
Introduction to QFT
Assignment 10

Will be discussed on 19.01.18

This assignment has to be handed in not later than at noon 18.01.18.

1. (50%) Electrons in magnetic field (QM)

Consider a Dirac equation for the electron interacting with electro-magnetic field Aµ

(iγµDµ −m)ψ = 0, (1)

where Dµ = ∂µ − ieAµ. Do not use any particular representation unless stated explicitly.

a) Show that iσµνDµDν = e
2 σ

µνFµν , where σµν = i
2 [γµ, γν ] and Fµν = ∂µAν − ∂νAµ.

b) Acting on the Dirac equation by (iγµDµ +m) show that(
DµD

µ − e

2
σµνFµν +m2

)
ψ = 0. (2)

Since the Dirac theory is gauge invariant we are free to chose the form of of the field Aµ. So we can choose
A0 = A3 = 0 and A1 = − 1

2Bx2 and A2 = 1
2Bx1, where x1, x2 are components of a 3-vector x. Moreover

we will consider only weak fields.

c) Show that for the filed Aµ with components given above

(Di)
2

= �+ eB · [x× p] +O
(
A2
i

)
, (3)

where i = 1, 2, 3, B = (0, 0, B) and p is the usual momentum operator from QM.

Now we will use the Dirac basis. In this basis

σij = εijk
[
σk 0
0 σk

]
, (4)

where σk are usual Pauli matrices. Also one can show that for the slow electrons among the four compo-

nents Dirac wave function ψ =

[
φ
χ

]
(written in terms of two two-component spinors φ and χ) only first

two components survive and thus ψ ≈
[
φ
0

]
.

d) Show that the operator e/2σµνFµν acting on φ gives

2eB · S, (5)

where S = σ/2 (usual spin operator from QM).

e) Using approximation from above show that in the Dirac basis one can write Eq.2 as[
∂2t −�− eB · (L + 2S) +m2

]
φ = 0 (6)

Now we assume that the function φ can be written as a product of a fast oscillating exponent e−imt

and a slowly oscillating function Ψ (which means that we can drop terms like ∂2t Ψ).

f) Substituting φ = e−imtΨ show that Eq.6 can be written as

−i ∂
∂t

Ψ =
1

2m
M Ψ +

1

2m
eB · (L + 2S) Ψ. (7)

What is the meaning of the second term on the right hand side?
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2. (50%) Angular momentum of the Dirac field (classical field theory)

Consider a transformation of a Dirac field ψ

ψ →
(

1− i

2
ωµνσ

µν

)
ψ(x+ δx), (8)

where x+ δx = xµ +ωµνx
ν and ωµν = −ωνµ and all transformation understood to be infinitesimally small

|ω| � 1.

a) Show that under the transformation in Eq.8

ψ → ψ − i

2
ωµνσ

µνψ + ωλβx
β∂λψ. (9)

Now we want to find corresponding the Noether currents. It will be more convenient to consider the terms
in Eq.9 separately.

b) Find the Noether current corresponding to the last term on the right hand side of the Eq.9. Express
the answer in terms of the Energy-Momentum tensor

T µν =
∂L

∂(∂µψ)
∂νψ − Lδµν (10)

[Hint : Recall the way you derived the expression for the Energy-Momentum tensor.]

c) Now do the same for the second term on the right hand side of Eq.9

If you have done everything correctly you should get a tensor of the third rank which will be anti-
symmetric with respect to the interchange of one pair of its indices (Mµαβ = −Mµβα).

d) Set µ = 0 so Mαβ ≡ M0αβ . Substituting the Dirac Lagrangian density L = ψ̄ (iγµ∂µ −m)ψ and
using Dirac representation of gamma matrices find M12. What is the physical meaning of the other
components of Mαβ?

[Hint : Use Eq.4.]
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