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Abstract

Pulsar Timing Arrays (PTAs) are an important tool for the detection and study of gravitational waves
(GWs) in the nanohertz frequency range. Pulsars, which are rotating neutron stars, emit signals in the
form of pulses, which can be timed with high precision. The arrival times of these pulses are affected
by perturbations in the space-time metric caused by passing GWs. The characteristic pattern of this
effect is describe through the overlap reduction function (ORF) Γab, which in general relativity (GR)
is described by the Hellings and Downs (HD) curve. In this thesis, two established derivations of
the HD curve are examined: an analytical approach and one using a decomposition into spherical
harmonics. The analytical approach provides fundamental insights into the HD curve within the
context of GR. The spherical harmonics method is employed to analyze corrections to the HD curve
resulting from modified gravity theories, specifically for subluminal phase velocities. A discussion of
the auto-correlation coefficient Γaa reveals that it does not diverge in modified gravity, as previously
assumed, but can be expressed analytically. Previous work shows that a simplified ORF ΓSIM

ab can
be derived for sufficient small phase velocities vph � 1, resulting in a proportionality of the cross-
power spectrum Sab to fLaA

2vph(v
2
ph − 1)2. The program PTArcade and the 15-year NANOGrav

dataset are used to analyze the modified gravity model for different logarithmic velocity priors and
different fixed pulsar distances. For the prior range log 10(vph) ∈ [−1, 1], the posterior distribution
of vph confirms that the data supports the GR case. For the log 10(vph) ∈ [−1, 0] prior, the simplified
ORF is studied alongside the modified gravity ORF. The respective posterior distributions of the
amplitude A and the phase velocity vph exhibit almost no deviation from each other for vph � 1,
underlining that ΓSIM

ab can be used for such phase velocities. A degeneracy in the parameters A and
vph is uncovered. The corresponding posterior distribution is sensitive for the parameter combination
PX = fLaA

2vph(v
2
ph−1)2, coinciding with the proportionality of Sab. The values of PX are found

to all roughly correspond to 4×10−31, constraining the cross-power spectrum to this value, indicating
a preference of the PTA data for values of A, vph and fLa with Sab ∼ 4×10−31. These results pave
the way for future research to further explore the implications of modified gravity theories on PTA
data, using the newly derived simplified ORF for subluminal phase velocities.
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1 Introduction

Pulsar timing arrays (PTAs) are used to detect and study gravitational waves (GWs) in the nanohertz-
frequency band. Pulsars are rotating neutron stars with rotation periods of a few milliseconds, that
emit radiation along their magnetic field axes. These pulses can be detected on Earth and due to
the stability of the rotation, their arrival times are highly consistent and reproducible, even over the
span of decades [1]. Passing gravitational waves cause perturbations in the space-time metric, which
in turn affect the arrival time of the pulses. PTA searches aim to detect a characteristic pattern in
the cross-correlation of timing residuals from pairs of pulsars, induced by GWs. This pattern is de-
scribed by the overlap reduction function (ORF) Γab.
In general relativity (GR), the ORF corresponds to the Hellings and Downs (HD) curve, to which
the foundations were first published by Ron W. Hellings and George S. Downs in 1983 [2]. In 2023,
many PTA collaborations presented observational evidence for a gravitational wave background con-
sistent with the HD correlation ([3, 4, 5]), including 15 yr Data Set of the NANOGrav collaboration
[6].

It is of interest to explore modifications to general relativity in this context. In modified gravity, dis-
persion relations associated with subluminal phase velocities or massive gravity can be considered,
under which the HD curve receives corrections. This work will focus on the effects of subluminal
phase velocities vph < 1.
The theoretical derivation of the HD curve can be approached by different methods, with the an-
alytical approach commonly employed [1, 7]. Another method, also used in the analysis of the
cosmic microwave background, involves the decomposition into spherical harmonics [8]. While
both derivations are presented in this work, the latter is used to numerically calculate the overlap
reduction function in modified gravity and analyze its effects [9, 10]. The focus of previous works
on the modified gravity and PTA analyses has primarily been the cross-correlation Γa6=b between
two pulsars, emphasizing the corrections to the HD curve. However, the auto-correlation Γa=b, or
the correlation of a pulsar with itself, appears to diverge when considering, for example, subluminal
phase velocities [11]. Recently published work [12] shows, that an analytical expression for the auto-
correlation coefficient can be derived, demonstrating that the divergence is unphysical. In addition,
it can be shown that Γaa scales linearly with the fixed pulsar distance, and for sufficiently small phase
velocities, Γaa provides a good approximation for the model, while the cross-correlations become
negligible.

The structure of this work is as follows. In Chapter 2, the theoretical foundations of gravitational
waves and pulsar timing arrays are introduced and discussed in detail. This includes the derivation
of the Hellings and Downs curve in general relativity, and, in application to modified gravity, the
derivation through spherical harmonics. Additionally, the necessary re-summation of the result in
Legendre polynomials is discussed. Finally, the analytical expression for the auto-correlation co-
efficient is presented, along with the resulting simplified ORF for subluminal phase velocities. In
Chapter 3, a brief introduction to the implementation of the theoretical results is given. This includes
an introduction to the program PTArcade, which is used to analyze new physics models with the 15
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1 Introduction 2

year NANOGrav data set. The model code is provided and explained. In Chapter 4 the corner plots
of the resulting posterior distributions for different logarithmic phase velocity priors and varying
pulsar distance are presented. A comparison between the results of the modified gravity ORF and
the simplified ORF is made.



2 Theoretical Foundations

2.1 Overview of General Relativity and Gravitational Waves

The following section gives a brief introduction principles of general relativity GR, with reference
to Carroll [13]. The deviation of gravitational waves as metric perturbations is discussed, primarily
based on the work of Taylor [1] .

In the theory of GR, gravity is the effect caused by the curvature of four-dimensional space time,
also called Minkowski space.
A metric can be defined to simplify the calculation of the space-time interval (∆s)2 between two
points in space time :

(∆s)2 = c(∆t)2 − (∆x)2 − (∆y)2 − (∆z)2 = c(∆t)2 − (∆`)2 (2.1)

=

3∑
µ=0

3∑
ν=0

ηµν∆xµ∆xν . (2.2)

Where c corresponds to the speed of light and acts as a fixed conversion factor between the time
dimension and the dimensions of space. The indices µ and ν run over the temporal and spatial
coordinates. The metric tensor ηµν , also called the Minkowski tensor, is a 4x4 matrix with entries
on the main diagonal:

ηµν =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 . (2.3)

Establishing the Minkowski metric provides a foundation to understanding how perturbations within
this framework lead to gravitational waves.

The mathematical description of gravitational waves is derived from the four dimensional Minkowski
spacetime and the Einstein field equations. The Einstein field equations are

Gµν ≡ Rµν −
1

2
Rgµν = 8π Tµν , (2.4)

where Rµν is the Ricci tensor, Gµν the Einstein tensor, Tµν the energy stress tensor and gµν the
metric.
Adding a perturbation hµν to the metric:

gµν = ηµν + hµν , (2.5)
3



2 Theoretical Foundations 4

with the weak field case |hµν | << 1. Now the Einstein tensor can be expanded to linear order in
hµν and the trace-reversed perturbation can be defined as:

h̄µν = hµν − nµν
h

2
h̄ = −h with h = ηµνhµν . (2.6)

This, with the expansion, results in the following expression of the Einstein tensor:

Gµν =
1

2

(
∂µ∂

αh̄αν
+ ∂ν∂

αh̄αν −2h̄µν − ηµν∂
α∂βh̄αβ

)
(2.7)

with

∂µ ≡ ∂

∂xµ
∂µ ≡ ηµν∂ν 2 = ηµν∂µ∂ν . (2.8)

The metric perturbation hµν is a 4x4 matrix with 10 degrees of freedom. Gauge fixing can be used
to remove spurious degrees of freedoms in the Einstein equations. First a coordinate transformation
is performed according to:

xα → xα + ξα, (2.9)
hµν → hµν − (∂µξν + ∂νξµ). (2.10)

In this transformation the condition of the weak field case is kept, as ∂µξν is of the same order as
|hµν |.
By choosing the Lorenz gauge with ∂ν h̄µν = 0 the degrees of freedom can be lowered from 10 to
6. The Einstein tensor and the field equation respectively reduce to:

Gµν −
1

2
2h̄µν , 2h̄µν = −16πTµν . (2.11)

Under the condition that ξµ satisfies the wave equation (2ξµ = 0), the Lorenz gauge is invariant
under a coordinate transformation xµ → xµ + ξµ. This condition also indicates that 2ξµ,ν = 0.
Next, the ξµν , are subtracted from the 6 components of h̄µν . Due to the dependence of ξµν on four
independent functions of ξµ, the degrees of freedom can be reduced from 6 to 2. The information
of gravitational waves are contained in the 2 remaining, independent components of the metric per-
turbation.

