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1 Introduction
Gravity has fascinated people since the existence of mankind. First described as
a universal law by Sir Isaac Newton in his book “Philosophiæ Naturalis Principia
Mathematica”, it was 230 years later revolutionized by Einstein in his “theory of gen-
eral relativity”. Being over a century old, the ingenuity of Einstein’s theory continues
to astonish researchers to this day. The latest contribution to this astonishment was
in 2015 with the first detection of a gravitational wave, which once again confirmed
Einstein’s predictions. Being a direct consequence of general relativity, gravitational
waves are emitted by compact heavy objects throughout the universe. Gravitational
waves can be understood as a distortion of spacetime propagating at the speed of
light, and their effect on particles can only indirectly be seen. This makes the detec-
tion of gravitational waves a significant challenge, which can only be overcome by
special facilities, built for this purpose. One of those is the Einstein Telescope [1],
which is a proposed new generation gravitational wave detector, expected to be op-
erational in the next decade. The detection principle of modern gravitational wave
observatories, can for simplicity be described as a kilometer-scaled Michelson inter-
ferometer, though in practice, these detectors are by magnitudes more complex and
really are engineering masterpieces. In the detectors, the gravitational wave signal
is buried in a lot of noise, which makes the use of special algorithms, an inevitable
step in the detection process. For signal extraction, algorithms based on “matched
filtering” are of key importance. In matched filtering, a known gravitational wave
signal is correlated to a number of waveform templates to find suitable parameters,
which describe the signal the best. Template banks of current gravitational wave
observatories contain millions of different waveforms, which partially need to be
generated using numerical relativity [2]. Simulating these waveforms is computa-
tionally costly, especially for the merger and ringdown part of the waveform, which
can not be approximated using Newtonian methods and therefore the Einstein field
equations need to be solved numerically. While generating these templates already
is time intensive, the problem is exaggerated for the Einstein Telescope because of
its greater sensitivity to different gravitational wave sources, which broadens the
parameter space that needs to be covered. A promising approach to tackle this
problem is to reduce computation time by generating the merger and ringdown of
the waveform with machine learning models, which do not rely on numerical rela-
tivity. In this thesis, a generative pre-trained deep learning model will be presented,
and its performance on generating gravitational waveforms will be evaluated.
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2 Gravitational Wave Astronomy
The existence of gravitational waves was first predicted by Albert Einstein in 1916
as a consequence of his work on the general theory of relativity [3].
It took nearly five more decades until 1965 when Joseph Weber built the first experi-
mental setup, the Weber bar, to measure Gravitational radiation [4]. Although these
first experiments turned out to not have sufficient precision to detect gravitational
waves, they mark the beginning of experimental gravitational wave astronomy. In
1974, R.A. Hulse and J.H. Taylor discovered the binary pulsar PSR 1913+16 [5]
which, in subsequent years, provided the first indirect evidence for gravitational
radiation through the measurement of its orbital period decay. In the following
decades, interferometry emerged as a promising mechanism to directly detect gravi-
tational waves. With time, these detectors got larger and more precise, and in 2015,
the Laser Interferometer Gravitational-wave Observatory (LIGO) [6] made the first
direct detection of gravitational waves, originating from a binary black hole merger
[7].
Following this very short historic introduction, in section 2.1, gravitational waves
will be theoretically described, closely following [8, ch. 2.2] and [9, ch. 16] with ad-
ditional input of [10, ch. 23].

2.1 Theoretical Description of Gravitational Waves
In Einstein’s general theory of relativity (GR), gravitation is described as the cur-
vature of spacetime, and not as a classical Newtonian force. According to GR, the
source of this curvature is the distribution of mass and energy, and their relationship
is given by Einstein’s field equations also called Einstein Equation. The Einstein
equation comprises ten non-linear, partial differential equations and is given by [10,
p. 483]

Rµν −
1

2
gµνR =

8πG

c4
Tµν , (2.1)

where Rµν is the Ricci tensor, R = gµνRµν is the scalar curvature, Tµν is the stress-
energy tensor and G and c are the gravitational constant and the speed of light,
respectively. The left side of eq. (2.1) is also called the Einstein tensor Gµν =
Rµν − 1

2
gµνR and it only depends on the metric gµν which represents the general

structure of spacetime. To see how gravitational waves are derived from eq. (2.1)
the gravitational field is considered to be weak and the observer to be far away from
the source Tµν of the gravitational waves. If the gravitational field is weak, then the
metric gµν can be written in the form of

gµν = ηµν + hµν , (2.2)

where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric for flat spacetime and hµν is a
small perturbation term (|hµν | ≪ 1) whose derivatives are also small. The Einstein
tensor Gµν can now be evaluated to linear order in hµν , which together with the
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trace-reversed perturbation h̄µν = hµν − ηµνh/2, gives

Gµν =
1

2

(
∂µ∂

αh̄αν + ∂ν∂
αh̄αµ −□h̄µν − ηµν∂

α∂βh̄αβ

)
. (2.3)

Here, ∂µ denotes ∂/∂xµ, ∂µ = ηµν∂ν and □ = ηµν∂µ∂ν is the d’Alembertian operator.
Equations 2.3 can be further simplified by choosing the Lorenz gauge, which holds
the condition ∂ν h̄µν = 0. The Einstein tensor then becomes

Gµν = −1

2
□h̄µν , (2.4)

which finally reduces the field Equations eq. (2.1) to

□h̄µν = −16πG

c4
Tµν . (2.5)

This equation is also called the linearized or weak Einstein equation [9, p. 437] and
if examined far from the source (Tµν = 0), takes the form of the linearized vacuum
Einstein equation

