(B.3)h(1)(d/L)= 1

3

{
f

hh,(1)
1 (d)− f

hh,(1)
1 (L/2)

}
,

and which we can obtain analytically. (For the other quantities considered in this app
the diagrams are calculated numerically.) Only the last of the diagrams in Fi
contributes, and we thus can write

h(1)(d/L)

= 4a6

3L4

∑
x0,y0

∑
x1,y1

∑
x2,y2

{
D00(x, y)|x3=d, y3=0−D00(x, y)|x3=L/2, y3=0

}
(B.4)= 4a2

3L3

∑
p3

{
eip3d − eip3L/2} ∑

x0,y0

d00
(
x0, y0; (0,0,p3)

)
,

with the momentum-space gluon propagatord00(x0, y0;p) defined in Ref. [58]. Thep3= 0
term does not contribute to the sum, and using the explicit form ofd00(x0, y0;p) for p �= 0,
one can show that

(B.5)a2
∑
x0,y0

d00
(
x0, y0; (0,0,p3)

)= L

p̂2
3

with p̂3 = 2
a

sin
( ap3

2

)
. Thus we see thath(1)(d/L) is just given in terms of the one

dimensional scalar propagator on a periodic lattice with lengthL, which hasno lattice
artifacts. This eventually leads to the result quoted in Eq. (2.14). The absence of any
spacing dependence is a consequence of the special kinematics, namely the sum
overx1, x2, but will of course not be exact in higher orders of perturbation theory.

B.2. Anomalous dimensions
In order to precisely connect to the RGI current, it is important to obtain the anomalous
dimension of the static-light axial current in the SF scheme at two-loop order. The
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anomalous dimension is expanded as

(B.6)γ (ḡ)=−ḡ2{γ0+ γ SF
1 ḡ2+O

(
ḡ4)},

with γ0=−1/(4π2) and the two-loop anomalous dimension in the SF scheme,γ SF
1 .

With the perturbative expansions for the various correlation functions, the ratioΞI of
Eq. (A.16) can be written as a series

(B.7)ΞI(g0, a/L)=Ξ
(0)
I (a/L)+ g2

0 Ξ
(1)
I (a/L)+O

(
g4

0

)
.

Accordingly, this allows us to expand the SF renormalization constantZstat
A = Ξ

(0)
I /ΞI

(see Eq. (A.19)) as

(B.8)Zstat
A =Z

stat,(0)
A + g2

0Z
stat,(1)
A +O

(
g4

0

)
.

With the one-loop relation between the bare lattice current and the renormalized
axial current in theMS scheme, the anomalous dimension in theMS scheme, Eq. (5.5) [38
40], can be converted into the SF scheme. The renormalization constant relating
scheme and theMS scheme is obtained from the relation between the SF scheme a
bare lattice current, Eq. (B.8), the connection of the bare lattice current and a ‘ma
scheme’ [63,64] and the relation between the latter and theMS scheme [30]. Here th
matching scheme is defined by the requirement that the renormalized static-ligh
current at scaleµ = mh equals the relativistic axial current with a heavy quark m
mh up to terms of O(1/mh), and the current in the relativistic theory is normalized
current algebra (imposing the chiral Ward identities).6 Following the steps in Ref. [17]
this analysis finally yields

(B.9)θ = 0.0: γ SF
1 =

1

(4π)2

{
0.22(2)− 0.0552(13)Nf

}
,

(B.10)θ = 0.5: γ SF
1 =

1

(4π)2

{
0.10(2)− 0.0477(13)Nf

}
,

(B.11)θ = 1.0: γ SF
1 =

1

(4π)2

{−0.08(2)− 0.0365(13)Nf
}
.

B.3. Discretization errors

The one-loop expansion at hand is also helpful to study discretization errors in th
scaling function. Using Eq. (B.8), the step scaling function at lattice spacinga is expanded
as

(B.12)Σstat
A (u, a/L)= 1+ uΣ

stat,(1)
A (a/L)+O

(
u2),

and its continuum limitσ stat
A (u) as

(B.13)σ stat
A (u)= 1+ uσ

stat,(1)
A + u2σ

stat,(2)
A +O

(
u3),
6 Since the wording in Ref. [17] is not completely clear on this, we point out thatAstat
MS

in that reference refers

to what we call theMS scheme here as well as in Ref. [17].
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Fig. 12. Discretization errors of the step scaling function at one-loop level. The continuum extrapolation
non-perturbative results uses(a/L)2 < 0.02.

with

σ
stat,(1)
A = ln(2)γ0,

(B.14)σ
stat,(2)
A = 1

2
ln2(2)γ 2

0 + ln2(2)b0γ0+ ln(2)γ1.

As a measure for the discretization errors, we define

(B.15)δ(u, a/L)= Σstat
A (u, a/L)− σ stat

A (u)

σ stat
A (u)

with a perturbative expansion

(B.16)δ(u, a/L)= δ(1)(a/L)u+O
(
u2).

The one-loop coefficientδ(1) versus the lattice spacing squared is shown in Fig. 12
different values ofθ . In the range of lattice spacings where our non-perturbativecalcul
is performed, the discretization errors at one-loop level are smaller than 1%× u, giving
rise to the hope that also the non-perturbative discretization errors are reasonably

A welcome feature ofδ(1) at θ = 0.5 is that it is entirely dominated by the leadinga2/L2-
term in thea-expansion.
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Appendix C. Continuum step scaling function and matching at L = 1.436 r0

In this last appendix we briefly discuss our parametrization (i.e., the interpolatin
of the continuum step scaling function and some details on the calculation ofZstat

A at the
matching scale 2Lmax= 1.436r0.

C.1. Fits and error determination in the scale evolution

As described in Appendix A.3, the continuum step scaling functionσ stat
A (u) has been

obtained by extrapolating the lattice data onΣstat
A (u, a/L) at fixedu to the continuum limit.

The next step is now to solve the recursion specified through Eqs. (3.1)–(3.4). In pr
this is done by first representing the results forσ stat

A (u) in Table 1 by a fit and then solvin
the recursion, Eq. (3.4), withσ stat

A (u) given by the fit function.
Guided by the analysis for the step scaling function of the pseudoscalar densityσP in

Ref. [13] and the perturbative expansion discussed in Appendix B.3,

(C.1)σ stat
A (u)= 1+ s0u+ s1u

2+ s2u
3+ · · · + snu

n+1

is chosen as fit ansatz. The two non-trivial leading terms are restricted by pertur
theory,

(C.2)s0= σ
stat,(1)
A , s1= σ

stat,(2)
A ,

cf. Eqs. (B.14). Up to three additional free fit parameters were allowed for. All of t
fits represent the data in Table 1 well, and we decided to quote the two-parameter
curve of which is shown in Fig. 6) as the final result for the functional form ofσ stat

A . To
check that the polynomial fits are stable, we also investigated fits where onlys0 or even no
coefficient at all is constrained to its perturbative value. This leads to consistent resu
σ stat

A (u); particularly the latter fit then reproduces the perturbative prediction fors0.
Having chosen a definite expression forσ stat

A (u), the solution of the associated recurs
is unique. Since the errors on the step scaling function stem from different simulatio
and are hence uncorrelated, the errors on the fit parameters in the polynomial (C
σ stat

A (u) and those on thevk ’s calculated from it can be estimated straightforwardly by
standard error propagation rules. Finally, by increasing the number of free fit param
(while fixing s0, s1 to perturbation theory) as mentioned above, we convinced ours
that the systematic error induced by the choice of fit functions is well under control: in
we then observed the expected pattern of finding slightly different errors but comp
results at comparably good overall fit quality.

C.2. Calculation ofZstat
A at the low-energy matching scale

The total renormalization factorZRGI introduced in Section 4 involves the value of t
renormalization constantZstat

A at our particular matching point:Zstat
A (g0,L/a)|L=1.436r0.

As the latter connects a bare matrix element of the static-light axial current to th

renormalized in the SF scheme, this amounts to calculateZstat

A for a range of bare couplings
commonly used in simulations in physically large volumes.
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Table 8
Results forZstat

A (g0,L/a) at fixed scaleL= 2Lmax= 1.436r0 with ct being set to either one- or two-loop. Th
critical κ-valuesκ = κc [65] are the same as used for Table C.1 of Ref. [13]

L/a β = 6/g2
0 c

2-loop
t c

1-loop
t

κ Zstat
A κ Zstat

A

8 6.0219 0.13508 0.6926(15) 0.13504 0.6932(
10 6.1628 0.13565 0.6810(17) 0.13564 0.6824(
12 6.2885 0.13575 0.6786(18) 0.13574 0.6795(
16 6.4956 0.13559 0.6777(17) 0.13558 0.6763(

Table 9
Results forZstat

A (g0,L/a) at fixed scaleL = 2Lmax= 1.436r0 for cstat
A = 0 and unimproved Wilson fermion

(i.e.,csw= 0 and thus,cA = cstat
A = 0 too), wherect was kept at its two-loop value

L/a β = 6/g2
0 cstat

A = 0 csw= 0

κ Zstat
A κ Zstat

A

4 5.6791 – – 0.15268 0.6923(13
6 5.8636 – – 0.15451 0.6315(16
8 6.0219 0.13508 0.6736(14) 0.15341 0.6075(

10 6.1628 0.13565 0.6633(17) 0.15202 0.5964(
12 6.2885 0.13575 0.6621(17) 0.15078 0.5971(
16 6.4956 0.13559 0.6627(17) 0.14887 0.5991(

To extractZstat
A we exploit the fact that the required pairs(L/a,β) that match the

condition L/a = 1.436r0/a have already been determined for the relevantβ-range in
Appendix C of [13] by utilizing the known parametrization of ln(a/r0) in terms ofβ
from Ref. [34]. We thus could take over these pairs and computedZstat

A for θ = 0.5 from
the renormalization condition (A.19) at the corresponding valuesκ = κc of the critical
hopping parameter [65]. The results forZstat

A (g0,L/a)|L=1.436r0 using the one- and two
loop expressions forct, cf. Eq. (A.21), are given in Table 8. The difference originating fr
the two perturbative approximations forct is completely covered by the statistical erro
so that we again considerc2-loop

t to already account for the dominant part of the bound
cutoff effects in the gauge sector. Similarly to the discussion in Appendix A.3, the influ
of the boundary improvement coefficientc̃t in the fermionic sector can also be neglec
at the level of our precision. The parametrization of the results forZstat

A (g0,L/a)|L=1.436r0

by a polynomial fit in(β − 6), with c
2-loop
t andcstat

A from one-loop perturbation theory,
quoted in Section 4, where the coefficients in the first block of Table 2 are to be com
with Eq. (4.1). The smooth dependence ofZstat

A onβ in the studied region of bare couplin
suggests that this representation can also be slightly extended down toβ = 6.0 (even
though we could not directly simulate that point for the same reason as in case ofZP [13]),
and we therefore regard it as a reliable representation of our data over the whole
6.0� β � 6.5.

As in Appendix A.3, we also setcstat
A = 0 instead of one-loop in the analysis of t
data onZstat
A (g0,L/a)|L=1.436r0, and the results are listed in the middle part of Table 9.

In contrast to the step scaling function, which did not change appreciably under this
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replacement of the value forcstat
A , we observe an effect of about 3% inZstat

A at the low-
energy matching scaleL= 2Lmax= 1.436r0.

Furthermore, we addressed the case of unimproved Wilson fermions by also
csw= 0 in the relativistic fermion action and, after having computed the needed esti
of the critical hopping parameter for this situation, carried out the additional run
determine the renormalization constant. In this case the pairs(L/a,β) were extended to
lower values ofβ in order to be able to make contact with theβ-region that is typically
employed in simulations to calculate the bare matrix element defining the B-meson
constant, as, e.g., those in Refs. [10,11]. The resulting estimates onZstat

A are shown
in the right part of Table 9, and the corresponding polynomial representations fo
aforementioned cases are as well found via Eq. (4.1) together with the two lower blo
Table 2.

We conclude this discussion with the general remark that the uncertainties
entering criticalκ-values (of 1–2 and 2–4 on the last decimal place in the cas
csw= non-perturbative andcsw= 0, respectively) do not affect theZ-factors significantly.
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Abstract

We introduce an alternative discretization for static quarks on the lattice retaining the O(a)-improvement properties o
the Eichten–Hill action. In this formulation, statistical fluctuations are reduced by a factor which grows exponential
Euclidean time,x0. For the first time, B-meson correlation functions are computed with good statistical precision in the
approximation forx0 > 1 fm. At lattice spacingsa ≈ 0.1, 0.08, 0.07 fm, the Bs-meson decay constant is determined in
combined static and quenched approximation. A correction due to the finite mass of the b-quark is estimated by inte
between the static result and a recent determination ofFDs.
 2003 Published by Elsevier B.V.
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1. B-physics matrix elements such as the B-me
decay constantFB are obtained from lattice correla
tion functions at large Euclidean time. Considera
interest lies in the treatment of the b-quark in the le
ing order of HQET, the static approximation [1,2]:
this framework non-perturbative renormalization c
be performed, the continuum limit exists and a
1/mb corrections can in principle be taken into a
count [3–6].

E-mail address: sommer@mail.cern.ch (R. Sommer).
0370-2693/$ – see front matter 2003 Published by Elsevier B.V.
doi:10.1016/j.physletb.2003.11.064
Progress along this line has been hampered
large statistical errors in the static approximation.
particular it has been observed [7] that the errors
B-meson correlation function roughly grow as

(1)RNS≡ noise

signal
∝ exp(x0�), �=Estat−mπ,

whereEstat is the ground state energy of a B-meson
the static approximation with the Eichten–Hill action1

1 For a more precise definition of the theory and for any un
plained notation we refer to [3].

http://www.elsevier.com/locate/physletb


94 ALPHA Collaboration / Physics Letters B 581 (2004) 93–98

se

s

the
re
tes

rix
ce

ent
ing
his

es

is
al

e

hey
ant
e
bic

er:

ee-
the
iant

ter

ave

e

ect
to
we

be
ters

ral
5].
t–
a

(2)SEH
h = a4

∑
x

ψ̄h(x)D0ψh(x),

(3)
D0ψh(x)= 1

a

[
ψh(x)−U†(x − a0̂,0)ψh(x − a0̂)

]
,

for the static quark [2]. Eq. (1) is problematic becau
the requirementRNS � 1 is satisfied only forx0
of the order of�−1 and this time interval shrink
rapidly to zero in the continuum limita→ 0 where
Estat∼ e1×g2

0/a with some numbere1. In the attempt
to eliminate the discretization errors by reducing
lattice spacing,a, one is then limited more and mo
by unwanted contaminations by higher energy sta
and it has been very difficult to compute mat
elements in the static approximation [1,8–11]. Sin
the exponent in Eq. (1) is dominated by a diverg
term, it is plausible that one may reduce it by chang
the discretization. Here we will demonstrate that t
is indeed possible whileremaining with roughly the
same discretization errors.

In [3] it has been shown that energy differenc
computed with the action Eq. (2) are O(a)-improved
if the relativistic sector (light quarks and gluons)
O(a)-improved. Furthermore, apart from the usu
mass dependent factor, 1+ bstat

A amq, the static axial
current,

(4)Astat
0 (x)= ψ̄l(x)γ0γ5ψh(x),

is on-shell O(a)-improved after adding only on
correction term,(
Astat

I

)
0=Astat

0 + acstat
A δAstat

0 ,

(5)δAstat
0 (x)= ψ̄l(x)γjγ5

←−∇ j +←−∇∗j
2

ψh(x).

We want to retain these properties of the theory. T
are guaranteed if the lattice Lagrangian is invari
under the following symmetry transformations (w
do not list the usual ones such as parity and cu
invariance) [3].

(i) Heavy quark spin symmetry:

ψh→ Vψh, ψ̄h→ ψ̄hV−1,

(6)with V = exp(−iφiεijkσjk).
(ii) Local conservation of heavy quark flavor numb

(7)ψh→ eiη(x)ψh, ψ̄h→ ψ̄he−iη(x).
Keeping these symmetries intact, there is little fr
dom to modify the action. We may, however, alter
way the gauge fields enter the discretized covar
derivative,D0. To this end we choose

(8)

D0ψh(x)= 1

a

[
ψh(x)−W†(x − a0̂,0)ψh(x − a0̂)

]
,

with W(x,0) a generalized gauge parallel transpor
with the gauge transformation properties ofU(x,0).
In particular, we takeW(x,0) to be a function of
the link variables in the neighborhood ofx, which is
invariant under spatial cubic rotations and does h
the correct classical continuum limit such thatD0 =
∂0 + A0 + O(a2). This is enough to ensure that th
universality class as well as O(a)-improvement are
unchanged in comparison to Eq. (3). Since we exp
the size of remaining higher-order lattice artifacts
be moderate if one keeps the action rather local,
here consider only choices whereW(x,0) is a function
of gauge fields in the immediate neighborhood ofx,
x + a0̂. We choose

WS(x,0)

(9)

= V (x,0)

[
g2

0

5
+

(
1

3
trV †(x,0)V (x,0)

)1/2
]−1

,

(10)WA(x,0)= V (x,0),

(11)WHYP(x,0)= VHYP(x,0),

where

V (x,0)= 1

6

3∑
j=1

[
U(x, j)U(x + aĵ,0)U†(x + a0̂, j)

+U†(x − aĵ, j)U(x − aĵ,0)

(12)×U(x + a0̂− aĵ, j)
]
,

and where the so-called HYP-link,VHYP(x,0), is a
function of the gauge links located within a hypercu
[12,13]. In the latter case we take the parame
α1 = 0.75,α2 = 0.6, α3 = 0.3 [12]. The choices (9)–
(11) will be motivated further in [14]. It is worth
pointing out that a covariant derivative of the gene
type used above has first been introduced in [1
In this reference it was considered for the Kogu
Susskind action for relativistic quarks and with
different motivation.
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ly

Fig. 1. The step scaling functionΣstat

A (3.48, a/L) for different choices of the actionSh. Results forSEH
h were extrapolated toΣstat

A (3.48,0)
[17] (•). In all casescstat

A from 1-loop perturbation theory is used, which is sufficient sinceΣstat
A (3.48, a/L) does not depend very sensitive

on this improvement coefficient. ForSA
h , SS

h andSHYP
h points have been displaced on the horizontal axis for clarity.
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2. Next we have to study the scaling behaviour
observables computed with the actionsSS

h , S
A
h , S

HYP
h

which are obtained by insertingWS,WA ,WHYP into
Eqs. (8) and (2). In [14] this scaling behaviour
analyzed in depth for various observables and var
choices for the static action in perturbation theo
and non-perturbatively. Here we will present only o
example. The necessity of such an investigation ca
underlined by the following consideration.

The static potential can be seen as an energy f
static quark with actionSh and an antiquark with th
correspondingSh̄ [16]. Hence, the static force is on
indicator for the scaling behaviour of these actio
In [13], rather largea2-effects have been seen in t
short-distance force forSHYP

h andSHYP
h̄

.
One may therefore worry about largea-effects, in

particular in correlation functions of the static-lig
axial current, where static and light quarks propag
also close to each other. With the new actions,Astat

0 is
O(a)-improved once [14]

(13)
cstat

A =−0.08237g2
0+O

(
g4

0

)
, for Sh= SEH

h ,

(14)
cstat

A =−0.1164(10)g2
0+O

(
g4

0

)
, for Sh= SS

h , S
A
h ,

(15)
cstat

A =−0.090(3)g2
0+O

(
g4

0

)
, for Sh= SHYP

h ,

is set in Eq. (5). The improvement coefficientbstat
A is

set to its tree-level valuebstat
A = 1/2 in this Letter.

We consider now a step scaling function,Σstat
A ,

which gives the change of the renormalized sta
axial current in a Schrödinger functional (SF) sche
[17], when the renormalization scale is changed fr
µ= 1/L toµ= 1/(2L). Its continuum limit is known
for a few values ofL [17]. This quantity is thus a
good observable to search fora-effects. In Fig. 1
we showΣstat

A (3.48, a/L), where the first argumen
parameterizesL in terms of the SF-couplinḡg2(L)=
3.48. O(a)-improvement is employed as in [17] b
we consider the different actions for the static qu
introduced above. All of them lead toΣstat

A (3.48, a/L)
at finite a/L differing from the continuum limit by
about the same amount. Supported also by further s
studies [14], we conclude that within the set of actio
studied none is particularly distinguished by its scal
behavior.

3. Let us now demonstrate that the statistical
rors at large Euclidean time are reduced by the cho
Eqs. (9)–(11). As a B-meson correlation function
choose

f stat
A (x0,ω)=−1

2

〈(
Astat

I

)
0(x)O(ω)

〉
,

(16)O(ω)= a6

L3

∑
y,z

ζ̄h(y)γ5ω(y− z)ζl(z),

defined in the Schrödinger functional withT = 3L/2,
L/a = 24, β = 6/g2

0 = 6.2 and a vanishing back
ground field [3]. Here, as a novelty compared to p
vious applications, a wave functionω(x) is introduced
to construct an interpolating B-meson field in ter
of the boundary quark fieldsζl and ζ̄h. It may be ex-
ploited to reduce the contribution of excited B-mes
states to the correlation function, but this does
concern us yet. At the moment we simply consi
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Fig. 2. The ratioRNS, Eq. (1), for the correlation functionf stat
A for a

statistics of 2500 measurements. Circles refer toSEH
h while squares

and triangles toSS
h and SHYP

h , respectively.SA
h behaves likeSS

h .
Physical units are set by usingr0= 0.5 fm [20,21].

ω(x)= 1 and form the ratioRNS, Eq. (1), for the dif-
ferent actions. From now on we set the light qu
mass to thestrange quark mass, taken from [18] fol-
lowing exactly [19] concerning the technical detail2

Fig. 2 shows that in all casesRNS grows exponentially
with x0. For the Eichten–Hill action, also the effe
tive coefficient�, describing the growth forx0 = 1–
2 fm, isroughly given byEstat−mπ in agreement with
Eq. (1), while for the other actions this is not the ca
Most importantly for the other actions,� is reduced
by a factor around 4, and with the statistics in our
ample a distance ofx0 ≈ 2 fm is reached withSHYP

h
if one requiresRNS � 2%. The actionsSA

h , SS
h behave

only slightly worse.

4. This reduction of statistical errors enables us
chooseω(x) such that a long and precise plateau
visible in the effective energy,

Eeff(x0,ω)

(17)= ln
[
f stat

A (x0− a,ω)/f stat
A (x0+ a,ω)

]/
(2a),

as shown in Fig. 3. Neither position nor length of t
plateau depend sensitively on the details ofω, as long
as it is chosen such that the first excited state in
B-meson channel is canceled to a good approxima
For the figure as well as for the following, we ha

2 Of course, these details matter only before taking the con
uum limit.
chosenω ∈ {Ω1,Ω2} with

(18)Ω1= ω1+ αω3, Ω2= ω2+ α′ω4,

ωi(x)=N−1
i

∑
n∈Z3

ω̄i

(|x− nL|), i = 1,2,3,

ω̄1(r)= r
−3/2
0 e−r/a0, ω̄2(r)= r

−3/2
0 e−r/(2a0),

(19)ω̄3(r)= r
−5/2
0 re−r/(2a0), ω4(x)= L−3/2,

wherea0 = 0.1863r0 and the (dimensionless) coef
cientsNi are chosen such thata3∑

x ω
2
i (x)= 1. The

B-meson decay constant is then obtained from
renormalization group invariant matrix element [22

ΦRGI(x0)=−ZRGI
(
1+ bstat

A amq
)
2L3/2

(20)× f stat
A (x0)√
f1(T ′,ω)

e(x0−T ′/2)Eeff(x0)

of the static axial current, where

f1(T ,ω)=−1

2

〈
O′(ω)O(ω)

〉
,

(21)O′(ω)= a6

L3

∑
y,z

ζ̄ ′l (y)γ5ω(y− z)ζ ′h(z).

The renormalization factor,ZRGI, relates the bare
matrix element to the renormalization group invaria
one [17]. Its regularization dependent part is compu
exactly as in that reference, but for the new actions
Table 1 we give results forΦRGI(x0) for three values
of the lattice spacing and selected choices ofT , T ′,
x0, highlighting what we selected for further analys
These numbers do not change significantly if we v
the improvement coefficientscstat

A and bstat
A , which

are known only in perturbation theory, by factors
two. We thus extrapolate our results quadratically
the lattice spacing and arrive at our estimate for
continuum limit

(22)r
3/2
0 ΦRGI= 1.74(13).

5. The result Eq. (22) may be used to co
pute FBs by taking account of the mass depe
dent function [17]CPS(Mb/ΛMS)= FB

√
mB/ΦRGI=

1.22(3), evaluated using the 3-loop anomalous dim
sion [23] and the associated matching coefficient
tween HQET and QCD [24].Mb denotes the renor
malization group invariant b-quark mass [4,5]. W
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r
Fig. 3. Effective energies for wave functionsΩ1 (open symbols) andΩ2 (filled symbols) usingSHYP
h (circles) andSS

h (triangles). Results refe

to a 243× 36 lattice,β = 6.2.