The transverse-traceless (TT) gauge can be defined by the following properties:

h0µ = 0, hii = 0, ∂jhij = 0. (2.12)
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These properties result from requiring that h̄µν fulfills h̄ = 0 and h0i = 0. Ultimately, without
loss of generality, the coordinate system can be chosen so that the gravitational wave is a plane wave
propagating along the z-direction. The solution of the wave equation 2h̄µν = 0 is then:

hTT
µν (t, z) =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 cos
(
ωGW (t− z)

)
. (2.13)

The two degrees of freedom in the metric perturbation correspond to the two polarizations of gravita-
tional waves with the amplitudesh+ andh×, also known as ’’plus’’ and ’’cross’’ modes. These terms
describe how spacetime is deformed by a passing gravitational wave with the respective polariza-
tion. The +-polarization effects the spacetime such that distances in the x-direction are lengthened
and distances in the y-direction are contracted. The ×-polarization causes an analogous effect but
rotated by 45◦ along the xy-plane. This is illustrated in Figure 2.1.

With the foundations of gravitational waves established, the next chapter will implement this ground-
work to derive the Hellings and Downs curve.

Figure 2.1: Illustration of the deformation of spacetime caused by a passing gravitational wave, with the effects of the two
different polarizations + and ×. The black dots show how the positions of the particles are affected over time, the
blue dots and lines represent the unperturbed positions. Figure is based on [14].
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2.2 Hellings and Downs curve in general relativity

The analytical derivation of the HD curve closely follows the method presented in Chapter 23 of
Maggiore [7]. To begin, the effect of gravitational waves on the signal timing of one pulsar is con-
sidered. As mentioned before, the arrival times of the radio pulses can be predicted and measured
with a very high precision. The considered reference frame has the Earth at the origin of the coor-
dinate system and the pulsar a lies in the direction of the unit vector p̂a. The propagation direction
of the gravitational wave is denoted by Ω̂. For this initial calculation, where only one pulsar is con-
sidered, the unit vector p̂a can be set to x. Thus, without the loss of generality, the pulsar lies along
the x-axis in the direction da.
The positions of the Earth and pulsar fixed, as these computations take place in the TT gauge. Thus,
the effect of the gravitational wave is limited to the light signal passing between these two points.
For c = 1 the space time interval is:

ds2 = −(dt)2 − (dl)2 = −(dt)2 + [δij + hij(t,x)]dx
idxj . (2.14)

The light is travelling from the pulsar (x = dax̂) to the Earth (x = 0), in this coordinate system it
moves in the −x̂ direction and along a null geodesic (ds = 0):

dx2 =
dt2

1 + hxx(t,x(t))
, (2.15)

dx = − dt

[1 + hxx(t,x(t))]
1/2

. (2.16)

The second equality can be approximated to second order:

dx = −dt

[
1− 1

2
hxx(t,x(t))

]
. (2.17)

Using the equations for a long arm interferometer ([15, Chapter 9]), the following expression for the
distance between the Earth an pulsar can be derived:

La = tobs − tem − 1

2

∫ tobs

tem

dt′hxx(t,x(t
′)). (2.18)

From this, the time at with the light reaches the observer, in this case Earth, can be calculated as:

tobs = tem + La +
piap

j
a

2

∫ tem+La

tem

dt′ hij
(
t′, (tem + La − t′) p̂a

)
. (2.19)

The expression of the metric perturbation has been replaced by piap
j
a hij , because in general, the

direction of the pulsar does not necessary lie on the x axis. Also, because the path along which the
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light travels is unperturbed, the function x(t) is equal to (tobs − t)p̂a. The resulting dependency of
the metric perturbation on tobs is replaced by the zeroth order expansion: tobs = tem + La. This
substitution is possible in the the integral to first order, as hij is sufficiently small.

Equation (2.19) is now examined in the context of one whole rotational period (Ta) of the pulsar.
The emission time is then: t′em = tem + Ta. Replacing t′ = t′′ + Ta and renaming the integration
variable t′′ as t′ the following expression is obtained:

t′obs = tem + Ta + La +
piap

j
a

2

∫ tem+La

tem

dt′ hij
(
t′ + Ta, (tem + La − t′) p̂a

)
. (2.20)

Subtracting 2.19 from 2.20:

t′obs − tobs = Ta +
piap

j
a

2

∫ tem+La

tem

dt′
[
hij

(
t′ + Ta,x0(t

′)
)
− hij

(
t′,x0(t

′)
)]

(2.21)

with

x0(t
′) = (tem + La − t′) p̂a. (2.22)

The right side of Eq. (2.21) denotes the time interval at which the signals of the pulsar are seen at
Earth. The second part of the left sum, is induced by the passing gravitational wave and can be labeled
as ∆Ta. The rotational period of the studied pulsars is usually of the order of a few milliseconds.
The period of the gravitational wave (TGW ) however, is of the order of one to ten years. With the
relation TGW = 2π

ωGW
, it follows that TaωGW is very small. This allows a Taylor-expansion of Ta

within the metric perturbation hij (t
′ + Ta,x0(t

′)) in Eq. (2.21). To first order this yields:

hij
(
t′ + Ta,x0(t

′)
)
≈ hij

(
t′,x0(t

′)
)
+ Ta

∂

∂t
hij

(
t′,x0(t

′)
)
+O(Ta). (2.23)

This expansion can be substituted in Eq. (2.21), where the first term hij (t
′,x0(t

′)) cancels with the
second term of the integral. Dividing by Ta the expression becomes:

∆Ta

Ta
=

piap
j
a

2

∫ tem+La

tem

dt′
[
∂

∂t′
hij

(
t′, x

)]
x=x0(t′)

. (2.24)

A, in the Ω̂ direction propagating, monochromatic gravitational wave can be described through
[15]:

hij(t,x) = Aij(Ω̂) cos(ωGW (t− Ω̂ · x/c)). (2.25)
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This can be substituted into Eq. (2.24) and carrying out the integration yields:

∆Ta

Ta
=

piap
j
a

2

∫ tem+La

tem

dt′
[
∂

∂t′
Aij(Ω̂) cos

(
ωGW (t′ − Ω̂ · x(t′)/c)

)]
x=x0(t′)

(2.26)

=
piap

j
a

2
Aij(Ω̂)

∫ tem+La

tem

dt′
[
−ωGW sin

(
ωGW (t′ − Ω̂ · p̂a(La + tem − tobs)/c)

)]
=

piap
j
a

2(Ω̂ · p̂a/c+ 1)
Aij(Ω̂)

[
cos

(
ωGW (tobs − Ω̂ · p̂a(La + tem − tobs)/c)

)
− cos

(
ωGW (tem − Ω̂ · p̂aLa/c)

)]
.

With tobs = tem + La this reduces to:

∆Ta

Ta
=

piap
j
a

2(Ω̂ · p̂a/c+ 1)
Aij(Ω̂)

[
cos(ωGW tobs)− cos(ωGW (tem − Ω̂ · p̂aLa/c))

]
. (2.27)

The redshift za(t) is generally defined as:

za(t) = −
(
∆νa
νa

)
(t) =

∆Ta

Ta
with νa =

1

Ta
. (2.28)

Applying this definition of za(t) and the expression for the monochromatic gravitational wave in Eq.
(2.25), the redshift can be determined by:

za(t) =
piap

j
a

2(Ω̂ · p̂a/c+ 1)

[
Aij(Ω̂) cos(ωGW tobs)−Aij(Ω̂) cos(ωGW (tem − τaΩ̂ · p̂a/c))

]
(2.29)

=
piap

j
a

2(Ω̂ · p̂a/c+ 1)
[hij(t, 0)− hij(t− La,xa)] ,

where t = tobs.

The first part of this expression with hij(t, 0) is considered to be the Earth term, as x = 0 and
t correspond to the time at which the signal is observed on Earth. The second part is called the
pulsar term, as x = xa = Lap̂a and t correspond to the time the signal was emitted from the pulsar.
This is a key outcome in the derivation of the HD curve. Now, the redshift will be studied for a
stochastic gravitational wave background instead of for a single monochromatic gravitational wave.
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Such a stochastic background can be described by a superposition of waves of all frequencies coming
from all possible directions Ω̂ [15]:

hij(t,x) =
∑

A=+,×

∫ ∞

−∞
df

∫
d²Ω̂ h̃A(f, Ω̂) eAij(Ω̂) e−2πif(t−Ω̂·x/c) (2.30)

with the polarization tensors:

e+ij(Ω̂) = ûiûj − v̂iv̂j , (2.31)

e×ij(Ω̂) = ûiv̂j + v̂iûj .

