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Abstract

During phase transitions in the early universe, cosmic defects, objects that preserve

the old state of the universe, can form and emit gravitational waves, which contribute

to a stochastic gravitational wave background (SGWB). This SGWB is being studied

to discover physics beyond the Standard Model. This thesis deals with a one-

dimensional cosmic defect, cosmic strings, that can arise from a U(1) spontaneous

symmetry breaking and form a network. Cosmic strings, which contribute to the

SGWB, consist of a scalar and a gauge field core, and depending on the ratio of

the widths of these cores, we divide them into type-I and type-II cosmic strings.

While type-I strings attract other strings, type-II strings repel them, so the evolution

of the networks depends on the type of the strings. This thesis aims to compare

the gravitational wave spectrum from type-I and type-II cosmic strings from the

perspective of the future gravitational wave observatory, LISA. In this thesis, it is

demonstrated that it is possible to distinguish between the signals that might be

measured by LISA. The results show that the difference between the signals from

the two types is detectable, and the shape of the signal differs.
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Introduction 1
One of the greatest achievements in physics of the last few decades may be the

development of the StandardModel of particle physics. It provides a comprehensive

overview of the fundamental particles and their interactions. By employing the local

gauge symmetry description of the Standard Model SU(3)C ×SU(2)L ×U(1)Y these

particle interactions can be systematically derived. Over the years, the Standard

Model has been tested with remarkable precision in terrestrial laboratories.

However, open questions remain, such as “What is dark matter?” or “Can the

forces be unified?”. Additionally, certain observations are inconsistent with the

Standard Model, such as the neutrino mass. In order to solve these questions

and problems, several theories have been proposed. For example, Grand Unified

Theories (GUTs) aim to unify the strong, weak, and electromagnetic interactions. It

has been discovered that the coupling constants of these interactions depend on

the energy scales [1]. A GUT states that at high energies ∼ 1016GeV, these three

coupling constants converge to a single value. Above this energy scale, the symme-

try group of the Standard Model is embedded within a larger symmetry group. For

lower energies, the single coupling constant splits into the three distinct constants,

and spontaneous symmetry breaking reduces the larger symmetry group to the

SU(3)C × SU(2)L × U(1)Y group of the Standard Model. [2].

Unfortunately, providing evidence for such a theory is challenging due to the tech-

nological and physical limitations of our laboratories. The primary tools that are

used to test the Standard Model are particle colliders. However, they face certain

constraints, such as their physical size and accessible beam energy [3]. In fact, it is

highly unlikely that a terrestrial laboratory will ever reach the energy scales that are

required to test a GUT.

Luckily, there exists a certain place in space or, better, a certain time where these

energy scales were reached. According to the Big Bang theory, the universe began

in an extremely hot and dense state and expanded rapidly, causing the temperature
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and density to decrease over time until today. Thus, the very early universe, within

the first ∼ 10−35 seconds after the Big Bang, matches the desired energy scales

predicted by GUTs, offering a unique and ideal setting to validate these theories [4].

One problem remains: How can we observe the early universe? The earliest point in

time we can look back to using electromagnetic radiation is∼ 380.000 years after

the Big Bang, when the energy of the universe was significantly smaller than the

energy scales required to test GUTs. This specific electromagnetic radiation became

famous under the name cosmicmicrowave background (CMB). However, there exists

a messenger that is able to propagate more freely through space and time and offers

insights into the early universe: gravitational waves [5]. As predicted by Albert

Einstein [6, 7], gravitational waves – ripples in the fabric of spacetime – are emitted

by time-varying mass quadrupoles (or octupoles, hexadecapoles, ...) and travel

through spacetime without being absorbed by matter as electromagnetic waves are.

Analogous to the CMB, a stochastic gravitational wave background (SGWB) from

early-universe physical processes is expected to persist to this day [8]. It is widely

assumed that phase transitions, similar to those in a ferromagnet, also occurred in

the early universe. As the universe cooled and dropped below a critical temperature,

spontaneous symmetry breaking occurred. For example, the symmetry group of

a GUT could break down to the SU(3)C × SU(2)L × U(1)Y symmetry group of the

Standard Model. The Kibble-Zurek mechanism explains how such a process can

lead to objects, which are known as cosmological defects. These objects preserve

the old state of the universe and contribute to the SGWB [9]. Thus, observing the

SGWBmight be the most promising way to uncover new physics, physics beyond the

Standard Model. Over the past decades, it has become clear that particle physics

can advance cosmology, and vice versa.

One promising candidate for a source of the SGWB is cosmic strings, a type of cosmic

defect. A cosmic string is a one-dimensional topological defect that preserves the

early universe’s symmetric state within its core. It is expected that cosmic strings

form networks, which contribute to the SGWB. Cosmic strings have a condensed

matter analogue: vortices in superconductors. Just as superconductors are classi-

fied into type-I and type-II superconductors, cosmic strings can also be classified

into type-I and type-II cosmic strings. While type-II cosmic strings have been studied

extensively in the literature [10], type-I cosmic strings have received comparatively

less attention.
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This thesis explains the fundamentals of gravitational waves and spontaneous

symmetry breaking during phase transitions. It then describes cosmic strings and

the evolution of their networks and presents the formula for the gravitational wave

spectrum from type-I and type-II cosmic strings. Using these spectra, the thesis

explores whether the future space-based gravitational wave observatory, LISA, can

distinguish between the two signals. For that, we use LISA’s Signal-to-Noise ratio

(SNR) and compare the two spectra in the phase space, which is spanned by the

logarithmic derivative of the gravitational wave spectrum and its amplitude.

This introduction is inspired by [5].
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This thesis compares gravitational wave spectra from cosmic strings. For that, we

need knowledge about gravitational waves and cosmic strings. In this chapter, we

discuss the very basics of general relativity to derive Einstein’s quadrupole formula,

which is used to calculate the emitted power via gravitational waves. Then, we study

the phenomenon of symmetry breaking, which, during a phase transition, leads to

the formation of cosmic strings. This process is studied in more detail in the second

section of this chapter. Finally, the formulas for the gravitational wave spectra from

type-I and type-II cosmic strings are presented in this chapter’s last section.

2.1 Gravitational Waves

In the year 1916, Einstein published a theory that should be a relativistic generalisa-

tion of Newton’s theory of gravity: “Die Grundlagen der allgemeinen Relativitätsthe-

orie” [6]. In this publication, he presents the field equation, which should be named

after him. In the same year, Einstein found wave solutions of his field equations and,

thereby, predicted gravitational waves [11, 7]. The goal of this chapter is to show the

gravitational wave spectrum from cosmic strings. For that, we will briefly discuss the

necessities of general relativity in this section. The presented information is based

on the papers [12, 13], and the book [14]. It should be mentioned that throughout

this thesis we use the Einstein summation convention and Greek indices µ, ν,... run

over 0,1,2,3, whereas Latin indices i, j,... run over 1,2,3 unless stated otherwise.

2.1.1 Einstein’s Field Equation

The first thing we do is a generalisation of the Minkowski metric ηµν, which is the

metric used in special relativity, so that curvatures of spacetime can be considered:

ds2 = gµνdx
µdxν ,
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where gµν is the metric tensor, a 4× 4 symmetric matrix. Based on the weak equiv-

alence principle, which states that all falling objects are accelerated identically

regardless of shape or internal structure [15], we assume that a particle’s movement

under the influence of gravity is described by a spacetime geodesic, a path between

two points that is locally a straight line. Therefore, gravity is based on a feature of

its own instead of features of the interacting object. This feature is the spacetime

curvature. Moreover, we use the strong equivalence principle: “A frame of reference

in free fall in a gravitational field is locally equivalent to an inertial frame (without

gravity)” [13], which ensures that locally special relativity is a special case of general

relativity. The field equations connect the energy-mass distribution to the curvature

of spacetime as follows:

Gµν =
8πG

c4
Tµν . (2.1)

Tµν is known as the energy –momentum tensor, and describes the energy/mass

and momentum distribution and is the source of gravity. Tµν is also symmetric. T 00

can be interpreted as the energy density and T 0i as the momentum density. As an

example, the energy-momentum tensor of an ideal fluid is given as [16]:

Tαβ = Mαβ + Pαβ =

(
ρ+

P

c2

)
uαuβ − ηαβP , (2.2)

where ρ is the energy density, uα four-velocity, P isotropic pressure,Mαβ = ρ uαuβ

the energy part and Pαβ = P (u
αuβ

c2
− ηαβ) the pressure part.

Gµν = Gµν(gµν) = Rµν − 1
2
Rgµν is the Einstein tensor and describes the curvature

of spacetime caused by Tµν. Rµν is named the Ricci tensor and is a trace of the

Riemann curvature tensor Rµ
νρσ. R is named the Ricci scalar and is the trace of the

Ricci tensor. To put it in the words of John Archibald Wheeler, as cited in [13]: “mass

tells spacetime how to curve, and spacetime tells mass how to move.”:

(
spacetime curvature

)
=

8πG

c4
(
mass− energy distribution

)
.

2.1.2 The Quadrupole Formula

Similar to an electromagnetic wave, which is a travelling electric field and a travelling

magnetic field perpendicular to the wave’s propagation direction, a gravitational
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wave is a travelling gravitational field that stretches and squeezes space perpen-

dicular to the wave’s propagation direction [8]. We assume that the gravitational

waves exist in a flat spacetime described by the Minkowski metric ηµν. Therefore,

we express the gravitational wave as a small perturbation hµν, such that the metric

is given as:

gµν = ηµν + hµν ,where |hµν | � 1 .

Thus, the Riemann curvature tensor in first order of hµν is given as:

Rµνρσ =
1

2

(
∂ν∂ρhµσ + ∂µ∂σhνρ − ∂µ∂ρhνσ − ∂ν∂σhµρ

)
.

We also use the trace-reversed metric perturbation:

h̄µν = hµν −
1

2
ηµνh , where h = ηµνhµν ,

so that the field equations (2.1) become:

2h̄µν + ηµν∂
ρ∂σh̄ρσ − ∂ρ∂ν h̄µρ − ∂ρ∂µh̄νρ = −16πG

c4
Tµν .

Applying the Lorentz gauge ∂ν h̄µν = 0 gives us:

2h̄µν = −16πG

c4
Tµν . (2.3)

In vacuum, one can apply the transverse-traceless gauge (TT gauge) [14]:

h0µ = 0; hi
i = 0; and ∂jhij = 0 ,

to show that the metric perturbation has two degrees of freedom and use it to solve

equation (2.3) outside a source:

2h̄µν = 0 =⇒ hTT
ab (t, z) =

(
h+ h×

h× −h+

)
ab

cos[ω(t− z

c
)] , (2.4)

where h× and h+ are called “cross” and “plus” polarisation. This is the solution for

a wave travelling along the z-axis, so that a, b ∈ {1, 2} are indices in the transverse

(x, y) plane.
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Anyway, for the derivation of the quadrupole formula, we use equation (2.3) that

can be solved by Green’s functionG(x− x′):

h̄µν(x) = −16πG

c4

∫
d4x′G(x− x′)Tµν(x

′) ,

where2xG(x−x′) = δ4(x−x′). From electrodynamics the retarded Green’s function

G(x− x′) = −1
4π|x−x′|δ(x

0
ret − x′0) is known, such that:

hµν(t, x) =
4G

c4

∫
d3x′ 1

|x− x′|
Tµν(t−

|x− x′|
c

, x′) .

We can apply the TT-gauge outside the source, for which we introduce the operator

Λij,kl, which satisfies hTT
ij = Λij,klhkl, such that we obtain:

hTT
ij =

4G

c4
Λij,kl(n)

∫
d3x′ 1

|x− x′|
Tkl(t−

|x− x′|
c

, x′) ,

where n = x/|x|. The radius of the source should be d � r := |x|, so that we

approximate the denominator |x− x′| = r − x′n+O(d2/r), where x′n is negligible

when r → ∞, so far from the source. This gives us:

hTT
ij =

1

r

4G

c4
Λij,kl(n)

∫
d3xTkl(t−

r

c
+

x′ n̂

c
, x′) .