□h̄µν =

(
− 1

c2
∂2

∂t2
+∇2

)
h̄µν = 0. (2.6)

The above equation is solved by an Ansatz of the form

h̄µν(t, x, y, z) = Aµνe
i(k⃗·x⃗−ωt) , (2.7)

which is a plane wave propagating at the speed of light. Additionally, using the
transverse-traceless gauge, it can be shown, that for the amplitude tensor Aµν only
two of the ten initial degrees of freedom remain. For a gravitational wave propagat-
ing in the z-direction the amplitude takes the form of

Aµν =


0 0 0 0
0 A+ A× 0
0 A× −A+ 0
0 0 0 0

 = A+


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

+ A×


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (2.8)

A plane gravitational wave therefore consists of a linear combination of two distinct
polarizations "plus" (+) and "cross" (×), where A+ and A× are the independent
amplitudes.

Until now the assumption was that the source of the gravitational waves Tµν

is negligible in the far field. Though to understand how gravitational waves are
produced, one has to solve eq. (2.3) with the condition Tµν ̸= 0. This can be done
using the general solutions for inhomogeneous wave equations which are known
from electrodynamics [9, p. 445]. The solutions can once again be evaluated far
from source Tµν , where they take the form of

h̄µν(t, x⃗) ≈
4G

rc2

∫
d3x′Tµν

(
t− r

c
, x⃗′
)
. (2.9)
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Here, r = |x⃗ − x⃗′| is the distance between the source x⃗′ and the observer x⃗. If
the source moves slowly compared to the speed of light (nonrelativistic), the stress-
energy tensor T µν is dominated by the source’s rest-mass density ρ(t, x⃗) and fulfils
the conservation of energy and momentum: ∂νT

µν = 0 [9, p. 446]. Based on this,
one can show the validity of the following relation:

∂2

∂t2
Qij = 2

∫
d3x Tij , (2.10)

where
Qij(t) =

∫
d3x ρ(t, x⃗)xixj (2.11)

is the mass quadrupole momentum. The perturbation (eq. (2.9)) can now finally be
written as

h̄ij(t, x⃗) =
2G

rc4
Q̈ij(t−

r

c
). (2.12)

From eq. (2.12) it is obvious that only nonuniform, non-static sources radiate, since
h̄µν depends on the time derivatives of the quadrupole moment and the quadrupole
itself is equal to zero for a spherical distribution of mass.
Typical sources of gravitational waves therefore are binary systems of compact heavy
objects, e.g. neutron star or black hole binaries, which form a mass quadrupole while
rotating around each other. Apart from binary systems, gravitational waves can be
emitted by single stars, such as rotating neutron stars that lack perfect spherical
symmetry or stars that explode in a supernova.

2.2 Gravitaional Wave Detection
In this section, the detection principles of gravitational waves are explained, with a
particular focus on laser interferometers, which play a central role in the experiment
addressed in this thesis, namely the Einstein Telescope [1].

2.2.1 Fundamental Interactions

Understanding gravitational wave detection, first requires analysing how a gravita-
tional wave affects particles. To use the plural here is important because, it is not
possible to detect a gravitational wave by the motion of only a single test body. Eval-
uating the geodesic equation1 for two particles at rest hit by a gravitational wave,
leads to the conclusion that the effect of the gravitational wave leaves the coordinate
positions of the particles unchanged but changes the proper distance between them
[10, pp. 333-334]. Considering two particles at rest, one at the origin and one at
x = L∗, y = z = 0, if hit by a gravitational wave hxx = diag(0, 1,−1, 0)f(t − z)
propagating in the z-direction, the distance between the particles can be written as

1The geodesic equation describes the motion of particles on curved spacetime. Further infor-
mations can be found here [10, ch. 8].
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[10, p. 334]

L(t) =

∫ L∗

0

dx [1 + hxx(t, 0)]
1/2 ≈ L∗

[
1 +

1

2
hxx(t, 0)

]
. (2.13)

Following this, the fractional change in distance between the two particles is

δL

L∗
=

1

2
hxx(t, 0). (2.14)

This ratio is called the “strain”, which is produced by a gravitational wave. For a
periodic signal of the form f(t − z) = A+ sin(ωt + δ) with frequency ω, amplitude
A+ and phase φ, the strain

hxx =
1

2
A+ sin(ωt+ φ) (2.15)

not only changes with time but oscillates with half the gravitational wave amplitude
[10, p. 335]. This concept is visualized in fig. 2.1.

Figure 2.1: Motion of two particles
located at x = 0 and x = xB = L∗,
corresponding to the above example.
When hit by a wave, the coordinates
of the particles do not change (left)
but the distance L between them os-
cillates with the frequency of the wave
(right). Taken from [10, p. 335].

Since gravitational waves are transverse waves, the distinct polarization (see eq. (2.8))
can be illustrated with an example similar to the one above. Considering a circu-
lar ring of free test particles, a gravitational wave propagating in a perpendicular
direction, will deform spacetime in the plane of the ring. This concept can be seen
in fig. 2.2. The Gravitational wave first squeezes spacetime along one of the planes
axis, while simultaneously stretching it along the other. Half a period later this is
repeated but now, spacetime is stretched in the direction in which it was squeezed
before. The effect is the same for (+)- and (×)-polarization, though the direction
in which spacetime is stretched/squeezed is rotated by 45◦.
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Figure 2.2: The two polarizations of a gravitational, illustrated through a ring of
particles. Continuous lines and blue dots show the position of the particles at different
times, and the dashed lines and white dots show the unperturbed positions. Taken
from [11].