Substituting this into the expression for the redshift the result is:

za(t) =
piap

j
a

2(Ω̂ · p̂a/c+ 1)

[ ∑
A=+,×

∫ ∞

−∞
df

∫
d2Ω̂ h̃A(f, Ω̂) eAij(Ω̂) e−2πift)

−
∑

A=+,×

∫ ∞

−∞
df

∫
d2Ω̂ h̃A(f, Ω̂) eAij(Ω̂) e−2πif(t−La−Ω̂·p̂aLa/c)

]

=
∑

A=+,×

∫ ∞

−∞
dfe−2πift

∫
d2Ω̂FA

a (Ω̂) h̃A(f, Ω̂)

[
1− e−2πifLa(1+Ω̂·p̂a/c)

]
. (2.32)

Where the last equation was simplified by defining the detector pattern functions:

FA
a (Ω̂) =

piap
j
a

2(Ω̂ · p̂a/c)
eAij(Ω̂). (2.33)

To acquire an expression for the correlation function of the redshift the following average is calcu-
lated:

〈za(t, p̂a)zb(t, p̂b)〉 =
2

3

∫ ∞

−∞
dfSh(f)

∫
d2Ω̂

[
1− e−2πifLa(1+Ω̂·p̂a/c)

]
(2.34)

×

[
1− e2πifLb(1+Ω̂·p̂b/c)

] ∑
A=+,×

FA
a (Ω̂)FA

b (Ω̂).

Where Sh(f) is the spectral density of the stochastic gravitational wave background, also referred
to as the strain power spectrum:

〈h̃∗A(f, Ω̂)h̃′A(f
′, Ω̂′)〉 = 1

8π
Sh(f)δ(f − f ′)δAA′δ2(Ω̂, Ω̂′). (2.35)
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The integral over Ω̂ in Eq. (2.34) including all its terms is called the overlap reduction function
Γab(f, ξ).
In the GR limit, the two terms in the square bracket in Eq. (2.34) go to one, as the two exponen-
tial factors result in two fast oscillating terms, which in return are negligible when preforming the
integration [12]. Thus the overlap reduction function reduces to:

ΓHD
ab (f, ξ) =

3

2

1

4π

∫
d2Ω̂

∑
A=+,×

FA
a (Ω̂)FA

b (Ω̂), (2.36)

where ξ denotes the angular separation of pulsars a and b and the upper index ”HD” serves to dif-
ferentiate this ORF from others derived in the following sections.
The unit vectors of the polarization tensors in Eq. (2.32) can be specified in such a way that they are
orthogonal to Ω̂ and to each other:

û = (sinφ,− cosφ, 0) (2.37)
v̂ = (cos θ cosφ, cos θ sinφ,− sin θ)

and Ω̂ = (sin θ cosφ, sin θ sinφ, cos θ).

The chosen reference frame is the ’’computational’’ frame, where pulsar a is located on the z-axis
and pulsar b in the xz-plane [8]:

p̂a = (0, 0, 01) (2.38)
p̂b = (sin ξ, 0, cos ξ) (2.39)

With this, the integral in Eq. (2.36) can be computed analytically. One of the key steps is identifying,
that the terms of the cross polarization F× vanish because p̂ · û = 0 [16]. The expression can then
be split into multiple integrals over θ and φ and solved using contour integration and the residue
theorem [17]. The result is the HD curve:

ΓHD
ab (f, ξ) =

3

2
xab log(xab)−

1

4
xab +

1

2
xab =

1

2
(1− cos ξab). (2.40)

The detailed calculation is not included here, as it does not directly contribute to the further dis-
cussions. Instead, the focus is on how the results are affected by modified gravity, which will be
examined in the following chapter.
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2.3 Modified gravity

In modified gravity, the derived overlap reduction function is applied to theories that go beyond
general relativity. For subluminal phase velocities vph < 1 this means that the dispersion relation
takes the form:

ω(k) = vphk, k = |k|. (2.41)

For this scenario the group velocity vgr = ∂ω/∂k and the phase velocity are equal. This linear
dispersion relation sets a limit on the phase velocity: if vph would be assumed to be larger than 1,
then this would also apply to vgr. However, the group velocity cannot be larger than c = 1. As this
leads to a violation of causality and a nonphysical result.

In addition, for subluminal phase velocities the exponential factors in Eq. (2.34) can no longer
be set to zero, as this would result in a intrinsic singularity at vph = Ω̂ · p̂ [10]. Here the decompo-
sition into spherical harmonics and the resulting expression in Legendre polynomials proves to be
advantageous, as it allows a numerical evaluation of the overlap reduction function.

2.3.1 Hellings and Downs curve in Legendre decomposition

The derivation using spherical harmonics closely follows the work of Gair et al. [8] and Liang et al.
[10]. In the previous section the polarization tensors (Eq. (2.32)) and unit vectors (Eq. (2.38)) were
introduced. To project the gravitational wave onto a sphere in three dimensions with a fixed radius,
a change in coordinates is preformed from Cartesian to spherical. Through this, the gravitational
wave can now be expressed in two dimensions. The unit vectors and polarization tensors are:

û = φ̂ v̂ = θ̂ Ω̂ = r̂ (2.42)
e+ab(Ω̂) = φ̂aφ̂b − θ̂aθ̂b

e×ab(Ω̂) = φ̂aθ̂b + θ̂aφ̂b

As used in the analysis of CMB signals, the rank-2 tensors on the two dimensional sphere can be
decomposed into spherical harmonics. For the following steps, it is convenient to define the curl and
gradient of the spherical harmonics:

gradient: Y G
(`m)ab = N`

(
Y(`m);ab −

1

2
gabY(`m);c

c
)

(2.43)

curl: Y C
(`m)ab =

N`

2

(
Y(`m);acε

c
b + Y(`m);bcε

a
c

)
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Here gab is the metric tensor on the sphere and the semi colon indicates covariant differentiation.
Nl is defined as:

Nl =

√
2(`− 2)!

(`+ 2)!
. (2.44)

From these definitions the Fourier components of the metric perturbation hab(f, Ω̂) can be expressed
as:

hab(f, Ω̂) =

∞∑
`=2

∑̀
m=−`

[
aG(`m)(f)Y

G
(`m)ab(Ω̂) + aC(`m)(f)Y

C
(`m)ab(Ω̂)

]
. (2.45)

with:

aC(`m)(f) =

∫
S2

d2Ω̂ hab(f, Ω̂)Y C
(`m)

ab∗(Ω̂),

aG(`m)(f) =

∫
S2

d2Ω̂ hab(f, Ω̂)Y G
(`m)

ab∗(Ω̂).

The summation over starts at ` = 2, as the monopole (` = 0) and dipole (` = 1) contributions
vanishes for gravitational waves far from the source and the leading-order term of the gravitational
wave radiation is the quadrupole moment [18]. The spherical harmonics indices are differentiated
form the spatial tensor indices by parentheses.
Substituting the new decomposition Eq. (2.45) into Eq. (2.30) the metric perturbation induced by a
stochastic gravitational wave background is:

hab(t,x) =

∫ ∞

−∞
df

∫
d²Ω̂

{∑
(m`)

[
aG(`m)(f)Y

G
(`m)ab(Ω̂) + aC(`m)(f)Y

C
(`m)ab(Ω̂)

]}
e
−2πif(t− Ω̂·x

vph
)
.