Table 1
Decay constant in static approximation for actionSh= SHYP

h .

r
3/2
0 ΦRGI

β a [fm] L/a T /a T ′/a x0/a Ω1 Ω2 α α′

6.0 0.093 16 24 24 12 1.794(30) 1.797(28) 0.278 −0.200
6.0 0.093 16 24 20 12 1.812(17) 1.796(17) 0.278 −0.200
6.0 0.093 16 24 24 10 1.784(30) 1.794(29) 0.278 −0.200
6.0 0.093 16 24 20 10 1.815(17) 1.793(17) 0.278 −0.200

6.1 0.079 24 30 30 15 1.834(59) 1.830(55) 0.756 0.022
6.1 0.079 24 30 30 12 1.822(59) 1.821(55) 0.756 0.022

6.2 0.068 24 36 36 18 1.685(76) 1.724(74) 0.351 −0.176
6.2 0.068 24 36 36 15 1.688(77) 1.728(75) 0.351 −0.176
ted

ss.
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ark

tic
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e

this we arrive atr0F stat
Bs
= 0.57(4) tantamount to

F stat
Bs
= 225(16) MeV with r0 = 0.5 fm. A correction

due to the finite mass of the b-quark can be compu
by connecting the static result Eq. (22) and

(23)r
3/2
0

FDs

√
mDs

CPS(Mc/ΛMS)
= 1.33(7)

by a linear interpolation in the inverse meson ma
Here we have used recent computations of
Ds-meson decay constant [25] and of the charm qu
mass [19]. In this way we obtain

r0FBs = 0.52(3)→ FBs = 205(12) MeV

(24)with r0= 0.5 fm.

One may consider half of the difference to the sta
value, i.e.,≈5% as an additional uncertainty due
the interpolation used, but our personal estimate is
this error is smaller and it will soon be quantified [2

One should remember that Eq. (24) refers to
quenched approximation and as in [25] a 12% sc
ambiguity may be estimated from the slope of
linear interpolation.

6. An interesting point is that the potential
full QCD may be computed replacing the time-li
links in the Wilson loop (or Polyakov loops) by th
differentWi introduced above. In particular the “HYP
link potential” [13] may be used. Depending on whi
Wi is chosen, the static potentials differ from ea
other, but all of them approach the continuum lim
with O(a2) corrections if the action used for th
dynamical fermions is O(a)-improved. This property
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follows from the considerations of [16] applied to t
static actions introduced above, which satisfy all
necessary requirements. This virtue of, e.g., the H
link potential was not obvious before. Using it, bet
precision can be reached and some signs of st
breaking [27] may become visible.

7. To summarize, we have shown that a mod
cation of the Eichten–Hill static action can be fou
which keeps lattice artifacts in heavy–light correlati
functions moderate but reduces statistical errors
level making the regionx0 > 1.5 fm accessible. Fur
thermore, the new action can be used without cha
for dynamical fermions and also to compute the s
tic potential with dynamical fermions. As a demo
stration of the usefulness of this reduction of stati
cal errors, we have computedFBs in the quenched ap
proximation, by joining the continuum limit of the sta
tic approximation estimated with the new action w
the previously determined continuum limit ofFDs by
means of a linear interpolation. This procedure c
systematically be improved by computing (1) the m
dependence aroundmc, (2) the 1/m corrections to
the static limit and (3) repeating the whole analy
with dynamical fermions. Work along these lines is
progress and a more detailed investigation of the p
erties of various static quark actions is in preparati
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1. Introduction

The physics of the mixing and decays of B-mesons is essential for a determination of

unknown CKM-matrix elements and thus for our understanding of the violation of CP-

symmetry in Nature. It is also still promising for the discovery of physics beyond the

standard model of particle physics. Unfortunately, many of the experimental observations

can only be related to the standard model parameters if transition matrix elements of the

effective weak hamiltonian are known. These matrix elements between hadron states are
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Figure 1: Relating experimental observables to properly renormalized HQET. Γstat is a renor-

malized quantity in HQET and σm(ḡ2(L)) connects Γstat(L) and Γstat(2L); their exact definitions

will be given in the course of this paper. In the chosen example, the experimental observable is the

mass of the B-meson.

only computable in a fully non-perturbative framework. They provide a strong motivation

to study B-physics in lattice QCD. However, as the mass of the b-quark is larger than the

affordable inverse lattice spacing in Monte Carlo simulations of lattice QCD, this quark

escapes a direct treatment as a relativistic particle. Therefore, effective theories for the

b-quark are being developed and used to compute the matrix elements in question [1, 2].

The first — and very promising — effective theory that was suggested is the Heavy

Quark Effective Theory (HQET) [3, 4]. Like others, it is afflicted by a problem which

remained unsolved so far: in general its parameters (the coefficients of the terms in the

lagrangian) themselves have to be determined non-perturbatively, as briefly explained in

section 2.2. In other words, the theory has to be renormalized non-perturbatively [5]. This

fact is simply due to the mixing of operators of different dimensions in the lagrangian,

requiring fine-tuning of their coefficients. If they were determined only perturbatively (in

the QCD coupling), the continuum limit of the theory would not exist.

The issue is already present in the determination of the b-quark mass in the static ap-

proximation, i.e. in the lowest order of the effective theory. In [6] a strategy was introduced

and successfully applied to this problem for the first time, and a general framework for a

non-perturbative renormalization of HQET was sketched in [7]. The basic idea, illustrated

in figure 1, is easily explained.

In a finite volume of linear extent L0 = O(0.2 fm), one may realize lattices with

amb ¿ 1 such that the b-quark can be treated as a standard relativistic fermion. At

the same time the energy scale 1/L0 = O(1GeV) is still significantly below mb and HQET

applies quantitatively. Computing the same suitable observables in both theories relates

the parameters of HQET to those of QCD. Then one moves, by an iterative procedure that

we can still leave unspecified here, to larger and larger volumes and computes HQET ob-

servables. This yields the connection to a physically large volume (of linear extent O(2 fm)),

where eventually the desired matrix elements are accessible.

Since in this way the parameters of HQET are determined from those of QCD, the

predictive power of QCD is transfered to HQET. In addition to solving the renormalization

problem of the effective theory, one also eliminates the usual need to determine more and

more parameters of the theory from experiment as the effective theory is considered to

higher and higher order.

– 2 –
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Although related, the strategy we propose here is not to be confused with the one

for the computation of the running of the coupling and renormalization group invariant

matrix elements as first suggested by Lüscher, Weisz and Wolff [8] and then developed by

the ALPHA Collaboration. We will discuss the difference in section 5.2.4.

In this paper we define the effective theory in detail, discussing in particular its renor-

malization properties (section 2). We then explain the matching between QCD and HQET

(section 3) as well as the finite-size strategy (section 4) in the general case. Section 5

provides two examples of applications using the effective theory at the lowest order in

the inverse b-quark mass. The first one is the computation of the quark mass, where

numerical results illustrate that indeed the power-law divergence can be subtracted non-

perturbatively, retaining a very good precision for the final physical number. The second

one, devoted to the B-meson decay constant, has not yet been applied numerically but is

a useful and simple example to help in understanding our method. In section 6 we discuss

the potential of our approach as well as the expected uncertainty due to the use of a finite

order in the HQET expansion.

2. HQET on the lattice

In this section we define the effective field theory for QCD containing a heavy quark

flavour in lattice regularization, starting from the formal 1/m-expansion of the classical

theory. We drop all terms involving the heavy anti-quark fields as they can be incorporated

in complete analogy to those containing the heavy quark field ψh which we discuss in

detail.1 Renormalization properties are addressed but the proper choice of renormalization

conditions and the physics content of the theory is deferred to the next section.

2.1 Definition of the effective theory

We consider QCD on the lattice. The explicit form of the gauge field and light fermion

action, Srel, is not needed for our general discussion, but for some of the following state-

ments to hold, an O(a) improved formulation is required, e.g. the one described in [9].2

We denote the set of (bare) parameters of the theory with Nf relativistic quarks by CNf
.

Apart from the gauge coupling, g0, and the quark masses, it will in general also cover some

improvement coefficients [9].

As has been explained by Eichten and Hill [3, 4, 10], an effective field theory for hadrons

(at rest) containing Nf − 1 light quarks and one heavy quark (b-quark) with mass m may

be obtained by a formal 1/m-expansion of the continuum QCD action and the fields, which

appear in the correlation function under study. The action of the heavy quark is written

in terms of the four-component field ψh satisfying

P+ψh = ψh , ψhP+ = ψh , P+ =
1

2
(1 + γ0) . (2.1)

1For simplicity we drop higher-dimensional operators in the effective field theory which involve only light

quark fields and the gluon field. These terms contribute at higher order in 1/m.
2O(a) improvement means that the continuum limit is reached with corrections of O(a2).

– 3 –
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Including terms up to the order 1/mn in the expansion, the action, discretized on a Eu-

clidean lattice, reads

SHQET = a4
∑

x

{
Lstat(x) +

n∑

ν=1

L(ν)(x)
}
, (2.2)

Lstat(x) = ψh(x) [∇∗0 + δm ]ψh(x) , (2.3)

L(ν)(x) =
∑

i

ω
(ν)
i L

(ν)
i (x) , (2.4)

where ∇∗µ denotes the backward lattice derivative, δm has mass-dimension one, and the

local composite fields L(ν)i have mass-dimension 4 + ν. Indeed, this form is suggested by a

formal 1/m-expansion at the classical level which yields3

δm = 0 ,

L(1)1 = ψh

(
−1

2
σ ·B

)
ψh , ω

(1)
1 =

1

m
,

L(1)2 = ψh

(
−1

2
D2

)
ψh , ω

(1)
2 =

1

m
(2.5)

up to and including the order 1/m. Here, B is a discretized version of the chromomagnetic

field strength and D2 a lattice version of the covariant laplacian in three dimensions. Note

that a term mψh(x)ψh(x) has been removed from the action, since it only corresponds to

a universal energy shift of all states containing a heavy quark. Removing it makes explicit

that the dynamics of heavy-light systems is independent of the scale m at lowest order of

1/m.

While the action is sufficient to obtain energy levels, for many applications one is

interested in (e.g. electroweak transition matrix elements) it becomes necessary to also

discuss correlation functions of composite fields. As an example we take the time component

of the axial current. In the effective theory it is defined by an expansion similar to eq. (2.4),

AHQET
0 (x) =

n∑

ν=0

A(ν)(x) , (2.6)

A(0)(x) = α
(0)
0 Astat

0 (x) , Astat
0 (x) = ψl(x)γ0γ5ψh(x) , (2.7)

A(ν)(x) =
∑

i

α
(ν)
i A

(ν)
i (x) , ν > 0 , (2.8)

where a light quark field, ψl, enters and A(ν)
i is of dimension 3 + ν. One may then study

for instance the correlator (with (ψiΓψj)
† ≡ ψjγ0Γ

†γ0ψi)

CHQET
AA (x0) = a3

∑

x

〈
AHQET
0 (x)(AHQET

0 )†(0)
〉
. (2.9)

At the classical level the fields are given by

α
(0)
0 = 1 , A(1)

1 = ψlγjγ5
←−
D jψh , α

(1)
1 =

1

m
. (2.10)

3A short derivation may e.g. be found in [11].
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In general, i.e. at the quantum level, expectation values are defined by a path integral

〈O〉 = 1

Z

∫
D[ϕ]O[ϕ] e−(Srel+SHQET) , (2.11)

Z =

∫
D[ϕ] e−(Srel+SHQET) , (2.12)

over all fields with the standard measure, denoted here by D[ϕ]. An important ingredient

in the definition of the effective field theory is that it is understood throughout that the

integrand of the path integral is expanded in a power series in 1/m, with power counting

according to

ω
(ν)
i = O

(
1

mν

)
, α

(ν)
i = O

(
1

mν

)
. (2.13)

In other words one replaces

exp {−(Srel + SHQET)} = exp

{
−
(
Srel + a4

∑

x

Lstat(x)
)}

× (2.14)

×



1−a

4
∑

x

L(1)(x)+ 1

2

[
a4
∑

x

L(1)(x)
]2
−a4

∑

x

L(2)(x)+· · ·





in eq. (2.11). The 1/m-terms then appear only as insertions of local operators O (ν)
i (x) and

A(ν)
i (x) into correlation functions, and the true path integral average is taken with respect

to the action in the static approximation for the heavy quark, S = Srel + a4
∑

x Lstat(x).
Power counting leads us to expect that the static theory is renormalizable, requiring

a finite number of parameters to be fixed to obtain a continuum limit. Indeed explicit

perturbative [5] and [12]–[15] as well as non-perturbative [16] computations support that

this is a genuine property of the static effective theory. Would one keep one of the 1/m-

terms in the exponent, as it is done in NRQCD, renormalizability would be lost and most

of what we are concluding in this paper would not be true.

We are still left to discuss the renormalization of expectation values of the type (2.11)

after inserting the expansion (2.14). This is just the problem of renormalizing correlation

functions of local composite operators in the static effective theory. Power counting imme-

diately leads to the conclusion: once all local operators, whose dimensions do not exceed

the one of the highest-dimensional operator (i.e. ν ≤ n) and which have the proper symme-

tries, are included, their coefficients may be chosen such that all expectation values have a

continuum limit (see e.g. ref. [17]). Of course, both the operators L(ν)
i (x) in the action and

the ones in the effective operators such as A(ν)
i (x) have to be included. One may worry that

due to the sums over all space-time points in eq. (2.14) contact terms appear, which lead

to additional singularities. However, just like in the case of O(a) improvement discussed

thoroughly in [9], the terms needed to remove these singularities are already present once

all local operators with the appropriate dimensions are included.

The effective theory is now defined in terms of the set of parameters,

CHQET ≡ {ck} = CNf−1 ∪ {δm} ∪ {ω
(ν)
i } ∪ {α

(ν)
j } ∪ · · · , c1 ≡ g20 . (2.15)
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The ellipses allow for coefficients of further composite operators which will be needed when

their correlation functions are considered. For the continuum limit of this effective theory

to exist, the parameters {ck, k > 1} have to be chosen properly as a function of g20 . Note

that in the notation used here, the renormalization of the effective composite fields is

included in the set of generalized coupling constants, CHQET. E.g. at lowest order in 1/m,

the coefficient α
(0)
0 ≡ Zstat

A is the renormalization constant of the static axial current [14].

A few more remarks are in order.

• Once the proper degrees of freedom, namely the field ψh, have been identified, the

terms in the effective field theory are organized just by their mass-dimension. The

expectation that the effective field theory has a continuum limit (is non-perturbatively

renormalizable) is thus nothing but the usual expectation that composite operators

mix only with operators of the same and lower dimension.

• The same argumentation is also the basis of Symanzik’s discussion of cutoff effects of

lattice theories and their removal order by order in a: [18]–[20] and [9]. An important

consequence is that in general the 1/m-expansion and the a-expansion are not inde-

pendent but have to be considered as one expansion in terms of the dimension of the

local operators. If we imagine to start with a theory with a set of operators identified

by the formal continuum 1/m-expansion, these operators will for instance mix under

renormalization with operators of the same and lower dimension, which are allowed

by the lattice symmetries but not by the continuum symmetries and which would

therefore not be in the set of the operators one started with. To avoid this, one has

to start immediately with the full set of operators of a given dimension, restricted

only by the lattice symmetries. In other words we have to count a = O(1/m). This

means also that Srel has to be O(a) improved to go to order 1/m.4

• Of course, symmetries restrict the terms that have to be taken into account. In

general, out of the space-time symmetries we only have the 3-dimensional cubic group

instead of the 4-dimensional hypercubic group. At the lowest order in 1/m there are

additional symmetries: heavy quark spin-symmetry [21] and the local conservation

of heavy quark number, which simplify O(a) improvement (see [14, section 2.2]).

• Furthermore it is convenient to formulate the effective theory only on-shell, i.e. for

low energies as well as for correlation functions at physical separations. Then the

argumentation of [9] can be taken over literally to show that the equations of motion

(derived from the lowest-order action) can be used to reduce the set of operators

L(ν)i (x),A(ν)
i (x), . . .. Following the same reference, operators obtained by multiplying

those of dimension d by a light quark mass are to be counted as separate operators

of dimension d+ 1.

4It may be possible to go to higher order in a than in 1/m, when symmetries restrict the allowed mixings.

An example is provided by O(a) improvement of the static effective theory [14]. Ways to extend this to

higher orders in 1/m probably exist but we have not investigated this question systematically.
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• Finally note that after using eq. (2.14), the determinant arising from the static quark

action is just an irrelevant constant. In principle, loop effects of the heavy quark are

still present in the coefficients ck.

2.2 Power divergences and non-perturbative renormalization

The mixing of operators differing in dimensions by p translates into coefficients diverging

(when p > 0) as a−p. In the present context it actually has been checked in perturbation

theory that these mixings are not forbidden by some accidental symmetry [5]. Due to such

power divergences, perturbation theory is not sufficient to determine the coefficients ck.

An estimate of order g2l0 would leave a perturbative remainder

∆ck ∼ g2(l+1)
0 a−p ∼ a−p [ln(aΛ)]−(l+1) a→0−→ ∞ (2.16)

with Λ the QCD Λ-parameter. This means that the continuum limit does not exist if the

coefficients are determined only perturbatively.

Hence we conclude that a non-perturbative method is needed to determine (at least

some of) the parameters {ck}. Such a method will be introduced in the following two

sections.

3. Matching of HQET and QCD

By QCD we denote the theory including a relativistic heavy quark, the b-quark, while

with HQET we mean the theory where this quark is incorporated with the action defined

in the previous section. The latter is an approximation to QCD when the coefficients

CHQET = {ck} are chosen correctly. Then we expect

ΦHQET(M) = ΦQCD(M) + O

(
1

Mn+1

)
(3.1)

for properly chosen observables, ΦQCD, in QCD and their counterparts, ΦHQET, in the

effective theory. Amongst the many dependencies of ΦQCD we have indicated only the

one on the heavy quark mass. To be free of any renormalization scheme dependence,

we choose the renormalization group invariant (RGI) quark mass denoted by M [22]. In

order for eq. (3.1) to hold, all other scales appearing in ΦQCD are assumed to be small

compared to M . Choosing as a typical low-energy reference scale of QCD the energy

scale r−10 (≈ 400MeV) [23], defined in terms of the QCD force between static quarks,

the combination r0M has to be large. Thus the symbol O(1/M n) is a short hand for

O(1/[r0M ]n).

To give a simple example for a quantity ΦQCD, one could take ΦQCD = CAA, where

CAA(x0) = Z2
Aa

3
∑

x

〈
A0(x)(A0)

†(0)
〉

(3.2)

with the heavy-light axial current in QCD, Aµ = ψlγµγ5ψb, and ZA ensuring the natural

normalization of the current consistent with current algebra [24, 25]. Then eq. (3.1) is valid

for ΦHQET = e−mx0CHQET
AA (x0) with C

HQET
AA (x0) from eq. (2.9) and in the region 1/x0 ¿M .
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With the latter, kinematical, condition one takes care that the correlation functions are

dominated by states with energies (the heavy quark mass being subtracted) small compared

to M . Furthermore, the factor e−mx0 accounts for the mass term that had been removed

from the effective theory lagrangian as already mentioned after eq. (2.4). Which mass m is

to be taken here, depends on the convention used to define δm. As will be explained further

in section 5.1.1, at each order in 1/m, the combination m+ 1
a ln(1+ aδm) is uniquely fixed

by the matching of HQET and QCD. We emphasize again that the same mass m enters

all correlation functions involving one heavy quark.

Let us now come to the main problem: determining the parameters in the effective

theory such that this equivalence between HQET and QCD is true. First of all assume

that the parameters of QCD have been fixed by requiring a set of observables, e.g. a set of

hadron masses, to agree with experiment. It is then sufficient to impose

ΦHQET
k (M) = ΦQCD

k (M) , k = 1, . . . , Nn , (3.3)

to determine all parameters {ck , k = 1, . . . , Nn} in the effective theory. Observables used

originally to fix the parameters of QCD may be amongst these ΦQCD
k . The matching

conditions, eq. (3.3), define the set {ck} for any value of the lattice spacing (precisely

speaking, for any value of a/r0).

In principle, each ΦHQET
k could be determined from a physical, experimentally acces-

sible observable. However, this would reduce the predictive power of the effective theory

since it contains more parameters than QCD. Particularly for increasing the order n of the

1/m-expansion we then would need to use more and more experimental observables.

To preserve the predictability of the theory, we may instead insert some quantities

ΦQCD
k (M) computed in the continuum limit of lattice QCD. This of course demands to

treat the heavy quark as a relativistic particle on the lattice, seemingly in contradiction to

the very reason to consider the effective theory: small enough lattice spacings to do this

are very difficult to reach. An additional ingredient is thus necessary to make the idea

practicable. It will be explained in the following section. At this stage the important point

is that there are no theoretical obstacles to a non-perturbative matching. We end this

section with some comments on details of the general matching procedure.

• The observables Φ are assumed to be renormalized. Eq. (3.3) is, however, used to fix

the bare parameters in the action — for each value of g20 .

• When one increases the order n in the expansion, new quantities Φk have to be added,

and at the same time, the parameters of the lower-order lagrangian, ci, i ≤ Nn−1,

will change in general. This change is due to mixing of the operators and may thus

be sizeable.

• It is convenient to take the continuum limit5 of ΦQCD
k before imposing eq. (3.3). If

one decides not to do this, the lattice spacings on both sides of eq. (3.3) should be

scaled together in order to reach the continuum limit in the effective theory.

5Or alternatively, work in a sufficiently improved lattice theory and at a small value of the lattice spacing.
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• As mentioned already in the previous section, the terms necessary for Symanzik im-

provement are taken into account automatically, namely some of the equations (3.3)

may be interpreted as improvement conditions. Working up to the order n, the

resulting lattice HQET is correct up to

error terms = O

((
1

m

)n+1
)

= O
(
M−(n+1)(aM)k

)
, k = 0, 1, . . . , n+1 . (3.4)

Higher-order terms in 1/M have parametrically larger lattice spacing errors. For

example, a treatment of the theory including the next-to-leading operators will give

us the (1/M)0-terms with O(a2) errors and the linear 1/M -corrections with O(a)

uncertainties. Additional work would be necessary to suppress the discretization

effects in the 1/M -terms to O(a2).

• There is a close analogy of our proposed matching procedure to what is done when

the low-energy constants of the chiral effective lagrangian [26] are determined using

lattice QCD. An important difference is, however, that the chiral expansion can be

worked out analytically while here we still have to evaluate the resulting theory by

Monte Carlo. The reason is that strong interactions remain; the lowest-order theory,

the static approximation, is non-trivial.

4. The rôle of finite volume

From the theoretical point of view, the matching described in the previous section is suf-

ficient. However, we should take into consideration what can be done in a numerical

computation. To give a concrete example, let us assume that

(
L

a

)3

× T

a
≤ 323 × 64 (4.1)

lattices can be simulated, numbers which are realistic for present computations in the

quenched approximation, but too large for full QCD. We further assume that we deal with

quantities which have negligible finite size effects when

L ≥ 2 fm . (4.2)

Then the smallest lattice spacing reachable is a ≈ 0.06 fm, and this number will not be

very different if the above assumptions are modified within reasonable limits. While such

a lattice spacing is small enough to perform computations for charm quarks [27, 28], the

subtracted bare mass of the b-quark is about amq ≈ 1. In this situation lattice artifacts

are expected to be very large and it is impossible to obtain the r.h.s. of eq. (3.3).

The situation becomes quite different when one considers observables Φk defined in

finite volume with L considerably smaller than 2 fm and uses the generally accepted —

and also much tested — assumption that both QCD and HQET are applicable in a finite

volume and the parameters in the lagrangians are independent of the volume.

– 9 –
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4.1 Matching in finite volume

Instead of eq. (3.3) we now consider (remember that Nn is the number of parameters in

the effective theory):

ΦHQET
k (L,M) = ΦQCD

k (L,M) , k = 1, . . . , Nn . (4.3)

This will allow us to have much smaller lattice spacings on the r.h.s. in order to eventually

approach the continuum limit. A typical choice is L = L0 ≈ 0.2 fm. As has been shown in

the preliminary report of our work [6], eq. (4.3) can be evaluated very precisely for suitably

selected quantities ΦQCD
k and the continuum limit can actually be taken.

Concerning the l.h.s., we have to take into account that a-effects will certainly be

significant when the resolution a/L of the finite space-time is too coarse. Hence the lattice

spacings where the bare parameters {ck(g0)} can be determined are a = O(0.02 fm) =

O(L0/10). For such values of a, the computation of the physical observables in the infinite-

volume theory (L ≈ 2 fm in practice) would again be impracticable, because lattices with

too many points (L/a)4 would be required. Therefore, a further step is necessary to make

larger lattice spacings and thereby larger physical volumes available in the effective theory.

4.2 Finite-size scaling

Also for this step a well-defined procedure is easily found. First assume that all observables

ΦHQET
k (L,M) have been made dimensionless by multiplication with appropriate powers of

L. Next we define step scaling functions [8], Fk, by

ΦHQET
k (sL,M) = Fk

({
ΦHQET
j (L,M) , j = 1, . . . , Nn

})
, k = 1, . . . , Nn , (4.4)

where typically one uses scale changes of s = 2. These dimensionless functions describe

the change of the complete set of observables {ΦHQET
k } under a scaling of L→ sL, and we

briefly sketch how they can be computed. One selects a lattice with a certain resolution

a/L. The specification of ΦHQET
j (L,M), j = 1, . . . , Nn, then fixes all (bare) parameters

of the theory. The l.h.s. of eq. (4.4) is now computed, keeping the bare parameters fixed

while changing L/a→ L′/a = sL/a. Repeating this for a few values of a/L, the continuum

limit of Fk can be obtained by an extrapolation a/L→ 0.

