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1 Introduction

Ever since the early beginnings of mankind, it has been part of human nature to want to un-
derstand their surroundings and environment. This desire extends not only to the immediate
environment, but also to more general questions that humans have been trying to answer for
millennia. Who are we? Where do we come from? What is the universe, and how does it
work? To search for answers to these questions, astronomy was created by man as one of the
most ancient sciences. Its beginnings are manifested in the observation of the stars with the
naked eye, on the basis of which the first calendars were created. With increasing knowledge
and technological progress, the observation methods were permanently improved. One of
the most important milestones in astronomy was the development of the telescope in the 17th

century. Nowadays, it seems almost natural to use state-of-the-art telescopes to detect elec-
tromagnetic radiation in a broad wavelength range from the depths of space and, in this way,
to constantly gain new insights into the universe and the processes taking place in it. In ad-
dition to perfecting existing observation techniques, entirely new methods have been created
to learn about the universe in unprecedented ways. Significant turning points are the balloon
flight of Viktor Hess in 1912, which led to the discovery of cosmic rays, or the supernova
SN 1987A, in which a strong neutrino emission was detected by various neutrino observa-
tories three hours before any visible light reached Earth [1]. The observational possibilities
created by this are now part of the standard repertoire of astroparticle physics, for example in
the form of the Pierre Auger Observatory, a cosmic ray observatory in Argentina, [2] or the
IceCube Neutrino Observatory [3].

In the moment, the next door to the universe is being opened. The foundation for this
was laid by Einstein who, in formulating the general theory of relativity in 1915 [4], also pre-
dicted the existence of gravitational waves. These describe wavelike perturbations in space-
time produced by accelerated masses, for example by binary black holes. However, because
the effects of gravitational waves on spacetime are extremely small, Einstein doubted that
they could ever be detected. Yet in September 2015, nearly 100 years after Einstein’s work,
the first direct observation of gravitational waves was achieved by the LIGO gravitational
wave observatory [5]. LIGO consists of two detectors based on two Michelson interferom-
eters, which, because of their enormous arm length of 4 km, are capable of measuring even
the smallest distortions in spacetime. The field of gravitational wave astronomy, which has
been opened up by this pioneering work, is to be extended in the coming decades by next
generation observatories such as the Einstein Telecope [6]. These are to achieve significantly
higher detection rates by using even larger detectors and technological improvements. It is
hoped that this will provide revolutionary new insights into physical processes of the universe
that are still unknown and not yet fully understood.

Especially in the case of young and exciting fields of physics such as gravitational wave
astronomy, it is of great importance to make them tangible for people outside the academic
world, for example pupils, within the framework of outreach activities. Besides increasing
the general interest in physics, this can also awaken the interest and motivation of potential
young scientists.

On the basis of this motivation, the objective of this master thesis is the design, setup,
and commissioning of a Michelson interferometer to demonstrate the complex principles of
gravitational wave detection in outreach activities.
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2 Theory of gravitational waves

Much of our current knowledge about the universe originates from observations and mea-
surements of electromagnetic radiation. Even the oldest part of this knowledge, derived from
observing the stars, goes back to this method of observation. For a long time, the effects
of gravitation were merely an everyday phenomenon, described by Newton’s classical me-
chanics, and part of astronomy via Kepler’s laws. The modern description of gravitation is
Einstein’s general relativity, which describes gravitation as a curvature of spacetime. An im-
portant consequence of general relativity is the existence of gravitational waves. These are
emitted during many cosmic events in which large masses are accelerated. Although Einstein
doubted that gravitational waves could ever be detected, they were directly detected for the
first time in 2015, opening a new window for astronomy to observe the universe.

2.1 Description of gravitational waves by the general theory of
relativity

In modern-day physics, gravitation is most precisely described by the general theory of rela-
tivity (GR). General relativity is the classical theory of gravitation, of which the core elements
have been published by Albert Einstein in 1915 [4]. In general relativity, gravitation is not
described as a classical Newtonian force. Instead, gravitation manifests itself in the curvature
of spacetime, which in turn is caused by the distribution of mass and energy. Particles that
are free of other forces move through spacetime along geodesic trajectories whose shape is
determined by spacetime’s curvature. Expressed in the words of theoretical physicist John
Archibald Wheeler, “Geometry tells matter how to move, and matter tells geometry how to
curve.”[7]

The mathematical description of the relationship between the mass and energy distribu-
tion and the curvature of spacetime is given by Einstein’s field equations, which, together
with the equations of motion in the gravitational field, constitute the basic equations of gen-
eral relativity. The field equations are a set of 10 second order coupled partial differential
equations, given by [8, p. 358]

Rµν −
1

2
Rgµν =

8πG

c4
Tµν . (2.1.1)

The left side of eq. (2.1.1), which is often summarized as Einstein tensor Gµν = Rµν −
1
2Rgµν , describes the curvature of spacetime. For this, the Ricci tensor Rµν and the Ricci
scalar R are employed, which are obtained by contraction of the Riemann curvature tensor,
once and twice, respectively [8, p. 314]. The tensor gµν describes the metric of spacetime,
which in general relativity, unlike in special relativity, has an intrinsic curvature. The right
side of eq. (2.1.1) contains the field generating sources of gravitation via the stress-energy
tensor Tµν and G is the gravitational constant.

In the following, the effect of gravitational waves on matter will be considered in more
detail. The derivations and examples are based on [8, ch. 16, 9, ch. 16]. For deeper insights
and mathematical details the reader is referred to this literature.
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In order to use Einstein’s field equations to describe the propagation of gravitational
waves, it is first assumed that the observer is far away from the gravitational waves’ sources,
and that the gravitational field around the observer is weak, but not stationary. Consequently,
the metric can be written as

gµν = ηµν + hµν , (2.1.2)

where ηµν is the Minkowski metric known from special relativity, and hµν � 1 is a small
perturbation term. This assumption is commonly referred to as the weak field limit. Starting
from the weak-field approximation and using the transverse-traceless gauge, it can be shown
that the vacuum solutions of Einstein’s field equations (the solutions of equation 2.1.1 for
Tµν = 0) take the form of plane waves

hµν(t, x, y, z) = Aµνe
i(k·x−ωt), (2.1.3)

which propagate at the speed of light. The term gravitational wave refers exactly to this
wavelike propagation of the perturbation. The general solution is given by a superposition of
these plane waves with different directions, frequencies, and amplitudes. Furthermore, it can
be shown that using the transverse traceless gauge, only two degrees of freedom remain for
the components ofAµν . For a gravitational wave propagating in the z-direction, for example,
Aµν can be written as

Aµν =


0 0 0 0
0 A+ A× 0
0 A× −A+ 0
0 0 0 0

 = A+


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

+A×


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 , (2.1.4)

where A+ and A× are independent constants. Hence, hµν is a linear combination of two
different solutions, which are also referred to as “+”-polarization and “×”-polarization (pro-
nounced “plus” and “cross”). Although eq. (2.1.4) is specific to the propagation of a wave
in the z-direction, any plane gravitational wave can be expressed in this form due of the free
choice of coordinates.

The effects of gravitational waves on matter will now be examined by means of a sim-
ple example. For this, consider a “+”-polarized gravitational wave propagating in the z-
direction, characterized by the perturbation term1

hµν(t,0) =


0 0 0 0
0 A+ 0 0
0 0 −A+ 0
0 0 0 0

 sin (−ωt) . (2.1.5)

The spacetime interval, which in a flat Minkowski-spacetime would be given by

1In physical applications only the real part of the plane wave solution, given by eq. (2.1.3), is relevant.
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ds2 = gµνdx
µdxν

= ηµνdx
µdxν

= −c2dt2 + dx2 + dy2 + dz2, (2.1.6)

now becomes

ds2 = gµνdx
µdxν

= (ηµν + hµν) dxµdxν

= −c2dt2 + (1 + hxx) dx2 + (1 + hyy) dy
2 + dz2

= −c2dt2 + (1 +A+ sin(−ωt)) dx2 + (1−A+ sin(−ωt)) dy2 + dz2. (2.1.7)

Additionally, consider two separate free test masses, one at rest at the origin2 of the coordi-
nate system, and the other at rest at x = L∗, y = z = 0. The spacetime distance between the
two test masses in the x-direction is then given by

L(t) =

∫ L∗

0

√
gxx dx = L∗

√
1 + hxx(t,0)

≈ L∗
(

1 +
1

2
hxx(t,0)

)
(2.1.8)

= L∗
(

1 +
1

2
A+ sin(−ωt)

)
.

The result shows that under the influence of the gravitational wave, the measured distance in
spacetime L(t) oscillates with the frequency ω of the wave. However, the coordinate distance
of the two test masses does not change during this time. For illustration, this connection is
shown in figure fig. 2.1.1.

FIGURE 2.1.1: Motion of the test
masses in the explained example.
Left: The coordinates xA = 0 and
xB = L∗ of the test masses remain
identical during the period of time
considered. Right: The spacetime
distance L(t) of the test masses oscil-
lates around L∗ with the frequency of
the gravitational wave. The represen-
tation is strongly exaggerated. Taken
from [9, p. 335].

2Denoted by the vector in three spatial coordinates (x, y, z)T = 0
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An important parameter to describe the effect of a gravitational wave on matter is the
imposed strain, which describes the relative change in length in relation to the original length.
Defining

δL := L(t)− L∗, (2.1.9)

the strain is given by

δL

L∗
=

1

2
hxx(t,0)

=
1

2
A+ sin(−ωt). (2.1.10)

The considerations from this example can be applied analogously to a more general case.
Suppose that the first test mass remains at the origin and that the second test mass is at a
distance L∗ from the origin in the direction of a unit vector e in the plane at z = 0 orthogonal
to the direction of propagation of the gravitational wave. The strain is then

δL

L∗
=

1

2
hij(t,0)eiej . (2.1.11)

A better picture of the signature of a gravitational wave can be obtained if instead of only
two test masses, a ring of several free test masses is considered. The ring is arranged in the
xy-plane and the gravitational wave propagates in the z-direction. Figure 2.1.2 shows the
changes of the test masses’ distances during one period 0 ≤ t ≤ T of the gravitational wave,
for a “+”-polarized gravitational wave (h+, upper row) and a “×”-polarized gravitational
wave (h×, lower row) respectively.

During the passage of a “+”-polarized gravitational wave, the particle ring is compressed
in the x-direction for the first half of the period, and in the y-direction for the second half
of the period. During the passage of a “×”-polarized gravitational wave, the particles on the

FIGURE 2.1.2: Influ-
ence of a gravitational
wave on a ring of
free test masses in
the xy-plane. Top:
Amplitude h(t) of
the perturbation term
during a period T .
Bottom: Behavior of
the distances of the
test masses during
passage of a “+”-
polarized (top row)
and a “×”-polarized
(bottom row) wave.
Image taken from
[10], adjusted.
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ring behave analogously, with the axes along which the ring is compressed being tilted by
45 degrees. The two possible polarizations of a plane gravitational wave are thus linearly
independent but can be transformed into each other by rotation of the coordinate system.

2.2 Astrophysical sources of gravitational waves

Gravitational waves are generated by accelerated masses. However, not every system of
accelerated masses radiates gravitational waves. Since in physical systems energy and in a
broader sense mass are conserved, no gravitational monopole radiation is possible [9, p. 502].
Furthermore, due to conservation of momentum, gravitational dipole radiation can also not
exist. Instead, for the emission of gravitational waves, a system needs a non-zero mass
quadrupole moment, which is given by [7, pp. 974, 9, pp. 499]

Iij =

∫
d3x ρ (t, ~x)xixj , (2.2.1)

where ρ (t, ~x) is the rest-mass density of the system. The total energy radiated by a source
per unit of time is referred to as luminosity LGW and depends directly on the trace-free part
(“reduced part”) of the mass quadrupole moment, [8, p. 455]

Iij = Iij −
1

3
δijI

k
k . (2.2.2)

The connection between the reduced quadrupole moment and the luminosity is given by
Einstein’s quadrupole formula [8, p. 465]

LGW = −dE
dt

=
G

5

〈...
I ij

...
I ij
〉
. (2.2.3)

Here, the square brackets denote the averaging over one period of the emitted wave. The
dots mark the threefold time derivative. In direct consequence from eq. (2.2.3) spherically
symmetric objects cannot emit gravitational waves, because for them

...
I ij vanishes [9, p. 507].

There are several known types of astrophysical objects that have a non-zero mass quadrupole
moment and a high enough mass and acceleration to emit detectable gravitational waves at
various frequency ranges and strains. An overview is presented in fig. 2.2.1. Depending on
the source, gravitational wave events can be divided into several categories:

• Continuous gravitational waves with nearly constant frequency are expected to be
emitted by the galactic population of rapidly rotating neutron stars (also called “pul-
sars”). If such neutron stars deviate from perfect spherical symmetry, they possess a
mass quadrupole moment and emit gravitational waves with amplitudes that depend
on the star’s deformation and frequency [11]. The expected frequency and strain range
for sources of this type is indicated by the box labeled “Pulsars” in fig. 2.2.1.

• Binary inspirals are collapses of binary systems of compact heavy objects, which
continuously reduce their orbit until they finally merge. Depending on the mass of the
objects, one distinguishes different types. The first type includes compact binary inspi-
rals consisting of binary neutron stars, binary black holes with a few solar masses, or
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systems consisting of a neutron star and a black hole [13]. Massive and supermassive
binary inspirals refer to the collapse of systems of heavier black holes, the latter be-
ing associated with the merger of two galaxies with supermassive black holes at their
centers. Furthermore, extreme mass ratio inspirals occur when compact stellar-mass
objects collapse into supermassive black holes at galaxy centers [11]. The first directly
detected gravitational wave, as well as all other events detected to date, fall into this
category [14, 15]. Typical strain and frequency ranges are marked in fig. 2.2.1 by the
corresponding boxes.

• The emission of transient burst gravitational waves is expected from several sources
such as supernovae [16] (see box “Core collapse supernovae” in fig. 2.2.1) and gamma-
ray bursts [17], the gravitational wave emission behavior of which is not yet fully
understood and modeled. Consequently, burst gravitational waves are hoped to provide
new insight into yet unexplored parts of astrophysics.

• The stochastic gravitational wave background is a superposition of a large num-
ber of gravitational waves from different independent events. The main source of the
stochastic background is assumed to be the physical processes immediately after the
Big Bang - The background may therefore contain information about the origin and
history of the early universe. Another part of the background is assumed to have been
formed during the history of the universe by the merger of binary black holes and
binary neutron stars [18].

As can be easily seen, the strains expected from gravitational waves are extremely small,
with magnitudes between 10−14 and 10−22. Additionally, there is a tendency towards lower
strains for sources with higher frequencies, due to the lower masses of the objects involved.

FIGURE 2.2.1: Overview of expected strains and frequencies of various
gravitational wave sources. For the estimates, fiducial events were used as
a reference - the amplitudes shown were chosen to be roughly consistent
with the optimistic end of current estimates. For a detailed discussion of the
procedure, see [11]. Plot created with [12].
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3 Interferometers and Gravitational
Wave Detection

For the detection of gravitational waves, interferometers are the most effective, and currently
the only available tool. Since the construction of an interferometer is also the core subject
of this thesis, the theory of the Michelson interferometer as well as its application in gravita-
tional wave detection will be explained in the following sections.

3.1 The Michelson Interferometer

The Michelson interferometer is an amplitude-splitting interferometer, initially developed by
Albert A. MICHELSON to detect the velocity of the Earth relative to a hypothetical luminif-
erous aether (Michelson-Morley experiment) [19]. Since then, it has been frequently used in
many areas of physics due to its capability to reliably measure very small changes in distance.
The structure of a Michelson interferometer is shown schematically in fig. 3.1.1.

The setup consists of an extended light source, a beamsplitter, two mirrors M1 and M2,
and a detector or screen at the interferometer output. The source emits a light wave, one
part of which moves towards the beamsplitter. There, a part of the wave is reflected in the
direction of M2, and the other part of the wave is transmitted in the direction of M1. The
mirrors reflect the incoming rays back to the beamsplitter. Part of the wave reflected by M2

is reflected back to the light source, and the remaining part is transmitted to the detector.
Similarly, part of the light reflected by M1 is transmitted to the light source, while the other
part is reflected to the detector. The two partial beams hitting the detector interfere depending
on their phase difference caused by the different lengths of the interferometer’s arms.

Beamsplitter
M1

M2

Light source

Detector d

FIGURE 3.1.1: General-
ized schematic represen-
tation of a Michelson in-
terferometer. The arrow-
heads symbolize the su-
perposition of the light
beams in both directions.
The dashed line repre-
sents the position of the
mirror M2 with respect
to the beamsplitter, pro-
jected onto the beam path
from the beamsplitter to
the mirror M1. The arm
length difference (ignor-
ing the thickness of the
beamsplitter) is d.
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It can be shown that the total irradiance of the partial beams arriving at the detector is
given by

I = I1 + I2 + 2
√
I1I2 cos (∆φ) , (3.1.1)

where I1 and I2 describe the intensities of the interfering light beams, and ∆Φ describes their
phase difference [20, p. 765]. Assuming that the light source has an irradiance I0 and that
the beamsplitter has a reflection to transmission ratio of 50 to 50, the intensities of the partial
beams at the detector are I1 = I2 = 0.25I0. Equation 3.1.1 thus becomes

I = 0.5I0 (1 + cos (∆φ)) . (3.1.2)

As can easily be seen, total constructive interference occurs for cos (∆φ) = 1, i. e. for

∆φ = (2n) · π, n ∈ Z, (3.1.3)

while total destructive interference occurs for cos (∆φ) = −1, i.e.

