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@ The QCD phase transition at zero density
® Lattice QCD at finite temperature and density

@ Towards the QCD phase diagram



The order of the QCD thermal transition, uw=">0

deconfinement p.t.:

breaking of global Z(3)
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Finding a phase transition in QCD: fluctuations
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Finding a phase transition in QCD: fluctuations

Fluctuations visible in any observable, but
largest in “order parameter””: O € {TxL, v, TrU,, . ..}

Generalised susceptibilities: XO = /‘131' ((O(x)0(0)) — (O(x))(0(0)))

(Note: can be generalised to 4d, but the QCD equilibrium system is 3d!)

1 ,
Volume averages (intensive variables): O = 7 / 4>z O(x)
A3 /N2 M2\ _ AT3//5N)\2 . . va s i ra
.> Yo = N3((0?) — (0)2) = N3((60)?) fluctuation: 60 = O — (O)
Pseudo-critical couplings (finite V!): @ fluctuations maximal but finite!

X(Be,ms) = Ymax = Be(my) @ pseudo-critical parameters not unique!



Finding the phase transition: the critical temperature

Measuring the "order parameter’ as function of lattice coupling (viz. T)

Tdeconf ~ Tchiral



Approaching the thermodynamic limit

different definitions (e.g. scanning in different directions, different observables etc.)

Bo (1) not unique Be (1) unique for p.t., not for crossover
' finite v ' infinite v
x \\
H H

Critical line unique in thermodynamic limit!

Order of transition: finite volume scaling (ﬂO(V) — 50(00)) ~ Vo

o=1 1st order
o<1 2nd order

o=20 crossover



The nature of the transition for phys. masses

...in the staggered approximation...in the continuum...IS a crossover!
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How to identify the order of the phase transition
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Order of p.t., arbitrary quark masses p =0

N¢=2 Pure
. - Gauge 0.35 . .
Nf=2+1 —F—
2nd C'),I‘del‘ deconf. Pt. 03 | *
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@ physical point: crossover in the continuum Aoki et al 06
@ chiral critical lineon N, =4.a ~ 0.3 fm de Forcrand, O.P. 07
. . . . e . tri

@ consistent with tri-critical point at My q = 0,m "¢ ~ 2.8T
@ But: Ny = 2 chiral O(4) vs. Ist still open Di Giacomo et al 05, Kogut, Sinclair 07

Ux(1) anomaly! Chandrasekharan, Mehta 07

Cossu et al. 12,Aoki et al. 12



Large cut-off effects on critical lines!

Ni=2 Pure
- Gauge

2nd order

y 04)? 2nd order
Z(2)

Nf= 3

de Forcrand, Kim, O.P. 07
Endrodi et al 07

@ Physical point deeper in crossover regionas a — 0

critical pion mass shrinks by factor ~1.8 from a=0.3 fm to a=0.2 fm!
no continuum limit yet!



Order of the transition in the chiral limit
is not yet settled!

chiral Iim: Nfp =2 Nf _ 2 Pure chiral Iim: Nfp =2 Nf _ 2 Pure
Gauge Gauge
1st 1st
a— 0 N
phys. y
2(2) > ) ;ic:nt $;\ 4 2(2)
7 m’;ric
— —
[ M 9@ I
= 15 =

myd

Coarse lattices:
chiral limit is first order!

Unimproved staggered: Bonati et al. 14
Unimproved Wilson:  Pinke, O.P. 14



Lattice QCD at finite baryon density

Z =Tre WH-HQ) (= / Pz )(x)yo(x) = / Pz T (x))(x)

Quark number and chemical potential: Q=DB/3,n=pup/3

Necessary for real world applications: heavy ion collisions, nuclear matter,
compact stars,...

Behaviour under charge conjugation: C' =072 Yu = {5} =0
AL =—Ar % =0, P90 = =Py sign flip in Q!
I >0 : mnet baryon number

1< 0 : mnet anti-baryon number



The sign problem

Dirac operators satisfy (D + m)
(continuum,Wilson, staggered,...)

With complex chemical potential:

L

15D +m = q0p)ys = (— D +m+0) = (D +m+70")

| det(D + m — yopu) = det™ (D + m + you™)

“Sign problem” of QCD

® Complex measure cannot be used for MC importance sampling
@ After integration over gauge fields the partition function is real!