An important practical detail is to choose the various quantities ΦHQET
k such that

each Fk depends only on a few ΦHQET
j and the bare parameters ck can be determined

rather independently from each other. For instance, it is natural to identify the running

Schrödinger functional coupling ḡ2(L) [8, 29] with ΦHQET
1 (L,M) and to keep all of the

light quark masses zero in these steps. In this way g20 and the (light) bare quark masses

are fixed independently of the parameters δm, ω
(ν)
i , α

(ν)
i , . . . coming from the heavy sector.

In the quenched approximation or with two dynamical quarks, the set of bare parameters

specifying the relativistic sector, CNf−1, can then be taken over from [22] and [29]–[31]

without change.

A few steps — may be two — are necessary to reach a value of L = O(1 fm), where at

the same time contact can be made with resolutions a/L that are affordable to accommo-

date the suitable observables on a physically large lattice to realize the original matching

– 10 –
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condition, eq. (3.3). (In our first example, section 5.1, this rôle will be played by the B-

meson with its mass as the physical input.) We note that in principle the size of L0 is

rather arbitrary, but the following consideration is important. We are matching at a finite

value of 1/m and a finite order n. Thus the final results will depend on which quantities

have been used to perform the matching. If one chooses quantities with kinematics where

the 1/m-expansion is not accurate (or even not applicable), this will translate into badly

determined parameters in the effective lagrangian and large final truncation errors. For

this reason, L0 has to be chosen such that the 1/m-expansion is applicable which means

1

L0
¿ m, (4.5)

and L0 cannot be too small. From these considerations it appears that L0 ≈ 0.2 fm − 0.4 fm

is a good choice.

4.3 Evaluation of the physical observables in the effective theory

Physical observables usually have to be computed in large volume which, for practical

reasons, means at lattice spacings around 1/20 fm to 1/10 fm. In this region the bare

parameters of the effective theory are determined as follows.

One chooses a suitable K such that

LK = sKL0 ≈ 1 fm . (4.6)

Iterated applications of eq. (4.4) give rise to recursion relations, the solutions of which

determine quantities Vk ≡ ΦHQET
k (LK ,M) in the larger volume of extent LK . Next, re-

garding ΦHQET
k (LK ,M) = Vk as a requirement while setting the number of lattice points

to LK/a = O(10) just fixes the bare parameters CHQET. These bare parameters are then

known at values of the lattice spacing, where the computation of correlation functions in

large volume is possible in the effective theory and masses and matrix elements can be

extracted from their large-time behaviour.

Note that in the notation used here also the renormalization constants of the composite

operators appearing in the correlation functions are amongst the “bare parameters”. All

quantities are thus renormalized entirely non-perturbatively.6 One may still wonder how

M itself is fixed. The answer to this question is provided by the first of the two examples,

which we will use now to illustrate the general strategy.

5. Examples

In this section we supply two applications of our non-perturbative matching strategy of

HQET and QCD that up to now was formulated in rather general terms: a full calculation

of the b-quark mass in combined static and quenched approximations (section 5.1) and

a proposal for a non-perturbative determination of multiplicatively renormalized matrix

elements of the static-light axial current, which is different in spirit from ref. [16] and still

awaits a numerical investigation.

6This represents an advantage in comparison to [16] where a last step using perturbation theory was

necessary to get to the “matching scheme” [7, 16], which here we achieve by virtue of eq. (3.3).
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5.1 The b-quark mass at lowest order

Several determinations of the mass of the b-quark, which use the static approximation

on the lattice (HQET to order (1/m)0), have been published [32]. They all rely on a

perturbative estimate of δm [33]–[35] and suffer from a power-law divergence due to the

mixing of ψhD0ψh and ψhψh as discussed in section 2.2. Their precision is thus limited

by the fact that a continuum limit can not be taken, and it is difficult to estimate the

associated uncertainty. We here explain how a entirely non-perturbative computation can

be done and will also give a first result, which can easily be improved in precision in the

near future. This step is also a prerequisite to perform the matching of other quantities

such as the axial current, since generically the quark mass enters in the matching step (4.3)

for all Φk.

5.1.1 Strategy and basic formula

As indicated already in section 4, given a resolution a/L, we fix g20 such that the finite-

volume running coupling of ref. [29] takes a certain value. Furthermore we set the light

quark masses to zero (with one exception which will be discussed). In the language of

section 4 we have

ΦHQET
1 = ḡ2(L) , (5.1)

ΦHQET
k+1 = mPCAC

k = 0 , k = 1, . . . , Nf − 1 , (5.2)

in terms of the PCAC masses of the light flavour number k, mPCAC
k , and the running

coupling ḡ2(L) in the Schrödinger functional (SF) scheme [29]. Other choices are possible,

but the above is convenient in view of the present numerical knowledge [22, 30, 31]. The box

length L is then parametrized through ḡ2(L). A very useful feature of eqs. (5.1) and (5.2)

is that they do not involve the heavy field at all and determine the bare coupling and quark

masses independently of the heavy sector; in particular these conditions are independent

of the order n of the expansion.

In this section we are only concerned with energies and remain at lowest order in 1/m.

The only additional parameter in the lagrangian to be fixed is aδm, i.e. one more condition

corresponding to k = Nf + 1 in eq. (4.3) is needed. We start from a time-slice correlation

function projected onto spatial momentum zero containing one heavy quark (such as CAA,

eq. (3.2)). Denoting it generically as C(x0), in the logarithmic derivative

Γ =
1

2a
ln

[
C(x0 − a)
C(x0 + a)

] (x0
L

fixed
)

(5.3)

all multiplicative renormalization factors of C(x0) cancel. Below we shall use x0/L = 1/2,

but other choices are possible. Replacing the fields in the correlation function C(x0) by

the corresponding effective fields defines CHQET(x0) in the effective theory. In the static

approximation, its logarithmic derivative, Γstat, built as in eq. (5.3), depends on δm in the

simple form

Γstat = Γstat|δm=0 +
1

a
ln(1 + aδm) , (5.4)
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as is easily seen from the explicit form of the static quark propagator. In large volume,

which due to x0/L = constant also means large Euclidean time, Γ = Γ(L,M) will turn

into the mass of a b-hadron, say mB. It is now obvious that

ΦQCD
Nf+1(L,M) ≡ LΓ , (5.5)

ΦHQET
Nf+1 (L,M) ≡ L (Γstat +m) (5.6)

= L (Γstat|δm=0 +mbare) , mbare = m+
1

a
ln(1 + aδm) ,

are sensible assignments to fix the combination mbare via requiring

ΦQCD
Nf+1(L,M) = ΦHQET

Nf+1 (L,M) . (5.7)

Since δm and m always appear in the combination mbare, they may not be fixed separately,

unless one arbitrarily defines δm by an additional condition.

Due to eq. (5.4), the step scaling function

σm
(
ḡ2(L)

)
≡ 2L [ Γstat(2L,M) − Γstat(L,M) ] (5.8)

is independent ofmbare and therefore also independent ofM ; at lowest order in 1/m, energy

differences in the effective theory do not depend on the heavy quark mass. The step scaling

function (5.8) is thus a particularly simple realization of eq. (4.4). Together with the one

for the running coupling [8, 29],

σ(u) = ḡ2(2L)
∣∣
ḡ2(L)=u

, (5.9)

it defines the sequence

u0 = ḡ2(L0) , w0 = LΓstat|L=L0
,

uk+1 = σ(uk) , wk+1 = 2wk + σm(uk) , (5.10)

which is easily seen to relate Γstat(LK ,M), with LK = 2KL0, to Γstat(L0,M) when the

sequence u0, . . . , uK−1 is known:

L0Γstat(LK ,M) = L0Γstat(L0,M) +

K−1∑

k=0

2−(k+1)σm(uk) . (5.11)

Suitable choices for u0 and K then allow to arrive at LK = O(1 fm).

Finally one considers the energy Estat of a B-meson in static approximation, given for

example by

CHQET
AA (x0)

x0→∞∼ A exp(−x0Estat) (L large) . (5.12)

The energy difference

∆E = Estat − Γstat(LK ,M) (5.13)

can be computed with one and the same lattice spacing (i.e. at the same bare parameters)

for the two different terms on the r.h.s., but of course with different L. Combining eq. (5.7)

imposed in small volume (L = L0) with eqs. (5.11) and (5.13) to eliminate mbare in mB =
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Estat +mbare (holding in the large-volume limit), we arrive at the basic equation

L0mB = L0Γ(L0,Mb) +
K−1∑

k=0

2−(k+1)σm(uk) + L0∆E . (5.14)

It relates the mass of the B-meson to a quantity Γ(L0,Mb), computable in lattice QCD

with a relativistic b-quark, and the energy differences ∆E and σm which are both defined

and computable in the effective theory. All quantities on the r.h.s. may be evaluated in

the continuum limit. Note that all of the terms in eq. (5.14) are independent of mbare

(because the unknown mbare, and thereby δm too, drop out in the differences), although

logically eq. (5.7) has been used to fix it non-perturbatively. Our strategy has also been

presented in a somewhat different way, which is closer in spirit and notation to standard

HQET applications (but less rigorous), in [36].

Eq. (5.14) may be looked at in two different ways. Given the RGI mass of the b-quark,

Mb, eq. (5.14) provides a way to compute the mass of the B-meson. It is more interesting

to turn this around: taking mB from experiment and evaluating (in lattice QCD) Γ(L0,M)

as a function of M , this equation may be solved for Mb. Implicitly the bare parameter

mbare is thus fixed non-perturbatively, and the problem of a power-law divergence is solved.

We now give an example for a precise definition of the correlation function C(x0) and

use the quenched approximation to demonstrate that the continuum limit can be reached

in all steps while still a very interesting precision is attainable. The reader who is not

interested in the numerical details may directly continue with section 5.2.

5.1.2 Correlation functions, O(a) improvement and spin-symmetry

In our numerical implementation we choose SF boundary conditions with all details as

in [16], including θ = 1/2, T = L and C = C ′ = 0 in the notation of that paper. This

means that O(a) improvement [9, 14] is fully implemented, except for uncertainties in the

coefficients cstatA , ct and c̃t originating from their only perturbative estimation. As in [16]

it has been checked that the influence of these uncertainties on the observables considered

here can be neglected compared to our statistical errors. We will therefore not mention

O(a) terms any more and perform continuum extrapolations modelling the a-effects as

O(a2).

For our definition of Γ we consider the two correlation functions

fA(x0) = −a
6

2

∑

y,z

〈
(AI)0(x) ζb(y)γ5ζl(z)

〉
, (5.15)

kV(x0) = −a
6

6

∑

y,z,k

〈
(VI)k(x) ζb(y)γkζl(z)

〉
, (5.16)

where the label “I” on the axial and vector currents reminds us that their O(a) improved

forms are used:

(AI)µ(x) = ψl(x)γµγ5ψb(x) + acA
1

2
(∂µ + ∂∗µ)

{
ψl(x)γ5ψb(x)

}
, (5.17)

(VI)µ(x) = ψl(x)γµψb(x) + acV
1

2
(∂ν + ∂∗ν)

{
i ψl(x)σµνψb(x)

}
. (5.18)
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x0 = 0

ζb

ζl

x0 = L

(AI)0

Figure 2: Illustration of the correlation function fA. For kV, the insertion of (AI)0 is replaced by

(VI)k, whereas in case of f stat
A the operator in the bulk is (Astat

I )0 connected to ζh (instead of ζb)

by a static quark propagator.

As a consequence of the heavy quark spin-symmetry, their partners in the effective theory

coincide exactly at lowest order in 1/m and we thus define only one

CHQET(x0) ≡ f statA (x0) = −
a6

2

∑

y,z

〈
(Astat

I )0(x) ζh(y)γ5ζl(z)
〉
. (5.19)

In these definitions,
∑

y,z ζb(y)γ5ζl(z) and
∑

y,z ζh(y)γ5ζl(z) are interpolating fields local-

ized at the x0 = 0 boundary of the SF, which create a state with the quantum numbers of

a B-meson with momentum p = 0, and for γ5 → γk we have the quantum numbers of a

B∗. The correlation functions are schematically depicted in figure 2; more details can be

found in [14].

Inserting C(x0) = fA(x0) and C(x0) = kV(x0) into eq. (5.3) defines ΓPS and ΓV,

respectively. Their partner in the effective theory is denoted as Γstat. Due to the spin-

symmetry, either LΓPS = L(Γstat + m) or LΓV = L(Γstat + m) are possible matching

conditions at lowest order in 1/m. At first order, one has to consider also separately the

vector and the axial qvector correlators in the effective theory since these are split by the

σ ·B-term in the effective lagrangian. It is then convenient to define the matching condition

as eq. (5.7) with the spin-average

Γ =
1

4
(ΓPS + 3ΓV) . (5.20)

With this definition the matching condition (5.7) is independent of the coefficient of the

σ ·B-term also at first order in 1/m, and hopefully 1/m-effects are thereby minimized.

Having now completed our definition of Γ and Γstat, we remind the reader that the

mass of the light quark is set to zero and thus Γ is only a function of the heavy quark mass,

M , and the linear extent of the SF-volume, L (if a-effects are neglected for the moment).

5.1.3 Matching

The essential steps of our strategy explained in section 5.1.1 are the matching at L = L0

as the starting point, then connecting to L = LK and from there to the (infinite-volume)

meson mass. In practice, proceeding from any choice of u0 the sequence uk is only known

with a certain numerical precision and this has to be taken into account in the error

analysis. Furthermore we want to take advantage of the numerical results of [22] for triples

of (L/a, β, κ) corresponding to fixed renormalized coupling and vanishing light quark mass

– 15 –
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Figure 3: Continuum limit values of L0Γ(L0,M) at fixed coupling ḡ2(L0/2) = 1.8811 as a function

of z = L0M and its fit function, determined in relativistic QCD but small volume [39]. The b-quark

mass scale lies near z ≈ 6.

in the quenched approximation, as well as of the known function [r0/a](β) and the value

of Lmax/r0 = 0.718(16) [37], where ḡ2(Lmax) = 3.48. So it is convenient to have K = 2

in previous formulae and to define (exactly) L2 = 2Lmax = 1.436 r0. Then, applying the

inverse of the step scaling function of the coupling [22] twice, we arrive at

u0 = 2.455(28) , σ−1(u0) = 1.918(20) , (5.21)

and end up with L = L0 = L2/4 = 0.359 r0 ≈ 0.18 fm for the linear extent of the matching

volume. The matching of HQET and QCD is then supposed to be done at u = u0 ≈ 2.4.

We could thus keep e.g. u = 2.4484 fixed, where the triples (L/a, β, κ) are known [22],

but only for 6 ≤ L/a ≤ 16. The spacing of these lattices is still too large to comfortably

accommodate a propagating b-quark. Instead it is better to work at a constant value of

u = 1.8811, varying 6 ≤ L/(2a) ≤ 16. Nevertheless, Γ is computed on the lattices with

L/a points per direction, and the slight mismatch of σ−1(u0) and 1.8811 will eventually be

taken into account together with the overall error analysis.

We now have to determine Γ(L,M), where in case of the relativistic theory L is always

to be identified with the extent of the matching volume, L0, from now on. In order to

approach its continuum limit, we define

Ω
(
u, z,

a

L

)
= LΓ(L,M)|ḡ2(L/2)=u ,LM=z (5.22)

and extrapolate it as a function of a/L, viz.

ω(u, z) = lim
a/L→0

Ω
(
u, z,

a

L

)
, (5.23)

for a few selected values of z and at fixed u. This requires to compute Ω with z and u

fixed while changing L/a and therefore also β. A particular aspect in this step is that in

imposing the condition of fixed z (at variable β), the relation between the bare quark mass,

mq, and the RGI one,M , is needed, where several renormalization factors and improvement
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coefficients enter. Although they had already been determined [22, 38], it turned out that

it was desirable to improve their precision and to determine them directly in the range of β

where they are needed in the present application. For this reason they were redetermined

in ref. [39], and also ω as a function of z, eq. (5.23), was obtained by extrapolation in

a/L→ 0 in that work. For the reader’s convenience, we reproduce from [39] a graph of the

continuum values ω(1.8811, z) together with the fit function

ω(1.8811, z) = a0z + a1 + a2
1

z
, a0 = 0.581 , a1 = 1.226 , a2 = −0.358 (5.24)

in figure 3. In the interval 5.2 ≤ z ≤ 6.6, which is the relevant z-range to extract the RGI

b-quark mass later, this parametrization describes ω(1.8811, z) with a precision of about

0.5%. A further global uncertainty of 0.9% has to be attributed to the argument z of the

function ω (see ref. [39]). In order to also take the small statistical error and mismatch

in u0 into consideration at the end, we also need a numerical value for the derivative of

ω′(1.8811, z) w.r.t. u. It was found to be constant in the interesting region [39]:

∂

∂u
ω(u, z)

∣∣∣∣
u=1.8811

= 0.70(1) , 6.0 ≤ z ≤ 6.6 . (5.25)

For completeness we also quote the fit result for ω(1.8811, z), if instead of the spin-

average (5.20) it is defined as the continuum limit of the effective energy LΓPS(L,M).

With the same fit ansatz as in eq. (5.24), the coefficients then read

a0 = 0.587 , a1 = 1.121 , a2 = −1.306 (for Γ ≡ ΓPS) . (5.26)

The significantly larger a2-term in this case compared to eq. (5.24) indicates that the spin-

averaged combination Γ has smaller 1/m-errors and should therefore be preferred in the

implementation of the matching step.7

5.1.4 Finite-size scaling

The next step is the numerical determination of the step scaling function σm, eq. (5.8),

and then of the (M -independent difference) L0[Γstat(LK ,M) − Γstat(L0,M)] as given by

eq. (5.11).

At finite lattice spacing, the step scaling function is defined
u σm(u)

2.4484 −0.205(18)
2.7700 −0.133(26)
3.4800 0.040(25)

Table 1: Results for

the continuum step scal-

ing function σm(u).

by

Σm

(
u,
a

L

)
= 2L [ Γstat(2L,M) − Γstat(L,M) ]|ḡ2(L)=u , (5.27)

where, as mentioned earlier, the (light) quark mass is set to zero.

The exact definition of the massless point does not play an im-

portant rôle; it is as in ref. [16]. In fact, we evaluated Σm directly

from the correlation functions computed there, where details of

the simulations can be found, too. Numerical results for Σm are listed in table 2 in the

appendix. They are extrapolated to the continuum limit via

Σm

(
u,
a

L

)
= σm(u) + c

a2

L2
. (5.28)

7In the preliminary computation of the b-quark’s mass reported in refs. [6, 7], the matching was per-

formed using only the energy in the pseudoscalar channel, ΓPS.
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Figure 4: Lattice step scaling function Σm and its continuum limit extrapolation linear in (a/L)2,

which uses only the four smallest values of a/L.

Figure 5: Continuum step scaling function σm(u) and its polynomial fit.

Given our data at various resolutions, this is a safe extrapolation (cf. figure 4) leading to

continuum values reported in table 1. Setting now u0 as in eq. (5.21), we want to compute

(recall that K = 2 now)

L0 [ Γstat(L2,M)− Γstat(L0,M) ] =
1

2
σm(u0) +

1

4
σm(u1) , (5.29)

with u1 = σ(u0) = 3.48(5) [22]. To this end it is convenient to represent the data of table 1

by a smooth fit function,

σm(u) = s0 + s1u+ s2u
2 , (5.30)

shown in figure 5. This fit implies the numerical value

1

2
σm(u0) +

1

4
σm(u1) = −0.092(11) (5.31)

for the combination (5.29). Here the uncertainties in u0, u1 are neglected, since they would

contribute only a negligible amount to the total error of eq. (5.31). Dropping the s2u
2-term

in eq. (5.30) would give indistinguishable results.
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5.1.5 The subtracted B-meson mass

As a last ingredient for the basic formula in eq. (5.14) we have to address L0∆E, with

∆E the energy difference between the B-meson’s static binding energy and the effec-

tive energy of the static-light correlator f statA , eq. (5.13), at the same values of the lat-

tice spacing. We evaluate this quantity starting from results for aEstat(g0) in the liter-

ature [40]. They are interpolated in the mass of the light quark to the strange quark

mass (see also [16, section 5.2]) and then correspond to a Bs-state. Since O(a) im-

provement was not employed in the computation of ref. [40], we also need Γstat(L2) for

the unimproved theory. Given the simulation results reported in [16, appendix C.2],

aΓstat(g0, L/a) with L = L2 = 1.436 r0 is straightforwardly obtained for 5.68 ≤ β =

6/g20 ≤ 6.5. These numbers are collected in table 3 of the appendix and well described

by

aΓstat

(
g0,

L

a

)∣∣∣∣
L=L2

= 0.394 − 0.055 (β − 6)− 0.218 (β − 6)2 + 0.229 (β − 6)3 (5.32)

with an absolute uncertainty of less than ±0.002 in the range of β mentioned.

The combination L0∆E is shown in figure 6. Its errors are dominated by those of

aEstat. Since they are rather large and also the lattice spacings are not very small, we

refrain from forming a continuum extrapolation. Instead we take

L0∆E = 0.46(5) (5.33)

as our present estimate. As seen in the figure, its error encompasses the full range of results

at finite a and the true continuum number is expected to be covered by it.

No doubt, a continuum limit with small error (at least a factor 3 smaller) can be

achieved here in the near future, incorporating O(a) improvement and using the alternative

discretization of static quarks of ref. [41].

Figure 6: Subtracted, dimensionless Bs-meson energy evaluated from the bare numbers of [40].

– 19 –



J
H
E
P
0
2
(
2
0
0
4
)
0
2
2

5.1.6 Determination of the quark mass

Now we are in the position to put all pieces together and solve the basic equation (5.14)

for the b-quark mass. This amounts to determine the interception point of the function

ω
(
σ−1(u0), z

)
= ω(1.8811, z) + ∆u

∂

∂u
ω(u, z)

∣∣∣∣
u=1.8811

, (5.34)

where ∆u = (σ−1(u0) − 1.8811) = 0.037(20) accounts for the slight mismatch in the

couplings fixed, with the combination

ωstat ≡ L0mB −
{

1

2
σm(u0) +

1

4
σm(u1)

}
− L0∆E . (5.35)

All of the necessary quantities are known from the foregoing three subsections and the

experimental spin-averaged B-meson mass mB = mBs = 5.40GeV is taken as the physical

input. As illustrated in figure 7, this procedure yields a value for L0Mb with an error.

Together with L0/r0 = Lmax/(2r0) = 0.359 it is converted to our central result

r0Mb = 16.12(25)(15) . (5.36)

Here the second error in parentheses stems from the additional 0.9% uncertainty of z in

ω(u, z) that was mentioned in the context of eq. (5.24). With r0 = 0.5 fm this translates

into

Mb = 6.36(10)(6)GeV , mb (mb) = 4.12(7)(4)GeV , (5.37)

where the running mass, mb(µ), is evaluated with the four-loop renormalization group

functions and in the MS scheme.

One should remember that this result is valid up to 1/m-corrections and it has been

obtained in the quenched approximation. One may estimate the ambiguity due to setting

the energy scale in the quenched approximation as usual. Varying the value of r0 in

fm by 10%, we obtain changes of about 260MeV in Mb and 150MeV in mb(mb). We

Figure 7: Graphical solution of the basic formula, eq. (5.14), for the dimensionless RGI b-quark

mass, zb ≡ L0Mb. The contributing pieces are repeated explicitly in eqs. (5.34) and (5.35).
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emphasize, however, that the scale ambiguity can serve only as a rough guide to the

impact of quenching. Finally, we also want to stress once more that in section 5.1.5 the

contribution from the subtracted B-meson mass to our result on the b-quark mass is still

based on ordinary Wilson fermion data and will be hopefully much improved soon.

5.2 The B-meson decay constant at lowest order

To lowest order in 1/m, the bare matrix element

M(g0) = 〈B(p = 0)|Astat
0 (0)|0〉 (5.38)

evaluated with the static action together with a renormalization factor Z stat
A (g0, aMb) allows

to determine the B-meson decay constant in static approximation [3]:

FB
√
mB = lim

a→0
Zstat
A (g0, aMb)M(g0) . (5.39)

The renormalization constant Z stat
A (g0, aMb) has already been computed in the quenched

approximation [16], using a quite different method to the one described in this paper. How-

ever, the method of ref. [16] is not easily extended to include 1/m-corrections. Therefore,

as a second example of the use of our general strategy, we here describe an alternative

method which may be extended to include 1/m-corrections.

The key formula, valid up to corrections of O(1/m), has already appeared and was

briefly discussed in Ref. [7]:

FB
√
mB =

FB
√
mB

∣∣HQET

ΦHQET(L2,Mb)
× ΦHQET(L2,Mb)

ΦHQET(L1,Mb)
×ΦHQET(L1,Mb)

ΦHQET(L0,Mb)
×ΦQCD(L0,Mb) . (5.40)

In the rest of this section we give precise definitions of the various factors and explain the

formula in the general framework of sections 3 and 4. We assume that the b-quark mass

is already known. Terms necessary for O(a) improvement are not written explicitly; they

can easily be added.