Next, we approximate the energy-momentum tensor by studying its Fourier trans-

form:

Tkl

(
t− r

c
+
x′ · n̂
c

, x′
)

=

∫
d4k

(2π)4
T̃kl(ω, k) e

−iω(t−r/c+x′·n̂/c)+ik·x′ , (2.5)

where d4k = 1
c
dωd3k. For that, we use the low-velocity expansion:

• the typical velocity inside the source ωS d is smaller than c ,

• the radiation’s frequency is of order ωS =⇒ ω ∼ ωS ∼ v
d
,

• we introduce the reduced wavelength: λ̄ = c
ω

=⇒ λ̄ ∼ c
v
d and

• we consider a non-relativistic scenario: v � c such that λ̄ � d.
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That leads to this approximation of the e-function, where we use ω
c
~x′ · ~̂n . ωSd

c
� 1:

e−iω(t−r/c+~x′·~̂n/c) = e−iω(t−r/c)

[
1− iω

c
x′ini +

1

2

(
−iω

c

)2

x′ix′jninj + . . .

]
. (2.6)

One plugs this approximation into the formula of the energy-momentum’s Fourier

transform and defines several moments (more details shown in [14] or the Appendix

A) to show that: [
hTT
ij (t, ~x)

]
quad

=
1

r

2G

c4
Q̈TT

ij (t− r/c) ,

whereQij =
∫
d3rρ(t, ~x)(xixj− 1

3
r2δij) is the quadrupolemoment. Using the formula

for radiated power gives the desired quadrupole formula

dP

dA
=

c3

32πG
〈ḣTT

ij ḣ
TT
ij 〉 =⇒ P =

G

5c5
〈
...
Q ij

...
Q ij〉 (2.7)

Since gravity does not have a negative charge, the quadrupole term is the first term

of interest in the multipole expansion.

2.2 When the Symmetry Breaks

A cosmic string is an example of a cosmic defect. Besides cosmic strings, there are

other examples of cosmic defects, such as domain walls, monopoles, and textures,

as listed in [17]. All of these cosmic defects arise during a phase transition that

transforms the system from a symmetric state to a state of lower symmetry, thereby

breaking the symmetry. This section summarises the concept of symmetry breaking

during a phase transition. As we will see in the next section 2.3, this is the process

that can lead to the formation of cosmic strings. This section is based on the books

[1, 18, 19], and the papers [20, 21], unless otherwise stated.

2.2.1 Symmetries in Physics

Before the breaking of a symmetry is explained, it is crucial to highlight the concept

of symmetries in physics. A system or a law is invariant or symmetric under a certain

transformation, such as rotation, translation, or reflection, if this transformation

does not change the system’s properties or the law. In other words,“[s]ymmetry is

defined as invariance under a transformation or class of transformations” [18, p. 21].
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One example of a symmetric system is a ferromagnet. Above its Curie temperature,

the magnetic moments of the ferromagnet are not aligned; over long ranges they

point independently in all directions. The system’s Lagrangian has no preferred

direction, and the ground state of the system is therefore invariant under any rota-

tion. Symmetries are a powerful tool for theoretical physicists. Noether’s theorem,

for instance, shows that for each continuous symmetry an associated conserved

quantity exists. For example, invariance under time translation implies conservation

of energy. These conserved quantities are used to describe nature because of their

conservation property.

As defined above, a symmetry can be described using a set of transformations. Math-

ematically, these transformations can be described as maps, which form groups.

The mathematical framework used to study symmetries is therefore called group

theory. A group is a setG of elements g with a binary operation, ◦ : G×G → G that

is associative. The setG contains a unique identity element e, an inverse element

g−1 for all elements g in G, and is closed under ◦: g ◦ g′ ∈ G for all g, g′ ∈ G. It

can be shown from a physics perspective that a set of symmetry transformations

satisfies all these properties. A simple example of these concepts is the group of

rotations in two dimensions:

Consider the one-dimensional sphere S1 in the Euclidean vector space R2 with

radius r, so the set S1 = {(a b)T ∈ R2 : a2 + b2 = r2}. This set S1, which is just a

circle, is invariant under all rotations by an arbitrary angle. In group theory, this

set of rotations is denoted as the group SO(2) ≡ SO2(R) ⊂ Aut(R2), the group of

the well-known 2× 2 rotation matricesRϑ, where SO stands for special orthogonal,

and Aut(R2) denotes the set of automorphisms of R2. “Orthogonal” reflects the

fact that these transformations preserve the length of vectors and angles between

them, while “special” restricts the group to transformations without reflections [22].

The usual matrix multiplication is the operation of SO(2), which is equivalent to

applying rotations successively. Since two successively applied matrices can be

expressed by one matrix, where the angle of both matrices is added modulo 2π, the

set SO(2) is closed under its operation. Moreover, it does not matter in which order

one applies the rotations, which means that the operation is associative. A rotation

by ϑ = 0 does not change any vector of S1; therefore, the identity 2× 2matrix is the

unique identity element of SO(2). For every rotation by an angle ϑ, we can apply

another rotation ϑ′ = 2π − ϑ, so that the first rotation is undone; the inverse of the
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rotation matrix by an angle of ϑ is the rotation matrix by an angle of ϑ′. Since the

rotation angle may take any real value modulo 2π, SO(2) is a continuous symmetry

group. A square, by contrast, is only invariant under four discrete rotations and

therefore symmetric under a discrete symmetry group. One notices that while the

set S1 is invariant under these transformations, a single element of this set is clearly

not.

In the same way, we can consider a circle in the one-dimensional unitary space C:
A = {r eiβ; 0 ≤ β < 2π}. The rotation of an element then becomes a multiplication

by a phase factor eiϑ. In this case, the symmetry group is calledU(1) = {eiϑ;ϑ ∈ R},
the unitary group. Again, “unitary” points out that the length of a vector and the

angle between two vectors stay unchanged under a transformation of this group.

This symmetry group U(1) will be the one symmetry group of interest in the thesis,

because a breaking of this symmetry group gives rise to cosmic strings. Using the

right group homomorphism between SO(2) and U(1), one can show that these

groups are isomorphic.

2.2.2 Spontaneous Symmetry Breaking

As a first example of symmetry breaking, we come back to the ferromagnet. Above

its Curie temperature, the ground state of the system is invariant under rotations.

However, when the ferromagnet is cooled below this temperature, the magnetic

moments spontaneously choose a single direction among all other possible direc-

tions and align with it. Although the Lagrangian remains invariant under rotations,

the ground state is no longer invariant under rotations; the symmetry is broken.

This leads to magnetisation of the material in the absence of an external magnetic

field.

For cosmic defects, we assume a scalar field φ(xµ) as a function of spacetime that

permeates all of spacetime. For cosmic strings, it will be a complex scalar field

φ(xµ) ∈ C. Instead of the Lagrangian L(qi, q̇i) that is used in classical mechanics

and particle physics to describe the behaviour of particles and depends on a set of

generalised coordinates qi and q̇i, we use the Lagrangian density L(φ(xµ), ∂µφ(xµ))

to describe our system, which is the natural formulation used in Quantum Field

Theory. Thus, the treatment of a discrete system of particles becomes a continuous

system using a field, where the particles are described as excitations of this field
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Im(φ)

Re(φ)

V(φ)V(φ)

Figure 2.1: A sketch of the Mexican hat potential. The red circle marks the set of

the new degenerate vacuum states. This sketch is based on the shown

Mexican hat potential in [19].

φ that fulfil the field equations. Both formulations are connected via the following

equation:

L(qi, q̇i) =

∫
dx3L .

In general, there are two types of transformations: global and local transformations.

While for the former the transformation does not depend on spacetime, for the latter

it does. Consider, as an example, the Lagrangian of a complex scalar field φ:

L = (∂µφ
?)(∂µφ)− V (φ) , (2.8)

where V (φ) = 1
4
λ(φ?φ− η2)2 is called the Mexican hat potential and shown in figure

2.1. It is assumed that η, termed the vacuum expectation value (VEV), i.e. the value

of φ at a minimum of the potential, and λ are real and greater than zero. Under the

global U(1) transformation:

φ → φ′ = φ eiα , (2.9)

where α does not depend on spacetime, we see that the potential V (φ) and the

Lagrangian densityL are invariant, but, as long as φ 6= 0 and α 6= n ·2π, the complex
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scalar field is not invariant.

The symmetric state at the local maximum of the potential φ = 0 is called the old or

false vacuum state and is unstable. This Mexican hat potential has a set of infinitely

many degenerate minima states, marked in red in figure 2.1, called the new or

true vacuum states. Each element φ0 of this set satisfies |φ0|2 = η2. In order to

lower the system’s energy, the complex scalar field settles into one of these true

vacuum states from this set, so that it is non-invariant under the transformation and,

therefore, the state is not symmetric.

However, Goldstone’s theorem states that “if there is [a] continuous [global] symme-

try transformation under which the Lagrangian is invariant, then either the vacuum

state is also invariant under the transformation, or there must exist spinless par-

ticles of zero mass” [23]. By applying perturbation theory to this model, one can

show that this Lagrangian (2.8) describes one massive and one massless particle.

The spinless, massless boson is named the Goldstone boson. Although cosmic

strings can be generated in this system, it is not of interest for this thesis because

global cosmic strings, named after the global transformation, can lose energy more

effectively via particle radiation than via gravitational wave radiation. Thus, the

gravitational wave radiation is not strong enough to be measured.

This can be fixed by assuming a local U(1) transformation:

φ → φ eiα(x) , (2.10)

where α(x) depends on spacetime. We see that we get an additional term from the

derivative term of the Lagrangian (2.8) when the transformation is applied:

∂µ(φ eiα(x)) =
(
(∂µφ) + iφ(∂µα(x))

)
eiα(x) .

To keep the Lagrangian symmetric under the local transformation, we introduce a

vector fieldAµ(x), named the gauge field. That is the reason why this transformation

is also referred to as a gauge transformation. In some sense, this gauge field absorbs

the Goldstone boson that causes the mentioned problems, and since the gauge

boson becomes massive, the problem is solved. The gauge field transforms as:

Aµ(x) → Aµ(x)− q−1∂µα(x) , (2.11)
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where q is the gauge coupling constant. Moreover, we use the covariant derivative

Dµ = ∂µ + iqAµ, so that the Lagrangian becomes:

L = D?
µφ

?Dµφ− V (φ)− 1

4
FµνF

µν , (2.12)

where theFµν = ∂[µAν] term is the kinetic term of the gauge field. V (φ) is the already

introducedMexican hat potential. Therefore, the Lagrangian (2.12) is invariant under

the local transformation (2.10) if we include the transformation of the gauge field

(2.11). Since we are dealing with the same potential as before, the ground state of

the scalar field is non-invariant; the symmetry is broken.

Before spontaneous symmetry breaking, the complex scalar field has two degrees

of freedom that may be interpreted, for example, as the phase, so the motion along

the circle of true vacuum states, and as the radius, motion in the radial direction.

While the motion along the circle corresponds to a massless Goldstone boson, the

motion in the radial direction corresponds to a massive boson. The gauge field also

has two degrees of freedom. As for photons, it has two transverse polarisations.

Using the local transformation (2.10), we can choose α(x) such that the phase of

the scalar field vanishes at every point in spacetime. After the symmetry breaking,

the gauge boson becomes massive and, therefore, has an additional longitudinal

polarisation. Thus, the scalar field has one degree of freedom, and the gauge field

has three.

2.2.3 Phase Transition

Let us return to the symmetry breaking of a ferromagnet one final time. For tempera-

tures above the Curie temperature, thermal fluctuations dominate over the interac-

tion between neighbouring magnetic moments, such that the magnetic moments of

the ferromagnet are correlated only over short distances. As the temperature cools

to the Curie temperature, this exchange interaction between magnetic moments

becomes more dominant, and to lower the system’s energy, the magnetic moments

adjust their directions to align with those of neighbouringmagnetic moments. Below

the Curie temperature, this process is finished, so that the ferromagnet consists of

domains in which the magnetic moments point in the same direction. The ground

state loses its symmetry [24]. This process at temperatures of Tc is called a phase

transition.
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A similar mechanism occurs for a phase transition that forms cosmic defects. In a

simple model, the temperature dependence of the potential looks like:

VT (|φ|) = −1

2
m2(T )|φ|2 + λ

4
|φ|4 + λ

4
η4 , (2.13)

wherem2(T ) = m2
0(1− T 2

T 2
c
), T 2

c =
24m2

0

λ
andm0 is the mass of the scalar boson. As

the Universe expands and cools down, the shape of the potential changes. The

behaviour is illustrated by three limiting cases:

m2(T )


< 0, for T � Tc,

= 0, for T = Tc,

≈ m2
0 for T � Tc.