@ Generic for systems with anti-particles, necessary for physics!



| dim. illustration

o Example: Z(A) = [ dxexp(—x? + iAx)

[ lambda=0
lambda=30—

integrand

| |

X

e Z(1)/Z(0) = exp(—A?/4): exponential cancellations




Approximate methods to evade the sign problem:
Reweighting

Based on exact relation:

det i:\[(’[l) e_SQ [U']
det M (0)

Z(p) = / DU det M (p) e 59Vl = / DU det M (0)
det M (1)
—All .
( )<det M(O)>u=0

l. Numerically difficult, signal exponentially suppressed with volume

Z() F(u) — F(0) v

= exp— 1 = exp— - (f(n) — £(0))

integrand

u=0 finite W

ll. Overlap problem, because of importance sampling

With increasing difference the most frequent configs. are
increasingly unimportant




Finite density by Taylor expansion

. , \ 2n
Do spmsn e hepressre LS 1) (4)" = ot
woT) = BT =0), an(T) = oot oo
(2n)! O(%) =0
The coefficients can be computed at zero density!
Other physical quantities follow: % — (()g;) = 2(2; + 4ey (%) 4
= 0‘();?2 = 2¢5 + 12¢4 (‘T) +30cq (;ﬁ) T

No sign problem, but need small /T

Higher coeffs. increasingly difficult:

d(0) d0 Jlndet M dIndet M
— = : — (O _
L < I > + (<O I > 2 < o >)




QCD at imaginary chemical potential

No sign problem; general idea:

N
. 2k
Observables have definite symmetry, Z o (/11)
even or odd in chemical potential —1

@ Simulate left side without further systematic error
@ Check if fit to low order polynomial is possible p/T <1

@ Analytic continuation trivial (in the absence of singularities) i — —/L;

General considerations:

.. . . .. A _ (H=—1p;Q)
Partition function is periodic 7 =—Tre T
Is this a healthy theory?
Yes! Recall 1) = —igq / >z Apjo with A= 1/—1
g

Equivalent to theory in real external field!



Periodicity non-trivial:

Chemical potential can be absorbed by boundary conditions

ZW (i) = /DU det M (0)e™ 9, b.c: (T + Ny.X) = —e" T (T, %)

Consider the topological gauge trafo g (T+ Ny,z)=e "~ ¢'(1.%x)

Measure and action are invariant, hence

- 2mn o Hi

72 (ip;) = /DU det M (0)e™9, b.c.: ¥(T+ Ny, X)=—e "N 'T ¢(7,x)

;2T L
7@) (;Hi 2T 21 (_l)
(IT T N IT

Both partition fcns. related by gauge trafo, identical!

L; 2TNn L
Roberge-Weiss symmetry: Z (’% t1 \*n) =2 (1_)



The phase diagram at imaginary chemical potential

Zy transitions

Phase of Polyakov loop ———

ordered, k=2 ordered, k=0 ordered, k=1

Analytic continuation /\ /\
. T.(u=0

of chiral/deconfinement ——— =0)

transition, depends on aacrbered

Nf, quark masses

Roberge-Weiss:  Z(3) transitions are first order for large T (perturbation theory)
crossover for small T (strong coupling limit)

analytic continuation within: Limited by singularity (phase transition)

| /T < 7/3 =pp < 550MeV closestto  p =0



Nf=2: de Forcrand, O.P.02
The Z(3) transition numerically Nf=4: D'Elia. Lombardo 03

Sectors characterised by phase of Polyakov loop: (L(z)) = (L(x))] ol¥

0.5 ——T— —— — T

— B=5.26
041 — B=5.286
- 3=5.30 -
o — B=5.313
S | =534 .
S oal 3=5.353 _
3=5.366

E;ﬁ:f'ﬂzﬂﬂ
Oﬁ?&j R Iiﬂﬁﬁc—@g_ R .

Low T: crossover High T: first order p.t.



Towards the QCD phase diagram

Analyticity of the (pseudo-)critical line
Recall definition by peak of susceptibilities: Xmaz = X (B, m s, 1)
Implicit definition of pseudo-critical line Be(mg, p1)

Implicit function theorem:

For analytic susceptibility, also the implicitly (m, Z bon (117) ( )272.
defined pseudo-critical coupling is analytic T
(always true on finite V!)

T.(myg,p) | [ 2 | 4
> ol =) (7)) (F) +-

@ Accessible to all methods discussed for sufficiently small chemical potential

@ Crosscheck, in particular between Taylor coefficients and imaginary chem. pot.