∆φ = (2n+ 1) · π, n ∈ Z. (3.1.4)

The phase difference is related to the path difference via

∆φ =
2π

λ
∆s. (3.1.5)

When calculating the path difference, it must be considered that a light beam arriving at
the detector after reflection at M2 has passed the beamsplitter a total of three times, while
the light beam that was reflected at M1 only passed the beamsplitter once. Therefore, if a
broadband light source is used, a compensator plate (an exact duplicate of the beamsplitter
without reflective coating) must be inserted into the beam path between the beamsplitter
and M1 to compensate for the beamsplitter’s dispersion3 [20, p. 813]. If, as in the context
of this work, only monochromatic light is used, it is sufficient to adjust the length of one
interferometer arm to compensate for the thickness of the beamsplitter.

The exact appearance of the interference pattern at the interferometer output depends
strongly on the chosen light source. For the previous discussions, a single light beam from
an extended source was considered. If now a well collimated laser beam is considered, the
emitted light can be described approximately as plane waves. Thus, at the interferometer
output, a single illuminated spot with the diameter of the laser beam can be expected, the
brightness of which depends on the interference condition. If, on the other hand, a light

3Dispersion: Dependence of the refractive index of a medium (in this case the beamsplitter) on the wavelength of
the incident light [20, p. 143]
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source with a divergent beam is used, a different image can be expected at the interferometer
output. This shall now be derived in greater detail.

To illustrate the beam paths, it is useful to virtually rearrange the components of the
interferometer as shown in fig. 3.1.2. To do this, the interferometer arm with mirror M1 is
projected onto the arm with mirror M2, such that a virtual mirror M ′1 is created. Starting
from the detector or screen, located in the plane D, light arrives only from one direction.
Thus, the detector “sees” two images of the light source S, which is physically located in the
plane Σ. One image, labeled S2, emanates from mirror M2, and is located in the plane Σ2.
The image, labeled S1, emanates from the mirror M ′1 and is located in the plane Σ1.

Now consider two beams of light emitted from S at different angles in the xz-plane so
that both beams are incident on the detector at point P . The exact beam path is shown in
fig. 3.1.2. If the distances between the components are assumed as shown in the figure, it can
easily be found that the distances s1 and s2 traveled by the beams emerging from S1 and S2
are given by

s1 =

√
(2a+ 2d+ c)2 + z2 and

s2 =

√
(2a+ c)2 + z2. (3.1.6)

x

z

S

Σ M2 M ′1 Σ2

S2

Σ1

S1

P

D

d

c a b

a′ b′

FIGURE 3.1.2: Schematic diagram explaining the formation of the interfer-
ence pattern. S is the divergent light source. M1′ and M2 are the mirrors,
projected onto a single straight line. Σ1 and Σ2 are projections of the light
source, as seen by the detector. The images S1 and S2 of the light sources
emanate from Σ1 and Σ2. Because of the symmetry a = b and a′ = b′.
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Given eq. (3.1.1), this results in an irradiance at P of

I = I1 + I2 + 2
√
I1I2 cos (∆Φ)

= I1 + I2 + 2
√
I1I2 cos

(
2π

λ
∆s

)
= I1 + I2 + 2

√
I1I2 cos

(
2π

λ

√
(2a+ 2d+ c)2 + z2 −

√
(2a+ c)2 + z2

)
. (3.1.7)

To understand this result, the light intensity obtained from eq. (3.1.7) as a function of the
position on the detector or screen is shown graphically in fig. 3.1.3. As can be easily seen, an
interference pattern of alternating bright and dark concentric fringes is formed. The center
fringe interferes constructively for d = 2k · λ/4, k ∈ N (see figs. 3.1.3a and 3.1.3b) and
destructively for d = (2k + 1) · λ/4, k ∈ N. The distances between the fringes decrease as
the path difference d increases (compare the upper and lower rows in fig. 3.1.3).
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(D) Fringe pattern for d = 10.25λ

FIGURE 3.1.3: Example fringe patterns with a = 10 cm and c = 0 cm for
two path differences. Upper row: d = 5λ, lower row: d = 10.25λ. The con-
sidered section of 10× 10 cm corresponds approximately to the proportions
of the real experimental setup.
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3.2 Gravitational wave detection with interferometers

In section 2.1 the effects of gravitational waves on space-time and on free masses were dis-
cussed. These considerations will now be applied concretely to a Michelson interferometer
in order to outline the basic working principles of current gravitational wave detectors.

Consider a “+”-polarized gravitational wave propagating in the z-direction and an inter-
ferometer located in the xy-plane as shown in fig. 3.2.1. Now, the time required for a light
beam to travel from the beamsplitter at the origin of the coordinate system to the free mass
M1 at x = L will be calculated. As has already been shown, eq. (2.1.7) holds for the space-
time interval. Using that for two events in spacetime, which are separated by a light beam,
ds = 0 holds, one gets

ds2 = −c2dt2 + (1 + hxx) dx2 + (1 + hyy) dy
2 + dz2 = 0 (3.2.1)

and thus

(1 + hxx) dx2 + (1 + hyy) dy
2 + dz2 = c2dt2. (3.2.2)

The time required for the light beam to reach M1 is therefore

t1 :=

∫ tM1

tBS

dt =
1

c

∫ L

0

√
1 + hxxdx ≈

1

c

∫ L

0

(
1 +

1

2
hxx

)
dx, (3.2.3)

and the travel time back to the beamsplitter analogously is

t2 :=

∫ t′BS

tM1

dt = −1

c

∫ 0

L

√
1 + hxxdx ≈ −

1

c

∫ 0

L

(
1 +

1

2
hxx

)
dx. (3.2.4)

FIGURE 3.2.1: Schematic represen-
tation of the arm length change of a
Michelson interferometer caused by a
gravitational wave. The continuous
circle describes the arm lengths in the
unperturbed state, the dashed circle
describes the arm lengths at the max-
imum displacement of the mirrors by
the wave. Taken from [21], modified.
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The total time of flight is

∆tx := t1 + t2 =
2L

c
+

1

2c

∫ L

0
hxxdx−

1

2c

∫ 0

L
hxxdx. (3.2.5)

Here we can easily distinguish the unperturbed part of the transit time from the part affected
by the perturbation. Since we assume that the period of the gravitational wave is very long, h
can be assumed to be approximately constant (for a more detailed argument, see [22]). Using
this approximation for the integrals, one obtains

∆tx =
2L

c
+
L

c
hxx. (3.2.6)

For the conditions chosen in this example, an analogous term ∆ty can be derived for the
arm in the y-direction, with the only difference being the integration over hyy instead of hxx.
Since hyy = −hxx ≡ h+, the difference in travel time between the two arms is given by

∆ty −∆tx = ∆t =
2L

c
h+(t). (3.2.7)

The phase difference at the interferometer output then is

∆φ =
2πc

λ
h+(t). (3.2.8)

As can be seen from eq. (3.2.8), direct conclusions concerning the perturbation term of
the gravitational wave can be drawn from the phase shift at the interferometer output. It must
be considered, however, that the example given is a special case. In the general case, the
gravitational wave can be of any polarization and have an arbitrary direction of incidence
with respect to the interferometer plane. To localize the source of a gravitational wave or
to make a precise statement about its polarization, measurements with several differently
positioned and aligned interferometers are therefore necessary.

Enhancement of a Michelson interferometer for gravitational wave detection

As explained in section 2.2, the strains caused by gravitational waves are very small with
h ≈ 10−21 at frequencies around 102 Hz. Since the induced phase shift at the interferometer
output is proportional to the strain according to eq. (3.2.8), interferometers for gravitational
wave detection must be extremely precise. The required measurement precision is easily
illustrated by the example of the LIGO observatory [23], which consists of two Michelson
interferometers with arm lengths of about 4 km (for a more detailed discussion of LIGO,
see section 3.3.1). Assuming this arm length and a laser wavelength of λ = 1064 nm, the
transition from the dark fringe to the bright fringe (corresponding to an optical path length
change of λ/4) would require a strain of

h =
∆L

L
=

λ/4

4 km
≈ 10−10. (3.2.9)
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This is eleven orders of magnitude larger than the maximum strain expected from gravita-
tional waves in the considered frequency range.

To overcome the remaining orders of magnitude, various techniques are used in mod-
ern gravitational wave detectors, the most relevant of which will be briefly described; for a
detailed discussion of these techniques, which go well beyond the scope of this thesis, the
reader is referred to the cited literature in the following paragraphs.

One of the most important tools is the use of Fabry-Pérot resonators. These are re-
sonant optical cavities created by inserting semitransparent mirrors into the interferometer
arms. When these mirrors are separated by an integer number of λ/4 from the end mirrors,
resonance occurs between the mirrors, causing the laser light to be reflected back and forth
between the mirrors many times, depending on the reflection/transmission coefficients of
the mirrors. The average number of reflections a light beam passes through in the cavity is
called finesse. A higher finesse increases the effective optical path length, and thus also the
sensitivity of the interferometer. A finesse ofO(100) increases the sensitivity up toO(10−13)
[24].

The remaining orders of magnitude are achieved by not only distinguishing between the
bright and the dark fringe but by detecting the exact position between interference maximum
and minimum via high-precision measurement of the interferometer output power (often re-
ferred to as “splitting the fringe”). To achieve the required precision, noise reduction is the
primary design goal.

One of the main noise types in an interferometer is shot noise. This refers to the sta-
tistical fluctuation of the number N of photons that reach the output of the interferometer.
Since the number of photons is generally Poisson distributed, one finds that the significance
of the fluctuation decreases with larger N . To increase the number of photons at the inter-
ferometer output, so-called “power recycling” is used in modern interferometers in addition
to a sufficiently strong laser. The concept of power recycling is based on the principle that
the interferometer generally operates near the dark fringe. Consequently, most of the laser
light is sent back to the light source and is not used. By installing a partially reflective mirror
between the light source and the beamsplitter, another optical cavity can be formed which is
in resonance with the whole interferometer and effectively stores the laser light, which would
otherwise be dumped. This gives the effect of a laser that is more powerful by the number of
the finesse of the cavity [25].

In some current detectors, the idea of using optical resonators is also applied to the in-
terferometer output. In this case, the laser light used is modulated before being fed into the
interferometer. If an incident gravitational wave now changes the optical path lengths in the
interferometer, frequency sidebands are added to the light. This can be exploited by installing
another partially reflecting mirror in the interferometer output, the location of which can be
tuned so that resonance occurs for beats between the laser modulation frequency and the
sidebands. As a result, gravitational wave signals are preferentially extracted at the output.
This technique is called “signal recycling” [25, 24].

Besides shot noise, there are noise sources which cause a physical variation of the in-
terferometer arm length. Two important noise sources of this kind are thermal noise, due
to Brownian motion of the mirrors and losses in the wire material of the mirror suspensions
[26], and seismic noise, caused by the persistent vibration of the surface of the earth’s sur-
face [27]. To reduce such noise, modern gravitational wave detectors employ sophisticated
vacuum, cooling, and suspension mechanisms.
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3.3 Current and future gravitational wave detectors

At the present time, there are several ground-based gravitational wave detectors in operation
or in planning. In the scope of this introduction, two observatories will be discussed, one of
which is in operation and the other in the planning phase.

3.3.1 LIGO

LIGO, acronym for Laser Interferometer Gravitational-Wave Observatory, is currently the
largest gravitational wave detector [23]. It consists of two facilities, one in Hanford (Wash-
ington, USA) and one in Livingston (Louisiana, USA), each housing a Michelson interferom-
eter with the modifications introduced in section 3.2 and an arm length of 4 km. The layout
of the interferometers used is presented in fig. 3.3.1a. Exterior views of these facilities are
presented in figs. 3.3.1c and 3.3.1d. LIGO was first commissioned in 1999 with the first mea-
surements being conducted in the period from 2002 to 2010. Although no gravitational wave
events were detected during this time, substantial scientific progress was made by finding
observational limits on the strength and frequency of gravitational waves from a spectrum of
possible sources [15].

From 2008 to 2015, numerous hardware improvements were implemented under the
name “Advanced LIGO” (abbreviated “aLIGO”). These include but are not limited to the

(A) Schematic layout of an aLIGO interferometer,
as used identically at Hanford and Livingston. In-
cluded are the power and signal recycling structures
described in section 3.2. Taken from [28].

(B) Strain sensitivity curves for original LIGO and
Advanced LIGO. Created with [12].

(C) Exterior view of the LIGO Hanford facility [29] (D) Exterior view of the LIGO Livingston facility
[29]

FIGURE 3.3.1: Illustration of the setup, sensitivity curves and exterior im-
ages of the LIGO observatory.
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implementation of signal recycling and improvements to mirrors and seismic isolation [30].
In its current state, advanced LIGO has a peak sensitivity of below 10−22 Hz for source fre-
quencies around 102 Hz, compared to a sensitivity of just below 10−21 Hz for the original
LIGO design. The full sensitivity curves are displayed in fig. 3.3.1b.

The breakthrough result of LIGO is the first direct detection of gravitational waves, which
was achieved in 2014 and for which the Nobel Prize in Physics was awarded in 2017 [5]. The
source of the detected signal was the coalescence of a binary system consisting of two black
holes with masses of 36M� and 29M�, respectively. The signals recorded by the Hanford
and Livingston detectors are depicted in fig. 3.3.2. The shown part of the inspiral is limited
to two tenths of a second. As can be easily seen from the plot in frequency domain (bottom
row of fig. 3.3.2), the rotation frequency of the system increases monotonically until the
signal fades out immediately after the merger. Due to its importance, this signal is the perfect
candidate for the exemplary signal of the setup that will be presented later in this work.

FIGURE 3.3.2: Gravitational wave event GW150914 recorded by LIGO in
2014. Left column: data from the Hanford site (“H1”), right column: data
from the Livingston site (“L1”). Top row: strain observed by the detectors,
on the right also compared with data from Hanford. Second row: Com-
parison of the waveform reconstructed from the measured data according to
two different models (gray areas) with the theoretical model of a merger of
two black holes with the corresponding masses (solid line). Third row: re-
construction subtracting measured data. Bottom row: representation of the
signal in frequency space. Taken from [14].



18 Chapter 3. Interferometers and Gravitational Wave Detection

3.3.2 Einstein Telescope

The Einstein Telescope is a proposed gravitational wave observatory currently in the design
phase. As a next-generation4 gravitational wave detector, the sensitivity will be improved
by one order of magnitude in the entire detection frequency band (ranging from O(10 Hz)
to O(1 kHz)) compared to current observatories, such as aLIGO. To detect gravitational
waves at lower frequencies, an extension of the detection range towards lower frequencies is
planned. The intended design sensitivity, compared to aLIGO discussed in section 3.3.1, is
shown in fig. 3.3.3a.

(A) Design sensitivity of the Einstein Telescope (“ET”,
green) compared to aLIGO (blue) and Cosmic Explorer
(“CE”, pink). Note that the sensitivity is plotted as the
amplitude spectral density of the strain - therefore, the
values can only be compared with the direct strains, as
shown in fig. 3.3.1b, after conversion. The different
color shades represent different source orientations and
locations. The influence and characteristics of Cosmic
Explorer are not studied in the scope of this thesis. Taken
from [6].

(B) Schematic illustration of the proposed setup of the
Einstein telescope. Taken from [31].

FIGURE 3.3.3: Proposed design sensitivity and
setup of the future Einstein Telescope.

To achieve the desired sensitivity, fun-
damental design changes are planned com-
pared to the L-shaped interferometers of the
current generation [6]. The most important
changes are the extension of the interferom-
eter arms to 10 km and the location of the in-
terferometers several hundred meters below
the earth’s surface to reduce the influence
of seismic noise. The complete observa-
tory will consist of three detectors arranged
in an equilateral triangle. The triangular
arrangement offers the advantage of equal
sensitivity to both possible polarizations of
a gravitational wave (see section 2.1) com-
pared to an L-shaped detector. Each detec-
tor will contain two interferometers, one op-
timized for detection of low frequencies in
the range from 3 Hz to 30 Hz, and the other
optimized for detection of high frequencies
in the range from 30 Hz to several kHz. For
the six interferometers, the previously ex-
plained main concept, including power and
signal recycling, as well as Fabry-Pérot res-
onators in the arms, will be used. A simpli-
fied illustration of the planned setup is in-
cluded in fig. 3.3.3b.

