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1

Introduction 1
The exploration of fundamental particles and their interactions is an important

subject of modern physics, driving our understanding of the universeʞs most fun-

damental processes. Among the numerous experiments seeking to unravel these

mysteries, the investigations of extraordinary states of matter, like the Quark-

Gluon Plasma (QGP) are exciting endeavors. Within this context, the need for

large-scale experiments becomes evident, as the necessary conditions for creat-

ing suchmatter state probes are far beyond normal scale. Additionally, the devel-

opment and deployment of sophisticated detection systems are crucial, as they

provide the necessary tools for probing deep into the fundamental laws of na-

ture.

This thesis contributes to the ongoing research efforts of the CBM (Compressed

Baryonic Matter) experiment, which is dedicated to the study of the QCD phase

diagram. Situated at the future particle accelerator SIS100 within the Facility for

Antiproton and Ion Research (FAIR) in Darmstadt, Germany, CBM represents a col-

laborative initiative aimed at unlocking the secrets of strongly interacting mat-

ter.

In particular, this thesis focuses on the mechanical tension of the wires in the

Multi Wire Proportional Chambers (MWPCs) of the Transition Radiation Detector

(TRD) within this experimental collaboration. During the production process of

the detector modules, the tension with which the wires that serve as electrodes

should be monitored. The aim of this work is to present the concept for a device

that reliably both locates the wires within these chambers andmeasures their me-

chanical tension.
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Experimental Background 2
FAIR

The international accelerator facility FAIR is currently under construction based

upon an expansion of the GSI Helmholtz Centre for Heavy Ion Research (German:

"Gesellschaft für Schwerionenforschung") in Darmstadt. Research will take place

regarding the four scientific pillars of FAIR: Atomic, Plasma Physics, and Applica-

tions (APPA); CompressedBaryonicMatter (CBM);Nuclear Structure, Astrophysics,

and Reactions (NUSTAR); and Antiproton Annihilation at Darmstadt (�PANDA).

Figure 2.1: Planned layout of the future Facility for Antiproton and Ion Research

(FAIR) including its experiments [TDR18].

In the future, when the entire facility is operational, the heavy ions required for ex-

periments will be prepared in the UNILAC linear accelerator. Subsequently, they
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will be injected into the SIS18 synchrotron for pre-acceleration before being fur-

ther accelerated to their final kinetic energy in the SIS100, as shown in figure 2.1.

From there, the ion beamwill be directed to the specific experiments, such as CBM

[Gut06].

The heart of FAIR, the ring accelerator SIS100, derives its name (with "SIS" being

the acronym for the German term "Schwerionensynchrotron", meaning heavy ion

synchrotron) from its bending power, or beam rigidity, ofR = 100Tm [Gut06]. The

SIS100 with a circumference of 1084m is designed to accommodate a wide range

of ions, from protons to uranium. Notably, it is capable of achieving energy levels

that are 20 times higher, and beam intensities that are ten orders of magnitude

greater than what was possible at GSI so far [Gut06].

CBM Experiment

The CBM (Compressed Baryonic Matter) experiment is a novel initiative designed

to explore the fundamental properties of nuclear matter at extreme densities. To

accomplish this, the experiment will investigate the phase diagram of strongly in-

teracting matter through high-energy nucleus-nucleus collisions. This diagram,

also known as the QCD phase diagram, is shown in figure 2.2 and based on Quan-

tum Chromodynamics (QCD), which describes the strong interaction.

Figure 2.2: Phase

diagram of strongly

interacting matter in a

schematic representa-

tion with temperature

versus net-baryon

density [Gut06].

The "normal" nuclear matter, as found inside of large atomic nuclei, can be found

in this diagramat low temperatures andanet baryondensity of one. The nucleons,

proton and neutron, forming an atomic nucleus, are baryons because they contain

an odd number of valence quarks. These quarks are one of the fundamental parti-

cles of the standard model of particle physics. All composite subatomic particles

containing quarks and antiquarks, are called hadrons. The quarks are bound by
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the strong interaction mediated by particles called the gluons [DF03].

At higher temperatures or baryondensities the hadrons sort of "melt" to theQuark-

Gluon Plasma. Here the color charged particles, meaning quarks, antiquarks and

gluons, can move around the whole volume of the QGP, just as it is known from

the plasma as a state of ordinary matter [Fri11].

Other collider experiments focus on the QGP at high temperatures, since it is as-

sumed to have existed shortly after the Big Bang. A Large Ion Collider Experiment

(ALICE) at the Large Hadron Collider (LHC) should bementioned here in particular,

as it also provides a basis for this thesis.

However, in regards to the CBM experiment at FAIR the focus is not high temper-

ature but rather on whether matter at high baryon densities disintegrates into its

elementary particles forming QGP. Such high densities may be found in the core

of a neutron star [Fri11].

Figure 2.3:Schematic viewof the CBMdetectors [TDR18]. Since the particles prop-

agate in a cone shape in the direction of the beam from the vertex, each wall-like

detector layer must cover a larger area the further it is from the target.

These high densities are created on a very small scale using the collision of the

accelerated heavy ion beam on a fixed target. This collision forms a high-density

fireball which has a too short existence to be studied directly. So the CBM ex-

periment has to instead focus on the secondary particles, which are created in

consequence of the collision. [Fri11].

Only a few 10�23 s are needed from the collision for the particles to "freeze out"
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�F�K�D�U�J�H�G �S�D�U�W�L�F�O�H�� �E�H �G�H�W�H�F�W�H�G�� �*�D�V���I�L�O�O�H�G �G�H�W�H�F�W�R�U�V �I�L�O�O�H�G �Z�L�W�K �K�L�J�K �D�W�R�P�L�F �Q�X�P�E�H�U

�J�D�V�H�V �V�X�F�K �D�V �[�H�Q�R�Q �R�U �N�U�\�S�W�R�Q �D�U�H �V�X�L�W�D�E�O�H �I�R�U �W�K�L�V �S�X�U�S�R�V�H�� �D�V �W�K�H�\ �R�I�I�H�U �D �K�L�J�K

�G�H�W�H�F�W�L�R�Q �S�U�R�E�D�E�L�O�L�W�\ �I�R�U �7�U�D�Q�V�L�W�L�R�Q �5�D�G�L�D�W�L�R�Q �S�K�R�W�R�Q�V �L�Q �W�K�H �;���U�D�\ �G�R�P�D�L�Q�� �'�X�H

�W�R �W�K�H �V�P�D�O�O �D�Q�J�O�H �R�I �W�K�H �7�U�D�Q�V�L�W�L�R�Q �5�D�G�L�D�W�L�R�Q ��� �ö�²�—� 1/ 
 �� �D �V�S�D�W�L�D�O �V�H�S�D�U�D�W�L�R�Q �E�H��

�W�Z�H�H�Q �W�K�H �S�D�U�W�L�F�O�H �W�U�D�F�N �D�Q�G �W�K�H �W�U�D�Q�V�L�W�L�R�Q �U�D�G�L�D�W�L�R�Q �S�K�R�W�R�Q�V �F�D�Q �Q�R�W �E�H �D�F�K�L�H�Y�H�G

�D�Q�G �L�W �L�V �R�Q�O�\ �G�H�W�H�F�W�H�G �D�V �D�Q �D�G�G�L�W�L�R�Q�D�O �F�K�D�U�J�H �G�H�S�R�V�L�W�L�R�Q �>�.�:���� �@��

�+�R�Z�H�Y�H�U �W�K�L�V �F�R�P�E�L�Q�H�G �G�H�W�H�F�W�L�R�Q �R�I �S�D�U�W�L�F�O�H �W�U�D�F�N �D�Q�G �W�U�D�Q�V�L�W�L�R�Q �U�D�G�L�D�W�L�R�Q �F�D�Q �E�H

�X�V�H�G �I�R�U �H�O�H�F�W�U�R�Q �L�G�H�Q�W�L�I�L�F�D�W�L�R�Q �E�\ �P�R�P�H�Q�W�X�P �G�H�W�H�U�P�L�Q�D�W�L�R�Q�� �(�V�S�H�F�L�D�O�O�\ �H�O�H�F�W�U�R�Q�V

�D�Q�G �Q�H�J�D�W�L�Y�H �S�L�R�Q�V �Z�L�W�K �W�K�H �V�D�P�H �H�Q�H�U�J�L�H�V �D�U�H �K�D�U�G �W�R �G�L�V�W�L�Q�J�X�L�V�K �L�Q �R�W�K�H�U �G�H�W�H�F��

�W�R�U�V �E�H�F�D�X�V�H �R�I �W�K�H�L�U �V�D�P�H �F�K�D�U�J�H�� �+�R�Z�H�Y�H�U �E�H�F�D�X�V�H �W�K�H �H�O�H�F�W�U�R�Q�V�� �D�U�H �P�X�F�K

