2.1.9 Spinors (10.3, 11.2, 13.1)

Free Lagrangian:
L =(iv"0, — m)p == P(i § —m)i (2.33)

Describes free fermions of mass m. Adjoint bispinor is ¢ = 170,

Equation of motion: Dirac equation

(i @—m=0 (2.34)
Clifford algebra:

{97} = 29" (2.35)
Therefore (7°)? = 1 with eigenvalues £1, (7°)? = —1 with eigenvalues i — 7T = 70, it = —~/1,
Commutator:

ot = ;[’Y’Lﬁy] (2.36)

Build bilinear quantities with simple Lorentz transformations from ¥ and U. WU, U~°W, U~y T,

\Ilv“fyf’\lf, UoH U transform as scalar, pseudoscalar, vector, axial vector, and (anti-symmetric) tensor.

Dirac-Pauli representation:

0 1 0 i 0 a;
P = p = 7 = fa = . (237)
0 —1 —0; 0
Also need later
01
Vo= iy = - v, (2.38)

again in the Dirac-Pauli representation, satisfying (7°)? = 1 and {7°,7*} = 0.

Weyl (chiral) representation:

i g; 0 0 01 i i 0 —0;
al = b= = ;= Bat = , (239
0 —o 10 o, 0
which implies that
5 1 0
v = , (2.40)
0 —1



Commonly used in “small mass” or “high-energy” limit, since (large) momentum term in Dirac equa-

tion proportional to « is then (block) diagonal.

Spin projectors:

1 10 1— 0 0
Pr = T and P, = SLig.
2 0 0 2 0 1

Projection operators satisfy P} = Pp,, P2 = P, PLPr = PrP, = 0.

Quantized spin-1/2 fields:

d3p 1 —ipT ipT
S [ G gt @) B,

d3p 1 o ipx = —ipx
S [ G g ) b))

Equal-time anticommutator: {a,(p),al,(p')} = {bs(p), bl (1)} = (27)38(p — )0

Spinor basis:

us<p>(“ﬁ5) | v5<p>( VP, )
\/p._O's _\/p'_o—s

with o# = (1,0) and * = (1,—0), & =m = (1,0) and & = 1, = (0, 1). They satisfy

uu = 2m , v =—2m
Zus us(p) = (P4 m) sz vs(p) = (¥ —m)

Feynman rules for external particles:

Feynman rule for propagator:
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(2.41)

(2.42)
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(2.44)

(2.45)
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2.1.10 Feynman rule(s) for QED (13.1)

Expanded Lagrangian:

1
2%
where we used D,, = 0, + ieA,,. Landau gauge (§ = 0) enforces d, A" = 0.

(9,4 — 12

4 pvo

L =P(iy"0, — m)y — ey A, —

Interaction vertex:

?)y‘ &

= —enyt

(2.47)

No factor of momentum — same for any combination of incoming or outgoing fields.

Index p contracted with polarization vector €, (external photon) or propagator II,,, (internal).

Dirac matrix 7/ 5 sandwiched between spinors, e.g. UaYh SUB-

Feynman diagrams:
- Dirac matrices picked up against fermion flow direction

- Averages/sums over initial/final-state spins

Tree-level example:

4 i i(p., +m)
= (—ie)*u(ps)7" s

D1 P2 P3 p‘% — m?2 + 4E

One-loop example:
p+k

?’M____ E-JWV\’\’\O\I\A’IVWEE!

v u(pr)es(a2) & (q)

A A

i(J 4+ m)

. 62 2% 1/ dék Ty 7 2(315+1}{—|—m) =1

4 & s -
(2m)* (p+ k) —m2 +ie " K2 —m2 e

Integrate over internal loop momentum, multiply with (—1) for Fermi-Dirac statistics.
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2.1.11 Dirac algebra (13.2) [SKIP]

Cyclic property of the trace:

Traces:

Trldy ... dn] =
Trlds ... dops1] =
Tr[d ] =

Teldr ... dn] =

Trldy do ds ds] =

Trv° =

Ty d ) =

T gy d] =
Trldy dy ... don] =

using C~1v,C = —fyg

Contracted products:

Ty

Yu AV

Vu d
Tu Y A

Y dY £ A"

Tr[AB...C| = Tr[B...CA]

Tr[vs dy ... dovs] = (=1)"Tr[dr ... duysys] = (=1)"Tr[dy ...
0,

Te[yd] = —Trh v +v"v*aub, = Tr[l]g"a.b, = 4a.b,
2a1.a5Tr]ds ... dp] — Tr[do dr ds ... dn] = ...
aj.asTrlds ... dy] — ar.asTr[do dy. .. dp] + ...
ar.anTr[dy ... gy 1],
ar.aTr[dy ds] — az.aiTr[da da] + ar.asTr[dy ds]
4daq.as as.ay — 4ay.az as.ay + 4aq.a4 as.a3,

Tr[y’y™°] = —T[y*™°] = —Try” = 0,
T vy e = Trlny vy latd”
Ty s a” = 0,

—4i5aﬁ75aab5 cyds,

Tr[C dy O C doC" ... C O]
2nTI' ¢{T¢2Q{T —Tr[ﬂznd] = Tr[dgn...ﬂl],

with charge conjugation matrix C' = —iv2f.

1
5(%7“+7“%) =g, =4

= YWY e = ay, (29" —A"Y) =24 — 4 d = 24,

= Y 0" = 7, #29M0x — Y VY =20 d + 24 = dab,

= V29" e, =y dt f=2¢dY—daby
= ddab—2¢fd—4dabd=—-2¢)d,
= WdYe29"d = dY At d = 244V ¢+ 24P dd.

Cf. also App. A (PDF on the web).
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