Thanks to its high sensitivity, the Ein-
stein Telescope will significantly increase
the observational capabilities in gravita-
tional wave astronomy [6]. Among other
things, it will be possible to detect binary
black hole coalescences in the range of tens
to hundreds of solar masses even at cosmo-
logical distances, at expected event rates of
105 to 106 per year. This is hoped to pro-
vide new insights into the formation and
binary evolution of black holes with stel-
lar masses. Furthermore, the Einstein Tele-
scope is planned to extend the range of ob-
servable black hole masses to both ends. On

4The Einstein Telescope is considered a third-generation gravitational wave detector, while detectors such as the
original LIGO and aLIGO are considered first- and second-generation, respectively.
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the top end, black holes with several thousand solar masses will be detectable (depending
on the redshift). At the other end of the mass spectrum, hypothetical black hole binaries of
primordial origin with a total mass of about one solar mass will also be detectable. Besides
binary black hole coalescences, higher event rates are also expected to provide new insights
into the formation mechanisms and demography of binary neutron stars, as well as insights
regarding new astrophysical sources of gravitational waves, such as core collapse supernovae,
and a stochastic gravitational wave background.
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4 Piezoelectric effect and Preisach
model

In the context of the outreach experiment, which was constructed for this work, piezoelectric
actuators were used. Therefore, the piezoelectric effect will be briefly discussed in the fol-
lowing section. Since a significant part of this thesis deals with the correction of the nonlinear
hysteretic behavior of piezoelectric actuators, the model used to correct the nonlinearity will
also be introduced.

4.1 The piezoelectric effect

Materials are called piezoelectric, if they do not exhibit spontaneous electric polarization but
can become electrically polarized by mechanical deformation. The cause of the piezoelectric
effect is illustrated in fig. 4.1.1a. Every piezoelectric material, like the depicted crystal,
contains isolated positive and negative charges, which are located at the opposite ends of the
polar axes. If the crystal is deformed by an external force in the direction of a polar axis, the
centers of the negative and positive charges are no longer at the same point, and an electric
dipole is created, which can be measured as a voltage on the material [32, pp. 653-655].

Inversely, applying an electrical voltage to a piezoelectric material can induce deforma-
tion. This is referred to as the converse piezoelectric effect. For this reason, piezoelectric
materials are often used in actuators for micro and nano positioning purposes. A well-known
example is the positioning of the tip in scanning tunneling microscopes [32, p. 655]. In the
scope of this work piezo actuators will be used for positioning with nanometer precision.

One of the disadvantages of piezoelectric actuators is the nonlinear relationship between
the input voltage supplied to the actuator and the actuators displacement. The nonlinear
relationship is due to hysteretic behavior of piezoelectric materials [34]. This hysteretic

(A) Crystal lattice of a piezoelectric crystal with three polar
axes. If the lattice is deformed along a polar axis by an exter-
nal force F , the centers of the positive and negative charges
are no longer located in the same place. Taken from [32,
p. 645], translated.

(B) Example of a hysteresis curve
for an input signal u and an output
signal y. Taken from [33], modi-
fied.

FIGURE 4.1.1: Explanatory illustration of the piezoelectric effect and ex-
emplary hysteresis curve.
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behavior is exemplified in fig. 4.1.1b. When the voltage u applied to the actuator is increased,
the displacement y increases in a nonlinear way. If the voltage is subsequently lowered again,
the expansion decreases as well. However, the expansion lags behind the voltage change.
The relationship between the applied voltage and the expansion of the actuator is, therefore,
ambiguous. The shape of the hysteresis curve varies depending on the material used.

4.2 The Preisach hysteresis model

To be able to use piezo actuators for positioning without restrictions, the hysteresis must
be corrected. This requires a mathematical model that describes the hysteresis in good ap-
proximation. In this thesis, the Preisach hysteresis model was implemented to this end. The
Preisach model is a mathematical phenomenological model, which compared to physical-
based models (e.g. the Jiles-Atherton model of hysteresis [35]) has the advantage that it is
easier to implement and numerically robust [36]. The following mathematical explanations
of the Preisach model are based on [33], to which the technically interested reader is referred.

(A) Function of a single relay operator
("Hysteron"). Taken from [36], modified.

(B) Plot of the Preisach triangle S. Illus-
tration based on [37].

FIGURE 4.2.1: Mathematical basis of
the Preisach model. (A): A single hys-
teron. (B): Preisach triangle contain-
ing the hysterons.

The Preisach model is based on mathematical oper-
ators Rβ,α, which represent delayed relays. These re-
lays are referred to as hysterons. The behavior of a
hysteron operator is shown in fig. 4.2.1a. The opera-
tor has a switch-on threshold α and a switch-off thresh-
old β, and can assume the output states +1 or −1. If
the operator is cast on an input signal u < β, its out-
put is y = −1. If the input u is now increased above
the switch-on threshold α, the output of the operator
changes to y = 1. If the input is now decreased below
the switch-off threshold β, the output of the operator
changes back to y = −1. Mathematically, the state of a
hysteron can thus be written as

Rβ,α [u, ξ] (t) =


−1, for u(t) < β

ξ, for β ≤ u(t) ≤ α
1, for u(t) > α

, (4.2.1)

where ξ describes the hysteron’s current state, i.e. its
state prior to the change of the input signal u.

A hysteretic system can be described by a continu-
ous plane of hysterons, where one hysteron is assigned
to each possible combination of on and off thresholds
satisfying α > β. The on and off thresholds are limited
by the maximum values αm and βm, which correspond
to the physical limits of the system. The half-plane in
the coordinate space spanned by (α, β), which is de-
scribed by

S = {(β, α) : α ≥ β, α ≤ αm, β ≥ βm} , (4.2.2)
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forms the so-called Preisach triangle, which is illustrated in fig. 4.2.1b. The output y(t) of
a hysteretic system can be expressed as an integral

y(t) =

∫∫
α≥β

µ (β, α)Rβ,α [u, ξ] (t)dβdα (4.2.3)

over the Preisach triangle, where each hysteron is individually weighted by a non-negative
weight function µ(β, α).

Figure 4.2.2 illustrates how a hysteresis curve is approximated by the integral from
eq. (4.2.3). Assume that the system is in an initial state in which all hysterons assume a
value of −1 and therefore the output of the total system is minimal. If the input signal u,
starting from its minimum value, is increased to u = α1, all the hysterons for which α < α1

holds will be switched on. The Preisach triangle can then be divided horizontally into an
area S+ with hysterons in state +1, and an area S− with hysterons in state −1. The output
y increases with the area of S+.5 If the input signal is increased to its maximum value of
umax = αm, all hysterons will be in the +1 state and the output will reach its maximum value.
If the input signal is now lowered to u = β1, all hysterons are switched off with β > β1.
Therefore, the dividing line between the areas S+ and S− moves vertically to the left and
the output of the system decreases accordingly. In this way, the output of the signal follows
any arbitrary variation of the input. If the input signal, as illustrated in fig. 4.2.2, is increased
again to u = α1 and then decreased to β2 > β1, the line L dividing the Preisach triangle into
two areas shows a step pattern, and the hysteresis curve shows so-called minor loops within
the envelopes of the system.

The separation line L, also referred to as the system’s memory curve, depends on the
system’s past inputs. Different memory curves can sometimes yield the same result of the
integral and consequently the same output of the system. As a result, it is impossible to
predict the response of the system to a change of input, if only the current input and output
are known. Instead, the complete state of the Preisach triangle, i.e. the sum of all past inputs
leading to the system’s current state, must be known.

FIGURE 4.2.2: Example of how a hysteresis curve is obtained from the state
of the Preisach triangle. Taken from [37], modified.

5For the sake of simplicity, the weight function µ(β, α) is assumed to be constant in this example.
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5 Setup and commissioning of a
Michelson interferometer as an
outreach experiment

The subject of this thesis is the construction and commissioning of a Michelson interferom-
eter to demonstrate the principles of gravitational wave detection in outreach activities.

In physics, as in the other natural sciences, outreach activities are of great importance.
The term outreach in this context encompasses activities whose primary goal is to promote
the awareness and understanding of physics among a broader audience of non-experts (most
often pupils) and to make physics tangible outside of university research. In addition to in-
creasing general interest in physics, important benefits of outreach activities include sparking
the interest and motivation of potential young scientists and providing accountability for the
use of research funds. It is especially in still young fields of physics, which include grav-
itational wave astronomy, that outreach activities can reach their full potential. Out of this
motivation, an experimental setup is developed with the aim to illustrate the complex princi-
ples of gravitational wave detection in a simplified and understandable way.

The setup constructed as part of this work is based on a Michelson interferometer with
piezo-driven mirrors, the motion of which can be used to simulate the strain of an incident
gravitational wave. The first part of this thesis concentrates on the construction of this expe-
rimental setup, and the challenges involved, such as the selection, adjustment and character-
ization of suitable components, seismic isolation and stabilization of the setup. The second
part of the thesis focuses on characterizing and correcting the nonlinear expansion behavior
of the piezoelectric actuators used to control the mirrors through application of the mathe-
matical Preisach hysteresis model, as well as applying the corrections to a gravitational wave
signal. The effective use of the setup in outreach activities is beyond the scope of this work
and will be left to future researchers and students.

5.1 Setup and function of the Michelson interferometer

The core of this work is the constructed experimental setup based on a Michelson interfero-
meter. In the following sections the technical details of the final version of the setup as well
as its adjustment and operation will be explained.

5.1.1 Setup and technical realization

The final version of the experimental setup is shown schematically in fig. 5.1.1. A photo
of the setup is included in fig. 5.1.2. In the following, the choice and function of the individual
components of the interferometer will be discussed. A detailed list of all components with
model designations of the individual components is provided in table 7.0.1.
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FIGURE 5.1.1: Schematic representation of the experimental setup. The
red lines represent the laser light, the black lines denote the cables. For the
sake of clarity, the laser beams are shown as lines of constant width. In
the actual setup, the light beams are divergent due to the plano-convex lens.
“WL Filter” refers to the optical bandpass filter, “PD” to the photodiode, and
“AMP” to the transimpedance amplifier connected to it. The “PI Controllers”
are voltage sources designed for the use with piezoelectric stack actuators.
Illustration created using [38].

FIGURE 5.1.2: Basic experimental setup without control electronics and
acrylic cover. Rotated by 90 degrees compared to the schematic in fig. 5.1.1.



5.1. Setup and function of the Michelson interferometer 27

The light source of the interferometer is a diode-pumped solid state (DPSS) laser with a
wavelength of 532 nm, which emits quasi unpolarized light [39] in a collimated beam (diver-
gence 0.5 mrad) of about 3.5 mm diameter. A model with a power of 0.87 mW was selected
to produce a sufficiently strong signal while remaining within laser safety class 2. The use
of a more powerful laser would improve the interference fringe visibility of the setup, but
would not be viable for an outreach experiment as it is potentially dangerous.

FIGURE 5.1.3: Effect of spheri-
cal aberration for a plano-convex
lens. The aberration is less when
the light rays are incident on the
convex side of the lens. Taken from
[20, p. 512].

The light beam emitted by the laser is expanded by
a 1-inch plano-convex lens with a focal length of f =
100 mm. The lens is oriented with the convex side facing
the laser to reduce spherical aberration. Spherical aberra-
tion describes the property of an optical lens that causes
light rays incident parallel to the optical axis to have no
uniform focal point after passing the lens. This effect is
shown schematically for both possible lens orientations in
fig. 5.1.3 - for a detailed explanation, the reader is referred
to [20, pp. 509]. The use of the plano-convex lens is a key
design element, since it enables the observation of a circu-
lar fringe pattern (see section 3.1). The size of the fringe
pattern can be controlled by moving the plano-convex lens
in the optical path. It was found that a larger fringe pattern
simplifies adjustments and observations on the screen.

The expanded light beam then hits the primary beam-
splitter at an angle of 45 degrees. The beamsplitter has
a reflection to transmission ratio of 50 to 50 for unpo-
larized light in a wavelength range between 450 nm and
650 nm. A 2-inch model was chosen to ensure that it can
also be used for light beams with greater divergence and
at greater distances from the light source. This is relevant
in the context of possible future extensions to the experimental setup, since the clear aperture
of a 1-inch beamsplitter previously used in the setup was almost completely utilized.

The portions of the light reflected or transmitted by the beamsplitter are then incident
on two mirrors at the ends of the interferometer arms, which serve as analogs to the test
masses of a gravitational wave detector. The mirrors chosen were fused silica models with
a broadband dielectric coating, which have a reflection coefficient of R > 99% in a broad
wavelength range from 400 nm to 750 nm. This ensures the function of the interferometer
even when using a different light source. For the two arms, two mirrors with the same
coating but with different sizes of 1.0 inch and 0.7 inch (see figs. 5.1.4a and 5.1.4b) were
chosen to investigate the stability of the mount and the behavior of the piezos for two different
configurations.

A crucial feature of the experimental setup is the attachment of the mirrors to piezoelec-
tric stack actuators (hereafter: piezos), the expansion of which can be regulated by applying a
control voltage, allowing dynamic adjustment of the arm length (see chapter 4). The mirrors
are glued directly to the piezo stacks using an epoxy adhesive. The stacks are attached to a
metal plate using the same adhesive. The metal plate, in turn, is screwed into a kinematic
mirror mount. This construction is shown in fig. 5.1.4c viewed from the side for the larger
of the two mirrors. The piezo stacks used are fabricated from layered sheets of piezoelec-
tric ceramic, and have a maximum displacement of 2.1µm at a drive voltage of 150 V. This
corresponds to about 3.9 times the laser wavelength λ. However, only about 1.4µm (=̂2.6λ)
of this displacement can be used, since the voltage sources used only provide up to 100 V.
However, this is not a limitation for the intended use of the interferometer. The reason for
choosing this specific model was the large surface area of (10× 10) mm, which is necessary
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(A) Large mirror, mounted (B) Small mirror, mounted (C) Side view of the large mirror,
glued onto a piezo stack

(D) Frontal view of the uncovered
photodetector

(E) Frontal view of the covered
photodetector, including a fringe
pattern

(F) Fringe pattern the viewing
screen

(G) Photo of the complete experimental setup. Visible is the breadboard with
the interferometer, covered by an acrylic hood. The interferometer as well as
the control and measuring equipment (to the left in the picture) are arranged on
a granite plate.

FIGURE 5.1.4: Photos of various selected components as well as the com-
plete experimental setup.
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for attaching the mirrors. Mirrors with lower drive voltage ranges were also available from
the same manufacturer, but all had an insufficient surface area.

The beams reflected by the mirrors are reunited at the primary beamsplitter, which directs
the beams to the secondary beamsplitter with half their amplitude. The other half is returned
to the laser. The secondary beamsplitter, which is identical to the primary beamsplitter,
splits the light into two equal portions, one of which is projected onto an approximately
(150× 150) mm wide viewing screen of white polystyrene, while the other is projected onto
the detector unit. Figure 5.1.4f shows a fringe pattern on the viewing screen, attached with a
sticker containing a millimeter scale for estimating the sizes of the fringes.

The detector unit is installed in a 1 inch long lens tube. It contains a large-area silicon
photodiode with a wavelength range of 350 nm to 1100 nm, a large active area of 13 mm2,
and a rise/fall time of 10 ns. This diode was chosen to allow the use of a different light source
and to simplify the adjustment of the setup compared to a diode with a smaller active area. To
improve the signal to noise ratio, an optical bandpass filter with a passband of 532 ± 10 nm
(FWHM) is installed in front of the photodiode. Since the bandpass filter is matched to the
wavelength of the laser, it must be changed when a different light source is used. To measure
only the intensity of the center fringe of the circular fringe pattern, for which the plane-wave
approximation holds, an end cap with a 1 mm open aperture is placed in front of the lens tube.
The end cap features concentric circles printed on it which serve as an alignment help. The
frontal view of the uncovered detector with an unobstructed view of the wavelength filter is
included in fig. 5.1.4d. The detector equipped with the pinhole is shown in fig. 5.1.4e.

All components are mounted on a (41× 50× 4) cm aluminum breadboard with a weight
of approximately 22 kg. Both mirrors are mounted at a distance of 12.5 cm from the pri-
mary beamsplitter. Since voltages of over 100 V are used in the setup, it has proven useful
to fit the breadboard with a grounding cable as a protection against static electricity. Lens,
beamsplitter, detector unit and screen are mounted on rigid mounts, which allow manual
height adjustment and rotation around a vertical axis. The piezo-driven mirrors are addi-
tionally mounted on kinematic mirror mounts, which can be tilted around two axes using
two adjuster screws. This allows for the required fine adjustment. For seismic isolation,
the breadboard is equipped with four feet made of a viscoelastic urethane polymer, and is
placed on a table made of a granite slab with a mass of about 40 kg. The mass of the en-
tire table, which also contains solid wood and aluminum, is estimated6 at about 100 kg. For
thermal stabilization and to reduce the influence of moving air, the interferometer is fitted
with a custom-made cuboid acrylic hood. A photograph of the complete setup, showing all
mentioned components, is included in fig. 5.1.4g.

In addition to the optical components, other electronics are required to operate the in-
terferometer. The piezo driven mirrors are controlled by two piezo controllers, which are
custom designed voltage sources for the operation with piezo actuators. Their maximum
output voltage is 100 V. The voltage sources can be regulated by input of a control voltage,
which is amplified by a factor of 10 and passed on to the piezo. The voltage sources are
equipped with interfaces for the connection to strain sensors, which are attached to certain
piezos. This would allow real-time correction of piezo nonlinearities like hysteresis and
creep, which is referred to as “closed loop operation”. Due to the simplicity and flexibility
regarding the hardware used, the piezos were operated without sensors and feedback control
for the purpose of this work. This is called “open loop operation”. Nevertheless, modifica-
tions for “closed loop operation” are possible in the future to further improve the precision
of the interferometer.