(2.14)

Therefore, in the early universe, where the temperature was high, the potential had

a parabolic shape. Thus, the potential possesses a single minimum, so that the

ground state of the scalar field is at φ = 0 and invariant under a U(1) transformation.

However, the universe cools down, and the parabolic-shaped potential continuously

deforms into the Mexican hat potential. This means that the single minimum at

φ = 0 continuously shifts into the degenerate minima of the Mexican-hat potential.

During this process, the complex scalar field smoothly rolls down to one of these true

vacuumstates, thereby spontaneously breaking theU(1) symmetry. The choice of the

new vacuumstate is determinedby thermal and quantum fluctuations and, therefore,

varies from one region of space to another. We can characterise these patches with

a correlation length ξ beyond which the scalar field becomes uncorrelated. The

correlation length of the scalar field is limited by the causal horizon dH, so that

ξ < dH holds. This feature of patches in space with an uncorrelated scalar field is

known as the Kibble mechanism and is one important ingredient for the formation of

cosmic defects. If neighbouring regions take on different values of the scalar field,

the scalar field tends to adapt at the intersection. Under certain conditions, this

can force the scalar field back to its old vacuum state, creating a boundary with a

large amount of energy. This is called a cosmic defect. We see the details for cosmic

strings in the next section 2.3.
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Im(φ)

Re(φ)

VT (φ)

A

B

T � Tc

T = Tc

T � Tc

Figure 2.2: Illustration of a second-order phase transition. When the temperature T
is above the critical temperature Tc, the potential has a parabolic form

(green). As the temperature decreases, the shape transforms to the blue

colored potential and then to the Mexican hat potential (orange). The

scalar field rolls in one of the new vacuum states, starting from A and

ending at B, for example. This sketch is based on the shown Mexican

hat potential in [19] and inspired by [21].

This type of phase transition, denoted second-order, is characterised by the smooth

change of the scalar field as soon as the temperature is below the critical temper-

ature. Another possibility is that the potential develops a potential barrier as the

universe cools down, so that the scalar field remains trapped at its origin |φ| = 0 in

a classical physics sense. In that case, the potential can look like this:

V (|φ|, T ) = (−m′2 + T 2)|φ|2 − T |φ|3 + λ|φ|4 ,

where for m′ < T < 2m′
√
λ/

√
4λ− 1 the ground state of the scalar field is not

φ = 0. Because of quantum mechanical tunnelling effects, the scalar field can

overcome this potential barrier and settle into one of the new vacuum states. This

leads to the creation of bubbles containing true vacuum in a sea of the old vacuum.

These bubbles grow and collide, which can also generate gravitational waves [25],

but is not of interest in this thesis. The scalar field is uncorrelated between these

bubbles as well. So if they grow and collide, they may form boundaries at the
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place of intersection that contain a lot of energy, as it is described for the second-

order phase transition. Unlike a second-order phase transition, during a first-order

phase transition, which is the term for this phase transition, the process does not

occur as soon as the temperature is below the critical temperature. The scalar field

therefore remains in the old vacuum until bubbles of the true vacuum nucleate

through quantum tunnelling and expand.

2.3 Cosmic Strings In The Sky With Loops

We have seen that during a phase transition, regions in space form that contain

different true vacuum states. This section explains how these patches can form

the cosmic defect of interest, the cosmic string. As we will see, a certain condition

must be satisfied for the creation of a cosmic string. Moreover, the details of cosmic

strings and the difference between type-I and type-II are shown. Finally, the formulas

for the gravitational wave spectrum of both types are explained. This section is

based on the books [19, 26], and the papers [10, 21], unless otherwise stated.

2.3.1 Formation of a Cosmic String

The idea of the formation of a cosmic string through a first-order phase transition

is shown in figure 2.3. Bubbles with different true vacuum states are formed and

nucleate. Let us consider a closed path that surrounds a location where a cosmic

string might be formed. If we go along this path, we can see how the scalar field

changes from a true vacuum state to the old one if we pass through the bubble wall.

As the bubbles grow, they expel the old vacuum state, such that along the whole

closed path the scalar field has settled into true vacuum states. However, since the

true vacuum states inside the bubbles differ, the scalar field still varies smoothly

along the path. The condition for a cosmic string is that the scalar field’s phase ϑ

changes exactly by∆ϑ = n · 2π as we walk once along this path. Distant from the

string, the scalar field is given by φ ≈ η eiϑ, where η is the VEV. If we now contract

the closed path, at some point ϑ can not be well-defined, because the change of

the scalar field’s phase is discontinuous. This is resolved by a continuous change

of the scalar field to |φ| = 0, so that a core is created in which the scalar field is at

its old vacuum state. A sketch of this is shown in figure 2.4.
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Im(φ)

Re(φ)

V(φ)V(φ)

Im(φ)

Re(φ)

V(φ)V(φ)

Figure 2.3: Illustration of a cosmic string formation during a first-order phase transi-

tion. The upper panels show the physical space, while the lower show

the Mexican hat potential and the vacuum manifold. Grey marks the

sea of the old vacuum state, and white marks the bubbles with a new

vacuum state. The choice of the true vacuum states inside the three

bigger bubbles is marked with black points on the Mexican hat poten-

tial. The dashed black line shows how the state changes on the vacuum

manifold while we move through physical space. This sketch is based

on the figure shown in [27].

Figure 2.4: A sketch of the condition for a cosmic string. The left panel shows a

part of a cosmic string in physical three-dimensional space, and the

right panel shows a two-dimensional slice of the string, together with

the scalar field demonstrated as arrows. This figure is based on a figure

shown in [19].
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For a second-order phase transition, we need to keep in mind that no bubbles are

formed, because no potential barrier exists. The scalar field settles at a true vacuum

state as soon as the temperature is below the critical temperature. Nevertheless,

cosmic strings under the same condition can form, since there also exist patches

with different scalar field states. This also tells us that cosmic strings must not have

any loose ends, so they are either infinitely long or closed loops.

Mathematically, the condition is as follows: We have a groupG = U(1) of transfor-

mations under which the Lagrangian and the scalar field state are invariant before

the symmetry breaking. Then, the spontaneous symmetry breaking occurs; the

scalar field settles into one of the true vacuum states and is no longer invariant

underG but under a smaller group of transformationsH. The difference betweenG

andH is that transformations ofH not only keep the Lagrangian unchanged but also

the scalar field state. Transformations ofG \H change the scalar field’s state but

not the energy. The set of the system’s ground states, the red-marked circle in figure

2.1, forms the vacuum manifoldM. In algebraic terms, it is the cosetM = G/H.

The condition for cosmic strings is the existence of non-contractible loops in the

vacuum manifoldM, which means that the first homotopy group ofM is not trivial:

π1(M) 6= 1, where 1 is the trivial group.

We can use the knowledge about the scalar field’s phase change to calculate the

magnetic flux in a string. Far from the string, the scalar field will settle into a true

vacuum state; the scalar field can be approximated as a true vacuum state φ ≈ η eiα,

where α = nϑ, n is the winding number of the string, and ϑ is the cylindrical angle.

Thus, the scalar field is at a minimum of the potential: V (φ) ≈ 0. The energy tries

to minimise, so that we also get (∂µ + iqAµ)φ → 0, which implies Aµ = 1
q
∂µα. The

magnetic flux is given as:

ΦB =

∫
B︸︷︷︸

∇×A

dS
Stoke’s
=

Theorem

∮
Adl =

−1

q

∫ 2π

0

∂α

∂ϑ
dϑ =

−2πn

q
,

where S is a cross-section of the cosmic string and l is the boundary of the cross-

section. This shows us that there is a quantised magnetic flux in the string.

Furthermore, we can approximate the energy per unit length µ, the tension, of a

cosmic string. A cosmic string consists of two cores, a scalar core from the scalar
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field and a gauge core from the gauge field. The widths δ of these cores can be

approximated using the Compton wavelengths:

δφ ∼ m−1
φ δA ∼ m−1

A

where the massesmφ =
√
λη andmA = qη can be determined by applying pertur-

bation theory to the Lagrangian (2.12). Inside the cosmic string, the scalar field is

zero, as we discussed. So the energy per unit length of the scalar field is given by

the energy of one point in the string times the slice’s area of the scalar core:

V (0) ∼ λη4 =⇒ µ ∼ λη4δ2φ ∼ η2 .

The gauge field’s energy per unit length is given by the energy density of themagnetic

field B times the slice’s area of the gauge core:

µ ∼ B2δ2A ∼ η2 .

Thus the total energy per unit length of a cosmic string is µ ∼ η2. A GUT local string,

where η ∼ 1016 GeV, has an energy per unit length of µ ∼ 1022 g cm−1 as a hint of

their cosmological significance [19].

The difference between a type-I and a type-II cosmic string is the ratio of scalar and

gauge mass β = (
mφ

mA
)2. If β < 1, then the scalar core is wider than the gauge core,

and it is a type-I cosmic string. If β > 1, then the gauge core is wider than the scalar

core, and it is a type-II cosmic string.

2.3.2 Superconductors as a Pendant to Cosmic Strings

Before we derive the formulas for the gravitational wave spectra, we have a brief

look at where the names type-I and type-II come from. For that, we briefly turn

to condensed matter theory, in which superconductors are also separated into

two classes: type-I and type-II superconductors. This subsection presents a short

introduction to superconductors and explains the differences between type-I and

type-II superconductors, such that they can be compared to type-I and type-II cosmic

strings at the end. The information is taken from the books [28] and [24].
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Besides the feature of superconductivity, which alone does not uniquely charac-

terise superconductors, superconductors exhibit the Meissner-Ochsenfeld effect.

The Meissner-Ochsenfeld effect states that a superconductor expels an externally

applied magnetic field from its interior below a critical temperature Tc and below

a critical magnetic field Bc. The distinctive feature of superconductors is that they

expel the magnetic field independently of the order of processes: The superconduc-

tor can be cooled down before the external magnetic field is applied, or vice versa.

Therefore, a superconductor is not only a perfect conductor but also a perfectly dia-

magnetic material, meaning its magnetisation satisfiesM = −Ha, whereHa =
1
µ0
Ba

is the externally applied field. A sketch of the Meissner-Ochsenfeld effect is shown

in figure 2.5. Below the critical temperature, an attractive force between electrons

binds two electrons with opposite spin into one Cooper pair. Thus, instead of two

fermions, we have one boson, and all Cooper pairs can occupy the same state. This

leads to superconductivity.

Ba

T

Normal State

Meissner
State

Bc

Tc

NC

NC

SC

SC

Bc(T )

Figure 2.5: Illustration of the Meissner-Ochsenfeld effect. For a superconductor,

it does not matter if first the temperature is cooled down and then

the magnetic field is applied or the other way around; in both cases,

it will expel the magnetic field. The critical magnetic field is givin by

Bc(T ) = Bc,0(1− (T/Tc)
2).This figure is based on a figure shown in [24].

However, that is only the complete story for type-I superconductors, but not for

type-II superconductors. Type-II superconductors have an additional state, called

the mixed or vortex state, above the Meissner state, as demonstrated in figure 2.6.

When the superconductor is in this state, it does not expel the applied magnetic

field completely, so that the magnetic field can penetrate the superconductor. As

a result, a periodic pattern, an Abrikosov vortex lattice, of normal cores inside the
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superconductor is created. These normal cores are surrounded by vortices of the

superconducting current and allow the magnetic field to penetrate the superconduc-

tor. The magnetic flux inside a superconductor is quantised Φ = nh
2e
, and when it

penetrates the superconductor, nmagnetic flux tubes are formed. Superconductors

have two characteristic distances in the Ginzburg-Landau theory: the penetration

depths λ and the coherence length ξ. The former describes the distance over which

the magnetic field penetrates the superconductor; the latter is roughly the size of

a Cooper pair. We introduce the Ginzburg-Landau parameter κ = λ
ξ
to distinguish

between type-I and type-II superconductors. If κ < 1/
√
2 then it is a type-I super-

conductor; otherwise, it is a type-II superconductor.