Test of methods: comparing 7. (1)

Reweighting vs. imag. it (FK, FP)
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The crossover for physical masses

In the continuum:

T.(us) ( Mz )2 4
=1—x +0 Budapest - Wuppertal |15

>
o 150

: : : : =
Consistent with other simulations ~

. . )
and different actions -

2 100
@) — ®— Dyson—Schwinger [C. Fischer et.al. 2014]

) QL) o4  freeze—out [Becattini et.al., Cleymans et.al. 2005]
Bonatl et a-|°’ I 5 g_ -4  freeze—out parametrization [Andronic et.al. 2008]
Ceaetal. IS5 Q o0 — =  modified statistical fit [Becattini et.al. 2012]
Bielefeld_Brookhaven |4 - 'm{  freeze—out from fluctuations [Alba et.al. 2014]

] | ] | ]
200 400
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Lattice-calculable region of the QCD phase diagram

u

@ Sign problem prohibits direct simulation, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot.,need #/T'S1 (4= pup/3)

@ No critical point in the controllable region, some signals beyond

@® Complex Langevin: lots of progress, but not in all parameter space, no “guarantees”

So far only “heavy dense QCD”, i.e. static quarks Aarts et al. 16
cf. density of states Langfeld et al. 16



Much harder:is there a QCD critical point?

Ny =2 Real world ———
L
(e e
2nd order
y o@? 2nd order \, '/
2(2) o 57
tric g A
m -
® Nf =3
Ne=1
Me crossover o
— 0
2nd order
y 2@ =~
if chiral CEP
ol
0 m,,m, o0

Two strategies:
1 follow vertical line: m = mypys, turn on

2 follow critical surface: m = megt(pt)

Some methods trying (1) give indications of critical point, but systematics not yet controlled



Approach 2: follow chiral critical line =# surface

Real world Real world

chiral p.t.

chiral p.t.

crossover st

ci1 >0 c1 <0

1. Tune quark mass(es) to m.(0): 2nd order transitionat =0, T = T;
known universality class: 3d Ising

. . k
2. Measure derivatives % I,,zo:

Turn on imaginary x and measure gz—g;; de Forcrand, O.P. 08,09



Finite density: chiral critical line — critical surface

7 2(2)

Nf = 2 Pul‘e M
o Gauge
2nd order )
y 04?2 2nd order '\
Z(2) '
tric g
m_ -
Nf = 1
ms
2nd order 0

me(p)

m(0)

o2k |

Standard scenario
transition strengthens

Real world ———

m>m,(0)

QGP

conﬁned \ /

"' Color superconductor

Real world ———

crossover 11st> o

c1 <0

Exotic scenario
transition weakens

m > m(0)

QGP

conﬁned /

"} Color superconductor




Curvature of the chiral critical surface
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Nf=3: a) fit to imaginary chemical potential
b) calculation of coefficient by finite differences

consistent 83 x 4 and 12° x 4, ~5x10° traj 16° x 4, Grid computing, ~ 10° traj.
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Importance of higher order terms ? de Forcrand, O.P. 08,09



Un-discovering a critical point feels like...




Critical lines at imaginary

N; = Pure
- Gauge
oo
2nd order ) I st order
y 0@4)? 2nd order \_ triple
Z(2) |
m"e — 2nd ord
° - Ng=3
N, = m, 3d Ising /

2nd order

1st tricritical

/ Z(2) ord /

triple 0
oL
0 m,, My © mud
0 ol
p— = 11—
2 2! 2

-Connection computable with standard Monte Carlo!




Critical surfaces from imaginary chemical potential

Real and imaginary chemical potential, coarse Nt=4 lattices

(WT)?

staggered,Nf=3:

Real chemical potential: de Forcrand, O.P. 10

sign problem
staggered,Nf=2:
" D’Elia, Sanfillippo 11

Imaginary chemical potential
no sign problem

. Wilson,Nf=2:
Pinke, O.P. 14

-(m/3)?

Non-trivial phase structure
Roberge-Weiss Z(3) symmetry!

shape, sign of curvatures determined by tricritical scaling!