(2.46)
The spherical harmonics can be written as:

Y G
(`m)ab(Ω̂) =

N`

2

[
W(`m)(Ω̂)e+ab(Ω̂) +X(`m)(Ω̂)e×ab(Ω̂)

]
, (2.47)

Y C
(`m)ab(Ω̂) =

N`

2

[
W(`m)(Ω̂)e×ab(Ω̂)−X(`m)(Ω̂)e+ab(Ω̂)

]
,

breaking them down into terms of the cross and plus polarization. This can also be done for the
metric perturbation and it follows:

hab(t,x) =

∫ ∞

−∞
df

∫
d²Ω̂

[
h+(f, Ω̂)e+ab(Ω̂) + h×(f, Ω̂)e×ab(Ω̂)

]
e
−2πif(t− Ω̂·x

vph
)
, (2.48)
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with

h+(f, Ω̂) =
∑
(lm)

Nl

2

[
aG(lm)(f)W(lm)(Ω̂)− aC(lm)(f)X(lm)(Ω̂)

]
, (2.49)

h×(f, Ω̂) =
∑
(lm)

Nl

2

[
aG(lm)(f)X(lm)(Ω̂) + aC(lm)(f)W(lm)(Ω̂)

]
. (2.50)

Where W(lm) and X(lm) are defined as [19]:

W(lm) ≡
(
2
∂2

∂θ2
+ `(`+ 1)

)
Y(lm), (2.51)

X(lm) ≡
2im

sin θ

(
∂

∂θ
− cot θ

)
Y(lm). (2.52)

From the definition of the strain power spectrum Sh(f) in Eq. (2.35) and the definitions in Eq. (2.46)
follows:〈

aG(`m)(f)a
G∗
(`′m′)

(
f ′)〉 =

〈
aC(`m)(f)a

C∗
(`′m′)

(
f ′)〉 = Sh(f)δ``′δmm′δ

(
f − f ′) . (2.53)

Returning to the redshift and timing residuals defined in Sec. 2.2, the expression for the timing
residual in modified gravity is:

r(t) =

∫ t

0
z
(
t′
)
dt′ =

∫ ∞

−∞

dfe2πift

2πif

∫
d2Ω̂

p̂ap̂bhab

2
(
1 + Ω̂·p̂

vph

) (
1− e−2πifL(1+Ω̂·p̂/vph)

)
(2.54)

The metric pertubation can be decomposed into the basis of the spherical harmonics (Eq. (2.45)).
In this decomposition, the detector response function RP (f, Ω̂) can be defined as:

r(t) =

∫ ∞

−∞
dfe2πift

∫
d2Ω̂

∑
(`m)

∑
P=G,C

RP (f, Ω̂)aP(`m)(f). (2.55)

Comparing these expressions above with the decomposition of the metric perturbation, the detector
response function is:

RP
(lm)(f) =

1

i2πf

∫
d2Ω̂

papb

2(1 + Ω̂·p̂
vph

)
Y P
(lm)ab(Ω̂)e−i2πft

[
1− e−i2πfL(1+Ω̂·p̂/vph)

]
(2.56)
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As in the previous section, the correlation function of the redshift of two pulsars a and b is calculated.
Using Eqs. (2.55), (2.56) and the definition of the strain power spectrum in Eq. (2.53) it follows:

〈r(t, p̂a) r(t
′, p̂b)〉 =

∫ ∞

−∞
dfe2πif(t−t′)Sh(f)Γab(f, ξab). (2.57)

Where Γab(f, ξab) is once again the overlap reduction function and ξ the angular separation of the
two vectors. In the harmonic basis the ORF is:

Γab(f, ξab) = C
∑
(`m)

∑
P=G,C

RP
(lm)(f, p̂a)R

P∗
(lm)(f, p̂b). (2.58)

In Eq. (2.39) the ’’computational’’ reference frame was used to calculate the overlap reduction
function. It is also possible to calculate Γab(f, ξab) in a different reference frame, in which both
pulsars lie along the z-axis. For this a rotation of coordinates is performed from the initial position
of the pulsars: p̂i = (sin ζi cosχi, sin ζi sinχi, cos ζi) to ¯̂p = (0, 0, 1) with the associated rotational
matrix R(χi, ζi, 0)p̂i. The direction of the gravitational wave is denoted by ¯̂

Ω, where ¯̂
Ω · ¯̂p = cos θ̄.

Using the Wigner-D matrix D`
mm′ the curl and gradient of the spherical harmonics transform as:

Y P
(`m)ab(θ, φ) =

∑̀
m′=−`

[
D`

mm′(χ, ζ, 0)
]∗

Y P
(`m′)āb̄

(
θ̄i, φ̄i

)
R (χi, ζi, 0)

ā
aR (χi, ζi, 0)

b̄
b. (2.59)

To apply this to the detector response functions, the integral over Ω̂ in RP
(lm)(f, p̂) and the spherical

harmonics need to be expressed in the angles θ and φ:

RP
(`m)(f, p̂) =

1

2πif

∫ 1

−1
d cos θ

∫ 2π

0
dφ

p̂ap̂b

2(1 + Ω̂·p̂
vph

)
Y P
(`m)ab(θ, φ)

[
1− e

−i2πfL
(
1+Ω̂·p̂/vph

)]
. (2.60)

The rotation of the gradient and curl can be substituted into the above expression and using Eq.
(2.47), the detector response functions for the gradient and curl equal respectively:

RG
(`m)(f, p̂) =

∑̀
m′=−`

[
D`

mm′(χ, ζ, 0)
]∗ 1

2πif
(2.61)

×
∫ 1

−1
d cos θ̄

∫ 2π

0
dφ̄

[
1− e−i2πfL(1+cos θ̄)

] ¯̂pa ¯̂pb

2(1 + cos θ̄
vph

)

Nl

2

(
W`m′e+ab +X`m′e×ab

)
,
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RC
(`m)(f, p̂) =

∑̀
m′=−`

[
D`

mm′(χ, ζ, 0)
]∗ 1

2πif
(2.62)

×
∫ 1

−1
d cos θ̄

∫ 2π

0
dφ̄

[
1− e−i2πfL(1+cos θ̄)

] ¯̂pa ¯̂pb

2(1 + cos θ̄
vph

)

Nl

2

(
W`m′e×ab −X`m′e+ab

)
.

Analogously to the previous section the detector pattern functions can be defined as:

F+,×(
¯̂
Ω) =

¯̂pa ¯̂pb

2(1 + cos θ̄/vph)
e+,×
ab (

¯̂
Ω). (2.63)

From this definition and the reference frame implemented above, it becomes clear that the cross-
polarization F×(

¯̂
Ω) becomes zero and F+(

¯̂
Ω) = 1−cos2(θ̄)

2(1+cos θ̄/vph)
. The detector response functions

thus reduce to:

RG
(`m)(f, p̂) =

∑̀
m′=−`

[
D`

mm′(χ, ζ, 0)
]∗ 1

2πif
(2.64)

×
∫ 1

−1
d cos θ̄

∫ 2π

0
dφ̄

[
1− e−i2πfL(1+cos θ̄)

]
F+(

¯̂
Ω)

Nl

2
W`m′ ,

RC
(`m)(f, p̂) =

∑̀
m′=−`

[
D`

mm′(χ, ζ, 0)
]∗ 1

2πif
(2.65)

×
∫ 1

−1
d cos θ̄

∫ 2π

0
dφ̄

[
1− e−i2πfL(1+cos θ̄)

]
F+(

¯̂
Ω)

Nl

2
X`m′ .

Both X`m′ and W`m′ are proportional to eim
′φ̄, this can be seen when expressing them in terms of

associated Legendre functions [8]. Due to this proportionality and the orthogonality of the com-
plex exponentials, the integral over φ̄ is zero for every m′ 6= 0. Now the RA

(`m) can be calculated
individually. For the gradient (with x = cos θ):

RG
(`m)(f, p̂) =

[
D`

m0(χ, ζ, 0)
]∗

2πif

Nl

2

∫
d²Ω̂

[
1− e−i2πfL(1+x)

] 1− x2

2(1 + x
vph

)
W`0, (2.66)

and for the curl:

RC
(`m)(f, p̂) =

[
D`

m0(χ, ζ, 0)
]∗

2πif

Nl

2

∫
d²Ω̂

[
1− e−i2πfL(1+x)

] 1− x2

2(1 + x
vph

)
X`0 = 0, (2.67)

as X`0 = 0, which follows from Eq. (2.52).
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The expression for the gradients detector response function can be simplified by defining the fac-
tors c`:

c`(f) ≡

√
4

(2l + 1)π

∫
d2Ω̂

[
1− e

−i2πfL

(
1+ 1

vph
x

)]
1− x2

1 + x
vph

W(`0)(x) (2.68)

=

∫ 1

−1
dx

(
1− x2

)2
1 + x

vph

[
1− e

−i2πfL

(
1+ 1

vph
x

)]
d2

dx2
P`(x). (2.69)

With the definition of the Wigner D matrix:

[
D`

m0(χ, ζ, 0)
]∗

=

√
4π

2`+ 1
Y`m(χ, ζ), (2.70)

the detector response function of the gradient is:

RG
(`m)(f, p̂) =

[
D`

m0(χ, ζ, 0)
]∗

2πif

N`

2

√
(2`+ 1)π

4
c`(f) =

Y`m(χ, ζ)

2πif

N`π

2
c`(f). (2.71)

The overlap reduction function in Eq. (2.58) is accordingly:

Γab(f, ξab) =
1

(2πf)2

∑̀
m=−`

Y`m (χa, ζa)Y
∗
`m (χb, ζb)

(
N`π

2

)2

|c`(f)|2

=
1

64πf2
(2`+ 1)N2

` |c`(f)|
2 P`(cos ξab). (2.72)

The second equality follows from the addition theorem for spherical harmonics [20]:

P`(cos ξ) =
4π

2`+ 1

∑̀
m=−`

Y`m (χa, ζa)Y
∗
`m (χb, ζb) . (2.73)

The factor in the front of the equation 1
64πf2 can be added to the definition of the power spectrum,

resulting in final expression for the ORF in Legendre polynomials:

Γab(f, ξab) =

∞∑
`=2

a`P`(cos ξab) with a` ≡
3

2
(2`+ 1)

2(`− 2)!