6The masses of the granite slab and table were estimated based on the dimensions and known densities of the
material - an exact value is not known because no available scale could record the weight of the table.
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The photodiode is connected to a transimpedance amplifier with a gain of 100 kV/A.
This converts the photodiode’s output current into a voltage that can be processed by com-
mon instruments such as an oscilloscope, as is used in the setup. Additionally, converting
the photocurrent to a voltage is much less expensive than the hardware required to measure
currents in the µA to mA range at a high sampling rate.

The interferometer arm length is controlled by a function generator, that allows the dis-
play of custom voltage signals with high accuracy. The function generator can be connected
to either of the piezo controllers. Additionally, the arm length can be varied by hand using
the piezo controllers’ inbuilt potentiometers.

For stabilization of the interferometer and for automated adjustment to an interference
minimum, a servo circuit was designed. It consists of a voltage input module, a voltage
output module, and a control hub, which is connected to the laboratory PC. The voltage
input module is connected to the photodiode amplifier. The voltage read out is passed on
to the hub and then to the laboratory PC. Using an algorithm created for this purpose, the
PC determines from the brightness at the interferometer output the required displacement of
the interferometer arm to get closer to a local interferometer minimum. The displacement is
converted into a voltage and passed on from the PC to the piezo controller via the hub and
voltage output module. For the adjustment process the interferometer arm is used, which is
not connected to the function generator, because stabilization and signal display are mutually
exclusive. The exact function of the servo circuit will be discussed in section 5.2.3.

In summary, an experimental setup was created which is suitable as an outreach exper-
iment due to its visual component (displaying a fringe pattern on the screen) without sacri-
ficing the ability to quantitatively analyze what is seen. This is achieved by using a second
beamsplitter. In addition, the operation principle of a gravitational wave detector can be
mimicked in a sensible manner by adjusting the interferometer to its dark fringe through the
servo circuit on one arm, and then displaying a gravitational wave signal by moving the piezo
on the other arm. The general working principle of a gravitational wave detector can thus be
simulated without limiting the setup’s outreach capabilities by implementing complicated
techniques such as resonators, power recycling or signal recycling.

5.1.2 Alignment procedure for the interferometer

To ensure good functionality, the interferometer must be precisely aligned prior to operation.
To that end, the components are installed and adjusted successively. First, the laser and the
opposing mirror are installed. The mirror is aligned with its adjustment screws so that the
light is reflected back into the laser. Next, the primary beamsplitter and the second mirror
are installed. The beamsplitter is aligned so that the light hits the center of the second mir-
ror. Both mirrors are readjusted so that the reflected light is centered back onto the laser.
The observation screen is then installed. The two laser beams of the interferometer output
should overlap completely on the screen. If this is not the case, the mirrors must be read-
justed accordingly. Next, the plano-convex lens is installed. A fringe pattern should then be
visible on the screen. If the fringes are not perfectly concentric, the mirrors adjustment must
be corrected. Then the fringe pattern is shifted slightly horizontally by tilting the mirrors.
This prevents the back reflection into the laser, which was previously arranged for conve-
nience, as this can lead to unwanted disruptive optical effects. A very small tilt of about 1◦

is already sufficient. A stronger displacement would result in a wrong measurement of the
piezos’ expansion, since the tilt angle is very difficult to determine and to take into account
mathematically. In the last step, the secondary beamsplitter is installed and the photodiode is
positioned to collect the light reflected by it. The mirrors are not to be adjusted in this process
so as not to interfere with the already completed alignment.
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When using the interferometer over an extended time period, it was found useful to clean
the optical components regularly with compressed air, and in the case of more severe con-
tamination, with a lens paper and ethanol.

5.1.3 Basic principle of relative length measurements with the interferometer
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FIGURE 5.1.5: Exemplary behavior of the in-
terferometer output under variation of the arm
length. The marked extrema at L0, L1, L2 are
separated by distances of λ/4.

Part of this work was to accurately measure the
arm length change of the interferometer for the
purpose of characterizing the behavior of the
piezo actuators (see section 5.3). However, as
is shown in the theoretical explanations in sec-
tion 3.1, a Michelson interferometer lacks the
ability to determine the arm lengths as an ab-
solute value without external measuring devices.
Yet, the relative arm length change can be deter-
mined from the sequence of irradiance maxima
and minima at the interferometer output. This
procedure will now be explained.

As discussed previously, the light intensity
at the interferometer output depends on the co-
sine of the path difference of the interferometer
arms (see eqs. (3.1.2) and (3.1.5)). This rela-
tion is plotted in fig. 5.1.5. The local extrema
at L0, L1, L2 have distances of λ/4 and intensities of Imin and Imax, respectively.

Since the cosine is equivalent to a phase-shifted sine, the rising and falling edges in
fig. 5.1.5 can be described by modified sine functions. The rising edge is described by

I(L) = a sin

(
π

(
L− L0

L1 − L0

)
− π

2

)
+ b, (5.1.1)

while the falling edge is described by

I(L) = a sin

(
π

(
L− L1

L2 − L1
− 1

)
− π

2

)
+ b. (5.1.2)

Here, the abbreviations

a := Imax −
Imax + Imin

2
(5.1.3)

and

b :=
Imax + Imin

2
(5.1.4)

are used for amplitude and offset of the edge. The quantities (L − L0)/(L1 − L0) and
(L − L1)/(L2 − L1) describe the relative position on the edge between 0 (first extremum)
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and 1 (second extremum). By rearranging eqs. (5.1.1) and (5.1.2) one obtains the inverse
functions

L− L0

L1 − L0
=

1

π

(
arcsin

(
I − b
a

)
+
π

2

)
(5.1.5)

and

L− L1

L2 − L1
= 1− 1

π

(
arcsin

(
I − b
a

)
+
π

2

)
. (5.1.6)

Thus, provided the maximum and minimum intensities Imax and Imin are known, the rela-
tive position on the edge, and therefore the optical path difference, can be determined from
the intensity at the interferometer output. A disadvantage of the method is the ambiguity
of the obtained results. Only the current position between the two nearest extrema can be
determined, as the same light intensity is also assumed at the equivalent positions of all other
edges.

The practical application of this method will now be discussed using an example mea-
surement, conducted with the interferometer. For this purpose, the interferometer was first
set to destructive interference using the servo circuit connected to the larger of the two mir-
rors. Subsequently, a voltage signal increasing linearly from 0 V to 100 V was then applied
to the piezo mounted underneath the smaller of the two mirrors, and the light intensity at
the interferometer output was recorded. To obtain standard deviations, the measurement was
performed ten times. Input and output signals are shown in fig. 5.1.6a.

As to be expected on the basis of the manufacturer’s specifications, the piezo expands
by a distance corresponding to several laser wavelengths when the voltage is increased. This
can be seen from the multiple sine-like peaks. Since the interferometer was set to destructive
interference before conducting the measurement, it can be assumed that the voltage level be-
fore the first peak corresponds to the baseline expansion of the examined piezo. The voltage
drop preceding the first peak is due to the fact that the measurement was repeated several
times in succession. Since the piezo had enough time to reach its baseline displacement
again, this does not need to be considered in the calculation of the displacement. The pre-
viously discussed calculations of the piezo’s expansion were applied to the complete signal
shown. For the values Imax and Imin the local extrema of the respective edges were assumed.
The right and left edges of the signal, which cannot be assigned to any peak, were treated as
independent edges. Here, the arithmetic mean of the maximum values of all peaks was used
for Imax. The determined change in displacement of the piezo is shown in fig. 5.1.6b.

The relationship between the piezo’s displacement and the applied voltage is linear in
rough approximation. Unexpected, however, is the maximum expansion of (1860.90 ±
0.05) nm or (3.498 ± 0.001)λ. Assuming that the approximate linearity is maintained over
the complete voltage range of the piezo, i.e. up to 150 V, it was expected that at 100 V about
2/3 of the maximum displacement specified by the manufacturer would be reached. This
would correspond to only 1400 nm. There are several possible reasons for this. For one,
the manufacturer states that production related differences of up to 15% exist between all
manufactured piezos [40]. Furthermore, according to the manufacturer, the displacement
under load can be larger than the free stroke displacement. However, the load specified by
the manufacturer to achieve maximum displacement is 1600 N, several orders of magnitude
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greater than the load caused by the mounted mirror. One further possible cause for the too
high displacement is an improper alignment of the surface of the piezo-mounted mirror with
respect to the beam path of the interferometer. A sufficiently strong misalignment for this is
found to be unlikely though. A combination of the discussed possible reasons is assumed to
be the most realistic reason for the unexpectedly large displacement.

Another important observation can be made regarding the uncertainties of the calculated
displacement. These turn out to be disproportionately large at the transition points between
two edges (i.e. at integer multiples of λ/4), as shown exemplarily for ∆L = 3λ in the
zoomed-in section of fig. 5.1.6b. The reason for this is that the values of I near the local
extrema naturally are very close to the boundaries of the domain of the inverse functions
given by eqs. (5.1.5) and (5.1.6). Since the derivatives of the inverse functions diverge here,
the standard deviations are greatly magnified by Gaussian error propagation. However, no
negative influence of these mathematical artifacts on the quality of the results is found.

(A) Response of the piezo of the smaller of the two mirrors to a linearly increasing voltage signal in the range
from 0 V to 100 V. Uncertainties smaller than symbol size.

(B) Displacement of the piezo as a function of time calculated from the signal shown in (A). The zoomed area ex-
emplarily shows the strong fluctuation of the calculated standard deviations around the transition points between
two edges.

FIGURE 5.1.6: Demonstration of the piezo displacement calculation on the
basis of the interferometer output. (A): Signal at the interferometer output
when applying a linearly increasing voltage. (B): Displacement calculated
from the output in (A).
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5.2 Characterization and stabilization of the Interferometer

In the following sections, the performance of the interferometer will be analyzed and char-
acterized. First, the effectiveness of the measures taken to decouple the interferometer from
seismic vibrations and vibrations of the surrounding air is analyzed. Furthermore, the con-
trast of the interference pattern is studied with respect to the relevant optical components.
Finally, the performance of the servo circuit used to adjust the interferometer to destructive
interference is being reviewed.

5.2.1 Effectiveness of the vibration reduction measures

To achieve good stability and performance of the experimental setup, both when used as
an outreach experiment and when performing measurements for testing and characterization
purposes in this thesis, the setup was isolated from vibrations of the laboratory floor, such as
those caused by the seismic background, as explained in section 5.1.1.

To check the effect of the measures taken, a vibration measurement was carried out. For
this purpose, two seismometers7 were placed on the test setup. One seismometer was placed
directly on the breadboard (the beamsplitters were removed for this purpose), while the other
was placed under the table on the lab floor as a reference (see fig. 5.2.1). To obtain repre-
sentative results, a continuous measurement was performed over five days. On day 1, the
setup was assembled, with the acrylic cover not attached. Day 2 was used entirely (over 24
continuous hours) as a measurement period. On day 3, the acrylic cover was attached over
the breadboard. Day 4 was used entirely (over 24 continuous hours) as another measurement
period. On day 5, the seismometers were removed from the setup. In the following discus-
sions, the measurement periods of day 2 and day 4 will be compared. The remaining days
are not usable for analyses, since here the setup was interacted with. It is assumed that there
is good comparability between days 2 and 4, since both were regular working days (Tuesday
and Thursday) without any unusual events.

The results of the vibration measurements are shown in fig. 5.2.2a as mean values of the
measured power spectral densities (PSDs), while fig. 5.2.2b shows the difference between
the measurement on the breadboard and the reference measurement under the table for both
measurement periods. The power spectral density describes how the power of a measured
signal is distributed over the different frequencies. Power here describes the square of the
amplitude of the measurement signal. The quantity measured by the seismometers is the

FIGURE 5.2.1: Setup of the vi-
bration measurement. Clearly
visible are the two seismometers,
one on the breadboard, the other
under the table. The beamsplit-
ters and the plano-convex lens
were removed to make room for
the seismometer. The data log-
gers are located on the silver
metal box to the left of the table.

7Nanometrics Trillium 120 PA, connected to loggers of type Nanometrics Taurus
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ground acceleration (in m/s2), therefore the power spectral density has the unit (m/s2)2/Hz.
The data in decibels contained in the fig. 5.2.2a refers to a reference value of 1 (m/s2)2/Hz.8

Considering the results, a general difference between the two measurement periods is
apparent: during the first day of measurement (Tuesday), the vibration amplitude of both
seismometers is higher throughout most of the frequency range than on the second day of
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(A) The power spectral densities of the two different measurement periods in decibels. Measurement period 1, in
which the breadboard was used open, is shown in red. Measurement period 2, with the acrylic hood attached, is
shown in blue. Solid lines refer to the seismometer on the breadboard, dashed lines to the reference seismometer
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(B) Difference between the measured data of the seismometer on the breadboard and the reference seismometer
on the ground. Coloring similar to (A). Uncertainties smaller than line width.

FIGURE 5.2.2: Results of the vibration measurement in two different con-
figurations (with and without acrylic cover), each compared to a reference
measurement (upper plot), as well as difference between measurement on
the breadboard and the reference the floor (lower plot).

8For the understanding of the following discussions of the effectiveness of the noise mitigation measures, a detailed
knowledge of how the PSDs are obtained is not necessary. A complete derivation is therefore beyond the scope
of this thesis. The reader who is nevertheless interested is referred to the detailed mathematical derivation in [41].
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measurement (Thursday). This is to be expected given the natural variations in environmental
conditions, such as activity in the laboratory.

For both measurement periods however, there are clear differences between the mea-
sured vibrations on the breadboard and the vibrations on the ground: Above a frequency
of about 33.5 Hz for the open breadboard and 41.6 Hz for the covered breadboard, respec-
tively, the vibration amplitude on the breadboard is significantly lower than on the ground.
The maximum attenuation is reached in both cases at approximately 95 Hz, and is slightly
higher for the open breadboard with (−27.91 ± 0.01) dB than for the covered breadboard
with (−26.0 ± 0.01) dB. The damping in this frequency range can most likely be attributed
to the breadboard’s vibration-reducing feet, the damping characteristics of which are shown
in fig. 5.2.3. According to the manufacturer, when applied with a load of 5.5 kg per foot,
which is a quarter of the weight of the breadboard and the mounted components, vibrations
in frequency ranges greater than 40 Hz are reduced by over 80%. This agrees well with the
obtained results.

Considering frequencies lower than 33.5 Hz for the open breadboard or 44.6 Hz for the
covered breadboard, however, it is noticeable that the amplitude of the vibrations on the
breadboard is higher than on the floor. This is the case for frequencies down to approxi-
mately 3 Hz. This unwanted amplification is more pronounced on the covered breadboard
with (14.47 ± 0.01) dB at 28.6 Hz than on the open breadboard. Here, the amplification of
the vibrations is (10.74 ± 0.01) dB at 17.1 Hz. A plausible hypothesis is that the system of
table, feet and breadboard goes into resonance at these frequencies. However, since no neg-
ative effects on the stability of the setup and the quality of the measurement results could be
detected during normal use of the interferometer, no further investigation of the cause was
carried out.

For medium frequencies between 0.1 Hz and approximately 3 Hz, no significant differ-
ence between the vibration amplitude on the breadboard and on the floor is measured. This
applies to both measurement periods.

At frequencies below 0.1 Hz, the vibration amplitude measured on the floor deviates from
the vibration amplitude measured on the breadboard for both measurement periods. For the
first measurement period, the vibration measured on the breadboard is up to (7.74±0.01) dB
higher than on the ground, while for the second measurement period, the vibration on the
breadboard is up to (5.42± 0.01) dB lower than on the ground. Here, a correlation with the
coverage of the breadboard by the acrylic hood, which was only attached on the third day, can
be identified. However, the hypothesis that the acrylic hood reduces vibrations in frequency
ranges around 10−2 Hz cannot be validated with certainty, since the seismometers were only
available on two days.

In conclusion, the vibration damping seems to work to a limited extent, since frequencies
around 100 Hz are significantly damped. Contrary to the expectations, however, frequencies

FIGURE 5.2.3: Vibra-
tion damping charac-
teristics of the rub-
ber feet of the bread-
board as specified by
the manufacturer, de-
pending on the load
per isolator and the
frequency of the vibra-
tion. Source: [42].
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around 30 to 40 Hz are amplified instead of being attenuated. Consequently, it must be de-
cided, depending on the use case of the interferometer, whether it makes sense to use the
vibration-reducing measures investigated. Comparing the open and closed configurations,
the open breadboard appears to perform better overall. The unwanted amplification is lower
and the desired damping higher than with the covered breadboard. The fact that oscillations
with frequencies around 10−2 Hz are damped with the covered breadboard, while they are
amplified with the open breadboard, can be neglected in the context of using the interfer-
ometer as an outreach experiment, since frequencies higher than O(1 Hz) are more relevant
here. Since the desired damping of vibrations outweighs the undesired amplification at lower
frequencies, it was decided to use the discussed measures without modification in the further
course of the experiment.