5.2.1 Matching

As a preparation for the matching of the axial current and the associated determination

of Zstat
A ≡ α

(0)
0 , we start from f statA (x0), defined in section 5.1.2. This correlation func-

tion renormalizes multiplicatively: (f statA )R = ZζhZζlZ
stat
A f statA . In order to eliminate the

renormalization factors Zζh , Zζl of the boundary quark fields, we consider in addition the

boundary-to-boundary correlation,

f stat1 = − a
12

2L6

∑

u,v,y,z

〈
ζ l
′(u)γ5ζh

′(v) ζh(y)γ5ζl(z)
〉
, (5.41)

which is renormalized as (f stat1 )R = (ZζhZζl)
2f stat1 . In the ratio

X

(
g0,

L

a

)
≡ f statA (L/2)√

f stat1

(5.42)
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the unwanted Z-factors cancel, and with the choice x0 = L/2 it is also independent of the

linearly divergent mass counterterm δm. The renormalized ratio is denoted by

ΦHQET(L,Mb) ≡ XR

(
u, zb,

a

L

)

= Zstat
A (g0, aMb)X

(
g0,

L

a

)∣∣∣∣
ḡ2(L)=u

, zb = LMb . (5.43)

Here, as wherever we do not mention the light quark masses explicitly, they are set to zero.

In QCD we define the corresponding quantities (ZA denotes the standard renormal-

ization constant for the QCD axial current [24, 25] and f1 is the analogue of f stat1 with

ζh → ζb)

Y

(
g0, zb,

L

a

)
=
fA(L/2)√

f1
, (5.44)

YR

(
u, zb,

a

L

)
= ZA(g0)Y

(
g0, zb,

L

a

)∣∣∣∣
ḡ2(L)=u

, (5.45)

ΦQCD(L,Mb) = lim
a/L→0

YR

(
u, zb,

a

L

)
, (5.46)

and the matching equation to be imposed in the small volume (of extent L0) is

ΦHQET(L0,Mb) = ΦQCD(L0,Mb) with ḡ2(L0) = u0 = fixed . (5.47)

While in agreement with the notation in previous sections ΦHQET on the l.h.s. has a lattice

spacing dependence that is only implicit (cf. eq. (5.43)), for the r.h.s. the continuum limit

is to be taken (cf. eq. (5.46)). In the quenched approximation, the particular value for u0

may be chosen as in section 5.1.

5.2.2 Finite-size scaling

Computing the step scaling functions built as

σX(u) ≡ lim
a/L→0

X(g0, 2L/a)

X(g0, L/a)

∣∣∣∣
ḡ2(L)=u

(5.48)

allows to reach larger values of L via the recursion

ΦHQET(2L,Mb)
∣∣
a=0

= σX
(
ḡ2(L)

)
× ΦHQET(L,Mb)

∣∣
a=0

. (5.49)

We note in passing that in eq. (5.48) we could have written X → XR, since the same

Zstat
A enters in numerator and denominator. For the following we assume eq. (5.49) to be

iterated K times, connecting ΦHQET(L0,Mb) to ΦHQET(LK ,Mb) with LK = 2KL0, i.e. in

a numerical implementation, details will be very similar to those described in section 5.1.4.

5.2.3 The decay constant

To finally arrive at FB
√
mB, one defines the renormalization constant in view of eq. (5.43),

Zstat
A (g0, aMb) =

XR(uK , zb, 0)

X(g0, LK/a)
=

ΦHQET(LK ,Mb)|a=0

X(g0, LK/a)
, uK = ḡ2(LK) , (5.50)
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and — bearing in mind that ΦHQET(LK ,Mb)|a=0 via eq. (5.49) and the matching condi-

tion (5.47) may be evolved back to the renormalized quantity ΦQCD(L0,Mb) in QCD —

replaces Zstat
A (g0, aMb) in eq. (5.39) by rewriting:

FB
√
mB = ρ(uK)× ΦHQET(LK ,Mb)

∣∣
a=0

, (5.51)

ρ(u) = lim
a/L→0

R
(
u,
a

L

)
, R

(
u,
a

L

)
≡ M(g0)

X(g0, L/a)

∣∣∣∣
ḡ2(L)=u

. (5.52)

Although we have chosen only u and a/L as arguments for R, it does depend on the

masses of the light quarks used for the evaluation of the matrix elementM. These masses

have to be set (or extrapolated) to the physical ones to obtain the correct matrix element

in question; conveniently, the light quark masses are put to zero in all other quantities

as mentioned above. In this way the effective theory is renormalized in a (light quark)

mass-independent renormalization scheme.

Choosing as an example K = 2, we may combine all ingredients into the expression

FB
√
mB = ρ(u2)× σX(u1)× σX(u0)×ΦQCD(L0,Mb) , (5.53)

where the various factors correspond one to one to those in eq. (5.40) but are now rigorously

defined and can be computed in the continuum limit. Our notation is most appropriate

for the lowest order in 1/m. At higher order, additional matching equations and step

scaling functions have to be defined and σX will depend on Mb, which is not the case

at lowest order in 1/m. In fact, at this order all the (heavy quark) mass dependence of

FB
√
mB is contained in ΦQCD(L0,Mb) that is calculable in small-volume lattice QCD with

a relativistic b-quark [42].

5.2.4 Relation to other approaches

We finally want to compare the strategy of renormalizing Astat
0 , presented in this pa-

per, to the one of [14, 16], which followed the general ALPHA Collaboration strategy

of obtaining the renormalization group invariant matrix elements of composite operators

non-perturbatively and then using (continuum) perturbative results to find the operators

normalized in the matching scheme at finite renormalization scale. (A recent review is

ref. [7].) For the application to the HQET, the natural renormalization scale is then the

mass of the b-quark.

Remaining strictly at lowest order in 1/m, there is no mixing with lower-dimensional

operators. Consequently, perturbation theory can be applied. In particular the large-

mass behaviour of FB
√
mB, which is given by the mass dependence of Z stat

A , is computable

leading to the asymptotics [43, 44]8

lim
Mb→∞

[
ln

(
Mb

ΛMS

)]γ0/(2b0)

FB
√
mB = Φstat

RGI = constant ,

γ0 = − 1

4π2
, b0 =

11− 2
3(Nf − 1)

16π2
. (5.54)

8The leading-order coefficient b0 of the β-function is taken for Nf − 1 flavours, since the b-quark does

not contribute. Note that here Nf − 1 = 0 corresponds to the quenched approximation.
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Furthermore, the function CPS(Mb/ΛMS) = FB
√
mB/Φ

stat
RGI is known perturbatively up

to and including ḡ4(mb)-corrections to the leading-order equation (5.54) [45]–[50]. These

perturbative computations, like our non-perturbative method, are based on the renormal-

ization of the static axial current where the finite part is determined by matching, eq. (3.3).

We denote this renormalization scheme by the “matching scheme” [7, 16].9

A finite, renormalized static axial current can of course also be defined by other renor-

malization conditions involving a renormalization scale µ in a suitably chosen intermediate

scheme. Matrix elements Φinter(µ) of the renormalized current in this scheme will then not

necessarily satisfy eq. (3.1), but it is easy to see that

lim
µ→∞

[ 8πb0α(µ) ]
−γ0/(2b0)Φinter(µ) = Φstat

RGI , α =
ḡ2

(4π)
, (5.55)

is independent of the intermediate renormalization scheme. In ref. [16] a finite-volume

scheme was adopted, which allows to evaluate the limit in eq. (5.55) through some finite-

size scaling steps followed by perturbative evolution at very high µ. The results obtained in

this way are then combined with the perturbative approximation of CPS(Mb/ΛMS). Owing

to this last step, they are accurate up to relative errors of order ḡ6(mb). This discussion

should have made evident that the essential difference of the method presented here is not

the absence of these perturbative errors, which are expected to be quite small, but rather

the tempting possibility to include 1/m-corrections.

6. Uncertainties and perspectives

Following the general strategy introduced in this paper opens the possibility to perform

clean non-perturbative computations using the lattice regularized HQET. The dangerous

power-law divergences are subtracted non-perturbatively through the matching in small

volume. This is not only a theoretical proposal: in section 5.1 we showed that in a concrete

physics application the statistical errors of Monte Carlo results are quite moderate. In fact

they can be expected to be even smaller, when an alternative discretization of the static

approximation is employed [41].

We emphasize that the result for the b-quark mass in section 5.1 is valid up to 1/Mb-

corrections. If we had used Γ = ΓPS instead of the spin-averaged energy in the matching

step, a 0.4GeV higher number for Mb would have been obtained. We do not regard this

shift as a realistic estimate of the magnitude of 1/Mb-corrections but believe that they are

significantly smaller, as indicated by the smallness of the associated coefficient a2 in the

numerically determined quark mass dependence of the spin-averaged energy, eq. (5.24).

Nevertheless it is clear that a precision determination of Mb requires to take the 1/Mb-

corrections into account, even if only to show that they are small.

In general one may argue that the matching step (carried out at order 1/M n
b ) con-

tains 1/(L0Mb)
n+1-uncertainties in addition to the unavoidable 1/(r0Mb)

n+1-terms (we

remind the reader that we take 1/r0 ≈ 0.4GeV as a typical QCD scale). Whether or

9Non-perturbatively, the matching scheme is unique up to higher orders in 1/m; in perturbation theory,

a residual scheme dependence due to the choice of the other renormalized parameters, such as ḡ, remains.
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Figure 8: Numbers for aΓstat(g0, L/a)|L=1.436 r0
from table 3 and its polynomial fit functions for

O(a) improved and unimproved Wilson fermions.

not the former terms are larger than the latter can only be decided if the linear extent

of the matching volume, L0, is varied. Increasing it would demand even smaller lattice

spacings.

Since 1/Mb-corrections are computable, they should be determined to arrive at pre-

cision computations for B-physics observables, e.g. for the phenomenologically interesting

B-B mixing amplitude. On the other hand we expect (1/Mb)
2-corrections to be very

difficult in practice, because they require also O(a2) improvement of the whole theory.

Fortunately, (1/Mb)
2-corrections do not appear to be very important [42] but, as in every

expansion, this issue has to be studied case by case.

An attractive property of our strategy is that it does not involve any particularly large

lattices and therefore all the steps outlined in the present work can also be performed with

dynamical fermions. These calculations are presumably no more difficult than for instance

those of refs. [51]–[53] in the light meson sector.
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A. Detailed numerical results

In this appendix we collect some of the numerical results underlying the computation of

the b-quark’s mass in section 5.1.
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ḡ2(L) β = 6/g20 κ L/a aΓstat(L) aΓstat(2L) Σm(u, a/L)

2.4484 6.7807 0.134994 6 0.3082(6) 0.3123(6) 0.049(10)

7.0197 0.134639 8 0.2899(4) 0.2881(7) −0.028(13)
7.2025 0.134380 10 0.2747(4) 0.2697(4) −0.101(12)
7.3551 0.134141 12 0.2621(5) 0.2564(5) −0.137(16)
7.6101 0.133729 16 0.2444(2) 0.2396(4) −0.151(16)

2.7700 6.5512 0.135327 6 0.3282(6) 0.3374(10) 0.111(14)

6.7860 0.135056 8 0.3068(8) 0.3098(9) 0.048(19)

6.9720 0.134770 10 0.2916(4) 0.2907(6) −0.019(15)
7.1190 0.134513 12 0.2795(4) 0.2769(5) −0.060(16)
7.3686 0.134114 16 0.2592(6) 0.2570(8) −0.068(32)

3.4800 6.2204 0.135470 6 0.3629(6) 0.3952(7) 0.388(12)

6.4527 0.135543 8 0.3399(5) 0.3554(11) 0.249(19)

6.6350 0.135340 10 0.3219(6) 0.3311(10) 0.185(23)

6.7750 0.135121 12 0.3081(3) 0.3141(7) 0.143(20)

7.0203 0.134707 16 0.2858(3) 0.2883(7) 0.080(24)

Table 2: Results for the lattice step scaling function Σm. For the intermediate quantity Γstat(L)

the argument M is suppressed, since it is evaluated at mbare = 0 and so does not depend on M .

O(a) improved csw = 0

L/a β = 6/g20 κ aΓstat κ aΓstat

4 5.6791 — — 0.15268 0.381(2)

6 5.8636 — — 0.15451 0.396(1)

8 6.0219 0.13508 0.407(1) 0.15341 0.393(1)

10 6.1628 0.13565 0.390(1) 0.15202 0.380(1)

12 6.2885 0.13575 0.371(1) 0.15078 0.365(2)

16 6.4956 0.13559 0.345(1) 0.14887 0.341(2)

Table 3: Numerical results for aΓstat at L = 1.436 r0 for O(a) improved and unimproved Wilson

fermions (i.e. csw = 0 and also cstatA = 0 in the latter case). The corresponding simulation parameters

are reproduced from [16, appendix C.2.] for completeness.

The numerical data on the static-light meson correlator in the Schrödinger func-

tional (SF), which are necessary to evaluate its logarithmic derivative Γstat, see eqs. (5.3)

and (5.19), have already been obtained in the context of the non-perturbative renormal-

ization of the static-light axial current, ref. [16]. Hence we refer the reader to this work for

more details. In table 2 we list the numerical results on the lattice step scaling function

Σm, defined through eq. (5.27).

Another ingredient in the determination of Mb is the subtracted B-meson energy ∆E,

eq. (5.13), which amounts to calculate the static effective energy Γstat at L = 1.436 r0. Our

quenched results for this quantity, both for the O(a) improved case (with non-perturbative

csw from [54] and the 1-loop value [55] for the coefficient cstatA to improve the static-light

axial current) as well as for the unimproved theory (where both improvement coefficients
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are set to zero), are shown in table 3 and figure 8. These numbers are well represented by

the polynomial expressions

aΓstat

(
g0,

L

a

)∣∣∣∣
L=1.436 r0

=





0.410 − 0.132 (β − 6)

for 6.0 ≤ β = 6/g20 ≤ 6.5 and csw = non-perturbative

0.394 − 0.055 (β − 6)− 0.218 (β − 6)2 + 0.229 (β − 6)3

for 5.68 ≤ β = 6/g20 ≤ 6.5 and csw = 0

,

where their absolute uncertainty is below ±0.001 and ±0.002 in the indicated ranges of

β, respectively. In section 5.1.5 we restrict the analysis only to the case of unimproved

Wilson fermions, csw = 0, but the O(a) improved parametrization may be required when

also O(a) improved data on the static binding energy Estat at various lattice spacings will

become available.
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1. Introduction

During the last years, the elementary particle physics community has seen a growing in-

terest and activity in the study of B-meson physics and its phenomenology. While on the

experimental side this interest reflects in the various facilities that are currently running to

explore CP-violation in the B-system [1, 2, 3], it is nourished on the theoretical side by the

demand to determine transition matrix elements of the effective weak hamiltonian in order

to interpret the experimental observations within (or beyond) the standard model and to

(over-)constrain the unitarity triangle. For the computations of such matrix elements be-

tween low-energy hadron states to become valuable contributions in this field, they have to

be carried out non-perturbatively, which is the domain of QCD on the lattice. However, in

contrast to light quarks which as widely spread objects are predominantly exposed to large-

volume limitations, heavy quarks are extremely localized (1/mb ' 1/(4GeV) ' 0.04 fm)

and thus also require very fine lattice resolutions, because otherwise one would face huge

discretization errors. Mainly for this reason, realistic simulations of heavy-light systems

involving a b-quark (even in the quenched approximation) are impossible so far [4].

A theoretically very appealing way out of this restriction is to recourse to the Heavy

Quark Effective Theory (HQET) [5, 6]. This comes at a prize, though. As a consequence

of its different renormalization properties, physical quantities deriving from expectation

values calculated in the effective theory are affected by power-law divergences in the lattice

spacing that can not be subtracted perturbatively in a clean way: the continuum limit

ceases to exist, unless the theory is renormalized non-perturbatively [7].

Only recently, an approach to overcome these deficiencies has been developed from

a solution for the problem of a completely non-perturbative computation of the b-quark
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mass in the static approximation including the power-divergent subtraction [8] to a new

method addressing the general class of renormalization problems in HQET [9]. At its root

stands the insight that these power-law divergences can be removed by a non-perturbative

matching procedure to relativistic QCD in a finite volume. In fact, the smallness of the

physical volume represents a characteristic feature in this strategy — since only then one is

capable to incorporate and simulate the b-quark as a relativistic fermion — and motivates

the investigation of QCD observables in a small-volume setup presented in this work. Here

we will concentrate on the non-perturbative heavy quark mass dependence of effective

heavy-light meson energies in the continuum limit, whose numerical knowledge is crucial

to apply the proposal of ref. [9] to the determination of the b-quark’s mass in leading order

of HQET.1 An extension to also examine the mass dependence of a few more quantities,

which aims at quantitative non-perturbative tests of HQET by comparing static results with

those obtained along the large quark mass limit in small-volume QCD, is in progress [12].

In section 2 we first recall the main ideas of the general matching strategy between

HQET and QCD of ref. [9] (section 2.1), then introduce our observables considered (sec-

tion 2.2) and finally describe how these can be calculated as functions of the (renormalized)

mass of the heavy quark by numerical simulations (section 2.3). Section 3.1 is devoted to

some intermediate results on a renormalization constant and improvement coefficients that

are needed to renormalize the heavy quark mass in the relevant parameter range. Our

central results on the mass dependence of the heavy-light meson energies are discussed in

section 3.2, and we conclude in section 4.

In the calculations reported here we still stay in the quenched approximation. We want

to emphasize, however, that this study of the heavy quark mass dependence of suitable

observables (as an important part of the general non-perturbative approach to HQET of [9])

can be expected to be numerically implementable as well for QCD with dynamical fermions

at a tolerable computing expense, because on basis of the experiences made in refs. [13, 14]

the use of the QCD Schrödinger functional brings us in a favourable position where in

physically small to intermediate volumes dynamical simulations are definitely easier than

with the standard formulation.

2. Computational strategy

For the rest of this paper we will focus on meson observables derived from heavy-light

correlation functions in finite volume and their dependence on the heavy quark mass in the

continuum limit. Before we explain in detail how this dependence can be singled out in an

actual numerical computation, we want to clarify the special rôle of QCD in a finite volume

as a material component of the more general idea advocated in ref. [9] to non-perturbatively

renormalize HQET; therefore, it suggests itself to briefly summarize this idea in the first

subsection.

1For another method to determine mb and FB, which also starts from lattice QCD in small volume but

employs extrapolations of finite-volume effects in the heavy quark mass, see refs. [10, 11].
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2.1 From QCD in small volume to non-perturbatively renormalized HQET

A long-standing problem with lattice computations in HQET is the occurrence of power-law

divergences during the renormalization process (cf. refs. [15, 16, 17]), implied by the allowed

mixings of operators of different dimensions coming with coefficients {ck} that contain

inverse powers of the lattice spacing a. At each order of the HQET expansion parameter

(1/m, where m is the heavy quark mass), new such free parameters ck arise, which in

principle are adjustable by a matching to QCD; but owing to incomplete cancellations

when performing this matching only in perturbation theory, one is always left with a

perturbative remainder that still stays divergent as a→ 0. Therefore, the continuum limit

does not exist.

Already HQET in leading order, the static approximation, exhibits this unwanted

phenomenon. In this case the kinetic and the mass terms in the static action mix under

renormalization and give rise to a local mass counterterm δm ∝ 1/a, the self-energy of

the static quark, which causes a linearly divergent truncation error if one relies on an only

perturbative subtraction of this divergence. A prominent example for a quantity suffering

from it is the b-quark mass itself: past computations in the static approximation [18] were

limited to finite lattice spacings, and the continuum limit was impossible to reach.

A viable strategy to solve this severe problem of power divergences is provided by a non-

perturbative matching of HQET and QCD in finite volume [8, 9]. To integrate the present

work into the broader context of ref. [9], we reproduce the central line of reasoning here. Let

us consider QCD consisting of (generically Nf−1) light quarks and a heavy quark, typically

the b-quark. In the effective theory, the dynamics of the heavy quark is governed by the

HQET action, which formally is an expansion in inverse powers of the heavy quark mass.

(For further details see e.g. section 2 of ref. [9].) On the renormalized level, the effective

theory discretized on a lattice can be defined in terms of parameters {ck} that comprise

those specifying the light quark sector (e.g. the bare gauge coupling, g20 ≡ c1, and the masses

of the light quarks) and coefficients of local composite fields in the 1/m-expansion of the

lattice action, supplemented by further coefficients belonging to local composite operators

which will be needed when including their correlation functions into the renormalization

program. In other words, if these parameters are chosen correctly, HQET and QCD are

expected to be equivalent in the sense that ΦHQET(M) = ΦQCD(M) + O(1/Mn+1) holds

for suitable observables Φ in both theories, where for simplicity only the dependence on

the heavy quark mass, here represented by the scheme and scale independent (and thus

theoretically unambiguous) renormalization group invariant quark mass, M , is stressed.

Now suppose that in some way the parameters of QCD have already been fixed to proper

values. Then the parameters {ck} in the effective theory may just be determined through

its relation to QCD by requiring a set of matching conditions:

ΦHQET
k (L,M) = ΦQCD

k (L,M) , k = 1, . . . , Nn . (2.1)

In this equation, the index k labels the elements of the parameter set {ck} defining the

effective theory up to 1/Mn+1-corrections (where, for instance, the additive mass renor-

malization δm mentioned above is amongst them), and the conditions (2.1) determine the
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ck for any value of the lattice spacing. Moreover, we have already indicated the dependence

of the observables Φk in eq. (2.1) on another variable which will become important in the

following: the linear extent L of a finite volume.

To substantiate this L-dependence, we note that in order to circumvent the difficulties

with the power-law divergences from the start, the matching equations (2.1) are understood

as non-perturbative conditions in which both sides are to be calculated with the aid of

numerical simulations. From the practical point of view, this in turn also means that one

must be able to simulate the b-quark as a relativistic fermion. Hence, the linear extent L

of the matching volume (i.e. where eq. (2.1) should hold) has to be chosen with care. On

the one hand, it should fulfill LM À 1 to apply HQET quantitatively on the l.h.s. of (2.1),

i.e. to suppress 1/m-corrections, and on the other hand one has to ensure aM ¿ 1 on

the r.h.s. to treat the heavy quark flavour in the relativistic theory and avoid large lattice

artifacts so that the continuum limit is under control. Taking these constraints together,

while at the same time keeping the number of lattice points manageable for present-day

computers, one then ends up with a volume for imposing the matching conditions (2.1) that

is physically small; in our application later it will turn out to be of the order of (0.2 fm)4.

Having highlighted QCD in finite volume as key ingredient for the practical realization

of the non-perturbative matching, we close this subsection with a few remarks on the subse-

quent (but not less important) steps that are involved to adopt it as a general approach for

non-perturbative computations using the lattice regularized HQET. These steps, together

with two applications of the proposal as a whole, are also worked out in ref. [9], which the

reader should consult for a thorough discussion.

• Rather than directly identifying the quantities Φk entering (2.1) with physical, ex-

perimentally accessible observables (by which one would sacrifice the predictability of

the effective theory), they must be properly chosen as renormalized quantities com-

putable in the continuum limit of lattice QCD, which in turn necessitates the use of a

small volume as explained before. Of course, their explicit form still depends on the

application in question. One may think e.g. of hadronic matrix elements or, as in the

computations reported in the following sections, effective masses (respectively, ener-

gies) that are deduced from the decay of two-point heavy-light correlation functions.

• Apparently, although these matching conditions to fix the parameters of HQET are

perfectly legitimate (since the underlying lagrangian does not ‘know’ anything about

the finite volume), one still has to make contact to a physical situation, where the

interesting quantities of the infinite-volume theory can be extracted at the end. Em-

ploying the same lattice resolution as in the small volume computation, however,

would again demand too many lattice points. This gap between the small volume

with its fine lattice resolution on the one side and larger lattice spacings, and thereby

also larger physical volumes, on the other is bridged by a recursive finite-size scaling

procedure inspired by ref. [19]. As a result, the ΦHQET
k are obtained at some larger

volume of extent L = O(1 fm), where the resolutions a/L are such that at the same

lattice spacings (i.e. at the same bare parameters) volumes with L ' 2 fm — to

accommodate physical observables in the infinite-volume theory — are affordable.
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• Finally, the approach requires a physical, dimensionful input. This usually amounts

to relate the observables ΦHQET
k of the effective theory calculated in large volume to

some experimental quantity. Which quantity this actually might be has to be decided

when a concrete application is addressed. (E.g., in the application to compute mb,

it is the B-meson mass [9].)

2.2 Lattice setup and observables

In our investigation of QCD in a small volume we distinguish between a light (‘l’) and a

heavy (‘h’) quark flavour. The lattice regularized theory is formulated in a Schrödinger

functional (SF) cylinder of extent L3×T [20, 21]: the gluon and quark fields are subject to

periodic (Dirichlet) boundary conditions in spatial (temporal) directions, and — if not ex-

plicitly stated otherwise — we assume T = L from now on. In principle, the aforementioned

matching strategy between HQET and QCD is not restricted to the SF as the only possible

finite-volume scheme to treat the involved heavy-light systems in the relativistic theory,

but in this way its practical implementation will much profit from known non-perturbative

results on the renormalized quantities that will be needed in the following.