The above concepts are the basis for modern gravitational wave detectors, which
will be explained in the following section.

2.2.2 Gravitational Wave Interferometers

The most basic instrument for understanding the principle of gravitational wave
detection is a Michelson interferometer, which is illustrated in fig. 2.3. A Michelson
interferometer consists of a monochromatic light source, e.g. a laser, a beam splitter,
two mirrors and a detector, for example a photodiode. The outgoing light of the
laser, first hits the beam splitter, where part of the light is reflected, and the other
is transmitted. The transmitted and the reflected beam then each hit a mirror,
which reflects the light back to the beam splitter where, again, a part of each beam
is transmitted and reflected. While some light travels back to the laser, the key
element is the recombination of the two beams at the photodetector. Since the
light of the two beams entered the interferometer at the same time, the interference
at the photodetector only depends on the length LX and LY of the two arms (see
fig. 2.3). For a perfect 50/50 beam splitter and perfectly reflecting mirrors, the
power measured by the photodetector can be written as [12, p. 471]

|EBS|2 = E2
0 sin

2(kL[∆L]) (2.16)

where ∆L = LY − LX and kL = ωL/c with the frequency ωL of the laser. EBS

is the recombined electric field of the beams at the beam splitter. To see how a
gravitational wave would interact with the interferometer, the concepts derived in
section 2.2.1 are applied. For this, consider the beam splitter as well as the two
mirrors to be the test masses affected by a gravitational wave in the transverse
traceless (TT) gauge. The interferometers arms are depicted as the x- and y-axis,
with the beam splitter at the origin of the plane. For a "+"-polarized gravitational
wave propagating in the z-direction, one expects the relative distance between the
beam splitter and mirrors to change according to eq. (2.14), while the coordinate
positions should stay the same.
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Figure 2.3: Schematic representa-
tion of a standard Michelson interfer-
ometer. The beam splitter is denoted
as BS, the photodiode as PD and
LY ,LX are the arm lengths. Taken
from [13] (adjusted).

In the TT gauge, the space time interval is given by [12, p. 472]

ds2 = −c2dt2 + [1 + h+(t)]dx
2 + [1− h+(t)]dy

2 + dz2 . (2.17)

For light travelling along the x-axis from the beam splitter to a mirror at x = L,
the above reduces to

0 = −c2dt2 + [1 + h+(t)]dx
2 , (2.18)

since for two nearby events on the path of a light ray ds2 = 0 [14]. Equation 2.18
can be used to determine the time t1 it takes for the light to travel from the beam
splitter to the mirror M1:

t1 :=

∫ tM1

tBS

dt =
1

c

∫ LX

0

√
1 + h+(t) dx ≈ 1

c

∫ LX

0

[
1 +

1

2
h+(t)

]
dx (2.19)

Similarly, this can be done for the time t2 the light needs for the way back after the
reflection at the mirror. Adding t1 + t2 = τx results in

τx =
2LX

c
+

1

2c

∫ LX

0

h+(t) dx− 1

2c

∫ 0

LX

h+(t) dx . (2.20)

If the assumption is taken that the wavelength of the gravitational wave is much
larger than the interferometers arm length, h+(t) is nearly constant and eq. (2.20)
is simplified to

τx =
2LX

c
(1 +

h

2
) . (2.21)

For light travelling along the y-axis, in the same way, one gets [15, p. 44]

τy =
2LY

c
(1− h

2
) . (2.22)

The difference of the sign in front of the h/2 in eqs. (2.21) and (2.22) can be un-
derstood as the gravitational wave stretching spacetime along the x-arm of the
interferometer, while simultaneously compressing it along the y-arm.
From the above it is obvious, that for L = LY = LX , the travel time difference
∆τ = τx − τy is not equal to zero. This results in a phase shift between the two
beams of

∆ϕ =
4π

λ
Lh (2.23)
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which finally can be measured by the interferometer at the photodetector. Although
the above is for a special case, the detection principle is clear: a modulation of power
at the photodetector can directly be linked to a modulation of the differential arm
length [15, p. 46].
The strain h induced by a gravitational wave is severely small, e.g. of the order
h = 10−21 for GW150914 [7], the first gravitational wave detected. Consequently,
the test masses (beam splitter and mirrors) require sufficient isolation so that the
produced strain can be distinguished to phase shifts resulting from noise. Isolation
systems can be integrated, e.g. in the mirror suspensions as it is done for aLIGO who
features a quadruple-pendulum system [16], passively reducing motion of the mirrors
due to noise. Additionally, detectors often have active damping which counteracts
seismic noise by a reactive movement of the suspension system [16].

2.2.3 Einstein Telescope

(a) Proposed setups for ET. The xylophone setup can be
seen at the right and the two variants of the L-shaped
setup, to the left. Taken from [17].

(b) Detailed overview of the xylophone setup. Each de-
tector will feature two interferometers as can be seen in
the lower left. Taken from [18]

Figure 2.4: Proposed setups for ET (top) and
more detailed triangular layout (bottom).