Ba

T

Normal State

Meissner
State

Mixed
State

Bc1

Tc

Bc2
B
c1 (T )

B
c2 (T )

Figure 2.6: The Meissner and mixed states of a type-II superconductor. In the mixed

state, the magnetic field penetrates the superconductor, creating an

Abrikosov lattice of quantised magnetic flux tubes within the material.

This figure of the Abrikosov pattern, as well as the idea of this complete

figure is taken from [24].

Let us come back to cosmic strings and think about in what manner the scalar and

gauge fields act. To minimise the energy, the area in which the scalar field is not in

a true vacuum state and the scalar field changes over space has to be as small as

possible. Thus, the scalar field acts in an attractive manner. The gauge field acts

in a repulsive manner, since the overlap of two parallel magnetic fluxes increases

the energy. In type-I cosmic strings, the magnetic flux is confined inside the core,

so that type-I cosmic strings attract each other due to the wider scalar core. When

two type-I cosmic strings intersect at one point, they can stick together and zip up

along the strings, as demonstrated in figure 2.7. So, strings with higher windings

are formed. This leads to higher string tensions, which influence the gravitational
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wave spectrum. Type-II cosmic strings repel each other because the magnetic flux

is not confined. Therefore, type-II cosmic strings with higher winding numbers are

unstable, and they will split into strings with winding number n = 1. In summary

[21]:

β =

< 1 n-vortex stable (B flux lines confined in core) - type-I

> 1 Unstable: splitting into n vortices of flux 2π
q
- type-II .

Figure 2.7: A sketch of type-I strings zipping up. Two (or more) type-I cosmic strings

intersect at some point. Due to the attractive force of the scalar field,

they stick together and zip up along the strings. This sketch is based on

a figure shown in [26].

2.3.3 The Evolution of Cosmic String Network

We have seen how cosmic strings form. The formation of a cosmic string occurs

several times in the universe, so that a cosmic string network is established, which

generates a stochastic gravitational-wave background. With the purpose of calcu-

lating the emitted gravitational waves from this network, we have to study it briefly.

The first thing we have to ensure is that the energy density of the network does not

decrease more slowly than the critical energy density.

Domain walls, another cosmic defect, for example, have in the usual description

an energy density that decreases more slowly than the critical energy density, so

that they would dominate the universe. They arise from spontaneous symmetry

breaking of a discrete Z2 symmetry, where the scalar field is real, and the potential

is a double-well potential. Thus, in this model two true vacuum states exist: ±η.

Therefore, domains with different VEV’s appear, and around the boundaries, domain

walls form. By introducing a shift of the potential value between the two minima

(V (+η) 6= V (−η)), a domain wall becomes unstable and collides. Therefore, the

energy density no longer decreases more slowly than the critical energy density [29].
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Figure 2.8: Sketches of possible loop formations. It is based on a figure shown in

[26].

For cosmic strings, we allow the formation of string loops. This means that strings

can interact with other strings or interact with themselves, thereby chopping off

loops. The interaction between cosmic strings is also called intercommutation.

Examples are given in figure 2.8. Therefore, the network of local cosmic strings

produces string loops continuously that oscillate due to their high tension and lose

energy via gravitational waves. These are the gravitational waves we are interested

in, because gravitational radiation from the long string network is expected to be

much weaker than that emitted by oscillating loops. Through this loss of energy,

the energy density of the network is never larger than the critical energy density, as

we will see in this subsection. In order to understand the behaviour of the string

network’s energy density, we need to study its dynamics using the so-called VOS

model.

Sincewe are dealingwith strings, we can approximate these as thin one-dimensional

objects propagating through spacetime. Thus, we describe them using a two-

dimensional world sheet xµ = xµ(ζa), where a ∈ {0, 1}. The zeroth coordinate

is time-like, the first is space-like. We obtain the following metric:

ds2 = gµν
∂xµ

∂ζa
∂xν

∂ζb︸ ︷︷ ︸
γab

dζadζb ,

where γab is the two dimensional world sheet metric. The Lagrangian density can

be approximated using general spacetime transformations, arbitrary reparametri-

sation of the world sheet and dimensional analysis of the Lagrangian density as
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L = −µ+ ακ+ β κ2

µ
+ ..., where κ � µ is the curvature of the string and α and β are

numerical coefficients. Hence, the action of the string is given as:

S =

∫
L
√
−γ d2ζ = −µ

∫ √
−γ d2ζ ,

where this action is called the Nambu-Goto action and γ = det(γab). Using this

action, we first calculate the energy-momentum tensor T µν and then the energy:

T µν
√
−g = −2

δS

δgµν
=⇒ E =

∫
d3xT 00(x) = µa

∫
εdζ1 ,

where ε =
√

x′2/(1− ẋ2). To study the evolution of the string network over time, we

take the derivative with respect to time, and instead of the energy, we focus on the

energy density ρ ∝ E/a3, where a is the scale factor. This gives us the following

differential equation:
dρ

dt
+ 2H(1 + v2)ρ = 0 , (2.15)

where v is the root-mean-square velocity of the strings

v2 = 〈ẋ2〉 =
∫
ẋ2εdζ1∫
εdζ1

.

For further results on the large-scale dynamics of the network, we apply the velocity-

dependent one-scale (VOS) model, originally shown in [30] and [31]. The VOS

model assumes that the string network of infinite strings can be described by one

scale length L, the correlation length beyond which the string’s direction becomes

uncorrelated, which is set equal to the average interstring distance. This is used

to show that the network approaches a scaling regime in which the evolution is

self-similar; L stays constant relative to the horizon size. For that, we focus on the

infinite strings, marking the parameters with∞ as a subscript. The energy density

is, therefore, ρ∞ = µ/L2 and equation (2.15) becomes:

dρ∞
dt

+ 2H(1 + v2∞)ρ∞ + (
dρ∞
dt

)to loops = 0 , (2.16)

where the (dρ∞/dt)to loops term takes the energy loss due to loop creation into account,

and the term in the middle is the energy loss due to expansion. The string network

always loses energy and never gains energy from loops because we assume that
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loops cannot form infinite strings. In [32], all simulated local U(1) string-string colli-

sions with relative approach velocities up to v/c = 0.9 are found to intercommute.

So, we assume an intercommutation probability P = 1, which gives us:(
dρ∞
dt

)
to loops

=
c̃ρ∞v∞

L
, (2.17)

where c̃ is a phenomenological parameter, named the loop-chopping efficiency, that

indicates the efficiency of the loop-chopping process. This equation is shown and

explained in [30]. In [33], it is stated that for Nambu-Goto strings, the VOS model

is in good agreement with network simulations for a loop-chopping efficiency of

c̃ = 0.23± 0.04. Using ρ∞ = µ/L2, equation (2.16) looks like this in terms of L:

dL

dt
− (1 + v2∞)HL− c̃v∞

2
= 0 . (2.18)

In [10], it is shown how to obtain the differential equation for v∞:

dv∞
dt

= (1− v2∞)

[
k

L
− 2Hv∞

]
, (2.19)

where k, called the momentum parameter, is related to the small-scale structure. A

more detailed analysis can be found in [31]. So the parameters L and v∞ describe

the evolution of the long string network. If the scale factor obeys a(t) ∝ tβ, β =const.

and β ∈ (0, 1), then we have the attractor solution L ∝ t and v∞ = const., [31]. This

implies that the cosmic string energy density is given as:

ρ∞ = µ× length

volume
= µ

L

L3
∼ t−2 ,

and therefore does not decrease more slowly than the critical energy density of

the universe ρcrit ∝ t−2. We can introduce the parameter ξ(t), such that L = ξ(t)t.

In [10], values of v∞ and ξ are determined for the matter domination era and the

radiation domination era.

2.3.4 Gravitational Wave Spectrum from Cosmic Strings

Finally, we can discuss the gravitational wave spectra. We start with the gravitational

wave emission from one cosmic string loop. Then, the number of string loops is
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approximated to obtain the complete spectrum. The gravitational wave emission of

one loop is given by [19]:

P = ΓGµ2 (2.20)

whereG is the gravitational constant and Γ ' 50 a constant [34]. As explained in a

talk by Jun.-Prof. Dr. Kai Schmitz at the Chung-Ang university, which were recorded

and uploaded [35], we can use the quadrupole formula (2.7) and an estimation

of the loop’s quadrupole: The length of a loop is l, so the quadrupole moment is

Q ∼ Ml2, where M = µl is the mass of a loop, and ω ∼ 1/l is the oscillation

frequency of a loop. Hence, the emitted energy of loops via gravitational waves per

unit time is given by:

ĖGW =
G

5c5
〈
...
Q ij,

...
Q ij〉 ∼ GQ2ω6 ∼ Gµ2 .

The energy of a loop is given by E = µl, and since we know how much energy the

loop loses over time, we can calculate the length l of the string for t

l = l′ − ΓGµ(t− t′) , (2.21)

where the loop had the length l′ at time t′. Moreover, we can split the gravitational

power by frequencies/harmonics of the loop’s length:

fk =
2k

l
, (2.22)

where k is an integer. Thus, we can calculate the gravitational power (2.20) per

frequency mode k:

dEk

dt
= ΓkGµ2 with Γk =

Γ

ζ(q)
k−q , (2.23)

where ζ(q) is the Riemann zeta function and q is the spectral index that accounts for

the shape of the loops and small-scale structure that dominate the emission. For

this thesis, it is expected that the radiation comes from cusps, for which q = 4/3

holds.

The last thing we need to know is the number of loops, or, better yet, the number

density of loops, n(l, t). For that, we introduce the loop production function f(l, t),

where f(l, t)dl is the number density of non-self-intersecting string loops with the
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length between l and l + dl produced per time unit [36]. We calculate the loop

number density by using the loop production function:

n(l, t) =

∫ t

tini

f(l′(l, t, t′), t′)

(
a(t′)

a(t)

)3

dt′ , (2.24)

where tini is the time at which loop production becomes important and the scale

factor term accounts for the dilution of loops by expansion of the universe. The

energy that the string network loses through loop production should be the same

as the energy of the string loop, which gives us:

1

γ

(
dρ∞
dt

)
to loops

= µ

∫ L(t)

0

lf(l, t)dl , (2.25)

where the Lorentz factor γ =
√
2 accounts for the center-of-mass velocity of the loops

and α ' 0.1/ξ(t). Originally motivated by [37], we can assume that all loops at all

times are createdwith the same fraction of the VOSparameter L: l?(t) = αL(t), where

the subscript ? denotes the birth of the string loop. Applying this delta distribution

of the loop lengths to equation (2.25) and the expression of the energy loss to loops

(2.17) gives us:

f(l, t) = F c̃v∞(t)√
2lL3(t)

δ(l − αL(t)) , (2.26)

where F ∼ 0.1 takes the error of the loop length’s delta distribution into account

[36]. Using equation (2.24), we obtain:

n(l, t) = Θ(t−t?)Θ(t?−tini)F
c̃v∞(t)√
2ξ(t)4t4?

1

|ΓGµ+ αξ(t?) + α dξ
dt
(t?)|

(
a(t?)

a(t)

)3

(2.27)

where the Heaviside functions ensure that only loops are taken into account that

are both already produced and produced after tini. t?, the time of a loop’s birth, is

the time at which the loop with length l at time t had the length L(t?) = αξ(t?)t?

according to equation (2.21), so the solution of:

l − ΓGµ(t? − t)− αξ(t?)t? = 0 .
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Now, we can put all things together. Equation (2.23) can be expressed as power per

unit frequency:

dPGW
k

df
(l, f) = Gµ2lΓkδ(lf − 2k) =⇒ dPGW

df
(l, f) = Gµ2l

∞∑
k=1

Γkδ(lf − 2k) .

So the energy density of gravitational waves emitted at t′ from string loops per unit

time and frequency is the power per unit frequency of a loop with length l times

the number density n(l, t′) of loops with length l, integrated over all possible loop

lengths:

dρGW
dt′df ′ (t

′, f ′) =

∫ αL(t′)

0

dPGW

df ′ (l, f ′)n(l, t′)dl .