Starting from the O(a) improved heavy-light axial and vector currents,

(AI)µ(x) = ψl(x)γµγ5ψh(x) + acA
1

2
(∂µ + ∂∗µ)

{
ψl(x)γ5ψh(x)

}
, (2.2)

(VI)µ(x) = ψl(x)γµψh(x) + acV
1

2
(∂ν + ∂∗ν)

{
i ψl(x)σµνψh(x)

}
, (2.3)

(where numerical values for the coefficients
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x0 = 0

ζh

ζl

x0 = L

(AI)0

Figure 1: Illustration of the correlation func-

tion fA, while in kV the insertion of (AI)0 is

replaced by (VI)k.

cA and cV in the quenched approximation are

taken from refs. [22, 23]), we construct their

correlation functions in the SF [24, 25] as

fA(x0) = −
a6

2

∑

y,z

〈
(AI)0(x)ζh(y)γ5ζl(z)

〉
,

(2.4)

kV(x0) = −
a6

6

∑

y,z,k

〈
(VI)k(x)ζh(y)γkζl(z)

〉
,

(2.5)

schematically drawn in figure 1. Based on these, we define L-dependent energies in both

channels by combining the usual forward and backward difference operators to take the

logarithmic derivatives

ΓPS(L,M) ≡ −
1

2
(∂0 + ∂∗0) ln [ fA(x0,M)]

∣∣∣
x0=L/2

, (2.6)

ΓV(L,M) ≡ −
1

2
(∂0 + ∂∗0) ln [ kV(x0,M)]

∣∣∣
x0=L/2

, T = L , (2.7)

in which all multiplicative renormalization factors drop out. These observables also depend

on the bare coupling, g0, and — as the light quark mass is put to zero in the actual

computations — on the heavy quark mass variable which, as already in section 2.1, one

– 5 –



J
H
E
P
0
2
(
2
0
0
4
)
0
6
4

may conveniently set to be the renormalization group invariant (RGI) mass of the heavy

quark, M . Having in mind the corresponding correlators in the effective theory, where in

the static (i.e. infinite-mass) limit the two currents fall together owing to the heavy quark

spin-symmetry, we also form their spin-averaged combination

Γav ≡
1

4
(ΓPS + 3ΓV) , (2.8)

which is expected to deviate from the static limit by the smallest 1/m-corrections [9].

2.3 Determination of the heavy quark mass dependence

As mentioned before and detailed in refs. [8, 9], the non-perturbative matching between

HQET and QCD can be applied to determine the mass of the b-quark in the static ap-

proximation. To achieve this goal, the quantities Φk in eq. (2.1) have to be identified

with suitable observables that can be calculated by numerical simulations. Since we want

to evaluate them in the continuum limit, we have to ensure a situation with fixed renor-

malized parameters, along which the limit a/L → 0 may be performed. In regard of the

(suppressed as well as indicated) dependences in the matching conditions (2.1), this means

that for each value of L/a we have to make particular choices for the gauge coupling and

the quark masses in the light and heavy sectors, respectively. The first two of them are

immediately offered by

ΦHQET
1 = ḡ2(L) = constant , (2.9)

ΦHQET
2 = ml = 0 , (2.10)

where ḡ2 denotes the renormalized finite-volume coupling in the SF scheme that runs with

the box size L [26] and ml ≡ m
PCAC
l is the PCAC current quark mass of the light flavour.

These conditions allow to readily benefit from earlier work, because when fixing ḡ2 to one

of the values used for the (quenched) computation of the non-perturbative quark mass

renormalization in [27], they translate into triples (L/a, β = 6/g20 , κl) that can directly be

taken over from this reference.2

For the computation of the b-quark’s mass in leading order of HQET one yet needs one

more condition in order to fix the parameter aδm in the static lagrangian. Following [8, 9],

the most natural candidates for this purpose are now the pseudoscalar and spin-averaged

energies of the form (2.6) and (2.8) introduced in section 2.2. For k = 3, eq. (2.1) then

turns into

L(Γstat +m) ≡ ΦHQET
3 (L,M) = ΦQCD

3 (L,M) ≡ LΓX , (2.11)

where ΓX = ΓX(L,M), X = PS, av, are defined in QCD and small volume with a relativis-

tic b-quark and carry the entire quark mass dependence. On the l.h.s., Γstat denotes the

analogue of ΓX in the effective theory, where the heavy quark entering the correlator (2.4)

is treated in the static approximation, and implicitly contains the problematic, linearly

divergent mass counterterm aδm. The matching equation (2.11) may be connected to a

2In this case the lattice action’s hopping parameter associated with the light quark flavour, κl, just

equals the critical hopping parameter, κc, as a consequence its very definition: ml(κc) = 0, see ref. [27].
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physical quantity in large volume (the B-meson mass [9]) by finite-size scaling (cf. sec-

tion 2.1). But without going into further, unnecessary details we only note that this yields

a (dimensionless) equation, which apart from ΓX(L,M) only contains energy differences

computable in the static theory — such that the counterterm aδm cancels out — and

the experimental mass of the B-meson. Since all pieces in that equation can be evaluated

non-perturbatively and in the continuum limit, the quantitative knowledge of ΓX(L,M) as

a function of M in the relevant quark mass region finally allows to solve it for the desired

numerical value of the non-perturbatively renormalized RGI mass of the b-quark, Mb, in

the static approximation [9].

So the task is here to non-perturbatively determine the heavy quark mass dependence

of the effective heavy-light meson energies ΓX(L,M). It thus remains to discuss how we fix

the linear size of the finite volume, L = L0, and a set of dimensionless quark mass values,

z ≡ L0M = constant , (2.12)

at which the numerical computation of ΓX for various lattice spacings takes place in prac-

tice.

We answer this question again on basis of the present numerical knowledge in the

framework of the SF. Among the available constant values of the renormalized SF coupling

that belong to different sets of triples (L/a, β, κl) known from ref. [27] we fix, as was initially

required by the condition (2.9),

ḡ2
(
L0

2

)
= 1.8811 , (2.13)

where the (inverse) lattice spacing varies within 6 ≤ L0/(2a) ≤ 16. This choice is particu-

larly convenient, because from the same reference one then finds that L0 is given in units

of a certain maximal size, Lmax, of the SF box, namely

L0 =
Lmax

2
= 0.36 r0 ≈ 0.18 fm , (2.14)

which is implicitly defined by ḡ2(Lmax) = 3.48 and, through its relation to the hadronic

radius r0 = 0.5 fm [28], also known in physical units: Lmax/r0 = 0.718(16) [29]. Indeed,

from a closer inspection of the parameters corresponding to the condition (2.13) (see table 1)

one may convince oneself that an accompanying volume of some small extent as (2.14) is a

sensible compromise between the associated resolutions being small enough to comfortably

accommodate a propagating (albeit the system size confining) b-quark and being able to

consider heavy quark masses large enough to suppress O(1/z)-corrections (i.e. z À 1 but

not too large to avoid a substantial enhancement of cutoff effects) as well as to cover the

physical RGI b-quark mass scale itself.

In order to satisfy eq. (2.12) for the intended numerical values z while L/a and β are

changed to approach the continuum limit, we still have to relate the RGI mass of the heavy

quark, M , to the corresponding hopping parameter κh as the simulation parameter for the

bare heavy quark mass in the lattice action. One possibility would be to employ the (O(a)

– 7 –



J
H
E
P
0
2
(
2
0
0
4
)
0
6
4

improved) relation between the RGI and the bare PCAC quark mass, mh, viz.

M =
M

mh(µ0)

ZA(g0)(1 + bAamq,h)

ZP(g0, L0)(1 + bPamq,h)
×mh +O

(
a2
)
, µ0 =

1

L0
, (2.15)

where mh(µ0) denotes the running heavy quark mass renormalized at the scale µ0 = 1/L0

in the SF scheme and (the inverse of) its ratio to the RGI mass M , the first factor on

the r.h.s., is inferable from the literature as will be elaborated on after eq. (2.19). The

numerator and denominator in the second factor account for the renormalization of the

axial current and the pseudoscalar density in the O(a) improved theory, respectively. Here,

the subtracted bare heavy quark mass is defined as usual by mq,h = m0,h −mc with mc

the critical value of the bare quark mass m0,h, which in terms of the hopping parameters

is given by amq,h = 1
2(κ
−1
h − κ

−1
c ). Although the involved renormalization factors are in

principle known from refs. [27, 30] in the quenched case, this would demand additional

simulations to appropriately tune κh — and thereby the PCAC mass mh as a secondary

quantity composed of correlation functions (cf. eq. (3.3)) — until the condition (2.12) is

met with sufficient precision.

However, a safer (and also more economic) way to estimate κh such that a constant

z = L0M can be enforced in advance without any additional tuning runs is as follows.

Recall that alternatively the renormalized quark mass can be written in terms of the O(a)

improved subtracted bare quark mass, m̃q,h, as

mh = Zm m̃q,h , m̃q,h = mq,h(1 + bmamq,h) , (2.16)

where non-perturbative estimates on the improvement coefficient bm and the finite combi-

nation of renormalization constants

Z(g0) ≡
Zm(g0, L)ZP(g0, L)

ZA(g0)
(2.17)

have been published in ref. [30] for the quenched approximation. The latter identity may

then be used to eliminate the (in the SF scheme unknown) renormalization factor Zm in

eq. (2.16) in favour of numerically known ones. The decomposition of the RGI heavy quark

mass analogous to (2.15) now assumes the form:

M =
M

mh(µ0)

Z(g0)ZA(g0)

ZP(g0, L0)
×mq,h(1 + bmamq,h) + O

(
a2
)
, µ0 =

1

L0
. (2.18)

The last piece to be addressed in this equation is the universal, regularization independent

ratio of the RGI quark mass to the renormalized mass at fixed renormalization scale, which

for later reference we call

h(L0) ≡
M

mh(µ0)
, µ0 =

1

L0
. (2.19)

In a mass independent renormalization scheme such as the SF it is flavour independent

and, according to ref. [27], can be expressed as

h(L0) =
ZP(L0)

ZP(2−6Lmax)
×
[
2b0ḡ

2(µ)
]−d0/(2b0) exp

{
−

∫ ḡ(µ)

0
dg

[
τ(g)

β(g)
−

d0
b0g

]}
(2.20)
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set L/a β = 6/g20 κl ḡ2(L/2) ḡ2(L) ZP

A 12 7.4082 0.133961(8) 1.8811(22) 2.397(17) 0.6764(6)

B 16 7.6547 0.133632(6) 1.8811(28) 2.393(18) 0.6713(8)

C 20 7.8439 0.133373(2) 1.8811(22) 2.379(22) 0.6679(8)

D 24 7.9993 0.133159(4) 1.8811(38) 2.411(20) 0.6632(8)

E 32 8.2415 0.132847(3) 1.8811(99) 2.397(52) 0.6575(13)

Table 1: Our parameter sets that refer to the light quark sector and have fixed SF coupling,

ḡ2(L/2) = 1.8811. The parameters L/a, β and κl ≡ κc of A, B, D and E are taken over from [27]

without changes, whereas we performed new simulations to add with C a further lattice resolution

for this work. Moreover, the renormalization constants ZP = ZP(g0, L/a) differ from those of [27] in

that they have been computed in the context of [31] using the two-loop value [32] for the boundary

improvement coefficient ct.

with L0 = Lmax/2, µ = 26/Lmax and b0, d0 the leading-order coefficients in the perturbative

expansions of the renormalization group functions of the running coupling and quark mass,

β(ḡ) and τ(ḡ). In the ratio of ZP-factors we encounter a scale evolution through changes by

finite step sizes in the SF renormalization scale L = 1/µ that has been non-perturbatively

computed in [27], whereas the remainder lives in the high-energy regime where the coupling

is reasonably small to evaluate it in perturbation theory. Since in eq. (2.14) we just chose

the linear extent L0 of the small volume, where the non-perturbative matching to the

relativistic theory is to be performed, as a proper multiple of the scale Lmax, a numerical

estimate for h(L0) in the continuum limit, eq. (2.19), can be directly extracted from the

results already published in [27] and will be quoted in section 3.2 later on.

Our simulation parameters, which fix via eqs. (2.9), (2.10) and (2.13) the physics in the

relativistic sector and via eq. (2.14) the size of the matching volume where to determine

the non-perturbative heavy quark mass dependence of our observables, are summarized

in table 1. Values for the other quantities, which have to be inserted into eq. (2.18) in

order to obey the condition (2.12) of constant z = L0M , will be specified when we come

to describe the actual calculation of the z-dependence of ΓX = ΓX(L0,M), X = PS, av, in

section 3.2.

At this stage we still want to direct the reader’s attention to an issue that can already

be foreseen to become a potential limitation in any application of the numerically computed

quark mass dependence: even with eq. (2.18), the dimensionless mass parameter z can only

be fixed through quantities known to a certain precision. In particular, the improvement

coefficient bm and the renormalization factor Z are only available from ref. [30]3 for 6.0 ≤

β ≤ 6.756, which are significantly lower than the β-s of table 1 we are interested in. It

hence appears quite difficult to reliably guess from the numbers in [30] values for bm and Z

in the β-region relevant here and, even more, to quantitatively assess the additional error

contribution those estimates would then be afflicted with. Since this constitutes a dominant

source of uncertainty, which would also propagate into any quantity that explicitly derives

3The β-range considered in [30] was chosen to cover values commonly used to simulate O(a) improved

quenched QCD in physically large volumes. Similarly, the results from determinations through chiral Ward

identities with mass non-degenerate quarks [33, 34] refer to this region and are not applicable here, too.
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from the z-dependence of the observables studied here — such as, for instance, the b-quark

mass through the matching of HQET and QCD [9] —, we first determine bm and Z exactly

for the β-values of table 1 and also improve their numerical precision.

3. Results

We now present the numerical results of our (quenched) computation of the heavy-light

meson energies ΓX(L0,M), X = PS, av, which — as outlined in the previous subsection —

basically consists of two parts: first, we determine bm and Z in the β-range relevant for a

matching in physically small volume in order to be able to fix the RGI heavy quark mass

to a set of desired values z = L0M with sufficient precision, and second, the L0ΓX(L0,M)

are calculated at these values of z in the continuum limit. This will then allow for smooth

representations of the energies as functions of z, which eventually may be used to interpolate

them to the b-quark scale, zb = L0Mb [9].

3.1 Coefficients bA − bP, bm and renormalization factor Z for 7.4 . β . 8.2

Here we proceed in the spirit of ref. [30], where the idea of imposing improvement conditions

at constant physics was advocated. In that work, which considered a range 6.0 ≤ β ≤ 6.756

of bare couplings commonly used in large-volume simulations, this was realized by keeping

constant the ratios L/r0 and T/L = 3/2 (supplemented by the SF-specific choices C =

C ′ = 0 and θ = 0.5). However, despite ln(a/r0) as a function of β needed to fix L/r0 to

some suitable value for given L/a is available for 5.7 ≤ β ≤ 6.92 [35] and even beyond [36],

the condition of constant L/r0 can not be transfered to the present situation. The reason

lies in the fact that for β-values in the range we are interested in, 7.4 . β . 8.2, enforcing

an improvement condition such as L/r0 = O(1) would lead to prohibitively large values of

L/a in the simulations. Therefore, to replace the latter, we exploit one of the already built

in elements of the matching strategy between HQET and QCD as explained in the foregoing

section: namely, as for the computation of the energies ΓX on the QCD side we have to

work along a line of constant physics in bare parameter space anyway, we can directly

adopt the pairs (L/a, β) of table 1, which correspond to L/Lmax = 1/2 = 0.36r0/Lmax and

simultaneously to a constant renormalized coupling of ḡ2(L/2) = 1.8811 (see eqs. (2.14)

and (2.13)). Within the present application, this constitutes a much more natural and

equally admissible choice of improvement condition and thereby, in the same way as in

ref. [30], the improvement coefficients bA−bP and bm as well as the renormalization constant

Z become smooth functions of g20 but exactly in the region where they are needed.

Following [30] — and also referring to this reference for any unexplained details —, the

improvement coefficient bm and the renormalization constant Z (as well as the difference of

coefficients bA − bP, though it does not enter the subsequent computations in section 3.2)

can be determined by studying QCD with non-degenerate quarks. This is particularly

advantageous in case of the quenched approximation at hand, since then the structure

of the O(a) improved theory stays quite simple. For instance, the improvement of the

off-diagonal bilinear fields X± = X1 ± iX2, X = Aµ, P , emerging as a consequence of
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the broken isospin symmetry, is the same as in the degenerate case, except that the b-

coefficients now multiply cutoff effects proportional to the average 1
2(amq,i + amq,j) of the

subtracted bare quark masses, mq,i = m0,i−mc, which themselves are separately improved

for each quark flavour:

m̃q,i = mq,i(1 + bmamq,i) . (3.1)

(Here and below the indices i, j label the different quark flavours.) Identifying, for in-

stance, the flavours in the isospin doublet with a light and a heavy quark as before, the

corresponding PCAC relation reads

∂µA
±
µ (x) = (ml +mh)P

±(x) , (3.2)

and the renormalization constants ZA and ZP that come into play upon renormalization

are just those known in the theory with two mass degenerate quarks.

Accordingly, the fermionic correlation functions defined in the SF and involving the

axial current and the pseudoscalar density [24] generalize to f ij
A (x0) = − 1

2

〈
A+
0 (x)O

−
〉

and f ijP (x0) = −
1
2 〈P

+(x)O−〉, with pseudoscalar boundary sources decomposed as O± =

O1 ± i O2 where Oa = a6
∑

y,z ζ̄(y)γ5
1
2 τ

a ζ(z). Then the improved bare PCAC (current)

quark masses4 as functions of the timeslice location x0 are given by

mij

(
x0;

L

a
,
T

L
, θ

)
=
∂̃0f

ij
A (x0) + acA∂

∗
0∂0f

ij
P (x0)

2 f ijP (x0)
, (3.3)

where only here we explicitly indicate their additional dependence on L/a, T/L and the

periodicity angle θ of the fermion fields. In the degenerate case, i = j, the correlators

assume the standard form as introduced earlier [24, 25], and mij just reduces to the current

quark mass of a single quark flavour that is prepared by a corresponding choice of equal

values for the associated hopping parameters, κi = κj . Also the precise definition of the

lattice derivatives in eq. (3.3) matters. As it is written there, ∂̃0 = 1
2 (∂0 + ∂∗0) denotes the

average of the usual forward and backward derivatives, but as in ref. [30] we have employed

the improved derivatives

∂̃0 → ∂̃0

(
1−

1

6
a2∂∗0∂0

)
, ∂∗0∂0 → ∂∗0∂0

(
1−

1

12
a2∂∗0∂0

)
(3.4)

as well, which (when acting on smooth functions) have O(g20a
2, a4) errors only.

To enable their numerical calculation, the desired coefficients bA−bP, bm and the finite

factor Z = ZmZP/ZA have to be isolated. This can be achieved by virtue of the identity

mij = Z

[
1

2
(mq,i +mq,j) +

1

2
bm

(
am2

q,i + am2
q,j

)
−

−
1

4
(bA − bP) a (mq,i +mq,j)

2

]
+O

(
a2
)
, (3.5)

4This expression for the PCAC masses is only O(a) improved up to a factor 1+ 1
2
(bA−bP)(amq,i+amq,j)

for quark mass dependent cutoff effects.
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which is obtained if one equates the two available expressions for the O(a) improved renor-

malized quark masses, i.e. in terms of the current quark and the subtracted bare quark

masses (as they appear for the degenerate case in eq. (2.15) and thereafter). Forming

ratios of suitable combinations of degenerate and non-degenerate current quark masses in

the representation (3.5) allows to derive the following direct estimators for bA− bP, bm and

Z [30]:

RAP =
2 (2m12 −m11 −m22)

(m11 −m22)(amq,1 − amq,2)
= bA − bP +O(amq,1 + amq,2) , (3.6)

Rm =
4 (m12 −m33)

(m11 −m22)(amq,1 − amq,2)
= bm +O(amq,1 + amq,2) , (3.7)

with m0,3 = 1
2 (m0,1 +m0,2), apart from other quark mass independent lattice artifacts of

O(a). For the renormalization constant Z an analogous expression holds even up to O(a2)

corrections,

RZ =
m11 −m22

mq,1 −mq,2
+ (bA − bP − bm)(am11 + am22) = Z +O

(
a2
)
, (3.8)

provided that the correct value for bA − bP − bm = RAP − Rm (only involving correlation

functions with mass degenerate quarks) is inserted.

Concerning the simulation parameters, we argued above that it is most natural to

choose L/a and β exactly as listed in table 1 of the preceding section. Moreover, values

for the bare quark masses have to be selected. Here we considered two pairs of values for

them,

choice 1 : m0,l = mc ⇔ Lml ≈ 0 , Lmh ≈ 0.5 ,

choice 2 : m0,l = mc ⇔ Lml ≈ 0 , Lmh ≈ 2.6 ; (3.9)

to comply with the heavy-light notation before we identify the bare quark masses as m0,1 =

m0,l and m0,2 = m0,h with associated PCAC masses m11 ≡ ml and m22 ≡ mh. With the

first choice (corresponding to z ≈ 1) Lmh is close to the value used in ref. [30], which

has the advantage that there this condition was also investigated in perturbation theory

and the encountered O(a) ambiguities were not enormous. On the contrary, the second one

(corresponding to z ≈ 5) is motivated by the typical quark mass region that we have to deal

with when probing our non-degenerate, heavy-light quark system in the next subsection.

Maintaining these conditions to sufficient accuracy requires some prior simulations to tune

the hopping parameter κh belonging to the heavy flavour’s bare mass appropriately, whereas

by κl = κc taken over from the known values of ref. [27] the light quark mass is set to zero.

The final simulation parameters to determine the quantities RX, X = AP,m, Z, in question

can be drawn from the triples (L/a, β, κl) of table 1 specifying the light quark sector (except

that, only here, T = 3L/2), while the bare heavy quark mass is set through κh given in the

second columns of tables 2 and 3. There one can also see that the bare current quark mass

Lmh has been fixed within a few percent to the values dictated by (3.9) to keep physics

constant.5
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set κh Lmh bA − bP bm Z

A 0.132728 0.4778(7) −0.0008(14) −0.6217(17) 1.0941(3)

B 0.132711 0.4621(7) −0.0059(22) −0.6218(27) 1.0916(3)

C — 0.4572(6) −0.0057(23) −0.6228(28) 1.0900(3)

D 0.132553 0.4539(5) −0.0072(21) −0.6260(27) 1.0882(2)

E 0.132395 0.4508(5) −0.0077(25) −0.6312(32) 1.0859(2)

Table 2: Numerical results on the improvement coefficients bA − bP and bm and on the renor-

malization constant Z, based on statistics varying between O(900) measurements (A) and O(200)

measurements (E). These numbers refer to ‘choice 1’ in eq. (3.9), where the heavy quark mass is

kept at Lmh ≈ 0.5, while Lml indeed turned out to be compatible with zero up to tiny deviations

of O(0.03) (A) and O(0.01) (sets B–E). For C, we interpolated results obtained with L/a = 16, 24

to L/a = 20. Amongst others, bm and Z are needed to fix the renormalized heavy quark mass in

the simulations reported in section 3.2.

set κh Lmh bA − bP bm Z

A 0.126040 2.7100(6) 0.0489(3) −0.5401(4) 1.0855(2)

B 0.128028 2.6112(6) 0.0239(5) −0.5621(7) 1.0867(2)

C — 2.6709(5) 0.0151(6) −0.5744(9) 1.0867(2)

D 0.129595 2.5456(5) 0.0103(5) −0.5811(8) 1.0859(1)

E 0.130246 2.5035(5) 0.0051(6) −0.5927(9) 1.0845(1)

Table 3: The same as in table 2 but for ‘choice 2’ of the heavy quark mass: Lmh ≈ 2.6.

The Monte Carlo simulation details and the technical aspects of the analysis to compute

the observables (3.6)–(3.8) from the measured fermionic correlation functions are essentially

the same as in ref. [30]. In particular, these secondary quantities have been averaged over

the central timeslices L/(2a), . . . , (T − L/2)/a to increase statistics, and their statistical

errors were estimated by the jackknife method. Another issue that deserves to be mentioned

is the occurrence of the third mass parameter m0,3 in the determination of bm, which

has to be set properly to ensure the required (but subtle) cancellation leading to the

expression (3.7) for the estimator Rm. As in terms of the hopping parameters this amounts

to form the combination κ3 = 2κ1κ2/(κ1 + κ2), the condition 1
2 (m0,1 +m0,2) −m0,3 = 0

can be satisfied in practice only up to roundoff errors, which might cause a systematic

uncertainty in simulations with single precision arithmetics. But in contrast to ref. [30],

where this effect had to be taken into account carefully, the exact numerical value of

κ3 was now calculated in double precision directly in the simulation program itself so

that a rounding error contribution (reflecting some possible remnant imperfection in the

cancellation via m0,3) to the error on Rm can be neglected here.

Our non-perturbative results on bA − bP, bm and Z, which we obtained from the

numerical simulation data along these lines using improved derivatives throughout, are also

5Similar to the situation in ref. [30], this is to a good precision equivalent to keeping fixed the corre-

sponding renormalized masses LmR = LZAm/ZP, because also over our range of considered couplings the

entering renormalization constant barely varies.
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Figure 2: Non-perturbative results for bA − bP in the considered region of bare couplings for our

two choices of quark masses (cf. eq. (3.9)), together with the corresponding results at larger g2
0

from [30] (triangles) and the prediction from one-loop perturbation theory. The solid line gives

the rational fit function that was quoted in [30] to well describe the numerical simulation results

obtained there.

Figure 3: The same as in figure 2 but for the improvement coefficient bm. In view of the leading

perturbative behaviour that one expects to be approached in the limit g2
0 → 0, the curvature seen

in our results hints at a more complicated structure of (unknown) higher-order terms.

collected in tables 2 and 3.6 As a consequence of the fact that all renormalized quantities

have been fixed in units of L while the ratio L/Lmax and thereby also the renormalized

6We note in passing that memory and processor-topology restrictions of the APEmille parallel computers

in use prevented us from directly simulating L/a = 20 lattices at an earlier stage of our work. Therefore,

we employed 163
× 30 and 243

× 30 lattices and a linear interpolation in 1/L to arrive at the results for set

C in tables 2 and 3.
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Figure 4: The same as in figure 2 but for the renormalization constant Z.