�O�L�J�K�W�H�U �W�K�D�Q �W�K�H �S�L�R�Q�V�� �� �W�K�H�\ �K�D�Y�H �D �Y�D�V�W�O�\ �G�L�I�I�H�U�H�Q�W �/�R�U�H�Q�W�] �I�D�F�W�R�U �D�W �W�K�H �V�D�P�H

�H�Q�H�U�J�\�� �)�R�U �L�Q�V�W�D�Q�F�H�� �D�W5�%�Ë�q�� �S�L�R�Q�V �Z�L�W�K
 (� � ) � 37 �J�H�Q�H�U�D�W�H �D�O�P�R�V�W �Q�H�J�O�L�J�L��

�E�O�H �7�U�D�Q�V�L�W�L�R�Q �5�D�G�L�D�W�L�R�Q�� �Z�K�H�U�H�D�V �H�O�H�F�W�U�R�Q�V �Z�L�W�K
 (e� ) � 104 �S�U�R�G�X�F�H �V�X�E�V�W�D�Q�W�L�D�O

�D�P�R�X�Q�W�V �R�I �L�W��

�7�R �G�H�W�H�F�W �D�V �P�X�F�K �7�5 �I�U�R�P �H�O�H�F�W�U�R�Q�V �D�V �S�R�V�V�L�E�O�H�� �L�W �L�V �E�H�V�W �W�R �V�S�O�L�W �W�K�H �H�I�I�H�F�W�L�Y�H

�O�H�Q�J�W�K �U�D�G�L�D�W�R�U �L�Q�W�R �V�H�Y�H�U�D�O �U�H�D�G�R�X�W �X�Q�L�W�V �L�Q �O�D�\�H�U�V��

�7�K�H �7�5 �G�H�W�H�F�W�R�U �L�Q �W�K�H �&�%�0 �H�[�S�H�U�L�P�H�Q�W �F�R�Q�V�L�V�L�W�V �I�R�X�U �O�D�\�H�U�V �R�I �G�H�W�H�F�W�R�U�V �Z�L�W�K �V�H�Y��

�H�U�D�O �P�R�G�X�O�H�V �R�I �D �U�D�G�L�D�W�R�U �D�Q�G �D �U�H�D�G���R�X�W �F�K�D�P�E�H�U �H�D�F�K�� �7�K�X�V�� �D�Q �H�O�H�F�W�U�R�Q �H�I�I�L��

�F�L�H�Q�F�\ �R�I ������ �Z�L�W�K �D �S�L�R�Q �V�X�S�S�U�H�V�V�L�R�Q �I�D�F�W�R�U �R�I ���� �L�V �H�Q�Y�L�V�D�J�H�G �>�7�'�5�����@��

�� �(�O�H�F�W�U�R�Q �P�D�V�V��me� = 0 :511�B�Ë�q/ �Á2 �>�7�K�R������ �S�� ���@
�� �3�L�R�Q �P�D�V�V��m� � = 139:6 �B�Ë�q/ �Á2 �>�7�K�R������ �S�� �����@



���� �� �'�H�W�H�F�W�R�U �3�U�L�Q�F�L�S�O�H

������ �7�U�D�Q�V�L�W�L�R�Q �5�D�G�L�D�W�L�R�Q �'�H�W�H�F�W�L�R�Q �D�W �&�%�0

�7�K�H �7�U�D�Q�V�L�W�L�R�Q �5�D�G�L�D�W�L�R�Q �G�H�W�H�F�W�R�U �L�Q �W�K�H �&�%�0 �H�[�S�H�U�L�P�H�Q�W �F�R�Q�V�L�V�W�V �R�I �W�Z�R �P�D�L�Q

�S�D�U�W�V�� �)�L�U�V�W �L�W �L�V �F�R�P�S�R�V�H�G �R�I �D30�Á�ö�W�K�L�F�N �5�D�G�L�D�W�R�U �P�D�G�H �I�U�R�P �S�R�O�\�H�W�K�\�O�H�Q�H �I�R�D�P

�I�L�O�P�V�� �6�H�F�R�Q�G �L�W �I�H�D�W�X�U�H�V �W�K�H �5�H�D�G���2�X�W �&�K�D�P�E�H�U �D�V �D �0�X�O�W�L���:�L�U�H �3�U�R�S�R�U�W�L�R�Q�D�O �&�K�D�P��

�E�H�U �Z�L�W�K �D�Q �D�G�G�L�W�L�R�Q�D�O �G�U�L�I�W �U�H�J�L�R�Q�� �$ �V�F�K�H�P�D�W�L�F �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�L�V �V�H�W�X�S �L�V �V�K�R�Z�Q

�L�Q�I�L�J�X�U�H ��������

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �R�I �G�H�S�L�F�W�L�R�Q �W�K�H �&�%�0 �7�5�'�� �2�Q �W�K�H �O�H�I�W�� �I�X�Q�F�W�L�R�Q�D�O �S�U�L�Q�F�L�S�O�H
�I�R�U �W�K�H �S�D�V�V�D�J�H �R�I �D �S�L�R�Q �D�Q�G �D�Q �H�O�H�F�W�U�R�Q �Z�L�W�K �J�H�Q�H�U�D�W�H�G �7�5�� �2�Q �W�K�H �U�L�J�K�W�� �O�D�E�H�O�L�Q�J
�R�I �W�K�H �L�Q�G�L�Y�L�G�X�D�O �S�D�U�W�V�� �W�K�H�L�U �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �D�S�S�O�L�H�G �Y�R�O�W�D�J�H�V �>�7�'�5�����@�� �0�R�G�L�I�L�H�G
�I�U�R�P �R�U�L�J�L�Q�D�O��

�7�K�H �J�D�V �P�L�[�W�X�U�H �L�Q �W�K�H �5�2�& �F�R�Q�V�L�V�W�V �R�I ������ �[�H�Q�R�Q �E�H�F�D�X�V�H �L�W �K�D�V �D�V �R�W�K�H�U �Q�R�E�O�H

�J�D�V�H�V �D �K�L�J�K �J�D�V �J�D�L�Q �D�W �F�R�P�S�D�U�D�W�L�Y�H �O�R�Z �Y�R�O�W�D�J�H�V �D�Q�G �D �K�L�J�K �D�E�V�R�U�S�W�L�R�Q �F�U�R�V�V

�V�H�F�W�L�R�Q �L�Q �W�K�H �;���U�D�\ �G�R�P�D�L�Q �I�R�U �W�K�H �7�5 �S�K�R�W�R�Q�V�� �$�V �D �T�X�H�Q�F�K�H�U �J�D�V ������ �F�D�U�E�R�Q��

�G�L�R�[�L�G�H �L�V �D�G�G�H�G�� �7�K�L�V �P�L�[�W�X�U�H �O�H�D�G�V �W�R �D�Q �D�E�V�R�U�S�W�L�R�Q �R�I �W�K�H �7�5 �S�K�R�W�R�Q�V �L�Q �W�K�H �G�U�L�I�W

�U�H�J�L�R�Q �G�L�U�H�F�W�O�\ �E�H�K�L�Q�G �W�K�H �H�Q�W�U�D�Q�F�H �Z�L�Q�G�R�Z��

�7�K�H �L�Q�S�X�W �Z�L�Q�G�R�Z �F�R�Q�V�L�V�W�V �R�I �D25�w�ö �W�K�L�Q �.�D�S�W�R�Q �I�R�L�O �S�O�D�W�H�G �Z�L�W�K �D�O�X�P�L�Q�X�P�� �Z�K�L�F�K

�L�V �V�W�D�E�L�O�L�]�H�G �E�\ �D �F�D�U�E�R�Q �O�D�W�W�L�F�H �V�X�S�S�R�U�W �J�U�L�G�� �$ �G�U�L�I�W �Y�R�O�W�D�J�H �R�I� 500�q �L�V �D�S�S�O�L�H�G

�W�R �L�W�� �P�D�N�L�Q�J �W�K�H �L�Q�S�X�W �Z�L�Q�G�R�Z �W�K�H �F�D�W�K�R�G�H �R�I �W�K�H5�ö�ö �O�R�Q�J �G�U�L�I�W �]�R�Q�H��

�7�K�H �L�Q�W�H�J�U�D�W�L�R�Q �R�I �W�K�H �G�U�L�I�W �]�R�Q�H �Z�L�W�K�L�Q �W�K�H �5�2�& �V�H�U�Y�H�V �W�R �L�Q�F�U�H�D�V�H �W�K�H �W�K�L�F�N�Q�H�V�V