The Einstein Telescope (ET) [19] is pro-
posed as a next-generation gravitational
wave detector, expected to be opera-
tional in the late 2030s. The ET, to-
gether with the Cosmic Explorer (CE)
observatories [20] and the LIGO Voy-
ager project [21], can be counted as
the third generation of terrestrial grav-
itational wave detectors which are ex-
pected to annually detect up to a million
gravitational wave events [15, p. 79].
ET will consist of multiple interferom-
eters with an arm length2 of 10 km to
20 km [17], located at around 250 me-
ters underground.
There are two proposed layouts for the
ET. The first layout consists of two L-
shaped detectors located several hun-
dred kilometers apart, either arranged
in parallel or at angle of 45◦ to each
other (see fig. 2.4a left). The second lay-
out would be comprised of three nested
detectors, which are arranged in the
shape of a triangle. This layout is also
called the “xylophone” layout and can be
seen in detail in fig. 2.4b. For the xylo-
phone setup, each detector will consist
of two distinct interferometers, where
one of the interferometers will be used to
detect waves in the low frequency range
of 2 to 40 Hz, and the other is devoted

2This depends on the chosen design.
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Figure 2.5: Amplitude Spectral Densities (ASD) for advanced LIGO (aLIGO), Cosmic
Explorer (CE) and the Einstein Telescope. Taken from [19]

to frequencies up to several kHz [15, p. 79]. While each of the proposed layouts
performs better or worse for different parameters at different frequencies, it can
be expected that ET will feature increased observational capabilities, compared to
current detectors like LIGO or VIRGO. The expected sensitivity of the ET can be
seen in fig. 2.5 compared to advanced LIGO and the CE observatory, another third
generation detector. In the frequency range from 10Hz to 10kHz, ET is expected to
be sensitive to strain amplitudes roughly an order of magnitude smaller than those
accessible to aLIGO, and comparable to those of CE. Moreover, ET will extend the
sensitivity to frequencies below 10 Hz, down to about 1 Hz, thereby having better
low-frequency coverage compared to CE. Frequencies in the range of 3 Hz to 30 Hz
are mainly governed by seismic and thermal noise, which in the xylophone setup
will be accounted for by using an additional interferometer with a low power laser
and instruments at cryogenic temperatures [19].

2.2.4 Matched Filtering

When a gravitational wave is detected, the signal is buried in noise and the waveform
is not yet known. To single out the signal from noise, modern observatories use a
matched filtering algorithm, which in the following will be briefly explained, based
on [22]. Consider a signal h(t) in a data segment of length [0, T ] which is buried in
noise whose autocorrelation function is K(t− t′). A filter q(t) is then defined as the
solution of the convolutional integral∫ T

0

K(t− t′)q(t′)dt′ = h(t) (2.24)
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which, expressed in Fourier space, leads to

q̃(f) =
h̃(f)

S(f)
, (2.25)

where S(f) is the power spectral density (PSD). If the filter q̃(f) is applied to a
signal of the form

x̃(f) = h̃(f) + ñ(f) (2.26)

with additive noise ñ(f), then the statistic c is obtained

c =

∫
q̃∗(f)x̃(f)df . (2.27)

From this, the signal-to-noise ratio SNR can be defined as

SNR =
c

σc

=

∫
q̃∗(f)x̃(f)df

[
∫
df |q̃(f)|2 S(f)]1/2

(2.28)

where σc is the standard deviation of c. The matched filter is now defined as the
filter, which maximizes the signal-to-noise ratio eq. (2.28). If the SNR reaches a
certain threshold, the signal now is considered as a detection of a gravitational
wave. Additionally, evaluating the signal in the Fourier space, the parameters of the
waveform can be recovered.
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3 Deep Learning
In classical programming, a machine follows the specific rules of a program. Con-
trary to that, in machine learning, a machine comes up with its own rules. If one
imagines a data processing task, a classical programming solution to the task could
be, to look at the given data and come up with an approach that produces the
desired output. In machine learning, the goal is to just feed the input data to the
system, and let the machine itself find or “learn” appropriate representations of the
data, which are meaningful to the task at hand. This ability to derive the rules from
the data itself is what makes machine learning powerful and able to learn complex
relationships from the training dataset. As “training”, the process is described by
which the machine learns the specific representations of a dataset. Deep learning is
a subfield of machine learning. In deep learning, representations between the input
and output are learned in successive layers. The models where these representations
are learned in are called “neural networks” and the depth of a model refers to the
number of layered representations. A model consisting of two or more successive
layers is therefore also called a deep learning model [23].

3.1 Neural Networks
The basis of neural networks are simple units called neurons. A Neuron applies
different weights wi to a number of inputs xi and adds a bias b. Additionally, the
neuron should not only be able to do an affine transformation of the data, and
therefore a non-linear activation function σ is applied. For a number of m inputs,
the output can be calculated through the following equation:

ŷ = σ

(
b+

m∑
i

xiwi

)
. (3.1)

Figure 3.1: A simple neural network with one input
layer, two hidden layers and an output layer. The flow
of computation is denoted by the arrows. Taken from
[24].

Neural networks consist of an
input layer, one or more hidden lay-
ers and an output layer. Each layer
is made up of several neurons also
called nodes. An example of a sim-
ple neural network can be seen in
fig. 3.1, where each circle represents
a node. While the nodes of the in-
put and output layer just forward
the given values, the nodes of the
hidden layer apply a transformation
given by eq. (3.1). The neural net-
work in fig. 3.1 is also called a “deep
neural network” since it has more than one hidden layer and all nodes are fully
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connected to the nodes of the previous layer [25]. Figure 3.1 is also an example of
a “feedforward neural network”, where each layer serves as the input to the next
layer and there are no loops [25, p. 342]. Using basic linear algebra, eq. (3.1) can
be rewritten in a more general form to represent a deep neural network of arbitrary
size. If one considers a dataset with n examples, each containing m samples, then
the input X is a matrix of the dimension n × m. Since for each input a weight is
applied, the weight matrix W is of size m × d, where d is the number of neurons
in the next hidden layer. Together with the activation function σ, this leads to the
more general equation [25, p. 342]

Y = σ(XWT + b) , (3.2)

where b is a vector that applies a bias for each neuron in the hidden layer. In a
deep neural network, eq. (3.2) would be applied for each hidden layer.
While the above logic represents the basic structure of a neural network, it still misses
a key feature of the “learning” process, which is, the loss function. In “supervised
learning” (which is the relevant case for this thesis), the training dataset usually
already includes the desired output signals [25]. The loss function, for example,
calculates the difference between the output of the network and the “ground truth”
values, of the training dataset. This “loss” value can then be used to update the
weights and biases of the network, with the goal to minimize the loss of the network.
A parameter which impacts how much the weights and biases are updated is the
“learning rate” of a network, which the loss is multiplied by. Additionally, different
optimization methods can be used, which each implement different strategies on how
the loss function is minimized (see [26, ch. 4, ch. 8]).