For the complete spectrum that we measure today, we have to integrate this expres-

sion over time starting at tini until today, t0. However, we have to keep in mind that

the radiation redshifts like∝ a−4 and the frequency like∝ a−1 due to the expansion

of the universe:

dρGW
df

(f) = Gµ2

∫ t0

tini

dt′
(
a(t′)

a(t0)

)3 ∫ αL(t′)

0

dl n(l, t′)l
∞∑
k=1

Γkδ
(
l(f a(t0)/a(t

′))− 2k
)
,

where δ
(
l(f a(t0)/a(t

′))− 2k
)
= 1

(f a(t0)/a(t′))
δ(l − 2k

f a(t0)/a(t′)
). Instead of the energy

density, we study the ratio of the energy density and the critical energy density and

take a logarithmic frequency scale:

ΩGW(f) =
dρGW(f)

ρc dln(f)

=
8πG2µ2f

3H2
0

1

f

∫ t0

tini

dt′
(
a(t′)

a(t0)

)4 ∫ αL(t′)

0

dl n(l, t′)l
∞∑
k=1

Γkδ

(
l − 2k

f a(t0)/a(t′)

)
,

where the critical energy density is ρc =
3H2

0

8πG
. Solving the integral over the loop’s

length gives the spectrum from type-II cosmic strings:

Ω
(II)
GW(f ;Gµ) =

16π

3f

(
Gµ

H0

)2 ∫ t0

tini

dt′
(
a(t′)

a(t0)

)5 ∞∑
k=1

k Γkn
(2ka(t′)
fa(t0)

, t′
)
. (2.28)

For type-I cosmic strings, we need to keep in mind that they have higher winding

numbers due to the zippering effect between strings and, therefore, higher string



2 Theoretical Background 30

tensions µ. As executed in [38] and [39] and originally derived in [40], we express

the string tension as a function of the string’s winding numberNω:

µ(Nω) = 2πv2φc1(1 + c2lnNω) ,

where c1 and c2 are numerical coefficients as a function of β−1 =
(
mA

mφ

)2
=
(gvφ
mφ

)2
,

the ratio of the boson and scalar mass:

c1 ≈
4.2

ln(β−1)
+

14

ln2(β−1)
c2 ≈

2.6

ln(β−1)
+

57

ln2(β−1)

and vφ is the VEV of the complex scalar field and g is the gauge coupling constant.

The higher string tension is then taken into account in the spectrum by multiplying

the factor:

a := 1 + c2ln
(
Nmax

ω (t?)
)

,where Nmax
ω (t) =

(
t

Mp/(mφvφ)

)0.22

.

Nmax
ω is the maximal winding number of the strings when they enter the scaling

regime, andMp is the Planck mass. Thus, the formula for the spectrum from type-I

cosmic strings is:

Ω
(I)
GW(f ;mφ, νφ) =

16π

3f

(
Gµ0

H0

)2 ∫ t0

tini

dt′
(
a(t′)

a(t0)

)5

a2
∞∑
k=1

k Γkn
(2ka(t′)
fa(t0)

, t′
)
, (2.29)

where µ0 = µ(Nω = 1).

For type-II cosmic strings, tini ∝
tpl

(Gµ)2
, the time when the friction era of long cosmic

strings ends and string loops are formed, is a good approximation for the initial time.

For type-I cosmic strings, tini =
1
α

m−1
φ

(ΓGµ)2
is the time gravitational waves dominate

energy emission. Throughout this thesis, we work with h2ΩGW instead of ΩGW. This

is because the Hubble parameterH0 itself is uncertain, whereasH0/h = 100 km
sMpc

[41].
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In the last chapter, we learned what a cosmic string is and how they arise, what the

differences between type-I and type-II are and saw the formulas for the spectra. Now,

we shall recall that the aimof this thesis is to compare the spectra of type-I and type-II

cosmic strings from the perspective of LISA, a future space-based gravitational wave

observatory [42]. To complete this task, we need computations of the spectra and a

certain measure for the similarity between both spectra, which will be the Signal-

to-Noise ratio (SNR). This chapter is dedicated to explaining how we obtain code

implementations of the spectrum formulas (2.29) and (2.28), and briefly introducing

the Laser Interferometer Space Antenna LISA as well as the calculation for the SNR.

3.1 Computation of both Spectra

As we have seen in section 2.3.4, the gravitational wave spectra from type-II cosmic

strings as well as from type-I cosmic strings depend on the scale factor a(t). Further-

more, for more accurate results, we will not assume, as suggested in subsection

2.3.3, a fixed value of the VOS parameters ξ and v∞ once for the matter-dominated

era and once for the radiation-dominated era, respectively, but do a numerical com-

putation of both parameters. In the following, the numerical computations of the

scale factor a(t), ξ and v∞ used for the spectra are shown. Moreover, an expression

for the spectra is shown that depends only on the fundamental mode, which saves

a lot of computation time.

Before we discuss the computation of the scale factor a(t), we briefly summarise

what the scale factor is and how it is derived. Unless stated otherwise, this part

follows [43].

The main assumption for the derivation of the scale factor is called the Cosmological

Principle, which states: “[...] the universe is spatially homogeneous and isotropic”
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[44, p. 409]. This means that the universe looks the same independent of the

observer’s position and the direction the observer looks.

Therefore, the space has to have a spatially constant curvatureK(t), which leads to

the line element in terms of the spherical coordinates t, R, ϑ, ϕ:

ds2 = c2dt2 −
(

dR2

1−KR2
+R2dΩ

)
,

whereR(t) andK(t) are functions of time and dΩ = dϑ2 + sin2(ϑ)dϕ2. We introduce

the comoving coordinate r, where the physical distance is related byR(t) = a(t)r:

ds2 = c2dt2 − a2(t)

(
dr2

1− κr2
+ r2dΩ

)
,

where κ = a2(t)K(t). This metric is named after H.P. Robertson and A.G. Walker.

We see that two objects with a fixed comoving distance r0 have a relative velocity:

dR(t)

dt
= ȧ(t)r0 =

ȧ

a
R = HR ,

whereH = ȧ/a is called the Hubble parameter. To determine the scale factor, we

have to solve the field equations (2.1). For that, we apply the Cosmological Principle

to the covariant energy-momentum tensor T µν, which is then given by the covariant

energy-momentum tensor of a perfect fluid: T µν = diag
(
ρ(t),−p(t),−p(t),−p(t)

)
,

where ρ(t) is the energy density and p(t) is the pressure. We get this expression

from equation (2.2) for u0 = c and ui = 0. By applying the conservation of energy,

we obtain the two Friedmann equations:

H2(a) =

(
ȧ

a

)2

=
8πG

3
ρ− κc2

a2
,(

ä

a

)
=

−4πG

3

(
ρ+

3p

c2
)
.

The first Friedmann equation allows us to determine the critical energy density

ρc(a) = 3m2
PlH

2(a), where mPl = (8πG)−
1
2 , the energy density of a spatially flat

universe κ = 0. Furthermore, we introduce the density parameter Ω = ρ/ρc, such

that the first Friedmann equation for a flat universe becomes:

1 = Ω(t) = Ωr(t) + Ωm(t) + ΩΛ(t) .
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This is used to compute the Hubble parameter:

H(a)2 = H2
0

[
Ω(0)

r

(a0
a

)4
+ Ω(0)

m

(a0
a

)3
+ Ω

(0)
Λ

]
. (3.1)

Once the evolution of the scale factor and the Hubble parameterH(a) as a function

of the scale factor is known, it can be used to determine time t(a) as a function of

the scale factor via:

t(a) =

∫ a

0

da′

ȧ′
=

∫ a

0

da

aH(a)

In [43] it is shown that the scale factor can also be expressed in terms of the entropic

effective number of degrees of freedom gs :

a ∝
(
g

1
3
ST
)−1

=⇒ a(T ) =

(
g
(0)
s

gs

) 1
3 T0

T
.

It is also possible to express the total energy density in relativistic particles ρr in

terms of the energetic effective number of degrees of freedom gρ:

ρr =
T 4

30
π2gρ .

This offers the opportunity to use the DOF’s tabulated data computed in [45] to

compute the scale factor a(t) as a function of time. As discussed in [10], equation

(3.1) is used to compute the Hubble parameter H(a), where ρ(a) is determined

using the DOFs,H0 = 67.39 kms−1 Mpc−1, Ω
(0)
m = 0.3142 and Ω

(0)
Λ = 0.6858 [46]. To

obtain continuous functions for the numerical computation, the tabulated relations

gs(T ) and gρ(T ), together with the numerically determined scale factor a(t), are

interpolated.

As explained in [10], the time dependence of the Hubble parameter is used to

compute the VOS parameters as a function of time. As we have seen in subsection

2.3.3, if the universe expands as a power law, a(t) ∝ tβ, where β ∈ (0, 1) is constant,

the VOS equations (2.18) and (2.19) have a scaling solution of the form L = ξβt

with a constant RMS velocity v = vβ. For a spatially flat universe (Ω = 1 ⇔ κ = 0),

this solution is given by [31]:

ξ2β =
k(vβ)(k(vβ) + c̃)

4β(1− β)
v2β =

k(vβ)(1− β)

β(k(vβ) + c̃)
,
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Figure 3.1: The upper panel shows the time evolution of the scale factor a(t) in a

lime-coloured solid line. In addition, lines are drawn proportional to t1/2

(dashed) and to t2/3 (dash-dot). The lower panel shows the time evolu-

tion of the root-mean-square velocity v∞(t) in a magenta-coloured solid

line and the reduced correlation length ξ(t) in a deepskyblue-coloured

dashed line. In both panels, the time of radiation-matter equality teq,
the time when ρr(t) = ρm(t), is drawn. This figure is inspired by Figure 1

from [10].

where for the momentum parameter k a fit to an ultra-high resolution network sim-

ulation that determined a transition between the non-relativistic regime and the

relativistic regime with the correct asymptotic limits is used [31]:

k(v) =
2
√
2

π
(1− v2)(1 + 2

√
2v3)

1− 8v6

1 + 8v6
,
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The solution for the radiation-dominated era β = 1/2 is used as an initial condition

to solve the VOS differential equations (2.19) and (2.18). In figure 3.1, the time

evolution of the scale factor a(t) and the VOS parameters ξ(t) and v(t) are shown.

Insteadof the complete sum in equations (2.28) and (2.29), it is sufficient to compute

the contribution of the fundamental mode:

(1)Ω
II {I}
GW (f) =

16π

3f

(
Gµ

H0

)2

Γ

∫ t0

tini

dt′
(
a(t′)

a(t0)

)5

n
(2ka(t′)
fa(t0)

, t′
){

a
}
.

The complete spectrum is then given as:

Ω
II,{I}
GW (f) =

1

ζnmax(q)

nmax∑
k=1

1

kq
(k)Ω

II,{I}
GW (f) ,

where ζnmax(q) =
∑nmax

k=1 k
−q and (k)Ω

II,{I}
GW (f) = (1)Ω

II,{I}
GW (f/k) [10]. In this thesis,

nmax = 105 is used.

The values of Newton’s constant of gravitationG = 6.70861× 10−39h̄c (GeV/c2)−2

and for the reduced Planck constant h̄ = 6.582119514 × 10−22 MeVs are taken

from [47]. The value of the Planck time tPl = 5.391247× 10−44 s is taken from [48].

Furthermore, we assume g = 1 for the computations.

3.2 LISA: Laser Interferometer Space Antenna

Over the last few decades, several projects with the aim of detecting gravitational

waves to unveil the Gravitational Universe have been founded. After winning the

Nobel Prize in 2017 [49] for the first-ever direct observation of gravitational waves

in 2015 [50], the Laser Interferometer Gravitational-Wave Observatory (LIGO) [51] is

most likely the most famous project. Other projects are, for example, the collabora-

tion partners of LIGO, VIRGO [52], and the Japanese project Kamioka Gravitational

Wave Detector (KAGRA) [53]. These are all collaborations that work with ground-

based detectors. Due to various fundamental and technical noises, as described,

for example, in [54], the detectors have a constrained frequency band [∼ Hz,∼ kHz]

to which they are sensitive.

However, it is also possible to use the pulsars in theMilkyWay to detect gravitational
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waves. Pulsars are rapidly rotating neutron stars that emit beams of electromag-

netic radiation along an axis, which does not have to align with their rotational axis.