Heavy quarks

Deconfinement critical line
Fromm, Langelage, Lottini, O.P. | |

9 —
.-;:.;.:PM
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g 7.5
7 L | _
E : Data ————
6.5 |t : 1/cosh(w/T) - ]
6 | h =0-theory =~ -
| Tricritical scaling -
55 ] I 1 ] ] ] ]

-1 0 1 2 3 4 5 6
(WT)?

me Mtric T 2 2 2/%
tri-critical scaling: (u*) = T LK [(g) + (%) ] T exponent universal



Effective lattice theory for heavy and dense QCD

with M.Fromm, |.Langelage, S.Lottini, M.Neuman, |.Glesaaen

© Two-step treatment:

|. Calculate effective theory analytically
ll. Simulate effective theory

@ Step l.: split temporal and spatial link integrations:

7 = / DUyDU; det Q e°lV] = / DUyeSerslUo] — / DI, o~ SerslL]

I 1
Spatial integration after analytic strong coupling and hopping expansion

2 ?
. . . g- Mg
(Numerical versions: Greensite et al.; Bergner etal. )

@ Truncation valid for heavy quarks on reasonably fine lattices, a~0.1 fm

@ Step ll.: Mild sign problem, complex Langevin, Monte Carlo
Check in SU(2): Scior, von Smekal |5

@ New Step Il.: Analytic solution by cluster expansion!



Continuum approach

0.0035 T I | 0.0025 | |
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@ Continuum approach ~a as expected for Wilson fermions
@ Cut-off effects grow rapidly beyond onset transition

@ Finer lattice necessary for larger density to avoid saturation



Cold and dense, interacting: onset to nuclear matter

continuum extrapolated

m. = 20 GeV

Effect of binding between baryons:
Binding energy per nucleon:

Transition is smooth crossover:

3
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Light quarks: first order transition + endpoint

N, = 1000 —= | N, =500 '—=

T=025MeV i+

density jumps:

50

0

0.99674 0.99676 0.99678 0.9968 0.99682 0.99684 0.99686 0.99688

e T

I RS R A A AR A S A
B e e A A A

_2 1 1 1 1 1 1 1 1 1
0.99924 0.99925 0.99926 0.99927 0.99928 0.99929 0.99930 0.99931 0.99932 0.99933 0.99934
w/ Mq

For sufficiently light quarks: ~ ~ 0.1

e Coexistence of vacuum and finite density phase: 1st order

If the temperature T = a,{,T or the quark mass is raised this

changes to a crossover nuclear liquid gas transition!!!




T Nuclear liquid gas transition with critical end point

Tc ~ Nuclear binding energy

decreases with growing quark mass
15 MeV :

~940 MeV "l'B



The effective lattice theory approach |

Two-step treatment:

|. Calculate effective theory analytically
ll. Simulate effective theory

Step |.: integrate over gauge links in strong coupling expansion, leave fermions
(staggered)
Zqep = / dipdipdUe F+5¢ = / dd Z (eS ";>z,,.
5 : _
Sa ~ _ ' 7T . A r Sp
(%) 2, = 1+(8e)z, = 14553 (ulp+UE)  Ze(@,9)=[dUeS

Result: 4d “polymer” model of QCD (hadronic degrees of freedom!)
Valid for all quark masses (also m=0!), at strong coupling (very coarse lattices)

Step Il: sign problem milder: Monte Carlo with worm algorithm

Numerical simulations without fermion matrix inversion, very cheap!



From strong coupling limit to finite coupling

Unrooted staggered fermions: Nf=4 de Forcrand, Langelage, O.P, Unger 14

T [lat. units]
1.8 I T T T T

(yy)=0 S

14% 8 @ n Y <ty 1 | N\ chlral ,

g B 16 ¢ LA trlcrltlcal

1.2 2" order o . 14 | LA ; SISO ppoint
tricritical - T AT ‘ ; :

TF point = 12 | LA

0.6 - 1% order . 0.6 | “‘
04 F H‘I 0

0.2 - ~ nuclear L e
0.2 . 0 CEP

2nd order

16 L _ T [lat. units]

0.8

0 1 1 1 1
0 0.5 1 1.5 2 2.5 3 g [lat. units] : 16

ug [lat. units]

Strong coupling limit: 5 =0 Including leading gauge corrections
Chiral limit: m=0

Nucl. and chiral transition coincide!



Summary Lecture |l

QCD thermal transition at physical point and zero density is crossover
Order of QCD transition in chiral limit not yet known

Sign problem prohibits Monte Carlo simulations at finite density

The QCD crossover gets even softer for small baryon density

Transition to cold baryon matter seen for:
effective theory for heavy quarks near continuum,
effective theory for massless quarks far from the continuum