(`+ 2)!
|c`(f)|2. (2.74)

Taking the GR limit (vph = 1) of this expression, the exponential factor in the c` coefficients leads
to a damping oscillation and for large fL, the exponential can be dropped. The coefficients then
reduce to c` = (−1)`4 and the original Hellings and Downs result can be recovered.
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2.3.2 Resummed Overlap Reduction Function

A key detail in the expansion introduced in the previous section is the slow convergence of the
Legendre polynomials due to the fact that the coefficients a` decrease less slowly with increasing `.
This has been illustrated in Figure 2.2.

Figure 2.2: The first 20 a` coefficients of the ORF expressed through Legendre polynomials in Eq. 2.74 for different values
of the phase velocity vph. Figure reproduced from [12].

The discussion of this matter adheres to Liang, Lin, and Trodden [10] and Cordes et al. [12]. Figure
2.3 shows ORF from Eq. (2.74) plotted with an expansion up to ` = 20 (Γ(20)

ab (ξab, f)) for different
values of subliminal phase velocities.

Figure 2.3: The corresponding truncated ORF for different phase velocities, calculated using only the first 20 terms in the
decomposition. The orange curve shows the ORF for the GR case. Figure reproduced from [12].
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The plot shows that the resulting ORFs do not provide an adequate representation and that improve-
ment of the approximation is necessary. This is done by introducing a second factor where the
remaining terms of the Legendre polynomials are summed as follows:

Γab (ξab, f) =

20∑
`=2

a`(f)P` (cos ξab) + Θ (− log10 v) a20(f)
∞∑

`=21

P` (cos ξab) (2.75)

= Γ(20)ab (ξab, f) + Θ (− log10 v) a20(f)
∞∑

`=21

P` (cos ξab) . (2.76)

With the Heaviside theta function Θ(− log10(v)) = 1 for − log10(v) > 1 and
Θ(− log10(v)) = 0 for− log10(v) ≤ 1. Expressing the bounds of the phase velocity logarithmically
is done to cover and thus analyze a wide range of vph values effectively. The summation can be
simplified by using the sum rule for Legendre polynomials:

∞∑
`=0

P` (cos ξab) =
1√

2− 2 cos ξab
. (2.77)

In Figure 2.4 the resummed ORF from Eq. (2.78) is plotted. It is clear that this expression gives a
much better approximation for the cross-correlation.

Figure 2.4: The resummed ORF ΓLD
ab from Eq. (2.78) compared to the truncated ORF (dashed lines) consisting only of the first

` = 20 terms in Eq. (2.74). The ORFs are plotted for different values of log10(vph) and orange curve corresponds
to the result in general relativity ΓHD

ab . The resummed ORF shows a significant improvement over the truncated
result (adapted from [12]).



19 2.3 Modified gravity

The resummed overlap reduction function is:

ΓLD
ab (ξab, f) =

20∑
`=2

a`(f)P` (cos ξab) + Θ (− log10 v) a20(f)

[
1√

2− 2 cos ξab
−

20∑
`=0

P` (cos ξab)

]
(2.78)

However this approach does not give a satisfying result for the auto-correlation term. As ξab → ∞
the term

√
2− 2 cos ξab diverges at ξab = 0. This divergence is problematic, as it is necessary to

include the auto-correlation term when analysing PTA data. The power spectrum’s (Sh(f) in Eq.
(2.35)) sensitivity is derived through Γaa. The auto-correlation coefficient is much larger that the
cross-correlation coefficients (ξab 6= 0), causing Γaa to be more sensitive to an initial detection of a
signal. The cross-correlations play less of a role in the sensitivity and are more relevant to classifying
the gravitational wave signal. This context needs to represented when modeling theories of modified
gravity to PTA data. The divergence of Eq. (2.78) at ξab → ∞ thus cannot be disregarded. A
solution to the calculation of the auto-correlation coefficient is given in the following section.

2.3.3 Auto-Correlation

In Cordes et al. [12] an approach to calculating the auto-correlation coefficient is introduced that
does not use the decomposition into Legendre polynomials. Instead, the approach returns to the
analytical expressions in Sec. 2.2 and considers the auto-correlation function Γa=b(f, ξa=b). The
auto-correlation coefficient for subluminal velocities is then:

Γaa(f) =
3

2

∫
d2Ω̂

4π

∑
A=+,×

[
1− e

−2πifLa(1+
Ω̂·p̂a
vph

)

][
1− e

2πifLa(1+
Ω̂·p̂a
vph

)

] piap
j
aeAij(Ω̂)

2( Ω̂·p̂a

vph
+ 1)

2

=
3

4

∫ ∞

0
dθ

sin5 θ sin2(πfLa(1 + cos θ/vph))
(1 + cos θ/vph)

. (2.79)

An exact solution of the integral is possible and presented in [12]. Using the following notation:

x± =
2y (vph ± 1)

vph
, y = πfLa, Ci(x) = −

∫ ∞

x
dt

cos t
t

, Si(x) =
∫ x

0
dt

sin t
t

, (2.80)

the auto-correlation coefficient can be expressed as:

Γaa(f) = 3v4ph − 2v2ph +
v5ph

64y3

{
24yx+x− [Ci (x+)− Ci (x−)− 2 arcoth (vph)]

+ 3x2+x
2
− [Si (x+)− Si (x−)] + 3 (2 + x+x−) (x− cosx+ − x+ cosx−)

+ 6 [1− (3 + 1/vph) yx−] sinx+ − 6 [1− (3− 1vph) yx+] sinx−
}
. (2.81)
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It is informative to compare the GR limit of this result with the result from the Hellings & Downs
correlation (Eq. (2.36)).

In the HD result, the auto-correlation coefficient is ΓHD
aa = 1. This can be derived by looking at

correlation of the Earth and pulsar term for identical pulsars a = b, which are expressed through
the exponential factors in Eq. (2.34). The correlations are the same size for identical pulsars and the
exponential terms now lead to an additional factor of two in the HD curve in Eq. (2.40), alongside
the fast oscillating terms:

ΓHD
ab = (1 + δab)

[3
2
xab ln(xab)−

1

4
xab +

1

2

]
(2.82)

For two identical pulsars the angle between the pulsars is zero ξab = 0 and thus xab = 0. With this,
and the chosen normalization factors 2

3
and 3

2
in Eqs. (2.34) and (2.36) respectively, the result for

the auto-correlation is ΓHD
aa = 1.

The GR limit of Γaa(f) in Eq. (2.81) is given by evaluating the integral of the modified gravity
auto-correlation in Eq. (2.79) for vph = c = 1:

ΓGR
aa =

3

4

∫ π

0
dθ

sin5 θ sin2(πfLa(1 + cos θ))
(1 + cos θ)2

= 1− 3(1− sinc(4πfLa))

8(πfLa)2
. (2.83)

The result ΓGR
aa depends on the frequency f and the the pulsar distance La. Initially this dependence

may seem significant, because it obviously does not exist for the HD result, but due to the long arm
limit fLa � 1 in PTA analyses, the auto correlation coefficient in GR can be approximated to:

ΓGR
aa (f)

fLa�1
≈ ΓHD

aa (f) = 1 (2.84)

thus making the effect of the dependence irrelevant.

While the auto correlation coefficient in Eq. (2.81) is the main result in [12], another observation
is made in the large-fLa limit which is significant for the analysis of PTA data when considering
subluminal velocities.
Expanding the result in Eq. (2.81) in order of (fLa)

−1 leads to a linear scaling of the auto correlation
coefficient Γaa:

Γaa(f) = Γlimit
aa +O

(( 1

fLa

)0)
= Θ(− log10 vph)

3π2

4
fLavph(v

2
ph − 1)2 +O

(( 1

fLa

)0)
. (2.85)

If phase velocities equal or close to the speed of light are considered, the (v2ph − 1)2 factor in Eq.
(2.85) limits Γaa. However, if the velocities are no longer in this range close to c, the auto-correlation
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coefficient becomes of the order of fLa and much larger than the cross-correlations at ξ 6= 0. When
exactly this effect occurs is be determined by solving Γlimit

aa & 1 for vph:

vph . v̄ph = 1− 1 +
√

3π2fLa

3π2fLa
. (2.86)

From this follows for the auto- and cross-correlation: Γaa & 1 & Γab.
The distances of pulsars are usually of the order fLa ∼ O(100...1000) and when applying this to
the result for vph above, it becomes clear that if the phase velocity deviates from the speed of light
only by a small percentage, the difference between auto- and cross correlation coefficients increases.
The auto-correlation coefficient becomes significantly larger, which can also be seen in Figure 2.5.