5.2.2 Fringe visibility

One of the primary design goals of the experimental setup was to produce a fringe pattern that
is both clearly visible on the observation screen and provides high contrast in measurements
with the photodetector. To assess how well this design goal was achieved, a quantification
of the optical quality of the fringe pattern is required. A suitable mathematical quantity is
the so-called interferometric visibility, also referred to as “fringe visibility”. This was first
formulated by MICHELSON, and is a measure of the fluctuation of the irradiance around the
mean value, relative to this mean value [20, pp. 1131]. Mathematically, the fringe visibility
K is defined by

K =
1
2 (Imax − Imin)
1
2 (Imax + Imin)

=
Imax − Imin

Imax + Imin
, (5.2.1)

where Imax and Imin describe the intensities in constructive and destructive interference, re-
spectively. As can be easily seen, 0 ≤ K ≤ 1 holds. A larger value of K is achieved at
Imax >> Imin and is thus desirable, while a lower value of K is achieved at Imax ≈ Imin and
corresponds to poorer visibility.

To verify the achievement of the aforementioned design objective, the effects of each
component on the fringe visibility were investigated. For this purpose, measurements of the
interferometer output were performed in four optical configurations:

1. Open photodiode (no pinhole, no bandpass filter, no secondary beamsplitter)

2. Photodiode with pinhole (no bandpass filter, no secondary beamsplitter)

3. Photodiode with pinhole and bandpass filter (no secondary beamsplitter)

4. Complete configuration of photodiode with pinhole, bandpass filter and secondary
beamsplitter.

After setting the interferometer to destructive interference using the servo circuit con-
nected to the piezo of the larger mirror, triangular voltage signals with a period of 2 s and
an amplitude of 100 V were applied to the piezo of the smaller mirror of the interferometer.
All measurements were performed ten times and averaged to obtain standard deviations. To
produce the same conditions as in future outreach applications, all measurements are taken
with the room lights switched on. For the values Imin and Imax required to calculate K, the
arithmetic means of all recorded local minima and maxima, respectively, were used. The
results are illustrated in fig. 5.2.4.
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When using the open photodiode without pinhole, the fringe visibility is K = 0.3688±
0.0013. If the pinhole is installed, the visibility increases to K = 0.7659 ± 0.0027. This
increase by more than a factor of 2 results from the photodiode’s large area of 13 mm2. This is
larger than the center fringe, resulting in automatic averaging over several fringes. Due to this
unwanted averaging, the measured contrast is significantly smaller than the true mathematical
contrast of the pattern. As expected, when the pinhole is used, the average signal intensity in
terms of the output voltage is significantly lower with only (0.081 ± 0.001) V compared to
(0.65± 0.01)V without the pinhole.

If in addition to the pinhole the optical bandpass filter is used, the maximum and min-
imum values of the output voltages drop to (76 ± 1)% of the levels measured without the
filter. This is consistent with the wavelength filter manufacturer’s claims which state a min-
imum transmission at center wavelength of Tmin = 0.7. Since the intensities of the maxima
and minima decrease by the same percentage within the range of uncertainties, it can be con-
cluded that the portions of light of other wavelengths reaching the photodetector are negligi-
ble in amplitude. Mathematically, this means that the use of the wavelength filter has minimal
effect on the fringe visibility, which changes only from 0.7659 ± 0.0027 to 0.767 ± 0.010,
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(A) Open photodiode (no pinhole, no bandpass filter,
no secondary beamsplitter), K = 0.3688 ± 0.0013.

0 1 2

t (s)

0.000

0.025

0.050

0.075

0.100

0.125

0.150
P

D
a
m

p
o
u

p
u

t
v
o
lt

a
g
e

(V
)

0

20

40

60

80

100

p
ie

zo
in

p
u

t
si

g
n

a
l

(V
)

(B) Photodiode with pinhole (no bandpass filter, no
secondary beamsplitter), K = 0.7659 ± 0.0027.
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(C) Photodiode with pinhole and bandpass filter (no
secondary beamsplitter), K = 0.767 ± 0.010.
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(D) Complete configuration of photodiode with pin-
hole, bandpass filter and secondary beamsplitter,
K = 0.766 ± 0.007.

FIGURE 5.2.4: Interferometer output (blue) in response to a triangular test
signal (orange), for four different configurations of the optical components.
The mean values of the local extrema (Imax and Imin) are plotted as dashed
red lines.



5.2. Characterization and stabilization of the Interferometer 39

i.e. in the range of measurement uncertainties. The use of the wavelength filter is never-
theless useful: if the setup is used in a different environment, the filter provides additional
robustness even in the vicinity of potentially interfering light sources. Furthermore, it can
be observed that the output voltage in the interference minima is noticeably above zero with
about (0.014 ± 0.001) V despite the use of the wavelength filter. Since the offset of the
photodiode amplifier was adjusted to be 0 V (with noise levels of <1 mV) when the photo-
diode is completely darkened, it can be concluded that some laser light reaches the detector
even in destructive interference. This is due to the limitations of manual adjustment of the
interferometer, but is considered unproblematic in view of the intended use.

When the secondary beamsplitter is integrated into the setup, the intensities of the max-
ima and minima decrease equally by another (46 ± 0.1)% compared to the previous con-
figuration. This is fully in line with expectations, since the beamsplitter transmits 50% of
the incident light to the observation screen. The remaining 4% loss may be due to possible
tolerances in the manufacture of the beamsplitter, or due to unintended displacement of the
photodiode during the installation of the beamsplitter. If the optical path length between the
primary beamsplitter and the photodiode is extended, this results in a reduction of the light
power per area due to the divergence of the light beam.

It can be concluded that the use of a wavelength filter and a second beamsplitter reduces
the irradiance at the photodiode without noticeably changing the fringe visibility. Since this
reduction in irradiance is not problematic within the intended use case, a setup is obtained that
is less susceptible to changes in ambient lighting and provides better outreach capabilities by
allowing simultaneous observation and measurement of the fringe pattern.

5.2.3 Adjusting for destructive interference and drift compensation using a
servo control circuit

Before using the interferometer for measurements or displaying signals, it is necessary to
adjust the interferometer for destructive interference. This is possible by manual adjustment
of the potentiometer of one of the piezo controllers. However, since the manual adjustment
requires a lot of fine-tuning and a time effort of several minutes, a servo circuit was created
to automate this task.

The main component of the servo circuit is a control hub, which controls a voltage input
module and a voltage output module (see fig. 5.2.5b). The voltage output module can provide
voltages up to 4.2 V, and is connected to a piezo via one of the piezo controllers. It can be
freely chosen which of the two piezos is connected to the servo circuit. This allows the servo
circuit to control the arm length and influence the fringe pattern. The voltage output from the
transimpedance amplifier is read by the voltage input module as a measure of the intensity of
the center fringe, and fed back to the hub. The operating range of the voltage input module
is ±300 mV, which is significantly larger than the range of possible output voltages. The
control hub has no separate microprocessor, and is fully controlled by the laboratory PC. A
schematic drawing of the servo circuit is included in fig. 5.2.5a. For a detailed listing of the
components, see table 7.0.1.

To automatically find an interference minimum, a gradient descent algorithm is imple-
mented. The algorithm computes the gradient of the photodetector output voltage as a func-
tion of the applied servo control voltage, and changes the control voltage in the opposite
direction of the gradient. The procedure is performed iteratively, with the iteration rule

Uk+1
servo = Ukservo − α

UkPD − U
k−1
PD

Ukservo − Uk−1servo
. (5.2.2)
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Here Uservo is the voltage which is passed from the voltage output module to the piezo. UPD
describes the returned voltage of the amplifier of the photodetector. The superscripts mark
the respective iteration. The fraction approximates the gradient via the difference quotient.
The parameter α is a measure of the strength or aggressiveness of the control, and can be
varied. The initial values used are the voltages UPD at control voltages Uservo of 2.0 V and
2.1 V, respectively.

To ensure the proper operation of the servo circuit under any condition, several mech-
anisms have been implemented. On the one hand, the wide operating range of the voltage
output module ensures that there is always more than one interference minimum within the
control range. The maximum voltage of the voltage output module of 4.2 V corresponds to
42 V at the piezo after amplification. As can be seen in fig. 5.1.6, this corresponds to a change
in length of the piezo by about 1.5λ, i.e. a sweep of three minima. Additional safeguards were
integrated into the algorithm. If the control voltage leaves the permissible range, it is reset to
the mean value of 2.1 V. If the output voltage UPD of an iteration is equal to the last intera-
tion, which corresponds to a gradient of zero, Uk+1

servo = Ukservo + 0.001 V is automatically set
to avoid a division by zero and thus a stall condition.

To test the performance of the servo circuit, several series of measurements were per-
formed. First, the time required by the servo circuit to adjust to an interference minimum
was investigated. Specifically, the effects of the parameter α on this time were examined.
For this purpose, the interferometer was manually adjusted for constructive interference in
each case. Then the servo circuit was connected to the piezo of the larger mirror and the
algorithm was started. The control voltage and photodiode voltage were recorded for 100
seconds and with the room lighting on. According to the hardware manufacturer’s specifica-
tions, the uncertainties of UPD were estimated to be ±0.01%, and the uncertainties of Uservo
were estimated to be±1 mV. Due to their small magnitude, they are negligible in the context
of the measurements. Figure 5.2.6 contains the measurement results for the four tested values
of α. In the plots, the output voltage of the amplifier is plotted against the control voltage
applied to the piezo by the servo circuit. The scaling of the output voltage is chosen so that
the first seconds, in which the output voltage is still at the pre-set maximum, are not visible,
but the more relevant part for the performance of the servo circuit, in which the minimum is
set and held, is better visible.

Considering fig. 5.2.6, several general observations can be made. For instance, for all
values of α, the servo circuit succeeds in adjusting and holding a minimum with UPD < 8 mV
within the examined period of 100 seconds. An exact comparison of the brightness of the

(A) Schematic diagram of the servo circuit structure, including
the relevant components of the interferometer and Lab PC.

(B) Photo of the main compo-
nents of the servo circuit. Right:
Control hub. Top left: Voltage in-
put module. Bottom left: Voltage
output module.

FIGURE 5.2.5: Schematic diagram (left) and photo (right) of the servo cir-
cuit hardware.
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set minima is not meaningful, since the brightness of the interference minima is subject
to fluctuations due to changing environmental conditions. It is well recognizable that very
similar features, some of them mirrored, appear in the control signal (shown in red) and the
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(B) α = 0.5
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(C) α = 1.0
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(D) α = 2.0
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(E) Setting speed of an interference minimum for different values of α.

FIGURE 5.2.6: Performance of the servo circuit for different values of the
parameter α. The control voltage Uservo is shown in red, the output voltage
UPD is shown in blue. Uncertainties smaller than line width.
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output signal (shown in blue). This can be explained by the fact that the servo circuit reacts
immediately to a change of the output, caused for example by a bump of the interferometer,
with a corresponding change of the input.

For the various values of α differences are observed in the time needed to adjust an inter-
ference minimum. This can be seen particularly well in fig. 5.2.6e. For example, it is visible
that the setting of the minimum is faster for higher α than for lower α. The threshold of an
output signal of 8 mV is undercut for the first time at α = 0.125 after (30.23 ± 0.03) s, at
α = 0.5 already after (17.64± 0.03) s , and at α = 1.0 after (5.08± 0.03) s. At α = 2.0 the
performance does not improve noticeably, and the threshold is undercut after (5.07±0.03) s.
This is fully in line with expectations, since a larger value of alpha corresponds to a larger
step size in the voltage. A more accurate quantitative analysis of the times needed by the
servo circuit to adjust to a minimum is not conducted, since the exact time depends on many
statistical processes, and can therefore vary significantly. For the sufficient optimization of
the parameter α with regard to the intended use of the interferometer the performed qualita-
tive analysis is sufficient.

Differences in the stability of the set minima are also visible. For example, at low
α = 0.125 it takes a long time of over 20 seconds to readjust the minimum if the adjust-
ment is disturbed (see fig. 5.2.6a), for example by a bump of the interferometer. At α = 0.5
this readjusting, in response to the two visible disturbances, is much faster (see fig. 5.2.6b).
At α = 1.0 the minimum is kept very stable (see fig. 5.2.6c). At α = 2.0, several shorter
disturbances are visible, to which the servo circuit responds immediately, as can be seen from
the servo input voltage (see fig. 5.2.6d). Accurate interpretation of the results is challenging
because it is not possible to control how often the interferometer leaves the minimum due to
external perturbations. On the one hand, it is possible that more externally induced distur-
bances occurred during the measurement with α = 2.0 than during the measurement with
α = 1.0. On the other hand, it cannot be excluded that the number of external disturbances
is about the same, but the servo circuit with α = 2.0 tends to overshoot, and the visible
disturbances are, at least partly, caused by this.

Since there seems to be no advantage in the setting speed of the minimum at α = 2.0
compared to α = 1.0, and no clear conclusion can be drawn as to whether the servo circuit
tends to overshoot at α = 2.0, the parameter α is left at a value of 1.0 in the further course.

Besides the main purpose of adjusting an interference minimum, the servo circuit was
also designed with the aim of keeping the interferometer stable in an interference minimum
over a longer period of time. To test this functionality, three measurements were performed
over 60 minutes each. During the first measurement, the interferometer was first adjusted to
an interference minimum using the servo circuit. The servo circuit was then paused so that the
voltage was maintained and not changed. The interferometer output was recorded for the next
60 minutes. The interferometer was operated without a cover. For comparison, the procedure
was repeated with the acrylic cover attached. The results are illustrated in fig. 5.2.7a. In a
third measurement, the interferometer was operated for 60 minutes without the acrylic cover,
but with the servo circuit permanently active. The results of this measurement are illustrated
in fig. 5.2.7b.

When operating the interferometer without cover and active servo circuit, strong fluctu-
ations between (9.28± 0.01) mV and (55.53± 0.01) mV occur at the interferometer output
within the measuring period. The range of these fluctuations corresponds to the complete
range between an interferometer minimum and maximum, as seen in the results discussed in
section 5.1.3. A possible cause is thought to be thermal drift, due to the change of expansion
of the interferometer components (i.e. a change in arm length) in response to variations of
the ambient temperature. Regardless of the suspected cause, due to the ambiguity of the in-
terferometer output with respect to the arm length, no conclusion can be made as to whether
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(A) Upper plot: Variation of the interferometer output over 60 minutes with the servo circuit halted. In blue
without acrylic cover, in orange with cover. Lower plot: Zoom in on the measurement without cover.
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(B) Upper plot: Variation of the interferometer output over 60 minutes with active servo circuit and without
acrylic cover. Interferometer output in blue, servo input voltage in red. Lower plot: Zoom in on the interferom-
eter output.

FIGURE 5.2.7: Continuous measurement of the interferometer output. Com-
parison between enabled and disabled servo circuit and operation with and
without acrylic cover.



44
Chapter 5. Setup and commissioning of a Michelson interferometer as an outreach

experiment

the drift occurs in only one direction, or whether the sign of the drift varies. If the acrylic
cover is placed on the interferometer, an enormous improvement of the signal quality can
be observed. With the exception of two outliers, the output voltage remains permanently
below 9 mV, and the fluctuations are several orders of magnitude smaller (see lower sec-
tion of fig. 5.2.7a). Also for the output of the covered interferometer, a similar drift can be
seen (bend starting at 36 min), which is also several orders of magnitude smaller. It can be
concluded that the cover strongly reduces both the noise and the drift of the interferometer
output. The reduction of the drift is consistent with the hypothesis that the drift is thermally
induced, since a fixed temperature should be expected under the cover after warm-up. The
reduction of the noise can possibly be attributed to the fact that sudden air movements and
turbulences are reduced.

As is clearly visible in fig. 5.2.7b, the servo circuit is able to keep the interferometer out-
put very stable compared to the measurement without servo circuit. The mean output voltage
of (10.13 ± 0.01) mV is slightly higher than in the comparable measurement without servo
circuit and with acrylic cover - here, an average of (7.91 ± 0.01) mV is found. This dif-
ference can be explained by slight adjustment changes, which naturally occur during every
interaction with the hardware. In addition, fluctuations or outliers are clearly recognizable,
but these occur in smaller numbers than in the comparative measurement without servo cir-
cuit. This can be explained by the fact that the servo circuit only has a limited ability to react
to all fluctuations in a very short time. Another noticeable feature is the visible jump in the
input at approximately 35 min. This most likely originates from the servo circuit being reset
due to a stall condition or a leaving of the allowed voltage range, and can thus be consid-
ered as a normal function of the servo circuit. Unexpected, however, is the fluctuation of
the interferometer output with an amplitude of about approximately (0.19 ± 0.03) mV and
a period of approximately (550± 15) s, (values estimated from the local extrema of the five
fully visible periods of the oscillation), which is visible in the lower section of fig. 5.2.7b. A
similar fluctuation could not be observed during the measurement without servo circuit and
installed acrylic hood. A possible hypothesis is a periodic fluctuation of the laser intensity,
which caused the brightness of the interference minimum to vary. However, this reasoning
raises the question of why the fluctuation was not observed in the comparative measurement
without active servo circuit. Alternatively, it is hypothesized that the periodic fluctuation is
an artifact caused by the gradient descent algorithm of the servo circuit, although the exact
process which might cause the periodic fluctuation is unclear.