Whenever this beam intersects our line of sight, we can measure this beam; the

pulsar acts similarly to a lighthouse. For certain pulsars, it is possible to predict

their averaged pulse shape up to years. Since gravitational waves are perturbations

of the spacetime metric, they influence the measured pulse. By observing several

pulsars and measuring these deviations from predicted pulse arrival times, one can

detect gravitational waves [55]. This technique is named Pulsar Timing Array (PTA)

and is utilised by collaborations such as the North American Nanohertz Observatory

for Gravitational Waves (NANOGrav) [56]. However, PTA analyses are constrained to

gravitational waves with nanohertz frequency and are used to study the stochastic

gravitational-wave background [57].

LISA is a planned project to measure gravitational waves with millihertz frequency

and so fills the gap between PTA analysis and terrestrial gravitational wave detectors.

As wewill see, cosmic strings are predicted to have a strong signal in LISA’s sensitive

frequency range.

3.2.1 Introduction to LISA

Before we have a look at the Signal-to-Noise ratio of LISA, we should briefly sum-

marise what LISA is. This subsection is based on [58, 59].

Just as LIGO, KARGA and VIRGO, LISA is based on optical interferometry, but instead

of a ground-based detector, it is positioned in an orbit far from Earth. This way, we

get rid of the noise that comes from groundmotion. Moreover, space provides an en-

vironment containing less thermal, magnetic and gravitational fluctuation compared

to Earth. Detectors that measure gravitational waves with millihertz frequencies

require a certain scale, for which the scale of a stable environment, as in space, is

necessary. LISA consists of three identical spacecraft that form an approximately

equilateral triangle with a side length of 2.5× 109m. The constellation follows an

Earth-trailing heliocentric orbit approximately 20◦ behind Earth. Each spacecraft is

equipped with two lasers with a wavelength of 1064 nm. 30 cm telescopes are used

for transmitting and receiving the lasers between the spacecrafts [60]. Inside each

spacecraft are two test masses, free-falling 46mm cubes of an Au-Pt alloy, serving

as geodesic reference objects. A “drag-free control” is used to ensure that these test
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masses remain floating in free-fall. The lasers are utilised to measure the variations

in distance between the test masses. As an example, let us consider a gravitational

wave with a plus polarisation (2.4) travelling along the z-axis [16]:

hTT
ab (t) =

(
h 0

0 −h

)
ab

cos[ω(t)] ,

where ab ∈ {1, 2} are indices in the transverse (x, y) plane. Thus, the metric is given

by:

ds2 = c2dt2 − (1− hcos[ω(t)])dx2 − (1 + hcos[ω(t)])dy2 − dz2 .

Consider two objects that are separated by a distance L along the y axis. The

physical distance between them is given by:

ρ2 = L2(1 + h cos[ω(t)]) .

So two free-falling objects change their physical distance by∆L = ρ−L, Therefore,

the phase of a laser shifts by:

∆φ ≈ 2π

λ

L

2
h cos[ω(t)] ,

where λ is the wavelength of the laser. The order of gravitational wave amplitude h

of GW150914, the merger of two black holes, is approximately 10−21 [16]. It is not

possible to apply a Michelson-Morley interferometer, because the beams lose too

much intensity to diffraction over the large 2.5×109 mdistances. Instead, two lasers

are used for each link, such that at each end of an arm the phase of a transmitted

laser and the phase of a received signal is measured. The received signal contains

the delayed phase of the received laser plus the gravitational wave. Therefore, the

signals are independent, and the noise of the lasers does not cancel out. However,

by combining the results of each spacecraft, it is possible to reduce the laser noise

and extract the signal of the gravitational wave.

The triangular formation offers the chance to measure the polarisation of the grav-

itational waves. It is planned that LISA will launch around the year 2034 and will

operate in science mode for at least four years, up to 10 years. A sketch of LISA

orbiting around the Sun and its operating principle is shown in figure 3.2.
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Figure 3.2: A sketch of the experimental setup and operating principle of LISA.

ESA/ATG Medialab, ©ESA (ESA Standard Licence), [61].

3.2.2 The Signal-to-Noise ratio

As already mentioned, we use LISA’s SNR to compare the signal of type-I cosmic

strings to the signal of type-II cosmic strings. To be more precise, we study the

difference between type-I and type-II signals and use this difference as the signal of

interest, as explained in the next chapter. This subsection shows how the SNR is

calculated and how it is utilised for the comparison. This subsection is based on

[62, 41].

While the normalised energy density h2ΩGW is a useful expression for the gravi-

tational wave, for the derivation of the SNR it is easier to work with the spectral

density S(f). For a stochastic gravitational wave background, as assumed for cos-

mic strings, the signal is expected to be isotropic, stationary and unpolarized, so

that the following relation is satisfied:

h2ΩGW =
2π2

3

(
h

H0

)2

f 3S(f) . (3.2)
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The measured signal d(t) at the detector is given as:

d(t) = s(t) + n(t) , (3.3)

where s(t) is the signal of gravitational waves and n(t) is the noise of the detector.

The SNR of an auto-correlation statistic S is defined in terms of the difference in the

expectation values of S under the assumption of a gravitational wave signal and no

gravitational wave signal and the positive square root of the variance σ2 as:

% =
µ

(σ2)1/2
=

〈S〉µ 6=0 − 〈S〉µ=0

(〈S2〉 − 〈S〉2)1/2
,

where 〈S〉µ=0 is the detector’s signal without assuming a gravitational wave signal,

and 〈S〉µ6=0 is the detector’s signal assuming a gravitational wave signal. The auto-

correlation statistic S of the detector’s signal (3.3) in terms of the Fourier transforms

is given as:

S =

∫ ∞

−∞
dfd̃(f)d̃?(f)Q̃(f) (3.4)

where Q̃(f) is a real filter function, and we took the limit of large Tobs. For µ we get:

µ =
Tobs

2

∫ ∞

−∞
dfR(f)Ssingal(f)Q̃(f) , (3.5)

whereR(f) is the signal respond function of the detector and Ssingal(f) is defined

via: 〈s̃(f)s̃?(f ′)〉 = 1
2
δ(f − f ′)R(f)Ssignal(f). The variance σ is given as:

σ2 =
Tobs

2

∫ ∞

−∞
df
(
R(f)[Snoise(f) + Ssignal(f)]

)2
Q̃2(f) , (3.6)

where Snoise(f) is defined via: 〈ñ(f)ñ?(f ′)〉 = 1
2
δ(f − f ′)R(f)Snoise(f). With an opti-

mal filter function that maximise the SNR Q̃(f) = cR−1Ssignal/(Snoise(f) + Ssignal(f))
2,

where c is an arbitrary normalization constant, we obtain:

ρ =

[
Tobs

2

∫ ∞

−∞
df

(
Ssignal(f)

Snoise(f) + Ssignal(f)

)2
]1/2

(3.7)

=

[
Tobs

∫ fmax

fmin

df

(
h2Ωsignal(f)

h2Ωnoise(f) + h2Ωsignal(f)

)2
]1/2

. (3.8)
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For this equation, it is assumed that the noise of the detector goes to infinity for

frequencies outside the LISA frequency band.

Before [62] was published, it was conventional to always work with a weak grav-

itational wave background signal, where h2Ωsignal � h2Ωnoise, independent of the

actual signal of interest. In the derivation of this weak signal limit SNR ρweak signal, the

variance of just the noise is considered without the assumption of a gravitational

wave signal σµ=0. One sees that equation (3.8) becomes:

ρweak signal =

[
Tobs

∫ fmax

fmin

df

(
h2Ωsignal(f)

h2Ωnoise(f)

)2
]1/2

. (3.9)

However, this SNR should only be used if the condition is satisfied; otherwise, the

SNR of arbitrary signals (3.8) is the correct one. While for the SNR for weak signals

no limit exists, the correct formula (3.8) is limited by:

ρmax =
√
Tobs

(
fmax − fmin

)
≈ 11, 235 .

In this thesis, we apply both SNR independent of the gravitational wave signal and

discuss the results of it.

More details of the presented derivation and calculation are given in [62, 41] or in

the Appendix B.

3.2.3 LISA’s Noise

Last but not least, we need to compute LISA’s noise h2Ωnoise. This subsection is

based on [62].

The noise of LISA consists of two parts: an intrinsic instrumental strain noise Snoise

and confusion noise Sgcn caused by galactic double white dwarf binaries:

Snoise(f) = Sinst(f) + Sgcn(f) .

Sinst can be expressed in terms of the detector’s response functionR and the detector

noise PSDDinst:

Sinst =
Dinst

R
.
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Originally shown in [63],Dinst consists of two stationary contributions:

Dinst(f) =
1

L2
Doms(f) + 2

[
1 + cos2

(
f

f?

)]
Dacc(f)

(2πf)4L2
, (3.10)

where L = 2.5Gm is the length of an arm and f? = 19.09mHz is LISA’s transfer

frequency [63]. The first contribution, the optical metrology noise, is given by:

Doms(f) = (1.5× 10−11m)2
[
1 +

(
2mHz

f

)4]
Hz−1 ,

and the second contribution, the single test mass acceleration noise, is given by:

Dacc(f) = (3× 10−15m s−2)2
[
1 +

(
0.4mHz

f

)2][
1 +

(
f

8mHz

)4]
Hz−1 .

The formula for the detector’s response functionR is taken from [62] and shown in

Appendix B. The galactic confusion noise has been studied in [60], and they found

analytical fits to the confusion noise of the functional form 1:

Sgcn(f) = A

(
1mHz

f

)7/3

e−(f/fref)
α−βf sin(κf)[1 + tanh(γ(fknee − f))] .

We use for the overall amplitudeA = 9× 10−38Hz−1 and for the reference frequency

fref = 1Hz. Moreover, we assume an observation time of Tobs = 4 years, so that

all other parameters are given in table 3.1. For LISA’s frequency band, the interval

Table 3.1: Parameters for the galactic confusion noise Sgcn, for an observation time

Tobs = 4 years. The values are taken from [60] (,respectively [62]).

α β [mHz−1] κ [mHz−1] γ [mHz−1] fknee [mHz−1]

0.138 −0.221 0.521 1.680 1.13

[fmin = 10−5, fmax = 100] is chosen. The characteristic noise
√

fS(f) and the noise

energy density h2Ωnoise are presented in figure 3.3. Then, the dimensionless energy

density of the noise h2Ωnoise is given using equation (3.2:)

h2Ωnoise =
2π2

3

(
h

H0

)2

f 3Snoise(f) . (3.11)

1As also presented in [62], in this thesis the second sign in the e function is altered compared to

the formula (3) from [60].
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Figure 3.3: The upper panel shows the dimensionless characteristic strain
√

fS(f)
of LISA combined noise Snoise (orange solid line), the instrumental noise

Sinst (blue dotted line), and the noise of the galactic binaries Sgcn (ma-

genta dot-dash line). The lower panel presents the dimensionless energy

density of the noise h2Ωnoise.



Results 4
After planting all the necessary ingredients, we can begin harvesting our results

by comparing the gravitational-wave spectra of type-I and type-II cosmic strings.

The first section presents a comparison for which we utilise the SNR for a weak

signal (3.9). In the second section, we use the SNR for arbitrary signals (3.8) and

discuss the differences. Moreover, it should be mentioned that the parameter

spaces of type-I and type-II spectra are being studied with a finite resolution. For

type-I, the logarithm of the VEV log10(ν/GeV) lies inside the interval [9.5; 14.5] and

the resolution is [0.05], and the logarithm of the scalar boson’s mass log10(mφ/GeV)

lies in the interval [1; 8] with a resolution of 0.1. In this parameter space exists a

region for which no SNR can be determined due to a cutoff of the spectrum. In

the following, this region is always marked in grey in all heatmaps. For type-II, the

logarithm of the dimensionless string tension Gµ is inside the interval [−30;−6]

with a resolution of 0.01.

4.1 Type-I versus Type-II Signals

The question we want to answer is: Can we distinguish between gravitational wave

background (GWB) signals from type-I and type-II cosmic strings measured by LISA?

For this reason, we focus on type-I and type-II spectrum pairs, where both spectra are

similar from a LISA perspective. To determine such a pair, we use the SNR formula

(3.9), where we set Ωsignal = |Ω(I)
GW − Ω

(II)
GW |:

ρ0 :=

[
Tobs

∫ fmax

fmin

df

(
h2Ω

(I)
GW(f ; ν,mφ)− h2Ω

(II)
GW (f ;Gµ)

h2Ωnoise(f)

)2
]1/2

.