�R�I �W�K�H �J�D�V �Y�R�O�X�P�H�� �W�K�H�U�H�E�\ �H�Q�K�D�Q�F�L�Q�J �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �R�I �7�5 �S�K�R�W�R�Q �D�E�V�R�U�S�W�L�R�Q��

�8�Q�O�L�N�H �D�Q �H�[�S�D�Q�V�L�R�Q �R�I �W�K�H �D�P�S�O�L�I�L�F�D�W�L�R�Q �U�H�J�L�R�Q ���D�Q�R�G�H���F�D�W�K�R�G�H �V�S�D�F�L�Q�J���� �W�K�L�V �D�G��

�G�L�W�L�R�Q �G�R�H�V �Q�R�W �U�H�V�X�O�W �L�Q �O�D�U�J�H�U �F�K�D�U�J�H �F�O�X�V�W�H�U�V �L�Q�G�X�F�H�G �R�Q �W�K�H �F�D�W�K�R�G�H �S�D�G�V�� �7�K�H

�V�L�]�H �R�I �W�K�H�V�H �F�O�X�V�W�H�U�V�� �D�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �3�D�G �5�H�V�S�R�Q�V�H �)�X�Q�F�W�L�R�Q �D�Q�G �F�R�Q�W�L�Q��

�J�H�Q�W �X�S�R�Q �W�K�H �D�Q�R�G�H���F�D�W�K�R�G�H �G�L�V�W�D�Q�F�H �>�0�D�W�����@�� �K�R�O�G�V �V�L�J�Q�L�I�L�F�D�Q�F�H �Z�L�W�K�L�Q �W�K�H �K�L�J�K

�R�F�F�X�S�D�Q�F�\ �U�H�J�L�R�Q �R�I �&�%�0 �>�7�'�5�����@��

�'�H�V�S�L�W�H �W�K�H �G�U�L�I�W�� �D �W�L�P�H �U�H�V�R�O�X�W�L�R�Q �E�H�W�Z�H�H�Q �S�D�U�W�L�F�O�H�V �D�Q�G �7�5 �S�K�R�W�R�Q�V �F�D�Q�Q�R�W �E�H

�D�F�K�L�H�Y�H�G�� �5�D�W�K�H�U �W�K�H �S�U�H�V�H�Q�F�H �R�I �7�5 �L�V �R�Q�O�\ �G�H�W�H�F�W�H�G �E�\ �W�K�H �H�[�F�H�V�V �R�I �W�K�H �F�R�O�O�H�F�W�H�G

�F�K�D�U�J�H��



���� �� �'�H�W�H�F�W�R�U �3�U�L�Q�F�L�S�O�H

�7�K�H �H�Q�W�U�D�Q�F�H �Z�L�Q�G�R�Z �H�Q�Y�H�O�R�S�V �W�K�H �J�D�V �Y�R�O�X�P�H �W�R�Z�D�U�G�V �W�K�H �G�H�W�H�F�W�R�U �I�U�R�Q�W�� �Z�K�L�O�H

�W�K�H �F�D�W�K�R�G�H �S�D�G �S�O�D�Q�H �H�Q�F�O�R�V�H�V �W�K�H �G�H�W�H�F�W�R�U �W�R�Z�D�U�G�V �W�K�H �E�D�F�N�� �,�Q�I�L�J�X�U�H �������� �D

�F�U�R�V�V���V�H�F�W�L�R�Q �R�I �R�Q�H �5�2�& �P�R�G�X�O�H �L�O�O�X�V�W�U�D�W�H�V �W�K�L�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q��

�)�L�J�X�U�H ���������+�R�U�L�]�R�Q�W�D�O �F�U�R�V�V �V�H�F�W�L�R�Q �R�I �D �5�2�& �P�R�G�X�O�H �Z�L�W�K �G�L�P�H�Q�V�L�R�Q�V �J�L�Y�H�Q �L�Q
�P�L�O�O�L�P�H�W�H�U�V �>�7�'�5�����@��

�7�R �W�K�H �V�L�G�H�V �W�K�H �G�H�W�H�F�W�R�U �Y�R�O�X�P�H �L�V �H�Q�F�O�R�V�H�G �E�\ �W�K�H �I�U�D�P�H�V �W�K�H �Z�L�U�H �S�O�D�Q�H�V �D�U�H

�F�R�L�O�H�G �D�Q�G �W�K�H �G�L�V�W�D�Q�F�H �O�H�G�J�H�V �I�R�U �W�K�H �V�S�D�F�L�Q�J�� �6�L�P�X�O�D�W�L�R�Q�V �K�D�Y�H �V�K�R�Z�Q �W�K�D�W �W�K�H

�E�H�V�W �D�U�U�D�Q�J�H�P�H�Q�W �R�I �W�K�H �Z�L�U�H�V �L�Q �W�H�U�P�V �R�I �W�K�H �H�O�H�F�W�U�L�F �I�L�H�O�G �L�V �D �V�W�D�J�J�H�U�H�G �D�U�U�D�Q�J�H��

�P�H�Q�W �Z�L�W�K �D �G�L�V�W�D�Q�F�H �R�I2:5�ö�ö �E�H�W�Z�H�H�Q �W�Z�R �L�G�H�Q�W�L�F�D�O �Z�L�U�H�V �D�Q�G3:5�ö�ö �R�I �V�S�D�F�H

�E�H�W�Z�H�H�Q �W�K�H �D�Q�R�G�H �D�Q�G �F�D�W�K�R�G�H �Z�L�U�H �S�O�D�Q�H�V�� �Z�K�L�F�K �D�G�G�V �X�S �W�R �D�Q �D�P�S�O�L�I�L�F�D�W�L�R�Q

�U�H�J�L�R�Q �R�I7�ö�ö �D�V �V�K�R�Z�Q �L�Q�I�L�J�X�U�H ��������

�,�Q �D�G�G�L�W�L�R�Q�� �W�K�H �Z�L�U�H�V �D�U�H �R�I�I�V�H�W �E�\1:25�ö�ö �W�R �W�K�H �R�W�K�H�U �Z�L�U�H �S�O�D�Q�H�� �W�K�X�V �R�Q�H �Z�L�U�H

�L�V �D�O�Z�D�\�V �H�[�D�F�W�O�\ �L�Q �W�K�H �P�L�G�G�O�H �R�I �W�Z�R �R�I �W�K�H �R�W�K�H�U �Z�L�U�H�V�� �7�K�H �Y�R�O�W�D�J�H �R�I �W�K�H �D�P�S�O�L��
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� �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �D �V�X�U�I�D�F�H �F�K�D�U�J�H �S�H�U �O�H�Q�J�W�K��
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�7�K�L�V �D�S�S�U�R�[�L�P�D�W�L�R�Q �L�V �W�K�H�U�H�I�R�U�H �V�X�I�I�L�F�L�H�Q�W �L�Q �W�K�H �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �R�I �W�K�H �D�U��

�U�D�Q�J�H�P�H�Q�W �L�Q �W�K�H �5�2�&�V�� �7�K�H �H�O�H�F�W�U�L�F �I�L�H�O�G �F�O�R�V�H �W�R �W�K�H �Z�L�U�H�V �L�V �S�R�L�Q�W�L�Q�J �L�Q �W�K�H �G�L��

�U�H�F�W�L�R�Q �R�I �W�K�H �U�D�G�L�D�O �X�Q�L�W �Y�H�F�W�R�U~er �D�Q�G �F�D�Q �W�K�H�Q �E�H �R�E�W�D�L�Q�H�G �D�V��

~E(r ) = �
@�(r )

@r
~er =

�
2�� 0

1
r
~er ����������

�7�K�HE � 1/ r �G�H�S�H�Q�G�H�Q�F�\ �V�K�R�Z�V �W�K�D�W �W�K�H �F�O�R�V�H�U �W�K�H �I�L�H�O�G �L�V �W�R �W�K�H �Z�L�U�H�� �W�K�H �O�D�U�J�H�U �L�W

�E�H�F�R�P�H�V�� �7�K�L�V �D�O�V�R �P�H�D�Q�V�� �W�K�D�W �W�K�H �V�P�D�O�O�H�U �W�K�H �G�L�D�P�H�W�H�U �R�I �W�K�H �Z�L�U�H�V�� �W�K�H �J�U�H�D�W�H�U

�W�K�H �H�O�H�F�W�U�L�F �I�L�H�O�G �V�W�U�H�Q�J�W�K �J�H�W�V �L�Q �W�K�H�L�U �L�P�P�H�G�L�D�W�H �Y�L�F�L�Q�L�W�\�� �,�Q �R�U�G�H�U �W�R �D�F�K�L�H�Y�H �D