Figure 2.5: Modification of the HD curves with model of subluminal phase velocities vph < 1. With increasing deviation
of the phase velocity from the speed of light, the discrepancy between the cross- and auto-correlation coefficient
also increases, as the latter becomes much larger. [12].

For a clearer understanding of this effect, the detector pattern functions as defined in Eq. 2.33 for
GR and in Eq. 2.63 for modified gravity, are studied more closely. In general relativity FA

a becomes
enhanced under the condition that the relative angle between the pulsar p̂a and the propagation
direction Ω̂ of the gravitational wave is θ = π. But, at this condition the integrand in the GR auto-
correlation coefficient in Eq. 2.83 vanishes, so that an enhancement by the denominator is no longer
possible.
In modified gravity the denominator in FA

a becomes large if Ω̂ · p̂a = −vph, or cos θ = −vph. In
this case, the value of integrand in Eq. 2.79 increases for angles θ fulfilling this condition.

Finding that the auto-correlation coefficient is enhanced for vph < 1 has significant consequences
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for the previously introduced analysis of PTA data. For phase velocities that are considerably smaller
than the bound in Eq. (2.86), the ORF can be approximated as follows:

vph . v̄ph ⇒ ΓSIM
ab (f) ≈ δab

3

4
π2fLavph(v

2
ph − 1)2, (2.87)

where the cross-correlations are dropped entirely.

The cross-power spectrum, also timing-residual power spectrum, Sab can be defined as:

Sab =
1

6π2f2
ΓabSh(f), (2.88)

with the strain power spectrum Sh(f) and the overlap reduction function. Sh(f) in return is ex-
pressed through the characteristic strain hc with a power law ansatz:

Sh =
h2c
2f

=
A2

2f

( f

fref

)2α
. (2.89)

With the equations above, the approximated cross-power spectrum for modified gravity is:

Sab ≈ δabfLa

A2vph(v
2
ph − 1)2

16f3
ref

( f

fref

)−(3−2α)
. (2.90)

The expression indicates that Sab is proportional to fLaA
2vph(v

2
ph − 1)2. This result is studied in

the PTA data analysis and further discussed in section 4.



3 Principles of PTA analysis

This chapter focuses on the analysis of PTA data and the implementation of the ORF derived from
Legendre polynomials (Sec. 2.3.2), as well as the approximated ORF (Sec. 2.3.3), in order to com-
pare them with the data. For this the program PTArcade is introduced, and a brief overview of the
statistical methods used is given. Finally, the employed code is presented along with an explanation
of its components.

3.1 PTArcade

Pulsar timing arrays can be evaluated using the PTArcade [21, 22] program. It uses Bayesian statis-
tics for the analysis of new-physics models with PTA data. The data is acquired from observation
and timing of 68 millisecond pulsars by the NANOGrav collaboration [6]. It can either be used to
analyse stochastic or deterministic signals. In case of the former, the energy density spectrum of
gravitational waves needs to be defined by the user.
The new-physics signals are characterized by model files written in Python which include the param-
eters and their priors, energy density spectrum and the overlap reduction function. As explained in
section 2.3.3 the cross-power spectrum Sab corresponds to the product of the ORF Γab and the strain
power spectrum Sh. The energy density spectrum ΩGW(f) can be expressed through Sh [23]:

ΩGW(f) =
4π2

3H2
0

f3Sh(f) =
4π2

3H2
0

f3 h
2
c

2f
, (3.1)

where H0 is the Hubble constant. The characteristic strain hc is once again modeled by a power
law as in Eq. (2.89), with the parameters A, the amplitude of the gravitational wave and γ. From
this follows the following expression for the energy density spectrum, which is implemented into
PTArcade:

h2ΩGW(f) =
2π2

3

(
h

H0

)2

A2f2
yr

(
f

fyr

)5−γ

. (3.2)

In the implementation, several corrections need to be considered in the timing residuals of the pulsars
and thus also in the model. This includes corrections between the frame of the pulsar system and
the Solar System Barycenter (SSB) frame and between the observatory and the SSB frame. The
corrections also include white noise and pulsar intrinsic red noise. To keep this section concise,
a detailed discussion of these corrections is not provided here, but can be found in, among others,
Mitridate et al. [22] and Taylor [1]. However, it becomes evident that these corrections lead to a
large number of parameters in the model, showing the extent of the parameter space.
Before discussing the specifics of the employed code and its configuration in PTArcade, a brief
introduction to Bayesian statistics and Markov Chain Monte Carlo methods is given. Together they
are used for the calculation of posterior probability distributions of the relevant parameters.

23
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3.1.1 Bayesian statistics

In Bayesian probability theory, prior knowledge about the preformed analysis is included in the
model. There are essentially four parts to Bayes theorem: the prior p(H|I), the likelihood function
p(D|H, I) and the resulting posterior probability p(H|D, I), which are related by the following
expression:

p(H|D, I) =
p(H|I) p(D|H, I)

p(D|I)
. (3.3)

Here H stands for the hypothesis, D for the observed data and I represents the background infor-
mation. The prior contains the knowledge that already exists about the data before actually seeing
it. The likelihood function describes the probability of finding the observed data if the hypothesis
is true. From this it follows that the posterior probability fully describes the extent of information
known about the hypothesis [24]. The theorem can also be expressed in terms of the model M and
the parameters of the model θ [25]:

p(θ|D,M) =
p(θ|M) p(D|θ,M)

p(D|M)
. (3.4)

The denominator is called the marginal likelihood or evidence, which normalizes the posterior dis-
tribution. It can be calculated for the model M with parameters θ by integrating over the product of
the prior distribution and the likelihood of parameters:

p(D|M) =

∫
dθ p(θ|M) p(D|M, θ). (3.5)

It gauges how well the data D is described by the chosen model M after the average over all the
parameters and is mainly used to compare models using the Bayes factor, which corresponds to the
ratio of the evidences of two different models. The likelihood also serves as a normalization factor,
ensuring that the posterior distribution integrates to unity over all parameters.

In PTArcade the posterior probability distributions for the model parameters are calculated. As
discussed, the models for the gravitational wave signals include a large number of parameters. To
obtain information about the relevant parameters, the posterior distribution needs to be integrated
over all unwanted ones [26]. The large parameter space makes calculating these integrals very diffi-
cult. This problem of high dimensionality is solved by using Markov Chain Monte Carlo (MCMC)
method.
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3.1.2 Markov Chain Monte Carlo

This section summarizes some of the crucial aspects of MCMC, following Speagle [25], where an
introduction to the method is given, focusing on a conceptual understanding. The essential aspect of
MCMC is that it creates a chain of parameter values or samples over n iterations θ1...θn. The density
of samples ρ(θ) or, the number of iterations in a region of a certain parameter value, is then pro-
portional to the the posterior probability distribution p(θ|D,M). When analyzing data, the discrete
samples are used to estimate the integral over the posterior distribution in the considered region.
The chains are created by the Metropolis-Hastings algorithm, where new samples θi → θi+1 in the
chain are generated. The resulting density distributions ρ(θ) need to fulfill the following require-
ments:

1. ρ(θ) must converge in the limit of infinite iterations n.
2. ρ(θ) must be equal to the posterior probability distribution.

The first requirement is satisfied when employing that the probability does not change, or is con-
served, when taking a step θi → θi+1. This is also called detailed balance. To take such a step the
algorithm first proposes a new position, and then the transition probability of the step is computed.
If this transition probability is higher than a randomly generated number, the step is accepted. If
it is smaller, the step is rejected and θi+1 is set to θi. This process is then repeated until the chain
converges.
From this it becomes clear, that the new position in the chain only depends on the current position.
These types of chains are called Markov chains and the simulation of new positions in this way is
typically used in Monte Carlo simulations. This gives light to origin of the name for MCMC. It
is essentially the combination of the two methods, allowing for the probability distribution to be
acquired, without encountering the problem of high dimensions.