Ω
(I)
GW is the GWB signal from type-I cosmic strings andΩ

(II)
GW from type-II cosmic strings.

From now on, we call this quantity ρ0 and the SNR calculated with formula (3.9)
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Figure 4.1: The minimised SNR of the difference between GWB signals from type-I

and type-II cosmic strings computed using the formula valid for weak

signal strengths (3.9). The right panel shows the corresponding values

of the type-II parameterGµ.

ρ′. As we have seen in subsection 2.3.4, the spectrum from type-I cosmic strings

depends on the VEV ν and the scalar boson’s massmφ, while the spectrum from

type-II cosmic strings only depends on the string tension Gµ. Thus, we pick one

type-I spectrum, so we choose one combination of ν andmφ, and by minimising ρ0

overGµwe find the type-II spectrum that is the closest to the chosen type-I spectrum

from a LISA perspective.

In figure 4.1, one can see the results for the complete parameter space of interest.

For a first idea of how to interpret these values, the SNR for GWB signals just from

type-I and just from type-II cosmic strings are demonstrated in Appendix C.1 in figure

C.1 and C.2. Obviously, the SNR ρ0 can only be less than or equal to the sum of the

SNR ρ′ of the corresponding type-I and type-II spectra. Therefore, the lower part of

the right panel in figure 4.1, corresponds to a region in parameter space where the

SNR ρ′ for type-I and type-II is already low. For the rest of the parameter space, the

GWB signals from type-I and type-II cosmic strings differ because the SNR ρ0 is not

close to zero. However, for higher values of ν andmφ, the difference between ρ0 and

the SNR ρ′ of the pure spectra increases. One can, for instance, compare the contour

line of 1 in figure 4.1 with the same line in figure C.1 and see that in figure 4.1 it is
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slightly higher. Moreover, in figure 4.1 there is no ρ0 greater than 105. However, let

us discuss two examples in more detail in the following two subsections.

4.1.1 Example: red star

The first example is marked with a red star in figure 4.1 and in most of the other plots

presented in this thesis. For that example, ν = 1011.75 GeV andmφ = 104 GeV were

chosen, and the determined type-II partner has a string tension of Gµ = 10−13.19.

The SNR of the difference is ρ0 ≈ 35.83, while the pure SNR for these type-I strings is

ρ′ ≈ 1753 and for type-II it is ρ′ ≈ 1511. As also presented in figure C.1 and C.2, this

is the very edge of where the formula for weak signal (3.9) can be used as a rough

approximation.

The two spectra are shown in figure 4.4 together with the sensitivity of LISA. One

recognises that these two spectra are almost indistinguishable within LISA’s fre-

quency range. That is why the SNR ρ0 is almost two orders of magnitude lower than

ρ′. However, we can also study the spectra’s slope. One sees that both spectra can

be described by a combination of three power laws ∝ fp. A visualisation of this

description is shown in Appendix C.1 in figure C.3. Therefore, we take the derivative

of log10(h
2ΩGW) with respect to log10(f/Hz) in order to determine p:

d log10(h
2ΩGW)

d log10(f)
∝

d log10(f
p)

d log10(f)
= p .

We demonstrate the results in what we call the phase space, which is shown in

figure 4.3. One notices that even in the phase space both spectra look very similar;

they have at least a similar shape. However, if we take the frequencies into account,

we are able to distinguish clearly between both of them. Because we see that only

for the frequency f = 10−2 they are similar, this means the points for this frequency

are close in the phase space, but besides this specific point, they are completely

different. This means that for no other frequency are they at the same position in

phase space.

So to answer our question: yes, we can distinguish between the GWB signals from

these type-I cosmic strings and GWB signals from type-II cosmic strings. First, the

SNR ρ0 is significantly greater than one and second, they do look different in phase

space.
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Figure 4.2: Gravitational wave spectra from type-I cosmic stringswith ν = 1011.75 GeV
(blue solid line) andmφ = 104 GeV and from type-II cosmic strings with

Gµ = 10−13.19 (magenta dashed line). The orange solid curve shows

LISA’s sensitivity using the Power-Law Integrated sensitivity curve [64].

The dashed orange curve shows LISA’s noise density h2Ωnoise (3.11) or

Appendix C.3. The lower panel is a zoomed-in version of the upper

panel. The black coloured region demonstrates the range of h2ΩGW LISA

is sensitive to in this particular example and is also shown in figure 4.3.
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Figure 4.3: The phase space of the cosmic strings for the first example, where type-

I cosmic strings have ν = 1011.75 GeV and mφ = 104 GeV (blue solid

line) and type-II cosmic strings have Gµ = 10−13.19 (magenta dashed

line). The black coloured region demonstrates the range of h2ΩGW LISA

is sensitive to in this particular example and is also shown in figure 4.4.

The dark blue and purple points indicate the frequency of the spectrum

for the corresponding amplitude h2ΩGW.

4.1.2 Example: blue star

Let us consider another example, which is marked with a blue star in figure 4.1 and

in most of the other plots presented in this thesis. This time we choose the type-I

string parameters ν = 1011 GeV andmφ = 102 GeV. Therefore, the type-II parameter

is, in this case,Gµ = 10−13.19. For this pair, we have ρ0 = 0.31. The GWB signal from

these type-I cosmic strings has an SNR of ρ′ ≈ 0.59, and for type-II it is ρ′ ≈ 0.53.

These low SNR’s ρ′ indicate that it will be very difficult to measure the GWB signal

from these type-I or type-II strings, but it works as an example to demonstrate the

following points.

We see that in this case the SNR’s ρ0 and ρ′ are much lower, as well as the difference

between them. However, we also see that both spectra differ more within the

frequency range of LISA. Thus, the low SNR ρ0 is not caused by greater similarity

between the two spectra but by a smaller SNR ρ′ of the GWB signal from type-I and

type-II strings. Nevertheless, we also have a look at the phase space, which is shown
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Figure 4.4: Gravitational wave spectra from type-I cosmic strings with ν = 1011 GeV
(blue solid line) andmφ = 102 GeV and from type-II cosmic strings with

Gµ = 10−17.63 (magenta dashed line). The orange solid curve shows

LISA’s sensitivity using the Power-Law Integrated sensitivity curve [64]

or Appendix C.3. The dashed orange curve shows LISA’s noise density

h2Ωnoise (3.11). The lower panel is a zoomed-in version of the upper panel.
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in figure 4.5. This time, we can use the combination of two power laws to describe

the spectra, which is illustrated in Appendix C.1 in figure C.4. And we notice that in

this case the shapes do not look that similar. Moreover, there is no frequency for

which the two spectra are at the same position in phase space.

Therefore, in case of detection of these signals, we are also able to distinguish

between the two spectra. This time, the SNR ρ0 may be small, but the shapes of the

spectra are different, as well as their behaviour in phase space.
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Figure 4.5: The phase space of the cosmic strings for the second example, where

type-I cosmic strings have ν = 1011 GeV andmφ = 102 GeV (blue solid

line) and type-II cosmic strings have Gµ = 10−17.63 (magenta dashed

line). The dark blue and purple points indicate the frequency of the

spectrum for the corresponding amplitude h2ΩGW.
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4.2 The New SNR Formula

Let us now discuss the impact of changing the SNR formula valid for weak signal

strength (3.9) to the SNR formula valid for arbitrary signal strengths (3.8). For that,

we have to think about how we change ρ0. We have two options: either we expect a

GWB signal from type-I cosmic strings and are interested in how similar the GWB

signal from type-II cosmic strings is, then we use:

ρ1 :=

[
Tobs

∫ fmax

fmin

df

(
h2Ω

(I)
GW(f ; ν,mφ)− h2Ω

(II)
GW (f ;Gµ)

h2Ωnoise(f) + h2Ω
(I)
GW(f ; ν,mφ)

)2
]1/2

, (4.1)

or the other way around, and then we use:

ρ2 :=

[
Tobs

∫ fmax

fmin

df

(
h2Ω

(I)
GW(f ; ν,mφ)− h2Ω

(II)
GW (f ;Gµ)

h2Ωnoise(f) + h2Ω
(II)
GW (f ;Gµ)

)2
]1/2

. (4.2)

The results for the first case are shown in figure 4.6 and for the second case in 4.7.
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Figure 4.6: The minimised SNR of the difference between GWB signals from type-I

and type-II cosmic strings computed using formula (4.1). The right panel

shows the corresponding values of the type-II parameterGµ.

As expected, the SNR for strong signals changes, so that in two cases ρ1 and ρ2 are

lower compared to ρ0 for values significantly larger than 1. For weaker signals, all

three methods match. One has to keep in mind that the SNR ρ0 in figure 4.1 is given
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Figure 4.7: The minimised SNR of the difference between GWB signals from type-I

and type-II cosmic strings computed using formula (4.2). The right panel

shows the corresponding values of the type-II parameterGµ.

on a logarithmic scale. For illustration, the contour lines for ρ0,1,2 = 1 and ρ0,1,2 = 10

are given in the figures 4.1, 4.6 and 4.7.

Furthermore, we see that the maximum of ρ1 in figure 4.6 and the maximum of ρ2 in

figure 4.7 are at the same position, but the maximum of ρ0 in figure 4.1 is at a totally

other position. Nevertheless, the correspondingGµ values are almost identical in

all three cases. The biggest difference between the log10(Gµ) values yields 0.22. We

can again have a look at our examples and compare the values of ρ0, ρ1 and ρ2 given

in table 4.1. We see that for the first example, where the SNR’s are larger, it makes

a difference which formula one uses for the computations. In the second example,

where we have weak signals, one can use both differences. This is exactly what we

expect.

Table 4.1: The SNR values of the difference between GWB signals from type-I and

type-II cosmic strings computed using the three different formulas.

ρ0 ρ1 ρ2
red star 35.83 19.61 19.52
blue star 0.31 0.31 0.31





Conclusion 5
In this thesis, we have studied the gravitational wave spectra from type-I and type-II

cosmic strings. We focused on the region in the type-I parameter space, which is

spanned by the vacuum expectation value νφ and the mass of the scalar bosonmφ,

where log10(νφ/GeV) ∈ [9.5; 14.5] and log10(mφ/GeV) ∈ [1; 8]. For all gravitational

wave spectra that are generated by type-I cosmic strings within this parameter space

region, we have determined the parameter of type-II cosmic stringsGµ, that yields

the gravitational wave spectrum closest to the type-I spectrum from the perspective

of LISA.

For this study, we have utilised the Signal-to-Noise Ratio (SNR) for LISA, where we

used the difference between the gravitational wave spectrum from type-I and type-II

cosmic strings as the signal, and minimised over the type-II parameter Gµ. For

the formula for the calculation of the SNR, we have applied the weak-signal limit,

what has been done typically in the literature, and the formula valid for arbitrary

signal strengths. For the latter one, one has to decide whether one expects a signal

from type-I cosmic strings and is interested in how well a signal from type-II cosmic

strings can imitate it or vice versa. The values of the type-II parameter Gµ for all

three cases have been shown. It turns out that between these three cases, the

maximal deviation of the values of log10(Gµ) is 0.22.

Furthermore, it was shown that for detectable signals, the gravitational wave spectra

from type-I and type-II cosmic strings with an SNR of order unity or higher, within

this parameter space region, are distinguishable, since the SNR of their difference

is of order unity or higher as well. However, it was confirmed that for strong signals,

the weak-limit formula for the SNR is not sufficient, and one has to use the formula

for arbitrary signal strengths in this analysis.

In addition to the SNR analysis, another way of distinguishing between the type-I

and type-II spectra has been presented. For two type-I and type-II spectra pairs, the

spectra have been shown in the phase space spanned by the logarithmic derivative
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of the gravitational wave spectrum and its amplitude. Thereby, it was shown that

although the two spectra might be similar in the frequency domain as well as in the

phase space, it is possible to differentiate between them, because they can be at

different places in the phase space for the same frequency.

It would be interesting to extend this analysis to other detectors–such as LIGO,

VIRGO and KAGRA–in future projects, so that a general distinction between spectra

from type-I and type-II cosmic strings can be ensured, independent of the detector

used. Moreover, one could extend this analysis to further effects of cosmic strings.