�V�X�I�I�L�F�L�H�Q�W �J�D�V �D�P�S�O�L�I�L�F�D�W�L�R�Q�� �Y�H�U�\ �W�K�L�Q �D�Q�R�G�H �Z�L�U�H�V �D�U�H �W�K�H�U�H�I�R�U�H �S�U�H�I�H�U�U�H�G��

�)�L�J�X�U�H ���������/�H�I�W�� �7�\�S�L�F�D�O �S�R�W�H�Q�W�L�D�O ���E�O�X�H�� �D�Q�G �I�L�H�O�G �O�L�Q�H�V ���E�O�D�F�N�� �L�Q �D �0�:�3�& �>�.�:���� �@��
�7�K�L�V �G�H�S�L�F�W�L�R�Q �V�K�R�Z�V �W�K�D�W �W�K�H �S�R�W�H�Q�W�L�D�O �E�H�F�R�P�H�V �U�D�G�L�D�O�O�\ �V�\�P�P�H�W�U�L�F�D�O �Q�H�D�U �W�K�H
�Z�L�U�H �D�Q�G �L�Q�G�H�S�H�Q�G�H�Q�W �R�Iy �Q�H�D�U �W�K�H �F�D�W�K�R�G�H�V��
�5�L�J�K�W�� �$�Q�R�G�H �Z�L�U�H�V �D�O�W�H�U�Q�D�W�H�O�\ �G�L�V�S�O�D�F�H�G �L�Q �R�S�S�R�V�L�W�H �G�L�U�H�F�W�L�R�Q�V �E�\ �W�K�H �H�O�H�F�W�U�R��
�V�W�D�W�L�F �I�R�U�F�H�V �>�.�:���� �@��

������ �:�L�U�H �6�D�J

�$�V �L�G�H�Q�W�L�F�D�O �F�K�D�U�J�H�V �U�H�S�H�O �H�D�F�K �R�W�K�H�U �D�F�F�R�U�G�L�Q�J �W�R �&�R�X�O�R�P�E�`�V �O�D�Z�� �D �U�H�S�X�O�V�L�Y�H

�I�R�U�F�H �D�O�V�R �D�F�W�V �R�Q �W�K�H �Z�L�U�H�V �L�Q �D �S�O�D�Q�H�� �,�I �Q�R �I�R�U�F�H �F�R�P�S�O�H�W�H�O�\ �F�R�P�S�H�Q�V�D�W�H�V �W�K�L�V��

�W�K�H �Z�L�U�H�V �Z�L�O�O �G�L�V�S�O�D�F�H �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H�L�U �I�L�H�O�G���I�U�H�H �S�R�V�L�W�L�R�Q�V�� �7�K�H �H�O�H�F�W�U�R�V�W�D�W�L��

�F�D�O�O�\ �V�W�D�E�O�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �L�V �V�K�R�Z�Q �L�Q�I�L�J�X�U�H ���������U�L�J�K�W���� �Z�K�H�U�H �Q�H�L�J�K�E�R�U�L�Q�J �Z�L�U�H�V

�D�U�H �D�O�W�H�U�Q�D�W�H�O�\ �G�H�I�O�H�F�W�H�G �L�Q �R�S�S�R�V�L�W�H �G�L�U�H�F�W�L�R�Q�V �>�.�:���� �@��

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F�D�O �Y�L�H�Z �R�I �W�K�H �Z�L�U�H �V�D�J �F�D�X�V�H�G �E�\ �D �I�R�U�F�HF�Ç�D�F�W�L�Q�J �R�Q �D �Z�L�U�H
�V�W�U�H�W�F�K�H�G �Z�L�W�K �W�K�H �W�H�Q�V�L�R�QT��

�7�K�H �R�Q�O�\ �U�H�P�D�L�Q�L�Q�J �I�R�U�F�H �W�K�D�W �R�S�S�R�V�H�V �W�K�H �G�H�I�O�H�F�W�L�R�Q �L�V �W�K�H �U�H�V�W�R�U�L�Q�J �I�R�U�F�H �U�H��

�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �W�H�Q�V�L�R�Q �Z�L�W�K �D�W �W�K�H �Z�L�U�H�V �D�U�H �V�W�U�H�W�F�K�H�G�� �1�D�W�X�U�D�O�O�\�� �D �Z�L�U�H �W�K�D�W �L�V

�V�W�U�H�W�F�K�H�G �R�Q �E�R�W�K �V�L�G�H�V �Z�L�O�O �V�D�J �L�Q �W�K�H �P�L�G�G�O�H �D�V �V�K�R�Z�Q �L�Q�I�L�J�X�U�H �������� �G�H�S�H�Q�G�L�Q�J
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�R�Q �K�R�Z �V�W�U�R�Q�J �W�K�H �I�R�U�F�H �R�I �W�K�L�V �W�H�Q�V�L�R�Q �L�V�� �,�Q �D �J�H�Q�H�U�D�O �F�D�V�H�� �W�K�H �I�R�U�F�H�ÇF�Ç�D�F�W�V �R�Q

�W�K�H �Z�L�U�H �S�H�U �X�Q�L�W �O�H�Q�J�W�K�Çx�� �U�H�V�X�O�W�L�Q�J �L�Q �W�K�H �V�L�P�S�O�H �U�H�O�D�W�L�R�Q��

�ÇF�Ç= � �Çx ����������

�Z�L�W�K �D �S�U�R�S�R�U�W�L�R�Q�D�O �F�R�Q�V�W�D�Q�W� �� �,�Q �W�K�H �V�L�P�S�O�H�V�W �F�D�V�H �R�I �W�K�H �G�H�I�O�H�F�W�L�Q�J �I�R�U�F�H �L�V �W�K�H

�Z�H�L�J�K�W �I�R�U�F�H�ÇF�Ç= �ÇF�Ø�R�I �D �V�H�F�W�L�R�Q �Z�L�W�K �W�K�H �P�D�V�V�Çm �D�Q�G �W�K�H �O�H�Q�J�W�K�Çx�� �W�K�H �F�R�Q��

�Q�H�F�W�L�R�Q �L�V �I�R�O�O�R�Z�L�Q�J �>�%�5�����@��

�ÇF�Ø= �Çm � g = � � �ÇV � g = � � A � �Çx � g ) � = � � g � A ����������

�:�L�W�K �W�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Qg �D�Q�G �F�U�R�V�V �V�H�F�W�L�R�QA �D�Q�G �W�K�H �G�H�Q�V�L�W�\� �R�I �W�K�H

�Z�L�U�H��

�7�K�H �G�H�I�O�H�F�W�L�Q�J �I�R�U�F�H�ÇF�Ç�P�X�V�W �E�H �F�R�P�S�H�Q�V�D�W�H�G �E�\ �W�K�H �Y�H�U�W�L�F�D�O �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H

�Z�L�U�H �W�H�Q�V�L�R�Q�ÇF�� �D�V �V�K�R�Z�Q �L�Q�I�L�J�X�U�H �������R�Q �H�Y�H�U�\ �S�R�L�Q�Wx�� �7�K�L�V �U�H�V�W�R�U�L�Q�J �I�R�U�F�H �L�V

�H�T�X�D�O �W�R �W�K�H �K�R�U�L�]�R�Q�W�D�O �S�X�O�O�L�Q�J �I�R�U�F�H �R�U �W�H�Q�V�L�R�QT�� �Z�K�L�F�K �V�W�U�H�W�F�K�H�V �W�K�H �Z�L�U�H�V �W�R �W�K�H

�F�K�D�P�E�H�U �Z�D�O�O�V�� �P�X�O�W�L�S�O�L�H�G �Z�L�W�K �W�K�H �G�L�I�I�H�U�H�Q�F�H �R�I �W�K�H �V�O�R�S�H�Vz0 �D�W �W�K�H �W�Z�R �H�Q�G�V �R�I

�W�K�H �L�Q�W�H�U�Y�D�O�Çx��

�ÇF�� = � T � [z0(x + �Çx) � z0(x)] ����������

�7�K�H �F�R�P�S�H�Q�V�D�W�L�R�Q�ÇF�Ç= �ÇF�� �Q�R�Z �O�H�D�G�V �W�R��

�
T

= �
z0(x + �Çx) � z0(x)

�Çx
: ����������

�,�Q �W�K�H �O�L�P�L�W �W�K�L�V �U�H�V�X�O�W�V �L�Q �W�K�H �V�H�F�R�Q�G �G�H�U�L�Y�D�W�L�Y�H �J�L�Y�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q��

z00+
�
T

= 0 �Z�L�W�K
�
T

= C = �Á�ý�÷����: ����������

�7�Z�R �W�L�P�H�V �L�Q�W�H�J�U�D�W�L�Q�J �J�L�Y�H�V �W�K�H �V�R�O�X�W�L�R�Q��

z(x) = �
C
2

x2 + ax + b: ����������

�:�L�W�K �W�K�H �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �W�K�D�W �W�K�H�U�H �L�V �Q�R �V�D�J �D�W �W�K�H �V�X�V�S�H�Q�V�L�R�Q �S�R�L�Q�W�V�� �W�K�H