3.2 Model File Implementation

The model file used for the analysis of the modified gravity signal can been seen below. The mode
enterprise [27, 28] is used, as this establishes the analysis of the data on the level of timing residuals
[22]. The priors for the parameters A and γ are chosen according to [6]. It is important to note that
the priors for the amplitude and phase velocity are given as the logarithm of the respective value. As
mentioned before, this is done in order to cover a wide range of values effectively. The prior of the
phase velocity is set to a uniform distribution in the interval [−1, 0] for subluminal velocities, and
to [−1, 1] for sub- and superluminal velocities.
The auto-correlation coefficient is defined in lines 19 to 38, starting off with establishing the value
for the fixed pulsar distance. For the GR case (vph = 1) the coefficients output corresponds to Eq.
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(2.83). For all other cases, the output consists of the term in Eq. (2.81), which has been split up into
smaller terms for a clearer structure. In lines 40 to 49 the overlap reduction function is constructed,
where first the numerical values acquired from the Legendre formalism in Eq. (2.58) are loaded into
the file. The Python code used to compute the a` coefficients, which are essential for the numerical
calculation, is included in the Appendix B. For the same pulsar positions (pos1= pos2) the ORF
returns the previously defined auto-correlation coefficient. For all other cases, the ORF corresponds
to the calculated values of the Legendre decomposition with the parameters ξ and vph. Finally, the
spectrum of the signal is defined according to Eq. (3.2).

For each of the two model files (log10(vph) ∈ [0, 1] and [−1, 1]) three runs are performed with
different values for the fixed pulsar distance seen in line 21 of the code. The L = 100T corresponds
to roughly 0.5 kpc. Additional runs are done with L = 300T and L = 500T , corresponding to a
distance of 1.5 kpc and 2.5 kpc respectively. This ensures that pulsars are covered across three cate-
gories: those close to the Earth, the most common distance, and those furthest away.
In addition, three runs are performed for the approximated ORF in section 2.3.3 for a subluminal
velocity prior log10(vph) ∈ [−1, 0]. The ORF (line 40 to 49) is replaced by the expression in Eq.
(2.87) and the expression for the auto-correlation coefficient removed. The spectrum is defined as
before. The results of the runs and their interpretation are discussed in the following section.

1 import numpy as np

2 from scipy.special import sici

3 import pickle

4 import ptarcade.models_utils as aux

5 from ptarcade.models_utils import prior

6 from enterprise import constants as const

7

8 name = "v_neq_c2"

9

10 smbhb = False #excluding an expected signal of super massive black hole binaries

11

12 #A and gamma priors as in [6]

13 parameters = {

14 "log10_v": prior("Uniform", -1, 0),

15 "log10_A": prior("Uniform", -18, -11),

16 "gamma": prior("Uniform", 0, 7)

17 }

18 #auto correlation coefficient

19 def auto_corr(vph, f):

20 T_obs = f[0]**(-1) #Timing baseline in sec

21 L = 100*T_obs #Fixed pulsar distance in sec

22 Pi = np.pi

23 y = Pi*f*L

24 x_minus = (2*y*(vph-1))/vph

25 x_plus = (2*y*(vph+1))/vph

26 if vph == 1:

27 return 1 - 3/(8 * (f*L)**2 * Pi**2) + (3 * np.sin(4 * (f*L) * Pi))/(32 * (f*L)**3 * Pi**3)

28 else:

29 term1 = 3*vph**4

30 term2 = -2*vph**2
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31 term3 = 24*y*x_plus*x_minus*(sici(x_plus)[1]-sici(x_minus)[1]-2*np.emath.arctanh(1/vph).real)

32 term4 = 3*(x_minus)**2 * (x_plus)**2 * (sici(x_plus)[0] - sici(x_minus)[0])

33 term5 = 3*(2+x_minus*x_plus)*(x_minus*np.cos(x_plus) - x_plus*np.cos(x_minus))

34 term6 = 6*(1-(3+(1/vph))*y*x_minus)*np.sin(x_plus)

35 term7 = -6*(1-(3-(1/vph))*y*x_plus)*np.sin(x_minus)

36

37 result = term1 + term2 + (vph**5/(64*y**3))*(term3 + term4 + term5 + term6 + term7)

38 return result

39

40 with open('ORF_func.pkl', 'rb') as f: #numerical values of the ORF from the Legendre decomposition

41 ORF_func = pickle.load(f)

42

43 #overlap reduction function

44 def orf(f, pos1, pos2, log10_v, log10_A, gamma):

45 if np.all(pos1 == pos2):

46 return auto_corr(vph = 10**log10_v, f = f)

47 else:

48 xi = np.arccos(np.dot(pos1, pos2))

49 return ORF_func(log10_v, xi)

50

51 # spectrum

52 def spectrum(f, log10_v, log10_A, gamma):

53

54 return 2*np.pi**2/3 * (aux.h/aux.H_0)**2 * (10 ** log10_A)** 2 * const.fyr**2 * (f/const.fyr)**(5 - gamma)
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Figure 4.1: Posterior distribution for the model with the modified gravity ORF ΓLD
ab from Eq. (2.78), with the phase velocity

prior log10(vph) ∈ [−1, 1]. The energy density spectrum is defined as in Eq. (3.2) and the three plots each
correspond to a different fixed pulsar distance: L = 100T (a), L = 300T (b), and L = 500T (c).

Figure 4.1 shows the corner plots resulting from the runs for sub- and superluminal phase veloci-
ties for fixed pulsar distances: L = 100T (a), L = 300T (b), and L = 500T (c). The posterior
distribution function for the logarithm of the phase velocity shows that the superluminal phase ve-
locities log10(vph) > 0 (vph < 1 and the GR case at log10(vph) = 0 (vph = 1) are preferred
over the subluminal phase velocities log10(vph) < 0 (vph < 1). This trend can be seen in all three
plots, implying that the superluminal phase velocities are better in agreement with the NANOGrav
PTA data than the subluminal. However, for the linear dispersion relation considered in this work
(Eq. 2.41) and discussed in Sec. 2.3, phase velocities larger than one lead to violation of causality.
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While examining the data for vph > 1 is of interest, it does not give any physically reasonable results.

Figure 4.2 shows the corner plots resulting from the implementation of the modified gravity ORF
ΓLD
ab and the simplified ORF ΓSIM

ab . As stated in the previous section, a subluminal phase velocity
prior was chosen log10(vph) ∈ [−1, 0]. The three plots (a), (b) and (c) each correspond respectively
to the different fixed pulsar distances L = 100T, 300T, 500T .

The key observation is found in the two dimensional posterior distribution of log10(A) and log10(vph).
For small phase velocities vph � 1, the posterior distribution corresponding to the simplified ΓSIM

ab

closely matches the results from modified gravity. For phase velocities close to the speed of light
however, the two models show less agreement, due to the fact that the simplified ORF is valid only
for the bound specified in Eq. (2.86).

In addition, for phase velocities vph < c a flat direction in the parameter space of the amplitude
and phase velocity can be observed in each of the three plots. This indicates a parameter degeneracy
in A and vph, meaning that the posterior distribution takes on similar or identical values over differ-
ent combinations of the parameters. To emphasize this the parameter combination that the posterior
distribution is sensitive for is studied:

PX = fLA2vph(v
2
ph − 1)2. (4.1)

PX is calculated for the maximum value of A, vph = 0.1, the fixed pulsar distance L and the
frequency f1 = 1

T
. The maximum values of the amplitude are determined using a kernel density

estimation (KDE) with gaussian_kde [29] and listed in Table 4.1. These values for PX and Amax
are calculated for both the modified gravity and the simplified ORF, considering each of the fixed
pulsar distances. Using the computed values of PX , a curve running along the maximum of the
two-dimensional posterior distribution of each ΓLD

ab and ΓSIM
ab is added to the respective plots.

Looking first at maximum values of the amplitude, it becomes clear that log10(Amax) decreases as
the fixed pulsar distance increases. This is consistent with the expectation that the amplitude of
the gravitational wave signal declines with greater pulsar distances. The values of log10(Amax) for
the simplified ORF deviate from the values of the modified gravity ORF by less than 0.26%. This
highlights once again, that ΓSIM

ab is an excellent approximation for phase velocities vph � 1.