3.2 Attention
This section is based on [25, ch. 16] and [27, ch. 16].

The attention mechanism was first introduced to recurrent neural networks
(RNNs). RNNs are designed for processing sequential data in a manner, that parses
an entire input sequence, before producing an output. This makes it possible for
RNNs to capture the temporal dependencies of a sequence, which can be costly for
long sequences. In RNNs, the attention mechanism therefore helps the model to
focus on the most relevant input of a sequence. This paradigm was fundamentally
shifted in 2017, when a team of Google researchers published a paper called “At-
tention Is All You Need” [28]. The researchers were able to create a model that
was able to capture long-range dependencies among elements in an input sequence,
purely based on a self-attention mechanism, not needing RNN layers. The pro-
posed model, was fast to train and appeared to be even more powerful than typical
RNNs. The researchers called this new architecture a “Transformer”. To understand
a Transformer, one needs to understand the attention mechanism which is composed
of three stages. To make sense of these three stages, consider an input sequence x
and a context vector z, both of length T , where each element is a vector of dimen-
sion d. In the first step, weights are calculated which map similarities between the
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elements in the input sequence. This can be done using the dot product

ωij = xT
i xj , (3.3)

which is calculated for each element i and the other elements j within the sequence.
In the second step, the calculated weights wij are normalized using the “softmax”
function:

αij =
eωij∑T
j=1 e

ωij

= softmax(ωij) . (3.4)

The attention weights αij now sum to one:

T∑
j=1

αij = 1 . (3.5)

Finally, in the last step the attention values in the context vector can be calculated
through

zi =
T∑

j=1

αijxj . (3.6)

While the above calculations are able to map similarities between the input elements,
they still lack parameters that can be updated during optimization. To change this,
the elements (vectors) of the input sequence x are multiplied by three different
weight matrices W to create three different sequences who are called “Query” (Q =
WX),“Key” (K = WX) and “Value” (V = WX). The terminology originates from
search engines where a typed query is matched to different keys by measuring the
relevance of the match with a specific value [23, p. 340]. The three weighted inputs
can now be used to calculate the attention values similar to eq. (3.4) but using
matrices [27, p. 559]:

Attention(Q,V,K) = softmax

(
QKT

√
d

)
V , (3.7)

where d is the dimension of the query and key. The above attention mechanism is
called “scaled dot-product attention” and can be expanded to the “multi-head at-
tention” mechanism. Multi-head attention uses multiple query-value-key sets called
“heads”, instead of just one set. A simple multi-head attention network consisting
of three heads h can be seen in fig. 3.2. Before the scaled dot-product attention is
applied, the input sequence is mapped to the three different versions Q, K, and V
using a simple neural network without an activation function (a linear layer) that
represents the weight matrix W. The attention is then separately calculated in
each attention head, which allows each head, and therefore the model, to attend to
different features of the input sequence. After the attention is calculated, outputs of
the different heads are concatenated1 back to a single sequence, which is afterward
again linear transformed to match the input dimension.

In fig. 3.2, the attention mechanism consists of a masking option (Mask (opt.))

1In computer programming, to concatenate different objects (e.g., tensors) means to stack or
join them along an axis, so that a single tensor is created.
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which can be applied to the data. Using a mask can limit the input sequence that
is passed to the network. This will be explained in more detail in section 4.2.

Figure 3.2: Right: Multi-head attention mechanism with three heads h. Left: De-
tailed overview of the scaled dot-product attention similar to eq. (3.7) but with a
masking option. Adjusted from [28].
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4 Methods
In this chapter, first the generation of the waveforms in the dataset is explained.
Afterward, the used model architecture will be presented.