�W�Z�R �F�R�Q�V�W�D�Q�W�Va �D�Q�Gb�F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �D�V��

a = 0 �D�Q�G b=
C
2

l2

4
:

�7�K�L�V �U�H�V�X�O�W�V �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �V�R�O�X�W�L�R�Q �U�H�J�D�U�G�L�Q�J �W�K�H �Z�L�U�H �V�D�J� z��

� z = z(x) = �
C
2

x2 +
C
2

l2

4
=

�
2T

�
l2

4
� x2

�
: ������������

�$�Wx = 0 �W�K�H �Z�L�U�H �V�D�J �L�V �D�W �L�W�V �P�D�[�L�P�X�P��

� z�ö�²�—= z(0) =
�l 2

8T
�D�Q�G �I�R�U�ÇF�Ç= �ÇF�Ø ) z(0) =

�Agl 2

8T
:

�7�K�H� z � 1/ T �G�H�S�H�Q�G�H�Q�F�\ �V�K�R�Z�V �W�K�D�W �W�K�H �J�U�H�D�W�H�U �W�K�H �P�H�F�K�D�Q�L�F�D�O �W�H�Q�V�L�R�Q �R�Q �W�K�H

�Z�L�U�H�V �L�V�� �W�K�H �V�P�D�O�O�H�U �L�V �W�K�H �Z�L�U�H �V�D�J��

�� �7�K�H �Z�L�U�H �Z�L�W�K �W�K�H �O�H�Q�J�W�Kl �L�V �I�L�[�H�G �D�Wx = � l
2 ) z

�
� l

2

�
= 0
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�5�H�J�D�U�G�L�Q�J �W�K�H �D�Q�R�G�H �D�Q�G �F�D�W�K�R�G�H �Z�L�U�H�V �L�Q �D �E�L�J �&�%�0 �7�5�' �F�K�D�P�E�H�U �W�K�H �Z�L�U�H �V�D�J �L�Q

�W�K�H �P�L�G�G�O�H �R�I �W�K�H �F�K�D�P�E�H�U �D�F�F�R�U�G�L�Q�J �W�R �W�K�L�V �I�R�U�P�X�O�D �D�Q�G �Z�L�W�K �M�X�V�W �W�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O

�I�R�U�F�H �D�F�W�L�Q�J �R�Q �W�K�H �Z�L�U�H�V �Z�R�X�O�G �E�H��

���÷�ý�Ç�Ë: � z�ö�²�—= 13:63�w�ö = 0:68� da

���²���Þ�ý�Ç�Ë: � z�ö�²�—= 41:24�w�ö = 0:55� dc

�7�K�H �V�D�J�J�L�W�D �D�U�H �D�O�V�R �U�H�S�U�H�V�H�Q�W�H�G �D�V �D �P�X�O�W�L�S�O�H �R�I �W�K�H �U�H�V�S�H�F�W�L�Y�H �G�L�D�P�H�W�H�Ud��

�,�I �W�K�H �Z�L�U�H �O�H�Q�J�W�K �D�Q�G �L�W�V �P�D�W�H�U�L�D�O �D�U�H �V�S�H�F�L�I�L�H�G�� �D �V�X�I�I�L�F�L�H�Q�W �Z�L�U�H �W�H�Q�V�L�R�Q �L�V �U�H�T�X�L�U�H�G

�W�R �N�H�H�S �W�K�H �V�D�J �V�X�I�I�L�F�L�H�Q�W�O�\ �O�R�Z�� �+�R�Z�H�Y�H�U�� �W�K�H �W�H�Q�V�L�R�Q �F�D�Q�Q�R�W �E�H �L�Q�F�U�H�D�V�H�G �D�U�E�L��

�W�U�D�U�L�O�\ �I�R�U �W�Z�R �U�H�D�V�R�Q�V�� �)�L�U�V�W�� �W�K�H �F�K�D�P�E�H�U �P�X�V�W �E�H �D�E�O�H �W�R �Z�L�W�K�V�W�D�Q�G �W�K�H �V�X�P �R�I

�W�K�H �W�H�Q�V�L�R�Q�V �I�U�R�P �D�O�O �W�K�H �Z�L�U�H�V�� �7�K�H �O�H�V�V �U�L�J�L�G �W�K�H �F�K�D�P�E�H�U �I�U�D�P�H �L�V�� �W�K�H �P�R�U�H �L�W

�E�H�Q�G�V �O�H�D�G�L�Q�J �W�R �V�K�R�U�W�H�U �D�Q�G �O�H�V�V �W�H�Q�V�H �Z�L�U�H�V �W�R�Z�D�U�G�V �W�K�H �F�H�Q�W�H�U��

�7�K�H �V�H�F�R�Q�G �O�L�P�L�W�L�Q�J �I�D�F�W�R�U �L�V �W�K�D�W �D�E�R�Y�H �D �P�D�[�L�P�X�P �S�X�O�O�L�Q�J �I�R�U�F�HTc �L�Q�H�O�D�V�W�L�F �G�H�I�R�U��

�P�D�W�L�R�Q�V �F�D�Q �R�F�F�X�U �D�V �R�X�W�O�L�Q�H�G �L�Q�D�S�S�H�Q�G�L�[ �%�� �7�K�H �U�D�W�L�RTc/ A �L�V �F�R�Q�V�W�D�Q�W �D�Q�G �R�I�W�H�Q

�F�D�O�O�H�G �\�L�H�O�G �S�R�L�Q�WRe�� �8�V�X�D�O�O�\ �L�Q �R�U�G�H�U �W�R �N�H�H�S �W�K�H �V�D�J �D�V �P�L�Q�L�P�D�O �D�V �S�R�V�V�L�E�O�H�� �W�K�H

�I�R�U�F�H �R�I �W�H�Q�V�L�R�Q �L�V �F�O�R�V�H �W�R �W�K�L�V �O�L�P�L�W �>�%�5�����@�� �Z�K�L�F�K �L�V �Z�K�\ �P�D�W�H�U�L�D�O�V �Z�L�W�K �D �K�L�J�K

�\�L�H�O�G �S�R�L�Q�W �P�X�V�W �E�H �F�K�R�V�H�Q��

�,�Q �W�R�W�D�O �W�K�U�H�H �I�R�U�F�H�V �D�F�W �R�Q �H�D�F�K �Z�L�U�H �U�H�V�X�O�W�L�Q�J �L�Q �D �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q �R�I �W�K�H �I�R�U�P

�>�*�U�X�����@��

T � z00(x) + f e(z) + �Ag = 0 ������������

�7�K�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V �R�I �W�K�H �U�H�V�W�R�U�L�Q�J �I�R�U�F�H �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �Z�L�U�H �W�H�Q�V�L�R�Q �D�Q�G �W�K�H

�J�U�D�Y�L�W�D�W�L�R�Q�D�O �I�R�U�F�H �D�U�H �N�Q�R�Z�Q �I�U�R�P �W�K�H �S�U�H�Y�L�R�X�V �F�R�Q�V�L�G�H�U�D�W�L�R�Q�� �+�H�U�H �D�G�G�L�W�L�R�Q�D�O�O�\

�W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �I�R�U�F�Hf e(z) �K�D�V �W�R �E�H �F�R�Q�V�L�G�H�U�H�G��

�7�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�Q�G �H�O�H�F�W�U�L�F �I�L�H�O�G �F�R�P�S�R�Q�H�Q�W �G�R �Q�R�W �K�D�Y�H �W�R �S�R�L�Q�W �L�Q �W�K�H �V�D�P�H

�G�L�U�H�F�W�L�R�Q�� �'�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �R�U�L�H�Q�W�D�W�L�R�Q �R�I �W�K�H �Z�L�U�H�V�� �W�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �F�R�P�S�R�Q�H�Q�W

�F�D�Q �V�W�U�H�Q�J�W�K�H�Q �R�U �Z�H�D�N�H�Q �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �F�R�Q�W�U�L�E�X�W�L�R�Q�� �,�Q �W�K�H �&�%�0 �H�[�S�H�U�L�P�H�Q�W

�W�K�H �P�R�G�X�O�H�V �D�U�H �U�R�W�D�W�H�G �E�\90� �Z�L�W�K �H�D�F�K �O�D�\�H�U�� �L�Q �R�U�G�H�U �W�R �D�F�K�L�H�Y�H �D �K�L�J�K �V�S�D�W�L�D�O