SF coupling are kept constant, the estimates RX become smooth functions of the bare

coupling, g20 = 6/β. This is well fulfilled in figures 2–4, where our results are shown in

conjunction with those at larger couplings of the earlier work [30] together with the one-

loop perturbative predictions [37, 30]. One observes that the estimates for bA − bP and Z

corresponding to ‘choice 1’ of quark masses are roughly consistent with the fit functions

quoted in ref. [30] for larger couplings, if one assumes them to be even valid far beyond the

β-region where the underlying data were actually taken. Nonetheless, this was not obvious

from the beginning, since despite the quark mass values being comparable in that case the

conditions defining the associated lines of constant physics are different.

For bm the situation is more intricate. Here a naive prolongation of the curve from [30]

to weak couplings (dottet line in figure 3) does not give the right g20-behaviour for this

region. We infer this from the fact that the difference of the dotted line to our results

does not seem to be compatible with being of O(a). In other words, if the improvement

condition of [30] were used also in the region of weaker couplings, the points would look

quite differently, and we have to conclude that a simple approach to one-loop perturbation

theory is not an adequate representation for the continuation of the triangles in figure 3.

This underlines the importance of using particularly adapted improvement conditions,

which may be used in the coupling range actually relevant for the desired application.

The example of bm thus illustrates that our redetermination of the b-coefficients and the

Z-factor indeed eliminates a source of uncontrollable error.

On the other hand, the results from ‘choice 2’ (i.e. with the quark mass mh being

larger) fall significantly apart throughout, because the a-effects are generically larger in

that case. But this only reveals an expected, inevitable property of the procedure applied:

any other estimate RX (e.g. stemming from a different choice of renormalization condition)

may yield a different functional dependence upon g20 , but its differences are again smooth

functions that must vanish in the continuum limit with a rate proportional to a/L (for
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Figure 5: Left: Difference of the results on the renormalization constant Z, obtained from the

two heavy quark mass choices, versus (a/L)2. Right: The same for the improvement coefficient bm
where, however, the ambiguity inherent in any improvement condition imposed is of O(a).

improvement coefficients) or even (a/L)2 (for renormalization constants). These intrinsic

O(an) ambiguities, n = 1, 2, imply that rather than a numerical value at some given β, the

essential information lies in the correct g20-dependence of the results for the estimators RX,

X = AP,m, Z, resulting from working at fixed physics while varying β.

To demonstrate the last statement, we also investigated a few alternative improvement

conditions, which are either realized by defining the estimators RX with standard instead

of improved derivatives (as in [30]) or directly by the two different quark mass settings

that we already have at our disposal through the choices in eq. (3.9). As an example we

plot in the left part of figure 5 the difference ∆Z(g20) = Z(g20)| choice 1−Z(g
2
0)| choice 2 versus

(a/L)2, which clearly shows a linear approach towards zero. Other cases behave similarly,

e.g. the O(a) ambiguities for ∆bm(g
2
0) = bm(g

2
0)| choice 1 − bm(g

2
0)| choice 2 in the right part of

figure 5 are found to be very small and rapidly decreasing in magnitude as a/L→ 0.

As a further (and less direct) check for the universality of the continuum limit we

consider a physical quantity that depends on bm and Z in a more implict way, namely the

energy L0ΓPS(L0,M, g0) introduced in eq. (2.6) of the previous section. In fixing z while

computing L0ΓPS for various lattice resolutions, the just determined results on bm and Z

enter via eq. (2.18), and hence it is interesting to confront the lattice spacing dependences

of L0ΓPS| bm,Z: choice 1 and L0ΓPS| bm,Z: choice 2 with eachother. We did this exercise for z = 9

(where, due to the large quark mass, a-effects are already very pronounced) and anticipate

results from the following section in figure 6 to display the two data sets and its continuum

extrapolations linear in (a/L)2. From the nice agreement of the continuum limits7 we

infer once more that our results (on bm and Z) correctly model — within each choice of

improvement condition separately — the respective g20-dependences, entailing convergence

to the continuum limit with leading corrections of O(a2).

7The fact that in this case the cutoff effects in L0ΓPS are larger with bm, Z from ‘choice 1’ (where the

quark mass fixed is smaller) is not so surprising, since via ‘choice 2’ as improvement condition (where z ≈ 5)

one is closer to the line in parameter space with z = 9 along which L0ΓPS is computed.
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Figure 6: L0ΓPS(L0,M, g0), where the results on bm, Z from both renormalization conditions

corresponding to eq. (3.9) were used to keep the dimensionless RGI heavy quark mass fixed to

z = L0M = 9 while varying β = 6/g2
0 and thus a/L. Assuming quadratic scaling violations and

discarding the coarsest lattice in the (unconstrained) extrapolations, the continuum limits coincide.

A more thorough discussion of the continuum extrapolations of the observables ΓX, X = PS, av,

will follow in section 3.2.

3.2 Heavy-light meson energies

Supposing the parameters β and κl at each L/a (= L0/a) to be appropriately fixed to com-

ply with the conditions ḡ2(L0/2) = 1.8811 = constant and ml = 0, eqs. (2.13) and (2.10),

we still have to prescribe a sequence of dimensionless quark mass values z in order to be

able to map out the heavy quark mass dependence of the observables ΓX, X = PS, av,

over a reasonable range that encloses the RGI mass scale of the b-quark itself. To this end

we split, according to the discussion around eq. (2.18) in section 2.3, z = L0M into the

product

z = L0 × h(L0)× Zm ×mq,h(1 + bmamq,h) , Zm =
Z ZA

ZP
. (3.10)

For bm(g
2
0) and Z(g20) we decided to use the results of table 2 from ‘choice 1’ of quark

mass settings, mainly because especially for bm the g20-dependence is weaker and with

the corresponding value of the (heavy) quark mass fixed in their determination we more

resemble the condition that in ref. [30] was found favourable also from the perturbative

point of view. ZA(g
2
0) is known in O(a) improved quenched QCD via the formula [38]

ZA =
1− 0.8496 g20 + 0.0610 g40

1− 0.7332 g20
, g20 ≤ 1 , (3.11)

while the required values of ZP(g0, L0/a) have already been quoted in the last column of

table 1 and, as was said after eq. (2.20), the universal factor

h(L0) = 1.531(14) , L0 =
Lmax

2
, (3.12)
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could be extracted from the data published in ref. [27]. Given some value of z one is

aiming at, the relation between the subtracted bare (heavy) quark mass and the hopping

parameter,

amq,h =
1

2

(
1

κh
−

1

κc

)
, (3.13)

then allows to straightforwardly solve eq. (3.10) for κh and, together with κl as quoted

in table 1 of section 2.3, yields the pairs (κl, κh) of hopping parameters, for which the

numerical simulations with the computation of the heavy-light correlation functions have

been performed.8

Of course, the uncertainties to be associated with the various pieces entering eq. (3.10)

translate into an error on z, which has to be taken into account also for any quantity

regarded as a function of z. More precisely, the resulting error on z consists of a g0-

dependent part and a universal, g0-independent one: while the former comes from the

uncertainties of bm, Z and ZP quoted in the tables plus an error (of 0.8% at β ≈ 7.4 down

to 0.4% for β ≥ 7.8 [38]) on ZA, the latter stems from the overall uncertainty of 0.9%

on h(L0) in the continuum limit and hence has only to be added in quadrature after a

continuum extrapolation of the respective z-dependent quantity under study.9

The final parameter sets employed in the Monte Carlos simulations consist of the

triples (L/a, β, κl) in table 1 and the κh-values we arrived at as described before; they

are listed together with the corresponding values of the dimensionless RGI heavy quark

mass, z, and the g0-dependent error part of the latter in table 4 at the end of this section.

For the technical details of the runs to produce the numerical data on the SF heavy-light

meson correlators, from which the logarithmic derivatives (2.6) and (2.7) are evaluated, we

refer to the simulations reported in ref. [31] (and its appendix A.2. in particular) to non-

perturbatively renormalize the static-light axial current. The number of measurements in

the statistical samples is comparable to what was accumulated to get the results in tables 2

and 3.

Table 4 also contains the numerical results for L0ΓPS and L0Γav at all values of z that

were considered. To ease notation, we set

ΩX

(
u, z,

a

L

)
≡ L0ΓX(L0,M, g0)

∣∣∣
ḡ2(L0/2)=u , L0M=z

, X = PS, av , (3.14)

and denote its continuum limits as

ωX(u, z) ≡ lim
a/L→0

ΩX

(
u, z,

a

L

)
, X = PS, av . (3.15)

In table 4 both the statistical errors of ΩX (in square brackets) as well as the combined

statistical and g0-dependent, z-induced uncertainties (in parentheses) are given, the latter

8Due to the fact that the non-perturbative values for bm in the relevant β-range lie around −0.6, the

relation z = L0h(L0)Zmmq,h(1 + bmamq,h) can not be inverted in favour of amq,h (and thereby κh) for

arbitrarily high z-values. In case of our largest z (= 13.5), for instance, this already restricts the possible

inverse lattice spacings in table 4 to L/a = 16− 32.
9Note that also this error can in principle be reduced further by increasing the precision of the continuum

step scaling functions of ref. [27].
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being obtained by including the propagation of the g0-dependent part of the error on z.

As an outcome of this error analysis we find that summing up the various errors on the

factors in eq. (3.10) quadratically (since they are uncorrelated) and multiplying with the

numerically estimated slopes |[∂ΩX/∂z] (g0)| yields a contribution of about 0.3% or less to

the final uncertainties on ΩX.

As we work in the O(a) improved theory, the numbers for ΩPS and Ωav can now be

extrapolated linearly in a2 to the continuum limit.10 However, based on the experience

made in perturbation theory (see section 5 of ref. [39]) that the discretization errors pri-

marily depend on the mass of the heavy quark, aM = z × a/L, we expect some deviation

from a leading linear behaviour in a2 for the coarsest lattices as z grows. Since our non-

perturbative data qualitatively confirm this picture, we again adopt perturbation theory

as a guide to get a rough estimate for the quark mass value where this deviation sets in.

In [39] the heavy quark mass dependence of the discretization errors in a typical matrix

element of the heavy-light axial current, similarly constructed from SF correlators as our

energy observables, indicates a breakdown of O(a) improvement beyond (amMS
h )2 ≈ 0.2,

which with mMS
h ≈ 0.7M [40] approximately corresponds to aM ≈ 0.64. From this we

deduce the following two-step criterium to carefully perform the continuum extrapolations

of ΩX, X = PS, av, for the various values of z:

1. In view of the z-dependence of the size of the lattice artifacts, only allow for fits which

start at and beyond the minimal L/a such that aM < 0.6 approximately holds.

2. Among these, the n-point fit must agree with the (n+1)-point one within errors but

the former, which omits the coarsest of the lattices meeting 1. and thereby has the

larger error, gives the final estimate of the continuum limit.

The resulting continuum extrapolations for the subset z ∈ {5.15, 6.0, 9.0, 13.5} of avail-

able z-values are displayed in figure 7. As it turns out when applying this fitting procedure,

the continuum limits then have to be extracted from fits discarding the L/a = 12 lattice

in case of z ∈ {3.0, 3.8, 5.15, 6.0, 6.6}, the L/a = 12, 16 lattices in case of z = 9.0 and even

the L/a = 12, 16, 20 lattices for the heaviest mass, z = 13.5. The numbers of table 4 in

Italics are the continuum limit results for all z, based on these fits.

To further corroborate our results from this prescription, we in addition considered an

alternative fit ansatz that also accounts for a term cubic in a. Again, it is to some extent

guided by the aforementioned finding of ref. [39] that in perturbation theory the cutoff

effects in the regime of large quark masses are approximately a function of aM and not of

aM and a/L separately. In the O(a) improved case at hand (and here for the example of

Ωav, omitting the argument u for a moment), such an ansatz may therefore be written as:

Ωav

(
z,
a

L

)
= ωav(z)

[
1 + ρ2 z

3
( a
L

)3]
+ ρ1(z)

( a
L

)2
, (3.16)

where by a z-dependent parameter ρ1 we after all admit a still more general form for the

a2-term. Performing a simultaneous fit of all available Ωav data (no cut on aM), we then

10As in [27, 31], the influence of the only perturbatively known SF-specific boundary improvement coef-

ficients ct and c̃t is negligible at the level of our precision.
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Figure 7: Continuum extrapolations of ΩPS(1.8811, z, a/L) (left) and Ωav(1.8811, z, a/L) (right)

for representative values of z. As explained in the text, the number of coarsest lattices to be skipped

in the fits depends on z. The final continuum limits are taken from the solid fit functions, which

are compatible with the dashed extrapolations omitting one point less.

arrive at continuum limits in complete accordance with the former, having comparable

or even smaller errors: ωav(z) ∈ {2.86(1), 3.34(1), 4.15(3), 4.65(2), 5.00(2), 6.39(3), 8.99(6)}

for z = 3.0, . . . , 13.5. But keeping in mind that for aM ≈ 0.6 − 0.8 the perturbative a-

expansion entirely breaks down [39], we take the continuum limits of table 4 from the linear

extrapolations in (a/L)2 imposing a cut on aM as a safeguard against any uncontrollable

higher-order behaviour as our final results, which within their (larger) errors are moreover

also consistent with the values at smallest lattice resolution. All told, we thus are confident

that possible systematic uncertainties in the fitting procedure are already well covered by

these estimates.

For future reference (i.e. in particular for the non-perturbative determination of the

b-quark’s mass in ref. [9]) we introduce for the dimensionless, spin-averaged heavy-light

meson energy in small volume the further abbreviation

Ω
(
u, z,

a

L

)
≡ Ωav

(
u, z,

a

L

)
, ω(u, z) ≡ ωav(u, z) . (3.17)

To parametrize the z-dependence of our continuum values ω(1.8811, z) by a smooth fit

function, we make the ansatz a0z+a1+a2/z, which is justified by the theoretical expectation

that heavy-light meson correlation functions of the type studied here decay with a leading

term proportional to the heavy quark mass, up to some low-energy scale of O(ΛQCD) and

1/m-corrections. Since the simulation data for the various z at given β were produced on

the same gauge field backgrounds, possible correlations in z had to be taken into account

in this fit. Hence weperformed it on basis of the jackknife samples that were built from the
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z set κh z(g0) ΩPS Ωav

3.0 A 0.129571 3.000(12) 2.534(11)[5] 2.916(11)[6]

B 0.130445 3.000(13) 2.485(10)[4] 2.869(11)[6]

C 0.130876 3.000(13) 2.465(10)[5] 2.856(12)[8]

D 0.131115 3.000(13) 2.471(11)[7] 2.863(14)[12]

E 0.131349 3.000(13) 2.458(13)[10] 2.858(18)[16]

CL 2 .451 (13 ) 2 .852 (18 )

3.8 A 0.128310 3.800(16) 3.094(13)[5] 3.408(14)[6]

B 0.129552 3.800(16) 3.039(12)[4] 3.356(13)[6]

C 0.130185 3.800(16) 3.019(12)[5] 3.341(13)[8]

D 0.130553 3.800(16) 3.022(12)[7] 3.345(15)[11]

E 0.130940 3.800(17) 3.011(15)[10] 3.342(19)[16]

CL 3 .002 (16 ) 3 .334 (19 )

5.15 A 0.126055 5.150(21) 4.025(17)[5] 4.262(17)[6]

B 0.127991 5.150(22) 3.948(16)[5] 4.188(16)[6]

C 0.128989 5.150(22) 3.920(15)[5] 4.166(16)[8]

D 0.129586 5.150(22) 3.917(16)[7] 4.163(18)[11]

E 0.130242 5.150(23) 3.905(18)[11] 4.161(21)[16]

CL 3 .890 (20 ) 4 .146 (22 )

6.0 A 0.124528 6.000(25) 4.619(20)[5] 4.821(20)[6]

B 0.126967 6.000(25) 4.513(18)[5] 4.720(18)[6]

C 0.128214 6.000(25) 4.476(17)[5] 4.688(18)[8]

D 0.128964 6.000(25) 4.467(18)[8] 4.679(19)[11]

E 0.129796 6.000(27) 4.453(20)[11] 4.674(23)[15]

CL 4 .430 (22 ) 4 .652 (24 )

6.6 A 0.123383 6.600(27) 5.049(22)[5] 5.232(22)[6]

B 0.126222 6.600(28) 4.912(20)[5] 5.100(20)[6]

C 0.127656 6.600(28) 4.866(19)[5] 5.059(20)[8]

D 0.128518 6.600(28) 4.852(19)[8] 5.045(21)[10]

E 0.129477 6.600(30) 4.835(22)[11] 5.037(24)[15]

CL 4 .806 (24 ) 5 .009 (26 )

9.0 A 0.117762 9.000(39) 7.022(31)[5] 7.146(31)[5]

B 0.122987 9.000(39) 6.554(27)[5] 6.690(27)[6]

C 0.125309 9.000(38) 6.429(25)[6] 6.572(26)[7]

D 0.126670 9.000(38) 6.378(26)[8] 6.521(26)[10]

E 0.128175 9.000(40) 6.337(28)[12] 6.487(29)[15]

CL 6 .277 (47 ) 6 .429 (48 )

13.5 B 0.113764 13.500(69) 10.721(47)[5] 10.801(47)[5]

C 0.120094 13.500(60) 9.603(40)[6] 9.695(40)[7]

D 0.122808 13.500(58) 9.324(38)[8] 9.418(38)[9]

E 0.125575 13.500(61) 9.136(40)[12] 9.235(41)[14]

CL 8 .89 (10 ) 9 .00 (11 )

Table 4: Heavy quark masses z = L0M with g0-dependent error and associated results for

ΩX(u, z, a/L), X = PS, av, u = 1.8811, with the total g0-dependent part of the error in paren-

theses and the only statistical one of ΩX in square brackets. Continuum limits (see text) are

displayed in Italics.
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Figure 8: Continuum limit values ω(1.8811, z) of the spin-averaged energies Ω(1.8811, z, a/L), at

fixed coupling ḡ2(L0/2) = 1.8811, as a function of z = L0M and its fit function (top). The bottom

graph has the linear term, a0z, subtracted and also includes the pseudoscalar case, ωPS(1.8811, z),

for comparison.

raw data and passed through the whole analysis, and we end up with the parametrization

ω(1.8811, z) = a0z+a1+a2
1

z
, a0 = 0.581 , a1 = 1.226 , a2 = −0.358 , (3.18)

the graph of which is shown in the upper diagram of figure 8 to well represent our data.

In the interval 5.2 ≤ z ≤ 6.6, which for instance is the relevant z-range to calculate

the RGI b-quark mass by means of the non-perturbative matching to HQET in ref. [9],

this parametrization describes ω(1.8811, z) with a precision of about 0.5%. As already

mentioned, a further uncertainty of 0.9% that enters only indirectly through the argument

z of the function ω (and thus remains to be added in quadrature at the end) originates

from the universal part h(L0) in eq. (3.10) of the renormalization factor relating the bare

to the RGI quark mass.

For later use of the result (3.18) it is also necessary to have a numerical estimate for

the derivative ω′(1.8811, z) w.r.t. u, in order to compensate for a possible slight mismatch

in the imposed condition of fixed renormalized coupling. From an additional simulation

with L/a = 24 and a nearby coupling of ḡ2(L0/2) = 1.95 (and assuming the a-effect of the

derivative to be negligible) we found this derivative to be constant in the central region

6.0 ≤ z ≤ 6.6 :
∂

∂u
ω(u, z)

∣∣∣∣
u=1.8811

= 0.70(1) , (3.19)

which is the required one in the context of the immediate application discussed in [9].
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Finally, we give as well the fit result for ωPS(1.8811, z) for comparison, i.e. if in the

definition (3.14) the effective energy in the pseudoscalar channel alone, ΓPS(L0,M, g0),

would be used instead of the spin-averaged combination. By an analogous analysis with

the same ansatz for the fit function as in eq. (3.18) we obtain the coefficients

a0 = 0.587 , a1 = 1.121 , a2 = −1.306 (for ΓX = ΓPS) . (3.20)

The fact that the absolute value of a2 is evidently larger than in the spin-averaged case is

illustrated by the shape of the subtracted fits in the bottom diagram of figure 8 and confirms

our earlier claim that with ΓX = Γav the matching condition (2.11) becomes independent

of the coefficient of the chromomagnetic field strength term in the HQET lagrangian also

at first order in 1/m. Therefore, the use of Ω ≡ Ωav ≡ L0Γav (and eq. (3.18) for its

heavy quark mass dependence in the continuum limit) is preferable for later applications

to HQET, since the 1/m-errors arising at leading order will generically be smaller then.

4. Conclusions

In this work we have computed the non-perturbative heavy quark mass dependence of ef-

fective energies derived from heavy-light meson correlation functions by means of numerical

simulations. A particular aspect of this computation is the use of a physically small volume

(of a linear extent of O(0.2 fm)): it is a prerequisite to treat the heavy quark flavour in

lattice regularization as a relativistic particle and thus may be looked at as a ‘device’ that

serves to non-perturbatively renormalize HQET with the method of matching the effective

theory to small-volume QCD, proposed and applied in ref. [9].

Among the several improvement coefficients and renormalization constants that are

needed to accurately keep fixed the renormalized (heavy) quark mass while the observables

of interest approach their continuum limits, we determined those relating the renormalized

to the subtracted bare quark mass in a range of weaker couplings relevant here (7.4 .

β = 6/g20 . 8.2) with high precision. Even in the region of the b-quark mass and slightly

beyond we still find our results on the meson energies under study to be rather mildly

cutoff dependent so that the continuum extrapolations can be well controlled.

The quenched numerical results obtained in section 3.2 directly pass into the — for the

first time entirely non-perturbative — calculation of the b-quark mass in the static approx-

imation of [9, 41]. Moreover, our quantitative investigation of the quark mass dependence

in relativistic heavy-light systems in finite volume can easily be extended to other heavy-

light bilinears and matrix elements, which then opens the possibility to perform genuinely

non-perturbative tests of HQET and to estimate the size of the 1/m-corrections to the

static theory. We will focus on these issues in a separate publication [12].

Finally, considering the small-volume investigation presented here in the light of the

more general framework [9] of a non-perturbative matching between HQET and QCD, it is

an obvious practical advantage that they can be transfered to also include dynamical quarks

in the (hopefully near) future without requiring exceedingly large computing resources.
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1. Introduction

It is expected that the dynamics of QCD simplifies in the limit of large masses of the charm

and beauty quarks. For external states with a single heavy quark, transition amplitudes are

expected to be described by an effective quantum field theory, the Heavy Quark Effective

Theory (HQET) [1, 2, 3]. For details of the proper kinematics where this theory applies,

and also for a guide to the original literature we refer the reader to reviews [4, 5]. To

prepare for the following presentation, we only note that HQET applies to matrix elements

between hadronic states, where these hadrons are both at rest and do not represent high

excitations. HQET then provides an expansion of the QCD amplitudes in terms of 1/m, the

inverse of the heavy quark mass(es). The HQET lagrangian of a heavy quark is given by1

LHQET(x) = ψh(x)
[
D0 +m− ωkin

2m
D2 − ωspin

2m
σ ·B

]
ψh(x) + · · · , (1.1)

where the ellipsis stands for higher-dimensional operators with coefficients of O(1/m2).

Following power counting arguments, this effective theory is renormalizable at any finite

order in 1/m [6, 7]. A significant number of perturbative matching computations have been

carried out (see [8, 9] and references therein), in order to express the parameters of HQET

1We write here the velocity-zero part, since non-vanishing velocities will not be relevant to our discussion.
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(m,ωspin, . . .) in terms of the QCD parameters. The very possibility of performing this

matching reflects good evidence that HQET does represent an effective theory for QCD.

Nowadays, HQET is a standard phenomenological tool to describe decays of heavy-

light hadrons and their transitions in terms of a set of hadronic matrix elements, which

are usually determined from experiments. Its phenomenological success is illustrated, for

example, by the determination of the Cabibbo-Kobayashi-Maskawa matrix element Vcb:

its value determined from inclusive b → c transitions agrees with the one extracted from

exclusive ones [10, 11] and HQET enters in both determinations. Similarly, HQET hadronic

matrix elements, such as λ1 ∝ ωkin〈B| − ψhD
2ψh|B〉, extracted from different experiments

tend to agree [11, 12, 13]. As a small caveat concerning these phenomenological tests, we

note that some of them involve both the beauty and the charm quark, and one may suspect

that the effective theory is not very accurate for the latter.

Additional, independent tests of HQET are thus of both theoretical and phenomeno-

logical interest. In [14] some euclidean correlation functions, which are gauge invariant and

infrared-finite, were studied in perturbation theory. There it was verified at one-loop order

that their (large-distance) m→∞ asymptotics is described by the correlation functions of

the properly renormalized effective theory. This comparison was performed after separately

taking the continuum limit of the lattice regularized effective theory and of QCD.

In general, lattice gauge theory calculations allow a variation of the heavy quark mass

and the performance of non-perturbative tests. However, if one is interested in the com-

parison of QCD and HQET in the continuum limit, one has to first respect the condition

m¿ 1

a
, (1.2)

and then to do an extrapolation to zero lattice spacing, a = 0. Given the present restrictions

in the numerical simulations of lattice field theories, a direct comparison at large mass can

only be done in a finite volume of linear size significantly smaller than 1 fm.