4.1 Data Generation
The dataset used for the training of the model contains around one million (995,328)
separate time series, each representing a pure waveform, simulated for ET. The gen-
erated waveforms thereby solely represent those of coalescing stellar-mass binary
black holes with masses ranging from 10 to 80 solar masses. The code is based on
functions from the LIGO Algorithm Library for gravitational-wave analysis (LAL-
suite) [29] and the PyCBC project [30]. The data generation process is based on
[31] and will be briefly explained in what follows.
First the parameters of the waveform are defined. All waveforms are 16 seconds long
and are sampled at a rate of 2048Hz. Next, the parameters for the specific waveform
generation are chosen randomly from given uniform distributions. Besides masses
from 10 M⊙ to 80 M⊙, the two black holes can have spins between 0 and 0.998.
The distance is fixed at 100Mpc. Next, the waveform resulting from the black hole
binary is simulated using the SEOBNRv4 model [32]. In general, simulating wave-
forms with numerical relativity is computationally expensive; for example, generat-
ing long waveforms of precessing systems can require up to ∼ 100, 000 CPU-hours
[33]. While hybrid models exist which use weak field approximation methods for the
inspiral part and only start numerical calculations a few orbits before merger, gen-
erating millions of waveforms using these models is beyond the scope of this thesis.
This is why the SEOBNRv4 model is used. The model takes the hybrid approach
a step further by also approximating the merger part of the waveforms using the
effective-one-body formalism [34], and calibrating the approximated waveforms to
simulations based on numerical relativity. Not relying on numerical relativity, these
algorithms are significantly faster and match numerical relativity waveforms with
accuracies > 99 % [32].
Since a detector is only sensitive to a gravitational wave starting at a specific fre-
quency, simulations are started at a cut-off frequency of 4 Hz. This is not physical,
and the waveform needs to additionally be tapered at the start. This is done using
a one-sided tukey window which the data is multiplied by so it “fades” onto the
waveform. In the last step, the waveforms need to be adjusted to how they would
be “seen” by a detector. This is done by projecting the waveforms onto the “antenna
patterns” of the three ET detectors using “PyCBC” functions. The antenna pattern
are functions which take into account that the detector response differs depending
on how the detector is oriented to the incident gravitational wave. To calculate
the response of the detectors, the antenna patterns rely on the sky location and
polarization angle of the source, which require additional parameters that, in the
simulation process, are uniformly distributed.
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Figure 4.1: Flowchart of the waveform generation process. The system is based on
[31] and adjusted for ET.

4.2 Architecture
The architecture is based on the architecture used in [35] and can be seen in fig. 4.2.
The network is a Transformer with causal multi-head attention, featuring three chan-
nels corresponding to each detector in the xylophone setup of ET (see section 2.2.3).
Training a machine learning model with this architecture on gravitational wave data,
the model should eventually be able to generate gravitational waveforms, based par-
tially on its own predictions. This is called an “autoregressive model”, where the
model generates an output based on some input, extends the input by its output
and based on this predicts the next point in time. Autoregressive models are crucial
for timeseries forecasting.
The architecture is built up on two layers: The “embedding layer”, which prepares
the data for the second layer, the “encoder”. In advance of the embedding layer,
the data is normalized to the maximum strain per channel. Additionally, the input
sequences of 32,768 data points is split into multiple non-overlapping patches which
are called “tokens”. The length of a single token K, and consequently the number
of tokens per sequence T , can vary depending on the chosen model configuration.
After the patching, the data thus has the shape of [T, 3, K], being an input sequence
of length T where each element is a vector of size K × 3. Lastly, the Fourier trans-
formation of each token is calculated, which makes it possible to simultaneously
feed both the time- and frequency-domain information to the model. To increase
efficiency, the model accepts a tensor of input sequences rather than just a single
waveform, meaning the embedding and encoding layers can process multiple wave-
forms simultaneously. The number of sequences processed in parallel is defined by
the batch size B, which is adjustable. Before being passed to the embedding, the
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Figure 4.2: Fundamental architecture of the used models. Arrows indicate the flow
of computation and crosses denote element wise addition.

input dimension needs to be reduced from [B, T, 3, K] to [B,C×K,T ] which is done
by flattening1 the input sequence vectors.
Embedding: The key part of the embedding is to prepare the data for the encoder.
In the convolutional layers2 (left), the input data is linearly projected into higher
dimensions. This is done in a three layer step, increasing the dimension d of the
input vector to 32, 64 and finally 128. As activation function, the “Gaussian Error
Linear Unit” (GELU) is used [36]. Projecting the input into a higher dimension en-
riches the feature representation, which allows the attention mechanism to capture
more complex dependencies. While this is great, the attention mechanism does not
inherently “memorize” the positional relations of the input data. But, since the posi-
tional relation between the input tokens is important when working with timeseries
data, positional encoding (PE) needs to be added. In this architecture, sinusoidal
PE is applied. The concept of PE encoding is to add a small values to the token
of size d = 128 at position pos, which changes depending on the row i in the input
vector according to [25, p. 559]

P (pos, 2i) = sin
( pos

100002i/d

)
P (pos, 2i+ 1) = cos

( pos

100002i/d

)
.

After the PE is calculated and added to the tokens, an additional layer is applied

1Using functions like torch.flatten, an input can be reshaped into a one-dimensional tensor.
2The convolutional operation is briefly explained in section A.1 of the appendix.
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in which some nodes are randomly zeroed (dropped). This is called a dropout layer
and stabilizes the models performance.
Encoder: After the data is prepared in the embedding module, it is normalized and
fed to the attention mechanism of the encoder. In this Transformer architecture, the
multi-head attention mechanism is masked. Masking is applied to the QKT matrix
in eq. (3.7) during the attention mechanism and effectively zeroes the lower trian-
gular part of the QKT matrix. This ensures that attention can only be calculated
between the current token and past tokens, meaning the model is not able to look
ahead. This is called causal attention and important when working on forecasting
tasks. The transformer consists of 16 attention heads and a residual connection is
applied. After the attention head, the data is again normalized and subsequently
fed into a feed forward layer (section 3.1) which uses the GELU activation function.
To match the shape of the input data after patching, at the end, the data is linearly
projected back.

Table 4.1: Hyperparameters of the used models.
As optimization, a cosine annealing LR-scheduler
is used.

