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Problem 1: Gluon vacuum polarization and its renormalization. [22 Points]

The gluon 2-point function at one loop consists of the following 4 diagrams

The amplitude which corresponds to these diagrams can be written as Mµν,ab.

(a) (2 Points) Show that if the amplitude satisfies the Ward identity as it should, it has to have
the following form

Mµν,ab(p) =

(
gµν − pµpν

p2

)
Πab(p2)

(b) (4 Points) The amplitude for the contribution with the loop involving massless fermions is

Mµν,ab = −g2s Tr
(
T aT b

)
µ4−D

∫
dDq

(2π)D
1

(q2 + iε)((q − p)2 + iε)
Tr
[
γµ( 6q−6p)γν 6q

]
Show that this contribution gives

Mµν,ab =

(
gµν − pµpν

p2

)
δab TF

ig2s
16π2

p2
(
−4

3

)[
1

ε
+ ln

µ2

−p2
+

5

3

]
(c) (2 Points) Show that the contribution involving the 4-gluon coupling vanishes.

(d) (4 Points) The amplitude for the contribution with the loop involving gluons is

Mµν,ab = −g
2
s

2
facdf bcd µ4−D

∫
dDq

(2π)D
Nµν

(q2 + iε)((q − p)2 + iε)

where

Nµν =
[
gµρ(2p−q)σ+gρσ(2q−p)µ+gσµ(−p−q)ρ

]
×
[
gνρ(q−2p)σ+gρσ(p−2q)ν +gσν(p+q)ρ

]
Show that this contribution gives

Mµν,ab = −ig
2
s

2
δabCA

µ4−D

(4π)D/2

∫ 1

0

dx

(
1

∆

)2−D/2{
gµν3(d− 1)∆ Γ

(
1− D

2

)
+pµpν

[
6(x2 − x+ 1)− d(1− 2x)2

]
Γ
(

2− D

2

)
+ gµνp2(−2x2 + 2x− 5)Γ

(
2− D

2

)}
where ∆ = p2x(x− 1).



(e) (3 Points) The amplitude for the contribution with the loop involving ghosts is

Mµν,ab = −g2sfacdf bcd µ4−D
∫

dDq

(2π)D
qµ(q − p)ν

(q2 + iε)((q − p)2 + iε)

Mµν,ab = ig2sδ
abCA

µ4−D

(4π)D/2

∫ 1

0

dx

(
1

∆

)2−D/2{
gµν

∆

2
Γ
(

1− D

2

)
+ pµpνx(1− x)Γ

(
2− D

2

)}
where again ∆ = p2x(x− 1).

(f) (4 Points) Show that the sum of the diagrams where gluons and ghosts are running in the
loop expanded in ε = (4−D)/2 gives

Mµν,ab =

(
gµν − pµpν

p2

)
δabCA

ig2s
16π2

p2
[

5

3 ε
+

5

3
ln

µ2

−p2
+

31

9

]
(g) (3 Points) In order to make the gluon vacuum polarization finite, we absorb the divergence

into the gluon wave-function renormalization constant Z3 = 1 + δ3. Show that

δ3 =
1

ε

g2s
16π2

[
5

3
CA −

4

3
nfTF

]
where we have included the fermion loop for nf fermions.