Before discussing this further, we note that in the charm quark mass region the con-

tinuum limit can also be taken in a large volume [15, 16, 17]. In particular, a recent

study concentrated on the decay constant FDs , where many previous estimates found evi-

dence for large 1/m-corrections. After taking the continuum limit and non-perturbatively

renormalizing the lowest-order HQET, ref. [18] finds only a rather small difference between

lowest-order HQET and the QCD results. Although this investigation was restricted to

the quenched approximation, it provides some further evidence of the usefulness of HQET

— maybe even for charm quarks. For related work, see [19]–[31] and references therein.

In this paper we study the large-mass behaviour of correlation functions in a finite

volume of size L× L3, with Dirichlet boundary conditions in time and periodic boundary

conditions in space, i.e. we work in the framework of the QCD Schrödinger functional

[32, 33]. Keeping all distances in the correlation functions of order L, the energy scale 1/L

takes over the rôle usually played by small (residual) momenta, and at fixed L, HQET can

be considered to be an expansion of QCD in terms of the dimensionless variable

1

z
≡ 1

ML
, (1.3)

– 2 –
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where we take M to be the renormalization group invariant (RGI) mass of the heavy

quark (see eq. (3.6)).2 With the choice L ≈ 0.2 fm, today’s lattice techniques allow us to

increase z beyond z = 10, while the continuum limit can still be controlled well [34, 35].

One is thus able to verify that the large-z behaviour is described by the effective theory,

which is the primary purpose of this paper. Of course, the coefficients ai in expansions

Φ = a0 + a1/z + a2/z
2 + · · · are functions of ΛL (with Λ the intrinsic QCD scale) such

that ai(ΛL)→ ci × (ΛL)i and ai(ΛL)/z
i → ci × (Λ/M)i as ΛL→∞. Since we only work

at one value of L, the dependence on ΛL will be suppressed in the rest of this paper.

After a discussion of the QCD observables under investigation (section 2), we give their

HQET expansion (section 3) and confront them with Monte Carlo results at finite values

of 1/z (section 4). In our conclusions we also discuss the usefulness of our results for a

non-perturbative matching of HQET to QCD [36].

2. Observables

We introduce our observables starting from correlation functions defined in the continuum

Schrödinger functional (SF) [32, 33]. For the reader who is unfamiliar with this setting, we

give a representation of these correlation functions in terms of operator matrix elements

below.

We take a T × L3 geometry with T/L = O(1) fixed. The boundary conditions are

periodic in space, where for the fermion fields, and only for those, a phase is introduced:

ψ(x+ k̂L) = eiθψ(x) , ψ(x+ k̂L) = ψ(x)e−iθ , k = 1, 2, 3 . (2.1)

In the numerical investigation of section 4, we will set T = L and θ = 0.5. Dirichlet

conditions are imposed at the x0 = 0 and x0 = T boundaries. Their form as well as the

action are by now standard [32, 33, 37] and we do not repeat them here. Multiplicatively

renormalizable, gauge-invariant correlation functions can be formed from local composite

fields in the interior of the manifold and from boundary quark fields. Boundary fields,

located at the x0 = 0 surface are denoted by ζ, ζ and create fermions and anti-fermions.

Their partners at x0 = T are ζ ′, ζ ′. We shall need flavour labels, “l” denoting a massless

flavour, “b” a heavy but finite-mass flavour and “h” the corresponding field in the effective

theory. The heavy-light axial vector and vector currents then read

Aµ(x) = ψl(x)γµγ5ψb(x) , Vµ(x) = ψl(x)γµψb(x) . (2.2)

2.1 Correlation functions

In our tests we shall consider the correlation functions

fA(x0) = −1

2

∫
d3y d3z

〈
A0(x) ζb(y)γ5ζl(z)

〉
, (2.3)

kV(x0) = −1

6

∑

k

∫
d3y d3z

〈
Vk(x) ζb(y)γkζl(z)

〉
, (2.4)

2We continue to use m as a generic symbol for the quark mass when its precise definition is irrelevant,

sometimes even not distinguishing the renormalized mass from the bare one. However, when precisely

defined functions of the quark mass are considered, only the properly defined M is used.
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PSfrag replacements

ζb ζl

A0(x0)

x0 = 0

x0 = T

fA

γ5

PSfrag replacements

ζb ζl

Vk(x0)

kV

γk

PSfrag replacements

ζb ζl

ζ
′
l

ζ ′b

f1

γ5

γ5

Figure 1: The Schrödinger functional correlation functions fA, kV and f1. For k1, in the rightmost

diagram γ5 is replaced by γk.

as well as the boundary-to-boundary correlations

f1 = − 1

2L6

∫
d3y d3zd3y′ d3z′

〈
ζ ′l(y

′)γ5ζ
′
b(z
′) ζb(y)γ5ζl(z)

〉
, (2.5)

k1 = − 1

6L6

∑

k

∫
d3y d3zd3y′ d3z′

〈
ζ ′l(y

′)γkζ
′
b(z
′) ζb(y)γkζl(z)

〉
. (2.6)

They are illustrated in figure 1.

Let us discuss the function fA(x0) in some detail. It describes the creation of a (finite-

volume) p = 0 heavy-light pseudoscalar meson state, |ϕB(L)〉, through quark and antiquark

boundary fields which are separately projected onto momentum p = 0. “After” propagating

for a euclidean time interval x0, the axial current operator A0 initiates a transition to a

state, |Ω′(L)〉, with the quantum numbers of the vacuum. The correlation function fA(x0),

taken in the middle of the manifold, can thus be written in terms of Hilbert space matrix

elements,

fA

(
T

2

)
= Z−1〈Ω(L)|A0|B(L)〉 ≡ Z−1〈Ω(L)|Ω′(L)〉 , |B(L)〉 = e−TH/2|ϕB(L)〉 ,

(2.7)

where H is the QCD hamiltonian and

Z = 〈Ω(L)|Ω(L)〉 , |Ω(L)〉 = e−TH/2|ϕ0(L)〉 . (2.8)

Here, |ϕ0(L)〉 denotes the Schrödinger functional intrinsic boundary state. It has the quan-

tum numbers of the vacuum. Because the definition of our correlation functions contains

integrations over all spatial coordinates, all states appearing in our analysis are eigenstates

of spatial momentum with eigenvalue zero. The operator e−TH/2 suppresses high-energy

states. When expanded in terms of eigenstates of the hamiltonian, |Ω(L)〉 and |B(L)〉 are
thus dominated by contributions with energies of at most ∆E = O(1/L) above the ground

state energy in the respective channel (recall that we take T = O(L)). This explains

why, at large time separation x0 ≥ O(1/m), HQET is expected to describe the large-mass

behaviour of the correlation function, also in the somewhat unfamiliar framework of the

Schrödinger functional.3

3More generally, HQET will apply to correlation functions at large euclidean separations.
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Equations similar to the above hold for kV; one only needs to replace pseudoscalar

states by vector ones. Finally, the boundary-to-boundary correlator may be represented as

f1 = Z−1〈B(L)|B(L)〉 . (2.9)

Since the boundary quark fields ζ, ζ, . . . are multiplicatively renormalizable [38], this holds

also for the states |ϕ0(L)〉 and |ϕB(L)〉.
It now follows that the ratios

YPS(L,M) ≡ fA(T/2)√
f1

, YV(L,M) ≡ −kV(T/2)√
k1

, R(L,M) ≡ −fA(T/2)
kV(T/2)

(2.10)

are finite quantities when we adopt the convention that Aµ, Vµ denote the renormalized

currents. As is immediately clear from the foregoing discussion,

YPS(L,M) =
〈Ω(L)|A0|B(L)〉
‖ |Ω(L)〉 ‖ ‖ |B(L)〉 ‖ (2.11)

(or YV(L,M)) becomes proportional to the pseudoscalar (or vector) heavy-light decay

constant as L → ∞. We shall study the large-M behaviour of these quantities at fixed L

in the following sections.

For the same purpose we define effective energies

ΓPS(L,M) ≡ − d

dx0
ln [fA(x0)]

∣∣∣∣
x0=T/2

= −f
′
A(T/2)

fA(T/2)
, (2.12)

ΓV(L,M) ≡ − d

dx0
ln [kV(x0)]

∣∣∣∣
x0=T/2

= −k
′
V(T/2)

kV(T/2)
. (2.13)

These may be written in terms of matrix elements of the hamiltonian. E.g., we have

ΓPS(L,M) =
〈B′(L)|H |B(L)〉
〈B′(L)|B(L)〉 −

〈Ω(L)|H |Ω′(L)〉
〈Ω(L)|Ω′(L)〉 , (2.14)

with |B′(L)〉 = A0
†|Ω(L)〉 and 〈B ′(L)|B(L)〉 = 〈Ω(L)|Ω′(L)〉. Expanding in terms of

energy eigenfunctions, one sees immediately that ΓPS(L,M) =
∑

i βiE
(i)
B −

∑
i αiE

(i)
Ω ,

where E
(i)
B are the (finite-volume) energy levels in the heavy-light pseudoscalar meson

sector and E
(i)
Ω those with vacuum quantum numbers. The coefficients βi, αi have a strong

dependence on i, which labels the energy excitations; states with E (i) − E(0) À 1/L are

suppressed exponentially in the sum. For z = MLÀ 1, the effective energy ΓPS(L,M) is

hence expected to be given by HQET.

To summarize, YPS, YV and R are (ratios of) matrix elements between low-energy

heavy-light and vacuum-like states. HQET at order (1/m)n should describe them up to

corrections of the order of 1/(ML)n+1. The energies Γ, eqs. (2.12) and (2.13), share the

same property. It is then possible to test HQET by studying the large-z asymptotics of

these observables!

3. Large-z asymptotics: effective theory predictions

We now turn our attention to the effective theory predictions for the observables introduced

above.

– 5 –
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3.1 Current matrix elements

At the classical level it is expected that they can be described by a power series in 1/z

with z =ML. This has been checked explicitly in [14]: the expansion in 1/z is asymptotic,

non-analytic terms are of the type e−z and are thus very small for, say, z > 4. The leading

term in the expansion for each of the correlation functions in eqs. (2.3)–(2.6) is given by

exactly the same expressions, evaluated with the simple replacement ψb → ψh etc. and by

dropping all terms of O(1/m) in the action associated with eq. (1.1). This corresponds

to the static limit, where the heavy quark does not propagate in space. We denote the

corresponding observables (in the effective theory) with a superscript “stat”, e.g.

fA(x0)→ f statA (x0) ,

and also introduce

X(L) ≡ f statA (T/2)√
f stat1

(3.1)

that is easily seen to be mass independent from the form of the static propagator (both in

the formal continuum theory and in lattice regularization at finite lattice spacing [37]). An

example for the correspondence of the effective theory and QCD at the classical level is

X(L) = lim
z→∞

YPS(L,M) = lim
z→∞

YV(L,M) . (3.2)

In the quantum theory there are logarithmic modifications of such relations. Of course,

they have their origin in the scale dependent renormalization of the effective theory. For

example, due to the renormalization of the axial current in the effective theory, the renor-

malized ratio4

XR(L, µ) = Zstat
A (µ)Xbare(L) (3.3)

depends logarithmically on the chosen renormalization scale µ. It further depends on the

chosen renormalization scheme, but the renormalization group invariant

XRGI(L) = lim
µ→∞

{[
2b0ḡ

2(µ)
]−γ0/(2b0) XR(L, µ)

}
= ZRGIXbare(L) , (3.4)

b0 =
11

(4π)2
, γ0 = − 1

(4π2)
(Nf = 0) , (3.5)

does not. The renormalization constant ZRGI is computable in lattice QCD [39]. Above,

b0 and γ0 are given for the case of a vanishing number of flavours as is appropriate for the

quenched approximation, which we will employ in the following section.

The large-z behaviour of the QCD observables is then given by the corresponding

renormalization group invariants of the effective theory, together with logarithmically mass

4One should not identify µ = 1/L here, as it was done in the computation of the scale dependence of

the static axial current in [39]. Note also that in the ratio X other renormalization factors cancel in the

effective theory, just as they do in QCD.

– 6 –
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dependent functions that will be called C below. As arguments of these functions we choose

the renormalization group invariant massM (in units of the Λ parameter), since this can be

fixed in the lattice computations without perturbative uncertainties: the relation between

the bare quark masses in the lattice regularization, which we use [40], and M has been

non-perturbatively computed in [41, 42, 35]. The scheme independent M describes the

limiting behaviour of any running mass m(µ) for large µ via

lim
µ→∞

{[
2b0ḡ

2(µ)
]−d0/(2b0) m(µ)

}
=M , d0 =

8

(4π)2
(Nf = 0) . (3.6)

The following predictions are then obtained (see also section 5.1 of ref. [39]):

YPS(L,M)
M→∞∼ CPS

(
M

ΛMS

)
XRGI(L)

(
1 + O

(
1

z

))
, z =ML , (3.7)

YV(L,M)
M→∞∼ CV

(
M

ΛMS

)
XRGI(L)

(
1 + O

(
1

z

))
, (3.8)

R(L,M)
M→∞∼ CPS/V

(
M

ΛMS

)(
1 +O

(
1

z

))
. (3.9)

Here, the function CPS(M/ΛMS) has the asymptotics

CPS

(
M

ΛMS

)
M→∞∼

(
ln

M

ΛMS

)−γ0/(2b0){
1 + O

(
ln
[
ln
(
M/ΛMS

)]

ln
(
M/ΛMS

)
)}

; (3.10)

to within this accuracy, CV shares this asymptotic behaviour. In practice, the functions

CX(M/ΛMS), X = PS,V,PS/V, are obtained by solving the perturbative renormalization

group equations along the lines of section 5.1 of ref. [39], where more details can be found.

In particular we always use the four-loop perturbative approximation of the β-function [43]

and the three-loop approximation to the anomalous dimension γ of the currents, which has

recently been computed [9]. Taking the n-loop approximation to γ, the resulting relative

error in the functions CX is of order αn with α evaluated at a scale of the order of the

heavy quark mass. Explicit expressions for the functions CX are given in appendix B.

In order to study whether their αn-error is a limiting factor, we first note that changing

the order from three-loop to four-loop in the β-function makes only a tiny difference. Next

we plot CX, X = PS,PS/V, using γ at n loops in figure 2. We observe a reasonable

behaviour of the asymptotic perturbative series and take half of the difference between the

two-loop and three-loop approximations for γ as our uncertainty. This uncertainty will be

almost negligible with respect to our statistical errors. Note that without the three-loop

computations of [9] such a statement would not have been possible.

For completeness we remind the reader that eqs. (3.7)–(3.9) are afflicted by the usual

problem of identifying power corrections. Asymptotically, at large M , the higher-order

logarithmic (perturbative) corrections in CX dominate over the 1/zn power corrections.

However, as just discussed, in the interesting range of z, the perturbative corrections are

under reasonable control and it makes sense to investigate the power corrections if they

are significantly larger. Note that this problem is not present if the effective theory is

renormalized non-perturbatively [36].
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Figure 2: The functions CPS and CPS/V evaluated in different approximations of perturbation

theory. In relating ΛMS/M to z = ML, we used [41] ΛMS r0 = 0.602 and L/r0 = Lmax/(2r0) =

0.359. (Setting r0 = 0.5 fm, this actually corresponds to L ≈ 0.2 fm.)

3.2 Energies

Next we concentrate on the energies Γ. Clearly, because of the term mψh(x)ψh(x) in the

lagrangian (1.1), they grow (roughly linearly) with the mass. For the case of hadron masses,

mass formulae have been written down [44]; for instance, the one for the B-meson mass

reads:

mB = m+ Λ̄ +
1

2m
(λ1 + dBλ2) + O

(
1

m2

)
, dB = 3 (3.11)

(and the same formula holds for the B∗-meson except that dB → dB∗ = −1). The matrix

element λ1 =
1
2ωkin〈B| −ψhD

2ψh|B〉 was mentioned already in the introduction, and λ2 =
1

2dB
ωspin〈B| − ψhσ ·Bψh|B〉. Some cautioning remark concerning the above formula is in

order. It suggests that the binding energy Λ̄ = mB −m + O(1/m) may be obtained as a

prediction of HQET. However, there is no unique non-perturbative definition of the mass

m, which should be subtracted. As a consequence, Λ̄ has an ambiguity of order ΛQCD,

which may then also propagate into a significant ambiguity in λ1 extracted from eq. (3.11).

We nevertheless start our discussion of the effective energies Γ from a trivial general-

ization of eq. (3.11):

Γav(L,M) ≡ 1

4

[
ΓPS(L,M) + 3ΓV(L,M)

]

= m+ Λ̄(L) +
1

2m
λ1(L) + O

(
1

m2

)
, (3.12)
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where λ1(L) again summarizes the effect of the ψhD
2ψh-perturbation to the static action.

We have cancelled a λ2-term by considering the spin-averaged combination of the energy.

While one ought to be careful with the interpretation of sub-leading terms in 1/M , the

large-mass behaviour of Γav(L,M) is given by

LΓav(L,M)
M→∞∼ Cmass

(
M

ΛMS

)
× z +O

((1
z

)0)
, (3.13)

with (mMS(m∗) = m∗)

Cmass

(
M

ΛMS

)
=
mQ

M
=
m∗
M

mQ

m∗
(3.14)

and mQ being the pole mass. Here the first factor on the right-hand side is known very

precisely in perturbation theory (up to four loops [45, 46]), but it is well known that the

perturbative series for the second factor is not very well behaved and even the three-loop

term [47] is still rather significant. We will discuss this uncertainty in Cmass together with

the numerical results in the following section.5

Let us now consider the sub-leading terms in eq. (3.12). Taking energy differences, m

drops out and e.g. Λ̄(L)− Λ̄(L′) can be computed unambiguously from the static effective

theory. It does not depend on any convention adopted for m in eq. (3.12). In our numerical

computations, however, we investigated only one value of L. As an example of another

observable unaffected by the ambiguity in m, we therefore look at the combination

Ξ(L,M) =
L

4

[
f ′A(T/4)

fA(T/4)
− f ′A(T/2)

fA(T/2)
+ 3

k′V(T/4)

kV(T/4)
− 3

k′V(T/2)

kV(T/2)

]
. (3.15)

The HQET prediction for this quantity is

Ξ(L,M) = Ξstat(L) +
1

2z
Ξkin(L) + O

(
1

z2

)
, (3.16)

with

Ξstat(L) = L

[
(f statA )′(T/4)

f statA (T/4)
− (f statA )′(T/2)

f statA (T/2)

]
, (3.17)

defined in the static effective theory. Since it is an energy, Ξ does not require any renor-

malization. The first-order correction in 1/z is given entirely by matrix elements of

ψh(x)D
2ψh(x). Its coefficient is fixed using the reparametrization invariance of the ef-

fective theory, first discussed in ref. [48]. To see this, one considers the matrix elements

of ψh(x)D
2ψh(x) to be computed in dimensional regularization. Then reparametrization

invariance is valid, and the coefficient of the operator renormalized by minimal subtraction

is the inverse MS quark mass [49, 50], whose renormalization scale dependence cancels

against the one of the matrix element. From eq. (3.6) it hence follows that the prefactor of

5We note that eqs. (3.13) and (3.14) are the only ones where mQ enters the coefficient functions relating

the RGI matrix elements of HQET to the QCD observables. In all other cases, mQ has been eliminated

and only M appears. Thus, there is no particular reason to expect that any of the perturbative expressions

(for the various anomalous dimension functions) is badly behaved.
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Figure 3: The function Cspin evaluated in perturbation theory.

the renormalization group invariant matrix element of ψh(x)D
2ψh(x) is 1/(2M), as used in

eq. (3.16). In that equation, Ξkin(L) is the matrix element made dimensionless by a factor

L. In the following, the exact expression for Ξkin(L) will be irrelevant. It rather suffices to

know that it does not depend on the mass.

We point out that, in writing down the quantum mechanical representation of Ξ,

states play a rôle for which only the operator e−TH/4 is effective to suppress higher energy

contributions, while in our other observables e−TH/2 suppresses high energies. For the

quantity Ξ, HQET is thus expected to be accurate only at larger values of z. This variable

should roughly be a factor of 2 larger than for the other observables.

Finally, in the difference

∆Γ(L,M) ≡ ΓPS(L,M) − ΓV(L,M) (3.18)

the lowest-order term that contributes in the effective theory is ψh(x)σ · Bψh(x). With

Cspin constructed from the anomalous dimension of this operator in the effective theory,

γspin [51, 52], we thus have

L∆Γ(L,M)
M→∞∼ Cspin

(
M

ΛMS

)
Xspin

RGI(L)

z

(
1 + O

(1
z

))
, (3.19)

where the leading asymptotics of the function Cspin(M/ΛMS) is of the form

Cspin

(
M

ΛMS

)
M→∞∼

(
ln

M

ΛMS

)−γspin0 /(2b0)
{
1 + O

(
ln
[
ln
(
M/ΛMS

)]

ln
(
M/ΛMS

)
)}

(3.20)

with the universal coefficient (cf. appendix B)

γspin0 =
6

(4π)2
− d0 , (3.21)

and Xspin
RGI being again a renormalization group invariant matrix element, defined in the

static effective theory.6 The relative perturbative uncertainty of Cspin is O(α2), since here

the three-loop anomalous dimension is not known. As illustrated in figure 3, the difference

6Alternatively, one can also construct a difference of squared energies as the product L2Γav∆Γ, which

then behaves as CmagX
spin
RGI (1 + O(1/z)) for M → ∞, where Cmag is introduced in appendix B as well.
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between the one-loop anomalous dimension and the two-loop one is tiny. Since this may,

however, be accidental rather than representing the behaviour of the series, we shall take

the size of the three-loop term met in CPS, figure 2, as our uncertainty. A better estimate

of this uncertainty would require the knowledge of γ spin2 .

4. Quantitative tests of the effective theory

We have tested the predictions of the effective theory applied to the quenched approximation

of QCD by evaluating the observables for one geometry, namely T = L ≡ L0, and for

θ = 0.5. The use of the quenched approximation should not be worrying in this context,

since it is of course used both in the effective theory and in QCD. Furthermore, although

we set the light quark mass to zero, 1/L0 provides an infrared cutoff and there are no

singularities in the chiral limit.

The numerical simulations are done on lattices with various resolutions a/L0 followed

by a continuum extrapolation. In all cases, L0 is fixed by imposing

ḡ2
(
L0

2

)
= 1.8811 , (4.1)

where ḡ(L) is the renormalized coupling at length scale L in the SF scheme [53]. It is known

that L0 ≈ 0.2 fm [41, 36]. The (purely technical) reasons for the precise definition (4.1) are

detailed in ref. [36]. Table 1 of ref. [35] lists the bare coupling g0 for each resolution L0/a,

and this reference also explains how the bare quark masses are fixed to ensure a massless

light quark and a prescribed value M for the heavy quark.

4.1 Results in the static approximation

Some of the leading-order terms in the HQET expansions described in the previous section

are known exactly due to the spin symmetry [54, 55], but for two of the expansions we have

computed the non-trivial leading order from a lattice simulation in static approximation.

The first one is the matrix element of the time component of the axial current, XRGI(L)

in eq. (3.4). Indicating explicitly also the dependence on the bare coupling g0 and the lattice

spacing a, it is given by

XRGI(L0) = lim
a/L0→0

ZRGI(g0)X

(
g0,

L0

a

)
. (4.2)

From the relation of X to the very definition of the renormalization factor ZRGI, as detailed

in ref. [39], one obtains the explicit form

ZRGIX =
ΦRGI

Φ(µ = 1/L0)
×
(
fhh1 f1

)1/4
√
f stat1

∣∣∣∣∣
L=L0

× [X] tree−level (4.3)

for the right-hand side of eq. (4.2). All quantities that enter the above expression have been

defined in the latter reference. For its numerical evaluation we take the non-perturbatively

O(a) improved action of [40] for the light quarks and the improved discretizations of [56]
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Figure 4: Continuum limit extrapolations of XRGI(L0) (top) and Ξstat(L0) (bottom). The fits

adopt simulation data generated with the HYP-link static quark action, see text. The a/L inde-

pendent part of the error of XRGI is not included in the graph.

for the heavy quark. We note in passing that, using the data of [39], we first evaluated this

quantity with the Eichten-Hill action for the heavy quark [1]. However, this resulted in an

order of magnitude larger error for XRGI at L0/a = 32.

The limit a/L0 → 0 is taken by a linear fit in (a/L0)
2 as illustrated in the upper

diagram of figure 4, referring to the data set from a simulation with the static quark action

built from HYP-links [57, 56]. We quote the result from a fit with L0/a ≥ 16 as our

continuum result,

XRGI(L0) = −1.281(9) , (4.4)

which also receives an error contribution from the (regularization independent) factor

ΦRGI/Φ(1/L0) in eq. (4.3) [39]. Including all points with L0/a ≥ 12 in the fit yields a

compatible continuum value with smaller error. In the same way we obtain (cf. eq. (3.17)

and the lower diagram of figure 4):

Ξstat(L0) = 0.11(1) . (4.5)

4.2 Results at finite M and comparison

The finite-mass (quenched) QCD observables are obtained from similar extrapolations of

lattice results at finite a/L. However, as the variable z is increased, the quark mass in

lattice units grows at a given resolution a/L. A perturbative computation [14] as well

as our non-perturbative study suggest that O(a) improvement may be trusted only below

a certain value of the quark mass in lattice units. It is therefore necessary to impose a

cut on the quark mass. For a given z, this cut translates into estimates of the coarsest

lattice resolutions beyond which the lattice data are to be omitted from the continuum
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Figure 5: Continuum extrapolations for some z-values spanning the entire range of z. The linear fit

in (a/L)2 is shown by the full line and extended also to those values of a/L that did not participate

in the fit by a dotted line.

extrapolations. As in ref. [35] we impose aM < 0.6 and follow this reference on all other

details of the lattice computations as well as the extraction of the continuum limits. For

illustration we just show the continuum extrapolations of YPS(L,M), L = L0, at selected

values of z in figure 5. In addition we mention a few features equally true for the continuum

limit extrapolations of the other observables, which enter our investigation but are not

shown in figures.