Parameter Value

Embed. Channels [32, 64, 128]
Encoder Layers 12
Attention Heads 16
Batch Size 128
Initial LR 5 · 10−4

Activation σ GELU

The specific model parameters for
the architecture are listed in table 4.1.
Overall, the model comprises 2.5 million
trainable parameters, e.g. weights and
biases. The number of encoding layers
refers to how many identical encoders
(right side of fig. 4.2) are stacked. Set-
ting this value to 12 implies that the
input embedding is successively trans-
formed through 12 identical encoder lay-
ers. As optimization strategy (mean-
ing how the weights are updated during
training), a “cosine annealing” learning
rate scheduler is used. This scheduler updates the learning rate (LR) of the model
based on a cosine function, meaning the LR rises and falls periodically. The mini-
mum LR is usually ten times lower than the initial LR and therefore 5 · 10−5 for the
models used in this thesis. Two other important Hyperparameters are the “stride”
and “kernel size” of a model. For additional information on these, the reader is
referred to section A.1. For now, it is sufficient to say that the kernel size equals the
token length of the input sequence and, since non-overlapping patches are used, also
has the same value as the stride. As can be seen in the following section, models with
different token length were trained and the kernel size therefore changes depending
on the model.
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5 Results
The model (see section 4.2) was trained for four different token lengths, resulting
in a different number of tokens a waveform is split into. These values are listed in
table 5.1.

Table 5.1: Used token lengths and their corresponding number of tokens per waveform.
Each waveform contains 32,768 data points.

Model Token length Number of Tokens

M32 32 1,024
M64 64 512
M128 128 256
M256 256 128

5.1 Performance
During the training, each model’s performance is evaluated on an independent
dataset called the validation dataset. While the training dataset comprises 90 %
of the waveform data and uses this to update the network parameters, the vali-
dation dataset makes out the rest of the data and is used to choose the optimal
model configuration during training. For this, the mean squared error (MSE) loss
between the model’s predictions and the ground truth is calculated and the model
configuration which minimizes the loss is chosen for the next training cycle. This is
done for every training cycle or “epoch”, where one epoch is defined as the model’s
full iteration through the training data. The corresponding loss curves are plotted
in fig. 5.1. As can be seen, the validation loss first drops and then converges. This
is expected and means that a model has found its best representations of the data
and nothing significantly new is learned. Since the training of the model is either
stopped after the maximum runtime is reached or the validation loss doesn’t improve
for ten epochs, this results in a different number of epochs for the four models. To
ensure that a model is not solely optimized for the validation and training data, a
test dataset is used to evaluate the model’s performance after training has finished.
The test dataset contains 8,192 separate waveforms, all of which are unseen to the
model during the optimization process.
In fig. 5.2 the predictions of each model is plotted together with the corresponding
ground truth. Each model tried to predict the same waveform, and the results are
shown for the same of the three detectors, denoted as ET2. The amplitude of the
waveform (strain) is normalized. Also, the residuals of each sample point are plot-
ted. Since the waveforms are 16 seconds long and generated at 2048Hz, each plot is
about 0.4 seconds long.

In general, it can be seen that the predictions of the models get worse when
approaching the merger. While all the models accurately predict the inspiral part
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Figure 5.1: Learning curve for the four different models.

of the waveform, especially the models with a high token length struggle at the late
inspiral and merger. As can be seen, the sudden rise in frequency leads to a phase
shift, between the predicted and ground truth waveform. While for the models
M256 and M128 (see table 5.1), the phase already starts to differ before the merger,
it only starts to be apparent for the M64 model at the merger. M32 is the only
model, that adapts to the rise in frequency. For the amplitude, the predictions of all
models differ from the ground truth, though the predictions of the amplitudes seem
to improve with decreasing token lengths. Just as for the frequency, M32 performs
the best with a maximum residual of about 0.6.

Looking at the validation loss plots (fig. 5.1) and the predictions of the waveform
(fig. 5.2), the assumption is that the prediction error rises with the length of the
tokens. This needs to be validated for all waveforms of the test dataset. To do this,
the MSE for each waveform in the test dataset is calculated, and the mean is taken.
The results for ET2 are shown in fig. 5.3. As can be seen, the error rises with the
token length, which agrees with the above observations.

The before plots were only calculated for one detector. To check if there are
relevant differences between the predictions of the three ET detectors, the mean
Residual of each waveform in the test dataset is calculated, and the distribution is
plotted for every detector (fig. 5.4). Figure 5.4 shows the resulting distribution for
the M256 model. From fig. 5.4 can be seen, that the distributions of the residuals
resemble a Gaussian distribution around x = 0. No significant variance between the
three detectors can be seen, and mianly, the mean residuals are small. This suggests
that the models perform equally well across all three detectors, and therefore, the
findings from fig. 5.3 can be generalized.
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Figure 5.2: Predictions of the same waveform in ET2, for all the models.
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5.2 Autoregressive Prediction
For the following section, the masking mechanism introduced in section 4.2 is of key
importance. To recap, with a masked attention mechanism, the Transformer calcu-
lates attention values for the current token based on all preceding tokens. Therefore,
the Transformer is not able to “look” into the future, which is important when deal-
ing with time-series data. Until now, the Transformer solely relied on ground truth
data to calculate its predictions. While this is a good way to measure the optimal
performance of the Transformer, during waveform generation, there eventually is
no “ground truth” preceding the token that the model attempts to predict. In this
scenario, the Transformer must use the predictions of prior tokens as its new input
context and extend the sequence autoregressively. This strategy, however, intro-
duces a new problem. The prediction for each token inherently contains an error.
When the next token is predicted, the error from the prediction of the preceding
token is carried along. Consequently, the error accumulates with every generated
token. While a small token length previously benefitted the prediction (fig. 5.3), a
small token length also implies a larger number of tokens in a sequence (table 5.1),
which generally should worsen the autoregressive prediction.
This can be seen in fig. 5.5 for the M32 model. The plots display the merger phase of
the waveform, which is autoregressively generated using different sequence lengths.
The first token in each sequence is predicted based on the ground truth of all preced-
ing tokens. In fig. 5.5a, six tokens are predicted based on the input of the preceding
860 tokens. As can be seen, the ratio between context token (860) and predicted
tokens (6) is rather large, and the model manages to predict the merger with an
accuracy similar to the prediction solely based on ground truth data (see fig. 5.2d).
In figs. 5.5b to 5.5d, the generated sequence covers more of the inspiral part, and
thus the ratio between context tokens and generated tokens is increased. Comparing
fig. 5.5a and fig. 5.5b, it can already be seen, that increasing the number of gener-
ated tokens prior to the merger by just two, degrades the prediction performance.
This is even more evident when increasing the number of generated tokens further,
and the error propagation can clearly be seen (fig. 5.5d). Here, the model is not
precise enough when adapting to the rising frequency in the inspiral part, and the
error made there is carried forward and exaggerated. This results in a phase shift
in the prediction of the merger part, while the amplitude still seems to be predicted
rather accurately.