As, for instance, shown in [65], there exists the possibility of cosmic strings that carry

a current, which influences the gravitational wave spectrum [66]. The comparison

presented in this thesis could be extended to conducting strings.
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The Moments of Gravitational

Waves A
This Appendix shall outline the steps in deriving the quadrupole formula 2.1, pro-

ceeding from the approximate Fourier transform of the energy-momentum tensor to

the quadrupole expression and is based on [14].

Applying the approximated e function (2.6) to the Fourier transform of the energy-

momentum tensor (2.5) gives us an approximation of the energy-momentum ten-

sor:

Tkl

(
t− r

c
+

~x′ · ~̂n
c

, ~x′

)
≈ Tkl

(
t− r

c
, ~x′
)
+

x′ini

c
∂tTkl +

1

2c2
x′ix′jninj ∂2

t Tkl

We introduce the moments:

Sij(t) =

∫
d3xT ij(t, ~x) , Sij,k(t) =

∫
d3xT ij(t, ~x)xk ,

Sij,kl(t) =

∫
d3xT ij(t, ~x)xkxl ,

so that the metric perturbation is expressed in terms of the moments:

hTT
ij (t, ~x) =

1

r

4G

c4
Λij,kl(~̂n)

[
Skl +

1

c
nmṠ

kl,m +
1

2c2
nmnpS̈

kl,mp + . . .

]
ret

.

Similarly, we define the moments of T 00/c2:

M =
1

c2

∫
d3xT 00(t, ~x) , M i =

1

c2

∫
d3xT 00(t, ~x)xi ,

M ij =
1

c2

∫
d3xT 00(t, ~x)xixj ,
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and of the moment density (1/c)T 0i:

P i =
1

c

∫
d3xT 0i(t, ~x) , P i,j =

1

c

∫
d3xT 0i(t, ~x)xj ,

P i,jk =
1

c

∫
d3xT 0i(t, ~x)xjxk .

In flat spacetime ∂µT
µν = 0 is satisfied, so that ∂0T

00 = ∂iT
i0 = ∂iT

0i. If we

consider a volume V which contains the whole source, such that T µν vanishes at

the boundary ∂V , we get the following relations:

Ṁ ij = P i,j + P j,i and Ṗ i,j = Si,j =⇒ Sij =
1

2
M̈ij .

So the metric perturbation takes on the following form:

=⇒
[
hTT
ij (t, ~x)

]
quad

=
1

r

2G

c4
Λij,kl(~̂n)M̈

kl(t− r/c) .

We split the moments as:

Mkl =

(
Mkl − 1

3
δklMii

)
+

1

3
δklMii ,

And define a new moment, which will be the quadrupole moment:

Qij := M ij − 1

3
δijMkk =

∫
d3rρ(t, ~x)(xixj − 1

3
r2δij) ,

as we can see in a comparison to the quadrupole moment of electrodynamics:∫
d3r

(
xixj −

1

3
r2δij

)
ρe(~r)

We plug the quadrupole moment into the equation of the metric perturbation and

obtain the equation we wanted:[
hTT
ij (t, ~x)

]
quad

=
1

r

2G

c4
Q̈TT

ij (t− r/c) .



LISA’s Singal-to-Noise Ratio B
This appendix is an addition to subsection 3.2.2 and is based on [62, 41]. For an

even more detailed explanation, it is recommended to go to the references.

B.1 The spectral density

A stochastic gravitational wave at a given point x = 0 is expressed in the TT-gauge

via:

hab(t) =
∑

A=+,×

∫ +∞

−∞
df

∫
dΩ̂h̃A(f, Ω̂)e

−2πifteAab(Ω̂) , (B.1)

where Ω̂ is a unit vector pointing in the wave’s propagation direction. For the polar-

isation, the equation eAab(Ω̂)e
A′,ab(Ω̂) = 2δAA

′
holds. Then the spectral density S is

defined as:

〈h̃?
A(f, Ω̂)h̃A′(f ′, Ω̂′)〉 = δ(f − f ′)

1

4π
δ2(Ω̂, Ω̂′)δAA′

1

2
S(f) , (B.2)

where 1/4π is a normalisation factor and 1/2 convention, and compensates negative

frequencies. Instead, one could also work with a double-sided spectral density.

Using both equations (B.1) and (B.2) gives us:

〈hab(t)h
ab(t)〉 = 4

∫ f=∞

f=0

d(log f)fS(f) . (B.3)
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The gravitational energy density can be obtained by spatial averaging over several

wavelengths ρGW = 1
32πG

〈ḣabḣ
ab〉. Thus, we get by using equations (B.1), (B.2) and

(B.3):

ρGW =
4

32πG

∫ f=∞

f=0

d(log f)f(2πf)2S(f)

=⇒ ΩGW =
1

ρc

dρ

d logf
=

4π2

3H0

f 3S(f) ,

which is used for equation (3.2) for a single-sided spectral density.

B.2 The auto-correlation statistic

The relation between the measured signal s(t) of a gravitational wave experiment

and the gravitational strain hab(t) is given by the detector functionDab:

s(t) = Dabhab(t) .

By inserting equation (B.1), we obtain:

s(t) =
∑

A=+,×

∫ +∞

−∞
df

∫
dΩ̂h̃A(f, Ω̂)e

−2πift DabeAab︸ ︷︷ ︸
FA(Ω̂)

(Ω̂) , (B.4)

where we introduce the detector pattern function FA(Ω̂). The Fourier transform is:

s̃(f) =
∑

A=+,×

∫
dΩ̂h̃A(f, Ω̂)FA(Ω̂) .

The auto-correlation statistic of an output d(t) is given as:

S =

∫ Tobs/2

−Tobs/2

dt

∫ Tobs/2

−Tobs/2

dt′d(t)d(t′)Q(t− t′)
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where Tobs is the observation time andQ(t− t′) the real filter function. By inserting

the Fourier transforms of d(t) = s(t) + n(t) andQ(t− t′) and assuming T → ∞, we

get S in terms of the Fourier transforms:

S =

∫ +∞

−∞
dfd̃?(f)d̃(f)Q̃(f)

=⇒ 〈S〉µ6=0 =

∫ +∞

−∞
df〈d̃?(f)d̃(f)〉Q̃(t) .

We assume no correlation between noise n and signal s, so that 〈sn〉 = 0. Moreover,

we have the following equation for stochastic and Gaussian signals:

〈s̃(f)s̃?(f ′)〉 = 1

2
δ(f − f ′)R(f)Ssignal(f)

〈ñ(f)ñ?(f ′)〉 = 1

2
δ(f − f ′)Dnoise(f) ,

where for the first equation we use equation (B.4) and define [67]:

R(f) :=

∫
dΩ̂

4π

[∑
FA,?(Ω̂)FA(Ω̂)

]
,

and for the second equation we have Dnoise(f) = R(f)Snoise(f) the detector noise

PSD. We use δ(0) =
∫ Tobs/2

−Tobs/2
dt = Tobs to get:

〈S〉µ 6=0 =
Tobs

2

∫ +∞

−∞
dfR(f)

(
Snoise(f) + Ssignal(f)

)
Q̃(f) .

Under the assumption that we have perfect knowledge of the detector, we have a

similar expression of the expectation value under the assumption of no gravitational

wave signal:

〈S〉µ=0 =
Tobs

2

∫ +∞

−∞
dfR(f)Snoise(f)Q̃(f) ,

so that µ is given as:

µ =
Tobs

2

∫ ∞

−∞
dfR(f)Ssingal(f)Q̃(f) ,

as it is already shown in equation (3.5). For σ, one has to calculate 〈S2〉 − 〈S〉2,
which is demonstrated in [62].
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B.3 The response function of the detector

The formula is taken from [62], where it is stated that it is taken from [68].

u2R(u, γ) = s2u

[
s2γ/2

(
1

u
+

2

u3

)
+ c2γ/2

(
2 Si(2u)− Si(2u+)− Si(2u−)

)]
+ c2u

[
s2γ/2

(
1

6
− 2

u2

)
+ c2γ/2

(
2Ci(2u)− Ci(2u+)− Ci(2u−) + ln c2γ/2

)]
−

su+−u−

32u s3γ/2

(
21− 28cγ + 7c2γ +

3− cγ
u2

)
+

cu+−u−

8u2s2γ/2

(
1 + s2γ/2

)
− 2s2γ/2

(
Ci(2u)− Ci(u+ − u−) + ln sγ/2

)
+

3− cγ
12

− 1− cγ
u2

,

where the following notations are used:

sx = sin(x), cx = cos(x), u± = u± u sin
(γ
2

)
,

and

Si(x) =

∫ x

0

dt
sin(t)

t
, Ci(x) = −

∫ ∞

x

dt
cos(t)

t
. (B.5)



Additional Plots C
In this appendix, the plots that were mentioned in the text for illustrative purposes

are presented.

C.1 SNR for GWB signals from type-I and type-II cosmic

strings

This section shows the pure SNR for GWB signals from type-I C.1 and type-II cosmic

strings C.2, using both formulas: the one for arbitrary signals (3.8) and the one only

for weak signals (3.9), for an observation time of Tobs = 4 years. For the SNR for GWB

signals from type-II cosmic strings, a similar figure was already shown in [62] for
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Figure C.1: The SNR for GWB signals from type-I cosmic strings. The right panel

shows the results using the formula for weak signal strength (3.9);

the right panel shows the results using the formula for arbitrary sig-

nal strength. While for the left panel the SNR ρ is given in a logarithmic

scale, in the right panel it is given in a linear scale.
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Figure C.2: The SNR for GWB signals from type-II cosmic strings. The blue solid line

shows the results using the formula for weak signal strength (3.9); the

magenta coloured dashed line shows the results using the formula for

arbitrary signal strength. The lower panel shows a zoomed-in version of

the upper one. For an observation time of Tobs = 4 years, a similar figure

is shown in [62].

Tobs = 1 year. One can see that for high SNR values the results of the two formulas

deviate from each other, while for low SNR values they are equal.

C.2 Power-law approximations of the spectra

This section shows the spectra demonstrated in this thesis with the power-law ap-

proximations. One can see that both spectra are roughly described by combinations

of power law. The power laws are shown in green coloured dash-dot lines. Figure

C.3 presents the spectra of the first example for the GWB signal from type-I cosmic
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Figure C.3: The spectrum from type-I cosmic strings with ν = 1011.75 Gev and

mφ = 104 GeV (blue solid line) and the spectrum from type-II cosmic

strings withGµ = 10−13.19. The green dash-dotted lines show the power-

law approximation of the two spectra.
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Figure C.4: The spectrum from type-I cosmic strings with ν = 1011 Gev andmφ = 102

GeV (blue solid line) and the spectrum from type-II cosmic strings with

Gµ = 10−17.63. The green dash-dotted lines show the power-law approxi-

mation of the two spectra.

strings with ν = 1011.75 Gev andmφ = 104 GeV, and from type-II cosmic strings with

Gµ = 10−13.19. Figure C.3 presents the spectra of the second example for the GWB

signal from type-I cosmic strings with ν = 1011 Gev and mφ = 102 GeV, and from

type-II cosmic strings withGµ = 10−17.63.
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C.3 Power-law integrated sensitivity curves

This section presents the idea of the Power-law integrated sensitivity curves that are

shown in the figures of the spectra. It was developed in [64], where it is explained

in more detail.

The idea is that every GW signal that follows a power law and is below this sensitivity

curve has an SNR less than 1. Therefore, we consider all kinds of power-law signals

Ωβ(f/fref)
β, whereΩβ is a constant amplitude for each β, fref is an arbitrary reference

frequency, and β is the power-law index. To study different power-law signals, we

have to choose different β values over a large range, for example, β ∈ [−20, 20]. We

use the SNR formula (3.9), to normalise Ωβ, such that the SNR ρ = 1:

Ωβ =
ρ√
Tobs

[∫ fmax

fmin

df

(
(f/fref)

β

Ωsignal(f)

)2
]−1/2

.

Then we take the maximum of these power-law signals for each frequency:

ΩPLISC(f) = max
β

[
Ωβ

(
f

fref

)β
]
.

The idea is presented in figure C.5.
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Figure C.5: The power-law integrated sensitivity curve in orange and the normalised

power-laws in blue.
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