• The slopes in a/L are rather small.

• The error in the continuum limit grows with z, because less lattices can be used in

the extrapolation at large z.

• The continuum limit is compatible with the values at the smallest two lattice spacings.

Its error is conservative.

In appendix A we collect our numerical results both at finite lattice spacing and in the

continuum limit.

We are now ready to compare the continuum results with the predictions of HQET.

Before that, we remind the reader that energies of order 2/L still contribute significantly

to our observables. It is thus possible that the 1/M -expansion breaks down earlier in our

finite-volume situation than it does in large volume. However, our numerical results do not

give any indication of such a behaviour.

Let us start with the current matrix elements. The prediction for the matrix element

of the axial current is YPS(L,M)/CPS = XRGI(L)+O(1/z). In this combination, plotted in

figure 6, the perturbatively computed coefficient CPS(M/ΛMS) compensates a significant

part of the mass dependence of YPS. The finite-mass YPS/CPS is obviously well compatible

with approaching the static result, eq. (4.4), as 1/z → 0. To quantify the deviations
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Figure 6: The ratio YPS(L,M)/CPS(M/ΛMS) with CPS using the two- and the three-loop anoma-

lous dimension of the static axial current. Error bars do not contain the perturbative uncertainty

in CPS. The fits shown refer to the three-loop evaluation of CPS and include the result for XRGI in

the static limit. (Points using only the two-loop anomalous dimension are slightly displaced here.)

from the static limit at finite z, we fit all data points, including 1/z = 0, to first- and

second-order polynomials in 1/z:

YPS
CPS

= a0 +
a1
z

+ · · · . (4.6)

In these fits also the uncertainty in CPS is taken into account (i.e. half of the difference

between CPS evaluated with the two-loop and three-loop anomalous dimension). We per-

form them separately to the data in the range 1/z < 0.2, which means masses around

the b-quark mass and higher [36], and over the whole range, see table 1. Comparing a1
obtained from the quadratic fit over the whole range (z = 3.0–13.5) and the linear fit

for 1/z < 0.2 (z ≥ 5.15), the change is not so small. This indicates that a precise iden-

tification of the first-order correction is not possible with our precision and range of z.

However, the rough magnitude of a1 ≈ 0.6 can be inferred and, more importantly, it is

clear that the overall magnitude of 1/z-corrections is reasonably small. It is also relevant

to remember that eq. (4.6) is only an approximate parametrization of the z-dependence,

since the renormalization of the higher-dimensional operators in the effective theory will

introduce logarithmic modifications of the simple power series. It is thus conceivable that

these logarithms account for some of the curvature seen in figure 6.

For the ratio of matrix elements R(L,M), eq. (3.9), the lowest-order term in the 1/z-

expansion is fixed to be 1 by the spin symmetry of the static theory. As is reflected by

figure 7, the results at finite 1/z are well compatible with this, if the function CPS/V is

evaluated including at least the two-loop anomalous dimensions. Fits to R/CPS/V are

performed in complete analogy to eq. (4.6). The corresponding parameters of table 1 are

again of order unity. In that table we also include the parameters of the analogous fits to

the quantity YV/CV.
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Linear Quadratic

Quantity a0 a1 a0 a1 a2

z-range: 3.0–13.5

YPS/CPS −1.281(7) 0.64(8) −1.0(2)
YV/CV −1.281(7) −0.63(9) 0.3(2)

R/CPS/V 1.0 −0.89(1) 1.06(3)

LΓav/(z Cmass) 1.0 0.42(3) 0.14(10)

L∆Γ/Cspin 0.0 −1.69(6) 0.8(2)

Ξ 0.109(8) 0.7(1) −0.8(3)
z-range: 5.15–13.5

YPS/CPS −1.277(7) 0.45(4) −1.281(8) 0.7(1) −1.3(5)
YV/CV −1.281(9) −0.59(6) −1.281(7) −0.6(1) 0.2(6)

R/CPS/V 1.0 −0.722(7) 1.0 −0.91(1) 1.18(5)

LΓav/(z Cmass) 1.0 0.44(2) 1.0 0.41(6) 0.2(3)

L∆Γ/Cspin 0.0 −1.56(4) 0.0 −1.62(6) 0.4(2)

Ξ 0.112(8) 0.54(7) 0.110(9) 0.6(2) −0.5(7)

Table 1: Fit parameters describing the z-dependences of the form a0 + a1/z + a2/z
2. Where the

constant term, a0, is listed without an error, it is constrained to the prediction of the static effective

theory. (In case of the entire z-range, only the quadratic fit results are given.) All these fits have

an acceptable goodness-of-fit.

Figure 7: As in figure 6. The fits use the evaluation of CPS/V with the two-loop matching coefficient

between HQET and QCD; they are constrained to the prediction of the static effective theory. (On

the level of perturbative orders, two-loop matching belongs to the three-loop anomalous dimension

of the currents, cf. appendix B).

Turning our attention to the effective energies, introduced in section 2.1, a first rough

test of HQET is the behaviour of the spin-averaged energy Γav. Figure 8 confirms the

expectation that the combination LΓav/(z Cmass) approaches 1 up to 1/z-corrections as

1/z → 0 (see eq. (3.13)). Note that the (1/z)2-corrections in Γav are very small, which is of
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Figure 8: Quadratic fit over the entire z-range of the combination LΓav/(z Cmass), which is con-

strained to approach 1 in the static limit. It employs the three-loop relation between the pole and

the MS mass; the results using this relation to only two loops are also depicted for comparison.

Figure 9: Fits in 1/z constrained to the static result and referring to the two-loop evaluation of

Cspin. The linear fit is only based on the heavier quark mass points with z = 5.15–13.5, while the

quadratic one (i.e. also allowing for a 1/z2-term) includes all points.

particular interest for the computation of the b-quark mass in static approximation [36, 35].

There the quantity Γav was used in order to non-perturbatively match the quark mass of

the effective theory to the one in QCD. The dominant error in the final estimate for the

quark mass, Mb, is expected to originate from this matching and is of order Mb × (1/z)2.

From the values of a2 and zb ≡ mbL ≈ 5, we may estimate the relative error to be roughly

of the order of 0.2 × (1/5)2 ≈ 1%. As seen from the figure, this conclusion is not very

much affected either by the perturbative uncertainty visible in the graph as a difference

between the two-loop and three-loop approximations for the pole mass mQ in eq. (3.14);

the 1/z2-curvature is not very different.

– 16 –



J
H
E
P
1
1
(
2
0
0
4
)
0
4
8

Figure 10: Linear and quadratic fits of the observable Ξ as in figures 6–9, where the static data

point, Ξstat, is included in the fits.

The spin splitting ∆Γ(L,M), which vanishes in the static limit, is displayed in fig-

ure 9. It is in good agreement with the HQET prediction but exhibits a rather large

1/z-coefficient.7

Finally, we successfully test eq. (3.16) in figure 10. Recall that a simple kinematical

consideration leads one to expect the 1/z-expansion to only be applicable at smaller values

of 1/z for this observable (cf. section 3.2). On the other hand, reparametrization invariance

allows to exclude logarithmic modifications of the 1/z-term; in contrast to our other tests,

figure 10 does not involve any perturbative conversion factor.

5. Conclusions

All of the comparisons of QCD observables with the predictions of HQET discussed in this

work represent tests of the effective theory, which it passed successfully. As a significant

improvement of earlier non-perturbative (lattice) tests, these comparisons are performed

after first taking the continuum limit of the non-perturbatively renormalized quantities.

Thus, worries that O(a) effects, in particular those that grow with the quark mass, may

afflict the large-mass behaviour in QCD are removed.

For a precise judgement of figures 6–10 it is important to be aware of the level of

precision of renormalization and matching. The renormalization problem of the static axial

current has been solved non-perturbatively in [39] and with this information all points at

1/z = 0 are known without any residual perturbative uncertainty. For the quantity Ξ shown

7We note that the slope Xspin
RGI(L) is computable in the effective theory in a very similar way to XRGI,

because the associated operator ψhσ · Bψh does not mix with any other; its renormalization may be

computed non-perturbatively using the methods of ref. [39]. The comparison of the result to the data at

finite mass would presumably be limited in precision by the present perturbative uncertainty in Cspin. This

limitation is likely to apply to the (large-volume) mass splitting between the B∗- and the B-meson as well.
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in figure 10, this is also true at finite 1/z. However, in general we need to know the functions

CX, which relate the QCD observables at finite mass M (and thus finite z = ML) to the

renormalization group invariants of the effective theory, such as XRGI in figure 6. While the

latter are unambiguously defined and have been computed non-perturbatively, the former

are known only in perturbation theory and have errors of order αn, with α evaluated at

the scale of the heavy quark mass. We have discussed these errors. On a phenomenological

level they are under control due to the computations [58, 9], except for Cspin, where a

next-to-next-to-leading-order computation is not yet available. Still, one should remember

that — strictly speaking — the isolation of 1/m-corrections by looking at the difference

to the leading-order HQET result is only possible when CX is known non-perturbatively:

parametrically, O([α(m)]n) corrections are always larger than O(1/m). Nevertheless, our

results in figures 6–10 are compatible with the z−n power corrections dominating over the

perturbative ones in the accessible range of z. Fitting them by a simple polynomial in 1/z,

the coefficients turn out to be of order 1 as naively expected. Therefore, at the b-quark

mass, which corresponds to zb ≡ mbL ≈ 5 for our value of L = L0 ≈ 0.2 fm, the effective

theory is very useful.

Beyond the general interest of providing a non-perturbative test for HQET, these

results are important for the programme of ref. [36]. There it was suggested to determine

the 1/mb-corrections to B-physics matrix elements from a simulation of HQET on the

lattice. The coefficients ck of the various terms in the HQET lagrangian and of the effective

composite fields are to be determined by matching HQET and QCD in a finite volume, and

it was proposed to employ a value of L similar to L0 in this step. This value has to be large

enough such that (i) zb is in the range where HQET is applicable with small corrections,

yet (ii) L0 has to be small enough to allow for the computation of the QCD observables at

m = mb with small a-effects. From table 1 we conclude that L = L0 is indeed promising.

In fact, in the previous section we roughly estimated that the correction to the static limit

computation of the RGI b-quark mass [34, 36] is only of the order of 1%.

However, this application appears to be a particularly favourable case and it would be of

advantage to have a larger value of zb (i.e. larger L) in the matching step to suppress higher-

order terms. Our analysis suggests that this is indeed possible, since we may determine

QCD observables rather precisely in, say, the entire range z ≥ 5 by combining QCD results

at finite z with the static limit. Choosing, for instance, L ≈ 2L0 in the matching step, one

needs the QCD observables for z ≈ 10. The errors of the quadratic fit functions evaluated at

z = zb = 10 are typically 30%–50% smaller than the errors of the neighbouring points seen

in figures 6–10. Proceeding in this way, namely taking the fit functions as representations

of the QCD observables in finite volume (of course within their errors), one may obtain

the HQET parameters as functions of the quark mass and infer predictions for all quark

masses larger than the minimal one considered. With the entire matching done non-

perturbatively, the final HQET results will differ from QCD by O(1/m2) if 1/m-terms are

properly included. No perturbative errors as in CX enter in this programme.

We finally remind the reader that in the quantities discussed in this paper, as well

as in the matching step just described, we are dealing with matrix elements of a mixture

of energy eigenstates where states with energy of O(1/L) contribute. Hence the 1/m-
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expansion for the large-volume B-physics matrix elements may be expected to behave even

better and should be well under control, once this is the case for the matching step.
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A. Results at finite lattice spacing

For any details on the lattice simulations and the subsequent analysis of the numerical

data, the reader is referred to [35] and references therein. In table 2 we therefore directly

list the results on the observables studied in this work at finite values of the lattice spacing

as well as in the continuum limit. As already mentioned in section 4, the latter have been

extracted by linear extrapolations (a/L)2 → 0 of the O(a) improved lattice data following

the same procedure as adopted in ref. [35].

L/a YPS(L,M) YV(L,M) R(L,M) L∆Γ(L,M) Ξ(L,M)

z = 3.0

12 −1.35(1) −1.581(7) 0.869(8) −0.509(10) 0.245(4)

16 −1.357(7) −1.576(7) 0.874(6) −0.512(10) 0.256(5)

20 −1.357(6) −1.575(7) 0.875(5) −0.521(11) 0.259(6)

24 −1.357(6) −1.576(7) 0.874(5) −0.522(13) 0.259(8)

32 −1.360(7) −1.577(7) 0.875(5) −0.533(14) 0.246(9)

CL −1 .359 (8 ) −1 .576 (8 ) 0 .875 (6 ) −0 .537 (15 ) 0 .250 (9 )

z = 3.8

12 −1.39(1) −1.591(7) 0.884(8) −0.419(13) 0.226(4)

16 −1.392(7) −1.584(7) 0.890(6) −0.423(12) 0.240(5)

20 −1.391(6) −1.582(7) 0.892(5) −0.430(12) 0.240(6)

24 −1.391(6) −1.582(7) 0.891(5) −0.431(13) 0.241(8)

32 −1.394(7) −1.583(7) 0.892(5) −0.441(15) 0.228(9)

CL −1 .394 (8 ) −1 .581 (8 ) 0 .893 (6 ) −0 .444 (16 ) 0 .232 (9 )

Table 2: (Continued).
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L/a YPS(L,M) YV(L,M) R(L,M) L∆Γ(L,M) Ξ(L,M)

z = 5.15

12 −1.44(1) −1.609(7) 0.904(8) −0.315(17) 0.200(4)

16 −1.438(7) −1.596(7) 0.910(6) −0.320(15) 0.215(5)

20 −1.437(6) −1.592(7) 0.913(5) −0.328(15) 0.216(6)

24 −1.437(6) −1.591(7) 0.913(5) −0.327(16) 0.218(8)

32 −1.436(7) −1.589(7) 0.914(5) −0.341(17) 0.210(9)

CL −1 .435 (8 ) −1 .586 (8 ) 0 .915 (6 ) −0 .343 (19 ) 0 .214 (9 )

z = 6.0

12 −1.46(1) −1.620(7) 0.913(8) −0.270(20) 0.186(4)

16 −1.462(7) −1.604(7) 0.920(6) −0.276(17) 0.203(5)

20 −1.460(6) −1.597(7) 0.923(5) −0.283(17) 0.205(6)

24 −1.460(6) −1.595(7) 0.924(5) −0.282(17) 0.207(8)

32 −1.458(7) −1.593(7) 0.924(5) −0.296(19) 0.198(9)

CL −1 .457 (8 ) −1 .589 (8 ) 0 .926 (6 ) −0 .297 (21 ) 0 .203 (9 )

z = 6.6

12 −1.48(1) −1.629(7) 0.918(8) −0.243(21) 0.178(4)

16 −1.477(8) −1.609(7) 0.926(6) −0.251(19) 0.196(5)

20 −1.474(6) −1.601(7) 0.930(5) −0.258(19) 0.198(6)

24 −1.474(6) −1.599(7) 0.930(5) −0.257(19) 0.201(8)

32 −1.473(7) −1.596(7) 0.931(5) −0.270(20) 0.191(9)

CL −1 .471 (8 ) −1 .591 (8 ) 0 .933 (6 ) −0 .271 (23 ) 0 .197 (9 )

z = 9.0

12 −1.56(1) −1.678(7) 0.933(8) −0.166(31) 0.149(4)

16 −1.530(8) −1.633(7) 0.943(6) −0.182(27) 0.172(5)

20 −1.522(6) −1.618(7) 0.948(5) −0.190(25) 0.176(6)

24 −1.520(6) −1.612(7) 0.950(5) −0.189(25) 0.180(8)

32 −1.517(7) −1.608(7) 0.951(5) −0.200(26) 0.170(9)

CL −1 .515 (11 ) −1 .600 (12 ) 0 .954 (7 ) −0 .202 (30 ) 0 .177 (9 )

z = 13.5

16 −1.639(8) −1.713(7) 0.961(6) −0.106(47) 0.139(5)

20 −1.595(7) −1.659(7) 0.967(5) −0.123(39) 0.149(5)

24 −1.583(7) −1.640(7) 0.970(6) −0.126(37) 0.157(8)

32 −1.578(7) −1.631(7) 0.973(6) −0.132(39) 0.142(9)

CL −1 .571 (17 ) −1 .619 (18 ) 0 .976 (9 ) −0 .137 (66 ) 0 .145 (14 )

Table 2: Lattice results on the quantities of this work for different values of the dimensionless

renormalization group invariant heavy quark mass, z = ML, with L ≡ L0 ≈ 0.2 fm. The full sets

of simulation parameters can be inferred from tables 1 and 4 of ref. [35], where also the results for

LΓav were published. The quoted errors cover the statistical as well as the systematic uncertainties,

including those originating from the fact that in the numerical simulations z can only be fixed within

some finite precision. Continuum limits are displayed in italics.
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B. Perturbative conversion factors between QCD and HQET

In this appendix we provide details on the numerical evaluation of the perturbative approx-

imations of the conversion functions CX(M/ΛMS) (X = PS,V,PS/V, spin) that translate

the matrix elements and energies obtained in the effective theory to those in quenched

QCD at finite values of the heavy quark mass. Also the case of the conversion factor

Cmass(M/ΛMS), which relates the heavy quark’s pole mass mQ to the renormalization

group invariant quark mass M , will be addressed.

Let us begin with the definition of the conversion functions for matrix elements of the

heavy-light currents. Parametrized with the MS mass m∗, implicitly defined through

mMS(m∗) = m∗ , (B.1)

we write them for X = PS and V as

ĈX(m∗) ≡
[
2b0ḡ

2(m∗)
]γX0 /(2b0) exp

{∫ ḡ(m∗)

0
dg

[
γX(g)

β(g)
− γX0
b0g

]}
. (B.2)

Here, β(g) = −g3b0− g5b1+ . . . is the four-loop anomalous dimension [43] of the renormal-

ized coupling ḡ(µ) in the MS scheme with the leading- and next-to-leading-order coefficients

b0 = 11/(4π)2 and b1 = 102/(4π)4. In eq. (B.2) we have introduced the anomalous dimen-

sions in the matching scheme

γX(g) = −g2
{
γX0 + γX1 g

2 + γX2 g
4 + · · ·

}
. (B.3)

At one-loop order they are the universal ones [60, 61],

γPS0 = γV0 = − 1

4π2
, (B.4)

and at higher order they are related to the anomalous dimensions γX,MS(g) of the corre-

sponding effective theory operator in the MS scheme via

γX1 = γX,MS
1 + 2b0c

X
1 , (B.5)

γX2 = γX,MS
2 + 4b0(c

X
2 + γX0 k) + 2b1c

X
1 − 2b0[c

X
1 ]

2 . (B.6)

For X = PS and V, the MS two-loop anomalous dimensions are known from [62, 63, 64]

and the three-loop ones from ref. [9].8

The coefficients

cPS1 = −2

3

1

4π2
, cPS2 = −4.2 1

(4π2)2
, (B.7)

cV1 = −4

3

1

4π2
, cV2 = −11.5 1

(4π2)2
(B.8)

8Note that, since in HQET the anomalous dimension of the quark bilinears does not depend on their

Dirac structure, γPS,MS
n = γV,MS

n holds for all n.
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originate from the matching of the effective theory operators renormalized in the MS scheme

to the physical ones in QCD [1, 65, 58], while the term proportional to

k = − 1

3π2
(B.9)

is due to a reparametrization: the matching was originally done at the matching scale

expressed in terms of the heavy quark’s pole mass, mQ. Using the perturbative expansion

for the ratio m∗/mQ [66],
m∗
mQ

= 1 + k ḡ2(m∗) + · · · , (B.10)

the pole mass can be replaced by m∗.

Next, we turn to the chromomagnetic operator ψhσ · Bψh. If, for the moment, we

follow the common practice that in the HQET expansion its matrix element is understood

to multiply the inverse pole mass, 1/mQ, the associated conversion function Ĉmag would

be given by eq. (B.2) with an expansion (B.3) for X = mag and the universal one-loop

coefficient [67, 68]

γmag
0 =

6

(4π)2
. (B.11)

With the two-loop anomalous dimension γmag,MS
1 in the effective theory given in [51, 52]

one finds

γmag
1 = γmag,MS

1 + 2b0c
mag
1 , cmag

1 =
13

6

1

4π2
, (B.12)

where cmag
1 was determined in [67]. In view of eq. (3.19), however, we are rather interested

in a function Cspin, which multiplies 1/M . In other words, the conversion function Ĉspin

must also include the factors m∗/mQ and M/m∗ in order to cancel the conventional factor

1/mQ in the HQET expansion in favour of 1/M . Using the relation

M

m∗
=
[
2b0ḡ

2(m∗)
]−d0/(2b0) exp

{
−
∫ ḡ(m∗)

0
dg

[
τ(g)

β(g)
− d0
b0g

]}
, (B.13)

where τ(g) = −g2d0 − g4d1 + · · · denotes the quark mass anomalous dimension in the MS

scheme in QCD (known up to four loops [45, 46] with leading coefficient d0 = 8/(4π)2),

and the ratio (B.10), we then obtain eqs. (B.2) and (B.3) for X = spin and

γspin0 = γmag
0 − d0 =

6

(4π)2
− d0 , (B.14)

γspin1 = γmag
1 − d1 + 2b0k = γmag,MS

1 − d1 + 2b0(c
mag
1 + k) , (B.15)

with γmag
1 from eq. (B.12).

For the special case of the ratio of pseudoscalar and vector current matrix elements,

X = PS/V, all but the contributions from the matching cancel and one gets

ĈPS/V(m∗) ≡ exp

{∫ ḡ(m∗)

0
dg
γPS(g)− γV(g)

β(g)

}
. (B.16)
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To parametrize the mass dependence of energy observables (such as Γav in eq. (3.12)

of section 3.2), we also define

Ĉmass(m∗) ≡
mQ

m∗

m∗
M

, (B.17)

where in this case the highest available perturbative precision is achieved by taking the four-

loop τ -function [45, 46] in m∗/M together with the three-loop expression for mQ/m∗ [47].

Finally, changing the argument of the various ĈX to the renormalization group invari-

ant ratio M/ΛMS via (B.13), we straightforwardly arrive at the conversion functions

CX

(
M

ΛMS

)
= ĈX (m∗) with X = PS,V,PS/V,mass, spin . (B.18)

We evaluate all occurring integrals in the above expressions exactly (sometimes numeri-

cally), truncating anomalous dimensions and the β-function as specified. Also eq. (B.1) is

solved numerically. For practical purposes, such as repeated use in the fits of the heavy

quark mass dependence of our QCD observables, a parametrization of all conversion func-

tions in terms of the variable

x ≡ 1

ln
(
M/ΛMS

) (B.19)

was determined from a numerical evaluation. The functions decompose into a prefactor en-

coding the leading asymptotics as x→ 0, multiplied by a polynomial in x, which guarantees

at least 0.2% precision for x ≤ 0.6:

CPS(x) =

{
xγ

PS
0 /(2b0)

{
1− 0.065x + 0.048x2

}
2-loop γPS

xγ
PS
0 /(2b0)

{
1− 0.068x − 0.087x2 + 0.079x3

}
3-loop γPS

, (B.20)

CV(x) =

{
xγ

V
0 /(2b0)

{
1− 0.180x + 0.099x2

}
2-loop γV

xγ
V
0 /(2b0)

{
1− 0.196x − 0.222x2 + 0.193x3

}
3-loop γV

, (B.21)

CPS/V(x) =

{
1 + 0.117x − 0.043x2 2-loop γPS,V

1 + 0.124x + 0.187x2 − 0.102x3 3-loop γPS,V
, (B.22)

Cmass(x) =

{
xd0/(2b0)

{
1 + 0.247x + 0.236x2

}
2-loop

mQ

m∗

xd0/(2b0)
{
1 + 0.179x + 0.694x2 + 0.065x3

}
3-loop

mQ

m∗

, (B.23)

Cspin(x) =

{
xγ

spin
0 /(2b0) {1 + 0.066x} 1-loop γspin

xγ
spin
0 /(2b0)

{
1 + 0.087x − 0.021x2

}
2-loop γspin

. (B.24)

Apart from the function Cmass, the pole mass does not appear in any of the above per-

turbative expressions; they relate observables in the effective theory to those in QCD and

are parametrized by the RGI mass M , which is unambiguously defined in terms of the

(short-distance) running quark mass (see eq. (3.6)). Thus, their perturbative expansion

is expected to be a regular short-distance expansion. In particular, it is not expected to

suffer from the bad behaviour of the series (B.10).
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[40] ALPHA collaboration, M. Lüscher, S. Sint, R. Sommer, P. Weisz and U. Wolff,

Non-perturbative O(a) improvement of lattice QCD, Nucl. Phys. B 491 (1997) 323

[hep-lat/9609035].
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mer, J. Wennekers, H. Wittig und U. Wolff für die fruchtbare und meinen wis-

senschaftlichen Werdegang der letzten Jahre prägende Zusammenarbeit;
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