In view of the results, it can be concluded that the servo circuit adequately fulfills the in-
tended task. With the parameter of α = 1 found to be optimal, the adjustment of a minimum
is significantly faster and more effective than by manual adjustment. In addition, the servo
circuit can keep the interferometer stable over a longer period of time, which would also not
be practical with manual adjustment. This result illustrates that good performance can be
achieved even with relatively simple algorithms such as the chosen gradient descent method.
Earlier approaches involving the software implementation of a full PID controller9 were dis-
carded as they proved to be more error-prone and unstable due to the higher complexity. No
further time was invested in investigating the periodic fluctuation of the interferometer out-
put observed in the last of the three measurements, since the amplitude of the fluctuation is
very small compared to the amplitude of the signals to be displayed and measured on the
interferometer, considering the intended field of use of the interferometer.

9A controller commonly used in control engineering that processes the difference between the actual and setpoint
values using a proportional, an integral and a differential part.
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5.3 Analysis of the behavior of the piezo actuators and correction
of hysteresis

The control of the arm lengths of the interferometer is done by two piezo actuators, as al-
ready discussed in detail. In order to be able to display signals correctly using the piezos,
as intended in the outreach experiment, detailed study of the response behavior and of the
piezos is necessary. This also includes the correction of the hysteresis, which has already
been mentioned in chapter 4.

5.3.1 Analysis of the step response of the piezos

When using the interferometer as an outreach experiment, signals of up to 10 seconds in
duration are to be displayed on the interferometer. On this time scale, the response of the
piezos is relevant.

To investigate the behavior of the piezos, the step response of both piezos was examined.
For this purpose, the interferometer was first set to destructive interference using the servo
circuit. Then, a periodic square-wave voltage signal with a period of 150 ms was applied
to the piezo which was not connected to the servo circuit. The minimum voltage of the
square wave signal was 0 V, while for the maximum voltage values from 5 V to 100 V were
used. For each voltage selected, the positive and negative step responses, corresponding to
the responses to the rising and falling edges of the periodic square wave signal, respectively,
were recorded. To obtain standard deviations, all measurements were performed ten times.
Based on the recorded signal from the photodetector, the changes in arm length (i.e. the
change in extension of the piezo) were calculated using the procedure explained in detail in
section 5.1.3. The brightnesses of the maxima and minima needed to calculate the extension
were determined in a separate calibration measurement. The results are shown in fig. 5.3.1.
The time of 0 ms in the figure refers to the trigger, which was coupled to the square wave
signal.

Comparing the step responses of the piezo mounted under the large mirror with the piezo
mounted under the small mirror reveals a clear difference in the displacements achieved at
100 V. This is fully in line with expectations.

The piezo installed under the large mirror reaches a displacement of (1460.09±0.03) nm
at 100 V at 75 ms. This agrees well with expectations, as the value is very close to 1400 nm,
which is two thirds of the maximum displacement at 150 V specified by the manufacturer. It
is not to be expected that the values match exactly, since the manufacturer specifies the piezo
with “up to 15% of hysteresis” - this will be examined in detail in the next chapter.

The piezo of the small mirror reaches a displacement of (1919.9 ± 1.6) nm at 100 V at
75 ms, which is larger than expected, as already discussed in detail in section 5.1.3. The fact
that the piezo of the large mirror, unlike this piezo, behaves as specified by the manufac-
turer supports the hypothesis that either a manufacturing anomaly occurred with this piezo,
or that the wrong model of piezo was shipped (the distributor offers models with different
displacements that are indistinguishable externally).

It is also noticeable that the measured displacement of (1919.9 ± 1.6) nm is about 3.2%
larger than the displacement of (1860.90 ± 0.05) nm determined in the measurement de-
scribed in section 5.1.3. This difference of 59 nm is several orders of magnitude larger than
the measurement uncertainties determined based on the standard deviations of the repeated
measurements. However, this does not contradict expectations: If the alignment of the inter-
ferometer is unintentionally changed during the interaction with the setup so that the mirror
is no longer completely orthogonal to the beam path, the change in displacement of the piezo
is measured incorrectly. This is not taken into account by the uncertainties. A change in the
measured displacement of 3.2% between two measurements seems plausible.
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FIGURE 5.3.1: Step response of the two piezos for different voltages. Upper
row: Piezo of the smaller mirror. Bottom row: Piezo of the larger mirror.
The time of 0 ms refers to the timing of the trigger coupled to the applied
square wave signal.

As a measure of the speed of response of the piezo to the applied voltage, the rise and fall
times were determined. These were defined as the time periods in which the piezo expands
from 10% to 90% of its measured maximum displacement, or falls from 90% to 10% of its
maximum displacement. The maximum displacement used is the displacement at 75 ms after
trigger (at 0 ms) in the case of rise time, and immediately before trigger in the case of fall
time. The obtained rise and fall times are shown in fig. 5.3.2 as a function of the amplitude
of the square wave signal.

As the plot shows, all piezos reach 90% of their “final” displacement (displacement at
75 ms) after less than 20 ms. A clear relationship between rise time and target voltage cannot
be recognized. However, there is a tendency that the rise time for the piezo of the large as
well as for the piezo of the small mirror increases monotonously starting from 5 V. At a tar-
get voltage of 50 V it is highest with (16.00± 0.16) ms and (12.80± 0.08) ms, respectively,
but at 100 V it decreases again. Overall, the rise times are significantly larger than the “sub
millisecond response time at zero load” advertised by the manufacturer. However, this is not
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necessarily a contradiction, since on the one hand the piezos are provided with a payload,
and on the other hand the manufacturer does not give a definition of the response time. Pre-
sumably, the manufacturer’s definition of the response time is related to the time between
application of a voltage signal and the start of the expansion process.

A clear relationship between the fall time and the previous maximum stress can also not
be observed. At 5 V the fall time is largest for both the piezo of the large and the piezo of
the small mirror with (19.60 ± 0.12) ms and (33.84 ± 0.12) ms, respectively, and decreases
sharply at 10 V. Analogous to the rise time, the fall time at a previous voltage of 50 V is larger
than at the other voltages, with (18.00±0.16) ms and (27.20±0.16) ms, respectively, except
for the fall time at 5 V. Besides, it is noticeable that the rise times are generally higher with
the piezo of the larger mirror, while the fall times are lower with the piezo of the larger mirror
than with the piezo of the smaller mirror. A reason for this is not known.

An interesting observation is also that the drop in displacement for both piezos when
the voltage changes from 100 V to 0 V seems to have a slightly different shape compared to
the shape of the displacement for other initial voltages (see fig. 5.3.1). The bend between
20 s and 40 s is more pronounced here. An exact reason for this behavior is not known.
However, this effect only has to be taken into account when working with fast signals and
high displacements, and is not relevant for the outreach experiment.

Finally, it can be concluded that the results obtained for the response time of the piezos
are in line with theoretical expectations. For all voltages used and for both piezos, rise times
of less than 100 ms were observed. This is consistent with the results of past research in
which it was shown that piezos typically have a dynamic response in the first 100 ms after a
voltage is applied, the shape of which varies depending on the individual piezo [43]. With
respect to the intended use of the interferometer, i.e. the display of signals on the scale of
several seconds, a rise time on the observed time scale is not problematic. Besides, when
using the interferometer as an outreach experiment, continuous signals are to be displayed.
Step signals represent a special case which is not relevant in this scenario.

Furthermore, it has to be mentioned that piezos in general do not only have a dynamic
response in the timespan up to 100 ms, but also a so-called creep. This describes a displace-
ment process which continues after the dynamic phase when a voltage is applied and which
behaves logarithmically with time. According to the current state of research, this can be
described by [43]

L(t) = L0

[
1 + γ log10

(
t

0.1

)]
(5.3.1)
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where L0 is the displacement of the piezo at 0.1s and 0.01 < γ < 0.02. Because of the
creep, the choice of the time of 75 ms as a reference for maximum intensity of the signal, as
used to calculate the rise and fall times, seems arbitrary. The value was taken because it is
in a reasonable order of magnitude for the outreach experiment. However, the creep will not
be investigated further in this work since it is not relevant on the time scales of interest for
the outreach experiment. It is more relevant for nanopositioning tasks where, for example,
a sample must be held at the same position for a long period of time, such as in a scanning
tunneling microscope.

5.3.2 Hysteresis compensation using the Preisach model

Since in the outreach experiment the piezos will be used to mimic gravitational wave sig-
nals, it is necessary to fully understand the relationship between the applied voltage and the
achieved displacement. The hysteresis behavior of the piezos is a constraint in this regard, as
the relationship between voltage and displacement is ambiguous and dependent on the past
of the system, as explained in chapter 4. To approach this problem, the hysteresis behavior
of the piezos is characterized and compensated using the Preisach model.

For a first test of the hysteresis behavior, the response to a triangular signal with an ampli-
tude of 100 V and a period of 2 s was measured for both piezos. To calculate the displacement
from the interferometer output, the already discussed procedure was used. To obtain standard
deviation, the responses were averaged over ten periods of the input signal. The results are
illustrated in fig. 5.3.3.

Analogous to the previous measurements, it is observed that the overall displacement of
the piezo mounted under the large mirror is less than that of the piezo mounted under the
small mirror. As a measure of hysteresis, the relative difference in displacement between
the ascending and descending branches at 50 V can be used. If this hysteresis measure is
compared for both piezos, one obtains (20.0 ± 1.8)% for the piezo of the large mirror and
(20.5 ± 1.5)% for the piezo of the small mirror. The relative magnitude of hysteresis thus
agrees within the range of uncertainties for both piezos. The manufacturer specifies a “hys-
teresis of <15%” for the piezos used [40]. This is about 5% smaller than the hysteresis
observed. However, the manufacturers specifications apply to an operation range of up to

FIGURE 5.3.3: Com-
parison of the hys-
teresis of both piezos.
In red the displace-
ment of the piezo of
the smaller mirror, in
blue the displacement
of the piezo of the
larger mirror. Uncer-
tainties smaller than
symbol size.
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150 V, where the relative amount of hysteresis may be different. Furthermore, the manufac-
turer provides no mathematical definition of its measure for hysteresis.

In the following, it will be investigated how the hysteresis can be compensated with the
help of the Preisach model. First, the method used to fit the Preisach model to the hysteresis
behavior of the tested piezo will be introduced. Subsequently, the inversion of the fitted
Preisach model for precise control of the piezo will be discussed. The studies conducted
for this purpose were performed using only the piezo of the larger mirror since it has the
lower displacement at 100 V, which simplifies data processing and accurate driving of the
piezo (the interferometer output spans less extrama overall, and the change in displacement
per volt is smaller). Performing the studies with the other piezo would yield no additional
benefit, considering the intended use of the interferometer.

Fit and inversion of the Preisach model

(A) Discretized Preisach triangle with nh =
4. This corresponds to 5 input levels (rang-
ing from u1 to u5) and nq = 10 total hys-
terons. L is an arbitrary memory curve. The
active hysterons are marked green, the inac-
tive hysterons are marked red. The red dots
mark the centers of the hysterons, which cor-
respond to the locations where µ (β, α) is de-
fined. Taken from [44], modified.
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(B) Probe signal with 4 peaks / 5 input levels,
appropriate to identify the system in (A).

FIGURE 5.3.4: Discrete version of a
Preisach triangle (A) including the probe
signal required for identification (B).

For the numeric implementation of the Preisach
model, the Preisach triangle has to be discretized. For
this purpose, a discretization level nh is chosen, and
the input u of the system is divided into nh+1 levels.
The Preisach triangle is thus divided into

nq =
nh (nh + 1)

2
(5.3.2)

cells, each corresponding to a hysteron of the model.
This discretization is shown in fig. 5.3.4a as an ex-
ample for a discretization level of nh = 4. The
weight function µ (β, α) is to be understood as center
weights, so that an individual weight is assigned to
each hysteron.

The main challenge is to identify the weight func-
tion µ (β, α), which describes the studied system. To
identify the weight function, a periodic input signal
(“probe signal”) with increasing amplitude is used.
This signal has nh peaks to cover all input levels of
the system. The probe signal, which would be needed
to identify the weight function of the system shown in
fig. 5.3.4a, is shown in fig. 5.3.4b. The input signal
causes each hysteron in each row of the triangle to be
successively activated individually. For example, if
the first peak is fed to the system, the single hysteron
of the first row is turned on and off again. If the sec-
ond peak is sent to the system, after the lowest hys-
teron, the second lowest row of hysterons is also acti-
vated. When the voltage drops, it is successively de-
activated again. In this way, information about each
hysteron can be obtained.

The response y(t) of the system to the probe sig-
nal u(t) is the first part of the information needed to
find the weight function of the system. The second
component is the information about which hysterons
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of the system were activated by the probe signal at which time. This information can be eas-
ily obtained by simulating the memory curve L. For each change in u(t), the memory curve
is calculated accordingly, and it is evaluated which hysterons are active.

If both the output of the system and the hysteron states are known, the weight function
µ (β, α) can be determined. Assuming the probe signal u(t) consists of nt samples recorded
in the time period t1 < t < tnt , the output of the system at each of these time points is given
by [36]

 y(t1)
...

y(tnt)

 =

R1(t1) ... Rnq(t1)
...

. . .
...

R1(tnt) ... Rnq(tnt)


 µ̂1...
µ̂nq

+ η (5.3.3)

where µ̂1,...,nq refers to the value of the discrete weight function µ (β, α) for the correspond-
ing hysteron with output R1,...,nq and η is a constant offset. The offset must be taken into
account so that any offset of the output of the system is not included in the weight function -
this can lead to reduced quality of results [36]. Equation (5.3.3) is an overdetermined linear
system of equations in which the vector [µ̂1, ..., µ̂nq ]T and η are the only unknown variables.
The discrete weight function and offset can be determined by a least squares fit. This provides
the complete description of the examined system.

If the weight function describing the system is known, the voltage required to achieve a
desired displacement can be calculated. However, since no direct mathematical inversion of
the Preisach model exists, the determination of the desired voltage must be done numerically.
In the context of this work, the “closest match algorithm” as proposed in [45] is used.

The goal of the algorithm is to find the input u∗ whose output is closest to a desired out-
put ȳ, based on the past and the current state of the discretized system. For this purpose, the
current input is varied until the output calculated on the basis of the fitted weight function of
the system reaches the desired value, but without leaving the allowed input range or exceed-
ing or falling below the target output, which would corrupt the memory curve and prevent
further simulations proceeding from the current state. A flowchart of the algorithm is shown
in simplified form10 in fig. 5.3.5.

The algorithm is initialized with a starting input u(0), an associated output y(0) and a
Preisach triangle with a memory curve L(0) and a weight function µ (β, α) obtained by the
fit procedure described before. At the start of the algorithm, i.e. iteration 0, it is checked
whether the current output y(0) is larger or smaller than the desired output ȳ. If the current
output is smaller than the desired output, it is increased iteratively by ∆u = (umax−umin)/nh.
Iteration continues until either the output of the system reaches the desired output or the
allowed maximum output umax is reached. Once the maximum output is reached, umax is
output as the best matching input u∗. If the target output is exceeded before the maximum
input is reached, the current output y(n) is compared to the output y(n−1) of the last iteration.
Based on which output deviates less from the target output, the current input u(n) or the input
u(n−1) of the previous iteration is output as the best-fit input u∗. If the previous iteration
is chosen, the system is completely reset to the previous iteration. This requires that during
each iteration the memory curve, which contains the information about the current states of
the hysterons, is buffered. This is not shown in the flowchart for the sake of simplicity. The
case in which y(0) > ȳ applies initially is analogous to the case explained, and therefore
requires no separate explanation.

10The technically interested reader is referred to the appendix (chapter 7), which contains the complete non-
simplified algorithm in detailed pseudo-code, which was implemented in Python as part of this work.
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FIGURE 5.3.5: Simplified flowchart of the “closest match algorithm” as
proposed by [45].

Regarding the practical use of the algorithm, it must be noted that during a single run, the
algorithm only returns the best-fitting input for a single desired output. If, as in this work,
a signal of a gravitational wave consisting of n samples is to be simulated with a piezo, the
algorithm must be executed successively for each of these samples, using the memory curve
of the last run of the algorithm as the starting point.

Hysteresis correction with the “closest match algorithm” for the piezo in the voltage
range up to 100 V

In order to verify whether the hysteresis of the piezos used can be corrected by fitting and
inversion of a discrete Preisach model, the explained procedure was tested on the piezo of
the large mirror. For this purpose, the complete usable voltage range from 0 V to 100 V was
utilized, which was subdivided with a discretization level of nh = 20. Accordingly, a probe
signal with 20 peaks was applied to the piezo to identify the weight function. A period of 18
seconds was chosen for the total duration of the probe signal to operate below the time scales
where any thermal drift might be relevant. The probe signal, along with the response of the
interferometer output to the last peak, is shown in fig. 5.3.6a. To estimate the uncertainty, the
measurement was performed ten times. To calculate the displacement of the piezo from the
interferometer output, the method discussed earlier was used. The calculated displacement is
illustrated in fig. 5.3.6b.

The obtained displacement of the piezo fully meets the expectations. If the voltage is
increased from 0 V to a value smaller than 100 V, and then decreased again, minor hysteresis
loops are generated, which lie in the envelope that is generated when the voltage is increased
from 0 V to 100 V and then decreased again.
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(A) Left: Probe signal used to identify the weight function. Right: Response of the interferometer output (blue)
to the last peak of the probe signal (orange) for better visualization of the process. Uncertainties smaller than
symbol size.
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(B) Displacement response of the piezo to the probe signal as a function of the input voltage.