31

4 5

γ

−0.8

−0.6

−0.4

−0.2

lo
g
(v
p
h
)

−16

−15

lo
g
(A

)

−16 −15

log(A)

−0.7 −0.3

log(vph)

(a) Subluminal phase velocities, L = 100T

Modified Gravity ORF

Simplified ORF

Maximum Posterior Curve
Modified Gravity ORF

Maximum Posterior Curve
Simplified ORF

4 5

γ

−0.8

−0.6

−0.4

−0.2

lo
g
(v
p
h
)

−16

−15

lo
g
(A

)

−16 −15

log(A)

−0.7 −0.3

log(vph)

(b) Subluminal phase velocities, L = 300T

Modified Gravity ORF

Simplified ORF

Maximum Posterior Curve
Modified Gravity ORF

Maximum Posterior Curve
Simplified ORF

4 5

γ

−0.8

−0.6

−0.4

−0.2

lo
g
(v
p
h
)

−16.5

−16.0

−15.5

lo
g
(A

)

−16.4 −15.6

log(A)

−0.7 −0.3

log(vph)

(c) Subluminal phase velocities, L = 500T

Modified Gravity ORF

Simplified ORF

Maximum Posterior Curve
Modified Gravity ORF

Maximum Posterior Curve
Simplified ORF

Figure 4.2: Posterior distributions resulting from the model files of the modified gravity ORF ΓLD
ab in Eq. (2.78) and the

simplified ORF ΓSIM
ab in Eq. (2.87). The prior for the phase velocity is log10(vph) ∈ [−1, 0] and the energy

density spectrum is defined as in Eq. (3.2). The plots correspond to the values implemented for the fixed pulsar
distance: L = 100T (a), L = 300T (b) and L = 500T (c). In the posterior distribution for log10(vph) and
log10(A) (lower middle) a degeneracy in the parameter space can be identified. Two curves are plotted along the
maximum of the posterior distribution according to Eq. (4.1), each with the respective values of Amax for both
models (see Table 4.1).
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log(Amax) for ΓLD
ab log10(Amax) for ΓSIM

ab PX for ΓLD
ab PX for ΓSIM

ab

L = 100T -15.72 -15.68 3.62 E-31 4.26 E-31

L = 300T -15.97 -15.94 3.45 E-31 3.83 E-31

L = 500T -16.04 -16.07 4.17 E-31 3.57 E-31
Table 4.1: Maximum values of the logarithmic amplitude log(Amax) and PX as defined in Eq. (4.1). The values are deter-

mined for both the modified gravity ORF ΓLD
ab and simplified ORF ΓSIM

ab and for the three fixed pulsar distances,
corresponding to 0.5 kpc, 1.5 kpc and 2.5 kpc respectively.

The resulting values of PX are also presented in 4.1 and are found to all roughly equal 4 × 10−31.
The newly identified flat direction in the parameter space can thus be roughly summarized by this
constraint:

f1LA
2vph(v

2
ph − 1)2 ∼ 4× 10−31. (4.2)

This parameter combination coincides with the proportionality of the cross power spectrum found
in Sec. 2.3.3, Eq. (2.90):

Sab ∝ f1LA
2vph(v

2
ph − 1)2. (4.3)

Based on this result, it can be concluded that the combinations of these parameters: vph, A and La

that satisfy the constraint Sab ∼ 4× 10−31, are favoured by the PTA data.
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Pulsar timing arrays (PTAs) have proven to be a powerful tool for the detection and study of gravita-
tional waves, providing important insight to not only classical but also modified gravity theories. In
this thesis, the Hellings and Downs (HD) curve, which is the overlap reduction function (ORF) de-
scribing a characteristic correlation pattern in general relativity, was studied through two previously
established derivations. The analytical approach provided a fundamental understanding of the HD
curve within the context of general relativity. The decomposition into spherical harmonics presented
an alternative method frequently utilized in cosmic microwave background studies.

The result of the spherical harmonical decomposition was then used to analyze the correction to
the HD curve in modified gravity theories, particularly for subluminal phase velocities. Significant
findings regarding the auto-correlation coefficient Γaa were drawn from recent research, demonstrat-
ing that Γaa does not diverge in case of modified gravity. Instead, an analytical expression can be
found.
A simplified ORF, ΓSIM

ab , was derived for the long arm-limit, resulting in the cross power spectrum
to be proportional to fLaA

2vph(v
2
ph − 1)2. This approximation is a result of the linear dependence

of Γaa on the fixed pulsar distance fLa and of the fact that Γaa becomes significantly larger than the
cross-correlation for slight deviations from general relativity.

Modified gravity models for uniform logarithmic velocity priors log10(vph) ∈ [−1, 1] and
log10(vph) ∈ [−1, 0] were analyzed. The analysis was conducted using the program PTArcade,
which utilized the developed code and the 15-year NANOGrav data set. The results of the prior
range log10(vph) ∈ [−1,−1] confirm that the data supports the GR case. The plots also indicate a
better fit of the data for phase velocities vph ≥ 1 compared to vph ≤ 1, however this does not yield
any reasonable results, as phase velocities vph ≥ 1 lead to a violation of causality.

Key results were obtained for the subluminal phase velocity prior log10(vph) ∈ [−1, 0]. The two sets
of posteriors, corresponding to the modified gravity ORF ΓLD

ab and the simplified ORF ΓSIM
ab , show

almost identical distributions for vph � 1.
A degeneracy in parameter space of log10(vph) and log10(A) is evident. The values of the param-
eter combination PX = fLA2vph(v

2
ph − 1)2, which the posterior distribution is sensitive to, are

calculated for Amax, vph = 0.1 and the respective pulsar distances L. Following from these values,
an additional curve is plotted long the maximum posterior density. A comparison of the value for
log10(Amax) for ΓLD

ab and ΓSIM
ab highlights, that the simplified ORF is a fitting approximation for suf-

ficiently small phase velocities.

The resulting expression of PX corresponds to the proportionality of the cross-power spectrum Sab

found in Eq. 2.90. The values PX are found to roughly correspond to the value of 4× 10−31. Due
the correlation between PX and the proportionality found for Sab, this roughly constrains the cross
power spectrum to this factor: Sab ∼ 4× 10−31.

33
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The analysis presented in this thesis allows future research to further examine the implications of
modified gravity theories in PTA data, using the derived auto-correlation coefficient i.e. the simpli-
fied overlap reduction function. This simplified ORF and the constraints on the cross-power spectrum
Sab can be integrated into upcoming studies with different or more refined datasets. This could po-
tentially allow for the detection of deviations from general relativity that may have previously gone
unnoticed. Future work could, for example, include the integration of more precise pulsar distances,
allowing for a more refining analysis regarding the effect of fL on the constraint of Sab.



Appendix

The Python code used for the calculating the a` coefficients can be seen below. The definition of
the integral in lines 8 to 20 is constructed as in eq. (2.69) and the values for the phase velocity are
defined logarithmically. Finally, a loop (line 38 to 52) over vph and ` first calculates the c`, and then
the a` coefficients for ` = 2 to ` = 20. The parameters fL specify the fixed pulsar distance.

1 # Parameters fL=100

2 f = 10

3 L = 10

4

5 x = symbols('x')

6

7 # Compute the integrand

8 def create_integrand(ell, v_ph):

9 # Legendre polynomial and second derivative

10 P_l = legendre(ell, x)

11 P_l_double_prime = diff(P_l, x, x)

12 # For numerical evaluation

13 P_l_double_prime_func = lambdify(x, P_l_double_prime, 'numpy')

14 # 3 terms of the integral

15 def integrand(x):

16 term1 = (1 - x**2)**2 / (1 + x / v_ph)

17 term2 = 1 - np.exp(-1j * 2 * np.pi * f * L * (1 + (x / v_ph)))

18 term3 = P_l_double_prime_func(x)

19 return term1 * term2 * term3

20 return integrand

21

22 # Integration limits

23 a, b = -1, 1

24 # Limit of subdivisions

25 limit_subdivisions = 10000

26

27 # v_ph logarithmically spaced values from 0.1 to 10

28 logv_values = [

29 -1.00, -0.95, -0.90, -0.85, -0.80, -0.75, -0.70, -0.65, -0.60, -0.55,

30 -0.50, -0.45, -0.40, -0.35, -0.30, -0.25, -0.20, -0.15, -0.10, -0.05,

31 0.00, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 0.45,

32 0.50, 0.55, 0.60, 0.65, 0.70, 0.75, 0.80, 0.85, 0.90, 0.95,

33 1.00

34 ]

35 v_ph_values = [10 ** x for x in logv_values] # v_ph values

36

37 # Loop over v_ph and ell

38 a_ell_results = {}

39 for logv, v_ph in zip(logv_values, v_ph_values):

40 for ell in range(2, 21): # From 2 to 20

41 integrand = create_integrand(ell, v_ph)

42 # Real part

43 result_real, error_real = quad(lambda x: np.real(integrand(x)), a, b, limit=limit_subdivisions)

44 # Imaginary part

45 result_imag, error_imag = quad(lambda x: np.imag(integrand(x)), a, b, limit=limit_subdivisions)

46 # Absolute value

47 c_ell = np.abs(result_real + 1j * result_imag)

48 # Calculate a_ell

49 a_ell = (3/2) * (2*ell + 1) * math.factorial(ell - 2) / math.factorial(ell + 2) * (c_ell**2) / 16

50 if ell not in a_ell_results:

51 a_ell_results[ell] = []

52 a_ell_results[ell].append((logv, a_ell))

53

35
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