�U�H�V�R�O�X�W�L�R�Q �L�Qx�� �D�Q�Gy���G�L�U�H�F�W�L�R�Q�� �7�K�H �Z�L�U�H�V �R�I �H�Y�H�U�\ �V�H�F�R�Q�G �O�H�Y�H�O �W�K�H�U�H�I�R�U�H �U�X�Q �Y�H�U��

�W�L�F�D�O�O�\�� �Z�K�L�F�K �P�H�D�Q�V �W�K�D�W �J�U�D�Y�L�W�\ �D�F�W�V �L�Q �W�K�H �G�L�U�H�F�W�L�R�Q �R�I �W�K�H �Z�L�U�H�V �D�Q�G �W�K�H�U�H�I�R�U�H

�P�D�N�H�V �Q�R �F�R�Q�W�U�L�E�X�W�L�R�Q �W�R �W�K�H �V�D�J��

�7�K�H �S�U�H�F�L�V�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �R�I �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �I�R�U�F�H�� �D�V �R�X�W�O�L�Q�H�G �>�0�D�K�����@ �D�Q�G

�>�%�5�����@�� �P�X�V�W �W�D�N�H �L�Q�W�R �D�F�F�R�X�Q�W �Y�D�U�L�R�X�V �G�H�S�H�Q�G�H�Q�F�L�H�V��
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�)�L�J�X�U�H ���������(�O�H�F�W�U�L�F �I�L�H�O�G �O�L�Q�H�V �D�Q�G �S�R�W�H�Q�W�L�D�O �O�L�Q�H�V �Z�L�W�K �S�U�R�S�R�U�W�L�R�Q �R�I �W�R�W�D�O �S�R�W�H�Q�W�L�D�O
�D�U�R�X�Q�G �W�K�H �D�Q�R�G�H�V�� �2�Q�H �Z�L�U�H �L�V �G�L�V�S�O�D�F�H�G �E�\ ���� �S�H�U�F�H�Q�W �L�Q �W�K�Hy�� �D�Q�Gz���G�L�U�H�F�W�L�R�Q�V
�Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �R�U�L�J�L�Q�D�O �Z�L�U�H �V�S�D�F�L�Q�J �>�(�U�V�����@��

�$ �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �Z�L�U�H �S�R�V�L�W�L�R�Q �F�K�D�Q�J�H�V �W�K�H �V�K�D�S�H �R�I �W�K�H �H�O�H�F�W�U�L�F �I�L�H�O�G �D�V

�V�K�R�Z�Q �L�Q�I�L�J�X�U�H �������D�Q�G �W�K�H�U�H�I�R�U�H �D�O�W�H�U�V �W�K�H �D�P�S�O�L�I�L�F�D�W�L�R�Q �S�U�R�F�H�V�V�� �O�H�D�G�L�Q�J �W�R �Y�D�U�L��

�D�W�L�R�Q�V �L�Q �D�P�S�O�L�I�L�F�D�W�L�R�Q �D�P�R�Q�J �G�L�I�I�H�U�H�Q�W �Z�L�U�H�V��

�,�Q�D�S�S�H�Q�G�L�[ �$�V�R�P�H �V�L�P�X�O�D�W�L�R�Q�V �I�U�R�P �>�0�D�K�����@ �X�V�H�G �I�R�U �W�K�H�V�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �U�H��

�J�D�U�G�L�Q�J �W�K�H �7�5�' �P�R�G�X�O�H�V �R�I �W�K�H �$�/�,�&�( �H�[�S�H�U�L�P�H�Q�W �F�D�Q �E�H �I�R�X�Q�G��

�)�R�U �W�K�H �&�%�0 �7�5�' �P�R�G�X�O�H�V�� �H�Y�D�O�X�D�W�L�R�Q�V �R�I �W�K�H �G�H�W�H�F�W�L�R�Q �Z�L�W�K �W�K�H �P�H�F�K�D�Q�L�F�D�O �D�Q�G

�P�D�W�H�U�L�D�O �D�V�S�H�F�W�V �O�H�G �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J �F�K�R�L�F�H �R�I �Z�L�U�H �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �P�D�W�H�U�L�D�O��

�7�D�E�O�H ���������6�X�P�P�D�U�\ �R�I �W�K�H �Z�L�U�H �G�D�W�D �X�V�H�G �W�R �F�D�O�F�X�O�D�W�H �W�K�H �Z�L�U�H �V�D�J �D�Q�G �W�K�H �R�V�F�L�O�O�D��
�W�L�R�Q �I�U�H�T�X�H�Q�F�\�� �1�R�P�L�Q�D�O �Y�D�O�X�H�V �D�V �R�X�W�O�L�Q�H�G �L�Q �>�7�'�5�����@ �D�U�H �X�V�H�G ���V�H�H�D�S�S�H�Q�G�L�[ �%����

�'�H�Q�V�L�W�\�
�L�Q�Ø/ �Á�ö3

�'�L�D�P�H�W�H�Ud
�L�Q �w�ö

�&�U�R�V�V �V�H�F�W�L�R�QA
�L�Q�ö�ö2

�/�H�Q�J�W�Kl
�L�Q�ö�ö

�7�H�Q�V�L�R�QT
�L�Q�C

�$�Q�R�G�H�V19:3 20 3:142� 10� 4 960�R�U540 0:5
�&�D�W�K�R�G�H�V8:15 75 4:418� 10� 3 960�R�U540 1

������ �:�L�U�H �6�H�O�H�F�W�L�R�Q
�7�K�H �Y�D�O�X�H�V �I�R�U �W�K�H �G�L�I�I�H�U�H�Q�W �T�X�D�Q�W�L�W�L�H�V �F�K�D�U�D�F�W�H�U�L�]�L�Q�J �W�K�H �Z�L�U�H�V �F�D�Q �E�H �I�R�X�Q�G �Z�L�W�K

�W�K�H�L�U �G�H�W�D�L�O�H�G �V�R�X�U�F�H�V �L�Q�D�S�S�H�Q�G�L�[ �%�� �$�O�O �W�K�H �U�H�O�H�Y�D�Q�W �Y�D�O�X�H�V �D�U�H �V�X�P�P�D�U�L�]�H�G �L�Q

�W�D�E�O�H ��������

�$�Q�R�G�H�V�,�Q �U�H�J�D�U�G �W�R �W�K�H �D�Q�R�G�H �Z�L�U�H�V�� �W�K�H �I�R�F�X�V �L�V �R�Q �W�K�H �Z�L�U�H�V �K�D�Y�L�Q�J �D �V�P�D�O�O

�G�L�D�P�H�W�H�U �L�Q �R�U�G�H�U �W�R �J�H�Q�H�U�D�W�H �D �K�L�J�K �I�L�H�O�G �V�W�U�H�Q�J�W�K �L�Q �W�K�H�L�U �Y�L�F�L�Q�L�W�\�� �7�K�H �H�[�D�F�W �Z�L�U�H

�G�L�D�P�H�W�H�U �U�H�V�X�O�W�V �I�U�R�P �W�K�H �W�X�Q�L�Q�J �R�I �W�K�H �3�)�5 �W�R �D�F�K�L�H�Y�H �W�K�H �G�H�V�L�U�H�G �F�K�D�U�J�H �G�L�V�W�U�L��

�E�X�W�L�R�Q �R�Q �W�K�H �S�D�G�V �L�Vda = 20 �w�ö�� �,�Q �R�U�G�H�U �W�R �V�W�U�H�W�F�K �D �Z�L�U�H �Z�L�W�K �V�X�F�K �D �V�P�D�O�O

�G�L�D�P�H�W�H�U �D �Y�H�U�\ �V�W�U�R�Q�J �P�D�W�H�U�L�D�O �K�D�V �W�R �E�H �F�K�R�V�H�Q�� �7�K�H �P�D�W�H�U�L�D�O �W�K�D�W �K�D�V �E�H�H�Q �F�K�R��

�V�H�Q �L�V �D �W�X�Q�J�V�W�H�Q �U�K�H�Q�L�X�P �D�O�O�R�\ �:+ 3 
F�5�H �W�K�D�W �D�O�V�R �S�U�R�Y�L�G�H�V �D �J�R�R�G �F�R�Q�G�X�F�W�L�Y�L�W�\

�D�Q�G �K�D�V �D �Y�H�U�\ �K�L�J�K �\�L�H�O�G �S�R�L�Q�W �R�IRe = 1639 �C/ �ö�ö2�� �,�Q �R�U�G�H�U �W�R �K�D�Y�H �D �V�P�R�R�W�K