The performance of the M128 model on the long generated sequence can be seen
in fig. 5.6. The phase shift prior to the merger is minimal, compared to the phase
shift seen in fig. 5.5d. This is the same when comparing the generated sequences of
intermediate length fig. 5.5c and fig. 5.7. Although the models with a bigger token
length perform better for long generated sequences, none of them are able to, at
some point, predict the merger and ringdown as accurately as the M32 model does
on short sequences (e.g. fig. 5.5a).
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Figure 5.5: Autoregressive predictions of the same waveform in ET3, with the M32
model for different context to prediction ratios.
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6 Conclusion
In this thesis, a deep learning architecture was introduced and optimized regard-
ing the generation of gravitational waveform templates for ET. The architecture
is based on a causal multi-head attention mechanism and the models were trained
on approximately one million waveforms, which were simulated using PyCBC and
LALsuite functions. Four models were trained, featuring token lengths of 32, 64,
128 and 256 data points.
The validation loss of all models converged during training. The performance of the
models was first evaluated on the test dataset using the ground truth data of a sin-
gle event. Here, the model with the lowest token length (M32) performed the best,
with maximum deviations of about 0.6 from the normalized strain at the merger.
All other models performed significantly worse. This could also be seen when eval-
uating the models on the whole test set of 8,192 samples. While the lowest average
MSE over all test samples was 1.96e−4 for M32 model, the MSE is almost ten times
this value for the model with the highest token length (M256).
As the primary objective of this architecture is to find faster alternatives to nu-
merical relativity simulations of the merger, the models were tested on generating
the merger and ringdown phases based on simulated data of the inspiral part. The
testing showed, that the models perform worse the more successive tokens need to
be predicted. For the M32 model, starting the generation just two tokens (≈ 0.044s)
prior to the merger, resulted in maximum residuals of about 0.25. Increasing the
number of generated tokens prior to the merger lead to a visible phase shift of the
generated merger data, which is caused by erroneous predictions in the generation
of the first tokens, which accumulate due to the autoregressive nature of the model.
This error lead to merger shifts of up to four tokens (0.063 s) from the ground truth
data, when autoregressively generating 64 tokens (≈ 1 s) preceding the merger.
While the models with larger token length, expectedly inherit less phase shift when
starting token generation way before the merger, none of these model are at some
point able to predict the merger and ringdown with accuracies succeeding the M32
when predicting six tokens, starting two tokens before the merger. As suggested
by [33] and [37], numerical relativity simulations need to be applied multiple orbits
before merger, to produce sufficiently accurate waveforms. The longest generated
waveform presented in this thesis is about 13 orbits and the presented models, in
this case, either produce a phase shift (M32, M64) or the token length is too high
to adjust to the rising amplitude (M128, M256).
To summarize, the M32 model performed best, being able to predict six tokens
(≈ 0.094 s) of the merger and ringdown with maximum deviation to the normal-
ized strain of 0.25. If the generated waveform is extended, the model’s predictions
deviate from the ground truth.
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A Appendix

A.1 Convolutional Neural Networks
The contents in this section are based on [27, ch. 14].
Convolutional neural networks include convolutional layers. Convolutional layers,
in difference to fully connected layers, consist of neurons that are not connected to
every single input node. These neurons only take the inputs of a number of adjacent
neurons in the previous layer, which together are also called the “receptive field”.
Since the neurons in a convolutional layer have a receptive field of the same size, the
overlap of these fields can be determined by a single parameter called “stride”. The
stride convolutional neural network specifies the shift from one receptive field to the
next receptive field. For a 1-Dimensional input and a receptive field size of three, a
stride value of three would mean the fields of neighbouring neurons do not overlap.
For the same example but a stride value of one, two neurons in the convolutional
layer would share one input node.
In convolutional layers, “filters” also called “convolutional kernels” are used to map
different features of the input data. The filter represents the weights of a neuron
and therefore has to be of the same size as the receptive field. If all neurons of a
layer use the same filter, they output a so-called feature map. Using different filters
for the same input, will result in multiple feature maps. If the kernel size matches
the dimension of the input token, this can also be used to increase the dimensions,
in which the data is represented.

Figure A.1: Typical Convolutional Neural Network. Taken from [38].
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A.2 Residual Distributions
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Figure A.2: M32

1.5 1.0 0.5 0.0 0.5 1.0 1.5
Residuals ×10 3

0

250

500

750

1000

1250

1500

Sa
m

pl
e 

De
ns

ity

ET1 Mean: 1.30e-04
ET2 Mean: 1.94e-06
ET3 Mean: -6.88e-05

Detectors
ET1
ET2
ET3

Figure A.3: M64
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