FIGURE 5.3.6: Probe signal to identify the weight function and response of
the system, in an operation range from 0 V to 100 V.

To obtain the weight function, the input signal used (the probe signal) was first divided
into nh = 20 voltage bins. Starting from the binned signal, the memory curve L was sim-
ulated to obtain the time course of the hysteron states R of the discrete Preisach model.
Subsequently, the weight function µ and the offset η were obtained by the explained least
suqares fit to eq. (5.3.3). For the offset, η = (732.4 ± 2.0) nm was found. The weight
function is shown in fig. 5.3.7.

The obtained results of the fit agree with the expectations for the model. An important
observation is that most of the weight lies on the diagonal of the Preisach triangle. Above the
diagonal, the weight function has significantly lower values. This can be explained by the fact
that the hysteresis of the measured piezo is relatively small, and the ascending and descending
branches are relatively close to each other. A theoretical Preisach triangle, which has only
weights on the diagonal, corresponds to a system completely without hysteresis, since the
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FIGURE 5.3.7: Plot of the fitted weight func-
tion µ (β, α) in the Preisach triangle. Note: The
Preisach triangle includes only the half-plane
α ≥ β. The values of the cells with α ≤ β
are uniformly 0, since µ (β, α) is undefined here.
This relationship is difficult to see because the
values of µ (β, α) above the diagonal are very
small.

switch-on and switch-off thresholds of all hysterons, whose weight is not 0, are identical.
The obtained value of η = (732.4 ± 2.0) nm also corresponds to the expectations, since it
is about half as large as the maximum measured displacement of the piezo (1/2 ·∆Lmax =
(684.0 ± 1.5) nm). This is a logical consequence of the fact that the hysterons have an
output of −1 when switched off, and an output of +1 when switched on. Thus, if half of all
hysterons are activated, the summed output of the hysterons (ignoring the weight function) is
0. The difference between η and 1/2 ·∆Lmax is caused by the weights of the hysterons.

To assess the quality of the fit, the output of the fitted discrete Preisach model for the
probe signal used, compared to the previously measured response of the piezo to this probe
signal, is shown in fig. 5.3.8. Regarding the type of representation, it should be noted that the
output of the fitted Preisach model is independent of time, and depends only on the input of
the model - for the purpose of comparison, the output was projected onto the same time axis
as the measured output of the piezo.

Comparing the outputs of the real and fitted systems directly reveals the discrete nature
of the model used, evident from the step-like slope of the model output. Overall, however,
the discrete Preisach model reproduces the real data with very high accuracy, as can be seen
by considering the last peak, shown in fig. 5.3.8a on the right. However, consideration of the
first peaks in fig. 5.3.8a also reveals a weakness of the model. Where in the output of the real
piezo the first peak is recognizable, the output of the discrete model remains at the minimum
possible value of 52.19 nm. This is not a computational error, but due to the fact that the first
peak of the probe signal generated with the function generator was a few millivolts lower than
the first bin of the discrete model at umax/20 = 5.668 V, and the first hysteron at this voltage
is thus still assumed to be inactive. However, since minor deviations of a voltage signal are a
systematic problem that occurs in any real experimental setup, this should be understood less
as a problem of this particular fitting of the Preisach model, and more as a general problem
in fitting the Preisach model to real measured data.

Looking at the output of the model compared to the measured hysteresis curves, shown
in fig. 5.3.8b, also shows how well the model approximates the real data. However, due to
the discrete nature of the model, the quantification of the goodness of fit is challenging. This
is demonstrated by the calculation of the reduced chi-squared value often used for assessing
goodness of fit. Given the Preisach model fitted to the data, this can be defined as



54
Chapter 5. Setup and commissioning of a Michelson interferometer as an outreach

experiment

0 5 10 15

t (s)

0

200

400

600

800

1000

1200

1400

∆
L

(n
m

)

measured data

fitted model

18.0 18.5

t (s)

0

200

400

600

800

1000

1200

1400

∆
L

(n
m

)

(A) Comparison of the response of the piezo to the probe signal (blue) with the response of the fitted discrete
Preisach model to the same probe signal (red), as a function of time. Left: Overview of the complete probe
signal. Right: Comparison of the last peak. Uncertainties of measured data smaller than symbol size.
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(B) Comparison of the response of the piezo to the probe signal (blue) with the response of the fitted discrete
Preisach model to the same probe signal (red) (same data set as in (A)), here as a function of input voltage,
analogous to the plot in fig. 5.3.6b. Uncertainties of measured data smaller than symbol size.

FIGURE 5.3.8: Comparison of the output of the real piezo and the output of
the fitted model in response to the probe signal.

χ2
ν =

χ2

ν
=

1

ν

∑
i

(
y

piezo
i − yPreisach

i

)2
σ2i

(5.3.4)

where ypiezo
i denotes the real measured data including uncertainties σi, yPreisach

i the output of
the model, and i the number of data points. The number of degrees of freedom is described
by ν, where here ν = 211, since the fit adjusts the weights of 210 hysterons as well as
the constant offset eta. Applying eq. (5.3.4) to the presented data set, one obtains χ2

ν =
90.876. Intuitively, the model thus appears to represent the data poorly. In the given scenario,
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however, such a high χ2
ν value is not unusual, since a discrete model with relatively low

resolution is fitted here to continuous measured data.

In order to better assess the actual quality of the model, it is useful to evaluate the perfor-
mance of the model with respect to its intended purpose, i.e. the correction of the hysteresis.
For this purpose, an attempt was made to increase the displacement of the piezo as linearly
as possible, i.e. without hysteresis, up to the maximum displacement and then to decrease
it. Accordingly, a triangular signal ∆L(t) was created with a total of 200 points, which is
shown in blue in fig. 5.3.9.

Subsequently, the explained “closest match algorithm” was used for all data points of
the signal to determine, based on the fitted model, the voltages with which the piezo must
be driven to achieve the desired displacement as accurately as possible. The voltage states
calculated in this way are inherently discrete (cf. red line in fig. 5.3.9). In order to use the
calculated voltages as input of the piezo, the staircase-like signal was linearly interpolated.
The centers of the “steps” as well as the first and the last data point itself were used as
interpolation points. The interpolation is shown as an orange line in fig. 5.3.9. Looking at the
calculated input signal, which is supposed to compensate for the hysteresis, it is noticeable
that its shape is “inverse” to the hysteresis, as expected. On the descending branch, the
voltage is lowered faster than it was increased on the ascending branch to avoid the typical
“lag” of hysteresis. Before using the calculated voltage signal on the piezo, a cross-check
is performed. This is done by using the calculated voltage signal as input to the Preisach
model to check the expected output of the real system. This is shown as a purple staircase in
fig. 5.3.9, including an interpolation of this staircase in pink. According to the expectations,
the output of the model is almost identical to the triangular signal that is to be reproduced.

To check the success of the method, the response of the real piezo to the calculated
corrected voltage signal was compared with the response to a simple triangular signal with
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FIGURE 5.3.9: Representation of the triangle signal to be reproduced (blue),
together with the calculated voltages to reproduce the signal (red). The inter-
polation of this voltage signal is shown in orange. Also shown is the result
of the cross-check (model output of the calculated voltage signal) in purple,
and its interpolation in pink. The calculated voltages refer to the right axis,
the signal to be reproduced and the result of the cross-check to the left axis.
The signal to be reproduced is difficult to recognize, as it is almost congruent
with the result of the cross-check.
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FIGURE 5.3.10: Left: Response of the piezo to an unmodified triangular
signal. Right: Response of the piezo to the corrected voltage signal for hys-
teresis compensation. In both cases, the descending branch (red) is plotted
in reverse time above the ascending branch (blue) for comparison, indicated
by the reversed time axis at the top. Uncertainties smaller than symbol size.

an amplitude of 100 V. In both cases, the response to ten signals, each with a period of one
second, was determined and averaged. The results are illustrated in fig. 5.3.10.

Examination of the results shows that the hysteresis correction does indeed work very
well. Considering the response of the piezo to the corrected input signal, it is immediately
noticeable that the hysteresis has been almost completely eliminated compared to the already
known response to a conventional triangular signal. In order to capture the improvement
mathematically, the displacement in the middle of the ascending as well as the descending
branch (i.e. at 0.25 s as well as 0.75 s) was compared for both signals. With uncorrected
signal, the displacements at the midpoints of the branches are (767 ± 5) nm and (921 ±
13) nm, respectively, which is a relative difference of (20.0±1.9)%. Taking the uncertainties
into account, this result agrees with the result discussed earlier in this section (depicted in
fig. 5.3.3). Looking at the corrected signal, the extents in the midpoints of the branches are
(720.0 ± 2.7) nm and (748 ± 4) nm, respectively, corresponding to a relative difference of
(3.8± 0.6)%. Compared to the uncorrected signal, the hysteresis was thus reduced by about
81%. This shows that very impressive results can already be achieved with a discretization
level of nh = 20. The high effort of adapting the Preisach model to the measured data can
thus be worthwhile depending on the application purpose.

Transfer of the demonstrated principle of hysteresis correction to a smaller voltage
range up to 9 V

The discussed results show that hysteresis correction using the Preisach model yields very
good results in the full usable voltage range up to 100 V. However, when using the interfer-
ometer as an outreach experiment, much smaller voltage ranges are used. The use of lower
voltages is necessary because the signals of gravitational waves should be displayed on the
interferometer in such a way that the brightness of the center fringe visible on the observa-
tion screen is unambiguously related to the arm length. As discussed earlier, an unambiguous
relationship exists only if the working range is less than a quarter wavelength of the laser. In
the following, it is therefore investigated how well the demonstrated principle of hysteresis
correction can be transferred to smaller voltage ranges.
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For this purpose, the same measurements as for the larger voltage range were carried out,
with appropriate adjustments. The voltage range was limited to a maximum of 9 V, since
it was seen in past measurements that the displacement of the piezo to be expected at this
voltage is about 110 nm, which is well below λ/4 = 133 nm. In addition, a safety buffer of
more than 20 nm is included to operate safely within the intended range even in the presence
of minor imperfections such as misalignment of the optics or inaccurate adjustment of the
operating point for destructive interference. The discretization level chosen was nh = 10. A
higher discretization level could not be realized because the responses of the interferometer
output to the first peaks of the probe signal are too close to the noise level at lower voltages
than 9 V/nh = 0.9 V. For the period of the probe signal, five seconds were chosen. The
period was chosen shorter than that of the probe signal in the large voltage range because the
interferometer output is closer to the noise level in this measurement, and 50 instead of 10
measurements had to be performed to obtain a result in which the lowest peak of the probe
signal is sufficiently distinguishable from the noise. The response of the interferometer to
the probe signals as a function of time, as well as a function of input voltage, is displayed in
fig. 5.3.11.

The measured response of the piezo to the probe signal fully meets the expectations. The
comparison of fig. 5.3.11a with fig. 5.3.6a (plot on the right) illustrates well the advantage
of the small voltage range, which lies in the unambiguity of the data. The hysteresis, well
visible in fig. 5.3.11b, is expectedly less pronounced in the investigated voltage range than in
the complete voltage range up to 100 V. Compared to fig. 5.3.6b, the minor hysteresis loops
are visually less distinguishable from each other.

The weight function µ (β, α) fitted to the data according to the explained methods, shown
in fig. 5.3.12, reflects this observation: the weight lies almost exclusively on the diagonal of
the Preisach triangle. As expected, the values of the weights are lower than in the large
voltage range, since they correspond to the values of the displacement, which are equally
lower. The fitted value of the constant offset is η = (58.3 ± 0.4) nm, which meets the
expectations.

The comparison of the output of the model with the measured displacement behavior of
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(A) Probe signal used to identify the weight function
(orange), including the response of the interferometer
output (blue) for better visualization of the process.
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(B) Displacement response of the piezo to the probe
signal as a function of the input voltage. Uncertainties
not included for better overview.

FIGURE 5.3.11: Probe signal to identify the weight function and response
of the system, in an operation range from 0 V to 9 V.
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FIGURE 5.3.12: Plot of the fitted weight
function µ (β, α) in the Preisach triangle.
Note: The Preisach triangle includes only
the half-plane α ≥ β. The values of the
cells with α ≤ β are uniformly 0, since
µ (β, α) is undefined here. This relation-
ship is difficult to see because the values
of µ (β, α) above the diagonal are very
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(A) Comparison of the response of the piezo to the probe signal (blue) with the response of the fitted discrete
Preisach model to the same probe signal (red), as a function of time. Left: Overview of the complete probe
signal. Right: Comparison of the last peak. Uncertainties σ shown as light blue area.
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(B) Comparison of the response of the piezo to the probe signal (blue) with the response of the fitted discrete
Preisach model to the same probe signal (red) (same data set as in (A)), here as a function of input voltage,
analogous to the plot in fig. 5.3.11b. Uncertainties not included for better overview.

FIGURE 5.3.13: Comparison of the output of the real piezo and the output
of the fitted model in response to the probe signal.
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the piezo is shown in fig. 5.3.13, where the same representation form as in fig. 5.3.8 was
chosen. Here, the disadvantage of the reduced discretization level is well visible. Especially
the second, third and the second to last peak, shown in fig. 5.3.13a (left plot), are not modeled
accurately, because the amplitudes of the peaks in the probe signal created with the function
generator deviate slightly from the borders of the voltage bins of the discrete model. This
problem generally also exists at higher discretization levels (e.g. as previously observed in
the full voltage range with nh = 20), but is not as significant there. Furthermore, especially
at the last peak, shown in fig. 5.3.13a (right plot), it is recognizable that the behavior of the
real system is not reproduced as precisely as with a higher discretization. For the sake of
completeness, the value of χ2

ν = 1.852 associated with the fit should also be mentioned here.
This is significantly lower than the value of χ2

ν = 90.876, which was obtained for the fit in
the large voltage range. The obvious reason is that the uncertainties relative to the measured
data are much larger due to the lower amplitude of the displacement of the piezo. Although
the model with the lower discretization level reproduces the measured data less precisely, as
expected, the value of χ2

ν does not reflect this.
In order to compare the results in the small voltage range with the results in the large

voltage range, the success of the hysteresis correction was again checked on the basis of a
triangular signal ∆L(t), which is to be tracked with the piezo. Completely analogous to the
approach in the larger voltage range, the “closest match algorithm” was used to compute,
based on the fitted model, the voltage profile that must be used as input to the piezo in order
to best match the desired displacement curve. Figure 5.3.14a shows the triangular signal to
be reproduced, the voltages computed with the algorithm (including linear interpolation), and
the output of the system simulated as a cross-check using the computed voltage signal (also
including linear interpolation).

When looking at the interpolation of the computed voltages, it is noticeable that they
deviate significantly less from the symmetry of the triangle than in fig. 5.3.9. This is in line
with expectations, since in the limited voltage range considered, the hysteresis is lower than
in the full range.

Figure 5.3.14b shows the responses of the piezo to an unmodified triangle signal (left)
and to the voltage signal computed using the “closes match algorithm”. The descending
branch of the triangle is again “flipped over” in time to allow comparison with the ascending
branch. Unlike the correction in the full voltage range, the correction of the hysteresis does
not seem to work effectively here. This is clearly noticeable in a visual comparison. A quan-
titative comparison of the displacements of the midpoints of the ascending and descending
branches (at 0.25 s and 0.75 s, respectively) confirms this: for the signal without correction
the relative difference is (6.2 ± 0.7)%, for the signal with correction the relative difference
is (6.4 ± 0.6)%. Consequently, the hysteresis is not corrected. The reason for this is the
low discretization of the model, which cannot be chosen higher due to the signal quality.
Another noteworthy feature is that the inaccurate model produces artifacts in the time evolu-
tion of the displacement when the hysteresis correction is attempted. This is well visible in
the right plot in fig. 5.3.14. The beginnings and ends of both the ascending and descending
branches appear slightly bent. In view of the rather poor fit of the model to the data, this is
not surprising.

Upon final review of the results, it can be stated that hysteresis correction by fit of the
Preisach model yields good results in the full voltage range of the piezo, while no correc-
tion of hysteresis is achieved in the reduced voltage range. The crucial limitation is the
discretization level of the model, which is practically limited by the signal quality of the
interferometer output. With respect to the outreach experiment, where small voltage ranges
are used, hysteresis correction with the Preisach model thus does not seem to be the ideal
method. Regarding the discussed results, the question arises whether a hysteresis correction
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FIGURE 5.3.14: An attempt at hysteresis correction in the small voltage
range. Top: Output of the “closest match algorithm” for tracking a triangu-
lar signal. Bottom: Comparison of the piezo’s responses to an unmodified
triangular signal and to the corrected signal calculated by the algorithm.

is necessarily required for the representation of gravitational wave signals, since the hystere-
sis in the corresponding voltage range is already significantly smaller than in the full voltage
range. As is shown in the next chapter, the hysteresis correction is indeed not sensible in the
outreach experiment, yet this does not limit the experiment’s quality.
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5.4 Use of the interferometer for visualizing gravitational wave
signals

Now that the setup has been discussed in detail, this final section will deal with the veri-
fication of the core function of the interferometer, i.e. the simulation of gravitational wave
signals. As a test signal, to be visualized with the interferometer, the “GW150914” depicted
in fig. 3.3.2 was chosen, since this is an excellent candidate for this due to its high popu-
larity and scientific importance. The event data has been published by the LIGO Scientific
Collaboration, and is openly available at [46].