�V�X�U�I�D�F�H �J�H�Q�H�U�D�W�L�Q�J �D �X�Q�L�I�R�U�P �H�O�H�F�W�U�L�F �I�L�H�O�G �W�K�H �D�Q�R�G�H �Z�L�U�H�V �D�U�H �D�G�G�L�W�L�R�Q�D�O�O�\ �F�R�D�W�H�G
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�Z�L�W�K �J�R�O�G�� �7�K�H �W�H�Q�V�L�R�Q �L�V �F�K�R�V�H�Q �W�R �E�HTa = 0:5�C�U�H�V�X�O�W�L�Q�J �L�Q �D �P�H�F�K�D�Q�L�F �V�W�U�H�V�V

�R�I� � 1575�C/ �ö�ö2 �Y�H�U�\ �F�O�R�V�H �W�R �W�K�H �\�L�H�O�G �S�R�L�Q�W��

�&�D�W�K�R�G�H�V�7�K�H �F�D�W�K�R�G�H �Z�L�U�H�V �G�R �Q�R�W �K�D�Y�H �W�R �K�D�Y�H �D �V�P�D�O�O �G�L�D�P�H�W�H�U�� �2�Q �W�K�H �F�R�Q��

�W�U�D�U�\�� �D �V�P�D�O�O �G�L�D�P�H�W�H�U �Z�R�X�O�G �H�Y�H�Q �E�H �X�Q�I�D�Y�R�U�D�E�O�H �E�H�F�D�X�V�H �D�W �W�K�H�L�U �O�R�F�D�W�L�R�Q �W�K�H

�I�L�H�O�G �V�K�R�X�O�G �E�H �D�V �S�O�D�Q�D�U �D�V �S�R�V�V�L�E�O�H�� �$�Q�G �Z�L�U�H�V �Z�L�W�K �O�D�U�J�H�U �G�L�D�P�H�W�H�U�V �F�D�Q �D�O�V�R

�E�H�W�W�H�U �E�D�O�D�Q�F�H �W�K�H �H�O�H�F�W�U�R�V�W�D�W�L�F �I�R�U�F�H �E�H�W�Z�H�H�Q �W�K�H �D�Q�R�G�H�V �D�Q�G �W�K�H �F�D�W�K�R�G�H �S�D�G�V

�L�Q �W�K�H �E�D�F�N �>�0�D�K�����@�� �7�K�H �S�U�H�I�H�U�U�H�G �G�L�D�P�H�W�H�U �I�R�U �W�K�H �F�D�W�K�R�G�H�V �L�Vda = 75 �w�ö�� �%�X�W

�V�L�Q�F�H �O�D�U�J�H�U �Z�L�U�H�V �D�O�V�R �L�P�S�O�\ �D �O�D�U�J�H�U �J�U�D�Y�L�W�D�W�L�R�Q�D�O �V�D�J�� �W�K�H �F�D�W�K�R�G�H �Z�L�U�H�V �V�K�R�X�O�G

�E�H �P�D�G�H �R�X�W �R�I �D �O�L�J�K�W �P�D�W�H�U�L�D�O�� �$�Q �F�R�S�S�H�U �D�O�O�R�\ �Z�L�W�K ���� �E�H�U�\�O�O�L�X�P �G�R�H�V �S�U�R�Y�L�G�H

�W�K�L�V�� �E�X�W �K�D�V �W�R �E�H �V�W�U�H�W�F�K�H�G �Z�L�W�K �D �O�D�U�J�H�U �I�R�U�F�H �R�ITc = 1 �C �G�X�H �W�R �L�W�V �J�U�H�D�W�H�U

�Z�H�L�J�K�W��

�:�L�U�H �/�H�Q�J�W�K�%�\ �G�H�I�D�X�O�W�� �W�K�H �O�H�G�J�H�V �W�R �Z�K�L�F�K �W�K�H �Z�L�U�H�V �D�U�H �D�W�W�D�F�K�H�G �D�V �Z�H�O�O �D�V

�W�K�H �I�U�D�P�H �R�I �W�K�H �V�X�S�S�R�U�W �J�U�L�G �D�U�H15�ö�ö �Z�L�G�H�� �7�K�H �O�H�Q�J�W�K �R�I �W�K�H �Z�L�U�H�V �L�V �W�K�H�U�H��

�I�R�U�H �H�[�D�F�W�O�\ �W�Z�L�F�H �W�K�L�V �Z�L�G�W�K �V�K�R�U�W�H�U �W�K�D�Q �W�K�H �R�X�W�H�U �G�L�P�H�Q�V�L�R�Q�V ���V�H�H�W�D�E�O�H ����������

�+�R�Z�H�Y�H�U�� �W�K�H �Z�L�G�W�K �R�I �W�K�H �O�H�G�J�H�V �P�D�\ �D�O�V�R �E�H �U�H�G�X�F�H�G �W�R12:5�ö�ö �I�R�U �W�K�H �V�P�D�O�O�H�U

�F�K�D�P�E�H�U�V ���W�\�S�H ���	���� �L�Q �R�U�G�H�U �W�R �H�Q�O�D�U�J�H �W�K�H �D�F�W�L�Y�H �D�U�H�D��

������ �'�H�W�H�U�P�L�Q�D�W�L�R�Q �R�I �W�K�H �:�L�U�H �7�H�Q�V�L�R�Q
�7�R �P�H�D�V�X�U�H �W�K�H �W�H�Q�V�L�R�Q �R�I �W�K�H �Z�L�U�H�V �P�X�O�W�L�S�O�H �D�S�S�U�R�D�F�K�H�V �D�U�H �S�R�V�V�L�E�O�H�� �7�K�H �S�U�R�E��

�O�H�P �R�I �P�H�D�V�X�U�L�Q�J �W�K�H �W�H�Q�V�L�R�Q �P�H�F�K�D�Q�L�F�D�O�O�\ �E�\ �V�W�U�H�W�F�K�L�Q�J �W�K�H �Z�L�U�H�V �S�H�U�S�H�Q�G�L�F�X�O�D�U

�W�R �W�K�H�L�U �G�L�U�H�F�W�L�R�Q �L�V �W�K�D�W �W�K�H�\ �D�U�H �U�H�D�O�O�\ �V�H�Q�V�L�W�L�Y�H �W�R �E�U�H�D�N�D�J�H �R�U �L�Q�H�O�D�V�W�L�F �G�H�I�R�U�P�D��

�W�L�R�Q�� �)�X�U�W�K�H�U�P�R�U�H �D �S�K�\�V�L�F�D�O �F�R�Q�W�D�F�W �W�R �W�K�H �Z�L�U�H�V �F�R�X�O�G �G�D�P�D�J�H �W�K�H�L�U �V�X�U�I�D�F�H��

�3�U�H�I�H�U�D�E�O�\ �W�K�H �G�H�W�H�U�P�L�Q�D�W�L�R�Q �R�I �W�K�H �Z�L�U�H �W�H�Q�V�L�R�Q �F�D�Q �E�H �G�R�Q�H �D�X�W�R�P�D�W�L�F�D�O�O�\ �D�Q�G

�W�R�X�F�K�O�H�V�V�� �7�K�H�U�H�I�R�U�H �W�K�H �Z�L�U�H �P�X�V�W �E�H �G�H�W�H�F�W�H�G �I�L�U�V�W�� �Z�K�L�F�K �K�D�V �W�K�H �D�G�Y�D�Q�W�D�J�H �W�K�D�W

�W�K�H �H�[�D�F�W �S�R�V�L�W�L�R�Q�L�Q�J �R�I �W�K�H �Z�L�U�H�V �F�D�Q �D�O�V�R �F�K�H�F�N�H�G �D�W �W�K�H �V�D�P�H �W�L�P�H�� �$ �S�U�R�P�L�V�L�Q�J

�D�S�S�U�R�D�F�K �I�R�U �W�K�L�V �L�V �W�R �X�V�H �W�K�H �Q�D�W�X�U�D�O �R�V�F�L�O�O�D�W�L�R�Q �R�I �W�K�H �Z�L�U�H�V�� �E�H�F�D�X�V�H �W�K�L�V �G�H��

�S�H�Q�G�V �R�Q �W�K�H�L�U �W�H�Q�V�L�R�Q�� �D�V �Z�L�O�O �E�H �G�H�U�L�Y�H�G �E�H�O�R�Z�� �)�L�U�V�W �W�K�H �V�S�H�H�G �R�I �D �W�U�D�Q�V�Y�H�U�V�H

�Z�D�Y�H �W�U�D�Y�H�O�O�L�Q�J �W�K�U�R�X�J�K �D �S�O�X�F�N�H�G �Z�L�U�H �L�V �G�H�G�X�F�W�H�G �I�R�O�O�R�Z�L�Q�J �>�/�6�0�����@��

�$�V �E�H�I�R�U�H �D �V�P�D�O�O �O�H�Q�J�W�K �H�O�H�P�H�Q�W�Çx �R�I �W�K�H �Z�L�U�H �L�V �W�R �E�H �F�R�Q�V�L�G�H�U�H�G�� �)�R�U �D �Z�L�U�H �Z�L�W�K

�D �F�R�Q�V�W�D�Q�W �G�H�Q�V�L�W�\� �D �P�D�V�V �S�H�U �O�H�Q�J�W�Kl �F�D�Q �E�H �G�H�I�L�Q�H�G �D�V��

� =
m
l

=
� � V

l
= � � A: ������������

�7�K�H �O�H�Q�J�W�K �H�O�H�P�H�Q�W�Çx �W�K�X�V �K�D�V �D �P�D�V�V �R�I�Çm = � � �Çx�� �)�R�U �D �W�D�X�W �Z�L�U�H �D�W �U�H�V�W

���H�T�X�L�O�L�E�U�L�X�P�� �W�K�H �W�H�Q�V�L�R�Q �R�Q �E�R�W�K �V�L�G�H�V �R�I �D �O�H�Q�J�W�K �H�O�H�P�H�Q�W �P�X�V�W �E�H �H�T�X�D�O�� �,�I �W�K�L�V



���� �� �:�L�U�H �7�H�Q�V�L�R�Q

�W�D�X�W �Z�L�U�H �L�V �Q�R�Z �S�O�X�F�N�H�G �S�H�U�S�H�Q�G�L�F�X�O�D�U�� �W�K�H �P�D�V�V �H�O�H�P�H�Q�W �R�V�F�L�O�O�D�W�H�V �L�Q �W�K�L�V �G�L�U�H�F��

�W�L�R�Q �E�H�F�D�X�V�H �R�I �D �U�H�V�W�R�U�L�Q�J �I�R�U�F�H �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �W�H�Q�V�L�R�Q�� �D�Q�G �D �W�U�D�Q�V�Y�H�U�V�H �Z�D�Y�H

�P�R�Y�H�V �L�Q �W�K�H �G�L�U�H�F�W�L�R�Q �R�I �W�K�H �Z�L�U�H��

�)�L�J�X�U�H ���������6�F�K�H�P�D�W��
�L�F�D�O�O�\ �Y�L�H�Z �R�I �D �Z�L�U�H
�H�O�H�P�H�Q�W �Z�K�L�O�H �D �W�U�D�Q�V��
�Y�H�U�V�H �Z�D�Y�H �L�V �W�U�D�Y�H�O�O�L�Q�J
�D�O�R�Q�J �L�W��

�,�I �W�K�H �G�H�I�O�H�F�W�L�R�Q �L�V �V�P�D�O�O�� �W�K�H �W�H�Q�V�L�R�Q �F�D�Q �E�H �V�W�L�O�O �R�Q�O�\ �E�H �F�R�Q�V�L�G�H�U�H�G �W�R �D�F�W �K�R�U�L��

�]�R�Q�W�D�O�O�\ �D�Q�G �W�K�H �K�R�U�L�]�R�Q�W�D�O �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �S�R�L�Q�W�Vx1 �D�Q�Gx2 �L�V �V�W�L�O�O�Çx�� �6�X�F�K

�D �G�H�I�O�H�F�W�H�G �O�H�Q�J�W�K �H�O�H�P�H�Q�W �L�V �V�F�K�H�P�D�W�L�F�D�O�O�\ �V�K�R�Z�Q �L�Q�I�L�J�X�U�H �������� �:�L�W�K �W�K�H �V�P�D�O�O

�D�Q�J�O�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �W�K�H �W�D�Q�J�H�Q�W �R�I �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �I�R�U�F�H�V �D�F�W�L�Q�J �R�Q

�W�K�H �S�R�L�Q�W�Vx1 �D�Q�Gx2 �E�H�F�R�P�H�V �W�K�H �V�O�R�S�H �W�K�H�U�H��
�

@z
@x

�

x1

= �
F1

T
�D�Q�G

�
@z
@x

�

x2

=
F2

T
: ������������

�7�K�Hx���F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �I�R�U�F�H �F�D�Q�F�H�O �H�D�F�K �R�W�K�H�U �D�Q�G �W�K�H�U�H�I�R�U�H �W�K�H �Q�H�W �I�R�U�F�H �R�Q

�W�K�H �Z�L�U�H �H�O�H�P�H�Q�W �H�T�X�D�O�V �W�K�H �V�X�P �R�I �W�K�Hy���F�R�P�S�R�Q�H�Q�W�V��

F�÷�Ë��= F1 + F2 = T

" �
@z
@x

�

x2

�
�

@z
@x

�

x1

#

: ������������

�$�F�F�R�U�G�L�Q�J �W�R �Q�H�Z�W�R�Q�V �V�H�F�R�Q�G �O�D�Z �W�K�L�V �L�V �H�T�X�D�O �W�R��

F�÷�Ë��= �Çm � a = � � �Çx �
@2z
@t2

������������

)

�
@z
@x

�
x2

�
�

@z
@x

�
x1

�Çx
=

�
T

@2z
@t2

�D�Q�G �L�Q �W�K�H �O�L�P�L�W��
@2z
@x2

=
�
T

@2z
@t2

: ������������

�&�R�P�S�D�U�H�G �W�R �W�K�H �O�L�Q�H�D�U �Z�D�Y�H �H�T�X�D�W�L�R�Q �L�Q �R�Q�H �G�L�P�H�Q�V�L�R�Q �>�/�6�0�����@��

@2u(x; t )
@x2

=
1
v2

@2u(x; t )
@t2

: ������������

�W�K�H �V�S�H�H�G �R�I �W�K�H �Z�D�Y�H �R�Q �W�K�H �V�W�U�H�W�F�K�H�G �Z�L�U�H �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �D�V��

v =

s
T
�

=

s
T

� � A
=

s
4T

��d 2
: ������������

�,�Q �R�U�G�H�U �W�R �Q�R�W �K�D�Y�H �W�K�H �Z�D�Y�H �F�D�Q�F�H�O �L�W�V�H�O�I �W�K�U�R�X�J�K �L�Q�W�H�U�I�H�U�H�Q�F�H�� �W�K�H �O�H�Q�J�W�Kl �R�I �W�K�H

�Z�L�U�H �P�X�V�W �E�H �D �P�X�O�W�L�S�O�H �R�I �K�D�O�I �W�K�H �Z�D�Y�H�O�H�Q�J�W�K� �>�/�6�0�����@��

l = n �
�
2

)
v
f

=
2l
n

�Z�L�W�Kn = 0; 1; 2; : : : : ������������



���� �� �:�L�U�H �7�H�Q�V�L�R�Q

�+�H�U�H �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �Z�D�Y�H�O�H�Q�J�W�K� = v/ f �Z�D�V �D�S�S�O�L�H�G�� �:�L�W�K �W�K�H �V�S�H�H�G �I�U�R�P

�H�T�X�D�W�L�R�Q �������������W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �I�U�H�T�X�H�Q�F�\ ��n = 1�� �R�I �W�K�H �Y�L�E�U�D�W�L�Q�J �Z�L�U�H �I�R�O�O�R�Z�V

�D�V��

f 0 =
1

d � l

s
T
��

: ������������

�2�Q �W�K�H �R�W�K�H�U �K�D�Q�G �W�K�H �Z�L�U�H �W�H�Q�V�L�R�Q �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�L�V �I�U�H�T�X�H�Q�F�\ �Z�L�W�K��

T = ��f 2
0 l2d2: ������������

�:�L�W�K �M�X�V�W �W�K�H �N�Q�R�Z�Q �Z�L�U�H �S�U�R�S�H�U�W�L�H�V �O�H�Q�J�W�Kl�� �G�H�Q�V�L�W�\� �D�Q�G �G�L�D�P�H�W�H�Ud �D�Q�G �W�K�H �I�X�Q��

�G�D�P�H�Q�W�D�O �I�U�H�T�X�H�Q�F�\f 0 �W�K�H �W�H�Q�V�L�R�Q �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G�� �7�K�H �H�[�S�H�F�W�H�G �I�U�H�T�X�H�Q�F�L�H�V

�I�R�U �W�K�H �F�R�U�U�H�F�W �Z�L�U�H �W�H�Q�V�L�R�Q�V �D�U�H �O�L�V�W�H�G �L�Q�W�D�E�O�H ��������

�7�D�E�O�H ���������(�[�S�H�F�W�H�G �I�U�H�T�X�H�Q�F�\ �R�I �W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �R�V�F�L�O�O�D�W�L�R�Q �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H
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