As already explained in section 5.3.2, for the representation of a signal the displacement
of the piezo must be varied in a range of ∆L < λ/4, so that for the observer an unambiguous
correlation between the brightness of the center fringe on the screen and the change of the
arm length, i. e. the strain imposed by the gravitational wave, is recognizable. The maximum
strain of the signal, reached at about 0.42 s, was therefore scaled to a target displacement of
105.92 nm, which corresponds to the highest voltage bin (upper threshold of the highest row
of hysterons) of the model fitted to the desired range. The baseline of the gravitational wave
signal was scaled to half of the maximum displacement, and thus lies in the middle between
constructive and destructive interference. It should be mentioned that the selected scaling
only applies to the piezo of the large mirror, which was examined in the last section for its
hysteresis behavior. All the investigations listed below were also carried out with this piezo
for the sake of comparability. The strain of the gravitational wave to be simulated, as well as
the rescaling to the desired displacement of the piezo, are shown in fig. 5.4.1a.

Regarding the visualization of the signal, the performance of two approaches will be
compared. The first approach assumes an approximately linear relationship between the
input voltage and the displacement of the piezo, meaning that the hysteresis is ignored. To
track the gravitational wave signal, the target displacement is simply scaled linearly to an
input voltage range of the piezo from 0 V to 9 V, as used in the previous section. Second
approach is to use the Preisach model and the “closest match algorithm” to calculate the
voltage which, according to the model, most closely matches the gravitational wave signal
to be reproduced. For this purpose, the fit of the Preisach model performed and explained in
section 5.3.2 is used in the considered voltage range from 0 V to 9 V. The interpolated output
of the “closest match algorithm” for the signal to be reproduced is shown in fig. 5.3.14b.

Analogous to the observations in section 5.3.2, the disadvantage of the Preisach model
with a too low discretization level also becomes apparent in fig. 5.4.1b. For instance, the
same target voltages are calculated for all peaks up to approximately 0.37s. The differences
in the amplitudes of the peaks of the gravitational wave signal are too small to be considered
by the discrete model with only 10 different voltage levels. A similar problem occurs at the
end of the signal. Since the amplitude of the gravitational wave signal varies not sufficiently
here for the desired voltage to change, the last interpolation step is relatively long. A manual
correction of the interpolation would be possible, but against the sense of the comparison of
the methods.

To compare the performance of the two approaches, the responses of the piezo to the
signal assuming linear correlation as well as to the signal obtained from the “closest match
algorithm” were recorded. As duration of the input signals of the piezo 4.6 s were chosen.
This is a factor of 21.9 longer than the gravitational wave signal duration of 0.21 s. The
scaling was chosen so that the signal can be easily followed and understood by the observer,
which is not the case with a duration of just two tenths of a second. The non-integer value of
the chosen factor is caused by the fact that at the used function generator only fixed sampling
rates can be used. All measurements were performed ten times to obtain standard deviations.
The results are illustrated in fig. 5.4.2. To assess the degree of similarity between the re-
sponses and the signal to be replicated, the gravitational wave signal and the responses were
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(A) Measured strain of the binary black hole merger “GW150914” (left axis), as well as rescaling in target
displacement of the piezo to display the signal on the interferometer (right axis). Time scale according to original
data.
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(B) Gravitational wave signal to be reproduced (blue), together with the linear interpolation of the computed volt-
ages to reproduce the signal (orange). The computed voltages refer to the right axis, the signal to be reproduced
to the left axis.

FIGURE 5.4.1: Gravitational wave signal to be reproduced, including scal-
ing to the desired displacement of the piezo, and voltages computed with the
“closest match algorithm” to reproduce this signal.

each scaled to a maximum amplitude of 1 and a baseline of 0. To employ a quantitative
measure of similarity, the difference between the piezo’s response and the gravitational wave
signal was calculated, and also plotted. The time axis of the recorded responses is scaled to
align with the time axis of the gravitational wave signal.

When looking at the results for the input signal without correction, it is noticeable that
each peak of the gravitational wave signal is reproduced well. This is especially clear from
the magnification in the lower left in fig. 5.4.2, where it is visible that the deviations between
output and target are within the order of magnitude of the measurement uncertainties. With
respect to the use as an outreach experiment this implies that the existing differences be-
tween the response of the piezo and the gravitational wave signal serving as a template are
sufficiently small for the observer of the outreach experiment not to be able to notice them.
Upon close inspection, a lag between the piezo’s response and the gravitational wave signal
is apparent. As can be seen by the residuals in green, this lag is more pronounced in the
later part of the signal (around 0.41 s to 0.43 s in gw time) than in the first part of the signal.
Since the piezo’s response and the gravitational wave signal refer to two different time axes
that have merely been scaled to the same length, this lag should not be taken as absolute,
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FIGURE 5.4.2: Displacement responses of the piezo to the signals generated
after the two explained approaches (blue) compared to the gravitational wave
signal to be reproduced (orange). The uncertainties of the displacement are
shown as the light blue area. The green region denotes the difference be-
tween the gravitational wave signal and the response of the piezo. Both
strain and displacement are normalized to a maximum amplitude of 1 with a
baseline of 0. Strain and interferometer output refer to their own lower and
upper time axes, respectively. The left column (“no correction”) refers to the
signal where a linear relationship was assumed, the right column (“with cor-
rection”) refers to the signal generated using the “closest match algorithm”.
For better visibility, the bottom row shows a zoom of the signal part between
0.41 s and 0.43 s.

but rather as an indication that, as expected, the piezo’s response time is more significant at
higher frequencies than at lower ones. The lag observed here is comparable in magnitude to
the rise and fall times observed in section 5.3.1.

Considering the results of the approach using the Preisach model, a look at the residuals
shows that the deviations are larger overall than for the ansatz assuming a linear relationship.
Especially the already mentioned interpolation artifact near the end of the signal is significant.
The lag is also larger compared to the linear approach. It is assumed that this too is caused
by the low discretization level of the Preisach model. This leads to a lower resolution of the
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voltage signal calculated by the “closest mach algorithm”, which in turn leads to a coarser
interpolation. This in turn can manifest itself, among other things, in a temporal offset.

To quantitatively assess the accuracy of the gravitational wave signal replication for both
approaches, the integral of the difference given by

∫ 0.46 s

0.25 s
|∆L∗ − h∗| dtgw, (5.4.1)

where ∆L∗ corresponds to the normalized piezo displacement and h∗ corresponds to the nor-
malized gravitational wave strain, can be employed. This integral corresponds to the absolute
of the green area plotted in fig. 5.4.2. The integral is 0.0072 for the signal assuming a linear
correlation, and 0.0158 for the signal based on the fitted Preisach model. The integral is thus
larger by a factor of about 2.2 for the Preisach approach than for the linear approach. This
result shows that the attempt to correct for hysteresis is ineffective. Not only is the quality of
the replicated signal not improved compared to the approach of ignoring the hysteresis, but it
is even negatively affected. However, the quality of the outreach experiment does not suffer
from this, since the relationship between input voltage and displacement of the piezo is suf-
ficiently linear that gravitational wave signals can be represented without deviations visible
to the observer. This is impressively demonstrated by the available results.

Upon final consideration of the present result, it can be concluded that the constructed and
commissioned Michelson interferometer very well fulfills its task of visualizing gravitational
wave signals in order to present them in outreach experiments. The gravitational wave signals
are reproduced with high accuracy so that an observer can easily follow the course of the
signal. Thereby, any desired signal can be scaled using the explained procedure and displayed
on the interferometer.
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6 Conclusion

In this master thesis, a Michelson interferometer is constructed with the goal of illustrating
the complex principles of gravitational wave detection in a simple manner in the context of
an outreach experiment.

A central part of the work is the development and realization of a setup that is specif-
ically designed to visualize the effect of a gravitational wave including the possibility to
quantitatively measure the displayed wave. To achieve this goal, a classical Michelson in-
terferometer is constructed with several enhancements. The first important design decision
is the integration of a second beamsplitter, through which the generated interference pattern
can be simultaneously projected onto an observation screen and onto a photodetector for per-
forming measurements. The second extension, elementary to the outreach experiment, is the
use of piezo actuators for translation of the mirrors, which allows the variation of the arm
length and thus the display of gravitational wave signals. As measures for seismic isolation,
the base plate of the interferometer is provided with feet made of polyurethane, and placed
on a table with a granite table top and a total mass of about 100 kg. Furthermore, a servo
circuit is employed to adjust the arm length. To be able to use the experimental setup later
as an outreach experiment, the function of the individual components is characterized and
optimized.

Analysis of the vibration reduction measures shows that they partially fulfill their in-
tended function. For seismic activities with frequencies greater than 100,Hz, vibrations are
damped with a maximum attenuation of more than 25 dB. However, for lower frequencies
between 3 Hz and about 40 Hz, the vibrations are found to be amplified by more than 10 dB
in some cases, for which no cause can be identified. Further research in the future may
be instructive here. Since in practical application it is found that the advantages of damp-
ing high-frequency vibrations outweigh the disadvantages, the noise reduction measures are
retained.

Investigation of the interference contrast shows that the use of a secondary beamsplit-
ter, crucial for use as an outreach experiment, has no negative influence on the interference
contrast. A fringe visibility of K = 0.766 ± 0.007 is achieved, which can be considered an
excellent result with respect to the theoretical maximum value of 1.

An analysis of the performance of the servo circuit shows that it is capable of setting an
interference minimum in under 10 seconds and holding it for a period of one hour. Upon
further investigation, it is found that the interferometer output with the servo circuit turned
off exhibits a drift that covers the full range from interference minimum to interference max-
imum over a 30 minute period. It is hypothesized that the drift is of thermal origin. Future
studies may be revealing for a better understanding of this behavior. Further, it is found
that the drift can be reduced by several orders of magnitude by installing an acrylic cover
over the interferometer. Consequently, the drift is not further relevant for use as an outreach
experiment.

In order to control the arm length of the interferometer with the highest possible preci-
sion, the response behavior of the piezos is analyzed. Examination of the step response of
the piezos shows that the time to reach the desired displacement is in the order of O(10 ms).
Therefore, the reaction times are found low enough to be ignored in the outreach experi-
ment. Comparison of the displacement behavior of both piezos shows that one of them has a
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displacement of (1460.09± 0.03) nm in agreement with the manufacturer’s specifications at
100 V, while the displacement of the other piezo is unexpectedly high with (1919.9±1.6) nm.
A production error is suspected to be the reason.

Both piezos exhibit hysteresis of approximately 20%. To correct for hysteresis, the
Preisach hysteresis model is implemented and fitted to the behavior of one of the piezos.
It is shown that hysteresis can be corrected by numerically inverting the Preisach model by
applying the “closest match algorithm”. However, this correction only succeeds in the com-
plete available expansion range of the piezo, corresponding to the voltage range from 0 V to
100 V. A correction of the hysteresis in smaller expansion regions up to one quarter of the
laser wavelength (corresponding to the voltage range from 0 V to 9 V.), which are used for the
representation of gravitational wave signals, remains unsuccessful. This is due to the noise on
the interferometer output, which prohibits the evaluation of a higher resolution probe signal,
which would be required for a more accurate fit of the Preisach model. However, it is shown
that in small expansion ranges the hysteresis is low enough to not visibly distort displayed
gravitational wave signals.

Finally, it is demonstrated that gravitational wave signals can be reproduced on the in-
terferometer with very high precision - the deviations between the gravitational wave signal
used as a template and the displayed signal are within the measurement uncertainties.

It can be concluded that, within the scope of this thesis, a setup has been created that
fully meets the design goal. The setup impressively demonstrates that by implementing ap-
propriate control technology it is possible to display gravitational waves in a way that is
comprehensible to an observer, while at the same time measuring what is seen with nanome-
ter precision. Therefore, the setup has great potential in outreach activities.

At the same time, there are still possibilities to extend and improve the hardware of the
setup in the future. For instance, past research shows that ways exist to reduce the hysteresis
behavior of the piezos without fitting a mathematical model, such as by adding a mechanical
bias [47], or inserting a capacitor in series with the piezoelectric actuator to control not the
voltage but the charge applied to the piezos [48]. However, these improvements are of more
interest for extended use of the interferometer, since the effect of hysteresis on the display of
gravitational wave signals is small. More purposeful are further investigations of the observed
drift to make the setup usable without the acrylic cover. This would allow the observer in
the outreach experiment to be “closer to the action”. Furthermore, it seems reasonable to
develop a software that allows to create arbitrary signals on the computer, prepare them for
the piezo and have them played without having to use the function generator. This would
further increase the flexibility of the outreach experiment.
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7 Appendix

Closest match algorithm

Pseudo code for the closest match algorithm, as proposed in [45]. The variable y describes
the output of the system, while u describes the input. The desired output is marked by ȳ,
the corresponding voltage (which also is the output of the algorithm) is u∗. The system’s
memory curve is marked by L (not to be confused with the piezo’s displacement), the backed
up memory curve is denoted L̃. The variable n refers to the current iteration. For the other
variables, the current iteration is indicated in the superscript.

• Step 0 [Initialization]. Set n = 0. Compare y(0) and ȳ: if y(0) = ȳ, let u∗ = u(0),
L∗ = L(0), go to Step 3; if y(0) < ȳ, go to Step 1.1; otherwise go to step 2.1;

• Step 1 [Case y(0) < ȳ].

– Step 1.1: If u(n) = umax, let u∗ = u(n), L∗ = L(n), go to Step 3; otherwise
u(n+1) = u(n) + ∆u, L̃ = L(n) [back up the memory curve], n = n + 1, go to
Step 1.2;

– Evaluate y(n) = y
(
u(n);L(n−1)), and (at the same time) update the memory

curve to L(n). Compare y(n) with ȳ: if y(n) = ȳ, let u∗ = u(n), L∗ = L(n), go to
Step 3; if y(n) < ȳ, go to Step 1.1; otherwise go to Step 1.3;

– Step 1.3: If |y(n) − ȳ| ≤ |y(n−1) − ȳ|, let u∗ = u(n), L∗ = L(n), go to Step 3;
otherwise u∗ = u(n−1), L∗ = L̃ [restore the memory curve], go to Step 3;

• Step 2 [Case y(0) > ȳ].

– Step 2.1: If u(n) = umin, let u∗ = u(n), L∗ = L(n), go to Step 3; otherwise
u(n+1) = u(n) −∆u, L̃ = L(n) [back up the memory curve], n = n + 1, go to
Step 2.2;

– Evaluate y(n) = y
(
u(n);L(n−1)), and (at the same time) update the memory

curve to L(n). Compare y(n) with ȳ: if y(n) = ȳ, let u∗ = u(n), L∗ = L(n), go to
Step 3; if y(n) > ȳ, go to Step 2.1; otherwise go to Step 2.3;

– Step 2.3: If |y(n) − ȳ| ≤ |y(n−1) − ȳ|, let u∗ = u(n), L∗ = L(n), go to Step 3;
otherwise u∗ = u(n−1), L∗ = L̃ [restore the memory curve], go to Step 3;

• Step 3. Exit.
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Table of components

TABLE 7.0.1: Tabular listing of optical components and equipment used.

Model designation Description Quantity
Breadboard

n/a custom aluminum breadboard, 41× 50× 4 cm 1
Thorlabs AV4/M sorbothane rubber feet 4

General mounting equipment
Thorlabs TRA75/M 75 mm posts 8
Thorlabs PH75/M 75 mm post holders 8
Thorlabs BA1S/M mounting base 8

Photodetector unit
Thorlabs SM05PD1A Si-photodiode, 350 nm - 1100 nm 1
Thorlabs SM05M10 1" long lens tube, 1/2" diameter 1
Thorlabs LMR05AP alignment help for 1/2" lens tube 1

Thorlabs FL05532-10 532 nm bandpass filter 1
Thorlabs SM05RR 1/2" retaining ring 1

Thorlabs SM05RC/M 1/2" slip ring 1
Light source

Thorlabs CPS532-C2 532 nm collimated laser, 0.9 mW (class 2) 1
Thorlabs LDS5-EC laser power supply 1
Thorlabs VC1/M small V-clamp laser holder 1

Diverging lens
Thorlabs LA1509 N-BK7 1" plano-convex lens, f = 100 mm 1

Thorlabs KM100 kinematic mirror/lens mount 1
Beamsplitters

Thorlabs EBS2 2" 50:50 beamsplitter 2
Thorlabs LMR2/M 2" lens mount with retaining ring 2

Piezo controlled mirrors
Thorlabs BB1-E02 1" broadband dielectric mirror 1
Thorlabs BB07-E02 0.7" broadband dielectric mirror 1
Thorlabs KM100T 1" threaded kinematic mirror mount 2
Thorlabs SM1CP2 1" externally threaded end cap 2
Thorlabs PA4HEW Piezoelectric stack actuator (max. 2.1µm at 150 V) 2

Viewing screen
Thorlabs EDU-VS1/M post-Mountable white polystyrene viewing screen 1

Servo circuit
Phidgets HUB0000_0 control hub 1
Phidgets OUT1000_0 voltage output module, 0 V - 4.2 V 1
Phidgets VCP1000_0 voltage input module (±40 V) 1

Additional equipment
Rigol DG1032Z Two channel function generator 1

PI E-665 piezo controllers/voltage sources 2
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